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ABSTRACT

In this thesis, we have studied the behavior of two-componedark-bright solitons in
multicomponent Bose-Einstein condensates (BECs) analgtlly and numerically in di erent
situations. We utilized various analytical methods incluthg the variational method and
perturbation theory. By imprinting a linear phase on the brght component only, we were
able to impart a velocity relative to the dark component and hereby we obtain an internal
oscillation between the two components. We nd that there a two modes of the oscillation
of the dark-bright soliton. The rst one is the famous Goldsbne mode. This mode represents
a moving dark-bright soliton without internal oscillation and is related to the continuous
translational symmetry of the underlying equations of mobtn in the uniform potential. The
second mode is the oscillation of the two components reladito each other. We compared
the results obtained from the variational method with numeical simulations and found that
the oscillation frequency range is 90 to 405 Hz and thereforbservable in multicomponent
Bose-Einstein condensate experiments. Also, we studied tbanding energy and found a
critical value for the breakup of the dark-bright soliton. Biilding on these results, we have
studied another situation where we have the dark-bright sibbn oscillate in a harmonic
potential. We found for weak trapping the internal modes ar@early independent of center
of mass motion of the dark-bright soliton. In contrast, in tghter traps the internal modes
couple strongly to the center of mass motion, showing that fadark-bright solitons in a
harmonic potential the center of mass and relative degreetfeeedom are not independent.
We found this result is robust against noise in the initial cadition and should, therefore, be
experimentally observable. In addition, we have studied #thinteraction between a moving
dark-bright soliton in a uniform background with internal oscillation and a xed impurity,
modeled by a delta function potential. The interaction exdes di erent modes in the system.

Our analytical model capture two of these modes: the relagvoscillation between the two



components, as well as the in-sync oscillation of the widthsThe numerical simulations
allow further internal modes like out-of-sync oscillatios of the soliton widths and even shape
deformations of various kinds. We identify regions in paraeter space for the transmission,
re ection and inelastic scattering of the dark-bright solion by the potential barrier. We
have studied the velocity of dark-bright solitons descrilze with an ansatz that uses one
center of mass variable to represent the position of the twammponents. We found for a
dark-bright soliton the maximum velocity is limited by the relative number of atoms in the
bright component as compared to the size of the hole or densitotch created by the dark
component. Above this critical velocity the dark-bright sakon develops internal oscillations,

and eventually unbinds and breaks apart.
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CHAPTER 1
HISTORY AND FUNDAMENTAL CONCEPTS OF SOLITONS IN BOSE-EINSTEIN
CONDENSATES

A soliton is a self-supporting solitary wave that propagatewithout changing its shape or
velocity. It is also a solution to nonlinear partial di erertial equations (PDEs). Waves that
propagate according to linear PDEs encounter a known e eciatted dispersion of the wave
packets which cause a spreading of the wave. A wave packetmsemvelope of di erent waves
with di erent frequencies that form a unit. Each component ¢ the wave packet propagates
with di erent velocity due to the fact that the wave velocity depends on the frequency.
Therefore, we see the dispersion e ect in linear systems. honlinear systems, other e ects
can reverse the spread of the wave packets and therefore proée a cancelation of this action.
The balance between the nonlinear and dispersive e ects ghace a solitary wave. In the
literature, the term soliton is reserved for solitary waveshat survive collisions. That is,
a solitary wave emerges without changing shape or velocityter interacting with another
solitary wave. Also, a soliton is known to be a nonlinear wavéhat is, a solution of nonlinear
PDEs.

Nonlinear waves have been a fascinating subject since theodgery of the solitary wave
in 1834 by John Scott Russell in the Union Canal in Scotland where observed the great

wave of translation as he called it [1]. The discovery is degzed here in his own words [2]:

| was observing the motion of a boat which was rapidly drawn along a narrow channel by
a pair of horses, when the boat suddenly stopped, not so the mass of water in the channel
which it had put in motion; it accumulated round the prow of the vessel in a state of violent
agitation, then suddenly leaving it behind, rolled forward with great velocity, assuming the

form of a large solitary elevation, a rounded, smooth and well-de ned heap of water, which



continued its course along the channel apparently without change of form or diminution of
speed. | followed it on horseback and overtook it still rolling on at the rate of some eight or
nine miles an hour, preserving its gure some thirty feet long and a foot to a foot and a half
in height. Its height gradually diminished and after a chase of one or two miles, | lost it in
the windings of the channel. Such, in August 1834, was my rst chance interview with that

singular and beautiful phenomenon.

Russells works on solitary waves opened the doors for more theorefignvestigations
of nonlinear waves. Essential studies conducted by Stoké&nussinesq, and Korteweg and
deVries (KdV) shed light on the mathematical models describg solitary waves [1]. The well
known KdV equation illustrates the propagation of solitarywaves in shallow water surfaces.
It is considered to be the rst soliton equation by experts irthe eld of nonlinear waves [2].
It is also an integrable equation, a criterion that implies asystem has an in nite number
of degrees of freedom and therefore it exhibits an in nite maber of conserved quantities
such as energy, momentum, number of particles, etc. This ejion was the starting point
for renewed interest in the theory of nonlinear waves in theventieth century when Enrico
Fermi, John Pasta, Stanislaw Ulam, and Mary Tsingou conductedomputer simulations
of a vibrating string that included a nonlinear term which iswell known as the FPUT
experiment [2]. In this experiment an initial mode of vibraion on one end of the string did
not fade away after many iterations, a process known as theafization. Instead the system
exhibits a quasi-periodic behavior. The continuum limit othe mathematical model used in
FPUT experiment is the KdV equation. Another milestone in the thery of solitons is when
Kruskal and Zabusky revisited the FPUT experiment and perfoned a numerical simulation
for collisions of two solitary waves. The result was that théwo solitons were not a ected
by the collision and they only gained a phase shift. Kruskalral Zabusky invented the word
soliton to describe these solitary waves [2]. A few years later Gareln Greene, Kruskal,

and Miura discovered the Inverse scattering transform (ISTmethod to obtain a solution



to the KdV equation. This technique also used to nd soliton slutions to the nonlinear
Schrodinger equation (NLSE) by Zakharov and Shabat [2].

The NLSE has been the focus of many theoretical and experimahttudies since Za-
kharov and Shabat published their work in 1972. Although the N&E is a nonlinear varia-
tion of the Schrodinger equation, it is a classical eld equ#n that is used to describe the
evolution of a classical complex wave function [1]. It had ke studied in the context of
optical systems at that time to explain the propagation of fjht in nonlinear optical bers
and other optical systems. Hasegawa suggested, in 1973, thia realization of a solitary
wave is possible in ber optics when a pulse-narrowing nonkar e ect balances the e ect of
dispersive spreading of the light pulse [3]. His work led to ¢h rst experimental observation
of solitons in optical bers in 1980 by Mollenhauer, Stolenand Gordon [4]. Another impor-
tant discovery in the story of the theory of solitons was in 18 when Weiner and Heritage
demonstrated for the rst time the creation of dark solitonsin optical bers [5].

In the second half of the nineties, solitary waves entered &w era with the discovery of
the Bose{Einstein condensate (BEC). Since in this thesis,emvork mainly with the NLSE,
in the context of BEC we use the name Gross{Pitaevskii equath (GPE), which is the
NLSE when we add a potential trap. To study the interaction beteen two types of soliton
solutions in a two{component BEC it is useful to introduce tle concept of BEC rst before
illustrating signi cant discoveries in soliton theory in BEC systems.

BEC was predicted theoretically by Satyendra Nath Bose and A#lst Einstein in 1925 and
created experimentally by Eric Cornell, Carl Wieman, Randy Hiet and Wolfgang Ketterle
in 1995 [6]. Itis a state of matter made of a dilute gas of bos®gooled to a temperature that
is very close to absolute zero. A signi cant fraction of boss at this temperature occupy the
lowest single-particle state (ground state of the system{Consequently, microscopic quantum
phenomena become manifest. These gases are typically 10-10 in size with a number of
atoms ranging from 10 to 10° and the temperature range is 1 to 100nK. Usually the BEC

experiments are conducted wittf’Rb and 22Na atoms, in addition to many other atomic



species.

The development of laser cooling and magnetic trapping alled for the creation of the
BEC. Laser cooling, developed in the 1980s, used a well-kmoywhenomenon called the
Doppler e ect [7] where a moving atom toward a light source ., a laser beam) experiences
a change in the frequency of the light beam and thereby absarl photon which places the
atom in an excited state. When the atom releases the photon, itsually does so in the
direction of the light beam: it loses momentum in the directin of the beam, and therefore
slows down. Applying laser beams in the three perpendiculairections will slow down
the velocity of the atoms in all direction and consequentlyaols the gas signi cantly. This
method alone is not enough to cool down the gas below the crii temperature needed to
observe the BEC.

An evaporation technique is used to allow a small fraction oht excited atoms to escape
the trap in order to form a condensate with a very low temperare. In the early days
of the creation of BEC, harmonic potentials were used to holthe condensate gases but
nowadays di erent trap shapes can be designed to sustain astudy trap BECs [6]. For
example, box-like or double-well traps are regularly forntated to explore various features
of the condensate gases. As mentioned above, magnetic trape ane way to hold the
condensates [6]. There are other types of traps that can beedsto hold the condensate like
optical traps. The advantage of optical traps is that we cantady the particle spin since
in magnetic traps the spin is locked up due to the interactiomvith the magnetic eld of
the trap. This advancement in modifying the shape, strengthand type of the trap allows
probing of the condensate properties with a high degree ofxmility. Also, by choosing the
trap type, one can select some particular internal degrees foeedom of the particles as one
wishes. BECs can also be formed from multiple components idli erent atomic species or
di erent atomic hyper ne states for the same particle type,where the angular momentum
of the hyper ne state for the usual alkali metal atoms being Bse condensed is composed of

a sum between the unpaired electron spin outside the closdtkl and the nuclear spin [6].



In multiple component BEC systems, the mutual interaction letween the particles in
di erent components adds more interesting phenomena. In ercomponent there is only one
scattering length variable, a quantity used in atomic physis to characterize the interactions
of atoms in the low{energy limit. Whereas in multiple componets we have%n(n + 1) scat-
tering lengths forn mixed components. For example, when we have two-componerE®s,
like the case we are exploring in this thesis, there are threeattering lengths that describe
the interactions: the scattering length between the same geles in one component 4,
and ay;), and the scattering length between the di erent componers, a;,, wherea;; = ap;.
Examples of two-component BECs includ&’Rb{?3Na, di erent isotopes such as$’Rb{%Rb,
or di erent hyper ne states of the same particles such as (F=2ng =2) and (F=1, mg=1)
states of®’Rb.

In BECs, one can control to a high accuracy the interaction t&een the particles through
a phenomenon known as Feshbach resonance. Also, by using tahnique, we can change
the sign of the interaction from repulsive to attractive ineraction. Another signi cant aspect
of low density dilute gases is the nature of the interactiondiween particles. At low tem-
perature, the dominant interaction is of binary type, and tlerefore one can approximate the
interaction potential to be represented by a delta functionThis means that the interaction
takes a nonlinear form. In chapter 2 we explain the role of theelta function and derive the
associated nonlinear term. The fact that we can introduce ancontrol a nonlinear e ect in
BECs allows us to create conditions to support the propagatn of solitary waves. Indeed,
by changing the interaction sign to be attractive between th particles in a BEC one can
produce a bright soliton, a localized hump. In the case of a dasoliton, a localized dip on a
continuous constant background, two conditions are needed@he rst one is that the inter-
action should be of a repulsive type. The second is that theraust be a {phase di erence
between the two sides of the dark soliton. This can be done blising light for a small time
interval on one side of the condensate until it acquires theedired phase di erence, and/or

by digging a hole through removal of atoms with a laser, togleér with a quick phase imprint



on the condensate to one side of the hole. The latter technigus known as phase-density
engineering [8].

These two types of soliton solutions are fundamentally dieent. One way to illustrate
the dierence between them is their maximum velocity. In thecase of the dark soliton
described by the GPE, there is a maximum limit of the velocitythe speed of sound in the
BEC. Whereas in the case of the bright soliton, the velocity isot bounded by the sound
speed, and has no upper limit. A moving dark soliton experieas two e ects as it increases
its speed. The width goes to in nity, and the depth goes to zex Basically, we end up with
plane wave for an accelerated dark soliton. It is noteworth{o mention that a moving dark
soliton with a depth that is less than the maximum depth is cd¢d a gray soliton. Another
aspect of the di erence between the bright soliton and the dak one is that the bright soliton
is the ground state of a system with an attractive interactia coe cient in the GPE. But
the dark soliton is an excited state for a repulsively interging system, orthogonal to the
ground state as the dark soliton has a single node. One lasepe of information needed to
form a general picture of the basics of the soliton solutiors how to move a soliton. We do
this by applying a phase on the complex wave function soluticof the GPE. This is done by
multiplying the wave function by & ) wheref (x) is a real wave function with a step-like
form smoothed out to avoid exciting additional phonons in te background BEC around the
dark or grey soliton. The physics behind this is that in the hgirodynamics approach for the
BEC the velocity of the condensate can be obtained by takinghé gradient of the phase.
Note that a Madelung transformation maps the complex wave fuion onto the density and
phase of the condensate.

BECs are considered to be an ideal place to study the nonlinmeexcitations for the
properties mentioned above [6, 9]. Many studies focus on éong soliton dynamics in
one or multiple component BECs. To model solitons in such d9ges, one needs to have a
number of coupled scalar GPEs equal to the number of BEC comments. These types of

systems are called vector solitons where one can modify tmeraction in each component



independently, and the equation governing them is known aké vector NLSE or vector GPE
in our case. A particular structure of a coupled dark-brightvector soliton may exist in two-
component BECs with repulsive interatomic interactions inall components, where a dark
soliton in one component creates a potential well that trapa bright soliton in the second
component [10{15]. Although a bright soliton does not exishia scalar or single-component
system with repulsive interactions [16], it can be supportein a binary two-component
system due to the nonlinear interaction with the dark solita component. These solitons
can be referred to as symbiotic [17]. A dark-bright solitonsia bound state of a bright
component with a positive kinetic energy and a dark componemith a negative kinetic
energy. A dark soliton is an excited state which when acced#ed connects continuously
to the ground state through the complex plane. Thus a dark stbn can be thought of as
having a negative mass: as the velocity goes up, the energyegaown [18]. We can think
of the exciton as an analogy to the dark-bright system whereeshave a bound state of an
electron and a hole which are attracted to each other by the esdtrostatic Coulomb force.
A similar possibility for such a mechanism was proposed eaiih the literature in terms of
a Bose-Fermi mixture where bosons and fermions attract eadther, but the interaction
between the bosons themselves is repulsive [19]. Vectoiteak also exist in ber optics [20{
22] including bright-bright vector solitons [23] and darkaright vector solitons [24]. Di erent
types of vector solitons in multi-component BECs, such as @sdo-spinor BECs or three-
and higher-component spinor BECs [25, 26], can be createddamansformed into each other
by tuning the inter-component interaction via Feshbach remances [14, 27, 28]. Examples of
these vector solitons in two-component BECs include brigHiright vector solitons [29] and
dark-dark vector solitons [15], which exhibit rich dynamial far-from-equilibrium phenomena
such as beating dark-dark vector solitons [30]. Among the tegiques to create dark-bright
solitons in a binary mixture of BECs are phase imprinting [1J0and counter- owing of two

binary BEC mixtures [31].



The theory of solitons has its own history when it comes to stlying the nonlinear
excitations in BECs. Since the early days of the discovery ®&ECs, there were intense
e orts to create solitons. As mentioned above, the freedom wontrol the interaction between
atoms in the condensate allows creating dark and bright stiins to be much easier. But
there are always di culties when dealing with attractive interactions in the BECs which is
known as the collapse of the condensate when the number ofrakbexceeds a critical value.
The relative ease to work with a condensate where the intetéan is repulsive manifest
itself by creating the dark soliton rst in the BECs. The pioneering work of Burger,et al.
[32], in 1999, and Denschlagt al. [33], in 2000, lead to the realization of dark solitons in
BECs. Soon after, Streckerget al. [34] and Khaykovich, et al. [35], in 2002, were able to
overcome the di culties with collapsing condensates for atactive interactions and create
one or more bright solitons in BECs. Another breakthrough intie theory of soliton in BECs
happened when Andersonet al. [36], in 2000, constructed the rst dark-bright soliton in
two-component BECs following the theoretical work of Busclnd Anglin, et al. [11].

In this Ph.D. thesis, consisting of three distinct projectswe investigate di erent aspects of
the behavior of the dark-bright vector solitons. In the rstproject, we study the oscillations
of the two components when we imprint a phase on one of the coamgnts, namely the bright
soliton, and nd the oscillation frequency. Our calculatims explore observable eigenmodes,
namely, the internal oscillation eigenmode and the Goldste eigenmode. Also, we study the
binding energy between the two components and obtain a citl value for the phase kick
on the bright component that breaks the dark-bright solitos to its constituents. Both these
studies were performed analytically and numerically.

Building on these results, we then implement the harmonicap, investigating the internal
oscillation of dark-bright (DB) solitons in employing the \ariational method. The oscillation
of one component soliton has been investigated intensively the literature. Many studies
show that the one component bright soliton behaves as a clasd particle and oscillate with

the same frequency of the harmonic potential,. On the other hand, the oscillation of a



one-component dark soliton in a harmonic potential takes aniversal value of!= P 2. The
next natural step is to investigate the behavior of a two-coponent dark-bright soliton in
a harmonic potential and see if the universal behavior of thene component dark soliton
oscillation in a harmonic potential will be a ected by the presence of the bright component.

Finally, having addressed both the basic modes of oscillatiointernal and external, of
the dark-bright soliton, we turn to the question of scattenng. The third project focuses on
the behavior of dark-bright soliton when interacting with adelta potential barrier, modeling
a xed impurity. We study various aspects of the scattering ppcess and interaction with the
impurity, for example, the binding energy. The existence dhe delta function modi es the
background of the dark soliton, and therefore we need to inale this e ect where we utilize
the perturbation method to do so. In this case, we use the wélhown variational approach
analytically but with a modi ed Euler-Lagrange equation toinclude the disturbance caused
by the delta function. Also, we examine the velocity of the twacomponents dark-bright
soliton. It is well-known that the maximum velocity of the ore component dark soliton is
the speed of soundg, where the depth of the dark soliton goes to zero, and the widtgoes
to in nity as we get closer to c. We study the behavior of the dark soliton velocity when
interacting with a bright soliton in the second component.

We end this chapter with a list of papers representing the maiprojects conducted in

this thesis:

\Dynamics of dark-bright vector solitons in Bose-Einsteincondensates.” M. O. D.

Alotaibi and L. D. Carr, Physical Review A 96, 13601 (2017).

\Scattering of dark-bright soliton by an impurity.” M. O. D. Alotaibi and L. D. Carr,
under review, arXiv:1804.10339 (2018)

\Internal Oscillations of a Dark-Bright Soliton in a Harmonic Potential." M. O. D.

Alotaibi and L. D. Carr, under review, arXiv:1805.03339 (2018


https://journals.aps.org/pra/abstract/10.1103/PhysRevA.96.013601
...
...

CHAPTER 2
MATHEMATICAL AND NUMERICAL NOTIONS OF DARK-BRIGHT SOLITONS IN
BOSE-EINSTEIN CONDENSATES

This chapter is dedicated to the mathematical and numericahethods used in the soliton
theory. In Sec. 2.1, we derive the GPE starting from the manigody Hamiltonian. In Sec. 2.2,
we introduce the necessary methods to convert the 3D GPE to mdimensionalized 1D GPE.
Sec. 2.3 is dedicated to explaining the imaginary time propgation (ITP) method where we
show the procedures to obtain the ground state energy of onemponent dark and bright
solitons in addition to the ground state of the dark-bright sliton. In Sec. 2.4, we discuss
the reasons behind choosing a speci ¢ ansatz and the role bfst choice in the variational
methods. Sec. 2.5 examine the techniques used to integrate IGPE numerically. Feshbach
resonance method is explained in Sec. 2.6, and the Imagingheiques used to capture
di erent aspects of the solitary waves experimentally is dcussed in Sec. 2.7. We end the
chapter with a general view of the experiments conducted sarfon the dark-bright solitons

in Sec. 2.8.
2.1 Derivation of Gross-Pitaevskii equation

The Gross-Pitaevskii equation describes the ground staté@Bose gas under BEC condi-
tions. To derive this equation one starts from the full manysody Hamiltonian for interacting
bosons,

Z 1 Z Z
A= ErYOH N+ 5 & ) YNt @D
here Vi (r; 19 represents the interaction potential term. The single pdicle Hamiltonian is
Ho = (h?=2m)r 2+ V., WhereV,y is the external potential acting on the system. The eld

operators Ay(r) and T r) represent the creation and annihilation of a boson at posit r,

respectively. In the low energy BEC the dominant interactio between particles is a binary

10



interaction. Therefore, one can approximate the interaatin potential, Vi (r; r9, to be of the

following form,
Vi (r;19 =g (r° 1); (2.2)

where g = 4 h?’Nas=m governs the interaction strength between particles. The sfave
scattering length isas, the number of particles represented b and m is the atomic mass.

