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A finite set of observations of some Geophysical phenomenon is
treated as a single observation (realization) of a finite stochastic
process. Each observation 1ies in an N-dimensional complex vector
space. Discrete analogues of time- and band-l1imited functions, as
observations, are defined as well as the discrete Fourier transform.

It is shown that the discrete Fourier transform of a discrete,
wide-sense stationary stochastic process with zero mean and band-1imited
sample paths is an uncorrelated process with zero mean and conversely.

A finite Karhunen-Loeve expansion is defined for a finite stochas-
.tic process which is determined by the covariance matrfk of the process.

The covariance matrix of a finite wide-sense stationary process
is Toeplitz. New matrices, called generalized Toeplitz matrices, are
defined and it is shown that an invertible, generalized Toeb]itz matrix
has a generalized Toeplitz inverse. This property of generalized
Toeplitz matrices, along with persymmetric and centrosymmetric matrices,
are used to clarify the Trench-Zohar algorithm for inverting Toeplitz
matrices. An algorithm is~developed which solves a Toeplitz system of
algebraic equations and which generalizes existing algorithms.

A search for explicit expressions for the eigenvalues and  eigen-
vectors of Toeplitz matrices is conducted and relationships between a
Toeplitz matrix of order n and certain circulant matrices of orderAZn
and 2n-1 are established. Circulant matrices are special Toeplitz
matrices whose eigenvalues and eigenvectors are known. The eigenvalues

and eigenvectors are needed in the finite Karhunen-Loeve expansion.
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Chapter 0. Introduction

The revolution in numerical analysis and problem solving resu]tisg
from the increased use of ﬁodern electronic computers is well known,

- especially to the analysts working in the sciences, business and eéo-
nomics. This revolution has had an especially profound effect upon
those sciences, such as GeOphysits, which involve the collection and
analysis of large amounts of data.

ABeqause of its speed and capacity, electronic computers can now
efficiently solve problems involving large amounts of data and (or)
tlarge number of operations which previously were considéred_unsoTvable
or too time consuming. Not only can a computer solve many problems more
efficiently but it can solve o]dér problems by newer methods and can
even suggest new:broblems.

However, the characteristics of electronic’computers require
changes in the methods used to solve problems. For examp1e, the com-
puter works with a finite binary representation of a number and this
restriction requires the truncation (called “"rounding") of input data
and internal calculations. The errors which result from this truncating
process are called-round-off errors. Also, the computer can only per-
form a finite, albeit large,-number of rafher simple operations which
requires the reduction of complex problems into simpler problems. Often
a complicated problem cannot be analyzed in its original.form and there-
fore must be replaced by a simpler problem which is solvable and which
approximates the original problem. This simpler problem is often called

a model of the original problem. Frequently the errors which result
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from reducing a cohp]icated problem, or replacing one problem by
another, are not well understood or well known.

In spite of these difficulties, there is a great demand for com-
puter oriented numerical techniques (algorithms, languages, etc.) which
can be applied directly toward the so]ution'of specialized problems.
Because of the restrictions noted above, theoretical results cannot
always be prdgrammed directly on a computer and consequently, entirely
distinct numerica]Aalgorithms must be developed. That is, numerical
techniques must'be developed which agree with tne theoretical and which
také advantage of the speed and capacity of the computer. Often these
considerations require the numerical techniques to be modified in ways
which are not obvious.

This thesis derives and develops numerical analogues to the time-
and band-limited functions described in Slepian and Pollak. These numer-
ical functions are called discrete time- and band-Timited functions.

An application of these functions can be seen by considering three
problems from Geophysics: polar wandering, earth tide, and free oscil-
lations of the earth. Barber has a very good discussion of these
problems and the application of Fourier analysis to them.

Polar wandering is the apparent motion of the north rotational pole.
relative to some fixed point on the celestial sphere. At the present
time Geophysicists are engaged‘in discovering the causes fqr‘this motion.
By analyzing the observations of this phenomenon in order to learn thg
properties whjch characterize the motion, an understanding of these pro-

\

perties could then be used to predict further motion or supply criteria‘
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by which a1ternative_theories (models) could be evaluated. - Polar
wandering has been observed for less than 100 years and only at discrete
times (a discrete time—]imited function). The observational data indi-
cates that the apparent motion of the pole has two recurrent or periodic
components and possibly a secular trend. The periodic components have
periods of 12 and 14 months. By using the discrete Fourier transform

we can estimate the presence, or absence, of certain periodic components
in that motion. These periodic components are band-limited functions.
Polar wandering is an example of the use of complex-valued (i.e. two
dimensional) time series and is related to the variation of latitude
problem (Smylie, Clarke and Ulrych).

The earth tide is the reaction of water and rock to the gravita-
tional attraction of the moon and sun (and possibly other celestial
bodies). As the apparent motion of the moon and sun are "almost"
periodic we would’expect that tidal observations would also exhibit this
feature, which it does. However tidal observations also have aperiodic
components superimposed on the periodic ones. Depending upon the inter-
est or point of view of the observer, these undesirable components
would be considered "noise." Most observations have certain undesirable
components which often exhibit a randomness due to unknown causes. We
will call phenomena possessing this property, random phenomena. In
fact, any phenomena whose outcome is not deterministic will be called
random.

The tides were probably present long before observations were

taken and probably will continue long after we cease taking observations.
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This means that our set of observations is just a finite segment of a
much Targer (possibly infinite) set of observations. The question then
arises: how do we analyze this finite segment knowing that our data
(information) is incomplete? Further, is it possible to detect the pre-
sence of periodic components (band-Timited functfon) from only a finite
set of observations (time-limited function)?

Free oscillations of the earth are the vibration modes of an elas-
tic earth when excited by large energy sources such as large earthquakes.
While speculation concerning these oscillations arose many years ago,
it is only recently that accurate instruments have been constructed
which can detect these oscillations whose periods are from 1/2 to 60
minutes long. The availability of high speed computers has certainly
aided in the analysis of these oscillations.

Fourier and spectral analysis applied to the seismographic observa-
tions of these oscillations has enabled Geophysicists to achieve a high
degree of agreement between the theoretical prediction and experimental
verification of certain elastic properties of the earth. In fact, the
observational data has helped to distinguish between several alternative
theories (models of the earth) concerning the composition of the earth's
crust. Unfortunately for Geophysicists, these oscillations have only
been observed in very large, and hence rare, earthquakes.

The term "Fourier analysis" generally refers to analysis using

Fourier integrals or Fourier series.
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Let L2(R) denote the space of complex-valued, Lebesque square-
integrable functions defined on the set of real numbers R. Plancherel's
Theorem states that the Fourier integral of a function f, in LZ(R),
converges in the mean to a function g, in LZ(R). Wiener (1958) shows
that the Fourier integral is a linear operator, called the Fourier trans-
form, from L2(R) into LZ(R) which is invertible; that is, there exists
an inverse Fourier transform. One of the important app1i§ations of the
theory of Fourier transforms is contained in Parseval's Theorem
(Parseval's equality).

From this theory Slepian and Pollak defined the subspaces of time-
and band-limited functions. A time-Timited function in L2(R) is a
function which vanishes outside the interval (-T, T), for some T > 0.

A band-Tlimited function, in L2(R), is a function whose Fourier transform
vanishes outside the interval (-9, @), for some real o > 0. Landau and
Pollak showed that the only function which is both time-limited and band-
limited is the zero function.

Slepian and Pollak proved that for any T > 0 and @ > 0, there exists
a countably infinite set of functions {fo(t), fl(t)’ ...} and a count-
ably infinite set of positive real numbers Xg > Ay > e which satisfy:

1. {fk(t)} are band-limited, orthonormal on R and complete in the

space of band-1imited functions B,
2. {fk(t)} are orthogonal and comp]ete in L2(-T, T), and
3. {Ak} and {fk(t)} are the eigenvalues and eigenvectors of a

certain integral eigenvalue probTem, such that {fk(t)} are the

prolate spheroidal wave functions.
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In this thesis we have found numerical analogues for certain of
these results. Unfortunately, we were not able to find numerical
analogues for all of them. Specifically, we develop discrete analogues
of the time-1imited and band-Timited functions as two finite dimensional
complex vector spaces. Further, we define the discrete Fourier trans-
form as a linear operator from the space of time-limited functions into
the space of band-limited functions and we show that this operator is
one-to-one and onto. However, because of the isomorphism between two
N-dimensional vector spaces, care must be taken in the use of these
functions since no non-zero time-limited function can bé simultaneously
band-1imited and conversely. In fact, the lack of specification of the
domain and range spaces for the discrete Fourier transform is a frequent
source of confusion in the Titerature on this subject. Whereas in
Slepian and Pollak the specification (namely, T and @) of the spaces of
time-1imited and band-limited functions are chosen independently, in
our theory the two spaces have the same finite dimension.

