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ABSTRACT

This dissertation considers the network analytics problem of comparing two distance

metrics on the same set of n entities. The classical solution proposed in 1967 is the Mantel

test: a permutation-based hypothesis test whose complexity of Θ(n2) per permutation makes

it intractable for even medium-sized data sets. Our first contribution is the development

of a faster (Θ(n) per permutation) permutation test based on uniform random spanning

trees called DIMECOSTP. In addition, we present DIMECOSTCC a method that once

again uses uniform random spanning trees to compute correlation coefficients that quantify

the strength of the linear relationships between distance metrics. The spanning tree based

method eliminates dependencies in the data resulting from the triangle inequality making

the correlaton coefficient a more robust metric.

We next develop mathematical formulas for special cases of transportation networks

(line, circle and mesh graphs) based on the DIMECOSTCC methodology. These are used

to analyze trends as graph size and topology and location and amount of congestion in the

network changes.

Finally, we apply DIMECOSTCC to assess fairness in the Denver area transportation

network. Along with average speed to evaluate network effectiveness, we show that this

approach can be used by transportation planners and policy makers to perform a quick

screening of potential future projects in order to recommend a short list of projects for

subsequent, extensive evaluations.
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CHAPTER 1

INTRODUCTION

This dissertation considers the network analytics problem of comparing two distance

metrics on the same set of n entities. The classical solution to this problem is the Mantel

test, which uses a permutation test to accept or reject the null hypothesis that there is no

relationship between the two metrics. We found more than seventy papers about the Mantel

test and its application in comparing distance matrices in different majors such as biology,

anthropology, geology, psychology, and geography. We briefly mention a few. Schneider and

Borlund [1] use matrix comparison as a common approach in psychology, geography, and

anthropology to find the similarity or dissimilarity between two or more distance matrices.

Smouse at al. [2] explain the importance of distances metrics in biology - they can be based

on genetic markers, morphological traits, geographic separation, ecological divergence, and

so on. Jackson et al. [3] discuss multivariate measure of the concordance or association

between matrices of species abundances and environmental variables. Le Corre [4] uses the

Mantel test to find the similarity between geographical distances among populations and

chloroplast DNA restriction polymorphism in the same populations. In our own research

group’s previous work, we have studied the relationship between bond count distances and

the Tanimoto distance between extended connectivity fingerprints corresponding to isomer

networks[5].

The purpose of this research is:

1. To develop a new method to find the similarity between big distance matrices efficiently

(Submitted to IEEE Transactions on Network Science and Engineering in June 2017).

2. Develop analytical formulas for special cases such as line, circle, and mesh graphs that

can be used to analyze different networks (To be submitted to Network Science)

1



3. Apply the new model to evaluate the predicted performance of the transportation

network in the Denver region in 2040. (nearing submission to Transportation journal

or conference to be determined ).

This dissertation contributes to network analytics and transportation project evaluation.

We add to the network analytics literature by introducing an efficient method to find the

correlation coefficient between big distance matrices in a few seconds to a few minutes.

This dissertation is organized as a collection of three papers included in Chapters 2, 3 and

4. Specifically, in Chapter 2, we use random spanning trees to quickly find the correlation

between distance metrics. We show that this approach gives results that are close to that

of the Mantel test, which has traditionally been used to find the similarity between distance

matrices. Chapter 3 introduces some general formulas for correlation coefficient between

distance matrices with line, circle and mesh graphs. In Chapter 4, we use the methods

described in Chapter 2 to evaluate the performance of the transportation network in Denver

region. We propose two parameters (fairness and average speed) to quickly evaluate the

performance of a network. We also evaluate the performance of two projects and assess their

impact.

2



CHAPTER 2

IMPROVED METHODS TO COMPARE DISTANCE METRICS USING UNIFORM

RANDOM SPANNING TREES(DIMECOST)

A paper submitted to IEEE Transactions on Network Science and Engineering.

Sara Bourbour 1, Dinesh Mehta2, William C. Navidi3

We consider the network analytics problem of comparing two distance metrics on the

same set of n entities. The classical solution to this problem is the Mantel test, which

uses permutation testing to accept or reject the null hypothesis that there is “no relation-

ship between the two metrics." Its computational complexity is n2 times the number of

permutations, based on a user supplied parameter. This work makes two contributions:

(1) we propose DIMECOSTP, a more efficient hypothesis test based on uniform random

spanning trees whose complexity is n times the number of permutations. (2) we propose

DIMECOSTCC, which uses the correlation coefficient between the two sets of edge weights

in a random spanning tree as an indication of the strength of the relationship between the

two distance metrics. Experimental results confirm the efficacy of our methods.

2.1 Introduction

Consider a set of n entities and two distance metrics d1 and d2 that can be used to

compute pairwise distances between pairs of entities. As an example, each of the n entities

could denote a city and the two distance metrics d1 and d2 could denote shortest-path driving

distances and drive times, respectively, between cities in a road network. The distance

metrics can be used to compute two n × n distance matrices D1 and D2, where D1[i, j]

represents the distance between entities i and j using distance metric d1. Alternately, each

1PhD Candidate, Department of Computer Science, Colorado School of Mines
2Professor, Department of Computer Science, Colorado School of Mines
3Professor, Department of Applied Mathematics and Statistics, Colorado School of Mines
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of the n entities can be viewed as a vertex in a weighted graph. In this graph-theoretic

interpretation, D1 and D2 may be each interpreted as a complete weighted undirected graph

on the same set of vertices.

The notion of distance matrices finds several applications. Schneider and Borlund Schnei-

der and Borlund [1] use matrix comparison as a common approach in psychology, geography,

and anthropology to find the similarity or dissimilarity between two or more distance matri-

ces. Smouse et al. Smouse et al. [2] explain the importance of distances metrics in biology,

which can be based on genetic markers, morphological traits, geographic separation, eco-

logical divergence, and so on. Jackson Jackson [3] discusses multivariate measure of the

concordance or association between matrices of species abundances and environmental vari-

ables. Le Corre et al. Le Corre et al. [4] use the Mantel test to find the similarity between

geographical distances among populations and chloroplast DNA restriction polymorphism in

the same populations. The Mantel test is widely used in the literature to find the similarity

between distance matrices such that until the writing of this paper it has been cited about

10,000 times. In our own research group’s previous work, we have studied the relationship

between bond count distances and the Tanimoto distance between extended connectivity

fingerprints corresponding to isomer networksKouri et al. [5].

A classical and intuitive approach to comparing two sets of variables (for example, the

heights and weights of a set of individuals) is to compute their correlation coefficient. The

correlation coefficient is a unit-less value between −1 and +1 with a value close to +1 denot-

ing a strong positive relationship between the two variables. We note that the correlation

coefficient is a measure of the linear relationship between two variables and assumes the

observations on each variable are statistically independent. The correlation coefficient how-

ever cannot be used directly to determine the strength of the relationship between distance

metrics. In part, this is because elements in a distance matrix are not independent. For

example, consider the three entities i, j and k, and their pairwise distances d(i, j), d(j, k)

and d(i, k). These quantities satisfy the triangle inequality d(i, k) ≤ d(i, j) + d(j, k), clearly
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violating the independence assumption.

The Mantel test uses a permutation strategy for hypothesis testing; although the under-

lying approach calculates the correlation coefficient between distance matrices, its success

does not require independence among the elements. Computing the correlation coefficient

requires O(n2) time; this computation is performed once for each permutation making the

overall complexity a product of n2 and the number of permutations. For large values of n, the

computation can be prohibitive. As an example, n can be well over 106 in cheminformatics

applications. Our first contribution, DIMECOSTP, proposes a faster variation of the Mantel

hypothesis test with a time complexity of O(n) per permutation: first, a uniformly random

spanning tree of the complete graph (corresponding to the distance matrix) is obtained in

O(n) time; next, the correlation coefficient between the two metrics over the edges selected

in the spanning tree is computed, also in O(n) time. The subsequent permutation testing

also requires O(n) time per permutation.

Our second contribution, DIMECOSTCC allows us to use correlation coefficients as a

measure of strength between distance metrics. Note that the Mantel test essentially returns

a boolean outcome: the null hypothesis is either accepted or rejected. However, the Mantel

test does not shed any light on the strength of the relationship. Directly using the correlation

coefficient of the upper triangles to measure strength is not recommended because of depen-

dencies resulting from the triangle inequality. DIMECOSTCC addresses this by exploiting

the observation that (by definition) there are no triangles (or more generally, cycles) in a

spanning tree. This eliminates any dependencies associated with the triangle inequality and

suggests that the correlation coefficient between two metrics can be more reliably used to

measure the strength of the relationship between distance metrics. We illustrate an appli-

cation of this approach with an example. Consider, as described before, the application of

cities connected by a road network. In addition to d1 and d2 (driving distances and drive

times, respectively), consider a third distance metric d3 which denotes the number of traffic

lights between source and destination. We expect drive times to be correlated to both driving
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distances and the number of traffic lights (both increase drive time). However, if we are now

able to quantify the strength of the relationship between d1 and d2 and also between d3 and

d2, we will be able to answer questions about which of the two is more correlated to drive

time, allowing us to design more efficient road networks. A key to both of our contributions

are highly-efficient random-walk algorithms for uniform random spanning trees that have

been discovered in the last decade.

We have organized the remainder of this paper as follows. Section 2.2 provides back-

ground including a review of correlation coefficient and the Mantel test. Section ?? describes

our proposed method to compare distance metrics by using random uniform spanning trees.

Section 2.5 compares the results of existing and proposed methods in terms of computation

time and correctness. Section 2.7 concludes the paper.

2.2 BACKGROUND

The Pearson correlation coefficient r quantifies the linear relationship between two vari-

ables. Consider an experiment that generates a collection of ordered pairs
(

x1, y1
)

,...,
(

xn, yn
)

.

The extent to which points in a scatter plot cluster around a line reflects the strength of the

linear relationship between
(

x1, y1
)

,...,
(

xn, yn
)

. Changing the scale of the axes can make the

clustering appear tighter or looser so the visual impression of a scatter plot can be misleading

Navidi [6].

To compute the correlation coefficient, we require the mean and standard deviation of xs

and ys, that is, x̄, ȳ , sx, and sy. The correlation coefficient is then defined as:

r =
1

n− 1

n
∑

i=1

(
xi − x̄

sx
)(
yi − ȳ

sy
) (2.1)

Example 1. Suppose a scientist wants to find the amount of absorption of a chemical by a

piece of skin. With the results in the Table 2.1 [6].

The scientist calculates the correlation between time and absorption and obtains r = 0.987

concluding that the absorption of the chemical is positively correlated to the time that the
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Table 2.1: The absorption rate of a chemical by skin

Volume(ml) Time(h) percent Absorbed

0.05 2 48.3
0.05 2 51.0
0.05 2 54.7
2 10 63.2
2 10 67.8
2 10 66.2
5 24 83.6
5 24 85.1
5 24 87.8

chemical is in contact with the skin.

In principle, the correlation coefficient can be calculated for any set of points. Generally,

the points constitute a random sample from a population of points. In this case the corre-

lation coefficient is called the sample correlation, which is an estimate of the population

correlation. The correlation coefficient is guaranteed to lie between −1 and +1. Positive

values of the correlation coefficient indicate that greater values of one variable are associated

with greater values of the other. Negative values of the correlation coefficient indicates that

greater values of one variable are associated with lesser values of the other. Values of the

correlation coefficient close to 1 or −1 indicate a strong linear relationship and values close

to 0 indicate a weak linear relationship. The correlation coefficient should only be used when

the relationship between x and y is linear.

The sample correlation can be used to construct confidence intervals and perform hy-

pothesis tests on the population correlation. Let X1, · · · , Xn be a large (n > 30) random

sample from a population with mean µ and standard deviation σ, so that X̄ is approximately

normal (by Central limit theorem). Then a level 100 (1− α)% confidence interval for µ is

X̄ ± zα/2σx̄ (2.2)

where σx̄ = σ/
√
n , and zα/2 can be found from standard normal (z) table. Here X̄ is sample

mean and X̄ ± 1.96σx̄ gives the 95% (i.e., α = 0.05) confidence interval of the population
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mean, µ. When the value of σ is unknown, it can be replaced with the sample standard

deviation s [6].

Let X1, · · · , Xn be samples. To find the population mean confidence interval we use this

formula:

X̄ ± 1.96s/
√
n (2.3)

where s is computed as follows:

s =

√

√

√

√

n
∑

i=1

(xi − x̄)2/(n− 1) (2.4)

2.2.1 Mantel Test: Review

The Mantel test is a technique to estimate the similarity between two distance matrices

that was first used to find if a disease that occurs close in space also tends to be close in time.

The Mantel test begins with the computation of two distance matrices (in this application,

these are a matrix of spatial distances and a matrix of temporal distances). The Mantel test

is based on holding one matrix in its original order and randomly permuting the order of the

elements in the other matrix and computing the correlation coefficient in each order. To find

the similarity between two matrices the “p-value” is computed. The null hypothesis is that

the distances in the two matrices are uncorrelated. If “p-Value” is small enough, we reject

the null hypothesis which means that there is non-zero correlation between two matrices.

2.3 Mantel test variations

1. The first step of the Mantel test is to unfold two distance matrices into two vectors

using only the upper (or lower) triangular values, excluding the main diagonal. The

original form of the Mantel statistic, zM , is simply the sum of cross products (inner

product) of these two vectors.
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zM =
n−1
∑

i=1

n
∑

j=i+1

xij.yij (2.5)

where n is the number of rows, and xij and yij are the upper triangular elements for

two distance matrices X and Y , respectively. The zM statistic is expressed in arbitrary

units and its implications are hard to interpret.

2. A second and more general approach is suggested where the proximity values in each

of the two vectors are standardized before computing the Mantel statistic. The stan-

dardized Mantel statistic is analogous to r, the correlation coefficient, and is called

rM :

rM =
1

d− 1

n−1
∑

i=1

n
∑

j=i+1

(
xij − x̄

sx
).(

yij − ȳ

sy
) (2.6)

where d is the number of elements in the upper triangular part of each matrix (assumes

the distance matrix is symmetric), and sx and sy are standard deviations for x and

y. The coefficient rM is bounded between −1 and +1, and compared to zM , is more

interpretable and informative as a descriptive measure.

3. In some cases (e.g., the two variables are ordinal), it is useful to compute the rank cor-

relation between corresponding proximity values of X and Y matrices resulting in the

non-parametric Spearman rank correlation statistic denoted by ρM . The Spearman’s

correlation specifies the strength and direction of the monotonic relationship between

two variables unlike Pearson’s correlation which indicates the strength and direction of

the linear relationship between two variables. For example, the Spearman correlation

can be used to evaluate whether the order in which employees complete a test exercise

is related to the number of months they have been employed.
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Mantel and Valand [7] and Dietz [8] suggest that non-parametric statistics are more

appropriate when comparing proximity matrices by use of the Mantel approach. Spear-

man’s ρ measures the degree of a monotonicity between two variables, without making

any assumptions about the frequency distribution of the variables. If a monotonic

relationship exists, it simply means that one of the variables increases (or decreases)

by some amount when the value of the other variable changes. In practice, ρ is simply

a special case of r, where data values are converted into ranks and the differences be-

tween ranks of each observation on the two variables are calculated.

Example 2. Consider the two matrices below:

X =













A B C D E

A 0 0.25 0.43 0.57 0.25
B 0 0.25 0.22 0.43
C 0 0.57 0.25
D 0 0.57
E 0













Y =













A B C D E

A 0 0.40 0.6 0.73 0.40
B 0 0.40 0.36 0.60
C 0 0.73 0.40
D 0 0.73
E 0













By transforming the upper triangle of the matrices to vectors we have:

X = (0.25, 0.43, 0.57, 0.25, 0.25, 0.22, 0.43, 0.57, 0.25, 0.57)

Y = (0.40, 0.60, 0.73, 0.40, 0.40, 0.36, 0.60, 0.73, 0.40, 0.73)

by transforming raw data into ranks we have:

X = (7.5, 4.5, 2, 7.5, 7.5, 10, 4.5, 2, 7.5, 2)

Y = (7.5, 4.5, 2, 7.5, 7.5, 10, 4.5, 2, 7.5, 2)
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To rank the data, we first sort the data from highest to lowest, and convert the original

values to integer values. If there are repeated values, we take the average of assigned

values. In this example, the highest value is 0.57 occurring 3 times. We assign 1, 2

and 3 to these three values and take the average: 1+2+3
3

= 2. Instead of 0.57 we use 2,

and so on.

In practice, following formula is used to calculate ρ:

ρ = 1− 6× ΣD2

N(N2 − 1)
(2.7)

where D is the difference between paired ranks (X−Y ), and N is the number of paired

ranks.

2.3.1 Permutation Strategy

First, the rank correlation coefficient is calculated for the two distance matrices. Second,

in order to estimate the p-value, the rows (objects) and the corresponding columns within

one of the matrices, say Y , are randomly permuted. The rank correlation coefficient is

recalculated after each random permutation. Repeating this procedure results in a set of

rank correlations. These values estimate the reference distribution of the Mantel correlation

under the null hypothesis. Permuting the rows and columns of the matrix produces a sample

of correlation coefficients from a population in which the true correlation is zero. The p-value

is the proportion of permutations that lead to a correlation coefficient that is greater than

or equal to the original correlation.

Example 3. Consider matrix Y below:

Y =













A B C D E

A 0 0.40 0.60 0.73 0.40
B 0 0.40 0.36 0.60
C 0 0.73 0.40
D 0 0.73
E 0













By permuting the matrix in order of (2, 0, 1, 4, 3) we get matrix Y ′ below:
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Y
′ =













C A B E D

C 0 0.60 0.40 0.40 0.73
A 0 0.40 0.40 0.73
B 0 0.60 0.36
E 0 0.73
D 0













Note that permutations are of the n rows and columns of the distance matrices and not

the n(n− 1)/2 off-diagonal values in the upper triangle of the matrix.

There are n! different possible orderings resulting in n! possible permutations of the dis-

tance matrix. Computing the correlation for all distinct permutations when the dimensions

of a matrix are larger than (say) 10 is time-consuming. However, random permutations

are used to obtain an estimate of the p-value; the quality of the estimate increases with

the number of random permutations. Consider 1000 permutations resulting in one random

coefficient (ρi) which is equal to or greater than the original observed coefficient (ρM). This

yields a significance level (p-value) of 1/1000 = 0.001. The null hypothesis is that there is

no relationship between X and Y . The decision to accept or reject the null hypothesis is

made by comparing the actual value of the Mantel correlation to the reference distribution

obtained under the null hypothesis. If the actual value of the Mantel correlation is one likely

to have been obtained under the null hypothesis then it is accepted. If the value is too

extreme to be considered a likely result under null hypothesis, then it is rejected. So in the

above example we reject the null hypothesis since the p-value is very small.

The complexity of finding correlation coefficient between two matrices is O(n2). We

need to find the correlation coefficient for each permutation (normally 10,000 permutations

recommended) making this approach inefficient for large n.

2.4 The DIMECOST METHOD

In this section, we introduce random spanning trees and describe their use in comparing

distance metrics. We have previously described the equivalence between a distance matrix

and a complete weighted undirected graph. The graph in Figure 2.1 corresponds to the
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distance matrix Y in Example 3.

Figure 2.1: Complete graph of Matrix presented in Example 3

A spanning tree T of an undirected graph G is an acyclic subgraph of G that includes all

of the vertices in G. As described previously, the absence of cycles results in pairs of vertices

(edges) that are independent w.r.t the triangle inequality. A spanning tree may be viewed as

giving an individual correlation coefficient from the population of all spanning trees of the

graph. The number of spanning trees in a complete graph with n vertices, given by Cayley’s

formula, is nn−2 [9].

All of the spanning trees of the complete graph on 4 vertices are shown in Figure 2.2. A

uniformly random spanning tree is one chosen randomly from all spanning trees with equal

probability.

2.4.1 Random Walks on Graphs

Although there are combinatorial methods for the uniform random generation of spanning

trees, the preferred approach is to use random walks on graphs: one of the graph’s vertices

is randomly selected to be the current vertex c. One of c’s neighbors is selected at random;

the walk then moves to this new vertex, which now becomes the current vertex c. This

process, possibly repeated indefinitely, gives a random walk on the graph. Two algorithms
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Figure 2.2: 44−2 spanning trees of a complete graph with n = 4 vertices

by Aldous/Broder [10, 11] and Wilson [12], respectively, use random walks to find random

spanning trees. Wilson’s algorithm is more efficient than Aldous/Broder[13] .

2.4.2 Wilson’s Algorithm

Wilson generates a spanning tree by taking a random walk and erasing any cycles that

result. Its advantages over Aldous/Broder’s algorithm [12] include: (1) It is faster by more

than a factor of two. (2) It also works for directed graphs.

In the description of the algorithm, we use T to denote the set of vertices and edges in

the spanning tree computed so far. On termination of the algorithm, T will contain the

random uniformly generated spanning tree.

1. Randomly select a vertex and add it to T .

2. Randomly select a vertex s not in T to be the current node.

3. Commence a simple random walk from s erasing cycles (details omitted) as they are

created. Stop when the walk reaches a vertex already in T .

4. Add the cycle-erased walk to T .

5. If T contains n− 1 edges, stop, else go back to Step 2.
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Example 4. Consider the graph in Figure 2.3.

Figure 2.3: Wilson example: Original graph

Figures 2.4-2.6 show a possible sequence of steps that randomly computes a spanning tree.

1. Pick A as root node and set T = {A}.

2. Start a simple random walk (SRW) at F (randomly chosen) and stop it when it reaches

A. Assume the path is [F,C,A], add it to T (Figure 2.4).

Figure 2.4: Wilson example: step 1
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3. Start an SRW at D (randomly chosen from the vertices not in T ) and stop it when

it reaches T = {(F,C), (C,A)}. Suppose the SRW is [D,E, F ]. Add this path to T

(Figure 2.5).

Figure 2.5: Wilson example: step 2

4. Finally, start a SRW at B and stop when it reaches {(F,C)(C,A), (D,E), (E,F )}.

Assume the path is[B,C] (Figure 2.6). Add this to T and the algorithm terminates.

Figure 2.6: Wilson example: step 3

Wilson’s algorithm has an expected case run time that is linear in the number of vertices

n in the graph. The analysis is based on computing the hitting time (Hij), the expected

number of steps before node j is visited, starting from node i. In contrast, the Aldous/Broder
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algorithm requires expected time of O(n lnn), with the analysis resulting from the coupon

collector problem Broder [11].

2.4.3 DIMECOSTCC Description

DIMECOSTCC uses Wilson’s algorithm to generate 100 random spanning trees. For each

spanning tree, it computes the correlation coefficient between the two distance metrics over

the n− 1 edges. Each spanning tree may be viewed as a sample from the population of all

spanning trees. Having enough samples from the population allows to find the confidence

interval of the correlation coefficient between the two metrics. Note that each spanning tree is

generated in O(n) time and the computation of each correlation coefficient also requires O(n)

time. With a constant (100) number of spanning trees, the complexity of DIMECOSTCC is

O(n). It’s two advantages over computing the correlation coefficient from the upper triangles

of the two distance matrices are that (1) the upper triangle computation requires O(n2) time

and (2) the absence of cycles in the spanning tree remove dependencies associated with the

triangle inequality as described previously. This allows us to use correlation coefficients to

measure the strength of the relationship between distance metrics.

