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ABSTRACT

Understanding the abundance levels of isotopes produced in oxygen-neon (ONe) novae

within our galaxy requires accurate measurements of nuclear reaction rates within their

associated reaction networks. During these cataclysmic events, the produced radioisotope

22Na is ejected into the interstellar medium and� -decays predominately to the �rst excited

state in 22Ne leading to a characteristic 1.275 MeV
 -ray. To date, there has been no

astronomical observation of this characteristic
 -ray that can be a potential probe into the

physics occuring within novae. The production of22Na in classical novae is limited by the

20Ne(p; 
 )21Na nuclear reaction that is the focus of this experiment. Usingthe DRAGON

recoil separator, new measurements of the20Ne(p; 
 )21Na reaction are performed at center-of-

mass energies ranging from 265.5 - 519.6 keV that reach towards the astrophysically relevant

energy ranges. The goal is to reduce experimental uncertainties in the 20Ne(p; 
 )21Na reaction

rate in order to be able to constrain the astrophysical S-factor. In addition, in the frame

of this thesis a di�erential cross-section measurement wasperformed of3He + p scattering

to test the performance of the new Colorado School of Mines designed and built SONIK

scattering chamber.
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PART I

SCIENTIFIC RESULT: DIRECT MEASUREMENT OF RADIATIVE PROTON

CAPTURE ON NEON-20 WITHIN THE ASTROPHYSICALLY RELEVANT

ENERGY RANGE FOR STELLAR NUCLEOSYNTHESIS IN NOVAE
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CHAPTER 1

INTRODUCTION

In order to accurately predict the abundances of elements produced during explosive

stellar nucleosynthesis in novae, precise measurements ofvarious nuclear reaction rates are

required within astrophysically relevant energy ranges. Of particular interest, is the nucle-

osynthesis of the radioisotope22Na produced in oxygen-neon (ONe) type novae. This nova

type involves a massive oxygen-neon white dwarf in a cataclysmic variable binary system.

They are estimated to compose one-third of all novae outbursts within our galaxy [3]. The

produced radioisotope22Na � -decays with a half-life of 2.6 years emitting a characteristic

1.275 MeV gamma-ray [4]. The relatively long half-life allows for the radioisotope to persist

long enough for the ejected nebula to become suitably transparent to the emitted 
 -rays.

The radioisotope22Na was �rst suggested by Clayton & Hoyle (1974) as a potential probe

into the nuclear physics occurring within novae [5].

1.1 Stellar evolution

Stellar evolution is a complex network of stages that describes the potential life cycles

of stars of varying mass sizes from their initial creation inthe heart of giant molecular

clouds. The life cycles can span between millions to billions of years depending on the initial

composition of the star, and the cycles are the process of which we owe the creation of the

heavy elements in our universe. Nuclear fusion in the core of stars can produce elements

up to iron while cataclysmic events such as novae and supernovae develop environments

suitable enough to synthesize more massive than iron elements. One of the motivations for

developing more accurate stellar evolution and nucleosythesis theories is to be able to explain

the observed elemental abundance levels in our universe such as shown in Figure 1.1.
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Figure 1.1 The abundance level of elements within the solar system as a function of atomic
mass number with abundances normalized to 1 million parts ofsilicon. Figure from [6].

1.1.1 Star formation

The formation of stars within our galaxy and in the universe occurs within giant molecular

clouds composed primarily of molecular hydrogen and atomichelium. Stars form within

clouds with gas densities large enough for the gravitational potential energy to overcome

the clouds internal kinetic energy generated from the cloud's internal gas pressure. This

condition of instability indicating the potential of a molecular cloud to collapse can be

described by the Jean's mass criterion shown in Equation (1.1), where k is Boltzmann's

constant, G is the gravitational constant, T is the molecular cloud temperature,m is the

mean molecular weight, and� is the molecular cloud density. For typical molecular cloud

densities of approximately 100 atoms/cm3 and temperatures of 100 K, the associated Jean's

mass criterion indicates instability of molecular clouds greater than 2� 104M � [7].

During the collapse of the cloud, the gravitational potential energy is converted to thermal

energy and radiation causing the cloud material to increasein temperature. As the internal
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energy increases during the collapse of the molecular cloudmaterial, the core will eventually

reach a hydrostatic equilibrium point where the build up of internal pressure is balanced

with the gravitational potential energy of the system. If the star mass exceeds 0.08 solar

masses, the internal energy is suitable enough to initiate thermonuclear fusion within the

core which contributes to maintaining the stars hydrostatic equilibrium. For molecular cloud

collapses less than 0.08 solar masses, hydrostatic equilibrium is reached by the balancing of

the gravitational potential energy with the degenerate electron pressure and the core does

not reach a suitably high temperature to support the fusion of hydrogen. This type of object

is known as a brown dwarf and is a class of stellar objects between gas giants and stars.

During the collapse of giant molecular clouds into stars, the clouds can fragment into dense

cores with masses comparable to stars that can form binary star systems. Of these systems,

cataclysmic variable types are of interest for this study and consist of a mass transferring

close binary system with a white dwarf primary.

M � 3:7
�

kT
Gm

� 3=2

� � 1=2 (1.1)

1.1.2 Main sequence stars

The �rst and longest phase of the evolution of a star is the main sequence stage which

consists predominately of hydrogen burning in the core. Thehydrogen burning cycle converts

hydrogen to helium in the star's core and the cycle is based o�the two main reaction

mechanisms, the proton-proton chains (pp chains) and, for stars of suitable mass, the CNO

cycle. The pp chains consists of a series of reaction pathways to create helium-4 within

the star and begins with the reactions shown in Equation (1.2) and Equation (1.3). The

�rst reaction consists of two protons fusing to create deuterium after the � -decay of one of

the protons into a neutron which produces a positron and a neutrino. This �rst reaction

has a cross-section still too small to measure in current laboratory settings and is instead

inferred from standard weak interaction theory [8]. The produced deuterium then fuses
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with an additional proton to produce helium-3 and a high energy gamma ray. Relative to

the initial pp reaction, the radiative proton capture on deuterium has a signi�cantly higher

reaction cross-section and the conversion to helium-3 is e�ectively instantaneous after the

initial production of the deuterium. A comparison of the reaction rates for the pp reaction

and the deuterium radiative proton capture reactions suggests that the lifetime of deuterium

within the suns core is approximately 1 second [8].

1H + 1H ! 2H + e+ + � (1.2)

2H + 1H ! 3He + 
 (1.3)

After the production of helium-3, there are three main available pathways for the produc-

tion of helium-4 in the core of a star known as ppI, ppII, and ppIII with relative branching

ratios of 83.30%, 16.70%, and 2� 10� 5% respectively [8]. Each of the three production

mechanisms will release 26.731 MeV per helium-4 productionincluding the initial two re-

actions, but the available energy for conversion to thermalenergy will vary depending on

the pathway. This is due to the di�ering amount of energy being carried away by neutrinos

produced in the di�erent pathways. The neutrino energy losscan amount to 2%, 4%, and

26% of the total energy produced in the ppI, ppII, and ppIII pathways, respectively [9].

3He + 3He ! 4He + 1H + 1H (1.4)

The dominant reaction mechanism ppI proceeds along the pathway shown in Equation

(1.4) to produce helium-4. In this pathway, the neutrino energy loss is approximately 2%

which is driven by the initial pp reaction within the overall cycle, and correcting for energy

carried away by the neutrinos leaves 26.20 MeV of energy per produced helium-4 atoms

available for thermal conversion within the star.

The ppII pathway is a collection of reactions that proceed according to Equations (1.5),

(1.6), and (1.7). The �rst reaction in the series is an radiative alpha capture on helium-3
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which requires the existing production of ambient helium-4to proceed. The beryllium-7

subsequently produces lithium-7 through the electron capture mechanism that also releases

an additional neutrino. Finally, lithium-7 undergoes a radiative proton capture reaction to

produce an unstable beryllium-8 with a half-life of approximately 5.57 eV which subsequently

decays into two helium-4 atoms [10]. After accounting for the4% neutrino energy loss, the

ppII pathway creates 25.66 MeV of energy per produced helium-4 atoms available for thermal

conversion within the star.

3He + 4He ! 7Be + 
 (1.5)

7Be + e� ! 7Li + � (1.6)

7Li + 1H ! 4He + 4He (1.7)

The ppIII pathway is a collection of reactions that proceed according to Equations (1.8),

(1.9), (1.10), and (1.11). The �rst reaction in the series follows along similiarly as ppII

to produce beryllium-7. This pathway di�ers from ppII by the beryllium-7 undergoing a

radiative proton capture reaction to produce boron-8. The boron-8 then undergoes� + -

decay to produce beryllium-8 which, as in ppII, rapidly decays into two helium-4 atoms.

After accounting for the 26% neutrino energy loss, the ppIII pathway creates 19.78 MeV of

energy per produced helium-4 atoms available for thermal conversion within the star.

3He + 4He ! 7Be + 
 (1.8)

7Be + 1H ! 8B + 
 (1.9)

8B ! 8Be + e+ + � (1.10)

8Be ! 4He + 4He (1.11)

The pp-chains mechanism is the dominant hydrogen burning pathway at lower core tem-

peratures corresponding to stars with masses lower than approximately 1.3M � ; above this

limit the CNO cycle dominates [11]. This cycle requires the presence of some isotopes of
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carbon, nitrogen, and oxygen that act as catalysts in the production of helium through a

series of 4 proton capture reactions and� + -decay reactions. The CNO cycle is split into two

temperature regimes, cold and hot. The cold CNO cycle dominates for typical star environ-

ments above about 1.3M � and the hot CNO cycle becomes possible in the high temperature

and pressure environments of thermonuclear runaways such as classic novae. In each of the

cold CNO cycles, the original isotopes used are recovered after the �nal ( p; � ) reaction in

the series of reactions.

There are four main pathways that compose the cold CNO cycles with the �rst pathway

consisting of a radiative proton capture reaction on carbon-12. This pathway shown by

Equations (1.12) - (1.17) is known as CNO-I and was �rst proposed in 1939 to explain one

of the possible mechanisms for energy production within thesun [12].

12C + 1H ! 13N + 
 (1.12)

13N ! 13C + e+ + � (1.13)

13C + 1H ! 14N + 
 (1.14)

14N + 1H ! 15O + 
 (1.15)

15O ! 15N + e+ + � (1.16)

15N + 1H ! 12C + 4He (1.17)

The second pathway shown by Equations (1.18) - (1.23) is known as CNO-II and was

originally proposed in 1957 as a second mechanism for minor hydrogen burning in the shells

of red giant stars [13]. This pathway is only e�cient at temperatures above approximately

20� 106 K [11]. The third pathway shown by Equations (1.24) - (1.29) is known as CNO-III

and was originally proposed in 1974 after measurements of the 17O(p; � )14N reaction rate

turn out being lower than previously understood [14]. The lower reaction rate would allow for

the build up of 17O to support radiative proton capture reactions to generate18F in the CNO-

III pathway. The three pathways, CNO-I, CNO-II, and CNO-III, are shown in Figure 1.2.
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Figure 1.2 The reaction network pathways for the CNO-I, CNO-II, and CNO-III cycles.
Figure taken from [16]

The �nal cold CNO pathway shown by Equations (1.30) - (1.35) isknown as CNO-IV.

Measurements on the18O(p; 
 )19F reaction in 1980 indicated the rate could compete with

the (p; � ) reaction in the �nal reaction of the CNO-III path in stellar t emperature ranges of

0:01� 50� 109 K [15].

The end result for each of the pathways is the production of a helium-4 atom with 26.731

MeV of energy to be used for thermal conversion in the star andneutrino transport. In the

stellar environments of novae or massive red giant stars, radiative proton capture reactions

begin to dominate pushing the hydrogen burning process intothe hot CNO cycle shown in

Figure 1.3. Of interest is the production of neon-20 in the cycle which is the parent isotope
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of interest in the reaction being measured in this study.

14N + 1H ! 15O + 
 (1.18)

15O ! 15N + e+ + � (1.19)

15N + 1H ! 16O + 
 (1.20)

16O + 1H ! 17F + 
 (1.21)

17F ! 17O + e+ + � (1.22)

17O + 1H ! 14N + 4He (1.23)

The main sequence phase of the star is the dominant time frameduring its evolution.

As a star reaches the end of its main sequence phase, the ultimate fate of the star along

its stellar evolution is dependent on the stars initial mass. The evolutionary phase enters a

post main sequence region once a star has completely exhausted all of the hydrogen in its

core. With a depleted hydrogen core, the star is no longer capable of sustaining a repulsive

radiative energy to counteract the star's gravitational potential energy and material begins

to collapse in on itself.

15N + 1H ! 16O + 
 (1.24)

16O + 1H ! 17F + 
 (1.25)

17F ! 17O + e+ + � (1.26)

17O + 1H ! 18F + 
 (1.27)

18F ! 18O + e+ + � (1.28)

18O + 1H ! 15N + 4He (1.29)

For stars of comparable mass to our sun, as the star collapses, hydrogen within the outer

shells of the star can ignite moving the star along what is known as the subgiant branch

of stellar evolution. Once the outer shell becomes fully convective, the energy generated
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Figure 1.3 The reaction network pathways for the hot CNO cycle.Figure taken from [16]

from the increased hydrogen burning within the outer shellsof the star is substantial enough

to induce rapid surface expansion of the star. After the rapidsurface expansion, the star

ascends the red giant branch of stellar evolution. During the red giant phase of the star, the

temperature of the core eventually reaches a point for helium to fuse. This allows for the

production of carbon-12 through the triple-� process.

1.2 Stellar nucleosynthesis

There are two main types of stellar nucleosynthesis, the hydrostatic burning phases of

a star that occurs during most of its lifetime, or burning during explosive events such as

novae and supernovae. The two modes predominately di�er in their time scales where the

hydrostatic burning phase occurs during the stars long evolution while the explosive events

contain thermonuclear reactions that are rapid in nature.
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16O + 1H ! 17F + 
 (1.30)

17F ! 17O + e+ + � (1.31)

17O + 1H ! 18F + 
 (1.32)

18F + 1H ! 18O + 
 (1.33)

18O ! 19F + e+ + � (1.34)

19F + 1H ! 16O + 4He (1.35)

While the hydrogen burning stage of a star produces signi�cant amounts of helium, it

alone does not contribute signi�cantly to the production ofheavier elements. For instance,

while the CNO cycle increases the abundances of nitrogen or oxygen, the cyclical nature of

the process simply shifts the relative abundances back and forth along the cycle and does

not substantially contribute to the creation of new material. This is similar with higher

temperature cycles like the NeNa cycle or the MgAl cycle where the isotopes within the

cycle simply serve as catalysts to support the burning of hydrogen within a star. These

cycles convert pre-existing isotopes back and forth along the cycle's pathways.

4He + 4He ! 8Be (1.36)

4He + 8Be ! 12C� (1.37)

12C� ! 12C + 2
 (1.38)

Within the hydrostatic burning phases of stellar nucleosynthesis, the helium burning

phase and beyond are what supports the creation of new heavier isotopes. For instance,

in helium burning the triple-� process shown in Equations (1.36) - (1.38) supports the

nucleosynthesis of carbon-12. After helium burning, a star can undergo carbon, neon, oxygen,

and silicon burning modes to create elements up to iron-56.
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The nucleosynthesis of heavier elements by fusion in the core of a star is limited up to iron-

56 due to the fusion of heavier than iron elements being energetically unfavorable. This e�ect

can be observed when looking at the binding energy per nucleon of various isotopes shown in

Figure 1.4. The binding energy per nucleon is a quantity that describes the average energy

required to remove a single nucleon from a nucleus. The plot of this relationship peaks near

iron-56 and begins to drop o� for heavier mass nuclides. The implication of the separation

of the binding energy per nucleon into two regions is that at lower atomic mass numbers

(below iron-56) the attractive nuclear force dominates between nucleons while at higher

atomic mass numbers (above iron-56) the repulsive electromagnetic force between protons

begins to dominate. This is evident in the stable nuclides ofhigh Z elements containing

substantially more neutrons than protons in the nucleus.

The creation of more massive than iron elements occurs through a series of neutron

capture and � -decay reactions. The types of stellar neutron capture processes are known

as the s-process and the r-process which di�er predominantly in their capture rate. The s-

process is a slow rate process that can produce stable isotopes up to lead and bismuth while

the r-process is rapid in nature requiring very high densities of free neutrons that can produce

stable isotopes up to thorium and uranium [17]. Most elements produced by neutron capture

can be synthesized by either process, but they di�er primarily in the pathways during which

nucleosynthesis occurs in each.

1.3 NeNa cycle

Beyond the hot CNO cycle, there exists a hydrogen burning cycle known as the NeNa

cycle shown by Equations (1.39) - (1.44) which requires hightemperature environments. In

the environments of typical main sequence stars, temperatures do not produce appreciable

reaction rates to support this hydrogen burning cycle. Instead, the NeNa cycle is expected to

have appreciable reaction rates in classical novae consisting of a cataclysmic variable binary

system with an ONe rich white dwarf primary. Additionally, in globular red giant stars and

in asymptotic giant branch (AGB) stars, radiative proton captures on neon-20 may occur at

12



Figure 1.4 The binding energy per nucleon as a function of atomic mass number. The vertical
black dashed line represents the fusion / �ssion boundary where isotopes on the left of the
line will release energy during fusion while isotopes on theright will release energy during
�ssion. The binding energy per nucleon peaks near56Fe shown by the red star marker.

an appreciable rate to produce signi�cant amounts of sodium[18].

20Ne + 1H ! 21Na + 
 (1.39)

21Na ! 21Ne + e+ + � (1.40)

21Ne + 1H ! 22Na + 
 (1.41)

22Na ! 22Ne + e+ + � (1.42)

22Ne + 1H ! 23Na + 
 (1.43)

23Na + 1H ! 20Ne + 4He (1.44)

During the thermonuclear runaways of ONe novae, the production of 22Na takes place in

the neon-sodium (NeNa) cycle of stellar hydrogen burning shown in Figure 1.5. Speci�cally, it

develops along the cold mode of the NeNa cycle following the reaction path 20Ne(p; 
 )21Na(� +

+ � e)21Ne(p; 
 )22Na. Here the progenitor of the radioisotope22Na is the radiative proton

13



Figure 1.5 The pathways for nucleosynthesis in the NeNa cycle, ahydrogen burning cycle
that occurs beyond the hot CNO cycle. Figure taken from [20].

capture pathway 20Ne(p; 
 )21Na, and this reaction is the slowest of the radiative capture

reactions within the stable neon and sodium isotopes in the NeNa cycle. The lower radiative

proton capture reaction rate of20Ne sets the timescale for the NeNa cycle and subsequently

limits the production of the 22Na isotope in classical novae. According to the adopted core

composition of ONe novae,20Ne is estimated to be the most abundant isotope near the

surface of the core with the exception of16O [19].

Due to the large abundance of20Ne coupled with its relatively low radiative proton

capture rate, it is worthwhile to revisit the reaction rate measurement at low energies. Near

the surface of ONe novae, peak temperatures can reach the range ofT = 0:1� 0:4 GK setting

the astrophysically relevant energy range. In the reactionmeasured for this study, this range

corresponds to a center-of-mass frame energy ofECM = 80 � 300 keV, and this energy range

is also known as its Gamow window.

1.4 Existing and future measurements

One method measurements are presented is by converting reaction cross-sections into an

astrophysical S-factor. The S-factor is a way of scaling thecross-sections by the reaction

14



Figure 1.6 The astrophysical S-factor for the 20Ne(p; 
 )21Na as determined by
Mukhamedzhanov et al.. The black dotted line is the subthreshold S-factor, the black dashed
line is the ground state transition, and the solid black lineis the total S-factor calculated
from the indirect 20Ne(3He; d)21Na transfer reaction in [1]. The data points shown by open
and closed squares are from [2] representing the direct capture to the ground state and to
the subthreshold state, respectively. Of note is the representation of the results from Rolfs
et al. appears to be representing the energy scale incorrectly with the measured energies
being lower when compared to the original publication. Figure taken from [1]

energy and a Sommerfeld parameter that accounts for the reactions Coulomb penetrability

factors. The astrophysical S-factor,S(E), can be determined from Equation (1.45) where�

is the Sommerfeld parameter equivalent to� = Z0Z1e2

�h

p �
2E .

S(E) = [ � (E) � E]e2�� (1.45)
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This reaction rate was originally measured by Rolfs et al. [2] within incident proton

energy ranges of 0.37 - 2.10 MeV with a resulting astrophysical S-factor shown in Figure 1.6.

There exists large uncertainties in the measured direct capture to the ground state through

the subthreshold resonance at lower energies. The lowest energy measurement also has an

uncertainty that appears to be underestimated relative to other measurements obtained for

this transition. One method of presenting measurements of reaction rates is by converting

reaction cross-sections into an astrophysical S-factor.