Let L2(O, 2w) denote the space of complex-valued, Lebesque square-
integrable functions defined on the interval (0, 2¢). Although it is
not usually done, we can define a linear operator (the finite Fourier
transform) on LZ(O, 27) whose image is a function (called a sequence)
in 12, the space of all comp]ex—va]uedrsequences <a > such that zlan|2
converges. Given a function f, defined on (0, 2¢), the complex

Fourier series representation for f(t) is defined as

s ¢ e'Nt (1)
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where 12 = -] and for all integers n,
2w .
- 1 -int
T . f(t) e dt. (2)
Since the Fourier series, Equation (1), is a periodic.function with
period 2w, we can extend f(t) to the set R by requiring f(t) to be

periodic with period 2n; that is, we require that, for all t,

f(t + 27) = f(t). (3)

The Riemann-Lebesque Theorem states that the sequence <c>, in
Equation (2), converges to zero as n approaches either plus or minus
infinity. The Riesz-Fischer Theorem states that for any trigonometric
series, Equation (1), for which Zlcnl2 converges, there is a function in
L2(0, 27) for which Equation (1) is.its Fourier series represehtation
(Carslaw; Apostol). Furthermore, there is a Parseval's Theorem which is
analogous to the theorem of the same name in the theory of Fourier
transforms. |

If we select a finite sequénce of complex numbers,
<@g, Ays ..s Ay 1> @ discrete time-Timited function, then the finite

series

N-1 .
%— I oag e 1nt (4)
n=0

is a discrete band-limited function when t = 2rk/N for
k=0,1, ..., N-1. Equation (4) is a finite analogue of a Fourier

series since it is a particular Riemann sum of the integral in Equation

(2).
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Consequently, we define the space of discrete time-1imited func-
tions, TL(N), as the space of all complex-valued N-tuples (finite
sequences having N terms) and space of discrete band-limited functions,

BL(N), as the space of all complex-valued sequences <c, > where

N-1
e =N r oa K, (5)
n=0
y o . . k _ ,k+N
<@ps A7y eees 77 e TL(N), and W = exp(i2n/N). Since W~ =W then

C = Crene for k =0, 1, ...

We remark at this point that in most instances where we have speci-
fied complex numbers or complex-valued functions, we could have specified
real numbers or real-valued functions with Tittle or no changes. This
illustrates how easily most results generalize from the real to complex
number fields. In addition, we do achieve some eéonomy of form and
presentation. For example, the (complex) discrete Fourier transform,
Equation (5), is easier to write down than the corresponding real expres-
sions because of the necessity of treating the cases of N odd and N
even separately.

Another approach to the development of the discrete theory of
Fourier transforms is taken from Dr. Frank A. Hadsell's course notes in
Linear Systems given at the Geophysics Department at the Colorado School
of Mines (see also Papoulis). This approach uses the theory of gener-
alized functions (distributions) and is also motivated by the desire to
find numerical analogues of the results in the theory of Fourier trans-

form which can be applied to electronic computers. We have modified

Dr. Hadsell's development slightly.
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Given a complex-valued function f(t) which is time-limited to the
interval [0, T], we multiply f(t) by a sampling function
N-1
sN(t; ) = £ 6&(t - mr) (6)
m=0
where §(t) is the Dirac delta (generalized) function, T = Nt and
N-1
f (t) = f(t) sy(t; ©) = & f(mr) 6(t - mr). (7)
S N -
m=0
This approach uses the generalized function fs(t) in place of the
discrete time-limited function <fm = f(mt)> which we use in our theory.
The definition of the Fourier transform for generalized functions results
in the Fourier transform of fs(t) being given by
‘ N-1 - ART :
F o) = £ f(mt) e M0, o HUR LAKES LIBRARY (8)

LORAMDSCHOO
: . L oof ! ‘
m=0 GOLDEN,COLORRDguﬁggFS

Fs(w) is periodic in w with period 2n/t = 2nN/T (FS is a band-1imited
function). Since Fs(-w) = Fs((2w/r) - w), the Fourier transform for
lw| > n/t is determined ("aliased") by the Fourier transform for

|w] < n/t (Nyquist frequency).

Since Fs(w) is a continuous function, FS can be sampled at an
arbitrary number of values of w in the interval [0, 27N/T] resulting in
a discrete band-limited function.

In contrast to this situation, our discrete band-Timited function
<>, given in Equation (5), has only N values (N is determined by the
discrete time-1imited function) and <Cy.> is related to Fs(m) by

¢, = N7 F (2nk/T) (9)
for k =0, 1, ..., N-1.

=N
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Why does our definition of the discrete Fourier transform require
N values whereas the second definition allows an arbitrary number of
values of FS? (this question was one of the motivations for this thesis).

We believe the answer to this question lies in the observation that
the second approach assumes_the existence of the function f(t) whereas
our approach only assumes the existence of the N complex numbers <fm>.
We observe that the finite sampling process is not invertible. That is,
thefe are many functions whose equa]ly—spaced values result in a given
set of N complex numbers <ag>. Consequently, our discrete Fourier trans-
form of <an>.represents the discrete Foufier transform of the set of
functions whose equally-spaced values are gfven by <a > Iﬁ Chapter Two
we derive some of the properties of the discrete Fourier transform of
the N-tuple <an>.4without assuming the existence of the func%ion f(t)).

The numerical calculation of the discrete Fourier transform is, at
the present time, most efficiently computed using the "fast Fourier
transform" algorithm, redisco?ered in 1965 by J.W. Cooley and J.W. Tukey.
This basic algorithm, leadihg to numerous variations and modifications,
has brought about a substantial saving in computatidn time (for large N)
and has sparked the search for new ways to app1y the discrete Fourier
transform to other‘prob1ems; (see Chapter Four for a further discus-
sion).

After we have app]iéd the discrete Fourier transform to a N-tuple
<a >, we have the problem of properly interpreting the results. We

comment further on this point in Chapter Four.
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In Chapter Two, the spaces TL(N), discrete time-limited functions,
and BL(N), discrete band-limited functions, are shown to be two N-
dimensional complex vector spaces.> The discrete Fourier transform is
shown to be an isomorphism (a one-to-one mapping) of TL(N) onto BL(N).
When two finite dimensional vector spaces are isomorphic to each other,
fhey “tend to look alike algebraically". It is therefore possible to
substitute a discrete band-limited function for a discrete time-limited
function and vice versa. \

What are the ramifications of replacing one discrete function by
the other? Given a resuft about one space, can we obtain a similar
result for the other space? (these two questions are also part of the
motivation for this thesis). |

The first question is particularly pertinent when we attempt to
define the discrete analogue of the convolution operation. For example
we could define the convolution of two discrete time-limited functions,
-N-tuples <a > and <bn>, as the (2N-1)-tuple <dm>, where, for
m=0,1, ..., 2N-2,

dm = Zan bm_n (10)
is defined and summed over all n such that 0 < n < N-1 and 0 < m-n < N-1.
Unfortunately the discrete Fourier transform of‘<dm> is not related to
the transforms of <a,> and ?bn> in any nice way. Often, for large N,
’the numbers dm become small at each end (m = 0 and m = 2N-2) because
the numbér of terms in the sum, in Equation (10), is small. '

On the other hand, we could define the convolution of two discrete

band-1imited functions, <a > and <bn>, as the (2N-1)-tuple <dm>, in
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Equation (10), where now the summation is over all n between 0 and N-1,
since <a > and <bn> can be extended periodically. This is an example
where discrete time-limited functions are replaced by discrete band-
limited functions. However, this replacement changes the nature of

<dm>. Discrete band-limited functions <a > and <bn> lead to discrete
band-Timited function <dm> which may not become sma11 near the ends; in
fact, <dm> is periodic with period N as we prove in Chapter Two. Also,
the convolution operation is commutative when band-Timited functions are
used but noncommutative when time-limited functions are used. Consequent-
ly the discrete convolution theory is considerably less satisfactory than
the corresponding theory in Fourier transforms and it has been omitted
for that reason. A similar difficulty arises in the use of discrete
sample paths (realizations) in estimating the covariance function of
stochastic processes (Box and Jenkins).