Using this potential in the above equation will integrate outr®and we are left with,
Z Z
A= @ YOH D+ S YO MO N (23)
Applying the Heisenbergs time evolution equatiorih(@ r)=@t=[ 1 r);H#], in order to

evolve the eld operator in time and using the bosonic commation relations,

[T M= (0 1), (2.4)
result in obtaining the equation of motion for the whole eld
ih@'( rit) = h—zr 24 Vo) T i)+ g™t 1 rit): (2.5)
@t 2m Xt ’ ’ ’ e '

We are interested in the equation of motion for the condensatalone. To this end, we
split the eld operator,  into two parts representing an operator for the condensa¢ part,

N
" condensates @Nd the non-condensate part, .

/( r, t) = Acondensate(r; t) + A(r; t): (26)

The non-condensate part could represent thermally-excitedoms, quantum uctuations,
etc. Basically, any atoms that are not in the ground state. Threfore, one could ignore
this part when considering a Bose gas under BEC conditions. h& eld operator for the
condensate part can be approximated to represent a compleawefunction when assuming a
large number of particles in the condensate. This is a valippproximation since the operator
acts on single particles. But when the particle number is Ige it will have no e ect and we
can consider the expectation value of the eld operator to bef the following form,

A )
condensate("'; 1) = N condensate('; )i ;

= Py e (2.7)
Condensate(r' t) = h Condensate(ri t)l .
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By using Eq. (2.7) and Eq. (2.6) in Eq. (2.5), we obtain the Gres{Pitaevskii equation,
ih (= LEN Veu(r) (rit)+ gao (1) ( 13t) ( 13); (2.8)
@t 2m
where we dropped the subscriptondensate Equation (2.8) is the 3D GPE. In Sec. 2.2, we
introduce the necessary steps to convert the dimensional 3EPE to dimensionless 1D GPE.
2.2 Nondimensionalization and Dimensional Reduction for 3D Gross-Pitae vsKii
equation
Nondimensionalization is a method by which we partially (or mtirely) remove physical
units from an equation by a proper choice of variables. Theselt is often a dimensionless
equation. Working with dimensionless equation has many berts analytically and numeri-
cally. For example, solving a dimensionless equation nuneally result in avoiding round-o
due to manipulations with large or small numbers. Also, by waéing with a dimensionless
equation analytically, we have insights into what paramets that could be small such that
we can ignore or approximate.

The nal form of the 3D GPE, Eqg. (2.8) is,

ih@@t( X;t) = %§+ V(X)+ geoj ( X;1)j* ( x;1): (2.9)

Heret is the time and x 2 R? is the spatial coordinate in 3D. The wave function is
( x;t) and V(x) represents harmonic potential. The 3D interaction coe cent is gsp. To

nondimensionlize Eq. (2.9) we multiply it bywip—f and scale all quantities according to the

X

following units:

t= tl; » = )‘i; Tx 0= \%( X;t): (2.10)

The dimensionless version of Eq. (2.9) is,

ig( x;1) = %% + V(%) + g0 T x0Di* T x0): (2.11)

Here V(x) = 3 x?+ Zy?+ 272,

| . . .
5 = ¢+ and 2= ,'— The normalized interaction

2
y

coe cient is gp = 22 whereN is the number of particles anda is the scattering length.

12



In the following, we remove the tildes with the understandig that from now on we work
mainly in dimensionless units. In the 1D limit we have I, >> 1 ,. This lead to
3 2>> 1. This means physically that we con ne the condensates in and z-directions
only such that we suppress any excitation other than the onas the x-direction. In this

way, we can factorize the wave function to the following expssion,
(x;)=( xy;z;)= (1) (v:2): (2.12)

Here (y;z) is the wave function in the transverse direction (i.e. y ana directions).
Since there are no excitations allowed in the transverse dation (y;z) is the ground state
of the GPE and take the form of Gaussian wave function. Inseng Eq. (2.12) into Eqg. (2.11)

and multiply both side by (y;z) and integrate over the transverse direction result in the

1D GPE,
. @ 1@ . _
Bt (x;t) = 5 @3 +V(X)+ ginj (X;1)j2  (x;t); (2.13)
pP—
with gip = 93D2—y For a multiple-component system, we need an equation for gma

component. For example, the two-components GPEs take therfo,

. @ 1 @ ] FY) _ .
|@%+ E@U guuj” + givi® u= V(xu; (2.14)
. @ 1 @ Y] ] _ .
I@\tl+ E@V QjVj® + gjuj® v =V (X)v;

where the wave function of component 1 is and the wave function for component 2 iv.
The interatomic interaction between the two components ig, and g; and g, represent the
intra-atomic interaction for component 1 and component 2,aspectively. The potential term

is V(x).
2.3 Imaginary time propagation

The ground state is by de nition the lowest energy and the masstable state of the
system. For this reason, it is preferable to use the groundagé in numerical simulations.

There are many numerical methods to obtain the ground statef @ system [37, 38]. Here
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we use a famous and reliable method, namely, the imaginaryre propagation (ITP) [39].
The ITP is a mathematical trick used to numerically convert aandom state to the ground
state of a system. In the following, we highlight the main sg&s to illustrate the use of ITP
to nd the ground state of a system.
Expand a random wave function in terms of the system eigenfations,
X .
( x;t) = h(x)e Ent; (2.15)

n=0

where each next eigenstate has higher energy than the prawsoone. That is,E, > E, ;.

The next step is the one that gives the method its name where wgebstitute the real time
by imaginary one (i.e = it).
In this way, equation (2.15) becomes,
b3
(x; )= n(x)efr = gefo+ jefFr+ ef2 o4+ Bl ot (2.16)
n=0
We see that when we forward propagate, the exponentials with higher energy will decay
faster than the those with the lower energy. As a result, for ahg time propagation, we are
left with the lowest energy state of the system (i.eEg). The choice of the initial random
wave function a ects the e ciency of the ITP method. It is favored to choose an initial wave
function that is close to the shape of the desired one and nattloogonal to the ground state
so that we minimize the time needed to nd the ground state of aystem. It is also better
to choose a pro le wave function with all Fourier componentfaving a nonzero weight. The
reason behind this fact is that when we propagate in time we want to include all the
possible energy values otherwise the nal result could bedsied and will not re ect the real
ground state of the system. In order to obtain the ground stat energy of one component
bright soliton we set the sign ofg in Eq. (2.13) to be negative. In Figure 2.1 and Figure 2.2
we show the convergence of an arbitrary wave function to a ght soliton using the ITP.

The bright soliton solution in Figure 2.2 takes the form [40],

ss (X) = Asech Ap_g(x Xq Vi) € &b: (2.17)
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Figure 2.1 Convergence of arbitrary wave function to bright soliton. The left (right) panel shows
the density (phase) of the propagation of bright soliton in ITP.
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Figure 2.2 Bright soliton obtained by ITP. Final result of Figure 2.1.
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where Xq is the position of the soliton,v is the velocity, A is the amplitude and is the
phase. We normalize the bright soliton in Figure 2.2 to one. Tdrefore, by compute the

normalization of Eq. (2.17) to one we obtain the following gxession,
2A

With g= 1 we nd A?=0:25 as shown in Figure 2.2.

ITP can also be used to obtain excited states like dark solimo We do so by modifying the
interaction coe cient to be repulsive (i.e., g > 0) then we imprint a -phase on half of the
condensate (i.e.x > 0) and allows the wave function to propagate in imaginary tim until we
get the desired result. The imprinting of a phase di erencedsically cut the condensates to
two halves, and therefore we can think of this as a propagatiaof two constant backgrounds
with an invisible barrier between them. Another way to see tlsiis that when we rst obtain
the constant background, the phase through the condensate ¢onstant and by applying a
phase di erence in a speci ¢ location we get a region wheredtphase is changing from 0 to

. Therefore, the particles in this part of the condensate wikcquire a non-zero velocityy,
due to the well-known equationv (x;t) = %r S (x;t), where S (x;t) is the phase across the
condensate. Hence, when we propagate the wave function in gireary time, the particles in
this region will move either to the right or left side, and a dek soliton will be created. Note
that the absence of particles characterizes a dark solitoin Figure 2.3 and Figure 2.4, we
plot the result obtained from the ITP method.

In the case of the dark-bright soliton, we obtain the two-comonent wave function also
by ITP. Here, we work mainly with repulsive interaction coe cients for all components (i.e.,
01, 02 and g > 0). We only apply a phase di erence on one component (i.e.,roponent 1)
such that we form a dark soliton in this component. The repuige interaction between the
particles in the two components force the particles in compent 2 to cluster in the middle
since there are no particles in this region in component 1 due the presence of the dark

soliton. Therefore, we obtain a bright soliton in the secondomponent.
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Figure 2.3 Convergence of arbitrary wave function to dark soliton. The Idt (right) panel shows the

density (phase) of the propagation of dark soliton in ITP.
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Figure 2.4 Dark soliton obtained by ITP. Final result of Figure 2.3.
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In Figure 2.5 we plot the density and the phase of the dark compent using the ITP and

in Figure 2.6 we plot the density of the bright component usinghe ITP. Note that once we

get a bright component, the dark component modi es its widthto account for the existence

of the bright soliton.

modi es its width to account for the existence of the bright sliton. An essential criterion

that controls the shape of the dark-bright soliton is the misible/immiscible condition [6],

whereg is the interatomic interaction between the two componentsfahe BEC and g; (g.)

9° > 010

Note that once we get a bright componentthe dark component

(2.19)

represents the intra-atomic interaction for the dark (bridit) component, respectively.
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Figure 2.5 Dark soliton component in dark-bright soliton. The left (right ) panel shows the density
(phase) of the propagation of dark soliton component in ITP. Note that the creation of the bright
component, Figure 2.6, modify the width of the dark component.

In Figure 2.7, we plot the nal result obtained from the ITP for dark-bright wave function

in two-component BEC.

2.4 History of ansatz

An essential step to obtain an accurate description of the damic of a solitary wave

using the variational method is the choice of the ansatz. Irhe case of the bright soliton,
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popular options for the ansatz are the Gaussian function ohé hyperbolic secant. The choice
between these two functions depends on the problem we are ldgawith. For example, in the
case of one-component bright soliton, it is always preferghto select the hyperbolic secant.
After all, this is the exact solution for the NLSE with attractive interaction coe cient (i.e.,
bright soliton) [6]. But with more complex situations like $udying the propagation of two
bright solitons, it is better to choose Gaussian functionf their relative ease in calculating
integrals over the Lagrangian density. In addition, using @ussian functions allow for the
studying of the interaction between di erent bright solitons without restricting the widths
to be identical. In the case of the dark soliton, the ansatz k@s the form of hyperbolic
tangent function. And since we are dealing in this thesis wittwo-component dark-bright
soliton, we are using the hyperbolic tangent for the dark coponent and hyperbolic secant
for the bright component in the dark-bright soliton. This cloice imposes restrictions on
the width of the two components such that they must be idental to solve the integrals
for the Lagrangian density analytically. Also, a disadvantge of using Gaussian functions
is that they are less accurate than using hyperbolic functis; in fact, it is precisely the

non{Gaussianity of solitons that sets them apart from waveacket solutions to the NLSE.
2.5 Numerical techniques

We numerically integrate Eq. (2.14) using the method of lire The method of lines is
a numerical method used to solve Schrodinger-like equatof4l]. The general theme of
the method is to solve partial di erential equations by discetizing the spatial dimensions
and leave the time dimension to be continuous. By doing so, wecast the problem in the
following form,

L C . .
hgt O=HL Ot O; (2.20)

where (t) is an L-dimensional vector such that Eq. (2.20) form a coupdt set of ordinary
di erential equations (ODEs). The result system of ODEs carbe propagated forward in

time using nite di erence methods. In the following we disass di erent methods used to
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advance the system of ODEs in time.
2.5.1 Runge-Kutta

The Runge-Kutta method [41] is a numerical method used to iagrate a system of
ordinary di erential equations by using a trial step at the mdpoint of an interval to cancel
out lower-order error terms. The general idea is to advanchd wave function to (t+ t).

Therefore, the fourth-order formula of the method becomes,

1 1 1 1
(t+ t)y= (H+ t 6k1(t)+ Eskz(t)+ ékg(t)+ ék4(t) +0 t°;: (2.21)
where,

(= THL O O; (2.22)

M= THL ©:F O+ S0

M= THL O O+ Sk 0o

(= THL O:0f O+ ks (g

2.5.2 Pseudo-Spectral Methods

The pseudo-spectral method is a method used to also propagat solution, (t), in time.
To explain the procedure used in this method, we start from # Schrodinger equation,

L@ Y CEY -
ihgy TD=HL (10 (50): (2.23)

The general solution of this equation takes the form,
(rt)=e "= (r;0); (2.24)

where a power series de ne the exponential term. The next gtés to separate the Hamil-
tonian into a kinetic term, T = %% and potential term, V = V(r). We focus now on
the exponential term (i.e.,e M=) in Eq. (2.24). If the potential is time independent then

the exponential term in Eq. (2.24) becomes '(T*V(M)&h By choosing a small time step, we
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can approximate the solution in Eq. (2.24) to the followingdrm,
(nt) e iV(r)t=2he iTt= he iV (r)t=2h (r1 O) (225)

The next step is to advance the solution, Eg. (2.25), in timeugh that we propagate

(rt)yto (r;t+ t). Therefore, Eqg. (2.25) becomes,

(r,t + t) e iV (r) t=2he iT t=he iV (r) t=2h (r,t) (226)
- e iV (r) t=2he iT t=h 1(|’,t)
—e iV (r) t=2h 2(I’,t),

where,

()= e VO = (n); (2.27)
(nt)=e ™ & (nt):

The nal step is to employ Fourier transform in Eq. (2.27) sub that we convert the
problem to a series of pointwise multiplication. Basicallywe obtain (k) = F [ 1(r;t)]
and ,(k) = e "* =2mp [ (1:t)] where F represents a Fourier transform. Therefore,

Eqg. (2.26) becomes,

h [
(r,t + t) e iV (r) t=2hF 1 e ihk?2 t=2mF e iV (r) t=2h (r,t) . (228)

We may calculate the pseudospectral derivatives using fastansform algorithms. We

can approximate a functionf (x) by a truncated sine series.

X
f(x) ksin (kx) : (2.29)
k=1

The coe cients fx can be computed by the discrete sine transform. The nite dierences
of the second derivative of the above equation is computed bye following equation,

f (X, 2f (x;)+ f (X 2 . Kk
(Xj+1) erJ) (5 1) _ Sffi cos & 1g (2.30)

where h is the grid spacing. For the kinetic energy term in Eq. (2.28)ve see that the

second derivative converted to multiplication by the coe dent, cos ﬁ 1in Eq. (2.30).
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Many numerical packages for fast Fourier transform can be ed in order to utilize the
propagation of the solution in Eq. (2.28). In this thesis, ware using the Pseudo-Spectral
Method to simulate the GPE. In Figure 2.8 and Figure 2.9, we pldaihe propagation of the

dark and bright components, respectively, in real time.
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Figure 2.8 Dark soliton component in dark-bright soliton in real time. The left (right) panel shows
the density (phase) of the propagation of dark soliton component in real time
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Figure 2.9 Bright soliton component in dark-bright soliton in real time. T he left (right) panel shows
the density (phase) of the propagation of bright soliton component in real time.
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2.6 Feshbach Resonances

The Feshbach resonance is a valuable tool used to tune thedrdactions between atoms in
ultracold atomic gases such as the BEC. By tuning the interéion, we can form a molecule
also. The physics behind this technique can be understood the two-channel model where
we have an open channel and a closed one as can be seen in Figli@ 2An interaction
channel forbidden by energy conservation is referred to ascéosed channel, whereas an

energetically accessible interaction channel is referrémlas an open channel.

Closed Channel

3
e
w + + E
————————— -
A Open Channel A

Atomic separation R

Figure 2.10 Two-channel model.

The event occurs when two atoms collide at enerdy in the open channel. Then, the
atoms resonantly coupled and a molecular bound state happenth E. that is supported
by the closed channel. Note that in the BEC condition mentiorgt above the collisions take

place near zero energy. Then we realize the resonant couglimhen we magnetically tuning

E. near zero.

2.7 Imaging techniques for two-component Bose-Einstein condensate syste ms

The imaging techniques for two-component BECs are dividedtd two categories: De-

structive and nondestructive methods. In the former casehé procedure to obtain BEC
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image heat up the condensate and causing damage to the sampgle this process, a near-
resonant beam focused on the sample and produced a shadowt tb@n be imaged on a
camera where the atomic density distribution is captured. iBce the condensates scattered
the light that coming from the near-resonant beam, it will hat it up and destroyed it. In
the case of multiple components, we can change the frequemdythe laser beam such that
we distinguish between the di erent species.

In the nondestructive methods, we are dealing with o -resant beam this time. By
shining a laser beam of this kind on the sample, we gain a phasdgft caused by the presence
of the condensates. The information in the phase is then camted to intensity, and therefore
we obtain information on the atomic density. In the case of tw components BEC with
di erent hyper ne states we can distinguish between the desities using this method by
tuning the laser beam between the two hyper ne levels. It islso known that this method
has signi cant advantages over the destructive techniquder the imaging of small and dense
clouds. Experimentally, It is possible to take a hundred inges of the same condensate and
revealed important information of the dynamics of the condesates with the data that we

can get from the phase-shift beam [42].
2.8 Dark-bright solitons in experiments

The rst two-component BECs were realized in 1997 by Myatt [8]. In this experiment,
ajl; 1i spin state of ®Rb was cooled by the usual method (i.e., cooling the gas below
the critical temperature followed by evaporation phase). @ create the second component,
in this case, aj2;2i spin state of8’Rb, the authors thermally contact thej2;2i spin state
with the j1; 1i spin state. This \sympathetic" cooling of one species by afiger is not a
new technique. It has been used to cool trapped ions with strg interactions as mentioned
in Myatt's paper. Other methods help to realize the creatiorof more sophisticated two
component BECs. For example2°K{®Rb, 8Rb{%Rb and “K{®°Rb.These mixtures are
sometimes referred to as heteronuclear mixtures [6]. Thedveomponent BECs with repulsive

interactions allow for the creation of dark-bright soliton In this case, the dark soliton, which
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is an excited state with energy higher than the underlying BE ground state, playing the
role of an e ective potential that supports the bright soliton.

A dark-bright soliton created in two hyper ne states of®’Rb have a very close interaction
coe cients, Eq. (2.19). Therefore, by tuning the Feshbachesonance to obtain a repulsive
interaction in the two separated condensates, we still wonwith a Manakov system (i.e., a
system where all the coe cients equal to unity) [44]. Workig with di erent atom species

in the two components allow for exploring systems other thathe Manakov system.
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CHAPTER 3
DYNAMICS OF DARK-BRIGHT VECTOR SOLITONS IN BOSE-EINSTEIN
CONDENSATES

We analyze the dynamics of two-component vector solitonsamely dark-bright solitons,
via the variational approximation in Bose-Einstein condesates. The system is described
by a vector nonlinear Schredinger equation appropriate tenulti-component Bose-Einstein
condensates. The variational approximation is based on a fwrbolic tangent (hyperbolic
secant) for the dark (bright) component, which leads to a sysm of coupled ordinary dif-
ferential equations for the evolution of the ansatz paramets. We obtain the oscillation
dynamics of two-component dark-bright solitons. Analytichcalculations are performed for
same-width components in the vector soliton and numericahtculations extend the results
to arbitrary widths. We calculate the binding energy of the gstem and nd it proportional
to the intercomponent coupling interaction, and numericdy demonstrate the break up or
unbinding of a dark-bright soliton. Our calculations explee observable eigenmodes, namely
the internal oscillation eigenmode and the Goldstone eigemode. We nd analytically that
the number of atoms in the bright component is required to beeks than the number of
atoms displaced by the dark soliton in the other component iorder to nd the internal
oscillation eigenmode of the vector soliton and support thexistence of the dark-bright
soliton. This outcome is con rmed by numerical results. Numéally, we nd that the os-
cillation frequency is amplitude independent. For dark-light solitons in 8Rb we nd that
the oscillation frequency range is 90 to 405 Hz, and therefasbservable in multi-component

Bose-Einstein condensate experiments.
3.1 Introduction

Nonlinear waves have been a fascinating subject since theatigery of the solitary wave

in 1834 by John Scott Russell in the Union Canal in Scotland whehe observed the \great
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wave of translation,” as he called it at the time [1]. Since tbn, solitary waves of all kinds
have been observed in many systems. Solitons in Bose-Einsteondensates (BECs), which
are the subject of this Article, have been the focus of resehre orts since the creation of
BECs [6, 9].

