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ABSTRACT

The Slippery Algérithm is a simple~to-use and very fast technique
for the solution of knapsack problems. While the method does not
guarantee an optimum allocation, preliminary computational results
indicate that very few problems are solved to less thzn 98 per cent of
optimality. The key feature of the Slippery Algorithm is its use of the
ratios of objective-function coefficient to constraint-function coeffic-
ient; when using the Slippery Algorithm, the higher a particular ratio
is relative to other ratios, the stronger the likelihood that the wvariable
will be upper-bounded in the final allocation. The use of these ratios
is not only intuitively appealing, but ‘is shown to be equivalent to the
use of multipliers in Everett's Generalized LaGrange Multiplier solution
technique. Of the 100 knapsack problems solved, enumerative methods were
not frequently needed to determine the optimum allocation. For the
problems solved, the optimum integer-variable solution is quite close

to the optimum continuous-variable solution.
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INTRODUCTION

The knapsack problem, a hypothetical situation with many real-
world overtones, can be posed as follows: suppose an ardent backpacker
is contemplating an extended trip into the back country. While his
knapsack is large enough to accomodate any number of items, he feels that
he should limit the total weight of the pack's contents. There are many
items available for inclusion in the pack, each with a certain weight
and a certain level of utility or usefulness. Given a list of such
objects, and the maximum allowable total weight, he wishes to select
those items for inclusion which maximize total utility without violating

the weight limitation. Mathematically, this can be stated as:

Maximize H(x)=i§

g1 Hi%g

(1) Subject to C(x)=.%, C,x;<c

xi=0 or 1, Hi>0, and Ci>0 for i=1,...,n

where Hi is the utility of the ith item, Ci is the weight of the ith
item, ¢ is the limitation on total weight, and xi=0 if the ith item is
rejected and xi=l if the ith item is included in the pack.

While the problem as stated is imaginary, analogous real-world
problems are legion. Examples include capital budgeting, personnel
assignment, and many other problems involving yes-or-no decisions based
on the limits of a single resource.

The knapsack problem was first presented in the literature by one
of the pioneers of mathematical programming, George B. Dantzig (1957).
Dantzig noted that an optimum solution to the knapsack problem could be
arrived at via linear programming (LP) if the variables were continuous

between 0 and 1, but that one could not guarantee optimality for binary



T-1470 2

variable problems when using LP. In his paper, Dantzig stated that the
earliest method of guaranteeing an optimum solution was dynamic program-
ming, but he also described a heuristic solution approach, which follows.

Graph the coefficients of the variables on the Cartesian coordinates
as the points (Ci’Hi)' Starting in the vertical position, rotate a chord
clockwise toward the positive x-axis. As the chord passes the points
(Ci,Hi), accumulate the Ci's. Stop when the addition of the next Ci
would cause the sum to exceed the right-hand-side, c¢. Set the xi's
above the chord (the points passed by the chord) equal to 1; set the
rest of the variables equal to 0. Note that this method sets the variables
to their upper bound in order of decreasing value of the ratio Hi/ci'
Many knapsack algorithms which have since been developed have also in
some way used these ratios (which shall herein be termed the "efficiency"
of & variable). Other methods employing these ratios include those of
Gilmore and Gomory (1963), Senju and Toyoda (1968), and Greenberg and
Hegerich (1970).

Dantzig showed that the solution to the related linear programming
problem (i.e., variables continuous on [0,1]) is directly dependent on
the efficiencies of the variables; if the variables are subscripted
from the most efficient (i=1) to the least efficient (i=n), then the

LP solution is:

xi=l if i<r
(2) x.=0 if isr
1 r=1
x=(e-32,C;)/C,

where r is the least integer (1<r<n) for which iglCiZF' If xr=0, the

optimal solution to the continuous-variable problem is the optimal sol-
ution to the discrete-variable problem.

Because of the close relationship between variable efficiencies and
the optimum LP allocation, solution techniques to the knapsack problem
are most often compared to linear programming. However, it will be shown
in this work that at least one such method, the Slippery Algorithm, is
directly analogous to the Generalized LaGrange Multiplier (GLM) technique
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of Everett (1963), and therefore the Slippery Algorithm has the same
theoretical Jjustification as GLM.

As the knapsack problem reflects many highly restrictive conditions
compared to a general allocation problem (linearity of objective and
constraining functions, independent binary variables, and a single
constraint), it might seem reasonable to suppose that many excellent
techniques must exist for determining an optimal solution. However,
both the problem's ubiquity and the large size of some samples suggest
that greater computational efficiency be sought. Furthermore, knapsack
problems occur in environments devoid of digital computers, and thus a
method simple enough for hand solution is desirable. The Slippery
Algorithm offers the desired speed and simplicity of solution, although
sometimes in lieu of an optimal answer.

It is the purpose of this study to show the relationship between
GLM and the Slippery Algorithm, to determine the computational speed of
the Slippery Algorithm, and to compare the goodness of the algorithm's
answer with the optimum allocation.

As is surely the case with most such endeavors, the author and his
work have both benefited from the exchange of ideas among many people,
certainly from all members of his thesis committee. The author wishes
to particularly acknowledge the aid of Mr. C. O. Baer, instructor of
mathematics, in the development and running of the computer programs
necessary for this investigation, and of Dr. H. S. Swanson, assistant
professor of mathematics and originator of the Slippery Algorithm, whose
contributions to the project most definitely went beyond any commitment

a reasonable man could have expected.
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SOLVING KNAPSACK PROBLEMS VIA "CRITICAL VALUES' OF THE MULTIPLIER

A GLM Approach to the Knapsack Problem

As shown in the introduction, the linear programming solution to (1)

is closely related to the ratios of objective coefficient to constraint
coefficient, and thus solution techniques for the binary-variable case
which rely on efficiencies are reminiscent of linear programming. It
will now be shown that such procedures for (1) are also related to the
Generalized LaGrange Multiplier technique, and that in fact the variable
efficiencies correspond to special values of the GLM multiplier which are
in more general cases determined by trial-and-error methods.

The main theorem of Everett (1963) states that for a given value of
the multiplier X > O, the solution x¥ which maximizes the Lagrangian

H(x) - AC(x) is also the solution which maximizes H(x) for that constrained

problem where ¢ = C(x*) (and where C(x*) may or may not be the particular

right-héhd—side of interest). Thus an optimum solution is obtained for
a problem which duplicates the original problem except possibly for the
amount of resource available. This quantity of resource, C{x*), is
instead determined by the solution itself.

The solution vector x* is the n-tuple of optimum values of Xl""’xn'
While there is no one method which will find that n-tuple which maximizes
the Lagrangian resulting from generalized kinds of problems, in the case
of the knapsack problem the maximization of the Lagrangian merely involves
the maximization of n subproblems, namely (Hi - ACi)xi, for each i.

As the xi's are binary variables, these subproblems are maximized by
setting x;=0 if the coefficient (H - ) Ci) is negative, and setting

xi=l if the coefficient is positive. If the coefficient is zero, it
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indicates a special case to be discussed in more detail later.

Although GLM offers great promise for certain types of problems,
selection of the appropriate multiplier values can, in general, be
troublesome. Fortunately, for the knapsack problem, the values of A
which result in allocation changes (changes in C(x*)) are the values
of the variable efficiencies, Hi/Ci Such a value of the multipliér
causes at least one coefficient, say (Hi - kCi) to be equal to zero:

(B; - ac;) = H; - (H;/C;)C; = 0.
These values of the multiplier are "critical values" in the sense that
these values, and only these values, produce a change in the optimal
solution to the Lagrangian for the knapsack problem. To either side of
a8 critical value, at least one coefficient (Hi - ACi) changes in sign.
Thus the value of x., and therefore x¥, changes so that H(x*) and C(x¥)
change.

The relationship between an optimum solution to (1) and critical
values of the multiplier shall presently be shown more formally, but
first a special case of the main theorem of Everett is restated, which
will indicate the role of the Lagrangian in determining an optimum allo-
cation x* to the knapsack problem (1). For the remainder of this thesis
it will be assumed that the variables have been reordered so that the
efficiencies decrease as the variable subscript increases. For ease of
presentation of Theorem 1, a "strategy set" S is defined which consists

of all possible strategies for (1).

Theorem 1l: Let A be a non-negative real number; if x¥eS maximizes the
function H(x) - AC(x) over all xeS, then x* maximizes H(x) over all those
xeS such that C(x)<C(x*).

Proof: By assumption, x* is a strategy (not necessarily unique) which
maximizes H(x)-AC(x) over all xeS. Therefore, for all xeS,
H(x*)-AC(x*)>H(x)-AC(x), and thus H(x*)>H(x) + A[C(x*)-C(x)] for all

xeS. As this latter inequality is true for all xeS, it holds for any
subset of S, and in particular, it holds for that subset S' of S contain-
ing those strategies x' such that C(x')<C(x*). Thus for these strategies,

Cc(x*)-C(x')>0, and as X is non-negative by definition, the term
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AfCc(x*)-C(x')] is non-negative, and our inequality reduces to H(x*)>H(x')

for all xeS, and the theorem is proved.

Theorem 2: Given the knapsack problem (1) and X, i=l,...,n such that
Hi/Ci_>__Hj/CJ whenever i<j; then if A>0 is fixed at a non-critical value,
there exists a positive integer k<n such that the Lagrangian resulting
from (1) is maximized by setting the first k variables (xl,.“ ,xk) equal
to 1 and the remaining variables (xk+l"“"’xn) equal to O.

Proof: Suppose the conclusion is false. Then there exists a solution

% maximizing the Lagrangian resulting from (1) which has the property
that X includes components x4 and xj such that i<j, xJ=l, and xi=0.

Thus (H,;-AC;)<0 and (Hj— cJ)>o. This implies that Hi/Ci<A<HJ/CJ. This
is a contradiction, since i<j implies that Hi/ci>HJ/Cj' Thus the theorem

1/

is proveds

This theorem states that for (1), when the variables are ordered
by decreasing efficiency, there is a series of optimal allocations,

[x*];:=l each of which is x =.".=xk=l, xk+l=...=xn=0, which corresponds

to optimal solutions for alseries of knapsack problem which are identical
except that each has a different amount of resource, c.

It is easy to construct an algorithm which takes advantage of this
fact, but several other points deserve to be mentioned first. The above
theorem illuminates the special conditions required for GLM to guarantee
an optimum allocation to the desired knapsack problem, namely that the
amount of available resource, c, is the sum of the constraint coefficients
of the first k most efficient variables. Thus a sufficient condition for
optimality with respect to a particular right-hand-side, ¢, is that

c=Cl+.‘.+Ck.

l]Actually this "proof" neglects the special case of ties in the efficien-
cies of variables. However, if two or more variables have equal efficien-
cies, their coefficients in the Lagrangian will have the same sign simul-
taneously. Thus for any value of A>0 the Lagrangian is maximized by
making the first k variables equal to one, because k will be such that
variables with equal efficiencies will either be all set to 1 or to O.
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While the above-stated sufficient condition for optimality is
easily deduced from Theorem 2, the question of necessary conditions is
more troublesome. For example, it is easy to construct a counterexample
to the assertion that H(x*) is optimal over the range C(x¥)<c<C(x*)+C',

1= 1 s .
where C k+l:?%g (Ci)' Fortunately, the computation of an upper bound on
the optimal Value of the objective function is straightforward. Sich an
upper bound is the optimal solution to (1) with variables continuous
on [0,1], but that is just the linear programming solution (2). If the
k most efficient variables are set to their upper bound, then the LP
solution sets
=(c-,%. C,)
Xee1=(0g 2y C3)/Chuy
so that the optimum value of the objective function for the continuous

problem is: K X
152 Byt [y (e Ty C1/C

and thus the upper bound on the optimum objective function value for
the binary-variable problem is:

H(x* )+ (Hy 1 /C, 41 )85
where ¢ is the difference between the right-hand-side, ¢, and the
value C(x*) generated by the GLM solution x¥, and where

Blx*)=; 2 H; C(x*)=i§1‘ci'

The reason an upper bound is desirable, of course, is that x¥
may not be optimal if c#C(x*). "Gaps" are said to occur when the
desired value of ¢ is produced by none of the solutions maximizing
the Lagrangian resulting from (1). For knapsack problems, GLM gaps
are particularly easy to visualize; they may be thought of as the
jumps in the step function of C(x*) vs. A Thus GLM can not guarantee
optimality if the desired value of ¢ lies in such a discontinuity.
Everett noted that there is no completely satisfactory way to treat
such gaps. One of the advantages of computing critical multiplier
values rather than searching for different allocations is that a
special type of gap can be easily filled. Suppose the jth and j=1th

variables have equal efficiencies; as already noted, no value of A
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exists which will simultaneously make the coefficient Hj -ACJ positive,
and Hj+1 - ch+l negative, so that GLM will find the optimum allocations
xl='“'=xj=l’ and xl='“'=x3+l
xl=.ﬂ.=xj_1=xj+l=l, XJ=O’ although this is an optimum allocation for
c=c(x*)=cl+.H.+cj_l+cj+l¢

The above type of gap is easily remedied, and although gaps can
still cause trouble, many gaps can be handled by "slipping" a 1 from
one location in x¥ to another. The method is analogous to Everett's

use of different multipliers for different cells, and forms the

=1, but not the optimum allocation

backbone of the Slippery Algorithm.