An indirect measurement for the reaction was performed in [1]using the20Ne(3He; d)21Na

transfer reaction. The transfer reaction measurement allows for the extraction of an asymp-

totic normalization coe�cient (ANC) which can be used to determine the subthreshold

resonance state's proton partial width [1]. This can then beused to indirectly determine

the astrophysical S-factor for the20Ne(p; 
 )21Na reaction. The resulting indirect measure-

ment is also shown in Figure 1.6. When comparing the results from analysis done by

Mukhamedzhanov et al. to the measurement done by Rolfs et al., there exists a discrep-

ancy with the extrapolation of the S-factor to zero energy,S(0). This indicates that a more

precise measurement at lower energies will improve upon current extrapolation estimates.

A more recent measurement was performed in [21] with an R-matrix analysis to deter-

mine the relative contributions towards direct capture andto the subthreshold resonance in

regards to the total reaction cross-section. The resultingS-factor for the three transitions

of interest are shown in Figure 1.7 showing the direct captureto the ground state, the di-

rect capture to the 332 keV state, and the direct capture to the subthreshold state (2424

keV). The extrapolation of S(0) in this work is within uncertainty of the results presented

by Mukhamedzhanov et al..

A note must be made when using the data from Lyons et al. and howthe presented

S-factor measurement is actually a di�erential S-factor measurement. This deviation is

con�rmed when comparing the data points they are showing from Rolfs et al. when referenced

back to his original work. The S-factor data presented from Lyons et al. can be corrected by
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Figure 1.7 The astrophysical S-factor for the three transitions of interest with corresponding
R-matrix analysis in the20Ne(p; 
 )21Na reaction as measured by Lyons et al. The data points
in solid black triangles are from [2]. The solid red lines represent the R-matrix �t on the
measured S-factor data. Figure taken from [21] and the results are mislabeled in that they
are actually the di�erential S-factor that needs to be multiplied by 4� to obtain the actual
S-factor result. In addition, several data points taken from [2] are misrepresented.

multiplying by a 4� solid angle factor in order to yield the actual S-factor measurement and

this correction was con�rmed through correspondence with the author [22]. Also of note in

this plot is that the location of some of the data points representative of the work from Rolfs

et al. are not in the appropriate transition region. From correspondence with the author, it

is noted that the R-matrix �t does not utilize the data points from Rolfs et al.

Modern work on predicting the abundances produced in ONe reaction networks have

based reaction rate simulations on the measured S-factor results presented by Rolfs et al.
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[23][24]. If the reaction rate is more in line with the results presented by Lyons et al., the

deviation in results can di�er in areas by nearly 20% [21] in the extrapolation to determine

the value forS(0). A compilation comparing reaction rate results is presented by [25]. Prior

measurements lack direct data on the total reaction cross-section at low energies which is the

motivation for this experiment. At DRAGON, a total reaction measurement can be made

at energies near and within the astrophysically relevant energies. Photon detection in the

bismuth germanium oxide (BGO) array at DRAGON also allows for further analysis of the

direct capture and subthreshold state contributions relative to the total cross-section.

While to date, there have been no veri�able observations of the 1.275 MeV gamma-ray

produced in galactic novae. Future space based gamma-ray observatories such as the pro-

posed e-ASTROGRAM mission will potentially have the sensitivity requirements to observe

the radioactive nuclide in an expanding nova envelope [26],and knowledge of the accurate

20Ne(p; 
 )21Na reaction rate will be an important input parameter in the detailed analysis

of an event.
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CHAPTER 2

RADIATIVE CAPTURE THEORY

Various physical mechanisms are involved in the measurement of accurate radiative cap-

ture experiments, and this section serves to highlight someof the theoretical aspects involved.

We begin with the general formalism for capture cross-sections, then show the Gamow win-

dow derivation with its signi�cance towards setting the astrophysically relevant energy range,

followed by the stellar reaction rates for nonresonant and resonant regions, then the concept

of subthreshold resonances is discussed, then the derivation of a reaction yield is shown,

followed by the kinematics involved with beam collisions, and �nally lay out the selection

rules from conservation of angular momentum principles that govern allowable transitions

in a nuclear reaction. The theoretical material presented within this section was motivated

by works in [7][9][27][28] [17] and from various lectures onnuclear physics.

2.1 Cross-section

The probability of any type of nuclear interaction to occur is characterized quantitatively

by the reaction's cross-section,� . Classically, a reaction's cross-section was calculated to be

the combined geometrical area of the two interacting nuclides. If a projectile and target

nucleus have radiiRp and Rt , respectively, the classical form could be written as,

� = � (R1 + R2)2 (2.1)

As a rough order of magnitude calculation, nuclear radii can be approximated by their

atomic numberA according to the relationship,

R = R0A1=3 (2.2)
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whereR0 � 1:23 fm [27][29]. Using a range of di�erent nuclear radii, the nuclear cross-section

calculated using Equation (2.1) is on the order of 10� 24 cm2 that de�nes the unit the barn,

b, given by 1 b = 10� 24 cm2 or 10� 28 m2.

In reality, the cross-section depends on more than just the geometrical area between two

nuclides and varies based on the particle's energy, the nature of the force for the particular

reaction, and other energy-dependent e�ects such as nuclear resonant captures. It is then

useful to relate the cross-section with the interaction rate, IR , yielding the relationship,

IR = �I bN tAx t (2.3)

where� is the nuclear reaction cross-section,I b is the incident beam intensity,N t is the

target number density,A is the cross-sectional interaction area, andx t is the target length.

Qualitatively, we can recast Equation (2.3) solving for thecross-section to obtain,

� =
IR

(I b)(N tAx t )
(2.4)

� �
# of interactions per time

(# of beam particles per area per time)(# of target nuclei within gas target)
(2.5)

Due to the windowless gas target at DRAGON having an entranceaperture of 6 mm

[30], e�ectively constraining the interaction area, the beam intensity can be combined with

the cross-sectional area term,A, in Equation (2.4) into a beam current, j b = I bA = Nb=t.

Here Nb is the total number of beam particles. The interaction rate,IR , can be related to

the total number of reaction recoils emitted byIR = j e = Ne=t. Inserting these relations

into Equation (2.4) results in the simpli�ed form for the cross-section as,

� =
Ne=t

(Nb=t)(N tx t )
(2.6)

Similarly, the total cross-section can be expressed as a di�erential cross-section,d�=d 
,

by taking the number of particles,N d

e , being emitted into a detector of areadA = r 2d
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yielding the relationship,

d�
d


=
N d


e =t
(Nb=t)(N tx t )

1
d


(2.7)

The total and di�erential cross-sections are related by,

� =
Z 4�

0

�
d�
d


�
d
 (2.8)

2.2 The Gamow window

Within the stellar plasma of a nova, two main mechanisms determine the predominant

energy at which most reactions will occur. The �rst mechanism is the penetrability factor

that is dependent on the speci�c reaction being measured, and it is based o� of a particle's

probability of penetrating the Coulomb barrier. The secondmechanism depends on the

thermal distribution of nuclei within the plasma that 
uctu ates based on the novae surface

temperatures. Using both mechanisms for the20Ne(p; 
 )21Na reaction, the relevant reaction

energies are determined by the product of the probability factors.

The penetrability factor can be approximated by the Gamow factor e� 2�� [9] while the

thermal distribution is approximated by the Maxwell-Boltzman factore� E=kT . In the Gamow

factor, � is also known as the Sommerfeld parameter [7] and is given by

� =
Z1Z2e2

�h�
(2.9)

where Z1 and Z2 are the respective nuclide's proton number in the reaction and � is the

center-of-mass velocity. The terms in the exponential of the Gamow factor can also be

represented in numerical form [7] by

2�� = 31:29Z1Z2

�
�
E

� 1=2

(2.10)
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Figure 2.1 The two predominant probability factors that determine the relevant stellar ener-
gies for the20Ne(p; 
 )21Na reaction for a ONe surface temperature of 0.4 GK. The Gamow fac-
tor (e� 2�� ) represents the penetrability probability shown by the orange line. The Maxwell-
Boltzmann factor (e� E=kT ) is shown by the blue line. The Gamow window is the product
of the two factors and is characterized by the green line. Therelative probability is the
unscaled value from the given factor distributions.

where � is the reduced mass of the system andE is the center-of-mass energy. For the

20Ne(p; 
 )21Na reaction, the two probability factors along with the product of the pair is

shown in Figure 2.1. The product of the two probability factors is also known as the Gamow

window or the Gamow peak representing the narrow energy region where the reaction of

interest can occur. The distribution for the peak can be approximated by a Gaussian or an

exponentially modi�ed Gaussian distribution as shown in Figure 2.2.

The Gamow factor can also be used to recast a reaction's cross-section into what is

known as the astrophysical S-factor. The S-factor is a renormalization of the cross-section

that separates out the s-wave Couloumb interaction and the 1=E dependence and is related

to the cross-section by,

� (E) �
1
E

e� 2�� S(E) (2.11)
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Figure 2.2 The Gamow window of the20Ne(p; 
 )21Na reaction for a ONe surface temperature
of 0.4 GK determined by the product of the two main probability factors. The Gamow
window can be approximated by a Gaussian distribution as shown by the red dashed line. A
more precise approximation for this reaction can be made using an exponentially modi�ed
Gaussian distribution as shown by the green dashed line. Therelative probability is the
scaled Gamow window by the sum of the distribution over the given energy range.

2.3 Stellar Reaction Rates

The cross-sections discussed above, are in general energy-dependent and can have associ-

ated resonance and non-resonance regions that depend strongly on the nuclear reaction and

isotope being measured. This nuclear cross-section energydependence is equivalently veloc-

ity dependent and describes the relative velocities between target and projectile nuclides in a

nuclear reaction. In a stellar gas environment, the classi�cation of one particle as the target

or as the projectile is irrelevant due to the particles beingcon�ned to similar volumes with

relative velocity distribution that depends on the thermaldistribution of the nuclei in the

gaseous plasma as described the Gamow window section above.

The nuclear reaction rate for a stellar gas composed of two nuclidesA and B with number

densities ofNA and NB , respectively, in particles per cubic centimeter, that have a relative
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velocity of v, is given by Equation (2.12), where� (v) is the velocity dependent nuclear

cross-section. Here the reaction rate,r , is the number of reactions expected to occur per

cubic centimeter per second. The relative velocity betweenthe two reactants is characterized

by a velocity distribution with the probability that the rel ative velocity is betweenv and

v + dv being � (v)dv. The velocity distribution can then be characterized by theprobability

distribution � (v) that is normalized to 1 over all velocities.

rAB = NA NB v� (v) (2.12)

The relative velocity in a nuclear reaction is can be given bya distribution, therefore

Equation (2.12) can be re-written as Equation (2.13) where the expressionh�v i is the ex-

pectation value of the velocity distribution cross-section pair. This quantity is also referred

to as the reaction rate per particle pair [7].

rAB = NA NB h�v i (2.13)

This reaction does not take into account the possibility of identical nuclei A and B and

would need to be modi�ed to avoid double counting particles in the product between the two

number densities. This can be accounted for by dividing by a factor of two from the result

or by using the more general equation utilizing a Kronecker delta given by Equation (2.14).

rAB =
NA NB

1 + � AB
h�v i (2.14)

When calculating the relative velocity distributions in stellar plasmas, the Maxwell-

Boltzmann velocity distribution for an ideal gas can be usedand is given by Equation (2.15)

where � is the reduced mass of the two reactants in the nuclear reaction, k is Boltzmann's

constant, T is the stellar temperature, andv is the relative velocity.

� (v)dv =
�

�
2�kT

� 3=2

exp
�

�
�v 2

2kT

�
4�v 2dv (2.15)
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This expression for the probability distribution can be used to determine the expectation

value for the reaction rate per particle pair by evaluating the following integral,

h�v i =
Z 1

0
�v� (v)dv (2.16)

Therefore, by inserting Equation (2.15) into the expectation value equation forh�v i and

by using the relation v = (2 E=� )1=2, the reaction rate can be expressed in terms of the

center-of-mass energy as shown in Equation (2.17).

rAB = NA NB

�
8

��

� 1=2�
1

kT

� 3=2 Z 1

0
E� (E)e� E=kT dE (2.17)

2.4 Non-resonant reaction rates

From the section that introduced the concept of the Gamow window, the reaction rate

is shown to be dependent on the ability of the nuclei to penetrate the Coulomb barrier as

well as the temperature distribution within the stellar environment. The product of the

two factors yields a curve detailing the energy region that supports thermonuclear burning

in a speci�c stellar environment. Using the expression for the astrophysical S-factor shown

before in Equation (5.2), the reaction rate equation, Equation (2.17), can be modi�ed to a

form that encapsulates the Gamow factor and the Maxwell-Boltzmann factor as shown in

Equation (2.18).

rAB = NA NB

�
8

��

� 1=2�
1

kT

� 3=2 Z 1

0
S(E)e� 2�� e� E=kT dE (2.18)

Within energy regions with relatively 
at S-factor curves, the astrophysical S-factor can

be approximated as a constant,S0, and pulled out of the integral in Equation (2.18). A

relatively constant S-factor is possible for direct capture reactions far from the e�ects of

a resonant state. In this process, the tails of the resonancereaction contribute to the as-

trophysical S-factor and due to the distance from the resonant state can be estimated as
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approximately 
at or linear. For a constant S-factor, the reaction rate equation becomes,

rAB = NA NB

�
8

��

� 1=2�
1

kT

� 3=2

S0

Z 1

0
e� 2�� e� E=kT dE (2.19)

The integral term is left with just the product of the penetrability factor and the Maxwell-

Boltzmann factor which results in the Gamow peak. From the section detailing the Gamow

window, it was shown that the product of these two factors canbe approximated by either a

Gaussian distribution or an Exponentially Modi�ed Gaussian distribution. Using a Gaussian

distribution, the expression within the integral can be re-written as,

e� 2�� e� E=kT � exp
�

�
3E0

kT

�
exp

�
�

�
E � E0

� E=2

� 2�
(2.20)

where E0 is the e�ective energy and � E is the width of the Gaussian distribution. The

e�ective energy of the approximated Gamow peak and the peak width can be determined

from,

E0 =
�
EG

�
kT
2

� 2� 1=3

(2.21)

� E = 1:8
�

EG

kT

� 1=6

kT (2.22)

EG = 2�c 2(��Z A ZB )2 (2.23)

where � is the �ne structure constant, ZA;B is the atomic Z -number for nuclide A and

B respectively, � is the reduced mass of the two nuclei in the reaction,k is Boltzmann's

constant, andT is the thermodynamic temperature. After evaluating the integration of the

Gaussian distribution, the resulting non-resonant reaction rate is determined to be,

rAB = NA NB

�
2
�

� 1=2 � E
(kT)3=2

S0 exp
�

�
3E0

kT

�
(2.24)
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When using the Gaussian approximation for the Gamow peak, a correction factor can be

applied to account for the original asymmetric distribution observed in the Gamow peak that

turns symmetric. The area under the approximated distribution is given by e� � p
� � E=2

where � = 3E0=kT. This asymmetric correction factor is only a function of� and can be

approximated by F (� ) � 1 + 5
12� :

In the case of a non-resonant reaction in an energy region without a constant S-factor, a

second correction is necessary and can be performed by expanding the S-factor into a Taylor

series aroundE = 0 with the derivatives of S in respect to the energyE. This expansion is

shown in Equation (2.25).

S(E) = S(0) + S0(0)E +
1
2

S00(0)E 2 + � � � (2.25)

Inserting this expansion into Equation (2.18) and using theGaussian approximation

for the Gamow peak with the substitution � = 3E0=kT yields the following result for the

corrected reaction rate,

rAB =
�

4
3

� 3=2 �hNA NB

��Z 0Z1e2
Se� � 2e� � (2.26)

where the e�ective S-factor is given by [31] [32],

Se� = S(0)
��

1 +
5

12�

�
+

S0(0)
S(0)

�
E0 +

35
36

kT
�

+
1
2

S00(0)
S(0)

�
E 2

0 +
89
36

E0kT
��

(2.27)

The �rst term in the set of parentheses is due to the correction for a non-constant S-

factor and the second term is from the correction factor thatarises from the asymmetric

to symmetric transformation of the distribution. Higher order terms are disregarded due to

� � kT for the order terms expanding askT=� . The quantities of � and E0 are related

to the temperature T of the stellar environment and therefore the e�ective S-factor can be

expressed as a function of the temperature alone as shown in Equation (2.28).

27



Se� = S(0)
�
1 + � 1T1=3

9 + � 2T2=3
9 + � 3T9 + � 4T4=3

9 + � 5T5=3
9

�
(2.28)

Here the coe�cients � (1� 5) can be determined from measurements as from [32] and the

temperaturesT9 are listed in units of GK.

2.5 Resonant reaction rates

When calculating resonant reaction rates, the cross-section of a resonance peak can be

approximated using the Breit-Wigner distribution shown in Equation (2.29) where� is the

de Broglie wavelength,J is the angular momentum of the exited state in the compound

nucleus, � AB is a Kronecker delta used to account for identical particles, � a is the partial

width for the formation of the entrance channel state, �b is the partial width for the formation

of the exit channel state,j A is the spin state of nuclideA, j B is the spin state of nuclideB,

ER is the resonance energy, and � is the total width (sum of all energetically allowed partial

widths, � = � a + � b + � � � ).

� BW (E) =
� 2

4�
(2J + 1)(1 + � AB )
(2j A + 1)(2 j B + 1)

� a� b

(ER � E)2 + � 2=4
(2.29)

Substituting in the Breit-Wigner distribution for the cross-section in the reaction rate

equation, Equation (2.17), yields the following resonant reaction rate,

rAB = NA NB

�
8

��

� 1=2�
1

kT

� 3=2 Z 1

0

� 2

4�
(2J + 1)(1 + � AB )
(2j A + 1)(2 j B + 1)

� a� b

(ER � E)2 + � 2=4
e� E=kT dE

= NA NB

p
2� �h2

(�kT )3=2
!


Z 1

0

�
(ER � E)2 + � 2=4

e� E=kT dE (2.30)

where the extra energy term in the integral is accounted by the de Broglie wavelength

which is given by� = 2� �h=
p

2�E leading to the relation E� 2 = 2� 2�h2=� . The term !
 is

known as the resonance strength and is given by Equation (2.45). The Maxwell-Boltzmann

exponential term can be approximated as constant within theresonance region allowing for
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the expression in the integral to be extracted. This yields an integral with an expression

that can be determined analytically as shown in Equation (2.31).

rAB = NA NB

p
2� �h2

(�kT )3=2
e� ER =kT 2!


Z 1

0

� =2
(ER � E)2 + � 2=4

dE

= NA NB

p
2� �h2

(�kT )3=2
e� ER =kT 2�!


= NA NB

�
2�

�kT

� 3=2

�h2e� ER =kT !
 (2.31)

When calculating resonances that have Maxwell-Boltzmann factors and partial widths

that are approximately constant across the total width, theresonance is said to be a narrow

resonance. These resonance types have no strong dependenceon the shape of the cross-

section distribution when determining the overall reaction rate.

2.6 Subthreshold resonances

When measuring a nuclear reaction with aQ-value that is larger than an excited state

of energyEr , the resonance energy (ER = Er � Q) is negative with the resonance peak

existing below a zero center-of-mass reaction energy. Thistype of resonance is referred to

as a subthreshold bound state (or the subthreshold resonance) and it can play a signi�cant

role in astrophysical reactions. Depending on the energy ofthe bound state compared to

the reaction's Q-value, the tails of the subthreshold resonance can contribute towards a

signi�cant increase in the nuclear reaction rate in the relevant stellar environments as is the

case with the20Ne(p; 
 )21Na reaction.

This reaction has a subthreshold bound state with an energy of 2423.8 keV compared to

the reaction'sQ-value of 2431.2 keV. The binding energy di�erence between the subthreshold

state and the Q-value of the reaction is only 7.4 keV. As with the resonant reaction rate,

the subthreshold resonance peak structure can be modeled using a Breit-Wigner distribution

such that the cross-section of the subthreshold state in the20Ne(p; 
 )21Na reaction is given
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by,

�
20Ne(p;
 ) 21Na
Subthreshold =

� 2

4�
(2J + 1)

(2j 20Ne + 1)(2 j p + 1)
� p� 


(ER � E)2 + � 2=4
(2.32)

Here J is the angular momentum of the subthreshold state (J � = 1=2+ ), the proton spin

state is j p = 1=2+ , and the 20Ne spin state isj 20Ne = 0+ . The reduced proton width near the

reaction level can be determined by using the (d; n) transfer reaction that can be measured

experimentally as is done in [33]. The decay photon gamma width, � 
 , can be determined

by measuring the lifetime of the state as it transitions to the ground state. Capture into

this subthreshold state has two predominant modes of eithera decay through a proton or

from the emission of a
 -ray which allows for the total width of resonance to be calculated

via the sum of these two partial widths. Likewise, with the measured partial widths, the

ground-state transition structure can be plotted as is shown in Figure 2.3.

2.7 Reaction yields

In a laboratory setting, the nuclear reaction of interest istypically measured by impinging

some particle of center-of-mass energyE0 onto a target nuclei in order to measure the

outcome of the reaction through the use of various types of detectors. The yield measurement

of a nuclear reaction as shown by Equation (2.33) is the totalnumber of detected recoils or

reaction productsNe after accounting for the overall recoil detector e�ciencies � e divided by

the total number of incident beam ionsNb.