A finite set of observations of any geophysical phenomenon can be
viewed as a finite time series. That is, the observations can be con-
sidered as a finite segment of a realization of some stochastic process.
The question arises as to how we are to consider our finite segment rela-
tive to those observations which are not known to us.

The concept of a stationary stochastic process is introduced when
the statistical properties of the phenomenon are assumed to be time invar-
jant. The statistical parameters of a stationary time series can be
estimated from a segment of the time series.

We could assume that the phenomenon is periodic, in which case we

would also assume that the stochastic process is periodic. There may,
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in fact, be .several different.models proposed which approximate the
phenomenon under investigation. The observations could then be used to
accept, reject, or modify-the various models proposed.

One of the reasons why Fourier analysis has been used as an ihpor-
tant technique in analyzing various phenomena is that it presents
essentially two different views ("time" and "frequency") of the pheno-
menon. For this reason,'Fourier'ana1ysis is even applied to phenomenon
for which its "frequencies" have no obvious physical interpretation.

In section 2.2 we Took at an example, due to Hannan, of a discrete
stochastic process which.is circular. The N independent random variables
of this process forms a basis for a N-dimensional complex vector space.
Another basis is obtained which consists of N uncorrelated (andom varia-
bles which are rg]ated to the original random variables by the discrete
Fourier transform. These two sets of random variables are the statis-
tical counterparts of the discrete time- and band-limited functions.

In Theorems 2.9 and 2.10 we prove that for every discrete periodic
stochastic process which has mean value zero and is stationary in the
wide sense, there exists another discrete stochastic process which has
mean yalue zero and uncorrelated random variab]es, and conversely.
These two stochastic processes are related by the discrete Fourier
transform. The discrete Fourier transform can then be viewed as a
linear operator on this vector space mapping one basis (stochéstic
process) into the other basis. .

Since the origina1.stochastic procéss is statignary in the wide

sense, -the covariance matrix for this process is a Hermitian, Toeplitz
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matrix (Toeplitz matrices are defined in Chapter Three). Theorem 2.9
is then equivalent to the result that under a unitary transformation,
the covariance matrix of the original process can be transformed into a
diagonal matrixl(the diagonal matrix being the covariance matrix for the
process having uncorrelated random variables). This is related, in a
sense, to the fact that every Hermitian matrix can be diagonalized and
consequently we should be able to extend Theorems 2.9 and 2.10 by
removing the periodic condition. In Chapter Two we generalize Theorems
2.9 ?nd 2,10 with the result that the two processes are related by a
~generalized discrete Fourier transform which we call the discrete
Karhunen-Loeve expansion. “

The expansion is called the discrete Karhunen-Loeve expansion
because it is a discrete analogue of the Karhunen-Loeve exp;nsion for
continuous random variables. This expansion is determined by the
eigenvectors of the covariance matrix of the original process; the
eigenvectors form the uncorrelated random variables. The Karhunen-Loeve
expanéion has certain optimal properties which can be applied to problems
in signal detection, factor analysis, and pattern reCOgnitibn (Watanabe:
Davenport and Root; Selin). Unfortunately, we were unable to formulate
anaTogous optimal Eroperties for the discrete Kafhunen-Loeve expansion.
We will comment further on this point in Chapter Four.

In Chapter Three we.define Toeplitz matrices, develop their proper-
ties, derive numerical algorithms for (1) inverting Toeplitz matrices,
(2) solving a Toeplitz ﬁystem of algebraic equations, and (3) discuss

algorithms for finding eigenvalues and eigenvectors of Toeplitz matrices.
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Algorithms for handling Toeplitz matrices are of great interest
at the present time due to the role these matrices play in the theory
and application of discrete stationary stochastic processes. The appli-
cations include estimating certain digital filters (Levinson; Wiener,
1949), fitting autoregressive processes (Box and Jenkins; Jenkins and
Watts), and finding the discrete Karhunen-Loeve expansion. Grenander
and Szego give other applications.

" Levinson derived the first algorithm for solving a Toeplitz system
of algebraic equations which made efficient use of the special structure
of Toeplitz matrices. There is a slightly different version of the
algorithm in Wiggins and Robinson but both algorithms require the
Toeplitz matrix to be real and symmetric. We have derived an algorithm
in section 3.3 whiéh removes this restriction.

The Trench-Zohar algorithm for inverting a Toeplitz matrix is
given in section 3.2. W.F. Trench originally derived this algorithm
for Hermitian, Toeplitz matrices. Zohar simplified the derivation and
extended the algorithm to a slightly larger class of matrices. However
both authors were apparently unaware that, in general, the inverse of
invertible Toeplitz matrices is not a Toeplitz matrix.

In section 3.1 we clarify the Trench-Zohar algorithm by finding a
larger class of matrices, called generalized Toeplitz matfices; which
includes Toeplitz matrices and their inverses (when they exist). We
also specify several classes of matrices which are related to Toeplitz

matrices.
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In sections 3.1 and 3.4 we derive several results relating to the
solution of the eigenvalue problem for Toeplitz‘matrices. Because the
discrete Karhunen-Loeve expansion, in Chapter Two, requires the eigen-
va]ués and eigenvectors of Toeplitz matrices, we would like to be able
to derive explicit expressions for these eigenvalues and eigenvectors.

While we were not ‘able to find these explicit expressions, we
mention that the Jacobi and Householder Methods are numerical algorithms
for finding the numerical eigenvalues and eigenvectors. Furthermore,
we derive and discuss the eigenvalue problem for circulant matrices
which are the (Toeplitz) covariance matrices for periodic processes.
Gray and Pearl have derived similar, but different, re§u1ts on circu-
lant matrices which are "asymptotically Toeplitz" as the order of the
matrices increase without bound.

Finally, in Chapter Four we conclude with a discussion of the
discrete (numeri¢a1) analogues we have derived, their limitations and

possible further work.
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Chapter 1. Definitions and Examples

1.1 Definition (field). .A set of elements F is said to be a field if

for every a,b,c ¢ F,

A. (Addition) there is a unique suma + b ¢ F, and

1.
2.
3.

4.

a+b=>b+a (commutative)

 a + (b + c) = (a + b) + ¢ (associative)

there is a 0 ¢ f such that a + 0 = a
for every acF, there is a beF such that a + b = 0,

where b is usually written as -a,

B. (Multiplication) there is a unique product a b € F, and

1.
2.
3.
4,

c. 1.
20

ab=>ba (comutative)

a(b c) = (a b)c (associative)

there is a 1eF such that al = 1a = a

for every a # 0, there is a b such that ab = 1 where b
is usually written as 1/a or a'1,
a(lb+c)=ab+ac (distributive)

a-b=a+ (-b) (subtraction).

The set of all rational numbers, real numbers and complex numbers

are examples of fields. Since we will be using them later, let us

denote the set of all real numbers by R and the set of all complex

numbers by C. When we can use either we will denote this by F.

The above definition contains a few of the "laws of Arithmetic"

and these can be used to prove the following results: (i) 0+ a = a,

(ii) -a = (-1)a, (iii) if a b = 0 then either a = 0 or b = 0.
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Definition (linear vector space). A set V is said to be a
(1inear) vector space over the field F (called scalars) if for évery
U, v, weVand every a,b € F,
A. (Addi_tion) there is a unique sumu + v ¢ V, and
1. u+v=yv+u (commutative)
2, u+ (v+w)=(u+ty)+w (associativé)
3. thereisa0leV such.that£+ 0=u
4. for every u € V there is ayv e V such that y_+i= 0,
.where this v is usually written as -u,

B. (S'calar Mu]tipli'cation) there is a unique product a u e V,
and '
1. a(bu)=(ab)u=abu=uab

au+ay (distributive)

2. a(u+y)

3. (a +b)u

au+bu (distributive)
4. lTu=u,

C. (Subtraction) u - v = u + (-v).

When the field F is R then V is called a real vector space and
when F is C then V is called a complex vector space.

From the above definitions we can obtain the following results:
(i)ao=0, (1‘1‘),6 u =0, (iii) -u = (-1)u and (iv) if a u = 0 then
either a = 0 or u = 0.

