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ABSTRACT
VO '"040;

A fin ite  set of observations of some Geophysical phenomenon is 

treated as a single observation (realization) of a f in ite  stochastic 

process. Each observation lies in an N-dimensional complex vector 

space. Discrete analogues of time- and band-limited functions, as 

observations, are defined as well as the discrete Fourier transform.

I t  is shown that the discrete Fourier transform of a discrete, 

wide-sense stationary stochastic process with zero mean and band-limited 

sample paths is an uncorrelated process with zero mean and conversely.

A fin ite  Karhunen-Loeve expansion is defined for a f in ite  stochas­

tic  process which is determined by the covariance matrix of the process.

The covariance matrix of a f in ite  wide-sense stationary process 

is Toeplitz. New matrices, called generalized Toeplitz matrices, are 

defined and i t  is shown that an invertible, generalized Toeplitz matrix 

has a generalized Toeplitz inverse. This property of generalized 

Toeplitz matrices, along with persymmetric and centrosymmetric matrices, 

are used to c larify  the Trench-Zohar algorithm for inverting Toeplitz 

matrices. An algorithm is developed which solves a Toeplitz system of 

algebraic equations and which generalizes existing algorithms.

A search for explic it expressions for the eigenvalues and eigen­

vectors of Toeplitz matrices is conducted and relationships between a 

Toeplitz matrix of order n and certain circulant matrices of order 2n 

and 2n-l are established. Circulant matrices are special Toeplitz 

matrices whose eigenvalues and eigenvectors are known. The eigenvalues 

and eigenvectors are needed in the f in ite  Karhunen-Loeve expansion.

i i  i
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Chapter 0. Introduction

The revolution in numerical analysis and problem solving resulting 

from the increased use of modern electronic computers is well known, 

especially to the analysts working in the sciences, business and eco­

nomics. This revolution has had an especially profound effect upon 

those sciences, such as Geophysics, which involve the collection and 

analysis of large amounts of data.

Because of its  speed and capacity, electronic computers can now 

e ffic ien tly  solve problems involving large amounts of data and (or) 

large number of operations which previously were considered unsolvable 

or too time consuming. Not only can a computer solve many problems more 

e ffic ie n tly  but i t  can solve older problems by newer methods and can 

even suggest new problems.

However, the characteristics of electronic computers require 

changes in the methods used to solve problems. For example, the com­

puter works with a f in ite  binary representation of a number and this 

restriction requires the truncation (called "rounding") of input data 

and internal calculations. The errors which result from this truncating 

process are called-round-off errors. Also, the computer can only per­

form a f in ite , a lbeit large, number of rather simple operations which 

requires the reduction of complex problems into simpler problems. Often 

a complicated problem cannot be analyzed in its  original form and there­

fore must be replaced by a simpler problem which is solvable and which 

approximates the original problem. This simpler problem is often called 

a model of the original problem. Frequently the errors which result
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from reducing a complicated problem, or replacing one problem by 

another, are not well understood or well known.

In spite of these d iff ic u ltie s , there is a great demand for com­

puter oriented numerical techniques (algorithms, languages, e tc .) which 

can be applied directly toward the solution of specialized problems. 

Because of the restrictions noted above, theoretical results cannot 

always be programmed directly on a computer and consequently, entirely  

distinct numerical algorithms must be developed. That is , numerical 

techniques must be developed which agree with the theoretical and which 

take advantage of the speed and capacity of the computer. Often these 

considerations require the numerical techniques to be modified in ways 

which are not obvious.

This thesis derives and develops numerical analogues to the time- 

and band-limited functions described in Slepian and Poliak. These numer­

ical functions are called discrete time- and band-limited functions.

An application of these functions can be seen by considering three 

problems from Geophysics : polar wandering, earth tide, and free oscil­

lations of the earth. Barber has a very good discussion of these 

problems and the application of Fourier analysis to them.

Polar wandering is the apparent motion of the north rotational pole 

relative to some fixed point on the celestial sphere. At the present 

time Geophysicists are engaged in discovering the causes for this motion. 

By analyzing the observations of this phenomenon in order to learn the

properties which characterize the motion, an understanding of these pro-
\

perties could then be used to predict further motion or supply c rite ria
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by which alternative theories (models) could be evaluated. Polar 

wandering has been observed for less than 100 years and only at discrete 

times (a discrete time-limited function). The observational data indi­

cates that the apparent motion of the pole has two recurrent or periodic 

components and possibly a secular trend. The periodic components have 

periods of 12 and 14 months. By using the discrete Fourier transform 

we can estimate the presence, or absence, of certain periodic components 

in that motion. These periodic components are band-limited functions. 

Polar wandering is an example of the use of complex-valued ( i.e .  two 

dimensional) time series and is related to the variation of latitude 

problem (Smylie, Clarke and Ulrych).

The earth tide is the reaction of water and rock to the gravita­

tional attraction of the moon and sun (and possibly other celestial 

bodies). As the apparent motion of the moon and sun are "almost" 

periodic we would expect that tidal observations would also exhibit this 

feature, which i t  does. However tidal observations also have aperiodic 

components superimposed on the periodic ones. Depending upon the inter­

est or point of view of the observer, these undesirable components 

would be considered "noise." Most observations have certain undesirable 

components which often exhibit a randomness due to unknown causes. We 

w ill call phenomena possessing this property, random phenomena. In 

fact, any phenomena whose outcome is not deterministic w ill be called 

random.

The tides were probably present long before observations were 

taken and probably w ill continue long after we cease taking observations.
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This means that our set of observations is just a fin ite  segment of a 

much larger (possibly in fin ite ) set of observations. The question then 

arises: how do we analyze this fin ite  segment knowing that our data

(information) is incomplete? Further, is i t  possible to detect the pre­

sence of periodic components (band-limited function) from only a fin ite  

set of observations (time-limited function)?

Free oscillations of the earth are the vibration modes of an elas­

tic  earth when excited by large energy sources such as large earthquakes. 

While speculation concerning these oscillations arose many years ago, 

i t  is only recently that accurate instruments have been constructed 

which can detect these oscillations whose periods are from 1/2 to 60 

minutes long. The ava ilab ility  of high speed computers has certainly 

aided in the analysis of these oscillations.

Fourier and spectral analysis applied to the seismographic observa­

tions of these oscillations has enabled Geophysicists to achieve a high 

degree of agreement between the theoretical prediction and experimental 

verification of certain elastic properties of the earth. In fact, the 

observational data has helped to distinguish between several alternative 

theories (models of the earth) concerning the composition of the earth's 

crust. Unfortunately for Geophysicists, these oscillations have only 

been observed in very large, and hence rare, earthquakes.

The term "Fourier analysis" generally refers to analysis using 

Fourier integrals or Fourier series.



T-1651 5

2
Let L (R) denote the space of complex-valued, Lebesque square- 

integrable functions defined on the set of real numbers R. Plancherel's
o

Theorem states that the Fourier integral of a function f , in L (R),
o

converges in the mean to a function g, in L (R). Wiener (1958) shows

that the Fourier integral is a linear operator, called the Fourier trans- 
2 2form, from L (R) into L (R) which is invertible; that is , there exists 

an inverse Fourier transform. One of the important applications of the 

theory of Fourier transforms is contained in Parseval1s Theorem 

(Parseval's equality).

From this theory Slepian and Poliak defined the subspaces of time- 

and band-limited functions. A time-limited function in L (R) is a 

function which vanishes outside the interval (-T , T), for some T > 0.

A band-limited function, in L (R), is a function whose Fourier transform 

vanishes outside the interval (-ft, ft), for some real ft > 0. Landau and 

Poliak showed that the only function which is both time-limited and band- 

limited is the zero function.

Slepian and Poliak proved that for any T > 0 and ft > 0, there exists 

a countably in fin ite  set of functions { fg( t ) ,  f ^ ( t ) , . . . }  and a count- 

ably in fin ite  set of positive real numbers Xq > x-j > . . .  which satisfy:

1. { f j j t ) }  are band-limited, orthonormal on R and complete in the 

space of band-limited functions B,

2. {f|<( t ) }  are orthogonal and complete in L (-T , T ) , and

3. {x^} and { f^ ( t ) } are the eigenvalues and eigenvectors of a 

certain integral eigenvalue problem, such that { f^ (t)}  are the 

prolate spheroidal wave functions.
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In this thesis we have found numerical analogues for certain of 

these results. Unfortunately, we were not able to find numerical 

analogues for all of them. Specifically, we develop discrete analogues 

of the time-limited and band-limited functions as two fin ite  dimensional 

complex vector spaces. Further, we define the discrete Fourier trans­

form as a linear operator from the space of time-limited functions into 

the space of band-limited functions and we show that this operator is 

one-to-one and onto. However, because of the isomorphism between two 

N-dimensional vector spaces, care must be taken in the use of these 

functions since no non-zero time-limited function can be simultaneously 

band-limited and conversely. In fact, the lack of specification of the 

domain and range spaces for the discrete Fourier transform is a frequent 

source of confusion in the literature on this subject. Whereas in 

Slepian and Poliak the specification (namely, T and fi) of the spaces of 

time-limited and band-limited functions are chosen independently, in 

our theory the two spaces have the same fin ite  dimension.

Let L ( 0 ,  2 - r r )  denote the space of complex-valued, Lebesque square- 

integrable functions defined on the interval ( 0 ,  2 t t ) . Although i t  is 

not usually done, we can define a linear operator (the fin ite  Fourier
p

transform) on L (0, 2-i t )  whose image is a function (called a sequence)
P 2

in 1 , the space of all complex-valued sequences <â > such that e |a j  

converges. Given a function f , defined on (0, 2 t t )  , the complex 

Fourier series representation for f ( t )  is defined as

CO .

£ c e 0 )
n=-oo
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2
where i = -1 and for a ll integers n,

( 2 )

Since the Fourier series, Equation (1 ), is a periodic function with 

period 2 t t , we can extend f ( t )  to the set R by requiring f ( t )  to be 

periodic with period 2 t t ; that is , we require that, for all t .

The Riemann-Lebesque Theorem states that the sequence <cn> , in 

Equation (2 ), converges to zero as n approaches either plus or minus 

in fin ity . The Riesz-Fischer Theorem states that for any trigonometric

(Cars!aw; Apostol). Furthermore, there is a Parseval's Theorem which is 

analogous to the theorem of the same name in the theory of Fourier 

transforms.

I f  we select a fin ite  sequence of complex numbers,

<3q, a-|, . . . ,  a discrete time-limited function, then the fin ite

series

*  n=0 ^  e"lnt (4)

is a discrete band-limited function when t  = 2irk/N for 

k = 0, 1, . . . ,  N -l. Equation (4) is a fin ite  analogue of a Fourier 

series since i t  is a particular Riemann sum of the integral in Equation

f ( t  + 2 tt) = f ( t ) . (3)

series, Equation (1 ), for which z |c^co nverges , there is a function in 
2

L (0, 2t t ) for which Equation (1) is its  Fourier series representation
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Consequently, we define the space of discrete time-limited func­

tions , TL(N), as the space of all complex-valued N-tuples (fin ite  

sequences having N terms) and space of discrete band-limited functions, 

BL(IN), as the space of all complex-valued sequences <c, > where

We remark at this point that in most instances where we have speci­

fied complex numbers or complex-valued functions, we could have specified 

real numbers or real-valued functions with l i t t l e  or no changes. This 

illustrates how easily most results generalize from the real to complex 

number fie ld s . In addition, we do achieve some economy of form and 

presentation. For example, the (complex) discrete Fourier transform, 

Equation (5 ), is easier to write down than the corresponding real expres­

sions because of the necessity of treating the cases of N odd and N 

even separately.

Another approach to the development of the discrete theory of 

Fourier transforms is taken from Dr. Frank A. Hadsel1 's course notes in 

Linear Systems given at the Geophysics Department at the Colorado School 

of Mines (see also Papoulis). This approach uses the theory of gener­

alized functions (distributions) and is also motivated by the desire to 

find numerical analogues of the results in the theory of Fourier trans­

form which can be applied to electronic computers. We have modified 

Dr. Hadsel!1s development slightly.

(5)

<a0$ al ’ * * * » aM-l> E *L

ck = V i r  fo r  k = 0 , 1

TL(N), and W = exp(12ii/N). Since Wk = Wk+N then
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Given a complex-valued function f ( t )  which is time-limited to the 

interval [0, T], we multiply f ( t )  by a sampling function 

N-l
sN(t;  t ) = z 6(t - mr) ( 6 )

m=0

where 6 (t) is the Dirac delta (generalized) function, T = Nt and

N-l
f_ (t)  = f ( t )  sN(t;  t ) = z f(mx) 6(t - mx). (7)
b IN m=0

This approach uses the generalized function f s(t) in place of the

discrete time-limited function <f = f(mx)> which we use in our theory.

The definition of the Fourier transform for generalized functions results

in the Fourier transform of f g(t)  being given by

F^(w) is periodic in w with period 2tt/x = 2ttN/T (F  ̂ is a band-limited 

function). Since F (-œ) = F (̂ (2-rr/x) - œ), the Fourier transform for 

10)1 > t t / t  is determined ("aliased") by the Fourier transform for

| o)| <_ t t / x  (Nyquist frequency).

Since F (œ) is a continuous function, Fg can be sampled at an

arbitrary number of values of o) in the interval [0, 2ttN/T] resulting in 

a discrete band-limited function.

In contrast to this situation, our discrete band-limited function 

<c.>, given in Equation (5 ), has only N values (N is determined by the 

discrete time-limited function) and <c. > is related to F (o>) by 

ĉ  = N^ Fs(2irk/T) (9)

for k = 0, 1, . . . ,  N -l.
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Why does our definition of the discrete Fourier transform require 

N values whereas the second definition allows an arbitrary number of 

values of Fs? (this question was one of the motivations for this thesis).

We believe the answer to this question lies in the observation that 

the second approach assumes the existence of the function f ( t )  whereas 

our approach only assumes the existence of the N complex numbers <fm>.

We observe that the f in ite  sampling process is not invertib le. That is , 

there are many functions whose equally-spaced values result in a given 

set of N complex numbers <an>. Consequently, our discrete Fourier trans­

form of <an> represents the discrete Fourier transform of the set of 

functions whose equally-spaced values are given by <an>. In Chapter Two 

we derive some of the properties of the discrete Fourier transform of 

the N-tuple <an> .(without assuming the existence of the function f ( t ) ).

The numerical calculation of the discrete Fourier transform is , at 

the present time, most e ffic ie n tly  computed using the "fast Fourier 

transform" algorithm, rediscovered in 1965 by J.W. Cooley and J.W. Tukey. 

This basic algorithm, leading to numerous variations and modifications, 

has brought about a substantial saving in computation time (for large N) 

and has sparked the search for new ways to apply the discrete Fourier 

transform to other problems, (see Chapter Four for a further discus­

sion).

After we have applied the discrete Fourier transform to a N-tuple

< a > , we have the problem of properly interpreting the results. We n
comment further on this point in Chapter Four.
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In Chapter Two, the spaces TL(N), discrete time-limited functions, 

and BL(N), discrete band-limited functions, are shown to be two N- 

dimensional complex vector spaces. The discrete Fourier transform is 

shown to be an isomorphism (a one-to-one mapping) of TL(N) onto BL(N). 

When two f in ite  dimensional vector spaces are isomorphic to each other, 

they "tend to look alike algebraically". I t  is therefore possible to 

substitute a discrete band-limited function for a discrete time-limited 

function and vice versa.