2.4.4 DIMECOSTP Description

DIMECOSTP is a permutations-based hypothesis test with a similar capability to the

original Mantel test. This approach (also) uses Wilson’s algorithm to find a random spanning

tree. It then obtains a p-value (similar to Mantel) by permuting the the n− 1 edges of the

spanning tree 10,000 times.

Specifically, we utilize the two sets of n−1 edge weights corresponding to the two distance

metrics. From these, we first compute the correlation coefficient between the two sets. Then

we repeatedly (10,000 times) randomly permute the second set of n−1 edge weights, compute

the correlation coefficients and compare with the original correlation coefficient. From this

we compute the p value, which we then use to accept or reject the null hypothesis, as before.
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Example 5. Consider the two matrices in Example 2. First we choose a random spanning

tree by Wilson’s algorithm like Figure 2.7.

Figure 2.7: Random Spanning Tree related to Example2

We assume that the two sets of edge weights are STX = [0.25, 0.22, 0.57, 0.25] and

STY = [0.4, 0.36, 0.73, 0.4]. These respectively correspond to the X and Y distance ma-

trices. To compare the two metrics we calculate the correlation coefficient between two

spanning trees in the original form. Then, to compute the p-value, we leave STX unchanged

and permute STY 10,000 times and each time calculate the correlation coefficient and com-

pare it with the original correlation coefficient. Finally, by calculating the p-value we decide

if these two metrics are related. Random permutations are obtained in the usual way.

For example if the random permutation is [0, 2, 3, 1] then the new order of edge weights is

ST ′
Y = [0.4, 0.730, 0.4, 0.36, ].

2.5 Applications

In this section we describe data sets and applications which are then used to compare the

proposed methods with existing methods. In the following sections we explain the datasets.

Data Set 1: Google Maps

We used a Python script to get four distance matrices on a set of 50 cities from the Google

API console: the travel distance (driving and bicycling) and travel time (driving and bicy-

cling) between 50 cities in US. We obtained four different data sets (each data set is a pair of
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distance matrices) and labeled them as follows: driving distance vs driving time (1-1), bicy-

cling distance vs bicycling time (1-2), driving time vs bicycling time (1-3), driving distance

vs bicycling distance (1-4) (see Table 2.2).

Data Set 2 : PH Value

Data set 2 (see Table 2.2) was obtained online at: http : //qiime.org/tutorials/distancematrixcomparison.html

It consists of a community distance matrix and a second matrix derived from an environmen-

tal parameter that is numeric/continuous in nature (e.g. difference in pH, temperature, or

geographical location). A question here is whether there is resemblance between communities

with dissimilar pH and other communities that are at similar pH levels.

Data Set 3 : Randomly generated

The number of vertices (n) in the previous data sets at 50 and 77, respectively, are relatively

small. Dataset 3 was designed to compare solution run times and also to experiment with

distance matrices that are negatively correlated or uncorrelated. To compare solution run

times we randomly generated larger data sets with n ranging from 20 to 5000. The value of

elements in the distance matrices does not affect run times.

We also wanted to perform hypothesis testing on this data set. To achieve this we

generated the first distance matrix randomly and derived the second distance matrix from

the first one as follows: for data sets 3-1 through 3-7, each element of the second matrix is

obtained by multiplying the corresponding element of the first matrix by a random number

between 0.8 and 1.2 (we expect a positive correlation between the two.) The second matrix in

data set 3-8 was also generated randomly and independently (so we expect small correlation

between them). Data set 3-9 had a negative correlation. Information about all nine datasets

are shown in Table 2.2.

Data Set 4 : Comparison of different distance norms

Clustering is a fundamental task in machine learning that classifies a set of data points into

different groups, or clusters, based on mutual proximity of the points. Different distance

norms can be used as a basis to cluster points. For a real number p ≥ 1, the p-norm or
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Table 2.2: Descriptions of data sets

Data # vertices Origin Description
Set
1-1 50 Google API Driving dis. vs Driving time
1-2 50 Google API Bicycling dis. vs Bicycling time
1-3 50 Google API Driving time vs Bicycling time
1-4 50 Google API Driving dis. vs Bicycling dis.
2 77 Env. Params

3-1 20 RG Data Positive Correlation
3-2 100 RG Data Positive Correlation
3-3 200 RG Data Positive Correlation
3-4 300 RG Data Positive Correlation
3-5 500 RG Data Positive Correlation
3-6 1000 RG Data Positive Correlation
3-7 5000 RG Data Positive Correlation
3-8 500 RG Data Small Correlation
3-9 500 RG Data Negative Correlation

Lp−norm of x is defined by ∥x∥p = (|x1|p + |x2|p + · · ·+ |xn|p)
1

p . The absolute value bars are

unnecessary when p is a rational number and, in reduced form, has an even numerator.The

Euclidean norm from above falls into this class and is the 2 − norm, and the 1 − norm is

the norm that corresponds to the rectilinear distance.The L∞ − norm or maximum norm

(or uniform norm) is the limit of the Lp − norms for p → ∞. It turns out that this limit is

equivalent to the following definition: ∥x∥∞ = max {|x1|, |x2|, . . . , |xn|}

Here, we explore the similarity between two matrices, in which each matrix represents

the distance between points based on a specific norm. We generate 25 random points(x and

y coordinates are between 10 and 100), and create 4 distance matrices based on L1, L2, L3,

L∞. Considering these pairwise, we have 6 data sets.

2.6 Implementation and Results

We implemented Mantel test, DIMECOSTCC and DIMECOSTP in Python. For running

the codes we used a MacBook pro with 2.7 GHz Intel Core i5 processor and 8 GB 1867 MHz

DDR3 memory.
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2.6.1 Hypothesis test

Table 2.3 shows a comparison between the Mantel test and DIMECOSTP on Dataset 3.

We observe that correlation coefficients obtained by the two sets are close. Both methods

give identical results on the hypothesis testing (the null hypothesis is accepted in data set

3-8, but rejected in all other cases). We observe that the DIMECOSTP is slower than the

Mantel test for lower values of n, but faster for larger values of n as expected.

Table 2.3: The comparison between Mantel test and DIMECOSTP-Random Generated Data
Sets

Mantel test DIMECOSTP

Data r p-value run time r p-value run time
Set (ms) (ms)
3-1 0.9702 0.0001 222 0.9903 0.0001 641
3-2 0.9744 0.0001 560 0.9730 0.0001 758
3-3 0.9736 0.0001 3085 0.9743 0.0001 1110
3-4 0.9737 0.0001 5205 0.9753 0.0001 1245
3-5 0.9736 0.0001 25068 0.9714 0.0001 1472
3-8 0.0028 0.3358 22660 -0.0397 0.3728 2271
3-9 -0.9737 0.0001 17901 -0.9747 0.0001 1414

2.6.2 Comparing the runtime between DIMECOSTP and Mantel test

In previous sections we showed that the complexity of the Mantel test is O(n2) and the

complexity of the DIMECOSTP is O(n). In this section we run both presented algorithms on

different data sets and compare their result. Figure 2.8 shows the obtained run times (ms)

for different number of n for randomly generated data sets (3-1 to 3-8). As expected, these

results show that by increasing the number of vertices, the computation time for Mantel

test increases in O(n2) time, and for DIMECOSTP increases linearly. In both cases, 10,000

permutations are evaluated.

2.6.3 Comparing Correlation Coefficient

Table 2.4 shows the correlation coefficient between two metrics obtained by DIMECOSTCC

as well as from the upper triangle of the distance matrix. For Dataset 1, the correlation co-
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(a) Mantel runtime (b) DIMECOSTP runtime

Figure 2.8: Comparing Computation time (ms) between Mantel test and DIMECOSTP for
different number of vertices-randomly generated data set

efficient is almost 1, indicating very high correlation. Figure 2.9 shows a scatter plot for

data set 1-1 providing visual confirmation of the strong linear correlation between driving

distance and driving time between cities. The correlation coefficients are lower for Dataset 2.

In these instances, the upper trinagle correlation coefficent lies within the confidence interval

for DIMECOSTCC, suggesting that the triangular inequality dependencies are not a factor.

Table 2.4: Correlation Coefficients obtained from the upper triangle of the distace matrix
and DIMECOSTCC - Data Sets 1 and 2

Upper triangle correlation DIMECOSTCC

Data r left bound right bound
Set of CI of r of CI of r

1-1 0.9991 0.9991 0.9992
1-2 0.9990 0.9988 0.9990
1-3 0.9910 0.9904 0.9917
1-4 0.9935 0.9927 0.9937
2 0.7559 0.7419 0.7616
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Figure 2.9: Distance vs Travel time for 50 cities (data set 1-1)

Table 2.5: Correlation Coefficients obtained from the upper triangle of the distance matrix
and DIMECOSTCC- Dataset 3

Upper triangle correlation DIMECOSTCC

Data r left bound right bound
Set of CI for r of CI for r

3-5 0.9736 0.9731 0.9738
3-6 0.9736 0.9729 0.9734
3-7 0.9736 0.9735 0.9737
3-8 0.0028 -0.0043 0.01236
3-9 -0.9739 -0.9744 -0.9735

Table 2.5 shows the correlation coefficients on some of the datasets from Dataset 3.

Again, the confidence intervals for DIMECOSTCC are very tight, giving a tight estimate of

the population correlation mean. For example for the data set 1-1 in Table 2.4 there is 95%

confidence that the population correlation mean is between 0.9991 and 0.9992. We observe

that for Dataset 3-6 the upper triangulation correlation coefficient lies slightly outside the

confidence interval, suggesting small dependencies in the dataset.

Table 2.6 compares the correlation coefficient between different norms. Although the

correlation coefficients for all pairs of norms are high, ranging from 0.903 to 0.995, observe

that the highest correlation coefficients are between neighboring norms. So CC(L1, L2) >
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CC(L1, L3) > CC(L1, L∞). Similarly, CC(L2, L3) > CC(L2, L∞) and CC(L1, L∞) <

CC(L2, L∞) < CC(L3, L∞). This confirms our belief that DIMECOSTCC can be used

to assess the strength of the relationship between different norms.

Table 2.6: Comparison of different norms using DIMECOSTcc

Upper triangle DIMECOSTcc

correlation

Norms to r left bound right bound
be Compared of CI of r of CI of r

L1 vs L2 0.975 0.972 0.976
L1 vs L3 0.949 0.947 0.955
L1 vs L∞ 0.903 0.891 0.906
L2 vs L3 0.995 0.994 0.995
L2 vs L∞ 0.973 0.971 0.975
L3 vs L∞ 0.990 0.989 0.991

2.7 Conclusion

We proposed two related approaches based on random spanning trees resulting in (1) a

faster algorithm for hypothesis testing than the famous Mantel test and (2) a more reliable

way to compute the strength of the correlation coefficients between distance metrics. An

interesting avenue for future research would integrate the use of parallel computing or cloud

computing to apply these methods on big data sets.
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CHAPTER 3

AN ANALYSIS OF THE CORRELATION COEFFICIENT AS A METHOD TO

COMPARE DISTANCE METRICS IN WEIGHTED NETWORKS

A paper nearing submission to IEEE Transactions on Network Science and Engineering.

Sara Bourbour 4, Dinesh Mehta5.

In previous work [14], we proposed the use of Pearson correlation coefficients as a means

to compare two distance metrics on a network. This can be accomplished by computing

the correlation coefficient on either the upper triangle of the two distance matrices or (more

efficiently) on spanning trees. In this paper, we develop mathematical formula for simple

special cases of transportation networks (line, circle and mesh graphs) using both approaches

and subsequently use these to analyze trends as the sizes of the graphs and the locations of

the disruptions change.

3.1 Introduction

The problem of comparing two distance metrics on a network has a long history of

applications in several disciplines such as biology, anthropology, geology, psychology and

geography ([15], [2], [3], [4]). The classical approach to performing this comparison is the

Mantel test invented in 1967 - a hypothesis test[16]. In the Mantel test, each of the two

distance metrics is expressed as an all-pairs n× n distance matrix. The Pearson correlation

between the two matrices is computed; the hypothesis test is performed by a permutation

test each iteration of which consists of randomly permuting the objects of the second matrix,

recomputing the Pearson correlation coefficient and comparing with the original correlation

coefficient. Each computation of the correlation coefficient requires Θ(n2) time making this

approach prohibitive for large networks. (Note that if the matrices are symmetric, we are

4PhD Candidate, Department of Computer Science, Colorado School of Mines
5Professor, Department of Computer Science, Colorado School of Mines
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only concerned with the upper triangle of the matrix, but this consists of n(n− 1)2 = Θ(n2)

elements.)

In previous work [14], we proposed an improved hypothesis test based on computing a

random spanning tree and its permutations. A spanning tree consists of n − 1 edges and

consequently the correlation coefficient computation in each iteration required Θ(n) time.

Both hypothesis tests solely use correlation coefficients for the purpose comparisons rather

than for their intrinsic value. We also proposed using correlation coefficients directly to

compare distance metrics. This can be accomplished by using the upper triangle of a matrix

(assuming it is symmetric) representing the complete network or random spanning trees of

the network. In addition to the faster runtimes of the spanning tree, the absence of cycles

also results in avoiding dependencies associated with the triangle inequality and increases

the robustness of the correlation coefficient.

In this paper, we perform an analytical study of correlation coefficients for certain special

cases of road networks:

1. A line graph representing a major highway with several entry/exit ramps.

2. A circle graph representing beltways that often encircle major urban areas.

3. A mesh graph representing the grid structure of urban and suburban areas.

Figure 3.1 shows examples of the three types of networks in the Denver metropolitan

area. In each of our studies the road network is modeled as a weighted graph on n nodes

(n+ 12 nodes for the mesh). The two distance metrics we compare are travel distance and

travel time; accordingly each edge in the graph is associated with both a time and a distance.

The two matrices are obtained by performing two all-pairs shortest path computation, one

on each metric. Our analytical studies assume that a single link is disrupted (congested)

and that the amount of disruption is given by a parameter X. We derive formulas for the

correlation coefficient in terms of n, X and the location of the disruption. This allows us

to observe carefully the behavior of the correlation coefficient as these quantities change.
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Figure 3.1: Examples of line, circle, and mesh networks in the Denver metropolitan area]

We include exact analyses that consider the full upper triangle of the matrix as well as

approximate analyses that model the spanning tree approach. The purpose of this exercise

is to assess the efficacy of the correlation coefficient to evaluate road networks. We also

consider circumstances where it may not be appropriate to use the correlation coefficient.

We contrast our work in this paper with research in the field of network analytics as

exemplified in the texts by Newman[17, 18]. There are several network analytics research

questions described in this text related to the structure of a single network, but none related

to the comparison of distance metrics in two networks. These include centrality measures

such as degree centrality, eigenvector centrality, Katz centrality[19], PageRank centrality[20],

closeness centrality, betweenness centrality[21], etc. These metrics are designed to identify

important central vertices in a network. Many of these cam play a significant role in the

analysis of road networks to identify important junctions and intersections. Other social net-

work analytics metrics related to the identification of communities within a network include

cliques, cores, and k-components are less applicable to road networks as are transitivity

metrics. Structural similarity among vertices is measured using cosine similarity and in-

terestingly Pearson correlation coefficients. For a pair of vertices i and j the correlation
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coefficient is computed by obtaining the covariance of rows i and j of the adjacency matrix

divided by the standard deviations of both sets. Although this uses the concept of correlation

coefficients we note that this is in a completely different context.

Another relevant area of research that compares two networks is the area of graph

isomorphism[22, 23] and variants related to graph edit distance[24]. We note however that,

unlike our work, these problems are generally concerned with unweighted graphs.

Section 3.2 introduces the three special cases that we consider in this paper and briefly

presents the results of simulations. Section 3.3 describes the network correlation coefficient

formula (NCCF) while Sections 3.4, 3.5 and 3.6 present and discuss NCCFs for the line

network, the circle network and the mesh network, respectively. The detailed derivations

of the NCCFs are included in the appendix. Section 3.7 compares results across the three

types of networks. Section 3.8 contains conclusions including a discussion of the limitations

of this approach.

3.2 Special Cases of Road Network

In this section, we describe the special graphs that will be considered in subsequent sec-

tions of this paper. Correlation coefficients can be determined by performing computations

on each pair of networks either by a single Θ(n2) computation on the upper triangle of the

network or by obtaining the confidence interval on a similar computation (albeit requiring

Θ(n) time) on several randomly generated spanning trees. The results of these computations

on a few graphs are shown in tables below.

3.2.1 Line Graph

Figures 3.2 and 3.3 show two line graphs with 10 vertices, corresponding to travel distance

and travel time, respectively.

Figure 3.2: A line graph with 10 vertices; edge weights are all one and denote travel distance.
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Figure 3.3: A line graph with 10 vertices; edge weights denote travel time One edge has
weight X, all others have weight one.

Table 3.1 shows the results corresponding to the upper triangle and the confidence inter-

vals of the results obtained from several spanning trees. Notice that the correlation coefficient

obtained on the upper triangle lies outside the confidence interval from the spanning tree

computation. This phenomenon is explained by noting that the edges in a spanning tree do

not form cycles (from the definition of a spanning tree) and are independent with respect to

the triangle inequality. In contrast, edges in the upper triangle represent a complete graph

and are subject to dependencies due to the triangle inequality [14]. Overall, however, the

values obtained from the two methods are close to each other.

Table 3.1: Correlation coefficients for line graph corresponding to the upper triangle and
spanning trees (high weight is on the last edge)

Upper Triangle Random Spanning Tree
# vertices X r left bound right bound

of CI of r of CI of r

10 100 0.6974 0.6749 0.6822
10 1000 0.6766 0.6787 0.6843
10 10000 0.6744 0.6557 0.6638
20 100 0.5913 0.5828 0.5910
30 100 0.5399 0.5054 0.5150

Table 3.2 shows correlation coefficients from both methods for a line graph with 10

vertices, where the weight of middle edge is 100, and the weight of all other edges is 1.

As before, we see that the correlation coefficient obtained on the upper triangle is slightly

outside the confidence interval from the spanning tree approach.
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Table 3.2: Correlation coefficient for line graph, where the middle edge has the high weight,
provided for Upper Triangle and Random Spanning Tree

Upper Triangle Random Spanning Tree
# vertices X r left bound right bound

of CI of r of CI of r

10 100 0.35 0.28 0.31

3.2.2 Circle Graph

Here, we consider the case that the vertices that corresponds to the location of the

networks construct a circle. Then we consider two graphs in which in the first one, the

weight of all edges are equal to one, and in the second one, the weight of one edge is 100,

and the weight of all other edges are equal to one. Figure 3.4 shows two circle graphs with

8 vertices, where Figure 3.4(a) is associated to the distance matrix and Figure 3.4(b) is

associated to the traveling time matrix.

(a) A circle graph where the weight of
all edges are equal one and represent the
distance between two subsequent vertices.

(b) A circle graph where the weight of
one edge is X, and for the other edges
is one and represent the traveling time
between two vertices.

Figure 3.4: Two circle graphs with 8 vertices associated to distance and traveling time
matrices

Table 3.3 shows the correlation coefficient obtained for Upper Triangle and Random

Spanning Tree for a circle graph with eight vertices and one high edge where its weight is
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equal to 100.

Table 3.3: Correlation coefficient provided for Upper Triangle and Random Spanning Tree
for a circle graph with one high edge

Upper Triangle Random Spanning Tree
# vertices X r left bound right bound

of CI of r of CI of r

10 100 0.4803 0.5283 0.5543

3.2.3 Square Mesh Graph

Again, in the first matrix the weight of all edges are equal to one, and in the second

matrix, the weight of one edge is 100, and the weight of all other edges are equal to one.

Figure 3.5 shows two square graphs with 16 vertices and one high edge. Figure 3.5(a) is

associated with distance matrix and Figure 3.5 is associated with traveling time distance.

(a) A mesh graph where the weight of all edges
are equal to one. The weight of each edge repre-
sent the distance between the associated vertices.

(b) A mesh graph where the weight of one is X,
and for other edges is one. The weight of each edge
represent the traveling time between the associated
vertices.

Figure 3.5: Two mesh graphs with 16 vertices associated to distance and traveling time
matrices
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3.3 Network Correlation Coefficient Formula (NCCF)

In this section, we obtain the NCCFs for special graphs as described in the previous

section. These formulas will allow us to explore how changing various graph parameters

alters the correlation coefficient between their associated distance matrices.

In each of the cases discussed in this section, weights on the first network represent travel

distance while weights on the second network represent travel time. Further, our analyses

assume that the weight of every edge in the first (travel distance) network equals one unit;

in the second (travel time) network, all edge weights are assumed to equal one except one

edge which has high weight denoted by X > 1. This represents a situation where there is

congestion on a single link in the network.

Since all of our network topologies (line, circle, mesh) are connected, we run an all-pairs

shortest path algorithm to compute two distance matrices (one corresponding to travel time

and the other corresponding to travel distance). Note that these matrices are symmetric

because the networks are undirected and that the diagonal entries are all zero. There are

two approaches to compute the NCCF. In one approach, we simply compute the correla-

tion coefficient between the upper triangles of the two matrices. We have previously shown

that random spanning trees can be used to find the correlation coefficient more efficiently

and avoiding dependencies resulting from the triangle inequality using a technique called

DIMECOSTcc [14]. Since DIMECOSTcc chooses a spanning trees uniformly at random,

in this paper, we compute an approximate (rather than exact) value of the correlation co-

efficient. Henceforth, we refer to these two NCCF approaches as upper triangle (UT) and

probable spanning tree (PST), respectively.

3.3.1 NCCF based on Upper Triangle of Distance Matrices

The Pearson correlation coefficient r for upper triangle elements of two distance matrices

is as follows:
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r =

∑n
i=1

∑n
j=i+1

(

Aij − Ā
) (

Bij − B̄
)

√

∑n
i=1

∑n
j=i+1

(

Aij − Ā
)2
√

∑n
i=1

∑n
j=i+1

(

Bij − B̄
)2

(3.1)

Where A and B are distance matrices, and Ā and B̄ are the average of all the elements in the

upper triangle of A and B, respectively. For convenience, we denote the numerator of the

fraction by N , the first square root in the denominator by D1, and the second square root

in the denominator by D2. Thus r is given by r = N
D1D2

. In later sections, we will provide

exact formulas for UTs for the various special cases.

3.3.2 NCCF based on Probable Spanning Trees

The DIMECOSTcc method [14] first computes random spanning trees of the complete

graph corresponding to the all-pairs network. Given a spanning tree, the correlation co-

efficient is computed by using the travel distance and travel time values on the edges of

that spanning tree. A different spanning tree would give a different value for the correla-

tion coefficient. Thus, the DIMECOSTCC method computes a confidence interval for the

correlation coefficient based on several random spanning trees. In this paper, we would like

to estimate the value of r based on the spanning tree approach. Since the randomness of

the method precludes computing an exact formula, we instead attempt to estimate r for a

“typical spanning tree.”