The similarity of the two definitions is striking and in fact the
field F is a vector space over itself. |

We'noté however that vectors do not possess any multiplicative

inverses; that is, there is no division by vectors.
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We also note in the above definition that multiplication by
scalars illustrates how we can obtain many vectors from a single non-
zero vector by choosing different scalars.

This property suggests that we might try to represent every vector
in V, if this is possible, as a product of a scalar and some "basic"
vector, or as a combination of such products. In féct, this approach
is the most common approach to the study of vector spaces. Namely, we
seek a subset B of vectors in the vector space V in which each vector
in V can be represented as a (unique) sum of scalar products of vectors
from B. |

Definition (linear combination). A vector 5_}: V is said to be a
linear combination of the vectors u, v ..., w, in V, if for‘a corres-
ponding set of scalars {a, b, ..., ¢}, x=au+byv+...+cw.

Definition (linear dependence, linear indepandence). A finite
set of vectors {u, v, ..., w} is said to be linearly dependent if
there is a corresponding set of scalars {a, b, ..., ¢}, not all of
which are zero, such thata u+bv+ ... +cw=0.
If not, then the set of vectors is said to be linearly independent.

An equivalent definition of linear independence of a finite set
of vectors, {u, 1; ce.s Wl isau+byv+ ... +cw=0if and only

-ifa.:b:.‘CO:c:O.
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- An infinite set of vectors is linearly dependent if any finite
subset of these vectors is linearly dependent. An infinite set of
vectors is linear]y independent if-every finite subset of these
vectors is linearly independent.

The following is a fundamental result of the above definitions.

Lemma 1.1 The finite set of non-zero vectors'fg, Voo, WY s
linearly dependent if and only if for some vector x in this set, x is
a linear combination of the other vectors in the set.

Definition (basis; coordinate system). A basis B for a vector
space V is a linearly independent subset of vectors in V such that
every vector in V can be expressed as a linear combination of vectors
in B. )

With the aid.of Zorn's Lemma it can‘be proved that every vector
space hés a basis.

While, in general there may be many bases for a given finite
dimensional vector space, it can be proved that the number of vectors
in each basis is the same as in any other basis (Halmos).

Definition (finite or infinite dimensional). A vector space V is
said to be finite Qimensiona1 if V has a basis consisting of a finite
number of vectors. If not, then V is infinite dimensional. A finite
dimensional vector space V{having a basis containing n vectors is said
to be n-dimensional.

Lemma 1.2 For a n-dimensional vector space V,

1. every subset of n+l vectors from V is linearly dependent,
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2. a subset X of V having n vectors is a basis for V if and only
if X is linearly independent,

3. A subset X of n vectors fkom V is a basis if and only if

every vector in V can be expressed as a linear combination
of vectors in X.

Definition (subspace). A non-empty subset M of a vector space V
is said to be a subspace of V if for every pair of vectors u and v
belonging to M, a u + b v belongs to M for ai] scalars a and b
belonging to F.

Therefore .a subspace.M is itself a veétor space over the field
of scalars.

Lemma 1.3 The intersection of anynco11ection of subspaces is a
subspace. A ‘

Definition (span). If X is a subset of a vector space V then the
span of X is the intersection of all subspaces'containing X. (X need
not be a subspace itself.)

Consequently the span of X is a subspace containing X and is
contained in every subspace which contains X.

Lemma 1.4 If X is any subset of a vector space V then S is the
span of X if and only if § is the set of all linear combinations of
vectors from X. |

Therefore we car say that a basis B for a vector space V is a
linearly independent subset of vectors from V whose span is V.
Further, the dimension of every subspace of a n-dimensional vector

space V is less than or equal to n.



T-1651 22

The concept of a span of a set of vectors suggests that we can
approach the study of vector spaces by considering the span of certain

linearly independent sets of vectors.

1.2 Examples of Vector Spaceé
This list is by no means complete or exhaustive.
A. Sequence Spaces
1. Let'{a], Aps ees ah} be any fiﬁite\set of non-zero scalars
from the field F, F(n) be the set of all "n-tuples" from F,
(a], 0, 0, ...,.0), | |

: 2_2 = (05 azs 09 eeey 0):

= (0, 0, 0’ eee y an)’ and

n ” ‘
B =1{gy, &5, 84, «..5 8 1

If x = (bys by, ...y by) and y = (cq, ¢p5 onny ch) are n-tuples

of scalars from F then we define

'5;+ y= (b] +cys b2 t s oenes bn + cn), and |
a 5:=,(a‘b], a b2, ce., @ bn). F(n), the span of B, is a
n-dimensional vector space over the field F.

Definition (6ﬁto). A function g defined on a vector space V
with range (image) in a vector space W is said to be onto W if for
everyvvectof w e W there exists a vector v e V such that g(v) = w.

Definition (one-to;one). A function g defined on a vector space

V with range in a vector space W is said to be one-to-one if for all
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Vis Vo € Vv, vy # v, implies that'g(v]) # g(vz). A logically equiva-
Tent statement is that g(v1) = g(v2) implies V= Vo, for all Vis Vo
in V.

Definition (isomorphism). Two vector spaces V and W are said
to be isomorphic if there is a function g from V onto W which is
one-to-one and g(a u + b v) =a g (u) +bg (v).

Lemma 1.5 Every n-dimensional vector space V is isomorphic
to F(n).

This lemma suggests, among other things, that the concept of a
vector space is too general in that it cannot distinguish between
"different" n-dimensional vector spaces over the same field. Later in
this chapter we will define some properties which will help distinguish
between these different vector spaces.

We remark at this point that when F = R (real numbers) then R(1)
is isomorphic to»R and R(3) is isomorphic to the set of (equivalence
classes of) directed line segments in three dimensional space where
vector addition is given by the "parallelogram law."

Definition (sequence). A (infinite) sequence is a function
defined on the set of positive integers into the field F. These
sequences will be designated by <ap>.

2. Let{a], 2y, ...} be any countable set of non-zero complex

numbers, V be the set of all complex sequences,

e = <a] , 0, >,
2 . <0, Ay ee> s and so on, with -
- THUR LAKES LIBRA
1 2 COLORADO g [ERARY

: CHOOL of MIN
B=tle, e, ...} GOLDEN, COLORADG 80407
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If 5-='<bi> and y = <c;> are sequences of complex numbers then
we define
Xty= <b], + s b2 * Cps vai> = <(b'i + c_i)>, and

ax=-<a b], a b2, > = <(a bi)>’

V, the span of B, is a complex vector space over C which is
infinite dimensional.
| If we make a slight Change in notation in C(n), example 1 above,
then we see that C(n) is (isomorphic to) a f%nite dimensional sub-
space of V, namely, the subspace of V consisting of all vectors
S X= <bi> such that bi =0 for-integers i greater than the (given)
positivé integer n. We will have more to say about C(n) in Chapter Two.
3. Let 10 belthe subset of V, in’éxample 2, consisting of all
compTex sequences‘which possess only a finite number of non-zero
values; that is, x = <b.> e 1, if and only if bj = 0 for all integers
i greater than some positive integer. Clearly C(n) is a subspace of
]o and 10 is infinite dimensional.
~Definition (cénvergence). A (real) complex sequence éaf is said
to converge if there is a (real) complex scaiar a, called the 1limit
of the sequence, such that for each positive real number € there is a
positive integer N such that Ian - a| < e whenever n is greater than N.-
Definition (absolute cbnvergence). A (real) complex seguence
<a > is said to be absolutely convergent if the infinite series zjanl

converges. (Here the vertical lines denote absolute va1ue.)
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Lemma 1.6 Ah absolutely convergent sequence converges to zero.

Definitiop'(Cauchy sequence). A (real) complex sequence <ap> is
said to Be Cauchy if for each positive real number ¢ there is a
positive integer N such that [an - am[ < ¢ whenever n and m are
greater than N.

Lemma 1.7 A (real) comp]ex}sequence converges if and only if it
is Cauchy. | |

Definition (bounded sequence). A (real) complex sequence is said
to be bounded if there is a positive real number K such that la,| <K
for all integers n.

4, lLet A be the subset of V, the set of all complex sequences,
éonsisting of those sequences which conVerge to the limit zero.

4t5', Let ¢ be the subset of V consisting of those sequences which

are Cauchy. |

6. Let ]] be the subset of V consisting of all absolutely con-
vergent sequences. |

7; Let b be the subset of V consisting of all bounded sequences.