What are the ramifications of replacing one discrete function by 

the other? Given a result about one space, can we obtain a similar 

result for the other space? (these two questions are also part of the 

motivation for this thesis).

The f ir s t  question is particularly pertinent when we attempt to 

define the discrete analogue of the convolution operation. For example 

we could define the convolution of two discrete time-limited functions, 

N-tuples <an> and <bn>, as the (2N-1)-tuple <d^>, where, for 

m = 0, 1, . . . ,  2N-2,

dm = îa n bm-n (10)
is defined and summed over a ll n such that 0 <_ n ^  N-l and 0 <_ m-n £  N -l.

Unfortunately the discrete Fourier transform of <dm> is not related to

the transforms of <an> and <bfi> in any nice way. Often, for large N,

the numbers d  ̂ become small at each end (m = 0 and m = 2N-2) because

the number of terms in the sum, in Equation (10), is small.

On the other hand, we could define the convolution of two discrete 

band-limited functions, <an> and <b^>, as the (2N-1) -tuple <dm>, in
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Equation (10), where now the summation is over a ll n between 0 and N -l, 

since <â > and <b̂ > can be extended periodically. This is an example 

where discrete time-limited functions are replaced by discrete band- 

limited functions. However, this replacement changes the nature of 

<dm>. Discrete band-limited functions <a > and <b̂ > lead to discrete 

band-limited function <d̂ > which may not become small near the ends ; in 

fact, <dm> is periodic with period N as we prove in Chapter Two. Also, 

the convolution operation is commutative when band-limited functions are 

used but noncommutative when time-limited functions are used. Consequent­

ly the discrete convolution theory is considerably less satisfactory than 

the corresponding theory in Fourier transforms and i t  has been omitted 

for that reason. A similar d iffic u lty  arises in the use of discrete 

sample paths (realizations) in estimating the covariance function of 

stochastic processes (Box and Jenkins).

A fin ite  set of observations of any geophysical phenomenon can be 

viewed as a fin ite  time series. That is , the observations can be con­

sidered as a fin ite  segment of a realization of some stochastic process. 

The question arises as to how we are to consider our fin ite  segment rela­

tive to those observations which are not known to us.

The concept of a stationary stochastic process is introduced when 

the statistical properties of the phenomenon are assumed to be time invar­

iant. The statistical parameters of a stationary time series can be 

estimated from a segment of the time series.

We could assume that the phenomenon is periodic, in which case we 

would also assume that the stochastic process is periodic. There may,
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in fac t, be .several different, models proposed which approximate the 

phenomenon under investigation. The observations could then be used to 

accept, re ject, or modify-the various models proposed.

One of the reasons why Fourier analysis has been used as an impor­

tant technique in analyzing various phenomena is that i t  presents 

essentially two different views ("time" and "frequency") of the pheno­

menon. For this reason, Fourier analysis is even applied to phenomenon 

for which its  "frequencies" have no obvious physical interpretation.

In section 2.2 we look at an example, due to Hannan, of a discrete 

stochastic process which is circular. The N independent random variables 

of this process forms a basis for a N-dimensional complex vector space. 

Another basis is obtained which consists of N uncorrelated random varia­

bles which are related to the original random variables by the discrete 

Fourier transform. These two sets of random variables are the s ta tis ­

tica l counterparts of the discrete time- and band-limited functions.

In Theorems 2.9 and 2.10 we prove that for every discrete periodic 

stochastic process which has mean value zero and is stationary in the 

wide sense, there exists another discrete stochastic process which has 

mean value zero and uncorrelated random variables, and conversely.

These two stochastic processes are related by the discrete Fourier 

transform. The discrete Fourier transform can then be viewed as a 

linear operator on this vector space mapping one basis (stochastic 

process) into the other basis.

Since the original stochastic process is stationary in the wide 

sense, the covariance matrix for this process is a Hermitian, Toeplitz
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matrix (Toeplitz matrices are defined in Chapter Three). Theorem 2.9 

is then equivalent to the result that under a unitary transformation, 

the covariance matrix of the original process can be transformed into a 

diagonal matrix (the diagonal matrix being the covariance matrix for the 

process having uncorrelated random variables). This is related, in a 

sense, to the fact that every Hermitian matrix can be diagonalized and 

consequently we should be able to extend Theorems 2.9 and 2.10 by 

removing the periodic condition. In Chapter Two we generalize Theorems 

2.9 and 2.10 with the result that the two processes are related by a 

generalized discrete Fourier transform which we call the discrete 

Karhunen-Loeve expansion.

The expansion is called the discrete Karhunen-Loeve expansion 

because i t  is a discrete analogue of the Karhunen-Loeve expansion for 

continuous random variables. This expansion is determined by the 

eigenvectors of the covariance matrix of the original process; the 

eigenvectors form the uncorrelated random variables. The Karhunen-Loeve 

expansion has certain optimal properties which can be applied to problems 

in signal detection, factor analysis, and pattern recognition (Watanabe: 

Davenport and Root; Selin). Unfortunately, we were unable to formulate 

analogous optimal properties for the discrete Karhunen-Loeve expansion.

We w ill comment further on this point in Chapter Four.

In Chapter Three we define Toeplitz matrices, develop the ir proper­

t ie s , derive numerical algorithms for (1) inverting Toeplitz matrices,

(2) solving a Toeplitz system of algebraic equations, and (3) discuss 

algorithms for finding eigenvalues and eigenvectors of Toeplitz matrices.
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Algorithms for handling Toeplitz matrices are of great interest 

at the present time due to the role these matrices play in the theory 

and application of discrete stationary stochastic processes. The appli­

cations include estimating certain digital f ilte rs  (Levinson; Wiener, 

1949), f itt in g  autoregressive processes (Box and Jenkins ; Jenkins and 

Watts), and finding the discrete Karhunen-Loeve expansion. Grenander 

and Szego give other applications.

Levinson derived the f ir s t  algorithm for solving a Toeplitz system 

of algebraic equations which made effic ient use of the special structure 

of Toeplitz matrices. There is a slightly different version of the 

algorithm in Wiggins and Robinson but both algorithms require the 

Toeplitz matrix to be real and symmetric. We have derived an algorithm 

in section 3.3 which removes this restriction.

The Trench-Zohar algorithm for inverting a Toeplitz matrix is 

given in section 3.2. W.F. Trench originally derived this algorithm 

for Hermitian, Toeplitz matrices. Zohar simplified the derivation and 

extended the algorithm to a slightly larger class of matrices. However 

both authors were apparently unaware that, in general, the inverse of 

invertible Toeplitz matrices is not a Toeplitz matrix.

In section 3.1 we c larify  the Trench-Zohar algorithm by finding a 

larger class of matrices, called generalized Toeplitz matrices, which 

includes Toeplitz matrices and their inverses (when they exist). We 

also specify several classes of matrices which are related to Toeplitz 

matrices.
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In sections 3.1 and 3.4 we derive several results relating to the 

solution of the eigenvalue problem for Toeplitz matrices. Because the 

discrete Karhunen-Loeve expansion, in Chapter Two, requires the eigen­

values and eigenvectors of Toeplitz matrices, we would like to be able 

to derive explic it expressions for these eigenvalues and eigenvectors.

While we were not able to find these explicit expressions, we 

mention that the Jacobi and Householder Methods are numerical algorithms 

for finding the numerical eigenvalues and eigenvectors. Furthermore, 

we derive and discuss the eigenvalue problem for circulant matrices 

which are the (Toeplitz) covariance matrices for periodic processes.

Gray and Pearl have derived similar, but d ifferen t, results on circu­

lant matrices which are "asymptotically Toeplitz" as the order of the 

matrices increase without bound.

Finally, in Chapter Four we conclude with a discussion of the 

discrete (numerical) analogues we have derived, their limitations and 

possible further work.
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Chapter 1. Definitions and Examples

1.1 Definition ( f ie ld ) . .A set of elements F is said to be a f ie ld  i f  

for every a,b,c e F,

A. (Addition) there is a unique sum a + b e F, and

1. a + b = b + a (commutative)

2. a + (b + c) = (a + b) + c (associative)

3. there is a 0 e f  such that a + 0 = a

4. for every a e F, there is a b e F such that a + b = 0,

where b is usually written as -a ,

B. (Multiplication) there is a unique product a b e F, and

1. a b -  b a (commutative)

2. a(b c) = (a b)c (associative)
\

3. there is a 1 e F such that al = la = a

4. for every a f  0, there is a b such that ab = 1 where b

is usually written as 1/a or a~^,

C. 1. a(b + c) = a b + a c (distributive)

2. a - b = a + (-b) (subtraction).

The set of a ll rational numbers, real numbers and complex numbers 

are examples of fie ld s . Since we w ill be using them la te r , le t  us 

denote the set of a ll real numbers by R and the set of a ll complex 

numbers by C. When we can use either we w ill denote this by F.

The above definition contains a few of the "laws of Arithmetic" 

and these can be used to prove the following results: ( i ) 0 + a = a,

( i i )  -a = ( - l ) a ,  ( i i i ) i f  a b = 0 then either a = 0 or b = 0.
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Definition (linear vector space). A set V is said to be a

(linear) vector space over the fie ld  F (called scalars) i f  for every

, y_, w e V and every a,b e F,

A. (Addition) there is a unique sum u. + y. c V, and

1. U + v = v + u (commutative)

2. jj + (ŷ  + w) = (u_ + y_) + w (associative)

3. there is a £  e V such that + jO = u_

4. for every iu e V there is a ŷ  e V such that u. + y. = £>

where this ŷ  is usually written as

B. (Scalar M ultiplication) there is a unique product a u_ e V,

and

1. a(b _u) = (a b)jj = a b u _ = u _ a b

2. a(u^^ y) = a + a y_ (distributive)

3. (a + b)i[ = a û + b (distributive)

4. 1 ü  = Ü»

C. (Subtraction) u_ - y_ = u_ + (-_v),

When the fie ld  F is R then V is called a real vector space and

when F is C then V is called a complex vector space.

From the above definitions we can obtain the following results:

( i )  a () = £ , ( i i ) 0 u_ = £ , ( i i i ) -u_ = (-1 )u[ and (iv ) i f  a u_ = £  then

either a = 0 or £  = £.

The s im ilarity  of the two definitions is striking and in fact the 

f ie ld  F is a vector space over its e lf .

We note however that vectors do not possess any m ultiplicative

inverses; that is , there is no division by vectors.
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We also note in the above definition that multiplication by 

scalars illustra tes  how we can obtain many vectors from a single non­

zero vector by choosing different scalars.

This property suggests that we might try to represent every vector 

in V, i f  this is possible, as a product of a scalar and some "basic" 

vector, or as a combination of such products. In fa c t, this approach 

is the most common approach to the study of vector spaces. Namely, we 

seek a subset B of vectors in the vector space V in which each vector 

in V can be represented as a (unique) sum of scalar products of vectors 

from B.

Definition (linear combination). A vector x. e V is said to be a 

linear combination of the vectors u., . . . ,  w, in V, i f  for a corres­

ponding set of scalars (a , b, . . . ,  c} , x. = a u_ + b y > + . . .  + cw.

Definition (linear dependence, linear independence). A f in ite  

set of vectors {u, jv, . . . ,  w} is said to be linearly dependent i f  

there is a corresponding set of scalars (a , b, . . . ,  c>, not a ll of 

which are zero, such that a ju + b + . . .  + c w = (3.

I f  not, then the set of vectors is said to be linearly independent.

An equivalent definition of linear independence of a f in ite  set 

of vectors, fu , y_, . . . ,  w) , is a ^  + b v_ + . . .  + c w = £  i f  and only 

i f  a = b = . . .  = c = 0.



T-1651 20

An in fin ite  set of vectors is linearly dependent i f  any f in ite  

subset of these vectors is 1inearly dependent. An in fin ite  set of 

vectors is linearly independent i f  every f in ite  subset of these

vectors is linearly independent.

The following is a fundamental result of the above definitions.

Lemma 1.1 The f in ite  set of non-zero vectors {u_, y_ . . . ,  w} is

linearly dependent i f  and only i f  for some vector x in this set, x. is

a linear combination of the other vectors in the set.

Definition (basis; coordinate system). A basis B for a vector 

space V is a linearly independent subset of vectors in V such that 

every vector in V can be expressed as a linear combination of vectors 

in B.

With the aicKof Zorn's Lemma i t  can be proved that every vector 

space has a basis.

While, in general there may be many bases for a given f in ite

dimensional vector space, i t  can be proved that the number of vectors

in each basis is the same as in any other basis (Halmos).

Definition ( f in ite  or in fin ite  dimensional). A vector space V is

said to be f in ite  dimensional i f  V has a basis consisting of a f in ite  

number of vectors. I f  not, then V is in fin ite  dimensional. A f in ite  

dimensional vector space V having a basis containing n vectors is said 

to be n-dimensional.

Lemma 1.2 For a n-dimensional vector space V,

1. every subset of n+1 vectors from V is linearly  dependent.
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2. a subset X of V having n vectors is a basis for V i f  and only 

i f  X is linearly independent,

3. A subset X of n vectors from V is a basis i f  and only i f  

every vector in V can be expressed as a linear combination 

of vectors in X.

Definition (subspace). A non-empty subset M of a vector space V 

is said to be a subspace of V i f  for every pair of vectors £  and ŷ  

belonging to M, a û + b y_ belongs to M for a ll scalars a and b 

belonging to F.

Therefore a subspace M is its e lf  a vector space over the f ie ld  

of scalars.

Lemma 1.3 The intersection of any collection of subspaces is a 

subspace.

Definition (span). I f  X is a subset of a vector space V then the 

span of X is the intersection of a ll subspaces containing X. (X need 

not be a subspace its e lf . )

Consequently the span of X is a subspace containing X and is 

contained in every subspace which contains X.

Lemma 1.4 I f  X is any subset of a vector space V then S is the 

span of X i f  and only i f  S is the set of a ll linear combinations of 

vectors from X.

Therefore we can say that a basis B for a vector space V is a 

linearly  independent subset of vectors from V whose span is V.

Further, the dimension of every subspace of a n-dimensional vector 

space V is less than or equal to n.
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The concept of a span of a set of vectors suggests that we can 

approach the study of vector spaces by considering the span of certain 

linearly independent sets of vectors.

1.2 Examples of Vector Spaces

This l is t  is by no means complete or exhaustive.

A. Sequence Spaces

1. Let {d p  ag, . . .»  an> be any f in ite  set of non-zero scalars

from the fie ld  F, F(n) be the set of a ll "n-tuples" from F,

G-j — ( û p  0, 0 ,  • • • $• 0) $

ep — (0 , a^$ 0 $ • • • !  0 ) »

= (0 , 0 , 0 , . . . ,  an) ,  and

B ^  » £ 2  * * • • • »  ̂•

I f  x = (b p  b2 , . . . ,  bn) and = (c p  Cg, ..  c^) are n-tuples

of scalars from F then we define 

x + y. = ( ^  + Cp b2 + c2, bn + cn) ,  and

a x = (a b^, a b2, . . . ,  a bn). F (n), the span of B, is a

n-dimensional vector space over the fie ld  F.

Definition (onto). A function g defined on a vector space V 

with range (image) in a vector space W is said to be onto W i f  for

every vector w e W there exists a vector v e V such that g(v) = w.