To find the estimated spanning tree, we first determine the appearance probability of

each value as a weight of edge in a spanning tree. prAi and prBi show the probability of

appearing of i as the weight of the edges of the estimated spanning tree of matrices A and

B, respectively. Then, based on the probability for each value as the weight of the edges, we

find the average value of the spanning tree obtained from matrices A and B, and call them

as ¯STA and S̄TB, respectively. We then extract the correlation coefficient formula as follows:
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r =

∑n−1
i=1 prAi

(

Ai − ¯STA

)

prBi

(

Bi − ¯STB

)

√

∑n−1
i=1 prAi

(

Ai − ¯STA

)2
√

∑n−1
i=1 prBi

(

Bi − ¯STB

)2
(3.2)

3.4 NCCF for Line Graph

The first special case that we consider is the line graph. For this case we find the

correlation coefficient using two aforementioned approaches between the distance matrices

associated to the line graphs. In the first line graph representing travel distance, the weight

of all edges equal one and in the second line graph representing travel time, the weight of

all edges equal one except one edge that has high weight. Once we have these line graphs,

the associated distance matrices A and B will be created based on shortest paths between

vertices of the graphs.

3.4.1 Line graph with congested edge in general position

We derive an NCCF as a function of n, the number of vertices, i the location of the high

weight edge in the travel time graph, and X, the value of high weight (recall all edge weights

are 1 in the travel distance graph). Note that vertices are numbered from 1 to n. Edge i is

defined as the edge between vertices i and i+1. Figure ?? shows a line graph where n = 10

and i = 3. As described before, we first compute the all-pairs shortest path distances for

both networks. The next two sections derive and analyze NCCFs based on UT and PST.

3.4.1.1 NCCF for Upper Triangle

Appendix A shows the derivation of the NCCF using the UT method. The numerator N

and the two denominator expressions D1 and D2 required for Equation 4.1 are as follows:

N =
1

12
(12ĀXi2 − 12Āi2 − 6nXi2 + 9ni2 − 12ĀXni+ 12Āni+ 6n2iX − 6in2 + 6B̄Ān2 − 2B̄n3

− 2Ān3 + n4 − 6B̄Ān+ 2B̄n− 3i2n+ 2Ān− n2)

(3.3)
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D2
1 =

1

36
n
(

n3 − 2n2 − n+ 2
)

(3.4)

D2
2 = 1/12(−24B̄i2 − 12i2 − 24B̄nXi+ 24B̄ni+ 6B2n2 + 12i2n+ 12n2iX − 12n2i+ 12X2ni

− 24nXi+ 12ni+ 24i2B̄X − 12i2nX − 12i2X2 + 24i2X − 4B̄n3 + n4 − 6B̄2n+ 4B̄n− n2)

(3.5)

Where Ā = n+1
3

, B̄ = n3−n−6i2X+6inX+6i2−6in
3(n−1)n

Figure 3.6 plots the correlation coefficient r as a function of the number vertices n. Each

curve corresponds to values of i ranging from 2-12. The high weight X is 3.

Figure 3.6: Upper triangle correlation coefficient r v/s number of vertices n for line graph;
i is a constant for each curve; X = 3.

Observe that r is very high (> 0.975) in all cases because all (but one) edges in the line

graph have identical travel distance and time values. For a given value of i, r increases with
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increasing n. Intuitively, as the number of the vertices increases, the fraction of pairs of

vertices impacted by the high-weight edge decreases. Mathematically, we observe that the

value of r tends to 1 in the limit as n tends to infinity. (See Equation 3.6 below.) This was

computed by first simplifying N , D1 and D2 in Equations 3.3, 3.4, and 3.5 so that each only

contains its highest order terms in n and noting that i and X are constants.

lim
n→∞

r = lim
n→∞

1
12

(

6n4

9
− 4n4

3
+ n4

)

√

n2

12

(

6n2

9
− 4n2

3
+ n2

)

×
√

n4

36

(3.6)

= lim
n→∞

n4

36
n2

6
× n2

6

= 1

Note that for larger values of n (i.e., approximately n = 50), the curve for i = 2 is above

that of i = 4 which is above the others. Intuitively, this occurs because the closer the high

weight is to the end of the line network, the fewer pairs of nodes are adversely impacted.

The combinations of different values of n and i result in several intersections between the

curves making it difficult to compare curves for different values of i.

Figure 3.7 is a variation of Figure 3.6 where each i is a function of n. This eliminates the

intersections among the curves allowing consistent comparisons for different i.

Figure 3.8 also plots r v/s n, but holds i = 10. Each curve corresponds to X ranging

from 100-2000. As before, the curves all tend toward 1 as n increases. Observe that the

relationships among the curves is well-defined with a curve for larger X lying strictly below

curves for smaller X.

We now consider the case where there is a break in the line network (corresponding to

a road being shut down, for example). Mathematically this is represented by considering

limX→∞. Incorporating this into the formula for r by first eliminating lower order terms in

X gives
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Figure 3.7: Upper triangle correlation coefficient r v/s number of vertices n for line graph;
i is of the form n/c for each curve; X = 3.

Figure 3.8: Upper triangle correlation coefficient r v/s number of vertices n for line graph;
i = 10; X varies from 100 to 2000.

lim
X→∞

r = lim
X→∞

(n+1)Xi2

3
− nXi2

2
− n(n+1)Xi

3
+ 1

2
n2iX

√

n
36
(n3 − 2n2 − n+ 2)×

√
X2ni− i2X2

= lim
X→∞

X( (n+1)i2

3
− ni2

2
− n(n+1)i

3
+ 1

2
n2i)

√

n
36
(n3 − 2n2 − n+ 2)×X × (

√
ni− i2)

(3.7)
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Since the power of X in numerator and denominator are the same, X can be canceled

from the numerator and denominator of Equation 3.7, resulting in the following expression

that is independent of X.

(n− 2) i (n− i)
√

n (n3 − 2n2 − n+ 2)
√

i (n− i)
(3.8)

Indeed, Figure 3.9 shows that the curves flatten as X increases. Substituting i = 3 and

Figure 3.9: Upper triangle correlation coefficient r v/s X for line graph; i = 10; n varies
from 60 to 500.

n = 60 in Equation 3.8 giving an asymptote of r = 0.21. Note that the denominator contains

a higher power of n (n2.5) than the numerator (n2) in Equation 3.8, so we expect curves for

to higher n to be below those for lower n in the limit.

Correlation coefficients are used to measure the strength of linear relationships between

two variables. Whether the relationship is actual linear is verified by visually examining

scatter plots. When X = 1, both sets of variables have identical values giving a perfect

correlation of 1. Figure 3.10 shows scatter plots for low and high values of X (2 and 50,

respectively). For X ̸= 1, the points lie on two distinct lines. For small values of X > 1,
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the two lines lie close to each other so the relationship may still be viewed as linear. For

large values of X, this is no longer true.

(a) X = 2 (b) X = 50

Figure 3.10: Scatter plot for the line graph where n = 8, and i = 4

3.4.1.2 NCCF for Probable Spanning Tree

Appendix B describes the derivation for the NCCF for PST resulting in the following

expressions for N , D1 and D2.

N =
2

n
[
1

12
(i− 1) i

(

S̄TA

(

6S̄TB − 2 (i+ 1)
)

− (i+ 1)
(

2S̄TB − i
))

+

+
1

12

(

i2 − 2ni+ i+ (n− 1)n
) (

2S̄TA

(

3S̄TB − n+ i− 1
)

+ (i− n− 1)
(

2S̄TB − n+ i
))

]+

+
i (n− i) 2

n

(n

2
− S̄TA

)((n

2
+X − 1

)

− S̄TB

)

(3.9)

D2
1 =

(n− 1)n
(

6S̄T
2
A − 4S̄TA (n+ 1) + n2 + n

)

+ (3n2 − 2) i2 − n (n2 − 2) i− 4ni3 + 2i4

6n
(3.10)
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D2
2 =

1

6n
[(n− i− 1) (n− i)

(

6S̄T
2
B − 4S̄TB (n− i+ 1) + (n− i)2 + n− i

)

+

+(i− 1) i
(

6S̄T
2
B − 4S̄TB (i+ 1) + i2 + i

)

+ 3i (n− i)
(

−2S̄TB + n+ 2X − 2
)2
] (3.11)

Table 3.4 and Figure 3.11 compare the NCCFs obtained by UT and PST. The table

shows that the NCCFs for PST and UT are close to each other. The figure shows that

both exhibit a bell-shaped curve and that the maximum correlation coefficient occurs when

the high weight edge is located in the middle of the line graph. This is consistent with the

observation in Section 3.4.1.1 that showed that the highest NCCF occurs when i = n
2
.

Table 3.4: Comparison NCCF for the line graph between the UT and PST for different
combinations of n and i; X = 3 in all cases.

Number of i=2 i=5 i=8 i=11

vertices UT PST UT PST UT PST UT PST

n = 13 0.970 0.963 0.978 0.986 0.978 0.986 0.970 0.963
n = 17 0.983 0.979 0.984 0.984 0.987 0.994 0.986 0.989
n = 23 0.992 0.990 0.990 0.988 0.991 0.993 0.993 0.996
n = 29 0.995 0.995 0.993 0.992 0.994 0.993 0.995 0.996
n = 33 0.996 0.996 0.995 0.994 0.995 0.994 0.996 0.996

3.5 NCCF for Circle Graph

In this section, we compute the correlation coefficient between two circle graphs: in the

first (representing travel distance), the weight of all edges is equal to one, and in the second

(representing travel time), the weight of all edges are equal to one except one edge whose

weight equals X. Unlike the line graph, where there is only one path possible between any

pair of vertices, in a circle graph there are two possible paths between a pair of vertices.

The amount of disruption X impacts our approach to computing the shortest paths between

vertices causing the analysis to be broken down into two cases: (i) X ≥ n and (ii) X < n.

Note that because of symmetry, the location of the high-weight edge is not a consideration
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Figure 3.11: Correlation coefficient r vs location of high weight i for line graph using both
PST and UT; n = 13 and X = 3

in the analyses in this section.

3.5.1 Circle graph where X ≥ n (Upper triangle only)

In this subsection we consider the NCCF for the circle graph when X > n. Observe

that when X ≥ n, the shorter travel-time between a pair of vertices will always avoid the

congested edge and none of the entries in matrix B (representing all-pairs shortest paths

with respect to travel time in the circle graph) contains a term in X. In addition, B subtly

depends on whether n is odd or even resulting in the two subcases below. Detailed derivations

are provided in Appendix D.

Case 1: n is odd In this case the three parts of Equation 4.1 are:

N =
1

96
(n− 1)

(

48ĀB̄n− 16Ān2 − 16Ān− 12B̄n2 − 12B̄n+ 5n3 + 5n2 + 3n+ 3
)

(3.12)

D2
1 =

1

24
(n− 1)n

(

12Ā2 − 6Ān− 6Ā+ n2 + n
)

(3.13)
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D2
2 =

1

12
(n− 1)n(6B̄2 − 4B̄n− 4B̄ + n2 + n) (3.14)

Where Ā = n+1
4

, and B̄ = n+1
3

Case 2: n is even

N =
1

96
n
(

48ĀB̄n− 48ĀB̄ − 16Ān2 + 16Ā− 12B̄n2 + 5n3 + 4n
)

(3.15)

D2
1 =

1

24
n
(

12Ā2n− 12Ā2 − 6Ān2 + n3 + 2n
)

(3.16)

D2
2 =

1

12
n
(

6B̄2n− 6B̄2 − 4B̄n2 + 4B̄ + n3 − n
)

(3.17)

where Ā = n2

4(n−1)
, and B̄ = n+1

3

Figure 3.12 shows the NCCF for circle graph where the number of vertices are even and

odd, and shows that despite different formulas for even and odd n, the associated NCCF

trends are quite similar to each other. Also, observe that increasing n results in an increase

in r (since the impact of the large weight decreases).

3.5.2 Circle graph where X less than n

In this section, we repeat the analysis when X < n. As before, the location of the high-

weight edge is irrelevant because of circular symmetry. In computing the shortest path (wrt

travel time) between a pair of vertices, we sometimes choose to travel through the congested

edge and sometimes avoid it depending on the locations of the two vertices and the value

of X. Since the value of X impacts the values in matrix B, it is reflected in the formulas

(unlike in the previous section).
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(a) The number of vertices is odd (b) The NCCF trend for the circle graph when
the number of vertices is odd and even.

Figure 3.12: The NCCF trend for the circle graph when the number of vertices is odd and
even.

3.5.2.1 NCCF for Upper Triangle

N , D1 and D2 (the three components of Equation (4.1)) are shown below. Appendix E

contains the derivation.

N =
n

24
(12ĀB̄n− 12ĀB̄ − 3Ān2 − 3ĀnX + 3Ān+ 6ĀX − 6Ā− 3B̄n2+

+ n3 + n2X − n2 − 3nX + 5n+ 2X − 2)
(3.18)

D2
1 =

1

24
n
(

12Ā2n− 12Ā2 − 6Ān2 + n3 + 2n
)

(3.19)

D2
2 =

n

24
(12B̄2n− 12B̄2 − 6B̄n2 − 6B̄nX + 6B̄n+ 12B̄X − 12B̄ + n3 + 2n2X − 2n2

+ 3nX2 − 12nX + 11n− 6X2 + 16X − 10)

(3.20)

where Ā = n2

4(n−1)
, and B̄ = n2+nX−n−2X+2

4(n−1)

Figure 3.13 shows the variation of r with respect to n with each curve corresponding to a

fixed value of X. Increasing n results in a higher value of r as expected. Also, as expected,

curves for lower X are above curves with higher X. A similar analysis of the NCCF formula
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Figure 3.13: Correlation coefficient r vs number of vertices n; X ranges from 2 to 7.

to the line graph graph results in r tending to 1 and n tends to infinity as shown below:

lim
n→∞

r = lim
n→∞

n
24

(

12n3

16
− 6n3

4
+ n3

)

√

n
24
(12n

3

16
− 6n3

4
+ n3)×

√

n
24

(

12n3

16
− 6n3

4
+ n3

)

= lim
n→∞

n4

96
n2

√
96

× n2

√
96

= lim
n→∞

n4

96
n2

√
96

× n2

√
96

= 1

(3.21)

Figure 3.14 shows the variation of r with respect to X with each curve corresponding to

a particular value of n. As expected, r decreases with the increase in X.

Figures 3.15(a) and 3.15(b) show scatter plots for the circle graph where X > n and

X < n, respectively. The correlation coefficients are r = 0.48 and r = 0.79, respectively.

The first scatter plot (corresponding to X > n) results in a scatter plot consisting of two lines.

The second scatter plot (X < n) is closer to a single straight line. As with the line graph,

this suggests that the correlation coefficient is a better indicator of a linear relationship for

small X.
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Figure 3.14: Correlation coefficient r vs high weight value X. n varies from 8 to 34.

3.5.2.2 NCCF Based on Probable Spanning Tree

We derive the NCCF for PST in a circle graph only for the case where n even. (This is

motivated by the observation that Figure 3.12 shows that the curves for n even and n odd

are nearly identical even though there are differences in the formulas). The three parts of

the correlation coefficient (equation 4.1) N, D1, and D2 follow (for details see Appendix E):

N =
1

288
(288STĀSTB̄n− 288STĀSTB̄ − 72STĀn

2 − 72STĀnX + 72STĀn+ 144STĀX − 144STĀ

− 72STB̄n
2 + 23n3 + 24n2X − 20n2 − 72nX + 124n+ 48X − 64)

(3.22)

D2
1 =

(n− 2) (5n3 − 9n2 + 30n− 8)

288 (n− 1)
(3.23)

D2
2 =

1

576
(144ST 2

B̄ (3n− 2)− 96STB̄

(

2n2 + 3n− 2
)

+
(n− 2) (n2 + n (9X − 17)− 6X + 10)

2

(n− 1)2
+ 6n

(

5n2 + 12n+ 4
)

)
(3.24)
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(a) circle case with X = 50, and n = 7 (b) circle case with X = 2, and n = 7

Figure 3.15: The Scatter plot of the circle case with X < n , and X > n

where STĀ = n2

4(n−1)
, and STB̄ = n2+nX−n−2X+2

4(n−1)

Table 3.5 and Figure 3.16 compare the correlation coefficients obtained by the UT and

PST methods. We observe that the NCCFs obtained from these two methods are close to

each other.

Table 3.5: Comparison of the NCCF for circle graph with X < n between the UT and PST
methods.

Number of X = 2 X = 3 X = 5 X = 7

vertices UT PST UT PST UT PST UT PST
n = 8 0.930 0.924 0.788 0.771 0.546 0.527 0.405 0.389
n = 14 0.978 0.975 0.925 0.916 0.793 0.777 0.678 0.662
n = 20 0.989 0.988 0.962 0.957 0.883 0.871 0.798 0.784
n = 30 0.995 0.995 0.983 0.980 0.942 0.935 0.890 0.880
n = 40 0.997 0.997 0.990 0.989 0.965 0.961 0.932 0.924
n = 50 0.998 0.998 0.994 0.993 0.977 0.974 0.953 0.948

3.6 NCCF for Mesh Graphs

In this section, we determine the NCCF between two distance matrices associated with

two mesh graphs: in the first, the weight of all edges equal one; in the second the weight of

all edges equal one except one edge whose weight equals X. The first step is to create the

distance matrices associated to the mesh graphs. Each vertex of the mesh graph is called
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Figure 3.16: Comparison of NCCF between upper triangle and probable spanning tree meth-
ods for a circle graph, where n varies and X=3

Vi,j, where 0 ≤ i ≤ n, 0 ≤ j ≤ n. In the associated distance matrix, the distance between

Vi,j and Vk,l vertices equals |i− k|+ |j − l| assume all weights equal 1.

3.6.1 NCCF for Mesh graph where one edge has high weight

In the previous sections we observed that the NCCF for both upper triangle and probable

spanning tree methods are very similar to each other. Therefore, in this section we only focus

on finding the NCCF based on the upper triangle method.

Different parts of the correlation coefficient (Equation 4.1) are as follows (for more details,

please see Appendix G).

Ā =
2 (n+ 1)

3
(3.25)

To find the B̄ we consider two cases:

Case 1, X < 3:
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B̄ =
2 (X − 1)

(n+ 1)2 (n+ 2)
+ Ā (3.26)

Case 2, X ≥ 3:

B̄ = Ā+
4

(n+ 1)2 (n+ 2)
(3.27)

We proceed with the analysis based on Case 2:

D2
1 =

1

18
(n+ 1)2 n (n+ 2)

(

n2 + 2n− 1
)

(3.28)

D2
2 =

n8 + 10n7 + 44n6 + 112n5 + 183n4 + 202n3 + 200n2 + 216n+ 256

18 (n+ 2)2
+

−2 (n8 + 10n7 + 46n6 + 107n5 + 116n4 + 47n3 + 97n2 + 196n+ 64)

9 (n+ 1)2 (n+ 2)2

(3.29)

N =
1

18
(n+ 1)2 n (n+ 2)

(

n2 + 2n− 1
)

− n (n+ 1)

3
(3.30)

As we explained before, our notation for the mesh graph is different from that used in

other sections. Specifically the number of vertices is not equal to n but is instead (n + 1)2.

For example, in Figure 3.17 when n = 2, the number of the vertices equals 9. As expected,

r increases with an increase in the number of the vertices. As before, this is confirmed by

taking the limit of r as n tends to infinity.

lim
n→∞

r = lim
n→∞

n6

18
√

n6

18
×
√

n6

18

= 1

Figure 3.18 contains the scatter plot for the case where n = 2 (i.e., the number of vertices

= 9) and X > 3. Most vertices are on a straight line with a few outliers.
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Figure 3.17: Correlation coefficient r v/s mesh size n for the mesh graph with X = 3.

Figure 3.18: The scatter plot for the mesh graph when n = 2 and X > 3.

3.7 Comparison across Networks

Figure 3.19 shows the upper triangle correlation coefficients for the line, circle, and mesh

networks versus the size of the graph. In all cases X = 5. In the line graph, i (location of the
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high vertex) is 10. The location of X in the mesh is as shown in Figure 3.5(b). Observe that

X < n in the circle graph and X ≥ 3 in the mesh. The figure uses the appropriate formula

case for these two networks. The correlation coefficients increase as graph size increases in

all three cases. However, for a given value of n, the correlation coefficient for the circle graph

is much lower than that of line and mesh graphs. The mesh graph has a slightly higher

correlation coefficient than the line graph.

Figure 3.19: Comparison of correlation coefficient between line, mesh and circle graphs

In each graph, the correlation coefficient would be 1 if the single edge with high weight

X = 1. As X increases, the all-pair shortest path travel times in a mesh change for relatively

few vertex pairs (vertex pairs where the two vertices are on opposite sides of the high-weight

edge. The increase in travel time between these vertex pairs is limited because the shortest

path does not have to go through the high weight edge; alternative detour paths with a small

increase in time are readily available. As a result, the mesh correlation coefficients stay close

to 1.

We explain the relatively low correlation coefficient for the circle graph with a simple

example where X < n. Consider a circle with n = 6 vertices and X = 5 (although this is

not captured in the figure). Consider the vertices u and v on either end of the high weight
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edge. The travel distance and time between u and v is 1 and 5, respectively. Now let w be

the other neighbor of v (i.e., w ̸= u). The travel distance and time between u and w is 2 and

4. Thus we see instances of low travel distance associated with high travel time along with

others with a higher travel distance but a lower travel time - explaining the lower correlation

coefficients.

3.8 Conclusions

This paper derived and studied distance metric analytics for several special cases of road

networks. Our analytic approach allows us to observe trends as parameters such as the size

of the graph n and the size and location of disruption changes. An important conclusion

from the scatter plots is that the correlation coefficient metric may not be valid as a measure

of the linear relationship when the amount of disruption X is large and the size of the graph

is small.

An advantage of analytical techniques over repeated correlation coefficient computations

is the relative ease of identifying trends. However, because of the tedium associated with

deriving analytical formulas, this approach is necessarily limited to special cases. For analyses

of more general transportation networks, we recommend reverting to direct computations as

described in Section 3.2.
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CHAPTER 4

DIMECOST: A CORRELATION COEFFICIENT METHODOLOGY FOR SCREENING

TRANSPORTATION PROJECTS

Sara Bourbour6, Hamideh Etemadnia7, Dinesh Mehta8

With limited ability to expand the physical capacity of the existing transportation sys-

tem to meet growing demand, there are increasing calls for the development of innovative

technologies to improve system throughput, efficiency and safety. In most cases, network

managers rely on their experience and some tools to evaluate the impact of transportation

projects on network performance and decide whether a traffic management scheme can be

deployed by selecting appropriate long term projects. Transportation planners select projects

that are most likely to reduce congestion. Although there are tools and methodologies that

are used to evaluate projects, they are time-consuming and expensive. It is generally not

possible to apply these tools to evaluate all proposed projects.

