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ABSTRACT

Theoretical understanding of the surface and bulk thermodynamic properties of nonlinear

macromolecules is desirable with rapid advances in the synthesis and application of poly-

mers with complex architectures. This thesis focuses on the study of the surface and bulk

in polymeric systems containing nonlinear species as two individual topics. Polymers with

nonlinear architectures, such as branched or cyclic polymers, can segregate to both surfaces

and interfaces when blended with linear polymer. A self-consistent field theory (SCFT) was

developed to understand the segregation of blends of a linear polymer with various nonlin-

ear polymer molecules, and was carried out in close collaboration with experiments on a

series of nonlinear molecules with exquisitely controlled architectures. The theory predicts

how the composition density profiles vary with the architecture of the nonlinear species and

the volume fraction of two components, as well as the total density. The dependence on

composition of the total surface excess of nonlinear species is compared with both linear

response theory and experimentally determined surface excesses of star, branched, comb and

ring polymers. The comparison between experiments and theories indicates that SCFT can

capture the effects of the branch points, the lengths of side branches and the topologies on

the surface enrichment in those blends containing nonlinear and linear polymers. As the sec-

ond topic, the bulk conformations of nonlinear polymers are studied using a novel two-chain

SCFT developed in this thesis. The two-chain theory is designed to capture the intra- and

intermolecular correlations in melts and solutions of linear and branched polymers that are

not present in conventional SCFT. The intra- and intermolecular density correlations are

calculated using SCFT by breaking translational symmetry and holding a given monomer

fixed. The two-chain theory is shown to be capable of describing the crossover from self-

avoiding walk at short distances, to screened random walk at long distance in a semi-dilute

solution or melt of linear and branched molecules, and to predict dependence on the excluded
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volume parameter. End-branched polymers varying in branch functionality and length are

studied by SCFT, and indicate that the branching architectures enhance the swelling of

polymers in melts, and show stretching effects at short distances from the core. The mean

field Helmholtz free energy can be evaluated in both canonical and grand-canonical ensem-

ble within the two-chain theory. The effective Flory interaction parameter in the two-chain

SCFT is obtained from an approximate evaluation of the mixing free energy, which is depen-

dent on excluded volume. The calculations show qualitative agreement with the Gaussian

field theory by Fredrickson and co-workers and with neutron scattering experiments.

In summary, my original contributions to the knowledge in this field are:

1) SCFT studies of surface segregation in blends of new branched and linear polymers.

2) SCFT studies of surface segregation in blends of linear and cyclic polymers, and tests

of linear response theory predictions.

3) Numerical algorithms to handle a variety of complex architectures for SCFT.

4) Development of a novel two-chain SCFT for various branched polymers to capture bulk

intra- and intermolecular correlations, with application to stars, end-branched and pom-pom

molecules.

5) Evaluation of the mixing free energy for homogeneous polymer blends containing

complex branched architectures by two-chain SCFT.

Most importantly, close collaboration with experimentalists has proven that SCFT can

give good agreement with experiments on both surface and bulk thermodynamics. Therefore,

the theory provides an efficient and useful tool in directing future experiments and hopefully

the commercialization of nonlinear polymers.
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CHAPTER 1

INTRODUCTION

Blending has become one of the most widely applied methods to enhance properties of

polymer materials. It is used to improve performance by tuning specific properties such as

viscosity, solubility, biodegradability and mechanical properties [1, 2]. Polymer blends are

currently used in textile, medical and electronic industries, among many others [3].

Although polymer blends are being used commercially, not much is known about the

surface and bulk properties of blends made with nonlinear architectures, such as branched

and cyclic polymers. According to Ober et al. [4], one of the future challenges in poly-

mer science and engineering is to improve synthesis techniques of complex architectures and

to apply them to industrial uses. The surface and bulk properties of polymers are of re-

newed interest with progress in synthesizing branched and cyclic polymers with complex

architectures [5–13]. Such novel synthesized nonlinear branched structures can be made

with fine control over the functionality of branch points and the degree of polymerization

of the branches. Blends synthesized using the same monomers but with different complex

structures also exhibit good miscibility and stability to prevent phase separation.

The difference in surface free energy between components in polymer mixtures can cause

surface (i.e., the interface between polymer and air) and interface (i.e., the interface between

polymer and substrate) segregation for low surface free energy species. For instance, linear

polymers with fluorinated molecular ends in polymer blends have been proven to segregate

to the surface [14, 15]. However, nonlinear architectures are also known to segregate to the

surface of a blend containing nonlinear and linear polymers composed of the same type of

repeat units. There are thermodynamic driving forces for surface enrichment caused by

steric and conformational entropies in addition to any enthalpic driving forces. Nonlinear

architectures introduce an alternative route to surface modification without including special
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groups that are difficult to synthesize or that could reduce bulk stability. This phenomena

in a binary polymer blend film is illustrated by Figure 1.1 [16], and the surface and interface

segregation is characterized by measuring the composition depth profile (vertical to the

substrate) in terms of the integrated excess.

Figure 1.1: An illustration of the surface and interface segregation in a binary polymer blend film
(left), and its corresponding composition profile (right). The filled areas show the interfacial excess
above the hypothetical uniform bulk composition (dashed line) [16].

Controlling the surface segregation in blends containing nonlinear architectures is thus a

potential route to modify polymer surface properties. A pioneering application of this strat-

egy for surface modification was used in the design of anti-fouling membranes by adding

highly-branched comb molecules into linear hosts to create segregated layers at the sur-

face [17]. The current and potential applications of adding nonlinear polymers to linear

hosts stimulate the drive to advance fundamental understanding of architecturally-driven

segregation in both experiments and theory.

The Foster and Quirk groups at the University of Akron have carried out synthesis

and experimental studies of blends of various novel branched and cyclic molecules mixed

with their linear analogs. They found that when mixing nonlinear and linear polymers

composed of the same monomers, such as styrene or butadiene, and having similar degrees of

polymerization, there is typically surface enrichment of the nonlinear component [16,18–20].

Previous understanding for surface segregation driven by molecular architecture differences

was given in the work of Wu and Fredrickson [21], where linear response theory was used to
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explain the enrichment of branched architectures in terms of the effective surface potentials of

end and branch points. According to the linear response theory, the conformational entropy

contributes a repulsion for joints and an attraction for end groups towards the surface or

interface. A hypothetical chain conformation of a star molecule reflecting these entropic

interactions with an interface is schematically shown in Figure 1.2.

Interface

Figure 1.2: Schematic of a star molecule near an interface under the influence of the interfacial
potentials predicted by linear response theory. The joint is entropically repelled and ends attracted
by the interface.

However, recent research by Yang [20] on the effect of junction placement in a series

of pom-pom branched polymers shows the limitations of the linear response theory. The

experiments blend linear polystyrene with a series of 6-pom polystyrenes with the same

total molecular weight but different lengths between the two joints. Yang’s results indicate

that the integrated excess decreases as the distance between the two joints increases. This

contradicts the linear response theory, which predicts that the integrated excess depends only

on the number and type of end and branch groups, and should thus remain constant as the

joint separation changes. The discrepancy between linear response theory and experiments

requires us to develop a theory beyond the assumption of linear response, to model not only

the effects of branch groups, but also the total chain conformations including the effect of

junction placement within the molecule.

As a well-established theory, self-consistent field theory (SCFT) has been successfully

applied to study the surface and interface of polymers mixtures [21–31]. SCFT reduces a
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Test chain contacts with many other chains
              

Test chain moving in an average field

Figure 1.3: Schematic of the general idea of solving for a many chain system by a self-consistent
field.

many-body problem to a one-body problem by focusing on a test chain in a polymer melt

or blend. The fluctuating environment is replaced by an average field. To get the field,

the average density profile of the test chain is calculated self-consistently. The general idea

of SCFT for polymers is shown in Figure 1.3. The SCFT algorithm for a given polymer

architecture can be implemented by assuming the conformations are those of a Gaussian

chain in an external field. Gaussian conformations are a good model for long chain molecules,

but less accurate for short rings because of the non-random walk conformation due to short-

ranged interactions such as packing. The various example nonlinear architectures to be

modeled in SCFT are introduced in Chapter 3 of this dissertation. In addition, cyclic chains

are also driven to the surface and interface due to conformational entropy [21]. A relevant

experimental study was performed by Wang in the Foster group for high molecular weight

cyclic polystyrene [32]. I developed a SCFT to test the predictions of linear response theory

and to compare with Wang’s results on long-chain mixtures.

This theoretical research is done in close collaboration with synthesis and experimental

studies by the Foster and Quirk groups at the University of Akron. The goal of this project is

to advance the theory of polymer blends containing nonlinear molecules and perform direct

comparisons between the experiments and theories on surface segregation phenomena of

4



nonlinear/linear blends. We expect the theory can guide the design of blends with nonlinear

polymers including star, end-branched, comb, and cyclic architectures. The experimental

studies in the Foster group have focused on bulk conformation and thermodynamics of various

branched and cyclic molecules mixed with linear structures. They found that when mixing

nonlinear polymers with their linear analogs, while there is typically surface enrichment of

the nonlinear component, a stable single phase is formed in the bulk [18–20]. For densely

branched comb polymers, the stability of comb/linear blends cannot be guaranteed due to

the strongly crowded topology and large number of ends. Good bulk miscibility is important

in blends to improve bulk performance, to form a stable product with uniform properties. For

instance, the rheology of branched and cyclic polymers has been shown to differ dramatically

from that of linear chains with the same types of monomers [16, 32, 33]. Thus they can be

potentially added into linear hosts to modify the bulk rheology of the linear melts.

The second goal of my research focuses on developing a new algorithm to extend the

SCFT to capture the intra- and intermolecular correlations to study the molecular confor-

mations in polymer solutions and blends. The bulk conformation of polymer systems has

been previously described with scaling theory by de Gennes and others, and the analytical

Gaussian model by Edwards [22, 34]. Molecular simulations have also been used to study

the bulk property of polymers with complex structures [35].

In this thesis, a new two-chain theory is developed to capture the screening of a polymer

in a nonlinear polymer melt and in nonlinear/linear polymer blends. The conventional one-

chain SCFT cannot model the chains in the bulk because it neglects correlations so that the

test chain experiences a featureless mean environment. Due to translational symmetry, the

one-chain algorithm only results in an averaged uniform bulk densities. The development

of the two-chain SCFT in my research extends conventional one-chain SCFT to a two-body

problem by focusing on two test chains. One of them is fixed at the origin of space, breaking

translational symmetry. The new algorithm allows locating the coordinates of the test chain

in a non-uniform environment, and showing correlations within and between the test chains.

5



This project applies the novel two-chain SCFT to study the bulk conformations of branched

molecules in solutions and blends to understand swelling and stretching effects of branching.

Moreover, the two-chain algorithm provides the free energy of mixing in polymer blends

and the segment-segment interaction parameter χ beyond mean-field theory. For instance,

in Flory-Huggins mean-field theory [36,37], the interaction free energy between monomers is

approximately a parabolic function of the volume fraction and the coefficient χ is considered

a measure of miscibility of the blends. The random phase approximation (RPA) theory using

linear response assumptions showed that χ can be estimated by the excess free energy, and

relates the change in chain structures before and after blending [22]. Gaussian structure

factors are assumed in RPA theory. RPA theory is widely accepted in neutron scattering

experiments to estimate χ, with a measured scattering structure factor and given single

chain structure factors for two pure components. The Gaussian field theory by Fredrickson

et al. [38] captures the entropic contribution to the excess mixing free energy for incom-

pressible molecules. The excess free energy is approximated by a field of densities satisfying

a Gaussian distribution. Both RPA and Gaussian field theories neglect the swelling effect

because the conformations of the components are held Gaussian. Scaling analysis of experi-

ments indicates that molecules change conformations in solutions and blends, but this effect

is beyond RPA and Gaussian field theories. In the case of nonlinear polymers of crowded

architectures, e.g., high-arm star molecules, the swelling effect should be considered as an

aspect affecting χ. The experimental χ (by RPA theory) and Gaussian field χ has been

found inconsistent in star and linear polybutadiene blends by Martter et al. [39] The incon-

sistency, such as different trends of χ in symmetric molecular weight blends of linear and

stars containing various number of arms, implies possible non-universal factors in χ.

My research exploits the ability of the two-chain SCFT for capturing swelling and crowd-

ing of molecules in the bulk, and to calculate the free energy of mixing, and thus provide

an estimated interaction parameter χ for nonlinear/linear blends. In contrast to the Gaus-

sian field theory, the free energy profile in SCFT is approximated by the saddle point value,
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while Gaussian field theory uses a Gaussian function for the free energy profile. However,

the molecular correlations by two-chain SCFT introduces conformational contributions to

the excess free energy. Hence, the two-chain SCFT is expected to be a helpful method in

predicting χ with swelling effects.

This thesis is organized as follows. Chapter 2 provides background on state of the art

experimental and theoretical studies on the surface segregation behavior of nonlinear archi-

tectures when mixed with linear molecules. It summarizes characterization of polymer bulk

thermodynamics using neutron scattering technology and theories, such as scaling theory,

mean-field theory, polymer liquid state theory and simulations. Chapter 3 presents a review

of SCFT for the study of a polymer blend near a surface. This chapter discusses the deriva-

tion of compressible SCFT for various nonlinear polymers such as end-branched, cyclic and

comb polymers. Linear response theory and the concept of effective surface potentials for

polymer ends and joints in an SCFT calculation are also discussed in Chapter 3.

Calculations using SCFT to study the surface enrichment due to branching and cyclic

topologies are presented in Chapter 4. In this chapter, the surface excess of specific non-

linear/linear blends are calculated and compared with available experiments. The SCFT

calculations allow answering several questions regarding the surface enrichment of nonlinear

polymers due to conformational entropy in nonlinear/linear blends. A variety of nonlinear

topologies are studied in Chapter 4, including star, pom-pom, multiple end-branched, comb

and cyclic polymers. Extra surface potentials on junction groups and ends are also stud-

ied by SCFT beyond the entropy influencing surface segregation. Linear response theory

predictions on particular blends are also provided for comparison.

Chapter 5 introduces the development of a two-chain SCFT algorithm to study the bulk

conformations of branched polymer solutions, melts and blends. The two-chain algorithm

captures the intra- and intermolecular correlations due to the steric and entropic driving

forces, normally not accessible within conventional SCFT theory, and is helpful in under-

standing the conformations of branched polymer solutions. The application of the two-chain

7



SCFT to bulk thermodynamics for branched molecule solutions and melts are presented in

this chapter. Particularly, in Section 5.4, the swelling of linear and branched chains are cap-

tured by two-chain SCFT and compared with the scaling analysis for solutions and melts.

The plots of pair correlation functions of the branched and linear species in solutions and

melts, as well as the static structure factors are also shown.

In Section 5.5, the stretching and swelling for branched polymer blends are discussed. By

using two-chain SCFT in semi-grand canonical ensemble, the free energy of the star/linear

blends and their approximate free energy of mixing are evaluated in Section 5.6. I propose

an approximation for the Flory interaction parameter χ based on a self-consistent field as-

sumption. The two-chain SCFT χ parameter accounts for the excluded volume, the effective

interaction free energy, and the change of configurational entropy. The effective interaction

parameters for a preliminary test using semi-dilute condition values for the excluded volume

parameter v in Section 5.4 for different 4-star/linear blends are qualitatively consistent with

the Flory-Huggins theory and Gaussian field theory. However, comparisons of χ in a series of

multiple end-branched polystyrene and linear blends do not always show a consistent order of

magnitude between RPA and two-chain SCFT, as well as between the Gaussian field theory

and two-chain SCFT. Therefore, an improvement of the theory is needed to find appropriate

excluded volume parameters for a real polymer blend. The Gaussian field theory for several

densely branched comb and linear blends are performed to support the SANS experiments

from the University of Akron.

The appendices include several additional materials. Firstly, the numerical methods for

conducting the SCFT iterations on nonlinear structures are provided as the supplementary

information for Chapter 3. Secondly, the derivation of the Gaussian structure factors for

various branched molecules are given, and they are applied in linear response theory and the

Gaussian field theory. Finally, the parallelization performance of the SCFT algorithm for

solving the differential equations in SCFT is presented.
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CHAPTER 2

BACKGROUND

In this chapter, the theories and experiments relevant to understanding surface segrega-

tion in blends of linear and nonlinear polymers are reviewed in section 2.1. Previous studies

on the characterization of bulk thermodynamic properties in polymer blends are then dis-

cussed in section 2.2, including experimental and theoretical perspectives.

2.1 Surface segregation of nonlinear and linear polymer blends

As discussed in Chapter 1, surface segregation in homogeneous polymer blends can be

entropically and enthalpically driven. This section reviews the studies on surface segregation

of polymer blends in experiments and theory.

2.1.1 Experiments on the surface segregation of polymer blends

A variety of experimental techniques are available to characterize the surface segregation

of polymeric systems such as neutron reflectivity (NR), surface enhanced Raman scatter-

ing (SERS), secondary ion mass spectrometry (SIMS), nuclear reaction analysis (NRA),

forward-recoil spectrometry (FRES) and X-ray photoelectron spectroscopy (XPS). Surface

characterization of different types of polymer blends have shown that various factors can

affect surface segregation, including isotopic labeling, polymer molecular weight, end groups

type, annealing and molecular architecture. I discuss these below, and highlight especially

the connection between prior experimental work on molecular architecture with the motiva-

tion for the work in this thesis.

As one of the most successful and widely applied techniques for studying the near-surface

structure of materials, NR is briefly introduced and illustrated in Figure 2.1. In an NR

experiment, an incident beam of neutrons strikes the flat surface of the sample at a small

angle θ.

9



The intensity of radiation reflected from the sample surface at an angle equal to the

incident angle is measured by a detector. This reflected intensity varies with incident angle

in a manner characteristic of the variation in scattering length density with depth in the

sample, for example that at the polymer film/substrate interface.

NR data is recorded as the reflectivity, which is the reflected intensity divided by the

incident intensity, R = IR/I0 versus the momentum transfer vector q. For reflectivity it is

only the z-axis (vertical to the surface) component of the vector q that is pertinent, and it

depends on the neutron wave length and θ according to

|q| = 4π

λ
sin(θ). (2.1)

The scattering of the beam from the sample depends on the depth dependent scattering

length density (SLD), which is defined as

ρSLD(z) =

∑n
i bi
V

, (2.2)

where V is the reference volume containing n atoms representative of the material (e.g.,

one repeat unit for a polymer) and bi is the scattering length of atom i. NR can probe

Substrate

Polymer

θ θ

qk
0 k

R

Incident beam Reflected beam

Figure 2.1: Illustration of a neutron reflectivity experiment on a polymer film surface and interface.
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the neutron scattering length density at depths of up to several thousand Ångströms with

an effective depth resolution of a few Ångströms (10-20Å). Blend samples are prepared by

dissolving the polymers in a mutual solvent and then spin casting on a silicon substrate. The

thickness of the film can typically be several hundreds of Ångströms (on the order of several

Rg, i.e., the radius of gyration). The SLD depth profile can be inferred from fitting the

neutron reflectivity curve by nonlinear regression of the data using a parameterized model

of the SLD depth profile.

The reflectivity depends on the contrast of scattering length density between components

and an isotopic labeling on specific molecules is often used in NR to obtain strong contrast.

One polymer component is usually fully deuterated for distinguishing the components. How-

ever, the slight differences in the bond lengths and polarizabilities between C-D bonds and

C-H bonds can introduce molar volume and surface free energy differences between hydroge-

nous and deuterated melts [40]. The deuteration also creates a small enthalpic exchange

interaction between the deuterated and hydrogenous molecules. Bates et al. [41, 42] dis-

cussed the isotopic effect in binary polymer mixtures, in particular, the mixing free energy

due to deuteration. They concluded that the isotopic labeling changed the chain segment

volume and the van der Waals interaction between polymers; and therefore it changed the

monomer-monomer (segment-segment) exchange interaction parameter. Accounting for the

corrected interaction parameters achieved good agreement with the neutron scattering re-

sults. Hariharan et al. [43] performed NR and SIMS measurements of annealed deuterated

polystyrene/hydrogenous polystyrene (dPS/hPS) blends with symmetric molecular weights.

The results for mixtures of low molecular weight and high molecular weight polystyrenes

indicated that the segregation of dPS to the air/polymer surface is a purely energetic effect

due to isotopic differences. The experimental results agreed well with the lattice-SCFT cal-

culations published earlier by Hariharan and coworkers [44, 45]. Zhao et al. [46] attempted

to measure the surface preference of ends in dPS-b-hPS-b-dPS tri-block copolymers using

neutron reflectivity. The deuterated blocks were found to segregate to the surface of the
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polymer melt. However, the results failed to distinguish the entropic driving force acting on

ends and the effect of deuteration on the surface segregation.

Norton et al. [47] applied NR to investigate the isotopic effect on the surface segregation

in a thin film blend of deuterated and hydrogenous poly (ethylene-propylene) (dPEP/hPEP,

NPEP ∼ 2000). A strong enrichment of the dPEP at the air/polymer surface was seen in NR

data. The composition of dPEP decayed exponentially with depth. Norton and coworkers

concluded that the surface segregation is due to the surface energy difference between hy-

drogenous and deuterated molecules. Norton et al. focused only on the segregation at the

free surface and neglected the change at the interface between the substrate and polymer.

In particular, their study indicated that dPEP can segregate to the air/polymer surface

with a surface concentration eight times that in the bulk. Hopkinson et al. [48] used SIMS

and NR to characterize the surface compositions of dPMMA(Mw ≈ 12, 25, 130, and 420

kg/mol)/PMMA (Mw ≈ 30 kg/mol) blends and concluded that the surface segregation for

dPMMA is insignificant. Compared to the experiments using dPS/hPS blends, the differ-

ence in the surface energy between dPMMA and PMMA is too small to cause measurable

segregation.

The isotopic effect interferes with NR experiments for studying surface segregation in

blends of chains of different architectures. It is often neglected in theoretical studies of the

surface enrichment in polymer blends that mainly focus on conformational entropy effects [27,

28]. Linear response theory [21] indicated that the surface segregation of branched molecules

can be understood in terms of effective surface potentials for end and joint monomers. The

surface potentials of specific groups can be both entropic and enthalpic. Similarly, SCFT can

also be extended beyond entropic effects to include enthalpic contributions to the end and

joint surface potentials. A review of linear response theory is presented in the next section,

and the effect of extra end and joint enthalpic surface potentials is discussed in Chapter 4.

The annealing of polymer samples above the glass transition temperatures of the com-

ponents releases internal stress in the molecules, with accompanying relaxation in the mor-
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phology and composition. Sokolov et al. [49] and Jones et al. [50] showed that linear dPS

(Mw ≈ 1030 kg/mol)/hPS (Mw ≈ 1800 kg/mol) blend films (with thickness ∼ O(103)Å)

exhibit significant surface enrichment of dPS after annealing at 184oC for several (∼ 3-5)

days, while the blends showed no segregation before annealing. Sokolov et al. also compared

the relative surface segregation (i.e., the ratio of surface composition to the bulk composi-

tion) among blends in different dPS compositions, and indicated that increasing the bulk

volume fraction of dPS from 0.1 to 0.5 could increase the surface segregation of the deuter-

ated component. Jones and coworkers [50] performed FRES measurements on blends of the

same high molecular weight polystyrenes to study long chain surface segregation caused by

the deuteration of one component. The dPS molecules were found enriched at the surface

after annealing. Jones indicated that the total surface excess increased approximately lin-

early with increasing dPS composition from φ = 0.025 to 0.15. Steiner et al. [51] studied a

bilayer polyolefin film with a deuterated layer on the substrate and a hydrogenous layer at

the air/polymer surface. The NRA results showed that the deuterated polymers could be

transported from the bottom layer to the air/polymer surface by increasing the annealing

time, and the thickness of the segregated regime at the surface increased with annealing

time.

In addition, for very thin films, the film thickness is also considered an important factor

affecting the surface composition. Hong [52] found that by increasing the thickness of poly-

mer films, the surface concentration of dPS increased linearly with the thickness of films.

Walton [53] also indicated that thick (∼ 2000Å) coated films of P(MMA-r-MnG)/PMMA

blends (φP(MMA-r-MnG) 6 20%) showed that the surface composition of P(MMA-r-MnG) ap-

proaches 100% at the air/polymer surface, while films of half that thickness resulted in lower

P(MMA-r-MnG) surface compositions.

The surface free energy of a polymer depends on the polymer end group type. Jalbert

et al. [54] measured the surface tension of polydimethylsiloxane (PDMS) with different ends

including amine-, hydroxyl-, and methyl groups. The experiments were performed to un-
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derstand the effect of end groups on the molecular conformations at the surface. The study

concluded that the difference of surface tensions between backbone monomers and ends are

important factors in controlling the molecular surface tension. Therefore, modifications of

the end groups of polymers can provide different enthalpic contributions to the surface enrich-

ment. Affrossman et al. [55] measured the surface concentration of end-modified polystyrene

copolymers using SIMS. Polymer samples studied included dPS-hPS diblock, dPS-hPS-dPS

and hPS-dPS-hPS triblock structures. The deuterated ends were found to be enriched at

the surface. Ends with protons were also enriched at the surface, although the segregation

was weaker than that for the deuterated ends.

Polymer blends containing a component modified with lower surface energy chemical

groups have been studied [14, 15, 56]. Schaub et al. [14] characterized the surface composi-

tions of PS modified with an oligo-tetrafluoroethylene(TFE) end. The polymer films were

composed of short dPS-TFE molecules and long hPS chains. The TFE ends on the dPS

polymers enhanced the surface segregation compared to the linear dPS without TFE end

modification. This can be explained by the lower surface energy of the fluorinated groups.

However, blends using hPS-TFE and regular dPS showed that the chains with fluorinated

groups had a stronger preference for the surface than did the deuterated chains. Thus,

no segregation of the dPS component was detected at the surface. It is notable that the

TFE end did not increase the PS enrichment as much at the substrate interface as at the

air/PS surface. Mason and coworkers [15] studied the surface free energy and surface seg-

regation of fluorinated end-capped PS films for different degrees of polymerization of PS

molecules. The end effect on surface segregation is significant not only for low molecular

weight molecules (Mw ≈ 5 to 20 kg/mol), but also for high molecular weight PS (Mw ≈ 150

kg/mol). The fluorinated groups at the surface were also found to reduce the surface ten-

sion of the molecules. For instance, a 3% increase in the number of low-energy end groups

reduced the surface tension by approximately 39%. Tanaka et al. [56] had similar findings

showing that the fluorinated ends segregate to the surface. The PS films were prepared by
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end-capping fluoro-alkyl groups and characterized by XPS and NR. The end segregation was

shown to be dependent on the PS backbone length, and the shorter backbone resulted in

stronger surface excess of the end groups.

Both experiment [52] and theory [57] have shown that lengths of chains can affect the

surface segregation in symmetric molecular weight linear polymer blends. In general, sym-

metric blends with long chains exhibit stronger surface segregation. However, in blends of

chains differing in molecular weight, shorter molecules have a preference to segregate to the

surface and interface entropically rather than long molecules [43,45]. The disparate molecu-

lar weight effect becomes stronger as the difference in molecular weights between the short

and long chains increases. Hong et al. [52] emphasized that the isotopic effect can overwhelm

the entropic preference due to molecular weights. In the measured surface compositions of

a blend with short hPS and long dPS by Hong and coworkers, the long dPS segregated to

the surface instead of the short hPS.

Pioneering work on the effect of side chains on surface segregation was conducted in

polyolefin blends and copolymers containing short side branches and showed that molecules

with more side branches can segregate to the air/polymer surface regardless of the isotopic

effect, although they were not always found to be enriched at the substrate [58–60]. Surface

segregation due to long chain branching was studied by Walton and coworkers [53] using

NR experiments on blends of linear PMMA and branched random copolymer of methyl

methacrylate and methoxy poly(ethylene glycol) monomethacrylate, P(MMA-r-MnG). The

P(MMA-r-MnG) species, which has higher surface free energy than PMMA, segregated to

the surface and interface due to branching. The measurement of the surface composition

profiles of blends of low molecular weight symmetric star polymers (Mw ≈ 160 kg/mol) with

linear analogs (Mw ≈ 230 kg/mol) was carried out by Foster et al. [61] Blends of linear and

deuterated 6-star polystyrene were characterized using dynamic SIMS. The star polymers

segregated to both the air surface and the substrate interface.
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Recent work has focused on synthesizing branched polymers with highly controlled archi-

tecture and careful characterization of the surface and interface of binary blends containing

complex architectures. Lee [18] performed NR experiments on a series of end-branched

(Mw ≈ 37 kg/mol) and linear polystyrene blends symmetrically in molecular weight. Lee’s

study focused on the effect of functionality of branched polymers on surface segregation.