Definition (one-to-one). A function g defined on a vector space 

V with range in a vector space W is said to be one-to-one i f  for a ll
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v-j, v2 e V, v-j 1 Vg impl ies th a t  g(v^) ^ g (v2). A l o g i c a l l y  equiva­

le n t  statement i s  th a t  g(v-j) = gCv^) impl ies v-j = v^, f o r  a l l  V p  

in  V.

D e f in i t i o n  (isomorphism). Two vector  spaces V and W are said 

to be isomorphic i f  there i s  a func t ion  g from V onto W which is  

one-to-one and g(a L[ + b y_) = a g (u j  + b g (\/).

Lemma 1.5 Every n-dimensional vector  space V is  isomorphic 

to F (n ) .

This lemma suggests, among other  th in gs ,  th a t  the concept o f  a 

vector space is  too general in  th a t  i t  cannot d is t in g u ish  between 

" d i f f e r e n t "  n-dimensional vector  spaces over the same f i e l d .  Later in 

t h i s  chapter we w i l l  de f ine some p roper t ies  which w i l l  help d is t in g u is h  

between these d i f f e r e n t  vector  spaces.

We remark at t h i s  po in t  th a t  when F = R (real  numbers) then R( l)  

i s  isomorphic to R and R(3) is  isomorphic to the set o f  (equivalence 

classes o f )  d i rec ted  l i n e  segments in  three dimensional space where 

vector  add i t ion  is  given by the "paral le logram la w . "

D e f in i t i o n  (sequence). A ( i n f i n i t e )  sequence is  a func t ion  

def ined on the set o f  p o s i t i v e  integers in to  the f i e l d  F. These 

sequences w i l l  be designated by <an>.

2. Let Tap a^, . . . }  be any countable set o f  non-zero complex 

numbers, V be the set o f  a l l  complex sequences,

£* = <a p  0, . . .  > ,
o

cr = <0, a9 , . . .>  , and so on, w ith

■ ■ « . w - -  s a
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I f  2L = <bu> and j/ = <c\> are sequences of complex numbers then 

we define

x.+ <b-j + c^, bg + Cg, . . .>  = <(bi + ci )>, and

a £  = <a b^, a bg, . ..>  = <(a bu)>.

V, the span of B, is a complex vector space over C which is

in fin ite  dimensional.

I f  we make a slight change in notation in C(n), example 1 above, 

then we see that C(n) is (isomorphic to) a f in ite  dimensional sub­

space of V, namely, the subspace of V consisting of a ll vectors

x. = <b.> such that b. = 0 for integers i greater than the (given)

positive integer n. We w ill have more to say about C(n) in Chapter Two.

3. Let 10 be the subset of V, in example 2, consisting, of a ll 

complex sequences' which possess only a f in ite  number of non-zero 

values; that is , x_ = <b-> e 10 i f  and only i f  b. = 0 for a ll integers 

i greater than some positive integer. Clearly C(n) is a subspace of 

Iq anc* 1q is in fin ite  dimensional.

Definition (convergence). A (real) complex sequence <a> is said 

to converge i f  there is a (real) complex scalar a, called the lim it  

of the sequence, such that for each positive real number e there is a 

positive integer N such that |an - a| < e whenever n is greater than N.

Definition (absolute convergence). A (real) complex sequence 

<an> is said to be absolutely convergent i f  the in fin ite  series z|an| 

converges. (Here the vertical lines denote absolute value.)
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Lemma 1.6 An absolutely convergent sequence converges to zero.

Definition (Cauchy sequence). A (rea l) complex sequence <an> is 

said to be Cauchy i f  for each positive real number e there is a 

positive integer N such that |an ~ am| < e whenever n and m are 

greater than N.

Lemma 1.7 A (re a l) complex sequence converges i f  and only i f  i t  

is Cauchy.

Definition (bounded sequence). A (real) complex sequence is said 

to be bounded i f  there is a positive real number K such that |an| _< K 

for a ll integers n.

4. Let cQ be the subset of V, the set of a ll complex sequences, 

consisting of those sequences which converge to the lim it zero.

5. Let c bë the subset of V consisting of those sequences which 

are Cauchy.

6 . Let l-j be the subset of V consisting of a ll absolutely con­

vergent sequences.

7. Let b be the subset of V consisting of a ll bounded sequences.

Lemma 1 . 8  C(n)C 10C 1-jC cQC cÇ  b. That is , each of

these sets is a subspace of the succeeding vector space.

8. Let I*5 be the set of a ll sequences <an> such that the in f i ­

nite series z|an|p, 1 <. p < « , converges.

Since a sequence is a function defined on the set of positive 

integers i t  is not suprising that other collections of functions also 

form vector spaces.
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B. Function Spaces

Consider the set of a ll real-valued functions defined on a given 

(fixed) bounded in terva l. Let x = f ( t )  and ^  = g (t) for each t  in 

the real interval I .  Define

x + £  = f ( t )  + g (t) , t  e I 

a x = a f ( t )  , t  e I ,  a e R.

Most of the vector spaces derivable from these definitions w ill 

be in fin ite  dimensional.

In some.instances the requirement that the given interval be 

bounded can be removed but invariably the interval must be given in 

advance ( i .e .  fix e d ).

9. Let P be the set of a ll polynomials with (real) complex 

coefficients defined on (R) C where addition and scalar multiplication  

are the usual addition of polynomials and multiplication by a (re a l) 

complex number. I f  the degrees of the polynomials are required to be 

less than the positive integer n then we obtain a n-dimensional subspace 

of P, designated as P .. The zero vector in P is the zero polynomial.

10. Let L ^ I)  , 1 ^  p < » be the set of a ll functions f  defined

on a given (fixed) interval I such that \ f \ ^  is Lebesque integrable 

on I .

11. Let Per(T) be the set of a ll continuous periodic functions

having a given (fixed) period T > 0; that is , i f  f  e Per(T) then

f ( t  + T) = f ( t ) ,  for a ll t .

The set of a ll mxn matrices whose elements are .(real) complex 

numbers is a vector space.
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1.3 Definition (normed linear space). A vector space V is said to 

be a normed linear space i f  there is a function (called a norm) 

defined on V into R, designated by || | | ,  satisfying

1 . | |xj I Z. 0 ; 11*.! I = 0 i f  and only i f  x. = £

2. I M l  = |a| M l
3. M  + i l  I i  I |xj I + I | x l | , for a l l  x and ^  in V.

What has been defined up to this point establishes some of the 

algebraic "structure" of vector spaces. With the introduction of a 

norm we have added a topological "structure" characterizing a class of 

topological (vector) spaces. We note in passing that a normed linear 

space is a metric space, an important example of a topological space.

We w ill now give definitions for sequences of vectors in a normed 

linear space analogous to the definitions given above for sequences of 

(rea l) comp!ex numbers.

Definition (Cauchy sequence). A sequence <x^> of vectors in a 

normed linear space V is said to be a Cauchy sequence i f  for each 

e > 0  there is an integer N such that I|x_ - x 11 < e whenever n and11—n -oi• 1

m are greater than N.

Definition ( lim it) . A sequence <x^> of vectors in a normed 

linear space is said to have the lim it x i f  for each e >0  there is an 

integer N such that ||x^ - x j| < e whenever n > N.

Definition (complete). A normed linear space V is said to be 

complete i f  every Cauchy sequence of vectors in V has a lim it in V.
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We w ill be primarily interested in the following norms in the 

remainder of this thesis:

A. Sequence Spaces. For x_ = <b >̂

l |x| |  = ( J  1 lb/ ) 1/ 2

B. Functions Spaces. For x = f ( t ) ,  t e l ,

Complete normed linear spaces are called Banach Spaces.

1.4 Definition (inner product space). A vector space is said to be 

an inner product space i f  there is a function defined on V x V into R, 

designated by ( , ) ,  satisfying for a ll x., y> z. e V,

1 . (x.jX.) ü  0 ; (x.,2!) = 0 i f f  2L = 2 . (non-negative defin ite)

2 . (x,x) = (X’X) (symmetric)

3. (ax + by;, z) = a (x ,l)  + b(y_,ẑ ) (lin earity )

I f  the fie ld  of scalars is C instead of R then (2) becomes 

Ql».ü) -  > where the asterisk means complex conjugate. Given an

inner product we can always define a norm, induced by the inner

product, by | |xj | =- (x ,̂_x), so that every inner product space is a

normed linear space.

Definition (orthogonal ; orthonormal). Two vectors x. and in 

an inner product space V, are said to be orthogonal i f  (>L»x) =

They are said to be orthonormal i f  they are orthogonal and

l | x | |  = 1 = l l x l l .
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1.5 Definition (linear operator; linear functional). A function A 

from a vector space V into a vector space W, designated A:V-4J, is 

said to be a linear operator i f  A(a.x + b^) = aA>< + bA  ̂ for a ll x 9y_ e V 

and for a ll a,b e F. A linear functional is a linear operator whose 

range is the f ie ld  of scalars. We note that AID = (h We w ill be 

chiefly interested in linear operators from a vector space V into 

i ts e lf ,  or an isomorphic image of V.

Two special linear operators are (1) the zero operator which maps 

every x. e V into {0}, and (2) the identity operator which maps every 

£  e V onto its e lf .  I t  is re la tive ly  easy to show that the set of a ll 

linear operators defined on a vector space V over a fie ld  F, into V, 

is its e lf  a vector space over the same f ie ld . Indeed a great deal 

more can be said .about this vector space since we can define a product 

of two such linear operators.

Definition (product of linear operators). I f  A and B are two 

linear operators defined on V, into V, then C = BA is said to be the 

product of A followed by B where C is a linear operator from V into V 

provided Cx. = B(Ax) for a ll x. e V.

We remark that the product of two linear operators is , in 

general, non-commutative and may possess divisors of zero. That is , 

(1) in general, AB f  BA, and (2) AB may be the zero operator without 

either A or B being the zero operator. These two properties dis­

tinguish products (multiplication) of linear operators from products 

previously defined for a vector space.
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Considering the analogy of the multiplication defined previously, 

we seek linear operators A and B such that AB and BA are the identity  

operator. Operator B would then be called the m ultiplicative inverse 

operator for A. Unfortunately, requiring the operator A to be non-zero 

is not the correct condition to impose on A in order that A possess an 

inverse operator.

Definition (one-to-one; onto; invertib le). A linear operator A 

from a vector space V into V is said to be one-to-one i f  x.-|  ̂ Xg 

implies that Ax̂  f  Ax .̂ A is said to be onto i f  for every vector

£  e V there is a vector x. e V such that y, = Ax̂ . A is said to be

invertible i f  there is an operator B, also from V into V, such that 

AB = I = BA.

Lemma 1.9 I f  A is a linear operator defined on a f in ite  dimen­

sional vector space V, into V, then A is one-to-one i f  and only i f  A 

is onto.

Lemma 1.10 I f  A is a linear operator defined on a f in ite  dimen­

sional vector space V, into V, then A is invertible i f  and only i f  A 

is one-to-one.

Definition (matrix of A). I f  A is a linear operator on a

n-dimensional vector space V, into V, having a basis

B = {x-,, x0, . . .  x } then the set {a ..}  of n̂  scalars is said to be—I —z —n i j
the matrix of A associated with basis B i f
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1.6 We now define the concepts of a stochastic process and a time 

series. These concepts involve collections of random variables defined 

on a probability space which is associated with a phenomenon described 

by probabilistic laws. These random variables arise when we attempt 

to construct quantitative (mathematical) models to explain the behavior 

of random phenomena (physical, economical, social, e tc .) whose laws 

are either not well understood or for which a deterministic (non- 

probabilistic) description is inadequate or unknown.

Relative to a given random phenomenon, we make the following 

definitions. (Hoog and Craig; Parzen)

Definition (sample space). The set S of a ll possible outcomes 

associated with a given random phenomenon is called the sample space 

for that phenomenon.

Definition (sigma f ie ld ) . A collection é o f  subsets of a set S is 

called a sigma fie ld  i f

1. S belongs to i l ,

2 . the set complement of every set in ^  also belongs to and

3. for every sequence of sets < S > , S belonging toiE, the union» n n
U S_, belongs to 
n=l

Definition (events). The sigma fie ld  of the sample space S 

which includes (are generated by) certain subsets (events) of S w ill be 

called the collection of events.

The same sample space may lead to many different collections of 

events depending upon which events are of interest.
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The sigma fie ld  of a ll subsets of R, the set of real numbers, 

generated by a ll open intervals is called the family of Bore! sets for 

R. The sigma fie ld  of C, the set of complex numbers, generated by a ll 

sets of the form I-j x Ig (Cartesian product of I-j and Ig) where I-j and

Ig are intervals of real numbers, is called the family of Bore! sets

for C.

The collection of eventsé . is defined specifically so that we 

can assign a probability measure on2c. That is , we can assign a 

probability to each event in .£ .

Definition (probability function). The probability function 

associated with an event E, in ^ ,  is a real-valued function defined on 

denoted by P[ ] ,  satisfying the properties:

1. 0 _< P[El _< 1, for every E in 2 ,

2. P[S] = 1, S is the "certain event", and

3. i f  for every sequence of events <Efi> where the E^'s are 

mutually exclusive events ( i .e .  disjoint sets), then

P [ 0  E ] = I  P[E ] 
n=1 n n=l n

Definition (discrete sample space). A sample space S is said to 

be discrete i f  S has a countable (denumerable) number of elements.

Frequently we are interested in functions, called random variables, 

defined on the sample space S which enable us to quantify the events 

associated with the given random phenomenon. This is particularly  

helpful when we are interested in constructing quantitative models 

which are to be used in the prediction of the behavior of this random 

phenomenon.
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In a d d i t io n ,  the re a l i z a t io n s  o f  these random var iab les  are used 

to  est imate the s t a t i s t i c a l  parameters which determine the nature o f  

the underlying sample space. Most notable o f  these s t a t i s t i c a l  para­

meters are the mean and variance.

D e f in i t i o n  (random v a r ia b le ;  r e a l i z a t i o n ) .  A random va r iab le  X 

is  a complex-valued func t ion  def ined on the sample space S f o r  which 

the c o l l e c t i o n  of events ^  has a p ro b a b i l i t y  func t ion  def ined on i t  

and f o r  which the set { s : X(s) in  B> is  an event,  f o r  every Bore! set 

B in C. The r e a l i z a t i o n  o f  X i s  the complex number X(s) ,  f o r  each 

s E S .

Furthermore, we can def ine a p r o b a b i l i t y  func t ion  , denoted by 

Pr[  ] ,  associated w i th  the random va r iab le  X, which is  induced by the 

p ro b a b i l i t y  func t ion  P[ ] ,  def ined on S by Pr[B] = P[s: s e S and 

X(s) e  B] f o r  a l l  Bore! sets B in  C.

D e f in i t i o n  (X £  x ) .  The expression X £  x ,  f o r  each random 

va r iab le  X and complex number x,  means tha t  the real par t  o f  the 

re a l i z a t i o n  of X i s  less than or equal to  the real pa r t  o f  x and 

the imaginary pa r t  o f  the r e a l i z a t i o n  o f  X is  less than or equal to

the imaginary pa r t  o f  x. In abbreviated form we w r i t e  X £  x i f  and

only i f  Re(X) £  Re(x) and Im(X) £  Im (x ) .

D e f in i t i o n  ( d i s t r i b u t i o n  f u n c t i o n ) . For each random va r iab le  X

with  i t s  associated p r o b a b i l i t y  func t ion  Pr[  ] ,  the d i s t r i b u t i o n  func­

t io n  f o r  X is  a rea l -va lued func t ion  F def ined on C by F(x) = Pr[X £  x ] . 