This paper proposes a network approach called DIMECOST to assess network fairness

along with average speed to evaluate network effectiveness. Under time and budget con-

straints, we show that this approach can be used by transportation planners and policy

makers to perform a quick screening of potential future projects in order to recommend a

short list of projects that can subsequently be extensively evaluated.

4.1 Introduction

Urban areas in the U.S. and many countries around the world have rapidly grown in

size and population resulting in the formation of mega-cities with congested transportation

networks.

6Department of Computer Science, Colorado School of Mines
7Senior Transportation System Modeler, C&M Associates
8Department of Computer Science, Colorado School of Mines
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Considerable investment has been allocated to furnish the transportation infrastructure

with hardware and software technologies. Traffic Management Centers (TMCs) have been

established in many cities to oversee the use of these technologies to alleviate traffic conges-

tion. Nonetheless, traffic network management efforts at most TMCs has been limited to

using traffic surveillance technologies to monitor network conditions and to warn network

managers of any detected irregularities (e.g., roadway incidents).

Metropolitan areas in the U.S. and abroad are experiencing severe traffic congestion

problems that cause high accident rates, high traveler frustration, major travel delays and

low environmental quality[25]. Given the limited capability to develop the physical capacity

of the existing transportation system, it is necessary to develop innovative technologies to

select the most efficient projects that could meet ever growing demand and raise system

throughput, efficiency and safety.

[26] describes how transportation activities can impact the transportation project eval-

uation process. Three common ways of measuring transportation projects are as follows

(VTPI, 2006, Measuring Transportation):

1. Traffic refers to the movement of vehicles. Traffic can be measured using vehicle-miles

and vehicle-trips, roadway Level-of-Service (LOS), average traffic speeds, vehicle delay,

and vehicle operating costs. Measuring traffic is the simplest approach to measure

transportation and is commonly used in transportation planning.

2. Mobility refers to the movement of people and goods. It is measured using person-

miles, person-trips and ton-miles, average trip speeds, and cost per person- or ton-mile.

It considers automobile, transit, ride sharing, and to a lower degree, non-motorized

achievements to transportation problems. It is fairly tough to measure.

3. Accessibility refers to the ease of reaching desired goods, services and activities. Ac-

cessibility is the ultimate objective of most transportation . It is measured using

generalized cost (money, time and discomfort) per trip. Accessibility is relatively hard
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to measure and so is not commonly used in transportation planning.

Transportation analysis based on each of the above parameters may result in a different

conclusion.

To evaluate the performance of the network, we consider two criteria: fairness and average

speed. We will evaluate a proposed future network by comparing it to the baseline (the current

state of the network). We propose using DIMECOST [14], a method based on computing

correlation coefficients on random spanning trees to evaluate fairness. Along with average

speed, DIMECOST will be used to explore the effect of a specific transportation project on

the network. This will be used to quickly recommend a short list of projects for further

extensive evaluation.

The remainder of this paper is organized as follows. Section 4.2 contains the problem

definition which describes population and economy growth and impacts using the Denver

region as an example. Section 4.3 describes existing methodologies to evaluate transportation

networks. Section 4.4 describes the DIMECOST methodology for evaluating network fairness

and average speed of the network. Section 4.5 describes the Denver region network including

zonal time and distance matrices that have been used in our evaluation. Section 4.6 contains

experimental results and compares the fairness and average speed of the network in 2015

and 2040. Section 4.7 will provide conclusions and describe areas of future research.

4.2 Problem Definition

In this research we assess performance of Denver area transportation network. Denver

Regional Council of Governments (DRCOG) [27] is the designated metropolitan planning or-

ganization for the Denver area. DRCOG is federally charged with providing a long-range re-

gional transportation plan. In this section we review the major longterm planning challenges

and regional planning assumptions used to provide the Metro Vision Regional Transporta-

tion Plan (MVRTP) in Denver. The MVRTP presents the required vision for a multimodal

transportation system in region considering future growth and demographic trends. The
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MVRTP defines transportation facilities, improvements, and services for the entire DRCOG

region. To develop the regional transportation plan it is necessary to consider many chal-

lenges relating to the environment, growth and development, multimodal travel, and so forth.

In the following sections we review some challenges in Denver area. Challenges are major

issues that the region is confronting and addressing, and are not inherently negative, but

4.2.1 Population and Economic Growth

Quality of life is the general comfort and happiness of individuals and societies, marking

negative and positive features of life [28]. One important parameter of quality of life in

urban areas is the ease of moving people and goods from location to location. Such locations

should also be reachable by a variety of travel options. In this research we analyze the ease

of travel in the Denver region. The population of this region is expected to increase by 1.1

million from 2015 to 2040. Also, almost 700,000 jobs will be provided in this region by 2040.

Rapid growth in this region will place much greater demands on the transportation system.

The population of the Denver region in 2015 was about 3.1 million and is estimated to

increase to 4.3 million by 2040, an increase of 37 percent. The number of jobs in 2015 was 1.7

million and is predicted to increase to almost 2.4 million by 2040, an increase of 40 percent.

The total number of trips in Denver region in 2040 is predicted to be 19 million total person-

trips per day which includes the trips of people living in, working in, and visiting the region.

From this information, Denver Regional Council of Governments (DRCOG) [27] predicts

that more than 117 million miles traveling per weekday will be made by about 12.3 million

vehicle (cars, trucks, and buses) trips. Table 4.1 and Figure 4.1 show the past, current, and

forecast population, households, and employment for the Denver region.

Not only does the growth of population and employment within the Denver region af-

fect the Denver transportation system, but it will also be affected by the population and

employment growth outside the Denver region in Elbert County, El Paso County, Larimer

County, and Weld County. Congestion on major interregional highways such as I-25, I-70,

US-85, and US-287 will be affected by an increase in the commuter and visitor trips to and
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Table 4.1: DRCOG Region Population, Households, and Employment
Source: 2040 MVRTP - April 2017 [27].

Population Household Employment

1980 2015 2040 1980 2015 2040 1980 2015 2040
Denver TMA 1,607,400 3,112,800 4,264,300 656,000 1,258,300 1,797,900 915,100 1,694,100 2,363,600

Mountains 14,800 27,100 40,000 6,700 11,000 16,700 5,400 11,900 20,400
and Plains

DRCOG

Region 1,622,200 3,139,900 4,304,300 662,700 1,269,300 1,814,600 920,500 1,706,000 2,384,000
Total

Figure 4.1: DRCOG Region Population, Households, and Employment
Source: 2040 MVRTP - April 2017 [27]

from the region. Figure 4.2 shows the estimated number of work commuters between neigh-

boring counties and the Denver region in 2010. American Community Survey (ACS) data

(2009-2013) states that 26,000 residents traveled out of the region to work and about almost

64,000 workers traveled into the region [27]. There are several challenges that need to be

addressed when developing the network, the most important of which are described below.
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Figure 4.2: Work Trips Between Denver Region and Neighboring Counties
Source: 2040 MVRTP - April 2017 [27]

4.2.2 Location of Growth

It is necessary to predict the locations that are planned for both population and employ-

ment increases. If population increases occur far from the locations where new employment

will be provided, the demand for the transportation will increase considerably. Ideally, job

centers will be close to locations that see population increases. If this is not possible, projects

for expanding the capacity of the transportation network in the relevant locations should be

considered.

Figures 4.3 and 4.4 show the relative distribution of new households and employment

between 2015 and 2040 in Denver region, respectively. These indicate that most of the

expected increase in the regions population and employment will occur within defined growth

areas. Some of the new growth will occur in urban centers, but some growth will also occur

in outlying areas. As urban development expansion occurs in the region, some people and

businesses will necessarily have to make longer trips, which will ultimately place greater

demands on the transportation system. In some areas, a significant amount of growth occurs

within urban centers and they can offer more convenient accessibility via bus or rail transit.

Also, urban centers are able to provide opportunities for shorter non motorized trips via
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walking and bicycling.

Figure 4.3: Location of New Households: 2015-2040
Source: 2040 MVRTP - April 2017 [27]

4.2.3 Social Challenges

Vehicle Miles Traveled (VMT) is defined by the U.S. government as a measurement of

miles traveled by vehicles within a specified region for a specified time period. Between 1990

and 2000 VMT increased 4.7% annually, but between 2006 and 2011 remained flat. Between

2012 and 2015, VMT was increasing and growing each year. In 2015, the regions VMT

increased by 4%, which was the highest annual growth rate since the late 1990s. Figure 4.5

shows the weekday VMT in the Denver region. VMT will continue to increase through 2040

due to growth in population (37% increase) and employment (40% increase) [27].

4.2.4 Jobs/Housing Balance

In areas without a good balance of jobs and housing, the probability of living close to

work decreases. Also, there are fewer opportunities for non-motorized modes to be used to

travel to work. A good balance of jobs and housing makes it more likely that people will live

close to work, although that outcome is not assured. To choose a residence close to work,
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Figure 4.4: Location of New Employment: 2015-2040
Source: 2040 MVRTP - April 2017 [27]

people need to know that they will not change their jobs frequently. Also, housing costs

impact where workers can live.

Figure 4.5: Weekday Vehicle Miles Traveled (VMT) in the Denver Region
Source: 2040 MVRTP - April 2017 [27]
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4.2.5 Automobile Dominance.

The automobile, including cars, vans, pick-ups, and sport utility vehicles, is the dominant

form of household transportation in the Denver region, as well as nationally. The automobile

contains only a single occupant for most trips. The American Community Survey (ACS) data

showed that between 2011 and 2015 about 75% of workers traveled alone in their automobiles

to work. About seven percent worked at home, and the remaining 18% carpooled, walked,

bicycled, or took transit [27].

4.2.6 Traffic Congestion

Over the last 20 years the growth in the Denver regions population, driving, and VMT

has outpaced the increase in highway capacity which is resulted in increasing about 380 miles

of freeways between 1995 and 2015, and severe recurring congestion in 2015 is identified. The

number of congested miles is predicted to increase to about 550 miles by 2040 [27]. Figure 4.6

shows the key congested locations on the regional roadway system anticipated in 2040.

4.3 Existing Methods for Project Evaluation

[29], [30] explain that there are different analytical methods to evaluate and prioritize

new transportation projects. The most suitable methodologies in literature and practice

are scoring methods, cost benefit analysis, and multi-attribute utility analysis. The scoring

methods characterize the relative importance of transportation projects. For example, a

project might obtain only 3 points if it addresses a documented safety problem of moderate

nature, but 5 points on a safety criterion if it will eliminate a serious safety problem. Weights

are assigned to the criteria based on the engineering judgments.

There are advantages and disadvantages for scoring methods. The most important

strength of these methods is their simplicity, their major weakness is that they cannot be

counted upon to produce reasonable project rankings. The National Academy of Sciences

stated that these methods are unsatisfactory, inadequate, undocumented, and biased. The

best situation for using the scoring method is where all of the available choices are equally
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Figure 4.6: Key Congested Locations in 2014 and 2040
Source: 2040 MVRTP - April 2017 [27]

adequate and it is necessary to engage people in the process of decision-making. If chosen

alternatives must be defended to people who did not participate in the scoring exercise, these

methods should be avoided.

Another method for project evaluation, the cost benefit analysis (CBA), is popular be-

cause it invokes a conclusive logic: only if the benefits of a project exceed its costs is it worth

doing the project. To evaluate the project, all impacts of the project such as reduced travel

time for commuters and fewer traffic casualties will be estimated. To convert these impacts

into dollar values, typically the market prices or willingness-to-pay surveys can be used. An

important shortcoming of CBA is that it ignores or partially values assets. For example, data

displaying that local property values dont deteriorate when a freeway intersection is built
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may miss impacts on character and aesthetics of the community. Also, willingness to pay is a

function of wealth. The fact that a low-income community is not able to pay much to avoid

an impact does not necessarily mean that that impact does not matter. Here, obtaining

the required value judgments directly from policy makers, elected officials, or representative

stakeholders is an alternative to using the market data. If this sort of input is not allowable

for the situation, CBA might be the only option. The best situation to use the CBA is where

underestimation of benefits is unlikely to misinform decisions.

Another method to evaluate the transportation projects is Multi-attribute Utility Anal-

ysis (MUA), which is a combination of scoring methods and traditional CBA. The MUA

produces a dollar measure of project value as well as a point score. Therefore, we can rank

projects based on the ratio of benefit-to-cost, but instead of using market prices to convert

impacts to dollars, a value model called utility curve, will be developed to allow people ex-

press their willingness to make tradeoffs among different desired and undesired outcomes.

Also, similar to scoring methods, MUA can virtually capture any concern or matter that

people feel is important. MUA is called “a satisfactory and appropriate decision-aiding tool”

by the National Academy of Sciences. The major shortcoming of this method is that the

applications need skill, and a specialist is needed to ease the MUA process. This approach

is most useful to prioritize projects and can be used as a collaborative process to resolve

controversial decisions.

[31] describes that the decision-making process can be used to address an individual

project evaluation or to compare multiple alternative projects. The first case explores the

economic, financial and other effects of accomplishing a particular project. In the second

case, the decision-making process is meant to choose the best project among different possible

alternatives whose economic or financial impacts have been previously determined. Here,

economic and financial analysis techniques, such as Cost-Benefit analysis and Cost-Revenue

analysis as well as Multi-Criteria analysis methods, can be used in project evaluation to

compare alternative projects.
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Most of the methodologies for evaluating the transportation projects described in liter-

ature and used in practice are costly in terms of time. It is required that all the criteria of

different project variables be evaluated. These methods can be more precise on evaluating

the projects, however the drawback is that one has to evaluate each and every project within

the defined criteria of evaluation variables.

4.4 Algorithm and Methodology

We next introduce DIMECOST[14], a correlation coefficient methodology, for screening

potential projects for future transportation networks. This methodology can help transporta-

tion planners and policy makers to quickly shortlist high-priority projects without evaluating

each variable in the evaluation criteria for each project. We define two parameters includ-

ing fairness and weighted average speed of the network that will be used to evaluate the

transportation network.

4.4.1 Network Fairness

Using the correlation coefficient for determining the strength of a linear relationship

between two variables is a well-known tool in statistics [6]. We will utilize the correlation

coefficient between travel time and travel distance to assess the fairness of a network. We

say that a network is fair if travel times are proportional to travel distances. In this research,

we will utilize a pair of matrices describing the state of a network. Transportation regions

are typically divided into zones. The state of a transportation network is expressed as two

matrices, one representing travel distances and the other representing travel times.

Let n denote the number of zones in the network. Then A is an n×n matrix with element

Aij representing the shortest-path travel distance between zones i and j. Similarly, B is an

n × n matrix with element Aij representing the shortest-path travel time between zones i

and j. Each matrix can be viewed as a complete weighted directed graph on n vertices as

shown in the example below.

Example 1.
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A =









A B C D

A 0 2 4 1
B 1 0 1 6
C 4 2 0 3
D 2 4 2 0









Figure 4.7: Complete graph of Matrix presented in Example

Figure 4.7 shows the network correspond to the above. matrix. We describe two meth-

ods to computing the correlation coefficient between travel distance and travel time. The

first simply computes the correlation coefficient between corresponding elements in the two

matrices, a process that requires Θ(n2) time as follows:

r =

∑n
i=1

∑n
j=i

(

Aij − Ā
) (

Bij − B̄
)

√

∑n
i=1

∑n
j=1

(

Aij − Ā
)2
√

∑n
i=1

∑n
j=1

(

Bij − B̄
)2

(4.1)

Bourbour et al. propose a new method, called DIMECOST, to find the correlation

coefficient between two complete graphs with n vertices in a O(n) time [14].

The second approach is the essence of the DIMECOST methodology [14]. This approach

uses a random walk on the n-vertex complete graph to compute a spanning tree. This

process has been proven to generate a spanning tree uniformly at random. Recall that a

spanning tree T of an undirected graph G is an acyclic subgraph of G that includes all of

the vertices in G ([32]). A spanning tree of a graph with n vertices contains n − 1 edges.

In a directed graphthe random walk obtains a set of n− 1 edges that form a spanning tree

when edge directions are ignored. We then compute the correlation coefficient between the
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travel distance and travel time values on the n− 1 edges using the formula below:

r =
1

n− 2

n−1
∑

i=1

(
xi − x̄

sx
)(
yi − ȳ

sy
) (4.2)

There are nn−2 spanning trees in a complete graph with n vertices [9] any of which is

chosen with equal probability. Each spanning tree is an individual in the population. To

estimate the correlation coefficient, we require a representative sample. An important prop-

erty of a spanning tree is that it does not contain any cycles thus eliminating dependencies

associated with the triangle inequality. The independence of the edges yields a correlation

coefficient that more accurately measures the strength of the linear relationship between

distance metrics. Another advantage is that the complexity of computing a spanning tree

and its correlation coefficient is Θ(n), an improvement over the Θ(n2) approach of the earlier

approach.

As mentioned before, each spanning tree of the distance matrix, can be considered as

a sample of the population. Therefore, by choosing enough spanning trees, we can con-

struct confidence intervals and perform hypothesis tests on the population correlation. Let

X1, · · · , Xn be a large (n > 30) random sample from a population with mean µ and standard

deviation σ, so that X̄ is approximately normal (by Central limit theorem). Then a level

100 (1− α)% confidence interval for µ is

X̄ ± zα/2σx̄ (4.3)

where σx̄ = σ/
√
n , and zα/2 can be found from standard normal (z) table. Here X̄ is sample

mean and X̄ ± 1.96σx̄ gives the 95% (i.e., α = 0.05) confidence interval of the population

mean, µ. When the value of σ is unknown, it can be replaced with the sample standard

deviation s [6]. So, we can find the confidence interval for the correlation coefficient mean.

Recall that the correlation coefficient is a number between −1 and +1. Positive values

of the correlation coefficient shows that by increasing the value of elements of one matrix,
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the value of the associated elements in the other matrix would increase as well. Similarly,

negative correlation coefficient values indicate that by increasing the value of elements of one

matrix leads to decrease the value of the associated elements in the other matrix. Values

of the correlation coefficient close to 1 or −1 means a strong linear relationship and values

close to 0 indicate a weak linear relationship between distance matrices. The correlation

coefficient should only be used when the relationship between x and y is linear [6].

4.4.2 Average Speed of the Network

To compute the weighted average speed of the network, we first compute a speed matrix,

each element of which is obtained by dividing the corresponding element of the distance

matrix by the corresponding element of the time matrix. If the time matrix is given by

T = {Tij}ni,j=1 and the distance matrix is given by D = {Dij}ni,j=1 then the speed matrix is

S = {Sij}ni,j=1, where each element Sij =
Dij

Tij
.

To obtain the weighted average speed of the network we need to consider the number of

trips from one zone to another one. In other words, we multiply the number of trips from one

zone to another one by the speed between these zones. Then we sum over all combinations

of the zones and divide this number by total number of trips in the network. The weighted

average speed can be obtained as follows:

Average speed =

∑n
i,j=1 Odij × Sij
∑n

i,j=1 ODij

(4.4)

.

Note that the units for the distance matrix is mile and the units for the traveling time ma-

trix is minute. Therefore, the units of the average speed is miles per minute. By multiplying

this number by 60, the units of the average speed will be mile per hour.
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4.5 Network

Our data set is provided by DRCOG and taken from the Denver regionand consists of

the following distance matrices:

• Distance matrix of time for year 2015. In this distance matrix each element Aij repre-

sents the travel time between zones i and j in year 2015.

• Distance matrix of distance for year 2015. In this distance matrix each element Aij

represents the travel distance between zones i and j in year 2015.

• Distance matrix of time for year 2040. In this distance matrix each element Aij repre-

sents the travel time between zones i and j in year 2040.

• Distance matrix of distance for year 2040. In this distance matrix each element Aij

represents the travel distance between zones i and j in year 2040.

A traffic analysis zone (TAZ) is the unit of geography commonly used in transportation

planning models. The size of a zone varies with the population and the geographically

location of the zone. Typically the highway network routes or the natural boundaries such

as rivers and creeks can help identifying the zonal boundaries. Each zone in the network is

defined as either the origin or destination of a trip or both. In this research we consider the

2804 zones inside the Denver region. Also [27] provides the information of the trip numbers

in this area. These informations include three different matrices:

• Drive alone: Each element Aij of the matrix represents the number of one-passenger

cars traveling from zone i to zone j.

• Share ride two (SR2): Each element of this matrix represents the number traveling

cars with 2 passengers from one zone to another zone.

• Share ride three (SR3): Each element of this matrix represents the number of traveling

cars with 3 passengers from one zone to another zone.
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To find the total trip in the network we will add these three matrices. In other words,

each element of the total trip matrix (Origin - Destination (OD) matrix) is the summation

of associated element in these three matrices. Since the travel time and distance matrices do

not account for the number of trips in the network, we multiply the OD matrix by the time

and distance matrices, so we can account for the population of the region. The traveling

time matrix in different periods of the day varies and is provided for as follows: OP1 = 11:00

p.m. the previous day to 6:29 a.m.

AM1 = 6:30 to 6:59 a.m.

AM2 = 7:00 to 7:59 a.m. (the a.m. peak hour)

AM3 = 8:00 to 8:59 a.m.

OP2 = 9:00 to 11:29 a.m.

OP3 = 11:30 a.m. to 2:59 p.m.

PM1 = 3:00 to 4:59 p.m.

PM2 = 5:00 to 5:59 p.m. (the p.m. peak hour)

PM3 = 6:00 to 6:59 p.m.

OP4 = 7:00 to 10:59 p.m.

In our analysis we considered the average traveling in the day. We consider the all day

ODs including the summation of entire 10 times OD’s stratified pick and off pick. In some

cases we also analyzed the performance of the network in the peak hours (AM2 and PM2).

4.6 Experimental Results and Analysis

In this section, we consider the state of the road network in 2015 as a benchmark and use

it to assess the state of the road network in 2040 using our fairness metric (Section 4.6.1).

We also assess specific transportation projects to measure their impact on the network (Sec-

tion 4.6.2) using a combination of fairness and average speed.
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4.6.1 Analysis of the Complete Networks for 2015 and 2014

Table 4.2 shows the Pearson correlation coefficient between various matrices. Each table

entry consists of the correlation coefficient of the entire matrix followed by an interval cor-

responding to the correlation coefficient mean confidence interval obtained by the spanning

tree method. In this table we observe that correlation coefficient between Dist-15 and Time-

15 is 0.852 [0.854-0.856] and between Dist-40 and Time-40 is 0.873 [0.877, 0.879], a slight

increase in the fairness from 2015 to 2040. All of the other entries in the table are also high.

Table 4.2: Pearson correlation coefficient, and the confidence interval for correlation coeffi-
cient between unweighted distance matrices

Instance Dist-15 Time-15 Dist-40 Time-40

Dist-15 1 0.852 0.853 0.879
[0.854, 0.856] [0.855, 0.857] [0.88, 0.883]

Time-15 1 0.858 0.975
[0.861, 0.862] [0.974, 0.975]

Dist-40 1 0.873
[0.877, 0.879]

Time-40 1

A more effective analysis weights times and distances by number of trips between zones.

