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ABSTRACT

Generalized linear inversion, sometimes known as model
perturbation, nonlinear regression or inverse modeling, is
appliéd to synthetic and real seismic data sets with the objec=-
tive of obtaining an impedance profile as a function of time.
The impedances solved for are parameterized in a manner that
describes the unknown earth uéing fewer variables than previous
seismic generalized linear inversion techinques. In this
application only single traces of CDP processed data will be
inverted. The method of generalized linear inversion (G.L.I.)
'presented;is designed to imprové on the shortcomings of recur-
sive iﬁVersion with respect to relative and absolute scale of
the impedance results, resolution of impedance boundaries, and
distortion from residual wavelet effects. In obtaining these
goals other advantageous aspects of G.L.I. were discovered.
For example, it is insensitive to noise in many cases, and it
will allow an intérpreter to fix the impedance of any number
of known lithologies in an interval being inverted. This last
property is extremely useful when evaluating a prospect on an
‘otherwise well undefstood seismic line. The G.L.I. method is
illustrated on a number of synthetic examples and one field

data set from the Powder River Basin of Wyoming.
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INTRODUCTION

‘Seismic inversion i§ the-calculation of the earth's struc-
ture and physical parameters from some set of observed.seismic
data. 1In this paper the data to be inverted are singlé_qommon
depth point stacked seismic reflection traces. The inversion
'results are single traces of impedance versus depth (measured
in units of two way travel time).

The technique'used to obtain these results is general-
ized linear inversion (G.L.I.). Parker (1977) has formalized
this technique,_andeackus and Gilbert (1968, 1970) have
~discussed its resolving power andkuniqueness° This technique
has been used in a similar setting by Gjoystdal and Ursin
(1981) to_simultaﬁeously invert and migrate 3-D seismic data.
Wiggins (1972, 1976) used G.L.I. to invert earthquake data
and to solve seisﬁic statics problems.

The G.L.I. technique should be conceptually familiar to
most seismic interpreters. It is an automation of the inter-
pretational technique of finding a hypothetical earth cross-
section whose response accounts for (is identical to) the
‘data being analyzed,,‘In such a case it is assumed that the
'daté was collected from an earth whose structure matches_the
“hypothetical cross-section. This "automation" is an itefa-

tive technique that refines a user-supplied impedance guess
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until the response of the guess matches the data being inverted.

These refinements are the solution to a system of linear
equations generated from a truncated (lineariZed) Taylor Series
expansion of the forward model. This forward model is also
known as the forward problem or the seismic response. Many
different algorithms can be used for the forward model and
‘the best model would exactly mimic the seismic response of
the earth. The finlte dlfference technique would be the best
forward model in terms of accuracy and completeness, but
unfortunately it is extremely expensive in terms of computer
time and storage. The forward model used here sacrifices
accuracy for speed. 1t was developed by Wuenschel (1960) and
Goupillaud (1961) and later improved by Larner (1977) and
Robinson (1967). This model is exact for a plane layer earth
and normally incident plane wave source and is computationally
very fast. Because the forward model is one-dimensional only
single traces of C,D.f. data from relatvely flat geologic areas
can be inverted.

Vandellv(1979) has used generalized inversion with Larner's
foward model to invert synthetic seismic data. Although
Vandell's technique works quite well on small, synthetic data
sets, it is expected to be extremely eXpensive and in many
cases unstable when applied to real seismic data. This is
because Vandell solved for an impedance unknown corresponding
to every data point on the trace being inverted. If one wishes

to invert a seismic_trace'of 1,000 points with this technique,
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a 1,000 X 1,000 matrix equation must be solved, a task that

is extremely time cénsuming and often impossible in the presence
of hoise. ~Another drawback of Vandell's technique is that it
requires that the user supply the sourve wévelet, which is
rarely known for real seismic data sets.

The goal of this work is to build a generalized linéar
inversion technique that is stable and cost effective whén
applied to large sets of real seismic data. To 6btain this
goal it was realized that the following problems must be
solved: 1) The source wavelet on the observed seismic data:
is poorly known and must be solved for. The same is true
for the scale factor of the observed data. Both of the above
are of little use to the interpreter, but they can drastically
alter the appearance of the modelled seismic response and are
thus very important. 2) The number of parameters that describe
the earth's impedance profile must be reduced so that the
addition of the parameters describing the source wavelet and
scale factor does not make the problem underdetermined or
unstable. This reduction of impedance parameters also makes
~the problem computationally faster and more stable in the
presence of noise.

These objectives were met and the technique was applied

- to real seismic data with very encouraging results.
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THEORY OF GENERALIZED LINEAR INVERSION -

The inversion pf’some data by any method starts with the
selection of a function'that models the generation of those
data. ' This function can be an empirical relationship or a -

- mathematical model of the physical processes that generated

- those data. This function will be referred to as the "forward
model" which is_not to be confused with a geologic model of
the earth. In this paper the forward model generates a one-
dimensional, plane wave synthetic seismogram from an impedance
profile of the earth. If the forward model is simple enough
it can be rewritten to express the impedance profile in terms
of the observed seismié trace. This approach is known as direct
or analytical 1nver51on and unfortunately it does not work
well with many forward models. A good selsmlc model is a
non-linear function of many variables that cannot be analyti-
cally inverted. if such a model is to be inverted it must be
done with a numerical technique; the numerical technique used
"here is generalized inversion. .

The generalizedzlinear inversion technique is based on a
Taylor series expansion of the forward model. The Taylor
series expaﬁsion_of the forward model is of the form:

F(I) = F(TG) + 8F(IG) (I - TG) + 92F(IG)(I - IG)2+ ... 1)
: 3 (IG) : QIG<2!
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In this expansion:

I = the impedance profile to be solved for.

=

G = A guess of what the impedance profile is. (*)
(I - IG) = Error in the above guess.

F = Forward modelling function.
F(I) = Observed seismic trace.

F(Té) = Synthetic seismic trace computed using;TG
in the forward modelling algorithm.

iBF(TCQ = A partial derivative matrix.
3(IG) ‘

It is important to note that the above expansion can bg
_computed for any forward model° I1f the forward model is com=-
‘Plicated it may be advantageous to calculate the derivative
térms’with finite differences as was done in-this paper. 'Iﬁ
€Quation 1 what wefwish to solvé for is (I-IG) which tells
how to correct IG to make it I. Unfortunately the above
infinite series cannot be inverted for (I - IG), but a trun-
Cated (linearized) version of it can be. This linearized

Version of equation (1) is:

F(TI) = F(IG) + 3F(IG) (I ~ 1IG) 2)
o IG ‘
or
F(I) - F(IG) = 9aF(IG) (I - 1IG) 3)
3 1IG
*footnote. See the section on generation of initial

s“<ss for a more complete description of this vector.
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The tery (F(TI) - F(T@)) is a vector generated by sub
tracting the synthetic seismic trace from the observed seismic

trace. It will be referred to as the difference vector. The
term (3F(1C)/51G) is a partial derivative or sensitivity matrix.
~Each column of this matrix is the partial derivative of the
synthetic seismic trace with respect to one of the unknéwg
impedance values. The term to be solVed.for, (I - IG), will

“be called the correction vector. Equation 3 in matrix form

is:"
F(1.)-F(IG1)| |sFr(1,) 9F(I4) . . 9F(Iy) I,-1G;
591G, 51G, 3IGy
F(I12)-F(IG2)| =|sF(1,) OF(Iz) dF(I,) I,-1G, 4)

Py - )

-*

o * &

.F(IM)—F(IGN); 3 (I,) BF(Iy) T OBF(Iy) Iy~IGy
J

851G, 51G, 831Gy

Where M=number of observations (points in the observed seismic
trace), and N=number of parameters (impedances to be solved
for).