This d i s t r i b u t i o n  f u n c t i o n , which always e x is t s ,  can be viewed as a
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jo in t distribution function of two real variables, namely, the real 

and imaginary part of the complex variable x. As such, this distribu­

tion function is a monotone non-decreasing function of each variable
p

defined on R into the closed interval [ 0 , 1 ] and i t  has a right hand 

lim it at every real value of each real variable.

We w ill be primarily interested in random variables (said to be of 

the f in ite  type) whose range is a countable set. Consequently the 

following definitions w ill re flec t this interest by involving summations 

rather than the integrations required in the more general case.

Definition (probability mass function). For every random variable 

X and its  associated probability function Pr[ ] ,  the probability mass 

function p(x) is a real-valued function defined on C by 

p(x) = Pr[X = x] x(when i t  exists).

At each x in C, this probability mass function can be viewed as 

a jo in t probability mass function of the real and imaginary parts 

of x.

This probability mass function satisfies (1) 0 <_ p(x) <_ 1, for 

each x, and (2)z p(x) = 1 where the summation is over a ll x in C for 

which p(x) > 0 .

Definition (stochastic process). A stochastic process is a col­

lection of random variables denoted by {X^: t  e T} where T is some 

index set. The stochastic process is said to be discrete i f  T is a 

countable set and continuous otherwise.
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Definition (time series). A time series associated with the 

stochastic process {X^: t  e t> is the set {X^(s): t  e t> for some 

s e S. A time series is a realization of the stochastic process for 

each s e S.

Definition (jo in t distribution function; jo in t probability mass 

function). The jo in t distribution function for random variables X and 

Y is given by F(x,y) = Pr[X <_ x, Y £  y] for every x,y in C. The 

jo in t probability mass function for (discrete) X and Y is given by

p(x,y) = Pr[X = x, Y = y] for every x, y in C (when i t  exists).

In an analogous manner we could give definitions for the jo in t  

distribution and probability mass functions for any f in ite  collection 

of random variables. In addition, marginal and conditional distribu­

tion functions could be defined but we w ill not need them.

Definition (expectation). The expectation of a function G of a

random variable X (of the f in ite  type) is given by 

E[G(X)] = iG (x)p(x), i f  i t  converges absolutely, where p(x) is the 

probability mass function for X and the summation is over the 

(countable) set of x's for which p(x) > 0 .

Definition (mean; variance). The mean and variance of a random 

variable X are given by

Mn[X] = E[X],

Var[X] = E[|X -  E(X)|2] = E[|X |2] - |E[X] | 2 

respectively, when they exist.

Var[X] is a non-negative real number, when i t  exists, and its  

square root is the standard deviation of X.
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Definition (characteristic function). The characteristic  

function associated with the complex-valued random variable X is a 

function of the real variables u and v given by E[exp(iuX^ + ivXg)], 

where X̂  is the real part of X, X̂  is the imaginary part of X and 

i 2 = - 1 .

Definition (independent random variables). The two random 

variables X and Y are said to be independent i f

E[G(X)H(Y)] = E[G(X)]E[H(Y)] for a ll functions G and H for which these 

expectations exist.

There are other equivalent definitions of independence.

Definition (covariance). The covariance of two random variables 

X and Y, both having zero means, is given by Cov[X,Y] = E[XY*] when 

i t  exists. That is , Cov[X,Y] = ilxy*p (x ,y ).

Lemma 1.11 I f  X and Y are two independent random variables with 

zero means then Cov[X,Y] = 0.

Definition (stationary). The stochastic process {X^: t  e T} is 

said to be stationary i f  for every f in ite  collection of random 

variables (X-j, X^, . . . ,  X^}, the jo in t distribution function satisfies

Fl ,  2  |J XV  x2 ’ • • • ’ xm̂ = F1+h, . . . .  m+h (XT  " • *  xm̂ for
every h in which the jo in t distribution function on the right hand

side exists.

Lemma 1.12 I f  the stochastic process {X^: t  e T> is stationary

then

1 . Mn[Xt ] is a constant



T-1651 37

2. Cov[X^, Xg] is a function only of t  -  s.

Definition (stationary in the wide-sense). A stochastic process 

{X^: t e l }  is said to be stationary in the wide-sense i f  Mn[X^] is a 

constant and Cov[X^, X$] is a function only of t  - s, for each t ,s  c T.

Definition (correlation). The correlation of two random 

variables X and Y, both having zero means, is given by

Cor[X, Y] = Cov[X,Y]  .
[Var[X] Yar[Y] ] 1//2

Definition (autocorrelation). The autocorrelation of the 

stochastic process {X^: t  e T> which is stationary in the wide-sense 

is given by Au = Cor[X^, Xt+U] whenever i t  exists.

We w ill assume throughout the rest of this thesis that our 

stochastic processes are stationary in the wide-sense and have zero 

mean value. The definition of stationary in the wide-sense is sometimes 

called covariance stationary or second-order stationary.
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Chapter 2. Time- and Band-Limited Functions

2.1 Suppose we wish to describe ( i .e .  to model) the behavior of 

some random phenomenon which has an identifiable outcome (configura­

tion , observable s ta te ); specifically , an outcome with some observable 

state given by a single complex variable at each instant of time. Let 

the to ta lity  of a ll such outcomes form the sample space S associated 

with the random phenomenon. Let the observable state be given by the 

complex-valued random variable X^(s) at time t  and s e S.

I f  we observe this phenomenon for N successive instants of time 1 

then we have a discrete (f in ite )  family of random variables 

{Xj.: t  = 0, 1, 2, . . . ,  N-l } which forms a stochastic process and whose 

values form a time series.

We w ill not be concerned with outcomes which have occured before 

t  = 0 but we w ill assume that the phenomenon continues to be observ­

able for a ll succeeding times following t  = 0  subject to the 

restriction that i f  Zq, z-j , z^, . . .  is a time series of the process
p

(a sequence of observed values) then z|z^| , over a ll n, n ^  0 , is 

convergent.

These observed values could, for example, be taken at equal 

intervals of time. The requirement that z:|zfi| be convergent implies 

that (zn| approach zero as n grows without bound (but not conversely).

The question arises as to how we should view our f in ite  sample of 

observations in relation to the space of a ll possible sequences of 

observations (a ll possible time series of the discrete family of 

random variables).
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Mathematically speaking we are concerned with the problem of
p

embedding C(N), the space of a ll N-tuples of complex numbers, into 1 ,
o

the space of sequences, <zn>, of complex numbers such that z|zn | is 

convergent.

In one sense, we can view our N-tuple of observed values as an
?approximation to some assumed sequence of values i n i  . In most cases,

however, the choice of the positive integer N is determined by factors 

unrelated to the phenomenon under observation and, in addition, the 

degree of approximation is usually not known.

next section and this subspace is designated as TL(N).

However, we w ill see that there are advantages in considering 

other spaces in addition to TL(N). In particular we w ill be interested 

in another N-dimensional space, designated by BL(N), whose properties 

are quite distinct from TL(N) and yet, TL(N) and BL(N) are related by 

what we w ill call the discrete Fourier transform. This discrete 

Fourier transform is rea lly  analogous to the Fourier series associated 

with a complex-valued function f ( t )  defined on the interval [a , b]

Therefore, given N complex numbers we w ill assume that this N- 

tuple forms a f in ite  segment of a time series associated with some

2
One obvious way to embed C(N) into 1 is to map C(N) isomor-

2
phically onto a N-dimensional subspace of 1 . This is done in the

integral f  | f ( t ) |  
a

b
for which the Lebesque

2stochastic process and that this time series is an element of 1 .
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I f  we assume th a t  re a l i z a t io n s  o f  X^, f o r  t  = N, N+1, , are zero

then the N-tuple w i l l  be considered an element o f TL(N). On the other  

hand, i f  we assume th a t  r e a l i z a t io n s  o f  are r e p e t i t i v e  ( i . e .  the 

time ser ies is  a pe r iod ic  sequence w ith  period N) then the N-tuple 

w i l l  be considered an element o f  BL(N).

These two assumptions are no t ,  o f  course, the only a l t e rn a t i v e s .  

However, w ithout  the presence o f  other  in format ion to the con t ra ry ,  

these two a l te rn a t ive s  are reasonable and they do a l low the use of 

ce r ta in  a n a ly t i c  too ls  (e.g. d isc re te  Four ier  transform) which are 

not available under other assumptions.

2.2 Let us begin by spec ify ing  several o f the inner  product spaces

prev ious ly  def ined w i th  which we w i l l  be concerned.

Let 1 be the set o f  a l l  ( i n f i n i t e )  sequences o f  complex numbers
2

such th a t  i f  z = -<z > e 1 then

2 o
| | z| | = E |z | is  convergent. (1)

n=0 n

We w i l l  c a l l  | | z | | ^  the to ta l  energy of the sequence z. z^ w i l l  be

ca l led  the nth component o f z. The inner  product o f  u -  <u^> and 
2

v = <v > in  1 is  def ined by

00 *
(u, v) = E u v , (2)

n=0 n n
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where (Cauchy-Schwartz inequality)

i„ lv-|Z ' 131
2

1 is a complete inner product (Euclidean) space (every Cauchy
2 2 sequence o f elements in 1 converges to an element of 1 ) (Shilov).

Let TL(N) be the subspace of 1 consisting of those sequences 

a = <an> for which an = 0 for a ll integers n greater than N -l. TL(N) 

is a N-dimensional Euclidean space of N-tuples of complex numbers 

which is isomorphic to C(N). We w ill frequently identify the elements 

a = <an> e TL(N) by a = <a0 , a-j, a ^ W e  w ill indicate the 

inner product of a = <a0 , a^, . a ^ a n d  b = <bg, b^, b^_^>

in TL(N) by

N-l *
(a * b)N = Eft anbn • (4)n-u

TL(N) w ill be called the space of time-limited functions.

Consequently, we can define a linear transformation (operator)

T from 1  ̂ into TL(N) by

T<un> = <an> (5)

where

an =<

" un, n = 0, 1, 2, . . . ,  N-l

k 0, n = N, N+1, . . .



We w ill refer to the sequence <an> as the time-limited version of
o

the sequence <un>. We extend the definition of ( , to 1 by 

N-l *
v)N = n ^ 0  unvn (6)

and 0
I h l  lN = (u, u)N . (7)

This last real number is the energy of the sequence u = <ufi> contained 

in the f ir s t  N components of u.

Definition (discrete Fourier transform). I f  a = <an> e TL(N) 

then c = <c^> w ill be called the discrete Fourier transform of a,
p

denoted by F<an> = <c^>, provided that for k = 0 , 1 ,  . . .  and i = -1 ,

- i  N-l
cu = N" l  an exp(-i2irkn/N). (8 )

K n=0

(Definitions d iffe r  as to the presence or absence of 1/N in front of 

the summation sign.) We observe that the numbers c  ̂ are, in general, 

complex even when the a 's 'are re a l. We w ill also observe shortly
p

that <c^> is not an element of 1 and, hence, not in TL(N).

We w ill develop a few of the properties of this discrete Fourier 

transform after f ir s t  lis tin g  several results from complex variables 

in the following lemma.

Lemma 2.1 I f  a, 3 , 3n are complex numbers and * denotes complex 

conjugation, then
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4 .  ( î a n ) *  = Ean *

5. W = W"1

6 . WN = W° = 1

7. W = Wk , f o r  al 1 k , where we def ine

W = exp ( IZ tt/N) . (9)

D e f in i t i o n  (pe r iod ic  sequence). A sequence u = <un> is  said to 

be pe r iod ic  i f  there i s  a p o s i t i v e  in tege r  N such th a t  an = an+^ ,  f o r  

n = 0 ,  1, 2, . . .  . N w i l l  be ca l led  a period f o r  such a sequence.

N-l .
Lemma 2.2 For integers k, N > 0 and f o r  A(k; N) = z W

n=0

we have th a t

1. f o r  f i xed  N, A (k ; N) is  the kth component o f  a per iod ic  

sequence w i th  period N,

{ N, f o r  k = 0, N

0, f o r  k = 1, 2, 3, . . . ,  N - l ,  and

3. the re s u l t s  are also true  w i th  W replaced by W \

Proof: From Eu le r 's  formula : exp ( i x )  = cosx + i si nx , we obta in

i ) exp (i27rk) = 1 

i i )  exp (+_ i irk) = cos-nk = ( -1 )^  

i i i )  Wk+N = Wk , which proves (1) .

For (2 ) ,  we have
N-l

Case 1. k = 0, N: A(0 ; N) = A(N; N) = E 1 = N.
n=0
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Case 2. k = 1, 2, N-l : /  1, and

A ( k ;  N ) [ l  -  Wk ]  = N E 1 [ W kn  -  Wk n + k ]  = W° -  WkN = 0 .
n=0

I f  we replace W by W"  ̂ then, by Lemma 2.1, we obtain

A(-k ; N) = NE W"kn = E W"knWkN = E Wkm = A(k; N).
n=0 n=0 m=0

Lemma 2.3 I f  <a > e TL(N) and <C|> i s  the d isc re te  Fourier

transform of <an> , then <c,> is  a per iod ic  sequence w ith  period N.

Proof: The re su l ts  fo l lows from the d e f i n i t i o n ,  equation (8 ) ,  and

Lemma 2 .1 , since W"n^k+^  = W nkW = W nk.

Theorem 2.4 I f  <an> e TL(N) and F<an> = <c^> then

N-l
a = E c.W , f o r  n = 0, 1, 2, . . . ,  N - l ,  (10)

n k=0 k

and N-l g N-l g
ï  |a I = N E | c k | . (11)

n=0 n k=0 K

This l a s t  equat ion i s  known as Parseval1s Equa l i ty .  Proof:  From the

d e f i n i t i o n  of F, Lemma 2.2 and f o r  n = 0, 1, 2, . . . ,  N - l ,

V  c.wkn = V  a W” kmWkn -  1NÊ1 a " e" Wk<"-*> = a .
k=0 k Nk=0 m=0 m m=0 m k=0 n

, ,nk _ *, ,-nm

N-l
I E
k=0

N - l  g N - l N - l

E l a n l
= z z

n=0 n=0

on

*  N - l i 12

^  ■ M o
l c k l •

k m=0 m
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We observe in Lemma 2.3, that the discrete Fourier transform of

<an> £ TL(N) is a periodic sequence and consequently is not an element 
o

of 1 . We observe in Theorem 2.4 that the element <an> can be

recovered from the f i r s t  N components of <c^> and that the total

energy of a = <an> is given by

,  N-l .  N-l ,
H all = (a, a)N = I  |a |2 = N I  |ck|2 . (12)

" n=0 n k=0

This suggests that there is N times “as much energy" in <a^> as in one

period of the discrete Fourier transform of <an>.

Let BL(N) denote the space of a ll periodic sequences of complex

numbers with period N with the usual definitions of addition and

scalar multiplication. We w ill define the inner product on BL(N) by

for c = <ck>, d = <dk> e BL(N). £JV- ColORado8q ^ es

In view of Theorem 2.4, the total energy of c is given by

l l c l l j j  = (c ,  c )N (14)

We w ill call BL(N) the space of band-limited sequences and i t  forms 

a complete complex Euclidean space. I t  is in tu itative ly  clear that 

BL(N) is N-dimensional since each sequence is determined by the f i r s t  

N components and the requirement that i t  is periodic with period N.