The Slippery Algorithm

The Slippery Algorithm, a GLM-like technique for solving (1),
was born after the optimum-allocation structure of a number of knap-
sack problems had been closely examined. These examinations prompted
two observations, namely that (a) the greater the relative efficiency
of a variable, the more likely that the variable would be at its
upper bound in the optimum solution (as well as in x*); and (b) all
problems examined could be solved optimally without examining (either
explicitly or implicitly) combinations of variables.

The Slippery Algorithm starts by setting the first k most efficient
variables equal to one (i.e., finding x*), then it tries to improve
the solution by comparing, one-to-one each variable at its lower bound
with each variable at its upper bound in order to determine if a less-
efficient variable with a greater payoff might replace a more-efficient
variable with a lesser payoff, for a net increase in payoff. The al-
gorithm is given in more detail in Display 1.

Unlike many integer programming problems, it is usually compu-
tationally feasible to solve knapsack problems with implicit enumer-
ation methods (e.g., dynamic programming, Balas codes.) Why, then,
develop an algorithm which can not guarantee optimality? Firstly,

one is often principally interested in sensitivity analysis, and therefore

n
the sequence [C(x*)]kzland the corresponding values of H(x*) are of
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The Slippery Algorithm

(Selection of projects competing for a single resource.)

STEP 1:
STEP 2:

STEP 3:

STEP Uk:

STEP 5:

STEP 6:

STEP T:

STEP 8:

imi +,. .+
Maximize Hlxl ann

Subject to Clxl+.".+Cnxnj_c

H ,Cis ¢ > 0; xi=0(reject) or 1 (accept)
Compute the efficiencies, Hi/ci=Ei‘
Reorder the variables in terms of decreasing efficiency.
Let i=1.
Define the remainder, R=c - (Cl+.“.+Ci). Compute R;
if R < 0, go to step 4; otherwise, let H(x)=H1+...+Hi,
and let xi=l. Increase i by 1 and repeat step 3.
Compute the upper bound, U=H(x) +(Ei) (R).
Reset Rnew?Rold+
Check if Ci< R. If not, go to step 6.

Ci’ increase i by 1.

If so, let R =R ,.-C.; let x.=1; go to step 6.
If i < n, increment i by 1, repeat step 5.
If i=n, reset i=1 and go to step 7.
(a) 1If xi=l, increment i by one and then either
repeat step Ta if i < n, or go to step 8 if i> n.
(p) If xi=0, set j=1, then:
Ifr xj=l and Hj

otherwise, increment j by 1; if Jj=i, go to Ta, other-

+ .
< Hi and Cji. R Ci go to step Tc;

wise repeat Tb.

new=Rold=Ci-Cj' Go to step Ta.

Stop. Do these projects with variables equal to one.

(c) xJ=O, xi=l, R

Payoff is Hlxl+.H.+ann; unused resource is R. Upper bound

on the optimum payoff is U.

- Display 1 -
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more value than the solution to the problem with a specific right-

hand-side. Secondly, in industrial situations the data is known

only approximately; in such cases an "optimum" answer may be no better
than a "suboptimum" answer. Thirdly, in many instances one could
conceivably be without a digital computer; the Slippery Algorithm is
amenable to solution by hand. Fourthly, the author feels the Slippery
Algorithm is both easy to understand and intuitively appealing; in

the author's experience it is easy for a nonmathematically-oriented
manager to use, and the preeminence of the variable efficiencies
contribute to managerial insights as no implicit enumeration method
could (even assumming a manager could understand such a method).g/ And
finally, the Slippery Algorithm furnishes an upper bound on the optimum
solution, so that the user may decide for himself if the difference
between the bound and the algorithm's allocation is sufficiently high
to justify the slower optimum-seeking methods (and he will have an

excellent starting solution).

2l Based on experience with managers in the Larimer County, Colorado
government, and elsevwhere.
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COMPUTATIONAL RESULTS

In order to ascertain computational characteristics of the Slippery
Algorithm, the author has solved 100 knapsack problems using a FORTRAN
IV program of the method on the Digital Equipment Corporation PDP-10
owned by the Colorado School of Mines. Timings were made by a machine-
language clock subroutine, and do not include input/output or com-
pilation times. On several problems which were run repeatedly, compu-
tational times fluctuated by as much as 35 per cent, probably re-
flecting variations in the timesharing load.

The problems solved can be broken down as follows: a 1l0-variable
problem with 9 different values of c; a lO-variable problem with 7
different values of c3; a TS5-variable problem with 22 different values
of c¢; four 100-variable problems each with 10 different values of c¢;

a 150-variable problem with 12 different values of c; and a 200-variable
problem with 10 different values of c.

The 10-variable problem is from Trauth and Woolsey (1969), and is
an application of an actual situation. The LO-variable problem is
from Plateau and Fayard (1971), and was generated from a random-number
table. The coefficients of the 200-variable problem (problem set 1 )
were likewise taken from a random-number table. Two of the four 100-
variable problems are merely the first-and last-hundred variables of
the 200~variable problem (problem sets 2 and 3 respectively). The
other two 100-variable problems reflect more "structured" situations;
in one case the efficiencies are all between 0.5 and 1.5 (problem set

hj, and in the other case, the constraint coefficients are all between
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30 and 85 (problem set 5). The 150-variable (problem set 6) and T5-
variable (problem set T) problems both contain random coefficients,
but both also contain groups of variables which "dominate" the problem
(by having very high efficiencies and/or very large objective and
constraint coefficients). It is felt that this smattering of various
types of structured problems together with the more traditional ran-
domly-generated problems give a fuller representation of problem-types
which are likely to be encountered in commercial and governmental
applications. The output from the various problems and a listing of
the program are given in the appendix.

Certain aspects of the computational results are summarized in
Table 1 and Figures 1 and 2. The computational experience reported by
Plateau and Fayard suggests that the fastest optimum-seeking method
for the knapsack problem is the method of Greenberg and Hegerich (1970);/
The Slippery Algorithm executed the Trauth and Woolsey problem set in
an unknown amount of timegé Plateau and Fayard reported times from
90 to 190 milliseconds for problems from this set when using the Green-
berg and Hegerich method on a Honeywell Gamma M 4O computer. The
Slippery Algorithm solved all problems in the LO-variable problem
set in a total of 2.586 seconds; Plateau and Fayard report a total time
of T7.81 seconds (about three times as long) for this problem set when
using the Greenberg and llegerich method. The Slippery Algorithm achieved
optimality in all cases for the Trauth and Woolsey problem set, and in

three of seven cases for the LO-variable problem set (in the worst case,

96.9 per cent of optimality was achieved). No comparison of run times

3/ The Greenberg and Hegerich method is a branch-search algorithm, which
takes advantage of the facts that the linear programming solution to (1)
is (2) and that upper- and lower-bounding variables for a binary problem
simply requires the removal of columns from the coefficient matrix. The
method starts by reordering the variables by decreasing efficiency, and
could be considered a modified Slippery Algorithm where the reordering
and initial solution portions are retained, but an implicit enumeration
technique replaces the less powerful but faster "slipping" feature.

E/The clock subroutine is advanced in 17-millisecond increments; variable
reordering, inital-solution determination, and slipping were each done be-
tween advancements of the clock time.
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Problem Right-Hand | Payoff: Percentage | Percentage Solution
Set: Side: Of LP Pay- | Of Variables| Time:¥*¥

off:¥ At Upper- (millisec)
Bound :
Trauth and
Woolsey S5 50 100.0 70.0 0
60 52 100.0 70.0 0
65 57 100.0 70.0 0
70 62 100.0 70.0 0
75 67 100.0 80.0 0
80 68 100.0 80.0 0
85 70 100.0 80.0 0
90 75 100.0 80.0 0
100 85 100.0 90.0 0
Plateau and
Fayard 999 4136 98.7 62.5 367
2000 4653 98.0 65.0 366
3000 4983 100.0 72.5 383
5000 516k 96.9 7.5 367
7000 5826 100.0 77.5 367
8000 5894 99.9 80.0 367
12,000 6081 100.0 7.5 367
One 500 2127 98.8 15.5 2833
1500 3767 99.9 26.5 2900
3000 5582 99.9 38.5 2933
Loo0 6581 100.0 4s5.0 2917
5000 7483 100.0 50.5 2917
6000 8304 99.9 57.0 2850
7000 9016 100.0 63.0 2817
8000 9655 100.0 69.0 2733
10,000 10,595 99.9 82.0 2533
12,000 11,112 100.0 92.5 2317
Two 200 1148 98.5 18.0 1166
500 1701 99.5 27.0 1182
1000 2403 99.5 37.0 1216
1500 2984 99.9 Lh.0 1199
2000 3452 99.7 52.0 1183
2500 3858 99.8 60.0 1183
3000 4202 99.8 70.0 1182
3500 4,488 100.0 76.0 1082
4000 L4673 100.0 84.0 1083
4500 L80L 100.0 92.0 1016

¥Percentage of integer optimum for the Trauth and Woolsey and Plateau

and Fayard problem sets.

*#%¥To within 17 milliseconds.

