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ABSTRACT

The combination of the finite element method with the Monte Carlo m ethod in 

the application of random variables to very large nonlinear geomechanics problems 

represents an extremely large com putational undertaking. Improved performance of 

the finite element m ethod would greatly decrease the com putational intensity and 

allow the practical use of this combination in industry. Increased performance was 

sought through the selection of an appropriate linear solver and modification of th a t 

solver to take advantage of distributed processing. Since the prim ary performance 

lim itation for this type of problem is disk swapping delays due to lim ited physical 

memory, the goal of the distributed processing was to elim inate the occurrence of 

swap during execution.

The algebraic m ultigrid algorithm (AMG) was selected over the preconditioned 

conjugate gradient (PCG) algorithm due to its better performance on problems in­

volving poorly scaled meshes and their resulting ill-conditioned stiffness matrices. The 

AMG algorithm  was then modified to handle two possible distributed data  mappings 

and also exploit some parallelism during the distributed execution. The resulting 

algorithm s achieved varying levels of performance, although on the whole every algo­

rithm  was able to achieve significant speedup.
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Chapter 1 

INTRODUCTION

A distinct lim itation of the use of com putational methods, such as the finite 

elem ent, boundary element, or finite difference methods, in geomechanics arises from 

the difficulty of obtaining accurate problem data. Values for m aterial properties, 

boundary conditions, initial conditions, and problem geometry m ust be determ ined 

from field m easurem ents and laboratory testing. Unfortunately, these sources of data  

are rarely complete and are often difficult and expensive to obtain, forcing the engineer 

to  estim ate and assume values for use in com putational models.

Due to this difficulty, many design problems in geomechanics use empirical m eth­

ods [1]. Em pirical methods are relationships derived from physical observations rather 

than  theoretical models. (1.1) illustrates an empirical relationship for pillar stability 

derived by Salamon and Munro [2] for use in South African mines. The factor of 

safety S  for the pillar is calculated from the pillar height, width, and loading:

5' = ^ ^ .  ( 1.1)
P

In this relationship, A, w, and p are the pillar height, width, and load, respectively. 

The constants K ,  a , and /? are derived statistically from mine reports regarding 

the failure of pillars. If 5  <  5 C where S c is the critical safety factor, the pillar is 

considered unstable and prone to failure. This particular empirical relationship has 

been so effective in the design of stable pillars tha t it is still in use today with little  

modification.
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Em pirical methods are extremely powerful in tha t they rely on lim ited problem 

information. Using the stability formula above as an example, the empirical m ethod 

does not require the engineer to know the strength of rock, the degree of fracturing 

or faulting, or the location of the pillar relative to other nearby structures within the 

mine. This information is built into the relationship during its derivation. A useful 

property of many empirical relationships is the ability to estim ate the probability of 

failure. In (1.1), the closer 5  is to 5 C, the greater the probability of failure.

However, empirical methods do have a m ajor disadvantage in th a t they suffer 

from vagueness in their results. The pillar stability formula can only indicate whether 

or not a pillar is likely to fail. It cannot indicate when or where the pillar might fail. 

This information is best obtained from a com putational or analytical solution method. 

Closed-form solutions or numerical approximations of the solution allow the engineer 

to analyze the problem in much greater detail.

An ideal analysis m ethod would combine the detailed analysis of the com puta­

tional m ethods with the probabilistic power of the empirical methods. A possible 

m ethod arises from the application of random  variables to com putational methods 

[3],[4],[5],[6]. This type of analysis has a ttracted  considerable interest in the field of 

reliability engineering as an alternative to extensive physical model testing.

A particular application of this approach is in the derivation of the relationship 

between the factor of safety and the probability of failure. A factor of safety is 

an am ount of over-design introduced into a design to decrease the probability of 

failure. For example, an engineer designing a hoist for lifting ore buckets estim ates 

the cables lifting a full bucket must support 10 tons. To decrease the likelihood of a 

cable snapping, the engineer specifies the cables in the design m ust support 20 tons. 

This over-design should prevent failure under normal operation and also allow for
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unforeseen factors such as an overloaded bucket, dropped buckets, or inherent flaws 

in the cables.

By determ ining the relationship between the factor of safety and the probability 

of failure, the engineer can elim inate excessive over-design while m aintaining a low 

probability of failure. Figure 1.1 illustrates a possible relationship derived using this 

m ethod. An engineer could then use this relationship to reduce the factor of safety 

while m aintaining a low probability of failure.

1 .0 -----£

0

1
1
20.

1.0 2.0 3.0 4.0 5.0 6.0
Factor of Safety

FlG. 1.1. Factor of Safety vs Probability of Failure

An example of a problem using random variables is the settlem ent of foundations 

on soil. Since soil is rarely a uniform m aterial with consistent properties, random  

variables are used to describe the variability of the m aterial. Figures 1.2 and 1.3 

illustrate  examples of uniform and nonuniform soils.

In the case of the nonuniform soil, the exact distribution of the soil properties 

m ight not be known. Accordingly, a random variable will be used to specify those 

properties. W hen the problem is solved, either analytically or numerically, the random
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— 8

U

A 90
^ 0

Uniform Soil

FlG. 1.2. Example Problem - Foundation Resting on a Uniform Layer of Soil

Random  Soil

FlG. 1.3. Example Problem - Foundation Resting on a Nonuniform Layer of Soil

variable affects the results to reflect the most likely outcome of the analysis. Figure

1.4 shows the displacement of the soil based on uniform properties. The displacement 

is uniform and symmetrical. In comparison, Figure 1.5 shows the results based on the 

analysis using the random variable. The displacement in this case is not as regular 

as in the case of the uniform m aterial. The way in which the problem is solved 

affects the m ethod in which the random variables are applied. Two main techniques 

are used in the application of random variables. The first m ethod is to derive the 

probabilistic results of the problem directly from the random  variables, typically
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▼
■■■■ Displacement

FlG. 1.4. Example Problem - Displacements for the Uniform Soil

▼
. . . .  Displacement

FlG. 1.5. Example Problem - Displacements for the Nonuniform Soil

using a truncated  series expansion of the random process [5]. The other m ethod is 

to use a Monte Carlo m ethod to derive set of results suitable for statistical analysis. 

Each m ethod has advantages and disadvantages. The first m ethod is much simpler 

com putationally, but is lim ited to problems involving low variance modeling [4], [5]. 

Some random  processes are not described well using a truncated series expansion, 

particularly  those involving only one or two term s in the expansion. The truncated 

series biases the random  process being modeled, resulting in erroneous results in 

some cases. The Monte Carlo m ethod is a brute force approach which is effective for 

a wide range of problems and random processes. Its prim ary drawback is its large 

com putational expense. Algorithm 1 illustrates a typical Monte Carlo m ethod.

Algorithm 1: Monte Carlo Analysis

s e t  realization  =  1
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w h ile  (realization  <  M A X - R E A L I Z A T I O N )  do 
ap p ly  random v a r ia b le s  
s o lv e  th e  problem  
s to r e  r e s u l t s
s e t  realization = realization  -f- 1

end
a n a ly z e  r e s u l t s  s t a t i s t i c a l l y

M  A X  - R E  A L I  Z  A T  I O N  is the num ber of Monte Carlo realizations necessary 

to achieve the desired interval of confidence. If the problem being analyzed has a 

high degree of variability, the num ber of realizations will also be high [7]. The large 

num ber of realizations help ensure th a t the simulation is statistically valid.

In reliability analysis, random  variables are usually used to describe aspects of the 

problem possessing spatial variability [8]. Figure 1.6 illustrates the difference between 

high and low spatial variability. Each shade of gray represents a different value of 

the m aterial property. Common properties modeled in this fashion include m aterial

m m
1

High Spatial Variability Low Spatial Variability

FlG. 1.6. Spatial Variability

strength, shear modulus, porosity, density, and conductivity [3]. In general, however, 

random  variables can be used to describe any property possessing randomness or large 

uncertainties. In addition to spatial variability, a random variable can also possess 

spatial correlation. W hereas spatial variability describes the range of a property, the 

spatial correlation indicates the degree of randomness in distribution of th a t property.
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Figure 1.7 illustrates the difference between high and low spatial correlation. A

High Spatial Correlation Low Spatial Correlation

FlG. 1.7. Spatial Correlation

current area of research in the use of random  variables is their combination with 

the finite element m ethod, a common solution technique for engineering problems. 

In practice, both the series expansion and the Monte Carlo m ethod are used in the 

application of random  variables to the finite element m ethod.

1.1 The Finite Element M ethod

The finite element m ethod was originally developed in the 1960’s to solve struc­

tu ra l problems in aircraft design [9]. Since then, the m ethod has been heavily re­

searched and applied to a variety of different fields, including engineering, medicine, 

biology, and physics. The finite element is a very practical tool for solving partial dif­

ferential equations in th a t it deals well with irregular problem domains and boundary 

conditions. However, this m ethod can be computationally intensive, particularly for 

three dimensional problems.

The first step of the finite element m ethod is the discretization of the problem 

domain. Fig. 1.8 illustrates an elasticity problem in which a cavity in a continuous 

m aterial is subjected to external forces. The problem is then discretized into a set 

of simple geometrical elements and appropriate boundary conditions are applied to
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0  0  0 ^ 0 0 0

0  0 ^ ^ 0 0 ^
FlG. 1.8. Model of a Cavity in a Continuous M aterial with External Forces 

the discretized problem. See Fig. 1.9. Each of the elements used to discretize the

FlG. 1.9. Discretized Model with Appropriate Boundary Conditions

problem domain is a simple geometrical shape. These elements serve to model small
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finite pieces of the problem, hence the name finite element. The true power of the 

finite element m ethod lies in the use of nodal interactions to represent the transmission 

of internal element forces between adjacent elements. Fig. 1.10 is a closeup of a single 

element from the cavity problem above. The arrows at each of the node represent 

the forces and displacements in the x  and y directions for each node. Since the node 

is allowed to displace in both the x  and y direction, this node is said to have 2 local 

degrees of freedom. For a 3D elasticity problem, nodes tend to have 3 local degrees 

of freedom. There are several different variations of the finite element m ethod. In

{Ml

w  Nodes

FlG. 1.10. Closeup of a Finite Element

this particular variation, displacements within the element away from the nodes are 

interpolated using a set of shape functions. Shape functions are simple functions, such 

as low order polynomials, th a t represent the solution of the governing equation across 

the element. These shape functions handle the interactions between the nodes within 

the elements as the solution at any point within the element can be approxim ated
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with the following relationship:

n

u(x ,y )  = ^ 2 N i ( x , y ) u i  . (1.2)
2 =  1

In (1.2), the approxim ate solution u at the point (x ,y )  is sum of the shape function 

values N i(x ,y )  m ultiplied by the solution at nodes u t-. This approxim ation can be 

applied to the governing partial differential equations and the solution at the nodal 

points computed.

The end result of the finite element discretization process is a linear system 

representing the original set of partial differential equations and boundary conditions.

A u  = b . (1.3)

The values of the approxim ate solution at the nodes are represented in this system 

as the variables in the solution vector u. A  is called the stiffness m atrix  and its 

coefficients represent the influence of each element on the nodes. Finally, b is the load 

vector and it contains the forces assumed acting on the individual nodes.

Boundary conditions are treated algebraically within the stiffness m atrix. Dirich- 

let boundary conditions are the most common type of boundary condition found in 

elasticity. This type of boundary condition can either specify a nodal displacement

(ui = Uq) or a constrained node (it,- =  0). In the stiffness m atrix, Dirichlet boundary

conditions are accommodated through the use of the stiff spring m ethod [10]. As­

suming th a t Ui is set to some value it0, the following changes would be made to the 

linear system:

An  <— An  +  A , (1.4)
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bi b{ +  (An +  K ) uq, (1.5)

where K  is a real constant with a m agnitude several orders greater than  any of 

the other m atrix  coefficients. In the stiffness matrices arising from the research, 

#  =  1.0 x 10^.

1.2 The Problem

The combination of finite element m ethod with the Monte Carlo m ethod rep­

resents an extrem ely large com putational undertaking. In light of the fact th a t the 

com puting resources available to most engineers and analysts are lim ited to worksta­

tions and PCs, the practical application of this type of analysis is currently restricted 

to those problems which do not yield to series expansion methods.

This research investigates ways of improving the performance of the Monte Carlo 

m ethod using the finite element m ethod for applications in the field of geomechan­

ics. Funding for this research was obtained from a private company in Denver, 

M aptek/K R JA  Systems, Inc. M aptek is currently developing a finite element m od­

ule for VULCAN,  their 3D mine design and geological m apping software package. 

The research was supported for two main reasons: 1) possible m arketable concept in 

the Monte Carlo m ethod and 2) improved performance of their own finite element 

software.

Referring back to the Monte Carlo algorithm described above, the com putational 

bottleneck usually arises from the need to solve the large linear systems created by 

the finite element m ethod in each Monte Carlo realization. Since the Monte Carlo 

m ethod requires many realizations, even small improvements in this step of the process 

will yield substantial gains in the overall performance of the algorithm. Hence, this
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research is looking at ways of improving the performance of finite element m ethod.

The performance of the finite element m ethod m ust be improved in two areas: 

speed and robustness. The first area of improvement is necessary to make the Monte 

Carlo m ethod practical for routine analysis in the engineering industry. The second 

area is linked to  the first in th a t an extremely fast algorithm is virtually worthless if 

it is only applicable to a small class of problems.

1.2.1 The Model

The problem being studied in this research is the analysis of various geome­

chanical structures. This type of problem deals with the deformation of geological 

structures under loading. Practical examples include pillar strength analysis, slope 

stability, tunnel convergence, and ground subsidence. This problem requires a m ath ­

em atical model for the behavior of rock and soil under loading. The characteristics 

of the problem th a t will be of interest are listed below:

Model:

2D/3D

Elastic-Plastic

A nonlinear m aterial model th a t assumes the deforma­
tion of the m aterial prior to the yield point is elastic and 
th a t the m aterial will return  to its original undeformed 
shape after the load is removed. After the yield point 
is exceeded, the m aterial undergoes plastic deformation 
which results in perm anent deformation of the m aterial.

Vector Fields

A field refers to the set of unknown variables being m od­
eled. In this case, the held variables are nodal displace­
ments. Generally, 2D/3D structural analysis problems 
are vector held problems.
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Large Irregular Domains

The problem geometry is not lim ited to simple geometric 
shapes and is assumed to have complicated boundaries.

Dirichlet Boundary Conditions

Dirichlet boundary conditions specify the field values 
at the boundary of the problem domain. In elasticity 
problems, this type of boundary condition indicates a 
fixed displacement along a boundary of the problem.

M aterial

Continuous
A continuous m aterial is assumed to contain no cracks 
or fractures.