We w ill show that BL(N) is N-dimensional by showing that the 

discrete Fourier transform F is one-to-one (F is invertib le ).
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Theorem 2.5 The discrete*Fourier transform F is a linear trans­

formation from TL(N) into BL(N) which is invertible. Proof: The

linearity  F follows from F(<an> + <bn>) = F<a  ̂ + bfi> = F<a^> + F<bn>. 

Let { e \  e^, , eN> be a basis for TL(N) where ê  = < 1 ,0 ,0 , . . . ,0 > ,

. . . ,  eN = <0, 0, 0, . . . ,  1>. The set {Fe1, Fe2 , . . . ,  FeN> is 

in BL(N), where the kth component of Fê  is and

N • N .
l  a.Fe = F( z a.eJ) = F<ari> = <0, 0, 0, . . . ,  0> implies that 

j= l J j= l J n

N
0 = N"1 s a W'kn , for k = 0, 1, 2, N-l. 

n=l n
kmI f  we multiply the kth equation by W and sum on k, we obtain

0 = N"1 Z Wmk Z anW"kn = N '1 Z a Z Wk m̂"n  ̂ = a ' ,
k=0 x n=l n n=l n k=0 m

for m = 1, 2, . . . ,  N by Lemma 2.2. Hence { Fe^, Fe2 , . . . ,  Fe^} is a

linearly independent set in BL(N). Now le t  <c^> be any arbitrary

sequence in BL(N). I f  we le t

N-l kn
a. = z cbW , for n = 0, 1,2, . . . ,  N - l , then
n k=0 k

a = O q, a p  •••» aN_i> e TL(N) and F<an> = <c^>. Hence, F is onto

and therefore F is invertible. Consequently BL(N) is N-dimensional.

Since TL(N) and BL(N) are both N-dimensional and therefore 

isomorphic to each other, we can establish another isomorphism between 

TL(N) and BL(N) by stating that a = <an> e TL(N) is isomorphic to 

d = <d|c> e BL(N) i f f  d̂  = a  ̂ for k = 0, 1, 2, . . . ,  N-l . (15)
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By a l t e r in g  the d e f i n i t i o n ,  we could def ine the d isc re te  Fourier 

transform as a l in e a r  t ransformation from IL(N) onto TL(IN), or from 

C(N) onto C(N). This s i t u a t i o n  tends to  make TL(N) and BL(N) " look 

a l i k e "  y e t ,  as we w i l l  see, i t  is  necessary to  d is t in g u ish  between 

them.
p

Consequently we can def ine a l i n e a r  transformation B from 1 onto 

BL(N) by l e t t i n g  B = F*T. That i s ,  B is  the composition o f  T, def ined 

in  Equation ( 5 ) ,  fol lowed by F. Since F is  i n v e r t i b l e ,  T = F~^ B where 

the inverse o f  F is  given i m p l i c i t l y  by Equation ( 1 0 ) .

Lemma 2.6 I f  <a > e TL(N) and F<a^> = <c^> then 
*

1 . F<an > = <dj<> , and
*

2. a = a i f  and only i f  c, = d, wheren n k k

dk = cmN-k • (16)

f o r  some p o s i t ive  in teger  m such th a t  mN-k is  p o s i t iv e .

Proof:  From Lemma 2 . 1  and the d e f i n i t i o n  of F,

„„ - V  , „ v -  ■ ■ w  ,
n-u M“U

where m is  chosen so th a t  mN-k i s  p o s i t i v e .  Because o f  the 

p e r io d i c i t y  i t  is  s u f f i c i e n t  to l e t  m = 1.

Let us look at an example o f  how the d isc re te  Four ier  transform 

plays a par t  in the l in e a r  and s t a t i s t i c a l  analys is  o f  a f i n i t e  

s tochas t ic  process.
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Suppose we have the set B = {Xq , o f  N l i n e a r l y  inde­

pendent random var iab les  and l e t  V(N) be the N-dimensional complex 

vector  space formed by the span o f  B.

Let us assume th a t  these N random var iab les  form a d isc re te  

( f i n i t e )  s tochas t ic  process which is  s ta t io n a ry  in  the wide sense and 

the covariance matr ix  f o r  these random var iab les is  given by

Cov[Xt> Xs] = E[Xt Xs* ]  = E [ X ^ SX0* ]  (17)

where E[X^] = 0, f o r  t ,  s = 0, . . . ,  N - l .

I f  we def ine a l in e a r  t ransfo rmation U on V(N) such tha t  

UXt  = X̂ .+-| , t  = 0, 1, . . , ,  N-2

and

UXN-1 = X0

(the process B is  ca l led  a c i r c u la r  process). B forms a basis f o r  V(N). 

Define an inner  product on V(N) by

(X, Y )  = Cov[X, Y ]  = E E o.B *  E[X.X * ]  (18)
t s ^

where X = Ea^X^, Y -  ^^sXs *

Here we have made use of the fa c t  th a t  the covariance matr ix  E[X^Xs ] 

is  Hermit ian non-negative d e f i n i t e  (Jenkins and Watts).  These terms 

are def ined in Chapter Three.
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The matrix representation of U with respect to the basis B is

0 0 0 ... 0 r

1 0 0 ... 0 0

0 1 0 ... 0 0

0 0 0 ... 1 0-

.N-1
a Toeplitz matrix» defined in Chapter Three.

The determinant of U is given by det(U) = ( -1 )1'1" 1 since N-l inter­

changes of the rows of U results in the identity matrix of order 

The characteristic equation for U is

det(U - M )  = XN - 1 = 0  

whose eigenvalues are, for j  = 0, 1, . . .»  N-l, 

Xj = WJ* = exp(i2nj/N),

(19)

(20)

where could have been chosen instead. The eigenvector Yj associated 

with the eigenvalue is a non-zero solution to UYj = XjYj given by

N-l ^
Y. = Z WJKX. 
J k=0 K

(21)

I f  we multiply Y. by W""jm, sum on j , and apply Lemma 2.2, we obtain J
for m = 0, 1, . . . ,  N -l,

,N-l •
X = N-1 Z W'jmY. . 
m j=0 3

(22)

Since the eigenvalues are distinct, the set {YQ, Y-j, . . .»  Y^_^} forms 

an orthogonal basis for V(N).
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The transformation U can be decomposed (Halmos) into 

N-l k
U = Z WKU. (23)

k=0 K
where the U^'s satisfy

1. Uk2 = Uk , k = 0, 1, N-1,

2. UkU. = 0 , k /  j ,  and (24) 

N-l
3. I  11 = I (identity transformation). 

k=0 K

is the (unitary) projection of V(N) into the span of and

UkXn) = N‘ 1W'kmYk = n*1 V  Wk« - m)x. . (25)

Therefore the matrix associated with with respect to the basis 

B has the element N ~ i n  the (m+1) row and the (j+1 ) column.

In addition we have

X = UmXn = NE W*kmU,Xn = N '1 Nz W'kX »  (26)m U k=0 K u k=0 K

N-1 k, , ,
Yk = NUkxn = E w Xv  (27)

K U j=0 3

(Y j ,  Yk) = N2(U.X0 , UkXQ) = 0 ,  j  k, (28)

and
N-l N-l . / .  x

(Y. , Y. ) = Z Z Wk (t ‘ s)E[Xt X*]. (29)
K K t=0 s=0 z 5

This example was taken from Hannan in a slightly modified form.
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2.3 We would like  to investigate several bases in the spaces TL(N) 

and BL(N). Since TL(N) and BL(N) are isomorphic to each other, the 

discrete Fourier transform could have been defined on either TL(N) 

or BL(N) with its  range (or image) in either space. In fact the 

lack of specification of the domain and range of the discrete Fourier 

transform is often a source of confusion. Recall that we have defined 

F from TL(N) onto BL(N).

Definition (orthogonal ; orthonormal). A set of two or more
2 2 sequences in 1 is said to be orthogonal i f  for every pair a,b e 1 ,

a = <an>, b = <bn> , a Y b, then

00

(a, b) = E a b *  = 0. 
n=0 n n

(30)

The set is said tq be orthonormal i f  i t  is orthogonal and 

| |a | |^  = (a, a) = 1 for every a in the set.

Suppose that we have a countable, complete orthonormal set of 
2

sequences in 1 given by {en = <enl->}. ( I t  is well known that there
2is at least one such set in 1 .)

2
For x g 1 , le t

00

(31)

That is .  I f  x = <x.> e 1  ̂ then, for j  = 0, 1, 2,
J

00

(32)
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where, f o r  n = 0, 1, 2, . . . ,

“n “ (x> ^  Y n j ’ (33)

si nee

^en ’ em̂  “  en j emj " ^mn'

and
6mn = 0> f o r  m ^ n$ and 5mm = 1 ' (35)

We have already exh ib i ted  one complete orthonormal set o f
2

sequences in  1 which we can w r i t e  as 

e-j = <1, 0, 0, . .  .>

e 2  =  < 0 ,  1 ,  0 ,  . . . >  ( 3 6 )

Theorem 2.7 The d isc re te  Fourier transform o f  an orthogonal set 

of sequences in  TL(N) is  an orthogonal set of sequences in  BL(N). 

Proof:  I f  {en) is  any orthogonal set o f  sequences in  TL(N) then

(Fen* pem)N = (F<enj> * F<emj>)N

= " ''A  31 ^  31 v "  
- " 3 1 3 1 - ^ 3 1 " " " '

N-l *

= kF0 enkemk = (en’

So {Fe^} i s  an orthogonal set of sequences in BL(N).
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Let X denote a discrete stochastic process {Xq, X-j , . . . }  which, 

for convenience, has mean value zero. We w ill say that such a process 

is periodic with period N (a positive integer) i f ,  for m = 0, 1, 2,

We observe that a periodic (or cyclic) process satisfies a type 

of stationarity condition. We also observe that every realization  

of the process is an element of BL(N), with probability one.

For m, n = 0, 1, 2, . . . ,  le t

be the covariance function of Xm and X .̂ I f ,  in addition, the X-process 

is  stationary in the wide sense then Rmn = Rm_n.

Lemma 2.8 Let X be a discrete stochastic process with mean value 

zero. I f  X is periodic with period N then its  covariance function 

Rmn, is periodic with period N in each variable. Proof: i f  X is

periodic with period N and has mean value zero then

We now require the X-process to be stationary in the wide sense 

and, for k = 0, 1, . . . ,  N -l, le t

Pr[Xm+N '  " 0:1 = 1 • (37)

(38)

*m+N,n = Cov[W  Xn] = "mn 

= Cov[Xm’ V -

(39)

and
(40)
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where W = exp(12n/N) and Rm is.the covariance function of Xm+n and X .̂ 

Equation (39) defines another discrete stochastic process 

Y: { Yq , Y-j , . Y^_^}. For every realization of X which is in BL(N), 

the realization of Y w ill be in TL(N). In addition, we have, for

Theorem 2.9 I f  X is a discrete stochastic process which has mean

value zero, is stationary in the wide sense, and is periodic with

period N, then the random variables defined in Equation (39) have mean

value zero and are uncorrelated. Proof: from Equation (39), we have

N-l k
E[YJ = Z E[X ]W = 0.

K n=0 . n

For k, j  = 0 , 1 ,  . . . ,  N - l , and from Equations (38), (39), (40), and 

Lemma 2.2,

n = 0, 1, 2, •  •  •  5

(41)

Cov[Yk, Y.] = E[YkY*]

p=0  ̂ n=0 m=0

"  ukdé 
Kronecker delta) since, for m = 0, 1,

(42)
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The converse o f  Theorem 2.9 is  also t rue .

Theorem 2.10 Let Y : {Yq , . . . ,  Y^_^} be a f i n i t e  s tochas t ic  process

which has mean value zero. I f  Y. and Y .,  f o r  a l l  k /  j , are uncor-
K J

re la ted  then the d isc re te  s tochas t ic  process X def ined by Equation (41) 

has mean value zero, is  s ta t io n a ry  in  the wide sense and i s  per iod ic  

w ith  period N.

Proof: The mean value zero and p e r io d i c i t y  fo l lo w  d i r e c t l y  from

Equation (41) and the p roper t ies  o f  W = exp(i2n/N). In a d d i t i o n ,  we 

have

C°v[xm, Xn] = E[XmX*]

= N'^E V  E[Y| Y*]Wn-'"mk
k=0 j=0  J

= N"2 E E[Y. Y jW k ^n"m' 
k=0 K K

= Rm-n - (43)

Therefore, X is  s ta t io n a ry  in the wide sense.

We next show th a t  an expansion s im i la r  to  Equation (41) can be

found f o r  d isc re te  non-per iod ic  s tochast ic  processes.

Suppose we have a f i n i t e  s tochast ic  process X: (X^,  X-j, . . . ,  X^_^}

which, again f o r  convenience, has mean value zero. We seek another

f i n i t e  s tochast ic  process Y: {Yq , Y-j, . . . ,  Y ^ l  and a f i n i t e  set

o f  N-tuples { f  = <f^|>} such th a t
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satisfying

X  Vjm = 5kj« (45)

= k l ' V  (46)

I f  the Y-process and the N-tuples {f^} can be found then, for 

m, n = 0, 1  N -l, i t  is necessary that

Ann “ E ( V n )
N-1 N-l *  *

"  kf 0 A  E[W V j n

=  ’  '  ( 4 7 )

and for j  = 0, 1, . . . . .  N-1,

N-1 N-1 ? N-1 *

n=0 Rn,nfjn = k=0|akl fkm n=0fknfjn

= l0j | 2fjm * (48)
Equation (48), written as a matrix equation of the form

Rf = Xf, . (49)

is the eigenvalue problem for the NxN matrix R = given in 

Equation (47), with eigenvalue X and eigenvector f . We also have

\  ■ % O v  IS»)
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The covariance matrix R, whose elements are R__, satisfy, formn J

m, n = 0, 1, . N- l ,

^nn = Rnm (Hermitian)

2. R is non-negative definite

3. the eigenvalues of R are real and non-negative

4 - l U ^ V m m

I f ,  in addition, the X-process is stationary in the wide sense 

then Rmn = Rm_n and R is called a Toeplitz matrix. Properties of 

Toeplitz matrices are the subject of Chapter 3.

We also observe that i f  we extend the X-process so that i t  is 

periodic with period N, then Equations (41) and (44) are equivalent

w1th f km = M' km-
We now see th^t given the f in ite  stochastic process X, the exis­

tence of the f in ite  Y-process and the N-tuples {f^} depends upon the 

existence of the eigenvalues and eigenvectors of the covariance matrix 

R. The N-tuples {f^} are then orthogonal (Equation (45)) and the 

Y-process has uncorrelated random variables (Equation (46)).

The existence of the f in ite  Y-process and the N-tuples { f^  depends 

upon the existence of the eigenvalues and eigenvectors of the covar­

iance matrix R and not upon the particular X-process. Equation (44) 

defines a f in ite  Karhunen-Loeve expansion for the X-process and i t  

forms a canonical (orthogonal) expansion for the N-dimensional vector 

space determined by the random variables Xq, X-j , . . . ,  X^_y.
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When the covariance matrix R is unknown then R can be estimated 

from realizations of the stochastic process. The eigenvalues and eigen­

vectors are then determined from the estimated covariance matrix. 

Numerically, the determination of the eigenvalues and eigenvectors 

becomes more d if f ic u lt  as the order of R increases. For this reason we 

attempted to find explic it expressions for the eigenvalues and eigen­

vectors of Toeplitz matrices. Our search was, however, only partia lly  

successful. The results of this search are given in Chapter Three, 

especially in sections 3.1 and 3.4.