A special structure of a coupled dark-bright soliton may ext in two-component BECs
with repulsive interatomic interactions, where a dark sdion in one component creates a po-
tential well that traps a bright soliton in the second compoent [10, 12{15, 45, 46]. Although
a bright soliton does not exist in a system with repulsive imractions [16], it can be supported
in such a binary system due to the nonlinear interaction witithe dark soliton component.
These solitons can be referred to as symbiotic [17, 46]. A den possibility for such a mech-
anism was proposed early in the literature in terms of a Bogeermi mixture where bosons
and fermions attract each other but the interaction betweethe bosons themselves is repul-
sive [19]. Vector solitons also exist in ber optics [20{22hcluding bright-bright solitons [23]
and dark-bright solitons [24]. Di erent types of vector satons in multiple component BECs,
such as pseudo-spinor BECs or three- and higher-componeptr®r BECs [25, 26], can be
created and transformed into each other by tuning the intecomponent interaction via Fes-
hbach resonances [14, 27, 28]. Examples of these vectort@udi in two-component BECs
include bright-bright solitons [29] and dark-dark solitong15, 47], which exhibit rich dynam-
ical far-from-equilibrium phenomena such as beating dadark solitons [30]. Among the
techniques to create dark-bright solitons in a binary mixtee of BECs are phase imprint-
ing [10] and counter- owing of two binary BEC mixtures [31].

Many studies have been conducted to investigate the oscilan of vector solitons to
gain a better understanding of the dynamics of multicompomeé nonlinear excitations. The
oscillation of bright-bright solitons is one example of sicstudies. Another example is
the oscillation of dark-dark solitons. In the case of darkfight solitons, there have been
investigations of the oscillation of multiple dark-brightsolitons [31, 46, 48] and the oscillation

of the internal modes for bright-bright solitons using a Gassian ansatz [49] via variational
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approximation methods. However, to the best of our knowledgeo one has treated the
internal oscillations of the dark-bright soliton case vasdtionally using hyperbolic functions,
which is the subject of this Article. A popular choice for the asatz in the variational
approximation method is Gaussian functions for their relate ease in calculating integrals
over the Lagrangian density. In addition, Gaussian functiess do not impose any restriction
in the choice of the width of the two components in the vectordditon. A disadvantage of
using Gaussian functions is that they are less accurate tharsing hyperbolic functions {
in fact it is exactly the non-Gaussianity of solitons that s&s them apart from wavepacket
solutions to the linear Schredinger equation. Thus in thisArticle we perform calculations
with variational approximation methods using hyperbolic &angent (hyperbolic secant) for
the dark (bright) component in the dark-bright soliton. This choice imposes restrictions
on the width of the two components such that they must be idental in order to solve the
integrals for the Lagrangian density analytically. We stugl the behavior of the dark-bright
soliton when a phase is imprinted only on the bright componerand nd the oscillation
modes of the system, in addition to the binding energy and theelocity of the dark-bright
soliton, which is e ected by the interaction coe cient between the two components. In
this scenario the moving bright component pulls the dark coponent along with it, and
oscillates in addition to moving the dark-bright soliton asa whole. One can think of this
mode as a vibrational excitation of the dark-bright \solit;m molecule," as two-component
vector solitons are sometimes termed. We will use the tergark-bright soliton to describe
these vector solitons. Our calculation shows that the systehas a second oscillation mode
in addition to the vibrational mode, namely a Goldstone mod¢50], as expected since the
whole dark-bright soliton is moving.

This Article is organized as follows. In Sec. 3.2 we study okaiion of the two components
in the dark-bright soliton by imprinting a phase on the brigh component and nding the
normal modes of the system by means of a variational approxation method based on a

hyperbolic tangent (hyperbolic secant) for the dark (brigt) soliton component for the two-
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component ansatz. In Sec. 3.5 we calculate the binding engigetween the bright and dark
component in the dark-bright soliton as a function of the disnce between the center of
each component. In Sec. 3.6 we investigate dark-bright g0l dynamics by numerically
integrating the dimensionless nonlinear Schredinger egtion (NLSE) using an algorithm
that is pseudo-spectral in time and adaptive Runge-Kutta irspace. We focus on the inter-
component dynamics for di erent interaction coe cients ard discuss real experimental values

for the internal oscillation frequency in®’Rb. Finally, we present our conclusions in Sec. 5.4.
3.2 Analytical Calculations
The two-component dark-bright soliton is governed by couptl NLSEs [6], which describe

the evolution of the macroscopic wave functions of Bose cansed atoms:

h@ - h*> @u xt
et ¥t @

o+ o KT w e

+ gujt Xt (3.1)

2 ,t-
ihg\f Xt = ;—m%+ Bof¥ Xt J°

gt X T 6T

where tildes denote dimensional quantities. The wave funoh of the dark soliton is given
by & x t and of the bright soliton by v x; t. The interaction strength, g = 2a; Nh! ,
for (i;j) =1;2), is renormalized to 1D [51] wherg,> and @, are the inter-atomic interaction
between the two components of the BEC ang,-(g,2) represents the intra-atomic interaction
for the dark (bright) component. The dark soliton wave fundbn is rescaled to remove the
background contribution, uy, as is standard to avoid divergent normalization and enerd$2].
The s-wave scattering length between componentsand j is g;, N is the total number of
atoms and! , is the oscillation frequency of the transverse trap. We assie the atomic
masses for the two components1; and m, are equal tom, as appropriate for the case of

multiple hyper ne components of e.g. 8’Rb. To nondimensionlize Egs. (3.1) we multiply
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them by (h! ») * and scale all quantities according to the following units:

x
X= —;

?
t=1,;
C_ 8.

% = ohls (3.2)
jui? = "o ju%
Vi = "o jv%

&2
2 _ Ho .
Y= hr,

. P . . .
where , = h=(m! ,) is the transverse harmonic oscillator length. In Sec. 3.M discuss
speci ¢ choices that are consistent with experimental obsgtions. For simplicity we take

O OO0 G,andgiz= g1 g The dimensionless NLSE becomes

_@u 1@u . .

@ 2gr’ WM oMU

.@V_ 1@V . .2 .

'@t‘ 5@(+ Q2jVj” + gjuj” v: (3.3)

We work with the dimensionless 1D two-component coupled NLSEQ. (3.3), throughout

the rest of this article. We use the normalization conditios

Z 1 2
ax Y0 g2 = N (3.4a)
1 % N
1
dx jvj® = M; (3.4b)
L N

for the dark and bright component, respectively. Noting the ackground subtraction in the
rst component of Egs. (4.8), N is the number of atoms displaced by the dark soliton, in
other words, the number of atoms involved with creating the ehsity notch or minimum.

Thus we de ne the total number of atomsN involved in the dark and bright solitons as
N1+ N> = N; (3.5)

as appropriate for the two-component BEC and standard for #hdark-bright soliton problem,

thereby incorporating N into the de nition of the nonlinear coe cient ~g; [6]. To obtain
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Eqg. (3.3), we introduce the following Lagrangian density wdre we use Euler-Lagrangian

equations to get the equations of motion, i.e., the coupled NBE of Eq. (3.3):

N @u @u u3
"T2 e Ter togup
P, U %o @v @v

wu Py T ot = ot (3.6)
ev o
@x 2
+E§pxx+mm+ L (D
201

1
2
1 o
> Vit gjufivi®

Note that the last term does not depend on the wave function ofe dark or the bright
component and was added to eliminate the in nity when usinghe ansatz, Eq. (3.7), with
1 and , to be dened in the following. We adopt the following trial functions as the
dark-bright soliton solutions to Eq. (3.3):

(d(t) + x)

Uog .
u(x;t)= p— IiIA+ctanh —~= 3.7
(x;1) ﬁE W (3.7)

expi o+(dt)+ x) (()+(d(t)+ x)? 5 ;
Ly = o (b(t) + x)
v(x;t) = ﬁEF sech —w

expi o+ (bt)+x) 1(t)+(b(t)+ x)* ,

The parametersA, cand F describe the amplitude of the two components, whele?+ ¢ = 1,
as is standard in the formulation of an NLSE dark soliton [18]ln the exponential terms, o
and o give rise to a complex amplitude. ;(t) and ;(t) are responsible for the dark and
bright component velocities. Note that the velocity of a darksoliton also depends on the
amplitude of the wave function as shown in Eq. (3.9d);, and , are essential to vary the
width [53]; and d(t) and b(t) are the position of the dark and bright soliton, respectivg.
The two components are assumed to have the same width To study the oscillation of
the two components in time, we chose the variational paramats to be the two component

positions d(t) and b(t) and the phases ;(t) and (t). As mentioned in Sec. 3.1, the
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analytical calculations use hyperbolic functions as an aatz, which are more accurate than
using Gaussian functions. This choice requires the two cowmments to have identical width
in order for the problem to remain analytically tractable, & opposed to using a Gaussian
ansatz [49]. However, we will relax this constraint in Sec.@®. Using the ansatz, Egs. (3.7),
in the normalization, Egs. (4.8), we nd the relation betwea N;; N, and the coe cients of

the two components in the dark-bright soliton:

2c2uiw Ny

01 N (3:8)
2F2uiw _ Nj.

07} N

3.3 Evolution Equations

Substituting Eq. (3.7) into the Lagrangian density Eq. (4.2) and integrating over space
from 1 to 1 results in the Lagrangian as a function of the variational pameters. Ap-
plying the Euler-Lagrange equations then yields a system ofdinary di erential equations

(ODESs) that describes the evolution in time of the position ad phase for both components:

4
% 1(t) = csch w 3.98)
2(b(t) d(t) 2+cosh zw
awsinh 220 4O .
W
d d
G 0= g O .9b)
d
GP0= 1; 550
d = .
4= 1(): (3.9d)
where
c'gus. F2g:. A
gw?’ g W (3.10)
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Equations. (4.13) can be reduced to one second order ODE:

& Ity *

O|t2I(t)=( 1) csch W (3.11)
2l(t) 2+ cosh & 3w sinh &
w w

wherel(t) b(t) d(t). Despite the attractive simplicity of this uni ed description, it is
physically advantageous to address the problem with Egs..(8) to illustrate the behavior
of the evolution of the variational parameters in time and tcclarify the physical meaning of

the xed point and linear stability analysis in the next secton.
3.4 Normal Modes

Equations (4.13) possess one stable xed point:
1=0; 1= ;1 =0: (3.12)

Sincel = 0, we can choose the original of the coordinate system suchat b = d = 0.
In Appendix 3.12 we prove that Egs. (4.13) with the xed pointl = O do not possess a
singularity. We proceed by linearizing Eqgs. (4.13) aroundhe xed point Eq. (3.12), i.e.,
a (t) = ap + ae'™, wherea represents the variational parameters ane, is the xed point

mentioned above. This results in a matrix equation of form

2 32 3 23
il 0 A A 1 0
0o il A, Azég 12_%02
gl o it 054 p57 40 (3.13)
O 1 o0 i d 0
where
A= 8gwy)= 15wW?); (3.14)
A, = 8F2gu3)= 153,wW?): (3.15)

Taking the determinant of the matrix and solving for eigenfequencied and the associated

eigenvectors yields
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1 0

and eigenfrequencie$

"1 P
| = 2 %Sp gw 3 (N, Np)=N; (3.17a)
!01:0; !00:0; (317b)

where the oscillation frequency o; in Eqg. (3.17b) corresponds to the zero-energy mode,
sometimes de ned in the literature as a Goldstone mode [504F and we have used the
normalization Eqgs. (4.8). This mode breaks translationalysnmetry with no energy cost.
We can interpret it as a moving dark-bright soliton without internal oscillation of the two
components. Also, the eigenvector of this modey;, shows no contribution from the phases
that are responsible in the rst place for the oscillation, ad hasb and d moving together
with zero frequency, i.e., at constant velocity.

Turning to the nonzero frequency eigenmode, in Eq. (3.17a9table oscillation requires
the condition N; > N, be met, in other words, g > E—fgl. Thus for same amplitude
components there is no oscillation. This result is supporedy the numerical calculations in
Sec. 3.7, where we nd that the bright component in the darktght soliton does not exist
when the total number of atoms in the bright component is equao or greater than the
total number of atoms displaced by dark soliton in the otheramponent ( Figure 3.3). Using

N, = N N; we can rewrite the oscillation frequency as

We note that the simpli cation of Eq. (3.11) produces the same eigenfregencies, as we veried in an
independent calculation.
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Figure 3.1 Oscillation frequency of the two components in the dark-bight soliton versus the inter-

action coe cients, g. We setN; 0:503 10° atoms and width w=1 where ! and g are unitless.

The range of the values in g is from 2.4 to 5.8, matching the range of g in the maerical calculations.

D= 2 e PP Enen) T (3.18)
Note that for a real oscillation the normalization constant &,=N should be greater than one,
which in turn makesN; > N ,. Considering the typical number of atoms irff’Rb experiment,
we setN = 10° and N;  0:503 1(P. Setting w = 1 in Eq. (3.18) we plot the relative

frequency versus the interaction coe cient g in Figure 3.1.
3.5 Binding Energy of Vector Soliton

In the Lagrangian density, Eq. (4.12), the terngjuj? jvj? represents the coupling interac-
tion per unit space between the two components of the darkdlght soliton. Using the ansatz
Eqg. (3.7), we can integrate this term ovex to nd the coupling interaction of the system.
The binding energy can be found when we subtract the couplingteraction energy atl =0
from | = 1 wherel is the separation between the bright and dark solitons. Thenergies
associated with all other terms in the Lagrangian density tun out to be independent ofl.

The coupling interaction energy of the system is
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Figure 3.2 Coupling energy versus the distance between the two conapents, | (t), when t=0. Here
0:503 10° atoms. The solid blue

we normalize the interaction coe cients to unity and set Ni
line represent Eq. (3.19) and the dashed red line represent Eg. (3.20)

F?gug
w
019 " (3.19)

2
4 w |coth V) + 2w sinh H®
w w

Ecoupling =

In Figure 3.2 we plot Eq. (3.19). As expected for a binding engrghe coupling interaction
energy is minimum at the center where the location of the brig soliton maximum and
dark soliton minimum coincide. Applying a phase to the brightomponent, i.e., giving it a
\kick", causes it to experience a force due to the coupling t@raction energy that brings it
back to the energy minimum, which creates an oscillation b&een the two components. If
the imprinted phase is large enough to separate the two salits beyond their relative widths,
the system reaches a point where the bright soliton escapexlds then destroyed, as we will

show in Sec. 3.6.

To analytically explore the behavior of the oscillation arond the xed point when| 1

we expand Eg. (3.19) to quadratic order in:
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As a result, we see that the coupling energy whdr<< 1 behaves as a parabolic potential
energy near the xed point. Therefore, we should expect thesoillation frequency to be
amplitude independent for small amplitude excitations, ath this is indeed the result we

obtain in Sec. 3.6 (see Figure 3.7).

We can treat the coupling energy as a potential energy and dez the equation of motion

for I(t).
d? d
mwl(t) = aEcoupling
2C°F*gug 1(t) 4
= h f21(t)[2
aow 6y ) 2] (3.21)
+cosh(& 3w sinh (m ;
w w

wherem = 1 in our units. Comparing Eq. (3.21) to Eq. (3.11) we nd that the two equations
are dierent only by the coe cients and therefore yield dierent frequencies. This can
be understood by examining the Lagrangian density, Eq. (&), where we subtract the
background contributions from the dark soliton momentum tem and the intra-component
mean eld energy term. The calculations leading to Eg. (3.)1account for this subtraction
whereas the calculations leading to Eq. (3.21) do not. Corgeently, the coe cients are

di erent.
By taking the di erence between Eqg. (3.19) att =0 and | = 1 we nd the binding

energy:

Ebinding =E coupling( 1! 0) Ecoupling( )
ACF 2gubw (3.22)
3%
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We note that the binding energy is thus proportional to the itercomponent couplingg and
inversely proportional to the intracomponent couplingsy;, g.. The latter inverse propor-
tionality is due to normalization. In addition, we calculake the kinetic energy (KE) and the
intra-component mean- eld energy (MFE) of the dark and brigh component, separately,
and compare them to the binding energy above.

For the dark component in the dark-bright soliton,

Nl[ 2+ 2W4 %] + 1. 4ACU(2) + Nl 1

KE = ; 3.23
BN 5 1 % N (3.23)

N 2
MFE = %: (3.24)

For the bright component in the dark-bright soliton,
_ o No[l+ 2w* 3] Np §

KE = ENW2 N (3.25)

N 2
MFE = %: (3.26)

We found the KE and the MFE of the dark (bright) soliton componet is inversely pro-
portional to the intracomponent couplingg; (g,). Note that both the KE and the MFE of
the two components does not depend on the intercomponent @ing g as expected. This
result can be understood when we examine the Lagrangian digyisEq. (4.12), where the
intercomponent couplingg only appears in the coupling term and therefore only contrildes
to the binding energy.

Finally, we compare the binding energy to the kinetic energse(i.e., Eqgs. (3.23), (3.25))
and the mean eld energies (i.e., Egs. (3.24), (3.26)) of théark-bright soliton. We nd
that in order to break or unbind the dark-bright soliton the imprinted phase on the bright

component should be greater than the following quantity:
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In Sec. 3.8, we compare Eq. (3.27) to Figure 3.9.
3.6 Numerical Calculations

In this section we numerically investigate the interactiorbetween the two components.
First, we explore the approach to the integrable Manakov casgf equal interaction coe -
cientsg= g; = g and nd the ground state density of a dark-bright soliton. The Manakov
case formally precludes a dark-bright soliton, since the mber of atoms in the bright soliton
component must be less than the number of atoms displaced Bytdark component soliton.
In Sec. 3.4 we derived this condition as a requirement to nd eeal oscillation of the two
component dark-bright soliton. Second, we investigate thateraction between the two com-
ponents with unequal interaction coe cients by nding the ground state of the system when
the interatomic interaction goes from the miscible to the immiscible domain, representing
a quantum phase transition for the dark-bright soliton. Thid, we investigate dark-bright
soliton dynamics, studying the velocity of the dark-brightsoliton, the oscillation frequency
mode as a function of the interaction coe cients, and unbinthg or break-up process when
the dark-bright soliton is too strongly perturbed. Fourth, we end this section with a discus-
sion of the experimental case fdt’Rb where we can use these units to convert between the
dimensionless variables in the study conducted and physilgameasurable quantities such as
the oscillation time. Note that throughout this section, we grformed the simulations with
grid sizen, = 256 and in a box with hard wall boundaries. The box length waset to L=50

unless otherwise noted.
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3.7 Dark-Bright Soliton with Equal Interaction Coe cients

We obtain our initial state numerically by using the imaginay-time-propagation method
to nd the ground state energy of the coupled NLSEs. Starting #h constant initial wave-
functions for both components, where we imprinted a phase ¢ime constant dark component
only, we perform two sets of simulations. We allow the partie number to uctuate between
the two components during imaginary time propagation. Fixig g = ¢ = 1 and allowing g
to increase toward the Manakov case @f= ¢, = @, we nd the result shown in Figure 3.3,
where in the last two panels the dark-bright soliton cease® exist and all atoms pile up in

the \bright" component.
3.8 Dark-Bright Soliton with Unequal Interaction Coe cients

We explore the miscible-immiscible quantum phase transith at g> = g.g in a non-
Manakov system for whichg,; 6 g,, as shown in Figure 3.4, where we again turgethrough
the transition. For g < 2.3 we do not nd a true bright soliton but rather a bump on a
non-zero background, in fact a nite-size e ect. Forg > 2:3 in the last two panels the
dark-bright soliton appears, since the number of atoms in thbright component is less than
that displaced by the dark component. In the miscible domaiimn Figure 3.4(a)-(f), the
strength of the repulsive interaction between the two compnts is less than the repulsive
interaction between the particles in the bright component Wich allows the bright soliton
to expand and reach the boundaries. In the immiscible domain Figure 3.4(g)-(h), the
coupling interaction is strong to the point that it forces the bright component to live within
the dark soliton only.

To highlight the e ect of the miscibility transition, in Figu re 3.5, as we increase the inter-
component coupling,g, the amplitude of the bright component decreases and the afitpde
of the dark component increases. With increasing intercompent coupling g, the ground
state of the dark-bright soliton shows that the density of tle bright component decreases

and therefore the amplitude too. This can be understood by amining Figure 3.4. We see
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Figure 3.3 Approach to the Manakov case.
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Ground state density of a two-compaent BEC

when the interaction coe cients ¢;; g, are equal to unity, versus the coupling interaction cof-

cient g. The bright (dark) component is the dashed blue (solid red) line.