Heterogeneous
A heterogeneous m aterial has m aterial properties 
th a t vary from point to point within the m aterial 
(i.e. the m aterial has spatial variability).

Isotropic
The m aterial properties are independent of direc­
tion.

1.2.2 The Finite Element M ethod in this Research

Just as the model describing the problem had several assumptions, the finite 

element m ethod used to solve it also has several im portant assumptions. These are 

described below:

Solution Method:

Finite Element Method 

Meshes

U nstructured Meshes
U nstructured meshes refers to the nodal numbering 
scheme. In an unstructured mesh, the physical p o -1 
sition of the nodes do not reflect their numbering.
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High Mesh Resolution
The mesh resolution refers to the num ber of ele­
ments used to cover the problem domain. Prob­
lems involving highly variable m aterials require high 
mesh resolutions in order to accurately model the 
material.

Elements

Q uadrilateral/Hexahedron Elements
Q uadrilateral elements are 4 sided elements. Hex­
ahedron elements are general brick shapes with 8 
vertices and 6 faces (see Fig. 1.11).

Q uadratic Shape Functions
The functions used to approxim ate the solution across 
each element are second order polynomials.

Poor Element Scaling
The elements comprising the mesh are not uniform 
or regular. Uniformity implies th a t all of the ele­
ments are generally the same size and shape. Regu­
larity, on the other hand, refers to the geometry of 
each element. Examples of regular elements include 
squares and cubes.

FlG. 1.11. 8-Node Quadrilateral Element and 20-Node Hexahedron Element

1.3 Computing Performance Limitations

As mentioned previously, the core of the finite element m ethod consists of the 

solution of the linear system given in (1.3). However, the task of finding x  is not a
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simple problem as the stiffness matrices arising from finite element models are often 

very large and possess irregular structures. The com putational complexity depends 

on the algorithm  used to solve the linear system and the computing hardware on 

which the algorithm  is run.

The most common type of computing environment in use by engineers today is 

the workstation local area network (LAN). A LAN consists of several workstations 

linked together via cables, such as E thernet or fiber optics. LANs allow the sharing 

of system  resources, such as disk space, software libraries, printers, and CD-ROM 

drives as well as provide E-mail between users.

For the practical application of the Monte Carlo m ethod in geomechanics, the 

m ethod should run well on this type of computing environment. For large prob­

lems, the lim iting factor to software performance on workstations is not the processor 

speed, but the am ount of available memory. Modern workstations supplem ent their 

RAM with a disk-based swap file. As the RAM fills during software execution, the 

w orkstation swaps idle filled sections out to the disk. Since disk access times are far 

greater than  memory access times, the CPU is forced to wait until the appropriate 

da ta  become available. Depending on the amount of swapping, performance can de­

grade substantially, resulting in runtim es 30 to 50 times longer than runs without 

swapping.

1.3.1 Example of Performance Degradation due to Swap

In this example, a model of a mine pillar is run on an SGI Indigo 2 workstation 

with 64 Mb of RAM and a 2 Gb system disk. The pillar mesh contains 2000 ele­

m ents which generated a 28,905 x 28,905 stiffness m atrix. The combined memory 

requirem ents for the code and data structures is approximately 58 Mb.
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Figure 1.12 illustrates the state of the system prior to the running of the finite 

element code. This figure is obtained from a snapshot of the gr.osview command 

in IRIX 5.3. This command provides a graphical system m onitor which reflects the 

current usage of system resources. In this case, the monitor is configured to display 

the CPU utilization, CPU wait, and memory. The top two bars scroll from right to 

left and the height of the bars reflects the values of the CPU usage and CPU wait 

respectively. The bottom  bar displays the amount of memory in use by coloring a cor­

responding area of the bar. In this figure, the current memory usage is approxim ately

CPU
Utilization

CPU
Wait

A A A
I— User Memory

------------------------- Free Memory
--------------------------------------------------- System Memory

F ig . 1.12. System Status prior to Program Execution

35% of the to ta l memory and is split between the UNIX kernel, file system, and user 

shells. At runtim e, only about 42 Mb are free for use. Since this value is substantially 

less than  the 58 Mb required by the program, this program will utilize the disk swap 

file. In addition, the data  storage is fragmented, which implies th a t related data  

item s are scattered throughout the memory. Fragm entation occurs in this example 

due to the sparse m atrix  storage technique used by the finite element code. Instead of
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storing data  in contiguous memory blocks defined by variable declarations, this data 

structure uses m alloc  calls to define storage areas during program execution. While 

this m ethod is very flexible and efficient, it does have the unfortunate tendency to 

scatter the data  throughout the physical memory, resulting in severe fragm entation.

Figure 1.13 represents the state  of the system just after the s tart of the finite 

element program. The program is in the process of loading the entire stiffness m atrix  

and this is reflected by the large decrease in the am ount of free memory. CPU 

utilization at this point is high as the program reconstructs the stiffness m atrix  from 

the data  stored on the disk. Although the CPU does have some waits, they have little 

effect on the degree of CPU utilization.

I 5 1 U

High CPU 
Utilization
Low CPU 
Wait

User Memory 
Increased

FlG. 1.13. System Status during the Loading of Stiffness M atrix D ata

In Figure 1.14, the stiffness m atrix  has been fully loaded and the program is 

beginning to iterate  to a solution. Core memory is nearly completely full w ith the 

UNIX and file system usage curtailed and a small amount of free memory set aside 

for tem porary storage. Approximately 13 Mb has been swapped out to the hard disk. 

CPU utilization drops significantly as CPU waits are nearly continuous.
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ZSStel

Medium 
CPU 
Utilization 
Medium 
CPU Wait

%_____________  User Memory
near Maximum

FlG. 1.14. System Status prior to start of Iterative Solver

Figure 1.15 represents the system in the middle of a single iteration. CPU 

utilization is extrem ely low as the processor is forced to wait for da ta  to be swapped 

to and from the disk. On average, the processor is operating at about 10% of its peak 

speed which translates into runtim es about 10 to 15 times longer than  expected.

Low CPU 
Utilization
High CPU 
Wait

♦ User Memory 
at Maximum

FlG. 1.15. System Status during Execution of the Iterative Solver

For some problems, a high level of swap activity can degrade the system perfor­
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mance to the point where the system is unable to m aintain normal operation. This 

problem usually occurs with highly fragmented data  structures. The com puter is 

forced to dedicate so much of its resources to m aintaining the large v irtual mem ­

ory and when conflicts arise over the use of those resources, the com puter resolves 

them  poorly. The end result of such conflicts varies depending on what processes 

are causing the conflict and on the am ount of swap activity. Typical results include 

term ination of the one or both of the processes, lockups, and system crashes.

1.4 The Research

Obviously, even the fastest solution algorithm will still run poorly if the com­

puting resources are not sufficient. By the same token, a very slow algorithm  will not 

produce spectacular results when run on a very fast system. The key is to combine a 

fast algorithm  with the appropriate hardware to produce the best performance.

One aspect of the research investigates the use of distributed computing to over­

come the performance degradation caused by disk swapping. This would greatly 

improve the execution speed for solving large linear systems on workstations with 

lim ited memories. The other aspect was to  find a robust solver well suited for solving 

the  linear systems arising from the finite element analysis of nonlinear geomechanics 

problems. In addition, the solver also had to be effective in a distributed computing 

environment.

C hapter 2 outlines the selection process for the appropriate linear solver, which 

in this case is the algebraic multigrid m ethod (AMG). C hapter 3 outlines the AMG 

algorithm  and its basic premise of operation. Chapter 4 deals with the parallelization 

for the AMG m ethod onto a LAN and examines the benefits derived from the use of 

distributed computing for this problem. Finally, Chapter 5 contains the numerical
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results for several geomechanics problems and highlights the performance of the AMG 

m ethod.
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Chapter 2 

SELECTION OF AN APPROPRIATE LINEAR SOLVER

In practical finite element analysis used in industry, (1.3) is typically solved using 

a direct m ethod, such as LU  factorization or Cholesky decomposition [11]. These 

m ethods are very robust, allowing the solution of a wide range of linear systems. In 

addition to their robustness, direct m ethods are very effective solvers for problems 

involving m ultiple load vectors. These methods typically decompose the m atrix  in 

upper and /o r lower triangular pieces which are easily solved using forward and back 

substitution. For small to m edium problems, the performance of direct m ethods is 

very good.

The prim ary drawback of direct methods when applied to large problems is 

their high memory requirements. During the factorization process, direct algorithms 

replace the zero entries in the m atrix  envelope with non-zero entries (see Fig. 2.1). 

Fill-in is very expensive in term s of memory as the num ber of zero entries in the 

m atrix  envelope is quite large. Direct solvers currently in use in most commercial 

finite elem ent packages are highly optimized and make heavy use of hard disk storage 

to supplem ent small memories.

Due to these lim itations, direct m ethods are not efficient solvers for very large 

problems [11]. The alternative to the direct methods is iterative solvers. These 

m ethods a ttem pt to determ ine the solution of a linear system through a successive set 

of approxim ations. Iterative methods are attractive for the solution of large problems 

as they require far less memory tha t direct methods. For an iterative solver to be 

com petitive with existing direct methods, it must run faster and require less storage
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FlG. 2.1. M atrix Fill-in

while m aintaining the same degree of robustness [11].

The three aspects most critical to the performance of iterative m ethods are the 

m atrix  structure, size, and conditioning. Since the stiffness m atrix  arises from the 

discretization of a partial differential equation (PDF) over some domain, those aspects 

will be dependent on the type of PD F being solved as well as the discretization 

m ethod. An additional aspect of the solution process not directly related to the 

stiffness m atrix  is the handling of multiple load vectors b.

2.1 M atrix Structure

The properties of the m atrix encompass several different facets of the m atrix, 

including sparsity, bandedness, and definiteness. In general, the regularity of the 

m atrix  properties greatly influences the efficiency of its solution. A diagonal m atrix 

w ith positive entries is an example of a very sparse symmetric banded positive def­

inite m atrix  The solution of a linear system involving this m atrix  is trivial. On the
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other hand, a linear system containing a dense unsymmetric indefinite m atrix  is very 

difficult to solve.

Sparse matrices typically arise from the discretization of partial differential equa­

tions. In a finite element discretization, the variables in the linear system contain the 

values of the approxim ate solution at the nodes. Off-diagonal entries in the stiffness 

m atrix  describe the degree of connectivity between nodes. Since most nodes in a mesh 

are connected topologically to only a few adjacent nodes, this implies th a t many of 

the row entries in the stiffness m atrix  will be zero and the resulting m atrix  will be 

very sparse. For most large problems, the m atrix density is usually much less than 

1% of the to tal m atrix  size. The efficiency of iterative solvers is related to the sparsity 

of the m atrix  in th a t the num ber of nonzero entries within the m atrix  dictates the 

num ber of operations performed during each iteration of the solver.

Bandedness is also determ ined from the mesh and is directly related to the global 

num bering of the nodes. If the nodes are numbered optimally, the distance between 

nodal indices is minimal and the stiffness m atrix  assumes a regular banded structure. 

Once in this form, the m atrix can be solved using several different solvers which 

exploit this structure to obtain very efficient solutions. However, optim al numbering 

is difficult to obtain for irregular geometries and unstructured meshes. In practice, 

most stiffness m atrices have a very ragged banded structure which lim its the effective 

application of most banded solvers.

A m atrix  is positive definite if

x TA x  > 0 z&R", re /  0 . (2.1)

where is the n-dimensional, real Euclidean space. Definiteness in a m atrix  is ex­

trem ely useful in determ ining the eigen properties of the m atrix. For those iterative
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solvers which rely heavily on the m atrix ’s eigenvalues and eigenvectors, the definite­

ness of the m atrix  is very im portant to the rate of convergence of the solver. This 

is especially true of m ethods like steepest descent and conjugate gradient methods. 

Elliptic, self-adjoint partial differential equations generate symmetric positive-definite 

m atrices.

2.2 M atrix Size

M atrix size is extremely im portant to the performance of a linear solver as it 

dictates how the m atrix  will be stored. In order to avoid swap performance degra­

dation, the data  structure used to store the sparse m atrix  should be as efficient as 

possible. If the m atrix  is symmetric, the simplest m ethod of reducing storage is to 

store only half of the m atrix and modify the m atrix-m anipulation routines to reflect 

this storage. In this research, the whole m atrix is stored due in order to avoid the 

necessity of modifying the m atrix m anipulation routines.

The prim ary factors in the size of the stiffness m atrix are the num ber of nodes 

and num ber of local degrees of freedom (DOF). For vector field problems, such as 

elasticity, the num ber of local DOF is generally the same as the dimensionality of the 

problem. For example, three dimensional problems typically have three local degrees 

of freedom. Thus, for a problem with n nodes and m  local DOF, the size of the 

m atrix  is n m  x nm.  Table 2.1 illustrates the sizes of some of the test meshes used in 

this research.

While the 2D and 3D problem have an equivalent num ber of elements, the re­

sulting stiffness matrices vary greatly in size. The large jum p in the com putational 

complexity from 2D to 3D often forces engineers and analysts to use 2D approxim a­

tion of 3D problems.
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Table 2.1. Meshes and Stiffness M atrix Sizes
Problem Elements M atrix Size Memory

(Mb)
2D Foundation 960 6,034 x 6,034 9

3D Pillar (small) 1,000 14,883 x 14,883 32
3D Pillar (large) 2,000 28,905 x 28,905 56

The num ber of nodes is determ ined by the number and type of elements used in 

the mesh. In the Monte Carlo analysis, the mesh resolution (and hence the num ber 

of elements) is dictated by the degree of spatial variability in the m aterial being 

modeled. Highly variable m aterials, such as soils, will require a high mesh resolution 

for statistical purposes and consequently a large stiffness m atrix. Additionally, the 

order of the shape functions used in the element is very im portant to  the num ber of 

nodes. A linear element (i.e. an element using linear shape functions) requires fewer 

nodes than  a quadratic or cubic element. For example, a linear hexahedral element 

uses 8 nodes as compared to the 20 and 32 nodes used by the quadratic and cubic 

hexahedral elements.

Many practical problems in finite element analysis require 103 to 104 elements 

[11],[12],[13],[14]. As the stiffness m atrix  is about an order of m agnitude larger, stiff­

ness m atrices in the range of 104 to 105 can be expected.

2.2.1 Sparse M atrix Storage

Since the prim ary performance lim itation of computing on workstations is insuf­

ficient memory, an efficient sparse m atrix storage technique must be used to avoid 

wasting core memory and causing swap performance degradation. A variety of data  

structures exist for the storage of sparse matrices. Most sparse storage techniques
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store only the nonzero m atrix  entries to save both memory and com putational ex­

pense. Since the prim ary operation in most iterative solvers is a m atrix-vector m ul­

tiplication, the presence of zeros during com putation results in wasted calculations.