Lemma 1.8 C(n)C ]0C 1]C coC cC b. That is, each of
these sets is a subspace of the succeeding vector space.

8. Let 1P be the set of all sequences <a > such that the infi-
nite series z]a |P, 1 < p < = , converges.

Since a sequence fs a function defined on the set of positive

integers it is not suprising that other collections of functions also

form vector spaces.
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B. Function Spaces

Consider the set of all real-valued functions defined on a given

. (fixed) bounded interval. ‘Let x = f(t) and y = g(t) for each t in
the real interval I. Define

§_+x_=f(t)+g(t) ,tel

ax=af(t) ,tel,achR,

Most of the vector spaces derivable from these definitions will
be infinite dimensional.

In some.instances the requirement that the given interval be
bounded can be removed buf invariably the interval must be given in
advance (i.e. fixed).

9. Let P be the set of all polynomials with (real) comp]ex
coefficients defined on (R) C where addition and scalar mu]tipTication
" are fhe:usua] addition of polynomials and multiplication by a (real)
complex number._ If the degrees of the polynomials are required to be
less than the positive integer n then we obtain a n-dimensional subspace
of P, designated as Pn‘ The zero vector in P is the zero polynomial.

10. Let LP(1) , 1 < p < = be the set of all functions f defined
on a given (fixed) jnterva] I such that [flp is Lebesque integrable
on i.

. .Let,Per(T) be the set of all continuous periodic functions
having a given (fixed) period T > 0; that is, if f e Per(T) then
f(t + T) = f(t), for all t. '
The set of all mxn matrices whose elements are (real) complex

numbers is a vector space.
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1.3 Definition (normed linear space). A vector space V is said to

be a normed linear space if there is a function (called a norm)

- defined on V into R, designated by || ||, satisfying
1. |Ix]| > 05 ||x]] = 0 if and only if x = 0
2. |fax|] = [a] [lxl]
3. llx+yll < [lxll + [lyll, for a1l x and y in V.

What has been defined up to this point establishes some of the
algebraic "structure" of vector spaces. With the introduction of a
norm we have added a topological "structgre“ characterizing a class of
topological (vectorj spaces. We note in passing that a normed linear
space is a metric space, an important exaﬁp]e of a topological space.

We will now give definitions for sequences of vectors in a normed
linear space anatogous to the definitions given above for sequences of
(reé]) éomplex numbers .

Definition (Cauchy sequence). A sequence‘<§n> of vectors in a
normed linear space V is said to be a Cauchy sequence if for each
e > 0 there is an integer N such that Iléﬂ - 5m1| < € whenever n and
m are greater than N.

Definition (1jmit). A sequence'<§n> of vectors in a normed
linear space is said to have the 1imit x if for each e >0 there is an
integer N such that\l[gn_4 x]| < e whenever n > N.

Definition (complete). A normed 1linear space V is said to be

complete if every Cauchy sequence of vectors in V has a limit in V.
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We will be primarily interested in the following norms in the
remaihdef of this thesis: ’

A. Sequence Spaces. -For X = <bs>

2y1/2
b;1%)

ne 8

lx]] = (i :

B. Functions Spaces. For x = f(t), te I,

Hxl] = ‘f: 1£12)1/2

Complete normed linear spaces are called Banach Spaces.

1.4 Definition (inner product space). A vector space is said to be
an inner product spaCe if there is a fun;tion defined on V x V into R,
designated by ( , ), satisfying for all X, ¥Ys 2 eV,

1. (x,x) > O\; (x,x) = 0 iff x = 0 (non-negative definite)

2. (x,y) = (y,x) (symmetric)

3. (ax * by, z) = a(x,z) + b(y,z) (linearity)
If the field of scalars is C instead of R then (2) becomes
(x,y) = (1,3(_)*, where the asterisk means complex conjugate. Given an
inner product we can always define a norm, induced by the inner
product, by H_&HZ = (x,X), so that every inner product space is a
normed linear space. _;

Definition (orthogonal; orthonormal). Two vectors x and y, in
an inner product space V, are said to be orthogonal if (x,y) = O.

They are said to be orthonormal if they are orthogonal and

Hxl] = 1= 11yl
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1.5 Definition (linear operator; linear functional). A function A
from a vector space V into a vector space W, designated'A:V+w, is

said to be a linear operator if A(ax + by) = aAx + bAy for all gﬁx_e'v
and for all a,b ¢ F. A Tinear functional is a linear operator whose
range is the field of scalars. We note that A0 = 0. We will be
chiefly interested in linear operators from a vector space V into
itself, or an isomorphic image of V.

Two special linear operators are (1) the zero operator which maps
every x ¢ V into {0}, and (2) the identity operator which maps every
X € V onto itself. It i; relatively easy to show that the set of all
Tinear operators defined on a vector space'V over a field F, into V,
is itself a vector space over the same field. Indeed a great deé]
more can be said about this vector space since we can define a product
of two such linear operators.

Definition (product of 1iﬁear operators). If A and B are two
linear operators defined on V, into V, then C = BA is said to be the
product of A followed by B where C is a linear operator from V into V
provided Cx = B(Ax) for all 5.e-v.

We remark that the product of two Tinear operators is, in

~general, non-commuéative and may possess divisors of zero. That is,
(1) in general, AB # BA, and (2) AB may be the zero operator without
either A or B being the zero operator. These two properties dis-
tinguish products (multiplication) of linear operators from produéts

previously defined for a vector space.

p)
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Considering the analogy of the multiplication defined previously,
we seek linear operators A and B such that AB and BA are the identity
operator. Operator B would then be called the multiplicative inverse
operator for A. Unfortunately, requiring the operator A to be non-zero
‘is not the correct condition to impose on A in order that A possess an
inverse operator.

Definition (one-to-one; onto; invertible). A linear operator A
from a vector space V into V is said to be one-to-one if x; # X,
implies that qu # AZQ- A is said to be onto if for every vector
Ye V there is a vector x € V such that y = Ax. A is said to be
invertible if there is an operator B, also from V into V, such that
AB = 1 = BA. '

Lemma 1.9 If A is a linear operator defined on a finite dimen-
sionéi Qector space V, into V, then A is one-to-one if and only if A
is onto.

‘Lemma 1.10 If A is a linear operator defined on a finite dimen-
sional.vector space V, into V, then A is invertible if and only if A
is one-to-one.

Definition (mqtfix of A). If A is a linear operator on a
n-dimensional vector space V, into V, having a basis

2

B = {Xy, Xy» ... X} then the set {aij} of n~ scalars is said to be

the matrix of A associated with basis B if

'Aéﬂ -

ones

S
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1.6 We now define the concepts of a stochastic process and a time
series.‘ These concepts involve collections of random variables defined
on a probability space which is associated with a phenomenon described
by probabilistic laws. These random variables arise when we attempt
to construct quantitative (mathematical) models to explain the behavior
of random phenomena (physical, economical, social, etc.) whose laws

are either not well understood or for Which a deterministic (non-
probabilistic) description is inadequate or ﬁnknown.

Relative to a given random phenomenon, we make the fd]lowing
definitions. (Hoog and Craig; Parzen)

Definition (sample space). The set S of all possible outcomes
associated with a given random phenomehon is called the sample space
for that phenomenon.

Definition (sigma field). A co]lectﬂnmféof subsets of a set S is
called a sigma fié]d if

1. S belongs toZ,

2. the set cdmp]ement of every set inié also belongs toié, and

3. for every sequence of sets <Sn>, Sn belonging tofE, the union
J S,» belongs to £,
n=1

Definition (events). The sigma field £ of the sample space S
which includes (are generated by) certain subsets (events) of S will be
called the collection of events.

The same sample space may lead to many different collections of

events depending upon which events are of interest.
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The sigma field of all subsets of R, the set of real numbers,
_generated by all open intervals is called the fami]y,of'Borel sets for
R. The sigma field of C, the set of complex numbers, generated by all
‘sets of the form I] X 12 (Cartesian product of I] and Iz) where I] and
12 are intervals of real numbers, is called the family of Borel sets
for C.

The collection of eventsfi.is defined specifically so that we
can assign a probability measure onZ. That is, we caﬁ assign a
probability to each event inZ.

