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ABSTRACT

Processing with neural-network models can provide solutions to many
difficult problems in artificial intelligence, but different models are currently
being analyzed in different ways. The functional components of different
neural-network models tend to be similar, while the dynamics of the models
vary drastically. Liapunov’s method of stability analysis provides a method
of analyzing these differences in model dynamics. The process of develop-
ing an appropriate Liapunov function also clarifies many of the assumptions
and restrictions on model parameters necessary for optimal model perfor-
mance. This paper demonstrates the dynamic stability of four representative
neural-network models using Liapunov functions. The models are: the
outer-product model, the Boltzman machine, adaptive resonance theory and
the backpropagation model. A software simulation of the backpropagation
model shows how a Liapunov function can also be used to choose parame-

ters for an implementation.
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Chapter 1
INTRODUCTION

1.1 Purpose and Scope

Neurobiologists, psychologists, computer scientists, mathematicians and
engineers use neural-network models to study the functioning of the brain
and other massively-parallel processing systems. Such research continues to
produce a wide variety of neural-network models, each rooted in the con-
cepts of the originating field or fields. For instance, while psychologists use
the term "associative memory" to refer to the linkage of concepts in the
mind, a computer scientist is much more likely to consider the term to
denote a means of address-independent data retrieval. Even the preferred
name for the research varies from discipline to discipline. Biologically
influenced terms include artificial neural systems, perceptrons and neural
networks, while the names adopted by engineers include connectionist sys-
tems and cybernetics. This disparity of concepts and terminology leads to a
"Tower of Babel" effect as researchers are limited in their ability to contrast
and evaluate models originating in fields other than their own. For example,
the mathematical dissertation produced by Stephen Grossberg in 1968
presents a model which was later independently derived by John Hopfield in
his 1979 studies in neurobiology, and, to this day, the extent to which the
two models replicate each other is unclear[1] . One way to overcome this

type of problem in analysis is the use of a consistent mathematical approach
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which emphasizes the salient features of the models. Analysis based on
Liapunov's second method is the approach presented in this thesis.

The functional components of neural-network models tend to be similar,
while the dynamics vary greatly. Nearly all neural-network models are
made up of a system of units (or neurons) which process a set of weighted
inputs. The method of processing within each of the units provides the
dynamics for the model, the effect of which can range from error minimiza-
tion to response generalization. However to perform useful computations,
the model must have a determinable stability in its dynamics. If a researcher
is to interpred a neural-network model, the model must generate a meaning-
ful response within a reasonable amount of time. This requirement fo a
timely response maps to a requirement for at least asymptotic stability, in the
model's dynamics. Since Liapunov functions characterize stability, their
use provides a useful approach to neural-network model analysis empahsiz-
ing model dynamics. Models with different dynamics have different forms
of Liapunov functions and different stable regions of the parameter space.

Chapters 2-5 provide examples of stability analysis of several neural-
network models using Liapunov functions. The models used in the analyses
are representative of contemporary neural-network models from a variety of
disciplines: outer-product model from biology, the Boltzman machine
from statistical processing, adaptive resonance theory from psychology, and
the backpropagation model from cognitive science. Although seldom
described as suchin the literature detailing these models, Liapunov func-
tions are used under different names to describe the dynamics of each of

these models.
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Chapter 6 contains a parameter analysis for the stability of the backpro-
pagation model. This model was chosen for parameter analysis because

construction of a simulation is straightforward.

Descriptions of neural-network models are often incomplete and/or
vague. Necessary assumptions about the models which are not clearly stated
in the available literature are noted where appropriate. Where discussion
pertains to a particular variant of the more general model under considera-
tion, this, too, has been noted. Since the scope of this thesis does not include
a comprehensive analysis of all facets of the models, this discussion is lim-
ited to analysis which pertains to the each model’s dynamics as expressed by

a Liapunov function.

The results of these analyses are pertinent both to the particular models
treated as well as to neural-network models in general. For the individual
models, assumptions and parameter restrictions required for optimal dynam-
ics of each model are explored. Comparisons of the Liapunov functions
make clear the differences among the dynamics of individual models. The
approach presented here places emphasis on the behavior of the models as
opposed to emphasizing the variations in the components of the models.
Although functional components tend to attract the initial attention of
researchers interested in neural-network models, ultimately an understand-
ing of the dynamics is required before useful development and implementa-

tion can proceed.
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1.2 Background on Neural-Network Models

The first obstacle to understanding neural-network models is the termi-
nology used in the descriptions. In nearly every presentation of a neural-
network model at least one change in the notation or terminology is found.
Since no standard exists, the notation and the terminology used here is a
combination of the terminology found in several models. The models
analyzed in later chapters will be translated to this notation so that the simi-
larities and differences can be readily seen. In addition to defining the ter-
minology in this section, neural-network models are differentiated from
mathematically similar vector-matrix multipliers, and a brief history of

neural-network models is presented.

The first choice in terminology is the name of the models. The name
neural-network models was chosen to emphasize both the biological and the
systems engineering aspects of the models. The choice of the term model
emphasizes the fact that both neurobiological research and massively paral-
lel processing research are in the formative stages. Other terms, such as con-
nectionist models, parallel distributed processing models and artificial neural
systems were rejected here due to their close association with specific

research groups.

The components of neural-network models are grouped into three major
functional categories: connections between processing units, weights for
inputs to the units, and a nonlinear decision function for determining the out-
put of a unit. This categorization scheme is similar to that used in the book,

Parallel Distributed Processing[2] . The connections between the
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processing units describe how the network of units is arranged and the direc-
tion of the propagation of signals, or data-transfer values, between units in
the network. Each unit has a set of weights associated with the data-transfer
values which indicate the relative importance of the different inputs to the
state of the unit. The state of a unit is computed through the decision func-
tion which has two sub-functions: the activation function determines the
activation level of the unit from the weighted input values, and the threshold
function determines the data-transfer value of the unit from the activation
level. Figure 1.1 shows a simplified diagram for a unit in a general neural-
network model. Specific neural-network models contain variations in the

details of the three functional components and the subcomponents.

Different neural-network models vary with respect to the direction of
propagation of the data-transfer values through the connections from unit to
unit. The direction (lateral, feed-forward or feedback) is determined relative
to the external input vector. The external input vector is supplied by the user
for processing. The external input vector is either a vector of input values
for some or all of the units, or the initial data-transfer values of some or all
of the units. The presentation of the external input vector marks the begin-
ning of an event for the model. The reception of the output data transfer
values by the user from some, or all of the units marks the end of an event.
If the weights which represent the values of the connections between units
are represented by a single matrix, then then the model is considered to be a
single layer neural-network and usually each unit is connected to all of the
other units in the model. In this case, the propagation of signals is lateral

with respect to the layer. In multi-layer neural-network models, the units on
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Figure 1.1 Basic Neural-Network Model’s Components

different layers have different weight matrices. For instance, the units in the
input layer have a weight matrix representing the connections from each unit
in the layer to each element of the external input vector. The units in the
output layer have a matrix representing the connections from the units in the

proceeding layer to the units in the output layer. The data-transfer values
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from this layer are interpreted by the user as the output of the model. Each
hidden layer has a matrix representing the connections which propagate
data-transfer values between the input and output layers. When the propaga-
tion of the data-transfer values is from the input layer towards the output
layer, the connections are feed-forward. Propagation of the data-transfer
values from the output layer back towards the input layer is performed with
feedback connections. As with the single layer model, lateral connections
can exist between units in the same layer. Figure 1.2 is a schematic of these

variations in connections.

Different neural-network models use different methods for determining
the values of the weights. The values of the weights are either determined
before the model is used, or the values of the weights are modified using
information available during processing. The process of modifying the
weights is referred to as adaptation of the weights. If no adaptation is per-
formed, then the values of the weights representing the relative importance
of the inputs to the units are determined a priori by the application. Thus, in
pattern association applications, the weights are set to the sum of the outer
product of the external input vector and the associated desired output vector.
In optimization applications, the weights are set to values which reflect the
appropriateness of high data-transfer values for both units connected by the
weight. Unfortunately, many problems do not allow a priori calculation of

the weights.

Adaptation is used to determine the values of the weights when the
application does not clearly indicate the best values for the weights. For

instance, if the application is to generalize the response to a set of external
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input vectors, each unit representing a category adapts its weights to reflect
the salient features of the input vectors which may not be recognized by the
operator. For an association application, pairs of noisy external input vec-
tors and desired output vectors are presented to the model and the weights
are adapted to represent the sum of the outer products of the pairs of vectors
without noise. Variations in the types of adaptation depend on the criteria
used to change the values of the weights. In a model for generalization, the
main criterion is a measure of similarity between external input vectors. In a
neural-network model for recognizing noisy patterns, the main criterion is
the error between the actual and desired output. The differences in criteria
are visible in the form of the Liapunov functions which describe the dynam-
ics of the adaptation. Adaptation dynamics which arise from the
modification of the weights is one source of dynamics in neural-network

models.

Processing dynamics which arise from the changes in the data-transfer
values due to the decision function is another source of dynamics in neural-
network models. Variations in the decision function are due to variations in
the activation function and the threshold function. The notation for these
functions follows. At time, t, each unit, i, determines its output data-transfer
value, x;(¢) based on the threshold function, f, of the unit’s activation level,
u;(t), and other variables. The activation level of the unit is, in turn, based
on a polynomial activation function, g, of the sum of the output data-transfer

values of other units weighted by the values, w f and other variables.

[

X, ()= f (u; (1), T;, MAX , MIN)) (1.1a)
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The terms in the activation function vary between neural-network models.
In most models, the sum of the weighted inputs is the primary term. The use
of the previous activation level modified by the parameter, A, in some
models causes the state of the units to change more smoothly when the
inputs are subject to noise. € is another parameter used in some models for
this purpose. Minimum and maximum activation levels determined by the
parameters B,C and D, are another method of avoiding inappropriate activa-
tion levels. The threshold function transforms the activation level into a
range of the data-transfer values for a unit within maximum, MAX, and
minimum, MIN. The threshold parameter, T; is used to adjust the level of
activation required to generate a positive data-transfer value from the unit.
The threshold function is either a discrete or continuous transformation of
the activation level. Continuous threshold functions allow the model to
change states more smoothly for activation levels of the units close to the

threshold level. Some examples of threshold functions are in figure 1.3.

A simple example of processing dynamics in a three unit neural-
network model with lateral connections follows. Let the values of the

weights be constant so no adaptation dynamics are involved. The example

matrix is:
0 172 1/3
w=|12 0 1/4
1/73 1714 O

with eigenvalues of 0.733, -0.510 and -0.233, which all have magnitude less

than one. Let the activation function for each unit be:
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Ui(t) = = x,(0=1) + & x40t -1);

2 3
1 1
u2(1)= —2' xl(t—l) + Z‘ x3(t—1);

1 1
u3(l) = ? xl(t—-l) + z‘ xz(t—l);

with a hard-limiting threshold function with MIN equal to zero and MAX
equal to one and T; equal to two thirds for all the units. The Liapunov func-

tion 1s:
E@)=u(t)x1(t) +uy(t) xo(t) +us(t) x5()

The values over time for the data-transfer values of each unit and the
Liapunov function are shown in figure 1.4 with a hard-limiting threshold
function and with no threshold function. With synchronous update of the
units and no threshold function, the model is an iterative vector matrix mul-
tiplier. Since the magnitude of the eigenvalues of w are less than one, then
as the number of iterations becomes large, the value of all of the units will

be zero.

x (o) = limw'u(r)=0
[ =0

The non-linearity of the threshold function accelerates this process, and
allows for stable computation of matrices with eigenvalues with magnitudes

greater than one.

The activation function in its simplest form is a vector-matrix multi-

plier,

u=wyx
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but the non-linearity of the transfer function gives neural-network models
more processing capabilities than a simple vector-matrix multiplier. An
example of a simple feed-forward neural-network model shows the
appropriateness of using a vector-matrix multiplier as the activation func-
tion. Let the values of the matrix, w, be the sum of the outer product of the

external input vectors, /;, and the desired output vectors, d.
w=xd L'
s

This matrix corresponds to the weight matrix in the pattern association
application of a neural-network model. If all of the external input vectors are
orthogonal and binary, and / equals one of them, then the result of the

vector-matrix multiplication is:
wl=111%d

where d is the associated desired output vector. The desired output vector is
recalled with the neural-network model after the threshold function is used
to remove the constant, |/ (2. The ability of the neural-network model to
produce the desired output vector depends upon the vectors being binary
since the threshold function essentially only produces two meaningful data-
transfer values, MAX and MIN. Thus, by removing the constant, neural-
network model improves upon the vector-matrix multiplier in the binary pat-

tern associator application.
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The non-linear threshold function applied to the vector-matrix multi-
plier also provides an advantage when using more than one layer of units.
Without the thresholding function, for two layers with feed-forward connec-

tion weight matrices wh and wo and external input vector /,
wo « (wWhl)=w-l
where
w =wo ‘wh

No advantage exists for using two layers since both matrices representing
the information in the layers can be recoded into one matrix. With the non-
linear threshold function, however, the result produced by two layers is dif-

ferent from that produced by one.

fwo - fwh-[)#fw-I)

Additional matrices in the neural-network model which cannot be included
in the vector-matrix multiplier alone store additional information about the
application. Neural-network models improve upon the highly parallel com-
putation ability of vector-matrix multipliers in performing applications such
as pattern association by using non-linear computations and by storing more

information.

The salient features of neural-network models are their ability to per-
form stable, massively parallel, nonlinear computations, and their ability to
be "programmed" or adapted using examples of the expected inputs.
Neural-network models which performed nonlinear processing and adapted
to provide the desired responses were first developed in the early 1960’s

under the fields of perceptron research[3] and cybernetics[4] . The work in
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this era attempted to show that stability is obtainable in large systems of
simple, independently operating units similar to neurons in the brain. The
research performed at this time developed the foundations of modern sys-
tems engineering: control theory, automata theory, switching theory and
methods of determining stability, such as with Liapunov’s second method.
Unfortunately, the research on the perceptron met with much less success
than these other theories. "Intelligent" operation of the perceptron was
difficult to ascertain, and eventually refuted by Marvin Minsky and Seymour
Papert in 1969[5] . In 1982, John Hopfield was able to revive general
interest in neural-network modeling by showing that even if neural-network
models are not "intelligent", many useful applications still exist[6] .

Hopfield’s model provided a good solution to the computationally difficult
traveling salesman problem. The model also performed auto-association for
recognizing incomplete input vectors. Hopfield’s presentation occurred at
the same time as a renewed interest in massively parallel processing in gen-
eral. Soon afterward, exciting applications of neural-network models began
to appear 1In the literature. These applications included Terrence
Sejnowski’s presentation of a neural-network model which learned to pro-
nounce text, and Carver Mead’s implementation in VLSI of a neural-
network model of artificial retina. Table 1.1 shows some other milestones in

the development of neural-network models.