Toeplitz matrices arise in a number of different circumstances 

in addition to the Karhunen-Loeve expansion mentioned above. For 

example, Toeplitz matrices arise in the determination of the Wiener 

f i l t e r  (Levinson;,Wiener). Toeplitz matrices also appear in the dis­

cussion of autoregressive time series (Grenander and Szego; Box and 

Jenkins; Widom).

Because of the importance and present interest in Toeplitz matrices, 

we feel that a discussion and development of the properties of these 

matrices should extend beyond the eigenvalue problem needed for the 

Karhunen-Loeve expansion above. Consequently, in Chapter Three we 

define several classes of matrices which are related to Toeplitz 

matrices. Also, since part of the motivation of this thesis is numer­

ic a l ,  we have included several numerical algorithms dealing with 

Toeplitz matrices.

The application of the results of this chapter have been discussed 

in the Introduction. The shortcomings of these results are discussed 

in Chapter Four along with possible future work.
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Chapter 3. Toeplitz Matrices

3.1 In this chapter we w ill investigate the properties of Toeplitz 

matrices. We w ill derive numerical algorithms for (1) inverting a Toep­

l i t z  matrix and (2) solving a Toeplitz system of linear algebraic 

equations. We w ill discuss algorithms for (3) finding the eigenvalues 

and eigenvectors" of Toeplitz matrices.

Toeplitz matrices arise primarily as the covariance matrix of a 

discrete stationary time series (Box and Jenkins; Grenander and Szego).

Levinson derived the f i r s t  algorithm for solving a Toeplitz system 

of linear algebraic equations when he constructed an iterative procedure 

for finding the coefficients of the discrete Wiener f i l t e r ,  the linear 

f i l t e r  which minimizes the prediction error of the future values of a 

time series in the least square sense (Levinson; Wiener). This algorithm, 

and a modified algorithm which appears in Wiggins and Robinson, require 

the Toeplitz matrix to be real and symmetric. We derive an algorithm in 

section 3.3 which avoids these restrictions and uses the Trench-Zohar 

algorithm discussed next.

In 1964, William F. Trench derived an algorithm for inverting a 

Toeplitz matrix. Shalov Zohar extended this algorithm slightly and gave 

a simpler derivation. However, both authors were apparently unaware that 

the inverse of an invertible Toeplitz matrix is not, in general, a Toep­

l i t z  matrix.

We have derived a new class of matrices, called generalized Toeplitz 

matrices, which are generalizations of Toeplitz matrices and which have
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the property that the inverse of an invertible generalized Toeplitz 

matrix is a generalized Topiitz matrix. With this clarification, we 

have given Zohar' s derivation of the Trench-Zohar algorithm in section

3.2 with only slight modifications.

The Karhunen-Loeve expansion, discussed in section 2.3, requires 

the determination of the eigenvalues and eigenvectors of Hermitian, 

positive definite matrices. The Jacobi and Householder methods are two 

examples of well known numerical algorithms for finding the eigenvalues 

and eigenvectors of Hermitian matrices. For theoretical reasons, i t  

would be desirable to have explicit expressions for the eigenvalues and 

eigenvectors of Toeplitz matrices. In section 3.4, we search for these 

explicit expressions.

Since the eigenvalues and eigenvectors of circulant matrices 

(special Toeplitz matrices) are known, we have shown in section 3.4 

that any Toeplitz matrix can be embedded into circulant matrices of 

order 2n or 2n -l. Several recent articles by R.M. Grey and Judea Pearl 

have investigated similar, but different, embeddings of Toeplitz matrices 

into circulant matrices. They use the circulant matrices to determine 

the distribution of the eigenvalues of the Toeplitz matrices.

A circulant matrix is the covariance matrix for a periodic time 

series and its eigenvalues and eigenvectors can be calculated easily 

using the "fast Fourier transform" algorithm.



Definition (main diagonal ; secondary diagonal). The main diagonal 

of any matrix consists of the elements in the (1, 1), (2, 2 ) ,  . . .  posi­

tions. The secondary diagonal of a nxn matrix consists of the elements 

in the (1, n), (2, n-1), . . . ,  (n, 1) positions.

In this chapter we will have occasion to use the following special 

matrices:

1. 0, zero matrix, is a matrix which has zeros in every position,

2. I ,  identity matrix, is a nxn matrix which has ones on the main 

diagonal and zeros elsewhere, and

3. J, a permutation matrix, is a nxn matrix which has ones on 

the secondary diagonal and zeros elsewhere.

Unless otherwise stated, the matrices in this chapter have complex 

elements.

In addition, throughout this chapter we will follow the convention

that

1. A, B, . . . ,  Z w ill denote nxn matrices (n is a positive 

integer; we w ill use a subscript to denote the order of a 

matrix when that order is not n),

2. a, b, c, . . . ,  h w ill denote nxl matrices (vectors), unless 

otherwise stated,

3. (A )jj is the element in the ith row and jth  column of A.

Definition (Toeplitz matrix). A Toeplitz matrix T of order n is

a nxn matrix such that for i , j  = 1, 2, . . . ,  n,
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That is , Toeplitz matrices have the same element along each diagonal 

"parallel" to the main diagonal. Consequently, every nxn Toeplitz 

matrix is determined once the 2n-l elements of the f i r s t  row and f irs t  

column are specified.

Apparently these matrices were f irs t  studied as a special class 

of matrices by 0. Toeplitz about 1910 when he investigated the d is tr i­

bution of the eigenvalues of these matrices as the order n grew without 

bound (Grenander and Szego). However, we have not found any reference 

in which the eigenvalues are explicitly determined for general Toeplitz 

matrices.

Definition (Hermitian). A nxn matrix A is said to be Hermitian i f

A = A*' ,  (2)

where 1 denotes matrix transposition and * denotes complex conjugation. 

That is , A is Hermitian i f  and only i f ,  for i ,  j  = 1, 2, . . . ,  n,

(A)j j  = (A)tj . (3)

We will use the term "symmetric" several times in this chapter

and we will give i t  a broader meaning than is usually the case.

The usual definition of a symmetric matrix is given in equation 

(2),  or (3),  when the matrix A has real elements. To avoid confusion 

with other "symmetries", we will say that A is real-symmetric when 

Equation (2),  or (3) is satisfied and A has real elements.

We will say that the nxn matrix A is symmetric about the main 

diagonal when A = A' (the elements of A may be complex).
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Consequently, a Toeplitz matrix T of order n is Hermitian i f ,  for 

k = 0, 1, 2, . . . ,  n-1,

where t^ is an element of the f irs t  column of T and t i s  an element 

of the f ir s t  row.

Definition (positive de fin ite ). A nxn Hermitian matrix A is said 

to be positive definite i f  for all nxl non-zero matrices x, the quadra­

tic  form x'Ax* is positive. That is, A is positive definite i f  and 

only i f

i=l j=l ,J ' J 

where x. are the elements of x /  0.

Definition (eigenvalue; eigenvector). I f  for a nxn matrix A and 

a scalar a , there is a non-zero vector (nxl matrix) x such that

then a is an eigenvalue of A and x is an eigenvector of A associated 

with a .

The eigenvalue problem for a matrix A is the problem of find­

ing the eigenvalues and eigenvectors of A.

. The eigenvalues of a nxn matrix A consists of the solutions 

(roots) of the characteristic polynomial : det(A - a I )  = 0, where

det(A) means the determinant of A.

Lemma 3.1 (Vinograde) Every nxn matrix A has (at most) n eigen­

values. The eigenvalues of Hermitian matrices are real numbers.

(4)

n n
l  z (A). .x.xt  > 0 , 
- 1 -i-i 1J 1 J

(5)

Ax = AX (6 )
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Lemma 3.2 (Vinograde) I f  A is a nxn Hermitian matrix then A is 

positive definite i f  and only i f  a ll  eigenvalues of A are postive.

Definition (principal minor). I f  Â  is a kxk submatrix obtained 

from the nxn matrix A by deleting n-k rows and the same n-k numbered 

columns, 0 <. k < n, then det(A^) is called a principal minor of A of 

order k. The descending principal minors are those numbers, det(A^), 

k = 1, 2, . . . ,  n, for which

(Ak h j  = (A)i j  (7)

for i , j  = 1, 2, . . . ,  k.

Lemma 3.3 (Vinograde) I f  A is a nxn real-symmetric 

matrix then A is positive definite i f  and only i f  all principal minors 

of A are positive.

Lemma 3.4 I f  A, I ,  and J are nxn matrices then, for 

i ,  j  — 1, 2, •««, n,

(JA>ij = (AW i , j  W
(the rows of JA are the rows of A in reverse order)

2 . m i3 -  n + H  o )

(the columns of AJ are the columns of A in reverse order)

3• J — I and J 1 — J.

Proof: the results follow directly from the definition of J.

Definition (persymmetric; PS). A nxn matrix A is said to be

persymmetric, abbreviated to PS, i f  (A) . ,  is a function of i+ j only,I j
for i ,  j  = 1, 2, . . . ,  n (Aitken).
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We observe that a matrix is PS i f  and only i f  a ll elements along

diagonals "parallel" to the secondary diagonal are equal. Hence a PS

matrix is determined once the 2n-l elements of the f i r s t  row and last

column are specified. For example, J is a PS matrix.

We mentioned in Chapter 1 that the set of a ll nxn matrices with

complex elements form a complex vector space. I t  can be shown that
2

such a space has dimension n . In the next theorem we w ill state and

prove some of the properties of PS matrices which form a 2n-l dimen­

sional vector space. (

Theorem 3.5 Let A and J be nxn matrices.

1. Sums and scalar multiples of PS matrices are PS matrices.

2. I f  A is a PS matrix then A = A'.

3. A is a PS matrix i f  and only i f  JA, or AJ, is a Toeplitz

matrix.

Proof:

1. I f  A and B are nxn PS matrices then for i , j  = 1, 2, . . . ,  n, 

(A+B)..  = (A). . + (B)•. and (aA). . = a(A) .. (sums and scalars
• u * J * U ■ J * J

multiples of functions of i+ j are again functions of i + j ) .

2. I f  A is a PS matrix and (A)^j = a^+  ̂ then

(A)i j  = ai+ j = aj+ i = (A)j V
3. I f  A is a PS matrices and*(A)^ = a ^ j  then by Lemma 3.4,

(JA)ij = (A)n+i_i_ j  = V l + j - i  (a function of i - j ,  for

i ,  j  = 1, 2, . . . .  n).
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We also have AJ = A'J' = (JA)1.

I f  JA, or AJ, is a Toeplitz matrix and

(AJ)^j = b.j j  then A = AJJ and

(a function of i+ j for i ,  j  = 1, 2, . . . ,  n).

Definition (centrosymmetric; CS). A nxn matrix A is said to be 

centrosymmetric, abbreviated to CS, i f  for i ; j  = 1, 2, . . . ,  n.

We observe that a matrix A is a CS matrix i f  and only i f  A is 

symmetric about the "center" of the matrix. For example, I and J are 

CS matrices.

In the next theorem we w ill state and prove some of the.properties

of CS matrices. The set of CS matrices of order n form a vector space
2 2 

whose dimension is n /2 ,  when n is an even integer, and (n + l ) / 2 ,  when

n is an odd integer.

Theorem 3.6 Let A and J be nxn matrices.

1. A is a CS matrix i f  and only i f

(A)j j  = (A) n + l- i ,  n + l- j . (10)

JAJ = A ( ID

2. Sums, scalar multiples, products and transpositions of CS

matrices are CS matrices.

3. I f  A is a CS matrix and A~ exists then A” is a CS matrix.

Proof:

T. This follows from Equations (8) ,  (9) ,  and (10).
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2. I f  A and B are CS matrices then 

J(A+B)J = JAJ + JBJ = A + B,

J ( ct A ) J = ctJAJ — otAj

JABJ — JAJJBJ — AB, and

JA'J = J'A'J'  = (JAJ)' = A'.

3. From I = AA'1 = JAJJA'10 = A(JA'1J) we obtain A '1 = JA"1J

since inverses of matrices are unique when they exist.

Next we w ill define a class of matrices which apparently has not

been studied before as a special class of matrices.

Definition (generalized Toeplitz; GT). A nxn matrix T is said to 

be a generalized Toeplitz matrix, abbreviated to GT, i f

JTJ = T' (12)

As we w ill show in the next theorem, all Toeplitz matrices are 

GT matrices. The converse, however, is not true. The following 

example of a GT matrix is not a Toeplitz matrix:

1 4 6
2 5 4
3 2 1 .

In recent literature  dealing with algorithms involving Toeplitz 

matrices, the definition of a Toeplitz matrix is the same as we have 

given above. However the property of Toeplitz matrices which is most 

frequently used is given in Equation (12). I t  is interesting that up 

to the present time no one has recognized that Equation (12) represents 

a generalization of Toeplitz matrices.
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In the next theorem we state and prove some of the properties of 

GT matrices. As a consequence the set of a ll nxn GT matrices forms 

a vector space of dimension n(n+l)/2.

We observe that GT matrices are symmetric about the secondary 

diagonal.

Theorem 3.7 Let I ,  J, and T be nxn matrices.

1. I f  T is a Toeplitz matrix then JTJ = T '.

2. I f  T is a GT matrix and T"  ̂ exists then T"  ̂ is a GT matrix

(inverses of Toeplitz matrices are not necessarily Toeplitz 

matrices).

3. Sums, scalar multiples and transpositions of GT matrices are 

GT matrices.

4. Products of GT matrices are GT matrices i f  and only i f  they

commute.

5. T is a Toeplitz matrix i f  and only i f  JT, or TJ, is a PS

matrix.

Proof:

1. I f  (T) j j  = t . _ j ,  for i ,  j  = 1, 2, . . . ,  n then

- (TW i ,  n+l-j = V i  " ( r ) i j -  
-12. I f  T is a GT matrix and T" exists then

I = TT"1 = JTJJT-1J = T '(JT '1J) and JT'1J = (T1)"1 = (T*1) ' -

3. I f  T and S are nxn GT matrices then 

J(T+S)J = JTJ + JSJ = T' + S' = (T + S)' and 

JT'J = J'T'J'  = (JTJ)' = T" = T.
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4. I f  T and S are nxn GT matrices then

JTSJ = JTJJSJ = T'S’ = (ST)' .  Hence JTSJ = (ST)' = (TS)' i f

and only i f  ST = TS.

5. This follows from Theorem 3.5.

Theorem 3.8 A nxn GT matrix T is CS i f  and only i f  T = T '.

Proof: This follows directly from Equations (11) and (12).

We w ill il lus tra te  the four types of matrices defined above by 

considering the decomposition of a matrix of each type into matrices 

of lower order. These decompositions are of value, when they exist, 

in that they reduce the eigenvalue problem of a large matrix to eigen­

value problems of smaller matrices.

I f  SgH is a 2nx2n CS matrix and

2n (13)
0 J 

J 0

then, from Equation (11), we have 

A B ’

LJBJ JAJ

where A, B, and J are nxn matrices but A and B are not necessarily 

CS matrices. This means that the CS property is not preserved under 

this decomposition.

'2n (14)

I f  $2 n is a 2nx2n PS matrix then

'2n
A B 

B C
(15)

where A, B, and C are nxn PS matrices. The PS property is preserved 

under this decomposition.
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2n (16)

I f  is a 2nx2n GT matrix then from Equation (12), we have 

A B '

C JA'J

where B, C are GT matrices but A is not necessarily a GT matrix.