The various e�ciency factors folded into� e can be determined through the analysis of the

experimental data and include, in our case for example, factors such as the detector's livetime,

the e�ciency of the BGO detector array, the charge state fraction of the recoils produced in

the nuclear reaction, the MCP transmission and detection e�ciencies, and the transmission

e�ciency of ions traveling through the separator. The determination and further discussion

of these e�ciency factors will be discussed further in Chapter 4.
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Figure 2.3 The astrophysical S-factor of the radiative proton capture reaction on20Ne cal-
culated by converting the cross-section values from Equation (2.32) into a S-factor. The
solid circle data points are direct capture to the ground state measurements from [2]. Figure
taken from [9].

Y =
Ne

Nb� e
(2.33)

This expression for the reaction yield can be related to the cross-section of the nuclear

reaction. For a gas target with an incident beam of energyE0, the target can be discretized

into perpendicular gas slabs of thickness �x and by using Equation (2.6), the yield equation

can be modi�ed to describe the yield of an individual gas slabas shown in Equation (2.34).

� Y = � N t � x (2.34)
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where � Y is the individual yield of the experiment through a thin target region, � is the

nuclear reaction cross-section,N t is the gas target number density, and �x is the thickness

of the gas target slab. The gas target number density can be determined from the ideal gas

law relationship or by using the following equation,

N t = 9:66� 1018

�
�P
T

�
(2.35)

where� is the molecular number of the gas target (i.e.� = 2 for hydrogen gas),P is the target

gas pressure in torr, andT is the thermodynamic temperature of the gas target in Kelvin.

The stopping power of a gas target is de�ned as� (E) = � 1
N

dE
dx in units of eV cm2/atom.

Using the di�erential limit of the gas slab thickness (� x ! dx) and by integrating over the

entire gas target length, the total experimental yield can be determined from the expression,

Y =
Z

� (x)N t (x)� x =
Z E0

E0 � � E

� (E)
� (E)

dE (2.36)

The expression within the second integral is determined by performing a change in vari-

ables fromx to E via dx = dE dx
dE and by inverting the expression for the stopping power

equation. In the bounds of the second integral, the value of �E is the total energy lost from

the incident beam as it traverses the entire gas target. In the case of a constant stopping

power for small beam energy losses over the target and when the nuclear cross-section within

this beam energy can be approximated as constant, the expression for the beam yield can

be simpli�ed to the following expression,

Y(E0) =
� (Ee� )
� (E0)

Z E0

E0 � � E
dE = �

� (Ee� )
� (E0)

� E(E0) = N t � (Ee� ) (2.37)

whereEe� is the mean e�ective energy in the gas target given byEe� = E0 � � E=2. In the

simpli�cation of the results from the integral in Equation (2.38), � E , in the case of a thin

target or for relatively small beam energy loss through the e�ective target length of x t , can

be approximated by the relation,
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� E =
�

dE
dx

�

E0

x t (2.38)

The assumptions for a constant cross-section and stopping power in this formalism for the

reaction yield are suitable for reactions that proceed via anon-resonant capture mechanism

or for broad resonances. Then from Equation (2.38), the reaction cross-section can be easily

related to the experimentally measured yieldY(E0) and the measured gas target number

density N t such that,

� (Ee� ) =
Y(E0)
N tx t

(2.39)

In the case of a resonant cross-section and when the stoppingpower can be estimated as

constant throughout the gas target, the Breit-Wigner resonance distribution can be used in

the reaction yield equation. Using this distribution, it is also assumed that the de Broglie

wavelength� and the partial widths of the reaction are independent of theenergy over the

width of the resonance.

Y(E0) =
� 2

r

2�
!

� r

�
2

Z E0

E0 � � E

dE
(ER � E)2 + (� =2)2

=
� 2

r

2�
!

� r

�
arctan

�
E0 � ER

� =2

�
� arctan

�
E0 � ER � � E

� =2

��
(2.40)

where� r is the de Broglie wavelength at the resonance energy,!
 is the resonance strength

given by Equation (2.45),� r is the stopping power at the resonance energy,ER is the reso-

nance energy, and � is the total width of the reaction. Takingthe derivative of the resonant

yield equation in respect toE0, the maximum for the yield is found when,

E max
0 = ER +

� E
2

(2.41)
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using the trigonometric identity that arctan(� x) = � arctan(x) and by inserting the maxi-

mum value forE max
0 , the following expression for the maximum yield of the resonant reaction

is found,

Y(E max
0 ) =

� 2
r

2�
!

� r

�
arctan

�
� E
�

�
� arctan

�
� � E

�

��

=
� 2

r

�
!

� r

arctan
�

� E
�

�
(2.42)

Finally, for a region where the energy loss is much larger thanthe total width of the reaction

(� E � �), then the arctan expression converges to a value of�= 2 resulting in the following

expression for the maximum thick target yield representingan integral over the entirety of

the resonance region,

Y1 =
� 2

r

2
!

� r

(2.43)

Of note is that the value for the stopping power� r is typically measured in the lab frame

and can be corrected by introducing a mass ratio factor ofmp + m t

m t
into the equation where

mp is the mass of the projectile nuclei andmt is the mass of the target nuclei. Also of note is

for the case where the energy loss through the target is much smaller than the width of the

reaction (� E � �), the yield distribution will be Lorentzian in shape and follow the shape

of the reaction cross-section near the resonance energy. Solving for the resonance strength

and correcting for this lab frame stopping power value yields Equation (2.44) which is related

to the partial widths, total width, and angular momentum quantum numbers of the nuclear

reaction by Equation (2.45).

!
 = Y1
2� r

� 2
r

mt

mp + mt
(2.44)

!
 =
(2J + 1)(1 + � AB )
(2j A + 1)(2 j B + 1)

� a� b

�
(2.45)
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Therefore, the resonance strength can be determined experimentally by measuring the

thick target reaction yield and the stopping power through the target. The measurement for

the reaction yield requires knowledge of the beam intensitybeing impinged onto the target,

the number of recoils produced, and any associated e�ciencycorrections associated with the

determination of these values.

2.8 Kinematics

In radiative capture reactions, a nucleus A typically fuseswith a proton, neutron, or an

alpha particle, or in general terms, a particle B to create a new nucleus C. In a non-resonant

capture reaction a photon is immediately emitted such that:

A + B ! C + 
 (2.46)

The energy released (required) is known as the reaction'sQ-value, and it is the mass

di�erence between the initial and �nal nuclides converted into energy. If the Q-value is

positive (negative) the reaction is exothermic (endothermic). In this case it is given by,

Q = ( mA + mB � mC )c2 (2.47)

where the masses,mi , are in atomic mass units, u, for the representative nuclides, i .

The mass is related to energy by the conversion 1 u = 931:494 MeV=c2. In practice, when

determining a reaction'sQ-value the ground states of the nuclides are used due to the

energy level of a bound state adding (subtracting) to the reaction's Q-value if it belongs

to an excited state of the initial (�nal) nuclide. For radiat ive proton capture on20Ne, the

Q-value is determined to be,

Q = ( m20 Ne + m1H � m21 Na)c2 (2.48)

Q = 2:4312 MeV (2.49)
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Conservation of energy of the radiative capture reaction inEquation (2.46) yields the

relativistic energy balance equation,

EA + EB = EC + E 
 (2.50)

whereE(A;B;C ) is the total energy of the associated nuclide andE 
 is the energy of the

directly emitted photon.

The relativistic limit is checked against the classical approximation by �nding the max-

imum lab frame kinetic energy of the20Ne projectile. For this experiment, the maximum

beam velocity-squared generated was 541.6 keV/u corresponding to a relativistic lab frame

kinetic energy of T (r )
lab = 10:8280 MeV. The Lorentz factor can be determined from the

Einstein relation,

T (r )
lab = mc2(
 � 1) ) 
 =

T (r )
lab + mc2

mc2
(2.51)

Using the Lorentz factor, the value of� = v
c yielding the fractional beam velocity in

relation to the speed of light,c, can be used to determine the classical kinetic energy by,


 =
1

p
1 � � 2

) � 2 = 1 �
�

mc2

T (r )
lab + mc2

� 2

(2.52)

T (c)
lab =

1
2

m� 2c2 =
1
2

mc2

�
1 �

�
mc2

T (r )
lab + mc2

� 2�
(2.53)

The rest mass of the projectile can be represented in units ofMeV by using the conver-

sion 1 amu = 931:494061 MeV/c2 (m20 Ne = 18622:838 MeV/c2). Therefore, the maximum

classical lab frame kinetic energy is determined to beT (c)
lab = 10:8185 MeV. This corresponds

to a deviation of,

�T

T (r )
lab

=
jT (r )

lab � T (c)
lab j

T (r )
lab

� 0:000871476 (2.54)
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Converting the classical lab frame kinetic energy into the center-of-mass frame yields

E (c)
CM = 0:519186 MeV. When compared to the relativistic center-of-massframe energy, a

fractional uncertainty of approximately 0.000871465 is introduced. Since this is the maxi-

mum beam energy being measured, at most a fractional uncertainty of 0.09% is introduced

when the classical approximation is used while ignoring anyrelativistic contributions. As a

comparison, the charge slits introduce an uncertainty to the beam energy on the order of

0.17% while the beam energy measurement had a calculated fractional uncertainty on the

order of 1.31%. Therefore, for simplicity the classical approximation was used.

In inverse kinematics, the light nuclide B in the radiative capture process is estimated to

be stationary and using the classical limitE � mc2 + p2

2m , Equation (2.50) can be reduced

to the following expression,

mA c2 + TA + mB c2 = mCc2 + TC + E 
 (2.55)

(mA + mB � mC )c2 + TA = TC + E 
 (2.56)

Q + TA = TC + E 
 (2.57)

where T(A;C ) is the lab frame kinetic energy of the associated nuclide andQ is given by

Equation (2.47).

It is convenient to express the reaction energetics in the center-of-mass frame. By doing

so, the total energy available for the exit channel pair in the radiative capture reaction is,

E 
 = ECM + Q (2.58)

whereE 
 is the maximum allowable photon energy produced during the reaction andECM

is the center-of-mass frame energy of the entrance channel pair. In practice, E 
 takes on

a series of discrete energies for each uniqueECM due to the discrete bound states in the

produced nuclide C.
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2.9 Selection Rules

For the 20Ne radiative proton capture reaction, the entrance channel pair nuclei have a

ground-state spin and parity ofj �
1 = 0+ and j �

2 = 1=2+ respectively. The entrance channel

consisting of the initial composite state can populate a continuum of total energies. Given

an entrance channel containing the two nuclides,20Ne andp, with spins ~j 1, ~j 2 and parity � 1,

� 2, the composite system has a total angular momentum and parity given by,

~J = ~l + ~j 1 + ~j 2 = ~l + ~s (2.59)

� = � 1� 2(� 1)l (2.60)

where l is the orbital angular momentum quantum number detailing the type of capture,

i.e., (s, p, d, ...,)-wave forl = 0; 1; 2; :::, with higher orbital modes becoming increasingly

less probable. The vector sum~s = ~j 1 + ~j 2 can be determined using the angular momentum

addition theorem giving~s = jj 1 � j 2j; jj 1 � j 2j +1; :::; j 1 + j 2 � 1; j 1 + j 2. The radiative capture

reaction of interest yields the total channel spin of~s = j0 � 1=2j; :::; 0 + 1=2 = 1=2. The

parity of the channel spin is given by� s = � 1� 2 = (+1)(+1) = +1. This yields the total

angular momentum and parity of the entrance channel as,

~J = ~l + 1=2 (2.61)

� = ( � 1)l (2.62)

Therefore, the allowable excited states populated in21Na in the reaction's exit channel

are constrained by the orbital angular momentum of the entrance channel pair. Due to the

20Ne beam velocities limiting the maximum range of energies measured and while ignoring

higher order multipolarities beyond E2, we constrain the maximum allowable orbital angular

momentum to l = 4. The total allowable angular momentum in the entrance channel given

these constraints is shown in Table 2.1 along with their representative capture mode.

38



For a channel consisting of only a nucleus and photon pair, such as the exit channel for

radiative capture reactions, the total angular momentum and parity is given by,

~J = ~l + ~j 3 (2.63)

� = � 3(� 1)l for electric (E) multipole radiation (2.64)

� = � 3(� 1)l+1 for magnetic (M) multipole radiation (2.65)

where ~j 3 is the �nal occupied spin state of the excited nucleus produced during the reaction.

The exit channel consists of a nucleus occupying a bound state consisting of discrete allowable

energies while the emitted photon lies in the continuum. In this reaction, we are primarily

concerned with the transition levels corresponding to the spin states 3/2+ , 5/2+ , and 1/2+

representing the level energies of 0 keV, 332 keV, and 2424 keV respectively. For photon

multipolarities up to E2 the possible values ofJ � are shown in Table 2.2.

Table 2.1 Total allowed angular momentum of the entrance channel when limiting the
maximum orbital angular momentum tol = 4.

Capture Mode s� l �
i J �

i

s-wave 1=2+ 0+ 1=2+

p-wave 1=2+ 1� 1=2� ; 3=2�

d-wave 1=2+ 2+ 3=2+ ; 5=2+

f-wave 1=2+ 3� 5=2� ; 7=2�

g-wave 1=2+ 4+ 7=2+ ; 9=2+

Table 2.2 Total allowed angular momentum of the exit channelfor the E1, M1, and E2
photon emissions and the 0 keV, 332 keV, and 2424 keV level energies in 21Na.

Multipole 3=2+ (0 keV) 5=2+ (332 keV) 1=2+ (2424 keV)
E1 1=2� ; 3=2� ; 5=2� 3=2� ; 5=2� ; 7=2� 1=2� ; 3=2�

M1 1=2+ ; 3=2+ ; 5=2+ 3=2+ ; 5=2+ ; 7=2+ 1=2+ ; 3=2+

E2 1=2+ ; 3=2+ ; 5=2+ ; 7=2+ 1=2+ ; 3=2+ ; 5=2+ ; 7=2+ ; 9=2+ 3=2+ ; 5=2+
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With the calculated total possible angular momentum combinations for the entrance and

exit channel, the allowable capture modes can be determinedby conservation of angular

momentum between the channels. In this case, the allowable states are mapped between the

results shown in Table 2.1 and Table 2.2 producing the �nal allowable capture modes shown

in Table 2.3. From these angular momentum considerations and the dominance of s-wave

type capture at lower energies, this indicates a lower probability of populating the 332 keV

state within the astrophysically important energy ranges.

Table 2.3 Allowable capture modes for the transition levels of interest in the 20Ne(p; 
 )21Na
reaction up to the emitted E2 photon multipolarity.

Multipole 3=2+ (0 keV) 5=2+ (332 keV) 1=2+ (2424 keV)
E1 (p,f)-wave (p,f)-wave p-wave
M1 (s,d)-wave (d,g)-wave (s,d)-wave
E2 (s,d,g)-wave (s,d,g)-wave d-wave

2.10 Reaction product states

The excited state level diagram of the21Na product is shown in Figure 2.4. At ONe

relevant energies, the dominant contribution to the reaction rate is by the subthreshold

state at 2424 keV which is bound by approximately 7 keV. Beforethis study, there was no

direct measurement of the reaction rate within the astrophysical energy range ofECM =

80� 300 keV. Precise measurements within this range help to validate current reaction rate

estimates as well as aid in characterizing the subthresholdstate and its contributions relative

to the direct capture to the ground state at lower reaction energies.
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Figure 2.4 Excited state diagram for21Na. The subthreshold state is shown here at 2.425
MeV and is within 7 keV of the reaction binding energy. Figure taken from [34].
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CHAPTER 3

EXPERIMENTAL METHODS

The Detector of Recoils And Gammas Of Nuclear reactions (DRAGON) used to conduct

the experiment is located in the Isotope Separator and ACcelerator-I (ISAC-I) experimental

hall at TRIUMF Canadian National Laboratory in Vancouver, Canada. A schematic of the

experimental hall is shown in Figure 3.1. The stable20Ne beam produced for the reaction

was generated using the multicharge ion source (Supernanogan) in the o�ine ion source

(OLIS) facility [35]. The accelerator supports experiments in inverse kinematics by delivering

an isotopically pure beam of20Ne ions to DRAGON's windowless gas target. For this

experiment, the beam had an average intensity of 1:18 � 1012 s� 1 accelerated in the 4+

charge state, and it was delivered in energies between 277 and 542 keV/u.

3.1 TRIUMF and Beam Delivery

TRIUMF is the Canadian national laboratory for research in nuclear and particle physics

with the support of over 21 member universities. The laboratory currently houses the world's

largest cyclotron capable of accelerating negatively charged hydrogen ions up to energies of

70 to 520 MeV with a maximum ion current of 300� A [36][37]. The cyclotron can support

several facilities due to its multi-beam path capabilitieswith future expansions anticipated

through the ARIEL 10 year construction plan. Upon the completion of this additional

facility, the scienti�c output for experimental nuclear physics research is expected to triple

its current output [38].

Various avenues of research are explored at the national laboratory to include nuclear

and particle physics, rare-isotope beam studies, accelerator physics, and nuclear medicine.

There are several facility halls housed at TRIUMF, and the two ISAC experimental halls

were designed to also examine experimental questions dealing with the energy production

and stellar nucleosynthesis in relevant astrophysical environments [40]. The experiment that

42



Figure 3.1 ISAC-I experimental hall schematic. Figure taken from [39].

is the subject of this analysis was conducted at facilities within TRIUMF with a stable nuclei

beam generated using the OLIS facility.

The OLIS facility, housed in the ISAC-I hall, can produce a stable beam by using a high

voltage terminal that supports either a microwave cusp ion source, a surface ion source,

a hybrid surface-arc discharge ion source, or a Supernanogan multicharge ion source with

the ability to switch between sources through the use of an electrostatic switch [35]. For

this experiment, the selected source was the Supernanogan which has shown from prior

experiments at DRAGON to be capable of delivering high-intensity, isotopically pure stable

beams [41]. Isotopic contamination was a source of potential error that set energy range

restrictions in the experimental set-up performed by Rolfset al in [2] due to unwanted

resonance reactions from the22Ne(p; 
 )23Na.

After production of the stable ion beam, the beam is prebunched at 11.8 MHz before

being sent down the RF quadropole (RFQ), and this frequency also characterizes the third

sub-harmonic of the RFQ [42]. The RFQ accelerates the beam into the next phase of beam
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Figure 3.2 Schematic of the inner components of DRAGON's windowless gas target. Figure
taken from [30].

delivery, the medium energy beam transport (MEBT) line which o�ers the possibility of

inserting a thin carbon foil that can further increase the charge state of the delivered stable

ion beam [43]. Due to the extraction of higher charge states directly from the Supernanogan

source, the use of the carbon foil was not necessary in this experiment. By increasing the

charge state of the ion, the acceleration voltage requirements are reduced. After the MEBT,

the beam is injected into the drift tube linac (DTL) that can accelerate ions withA=q � 7

to beam energies of 0:117 MeV/u to 1:8 MeV/u [42]. From here, the beam can enter into the

high energy beam transport (HEBT) line that feeds into eitherthe windowless gas target

of the DRAGON facility or into the multi-purpose detector array of the TUDA-I facility.

Instead of entering the HEBT, the beam can also be directed to facilities in the ISAC-II

experimental hall via the DTL to the superconducting beam transport line (DSB).

44



Figure 3.3 SONIK scattering chamber 3-D model using SolidWorksR
 . Figure from [44].

3.2 DRAGON

The DRAGON facility is a 21 m long recoil separator with a beamsuppression factor up

to the order 10� 13 when 
 coincidences are measured [30]. The primary avenue of research

for DRAGON is in nuclear astrophysics speci�cally dealing with direct measurements of

radiative capture reactions on either a hydrogen or helium gas target [40]. Originally, the

facility was designed to handle radiative capture reactions on beams up toA = 30, but

higher mass reactions have been performed with the main limitation being on recoils exiting

the gas target with too high of anA=q ratio to be bent through the separator [45].
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Figure 3.4 Schematic of the recirculation system used by DRAGON's windowless gas target.
Figure taken from [30].

The DRAGON facility can be split into three main sections, the head, the electromag-

netic separator (EMS), and the tail. The head section consists of a windowless gas target

surrounded by a Bismuth Germanate (BGO) scintillator arrayand is the location where

the reaction of interest takes place. Recoil products generated from the nuclear reactions

occurring in the windowless gas target subsequently enter into the EMS section. This section

consists of magnetic and electrostatic dipole separation with various quadruple & sextupole

elements used for focusing. The separated recoils will thenenter into the tail section, which

consists of an end detector and a dual micro-channel plate (MCP) time-of-
ight (TOF) sys-

tem. The end detector can consist of an ionization chamber (IC), a double-sided silicon
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Figure 3.5 Upstream and downstream schematic of the pumping tubes and apertures for
DRAGON's windowless gas target. Figure taken from [30].

Figure 3.6 Schematic of DRAGON's BGO
 array consisting of 30 individual BGO detectors
that surround the windowless gas target. Figure taken from [30].

strip detector (DSSSD), or a combination of the two in the newhybrid end detector. In

this measurement, the ionization chamber (IC) was utilizeddue to the better elemental
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Figure 3.7 Schematic of DRAGON's optical layout with elementslabeled within the elec-
tromagnetic separator portion. Figure taken from [46].

discrimination [47].