Currently, researchers are developing, simulating and implementing
more than a dozen different neural-network models without a standard for
discussion. The analyses presented here of four neural-network models uses

the uniform set of terms for the functional components outlined above, along
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Table 1.1 Some Milestones in Neural-Network Modeling

Date Author Accomplishment
1949 D.O. Hebb Postulation of the Hebbian learning
rule for the relative effects
of neuron input and output on the
adaptation of weights.
1958 F. Rosenblatt The perceptron model as the first
neural-network model.
1969 M. Minsky and Refutation of usefulness of
S. Papert perceptrons.
1980 S. Grossberg Adaptive resonance theory
1982 J.J. Hopfield First outer-product model and
regeneration of general
interest in the field.
1984 J.J. Hopfield Second outer-product model.
1985 D.H. Ackley, Boltzman machine
G.E. Hinton,
T.J. Sejnowski
1986 T.J. Sejnowski, NETalk
C.R. Rosenberg
1986 D.E. Rumelhart, Backpropagation
G.E. Hinton,
R.J. Williams
1987 C. Mead VLSI implementation of artificial

retina
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with the Liapunov functions for unified analyses of the models’ dynamics.

1.2 Background on Liapunov Functions

Liapunov functions are widely used in the fields of physics, engineering
and mathematics, but generally under different names such as energy or
error functions. Control theory is one of the only fields which explicitly
uses the term Liapunov function in honor of the mathematician who
developed the method of stability analysis using these functions. In A.M.
Liapunov’s classic book, Stability of Motion[7] , two method of stability
analysis are presented. The first method determines the stability of a system
from the general or particular solution for the equations describing the state
of the system’s components. The number of interacting components in
neural-network models can be in the millions, so the first method is compu-
tationally prohibitive in these analyses. The second method determines
asymptotic stability of a system of interacting components without explicitly
analyzing the dynamics of each component. The number of variables for
assessing the stability of a system is reduced from one for the state of each
component, to one for the state of the system as a whole, referred to as the
value of the Liapunov function. The second method of Liapunov is useful if
the individual dynamics are unimportant and a Liapunov function of the
overall state of the components can be found. To show that the conditions
of the second method are satisfied, the time behavior of the Liapunov func-
tion must be known. This restriction implies that all sources of dynamics

which cause changes in the Liapunov function are known. If the sources of
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the dynamics are overcome by dissipative forces in the system, then the sys-

tem is asymptotically stable.

Asymptotic stability is important in neural-network models if the
models are to solve problems in a finite amount of time. 'Ill_e__@y,rgl;_r_lgt_w_grk
models used in neurobiological research which ignore this requirement of
stability fall outside the scope of this method. Liapunov’s second method is
applicable to neural-network models since the units in a neural-network
model form a system of interacting components which would be difficult to
analyze discretely. The loss of information about the individual dynamics of
the units is unimportant since the evolution of the states of the individual
units over time is much less important than the final state of the model. The
time behavior of the Liapunov functions for the neural-network models
analyzed in this thesis is known from previous research in other fields.
Therefore, the use of Liapunov’s second method to analyze the stability of

neural-network models is appropriate.

The derivation of Liapunov’s second method is fairly complex, but the
results are easy to state, assuming that a Liapunov function of the states of
the systems is known. Formally, Liapunov’s second method gives three
conditions for a Liapunov function, E, of a stable dynamic system with state,
x(t), at time t and state Xpq at equilibrium. x(¢) is a vector of the states of

the system components. The conditions are:

(1) E(x,t)is differentiable with respect to time. (1.2a)
2) E(x,t)>0forx #Xog and Egeq)=o. (1.2b)

3) —Z?—IE(,L t) <0forx # Xeq- (1.2¢)
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If these conditions are satisfied, then the system is asymptotically stable.
However, violation of the conditions does not necessarily imply that the sys-
tem is unstable. If no Liapunov function is found which satisfies the condi-
tions, then another method of stability analysis is used, such as direct solu-
tion of the dynamical equations which describe the system, or simulation of
the system under the expected conditions. When a Liapunov function is
known, the second method is certainly the easiest approach to stability
analysis. An example of the form of a Liapunov function is shown in figure
L.5.

Not all Liapunov functions strictly adhere to the above conditions.
Equivalent representations of a Liapunov function are for E(x,t) to be nega-
tive and its derivative positive, or for E(x,t) to be bounded and monotoni-
cally increasing or decreasing. Figures 1.6 and 1.7 give examples of the
form of these equivalent Liapunov functions. Simple transformation of the
alternate Liapunov functions yield the original conditions. Negation of the
negative Liapunov function is all that is required to meet the original condi-
tions, but in thermodynamics, the convention is for E to be negative.
Transformation of the original conditions of Liapunov’s second method to

conform to this convention yields:

(1) E(x,t)is differentiable with respect to time. (1.3a)
2) E(x,t)<O0forx #Xeq and Egeq)=0. (1.3b)
3) -(%E(g,t)>0forgg #Xog- (1.3c)

Likewise, the convention in the study of the spin-glass model of the dynam-

ics of a system of disordered magnetic material is for E to be bounded.
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Energy

Figure 1.5 Example of an Asymptotically Stable Liapunov Function

Time
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Energy

ime

Figure 1.6 Example of a Negative Liapunov Function

Subtraction of the maximum for monotonically increasing functions, or sub-
traction of the minimum for monotonically decreasing functions reduces E
to the form of Liapunov’s second method. The conditions for Liapunov’s

second method under this transformation are:

(1) E(x,t)is differentiable with respect to time. (1.4a)

(2) E(x,t)is bounded for x #Xeg
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and E(&q) equal to one of the bounds. (1.4b)
(3) E(x,t)is monotonically increasing or decreasing
for x #Xeog- (1.4¢)

The choice of representation of a Liapunov function does not affect the

analysis of neural-network models, since all three representations are

Energy

; o

Time

min_|

Figure 1.7 Example of a Bounded Liapunov Function
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functionally equivalent. The choice of form is mostly dependent upon the

model’s originating field of research.

Discrete Liapunov functions are another variation on the original condi-
tions set forth by Liapunov with the derivative in the last condition replaced
by the discrete change in E. The first condition is changed to the condition
that the Liapunov function is a reasonable approximation of a continuous
function. The degree to which this condition is met is dependent upon the
specific application and period of operation for the system. For the discrete

standard Liapunov function, the conditions are:

(1) E(x,t)is a reasonable approximation to

a continuous function. (1.5a)
(2) E(x,t)>0forx * Xeog andEQeq)=0. (1.5b)
(3) AE(x,t) <Oforx #Xoq- (1.5¢)
Likewise, for the discrete negative Liapunov function, the conditions are:

(1) E(x,t)is a reasonable approximation to

a continuous function. (1.6a)
(2) Ex,t)>0forx #x,, and E(x,,)=0. (1.6b)
(3) AE(x,1) > Oforx #x,,. (1.6¢)
and for the discrete bounded Liapunov function, the conditions are:
(1) E(x,t)is a reasonable approximation to
a continuous function. (1.7a)
(2) Ex,t)>0forx #x,, and E(x,,) = 0. (1.7b)

(3) E(x,t)is monotone increasing or decreasing for x # Xeg- (1.7¢)
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Discrete neural-network models are approximations of a continuously
operating system of neurons. The assumption is made here that these
approximations are appropriate and the change in the Liapunov function,
AE, is small enough to be meaningful for the model. The analyses in the
chapters which follow use discrete Liapunov functions wherever the model
is specified as operating discretely. Some modifications to the functions
derived from the Liapunov function are made to improve the approximation

to continuous processing.

To date, no simple basis for choosing a Liapunov function is available
other than experience with similar systems and a sense of the behavior of the
system. For several of the neural-network models analyzed here, an existing
physical model or algorithm was used as the basis for the Liapunov func-
tion. For these models, the dynamics satisfy the conditions of Liapunov’s
second method in the same manner as the original system. The outer-
product model uses a Liapunov function derived in physics for spin-glass
problems. Backpropagatlon uses a Liapunov function derived in signal pro-

cessing for. least-mean squares algorithms, The Boltzman machine uses two

Liapunov functions, one from thermodynamics and one from information
theory. The Liapunov functions used here for adaptive resonance theory was
derived independently by this author using methods employed in control
theory. The originators of adaptive resonance theory are reputed to have
developed Liapunov functions[8] , but the functions are not obviously avail-
able and the derivations are not difficult. The Liapunov functions for each of
these neural-network models have different forms, but the functions play a

similar role of defining the constraints for the functional components in each
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model.

The influence of Liapunov functions in the neural-network models is
masked by the terms and representations used. The names and the represen-
tations from the originating fields for neural-network models are different
for each of the Liapunov functions. Energy is the name used both for the
negative Liapunov function in thermodynamics and for the bounded
Liapunov function in the study of spin-glass models. Information gain from
information theory and mean-squared error from optimization theory are
names used for standard Liapunov functions. The components in the ori-
ginating fields which are analogous to the vector of the data-transfer values
of the units, x, in the neural-network models are momentum in thermo-
dynamics, polarization in spin-glass models, probability in information

theory and distance from an optimal condition in optimization theory.

The Liapunov functions provided or suggested by the authors of the
representative neural-network models are the starting point for the analyses
in Chapters 2-7. This thesis shows the importance of Liapunov functions in
neural-network models, and points out assumptions and parameter restric-
tions which are necessary to maintain the conditions of Liapunov’s second
method.
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Chapter 2
ANALYSIS OF OUTER-PRODUCT MODEL

2.1 Overview of Outer-Product Model

The analysis of models presented in this thesis begins with an analysis
of the model with the simplest dynamics, the outer-product (Hopfield)
model. Only processing dynamics derived from the spin-glass Liapunov
function are used since the values of the weights are pre-determined by the
application. The source of the dynamics for this neural-network model is
displacements of the model from equilibrium caused by changes in the
data-transfer values of the units. The operation of the model is instigated by
the user causing the data-transfer values to differ from their current equili-
brium values. The user obtains a solution by observing the data-transfer
values once a new equilibrium is found by the model. This type of process-
ing is useful for pattern completion (also referred to as auto-associative pro-
cessing) and optimization. The objective of this analysis is to use Liapunov

functions to show under what conditions a stable equilibrium is reached.

Both the discrete and the continuous versions of the outer-product
model are analyzed here to show how the components and restrictions on
parameters differ. The interconnections between units, weights, and deci-
sion function are simple in both versions. The only parameters in the
models are the constant weights and the threshold level in the discrete

model, plus the activation function parameters in the continuous model. The
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connection component is identical in both versions.

The outer-product model can be connected in either one or many layers
of units. Each unit is connected laterally to every other unit in its layer,
and/or each unit has feed-forward and feedback connections to each unit in
the the next layer and the preceding layer of multilayer models. For analysis
purposes, the model is assumed to have a single, laterally connected, layer
with each unit an output unit (see figure 2.1). The use of the external input
vector in the model is vague. A vector, referred to here as I’, is used in the
literature as an "input bias,” but this parameter is frequently ignored in
analysis, even by Hopfield. The external input vector is instead the initial
state of the data-transfer values, x;(0). for external input vector [ of the set

of external input vectors for the application,
x;(0)=1; forall units,i

This assumption about the use of the external input vector is adopted in this

analysis.

The outer-product model has two primary types of applications: pattern
completion and optimization. For both types of applications, the values of
the weights are symmetrical, i.e. w; =w;; and no direct feedback is pro-
vided to the unit, i.e. w; =0.

Pattern completion applications process partial or corrupted vectors to
generate the corresponding known vector. For an outer-product model
implementation of this type of application, the values of the weights are the
sum of the outer-products of all of the external input vectors to be recog-

nized by the model. The name outer-product model arises from the use of
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Figure 2.1 Functional Components of Outer-Product Model

this type of weight determination. The vectors recorded, I;, need to be
binary and orthogonal. This need for this constraint is illustrated mathemati-

cally:
w=3I LT
Ay

where w is the weight matrix. The processing in the outer-product model

approximates a series of presentations of an input vector [ :

u=wl=3I LI
N

which is a constant times the leamed vector. The threshold function
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removes the effect of the constant for binary input vectors. For instance, if 1
is a vector with values of the elements (-1,+1), then a hard-limiting function
with MIN = -1, MAX = +1 and 7; = 0 would cause x to equal / when [/ 12
is any positive constant. A similar sigmoid threshold function which rapidly
approaches these bounds would work well also. For/ a vector with values
of the elements (0,+1), the threshold function is more difficult to optimize.
For a hard-limiting threshold function with MIN = 0 and MAX = +1 the
threshold level is restricted to:

0<T; <min I[ 12
s

The restrictions on the threshold level for a similar sigmoid threshold func-
tion are
min |/, 12
T, = _5_2__
Note that the vector-matrix multiply followed by the threshold function is
performed more than once for a single external input vector as the model
settles to an equilibrium point. The iterations which occur in the outer-
product model damp out slight variations in the vector being recognized
which allows the external input vector to be slightly corrupted or "noisy".
The extent to which a vector can deviate from the recorded orthogonal vec-

tors is still an open question.

For optimization applications, the weights do not need to be based on
orthogonal vectors. Optimization applications have a set of constraints, or
costs, for elements of the system. Processing for this type of application

solves for the state of the elements of the system which results in the lowest
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total cost. The values of the weights are the cost, or penalty, for adjacent

units having positive data-transfer values. The costs are reciprocal so the

is large, then the cities should not follow each other in a route; i.e. two units
representing the order of the cities should not both have large data-transfer
values when the the weight connecting them is large. The model uses the
relative sizes of the weights to find a route which has a short total distance

(see figure 2.2).

The decision function ensures that the model’s dynamics are dissipative
and the conditions for Liapunov’s second method are satisfied. The decision
function is different in the discretely and continuously operating versions of
the outer-product model. The discrete version has binary data-transfer
values for each unit generated asynchronously by a a hard-limiting threshold
function of the current activation level. The continuous version has continu-
ous, bounded data-transfer values for each unit generated synchronously by
a sigmoidal threshold function of current and proceeding activation levels.
Both the discrete and the continuous versions of the outer-product model
will be analyzed in sections 2.2 and 2.3 to show the differences in the result-

ing Liapunov functions and restrictions on the parameters of the models.
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Figure 2.2 Outer-Product Model for Solution of the Traveling Salesman
Problem
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2.2 Analysis of Stability of the Discrete Outer-Product Model

The analysis of the stability of the discrete outer-product model is the
starting point for this analysis of the restrictions on parameters caused by the
stability requirement. The stability of the discrete outer-product model is
demonstrated in some detail in Hopfield’s 1982 paper, but the implied res-
trictions on parameters are not pointed out as in this analysis. A review of
Hopfield’s stability analysis is presented here before a more in depth
analysis is performed for the model in general and for common types of

applications.