-TABLE la-
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Problem Right-Hand-| Payoff: Percentage | Percentage Solution
Set: Side: Of LP Pay- | Of Variables|Time:
off: At Upper- (millisec)
Bound :
Three 500 1319 99.4 18.0 1333
1000 2016 99.7 27.0 1350
1500 2593 99.8 35.0 1400
2000 3091 99.5 41.0 1366
2500 3561 99.5 45.0 1350
3000 4008 99.6 48.0 1350
3500 4420 99.5 54,0 1350
4000 4799 99.9 58.0 1393
5000 5430 99.9 68.0 1300
6000 5910 99.8 79.0 1267
Four 500 719 99.4 10.0 1167
1000 1359 99.0 19.0 1183
1500 2957 99.8 27.0 1199
2000 2Lol 99.8 34.0 1199
2500 2995 99.8 L4i.0 1216
3000 3468 99.9 L46.0 1199
3500 3920 99.8 51.0 1183
4000 4358 99.9 55.0 1183
5000 5163 99.9 69.0 1150
6000 5854 99.9 81.0 1083
Five 200 438 89.0 5.0 1383
500 978 98.1 12.0 1383
1000 1708 99.9 22.0 1k17
1500 2340 99.8 31.0 1400
2000 2900 99.8 39.0 1416
2500 3380 99.9 L6.0 1433
3000 3794 99.8 54.0 1416
3500 4148 99.9 61.0 1383
4000 LL39 99.9 70.0 1333
4500 4659 99.9 78.0 1350
Six 500 Lo6k 100.0 1k.0 2067
1000 5065 99.8 20.0 2133
1500 5763 99.4 27.3 2133
2000 6457 99.6 29.3 2133
2500 7102 99.6 32.0 2234
3000 7706 100.0 37.3 2150
3500 8192 99.7 44,0 2367
4000 86L1 99.1 48.0 2150
5000 9666 99.8 47.3 2134
6000 10,480 100.0 55.3 2134

-TABLE 1lb-
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4 Froblem Right-Hand- | Payoff: | Percentage | Percentage Solution
Set: Side: Of LP Pay- Of Variables | Time:

off: At Upper- (millisec)
Bound:

Six 7000 11,185 100.0 60.0 2117
8000 11,709 99.0 71.3 2001
Seven 1500 5696 99.6 37.3 816
2000 6334 99.7 4,0 816
2500 679k 97.7 41.3 817
3000 TL8T 99.7 b1.3 800
3100 7585 99.7 ho.7 817
3200 T646 99.2 45.3 800
3300 TTT0 99.5 ho.7 800
3400 7859 99.4 49.3 816
3500 7909 98.7 s54.7 816
4000 8h1k 98.9 53.3 800
4500 8970 99.9 52.0 817
L600 9059 99.9 53.3 800
4700 9109 99.4 56.0 800
4800 9242 99.8 52.0 800
4900 9340 99.9 53.3 800
5000 9ko1 99.6 56.0 817
6000 10,225 99.9 62.7 800
6500 10,506 99.1 70.7 166
8000 11,556 99.9 72.0 784
10,000 12,024 98.8 85.3 750
12,000 12,204 96.7 89.3 T3k
14,000 12,878 99.9 88. 733

-TABLE lc-
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has been made for the other problem sets, and the optimum integer
solution has not been determined (the linear programming solution
being considered as an adequate, though often high, measure of the
integer-variable optimum).

Values of ¢ were such that the percentage of variables finally
set to their upper bound varied from 5 per cent to 92.5 per cent,.

In all cases, the final allocation was between 89.0 and 100.0 per

cent of the LP objective function value (of the integer-variable

optimum in the 10- and 40-variable problem sets). Of the 100 problems
solved, in 96 cases the final allocation was not less than 98.0 per

cent of the LP payoff. Execution time appears to have a roughly

linear relationship to the number of variables. A number of investigat-
ors have reported that such is not often the case with implicit-enumerat-
ion techniques, where in fact computational time usually increases very
rapidly with problem size. For each problem set, execution times were
highest when approximately 30 to 60 per cent of the variables achieved
their upper bound, and were lowest when the largest portion of the vari-
ables was upper-bounded.

As both problem size and the percentage of variables set to 1
increases, the percentage of the LP optimum achieved increases. This is
to be expected, as in the former case there is a tendency to fill the
holes between efficiencies, and as in the latter case the difference
between initial solution and LP solution becomes less critical since the
variable given a fractional value in the LP solution (xr in (2) ) has a

relatively small efficiency.
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CONCLUSIONS

Several conclusions suggest themselves as a result of the investig-

ations reported in this work:
1. For one-constraint binary programming problems, GLM is
not a good solution approach, as the Slippery Algorithm is
considerably quicker (since one need not search for the
multiplier values) and the "slipping" feature is much less
complicated than the simultaneous use of different multi-
plier values.
2. Based on the computation reported in this work, as the
size of the knapsack problem increases, the optimal integer-
variable solution becomes increasingly close to the optimal
continuous-variable solution.
3. Based on the computation reported in this work, the
Slippery Algorithm determines an allocation so nearly
optimal that there seems to be little Justification for
using an implicit-enumeration method. This is especially
true for large problems, as both the goodness of the Slippery
Algorithm's allocation and the relative efficiency of the
algorithm increase with the size of the problem.

While conclusions based on 100 problem tests might be thought of as

tenuous, the consistency with which these tests support the above con-

clusions and the wide variation in problem types together suggest that

there is little chance that further tests will overturn the above

conclusions.

The author would recommend the Slippery Algorithm whenever (1)

the coefficients are subject to a degree of uncertainty, or (2) the
economic impact of using a possibly suboptimal, but nonetheless very
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good allocation is overshadowed by estimated increases in computing
expenses necessary for implicit-enumeration methods, or (3) the
computation must be done by hand, or (4) a simple-to-understand solution
method would enhance the chances of implementing a proposed allocation.
The author would also recommend that the Slippery Algorithm be used to
determine a lower bound on the optimal allocation, in the case that an

investigator felt warranted in using an implicit-enumeration technique.
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Contained in the following pages is the listing of the FORTRAN IV

program used to solve the knapsack problems reported in this work.

contained is the output from the 100 knapsack problems solved.

Also
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°e2.?

l144,¢

1ad.,2

18¢,2
174,84
127.4
LB
B,
6,y
45,0
64,4
22,7

74,2
A3, 7

S 157,

e kBN P 283,

812

64,0
46,2
9.0
44,2
78,2
83,2
42,0
92,7
LRIy
B, 2
35,

iR =

§
{

54,

155,
254,
167,92

!

!

D e

|

w2

!

178,
216,
274,
163,
111.2

R W WSS

il

114,
agd.a
126.2

254.2.

S 53

172,82
1536 14D 0.
. 1”8.7

158,84 165.0.__

169,42,
138,2
142,82
123,98

123.2 .
1e1.2
176.72.
117,2
244,7
87,2

56,2
42,7
59,3
11,2
46,8

15,06 34,2

3¢
89,8
98, ¢
w [
34,4
52.40

I S —

~ 5,7
112,92 _
S 79,3
88,4
9%
15.4

!

i

he 2
B2, 6
KRR

98,7
32,9
80,2

1.29676
1.282461
2,56742
A, 46875
"h,13443
A, MR 2
. A9291
1,.67949
A, 74699
2,2619¢
':3"84/23
¢ 13253
1.71252
142857
”,41975
2.96296
2,54020
27897
2,19648%
¢.215497
a,92137
196483
#,11974
A,39766
A.D7U55
vo70278@
?2.73534
0,86842
72,29709
2.71429
2.64951
72.,81395
1.278%7
2 ,H89894
B,9%758
Bh,.95478
#,90141%
1.852:22
7,94545%
117473
1.81188
A, H5227
1.48718
72.52451
2,79195
1,4%3%7
1.42857
D,66667
5,81818
,47826
“,91613
5,88333
00,8920
1,30667
2.3563k4
p,57778

1.,26667

¢,63245
2,26252
d,47570



| -
174 4,29442
172 1,59130
178 7.67213
— 174 1168919
i _175 1. 51'3:@7
. 176 “5 $3333
o 177 /1189
. 178 ’l.?_fz.,.S_
T YA . ) i:\ 250008
- 154 .34375
o 131 7 .\54783
. 132 2. 25248
L 183 2,92169
. 144 2.,21839
I 3 1 S —— 2021154
_ 1436 1. ZQZQ_Q__
R 137 ?,72289
I N -1: 2.,41304
R 159 ) 1. @8571
— 194 . 32.00000
191 B G.?BS?J,
,,,,,, 92 o 1.1£811
193 . 2.86957
L r 1,33333
o 195 ) 1,25093
196 . A, 673838
197 2 .Q?j?“?,fé.?a.__
198 2,79167
199 e . 3,50000
232 ] n.83723
- jl(,ycT AA\;F)- IDF: ‘ 5&‘ :
o UPPER-ROUND DL OPTTHOME 2152.,6 o
. PAYOFFR 2127 .0 RESOURCES LEFT: _ 1.0 o
L. 00 THESE: o ) L
|
| _ 1a B . . e
16__ . e
20 .
23 _ ~
o 25 e
L3
35 _
—— 39
_4p
4B
54 ] _ o
56
. 58 e .
e 59 L o
60 . e
718 e el
77 o o
76
R 87 L _ _
T 104 o B
R . 105 R -




. 107 ' N

o 128 o
116 -

. 120 T

_ 159 - -

. 162 o - ] )

. 169 T o -

_ 171 -

e . 176

. 4182 T

. 192 - ] B

. 193 o

ae }

. TIMING SUMMARY, MILLISECONDS

ORDERING VARIARLES: 21.'7

- INITIAL SOLUTIONS -
““““ SLIPPING!. 716 - A7 e e e e
I CT LI} -
- JPRER-30UND oM oPTINUME  3772,5 -
— AYOFF:  3767.2 RESQURCES LEET: 7.7

. .BO THMESE: N — — -
—— 8 e e e
— 11 .

D ——— -— --1 3

— .14 o

e 16
e 20 _ -
22 e

—_— .. 23 -

——— .. 25 _—

—— 28

— e 31 _ —_

— 3%

~ 38 e

. _ 3¢
ar ) S
N 48 " ) ” )
. 54¢ -
- 56 -
e 5B i '
- 5e e e
60
68 .
70
75
—— 76
A L
78
23
87
]9
. .. 9%
o o I
125

1¢7

anm avensan -

~——— e



\ob “ . :
1ot O _
316 -
_12e i
12t Coe _ S

e 151
- 153 T T

s | - o
o 159
o 162 L
. ) 169 ) - o
R 171 o .
. a72 —

176 _ _
e 182 .
o 19¢ .
. __ 193 o
%9 L
. TIHMING SUMMARY. MILLUISECGYDS: o
- _ ORNERING VARIABLESY  a
T IMITIAL SOLUTIOQNS 17 o
R ~ SLIPPINGY 783 —
o __RIGHT-HAMD-SIDF:__ 32€¢7,0 )
- ~ UPPCR-pOUND OGN OPTIMUMI _ 5%86,5 ) -
. PAYCFF:  55&2,2 _RESAURCES [FFT: 5.0 N
s O THESE * e
.. 8
I 11 S T
— 11 L
. _ 14 , o

15
16 e

27
22
. 23 o

o 25 . o
26 C o o

e e 27 - e
- 27 . N
- 28— ) e _
- 31 . o T

o 35 . - B - -
- 3 ~ o
. an - T T
i ar T

- 41 o o

. 47 B B o o
o 45
T 4 - - - =
T T i

54 o o o

56
58 ' -



o 59 - ‘ o
. 67
64
o 4 o L
—— 69 B — .
_— 7¢ o .
—_— 7% _ e
_ 76
e I -
o 78 . _
_ f1 o o
_ 83 ——
—— 87 . . e
- 89 _ e I
e e 98
_ _ 171 _ e _
- 124 .
_ 19% . N e .
— 147 — IR
128 . } o
e e e 129 —
R 1t _ I L
111 R o
_ 112 —_— _
116 — R S
—— 1200 - o
et e A 24
- 143 _ L e
_ 148 o e L
15¢ m _ .
_ 151 L R
_ 153 — o
e .. 157 R
. 159 —
— 162 o o
. 164 L _ o
— 169 - o
_ 171 I -
e 172 — - -
_ 174 o . _ o
_ 175 — -
176 e R
- 182
i 189 ;
- 19¢ - o - " _——
- 192 _ o
193
194 B}
195
199
TIMIxG SUMMARY. MILLISELONDS:
DRDERD G VakTARLES! a - -
INTTIAL SOLUTIO 7
SLIPPLLGE 833

RIGHT~3AND=STDE ¢

AAE 4]




UPPER=3NYKD Ok
PAYCFF: 6561,

OPTIHYM 1

X
4,

_ RESQURLES LEFTH

6582.9 __  _

T TThO THESES

—_— i R ) -
—_— 11 T - e
— 13 7
— 14 - T
- A5 o — - -
— . 1e o
—_— - 19 =
-~ 2¢ o ‘—
—ee . .22 o
— 2% -
25 T
———— .26
—— . 27 _
e 28 R
- 29 R,
S 31 o -
- . 35 h —_
— e
—_— 39 _— e — —
—_ 4n —
—_——— 41 - — - -
_— 42 ~ -
— 45 - -
e 48
—— _ 49 o —
. L 5:;. - —_ I — I
—e 54 - T S _
—_— __ .55 — _
n S6_ —_
. 5B _
e 50 o — —
—_— 50
— 64 -
— &8 -
S 1 A — — -
— - 7¢ -
e 7% —= = e _
. _ 76 o - -
77
— — 78 N — o
SRS L R o -
e 81 ——
— 83 i} B e
— as% - - ——
— 87 o o
. 86 - — B —
et §9. - i
- Y s oo
— 151 ) - T T —
_ 104 e -
—_— 145 - o -
— 127 e
S _toe - - - _ - -
— 17¢ ~
..... 11¢ - -
111 ' T -