This’Sﬁt_of simultaneous linear equations is solved for
the correctisn vector using a modified least-squared-error
matrix invexwion technique. Once the correction vector is

known it is : simple matter to solve for (I):

-

1/

IG + (I - IG) 5)
Equation 5 & ap approximation because in going from equa-

tion 1 to SXtiation 2 the non-linear terms in the Taylor series
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expansion were truncated. This causes the solution for the
correction vector (I-IG) from equation 3 to be an approxima-
~tion and the solution for I in equation 5 must also be an
approximation. The error represented by this approximation

can be reduced by using the corrected initial guess from equa-
‘tion 5 as a new initial guess in equation 3 and iterating
'through‘the problem again. This iterative procedure is oﬁtlined
in Figure 1. Figurévz is an eXample of successive iterations

converging to an acceptable answer.
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_. Figure 1, Flow Chart for generalized linear inversion.
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LEAST-SQUARED-ERROR MATRIX EQUATION SOLUTION

Equation 4 is a set of simultaneous equations that often
cannot be solved in such a way that each individual equation
is satisfied. This situation can occur when there'is noise
present in the observations and/or when there are more equations
than unknowns. When'it is impossible to find a solution which
exactly satisfies all the equations one looks for the best
answer defined by a least-squared-error criteria.

For the purpose of notational simplicity we rewrite equa-
tion 4 by ietting: o

(F(T) - F(IG) = d = difference vector.

3F(IG) = S = sensitivity matrix.
I1G
{I - IG) = Ap = correction vector.

Using the above, equation 4 becomes
d = sAp (6)
~where we wish to solve for AP. The error in the solution for

gﬁ is defined as:
error = e = (d - S AD) (7)

We wish to minimize the magnitude of the error vector, which

s defined as: R
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le] = €2 =¢ee

= (3 - sap)T (3 - sAB)

= 3%a - d%Tsap - apTsTa + apTs

= 3T 3-2apTsTa + apTsTsap

To minimize the above error set

dle|/asp = 0 = -2s5Ta + 25T
or

|85] = (sTs)7 (sTa)

SAp

i1

Tsap

(8)

{9)

' This is the optimum solution.for Ap using the least-squared-

error criteron.
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MODIFICATIONS TO THE LEAST-SQUARED-ERROR SOLUTION

Equation 9 is a solution to equation 4 based on minimizing

the magnitude of the error vector. There is an additional
condition that can be imposed‘in obtaining the solution for
AE._ This condition is to constrain the magnitude of the solu=-
tioh vector Ap as discussed by Marquardt (1963). The weighted

magnitude of Ap is:
ap, = k* (AP AB) 10)

where k? is some weighting factor to be determined later. The
‘magnitude of the error vector can be redefined4by modifying

equation 8 to include the above term. This gives:

e + k2ap = a%a - 2 apTsT @ + apTsT s ap + k2 ABTAD

When this error is minimized, the result is:

'd e fdAB = 0 = -257d + 2sT sAP + 2k2AD
or

(sTs + xz1) AD = sTg

where I is the identity matrix. This can be rewritten as
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Ap = (sTs + x21)-1t sTq 11)

In this expansion, k? is usually referred to as the damping
ufactor. |

The question arises as to what purpose this damping factor
can serve. It turns out that often a little bit of noise. in
d or the s matrix (which is due to truncation of the Taylor
series expansion) éan lead to a large error in AP, especially
when S is nearly singular. 1If we conStrafﬁ”ormq§mp the magni-
tude of AP, it is possible to obtain a solution f;i AP that
favbrs the signal and discriminates against the'noise,. This
is analogous‘toithe prewhitening (or adding white noise to
diagonal of the matrix) often done in deconvolution using the
wienér-Levinson algorithm,

An explanation 6f how the:damping factor works is given
-byvconsidering all possible states of the error vector as a
multidimensional suﬁface; The term dleVdAEAis the gradient
of the surface at;%he‘point IG (IG in this problem is the ini-
tial or the-currentaupdated guess of the éarth’s impedance
profile). Setting dleydap = 0 and solving for A§ will give
an exact answet only if the error surface is linear between
the point'TE and the ﬁoint of minimum error, but the error
surface is non-linear:due to noise and the way in which the
problem is defined. The choice of k2 should reflect the

linearity of the error surface between the point where the
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radi '
gradient was calculated and the point of minimum error"(see

.Figure‘3§.
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error surface

</

ERROR

minimum error

IMPEDANCE

Flg'm:e 3 Two dimensional slice of the multidimensional
error surface. Note non-linearity of surface.
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CHOOSING THE DAMPING FACTOR

.Theoreticaliy,'k2 should be»chosen to reflect the degree
of linearity of the error surface. Since the error surface
is not known, a more empirical methodlis used.*
A short outline of how the damping factor is chosen
follows:
1) Compute AP using a number of damping factors; that
is, solve equation (11) for a number of different k2.
2) For each of the new Ap vectors calculate a new impe-
dance profile using»équation 5 (remember Ap = (I-IG)).
3) For each of the‘hew impedance profiles compute a new
synthetic seismic trace.
4) Calbulate»anvrms error between the observed seismic
trace and-éaéh.of these new synthetic seismic traces.
5) Interpolatq‘between the known values to get the damping
factor that givés the smallest rms error.
The neighborhood abdﬁt which the guesses for k? in step 1 are

chosen is determined by experience.

*In his paper Marquardt gives another method of choosing the
damping factor. The method discussed here comes from Stoyer -
(personal communication). ‘
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Uniqueness and Resolution

Once the correction vector Ap (or I-IG) has been computed

' from equation 11 it is possible to compute the resolution matrix

as defined by Backus and Gilbert (1968):
R = [S] !s.

The matrix R is a measure of the uniqueness of thé solution.
When R is the identity matrix, the solution is unique. Wwhen
R is not the identity‘matrix‘it indicates just which para-
meters are not well!resolQed. If the nth element of the nth
row {that is the element that lies along the diagonal of R)
is one, then the nth impedanceAin the solution is unique.
‘When this'elementiis not unity, the’adjacent elements indicate

just how well resolved the nth parameter is compared to its

neighbors. For exémple, if the nth row of R is all zeros except

- for the n-1, n, n+l elements which are all 1/3, then the nth
impedance in the solution is ill-resolved with respéct to the

n-1 and n+l impedanceQ
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'THE FORWARD MODEL

The term "forward model" in the context of this paper refers
to the function F(TC) found in equation 1. The forward model
,ﬁsed.here generates a one'dimensional synthetic seismogram
complete with all multiples and transmission losses. Although
~only one forward model will be discussed and used here it is
importént to realize that many forward models can be used
with generalized inversion. The forward model used here was
first formulated by Wuenschel (1960) and later numerically
simplified by Robinson (1967) and Larner (1977).

wWhen doing generalized inversion, it is extremely impor-.
tant that the forward model accurately describe the generation
of the data that are>to be inverted. Wuenschel's forward
model assumes a plane-wave source and a laterally homogeneous
earth. These assumpfions are clearly violated in most if not
all seismic'data'aédﬁisition, and thus Wuenschel's sblution
appears unsuitable. 1This dilemma is solved by inverting only
common-depth-point stacked data. C.D.P. data mimics the
response of‘a‘laterally homogeneous earth to a plane wave
;sourCe in flat geologib areas and thus can be inverted using
Wuenschelfs forward médel.

To'develop.WUenschel's algorithm we need first define

the reflection coeficient Cj:
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c; = Py Vi) = By Yy
T Fm Vi YRy Y

where Pj = density of the jth layer and Vj = velocity of the
jth layer.

In Wuenschel's method, the earth is discretized into
arbitrary intervals of equal two way travel time (delta_t)_°
Asilong as this basic interval is‘smallicompared to the'
geology of interest this discrete approximation to the real
geology is acceptabie. The thickerrlithologic}units corre-
spond to integer multiples of delta t with artificial interior
boundaries having reflection coefficients set to zero. The
output of Wuenschel's model is the reflectivity function,
which when con&olved with a source wavelet equals the synthetic
seismic trace. The advantage of modelling using this discrete
earth is that the reflectivity function becomes a discrete
time series‘which'ailows the use of Zrtransforms.