For linear and branched molecules with similar degrees of polymerization, surface enrich-

ment was enhanced by changing the branch architecture. One series of molecules had an

increasing number of branch points with a fixed total number of ends, while a second series

had an increasing number of end groups with a fixed number of branch points.The branched

architectures enhanced surface segregation to different degrees. An NR spectrum of a 6-pom

hPS/dPS blend and the corresponding density profile of the 6-pom molecules are given in

Figure 2.2. As discussed below, the overall magnitude and some trends agreed with a Gaus-
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Figure 2.2: Neutron reflectivity spectrum of a blend of 20vol% 6-pom hPS with linear dPS.
The inset shows the composition profile of 6-pom versus film depth resulting from fitting the
spectrum [18].

sian field theory with no fitted parameters. There was evidence that discrepancies were due
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to enthalpic effects associated with differing end groups. In addition, the discrepancy be-

tween the Gaussian field theory and experiment appears larger for greater number of arms,

suggesting the possibility that the Gaussian assumption for chain conformations breaks down

with increased crowding. This was a significant motivation for pursuing the development of

the two-chain SCFT approach in this thesis.

Yang [20] focused on the effect of junction placement on surface segregation, keeping all

end and branch groups the same in a series of pom-pom molecules. NR experiments were

performed on blends of linear PS and a series of 6-pom PS molecules with various lengths of

central linear portions between the joints, but at fixed total molecular weight. The strength

of the air/polymer surface segregation, in terms of the integrated surface excess, increases

with decreasing length of the linear portion between the joints of the 6-pom, rather than

depending on only the number and type of functional groups as approximated by linear

response theory [21]. This provides strong motivation to go beyond linear response theory,

and for my research in using SCFT to account for these effects.

Surface segregation of cyclic molecules is also of interest for a number of scientific and

technological reasons. High molecular weight cyclic molecules have traditionally been difficult

to make in large quantities, but new synthetic methodologies are emerging. Cyclic molecules

are topologically distinct, which gives rise to unusual rheological properties, and also presents

a challenge for theory. They have no ends or joints, and so any surface segregation mechanism

would be distinct from that for linear or branched molecules. Indeed, linear response theory

[21] predicts that in blends of cyclics and infinitely long linear hosts, the surface composition

is exactly twice that in the bulk due to differences in conformational entropy of purely

topological origin. The synthesis of large molecular weight cyclic polymers [32] provides

opportunities of testing the surface enrichment in cyclic/linear blends. Wang performed

NR experiments on molecular weight symmetric cyclic/linear PS blends with relatively high

molecular weight (Mw ≈ 37 kg/mol) [32, 62]. The depth profile indicated an approximately

80% increase of the surface composition above that in the bulk. However, the linear response
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theory assumption of infinite linear length does not correspond to the actual molecular weight

in experiments. I apply SCFT here to examine the theoretical prediction of the enrichment

of cyclics in blends with finite length linear chains.

2.1.2 Theory and simulation of surface segregation in polymer blends

The theoretical treatment of surface segregation in polymer blends in general is a broad

area, and follows the theory of inhomogeneous polymer systems that describes composition

variations resulting from entropic and enthalpic driving forces. As such, the self-consistent

field theory (SCFT) for inhomogeneous polymer systems introduced by Helfand and Tagami

[23–26], treating the polymer as a coarse-grained Gaussian chain in a self-consistent potential,

was a key development, and one that has provided the most widely used framework for

understanding polymer surface segregation. As I will discuss SCFT more extensively in

the following chapter, I highlight here the theoretical and simulations studies most directly

related to surface segregation in nonlinear polymer blends. In particular, I will review

the coarse-grained SCFT-based theories related to long-chain branched architectures and

short-chain branched architectures (often characterized by the related property of chain

stiffness), atomic-scale theories of these systems based on liquid-state theory, and molecular

simulations.

Wu and Fredrickson [21] solved the SCFT for blends of linear and nonlinear polymers

analytically within a linear response approximation, and in the limit of incompressibility.

The analytical solution allowed the interpretation of the entropic driving force for surface

segregation, due to gradients in the conformational entropy, as producing effective surface

potentials for ends and branch points. It concluded that for branched/linear blends in

the absence of enthalpic effects, chain ends (on both linear and branched molecules) are

attracted and joints of branched arms are repelled from the surface. Branched molecules

can segregate to the surface when mixing with linear molecules of the same or larger degree

of polymerization. If the linear chain is much shorter, it is still possible that the linear

chain segregates to the surface because of the entropic preference for short molecules at
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the surface. While these analytical results are conceptually useful, they are limited by the

range of validity of the linear response and incompressibility approximations. As mentioned

above, Yang’s NR study of segregation in 6-pom/linear blends [20] were not consistent with

the linear response description in terms of surface potentials only, and suggested a more

complete SCFT study is needed.

Minnikanti and Archer modified the linear response theory by introducing energetic fac-

tors such as the monomer-monomer interaction into the response function [63]. The modified

theory was developed to improve the connection between the theoretical prediction of sur-

face segregation and experiments. The deuteration effect on surface enrichment of polymer

blends was modeled and compared with the lattice-SCFT. The SCFT results on star/linear

polymer blends supports the experimental conclusions that the existence of isotopic ends on

linear species can cause the linear components to be enriched at the surface. Minnikanti et

al. [64] applied the lattice-SCFT to study the surface tension of a branched polymer. Cal-

culations showed that in the limit of a high degree of polymerization, the surface tension of

a polymer is a linear function of the reciprocal of the degree of polymerization. The slope

of the surface tension vs. inverse molecular weight contained contributions from ends and

joints to the surface segregation.

Hariharan et al. [44] developed an SCFT to investigate the effect of polymer molecular

weight and surface free energy on the surface enrichment in homogeneous linear polymer

blends. The shorter species segregated to the surface entropically in short chain/long chain

blends. The integrated surface excess of the short chain peaked at compositions greater than

φ = 0.5 and also depended on the ratio of the molecular weight Nshort/Nlong. In symmetric

molecular weight blends, species with lower absorption energy was shown to be surface

enriched [45]. A ground state analytical solution of SCFT for the polymer adsorption on a

hard surface was given by Ploehn et al. [65] as a comparison with SCFT by Scheutjens and

Fleers for polymer adsorption on the surface [66, 67]. The adsorption of a polymer within

SCFT at the surface was analogous to surface segregation problems of a polymer blend by
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controlling the adsorption free energy and the solubility of polymers in the solvent. The

adsorbed polymer density profile was shown to decay exponentially with increasing distance

from the surface. Later, van der Linden et al. [68] showed an exponential decay length of the

density profile to be less than 3Rg for long chain adsorption at a high adsorption preference.

Stratouras [69] derived the analytical density profiles of a Gaussian ring interacting with an

attractive surface. The adsorption of a ring was found to be more affected by the surface

than a linear chain due to their compact architecture. The linear response theory [21] also

predicted that the entropic preference of a cyclic structure could cause surface segregation

for dilute additives in a pure melt. For a dilute short cyclic and long linear polymer blend,

the surface density of ring monomers is predicted to be double the bulk density purely as a

consequence of the topology of the ring.

The monomer stiffness of components in binary blends has been addressed as an impor-

tant factor causing surface segregation. These theories were taken to be models of chains

with varying stiffness resulting from different degrees of short-chain branching. Possible ex-

planations showed contradicting conclusions depending on different molecular models and

surface potentials. Fredrickson [70] derived the free energy profile of binary polymer blends

with a hard surface using density functional theory. The contribution of the surface free

energy was assumed to originate from within a range on the order of Rg from the surface.

They indicated that the more flexible species (i.e., molecules with shorter statistical length)

had a stronger preference for the surface. The analytical SCFT on incompressible polymer

blends by Wu et al. also concluded that the flexibility of chains played an important role

in surface segregation [71]. Within a Gaussian chain model, the more flexible component

segregated to the surface.

Research on the surface enrichment of copolymer and polyolefin blends by Donley et

al. [72, 73] showed that the athermal blends had no segregation or weak segregation for

flexible polymers due to the cancellation between the packing and configurational effect.

However, attractive interactions within polyolefin blends led to a significant preference for
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the surface enrichment of the more flexible components. The mixing free energy had a

trivial effect on the surface segregation of polyolefins. However, an opposite result was

obtained by Carignano and Szleifer [74] using SCFT for surface segregation in strongly

stretched diblock copolymer and homopolymer blends. The stiffer component was found to

segregate to the surface in the stiff/flexible mixtures while segregation in diblock copolymers

was attributed to packing entropy effects where the block with short segments preferred to

segregate. Regarding this contradiction, Donley and coworkers argued that the enrichment

occurred in weakly stretched copolymers and even when the packing efficiency was weak [73].

Walton and Mayes applied the lattice-SCFT to study entropic effects on surface segrega-

tion in blends of linear polymers and polymers with side branches [28]. The dependence on

chain architecture, molecular weight, and number of branches were considered in their effect

on the degree of the surface segregation. They concluded that with no enthalpic interactions

between the polymers and walls, the conformational entropy can cause branched species to

segregate to the surface more than linear molecules. This prediction is in an agreement

with the linear response theory by Wu et al. [21] The number of branched ends enhanced

the surface segregation as all side chains can behave similarly as unconnected shorter linear

chains.

Recently, theories on polymers with nonlinear architectures have gained interest as ex-

periments progressed. Qian et al. [75] focused on the surface tension of star, comb and

highly branched dendrimer architectures in a linear polymer host using lattice-SCFT. The

lattice-SCFT considered the entropic effects in athermal blends. All these non-linear ar-

chitectures exhibit surface enrichment due to the entropic driving forces to the chain ends.

Star polymers with more branches showed stronger surface segregation, which agreed with

the linear response theory. When the number of arms and the polymerization degree of

the branched polymer were fixed, increasing the length of outside branches could result in

stronger surface segregation. Generally, the star architecture exhibited the strongest surface

segregation compared to asymmetric stars, dendrimers and combs.
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Overall, SCFT has been widely used to study surface and interface composition and chain

conformations of linear polymer blends, as well as several preliminary studies on nonlinear

or copolymer structures. The most recent progress in surface segregation of well-defined

nonlinear polymers should be systematically and directly compared with these theories. The

SCFT is nonetheless a coarse-grained theory, and the applicability is limited by the Gaussian

molecular model. For non-Gaussian conformations, such as in small branches or molecules,

liquid-state theories allow capturing non-Gaussian effects such as packing. I turn now to

some key liquid-state theory studies on polymer surface segregation.

The wall-PRISM theory was developed to study the properties of polymer melts and

blends near the surface driven by entropy including packing and configurational contributions

[76–78]. As such, wall-PRISM theory provides good predictions by accounting for monomer

level correlations and packing effects for molecules near the surface. Yethiraj [78] studied the

surface density profile of star and linear symmetric blends using wall-PRISM and found that

the packing efficiency for linear chains caused a preference for linear chains at the immediate

vicinity of the surface. This packing effect was missing in SCFT. At long distances from

the surface, the conformational entropy was the dominating factor for segregation, creating

for instance an enriched regime of star polymers with depth on the order of Rg from the

wall. The total surface excess increased strongly with increasing the number or the length of

arms. However, for a highly dense short-arm star, a negative surface segregation of the star

molecule was obtained due to the competition between packing and configurational entropy.

The wall-PRISM-Monte Carlo hybrid simulations [76, 77] showed that the local stiffness

(controlled by the bending energy of the coarse-grained bond) could affect surface segregation

in polymer blends. The stiffer chain was found to partition to the surface at high concen-

tration independent of the molecular weight, which was mainly because of better packing

at the surface. At low concentration, the flexible chain was favored at the surface but the

stiffer species was still found in the vicinity of the surface. Increasing the disparity of the

stiffness could increase the segregation of the stiffer polymer, but the PRISM theory became
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less accurate compared to molecular simulation for very large stiffness disparity due to the

neglect of local conformational change at the surface.

Nath et al. [79] studied the density distribution of linear polymer melts near the surface

by comparing a modified SCFT and wall-PRISM calculations. The comparison provided a

bridge between PRISM and SCFT, and showed comparable results between the two theories.

The density profile in contact with a hard wall by SCFT showed no segregation while the

modified SCFT incorporating density functional theory produced a damped density profile

by setting a wall contact number within the SCFT equations.

Finally, direct Monte Carlo simulation is a useful tool to study the surface properties of

polymers near the surface. Cifra et al. [80] used lattice-Monte Carlo simulations on homo-

geneous linear polymer melts and found that the density distributions of the end monomers

was enriched at the free surface and the wall. This agrees with SCFT predictions. Monte

Carlo simulations for miscible binary linear polymer blend by Cifra and coworkers [81, 82]

also indicated that lowering the surface interaction energy of one of the components (i.e.,

adjusting the surface preference of the components) can cause surface segregation of the

corresponding species.

Yethiraj [83] investigated branched and linear polymer blends using Monte Carlo simu-

lations. The molecules consisted of hard-sphere beads confined between two parallel walls.

There were also wall-polymer attractions and polymer-polymer attractions. The Monte

Carlo simulations indicated that in an attractive polymer blend, the branched species was

preferred rather than the linear chain at the wall. This work explained the surface segrega-

tion of polymer blends in terms of enthalpic effects such as polymer-polymer interactions and

polymer-surface interactions. However, the simulations also indicated that the surface en-

richment of the branched species could exist because of the polymer-polymer attraction. The

linear molecules were shown to segregate to the surface in the absence of the intermolecular

attraction.
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In summary, the coarse-grained SCFT has produced a consistent understanding of the

larger-scale driving forces for surface segregation that can account for enthalpic and entropic

driving forces that to a large degree can be understood in terms of surface potentials for end

and branched groups. As the branching becomes shorter and monomer scale effects such

as packing or stiffness become important, liquid-state theories reveal new mechanisms for

surface segregation. Monte Carlo simulation has provided results which are in qualitative

agreement with both coarse-grained and atomic scale theories. However, the existing the-

ories have limitations related to approximations invoked, such as incompressibility, linear

response or Gaussian chain conformations. One important limit where non-Gaussian chain

conformations are relevant to nonlinear molecules is the situation of swelling due to steric

crowding, particularly for highly branched molecules. I discuss chain conformations and

swelling in the section below.

2.2 Bulk conformations and thermodynamics of polymer solutions, melt and
blends

The conformation within a polymer molecule can be strongly influenced by enthalpic

interactions, steric repulsions and conformational entropy. In particular, for a large number

of arms emanating from a branch point, or for branch points in close proximity, crowding

can lead to stretching of arms near the branch points, which swells the molecule. The

conformation of a single molecule can influence how it interacts with surrounding molecules.

These intramolecular correlations influence interpenetration and miscibility in blends, but

can also be expected to influence entanglements and chain dynamics. The theoretical and

experimental studies on the bulk thermodynamic properties of nonlinear polymeric systems

are reviewed in this section.

2.2.1 Scaling analysis of self-avoiding walk in polymer solutions

In semi-dilute polymer solutions in good solvent, the polymer conformations undergo a

crossover from self-avoiding walk (SAW) to random walk statistics at a length scale corre-

24



sponding to the blob (mesh) size ξ [22, 84, 85]. In the Daoud and Cotton [86] model for

star polymers, the blob size ξ(r) increases with increasing distance from the core to the out-

side, up to the concentration blob size when the internal concentration matches the solution

concentration.

Daoud et al. [84] characterized the crossover of linear polymer semi-dilute solutions using

SANS and concluded that at r < ξ the SAW was dependent on the excluded volume, and

at larger distances, ξ < r < Rg the Gaussian random walk dominated. The scaling law of

density distribution as a function of distance, within a linear chain is approximately

ρ(r) ∼= rα (2.3)

where α = −1 is the ideal chain exponent that the polymers are random walking without

intermolecular correlation. For swelling chains, α = −4
3
, and it obeys the self-avoiding walk.

The scaling relationship between Rg and polymerization degree N for a Gaussian chain is

Rg ∼
√
N , while for the swollen chain it is Rg ∼ N0.6.

In a semi-dilute solution, the monomers are screened by intermolecular interactions [87].

The screened regime relates to the correlation length (screening length) depends on the bulk

density ρb and the excluded volume v.

ξE =
b√

12vρb

(2.4)

De Gennes [22] comments that the Edwards correlation length does not reveal the correct

scaling law for polymer solutions with finite concentrations. The screening length of a real

chain satisfies

ξreal
∼= (ρb)−3/4v−1/4b, (2.5)

where b is the segment statistical length. Within the length scale of ξ, monomers obeys

self-avoiding walk, beyond the length scale of ξ, the intermolecular correlations screen the

self-avoiding walk so that the chain is Gaussian.

25



2.2.2 Experiments on bulk conformations and thermodynamics of polymers

The characterization of polymer conformations in homogeneous polymer solutions, melts

and blends has been widely studied using scattering techniques, such as Small Angle Neu-

tron Scattering (SANS) [88–92]. A brief illustration of a neutron beam with wavelength λ

scattered by particles is represented in Figure 2.3:

2θ

k
i

k
s

rNeutron source

Detector

k
i

k
s

k

θ

Figure 2.3: Scattered neutron beams from two particles of the sample.

The scattering wavevector k (or q) is defined as

k = ki − ks, (2.6)

and it can be obtained by Equation 2.1.

Screening in dilute and semi-dilute polystyrene solutions was studied by Wendt et al. [93].

The dependence of screening length on the molecular weight was determined by SANS data

and compared with scaling theory, which gave a relationship, ξ ∼ N0.6, where N is the

degree of polymerization. Boothroyd et al. [90] studied the bulk conformation of star-shaped

polyethylene polymers. In a θ-solution the star molecules were still swollen. The swelling

was enhanced with increasing the number of arms but was not enhanced with increasing arm

length.
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Richter et al. [94] used Low Angle Laser Light Scattering and SANS to measure the

intramolecular correlations of star-shaped polybutadiene (PB) in a dilute solution (φ <

0.5%). The polymers had varying length of arms from 100 monomers to 700. The molecular

size was estimated by a power function of the concentration and given as Rg ∼ ρ−1/8. The

structure factor obtained by SANS indicated that the star solutions behaved as a liquid near

the overlap concentration but stars with many arms behaved as a solid.

The miscibility of a homogeneous polymer blend is given as a mean-field approximation

for the mixing free energy within Flory-Huggins theory:

∆G

kT
=
φ1

N1

lnφ1 +
φ2

N2

lnφ2 + χFHφ1φ2, (2.7)

where ∆G is the mixing free energy in a constant total volume. φi and Ni are the volume

fraction and the number of monomers of i and χFH is the Flory-Huggins segment-segment ex-

change interaction parameter. By assuming the interaction free energy, χFHφ1φ2, is parabolic

in φ, χFH, a measure of the polymer miscibility, is independent of composition. An empirical

linear function of χFH versus the temperature T is written as

χFH = a+
b

T
, (2.8)

where the coefficients a and b can be fit using experimental χFH at different temperatures.

Experimentally, the miscibility of polymer blends is often studied using neutron scat-

tering and interpreted using the random phase approximation (RPA) [22]. For long-chain

polymers of varying architectures, coarse-grained descriptions of the conformations have been

successfully utilized to study both surface and bulk properties. In particular, the model of

conformations as a Gaussian chain is useful. The RPA theory gives

1

S(k)
=

1

N1φ1S1(k)
+

1

N2φ2S2(k)
− 2χFH. (2.9)

In RPA theory, the structure factor Si(k) of component i is often considered as a Gaussian

single chain structure factor. S(k) is the total structure factor of the blends which can be

measured by scattering techniques.
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The isotopic groups were found to cause weak inhomogeneity of polymer melts. Warner

et al. [95] and Bates et al. [96–98] performed SANS experiments on deuterated (dPB) and

hydrogenous polybutadiene (hPB) blends to show evidence for the isotopic effect in blends.

Several mixtures of dPB/hPB blends were found to be unstable at low temperature due to

isotopic substitution. For those blends, the RPA equation for homogeneous blend failed to

fit the SANS spectra. Additionally, increasing the molecular weight of each component also

caused phase separation. The labeling induced inhomogeneity was studied by Graessley et

al. [99] as well and an estimation of the interaction parameter in hydrogenous binary blends

was suggested to average the results of labeling one species and then switching the labeled

species. In SANS experiments focusing on the architecturally induced bulk thermodynamics,

such as linear and nonlinear polymer blends, the isotope effect is removed by characterizing

χFH in a linear polymer melt with partially deuterated analogs [19].

The asymmetry of segment length in affecting the mixing entropy was not included in the

mean-field Flory-Huggins mixing free energy. However, Bates and coworkers [100] measured

binary polymer blends with asymmetric statistical segment length by SANS and showed a

dependence between the interaction parameter χFH and segment length. They concluded

that the difference between the segment lengths of two species correlated positively with

the interaction parameter. The conclusion that increasing difference of segment lengths

could increase χFH was supported later by Krishnamoorti et al. [101] in SANS experiments

on both randomly and regularly branched polymer blends. Gaussian field theory [38] for

entropic contributions of excess free energy of mixing takes account of the dissimilarity of

different monomer volumes, and is able to consider the difference between segment length of

the components.

Experiments also found that the interaction parameter χFH is dependent on composi-

tion, rather than being a composition independent parameter according to Flory-Huggins

theory. Londono et al. [102] studied the interaction of mixing in isotopically labeled polymer

melts. The non-isotopic polymer molecules, such as poly(vinyl ethylene)(PVE), poly(ethyl
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ethylene)(PEE) and polystyrene (PS) exhibited notable interaction parameters when mixing

with the same polymers with deuterated groups. χFH obtained by the RPA equation is max-

imized for equal mixtures. Bates et al. [103] showed that in a homogeneous diblock polymer

melt, χFH obtained by SANS was different depending on the compositions of components.

Londono et al. [102] also reported a minimum χFH for polyethylene isotope blends at φ = 0.5

but a maximum value for polystyrene isotope blends at φ = 0.5.

Russell et al. [104] evaluated the binary PS blend composed of 4-star and linear architec-

tures. The RPA equation using Gaussian model structure factors can fit the SANS data well.

χFH in dPS/PVME (poly(vinyl methylether) blend varied with composition and decreased

linearly with increasing temperatures. Hammouda et al. [91] also studied the temperature

dependence of the scattering intensity for PS/PVME blends and found that increasing tem-

perature did not always increase the scattering intensity at low k . At high k, the scattering

density was independent of the temperature. In the following publication by Hammouda and

coworkers [105], the measurement of the interaction parameters in pressurized dPE/hPVME

blends was carried out using SANS. Their results indicated that by increasing pressure the

scattering intensity at q=0 could decrease. The interaction parameters depended weakly on

pressure.

Brereton et al. [106] performed SANS experiment on a series of binary blends. The RPA

estimate showed that the molecular weight of polymers influences the measured interaction

parameter. The Zimm plot of the SANS data (i.e., 1/S(k) vs. k2) often produced a constant

slope as a function of the molecular size at different temperatures. The calculation also

showed an anomalous temperature dependence in Polytetramethyl Carbonate (PTMC)/dPS

blends, because the Zimm plots depicted largely varying slopes which indicated rapid changes

in molecular size when heating the blend. Brereton also suggested that χFH might be spatially

dependent. Cabral et al. [107] investigated the same blends containing PTMC and deuterated

PS recently. The SANS data did not have inconsistent slopes in the Zimm plot as found

by Brereton [106] after undergoing heat treatments such as quenching or annealing. The
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author suggested that the anomalous behavior seen by Brereton could be accounted for by

incomplete equilibration. In addition, the PTMC/dPS blends exhibited phase separation

with strong χFH values but no evidence of spatial dependence at all.

For polymers with nonlinear architectures, an understanding of the bulk thermodynamics

is important to avoid bulk phase separation. Alamo et al. [108,109] and Agamalian et al. [110]

highlighted the branching effect on the miscibility of binary polymer blends containing short

branched polymers. They indicated that the blends could be stable as a melt if the number

of branches was low but an increasing number of branches on the backbone could cause

phase separation from a homogeneous melt. Chen et al. [111] characterized mixtures of high

molecular weight (Mw ∼ O(105) g/mol) linear PE and different comb-branched PB. Single

phase blends were possible for low molecular weight combs (Mw ∼ O(104) g/mol). However,

when the combs had similar or higher molecular weight compared to linear PE, a separated

phase was found in the blend. SANS on star/linear blends by Martter et al. [39] also found

increasing the concentration of stars could decrease χFH.

Greenberg et al. [112] studied the interaction parameters in f -star/linear PS blends us-

ing SANS. χFH was estimated using RPA and compared with Gaussian field theory [38].

The experimental χFH for star/linear blends did not agree with the theoretical prediction.

Compared among various star-shaped polymers with the styrene monomer, the interaction

parameters of comb/linear blends were found to be stronger than f -star/linear blends. Mart-

ter et al. [39] later characterized star and linear PB blends using SANS. The contributions

of the functionality and the molecular weight of arms to χFH were studied by RPA theory.

χFH was larger in samples with higher number of arms while it did not vary monotonically

with increasing functionality when the total molecular weight is fixed. In particular, a 12-

star/linear blend exhibits a greater χFH than the 4-star/linear blend but blends containing

6-star or 8-star exhibit a smaller χFH than in blends containing 12-star or 4-star. However,

increasing the length of arms could increase χFH. In addition, their experiments also showed

that increasing the linear molecular weight caused an increasing χFH that could not be pre-
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dicted by Gaussian field theory. It can be potentially be compared with predictions by the

two-chain SCFT I develop in this thesis.

Recently, Lee et al. [19] characterized a series of end-branched PS with symmetric ar-

chitectures in blends with linear PS by focusing on how branch points and ends affect the

interaction parameters. The interaction parameters determined by the RPA equation in-

creased with increasing number of branch points if the total number of ends were fixed. A

comparison of blends with fixed branch points and increasing number ends indicated that

the magnitude of χFH increased as well and agreed qualitatively with Gaussian field theory.

Particularly, χFH increases rapidly from increasing the branched polymer from 9 branches

to 13 branches. However, their results showed that the Gaussian field theory is not in agree-

ment for predicting χFH for branched/linear blends for fixed number of ends but varying

functionality. Lee showed that for a series of molecules with six total ends, χFH decreases as

the number of branch groups increases from 6-star (one joint) to a 6-end (one joint and three

branch points). However, Gaussian field theory predicts a reverse trend, which implies that

the theory is limited by assuming Gaussian structure factors for swollen molecules in the

blends. Both experiments and Gaussian field theory showed qualitatively consistent orders

of magnitude for χFH values and indicate stable single-phase mixtures.

In general, SANS experiments on bulk thermodynamics of branched/linear blends with

identical monomers have shown good bulk miscibility, supporting their possible use for bulk

property modification applications. However, the Gaussian field theory did not produce

trends of the interaction parameter χFH that are consistent with SANS. An important reason

is neglecting the swelling effect on the bulk chain conformations. A new SCFT is developed

for capturing the swelling and stretching in highly crowded branched polymers. This method

provides a new way to calculate the interaction parameter χ with real chain conformations,

as a comparison with Gaussian field and mean-field theory.
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2.2.3 Theories of bulk conformations and thermodynamics of nonlinear polymer
melts and mixtures

In spite of the Flory-Huggins theory and the random phase approximation, theories to

understand the conformation of polymer melts and blends have been widely developed in

the past decades. In SCFT [22–26, 29], the Gaussian model is extended to account for the

influence of surrounding chains by a self-consistent mean-field. Although SCFT has enjoyed

wide success in explaining the compositional distributions of a wide variety of inhomoge-

neous polymer systems, one drawback of conventional SCFT is that correlations between

monomers are only accounted for by this mean-field. One-chain SCFT has been successfully

applied for polymer melts and blends to capture surface effects [30, 31, 71, 113]. However,

the translational symmetry always results in a uniform bulk density if the test chain is in

the bulk, without capturing any intra- or intermolecular correlations describing the chain

conformations. For highly crowded branched polymers, the correlations become more signif-

icant, and it is desirable to extend conventional SCFT to account for such correlations, even

in homogeneous systems. The way to allow the averaged field is to break the translational

symmetry by fixing the test molecule. For instance, Wolterink et al. [114, 115] modeled

a star-shaped polyelectrolyte using numerical SCFT with Scheutjens-Fleer algorithm [66].

Their study focused on the role of the ionic interactions and the branched functionality to

enhance the swelling of single polyelectrolyte conformation. To study the bulk conformations

of polymer melts and blends, a complete two-chain SCFT algorithm is developed with two

test chains. One chain has a fixed monomer at the origin, leaving the other chain freely

moving.

A well-developed method in the study of polymeric bulk properties is the polymer refer-

ence interaction site model (PRISM) theory and the self-consistent PRISM [116–127]. The

PRISM theory calculates the intermolecular correlation function from a known intramolec-

ular distribution function. For linear polymers, the size of molecules was found to decrease

with increasing monomer density [123]. Curro et al. [121] applied PRISM to study the inter-
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molecular correlations of polyolefin blends containing short side-branches modeled by specific

sites different from backbones. PRISM results indicated that the backbone monomers were

screened because of the crowding of monomers on side branches. This side-branch packing

effect increased with the size of side-branches. The structure factor of the blends exhibited

a low-angle peak in the low q regime which was not present in a polyethylene linear melt.