3.2.1 DRAGON Head

Currently, DRAGON has the capabilities of operating with either the original high-

density windowless gas target or the recently designed Scattering Of Nuclei in Inverse Kine-

matics (SONIK) chamber. For this experiment, the original windowless gas target appara-

tus was used with a schematic shown in Figure 3.2. A 3-D model ofthe SONIK scattering

chamber option is shown in Figure 3.3. This thesis also shows the results of a �rst test mea-

surement with the setup as an experimental contribution to the capabilities of DRAGON.
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Figure 3.8 Schematic of DRAGON's �nal slit box, MCPs and Ion Chamber end detectors.
Figure taken from [44].

While utilizing a windowless gas target introduces engineering challenges in maintaining a

consistent gas pressure within the central gas volume, it reduces unwanted background ef-

fects and additional errors that are introduced by using other options such as a windowed

gas cell or implanted foil targets.

The windowless gas target used at DRAGON has a constant pressure regulation range

of 0.2 to 10 Torr within the chamber's e�ective length of 12:3 � 0:4 cm through the use of

a series of roots blowers, and it can be operated with either hydrogen or helium gas [30].

While the geometrical distance between the the entrance and exit apertures is only 11 cm,

the e�ective length is expected to be larger due to a non-zeropressure existing immediately

outside of the gas cell. The apertures are designed to restrict the 
ow of gas exiting the

central gas volume.
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Figure 3.9 MCP TOF vs separator TOF for events in the 442 keV COMmeasurement.
Coincidence events are shown by the black data points and thered data points represent
events that pass the "golden" recoil gate.

Immediately outside of the apertures, gas 
owing out of the central gas volume is collected

by the �rst stage of roots blowers and is recirculated through a liquid nitrogen (LN2) cooled

zeolite cleaning trap in order to maintain the gas purity before returning back to the central

gas volume. The recirculation process for the gas target through the roots blowers and the

LN2 zeolite trap is shown in Figure 3.4. The roots blowers and recirculation system gives

the gas target the ability to maintain a uniform pressure pro�le throughout the central gas

volume.

Beyond the �rst stage of roots blowers is a series of seven turbomolecular pumps that

di�erentially pump any residual out 
owing gas both upstream and downstream of the

primary gas cell. The turbomolecular pump system maintainsa downstream vacuum of less

than 10� 6 Torr which is critical due to the potential degradation of the EMS suppression

factor caused by charge changing reactions occurring in anysubstantial residual gas [30].
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The entrance and exit apertures for the gas target cell have a6 mm and 8 mm diameter

respectively, with the driver for the increase in diameter of the exit aperture being the need

to compensate for the recoil divergence angle. The upstreamand downstream pumping

tubes are tapered with angles toward the target in order to account for the incident beam

convergence and the cone angles of the produced recoils. This tapering accounts for a

5 mrad upstream half-angle focusing requirement and the 20 mrad downstream half-angle

acceptance [30]. Figure 3.5 shows a schematic of the pumping tubes and apertures upstream

and downstream of the windowless gas target.

Within the gas target cell, there are two ORTEC Ultra Cam silicon surface barrier

detectors with surface areas of 150 mm2 mounted at a 30� and 57� angle below the primary

beam axis. The two detectors share a common rectangular front collimator and are positioned

to view the central portion of the gas target. The detectors measure the elastic scattering

rate of the incident beam interacting with the gas target. With the ability to monitor

the gas pressure within the gas target, the 
uctuations within the elastic scattering rate

measured by the two surface barrier detectors can characterize the 
uctuations within the

actual beam current. This is due to the elastic scattering rate of the beam particles with the

gas target being proportional to the incoming beam intensity. This allows for a methodology

for normalizing the beam current for an experiment consisting of several runs. The location

of the two elastic scattering monitors can be seen in Figure 3.2.

Surrounding the windowless gas target is a BGO detector array consisting of 30 closely

packed scintillation detectors shown in Figure 3.6. The
 -ray detector array is used to

measure the prompt
 -rays emitted during radiative capture reactions producedeither from

emissions from excited recoil nuclei or from the direct capture emissions. The detectors have a

hexagonal shaped cross-section to optimize the packing geometry allowing for approximately

90% coverage of the total solid angle. The total e�ciency of the array is dependent on the

geometrical coverage, the incident beam energy, and other factors like the branching ratios

with the recoil product, the emitted 
 energy, and multiplicity e�ects from cascades within
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the recoils. For this experiment, the BGO array e�ciency is calculated for each reaction

energy by performing a series of Monte Carlo simulations using GEANT3.

3.2.2 DRAGON EMS

In inverse kinematics, recoil products from radiative capture reactions exit the gas target

with the same momentum as the incident beam but with di�erentenergies. Due to the

relatively low reaction cross-section expected (order of nano-barns), the number of beam

particles per unit time will be of several magnitudes more intense than the number of recoil

products. This introduces a challenge to e�ectively suppress the beam from the recoils

throughout the EMS. To achieve adequate beam suppression, the EMS consists of two sets

of magnetic and electric dipoles built in series with various optical and diagnostic elements

for focusing. The EMS uses ten magnetic quadrupoles and fourmagnetic sextupoles for

focusing of the optics throughout the separator. In addition, several steerers are employed

and the layout of the electric & magnetic dipoles, magnetic quadrupoles & sextupoles, and

the other optical elements are shown in Figure 3.7.

mbeamvbeam � mrecoilvrec (3.1)

v2
rec

v2
beam

=
m2

beam

m2
rec

(3.2)

Trec

Tbeam
=

1
2mrecv2

rec
1
2mbeamv2

beam

(3.3)

Trec =
mbeam

mrec
Tbeam (3.4)

Due to the inverse kinematic nature of the particle accelerator, the recoil products pro-

duced in the nuclear reactions occurring in the windowless gas target exit the head of

DRAGON with approximately the same momentum as the beam particles. The recoil nuclei

have di�erent masses than the beam particles which corresponds to them having di�erent

kinetic energies with the relation between the two energiesshown by Equation (3.4). The
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recoil nuclei exiting the gas target also consist of a distribution of charge states with the

most populated charge state accounting for approximately 35 � 50% of the recoil particles

[48].

In the EMS separator design, the �rst dipole was selected to be magnetic in order to allow

for the selection of a singular recoil charge state exiting the gas target. The recoils with the

selected charge state that exit the �rst magnetic dipole then enter the �rst electrostatic

dipole for further mass discrimination. The separation of recoils from beam particles is

possible from the exploitation of the Lorentz force law which governs the motions of charged

particles within an applied electric and/or magnetic �eld described by Equation (3.5).

F = q(E + v � B ) (3.5)

In the Lorentz force law,q is the charge state of the ion,E is the electric �eld, v is the

velocity of the ion, andB is the magnetic �eld. Within the magnetic dipole, it can be assumed

that the applied electric �eld is zero. Then by calculating the velocity component that is

perpendicular to the magnetic �eld, the radius of curvaturefor the ion traveling through

magnetic dipole can be determined by equating the Lorentz force with the centripetal force

to yield,

rmag =
mrecv?

qjB j
(3.6)

wherermag is the magnetic dipole radius of curvature,mrec is the mass of the recoil ion,v?

is the recoil ion velocity component that is perpendicular to the applied magnetic �eld, and

B is the applied magnetic �eld. As the momentum of beam and recoil particles is essentially

the same, the �rst magnetic dipole only selects the charge state of both to be transported

to the �rst electric dipole. Similarly, in the electrostatic dipoles, the magnetic �elds can be

assumed to be zero. From a similar relation, the radius of curvature from an applied electric

�eld is given by,
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relec =
mrecv2

?

qjEj
(3.7)

whererelec is the electric dipole radius of curvature andE is the applied electric �eld. In both

cases for constructing the radius of curvature in the electrostatic and magnetic dipoles, the

radius of curvature is a known quantity due to the design constraints of the actual dipoles.

For the two magnetic dipoles used in the EMS, the bending radii for the �rst and second

dipoles in the set are 1.00 m and 0.813 m respectively, and forthe two electrostatic dipoles

the bending radii for the �rst and second dipoles in the set are 2.00 m and 2.5 m respectively

[30].

An additional bene�t in having the electrostatic dipole comeafter the magnetic dipole

aside from the charge state discrimination, is that the majority of recoil particles that enter

into the electrostatic dipole have the same charge state andthe trajectories through the

dipole only depend on the particle energy and thus the particle's mass. Also, with de�ned

trajectories from just one charge state there is less scattering on the electrostatic dipole

surfaces. The more massive recoil ions compared to the beam particles will have a larger

radius of curvature through the electrostatic dipole and therefore by tuning to the recoils

through the dipole allows for mass discrimination between the recoil particles from the beam

particles. Throughout the beam optics line exist charge andmass slits with opening widths

that can be varied to shield out primary beam particle components. The sequence of mag-

netic dipoles (M) and electrostatic dipoles (E) corresponding to the pattern of M{E{M{E

was deliberately chosen in contrast to the pattern of M{E{E{M due to the latter pattern

being capable of transmitting beam particles that had undergone two charge-changing col-

lisions vice the three charge-changing transmissions necessary for the former pattern [30].

Therefore, by choosing the M{E{M{E pattern one would expecta more bene�cial beam

suppression factor compared against the other dipole pattern.
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Figure 3.10 Schematic of DRAGON's Ion Chamber end detector. Figure taken from [47]

Figure 3.11 IC anode strip 1 vs total IC counts approximating adE vs E spectrum for the
541.6 keV/A energy measurement. All single events measured inthe detector are shown
by the black data points. All coincidence events are shown by the red data points. Golden
recoil events indicating reaction products are shown by themagenta data points. The cluster
within the black boundary is produced from primary beam jitter. The cluster within the
blue boundary is leaky primary beam. The cluster within the green boundary is are the
recoils produced from the reaction.
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3.2.3 DRAGON Tail

After separation of the recoils from the primary beam in the EMS, the particles enter

into the tail of DRAGON shown in Figure 3.8. The recoils �rst interact with the MCP

system consisting of a set of two micro-channel plate detectors that interact minimally with

heavy ions. After exiting the MCP system the recoils enter thefocal plane at DRAGON's

end detector. For this work, the ionization chamber was selected as the end detector due to

its better energy resolution measurements and recoil particle identi�cation when compared

against the DSSSD for heavier recoil ions (A � 20).

Before entering the end detectors, the recoil particles �rst traverse the MCP system. The

MCPs are constructed from a 2d array of small diameter glass capillaries on the order of 10

� m [49]. The MCP detector system produces secondary electrons by a recoil ion's interaction

with a diamond-like carbon (DLC) foil producing secondary electrons that are subsequently

re
ected by an electrostatic mirror into the MCP detector. Electrons that are re
ected o�

of the electrostatic mirrors into the MCP can produce up to 106 secondary electrons at its

anode. The MCP system also consists of two separate MCPs withthe measurement times

between the two detectors used to calculate the recoil's TOFthrough the MCP detector

system chamber.

When operational, the MCP detector system makes local TOF measurements allowing

for an additional method for particle identi�cation with hi gh timing resolution. The MCP

TOF, coupled with a separator TOF measurement, allows for thedetermination of a particle

identi�cation gate as shown in Figure 3.9. The particles within this gate are also termed the

golden recoils from the nuclear reaction being measured.

After passing through the MCP, the recoils will enter into a heavy ion end detector

consisting of the IC, and a schematic of the IC detector is shown in Figure 3.10. The

IC detects heavy ions that transit through the DRAGON separator by fully stopping the

particles within the gas volume with a chamber length of 25 cm. The IC is separated from

the beam line by a thin entrance window consisting of either athin 130 � g/cm2 Mylar �lm or
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a grid-supported 55� g/cm2 polypropylene �lm [47]. The opening into the chamber is 50 mm

in diameter and the gas volume within the chamber is typically �lled with isobutane. The

choice of isobutane as the gas volume material is due in part to its high rate of energy loss

per gas volume pressure while being contained in the chamberby only a thin window [50].

A thin window coupling the end detector to the beam line is needed in order to minimize

energy loss and straggling of the recoil particles prior to entering the active gas volume.

The ions entering the detector lose energy proportional to their stopping power in the

gas volume which depends on the energy, mass, and nuclear charge of the ions. For low

energies (� � 1), the stopping power can be approximated by the non-relativistic Bethe

formula shown by,

�
dE
dx

=
4�nz 2

mev2
(� �hc)2 ln

�
2mev2

I

�
(3.8)

where � dE
dx is the stopping power,z is the charge state of the particle being stopped in the

gas volume,� is the �ne structure constant, �h is the reduced Planck constant,c is the speed

of light, me is the electron rest mass,v is the velocity of the particle,I is average excitation

and ionization potential of the gas volume, andn is the electron density of the material given

by,

n =
NA Z�

mt
(3.9)

where NA is the Avogadro number,Z is the atomic number of the gas material,� is the

density of the gas material, andmt is the atomic mass of the gas material.

Within the chamber, a homogeneous electric �eld of 50 V/cm is generated by equipo-

tential electrodes and wires surrounding the gas volume [47]. Within the chamber are three

anode strips in two 10 cm and one 5 cm sections that collect electrons to create a signal.

The space above the anodes contains a Frisch grid that is usedto shield the anode from

the gas volume. Di�erent anode strips within the detector allow for an approximation of a
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dE vs E distribution to further discriminate particles measured in the chamber as shown in

Figure 3.11. Separation from the residual beam particles andrecoils of interest is possible in

the IC due to their di�erent particle energies and nuclear charge. The stopping power in the

IC gas volume is proportional to the incident particle energy and varies with nuclear charge

and thus the beam particles and recoils will deposit energy di�erently and have a di�erent

path length within the IC.
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CHAPTER 4

ANALYSIS METHODS

During the S1363 experiment, four incident beam energies ofstable 20Ne nuclei were

measured ranging fromE lab = 276:6 keV/u to E lab = 541:6 keV/u. The laboratory frame

energies correspond to center of mass energies ofECOM = 265:5 keV to ECOM = 519:6 keV,

respectively. The following sections describe the methodsused to perform an analysis on the

data collected from the experiment.

4.1 Beam Normalization

During the experiment, the incident beam current measured on Faraday cups (FC) is used

to determine the total number of beam particles that interact with the molecular Hydrogen

in DRAGON's gas target. Elastic scattering interactions with the beam and the target are

measured by a pair of silicon surface barrier detectors oriented at 30� and 57� below the beam

line axis. Throughout the course of several runs examining the nuclear reaction at a speci�c

reaction energy, the number of elastic scattering events measured by the surface barrier

detectors before and after a FC current measurement can be used to develop a Rutherford

normalization parameter (also known as the absolute normalization factor, R) for each run

[51]. The R factor for an individual run can be determined by,

R =
� T (I=q)

e
� t
Np

Ptgt

E 2
(4.1)

where I is the beam current measured o� of FC4 which is the �rst Faraday upstream of

the target, � T is the beam transmission, �t is the time window for the surface barrier

measurement,Ptgt is the gas target pressure,q is the charge state of the beam particles,e is

the elementary electric charge,Np is the number of scattered protons measured within the

time window � t, and E is the beam energy in units of keV/u.
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Due to the value of I being a current measurement immediately upstream of the gas

volume, the current has to be corrected for the transmissionloss (� T ) through the target.

The transmission loss,� T , is determined after each new beam energy adjustment or as

needed, and the measurement is accomplished by taking the ratio of the current measured

immediately downstream of the gas target to the current measured immediately upstream

of the gas target. This measurement is also performed with anempty gas target to avoid

the ensemble of charge state changing reactions to skew the downstream current readings.

The charge state,q, of the incoming beam particles is used to scale the measuredcurrent

appropriately to number of beam particles. For this experiment, the incident beam charge

state is 4+ for all of the reaction energies measured. The time window, �t, selected for the

elastic scattering comparison is 120 s. The elastic scattering measurement takes place in the

time window immediately after a FC4 reading where the current is expected to be relatively

constant.

The R-factor can be determined for runs spanning di�erent beam energies when ac-

counting for the principle that Rutherford scattering is directly proportional to the target

thickness (thus the gas target pressure), and is inversely proportional to the incident beam

energy squared. TheP=E2
beam makes theR-factor invariant for runs composed of di�erent

gas pressures and incident beam energies with the exceptionof resonances that are estimated

to be broad when compared to the beam energy spread [51]. With the calculated normal-

ization factors for a series of runs, an average normalization factor, �R, can be computed by

taking the weighted mean of theR-factors for a given beam energy. From the�R constant,

the total number of incident beam particles,Nbeam, into the gas target volume is given by,

Nbeam = �RNp
E 2

P
(4.2)

where �R is the determined average R-factor constant for an incidentbeam energy,E. The

value for the pressure,P, is given by the average pressure during the course of a yield

measurement, andNp is the total number of proton particles scattered into the surface
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barrier detectors during a yield measurement. While this equation can calculate an R-

factor that is invariant with regards to gas target pressureand incident beam energy, for the

purposes of this analysis the R-factor is calculated separately for each of the reaction energies

measured in order to reduce uncertainties. The overall meanR-factor with uncertainties for

each of the beam energy measurements is shown in Table 5.3.

4.2 Stopping Power

The stopping power of the ion beam particles through the gas target can be measured

directly at DRAGON with knowledge of the e�ective target length of the gas cell volume.

This was measured in a previous experiment by replacing the entrance and exit apertures

with ones having 1.5 mm diameter openings in order to developa well de�ned pro�le within

the gas cell while gas 
ows out of the target. From an analysisof the measured ratio of

energy loss to the geometrical length of the gas target, the e�ective length was determined

to be 12:3 � 0:4 cm for the 6 mm entrance and 8 mm exit aperture con�guration [52].

During the tuning procedures of DRAGON, standard procedure is to �rst measure the

actual beam energy delivered to the target from the ISAC facility operations team. This is

done by measuring the magnetic �eld in the �rst magnetic dipole (MD1) that is required

to bend the beam to the Faraday cup downstream of MD1 with and without gas in the gas

target. The beam energy can then be determined from the measured magnetic �eld strength

and the relation is shown by Equation (4.3) [53].

E
A

= cmag

�
qBMD 1

A

� 2

�
1

2uc2

�
E
A

� 2

(4.3)

where cmag is a constant that characterizes the e�ective bending radius of MD1, E is the

kinetic energy of the incident beam,A is the atomic mass of the beam particles,q is the

charge state of the ion particle that is curved through MD1, uis the atomic mass unit, and

c is the speed of light. The constantcmag was measured to be 48.07 (7) [MeV T� 2] with

more details in [53]. The second term in the beam energy equation is a relativistic correction
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factor which is negligible for the energies measured in thisexperiment.

If there is di�culty bending the beam through the �rst magnet ic dipole when the gas

target is evacuated, a series of magnetic �eld measurementscan be collected for various

target pressures. The y-intercept of a linear �t to a plot of the magnetic �eld value from

MD1 versus the target pressure can be used to determine the zero pressure magnetic �eld

and thus the beam energy without gas in the target. An example of this type of linear �t is

shown in Figure 4.1. In addition to determining the zero pressure beam energy, the slope of

the linear �t is proportional to the stopping power. The units of pressure can be converted

into the target thickness of the gas via,

A tgt = xef f N tgt = xef f �L
�

273P
760T

�
(4.4)

where A tgt is the target thickness,xef f is the e�ective length of the gas target,N tgt is the

target number density, � is the molecular multiplier constant and is� = 2 for molecular

Hydrogen, P is the gas pressure in Torr, andT is the gas temperature in Kelvin. The

slope of beam energy versus target thickness gives the stopping power in units of [eV cm2].

The measured values for the stopping power were used in the analysis and in the setup

of the GEANT3 simulation runs. Stopping powers for the incident beam energies for this

experiment are shown in Figure 4.2 compared against results generated by SRIM [54].

4.3 BGO Calibration

The initial calibration of the BGO array was performed by placing a 244Cm/ 13C source

near the detectors while in place around the gas target with results shown in Figure 4.3. The

244Cm produces an alpha particle that impinges onto the13C mixed into the source material

initiating a 13C(�; n )16O� reaction. The high energy alpha particle populates excitation

levels in16O that predominately de-excite via 6.13 MeV
 -rays. From the
 spectra, a single

escape peak can be clearly identi�ed in some of the detector channels but is ignored for the

initial rough calibration. A calibration script is run on each of the detectors in the array
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Figure 4.1 The measured beam energy for the 541.6 keV/u runs calculated from a linear �t
of the MD1 magnetic �eld measurements against the target gaspressure. Figure taken from
[55]

where an operator manually selects the 6.13 MeV peak presented in each spectrum. The

script then adjusts the detector's bias in order to shift thepeak to the appropriate channel.

This method is not ideal because detectors are typically biased to their nominal operational

voltage then adjusted with an ampli�er to adjust the peak to channel location. For the

general usage of DRAGON this method is estimated to be su�cient due to only requiring a

coincidence signal to assist in recoil particle identi�cation in the end detectors. A software

threshold can be applied to the detectors to reduce electronic noise or radioactive ion beam

induced signals in the lower channels.