If one is to consider a one-layer earth (see Figure 4)
the reflectivity fﬁnction consists of 2 primaries and an
.ipfinite string of hultiples. This reflectivity function is

denoted bvao(z) and in the Z domain is equal to:

' = a2 _ 2(1ec2 Vo2 23 (1oe2 )73 '
Ro(z) co_+‘c1(l co)z.' cocl(l co)z + cocl(l co)Z +... 13)

"

- where cj is the reflection coefficient as defined_above

Z = the unit delay operator.
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layer 0 \ \/
I"z / I’3 iz'4

!ayer 1

At 21t 3At 4At  time
layer 2 —

Figure 4. Primaries plus multiples from the single layer
model. (After Larner et al., 1977)
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Equation 12 is an infinite series, but it can be written

in closed form as the quotient:

o 1Z 14)

b4 lfcd c

- _~2 —
RO(Z) = cof~(1 co)clz = c + C

1+c Z

o 1 1
Equation 14 gives the response of a single layer earth; what
is wanted here is the reéponse of a multi—layefvearth as in
_Figure 5. Equation 14 (for the single layer .case) can be '

- used with the multilayer earth if the multilayer earth h?§"§§
equivalent si ayer representation as in Figure 6. Using
the single layer representation we see that c¢; in equation 14

_ becomes Ri and

R (2) =% + R, 2 15)

l+co R1 P4

Now to calculate RO(Z),‘the term R; (2); is needed which would

be calculated from R, (Z), but Rp(Z) depends on Rz(Z) and so

on down to the'lastfiayer R,_;(Z). 1In general:

"

Ry(2) = €j+R341 2  + 4=pn-1,n-2,...2,1,0 16)
| 1%C5 Ry 2

—

and for the bottom (nth) interface under consideration:

Rp(2) = cp- 17)

This is the starting place for récursive application of equa-

tion 16. 'Rn(z)_is given from equation 17; then one can solve
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1 Rq(2)

layer O + + e
- . 0
1

=)
4
X Cs
1
i
|
i
1
1
1
i
n
. €.
layer n -1

Figure 5 Layered model for the normal incidence synthethic
seismogram. The medium is excited at the bottom of
the upper half-space by a unit spike. Layer thick-
ness may be nonuniform but correspond to equal time
units. (After Larner et al., 1977)

1 Ro(2)

0 |
SN - G
1
S e
2/

Figqure 6 Equivalent single layer representation of the
- " multilayer model in Figure 5. R;(2) is a generali-
zation of C;. Layer 2 may be considered as the
interior of a black box. (After Larner et al.,
1977) - '
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for R R -R1,R . This method works well, but is compu-

n-1’ "n-2°°
“tationally inefficient due to the polynomial division required

with each step. This can be avoided if in equation 16 the

numerator is renamed Bj'and the denominator is termed Aj:

R(2) = 53 + Rjr1 2 = Bj 18)
1 + . . , . .
cJ RJ+1 Z AJ

This implies that

R, = B. /A. 19
j = By /By )

If 19 is substituted in equation 16 the result is:

c. A B

Rj = ¢j+(Bj+1 /Aj+1)'z = "3 H4+1 + Tj+1 2z 21)
l+cj(3j+1 /Aj+1)z Aj+1 + chj+1 Z
or
Aj f Aj+1 + cj‘:Bj+1 b4 for j=n-1,n-2,f°°2,;,0 21)
and By = €5 Bjux * By 2

Equation 21 Can-be applied recursively starting with the

bottom layer where B =c and A =1. when A, and B, are found

n
then Ro(z)=Bo/Ao. This gives the same answer as a recursive
application of equatioh'le,'but since this method requires

-only one pdlynomial‘division, it is much quicker.
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In summary, note that equation 21 gives a computationally
fast methodVof computing a normally incident synthetic seis-

'mogram with all intrabed multiples and‘transmission losses.

The above discussion has assumed a normally incident unit

impulse as a source, but any source wavelet can be convolved

‘with the results.
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PARAMETERS OTHER THAN IMPEDANCE

The output of the forward modelling algorithm discussed
in the previous section is a reflectivity function that does
not adequately resemblé what it is supposed to - a real séigmic
trace. As mentioned in the beginning of the last section it
’is imperative,that these two be as similar as possible when
’the‘input impedancé profile to the modelling algorithm is
identical to the earth responsible for real seismic trace.
. The difference between this reflectivity function and the
. real seismic data is that the real seismic trace has been
scaled and has a source wavelet convolved with it. The reflec=
tivity function can bé'made to resemble the seismic trace by |
_convolviné it with a source wavelet and then scaling the resﬁlt.
‘Unfortunately, neither'the source wavelet nor this scale -factor
are known. This préblem can be circumvented by solving for
the source wavelet and the scale factbr at the same time

that one solves for the unknown impedénces.
The Source wavélet
Figure 7 illustrates why the source wavelet needs to be

known. This figure shows inversion of some data where the

source wavelet is assumed to be known but is incorrect. 1In
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Figure 7 Inversion with incorrect source wavelet.
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Figure 7 we have generated an "observed" séismic trace from

the shown model impedances. The source wavelet has a 5-10-
115-120 band pass ahd_a 22.5 degree lihear phase shift. Wwhen
inversion is done, a 5~10-115-120 zero phase wavelet is assumed
{incorrectly) to be the source wavelet. The solution impedance
profile is erroneous due to this incorrect assumption.* The.
deterioration of the results shows just_how important it is

‘to have an exact description of the source wavelet. The alter-
native to this is to solve for the source wavelet.

To solve fér,the’wa§elet,'the wavelet must first be para-.
meterized - i.e., a.set of variables must be found that can
'describe any soufce wavelet. These variables could be the
time series that is the sampled wavelet, but it is more effi-
cient to parameterize the wavelet in the frequency domain.

In the frequency domain the wavelet's amplitude spectrum is
defined by five variables that generate a trapezoidal band
pass, and the phase'spectrum is described by a.single number
that gives a 1inear'§hase shift (see Figure 8)} This type-of
phase characteristic ié chosén to_invert zero phase processedr
seismic data. ‘The linear phase shift is included to accommo-

date

*Figure 7 was computed using the inversion program written by
Vandell. The inversion program listed in the back of this
thesis parameterizes the earth in a more efficient manner
than Vandell's and gives better results than those shown in
Figure 7 as shown in Figure 15. Please see the section on
parameterization for a more complete explanation of this.
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Figure 8 Parameterization of the source wavelet. Part A is
the time domain representation of the wavelet.
Parts B and C .show the frequency domain paramteri-
zaglon of AL
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a type of phase error described by Fausset (1979). Fausset
showed that a minimum phase seismic trace with noise will‘
have non-zero phaSe characteristics after spiking deconvolu-
tion. These non-zero phase attributes can be éharacterized
‘as a linear phase spectrum of some intercept and slope. The
slope is irrecoverable - it does not change the shape of the
wavelet, it only delays or advances it in timeo. The intercépt
~can radically alter the shape of the wavelet and must be
accountéd for (as in Figure 8 part c).

The disadvantage of this type of wavelet parameteriza-
‘tion is that the wavelet is constrained to having é trape-
zoidal band pass and zero or linear phase characteristics.
Complicated amplitude spectra and minimum or mixed phase
spectra cannot be described with this wavelet parameteriza-
fion. However, any wavelet that can be parameterized with
other methods, can be solved for if that parameterization
is used. o
| To solve‘for the wavelet using this parameterization,
one need only make an initial guess for the wavelet, modify
equation 4, and then sqlve for‘the corrections just as for
the impedances. The final_band pass filter that the trace
to inverted has been‘filtered with is used at the initial
guess. The modifidations to equation 4 consist of 1) aug-
menting the sensitivity matrix with thefsix vectors that.are
the partial derivatives of the synthetic trace with respect

to the six wavelet parameters and 2) lengthening the correction
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vector by six. When the correction vector is solved for it

will tell how to correct the initial guess for the wavelet to

make it more like the actual source wavelet.

