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ABSTRACT

With the complexity and expense involved in industrial systems today, detecting 

failures or faults in the system and identifying these faults has become an important 

topic. Applying fault detection and identification (FDI) methods to complex systems 

can be both a time and cost saving measure. Because of the importance of an accurate 

system model for use in model-based FDI methods, system identification methods 

have also become an important aspect of the complete FDI system. This thesis 

investigates two topics related to the effect of input excitation on system identification 

for model-based fault detection. First, the topic of fault detection in the absence of 

sufficient input excitation is considered. For the case considered here the input can 

not be chosen arbitrarily during system identification. A method is introduced for 

residual generation based on subspace identification. Secondly, the case where the 

input can be chosen arbitrarily within system constraints is considered. This topic 

introduces a method of input design for system identification focusing on parameter 

identification and parameter variation fault detection.
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Chapter 1 

INTRODUCTION

As industrial systems become more complex it is important to have accurate 

methods for detecting and isolating failures or faults in these systems. Failures in any 

system can create costs due to down time and defective products. In complex systems, 

there are too many actions and sensors to be monitored manually. Therefore, it is 

necessary to have an automated monitoring system to alert the operator when a failure 

has occurred and to identify the location of this failure. Much of the Fault Detection 

and Identification (FDI) literature for dynamic systems has dealt with methods that 

require an analytical model, or “model-based” FDI. However in industrial systems it 

is usually too expensive or too complicated to develop a first principles model. Thus, 

System Identification (SI) is truly the first step in the FDI process.

When using model-based FDI methods, the accuracy of the SI method becomes 

very important to the success of any FDI algorithm. Modeling errors introduced 

by the SI method can appear as process faults to the FDI algorithm, leading to false 

alarms. Thus the effectiveness of the FDI algorithm depends, in part, on the accuracy 

of the SI method implemented. In many situations it may be more effective to treat
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these separate actions as a combined effort of system monitoring to reap the most 

benefit.

To this end, this thesis will focus on two aspects of system identification for 

model-based FDI. Both concern the effect of input excitation on the fault detection 

process. However they differ in their approach. First, a method will be presented for 

handling fault detection in the absence of sufficient input excitation during the sys­

tem identification stage. When the input to the system can not be chosen arbitrarily, 

system identification must be performed using production data. This data may not 

include a complete picture of the dynamics of the system if the input was not suffi­

ciently exciting. It will be shown that when using a Dynamic Principal Component 

Analysis approach to system identification, if the correlation structure of the system 

identification input differs from that of the input during fault detection, the residual 

will scale with the size of the input instead of the level of noise in the system. This 

does not allow the expected noise level to be used as a bound on nominal residuals. 

In this case the resulting residual will indicate a fault has occurred based on modeling 

errors instead of actual failures in the system. However, this issue can be dealt with 

by adjusting the residual generation methods during fault detection. This thesis sug­

gests a method of partial system identification during the residual generation process 

where the error resulting from the unmodeled dynamics is filtered from the residual 

resulting in a residual that scales with the level of noise in the system during nominal
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operation. Thus the expect level of noise in the system can again be used as a bound 

on the nominal residual and a residual which grown above this bound will indicate a 

fault in the system. It is shown that this residual filtering allows for improved fault 

detection in the case where the input excitation varies between the data used for 

system identification and data monitored during the fault detection process.

In contrast, the second situation investigated occurs when the input can be 

chosen arbitrarily, within some system constraints. In this case, methods will be 

developed for an input design problem where the fault detection method utilizes 

parameter identification and parameter variation to detect faults. Specifically, we will 

propose a method for input design when nonlinear combinations of the parameters 

(such as products or ratios) are of interest. This work was originally motivated by 

the problem presented in Hilt et al. (2006) in which a thin film deposition process was 

described for which proper operating conditions should be verified through the ratio 

of certain parameters in a linear identification model. In Hilt et al. (2005), a simple 

input design method was proposed for estimation of this ratio. The work in this thesis 

extends this by considering other nonlinear combinations of parameters, allowing for 

nonlinear parameter constraints, and considering the effect of time correlations in the 

input sequence. In addition, the input is designed to allow maximize accuracy in 

detecting faults when monitoring the variation in the ratio of these parameters.

In summary, the contributions of this thesis are:



4

• A residual generation method for achieving fault detection when the input ex­

citation during system identification is poor.

• A computable characterization of the variation of estimates for products and 

ratios of signals and parameters.

•  A design process for arbitrary input design for parameter ratio estimation with 

ratio constraints that results in a convex optimization problem.

The remainder of this thesis is organized as follows. In Chapter 2, relevant prior 

research in the areas of SI, FD, input excitation, and input design are discussed. 

This chapter will give an overview of the important issues in these areas that are the 

motivation behind and the building blocks for the work introduced in the following 

chapters.

In Chapter 3, the situation of system modeling and fault detection in the absence 

of sufficient input excitation is discussed. A residual generation method for isolating 

system faults from the noise due to the lack of complete system identification is 

introduced.

Chapter 4 investigates input design for parameter estimation and parameter 

variation fault detection. A problem is presented in which the goal is to find the 

optimal input design for estimating parameter combinations such as ratios or products 

within system constraints. It is shown that this optimization can be formulated as a 

convex optimization problem.
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Conclusions drawn from the previous chapters along with some future directions 

for research in the relevant areas are discussed in Chapter 5.
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Chapter 2 

SYSTEM  IDENTIFICATION AND FAULT DETECTION

In this chapter a brief discussion of relevant information in the areas of SI, FDI, 

input excitation, and input design are presented. This information will not only 

give the foundation for the work done in the following chapters but will also allow a 

discussion of the issues that make the research in this thesis important. First some 

notation which will be used throughout this thesis is introduced.

2.1 Notation

X vector in Rn where x  =  [xi x 2 . . .  x n\

A matrix in Rmxn.

In identity matrix of size n x n.

aF, A? transpose.

A  E Rnxn is positive definite, i.e. xTA x  > 0 for all a: /  0.

A is a positive semi-definite matrix.

I N I V x Tx  for column vector, y/xxT for row vector.
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æ|L y/xTAx,  weighted norm of x.

||A ||f  Frobenius matrix norm for A € Rmxn, ^YÏÏÏLi S J= i \aij\2-

A 1- orthogonal complement such that A1 A =  0 and ||A^||^ =  1.

A =  U'EUT eigenvalue decomposition where U contains the eigenvectors and E 

contains the eigenvalues on the diagonal.

A =  UY,VT singular value decomposition where U and V  are unitary matrices and 

E is a non-negative diagonal matrix.

A^ a matrix in §+ such that given A E S+, A^A: =  A.

It can be found through the eigenvalue decomposition of A as A^ =  U'L^UT. 

A- i square root of the inverse of A, if it exists.

E[x] Ĵ °00x f x(x)dx, where f x(x) is the probability density function of x.

cov(x) covariance E  (x — E[x]) (x — E[x])T , where E  is expectation.

Ë[xk] jf 53^=1 x k, sample mean for a vector sequence x*, A; =  1, • • • , iV.

cov(xl, xl)  ±  J2k=i(x l ~  E [x k\)(x l  -  E [XÎ])T (biased) sample covariance.

ratio(x) given x  E R2. If x 2 = 0, ratio(x) = oo.

prod(x) XiX2, given x  E R2.



If the following is the singular value decomposition (Golub & Loan, 1989) of 

matrix M,  with E invertible

M  = Um  Um

1 E 0

y
1

- 0 0

.y
i

(2.1)

then let

• M + \= the Moore-Penrose pseudo inverse.

•  := Vm Vm — the projection on the row space of M  (range(MT)).

• ÜrM := Vm Vm  = I  — UrM, the projection on the right nullspace of M  (null(M)).

• n*M := Um Um  = M (M )+, the projection on the column space of M  (range(M)).

• f l£M := Üm &m  = I  ~  n lf ,  the projection on the left nullspace of M  (null(MT)).

•  <l(M) = min(E), the smallest non-zero singular value.

2.2 Fault D etection and Identification

Fault Detection (FD) is the process of identifying when a system is operating 

outside of its normal operating parameters, thus indicating that a fault or failure has 

occurred in the system. Fault Identification (FI) involves isolating the location of the 

fault and possibly estimating its magnitude. With the complexity of today’s industrial 

systems it is important to be able to detect faults quickly and have some knowledge
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of where in the system the fault occurred. Fault Detection and Identification (FDI) 

can be both a time and cost saving measure. If a process fault is detected while a 

production run is in progress, the operator can halt that run to avoid wasting time 

and money by producing defective products. If a sensor fault is discovered, the system 

may be able to rely on other sensors to continue a successful production run allowing 

maintenance to be scheduled at a more convenient time.

In Gertler (1998), three important properties of an FDI method’s effectiveness 

are described. These properties are sensitivity, reaction speed, and robustness. Sen­

sitivity refers to the minimum magnitude of a fault necessary for it to be detected 

by the system. Reaction speed measures the length of time necessary to detect a 

fault after it first occurs. Finally, the robustness of the system is the ability to detect 

faults in the presence of noise and modeling errors. It is this last property, robustness, 

which will be the focus of this thesis.

2.3 Model vs Non-M odel

Fault Detection and Identification methods fall into two main categories: model- 

based and non-model based. Non-model based methods are usually referred to as 

expert systems. These methods rely on people who have firsthand knowledge of the 

physical properties of a system to establish bounds for when the system is “in-control” . 

Usually these bounds relate to a certain measurement. For example, if the operation
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of a particular engine is being monitored, an expert on the physical properties of that 

engine may know the normal temperature readings. If that reading is too high then 

there could be a fault in the engine’s cooling system. These limits are usually referred 

to as “threshold limits.” Methods which employ this type of system to detect faults 

are generally called “limit checking” methods.

Model-based FDI methods rely on analytical models of the system to determine 

when a fault in the system has occurred. Several good references on model-based 

FDI methods are Gertler (1988), Gertler (1998), Frank (1990), Iserman (1984), and 

MacGregor (2003). When the model can not be developed from first principles, Sys­

tem Identification (SI) methods can be used. (See Ljung (1999) for a good overview 

of system identification.) SI methods, which will be discussed in more detail later, 

define a model of the system for “in-control” or fault free operation. In model-based 

FDI, methods for determining when a fault has occurred fall into two main classes. 

The first class compares the observed measurements of a system to predicted mea­

surements based on a model of the system to determine if the observed measurements 

correspond to in-control operation. If not, a possible fault has occurred. These meth­

ods are called residual generation methods. Most of the model-based research has 

been focused on residual generation methods. The method considered in Chapter 3 

falls into this class. A less studied class of model-based FDI, uses models which are 

parameterized. By checking the variations in the parameters based on newly observed
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data, a change or fault in the system can be observed. This class of methods will 

be called parameter variation methods. The work in Chapter 4 falls into this class. 

Both residual generation and parameter variation methods will be discussed in more 

detail later in this chapter.

This thesis will be concerned with model-based fault detection in the case where 

the system is too complex for a first principles model to be developed cheaply. Thus 

system identification is an important part of the complete FDI system. A brief 

introduction to system identification methods will be presented first, followed by a 

look at how the model developed by the SI methods is used in FDI.

2.4 System  Identification for Static Systems

Three popular methods of SI and model reduction are Principal Component 

Analysis (PCA), Partial Least Squares (PLS), and Fisher Discriminant Analysis 

(FDA). First, a typical static system which will be used to illustrate all three methods 

is defined.

2.4.1 Static Systems

For use throughout this thesis we now define what is meant by a static system. 

When the output of a system at any time, k, depends solely on the input at that 

time (with corruption by some noise), the system is considered a static system. In 

other words, the system has no memory. Measurements k = 1,..., TV of a linear static



12

system can be described by

y(k) = Au(k)  +  e(k) (2.2)

where

A; =  1 , N.

In this system, u(k) G Rm is the input and y{k) G Rn is the output. The model 

of how the input is related to the output is represented as the matrix A  G Rnxm 

plus some error, e(k) G Rn. For a graphical representation refer to Figure 2.1. The 

dimension of y(k)  and u(k) will determine the number of outputs and inputs of the 

system, respectively. If both u(k) and y(k) are scalars then the system is called a 

single input, single output (SISO) system. If u{k) and y{k) are vectors in Rm and 

Rn, respectively, with m, n > 1 then the system is termed a multiple input, multiple 

output (MIMO) system. The systems considered in this thesis will be MIMO systems.

Data for a “window” of time can be captured into a matrix using the following 

notation.

Y  = y(l)  j/(2) ••• y(N) (2.3)

where the matrix contains N  consecutive time steps. If the input, u(k), and the error, 

e(k), are written similarly as U and E  respectively, an equation for the system can 

be written in the matrix form

Y  =  AU  +  E. (2.4)
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u(k)

Figure 2.1. A static system with an input of u(k), a parameter model A, an error 
term e(k), and output data y(k).

2.4.2 Least Squares

Now that the static system has been introduced, some methods for determining 

the parameter matrix, A, in equation (2.4) which models a static system can be 

discussed. While PCA, PLS, and FDA are three popular methods for determining 

A, least squares will be introduced first as it is a basis for these basic methods of SI. 

Least squares regression is the most common method for solving a system of equations. 

Consider equation (2.4) where we wish to estimate A. The least squares method finds 

the estimated parameter matrix, A, by minimizing the deviations between the output 

data and the predicted output AU. This assumes that all the error occurs in the Y  

direction because U is known. The least squares problem is to find the parameters,
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A, that best predict y  in a least squares sense:

A =  a rg n u n \\Y -  AU\\2 . (2.5)

Then a prediction of Y  is given by ÂU.

An alternate formulation for the relationship between inputs and outputs is

y

U
= Cs E. (2 .6 )

Here both U and Y  are considered to be measured variables and as such may contain 

measurement errors. This is an extension of the least squares method called total 

least squares. The problem now consists of finding the matrix C  which defines the 

relationship between the input/output matrix and a set of independent variables, s. 

This can be done using the method of Principal Component Analysis.

2.4.3 Principal Component Analysis

Principal Component Analysis (PCA) is a commonly used method for modeling 

data because of its simplicity and reliability (Lin et al, 2000). Given a data set, X ,  

PCA strives to find a set of latent variables and latent vectors to describe the data
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matrix in terms of linear combinations. This is typically written as

X  = P T  (2.7)

where X  is the data matrix (which may contain both input and output variables), T  

represents the uncorrelated latent variables (or principal component scores), and P  

is a matrix comprised of the latent vectors (or the principal component loadings).

In PCA, each latent variable accounts for the variation in the data in a particular 

direction, with all the variation directions being orthogonal to one another. Consider 

the data set shown in Figure 2.2. Using methods discussed below, two latent vectors, 

represented in the figure as the two orthogonal lines, are found which represent the 

variation in the data set. The first latent vector lies in the direction containing the 

majority of the variation in the data set. The second latent vector describes the 

smaller variation in a direction orthogonal to the first. An eigenvector approach is 

commonly used to determine the latent variables. The eigenvectors and eigenvalues 

of the sample covariance matrix, S  =  ^ ^ X TX ,  are found as

S =  yA U ? (2.8)

where A is a diagonal matrix containing the eigenvalues and V  is an orthogonal matrix 

containing the eigenvectors. These eigenvalues and associated eigenvectors allow the
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Data Set with Latent Vectors
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Figure 2.2. Data set with latent vectors found using Principal Component Analysis. 
It can be seen that the first latent vector describes the majority of the variation within 
the data set. The second latent vector describes the smaller variation in a direction 
orthogonal to the first.
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directions which describe the variation in the data to be isolated. The eigenvector 

associated with the largest eigenvalue determines the direction of the largest variation.