M atrices with highly regular structures, such as banded sym m etric m atrices, use 

storage m ethods which exploit their structure. Many of the banded storage structures 

rely on this principle by only storing diagonals containing nonzero entries. However, 

if these types of methods are applied to  matrices with irregular structures, the storage 

efficiency quickly degrades due to the storage of a large number of zeros entries.

The most common m ethod for general sparse matrices is the row-column storage 

m ethod. This m ethod stores each nonzero m atrix  entry along with its row and column 

indices, although most implementations of this storage m ethod define one of the 

indices implicitly. Depending on the type of operation, the entries in the structure 

can either be stored in an ordered form at or in a random format. For m atrix-vector 

m ultiplication, either form at is appropriate as th a t product does not care in which 

order the m atrix  and vector entries are multiplied.

This research uses a very general implem entation of the row-column algorithm. 

This im plem entation is not optim al in term s of speed and storage, but it is highly 

flexible and allows easy modification of the the m atrix structure. The basic structure 

consists of an array of linked lists where each entry in the linked list is a block of 

m atrix  entries. The block size is dependent on the number of local DOF, which for 

the example problems yielded block sizes of 2 x 2 and 3 x 3 .  Due to the local DOF, 

the nonzero m atrix  entries are clustered in blocks of this size throughout the m atrix, 

a property arising from the discretization process.

The data  structure used in this research consists of an array of root cells con­

taining the diagonal entries of the sparse m atrix. Each row of the m atrix  is then
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represented as a linked list branching off the root cell corresponding to th a t row. 

Entries in the linked list are ordered in ascending column order with the first nonzero 

row entry adjacent to the root cell. Figure 2.2 illustrates a typical cell in the zth 

row. Cells are linked together by setting the link variable to the memory location

= >
Link Variable

FlG. 2.2. Row-Column Cell

of the next cell in the list. Thus, the link variable points to the memory location of 

the next cell. This list is a singly linked list and can only be traversed from left to 

right. However, the addition of more link variables could allow the traversal in both 

directions along the row or even allow a column traversal. This da ta  structure is 

row-oriented, which allows very fast row operations. However, accessing the columns 

w ithin this structure is very slow due to the need to traverse each row looking for the 

appropriate column entry. This problem is somewhat alleviated, but not eliminated, 

by sorting the row by the column index. The block structure also reduces the row 

traversal tim e, but requires extra bookkeeping in order to keep track of the block 

indices and the indices of the entries within each block.

2.3 Conditioning

The condition num ber of a m atrix is a measure of its singularity. This number 

is used as an indicator for the accuracy of the results from the solution of a linear

Coefficient Value (A..) 

Column Index (j)
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FlG. 2.3. Illustration of the Row-Column D ata Structure

system  or m atrix  inversion. The condition number is defined as

a c(A ) =  <
m u -11

00

if A  nonsingular , 

if A  singular ,
(2.2 )

where || • || is a m atrix  norm. The condition number is rarely com puted using this 

m ethod due to  the high com putational cost involved with computing the inverse. 

Often, the condition num ber is estim ated using a m atrix  factorization technique, 

such as the LU  factorization.

If the m atrix  norm in (2.2) is || - 1|̂  and the m atrix is symmetric positive definite,



29

then  the condition num ber can be expressed as

k(A) =  ^  , (2.3)
^min

where

Amax =  max(Aj) , (2.4)
j

^min — mm(Aj) . (2.5)
3

Xj, j  = are the eigenvalues of the m atrix A  [15]. For sym m etric positive

definite m atrices, these eigenvalues are both real and positive.

The conditioning of a m atrix  is particularly im portant during operations involv­

ing hnite-precision arithm etic. Direct methods suffer the worst from ill-conditioning in 

th a t they accum ulate numerical errors during the factorization of the m atrix. Round­

ing errors caused by row and column updates propagate during the factorization pro­

cess, resulting in very large numerical errors in the updates com puted near the end 

of the algorithm . Iterative methods, on the other hand, do not accum ulate numerical 

errors in quite the same way, resulting in better handling of ill-conditioned problems.

Ill-conditioning in finite element stiffness matrices can arise from several different 

sources, including variations in the mesh resolution, poor element aspect ratios, and 

the presence of discontinuities in m aterial properties at element interfaces. The first

two phenom ena are common in the meshes th a t arise frequently during adaptive mesh

refinement [16]. Adaptive refinement is currently used to improve the accuracy of the 

solution by modifying the position and size of the elements within the mesh. Figure

2.4 illustrates the result of mesh refinement. The presence of discontinuous m aterial 

properties is frequently encountered in the modeling of heterogeneous m aterials. The
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Original Mesh Refined Mesh

FlG. 2.4. Example of an Adaptively Refined Mesh

m echanism th a t causes ill-conditioning in each of the above m ethods is the same -  

poor scaling of the finite element shape functions. The example below uses a simple 

ID  elements to illustrate the problem.

2.3.1 Example of Ill-Conditioning in Finite Element Analysis

Fig. 2.5 describes a rod of length L  being subjected to an axial d istributed force 

of m agnitude F.  The rod has a uniform cross-section area (A) and stiffness (Young’s 

modulus E).  The governing differential equation from solid mechanics is

]C> F

FlG. 2.5. Example Rod Problem - Axial Loading



31

£AS  + F = 0 ’ (2 .6)

with

u(0) =  0 (2.7)

In this equation, the deformation of the rod u is related to the stiffness jB, cross- 

sectional area A, and force F . Using ID linear rod elements, the rod problem can be 

discretized into three finite elements. The linear rod element consists of two nodes 

and two linear shape functions N\  and N 2. By approxim ating the continuous variable 

u using the nodal values, the governing differential equation can be reform ulated into 

the following m atrix-vector system:

E A

i
Li

i
Li

-J- +
L\ L \ Z/2

1
~ L2 

0

0
 1_

l2
J -  +  J -L2 L3

 1_
L3

0

0
i

l3
1

l3

Ul F1

U2 F2

Us Fs
1f4 Fa _

(2 -8 )

The variables L,-, z =  1 , . . . ,  3 are the element lengths and sum to L, U{ and F{ are the 

nodal displacements and nodal forces respectively. The stiffness m atrix  is is sparse, 

banded, and positive definite. The boundary condition at the wall is translated  into 

a corresponding nodal displacement at Node 1.

Ui =  0

(2.9)
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Deleting the row and column for ui to  set the fixed end boundary condition and 

inserting the appropriate nodal forces, the above m atrix-vector system becomes

(2 .10)

Assuming the element lengths L,-, z =  1 , . . . ,  3 are all equal (see Fig. 2.6), the problem 

reduces to

F7 +  à  0 U2 '  E 2 '

E A _ J _  -1_ 1 J _  _ J _
L2 L2 I/3 L3 U3 = f 3

0  l 7 .
U4

■1

1 2  3 4

FlG. 2.6. Rod Problem with Equal Element Lengths

E A

1 7

2 - 1 0  

- 1  2 - 1

0 - 1  1

u 2 f 2

us = f 3

u 4 f 4

(2 .11)

Com puting the eigenvalues for this m atrix  yields the following values for Xmax and 

Xmin •>

Xmax — 3.2470 

X m in  = 0.1981 (2 .12)

which in tu rn  generate a condition num ber of

k = S S = i 6 -391
(2.13)
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Modifying the discretization slightly to reflect elements of differing lengths yields 

Fig. 2.7. For this example, the following element lengths are assumed

L — L\ + L/2 + L-

L 2 -  - i ,

100 In

Substituting the appropriate values yields this m atrix-vector system

\—  Li --------------------------h  L2 -| L3 1

1 2 3 4

FlG. 2.7. Rod Problem with Unequal Element Lengths

EA
11 -1 0 0 U2 '  E 2

-1 0  110 -1 0 0 U3 = F s

0 -1 0 0 100 u 4
.  F *  .

(2.14)

(2.15)

Com puting the appropriate eigenvalues and condition num ber yields the following:

Am„T =  205.395

Amin =  0.3185

=  M l  =  644i882 _ (2.16)
0.3815

Note th a t the condition num ber has increased substantially with the change in
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the relative size of the elements. The effect of the change in the condition number 

between the two examples is not apparent until the problem is run using hnite- 

precision arithm etic. The following values are used for the rod length, cross-sectional 

area, Young’s modulus, and force.

L = 3

E A  = 100

f 2 = 0

f 3 = 0

^4 = 1

This problem can also be solved analytically using the following relationship.

Substituting the appropriate values for the constants and solving for 6 L  yields the 

displacement of the end of the rod which also corresponds to u3 in the finite element 

formulations.

&L =  0.03 (2.18)

The stiffness m atrices and right hand sides for both finite element formulations were 

run through M A T L A B  using varying degrees of precision. The table below sum m a­

rizes the results.

^machine is the smallest distance between real numbers represented under hnite- 

precision arithm etic. As the num ber of bits comprising the m antissa of the hoating 

point num ber decreases, so does the accuracy of the solution. The deviation in the
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Table 2.2. Solutions under Finite Arithm etic
M antissa ^■machine Us us

(bits) (Example 1) (Example 2)
53 2.22 x 1 0 -iG 0.030000000000000 0.030000000000000
37 1.46 x IO-11 0.029999999999515 0.029999999975871
21 9.54 x IQ-? 0.029999971389771 0.030000388622284
5 6.25 x 10-2 0.028320312500000 0.008300781250000

results arises from rounding and truncation errors during floating point operations. 

Since both  condition numbers are relatively low and do not represent ill-conditioned 

m atrices, the effect of the conditioning is only visible under very low precision arith ­

m etic. The first stiffness m atrix  is well-conditioned and manages to generate reason­

able results even when subjected to extensive rounding errors. The second m atrix, 

however, is not as well-conditioned and fails to produce a usable solution at the same 

level of precision.

Equivalently, the condition num ber can also be affected by leaving the element 

lengths uniform and varying the m aterial properties in each element. This transforms 

(2.10) into

A

£1 I £2.
Li ^  L 2

_ E Z
L2

0

l 2
0

E: 1 £3.
L2 £ 3  £ 3

£ 3
£ 2.
£ 3

u 2 0

Us — 0

U4 F

(2.19)

Assuming L\ = L 2 = L 3 = 1.0 and E 2 = lOEa, £ 3  =  lOOEq, and E \ A  — 100, 

(2.19) becomes
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E 1A
~l 7

11 -1 0 0 u2 0

-1 0  110 -1 0 0 U3 = 0

0 -1 0 0 100 u4 F

(2 .20)

which is the same as (2.15).

2.3.2 Conditioning and Iterative Solvers

In regards to the selection of an iterative linear solver, the conditioning of the 

m atrix  typically affects the convergence rate. Ill-conditioning will usually slow con­

vergence, particularly for those methods relying on the eigen properties of the m a­

trix . Conjugate gradient methods show decreased performance when applied to ill- 

conditioned problems and require the use of preconditioning to restore the convergence 

rate. The convergence rate  of stationary methods is also affected by the degree of 

ill-conditioning in the system. However, the conditioning of the m atrix  is not as influ­

ential since the convergence rate is based on the eigen properties of a m atrix  derived 

from the original by splitting.

Ill-conditioning can be overcome through the use of preconditioning. A precon­

ditioned linear system generally has the form

CVlw =  C6 (2.21)

where the m atrix  C  is the preconditioner. The m atrix C is essentially an approxim a­

tion of A-1 which has the effect of squeezing the eigenvalues of CA closer to unity. 

Preconditioners can often greatly reduce the number of iterations required by iterative 

solvers for convergence.

The optim al choice of a preconditioner tends to be a very difficult decision.
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The simplest preconditioners, such as the diagonal preconditioner, are very simple 

to construct and require very little  storage. However, these preconditioners achieve 

lim ited improvement in the convergence rates. The more complicated preconditioners, 

such as incomplete factorizations and m atrix  splittings, often greatly increase the 

ra te  of convergence. In general, the construction of these preconditioners is problem 

dependent and usually expensive in term s of memory and com putation. The cost of 

constructing a preconditioner should always be weighed against the improvement in 

the convergence rate.

2.4 M ultiple Load Vectors

M ultiple load vectors do not directly affect the performance of the linear solver, 

bu t they do affect the overall runtim e for the finite element m ethod. For problems 

involving m ultiple load vectors, the linear solver should be very efficient at resolving 

the system for each new vector. Multiple load vectors can arise from several different 

sources, but in the case of this research, the source is m aterial nonlinearity.

A common m athem atical model of m aterial behavior assumes elastic-perfectly 

plastic stress-strain behavior. Defining the m aterial stiffness as

^  , (2 .22)

the stiffness E  is constant prior to the yield point. Beyond the yield point, the stiffness 

E  follows a linear relationship. Fig. 2.8 illustrates this type of m aterial behavior.

Unfortunately, most m aterials do not behave in this fashion. The stress-strain 

relationship is rarely linear, particularly near the yield point. Fig. 2.9 illustrates 

typical m aterial behavior.

M aterial nonlinearity can be modeled in two different ways. In the first approach,
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S train  (e )

F ig . 2.8. Elastic-Perfectly Plastic M aterial Behavior

Strain  (e)

FlG. 2.9. Realistic M aterial Stress-Strain Behavior

the nonlinearity is handled by iteratively updating the load vector. This m ethod is 

known as the constant stiffness m ethod as the stiffness m atrix  is not modified during 

the iterations. In the second approach, the stiffness m atrix is updated to reflect the 

change in the stiffness of the m aterial as it approaches failure. This m ethod is known 

as the variable stiffness method.

Both m ethods have advantages and disadvantages. The constant stiffness m ethod 

avoids the necessity of reforming the stiffness m atrix. However, this m ethod also re­
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quires substantially more iterations near failure as the original stiffness m atrix  overes­

tim ates m aterial stiffness. The variable stiffness m ethod requires fewer iterations, but 

has the added cost of reforming the stiffness m atrix. This research uses the constant 

stiffness m ethod because of its simplicity.

In term s of the finite element analysis, the only difference to  the core problem 

described in (1.3) is the presence of multiple right hand sides (RHS). Thus, (1.3) 

becomes

A% =  . (2.23)

is the original load vector. All subsequent load vectors i ^  0, are of the 

form =  6b-1) +  /b )  where /b )  is a vector containing the self-equilibrating forces 

com puted from the stress distribution caused by the 6b-1) load vector. Generally, /,■ 

results in a small perturbation of frb-1) so th a t feb) ~  frb-1).

2.5 Selection of an Appropriate Linear Solver

The combination of all the assumptions yield the following problem.