The Liapunov function for the outer-product model arises from the
spin-glass model. The functioning of the units in the outer-product model is
very similar to change in the states of the elements in the spin-glass model at
zero temperature[10] . The first outer-product model is binary, as is the
spin-glass model. Each unit can have one of two output states with values
[MIN, MAX] for data-transfer. The weights in the outer-product model are
analogous to the interaction strengths between adjacent dipoles in the spin-
glass model. The values of the weights are constants determined by the
application before the model is used for processing. One difference in the
outer-product model is that the change in the output state is a function of the
output data-transfer values of all of the other units in the network, instead of

Jjust the neighboring units in the spin-glass model.

Using the spin-glass Liapunov equation as a guideline, the following

discrete Liapunov equation is applied to the discrete outer-product model.
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E(t)--——EZwU j(t)x(t) ZI’x(z)+2Tx(t)

Since the input bias, I’; and the threshold level, T; are both parameters set

before the operation of the model begins, T°; can be defined such that
T, =I'-T,
is the effective threshold level. The Liapunov function can then be rewritten
as
E(t)-——zz i X (@) x; (1) = T x;(¢)
!—l ]

without loss of generality. The data-transfer values, x; are bounded and all
other parameters are constant, so this is a bounded Liapunov function. The
discrete outer-product model is stable since conditions 1.7 of Liapunov’s

second method are shown here to be satisfied.

The units are updated asynchronously, so at most one output data-
transfer value will change at a given time. The change in Liapunov function
when one output data-transfer value is changed, assuming the values of the

weights are symmetrical, is:

E@)-EG-1)=AE(@)=- zAx Olyw xj(t—1)+T'i]

J#i
where
Ax; () =x;(t) — x(-y)
The threshold function which produces the data-transfer value, x; for each
unit i at time, t, is:

x;(t) = MAX if u,(¢) > 0
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x;(t)=MIN 1fu;(t) <0

where MAX and MIN are the values for the hard-limiting threshold function
and the activation level, u;(¢) is
u,-(t) = E Wji xj'(l"'l) + Ti
J#i
The change in Liapunov function can therefore be rewritten as:

AE (1) = =3 Ax (1) u; (1)

The decision function was chosen so that the change in the Liapunov func-
tion is always non-positive to satisfy condition 1.7c. When u; (¢) is negative,
and x;(t-1) has value MAX, Ax;(r) is negative and product of u;(¢) and
Ax;(t) is positive. When u;(t) is negative and x;(¢—1) has value MIN,
Ax; (t) is zero and the product is zero. Likewise, when u; (¢) is positive, and
x;(¢—1) has value MAX, Ax;(t) is zero and product of u;(¢) and Ax;(t) is
zero. When u; () is positive and x; (¢—1) has value MIN, Ax;(¢) is positive
and the product is positive. In any of these cases, Ax;(t) u;(t) is non-
negative, so AE (¢) is non-positive and condition 1.7c is satisfied. Conditions
1.7a and 1.7b are satisfied since the Liapunov function is bounded and the
change in the Liapunov function is small when the number of units is large.

Therefore, the outer-product model is asymptotically stable.

The analysis is now carried beyond that performed by Hopfield in order
to show the restrictions on the parameters implied by the Liapunov function
(see table 2.1). The choice of the spin-glass Liapunov function defines the

data-transfer values to be binary, the weights are defined to be constant and
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symmetrical with w; equal to zero, and the decision function is defined to
be hard- limiting. Multiple layers of units are permissible, as long as the
weights are symmetrical. The analysis does not directly specify the values
for the weights, I’;, or T; as long as these values are constant. A large
number of units are required for the the discrete approximation to be valid.
The exact number of units depends on the application and the characteristics

of the specific Liapunov function.

The restrictions on the parameters arising from this analysis are not
necessary, but the restrictions are sufficient for implementing a model
without conducting an extensive parameter analysis. The Liapunov functions
used in the discrete and continuous versions of the outer-product model are
similar enough that similar restrictions on parameters arise from the analysis

of the continuous outer-product model presented in the next section.

2.3 Analysis of Stability of the Continuous Outer-Product Model

The analysis for the continuous outer-product model is performed in a
manner identical to the analysis for the discrete model. Hopfield’s 1984 sta-
bility analysis is included to show how the model and the Liapunov function
were modified from the discrete case. The analysis is then expanded to
show the restrictions on the parameters in general and for some common
types of application. The analysis of these restrictions yields values for
parameters in an continuous outer-product model which aid in stablizing the

processing of the model. A similar approach was taken by A.N. Michel, et
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Table 2.1 Restrictions on Discrete Outer-Product Model

Connections Weights and Adaptation| Decision Function
1) Multiple or single 1) No adaptation - 1) I} constant
layers of units Constant valued
weights 2) T; constant

2) Large number of
units

2) Symetrical
weights (Wij= Wji)

3) No direct feed-
back (Wii= 0)

3) Asynchronous
change in data
transfer values

4) Hard-limiting
threshold function

Xi.

5) Activation level is
proportional to weighted
outer-product of data
transfer values

6) No memory in
activation level
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al. to estimate the stable states of a continuous outer-product model[11] .

The argument for stability directly based on the discrete spin-glass
Liapunov function does not hold for the continuous model. To show stabil-
ity for the continuous model, changes must be made to both the Liapunov
function and the decision function. The resulting Liapunov function is still
very similar in form to the spin-glass Liapunov function and bounded with
the upper and lower bounds on the data-transfer values. The Liapunov func-
tion for the continuous outer-product model is:

x;:(8)
E(t)———ZZw,Jx(t)x(t)+ZA jf“‘(x)dx El'x(t)

i#f
where A; is a constant from the decision function. The derivative of this
Liapunov function is shown to be non-positive which satisfies the stability
criterion 1.4c for monotonicity of the derivative of the Liapunov function.

This continuously non-positive derivative is obtained by modifying the deci-

sion function. The time derivative of the Liapunov function is:

L=-xx Wy (z) +2Af1(x(t))————}:

l¢j t
To force the derivative to be negative, the decision function is modified.

The activation function for the is:

du
ZWU x;(t) — A; u(t)+1'

where €; and 1/A; are constants analogous to capacitance and resistance in

electrical circuits. The output data-transfer value is determined by thres-
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holding the activation level,
xi = f i (ui )

where f;(x) is a continuous monotone increasing function. The time deriva-

tive can then be simplified to:

—28 X < )2

The time derivative of the Liapunov function is always non-positive since €;

and f;’(y;) are defined to be positive. The system is at a stable point when

dx;
—gt_ =0, or the value of the Liapunov function is at its most negative bound.

Thus, Hopfield has shown that the system is stable by criterion 1.4 that
bounded Liapunov functions are monotonically non-increasing or non-

decreasing.

Further analysis by this author illuminates restrictions on the parameters
(see table 2.2). The modified Liapunov function for the second model
defines the data-transfer values to be bounded above and below, the weights
are defined to be constant, and symmetrical with w;; equal to zero for all i as
in the first outer-product model, and €; and f’; are positive. The unrestricted
features are similar to the first model; the model may have multiple layers,

and the weights between units and the resistance, 1/A;, are constants.

The results of this analysis are very similar to the results of the analysis

of the discrete model for the restrictions on the parameters. The additional
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Table 2.2 Restrictions on Continuous Outer-Product Model

Connections Weights and Adaptation| Decision Function
1) Multiple or single 1) No adaptation - 1) T; constant
layers of units Constant valued o A
weights ) A; constant
2) Symetrical 3) €2 0, constant

weights (wij= “ji)

3) No direct feed-
back (wii= 0)

4) fi(u p>0and
f i(u i) is bounded

5) Synchronous change
in data-transfer values

6) Activation level is
proportional to weighted
outer-product of data
transfer values

7) Memory in
activation level
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parameters, €; and A; only had the restriction that they were positive. Since

processing is continuous, no restrictions are required on the number of units.

2.4 Summary of Stability Analyses for Outer-Product Model

The main difference in the analysis of the discrete version and this
analysis of the continuous version is in the decision function. The discrete
version has a threshold function which changes abruptly between the two
bounds, while the continuous version changes smoothly between the bounds.
The addition of the memory term of -A;u; in the activation function of con-
tinuous version is not necessary for the development of a model which func-
tioned continuously. The memory term has the advantage of giving the
changes in activation level of a unit momentum to overcome short-term
fluctuations due to noise in the external input vector or irregularities in the
Liapunov function. A similar term could be added to the discrete version for
similar benefits. In addition, a memory term would improve the approxima-
tion of the discrete model to a continuously operating system by forcing the
changes in the activation level to occur more smoothly. The need for a
memory term can be determined through further analysis for a specific
application. Simulation analysis, similar to that performed in Chapter 6 for
the backpropagation model, is one approach for expanding the analysis
beyond what was performed here.

The applications for either version of the outer-product model are lim-

ited because no provision exists for adapting the weights as the application

ARTHUR LAKES LIBRARY
COLORADO SCHOOL of MINES
GOLDEN, COLORADO 80401
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is processed. The adaptation scheme used in the Boltzman machine is an
approach to adaptation in a model similar to the outer-product model. The
adaptation dynamics impose additional parameters and parameter restric-
tions on the model. These are analyzed using a second Liapunov function
for the adaptation dynamics which is not affected by the original Liapunov
function for processing dynamics. The analysis of these dynamics follows

in Chapter 3.
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Chapter 3
ANALYSIS OF BOLTZMAN MACHINE

3.1 Overview of the Boltzman Machine

The second model presented for analysis is the Boltzman machine. The
Boltzman machine adds adaptation dynamics to a modified version of the
discrete outer-product model’s processing dynamics. The processing
dynamics in the Boltzman machine are similar to the processing dynamics in
the discrete outer-product model in that both dynamics have a Liapunov
function derived for the spin-glass model. The difference is that the discrete
outer-product model removes the stochastic aspects of the spin-glass model
by assuming that the temperature which governs randomness is zero. The
Boltzman machine takes advantage of the stochastic processing to overcome
some of the outer-product model’s problems and to suggest a stochastic
approach to the weight adaptation. The use of stochastic processing over-
comes many of the outer-product model’s problems with local minima in the
Liapunov function which do not provide information for the application.
These minima result from the weights storing information on more than one
vector. Some local minima are desirable, such as the local minima which
store the information for pattern completion in the outer-product model. In
other applications, such as optimization applications, the global minimum
holds the information which is sought. Hetero-associative processing in

which the input vector is to be associated with a different output vector, is
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an application in which shallow local minima need to be ignored, but deep
local minima are "good" solutions. The stochastic processing of the Boltz-
man machine causes the Liapunov function to occasionally increase so that
it leaves local minima and continues towards stability at the global minimum
or a "deep” local minimum. The adaptation harnesses the statistical nature
of stochastic processes to determine the weights. By using the Boltzman dis-
tribution (from which the name Boltzman machine arises) the model records
and recalls patterns using their probability distribution instead of directly
computing the sum of the outer products of the vectors to be processed as in
the outer-product model. This approach permits the processing of hetero-
associative applications in which an external input vector is associated with

a different desired output vector.

The Boltzman machine differs from the discrete outer-product model in
the connections between units even though the mathematical expressions
appear similar. The units in the outer-product model are usually connected
laterally while the Boltzman machine model is arranged in multiple layers
with feed-forward and feedback connections between layers and no lateral
connections within the layers (see figure 3.1). The first layer is the input
layer. During processing, the initial state of the units in the input layer is the
external input vector. The last layer is the output layer. During processing,
the state of the output units is the output vector to the user. The layers
between the input and output layers are the hidden layers. The state of the
units in these layers are not available to the user, but the use of hidden layers
enhances the ability of the model to represent information. Hidden layers

enable the model to learn associations such as in the exclusive-or operation.
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The connections appear complicated, but mathematically, the number of
weight matrices which represent the connections is only one more than the
number of hidden layers. This simplification occurs because the feed-
forward and feedback connections between a pair of units have identical
weights. If only one hidden layer is used then only two weight matrices are

needed. The optimal number of hidden layers is an open question.

Weight adaptation in multi-layer neural-network models was one of the
most difficult problems for early neural-network researchers. A criterion for
changing the weights for units in the hidden layer is difficult to find. The
Boltzman machine and the backpropagation model analyzed in Chapter 6
provide two different approaches to this problem. For the Boltzman
machine, the criterion is the statistics on the probability that both units con-
nected by a weight have positive data-transfer values. The adaptation for
the Boltzman machine is performed in two steps. In the first step the data
transfer values of the input units are set equal to the external input vector
and the output units are set equal to the desired output vector. Statistics are
then gathered on the frequency that the units which a weight connects both
have positive data-transfer values. In the second step the data-transfer
values for the input and output units are allowed to vary and more statistics
are gathered for the weights. Using the difference in statistics computed in
these two steps, the weights are adapted for all of the units. This solution
for the weights will improve with the number of presentations of external
input / desired output vector pairs. The external input vectors are occasion-
ally corrupted with noise to prevent weights from becoming too large in an

attempt to represent patterns which have probability zero of occurring. Since
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statistics are being generated during adaptation, the weight changes will be
most stable if adaptation is repeatedly performed for only a limited number
of external input / desired output vector pairs. Therefore, most of the pro-

cessing is performed after the weights are adapted.

The processing of the data-transfer values is performed by a process
referred to as simulated annealing. Simulated annealing has shown promise
in signal processing applications{12] . The decision function determines the
output data-transfer value of the units probabilistically based on the sum of
the weighted inputs and a parameter called temperature, T. Temperature is
slowly reduced until a stable pattern of output values is obtained. When the
temperature 1s large, the data-transfer values appear to change randomly.
The closer T comes to zero, the more the Boltzman machine processes like
the discrete outer-product model, which corresponds to the Boltzman
machine at zero temperature. Because of this correspondence, the Liapunov
function for the processing dynamics and the asynchronous update of the
output data-transfer values of the units are the same as in the discrete outer-
product model with MIN =0, MAX =1, and T"; set to zero.

The Boltzman machine improves upon the outer-product model at the
expense of the large number of iterations required to process information. A
large number of iterations are also required to obtain good statistics for
adaptation. Speed of operation prevents the Boltzman machine from

currently being practical, but as the use of parallel processors increases, this
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model may become more feasible. The analysis of section 3.2 shows the res-

trictions on parameters required to make all of these iterations stable.