I f  Tgy, is a 2nx2n Toeplitz matrix and for i ,  j  = 1, 2, 2n,

(T,J

then let

0 7 )

(18)

where T, U, and V are nxn Toeplitz matrices and for i , j  = 1, 2, . . . .  n,

(T)i j  = t i - j  » <V)i j  = t i-j+n  • and (U)i j  = t i - j - n  ' (19)

Our interest in this decomposition stems from the fact that the 

Toeplitz property is preserved under this decomposition. We would like  

to use this decomposition to express the determinant of T ^ ,  d e t ^ ^ ,  

in terms of the determinants of matrices of order n.

Lemma 3.9 I f  A and B are nxn matrices then det(AB) = det(A)det(B). 

Lemma 3.10 I f  I and J are nxn matrices then det ( I )  = 1 and 

det (J) = ( - l ) n(n' 1 ) /2 .

Proof : clearly d e t(I) = 1 for a ll n.

The number of row (or column) interchanges necessary to transform 

J into I ,  is given by 

n-1
Z (n -i)  = n (n -l) /2 . 

i= l
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(20)

I f  SgH is the 2nx2n CS matrix given in Equation (14) then Aitken 

considers the following matrix product:

A+BJ 0 

JBJ JAJ-JB

I f  we apply Lemmas 3.9, 3.10 and Laplace's expansion on the f ir s t  

n columns, we obtain

" l -J

—
t

> 00
1 I

1—1 1 C_.
»

.JBJ JAJ_ r O i—i 1
det [: ■

= 1 = det
0 I

and consequently the above matrix product gives

det(S2n) = det(A+BJ)det(JAJ-JB). (21)

Mullen applied this technique to Toeplitz matrices by requiring 

**2n = T2n ŝo that T2n 15 a cs matrix). I f  T2n is a 2nx2n Toeplitz 

matrix then from Equation (18) we obtain

2n =[: :]•
I f  we require T2n = T2n then we have T = T' = JTJ, U = V  = JVJ,

and

"i y “t V' "l -J T+JV 0

1—4o

.V T_ 0 I_  ̂ V T-VJ

By taking determinants of these matrices we obtain

det(T2n) = det(T+JV)det(T-VJ). (22)

There is a similar decompositon for Toeplitz matrices of order 2n+l.

However, while T, II, and V are Toeplitz matrices, JY and VJ are 

not Toeplitz (they are PS matrices by Theorem 3.7) and, therefore, this 

decomposition cannot be continued.
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Let us instead consider the following matrix product:

"T u

1
1—1

 1 T+V U-V*

y T 1 o _ V T-V_
(23)

especially the case where U = V. An interesting special case occurs 

when T ^  is a circulant matrix.

Definition (c ircu lan t). A nxn matrix T is said to be circulant 

i f  T is a Toeplitz matrix and for k = 1, 2, n-1,

h  = tk-n <24>
(a circulant matrix is determined once the n elements of the f ir s t  row 

are specified).

Consequently, i f  T ^  is a circulant matrix then i t  satisfies  

Equations (17), (18), (19), t^ = t k_2n and U = V. Therefore the 

determinant of Equation (23) gives

det(T2n) = det(T+V)det(T-V). (25)

Since T, U = V, T+V, T-V are Toeplitz matrices, we can continue this

decomposition. There is , however, no need to continue as the deter­

minant of any circulant matrix is known (Aitken).

When T2n+-j is a Toeplitz matrix of order 2n+l, the decomposition 

of T2n+1 is given by

T Ja U
b'J t Q a' (26)

V b T

where, for i , j  = 1, 2, . . . ,  n, ( T ) . j  = t ._ j ,  (U ) -  = t ^ j ^ ^  ,

( V ) i j  = ^ i - j + n + T  a = [ t -1  t -2 *** ^ n ^ ' *  and b = ^ 1  *2 t n^, ‘

2n+l
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For a matrix product similar to the one given in Equation (23), we 

obtain

T+V Ja+b U-V

b'J t 0 a '-b 'J

V b T-V

The matrix product given in Equation (23) was suggested by some 

results due to Levinson.

The matrix products in Equations (20) and (23) are particular 

examples of s im ilarity  (congruent) transformations. I t  is known 

(Vinograde) that i f  or T ^  are Hermitian then they are similar to 

diagonal matrices. Equations (20) and (23) are attempts to find re la ­

tive ly  simple unitary matrices which transform 5 ^  or T ^  into diagonal 

matrices under a s im ilarity  transformation.

Lastly, i f  we assume that T“  ̂ exists and T ^  is given as in Equa­

tion (18), then pre-multiplication of T2n by

I 0* I -ur1 '
_-vrT and

i 0 i

gives

det(T2|)) = d e t(T )d e t(T -V f1U)

= det(T)det(T-UT-1V) (28)
and

■det(T-VT_1U) = det(T-UT'1V).

We w ill return to these results in Section 3.4 in connection with 

the eigenvalue problem for Toeplitz matrices.
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3.2 We next derive a recursive algorithm for computing the inverse 

of a Toeplitz matrix. This derivation is a slight modification of an 

algorithm given by Zohar which, in turn, was a modification of the 

original derivation given by Trench.

We w ill derive an exp lic it expression for T”|^ assuming that Tj^ 

exists for k = 1, 2, . . . ,  n+1. This condition is called "strongly 

nonsingular" by Zohar and is more general than the condition of posi­

tive definiteness of Tn+-j required by Trench.

Let us assume that the complex numbers tg, t- j, t^ , . . . ,  t fi, t  

t_2 » . . . ,  t  are given and, for i , j  = 1, 2, . . . ,  n,

M i j  = t i - j  > <29>
a = [ t 1 t 2 . . .  t n] '  (30)

b = [t^-j t_2 . "  t_n] ' (31)

where 1 denotes matrix transposition. Equation (29) specifies that T

is a Toeplitz matrix of order n.

I f  Tn+i is a nonsingular Toeplitz matrix of order n+1 then

T- i  adj(W
n+1 det(Tn+1)

where adj(Tn+-j) and det(Tn+^) are the adjoint and determinant of Tfi+  ̂

respectively. I f  the complex number in the (1, 1) position of the
_ I

matrix T”+-| is denoted by l /x n then

det(Tn+1) = xndet(T). (32)
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We can express Tn+1 and T“j-j as 

Tn+1
t 0 b'

(33)

and

A

a T 

r i d'

M
(34)

where t 0 , 1, and xn are scalars, a, b, c, d are nxl matrices, and 

T, M are nxn matrices.

I f  I ,  I n+i denote the identity matrices of order n and n+1, 

respectively, then Tfi+1 T’ ] ,  = I ^  T ^ ,

and

xn In+1

• xn n̂+1

[t Q+b' c t 0d'+ b'M" 

a+Tc ad'+TM

tg+d'a b'+d'T

tgC+Ma cb'+MT

We now equate these two expressions for xn Zn+  ̂ and obtain the 

following relations:

and

xn = V b'c = t0+d 'a >
0 = a+Tc = tgC+Ma,

0 = tgd'+b'M = b'+d'T,

I = ad'+TM -  cb'+MT.

From these four relations 

b'c = d 'a ,

0 = c+T'1a,

0 = b'T"1+d',

(35)

(36)

(37)

(38)

(39)

(40)

(41)
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X nT"1 = r 'a d '+ M  = cb'T^+M. (42)

From these four relations we obtain 

b'c = d'a -  -b 'T ~ \  

c = -T‘ â 

d = -T**̂  'b

and

M = V '+ c d '  = x ^ ’ V ^ a b 'T " 1

(43)

(44)

(45)

(46)

These equations are satisfied for matrices of order n = 1, 2 ............

* I f  we substitute these last four relations into Equation (34), 

we can express the inverse of Tfi+  ̂ as

T» 1  " X

1 d'

x .rU c d -
(47)

.-1Thus we are able to express Tfi+  ̂ exp lic itly  in terms of the elements

of T-1 and Tfi+p  and ultimately in terms of Tn+^.

Except for Equations (29), (30), and (31), we have not made use

of the Toeplitz property. With the exp lic it use of this property we

w ill be able to compute T^j-j without the exp lic it computation of the

intermediate inverses. This is acheived by developing a recursive

algorithm for the computation of x^, c^, d^, for k = 1, 2, . . . ,  n.

I f  we require Tn+  ̂ to be a Toeplitz matrix then T is a Toeplitz 
-1 -1matrix and T and Tfi+  ̂ are generalized Toeplitz matrices by Theorem

3.7. Applying Equation (12) to Equation (47) we also obtain

Jd

c'J 1
X T**1n n+1

xJ^+Jdc'J
(48)
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For each i , j  = 1, 2, n, we obtain from Equations (47) and (48),

Xn(TnlVij = VA 'j + (Jdc'J)ij (49)
and

(50)xn(Tn+l)i+l  ,j+l ” xn(T + (cd ')

I f  we e lim in a te  the common term on the r i g h t  hand side o f  these two 

equa tions. We get

V V M i + l . j + l  = Xn(Tn+l ) i j  + (cd '-Jd c 'J ).j. (51)

This equation illustrates how the entire matrix T“|-j can be found once

the f ir s t  row and f ir s t  column are known. The f irs t  row and f ir s t

column are determined by A , c , d .n n n
We w ill now show how A^, cn, dfi can be found by recursive genera­

tion.

1. From Equation (40) we have, for a ll n, 

c — -T a ~ - JT Ja 

where we have used the generalized Toeplitz property. Equation 

(12). Consequently, for order n+1, we get

1
n+1

"x T^+Jdc'J Jd" n . a

c'J 1 /n + i

By performing the indicated matrix multiplication we can express 

this product as

c'Ja+t
n+1

n+1 Jd

1
(52)

- 1 1 -12. From Equation (41) we have, for a ll n, d = -T" .b = -JT” Jb
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where, again, we have used the generalized T o e p li tz  p roperty . 

Consequently, fo r  order n+1, we get

dn+l =

By performing the ind ica ted  m atr ix  m u l t ip l ic a t io n  we can express 

th is  product as

1 'X I 'V o d c 'd  Jd
/

b

Xn c 'J  1 ^-n-1

* d" d ,Jb + t-n - l Jc

0 Xn 1n+1

3. From Equation (35 ), we obta in  fo r  order n+1,

V l  = t 0+bn+ lcn+l = V ^ n + l V l  ■

A l te rn a t iv e ly ,  from Equation (50) we obta in

= xn(r l )n n M c d ') n n = 1

and, rep lac ing  n by n+1 in  the middle express ion,

\ i + l ( Tn + A + l,n + l + ^cn+ldn+^n+ l ,n+1 = 1- 
-1I f  we e lim ina te  (T” +p n+  ̂ n+  ̂ from these two equations, we 

then have

\ i+ l _ Xn ^  " ^cn+ ldn+l^n+1 ,n+l^

(53)

(54)

(55)

= Xn - (c'Ja+t ptd 'Jb+t p / *

where ^ 0 fo r  n = 1, 2, . . . ,  which was assumed in  the begin­

ning. We can use Equations (52) and (53) to  show th a t  Equations

(54) and (55) are equ iva len t.

4. F in a l ly ,  we need to  spec ify  the i n i t i a l  values fo r  the recurs ive

generation o f  x ^ } c , dn . We have 

X1 = de t(T2 ) /d e t (T 1 ) = ( t ^ - t - j t ^  ) / t g ( 56 )
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C1 = - y t Q ,  (57)

and
dl = ' t - i / tQ  • (58)

Trench-Zohar Algorithm:

Given the complex numbers for k = 0, 1, . n, -1 , -2 , -n, we

1. compute Xp Cp by Equations (56), (57), and (58),

2. compute x^, c^, d^, for each k = 2, 3, . . . ,  n+1 using an and bn

(Equations (30) and (31)) by Equations (52), (53), and (54),

3. compute by Equations (47) and (51) where

V Tn+lhl = 1

Xn(TnIl)l,j+l = (dn)j' J = !»•••• n>

xn(Tn+l)1+1>1?= (Cn)l’ 1 = 1* •••’ n’

Xn̂ Tn+Vi+l,j+r Xn̂ Tn+Vi,j + ĉndn‘JdncnĴ j
for i ,  j  = 1, 2, . . . ,  n. We note that the presence of J does not

actually require a matrix multiplication but rather a

"reshuffling".

We have programmed and tested this algorithm for re la tive ly  simple 

examples. Akaike has extended this algorithm to block Toeplitz 

matrices.

When the matrix Tfi+  ̂ is Hermitian then b* = a and d* = c. I f  

Tn+i is real-symmetric and positive definite then x̂  > 0.
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3.3 We w ill now derive an algorithm for solving a system of linear 

algebraic equations whose coefficient matrix is a nxn Toeplitz matrix. 

That is , we would like  to solve the matrix equation

Tx = y (59)

where T is a given Toeplitz matrix of order n, x is a unknown nxl 

matrix and y is a given nxl matrix.

Chronologically, the f ir s t  algorithm for this system was derived 

by Levinson in 1947. A modification of Levinson's algorithm appears

in Wiggins and Robinson. This la tte r  algorithm also appears in the

Geophysics Department (Colorado School of Mines) computer library  

under the name of TOEPLZ. However, both of these algorithms require 

the Toeplitz matrix to be real-symmetric.

We now derive an algorithm based upon the derivation given in 

the previous section which avoids the real-symmetric restric tion .

We are going to derive a recursive algorithm for finding the 

solution xn+i of the system

W n + 1  = V l  (60)

assuming that we know Tn+^, yfi+  ̂ and the solution x of the system 

given in Equation (59). Let

Xn + 1 = [ z ‘ a ] '» y n+1 = [y' $]' (61)

where a,$ are scalars and y , z are nxl matrices.

Since Tn+|  is a Toeplitz matrix of order n+1, we can apply the 

generalized Toeplitz property. Equation (12), to Tfi+  ̂ in Equation (33)
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and express Equation (60) as

T Jb* z *y '
a'J t 0. a B

(62)

From Equation (59), we have y = Tx and substituting this relation into 

Equation (62) we obtain

n 1
(63)

T Jb" z-x 0

a'J v a B-a'Jx

.-lI f  we assume that T~+  ̂ exists _(x f  0) then from Equation (48), we get
• «X1N

a
.  «

n

and, therefore, 

Xn+T

l+Jdc'J Jd" 0 "Jd"
= (f3-a'Jx)

c'J 1 B-a'Jx 1j

*  X xJa ' -(3 Jd "

0 ' '  xn 1
(64)

We note the s im ilarity  of Equations (52) and (64). We also note 

that although the nxl matrix c does not exp lic itly  appear in Equation

(64), i t  is needed in the calculation of the nxl matrix d.

Algorithm:

Given the complex numbers t^ , k = 0, 1 n, -1 , -2 , . . . ,  -n and

*n+l = [61 62 ••• ?n Bn+1L  we

1. compute Xp Cp d-j by Equations (56), (57), and (58),

2. compute x-j = B-j/tQ,

3. compute x^, c^, d^, for each k = 2, 3, . . . ,  n by Equations (52),

(53), (54) using an and bfi (Equations (30) and (3 1 )),

4. compute x^, for k = 2, 3, . . . ,  n+1 by Equation (64).
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3.4 In this last section we are interested in the eigenvalue problem 

for Toeplitz matrices. I t  was our original intention to derive, i f  

possible, exp lic it expressions for the eigenvalues and eigenvectors of 

Toeplitz matrices. We have been only p artia lly  successful.