20 —

—_ 143

145 -
SRS .. 448
— 149

o 153 o
. 156 - o _

184 R _
195 . . R

S — =189 - -

, TIMING SUMMARY, MILLISECONDS:
—_— ORNDERING VARIABLES! 2. ——

O INITIAL SOLUTION: A7 o oo
,,,,, SLIPPING: 827 e T

RIGHT=HAND=SINE s 3800, T -
o UPPEReROLNN QN GPTIEUME 948 — o

PAYOFF S 7433, RESQURCES (EFT: 1.4

. BO THESES
) B
9

— - 11 I

11 - S
14
) 15
14
. 19

- 2¢ — e :

2o
23 B
28



24 - -
27 - o -
PR T -
_ 29 — —
3 -
31 T
- 35 - - _ .
_ 36 T -
— e, 3B T T o ~
o 39 T -
— _ 4% -
- _ 41 —
_ 42
— 45 -
— o 47 T -
. 48 —
— 49 -
_ 5¢ T e _ L
. 54 T - .
_— _ 55 o
e 56
- B8 )
—_— 59
e I _
_ 64 -
_— 68 - _
e, 66
e 72 —
— s —
. 76 o
S — 77 o
. 78 B ““‘ _
e o 79 - — N
—_— 81
_ 83 -
—_— _ 8% "““ _
—_ _ 87 —
—_ 88 _ :
- 1 -
- s R _ -
- e T
- 121 - “
_ 143 T _
— 104 -
e e 125 - -
— 107 ) il -
S 106 - - e N ;
S 169 T T N B
11e —— S
,_ 111 } - — - - ‘
_ . 112 - -
) 116 I -
- 120 - -
123 — - - )
- 124
_ 126 e . - h
— 138, - -
_ 143 o : —
144




TIMING SUNMARY, MILLISECONDS
NG SUNMARY, A GIEEY
ORDEFING VARIABLESE o

146
147 o

. 148 '“
146
150 T 7
151 B T T -
153 - o ) |
156 o
157 )
150
162 T —
164 “" B -
167 - )
169 -7 - - T

e 171 e

172 .
172 - o
175 ” - -
176 ‘ - /7 -

178 o - - T T -
182 -
186
169
169 ) .
192 - -
193 o ) - T
104

e

198 ,
199 S B

2
INITIAL SOLUTICH:. 17 |

SLIPPING: 8rg —_ —

RIGHT-HAND=S[DE: 6277,
PAYOFF: #3742 RESQURCES LEFTi_ 2.7,

DO THESE: '
8 T T

o

7

11
13
14
15
16
1€

e e
2¢ '

22 a -

2% ‘

2% o B

24 .

27 i T o

28 .
20




r
L

«_ 39
. 40 e 2
_ 41 . —
42 _ _
. 44 ——
—_— 45 - _‘ N
m 47 ) - -
. 48 S —
_ 49 ) ~
R 50 “ - -
T 52
_ 53 -
- 54 . — E
L B 58 T ) —
o 56 o
57 "' :
— 58 -
. %9 -
— e : -
. 64
. s& - —
15 -
...... b5 —
e 7¢.
e 75 o
o 76 e :
R 77 B
78 e
— 79 —
L 81
. 82 ) i ~
_— B3 L — —
. _ BY. o . ——
s BT o
N Y —
N 59 o -
o 92 -
T 95 .
_ 16 — -
1721 L
o 10l ) o —
. 1¢4 S
__~ 125 o -
~ 127 - - =
128 : - _
— 179 - -
” 11¢ - —
111
_ 112 - _.M _
_ 116 o -
_ 120 -
— 121 — 3
= j 2 3 i g A B s e ~ .
i 124
126 -




— 138 } - } —
_ 142 L —
S e XA
- 144 e —
. 145 -
. 146 o e . 3
B 147 o _
- 148
e 149 I
—_ 15¢ e o
_ 151 e —
- 152 e -
— 182 I R - -
_ 156 _ )
et e LA57 .
— 159  _ _
—_ 162 _
_ 163 —_— - .
S 164 -
—_— 167 - .
S e 169 _— -~
. 171 _ _ ) _
_ 172 . —
— 174 o L i
— 178 - — .
— 176 o _
e 78
—_ 182 — . e
_____ - 186 . R e -
. 189 o S —
R 190 — - 3
— 192 _ . -
193 —
— 194 . B
— 195 e —
— 198 _ e e
—— 199 B B - _
..... TIMING SUMMARY, MILLISECONDSY -
— ORDERING VARIARLES: 2. - o
— INTITLIAL SOLUTION: 17 - o
_— SLIPPINGS 733 .
- RIGHT-HAND=SIDE; P47 2 I
- UPPER-GDUHD AN 2RT Ty V1R, 5.
) PAYCFF S 2016,2 KESDQURZES LEFT: A
— 20 THESE:® _— e e
1 _
5
_ & _
9 _ _
11
— e 12 S
13 _
14 -
1

wn



_ 16 L —
___ 18 - - - -
19 e )
— 44 : — — —
o 22 '
- 23 o
o 25 L ——
___" 26 -
— 27 ~
- _ 28 —
—_—— 29 L
e _ 3¢ — -
A 31 - —
. 35, L B
36 B -
- 1) —
. 39
e 40
4y
L 4
44 —
. 45
e 46 B
. a7 —
e AR ﬁ—“ -
e 49 T -
e . -
- - —
. 53 __
o 54 '
5% _ -
- . B6  _ -
58 ) -
59 —
L Y
—— 44 _
. 66 -
8 -
e 65 e —
e -
. 73 L
. 75, . )
. 76 o -
_ 77 S —
—_ - .78 e i
. 79 ——
_ i} 51 B
L 82 —
_ 83
~ 8%
—_ _87_ _ N — -
_ RR T — e -
_ 59 T
_ 9? - —
R 95 L —
T 12 o —— — - -
- 15 - —— —
~ BEEE T ~ e
] 144 -
- 165 - — - -




13
ioe
2le9

[ Ty S

11%
11}
11¢
116
118
119
12¢
121
123
124
126

- 36
138
14¢
142
143
144
145
146
147
148
149

- 15¢@
151
162.
153
%6
157
158
159
162
163
164
167
169
174
172
174.
175
176
177
178
182
186
187
189
19¢
19¢
193
194
196
19¢
198
199

TIAING SUMHARY, HILLISESD:DN:

- prn
PR
e
o o s o



_ IRIERING YARIARLES 7 T
T INTTTAL "éuu%xgﬁ byt - o T
. SLIPRING: 717 s T -
T RIGHT=UAND=SINE:T  %BWZ.3 T T T s
o UPPER-BOUND OM oPTLHUMI — 9aSA.1
FAYOFFS 9655, 2 RESAURCES "LF’?T'? 2.9 T
L DO THESE: B - -
. 1 _ L
T 5 B - - -
_ 6 o
o B
- _ 9 —
__.._ _ 11 L
— 12 o o .
) _ 13 - -
. 14 o .
15 - _“
16,
— 18 o o ]
— 19 B - -
. e
. 21 o )
— P2 . ] -
—— 23
. 25 o
e 26 a -
— 27 - -
I 28 B
4 A e - ]
e _ 3e -
— 31 —
. 33
— ... 35 ) -
L - 36 T
. 3R ]
o 39 '
_ 40 B -
L 41 B B
. 42 L o
. 44 L
e . 45 . e
- 46 o
— 47 ) o _
. 48 N B
- 49 - - B
_ 57 T T
e 52 e e .
53 ) T
54 ““
_ 5% -
_w 56 o
i 57 T T -
-1 e -
- 44 e, e
_ 61 B o R
. 64 } B




- - 66 o L
~ 68 N o
) 69 ) _ .
_ 72 _
~ 72 o T
. 75 - o T
- 76 - - - —
77 s T B
_ 78 . ~ .
. 79 -
- Y ) - - o
_ 81 _ o ) ]
. 82 o - -
. 83 ~
85
. o Y L
_ 87 ) ) . L
_ 88 . ”
_ 79 _ _
_ 92 L S
I -1 T -
_ 19¢ ~ -
. 101 L _ . i
L 102 - o
e 123, L _ ' - o
o . 1p4. o . 3 B _
e 125 o
T 127, _.
. . 128, - . T
_ 189 . _
_ 112 - T
_ 111 _ ] o
e e AL2 R
- 113, I -
. 16 o
_ 118 e
L 119 - L
_ 120 .
e 121 e R . o -
M 123 )
_ 124 _ _
~ 126 _ -
_ 11336 _ B
138 B
. 147 N _— -
N 141 _ -
_ 142 o -
143 - -
144 o
145 ) ] o
- 14¢ o e
147 a o
148 B -
146 -
150
151 I
. 152 - o -

153
1%6
157




_ % B N
159 T o
162 I . .
—_— 163 .
o 164 T
o 166 T
____w_ 167 o B
o 166 o
169 ) _""
j 171 B
o 172 - B
— 173 -
o 174 - -
o 175 T
176 - _ _
- _. 177 -
e 178, o
—— 182 - o
186 B B o
T 187
kB9 .
- T19¢
I X 7 - -
o 193 ~ o
o 194 L -
T aes e ~ .
— 196 T T
S, R_,.l‘?f‘__ _
. 199. o o
_ T OTIMING SUMMARY, MILLISECH.DS:
—_ . ﬂRnE_QI%r, VAR A 1L_F‘S' Q’, T ' T T
CTTTTTTTTTTINITL AL SOLUTIOE
. SLIPPING: 633 - o
 RIGHT-HAMDRSIDE: 129672 -
o UPPER~-2OULD AN OPTINUME  14822,5
___ __ PAYOFF: 12555.7 _ RESDURCES LEFT: = 8.2 )
o L0 THESE ! . o B
. _ 4
L o o
T 5
_— b N o
. £ T
_ Y o B B
) 11 ] . T ]
— 12 o - o e -
13 - - -
14 B
_ 1%
16
o 17. - -
S . 18 e e —— e e o

20 - -7
21 -



25

39

.44

5é

57
Se —

22
23 N

26 )

27
28 )
20 B )

29 o

31,

33 )
34 L
35 o o ]
36 L o
37. .

36 o o

47
41 —

~

(S

45,
46 .
3¢ ] .
4R B

49
e o - -

53

55
56 _ )

59

¢
62. .

64 - T
66 R '

68
69
7¢

72

73

S

75
76

77 -
78

70

8¢

81

82

83

g5

R 6

87

58S o
69
o7



g1 e —
— 92 —
95
26
—— 97 e
— 99 . e
o 10 L L
L 121 _ o -
o 192
- 193 - _
. 1494 o .
N L 125 _ _—
— 1a7 .
_ B 108 .
- 149
——— _ Ale —
e i _
e . 112 —_— e -
- _ 113
S 114 —
116 _—
—— 116 -
119
S 29 — _
—— 121 _ o
123 —
124
12% _
e 126 o _—
et — 127 —_ —
—_ 131 e
[ 135 . -
LY )
- 138 -
— e 14¢ —_ e
— . 141
[ 142 — —_— -
e 143 — - o —
144
B - 145 . .
— 1406 — .
— 147 _ —
o 448 _
—_— e 149 — .
152
o 151 o
R 152 S — .
153 o L L
154 . _ .
15¢ e o
e <o 157 - . _—
_ 156 B
180
160
- 161 - - .
16?2 s
o 163 - L e




167

168 _ -

e 169
17¢ — - o —
171 e _
17¢ - _ - _
173 - . _ _ o
174 _
a7y _—
176 . e -
177 - o o
178 ,_ -
182 _ . - .
183 B o

ise —

187 - — .
188 __ -
189
198 - -
192 o _ _

e 3923 —
194 - _

_ 195 _ . o
196 _ o . 3
197 _ .