Assuming there is some noise associated with the data set, those directions re­

lated to the smallest variation or smallest eigenvalues are likely due to this noise in 

the system and can be dropped from the model. Therefore, the model for the data is

X  = P f  + E

where P  and T  are the latent variables and latent vectors associated with the most 

significant eigenvalues and E  is the residual due to noise. Methods for determining 

the optimal number of latent variables to include in the model will be discussed later. 

The PCA model can equivalently be found using a singular value decomposition of 

the data matrix.

T h eo rem  1. Singular Value Decomposition: Every m x n  matrix X  can be decomposed 

into its Singular Value Decomposition (SVD):

X  — Ux'ExVx
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where

Ux is m  x m  and unitary,

Vx is n x n and unitary, and 

T,x is m  x n and diagonal

Algorithms for SVD are well established. Many software packages such as Matlab 

use the LAPACK routines for SVD. For more information on LAPACK see Anderson 

et al. (1999).

W ith the SVD of X  available it can now be said that

X  = P T

with

P  = Ux, and 

T  = ExVx-

Similar to the eigenvalue approach, the smallest singular values, those that are zero 

(or close to zero), are related to the noise in the system and can be discarded from
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the system model. If we decompose the SVD of the data matrix as

0 Vx

0 S x Vx

assuming that =  0 (or close to zero), then

X  =  Ux^xVx  +  E

just as in the eigenvalue approach.

The number of latent vectors chosen for the model affects the accuracy of the 

model and there is a delicate balance between overfitting and inaccuracy. Determining 

the dimensions of a particular model will be discussed in a later section. If only 

one principal component is chosen, it should be the latent vector associated with 

the largest latent value, or singular value. It can be shown that the first principal 

component is also what is commonly referred to as the “line of closest fit” as seen in 

Figure 2.2 where the error is measured as the distance between each point and the 

latent vector on a line perpendicular to the latent vector.

2.4.4 Partial Least Squares

Like PCA, Partial Least Squares (also referred to as Projection to Latent Struc­

tures) finds loading vectors that capture the correlation within the data. The major
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difference is that PLS splits the data into two sets. The predicted (dependent) set, 

F , usually contains product quality data or some other form of output data. The 

predictor (independent) set, X , contains other process variables. The goal of PLS is 

to maximize the covariance between these two sets in contrast to PCA which strives 

to find the covariance structure of the data matrix. This method is not considered in 

this thesis due to the necessity of defining predictor and predicted data sets. More 

details on PLS can be found in Russell et al. (2000).

2.4.5 Fisher Discriminant Analysis

Fisher Discriminant Analysis (FDA) comes from the pattern classification com­

munity. In contrast to PCA or PLS it works by using data collected while a specific 

fault or classes of faults occurred. FDA strives to maximize the separation among 

the classes. This is done by determining projection vectors that maximize the scatter 

between the classes and minimize the scatter within the classes. Due to focus on the 

separation among fault classes, FDA is often used for fault isolation. However, we do 

not consider it in this thesis because of the necessity of having diagnosed data for a 

range of faults. For more information see Russell et al (2000).

2.4.6 Determ ination of Model Order

All the above system identification techniques require a determination of the 

ideal order of the model. One popular method is Akaike’s Information Criterion
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(AIC). This criterion tries to balance the misclassification rate against a penalty for 

the size of the model. AIC finds the dimensionality, a, which minimizes

fm(a)  +  |

where fm(a)  is a measure of the misclassification rate and n is the average number 

of observations per class. The misclassification rate, /m (a ), is a number between 

0 and 1 indicating the percentage of misclassifications resulting from projecting the 

data set onto a model of order a (Russell et ai, 2000). Another common method to 

determine the dimensionality is Prediction Residual Sum of Squares or PRESS. Also 

known as the cross-validation methods, separate data sets (validation data) are used 

to determine the accuracy of the model developed. The model which predicts the 

validation data with the most accuracy is determined to have the ideal order.

One particular method of choosing the order of PCA models was developed in 

Dunia & Qin (1998a). The authors have done work in developing system subspace 

models for optimal fault detection. They proposed a method to determine the ideal 

PCA subspace model for use with fault detection. Their algorithm for determining 

the optimal set of sensors and size of the model uses a measure called the unrecon­

structed variance. This is a measure of the distance between a fault reconstruction 

and the principal component subspace. Minimizing this variance leads to complete 

reconstruction. This measure indicates the best PCA model for reconstruction. For
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a survey of different methods for determining ideal model order see Jackson (1991).

2.5 System  Identification for Dynamic Systems

The previous section discussed several methods of system identification for static 

systems, or systems that have no memory. However, most industrial systems fall into 

the category of dynamic systems. With some slight modifications the same methods 

of system identification previously introduced can be used for dynamic systems. First 

consider the structure of a typical dynamic system.

2.5.1 Dynamic Systems

In dynamic systems, as opposed to static systems, the input of the system at 

time k affects the future outputs of the system at times & +  l, & +  2, etc. A linear finite 

dimensional discrete time system can be represented in state space form as follows:

x{k +  1) =  Ax(k)  +  Bu(k)  

y(k) = Cx(k)  +  Du(k)

where x{k) is the state vector, y{k) is the output vector, and u{k) is the input to the 

system. A, B,  C, and D  are matrices defining the effects of the state vector and the 

input on the output vector and the state at the next time. Therefore, the data at 

time k has some serial correlation with the data at time k + n. See Figure 2.3.
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x(k)

unit­
time

delay

x(k+1)

y(k)

Figure 2.3. A dynamic system where the state, z, at any time, A:, affects the future 
state of the system at time A; +  1, A; +  2, etc. y(k) is the output data and u(k) is the 
input data. The matrices A,B,C,  and D  describe the dynamics of the system.
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In order to format the dynamic system as a matrix equation similar to the format 

of the static system shown in (2.4), data matrices are built where time lags are added 

to each sample of the data. This method is often called the “time lag shift” method. 

The data matrix for a measurement from a dynamic system is formed as follows:

Y d =

2/(1) 2/(2) • • • y ( N  -  d) 

y(2) :

y ( d ) y(N)

(2.9)

Here d is the number of time samples for which serial correlations should be modeled. 

The matrices that model the relationship of the input and the state to the output are 

then as follows:

F =

C

- i

and (2.10)

H  =

D

C B D

C A d~2B  C A d~3B  D

(2 11)
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The matrix equation describing the system becomes

Y d = T X 1 +  H U d. (2.12)

Since a matrix equation is available to describe the dynamic system, methods such 

as PCA can be used.

2.5.2 Dynamic Principal Component Analysis

Although the PCA method discussed previously was developed to model static 

systems, it is the basis for an extended method called Dynamic Principal Component 

Analysis (DPCA). Using the system equation (2.12), a combination of regression and 

latent variable methods can be used to identify P and H.  Usually this involves mul­

tiplying y  by a correlation matrix to remove the U term. Then P can be determined 

using a system identification method such as those discussed above. This will be 

discussed in more detail later. For more details see Chou & Verhaegan (1997) and 

Ljung (1999).

2.5.3 Linear System Parameter Identification

While SI using DPCA assumes no a priori information, an alternative model of 

the system can be used if there is some knowledge as to the structure of the system to 

be identified. This model uses a known linear model structure with a set of parameters
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that are found through system identification. For example, the ARX-model of a linear 

dynamic system is:

y { t )  +  CLiy(t — 1 ) +  ... +  CLny ( t  — %) =  b \ u { t  — 1 ) +  . . .  +  bmu ( t  — Tin). ( 2 .1 3 )

The coefficients, a* for i =  1,.., n and bj for j  = 1,.., m, are considered unknown 

parameters for some known model structure and can be collected into the matrix

0 — ai • • • an bi • • • bm (2.14)

The system model (2.13) can now be written as:

A(ç,0)z/(t) =  B(q, 9)u(t) (2.15)

where

A(ç, 9) — 1 +  cliQ  ̂T  ... T  Q"nQ n and (2.16)

B{q’)9) — b\q 1 +  ... +  bmq m (2.17)

with q 1 representing the delay operator. The equation for a measurement can be

stated as:

y(t) = Lyu(9)u(t) +  Lye(6)e(t) (2.18)
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where Lyu{6) = and Lye(9) =  are linear operators parameterized by

and e{k) represents measurement noise. By writing the measurement equation in this 

way, we can take advantage of knowledge of the system structure even though the 

exact parameters, 0, are unknown.

Using experimental data, an estimate of the parameters can be found through 

a least squares regression similar to (2.5). The least squares problem for parameter 

estimation is:

6 = arg mm \\Y — 0T(p\\2 (2.19)

where

<P =  l ¥>(1) • • • <p(N) ]> and

v(t)  =  [ —y(t  — 1) • • • —y(t — n) u(t — 1) • • • u(t — m)  ]T-

How this representation can be used for parameter variation fault detection will be 

discussed in a later section.

2.6 M odel-Based FDI for Dynamic Systems

Using system models created by the methods discussed in the previous sections, 

model-based FDI can be performed. As discussed earlier there are two classes of

model-based FDI, residual generation and parameter variation. We begin by dis-
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cussing the main principles behind residual generation for dynamic systems.

2.6.1 Residual Generation for Dynamic Systems

Using models created by SI methods, residuals can be generated to monitor 

for faults in the system. In Frank (1990), the author determines several categories 

of residual generation methods. These categories are the parity space approach, 

the dedicated observer approach, and the fault detection filter approach. Residuals 

are normally generated from the difference between the observed measurements and 

the predicted measurement based on the controlled inputs and the system model 

determined through a system identification method.

Using the parity space approach as an example, assume F and H  are determined 

by SI methods discussed Section 2.5. A new set of measurements, Yn, are collected 

for a new known input:

=  TX 4- #17». (2.20)

The delay parameter, d, has been omitted for ease of notation. The degree to which 

the new data fits with the system model can be determined by calculating the residual 

for the new data. Since the residual is defined as the difference between the observed 

measurements and the predicted measurements, we can generate the residuals using

R  = Yn -  T X  -  HUn. (2.21)
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However, this formula for the residuals depends on the unknown state variable X  and 

ideally the residuals should be decoupled from the state (Gertler, 1998). To solve this 

problem a matrix, W7, is chosen so that W Y  — 0. This decouples R  from X, leaving 

the residual equation as

(2.22)

One possible choice for W  is V1- where T^F =  0 and ||F ^ ||^  =  1 (Spinhirne & Vincent, 

2004). This will be discussed in more detail in Chapter 3.

If no fault has occurred and there is no measurement noise, model errors, or 

disturbances then the residual should be zero. Since it is rarely the case that no noise 

or disturbances exist and that the model has no errors, thresholds are set for the 

allowable magnitude of the residual before a fault is detected. Commonly a y 2 test 

is used for fault detection. It is assumed that the noise in the system is Gaussian 

(Gertler, 1998). For this test a confidence region is determined in which a certain 

percentage of all the nominal residuals fall. If a residual is outside this confidence 

region, then a possible fault is detected.

The residuals generated above can also be used for the purpose of fault identifi­

cation. By examining the contribution certain variables make to any residuals which 

fall outside the confidence region, the variables where a possible fault has occurred 

can be isolated. This type of examination is usually presented in a contribution plot. 

Another way of identifying the particular fault that has occurred is by using a bank
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of fault models. A model is developed for the system when it is operating under a 

particular fault condition. The residuals are then generated for each fault model. The 

fault model which produces the smallest residuals indicates the most probable fault. 

An implementation of this method will be seen in Chapter 3.

2.6.2 Parameter Variation M ethod

Parameter variation is another class of methods for model-based FDI. In these 

methods, estimates of the system parameters are found as discussed in Section 2.5.3. 

Data collected in the presence of a fault would cause the SI method to derive different 

parameter estimates than those calculated using nominal data sets. Therefore, faults 

can be detected by comparing the parameter estimates found from nominal data and 

those found from experimental data. Similar to residual generation we must assume 

that some of the variation in the parameter estimates is due to noise in the system and 

establish a confidence region for when the variation is normal and when it indicates 

a possible fault.

2.7 System Identification for Optimal Fault Detection

Since model-based FDI is dependent on the quality of the system models, it is 

important to look at how the system identification affects the accuracy of fault de­

tection. Traditionally SI and FDI have been treated as separate endeavors. However 

it is important to consider how system identification should be done to accomplish



31

optimal fault detection.

Consider the effect of input excitation on system identification and in turn on 

fault detection. SI requires a data set from the process to be modeled. However, 

industry is reluctant to allow their systems to be run solely for the sake of data 

collection because of the costs. Therefore, system identification must often be done 

using production data. It may be the case that this data does not cover all modes 

of the system. In this case the system models found during system identification 

may not fully describe the system. For example, the F and H  found using regression 

and DPCA may not fully represent all possible outcomes of the system. If additional 

modes occur when doing FDI, this can cause accuracy problems for the fault detection 

method. The FDI methods will interpret these modes to be faults or failures in the 

system when in reality they may simply be normal operating conditions which were 

not encountered when collecting the SI data. This is referred to as a variation in the 

input excitation.

This thesis focuses on two methods of dealing with the problem of input excita­

tion variation and its effects on model-based FDI. The first method looks at how to 

account for input excitation variation by filtering the residuals. The second method 

looks at how to design an input for optimal parameter estimation while staying within 

operating constraints.
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2.8 Systems of Interest

As discussed in the previous sections, this thesis is focused on model-based fault 

detection and identification for dynamic MIMO systems. In this section two systems 

are discussed which will be used in the following chapters to demonstrate how the 

effect of input excitation on model-based FDI can de dealt with. The two systems 

are the Tennessee Eastman Plant Simulation and a thin film deposition process. We 

begin with a description of the Tennessee Eastman Plant Simulation.

2.8.1 Tennessee Eastman Plant Simulation

The Tennessee Eastman (TE) Plant Simulation was first proposed in Downs 

& Vogel (1993). The authors created the simulation while working at the East­

man Chemical Company as a realistic industrial simulation for use in the control 

and monitoring communities. Originally written in Fortran, the simulation produces 

data representing a two product process. The plant contains four reactants and one 

byproduct. There are a total of 41 measurements, 12 manipulated variables and 7 

operating modes. All measurements include a Gaussian noise. While mainly used 

in the process control community (see Lyman & Georgakis (1995), McAvoy & Ye 

(1994), and Ricker (1996)) it has also been used for the testing of FDI methods. 

In Russell et al. (2000), the TE plant simulation was used as a basis for comparing 

different methods of fault detection and diagnosis. The simulation has 21 prepro­
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grammed faults ranging from process variable step changes, to variability increases 

to slow drifts in reaction kinetics and sticking values.

2.8.2 Thin Film Deposition Process

The second system of interest is a thin film deposition process, as described in 

Hilt et al. (2006). This is a multi-zone co-evaporation process, with the following 

characteristics: a substrate is moved over multiple deposition zones, in which effusion 

boats create a metal vapor plume by heating a sample to high temperature. See 

Figure 2.4. The substrate is unrolled from one reel and taken up by another, and 

processing can continue until the reels need to be changed. The total thickness 

and relative composition of the deposited material is measured before final take-up. 