The Scale Factor

Even_if the impedance profile and source wavelet used to
generate the above synthetic seismic trace are identical to
vthose that generate a real seismic traCé, the real and synthetic
seismic traces can still differ by a large scale factor. If
ithe source wavelet is normalized to a maximum amplitude of one
(as was done here) thén the maximum possible amplitude on the
synthetic seismic trace will be one. (This is because the
maximum possible:reflection coefficient is one.) Actual seismic
traces are scaled and havg peak amplitudes much larger than
.this. This scale fagfor is the_result of gain encountered in
recording,_stacking'and processing the data. This ‘scale
factor must be solved for'since it is unknown.

This scale factor does not change the rélationship between
“the impedances and the reflection coefficient series. This
~ can be seen by scaling fhe.impedances in equation 12 by some
constant scale factor k:

C. scaled = k(P

541 Vi+1)~X(P3V5) k[ (P,
7 k(P

i1 J+1)+k(P v Y kT(®.

Vi)=(PV,)]

j+l
3+1V3)* (F5V5)]
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P.. V. V.
= _J+1 .J)-(PJVJ
(P-_,_lvj)+(Pjv.

= Cj unscaled

)
] J)

Where k = constant scale_factor_

The above shows that when the impedance profile is scaled
by a constant, the reflection coefficient series is unaffected.
This means that any'impedance solution generated from the 
reflection coefficients is non-unique with respeét to a 3caie
factor. To make the impedance solution unique, one needs only
to fix at least one of the impedances;' when one impedance 1is
fiked;'all other impedances can be related to the known value
and the constant scale uniqueness problém is avoided. 1In
'recursive;inversion techniques it is the first impedance value
that must be fixed to avoid this scale problem. in general-
ized inversion any impedance value can be fixed in this manner
(please see section;On constraints for an explanation'of how
this is done).

The above paragiaph discusses the scale of the impedances
when computing the reflection coeffecients. We must also
consider the scale of the.reflection coeffecient series when
inverting for the.impedances. The easiest way to do this is
to use recursive (Seislég*) inversion whi¢h is exact when the
tface being inverted isfthe reflection coeffecient series.

Recursive inversion is just equation 12 rewritten to express

*Seislog is a registered trademark of the Technica Co.
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the impedances in terms of the reflection coeffecient series
or:

(Pv) 4,3 = Pvj (1+RC,)
,(l'ch)

22)

Now if the reflection coeffecient series is scaled by a factor x,

the above equation becomes:

(PV) 44 = (BV5) ‘“XRC:’ 23)

when inverting’é reflection coeffecient series one hopes to
get a_solﬁtion’based on equation 22, but ifAtheAdata are

"scaled by an unknown amount then the recursive result is
given by equation 23.  Table 1 illustrates the_magnitude'of

this type of error. In Table 1 (pv) is computed using.

j+1
equation 23 and varipus scale factors x. The term (pv)j is

set at 16,000 (gm® ft) and RC., is 0.2. The correct value
cm sec J

for'(pv)j+1 is givediwhen x=1.

‘Table 1

X (pv)j+1
0.5 19,555
1 24,000
1.5 29,714
2 37,333
5 to
10 -48,000
100 -17,684

Figure 9 illustrates how this scale error will effect recur-

sive inversion. In Figure 9 the response of a three layer
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Figure 9 Inversion with incorrect scale assumption.
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earth is computed and then scaled by a factor of 2.0. When
inversion is done it is assumed that there is no scale factor.
The inversion results are in error due to this incorrect assump-
- tion.

Thisthpe,of7error is due to a non-linear relationship
that exists between the amplitudes in the reflectivity func-
tion. Appendix A has a describtion of how this non-linear -
relationship>comes about and how the inversion errors in
Figure 9 are caused. The existence of this non-linear ampli-
tude relationéhip alloﬁs'one to solve for the scale factor if
multiples are present. Since there can be only one time-
constant scale factor that will give the amplitude relation-
ship between primary“and>multiple arrivals as described in
Appendik A, this scale factor is unique and can be solved for
with generalized invefsion. Practice has shown, though, that
the multiples must be fairly large =- they must be larger
than the noise and ;érger than 1/10 of the primary event ampli-
"tude. It is also n;cessary that one build the,initial guess
with no impedance éoﬁtrasts corresponding to the multiple
arrivals. If these conditions are met the scale factor.can
be solved for in the séme manner described above for the source

'fwavelet}
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PARAMETERIZATION OF THE IMPEDANCE PROFILE

The easiest way to parameterize an impedance profile is
to use the Same method that was used to parameterize to
:observed seismic trace - that is to list an impedance value at
discrete and fixed intervals of 1, 2 or 4 milliseconds. This
"equal sample digitization! of the impedance profile is the
method that Vandell (1979) used, and with good reason; the
fastest and most efficient forward modelling algorithms
require an impedance input in just this form. Since the
forward model must be computed many times in each in&ersion
iteration, Vandell's“method of parameterization is well chosen.

The problem with fixed interval diéitization is that
when inversion is done with it the number of unknowns exactly
‘equals the number of observations. This happens because the
above mentioned typé of forward modelling algorithm requires
an input of N impédance values (the corrections to these imped=
ances are the unknowns) at intervals of delta t tq create a
synthetic seismic trace of the same dimensions. ‘since this
synthetic seismic traée must be of the same dimensions as the
observed seisnic tracé to be inverted, the number of points
(observations)rin the‘trace to be inverted equals the number

of unknowns.
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Equation (5) can theoretically be solved when the number
of unknowns eauéls number of equations, but there are three
problems associated with this situation. They are;

1) Stability. The inversion of a NxN matrix equation
is'no problem when all the equaﬁions are independent and there
'is no noise._,When these conditions are violated, the inver=-
sion can become singular and/or unstable. '

2) Cost. If one inverts a 2 sec. seismic trace recorded
at a 2 millisecond sample interval the matrix equation to be
inverted will Ee 1000x1000. This will be prohibitively expen-
sive in computer time and spacea

3) Othei unknq_wns° It is importént to solve for other
parameters than impedance. If the number of unknowns equals
number of equations these extra parameters cannot be added
without the problem'beéoming under-constrained (more unknowns
than observations).7 

The above liétéd problems can be avoided if the earth is
parameterized using fewer variables'(unknowns). Of course
this parameterization‘must include as much information as the
previous method if it is to work. The.parameterization used
in this paper describeé the earth in terms of separate blocks
or'lithologies and is_fermed "lithologyrdependent parameteriza-
tion." Each‘lithology has assigned to it:

1) a variable impedance value afvthe start of thé‘"block"

(the first impedance value),
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- 2) a variable linear raté ofAchange of the impedance
within the block (the impedance gradient), and

3) a variable time thickness.

The starting time of a given interval is determined by the
total time thickness of all intervais above it. Figure 10
¢ompares this “iithology dependent" method to the continuous
“earth.

Since three variables are assigned to each "lithologic®
~interval in this scheme, the number or parameters are not |
lessened unless the average thickness of all intervals is
greater fhan three time units (where one time unit equals the
sample rate of the observed trace). In practice this 1imit
is not even approachéd because most lithologies need not be .
parameterized. In many applications of the algorithm presentédk
here, the value of_known lithologies are fixed as in examples
(25-26). Thesehlitholbgies need not be parameterized and
solved for. It‘isfélso possible to not parameterize many
unknown lithologiés.A‘Thése lithologies are the ones that
have no impact on thé zone of interest. The only lithologies
" that must be paramete;ized and solved for are those fhat are
of interest and those that change the appearance of the zone
of.interest - i.e.,_iﬁtervals that cause multiples to fall on
the zone of interest.

Using lithology dependent parameterization instead‘of
equal sample digitiZation can make the number of unknowns.

less than the number of observations which leads to increases
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-in speed and stability while enabling the inversion process

to accept other parameters. It should be noted-that Wuenshel's
(1960) efficient forward modeling algorithm can still be used
with lithology dependent parameterization. Only in calculation
of the S (sensitivity).métrix is it important to lessen the
numbexr of.uﬁknowns'describing the earth. After this is done
one can transform an impedance profile from lithology dependent
parameterization to equal sample parameterization and then be
able to use Wuenschel's solution.