In (a)-(h) g =

0:0; 0:2; 0:4; 0:6; 0:8; 0:95; 1:0; 1:2, respectively. We allow the relative particle number between he
two components to uctuate, and past the Manakov point at g = 1 the lowest energy solution
places all atoms in one component.
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Figure 3.4 Dark-bright solitons through the miscible/immiscible phase transition. We take g; = 2:0
and g = 2:7. in (a)-(h) g = 0:0;0:4;0:8; 1.2; 1.6; 2:0; 2:4; 2:8, respectively. The phase transition
occurs atg = 2:3, leading to well-localized bright solitons in the immiscible doman in the last two
panels.

43



0.025 - (@)

0.02 -

=& = Bright Soliton
—e— Dark Soliton

o

o

'_\

o
T

Amplitude
o
o
H

0.025 \

0.02 -

0.015 -

Amplitude

0.005

\
\
\
\
\
1
\
0.01 - i
i
\
\
\
\
\

Figure 3.5 Amplitude of the bright and dark component versus the couplirg interaction g. We
measure the amplitudes of the two components at the ground state with derent values of g1, g,
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that when the intercomponent coupling is zero the size of thevo densities of the dark and
bright component is governed by the intra-component coupigs, g; and gy, respectively. As
we increase g, the dark component density exerts a repulsieece on the bright component
density and forces it to localize in the center. As we pass thénase transition point when
g > 2:3, the density of the bright soliton component continues to ecrease, thus its ampli-
tude decreases too, and the density of the dark soliton compant increases at a slow rate
compared to the change in the bright component density. Thei drence between the rate
of change withg in the density between the two components depends on theizes. The
dark soliton component is larger than the bright soliton component, as shown in Figure 3.4,
and therefore increasing the density of the dark soliton cqmnent will have a small e ect
on increasing its amplitude. Finite size e ects allow the sibn to exist slightly beyond the

miscibility boundary indicated by the dot-dashed line in Figire 3.4.
3.9 Dark-Bright Soliton Dynamics

We now turn to internal excitations of the dark-bright soliton. Our procedure is to imprint
a phase solely on the bright component, via state-selectiveanipulation of BECs. The
ensuing dynamics involves not only internal oscillationsut also an overall velocity of both
dark and bright components, i.e., the Goldstone mode. Theselts for our two case studies
from Figure 3.5 are shown in Figure 3.6. We nd the velocity of th dark-bright soliton
drops quickly at the beginning then it slowly decreases asdltoupling interaction increases.
This behavior can be understood if we examine the density dfeé bright component. We nd
the form depicted in Figure 3.5, i.e., that the amplitude (andherefore the density) of the
bright component decreases as the coupling interaction meases. In this case, the imprinted
phase on the \small" bright component will not pull the dark liton quickly and therefore
the velocity of the dark-bright soliton changes at a small t® as the bright component
amplitude decreases. In addition, the initial velocity of he dark-bright soliton wheng;=2.0
and g,=2.7 is higher than the case whem;=1.0 and g,=1.5 because the di erence between

the amplitudes of the two components in the former case is feshan in the latter. In
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Figure 3.6 Collective velocity of dark-bright soliton after phase imprint. We take a phase imprint
of =0.5 and two di erent cases for g; and g, in the immiscible domain wheng > " g10;. See
Sec. 3.10 for converted units. Note that a dark-bright soliton can be creaté as we get very close
to this line from the miscible domain. The amplitude of the bright soliton controls the rate of the
velocity of the dark-bright soliton. As we increase the intercomponei coupling interaction, g, the
amplitude of the bright soliton decreases as shown in Figure 3.5 and thefore the density of the
bright soliton decreases too. Imprinting a phase on the small densitypright soliton will have a small
e ect on dragging the dark soliton and therefore will result in a small veocity of the dark-bright
soliton.
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other words, a phase imprinted on the bright component will &ve a bigger impact in the
former case. The dashed lines distinguish the miscible andmiscible domains. Note that
a dark-bright soliton can be created as we approach this lifeom the miscible domain.
Having explicated the trends in the overall velocity or Gold®ne mode, we examine our
second mode of interest, namely the frequency of internal@tations. In Figure 3.7, we rst
discuss the numerical results then we will discuss the comsmn between these outcomes
and the analytical results. Numerically, di erent values ofimprinted phases on the bright
component are shown in the gure ( = 0:7 and = 1:0). The oscillation frequency of
the two components versus the coupling interaction g is almbidentical, indicating that
the frequency is amplitude independent. Imprinting a largphase on the bright component
can decouple the two components in the dark-bright soliton.In the case with = 1:0
the imprinted phase is large enough to cause a disturbance evhthe coupling coe cient
is close to the miscible domain and therefore it shows a dient oscillation frequency for
g just above the critical value for the phase transition. In tle same gure we plot also
the analytical results obtained from Eq. (3.18). We did notnclude the oscillation of the
width, i.e., the breather mode, in the analytical calculabns because we can only perform
the calculations for in-phase width oscillation analyticly. In contrast, in the numerical
calculations the motion also includes arbitrary-phase widd oscillation. The range of the

values ofg is bounded between two limits. In the lower limit, wheng < P

0.0z, i.€., in the
miscible domain, the bright component in the dark-bright sliton exists on a top of a nite
background caused by nite size e ects (for example see FiguB.4). Therefore, imprinting
phase on the bright soliton component to start the oscillatin motion will also move the nite
background density, causing a larger scale disturbance aacecting the frequency results.
The upper limit of the values ofg come from the fact that for largeg the ground state energy

of the system does not support a dark-bright soliton becaus# the strong intercomponent

interactions between the dark component and the bright congment.

a7



We see also in Figure 3.7 that the comparison between the nunoat and the analytical
results becomes better as we increase the intercomponeriemctions g. When g is close to
the miscible domain the oscillation of the width of the two camponents is stronger due to
the fact that g is small and therefore the width oscillation contributes tahe oscillation of
the two components. Wheng is large, the oscillation of the width of the two components
becomes smaller due to the fact that the repulsive interactn between the two component is
stronger and therefore it will force the two components to beon ned in their region. Thus
as we increasg we will have a smaller contribution of the width oscillationmode in the
oscillation of the two components which will improve the coparison between the numerical

and the analytical results.

0.10¢
0.08¢

— =0.7
ooy =1.0
o4 Model

0.02r>

25 30 35 40 45 50 55
Figure 3.7 Trends in internal dynamics. Oscillation frequency of tke two components in the dark-
bright soliton, with g; = 2:0, g =2:7 and = 0:7 and 1.0, obtained from numerical integration
of Eg. (3.3) verses the oscillation frequency obtained from the analytial calculations, Eq. (3.18).
Numerically, the oscillation frequency of the two components versughe coupling coe cient g for
di erent values of shows that the oscillation frequency is amplitude independent inthe case
explored. We also plot the result from Eq. (3.18) to compare the two outcones from the analytical

and numerical calculations. The discrepancy between numerics andhe model are due to the
restricted ansatz (equal soliton widths) in the variational calculation.

To explain the data underlying Figs. Figure 3.6 and Figure 3.7,&show an example of the
complete numerical integration and the resulting density rad phase of the two-component
wavefunction in Figure 3.8. To obtain this data, we numericé} integrate Eq. (3.3) us-

ing a pseudo-spectral method as mentioned in Sec. 3.1. Figligure 3.8 claries many
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Figure 3.8 Oscillation of the two-component wave functionju (x; t) j% and jv (x; t) j? in the immiscible
domain with g1 =2:0,p =2:7,g=3:2and =0.7. In (a), (b), (c) and (d) represent the density
and the phase of the bright and dark components, respectively. In gurs (e), (f), (g) and (h) we
plot the previous gures with a small time and space intervals to showthe oscillations.
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features of the interactions between the two components iratk-bright soliton. Figures Fig-
ure 3.8(a)-(b) show the density and the phase of the oscillag bright component, while
Figures Figure 3.8(c)-(d) show the corresponding dark compent oscillations. Figures Fig-
ure 3.8(e)-(h) present a zoom window on a small interval to silay the oscillation more
clearly. The interaction coe cients are g;=2.0, g,=2.7, g=3.2 and =0.7. The oscillation

frequency amplitude of the dark component decreases as were@ase the interaction coef

cient which in turn makes the observation of the oscillatimm in the dark component not
obvious compared to the oscillation of the bright component~or the above interaction co-
e cient values the amplitude of the bright component is aimat half the amplitude of the
dark component, as shown in Figure 3.8 and Figure 3.5 both.

Finally, we examine the break-up of a dark-bright soliton. InFigure 3.9, we again plot
the dark-bright soliton density and phase in both componest but this time we imprint a
relatively large phase on the bright soliton component in der to unbind the dark-bright
soliton. We emphasize that the bright component of a dark-ght soliton can only exist
at long times in bound form. When the imprinting phase is largéi.e. = 6 and 10) a
signi cant portion of the bright soliton density escapes fom the e ective potential created
by the dark soliton component (see Figure 3.10) and therefolreaks up the dark-bright
soliton. Using the interaction coe cients mentioned in Figue 3.9 in Eq. (3.27) in addition
to setting N;, 0503 1, N =1 1, =1, , =1, , =2 and the width =1 we
nd that the system oscillates as long as < 3:4. Above this value the dark-bright soliton
start to unbind or break up. We nd this value in good agreemenwith the numerical
results obtained in Figure 3.9 where we see that a signi cantdction of the bright soliton
component breaks away from the e ective potential createdybthe dark soliton component
around =6 and above.

To quantify the breakup, in Figure 3.10 we plot the percentagef density loss of the bright
component in the dark-bright soliton as a function of time fo di erent phase imprinting

values. Below the critical value of , the bright component density is almost intact. Above
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Figure 3.9 Unbinding of a dark-bright soliton. We demonstrate break-up ofthe dark-bright soliton
by imprinting di erent values of the phase, , on the bright component with interaction coe cients

0L =2:0,0=2:7,9g=2:6. Panels (a)-(d), (e)-(h) and (i)-() use phase imprintings of =2, 6
and 10, respectively. In the left (right) panel, is the density (phase) of the bright and the dark
component. The box dimension isL = 100.
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the critical value the bright component start to lose a signcant portion of the density,
characteristic of the breaking up of the dark-bright solita. The integration region for the
bright component density is taken to be the line extending aistance,r, on either side of

the dark component centeryo. Therefore, the local bright component density is given by
Z ro+r
Egs = dx jvj? (3.28)

ro r

We interpret the dark soliton component center as the pointfaninimum density. We de ne
numerically the distancer = c¢;(L=ny) where L and ny represents box dimension and grid
size, respectively. The factorc; = 50 de nes the cut-o region which is wide enough to

capture the dark component area, as can be seen in Figure 3.9.
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Figure 3.10 Percentage density loss of the bright component in the dark4tight soliton for di erent
phase imprinting values. Below the critical value mentioned above(i.e. =0, 1 and 2) the dark-
bright soliton maintains its internal structure and the bright soliton component density is almost
intact, see the inset. Above the critical value (i.e. =6, 8 and 10) we see that the bright soliton
losses density due to the relative strong kick that allows for a signcant portion of the density to
escape. The inset also highlights the stability of the dark-bright soiton at long times for small
enough phase imprinting.

3.10 Units

Typical experimental values for a8Rb BEC are!, 2 720 Hz,as 51 10 °m
and N 10°. For these parameters, the length scale is  0:4 m and the time scale is

t.  0:22ms. An example of using the units in the table to calculate the firguency of the
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Table 3.1 Converted Units.

H S| Units | Factor per Unit ‘ Unitless Unit H

% 04 10° X meter

t 0:22 10°3 t second

7 137 Oi ke NnK m
~ 45 10° ! Hz
Up? 33.9 u3 kg nK
o Xt 1:57 10° u(x;t) P
v Xt 1.57 10° v (X;t) 1 __
meter

oscillation mode in®’Rb is obtained by examining Figure 3.7. Fog = 4 we nd that the
oscillation frequency! is 0.056. Using the units in Table 3.1, the equivalent Sl unitare

I =252 Hz with g=54:8 kg nK m, which are reasonable numbers for an experiment in

87RD.
3.11 Conclusions

We calculated the normal modes of the system using hyperboliangent for the dark
component and hyperbolic secant for the bright component. found the velocity of each
component depends on the imprinted phase, following the kwa expression for the velocity
of the condensate in which the phase depends gnn order to cause the dark-bright soliton
components to move. In the dark component, the velocity alstepends on the amplitude.
There are two modes of the oscillation of the dark-bright sibbn, the Goldstone mode,
which we interpreted as a moving dark-bright soliton withotiinternal oscillation of the two
components, and the oscillation mode of the two componentslative to each other. In
addition, we found numerically that in order to nd a bright component in a dark-bright
soliton the density of the bright component is required to b&ess than the density of the dark
component. This result was supported by analytical calculens in Sec. 3.4 where we found
that in order to make the dark and bright components oscilla we must meet this criterion.
In Sec. 3.6, we calculated di erent aspects of the interacih between the two components.

Of particular interest is the two-component oscillation inthe dark-bright soliton, where we
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found that the oscillation frequency is nearly independendf the imprinted phase up to a
critical value, meaning that the frequency is amplitude indpendent. We illustrated the
oscillation of the density and the phase of the two-componedark-bright soliton. Also, we

calculated the binding energy of the dark-bright soliton. W compared the binding energy
to the kinetic energy and the mean eld energy of the dark-bght soliton in order to nd

the critical value of the imprinted phase on the bright compioent that breaks or unbinds
the dark-bright soliton. Future work may extend our study tothree-component solitons in
di erent hyper ne states of the same condensate or for di eent species of atoms. In the
multi-component case, the phase between the di erent compents is coherent and the norm

is not separately conserved.
3.12 Fixed point singularity

Here we wish to prove that the system of Equations (4.13) doestrposses a singularity.
In particular, Eq. (3.9a) with | b(t) d(t) becomes

d | ¢ |
ot 1(t) = csch W 2l 2+ cosh ZW

3wsinh 2'—

w
|4 | |4
=4] csch — +2l cosh 2— c¢sch —
W W w

|4 |
3w csch — sinh 2—
w w

When we expand the r.h.s of the above equation around the xedopt the terms | 2 and
| 1 cancel out, and we are left with terms proportional td. That is, the xed point of the

system (i.e. | = 0) is valid. Note that we will not be able to address this fact fi we work

with Eq. (3.11) instead of Egs. (4.13).
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CHAPTER 4
SCATTERING OF A DARK-BRIGHT SOLITON BY AN IMPURITY

We study the dynamics of a dark-bright soliton interacting wth a xed impurity using
a mean- eld approach. The system is described by a vector norear Schrodinger equation
(NLSE) appropriate to multicomponent Bose-Einstein condesates. We use the variational
approximation, based on hyperbolic functions, where we hathe center of mass of the two
components to describe the propagation of the dark and brigbomponents independently.
Therefore, it allows the dark-bright soliton to oscillate.The xed local impurity is modeled
by a delta function. Also, we use perturbation methods to dere the equations of motion
for the center of mass of the two components. The interactioof the dark-bright soliton
with a delta function potential excites di erent modes in the system. The analytical model
capture two of these modes: the relative oscillation betwedhe two components and the
oscillation in the widths. The numerical simulations show dditional internal modes play an
important role in the interaction problem. The excitation d internal modes corresponds to
inelastic scattering. In addition, we calculate the maximon velocity for a dark-bright soliton
and nd it is limited to a value below the sound speed, dependg on the relative number of
atoms present in the bright soliton component and excavatday the dark soliton component,
respectively. Above a critical value of the maximum velocitythe two components are no
longer described by one center of mass variable and develogeinal oscillations, eventually
breaking apart when pushed to higher velocities. This e eclimits the incident kinetic

energy in scattering studies and presents a smoking gun expental signal.
4.1 Introduction

Scattering is a fundamental physical process and essentiabl to investigate objects in

guantum theory [55]. We determine the low-energy interaains of subatomic particles by
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the well-known quantity, scattering length. Within this process, we acquire information re-
garding the nature of the interaction. Additionally, the interaction of solitons with localized
impurities is a general and fundamental problem [6]. Utiling the NLSE, many studies in-
vestigate the scattering of a bright or dark soliton with a lgalized impurity [56{62]. An
impurity can be represented by a delta function as long as theze of the impurity is small
enough compared to the soliton size. In BECs, one can createl@ta function by a sharply
focused far-detuned laser beam [6]. Of particular interest soliton interactions with impu-
rities is the interaction of two-component solitons with a dlta function potential due to the
rich dynamics that can be seen in these systems. The interamt of dark-bright solitons with
an impurity has been the focus of other studies [63, 64]. Bup the best of our knowledge,
the problem of the interaction of dark-bright solitons, with two independent centers of mass
for the dark and bright components, with localized impurites and using the Lagrangian
approach method has not been addressed so far. As we will shole interplay between
internal modes and the impurity is key to understanding the gattering process correctly.

In this work, we study the problem using coupled NLSEs, sometes called the vector
NLSE, that is appropriate to describe matter-wave dark-brigt soliton in BEC [65]. The exis-
tence of the delta function potential modi es the backgroud of the dark soliton component,
and therefore one should account for this e ect. We do so by msidering a perturbation
method [46, 66] where we adjust the coupled NLSEs to account fine delta function as
a small perturbation term. We proceed by adopting a modi ed Hler-Lagrange equation,
called the variational Lagrangian approach, to calculatehte equations of motion for the two
propagating centers of mass (i.e., the locations of the dadomponent and the bright com-
ponent) [52, 67, 68]. The second part of this work is dedicatdo investigating the dark
soliton maximum velocity when interacting with a bright soiton in a dark-bright soliton.
It is a well-known fact that the maximum velocity of a one-comonent dark soliton is the
speed of sound [9]. We show that this qualitative charactetic of the dark soliton velocity is

changing when we add a bright soliton to the picture. We ado@ known ansatz to describe
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the propagation of the dark-bright soliton. This ansatz ishe exact solution for a dark-bright

soliton with equally interacting coe cients (i.e., Manakov case [69]). We then extend our re-
sults numerically in the more general case. We show that thedident velocity and therefore

kinetic energy of the dark-bright soliton on the impurity islimited by the number of atoms

in the bright soliton relative to the \hole" or density notch made by the dark soliton. Above

a critical velocity, the dark-bright soliton develops osdliations, and when pushed further
breaks up. This sets de nite limits on scattering studies.

This article is organized as follows. In Sec. 4.2, we studyelscattering of the dark-bright
soliton by a delta function potential using a variational aproximation method based on a
hyperbolic tangent (hyperbolic secant) for the dark (brigt) soliton component for the two-
component ansatz and utilizing a perturbation method to aaunt for the e ect of the delta
function on the background. In Sec. 4.2.3, we examine the weity of the dark-bright soliton
and obtain an analytical expression describing the e ect ohe bright component amplitude
on the velocity of the dark-bright soliton. In Sec. 4.3.1, wenvestigate the scattering of the
dark-bright soliton by a delta function potential by numerically integrating the dimensionless
NLSE using an algorithm employing a pseudospectral method. aétudy the velocity of the

dark-bright soliton numerically in Sec. 4.3.2. Finally, we gesent our conclusions in Sec. 5.4.

4.2 Analytical Calculations

4.2.1 Lagrangian density and ansatz

We start by introducing the coupled NLSEs:

@ 1@ o

ol syt iU+ eV’ uu=Vveou (4.1)
NE) @ e SRR S :

el s@r’  @VITH Ut v= Vv,

whereu u(x;t) and v  v(x;t) are the wave functions for the dark and bright soliton
components, respectively. The dark soliton wave functiors irescaled to remove the back-

ground contribution, ug, which is a standard procedure to avoid divergent normalitian and
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energy [52]. The potential in the above equations takes therm,

V)= (x); (4.2)

for both components. We assume  ugp, and therefore we consider the potential to behave
like a small perturbation e ect which allows us to use the peurbation method. The same
length-based units as we have described previously [65] arsed here: [X]=[L], [t]=[L?],
[00; &; al=[uo]=[L 1, [ J=[ ()I=[L 1], ju;vj? = [L 1], where the square brackets mean
\the units of." The existence of a delta function a ects the kackground of the dark-bright
soliton, as seen in Figure 4.1, and we need to modify the backgnd also to account for
this e ect. We assume the dark soliton component lives on a doed Thomas{Fermi cloud,

jure j2, which accounts for the e ect of the delta function on the baaround [63],

| .
jurej? E(US u 0exp( 2xj)); (4.3)

and by using the following transformations,

-
i 1 e vzt Dt ud x uox (4.4)
0
we recase Egs. (4.1) into the following:
@ 1@ Lo ~
'@&tl"' E@U Gju“+gjvj© 1u=R, (4.5)
@ 1@ o o
ot s@r’  ®MITH O’ vE R

where the RHS of Egs. (4.5) represent the perturbation e ects

x d o
Re= — (1 @ijuj? — 2] 4.
R,= — (X)) gjuj’e & v;
Uo
where 1 in these units. We work with the following ansatz,
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ey o (x + d(t)) .
a1 (x + b(t)) i o0 x (0]
v(x;t) = p—@F(t)sech TR gl o+ x 1(1)].