3.2 Analysis of Stability of the Boltzman Machine

With respect to the stability of the model, the Boltzman machine can be
seen as having two very different phases. The first phase has a constant set
of data-transfer values and dynamic weight values. The second phase the
model has constant weights and dynamic data-transfer values. Since the
weights are generally adapted before the processing begins, these two
phases are analyzed separately here. The stability of the Boltzman machine
is analyzed in two steps: the stability of the system for a learned set of
weights and the stability of the weight adaptation. The first step uses the
same Liapunov function as the outer-product model. The second step
minimizes a function from information theory. The stability analysis for the
processing dynamics is very straight forward, but the analysis for the adap-
tation dynamics requires much more mathematical and statistical manipula-
tion than was required for the outer-product model. Before these analyses

are presented, some history of the model is presented.

The Liapunov function of the outer-product model can be seen as a
function minimized by a gradient descent method of optimization theory.
The next data-transfer value of a unit is the value which maximizes the

descent methods is that the model can get caught in local minima in the
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Liapunov function which correspond to stable, but sub-optimal solutions. In

terms of the conditions of Liapunov’s second method, a local minima in the

s

bounded Liapunov_function used in the outer-product model occurs when

o i

the derivative of the Liapunov function is zero at a point where the function

is greater than the lower bound. To overcome these local minima in the pro-
cessing of the Boltzman machine, the Liapunov function is occasionally
forced to increase, so that the model is "bumped" out of local minima. This
approach to overcoming local minima was proposed by Metropolis, Rosen-
bluth, Rosenbluth, Teller and Teller [13] in 1953 to characterize properties
of thermodynamic systems. A series of state changes of the system are
induced for which a small probability exists that a state change causes the
Liapunov function of the system to increase. Later Kirpatrick, Gelatt and
Vecchi[14] applied this approach, along with a schedule for the relative size
of the probabilities, to optimization problems. Upon recognizing the first
outer-product model as a solution to optimization problems, Ackley, Hinton
and Sejnowski [15] applied Kirpatrick’s work to to neural-network model-
ing. Modification of the outer-product model’s decision function and adap-

tation function yielded the Boltzman machine.

3.2.1 Stability Analysis of Processing Dynamics

The Boltzman machine uses the Liapunov function of the first outer-
product model with zero threshold levels and binary data-transfer values of
(0,1). The weights between units are symmetrical as in the outer-product

model, and the weights have zero value between units which are not in
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adjacent levels. Since the weights are symmetrical, only two weight
matrices will be used in this analysis, wo and wh. A single hidden layer is
assumed, but the analyses are analogous for many hidden layers. A unit in
the output layer changes data-transfer value asynchronously from its current

value with the probability:

1

Poi = —AE, T
l+e

T, a positive parameter referred to as temperature, governs the randomness
of the changes in data-transfer values. The Liapunov function for the output
layer, E, , is similar to that of the first outer-product model:
Eo = _ZZ WO Xpj Xoi

1<)
where wo ; is the weight between the output unit i and the hidden unit j, x,,
is the data-transfer value of the output unit i, and x,; is the data-transfer
value of the hidden unit j. If the current data-transfer value of a unit is zero
then the change in the Liapunov function for the data-transfer value chang-
ing from zero to one is:

AE,; = }_;woj,- Xpj
J

so the probability of the data-transfer value of the unit changing to one is:

1
pOi - -ZWOJ','X;U'/T
1+e /

If the current data-transfer value of a unit is one then the change in the

Liapunov function for the data-transfer value changing from one to zero is:
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AEOi =- ZWOﬁ xhj
J

so the probability of the data-transfer value of the unit remaining one is:

il 1
plo - ZWOJ','X;U'/T
l+e’
which reduces to
_ 1
plo - —ZWOJ','X;,J‘/T
l1+e /

Therefore, p,; in the above form can be interpreted as the probability that
the data-transfer value of output unit i will be one, regardless of its current

value.

The probability that the data-transfer value is one for the units in the
hidden layer and the output layer has the same form. For units in the hidden

layer, the probability that unit i has a data-transfer value of one is:

1
plh - —(Zwoj,-xoj +thu.x,‘k)/T
l+e / *

Likewise for units in the input layer, the probability that unit i has a data-

transfer value of one is:
_ 1
pii - —ZWhj;th/T
l+e ’
The temperature parameter, T, is adjusted from a large number to a

number close to zero according to a schedule which obeys the constraints

outlined by Geman and Geman[16] . If T is large then data-transfer values
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are changed almost randomly. The model will require a long time to con-
verge at a high temperature, but the chances of convergence to a local
minima is small. Smaller temperatures cause the model to converge faster,
but decreases the likelihood that the model will converge to the globally
optimal solution. T equal to zero corresponds to the discrete outer-product
model with T”; equal to zero. When T equals zero, only the sign of the
change in the Liapunov function, or the activation level in the discrete
outer-product model, effects the data-transfer value. For any initial condi-
tions and constant weights, the model will eventually converge to a stable

set of data-transfer values for the units.

The stability of the processing dynamics in the Boltzman machine is
easy to see from the Liapunov function, but has not yet been explicitly
shown in the literature. Let the Liapunov function for the processing

dynamics of the system be the sum of the Liapunov functions for each layer:

==2F Y Woji Xnj Xoi=2 XX Whik Xnj Xik
i<j k<j

where E, and E; are the Liapunov functions for the hidden layer and the
input layer, respectively. The Liapunov function for the system is bounded
since all of the data-transfer values are either one or zero and the weights are
constant. To show stability, condition 1.7c needs to be satisfied. For a
change in the data-transfer value from zero to one in a unit, i, in the output

layer,
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AEz—Thme—l)

Poi

The change in the Liapunov function is always non-positive if p,; <1/2
assuming that T is kept constant during the change in the data-transfer value.
If T changes slowly with respect to the change in the data-transfer values of
the units, then the approximation that T is constant is reasonable. For a
change in the data-transfer value from one to zero for unit, i, in the output
layer,

1 Poi
-1 ~T In
1-p ) (l—p

AE =-T In( )

oi oi
which is non-positive if p,; < 1/2. The restriction that p,; < 1/2 translates to
the conservative restrictions on the weights that the values be positive to
ensure that
> Woij Xpi 20
J
Analogous stability analyses for the other layers yield the result that all

the changes in the overall Liapunov function are non-positive, so condition
1.7 of the second method of Liapunov is satisfied for this bounded Liapunov
function. The conservative restriction which results from this analysis is
that all values of the weights are positive for all of the layers. In addition,
the assumptions are made that MIN = 0, MAX =1, T; = 0 and all the data-
transfer values are binary (0,1). Any positive, slowly varying value of T

will preserve stability (see table 3.1).
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Table 3.1 Restrictions on Boltzman Machine
Connections Weights and Adaptation, Decision Function
1) Multiple layers of 1) Adaptation is 1) Threshold function
units performed before is a probability
operation equal to the
2) Complete forward sigmoid of
and backward inter- 2) wij=w. Tz wex.
connection between J j I
layers 3) W= 0 2)MIN=0,MAX =1
3) No lateral 4)n is small -3) All data-tranfer
connections values are 0 or 1
5) Weights are
positive 4) T is positive
and varies slowly

3.2.2 Stability Analysis of Adaptation Dynamics

The intent of the weight adaptation is to minimize the discrepancy
between the distribution of the states of the units of the models and the dis-

tribution of the external input /desired output vector pairs presented to the

model. A Liapunov function from information theory is used as a measure

of this discrepancy. The Liapunov function is referred to as the asymmetric
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divergence or information gain:

Pds. d;)
& =L, %, =dy)
where P (I, d;) is the probability that the the external input / desired output
pair, ([, d,), occurs. P’'(x; =1, x, =d;) is the probability that the data--

G=YPd,,d,)In—
- P

transfer values of the input units are /; and the data-transfer values of the
output units are d; when no external vectors are applied to the model. G is

positive when

P, dg)>P (x; =15, x, =d) (3.1)

for at least one pattern, and G equals zero when the above comparison is
equal for all patterns, s. Theoretically, the equation 3.1 is always true, but
care must be taken with the statistics to ensure that this equation is true.
Assuming that these precautions are taken, G is a conventional Liapunov
function and its derivative should be negative to fulfill condition 1.2 of the
second method of Liapunov.

To minimize the value of G, a steepest descent method is used for the
adaptation, where the change in the weights is proportional to the negative

of the derivative of G with respect to the weights currently being adapted:

G _ awji oG

dt at awﬂ
8w

~(—5~ )2

where w; is either wo;; or wh; and
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awji oG

This derivative satisfies condition 1.5¢ for Liapunov’s second method, so the
adaptation is asymptotically stable. The adaptation funétion is derived from
the derivative of G with respect to the weights. Since P (I, d,) is constant
with respect to changes in the weights,

oG P(-s’-s P =15, %,

ds)

To derive the adaptation function first P’ is presented in terms of the values
of the weights, then the Boltzman property is used to calculate the derivative

of P’ with respect to the weight being adapted.

The order of the units is unimportant, so the input and output units are
re-ordered so that for a given external input / desired output pair, s, the ones
are desired for the first K output units and the first L input units. The proba-
bility of this pattern for a given state, &, of the hidden units when no exter-
nal vectors are applied for n, units in the output layer and »; units in the

input layer is:

K
P =L, % =ds, X)) = T1 poyy H (1P o) l_Ipoul n(l P i)

k=1 kk =K =L
- L |- L
K —Z Wij xw,js/T kk=K —Z WOH‘J’ xw,j,/T
E (e 2 5 [ T
k=1
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X L ln"I 1- L
L "Z Wh[j x(!hjs/T =L —Z Whuj xa,,j,/T
I1 [1+e ! ] [1+e d }
=1

is the final data transfer value of the jth hidden unit when the input and out-
put units give the response, ([, d;). wo j is the value of the weight between
the jth hidden unit and the kth output unit, and why; is the value of the
weight between the jth hidden unit and the Ith input unit. This equation can
be manipulated into the following form since x,;; and x;,; will be either one

or z€ro:

L
(=3 X Wokj Xanjs Xaoks—2, 2, Whij Xanjs Xaits /T
k =1 j

where 1/Z ,, is the probability that all of the input and output data-transfer
values are zero when no external influence exists. This value does not

depend on the pattern being presented.

n, n;
Zy=TI(1+e2FeTy a1+ ™28«
k=1 1=1
Finally, the dependence of P’ on w; is:
~E o5 IT
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L
(=2 X Woi; Xonjs Xaoks— 2, 2, Whij Xanjs Xits /T
) =1

€
=2
a Zy

The derivative of Z; would be difficult to find so the Boltzman property

i1s employed to simplify the calculation. The Boltzman distribution is the
ratio of two probabilities with the same base probability, 1/Z.
P —E. —
_d_ = (Ea Eb)
Py

In this case, the Boltzman distribution is identical to the original distribution
since the denominator in the following expression is one if all of the possi-
ble patterns have been learned:

—E /T
e

)

P =L,x,=dg, Xop) a

ZP’(&‘zlS’“—‘—:o:C_ls,-lc_ah) Zze_Eo.r/T
’ o s

Now the derivative can be calculated for an output weight w, ji - The results

for a hidden weight would be analogous:

) —E /T
aP(J_ci=_11g,£o=és)_iz XohjsXanis€
awﬂ T o Ze—Ea"/T
A
e“E‘”/T e-Ea_,/T
(Ze_E‘”/T)z Zs: X ahjs* aois

s

This derivative can then be expressed in terms of P:
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P =L % =d) TP =L X0 = dss Xon) Xanjs X ois )
A

Substituting this result back into the original derivation of the derivative of
G:

oG _ 1 P;.d
awoij:}-[ P (x; = —6,——50 d)z(xahjsxahzsp(_z I, X, =ds, Xop)

- Y PUs. d) TP (x5 =L, x5 =ds s Xon) Xanjs X anis)]
S R}

Since all possible patterns are presented,

XPUsds)=1

Further simplification is made by defining p’,; ; to be the probability that the

data units x,; and x;; both have data-transfer values of one.

pozj”zzxonhjsxahzsp(—i —s’—o dJ’XGh)

Bayes’ theorem is used to simplify the first term in the derivative:

P =15, % =ds s Xop)
P =L, x, =dy)

Then the definition of the probability p,; is made. p,; is the probability

=P | =L, % =dy)

that units x,; and x,; both have data-transfer values of one when the input
units are forced to the values of the external input vector and the output units

are forced to the values of the desired output vector.

Doij = szahjsxahzsP(—s’—s)P,u' =1, x, =dg, Xop)

s o

Finally, after all of this derivation, most of which is not published in as
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much detail in the literature, a simple form for the derivative of G is found:

G _ 1 ,

a—wijj' == Po1ij ~Poij)
These values of p’,;; and p,;; are obtained statistically by observing the
behavior of the system with and without external input / desired output vec-
tor pairs and noting when the units converge to a data-transfer value of one

mnstead of a data-transfer value of zero.

Now that the derivative of the weight with respect to time has been
derived which satisfies condition 1.2 for stability, the approximation is made
that the change in weights is discrete. If the weight changes are small
enough relative to the function G for a specific application, then stability
will still hold. The adaptation function for the weights for the output layer
1s:

Awoj; =1 (Pyij = Poij)
for the output weights and by an analogous derivation, the adaptation func-
tion for the weights for the hidden layer is:

Awhj; =0 pij = P'ij)
where 1] is some parameter dependent on the inverse of T and p and p’ are
statistics.

The assumptions involved in the analysis of the stability of the adapta-
tion dynamics are that the sum of the probabilities of the inputs, (/;, d;) is
one, and that only one weight is changed at a given time. The first assump-

tion is valid if the inputs are repeated frequently enough for the statistics to
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be good approximations to the actual probabilities. This restriction should
also ensure that P’ < P, although this condition is difficult to test. The res-
triction that 1 is small makes the approximation that only one weight
changes at a time reasonable. No provisions are made to prevent the values
of the weights from being negative. Negative weights could cause instabil-
ity in the-processing, so the weights need to be checked after adaptation.

The adaptation does ensure that the weights are symmetrical.

3.2.3 Summary of Stability Analyses

In the systems implemented by Ackley, et al, relative size of the proba-
bilities were ignored, so the amount of the weight adaptation is constant.
The value of the weight is decremented if p; j < p’ij and incremented if the
sizes of the probabilities are reversed. No change occurs if the probabilities
are the same. This approach is a good approximation if 1} is small, and the
approach alleviates some of the effects of inaccurate statistics. The probabil-
ities for adaptation are computed at a temperature which has an value of the
temperatures used for processing. First the external input vector is applied
and the data-transfer values of the output units are set to the desired vector.
Some noise is introduced in this process to keep the probability from becom-
ing too small for other possible external input vectors. The resulting model
is allowed to reach equilibrium twice and the probabilities for all of the
weights are recorded. The next step is to remove the external input vector
and the desired output vector to add to the statistic for p” for all of the

weights. By using noisy external input vectors to train the network, the
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weights will almost always converge.