- Two uﬁexpected benefits of the lithology dependent para-
meterization are 1) the way it avoids inverting intra-boundary
noise {see Figure 15) and 2) the way it lessens the need for
an‘éxact description of'the source wavelet (see Figure 15).

It was found thét when using lithology dependent para-
~meterization‘the Boundary locations must be solved for inde-
pendently of the impedances. The reason_for'this'is apparent
when one views théggeneralized linear inversion process as a
procedure that minimizes the error between the observed seismic
trace and the synthetic seismic response of a corrected initial
guess. If a given‘boﬁndary has the correct impedance contrast
“but the,wréng locatioﬁ for that contrast there are two ways
to lessen the.error: 1),Move the location of the boundary -
‘this is &hat is wahted. 2) Remove,the'impedance contrast by
setting.the,impédances on both sides of the boundary equal.
This will lessen the error only if the current boundary loca-

tion is incorrect - even if the impedances are correct. To
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avoid this the impedances are solved for only .after all the

boundary locations are known.
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PARTIAL DERIVATIVES

To compute the sensitivity matrix in equatioh 4 it 1is
necessary to take bartial derivatives of the synthetic seismic
trace with'respect to each bouhdary location, eachvfirst_impedé
ance value and‘the lineér impedance trend within each "litho-
.logic’interval.“ Also needed are the partial derivatives of
the synthetic with respect to the wavelet (amplitude and phase)
and the scale'factor, Computation and storage of these deriva-
tives is the most time and computer memory consuming operation
encountered in generalized linear inversioh° Fortunately,

- generalized linear ihversion is a very robust process and will
allow one to use approximations to these partial derivatives -
that may not be exact, bﬁt‘are'computationally more efficient
than the exact derivatives. 'In fact, the error introduced by
these approximations is probably less than the error due to
trun¢ating the Taylor Series expansion (see Page 14). A number
of different approximation techniques are used here to generate
the desired derivatives. .Depending on the derivative needed

an analyticai, numerical (finite difference) of approximation
to an analytical.derivative is used.

The partial derivativerf the synthetic seismic with

respect to boundary locations is calCulated by convolution
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with a‘derivative'operator, A derivation of this approximaw
- tion follows from considering a seismic trace that contains

only primary arrivals and is represented by:

N
s(t)=w(t)* Z(ai (t-~
’ i=1

1

where s(t) = seismic trace

w(t) = source wavelet’

i =.16cation (in‘time)'df a boundary.

a; = magnitude of primary arrival.

‘Taking the partial derivative of the above with respect to

the boundary location 4t

ds(t) = aw(t)* - '(t-
F)

i
This is an approximation to the exact derivative a(s(t)/ai)

i)

because the multiple arrrivals from the boundaries are not
included in‘fhe above analysis. This technique was compared
with a finite difference derivative that did take the multiple
arrivals into account. The finite difference technigque gave
'the same results for simple test cases but was slower to
.compute. ‘The doublet { f(t)] used is a numerical approxima
tion from Butkov (1968) page 226: (See Figure (11))
-n2t2z

'(t)= =-2n® te
nt B
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~amplitude

time

?igure 11 The doublet, a derivative operator.

L3
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where n is a constant.

A numerical technique was used to calculate the partiél
. derivative of the synthetic with respect to the_impedancé of
a'given interval’— both the first impedance and the impedance

gradient. The numerical fechnique.used is a left-finite differ-

ence:

d(s(t)) = ‘s(I+AIi) - s(Ii)

 Vandeli (1979) compared analytical partial derivatives with
the above finite difference method for a very similar calcula-
tion and found that the finite difference method gave a very
~good approximation to the analytical derivative when AL, was
varied from O?lIi tO'.OOI,Ii. The increment used here was
0.1I,. |

.The partial derivatives with respect to the wavelet para-
meters were also calculated using the above finite difference
technique. - The results were compared to an exact partial
derivative with excellent results. 'The exact derivative did
not take much‘longeruto calculate, but itfdid require substan-
tially hore computer memory. For this reason the finite differ-
ence technique was used for all of the wavelet parameters.

The partial derivative of the synthetic seismic trace

with respect to a scale factor is calculated'using the exact

analytical derivative. For any seismic trace:
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N
s(t)=K =z a. (t-T.)
_i=1l i
"Where K is a constant scale factor

'Thg partial derivative with respect to the scale factor is:

g;gtg = :»:aiJ(t-Ti) = s(t)/k

Thisrpartial is extremely simple to calculate - it is just

the scaled synthetic divided by the current scale factor.
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GENERATION OF THE INITIAL GUESS

In order'to'generate'equation 4 one must first have an
igitial guess of the impedance profile (IG). Vandell (1979)
generated his initial guess by doing a Seislog* inversion of
the observed data and ignoring the effects of the,source‘%
wavelet and>mu1itp1e'arrivals.' This will not work with the
technique uSéd iﬁ.this paper due to the difference in imped-
ance parameterization. If oneVWas}to "block" this type of
initial guess it would be compatible with the parameterization
used here. This was done with excellent results. Another
method used here to generate an initial guess is to assign an
increase in impedance to each positive polarity arrival in
the observed data and a decrease in impedance to each negative
polarity arrival. This method has the limitation that it
will oniy invert the arrivals that one includes in the guess,
but it will also allow for the interpreter to include litho-
logies in the guess that the blocked Seislog* method did not
discern. When sequentially inverting a number of traces the
guess for one trace would be the impedance solution from the

adjacent inverted trace,

*Seislog is a registered trademark of the Technica Co.
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‘Some guidelines for how exact‘a guéss must be for'the
guess to converge on the correct sblution'were determined by
experience, For”the location of a given boundary, the guess
must lie'within‘a time x of the boundary's true location. The
time x is equal to 1/2 of the central lobe's width for the
source wavelet. The magnitude of the impedance change at a
bounda:y is of little importance - one need only have the
correct polarity change.  The initial guess of the impedance
gradient within boundaries was always set to zero. The initial
guess for‘the‘source wavelet is usually the band'pass filter

'on_the data to be inverted.
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CONSTRAINTS AND USE OF EXTERNAL INFORMATION

Equation 4 is a system of linear equations that is solved
for a set of}parameter corrections. In deriving equation 4
it is assumed that there is no avpriofi information concerning
'the parameters to be corrected. It often happens that a‘seismic
interpreter will have.quite a bit of useful information
concerning these parameters. This information can be an inter-
preter's knowledge of some lithology or it might reflect phys-
ical constraints within which the parameters must lie. There
are two ways that one can use this external information. The
first method involves how to use the parameter corrections
solved for and the other is actually a modification to equa-
“tion 4.

The parameter corrections supplied by equation 4 often
can leadAto nonsensical results. For example it is theoreti-
cally possible forfspme éolution to give an interval a negative
thickness or impedanée. This sort of result does not neces-
sarily_mean that the inversion process is unstable. Such
unrealistic results are somtimes encountered in an iterative
procedure when the corrections in a give iteration overshoot
the answer. The corrections from the following iteration
would tend back towards the correct solution and thus remove
the nonsensical results (that is unless the forward modelv

"blows up when supplied with nonsensical parameters). It is
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possible, though, to avoid the ndnsensicai results and lessen
‘the number of iterations needed by constraining the corrected
parameters to lié‘within realistic bounds. 1In this manner
all lithblogies are constrained (when the corrections are
added) to have a thickness greater than zero. Each individual
impedance correction is constrained to lie between plus or
minus 5,000 gm/cm3}ft/sec to avoid large oscillations. Note
that this type of constraint is applied exterior to equation 4
and thus is not_used‘in calculating a given correction vector.
As mentioﬁed above one can modify equation 4 to reflect
knowledge about any given parameter. One way of doing this
‘assumes that a'parameter(s)_in the initial guess is exact and
should not be changed. Furthermore, the solution for other
parameters.should be based on this exact parameter. To do
this the partial derivative with respect to this parameter
can be set to zero or it can be removed entirely from the
SEnsitivity matrix. ;If the partial derivative is removed
then a correction fothhat parameter will not be ihcluded in
the correction,Vector; If a partial derivative is set to
zero the parameter correction will automatically be zéfo.
The iatter method is coﬁputationally slower but it requires
less bookkeeping in anyfcomputer scheme. Figures 26~27 use

this latter method of ffxing a given parameter.
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'RESULTS

Figqures 12A and 12B show an example of generalized linear
inversion. This is the simplest inversion problem possible
“and is shown here for illustrative purposes. In this example_
the initial guess for the boundary_location was on the edgé
of the region of convergence. The initial guess of the scale
factor and source wavelét are correct and they are not solved
for in this example. The solution ﬁook 9 iterations to
converge, but only because the boundary corrections were
constrained to moving one time unit (2 milliseconds) per iteram
tion.