Here c(t) and A(t) are the amplitude and velocity for the dark soliton compond, respec-
tively. The amplitude for the bright soliton component isF (t). The velocity of the bright
soliton is given by 4(t), and d(t) and b(t) are the position of the dark and bright soliton, re-
spectively. The width for the two components is wt) and ((t) is a phase that gives rise to a
complex amplitude of the bright component. We have a total afight variational parameters
that describe the propagation of the dark-bright soliton. he perturbation terms account
for the e ect of the potential (i.e., delta function). In the absence of the perturbation terms,
the problem reduced to a propagation of the two{component dk-bright soliton [65]. We

use the normalization conditions,

Z,

dx g—ll j ui? = %; (4.8a)
1
o o Ny
dx jvj© = W; (4.8b)
1

for the dark and bright component, respectively. We subtracthe background in the rst
component of Eqgs. (4.8), thereford\ is the number of atoms displaced by the dark soliton.

We de ne the total number of atomsN involved in the dark and bright solitons as
Ni+ N2 = N; (4.9)

Using the ansatz, Eqgs. (4.7), in the normalization, Egs. (48we nd the relation between

N1; N, and the coe cients of the two components in the dark-bright sliton:

2C°W Ny
= —: 4.10
01 N ( )
2F 2w _ Nz_
o7} N
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The modi ed Euler-Lagrange equation [52],

|
. Z]_
e@L d oL =2 Re R @u+ Qv

== = == = ="+ R =
@p dt @p 1 '@p  Y@p

herea; represent the variational parameters in the ansatz. The Lagngian density for the

dx ; (4.12)

system of coupled equations, Egs. (4.5) whdd, = R, =0 is:

Lol @u eu 1 10
2 @t ot gljuj2 2 @x
1p_. ., 1 2 i @v @v
< 2 JEY 4.12
> Guul 1@E+2v@tv@t (4.12)
1@ Q. .4 . 2. .2
> @x oM Ut

We utilize the modi ed Euler-Lagrange equation, Eq. (4.11)to account for the e ect of the
delta function on the background. By inserting the ansatz, & (4.7), into the Lagrangian
density, Eq. (4.12), we obtain the Lagrangian as a functionfdhe variational parameters.
Then, we use Eq. (4.11) with the perturbation terms, Eq. (4)6to nd the equations of

motion (EOMSs) of the system.

— o —— — — — -

Dark soliton

Bright soliton

_____ T

Figure 4.1 The e ect of a delta function potential on the background of a dak-bright soliton. The
delta function potential is modeled by Thomas-Fermi cloud as desched by Eq. (4.3).
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4.2.2 Evolution equations

The outcome of the calculations in Sec. 4.2.1 is a system oflimary di erential equations
(ODEsSs) that describe the propagation of dark-bright solitas toward a delta function. Below,
we write down only the equations that we are going to use to fiora system of second order

coupled ODEs,

d . _ 9% bt) d(t) *
at V7 GWA(t) cseh ow(t) (4.13a)
2(b(t) d(1)) 2+cosh zw
- b(t) d(t) % |
3w(t) sinh ZW + W .
d )y = 9AOFA(D) bty d(t) *
a9 e " T wm (4.13b)
2(b(t) d(t)) 2+cosh 2%
3w(t) sinh z% 43(10 .
%b(t)z 10 (4.13¢)
dym= _ GNAD
at'®= N" 1 A1) (4.13d)

Here, Eq. (4.13d) is obtained by inserting the ansatz, Eq. (A), in the coupled NLSEs,
Egs. (4.5), and separate the imaginary and real parts. In oualculations we take the
delta function as located at the originx = 0 without loss of generality. We assume that
the oscillations between the two component is very small ¢. b(t) d(t) << 1). The
perturbation component ; in Eq. (4.13a) is obtained by solving the RHS of Eq. (4.11) with
a = band the perturbation component , in Eq. (4.13b) is obtained by solving the RHS of
Eq. (4.11) with a = d. As a result, we obtain the following terms,
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and for , we get,
. C(t)Eizu:WZZ((t;)W(t)]seCH O gy 10 140)

As a quick consistency check, note that when we set= 0 (i.e. no potential), ; and , are
equal to zero too and therefore the perturbation terms areiglinated. By taking the second
derivative of Eq. (4.13c) and Eq. (4.13d) we can further sinlify the system of equations,

Egs. (4.13), and obtain the following second order di ererdl equations:

o - gN; b(t) d(t) *
2(b(t) d(t)) 2+cosh z%a;’(t)
3w (1) sinh 2% PN o

1
® = 9N b(t) d(t) *
2(b(t) d(t)) 2+cosh z%
3w (t) sinh ZW . %;
2

where we used the normalization, Eq. (4.10). Equations (4)Ldescribe the propagation of

the two component dark-bright soliton in the vicinity of deta function potential located at
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x =0.

By xing the initial velocity of the dark-bright soliton, Vcy = 0:06 and depending on the
strength of the potential, , we obtain three distinctive behavior of the dark-bright stiton as
seen in Figure 4.2, Figure 4.3 and Figure 4.4. These scenarios\pase re ection, re ection
with resonance and a subsequent delay, and transmissiongpectively. In all gures, we
nd that the internal oscillation of the two components did not change for the incident
and re ected dark-bright soliton. This means that there is ltimately no energy exchange
between the internal modes and the kinetic energy of the dafiight soliton. In Figure 4.2,
Figure 4.3 and Figure 4.4 we sef; =2;¢ =2:7,g=2:6, w=1and N, =0:521 1. In

Sec. 4.3.1, we compare these analytical predictions to themerical calculations.

Soliton position
10¢
— D)

— d(v)

: ol
100 150 200

-5

-10*%

Figure 4.2 Re ection of dark-bright soliton. We found the dark-bright soliton re ected by the
potential when = 0:15. We set the center of mass velocitycy = 0:06.

4.2.3 Dark-bright soliton velocity

In this section, we work with the velocity of the dark-brightsoliton. Here we are working

with di erent units [70]. The dimentionless coupled NLSEs,
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Figure 4.3 Re ection of dark-bright soliton with resonance. Here we set

= 0:04 and we see

that the dark-bright soliton oscillates at the location of the potential for a nite time before it
re ects back for the same value ofVcy used in Figure 4.2. Thus our model appears to capture a

guasibound state or resonance.
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10¢

-5

-10*%

Figure 4.4 Transmission of dark-bright soliton. Here we set = 0:01. The dark and bright soliton
locations oscillate around their center of mass position. We found the dd-bright soliton passes

over the potential for the same value ofVcy used in Figure 4.2.
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are integrable (i.e., Manakov case) and possess an exactlgiieal dark-bright soliton solu-

tion of the following form [71]:

1(x;t)=cos tanh +isin ; (4.17)
»(x;t)= sech expfi[ o+ X 1]0:

Here 1(x;t) and ,(x;t) are the wave functions for the dark and bright soliton compeents,
respectively. The argument of the hyperbolic functions is = D (x X (t)), cos and
are the dimensionless amplitudes of the dark and bright coropents, respectively, and D

and xq (t) are the inverse width and the centre position of the dark-lght soliton. The phase

jump over the dark soliton is . By using the variational method, we obtain the EOMs,
Xp = D tan (4.18)
D? = cos? 2 (4.19)

Plugging Eq. (4.19) into Eq. (4.18), we get:

Xo = P08 Ztan - (4.20)
For =0 (i.e. v(x;t) = 0), we have Xy = sin which is the velocity of dark soliton
in one-component BECs, a Josephson-type relation based oretphase jump phi over the
soliton [72]. The two extreme limits of the phase jump over th dark soliton are =0
and = 5. In the former the depth of the dark soliton is maximum, and tie velocity
is zero. In the latter case, the depth of the dark soliton is r@ whereas the velocity is

maximum (i.e., the speed of sound;). By examining Eq. (4.20), we nd that the existence

of a bright component a ects the velocity of the dark-brightsoliton and sets an upper limit
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for the maximum velocity depending on the amplitude of the bght component. Also, the
term cog 2 in Eq. (4.20) restricts the range of the real values of the \@tity of the
dark-bright soliton. By equating this term to zero, we nd that gives a real value only for
;0! cos (). Thisimplies that there is a nite range of the velocity of the dark-bright
soliton as well as a nite range of the depth of the dark compa@mt in the dark-bright soliton.
Since the depth of the dark component is governed by cos, the range of the dark soliton
amplitude goes fromug when =0to when = cos (). That is, the minimum
depth of the dark soliton component in the dark-bright solion is not zero as it is the case for
one-component dark soliton. It depends on the amplitude ohé bright soliton component.
Inthe range  : 0! cos !( ) the dark-bright soliton velocity is zero on both ends as sae
form Eq. (4.20). So, in this interval, the velocity increaseto a nite value and decreases,
see Figure 4.5. To nd the maximum velocity of the dark-brightsoliton we di erentiate

Eq. (4.20) and solve it for . As a result, we obtain the following equation,

S

N,D
max — 1 =1 _ 4.21
%0 2(N1 + Ny) ( )

Above this maximum value,x$®*, an internal oscillation develops between the two compo-
nents which means the two component are no longer describgddme center of mass variable
for the dark-bright soliton. Therefore, the above ansatz, & (4.17), is not valid beyond this
maximum velocity. Note that for ! 1, x7™® ! 0, N, ! N; from below, and the dark-
bright soliton ceases to exist, as shown in [65]. In Figure 4ve plot the velocity of the
dark-bright soliton for = 0:5 (i.e., the bright component is half the amplitude of the d&at
component). Since the amplitude squared of both componenssproportional to the number
of atoms in each component, the case where= 0:5 is equivalent toN; = 2N,, where N,
is the number of atoms displaced by the dark soliton anil, is the number of atoms in the

bright soliton, as described in Sec. 4.2.1.
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Figure 4.5 Dark-bright soliton velocity. The bright soliton amplitude is . We set = 0:51in
Eq. (4.20) such that the amplitude of the bright component is half the amplitude of the dark
component. Notice that the speed of soundg, is 1 and the maximum velocity of the dark-bright
soliton in this case isc=2 where we can calculate it from Eq. (4.21). Abovec=2 the two components
in the dark-bright soliton start to oscillate, as can be seen in the numecal simulation in Figure 4.10,
therefore an ansatz with one variable to describe the location of the twaomponents is not valid.
We plot the case for one-component dark soliton, = 0, for comparison.

4.3 Numerical Calculations

We numerically study the interaction between the two compaents in the dark-bright
soliton and the potential barrier in Sec. 4.3.1 where we usedelta function as described
by Eq. (4.2). The strength of the delta function potential ca be modi ed by varying the
amplitude . In addition, we study the e ect on a one-component dark sdbn velocity
when interacting with another component, in this case a oneemponent bright soliton. The
velocity of the dark soliton component is fundamentally dierent than the velocity of the
bright soliton. As we increase the speed of the dark solitortsiwidth goes to in nity, and
the depth goes to zero. As a result, the dark soliton disappeaand we left with a plane
wave. Also, the maximum velocity of a one-component dark st is the speed of sound in
BEC. In contrast, the one-component bright soliton velocit is unbounded and its width is
not a function of its velocity at all. These known facts raisguestions when we are dealing
with the dark-bright soliton, as we explored under certainimplifying assumptions amenable

to analytical treatment in Sec. 4.2.3, where we found a maxim velocity dependent on
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the di erence between the amplitudes of the two componentsTherefore, the presence of
the bright soliton component will qualitatively change thebehavior of the well-known dark
soliton velocity. We now relax those assumptions to treat # general case numerically.
Throughout this section, we performed the simulations witlgrid sizen, = 256 in a box with

hard-wall boundaries. The box length was set tb = 100 unless otherwise noted.

4.3.1 Scattering of dark-bright soliton by potential barrier

We now explore the scattering problem numerically by creatg a moving dark-bright
soliton incident on a delta-function potential. We make no ther assumptions, allowing for
internal excitations of the dark-bright soliton around itscenter of mass. There are two ways
to to impart a velocity to the dark-bright soliton. The rsti s to imprint a linear phase ramp
on the bright soliton component. As a result the bright solita will drag the dark soliton,
and therefore we will have a moving dark-bright soliton.

The second is to imprint a phase to one side of a dark solitonieating a phase jump

, therefore, we obtain the same moving dark-bright solitonThere is however a signi cant
di erence in the outcome in terms of excitation of internal nodes. In the rst case, imprinting
a phase on the bright soliton will produce an internal oscdtion of the two components of the
dark-bright soliton. We use this method here to move the darkright soliton. The second
method is used in the second part of the numerical section wiewne are interested in having
the two components move without any internal oscillation.

We thus rst imprint a phase on the bright component and theréore the dark-bright
soliton moves toward the delta function which is for conveance located atx = 60 in our
simulation, with the grid of 256 points running fromx = 0 to x = 100. Depending on the
strength of the delta function (i.e., ), where we xed the incident velocity for all cases, we
have three distinctive sets of dark-bright soliton dynami ensue. In Figure 4.6, where we
have both the analytical and numerical results plotted on tB same graph, we set = 0:01
and nd that the dark-bright soliton is passing over the potatial. When the dark-bright

soliton interacts with the delta function, we found that nunerically the dark-bright soliton
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moves slightly faster than the analytical prediction. At the end of this section, we discuss
the physical reasons for the discrepancy between the anabgtl and numerical results.

In Figure 4.7, we set = 0:04, and the outcome of this comparison between the analytica
and numerical calculations is that the dark-bright solitonhovers around the location of
the potential for a nite time, appearing to be brie y quasibound or resonant, and then
is re ected. The analytical predictions and the numerical daulations show that the dark-
bright soliton re ects with di erent velocities. We consider this case as an inelastic scattering
of the dark-bright soliton by a delta function as can be seemi Figure 4.9. Numerically,
when the dark-bright soliton interacts with the potential barrier an internal state is excited
(i.e., the internal oscillation of the two components) and lierefore the dark-bright soliton
come out of the interaction with a di erent velocity than the initial one.

In contrast, in Figure 4.8 we found that the dark-bright solibn re ects rapidly from the
potential for = 0:15. The delta function potential, in this case, does not aNe for the
creation of a quasibound state as in Figure 4.8.

In Figure 4.9, we compare the analytical predictions to the muerical calculations for a
wide range of delta function strength (i.e., ) and the center of mass velocity of the dark-
bright soliton. We identify three regions. The transmissio of the dark-bright soliton over the
barrier, the re ection, and the inelastic scattering regia. These three case studies outline the
basic kinds of dynamical outcomes. The dark-bright solitohas an additional characteristic
that during the scattering process, for a small range of deltfunction strength, energy can be
absorbed into the internal mode. In this case, the oscillath mode. We de ned this region
as an inelastic scattering region. It is noteworthy to mentin that the inelastic scattering
and the excitation of the internal modes occur only when welaiv for an additional degree
of freedom, as we do in this article, namely, the internal odlation of the two components.

The basic idea is the scattering process interaction with éhimpurity transfers kinetic
center of mass energy into internal modes, resulting in irestic scattering. Two of these

modes are captured by the analytical model: the dominant faae of relative oscillation
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between the two components, as well as the oscillation in tv@dths. However, the analyt-

ical model requires these widths oscillate in sync. The num&al simulations allow further

internal modes to enter the problem, starting with out-of-gnc oscillations of the soliton
widths, and including even shape deformations of variousrids. In general, the scattering of
a dark-bright soliton is a complex inelastic process whichilrequire experiments to properly
understand, especially since quantum uctuations are weknown to concentrate at mean
eld minima, in this case the interstices where the bright ddon meets the dark soliton. A

proper treatment of such quantum uctuations is an excellensubject for future study and

involves at a minimum solution of the dynamical Bogoliubov guations.
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Figure 4.6 Transmission of a dark-bright soliton. (a) Density and (b) phas of the bright soliton;
(c) density and (d) phase of the dark soliton. The kinetic energy of thetwo-component dark-bright
soliton is greater than the potential energy of the barrier and therefore he dark-bright soliton passes
over it. The phonons appear as bright yellow bands moving at a much highevelocity, primarily
associated with the initial velocity kick applied at t = 0. We set =0:01 andVcy = 0:06. The
delta function located at x = 60. The white thick line represents the analytical results.
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Figure 4.7 Resonant re ection of a dark-bright soliton. (a) Density and (b) phase of the bright
soliton; (c) density and (d) phase of the dark soliton. The kinetic enegy of the two components
dark-bright soliton is almost equal to the potential energy of the barrier and therefore the dark-
bright soliton hovers over the barrier for a nite time where energy goes into internal modes, not
phonons. We set =0:04 andVcy = 0:06. The delta function located atx = 60. The white thick
line represents the analytical results.
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Figure 4.8 Simple re ection of a dark-bright soliton. (a) Density and (b) phase of the bright soliton;
(c) density and (d) phase of the dark soliton. The kinetic energy of thetwo components dark-bright
soliton is less than the potential energy of the barrier and therefore tle dark-bright soliton re ects
from the barrier. We set = 0:15 and Vcm = 0:06. The delta function located at x = 60. The

white thick line represents the analytical results.
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Figure 4.9 Transmission and re ection of dark-bright soliton for di erent values of the potential
strength and center of mass velocity. We compare the analytical preditons to numerical results for
a wide range of the delta function amplitude, , and the dark-bright center of mass velocity, Vcm .
We identify the regions for the transmission and re ection of the dark-bright soliton by the potential
barrier based on the parameter domain, and Vcy. The gray area represents inelastic scattering
(i.e., internal excitation), showing that excitation of inelastic m odes generally occur when close to
the border between transmission and re ection. Note forVcy = 0:06 we have a transmission of the
dark-bright soliton for = 0:01 and re ection when =0:04 and Q15 as described in Figure 4.6,

Figure 4.7 and Figure 4.8

Figure 4.10 Dark-bright soliton component velocities. We plot the velaities of the two components
vs the phase di erence imprinted on the dark component only, . For a bright soliton component
with half the amplitude of the dark soliton component the maximum velocity of the dark-bright
soliton before it oscillates is half the speed of sound¢=2, as predicted from Figure 4.5. In the
simulation units, ¢c=2 = 0:15. Above this value, the two components start to oscillate.
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4.3.2 Dark-bright soliton velocity

The behavior of the dark soliton velocity changes when intacting with another compo-
nent, in this case, a bright soliton component in a dark-brigt soliton. To study this behavior
numerically, we imprint a phase jump, , on the dark soliton component only. In this way,
we adiabatically move the two components such that we do noaase an oscillation between
them, to explore our analytical predictions for the Manakowase from Sec. 4.2.3. It is im-
portant to mention that the interaction coe cients (i.e., g, and @) are all positive in this
case. This means that the bright soliton component can onljvk in such repulsive media by
interacting with the dark soliton component. As mentioned irSec. 4.2.3, Eq. (4.16) possesses
an exact analytical dark-bright soliton solution, Eq. (4.7). By examining this solution, we
nd that both component locations of the dark-bright soliton are expressed by one single
spatial variable, xq (t). This is a criterion for an exact solution of Eq. (4.16).

In Figure 4.5, we see that the existence of the bright solitoromponent with half the
amplitude of the dark soliton component prevents the dark $iton component from reaching
its maximum velocity, ; and puts an upper limit on it. This is the upper limit for the
velocity of the dark-bright soliton before the two componeds oscillate. By adopting the
method mentioned above to move the dark-bright soliton we arin a position to compare
the analytical results obtained in Sec. 4.2.3 with the numaral results we have in this section.

In Figure 4.10, we imprint a phase di erence on the dark solito component only with
interaction parametersg; = 2, ¢ = 3 and g = 2:6. We nd that the two components
in the dark-bright soliton have the same velocity below a dical value of the phase im-
printed. Therefore, no internal oscillation happens and & one variablex, (t), represents
the two-component locations. Above the critical value, we d the two components start
to acquire di erent velocities. Consequently, an internabscillation between the two compo-
nents occurs and the positions of the dark component and theidgght component no longer
coincide. Therefore, the two-component cannot be expreddgy one variable as described in

Eq. (4.17).
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4.4 Conclusions

We obtained a system of equation of motions for a dark-brighgoliton scattering o
a xed localized impurity, modeled by a delta function potetial. We used a variational
method with a hyperbolic tangent for the dark component and &yperbolic secant for the
bright component. The existence of the delta function alted the background of the dark
soliton component, and therefore a perturbation method waseeded to incorporate the e ect
of the delta function. The interaction of the dark-bright sditon with the potential excites
di erent modes in the system. As a result, the dark-bright saon emerges with a di erent
velocity. Our analytical model capture two of these modeshe dominant feature of relative
oscillation between the two components, as well as the osatilon in the widths. However, the
analytical model requires these widths oscillate in sync. HE numerical simulations allow
further internal modes to enter the problem, starting with ait-of-sync oscillations of the
soliton widths, and including even shape deformations of raus kinds.