Table 4.3 shows the correlation coefficient between the weighted distance matrices. The

correlation coefficient between weighted distance and weighted time matrices decreases from

0.947 [0.945, 0.950] in 2015 to 0.907 [0.929, 0.940] in 2040, a reduction in fairness. The

remaining correlation coefficients are substantially lower in the 0.279-0.404 range.

The correlation coefficient between OD sum and distance matrices in 2015 resulted in a

correlation coefficient of -0.193 which is explained by noting that the greater the distance

between two zones the fewer the number of trips between them.
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Table 4.3: Pearson correlation coefficient, and the confidence interval for correlation coeffi-
cient between weighted distance matrices

Instance Weighted-Dist-15 Weighted-Time-15 Weighted-Dist-40 Weighted-Time-40

Weighted-Dist-15 1 0.947 0.281 0.398
[0.945, 0.950] [0.201, 0.240] [0.237, 0.278]

Weighted-Time-15 1 0.279 0.404
[0.219, 0.254] [0.295, 0.341]

Weighted-Dist-40 1 0.907
[0.929, 0.940]

Weighted-Time-40 1

4.6.2 Analysis of Specific Projects

In this section, we examine the impact of two projects on the performance of the network.

To this end, we developed code to find the correlation coefficients for portions of the network

as opposed to the entire network. Figures 4.8 and 4.9 show all of the projects considered for

expanding network capacity. Among them we analyze two projects: Pena boulevard project

which is inside the pink oval and C-470 project which is inside the orange oval. These

projects are referred with the same color in the following sections.

4.6.2.1 Analysis of Pena Boulevard Project

The first project we consider is widening Pena boulevard which leads to Denver Interna-

tional Airport (DIA). The reason for analyzing this project is that people from all zones of

the network travel to DIA to take their flight. Therefore, this project can affect the travel

time from all zones of the network to the airport. Figure 4.10 shows the Pena boulevard

project in the pink oval. For the Pena project we need to consider 21 zones including: 1859,

1860, 1861, 1862, 1863, 1867, 1866, 1410, 1412, 1421, 1423, 1203, 1206, 1857, 1858, 1853,

1854, 1852, 1850, 1851, and 1847. Besides finding the correlation coefficient between ma-

trices which only include the above zones, we find the correlation coefficient between these

zones and all other remaining zones in the network. Our analysis shows that the correlation

coefficient between distance and time matrices in 2015 is 0.788 and will increase to 0.836 in
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Figure 4.8: Unfunded Capacity Roadway Project
Source:DRCOG [27]

2040. This suggests that the project increases network fairness.

Next, we find the weighted average traveling speed from the zones inside the pink part to

all other remaining zones in the network in 2015 and 2040. The weighted average traveling

speed between zones inside the pink oval and all other remaining zones of the network in

2040 is 0.421, but was 0.444 in 2015. Although the capacity of the Pena Boulevard will

increase by 2040, it is not enough to handle the increased trips from all zones to the zones

inside the pink oval.

4.6.2.2 Analysis of C470 project

The second project that we analyze is the addition of a managed lane to C-470 between

Highway 121 and Highway I25. Figures 4.3, and 4.4 show that the population of this part of
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Figure 4.9: 2040 project description table
Source:DRCOG [27]

Figure 4.10: Pena BLVD project area with zone IDs [27]

the network will increase considerably by 2040. Figure 4.12 shows that all zones inside the

orange oval will be affected directly by this project.
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Figure 4.11: C-470 project area with zone IDs [27]

Figure 4.12 shows that the C-470 project will affect these zones: 2171, 2367, 2368, 2377,

2376, 2369, 2374, 2370, 2371, 2400, 2404, 2401, 2403, 2402, 2411, 2414, 2412, 2413, 2415,

2430, 2450. For this analysis we first consider average travel data for the day rather than say

rush hour. The correlation coefficient between distance and time matrices in 2015 is 0.8 and

for 2040 is 0.78. In other words, the fairness of this part of the network decreases slightly.

Recall that Table 4.2 for the entire network shows that the correlation coefficient between

time and distance matrices for 2015 is 0.85 and for 2040 is 0.87. The analysis shows that the

whole network is more fair in 2040, but for the zones around the C-470 project, the network

in 2040 is less fair.

We repeated the analysis for rush hour. The correlation coefficient between distance and

time matrices for 2015 is 0.714 and for 2040 is 0.73, which means that the fairness of the

network in 2040 gets better. The correlation coefficient between the zones inside the orange

oval and all other remaining zones in the network for the rush hour in 2015 is 0.75 and for

2040 is 0.74 which means that the fairness remains about the same.

Finally, we find the weighted average traveling speed from the zones inside the orange

part to all other remaining zones in the network in 2015 and 2040. The weighted average

traveling speed between zones inside the orange oval and all other remaining zones of the

network in 2040 is 0.301, but was 0.320 in 2015. Although the capacity of the C-470 project
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will increase by 2040, it is not enough to congest the increased trips from all zones to the

zones inside the orange oval.

Figure 4.12: C-470 project area with zone IDs [27]

4.7 Conclusion and Future Work

In this research, we used DIMECOST to find the correlation coefficient between distance

and time matrices of the Denver transportation network. The matrices associated to trans-

portation networks are large, DIMECOST method is is able to find the similarity between

these matrices efficiently. We consider the current network as the bench mark and explore

the fairness of the network in future. We show that here the correlation coefficient can be

used as a measure of the network fairness. By computing the correlation coefficient of the

network in 2015 and 2040, we show that the Denver transportation network is fair in 2040.

Also, we propose to use the DIMECOST method to evaluate the performance of the

defined projects aiming to expand the capacity of the network. To do so, we implement a

code to find the correlation coefficient between the affected zones by those project and all

other remaining zones within network. Here, the benchmark is the remaining zones in the

network and we compare the project with the benchmark. We analyze two projects and

show that the fairness of the Pena boulevard project is more than the C-470 project. In

other words, the performance of the Pena boulevard project is more than the whole network

and the performance of the C-470 project is about the same as the whole network.
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Moreover, we consider the wighted matrices to account for the amount of trips in the

network. In this analysis we only know the number of trips from one zone to another, but

we do not have any information about the zones that we need to pass trough to reach the

destination. In future work, we propose to consider the route between different zones (link

analysis) instead of just considering the amount of travels between those zones.
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CHAPTER 5

CONCLUSION

Research Contributions

The contributions of this research follow:

• We developed two new methods to analyze networks, which are tractable even for large

data sets.

• We obtain some general formulas for correlation coefficient between distance matrices

correspond to line, circle, and mesh networks and used these to identify and understand

trends.

• We use our proposed approach to assess network fairness along with average speed to

evaluate network effectiveness in Denver region. We explore the performance of two

transportation projects and show which one has more impact on the network.

Suggested Further Research

Improvements to our model could include increasing the efficiency of our model for very large

data sets. Although, our algorithms find the correlation coefficient in linear time, it might

be possible to further use parallel or cloud computing to generate random spanning trees.

One question that would arise is whether it is possible to parallelize Wilson’s algorithm so

that the spanning trees are still generated uniformly at random.

Another interesting avenue to extend the application of our proposed model in the context

of link analysis, which considers the route between different zones, instead of just considering

the number of trips between those zones.
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APPENDIX A

NCCF FOR LINE GRAPH WITH ONE HIGH EDGE IN THE GENERAL LOCATION

In this section, we are looking for finding the correlation coefficient formula between two

line graph. In the first line graph, the weight of all edges are equal to one. In the second

line graph, the weight of all edges are equal to one, except one edge that has a high weight.

Both line graphs have n vertices. A and B are the associated distance matrices to these line

graphs. The distance matrices are as follows, where X is the value of the high weight:

A =































A0 A1 A2 · · · Ai−1 Ai Ai+1 · · · An

A0 0 1 2 · · · i− 1 i i · · · n
A1 0 1 · · · 1− 2 i− 2 i− 1 · · · n− 1
A2 0 · · · i− 3 i− 3 i− 2 · · · n− 2
...

. . .
...

...
...

Ai−1 0 1 2 · · · n− i+ 1
Ai 0 1 2 · · · n− i
Ai+1 0 1 · · · n− i− 1
...

. . . . . .
...

An 0































B =



































B0 B1 B2 · · · Bi−1 Bi Bi+1 · · · Bn

B0 0 1 2 · · · i− 1 X + (i− 1) X + i · · · X + (n− i+ 1)
B1 0 1 · · · i− 2 X + (i− 2) X + (i− 1) · · · X + (n− i)
B2 0 · · · i− 3 X + (i− 3) X + (i− 2) · · · X + (n− i− 1)
...

. . .
...

...
...

Bi−1 0 X X + 1 · · · X + i− 1
Bi 1 · · · i− 1
Bi+1 0 i− 2
... 0

. . .
...

Bn−1
. . . 1

Bn 0


































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The correlation coefficient is defined in equation 4.1. Since we have n− 1 1′s, n− 2 2′s,

· · · , and so on in the first matrix, A, we can obtain D1 and Ā as follows:

D2
1 = (n− 1)

(

1− Ā
)2

+ (n− 2)
(

2− Ā
)2

+ (n− 3)
(

3− Ā
)2

+ · · ·+ 1
(

(n− 1)− Ā
)2

=
n−1
∑

i=1

(n− i)
(

i− Ā
)2

=
n−1
∑

i=1

(n− i)

(

i− n+ 1

3

)2

=
1

36
n
(

n3 − 2n2 − n+ 2
)

(A.1)

Ā =
(n− 1) 1 + (n− 2) 2 + (n− 3) 3 + · · ·+ 1 (n− 1)

n(n−1)
2

=

∑n−1
i=1 (n− i) i

n(n−1)
2

=
1
6
n (n− 1) (n+ 1)

n(n−1)
2

=
n+ 1

3

(A.2)

To Find the B̄ we need to divide matrix B in 3 parts: The highlighted rectangle which

incorporates all elements that include the high weight, the left triangle that incorporates all

elements that are located to the left part of the rectangle, and lower triangle that incorporates

all elements that are located below the rectangle. We find the B̄ as follows:

B̄ = [(i− 1) 1 + (i− 2) 2 + · · ·+ 1 (i− 1)

+ (n− (i+ 1)) 1 + (n− (i+ 2)) 2 + · · ·+ 1 (n− i− 1)

+X + 2 (X + 1) + · · ·
+ (n− i) (X + n− i− 1) + (n− i) (X + n− i) + · · ·+ (n− i) (X + i− 1)+

(n− i− 1) (X + i) + (n− i− 2) (X + i+ 1) + · · ·+ 1 (X + n− 2)]/
n(n− 1)

2

=

[

i−1
∑

t=1

t(i− t) +
n−i−1
∑

t=1

t (n− i− t) +
n−i−1
∑

t=1

t (X + t− 1)

]

/
n (n− 1)

2

+

[

(n− i)
i−1
∑

t=n−i−1

(X + t) +
n−2
∑

t=i

(n− t− 1) (X + t)

]

/
n (n− 1)

2

= ([
1

6
(i− 1) i (i+ 1)− 1

6
(i− n− 1) (i− n) (i− n+ 1)

− 1

6
(i− n) (i− n+ 1) (2i− 2n− 3X + 4)]

+ [
1

2
(n− i) (2i− n+ 1) (n+ 2X − 2)

+
1

6
(i− n) (i− n+ 1) (2i+ n+ 3X − 2)])/

n (n− 1)

2

81



= (
(

i3 − i
)

−
(

(i− n)2 − 1
)

(i− n)−
(

(i− n)2 + (i− n)
)

(2i− 2n− 3X + 4)

− (i− n) (6i− 3n+ 3) (n+ 2X − 2) +
(

(i− n)2 + (i− n)
)

(2i+ n+ 3X − 2)

[i3 − i−
(

i3 − 3i2n+ 3in2 − n3
)

+ (i− n) + 3
(

i2 + n2 − 2in
)

n

+ 6
(

i2 + n2 − 2in
)

X − 6
(

i2 + n2 − 2in
)

] + [12 (i− n) i− 6 (i− n)n

− 6in (i− n)− 12i (i− n)X + 3n2 (i− n) + 6nX (i− n)])/
n (n− 1)

2

=
[

n3 − n− 6i2X + 6inX + 6i2 − 6in
]

/
n (n− 1)

2

(A.3)

To find the numerator of the correlation coefficient, N, we need to multiply Ai − Ā by

Bi − B̄, and we consider that we divided the B matrix to three partitions. So we have:

N =
n
∑

i=1

(

Bi − B̄
) (

Ai − Ā
)

= (i− 1)
(

1− B̄
) (

1− Ā
)

+ (i− 2)
(

2− B̄
) (

2− Ā
)

+ · · ·+

1
(

(i− 1)− B̄
)

×
(

(i− 1)− Ā
)

(n− (i+ 1))
(

1− B̄
) (

1− Ā
)

+ (n− (i+ 2))
(

2− B̄
) (

2− Ā
)

+ · · ·+ 1
(

(n− i− 1)− B̄
)

×
(

(n− i− 1)− Ā
)

+
(

X − B̄
) (

1− Ā
)

+ 2
(

(X + 1)− B̄
) (

2− Ā
)

+ · · ·+ (n− i)
(

X + i− 1− B̄
) (

n− i− Ā
)

+ · · ·+ (n− i)
(

X + i− 1− B̄
) (

i− Ā
)

+ (n− i− 1)
(

X + i− B̄
) (

1 + i− Ā
)

+ · · ·+ 1
(

X + n− 2− B̄
) (

n− 1− Ā
)

=
i−1
∑

t=1

(i− t)
(

t− B̄
) (

t− Ā
)

+
n−i−1
∑

t=1

(n− (i+ t))
(

t− B̄
) (

t− Ā
)

+

n−i−1
∑

t=1

t
(

X + t− 1− B̄
) (

t− Ā
)

+
i−1
∑

t=n−i−1

(n− i)
(

X + t− B̄
) (

t+ 1− Ā
)

+
n−2
∑

t=i

(n− t− 1)
(

X + t− B̄
) (

1 + t− Ā
)
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=
1

12
(i− 1) i

(

B̄
(

6Ā− 2 (i+ 1)
))

− (i+ 1)
(

2Ā− i
)

+
1

12

(

i2 − 2in+ i+ (n− 1)n
) (

2B̄
(

3Ā+ i− n− 1
)

+ (i− n− 1)
(

2Ā+ i− n
))

+
1

12
(i− n) (i− n+ 1)

(

B̄
(

6Ā+ 4i− 4n+ 2
)

+ Ā(4i− 4n− 6X + 8
)

+ 3i2 − 6in− 4iX + 7i+ 3n2 + 4nX − 7n− 2X + 2)− 1

6
(i− n) (2i− n+ 1)

(

6B̄Ā− 3B̄n− 3Ān− 6ĀX + 6Ā+ 2i2 − 2in+ 2i+ 2n2 + 3nX − 4n
)

+
1

12
(i− n) (i− n+ 1) (B̄

(

6Ā− 2 (2i+ n+ 1)
)

− 2Ā (2i+ n+ 3X − 2)

+ 3i2 + 2in+ 4iX − i+ n2 + 2nX − n+ 2X − 2)

(A.4)

=
1

12
(i2 − i)((6B̄Ā− 2iB̄ − 2B̄) + (−2iĀ+ i2 − 2Ā+ i))

+
1

12
(i2 − 2in+ i− n+ n2)((6B̄Ā+ 2B̄i− 2B̄n− 2B̄)

+ (2Āi+ i2 − 2ni− 2Ān+ n2 − 2Ā− i+ n))

+
1

12
(i2 − in+ i− ni+ n2 − n)((6B̄Ā+ 4B̄i− 4nB̄ − 2B̄)

+ (4iĀ− 4nĀ− 6XĀ+ 8Ā) + (6B̄Ā+ 4B̄i− 4nB̄)(3i2 − 6in

− 4iX + 7i+ 3n2 + 4nX − 7n− 2X + 2)− 1

6
(2i2 − ni+ i− 2ni+ n2 − n)

× (6B̄Ā− 3B̄n− 3Ān− 6ĀX + 6Ā+ 2i2 − 2in+ 2i+ 2n2 + 3nX − 4n)

+
1

12
(i2 − ni+ i− ni+ n2 − n)((6B̄Ā− 4B̄i− 2B̄n− 2B̄) + (−4Ai− 2Ān

− 6ĀX + 4Ā) + (3i2 + 2in+ 4iX − i+ n2 + 2nX − n+ 2X − 2))

=
1

12
(6B̄Āi2 − 2i3B̄ − 6B̄Āi+ 2B̄i− 2Āi3 + i4 + 2Āi− i2)

+
S

12
(18B̄Ā+ 2B̄i− 8B̄n− 2B̄ + 2Āi+ 7i2 − 12XĀ− 6ni− 8Ān+ 5n2

+ 10Ā+ 5i− 7n+ 6nX) + (
S

12
+

i2 − ni

12
)

× (−12B̄Ā+ 6B̄n+ 6Ān+ 12ĀX − 12Ā− 4i2 + 4in− 4i− 4n2 − 6nX + 8n)

=
1

12
(12ĀXi2 − 12Āi2 − 6nXi2 + 9ni2 − 12ĀXni+ 12Āni+ 6n2iX − 6in2

+ 6B̄Ān2 + 2B̄n3 − 2Ān3 + n4 − 6B̄Ān+ 2B̄n− 3i2n+ 2Ān− n2)

(A.5)

Where S = i2 − 2in+ i+ n2 − n

Now to find the D2 as follows:
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D2 =

√

√

√

√

n
∑

i=1

(Bi − B̄)2 ⇒ D2
2 =

n
∑

i=1

(Bi − B̄)2 = (i− 1)(i− B̄)2 + (i− 2)(2− B)2 + ...

+ 1((i− 1)− B̄))2 + (n− (i+ 1))(1− B̄)2 + (n− (i+ 2))(2− B̄)2 + · · ·
+ 1((n− i− 1)− B̄)2 + (X − B̄)2 + 2((X + 1)− B̄)2 + ...

+ (n− i− 1)(X + i− B̄) + (n− i− 2)(X + i+ 1− B̄)2 + · · ·+ 1(X + n− 2− B̄)2

=
i−1
∑

t=1

(i− t)(t− B̄)2 +
n−i−1
∑

t=1

(t− B̄)2(n− i− t) +
n−i−1
∑

t=1

t(X + t− 1− B̄)2

+ (n− i)
i−1
∑

t=n−i−1

(X + t− B̄)2 +
n−2
∑

t=i

(n− t− 1)
(

X + t− B̄
)2

=

[

1

12
(i− 1)i(6B̄2 − 4B̄(i+ 1) + i(i+ 1)

]

+

[

1

12
(i2 − 2in+ i+ n(n− 1)(6B̄2 + 4B̄(i− n− 1) + i2 − 2in− i+ n2 + n)

]

[
1

12
(i− n)(i− n+ 1)(6B̄2 + 4B̄(2i− 2n− 3X + 4) + 3i2 + i(−6n− 8X + 11)

+ 3n2 + 8nX − 11n+ 6X2 − 16X + 10]

+ [
1

6
(n− 1)(2i− n+ 1)(6B̄2 − 6B̄n− 12B̄X + 12B̄ + 2i2 − 2in+ 2i

+ 2n2 + 6nX − 7n+ 6X2 − 12X + 6)]

+ [
1

12
(i− n)(i− n+ 1)(6B̄2 − 4B̄(2i+ n+ 3X − 2) + 3i2 + i(2n+ 8X − 5)

+ n2 + 4nX − 3n+ 6X2 − 8X + 2]

=
1

12
(i2 − i)(6B̄2 − 4B̄i− 4B̄ + i2 + i)

+
1

12
(i2 − 2in+ i+ n2 − n)(6B̄2 + 4B̄i− 4B̄n− 4B̄ + i2 − 2in− i+ n2 + n)

+
1

12
(i2 − in+ i− ni+ n2 − n)(6B̄2 + 8B̄i− 8B̄n− 12B̄X + 16B̄ + 3i2

− 6in− 8iX + 11i+ 3n2 + 8nX − 11n+ 6X2 − 16X + 10)

+
1

6
(2in− n2 + n− 2i2 + ni− i)(6B̄2 − 6B̄n− 12B̄X + 12B̄ + 2i2

− 2in+ 2i+ 2n2 + 6nX − 7n+ 6X2 − 12X + 6)

1

12
(i2 − in+ i− in+ n2 − n)(6B̄2 − 8B̄i− 4B̄n− 12B̄X + 8B̄ + 3i2

+ 2ni+ 8iX − 5i+ n2 + 4nX − 3n+ 6X2 − 8X + 2
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=
1

12
(6B̄2i2 − 4B̄i3 − 4B̄i2 + i4 + i3 − 6B̄2i+ 4B̄i2 + 4B̄i− i3 − i2)

+
S

12
(6B̄2 + 4B̄i− 4B̄n− 4B̄ + i2 − 2in− i+ n2 + n) +

S

12
(6B̄2 + 8B̄i

− 8B̄n− 12B̄X + 16B̄ + 3i2 − 6in− 8iX + 11i+ 3n2 + 8nX − 11n+ 6X2 − 16X + 10)

+
ni− i2 − S

6
(
2ni− 2i2

12
− 2S

12
)

(A.6)

Where S = i2 − 2in+ i+ n2 − n By substituting the amount of S in the equation A.6 we

will get

D2
2 = 1/12(−24B̄i2 − 12i2 − 24B̄nXi+ 24B̄ni+ 6B2n2 + 12i2n+ 12n2iX

− 12n2i+ 12X2ni− 24nXi+ 12ni+ 24i2B̄X − 12i2nX

− 12i2X2 + 24i2X − 4B̄n3 + n4 − 6B̄2n+ 4B̄n− n2)

(A.7)
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APPENDIX B

NCCF FOR PROBABLE SPANNING TREE FOR LINE GRAPH WITH ONE HIGH

EDGE IN THE MIDDLE

For simplicity, for the highlighted rectangle of high weights in matrix B (look at matrix B

in Appendix A) we only consider one estimated value for all elements within the highlighted

rectangle. This estimated value is the mean of the all elements in the highlighted rectangle.

Considering all elements in the left of highlighted rectangle, we observe that the value of 1

is repeated i − 1 times, the value of 2 is repeated i − 2 times, · · · , and the value of i − 1

is repeated 1 time. So, the probability of the appearance of different values in the probable

spanning tree is as follows: pr1 = 2(i−1)
n

, pr2 = 2(i−2)
n

, · · · , pri−1 = 2
n
. In the highlighted

rectangle we have i × (n− i) high weight in total, so in the spanning trees the probability

of having high weights is equal to prHW = 2i(n−i)
n

. Considering all elements below the high-

lighted rectangle we observe that the value of 1 is repeated n − i − 1 times, the value of

2 is repeated n − i − 2 times, · · · , and the value of n − i − 1 is repeated 1 time. So ,the

probability of the appearance of different values are as follows: pr1 =
2(n−i−1)

n
, pr2 =

2(n−i−2)
n

,

· · · prn−i−1 =
2
n
.