In multi-source co-evaporation systems the same metal may be deposited in more 

than one deposition zone, and different deposition rates may be desired. However, 

when the final thickness and composition is measured, only the total amount of a 

particular material deposited over all zones is reported. The exact amount deposited 

in any particular zone is unknown. So, for example, if the composition measurement 

indicates the total amount of indium deposited is lower than nominal, the set-point 

estimator will raise the temperature set-points on all effusion cells that deposit indium. 

If this decrease is due to only one particular effusion source, the relative amount of 

material deposited in each zone will remain out of balance, so that the desired amount 

of material deposited in a particular zone will not be achieved even if the sum over
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Roll to Roll Process

Effusion Sources

Figure 2.4. Thin Film Deposition Process in which a substrate is moved from roll to 
roll over several effusion sources. Each deposition zone may contain multiple sources 
and a particular material may be deposited in more than one zone. The total amount 
of each material is measured before the completed product is collected on the final 
roll.

all zones will be regulated correctly.

As discussed in Hilt et al. (2006), the relative deposition rates between two 

zones in the deposition system can be estimated from the ratio of the DC gain of 

a linearized model, identified using a system identification experiment. In order to 

be compatible with a manufacturing environment, the perturbation sequence utilized 

for the system identification process must satisfy some performance objectives. It 

turns out that for photovoltaic manufacturing, those performance objectives are in 

the form of ratios. For example, for photovoltaics based on CuIni_xGaxSe2 films, 

the ratios Cu:(In+Ga) and Ga:(In+Ga) are considered important for achieving the
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desired electronic properties (Birkmire & Eser (1997)).

This system is particularly relevant because of the interest in nonlinear combina­

tions of the model parameters, such as the ratio of the DC grain. As discussed earlier, 

since this is an industry process, system identification must be done on production 

data. Therefore it is of interest to design inputs that allow for accurate estimating 

of the nonlinear combinations of the model parameters while still remaining within 

production constraints.
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Chapter 3

FAULT DETECTION USING DPCA W ITH VARYING INPUT

EXCITATION

3.1 Introduction

As discussed in the previous chapter, one approach to fault detection is residual 

generation which involves testing system input/output data against assumed nominal 

and/or faulty behavior models to determine which best explains the data. When ana­

lytical models are available, residual generators can be built to calculate the distance 

from the input/output set to this model. As discussed in the previous chapter, it is 

often the case that the system does not have a well defined, compact model, so that 

information about the system must be derived from experimental data. In this case, 

an identification procedure can be used to obtain a nominal model. In this chapter, 

we examine the Dynamic Principal Component Analysis (DPCA) method for iden­

tification and analysis. For use with dynamic systems, DPCA extends traditional 

Principal Component Analysis (PCA) by creating a data vector which consists of 

values of the inputs and outputs over a window of time. This has been referred to as 

the “time lag shift” method of allowing a PCA model account for dynamic systems
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(Ku et al,  1995). The use of DPCA fault detection and isolation is discussed in Ku 

et al. (1995), Dunia & Qin (1998a), Li & Qin (2001), and Qin & Li (2001). The iden­

tification portion of DPCA is closely related to the family of subspace identification 

methods (see Overschee & Moor (1996) and the references therein). In fact, DPCA 

in essence simply stops at the identification of the extended observability matrix and 

input/output Toeplitz matrix, rather than converting to state space form. Although 

the PCA models give rise to windowed or dead-beat estimators which can be subject 

to problems like noise sensitivity, the resulting validation tests are quite simple with 

projection operators or least squares playing the central role.

The utilization of DPCA models for fault detection has some interesting features 

when the input excitation can vary. It is the objective of this chapter to point out one 

of those features and explore its effect on the fault detection process. In particular, 

we focus on the case when the input excitation is “sufficiently exciting” from the 

point of view of identifying a unique extended observability matrix but not to obtain 

a unique Toeplitz matrix. On the face of it, this restricts the use of the model for 

fault detection to conditions with the same (or less) degree of excitation. However, by 

keeping track of the identification input excitation conditions in the fault detection 

process, it is possible to still do fault detection and isolation without restricting the 

form of the input, although one necessarily loses some power to find faults (because 

some faults can become hidden.)
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The degree of input excitation is an important issue in fault detection. There is 

usually opposition to performing dedicated identification experiments with arbitrarily 

defined inputs in industrial processes. Thus the fault detection process that is based 

on identified models must make the best use of available data.

A common theme throughout will be residual generation by on-line identifica­

tion of parameters in model structures that characterize what is completely unknown 

about the model under consideration. For example, when the system model is not 

uniquely defined by the identification data (because the input sequence is not suffi­

ciently exciting), the “unknown” part of the model is characterized by a particular 

null space. This can be used to remove unwanted parts of the residual.

3.2 PCA and Dynamic PCA

In this section, we discuss Principal Component Analysis (PCA) and Dynamic 

PCA (DPCA) in more detail. This material is standard, but is included for complete­

ness. Good references are Ku et al. (1995), Shi & MacGregor (2001), and Dunia & 

Qin (1998a).

As discussed in the previous chapter although PCA does not necessarily relate 

to an underlying model of the process, it is useful to consider the identification of the 

system

y(k) = Cx(k)  +  e(k) (3.1)
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where y(k) E  R p are measurements, x(k)  E R n are free parameters defining the 

current system state, and e{k) E  Rp is noise. To apply classical PCA, given a mea­

surement sequence y{k) A: =  1, • • • , A", we can form the following equation using the 

matrices related to each sequence:

y 1 =  rx 1 +  e 1 (3.2)

with P =  C. The sequence y(k) can contain measurements of both inputs and out­

puts. Note, for our purposes, the state representation coordinates are unimportant. 

With the coordinate transformation X 1 = Q X 1, where Q is an invertible matrix, an 

equivalent model is

y 1 =  r x 1 +  E 1

with f  =  TQ-1 . Thus, T will be considered known if it is found within a coordinate 

transformation.

Now, if the noise E 1 = 0, then from (3.2) the column space of F will be the same 

as y1. A singular value decomposition of Y 1 will have the form

where the terms that are zero have been left out so that £  is full rank. Since [/yi 

is a matrix with full column rank that has the same column space as Y 1, appropri­
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ate estimates are f  =  [Tyi and X 1 = TiVyi. Note, this step is typically stated as 

eigenvalue/eigenvector analysis of Y 1 ( Y l )T , but the results are the same.

If the noise is small, then by setting the smallest singular values to zero, an ap­

proximate solution can be found as discussed in Section 2.4.6. The solution will have

is minimum
F

the following properties: if f  is rank k, then so is X 1 and

over all other rank k choices for f  and X 1. In addition, the sample covariance of X 1

is diagonal, i.e.-X1 j  =  E2, so that the elements of x(k) are uncorrelated (Golub 

& Loan, 1989).

Dynamic systems have correlations between measurements at different sample 

times, so a natural extension of PCA to dynamic systems can occur. Consider the 

following linear dynamic system

x(k  +  1) =  Ax(k)  +  Bu(k) (3.3a)

y(k) = Cx(k) + Du(k) + e(k) (3.3b)

where e(k) represents both noise and disturbances and u € R m is a known input.
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Define

r T =  CT (CA)T . . .  (CAd- l )T , and

D 0 0

D 0
H

C A d~2B  C A d~3B  . . .  D

so that, for sequences y(k), u(k), e(k), k = 1 • • • TV, and x(h), k = 1 * - - A/" — s, the 

associated matrices are related by

There is still a column space relationship between Y d and F, but it is complicated 

by the addition of H. Extraction of F and H  takes place using the following steps:

•  Correlation: Let P  = Y 1Z. It is most useful for Z  to be a matrix that is 

correlated with F X 1, but for which E dZ  is small. (Z  = I  is the same as no 

correlation step.)

• Regression: Choose regression vector 0 , with assumption that X 1Z  = M<F for 

some M. (<!> = I  is the same as no regression step.) For technical reasons, we 

require 0  and f /1Z to be independent, in the sense that no row of can be

Y d = T X 1 +  H U d +  E d. (3.4)
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written as a linear combination of rows of 0 . Find 

Q .H  = argmin
Q,H

Note that a weighted least squares, or other regression method such as total 

least squares can be chosen, but for simplicity, we will use unweighted least 

squares.

•  Extract F via a singular value decomposition of 0 , that is, F =  C/@, the column 

space of © associated with ’’significant” singular values. Notice that an estimate 

of H  has already been obtained.

Subspace identification methods (see Overschee & Moor (1996), Ljung (1999) and 

the references therein) which were apparently developed independently of dynamic 

PCA, use a method equivalent to that described above to obtain F, but in this case it 

is only an intermediate result toward identification of the matrices defining the state 

space representation.

3.3 Fault detection and isolation in Dynamic PCA

As discussed previously, model-based fault detection occurs by determining if a 

new data set is compatible with the nominal, no-fault model in an appropriate sense. 

If a new data set is not compatible with this model, then a fault has been detected.

- 0
p - 0  H
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For DPCA models, a parity space approach can be easily applied. In this case, we 

find a matrix F^ such that F^F =  0, and ||F^||^ =  1, for example F1- =

A correlation matrix Z  can be selected, if desired. Then a residual matrix Rv is 

calculated as

Y1- (3.5)

where Y* and U* are matrices formed from new recorded data. The size of Rp can 

be monitored, with a large residual (mean or variance) indicating that the data is 

incompatible with the model, and appropriate statistical and/or bound tests can be 

applied to recognize this.

One approach to fault isolation utilizing PCA was discussed in Dunia & Qin 

(1998b), where a fault model H is assumed, with resulting model

Y d = Y X 1 +  H U d + E d + E F d. (3.6)

Once a large residual indicates a fault, further tests are performed to determine what 

fault models are compatible with the data. The residual for the fault model becomes

- _L - _L-

IIof —

[I] H [i] (3.7)

which is small if there exists an F d that can explain the data within the noise bound.
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When performing fault detection or isolation, there is the implicit assumption 

that P and H  have been identified correctly, so that the parity checks (3.5) or (3.7) can 

be calculated. However, in the case of DPCA the correlation structure of the input 

can strongly influence the degree to which the complete model is identified. When 

the model is incomplete, in a sense to be defined more explicitly later, fault detection 

and isolation must be done with more care. This is the subject of the remainder of 

this chapter.

3.4 Properties of Identified DPCA Models

In this section, the main result of this chapter is stated, which is a character­

ization of the DPCA model with general conditions on the input excitation. This 

result will allow an explicit characterization of that part of the model which can be 

identified uniquely using the identification data, and that part which is completely 

unknown. It is assumed that the data is produced by a fixed linear system (3.3), or 

equivalently (3.4). One condition for usefulness is that the system parameters should 

be recovered as the noise goes to zero, or (with appropriate conditions on the noise 

and on an input sequence generated in open loop) as the data goes to infinity. The 

properties of the input, u, determine if the column space of F and H  can be recov­

ered. When the input satisfies conditions to allow the column space of F and H  to 

be determined uniquely then the input will be said to be “sufficiently exciting.” We
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are also interested in the case when this is not so.

Let’s examine in more detail the regression step when a unique solution is not 

guaranteed. The assumptions on the DPCA identification process will be as follows:

A1 $  is full rank.

A2 X dZ  = M 0  for some matrix M  of compatible size.

A3 No row of UdZ  can be written as a linear combination of the rows of 0.

These assumptions are quite general. If A1 is not satisfied, we can simply remove 

the dependent rows from 0. In practice, A2 will not hold exactly, but only at the cost 

of a small extra noise term that is not included for simplicity. Finally A3 can also be 

satisfied by a careful choice of 0 , and loosely speaking, will allow the non-uniqueness 

of the least squares problem to be divided between F and H. Note that one choice 

which automatically satisfies the first and third requirements is to choose the rows of 

0  to be the transpose of vectors in the right null space of UdZ.

T h eo rem  2. Given data y{k) and u(k) generated by the system (3.4), and assump­

tions A l ,  A2 and A3,

mm
v

0
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has minimum norm solution

< (rx1z  fi - (udzn$,)+ udz^

nl m u * ?
+ 0

where

O =  E dZ
$

UdZ

+

is a matrix that scales with the noise.

Proof. The minimum norm solution is given by

= Y  Z
$

+

=  (T X dZ  + HU dZ  + E dZ)
$

udz

+

Since X dZ  =  M 0  we can write

FM  H
$ $

udz udz

+

+ 0
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where +

O = E  Z
0

Now, since 0  has full row rank, and no row of UdZ  can be written as a linear combi­

nation of the rows of 0 , we have

- +
0

C/dZ
(i -  (£/<izn^)+ udẑ j $+ (udzni) +

(this can be verified by showing that the right hand side satisfies the properties of 

the pseudo-inverse) and thus

T M  H

where

A =
<$>(/- (udzn% )+udẑ j $+ $ (udz %)+

udz (i -  (udzni)+udz) 0 + udz  {udzw9)+

But 0  {UdZÏ[r̂ ) + =  0 and if no row of UdZ  can be written as a linear combination 

of the rows of 0 , UdZ  {UdZYlr̂ ) + = Il^dz. This further implies that

UdZ  ( l  -  {UdZ % ) + ^ Z ^  0+ =  0,
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so we arrive at

VÏ (vxlz  f i  -  ( [ /dz n ^ ) + udz  ̂ $ + y

1% m U z f

as claimed. □

Now, \ i X xZ  — {UdZÎ[r̂ ) + UdZ^  0+ has full row rank, then F can be recovered 

by singular value decomposition of 771. Also if =  / ,  then 772 is an estimate of H. 

The condition for X xZ  — (UdZÜ.r̂ ) + UdZ^j 3>+ to be full rank is mainly a condition 

on the state sequence X 1 - that is, the input must be sufficiently exciting so that all 

modes of the system are excited. However, this can be achieved without having 

Tlydz = I. Consider a two input system fully controllable from each input, with one 

input white noise and the other input zero. The input is sufficiently exciting from the 

standpoint of identifying F, but the impulse response from the second input to the 

output is completely unknown. There are other, more interesting cases as well, when 

some inputs are only weakly exciting, or when the window size d is chosen larger than 

the degree of input excitation.

It is this intermediate case that will be of interest in the remainder of the chapter. 

In particular, a method for performing fault detection and isolation will be presented 

which accounts for the parts of the model that are completely unknown.

If we have some knowledge of the noise behavior, we can obtain bounds on the
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matrix O. One typical assumption is that the noise is bounded and uncorrelated with

the input and weighting matrix 0 , and that the magnitude of the input and 0  is

bounded from below. We use the following, related assumptions that do not depend

on a stochastic model of the noise:
2

< kN.