The Liapunov functions for the Boltzman machine are fairly simple, but
the resulting neural-network model is very difficult and slow to implement.
Stochastic processing theoretically avoids sub-optimal processing and
weight adaptation, but at an enormous expense in terms of processing time
and uncertainty in statistical parameters. The adaptive resonance theory
seeks the same result of a neural-network model with both processing and
adaptation dynamics, but at lower expense in terms of processing time and
adaptation time. The penalty paid is a much less elegant model in terms of

the Liapunov functions, than the Boltzman machine.
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Chapter 4
ANALYSIS OF ADAPTIVE RESONANCE THEORY

4.1 Overview of Adaptive Resonance Theory

The dynamics of adaptive resonance theory are the most complex of the
four models analyzed, but the Liapunov functions employed are the simplest
[17] . The most complex aspect of adaptive resonance theory is the deter-
mination of what units and parameters are a source of dynamics at a given
time. Unlike those in the outer-product model and the Boltzman machine,
the connections between units in adaptive resonance theory do not always
carry data-transfer values. The dynamics of the model are switched from
layer to layer. For each layer, a different set of active connections, weights,
decision function and Liapunov functions for processing and adaptation are

employed.

The complexity of the model is limited somewhat by only using two
layers of units, an input layer and an output layer (see figure 4.1). The
feed-forward connections associate patterns of data-transfer values in the
input layer (F1) to a unit in the output layer (F2). The feedback connections
send the pattern which the selected unit in F2 was previously taught to F1
for comparison with the external input vector. Lateral connections exist
between units in the F2 layer. The lateral connections are responsible for
the dynamic processing of data-transfer values. The feed-forward and feed-

back connections are each used in different processing phases so the units



T-3633 64

do not interact continuously as in the outer-product model and the Boltzman

machine.

The units interact between layers through the adaptation of the weights.
The values of the weights reflect the pattern which the output unit has been
adapted to recogni;e. The feed-forward weights are normalized so that the
unit(s) which matches the most elements of the external input vector has the
largest activation level. The feedback weights send the vector which the
unit with the largest activation level in F2 was taught to recognize to the F1
layer. The criterion for instigating adaptation of the feed-forward and feed-
back weights is the output of the arousal unit. The arousal unit can either
cause the weights to adapt, or the unit can cause a different F2 unit to have
the largest activation level. The action performed depends upon a com-
parison of a constant, referred to as the vigilance, to the ratio of the norm of
the product of the two patterns to the pattern on F1. The adaptation of the
weights is performed differently for the two levels so that the different types
of information are encoded. The lateral weights in the layers are kept con-
stant. The values of the lateral weights are pre-set depending on the number
of units in the layer. In the F1 layer, the lateral weights are set to create an
upper bound on the activation level of the F1 units. In the F2 layer, the
lateral weights are set to maximize the likelihood that only one unit has a

positive output.

In both the continuous outer-product model and adaptive resonance
theory, the current activation level is based on the previous activation level.
The difference is that the activation level in adaptive resonance theory is

determined by a second degree equation as opposed to the first degree

ot?(;?ool, of MINES

COLORADO X GRADO 80401

GOLDEN,
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Figure 4.1 Functional Components of Adaptive Resonance Theory
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equation used in the continuous outer- product model. The output of a unit
is determined by different threshold functions for units in different layers.
The units in the F2 layer generally have a threshold function which is close
to linear. The data-transfer value is limited more by the activation function
than the threshold function. Any thresholding function can be used for the
units in the F1 layer. The data-transfer value for these units is bounded
mostly by the values of the external input vector and the output data-transfer
values of the units in the F2 layer. The threshold function plays a much
smaller role in adaptive resonance theory than in other neural-network

model.

Five separate phases are involved in the processing of each external
input vector as opposed to the two phases, adaptation and processing, in the
Boltzman machine. Two of the five phases in adaptive resonance theory
involve the adaptation of the weights. The other three phases involve the
processing dynamics of the units of one of the layers. Each phase requires a
different set of restrictions and assumptions which are difficult to ascertain
from the literature. Despite adaptive resonance theory’s considerable suc-
cess in simulating psychological behavior, the exact specifications for the
parameters of the model are not obvious. Under reasonable assumptions
about the model, all five phases are shown internally stable in section 4.2,

although stability of the model as a whole depends upon the application.
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4.2 Analysis of Stability of Adaptive Resonance Theory

Adaptive resonance theory is the result of several decades of work in
mathematical psychology to attempt to model psychological phenomena.
Most analyses of adaptive resonance theory are based on the assumption that
the data-transfer values and the weights change continuously within each
phase of operation. Adaptive resonance theory is a combination of discrete
and continuous interactions. Each discrete phase contains continuous
dynamics which can be shown to converge to a solution for either the data-
transfer values or the weights. This solution is then passed in a discrete step
as input to the next phase. This approximation allows each phase to be
analyzed independently assuming that the continuous processes either con-
verge in a finite amount of time or are approximated with the final results.

The five phases are as follows:

Phase 1: (F1 data-transfer values) The external input vector is processed
by the F1 units.

Phase 2: (F2 data-transfer values) A characteristic F2 unit (or units) is

chosen based on the weighted data-transfer values from the F1 units.

Phase 3: (F1 data-transfer values) Both the weighted data-transfer
values from the F2 units and the external input vector are processed by the
F1 units. The arousal unit uses the values of the F1 units to determine

whether to proceed to Phase 4 or to reset the F2 layer and repeat Phases 1-3.

Phase 4: (F2 weights) The bottom-up weights between layers F1 and F2
are adapted.
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Phase 5: (F1 weights) The top-down weights between layers F1 and F2
are adapted.

These phases are repeated for each external input vector. The model is
stable if the values of the weights do not oscillate for different sequences of
external input vectors. The model is asymptotically stable for a fixed set of

external input vectors if the changes in the weights approach zero.

4.2.1 Stability Analysis of Phase 1

The stability of the processing in the first phase is determined by the
dynamics of the equations for the F1 units. In general the equation for the
i™ unit in the F1 layer and the j* units in the F2 layer is:

du 1i
dt

€ =—uu([)+(1 —Aluu(t))(ll-+Dlzx2j Wtjl')
J

-(B; +Cruq () szj
J
where Ay,D,B,and C; are all positive constants, and wrj; is the top-
down weight between unit i in F1 and unit j in F2. Since the units of F2 are
not yet activated, x,; =0. The equation can be reduced to:

du 1
dt

=—(1 +A11i)u1i(t)+li (41)

If the unit converges (du ;;/dt =0), then the activation level for unit i will
be:
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I.

il
U: - —————————
lhea ™ 14 A1

which is always positive. The model will reach this value for the activation
level of the F1 units in this phase if the initial activation level is zero, the
activation levels are continuous, and du;/dt > O for all activation levels less
than the final value. The Liapunov function is
I;
E =lZ L g - m |

which is positive in the form of conditions 1.2. The derivative is:

dE _ _ .
dt ‘T‘" dt
when for all units, i:
I;
“S AL
Uv:
Therefore, d;l > 0 for all i satisfies condition 1.2¢ for Liapunov’s second

method. Algebraic manipulation of the equation 4.1 shows that du;/dt =20
implies that
Y= 1+ AL
which is true for all positive values of A; when u;(0) equals zero. The
— data-transfer value for each unit is some function, f , of the activation level.

The only requirement on the threshold function, f, is monotonicity which
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will make the data-transfer value stable when the activation level is stable.
The threshold function does not affect processing dynamics in this phase.
Therefore, the restrictions are monotonicity of f; and u;(0) =0 for all F1

units.

The intent of the first phase is for the data-transfer values of the units of
F1 to be proportional to the external input vector. This condition will hold if
A, is much smaller than the inverse of value of the external input, i.e. AJ;
<< 1 for all i. Otherwise, the activation level is subject to saturation to the

value one.

4.2.2 Stability Analysis of Phase 2

The second phase is the convergence of the units in the F2 level. The

equation for the dynamics of the activation levels, u, s of the F2 units is:

du,;
L= -y + (1= A g ug () oy () + Dy T xy; why)

8dt

- (Bz + C2 uzj([))z sz(t)
k#j

where A,,D,, B,, and C, are all positive constant parameters, and x,; is
the data-transfer value of another unit of F2, and wb;; is the bottom-up
weight between unit j in F2 and unit i in F1. The weights and the data-
transfer values from the F1 units, x;, are assumed constant for this phase.

Descriptions of adaptive resonance theory[18] , refer to several articles for

the choice of parameters for the F2 units. Unfortunately, none of the equa-
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tions in these articles exactly correspond to the equation cited for adaptive
resonance theory. Notationally, the most similar equation for a network of

units appears in the paper by Ellias and Grossberg[19] :

din:
L;zzj =—A uzj(t)+(3 —xzj(f)) (szk(t)ij +Ij)-u2j(t) > f o) ij
k k

—uzj(t)Zf(ka(t))Dki
k
dy,;
—di=-E Y2, () + X ug (6) Fy;
4 k
where
a=L
3
1
B =——v
Aye
Cu =4A>

I; =A, Dy ¥ xy; why;
i

Dki =E =ij=0

with restrictions that B, =—1 and C,=A,. This choice of equations has
been shown to demonstrate limit cycles and many areas of instability so this
equation is not very appropriate for adaptive resonance theory. By placing
more restrictions on the model, the equation can be made similar to an equa-

tion discussed in an earlier work by Grossberg[20] .
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du;
Yo+ Y X kN ugi(0)+ (B —ug;(2)) ugi(t)
dt k#j
where
a=L
€
po L
A,

, 2
X ()= ‘E‘ X (1)
with the restrictions that B, = 0 and C, = 1, and the initial conditions:

uzj(O)zDz lei WbU
1

This approximation has many of the interesting dynamics which are alluded
to in the text of the adaptive resonance description. Since the equation only
depends on its own activation level and the sum of all of the other activation
levels as variables, the model preserves the relative sizes of the data-transfer
values among the units in F2. Once the activation levels of two units are
equal, the values will remain equal. A model based on this equation with a

threshold function, f , which satisfies the following:

f i) S A,
uzj(t) - €

can also be shown to converge to either a state in which all of the units in F2
have activation levels which are at one of their two bounds (0 or 1), or a
state in which all of the units in F2 have the same activation level. This

property can be shown using the following bounded function:
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E = nmx(Uzj(t)) - min(Uzj(t))
where

Uyi(r)

Uyj(t) = SI0)
k

E is bounded since u;; is bounded between zero and 1/A,. If the initial

state of the network is

. 1
max(U,;(¢)) =min(U,;(t)) = "
then the value of the Liapunov function is zero and this state of the units is

stable. Otherwise, the equation of the activation level can be rewritten in the

form:

dU; 1 Xpj(t)  Xou(2)
=— U, (1)U -
2;(t) Zk‘, 2k(t)(u2j(t) -

dt A
The derivative of max(U2 2 (¢)) will be greater than zero and the derivative
of min(U ;,_j(t )) will be less than zero if f,(u, j (t))/uzj (¢) is convex, con-
tinuous and monotonically increasing with the value of f 24 (t))/uj(t) at
U; (¢) = 0 greater than or equal to A ,/€. These conditions cause the derivative
of the Liapunov function to always be greater than zero. Thus, the condi-
tions 1.3 for Liapunov’s second method are satisfied and the phases is stable.
The parameters, € and A ,, impact the convergence rate. Large values of A,
will cause faster convergence, but the width of the dynamic range will be
smaller. The maximum size of A, is implementation dependent. Small
values of € can be used in a discrete approximation to smooth the conver-

gence process. This phase will converge to a stable state in which the unit
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or units with non-zero activation levels are referred to as the characteristic
F2 unit(s).

4.2.3 Stability Analysis of Phase 3

The third phase reprocesses the data-transfer values of the F1 units
based on the data-transfer values of the F2 units as determined in phase 2.
The initial values for this phase are the final values for the F1 units in the
first phase. Recall that the the equation for the i* unit in the F1 layer and
the j* units in the F2 layer is:

du y;
at

€ =—uy )+ (1 -Aquy; () (li+D12wtﬁx2j(t))
J

—(Bi +C1 u”(t)) szj(t)
J

where A, D, B,and C are all positive constants, and wtj; is the top-
down weight between unit i in F1 and unit j in F2. The data-transfer values

from the F2 units, x,;, and the weights, wz; are assumed to be constant in

.
J
this phase. If the units converge, then the final activation level for this phase

will be:
Ii +D1 EWtJi +Bl
J

u . —_—
1i,eq 1+A11,-+A1012W’Ji+cly2~f
J J

where we;; is the weight between the F1 unit i and the unit(s) J in F2 which

has a data-transfer value of one.
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The positive Liapunov function is:

I, +D ;Y wt;; +B,
J

E=Y% luy -
i L 1+A11i +A1D12Wtji +C12/t7.1

J J

and its derivative is:

dE _ . 4
dt ~ dt

1

when all activation levels of units i are:

J

: <
“1ieq 1+A [ +A Dy Zwty; +C oy Txoy
J J

and

dE _ duy;
dr X

when all activation levels of units i are;

[i +D12Wtji +Bl
J

; >
Ulieq V+A L +A D 3Iwey; +C1 3xo5
J J
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Showing that the derivative is negative if the initial activation level is

greater than the desired final value and positive if the initial activation level

is less than the desired final activation level is sufficient to show that the

activation level converges to the desired final value since condition 1.2c is

satisfied. The derivative of the activation level for the initial state of the
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activation level at the final value from phase 1 is:

D wip —(A;B;+C X~p)1;
duy©) 1? Ji 1B, 1? 27) 4

dt 1+A;

4.2)

If the desired final activation level is greater than the initial activation level:

I

i

- >
1+A11i+A1DIEWtJi+C12x2J 1+A11i
J J

I, +D, Ywty + B,
J

then this condition implies that

DiYwt; >(Cy Txqo +A B,
J J

which makes the derivative in equation 4.2 positive assuming A, /; > -1.
Likewise when the desired activation level is less than the initial activation
level, the derivation is negative. Therefore, the conditions 1.2 of Liapunov’s
second method are satisfied. This phase converges to a set of data-transfer
values for the units in F1 if the thresholding function is monotonically
increasing or decreasing. The restriction that A, I; <—1 is consistent with

the restriction that A; I; < 1 from phase 1.