For the purpose of this experiment, the resulting BGO spectra would be of interest in

order to measure the -rays emitted in the direct reaction or de-excitation of 21Na. There-

fore, the energy resolution of the spectra was improved by three increasingly higher �delity

63



Figure 4.2 The measured stopping power for S1363 incident beam energies shown by the red
data points. The dash-dotted blue line represents results generated using SRIM-2013.

calibrations to reduce the uncertainty in the measured
 -ray transitions. In the �rst case, a

rough calibration is performed using a 1.275 MeV characteristic peak produced by the� + -

decay of a22Na source. In the latter two cases, the calibration was performed by identifying

1.461 MeV and 2.615 MeV peaks generated from naturally occurring background radiation

40K and 208Tl respectively.

An issue with the initial calibration in this experiment is that it is performed just once

before the span of the experiment without any further checksor recalibrations. The S1363

experiment was performed over the period of approximately two weeks and it is expected

that the initial calibration may drift or oscillate. This is evident in the 244Cm/ 13C source

spectra performed at the end of the experiment shown in Figure4.4.

A misalignment in the calibration slope is introduced in thelower energy portion of

the spectrum due to only a singular calibration point being used at high energy. For this

experiment, the gamma energies of interest are in the 2.365 -2.951 MeV range. The measured

peak to expected value deviation per detector in the BGO array is shown in Figure 4.5 using
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Figure 4.3 The 244Cm/ 13C source gamma spectrum from the initial calibration measured
before the S1363 experiment. The two distinct photopeaks represent the 6.13 MeV charac-
teristic 
 -line from the source and the �rst escape peak at 5.62 MeV.

a 22Na source producing a 0.511 MeV and 1.275 MeV characteristic
 line. This source was

measured towards the end of the experiment along with the244Cm/ 13C source. Of the 30

detectors, only 12 detectors were able to resolve the 0.511 keV annihilation peak from the

electronic noise introduced despite the applied 150 keV threshold.

If there exists only an o�set in the energy calibration within this energy range it would be

expected that the di�erence in the two peaks would remain constant. However, in Figure 4.6

there exists an increased peak di�erence between the two points from the expected suggesting

an incorrect calibration slope within this energy range. For the 18 detectors with no measured

0.511 MeV peak, the software threshold of 150 keV serves as a lower limit in the di�erence.

From the resulting increase of the energy spectra in the244Cm/ 13C source observed towards

the end of the beam runs, the 2 MeV region of interest may have been further underestimated
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Figure 4.4 The244Cm/ 13C source BGO array gamma spectra measured at the conclusion of
the S1363 experiment. There is an observed shift in the energy spectrum by approximately
700 keV from the initial calibration shown above.

during the course of the experiment. The remainder of this section serves to highlight the

methods used to develop �nal BGO spectra with a signi�cantlybetter resolution.

4.3.1 First Calibration

The �rst set of calibrations served to improve the calibration in the lower energy regime

to be able to resolve the photopeaks from background radiation in the singles spectra shown

in Figure 4.7. The shifting spectra over the timeline of the experiment coupled with the

nonlinearities observed in the lower energy region make it di�cult to resolve any expected

background peaks. To correct for this, the22Na calibration source measured at the end

of the experiment is used. For detectors able to resolve the characteristic 0.511 MeV and

1.275 MeV emissions, a two point calibration was calculated, and a single point calibration

was performed on the detectors unable to resolve the annihilation peak from the applied

threshold. The resulting22Na spectrum is shown in Figure 4.8.
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Figure 4.5 22Na source 0.511 MeV and 1.275 MeV photopeak locations measured by indi-
vidual detectors within the BGO array. The expected location for the characteristic 
 -lines
based o� the 22Na decay scheme is shown by the solid black. The mean of the measured
peak locations for each detector is shown by the dashed blackline.

4.3.2 Second Calibration

After the �rst calibration, two background peaks produced from natural 40K and 208Tl

radiation are resolvable as shown in Figure 4.9 . A singles measurement spanning the entire

period of the experiment is performed for each detector in the BGO array. This allows

for a two point calibration for each detector near the energyregion of interest. While

this calibration signi�cantly reduced the uncertainty from the prior calibration methods, an

observed broadening due to the detector experiencing channel o�set oscillations over time

would signi�cantly impact an energy dependent transition level ratio analysis.

To characterize this broadening an overall
 singles measurement was performed on a

per run basis. The resulting centroid locations for the characteristic gamma lines generated

from the two background radioisotopes are shown in Figure 4.10 on a per run period and an

oscillating behavior is clearly observed. Here each run spans a period of nearly an hour with

a few exceptions where run measurements are cut short for a variety of reasons. The period
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Figure 4.6 Photopeak energy di�erence from the measured22Na source 0.511 MeV and 1.275
MeV lines in the individual detectors within the BGO array. The expected energy di�erence
from the 1.275 MeV and the 0.511 MeV photopeaks (0.764 MeV) is shown by the solid black
line. The di�erence between the measured locations of the 0.511 MeV and 1.275 MeV peaks
are shown in blue. The di�erence between the measured 1.275 MeV peak and the applied
threshold is shown by the black points and serves as a lower limit for the measured energy
di�erence due to the non-observable 0.511 MeV photopeak being below the threshold. The
measured mean for the detectors in the BGO array is shown by the dashed red line.

of oscillation is approximately 24 hrs indicating a temperature dependency on the detectors

or electronics. The oscillations create a broadening e�ectwith a 125 keV FWHM on the

2.615 MeV line as characterized in Figure 4.11. The �nal calibration seeks to minimize this

broadening by taking into account the oscillating nature ofthe spectra over time.

4.3.3 Final Calibration

In order to resolve the periodic drift observed in the detector array, a �nal calibration set

is performed on a per detector and a per run basis. This accounted for 8940 calibration sets

(30 detectors� 298 runs) with the resulting background spectrum shown in Figure 4.12. The

reduction in the centroid spread is shown in Figure 4.13 indicating a measurable decrease in

the BGO uncertainty by nearly an order of magnitude. The resulting broadening e�ect after
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Figure 4.7 Original background spectrum measured over the entire span of the S1363 experi-
ment. There are no readily identi�able peaks and the expected locations of two characteristic
background gamma lines of interest are shown by the verticallines.

correcting for the oscillating nature of the measured spectrum is shown in Figure 4.14.

4.4 BGO Resolution

In order to reduce the uncertainty of the transition ratio analysis performed at each of

the di�erent energy runs, the resolution of the BGO array is determined within the area of

interest using the 2.615 MeV peak produced from background208Tl. This energy is near

the median value for the range of expected peak centroids between 2.365 - 2.951 MeV for

the range of beam energies being measured. The resolution ismeasured using singles data

collected over 298 runs after applying the �nal calibration. As a comparison, a resolution

measurement using BGO events collected in coincidence is used to validate the result.

As a point of reference, during the commissioning of DRAGON, the resolution was mea-

sured to be on average 7% at an energy of 6.13 MeV and 12.5% at 667 keV [30]. The energy

resolution of a detector can be approximated by a power law relationship, and using a �t

against the commissioning data the resolution within this area of interest can be approxi-
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Figure 4.8 First calibration spectrum of a22Na source. The calibration utilized the 0.511
MeV and 1.275 MeV photopeaks emitted from the source. A sum peak of the two charac-
teristic photopeaks can be observed in the array spectrum near 1.786 MeV.

mated as seen in Figure 4.15. Within the energy range of 2.365 - 2.951 MeV, the expected

energy resolution range is 8.99 - 8.47%.

The background singles spectrum used for the resolution analysis is shown in Figure 4.16

with a spectrum baseline determined using an asymmetric least squares (ALS) algorithm

from [56]. An exponentially decaying baseline was estimatedin the region with the applied

threshold, but did not translate well due to the observed deviation in threshold locations per

detector. This is done for two main reasons, the applied softthreshold varied throughout

the experiment between 100 - 250 keV and the original calibration set the threshold to

correspond to an energy range of 150 - 550 keV for the di�erentdetectors. Both factors

introduce a smearing e�ect to the exponentially decaying background created from electronic

noise increasing the uncertainty of a �t within this region. Therefore, the ALS algorithm

was used in the energy range excluding the annihilation peak.
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Figure 4.9 Background spectrum after the �rst calibration over the entire span of the S1363
experiment. Photopeaks are resolvable for an annihilationpeak (0.511 MeV), for40K gamma
decay (1.461 MeV), and for208Tl gamma decay (2.615 MeV).

Figure 4.10 Oscillating energy spectrum of the BGO array throughout the span of the S1363
experiment. The uncertainties in the centroid locations isestimated to be 10% of the peak
FWHM. The shaded gray array represents a 3� con�dence interval in the weighted mean.
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Figure 4.11 Oscillating energy distribution measured for the BGO array after the �rst cal-
ibration. A FWHM broadening of 86 keV and 125 keV is measured in the spectrum near
energies of 1.4 MeV and 2.6 MeV respectively.

Figure 4.12 Background spectrum after the �nal calibration over the entire span of the
S1363 experiment. The given spectrum is corrected for the linear o�set determined below
and shows a signi�cant reduction in jittering relative to prior calibrations.
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Figure 4.13 Energy spectrum of the BGO array after applying the �nal calibration over the
entire span of the S1363 experiment. The errors in the centroid locations is estimated to be
10% of the peak FWHM. The shaded gray array represents a 3� con�dence interval in the
weighted mean.

The corrected spectrum is shown in Figure 4.17 with the peaks produced by the back-

ground 40K and 208Tl radiation �tted to a Gaussian distribution. The shaded region repre-

sents a 3� con�dence range and the measured resolutions were determined to be 11:4+0 :6
� 0:5%

and 9:2+1 :7
� 1:1% respectively. From the coincidence data, using the same characteristic emissions

the measured resolutions shown in Figure 4.17(b) are 12:5+0 :7
� 0:7% and 10:1+2 :2

� 2:2% respectively.

From Poisson statistics, the error is proportional to the square root of the number of events

observed in the correct peak, therefore the higher relativeuncertainty in the 2.615 MeV

peak and when comparing singles to coincidence results is likely due to the lower number of

observed events measured over the same time period. The two results are within each others

error and within error to the approximated power law resolution relationship. The measured

singles data resolution will be used for the remainder of theanalysis due to the higher statis-

tics. When applying the resolution to the photopeaks near themeasured 2.615 MeV energy,

a power law approximation is used to scale to the respective energies accordingly.
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Figure 4.14 Energy spectrum distribution of the BGO array after applying the �nal cali-
bration. A FWHM broadening of 13.0 keV and 14.7 keV is measured inthe spectrum near
the energies 1.49 MeV and 2.64 MeV respectively. Near the energy region of interest for the
S1363 experiment (2:3{2:9 MeV), there is nearly a reduction of an order of magnitude in the
uncertainty.
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Figure 4.15 Power law approximation of the BGO array energy resolution using commission-
ing resolution measurements at DRAGON. The subthreshold transition energy is shown by
the star marker. The characteristic background line from208Tl is shown by the plus marker.

4.5 Photopeak e�ciency

When measuring the relative ratios of the transition regionsof interest, the overall photo-

peak e�ciency needs to be characterized for the BGO array. This is accomplished by doing a

series of 11 simulations in GEANT3 within the 2.0 - 3.0 MeV energy range at 0.1 MeV inter-

vals. This energy range was selected to encompass the three transition photopeaks of interest

with emitted gamma ray energies between 2.365 - 2.951 MeV. Each simulation run consisted

of approximately 106 generated gamma rays at the speci�c energy with the resultingpho-

topeak e�ciency shown in Figure 4.18. Within the energy range of interest, the photopeak

e�ciency can be approximated using a linear �t with the coe�c ients of m = � 0:0347 and

b= 0:3474.

In the transition ratio analysis, this linear �t is used to correct for the number of counts

observed in each of the photopeaks. Given that there are three observable photopeaks at

these energies, the transition ratio can then be determinedusing Equation (4.5), whereNA
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(a) Linear

(b) Log

Figure 4.16 The singles data spectra from the BGO array over the span of experiment
S1363. An asymmetric least squares baseline is shown in solidblack that is used to retrieve
the peak areas. The corrected singles spectrum is shown in orange after subtracting the
original spectra by the baseline correction. (a) is the representative linear plot and (b) is a
log plot that clearly shows the transitioning baseline values throughout the spectra.
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(a) BGO Single Events

(b) BGO Coincidence Events

Figure 4.17 (a) The corrected singles spectrum and (b) the corrected coincidence spectrum
from the BGO array using an asymmetric least squares baseline. The peak centroids from
the background40K and 208Tl radiation are �tted to a Gaussian distribution to recover the
measured FWHM to determine the detector array's average resolution.
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Figure 4.18 Simulated photopeak e�ciency for the BGO array. Within this energy range,
the e�ciency can be approximated by a linear �t shown by the solid black line. The black
dashed line represents the average BGO array e�ciency with a2 MeV soft threshold for the
four reaction energy measurements (for
 -ray energies between 2.4 and 3.0 MeV).

is the corrected photopeak count for transition A,N total is the corrected photopeak count

total for all of the transitions, N 0
A;B;C is the measured photopeak count for transition A, B,

or C, and � A;B;C is the photopeak e�ciency for transition A, B, or C. In the caseof this

study, transitions A, B, and C correspond to the subthresholdtransition, the direct capture

to the 332 keV state, and the direct capture to the ground state, respectively.

NA

N total
=

(N 0
A =� A )

(N 0
A =� A ) + ( N 0

B =� B ) + ( N 0
C=� C )

(4.5)

4.6 True Coincidence Summing

Taking measurements of radiative capture reactions with cascade schemes that can gen-

erate two or more
 -rays from a single reaction introduces potential coincidence summing

correction factors. Coincidence summing occurs whenever two or more
 -rays are deposited

into a single detector crystal within the detector's resolving time causing the combination
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of events to be registered as a single energy measurement. The true coincidence summing

(TCS) correction factor is purely geometry dependent and can be signi�cant if the detector

is located very near to the source [57]. In the case of this analysis, whenever direct capture

occurs to either the subthreshold state or the 332 keV state,there is an emission of two
 -rays

with a total energy corresponding to what would be registered as a ground state transition.

The summing correction can be measured experimentally by comparing the measurement

yields of the di�erent transitions at increasing detector distances; however, for this analysis,

direct measurement of the summing correction factor is not possible and has to be simulated.

Two methods are implemented in order to simulate the total coincidence summing cor-

rection. The �rst method is based o� a mathematical summing correction derivation for a

simple decay scheme described in the TCS section in [57]. In this method, the measured

recoil count within the subthreshold peak or the high energypeak from the direct capture

to the 332 keV state can be represented by,

Ndet = A� 1 � A� 1� T 2 (4.6)

where Ndet is the measured number of events within the photopeak,A is the number of

emitted characteristic 
 -rays, � 1 is the Full Energy Peak (FEP) e�ciency, and � T 2 is the

total e�ciency for measuring the secondary
 -ray in the coincident cascade scheme. For

the two possible TCS pathways in this reaction, Equation (4.6) shows that the actual count

within the peak (A� 1) gets subtracted by an amount proportional to the actual count and

the probability for emission of the secondary
 -ray anywhere within the spectrum. This

subtraction is due to the secondary
 -ray summing with an event within the photopeak that

is then measured in the total energy photopeak. Letting the actual photopeak count be

represented byN 0
det = A� 1 the TCS factor is simplyN 0

det=Ndet which yields,

N 0
det

Ndet
=

1
1 � � T 2

(4.7)
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Figure 4.19 Simulated correction factor calculated using the total 
 -ray e�ciency for each of
the BGO detectors within the region of interest to determinethe true coincidence summing
correction. The data points represent the weighted averageof the correction factor for each
individual detector in the array. The weighting accounts for the varying detector distances
from the extended gas target.

This suggests that the TCS factor is only dependent on the total e�ciency measurement for

the secondary
 -ray in the cascade scheme. For this experiment, the secondary 
 -rays of

interest will have energies between 272 to 527 keV. Therefore, the total e�ciency containing

this energy range is simulated in GEANT3 by modeling a mono-energetic extended gas source

at various energies within this range. The TCS factor is calculated for each detector using

Equation (4.7) from the resulting e�ciency with the weighted mean of the measurements

used to represent the correction factor for the BGO array. The weighted mean accounts for

the varying location of the detectors in the BGO array relative to the extended gas target.

The weighted mean results are then �tted to characterize thecorrection factor within the

272 to 527 keV energy range as is shown in Figure 4.19. To determine the correction factor

for the direct capture to the ground state, the counts that were added to the total energy

peak are subtracted to get the true count and the TCS factor isdetermined by,
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TCS
 max =
N 
 max

det � A� 1� T 2 � A� 3� T 4

N 
 max
det

(4.8)

whereN 
 max
det is the number of measured events in the total energy peak,A� 1� T 2 is the number

of events subtracted from the subthreshold photopeak, andA� 3� T 4 is the number of events

subtracted from the high energy photopeak from the direct capture to the 332 keV state.

Using Equation (4.7) and Equation (4.8), the TCS correction factors are calculated with the

results shown in Table 4.1.

The second method for calculating the TCS correction factoris by determining the FEP

e�ciency peak for each detector within the BGO array. In thismethod, the FEP e�ciencies

are related to the probabilities of a characteristic
 -ray being detected and appearing in

the full energy photopeak. Therefore, the entire BGO detector array with a single detector

probability of measuring an event in one coincident photopeak (� 1) has an expectation value

of measuring an additional event from the second coincidentphotopeak (� 2) of,

<� 2 > =
P 30

i =1 � i
2� i

1P 30
i =1 � i

1

(4.9)

where the summation is over all 30 detectors in the BGO array,� i
1 is the FEP e�ciency

of the �rst coincident photopeak for the i -th detector, and � i
2 is the FEP e�ciency of the

second coincident photopeak for thei -th detector. This expected value for the additional


 -ray detection gets applied to the measured subthreshold peak or high energy photopeak

from the DC! 332 keV transition to determine the amount of events that ended up in the

total energy photopeak. The TCS correction factor for a giventransition is then given by,

TCS = 1+ < � 2 > (4.10)

For this TCS correction factor, the expectation value depends on the FEP e�ciency curve

for each of the detectors in the BGO array. This was simulatedfor each of the detectors

using GEANT3 with the resulting �t shown for one of the detectors in Figure 4.20. The

81



TCS correction factor for the total energy photopeak is determined in a similar manner as

described in the �rst method. The resulting TCS correction factors using this method are

shown in Table 4.1.

The TCS correction factor for the actual BGO array is expected to be between the two

simulated results. This is due to the total
 -ray e�ciency being smaller for the individual

detectors due to an applied 150{250 keV hard threshold to theBGO array. The hard thresh-

old cuts o� counts within the actual spectrum yielding a smaller e�ciency when compared

to the simulation. This e�ect is di�cult to characterize in t he simulation due to the origi-

nal background calibration introducing uncertainty within the hard threshold energy range.

For the purposes of this analysis, the average of the TCS correction factors using the two

di�erent methods is used to determine the �nal results.

Table 4.1 Summing correction factors for S1363.

ECOM 0.520 MeV 0.442 MeV 0.319 MeV 0.266 MeV

Total E�ciency Method

DC! 0 keV 0.669 (54) 0.812 (66) 0.938 (76) 0.921 (75)

DC! 332 keV 1.020 (83)

DC! 2424 keV 1.026 (83) 1.024 (83) 1.020 (83) 1.018 (83)

FEP E�ciency Method

DC! 0 keV 0.778 (58) 0.867 (65) 0.921 (50) 0.896 (48)

DC! 332 keV 1.025 (56)

DC! 2424 keV 1.023 (51) 1.024 (53) 1.025 (56) 1.025 (55)

Average

DC! 0 keV 0.723 (79) 0.839 (93) 0.929 (93) 0.908 (91)

DC! 332 keV 1.022 (98)

DC! 2424 keV 1.024 (95) 1.024 (96) 1.022 (98) 1.021 (98)
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Figure 4.20 Simulated Full Energy Photopeak (FEP)
 -ray e�ciency for the number 5 de-
tector in the BGO array. The shaded gray band represents a 3� -con�dence interval. The
FEP for all of the BGO detectors can be used to estimate the truecoincidence summing
correction.

4.7 Recoil Detection E�ciency

In the determination of the reaction yield at a speci�c incident beam energy, various e�-

ciency corrections need to be included in the calculation. From an experimental perspective,

the measurement yield is given by,

Y =
Nrec

Nb�
(4.11)

whereNrec is the number of recoils measured in the end detectors,Nb is the number of incident

beam particles, and� is the total e�ciency correction parameter. At DRAGON, the recoils

measured in the end detectors can be analyzed as either singles events or as coincidence

events and both methods have their own associated e�ciencies and can be determined from,
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� sing = � IC � CSF � sep� trans
MCP � det

MCP � sing
live (4.12)

� coinc = � BGO � CSF� sep� trans
MCP � det

MCP � coinc
live (4.13)

where � sing is the overall e�ciency of the singles events,� coinc is the overall e�ciency of

the coincidence events,� BGO is the e�ciency of the BGO array within the spectrum energy

range that the recoils are counted in,� IC is the e�ciency of the ionization chamber, � CSF

is the charge state fraction of the recoil ion selected for transmission through DRAGON's

separator,� sep separator transmission through DRAGON,� trans
MCP is the transmission fraction

through the MCP system,� det
MCP is the MCP detection e�ciency, � sing

live is the live time of the

detector electronics when measuring singles events, and� coinc
live is the live time of the detector

electronics when measuring coincidence events. The total e�ciency and individual e�ciency

factors speci�c to this analysis are shown in Table 4.2.