I f  T is a nxn Toeplitz matrix, x is a scalar, and x is a non-zero 

nxl matrix such that

Tx = xx (65)

then X is an eigenvalue of T and x is an eigenvector of T associated

with X. The eigenvalues of T are solutions of the characteristic 

equation

det(T - XI) = 0. (66)

I f  T is Hermitian then a ll eigenvalues are real numbers. I f  T is 

positive defin ite and real-symmetric then a ll eigenvalues are non­

negative real numbers.

I f  T is a Toeplitz matrix then T - XI is also a Toeplitz matrix

for every X. Hence, the problem of finding eigenvalues of Toeplitz
3

matrix is equivalent to the problem of finding the determinant of a 

Toeplitz matrix.

Most numerical algorithms which compute the eigenvalues of 

matrices, do not depend upon exp lic it expressions for eigenvalues.

For example, the Jacobi method is an algorithm which computes the 

eigenvalues and eigenvectors of real-symmetric matrices using a sequence 

of orthogonal transformations. The Householder method is sim ilar to 

the Jacobi method but i t  uses unitary transformations instead.
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There are numerical algorithms which determine the eigenvalues of 

quite general matrices. Most of these numerical algorithms are ite ra ­

tive and the convergence is only guaranteed when the matrix is positive 

defin ite . The above mentioned algorithms are well known and therefore, 

they are not reproduced in this thesis.

The Karhunen-Loeve expansion derived in section 2.4, Equation (44), 

requires the determination of the eigenvalues and eigenvectors of Hermi­

tian , Toeplitz matrices, and as indicated above, there are numerical 

algorithms which w ill handle these matrices. However, round-off errors 

increase as the order of the matrices increases. Consequently, exp lic it 

expressions for the eigenvalues and eigenvectors of Toeplitz matrices
X

would be desirable.

In fact exp lic it expressions for the eigenvalues and eigenvectors 

of circulant matrices do exist, (see sections 2.2 and 3.1)

C = Cfi is a nxn circulant matrix whose elements are given by

The eigenvalues, x, and eigenvectors, x, of C are solutions to the 

equations

That is , the eigenvalues, x, and eigenvectors, x, are solutions to the 

n difference equations

(67)

Cx = XX (68)
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m-1 n
^  Cn-m+jxj + ^ mcj-mxj  = Xxm’ <69>

for m = 1, 2, n, which are linear and have constant coefficients.

I f  we change the indices of summation then we get 

n-m n-1

A  V i "  * V i - "  ■ ’V
Since the equations are linear and have constant coefficients we can 

assume that x. = rJ for some constant r . Substituting x̂  = rJ , r  ̂ 0, 

into Equation (70) and dividing by rm, we obtain

n-m . _ n-1 .
X = z c . r J +  r  E c . r  . ( 7 1 )

j=0 J j=n-m+l J

I f  we select r = = exp(i2nk/n) then r ”n = 1 and, for k = 0, 1, 2,

• • • j  n ,
n-1 1k

K  = ï c,WJK (72)
k j=0 J

a n d

x M  = WJ" k . ( 7 3 )

T h e r e f o r e ,  f o r  c i r c u l a n t  m a t r i c e s  t h e  e i g e n v a l u e s ,  E q u a t i o n  ( 7 2 ) ,  a n d  

t h e  e i g e n v e c t o r s ,  E q u a t i o n  ( 7 3 ) ,  a r e  g i v e n  e x p l i c i t l y .  M o r e o v e r ,  t h e  

e i g e n v a l u e s  a r e  t h e  d i s c r e t e  F o u r i e r  t r a n s f o r m  o f  t h e  e l e m e n t s  o f  t h e  

f i r s t  r o w  o f  C a n d  t h e  e i g e n v e c t o r s  a r e  t h e  same f o r  a l l  n x n  c i r c u l a n t  

m a t r i c e s .  T h e  s e t  o f  n e i g e n v e c t o r s  f o r m  a n  o r t h o g o n a l  s e t  o f  

n - t u p l e s .
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Since the eigenvalues and eigenvectors of circulant matrices are 

known we might try  embedding a nxn Toeplitz matrix in a more tractable 

circulant matrix. There are two recent articles (Gray; Pearl) which 

take this approach and show that the circulant matrix is "asymp­

to tic a lly  equivalent" to the Toeplitz matrix. Consequently, the 

distribution of eigenvalues of the Toeplitz matrix can be inferred 

from the distribution of the eigenvalues of the circulant matrix, as 

the order of the matrices increases without bound. Grenander and 

Szego give the defin itive treatment of the distribution of the eigen­

values of Toeplitz matrices.

There are several ways to embed a nxn Toeplitz matrix in a circu­

lant matrix. We w ill only indicate two ways. Gray and Pearl give 

similar embeddings.

For any nxn Toeplitz matrix T, we determine a nxn Toeplitz matrix 

U such that

'T  U 

U T

is a 2nx2n circulant matrix. That is , for i , j  = 1, 2, . . . ,  n, le t

<T> ij = t n  . <75>

then P i- j+ n  • 1 ±  J"
(U ),, =< (76)

C2n (74)

I t i - j - n  ’ i > j
U

Since T has at most 2n-l distinct elements, U is completely deter­

mined except for the arbitrary element t^.
( k )Cgn has 2n eigenvalues, x^, and 2n eigenvectors-, z v , where, for 

k = 1, 2, . . . .  2n,
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C2nz
(k) _ , ,(k )

= V

n-1

and
,(k) _

Ly

(k)

(k)

where = exp(i2itk/2n), = ( - 1 ) ^ x ^ \  and

(k) _= [1 , W2n, wk (n - l}t i
2n

(77)

(78)

(79)

(80)

These results follow from Equation (68), (72) and (73). Equation (77),

T U

j*
X

«

x
i—

 

X
U T »

= k
y (k) .

leads to

Tx(k) + Uy(k) = x x(k)

Ux'(k) + "[-ytk) ... X v(k) (81)

(k)We see that A. and x '  are the eigenvalues and eigenvectors of the 

nxn Toeplitz matrix T+U for k = 2, 4, 6, . . . .  2n since = ( - l ) ^ x ^ '

and
(k) .  , (k)

k(T+U)x'"' = A,.x 
(k)

(82)

(T-U)x(k) = ^ x ( t )

and xv are the eigenvalues and eigenvectors of the nxn Toeplitz 

matrix T-U for k =*1, 3, 5, . 2n-l  and

(83)

In addition, T+U is actually a circulant matrix and T-U is a "skew- 

circulant" matrix. These results were anticipated in section 3.1 by 

Equation (25).



T-1651 87

The results contained in Equations (81), (82), and (83) at f irs t  

looked quite promising. However, Hannan's example and Lemma 2.8 in 

Chapter Two indicate that the covariance matrix for a periodic process 

of period N is a NxN circulant matrix. I t  is unlikely that non­

periodic processes would result in circulant covariance matrices..

This observation does however suggest that the "asymptotically 

equivalent" approach might be fru itfu l because any discrete stochastic 

process can be approximated, in norm, by a sequence of periodic pro­

cesses of increasingly large periods.

A slightly different embedding results i f  we eliminate the t terms 

in Equations (74) and (76). The resulting circulant matrix, of order 

2 n -l, is uniquely determined by its  f irs t  row:

( 8 4 )

The eigenvalues and eigenvectors are given by

( 8 5 )

and
(86 )

respectively.
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Chapter 4. Conclusions

In this chapter we w ill comment on the discrete (numerical) ana­

logues that we have defined and developed in this thesis and discuss 

where we feel further work is needed.

While most engineers and scientists working in the communication 

and information fields are aware of the dichotomy between time- and 

band-limited functions, we have not found a completely satisfactory 

illu s tra tio n  of this fact for the discrete functions. In fac t, while 

the concepts of discrete time- and band-limited functions may be in tu i­

tive ly  well known, we have not been able to find exp lic it definitions  

given anywhere in the lite ra tu re . Most authors state their results for 

the continuous variable case and then assume that the discrete variable 

analogues follow directly without any d iff ic u ltie s . We believe that 

such conclusions should be established on rigorous as well as in tu itive  

grounds.

Therefore we have defined TL(N), the space of discrete time-limited  

functions, and BL(N), the space of band-limited functions, as two N- 

dimensional complex vector spaces. Because of the mathematical isomor­

phism between TL(N) and BL(N), i t  is not surprising that discrete time- 

and band-limited functions are used interchangeably without regard for 

the consequences. This situation is most apparent when we attempt to 

define a discrete convolution operation as we have already mention in 

the introduction. Extensive use of the discrete convolution operation 

suggests that further work is needed in this area.
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While the approach to the discrete Fourier transform (DFT) by way 

of generalized functions (distributions) has been rigorously estab­

lished, the inverse problem has largely been ignored. That is , since 

there are many functions which possess the same discrete sample func­

tio n , how do we interpret the discrete Fourier spectrum, the DFT of the 

discrete sample function, with this fact in mind?

Our interpretation is that the DFT of a discrete time-limited func­

tion is a discrete band-limited function; that is , we are only able to 

determine N distinct frequencies in the discrete Fourier spectrum of N 

sample values and this includes the constant ("DC") term.

We also observe that the sampling in terval, the interval between 

successive sample values, does not exp lic itly  appear in the DFT, only 

the number of samples.

What happens i f  the sought after frequency does not correspond to 

one of the N distinct frequencies in the spectrum? That is , does the 

DFT of the sample values of a function represent the sample values of 

the Fourier transform of the function? The generalized function ap­

proach clearly shows that the answer is yes.

In researching this thesis, we have from time to time conducted a 

number of numerical experiments on electronic computers to test various 

features of the discrete analogues developed in this thesis. With 

respect to the.question posed above, our numerical examples suggest 

that the answer is yes.

A more d if f ic u lt  problem is to find the relationship between the 

discrete Fourier spectrums of the same function transformed (DFT) using
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two different values of N. The early fast Fourier transform (FFT) 

algorithms required the number of data values, being transformed, to 

be an integral power of two (log^N is a positive integer). When the 

number of data values was not an integral power of two, the advice 

given in the literatu re  at that time was to add a suffic ient number of 

zeros as data values so that the FFT algorithm could be used. To our 

knowledge, no one has explained the consequence those zeros have on the 

resulting discrete Fourier spectrum.

Our numerical experimentation shows that the general level of 

"noise" (error) increases as the number of zeros is increased but the 

effect on individual terms is largely unpredictable. The power-of-two 

restriction has been removed from the FFT algorithm but two discrete 

Fourier spectrums., for different values of N, are s t i l l  d if f ic u lt  to 

compare.

We must always remember that the DFT of any f in ite  set of complex 

numbers, considered as a truncated sample path of some process, only 

represents an estimate of the frequency spectrum of this process. Con­

sequently our interpretation of this frequency spectrum is determined 

by the significance we place on the various frequencies making up this 

spectrum. For example, what significance should we place on the fre ­

quency spectrum of the DFT of a set of randomly chosen complex numbers?

A good deal of work has been done for the continuous variable case 

concerning data contaminated with random errors ("noise") generated by 

a stationary process having a normal distribution. More work is needed 

in the discrete case for non-normal distributions.



T-1651 91

Another area of further work is to investigate various limits of 

the DFT of N terms of a sequence in 1 (the space of complex square- 

summable sequences) as N increases without bound (the lim it of a 

sequence whose Nth term is an element of BL(N)). This lim it would be 

the discrete analogue of a Fourier transform. We investigated several 

possible limits without much success. As far as we were able to deter-
p

mine, there is no discrete analogue of Plancherel's Theorem on 1 .

There are very few instances where natural phenomena are truly  

periodic, for all t .  Consequently, there is a great need to analyze 

observations whose amplitude diminishes in time. For example, seismic 

waves, including the free oscillations of the earth, decay in amplitude 

as they propagate further from the source so that the use of "dampened 

periodic" functions would probably be more realis tic  than periodic 

functions. We might, for example, investigate the use of discrete 

analogues of Hankel transforms. In addition, the application of Z- 

transforms and Walsh transforms could be investigated.

When investigating several expansions using basis elements of C(N), 

the N-dimensional complex vector space, we didn't consider the discrete 

analogue of (sin x)/x functions which are encountered in sampling 

theorems of non-discrete band-limited functions.

The discrete Karhunen-Loeve (DKL) expansion represents a generali­

zation of the DFT expansion in that the coefficients in the DKL 

expansion reduce to the coefficients of the DFT expansion when the 

original stochastic process is circular or periodic.

ARTHUR LAKES LIBRARY 
COLORADO SCHOOL of MINES 

GOLDEN. COLORADO 80401
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The main d iff ic u lty  in using the DKL expansion lies in the frequent 

lack of physical interpretation of the uncorrelated random variables of 

the new stochastic process. These random variables are the eigenvectors 

of the covariance matrix for the original stochastic process and the 

covariance matrix is a Toeplitz matrix when the process is stationary 

in the wide sense. This d iff ic u lty  is partly due to the lack of expli­

c it  expressions for the eigenvalues and eigenvectors of Toeplitz 

matrices, except in the special case when the process is circular or 

periodic (the Toeplitz matrix is then a circulant matrix).

We searched unsuccessfully for explic it expressions for the eigen­

values and eigenvectors of Toeplitz matrices. As we pointed out in the 

introduction, the existence of the DKL expansion is equivalent to the 

existence of a unitary transformation which transforms the original 

Hermitian, Toeplitz matrix into a diagonal matrix. I t  is known that 

such unitary transformations do exist for Hermitian matrices. Our work 

in Chapter Two on the DKL expansion shows that the eigenvectors of the 

covariance (Toeplitz) matrix form an orthonormal basis for the N- 

dimensional vector space determined by the process. Therefore the DKL 

expansion is determined by an orthonormal basis possessing some (as yet 

unknown) property.

The continuous Karhunen-Loeve expansion possesses an optimal 

property with respect to the minimum number of terms in the expansion 

needed to represent or approximate the original stochastic process 

(Davenport and Root; Watanabe). We did not find a discrete analogue 

for this optimal property but we believe that i f  a discrete analogue
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were found then this analogue could lead to the unknown property men­

tioned in the previous paragraph.

The partial results that we did obtain, in Chapter Three, are of 

some value in the cases where the realizations of the random variables 

become negligibly small or approximately periodic for large N. For 

small positive integers N, up to 30 or so, the numerical calculations 

of the eigenvalues and eigenvectors of Hermitian (Toeplitz) matrices, 

and hence the DKL expansion, can be found using either the Jacobi method 

or the Householder method.

While the DKL expansion may be d iffic u lt to interpret, i t  may also 

be computationally effic ient to use. The DKL expansion is determined 

by the covariance matrix for the stochastic process and the covariance 

matrix can be estimated from a single realization of a process.

A process, having many random variables, may have only a few significant 

terms in its  DKL expansion. That is , a large number of correlated 

random variables may be represented by a fewer number of uncorrelated 

random variables in its DKL expansion. This seems to be the situation 

when the Karhunen-Loeve expansion is applied to the problems of pattern 

recognition and speech communication (Chien and Fu; Watanabe).

Some work is currently being done on defining a measure of the in­

formational content ("entropy") of a set of observations ; this measure 

involves the use of Parseval1s theorem and covariance matrix of the 

process. This approach constructs discrete functions which maximize 

the entropy in a given set of observations and as such offers an 

alternative to the use of discrete time- and band-limited functions.
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