If the arousal unit resets the positive units in F2, the preceding phases
will be repeated with fewer units active in F2. Since the convergence in
each of these phases is not dependent upon the number of units in F2, the
model will remain stable. If the arousal unit does not reset the units in F2
then the values of the weights will be adapted. The weight adaptation deter-
mines the model’s stability over varying external input vectors, since all of

the other phases will converge for any external input vector. The model is
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stable if after some finite time, an external input vector always causes the
model to respond in the same manner, ie. causes the same unit(s) in F2 to

converge to positive activation level.

4.2.4 Stability Analysis of Phase 4

The bottom-up weights record the relative importance of each input to
the activation of the corresponding F2 unit with respect to the total number
of positive inputs. The literature describes the weight changes in a continu-
ous form, but the weight changes are usually thought of as discrete due to
the discrete nature of simulation and many potential implementations. The
"fast-learning" adaptation is the approach suggested where the weights are
adapted to have the value of the steady-state solution of the weight equa-

tions.
The adaptation of the bottom-up weights is characterized by the follow-
ing equations.

awb
dt

L =K xq; [(1=why;(t) L xy; —why $xy]
I

where the data-transfer values of all of the units are constant for this phase.

For fast learning:

Lxh-
(L -—l)x” +Zx”
l

The fast learning response is the value of wb;; when the derivative of the



T-3633 78

adaptation function is zero. When the weight is greater than this value in the
continuous learning case, then the derivative is negative. Likewise the adap-
tation approaches the steady state value when the weight is less than this
value since the derivative is then positive. If L is close to one then the
weights are approximately equal to the normalized value of x; and the sum
of the weights connected to each unit in F2 is L. The parameter K controls

the speed of the adaptation.

Generalization of patterns can be performed by not allowing the adapta-
tion to reach steady-state for any one external input vector. In a discrete
system, a fraction of the fast-leaming value could be added to the weight at
the adaptation phase for each different external input vector. The arousal
level affects the similarity between the external input vectors which are
allowed to adapt the weights of a unit in F2. This method of implementing
generalization in the patterns encoded by the weights is also applicable to
the top-down weights.

4.2.5 Stability Analysis of Phase §

The top-down weights record the pattern which caused the unit to be
one of the units with a data-transfer value of one at the end of phase 2. The
" equations for adaptation of top-down weights more closely resemble the typ-
ical learning equations:

awt i
dt

=X2j (—wtﬁ(t)+x1i)
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where the data-transfer values of all the units are constant. The fast learning
equation is:
WL j; (t)= Zu
X9
As for the bottom-up weights, the fast learning value is the steady-state solu-
tion of the continuous adaptation equation. The derivative of the weights
will be positive if the weight is below the steady-state value and negative if
the weight is above the steady-state value. The weights will equal the output
values of the F1 units if the corresponding F2 unit is active. The weights
can be made a composite of the patterns which activate an F2 unit by the

methods for generalization mentioned in section 4.2.4.

4.2.6 Summary of Stability Analysis

The values of both the bottom-up and top-down weights will oscillate
for different external input vectors if the arousal unit does not ensure that
only similar external input vectors activate a unit in F2. The arousal unit

resets a unit if
22wy xo

J i
=
i

<P

where p is the arousal level (or vigilance parameter) approximately equal to
one. Since x; =/;, the numerator is approximately equal to the number of

weights, which in turn, are equal to x;. If most of the weights are not equal,



T-3633 80

then the ratio will be less that p and the arousal unit will cause the F2 unit to
be reset. The weights on units which have not been adapted must be uni-
form enough that the ratio will be greater than p if the unit is activated. This
will cause new patterns to be adapted to units in F2 which have not previ-
ously had their weights adapted. The closer p is to one, the fewer times
each weight will be adapted, which will minimize the oscillations in
weights, which in turn minimizes the instability in the model for a set of
external input vectors. The trade-off is that less generalization of patterns is

performed in more stable models.

In general, adaptive resonance theory is extremely stable and requires
very few restrictions on the parameters of the model (see table 4.1). Most of
the restrictions are due to the phase 2 computation of the state of the F2
units to arrive at only one unit with a data-transfer value equal to one. The
Center for Adaptive Systems in Boston, MA has done extensive research on
the dynamics of different networks of units. The adaptive resonance theory
model is the most complete model to arise from this work. The type of
applications which adaptive resonance theory is applied to are usually auto-
association or generalization. Generalization is particularly appropriate
since modification of the vigilance parameter adjusts the size of the parti-

tions between patterns.
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Table 4.1 Restrictions on Adaptive Resonance Theory

Connections

Weights and Adaptation

Decision Function

1) Two layers of units

2) Feed-forward and
feedback connections
between layers

3) No connection
between units in F1
layer

4) Lateral
connection between
units in F2 layer

1) Adaptation is
only occurs after
the correct F2 unit
has been selected

3)p<1
4HL<1

1) Transfer function
for F1 units is
monotone increasing
or decreasing

2) Transfer function
for F2 units has

a time derivative
which is convex,
continuous and

monotone increasing
and f5(0)> Ag/e

4)-1<Al=<1
5)Ay>0
6)By=0
7)Cp=1
8) Dy>0
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Chapter 5
ANALYSIS OF BACKPROPAGATION MODEL

5.1 Overview of Backpropagation

The backpropagation model is an example of a neural-network model
with dynamics determined only by the adaptation function. In the backpro-
pagation model, the feedback, which is the source of the model’s dynamics,
is between the user and the model. This form of feedback differs from the
feedback between units used as the source of the dynamics in the other three
models. The operation of the backpropagation model without adaptation is
feed-forward, with no dynamics. Another difference between the backpro-
pagation model and the other neural-network models analyzed here is that a
discrete event in the dynamics of the backpropagation model is the presenta-
tion of an external input vector and the associated desired output vector. For
the discrete outer-product model and the Boltzman machine, a discrete event
is the change in the data-transfer value of one unit. For adaptive resonance
theory, a discrete event is the change in the state of a layer of units. As with
the Boltzman machine, the best applications for the backpropagation model
are those that require hetero-association of two vectors and have data in the

form of an external input/desired output vector pair.

The functional components of the backpropagation model are the sim-
plest to implement of the four neural-network models analyzed here. The

form of the network is multiple layers of units with feed-forward
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connections to units in the succeeding layer. Units are not connected to the
other units in the layer (see figure 5.1). The first layer is the input layer, but
since its weights are not adaptable, the data transfer values for the input
units are represented by the values of the external input vector. The layer(s)
between the input layer and the output layer are the hidden layer(s) which
provides intermediary representations of the information which the model is
processing. The last layer is the output layer which represents the solution
to the user. To adapt the values of the weights, an error is generated from the
difference between the data-transfer values of the output units and the asso-
ciated desired output values. A user provides the desired output vector
along with the external input vector during the adaptation process. The deci-
sion function is not constrained by the model to any particular form other
than to have a bounded threshold function which is monotonically increas-
ing. The sum of the weighted inputs is the activation level, and usually a

sigmoidal function is used for thresholding.

The analysis which follows rejects the assumptions of continuous pro-
cessing made in the original backpropagation stability analysis by Rumelhart
and McClelland[21] , and shows that stability can be shown for discrete

processing.

5.2 Analysis of Stability of the Backpropagation Model

The Liapunov function for the backpropagation model is the same as the

error function used by other least-squares algorithms. The Liapunov func-
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modify
weights

Figure 5.1 Functional Components of Backpropagation Model

tion is the sum of the squares of the errors in the data-transfer values of the
units in the output layer. The E in the following equation can stand for

either error, to be consistent with other least-squares algorithms, or energy,
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to be consistent with other Liapunov functions.

E(t) =3 (ds; — x5 (1))
J

where x,;(¢) is a unit in the output layer and dg; is the desired response of
the unit as determined externally. Feedback in the model occurs in the pro-
pagation of the errors from the output layer to the hidden layers through
changes in the weights, as opposed to feedback from the data-transfer values
of the other units in the outer-product model. Changes in the model can
only occur in response to the errors, so once the overall error has stabilized,
the model will be stable.

Despite Rumelhart and McClelland’s analysis based on continuous
time, the assumption that the backpropagation model is processing continu-
ously is not valid. The weights for each layer of units are changed in a
separate processing step. For most applications which use this model, more
than one external input vector will be used, so that generalization can be per-
formed by the model. Introduction of a new external input vector to the sys-
tem causes another discontinuity in processing. The use of continuous
analysis requires assumptions about constant data-transfer values and
weights. The analysis presented here shows that stability can still be shown
using discrete analysis. The advantage of discrete analysis is that assump-
tions about constant data-transfer values and weights are clarified for each

step.

Adaptation for an external input / desired output vector pair, (/;.d; ), for
the backpropagation model is segmented into a different step for adaptation
of the weights for each layer of the model. The first step is to adapt the
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weights on the output units. In subsequent steps, the weights on the units in
each hidden layer are adapted. These steps are repeated for the set of exter-
nal input vectors and associated desired vectors. For the system to be stable,
the adaptation needs to reduce the value of the Liapunov function so that
condition 1.5c is satisfied. Ideally, each time the external input /desired out-
put vector pair is changed, the value of the Liapunov function of the model
is either unchanged or reduced. In general, this does not happen, since
changing the external input vector and the desired vector usually increases
the value of the Liapunov function. The system will not converge for a given
set of inputs unless eventually, reduction of the Liapunov function due to
adaptation exceeds the increase in the value of the Liapunov function caused

by changing the extemnal input values.

The first step is the adaptation of the weights of the output units. For
this step the output values of the hidden units are assumed to be constant.
The change in the value of the Liapunov function at time, t+1, after the
weights of the hidden layer are changed from their value at time, t, is:

E(@+l)—E(t)=AE = -;- 3 [(dyy = %) (t+1) ) = (dg; = %07 (0) )?]
J

where d;; is the desired output value of the j * output unit, x,; When the
external input vector is /;. This equation can be reduced assuming dy; is

constant for the time required to change the values of the weights:

1
AE = '—2' EAXOJ [xoj(t+1)+x0j(t) —ZdJ]
J

where
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Axoj =xoj([+1) ""xoj(Z)

Since the Liapunov function is always positive, stability can be shown if AE
is always non-positive and zero at the equilibrium point. This condition is
satisfied if the following conditions are satisfied for each unit in the output

layer of the backpropagation model.

Axoj =0, or
(d; -xoj(t+1)] + [dsj —xoj(t)] > 0, and Axoj >0, or

[dsj —xoj(t+l)] + [dsj —xoj(t)] < 0, and Axoj <0.

The adaptation process produces these conditions under the assumptions that
firstly, the output values of the units are positive and bounded by the values
of the desired output vector, and secondly, the threshold function is a mono-
tonically increasing function of the sum of the weighted inputs. The first
assumption can be met by restricting the upper and lower bounds of the
thresholding function to the values of the desired output vector.

dg; S{MAX,MIN}

This assumption is necessary to ensure that increasing or decreasing the out-
put value of x,;(z) due to weight adaptation does not change the sign of the
quantity dsj = Xy, (¢). The second assumption ensures that x, j (t) increases
when wo,;(r) increases for all i. These assumptions translate the above con-

ditions of stability to:

Awo;; =0, when dg; — x,;(1) =0,
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AWOU > O,‘ when de “xoj(t) > O, and

Awoij < 0, when dsj —xoj(t) <0

for all units, j, in the output layer.

The leamning rules for the backpropagation models which use the linear
thresholding function and the sigmoidal thresholding function both satisfy

these conditions. The learning rule for the linear thresholding function is:
AWOij =M [de _ij(t)] x[u(t)
The learning rule for the sigmoidal thresholding function is:

Awo; =1 f (Z W, i Xpi (1)) dg; —xoj(t)] Xpi (2)

where 1 is a positive constant governing the learning rate, x;; (¢) is the data-

transfer value of the hidden layer unit connected through weight, wo;:, and

ijs

f' (X wo; i Xhi (¢)) is the derivative of the threshold function with respect to
i

the sum of the weighted inputs. All of these quantities are defined to be

positive. The factor, dgj — X0 (1), determines the sign of the change in

weight since all other factors are always positive. Thus, the conditions are

satisfied and this step always produces a decrease in the value of the

Liapunov function at time, t.

The next steps involve changing the weights of the units in each hidden
layer; starting with the layer closest to the output layer and ending with the
layer which receives inputs directly from the external input vector. The
adaptation function ensures that these steps decrease the value of the

Liapunov function according to condition 1.5c. The change in the data-
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transfer values of the output units caused by the adaptation of the weights
for the hidden units has the same sign as the change caused by the adapta-
tion of the weights for the output units. Only the sign of the modification of
the output data-transfer values is important, since the data-transfer values
are bounded. The magnitude of the modification effects the model’s ability
to learn responses to other external input vectors, and is controlled by the
value of the constant, 1. The resulting learning rule for the adaptation of the
weights in layer, /, cause the data-transfer values of the units on the layer

above, [ —1, to continue changing in the same direction.

X Wi-rij+n) A =0, when Axy_y ; =0,

1
> Wi_1ije+) &x; > 0, when Ax;_; ; >0, and
i

E wl—l,ij(t'l-l) Ax,,- < 0, when Axl_'l,j < 0.
i

Since the inputs from the lower layer are considered constant and the thres-
hold function is monotonically increasing, the sign of Ax; will be the same
as the sign of Aw, ;. The conditions above can be transformed to suggest

an adaptation process:

Axy =0, when 3 wy_y iiqa1y D%y = 0,
J

AXII > O, When Z WI—I,U(Z-H) Axl_l,j > O, and
J
Ax,i < O, when E Wl—l.ij(t-l-l) Axl_l’j < 0.
J
The value, Ax;_; ; can be defined recursively in the manner described in the
generalized backpropagation learning rule (with f* =1 for linear threshold-

ing functions):
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Oi-1,j =S (T Wis1 pu Xr414) AXp1,j
k

8y =f' (X Wiar ki Xi+14) AXj
k

The learning rule is:

Awy e =M 8y X414
which satisfies the above conditions since 1 and x;,;, are both positive.

Therefore, the adaptation of weights in the hidden layers reduces the value

of the Liapunov function for adaptation of the model.