The measured recoils counted in a singles analysis are registered in DRAGON's end

detectors while the ones in a coincidence analysis also needa signal from the BGO spectrum.

Inserting the di�erent e�ciencies into Equation (4.11) results in the following singles and

coincidence yield equations,

Ysing =
N sing

rec

Nb� IC � CSF� sep� trans
MCP � det

MCP � sing
live

(4.14)

Ycoinc =
N coinc

rec

Nb� BGO � CSF � sep� trans
MCP � det

MCP � coinc
live

(4.15)

whereN sing
rec is the total number of recoils measured in singles events andN coinc

rec is the total

number of recoils measured in coincidence events. The BGO e�ciency, � BGO , can be a mea-

sured quantity, but for the experiment performed in this analysis the e�ciency is determined

from simulation and is discussed in the associated section.

The charge state fraction,� CSF, depends on the nuclear reaction being measured and

the incident beam energy. The beam particle ions and recoil ions exit the gas target as a
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distribution of charge states due to the nuclear reactions and charge changing reactions that

occur within the central gas volume. Of the exiting recoils,the magnetic dipoles will be

typically tuned for the selection of the most dominant charge state within the distribution.

The remaining recoil ions do not have the required magnetic rigidity to be curved into the

focal plane by the magnetic dipoles and instead are directedinto the charge slits at the charge

selection stage. The loss of recoils at the charge selectionstate must then be accounted for in

the yield measurements. For the purposes of this work, the semi-empirical formula derived

by Liu et al. in [48] was used to determine the charge state fractions at the reaction energies

of interest. It is noted that within the derivation of the CSF equation by Liu et al., the is no

indication of what the associated uncertainties are for the�tted parameters and there is no

recommendation on how to characterize the potential systematic errors associated with using

their equation. Due to this, a 10% uncertainty was assumed for charge state fraction values

obtained by using the semi-empirical formula. Recent analysis on charge state fractions in

[58] have provided more accurate representations for the �tting parameters used within the

semi-empirical formula. These updated �tting parameters are used in this work to calculate

the charge state fraction at di�erent reaction energies measured.

The separator transmission e�ciency,� sep, is limited by the DRAGON's acceptance of

recoils into a half angle cone less than 20 mrad [30][59]. Themaximum recoil angle for S1363

was 5.941 mrad and is well below the maximum angle tolerance.Therefore, the canonical

value for the separator transmission was adopted for the remainder of the this analysis where

� sep = 0:999+0 :001
� 0:002 [34].

The MCP transmission e�ciency, � trans
MCP , is predominately based o� of the geometric

coverage of the electrostatic grids [60]. The transmissione�ciency through the MCP can

be determined experimentally by measuring the ratio of the count rate of the ionization

chamber with and without the MCP detectors inserted into thebeam line. From an earlier

measurement by Vockenhuber et al., the MCP transmission wasdetermined to be 76:9� 0:6%.

This transmission e�ciency depends on dimensions of the electrostatic mirrors being used
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for a speci�c run, and for experiments with set-ups using larger electrostatic mirror wires in

comparison to the measurement performed by Vockenhuber et al. the transmission can be

signi�cantly lower. A transmission percentage of 66:4� 1:0% was observed in a con�guration

using large wires in the analysis performed in [44].It is known that in this work the thinner

wires were present and for the purposes of this analysis, a MCP transmission e�ciency of

76:82� 0:77% was used that is based o� a measurement performed roughlya year before the

S1363 experiment [61].

The MCP detector e�ciency, � trans
MCP , can be measured by taking the ratio of the total

counts measured by both the MCP and IC detectors against the the counts measured in just

the IC as shown by,

NMCP ; IC

N IC
=

N tot � MCP � IC

N tot � IC
= � trans

MCP (4.16)

where NMCP ; IC is the IC vs MCP TAC 2D pulse height spectrum total number of signal

event counts andN IC is the total event counts measured in the IC signal peak. The MCP

detector e�ciency is dependent on the reaction and beam energies and can be measured from

the data collected from the experiment. The e�ciency of the MCP detectors is expected to

increase to nearly 100% for recoil ions with masses ofA > 20 assuming the foils are hole

free [60]. This may not have been the case for this experimentdue to the measured MCP

detection e�ciencies ranging from 43% to 67% with the e�ciencies for each incident beam

energy shown in Table 5.3.

The singles and coincidences livetime,� sing
live & � coinc

live , depends on DRAGON's data acqui-

sition (DAQ) system and the yield measurement. The singles event live time of the DAQ

is de�ned as the fraction of the sum of all active measurementtime over the total runtime.

For Poisson statistical events, the singles live time can bede�ned as,

� sing
live = 1 �

�
T

(4.17)
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where � is the sum the busy time in the DAQ were events cannot be registered andT is

the total runtime for a given series of runs. For the coincidence live time, the calculation is

determined by the DRAGON's coincidence matching algorithm that sorts the start and stop

times for all of the events in both the tail and head DAQ systems. The matching algorithm

then sums the total time when either DAQ was busy and removes times for when the two

busy times overlap in both DAQs [44]. This can be expressed as,

� coinc =
X

i

(� h
i jj � t

i ) � (� h
i && � t

i ) (4.18)

where,� h
i & � t

i is the i th busy time component of the head and tail DAQ systems, respectively,

the operation jj is the OR operation selecting when either of the DAQ systems are busy,

and the operation && is the AND operation selecting when both ofthe DAQ systems are

simultaneously busy. Using the calculated coincidence busytime, � coinc, the coincidence live

time can be determined similarly to the singles live time by using Equation (4.17).

The ionization chamber e�ciency, � IC , can be determined in a similar manner as the

calculation performed for the MCP detector e�ciency and is also dependent on the yield

measurement. The IC e�ciency can be determined by measuringattenuated beam runs or

from recoil events which was the case for this analysis. The e�ciency is calculated by taking

the ratio of the total counts measured between both the MCP and the IC against the total

number of events measured in the MCP as shown by Equation (4.19).

NMCP ; IC

NMCP
=

N tot � MCP � IC

N tot � MCP
= � trans

IC (4.19)

where NMCP ; IC is the IC vs MCP TAC 2D pulse height spectrum total number of signal

event counts andNMCP is the total event counts measured in the MCP TAC signal peak.

For the purposes of this analysis, the IC e�ciency was not used as only the results from

coincidence event measurements were part of this analysis.However, as a point of potential

future comparison the IC e�ciency was calculated to be between 78% to 90% for the given

87



reaction energies.

4.7.1 BGO Array E�ciency

The e�ciency of the BGO array varies depending on the radiative capture reaction and

the speci�c 
 -photons emitted. Due to this variability in the 
 -array e�ciency, the BGO

array cannot be determined from a single independent measurement and must be calculated

for each new experiment. The BGO e�ciency can be measured from the experimental

data collected during the runs if there is adequate separation between recoil and residual

beam particles (also called leaky beam) in the heavy-ion detector measurements. In this

case, the e�ciency is calculated by comparing the ratio of observed single recoil events and

recoil events measured in coincidence. In the experiment performed in this analysis, there

was no discernible separation between the recoils and the leaky beam which disallows this

methodology. Instead, the e�ciency was calculated via simulation.

GEANT3 was used in order to simulate the BGO
 -array e�ciency for DRAGON for

the four reaction energies measured during this experiment. The GEANT3 software is a

Fortran code that is based o� Monte Carlo methods that determines the transport of particles

through de�ned materials and geometries. In order to accurately model particle transport

throughout the DRAGON facility, the 
 -array was split into three primary components for

modeling using the software. The three primary components modeled were the windowless

gas target, the upstream & downstream pumping tubes, and theindividual BGO detectors

surrounding the gas target. Within the simulation the gas target and pumping tubes are

surrounded by lead shielding and are representative of the lead blocks placed around the gas

target during the experiment. The model of DRAGON's BGO arrayis then incorporated

into a larger simulation including the DRAGON separator andend detectors. More details

of the construction of the detector geometries and materialselection can be found in [62].

In order to accurately simulate the nuclear reaction of interest, the decay scheme of the

daughter nuclei as well as capture probabilities into each excited level should be known. For

this experiment, the relative probabilities are determined from an analysis of the transition
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ratios for the three characteristic photopeaks of interest. In order to minimize the uncer-

tainty of the simulated BGO e�ciency for the lowest two reaction energies, a larger set of

runs (approximately 500 simulations) containing more possible permutations was performed.

This allowed for permutations between the measured ratio values while varying within the

minimum and maximum values of their uncertainties. Two of the capture states are in near

alignment at the lowest two energy levels and several permutations consisting of possible

individual contributions to the total sum peak are used in the simulations.

The highest energy measurement for the reaction in this experiment is near the lowest en-

ergy measurement made by Lyons et al. [21]. The outcome of theBGO e�ciency simulation

based o� the transition ratios analysis was compared against a series of input �les containing

the ratios and varying by the uncertainties determined by Lyons et al. In this comparison,

the calculated e�ciencies from the two di�erent input selections for the transition ratios

are within 0.1% of each other. This serves as a validation method that the transition ratio

analysis produces adequate representations of the probabilities required to characterize the

nuclear reaction of interest in this analysis.

One factor that must be assessed when calculating the BGO e�ciency is any gamma

multiplicity e�ects that exist in the reaction. For the 20Ne(p; 
 )21Na reaction, of the three

characteristic photopeaks of interest representing the direct capture to the ground state,

direct capture to the 332 keV state, and direct capture to thesubthreshold state, two have

a gamma multiplicity factor of two. For this experiment, thesecondary
 -rays have energies

below 1 MeV with the highest reaching an energy of 527 keV due to the low energy
 -ray

emitted from the direct capture into the subthreshold state. Typically, when calculating

the overall BGO e�ciency, a soft threshold cut is applied near 100{250 keV depending on

what was applied during the experiment. The resulting spectrum above the soft threshold

cut is then used for determining the e�ciency. In the case of this experiment, the original

calibration skewed a signi�cant portion of the low energy regime up into the 500 keV range

leading to an increase in uncertainty of the detected recoils at lower energy levels. In order
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to circumvent this e�ect seen at lower energy ranges, a larger soft threshold cut was selected

above 2 MeV which allows for the
 -ray multiplicity within the reaction to be ignored for

the energies measured.

4.8 Particle Identi�cation

Particle identi�cation (PID) is the process of separating out the recoil particles of interest

from the leaky beam within the measured data set. Leaky beam events from the primary

beam arrive to the end detectors despite the beam suppression capabilities of DRAGON.

The separation of recoils from the leaky beam is a non-trivial task that can be performed

either from a singles analysis or a coincidence analysis.

When performing PID from singles events, di�erent particleswith di�erent atomic masses

entering into the ionization chamber will lose energy according to their stopping power in the

isobutane gas volume. This will develop particle distribution clusters in a di�erential energy

loss versus total energy loss 2D pulse height spectrum plot that can potentially be used to

identify unique particle types. Due to the stopping power depending on the incident recoil

and leaky beam energies as well as their nuclear charge, the separation between particle

clusters in the IC is expected to decrease at lower reaction energies. In the case of this

analysis, there was no signi�cant separation between cluster centers for single events alone

as can be seen in Figure 4.21(a). From the �gure, there is no signi�cant separation between

the recoil events and the singles events in order to con�dently determine which cluster belongs

to which particle type. A comparison of the 2D pulse height spectrum of the di�erent anode

strips against di�erent iterations of each other did not provide any signi�cant improvement

when compared against the result shown in Figure 4.21(a). Comparing the two di�erent

reaction energies shown in Figure 4.21(a) and Figure 4.21(b),the cluster separation between

recoils and leaky beam particles decreased with a decrease in the beam energy as expected.

Particle identi�cation of the recoils identi�ed as coincidence events was done by using the

separator time of 
ight (TOF). The separator TOF is a measurement of the time di�erence

between measuring
 -rays in the BGO array from an event registering in the heavy ion end
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(a) 460.6 keV/A

(b) 541.6 keV/A

Figure 4.21 IC anode strip 1 vs total IC counts approximating adE vs E spectrum for the
(a) 460.6 keV/A and (b) 541.6 keV/A energy measurements. All single events measured in
the detector are shown by the black data points. All coincidence events are shown by the
red data points. Golden recoil events indicating reaction products are shown by the magenta
data points.
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Figure 4.22 MCP TOF vs separator TOF 2D pulse height spectrum for events measured in
coincidence during the yield measurement for the 460.6 keV/Aenergy. All of the coincidence
events are shown by the black data points and the golden recoil events are shown by the red
data points.

detector. A 2D pulse height spectrum of the MCP TOF versus theseparator TOF can

produce a tightly bundled cluster of events associated withthe recoil particles. In ROOT,

de�ning bounds to isolate the particles is called creating 'cuts', and the cuts associated

with the particle cluster identi�ed in the MCP TOF versus separator TOF 2D pulse height

spectrum are classi�ed the golden recoil events as shown in Figure 4.22. For all of the energies

measured, the clustering of the golden recoils was easily identi�able with the background

not contributing signi�cantly in the identi�cation of the r ecoil particles.
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Table 4.2 Total e�ciency factors for S1363 with a 2 MeV soft threshold cut.

ECOM 0.520 MeV 0.442 MeV 0.319 MeV 0.266 MeV

� coinc 0.064 (7) 0.048 (5) 0.060 (6) 0.040 (4)

� coinc
BGO (2 MeV) 0.330 (6) 0.322 (9) 0.317 (9) 0.313 (10)

� CSF 0.413 (41) 0.449 (45) 0.447 (45) 0.432 (43)

� sep 0:999+0 :001
� 0:002

� trans
MCP 0.7682 (77)

� det
MCP 0.665 (1) 0.487 (1) 0.605 (1) 0.430 (1)

� coinc
livetime 0.902 (8) 0.879 (9) 0.904 (9) 0.867 (8)
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CHAPTER 5

RESULTS

The following section describes in detail the results for the S1363 experiment for the four

di�erent reaction energies measured, beginning with the yield measurement followed by the

total S-factor measurement, extraction of the ground statetransition S-factor, and estimation

of the remaining capture transition S-factors. The resultsare determined after applying the

analytical methods discussed in the prior section. The �nalresults are presented against

results published from prior experiments in literature covering the same nuclear reaction

and similar reaction energies.

5.1 Yield Measurements

The total number of recoils for each beam measurement is determined by applying the

correction factors discussed in the prior chapter to the total count registered in the BGO

array above a soft threshold cut. For the results shown, the soft threshold cut was selected to

be above 2.0 MeV predominately to avoid any uncertainties involved in the errors introduced

in the lower energy range of the spectrum from the original calibration. When extracting

the total capture cross-section, the choice of threshold energy is arbitrary as long as it is

above approximately 750 keV to avoid the gamma multiplicityregion and area of original

calibration errors. The results of di�erent choices for thesoft threshold cuts above 750 keV

produces results within agreement of each other but with varying uncertainties due to the

decreasing number of recoil events at a higher energy cut.

The coincidence yield at the beam energies measured is calculated from Equation (4.15)

with the resulting yield measurement, total number of recoils, correction factors, and other

properties for the reaction energies shown in Table 5.3. In the same table, the measured res-

olution for each of the transition photopeaks is shown. The resolution is determined for each

94



Figure 5.1 The full BGO spectrum for the 519.6 keV center-of-mass energy run triggering
o� particle recoils in the IC. The vertical lines represent the locations of the expected
 -lines
at this beam energy.

photopeak by assuming a power law relationship between the two calibration measurements

performed as described in the BGO resolution section.

From the yield measurement, the reaction cross-section canbe calculated from Equa-

tion (5.1) where N t is the gas targets number density andx t is the e�ective target length

determined to be 12:3 � 0:4 in [30].

� =
Ycoinc

N tx t
(5.1)

The remaining BGO spectra in this analysis are coincidence measurements with applied

particle identi�cation gates (golden recoils). A coincidence measurement di�ers from a sin-

gles analysis predominately by the observed recoil event also being tagged with an associated

gamma in the BGO array. The coincidence spectrum of the BGO array has lower statistics

comparatively but has a signi�cant increase in recoil particle discrimination. After apply-

ing the golden recoils gate, the resulting BGO spectrum represents the unique signature
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Figure 5.2 The full BGO spectrum for the 441.9 keV center-of-mass energy run triggering
o� particle recoils in the IC. The vertical lines represent the locations of the expected
 -lines
at this beam energy.

associated to the reaction of interest from which the total number of recoils is retrieved.

5.2 Total S-factor

The original intent of the S1363 experiment using DRAGON wasto measure the total

capture cross section for the20Ne(p; 
 )21Na reaction. The design of DRAGON makes it more

suited for total capture cross-section measurements as opposed to measuring capture into

the di�erent transition modes. This is due to the recoil separating abilities of the EMS that

focuses all transition mode products from a given nuclear reaction into the focal plane of

the end detectors. The total capture cross-section for the reaction energies measured in this

analysis can then be calculated from the tabulated information in Table 5.3 and by using

Equation (5.1).

When analyzing astrophysical reaction rates, the cross-sections are normalized by the re-

action energy and a Sommerfeld parameter. The resulting value is known as the astrophysical

S-factor, S(E), and can be determined from Equation (5.2) where� is the Sommerfeld pa-
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Figure 5.3 The full BGO spectra for the 319.0 keV center-of-mass energy run triggering o�
particle recoils in the IC. The vertical lines represent thelocations of the expected
 -lines at
this beam energy.

Figure 5.4 The full BGO spectra for the 265.5 keV center-of-mass energy run triggering o�
particle recoils in the IC. The vertical lines represent thelocations of the expected
 -lines at
this beam energy.
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Figure 5.5 The total astrophysical S-factor measured for theS1363 experiment with data
points from this work shown by the solid red triangles. Results from Lyons et al. [20] and
Rolfs et al. [2] are shown by the solid green circles and solidblue squares, respectively, as a
comparison. The dash-dotted blue line is the total capture S-factor extrapolation determined
in the analysis by Rolfs et al. The dashed brown line is the total capture S-factor determined
by the indirect 20Ne(3He; d)21Na transfer reaction from Mukhamedzhanov et al. [1].

rameter equivalent to� = Z0Z1e2

�h

p �
2E . Here Z0 and Z1 are the target and projectile atomic

number and� is the reduced mass of the combined system.

S(E) = [ � (E) � E]e2�� (5.2)

The total S-factor measurement is shown in Figure 5.5 with thetabulated results shown

in Table 5.4. The total reaction measurements are compared to results produced by Rolfs

et al., Lyons et al., and Mukhamedzhanov et al. [2][21][1]. The total S-factor results from

the S1363 experiment are bounded by the total S-factor extrapolation results determined

by Mukhamedzhanov et al. and Rolfs et al with the exception ofthe 319.0 keV center-of-

mass measurement. The 319.0 keV center-of-mass measurement also had larger than normal

beam current 
uctuations between the separate runs and is the leading contributor to the
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Table 5.1 Expected gamma line measurements from given nuclear reaction energy. All
energies are shown in MeV. The columns highlighted in gray arethe observed
 -lines above
the 2 MeV threshold.

ECOM E 
 E 
 � 0:332 Subthreshold E 
 � 2:424 0:332

0.520 2.951 2.619 2.424 0.527 0.332

0.442 2.873 2.541 2.424 0.449 0.332

0.319 2.750 2.418 2.424 0.326 0.332

0.266 2.697 2.365 2.424 0.273 0.332

uncertainty at this data point. This measurement uncertainty may be the cause of the

observed deviation in the 319.0 keV data point when comparing to literature values for the

total S-factor result. The nature of the remaining data points measured in this work suggests

a total S-factor extrapolation to zero energy that lies between the two published extrapolation

results from Rolfs et al. and Mukhamedzhanov et al.. Within the astrophysically relevant

energy ranges, the measurements performed within this analysis do not deviate signi�cantly

from the prior results and the resulting ONe reaction rates are expected to be in agreement

with literature results.

5.3 Ground State Transition S-factor

Photodeposition on the BGO array allows for further analysis of the radiative proton

capture reaction cross-sections into the di�erent transition states. From the measured spec-

trums for the di�erent center-of-mass reaction energies of519.6 keV (Figure 5.1), 441.9 keV

(Figure 5.2), 319.0 keV (Figure 5.3), and 265.5 keV (Figure 5.4), the highest energy centroid

due to the 
 -ray emission from the direct capture to the ground state is readily identi�able.

For each of the reaction energies measured, the expected
 -ray emission lines are identi�ed in

Table 5.1 with the gray highlighted columns representing thecharacteristic 
 's above 2 MeV

for the spectrum energy range of interest in this analysis. Atransition ratio analysis is then

performed on the �nal calibrated BGO spectrum for each reaction energy in order to extract

99



Figure 5.6 The BGO spectra for the 519.6 keV center-of-mass energy run in the region of
interest after applying recoil gates. A triple-Gaussian �tshown by the solid black line is
performed to determine the relative contributions of the DC! 0 keV state with the primary
peak consisting of a combination of the remaining two transitions that are not resolvable.
The light shaded regions represents up to a 3� con�dence region.

the relative capture contributions to each state in order tomeasure the direct capture to the

ground state reaction cross-section.