In thié and most of the following examples six traces
are displaYed. The first three traces (as in Figure 12A) are
impedance profiles. The earth's impedance profile is used to
‘compute the trace éo be inverted. The initial guess of the
earth is the user's interpretation of the impedance profile
that corresponds to the observed data. The iterative imped-
ance sclution is the generalized linear inversion refinement
of ﬁhe initiél guess. If the inversion is exact the solution
will be identical to ﬁhe earth's impedance. The second three
traces (as in Figure 12B) are synthetiq seismograms computedv
from the impedance profiles.

‘Figures 13 (A,B,&C) are bésically the same as the previoué

example except that an incorrect initial guess for the source
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wavelet is used and the program solves for source waveiet° The
solutibn wavelet exactly equals the "observed'" wavelet as |
illustrated in Figure 13-C.

Figures 14A and 14B show how the lithology dependent
parameterization has lessened the need for an exact descrip-
tion of ﬁhe source wavelet. This is a repeat of the inver-
sion done in Figure 7 in which discrete interval digitization
was used. In Figure 14 the observed wavelet was a 5-10-115-120
band pass filter with a 22.5 degree phase shift. The guess
‘wavelet had the same band pass but was zero phase. In the
inversion the source wavelet was not solved for. Note that
the inversion results are not perfect, but they are far
superior to those in Figure 7 (Page 26).

In Figures 15A and 15B the boundary location, impedances
and wavelet are solved for, but in this case the observed
~data has simulated noise'addéd to it. The noise is white and
the signal to noise ratio is 2.0 (this is rms s/n as calcu-
‘iated over the entire 200 millisecond window). The presence
of the noise has a siight effect on the results. The solution
source wavelet is slightly incorrect and the impedance of the
1ower ipterval 1s a bit larger than it should be.

Figures 16A and iéB show an example where there is a
linear trend inh the earth's impedance. The algorithm solved
exactly for the earth's impedance profile. In this example
there was no noise and the initial guess was generated by

aSSigning an impedance contrast to each of each of the four
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Figure 14A Inversion where source wavelet is not solved for.
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largest arrivals. The boundaries in the guess were then moved:
- to simulate an incorrect guess. The guess of the impedances
within each interval is arbitrary except that the polarity of
the impedancé contrast at each boundary matches the polarity
of_the four arrivals used. The guess of the impedance
gradient in each’interval is zero.

When generating an initial guess, it is of some concérn
whether a given peak or trough is a real arrival or noise - a
multiple arrival, side lobe of a real arrival or a tuning
effeét between two arri&als. Figures i7A and 17B show that
one can construct an initial guess with the false assumption
that noise is a true primary arrival. 1In the ‘observed' data
of this example there are two multiples arrivals - at 180 and
275“Qilliseconds._ In generating the initial guess an imped-
ance contrast was assigned to both of these multiples arrivals
and in the final solution both of the contraéts were removed.
Note also that theilocation of all boundaries in the guess
have some error.

In Figurés 18A and 18B the scale‘factor, along with the
boundaries and impedances, is solved for. This example shows
how the problem presented in Figure 9 is solved. Figure 9
shows the error thatAfesults when the data is incorrectly
scaled. The "observed" trace of Figure 18B is the same as
the observed trace of Figure 9 except Figure 18B has a sourxce

wavelet in it. . The scale factor in both cases is 2.0, and in
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the latter example it is solved for which removes the erroneous
result of the former exaﬁple, . |

Figure 19 through Figure 27 show a hypothetical example
of how generalized linear inversion could be applied to an
_,entire seismic line instead of one trace at a time as in all
of the above examples. Figure 19 shows the geologic seﬁtingo
Two wells have been drilled on the brofile, and one has enéountu
ered a gas sand encased in shale. On the side of the figure
is an impedance log‘as‘a function of time over the 300 milli-
second window of interest. Figure 20 shows the two main cate-
gories of seismic t;aces-that would be.fOund in a seismic
line shot over the profile in Figure 19. One trace is shot
over the gas sand and the other traces misses it. Complica- |
ting things is the fact that a multiple arrives exactly where
the top of the gas sand is expected. This example is noise
free. ATo decide which of these traces really shows‘the gas
sand, both are inverted using the initial guess shown in
Figure 21. Note that this initial guess.does have the gas
‘sand.. Figure 22 shows the results. - both traces are inverted
perfectly and show the occurrence (or lack of it) of'the gas
sand.

The above example was done in the absence of noise and
is thus a bit unrealistic. Figure 23 is the same as Figure 19
except that noise has been added to make it more realistic.
The noise is shown in Figure 24. This is filtered random

noise where the filter used i1s the source wavelet for the
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the gas sand while trace B does.
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synthetic traces. Note that the noise has its highest ampli-
tude exactly where the expected gas sand and multiple arrivals
~are. Both of these traces are inverted using the initial
guess shown in Figure 21. The results of this inversion are
shown in Figure 25. Note the deterioration of the results in
the lower half of the window. The impedance gradients are
unrealisticallyrhigh giving rise to an impedance at the bottom
of the wihdow that is more than twice as high as in the real
earth. Note that in the solution all boundary locations are
corfect and the impédance contrasts between lithologies are
approximately correct. |

To correct the errors found in FigurevZS some constraints
were applied as in the manner discussed in ﬁhe section on
constraints and use of external information. The first
constraint applied was to fix all impedance gradients to zero.
The results of this are shown in Figure 26. This constraint
has removed the uﬁdesirable results of Figure 25Abut a new
.type‘of error results. Note that the slight impedance gradiént
that really exists in the model is absent in this inversion
result. This may not seem like a problem in this example,
- but actual impédance;logs_show frequent and sometimes quite
large impedance gradiénts within a single lithology. In.such
a case it may be very undesiréble to constrain the gradients
to zero. A different (and more realistic in this case) constraint

is to fix the,impedanCe'of the last intervél at its logged
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value. No boundary locations or impedance gradients afe fixed.
The results (Figures 27A and 27B) show a slight error compared
to the correct.answer, but there is no problem in identifying
the gas sand.

Figures (28) through (35) show an example where a real
Seismié trace is inverted. Figure 28 shows the seismic trace
to be inverted and an impedance‘log recorded near by. (Ali
densities were assumed to be 2.0 gm/CM® to generate this impedm
ance'log;)' The data shown are from a window, the top of which
is at 1.0 second. The well was not logged beléw the 290 milli=-
.second point in the window. The impedance log is shown here
for comparison with the inversion results. The seismic data
is a C.D.P. trace that has been processed to preéerve true
amplitudé and zero phase charcteristics. The data were
recorded at a one millisecond sample interval, resampled at
two millisecoﬁds and has been filtered with a 5-15-80-105
trapezoidal band~§ass filter. This was the same filter that
was uséd for a‘sou£Ce wavelet in the inversion process. The
wavelet was_not solved for in the following examples.