The adaptation continues after the external input vector and the associ-
ated desired output vector are changed to (/,,;,d,,;). The change in the
vector pair causes the Liapunov function to change in value. The value of
the desired output vector unit, d;, changes to dg41,j» SO the change in

Liapunov function has the form:
AE =3 [(dg41 = %0; (1)) = (dgj — %, (£ )]
j

The Liapunov function will increase if the previous output vector is closer in
Hamming distance to its desired output vector than the new output vector is
to its desired output vector. The adaptation process which took place for the
previous vector usually ensures that the Liapunov function will increase at
this step. Therefore, stability cannot be ensured in general. None-the-less,
for specific applications, weights which yield a zero value of the Liapunov
function exist and are usually obtained by the adaptation process. If the
model avoids local minima and excessive oscillation, then the backpropaga-

tion learning algorithm will adapt to an optimal set of weights.
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If the pairs of vectors to be learned by the model are orthogonal, then a

set of weights exist for which the model is stable of the form:
W=xd L
)

For these effective weights between the external input vector, [, and the

activation levels of the output units,
- T
up =3 dy 171
N
If I is one of the leamned, orthogonal inputs, then
uy; =101%d

As in the outer-product model, the constant, 1/ 12 is eliminated with the
threshold function. This results in x, =d which results in the Liapunov
function having the value zero. Fortunately, Kolmogorov has shown that
any continuous function of N variables has an optimal set of weights in a
two-hidden layer backpropagation type model with N(2N+1) units[22] .

Therefore, a global minimum in the Liapunov function does exist for most
applications, but this minimum will not be accessed by the model if the pro-

cessing is caught in a local minimum.

One approach to avoiding the local minima is the addition of a momen-

tum term in the adaptation function:

This term causes Awj; to go to zero gradually so that the weights do not sta-
bilize at local minima. The disadvantage of this modification is that the
adaptation steps are no longer guaranteed to reduce the Liapunov function.

However, if a is small enough, the increase will not be appreciable. The
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size of o is dependent upon the application.

Since stability cannot be proved in general, the restrictions on the
parameters which result from this analysis are merely guidelines. To be con-
sistent with the least-mean squares algorithm, the desired output vectors are
binary, and the thresholding function is bounded by the minimum and max-
imum of the desired output values (see table 5.1). Any monotonically
increasing thresholding function can be used. The parameters m and o are
application dependent. Both parameters need to be large enough to reduce
the Liapunov function and avoid local minima, but small enough so that the
model converges in a reasonable amount of time. The simulation analysis in
the next chapter gives examples of the effects of the sizes of the parameters.
The simulations also illustrate the backpropagation’s ability to find the glo-

bal minimum for the Liapunov function when local minima are present.
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Table 5.1 Restrictions on Backpropagation Model

Connections “Weights and Adaptation Decision Function
1) Binary desired 1) Adaptation is 1) Threshold function
output values proportional to is bounded by minimum
change in energy and maximum values of
2) Multiple layers of desired output values
units

3) Only feed-forward
connections between
units of adjacent
layers

2) Transfer function
is monotone increasing

3) Activation level is:

%
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Chapter 6
EXAMPLE OF PARAMETER ANALYSIS

6.1 Choice of Model and Parameters

The mathematical analysis performed in the four preceding chapters is
appropriate for understanding the general limitations of the models, but
complete mathematical analysis of specific applications is not practical.
Each parameter needs to be optimized with respect to the other parameters,
and the external input vectors need to be shown to be within the scope of a
stable model. Another way of performing this in depth analysis is through
simulation of the application. Simulation has the advantages of being more
intuitively appealing, and allowing tests for situations which were simplified
in the mathematical analysis. The disadvantages of simulations are that the
results are difficult to generalize, and the simulation may falsely predict or

mask problems in the actual implementation due to approximations.

The simulations performed here demonstrate the usefulness of the
Liapunov function as a measure of the performance of a model, even when
the conditions of the second method of Liapunov are not satisfied. This
method of stability analysis based on simulation is particularly useful for
models such as the backpropagation model and adaptive resonance theory
which do not satisfy all the conditions of Liapunov’s second method in gen-

eral.
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An example of stability analysis using a software simulation is
presented in this chapter. By plotting the Liapunov function versus time,
visual inspection can determine if the Liapunov function appears to be
asymptotically approaching its limit, even if the function does not strictly
satisfy the conditions of Liapunov’s second method for all time. If oscilla-
tions persist or if the Liapunov function stabilizes at a point other than at its
limit, the model has probably gone into a limit cycle or local minimum.
Limit cycles and local minima are difficult to predict analytically for more
than two units, but the characteristic oscillations and inappropriate stabiliza-
tion in the Liapunov functions are easy to identify from simulation.
Liapunov functions with very slow convergence times are also readily
identified with simulations. Limit cycles, local minima and slow conver-
gence are the primary problems with dynamical systems, and are the condi-

tions to be checked for a stable neural-network model application.

The backpropagation model is used in this presentation because of its
simplicity. Adaptive resonance theory is more complex and has a relatively
large number of parameters so simulation of adaptive resonance theory
would be more difficult to interpret than the simulation presented here. The
simulation of the backpropagation model followed the description of the
generalized delta rule (the backpropagation adaptation process) presented in
Rumelhart and McClelland’s book, Parallel Distributed Processing.
Several versions and implementation details are presented in this book. The
choice of version and implementation details for this simulation is based on
the desire to achieve a model with interesting dynamics, yet simple func-

tional components.
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A single hidden layer connection scheme was chosen with input units
represented by the external input vector. Multiple hidden layers may pro-
vide better internal representation, but for the small model simulated here,
the additional layers would probably not change the behavior of the
Liapunov function enough to justify the additional complexity. The number
of units, four per layer, is small, but the network is large enough to demon-

strate some interesting dynamics.

The adaptation of the weights is in a form which closely approximates
continuous processing. For each external input/desired output pair in the set
of patterns to be learned, a pair is presented to the model, an error is gen-
erated, and the weights of the output units and the hidden units are adapted
simultaneously. This procedure is repeated for a number of iterations to
provide insight into the long term behavior of the Liapunov function. An
alternative method of adaptation is to calculate the weight changes after the
presentation of each pair, but wait to change the values of the weights until
all of the pairs of vectors in the set have been presented. This second
method of adaptation is claimed to be more stable, but the process is a much
weaker approximation to a continuous system. The weaker approximation
may cause the Liapunov function to mask some instability. The first method

is therefore chosen for this analysis.

The equations for adaptation are the same as the equations including the

momentum term, presented in chapter 5.

The form of Sj (t) is simple for both weight matrices due to the the simpli-
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city of the derivative of the threshold function. For the output layer 3, i ()
is:
Soj(t)zxoj(f)(l =X, (1)) (dj —x,; (1)) (6.1)

and for the hidden units, §;(¢) is:

6hj(t)=xhj(t)(l—xhj(t))EWOﬂ(t)xoj (62)
J
The decision function chosen is the most commonly used form for a

decision function: the activation level is the sum of the weighted inputs
from all of the units in the previous layer, and the threshold function is sig-

moidal.

()= — = 1
X (1) = 1 4o 4® - =X w;i(t) x;(¢)
Te l+e /

The upper and lower bounds for the sigmoidal functions are one and zero,
respectively, which corresponds to the values of the elements of the desired
output vector. The center of the sigmoidal function, T;, is at zero activation
level for symmetry between negative and positive activation levels, which
simplifies analysis. The derivative of the sigmoid threshold function is used
in the equations 6.1 and 6.2 for 8. The derivative is:

—-U;
e

The experiments performed show differences in the Liapunov function
for different sets of external input / desired output pairs and values of
o and . The differences in the pairs of vectors are denoted by the ortho-

gonality and the linear independence between successive vectors. The value
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of the rate of learning parameter, 1, and the momentum parameter, o, are
varied to show their effect on convergence of the Liapunov function. These
experiments are certainly not comprehensive but the experiments do support
the conclusions of the mathematical analysis and raise some interesting
questions. Future research could include a set of more systematic experi-
ments for a specific application as opposed to the general application

presented here.

6.2 Simulation Results

Some simple experiments with the simulation of the backpropagation
model are presented here as an example of the usefulness of simulation
analysis of stability based on the Liapunov function. Computer software for
the simulation is written in the C programming language and presented in
Appendix A. The experiments consisted of learning three different external
input / desired output vector pairs under variations of the parameters. The
results of the experiments show the model’s ability to learn orthogonal,
linear independent and linearly dependent sequences of vector pairs with

appropriate values of the parameters o and 7.

6.2.1 Results for Orthogonal Data

The first set of data used has external input vectors which are orthogo-

nal to each other, and desired output vectors which are orthogonal to each
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other. This set of vector pairs has a known optimal weight matrix. The
matrices which result from the adaptation are compared to this known
matrix to provide another measure of the performance of the backpropaga-

tion model to compare with the Liapunov function.

The vectors used have a Hamming distance of two between successive
external input vectors and successive desired output vectors. The Hamming
distance did not seem to effect the stability of the Liapunov function in other
experiments not presented here, but the Hamming distance may be more of
an issue for larger vectors. The external input / desired output vector pairs

used in this experiment are:

1,=101,0,0,01", d,=10,0,0, 117
1,=10,1,0,07, 4,=10,0,1,0)"
13=100,0,1,07, d;=10,1,0,0]"

Other than the constraints mentioned above, the choice of vectors was arbi-
trary.
The learning rate, 1 and the momentum, &, are varied between two

values each:

n=0.10or 099

a=0.2o0r 0.9
These values are also somewhat arbitrary other than the condition that one

of the values is large and the other is small for this application. The experi-
ment consisted of performing a simulation of the model at each of the four
combinations of the above values of the parameters 1 and .. Each pair was

presented to the model fifty times to simulate the time behavior of the
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Liapunov function.

The results of the simulation showed that the relative size of the param-
eters 1} and « is important to the speed of convergence of the Liapunov
function and the ability of the model to avoid local minima. When both 1
and o are small, the convergence is slow and fairly smooth. When either n
or o is large, the convergence rate increased and for this set of vectors, the
Liapunov function stabilized at a value above zero. This behavior of the
model corresponds to the adaptation being caught in a limit cycle or a local
minimum. Figure 6.1 shows a plot of the Liapunov function versus the
order of the presentation of the vector pairs. The first value plotted is the
value of the Liapunov function when the first pair, (I, d;) 1s presented to
the model, then the next point is the value of the Liapunov function after the
weights are adapted. The next two values correspond to the presentation
and adaptation of the weights for the second pair, ({,, d5) and the following
two values correspond to the presentation and adaptation of (/5, d3). This
series of presentations and weight adaptations are repeated fifty times. The
plot shows that the error continues to change due to weight adaptation even
though the error for the presentation of the vector pairs has stabilized. This
result suggest that the Liapunov function is stuck in a local minimum in
which the values of the weights can change, but not in the manner which
causes them to be closer to their optimal values. This phenomena can also
be considered to be a limit cycle in which the weight changes but the state of

the backpropagation model stays constant.

When both 1 and o are large, then the Liapunov function overcomes the

local minimum to find the global minimum. Figure 6.2 shows that both the
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Figure 6.1 Local Minimum in Liapunov Function of Backpropagation Model
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value of the Liapunov function and its discrete change appear to be
approaching zero. The Liapunov function satisfies the conditions of equa-
tion 1.5 of Liapunov’s second method as x, approaches x,,,, even though
the function certainly does not satisfy condition 1.5c for early presentations

of the vector pairs.

The final values of the weights reinforce the belief that the backpropa-
gation model has found the global minimum of the Liapunov function. As
was shown in section 5.2, an optimal set of weights for orthogonal external
input vectors is the sum of the outer products of the desired output vectors

and the corresponding external input vectors.

1

3 0000
0010
w=3dL"=|0100
= 1000

A

The adapted weights, wo and wh, should combine to approximate w when

the threshold function is considered.

~1.89 -0.77 -0.98 -3.26

| 709 1572 2874 2.19
wh'wo =1 399 3042 —14.21 3.70
2530 -12.82 —-12.69 521

with the exception of wy,;, the weight values below eight correspond to
zeros in w, while large positive values correspond to ones. Therefore, the
adapted weight matrices are consistent with the theoretical matrix. Thus, the
belief is re-enforced that the backpropagation model is successful in learn-

ing the three orthogonal vector pairs.
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Figure 6.2 Convergence of Backpropagation Model with Orthogonal Data




T-3633 104

6.2.2 Results for Linearly Independent Data

The next experiment used non-orthogonal, but linearly independent
external input / desired output vector pairs. The same four combinations of
values for 1 and o were used in the simulations. If the density of the vectors
is more important than the orthogonality of the vectors then this set of vector
pairs which have more elements with the value one should have converged
faster than the sparse vector pairs of the first experiment. This result was

not observed.

The vectors used have the same Hamming distance between the succes-

sive vectors as in the first experiment. The vector pairs are:

..1_1 = [19 Oa 1) I]T’ 4] = [09 1’ 19 l]T
I,=01,1,0,117, d,=1(1,1,1,0)T
13=101,0,0,017, d5=10,1,0,0)7

The values for o and nj are the same as for the first experiment.

For small values of o and / or m the Liapunov function stabilizes at a
local minimum in a manner similar to the same situation in the first experi-
ment. For large values for both n and o, the Liapunov function again was
able to escape the local minimum and find the global minimum as seen in
figure 6.3. The Liapunov function and its discrete change approach zero so
that the conditions of Liapunov’s second method as listed in equation 1.5 are
satisfied for later times, even though the early behavior of the Liapunov

function is clearly oscillatory.
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Figure 6.3 Convergence of Backpropagation Model with Linearly
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Despite the larger weight changes before equilibrium is approached, the
non-orthogonality of the vector pairs appeared to slow the convergence rate.
The difference in convergence rate as compared to experiment one is not
extremely significant (10-20 presentations of the vector pairs). The change
in convergence rate may be caused by other factors such as the large oscilla-

tions in the Liapunov function.

6.2.3 Results for Linearly Dependent Data

The last experiment used vectors with successive input vectors which
are linearly dependent. The ability of the backpropagation model to adapt to
linearly dependent vectors is one of the model’s most interesting capabili-

ties.

The same parameter variations were performed for the linearly depen-
dent vectors as in the other two experiments. The external input / desired

output vector pairs for this experiment are:

.I_lz[ls O, O’ O]T’ _dlz[()’ 09 09 I]T
12 = [O’ 1, O’ O]T’ 42 = [O, O’ 1, O]T
13=[1,1,0,01", d3=(0,1,0,0)"

These vectors are sparse and closely resemble the vector pairs used in the

first experiment.

The results of the last experiment are very similar to the results for the
other experiments. When 1 and / or o is small, the model finds a local

minimum. When both parameters are large, the model proceeds out of the
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local minimum towards a stable global minimum (see figure 6.4). The con-
vergence rate is the slowest of the three experiments. The speed of conver-
gence is possibly due to the complexity of determining the values of the
weights for vector pairs which are not orthogonal or linearly independent.
No obvious restriction exists for the external input / desired output pairs to

avoid the model stabilizing at local minima.

6.2.4 Overall Results

An interesting result of these experiments is the apparent need for both
N and o to be large to overcome local minima. The best size of these
parameters depends on the "depth" of the local minima for specific applica-
tion. Simulation is a good way to search for the values of the parameters

since local minima can usually be easily identified visually.