5.3.1 Transition Ratios

In order to calculate the transition ratios using the �nal calibrated spectra for the four

reaction energies measured, a triple-Gaussian �t is performed on the highest two center-

of-mass energies of 519.6 keV and 441.9 keV and a double-Gaussian �t is performed on

the lowest two center-of-mass energies of 319.0 keV and 265.5 keV. The double-Gaussian

�t for the two lowest reaction energies is due to the proximity of the 
 -ray emissions from

the subthreshold state and the direct capture to the 332 keV state not allowing suitable

discrimination between the two peaks. The measured BGO resolution determined in the

associated section is used as the standard deviation input for the Gaussian distributions

�tting parameters with the centroid resolutions of interest shown in Table 5.3 . In order
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Figure 5.7 The BGO spectra for the 441.9 keV center-of-mass energy run in the region of
interest after applying recoil gates. A triple-Gaussian �tshown by the solid black line is
performed to determine the relative contributions of the DC! 0 keV state with the primary
peak consisting of a combination of the remaining two transitions that are not resolvable.
The light shaded regions represents up to a 3� con�dence region.

to characterize the uncertainties of the resulting ratios,the �tted distributions are varied

by the uncertainties determined in the BGO resolutions analysis and by the uncertainties

determined in the BGO calibration analysis. The former accounts for errors in the FWHM

estimations for the detector array while the latter accounts for errors in the energy o�set

from the �nal calibration.

The resulting Gaussian distribution �ts are shown in Figure 5.6, Figure 5.7, Figure 5.8,

and Figure 5.9 for the center-of-mass energies 519.6 keV, 441.9 keV, 319.0 keV, and 265.5 keV,

respectively. In order to determine the associated transition ratios for the di�erent reaction

energies, the areas of the individual Gaussian distributedcentriods are �rst corrected by

the measured photopeak e�ciencies determined in the associated section. The individual

capture ratio is then calculated by dividing its individual area contribution by the total

area of the distribution as shown by Equation (4.5). The resulting transition ratios for the
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Figure 5.8 The BGO spectra for the 319.0 keV center-of-mass energy run in the region of
interest after applying recoil gates. A double-Gaussian �t shown by the solid black line is
performed to determine the relative contributions of the DC! 0 keV state with the primary
peak consisting of a combination of the remaining two transitions that are not resolvable.
The light shaded regions represents up to a 3� con�dence region.

Table 5.2 Transition ratios for the four reaction energies measured in S1363.

ECOM [keV] 519.6 441.9 319.0 265.5

DC! 0 keV 0:095+0 :018
� 0:017 0:153+0 :032

� 0:039 0:240+0 :046
� 0:039 0:192+0 :030

� 0:038

DC! 332 keV 0:269+0 :015
� 0:035 0:253+0 :055

� 0:050 0:760+0 :039
� 0:046 0:808+0 :125

� 0:089
DC! 2424 keV 0:636+0 :041

� 0:019 0:593+0 :067
� 0:055

di�erent reaction energies are shown in Table 5.2.

5.3.2 DC ! 0 keV S-factor

The ground state transition reaction cross-section is thencalculated by applying the

transition ratio results to the total cross-section measurement. The measured cross-section

is then converted to the direct capture to the ground state S-factor with results shown in

Figure 5.10. Data points are plotted using results from Rolfset al. and Lyons et al. in
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Figure 5.9 The BGO spectra for the 265.5 keV center-of-mass energy run in the region of
interest after applying recoil gates. A double-Gaussian �t shown by the solid black line is
performed to determine the relative contributions of the DC! 0 keV state with the primary
peak consisting of a combination of the remaining two transitions that are not resolvable.
The light shaded regions represents up to a 3� con�dence region.

order to compare with measurements from this work. There is disagreement between the

extrapolation to zero values from the Rolfs et al. and Lyons et al. analysis for the DC! 0

keV measurement; however, results from this analysis are inline with the more recent R-

Matrix �t results from Lyons et al. indicating a higher than originally expected contribution

of the direct capture to the ground state at lower energies.

5.3.3 BGO Resolution Comparison

As an aside to the transition ratio analysis, the center-of-mass reaction energy of 319.0

keV allows for a validation to the measured BGO resolution performed in the associated

section. This is due to the subthreshold state and direct capture to the 332 keV state

having 
 -ray lines that approximately overlap. While the subthreshold state emission line

is not dependent on beam energy, theE 
 � 331.9 keV line is energy dependent. In the case

of the 319.0 keV center-of-mass energy run, the total energyavailable to the exit channel
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Figure 5.10 The astrophysical S-factor measured for the DC! 0 keV transition in the S1363
experiment with data points from Lyons et al. and Rolfs et al.shown as a comparison. The
red dashed line is R-Matrix �t provided by the analysis by Lyons et al. in [21]

reaction is 2.750 MeV. This allows for an emission of a 2.418 MeV 
 -ray which is within

6 keV of the subthreshold state emission. Due to the proximity of the transitions, the

overall peak produced by the two can be used to measure the resolution within this region.

From the transition analysis, the measured resolution at the 2.424 MeV peak was 9:2(17)%.

This measurement is in agreement with the singles and coincidence resolution measurements

indicating the energy response of the detectors being accurately characterized.

5.4 Subthreshold and DC ! 332 keV Transition S-factors

From the transition analysis, the direct capture into the subthreshold state and the direct

capture into the 332 keV state are measurable from the highest two reaction energies. For

the lowest two reaction energies measured, these two statesare not resolvable from the BGO

spectrum due to the proximity of the characteristic
 -ray lines; however, the contributions

due to the sum of the two transition states can be calculated.The S-factor capture state

results in [2] and [21] are converted in to ratios to compare against results from this analysis.
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(a)

(b)

Figure 5.11 The ratios of the di�erent capture modes at di�erent reaction energies for S1363.
The (a) ratio of the ground state transition against the total and the (b) ratio of the ground
state transition against the other two transitions of interest in this analysis. Results from
[2] and [21] are converted into ratios for comparison.
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Figure 5.12 The astrophysical S-factor measured for the DC! 332 keV transition in the
S1363 experiment with data points from Lyons et al. and Rolfset al. shown as a comparison.
The red dashed line is R-Matrix �t provided by the analysis byLyons et al. in [21]

Ratios for the direct capture to the ground state against thereaction total and for the direct

capture to the ground state against the sum of the subthreshold state and the direct capture

to the 332 keV state are shown in Figure 5.11(a) and Figure 5.11(b), respectively. The

results from this work suggests an increasing contributionof the ground state with lower

reaction energies. The converted ratios for the results from [22] suggest a relatively constant

contribution to the ground state transition for the energy ranges considered in said analysis.

The converted ratios from [2] have large uncertainties making it di�cult to assess a trend

for the ground state transition with varying energy.

The direct capture to the 332 keV state is shown in Figure 5.12 for the highest two

reaction energies with results from Rolfs et al. and Lyons etal. shown for comparison. The

results from this work are in agreement with the two published results. The two published

results shown here have di�erent zero energy extrapolations with Rolfs et al. suggesting a

constant S-factor and Lyons et al. suggesting a linearly decreasing S-factor for this transition

state. The two measured data points from this work for this transition state are not su�cient
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Figure 5.13 The astrophysical S-factor measured for the DC! 2425 keV transition in the
S1363 experiment with data points from Lyons et al. and Rolfset al. shown as a comparison.
The red dashed line is R-Matrix �t provided by the analysis byLyons et al. in [21]

enough to select which extrapolation method may be more accurate.

For the subthreshold transition S-factor at the two lowest reaction energies, the S-factor

is estimated by applying the direct capture to the 332 keV state as measured by Lyons et

al. This estimation can be subtracted out of the remaining capture contributions in the

subthreshold plus theE 
 � E332 keV photopeak. The results of the subthreshold transition

S-factor using this estimation for the two lowest energy measurements along with the two

higher energy measurements are shown in Figure 5.13.

Of note, if the direct capture to the 332 keV state results from Rolfs et al. are used to

estimate the subthreshold S-factor for the lowest two reaction energies, it is expected that

the resulting subthreshold measurement to be lower than what is currently shown. The

S-factor results for the subthreshold state measured in this work are consistently lower than

the measurements presented in literature for similar reaction energy regimes; however, other

than the energy range between 450{600 keV there is disagreement in the measured data

points between all published results for this transition state.
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Table 5.3 The measured experiment parameters for S1363. Measurements include the reac-
tion yield, number of recoils, gas target number density, various correction factors, beam/re-
coil characteristics, the stopping power, and BGO peak resolutions for each reaction energy.

ECOM 519.6 keV 441.9 keV 319.0 keV 265.5 keV

Ycoinc [� 10� 15] 187(21) 79:6(96) 8:40(216) 3:17(68)

N coinc
rec 705 (27) 296 (17) 128 (11) 33 (6)

N t [� 1017] 4.30 (3) 4.59 (3) 4.57 (4) 4.60 (3)

� coinc
BGO (2 MeV) 0.330 (6) 0.322 (9) 0.317 (9) 0.313 (10)

� CSF 0.413 (21) 0.449 (22) 0.447 (22) 0.432 (22)

� det
MCP 0.665 (1) 0.487 (1) 0.605 (1) 0.430 (1)

� coinc
livetime 0.902 (8) 0.879 (9) 0.904 (9) 0.867 (8)

� sep 0:999+0 :001
� 0:002

� trans
MCP 0.7682 (77)

�R
�

E 2

P

�
[� 1010] 6:20(7) 6:11(8) 134(29)1 2:21(14)

dE=dx [eV/1015/cm 2] 88.5 (15) 92.5 (15) 88.6 (15) 85.3 (14)

Pavg [Torr] 6.673 (49) 7.124 (51) 7.105 (63) 7.144 (44)

Recoil Charge State 6+ 6+ 5+ 4+

BGO array resolution �ts

2424 keV 9.20% 9.20% 9.20% 9.20%

(E 
 - 332) 8.95% 9.03% 9.20% 9.28%

E 
 keV 8.54% 8.62% 8.79% 8.83%

1The R-coe�cient for the 319.0 keV run is larger due to a higher surface barrier pre-scalar value that was
corrected before the 265.5 keV run [63]
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Table 5.4 S-factor measurements for the four reaction energies measured in S1363.

ECOM [keV] 519.6 441.9 319.0 265.5

Total S-factor [keV.b] 12.7 (14) 13.4 (16) 13.5 (35) 21.9 (47)

DC! 0 keV [keV.b] 0:876+0 :201
� 0:193 1:721+0 :432

� 0:504 3:135+0 :982
� 0:935 3:817+1 :026

� 1:136

DC! 332 keV [keV.b] 3:500+0 :469
� 0:628 3:471+0 :887

� 0:822 10:501+2 :814
� 2:833 18:123+4 :867

� 4:460
DC! 2424 keV [keV.b] 8:285+1 :133

� 1:028 8:139+1 :409
� 1:304
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PART II

SCIENTIFIC RESULT: ELASTIC SCATTERING IN INVERSE KINEMATICS OF

PROTONS FROM HELIUM-3 USING THE SONIK DETECTOR
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CHAPTER 6

SONIK

A new elastic scattering detector was designed to �t in placeof the existing windowless

gas target at DRAGON and to utilize the existing gas re-circulation and pumping infras-

tructure. The detector, shown in Figure 3.3, is known as the Scattering Of Nuclei in Inverse

Kinematics (SONIK) chamber and was designed and constructedat the Colorado School

of Mines. SONIK was commissioned in July 2015 with two elastic scattering experiments

(S1687), the �rst of which measured the elastic scattering of alpha particles from helium-3

(3He(�; � )3He). The second experiment measured the elastic scattering ofprotons from

lithium-7 ( 7Li( p; p)7Li ) with results discussed in [44].

In this analysis, an experiment was performed to measure theelastic scattering of pro-

tons from helium-3 (3He(p; p)3He) with an incident helium-3 beam energy of 995.6 keV/A

corresponding to a center-of-mass energy of 751.2 keV. The elastic scattering measurement

was performed with gas target pressures of 1.3 Torr and 2.0 Torr. The data for the analysis

was collected during the pretest setups for the S1687 experiment at TRIUMF conducted in

June of 2018. The elastic scattering reaction3He(p; p)3He has been the subject of numer-

ous experimental and theoretical analyses with several performing low energy measurements

within the same energy regime measured in this analysis. Themotivation behind performing

a similar analysis using SONIK is to assess the capabilities of the detectors and to potentially

characterize sources of systematic uncertainties.

The SONIK chamber consists of a windowless extended gas target surrounded by 30

individual collimated silicon charged particle detectors. The distance between the center

of the beam axis to the collimated silicon detectors was fabricated to be 17 cm with two

apertures within the telescope assembly. The �rst consistsof a 2 mm wide rectangular

slit aperture set at 6 cm from the beam center line with a thickness of 3.18 mm. The
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Table 6.1 The laboratory angles of the elastic scattering detectors and their corresponding
observation point.

Observations Points

1 2 3
A

ng
le

s
(�

) 22.5� 25� 30� 22.5� 25� 30� 22.5� 25� 35�

35� 40� 45� 35� 40� 45� 40� 45� 55�

55� 60� 65� 55� 60� 65� 60� 65� 75�

90� 120� 135�

second consists of a 1 mm diameter circular aperture with a thickness of 1.5 mm that sits

immediately in front of the silicon detector. Given these dimensions, the telescope assembly

subtends a solid angle of �
 = 0 :027 msr with the elastic scattering detectors assuming

no volumetric e�ects within the gas target. Figure 6.1 shows the telescope assembly with

the designed distances from the center of the beam line. Further design information can be

found in [44].

Of the 30 elastic scattering detectors, there are three setsof 8 common angles ranging

from lab angles of 22:5� {65� , two sets of the 30� viewing angle, and four unique angles at 75� ,

90� , 120� , and 135� . The angles are machined to view into one of three possible interaction

areas for SONIK known as observation points 1{3 and are shown in Figure 6.2. The three

observation points look at a di�erent z-coordinate (beam axis coordinate) within the gas

target with observation point 1 being the furthest upstream. This separation along the

beam axis between the di�erent observation points will introduce slight deviations in the

interaction energy due to the stopping power within the gas target. A table of each angle

within each of the three observation points is shown in Table6.1.
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Figure 6.1 Schematic of a SONIK detector assembly with dimensions in mm. Figure taken
from [44].

6.1 Elastic Scattering Yield

In the laboratory frame, the di�erential cross-section of an elastic scattering experiment

can be related to the reaction yield as shown in Equation (6.3) where � is the lab frame

angle of the elastic scattering detector,Y is the reaction yield as measured by an individual

detector, N t is the number density of the gas target, �
 is the subtended solid angle of

the detector & detector assembly, andlef f is the e�ective target length as viewed by the

detector. For a thin beam incident on an extended gas target,the e�ective target length of

a slit-hole aperture combination can be calculated by,

lef f =
1

sin�
sdef f

f
(6.1)
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Figure 6.2 Schematic of the SONIK chamber with the location of the three observation
points with dimensions in mm. Figure taken from [44].

wheres is the width of the slit collimator (2 mm for SONIK), def f is the distance from the

center of the beam line to the silicon detector (17 cm for SONIK), and f is the distance

from the slit collimator to the silicon detector (11 cm for SONIK). Due to the ratio of the

e�ective target length against the detector distance to thecenter of the beam line meeting

the condition lef f =def f � 1, the solid angle �
 can be approximated as identical for each

point along the length lef f [7]. Therefore, the product of the e�ective target length and the

solid angle can be given by,

�
 lef f =
�

sin�
sr2

fd ef f
(6.2)

wherer is the radius of the circular aperture and the solid angle is given by �
 = �r 2=d2
ef f .

This expression for the product of the e�ective target length and solid angle can be inserted

into the di�erential cross-section resulting in the form shown in Equation (6.4). This equation
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Figure 6.3 Schematic of an azimuthal view of the SONIK chamber with the location of the
three observation points and the orientation of the detectors surrounding the beam line.
Figure taken from [44]

for the di�erential cross-section for a thin beam and slit-hole combination was derived in

[7] and the approximation is estimated to be valid up to a maximum beam diameter of

approximately 3 mm. It is also noted that the equation does not characterize any slit edge

e�ects expected from the thickness of the slit aperture.

�
d�
d


�

�

=
Y

N t �
 lef f
(6.3)

�
d�
d


�

�

=
Y
N t

sin�
�

fd ef f

sr2
(6.4)
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The yield measurement of an elastic scattering reaction as shown by Equation (6.5) is

the total number of scattered protons detected by the silicon detectors after accounting for

the overall detection e�ciencies� e divided by the total number of incident helium-3 ionsNb.

The incident helium-3 ions are corrected for the beam transmission into the gas target. The

various e�ciency factors folded into � e include the detectors livetime and the e�ciency of

the silicon detectors which for the purposes of this analysis are set to 100%.

Y =
Ne

Nb� e
(6.5)

6.2 G-Factor Simulation

In the derivation of the di�erential cross-section equation (Equation 6.3), the e�ective

target length given by Equation (6.1) is based o� the assumption of a thin beam, thin

apertures, and that the detector solid angle is approximately constant throughout the target.

This approximation is stated to be valid for a su�ciently small ratio ( < 10� 2) between the

e�ective target length and the detector length [7]. For SONIK's geometry, this ratio ranges

from 4:9� 10� 2 to 2:2� 10� 2 for detector angles ranging between 22:5� and 60� . This suggests

that the approximation for the detector length being constant throughout the e�ective length

of the interaction area may not be valid.

The detector solid angle as observed along the length of the beam line also deviates

between the upstream and downstream interaction areas. This is due to the varying extent

of the line of sight created by the detector angle with a 3-dimensional gas target that will

increase the observational volume more upstream. This e�ect becomes more prominent for

thicker beams and for shallower detector angles. As the detector angle rotates towards the

perpendicular, the di�erences in the upstream and downstream observational volumes even

out due to equal gas target volumes being illuminated both upstream and down stream. At

the other extreme, as the detector angle approaches the zeroangle with the beam axis, the

observed theoretical volume approaches to the entire beam volume upstream of the detector.
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Figure 6.4 The ratio of the simulated e�ective detector length (def f ) and the design length
for SONIK (d = 17 cm) over a range of beam radii. The two extreme detector angles (22:5�

and 60� ) in this analysis are shown by the solid circle points with the solid dashed line
representing unity.

For a thick beam, the e�ective detector length increases relative to a pencil thin beam

due to the volume centroid being below the beam center line and weighted more upstream

as the detector angle decreases. The volume centroid is below the primary beam axis due

to the detector line of sight observing more of the target volume at larger distances from

the detector. The deviation from the design detector lengthfor SONIK compared to the

simulated e�ective detector length is shown in Figure 6.4. Inthis plot, the deviation between

the simulated detector length and design length increases with an increase in the beam radius.

The deviation is also more prominent for shallower detectorangles, but still at our beam

radii ( � 3 mm) will be 0.2%.

For this analysis, in order to reduce the uncertainty attributed to using the derived equa-

tion and to account for these e�ects it was decided to simulate the G-factor as seen by

each individual detector. The calculated G-factor for SONIKis then used to measure the

di�erential cross-section of the elastic scattering reaction. The e�ective G-factor was deter-
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mined through simulation of the geometries of the SONIK chamber and detector assemblies

in Python [64].

The G-factor incorporates the geometrical e�ects of a detector and aperture assembly

that can be related to the scattering yield and therefore thedi�erential cross-section via,

�
d�
d


�

�

=
Y sin�
N tG

(6.6)

where (d�
d
 )� is the lab frame di�erential cross-section,Y is the scattering yield, � is the

detector angle relative to the beam line,N t is the gas target number density, andG is the

G-factor. The G-factor for a detector assembly can include multiple scattering events and

the e�ect of scattering cross-section variations over small angular range deviations accepted

by the detector [65]. For the simulation constructed for this analysis, these e�ects are not

modeled and only the geometrical factors are determined. The multiple scattering e�ects

within the scattering energy for this experiment is determined to be negligible in an analysis

performed by [66] shown in Figure 6.5. The multiple scattering e�ect only becomes signi�cant

at 3He projectile energies below 332 keV/u. The pre-test S1687 experiment was measured

at a 3He projectile energy of 994.55 keV/u.

6.2.1 Simulation Methods

The 3-Dimensional simulation constructed in Python was designed from the ground up

with vectorization principles in mind. The various algorithms used within the model are

compiled as vectorized universal function (ufuncs) utilizing the Numba Python library [67].

A vectorized ufunc can then operate on Scipy and Numpy multi-dimensional arrays on an

element-by-element basis that takes a set number of inputs and produces a single output [68]

[69]. The compiled ufunc can then be used to do common operations on millions of elements

or rays as in the case for this analysis.