'Definition (probability functioh). The probability function
associated with an event E, inif, is a real-valued function defined on
Z, denoted by P[ ], satisfying the properties:
| 1. 0 < P[E] <1, for every E in é,

2. P[S]=1, S is the "certain event", and

3. 1if for every sequence of events <En> where the En's are

mutually exclusive events (i.e. disjoint sets), then
LU €1= z PLE]
n=1 n=1

Definition (discrete sample space). A sample space S is said to
be discrete if S hds a countable (denumerable) number of elements.

Frequently we are interested in functions, cailed random variables,
defined on fhe sample space S which enable us to quantify the events
aséociated with the given random phenomenon. This is particularly
helpful when we are interested in constructing quantitative models
which are to be used in the prediction of the behav{or of this random

phenomenon.
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In addition, the realizations of these random variablés are used
to estimate the statistical parameters which determine the nature of
the ‘underlying samb]e space. Most notable of these statistical para-
meters are the mean and variance.

Definition (random variable; realization). A random variable X
is a complex-valued function defined on the sample space S for which
the collection of events Z has a probability function defined on it
and for which the set {s: X(s) in B} is an event, for every Borel set
B in C. The realization of X is the complex number X(s), for each
s e S.

Furthermore, we can define a probability function , denoted by
Pr[ ], associated with the random variable X, which is induced by the
probability function P[ ], defined on S by Pr[B] = P[s: s ¢ S and
X(s) e B] for all Borel sets B in C.

Definition (X < x). The expression X < x, for each random
variable X and complex number x, means that the real part of the
realization of X is Tess than or equal to the real part of x and
the imaginary part of the realization of X is less than or equal to
the imaginary part of x. In abbreviated form we write X < x if and
only if Re(X) < Re(x) and Im(X) < Im(x).

Definition (distribution function). For each random variable X
with its associated probability function Pr[ ], the distribution func-
tion for X is a real-valued function F defined on C by F(X) = Pr[X < x].

This distribution function, which always exists, can be viewed as a



joint distribution function of two real variables, namely, the real
and imaginary part of the comp]ek variable x. As such, this distribu-

tion function is a monotone non-decreasing function of each variable
2

1imit at every real value of each real variable.

defined on R® into the closed interval [0, 1] and it has a right hand
We will be primarily interested in random variables (said to be of
the finite type) whose range is a countable set. ‘Consequently the
following definitions will reflect thisvinterest by involving summations
rath?r than the integrations required in the more general case.
Definition (probabi1fty mass function). For every randbm variable
X and its associated probability function Pr[ ], the probability mass
function p(x) is a real-va]ued function defined on C by
p(x) = Pr[X = x].(when it exists).
At each x in C, this probability mass function can be viewed as
a joint probability mass function of the real and imaginary parts
of X. |
This probability mass function satisfies (1) 0 < p(x) < 1, for
each x, and (2)z p(x) = 1 where the summation is over all x in C for
which p(x) > 0.
Definition (s%ochastic process). Avstochaéti; process is a col-
lection of random variables denoted by'{Xt: t ¢ T} where T is some
index set. The stoéhastic process is said to be discrete if T is a

countable set and continuous otherwise.
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Definition (time series). A time series associated with the
stochastic process"{xt: t ¢ T} is the set'{xt(s): t ¢ T} for some
s ¢S. A time series is a.realization of the stochastic process for
each s ¢ S.

Definition (joint distribution function; joint probability mass
function). The joint distribution function for random variables X and
'Y is given by F(x?y) = Pr[X < x, Y < y] for every x,y in C. The
joint probability mass function for (discrete) X and Y is given by
p(x,y) = Pr[X = x, Y = y] for every X, y in C (when it exists).

In an analogous manner we could give definitions for the joint
distribution and probability mass functions for any finite collection
of random variables. In addition, marginal and conditional distribu-
tion functions could be defined but we will not need them. ‘

Definition (;xpectation). The expectation of a function G of a
random variable X (of the finite type) is given by
E[G(X)] = =G(x)p(x), if it converges absolutely, where p(x) is the
probability mass function for X and the summation is over the
(countable) set of x's for which p(x) > 0.

Definition (mean; variance). The mean and variance of a random
variable X are given by

Mn[X] = E[X], .

Var[X] = E|X - E00)[%1 = EL|x|%1 - [E[x]|2
‘respectively, when they exist.

Var[X] is a non-negative real number, when it exists, and its

square root is the standard deviation of X.
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Definition (characteristic function). The characteristic
function associated with the complex-valued random variable X is a
function of the real variables u and v given by E[exp(iuX] +ivK,)1,
where X] is the real part of X, X2 is the imaginary part of X and
i2 = 1.

Definition (independent random variables). The two random
variables X and Y are said to be independent if
ELG(X)H(Y)] = E[G(X)JE[H(Y)] for all functions G and H for which these
expectations exist. i

There are other equ{valent definitions of independence.

Definition (covarignce). The covariance of two random variables
X and Y, both having zero means, is givén by Cov[X,Y] = E[XY*] when
it exists. That'is, Cov[X,Y] = zIxy*p(x,y).

Lemma 1.11 If X and Y are two independent random variables with
zero means then Cov[X,Y] = O.

Definition (stationary). The stochastic prchss'{Xt: teT}is
said to be stationary if for every finite collection of random
variables;{X], X5s -+-s X}, the joint distribution function satisfies
F], 2, coes m(xl’ Xgs eovs Xm) = Fl+h, eees Mth (x], T xm) for
every h in which the joint distribution function on the right hand
side exists.

Lemma 1.12 If the stochastic process'{xt: t ¢ T} is stationary

then
1. Mn[Xt] is a constant
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2. Cov[Xt, XS] is a function only of t - s.

Definition (stationary in the wide-sense). A stochastic process

"{Xt: t € T} is said to be stationary in the wide-sense if Mn[Xt] is a

constant and Cov[Xt, XS] is a function only of t - s, for each t,s ¢ T.
Definition (correlation). The correlation of two random

variables X and Y, both having zero means, is given by

Cor[X, Y] = Cov[X,Y]
[var[Xx] var[Y]]

77

Definition (autocorrelation). The autocorrelation of the
stochastic process'{Xt: t‘s T} which is stationary in the wide-sense
is given by A, = Cor[X,, Xt+u] whenever it exists.

We will assume throughout the rest of this thesis that our
stochastic proces;es are stationary in the wide-sense and have zero
mean value. The definition of stationary in the wide-sense is sometimes

called covariance stationary or second-order stationary.
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Chapter 2. Time- and Band-Limited Functions

2.1 Suppose we wish to degcribe (i.e. to model) the behavior of

some random phenomenon which has an identifiable outcome (configura-
fion, observable state); specifically, an outcome with some observable
state given by a single complex variable at each instant of time. Let
the totality of all such outcomes form the sample space S associated
with the random phenomenon. Let the observable state be given by the
complex-valued random variable Xt(s) at time t and s e:S.

If we observe this phenomenon for N successive instants of time °
then we have a discrete (finite) family of random variables
'{Xt: t=0,1,2, ..., N-1} which forms a stochastic ﬁrocess and whose
values form a time series.

- We will not:be concerned with outcomes which have occured before
t = 0 but we will assume that the phenomenon continues to be observ-
able for all succeeding times following t = 0 subject to the
restriction that if Zgs Z1s Zps one is a time series of the process
(a sequence of observed values) then 2|zn]2, over all n, n > 0, is
convergent. .

These observed values could, for example, be taken at equal
intervals of time. The requirement that zlinlz be convergent implies
that Fnl approach zero as n grows without bound (but not conversely).

The question arises as to how we should view our finite samplé of
observations in relation to the space of all possible sequences of
observations (all possible time series of the discrete family of

random variables).
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Mathematically speaking we are concerned with the problem of
embedding C(N), the space of all N-tuples of complex numbers, into 12,
the space of sequences, <in>, of complex numbers such that.:,z[znl2 is
convergent.

In one sense, we can view our N-tub]e of observéd values as an
approximation to some assumed sequence of values in 12. In most cases,
however, the choice of the positive integer N is determined by factors
- unrelated to the phenomenon under observation and, in addition, the
degree of approximation i; usually not known.

One obvious way to embed C(N) into 12 is to map C(N) isomor-

phically onto a N-dimensional subspace of 12.

This is done in the
next section and this subspace is designated as TL(N).