Aw = { 6 b ) ,  6(2),... ,  (2.24)

A  —> Stiffness M atrix

Large (104 to 105 rows)

Sparse (<1%  Nonzero Entries)

Irregular Banding 

Positive Definite 

Ill-Conditioned
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ft(*) —* Nodal Forces

b (i) = b ( i - i ) +  y(%)

The appropriate linear solver for this type of problem must be able to handle large 

sparse ill-conditioned positive definite matrices with m ultiple similar RHS. The two 

most com petitive choices of the iterative type for this type of linear system are con­

jugate gradient and m ultigrid methods [11].

2.5.1 Conjugate Gradient M ethods

Conjugate gradient (CG) m ethods are derived from the m ethod of steepest de­

scent. This type of m ethod a ttem pts to find iteratively the solution to Au  — 6 by 

perform ing a set of line searches using the residual to determ ine the appropriate search 

direction [17]. Unlike the steepest descent m ethod, the conjugate gradient m ethod 

uses orthogonal search directions which ensures convergence within n iterations (in 

inhnite-precision arithm etic) where n is the size of the m atrix. In practice, the con­

vergence of the CG m ethod occurs in fewer iterations than n, although ill-conditioned 

problems m ight require more than  n iterations.

Convergence can be accelerated through the use of preconditioning. Depending 

on the type of preconditioner, the preconditioned conjugate gradient (PCG) m ethod 

can substantially reduce the num ber of iterations required for convergence. The pre­

conditioned conjugate gradient (PCG) m ethod is fast becoming the standard iterative 

solution m ethod for large linear systems arising from the discretization of partial dif­

ferential equations.
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CG and PCG methods do have limitations. First, these methods achieve their 

best performance on well-conditioned positive definite matrices. For very ill-conditioned 

m atrices or matrices which are nearly indefinite, the convergence rates can be ex­

trem ely slow. Unfortunately, these types of matrices often arise from practical prob­

lems, requiring effective preconditioners or modifications to the algorithms to handle 

indefiniteness. Second, these methods are usually not effective at handling m ultiple 

similar RHS. Depending on the difference between the previous RHS and the new 

RHS, the num ber of iterations required for convergence may not be very small. This 

disadvantage arises from the search direction nature of these methods. Finally, the 

m ost effective preconditioners require substantial memory and com putation to con­

struct. Depending on the amount of available system resources, the application of an 

effective preconditioner may be very difficult.

2.5.2 M ultigrid M ethods

M ultigrid (MG) m ethods are a class of fast iterative numerical methods for solv­

ing the linear systems arising from partial differential equations. M ultigrid methods 

work on the principle of accelerating convergence of stationary iterative m ethods 

through the use of a set of small systems called coarse levels derived from the original 

system. These coarse levels supplement the local solution information in the station­

ary solver w ith global solution information. MG methods are split into two classes: 

geometric and algebraic.

G eom etric M ultigrid

Geometric methods are currently the most popular methods due to their effi­

ciency. Geometric MG creates its coarse levels through m anipulation of resolution of
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the mesh describing the problem domain. A coarse level is generated by taking the 

mesh at the current level and reducing the resolution. The new coarse mesh is then 

assembled into its corresponding stiffness m atrix. Figure 2.10 illustrates these coarse 

meshes and the corresponding coarse levels.

□  2  
A2

Ai

F ig . 2.10. Geometric M ultigrid - Coarse Meshes and Corresponding Levels

Geometric MG often uses matrix-less techniques and generates the local solution 

inform ation directly from the mesh instead of using a m atrix  derived from the mesh. 

This allows for the solution of extremely large problems on machines with lim ited 

memories. However, this approach is lim ited to structured meshes in which the nodal 

num bering is well-ordered.

The prim ary disadvantage of the geometric methods is their lim ited practical 

application. F irst, geometric methods do not deal well with unstructured meshes. 

The varying element sizes and unordered node numbers require extensive bookkeeping 

and often result in inefficient coarse levels and poor performance. This problem can 

be circumvented by closely coupling the multigrid m ethod with the mesh generation 

and finite element analysis software [18], [19]. Second, geometric MG has troubles 

w ith discontinuous m aterial properties which limit the degree of coarsening in the
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mesh. This problem is handled in the same way as the unstructured meshes.

Algebraic M ultigrid

Algebraic m ultigrid (AMG) methods achieved notable popularity in the mid 

1980s, but have since fallen into disuse. Algebraic m ultigrid methods generate their 

coarse levels directly from the stiffness m atrix  using a variety of methods to determ ine 

the nodal connectivity from the m atrix coefficients. The most notable drawback and 

perhaps the m ain reason for their declined use is the required storage of the stiffness 

m atrix  and coarse levels. In addition, AMG suffers from relatively slow convergence in 

comparison to geometric MG and CG methods. Finally, AMG requires a substantial 

am ount of setup tim e in the generation of the coarse levels, which can represent as 

much as 80% of the to tal algorithm runtim e [20].

The redeeming factor inherent to the AMG methods and which serves to offset 

its drawbacks is its robustness. Unlike the geometric MG m ethods, AMG works well 

w ith unstructured meshes and discontinuous coefficients [21]. Since AMG simply 

accelerates stationary iterative methods, the AMG is well-suited to m ultiple similar 

RHS where % M*-1). Also, ill-conditioning does not affect AMG as greatly as it 

does the conjugate gradient methods due to the difference between their operating 

principles. Finally, AMG works only with the stiffness m atrix and does not require 

any information from the finite element mesh. This property is attractive to users 

of commercial software where detailed mesh information is difficult or impossible to 

export to external software and allows AMG to be used with existing commercial 

software packages w ithout extensive modification.

The next chapter describes in more detail the algebraic m ultigrid algorithm  used 

in this research.
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Chapter 3 

ALGEBRAIC MULTIGRID

The beginnings of the algebraic m ultigrid methods can be traced back to the 

1960s to the work of Russian m athem aticians [22]. The original algorithms used relax­

ation techniques to solve the finite difference problems arising from the discretization 

of elliptical partial differential equations. In the original work, the coarse grids were 

generated w ithout obtaining information from the discretized system. In the 1980’s, 

work on problems involving strongly discontinuous coefficients led to changes in the 

algorithms th a t tightly coupled the coarse grid generation with the original problem. 

The modern version of the algorithm was presented by B randt, McCormick, and Riige 

[23] in 1984. However, research interest shifted to geometric m ultigrid m ethods and 

most recent work in AMG has been in the area of improving convergence through 

b e tte r m ethods of generating coarse levels.

Until recently, AMG suffered from poor convergence rates. This problem arises 

from the m ethod generating the coarse levels in the problem. The original premise 

behind the coarsening process outlined in [24] was to em ulate the behavior of the ge­

om etric m ultigrid coarsening process. Unfortunately, this type of approach is difficult 

to implement optim ally when the only source of information regarding the problem 

geom etry is the resulting stiffness m atrix. Recently, P. Vanëk J. Mandel, and M. 

Brezina at the University of Colorado at Denver have taken a different approach to 

the generation of coarse levels through a method called smoothed aggregation. This 

m ethod was selected for this research due to its improved convergence ra te  [25],[26].

The AMG m ethod works through the acceleration of stationary iterative solvers
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such as Jacobi, Gauss-Seidel, and SOR. A property inherent to iterative m ethods of 

this type is smoothing of the residual. During each iteration, the stationary iterative 

m ethod reduces the high frequency components of the vector. Frequency can be 

considered as the gradient between adjacent vector components. Figure 3.1 illustrates 

the difference between high and low frequency vector components. In the figure, the

Uii ► I

High Frequency

► i

Low Frequency

F ig . 3.1. Frequency in the Vector Components of u

vector u has been displayed as a line graph with the z-axis the index i of the vector 

component and iq the zth component of the vector u.

The smoothing property results in the rather slow convergence of these m ethods. 

During the first few iterations, the approxim ate solution is quite different from the 

actual solution, resulting in high frequency error in the residual. The stationary 

m ethod quickly reduces these components, leaving behind low frequency error in the 

residual. Figure 3.2 illustrates the residual of a small linear system prior to iteration
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using point Gauss-Seidel. Note th a t the residual vector has a large am ount of high

_ High
Frequency

F ig . 3.2. Residual prior to 1 Iteration of Point Gauss-Seidel

frequency error, particularly in the large spikes on the left and in the large region 

on the right. Next, a single iteration of point Gauss-Seidel is applied to  the linear 

system. Figure 3.3 illustrates the residual vector after the iteration. Most of the 

residual components have reduced in magnitude. In addition, the high frequency 

regions have been elim inated, leaving only low frequency error.

Since the stationary solvers are best suited to reducing high frequency error, 

their convergence rates degrade quickly after a few iterations as most of the high 

frequency error has been removed. The AMG m ethod accelerates convergence at this 

point by reducing the low frequency components of the residual using the coarse level 

correction.
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FlG. 3.3. Residual after 1 Iteration of Point Gauss-Seidel

3.1 Basic Algorithm

Given the linear system of the form

Au  =  b , (3.1)

AMG first constructs the set of coarse levels along with a set of interpolation operators 

used to transfer solution information from level to level. This process is described in 

detail in Section 3.2.

The coarse levels are related hierarchically via the relationship described in (3.2). 

Ai is the original m atrix  and corresponds to the finest level, / =  1. is the coarsest 

level at / =  L. Each coarse level m atrix  is smaller than  the preceding level, with 

ni >  n/+i where ni is the size of the m atrix  at level I.

A/+1 =  PjrT A/P/ (3.2)

Pi is the interpolation operator derived from A/ during the setup phase. P/ is an
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ni x n/+i transform ation m atrix  which either restricts or interpolates depending on 

its application. W hen applied as P T, the operator restricts a vector from length ni to 

ni+i . Inversely, the operator interpolates an n/+i length vector to an n/ length vector 

when applied as P.

The prim ary type of multigrid algorithm used in this research is the V-cycle. 

The type of cycle depends on how the coarse levels are used to generate the coarse 

level correction. O ther common cycles include W- and F-cycles, shown in Fig. 3.4. 

Due to the algebraic handling of the boundary conditions in the stiffness m atrix , the 

use of the W- and F-cycles is not recommended as they can cause instabilities within 

the coarse level correction.

Finest

Coarsest

V-Cycle

Finest

Coarsest

W-Cycle

Finest

Coarsest

F-Cycle

FlG. 3.4. M ultigrid Cycles

The AMG V-cycle is incorporated into the operation of the stationary iterative
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solver. Stationary iterative solvers can be w ritten in the form:

U (k+1) =  M u W  +  N b  ! ( 3 .3 )

where M  and N  are derived from the m atrix A  and have different forms depending 

on the type of stationary iterative solver being used [27]. The standard algorithm  for 

com puting the solution to Au = b using a stationary m ethod of the type described in 

(3.3) is illustrated below.

Algorithm 1: Stationary Iterative Method

set u to an initial guess 
while \\b — A u \ \ > T O L  do 

set u <— M u  +  Nb
end
output solution u

Com putation of the coarse level correction is a recursive algorithm. Algorithm 2 

outlines the coarse level correction procedure.

Algorithm 2: Coarse Level Correction

coarse_Level_correct ion(A/, uj, &/)
apply pre-smoother Spre(Ai,ui ,bi)  
set bi+i =  Pf{bi  — A m )  
if / +  1 =  Z then

solve A/+iU/+i = &/+i using a direct method
else

call coarse_level_correction(A/+i,u/+i =  0,6/+i)
end
set U; <—  U; +  P/tp+ 1

apply post-smoother Spost(Ai,ui,bi)
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end
end

The smoother S(Ai,ui ,bi)  generally consists of a combination of iterations by 

stationary iterative solvers of the form u <— M u  +  Nb. Examples of smoothers 

include Gauss-Seidel iteration, SOR iteration, damped Jacobi iteration, and semi- 

iterative solvers. The choice of solver used in the smoother depends on the type of 

problem being solved.

The AMG algorithm can be derived from Algorithm 1 by applying the appropri­

ate hierarchical notation for the coarse levels and the appropriate call to the coarse 

level correction algorithm. Algorithm 3 outlines the AMG algorithm.

Algorithm 3: AMG

set Ai <— A and bi <— b
d e r iv e  c o a rse  l e v e l s  and in te r p o la t io n  o p e ra to rs  from  A% 
s e t  Ui to  an i n i t i a l  guess  
w h ile  \\bi — AiUiH > T O L  do

c a l l  c o a r s e J .e v e l_ c o r re c t io n (A i,u i ,6 i)
end
set u m  
output solution u

The c o a rse  J .e v e l_ c o r re c t  io n  algorithm replaces the application the stationary 

iterative solver in Algorithm 1.

3.2 Generation of the Coarse Levels

Coarse levels can be derived from the stiffness m atrix in several different ways. 

As mentioned previously, this research uses the smoothed aggregation approach due
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to its a ttractive com putational complexity [25]. The concept behind this approach is 

to create a disjoint covering of the set of nodes, define a tentative piecewise constant 

interpolation operator from the covering, and then smooth the tentative operator to 

obtain the final interpolation operator.

For small to medium problems, the smoothed aggregation process usually only 

generates a single coarse level, yielding the following coarse levels and interpolation 

operators: Ai, P i, and A2. The coarsest level is typically % 101 x 101. For larger 

problems, the coarsening process generates several coarse levels, yielding A%, P i, A2, 

P 2, . . . ,  Al and P l- i - Again, the coarsest level is a small m atrix, typically % 101 x 101 

Thus, the coarse levels are quite small in comparison to the finest level Ai.

3.2.1 Creation of the Disjoint Covering

The purpose behind this step is to take the set of nodes and decompose it into 

m utually disjoint subsets. These subsets consist of aggregates of nodes which are 

considered to be strongly coupled. The strength of the connectivity between nodes 

is determ ined algebraically from the relative magnitude of the coefficients in the 

stiffness m atrix. Algorithm 4 describes the creation of the disjoint covering of the 

stiffness m atrix  A/ at the / coarse level where A; is an ni x rq m atrix. A detailed 

explanation of the steps follows the presentation of the algorithm below.

Algorithm 4: Creation of the Disjoint Covering

set R  = 1 , 2 , . . . ,  n; 
set j  =  0  

f o r  Z — 1 — > n i

set N - ( e )  = { j  : ||A ^|| >  e^H A ^||||A^IQ U {z}
end
for z —  1 — > n i
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if N-(e) C R then 
set j =  j +  1
set Cj N-(e) 
set R 4— R \C lj

end
end
copyC ( = C(, A; = 1,2, . . . , ;  
while 3zei? and A; st N ^ e )  n ^  0 do 

set <—  U {%}
end
while 3ieR  do 

set ; =  ; + 1 
set Cj =  A  H Æj(e)

end
set n /+i =  ;

The first step is to establish the set of nodes suitable for mapping to the coarse 

level. This set is labeled R  and is initially set to all of the nodes on level L The next 

step is to create the tightly coupled neighborhoods using the relationship:

N ‘(e) =  { j  : HA,-,-!! >  e^/||A,i ||||A „ ||}  U { ,) . (3.4)

Since the problem being solved is a vector field problem, the m atrix  A  is divided into 

blocks

Aki = A(d f(k ) ,d f ( l ) )  , (3.5)

where df(k)  denotes the list of degrees of freedom associated with node k. The 

connectivity between nodes is gauged by comparing the norm of the off-diagonal 

blocks w ith the norms of the corresponding diagonal blocks. The norm || • || used in 

this research was the m atrix  infinity norm, e is a coarsening param eter th a t preserves 

the ra te  of coarsening on the coarser levels. Since the coarse levels consist of element 

aggregates, the m agnitude of the coefficients on the coarse levels is much greater
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than  on the finest level. The e used in this for this research was com puted using the 

relationship

This e was determ ined via experim entation.