We identify regions for the transmission, re ection and inkastic scattering of the dark-
bright soliton by the potential barrier. We present three cae studies outlining the basic
kinds of dynamical outcomes. The many internal modes exciten this problem show the
complexity of the nonlinear dynamical multicomponent prolem. Our study rather points
to di erent physical regimes, and one can follow up by applyig our model to any particular
experiment intending to pursue the scattering question. Nevtheless, we have provided at
least one case study of transmission/re ection in Figure 4,90 give the reader a general
idea of the sorts of regimes that may occur. The scattering afdark-bright soliton could also
cause quantum uctuations, as one might model, e.g., in dymaical Bogoliubov theory. In
this case, the kinetic energy would go not only into internanean- eld modes but also into
enhanced quantum uctuations localized in and near the darkright soliton. If that is the
case, then a reduced velocity of a scattered dark-bright #goh beyond mean- eld predictions
will be a sign of quantum uctuations. This is another strongreason to get the mean- eld

inelastic scattering correct, carefully understanding hinternal modes created by interaction
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with the impurity.

In scattering theory, we usually put no limit on the incidentkinetic energy. However,
dark solitons are well known to be limited to the speed of sodnc in the medium. The
dark soliton grows shallower as the velocity is increased éareventually disappears. The
dark-bright soliton is also limited in velocity and therefoe incident kinetic energy. However,
the limit is much more stringent. We showed in the Manakov oraqual-interaction case where
it scales with the relative number of atoms in the bright and drk components. That is, as
the dark soliton goes faster and is therefore shallower, it no longer support the bright
soliton. For example, when the bright soliton has half of th@umber of atoms as the dark
one excavates or pushes aside, the maximum velocity is hdfietsound speed. Above this
critical velocity the soliton components begin to oscilla, and eventually break apart. This
limits the kind of scattering experiments that can be perfaned in multicomponent BEC
experiments and presents a smoking gun signal.

Future work may extend the investigation of the interactionof vector soliton with an
impurity to three-component. We might rip apart the dark-bright soliton with the proper
resonance condition, as found for exciton transport. In teisense, the barrier can be used
to re ect, transmit, excite, or even destroy the dark-brigh soliton [73, 74]. In addition, by
solving this single impurity problem, we may extend the workor solving the disordered
problem. It is noteworthy to mention that the excitation of the internal modes occur only
when we allow for an additional degree of freedom, as we do img article, namely, the
internal oscillation of the two components which re ect themportance of using ansatz with

two independent positions for the dark and bright soliton cmponents.
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CHAPTER 5
INTERNAL OSCILLATIONS OF A DARK-BRIGHT SOLITON IN A HARMONIC
POTENTIAL

We investigate the dynamics of a dark-bright soliton in a hanonic potential using a
mean- eld approach via coupled nonlinear Schredinger eqtions appropriate to multicom-
ponent Bose-Einstein condensates. We use a modi ed pertedb dynamical variational La-
grangian approximation, where the perturbation is due to th trap, taken as a Thomas-Fermi
pro le. The wavefunction ansatz is taken as the correct hygbolic tangent and secant solu-
tions in the scalar case for the dark and bright components e soliton, respectively. We
also solve the problem numerically with psuedo-spectral Rge-Kutta methods. We nd,
analytically and numerically, for weak trapping the interral modes are nearly independent
of center of mass motion of the dark-bright soliton. In contist, in tighter traps the internal
modes couple strongly to the center of mass motion, showinlgat for dark-bright solitons
in a harmonic potential the center of mass and relative deges of freedom are not indepen-
dent. This result is robust against noise in the initial condion and should, therefore, be

experimentally observable.
5.1 Introduction

Solitons are emergent excitations of atomic matter waves Bose-Einstein condensates
(BECSs). In their simplest form they appear in highly visibleform as density peaks (bright
soliton) or notches (dark solitons) in scalar BECs [1, 6, 95]. The experimental realization
of multiple-component BECs, where di erent atom species anternal states of the same
atom type can be populated, has aroused considerable intgrén vector solitons. The two-
component vector soliton of di erent forms (i.e., dark-dak solitons [15, 30, 47], bright-bright
solitons [29] or dark-bright solitons [10{14, 46]) give resto much richer phenomena than the

single-component BECs, where one already nds, for examplsoliton trains [76], domain
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walls [77], collective excitations and complex dynamics.n Ithis Article we focus on the

case of the dark-bright soliton. Although in scalar BECs the tight soliton can only exist

for attractive interatomic interactions [78], it can also e induced in purely repulsive multi-

component BECs when a second component is occupies the dgnsotch formed by a dark

soliton in the rst component. In this way, a dark soliton in acne component forms an
e ective potential that traps the bright soliton component and therefore allows the creation
of a nonlinear excited state. These solitons are sometimegarred to as symbiotic. We use
the term dark-bright soliton for clarity [17, 46].

The nonlinear Schredinger equation (NLSE) without the potatial term is an integrable
equation and possess solitonic solutions. By adding a potiahterm, in our case a harmonic
potential, we work with the celebrated Gross-Pitaevskii agation (GPE). The oscillation of
nonlinear excitations in a harmonic potential is a common pblem that has been the focus
of many studies, as such large scale motions are easily olsable in BEC experiments. Of
particular interest is the oscillation of two-component egitation like a bright-bright soliton,
dark-dark soliton or dark-bright soliton [70]. In these stdies, usually, the ansatz used to
describe the dark-bright soliton contains one variable toescribe the position of the dark and
bright components. A more realistic situation is to relax tis restriction and allow the two
components to move freely by adding one more degree of fremdo the problem, namely, the
internal oscillation between the two components. We studyhe coupling between the internal
oscillation of the two components in the dark-bright solita and the oscillation of the whole
system in a harmonic potential. The harmonic potential modes the background of the dark
component in a dark-bright soliton. Therefore a Thomas-Feni background approximation
is needed where the new dark component wave function is regeated by subtracting the old
dark component density from the harmonic potential functin. The result is a dark soliton
on a top of parabola-shaped background, Figure 5.1.

It is well-known in the classical two-body problem that reléive and center of mass degrees

of freedom are independent in a harmonic potential. A darkrlght soliton represents an
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emergent two-body semiclassical object in the context oféhmean- eld approximation on the
many-body wavefunction underlying the BEC. To what extent des this emergent structure
have the same properties as a classical two-body problem? Aleneentary consideration
is separation of relative and center of mass degrees of freed Previous treatments have
avoided this question by pinning the dark and bright solitos to the same position. By
relaxing this constraint, in this Article, via both variational Lagrangian analytical methods
and numerical solution of the GPE, we show that in general rative and center-of-mass
degrees of freedom are not independent for the dark-brighdglgon. In contrast, these degrees
of freedom are independent in the uniform case, where the t&mof-mass motion is associated
with a Goldstone mode [65]. For a weak enough trap, the septicm of variables from the
uniform case is only very weakly a ected by the trap. Howevers the trap strength grows
this separation of variables is lost.

This Article is structured as follows. In Sec. 5.2 we presenh¢ two-component GPE,
the variational Lagrangian model, use perturbation theoryand derive the equations of mo-
tion for the bright and dark soliton components. In Sec. 5.3 evnumerically integrate the
dimensionless GPE using a psuedo-spectral Runge-Kutta rhetd and study the dynamics
of the oscillation of the dark-bright soliton in a harmonic ptential. Finally, in Sec. 5.4 we

summarize our conclusions.

5.2 Analytical Calculations

5.2.1 Lagrangian density and ansatz

The two-component dark-bright soliton is governed by couptl GPEs [6], which describe

the evolution of the macroscopic wave functions of Bose cansed atoms:

. h? Gu . .

Ihgw %%+ Giti’  of+ gve + V(%) o,

.. @  h?@v o, _

'h@_‘?‘— %@*‘ iV~ + g+ V(%) w (5.1)
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where tildes denote dimensional quantities. The wave funon of the dark soliton is given
by & & xt and of the bright soliton by v v x;t. The dark soliton wave function
is rescaled to remove the background contributiorny, {52]. Although this is not necessary
for the harmonic trap since there is no divergence in the totaumber of atoms, in order
to match smoothly onto the untrapped limit and connect well Wwth previous results from a
uniform system [65], we include this subtraction. The intexction strength, ¢ = 2a;Nh! »

for (j =1;2), isrenormalized to 1D [51] wherg;~¢;) represents the intra-atomic interaction
for the dark (bright) component andg is the inter-atomic interaction between the two com-
ponents of the BEC. The total number of atoms idN, the scattering length isa; and! » is

the oscillation frequency of the transverse trap. To nondiensionlize Egs. (5.1) we multiply

them by (h! ) * and scale all quantities according to the following units:

x
X= —;
t= ﬂ.?,
= G
gu - \?h! ?,
juiz = "o jej?; (5.2)
iz = "2 jv%
_ V().
V)= 1
2
2 — 0 .
Yo = 1

. P . .
where , = h=(m! ,) is the transverse harmonic oscillator length.

The dimensionless version of the coupled GPEs is,

@ 1@ . -

|@% = E@U*‘ V(X)u+ @juji®+ givi® uj u;

. 1 oy

'@@‘t’: i%‘” VX))V + Gjvi® + giuj® v; (5.3)

The potential in Equations 5.3 takes the form,

V(x) = x?; (5.4)

NI =
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for both components. We assume 1 and therefore we treat the harmonic potential as a
small perturbation e ect. Despite the fact that x>!' 1  in Eq. (5.4), because/ (x) always
multiplies a background Thomas-Fermi wavefunction, the tal perturbation is always small.
Even outside the Thomas-Fermi approximation, Gaussian tigi in realistic BEC pro les in a
harmonic trap will fall away much faster thanx? diverges, making this perturbative picture
a physically reasonable one beyond our approximations. Thexistence of the harmonic
potential a ects the background density of the dark-brightsoliton, Figure 5.1. Consequently,
we have to modify the usual assumption for a dark soliton of aniform background and

assume the dark soliton is supported by a Thomas-Fermi backgind condensate of form

= Dark soliton
Bright soliton
Harmonic potential

Density

Box size

Figure 5.1 Dark-bright soliton in harmonic potential well. The background is aected by the
harmonic trap, and therefore we work with the modi ed Thomas-Fermi cloud as described by

Eqg. (5.5).

jurei2= w3 V(x): (5.5)

We recast Egs. (5.3) to the following:

@ 1@ o .
'@![J"‘ 207" g jui® + gjvi® u§ u= R, (5.6)
S 28y givite g v=Ry
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where the RHS of Eqgs. (5.6) represent the perturbation e ects

1 .
Ru= 55 2u(uf  Gjui)V(x)+ VIx)@u (5.7)
0
V (X )
Ry = 52) (U5 giuj?)v
0

HereV{x) 2% The Lagrangian density for the system of coupled equationggs. (5.6)

X

is:

2 2 i @v @v (5.8)

v o
@x 2

We adopt the following trial functions as the dark-bright stiton solutions to Egs. (5.6):

Vit giuitjvi*:

.y Ug . (d (t) + X) .
u (X, t) = pﬁ 1A (t) + C(t) tanh W—(t) ;
ey Uo (b(t) + x)

expii[ o(t)+ x 1(D)]g:

The parametersA, c, F describe the amplitude of the two components where,

A2+ 2 =1; (5.10)

and A determines the velocity of the dark soliton component. In th exponential term in
Egs. 5.9, ¢ gives rise to a complex amplitude to the bright soliton compwent. The velocity
of the bright soliton is given by ;, and d and b are the position of the dark and bright
soliton, respectively. Since we are using hyperbolic fumahs as an ansatz, we assume the two
components have the same width, w, for the problem to remaimalytically tractable [49].

There are 8 variational parameters subject to 1 constraintThe 8 variational parameters
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as shown in Eg. (5.9) aréA, ¢, d, w, F, b, o and ; where we note Eq. (5.10) e ectively
reduces the number to 7.

In this ansatz, we have assumed a xed background, i.e., theeris no motion of the
Thomas-Fermi background with respect to the harmonic trap.The ansatz also neglects
phonon e ects. Both of these restrictions will be relaxed irour numerical treatment in

Sec. 5.3. We utilize the following normalization conditios,

Z 1 2
dx g j ui® = %; (5.11a)
zY4
dx jvj? = WZ: (5.11b)
1

Here N, is the number of atoms displaced by the dark soliton andll, is the number of
atoms in the bright soliton, and N the total number of holes and atoms involved in the
emergent feature of the dark-bright soliton only. In contrat, the total number of atoms
in the condensate Ny = Rdxjvj2 + RdxjuTszjujz. In general, N, N as many
more atoms are in the Thomas-Fermi background supporting éhdark soliton, see the sketch
in Figure 5.1. Likewise the number of holes, i.e. the atoms giaced by the dark soliton,
is typically much less than the total number of atoms even aft subtracting out N, i.e.,
N1 Nwtwa  N2. This choice corresponds to the same normalization choice ased in
unbounded systems without traps, and therefore allows us theck all results in the limit
that trap frequency ! 0. By inserting the ansatz, Eqgs. (5.9), in the normalization
Egs. (5.11), we nd the relation betweenN,; N, and the coe cients of the two components

in the dark-bright soliton:

ZUCZ)CZW _ N1

— 5.12a

o N ( )
2u3F2w _ N

= —; 5.12b

07} N ( )

N =N;+N, (5.12¢)
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Out of the 8 experimental parametersy; N; ¢i; N1; g; N2; Ug and , only 5 remain after
taking into account the 3 constraints of Egs. (5.12) after th variational procedure. We

chooseg; N1=N5; 0:; g and as the \free parameters".

5.2.2 Evolution equations

Using a perturbation technique in the variational method als modi es the standard
Euler-Lagrange. To nd the equations of motion that govern tle behavior of the variational
parameters we utilize the following modi ed Euler-Lagrang equation as de ned in [52]:

Zl
@L d oL = 2 Ref (R @u

] @ & @ 1 “@a-’- RV%S dxg: (5.13)
Herel = i dxL, L is the Lagrangian density in Eq. (5.8) andy represents the variational
parameters wherey,_  da=dt We obtain R, and R, by inserting Eqg. (5.9) into Eq. (5.7) and
take the conjugate of the outcome. Also, inserting Egs. (5.9to Eqg. (5.8) and integrating,

we obtain the Lagrangian as a function of the variational pameters,

2u3c>  Uu3F? 2ug‘c4w+ 20W( 1+ A)F3w

L =
3iw  3gw 30 1
4 4 2 2
2ugF*w gUciF csch d
30 019 w
4 coth b d (b d 3 +cosh 2u w
w X _ w
2E 2\p 2 2 I
M % tan 1 E AcC Ed
(073 01 A dt
2 2 2 2
2ugF“w d o+ 2ugbF*w d . (5.14)
07) dt 0] dt

Applying the modi ed Euler-Lagrange equations, Eq. (5.13)yields a system of coupled
nonlinear ordinary di erential equations (ODES) that descibe the evolution in time of the

variational parameters under the in uence of the harmonic ptential,
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_aEe |,
= fb[45 5.15a
- QW 1 45g, [45(0: 0) ( )

g( 2 152+ g 2c%d
_gBcF? o2+ B ,
20w o BUW
2uic de 2udc d= 2udAciw®
B GA? 1+ 5 601
2ugAd_ 2u3
01 GA 1+ 5
ow[18 + (12+ ?)udc®w?] , 2gujcF? ,
18 01

4uzc )
+ U5 20C° +3gF* w?
30 W G+ Ug 7 g

2w+ Fw=0 (5.15e)
Fw 1:+b +b 2w+ Fw =0 (5.15f)

(5.15b)

(5.15c)

d= (5.15d)

2

4u
aF* 3glgz(|):W &R GF?

h= 2 2( 2 6)w
010w 9o F
20,2 2\n 3
+29 uoczde+ usw (2 62
450:0, 18 F
(B gF?)+6(g o) °F? (5.159)
2 4
2uiF  dudwF 39+ 2q,F? + 2guic’F
30w 3010 019
2u3Fw uiFw ,
+2 2b =
(07) ! ° E 900:9»
8g béd+5 3(n @) 2+2g 2 6 & w?; (5.15h)

Audw? 4

2w RC

3 GFw
WQUSF |

+

(2+2w)

where ; and ;in Eg. (5.15a), Eq. (5.15b) and Eq. (5.15d) are represented #ollows,
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b d * b d

1 =csch ~w 2 2+cosh ZT (b d (5.16a)
3sinh 2—— w ;
2
» =csch b— 4 cosh u (b d) (5.16Db)
w w

3+ cosh 2M
w

In Egs. (5.15) we have an algebraic equation, Eq. (5.159), arfe we do not have any deriva-
tives of the variational parameters. In addition we use thehe constraint, Eq. (5.10). In
this case, we expect to nd only 6 frequencies out of the total equations of the system in

Egs. (5.15).
5.2.3 Normal modes

The system of equations, Egs. (5.15) has a xed point,

bp=0; dp=0; Ay =0; cp=1; Fp =1; (5.17)
Wip = Wip;  1ip =0; ofp =0;

where wy, is determined by the constraints of Eqgs. (5.12). We continuy linearizing

Egs. (5.15) around the xed point Eq. (5.17). Here we set,

a ()= gp+ aj €' ; (5.18)

where ! is the oscillation frequency between the two components arttle a are the 8

variational parameters. Keepinga; to linear order results in a matrix equation of the form,
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32 3
Air A Az 0 O

0 0
0 A Asz Aoy 0 0 0
0 Ax 0 Az O 0 0

0 0 0 0 Ass Asps Ay
0 0 0 0 Asgs A O
Asr 0 Agzs 0 Ag Ags O
0 0 0 0 Ax Ap Ay
0 0 O O Ags Ags Agr Asgs 0

where [0] refers to a column vector with eight entries of vaduzero. The nonzero terms

I
o

(5.19)

OOOOOOO
<1§'I'Ill>cro_H

ENe)9)0)0)0)0)0) 02 0) )N \V)

are written in Appendix 5.5. Taking the determinant of the matix and solving for the

eigenfrequencied, , we obtain,

8+ It 512=0; (5.20)

where as mentioned already only six eigenfrequencies ar@ested due to constraints and

the form of the coupled nonlinear ODEs in Egs. 5.15. Solvingpé¢ determinant we obtain,

1 ; 14—
I =0;0 p= — — % 4.3 (5.21)
r 2 11
1 1
p— 2 = 2 4,4
2 1 1

where we write out the long expressions for;, , and 3 in Appendix 5.5. Since we are
considering a small oscillation frequency, 1, we expand the coe cients (i.e., 1; » and
zJaround ! Oand ndthat 3! 0. Therefore, we end up with one internal oscillation

frequency of interest,

internal = —2 : (5-22)

1
The dark-bright soliton we consider exists in repulsive méal therefore, g, g, and g, all
take positive values. In this case, ; < 0, , > 0 for any values of the free parameters
mentioned in Sec. 5.2.1. In Figure 5.2 we plot a typical caser fim the internal oscillation

frequency, Eq. 5.22, using the same parameters as our prexsdreatment of the uniform case
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for comparison [65]. The result is nearly independent of tp@ing frequency until a sudden
strong coupling for larger , beyond which the result turns maginary. However, this is also
beyond the assumptions of the model, namely 1. Therefore we examine the questions

of the real trend in a more thorough numerical treatment in Se 5.3.

Internal

2
0.07¢
0.06

—— Analytical
0.05¢ .
0.04f -
0.03f
0.02}
0.01¢

® Numerical

0.000 0.005 0.010 0.015 0.020 0.025 0.030 2

Figure 5.2 Internal oscillation frequency of the dark-bright soliton verses the trap frequency. The
relative degree of freedom of a dark-bright soliton is nearly independs# of the center of mass degree
of freedom up to a trapping frequency of about 00159, in units of the transverse trap frequency,
at which point the internal and external motion becomes strongly coupled This corresponds to
a trapping length ratio of ! 2 = 0:32, or an approximately 3:1 prolate trap. Here we takeg; = 2,
g2 =2:6,9g=2:6, N;=N, = 0:503. The error bars for the numerical calculations are smaller than
the point size, e.g. 0:00017 for =2 =0:0222.