T
0

B l E dZ
[A z

B2 CT

V

$ \

/

> cxZ/V-

Assumption B l  bounds the correlation between the noise and the regressors used 

in the regression step. If E dZ  and the regressors were perfectly correlated, then this 

term would grow as A"2, rather than N. Assumption B2 ensures that the non-trivial 

part of the input does not decay as time increases. W ith these assumptions, we can

show that the size of O decreases with N.
+

T h eo rem  3. Given O = E dZ . Let r be the number of independent rows

of
0

CAZ
. I f  assumptions B l  and B2 hold, then \\0\\2F < 4  where I =

Proof. Let A  —
0

[AZ
, E  =  E dZ, and let A  = U U

£ 0

0 0 vT
be the

singular value decomposition of A with £  invertible. Then ||AAt ||f  can be written
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as

||SA r || ,̂ =  tr (Et E V Z 2Vt ) 

= tr (T?Vt E t E V )  

> 2 2 \\EV\\2f

so that

\\E V fF <2 .  l | S A r | | F

<7

and given assumptions B l and B2, | |S y | |F < 4 .  Now,

||£A + ||2f  =  W E V E r W f r  < \\E V \\2f  ||E -1f/T||F .

But since

||S _1i7:r||F =  tr (T ,~ 2U T U ) <  4  II IlF y -  q 2

we have

ll£ A + ll  ̂ -  ( I )  { jn)
||-E;A+ ||f < 1  w here/ =  ^ .

□
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3.5 F au lt D e te c tio n  w hen  Hludz /  I

W hat can be done when it is known T is correct, but only HHludz can be deter­

mined? There are two possibilities:

• Use knowledge of the underlying form of F and H\ Extract C  and A  from F 

and then identify B  and D  from a least squares fit to data.

•  Modify the residuals.

In the first case, we follow the subspace system identification methods to their 

conclusion. However, it is also possible to utilize the form of F and H  within the 

DPCA framework, and we will be able to cover the case when even additional struc­

tural information does not yield a unique representation. W ith this motivation, we 

will examine the problem without appealing to the underlying state space represen­

tation.

Because we are primarily concerned with the effect of input excitation, rather 

than noise, we will assume that the correct F, and H Ii£udz are found from the PCA 

step, and thus also P-F

First, we note that if the new input does not satisfy the same correlation structure 

as the input used for identification, the residuals may be non-zero, even without noise. 

Suppose Y* and U*, are generated by system (3.4) with =  0. Then the primary
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residual becomes

RP = - r±Hneuiz r1
ui

YJ?

If TlludzUn ^  0, then this residual may be non-zero! Clearly, in general, the residual 

evaluation can cause false alarms since the residual may be large even if no fault 

is present. This is due to possible changes in correlation structure of the new input 

relative to the input used for identification, which will result in f leudzU^ /  0. However, 

with additional processing, it is possible to remove the effect of the new correlation 

structure, while still retaining some capability to detect faults. This is done by 

performing a partial system identification over the residual subspace which is known 

to be deficient.

Define:

=  r 1 H n ludzuZ

where

H  = argmin \\RP — r ±H"n^dzL ^||2 . (3.8)

Essentially, we are determining if there is a HTLludz (the part of H  which is unknown) 

that could explain the residual within the noise bound. Note that this formulation
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for the new residual is equivalent to:

R  — R pT l1̂ , u d . (3 .9 )
udz n

We can show that the size of this residual is bounded by the size of the noise sequence. 

W ith a statistical assumption on the noise, a bound on the expected residual size in 

the no fault case can also be easily calculated.

T h eo rem  4. Given a new input/output sequence Y^, 11%, and noise sequence E% for a 

system satisfying (S.f), and residual generation equation (3.9) with =  1, then

1. ||Jl||» < ||£S||*

2. I f  e{k) is an independent, identically distributed random sequence with zero 

mean and covariance a 2Ip, then

E  [||fl||* ] < dp<j2((N -  d + 1) -  % dzU*).

Proof Using the definition of the residuals

Clearly

PIIf = r ^ n L  _
udz I  < m i
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If, in addition, the noise sequence is white with covariance <jIp , then with M  =

n lu*z u t

< tr ( (E dn)TE dnflrM)

Since E  [(Ed)TE%\ = dpa2IIN_d+l),

E \RdT\r II| n m ||^t = tr(dp(72/(Ar-d+i)n^) 

=  dp(j2tr(T[rM).

Since tr(J[rM) = (N  — d + \ )  — rank(M),

E = dpa2((N  — d +  1) — rank(M)).

Therefore

E  [ ||fî|£ ] <  dp<j2((N  -  d +  1) -  rank(M)).

□
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3.6 F au lt Iso la tio n

When a large residual cannot be explained by a change in the input correlation, 

a fault is called. Fault isolation can take place for a certain class of faults.

Assuming the data is generated by a system that satisfies (3.6), the primary 

residual becomes

Rn = —r±Hii(/z rx
u
Y

= TLH % dzu*  +  +  r xE;

We will attem pt to eliminate the effect of changes in the input correlation, while 

attempting to determine if a fault sequence F* exists that can explain the data. In this 

case, there are unknown matrices which may be manipulated to determine if the data 

set is compatible with the fault model (3.6), namely HWudz and F*. Instead of using 

projection operators, we will utilize a particular least squares problem which takes 

advantage of the known shift structure of F%. Let f (k )  be the sequence associated
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with and let f ni, be the ith  column of F%. Let

0 I  . . . 0 0

0 0 0 0

0 I
, and T  =

0 0 0 I

be matrices of appropriate structure such that f ni can be formed by

fni =  5'/n(i-l) + T  f  (i + d — 1)

with appropriate initial conditions. Let H

U&z

Therefore

HUludz = HiÜydz. Let Ui be the ith column of Y[ludzU ^  and let r* be the ith column 

of Rp. Then, we solve the following constrained least squares problem:

min IIr* — ^ H u i  +

such that fi = S f i - i  + Te(i)

where e(i) = f ( i  +  d — 1). The solution is straightforward. See, e.g. (Golub & Loan,
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1989, 12.1.4). The residual is then formed via

R  = Rr -  r ^ -H ü ^ z i iZ  -  r xE F (3.10)

where H  and F  are the estimates obtained from the constrained least squares problem.

When this residual is small, there exists a fault sequence (and an unmodeled portion 

of H) that can explain the data, and the modeled fault is included as a possible fault.

Using techniques from recursive least squares filtering a recursive solution to this 

optimization problem can be found. With the appropriate substitutions the problem 

can be written as:

where C = and D; =  u* <g) F-1. The symbol ® represents the Kronecker product.

T h eo rem  5. A recursive solution to the optimization problem 3.11 can be found using 

the following algorithm

1 Initialize M  to

HJu
m (3.11)

such that fi = S f i - i  +  Te(i)

0 0 —C —Di ri
M  =

- S  - T  I  0 0
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2 Using a QR decomposition find matrices such that M  = Q 

Q orthogonal.

R n  R u  

0 R 22

3 Using the singular value decomposition find R n  = U Y y T . Set

with

Gi =  - 1 *  (ZVt ) - 1(Ut R12)h, and

e, =  mm
(Ut R 12)!

R22

fi

h

1

(3.12)

where {UTR tf)n are the rows o fU TRtf associated with the nonzero singular val­

ues and (UTR tf) z are the rows o fU TRtf that correspond with the zero singular 

values, rows k + 1 to N .

4 Let

(UTR i2l

R22
La T2i Fgj , and

M  = 0 0 - C  - D i  n

- S  - T  I  0  0

5 I f  k < N  go to step 2.
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6 Let

h, f N = arg min
h,fN

Find f i , i  =  0 . . .  N  — 1 by using

Tiiv r 2iv r 3N

fi- i
= Gi

fi

h

1

I n

h

1

Proof. See Appendix A □

3.7 Hidden Faults

Although the filtering described above can help eliminate the effect of a change in 

the input excitation, it may be possible for a fault sequence to exist without increasing 

the size of the residual beyond that expected by the noise. To examine this possibility, 

we assume that data is generated by a system that satisfies (3.6). Using the residual 

sequence defined by (3.9), we clearly have

R = . ITi +n n



, A fault will be called if the first term causes R  to become larger than expected by 

the second term alone. However, if

(3.13)

then a fault will not be called regardless of the size of F£. These types of faults,

Thus, a hidden fault is one whose contribution to the residual is equivalent to un­

modeled dynamics.

Because of the possibility of hidden faults, some care must be taken when per­

forming fault detection. However, due to the connection given by equation (3.14) 

there is some information that is known about the magnitude of a possible hidden 

fault. Using the estimate of H  found from solving (3.8) the size of H  is known. A 

bound on the magnitude of a possible hidden fault is given by

for which the size of the residual is independent of the size of will be called 

hidden faults. All possible hidden fault sequence F„ are given by solutions of (3.13). 

Equivalently, F^ is a hidden fault sequence if and only if it satisfies

(3.14)
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which follows directly from (3.14).

3.8 Simple Example

As an example, consider the following system:

0 1 1 0.5
x{k +  1) = x(k)  +

-0.891 1.89 0 0.5
u(k)

%/(&)
1 0 

0 1
x{k) +  e{k)

where e{k) is a white noise sequence with variance 0.01. An identification experiment 

is performed, for A; =  1, • • • , 1000 with input

u(k) =
sin(0.47rA:)

n(k)

where n(k) is a simulation of a white Gaussian random sequence with unit variance. 

Dynamic PCA is applied with d =  5 to determine F and HT[tudz with Z  = I  and 

0 0 ' =  ^[jdz- Note that because of the sinusoid input, n^.dz has only rank 7, rather 

than 10, which is what is required for =  / .  However, since the system is only 

2nd order, F can be identified uniquely.
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A new input is applied, & =  !,••• , 1000

un(k)
sin(0.87r&)

n(k)

1 0
x(k)  +  e(k) +

/(&)

0 1 0

/(&) =

where, because of the change in frequency, the associated matrix Il^jdzU^ /  U*. In 

addition, we add the sensor fault

y ( k )  =

where

0 k < 500 

sin(0.47r&) k > 500.

The primary and filtered residuals are shown in Figure 3.1. Given the noise 

variance, the expected bounds on the residuals are shown in both cases. Note that 

the primary residual is much greater than expected for noise alone, even before the 

fault is applied, thus a fault would be called incorrectly at time 0. Therefore the 

identification input, u(k),  was not sufficiently exciting to determine H  completely. 

This has caused false alarms to occur. In order to eliminate the false alarms and 

correctly detect the fault, the residual is filtered using (3.9). It can clearly be seen 

in the graph of the filtered residual in Figure 3.1 that the additional filtering has the
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Primary Residual
■ Residual 
• Noise Bound0.8

Ü 0.6

§  0 .4

0.2

900 1000600 700 800300 400 500100 200

Filtered Residual
0.2 —— Residual 

Noise Bound
0.15

0.05

900 1000400 500  600
Time (samples)

700 800100 300200

Figure 3.1. Primary residuals from input/output data with the input ‘more’ exciting 
than the input used in the identification data set (top) and the residuals after filtering 
(bottom). Note that the primary residual is always above the noise bound in contrast 
with the filtered residual which falls above the noise bound only when a fault has 
occurred.
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desired behavior. The filtered residual corresponds with the expected noise bound 

until time 500 when the fault occurs. This indicates that the filtering has not only 

eliminated false alarms but also allowed the fault to be detected correctly.

For fault isolation, we determine if a fault model is compatible with the data, by 

using the fault isolation method described in section 3.6. Using the solution to the 

minimization problem, the error is tracked for each time step. The results are shown 

in Figure 3.2. In this case, the fact that the residual stays small for fault model 1 

indicates that this fault model is compatible with the data, which is correct. However, 

the residual for fault model 2 still indicates a fault occurring, meaning that a system 

model indicating a fault in sensor 2 is not correct.

3.9 Fault D etection for the Tennessee Eastman Plant Simulation

Now consider the more complex example of the Tennessee Eastman Plant Simu­

lation described in Section 2.8.1. A simulink model of the control strategy described 

in Ricker (1996) was used to generate nominal and fault data for the plant with differ­

ent input excitation. The system identification step was done using the nominal case 

where the set points are constant through time. The process was run for a simulated 

time of 72 hours with no disturbances occurring during the simulation. Measure­

ments where taken every 3 minutes. Using the data produced by the simulation and 

the Dynamic PCA methods discussed earlier with window parameter d =  5, F and
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Output Fault Model Residuals
0.14

—  Fault Model 1
  Fault Model 2
  Noise Bound

0.12

1

0.08

0.06

0.04

0.02

0 1000 200 300 400 600 900 1000500 700 800
Time (samples)

Figure 3.2. Residuals for two fault models capturing faults in outputs 1 and 2 respec­
tively. Fault Model 1 stays below the noise bound indicating that this is the correct 
model for the fault that occurred in the system.
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H U ludz were found using Z  =  I  and =  n[7dz.

New data was then collected with a different level of input excitation and a 

fault occurring. The different level of input excitation was caused by the using a 

sinusoidal input for the production set point instead of a constant value. In addition, 

disturbance 14 which is a sticking value disturbance was introduced to the system 

around hour 30. A predicted noise bound was calculated using residuals as derived 

in (3.5) for known nominal data in which the input excitation matched that of the 

system identification data.

The primary and filtered residuals are shown in Figure 3.3. As in the previous 

example, the difference in input excitation causes the primary residual to be above 

the noise even in the absence of a fault. Therefore, it would be concluded that a 

fault is present for the entire process time. In contrast, the bottom graph shows the 

filtered residual which is clearly below the noise bound until the fault occurs midway 

through the process run time. This shows that the filtered residuals have removed 

the effect of differing input excitation between the system identification data and the 

fault detection data.

Fault Isolation can also be performed for this example. Due to the unknown 

structure of the fault occurring in the system, fault isolation can not be performed 

as in section 3.7. Instead, a bank of fault models are used to isolate the model which 

describes the new data correctly. Two models were produced using the method dis-
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Primary Residual
0 .015

—  Residual
— ' Noise Bound

S’ 0 .005

1000 1500500

Filtered Residual.-3
3

 Residual
— ■ — ■ Noise Bound

I 2

f i

0 0 500 1000 1500
Time (samples)

Figure 3.3. Primary and Filtered Residuals with the system identification data col­
lected using constant set points and fault detection performed on data with a sinu­
soidal production set point, this causing a difference in the input excitation.
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cussed in section 3.5 and system data collected during the occurrence of disturbances 

14 and 15 separately. Residuals comparing the fault detection data with these two 

models were calculated using (3.9).

The results are shown in Figure 3.4. The residual produced using fault model 

14 stays below the noise bound for the length of the simulation. This indicates that 

the new data matches fault model 14. In contrast, the residual for fault model 15 

increases above the noise bound after sample 500, indicating that this model does 

not match the new data. Therefore we have correctly identified fault model 14 as the 

appropriate model for the new data.

3.10 Conclusion

In this chapter, a fault detection process was described for dynamic PCA with 

independent inputs where the input satisfied only a partial excitation condition, and 

no restrictions were placed on the new data to be tested for faults. It was shown 

that although the identified model only partially described the input/output Toeplitz 

matrix, fault detection and isolation could still occur, although at the cost of the 

possibility of some hidden faults.

Although an alternative formulation could have used a state space representation, 

the fault detection filter remains in a very simple form, retaining the advantage of 

the DPCA /Parity space system identification/ fault detection procedure. The fault
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Output Fault Model Residuals,-3

- -  -  Fault Model 14
 Fault Model 15
 Noise Bound

2.5

0.5

1500500 1000
Time (samples)

Figure 3.4. Residuals for two fault models capturing disturbance 14 and 15 respec­
tively. Fault Model 14 stays below the noise bound indicating that this is the correct 
model for the fault that occurred in the system.
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identification process requires solving a constrained least squares problem. Standard 

fast, recursive algorithms are available to solve these kinds of problems, but it remains 

to be seen if the specific structure of the shift equations could yield particulary efficient 

algorithms.