W ith the tightly coupled neighborhoods now defined, the initial covering C lk is 

selected from the neighborhoods Nj.  As each C lk is defined, the nodes within it are 

removed from R.  Once all the possible neighborhoods have been m apped into the 

disjoint covering, the next step is to a ttem pt to map the remaining nodes in R  to one 

of the covering sets C lk th a t the node is strongly connected to. This strong connection 

is defined as the intersection between th a t node’s neighborhood N- and the existing 

covering sets C lk. A nonem pty intersection denotes strong coupling and the node is 

then m apped into th a t covering set and removed from R.

Any remaining nodes in R  after the previous two steps are then combined into 

aggregates of subsets of the neighborhood N-.  Each node left in R  defines a covering 

as the intersection of its neighborhood and R.

This creates n/+i m utually disjoint subsets k = 1 , 2 , . . . ,  nj+i, from the set 

of neighborhoods TV/, i = 1 , 2 , . . . , n/, containing strongly coupled nodes. These 

subsets form a disjoint covering of the free nodes on level /. The covering subsets 

are equivalent geometrically to a set of macro-elements (See Fig. 3.5) consisting of 

aggregated elements.

3.2.2 Creation of the Interpolation Operator

Using the disjoint covering C lk, k = 1 , 2 , . . . ,  n/+i, the tentative interpolation 

operator Pi is defined from the nodes in the covering. In the case of scalar field 

problems, the identity m atrix (I) and zero m atrix (0) in (3.7) are replaced with their
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I I Original E lem ents |  M acroelem ents

FlG. 3.5. Example of 2D Macro-Elements

scalar equivalents.

(Pl)n =  <
I  if i e Cj

0 otherwise
(3.7)

(3.8) defines the final interpolation operator Pi derived from the Jacobi smoothing of 

the ten ta tive  operator. The param eter w in (3.8) was assumed to be | .

(3.8)

The smoothing is applied to the tentative interpolation operator as a m ethod of reduc­

ing the energy of the coarse basis functions. Since the effectiveness of this coarsening 

process relies on the assumption tha t the energy of the coarse basis functions is small 

and bounded, this step serves to reinforce th a t assumption.

Details on the convergence properties of AMG using this type of interpolation 

operator are described in greater detail in [25] and [26].
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3.2.3 Poorly Scaled Meshes

During the testing of the AMG algorithm  on ill-conditioned m atrices, the coarse 

level generation algorithm often produced extremely poor levels. During iteration, 

these levels produced large errors in the coarse level corrections, resulting in very slow 

convergence or even divergence. Further investigation revealed th a t the difficulty was 

arising from the wide range of entry magnitudes within the matrices. The meshes 

used to generate the matrices for these example problems contained elements with 

very large aspect ratios (+10). The aspect ratio of the element is the ratio of its 

dimensions. Regular elements, such as squares and cubes, have aspects ratios of 1 

as all of their dimensions are equal. These large aspect ratios manifested themselves 

by biasing the magnitudes of the stiffness m atrix coefficients. Since the coarse level 

generation depends solely on the relative magnitudes of the coefficients to determ ine 

if nodes are tightly coupled, the biased coefficients created an artificial decoupling of 

the nodes.

The solution to this problem is to apply a diagonal preconditioner to the linear 

system  to  elim inate the scaling difficulties prior to the construction of the coarse 

levels. This modification are illustrated below in Algorithm 5, which represents the 

final AMG algorithm  used in the research.

Algorithm 5 : AMG

s e t  Ai 4— D ~ x A  
s e t  b\ <— D ^ b
d e r iv e  c o a r s e  l e v e l s  and i n t e r p o l a t io n  o p e r a to r s  from A \  
s e t  iq t o  an i n i t i a l  g u ess  
w h i le  \\bi — AiiziH >  T O L  do

c a l l  c o a r s e  J .e v e l_ c o r r e c t io n (A i  ,u i ,b i )
end
s e t  u <— ui
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o u tp u t s o lu t io n  u

3.3 Stationary M ultiplicative Iterative Solvers

At the core of the AMG smoothers 5(A/, u/, hi) are stationary m ultiplicative 

solvers of the form

u ( t + i )  =  MlU{k) +  Nib ; ( 3 . 9 )

where Mi and Ni are derived from A/ via m atrix splitting. Table 3.1 illustrates the 

structure  of the M  and N  matrices for the Jacobi, Gauss-Seidel, and SOR iterative 

m ethods. D  is the diagonal of A and —L  and —U are the upper and lower triangular 

parts of A, respectively [28]. The w param eter in the SOR m atrices is the over-

Tab e 3.1. M  and N  Matrices for Various Stationary Iterative Solvers
Solver M  M atrix N  M atrix
Jacobi

Gauss-Seidel
SOR

D - ' i L  + U)
(D -  L )-1 t/  

( D - w T ) - i ( w C / 4 - ( l - w ) D )

D - 1 
(D  -  Z ) -1 

o)(£> -  tvL)™1

relaxation param eter and is used to accelerate convergence.

3.3.1 Smoothing

W ithin the AMG algorithm, the smoother serves two slightly different roles. The 

first is at the finest level where the smoother serves two main purposes: reduce the 

residual and clean up the solution after the addition of the coarse level correction. On 

the coarser levels, the prim ary goal of the smoother is to smooth the residual vectors
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used to  com pute the coarse grid correction. Selection of the appropriate solvers is 

dictated by those goals.

The smoother used in this research is an extension of the smoother used by Vanëk, 

M andel, and Brezina in their AMG work [25]. For the pre-smoothing, their smoother 

consisted of one forward iteration of point Gauss-Seidel followed by an iteration of 

backward point SOR. The post-smoothing consisted of a forward iteration of point 

SOR followed by an iteration of backward point Gauss-Seidel.

The prim ary modification was to change the point solvers to block solvers. Since 

the problems being solved involve vector fields, the freedoms at each node are repre­

sented by two or more linear equations. These equations are tightly coupled with large 

ofi-diagonal coefficients within the block caused by their derivation from the govern­

ing equations. In contrast, the coefficients connecting these blocks are much smaller. 

In point solvers, each equation is relaxed successively regardless of its coupling with 

o ther equations in the block. This can result in large spurious perturbations in the 

other equations within the block during relaxation. The end result is the introduc­

tion of a large am ount of error in the solution. Block solvers, on the other hand, 

relax all of the equations within the block simultaneously. This prevents the spurious 

perturbations.

The second modification was to modify the number of iterations performed by the 

sm oother at each level. At each level /, the number of iterations for the iterative solvers 

w ithin the smoother is T — / +  1. Thus, the smoother performs more iterations at the 

finest level and fewer at the coarser level. The reasoning behind this modification was 

to have the smoother perform the most work at the levels where it would produce the 

greatest effect. In practice, this assumption generated better convergence and faster 

runtim es.
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The resulting smoother S(Ai,  ui, bi) is the same for both pre- and post- smoothing 

and consists of T — / +1 iterations of forward block SOR followed by T — / +1  iterations 

of forward block Gauss-Seidel. The value of 1.85 for the over-relaxation param eter tv 

was determ ined via experim entation.

Algorithm 6: Smoother S ( A i , u i , b i )

set lu =  1.85
repeat T — / +  1 times

set u i <—  (jD; — loL i ) 1 ( loU i +  (1 — lo^ D i ) u i T uj ( D i — ujL i ) ^b\

end
repeat L — I +  1 times

set u i  <—  (A  — L i )  1 U i u i +  (A  — L i )  l bi

end

The next chapter details the modifications of the AMG algorithm given in Algo­

rithm  5 to incorporate distributed processing.
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Chapter 4

DISTRIBUTED PROCESSING OF AMG

4.1 Processing Paradigm

High performance computing used to be the exclusive domain of supercom puters 

th a t exploited vector processing to achieve high com putational power. However, these 

machines suffered from a lack of portable software, particularly in the area of compilers 

and development tools, as well as extremely large price tags. As a result, applications 

developed on these computers were not portable to new or different machines and 

required extensive re-engineering. This along with a large decrease in the sales of 

supercom puters led to the demise of many supercomputer companies. The current 

trend  is to  use existing workstation processors to build parallel computers. This 

approach leads to a much wider range of available software and requires less new 

technology to produce. A good example of this type of parallel com puter is the SGI 

Power Challenge which uses existing RISC processors.

In addition, the decline in the use of large supercomputers also led to an increase 

in the use of distributed computing. A cluster of workstations are connected to create 

a local area network (LAN) (see Fig. 4.1). Message passing software allows the LAN 

to function as a loosely-coupled parallel computer with each workstation operating 

as a d istributed memory processor.

D istributed processing is of particular interest to companies with existing LANs 

who wish to extend the useful life of their current systems. Often, the workstations in 

the LAN are run as separate computers during the day by engineers and technicians
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FlG. 4.1. Typical W orkstation LAN

working on small individual problems. During evenings and weekends, the LAN is 

used as a large virtual com puter for large com putational problems. Economically, the 

d istributed processing paradigm is very attractive. Addition of more processors is as 

simple as adding more workstations to the network. These workstations are usable 

for other tasks besides acting as processors for the virtual machine, an ability which 

greatly adds to their value.

In addition, many companies have purchased multiprocessor workstations as 

servers which expand the degree of parallelism within the LAN (see Fig. 4.2). These 

servers improve the efficiency of the network by reducing the need for individual 

workstations to handle most of networking tasks.

D istributed processing can be applied in two different ways. First, distributed 

processing can be used to run very large problems through the sharing of system 

resources, such as core memory and disk space. This approach usually does not offer 

significant gains in performance as no parallelism is exploited. However, this type of 

application does allow for the solution of problems too large to fit onto a single system. 

Second, a problem can use distributed processing to achieve better runtim es through 

the exploitation of parallelism within the algorithm. Due to the high communication 

costs associated with distributed processing, this use is less common than  the first.

This research is looking prim arily at the distributed processing paradigm  based
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FlG. 4.2. W orkstation LAN with Multiprocessor Server

on inform ation regarding the type of systems used by engineers in the geomechanics 

industry. This information was obtained from the M aptek system sales over the 

past several years. These data  are prim arily concerned with practical applications 

in the field of mining engineering and represent the typical available hardware at a 

mine site. In addition, future projections based on client requests include the use of 

m ultiprocessor servers at some sites, which results in configurations similar to th a t 

shown in Fig. 4.2. However, this research is examining only distributed computing 

on networks of single processor workstations. Table 4.1 summarizes the hardware 

assumed for this research. The prim ary performance lim itation, as mentioned in 

C hapter 1, is the lim ited memory available on a single workstation which causes the 

workstation to perform large amounts of disk swapping for problems too large to fit 

into the core memory. Hence, the goal of distributed processing for this research is
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not to decrease the runtim e by reducing the amount of operations done sequentially, 

bu t to decrease the runtim e by eliminating the disk swapping.

Table 4.1. Assumed Hardware Configuration o
W orkstation LAN
3-5 W orkstations 

64 Mb RAM (per workstation)
2 Gb Hard Disk (per workstation) 

10 M bit/s E thernet Network

the LAN

Due to the large am ount of processing power inherent to each processor in a 

distributed environment, the distributed computing paradigm  is extrem ely flexible 

in the types of problems it can handle. The prim ary drawback to the use of dis­

tribu ted  computing is the slow communication tim e between workstations. In a real 

parallel com puter, the processors are connected via high-speed dedicated links. On 

a distributed com puter, however, the processors are linked via a network connection, 

such as E thernet. The data transmission rate  is much slower for this type of connec­

tion. Also, message passing between workstations often has to compete with normal 

network traffic, such as Email, ftp telnet, X Windows, network file system (NFS), 

etc. However, developments in networking technology are improving the bandw idth 

available to LANs. E thernet technology is nearly a decade old and its bandw idth of 

10 M bit/s  is quite low as compared with new technology, such as FDDI, H iPPI, and 

ATM [29]. The use of fiber optics and parallel cables greatly increases the through­

put and results in bandwidths from 100 M bit/s to 1 G b-it/s [29]. The end result of 

this technology is much faster message passing between distributed processors, which 

reduces execution delays caused by message waits.



63

4.2 Data Mapping

The goal of distributed computing is to arrange the data  structures necessary 

for the AMG algorithm  within the core memory of a set of workstations. A variety 

of different mapping configurations are possible.

For the AMG algorithm outlined in Chapter 4, the largest da ta  structures are 

those used to store the coarse level matrices A/, I =  1 , . . . ,  L and the interpolation 

operator matrices P/, I = — 1. Fortunately, A\ »  A2 > >  . . .  > >  A&

which implies th a t the storage requirements for the coarse levels are much less than 

the storage requirements for the finest level. A trivial mapping of the problem to 

the workstations is to map one level for each workstation and obtain the storage of 

m atrices as illustrated in Fig. 4.3. Message passing between the workstations is then

□ □
Ai Pi

FlG. 4.3. Tentative D istributed Levels D ata Mapping

lim ited to the restricted residual 6/+i and the coarse level correction iq+i.

A lim itation of this mapping arises from the storage of A\.  If the storage re­

quirem ents of Ai and Pi exceed the core memory available on a single workstation, 

(a likely occurrence for large problems), disk swapping will occur on th a t machine.



64

This results in a com putational bottleneck and little increase in the performance. An 

alternative is to move the interpolation operators Pi over one workstation. This m ap­

ping is illustrated in Fig. 4.4 and can prevent the occurrence of swapping depending 

on the size of Ai.  For this reason, this data  mapping was selected for use in this 

research. In addition, the num ber of available workstations might be less than  the

Ai P1

FlG. 4.4. Final D istributed Levels D ata Mapping

to ta l num ber of levels. In this case, the only solution is to lump several of the smaller 

levels into a single workstation. This yields the data mapping in Figure 4.5.

The prim ary advantage of these mappings is their simplicity. W ith each level 

contained on its own workstation, communication is lim ited to sending and receiving 

vectors between each level, which is always less than or equal to the num ber of 

workstations ( N  < L). The disadvantage of this type of data  mapping is its lim ited 

scalability. If the problem size grows and the number of levels remains constant, 

the addition of more workstations will not increase the amount of effective system 

resources. Once A\  exceeds the core memory on its host workstation, this data  

m apping will be unable to prevent disk swapping.