5.2.4 Nonlinear dark-bright soliton motion

The system of Eqgs. (5.15) also can be simpli ed to a smallerts# second order nonlinear

coupled ODEs. From Eq. (5.15e) and Eq. (5.15f), we obtain thellowing,
b= 4 (5.23)
with the help of Eq. (5.15a), we get our rst second order di eential equation (ODE),

2

_gwc
b= o ' i (5.24)
45 g) 9( 2 15)X*+ g %c?d b:
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Note that when we setc = O (i.e., eliminating the dark soliton) Egs. (5.24) recoves the well-

known oscillation frequency of the one-component bright Bimn in a harmonic potential,
b+ 2%b=0: (5.25)

In the limiting case, g = 0 because there is no interaction between the bright solitoand the
dark soliton. The second ODE is obtain by inserting Eq. (5.1 into Eq. (5.15d) and use

the normalization conditions, Egs. (5.12), we obtain,

I S T
d= 576A(1  A)52 N 3ug (5.26)
+49fo(3+ ) A1+ AY
N 3u$
7201N; ?( 1+ A?)?
Nug
L 96(2nNs 3gNo)( 1+ A%)3
N
96Uj(4N  3gN, 2)( 1+ A?%)*

0:N1

Equation (5.26) take the formd-= f (A(t); »(t)). Taking the total time derivative of
Eq. (5.26) yields,

a= A (5.27)

where is obtained from Eq. (5.26) and Eq. (5.15b),

—g’\izi 4 AgN?+6gaNiNa +3gN; » (5.28)
69N

1

+W 49N, 29gEN7N2 +3g°gNIN7

N
+32N2 , + 2 gN2 1 79 19202N 2
3g9°Ny » —576;11N1A2 201N 7
PNZ 2+ 216A% + 48gINZA% + TgENZ 2A2?
1 2N] 2 4n| 4
722N ZA2 32+ 20g;N7 +29/N;

3ggNN2 249N, »  120ENZA’
+24ggNiN, 1+ A% 3ggNZN, , 1+A? d:
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By plotting Eq. (5.24) and Eq. (5.27) we obtain Figure 5.3, whe the interplay between
external and internal degrees of freedom of the dark-brigkbliton is clearly evident, showing
that the assumption of the two components moving together,sdound in previous treatments

before this Article, does not capture the richness of the dynacs.

==

494 496 498 502 504 506 508 oston

Figure 5.3 Oscillation of dark-bright soliton in a harmonic potential well. The nonlinear ODE

evolution of the dark and bright soliton positions resulting from our variational Lagrangian treat-

ment shows a rich structure to the internal dynamics, even for a mall trapping frequency of
=2 =0:0064. The free parameters are the same as in Figure 5.2.

5.3 FRull numerical evolution of the coupled GPEs

We now numerically study the oscillation of the dark-brightand the internal oscillation
between the two components in a harmonic potential descriddy Eq. (5.4), making no other
assumptions beyond coupled GPEs. Throughout this sectiome present the simulations
with grid size ny, = 256 in a box with hard-wall boundaries, noting that this is sl cient to
converge our simulations. For example, the error bars are after than the point size for
internal frequencies (see Figure 5.2) even when we cut thedgimn half to 128 points. The

box length is set toL = 100 unless otherwise noted.
5.3.1 Dark-bright soliton in harmonic potential

To move a dark-bright soliton in a harmonic potential, we mayimprint a phase on
the bright component or the dark component but with a fundametal di erence between

these two methods. If we imprint a phase di erence on the darkomponent only, it will
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Figure 5.4 Bright component in dark-bright soliton. The oscillation of the bright soliton component
in dark-bright soliton. The white line represents the analytical result for the bright soliton position,
Eq. (5.24). We set the trap frequency =2 = 0:0064. We nd the dark-bright soliton oscillates

with ! pg=2 =0:0039. In the lower panel, we plot the phase.

Figure 5.5 Dark component in dark-bright soliton. The oscillation of the dark soliton component
in dark-bright soliton. In the upper panel, the white line represents the analytical plot from
Eq. (5.24). We set the trap frequency =2 = 0:0064. We nd the dark-bright soliton oscillates

with ! pg=2 =0:0039. In the lower panel, we plot the phase.
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move slowly such that it will pull the bright component with it but without any oscillation
between the two components. For this method, it is noteworthto mention that an ansatz
with only one variable to represent the location of the darkrd bright components is a valid
choice to describe the moving dark-bright in a harmonic pot#ial as this is the case for
other studies [70]. But since we are interested in the osailion of dark-bright soliton in
a harmonic potential with an additional degree of freedom,amely, the internal oscillation
of the two components, we work with the second method (i.emprinting a phase on the
bright component only). In this method, the relatively small density of the bright component
moves faster when imprinting a phase on it and as a result, itilvdrag the dark soliton with
it and form an oscillation between the two components. Thefere, the dark-bright soliton
will move, and we study the center-of-mass trajectory to calilate the oscillation of the
dark-bright soliton as a whole.

In Figure 5.4 and Figure 5.5, we plot the outcomes from the numeal simulations and
the analytical calculations of the bright and dark componds, respectively. In each plot, the
upper panel shows the density, and the lower panel the phas&€he analytical results, the
white line in the center of the bright and dark components, adllate with nearly the same
frequency as the numerical results, showing a small deviai after many trap periods. This
deviation is a result of the interaction between the dark-bght soliton with the re ected
phonons, not captured in the analytical model where we asseh an inert Thomas-Fermi
background. When the dark-bright soliton moves in a harmonipotential, phonons are
created and propagate away with the speed of sound. They theaach the low density
regions of the BEC at the harmonic trap edges and turn back amad to interact with the
dark-bright soliton.

To test the analytical predictions against the numerical oicomes, we plot the center
of mass oscillation frequency pg of the dark-bright soliton vs. the trapping frequency

in Figure 5.6. The analytical results are obtained by evolvhg the nonlinear ODEs and

performing a Fourier transform. These scale almost linegrtogether showing they are nearly
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but not quite proportional for weak trapping. For small trapping frequencies, as shown in
Figure 5.2, the internal frequency is also nearly independeof the trap. This is an indication
that the internal oscillation of the two components does notouple with the oscillation of
the dark-bright soliton in the weak trapping case. In contrat, our coupled GPE simulations
show that for stronger trapping the internal degree of freaun is strongly dependent on the
trap frequency, see Figure 5.2. In this regime, the analytiteesult diverges to zero, but the

numerical result increases. We interpret these results ther in Sec. 5.4.

DB
2
0.010} (,/"3
0.008}
0.006} L
0.004} ///‘ e Numerical
0.002} ./‘/" L Model

0.005 0.010 0.015 0.020 _ 2

Figure 5.6 The oscillation of the dark-bright soliton for di erent values of the trap oscillation of the
harmonic potential. We compare the analytical predictions to numerical results of the oscillation
of dark-bright soliton, ! pg=2 , for a wide range of trap frequencies, =2 .

5.3.2 Robustness of dark-bright soliton oscillations

In this section, we address the question of experimental avgability. How stable are
the dominant frequencies of dark-bright soliton motion in darmonic trap? To answer this
guestions, we add white noise to the system in the spatial Foer transform of the initial
condition at the 5% level, then reverse Fourier transform tmbtain a noisy initial state.
Propagating this noisy initial state, we plot two cases forlte same harmonic potential trap
frequency, =2 =0:0064 in Figure 5.8, Figure 5.9, Figure 5.10 and Figure 5.11. Thedr
parameters are again taken to match our test case used thrdwayt this paper, although we
also examined other cases to nd similar features. In Figure&and Figure 5.9 we plot

the density of the bright component and the dark component,espectively. The dark-bright
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Figure 5.7 Oscillation frequencies of the dark-bright soliton in harmonc potential. A Fourier
transform of our numerical results allows us to pick out the important frequencies in the problem.
We show here a sample case of=2 =0:0064. The rst dominant frequency is located at!=2 =
0:0039 which corresponds to the center of mass oscillation of the dark-brighgoliton in the harmonic
potential. The second dominant frequency is located att=2 = 0:032 , and corresponds to the
internal oscillation between the two components. Overall the dynamcs is in fact quite rich, with
many aspects to the motion, as observed in the dense Fourier tail.

Figure 5.8 Oscillation of bright component in a harmonic potential. We plot the density (phase) in
the upper (lower) panel for the bright component in dark-bright solit on with harmonic potential
frequency, =2 =0:0064,0;1 =2, gp =2:6 andg=2:6.
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Figure 5.9 Oscillation of dark component in a harmonic potential. We plot the density (phase)
in the upper (lower) panel for the dark component in dark-bright soliton with harmonic potential

frequency, =2 =0:0064,01 =2, go=2:6andg=2:6.

Figure 5.10 Oscillation of bright component in a harmonic potential when whte noise added. We
plot the density (phase) in the upper (lower) panel for the bright component in dark-bright soliton
for the same parameters in Figure 5.8 with 5% noise added to the initial wae function at t = 0.
The bright component oscillate with the same frequency in Figure 5.8 bt with less oscillation

amplitude.
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Figure 5.11 Oscillation of dark component in a harmonic potential with white noise added. Shown
are density (phase) in the upper (lower) panel for the dark componenin a dark-bright soliton for
the same parameters in Figure 5.9 with 5% noise added to the initial wavdunction at t = 0.
The dark component oscillates with the same frequency in Figure 5.9 buwith a slightly smaller
oscillation amplitude.

soliton oscillates with! pg=2 = 0:0039 and the internal oscillation in this case i5inerna =
0:032. The noisy case is found to oscillate with the same freaqugy but with a slightly
reduced oscillation amplitudeas can be seen in Figure 5.10 foe bright component and in

Figure 5.11 for the dark component. Thus we expect our predions to be experimentally

observable.
5.4 Conclusions

We obtained a system of equation of motions for a dark-brighgoliton in a harmonic
potential. We used a variational method with a hyperbolic tagent for the dark component
and a hyperbolic secant for the bright component. The harman potential modi es the
background of the dark component according to the well-knawThomas-Fermi background
approximation. A perturbation method was needed to includ¢he e ect of the harmonic
potential, which amounts to restricting our analytical treatment cigar-shaped traps, also

common in experiments.
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The decoupling of relative and center of mass degrees of ffee for the harmonic case
occurs for the classical two-body problem as well as its quam extension, including to
more than two particles, with relative coordinates appropately generalized. It is not imme-
diately obvious this decoupling should also occur for a twoedy bound state of two emergent
features, a bright and a dark soliton. For example, spontanes symmetry breaking often
causes such emergent properties to not respect underlyingrsnetries. In previous work, we
showed that for a uniform system the decoupling in fact doe®hl [65]. For a weak trap, this
property nearly holds, but as the trapping strength is incrased, internal oscillations and ex-
ternal motion are strongly coupled. The e ective potential consisting of a sum between the
potential and the mean eld, may well be responsible for this ect, as found for example in
non-exponential tunneling decay out of quasibound states the scalar case [79{81]. As the
trap is tightened the edges of the condensate are deformed dygyproach of the dark-bright
soliton during its oscillations. Because we treat a purelyepulsive condensate in both com-
ponents, the e ective potential is larger than the bare potatial, leading to a higher e ective
trapping frequency. Moreover, the edges of the trap now impge on the dark-bright soliton
internal oscillations, shortening the internal oscillatbn time and therefore leading to a higher
frequency. The result is a coupling between center of mass tina deforming the e ective
potential, and internal oscillations being sped up by the dermation.

Future work could be the study of the internal oscillation ofthe two-component dark-
bright soliton in a harmonic potential with an impurity at th e center to look at the damping
of a dark-bright soliton under periodic interaction with animpurity. Other works have
investigated the interaction of a dark-bright soliton in a larmonic potential with an impurity,
but they did not take into account internal modes. Thus we sugest adding one more degree
of freedom, namely, a relative coordinate for the positionfdhe dark and bright solitons,

which as we have shown is vital to understand and predict hawnic motion.
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5.5 Matrix elements

The matrix elements in Eq. (5.19) are,

Ay =il (5.29)
8gus g2
1591Wf2p 459
2 2 2 2
8guy 2, 29 + g .

Ap=

A : )
BT 15wd 3, 45
g P2+ uwg)
2 150, W§, Budwg
495
Ags = :
23 15g,W2,
Ay = I
4iud!
Agpp = —2;
32 o
202n3 2
uOWfp
Azyp= ——;
34 60,
A = 169ugWip .
4Bs= —D
3010
4 2
Ay = %+ SQUS + 4U02
3 301% 30w,
,,6+(12+ 2)u?,wfzp)_
691 ’
4qu3  8Bugwg, . 8guiwyy
Ay = +
301 Wip o)1 30101
2(6+(12+ 2)u§wf3p)_
601 '
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A7 =

Ass = 2iWg!; (5.30)
Asg = 1,

Agr = Wrp;
Agz = iWp!;
Ags =Wy 1fp;
Aes = 1fp;
_ Ao @)ug 4301+ G)ugWip 2 2(% 8wy
Azs = + o S Al
30192Wrp 30 o]
20013
+ 0 gge2g)+ % 50+60i+3¢)
180:0»
Arp= HO_@UE 4Gt e, 12 2 2+ 27ugwg, |
3019 301 %W, 9
(2o @) ugwy  9(6+5 Z)ugwg,
2010 6010 ’
2 2 + 2 2+ 2\n/2 + 2 2\ 3
3 Wip 9% 90102
(5.31)
2u2 - - ,, 012+ Zudwg,  Zufwg
+2gugwi, + 12g,ugwyi) + :
SgngWfp (gl guo fp gl 0 fp) ( 1&1g2 6g2 )
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The frequency coe cients are,

LT 2 76805(3%2(%  G1) + Ui (20(301 + &) G2(190: + 250,)) (5.32)

+2( %30 + G) + 9(0: + 30)) Ugwi,
3AGWE T 20 (270 + (129 14 ?))
+0p( 198 + 1269, + 6000, + (39 + 390;)
700 *)ugwg, + 12(50% + 3290 + 30(01 + 8a)) + Ugwi, (509° +3(610y  31g) 0.
49(150, +290p))g °
AgouWi, (6 + (12+  ?)ugwg)(4g:( 6+ 2))
+( 6(g+3a%)+( 29+300 +3g) “ufwg, Y ;

_ ug 4 20,2
2 = —486Cg§‘ggwf2p f 384U, + 8ugwi, (90010, (5.33)

290(30+ ?)+ g “ujwg) 2
5010 wap(2+ USWpr) ‘

1925(3(0r ®)e+( 20930 + )

+ (190 + 250)) UgWir 2(%(3ch + G2)  9(0r + 3G2)) UgWi)

+8UGWH, (20,(270

+ (129 14 2)+ g 198+ 1260,

+600g, + (3g+3901  70%) Augwi, + (12(5¢° 3¢ +30(tu +8a) + (509° +3(61g;  31g)a,
49(15g; +290)) 2ugwi,) 2

+ Wi (T(12+ ?)UGWE)(Ag( 6+ )+ ( 6(g+3g)+( 299+30g +3g) Augws) )g;
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212 4
= JaTigg 2% + (20 30+ B)udeh) (5.34)
G( 4501+ g(30+ Wi (2 + ugwi) ?)
(192053(ch ®)% +( 29Ba + %)
+ (1901 + 250)) UZWE,
+2(RBo + &) 9(Gr + 3%)) UgWe,) + BUGWE (20x(2701 + B2(129 14 ?))
+ gp( 198+ 1269,
+6000, + (3g+39g;  70%) *)ugwi, +(12(59° 329% +30(%h + 81)) + (50 ¢
+3(610, 31g)g  49(150: +290,)) *)ugwp)
BWir (6 + (12 +  ?)ugwi)(4g.
( 6+ ?+( 6(g+3q)
+( 299+3091 +3g,) Auswi) 4):
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CHAPTER 6
CONCLUSIONS AND OUTLOOK

A dark-bright soliton is a bound state of a bright component wh positive kinetic energy
and a dark component with negative kinetic energy. We can thk of the exciton as an
analogy to this system where we have a bound state of an elestrand a hole which are
attracted to each other by the electrostatic Coulomb forceThis model where we have two
such complementary existing objects in a bound state is uhitjous in nature. Therefore, a
detailed study of the dynamics of these models is needed. Taleility to control, to a high
degree of accuracy, the interactions between the particl@s each component in the dark-
bright soliton and the interaction between the two componds in BECs makes dark-bright
solitons an ideal platform to compare the analytical predimns of mathematical models to
the outcomes of experiments. The general motivation in thitesis is to shed light on relevant
guantities that needed to be identi ed to gain a better undestanding of the nature of dark-
bright soliton interactions in BECs such as the binding engy between the two components,
internal excitations, etc. Another aspect that motivates uso work with dark-bright solitons
in BECs is that it can only exist in multiple-component condasates. In this case, due to
the intra-actions/interactions of particles in multiple components, richer phenomena can be
found than would be possible in one-component BECs.

In this thesis, we have studied the behavior of the two-compent dark-bright solitons
in BECs analytically and numerically. We utilized di erent analytical methods like the
variational method, perturbation theory, etc. It is a wellknown fact that the e ciency of
the variational approach depends on the choice of the triabfction (i.e., the ansatz). To
obtain an accurate description, we used hyperbolic functie in our calculations which is
more accurate than the Gaussian function and more challemgi to work with. We compare

our ndings with numerical simulations where we use a pseudpectral method.
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In the rst project, we studied the internal oscillation of the two components dark-bright
soliton. We calculated the normal modes of the system whereewsed hyperbolic secant for
the bright soliton component and hyperbolic tangent for thedark soliton component. The
velocity of each component depends on the imprinted phasen the case of the dark soliton,
the velocity depends on the amplitude too, in case we includl@s as a variational parameter,
as in the second which we do in the second project. We nd thahere are two modes of
the oscillation of the dark-bright soliton. The rst one is the famous Goldstone mode. This
mode represents a moving dark-bright soliton without interal oscillation and is related to
continuous translational symmetry of the underlying equabns of motion in the uniform
potential. The second mode is the one we are interested in,maly the oscillation of the two
components relative to each other. We compared the resultbtained from the variational
method with numerical simulations. We studied the binding eergy and found a critical
value for the breakup of the dark-bright soliton. By imprining a linear phase on the bright
component only, we were able to impart a velocity relative tohe dark component. If we
imprint a small phase, we get an oscillation between the twammponents, similar to exciting
a vibrational mode of a diatomic molecule. But if we imprint alarge phase we break up
the dark-bright soliton, similar to unbinding a diatomic mdecule. By comparing the kinetic
and mean- eld energies of the two components that we got frothe analytical calculations,
we nd the critical value for the unbinding or break up of the dark-bright soliton. We
investigated this scenario also numerically. We found by muerical simulation that to get a
bright component in a dark-bright soliton the density must @ less than the density of the
dark element. We obtain this result analytically too, wherewe noticed that to make the
dark and bright components oscillate relative to each othewe must meet this rule. Also,
we found numerically that the oscillation frequency is indgendent of the imprinted phase
on the bright soliton. This means that for a small phase kick & have a simple harmonic
oscillation motion around the equilibrium point. A possibiity to extend this work is by

considering an oscillation between three-component solits. Di erent platforms could host
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such experiments. For example, we can have three-componesatitons in di erent hyper ne
states of BEC like®’Rbinthe F =1,mg 2f 1;0;+1g states or for di erent types of atoms.
In multicomponent BECs produced from the same hyper ne mafold, the phase between
various components is coherent and the norm is not separatetonserved, only the total
number of atoms. This additional feature must be accountedh ithe analytical calculations.
In the second project, we studied the propagation of two-cgmnent dark-bright solitons
in the presence of impurities. Physically any small impuryt relative to the size of the
soliton, can be represented by a delta function: for instae¢ a heavy impurity atom, or a
potential perturbation made with an focused laser. The inakion of a delta function potential
a ects the background of the dark component. Therefore, weparoximate the e ect by
considering a well-known method, namely, the Thomas-Ferniackground approximation
where we also used the perturbation theory. The interactioof the dark-bright soliton with
the potential excites di erent modes in the system. As a resylthe dark-bright soliton
emerges with a di erent velocity. Our analytical model capire two of these modes: the
dominant feature of relative oscillation between the two goponents, as well as the oscillation
in the widths. However, the analytical model requires theseidths oscillate in sync. The
numerical simulations allow further internal modes to entethe problem, starting with out-
of-sync oscillations of the soliton widths, and includingwen shape deformations of various
kinds. We identify regions for the transmission, re ectiorand inelastic scattering of the dark-
bright soliton by the potential barrier. We present three cae studies outline the basic kinds of
dynamical outcomes. The many internal modes excited in thgroblem show the complexity
of the nonlinear dynamical multicomponent problem. Our stdy points to di erent physical
regimes, and one can follow up by applying our model to any geular experiment intending
to pursue the scattering question. The scattering of a darkright soliton could also cause
guantum uctuations, as one might model, e.g., in dynamicaBogoliubov theory. In this case,
the kinetic energy would go not only into internal mean- eldmodes but also into enhanced

guantum uctuations localized in and near the dark-bright sliton. If that is the case, then
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a reduced velocity of a scattered dark-bright soliton bey@hmean- eld predictions will be a
sign of quantum uctuations. This is another strong reasond get the mean- eld inelastic
scattering correct, carefully understanding all internaimodes created by interaction with the
impurity. We also study in this project the velocity of the dak-bright soliton. The velocity
of a one-component dark soliton is well understood. By addjranother component, in this
case, a bright soliton, the behavior of the dark soliton spdas changing. We found for a
dark-bright soliton the maximum velocity is limited by the relative number of atoms in the
bright component as compared to the size of the hole or densitotch created by the dark
component. Above this critical velocity the dark-bright sakon develops internal oscillations,
and eventually unbinds and breaks apart. Future work may exind the investigation of the
interaction of dark-bright solitons with an impurity to thr ee components, where the dynamics
of internal excitations may become much more complex. We migtip apart the dark-bright
soliton with the proper resonance condition, as found for eion transport. In this sense
the barrier can be used to re ect, transmit, excite, or even @stroy the dark-bright soliton.
In addition, by solving this single impurity problem, we mayextend the work for solving the
disordered problem.