However, we'will see that there are advantages in considering
other sbaces in addition to TL(N). In particular we will be interested
fn another N-dimensional space, designated by BL(N), whose properties
are quite distinct from TL(N) and yet, TL(N) and BL(N) are related by
what we will call the discrete Fourier transform. This discrete
Fourier transform is really analogous to the Fourier series associated
with a complex-valued function f(t) defined on the interval [a, b]
for which the Lebesque 1ntegra1./. |f(t)|2dt is finite.

Therefore, given N comp]ex numbers we will assume that this N-

tuple forms a finite segment of a time series asscciated with some

stochastic process and that this time series is an element of 12.
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If we assume that realizations of Xt’ for t = N, N+1, ..., are zero
then the N-tuple will be considered an element of TL(N). On the other
hand, if we assume that realizations of Xt are repetitive (i.e. the
time series is a periodic sequence with period N) then the N-tuple
will be considered an element of BL(N).

These two assumptions.are not, of course, the only alternatives.
However, without the presence of other information to the contrary,
these two alternatives are reasonable and they do allow the use of

certain analytic tools (e.g. discrete Fourier transform) which are

not available under other assumptions.

2.2 Let us begin by specifying several of the inner product spaces

previously defined'with which we will be concerned.

2

Let 1° be the set of all (infinite) sequences of complex numbers

such that if z

1

.<zn> € 12 then

(o]

llz[|2 = 3 Iznl2 is convergent. (1)
n=0

We will call ||z||2 the total energy of the sequence z. z_ will be

called the nth component of z. The inner product of u = <u> and
Vo= <y > in 12 is defined by

® *

(u, v) = nio UV s (2)
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where (Cauchy-Schwartz inequality)

8

2
: 3
z lv,,| (3)

* 2
2 uv |€<
n=0 """ Tp=0

12

™

2
lug|

is a complete inner product (Euclidean) space (every Cauchy
sequence of elements in 12 converges to an element of 12) (Shilov).
Let TL(N) be the subspace of 12 consisting of those sequences
a = <a> for which a, = 0 for all integers n greater than N-1. TL(N)
is a N-dimensional Euclidean space of N-tuples of complex numbers
which is isomorphic to C(N). We will frequently identify the elements -
»a =<a> e TL(N) by a = <@gy s e AP We will indicate the
inner product of a = <Ags A7y eees Ayg> and b = <b0,.b], cees bN;]>
in TL(N) by
' N-1 * :
(a, b)N = ngb a b, . (4)
TL(N) will be called the space of time-limited functions.
Eonsequently, we can define a linear transformation (operator)

T from 12 into TL(N) by

Teu > = <a> (5)

e}
]}
o

-
—
-
N
-

-
=
]
-—

where un,

0, n=

I
=
-
=
+
. —
L4
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We will refer to the sequence <a > as the time-limited version of

the sequence <u.>. - We extend the definition of ( , )N to 12 by

= *
(u, )y = nEO u v, (6)

and 2
Hull2 = (u, u)y - (7)

This last real number is the energy of the sequence u = <u > contained
in the first N components of u. \
Definition (discrete Fourier transform). If a = ?an> e TL(N)

then ¢ = <c,> will be called the discrete Fourier transform of a,
2

denoted by F<an> = <>, provided that for k = 0, 1, ... and i" = -1,
_] N']
cp = N z a_ exp(-i2nkn/N). (8)
. n=0 n .

(Definitions différ as to the presence or absence of 1/N in front of
the summation sign.) We observe that the numbers c are, in general,
;omplex even when the an's are real. AWe will also observe shortly
that <c > is not an element of 12 and, hence, not in TL(N).

We will develop a few of the properties of this discrete Fourier
transform after first listing several results from complex variables
in the following Temma.

Lemma 2.1 If o, B, B, are complex numbers and * denotes complex
conjugation, then

1. d** = q

2. (a0)" = 8

2 %

. 3. lal = ao-

*
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4. (zo)) = o
* -1
5. W =W
6. W =0 =
7. wk+N = wk, for all k, where we define
W = exp (i2m/N). (9)
Definition (periodic sequence). A sequence u = <> is said to
be periodic if there is a positive integer N such that a, = an+N,ffor
n=20,1, 2, ...+ Nwill be called a period for such a sequence.
N-1 kn
Lemma 2.2 For integers k, N > 0 and for A(k; N) = = W
n=0

we have that
1. for fixed N, A(k; N) is the kth component of a periodic
sequence with period N,

N, for k

n
(@]
-
=

2. A(k; N) =
0, for k

i

1, 2, 3, ..., N-1, and

3. the results are also true with W replaced by Wl

Proof: From Euler's formula: exp (ix) = cosx + i sinx, we obtain

i) exp (i2rk) =1
i1) exp (+ irk) = cosnk = (1)
iii) AR wk, which proves (1).
For (2), we have

N-1
Case 1. k =0, N: A(0; N) = a(N; N) = = 1 =N.
n=0

43
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Case 2. k=1,2, ..., N-1: WK #1, and

N-1
T
n=0

kN

[wkn _ wkn+k]'= wO - W =VO°

Ak N1 - wKY =

1

If we replace W by W' then, by Lemma 2.1, we obtain

N-1 N-1 N-1
Aoks N) = ¢ wKN = opoytkmgkN ooy
n=0 n=0 m=0

km _ A(k; N).

Lemma 2.3 If @ > e TL(N) and <cp is the discrete Fourier
transform of <a >, then ¢ > is a periodic sequence with period N.
Proof: The results follows from the definition, equation (8), and
Lemma 2.1, since w-n(k+N) = wnky Ny,

Theorem 2.4 If <a > e TL(N) and F<an> = <¢y> then
N-1

a = 3z W forn=0,1, 2, ..., N-1, (10)
n a k
k=0
and N-1 N-1
2 lal?=nz e )P, (11)
n=0 k=0

This last equation is known as Parseval's Equality. Proof: From the

i

definition of F, Lemma 2.2 and for n =0, 1, 2, ..., N-1,

N-1 N-1 N-1 N1 N-1
Do = r r a WKW =Ly wk(n-m) a.
k=0 k=0 m=0 m=0 k=0
N-1 N-1 N-1 N-1
Furthermore, I IanI2 = I 5 ckwnk L cm*W'nm
n=0 n=0 k=0 m=0

N-T o N1 )
=Nz cc =Nz |ck|
k=0 k=0
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We observe in Lemma 2.3, that the discrete Fourier transform of
<a > e TL(N) is a periodic sequence and consequently is not an element
of 12. e observe in Theorem 2.4 that the element <a > can be
recovered from thé first N components of <Cy> and that the total
energy of a = <@.> is given by

N-1

2 _ . 2 .
lall? = (0, )y = 2 fglZ =0z Jel? (12)

This suggests that there is N times "as much energy" 1n,<an> as in one
period of the discrete Fourier transform of <ap>.

Let BL(N) denote the space of all periodic sequences of complex
numbers with period N with the usual definifions of addition and

scalar multiplication. We will define the inner product on BL(N) by

(e d)y = N T d” (13)
(c,. = c,d 13
s N k 0 k k CozqggnUR L& AxEg Lizg

f = < d = «d BL(N) GOLpgy %SC“IOOL Of/;ﬁr

or c - C>s d = <d> ¢ . OLORapo 8040185‘

In view of Theorem 2.4, the total energy of c is given by
lell2 = (c, ¢)y (14)
We will call BL(N) the space of band-]imited‘sequences‘and it forms
a complete complex Euclidean space. It is intuitatively clear that
BL(N) is N-dimensional since each sequence is determined by the first
N components -and the requirement that it is periodic with period N.
We will show that BL(N) is N-dimensional by showing that the

discrete Fourier transform F is one-to-one (F is invertib]e).
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Theorem 2}5 The discrete Fourier transform F is a linear trans-
formation from TL(N) into BL(N) which is invertible. Proof: The

linearity F follows from F(<an> + <bn>) = F<aﬁ + bn> = F<aﬁ> + F<bn>.

Let e!, €2, ..., e} be a basis for TL(N) where e' = <1,0,0,...,05,
cees eN =<0, 0,0, ..., 1>. The set'{Fe1, Fez, cees FeN} is
in BL(N), where the kth component of Fe’ is N']w'kj, and

N . N .
I a.Fed = F(z a.eJ),= F<an> =<0, 0, 0, ..., 0> implies that
=1 =1 7 |

kneork=0,1, 2, ..., N-1.