This peak could shift to lower q regime as the size of branches increase.

Grayce et al. [125] performed PRISM calculations on star polymers to model the swelling

in solution and melt. The stretching of arms was found near the branch point because

of the long-range excluded volume effect crowding around the core region. Because of the

swelling, the radius of gyration of the stars decreases as the monomer density increases.

Patil et al. [128] studied star and comb polymer melts with the PRISM theory. The results

indicated that swelling was enhanced when increasing the number of arms or branches.

For a comb with a small number of long branches, the intermolecular correlation function

showed that the monomer packing behaved similar to a linear structure with the same degree

of polymerization as the backbone. However, the intermolecular correlation function of a

highly branched comb with short branches was found to be significantly different from that of

a linear chain. The swelling in such a comb molecule was more enhanced than a linear chain

and was qualitatively similar to the conformation in star melts. The PRISM calculations

have successfully revealed the stretching of the branched polymers that differs from that of

the linear chains, while the non-Gaussian single chain structure factor input to PRISM may

require a large amount of calculations by Monte Carlo simulations.

Fredrickson et al. [38] developed the Gaussian field theory to estimate the entropic mix-

ing free energy and thermodynamic interaction parameters of polymer binary blends. The

theory assumes density is fixed and that the bulk molecular structure factor is Gaussian. As

discussed previously, predictions of χFH for blends of star, branched and linear molecules in

Gaussian field theory have shown inconsistent agreement with SANS experiments [19,39,112].

Comparisons between the Gaussian field theory and two-chain SCFT are performed for end-
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branched/linear blends in this thesis to study the interaction parameters in different assump-

tions. In principle, the two-chain SCFT and Gaussian field theory both model the polymer

blends as chains in an external field. In Gaussian field theory, the polymer holds the ideal

chain random walk conformation, and the fluctuations in the field are assumed to be a con-

tinuous Gaussian distribution. In two-chain SCFT, the free energy is approximated by the

saddle point maximum. The swelling and stretching of the polymer are included, and thus

the non-ideal conformations can be modeled using the two-chain SCFT in this thesis.

In addition to theoretical understanding of the bulk thermodynamics of nonlinear poly-

mers, molecular simulations were carried out for individual nonlinear polymers showed SAW

bulk conformations consistent with scaling theory. Grest et al. [35] performed molecular

dynamics for a dilute solution of coarse-grained stars with different arms. The conforma-

tion of the star polymer is shown to be SAW and agreed with scaling theory. Murat and

Grest [129] later studied the dendrimer structures and reported that the size of a dendrimer

is Rg ∼ N1/3 for a highly compact conformation. Rouault et al. [130] used bond fluctua-

tion model (BFM) [131–133] Monte Carlo simulation to simulate comb-branched polymers

in good solvent, measuring correlations in the orientation of the backbone as well as the

molecule size. They observed that the conformations of highly branched combs strongly

depend on the length of the side branches and the spacing between neighboring branches. A

BFM simulation of star polymers in a good solvent by Cecca et al. [134] also showed that the

intramolecular density distribution corresponds to SAW statistics to the arms. Yethiraj [135]

studied a single highly branched molecule by Monte Carlo simulation using a molecular model

consisting of hard sphere monomers connected by semi-flexible bonds. The conformations of

the backbone and branches are both nearly self-avoiding. The persistence length of a side

chain is found to be greater than that of an isolated chain with the same number of beads

while it is insensitive to the length and stiffness of the backbone. The crowding on branches

increases the branch persistence length but the crowding effect became weak if the monomers

on branches or the backbone are stiffer. The crowding of branches also affects the confor-
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mation of the backbone. The author concluded that increasing the number or the length

of branches without changing the backbone length would increase the stiffness of backbone

significantly, but increasing branch stiffness does not always increase the backbone stiffness.

The limitation of using atomic level molecular simulations to study the bulk polymer confor-

mations is that the simulation of a large system containing many chains requires extensive

computing resources. Theories are more efficient in understanding general concepts of the

swelling of branched topologies and comparing to scaling theory and experiments.
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CHAPTER 3

SELF-CONSISTENT FIELD THEORY (SCFT)

Over the past few decades, SCFT has been a successful approach for determining polymer

bulk and surface properties [21–31, 34, 66, 87]. A typical SCFT assumes that the conforma-

tions of any molecule in the system can be equivalent to those of a specific chain feeling an

external potential from other polymer chains. The test chain satisfies Gaussian statistics

in an averaged or mean chemical potential field. When approximating the free energy as a

quadratic function of the density (for instance for small perturbations about an equilibrium

density), this mean-field is taken to be proportional to the averaged total density. Figure 3.1

shows a brief illustration of the self-consistent field approximation of polymers near a poly-

mer/air surface and a polymer/substrate interface. A neutral hard substrate is represented

by a wall with infinite potential at which the density goes to zero. While a more exact

treatment of the free (air) surface would involve a non-quadratic free energy, a simplistic

approximation is to require the density to go to zero at a specified distance–in effect using

a hard wall to mimic the effect of a free air surface. Any attractive or repulsive interactions

in the case of an actual solid substrate can be included with an additional potential.

SCFT has been widely applied to various types of polymers including polymer brushes,

block copolymers and polymer blends. In recent years, however, researchers have become

interested in polymeric systems containing a wide variety of polymer architectures. For in-

stance, Wu et al. [21] developed a linear response theory using self-consistent field theory

solutions to describe the surface composition change of branched or cyclic polymer additives

with linear molecules. The lattice-SCFT algorithm has been applied to study the conforma-

tion of star-shaped colloid particles [114, 115, 136] and combs [137–139] in dilute polyelec-

trolyte solutions. Qian et al. [75] studied the surface segregation and surface free energies of

binary blends containing linear and highly branched molecules using lattice-SCFT.
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Figure 3.1: (a) An illustration of a polymer melt near a wall. (b) The self-consistent field approxi-
mation for a system of many chains near a wall. The test molecule feels an external field (the filled
area) by averaging the densities of all the other molecules.
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Entropic and steric effects cause surface enrichment phenomena when mixing different

polymer architectures. Such phenomena can be captured by conventional SCFT and com-

pared with experimental results. This chapter presents the derivation of the conventional

self-consistent field theory using a Gaussian chain polymer model and linear response theory

for the study of nonlinear architectures.

3.1 SCFT for nonlinear/linear polymer blends near surfaces

The analytical development of self-consistent field theory to study polymer conforma-

tion originates from the single chain problem given by Edwards and coworkers [34, 87, 140].

Helfand et al. [23–26] extended the SCFT to treat inhomogeneous polymer systems. In these

coarse-grained models, the ideal chain conformations undergo a Gaussian random walk and

are described by the Wiener distribution

P (rα) ∝ exp [H0[rα]]

∝ exp

[
− 3

2b2

∫ N
0
dt
∣∣∣drα(t)

dt

∣∣∣2] , (3.1)

where rα(t) is the position of monomer index t on chain α, and N is the total number of

monomer segments. The unit of energy is taken to be kT and b is the Gaussian step length.

The concept of the Gaussian step length b and its use for comparison with experiment

deserve some comment. A mathematically exact infinite Gaussian random walk is a fractal,

and has no intrinsic length scale. In this case, the choice of b is an arbitrary length scale.

In other words, we could “zoom” in by a factor λ and the polymer would visually look the

same. This is also apparent in the mathematical description of the Wiener distribution,

where we could have a change of variable from b to b/λ, where λ rescales our length scale.

To preserve the distribution, we would then also rescale t to λ2t, and N to λ2N . Note that

for a finite Gaussian random walk, the only length scale is the size of the polymer, ∼
√
Nb,

which is invariant to scale transformation. Since the SCFT models polymer conformations

by a finite Gaussian random walk, within the SCFT, the choice of b is indeed arbitrary as

long as the other parameters are rescaled accordingly. Thus in this thesis, length scales are
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typically non-dimensionalized in units of b.

A real polymer chain, however, is not Gaussian at the monomer scale, but on a longer

length scale, the chain conformation approaches a Gaussian random walk. This justifies the

use of a Gaussian random walk to model a polymer chain on a coarse-grained level. There is

then the question of which value of b to choose. The most common convention, and the one

I primarily adopt in this thesis when choosing numerical values, is to pick b to correspond

to a “monomer” or a chemical repeat unit. This is convenient when working with theories

that use the concept of a “monomer” and its properties, such as the volume. With the

definition and thus number of monomers chosen, b can then be assigned to be the “Kuhn

length” or “statistical segment length”, which is the bond length of a freely jointed chain

consisting of the same number of monomers that gives the same end-to-end distance as the

real molecule. (For instance, for polystyrene, the statistical segment length is ∼ 6 − 7Å,

depending on conditions.) We should keep in mind, however, that for SCFT results, it may

be convenient to leave results in units of b with the idea that we have freedom to choose a

different convention for b if desired.

The monomer-monomer interaction can be modeled in terms of the excluded volume

energy functional

Ŵ [rα(t)] =
v

2

∫
drρ̂(r)2, (3.2)

where ρ̂(r) is the microscopic density operator at point r and is defined as

ρ̂(r) =
n∑

α=1

∫ N

0

dtδ(r− rα(t)), (3.3)

where n is the number of polymer chains.

The partition function in canonical ensemble is therefore written as

ZC =

∫ n∏
α=1

DrαP (rα)exp(−Ŵ )

=

∫ n∏
α=1

Drα exp

[
− 3

2b2

∫ N

0

dt

∣∣∣∣drα(t)

dt

∣∣∣∣2
]
× exp

[
−v
2

∫
drρ̂(r)2

]
. (3.4)

39



Given the fact that ∫
Dρ δ[ρ− ρ̂] = 1, (3.5)

Equation 3.4 can be expressed as an integral over fields

ZC =

∫
Dρ
∫ n∏

α=1

DrαP (rα) exp

[
− 3

2b2

∫ N

0

∣∣∣∣drα(t)

dt

∣∣∣∣2
]
δ [ρ− ρ̂]

× exp

[
−v
2

∫
drρ(r)2

]
. (3.6)

Recalling the functional delta function identity

δ [ρ− ρ̂] =

∫ i∞

−i∞
Dµ exp

[∫
dr µ(r) (ρ(r)− ρ̂(r))

]
(3.7)

allows us to introduce the conjugate potential field µ(r) by substituting Equation 3.7 and

Equation 3.3 into Equation 3.6. The partition function then becomes

ZC = Z0

∫
DρDµ exp

[
−v
2

∫
drρ(r)2

]
× exp

[∫
drµ(r)ρ(r)

]
×

∫ n∏
α=1

Drα exp

[
3

2b2

∫ N

0

dt

∣∣∣∣drα(t)

dt

∣∣∣∣2
]

exp

[
−
∫ N

0

dt µ[rα(t)]

]
= Z0

∫
DρDµQn

0 [µ] exp

[
−v
2

∫
drρ(r)2 +

∫
drµ(r)ρ(r)

]
, (3.8)

where Z0 = V n/n! (V is the volume of the system). Q0[µ] is the single chain partition

function in an external field µ. The canonical ensemble effective Hamiltonian of the polymer

melt is thus

HC =
v

2

∫
dr
[
ρ(r)2 − µ(r)ρ(r)

]
− n ln Q0[µ], (3.9)

and the canonical Helmholtz free energy functional reads

FC =
v

2

∫
dr
[
ρ(r)2 − µ(r)ρ(r)

]
− n ln VQ0[µ] + nln(n)− n. (3.10)

The partition function can be written in terms of the summation of density propagators

G(r, r′; t, t′) representing the statistical weight of a monomer t at r connected by the chain
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to another monomer t at r′,

ZC =

∫∫
dr′dr′′G(r′, r′′;N, 0)

=

∫ ∫ ∫
drdr′dr′′G†(r′, r;N, t)G(r, r′′; t, 0), (3.11)

where the density propagator G in terms of a Green’s function is written as

G(r, r′; t, t′) =

∫
DrP (r) exp(−W (r))δ(r(t)− r)δ(r(t′)− r′)∫

DrP (r)δ(r(t)− r)
, (3.12)

and similarly for G†. Simplifying the above integrals by defining weight functions:

q(r; t) =

∫
dr′′G(r, r′′; t, 0) (3.13)

and

q†(r; t) =

∫
dr′G†(r′, r;N, t), (3.14)

as the statistical weight of a chain of length t and a chain of length N − t to be found at

position r, respectively. q and q† satisfy the modified diffusion equation:

∂q(r)

∂t
=
b2

6
∇2q(r)− µ(r)q(r), (3.15)

The polymer statistical segment length b is the step length of the Gaussian chain model.

In the SCFT calculations presented here, b is used as the unit of length, e.g., to report the

dimension of a molecule or the system size. The external potential, µ(r), can be estimated by

using a saddle point approximation on Equation 3.8, i.e., by taking the functional derivative

of Equation 3.9 with respect to µ and ρ to be equal to zero, i.e.,

∂HC

∂µ
=
∂HC

∂ρ
= 0. (3.16)

The saddle-point approximation results in a self-consistent equation for the external field µ:

µ(r) = vρ(r), (3.17)
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in terms of the averaged local probability density ρ(r), which can be evaluated by

ρ(r) = N
∫ N

0
dtq(r; t)q†(r; t)∫∞

0
drq(r;N)q†(r;N)

, (3.18)

where N is a normalization constant. The integrand of the numerator is the unnormalized

density distribution, which is shown briefly in Figure 3.2.

t
q(r;t)

q (r;t)

Figure 3.2: An illustration of the calculation for the unnormalized density on the tth bead of a
linear chain.

Equation 3.15, Equation 3.17 and Equation 3.18 are a complete set of self-consistent

equations. An initial guess of µ is required when starting the self-consistent iterations.

At the surface or interface of a polymeric system, the problem can be cast as a solution

of the one-dimensional modified diffusion equation:

∂q(z, t)

∂t
=
b2

6

∂2q(z, t)

dz2
− µ(z)q(z, t), (3.19)

where z is a distance normal to the surface, starting from the surface at z = 0 and reaching

a maximum at z = zmax at the other surface. The system is thus constrained between two

parallel walls, with one of the walls possibly representing the condition of zero density at an

air surface. The initial condition at t = 0 (corresponding to monomers of length approaching

zero) is the uniform distribution, q(z; t = 0) = 1, because zero-length chains feel no potential.
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The generalization to blends is straightforward. In an athermal blend containing species

A and B, the SCF potential is written as

µ(z) = v (ρA(z) + ρB(z)) . (3.20)

The number density ρi of polymer of type i (i= A or B), in units of monomers per volume,

can then be written as

ρi(z) = ρi0
zmax

∫ Ni
0
dtqi(z; t)q†i (z; t)

Ni

∫ zmax

0
dzqi(z;Ni)q

†
i (z;Ni)

, (3.21)

where ρi0 is the bulk monomer density of species i and Ni is the degree of polymerization,

and the boundary conditions satisfy q(z 6 0; t) = q†(z 6 0; t) = 0 and q(z > L; t) = q†(z >

L; t) = 0.

The density of the polymer blend goes smoothly to zero at z = 0 and z = zmax for com-

pressible models (i.e., finite excluded volume parameter v). For an incompressible polymer,

the density jumps discontinuously from the bulk value to zero at the wall.

For a compressible description of polymers, the definition of the integrated surface excess

used to quantify the magnitude of surface segregation needs to be generalized from that used

in the incompressible blend. For the incompressible blend, the surface excess of component

A is defined as

Z∗A = ρb

∫
(φA(z)− φA0)dz, (3.22)

where the total density ρb = ρA0 + ρB0 is simply the bulk density. φA0 is the bulk mole

fraction of A monomers. This definition is applicable for incompressible blends because

ρb is a constant, and the density of the component is proportional to the mole fraction,

i.e., ρA(z) = ρbφA(z). However, in compressible blends, ρA(z) 6= ρbφA(z), and the total

density, ρA(z) + ρB(z) will change as a function of z. Equation 3.22 can be generalized for a

compressible blend as

Z∗A =

∫
[ρA(z)− φA0(ρA(z) + ρB(z))] dz, (3.23)
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i.e., it is the integrated excess density of A relative to that expected had the mole fraction

remained constant even as the density changes. This can be simplified as

Z∗A =

∫
[φB0ρA(z)− φA0ρB(z)]dz, (3.24)

where ρA and ρB are the monomer densities of species A and B at z, and φA0 and φB0 are

the bulk mole fractions of A and B, which are

φA0 =
ρA0

ρA0 + ρB0

(3.25)

and

φB0 =
ρB0

ρA0 + ρB0

, (3.26)

and ρA0 and ρB0 are the bulk densities of species A and B, respectively. The integrand

of Equation 3.24, φB0ρA(z) − φA0ρB(z), is defined as the excess density of A monomers in

compressible blends. Note that since the densities of A and B go to zero at the boundary,

the excess density must converge to zero at the boundaries as well. The compressible bulk

density, ρb = ρA0 + ρB0 , can be estimated from the value at the plateau region of the density

profiles (i.e., z = 0.5zmax).

It can be shown that Equation 3.24 is equivalent to Equation 3.22 in the limit of incom-

pressible blends:

Z∗A =

∫
φB0ρA(z)− φA0ρB(z)dz

=

∫
φB0ρbφA − φA0ρb(1− φA)dz

= ρb

∫
(φA0 + φB0)(φA − φA0)dz

= ρb

∫
(φA − φA0)dz. (3.27)

I turn now to the SCFT equations generalized for branched polymers, covering stars

(end-branched and pom-poms are direct extensions), cyclic, and comb polymers below. The

flowcharts for the SCFT programs for nonlinear/linear blends are given in Appendix A.
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3.1.1 The statistical weight functions of branched polymers: example of stars

I consider the large class of branched polymers without any loops. Each monomer on

this molecule is either on a linear section or a branch point. Along the linear sections,

the statistical weight functions q(r, t) are propagated according to the modified diffusion

Equation 3.15, just the same as for linear polymers. Because there are no loops, the direction

of propagation is well-defined, and is taken to be from the outer ends to the point of interest.

When a branch point is reached, the statistical weight functions are multiplied together,

which is a consequence of the statistical independence of each branch in SCFT, before being

propagated further along the linear section towards the point of interest. In this way, for

every monomer on a linear section, there are two statistical weights, q and q†, representing

the statistical weight from the two pieces that come from the two directions towards that

monomer. Thus, the only new aspect of the calculation relative to the linear case is the

product of statistical weights at a branch point.

As an example, for symmetric star structures with m arms, the probability density of the

m-arm joint (branch point) is written as

qi;joint(r; tjoint)q
†
i;joint(r; tjoint) =

m∏
j=1

qi;j(r; tjoint)), (3.28)

where qi;joint is diffusing from every end of the branch to the joint. An example for calculating

the density of a 3-arm joint is given in Figure 3.3.

In this way, the density of every monomer of a branched polymer (without loops) can be

calculated.

3.1.2 The statistical propagators of cyclic molecules

All monomers on a ring homopolymer are equivalent since the molecule has no ends. To

determine the monomer density, we divide the loop into two portions from 0 to t and t to

N . The cyclic topology implies that the head and end must be at the same position z′ = z′′.
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q1(r;t)

q2

q3

Figure 3.3: An illustration of calculating the unnormalized density at the joint of a 3-arm structure.

The partition function for a ring can therefore be written in terms of the propagators as

Z =

∫∫∫
dzdz′dz′′G(z′, z; 0, t)G†(z, z′′;N, t)δ(z′ − z′′), (3.29)

where the delta function controls the closure of the loop. (Note I have formally kept two

propagators G and G† in my notation, although due to symmetry in the case of cyclic

molecules, they are the same function.) Similarly, the monomer density is defined as

ρ(z) =

∫ N
0
dt
∫∫
dz′dz′′G(z′, z; 0, t)G†(z, z′′;N, t)δ(z′ − z′′)∫ zmax

0
dz
∫∫
dz′dz′′G(z′, z; 0, N)G†(z, z′′;N,N)δ(z′ − z′′)

. (3.30)

This expression can be simplified using the convolution property of propagators, that is,

given that for any monomer t on the ring, G(z′, z; 0, t)G†(z, z′′;N, t) = G(z′, z; 0, 0)G†(z, z′′;N, 0).

Thus,

ρ(z) =
N
∫
dz′G(z′, z; 0, 0)G†(z, z′;N, 0)∫ zmax

0
dz
∫ zmax

0
dz′G(z′, z; 0, N)G†(z, z′;N,N)

. (3.31)

Figure 3.4 illustrates G on a loop from the 0th site at position z′ to the tth site at position

z in the calculation of the statistical weight for the ring polymer. Since G(z′, z; t, t) = δ(z−z′)

for any t, the monomer density can be simplified to
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ρ(z) = N
G†(z, z;N, 0)∫ zmax

0
dzG†(z, z;N, 0)

(3.32)

= N
G(z, z; 0, N)∫ zmax

0
dzG(z, z; 0, N)

. (3.33)

The derivation eliminates the index of the starting point. It shows that for a loop, the

density probability only depends on the whole path looping back to the same position.

(z,t)

(z',0)

G(z',z;0,t)

z

Figure 3.4: An illustration of calculating the statistical weight of a ring polymer in terms of the
propagators G(z′, z; 0, t) from the 0th site at z′ to the tth site at z.

Thus, the numerical SCFT for a cyclic molecule requires a numerical integration with

respect to the time step t because only G at the last step N is needed. However, this calcula-

tion requires a larger allocation of memory because of the three dimensional array needed to

store G(z, z′; 0, t). The diffusion equation is solved sequentially along the z direction with a

fixed z′. The performance can be improved if using a parallel algorithm to split work among

many processors. The details for the parallelization are given in Appendix C.

47



3.1.3 The statistical weight functions of combs

In SCFT, the evaluation of the statistical weight function q(z; t) for a comb is straight-

forward. Figure 3.5 introduces the scheme for calculating the weight functions of a comb.

Assuming a comb has p teeth and each tooth is M sites long, with L monomers between

adjacent teeth on the backbone. The joints can be considered as a 3-arm structure except

for the two joints, 0 and p − 1. q begins from the left joint i = 0, and diffuses towards the

joint i = p−1. Meanwhile, the corresponding q† diffuses from the opposite direction starting

at joint p− 1.

L M

p teeth

......

q(z;t)

qb
0
(z;t) qb

1
(z;t) qb

p-1
(z;t)

q+(z;t)qb+
0
(z;t) qb+

1
(z;t) qb+

p-1
(z;t)

Figure 3.5: An illustration of calculating q and q† for a comb structure.

The weight functions of each tooth are also needed. They can be defined by introducing

the tooth index i. qbi and qb†i correspond to weight functions of the ith tooth counting

from 0 to p − 1. Note that all qbi are the same, but qb†i depends on the initial value

qb†i (z; 0) = qjoint(z; ti). For this 3-arm structure, the probability density at the joint is

ρjoint(z, ti) = q(z, ti)q
†(z, ti)qbi(z, ti), (3.34)

and furthermore qb†i (z; ti) = q(z; ti)q
†(z; ti). The complete solution of the modified diffusion

equation must contain p outer iterations to update the q and q† at those joints. Each iteration

solves the equation from t = ti to t = ti+1, which counts the sites between two adjacent joints.
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3.2 Linear response theory for branched and linear blends

The linear response theory for polymers about the self-consistent field solution is devel-

oped by introducing the response function S(r, r′) =< δρ(r)δρ(r′) >, describing the correla-

tion of local density fluctuations δρ at r and at r′. By the fluctuation-dissipation theorem,

it also gives the change in the average density at position r

∆ρ(r) = −
∫
dr′S(r, r′)U(r′). (3.35)

in response to a weak potential field U(r′). Because S(r, r′) only depends on the relative

distance |r− r′|, it has a simple form after a Fourier transform:

∆ρ(q) = −S(q)U(q). (3.36)

Wu and Fredrickson [21] extended the linear response theory to study the surface segre-

gation due to the surface potentials of joints and branched groups in the blends of linear and

nonlinear polymers. For a binary blend with linear A and branched B, the effective surface

potentials on joints and ends lead to a change in monomer density of B, which is written as

∆ρB(r) = −
∫
dr′SB

ρe(r, r
′)UB

e (r) + SB
ρj(r, r

′)UB
j (r), (3.37)

where the end density and joint density response function for branched species are written

respectively, in terms of

SB
ρe(r, r

′) =< δρB(r)δρB
e (r′) > (3.38)

and

SB
ρj(r, r

′) =< δρB(r)δρB
j (r′) > . (3.39)

The effective surface potential field U(r) is given as a delta function at a given infinitesimal

distance z from the surface, in terms of enthalpy and entropy:

U(r) = Uδ(z) = ∆h− T∆S, (3.40)
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where the conformational entropy contribution to S is written as

−T∆S = −ξkTδ(z)

∫ ∞
0

[tanhp(z)− tanh2(z)]dz, (3.41)

where ξ = b/
√

3vρb is the Edwards screening length, and p is the functionality of the branch

point.

The excess monomer density in the limit of incompressibility (v → ∞), for branched

molecules in a branched/linear blend is written as

∆ρ(q) =

(
SB
ρρ(q)

Sρρ(q)

)
SL
ρρ(q)UL

e −

(
SL
ρρ(q)

Sρρ(q)

)
(SB

ρe(q)UB
e + SB

ρj(q)UB
j ). (3.42)

In this equation, SB
ρρ represents the monomer-monomer correlation functions for the branched

molecules and SL
ρρ is for the linear. UL

e is the potential on the end of linear species; similarly

for UB
e on branched ends. The excess density profiles from the surface can be obtained by

taking the 1-D Inverse Fourier transform on Equation 3.42. The integrated total surface

excess is therefore given by

∫ ∞
0

dz∆ρ(z) = ρb

[
1

φBNB
+

1

(1− φB)NL

]−1
(

2

NL
UL

e −
nB

j

NB
UB

j −
nB

b

NB
UB

e

)
, (3.43)

where NB is the polymerization degree of the branched polymer, NL is the polymerization

degree of the linear chain, and φB is the mole fraction of the branched species. The total bulk

monomer density ρb = ρL + ρB is a constant. Linear response theory shows that the joint

and branch points are entropically repulsed by the surface however the ends of molecule are

entropically preferred to stay at surface. It predicts that conformational entropy effects, if

acting alone, will cause the branched species to be enriched at the surface when mixed with

long linear chains. The enthalpic potentials of the specific chemical groups, which can be

simply added to the entropic potentials within linear response theory, also affect the surface

enrichment and this prediction is helpful in experimental studies on branched/linear blends.

However, the linear response theory gives a result for the integrated surface excess that

depends only on the number and type of branch and end points, and thus fails to predict
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variations in surface segregation when the branch and end group type and numbers are held

fixed, but the intervening lengths are varied.

3.3 Surface SCF potential on specific functional groups in branched polymers
attracted or repelled from a surface

Linear response theory has shown that the effect of surface potentials of ends and joints

on surface enrichment. The specific surface potentials acting on joints and ends can also be

implemented within conventional SCFT. The modification is described as below.

Assuming a branched molecule contains two types of joints ja, jb and one end e, with

surface potentials µja , µjb and µe, respectively. The surface potentials have an effective given

cutoff range zeff from the surface. The branched molecule as a whole can feel an external

field µ(z; t), which is written as

µ(z; t) = ρ(z)v, (t 6= end, joint), (3.44)

and the surface potentials near the wall on the joints and ends satisfy

µ(z; end) = ρ(z)v + µe(z),

µ(z; jointa) = ρ(z)v + µja(z),

µ(z; jointb) = ρ(z)v + µjb(z). (3.45)

The surface potentials are then incorporated during the solution to the modified diffusion

equation:

∂q′

∂t
=
b2

6
∇2q′ − µq′. (3.46)

The solution of q′ at different t depends on the specific potentials on the end or joint. Thus,

the initial conditions are changed to be q(z; 0) = exp[−µe(0)] and q†(z;N) = exp[−µe(0)].

At the joint containing m branches, the unnormalized density is written as

ρ(z) = exp(−µjb)q1(z; joint)q2(z; joint)q3(z; joint)...qm−1(z; joint)q†(z; joint)

= exp(−µjb)qm−1
1 (z; joint)q†(z; joint), (3.47)
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where qi(z; joint) is the solution of the modified diffusion on the ith branch, and the second

equation applies as we consider the case of all equal length branches. The weight function

of the joint is defined as

q′(z; joint) = exp(−µjb)qm1 (z; joint). (3.48)

The simplest form of the surface potentials µe, µja and µjb is the finite square-well potential:

µja =
Ua

zeff

, (z 6 zeff),

µja = 0, (z > zeff), (3.49)

where Ua is the area of the squared well in units of kTb (b is the Gaussian step length).