In contrast to this method, the next chapter looks at the case where the operator 

has some control over the input excitation. In this case we would like to choose the 

optimal input excitation for model parameter estimation and parameter variation 

fault detection.
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Chapter 4

EXPERIM ENT DESIGN FOR PARAM ETER VARIATION FAULT 

DETECTION OF RATIO ESTIMATES

4.1 Introduction

In this chapter, we discuss methods to perform an open-loop experiment on a 

linear system for parameter identification and parameter variation fault detection. 

This system, as illustrated in Figure 4.1, has available an input for manipulation 

and measured output subject to noise. There are additional signals, that may or 

may not be actual measurements, that represent variables that must meet certain 

constraints. The results of this experiment will be applied to a linear estimator which 

produces parameter estimates. However, our true interest will be in combinations of 

the parameter estimates and performance variables, rather than their absolute values. 

Specifically, we will be interested in ratios or products of parameter estimates and 

performance variables. Our goal is to design an experiment which delivers the best 

ratio or product estimates for parameter variation fault detection, while minimizing 

the impact on constraint variables, which may also be expressed as ratios.

For this chapter we wish to focus on the thin film deposition system described
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Figure 4.1. Input Optimization Problem. The linear system has an input for ma­
nipulation and a measured output. It is desired to have a linear estimator that, 
given the input and measured output, gives an estimate of a nonlinear combination 
of parameters, specifically either a ratio or product of the parameters.

in  Section 2.8.2. In Hilt et al. (2006), the optimization of the system identification 

experiment for ratio estimates was discussed, but without considering ratios for the 

performance constraints. In this chapter, we will generalize the performance variables 

to ratios and products, as well as extend both the class of applicable systems and 

complexity of the input sequence generation.

Experiment design for parameter estimation of dynamic systems has been of 

interest for some time, in particular see Goodwin & Payne (1977) and Gevers (2005) 

and the references therein. In the standard case, the input is assumed to be small 

and operates over a long period of time, which allows asymptotic results on estimate 

distributions to be applied. The formulation is then in terms of minimizing the 

parameter estimate covariance. More recently, in Campbell & Nikoukhah (2004), the
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problem was formulated as a multi-model trajectory separation problem. The smallest 

input is found that can guarantee separation of output trajectories over a finite set 

of possible models, subject to (indefinite) quadratic constraints on disturbances.

The problem considered here falls into the standard case, as a very small input 

(operating over a long period of time) fits the manufacturing environment well. The 

difference from previous work is the optimization with respect to nonlinear functions 

of the system parameters, although for a very specific case. However, as will be shown, 

the restriction to ratios allows solutions to be found using a convex optimization 

problem.

4.2 Problem Description

The problem considered here is to design or find an “optimal” input for parameter 

based fault detection when the fault condition is determined by a ratio or product of 

the parameters. The design problem will be solved by finding suitable metrics for both 

estimate quality and process upset, such that with an appropriate parametrization of 

the input, optimization of the estimate quality can occur while respecting constraints 

of the process variables. While it is possible to set up an optimization problem in 

which the input at each time Ms a separate optimization variable, this approach does 

not lead to convex optimization problems, and it may be difficult to obtain an optimal 

solution. Therefore, an alternative method is used.
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4.2.1 Spectral Factorization

The input will be described in terms of its autocorrelation. Given a random 

sequence the autocorrelation is defined to be

R u(r) = E[ukul_T}. (4.1)

Since R (t ) = R (—r), only autocorrelations for r  > 0 are needed to completely

characterize the random sequence. In practice, R u(r) —>• 0 as r  —>• oo. Therefore, the

autocorrelation can be restricted to for 0  <  t  <  n — 1  where n is an appropriate 

number. The vector

$« =  [ i 4 ( 0 )  R u ( l )  . . .  R u ( n  -  1) ] (42)

is used as the parametrization of the input. This is similar to the approach taken 

in Wu et al. (1999) in the design of an input, however our design problem is quite 

different. Once the optimal <hu is obtained, the input sequence is produced to have 

this autocorrelation. One way to do this is to use an appropriate filter with a white 

noise input as show in Figure 4.2. Because R u{t ) =  0 for t  > n, a Finite Impulse 

Response, or FIR, filter is used.

For this FIR filter, the desired input is uk and wk is a white noise sequence with
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► W&

Figure 4.2. Finite Impulse Response Filter where Wk is a white noise sequence and Uk 
is the desired input produced by a FIR filter with the appropriate filter coefficients.

E[wk\ = 0 and cov(wk) = A/. The result of the FIR filter is written as

Uk — ^   ̂-FiWk—i 
i=l

(4.3)

where Fi, for i = 1 , . . . ,  n, are called the filter coefficients. The process of determining 

these filter coefficients, Fi, to produce the desired autocorrelation is called spectral 

factorization.

Now, the autocorrelation of the input sequence can be parameterized by the filter 

coefficients

R u(t )  = E[ukul_r] = E ^   ̂EiUJk—i I I y   ̂FiWk—r—i
. i=l i=l

=  A ^ F iFj+T. (4.4)
i=l

As long as there exists a way of decomposing the optimization variable 0% into the 

appropriate filter coefficients, Fi, an input sequence with the optimal autocorrelation 

can be determined.
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One way to decompose the optimization variable into filter coefficients is to 

perform a Cholesky Decomposition on a block Toeplitz matrix containing the auto­

correlation coefficients R u{r). This matrix is formed such that

^ ( 0 )

R u{n ~  1) 

0

RuiX — n) 0

where N  determines the size of the matrix. The following is the well known Cholesky 

Decomposition Theorem.

T h eo rem  6 . (Cholesky Decomposition) I f  A  € 

then there exists a unique lower triangular G E  

such that A  = GGT (Golub & Loan, 1989).

is symmetric positive definite, 

with positive diagonal entries

The symmetric positive definite constraint placed on 7V(<h„) in order to use the 

Cholesky Decomposition ensures that there exists a set of filter coefficients that will 

produce an input with the autocorrelation represented by <£v If this is the case, then 

it has been shown that the Cholesky Decomposition may be used to recover the filter 

coefficients (Wu et al, 1999).

T h eo rem  7. Given Tn ($u), a block Toeplitz matrix containing the autocorrelation



77

coefficients R u(t ). I fU U T is the Cholesky decomposition o/T/v($u) then the nonzero 

elements of the rows o fU  converge to the filter coefficients Fi as N  oo.

To Summarize: The input is parameterized by an autocorrelation vector, 0%, and 

is used as the optimization variable with a constraint on the block Toeplitz matrix, 

Tn ($ u)- Then a Cholesky decomposition can be used on the optimal autocorrelation 

vector to determine the filter coefficients that will produce the optimal input sequence.

4.2.2 System  Identification

The input to be designed is assumed to be applied to a linear system, resulting 

in a measured output y, subject to measurement noise e. In addition, we assume that 

a linear model is available of a signal z that characterizes the constraints that must 

be satisfied for the process to result in an acceptable product. Thus, we have

Uk — T e&, Zfc =  L zuUk

where Lyu and Lzu are linear operators with Lyu parameterized by 9. This is the same 

as (2.18) with A(q, 9) = I. After an experiment is performed, parameter estimates 

5 of a linear model are obtained using least squares regression as in (2.19). Let 

Po =cov(9) and Pz =  cov(z&). Because we have assumed both a linear system and a 

linear estimate, Pz is an affine function of $ u and P f 1 is an affine function of ([>%. We
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represent these mappings as P 0 1 =  /($%) and Pz =  g($u) where

N
X

oi^u) —

7^(0) P«(l) ^ (2 )

^ (0 )  ^ ( 1 )  

P ,(2 )^  #«(1)? P ,(0 )

7^(0) P «(l) P«(2)

a * ( l ) r  P,(0) P «(l)

7L(2)^ 7^(0)

, and

A

with Ay containing the system impulse response. Therefore, we have an explicit 

relationship between the optimization variables, 0 %, which contain the autocorrelation 

of the input and the covariance of the parameter estimates.

4.2.3 Quality Measures of Important Parameters and Signals

For the thin film process of interest, we have identified parameter and signal 

ratios as important for our application. The true performance of our experiment will 

thus be measured in terms of the distribution of ratio(CgQ + de) and ratio(Czz + dz), 

where Cz and Cg are matrices mapping from the appropriate dimension to a length 

2  vector, and dg, dz E M2.

For some applications polynomial combinations of parameters and signals may 

be important. In particular we will look at products of parameters and signals. For
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this case, the distribution of prod(Co6 +  de) and prod(Czz  +  dz), where C#, Cz, do, 

and dz have the above definitions, will be a measure of the true performance of our 

experiment. In order to define either optimization problem, we need to establish 

metrics that measure the “spread” or width of distributions that are made up of 

these ratios or products. This is the subject of this section.

R a tio s  Throughout this chapter, we will explore measures of the width of the 

distribution for the ratio of two random variables, first introduced in Hilt et al (2006).

Xi x 2Let the joint probability distribution of the variables x =

If r =ratio(rr) ^  , then the probability density function of r  will follow the ratio 

distribution given by

/oo
\x2 \fx(rx2, x 2) dx2. (4.5)

•oo

We would like to choose input excitations that result in the distribution given by 

(4.5) being narrow. A method to evaluate the narrowness of these distributions must 

be established first. Normally the variance of a distribution would be used to gauge 

it’s width. However, when x  is jointly Gaussian, because the tail of this distribution 

decreases slowly, second moments of this distribution do not exist, and the variance 

is infinite. We propose an alternate characterization of distribution width based on 

an ellipsoidal bound.

For convenience, we define the set of points satisfying an ellipsoidal constraint
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as follows 

D efin ition  8 . Let

£(S, s, 5) =  {s|(s — s)TS(s — s) < ô2} .

If 5 > 0 and S  G S” , then £(S, s, 6) is an ellipse (Ros et aL, 2002). Suppose that 

it is known that the parameters, s, lie inside an ellipse, that is, satisfy

(s — s)T S(s — s) < S2 (4.6)

for some 5 > 0  and S  € S” . Such a hard constraint can be derived using an a- 

priori bound on the measurement noise, or it can be given a stochastic interpretation. 

For example, in the latter case, if n = 2 and s is a Gaussian random vector, with 

covariance P  = S ~ 1 and mean s, then s satisfies this constraint with probability 

1 — exp (Van Trees, 1968, p. 77). Thus â defines the level of confidence in the

estimate that is desired. If S is chosen to be 2 , then the probability that s satisfies 

the constraint and therefore lies inside the ellipse is 0.86. We will assume that a 

particular choice of <5 > 0  has been made, and it will be fixed for the remainder of 

the chapter.

We will be interested in characterizing the distribution for ratios of the form
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ratio(x) where x = Cs + d, C € R2xn, and d G M2. In order for the ratio to be well

defined, we require that the denominator be positive. We define the set in which all

ratios have a positive denominators as Vc,d.

D efin ition  9. Let T>c,d be the set of (S, s, ô) such that [Cs +  d}2 > 0 for all s G 

£(S ,s ,ô ) , where [x] 2 is the second element of the vector x.

The following well known result is a useful characterization of points inside an 

ellipse.

L em m a 1 0 . I f  S  is invertible, s e  £(S, s, S) if and only if s = 6S~^v  +  s for some

IMI < i-

Proof. If s G £(S, s, ô), by definition

(s — s)TS(s — s) < ô2 (4.7)

Let s = 55-ly/2u +  s for some ||u|| < 1, then s E £(S, s, 6 ) if and only if

(SS~1/2v +  s -  s)TS(ôS~1/2v +  s -  s) < S2 (4.8)

( ^ - ^ ^ ) ^ ( ^ - ^ ^ )  < ^  (4.9)

S  1/ 2 is symmetric and ô is scalar so S  ly/2 =  (S 1/2)r  and ô = ôT. So we can simplify
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(4.10) as:

It can be seen tha t S'- 1/ 2 S'S- 1 / 2 =  I. Therefore

ô2vTv < ô2 

vTv < 1

h ll < i

□

Using the ellipsoidal bounds on the parameters s, as in Definition 8 , the following 

measures for the width of the distribution of ratio(Cs +  d) can be defined as:

D efin ition  1 1 . For (S, s, ô) E V c ,d Let

max ratio(Cs +  d)
<t>^(S,s,6) = { (4.11)

subject to s e  <f (5, s, S)

min ratioiCs  +  d)
=  { (4.12)

subject to s e  £ (S, s, 5)

<t>c'd(s, s, 5) = t i (S ,5 ,5 ) - t idn(S,§,5) (4.13)
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Let us consider an example of an ellipsoidal representation of the width of a 

probability density function of ratio(Cs+d) with the following properties. Let C = In 

and d = 0. Assume the covariance matrix of the parameters is

P  =
<Ti /%ri<72

/X?1<T2 02

-1

(4.14)

and the parameter used to describe the shape of the ellipse, S, is equal to P  . Let
T

the mean be s = 1 1 . The maximum and minimum points are illustrated in 

Figure 4.3 for cq =  0.1, a2 =  0.15 and p =  0 and in Figure 4.4 for oq =  0.1, a2 =  0.15 

and p = 0.5. The top graph in each figure shows the ellipse £ for £ =  2 (probability of 

0 .8 6 ) along with the locations of the minimizer and maximizer of ratio(s), indicated 

by smax and sm\n. The dashed lines denote values of s which also share the same ratio 

as the maximum or minimum ratio in £. The bottom graph in each figure shows 

the corresponding ratio distribution if the random variables were jointly Gaussian, 

along with the value of 0, and the locations of ratio(smax) and ratio(smin) . Note how 

the bounds from the elliptical representation in the top graph reasonably reflect the 

relative breadth of the ratio distributions as shown in the second graph. It is also 

interesting to note how the correlation of the two parameters effect the width of the 

distribution. While both Figure 4.3 and Figure 4.4 have the same variances cq and 

a2, Figure 4.4 represents a correlation between the two parameter estimates causing
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1.5 

^  1 

0.5 

0

min

E

max

ratio (s) = ratio(smJ

ratio(s) = ratio(smax)

0 0.5 1.5
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(|)=0.78
0

0.6 0.8

Figure 4.3. Ratio distribution with uncorrelated variables. The top figure shows the 
ellipse for <5 =  2, the mean s =  [1 1]T, and P  as in equation 4.14, with <7 i =  0.1, a2 = 
0.15 and p = 0. The bottom graph shows the ratio distribution if the random variables 
are jointly Gaussian with the bounds from the elliptical representation marked.
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2

1.5 s  .min

E

ratio(s) = ratio(smJ

ratio(s) = ratio (smJ

0.5

0

max

0 0.5 1.5
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<|>=0.57
0

0.6 0.8

Figure 4.4. Ratio distribution with correlated variables. The top figure shows 
the ellipse for ô = 2, the mean s =  [1 l]r , and P  as in equation 4.14, with 
(ji =  0.1, (72 =  0.15 and p =  0.5. The bottom graph shows the ratio distribution 
if the random variables are jointly Gaussian with the bounds from the elliptical rep­
resentation marked.
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the distribution to be narrower than the distribution in Figure 4.3. Now that we 

have defined an alternative characterization of the width of a ratio distribution based 

on an ellipsoidal bound, we would like to take a corresponding approach for product 

distributions.