For problems with extremely large Ai  matrices, another option for in-core storage
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□
A2□

A3

□

A1 A3 P1

F ig . 4.5. D istributed Levels D ata Mapping for Limited W orkstations

is to  split the m atrix  into small chunks and distribute the chunks to other worksta­

tions. The size of the chunks is defined prim arily by the size of the core memories 

on the workstations onto which the chunks are being mapped. For example, a 180 

Mb m atrix  can be split into 3 chunks of 60 Mb for mapping onto three workstations 

w ith 64 Mb each. Fig. 4.6 illustrates the resulting mapping accomplished by splitting 

Ai  into smaller chunks. In addition to the previous mapping, this m apping was also 

selected for use in the research.

Unlike the distributed levels data mapping, this mapping is much more scalable 

and is not lim ited by the num ber of levels. Additional workstations can be added to 

reduce the memory requirements on each workstation to the point where the entire 

problem  can be stored within core memory.

The disadvantage of this mapping is the extra communication cost. Since the Ai 

m atrix  is now distributed over several different workstations, any operations involving 

the Ai m atrix  will involve several inter-workstation communications. In addition, 

the splitting of the m atrix  should be done in such a way as to facilitate whatever
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i/sAi 1/aA1

□ □□
A2 

□  
a 3 p,

F ig . 4.6. D istributed D ata Mapping for Very Large Ai Matrices

operations are going to be performed during the algorithm. Exam ination of the AMG 

algorithm  reveals th a t the two main operations are m atrix-vector m ultiplication and 

back-substitution. Since these operations are prim arily row-oriented, the optim um  

splitting of the m atrix  is into chunks of rows. In this research, the num ber of rows in 

the m atrix  was divided equally among the N  workstations, such th a t each workstation 

receives n / N  rows of a n x n m atrix.

4.3 Algorithm Structure

Depending on the data structure selected, the AMG algorithm  m ust be modified 

based on how the distributed data structures are accessed. The am ount of modifi­

cation is dependent on the distributed data  mapping selected for use with the AMG 

algorithm.
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4.3.1 Distributed Levels Algorithm

Using the data  mapping shown in Fig. 4.4, the modified AMG algorithm  is 

illustrated in Table 4.2.

Table 4.2. AMG on a D istributed System
Workstation 1 Workstation 2 Workstation 3

apply S (A i, mi, &i) 
set r i  =  bi — A \ U i  

send ri to Workstation 2

IDLE

receive ûi
Ml <— Ml +  Ml

apply 5 (A i,m i,6i)

IDLE

receive ri 
b2 =  P f r i

M2 =  0
apply 5'(A2,M2,62) 

f'2 — b2 — A 2 u 2 
send r 2 to Workstation 3

IDLE

receive û 2 

M2 <— m2 +  M2 
apply 5(A2,M 2,62)

Mi =  P \ U 2 
send mi to Workstation 1

IDLE

IDLE

receive r 2 

h  =  P 2 r 2 
solve A3M3 =  63 

m2 =  P2U3 
send m2 to Workstation 2

IDLE

In this particular version of the distributed AMG algorithm, the only modifica­

tion of the AMG algorithm is to transfer the processing of each level from workstation 

to  workstation. No operations are performed in parallel and the only gains in perfor­

mance are those arising from the avoidance of swap delays. During the com putation 

of the coarse level correction, most of the workstations are idle. In examining the 

above algorithm , one notices the opportunity to perform a smoothing operation in 

parallel during the com putation of the coarse level correction. Table 4.3 illustrates the
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modified distributed algorithm. This would utilize the workstations on the finer levels

Table 4.3. AMG on a D istributed System with Tentative Parallel Smoothing Step
Workstation 1 Workstation 2 Workstation 3

apply
ri =  6i -  A i Mi

send ri to Workstation 2

apply S (A i, Mi, &i) 

receive mi
Ml <— Ml +  Ml

apply 5 (A i,m i,6i)

IDLE

receive ri 
h  =  f f  n  
set m2 — 0 

apply S (A 2 ,m2,6 2) 
set r 2 =  b2 — A 2 u 2 

send r2 to Workstation 3

apply S ( A 2 , u 2, b2)

receive m2 
u 2 <— m2 +  m2 

apply S ( A 2 , u 2, b2)
Mi =  P i M2

send Mi to Workstation 1 

IDLE

IDLE

receive r 2 
b3 =  P j r 2 

solve A3M3 =  63 
m2 =  P 2m3 

send m2 to Workstation 2

IDLE

during the com putation of the coarse level correction and apply additional sweeps of 

the smoother.

However, a m ajor difficulty arises during the application of the coarse level cor­

rection ui to the solution u\ after the additional sweep of the smoother S.  The coarse 

level correction applies to a very specific set of vector components and application of 

the coarse level correction to the solution u\ after modification in the smoother can 

result in destructive interference which results in little to no acceleration. In some 

cases, this interference can significantly slow the algorithm.

To avoid this interference, both the solution ui and the coarse level correction
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ui m ust undergo the same m atrix  operations prior to their addition. Due to the 

m ultiplicative nature of the stationary solvers used within the smoother 5 , the ap­

plication of an additional smoother sweep in parallel with the com putation of the 

coarse level correction is virtually impossible. However, the possibility does exist for 

the application of a single iteration of a stationary iterative solver. Knowing th a t

i4t+1> =  + M6, (4.1)

and

<— +  ui , (4.2)

the order in which the operations are performed can be modified such th a t

î4 t+1) =  +  Û,) +  Nth

=  +  M i û i + N i b i  . (4.3)

In this form, the application of the Mi m atrix  is performed on the solution and coarse 

level correction prior to summation. Using this alternate order of operations, the 

AMG algorithm  can be modified so th a t a single iteration of a stationary iterative 

solver is applied in parallel to the solution u\ during the com putation of the coarse level 

correction. Then, the coarse level correction is multiplied by Mi prior to its addition 

to the solution ui. Since the operations performed on m  and ui are consistent, no 

interference occurs and the integrity of the solution is m aintained.

Using this information, the AMG algorithm in Table 4.3 is modified so the ap­

plication of the smoother S(A/, u/, 6/) is replaced with a single iteration of block SOR. 

In addition, w/ is multiplied by M/ prior to its addition to the solution ui where Mi 

is the M  m atrix  for block SOR. The resulting algorithm is described in Table 4.4.
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Table 4.4. AMG on a D istributed System with Parallel Smoothing Step
Workstation 1 Workstation 2 Workstation 3

apply S ( A i , u i , b i )
— bi  — A \ U i  

send ri to Workstation 2
IDLE

receive ri 
h  =  n  

«2 =  0 
apply 5 (^ 2 , «2, M  

r2 =  è2 — A 2«2 
send r2 to Workstation 3

IDLE

Ui <— M \ U \  -j- N \ b \ «2 <— M 2« 2 +  iV262

receive r2
bs =  P i  r2

solve A3 «3 =  63 
«2 =  P2U3  

send «2 to Workstation 2
receive « 2

«2 «2 +  M2«2
apply S ( A 2 , U 2 , b 2) 

û i  — Pi «2 
send «1 to Workstation 1

IDLE

receive ûi
Ml <— til +  M l Ml

apply S ( A i , u i , b i )
IDLE

A wide variety of methods have been researched in an effort to perform the 

smoothing and the com putation of the coarse level correction in parallel [30],[31],[32],[33], 

[34],[35]. However, the AMG algorithm is inherently sequential when used with a m ul­

tiplicative smoother such as Gauss-Seidel or SOR. While these parallel modifications 

were generally successful, the convergence rate often dropped significantly, resulting 

in little  or no improvement in the algorithm runtim e from the parallelism alone. In 

the AMG algorithm  above, however, the only modification to the operations is a 

change in their order of application. As a result, this algorithm is able to exploit a 

lim ited am ount of parallelism without sacrificing its rate of convergence. In fact, this 

algorithm  should have slightly better convergence in comparison with its non-parallel
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relative in th a t this version applies an additional iteration of block SOR. The corre­

sponding modification to the non-parallel version to m atch would be an increase in 

the num ber of SOR iterations in the smoother S(Ai,  6/) during the post-smoothing. 

Instead of L — / +  1 iterations of block SOR, the smoother would have to perform 

L — I -\-2 iterations.

4.3.2 Distributed Ai Algorithm

Using the second data  mapping illustrated in Fig. 4.6, the AMG algorithm  must 

be modified in order to access the distributed Ai matrix.

Table 4.5. AMG using a D istributed Ai M atrix______
Workstation 3Workstation 1

distributed S ( A i , u 1, b i )  
distributed compute AiUi 

n  =  b\ — AiUi  
&2 =  P i r i  

u2 = 0 
apply S (A 2,it2,<>2) 

r-2 =  b2 — A 2 U2 
b3 =  P T  r 2 

solve A 3 U 3  =  63 
U2 <— U2 +  P 2 U3

apply S { A 2 , u 2 , b 2)
Ui U! + -Pi «2 

distributed S ( A i , u i , b i )

Workstation 2 
distributed S (A i, u i, 61) 

distributed compute AiUi

IDLE

distributed S^ A i, u i, 61) 
distributed compute AiUi

distributed S (A i, %i, 6%)

IDLE

distributed S ( A i , u i , b i )

In this case, the only operations requiring the accessing of the d istributed Ai 

m atrix  are the smoother S '(A i,U i,61) and the com putation of A iiti. Exam ination of 

the m atrix-vector operations for these steps yields the following:

y  =  (uUi +  ( 1  — uj)Di)u 

( D i  — (j j L i ) u  =  y

(4.4)

(4.5)
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z — A \u  . (4.6)

Of the three operations, the first and last are m atrix-vector multiplications and the 

middle a lower-triangular back-substitution.

Distributed M atrix-Vector M ultiplication

D istributed m atrix-vector m ultiplication is the simplest of the distributed m atrix- 

vector operations. Consider the product y = Au  where A is an n x n m atrix. The 

m atrix  A is distributed to N  workstations where each workstation contains n / N  

rows. Due to the type and degree of parallelism inherent in this operation, the 

distributed m atrix-vector m ultiplication fits well into the master-slave paradigm. The 

m aster workstation, W orkstation # 1 , which contains the first n / N  rows, takes the u 

vector and sends it to the rest of the workstations. Each workstation then multiplies 

the u vector by its portion of the A m atrix. These pieces are then returned to 

W orkstation # 1  which sums the returning products to form Au.  Figure 4.7 illustrates 

this d istributed operation.

u

FlG. 4.7. D istributed Matrix-Vector M ultiplication
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This operation requires 2(N  — 1) inter-workstation communications due to the 

need to distribute the u vector and return  the Au  products. However, the high 

communication cost for this particular operation is offset by the parallel com putation 

of the Au  products.

Distributed Forward/Backward Substitution

Forward and backward substitution on a distributed system can be approached 

in one of two ways. In the first m ethod, variables are solved by substituting the 

previously calculated variables into the current row equation and solving for the 

only unknown. This m ethod is easily modified to use distributed processing as the 

algorithm  switches workstations as as all the rows on a particular workstation are 

solved. This m ethod is very attractive as it requires very little  inter-workstation 

communication.

The second m ethod approaches back substitution is a slightly different manner. 

As a variable is solved for, its value is multiplied by the appropriate m atrix  coefficients 

and subtracted from the RHS. This version of the back-substition algorithm  is very 

popular in parallel computing as the RHS updates can be performed in parallel. The 

disadvantage of this particular algorithm is the high communication cost associated 

w ith distributing the values of the solved variables to every workstation. For a m atrix  

of rank n, the second m ethod requires N ( n 2 — n) /2  inter-workstation communications. 

In addition, each communication only consists of a single double precision variable. 

Small messages incur a large overhead relative to their size and therefore are not 

very efficient. Combined with the high num ber of communications necessary in this 

algorithm , the overall efficiency is extremely low and not practical on a 10 M bit/s 

workstation LAN.



74

The first m ethod, however, requires only N  communications. Once W orkstation 

# 1  is finished with its portion of the m atrix , it sends the b vector and the calculated 

portion of the u vector to W orkstation # 2 . At W orkstation #jV , the com putation of 

the u vector is completed and the u vector is returned to W orkstation # 1 . Figure 

4.8 illustrates this operation. This version of the back-substitution algorithm  is much

U

U
u

FlG. 4.8. D istributed Back Substitution

more efficient than  the parallel version in th a t its requires far less communication and 

each communication transfers a large am ount of data  relative to the message passing 

overhead. As a result, this version of the back-substitution algorithm was selected 

for use in this research.

4.4 Comparison of the Distributed AMG Algorithms

In the analysis of parallel and distributed algorithms, performance is measured 

through the com putation of the algorithm ’s speedup. Speedup is defined as the 

runtim e of the sequential algorithm, T ( l) , over the runtim e of the parallel/d istributed
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algorithm  on N  processors, T(N):

s ‘ m -  (4 -, )

For parallel or distributed processing to  be effective, the speedup should be greater 

than  1.0. In most practical applications, the speedup should be much larger than  one 

in order to  justify the increased cost of parallel/distributed hardware.

D istributed algorithms can experience speedup due to the exploitation of paral­

lelism in the algorithm, although in most cases the massive communication overhead 

overwhelms the parallel performance gains. In the case of the distributed AMG algo­

rithm s, the am ount of parallelism is quite limited, precluding the possibility of large 

perform ance gains via parallelism.

A variety of theoretical models exists for predicting the performance of paral­

le l/d istribu ted  algorithms on various types of parallel architectures. These models 

allow designers and programmers to compare the performance of parallel algorithms 

before they implement the algorithms on the target architecture. Nearly all theoret­

ical models center on two basic aspects of a parallel/ distributed algorithm: compu­

ta tion  and communication. While these models are often quite sophisticated and are 

extrem ely useful for predicting performance, they do have lim itations.

F irst, most theoretical models make assumptions th a t often do not accurately 

reflect reality. For example, a common assumption is th a t each processor has unlim ­

ited memory. The drawback of this assumption is th a t model is unable to predict 

perform ance degradation due to swapping. While these assumptions are essential in 

reducing the complexity of the model, they can lead to inaccurate results.

Second, these models are not well suited to modeling performance on workstation 

LANs. A prim ary assumption of most theoretical models is th a t inter-processor com­
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m unication is strictly lim ited to th a t generated by the parallel algorithm. However, 

On a workstation LAN inter-workstation communication must compete with network 

traffic not related to the algorithm being run. Performance degradation created by 

such interference is not predicted in most theoretical models.