The observed trace in Figure 28 was inverted using the
initial guess‘found'ih Figure 29. The result is shown on the
right of Figure 29. ;This initial guess was generatéd,by
assigning a boundary where impedance increases for every peak
and a decrease for e&ery trough found on the observed data.

The impedance of everj interval was arbitrary. The guess of

the first (shallowest) interval is taken f:om the impedance
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log and is fixed. The guess for all impedance gradients was
zero. This example took 760 seconds and 12 iterations on a

CDC Cyber 720 computer. To evaluate the results one can compare
the impedance solution in Figure 29 to the real log in Figure 28.
Another way to evaluate the results is shown in Figure 30

which shows a synthetic seismic trace generated from the imped-
ance solution and the error between this synthetic seismié’

‘and the actual observed trace.

In Figure 31 the data are inverted again, this time using
a.different'initiai guess. This guess has the same boundary
locations as the gueés in Figure 29 but the impedance for
each boundéry is from the solution from Figure 29. Figure 32
evaluates the results of this inversion in the same manner
that Figure 30. | |

The impedance soiutions of Figures 29 and 31 show very
good agreement with the actual log. Most qflthe boundary
locations match exactly and the impedances have a good corre-
spondence. One should remember that to generate the real
impedance log all densities were assumed to be 2.0 gm/cm3
whiéh introduces some error. The synthetic traces generated
from the above impedance solutions also show good agreement
with the observed trace.

 It is a bit disturbing to see that the solutions in
Figures 29 and 31 differ. This means that a solution is depen-
dent on its initial guess. The reason for this difference

'stems from the fact that the boundary solutions are completed
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Figure 30 Synthetic seismic trace genetated from the
‘ impedance solution in Figure 28 and the difference
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Figure 31 Initial guess used to invert the seismic trace of
Figure 27 and the inversion results.
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Figure 32 Synthetlc seismic trace generated from the
impedance solution of Figure 30 and the difference
between this synthetic and the data being inverted.



T-2459 86
before the impedance solutions are even contemplated* but imped-
ance sblutions can have‘a secondary effect on boundary solu~

. tions. This secondary effect is due to waveletvinterference
between different arrivals (primaries and all multiples) which
can move the location of a given peak or trough.

-In.Figureé:BB and 34 the data are inverted again, this
time with a different initial guess. The initial guessgdf
this example has a low frequency trend added to it. This
trend was taken from the logged impedance values. In this -
example the amplitude and phase spectra of the source
wavelet are solved for. The initial guess for the source
wavelet is a 10-20-90-105 band-pass zero phase filter
(Figure 35). This is the same source wavelet used in all
previous examples -~ except the source wavelet was not solved
for:in the previous inversions, it was assumed known and ‘fixed°

The solution for the source wavelet is a 18.1-29.5-95.6-
104 band pass filter with the amplitude at 95.6 HZ 20% of the
amplitude at 29.5 HZ. The phase of this filter is 6.7 degrees.
Note that the amplitudes of the higher frequencies are much
less in the solution wavelet than in the source wavelet.

This is the sort of effect that is expected from inelastic
attenuation. The phase of the solution wavelet is of the

type observed by Fausset (1979).

*For an explanation of why this is done see section on para-
meterization.-
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Figures 36 and 37 are used to evaluate‘theyinversion
results. In Figure 36 the seismic trace being inverted is
compared to~a synthetic trace generated from the inversion
result of Figure 33. This synthetic seismic trace is the same
one displayed in Figure 34. 1In Figure 37 the inversion imped-
ance result is compared to the loggedbimpedance profilé;and
to a conventional inversion result. This conventional iﬁver»
sion is. similar to the Seislog-type inversion and has had a

low frequency trend added to it.
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CONCLUSIONS

‘The well-known and well understood technique of*generaiized
- linear inversion has been applied to the problem of one-dimen-
sional seismic inversicn; This approach enables one to include
in the results some assumptions aboﬁt the form of those results.
These assumptions are brought about by the method of parametéri~'
zation, which forces all impedance boundaries to be discrete

as opposed to continuous. This, in turn, has broadened the
frequency content of the results beyond the band width of the
‘input data.

The inversion problem is posed in terms of a set of simul-
taneous equations, which allows one to fix any of the impedance
variables if they are well known. This approach is favorable
to recursive inversion where errors tend to propagate and known
‘impedance information cannot be easily utilized.

It has been shown that this technique can discriminate
against the inversion of noise (Figure 15) but to do so, it
is important that the user have some idea of what is noise
and what is signal. In other cases (Figure 25) the solutions
for the impedance gradients within one boundary will be domin-
_ated by the presencé of noise. This effecf can be lessened
by the use of constraihts, but it is.questionable'whether it
is p0551b1e to extract rellable 1nter-boundary lmpedance

gradient information in the presence of noise.
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It is shown here how it is possible to solve for the
‘source wavelet. It is also shown (Figure 14) that when the
source waveletAis not solved for, the residual.wavelet»effects
are negligible. If one makes a slightly incorrect guess for
the source wavelet and does not solve for the wavelet with the.
impedances, the impedance result will be very similar to the
case where the wavelet is solved for.

The generalizedvlinear‘inversion technique has been
xtested extensively with synthetic data and the results are
satisfactofy. It is recommended, though, that more testinév
be done with’field data in areaé with good control.

The examples of inversion of real data used a large
‘amount'of computer time (760 seconds) and storage space
(156,000 octal words). It i$ recognized that the computation
time will drop by a large amount when the initial guess is
close to the solution. This would be the case when inverting
many traces on the same seismic section. The initial guess
for the first trace-inverted would be user supplied and the
inve;sion of this trace would take a léng time (as in the
examples here). Inversionvof all other traces would use for
initiai guess the solution from an adjacent trace for an
initial guess. Since the guess would be closer to the solu~
tion the number of iterations needed would drop as would compu-
“tation time;

It is felt that there are a number of software and hard-

ware improvementSjthat could speed up computation time. For
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example there is some symmetry in the sensitivity matrix and
the square of it that can be taken advantage of in terms of
computation time and storage space. Also attractive is the
"use of an array processor for matrix and array manipulation

‘which would greatly speed up the inversion algorithm.
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APPENDIX A

Scale Factor and Amplitude Relationship

vFor'any'multiple train there are at least two associated
primary arrivals if the source and receiver are not on aﬁ
interface. The amplitudes of any two such primaries and the
associated multiples are nonlinear functions of the reflec-
tion coefficienté. - There are two important consequences of
this'non—linearity that will be discussed in this appendix.
They are: 1) If one tries to invert a scaled reflectivity
function, exact inversion is impossible if ﬁhe scale factor
is not corrected for, 2) This scéle factor can be calculated
from the amplitudes of any primaries and associated multiples
even when the reflection coefficients are unknown. These
points will be illustrated here using a single layer earth

model as shown in Figure 4

From equation 13 we see that for the single layer case

the amplitude of the first primary is:

and the amplitude of the second primary'is:

Apl

In these expressions Ch is a reflection coefficient and Apn

‘is the amplitude of the nth primary arrival. Using the above

—_ 2
Cy (1-C3)
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relationships we can calculate what effect a scale factor has
on any type of inversion by expressing the reflection coeffi-

cients in terms of the arrivals:

Co = Ap, 1)
A A

Cy = = - 2)
iez) (17RE,)

These two expressions are the exact inversion result for the
single layer case. If the amplitudes of the primaries are

scaled by a factor x, the above expressions become:

CO = XA

pPo
-2 B
c, = XA _ XA 1-c2 . 3)
(1-xzcg) (1~cg) 1-x2c§

Equation 3 shows that the reflection coefficients cannot be
recoveredrfrom a scaled reflectivity function unless the scale
factor is known. This is true for both absolute and relative
_amplitudes of the reflection coefficients. The first term on
the right side of equatioﬂ 3 is just a scaléd version of equa-
tion 2. If this was the only term then one could recover the
reflection coefficienﬁs in a relative sense - that is they
would all be scaled by the same unknown amount x. The second
term on the rightAside of equation 26 is the two way trans-
mission loss due tb the boundary immédiately above. It is

this term that makes recovery of the reflection coefficient's
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relative amplitudes from the reflectivity function impossible.