P ro d u c ts  When looking at products of parameters a similar approach to defin­

ing an alternate characterization of the distribution width can be used. As in the 

previous section, let the joint probability of the variables x  =  [xi be f x{xi, x 2)- 

l ï  p = prod(x) := X1X2, then the probability density function of p will follow the 

product distribution given by

u i p ) = L w \ f x { t x2) dx 2 - ( 4 i 5 )

Again we will use ellipsoidal bounds on the parameter s, to derive the measures for 

the width of the distribution of the prod(Cs +  d). These measures are defined as 

follows:
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D efin ition  1 2 . For (S', s, 5) G Pc,d

t i ( S ,  5,5) 
max prod(Cs +  d)

(4.16)<

subject to s € <?(S, s, 6 )

prod(Cs +  d)mm
€ fn ( S , ! ,S )

subject to s e  £(S, s, ô) 

tâi (S ,s ,6) - i ,Z(S,s ,6) (4.18)

(4.17)

As in the previous section, consider an example of an ellipsoidal representation of 

the width of a probability density function of prod(Cs +  d) with the same properties 

as before including the covariance matrix of the parameters (4.14). The maximum 

and minimum points are illustrated in Figure 4.5 for <Ji =  0.1, a2 = 0.15, and p = 0 

and in Figure 4.6 for ai = 0.1, a2 = 0.15, and p = 0.5. It is important to that note 

that the bounds from the ellipsoidal representation are a reasonable measure of the 

width of the product distributions shown in the bottom graph of each figure.

4.3 A nalysis

The measures for the width of the distribution of ratio(Cx + d) and prod{Cs-\-d) 

established in the previous section have very nice properties that will be important 

in the optimization process. In particular, it will be shown in this section that these 

measures have properties which allow them to be easily computable.
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max
J>rod(s) =  prod(smax7

mm0.5

0 0.5 1 1.5 2

3

2

1

X|/=0.72
0

P

Figure 4.5. Product distribution with uncorrelated variables. The top figure shows 
the ellipse for 6 = 2, the mean s — [1 1]T, and P  as in equation 4.14, with
<71 =  0.1, <72 =  0.15 and p = 0. The bottom graph shows the product distribu­
tion if the random variables are jointly Gaussian with the bounds from the elliptical 
representation marked.
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Figure 4.6. Product distribution with correlated variables. The top figure shows 
the ellipse for 6 = 2, the mean s =  [1 1]T, and P  as in equation 4.14, with
<j i =  0.1, (72 =  0.15 and p =  0.5. The bottom graph shows the product distribu­
tion if the random variables are jointly Gaussian with the bounds from the elliptical 
representation marked.
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2

1

X|/=0.87
0

max prod(s) = prod(smax.

min

prod(s) =rprodfs~J
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4.3.1 R a tio s

In this section we will establish the following results related to the width measures 

for ratios:

• Elements of an ellipse can be mapped to a half-space using a general affine 

function.

• Combining ellipse parameters can result in an ellipse in the same halfspace.

• The set of ellipses in a halfspace with the same center is convex.

We begin with a general lemma that gives a necessary and sufficient condition for 

the elements of S (S, s, 6) to be mapped by a general affine function into a particular 

half-space in Mm. We will later specialize to m =  2 , but these results are true in 

general.

L em m a 13. Given S  E S” , s E  Rn, 5 >  0, (7 E  Rmxn, d E Rm, and halfspace % 

in Rm defined by % = {x  Rm : (Fx > a} . I f  Cs + d £ then the following are 

equivalent:

1. C s -\- d Çl K, s Çl £  (S', s, 5)

2. (cT(Cs + d ) ~  a ) 2 > S2cTC S ~ 1CTc
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Proof. 1 => 2 : Given that cT(Cs + d) > a and s = ÔS l/2v +  s for ||y]| <

Cs +  d =  C W - i /^  +  Cg +  d

(^{Cs  +  d) = (FC8S~l 2̂v +  (FCs +  (Fd.

From cT(Cs +  d) > a,

F C 8 S ~ l^2v +  F C s  +  cTd > a 

8cTC S~ l/2v +  cT(Cs +  d) > a

cT(Cs +  d) — a > —d F C S ^ ^ v

for ||y|| < 1 . Let v =  ,1̂ 1% % ^ , so thatWss-wcTcW

^ ^ , - 1 / 2 ^
ct { C s +  d ) - a  > -S c TC S~1/2 ( n ^ ^ )  

cT(Cs +  d) — a >

By definition ||dS 1/2 CTc|| =  V82cTC S~1CTc, therefore

1 , then

cf(C% +  d ) - - a  >

(cT ( C s  +  d) — a)2 >  82ct C S ~ 1C t c
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2 => 1: By contradiction. If we assume that

(cT(Cs +  d) — a ) 2 > ô2cTC S  lCTc

but cF(Cs +  d) ^ T/Vs E S(S, s, d), implying that cT(Cs +  d) < o for

d5-1/2y 4 - s with ||u|| < 1. Then

(F(C5S~lt2v +  Cs +  d) < a

cT(Cs +  d) — o < —F C b S ~ xl2v

Combining (4.19) and (4.20) we get

ô y /F C S ^ C F c  < F {C s  +  d) — a < —F C S S  l^2v 

F F C S - lCTc < - F C S - ll2v

for ||u|| < 1 . Choose v = giving:

^ c TC S - lCTc < - c TC S ~ 112 1 S  1/2° Tc

'JcTC S ~ 1CTc <

WS-WCFcW 
cTC S - lCTc
\S~1l‘1CTc\\ 

VcrC S -1CTc < VcTCS-'CTc

(4.19) 

some s =

(4.20)
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which is a contradiction. □

The result of this lemma is that we now have a way to test whether an ellipse lies 

within a given halfspace. This result has some interesting corollaries. For example, 

the following result shows that when the parameters of multiple ellipses are combined 

via a convex sum to create a new ellipse, this new ellipse remains in a half space 

common to the primary ellipses, as long as the change in the ellipse centers is parallel 

to the hyperplane defining the half space.

C oro lla ry  14. Given ellipses £i(Si, Si, 6) z =  1, • • • , k and half space %. I f

• £i(Si,Si,S) c H V i

•  cTC (s i  -  s j )  =  0 Vz,j

then i f  S ( j )  = S iL i 7 *#* and s(j )  = J2i=i with J2i=i 7 i =  1; the ellipse 

î{S{rï),s('y),ô) C  n.

Proof First, note that cTCsi is constant for all ellipses and equal to cTC s(j) .  Then, 

since Si > 0, by Schur complements the condition

(cT(Csi +  d) — a)2 > ô2cTC Si 1CTc
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from Lemma 13 is equivalent to

ôcTC (cT(Csi + d) — a)'
>0,

(see Boyd et al. (1994)) and clearly is also satisfied by 5 ( 7 ) ,  5 ( 7 ) whenever cTC(S('y) —

Si) = 0. □

Remarkably, the same is true even if the ellipses are parameterized using P  = S -1 

instead.

Corollary 15. Given ellipses S^ P f1, s^S) * =  !,••• , k and half space %. I f

.  % ( f r V i ,a )  vi

•  cTC ( s i  -  s j )  =  0 Vi , j

then if P ^ )  = ^ - = 1 and 5 ( 7 ) =  E L i 7 ^ % ,  with S i = 1 7* =  t h e  ellipse 

^ ( P ( 7 ) - \ s ( 7 ) ^ ) C ^ .

Proof. First, note that cTCsi is constant for all ellipses and equal to cTCs(/y). Then, 

if & C % Vi,

ô2cTCP('y)CTc = ô2 /yiCTCPiCTc
i—1

k
< ^ 2  7* (f^Csi + d — a)

*=i
=  (cr Cs(7 ) +  d -  a)'
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Convex Set of Ellipse Parameters

1.25

0.75

0.5
0.75 1.250.5

Figure 4.7. The set of convex combinations of ellipses remains on the same side of a 
common half-space, therefore the set of all ellipse parameters for which the ellipses 
remain inside a particular half-space forms a convex set.

Thus, P ( 7 )-1, 5 (7 ) satisfy the conditions of Lemma 13, and the ellipse £’t-(P(7)~1, 5 (7 ), <5) 

is contained in %. □

Now, with s fixed, since “convex combinations” of ellipses remain on the same 

side of a common half-space, the set of all ellipse parameters for which the ellipses 

remain inside a particular half-space forms a convex set as shown in Figure 4.7.
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C oro llary  16. Given halfspace % and fixed s with Cs + d £ H, the set of S  such 

that Cs d E Ti for all s E £(S,  s, 6) is convex. Furthermore, the set of P  such that 

Cs d E H  for all s E £ ( P -1, s, 6) is convex.

Proof. Follows from Corollaries 14 and 15. □

We are now in a position to establish the main results concerning the (j> measures 

of the ratio distribution. Note that for these results, we are specializing to C 6 R2xn 

and d E R2.

T h eo rem  17. For (S,s,ô) E Vc,d, let Q =  (CS~1CT) 1 and 7  =  (Cs +  d) 

Then

Æ a x (^ s^ )  =  ratio(ôQ 1w+ + Cs d) 

Æ in (^  s, ô) = r a t i o ^ Q ^ W -  + Cs + d)

(4.21)

(4.22)

where

w± =  —Q
s  t V t 2 ~ à 2

T

Furthermore,

(4.23)

^maxiS, s ,à), —0 ^ ( 5 ,  s, 5), and 4>c,d(S,s,ô) are convex functions of S.

0ma*(P S s, 5) and (/>^(P \ s , 0 )  are quasi-linear functions of P.

Proof. See Appendix B. □
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4.3.2 Products

As in the case of ratios, the measures for the width of the distribution of the 

prod(Cs +  d), iprnax, ÿmin, and ^  have nice properties. Due to the polynomial prop­

erties of prod(Cs +  d), we can find ipmin and ÿrnax using a sequence of convex linear 

matrix inequality (LMI) problems as presented in Lasserre (2001). The following is 

an overview of this method.

We state the problem addressed in Lasserre (2001) as this: Given a real-valued 

polynomial, p(x), we wish to find the global minimum and corresponding minimizer. 

In Lasserre (2001) it was shown that advantage can be taken of convex optimization 

methods by representing the minimization problem as a sequence of convex LMI 

optimization problems. We will start by introducing some notation.

N o ta tio n  Define p(x) : Rn —> R to be a real-valued polynomial mapping a 

vector of length n to a scalar. The order of the polynomial is m. The polynomial can 

also be represented as a sum of terms such that

p{x) = ^ 2 p i X ai (4.24)

with the following definitions. The exponent is a vector sucha i ,2 ’ ’ '  ®i,n

that x ai = Xi '^x®1’2 . . .  Xn*’n and $^"_i < m. The vector p =  is the coefficient

vector of p(x). The vector y = yai, is called the moment vector where, for the two
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dimensional case, y^j is the (i +  j)-order moment f  x ly^yi(d{x,y)). The first element 

Vao = I/O,...,o =  1- M m{y) is the block moment matrix defined by

y i + j , o  y i + j - i , i  ’ • - y i , j

yi+j-i,i yi+j-2,2 • • •

yj,i '  2/o ,i+ j

(4.25)

Mm(y) can also be represented as E a #  2/a-Ba) +  B 0 where B a and B 0 are the ap­

propriate basis matrices.

U n co n s tra in ed  S um  o f S quares As shown in Lasserre (2001), the optimiza­

tion problem

P H- p* =  min p(x) (4.26)

can be written as the LMI problem

H-
Mm(y) h  0

(4.27)

or

H-
infyY,aP<xy<* 

Ea^o y^Ba y  -B e
(4.28)
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Given a global minimum, p* = minp(%), if p(x) — p* is a sum of squares of 

polynomials, then min P is equivalent to the convex LMI problem Q. Therefore, by 

solving Q the global minimum of the polynomial p(x) can be found.

Constrained General Polynomial Case An appropriate LMI problem can 

also be found to solve a constrained minimization problem such as

mapping Rn —>• R with an order of m. K  is a set of constraint inequalities of the form 

gi(x) > 0 where gi(x)  : Rn —>• R is a real-valued polynomial. The degree of <%(%) is 

Wi. For each constraint define the matrix

P# i-> p*K := min p(x) (4.29)

where the following definitions apply. The function p(x) is a real-valued polynomial

Mm{giy) — gi{x)Mm{y) — (4.30)

1 v v  t$U401K ■ ■■ ■ ■ M %_Æ m ». w « mm
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For example, in the two dimensional case where m  = 2 and n = 2,

M 2{y) =

1 2/i ,o  2/o ,i  2/ 2 ,o 2/ i , i  2/ 0,2

2/i,o  2/2,0 2 /i,i  2/3,0 2/2,1 2/i,2

2/o,i 2 /i, i  2/ 0,2 2/2,1 2/ 1,2 2/ 0,3

2/2,0 2/3,0 2/2,1 2/4,0 2/3,1 2/2,2

2/1,1 2/2,1 2/1,2 2/3,1 2/2,2 2/1,3

2/0,2 2/1,2 2/0,3 2/2,2 2/1,3 2/0,4

Given the constraint polynomial g(x) = ax\ +  bx2 then

Mm(g(x)y) =  (aÆi +  bx2).Mm(y)

9 (2 ) * 1 9 (2 ) * 2/1,0

PN* 2/i,o 2/2,o

« 2/ i ,o  +  62/ 0,1 « 2/ 2,0 +  61/ 1,1

« 2/ 2,0 +  61/ 1,1 « 2/ 3,0 +  61/ 2,1

(4.31)

(4.32)

(4.33)

(4.34)
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Now write the LMI problem

Z
infy E a M /a,

< Mn(?/) >: 0, (4.35)

M n - ü, (giy) X 0 , 2  =  1, . . .  , r

where Wi := |’̂ / 2 ] ,  TV > m a x * a n d  TV > [m/2].

Using a Convex LMI problem for products We can use the above LMI 

problem to find our measures of distribution width for products, t/Wn and ^ max 

with the following definitions. We choose our polynomial function as p(x) = prod(Cs+ 

d). There is only one constraint, s G E(S, s, 5), which we represent, using equation 

(4.6), as gi(x) = (s — s)TS(s  — s) — ô2. Solving with these definitions will give 

us V'mlnK s, 5). Likewise, solving with p(x) = —1 * prod(Cs  +  d) and the same

constraint will give the measure s, 5).

While this formulation allows for calculation of V^in and ^max: ^  lacks the convex­

ity properties in $ u that are found when calculating the distribution width measures 

for parameter ratio estimates. Since the parameter ratios are relevant to our thin film 

deposition system and are the more interesting case due to the convexity properties, 

we will focus on parameter ratios for the remainder of the chapter.



102

4.4 Input Optimization for Ratios

We are now in a position to define the input optimization problem. The following 

are given:

• Parameter ratio to be estimated: ratio(Co6 +  de).

• Performance signal ratio to be constrained: ratio(Czz  +  dz).