In the last project, we studied the internal oscillation of he two-component dark-bright
soliton in a harmonic potential. We used a variational methd with a hyperbolic tangent for
the dark component and a hyperbolic secant for the bright coponent. The harmonic poten-
tial modi ed the background of the dark component accordingo the well-known Thomas-
Fermi background approximation. Therefore, a perturbatio method was needed to include
the e ect of the harmonic potential. The decoupling of relatve and center of mass degrees
of freedom for the harmonic case occurs for the classical tlvody problem as well as its
guantum extension, including to more than two particles, wh relative coordinates appro-
priately generalized. In this project, we studied the decqling for a two-body bound state
of two emergent features, a bright and a dark soliton and fodnthat for a weak trap the in-

ternal oscillation modes were nearly independent of centef mass motion of the dark-bright
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soliton. But as the trapping strength increased, internal scillations and external motion
were strongly coupled. One reason for this e ect could be treeective potential as found for
example in non-exponential tunneling decay out of quasibod states in the scalar case [79{
81]. The tightened trap deforms the edges of the condensatéem the dark-bright soliton
approaches during its oscillations. Therefore, the edgektbe trap in uence the internal os-
cillation of the dark-bright soliton and as a result a couphg between the internal oscillation
modes and the center of mass motion occurs. Future work coudd the study of the internal
oscillation of the two-component dark-bright soliton in a larmonic potential with an impu-
rity at the center to look at the damping of a dark-bright solton under periodic interaction
with an impurity. Other works have investigated the intera¢ion of a dark-bright soliton in
a harmonic potential with an impurity, but they did not take into account internal modes.
Thus we suggest adding one more degree of freedom, namelyelative coordinate for the
position of the dark and bright solitons, which as we have stwm is vital to understand and

predict harmonic motion.
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APPENDIX
MATHEMATICA CODE FOR DYNAMICS OF DARK-BRIGHT VECTOR SOLITONS
IN BOSE-EINSTEIN CONDENSATES

The following Mathematica notebook used to generate the alyéical results for the dy-

namics of dark-bright vector solitons in Bose-Einstein Calensates project.
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CwW

A
1Qt#$ —&-11t#9011t# (7 Eq | 7)

cw
01%9t#$
2c?gu0? [1t# 4 211t # , 21 1t#
Csch' * [2 2 &Cosh’ *111t#93wSinh' *1(7 Eq Il 7)
gllw? w w w
-19t#$
2F? gu0? [1t# a4 21 1t# _ 211t #
——  Csch' ——* (2 2 &Cosh' *|11t#93wSinh" (7 Eq I 7)
g22 w? w w w
Fixed Points:
From Eqg A and Eq B we get
A
Olfp $ 0, -1fp $ 9 —
cw
Eqll and Eq Il give the same results. Using FindRoot method.
[ 1t# 4 211t # 211t #
TrigReduce ' Csch' ——* |2 |2 &Cosh' * | 11t#9 3 wSinh' *
w w W

8.41%$t%"2 Cosh# 2 2% | $t % (3w Sinh # 2> %g/
(

(3" 4 Cosh# 2 % %g ( Cosh# ! % %g,

w w
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Numerator !<#

&1 $t % (3 w Sinh #

21 $t% 21 $t%
t % 0s

(8 |41 $t% "2 Cosh# &
W w

21 1t# Co20t# (1
ExpandAll ' (4I 1t#&2 Cosh' *|1t#93wSinh' *] —*
w

w W
41 $t % ZCOSh#ﬂ%M&|$t% 21 $t %
" ( 3Sinh #
w W W
211t # 411t #
<% 1 8y, 8 2y2
W w

2y " yCosh$y% (3 Sinh $y%

FullSimplify 12y &y Cosh! y#9 3 Sinh ! y##
y ) 2" Cosh$y%+ (3 Sinh $y%
Here we use FindRoot method,

3 Sinh !y#
y (2&Cosh!'y#)9 3Sinh!ly#$08 vy $§ ———
(2 &Cosh! y#)
3Sinh !y#

FindRoot 'y 4 ——Mm—————,
(2 &Cosh! y#)

=y, 0 ?*
8y 9 0.:
So, the fixed point fof'>* ; 0, that is

Ifp $0
We end up with the following fixed points

A
01fp $ 0, -1fp $9—,l(p $ 0O
cw

LetOs expand the system of ODE
System of ODEs,

expandaraoundFP $ =-1!t#8 - 1fp & BC-1, 01!'t#8 O1lfp & BCQ, Il !'t#8 Ifp & BQ ?;

insertExponential $ =C-18 D-1Exp!l| Et#, C018 DO1Exp!l Et#, C 8 DIExp !l Et#?;

A
fp $ 101fp 8 0, -1fp 8 9 —, Ifp 8 02;
cw

A

1 9t#$ —&-11t#9011t#(7 Eq one 7)
Cw

LHS,

d d Ft E
|19t#8 — (Ifp &BDExp!l Et#)8 — (BDIExp!lI Et#) 8FGF'ED EB
dt dt
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RHS,

A
—&-11t#901!t #| % expandaraoundFP
cw

A
— " <r1l=(<41="*1fp (41fp
cw

<%fp

<*1l=(<41=

Series | C-1B9CO01 B, =B, 0,1 ?#
)<*1 (<4 1+ =" CB=%

Normal +( C-19 CO1) B & OB# 2/
)<*1(<4 1+=

Collect <, B#

)<*1(<41+=

< % insertExponential
201t > %1 (01> 2413=

We end up with,

9G 'EB(D-19D019FDlI E)$ 0

01%9t# $
2¢?gu0? [1t# 4 211t # _
Csch' * [2 (Z&Cosh' *[11t#93wSinh'
gllw? w w
LHS,

211t #

w

* |1 (7 Eq two 7)

d d
019t#8 d—(Olfp &BDOLExp! | Et#) 8 d—(BDOlExp!I Et#) 8FGF'FDOLEB
t t

RHS,
2¢?gu0? [1t# a4 211t #
—— Csch' ——* [2 (Z&Cosh' *] I1t#93wSinh'
g1l w? w w
expandaraoundFP
Ifp "<l = 4
2c?gu0®Csch#t— &
gllw? w
2)Ifp "< =+ )
[Z)pr "<| =+ 2" Cosh## ——&| ( 3w Sinh #
w w
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2)Iifp "<I =+
) Ifp 2

211 t#
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<% fp

2<l = 2<l =
&| ( 3w Sinh #
w w

<l = 4

2¢c2gu0? Csch# & &

gllw? w

2<l = {2 " Cosh#

Series <, =B, 0,1 ?#
16c?guo?<l| =
e O T g
15 g11 w?

16c?guo?d B 5
Normal ' ——————— & OB# %+
15 g11 w?

16c?guo?<l =

15 g11 w?

< % insertExponential

16c20t>guo??l =

15 g11 w?
We end up with,

FG'EB,16 Fc2gu0? D &15g11w? D01 E.

$0
15 g11 w?

-19t#$
2F2 guo? [1t# a4
—— Csch' ——* [2 (2 & Cosh'
g22 w? w

LHS,

211t # 211t #

*[I1Tt#93wSinh'
w w

* (7 Eq three

d d
-19t#8 d—(- 1fp &BD-1Exp!| Et#)8 d—(B D-1Exp!| Et#) 8FGF'ED-1EB
t t

RHS,
2F? gu0? [1t# a4 211t # _ 211t #
—— Csch' ——* (2 (Z&Cosh' *] I1t#93wSinh' *] %
922 w? w w w
expandaraoundFP
Ifp "<l = 4
2FzguOZCsch#p7&
g22 w? w
2)Ifp "< =+ ) 2)Ifp "< =+
2)Ifp "<I =+ |2" Cosh## ——+—— & | (3wWSINh# —— &
W W
<% fp
) ) <I = 4 2<l = _ 2<l =
2F°gu0” Csch# & (2<I = [2" Cosh# &] ( 3w Sinh # &
922 w? w w w

129

7



Series <, =B, 0,1 ?#

16 F>gu0® <l =
g—" m:o/g

15 g22 w?

16 F2guo®d B )
Normal ' ————————— & OB# 2*
15 g22 w?

16 F2 gu0? <l =

15 g22 w?

< % insertExponential

16 01> F2gu0??l =

15 g22 w?
We end up with,

FG'EB,16 FF2gu0? D &15g22w? D-1E.

$0
15 g22 w?

Collect the Equations Above,

G'EB@OD-1&D0OL&FD E)$ 0

16 c2 gu0?
GF‘EB[g—gDI &FDOLE| $0
15911 w?
16 F? g u0?
G'EB 9—gD| &FD-1E|$0
15 g22 w?
Form the Matrix,
91 1 FE
16 ¢2 g uo? D-1 0
0 FE 915911w2 Do1|$ |0
FE 0O 916F:29u02 Dl 0
15 g22 w?
91 1 FE
16c2guo?
Det' 0 FE 915g11w2 *
16 F2 g u0?
FE 0 9 15 g22 w?

2240 1F2 ggllu0?w’ >( 240 1 c2gg22u0?w >" 225 1 g11 g22 w* >33 @ 225 g11 g22 w *3

Simplify +
,240 FF2ggl1u02w E9240 Fc?gg22u0 2w E&225 Fgll g22 w* E3.;, 225gl1g22w*./
21>216F%ggl1u0?( 16c2gg22u0?" 15911 g22w? >233 @ 25 g11 g22 w23
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Solve <4 0, E#

4 +/(F?ggl1u0?" c2gg22u0? 4 +/(F>ggl1u0?" c2gg22u0?
A8>9 0:, A>9( J B, A>9 J BB
V15 +/g11 +/g22 w V15 +/gl11 +/g22 w

LetOs now do the calculations without using I[t], and use only bl[t] and d[t]:
Usethe following fixed points:

A
01fp $ 0, -1fp $9—, bfp $0, dfp $0
cw

And the system of ODEs are:

b@t#$901!t# (7 Eq one9l 7)

A
d9t#$9 —9-11t# (7 Eq Twodll 7)
CwW

2 (bl t#9dltH)

2c¢?gu0? blt#9d!lt# 4
019t#$ ——— [CSCh' —_

[2 [Z&Cosh' )(b!t#gd!t#)g

w w

gllw?
2(blt#odlit#)

w

3w Sinh' )] (7 Eq Three 9l 7)

2(b!t#9dt#
SLITE lasal il

w

2F2 guo? blt#9d!It# 4
_— [CSCh' ———
W

[2 [Z&Cosh' *](b!t#gd!t#)Q

g22 w?
2(blt#9odlit#)

w

3wSinh' ]] (7 Eq Four9lV 7)

expandfpNEW $
=1't#8 - 1fp & BC-1, 01!t#8 01fp & BCQ,b!t#8 bfp & BMh,d!t#8 dfp & BQ?;

insertExponentialNEW $
=C-18 D-1Exp!l| Et#, COL8 DO1Exp!| Et#, Cb 8 DbExp!| Et#, Cd8 DdExp!| Et#?;

A
fp $ 101fp 8 0, -1fp 8 9 —,bfp 8 0,dfp 8 02;
cw

Eqone-l
b@t#$901It#
LHS,

d d
b9t#8 — (bfp &BDbExp!l Et#)8 — (BDbExp!| Et#) 8FG"'EDbEB
dt dt

RHS,
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(90 1!t #) %. expandfpNEW
(<41=(41fp

< % insertExponentialNEW
(01'>241=(41fp

Series <, =B, 0,1 ?#

(41fp (011> 241 =" CB=9%

Normal +901fp 9G ' E D01 B & OB# 2/
(014> 241 =(4 1fp

<%fp

(01t>7241=

We end up with,

FG'EDbEB &G'ED01B$0
Collect +FG'EDbEB &G'EDOLB, BG'H

0''7=)241"12b>+

G'EB(DO1&FDHE)$ 0

Eq Two-lI

A
d9t#$9 —9o-11t#
CWwW

LHS,
d d

d9t#8 — (dfp &BDIExp!| Et#8 — (BDdExp!l Et# 8FGF'EDIEB
dt dt

RHS,

A
9 —9-11t# | % expandfpNEW
cw

A
(—(<1=(*1fp
Cw

< % insertExponentialNEW

A
(— (0> 2x1=(*1fp
cw

Series <, =B, 0,1 ?#

(( i(* 1fp ](O lt>?*1:,, (E:o/g
cw
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A Ft E 2
Normal ' (9—9-1fp)96 D-1 B &OB# “*
cw

A
(— (0> 2x1=(* 1fp
cw

<% fp
(0tt>ox1=
We end up with,

G'EB(D-1&FDIE)$ 0

Eq Three-lll

2¢c2guo? blt#9dlt# a
019t#$ ——— [Csch' —_—

g1l w? w

2(blt#9dt#)

[2 (2 & Cosh'

C 2(blt#9d!t#)
) (b't#9d!t#)9 3wSinh’ —]]

w w

LHS,

d d
019t#8 — (01fp &BDALExp!| Et# 8 — (BDOL1Exp!l Et# 8FGF'EDO1EB
dt dt

RHS,

2c¢?gu0? blt#9dlt# 4 2(blt#9d t#)

- [Csch' _ [2 [Z&Cosh' — x| (b't#9dIt#)9
gllw? w W

~ 2(bl't#9dlt#)
3wSihh' —mM8 ——* ]] % expandfpNEW
w
bf] dfp "<b=(<d= 4
2¢c2gu0? Csch# p (dfp ( &

gllw? w
2)bfp (dfp "<b=(<d=+
2)bfp (dfp "<b=(<d=+ |2" Cosh# &\ (
w
2 ) bf] dfp "<b=(<d=+
3w Sinh # ) bfp (dfe ( &
w
<% fp
<b=(<d= 4
2czgu02Csch#(7&
gllw? w
2)<b=(<d=+ ] 2)<b=(<d=+
2)<b=(<d=+ 2" Cosh## —————— & | (3WSIhHh# — &
w w
Series <, =B, 0,1 ?#
16c2gu0?)<b(<d+=
9 J<bl " Op=9%

15 g11 w?
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16 c? gu0? (Cb9Cd) B )
Normal ' &OB# “*
15 g11 w?

16 c?gu0?)<b(<d+=

15 g11 w?

< % insertExponentialNEW
16c?gu0220tt>2b(01t>2d3=

15 g11 w?
We end up with,

G 16¢c?gu0? ,GF'EDh9G ' EDd. B
F DOLEB $

15 g11 w?

Eq Four-1V

2 F? gu0? blt#9dlt# 4
19t ———— (CSCh' —_

g22 w? w

2(blt#9d t#)

(2 [2 & Cosh'

C 2(b't#9d!t#)
] (b1 t#9dt#)9 3wSinh' —]]

w w

LHS,
d d

-19t#8 — (- 1fp &BD-1Exp!| Et#8 — (B D-1Exp!l Et# 8FGF'ED-1EB
dt dt

RHS,

2(blt#9dt#)

w

(b't#9d!t#)9

2F2 guo? blt#9dlt# 4
_— [CSCh' _—
w

[2 [2 & Cosh'

g22 w?

2(blt#9dt#)
W

bfp (dfp "<b=(<d= +

3wSinh' ]] ] % expandfpNEW

2F2 gu0? Csch#

g22 w? w
2)bfp (dfp "<b=(<d=+
2)bfp (dfp "<b=(<d=+ |2" Cosh# &
w
2) bf dfp "<b=(<d=+
3w Sinh # ) bfp ( dip ( &
w
<%fp
<b=(<d= 4
2Fzgu02Csch#(7&
g22 w? w
2)<b=(<d=+ _ 2)<b=(<d=+
2)<b=(<d=+ |2"Cosh## —————— & | (3wSihh# ——— &
w w
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Series <, =B, 0,1 ?#

16 F2gu0?)<b(<d+=
9u07)=bl " Op=9%

15 g22 w?

16 F2 gu0? (Cb9Cd) B )
Normal ' & OB# “*
15 g22 w?
16 F2gu0?)<b(<d+=

15 g22 w?

< % insertExponentialNEW

16 F2gu0220tt>?2b(01t>2d3=

15 g22 w?
We end up with,

G 16 F2gu0? GF'EDbh9G 'EDd. B
F D-1EB $

15 g22 w?
Collect these equations:
G'EB(DO1&FDLE)$ O
G'EB(D-1&FDIE)$ 0
16 c2 gu0? 16 c2 g u0?
G'EB |9 9 Db & 9 Dd&FDOLE| $0
15 g11 w? 15 g11 w?
16 F2 gu0? 16 F2 g u0?
G'EB |9 g Db & J Dd&FD-1E|$0
15 g22 w? 15 g22 w?
Matrix,
FE 0 1 0
0 FE 0 1 Db 0
t E 16c2gu0? 16c2gu0? Dd 0
c'B 15 g11 w? 15 g11 w? FE 0 D01 $ 0
lGFzguOZZ 16F2gu022 FE D-1 0
15922 w 15922 w
FE 0 1 0
0 FE 0 1
Det 16c?2gu0? 16c?guo? FE 0 |*
15 g11 w? 15 g11 w?
16 F2gu0? 16F2gu0? FE

15 g22 w? 15 g22 w?

2240 F2 ggl1u0?w >? (240c?gg22u0?w >?" 225911 g22w* >*3 @ 225 g11 g22 w *3
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Simplify +, 240F2 ggl1u0?w E?9240c?gg22u0?w? E2&225gl11g22w* E*.;, 225gllg22w?./
1 ,( 16c?gu0® 16F*gu0?
S " "

— 15 >2
15 g11 w? g22 w?

Solve <4 0, E#

4\/( F2ggl1u02" c2gg22u0? 5
V15 /g1l /922 w

A8>9 0:, 8>9 0:, A>9(

4J(Fzggllu02" c?2gg22u0? -
V15 +/gll ./g22 w

A>9

FullSimplify ~ I<#

4./g2( F? g11" c2 g223 u0? 4./g2( F?g11" c2 g223 uo?
A8>9 0:, 8>9 0:, A>9( B, A>9 BB
V15 +/g11 +/g22 w V15 +/g11 +/022 w

136



	Abstract
	Table of Contents
	List of Figures
	List of Tables
	List of Symbols
	List of Abbreviations
	Acknowledgments
	Dedication
	HISTORY AND FUNDAMENTAL CONCEPTS OF SOLITONS IN BOSE-EINSTEIN CONDENSATES
	Mathematical and Numerical Notions of Dark-bright solitons in Bose-Einstein Condensates
	Derivation of Grossâ•ﬁ-Pitaevskii equation
	Nondimensionalization and Dimensional Reduction for 3D Grossâ•ﬁ-Pitaevskii equation
	Imaginary time propagation
	History of ansatz
	Numerical techniques
	Runge-Kutta
	Pseudo-Spectral Methods

	Feshbach Resonances
	Imaging techniques for two-component Bose-â•ﬁEinstein condensate systems
	Dark-bright solitons in experiments

	Dynamics of Dark-Bright Vector Solitons in Bose-Einstein Condensates
	Introduction
	Analytical Calculations
	Evolution Equations
	Normal Modes
	Binding Energy of Vector Soliton
	Numerical Calculations
	Dark-Bright Soliton with Equal Interaction Coefficients
	Dark-Bright Soliton with Unequal Interaction Coefficients
	Dark-Bright Soliton Dynamics
	Units
	Conclusions
	Fixed point singularity

	Scattering of a dark-bright soliton by an impurity
	Introduction
	Analytical Calculations
	Lagrangian density and ansatz
	Evolution equations
	Dark-bright soliton velocity

	Numerical Calculations
	Scattering of dark-bright soliton by potential barrier
	Dark-bright soliton velocity

	Conclusions

	Internal Oscillations of a Dark-Bright Soliton in a Harmonic Potential
	Introduction
	Analytical Calculations
	Lagrangian density and ansatz
	Evolution equations
	Normal modes
	Nonlinear dark-bright soliton motion

	Full numerical evolution of the coupled GPEs
	Dark-bright soliton in harmonic potential
	Robustness of dark-bright soliton oscillations

	Conclusions
	Matrix elements

	Conclusions and Outlook
	References Cited