Similarly, µe and µjb are defined in terms of Ue and Ujb as square-well potentials. The cutoff

distance zeff can be taken to be the screening length b/
√

3vρb, where v is the excluded volume

and ρb is the bulk density [21].
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CHAPTER 4

SURFACE SEGREGATION OF LINEAR AND NONLINEAR POLYMER BLENDS

This chapter focuses on the surface segregation of nonlinear molecules in blends of non-

linear and linear polymers. A variety of architectures are studied, such as star, pom-pom,

n-end, comb, and cyclic polymers. These nonlinear structures has been shown a preference

of segregation when mixing with linear molecules in Chapter 2. Linear response theory

predicted that surface segregation can be understood as surface potentials of entropic and

enthalpic origins. The influence of surface potentials for different branch groups is tested

using linear response theory and SCFT, by separately varying number of ends and of branch

points, at fixed molecular weights. As the number and type of ends and joints are fixed

across the series of pompoms, the pom-pom molecules address a question to the effect of the

length of side branches on the surface enrichment. However, linear response is insufficient

to address pom-poms, since it neglects the difference of the molecular weight in branches

and linear backbones. SCFT is applied in this chapter and compared with the experimental

results. The cyclic structures are interesting because of the topology without ends. The

surface enrichment of the cyclic molecules in the blend with linear cannot be explained by

potentials of functional groups; however, linear response theory predicts a factor of two en-

hancement compared to its bulk concentration at the surface due to topological entropy.

Compressible SCFT calculations are given as tests of linear response theory and comparison

with experiments. Finally, the surface segregation of a series of blends with densely branched

combs and linear polymers are of interest and studied by both linear response theory and

SCFT, to predict that a highly branched molecule show strong entropic preference to the

surface, and compare with experiments.

Figure 4.1 gives examples of the various symmetrically branched molecules studied. These

molecular architectures were based on branched, cyclic and comb polystyrene molecules
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synthesized and experimentally studied by Foster and co-workers [9, 16,20,32].

Figure 4.1: Schematic illustration and names of star, multiple-end branched, pom-pom, cyclic and
comb polymers studied.

I present SCF theory calculations for blends of each of these nonlinear polymers with

their linear analogs, and where available, compare with experimental data.

4.1 Surface segregation of star/linear blends

In this section, a series of SCFT calculations on blends of 4-star and linear polymers are

performed to study the surface enrichment of the star molecules. The 4-star chains studied

have fixed total polymerization degree of Nstar = 100, while three different polymerization

degrees of the linear component, Nlinear = 10, 100 and 1000, are used to study the effect of

molecular weight differences. The simulation box size is zmax = 100b where b is the Gaussian

step length, and the total monomer density is fixed at ρ̄ = 1.0. Figure 4.2 presents the excess

density profiles of star molecules in the blend with varying the degree of polymerization of

linear components. Dimensionless variables, z̄ = z/b, v̄ = vb−3 and ρ̄ = ρb3 are defined and

used in these SCFT calculations. The excess density is dimensionless in terms of the reduced

density ρ̄. The parameter φi represents the initial monomer mole fraction of the component

i in a blend.
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Figure 4.2: Excess density profiles of star species for different compositions of star monomers in
various 4-star/linear blends. The molecular weight of the star is Nstar = 100. (a) A binary blend
containing shorter linear molecules Nlinear = 10. (b) A binary blend with equal molecular weights
of linear and star. Nlinear = 100. (c) A binary blend with longer linear chains Nlinear = 1000.
v̄ = 0.1 and ρ̄b = 1.
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In Figure 4.2a, the stars (N = 100) are repelled from the surface in a low molecular

weight linear host (N = 10). In this case, the driving force for lower molecular weight

species to go to the surface dominates over architectural effects.

For the symmetric molecular weight case in Figure 4.2b, stars segregate near the surface

over the range scaling as Rg,star ∼
√
N star ≈ 10b as expected by the linear response theory,

but the linear can still slightly segregate at the surface. It is notable that the segregation

profiles are nearly symmetrical with respect to the composition of star monomers: the excess

density profiles for φstar = 0.3 and 0.7 are very similar, as are the blends of φstar = 0.1 and

0.9, and the excess density profile reaches maximum around φstar = 0.5. Panel a and c both

show that the decay length of the excess density decreases as the composition of the small

molecule decreases. The decay length for the excess of branched polymer is seen to change

with the composition. This is also seen and first explained in the linear response theory [21]:

the decay length is a function of the sizes (Rg) of both components, which may differ. The

relative weight of each size in contributing to the determination of the overall decay length

varies with composition, and hence so does the decay length itself.

Rg for a polymer near the surface can vary from the Gaussian model, Rg ∼
√
N , because

the conformation changes that ends are entropically attracted but joints are repelled. Rg

near the surface can be calculated by two-chain SCFT. The algorithm for particularly Rg

calculations in two-chain SCFT is more complicated than the algorithm developed in Chapter

5. It can be expected that when a star molecule approaches to the surface from the bulk,

the molecule should be firstly stretched because of the surface attraction of the ends, but

then compressed when the molecule is too close to the surface. The study of Rg near the

surface is not discussed in the thesis.

As discussed by linear response theory, the depth between the surface and peaks due to

compressibility is proportional to the screening length ξ. Figure 4.2a and c clearly show that

this compressibility regime varies with compositions. However, there is no clear explanation

for the details of the composition dependence of this length scale.
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For the case where the linear molecules are higher in molecular weight than the stars,

an even greater enrichment of star species will be found at the surface, as can be seen

in comparing panels b and c. This reflects the combined effects of molecular weight and

architectural driving forces for surface segregation. Figure 4.2c also shows that excess profiles

for φstar = 0.5 and φstar = 0.7 have the same maximum excess density. However, in the blend

of φstar = 0.7, the decay length of the excess profile is wider. Therefore the integrated

excess is greater than for φstar = 0.5. The corresponding integrated excesses as a function of

compositions of star monomers are plotted in Figure 4.3. The linear excess for Nlinear = 10

peaks at φstar = 0.3 while the star excess in a blend with long linear molecules peaks at

φlinear = 0.7. The integrated excess in the symmetric blends present a parabolic function of

composition, which is symmetric to φ = 0.5. This trend agrees with the prediction by Wu

and Fredrickson using linear response theory on 10-star/linear blends [21].
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Figure 4.3: Comparison of integrated surface excess of the 4-star/linear binary blends shown in
Figure 4.2. the solid curve on plots of case Nlinear = 100 represents the corresponding 2nd order
polynomial fit.

I show here that this symmetry with respect to the composition of monomers results

from a simple assumption that the density profile ρA(z) for a given species A in the blend

57



retains the same shape as φA varies, and is simply proportional to the bulk density ρA0 of

that species, namely that

ρA(z) = ρA0fA(z), (4.1)

and similarly

ρB(z) = ρB0fB(z), (4.2)

where fA(z) and fB(z) are the functions defining the shape of the profiles. The bulk com-

position of A and B monomers are φA0 = ρA0/ρb and φB0 = ρB0/ρb, respectively, with

ρb = ρA0 + ρB0 being the total bulk density. Recall the excess densities for compressible

blends are defined to be

∆ρA(z) = φB0ρA(z)− φA0ρB(z), (4.3)

and

∆ρB(z) = φA0ρB(z)− φB0ρA(z). (4.4)

Thus, Equation 4.4 can be written as

∆ρB(z) = (ρA0 + ρB0)φA0φB0 [fB(z)− fA(z)]

= ρ0φB0(1− φB0)[fB(z)− fA(z)]. (4.5)

The integrated excess of component B is

Z∗B = ρ0φB0(1− φB0)

∫
(fB(z)− fA(z))dz. (4.6)

The integrated excess is thus predicted to be parabolic in the composition if fB(z) − fA(z)

is independent of φ. However, the SCFT solution shows φ(z) depends on the molecular

weight N so that in symmetric blends the integrated excess can be parabolic. The excess

density profiles of a series of symmetric molecular weight 4-star/linear blends are plotted

in Figure 4.4, for presenting that the small amount of linear molecules at the surface is

decreasing as the molecular weight increases.
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Figure 4.4: The excess density of a series of 4-star/linear blends of symmetric molecular weight.
φstar = 0.2, v̄ = 0.1 and ρ̄b = 1.

I now consider how the number of arms on the star affects surface segregation. In a blend

of linear molecules with Nlinear = 1000 and star molecules having arms of length Narm = 25,

the integrated excess of star is plotted versus the number of arms in the star in Figure 4.5.

All blends have identical bulk composition, φstar = 0.2. The total bulk density is ρ̄b = 1.0.

The results in Figure 4.5 show that the total surface excess of stars increases approximately

linearly with number of arms. The effect of the length of the star arms can also be considered.

The results for a 4-star/linear blend with varying arm lengths Narm = 25, 125 and 250 are

shown in Figure 4.6, indicating that the integrated excess of stars decreases approximately

linearly with increasing Narm.

4.2 Surface segregation of blends of end-branched and linear polymers

The surface density profiles of polymer blends involving more complicated branched struc-

tures are studied to determine the effect of branching points on the surface segregation. In

the previous discussion, shorter linear components are enriched at the surface when mixed

with a longer linear molecule and certain longer nonlinear molecules. The current study
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Figure 4.5: The integrated surface excess of star/linear blends versus number of star arms. Each
arm has length Narm = 25. Nlinear = 1000, ρ̄b = 1.0, φstar = 0.2, v̄ = 0.1.

focuses on the blend symmetric in molecular weight (degree of polymerization) and long

linear/short branched blends, i.e., Nnonlinear 6 Nlinear.

Figure 4.7 depicts the contributions of the inner arms (between the central branch point

and the 3 outer branch points) as well as the 9 outer branches to the total surface density

profile in a 9-end/linear symmetric blend. The depletion in density of the surface has a

width that scales as the screening length ξ ∼ (ρv)−1/2, while the spatial width of the regime

showing an excess of branched polymer is determined by the extent of the outer branches,

which can be seen to be farther than that of the inner arms.

A series of SCFT calculations on 9-end/linear blends with varying distance of the outer

branch points to the central branch point are given in Figure 4.8a. Each 9-end polymer

contains three inside arm with three branches attaching to each arm. Calculations assume

the degree of polymerization of the 9-end is fixed at N9end = Nlinear = 1000, and thus the

different 9-end polymers differ in the lengths of the outside branches. The SCFT results

show that the 9-end molecule with longer branches produces a higher excess density close

to the surface. As expected, the branch Rg scale determines the thickness of the region of
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Figure 4.6: The integrated surface excess of 4-star/linear blends for different star arm lengths.
Nlinear = 1000, ρ̄b = 1.0, φstar = 0.2, v̄ = 0.1.
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Figure 4.7: The surface density profiles of the 9-end polymer in 9-end/linear blends by SCFT,
broken down into the contributions of the inside arms and outside branches. N9end = Nlinear = 1000,
Narm = 183 and Nbranch = 50. In these calculations, ρ̄b = 1.0, v̄ = 0.1, and φ9end = 0.5.
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excess density as well. Figure 4.8b plots excess density profiles from SCFT calculations for

different branched polymers with increasing number of outside branches. These branched

polymers have inside arms fixed in number and length, while the number of branches (with

fixed length Nbranch = 50) attached to each arm increases. It can be concluded that the

excess can be enhanced by increasing the number of outside branches while not change the

thickness of the segregation.

Figure 4.9 plots the integrated excess of the n-end component, which is found to be

approximately linearly increasing with the length of the outside branch Nbranch when the

number and length of the inside arms are fixed. Two cases of n-end/linear polymer blends

are studied by fixing the number of inside arms but varying the number of outside branches.

In the first case, the linear molecular weight is fixed to be 1000 while the molecular weight of

the nonlinear component is varied. In the second case, linear and branched components have

equal molecular weight, but the outside branches consist of 30 or 50 monomers. The excess

increases as the number of arms increase in both cases of equal or differing molecular weight

blends. The surface excess of branched polymer in the 6-end/linear with Nlinear = 1000 is

slightly greater than that found in the 6-end/linear equal molecular weight blend; however,

the surface branched excess in the 21-end/linear blend shows the opposite trend. This obser-

vation can be understood as resulting from the molecular weight effect, since the 21-end has

a molecular weight greater than 1000, which favors the shorter linear chain to segregate at

the surface as well. It is notable that the blend of 15-end/linear (N15end = 1000, Nbranch = 30)

shows stronger segregation than the blend of 9-end/linear (N9end = 1000, Nbranch = 50), in

agreement with the experimental conclusion that increasing branched ends can enhance sur-

face segregation [19]. This qualitative agreement implies that for end-branched architectures,

the entropic effect for branching leads to the enhanced surface segregation. The comparison

of Lee’s experiment is discussed in a different section including the different group chemistry

as the enthalpic contribution [18].

62



0 20 40
z

0

0.005

0.01

0.015

0.02

0.025

0.03
Ex

ce
ss

 d
en

si
ty

Nbranch=10
Nbranch=30
Nbranch=50
Nbranch=100

0 20 40
z

0

0.01

0.02

0.03

0.04

0.05

0.06

Ex
ce

ss
 d

en
si

ty

6-end
9-end
15-end
21-end

a

b

Figure 4.8: Excess density profiles of end-branched polymers in n-end/linear blends by SCFT. (a)
Blends containing 9-end structures with N9end = Nlinear = 1000. (b) Blends of n-end polymers with
increasing number of branches and fixed number and length of inside arms. The molecule contains
3 arms and each arm has Narm = 183. Nbranch = 50. In all calculations, ρ̄b = 1.0, v̄ = 0.1.
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Figure 4.9: The integrated surface excess of the n-end polymers in blends with linear molecules. All
n-end species have three equal inside arms, Narm = 183. Two series of calculations are considered,
one with fixed linear molecular weight Nlinear = 1000, and the other one with equal molecular
weight, Nn-end = Nlinear = 1000. For all calculations, ρ̄b = 1.0, v̄ = 0.1, and φn-end = 0.2.

4.3 Surface segregation of 6-pom/linear blends: comparison between theory
and experiments

Comparison using SCFT prediction and neutron reflectometry experimental results are

studied for various 6-pom/linear binary blends. Foster and coworkers have synthesized pom-

pom polystyrenes (PS) molecules containing six branches with about 360 total repeat units

(each with molecular weight ∼ 104 g/mol), but varying lengths of the linear backbone

[9, 16, 20]. The pom-pom molecules are named as 6pom4k, 6pom18k and 6pom34k, where

the nomenclature 6pom-nk designates a molecular weight nk of the linear backbone (i.e.,

the monomers between the two branch points). As stated above, this series of model chain

molecules provides an exquisite test of the theory, since the number and type of branch and

end points are unchanged, merely the lengths of the different branches in the molecule.

Neutron reflectometry (NR) measurements were performed on the hydrogenous 6pom-

nk/deuterated linear blends to determine the surface density profiles. The volume fraction
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of the pompom polymers is 0.2 in the experiments. Note that the experiments assumed

the monomer volume does not change so that the volume fraction is the same as the mole

fraction of the monomers, φ. The surface density of a series of 6pom-nk/linear blends are

calculated by SCFT for comparison. To match the experimental molecules, all pom-pom

polymers and linear chains are assumed to have N = 360 repeat units. The linear portion

of the pom-pom backbone varies from 0 to 350 monomers. In particular, the 6pom0k is

considered to be equivalent to a 6-star, although an ideal 6pom0k still has two branch

points. φpom = 0.2 is assumed for the monomer mole fraction is equal to the volume fraction,

if the monomer volume does not change. The SCFT results show that the integrated excess

decreases monotonically with increasing backbone length. This is reasonable as in the limit of

the backbone reaching its maximum, the molecule structurally approaches that of the linear

molecule. For entropically driven segregation, there is only one adjustable parameter for

the SCFT calculation, corresponding to the strength of the entropic surface potential. This

parameter only acts as a multiplicative factor for the integrated excess, and was determined

by a least square fit of the SCFT values for the surface excess of 6pom4k, 6pom18k and

6pom34k to the corresponding experimental results. The resulting comparison between the

NR results and SCFT calculation is shown in Figure 4.10.

The agreement is fairly good between theory and experiment, with a notable difference

for the 6star polymer. However, the 6star polymer was synthesized with a different chemical

branch point, and is not identical with a hypothetical 6pom-0k with two pompom branch

points separated by zero distance. Since branch points can have different surface potentials

of enthalpic origin, this may be an explanation for the discrepancy seen for the 6star polymer.

A similar discrepancy was seen in SANS experiments determining the entropic contribution

to bulk chi values for 6-star/linear blends [20].

4.4 Surface segregation in cyclic and linear polymer blends

Linear response theory predicts that cyclic molecules have a stronger preference for the

surface compared with their linear analogs when considering conformational entropy effects
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Figure 4.10: A comparison of integrated surface excess derived from neutron reflectometry mea-
surements and SCFT calculations. φpom = 0.2 and Nlinear = Npom = 360; for SCFT, v̄ = 0.1,
ρ̄b = 1.

[21]. In the limit that the cyclic molecules are infinitely dilute, the linear chains are infinitely

long, and the blend is incompressible, the theory makes the provocative prediction that the

cyclic topology of the molecules result in a surface concentration exactly twice that in the

bulk. The spatial extent of the surface enrichment is predicted to be on the order of the size

(Rg) of the cyclic molecule. In this section, the SCFT algorithm for studying the surface

enrichment of cyclic/linear blends without invoking these limiting conditions is introduced

and applied to various blends of linear and cyclic molecules. Van Lent [141] introduced a

Scheutjens-Fleer lattice model to conceptually show that the cyclic can be more absorbed to

the surface layer from the athermal solvent than the linear. The pioneering work was done

for small molecules N ∼ O(10) and 4-8 lattice layers for the system, due to the limitation

of computing performance.

In this section, the surface segregation for cyclic polymers in the blend with linear species

is studied firstly by compressible SCFT derived in Chapter 3, including further comparison

with linear response theory and experimental data.
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4.4.1 Surface segregation in equal and differing molecular weight cyclic/linear
blends

The first calculations focus on blends with low compositions of the cyclic polymer monomers,

φcyclic = 0.01 and 0.05. All calculations in this section uses total bulk density ρ̄b = 1. In

this case, the linear chain has a degree of polymerization of N = 100 and the degree of

polymerization of the cyclic molecules are 5, 10, 20, 40, 50 and 100. Figure 4.11a shows that

the density profiles of the cyclic polymers reach a similar maximum density near the surface.

The decrease in the bulk density is a result of the calculation occurring with a finite number

of chains in a finite box.

To account for this shift, Figure 4.11b shows the same profiles, but normalized by the

bulk compositions. Compared with their bulk concentrations, the excess surface density is

increased by up to approximately 80%, somewhat lower than the 100% expected by linear

response theory under limiting conditions. This percentage increase is also somewhat greater

than that seen so far for the branched species studied. Moreover, the width of the segregated

regime is increases with increasing cyclic sizes, in qualitative agreement with linear response

theory. This agrees with the prediction by linear response theory and is similar to the

behavior obtained in SCFT results for end-branched/linear blends.

As with branched polymers, adding a cyclic molecule to a melt of short linear molecules

presents a situation where the topological driving force for cyclics to go to the surface is

competing with the driving force for lower molecular weight species to go to the surface. It

can be seen that both linear and cyclic molecules can be enhanced at the surface, but over

length scales corresponding to their respective sizes.

Figure 4.12 shows results for the case of a 1% additive of Ncyclic = 1000 cyclic chains

blended with a linear polymer, with the linear molecule varying in length between Nlinear =

100 to Nlinear = 1000. Two sets of calculations are performed using cyclic bulk monomer

compositions of φcyclic = 0.01 and φcyclic = 0.05. The surface enrichment of cyclic molecules

can be significantly reduced in a short linear host compared to a host with equal molecular
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Figure 4.11: Surface density of cyclic molecules blended with linear polymer. Nlinear = 100,
Ncyclic = 5,10, 20, 50, and 100. φcyclic = 0.01, v̄ = 0.1 and ρ̄b = 1.
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Figure 4.12: Surface density profiles of cyclic/linear blends with fixed Ncyclic = 1000 in low cyclic
concentrations. (a) Density profiles of cyclic at φcyclic = 0.01. (b) Density profiles of linear molecules
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linear density profiles with initial bulk φcyclic = 0.05. All calculations use v̄ = 0.1, ρ̄b = 1 and
z̄ = 100.
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weight. In blends with the shortest chains, Nlinear = 100, the density profile φcyclic(z) is

only slightly higher at the near surface region than in the bulk. On the other hand, the

corresponding linear density profiles in those blends with Nlinear = 100 are also attracted

to the surface. (See panels (b) and (d)). As the polymerization of the components become

equal, cyclic polymers dominate the surface region.

A similarity in the cyclic/linear and branched/linear blends is that there is an enriched

layer of short linear chains in the immediate vicinity of the surface. The excess density profiles

as a function of distance for unequal molecular weight blends are shown in Figure 4.13. For

the blends containing Nlinear = 100, the short linear chain is enriched at the surface over a

distance scaling as Rg,linear ∼
√
N linear ≈ 10b, while the width of the enriched region for the

cyclic component scales as Rg,cyclic ∼
√
N cyclic ≈ 30b.

Figure 4.14 shows the excess density profiles for blends for various higher compositions of

cyclic monomers. In contrast with the branched/linear blends, the surface excess for equal

molecular weight blends are not symmetric with respect to the composition. Figure 4.15

shows the dependence on v̄ for the integrated excess. The enriched regime appears to be

roughly unchanged scaling as Rg. The height of ∆ρ increases as the excluded volume in-

creases. Linear response theory predicts that in the limit of incompressibility, v̄ → ∞, the

excess density approaches to the exact twice as the bulk density, ρcyclic0 = 0.2 in this system.

The integrated surface excess is linear to the size of cyclics when fixing Nlinear. If Ncyclic 6

Nlinear, the normalized slope by the total excess by the composition of cyclic monomers is

a constant, as shown in Figure 4.16 for the plots of integrated excess versus the
√
N cyclic of

cyclic chains.

4.4.2 Comparisons between SCFT calculations and NR experiments for isotopic
blends of cyclic/linear polystyrene

Experiments measuring surface compositions in a series of cyclic/linear PS blends have

been performed by Wang et al. recently [32]. Equal molecular weight blends for long
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Figure 4.13: Surface excess density profile of cyclic molecules blended with linear molecules of
equal and much shorter molecular weight. (a) φcyclic = 0.01, (b) φcyclic = 0.05. Ncyclic = 1000.
v̄ = 0.1 and ρ̄b = 1.
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Figure 4.16: The integrated surface excess of cyclic molecules normalized by the bulk density
plotted versus

√
N cyclic in blends with linear chains of fixed length. Nlinear = 100, v̄ = 0.1 and 1,

φcyclic = 0.01 and 0.05, respectively.

chain (Ncyclic = Nlinear ≈ 370) molecules at 20/80 wt% were studied. In the annealed

high molecular weight blend composed of linear dPS with cyclic hPS, the composition of the

macrocyclic component determined by NR shows that cyclic molecules are enriched at both

air/polymer surface and polymer/substrate interface, which is consistent with the SCFT

prediction, and indicates that the entropic driving force for cyclic molecules dominates the

surface preference rather than the isotopic effect. Figure 4.17 gives the composition profile

of cyclic hPS blended with equal molecular weight linear dPS at high molecular weight

≈ 37kg/mol [62]. The height of the excess volume fraction is approximately 90% of the

bulk volume fraction in Figure 4.17 an shows a good agreement with the SCFT and linear

response theory predictions. One discrepancy between experiments and theories is that the

enriched regime for NR data is on the order of several Rg,cyclic, and wider than the SCFT

profiles.

In summary, the SCFT predicts that cyclic molecules (that are long enough to be con-

sidered Gaussian in conformation) can segregate to the surface when blended with lin-
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Figure 4.17: The depth profile for hydrogenous macrocyclic CPS37k blended with deuterated
linear PS37k in 20/80 wt%. φH corresponds to the volume fraction of the CPS37k, with molecular
weight ≈ 37kg/mol. The surface is at z ≈ 0 and the interface is at z ≈ 800Å [62].

ear chains that are the same molecular weight or higher than the cyclic molecules. The

peak in the surface density profile of the cyclic component depends weakly on the cyclic

molecular weight. SCFT calculations for the cases studied here show that the maximum

value of the surface density is approximately 70 − 80% greater than the bulk density, a

little less than the 100% predicted by linear response theory in a limiting case analy-

sis. The integrated surface excess for symmetric cyclic/linear blends shows a trend that

Z∗φ=0.5 > Z∗φ=0.3 > Z∗φ=0.7 > Z∗φ=0.1 > Z∗φ=0.9, which is not symmetric in the composition as

was found in branched/linear blends. The integrated total excess of the cyclic molecules

for Ncyclic < Nlinear is also shown to be linear to the size of cyclics, for fixed length of the

linear molecules. In blends composed of long cyclic but shorter linear molecules, the entropic

potential depicts a surface preference on linear species which is a similar result to that in the

long chain/short chain blends. These results are in qualitative agreement with the predic-

tions of the linear response theory in limiting conditions. In particular, the prediction that

cyclic chains are found at nearly twice the bulk concentration in blends with long liners was
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validated by experiments on cyclic/linear blends of 37k MW polystyrene chains.

4.5 Surface segregation in blends of comb and linear polymers

Previously, van der Linden et al. [142] studied the surface enrichment of a comb homopoly-

mer solution using incompressible lattice SCFT. The structural parameters characterizing

the comb polymer, i.e., the number of teeth, p, the number of repeat units between two

teeth, L, and the number of repeat units on a tooth, M , each show different contributions

to the surface adsorption of the molecule. They concluded that teeth are entropically unfa-

vorable by the surface, but the backbone segments are favored by the surface. As a highly

branched molecule, a comb structure also has a significant entropic surface preference when

mixing with linear molecules. Linear response theory also provides predictions of the comb

molecules in the blend with linear chains in equal and differing molecular weight. In this

section, I use the compressible SCF theory, which accounts for the entropic surface potential

to study the surface enrichment in blends of linear polymer with regularly branched combs,

and in particular consider the case of densely branched combs.

4.5.1 SCFT calculations for the surface segregation in comb/linear blends

Surface segregation in comb and linear polymer blends are generally similar to that in

blends containing branched and linear molecules. For all calculations, v̄ = 0.1 and ρ̄b = 1.

An example of the entropically driven surface segregation in a comb/linear blend is given in

Figure 4.18 using a comb model with N = 190 total repeat units, structured according to the

parameters L = 10, M = 10 and p = 10, and mixed with a linear component with varying

lengths. Similar to the earlier observations in branched polymer blends, a mixture with

long linear chains and short combs shows the combs to be strongly enriched at the surface.

Blends containing short linear but larger combs can still have linear components enriched

at the surface. For very short linear chains, N = 10, the excess density in Figure 4.18

shows that only the linear species segregates to the surface. For Nlinear = 100, although the

preferred species is the linear chain, the comb can still be enriched in a region near the surface
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peaking at a distance z ≈ Rcomb from the surface. Next, comparisons between blends with
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Figure 4.18: Excess density profiles of combs in comb/linear blends with φ = 0.5. Ncomb = 190
with L = 10, M = 10 and p = 10.

equal and different molecular weights are perfumed at different compositions. The strongest

surface excess among all the calculations is obtained when φ0 = 0.5. Comparing the cases

having a linear species with N = 1000 to N = 190, the excess density becomes much greater

for φcomb = 0.7 than φcomb = 0.3. The SCFT results for the composition dependence in

comb/linear blends with equal and different molecular weights are shown respectively in

Figure 4.19 and Figure 4.20.

The integrated total excess profiles do not peak at φcomb = 0.5 in disparate blends.

Figure 4.21 shows the integrated excess of the comb/linear blends. For short linear, the

excess of comb is negative, but has a minimum at lower comb monomer composition. The

blends with equal molecular weight of comb and linear can still be approximately symmetric

at φ = 0.5. When the degree of polymerization of the linear is greater than comb, the

maximum total excess shifts towards higher comb concentrations around φcomb = 0.7. The

directions of these shifts are consistent with predictions of the linear response theory [21],

though not in quantitative agreement for every case.
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Figure 4.19: Excess density profiles of combs in comb/linear blends with equal degrees of poly-
merization. N = 190 and the comb has parameters L = 10, M = 10 and p = 10.
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Figure 4.20: The comb density profiles for a blend of shorter comb molecules with longer linear
chains. Ncomb = 190, Nlinear = 1000, and the comb has parameters L = 10, M = 10 and p = 10.
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Figure 4.21: The integrated comb excess profiles for comb/linear blends with equal and different
molecular weights at different compositions. The degree of polymerization of the comb is fixed at
Ncomb = 190, with L = 10, M = 10, p = 10.

The surface enrichment due to changes in the architectural parameters, such as the

number of teeth, length and spacing are presented in Figure 4.22, with fixed linear chain

length Nlinear = 1000. In panel a, the comb has L = 10 an M = 10 but a changing number of

teeth from p = 2 to p = 20. The integrated excess is shown to be approximately linear in p,

and thus linear in the total comb molecular weight, assuming fixed tooth spacing and length.