_ 1986 B o I
‘‘‘‘‘‘ L1999

TIMING SUMMARY, MILLISECOMNS: o -
QROFRING VARIABLES! 2 o __
INTTIAL SULUTION 16 - —
SLIFPINGY 417 — .
RIGHT-HANN=SIOE: . t29202.2 o
UPPER=BOUMD 2N OPTINUMY  11112.4 _ . o
PAYOFFT 11129 LRESQURCES LEET: . 2,7
DO THESE: - —

1 — e

K R

g . _

6 o e e

7 _

8 _

e

1¢

11 _

12 e -

13

14

15 _

16 _

17

16 e




— 22 B
- 23 I - o

22

26 - . . S —
27 . ] :
6 0 — T T
29 _ -
s

~

R £ - -

- 32 T

o 33 - - - B
34 - — =

35

S |
— A T I
. 4l i

—_— 46 e —
— 47 —_ —_— — -
—_— § 48 - - —
SR ) A

z

- 53 _ -
T s4 _ )
L

L 59 o .
o 60 T T
Y ¥ -

- 68 . R — - —

SRS & - —

- . 7¢ —— S .
71 — _— -
7?2 ) e

—— oa s . anm s e p— <nt o et e R,




R
— wmnamnn s O st st T, T i
[P, P . e e
— — e
pppe o s s s [



— 153 o o _
— 154 - .
e ABE
— 157 . I . _
L 158 o
o 159 B _ .
- 160 _ -
L 161 e
— J1e2 -
_ 163 T T
— 164 N
165 o
— 166 o _
167 .
168
e 169 _
A7 _
——— 7% R
e 172 )
e 173
174
— 175 _ _
e 176 —
— 177 . _
e 178 e
— __1Rn I
s}
—— 1A2. .
—— 183
——— . ABa __ .
185 o _ o _
—— ... 186 _ '
187
e 188 .
. ¥ -1 o e
' — 192 o
—— o191 _
—— N 192 o _
193
— . 154 .
— 195 — . o
— 196 ~ o
- 197 L _ o
— 19F o o
L ss
. 220 — . o .
- TIMING SUNMARY, MILLISECOMDS: — 7 )
ORDERTING VAPTARLESS 7 - o
— IMNITIsL SOLUTION: 17
SLIPPIHGE 267



#®sTHE SUIPPERY ALGOR]ITHM#ws
""""" o voePROBLEY SET 2uusn T -
VARTARLE S 7 TTTTTTTTCOEFFICIENTS - RATIO -
R _____OBJECTIVE — CONSTRAINT —
{ 5%.4 95, ¢,55789
2 B 1.2 73,2 7,21378
3 48,8  e8,¢ ] 2,70588
4 1.0 93.0 7,24075
5 64,4 95,2 0,67363
6 T T ed e 93..@ ' ?,65326
7 17.8 _82.m ¢.20732
) o 19,2 2.0 9,5280¢
9 . 59.0 65,7 n,96769
1% 28,9 95 .7 7,21053
11 96,7 66,  1,45455
12 Y R Y ,77027
13 = 2%9.0 15.¢8 1,93333
14 4.0 5,0 14 2eene
15 92,8 e2.,% 48387
16 . 9z,a 5.0 ) 18_%@@.@
17 8,7 22, @ . a,4pg00
187 75,7 94,17 2.79787
19 5.7 __MZE-Z 1,04167
4 49.0 16,0 3m46256
21 64,2 94,0 2,63830
22 65,7 38,7 1,71953
23 635.7 13,0 ____ ____ S.e0200
24 - 5.7 4%, . P,12502
25 91.2 13.@ 7.00200
26 82.2  89.2 1,18841
27 39,2 34,p 1,147a6
_ 25 86,2 ~ s2,@ 1,69231
29, 85,0 68.0 . 1,250u2¢ —
p 76, 82.0 2,92683
31 82.¢ 4,7 ] 22.,503a¢
32 25.4 68,0 2.36765
33 45,0 T 8.0 2,66176
.}4 ~ o o ,;sii .‘;1 ) 85 A 9 55294
35 75.¢ 22.2 _ 3,40949 o
36 o da.d 19.9 73684
27 4.2 . 83,0 2,5¢000
3 T ea 7 85,p 1.63636
9 95,2 33.2 2,92949
42 89,2 ‘ 19.7 5,231853
41 6A e 44, ﬂ. 1.36364 —
42 ) 71,0 57, 1,24561
. 4_‘3 . . o 150?‘ 57\3 @026316
44 . . 63,8 76,0 0.82895
45 R2,0 62,0 1.36667
46 17.2 26,7 2,653a5
47 61,2 65,7 . B,92424
4R R3,4 7 7 35,0 . 2.37143
49 h 02, v 87,2 1.25747

50 S 41,2 38,0 1,36667




ol B 13.2 6.0 0,21667
52 B 41,7 51,2 ”,80392
53 n 55,7 65.7 2, 54615 I
54 . 24.n 13,2 o 2 400(00
_ .55 e B0 49.0 . 1,02041
56 48,0 6, _ 7.66667 ~
57 I 1T 21,2 . B,619p45
56 I 1N 3.2 5 53333
©9Q 74,7 @a,9 2 (36667
87 — 92,74 3.0 T3¢, 66667
61 . _ PA.4 96,7 @,25000
b2 B 36,7 89.% ﬂ 4@449 .
63 o 1.9 41,9 ﬂ 82439
64 2.7 __‘___’__17.63 L 1 29412 ~
65 2o 27.9 0. Q7407 .
66 51.0 63,4 2,8p952
67 7.7 41 .4 = E‘.17ﬂ73
68 76,2 49.72 1, 5519‘2
69 97.2 g2.2 o 1.18293
74 45,7 24,2 1,8750¢
71 6.7 2247 o -@:3142 9
72 27,4 66,2 2,40909
73 73,2 99,0 2. 757‘57
74 ) 26,7 72,2 0 27778
75 37.2 1.2 37.,”@”@‘79
74 63,9 42,0 . 1.5%092
77 71.4 11,9 6,45455
78 84,42 28,0 ) 4,28000
72 52.9 B4, % _ @8,96296
37 o 22,8 36,2 ,61111
31 78,72 _7_5" @ 1,11429
82 . 17,2 23.¢ 8,73913
H3 96,2 65,7 1.47692 - -
R4 18,2 59.2 2,30578
A5 21,2 21,9 1.0%0008€
Be. 44,0 57,2 8,78175
a7 _ 29.2 2.0 14,50020
8. _ 96.0 89,2 1,07865
£9 29,7 17.0. 1,70588
Sa 2172 . 37_99‘ . 2,56757
91 15,2 47 .2 . 2,31915
Q92 . 34,9 42,7 7,80952
83 33,8 _97.2 . D,34021
G4 ~ LT _4“48.?1 o 12500
98, 95,7 68,0 . 1.397¢6 o
G6 _ 15.¢2 43,7 @, 34884
97 _ I | Y 33,2 ?’ 48485
| 98 6.7 21.2 g9_28571
| Q9 1.9 2.7 B,.36647
| e 79,8 81,0 0.8642¢
| B e .
| . e —
! FIGHT=HAIND=510F s 200,32 ‘ o
”F’.f’[.'%?l)wij a1 i OPTINUME  1165.3 .. o _
PAYOFF S 1,14'3,&“ _RESQURCES LEFT: .2 e .
“10 THE SF . - T e T e

13




!NITIA& SoLUTION

YI"‘ING SU'“AQY. “ILLISEPONO“‘
ORNERTIG VARIAFZLEbt R-Y

965

SLIPPING: 183

RIGHT~HANL-STDE 1

500.8

UPPER-ROUIN N aPTInUMY

PAYCFF! l711,3

1739.3
RESAURCES LEFT'

4.2

v

DO _THESES

g

13 ) - T —
14 - B L
1€
27 -
22 - T — T
23 o )
25 B T T
T ow — - -
3y
‘?5 - ) T o - -
38 “ - )
36 e . _
4 T )
48 o -
54 - -
. 86 '_ 7 o T T
5P B T ““ T
X T T -
Y T - B
7, N n T B
iz - .
76 -
77 T -
78 -
87 ) B - T —
. 89 B ~

— TIMInNG SUMMARY,

YILLISECONNS:




CORNERING VARIABLESY @

INTTIAL SOLUTIOMNS 3

SLI1FPINGS 216

PAYOFF 2423.2

RIGHT-HAND-SICE:  1800.,7

UPPER-ROUND ON QPTIMUME  2414,7
RESOURCES LEFT:

54

56

56

Y

60

64

68

70

25

76

77

78

N

£7

ac

95

JNITIAL SOLUTIONE 16

SLIFPLIIGE 234

aRIERING VARIARI ESE 4

TIAING SUBMARY, MILLISFCANDS:

RIENT RG-S TR T TS AE A

LPPER-ROUI
T PAYOFF

0N OF
2934,

PTIMUME

. 208703—
RESOURCES LEFTS

2.2




20 THERERS
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e E N B : -
11 e
B 1 3 - o . [ I—— _— S— —— - —~
| T L o
- 1% E—
16 T —
19 T T - e
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27. i ——
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3
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R -
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. a5
4R — -
5¢.
o Y —
o _ 56
L &8 —
— 2.
o o - -
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—— __ 68 —
o _ 69
o 7¢ |
L A e
e _7(3” . .
77 . -
S A A — — mww ~
. _8r —
. A% ) - —
T _ R, . —
o B8R . !
L L - | -
— TIAING SUAMARY, MILLISES e - —
QRDERT 16 VMIAR{?&L'I's?uwm;” - -
e INITIAL 5O0LUTION: o : :
SLIPPTILG: 233 - ! — *
,f‘a;‘»g;.‘g'f"/wfﬂ-‘szrﬁ'-r;':' 2060.2 T — - —
TURAYOFT & ) ’,7?E‘f.,...?;EI..,I,,iL,U”.=' 34624 o
3452 . * ) RESJTJF?"?:ES"“LMFF"TW'“MM‘ 38 — —
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9 - .
11 T T
13 : - C
e : ﬂ ——
15 . ~_: —
h - oz
16 — . — — -
2 B, - — - —
27 — —
23 *‘_ o ___;'——— -
e : e
.2¢ e
27 —

31

35

3B

39 — - T
_.42 T T

41 T T T T

42 — — =

87 —— .

_ 8%
_8S ; ~
35 - .