In this case, we can find the average of all elements in the probable spanning tree, ¯STA,

as follows:
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¯STA =
1

n− 1
× (

[

2 (i− 1)

n
× 1 +

2 (i− 2)

n
× 2 + · · ·+ 2

n
× (i− 1)

]

+

[

2 (n− i− 1)

n
× 1 +

2 (n− i− 2)

n
× 2 + · · ·+ 2

n
× (n− i− 1) +

2i (n− i)

n
× n

2

]

)

=
2

n
[1. (i− 1) + 2. (i− 2) + · · ·+ (i− 1) .1 + 1. (n− i− 1) + 2. (n− i− 2)

+ · · ·+ (n− i− 1) .1 + i. (n− i)]/ (n− 1)

=
2

n (n− 1)

[

i−1
∑

t=1

t (i− t) +
n−i−1
∑

t=1

t (n− i− t)

]

+
(n− i) i

n− 1

(B.1)

The average of the highlighted rectangle in A (see Matrix A Section A) is:

=

∑n−i−1
t=1 t2 +

∑i−1
t=n−i−1 (n− i) (t+ 1) +

∑n−2
t=i (n− t− 1) (1 + t)

i (n− i)

=
1

(n− i)
× (

−1

6
(2i− 2n+ 1) (i− n) (i− n+ 1)

+
1

6
(i− n+ 1)

(

2i2 − in+ i− n (n+ 1)
)

− (i− n)n (2i− n+ 1)

2
)

=
ni (n− i)

2i (n− i)
=

n

2

(B.2)

By substituting this average in the formulation of ¯STA we have:

¯STA =
2

n (n− 1)

(

1

6
(i− 1) i (i+ 1)− 1

6
(i− n− 1) (i− n) (i− n+ 1)

)

+
(n− i) i

(n− 1)
=

n+ 1

3

(B.3)

The average of the high weight in matrix B equals to the average of the highlighted rectangle

in matrix A +i (n− i) (X − 1) = n
2
+ i(n−i)(X−1)

i(n−i)
= n

2
+X − 1 So ¯STB equals to:
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¯STB =

[

2 (i− 1)

n
.1 +

2 (i− 2)

n
.2 + · · ·+ 2

n
(i− 1)

]

/ (n− 1)+

+

[

2 (n− i− 1)

n
.1 +

2 (n− i− 2)

n
.2 + · · ·+ 2

n
(n− i− 1) +

i (n− i) 2

n
×mB

]

2

n (n− 1)

(

1

6
(i− 1) i (i+ 1)− 1

6
(i− n− 1) (i− n) (i− n+ 1)

)

+
i(n−i)2

n
×
(

n
2
+X − 1

)

n− 1

=
n3 + 6niX − 6ni− n− 6i2X + 6i2

3n (n− 1)
(B.4)

Where mB is mean of the high weight in matrix B. By having STA, and STB we can find

all the coefficients of N as follows:

N =
2 (i− 1)

n

(

1− ¯STA

) (

1− ¯STB

)

+
2 (i− 2)

n
.2
(

2− ¯STA

) (

2− ¯STB

)

+ · · ·+
2

n

(

(i− 1)− ¯STA

) (

(i− 1)− ¯STB

)

+
2 (n− i− 1)

n

(

1− ¯STA

) (

1− ¯STB

)

+
2 (n− i− 2)

n
.2
(

2− ¯STA

) (

2− ¯STB

)

+ · · ·+

+
2

n

(

(n− i− 1)− ¯STA

) (

(n− i− 1)− ¯STB

)

+
2i (n− i)

n

(n

2
− ¯STA

)((n

2
+X − 1

)

− ¯STB

)

=
2

n

[

i−1
∑

t=1

(i− t)
(

t− ¯STA

) (

t− ¯STB

)

+
n−i−1
∑

t=1

(i− t)
(

t− ¯STA

) (

t− ¯STB

)

]

+

+
i (n− i) 2

n

(n

2
− S̄TA

)((n

2
+X − 1

)

− S̄TB

)

=
2

n
[
1

12
(i− 1) i

(

S̄TA

(

6S̄TB − 2 (i+ 1)
)

− (i+ 1) (2b− i)
)

+

+
1

12

(

i2 − 2ni+ i+ (n− 1)n
) (

2S̄TA

(

3S̄TB − n+ i− 1
)

+ (i− n− 1)
(

2S̄TB − n+ i
))

]+

+
i (n− i) 2

n

(n

2
− S̄TA

)((n

2
+X − 1

)

− S̄TB

)

(B.5)

The first part of the denominator, D1 equals to:
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D2
1 =

n
∑

i=1

(

Ai − Ā
)2

=
2 (i− 1)

n

(

1− S̄TA

)2
+

2 (i− 2)

n

(

2− S̄TA

)2
+ · · ·+

2

n

(

(i− 1)− S̄TA

)2
+

2 (n− i− 1)

n

(

1− S̄TA

)2
+

+
2 (n− i− 2)

n

(

2− S̄TA

)2
+ · · ·+ 2

n

(

(n− i− 1)− S̄TA

)2
+

i (n− i) 2

n

(n

2
− S̄TA

)2

=
2

n

i−1
∑

t=1

(i− t)
(

t− S̄TA

)2
+

2

n

n−i−1
∑

t=1

(n− i− t)
(

t− S̄TA

)2
+

i (n− i) 2

n

(n

2
− S̄TA

)2

=
1

6n
(i− 1) i

(

6S̄T
2
A − 4S̄TA (i+ 1) + i (i+ 1)

)

+

1

6n

(

i2 − 2in+ i+ (n− 1)n
)

(

6S̄T
2
A + 4S̄TA (i− n− 1) + i2 − 2in− i+ n2 + n

)

+
i (n− i) 2

n

(n

2
− S̄TA

)2

=
(n− 1)n (6a2 − 4a (n+ 1) + n2 + n) + (3n2 − 2) i2 − n (n2 − 2) i− 4ni3 + 2i4

6n
(B.6)

And the second part of the denominator, D2, equals to:

D2
2 =

n
∑

i=1

(

Bi − B̄
)2

=
2 (i− 1)

n

(

1− S̄TB

)2
+

2 (i− 2)

n

(

2− S̄TB

)2
+ · · ·+

2

n

(

(i− 1)− S̄TB

)2
+

2 (n− i− 1)

n

(

1− S̄TB

)2
+

2 (n− i− 2)

n

(

2− S̄TB

)2
+ · · ·+

2

n

(

(n− i− 1)− S̄TB

)2
+

i (n− i) 2

n

(n

2
+X − 1− S̄TB

)2

=
2

n

i−1
∑

t=1

(i− t)
(

t− S̄TB

)2
+

2

n

n−i−1
∑

t=1

(n− i− t)
(

t− S̄TB

)2
+

i (n− i) 2

n

(n

2
+X − 1− S̄TB

)2

=
1

6n
[(n− i− 1) (n− i)

(

6S̄T
2
B − 4S̄TB (n− i+ 1) + (n− i)2 + n− i

)

+

+ (i− 1) i
(

6S̄T
2
B − 4S̄TB (i+ 1) + i2 + i

)

+ 3i (n− i)
(

−2S̄TB + n+ 2X − 2
)2
]

(B.7)
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APPENDIX C

LINE GRAPH WHERE THE LAST EDGE HAS HIGH WEIGHT

In this section, we consider the case of line graph where the last edge has high weight.

Here, we are looking to find how changing the weight of last edge in one line graph changes the

similarity between the associated distance matrices. Also, we detect the impact of changing

the number of vertices on the similarity of distance matrices when the weight of the last

edge is fixed. We obtain the NCCF based on the upper triangle of the distance matrices and

probable spanning tree and explore how these general formulas are close to each other.

Figure C.1: Upper triangle NCCF trends for line graph: the number of vertices are fixed,
and the high weight of the last edge varies

C.1 NCCF for Upper Triangle

Here, NCCF is based on the elements in upper triangle of two distance matrices associated

to the line graphs. In the first graph, the weight of all edges are equal to one. In the second

graph the weight of all edges are equal to one, except the last one that has the high weight.

For this case three parts of the equation 4.1 is as follows:
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N =
(n− 1) (n− 2)

6
X − (n+ 3) (n− 2) (n− 1) (2− n)

36 (C.1)

D2
1 =

1

36
n
(

n3 − 2n2 − n+ 2
)

(C.2)

D2
2 = X2

(

n+
2

n
− 3

)

+X

(

n2

3
− 3n− 4

n
+

20

3

)

+

(

n4

36
− n3

18
− 13

36
n2 +

37

18
n+

2

n
− 11

3

)

(C.3)

For more details look at Appendix C.3. Figure C.1 shows the correlation coefficient trends

between two distance matrices, where the number of vertices of the line graphs is fixed and the

weight of the last edge changes. From this figure we observe that the correlation coefficient

decreases by increasing the weight of the last edge in the second graph, as we expected.

Also, we detect that the rate of decrease varies for different numbers of vertices, since by

increasing the number of vertices in the graph, the effect of the high weight decreases.

Figure C.2 shows the correlation coefficient trends between the two line graphs. In this

figure, the weight of the last edge is fixed, and the number of vertices changes. From this

figure we observe that the correlation coefficient increases by increasing the number of the

vertices of the graph, as expected. Also, this graph shows that by increasing the number of

vertices, the correlation coefficient gets close to one for all cases. This observation matches

with the mathematical formulation that we obtain for correlation coefficient. The limit of

NCCF when n goes to infinity is as follows:

lim
n→∞

r = lim
n→∞

n4

36
√

n4

6
×
√

n4

6

= 1 (C.4)

In other words, the limit of the NCCF is one, which means that by increasing the number

of vertices the effect of hight weight decreases. Moreover, we detect that the increasing rate

varies for different weight of the last edge in the second graph.
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Figure C.2: Upper triangle NCCF for line graph: the high weight of the last edge is fixed,
and the number of vertices varies

Now we consider a line graph where its last edge is blocked. In other words, the last

edge of the line graph has a very large high weight. Mathematically we can find the limit of

NCCF when X goes to infinity as follows:

lim
X→∞

r = lim
X→∞

(n−1)(n−2)
6

X
√

n
36
(n3 − 2n2 − n+ 2)×

√

(

n+ 2
n
− 3
)

X2

= lim
X→∞

(n− 2) (n− 1)X
√

n (n3 − 2n2 − n+ 2)
√

(

n+ 2
n
− 3
)

X2

(C.5)

We observe that the limit of NCCF is independent of X. The limit of aforementioned

formula when n goes to infinity is as follows:

lim
n→∞

r = lim
n→∞

n2

n2 × n
1

2

= 0 (C.6)

This result matches with our observation from Figure C.3.

Moreover, we verify the correctness of obtained correlation coefficient for different values

of X. Figure C.4 shows that for low value of X, the ordered pair points are around the straight
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line which indicates that there is a high correlation between these distance matrices, but for

the high value of X the points do not lie on a straight line which means that the correlation

coefficient between the distance matrices is low.

Figure C.3: Upper triangle NCCF trends for a line graph where X is too large.

C.2 NCCF for Probable Spanning Tree

Here, we estimate the NCCF of the line graph where the last edge of the graph has

high weight, based on probable spanning tree method. Figure C.5 shows the correlation

coefficient for the line graph when X is fixed and compares the NCCF between upper triangle

and probable spanning tree method for one case as an example and indicates that these two

general formula are very close to each other. Three parts of the equation 4.1 are as follows

(more details is provided in Appendix C.4):

N =
2

n

[

(n− 1) (n− 2) (n3 − 3n2 + 2n+ 12 (X − 1))

36n

]

+

2 (n− 1)

n

(

n

2
− n+ 1

3

)[

2X + n− 2

2
−
(

n− 2

3
+

2X + n− 2

n

)] (C.7)
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(a) X = 2 (b) X = 50

Figure C.4: Scatter plot for line graph with 8 vertices where last edge has high weight.

D2
1 =

1

18n

(

n2 − 3n+ 2
)2

+
2 (n− 1)

n

(

n− 2

6

)2

(C.8)

D2
2 =

2

n

[

(n2 − 3n+ 2)
(

n4 − 3n3 + 2n2 + 24n (X − 1) + 72 (X − 1)2
)

36n2

]

+

(n− 2)2 (n− 1) (n+ 6X − 6)2

18n3

(C.9)

Table C.1 compares the NCCF between upper triangle and probable spanning tree meth-

ods for a line graph in which its last edge has high weight. In this table we consider different

number of vertices and different values as the weight of last edge. we observe that the results

for both upper triangle (UT), and Probable spanning tree(PST) are so close to each other.

C.3 NCCF for line graph with one high edge at the end

Here, we are looking to compare the correlation coefficient between two distance matrices

associated with two line graphs with n vertices. In the first line graph, the weight of all edges

are equal to 1. In the second graph the weight of all edges is equal to 1 except the weight of

last edge equals to X.

The two distance matrices are as follows:
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Figure C.5: Comparison of the correlation coefficient obtained by upper triangle method and
probable spanning tree for line graph where the last edge of the graph has high weight, for
different n and X=5.
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Table C.1: Comparison of the NCCF for line graph where its last edge has high weight,
between the upper triangle (UT) and probable spanning tree (PST) methods for different
values of high weight and number of vertices

Number of X = 2 X = 4 X = 8 X = 12

vertices UT PST UT PST UT PST UT PST
n = 5 0.937 0.927 0.766 0.792 0.608 0.692 0.545 0.655
n = 8 0.977 0.970 0.870 0.854 0.692 0.692 0.594 0.611
n = 10 0.987 0.983 0.914 0.899 0.753 0.739 0.645 0.641
n = 20 0.998 0.998 0.983 0.981 0.926 0.918 0.855 0.843
n = 40 0.999 0.999 0.998 0.997 0.988 0.987 0.971 0.969
n = 80 0.999 0.999 0.999 0.999 0.998 0.998 0.996 0.996

To find D1 formula , we need to count the number of repeated values in A matrix and

multiply it by the difference of the that value and Ā. Which is as follows:

D2
1 = (n− 1)

(

1− Ā
)2

+ (n− 2)
(

2− Ā
)2

+ (n− 3)
(

3− Ā
)2

+ · · ·+ 1
(

(n− 1)− Ā
)2

=
n−1
∑

i=1

(n− i)
(

i− Ā
)2

(C.10)

To find the D2, we need to count the number of repeated values in B matrix and multiply

it by the difference of the that value and B̄. The D2 will be computed as follows:

D2
2 = (n− 2)

(

1− B̄
)2

+ · · ·+
(

(n− 2)− B̄
)2

+
(

(X + (n− 3))− B̄
)2

+ · · ·+
(

X − B̄
)2

= (n− 2)
(

1− 2B̄ + B̄2
)

+ (n− 3)
(

4− 4B̄ + B̄2
)

+ · · ·+ 1
(

(n− 2)2 − 2(n− 2)B̄ + B̄2
)

+
(

(X + (n− 2))2 − 2 (X + (n− 2)) B̄ + B̄2
)

+
(

(X + (n− 3))2 − 2 (X + (n− 3)) B̄ + B̄2
)

+ · · ·+
(

X2 − 2XB̄ + B̄2
)
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= (n− 2) 12 + (n− 3) 22 + · · ·+ 1 (n− 2)2 − 2 [(n− 2) + 2 (n− 3) + 3 (n− 4) + · · ·+ (n− 2)1] B̄

+ [1 + 2 + 3 + · · ·+ (n− 3) + (n− 2)] B̄2 +
[

(X + (n− 2))2 + (X + (n− 3))2 + · · ·+ (X + 0)2
]

− 2B̄ [(X + (n− 2)) + (X + (n− 3)) + · · ·+ (X + 0)] + (n− 1) B̄2

=
n−2
∑

i=1

i2 (n− i− 1)− 2B̄
n−2
∑

i=1

i (n− i− 1) +
n (n− 1)

2
B̄2 +

n−2
∑

i=0

(X + i)2 − 2B̄
n−2
∑

i=0

(X + i)

=
1

12
(n− 2) (n− 1)2 n− 2B̄

1

6
(n− 2) (n− 1)n+

n (n− 1)

2
B̄2

+
1

6
(n− 1)

(

2n2 + n (6X − 7) + 6 (X − 1)2
)

− 2B̄
1

2
(n− 1) (n+ 2X − 2)

(C.11)

Ā, and B̄ can be computed just by adding the number of each elements that we count in

D1, and D2, and divide the result by the whole number of elements.

Ā =
(n− 1) 1 + (n− 2) 2 + (n− 3) 3 + · · ·+ 1 (n− 1)

n(n−1)
2

=

∑n−1
i=1 (n− i) i

n(n−1)
2

=
1
6
n (n− 1) (n+ 1)

n(n−1)
2

=
n+ 1

3
(C.12)

B̄ =
(n− 2) 1 + (n− 3) 2 + · · ·+ 1 (n− 2) + (X + (n− 2)) + (X + (n− 3)) + · · ·+ (X + 1) +X

n(n−1)
2

=

∑n−2
i=1 (n− i− 1) i+ (n− 1)X +

∑n−2
i=1 i

n(n−1)
2

=
1
6
n (n− 1) (n− 2) + (n− 1)X + (n−2)(n−1)

2
n(n−1)

2

=
(n−1)(n−2)

6
(n+ 3) + (n− 1)X

n(n−1)
2

=
(n− 2) (n+ 3)

3n
+

2X

n
(C.13)

So by substituting the result of C.12, C.13 in equations C.15, C.10, and C.11 we will have:
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D2
1 =

n−1
∑

i=1

(n− i)

(

i− n+ 1

3

)2

=
1

36
n
(

n3 − 2n2 − n+ 2
)

(C.14)

N = (n− 2)
(

1− Ā
) (

1− B̄
)

+ (n− 3)
(

2− Ā
) (

2− B̄
)

+ (n− 4)
(

3− Ā
) (

3− B̄
)

+ · · ·+
(

(n− 2)− Ā
) (

(n− 2)− B̄
)

+
(

(X + (n− 2))− B̄
) (

(n− 1)− Ā
)

+
(

(X + (n− 3))− B̄
) (

(n− 2)− Ā
)

+ · · ·+
(

X − B̄
) (

1− Ā
)

= (n− 2)
(

1− Ā− B̄ + ĀB̄
)

+ (n− 3)
(

4− 2Ā− 2B̄ + ĀB̄
)

+

· · ·+
(

(n− 2)2 − (n− 2) Ā− (n− 2) B̄ + ĀB̄
)

+
(

(n− 1)X −XĀ+ (n− 2) (n− 1)− (n− 2) Ā− (n− 1) B̄ + ĀB̄
)

+
(

(n− 2)X −XĀ+ (n− 3) (n− 2)− (n− 3) Ā− (n− 2) B̄ + ĀB̄
)

+ · · ·+
(

X −XĀ− B̄ + B̄Ā
)

(n− 2) 12 + (n− 3) 22 + · · ·+ 1 (n− 2)2 − [1. (n− 2) + 2 (n− 3) + 3 (n− 4) + · · ·+ (n− 2) 1]Ā

− [1. (n− 2) + 2 (n− 3) + 3 (n− 4) + · · ·+ (n− 2) 1]Ā+ [(n− 2) + (n− 3) + (n− 4) + · · ·+ 1] ĀB̄

+ [(n− 1) + (n− 2) + (n− 3) + · · ·+ 1]X + (n− 1)XĀ+

[(n− 2) (n− 1) + (n− 3) (n− 2) + · · ·+ 0× 1]

− [(n− 2) + (n− 3) + (n− 4) + · · ·+ 0] Ā

− [(n− 1) + (n− 2) + (n− 3) + · · ·+ 1] B̄ + (n− 1) ĀB̄

=
(n− 2) (n− 1)

2
ĀB̄ −

n−2
∑

i=1

i (n− 1− i) B̄ − 1

6
(n− 2) (n− 1)nĀ+

n (n− 1)

2
X − (n− 1)XĀ

− (n− 2) (n− 1)

2
Ā− (n− 1)n

2
B̄ + (n− 1) ĀB̄ +

n−2
∑

i=1

i2 (n− 1− i) +
n−1
∑

i=1

i (i− 1)

=
(n− 2) (n− 1)

2
ĀB̄ − 1

6
(n− 2) (n− 1)nB̄ − 1

6
(n− 2) (n− 1)nĀ+

n (n− 1)

2
X + (n− 1)XĀ

− (n− 2) (n− 1)

2
Ā− (n− 1)n

2
B̄ + (n− 1) ĀB̄ +

1

12
(n− 2) (n− 1)2 n+

1

3
(n− 2) (n− 1)n

=
(n) (n− 1)

2
ĀB̄ − 1

6
(n+ 1)n (n− 1) B̄ − 1

6
(n− 2) (n− 1) (n+ 3) Ā+

n (n− 1)

2
X−

(n− 1)XĀ+
1

12
(n− 2) (n− 1)n (n+ 3)

(n− 2) 12 + (n− 3) 22 + · · ·+ 1 (n− 2)2 − [1. (n− 2) + 2 (n− 3) + 3 (n− 4) + · · ·+ (n− 2) 1]B̄

− [1. (n− 2) + 2 (n− 3) + 3 (n− 4) + · · ·+ (n− 2) 1]Ā+ [(n− 2) + (n− 3) + (n− 4) + · · ·+ 1] ĀB̄

+ [(n− 1) + (n− 2) + (n− 3) + · · ·+ 1]X + (n− 1)XĀ+

[(n− 2) (n− 1) + (n− 3) (n− 2) + · · ·+ 0× 1]

− [(n− 2) + (n− 3) + (n− 4) + · · ·+ 0] Ā− [(n− 1) + (n− 2) + (n− 3) + · · ·+ 1] B̄ + (n− 1) ĀB̄
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=
(n− 2) (n− 1)

2
ĀB̄ −

n−2
∑

i=1

i (n− 1− i) B̄ − 1

6
(n− 2) (n− 1)nĀ+

n (n− 1)

2
X − (n− 1)XĀ

− (n− 2) (n− 1)

2
Ā− (n− 1)n

2
B̄ + (n− 1) ĀB̄ +

n−2
∑

i=1

i2 (n− 1− i) +
n−1
∑

i=1

i (i− 1)

=
(n− 2) (n− 1)

2
ĀB̄ − 1

6
(n− 2) (n− 1)nB̄ − 1

6
(n− 2) (n− 1)nĀ+

n (n− 1)

2
X + (n− 1)XĀ

− (n− 2) (n− 1)

2
Ā− (n− 1)n

2
B̄ + (n− 1) ĀB̄ +

1

12
(n− 2) (n− 1)2 n+

1

3
(n− 2) (n− 1)n

=
(n) (n− 1)

2
ĀB̄ − 1

6
(n+ 1)n (n− 1) B̄ − 1

6
(n− 2) (n− 1) (n+ 3) Ā+

n (n− 1)

2
X−

(n− 1)XĀ+
1

12
(n− 2) (n− 1)n (n+ 3)

(C.15)

N =
n (n− 1)

2
×
(

(n− 2) (n+ 3)