Panel b indicates that the surface excess also increases with elongating the tooth length M ,

but saturates at longer teeth length. In contrast, the total surface excess decreases with

increasing spacing between teeth, as shown in panel c. Thus the integrated excess does not

depend solely on the molecular weight, but the architectural parameters of the comb as well.

4.5.2 Surface segregation in blends of linear polymer and densely branched
combs

As follows from the previous section, a dense comb with very small spacing, L, between

branch points on the backbone can show significant surface segregation in a blend with
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Figure 4.22: The integrated excess profiles of comb polymers with different structures blended
with linear chains of fixed length Nlinear = 1000. (a) Varying number of teeth, p, with L = 10 and
M = 10. (b) Varying length of teeth, M , with p = 10 and L = 10. (c) Varying length between
teeth, L, with M = 10 and p = 10. In all calculations, v̄ = 0.1, φcomb = 0.2, and ρ̄b = 1.0
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linear polymer. As L → 0, the comb architecturally approaches a star polymer. SCFT

is applied to model such densely branched combs in blends with linear molecules. The

study uses a molecular model of comb having p = 100, L = 1 and M = 10. Choosing the

linear to have similar degree of polymerization as the comb, Nlinear = 1100, (the exact equal

molecular weight is Nlinear = 1099), the excess density profiles are shown in Figure 4.23.

Compared to the result of a comb with p = 10, L = 10 and Nlinear = 190 in Figure 4.19, the

maximum excess density of dense combs at φcomb < 0.5 are significantly larger than those at

φcomb > 0.5. However, the depth of the segregated region for φcomb = 0.1 is not as wide as

for φcomb = 0.9. This result suggests that for a symmetric blend with highly dense comb and

linear molecules, a choice to approach strong segregation is to maintain φcomb < 0.5. Even

for the case φcomb = 0.1, the excess density is close to that at φcomb = 0.5.
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Figure 4.23: The excess density of densely branched comb molecules in a blend with linear chains.
Ncomb = 1099, L = 1, M = 10 and p = 100. The linear chain has the same molecular weight as
that of the combs, Nlinear = 1100, ρ̄b = 1, and v̄ = 0.1.

Figure 4.24 plots the excess density profiles of comb/linear blends where the length of

the linear species is N = 100, which is close to the length of the linear backbone of the

comb, (p − 1)L = 99. The comb molecules are still strongly favored to the surface, despite
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being much heavier. At low comb compositions, e.g., φcomb = 0.1, the short linear molecules

cannot segregate to the surface. At higher comb compositions,(φcomb > 0.3 in the figuire)

the molecular weight effect causes a slight segregation for short linear chains at the surface.
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Figure 4.24: The excess density of comb molecules in a blend with linear chains. Ncomb = 1099,
L = 1, M = 10 and p = 100. Nlinear = 100, ρ̄b = 1, and v̄ = 0.1.

4.6 Surface segregation of branched/linear blends with surface potentials on
ends and branch points

Up to this point in the chapter, the calculations have focussed on the entropic contri-

butions to the driving force for surface segregation. In this section, I explore the effect of

enthalpic contributions to the surface potentials for branch points and ends on surface segre-

gation of the branched species. Derivations and notations for the modification of the SCFT

can be referenced in section 3.3 of Chapter 3.

SCFT calculations of a star/linear blend with an enthalpic attraction for chain ends are

performed with the incorporation of an short-ranged attractive mean-field surface potential.

I consider the case of blends with equal branched and linear molecular weights and assume the

strength of the surface potential for linear chain ends, Ul, is equal to that of the branched
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species, Ue. The resulting surface density profiles plotted in Figure 4.25 show that the

surface with Ue = −0.1kTb is enhanced slightly compared to the blend without attractive

ends. As the attraction strength increases from Ue = −0.1kTb to −1.0kTb, the enrichment
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Figure 4.25: The surface density profiles of 4-star/linear blends with varying strengths of the
surface attractive potential for chain ends. Nstar = Nlinear = 100, v̄ = 0.1, ρ̄b = 1.0 and φstar = 0.2.
Surface potentials for ends range from Ue = −0.1kTb to −1.0kTb.

of star molecules at the surface increases multiple-fold. The magnitude of the increase is not

significant because of the competition of the attraction to ends on linear branched molecules.

For Ue = −1.0kTb, it increases approximately 30% more than that for Ue = 0. The enthalpic

end effect is also discussed by linear response theory in a blend of short star but long linear

polymers [21]. The calculations did not accounts for the ends on the linear chains so that it

obtains significant increase in excess density as the attractive end potential increases.

I have also performed calculations for the surface enrichment of stars as a function of

increasing number of arms. As expected and shown in Figure 4.26a , the surface segregation

increases with the number of arms of fixed arm length. Figure 4.26b plots the percent increase

in the integrated excess with an attractive surface potential of Ue = −0.1kTb compared to

the case of no enthalpic attraction to the surface, i.e., Ue = 0kTb. As can be seen in
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the figure, the percent increase in surface excess decreases slightly as the number of arms

increases between 10 and 40, and thus to get the same percent increase in surface enrichment,

a slightly greater surface attraction for ends is needed for stars with many arms.

The effect of a surface repulsion for branch points is shown in Figure 4.27, assuming

Ue = Ul = 0 while the branch point potential strength is taken to be Ua = 0.1kTb or 1.0kTb.

The density profile of the star species has a very small change due to Ua as compared to he

significant enhancement in the surface segregation due to a change in the end potential.

In summary, the joint and end potentials can affect surface segregation in a blend. A

relatively small attraction, on the order of 1 kT, for ends can have a significant impact on

enriching branched polymers, particularly if it is amplified by a large number of chain ends.

For the branch points, a relatively larger potential, much greater than 1 kT, is needed to

influence the surface segregation of branched molecules. Under typical conditions, enthalpic

interactions of chemical groups can easily exceed kT, and so it may be possible to rationalize

experimentally observed surface segregation with appropriate surface potentials for specific

chemical groups used as branch or end points on a branched polymer. I do so in the following

section within the simpler linear response theory for the integrated surface excess and surface

profiles.

4.7 Linear response theory on the surface segregation of branched and linear
polymer blends

Within linear response theory [21], the general formula of the integrated surface excess

is controlled by the effective surface potential on branch points and ends in section 3.2∫ ∞
0

dz∆φ(z) =

[
1

fNB
+

1

(1− f)NL

]−1
(

2

NL
UL

e −
nB

j

NB
UB

j −
nB

b

NB
UB

e

)
, (4.7)

where the density profile ∆ρ(z) is written as the inverse Fourier Transform (designated a

symbol of F−1)of the response function:

∆ρ(z) = ρb∆φ(z)F−1

[(
SB
ρρ(q)

Sρρ(q)

)
SL
ρρ(q)UL

e −

(
SL
ρρ(q)

Sρρ(q)

)
(SB

ρe(q)UB
e + SB

ρj(q)UB
j )

]
. (4.8)
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Figure 4.26: (a) The integrated surface excess of n-star/linear blends versus number of star arms by
introducing an attractive surface potential Ue = −0.1kTb for chain ends. (b) The percent increase
in the integrated surface excess density of stars in the same n-star/linear blends. Narm = 25 and
Nlinear = 100. v̄ = 0.1, ρ̄b = 1, and φstar = 0.2.
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Figure 4.27: The effect of a repulsive surface potential Ua for branch points on the surface density
profiles of a 4-star polymer blended with linear polymer. Nstar = Nlinear = 100, v̄ = 0.1, ρ̄b = 1
and φstar = 0.2.

4.7.1 Surface segregation of two families of branched polymers

Therefore, given the surface excess profiles, or at least the integrated excess, of a series of

end-branched/linear polymer blends, one can estimate the corresponding surface potentials

for each specific branch or end group. Recently Lee et al. [9] reported the synthesis of the

end-branched polystyrene molecules described earlier, and performed experiments to measure

the surface segregation in blends with their linear analog [18]. Samples were prepared with

a linear monomer composition of φlinear = 0.8 and coated onto a substrate. The branched

structures include 6-star, 6-pom, 6-end, 9-end, and 13-end. Surface density profiles were

obtained from NR experiments. The density profiles of the first family of blends of linear

and branched molecules with 6 ends are plotted in Figure 4.29, and the density profiles of

the second family of end-branched PS and deuterated linear PS blends, which all have 4

branch points, from NR experiments are shown in Figure 4.30.
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Figure 4.28: The chemical structures and nomenclature of the functional groups of joints on the
branched molecules studied by Lee et al. [9]

Figure 4.29: The composition profiles for a family of blends of hydrogenous branched chain struc-
tures having 6 ends with linear dPS [18]. The bulk volume fraction is 20 vol% hydrogenous
branched PS. The air/polymer surface is at z = 0 and polymer/substrate interface is at z ≈ 900Å.
Dashed line: Linear/dPS. Dash-dot-Dashed line: 6-star/dPS. Dotted line: 6-pom/dPS. Solid line:
6-end/dPS.
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Figure 4.30: The composition profiles for a family of blends of hydrogenous end-branched chain
structures having 4 branch points with linear dPS [18]. The bulk volume fraction is 20 vol%
hydrogenous branched PS. The air/polymer surface is at z = 0 and polymer/substrate interface is
at z ≈ 950Å. Dashed line: 6-end/dPS. Dotted line: 9-end/dPS. Solid line: 13-end/dPS.

The linear dPS was enriched at the air/polymer surface in the linear/linear isotope blend

due to the isotopic effect. However, all of the branched hPS with 6 ends are favored at both

the surface and interface. The integrated excess on both the surface and interface increased

with the number of branch points (from 1 on the 6-star to 4 on the 6-end) and the excess at

the substrate interface is greater than that at the air surface for all three blends. Figure 4.30

shows that when the number of branch points are fixed, the surface and interface enrichment

increases with the number of branches. In general, both the number of branch points and

number of branches were found by NR to enhance the surface enrichment. The integrated

surface excesses are listed in Table 4.1.

The NR excesses are used to fit surface potentials for end and branch groups using the

linear response theory. There are two sets of surface potentials: one for the surface, and one

for the interface. A correction is made to subtract the enthalpic contribution due to isotopic

substitution in the linear hPS/dPS blend, namely −2Å from each value of the surface excess,

and 5Å from each of the interface excesses. For either the surface or the interface, the linear
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Table 4.1: The integrated surface and interface excess of the hydrogenous branched PS
molecule blended with deuterated linear PS by NR [18,143]. The uncertainties are ±1Å.

hPS Structure Surface Excess(Å) Interface Excess(Å)
Linear -2 5
6-star 6 15
6-pom 8 12
6-end 11 19
9-end 22 28
13-end 33 29

response equations can be written as a system of 5 linear equations (one for each blend) in

7 variables (one for each branch or end group type): Ue, Ul, Uj2, Uj3, Uj3′ , Uj4, and Uj6.

(
1

fN6star

+
1

(1− f)Nlin

)−1(
− Uj6

N6star

− 6
Ue

N6star

+ 2
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)
= Z∗6star,(

1
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)−1(
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Uj3′
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)−1(
− Uj3
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Uj4

N9end
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N9end
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Nlin
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= Z∗9end,(

1

fN13end
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1

(1− f)Nlin

)−1(
− Uj3

N13end

− 3
Uj6

N13end

− 13
Ue

N13end

+ 2
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Nlin

)
= Z∗13end. (4.9)

The subscripts match the nomenclature for the branch group type as depicted in Figure 4.28

above; Ue and Ul are the surface potentials for ends on the branch molecule and linear

molecule respectively. Actually, the linear molecule as synthesized by Lee et al. [9] has two

types of ends, a butyl initiator and a terminal hydrogen, but since a linear molecule always

presents with one of each end type, we can take Ul to be the average surface potential for

the two linear chain ends within linear response theory.
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Since the number of unknowns exceeds the number of equations by two, two extra con-

ditions are needed to arrive at a set of surface potentials. I explore below a few physically

motivated assumptions, for instance based on chemical similarity of the branch groups, shown

in Figure 4.28 [9], and assess the resulting potentials for chemical and physical plausibility.

A first assumption I tested was that the chain ends have the same surface potential,

Ue = Ul. However, this assumption caused a failure to fit the density profiles regardless of

other assumptions on the similarity of the branch points for both the surface and interface.

Therefore, I followed with the assumption that the two types of ends have different surface

potentials, i.e., keep Ue and Ul independent, but assume the joints satisfy Uj4 = Uj3′ (each

containing a Si group) and Uj2 = Uj3 (each containing phenyl groups). These assumed

conditions lead to the result that the surface potential for the proton end of the linear chain

is about three times as strong as that for a butyl end. There is a slight surface attraction

for the Si containing branch points Uj4 and Uj3′ and a slight repulsion for Uj6. This may

appear to be physically surprising, since the j6 branch group has two Si groups; however, the

magnitude of these potentials are all very small–probably within the error bars associated

with propagation of experimental uncertainties–and perhaps the best conclusion is that the

Si containing groups do not have a strong interaction with the surface compared with the

other groups. However, the derived potentials with the interface are not small, and the fit

for the interface is less physically satisfactory.

The resulting calculated surface and interface potentials are shown in Table 4.2. The

excess density profiles of the branched species can be calculated by substituting the surface

potentials into Equation 4.8, and are plotted in Figure 4.31. In these calculations, I used the

reported value of b = 6.2Å for the average statistical segment length for all polymers [19].

The decay lengths found from experiment and from linear response theory are compared

in Table 4.3. As can be seen, the rough magnitudes of the experimental decay lengths show

some agreement, but the experimental trends are not well reproduced by the theory. The

theoretical decay lengths at the surface are about 30Å, but the 6-star decay length is slightly
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Figure 4.31: Excess density profiles of the branched/linear blends with 20 vol% branched compo-
nent by linear response theory normalized by bulk density ρb. Surface and interface potentials on
joints and ends in Table 4.2 are applied. (a) Excess density profiles at the air/polymer surface. (b)
Excess density profiles at the interface. Note also that the linear response theory assumed there
were 15 ends on the 13-end molecule, as 15 was the nominal target synthetically.
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Table 4.2: The surface and interface potentials of functional groups of branched and linear
polymers from linear response theory, under the assumptions that Uj4 = Uj3′ and Uj2 = Uj3.

Name Surface potential (kT Å) Interface potential (kT Å)
Ue -25.6 -10.5
Ul -46.6 -29.8
Uj2 -16.0 98.1
Uj3 -16.0 98.1
Uj3′ -2.3 -71.3
Uj4 -2.3 -71.3
Uj6 4.1 55.5

larger than that of 6-pom and 6-end. At the polymer/substrate interface, the 6-star and

6-pom have smaller decay lengths when compared to those of the end-branched polymers.

However, the uncertainty in the experimental decay lengths may be high enough that the

exact trends are not significant. For instance, one might expect the equal molecular weight

series of 6-end, 9-end, and 13-end to correspond to smaller and smaller sizes, and thus smaller

and smaller decay lengths. However, the experimental decay length of the 9-end is much

smaller than the other two. Another source for the discrepancy may lie in the experiments

exceeding the limits of the linear response regime: Note that the composition profiles for

the most highly branched species exceed 1, which reflects an unphysical over-response of the

density due to the high-driving force for segregation associated with a high number of chain

ends.

4.7.2 Surface segregation of densely branched combs

The experiments [16] and SCFT calculations in this chapter have shown that densely

branched comb polymers can strongly segregate to a surface or interface. Recently, densely

branched comb polymers have been synthesized by Liu et al. with only one monomer between

branch points on the backbone [16]. I first consider the surface segregation due to entropic

effects alone. The surface concentration of the comb in a blend of p=28, M=24 and L=1
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Table 4.3: The decay lengths of surface density profiles in branched/linear blends from
linear response theory and experiments. Surface and interface potentials in Table 4.2 are
applied [18,143].

Decay length (Å)
Branched polymer Experiment Theory

Surface Interface Surface Interface
6-star 28 25 33.0 18.7
6-pom 30 35 30.4 14.6
6-end 33 40 29.8 31.0
9-end 23 30 30.5 28.7
13-end 39 33 29.1 28.6

(namely M28P24, Ncomb = 699) comb molecules and Nlinear = 360 linear molecules at a

volume fraction φcomb = 0.2. Figure 4.32 (corresponding to an experimentally studied system

below) shows the density profile from linear response theory considering only the entropic

contribution to the surface potential. The density profile is consistent with the SCFT result

in Figure 4.24 in that the shorter chain is preferred at the immediate vicinity of the surface,

but a weak positive surface segregation of comb polymer is obtained at larger distances

(∼ 4b) from the surface. We see that the entropic potentials are fairly weak, but are already of

sufficient strength that when multiplied by the number of branch groups, can cause significant

surface segregation. We anticipate then that any enthalpic contributions to the surface

potential can also easily drive segregation and possibly saturation of one component at the

surface.

The experimental surface concentration of this comb/linear blend measured by NR, shown

in Figure 4.33, is about 0.8, which is four times the bulk concentration. This concentration

and surface profile can be fit by adjusting the surface potentials, which include enthalpic and

entropic contributions, for both ends and joints. A least square fit algorithm is applied to

φtheory to match φexpt, while constraining the maximum surface concentration to the exper-

imental value. In addition, it is assumed that the linear ends and comb ends are identical
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Figure 4.32: The excess density profile, in units of (ξ/b), predicted by linear response theory for
a comb/linear blend accounting for the entropic surface potential for joints (Uj = 0.19kTξ) and
ends (Ue = −0.31kTξ). The mole fraction of comb polymer is φcomb = 0.2. Nlinear = 360, p = 28,
M = 24, and L = 1.

(neglecting isotopic differences). I consider several scenarios below regarding assumptions

for the strength of the joint potential. The first assumption is that of no surface potential

for the joint, i.e., Uj = 0kTb. This single parameter fit results in a surface end potential

of Ue = −1.27kTb. The integrated excess is much less than the experiments, though the

exponential decay length is the right order of magnitude.

The second assumption is that the joint potential is only entropic. The calculations

above on branched polymers suggest a much weaker dependence on joint potentials than

end potentials. Recall the magnitude of the entropic potential in the linear response theory

is proportional to ξ = b/
√

3vρb. To be able to make a numerical comparison, we choose

a value of ξ = b (i.e., v = 1/3). In this case, the best fit to the NR curve gives a value

of Ue ≈ −1.62kTb for the total (entropic + enthalpic) end potential. The resulting surface

profile is shown in Figure 4.33. Subtracting off the entropic part of the potential then leaves

the magnitude of the enthalpic attraction for ends to be less than 1.3kTb.
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Figure 4.33: Comparison of the excess concentration profiles of comb polymer for the comb/linear
blend by linear response theory fitting the surface potential of joints and ends. The mole fraction
of comb polymer is φcomb = 0.2. Nlin = 360, p = 28, M = 24, and L = 1.

The third scenario makes no explicit assumption about the joint potential, and so involves

a completely free fit varying both Ue and Uj. In this case, Ue = −1.98kTb and Uj = 0.39kTb.

The maximum surface density is found at a distance slightly away from the wall (∼ 2b). Such

a maximum is not considered in the experimental determination of the surface profile when

fitting from NR data. This profile, however, provides an integrated excess that is closer to

the experimental value than the other two cases.

Exploring these three scenarios lead to some consistent observations. One conclusion is

that a very weak (∼ 1kTb) enthalpic surface attraction for ends can lead to significant surface

enrichment of combs. In comparison, a moderate enthalpic repulsive potential for joints is

not a significant factor affecting the surface excess. Enthalpic isotopic effects become less

significant also next to the surface potentials acting on comb ends, as compared with the

situation for the end-branched polymers.

In a word, the preliminary comparison between linear response theory calculation and

NR experiment for surface segregation of a densely branched comb, M24P28 and linear
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polystyrene blends implies that the comb strongly favors the surface even by pure entropic

attraction. Because the joints are identical monomers as the backbone, the repulsive entropy

does not show apparent influence on surface segregation.

4.8 Summary

Numerical SCFT and linear response theory are applied to study surface segregation

in binary blends with linear and a variety of nonlinear polymers. This theory work was

strongly motivated to help explain experimental studies of the architectural effects in surface

segregation.

SCFT calculations have shown that nonlinear species can undergo surface segregation

because of both enthalpic and entropic effects. Nonlinear polymer species are studied include

star, pom-pom, end-branched, cyclic and comb architectures. In homogeneous binary blends

containing such architectures, these architectural driving forces for segregation can occur

simultaneously with driving forces based on molecular weight. I focussed first on the case of

entropic driving forces alone, unless otherwise stated.

In the case of short linear molecules mixing with a larger nonlinear component, the excess

density profiles of the nonlinear species have shown a negative density layer at the surface,

which scales as Rg of the linear molecule. However, for mixtures with small nonlinear and

long linear molecules, the nonlinear species is enriched at the surface and linear molecules

are repelled when driven only by conformational entropy. In general, theoretical results

indicates that the integrated excesses and surface concentrations of all types of nonlinear

species increases as the molecular weight of the linear component decreases.

For equal molecular weight binary polymer blends, the nonlinear species is enriched at the

surface when driven by entropic forces. Changing the architecture of the branched polymer

can significantly change the amount of surface segregation. Calculations have shown that

the surface excess increases linearly with additional arms to a star, and it also increases

by adding more branches on end-branched molecules. The thickness and the position of

the maximum excess density for star and end branched polymers are scaled to the branch
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length Rgbranch
. A symmetric star/linear blend results in a parabolic relationship between

the surface excess and the volume fraction.

The entropic surface enrichment of cyclic molecules due solely to the cyclic topology with-

out extra surface interactions have been predicted by linear response theory. In cyclic/linear

polymer blends, the excess density is about 70-80% of the bulk density. The maximum surface

density weakly varies with the molecular weight of the cyclic when Ncyclic 6 Nlinear. SCFT

calculations also show that the integrated total excess for cyclic molecules linearly increases

with the size of the cyclic, Rg, which is behavior that is distinctive from the branched/linear

blend. The slopes of the function Z∗(
√
N) against

√
N depends on excluded volume v, but

independent of the concentration.

Comb polymers can be strongly enriched at the surface and interface as an additive in

linear hosts. The amount of surface excess depends on structural parameters, such as the

number of teeth p, the length of teeth M and the spacing L. The dependence of comb

architectures are studied assuming comb/linear blends with fixed linear length. SCFT cal-

culations indicate that if the comb degree of polymerization is increased by introducing more

teeth but fixing the spacing and teeth length, the total surface excess also increases roughly

linearly with the number of teeth p with fixed M and L. The segregation can be enhanced

by increasing the length of teeth M without changing p and L. If the spacing L is increased

while keeping p and M fixed, the surface excess will decrease.

The surface segregation for combs can be understood by considering the quantity pM/(p−

1)L. When L 6M , the comb is more like a linear molecule than a branched polymer, there-

fore, the entropic effect due to branching is too weak to show significant surface segregation.

The integrated excess for a symmetric comb/linear is also approximately parabolic with

respect to volume fractions peaking at φ = 0.5.

SCFT calculations on a series of 6-pom/linear blends with different branch lengths are

performed and compared with NR experiment results. The theory successfully predicts the

trend of the total surface excess decreasing as the linear portion of the pom-pom molecule
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increases. The 6-star/linear in experiment shows a weaker segregation than that in 6-

pom/linear blends. However, the theory predicts 6-star should have the strongest segregation

among all 6-pom like molecules since the linear portion is zero. The disagreement between

theory and experiment can be resolved in terms of different enthalpic potentials acting on

the different branching groups.

An application of linear response theory to the experimental data on different end-

branched polymers is performed to characterize architectural effects on the surface segre-

gation. Theoretical results predicts that the methyl end contributes an attraction to the

surface which agrees with the discussion by Wu and Fredrickson [21]. On the other hand,

the numerical solution of the surface excess equation system implies that the branching effect

is weak for Si groups with repulsive surface potentials. The surface potentials for aromatic

branching points are also attractive to the surface and interface. In addition, theoretical

calculations on experimental molecules are limited by obtaining all species to solve the lin-

ear system. In the meantime, experimental profiles are related to the mathematical models

to interpret the reflectivity intensity spectra, and to produce the decay lengths. The linear

response theory on end-branched polymer and densely branched combs predict the trend of

the surface segregation for the nonlinear molecules in the linear host qualitatively, and shows

the expected effect of the branch points by attractive and repulsive surface potentials.

The entropic potential in SCFT can be modified by introducing enthalpic surface poten-

tials for joints and ends. The attractive or repulsive potentials on chemical groups change

the shape of the density profiles and the total excess. According to the strength of those

potentials, the branched species can become more favored at the surface due to larger num-

bers of ends while the joints are repelled. The surface segregation is determined by the

competition between end attraction and joint repulsion.
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CHAPTER 5

THE INTRA- AND INTERMOLECULAR CORRELATIONS IN LINEAR AND

BRANCHED POLYMER MELTS AND BLENDS

As with linear molecules, the conformations of a branched molecule can be strongly influ-

enced by enthalpic interactions and conformational entropy. However, because of the nonlin-

ear connectivity of a branched molecule, monomers experience different local environments

or interact with different parts of the molecule, and this can lead to qualitatively different

behavior compared to linear molecules. As discussed in Chapter 2, the bulk conformations

of nonlinear polymers differ from those of linear molecules, and exhibit enhanced stretching

near branch points [125]. To understand stretching and swelling in branched chains, it is

useful to consider swelling in linear chains first. Scaling theory is one of the fundamental

theories for understanding the conformations of linear chains. In the 1960’s, Edwards [87]

showed that in a semi-dilute solution, the crossover of the conformations from SAW to ran-

dom walk is characterized by the Edwards’ correlation length ξE =
√

12vρbb, where b is

the statistical segment length, ρb is the total bulk density, and v is the excluded volume.

The excluded volume is positive for monomers with repulsive interaction, and infinite in

the incompressible limit. However, ξE is derived assuming the overall conformation of the

molecule is Gaussian. de Gennes showed the correct correlation length of the molecule with

SAW statistics should scale as ξ = ρ
−3/4
b v−1/4b. The scaling theory for the intramolecular

density distributions and the monomer-monomer distances in a SAW molecule is outlined

below. I focus on the scaling relationship between the density ρ and the excluded volume

v. Within the length scale of ξE, the monomer distribution is taken to depend only on the

intramolecular correlation and obey SAW statistics. At length scales beyond ξE, the inter-

molecular interaction screens the self-avoiding walk and chains obey random walk statistics.

The symbol ”∼=” below indicates only numerical values have been omitted in the proportion-
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ality relationship, while the symbol ∼ indicates a proportionality possibly omitting other

variables.

The scaling expression for the monomer density distribution in a single linear chain as a

function of distance from a given monomer can be written

ρ̄(r) ∼= cr̄α (5.1)

up to the size of the molecule, where ρ̄ = ρ(r̄)b3 and r̄ = r/b are dimensionless monomer

density and distance, respectively. c is independent of r̄ and the degree of polymerization

N , but a function of the dimensionless excluded volume v̄ = v/b3. The scaling exponent α

depends on the single chain conformation. In particular, α = −1 for an ideal Gaussian chain,

and α = −4
3

for a swollen chain obeying SAW statistics, which is the Edwards’ law [34]. The

dimensionless size of the molecule, R̄, scales as

R̄ ∼= v̄βNγ, (5.2)

For a single chain at infinitely dilute concentration that obeys SAW statistics (i.e., α =

−4/3), we find β = 1/5 and γ = 3/5, respectively. The integral of ρ̄(r) over the range of

chain length scale R̄ is the degree of polymerization, N of the chain:

N =

∫ R̄

0

ρ̄(r̄)dr̄3 ∼=
∫ R̄

0

4πcr̄(α+2)dr̄, (5.3)

which gives

c ∼= NR̄−(α+3), (5.4)

where the dimensionless size of molecule R̄ must satisfy

R̄ ∼= (v̄)βN
1

(α+3) (5.5)

to guarantee c is independent of N . Substitute Equation 5.5 into Equation 5.4 to obtain the

general form of the dimensionless prefactor c as a function of v̄,

c ∼= (v̄)−β(α+3). (5.6)
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Therefore, Equation 5.1 can be written as

ρ̄(r̄) ∼= (v̄)−β(α+3)r̄α (5.7)

within the length scale of the molecule R̄.

Equation 5.7 shows the general scaling law for a single chain with finite excluded volume.

For v̄ → 0, the intramolecular density profile of the molecule is expected to be a Gaussian

random walk, otherwise Equation 5.7 diverges.

The crossover from SAW to random walk occurs when the intermolecular density begins

to equal the dimensionless bulk density ρ̄b = ρbb
3. The real chain correlation length ξ̄real is

thus defined as the distance where ρ̄(ξ) = ρ̄b. The general form of the correlation length ξ̄

can be written as

ξ̄ ∼= (v̄)
β(α+3)
α ρ̄(ξ)

1
α . (5.8)

The screening length ξreal for a Flory real chain is given as

ξ̄real
∼= (ρ̄b)−

3
4 (v̄)−

1
4 , (5.9)

and Equation 5.6 results in

c ∼= (v̄)−
1
3 , (5.10)

which is consistent with the derivation by de Gennes [22].