• Affine mappings for the parameter and performance signal covariances

p , =  s(®.).

•  Expected values for the parameters and performance signals: Q, z.

Based on the discussion in the previous section, the width of the parameter ratio 

distribution will then be given by, (/(<£„), Q, 6) where ô is chosen depending on

the certainty to which the constraint is expected to be met.

The constraint on the performance signal is one that should be met at all time 

points. In order to have a well defined problem, we must assume that the input
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satisfies a uniformity property. In particular, we assume that for all k,

- T -

u(k  + 1) u(k +  1)

u(k  T 2)
«F"1

u(k  +  2)

:

u(k +  £) u(k  +  71 — 1)

Then the objective mi < ratio(CzZk +  dz) < mi  will be met if

<  mi,  and

/3) >  mi-

(4.36)

In addition, it is easy to add constraints on the variance of the performance signals. 

For example, if it is desired to achieve cov (C^z) < b, we can utilize the constraint

c h ^ u )  {c l )T < b.
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We then arrive at the following optimization problem whose solution gives the 

correlation coefficients of the optimal input.

subject to <

mm<6„ (/($ „ ) , g,5)

£) < mi

“ Æ n * P) < - m 1 (4-37)

C?ÿ(*„) (C |)T <  6 

Tat($„) >  0

This optimization problem is convex, as the convexity or quasi-convexity of each 

function is preserved through the linear mappings /  and g, so the objective function 

is convex, as are the constraints.

4.5 Experiment Design for a Thin Film Deposition System

In this section we describe how the input design problem developed in the previ­

ous sections can be used in a thin film deposition system such as the one described in 

Section 2.8.2. The following example was presented in Spinhirne & Vincent (2006).

As an example of a simple deposition system, consider a two-zone, two-material 

process, with nominal system model

(4.38)
Vk 2/^ +  2/^ dn  +  d12 4

+ +
2/^ +  2/f

A
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where y 1̂ +  cN is the amount of material i deposited in zone j  at time k, ylk is 

the measured amount of deposited material, ej. is a zero mean measurement noise 

satisfying

In addition,

where

cov =  X L

G\i (q 1) =  0.4 +  3.2g 1 +  OAq 2,

G21 (ç 1) — 0.8 +  6.4Ç 1 +  0.8ç 2,

G\2{q 1) — 0.8 +  6.4# 1 +  0.8g 2,

G22( 9  — 1.5 +  12q  ̂ +  l.bq 2, and

d11 d12 180 100

d21 d22 100 30

The objective is the estimation of the ratio | r ^ j ,  that is, the ratio of DC gain between 

zone 1 and zone 2 for material 1. The process constraints will bound the variance of 

%/% as well as the ratio of y 11 to the sum of y u and y21 in each zone, as shown in Table 

4.1. We took N  = 500 and A =  202. The problem data is as follows:



106

V ariab le D esired  B o u n d
y l% variance in each zone 252
y2% variance in each zone 252
yi4 y2i in Zone 1 and 2 ±0.1

Table 4.1. Performance Constraints.

0 =

dg —

Z —

cl =

d? —

a 2 =

s =

Ou 9\2 021 022

1 1 1 0 0 0 0

0 0 0 1 1 1 0

1T
4 8

180 100 100 30

1 1 1 0 0 0 0 0 0

1 1 1 0 0 0 1 1 1
T

180 280

1 1 1 0 0 0 0 -

0 0 0 1 1 1 0 • • •

0 0 0 0 0 0 1 1

0 0 0 0 0 0 0 0

2, and/? =  1.

After finding the optimal correlation parameters 0%, an input sequence was cre­

ated by finding FIR filter parameters as discussed in Section 4.2.1, and then applying
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independent pseudo-random-binary-sequences (PRBS) (Sôderstrôm & Stoica, 1989) 

as inputs to this filter. The resulting nominal performance signals are found by ap­

plying the input sequence to system (4.38). The sample covariance for was found 

to be

côv{y11) = 24.32, côü(y12) =  23.12, 

côv(y21) =  16.82,côü(%/22) =  5.82,

meeting the desired constraints. The ratios yu£y2i are shown in Figure 4.8, along 

with the desired upper and lower limits. Note that the constraints are met at the 

majority of sample times. The constraints are violated whenever the PRBS input 

does not satisfy the input uniformity requirement (4.36), but clearly this is a good 

approximation.

To simulate the estimation process, 100 different noise sequences were added to 

the nominal response, and parameter estimates were found using least squares. The 

resulting distribution of estimate for is shown in Figure 4.9. Note that 0 is a 

very reasonable estimate for the width of this distribution.

4.6 E x p e rim en t D esign  for D e tec tin g  R a tio  F au lts

In this section we describe how the input optimization problem we have intro­

duced can be reformulated to design inputs for optimal detection of faults occurring
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Ratio constraint variable in zone 1

200 300
sample

Ratio constraint variable in zone 2

500

<N

100 200 300 400 500
sample

Figure 4.8. Time response of constraint signals. Desired limits are shown as solid 
lines. Note that in general the signals stay within the designated constraints.
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Histogram of ratio estimates <|)=0.1085

m m m a x

0.65 0.7

Figure 4.9. Histogram of estimates for with <j>min and 4>max based on the optimal 
input shown. Note that with optimal input, 0mjn and 0maæ designate reasonable 
bounds on the distribution of the estimate of the ratio of interest.
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in the form of parameter ratios.

4.6.1 Optimization Problem

Given some fault line (Fx =  a, defining a fault space from a non-fault space as 

in Figure 4.10, it can be said that a fault has occurred if the parameters, s, satisfy 

F s  > a. Likewise no fault has occurred if F s < a.

However, because we can only estimate the parameters, s, within a confidence 

region (represented by an ellipse, £(S,s ,5))  we have the possibility of misclassifying 

a parameter estimate as a fault or not a fault. Given a nominal parameter in the 

no-fault region, sn, it is possible that part of the ellipse defining the estimate region 

may fall below the fault line, or in the fault space. If our estimate of sn falls in this 

region, a fault would be detected where none exists. This is referred to as a false 

positive and is illustrated as the lower ellipse in Figure 4.11. The opposite case can 

also occur. Given a parameter in the fault region, s /, the estimate may fall in the 

non-fault region and no fault is detected when one has occurred. This case is called 

a false negative and is represented in figure 4.11 by the upper ellipse.

If the system is such that production must be halted when a fault has occurred, 

a false positive causes unnecessary stops in production and lost time. Likewise, false 

negatives may result in defective products which also causes increased cost due to 

lost time and materials. Thus it is important to reduce the occurrence of both false 

positives and false negatives.



I l l

Fault Line

Non-Fault Space

Fault Space

Figure 4.10. Fault Space for the ratio(s). Any ratio falling above the line is considered 
nominal while a ratio falling below indicates a fault in the system.
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Fault Line
False negatives

False positives

Figure 4.11. False positives and False negatives. Estimates of sn falling below the 
fault line will incorrectly be classified as faults resulting in a false positive. Estimates 
of s / falling above the fault line will be misclassified as nominal behavior resulting in 
a false negative.
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Call Line

Fault Line

Figure 4.12. Fault call line based on s /)rmn will reduce the number of false negatives 
for a given confidence region.

To reduce the number of false negatives, one approach is to establish a call line 

^ t which a possible fault is detected that includes all estimates of s / within a certain 

confidence interval. See Figure 4.12. This line is based on the ^min('S') s /, ô). While 

the nominal parameter value, sn is known from the system data, we must choose a 

fault parameter value, s /, to use in the input design problem. The worst case scenario 

for false negatives is when the faulty parameters Sf fall on the fault line as this puts 

the largest portion of the uncertainty ellipse in the no fault region, resulting in the 

largest number of false negatives. Therefore we want to design for when the faulty
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parameters lie on the fault line. We choose s / to be the point on the fault line such 

that the line between sn and s / is perpendicular to the fault line. This minimizes 

the distance between the nominal parameters and the fault parameters. This point 

is found via the following:

Given sn = \ 0 . « 0 ]T and a fault line cTx = a:

•  The distance from s„ to the line cTx = a can be found as

d — cl sn,l +  C2«Sn)2 — a cTsn -  a
\ / c 2 + I N I

(4.39)

Now Sf can be found. Let I =  \ / l l s ^ l l 2 — ^2- know that 

slope of the fault line is ^  =  ratil ^  • This gives:

=  I and the

s /,i =
I

1 + H )
ci s /,i

S / ,2  =
C2

(4.40)

(4.41)

We now have the situation depicted in Figure 4.13. If a call line is based on the 

ellipse £(S, Sf, S) where s / is chosen as in Figure 4.13, any ellipse £(S,Sf2,S) ,  where 

Sf falls on the fault line but further away from the origin than Sf, will be below the 

call line. See Figure 4.14. Thus, by choosing s / as a design parameter, we are ensured 

to also eliminate any false negatives with in our confidence level should the actual
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Fault Line

Figure 4.13. Choosing a fault parameter, s /, to lie on the fault line represents the 
worst case for estimates of s / resulting in false negatives.

parameters lie further away from the origin than Sf.

While this eliminates the number of false negatives, it can increase the number 

of false positives. Therefore, we wish to bring the call line as close to the fault 

line as possible. Thus, we will design an input such that s />min is maximized and 

the call line is based on This gives the fault test as c^s =  aci where

cT =  iCl I <Pmin(S,Sf ,ô)

However, we do not want to design an input that allows the confidence ellipse for 

a non-fault set of parameters to grow such that it falls below the call line, increasing

ARTHUR LAKES LIBRARY
COLORADO SCHOOL OF MINES
GOLDEN, CO 8 0 4 0 1
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Call Line
Fault Line

Possible Fault

Locations

Fault Location Used  
for Design

Figure 4.14. Alternate Fault Locations. Other possibilities for Sf further away from 
the origin along the fault line will still have estimate regions that fall under the call 
line, thus making the choice of s / an appropriate one.
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Call Line

Fault Line

Figure 4.15. Depiction of the call line optimization problem where the goal is to 
maximize (S', Sf,ô) with the constraint that 0ma%(S, sn, <5) must lie above the call 
line thereby minimizing both false positives and false negatives.

the occurrence of false positives. Therefore we add a constraint to prevent this. Given 

5 and sn, this gives the optimization problem:

maX5 0mzn(S5 Sy, 5)
(4.42)

Subject to Ĉ Sn^max ^  ^cl

where s / and are found as discussed above.

Refer to Figure 4.15. While this will not eliminate false positives and false
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negatives, it will help to greatly reduce them within the specified confidence regions.

4.6.2 Ratio Fault Example

Consider the two-zone, two-material process introduced in section 4.5.1. Using 

the same problem data, we wish to find the optimal correlation parameters that 

give an optimal call line for detecting faults of the ratio within the same process 

constraints discussed above. In the previous example we saw that a nominal value 

for the ratio sn, is 0.5. A fault will be called if this ratio exceeds 0.65. We

choose Sf to lie on the line which represents a ratio of 0.65 at a point where the 

line between sn and 5/ is perpendicular to the fault line. Now, the optimal input 

correlation parameters, and thereby the optimal call line, is found by solving the 

optimization problem (4.42) with the process constraints discussed previously. The 

input design problem becomes:

mm*

subject to <

- * & * ( / ( * . ) .  5/.*)

<  mi

- < & ’ to($«)> z, P) < - m  

. Clg{*u) ( C l f  < b 

Tn (®u) > 0

ci,scZ°n,m ax ^  ^cl-

(4.43)
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Repeating the procedure discussed in 4.5.1, the optimal correlation parameters, 0%, 

were found and an input sequence was created by finding the FIR filter parameters 

and then applying independent pseudo-random-binary sequences (PRBS) as inputs 

to this filter. As in the previous example, the performance signals can be shown to 

meet the desired constraints. The sample covariances for the individual metals in 

each zone are as follows:

œ v ( y 11) =  22.32, côü(?/12) =  24.82, 

côv(y21) =  18.42, cmJ(y22) =  8.32.

By looking at Figure 4.16 it can be seen that the process constraints on ratios 

also were met. This figure shows the constraint ratios produced from applying the 

input sequence to the system. The estimation process was simulated by adding 100 

different noise sequences to the nominal response, and parameter estimates were found 

using least squares. Figure 4.17 shows the optimal call line for the ratio fault along 

with the estimates of the nominal parameters. It can be seen that all the nominal 

parameter estimates fall above the call line therefore giving no false positives. At the 

same time all faulty parameter estimates within the given confidence region will fall 

under the call line thus reducing the possibility of false negatives. Figure 4.18 shows 

the resulting distribution of the parameter ratio estimate. We note that 0 is still a 

very reasonable estimate for the width of the distribution.
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Ratio constraint variable in zone 1

200 300
sample

Ratio constraint variable in zone 2

500

0.9 
+  0.8 
b o . 7I

^  0.6
1 0 0

sample

Figure 4.16. Time response of constraint signals for ratio fault optimization problem. 
Desired limits are shown as solid lines. Note that in general the signals stay within 
the designated constraints.



121

/6a ll Line
9.5

/Fault Line

8.5

c f  7 .5

6.5

5.5

Figure 4.17. Results from the ratio fault optimization. Note that the estimates of the 
nominal ratio lie above the call line resulting in no false positives while the confidence 
region for the faulty ratio is oriented along the fault line reducing the number of false 
negatives.
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Histogram of ratio estimates <|)=0.1112

maxmin

0.15

0.55 0.6 0.65 0.7

Figure 4.18. Histogram of estimates for § ^ y -  with 4>min and ÿmax based on the 
optimal input from the ratio fault optimization problem shown. Note that with 
optimal input, <pmin and (f)max designate reasonable bounds on the distribution of the 
estimate of the ratio of interest.
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Chapter 5 

CONCLUSIONS

Fault Detection and Identification is becoming more crucial in today’s complex 

industrial systems. Due to the need for accurate system models for model-based FDI, 

system identification methods and their effects on the fault detection process become 

important components of system monitoring. One important consideration in system 

identification for fault detection is the input condition which existed during system 

identification. Two contrasting cases related to the input during system identification 

have been presented.

The first case considers a situation where the input during system identification 

can not be chosen arbitrarily. As this is a common case in industry, it is important for 

fault detection methods to take into account the situations that can result from using 

production data for system identification. If the input did not excite all modes of the 

system, the model produced by the system identification will not be complete. This is 

a case of the input not be sufficiently exciting. This thesis has developed a method for 

filtering residuals to remove the error due to incomplete system identification. This 

allows for increased accuracy in the fault detection process even though the system
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identification data may have had a different level of input excitation than the data 

during system monitoring.

While the method of filtering residuals shown in this thesis greatly increases the 

accuracy of fault detection, there are still some limitations to this approach. It was 

shown that the filtering of the residual can lead to hidden faults, although a bound 

on the magnitude of these faults can be determined. Therefore, while the majority of 

the faults will be detected, there is a class of faults that will be obscured by choosing 

to filter the residuals. Another limitation is in the fault identification process. If there 

exists a model of how a sensor fault affects the output, then a minimization problem 

can be solved to determine the fault sequence that may have occurred. If the fault is 

not a sensor fault or can not be modeled so easily, then fault identification requires 

diagnosed data taken in the presence of known faults. In addition, this method is 

focused on a linear system model.