3n
+

2X

n

)(

n+ 1

3

)

− (n+ 1)n (n− 1)

6

(

(n− 2) (n+ 3)

3n
+

2X

n

)

− (n+ 3) (n− 2) (n− 1)

6
× (n+ 1)

3
+

n (n− 1)

2
X −

(

n+ 1

3

)

(n− 1)X +
(n− 2) (n− 1) (n+ 3)n

12

=
n (n− 1) (n− 2) (n+ 3) (n+ 1)

18n
+

2X (n+ 1) (n− 1)

6
− (n+ 1) (n− 1) (n− 2) (n+ 3)

18

− (n+ 1) (n− 1)X

3
− (n+ 1) (n+ 3) (n− 2) (n− 1)

18
+

n (n− 1)X

2
− (n− 1) (n+ 1)X

3

+
(n− 2) (n− 1) (n+ 3)n

12

=
n (n− 1)X

2
− 2 (n+ 1) (n− 1)X

6
− (n+ 1) (n− 1) (n− 2) (n+ 3)

18
+

(n− 2) (n− 1) (n+ 3)n

12

=
(n− 1) (n− 2)X

6
− (n+ 3) (n− 2) (n− 1) (2− n)

36
(C.16)
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D2
2 =

1

12
(n− 2) (n− 1)2 n− 1

3

(

(n− 2) (n+ 3)

3n
+

2X

n

)

((n− 2) (n− 1)n)

+
n (n− 1)

2

(

(n− 2) (n+ 3)

3n
+

2X

n

)2

+
1

6
(n− 1)

(

2n2 + 6nX − 7n+ 6X2 + 6− 12X
)

−
(

(n− 2) (n+ 3)

3n
+

2X

n

)

(n− 1) (n+ 2X − 2)

=
1

12

(

n4 − 2n3 + n2 − 2n3 + 4n2 − 2n
)

− 1

3

(

n2 + n− 6 + 6X

3n

)

(

n3 − 3n2 + 2n
)

+
n (n− 1)

2

(

(n2 − 4n+ 4) (n2 + 6n+ 9)

9n2
+

4X2

n2
+ 2

(n− 2) (n+ 3)

3n
× 2X

n

)

+
1

6
(n− 1)

(

2n2 + 6X2 + 6nX − 7n+ 6− 12X
)

−
(

n2 + n− 6 + 6X

3n

)

(

n2 + 2Xn− 3n− 2X + 2
)

(C.17)

=
n4

12
− n3

3
+

5n2

12
− n

6
− 1

9n

(

n5 − 3n4 + 2n3 + n4 − 3n3 + 2n2 − 6n3 + 18n2
)

− 1

9n

(

−12n+ 6Xn3 − 18Xn2 + 12Xn
)

+
n (n− 1)

2

(

n4 + 6n3 + 9n2 − 4n3 − 24n2 − 36n+ 4n2 + 24n+ 36

9n2
+

4X2

n2
+

4X

3n2

(

n2 + n− 6
)

)

+
1

6

(

2n3 + 6n2X − 7n2 + 6X2n+ 6n− 12Xn− 2n2 − 6nX + 7n− 6X2 − 6 + 12X
)

− 1

3n

(

n4 + 2Xn3 − 3n3 − 2Xn2 + 2n2 + n3 + 2Xn2 − 3n2 − 2Xn+ 2n− 6n2
)

− 1

3n

(

−12Xn+ 18n+ 12X − 12 + 6Xn2 + 12X2 − 18Xn− 12X2 + 12X
)
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=
n4

12
− n3

3
+

5

12
n2 − n

6
− n4

9
+

n3

3
− 2

9
n2 − n3

9
+

n2

3
− 2n

9
+

2n2

3
− 2n+

4

3
− 2

3
Xn2 + 2Xn

− 4

3
X +

(n− 1)

18n

(

n4 + 2n3 − 11n2 − 12n+ 36
)

+
2X2 (n− 1)

n
+

2X (n− 1)

3n

(

n2 + n− 6
)

+
1

6

(

2n3 + 6n2X − 9n2 + 6X2n+ 13n− 18Xn− 6X2 − 6 + 12X
)

− 1

3n

(

n4 + 2Xn3 − 2n3 + 6Xn2 − 7n2 − 32Xn+ 20n+ 24X + 12X2n− 12X2 − 12
)

=
n4

12
− n3

3
+

5

12
n2 − n

6
− n4

9
+

2

9
n3 +

7

9
n2 − 20

9
n+

4

3
− 2

3
Xn2 + 2Xn− 4

3
X +

n4

18
+

n3

9

− 11

18
n2 − 2

3
n+ 2− n3

18
− n2

9
+

11

18
n+

2

3
− 2

n
+ 2X2 − 2X2

n
+

2

3
Xn2 +

2

3
Xn− 4X − 2

3
Xn

− 2

3
X +

4X

n
+

n3

3
+ n2X − 3

2
n2 +X2n+

13

6
n− 3Xn−X2 − 1 + 2X − n3

3
− 2

3
Xn2

+
2

3
n2 − 2Xn+

7

3
n+

32

3
X − 20

3
− 8X

n
− 4X2 +

4X2

n
+

4

n

=
n4

36
− n3

18
− 13

36
n2 +

37

18
n+

1

3
Xn2 − 3Xn+

20

3
X − 3X2 +

2X2

n
− 4

n
X +

2

n
+X2n− 11

3

= X2

(

n+
2

n
− 3

)

+X

(

n2

3
− 3n− 4

n
+

20

3

)

+

(

n4

36
− n3

18
− 13

36
n2 +

37

18
n+

2

n
− 11

3

)

(C.18)

C.4 NCCF for probable spanning tree for line graph with one high edge at the
end

In this section, we are looking to find the correlation coefficient between two distance

matrices associated with two line graphs. The difference between this section and previous

sections is that instead of considering the upper triangle of the matrices, we consider a sample

spanning tree and find the correlation coefficient between the edges of matrices associated

with the spanning tree. To find the correlation coefficient formula, we consider a probable

spanning tree. In other words, we find the weight of each edges of spanning tree based on

the probability of the occurrence of each value in that edge. So, in equation 4.1 for this case

we have:
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N =
2 (n− 2)

n

(

1− ¯STA

) (

1− ¯STB

)

+
2 (n− 3)

n

(

2− ¯STA

) (

2− ¯STB

)

+
2 (n− 4)

n

(

3− ¯STA

) (

3− ¯STB

)

+ · · ·+ 2

n

(

(n− 2)− ¯STA

) (

(n− 2)− ¯STB

)

(C.19)

For sake of simplicity, we consider that the values of the last column of the distance

matrix B (see Section C.3) to be equal to the average of all elements in that column, because

by increasing the number of vertices, the difference between the value of elements of last

column is negligible. We can find the average weight of last column as follows:

X +X + 1 +X + 2 + · · ·+X + n− 2 =
(n− 1)X +

∑n−2
i=0 i

n− 1
=

(n− 1)X + (n−1)(n−2)
2

n− 1

=
2X + (n− 2)

2
(C.20)

We can find the average of last column of matrix A as follows:

∑n−1
i=1 i

n− 1
=

n(n−1)
2

n− 1
=

n

2
(C.21)

So ¯STA, the average of all elements in the probable spanning tree, can be obtained as

follows:

¯STA =

(

2 (n− 2)

n
× 1 +

2 (n− 3)

n
× 2 +

2 (n− 4)

n
× 3 + · · ·+ 2

n
× (n− 2) +

2 (n− 1)

n
× n

2

)

/ (n− 1)

=
2

n
((n− 2)× 1 + (n− 3)× 2 + (n− 4)× 3 + · · ·+ 1× (n− 2)) / (n− 1) + 1

=

(

2

n

n−2
∑

i=1

i (n− 1− i)

)

/ (n− 1) + 1 =

(

2

n

(

1

6
(n− 2) (n− 1)n

))

/ (n− 1) + 1

=
(n− 2) (n− 1)

3 (n− 1)
+ 1 =

n− 2 + 3

3
=

n+ 1

3

¯STB =
n− 2

3
+

2(n−1)
n

× 2X+n−2
2

n− 1
=

n− 2

3
+

2X + n− 2

n
=

n (n− 2) + 6X + 3 (n− 2)

3n

So equation C.19 become as follows:
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N =
2

n
[(n− 2)

(

1− ¯STA

) (

1− ¯STB

)

+ (n− 3)
(

2− ¯STA

) (

2− ¯STB

)

+ (n− 4)
(

3− ¯STA

) (

3− ¯STB

)

+ · · ·+
(

(n− 2)− ¯STA

) (

(n− 2)− ¯STB

)

+ (n− 1)
(n

2
− ¯STA

)

(

2X + (n− 2)

2
− ¯STB

)

]

(C.22)

By substituting ¯STA = n+1
3

, ¯STB = n−2
3

+ 2X+n−2
n

equation C.22 become as follows:

2

n

[

(n− 1) (n− 2) (n3 − 3n2 + 2n+ 12 (X − 1))

36n

]

+
2 (n− 1)

n

(

n

2
− n+ 1

3

)

×
[

2X + n− 2

2
−
(

n− 2

3
+

2X + n− 2

n

)] (C.23)

The first part of the denominator, D1, can be obtained as follows:

D2
1 =

2 (n− 2)

n

(

1− ¯STA

)2
+

2 (n− 3)

n

(

2− ¯STA

)2
+

2 (n− 4)

n

(

3− ¯STA

)2
+ · · ·+

(

(n− 2)− ¯STA

)2

+
2

n
(n− 1)

(

n

2
− n+ 1

3

)2

=
2

n

[

(n− 2)
(

1− ¯STA

)2
+ (n− 3)

(

2− ¯STA

)2
+ (n− 4)

(

3− ¯STA

)2
+ · · ·+

(

(n− 2)− ¯STA

)2
]

+
2

n
(n− 1)

(

n

2
− n+ 1

3

)2

=
2

n

[

n−2
∑

i=1

(n− i− 1)

(

i− n+ 1

3

)2
]

+
2

n
(n− 1)

(

n

2
− n+ 1

3

)2

=
2

n
× 1

36

(

n2 − 3n+ 2
)2

+
2

n
(n− 1)

(

n

2
− n+ 1

3

)2

=
1

18n

(

n2 − 3n+ 2
)2

+
2 (n− 1)

n

(

n− 2

6

)2

(C.24)

The second part of the denominator, D2, equals to:
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D2
2 =

2

n

[

(n− 2)
(

1− ¯STB

)2
+ (n− 3)

(

2− ¯STB

)2
+ (n− 4)

(

3− ¯STB

)2
+ · · ·+

(

(n− 2)− ¯STB

)2
]

+
2 (n− 1)

n

(

2X + n− 2

2
− ¯STB

)2

=
2

n
×
[

(n2 − 3n+ 2)
(

n4 − 3n3 + 2n2 + 24n (X − 1) + 72 (X − 1)2
)

36n2

]

+

+
2 (n− 1)

n

(

2X + n− 2

2
−
(

n− 2

3
+

2X + n− 2

n

))2

=
2

n

[

(n2 − 3n+ 2)
(

n4 − 3n3 + 2n2 + 24n (X − 1) + 72 (X − 1)2
)

36n2

]

+
(n− 1) (n2 + 6nx− 8n− 12x+ 12)

2

18n3

=
2

n

[

(n2 − 3n+ 2)
(

n4 − 3n3 + 2n2 + 24n (X − 1) + 72 (X − 1)2
)

36n2

]

+
(n− 2)2 (n− 1) (n+ 6X − 6)2

18n3

(C.25)
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APPENDIX D

NCCF FOR CIRCLE GRAPH WITH ONE HIGH WEIGHT GREATER THAN THE

NUMBER OF VERTICES

Here, we are looking to find the Pearson correlation coefficient between two distance

matrices. The first distance matrix is associated with a circle graph that the weight of edges

are equal to one. The second distance matrix is associated with a circle graph that the

weight of all edges are equal to one, except that the wight of one edge equals to X and X is

greater than the number of the vertices (n). In this case, the correlation coefficient formula

depends on the number of vertices, n. So, we consider two cases: case 1: n is odd case 2: n

is even.

If n is odd, the elements of each row in the distance matrix, are a little bit different from

those of even n. For odd n we observe that the elements of each row start from 1 and increase

up to n−1
2

, then they decrease from n−1
2

to 1. But in the even n, the value of elements start

from 1 and increase to n
2
, and then it decrease from n

2
− 1 to 1. To find the same pattern for

both cases, we need to consider [n
2
], and [n−1

2
] so in both cases the value of elements start

from 1, and increase up to [n
2
], and then decrease to 1. The generalized format of the matrix

A, and B for the case of having odd number of the vertices would be as follows:
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A =

A0 A1 A2 · · · An−1

2

An−1

2
+1 · · · An−2 An−1

















































































































A0 0 1 2 · · · n−1
2

n−1
2

· · · 2 1

A1 0 1 · · · n−1
2

− 1 n−1
2

· · · 3 2

A2 0 · · · n−1
2

− 2 n−1
2

− 1 · · · 3 3

...
. . .

An−1

2

0 1 · · · n−1
2

− 1 n−1
2

An−1

2
+1 0 · · · n−1

2
− 2 n−1

2
− 1

...
. . .

An−2 0 1

An−1 0

,

B =

























B0 B1 B2 B3 B4 B5 · · · Bn

B0 0 1 2 3 4 5 · · · n
B1 0 1 2 3 4 · · · n− 1
B2 0 1 2 3 · · · n− 2
B3 0 1 2 · · · n− 3
B4 0 1 · · · n− 4
B5 0
...

. . .
...

Bn 0

























For even number of the vertices the two distance matrices would be as follows:
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A =

A0 A1 A2 · · · An
2

An
2
+1 · · · An−2 An−1

















































































































A0 0 1 2 · · · n
2

n
2
− 1 · · · 2 1

A1 0 1 · · · n
2
− 1 n

2
· · · 3 2

A2 0 · · · n
2
− 2 n

2
− 1 · · · 4 3

...
. . .

...

An
2

0 1 · · · n
2
− 2 n

2
− 1

An
2
+1 0 · · · n

2
− 3 n

2
− 2

...
. . .

An−2 0 1

An−1 0

,

B =

























B0 B1 B2 B3 B4 B5 · · · Bn

B0 0 1 2 3 4 5 · · · n
B1 0 1 2 3 4 · · · n− 1
B2 0 1 2 3 · · · n− 2
B3 0 1 2 · · · n− 3
B4 0 1 · · · n− 4
B5 0
...

. . .
...

Bn 0

























To find the numerator of the correlation coefficient formula, N, in Case1 we need to

consider that the elements in the highlighted triangle in matrix A have specific pattern and

the remaining elements of matrix A have another pattern. By looking at the elements of

matrix A which does not lie in the highlighted triangle, we realize that each value is repeated

n − i times. Also, by looking at the elements within the highlighted triangle, we see that

value i is repeated i times. So, we can find the numerator N by considering these patterns

as follows:
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N = ((n− 1)
(

1− Ā
) (

1− B̄
)

+ (n− 2)
(

2− Ā
) (

2− B̄
)

+ (n− 3)
(

3− Ā
) (

3− B̄
)

+ · · ·+
(

n−
[n

2

])([n

2

]

− Ā
)([n

2

]

− B̄
)

) + 1.
(

1− Ā
) (

(n− 1)− B̄
)

+ 2.
(

2− Ā
) (

(n− 2)− B̄
)

+ · · ·+
[

n− 1

2

]([

n− 1

2

]

− Ā

)((

n−
[

n− 1

2

])

− B̄

)

=

[n
2
]

∑

i=1

(n− i)
(

i− Ā
) (

i− B̄
)

+

[n−1

2
]

∑

i=1

i
(

i− Ā
) (

(n− i)− B̄
)

(D.1)

Since the answer of [n
2
], and [n−1

2
] are different for even and odd numbers, we will have

different pattern for each case:

Case1:

N =

n−1

2
∑

i=1

(n− i)
(

i− Ā
) (

i− B̄
)

+

n−1

2
∑

i=1

i
(

i− Ā
) (

(n− i)− B̄
)

=
1

192
(n− 1)

(

8Ā
(

B̄ (9n− 3)− 2n (n+ 1) + (n+ 1)
) (

−16B̄n+ 5n2 + 3
))

+

+
1

192
(n− 1) (n+ 1)

(

8Ā
(

3B̄ − 2n
)

− 8B̄n+ 5n2 + 3
)

=
1

96
(n− 1)

(

48ĀB̄n− 16Ān2 − 16Ān− 12B̄n2 − 12B̄n+ 5n3 + 5n2 + 3n+ 3
)

(D.2)

Case2:

N =

n
2
∑

i=1

(n− i)
(

i− Ā
) (

i− B̄
)

+

n
2
−1
∑

i=1

i
(

i− Ā
) (

(n− i)− B̄
)

=
1

192
n
(

8Ā
(

B̄ (9n− 6)− 2n2 − 3n+ 2
)

+ (n+ 2)
(

B̄ (8− 16n) + n (5n+ 2)
))

+

+
1

192
(n− 2)n

(

8Ā
(

3B̄ − 2n− 1
)

− 8B̄ (n− 1) + n (5n− 2)
)

=
1

96
n
(

48ĀB̄n− 48ĀB̄ − 16Ān2 + 16Ā− 12B̄n2 + 5n3 + 4n
)

(D.3)

We can find the Ā for each part as follows:

Case1:
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Ā =
n.1 + n.2 + n.3 + · · ·+ n

[

n
2

]

n(n−1)
2

=
n
(

1 + 2 + 3 + · · ·+ n−1
2

)

.2

n (n− 1)

2

n− 1

(

n−1
2

(

n−1
2

+ 1
)

2

)

=
n+ 1

4

(D.4)

Case2:

Ā =
n.1 + n.2 + n.3 + · · ·+ n

2

[

n
2

]

n(n−1)
2

=
n.
(

1 + 2 + 3 + · · ·+ n
2
− 1
)

+ n2

4
n(n−1)

2

=

(

(n
2
−1)(n

2
)

2
+ n

4

)

n−1
2

=

(n−2

2
)(n

2
)

2
+ n

4
n−1
2

=
n(n−2)

8
+ n

4
n−1
2

=
n(n−2)+2n

8
n−1
2

=
n2

4 (n− 1)

(D.5)

The B̄ for both cases are the same which can be found as follows:

Case 1 and 2:

B̄ =
(n− 1) .1 + (n− 2) .2 + (n− 3) .3 + · · ·+ 1. (n− 1)

n(n−1)
2

=

∑n−1
i=1 i. (n− i)

n(n−1)
2

=
n(n−1)

6
. (n+ 1)

n(n−1)
2

(D.6)

By applying the same idea that we used to find the N , we can find D1, and D2 as follows:

Case 1:
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D2
1 = (n− 1)

(

1− Ā
)2

+ (n− 2)
(

2− Ā
)2

+ (n− 3)
(

3− Ā
)2

+

(

n− 1

2

)(

n− 1

2
− Ā

)2

+ 1.
(

1− Ā
)2

+ 2.
(

2− Ā
)2

+ · · ·+
(

n− 1

2

)

.

(

n− 1

2
− Ā

)2

=

n−1

2
∑

i=1

(n− i)
(

i− Ā
)2

+

n−1

2
∑

i=1

i
(

i− Ā
)2

=
1

192
(n− 1)

(

24Ā2 (3n− 1)− 32Ā (n+ 1)n+ 5n3 + 5n2 + 3n+ 3
)

+

+
1

192
(n− 1) (n+ 1)

(

24Ā2 − 16Ān+ 3n2 − 3
)

=
1

24
(n− 1)n

(

12Ā2 − 6Ān− 6Ā+ n2 + n
)

(D.7)

D2
2 = (n− 1)

(

1− B̄
)2

+ (n− 2)
(

2− B̄
)2

+ (n− 3)
(

3− B̄
)2

+ · · ·+
(

n− n− 1

2

)(

n− 1

2
− B̄

)2

+ 1.
(

(n− 1)− B̄
)2

+ 2.
(

(n− 2)− B̄
)2

+ · · ·+
(

n− 1

2

)

.

((

n− n− 1

2

)

− B̄

)2

=
1

192
(n− 1)

(

24B̄2 (3n− 1)− 32B̄ (n+ 1)n+ 5n3 + 5n2 + 3n+ 3
)

+

+
1

192
(n− 1) (n+ 1)

(

24B̄2 − 32B̄n+ 11n2 − 3
)

=
1

12
(n− 1)n

(

6B̄2 − 4B̄n− 4B̄ + n2 + n
)

(D.8)

Case 2:

D2
1 =

n
2
∑

i=1

(n− i)
(

i− Ā
)2

+

n
2
−1
∑

i=1

i
(

i− Ā
)2

=
1

192
n
(

24Ā2 (3n− 2)− 16Ā
(

2n2 + 3n− 2
)

+ n
(

5n2 + 12n+ 4
))

+
1

192
(n− 2)n

(

24Ā2 − 16Ā (n− 1) + 3 (n− 2)n
)

=
1

24
n
(

12Ā2n− 12Ā2 − 6Ān2 + n3 + 2n
)
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D2
2 =

n
2
∑

i=1

(n− i)
(

i− B̄
)2

+

n
2
−1
∑

i=1

i
(

(n− i)− B̄
)2

=
1

192
n
(

24B̄2 (3n− 2)− 16B̄
(

2n2 + 3n− 2
)

+ n
(

5n2 + 12n+ 4
))

+
1

192
(n− 2)n

(

24B̄2 − 16B̄ (2n+ 1) + n (11n+ 10)
)

=
1

12
n
(

6B̄2n− 6B̄2 − 4B̄n2 + 4B̄ + n3 − n
)

(D.9)
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APPENDIX E

NCCF FOR UPPER TRIANGLE FOR CIRCLE GRAPH WITH ONE HIGH WEIGHT

LESS THAN THE NUMBER OF VERTICES

In this case, we are looking to find the correlation coefficient between two distance ma-

trices associated with two circle graphs. In the first circle graph the weight of all edges are

equal to one. In the second graph the weight of all edges are equal to one, except the weigh

of one edge equals to X where X is less than the number of vertices, n. Matrix A for this

case is the same as matrix A in Appendix D, but the matrix B is different. Both matrices

are as follows:

A =

A0 A1 A2 · · · An
2

An
2
+1 · · · An−2 An−1

















































































































A0 0 1 2 · · · n
2

n
2
− 1 · · · 2 1

A1 0 1 · · · n
2
− 1 n

2
· · · 3 2

A2 0 · · · n
2
− 2 n

2
− 1 · · · 4 3

...
. . .

...

An
2

0 1 · · · n
2
− 2 n

2
− 1

An
2
+1 0 · · · n

2
− 3 n

2
− 2

...
. . .

An−2 0 1

An−1 0

,
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B =

































B0 B1 B2 · · · Bn
2

Bn
2
+1 · · · Bn−2 Bn−1

B0 0 1 2 · · · n
2

X + n
2
− 2 · · · X + 1 X

B1 0 1 · · · n
2
− 1 n

2
· · · X + 2 X + 1

B2 0 · · · n
2
− 2 n

2
− 1 · · · X + 3 X + 2

...
. . .