.TIM‘I“F\J(‘ =

ARDE o ;D\f”"h/\RY, P

S uhARY, MILLISECORDSE

o ITIaL SOl 0T RLESY ;‘ PERS - )

e * . =
pbd 217 m— — T T




) T ORIGHT RHAND
M GH TR pD=SIDET
upmr:-.;A N 2 hE ” |
. s‘:vA‘Yurr;Z O""“fg ﬁm”oPTIEZ?E'@ i
- YOFFT 885850 Esoince s = *
o ~ AT THESET 8.8 Ff_gSD"URC'Si:"Q F - : —
- o 'Mgﬁ&: — E§ LAEFT: i — vh
- B ~& - puili— — . ) | - 9 .k m ‘
‘ B 9-__ [IS———— . B ‘ - ” _ —
— 1‘1'“ B - - - - u__“"w- |
. 12 - -
] I % :
— k_-- 14‘ ‘ - |
— Ay - .
e : g -
— 18 - e
A9 _ _.
- j .
- 23 w |
25 ‘ E
— 26 -
- 27
——— R .—2_8_ - - | -
— L 25 E - r‘
- — “30‘ — -_
3 -
[ -38 : - |
— 39 % -
an o = =
- 4Wim 3 )
42 ___ = —
——a 49 | = |
— a7 - -
_ 4R -
[ o o 4-9— 3
_ 5 EEra S
52 - e |
—- 53 = | -
i se- F‘ - —* : —‘
———— 55 : -
[P . - -5.76; '— :
o 58 - ﬂ - |
- 59 | s =
_ &7 : - “ | |
64 o - N
- 64 e - |
- . 6ﬁ - .
69 ) o “ |
70 ~
. 75 - : | .
76 B
_ 77 ) o
L 7¢ - -
Py 79 | |
- . )

a4




87
RED
/G

1p@

92
95

TIMING

SUNMARY,

wILLISgrQ\,Si

ORNERTNG VARIARLEST 7

SLIFPING:

INITIAL 50LUTIOwN:

217

PAYOFF:

no

T

ESE:

NIGHTH-NA ‘D-DIDE’

A232.4

3060,2

UPPERRROLUND 0N DPTlidM'

HE
3
5




) — - - - o
56 = N
He T — ——
j 57 - —
. 56 -
o 89 — —
o 67 — = - — -
[ X:) T T - ‘ - I
S 1 I _ - -
— 68 - —
o — .
) 70 T —
L 72
L 75 — -
. LTE —
. 77
L _ 78
75 —
_ ap
] 61 —
——— s DT B T——— — 8 2 o : B
- B3 e
L BS
. 8h - -
o 87 B - —
B RA —
__BS 9 _
I 9z — -
_ 95
o 1ee -
- YT suARY, SICLISFEONIST -
e OPIOLRTNG v“reIAr‘u‘Sz' —
INITIAL SCLUTION:
- SLIPPIIGE 216 - :
T JIGAT-TAYL=51E: 3560 - ——
. JFP’( Rex0U! ‘_'x;;'_{){-.‘aJ’jETMMUWY‘-“TLLMa69” -
B PAYUFFi _ 445A.u _ RESOURCES LEFT: 5.8 —
. - J— B o o N
L 50 THESES - - - -
. - .
..... - I - —
_ 8 -
- 5 - - L
S— a — : I
9 — — - = o
e ) R
o 1o e
N 1.3 T .
- 14 -
- 1% o -
.......... 16 L B E
L 18 ) ~-

1%

ai

21




22

23

25

27

26

éi;

29

.3?

31

35

35

36,

37

;38‘:

k{3

47

41

42

44

45

4¢

47

48

49

5¢

[3]
ey o




TIMING SUHMARY, HMILLD ws: - - -
ORILR] .s'r;'V.«%’%IAELS&U‘S‘ECQ&DS: - : e
{NIHAL SCLUTIO‘.}? 4 T
SL 1 F"_p 1G4 116 -..@,.. T T T :~ - —
KIGHT-ma0-510 ey = ——
‘ h . , ER AR AN I 2
-SA'Y;?;':{J&:H?_?J OPTLaUMY  4675,2
AYOFF 4673, R_s;_§g__u~RSES'LEFT:" 7.0 T .
B0 THERE S - - - - _ -
.1 - -
; . -
5
& - - : :
eI sg o - S :
‘;‘ SRR —— — — — o ] -
12 . -
1% -
14 -
L i o
16 : —
17 ] :
1 I3 i - I .
10 T
ec o o * I
21 - ) - — -
27 - - -
28 - o - ]
25 : —
26 M - - m
27 o - : —
28 L - B I
29 - -
37 —_— = - — - - B
31 — - —
32 ) - o
32 } — : -
34 o ) ” -
36 T T B “ N
TS
37
38 o - —_
ki _
47 T B
41 B -
4z
i e — e
: _ - S
46
47 T
a¢ B
49

ha




73,

7%

6.

27

7€

79

Ay

A1

A2

A3

a5

Ré

87__.

BE

RO

9%

9<.

o%

95

-1

87

9%

A

TIMING SUMMARY, MILLISECONDSS

ORDER]'G VARIABLESS 2

INITIAL SOLUTION 17

SLIPPINGE

Aee —

QIGHT=HARND=SIDE:  45060,d

UPPER-20UND QN OPTIMUMY

PAYUFF:  4804,5 ES0!

AEP4, 2
RESOLRCES LEFT:

no TweEses T

I S

3
2]

£

£

5

1 ]

11 -




)

22
23
25

2¢.

Y

X
31




T J—
77 - e

95
06

147

Tl«ﬂ n ST
[411G _SUMMARY, MILLISECONDS
ECONDS:

QR el
DERING VARIABLESS )

INITIAL _SOLUTIONS 17

SLIPPINGY 33

) D




- T RERTHE SUIPPERY AL GORITHM#ee o B
TewspPROBLEM 3ET 3ese - - T
VARTABLE T T TTCOEFFICIENTS RATIO
OBJECTIVE  CONSTRAINT
i 1Y) a2y 1,21429
2 38,4 ~ 58,2 . @,65517
3 19,2 21,3 i - B,92476
4 66,7 30,0 2,2¢000
5 71,9 32.84 . 2.,21875
6 . 3,0 86.8 7,75814
7 13.¢ 5,4 B 2,6000¢2
8 78,0 AT _11,14286
9 84,0 54,9 1,55556
19 66,¢ 58,8 1.,13793
11 93,0 74.0 1,25676 .
12 59,7 46,0 1.28261
13 37.0 63.2 . _ P,5873¢
14 3.0 64,0 7,46875
15 6.7 46,17 0,13243
16 54,2 9.2 6.,00000
17 4,0 44.9 2,0%91
18 53,7 78,0 © 0,67949
19 62,2 ~ B3.o 2,74699
27 95,2 42,2 2,26199
21 78,2 92,2 0,84783
22 11,2 83.» $.,13253
23 81.9 Y 1,01252 L
24 52,2 35,2 ~1,42857
25 34,8 81,2 - B,41975%
26 52.2 54,2 2,96296
27 81.2 150.0 2,54000
28 11.2 155,00 2,07097
29 50,9 254.9  ?,19655
37 36.7 167,90 T ®,21557
31 61,2 117.¢2 9.52137
32 35,7 178,0 _ P,19663
KR o 2_»_5.0 ﬁ_‘w‘2.1'6,2?k E 11574
34 _ 9&,n 274,02 2,35766
35 93,4 163,92 0.,57855 o
36 78,2 111,92 7, 7¢272
37 s 283,0 0,03534
38 e 89.6 114,17 0.86842
39 T _103.2 0,09729
493 97.2 126,02 aA7i429
41 165,02 254,40 _ 2,64961
4z B 146, 172.9 0,81395
a3 181,27 143,72 1,07857
44 16,0 188,72 2,89894
45 B 156,06 165,92 7.95758
a6 _ 129,42 138,2 2,93478
47 124, 2 n 142 2 7,901414 B
48 222, 129, @ 1.85020
a9 T 156,12 165,72 0,94545
50 B 144, 123.q 1,17073




%1 B 183,2 igl1.o
e 52 150,20 176.2
53 174,97 117.@
%4 1¢7.,9 204,90
~ 55 8,0 87.2
______ 56 B 59,0 56,0
57 6B, 42,0
58 46,0 69.2
59 64,0 11.49
62 22.¢ 46,0
61 L 16.9 31,2
62 o 35,2 6.0
63 85,2 104.2
_ 64 98,2 75,8
65 32.2 88.0
66 52,2 98,2
b7 16,2 15.0
_ 68 b2l 98.0
69 82,9 32,2
72 . . .38,2 82.2
74 73,8 17.2
72 2.2 23.0
73 41.7 . 61,2
74 44,0 37.¢
75 96,2 73.2
76 22,7 6.9
22 42.7 59.7
78 78,2 85,2
79 5.2 122,09
aa 22,8 64.72
81 24.0 69,8
83 35.2 83.2
_ 84 19.% _ 87,¢
__ 85 i1.2 52,9
86 . &si.e _ 91,0
87 62.2 83,0
88 —— 49,2 46,9
89 X83,7 . 35.2
%a €4.2 2.0
91 14.2 49 .0
%2, _ R2.2 74,92
83 66,0 23.9
94 — _44.4 33.2
98 16,2 97,8
96 Is. e . 52,0
°7. - 35.¢ 78,0
- 98 _ 19.2 24,17
99 . 63,9 13.3
. 29.9 86.2
RIGHT~HAND=SIDE SC% 2 . }
UPPER-30UND AN OPT]InUM: 1324.3

PAYOFF ¢

4
5

DO THESE®

1319,9

RESQURCES LEFT:

1,81188
p.85227
1,48718
2,52451
0,09195
1.253%7
1,42857
.66667
5,81818
2,47826
?,51613
5,83333
9.85000
1.30667
2,36364
%,57778
1.26667
%,63265
2.56258
2,475080

4,29412

1,359132
2,67213

'1,18919

1.51527
3,33333
P,71186
2,91765
2.2520¢
2,34375
2,34783
2.2503¢8
2,42169
2,21839
2.,21154
1.06020
@,72289
2,41394
1.,08571

T 32,02028

2,0

2,28571
1,1¢811
2.86957
1,33333
1,03093
B,67328
0.5¢008
m,79167
3.52000
p.33724




TIMING SUMMARY, MILLISECONDS:

ORDERIMG VARIARLES: 1133

INITIAL SOLUTIONG 0

SLIPPING: 2pp

RIGHT-WAND-SIDE:  1872.2

UPPER-BOUND QN OPTIHUM:  2721.4

e e ———— 7 -w- - wors—.

PAYOFFI 2016,  RESQURCES LEFT: 2.2

TIMING SUMMARY, MILLISECONDS:




QRDERING VARIARLESH ) _ e
INITIAL SOLUTION: n L
SLIPPING: 216 — -
 RIGHT=-HAND-SIDE:  1502,0 ) o
UPPER-BOUND ON OPTINMUM: 2597.8 4 -
,,,,,, PAYOFF: = 2593.0 RESQURCES LEFT: 3.0
. DO THESE: _ - e
_ SR, S . e
——— . 4 o e
- n_ 5 e
7
_ 8
. 9
_____ _ 1¢ _ .
— S T S . _
_— - ,__ _ e
16
- _ 28 __ e o e
_— 24 . o -
o 48 . o o -
— . 5e o _—
—— . 51 e i ———
53
_ . -1 - - .
. _ __ 57 ___ . _ ——
. ____ 5% : L e
. R - - S R _—
L __ 64 . — __
67 — e
—— 69 _ — ——
— 7% . . L
— 72. - -
_____ - _ 74 e — .
e _ _ 75 ___ _ o
_ 76_ -
e _ 82 _ _ _ e
- __ 8% . — . —_—
~ _ 92 o e R
—— 92 _ - _
— _ 93 o _ _
- 94
— 89 _ - o
B TIMING SUMMARY, MILLISEGONDS: i e B
B ORDERING VARIARLESY g
e INITIAL SOLUTIONG A - R
_SLIPPIKG: 266 _ L _
_ RIGHT-HAND-SIDE:  2007,7 o i}
e UPPER=BZOUND QN QPTINMUME  3127.3 .
RESOURCES LEFT: 2.2 o L

PAYOFFI _ 32%91.2 _
DO THESED \




— 1 . B _
- 3 e
.4 - . e B o
. - i } :
7 S
8 T o e - - - o
9 o _ B —
10 T T T ——
.1 - - =
12 = N - —
16 —_— B
__ 29 T —
.24 o -
- _ .26 -
43
a4 T T -
5 —
o 5t - S —
o .33 ) e
—_— 56 T —
T 57 — R - B
T — 50 . ) .
62 -
B K o —~
64 — —_ - = — T
_____ 67 - - n
6% - — -
i ) B
72 .
74 — - B - —
- 75, — . e B
76 _— wn -
o 82 S T B
o - .86 —_
___ 89
- ] ~ —
92 L -
- 93 - - o
94 T o )
- L I )
T 9%
— _Y IﬁMﬂi N G— ‘ SU MM A RY "‘q--—~.... o w_ — R o
QRDERING VARIAé[éé%LISECONDn: “““““
- TTINITIAL 30LUTIONS .
Siepiicr g M — .
RIGHT = AND=-SIDE J— i
ReD (O ' 2h007,¢ 3
PPER-ToUNR N OPTIHURS B s —
__ DO ThEsE: T 1.0
1 B J—— —
= T B
— 4 o
’R Rt
7 -



e - -

e ) -

£ S -~ — '" T
12 T
__ 16

20 o T

23 - T

24 — _

26 ~ N - — N — " o -

a5 R T

45 “‘
a6 —

48 ) i -

49 T

50 o T

51 - - T =

5%

56 - T T

57 - —

59 ST T

62 T T - - —

64" B T

67 - o -

69 - -

71 - I

72, - o

74 .