These lim itations ham per the application of these models to distributed algo­

rithm s running on workstation LANs. For the distributed AMG algorithms, the real 

perform ance gain arose from the use of distributed processing to avoid com putational 

perform ance degradation due to swapping. As this degradation is a function of the 

physical memory of each workstation, most theoretical models will not predict im ­

proved perform ance through the use of distributed processing. Consequently, the 

predicted performance will be worse than  the sequential algorithm performance due 

to the communication required by the distributed algorithms.

A very simple model is used below to predict the performance of the distributed 

AMG algorithms. This model assumes th a t the amount of tim e required to complete 

the distributed AMG algorithm is equal to the sequential runtim e plus the to ta l tim e 

required for inter-workstation communications. Obviously this model will not predict 

speedups greater than  1.0. However, this model will allow comparison of distributed 

perform ance between the distributed levels and distributed Ai algorithm. In addi­

tion, the LAN architecture is assumed to be E thernet and th a t no communication is 

perform ed in parallel.

Assume th a t a single iteration of the non-distributed AMG algorithm  takes some 

unit of tim e t and the num ber of iterations until convergence is m.  The to ta l runtim e 

for the algorithm  is mt.  In the distributed levels AMG algorithm, the cost of the in ter­

w orkstation communication must be added to the runtim e. In this case, the num ber 

of workstations (Ar) dictates the number of inter-workstation communications as some
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levels may be lum ped together on a single workstation. In the case of lumping, the 

communication tim e is very fast as the communication is handled internally between 

processes within the workstation and not across the LAN. Assume the tim e for a 

single inter-workstation communication of a vector of length n is to. During the 

execution, TV — 1 inter-workstation communications are performed as the residual r/ 

descends through the levels and TV — 1 communications as the coarse level correction 

ui ascends. The to tal runtim e is

Runtim e =  m (t  +  2(TV — 1)T0) . (4.8)

The speedup for this distributed algorithm would be

m t
S  =

m (t  +  2(TV -  l)to)

=  t +  2 ( N - i y t o  ■ ( 4 - 9 )

(4.9) illustrates the detrim ental effect of distributed processing on the speedup. Since 

the denom inator is always larger than the num erator, the speedup S  for this algorithm 

will always be less than  1.0 for TV > 1. Since the num ber of workstations TV is 

bounded by the num ber of levels, the most significant penalty to the performance of 

this algorithm  is the tim e required for an inter-workstation communication (T0)- In 

a heavily loaded network environment such as a university or large corporation, the 

tim e to can be quite significant if the vector length n is large.

Analysis of the distributed Ai algorithm follows along the same lines as the dis­

tribu ted  levels algorithm  above. In this case, the communication costs are much higher 

due to the particular data  mapping used in this algorithm. The communications re­

quired by applying the distributed smoother and computing AjUi are summarized
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below. The runtim e for the distributed levels AMG algorithms becomes

Tab e 4.6. Inter-workstation Communications for D istributed Levels Algorithm
Operation Number of 

Operations
Communication

Cost
Pre-Sm oother 5 (A i,u i,6 i) L 2(T V -1) +  TV

Compute AiUi 1 2(T V -1)
Post-Smoother 5 (A i,u i,fe i) L 2(T V -1) +  TV

Total Cost 2[(2T +  1)(T V -1) +  LTV]

Runtim e — Tn^t 4~ 2[(2L T 1)(TV — l)  T  LTVjTo) (4.10)

In this case, the communication costs are much greater than those in the distributed 

levels algorithm  and the corresponding speedup for this algorithm will be less:

S  =
m t

m(t  T  2[(2L T 1)(TV — 1) 4- TTVjTo) 
t

t +  2[(2L T  1)(TV — 1) +  LN]to)
(4.11)

This speedup estim ate does not take into account the effect of parallel processing in 

the m atrix-vector m ultiplication com putation and, accordingly, this estim ate repre­

sents the lower bound on the speedup produced through the use of this distributed 

algorithm . The degree to which the parallelism improves the speedup is dependent 

on the size of the m atrix  Av A very large m atrix will benefit more than  a small Ai 

m atrix  as the communication costs become comparable to the processing times.

For this particular algorithm, the num ber of levels L  can be considered to be 

fixed. The num ber of workstations N  is free to increase up to TV =  n. An optim al
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value of N  occurs at the point where the parallelism in the distributed operations 

offsets the inter-workstation communication by the greatest amount. This value of 

N  is dependent on the size of the m atrix  n and the am ount of available memory in 

each workstation.

The graphs below illustrate the sensitivity of the distributed AMG algorithms 

w ith respect to  the inter-workstation communication tim e t 0. The graphs are norm al­

ized so the m axim um  speedup is assumed to be 1. For each graph, the communication 

tim e to is assumed to be proportional to the processing tim e t. The num ber of levels 

L  is assumed to be 10 and each workstation is assumed to have unlim ited memory.

In the first graph, the inter-workstation communication tim e is very small in 

comparison to the processing tim e t, such tha t This example simulates

running the algorithm  on a very fast LAN such th a t the communication costs are 

negligible. In this example, the effect of using a large num ber of workstations for 

the d istributed processing is minimal for both algorithms. In the next graph, to was 

increased by a factor of 10. This simulates a LAN where inter-workstation com­

munications are large enough to be significant. From the graph, it is obvious th a t 

the increased communication cost has little  affect on the distributed levels algorithm. 

However, the distributed A\  algorithm shows a marked decrease in performance. Con­

sidering the am ount of communication inherent to th a t algorithm, this result is not 

unexpected. In the last graph, the communication cost to is increased again by a 

factor of 10. This example simulates running the algorithm on a slow LAN. At this 

point, the distributed levels algorithm begins to exhibit performance degradation as 

the num ber of processors increases. The distributed A\  algorithm shows a severe drop 

in perform ance even when being run on a small number of workstations. Obviously 

the distributed A\  AMG algorithm is the most sensitive to the changes in t 0. W hen



80

Speedup vs Number of Workstations
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using a large num ber of workstations on a network with heavy traffic, the speedup 

gained by avoiding swap delays is minimal at best for this algorithm.

In comparison, the distributed levels AMG algorithm appears to offer the be t­

ter performance than the distributed Ai algorithm. However, the distributed levels
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algorithm  is much less flexible due to its more restrictive mapping. Accordingly, the 

distributed levels AMG algorithm is less general than the distributed Ai AMG algo­

rithm . In those cases where the available hardware is suited to the d istributed levels 

algorithm , the best choice for performance is the distributed levels algorithm.
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From the predicted theoretical performance, the use of distributed processing 

in the AMG algorithms should be avoided as it yields worse performance than  the 

sequential algorithm. In all cases, the communication costs drove the speedups below 

one, particularly in those cases where the inter-workstation cost t 0 approached the
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processing tim e t. In the next chapter, however, the actual speedups for the dis­

tribu ted  algorithms show a very large increase in performance which is not predicted 

in the model. This gain arises from fitting the entire problem into phyiscal RAM and 

avoiding any swap delays.
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Chapter 5 

NUMERICAL RESULTS

Several finite element analysis problems were taken from [10] for use as test 

problems for the AMG algorithms. Due to the equivalence in ill-conditioning be­

tween poorly-scaled meshes and the modeling of random materials, these examples 

use poorly scaled meshes to produce the ill-conditioned stiffness matrices. This ap­

proach was selected as it required the least amount of modifications to the existing 

finite element algorithms in [10].

The example programs are all written in FORTRAN 77 and modified to call C 

subroutines which handle the sparse matrix data structures and AMG algorithms. For 

example, the FORTRAN code for the 2D foundation analysis problem contains the 

following lines of code which assembles the global stiffness matrix from the element 

stiffness matrices. In the notation of [10], the stiffness matrix A is stored in the ID 

array KB.

CALL MSMULT(BTDB, IBTDB, QUOI, IDOF, IDOF)

20 CALL MATADD(KM,IKM,BTDB,IBTDB,IDOF,IDOF)

10 CALL FORMKB(KB, IKB1, KM, IKM, G, IW, IDOF)

The corresponding call to the C subroutine for assembling the global stiffness 

matrix is csparv which replaces FORMKB.

CALL MSMULT(BTDB, IBTDB, QU0T, IDOF, IDOF)

20 CALL MATADD(KM, IKM, BTDB, IBTDB, IDOF, IDOF)

10 c a l l  csparv(KM,IKM,G,IDOF)
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Similar modifications replace the Cholesky factorization and back-substitution calls 

w ith calls to the AMG and preconditioned conjugate gradient (PCG) solver subrou­

tines.

Since [10]’s finite element code removes constrained freedoms from the global 

stiffness m atrix , the corresponding number of local DOF no longer remains constant. 

Since the generation of coarse levels in the AMG algorithm depends on a constant 

local DOF, constrained freedoms are treated  as fixed nodes with a displacement of 0.

5.1 Distributed Processing Setup

The numerical results were run on a network of SGI Indy R5000 workstations. 

Each workstation had 64 Mb of physical RAM and a 1 Gb hard disk. The workstations 

were networked using 10 M bit/s E thernet. The message passing software used to 

im plem ent the distributed processing communication was Parallel V irtual Machine 

(PVM ) 3.3. Mapping of the matrices to the workstations was accomplished by saving 

each m atrix  to  disk after its construction and then using NFS to cross-mount the 

disks. The m atrix  was then loaded onto the appropriate workstation. This m ethod 

was found to be much faster than transmission of the m atrix data  via the E thernet 

connections.

5.2 2D Foundation Analysis

This example problem is concerned with the failure analysis of a flexible strip 

footing resting on a uniform layer of undrained clay (see Figure 5.1). The footing is 

assumed to bear a uniform stress which is increased incrementally until failure. The 

failure criteria used in this particular example is the Von Mises failure criterion The 

FORTRAN code used for this example is Program 6.0 from [10].
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Footing

Undrained Clay

FlG. 5.1. 2D Foundation Analysis Problem

The footing in this case is also assumed to be flexible, which means the footing is 

free to deform under loading (see Figure 5.2). In contrast, a rigid footing is assumed

C N Ü h

Flexible Footing

FlG. 5.2. Flexible Footing under Loading

to displace as a single unit. This example uses the flexible footing as it does not 

require any modification of the stiffness matrix or algorithm.

Rigid Footing

FlG. 5.3. Rigid Footing under Loading

The goal of this example was to compare the performance of the AMG algorithm
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with the PCG algorithm using the diagonal preconditioner. Two meshes for the same 

problem domain were created, one with uniform elements and one with elements of 

varying thickness. From the analysis presented in Chapter 2, the global stiffness 

m atrix  generated from the non-uniform mesh should be much more ill-conditioned 

compared to the stiffness m atrix  from the uniform mesh.

Using the problem domain in [10], the problem was meshed using 960 8-node 

quadrilateral elements (48 x 20). In the first mesh, the elements were all uniform 

squares while in the second mesh, the thickness of the elements varied with depth. 

Elements at the bottom  of the mesh are 20 times thicker than  the elements at the 

top. Figures 5.4 and 5.5 illustrate the two meshes.

m u

8 Node Quadrilaterals

F ig . 5.4. Uniform Mesh

Each mesh was run with both the PCG and AMG algorithms. A ttem pts were 

m ade to construct an incomplete Cholesky preconditioner for use with the PCG
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m

8 Node Quadrilaterals

FlG. 5.5. Non-uniform Mesh

algorithm , but the generation process failed on the non-uniform mesh. As a result, 

PCG was run only with the diagonal preconditioner. Table 5.1 summarizes the results 

of the runs. Runtimes for the sequential AMG algorithm include the setup of the 

coarse levels and interpolation operators.

Table 5.1. 2D Foundation Analysis Runtimes
Mesh PCG Runtime AMG Runtim e

(minutes) (minutes)
Uniform Elements 152 190

Non-uniform Elements 356 311

On the uniform mesh, the PCG outperformed the AMG algorithm. This perfor­

mance is expected as the stiffness m atrix resulting from the uniform mesh is relatively
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well-conditioned and the AMG algorithm was not designed for problems of this type. 

On the non-uniform mesh, however, both PCG and AMG slowed substantially due 

to  the ill-conditioning present in the stiffness m atrix. In this case, AMG was able to 

outperform  PCG with the diagonal preconditioner.

5.2.1 Quality of the Results

As this is a common soil mechanics problem, the analytical solution to this 

problem is well known. Failure should occur at

^ u ltim a te  — (2 7r)cu • (5.1)

In this expression, the stress at failure quit imate  is proportional to the undrained co­

hesion cu. Given th a t cu =  100 in this problem, the failure load is

=  (2 +  3.1416)(100.0) =  514.16 . (5.2)

Both the PCG and AMG algorithms iterated until the l2 norm (see (5.3)) of the 

residual was less than  or equal to 0.0001.

I Ml =  ||6 -  Au 11 =  ^ ] ( 6 ,  -  (Au)*)j (5.3)

Table 5.2 illustrates the displacements at each stress. Note th a t both the AMG and 

PCG  runs yield a failure stress of 515.00, which is much closer to the predicted failure 

load of 514.16 than  the result of 520.00 cited in [10]. However, this difference in the 

accuracy arises from the use of 32 elements in the mesh shown in [10] as compared to 

the 960 elements in the meshes used for the AMG and PCG algorithms. The results
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Table 5.2. Numerical Results for 2D Foundation Analysis - Uniform Mesh
Stress q Displacement (PCG) 

(mm)
Displacement (AMG) 

(mm)
2 0 0 .0 0 -0.00661 -0.00661
300.00 -0.01160 -0.01159
350.00 -0.01670 -0.01668
400.00 -0.02351 -0.02348
450.00 -0.03350 -0.03345
480.00 -0.04242 -0.04232
500.00 -0.05087 -0.05070
510.00 -0.05672 -0.05647
515.00 -0.06319 -0.06239

for the non-uniform mesh were very similar to the results shown above.

5.3 3D Pillar Analysis

The prim ary example problem consists of a 3D elasto-plastic analysis of a cubic 

pillar. The pillar is assumed to be fixed at the base and undergoes a set of increm ental 

deformations until failure (See Figure 5.6). The Mohr-Coulomb failure criteria is used 

w ith this particular example and FORTRAN code for this example is Program  6.4 

from [10]. The problem was run assuming the m aterial had an angle of internal 

friction (</>) of 30° and no cohesion (c =  0).

Similar to the 2D example described above, the problem domain was divided 

due to sym m etry and meshed using 1 0 0 0  2 0 -node hexahedron elements (1 0  x 10  x 

10). The first mesh contained uniform cubic elements. The second mesh varied the 

thickness of the elements with depth such tha t the elements at the bottom  of the mesh 

were 10 tim es thicker than the elements at the top. Figures 5.7 and 5.8 illustrate these 

3D meshes.
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The coarse generation algorithm generated 4 levels T =  4 from the original stiff­

ness m atrix. Table 5.3 summarizes the coarse levels sizes and storage requirements. 