...
Bn

2
0 1 · · · n

2
− 2 n

2
− 1

Bn
2
+1 0 · · · n

2
− 3 n

2
− 2

...
. . .

Bn−2 0 1
Bn−1 0

































To find the numerator of the correlation coefficient (equation 4.1) we use the same procedure

as Appendix D to find the repetition of each value in A and B matrices. We obtain the N

as follows:

N = (n− 1)
(

1− Ā
) (

1− B̄
)

+ (n− 2)
(

2− Ā
) (

2− B̄
)

+ · · ·+
(

n− n

2

)(n

2
− Ā

)(n

2
− B̄

)

+

+ 1.
(

1− Ā
) (

(X + (1− 1))− B̄
)

+ 2.
(

2− Ā
) (

(X + (2− 1))− B̄
)

+ · · ·+
+
(n

2
− 1
)((n

2
− 1
)

− Ā
)((

X +
(n

2
− 1
)

− 1
)

− B̄
)

=

n
2
∑

i=1

(n− i)
(

i− Ā
) (

i− B̄
)

+

n
2
−1
∑

i=1

i
(

i− Ā
) (

(X + (i− 1))− B̄
)

=
1

192
n
(

8Ā
(

B̄ (9n− 6)− 2n2 − 3n+ 2
)

+ (n+ 2)
(

B̄ (8− 16n) + n (5n+ 2)
))

+
1

192
(n− 2)n

(

8Ā
(

3B̄ − n− 3X + 4
)

− 8B̄ (n− 1) + 3n2 + 8nX − 14n− 8X + 8
)

=
1

24
n× (12ĀB̄n− 12ĀB̄ − 3Ān2 − 3ĀnX + 3Ān+ 6ĀX

− 6Ā− 3B̄n2 + n3 + n2X − n2 − 3nX + 5n+ 2x− 2)

(E.1)

The Ā is the same as that of Appendix D and equals to n2

4(n−1)
, and B̄ equals to:
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B̄ =
1

n(n−1)
2

× ((n− 1) .1 + (n− 2) .2 + · · ·+
(

n− n

2

)

.
n

2
+ 1.X + 2. (X + 1)

+ 3. (X + 2) + · · ·+
(n

2
− 1
)(

X +
(n

2
− 2
))

)

=

∑

n
2

i=1 (n− i) i+
∑

n
2
−1

i=1 i. (X + i− 1)
n(n−1)

2

=
1
24
n (n+ 2) (2n− 1) + 1

24
(n− 2)n (n+ 3X − 4)

n(n−1)
2

=
n
24
((n+ 2) (2n− 1) + (n− 2) (n+ 3X − 4))

n
2
(n− 1)

=
n2 + nX − n− 2X + 2

4 (n− 1)

(E.2)

We find the D1 and D2 in the same way as of Appendix D:

D2
1 = (n− 1)

(

1− Ā
)2

+ (n− 2)
(

2− Ā
)2

+ · · ·+

+
(

n− n

2

)(n

2
− Ā

)2

+ 1.
(

1− Ā
)2

+ · · ·+
(n

2
− 1
)((n

2
− 1
)

− Ā
)2

=

n
2
∑

i=1

(n− i)
(

i− Ā
)2

+

n
2
−1
∑

i=1

i
(

i− Ā
)2

=
1

192
n
(

24Ā2 (3n− 2)− 16Ā
(

2n2 + 3n− 2
)

+ n
(

5n2 + 12n+ 4
))

+
1

192
(n− 2)n

(

24Ā2 − 16Ā (n− 1) + 3 (n− 2)n
)

=
1

24
n
(

12Ā2n− 12Ā2 − 6Ān2 + n3 + 2n
)

(E.3)

D2
2 = (n− 1)

(

1− B̄
)2

+ (n− 2)
(

2− B̄
)2

+ · · ·+
(

n− n

2

)(n

2
− B̄

)2

+

+ 1.
(

X + (1− 1)− B̄
)2

+ 2.
(

(X + (2− 1))− B̄
)2

+ · · ·

+
(n

2
− 1
)((

X +
((n

2
− 1
)

− 1
))

− B̄
)2

=

n
2
∑

i=1

(n− i)
(

i− B̄
)2

+

n
2
−1
∑

i=1

i
(

X + (i− 1)− B̄
)2

=
1

192
n
(

24B̄2 (3n− 2)− 16B̄
(

2n2 + 3n− 2
)

+ n
(

5n2 + 12n+ 4
))

+
1

192
(n− 2)n

(

24B̄2 − 16B̄ (n+ 3X − 4) + 3n2 + 2n (8X − 11) + 8
(

3X2 − 8X + 5
))

=
1

24
n(12B̄2n− 12B̄2 − 6B̄n2 − 6B̄nX + 6B̄n+ 12B̄X − 12B̄ + n3 + 2n2X

− 2n2 + 3nX2 − 12nX + 11n− 6X2 + 16x− 10)

(E.4)
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APPENDIX F

NCCF FOR PROBABLE SPANNING TREE FOR CIRCLE GRAPH WITH ONE HIGH

WEIGHT LESS THAN THE NUMBER OF VERTICES

In Appendix C.4 we explained the procedure of finding the correlation coefficient formula

based on probable spanning tree. Here, we use the same procedure to find a formula for

correlation coefficient between two distance matrices associated with two circle graphs. In

the first circle graph, the weight of all edges are equal to one, and in the second circle graph

the weight of all edges are equal to one, except the weight of one edge is X, where X is less

than number of vertices, n.

In Appendix E we obtained different correlation coefficient formulas for odd and even

number of vertices, but in Section 3.5.2 we discovered that the graph for these cases are very

similar to each other. Therefore, in this section, we only explore the case of even number of

vertices. As we mentioned in Appendix E, we can find out that how many times each value is

repeated. If we consider all elements of matrix A that do not lie in the highlighted triangle,

we observe that the 1 is repeated n − 1 times. Since we have n(n−1)
2

elements in the upper

triangle, we can say that the probability of having 1 in the spanning tree is: pr1 = 2(n−1)
n

.

Using the same procedure we have: pr2 = 2(n−2)
n

, · · · , prn
2
=

n−n
2

n
2

= 1. Also, for sake of

simplicity, for the elements in the highlighted triangle, we consider the average weight as the

weight of all elements. The average of those elements in the matrix A can be obtained as

follows:

mA =
1× 1 + 2× 2 + · · ·+

(

n
2
− 1
) (

n
2
− 1
)

n(n−2)
8

=

∑

n
2
−1

i=1 i2

n(n−2)
8

=
n(n−1)(n−2)

24
n(n−2)

8

=
n (n− 1) (n− 2) 8

24n (n− 2)
=

n− 1

3

(F.1)

The average of those elements in the matrix B equals to:
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mB =
1×X + 2× (X + 1) + · · ·+

(

n
2
− 1
) (

X + n
2
− 1
)

n(n−2)
8

=

∑

n
2
−1

i=1 i (X + (i− 1))
n(n−2)

8

=
n(n−2)(n+3X−4)

24
n(n−2)

8

=
n (n+ 3X − 4) (n− 2) 8

24n (n− 2)
=

(n+ 3X − 4)

3

(F.2)

The denominator of these two fraction come from the following equations:

1 + 2 + · · ·+
(n

2
− 1
)

=

n
2
−1
∑

i=1

i =

(

n
2
− 1
)

n
2

2
=

n (n− 2)

8
(F.3)

So, the probability of the high weight equals to:

prHW =
(n− 1)n (n− 2) 2

8n (n− 1)
=

n− 2

4
(F.4)

Based on what we obtained till now, we can find STĀ as follows:

STĀ =

[

2 (n− 1)

n
.1 +

2 (n− 2)

n
.2 + · · ·+ 2

(

n− n
2

) (

n
2

)

n
+

n− 2

4

(

n− 1

3

)

]

/ (n− 1)

=

(

2

n

[

1

24
n (n+ 2) (2n− 1)

]

+
(n− 1) (n− 2)

12

)

/ (n− 1)

(n+ 2) (2n− 1) + (n− 2) (n− 1)

12 (n− 1)
=

n2

4 (n− 1)
(F.5)

In the same way, we can find the STB̄ as follows:

STB̄ =

[

2 (n− 1)

n
.1 +

2 (n− 2)

n
.2 + · · ·+ 2

(

n− n
2

) (

n
2

)

n
+

(n− 2)

4

(

n+ 3X − 4

3

)

]

/ (n− 1)

=

[

(n+ 2) (2n− 1)

12
+

(n− 2) (n+ 3X − 4)

12

]

/ (n− 1)

=
(n+ 2) (2n− 1) + (n− 2) (n+ 3X − 4)

12 (n− 1)

=
n2 + nX − n− 2X + 2

4 (n− 1)
(F.6)
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We can find the N based on the aforementioned probabilities as follows:

N =
2 (n− 1)

n
(1− STĀ) (1− STB̄) +

2 (n− 2)

n
(2− STĀ) (2− STB̄) + · · ·+ 2

(

n− n
2

)

n

(n

2

)

+

+
(n− 2)

4
(mA − STĀ) (mB − STB̄)

=
2

n





n
2
∑

i=1

(n− i) (i− STĀ) (i− STB̄)



+
(n− 2)

4

(

n− 1

3
− STĀ

)(

n+ 3X − 4

3
− STB̄

)

=
2

n
× n

192

(

8STĀ

(

STB̄ (9n− 6)− 2n2 − 3n+ 2
)

+ (n+ 2) (STB̄ (8− 16n) + n (5n+ 2))
)

+
(n− 2)

4

(

n− 1

3
− STĀ

)(

n+ 3X − 4

3
− STB̄

)

=
1

288
(288STĀSTB̄n− 288STĀSTB̄ − 72STĀn

2 − 72STĀnX + 72STĀn+ 144STĀX

− 144STĀ − 72STB̄n
2 + 23n3 + 24n2X − 20n2 − 72nX + 124n+ 48X − 64)

(F.7)

Finally, by using the same procedure, we can find D1, and D2 as follows:

D2
1 =

2 (n− 1)

n
(1− STĀ)

2 +
2 (n− 2)

n
(2− STĀ)

2 + · · ·

+
2
(

n− n
2

)

n

(n

2
− STĀ

)2

+
(n− 2)

4

(

n− 1

3
− STĀ

)2

=
2

n

n
2
∑

i=1

(n− i) (i− STĀ)
2 +

n− 2

4

(

n− 1

3
− n2

4 (n− 1)

)2

=
2

n
× n2 (3n4 − 10n3 + 10n2 − 8n+ 8)

384 (n− 1)2
+

(n− 2) (n2 − 8n+ 4)
2

576 (n− 1)2

=
(n− 2) (5n3 − 9n2 + 30n− 8)

288 (n− 1)

(F.8)
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D2
2 =

2 (n− 1)

n
(1− STB̄)

2 +
2 (n− 2)

n
(2− STB̄)

2 + · · ·+ 2
(

n− n
2

)

n

(n

2
− STB̄

)2

+
n− 2

4

(

n+ 3X − 4

3
− n2 + nX − n− 2X + 2

4 (n− 1)

)2

+
2

n

n
2
∑

i=1

(n− i)
(

i− ST 2
B̄

)

+
(n− 2) (n2 + 9nX − 17n− 6X + 10)

2

576 (n− 1)2

=
1

576
(144ST 2

B̄ (3n− 2)− 96STB̄

(

2n2 + 3n− 2
)

+
(n− 2) (n2 + n (9X − 17)− 6X + 10)

2

(n− 1)2

+ 6n
(

5n2 + 12n+ 4
)

)

(F.9)
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APPENDIX G

NCCF FOR MESH GRAPH WITH ONE HIGH WEIGHT

In this section we are looking to find the correlation coefficient between two distance

matrices associated with two mesh graphs. Here, each vertex of the mesh graph is called

Ai,j, where 0 ≤ i ≤ n, 0 ≤ j ≤ n. The distance between Ai,j Ak,l vertices is equal to

|i− k|+ |j − l|. So, the distance matrix A can be shown as follows:

A =















































A(0,0) A(0,1) · · · A(0,n) A(1,0) A(1,1) · · · A(1,n) · · · A(n,0) · · · A(n,n)

A(0,0) 0 1 · · · n 1 2 · · · n+ 1 · · · n · · · 2n
A(0,1) 0 · · · n− 1 2 1 · · · n · · · n+ 1 · · · 2n− 1
...

. . . . . . . . . . . .
...

A(0,n) 0 n+ 1 n · · · 1 · · · 2n · · · n
A(1,0) 0 1 · · · n · · · n− 1 · · · 2n− 1
A(1,1) 0 · · · n− 1 · · · n · · · 2n− 2
...

. . . . . . . . .
...

A(1,n) 0 · · · 2n− 1 · · · n− 1
...

. . . . . .
...

A(n,0) 0 · · · n
...

. . .
...

A(n,n) 0















































We know that the l, and j are independent of i, and k, and also

N
∑

n=0

N
∑

k=0

|k − n| = 1

3
N (N + 1) (N + 2)

. So, we can obtain the Ā and D1 as follows:
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(n+ 1)2
(

(n+ 1)2 − 1
)

2
Ā =

1

2

(

n
∑

l=0

n
∑

k=0

n
∑

j=0

n
∑

i=0

|i− k|+ |j − l|
)

=
1

2

(

n
∑

l=0

n
∑

j=0

(

n
∑

k=0

n
∑

i=0

|i− k|+ (n+ 1)2 |j − l|
))

=
1

2

(

n
∑

l=0

n
∑

j=0

n (n+ 1) (n+ 2)

3
+ (n+ 1)2 |j − l|

)

=
1

2

(

n (n+ 1)3 (n+ 2)

3
+ (n+ 1)2

n
∑

j=0

n
∑

l=0

|j − l|
)

(G.1)

Which finally leads to:

Ā =
2 (n+ 1)

3
(G.2)

D2
1 =

1

2

n
∑

l=0

n
∑

j=0

n
∑

k=0

n
∑

i=0

(

|i− k|+ |j − l| − Ā
)2 − (n+ 1)2 Ā2

(G.3)

Since in equation G.3, |j − l| − Ā are independent of the summation of i, and k, we can

consider them as a constant C, and write this equation as follows:

D2
1 =

1

2

n
∑

l=0

n
∑

j=0

(

n
∑

k=0

n
∑

i=0

(i− k)2 + c2 + 2c |i− k|
)

− (n+ 1)2 Ā2 (G.4)

In this formula we substitute the following expression by T:

n
∑

k=0

n
∑

i=0

(i− k)2 =
n
∑

k=0

1

6
(n+ 1)

(

6k2 − 6kn+ 2n2 + n
)

=
1

6
n (n+ 1)2 (n+ 2) (G.5)

and write the equation G.4 as follows:
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1

2

n
∑

l=0

n
∑

j=0

(

n
∑

k=0

n
∑

i=0

(i− k)2 + c2 + 2c |i− k|
)

=

=
1

2

(

T (n+ 1)2 + (n+ 1)2
n
∑

j=0

n
∑

l=0

(

|j − l| − Ā
)2

+
2n (n+ 1) (n+ 2)

3

n
∑

l=0

n
∑

j=0

|j − l| − Ā

)

=
1

4
(
n (n+ 1)4 (n+ 2)

6
+ (n+ 1)2

(

n
∑

j=0

n
∑

l=0

(j − l)2 + Ā2 − 2Ā |j − l|
)

+
2n (n+ 1) (n+ 2)

3
× n (n+ 1) (n+ 2)

3
− 2n (n+ 1) (n+ 2)

3
× 2 (n+ 1)3

3
)

=
1

2
(
n (n+ 1)4 (n+ 2)

6
+

n (n+ 1)4 (n+ 2)

6
+ (n+ 1)4

(

2 (n+ 1)

3

)2

− 2× 2 (n+ 1)3

3
× n (n+ 1) (n+ 2)

3
+

2n2 (n+ 1)2 (n+ 2)2

9
− 4n (n+ 1)4 (n+ 2)

9
)

=
1

2
(
n (n+ 1)4 (n+ 2)

3
+

4 (n+ 1)6

9
− 4 (n+ 1)4 n (n+ 2)

9

+
2n2 (n+ 1)2 (n+ 2)2

9
− 4n (n+ 1)4 (n+ 2)

9
)

=
1

2

(

−5n (n+ 1)4 (n+ 2)

9
+

4 (n+ 1)6

9
+

2n2 (n+ 1)2 (n+ 2)2

9

)

=
1

2
× 1

18
(n+ 1)2

(G.6)

For simplicity we consider the above answer as p, and we can write D1 as follows:

D2
1 =

1

2

(

p− (n+ 1)2 Ā2
)

==
1

18
(n+ 1)2 n (n+ 2)

(

n2 + 2n− 1
)

(G.7)

For matrix B we will have all the elements the same as in matrix A except for array (i, j) =

(n, n), and (k, l) = (k, n) here we will have two case:

case 1: X < 3 in this case all the elements are the same as A except for the array of the

inter section of (i, j) = (n, n), and (k, l) = (k, n) that we would have Ai,j + (X − 1) for this

case B̄ is as follows:

B̄ = Ā+ n (X − 1)× 2

(n+ 1)2
(

(n+ 1)2 − 1
) =

2 (X − 1)

(n+ 1)2 (n+ 2)
+ Ā (G.8)
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case 2: X > 3 here also all the elements are the same as A except for the array of the

inter section of (i, j) = (n, n), and (k, l) = (k, n) that we have Ai,j + 2 for this case B̄ is as:

B̄ = Ā+ 2n× 2

(n+ 1)2
(

(n+ 1)2 − 1
) = Ā+

4

(n+ 1)2 (n+ 2)
(G.9)

Since case to is more common to happen, and both of them have the similar procedure

We choose case 2 and try to find the formula for D2
2 for this case:

For the simplicity we will try to use the formula for D2
1, and just subtract the associated

array which are different in these two distance matrices and add the new value to that to

get the result for D2
2 so the result would be as follows:
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D2
2 =

1

2

(

n
∑

i,j,k,l

(

|i− k|+ |j − l| − B̄
)2 − (n+ 1)2 B̄2

)

−
n−1
∑

k=0

(

(n− k)− B̄
)2

+
n−1
∑

k=0

(

(n− k + 2)− B̄
)2

=
1

2

(

n
∑

i,j,k,l=0

(i− k)2 + (j − l)2 + B̄2 − 2B̄ |i− k| − 2B̄ |j − l|+ 2 |i− k| |j − l| − (n+ 1)2 B̄2

)

−
n−1
∑

k=0

(

(n− k)− B̄
)2

+
n−1
∑

k=0

(

(n− k + 2)− B̄
)2

=
1

2
(

n
∑

l=0

n
∑

j=0

n (n+ 1)2 (n+ 2)

6
+

n
∑

i=0

n
∑

k=0

n (n+ 1)2 (n+ 2)

6
+ B̄2 (n+ 1)4

− 4B̄
n
∑

l=0

n
∑

j=0

n (n+ 1) (n+ 2)

3
+ 2×

(

n (n+ 1) (n+ 2)

3

)2

− (n+ 1)2 B̄2)

− n (2n8 + 17n7 + 59n6 + 106n5 + 124n4 + 157n3 + 203n2 + 152n+ 332)

18 (n+ 1)4 (n+ 2)2

+
n (2n8 + 5n7 + 23n6 + 274n5 + 1156n4 + 2017n3 + 1271n2 − 136n− 4)

18 (n+ 1)4 (n+ 2)2

=
n8 + 10n7 + 44n6 + 112n5 + 183n4 + 202n3 + 200n2 + 216n+ 256

18 (n+ 2)2
− (n+ 1)2 B̄2

2

=
1

2
(
n (n+ 1)4 (n+ 2)

3
+

(

2 (n+ 1)

3
+

4

(n+ 1)2 (n+ 2)

)2

(n+ 1)4

− 4

(

2 (n+ 1)

3
+

4

(n+ 1)2 (n+ 2)

)

n (n+ 1)3 (n+ 2)

3
+ 2

(

n (n+ 1) (n+ 2)

3

)2

− (n+ 1)2 B̄2

+ 2

(

n (n+ 1) (n+ 2)

3

)2

− (n+ 1)2 B̄2)

− n (2n8 + 17n7 + 59n6 + 106n5 + 124n4 + 157n3 + 203n2 + 152n+ 332)

18 (n+ 1)4 (n+ 2)2

+
n (2n8 + 5n7 + 23n6 + 274n5 + 1156n4 + 2017n3 + 1271n2 − 136n− 4)

18 (n+ 1)4 (n+ 2)2

=
n8 + 10n7 + 44n6 + 112n5 + 183n4 + 202n3 + 200n2 + 216n+ 256

18 (n+ 2)2
− (n+ 1)2 B̄2

2

−2n (n4 − n3 − 15n2 − 23n+ 14)

(n+ 1)2 (3n+ 6)
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=
n8 + 10n7 + 44n6 + 112n5 + 183n4 + 202n3 + 200n2 + 216n+ 256

18 (n+ 2)2
+

−2 (n8 + 10n7 + 46n6 + 107n5 + 116n4 + 47n3 + 97n2 + 196n+ 64)

9 (n+ 1)2 (n+ 2)2

(G.10)

Since matrix A, and B is a lot similar to each other for the numerator part of the 4.1 we can

use D1 to find the result easier SO we would have:

N =
1

2

(

n
∑

i,j,k,l=0

(

|i− k|+ |j − l| − Ā
) (

|i− k|+ |j − l| − B̄
)

− (n+ 1)2 ĀB̄

)

−
n−1
∑

k=0

(

(n− k)− Ā
) (

(n− k)− B̄
)

+
n−1
∑

k=0

(

(n− k)− Ā
) (

(n− k + 2)− B̄
)

D2
1 +

1

2
(

−4

(n+ 1)2 (n+ 2)

n
∑

i,j,k,l=0

(

|i− k|+ |j − l| − Ā
)

− (n+ 1)2
(

2 (n+ 1)

3
× 4

(n+ 1)2 (n+ 2)

)

)

−
n−1
∑

k=0

(

(n− k)− 2 (n+ 1)

3

)(

(n− k)−
(

2 (n+ 1)

3
+

4

(n+ 1)2 (n+ 2)

))

+
n−1
∑

k=0

(

(n− k)− 2 (n+ 1)

3

)(

(n− k + 2)−
(

2 (n+ 1)

3
+

4

(n+ 1)2 (n+ 2)

))

=
1

18
(n+ 1)2 n (n+ 2)

(

n2 + 2n− 1
)

+
1

2

( −4

(n+ 1)2 (n+ 2)

(

2× n (n+ 1) (n+ 2)

3
(n+ 1)2 − (n+ 1)4 × 2 (n+ 1)

3

)

− 8 (n+ 1)

3 (n+ 2)

)

+
n−1
∑

k=0

2

3
(−3k + n− 2) =

1

18
(n+ 1)2 n (n+ 2)

(

n2 + 2n− 1
)

− n (n+ 1)

3

(G.11)
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