75 . - T T

76 -

98 — T - T

82 — o — -

86 o ) —

89 ‘“‘ '

o0

92 - o -

93, e

94 T - —

98 — - ’

99 _ T
TIMING SUMBARY, WILLISECANDST - -
ORDERING VARIAEL.‘E%I;LI,Sgca}'_gs_;m
INITIAL SOLUTIONS ;o
SLIPPING: 217 ? -
E{IGHT»'»JA'::;D-S IDE: SAGA o
UPPER=LOUND ON. gp_Ixi,Sﬁﬂ?'d 4723.6 )

PAYQFF
AYOFFE 40280 RESOURCES LEFT:

_ DO THESE! - -
1. o -
— 3 T
: -
_ B -
7
,,,,, A

—




38

43

46

92 - . o e

95 -

90 - -
TITHING SUHMARY, MILLISgcONnSY — - -
ORDERIT G VARTARLES: a2 . o
INTTIAL SOLUTIO:NS ¢ I o
SLIFPINGE: 217 o

RIGHT=HANUZSINE 35070, 2

UPPER-nOUND ON OPTLIMUNT  4443.2

PAYOFF Y  442¢.0 RESOURCES LEFTH 2.0

DO THESEL




oo

43

PSR —

44
45
46

47

Ag

49 ]

57
51

57 " :
53
56 —
.57 .

59
64
62
63 N
64
67 .

69
71
72
74 ) — -
7% ' _ B
- b B
7&. '

82.

Bé.
89.

o
92

or
94

9K

98

9¢.

TIHI‘IC (a3 w’

o SUMYARY  MILLISEC! -
DENLEL e VAR AT M1 ErANAG

15 1hl, SOLUTIQWJ ! R

SLIPeL 6t 247 ?

RIGHT-HAMD-5I0Fs 4
[ DF 8 A0, 0

g —




_ UPPER=T0UNN ON NPTTnyM: 4% —
___ PAYOFFL  4799.¢ RESOUR(:S?EEH; 2.0 S
DO THESE! o
R S — — S,
3 _— . -
4 - _
5 — e R .
— 7 - S T
& e - ]
_ R - - — s
A - — - _
S 11 - -
12
i6 - e
_ 18 — T
..... 20 - — - e
. 21 —_— .
_— 23 R,
24 - — - S — .
26 — . B
_ 36 -
38 S - R
—_ . 4p — o
— 42 - e
. 43 - -
44 - — _—
_ 45
e a6 o
o 47 - I ’
45 -" — _____“_
. 49 - . L
57 - _ -
81
. 52 -~ S
53 - —— e ;
56 — - - — -
—— 57 e e S
59 -~ _
62, __ -
63 R
- 64 S I
67 - e — e
69 _ - - )
71 — - __
77
74 i B
— 75 —— .
— - 76 "‘ me e —_—
- - - 77 e — B
A ) .
- e S ,
i L 55 6 - - - o o
_ o 87 I -~ L
o §9 T - - .
o op ) - o
%2 - -
- o G - _
. 94 - -
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99 T T T
TIMING SUMMARY, MILLISECONDSE - T
ORDERTNG v";\mmtgs%u' E“Cg e o T T
,_wI‘ﬁI,TIVAl,__S'JLUTIOFH““ 17 T B -
SLIPPIMGE: 233 - S *
RIGHT=HAND-SIOES  “Sefe,g _  — " —m‘
UPPER-3 0untnD 9N oPTINUMI  5435,9 7 L
PAYOFFI 5430, RESQURGES LEFT:  11.7 L
20 THESE:! e
£ e
2 o
2 . o
4 o
4 ; ~
7
? L
9 ) o
10 ) - h
11 -
12 N o
13
16 - -
18 _
19 T
S .
21 N . -
23
24 o o
26 B ) a -
35 - B i
34 .
38 —
4 -
a1 T o )
42 S
43 B - o
44
45
46 o -7
47 -
48 -
49
57 o B
51 ]
s ___________ T
83 T )
o e
o i A e B
5f - T o
55 e )
P -
63 _ — i
Y -




o 66 _ T ) B T -
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0%~ e
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TIMING SUMYARY, MTLLIS neT - —
OR“’%I’L, VARIARU'SL"LI £ g ' —
INTTIAL SQLUTIONS ?" —i'f T T - T
_SLIPPILC: 452 ] -
______ B I"“T»HA NOD-STIDE 62E7, 0
o J"’"F R~ l!)'l’JD TPT"()FDTU UN: o '5'32_“““ T T -
_ _FAYoRFr _ 5910.0 RESQURCES LEFT:  15.8 T
- D0 THESE: —
S | o . -
—_— . €
o & - o B
_ 4 e - -
. _ __ & a
___ L 7 S B
2 L )
— —— ...»Q
_ 1P - - L
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TTHING SUBMARY, MILLISLSONDS:

. S 5026 2ot
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TOORDERING VARTARLES] 2 e
O INITIAL SOLUTIONG e — -
- SLIFPINGY 134




7 weaTHE SUIPPERY ALGORITHM#es
_ . #e«PROSLEM SET FOUR#ee I
VARTARLE COEFFICTIENTS RAl110 .
CBJECTIVE  CONSTRAINT
1 48,0 8.2 g,78588
2 53.% 95.7 p,255789 _
3 64,7 95,7  2,67358
4 64. 7 98,0 9,65306
5 59,7 65,0 0,96769
6 94,7 —6b.a ~1,45455
7 57,7 74,2 e, 77827
8 92.6 62,1 1.48347 ~
9 75,0 94,9 m,79787
10 75,7 72,0 1,084167 _
11 60,7 94,2 %,63830
12 82,4 _ 69.2 1,18841 )
13 39.4 34,7 1,14726
14 88.4 68,7 1.25008
15 76,0 82,0 0,92683
16 45.0 68,7 n,66176
17 14,2 19,7 . fn,73684
18 44,0 88,7 - " 0,50008
19 64,8 44,0  1,36364
27 71.0 _ 57,0 ' 1,24561
21 63,2 76,7 0,82895
P2 82.9 60,¢ 1,36667
23 17.2 26.7 i 2465385 R
24 6_1,.-,"4; e 66' 2 - ,_.aﬁsﬁ?2424
25 92.0 T a7.9 O 1,05747
26 41.0 3.2 1.,36667
27 41.4 51§ ?,80392
2R 55.2 65,9 _ p,B4615
29 8%, 0 49,7 1.02244 o
6 13.2 21,7 2,61925
31 22.7 17,7 _1,294172
32_ 51._? 63'ﬂ Q._§W952
33 97.¢ 82,7 1.18293
34 e __‘________»_____3”_6 [} 4‘ — _79 . ‘2 E 051429
35 78,4 99,7 ___ . P,73737 -
36 X2 42,0 1,50000
X7 52.8 L 54,07 . 0,96296
28 ) - 22.7 36,0 2,61111
39 17.2 23,0 7,73913
4 21.% 21,0 1.0000@
49 44, 8.8 ¢,78175 -
42 960 89,0 1.87865
43 T 21,4 37,0 B,56757
a4 w_ 34,7 42,7 n,8C952
45 95,0 6B, 7 1.39706 B
46 w.»w 76, 81,7 ?.86420
47 5.7 Y 1.21429
48 Y 58,0 n,65517
49 19,7 21,7 ﬂ,9z476
52 66,9 58,0 1,13793




51 93,2 94y . 4,25676
Y 59,0 46,0 _1.,28261
$3 T T T T T 3.8 T @,58730

Y 53,7 78,7 . P,67%49
- 62, 83,8 n,74699 _
56 T8, T T o2, ~ p.,84783
57 LI 80, F - " 1.,ei2%@
s 57,0 35,4 1,42857 _

2,96296

is50.0

93, 163.7
78,0 111.2

"@,54000

© T TTwLs2137
_2,57055 —
o &,7627¢

~ B,86842

@.71429
P, 64961 L
L 9,81395
o 1 w7857 L
g,89894
,95758
o B.,93478
o R,90141
. B,94545
B 1.,17273 N

~ 9,85227

1,48718

0,52451

1,05357
_1,42857.
T B,66667

2,51613

- 2,85700

@ e o o

e9. 44,0 37,0 L18919
9p 96,0 73,2 1,317
99 42,7 59,7 2,71186 ~
92 76,2 85,0 “R.91765
93 91,9 9i.72 ~1,0cpoe _
94 6d,0 R, ,__, B,72289 B
95 38,79 35,7 1.0857%
oh 87,0 74.0 1,1d811 .
97 KN 33,0 1,33333
GE 167, 0 97.0 1,03293
39 35,7 52.9 _ B,67328
3 9. 247 _@.79167 _
RIGhT=-+AND=SIDE: — 502.4 B B
JP"FQ i (xdul,) QN ()pTl "Ur H 7?‘5 :) o
PAYOFF: T 719.4  RESQURCES LEFT: .0
J0 TAESER L _ _
b _ - _ e
L 8 S _ -
—_— e e e e e . e




26
3¢

4%

54

76

79 N i
85 — I
87 ,_

TIYING SUMYARY, MILLTSECONDST

OROERTNG VARTARLES'

953

INITIAL SGLUTION 2

SLIPPINGE: 184

RIGHT~AND-SIDE:  1002,9

UPPER-RQUND ON OPT]iUMI  1373.1

PAYOrrz 43)9;!/

_ RESOURCES LEFT:

3.0

DO THESE! o
6 - e
8
14 . o
19 . _ ~ -
22
26 .
31 . . — .
36
45 - .
47 e L
51 —_
52 o _
7¢ _
718 . I e
Mw_ e -
a5
87 .
Qf o o - o
97 . —
TIMING SUNMARY, WMILLISFCONASE _ o o o
ORDERING VARIABLESY 2
INITLAL SouYioNne 47 . . . -
SLIPPIMG: 183 e .
RIGHT=HA4D-STDE ¢ _.1509 7 o B
UPPLR-B0UND af oPTIHUN:  1561,.5 o T
PAYOEFS  1957.7 _  RESOURGES LEFT: 2,0 -
PO_THES e . — —
6 e
& - 3 o
12 L . R
13 e
14 _ _ .




33

36

40

47

5¢
51

52

58

74

76

79

8%

87

89

op

97

TIHING SUMMARY, MILLISECONDS:

ORDER]'G VAKTABLESH 2

INITTAL SOLUTION: 2

SLIPPING? 216

RIGHT-HAND-SIDE: 2002.,9

UPPER-ROUND ON _OPTHUMS

PAYGFF i 2494.72

Y 2498,1
KESBURCES LEFTS

a.8

DO THESES

)

g

1

PR

14

i9

27

22

2k

26

a1

33

36

ag.

42

45

47

a8

8¢

51

52_.

D8

68
74




76

78
79

82

87

89

Ob

95

96

Q7

QRDF?IaG VARIARLﬁs' - ﬂ

INITIAL SOLUTION: 'E"

SLIPPING! 216

RIGHT=HAND-SIDESs  2587.9

UPPER-ROUMD DN OPTIMUME

PAYOFF:  2995.7 RESQURCES LE

N0 THESE:

6

8

e

12

13

14

19

27

2L

25

26,

28.