In the following work, a two-chain SCFT approach is applied to focus on the swelling

of branched polymers in melts and blends. The calculations also include the study of the

mixing free energy between nonlinear and linear molecules. The two-chain SCFT captures

intra- and intermolecular correlations in polymer solutions, melts and blends, and can be

applied to both homogeneous and inhomogeneous polymers.

5.1 Two-chain SCFT for polymer bulk properties in melts and blends

One limitation of conventional SCFT is that correlations between monomers is neglected.

For highly crowded branched polymers, the intra- and intermolecular correlations become

more significant, and it would be desirable to extend SCFT to account for such correlations in
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homogeneous systems. The two-chain self-consistent field algorithm is developed to study the

bulk thermodynamics for branched molecule solutions and melts as it can capture intra- and

intermolecular correlations. I note a similar but more restricted approach was implemented

in a lattice-SCFT by Fleers et al. [66] for a homopolymer star by fixing the joint of a star

polymer as a grafted monomer at a boundary and calculating the intramolecular correlations

in dilute solutions [114,144].

5.1.1 Modified diffusion equation in a spherically symmetric coordinate system

The two-chain SCFT focuses on a given molecule by fixing a specific monomer at the

origin. In this case, the system is no longer translationally symmetric. The mean density

field is a combination of that of the fixed chain and the surrounding free chains, and is thus

no longer translationally invariant. Intramolecular monomer correlations can be determined

by considering the density field due to the fixed chain, while intermolecular correlations are

determined by the mean-field of the surrounding polymers. A schematic illustration of the

two-chain algorithm is presented in Figure 5.1. The Laplacian of Equation 3.15 is reduced

to be only dependent on the radius r, because of the spherical symmetry, and is given as

∂q(r; t)

∂t
=
b2

6

(
∂2q(r; t)

∂r2
+

2

r

∂q(r; t)

∂r

)
− µ(r)q(r; t). (5.11)

with boundary conditions q(r < 0; t) = q†(r < 0; t) = 0 and ∂q
∂r
|rmax = ∂q†

∂r
|rmax = 0, where

rmax represents the radius of the system.

Define qfix(r; t; tfix) and q†fix(r; t; tfix) as the statistical weight functions of the molecule

with a fixed site tfix. The initial conditions are qfix(r; 0; tfix) = 1 and q†fix(r;N ; tfix) = 1.

However, when t = tfix, the diffusion along the chain by Equation 3.15 is reset to solve

qfix(r; t > tfix; tfix) and q†fix(r; t < tfix; tfix). The reset initial conditions at tfix must satisfy

qfix(r; t = tfix; tfix) = δ(r) and q†fix(r; t = tfix; tfix) = δ(r), respectively. Similarly, define

qfree(r; t; tfix) and q†free(r; t; tfix) to represent the statistical weights of one of the free poly-

mers around the fixed chain in the system. The initial conditions for the free molecule are

qfree(r; 0; tfix) = 1 and q†free(r;N ; tfix) = 1.
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Figure 5.1: An illustration of two-chain SCFT on a star molecule fixing the joint at origin (black
dot) which feels a mean-field from surrounding chains. ω(r) is the intramolecular monomer-
monomer correlations, g11(r) means the intermolecular correlations between a given monomer on
a different star (white dot) and the fixed joint. g12(r) is the intermolecular correlation between a
monomer (white dot) of linear chain and the joint.

In a polymer melt with multiple free chains and one chain with fixed monomer tfix, the

complete SCF potential is

µ(r; tfix) = v
(
ρfix(r; tfix) + ρfree(r; tfix)

)
, (5.12)

where ρfix is the intramolecular density of the chain selected to hold tfix at the origin, and

ρfree is the density distribution of all free molecules The intramolecular monomer radial

distribution function of the chain with site tfix held fixed is thus written as

ρfix(r; tfix) =

∫ N

0

dt qfix(r; t; tfix)q†fix(r; t; tfix)

4π

∫ rmax

0

dr qfix(r;N ; tfix)q†fix(r;N ; tfix)r2

, (5.13)

and the intermolecular density ρfree(r; tfix) is defined as

ρfree(r; tfix) =
ρbV

N

∫ N

0

dt qfree(r; t; tfix)q†free(r; t; tfix)

4π

∫ rmax

0

dr qfree(r;N ; tfix)q†free(r;N ; tfix)r2

, (5.14)
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where ρb is the bulk monomer density.

The general calculation of the statistical weight functions q of a branched structure is

given by Fredrickson [30], but I consider a representative example here. Take a 3-arm

structure labeling 1, 2, and 3 for each arm as an example. Suppose tfix is located on

arm 3. Let q1(r; t; tfix) be the weight function that diffuses from the end of arm 1, and

q1†(r; t; tfix) diffuses towards the end of arm 1. Likewise, q2 and q3 diffuse from the end of

arm 2 and 3 respectively, etc. If tfix 6= tjoint, the weight function q1†(r; tjoint; tfix) is given as

q1†(r; tjoint; tfix) = q2(r; tjoint; tfix)q3(r; tjoint; tfix). A brief illustration to calculate the density

probability from q and q† is given in Figure 5.2.

x
t
fix

t
q1(r;t;t

fix
)

q2

q3q1 (r;t;t
fix

)
q3

Figure 5.2: An illustration to calculate the local monomer density of a 3-star structure. In this
example, the molecule is fixed at tfix. As q3 is solved from the end of the chain and reaches tfix, q3
is reset to an initial condition q3(r; t = tfix; tfix) = δ(r).

The SCF calculation iterates by solving Equation 5.11, 5.12, 5.13 and 5.14, including

two sets of modified diffusion equations to solve the fixed and free chain statistical weight

functions. The segment length b is set to be 1. The Crank-Nicolson algorithm is used to

solve the differential equations, and the Picard algorithm is applied in SCF iteration by

updating µi. A mixing ratio λ = 0.05 (λ ∈ (0, 1]) is applied to update µi in terms of
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µi = (1 − λ)µi−1 + λvρi(r). Minimize ε =
∑
j |µij−µ

i−1
j |∑

j |µij |
until satisfying the tolerance of the

convergence εt < 10−7, where i is the index of the ith iteration and j is the index of the

spatial grids. Figure 5.3 introduces a typical flowchart of the two-chain SCFT problem.

The numerical methods for solving the differential equation and minimization scheme are

introduced in Appendix A.

Initialize
q and µ

Solve PDE of

the fixed chain

Solve PDE of

free chains

Evaluate

µ and ∆µ
∆µ<criteria?

No

Yes
Postprocessing

Figure 5.3: The flowchart of a two-chain SCFT algorithm.

5.2 Dilute solutions of linear and branched polymers

A dilute solution with a single linear chain of N = 50 is studied using SCFT. Equation

5.7 and Equation 5.8 indicate that the molecular weight N is not a factor for the scaling

of density and ξ. The resolution of the discretization grids is ∆r = 0.02b unless otherwise

specified. The excluded volume parameter v̄ ranges from 0 to 100. v̄ is dependent on the

compressibility [26,71].

In Figure 5.4a, the monomer density profiles show the real chain scaling of −4/3 if v is

sufficiently large as a result of fixing the center of the molecule at the origin. The density

profiles for v̄ <∼ 0.1 show less steep slopes, so that the weak excluded volume effect does

not exhibit swelling. The plot for v̄ = 0 is close to v̄ = 0.01 and indistinguishable on this

scale. In the cases of v̄ >∼ 1, the density profiles indicate that the polymers become swollen

and the slope of the single chain density profile is very close to −4/3 within the range of

the plot when v̄ = 10. Another feature of strong excluded volume is that the slope changes

at a length scale of R, which is likely due to weaker correlations further from the center of
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Figure 5.4: The intramolecular density profiles of a single linear molecule for different values of
excluded volume v̄. (a) The intramolecular density profiles of a linear molecule from the center. (b)
The intramolecular density profiles of a linear molecule from the end. The length of the molecule
is N = 50.
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mass. For r → 0, the molecule should be always SAW because the monomer with finite

excluded volume do not interact with other monomers. The density profiles from the held

end monomer of the same linear chain is plotted in Figure 5.4b. The scaling exponent is

analogous to that of holding the center. Its slope close to -4/3 indicates the swelling of the

molecule in a dilute solution for v̄ >∼ 10, and a slope close to −1 for v̄ <∼ 0.1 indicates

a Gaussian conformation. The density profile from the end monomer case approaches 1/2

of that for the held-center case, because a fixed center monomer is analogous to having two

fixed ends with chains half the length.

A further study of star molecules in dilute solutions is performed using a 4-star polymer

with arm length Narm = 25, and total N = 100. Analogous results to the case of a single

linear molecule for the density profiles from the joint and the end are shown in Figure 5.5a

and b, respectively. For v̄ = 0, the density profile is also indistinguishable from the plot of

v̄ = 0.01. The slope of ρ(r) from the joint, similar to a linear molecule, implies that the

conformation is similar to a SAW when v̄ >∼ 1. Figure 5.5b shows that the molecule density

from the held end behaves completely as a SAW when v̄ = 10 until it sees the monomers

near the joint at a length scale of R. Thus, a small amount of increase in density is present

at long distances from the center. The scaling exponent of numerical SCFT agrees with the

scaling theory for linear solutions [22] and the Monte Carlo simulations of star polymers by

Cecca et al. [134]

A series of f -stars with identical arm lengths of Narm = 25 were computed. The density

distributions are shown in Figure 5.6. The density profiles from the joint of f -star shown in

Figure 5.6a are similar to the density in the 4-star case but with more arms. Figure 5.6b shows

the density profiles from the ends of higher arm stars, e.g., 16-star increase and then a near

plateau with the slope going to zero where the end monomer sees the accumulative density

of the joint. The monomers close to the ends are generally in random walk conformations in

dilute solutions.
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Figure 5.5: The intramolecular density profiles of a 4-star single molecule for different value of
excluded volume v̄ in log-log scales. (a) The intramolecular density profiles of a 4-star molecule
from the joint. (b) The intramolecular density profiles of a 4-star from the end. Narm = 25.
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Figure 5.6: Comparisons of density distributions of f -star in a dilution solution condition with
different numbers of arms. Narm = 25, v̄ = 0.1. (a) Density profiles from the joint and (b) Density
profiles from the end. Narm = 25, Nstar = 100.
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5.3 The end-end distance distribution of a branched molecule

The end-to-end distance can be generated straightforwardly in the two-chain SCFT al-

gorithm by holding one chain end fixed. This corresponds to the calculation of the end

monomer distribution in 1-D single chain problems [26]. In SCFT, the distributions of the

distance between two ends can be written in terms of q(r;N ; 0), where q(r;N ; 0) is the

statistical weight by holding the end 0 fixed and diffusing to the other end N . Thus, the

three-dimensional normalized end-to-end distance distribution is

P (r) =
q(r;N ; 0)

4π

∫ ∞
0

q(r;N ; 0)r2dr

. (5.15)

The SCFT result reduces to an exact Gaussian chain without the mean-field. When including

the excluded volume field, the distribution function becomes that of a real chain and is

comparable with des Cloizeaux’s form [145]:

P (r) ∼=

(
r√
〈R2〉

)σ

exp

(
−G

(
r√
〈R2〉

)τ)
, (5.16)

where the exponents and prefactors can be estimated as [146,147]

P (r) ≈ 0.278〈R2〉−3/2 r√
〈R2〉

0.28

exp

−1.206

(
r√
〈R2〉

)2.43
 (5.17)

for a Flory real chain. For instance, Figure 5.7 provides the SCFT results of the monomer

end-to-end distribution profiles of the linear (N = 100) and 4-star (N = 100) molecule in

dilute solutions. In Figure 5.7a, by increasing v, the linear chain becomes non-Gaussian

and narrowly distributed. The des Cloizeaux plot is close to the SCFT plot of v̄ = 1. The

end-to-end distribution profiles for strong repulsive polymers v̄ >∼ 10 shows that the ends

are distant close to the mean end-to-end distance
√
〈R2〉. However, the same calculation on

a single 4-star with v̄ = 100 in Figure 5.7b shows that the end-end distribution for a star is

wider than that of a linear chain having the same degree of polymerization.
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Figure 5.7: The single chain end-to-end distribution function of a linear molecule (N = 50) and a
4-star (N = 100) by SCFT. (a) The end-to-end distribution function of a linear molecule (N = 50)
and the comparison with Gaussian and des Cloizeaux models. (b) The end-to-end distribution
function of a 4-star molecule (N = 100) and the comparison with the Gaussian model. The
reduced distance x = r√
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.
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5.4 Branched chain conformations in semi-dilute solutions and melts

The two-chain SCFT can help understand the conformations of linear and non-linear

polymers in a semi-dilute or concentrated system. As the density becomes finite, chains

are screened due to intermolecular interactions. Equation 5.9 shows the regime where the

intermolecular interaction dominates in a polymer melt with a crossover in scaling exponent

from self-avoiding to random walk. The SCFT calculations are performed in a linear solution

with finite density. The degree of polymerization of the linear molecule is N = 50 and the

reduced average bulk monomer density ρ̄b = ρbb
3, which is defined by the total number of

monomers over volume, is variable. The excluded volume parameter v̄ is variable as well.

5.4.1 Intermolecular and total density distribution functions

The intra- and intermolecular density profiles in a linear solution with ρ̄b = 0.2 from

the joint and end are shown in Figure 5.8. The excluded volume parameters v̄ vary from

1 to 100. The intramolecular density profiles show different scaling exponents at the low

r̄ regime at approximately r̄ <∼ 2 in the figure. They cross over at r̄ ∼ 3, and merge at

r̄ >∼ 5 in the range of the plot. The correlation hole is obtained on the plot of intermolecular

concentration profile of free molecules. For v̄ = 100, less monomers approach to the short

distance regime (r̄ ∼ 1) for the strong repulsion due to monomer excluded volume.

5.4.2 The swelling of linear molecules in semi-dilute solutions and melts

Figure 5.9a shows the intramolecular densities of a linear pure component, N = 50, in

ρ̄b = 0.2 with varying excluded volumes. In homogeneous solutions, the overlap concen-

tration is c∗ ∼= N−4/5b−3 for chains in SAW. The bulk density of ρ̄b = 0.2 in Figure 5.9a

can be considered above the limit of the semi-dilute solution because c∗ is O(10−2)b−3. The

calculations show that the monomer density decreases as the strength of monomer exclusion

v̄ increases. However, the crossover as increasing the distance r̄ between SAW exponent and

Gaussian exponent are not obvious.
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Figure 5.8: Density profiles of a linear melt from the center of the molecule, the molecular weight
N = 50, and ρ̄b = 0.2. The thin solid, dash and dash-dot lines correspond to the total, intra- and
intermolecular density profiles with v̄ = 1, respectively. The thick solid, dash and dash-dot lines
are the total, intra- and intermolecular density profiles with v̄ = 100, respectively.

For solutions with small excluded volume (e.g., v̄ < 0.01), the molecule behaves as

Gaussian random walk. This is the same to the single chain conformation in dilute solutions.

Moreover, when increasing v̄ from 0.01 to 1, a partially screened regime can be obtained.

Although the complete SAW scaling exponent, −4/3, within the blob [22] is not captured

by two-chain SCFT, the calculation is still expected that at r̄ → 0, the monomers are SAW.

In the current resolution(∆r = 0.02b), at short distances from the origin where r̄ ≈ 0.1, the

density profile has a transitional exponent between −4/3 and −1 and the profiles merge to

Gaussian random walk exponent, -1, at long distances. However, the random walk regime is

vanishing as v̄ becomes ∼ 100. In particular, the intramolecular density profile of v̄ = 100

does not show a random walk slope of −1 but a higher density in the bulk in log-log scale.

This is due to the strong repulsion among monomers. If the bulk concentration is increased

while fixing the excluded volume, as is shown in Figure 5.9b, the screening of the molecules

can therefore be captured at a higher concentration. When r̄ goes to zero, the intramolecular
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Figure 5.9: The intramolecular density profiles in linear polymer solutions from the center of the
molecule. (a) ρ̄b = 0.2, v̄ varies from 0.01 to 100. The slope of the density profile in the log-log
scale is between -4/3 and -1 at r̄ ≈ 0.1. (b) v̄ = 1, bulk monomer density ρ̄b increases from 0.02 to
2. The dot line shows the expected exponent for SAW.
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density profiles will merges together regardless of the value of the bulk densities.

5.4.3 The scaling analysis

To discuss the scaling of excluded volume in the intramolecular density profile at short

distances, ρ̄(r̄) ∼ r̄αv̄−β(α+3), the relationship between ρ̄(r̄)/r̄α and v̄ is shown in Figure 5.10a

in a range of r < 0.1b. The excluded volumes vary from v̄ = 10−4 to 100, with bulk

density ρ̄b = 0.2. For v̄ 6 0.01, α = −1 and for v̄ > 1, α = −4/3, according to the

discussion of Figure 5.9a. In particular, two regimes for ρ̄(r̄)/r̄α against v̄ in log-log scales

are obtained. For v̄ 6 0.01, ρ̄(r̄)/r̄α is independent of v̄. However, for v̄ > 1, the scaling

relationship between the monomer density and distance shows that ρ̄(r̄)/r̄α ∼ (v̄)−1/3, which

is consistent to Equation 5.10 as a SAW chain. The two regimes cross over within the range of

0.01 < v̄ < 1. The scaling analysis based on expressions from Equation 5.1 to 5.10 primarily

assumes that at short distances, the intramolecular density profile in a melt is the same as

it is in dilute solutions. This assumption is true at r̄ 6 0.1 in the above SCFT calculations,

because the total monomer density at short distances is dominated by the intramolecular

density (Figure 5.8). However, significant differences are seen at long distances in strong

excluded volume melts by comparing Figure 5.4a and Figure 5.9a. Figure 5.10b shows the

screening length ξ̄ against v̄ from v̄ = 10−4 to 100, with ρ̄b = 0.2. The inset in Figure 5.10b

shows the difference of the screening lengths determined from intramolecular density profiles

in a dilute solution and a melt. In the range of v̄ plotted in the figure, ξ̄ also crosses over

at approximately v̄ = 1 and the slope for v̄ > 1 is -0.12. This is approximately half of

the expected scaling exponent, ξ̄ ∼ v̄−1/4, according to 5.9. If applying the single chain

intramolecular density profile, which are the crossed points in Figure 5.10b, the plot of ξ̄

against v̄ shows the scaling exponent of ξ̄ ∼ v̄−1/4. The crossover from weak v dependence

to strong v dependence is consistent with the expected criteria of observing SAW using the

z parameter:

z =
3

2π

3/2 v

b3
N1/2 ≈ v

b3
N1/2, (5.18)
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Figure 5.10: Scaling analysis of the monomer density and correlation lengths versus the excluded
volume in melts of linear polymers. (a) The scaling relationship between scaled monomer density
ρ̄(r̄)/r̄α and excluded volume v̄ at r̄ = 0.1 in linear solutions with ρ̄b = 0.2 and N = 50. (b) The
scaling dependence of the correlation length ξ̄ on v̄ for linear solutions. The circles are obtained
from intramolecular densities of solutions corresponding to the examples in Figure 5.9a. Crossed
points are obtained assuming the intramolecular density profile in a melt is the same as in the dilute
solution (as shown in Figure 5.4). The scaling exponent results agree with Equation 5.9 for v̄ > 1.
The inset in case (b) shows the result when using the criterion ρ(ξ̄) = ρ̄b from the intramolecular
density profiles to obtain ξ̄. The dashed line: density profile of v̄ = 10, ρ̄b = 0.2. The solid line:
density profile of a dilute chain, v̄ = 10.
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where the actual excluded volume, v ≈ b3 is the limit to observe SAW with a given N .

5.4.4 The swelling of branched polymers in semi-dilute solutions and melts

Homogeneous melts composed of 4-star (N=100) molecules with different monomer den-

sities, ρ̄b, and excluded volume parameters, v̄, are studied. The behavior of the chain

conformation is found to be similar to that of linear melts (N=50), because a linear chain is

identical to a 2-star from its center. Figure 5.11a and b compare the intramolecular density

profiles by varying v̄ and ρ̄b, respectively. The density distribution of the 4-star melts are

expected to merge to SAW profile at r → 0. For v̄ < 10, the observed exponents at short

distances in the figure, r̄ < 0.1, are all less steep than that for v̄ = 10. At v̄ = 1 with

different ρ̄b from Figure 5.11b, the distance where crossover occurs increases as its density

decreases. In the case of ρ̄b = 10 and v̄ = 1, the polymer chain hardly shows any SAW

behavior. On the contrary, the intramolecular density of the star solution with ρ̄b = 0.02 is

close to a dilute solution exhibiting an exponent close to that expected for a SAW.

In the Daoud-Cotton model [86], it predicts the size of a single f -star:

R2
g ∼ f

1
2 (5.19)

in terms of Rg. The Daoud-Cotton model implies that given a star, the size of the molecule

would have a corresponding constant scaling relationship 〈R2〉 ∼ f l. The end-to-end distance

of the same f -stars by PRISM are plotted using the data of Grayce et al. [125] in Figure 5.12,

which approximately show
〈
R̄2
〉
∼ f 0.15 in both low and high concentrations.

The mean squared end-to-end distances,
〈
R̄2
〉

of f -stars (Narm = 25) in dilute and semi-

dilute solutions are calculated from their end-to-end distance distribution functions and

shown in Figure 5.13. On a log-log plot, the scaling relationship
〈
R̄2
〉
∼ f l shows varying

exponents l with f . As the number of arms increases, the polymer size in semi-dilute

solutions increases less dramatically than that in dilute solutions as increasing the number

of arms. Regardless of the linear chain case (the 2-star in the calculation), the approximated

scaling exponent l from 4 to 16-star in semi-dilute solutions by a linear fit results in l = 0.15.
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Figure 5.11: The density profiles from the joint of pure component 4-star chains. N = 100. (a) For
varying excluded volume v̄ = 0.1, v̄ = 1 and v̄ = 10; ρ̄b = 0.2. (b) For varying density ρ̄b = 0.02,
2, and 10; v̄ = 1 .
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Figure 5.12: The mean squared end-to-end distances
〈
R̄2
〉

of f -stars (Narm = 100, f = 4, 6, 8, 12)
by Grayce et al. using PRISM theory [125]. η is the packing density of the monomer representing
the concentration of the solutions.

Therefore, although l is an f dependent factor in two-chain SCFT, the range of the values

is very consistent with the PRISM theory for semi-dilute solutions. In the case of dilute

solution in Figure 5.13, it gives l = 0.5 as a stronger dependence on f than semi-dilute

solutions.

In general, the scaling of the size of stars against the number of arms by two-chain SCFT

and PRISM can show good consistency in semi-dilute solutions. The Daoud-Cotton model

in semi-dilute solutions is not consistent with two-chain SCFT or PRISM, but a similar

scaling exponent to the Daoud-Cotton model can be captured by two-chain SCFT in dilute

solutions.

5.4.5 Stretching of molecules due to branching

More complex branched polymer melts are considered with both an inner joint and outside

branch points. Studies of several end-branched polymers showed how branches affect the

local stretching from the joint. Branched structures such as a 6-end, 9-end and 15-end
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Figure 5.13: The mean squared end-to-end distances
〈
R̄2
〉

of f -stars (Narm = 25, f = 4, 8, 10, 16)
in dilute and semi-dilute solutions. The 2-star is the linear chain with N = 50. For dilute solutions,
v̄ = 1.

are illustrated in Figure 4.1. As given in Figure 5.14, calculations on various type of end-

branched melts are performed using v̄ = 1 and ρ̄b = 0.2 for the higher molecular weight

molecules. The conformation and local stretching due to branching can be analyzed by the

following steps.

First, the intermolecular density profiles of different 9-end melts with fixed arm length

Narm = 70 and varying branch length Nbranch in Figure 5.14a show, within the range of the

figure, that increasing the length of outside branches simply increases the intramolecular

density at long distances, (r̄ > 1), while at short distances from the joint, the density

distributions merge on a log-log scale, and are expected to exhibit SAW scaling at r̄ → 0.

Second, keep the length of the inside arms and the branches unchanged while increasing

branch points f . As shown in Figure 5.14b, the density behavior at short distances is similar

to Figure 5.14a. Higher branching slightly increases the density at long distances as well. In

general, either the length or the number of branches directly affects the chain conformations

at short distances from the inside joint.
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Figure 5.14: The intramolecular density profiles of various branched polymer melts from the
inside joint. (v̄ = 1 and ρ̄b = 0.2) (a) The density profiles of 9-end melts with the inside arm length
of Narm = 70 and with varying lengths of the outside branches. (b) Density profiles of branched
molecules with varying numbers of outside branches by fixing the length of the inside arm Narm = 70
and the outside branch, Nbranch = 10. (c) Density profiles of different 9-end molecules by changing
the length of the outside branch Nbranch with fixed degree of polymerization of N = 300. The
lengths of the inside arms are Narm = 1 for Nbranch = 33 and Narm = 10 for Nbranch = 30. (d)
The difference of density profiles of 6, 9 and 15-end by fixing the total degree of polymerization
N = 300 and the length of the inside arms Narm = 70.
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Third, the density profile of a 9-end melt in Figure 5.14c when N = 300 with shortening

inside arms is shown. As the length of branch increases, the crossover from self-avoiding

to random walk can be screened by condensed branches, and strong stretching of the arms

at short distances is observed if the lengths of branches are longer than that of the arm

in the case of Nbranch = 30, where the arm length, Narm = 10. Similarly, in the extreme

case where Nbranch = 33, which has one monomer between the joint and branch point, the

local intramolecular density is slightly lower than that in the case of Nbranch = 10. In the

meantime, completely different density profiles are obtained compared to an ideal 9-star.

The two plots merge at r̄ ∼ 2 from the origin. However, the monomers on the branches are

stretched away from the joint. At very short distances, where r̄ → 0, the density of 9-end

(Nbranch = 33) and the 9-star decay to the same line.

Finally, I change the number of outside branches, while keeping both the degree of poly-

merization of the molecule N = 300 and the inside arm Narm = 70 fixed. The intramolecular

density profiles of all the melts merge together on a log-log plot, given the density profile

of the 9-end, Nbranch = 10 (the dotted line) as the example in Figure 5.14c. Figure 5.14d

shows the difference of the density profiles of 9- and 15-end molecules from the reference

density profile of 6-end molecules. Changes in the density profiles ∆ρ̄(r) on a linear plot

show that the swelling is slightly enhanced at short distances for higher branching, however

the monomers near the enhanced swollen regime are stretched out and exhibit lower density.

e.g., r̄ ∼ 10 in Figure 5.14b. In addition, the differences in the density profiles of different

melts in Figure 5.14a and Figure 5.14b also show the similar effect that increasing the num-

ber or length of outside branches slightly enhances the swelling at short distances, though

they are not plotted in this thesis.

5.4.6 Structure factors of polymers in solutions and melts

The two-chain SCFT is done on a chain by holding each monomer fixed in sequence, and

then averaging to calculate the radial distribution functions. The radial distribution for the

intramolecular correlation, ω(r) and the intermolecular correlation, g(r) of a polymer melt
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can be written directly as

ω(r) =
1

N

N∑
tfix=0

ρfix(r; tfix) (5.20)

and

g(r) =
1

Nρb

N∑
tfix=0

ρfree(r; tfix). (5.21)

Considering a polymer melt with ρb and the degree of polymerization N , the total struc-

ture factor includes both intra- and intermolecular contributions, i.e.,

S(k) = ρbNω(k) + ρ2
bh(k) (5.22)

where ω(k) is the intramolecular structure factor and h(k) is the intermolecular contribu-

tion. ω(k) and h(k) are three-dimensional Fourier transforms of pair correlation functions in

spherical coordinates of the spherically symmetric functions, ω(r) and h(r) = g(r)− 1. The

structure factors are written as

ω(k̄) = 4π

∫ ∞
0

dr
r̄sin(k̄r̄)

k̄
ω(r̄), (5.23)

and

h(k̄) = 4π

∫ ∞
0

dr̄
r̄sin(k̄r̄)

k̄
(g(r̄)− 1), (5.24)

where k̄ = kb.

ω(k̄) of the 4-star molecule in a dilute solution and in two melts with ρ̄b = 0.2 and

ρ̄b = 10, respectively, are shown in Figure 5.15a. In homogeneous melts, (e.g., ρ̄b = 10),

ω(k̄) is similar to the profile of a Gaussian chain. ω(k̄) of a swollen molecule is intermediate

between the dilute solution and the ideal chain. In Figure 5.15b, the intermolecular structure

factor h(k̄) in four typical 4-star solutions are shown. In the case of ρ̄b = 10, h(k̄) is almost

zero indicating weak intermolecular correlations in high density melts.