Note th a t the non-uniform mesh did not coarsen as well as the uniform mesh. This

Table 5.3. Coarse Levels - M atrix Sizes
Uniform Mesh Non-uniform Mesh

M atrix Size Storage M atrix Size Storage
Ai 14,883 x 14,883 32.2 Mb Ai 14,883 x 14,883 32.2 Mb
A.2 498x 498 2.1 Mb A2 990 x 990 5.7 Mb
A3 42 x 42 26.0 Kb A3 69 x 69 70.3 Kb
A4 6 x 6 0.5 Kb A4 9 x 9 1.2 Kb
P i 14,883 x 498 6.3 Mb P i 14,883 x 990 9.3 Mb
P 2 498 x 42 0.3 Mb P 2 990 x 69 0.8 Mb
P3 42 x 6 5.3 Kb P 3 69 x 9 11 Kb

difficulty arises from the poor scaling of the elements within the mesh and is alleviated 

somewhat by the use of the diagonal preconditioner prior to generation of the coarse 

levels. Figures 5.9, 5.10, 5.11, and 5.12 illustrate the coarse levels for the uniform 

mesh. Both the A3 and A 4 matrices are completely populated, although their small
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F ig . 5.7. Uniform Mesh

sizes allows for efficient handling.

In the first set of test runs, the meshes were run through both PCG and AMG 

on a single workstation to generate a baseline runtim e for computing speedup and 

also for comparison purposes. In addition, AMG was also run under a low memory 

condition to  force disk swapping to generate runtimes under swap conditions. 16 Mb 

of physical RAM was removed from the workstation, reducing the memory from 64 

Mb to 48 Mb. The runtim es for the sequential runs are summarized in Table 5.4. 

As in the 2 D example, the AMG runtim es include the tim e required to setup of the 

coarse levels and interpolation operators.
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F ig . 5.8. Non-uniform Mesh

Table 5.4. 3D Pillar Analysis Runtimes - Single W orkstation
Mesh PCG Runtim e 

(minutes)
AMG Runtim e 

(minutes)
AMG Runtim e (swap) 

(minutes)
Uniform Elements 

Non-uniform Elements
32
125

47
98

1,366
3,038

As w ith the 2 D foundation example, the runtimes indicate th a t PCG is better 

suited for problems involving uniform meshes and AMG is be tter suited to meshes 

involving poorly scaled elements.

In addition, some swap delays did occur during the generation of the coarse
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F ig . 5.9. Al M atrix - 14,883 x 14,883

F ig . 5.10. A2 M atrix - 498 x 498

levels for the non-uniform mesh on the single workstation run of the AMG algo­

rithm . The generation algorithm  creates several tem porary sparse m atrices during 

the com putation of the coarse levels and the combination of the coarse levels and 

the tem porary matrices forced the workstation to swap. This problem did not occur 

during the generation of the coarse levels for the uniform mesh due to the smaller 

storage requirem ents for th a t mesh (40 Mb vs 48 Mb). This problem was avoided 

in the distributed algorithms by moving completed levels to their respective work-
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F ig . 5.11. A3 M atrix - 42 x 42

F ig . 5.12. A4 M atrix - 6 x 6

stations during the generation process. This reduces the storage requirem ents on the 

w orkstation performing the generation of the coarse levels and prevents swap delays.

In this problem as well as the 2D foundation problem mentioned previously, 

AMG had better performance on non-uniform meshes than  PCG. This performance 

increase offsets the additional memory requirements of the AMG algorithm. For 

large problems being run on a single workstation, the choice between the algorithms 

becomes more difficult. The higher memory requirements of the AMG algorithm  will
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most likely offset the better solution performance due to larger swap delays. Due to 

the severe performance penalties imposed by swapping, both algorithms are likely to 

perform identically.

5.3.1 Quality of the Results

As with the 2D foundation problem, the 3D pillar analysis is a simple solid 

mechanics problem and has a well-known analytical solution. From the the analytical 

solution, the principal stresses achieve the following maxim um  values:

k N
(jx — 20 —-  , (5.4)

m l
k N

(Ty =  20 — -  , (5.5)
TTV
k N

(jz =  60 — -  (Axial Stress) . (5.6)
m l

Table 5.5 summarizes the results for the PCG and AMG runs along w ith the results 

in [10]. In general, the results obtained from the iterative solution m ethods m atched

up well with the analytical results. However, the iterative m ethods did contain some

error, particularly near the end of the analysis. This would indicate th a t the stopping 

tolerance of 0 .0 0 0 1  was probably too large.

5.3.2 D istributed Algorithm Performance - No Swapping

In general, the results of the runs agree favorably with the predicted performance 

on a machine where swapping does not occur. Table 5.6 summarizes the speedups for 

the uniform and non-uniform meshes.

For the uniform mesh, the results are very consistent. The speedup has dropped
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Table 5.5. Numerical Results for 3D Pillar Analysis - Uni
Displacement Stress (PCG) Stress (AMG) 

( ^ )
0.050 -25.01 -25.00
0 .1 0 0 -30.01 -30.00
0.150 -35.01 -35.00
0 .2 0 0 -40.01 -40.00
0.250 -45.01 -45.00
0.300 -50.01 -50.00
0.350 -55.01 -55.00
0.400 -59.87 -59.97
0.450 -60.10 -59.96
0.500 -60.33 -59.96

brm  Mesh

Table 5.6. D istributed Algorithms Speedups - No Swapping
Uniform Mesh

Algorithm W orkstations
2 3 4 5

Distributed Levels 0.64 0.65 0 .6 6 N /A
D istributed Levels (parallel) 0.75 0.75 0.75 N /A

Distributed Ai 0.52 0.50 0.45 0.39
Non-uniform Mes. i

Algorithm Workstations
2 3 4 5

D istributed Levels 1.06 1.05 1.05 N /A
D istributed Levels (parallel) 1.24 1.25 1.23 N /A

Distributed Ai 0.83 0 .8 6 0.65 0.63

significantly due to the addition of communication. The distributed levels algorithm  

had larger speedups than  the distributed Ai level as expected. The distributed levels 

algorithm  exploiting parallelism was able to boost performance slightly, but the extent 

of the parallelism  was not significant enough to overcome communication.
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In the case of the non-uniform mesh, the performance of the distributed algo­

rithm s appears to have increased dramatically. However, this increased performance 

can be traced to  the presence of a slight amount of swapping during the construction 

of the  coarse levels and interpolation operators. Notice tha t the use of the distributed 

processing is beneficial for problems involving even small amounts of swap delays as 

a way of m aintaining performance.

Obviously, the distributed AMG algorithms are not very useful in those problems 

where enough physical memory is available to prevent swapping. The communication 

necessary for the distributed algorithms quickly degrades performance. Once the 

problem begins to exceed the physical memory, the distributed algorithms should be 

used to overcome the delays caused by disk swapping.

5.3.3 Distributed Algorithm Performance

The runtim e for the AMG algorithm with swapping was approxim ately 30 times 

slower than  normal AMG runtim e. Using these runtimes as benchmarks, the dis­

tribu ted  algorithms were run on the same two meshes. Table 5.7 and Table 5.8 

sum m arize the results for the uniform and non-uniform meshes respectively.

Table 5.7. 3D Pillar Analysis Runtimes - D istributed A lgorithm s/Uniform  Mesh
Algorithm

2
W orkstations 
3 4 5

Runtim e
(minutes)

Runtime
(minutes)

Runtim e
(minutes)

Runtim e
(minutes)

D istributed Levels 73 72 71 N /A
D istributed Levels (parallel) 62 63 62 N /A

D istributed Ai 91 94 104 1 2 0
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Table 5.8. 3D Pillar Analysis Runtimes - D istributed Algorithm s/Non-uniform  Mesh
Algorithm

2
W orkstations 
3 4 5

Runtim e
(minutes)

Runtim e
(minutes)

Runtim e
(minutes)

Runtim e
(minutes)

D istributed Levels 92 93 93 N /A
D istributed Levels (parallel) 79 78 80 N /A

D istributed Ai 118 133 150 155

The runtim es for the distributed levels algorithms are slightly better than  the 

runtim e for the single workstation run. This deviation arises from the swap delays 

m entioned previously during the generation of the coarse levels for the non-uniform 

mesh.

From both sets of results, the best performing algorithm was the distributed 

levels AMG algorithm  with the parallel smoothing step. Considering this algorithm  

completes 1 ex tra  iteration of SOR for every AMG iteration at the finest level with 

no ex tra  com putational cost, the convergence rate of this algorithm should be slightly 

higher and the corresponding runtim e faster. In comparison, the distributed Ai al­

gorithm  did not perform as well as the distributed levels algorithms, but this is to 

be expected due to the higher amount of communication inherent in this version of 

the AMG algorithm. Table 5.9 summarizes the speedups for the different distributed 

algorithm s on the two meshes.

Even the distributed Ai AMG algorithm at its worst performance provided at 

least a tenfold improvement over the AMG swap runtim e. Figure 5.13 and 5.14 

graphically illustrates the results in Table 5.9.

From Table 5.9, the actual speedups obtained during the runs were much greater 

than  the speedups predicted in the previous chapter. Performance was increased by
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Table 5.9. D istributed Algorithms Speedups - Swapping
Uniform Mesh

Algorithm W orkstations
2 3 4 5

D istributed Levels 18.71 18.97 19.24 N /A
D istributed Levels (parallel) 22.03 2 1 .6 8 22.03 N /A

D istributed Ai 15.01 14.53 13.13 11.38
Non-uniform Mesh

Algorithm W orkstations
2 3 4 5

Distributed Levels 33.02 32.67 32.67 N /A
D istributed Levels (parallel) 38.46 38.95 37.96 N /A

D istributed Ai 25.75 22.84 20.25 19.60

over 2000% through the use of distributed processing. This increase is not predicted 

within the theoretical model as the model does not take into account slowed com­

putation  due to  swap delays. This deviation illustrates an obvious need for a better 

theoretical model. Overall, the use of distributed processing was extrem ely useful in 

m aintaining the AMG algorithm ’s performance for increasing problem size.
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Speedup vs Number of Workstations
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F ig . 5.13. Speedup Curves - Uniform Mesh
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Speedup vs Number of Workstations
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Chapter 6 

CONCLUSIONS

The overall goal of this research was to improve the performance of the finite 

element m ethod for use with the Monte Carlo m ethod. Since the com putational bot­

tleneck in the finite element m ethod was the solution of very large linear systems 

w ith m ultiple similar RHS, the first step was to find a suitable linear solver. Iterative 

solvers were chosen over direct methods due to their low memory requirem ents. Of 

the iterative solvers, the preconditioned conjugate gradient and algebraic m ultigrid 

algorithm s were selected. From the numerical results, the AMG algorithm  was se­

lected due to its be tter performance on nonuniform meshes. Considering very few 

realistic problems involve regular problem geometries with uniform elements, AMG 

is the more practical solver.

The second step was to use distributed processing to overcome the performance 

degradation caused by swapping. First, suitable data mappings were selected to 

ensure th a t the entire problem fit into core memory. Of the possible mappings, two 

were selected. In the first mapping, each level was m apped to a single workstation 

and in the second, the Ai m atrix  was split into chunks of rows and m apped onto 

the available workstations. Second, the AMG algorithm was modified in order to 

access the distributed data structures. These modifications yielded two distributed 

algorithm s, but with some extra modifications, a fourth version of algorithm  was also 

developed th a t exploited a lim ited amount of parallelism. Finally, the original and 

three distributed AMG algorithms were run on several example problems. In general, 

the distributed levels algorithms performed better than the distributed Ai algorithm
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due to their smaller communication costs. Of the two distributed levels algorithm, the 

one employing the lim ited parallelism ran substantially faster than  the one without 

parallelism.

The end result of this research is a pair of distributed algebraic m ultigrid algo­

rithm s suitable for use on the very large linear systems arising from the nonlinear 

finite element analysis of geomechanical problems. While these algorithms do not 

yield significant speedups on small problems, they are able to overcome the severe 

perform ance penalties imposed by lim ited memories and thus increase the feasibility 

of using the finite element m ethod as part of the Monte Carlo m ethod for very large 

problems.

Several opportunities exist for future research in this area. F irst and foremost 

is investigation into the use of multiprocessor workstations within the LAN. One 

possibility is to  modify the distributed AMG algorithm to take advantage of a mul­

tiprocessor server. The increased processing power of this type of server presents 

opportunities to improve communication scheduling, message routing, and most im ­

portantly, load balancing within the LAN. Another possibility is to consider the use of 

multiprocessor workstations to exploit parallelism during the processing of distributed 

tasks.

Another opportunity is to investigate the use of different networking technology. 

Since the prim ary performance lim itation in the distributed AMG algorithms in the 

inter-workstation communication tim e, improved networks would help to improve 

the algorithm  performance. This work ties in closely with the multiprocessor server 

direction mentioned previously.

Finally, the AMG algorithm could also benefit from better smoothers. The 

modified block smoothers used in this research are very general as most of the work
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in this research went into distributing the algorithm. However, better smoothers with 

higher rates of convergence are another future direction for this research. Clearly, the 

work in this thesis provides a strong foundation and supports a variety of possibilities 

for future research.
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GLOSSARY

Anisotropic Material
A m aterial whose properties exhibit different behavior in different direc­
tions.

Cohesion (c)

A measure of the integrity of a continuous medium.

Elastic Deformation
A m aterial undergoes elastic deformation under a load if the m aterial re­
turns to its original undeformed state  when the load is removed.

Factor of Safety
A factor of safety provides a measure of the m argin of safety in a given 
design.

Heterogeneous Material
A m aterial whose properties vary from point to point w ithin the m aterial.

Homogeneous Material
A m aterial whose properties are identical from point to  point w ithin the 
m aterial.

Isotropic Material
A m aterial whose properties exhibit the same behavior in all directions.

Local Area Network (LAN)
A group of computers linked directly together via cables. LANs are ex­
trem ely useful in th a t they allow the sharing of system resources, such as 
disk space, memory, and peripherals.

Plastic Deformation
A m aterial undergoes plastic deformation under a load when the m aterial 
does not return  to its original undeformed state when the load is removed.

Poisson’s Ratio (z/)

A measure of the change in the dimensions of a m aterial as the result of a 
deformation in one direction.
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Random Variable
Any variable tha t assumes each of its possible value Xi with a definite 
probability (not necessarily the same probability for all values). In general, 
any variable which may have a probability function is a random variable.

Scalar Field
A scalar field is composed of a set of variables with one local degree of 
freedom per variable. Examples of scalar field problems include pressure in 
a fluid, electro magnetic field strength, and heat distribution in a m aterial.

Young’s Modulus ( E )

A measure of a m aterial’s resistance to tensile/ compressive deformation.
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