IR .

3

36

7.

4o

42

4%

47

49;,,

50

51

52

57
S

59

6.

74,
76

78

79

&3

87

n6G

9¢

v st — o ——

T



K
95
96

97

98

Y06 SUNMARY, TILTTSECO!
Ott

ORNER]NG VARIABLESY
: 2

INTTTAL "50LUT oy
v : ;:‘)

SLTIP B
T PIJG. 231

RlFHT HAND -SIDE ! Jgea. 2

f\ l

PAYUFF- 1468 z

stoJRces Lefr.

1.2

DO THFAES

)

a

1¢

12

13

14

17

19




~ 9 e o
- 95 o “
Q6 - T - T o -
.97
__ %8 T o o
TIMING SUHMARY, .11LLISgr')m;. T ST
ORDERT'G VARIARLES: 2 _ ] e
INTTTAL SOLUTIO % -
SLIPPING: 218 Y . L
RIoHT '*‘!A"UWQIDF. L 35Ua,
umaa-»mr‘i OM QPTIFUMY 3927.9
PAYOFF:  3924.p __ RESOURCES LEFT: g0, _
DO THESE: B B
: o
; _, o —
.8

27 -
22 _ - )
25 T T

36 ) ) T
37 _ T
40, e i

42

42 — T

49
En .w i o
51
5 - T
__ 37 B o o
58 - B
_ 59 T _
6?‘ ~ T
76 T ST
74 e .




A9

_ 88 e

87 o

1%

92
95
9‘;

R
97

?{« —

TIMING SUFMARY, MILLTISECONNSYT  —

ORDERIMG VARIARLES: 2

INITTAL SOLUTIONY z

SLIPPING 2ve ' —_ .

RIGHT-HAND-SIDE: 407,80

JPPER—?QUun aN opTzwum-

PAYOFF!  4358.0

D0 _THESEL I

2 S B
57 I

¢ -

59 ST

b ot o bR, e ORI ORISR




720 -
73 _
74 i
7% - T
7 S
It e —
76 - Tt T
83 D -
_ 85 -
R7 B T T
89 ) o -
9¢ ST R S
92 L T
o o _
95 o
96 o L .
97 _ -
98 o
TIMING SUNMARY, MILLISECOIRS:
DRDERING VARIARLES: @ - T e B
INITTAL 30LUTIONS 2 . D
SLIPPIUGE  ovp - :
RIGHT-HAND=SIDF:  520¢,0 '“ )
UPPER~BQUND ON opn IUM_!_WW_“:‘léé 7 i
PAYOFFI  5163.; RESQURCES LEFT: 1.0 -
NO_THESES O T
* o S
- . .
: — - _
B o B -
% a - -
10 T B -
12 . o ) T

13 . "

T . o .

29,

31

32 ' -

3%

8
36




1pe

TIMINE SUMMARY, MILLISECONDSS

JRRERING VARTAGLESE 7

SLIPPINGS

INTTIAL 30LUTIOM:

167

e

T EHT=iAnD-STPRE:

PAYOFF !

LY !

UFPER~BOUND N OPTIHUMS
443 5854,

T ’ sigi g
_RESQURCES LEFT:

fa
R




K




62

83

85

87

88

89

o0

91

G2

93

94

95

96

97

9R

9¢

1ae

TIMING SUNMMARY, MILLISECQNDS:

ORDERING VARIARLESS 7

INTTTAL SOLUTICHS i7

SLIPPINGS 172




- © . @®®THE S_|PPERY ALGOR]THMm#es _
. #wuPROGLEM SET FlVEeww S

VARIARLE ~ COEFFICTENTS o RATIO

OBJECTIVE  CONSTRAINT

_4B.¢ " 88,0 . n,70588

2,01370

(€ 0 3 o
. 3!
<
~N
N
NN

17}5“””i;; g2.4 ¢,20732

e
|

59,5 T T g5.9 790759

i

95,0 66,0 1.,45455

57,2 74,0 2, 77027

_92.8 62,0 1,48387

1.04167

3.6~ 38.0 _ _ 1,71853

|
|
|
|

5.8 TN W ?.1254¢

|

1,18841

N R0 o N oo
~
w
S
~
ro
=

88,2 52,0 T y,69231

1 B 1
Ll el el and

68.9 i 1,25%¢2¢2

82.2 ?.92683

68,0 0,36765

68.8 R,66176

85,2 9,35294
_..55.2 _ _ 1,63636

33,0 2,98929

44.7 : 1,36364

1,24561

57,0 2.26316

?,82895

EY N 1,36667

66,0 ?,92424

35,¢ 2,57143

32.2 1,56667

68,2 0.21667

53.9_ . . B,8Y392

65,7 . 0,84615

49,9 1,02041

__ 32,2 2,46667

41,72 n,02439

63,7 3,80952

41.72 ?,17873

49.¢ 1,5%122

82,2 1,18293

79,0 3,51429
66,7 @,40979

72,2 m,27778

42,20 1,50300

54,2 ?,96296

36,0 ?,61111

72,2 1,11429

65,0 1,47692

a6 T T s 59,0 e.39548

7. 42,0 57,4 2,70175

48 21,2 37,0 n,56757
49 15.¢ 47.0 2,31915

50 34,7 42,0 ?,80952




8,12540

1,397p6
n,34884

51 B 48,7 .
52 9n, 7 68 .7
53 I - Y T Y
54 »_ 16,0 ] 33,0
55 T 11,0 32,0 ~
56 ‘w' e 819 o
57 - Y T T 42,0 -
58 38,0 58,8
‘59 o 660 2.2
60 71.¢ 32.@
61 T e T 54,9

T e T TTee T 7 58,2 -

83 93,0 _74.0
64 59,0 46,2
65 «37GV’ 6§|@
66 30,0 64,0 -
b7 6.2 46,9 -
68 4,¢ 44,8 ~
69 53,7 78.2
72 62,4 3.8 .
71 5. ¢ 42,7
72 11,6 83,8
73 81.¢ 82,0 L
74 54,4 35.0
75 L 34,2 8l.2
76 52,7 54,2 L

78 67,2 42,4
79 46,2 69.8°
80 22.7 . 46,2

81 16,28 31,2
82 98,2 75,7

A3 R2. 0 32,0

84 38,7 B@.7 B
B .. 44.7 37,2

87 96,0 73,2

b8 __ 78,2 85,0

A9 22.2 64,0

Q7 24.92 69.2 B

e _ 11.2 52 —
¢3 62,8 /3.2 o
.94 19.2 46,9 .
9% 38,7 35,48 .

3.48485
,36667
0,86420
1,21429

2.,65517

220000

T2,21875

1,55556
1,13793
1,25676
1.28261

" 0.58730
@“96875w

2,13043
0,99091

T B,67949

2,74699
2,26190
2,13253
1.2125¢2

1,42857

8,41975

2,96296

1,05357

TTy,42857

0,66667
z 47826
2,51613

1_5@667f
2,56250
2,47528

?.72289
@,41304
1,08571
3,28571

e s T S e S b

et A ———

B it it ataant

18
16

97 82.2 74 1,10811

98 . 44,7 33,7 ) ;”33533
99 35,4 52,7 2.673¢28
. f_i o o _3‘§ gw"_ 72 2 @_L?QHQ@
RIGHT-4ALL-STNE: 280,72 e
UPPER-zOUNG ON oPT{wUM; 49241 - —
PAYOFF: 438 _ RESOURCES LEFT: 5.0 _
PR T T T -




Y ) T - -
32 ) T
71 - - - -
TIMING SUNMMARY, MTLLISECONDSY —
ORDERING VARTARLESY 1153 - i
INITIAL vaunow.‘ 17 -
SLIPPLIIG 183 S - - - T
RIGHT-HAND~SINE:  5060.3 B
UPPER-RQUIN 0N fsz'iDrT{“ 997.0
PAYOFF 978,0 RESOURCES LE‘FT. 5.0 B
DO THESES -
9 “ -
18 - )
19 )
26 . T
32
36 - - - -
45 o
59 o
| 62 B -
| 61 -
t 71 T
83 o
TIMING_SUHMARY. MILL ISECONDSS —— = — — -
ORDERING VARIABLESH T E:_:m - -
INITIAL SOLUTIONS g
SLIPPING: _ 207 o -
i _, B ) -
| RIGHT~HAND=SIDE: _ 1000,2 - e
| gg;gR-,_ao_uim._-.au_.__cal.l.ny_@_' 171723 ;
- ! F‘J . R L e G ’ >o T - -
g ¢ 1788.a __ RES SOVRCES LEFT: 1.9 .
| N0 THESE! T T
1 :. S
1 7 o I
.'12_4.,___. B .
R T o
19 o - o
?i? -._ - - - - T
24 T - T ) 7 T
_ 26
32 o ""' B .
36 o R T T o
41 - -
_ 45 o o
5 ~ - - -
59 -
_ 62 :_—“ - o o i T
S i o o




71.

74

78

83

98

TIMING SUMMARY, MILLI

ARDERING VARIARLES?S

SEPONW:.
3

xwxlth'SOgUTIO'W:

SLIPPING: 217

RIGHT-PAND-STDE 15

PAYOFF - w')3475. A

UPPER-5J0UNE ON OPTTHUMY

@e,2

2344.,8

RESQURCES LEFTs

0o TH

TIATHG SUMMARY, MILLIS

ORDER] .G VARIARLESY
NI‘IAL 5U|UT10|.
SLIFFING 217

"7

FCOn
&

[

———— v

SIGHT=HAND=SINE:




I e e 4 = e
o e i ot et @ e s e -
| UPPER-BOUND ON_ QPTInyYME  2925,7
f PAYOFF I 2930, % URESOURC?g'fErr:' 1,0 -
— . .- . —— LI
i DO THESET e
| P _ L .
| - — ‘ “
| v o . _ _
| 1 - B -
| 12 T ) -
| 13
, 18 - o . e
| 19 - —
| 2r I
| 21 B—
24 —
26
27 _ . o o
32 _
36 N o
36 e I
41 I . ) -
44 T
4% - o L
52 o — —
57 = o _
50 - ——
69 . e
61
62 - S o
62 o - .
_ 64 _ -
7L ] ) o
74 N
_ 76 m.-; -
77 o
78 T '
/2 o _ .
83 _ o
& & ; T T B o B
87 '
95 B T
97 B - N :
98 _ S ’
TIMING SUMMARY, MILLTISECONDAY - - -
DRNERT G VARTARLES: a4 - B R
INITIAL 50LUTIOD: @ T T -
SLIFF1iGY 233
| o .
— - _ .- N - .
| RIGHT =1 AND=510F ; 2507, o -
UPPER-nQIRG N oPTIVUNG  35R4,4 —
‘ PAYOFF T 338%7,0 Bff.aouéiﬁés:'CFFT: 2.0
| DO THERE B -
L ' SR —
¢ B
— : _ _ _




1

13
_ 14 - -
18 - — — S
- 19 - . ; - L
2¢ - - -
_ 21 —
_ 24 - - - _
..... 25 — - - T —

- - 37
41 o - —— -
B, 4y R - _
44 o - - I
45 S N
57 — - = -
- 39 - —

78

N —

. 83 — - m_

86 -
- 87 -
3 - — o
o 9% e e L o
87 - T - — -
98 —_ —— — - — _
TI9T e TSN ARY ™ N e e N
A o SUAMARY . MILL1SECONNS
- ORDERDNG VARIAB{ES:"! "ggrqg" '''''''' T

TWITIeL SCLUTION
SLIPPTOG: 234 16,
I GHT A AND =S| LE T ‘ e )
. AND=SIEE R IR -
UFPER-TAULN [h [ SUE -

“‘~pi}5§;f“0”ﬂ G CRTIMUME  3799.9

—— 4 H kS R - N < b .
D0 THESE: - - 2.2 —

1
]

5




















































































































