Figure 5.16 shows the total static structure factors of the 4-star molecules in different

solutions. The peaks at low k̄ correspond to melts with high bulk density and strong con-

tribution of intermolecular structure factors, ρ2
bh(k̄). The condition to show a peak in S(k̄)
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Figure 5.15: The intramolecular ω(k) and intermolecular h(k) structure factors of 4-star molecules
(Nstar = 100). (a) Comparison with the Gaussian chain, with a chain in dilute solution with v̄ = 1,
and with 4-star solutions with ρ̄b = 0.2 and 10, respectively, and v̄ = 1. (b) Comparison with
various v̄ and ρ̄b.
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only depends on ρ̄b but not v̄. It is unusual in SANS experiments on homogeneous polymer

melts and blends, which remains an interesting question to explain the two-chain SCFT

S(k̄) at high density. The placement of peaks depends on ρ̄b comparing the thick solid line

(v̄ = 0.1) and the dot-dash-dot line (v̄ = 1).
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Figure 5.16: Structure factors of 4-star molecules in different solutions. Nstar = 100.

The Kratky plots, k̄2ω(k̄) against k̄, of the star molecules in solutions are shown in

Figure 5.17 in the linear-logarithm scales. The star in the dilute solution shows a smaller

low-k peak than does the Gaussian star. This is due to the cancellation by the stretching of

the arms. In a semi-dilute solution, i.e., v̄ = 1 and ρ̄b = 0.2, the stretching of the monomers

is not as strong as that in the dilute solution, and the low-k peak has a maximum higher

than the dilute solution curve. As the bulk density increases from 0.2 to 2, the maximum

of the peak in Kratky plot increases to be closer to the ideal star since the stretching are

screened in a concentrated polymer solution or melt. The results by two-chain SCFT are

consistent with the PRISM study by Grayce et al. [125] A small v̄ weakens the excluded

volume effect of the monomers as well as the stretching. The curve of v̄ = 0.1, ρ̄b = 2 shows

a slightly larger low-k peak than that of v̄ = 1 and ρ̄b = 2.
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Figure 5.17: The Kratky plots of the intramolecular structure factors ω(k) of 4-star molecules
(Nstar = 100). Comparisons are performed among the Gaussian chain, the single chain in dilute
solution with v̄ = 1, and 4-star in different solutions with v̄ = 1, ρ̄b = 0.2 and 2, respectively.
v̄ = 0.1, and ρ̄b = 2.

Figure 5.18 shows the intramolecular structure factors of a series of f -star (Narm = 25)

solutions in the Kratky form. The low-k peaks of the Kratky plots decrease as the number

of arms increases with fixed arm length, indicating enhanced stretching in highly branched

solutions.

5.5 The intra- and intermolecular correlations in branched/linear polymer blends

The two-chain SCFT is extended for binary blends containing linear and branched molecules.

The conformations for branched molecules in blends and melts are discussed in this section.

Within the mean-field approximation, the mixing free energy of the polymer blends can

be calculated by two-chain SCFT for predictions of monomer interaction parameters of the

homogeneous blends of branched and linear molecules.
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Figure 5.18: The Kratky plots of the intramolecular structure factors ω(k) of f -star solutions.
Narm = 25, v̄ = 1 and ρ̄b = 0.2.

5.5.1 Swelling in homogeneous star and linear polymers blends

The molecular conformation in melts and blends is compared using the 4-star melt and

blends of 4-star and linear molecules. GivenNstar = 100, the first two-chain SCFT calculation

studies an athermal mixture with linear molecules, Nlinear = 50. The excluded volume is

v̄ = 1, and the bulk density is ρ̄b = 0.2 for all calculations unless otherwise specified. The

difference in the intramolecular density of the star between a melt and a blend is shown

in Figure 5.19 in different compositions. The difference of the density in blends and melts,

∆ρ̄ = ρ̄melt− ρ̄blend is shown on a linear-linear plot, since they are too close to distinguish in a

log-log plot. If ∆ρ̄ > 0, the molecule is more stretched in the blend; if ∆ρ̄ < 0, the molecule

is more stretched as a melt. Figure 5.19 shows that the monomers of the star polymers are

more stretched in a blend of linear chains. The peak scaling as Rg of the arm represents the

most enhanced swollen regime in the blend. ∆ρ̄star in all samples are negative close to the

joint and it implies that the intramolecular densities in melt and blend converge to different

finite limits in SCFT. The compositions of two components also affect swelling. In blends
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Figure 5.19: Comparisons of the intramolecular density profiles of a 4-star polymer in a melt
and a 4-star/linear blend, ∆ρ̄star. Density profiles are calculated by fixing the joint at the origin.
Nstar = 100 and Nlinear = 50. (a) The comparison of ∆ρ̄star in different compositions. The total
monomer density ρ̄b = 0.2 and v̄ = 1. (b) The intramolecular density of the 4-star components
in the 4-star/linear blend by varying excluded volume parameters. The composition of the star
monomers, φstar = 0.5, ρ̄b = 0.2.
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with lower linear composition, e.g., φlinear = 0.2, the swelling of stars is weakly enhanced

because the system is similar to a star melt. In addition, the stars become more swollen as

more linear molecules are added. Figure 5.19b shows that the peaks shift to longer distances

by increasing v̄.

The swelling of the conformation with a fixed end monomer of the star is studied and

shown in Figure 5.20a, where the conformations of end regime in a melt is nearly random

walk. In the presence of the linear species, the swelling near the end is more enhanced than

near the joint. Figure 5.20b shows that the enhancement of swelling is also controlled by the

molecular weight of the two components. The mixture with a shorter linear species, i.e., the

blends with degree of polymerizations of Nstar = 100/Nlinear = 50 and Nstar = 200/Nlinear =

100, result in a stronger swollen regime. On the contrary, if Nstar < Nlinear, the swelling of

the star chain is weakly enhanced. Figure 5.20b also shows that the swelling regime depends

on the length of arm Narm.

Figure 5.21 gives the density profiles of blends with a fixed degree of polymerization

(N = 300) of linear and 9-end polymers, with different outside branch lengths. As the length

of outside branches increases, the 9-end molecule behaves as expected by enhancing swelling.

The 9-star (Narm = 30) blends are less stretched than 9-ends with 9-ends with Nbranch = 30

and Narm = 10. The length of the inside arm has a significant effect on the change in swelling.

Note that the height of ∆ρ̄9end(r) does not always increase with increasing the length of the

outside branches as shown in Figure 5.21. The strongest swelling enhancement is found in

blends of Nbranch = 20 among five samples. The swelling is likely stronger when the length

of the inside arms and outside branches are close.

5.5.2 The intermolecular correlation functions and static structure factors

The intra- and intermolecular correlation functions obtained using two-chain SCFT for

a 4-star/linear blend with a fixed joint on the star molecule are shown in Figure 5.22. As

discussed in section 5.4.6, the structure factor of the polymer blends can be evaluated from

the averaged pair correlation functions. Consider a binary polymer blend of species α and
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Figure 5.20: A comparison of the intramolecular density profiles between 4-star/linear blends and
the 4-star melt. (a) Comparisons of ∆ρ̄star from the joint and end in the 50/50 blend. Nstar =
Nlinear = 100. (b) Comparison of ∆ρ̄star from the joint of star polymer by changing the molecular
weight of the linear polymer. In both cases, ρ̄b = 0.2 and v̄ = 1.
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φ = 0.5.
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β with densities of ρα and ρβ, and polymerization degree Nα and Nβ. The total structure

factor is composed of portion of intramolecular and intermolecular contributions defined by:

S(k) =
∑

i(i=α,β)

ρiNiωi(k) +
∑

i,(i=α,β)

∑
j,(j=α,β)

ρiρjhij(k), (5.25)

where ωi(k) is the intramolecular structure factor of component i and hij(k) is the inter-

molecular correlation function for capturing correlations between chains in species i and j.

Figure 5.23 shows the structure factor of a series of 4star/linear blends (φ = 0.5) in different

molecular weight. All calculations use v̄ = 1 and ρ̄b = 0.2.
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Figure 5.23: The structure factors of a series of 4-star/linear binary blends for various molecular
weights. v̄ = 1, ρ̄b = 0.2, and φ = 0.5.

5.6 The free energy of binary blends by two-chain SCFT

The free energy functional of a binary blend can be written in terms of the monomer

density operator shown in Equation 5.26:

Ŵint =

∫
dr
v

2
(ρ̂A(r) + ρ̂B(r))2 +

∫
drχρ̂A(r)ρ̂B(r), (5.26)

where the parameter χ represents the repulsive interaction between species A and B. The

canonical ensemble partition function of a binary blend A and B can be written as

131



ZC = Z0

∫
DρADρBDµADµB(exp [−Wint] + exp

[∫
dr(µAρA + µBρB)

]
×∫

Dr exp[−H0] exp

[
−
∫
dt(µA(r(t)) + µB(r(t)))

]
, (5.27)

as discussed in Chapter 3. The Helmholtz free energy functional is thus,

FC = −
∫
dr
(
χρAρB +

v

2
(ρA + ρB)2

)
−
∫
dr(µAρA + µBρB)

−(nAln(V QA) + nBln(V QB))

+(nAln(nA) + nBln(nB))− (nA + nB), (5.28)

where Qi is the single chain partition function of species i. With a fixed A polymer, this

term includes single chain partition functions in this formula is thus (nA−1) lnQA +lnQfix +

nB lnQB. The saddle point method is applied to find the mean-field free energy, which is

given as

µA(r) = v(ρA(r) + ρB(r)) + χρB(r), (5.29)

and similarly the mean-field potential for B polymer is

µB(r) = v(ρA(r) + ρB(r)) + χρA(r). (5.30)

Substitute µA and µB into Equation 5.28, and the mean-field free energy is written as

FC = −
∫
dr
(
χρAρB +

v

2
(ρA + ρB)2

)
−((nA − 1) ln(V QA) + ln(V Qfix) + nB ln(V QB))

+(nAln(nA) + nBln(nB))− (nA + nB). (5.31)

5.6.1 The mixing free energy of branched/linear blends in canonical ensemble

The free energy of a blend with one fixed molecule in Equation 5.31 can be written in

terms of the interaction contribution

Fint = −
∫
dr
(
χρAρB +

v

2
(ρA + ρB)2

)
, (5.32)
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and the entropy

Fent = −(nA ln(QA) + ln(Qfix) + nB ln(QB))
+nA ln(nA/V ) + nB ln(nB/V )− (nA + nB).

(5.33)

In this work, I only consider cases as athermal blends and χ is zero. The calculation of

the mixing free energy using two-chain SCFT requires some consideration. In an A/B blend

composed of two components with the same bulk density, the two-chain SCFT calculates

the free energy of the blend in volume V, with a fixed A or B molecule. Although two-

chain SCFT can capture conformational changes at short distances, it only shows the bulk

density at long distances (greater than its Rg). The subtraction of the free energy between

the blend and melt, FintblendA
− FintmeltA

results in the change of the mixing free energy for a

single molecule A correlated to the environment. For instance, in the athermal blend, the

expression

∆F̄intA
= FintblendA

− FintmeltA

= −v
2

∫
V

d3r
(
ρblend(r)2 − ρA(r)2

)
(5.34)

gives the change of the enthalpic free energy for a molecule A in the melt and blend. Similarly,

∆F̄intB
= FintblendB

− FintmeltB

= −v
2

∫
V

d3r
(
ρblend(r)2 − ρB(r)2

)
. (5.35)

is the change of the interaction free energy of a B molecule. The mixing enthalpic free energy

of a binary blend per monomer is thus given as

∆F̄intblend
=
φA

NA

∆FintA
+
φB

NB

∆FintB
(5.36)

by assuming the volume of each monomer does not change.

The number of molecules nA and nB are written in terms of compositions, φA = VA/V

and φB = VB/V :

nA =
(nANA + nBNB)

NA

φA (5.37)
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and

nB =
(nANA + nBNB)

NB

φB, (5.38)

where VA and VB are volumes occupied by A and B polymer in the blend.

The entropic contribution is divided into configurational entropy and the ideal mixing

entropy:

∆F̄ent = ∆F̄conf + ∆F̄ideal, (5.39)

where

∆F̄ideal =
φA

NA

ln(φA) +
φB

NB

ln(φB). (5.40)

∆F̄conf can be calculated from

∆F̄confA
= −nA ln(QblendA/QmeltA)− ln(QblendfixA

/QmeltfixA
) (5.41)

and

∆F̄confB = −nB ln(QblendB/QmeltB)− ln(QblendfixB
/QblendfixB

), (5.42)

where QblendA and QblendB are the partition functions of the free chains in the blend, and

QmeltA and QmeltB are their partition functions as melts. QmeltfixA
is the partition function of

the fixed A molecule in the melt, and QblendfixA
is the fixed chain partition function in the

blend. The partition functions of the same type of the free polymers should be equal in melt

or blends with the same bulk density, because

Q = exp(−µN)

= exp(−vρbN). (5.43)

Thus, Equations 5.41 and 5.42 evaluate the difference of the configurational entropy of the

fixed molecule in the melt and blend, which is

∆F̄conf =
φA

NA

∆F̄confA +
φB

NB

∆F̄confB , (5.44)
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and it can be written as

∆F̄conf = − φA

NA

ln(QblendfixA
/QmeltfixA

)− φB

NB

ln(QblendfixB
/QmeltfixB

). (5.45)

A two-chain SCFT calculation is performed by changing the fixed sites tfix on the fixed

molecule. The free energy also varies with different tfix. The mean value of F̄ (tfix) is taken

because every fixed monomer in the SCFT calculations has the same weight, which gives

F̄ =
1

N

N∑
tfix=0

F̄ (tfix), (5.46)

where N is the number of monomers of the molecule.

The SCFT in NVT ensemble has a finite size effect. The difference of the free chain

configurational entropy ln(Qblend/Qmelt) goes to zero when rmax → ∞. Otherwise, it is

nonzero because the bulk concentrations are dependent on the size of the box. This excess

effect is also understood as below: The partition function Q of the free polymer can be

expressed as

Q = Qb
(V − Vb)

V
, (5.47)

where Qb is the bulk value of the weight function, qfree(r,N). Vb is defined as the finite

volume of the correlation hole of qfree(r,N) at short distance, which also depends on V.

Therefore,

Qblend

Qmelt

=
Qbblend

Qbmelt

(
V − Vbblend

V − Vbmelt

)
, (5.48)

and it implies that this excess term always changes with V, unless when V →∞.

lim
V→∞

Q = Qb = exp(−ρb(∞)v).

The size effect cannot be corrected by explicit expressions because of the finite Vb. In order

to eliminate the finite size effect, the grand-canonical SCFT is applied to force the bulk

concentration to be constant, while allowing fluctuations to the number of monomers.
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5.6.2 The mixing free energy in semi-grand canonical ensemble

The mixing free energy in a semi-grand canonical ensemble two-chain SCFT can be

calculated by modeling the A/B blend and melt A and B, respectively. The A/B blend is

modeled by fixing an A molecule first, and then fixing a B polymer. The chemical potentials,

µ0
A and µ0

B in both melts and blends are given. The total free energy for a blend in the semi-

grand canonical two-chain SCFT can be written as

FSGblend
(nA + nB, V ) = −v

2

∫
V

ρblend(r)2d3r − ln(V Q
fix

)

−zAblend
V QA − zBblend

V QB

+(µ0
Ablend

nA + µ0
Bblend

nB). (5.49)

Similarly, the Helmholtz free energy in melt A with a fixed A molecule in VA is written as

F̄SGA
(nA, VA) = −v

2

∫
VA

ρA(r)2d3r

− (zAmelt
VAQA + ln(VAQAfix

))

+µ0
Amelt

nA. (5.50)

The free energy in melt B can be obtained by replacing A with B in Equation 5.50.

The free energy of the mixture includes the contribution by the fluctuation of the number

of molecules, ∆nA and ∆nB, due to mixing. The mixing free energy of an A/B blend including

the number fluctuations FSG(nA + ∆nA, nB + ∆nB, V ) is written in terms of an approximate

correction for small ∆nA and ∆nB, which is

FSG(nA + ∆nA, nB + ∆nB, V ) = FSG(nA, nB, V ) + ∆nA
∂FSG

∂nA

+ ∆nB
∂FSG

∂nB

+O(∆n2
A,∆n

2
B,∆nA∆nB)

≈ FSG(nA, nB, V ) + ∆nAµ
0
A + ∆nBµ

0
B, (5.51)

where FSG(nA, nB, V ) is the approximate mixing free energy of the A/B blend from melts A

and B with nA and nB molecules, respectively. With the correction of

136



FSG(nA, nB, V ) ≈ FSG(nA + ∆nA, nB + ∆nB, V )−∆nAµ
0
A −∆nBµ

0
B, (5.52)

the number of molecules in the blend will be the same as they are in the melts.

The chemical potential µ0
A of an A molecule with φA can be determined from the expres-

sion

ρ0
A = φAρb

= zA

∫
qA(r;NA)q†A(r;NA)d3r

= eµ
0
Ae−ρbvNA . (5.53)

i.e.,

µ0
A = ln(φAρ

0
A)ρbvNA, (5.54)

and similarly,

µ0
B = ln(φBρ

0
B)ρbvNB. (5.55)

For polymers with the same bulk density, ρb = ρ0
A = ρ0

B, they have zAblend
/zAmelt

= φA and

zBblend
/zBmelt

= φB. The grand canonical configurational entropy zV Q is equivalent to the

total number of the free monomers, with a correction of ∆n canceling the polymer number

fluctuation. Thus, the mixing configurational entropy only accounts for change of the fixed

molecule from a melt to a blend:

∆FSG,conf = − ln(Qfixblend
/Qfixmelt

), (5.56)

and the change of the configurational entropy per monomer is

∆F̄SG,conf =
φA

NA

ln(QfixAblend
/QfixAmelt

) +
φB

NB

ln(QfixBblend
/QfixBmelt

). (5.57)

Finally, the ideal mixing entropy per monomer can be written in terms of
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∆F̄SG,ideal =
1

nANA + nBNB

(µ0
Ablend

nA + µ0
Bblend

nB)

− φA

nANA

(µ0
Amelt

nA)− φB

nBNB

(µ0
Bmelt

nB)

=
φA

NA

ln(φA) +
φB

NB

ln(φB) (5.58)

by substituting µ0
Ablend

= ln(φA) + µ0
Amelt

and µ0
Bblend

= ln(φB) + µ0
Bmelt

to the first line of the

above equation.

The free energy for several 4-star/linear athermal blends is studied by semi-grand canon-

ical two-chain SCFT. In those blends, Nstar = 100 is fixed, and the polymerization degrees of

the linear molecules vary. The star and linear polymers have the same bulk density, ρ̄b = 0.2

and v̄ = 1. Note that the excluded volume parameter for a polymer melt is different from

that in solutions, this preliminary calculation uses the value of v̄ as the semi-dilute solutions

since the appropriate v̄ in melts or blends is not well-compared. The size of the system is

given rmax = 100b. The diagrams of the excess mixing free energy ∆F̄ex = ∆F̄int +∆F̄conf for

different 4-star/linear blends are shown in Figure 5.24. For the blend with equal polymer-

ization degree, N = 100, the free energy diagram is approximately symmetric to φstar = 0.5,

and exhibits weak immiscibility. For other blends in different polymerization degrees, i.e.,

Nlinear = 50, and Nlinear = 200, the excess free energy is increased for a stronger immiscibility

compared to the symmetric case. Furthermore, the free energy diagrams are not parabolic

or symmetric at φstar = 0.5, but are dependent on the compositions.

Flory-Huggins theory defines the interaction energy of the mixture as ∆F̄ex = χeffφAφB.

χeff can also be estimated from the mixing free energy by semi-grand canonical SCFT. In

two-chain SCFT, χeff is also defined as

χeff = ∆F̄ex/(φAφB). (5.59)

χeff for the 4-star/linear (φ = 0.5) blends are listed in Table 5.1 by SCFT. Results indicate

that for a binary blend composed of the same type monomers, the excess mixing free energy
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Figure 5.24: The excess free energy ∆F̄ of the 4-star/linear homogeneous blend in semi-grand
canonical SCFT. Nstar = 100, and Nlinear are 50, 100 and 200, respectively. v̄ = 1, and ρ̄b = 0.2.
The size of the system, r̄max = 100.

depends on the molecular weight of the two species. χeff depends on the compositions and the

weakest χeff is obtained in the symmetric blend for the best miscibility. On the other hand,

the interaction parameter significantly increases in blends of disparate molecular weight by

a factor of 10 compared to the symmetric blend with equal monomer compositions in the

tested blends.

Table 5.1: The effective Flory-Huggins interaction parameters of different 4-star/linear
blends with equal monomer compositions, based on the free energy diagrams in Figure 5.24.

Blends Nstar/Nlinear χeff(×10−4)
100/50 28
100/100 2
100/200 33

The interaction parameters for blends of several symmetric end-branched and linear

polymers are evaluated by two-chain SCFT, and compared with experimental values. Re-
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cently, Lee et al. [19] performed experiments on the bulk thermodynamics of a series of

end-branched/linear isotopic polystyrene by SANS. χeff was evaluated using RPA and Gaus-

sian field theory. For blends (φ = 0.5) of linear and 6-end, 9-end, and 13-end ( designed as

15-ends ) polystyrene with symmetric molecular weight and equal number of branch points,

the experiments shows that χeff increases as the number of outer branches increases. I

apply the two-chain SCFT to calculate the mixing free energy and χeff of the blends of end-

branched and linear polymers by Lee and coworkers. The molecules follow the molecular

characterization from the reference [19], which are listed in Table 5.2.

Table 5.2: The molecular characterization of n-end/linear blends in two-chain SCFT.

Polymer Narm Nbranch Ntotal

Linear 360
6-end 60 30 360
9-end 48 24 360

15-end* 55 13 360

*The molecule studied in the experiment is 13-end; two ends are missing.

Figure 5.25 plots the diagrams of the excess mixing free energy against the composition

of the end-branched component of the n-end/linear blends. The χeff by SCFT are smaller

than the SANS χeff by RPA theory for all three blends, although two of them (6-end and

9-end) are still within the same order of magnitude. SCFT χeff is close to the Gaussian

field theory only for 6-end/linear blend, but much smaller for 9-end/linear and 15-end/linear

blends. The excess mixing free energy for the tested end-branched polymer blends increases

with increasing outside branches due to enhanced crowding of the branched species. The

effective χeff also increases as the number of branches increases, which is listed and compared

with the experiments and Gaussian theory in Figure 5.26.

A reason for the discrepancy for χeff between SCFT and Gaussian field theory is the

parameter v̄ representing the excluded volume effect and the compressibility. It controls

the intra- and intermolecular correlations of the polymer blends. Both RPA and Gaussian
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Figure 5.25: The excess free energy ∆F̄ of n-end/linear homogeneous blends in semi-grand canon-
ical SCFT. N = 360, v̄ = 1, ρ̄B = 0.2, and the size of the system, r̄max = 200.

field theories have assumed Gaussian conformations in the blend. The SANS spectra also

depends on temperature. In particular, the experimental results in Figure 5.26 are measured

at 120◦C [19]. Gaussian field theory assumes incompressibility corresponding to v̄ → ∞ in

SCFT, and the Gaussian chain conformation corresponds to v̄ → 0 in SCFT. In addition,

the actual monomer volume is considered as a factor of χeff by Gaussian field theory, but not

applied in two-chain SCFT. Future study will focus on the application of two-chain SCFT

with appropriate v̄ for different complex architectures with comparisons to the experimental

and theoretical results.

5.6.3 Gaussian field theory on the approximation of Flory-Huggins parameter
for comb/linear blends

Gaussian field theory can estimate the Flory-Huggins interaction parameters of binary

blends in terms of mixing entropy. The expressions of the theory is given briefly below.

More details of Gaussian field theory can be found in reference [38]. The excess free energy
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Figure 5.26: The effective interaction parameter χeff in the n-end/linear homogeneous blends
by semi-grand canonical two-chain SCFT, Gaussian field theory and SANS experiments. The
experimental χeff is determined by SANS at 120◦C. The uncertainty in χeff of ±0.3 × 10−4 for
characterizing a linear/linear blend using the same method is reported. Gaussian field theory
assumes the statistical segment length b = 6.2Å [19]. In SCFT, v̄ = 1, ρ̄b = 0.2.

is written as

FE
kT

=
1

8π3

∫
dkln[φ1S1(k) + φ2S2(k)], (5.60)

where S1 and S2 are Gaussian single chain structure factors of the two components. The

total free energy of mixing in a mean-field is thus

∆F

kT
=
φ1

V1

lnφ1 +
φ2

V2

lnφ2 +
FE
kT

, (5.61)

where the monomer composition satisfies the incompressibility φ1 = 1 − φ2. The second

derivative of the excess free energy with respect to φ1

αE = − 1

2kT

∂2FE
∂φ2

1

=
1

8π2

∫ ∞
0

dkk2

[
S1(k)− S2(k)

φ1S1(k) + (1− φ1)S2(k)

]2

, (5.62)
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can be applied to estimate the effective monomer-monomer interaction parameter χeff

χeff = αE(v1v2)1/2, (5.63)

where v1 and v2 are monomer volumes of two components. χeff for a series of comb/linear of

50vol%/50vol% polystyrene blends are estimated using Gaussian field theory. An example

where it is used in the calculation is based on polymers synthesized by Liu et al with dense

teeth [16]. Two types of linear polymer is used with 360 and 1270 repeat units, respectively.

For all combs, the spacing has only one repeat unit between two teeth (L = 1). The structural

characterization of the comb and liner molecules are listed in Table 5.3.

Table 5.3: The molecular characterization of comb polymers for Gaussian field theory.

Name Spacing (L) Length of teeth (M) Number of teeth (P)
M24P14 1 24 14
M24P28 1 24 28
M24P50 1 24 50
M15P34 1 15 34
M15P105 1 15 105

The Gaussian structure factor of the comb and linear polymer are given in B. Using

a reported statistical segment length of 6.2Å and the experimentally determined segment

volume V = 100 cm3/mol [19], the theoretical effective interaction parameters versus the

number of teeth p are given in Figure 5.27.

5.7 Summary

A modified two-chain SCFT is developed to study polymer systems for linear and non-

linear architectures. Intra- and intermolecular correlations are accounted for by holding one

monomer on one chain fixed and allowing surrounding chains to be free. Density distribution

profiles of a single molecule from both joints and ends show SAW behavior. This algorithm

also captures the crossover in molecular conformation from SAW to Gaussian behavior in

polymer solutions with finite densities. The swelling exponent for the monomer density in
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Figure 5.27: The effective thermodynamic interaction parameters χeff of blends of linear and
densely branched comb polymers calculated by Gaussian field theory. The segment length is as-
sumed to be b = 6.2Å as previously reported for branched polystyrene [19].

polymer solutions approaches but is not exactly −4/3, and varies depending on the excluded

volume parameter. A stronger monomer repulsion and relatively low concentrations produce

crossovers in the intramolecular density profiles which are most clearly in the scaling regimes.

At short distances, the monomer densities do not depend on excluded volume. However,

this dependence becomes stronger as the excluded volume parameter v increases, so that

it finally shows the scaling ρ̄ ∼ v̄−1/3 when v̄ > 1, consistent with de Gennes’ scaling

description of polymers in semi-dilute solution. Two regimes of the dependence between v̄

and the correlation length ξ̄ are obtained, and they cross over at approximately v̄ =∼ 1 in the

SCFT calculation. In the strong dependence regime, ξ̄ ∼ v̄−1/8 is obtained in a semi-dilute

solution, compared to ξ̄ ∼ v̄−1/4 when assuming conformations are given by dilute solution

conditions. The intermolecular distribution function displays the expected correlation hole

as controlled by excluded volume. This effect is weakened as the excluded volume decreases

to a level close to that of a noninteracting chain. Local stretching of monomers can be

observed when the monomer exclusion is strong (e.g., v̄ = 100). End-branched molecules
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such as a 9-end polymer molecule can also exhibit enhanced swelling at short distances near

the joint due to the steric and entropic effect of outside branches when Nbranch/Narm > 1.

Lastly, the complete SCFT calculation holding every monomer on one molecule fixed can

also generate the structure factors of polymer systems.