The global minimum is also easily identifiable in that when the model is
approaching the global minimum, the Liapunov function satisfies the condi-
tions of Liapunov’s second method. The simulation approach allows the
oscillations in earlier periods of the Liapunov function to be removed from
consideration in a straight-forward manner which would not be possible

using a strictly mathematical approach.
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Chapter 7
CONCLUSIONS

The primary difference between models is in how dynamics are imple-
mented (see table 7.1). The outer-product model uses processing dynamics;
the backpropagation model uses adaptation dynamics; and the Boltzman
machine and adaptive resonance theory use a combination of the two types
of dynamics. With the exception of adaptive resonance theory’s phases 1, 3,
4 and S, the dynamics of the models depend on the interaction of the units
which can be seen in the terms of the Liapunov functions. This interaction
between units is on of neural-network models’ salient features. The interac-
tion provides interesting processing dynamics. The complexity of these
dynamics results in the need for Liapunov functions to determine if the

model is performing in a stable manner.

The form of the Liapunov function can be seen to correspond to well
known algorithms in other fields. The Liapunov functions for the outer-
product model, the Boltzman machine adaptation and the backpropagation
model are similar to Liapunov functions from optimization theorSz: the
steepest decent algorithm and the least-squares algorithm. The Liapunov
function of adaptive resonance theory is similar to the Liapunov function for
the clustering algorithm([23] . This analogy suggests that the outer-product
model, the Boltzman machine and the backpropagation model will work
well with optimization applications, while adaptive resonance theory will

work well with signal processing applications. Successful applications of
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Table 7.1 Comparison of Liapunov Functions

Type of . .
Dynamics Liapunov Function
Outer-product Steepest Processing dynamics
Model descent
. .Lsx -ZI. T,
algorithm 2 i wux Jx };.' i 2 *i
N (discrete model) _
Processing dynamics
1
->ZIw. x X .- £ x +—- If [(x)dx
2 TR g
(continuous model)
Boltzman Simulated Proceslsing dynamics
Machine anealling ~=—IIw. XX
algorithm 2 01
Adaptation dynamics
X::, X
Z P, dg)In Fii- o)
PO d
Backpropagation Is.qcast Ada;t(a:;ion dyx)u;mxcs
uares - X.
Model algorithm it
Adaptive Clustering Processing dyniu'ﬁic]g Ewt iXoi + B Z X
Resonance algorithm slo 1 2j 2j
Th ol b VO
oy i 1+All +A1D12‘. x23+C1)J:x2_|
Phase 1 and 3 (F1)
Processing dynamlcs
max(——-l-) min (—J—)
k k kK k Phase 2 F2)
Adaptation dynamics
T wt, '
ij ij Phasc4  (F1)
Adaptation dynamics
f’f Wby Phase 5  (F2)
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the models have tended to fall along these lines. The optimization problem
referred to as the traveling salesman problem of finding the shortest route
between a group of cities was successfully processed by the outer-product
model in the original papers. In NETalk[24] , Sejnowski, et al used the
backpropagation model and the Boltzman machine to optimize the connec-
tions between a set of letters in text and a set of phonemes. Adaptive reso-
nance theory has been applied to signal processing problems in vision and
control theory[25] . A choice of a neural-network model for future applica-
tions can be simplified if these guidelines are used. In addition, many of the
lessons learned in the fields of optimization theory and signal processing can

be applied to the analogous neural-network models.

The stability analysis of the outer-product model shows the differences
in the analyses for continuous and discrete processing dynamics. Different
threshold functions are required in the two versions of the outer-product
model to ensure stability. In the discrete version, the asynchronous hard-
limiting threshold function is used. This function can be thought of the
discrete approximation to the synchronous sigmoidal threshold function
used in the continuous version. Since computer simulations are discrete
approximations of continuous models, this modification to the decision func-
tion should be considered in the computer simulation of other continuous

neural-network models.

The analysis of the Boltzman machine shows how both processing and
adaptation dynamics are used in a stochastic neural-network model. The
processing dynamics are a stochastic extension of the dynamics of the

discrete outer-product model in a multi-layer model. This extension is
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useful if the intermediary representations of the hidden layer aid in the pro-
cessing of an application, and local minima in the Liapunov function are to
be avoided. The Boltzman machine is also an improvement over the outer-
product model if the statistical distribution of the external input / desired
output vector pairs is appropriate for determining the values of the weights.
Statistical inference as is performed in the adaptation of the weights in the
Boltzman machine, requires a great deal of information which slows the
adaptation process. The stochastic approach to processing dynamics is also
slow. Therefore, the Boltzman machine is only appropriate for applications
which have no simple solution and can afford to trade processing time for

adaptability and processing which avoids local minima.

For most applications in which both adaptation and processing dynam-
ics are required, adaptive resonance theory is more appropriate. The five
phases of the model are complex, but each phase can easily be approximated
by a solution for the state of the model which does not require dynamical
processing. These approximations greatly increase the speed of the model
on a serial computer. With or without these approximations, the weights are
not necessarily stable. The stability depends upon the the vigilance level for
a particular application. When the vigilance level is large, the weights are
more likely to be stable, but the inputs are stored in more units. When the
vigilance level is low, the inputs are stored in fewer units, so generalization

1s performed, but the weights are less likely to be stable.

The backpropagation model also requires an understanding of the appli-
cation to achieve stability since this model is not stable in general. The

backpropagation model is very susceptible to getting caught in local minima
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in the Liapunov function. The momentum term in the adaptation function
helps the backpropagation model avoid the local minima, but the term does
not guarantee that the global minimum for the Liapunov function will be
found. The size of this and other parameters is dependent upon the applica-

tion.

Simulation of the Liapunov function is a good method for determining
parameters to ensure stability for a specific application in models such as
adaptive resonance theory and the backpropagation model. Simulation is
useful for identifying local minima in the Liapunov function and monitoring
the progress of the model relative to the proximity of the Liapunov function
to its bounds. Monitoring the progress, or convergence rate of the model is
useful for models which are known to be stable, such as the outer-product
model and the Boltzman machine, as well as for the conditionally stable

models.

The analyses in chapters 2 through 6 show that Liapunov functions are
useful for understanding the dynamics of neural-network models, regardless
of whether the model has absolute asymptotic stability. For the models
which do possess stability according to Liapunov’s second method, such as
the outer-product model and the Boltzman machine, restrictions on parame-
ters are clarified. For the models which cannot be shown to be stable in gen-
eral, such as adaptive resonance theory and the backpropagation model, the
Liapunov function is useful for pointing out potential sources of instability
and suggesting parameter restrictions. Simulation is an approach for deter-
mining stability for specific applications of the models which are not stable

in general.
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Appendix A

Software Simualtion of Backpropagation Model

/* backprop2.c */
/* This program accepts a series of input vectors and
associated desired output vectors from files and computes the
adaptation of the weights and the energy in a two layer
backpropagation neural network. Input files, a weight matrix
and an output file are named when calling the program. */

#include <stdio.h>
#include <math.h>

#define NUMUNITS 4  /* number of units in each layer */

#define NUMINPUTS 500 /* max. number of different input, */
/* desired output pairs */

#define ITERATIONS S0 /* number of presentations of input, */
/* desired output pairs */

#define ETA .99 /* adaptation rate */

#define ALPHA 0.90  /* momentum constant */

main(argc,argv)
int argc; /* number of input files + output file */
char *argv(}; /* name of input files and output file */
{ float iINUMUNITS]; /* input vector */ _
float d(NUMUNITS]; /* desired output vector */
float (INUMUNITS]); /* data transfer values of hidden units */
float o[NUMUNITS]; /* data transfer values of output units */
float deltalNUMUNITS]; /* backpropagated error */
float energy(NUMINPUTS];  /* energy of the system */
float wh[NUMUNITS][NUMUNITS]J; /* weights between the inputs and */
/* the hidden units */
float wo[NUMUNITS][NUMUNITS]; /* weights between hidden units and */
/* output units */
float dAwh[NUMUNITS )INUMUNITS]; /* previous weight changes */
/* between the inputs and */
/* the hidden units */
float dwo[NUMUNITS][NUMUNITS]; /* previous weight changes */
/* between hidden units and */
/* output units */
float normo,normh;  /* norms of the weight matrices */

int fno; /* counter for presentation of inputs */
/* (file number) */

int kj; /* counters for units */

int]; /* counter for iterations */

double floor(Q; /* math function, rounds down */

double sqrt(; /* math function */

FILE *in;

FILE *out; /* file pointers */

117
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memset(dwh,0x00,NUMUNITS *NUMUNITS*sizeof(float)); /* initialize */
memset(dwo,0x00,NUMUNITS *NUMUNITS *sizeof(float)); /* weight changes */
if(in=fopen(argv{argc-2],"rt")) /* get weight matrices */

{

k=0;

while(fscanf(in," %f/n",&wo{(int)floor(k/NUMUNITS)]

[(int)(k-floor(k/NUMUNITS*NUMUNITS)]) !=EOF && k<NUMUNITS*NUMUNITS )k++;
k=k-1;

while(fscanf(in," %f/n" ,&wh{(int)(floor(k/NUMUNITS )}-NUMUNITS)]
[(int)(k-floor(k/NUMUNITS)*NUMUNITS)])!=EOF &&
k<2*NUMUNITS*NUMUNITS)k++;

fclose(in);

else

memset(wh,0x00,NUMUNITS*NUMUNITS*sizeof(float)); /* initialize */
memset(wo,0x00, NUMUNITS *NUMUNITS *sizeof(float)); /* weights */
}

if ((out=fopen(argv[argc-1], "wt"))==0x00) /* open output file */
{
printf("can’t open output file!! %s", argv(argc-1]);

exit(0);
)

for(1=0;I<ITERATIONS;l++) /* repeat the presentation of the sets */

for(fno=1;fno<NUMINPUTS && fno<argc-3;fno+=2) /* compute energy for */
/* each input file */

if(in=fopen(argv{fno],"rt")) /* get input vector */
{

k=0;

while(fscanf(in,"%f/n" ,&i[k])!=EOF & & k< NUMUNITS )k++;
fclose(in);

if(k==NUMUNITS) /* the size of the input vector is correct */
/* get desired vector */
{
if(in=fopen(argv{fno+1],"rt"))
{
i=0;

while(fscanf(in,"%f/n",&d[j])!=EOF && j<NUMUNITS)j++;
fclose(in);

if(j==NUMUNITS) /* the size of the desired vector is correct */
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{/*compute data transfer values, weights and energy */

output(i,wh,h);  /* output of hidden units */

output(h,wo,0);  /* output of output units */
error(o,d,&energy{(argc-3)*1+fno-1],delta);/*compute error & energy*/
weight(delta,wo,dwo,h);  /* compute weights for output units */
weight(deita,wh,dwh,i);  /* compute weights for hidden units */
output(i,wh,h);  /* recompute output of hidden units */
output(h,wo0,0);  /* recompute output of output units */
error(o,d,&energy{(argc-3)*1+fno],delta); /*compute error & energy*/

printf("\nThe energy for the %dth",(argc-3)*1+fno-1);
printf(" and the %dth computation”,(argc-3)*1+fno);
printf(" is %f" energy((argc-3)*1+fno-1});
printf(" and %f" energy[(argc-3)*1+fno));
)

else /*wrong size of desired output vectors*/
{
printf("nWrong number of units (%d) in file %s", k, argv{fno+1]);
exit(0);
)
}
else /* couldn’t open file */
{
printf("\nCouldn’t find %s!!" argv[fno+1]);
exit(0);
}

)

else /*wrong size of input vectors*/
{
printf("\nWrong number of units (%d) in file %s", k, argv[fno]);
exit(0);
}

)

else /* couldn’t open file */
{
printf("\nCouldn’t find %s!!",argv{fno]);

?xit(O);
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)
for(1=0;l<(argc-3) * ITERATIONS*2;1++) /* send energy values to output file */
f(printf(out,"%f\n",energy[l]);
fclose(out);
if ((out=fopen(argv(argc-2], "wt"))==0x00) /* open output file */

{
printf("can’t open output file!! %s", argv[argc-1]);
exit(0);
)
else
{
normo = 0.00;
normh = 0.00;
for(j=0;j<NUMUNITS;j++) /* send weights to output file */

{
for(k=0;k<NUMUNITS ;k++)

normo += wol[j][k]*wo[j]l[k];
fprintf(out,"%M\n" ,woj1k]);
)

)
for(j=0;j<NUMUNITS;j++) /* send weights to output file */

{

for(k=0;k<NUMUNITS ;k++)
{
normh += wh(jlk]*wh[jl[k];
fprintf(out,"%f\n",wh[j][k]);
)

)
fclose(out);
printf("™\nThe norm of the output weights is™);
printf(" %f" ,sqri((double)normo));
printf("\nThe norm of the hidden weights is");
printf("%f" sqrt((double)normh));

output(i,w,u) /* This function computes the data transfer values for a */
/* layer of units (0,1) */
float i}, w[J[NUMUNITS], u[l;
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i(nt j.k; /* counters for number of units */
double exp(); /* math function */
for(k=0;k<NUMUNITS k++)

l{1[k]=0.00;

fcir(j=0;j<NUMUNITS;j++)

I}J[k} += wlk](j] * ij);

ufk]=1.00 / (1.00 + (float)exp(-(double)ulk])); /* threshold */
)

error{(o,d,energy,delta) /* This function compute first deltas and energy */
float of], d0, *energy, delta[l;

L
int j;
float temp; /* scratch variable */

*energy = 0.00;
for(j=0,j<NUMUNITS;j++)
{

temp = d[j]-o(jl;
delta(j} = temp * o[j] * (1.00 - o[j]);
*energy += temp * temp;

}
}

weight(delta,w,dw,i) /* This function compute new weights and deltas */
float delta], w[J[INUMUNITS], dw[J[NUMUNITS], i{J;

{

int j,k; /* counters for units */
float temp[NUMUNITS]; /* scratch vector for computing delta */
float w1[NUMUNITS][NUMUNITS]; /* old values of weights */

for(k=0;k<NUMUNITS;;k++) /* new weights */
{
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for(j=0;j<NUMUNITS;j++)
{
wllk](j] = wik](j];

dw[k](j] = ETA * deltafk] * i[j] + ALPHA * dw[k][j]
‘}N[k][i] += dw[k]{jl;

}
fo{r(k:O;k<NUMUNTTS k++) /* new deltas */
tempfk] = 0.0;
for(j=0;j<NUMUNITS;j++)

{

t}emp[k] += wl[k][j] * delta(j];

1
for(k=0;k<NUMUNITS ;k++)

{
?ella[k] =1[k] * (1.0 - i[k]) * temp[k];
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