In this simulation, ufuncs were created to support the generation of rays and to perform

operations on the rays within the detector environment. A ray, for the purpose of this anal-
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Figure 6.5 The Geant4 simulated G-factor over a range of beam energies for either3He or
4He. The drop in the G-factor below a total beam energy of 1 MeV suggests an energy region
with signi�cant multiple scattering e�ects. Figure from [66].

ysis, is a line segment that joins a generated beam particle with a point on the surface of the

silicon charged particle detector. In order to generate therays, a collection of beam particles

and detector points are created by sampling a uniform distribution. During this step of gen-

erating points, the detector elements are also rotated in space to the appropriate detector

angle within the same ufuncs. This reduces the amount of calls to separate operations on

arrays and reduces processing time.

The objective of the simulation is to then determine which beam points are within the

line of sight of the detector as well as how many detector elements are observed by the beam

point. The distribution of beam points within the line of sight can then be used to calculate
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Figure 6.6 The e�ective target length times the e�ective solid angle versus a selection of
beam radii. The simulated results shown by the solid circlesare compared with the calcu-
lated values shown by the solid lines using the equation provided in [7]. The colors shown
correspond to the di�erent detector angles.

the e�ective volume of the gas target. The collection of detector points observed for each

beam point within its line of sight can be used to characterizethe e�ective solid angle over

the interaction area. Using these two calculations the G-factor can then be calculated by,

G =
Vef f 
 ef f

�r 2
b

sin� (6.7)

whereVef f is the e�ective target volume, 
 ef f is the e�ective solid angle,� is the detector

angle, andrb is the beam radius. The e�ective target length times the solid angle as given

in Equation (6.2) from [7] can be related to the G-factor by,

�
 lef f =
G

sin�
(6.8)

where deviations with the simulation result and the derivedequation can be seen in Figure 6.6

and Figure 6.7. The deviations between the two methods increases as the beam radius
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Figure 6.7 The ratio of the simulated result and the calculated value using the equation
provided in [7] versus the beam radius. The solid black circles show the ratio for all detector
angles. The black dashed line indicates unity to visualize the location of perfect agreement
between the simulated results and the calculated values using the thin beam approximation
in [7]

increases as is expected due to the equation only being validup to a beam diameter of

approximately 3 mm [7]. As the beam radius decreases, the two methods should converge if

the assumptions made in the equation hold for the geometrical arrangement in SONIK. As

shown from the plots, this is not the case for the shallower angles and suggests that using

the equation alone would introduce potential errors in the �nal di�erential cross-section

measurement.

When creating the circular detector surface, the angle and radius-squared values of a

detector point are sampled uniformly relative to the centerof the disk and are used to

determine the points location in Cartesian coordinates. For the cylindrical beam volume,

the angle, radius-squared, and beam point along the primaryaxis are sampled uniformly

and are used to transform the point's location into Cartesian coordinates. The choice of

uniformly sampling points within the beam volume and detector surface is merely due to

convenience and other distributions could be easily simulated. Regardless of distribution
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choices, the simulation is only characterizing the geometrical factors associated with the

scattering reactions and therefore the di�erent distribution choices should converge to a

similar result for a common e�ective radius. The selected coordinate system is in Cartesian

coordinates with the origin corresponding to the primary beam axis.

After the points are generated, the slit aperture is constructed using the 8 vertices of

the cuboid and rotating it in space to correspond to the appropriate detector angle. For the

aperture cuboid, the two faces perpendicular to the ray created by the center of the detector

and the origin are the aperture openings while the remainingfour faces are the slit edges.

The �rst check within the simulation is to assess if any of therays intersect with any of the

slit edges. These rays are not within the line of sight of the detector, but may generate false

positives within the model.

In order to determine if the ray intersects with a slit edge, the fast ray triangular intersec-

tion algorithm derived in [70] was modi�ed to incorporate into a vectorized ufunc. The four

slit edges can then be characterized by 8 triangular surfaces and checked for intersections

with generated rays. If a ray is determined to intersect withone or more of the triangular

surfaces, it is rejected from the list of beam points to be inputted into subsequent checks.

For the next check, the plane passing through the long diagonals of the cuboid and

parallel to the slit width direction is constructed, and theintersection point of the remaining

rays with this plane is determined. The �nal check determines if this intersection point

lies within the slit aperture cuboid or outside of it. If the point lies within the cuboid it

is determined that the corresponding ray is within the line of sight of the detector. The

beam point that is associated with the selected ray is then stored for future e�ective volume

calculation. During this line of sight check and for a given beam point, the detector points

that correspond to valid rays are collected and the centroidof these points is determined.

The solid angle per beam point is then calculated by,

�
 =
Nrays

N tot

A
r 2

(6.9)
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where �
 is the solid angle per beam point within line of sight of the detector,Nrays is the

number of rays from the individual beam point within line of sight of the detector, N tot is

the total number of rays generated out of the beam point,A is the area of the detector, and

r is the distance from the beam point to the centroid of the detector observational area. The

overall e�ective solid angle from the simulation is then determined by taking the mean of

the set of �
.

With the collected beam points within the line of sight of the detector, the volume is

determined by calculating the 3-dimensional convex hull ofthe set of points using the quick

hull algorithm from [71]. The e�ective target volume computed using the quick hull algorithm

is an approximation that is expected to converge to the real e�ective target volume as the

number of discrete beam elements becomes su�ciently large.The volume extracted from

the convex hull can then be applied with the e�ective solid angle using Equation (6.7) in

order to calculate the G-factor for the di�erent detector angles as shown in Figure 6.10 and

Figure 6.11. The thin beam results from these plots indicatesagreement with the results

from S. Paneru [66] shown in Figure 6.8 and Silverstein [65] within uncertainties while also

showcasing that as the beam radius increases the G-factor begins to deviate from the thin

beam result.

For the purpose of this analysis, the calculated G-factor corresponding to a 3 mm beam

radius is selected to determine the di�erential cross-section. The choice of this beam radius

is due to the entrance aperture into SONIK's gas target being 6mm in diameter which

represents the maximum geometrical radius assuming no signi�cant beam divergence within

the gas volume. From a parameterization analysis shown in Figure 6.9, the choice of beam

radius did not signi�cantly vary the �nal measurement for the di�erential cross-sections.

The resulting G-factor is then used to calculate the lab frame di�erential cross-section for

each of the detector angles. The lab frame di�erential cross-section is then transformed into

the center-of-mass di�erential cross-section via,
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Figure 6.8 G-factor results from a multiple scattering simulation using Geant4 by S. Paneru.
Figure from [66].
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where
�

d�
d


�

�

is the center-of-mass di�erential cross-section,d
 �
d
 �

is the ratio of lab frame

and center-of-mass solid angles, and
�

d�
d


�

�

is the lab frame di�erential cross-section. The

values for d
 �
d
 �

and the corresponding center-of-mass angles are shown in Table 6.3.

6.3 Results

The following section discusses the results of the elastic scattering experiment using

SONIK. The resulting number spectra measured for each of the three observation points
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Figure 6.9 Di�erential cross-section parameterization comparison for multiple beam radii.
The solid blue line represents our data with analysis based on the maximum beam radius
of 0.3 cm. The solid red line represents our data using the smallest beam radius of 10� 6 cm
simulated in the model. The solid orange band between the blue and red lines represents our
data over 100 iterations of geometrical spaced beam radii between the two extremes. The
data points in black are taken from [72] for a proton lab frameenergy of 0.99 MeV. The data
points in green are taken from [73] for a proton lab frame energy of 1.00 MeV.

Table 6.2 The SONIK elastic scattering experiment beam parameters and gas target char-
acteristics for the two target pressures analyzed.

Target Pressure (Torr) 1.976 (28) 1.289 (17)

� trans 0.803 0.826

Nbeam (� 1015) 1.95 (5) 7.54 (16)

Target Number Density (#/cm 3 � 1016 ) 12.6 (2) 8.2 (1)

Target Temperature (Kelvin) 302.7 (2)

Beam COM Energy (keV) 751.2

Beam Proton Energy (keV) 1002

Beam Charge State 1+
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Figure 6.10 The simulated G-factor for SONIK at di�erent detector angles and beam radii.
The solid circles correspond to the simulated results for di�erent beam radii. The solid black
line bounded by the shaded gray area represents the G-factorresult and associated error from
a GEANT4 analysis performed by S. Paneru. The solid dash line isthe calculated G-factor
using the rectangular slit and circular aperture equation derived in [65]. The dashed-dotted
black line is the resulting G-factor after converting from the thin beam equation in [7] and
is approximately 3% o� from the other methods.

and the two gas target pressures selected (1.3 Torr and 2.0 Torr) are shown in Figure 6.13,

Figure 6.14, and Figure 6.15. Within the various spectra, some of the centroid peaks overlap

due to the surface barrier detectors not being calibrated. For the purposes of this analysis

the scattering energy is not needed due to the di�erential cross-section measurement being

dependent primarily on the interaction rate observed in each detector. In observation point

1, the detector response corresponding to the 45� detector angle has a measured distribution

that is broader than the other angles. This broadening is dueto electronic noise potentially

introduced during the assembly of the detectors during the installation phase of SONIK

before the experiment. Also of note, within observation point 2 the 45� detector angle is

missing due to an error in the data acquisition system not storing this measurement during

the test phase portion of the experiment.
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Figure 6.11 The simulated G-factor for all detector angles over a range of beam radii. The
solid circles correspond to the simulated results for SONIK's geometry. The solid black line
bounded by the shaded blue area represents the G-factor result and associated error from a
GEANT4 analysis performed by S. Paneru. The dashed black line is the calculated G-factor
using the rectangular slit and circular aperture equation derived in [65]. The dashed-dotted
black line is the resulting G-factor after converting from the thin beam equation in [7].

The overall beam parameters and gas target characteristicsused in calculating the di�er-

ential cross-section are shown in Table 6.2 for both target pressures. The number of elastic

scattering events is measured after performing a baseline subtraction to remove background

noise with an example shown in . The resulting detector countand parameters used for

calculation of the di�erential cross-section are shown foreach observation point in Table 6.3

for both gas target pressures.

The resulting center-of-mass di�erential cross-sectionsfor all of the measured pressures

and observation points are shown in Figure 6.16, Figure 6.17, and Figure 6.18. Within these

plots there is a comparison with the simulation results withthe calculated results using the

thin beam approximation in [7]. The plots have published results for further comparison at

a similar scattering energy from [72] and [73]. The results for the two di�erent pressures and

three observation points are averaged to determine the �naldi�erential cross-section results
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Figure 6.12 Baseline �t and background subtraction for the 60� detector angle and obser-
vation point 1 at a gas target pressure of 1.3 Torr. The dashedred line represents the �t
to the background. The solid blue represents the Gaussian distributed centroid �t summed
with the background. The solid yellow band represents the uncertainty in the �t.

shown in Figure 6.19(a) and Figure 6.19(b).
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Table 6.3 The SONIK elastic scattering experiment di�erential cross-section results.

Detector Angle 22.5� 25� 30� 35� 40� 45� 55� 60�

G-factor (� 10� 8 m.sr) 8.40 (9) 8.42 (7) 8.46 (6) 8.46 (6) 8.45 (5) 8.41 (4) 8.39 (10) 8.39 (9)
COM Angle 134.98� 129.97� 119.97� 109.97� 99.97� 89.97� 69.97� 59.97�

d
 � =d
 � 0.270 0.276 0.289 0.305 0.326 0.354 0.436 0.500
Pressure = 2.0 Torr

O
bs

.
1 Counts 2432 (50) 2068 (46) 1704 (41) 1388 (38) 1224 (35) 1085 (33) 1024 (33) 1126 (34)

Yield (� 10� 13) 12.5 (4) 10.6 (4) 8.8 (3) 7.1 (3) 6.3 (2) 5.6 (2) 5.3 (2) 5.8 (2)
d�
d
 (mb/sr) 454 (16) 426 (16) 413 (16) 386 (15) 382 (16) 374 (16) 410 (18) 477 (21)

O
bs

.
2 Counts 2366 (49) 2010 (45) 1612 (40) 1375 (37) 1241 (35) - 1027 (33) 1111 (34)

Yield (� 10� 13) 12.2 (4) 10.3 (3) 8.3 (3) 7.1 (3) 6.4 (2) - 5.3 (2) 5.7 (2)
d�
d
 (mb/sr) 442 (16) 414 (15) 390 (15) 382 (15) 387 (16) - 411 (18) 470 (20)

O
bs

.
3 Counts 2254 (48) 2101 (46) - 1473 (39) 1197 (35) 1121 (34) 1041 (33) 1116 (34)

Yield (� 10� 13) 11.6 (4) 10.8 (4) - 7.6 (3) 6.2 (2) 5.8 (2) 5.4 (2) 5.7 (2)
d�
d
 (mb/sr) 421 (15) 432 (16) - 410 (16) 373 (15) 387 (16) 417 (18) 472 (20)

Pressure = 1.3 Torr

O
bs

.
1 Counts 6105 (78) 5020 (71) 4307 (66) 3365 (58) 3071 (56) 2604 (52) 2697 (53) 2696 (55)

Yield 8.1 (2) 6.6 (2) 5.7 (1) 4.4 (1) 4.1 (1) 3.4 (1) 3.6 (1) 3.6 (1)
d�
d
 (mb/sr) 449 (13) 407 (12) 411 (12) 369 (11) 378 (12) 354 (11) 425 (14) 449 (15)

O
bs

.
2 Counts 5812 (76) 5227 (72) 4191 (65) 3441 (59) 3034 (55) - 2527 (52) 2775 (56)

Yield 7.7 (2) 6.9 (2) 5.5 (1) 4.6 (1) 4.0 (1) - 3.3 (1) 3.7 (1)
d�
d
 (mb/sr) 428 (13) 424 (13) 400 (12) 377 (12) 373 (12) - 398 (14) 463 (16)

O
bs

.
3 Counts 5786 (76) 5490 (74) - 3589 (60) 3088 (56) 2844 (54) 2525 (50) 2887 (58)
Yield 7.6 (2) 7.3 (2) - 4.7 (1) 4.1 (1) 3.8 (1) 3.3 (1) 3.8 (1)

d�
d
 (mb/sr) 426 (13) 445 (13) - 393 (12) 380 (12) 386 (12) 398 (14) 481 (16)
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(a) 1.3 Torr

(b) 2.0 Torr

Figure 6.13 From SONIK observation point 1, the elastic scattering of protons from 3He
measured number spectrum incident at a given detector anglewith a gas target pressure of
(a) 1.3 Torr and (b) 2.0 Torr with an incident beam energy of 994.55 keV/u.
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(a) 1.3 Torr

(b) 2.0 Torr

Figure 6.14 From SONIK observation point 2, the elastic scattering of protons from 3He
measured number spectrum incident at a given detector anglewith a gas target pressure of
(a) 1.3 Torr and (b) 2.0 Torr with an incident beam energy of 994.55 keV/u.

131



(a) 1.3 Torr

(b) 2.0 Torr

Figure 6.15 From SONIK observation point 3, the elastic scattering of protons from 3He
measured number spectrum incident at a given detector anglewith a gas target pressure of
(a) 1.3 Torr and (b) 2.0 Torr with an incident beam energy of 994.55 keV/u.
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(a) 1.3 Torr

(b) 2.0 Torr

Figure 6.16 From SONIK observation point 1, the (3He(p; p)3He) elastic scattering reaction
measured di�erential cross-sections at a gas target pressure of (a) 1.3 Torr and (b) 2.0 Torr.
The data points in black are taken from [72] for a proton lab frame energy of 0.99 MeV. The
data points in green are taken from [73] for a proton lab frameenergy of 1.00 MeV. The
data points in red are results from this experiment using thethin beam equation in [7]. The
data points in blue are results for this experiment utilizing the simulate G-factor.
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(a) 1.3 Torr

(b) 2.0 Torr

Figure 6.17 From SONIK observation point 2, the (3He(p; p)3He) elastic scattering reaction
measured di�erential cross-sections at a gas target pressure of (a) 1.3 Torr and (b) 2.0 Torr.
The data points in black are taken from [72] for a proton lab frame energy of 0.99 MeV. The
data points in green are taken from [73] for a proton lab frameenergy of 1.00 MeV. The
data points in red are results from this experiment using thethin beam equation in [7]. The
data points in blue are results for this experiment utilizing the simulate G-factor.
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(a) 1.3 Torr

(b) 2.0 Torr

Figure 6.18 From SONIK observation point 3, the (3He(p; p)3He) elastic scattering reaction
measured di�erential cross-sections at a gas target pressure of (a) 1.3 Torr and (b) 2.0 Torr.
The data points in black are taken from [72] for a proton lab frame energy of 0.99 MeV. The
data points in green are taken from [73] for a proton lab frameenergy of 1.00 MeV. The
data points in red are results from this experiment using thethin beam equation in [7]. The
data points in blue are results for this experiment utilizing the simulate G-factor.
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(a) Zoomed in view

(b) Full angular range

Figure 6.19 The average di�erential cross-section points for the (3He(p; p)3He) elastic scat-
tering reaction at a center-of-mass energy of 751.2 keV corresponding to a proton lab frame
energy of 1.002 MeV for (a) a zoomed in view and (b) the full angular range. The data
points in black are taken from [72] for a proton lab frame energy of 0.99 MeV. The data
points in green are taken from [73] for a proton lab frame energy of 1.00 MeV.
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CHAPTER 7

SUMMARY AND CONCLUSION

This work presented the results from experiment S1363 for the radiative proton capture

reaction 20Ne(p; 
 )21Na performed using the DRAGON facility at TRIUMF. A total of four

reaction energies were measured ranging from center-of-mass energies of 265.5 keV to 519.6

keV. The lowest reaction energy measurement (265.5 keV) lies in the astrophysically relevant

energy range and the second lowest reaction energy measurement (319.0 keV) lies near the

energy boundary characterized by ONe novae surface temperatures. The low energy nuclear

reaction measurement in this analysis represents the �rst of such measurements for the

20Ne(p; 
 )21Na radiative capture reaction and allows for a direct reaction rate measurement.

The low energy measurement determined in this analysis is within measurement uncer-

tainties to the total S-factor result in the work presented in [2]. Of note, the results within

this work for the total S-factor measurement are consistently lower than results presented

in prior experiments performed by Rolfs et al. and Lyons et al. The data measured in this

work suggests a potential increase in capture through the tails of the subthreshold resonance

state that is dependent on the extrapolation of a total capture �t through the lowest mea-

sured reaction energy. The total reaction measurement performed at DRAGON is expected

to have an uncertainty lower than the results measured from the transition analysis due to

the facility being speci�cally designed to measure total recoils regardless of the associated

capture mode.

The astrophysical S-factor for the direct capture to the ground state presented in this

work is within measurement uncertainties with an R-matrix analysis performed by Lyons et

al.. At the lower reaction energies, the S1363 results are slightly lower than the estimates

given by the R-matrix �t which may be indicative of capture into this mode being lower

than the extrapolation to zero energies presented in their work.
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For the astrophysical S-factor of the direct capture to the 332 keV state, only two mea-

surements could be determined for the higher two reaction energies. This was due to the

di�culty of discriminating the associated photopeak from the subthreshold state at the lower

two measurement energies. The two S1363 data points are in agreement with results pre-

sented in literature; however, the data points do not provide any con�rmation towards the

characterization of this direct capture mode at lower energies. The results presented in Rolfs

et al. extrapolate a constant direct capture to zero energies while the results from Lyons et

al. indicates a roughly linear decrease in the S-factor to the zero energy extrapolation.

The astrophysical S-factor measurements for the direct capture to the subthreshold state

are consistently lower than the results presented by Rolfs et al. and Lyons et al. One

point of note for the measurements characterizing capture into the subthreshold state is that

there is signi�cant variation in the results throughout the low energy spectrum between the

published works. This makes it di�cult to accurately characterize the contributions of the

subthreshold state at lower energies and in the extrapolation to zero energies.

This thesis also presented an alternative methodology for calibrating the BGO array at

DRAGON through the use of the measured background spectrum.A rough calibration of

the BGO array is suitable enough to produce the required
 -ray response to measure recoil

events in coincidence to measure a total reaction cross-section. This work sought to expand

on the typical experimental methods performed at DRAGON to include a higher �delity

transition ratio analysis. From this new calibration method, a transitions ratio analysis was

able to extract capture cross-sections into the three capture modes of interest.

In addition to the primary portion of this thesis, an analysis was presented on elastic scat-

tering results from one of the preliminary SONIK detector experiments in order to assess the

detectors capabilities. The experiment measured the elastic scattering reactionp(3He;3 He)p

in inverse kinematics at a center-of-mass energy of 751.2 keV. For the purpose of the analysis,

a new simulation was developed to determine the G-factor that characterizes SONIK's unique

detector assembly geometry. The simulation performed is a pseudo-deterministic approach
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to determining the geometrical factors for a detector assembly and serves as a potential

model for veri�cation and validation of results measured using a Monte Carlo method. The

simulation also showcased the dependency of the geometrical G-factor with the beam radius

through the gas target volume. When the results generated from the G-factor simulation are

compared to results generated using a derived equation for arectangular slit and circular

aperture combination, the results from the model are in moreof an agreement with pub-

lished results. Future analyses may bene�t in performing anelastic scattering experiment

at a constant beam energy with a variable entrance aperture in order to fully characterize

the geometric components of SONIK's G-factor.
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