In binary blends of star and linear molecules, the swelling of branched molecules are en-

hanced at short distances compared to melts. The presence of short linear chains results in

a stronger swelling for star molecules than for long linear additives. The Helmholtz mixing

free energy determined by canonical ensemble SCFT comprises the interaction (excluded

volume), configurational entropy and ideal mixing entropy contributions. A semi-grand

canonical SCFT calculation is performed to eliminate the finite-size effect in canonical en-

semble. The effective Flory-Huggins parameter χeff by two-chain SCFT is estimated based

on the excess free energy. A series of 4-star/linear blends differing in degree of polymerization

are tested by the theory. The results indicate that in homogeneous blends, the interaction

parameter is dependent on the relative degree of polymerization of the components, with a

minimum for blends of equal molecular weight. A series of end-branched/linear (φ = 0.5)

polystyrene blends with equal molecular weights are compared by two-chain SCFT, Gaussian

field theory and experiments. Based on the calculations using v̄ for semi-dilute solutions,

the two-chain SCFT provides the same trends of χeff for end-branched polymers as RPA

and Gaussian field theory. The magnitude of the values from two-chain SCFT are generally

smaller, but may be improved by applying v̄ values appropriate for polymer blends.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

My research leads to original contributions in two major topics related to the knowledge

of conformations and thermodynamics of nonlinear polymers. The first topic focuses on the

surface segregation in blends of nonlinear and linear polymers, including branched, comb and

cyclic architectures. The SCFT calculation successfully predicted the surface segregation of

the nonlinear architectures due to both entropic and enthalpic effects. Furthermore, the

SCFT calculation on the surface segregation for cyclic/linear blends is the first time this has

been studied. The results were in excellent agreement with the NR experiments for high

molecular weight blends. The second topic focussed on studies of bulk conformations and

thermodynamics for branched polymer melts and blends. To attack the problem, a novel two-

chain SCFT approach is developed to capture bulk intra- and intermolecular correlations,

and to evaluate the mixing free energy for homogeneous polymer blends containing complex

branched architectures.

Chapter 3 presents a conceptual overview of SCFT for the surface segregation in blends

of linear and nonlinear structures. The SCFT is modified to include surface potentials on

ends and joints. In Chapter 4, surface segregation in binary blends containing linear and

nonlinear architectures, including star, multiple-end branched, and comb-branched polymers

are studied by compressible SCFT. The calculations indicate that the effect of the topology

and the excluded volume can cause surface enrichment of the nonlinear components in blends

with symmetric degrees of polymerization. The SCFT calculation produces good agreement

with the neutron reflectivity experiments on the surface excess of 6-end/linear polystyrene

symmetric blends. In disparate blends, the short linear chain exhibits a preference for the

immediate vicinity of the surface. However, the nonlinear molecules show a positive inte-

grated excess in the near-surface regime. The dependence of integrated excess on molecular
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size differs with different architectures. For star/linear blends, the excess increases linearly

as the number of arms increases, but decreases linearly as the length of the arms increases.

In striking contrast, for cyclic molecules, the integrated excess is increasing, and linear with
√
N ring. SCFT calculations by adding surface potentials on ends and branch points show

surface density profiles for molecules containing particular chemical groups. The density

profiles are determined by the competition between the repulsive branch points and attrac-

tive ends. In addition, linear response theory is performed to compare with experiments

on various end-branched/linear blends by neutron reflectivity. The comparison provides a

qualitative understanding of the surface potentials for functional groups, and could aid in

guiding the synthesis of surface-active branched polymers.

Chapter 5 documents the development of a novel two-chain SCF theory to study the bulk

conformations, correlations, and thermodynamic properties of linear and nonlinear polymers.

The two-chain SCFT is applied in canonical and semi-grand canonical ensemble to study the

branched melt and mixtures with linear molecules. The intramolecular density profiles of

star and branched melts exhibit self-avoiding walk conformations at short distances, r̄ → 0,

and random walk conformations at long distances r̄ → R̄. In semi-dilute solutions, the

intramolecular density at short distance is independent of v̄ for v̄ < 1. When v̄ is large,

(v̄ � 1) a strong dependence between v̄ and ρ̄(r̄) can be obtained in terms of ρ̄ ∼ v̄−1/3. The

reduced correlation length ξ̄ by SCFT shows that in polymer melts, it satisfies ξ̄ ∼ v̄−1/8.

Assuming the conformation of the molecule in a melt is the same as in the dilute solution,

the relation ξ̄ ∼ v̄−1/4 is obtained, and agrees with the scaling analysis by de Gennes for the

real chain screening length. The conformation of end-branched molecules such as a 9-end

molecule can also exhibit stretching of the inside arms due to the steric and entropic effects

of outside branches in a melt when Nbranch > Narm.

The enhanced swelling for branched molecules is seen in the binary blends of nonlinear

and linear molecules. For a blend with short and long chains, the conformation of the long

molecule is more swollen by adding short molecules. On the other hand, the conformation
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of the short molecule is not affected by the addition of long chains. A short chain is much

easier to fill into the space between long chains so that the monomers are crowded. In

two-chain SCFT at long distances, the short chain feels a mean-field that equally involves

contributions of the large molecule or many short chains, thus the density profiles for short

chains does not change significantly under the influence of long chains. The Helmholtz

free energy of branched/linear polymer blends can be evaluated using two-chain SCFT.

For calculations performed in an NVT ensemble, the two-chain SCFT derived mixing free

energy has noticeable finite-size effects that require correction. The semi-grand canonical

two-chain SCFT is developed to minimize the finite-size effect. The semi-grand canonical

SCFT successfully calculated the mixing free energy of the blend of linear and branched

polymers. From the mixing free energy, one can determine a value for the effective monomer

(segment) interaction parameter, χeff , of the homogeneous blend. The free energy diagrams

plotted against the volume fraction for the 4-star/linear blends indicate that the interaction

parameter is dependent on the volume fraction in disparate molecular weight blends. In the

equal molecular weight blend, the free energy is approximately symmetric with respect to

φ = 0.5. Blends with symmetric molecular weights show a small χeff compared to disparate

molecular weight blends. While a proper choice for the excluded volume parameter for

polymer blends has not been well defined for two-chain SCFT, I used values of v̄ typical

for semi-dilute solutions to obtain preliminary results for the end-branched polymer blends.

While the trend are in agreement with the Gaussian field theory, the magnitude of the χeff

values are low compared to Gaussian field theory and RPA theory. The choice of the excluded

volume parameter should be carefully considered in future applications.

The SCFT is still a coarse-grained theory, and is limited by the validity of the Gaussian

assumption. It is thus expected to better predict properties for polymers with large molecular

weight; but begin to fail for short molecules or rigid structures. For surface studies on short

molecules, packing effects at surfaces is missing in SCFT, which will also influence the results

of the prediction. In the two-chain theory, the calculation for molecular conformations at
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very short distances, r → 0 increases numerical difficulties. In calculations for long range

intermolecular correlations, SCFT results in a uniform bulk density, and misses information

of the correlation between two specific molecules far from the test molecule being held fixed.

As such, binary correlations are accounted for in the two-chain SCFT, but higher order

correlations are still neglected. In principle, it is possible to extend the methodology to

multi-chain SCFT, but at an increased computational cost.

Further comparison with Flory-Huggins theory, Gaussian field theory and random phase

approximation theory should be carried out to test the two-chain SCFT for χeff parameters

in branched/linear PS blends in the future. Studies of the bulk conformations of various

molecular topologies, for instance understanding which parts of a highly complex branched

molecule is stretched or under stress, is also a promising direction for study using these two-

chain algorithms. The two-chain SCFT can also be extended to fixing multiple molecules,

to capture higher order correlations. In particular, this would be of interest in studying the

topological consequences of non-crossing in a system of ring polymers. The new algorithm

also provides the solution of the modified diffusion equations in more complicated coordi-

nates. To sample the conformations in a multiple-chain SCF theory, it may be necessary to

consider hybrid algorithms including self-consistent field and Monte Carlo sampling (SCF-

MC). Such an algorithm generates the configurations of molecules using Monte Carlo method

instead of the Gaussian chain assumption. The free polymers contribute a mean-field po-

tential satisfying self-consistency with the mean density. It can be expected to capture the

intermolecular correlations between two specific molecules, and could be more efficient than

a full Monte Carlo simulation. In addition, it is also possible to study a variety of polymer

architectures beyond star, pom-pom and end-branched polymers. The understanding of the

bulk correlation of macrocyclic molecular melts is proposed as a future topic for study us-

ing a hybrid SCF-MC approach. The molecules can be simple rings or more complicated

structures containing loops, such as those shown in Figure 6.1.
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Figure 6.1: Cyclic, balloon, dumbbell, and rings on a rope topologies.

In conclusion, conventional SCFT and the novel two-chain SCFT have been demonstrated

to successfully predict many conformational, segregation, and thermodynamic properties for

nonlinear macromolecules at surfaces and in the bulk. These theories can be applied to guide

future experiments and hopefully the commercialization of nonlinear polymers.
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APPENDIX A - THE NUMERICAL ALGORITHMS IN SCFT

The numerical SCFT and two-chain SCFT are developed to study the surface and bulk

thermodynamic properties of polymer systems containing linear and nonlinear architectures.

In this section, the details of the numerical algorithms are discussed including the discretiza-

tion of the partial differential equations and the minimization of SCF potential.

A.1 Numerical method for modified diffusion equation

The SCFT modified diffusion equation is solved by finite difference method. In this

project, the differential equation have been solved in terms of discretized form using the

explicit scheme and the Crank-Nicolson implicit scheme.

A.1.1 The explicit and implicit method

For instance, the typical 1-D heat equation (diffusion equation)

∂u(z; t)

∂t
= a

∂2u(z; t)

∂z2
(A.1)

can be discretized by the classic explicit scheme:

u(j; k + 1)− u(j; k)

∆t
= a

u(j + 1; k)− 2u(j; k) + u(j − 1; k)

∆z2
. (A.2)

where z = j∆z and t = k∆t. The space is divided into jmax grids, j = 0, 1, 2,..., jmax− 1. k

is the index of the time step. The stability of solution requires

a∆t

∆z2
< 0.5. (A.3)

Equation A.1 can also be written in terms of the implicit scheme:

u(j; k + 1)− u(j; k)

∆t
= a

u(j + 1; k + 1)− 2u(j; k + 1) + u(j − 1; k + 1)

∆z2
. (A.4)

which is unconditionally stable.
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A.1.2 The Crank-Nicolson algorithm

The Crank-Nicolson algorithm is known well as a unconditionally stable methed with

second-order accuracy of truncation error.

u(j; k + 1)− u(j; k)

∆t
= α

(
u(j + 1; k + 1)− 2u(j; k + 1) + u(j − 1; k + 1)

2∆z2

+
u(j + 1; k)− u(j; k) + u(j − 1; k)

2∆z2

)
. (A.5)

This is rewritten from j = 1, to jmax − 2 as

−αu(j + 1; k + 1) + (1 + 2α)u(j; k + 1)− αu(j − 1; k + 1) =

αu(j + 1; k) + (1− 2α)u(j; k) + αu(j − 1; k), (A.6)

where α = a∆t
2∆z2 . The differential equation then becomes solving a tri-diagonal problem in a

linear system.

A.2 Discretization of the modified diffusion equation

For a 1-D modified diffusion equation:

∂q(z; t)

∂t
=
b2

6

∂2q(z; t)

∂z2
− µ(z)q(z; t), (A.7)

the explicit scheme can be written as

q(j; k + 1)− q(j; k)

∆t
=
b2

6

q(j + 1; k)− 2q(j; k) + q(j − 1; k)

∆z2
− µ(j)q(j; k). (A.8)

where j = 0, 1, 2, ..., jmax − 1 is the index of the grids, and k = 0, 1, 2, ..., Nmax − 1 is the

discretized monomer index of the polymer.

In two-chain SCFT, the modified diffusion equation describes the single chain distribution

in a spherical coordinate system. The modified diffusion equation

∂q

∂t
=
b2

6
∇2q − µq, (A.9)
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can be written in terms of

∂q(r; t)

∂t
=
b2

6

∂

r2∂r

(
r2∂q(r; t)

∂r

)
− µ(r)q(r; t). (A.10)

or

∂q(r; t)

∂t
=
b2

6

(
∂2q(r; t)

∂r2
+

2

r

∂q(r; t)

∂r

)
− µ(r)q(r; t). (A.11)

Equation A.11 is therefore discretized as

q(j; k + 1)− q(j; k)

∆t
=

b2

6

(
q(j + 1; k)− 2q(j; k) + q(j − 1; k)

∆r2

+
q(j + 1; k)− q(j − 1; k)

rj∆r

)
− µ(j)q(j; k), (A.12)

where rj is (j + 1)∆r. Using the Crank-Nicolson algorithm, the modified diffusion equation

for 0 < j < jmax − 1 is rearranged to be

−(α +
α

j + 1
)q(j + 1; k + 1) + (1 + 2α + 0.5∆tµ(j))q(j; k + 1)

+(−α +
α

j + 1
)q(j − 1; k + 1)

= (α +
α

j + 1
)q(j + 1; k) + (1− 2α− 0.5∆tµ(j))q(j; k)

+(α− α

j + 1
)q(j − 1; k), (A.13)

where the prefactor α = b2∆t
12∆r2 . At j = 0 and j = jmax − 1, the discretized equation is

constrained by the boundary condition.

A.3 The boundary conditions

The bulk density profile is uniform in a polymer melt. Therefore, it satisfies the reflective

boundary condition at r = rmax, which is

∂q

∂r
|r=rmax= 0. (A.14)

The boundary condition at r = 0 satisfies

q(r < 0; t) = 0, (A.15)
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and the Crank-Nicolson form of Equation A.11 at r = 0 is

−2αq(1; k + 1) + (1 + 2α + 0.5∆tµ(0))q(0; k + 1) =

2αq(1; k) + (1− 2α− 0.5∆tµ(0))q(0; k). (A.16)

At r = rmax, Equation A.11 is written as

(− α

jmax

+ 1 + α + 0.5∆tµ(jmax − 1)q(jmax − 1; k + 1)

+(−α +
α

jmax

)q(jmax − 2; k + 1)

= (
α

jmax

+ 1− α− 0.5∆tµ(jmax − 1))q(jmax − 1; k)

+(α− α

jmax

)q(jmax − 2; k). (A.17)

A.4 The Picard method and Newton-Broyden algorithm

The SCFT algorithm shown in Chapter 3 is solved by updating the field potential µ from

the density distribution ρ self-consistently. The condition of self-consistency also requires

that ρ[µ(r)] is solved from the modified diffusion equation given µ(r). Next, the new µ(r)

is proportional to the density ρ(r):

µ[ρ(r)] = vρ(r), (A.18)

where v is the excluded volume parameter. ρ and µ both have jmax elements.

The differential equation can be solved in a linear system. In particular, the Picard

algorithm is applied to update µt and minimize ε = |µt−µt−1|
|µt| , where t is the index of the tth

iteration. A mixing ratio λ ∈ (0, 1] is applied to update µt in terms of µt = (1−λ)µt−1 +λvρt

. The tolerance of the convergence is εtor = 10−7.

An advanced minimizing algorithm, Newton’s algorithm can also solve the SCFT non-

linearly [30,148]. Construct a function F

F (µ) = µ− vρ, (A.19)
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mininmizing F → 0 results in the solution of the nonlinear systems where F , µ and ρ

are vectors containing jmax elements. The Newton-Raphson method is often the standard

method to solve such a nonlinear system by solving

−F = J · δµ, (A.20)

where δµ is the small difference from the goal of solution and the Jacobian Matrix, J is a

jmax × jmax matrix with elements of Jij = ∂Fi/∂µj. The Newton-Raphson method solves

−F t = J t · δµt (A.21)

by updating

µt+1 = µt (A.22)

until µ and F satisfy the expected precision of tolerance. The superscript t is the index of

the tth iteration.

Instead of evaluating the exact Jacobian matrix, an approximation scheme so called the

quasi-Newton algorithm can be applied to reduce the number of total operations. In SCFT,

the Broyden’s method can be used as an alternative technique. The brief steps are given as

below:

The approximated Jacobian matrix B is introduced to solve

−F = B · δµ. (A.23)

B is initially guessed and an iterating procedure to update B from the tth to t + 1th

iteration is given as

Bt+1 = Bt +
(δF t −Bt · µt)⊗ δµt

δµt · δµt
, (A.24)

where ⊗ denotes the tensor product, and δF t = F t+1 − F t. Eventually B should converge

to J matrix as well as the linear system converges to the solution. Fredrickson [30] discussed

the nature of evaluating the Jacobian and gave the approximated initial guess of the elements

169



of B:

B(ri, rj) ≈
1

v
δ(ri, rj) + ρ0Nω(|ri − rj|), (A.25)

where ρ0 is the bulk monomer density and N is the chain length. ω(r) is the Gaussian single

chain intramolecular density. This approximation works successfully when µ(r) is weakly

inhomogeneous [30].

The Picard iteration is implemented in the SCFT programs. The Newton-Broyden al-

gorithm is also implemented as a test based on the reference [30]. The flowchart of SCFT

by Picard iteration and Newton-Broyden method are given in Figure A.1 and Figure A.2,

respectively. In this project, Crank-Nocolson method and Picard iteration are applied to

SCFT and two-chain SCFT calculations.
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Initialize  q(z; t)

Solve PDE

Guess  μ(z)

Calculate density: ρ(z)=∫q(z;t)dt

Evaluate μ(z) 

Update μ(z)=Δμi
+μi

 

Δμ < criteria? 
No

Yes

End iterations

Δμi=λ(μi-μi-1)

Figure A.1: The flowchart of SCFT iterations by Picard method.
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Initialize  q(z; t)

Solve PDE

Guess  μ(z)

Calculate density: ρi(z)=∫qq†dt

Update μi+1=Δμi+μi 

Δμ < criteria? 
No

Yes

End iterations

Evaluate -Fi=μi -vρi

Update matrix Bi

Solve -Fi=Bi•Δμi

Figure A.2: The flowchart of SCFT iterations by Newton-Broyden method.
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APPENDIX B - GAUSSIAN STRUCTURE FACTORS OF BRANCHED AND COMB

POLYMERS

B.1 Structure factors of branched molecules

The Debye function is the total intramolecular pair correlations of a Gaussian random

walk linear structure:

D[x] =
2(e−x − 1 + x)

x2
, (B.1)

in terms of x, which is defined as

x(N) = N
q2b2

6
, (B.2)

where Nb2

6
is the R2

g of the linear Gaussian chain.

The total pair correlation from one point to all the other points on a linear chain is given

as

F [x] =
1− e−x

x
, (B.3)

and the correlation of one pair of points is simply:

E[x] = e−x. (B.4)

The structure factor of a f -star is composed of two types of contributions, the correlations

between monomers in the same arm (S1) and monomers between two arms (S2):

S1(q) = N2
AD[x(NA)] (B.5)

and

S2(q) = N2
AF [x(NA)]2, (B.6)

where NA is the length of the inner arm (Narm), and the NB is the length of the outer branch.

(Nbranch). The normalized structure factor of the star is thus

Sstar(q) =
1

Nstar

(fS1 + f(f − 1)S2) . (B.7)
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Note that the total number of monomers Nstar = fNA.

Similarly, the structure factor of an end-branched molecule is derived in pieces. S1

accounts for the correlations between two monomers on the same branch, which is written

as

S1 = fA

[
N2

AD[x(NA)] + fBN
2
BD[x(NB)]

]
. (B.8)

The correlations between two monomers on two different outside branches, S2, is given by

S2 = fA

[
fBNBF [x(NB)]

(
(fB − 1)NBF [x(NB)]

+(fA − 1)fBNBE[x(2NA)]F [NB]
)]
. (B.9)

The last portion, S3, contains the contribution between a monomer on the inside arm and

another monomer on the outside branch, plus the correlation between monomers on two

separate inside arms:

S3 = fA

[
NAF [x(NA)]×(

(fA − 1)
(
NAF [x(NA)] + 2fBNBF [x(NB)]E[x(NA)]

)
+2fBNBF [x(NB)]

)]
. (B.10)

Finally, the structure factor of an end-branched molecule is the summation of S1, S2 and S3:

Sendbr =
1

N
(S1 + S2 + S3), (B.11)

where N is the total number of the molecule: N = fAfBNB + fANA.

The partial structures factors for the ends and joints of a polymer are listed below: For

linear chains, it gives

Se
lin = 2F [x(Nlin)]. (B.12)

For star structures, they are given

Se
star = F [x(NA)] + (f − 1)E[x(NA)]F [NA], (B.13)
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and

Sjstar = F [x(NA)], (B.14)

respectively.

For end-branched polymers, the end structure factor is written as

Se
endbr =

1

N
fAfB

[
NBF [x(NB)]

+E[x(NB)]
(

(fB − 1)NBF [x(NB)] +NAF [xA]
)

+(fA − 1)
(
NAE[x(NA +NB)]F [x(NA)]

+fBNBE[x(2NA +NB)]F [x(NB)]
)]
. (B.15)

The structure factor for the inside joint is

Sj
endbr =

1

N
fA

[
NAF [x(NA)] + fBNBE[x(NA)]F [x(NB)]

]
, (B.16)

and the outside joint structure factor is given by

Sj′

endbr =
1

N
fA

[
NAF [x(NA)] + fBNBF [x(NB)]

+(fA − 1)NAE[x(NA)]F [x(NA)]

+fB(fA − 1)NBE[x(2NA)]F [x(NB)]

]
. (B.17)

Note that by this definition, the molecular structure factor S(0) converges to N , while

the end and joint structure factors converge to fA/N and fB/N .

B.2 Structure factors of comb molecules

For a comb structure, the Gaussian structure factor is derived in terms of three pieces

S1,S2 and S3 as well: S1 is simply Debye’s functions for all linear pieces:

S1(q) = pM2D[M ] +
(
(p− 1)L

)2
D[L(p− 1)]. (B.18)
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S2 counts from one monomer on the tooth,

S2(q) = 2

p∑
i=2

i∑
j=1

M2F [M ]2E[(i− j)L]. (B.19)

Note that the factor of 2 represents the indistinguishable counts by switching index i and j.

S2 can be expanded as

S2 = 2M2F [M ]2
(E[−L)]

1− E[−L]

(
E[L]2

1− E[(p− 1)L)]

1− E[L]
− (p− 1)E[L]

)
. (B.20)

S3 is written as

S3 = 2MF [M ]

((
p∑
i=1

(i− 1)L F [(i− 1)L]

)
+ (p− 1)LF [(p− 1)L]

)
, (B.21)

which is simplified as

S3 = 2M
F [M ]

k

(
2p− 2

1− E[pL]

1− E[L]

)
, (B.22)

where

k =
q2b2

6
. (B.23)

The total static structure factor of a comb molecule is thus

Scomb = N−1
comb(S1 + S2 + S3). (B.24)

Moreover, the end and joint partial structure factors of a comb are given in terms of four

portions, respectively:

Se
comb1

= MF [M ] + (p− 1)
(1− E[M ]E[L])

k
, (B.25)

Se
comb2

=
1− E[L+M ]

k

E[M ]

E[L]− 1

(E[L]− E[pL]

1− E[L]
− (p− 1)

)
, (B.26)

Se
comb3

= E[M ]
(2− E[L]− E[M ]

k(1− E[L])

(p− 2)− (E[L]p−2 − 1)

1− E[−L]
, (B.27)

Se
comb4

=
(E[L]p−1 − 1)

E[L]− 1

E[L+M ](1− L[M ])

k
, (B.28)
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and finally,

Se
comb = N−1

comb(Se
comb1

+ Se
comb2

+ Se
comb3

+ Se
comb4

). (B.29)

Similarly, the end and joint structure factor on a comb are written as

Sj
comb1

= p
(2− E[M ]− E[L]

k
− 1− E[L]

k
, (B.30)

Sj
comb2

=
1− E[L+M ]

k(E[L]− 1)

(E[L]− E[pL]

1− E[L]
− (p− 1)

)
, (B.31)

Sj
comb3

=
(2− E[L]− E[M ])

k(1− E[L])

(
(p− 2)− E[(p− 2)L]− 1

1− E[−L]

)
, (B.32)

Sj
comb4

=
(E[pL]− E[L])(1− E[M ])

k(E[L]− 1)
, (B.33)

Sj
comb = N−1

comb(Sj
comb1

+ Sj
comb2

+ Sj
comb3

+ Sj
comb4

). (B.34)
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APPENDIX C - PARALLELIZATION OF SELF-CONSISTENT FIELD

CALCULATIONS

Sides and Fredrickson discussed the parallelization of SCFT in pseudo-spectral method

[149]. The density propagator q(z; t) by the explicit method can be spatially decomposed into

multiple processors in parallel as well. Crank-Nicolson method could not be straighforwardly

parallelized. An alternating segment Crank-Nicolson (ASC-N) algorithm has been developed

as a parallelizable algorithm [150,151]. The ASC-N algorithm is not applied in this project.

In this section, a parallel explicit method is tested as an example.

C.1 Parallel scheme for 1-D diffusion equation using explicit method

The explicit method can be parallelized by decomposing the data into multiple processors

by adding ghost points to the boundary of each processors [152]. The ghost points store the

data sent/received from the neighbor processors. Figure C.1 shows the scheme of the domain

decomposition to solve a diffusion equation.

The performance of the domain decomposition strongly depends by the grid size of the

space. The speedup of parallelization is defined as

Sp =
T1

Tp

(C.1)

where T1 is the wall time for the sequential program and Tp is the wall time when running

on p CPUs in parallel.

The performance of using the explicit method to solve the diffusion equation in parallel

is tested on computing clusters containing 12 cores on each node. For a system containing

totally 512 spatial grids, only approximately 4 times of speedup can be obtained using

8 cores. If using more processors, the performance is slowed down by the frequent data

communication. However, for an array containing 10240 elements, the speedup is better

if using more processors, in the test using 16 processors, the speedup is approximately 10
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Figure C.1: An illustration of the domain decomposition algorithm using ghost points for an
explicit method scheme on 4 CPUs.

times faster. In general, the parallel algorithm can achieve better speedup for larger size of

the system, compared to the frequently data exchange between CPUs, including a much less

narrow band width for data passing between each machine through infiniband. The plot of

the speedup depending on the size of the grid matrices is shown in Figure C.2.

In SCFT iterations, the array of the density weight function, q(z; t) and q†(z; t) can

be solved in each CPUs. The value of the partition function Q is obtained by gathering

q(r;N) from all processors. It is then passed to all processors immediately to calculate

the monomer density ρ(r) . The self-consistent potential µ(r) only depends on the local

values of ρ(r). It stays in the subtask and does not communicate with other processors.

The one-dimensional problem achieves limited speedup by parallelization, but it has better

performance for multiple-dimensional problems.
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Figure C.2: The speedup test for solving the 1-D diffusion equation using parallel explicit method.

C.2 The implementation of parallelized SCFT for cyclic molecules

In SCFT for cyclic problems, the Green’s function G(z′, z′′; 0, t) has independent dimen-

sions z′and z′′. A parallelization on the first array dimension z′ is very efficient in speeding

the SCFT calculation. Figure C.4 gives an example that G(z′, z′′; 0, t) is distributed equally

as four sub-matrices to four processors. Because there is no data exchange between proces-

sors, CPU time is consumed to solve the differential equation. The parallel SCFT starts

with an initial guess of self-consistent potential µ. It distributes the main matrix of G to

each processors and solve the differential equations and gathers G to calculate the density

profile ρ to update µ. For cyclic polymers, G(z, z; 0, N) is needed to update the density ρ(z).

The useful data are just the diagonal values of G at t = N .

The convergence of µ is determined by the master processor. Once the updated µ is

known, it will be passed to all processors and start a new loop. The complete SCF process

is shown as a flowchart in Figure C.5.

A test of the speedup is performed for a cyclic molecule with N = 100. The G(z′, z′′; t) is

discretized into a 256×256×1000 (z′× z′′× t) grids and 512×512×1000 grids, respectively.
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Figure C.3: The schematic illustration of a parallel matrix of function G(z′, z′′; 0, t). The first
dimension z′ is split into eight steps and split into four processors. The filled area represents a
separate solution of diffusion equation at a specified z

The error of tolerance is 10−5 with a Picard algorithm using the Crank-Nicolson method. For

other parameters, φring = φlinear = 0.5, v̄ = 1. All computations are done on a supercomputer

cluster. Each node contains two Intel Xeon 6-core processors working at a clock of 3.06GHZ

and connected by infiniband. The wall time for a complete self-consistent iteration is shown

in Figure C.6. The parallelization achieves better speeding when using more processors

(Figure C.7).

Calculations using CPU number more than 64 have better performance if the grid size

is larger. As is shown in Figure C.8, the efficiency Ep = Tp

p
of the 128 CPUs job with
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Figure C.4: The values to be gathered in the array of G(z′, z′′; 0, t).

512×512×1000 grids system is approximately 0.6, compared to 0.4 on a 256×256×1000

system. The Karp-Flatt metric analysis [152] estimates the serial fraction f in the parallel

algorithm, which is defined as

f =

1
Ep
− 1

p

1− 1
p

. (C.2)

Figure C.9 indicates that the parallelization has a small serial portion. The serial fraction

decreases as the grids increases. For the system of 512×512×1000 grids, the parallelization

is more than 99%.
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Figure C.5: The flowchart of an SCFT program for cyclic molecules.
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Figure C.6: CPU wall time of SCF calculations in parallel of a cyclic/linear (φ = 0.5) blend.
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Figure C.7: The speedup of parallel computation of a cyclic/linear (φ = 0.5) blend in the calcula-
tions in Figure C.6.
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Figure C.8: The efficiency of the parallel computation of a cyclic/linear (φ = 0.5) blend.The
dimension of the matrix is the same as Figure C.6.
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