Future work in this area could include investigating the properties of hidden 

faults resulting from residual filtering to determine the effect these faults would have 

on the system. There is also a need for improved fault modeling to allow fault isolation 

with out the need for diagnosed production data which may not be available. Another 

area with interesting possibilities is to extend this method to nonlinear system models. 

Due to the nonlinearity of most industrial systems, this would allow for improved 

accuracy in fault detection.
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The second case considered in this thesis assumes that the input can be chosen 

within some system constraints. Here the problem of input design for parameter 

estimation and parameter variation fault detection was investigated. It was shown 

that this problem could be formed as a convex optimization problem. An alternative 

characterization for the estimate quality based on ellipsoidal bounds was established 

which led to the convex properties of the optimization problem.

While the ability to form the input design problem as a convex optimization 

problem has definite advantages over a nonlinear problem, it still has some limitations 

due to the complexity of the problem. Even though the example problem considered 

in this thesis was fairly low in complexity, it was reaching a limit of what a gradient 

method can solve. In order to improve the computational cost and allow for increased 

complexity, alternative methods for solving convex problems such as interior-point 

methods or ellipsoidal methods should be investigated. The application of these 

methods to the design problem formulated in this thesis would allow application to 

a greater class of industrial problems.

An additional area of continued research could focus on the case where the op­

timization problem is infeasible due to the manufacturing constraints placed on the 

input. In these cases it may be necessary to modify some of the parameters that were 

held constant in this thesis such as the confidence level, ô, which defines the size of the 

estimate ellipse. Another possibility is to include the number of samples considered
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when doing parameter estimation as a variable in the design problem. The larger 

the number of samples, the better the estimate of the parameter ratio that can be 

achieved. However, this number should be balanced with the need to do timely fault 

detection. If it is necessary to collect a large number of data samples before doing pa­

rameter variation fault detection, then faults will not be detected in a manner which 

saves time and money. It may be possible to determine some metric for balancing 

the increase in accuracy of the parameter estimation with timely fault detection that 

would allow for more flexibility in the input design problem. All of these issues would 

be interesting topics for future work.
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A P P E N D I X  A  

P R O O F  O F  T H E O R E M  5

The optimization problem 3.11 can be rewritten to include the constraint as

N
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■S - T  I  0 0

/ * - ]

e*

Si

h

1
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where

M  =
0 0 —C  —Di ti

-T /  0 0

Focusing on 

that M  = Q

the first term, a QR decomposition can be used to find matrices such 

R n  R \2

0 R 22

with Q orthogonal. The first term can now be written as

M

fo

ei

A

h

1

R n  R n  

0 R 22

fo

ei

/ 1

h

1

Using the singular value decomposition find R n  = U'EVT.so that

M

ei

/ 1

h

1

2  0 ( [ ^ # 1 2 ),

0 0 ( [ / % ) ;

0  R 22

V T
fo

ei

f i

h

1
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where ( l ^ R ^ n  are the rows of UTR i2 associated with the nonzero singular values 

and {UTR i2)z are the rows of l ^ R u  that correspond with the zero singular values, 

rows k -h i  to N .  Now

M

fo

Cl

f l

h

1

fo

ei

f i

h

+
(cmziz),

R 22

h

h

1

Since E is invertible, given f i  and h, values for / 0 and ei can be found such that the 

first term is zero. Therefore the new minimization problem is reduced to

mm
ĵ/o v •

where

Tn fTi Fai

f i

h

1

N

i=2

(UTRu);

R22

0  0  - C  - D i  Ti

- S  - T  I  0 0

F n  T 2 1  Fai

ei

fi

h

1
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Now separate another iteration so that the problem is

min M

h

e2

Î2

h

N

+ E
i=2

0 0 C  —Di n

- S  - T  I  0 0

f i - i

ei

fi

h

1

where

M  =

ii o o r21 1 31

0  0  —C  — D2 7*2

■S - T  I  0 0

This process can be repeated until 

the fault can be found via

Tin  r 2iv Tsv is found. Then estimates of

h , f N = argmin 
h,fN Tiiv r 2Ar Tsat

/iv

h

1
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Find f i , i  = 0 . . .  N  — 1 by using

fi-i
= Gi

fi

h

1

where

Gi =  - l *  (Y,VT) - \ U TRn)
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APPEN D IX  B

PROOF OF THEOREM 17

First, we note that Vc,d is convex in both S  and P  by Corollary 16.

The formulas for ÿmax and <t>min, and the convexity of </>max and with respect 

to S  can be established using results similar to that in Hilt et al (2006). The proof 

is repeated here for completeness.

Re-parameterize the ellipsoid S. Let w = 5 -1//2u for some ||u|| <  1. Then 

s € £(S, s, #) if and only if s =  S S ^ w  +  s for ||u;||g-i < 1. This gives an equivalent 

optimization problem

maxu, ratio(5S lw +  s) 
t i ( S ,  s, &) =  { (B.l)

subject to ||w||g-i <  1

minto ratio(5S~lw +  s)
=  <{ (B.2)

subject to IM U "1 ^  1

Some additional lemmas which will help in this proof need to be established.

Lemma 18. I f  w is a solution to (B .l) or (B.2), then =  1 and wTs = —6

are satisfied.
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Proof. Consider the first equation. If w is a solution to (B.l) or (B.2) then the 

derivative must be equal to zero. However the derivative of r a t i o ^ S ^ w  +  s) does 

not equal 0 for ||w ||s-i < 1, therefore the solution must be on the boundary of 

the ellipse, giving ||w ||s-i =  1. Now for the second equation. If ||iu||s-i =  1 and

w = 5 1/2u, then ||v|| =  1 as well. Choosing v = sin(0) cos(0) , s can be written

as:

s(6) =  6S~1/2 +  s.sin(0) cos(0)

At values of 6 corresponding the maximum or minimum solution, dratî°(s(ûïï =  q. This 

can also be written as

5(0)?
ds
a0

where [ § ] 'L satisfies (§§)T [ff]-1 = 0

as"

'ds '
d e ) .oW.

'ds '
d e )

ds
dO

j .

±

±

cos(0) — sin(0)

sin(0) cos(0)

aS "!/2

S l/2

s s ~ 1/2

cos(0) — sin(0)

r  -IT \  1 -

cos(0) — sin(0) sin(0) cos(0)

sin(0) cos(0)
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The matrix S  is symmetric so (5 1/2)T =  S  1/2 and S  1/25 1/2 =  Î.

ds
m

ds
=  s

= 5

cos(0)

-  sm(9)

cos(9)

— sin(9)

sin(9)

cos(9)

sin(9) 

cos(9)

= S(sin(9) cos(9) — sin(9) cos(9))

= <H°)

=  o
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If s is a maximum or minimum solution, then there exist some 9 such that

s(0)

sin(&) \

5S~1/2 +  s
cos(9)

/

cos(0) ( s - v y s + sT

g l / 2

sin(0) cos(^)
sin(^)

cos(^)

5(sin2(^) +  cos2(0)) +  sTS ll2

f  S '/2

^ s ' / 2

ds

sin(^

cos(0

sin(0

cos(^

sin(^

cos(^

sin(0

cos(0

sin(0

cos{9

sin(0

cos(0

^ S ' / 2u

-T S W

= 0

=  0

=  0

=  0

=  0

=  0

=  — Ô

= —S 

—

wTs = —ô

□
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Lemma 19. The equations

w —

wTs = —ô

M U - 1 =  1
T

Wi W2

allow two solutions, w+ and with w+ii > 0, w+p <  0 and w - ti < 0; w -#  > 0. 

Furthermore, w+ solves the max problem (B .l)  with and w-

solves the min problem (B.2) with (f>min{S) =  •

Proof. The line wTs =  —ô intersects the ellipse described by IM U -1 =  1 at zero, one 

or two points. If there is a point on the ellipse such that wTs < —6 then there are 

two points of intersection. Choose w = which can be shown to be a point on

the ellipse.

-  . (  - S L _ Y  (  - s i \

V W ls l  

=  1
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Now show that wTs < —S,

=  ( p S i )  5
—sTSs  

- s TSs  

-  ~ s TSs
V P H

= —V  sTSs  

= - | |S 1/2s||

=  6

Therefore, there are two points of intersection, One solution, w+, to (B.l) and one 

solution, W-, to (B.2). These two solutions satisfy:

Smax =  S S ~ 1W+ +  S (B.3)

Smin =  Ô S ~ l W -  +  S (B.4)

From above, it is known that w+s =  —6 and ||u;+||g-i =  1. Therefore, w+ is orthog-
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onal to smax as can be shown by:

w + s max =  w'l(ôS~1w+ +  s )

=  w+ôS~1w+ +  w^s 

=  —  ô

= ^ll^+lls-1 -  $

=  6 — 6 

=  0

If it is known that w+ is orthogonal to s max and W- is orthogonal to s min ,

/ \ —1 ~ w+,2ratio(smax) = —— --- r = --------
ratio(w+) w+ji

and

.. / \ —1 ~~w+,2ratio{smin) = ■ — r = ---------
ratio{w-) w+ii

Since s max and s min are in the first quadrant, w+ and w -  must be in the 

fourth quadrant. It is known from the definition of ratio that:

then

(B.5)

(B.6)

second or

ratio(smin) < ratio(s) < ratio(smax)

 ----  < ratio(s) < -----------  r
—ratio{W-) —ratio(w+)

(B.7)

(B.8)
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Therefore w_ must be in quadrant two and w+ must be in quadrant four. It can also 

be said that

w s = —ô (B.9)

w+,lSl 4- W .̂}2̂ 2 — (B.10)

— +  < 0 (B .ll)
s2 u)+]_ s2ty+,i

In order for (B.7) and (B.10) to be true, w+)i > 0 and w+)2 < 0. Furthermore, from 

(B.10):

^ + ,1^1 4" w +)2S2 =  —Ô

^ + ,2 3 2  =  ~  ^ + , is i

-Ô -  W+:iSi
W + , 2  =

s 2

and (t>max{S) = ratio(smax). From (B.3):

5max — VJ-\- 4~ S

From (B.5) it is known that

ratio(Smsx) =  ZÎÜÜ =  5 +  W+:lSl 
W+,1 W+.1S2

(B.12)
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The process is similar to show that ÿmin(S) = ô + W - tl S l

IU-,1S2 □

L em m a 20. (j)max(S) =  /(S )  wAere

m in,

swch that wTs =  —5

lk lls - i < i

Wi > 0

Proof. The feasible points along hyperplane =  —6 in the fourth quadrant start

with w =
0 - S

where ratio(w) = 0. Then ratio(w) will increase mono- 

tonically along wTs = —Ô to a boundary of the ellipse described by ||w||g-i < 1. 

Therefore the solution must satisfy ||w||g-i =  1, which describes the ellipse boundary. 

By Lemma 19, the solution, (B.12), satisfies w T s =  —5, | | u ; | | s - i  =  1, >  0, and

w2 < 0, so the minimizing w must be w+ and f ( S )  = =  <j)max(S). □

L em m a 21. (f>mâx(S) is convex and 4>rmn{S) is concave in S.

Proof. By Lemma 20 is convex if f (S )  is convex. Let g(w) = It

is known that g(w) is convex in w for Wi > 0. This can be proved by looking at 

the second derivative. If g(w) is twice differentiable, g(w) is convex if and only if
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g"(w) >  0. This can be shown with the following sequence:

g{w) = —
WiS2 WiS2

ô Si 
~\----

WiS2 s2 
dg(w) f  ô \  f  —1
dwi \ s2 /

d2g(w) _  Z 20

. - 2

dw2 \ s2 J \ w 13
d2g(w) 20

dw2 s2w^3

Since ô and s2 are greater than zero, if uq > 0 then 9q̂  > 0 and therefore g(w) is 

convex for si, Wi > 0. If / ( S z) =  g{wf) and / ( S /z) =  g(w") then a feasible solution 

for f ( a S '  +  (1 — G')SZZ) is aw' +  (1 — a)w" where a  G [0,1]. Due to Lemma 20,

f { a S f +  (1 — a)S") < g(aw' +  (1 — a)w").

Since g(w) is convex, g (aw' +  (1 — a)w") < ag(w') +  (1 — a)g(w"), and therefore

f ( a S '  +  (1 -  ûf)5zz) < ag{w') +  (1 -  a)g{w")

/ ( ^ z +  ( i - ^ zz) < +

Therefore (j)m&x(S) is convex in S. □

Using Lemmas 18 - 21 established above, we can now proceed to the proof of
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Theorem 17. By Lemma 19: two solutions satisfy wTs = —ô and ||w ||s-i =  1. Thus

wTS~1/2S 1/2s = ||S "1/2u;||||S1/2s|| cos(6>)

where 6 is the angle between S  x!2w and S 1/2s or cos(^) =  p ï^ jy - Therefore,

wTS  1/25 1/2s =  \\S 1/2u ;||||51/2s|| cos(0)

f y /«)T(5 - 1/2 )î'5 - i / 2wj  ^ j r ( 5 i/2)r 5 i/2s j  Cos(6i)

(V w TS~1u)Sj  cos(6)

||u;||s-i (VsTSs'j cos(6)

(V sT S s)  cos(6)

- 6

- 5

||5 1/2s||

A solution to S  1/2w can be found by rotating a unit vector in the 5 1/2s direction

by 0. There are two solutions for 6 in [—tt, tt]: w+ in the counterclockwise (positive)

cos(^) sin(0)
rotatesdirection and W- in the clockwise direction. The matrix

— sin(0) cos(0)

a two element vector by 0. Therefore S l/2w+ can be found using the following where
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7  =  IIS^sH so that cos(0) = and sin(5) =  y j l  — ,2  •

7 \ J l ~ ^  5 1/2â

V 1 7

=  S 1/2
\ / 7 2 -  52

- V t2^

«,+ = - s 1/2
5 —y / i 1 — 81 S ll2s

Now all that is left is to prove the quasi-linearity of </>max(-f>-1, s, 6 ) in P . (Cs +  

s) < t  defines a half-space T  in s. ÿmaxCP- \  s, (5) < t if and only if £ ( P ~ \  s, 5) G T. 

Second, note that < £ if and only if the ellipse defined by (P -1, s, 5)

is contained in the half space defined by ratio(Cs + d) < t. By Corollary 16, 

^max( ^ _ 1 5 s, 5) < £ defines a convex set in P, and so is quasi-convex.

It can also be shown that 0 ^ ( P -1 , s, <5) is quasi-concave in P: First, note 

that ratioc,d{s) is a quasi-concave function of s  when [Cs  +  d] 2 > 0. Consider the 

optimization problem (4.11) that defines (f>^x. Let si be the maximizer achieved for 

(Pi, s) and S2 the maximizer achieved for P2. Since the constraints ( s —s) TP ~ 1( s —s) <  

ô are convex in s  and P, the vector s# =  ^ s i+ ( l—0)s2 is feasible for Pg =  0Pi +  ( l —0)P2
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where 6 G [0,1]. Thus

> ratioc,d{9s1 + ( l - e ) s 2 )

> min (ratioc,d{si),ratioc ,d(s2))

Where the second line follows by the quasi-concavity of ratioc,d{s). Thus (j)^x is both 

quasi-convex and quasi-concave (i.e. quasi-linear). The quasi-linearity of can be 

established similarly.