Table 1 is a listing of the distortion due to this term as a

function of the scale factor x. In this example C, is 0.2.

Table 1
‘Inversion Error Due to Scale Factor

' 1 o2 202
b4 (l_co)/(l X Co)
0.5 .97

1 1

1.5 1.05

2 1.14

5 +00
10 -.032

100 -0.002
The above table shows the inversion error when the reflectivity
function is scaled by some unknown amount. It is possible to
calculate what this scale factor is if one can identify two
primaries and the multiple from them in the reflectivity func-
tion. Figure 4 shows the setting for which this is done here -
that is‘the single layer case. From equation 13 we see that
the magnitude of the first primary of Figure 4 is:

Bpo = %o
‘and the second primary arrival is:
- -C2
AP1 C;(l c3)
and the first multiple is:
= 2(1-02
Py, = CoCI(1-Cd).
Using the above relationships the magnitude of the multiple

can be expressed in terms of the primary amplitudes:
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A__ A2
= o . 4)
RSN e v
, _ po _

To ascertain if the relfectivity function is scaled one could
measure the magnitude of two primaries and the associated
multiple. If the data are unscaled then the above equation
“would hold. 1If there is an unknown scale factor the above
would be an inequality or:

( 12 :
Av, = PBpo A'p K 3)

M, —ATZ
{1-A p1)

or
=A"
At A'2

PO "'pi
Where the primes indicate scale amplitude valﬁes° Using the
known values for K, Apo’ AP1 and AM1 it is possible to solve
for the scale factor x. It is important to note at this point
that the following solution for the scale factor is not used
in generalized linear inversion. Generalized inversion will
in effect search for the scale factor required for equation 4
to.be true. The following solution for the scale factor is
included here only to illustrate that one can recover the
scale factor when two primaries and a multiple are‘kn,own°
If the reflectivity function has been scaled by a constant,
’we can replace the primed amplitudes in equation 5 with the
unscaled values times the constant x:
X A, X?AZ

. - p1 K
{(1-X Apo)

XAy =

or
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w272\ - - 2
AM(1XA ) zAiI(lAf)o) 6
XZA Az Al sz
PO D1 Do P3

Since X is given by equation 5 the above equation can be solved
for X if the unscaled_amplltudes (Apo’ Apl‘and AMI) are known.

Since this is not the case we can substitute 4 in 6 to give:

_ A__(AZ.) <1~x2A2 )
XK = po " pl
(l-Apo) (X‘APOAz )
or |
= (1-x2AZ ) . (1-A1Z)
R = jole] = po
X‘-—XZAEO) X=-Agg)

This can be rewritten to give the scale factor X in terms of

K, and Aég' ~L , b
R A 12 ?
x2 =1 igo * Apo

or if one has not yet measured K, substitute equation 6 in

the above to give

?; > 2 12
xz = (1=RAn5, AivoA'pl * Ao
\ (1 AlZ)

or
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APPENDIX B

This appendix contains all programs and subroutines,

excluding plotting programs, used in this thesis.
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T-24 59
g : _

SUEQOUTINE IPDRC {MIPDLG»NIHPDIRCLG?
DIMENS ION “IPDLGINIMPD)+RCLGINIMPL)
REAL “IPOLG
gc x? 1x:z.:unpo

16 RCLG(J)Y = (MIPDLG{I) = MIPOLG(J}) ¢ (MIPCLGUI) + MIPDLGCSS)
RETURN . A
ENOD

SUBROUTINE ZERO STORES A FLOATING-POINT NUMEER ZERD

IN EACH STORAGE LODCATION OF aN ARRAY

{PROCRAM IS TAKEN FROM ™MULTICHAMNEL TIME SERIES ANALYSIS
WITH DICITAL COMPUTER PROGRAMS, RC2INSTNlve?)

IS C YO I IV TS AGR LI POV AT NS CSITISGRCEISILIT RIS RDREED

SAMPLE CALL STATEMENT: CALL ZEROILXoX3}

INPUT S LX = LENGTH OF ARRAY X
XK = ARRAY TQO 3E& Le&Crw
ourePuT: X = ZERQOETD ARRAY

BBV G UL P FIRE LGS LEI YRR LSS N2 IIR RO EEFFRVXNEEFFUBERS

SUSROUTINE ZERY {L X,X)
DINENSIUN X(LX)
IF (LX.LEe«Q) RETUXN
DG 1 I=1,LX
1 X(1) = 0.C
RETURN
END

SUBRQUTINE POLYDV DIVIDES ONE PCLYNOMIAL 8Y ANUTHER

(PROGRAM IS TAKEN FRO™ MULTICHANNEL TIME SERIES ANALYSIS
wITH DISITAL CUMPUTER PROGRAMS. #O31InSON.1907)

&#oan####vctccnt*tq::a#n###‘#####&ta‘t.###?@#a##4#@‘##@*?@8%&‘

SAFPLE CALL STATEMENT ¢ CALL PUOLYDVINSOVS+HMsDY¥IsL +Q)

INPUT: N = tLENGTH OF DIVISOR POLYRGMIAL
‘ DVS = ARRAY CONTAINING DIVISOR POLYNGMIAL
M o= LENGTH GF DIYIOEND POLYNOMI AL
OVD = AKRAY CONTAINING CIVISEND POLYNCMIAL
L = LENGTH OF DESIReD QUTPUT GUOTIENT

11k
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g quTPuT S = ARRAY CONTAINING THE QJUCTIENT OF OVO/ZOVS
C :
g 2IFVXLISITLTFSIAIVEFAFT L I XL EAIFERNFALFRXFSVAEXIS R LI FL IS RF 0SB 5E S
¢
SUSROUTINE POLYDVINLCVS+¥sDVDalsG)
-DIMENSION DVS{N)aDYD(M)LQ(L)
CALL ZERQ (L+G)
CALL ROVE (MINC(“aL) 0Y0,Q2
DG 12 I=1sL _
(YY) = O(I)Y/DVvS(L)
IF {1.EQeL} RETURN:
K = |
ISUS = MIND(N—l,L-1)
D0 19 J=l.iSUs
K = K ¢ 1
10 Q(KX) = QIK) = Q(I)=*DVS(J4+l)
T RFETuyR:
END
SUBROUTINE MOVE MOVES AN ARRAY FROM ONE STURAGE LOCATIGN
TO ANQTHER . .

{PRCOGRAN IS TAKEN FRU™ MULTICHANNEL TIME SER2IES ANALYSIS
WITH DIGCITAL CIMPUTER PRDGRAMS, RUBINSON,1%07)

FLERABLFIEECE L EREXKXREEIRBARX KRS O VLB EBRRVNRS CR XL LTS IRISEEFEE

SAMPLE CaALL STATEMENT: Catl “Ovir (LRsyXsY)

TINPUTS tX = LENGCTR OF ARRAY X TC 8FE MUvEu TO ARRAY V
X = ARRAY TQ BE MUVED
QUTPUT: . Y =

ARAY THAT CONTAINS THE VALUES (LX [N NUMBER]
ORISGINALLY CONTAINED I ARRAY X

IEXEBREILESEFE LIRS VAT E P BLREC LIS RS R NELRERFIEHERNFEECFZTEREEDS

AAOOOOAOAONOOOOOOOOONNOOOM

£

N {1

UVE (LXy9XqY)
LX)YeY{LX)

-
<
wa

M——'{

P A R&TON

~Z

el

“
x4
Lx
3

m<OOw’
ZMaQmC

O~
-
A
Zu

SUBOCUTINE FOLD COMPUTES THE PwODUCT GF Tal PULYNOMIALS

(Paoceav IS _TAKESN FROY Mut TICraNnEL TIME SERIES ANALYSIS
ITh DIGITAL CISPUTEIR PROGmRAMS, wUBINSON-LIYGET)

[2]glginiglsininlaln]
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