If we multiply the kth equation by wkm and sum on k, we obtain
o N;‘ Wk(m-n) = o
1 " k=0 m

1, Fez, ceas FeN} is a

N-1 N
0=NTz Wk 3 anw‘k" =N

k=0 <« n=1 n

’ .

o=

for m = 1, 2, ..., N by Lemma 2.2. Hence {Fe
linearly independent set in BL(N). Now 1et'<ck> be any arbitrary
sequenée in BL(N). If we let

. N-1 kn o

a = I ¢W', forn=20,1,2, ..., N-1, then

n k
k=0

a = <ag, a, ...,_aN_]> e TL(N) and F<an> = <Cp>. Hence, F is onto
and therefore F is invertible. Consequently BL(N) is N-dimensional.

Since TL(N) and BL(N) are both N-dimensional and therefore
isomorphic to each other, we can establish another isomorphism between
TL(N) and BL(N) by stating that a = @ e TL(N) is isomorphic to
d = <«d> ¢ BL(N) iff d = a for k= 0,1,2, ..., N-1. (15)
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By altering the definition, we could define the discrete Fourier
transform as a linear transformation from TL(N) onto TL(N), or from
C(N) onto C(N). This situation tends to make TL(N) and BL(N) "look
alike" yet, as we will see, it is necessary to distinguish between
them.

Consequently we can define a linear transformation B from ]2 onto
BL(N) by letting B = FoT., That is, B is the composition of T, defined
in Equation (5), followed by F. Since F is invertible, T = F-L>B where
the inverse of F is given implicitly by Equation (10).

Lemma 2.6 If <a > e TL(N) and F<a > = <c,> then

1. F<an*> = <dk>, and

* - 0 -
2. a, = a if and only if C = dk where
*
de = Conek (16)

for some positive integer m such that mN-k is positive.
Proof: From Lemma 2.1 and the definition of F,
_-] N"] * "kn N-]

-1
d =N 5z a W =Nz aMW
n=0 " n=0 "

n(k-mN))* - C*N )
m - b

where m is chosen so that mN-k is positive. Because of the
periodicity it is sufficient to let m = 1.

Let us look at an example of how the discrete Fourier transformA
plays a part in the linear and statistical analysis of a finite

stochastic process.
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Suppose we have the set B = {Xy, ..., XN_]} of N linearly inde-
pendent random variab]esvand Tet V(N) be the N-dimensional complex
vector space formed by the span of B.

Let us assume that these N random variables form a discrete
(finite) stochastic process which is stationary in the wide sense and
the covariance matrix for these random variables is given by

Cov[Xt, XS] = E[Xt ] = E[Xt sXO ] (17)
where E[Xt] =0, for t, s =0, ..., ﬁ 1.

If we define a linear transformation U on V(N) such that

Ux t=0,1, ..., N-2

t = Xee1o
and

Ux = X

N-1 0
(the process B is called a circular process). B forms a basis for V(N).

Define an inner product on V(N) by

(X, Y) = Cov[X, Y] = ;s octBS* E[XtXS*] (18)
S

where X = ZatXt, Y = zssxs

*
Here we have made use of the fact that the covariance matrix E[Xth ]
is Hermitian non-negative definite (Jenkins and Watts). These terms

are defined in Chapter Three.
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The matrix representation of U with respect to the basis B is

6 o o ... o0 1

1 0 0 ... 0 O
o1 0 ... 0 0

[ . e e o . o . . .

0 o 0o ... 1 q

This matrix is a special case of a circulant matrix (Aitken) and
a Toeplitz matrix, defined in Chapter Three.

The determinant of U is given by det(U) = '(-1)N'1 since N-1 inter-
changes of the rows of U fesu]ts in the identity matrix of order N.

The characteristic equation for U is |

det(u-a1) =aN-1=0 . - (19)
whose eigenvalues are, for j = 0, 1, ..., N-1,

A = = exp(izni/n), (20)
where w‘j could have been chosen instead. The eigenvector Yj associated
with the eigenva1ue_>\j is a non-zero solution to UYj =}Aij given by

vo= 5 ik
k=0

Xk . (21)
If we multip]y,Yj by w‘jm, sum on j, and apply Lemma 2.2, we obtain
form=0,1, ..., N-1,

N-1
1 z
J=0

TR (22)

X =N j

m
‘Since the eigenvalues are diﬁtinct, the set‘{Yo, Y], cees YN-i} fofms

an orthogonal basis for V(N).
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The transformation U can be decomposed (Halmos) into

N-] k
U= W Uy (23)
k=0

where the Uk's satisfy

2 . .

1. Uk = Uk’ k=0,1, ..., N-1,

2. UkUj =0, k#3Jj, and (24)
N-1 |

3. Uy = I (identity transformation).
k=0

U, is the (unitary) projection of V(N) into the span of Y and

N-T .
Tyokmy o oop=T wk(J'm)xj . (25)

uX_ = N
Km j=0

k

Therefore the matrix associated with Uk-with respect to ‘the basis

B has the element N'1wk(j'm) in the (m+1) row and the (j+1) column.

In addition we have

N-1 N-1
X, = Uy = w‘k"‘ukx0 =N s w'kmvk, (26)
k=0 k=0
N=-1 .
kj
Y, = NU = I WWVX., (27)
'k k™0 3=0 i’
_w2n P
(Yj’~ Yk) =N (ijo, UkXO) =0, J #k, (28)
and - )
N-1 N-
k(t-s)cry
(Y,, ¥,)=¢ £ W E[X, X*]. (29)
k* 'k t=0 s=0 ts :

This example was taken from Hannan in a slightly modified form.

50
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2.3 We would Tike to investigate several bases in the spaces TL(N)
-and BL(N). Since TL(N) and BL(N) are isomorphic to each other, the

‘ discrete‘Fourier transform .could have been defined on either TL(N)

or BL(N) with its range (or image) in either space. In fact the

lack of specification of the domain and range of the discrete Fourier
transform is often a source of confusion. Recall that we have defined
F from TL(N) onto BL(N).

Definition (orthogonal; orthonormal). A set of two or more
sequences in 12 is said to be orthogonal if'for every pair a,b € 12,
a=<a>, b = <bn>, ay b; then

(a, b) = ngo a b, = 0. (30)
’The set is said tq be orthonormal if it is orthogonal and
IIaH2 = (a, a) = 1 for every a in the set.

Suppose that we have a countable, complete orthonormal set of
sequences in 12 given by {en = <eni>}. (It is well known that there

is at least one such set in 12.)

For x € 12, let

X = nzoanen. (31)
That is, ff X = <xj> € 12 then, for j =0, 1, 2, ...,

n=0
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(x, e ) - (33)
a. = (X, e = L X:€ .,
n n j=0 i njd
since -

( )= 1 * o= (34)

> En . enjemj mn?

j=0
and
8un = 0> form #n, and s = 1. (35)

We have already exhibited one complete orthonormal set of

2

sequences in 1° which we can write as

ey = <1, 0, 0, ...>

e, =<0, 1,0, ...> (36)

Theorem 2.7 The discrete Fourier transform of an orthogonal set
of sequences in TL(N) is an orthogonal set of sequences in BL(N).

Proof: If’{en} is any orthogonal set of sequences in TL(N) then

(Fen, Fem)N = (F<enj>’ F<emj>)N
N-1 N-1 LON-T
S enkw'Jk : e WP
j=0 k=0 p=0 ™
nk™mp .
k=0 p=0 =0
N_] +*
= kEO nkCmk (en’ em)N‘

So'{Fen} is an orthogonal set of sequences in BL(N).
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Let X denote a discrete stochastic process'{XO, Xqs ...} which,
for convenience, has mean value zero. We will say that such a process
is periodic with period N (a positive integer) if, form=0,1, 2, ...,
Pr[Xm+N - xm =0] = 1. . (37)

We observe that a periodic (or cyclic) process satisfies a type
of stationarity condition. We also observe that every realization
‘of the process is an element of BL(N), with probability one.

Form,n=0,1, 2, ..., let
*

Ry = CovIX . Xn] = E[Xan] (38)
be the covariance function of Xm and Xn' If, in addition, the X-process
is stationary in the wide sense then R =R _ .

Lemma 2.8 Let X be a discrete stochastic process with mean value
zero. If X is periodic with period N then its covariance function
Rmn’ is periodic with period N in each variable. Proof: if X is
periodic with period N and has mean value zero then

Rm+N,n - COV[Xm+N’ Xn:| - Rmn

= Cov[Xm, Xn+N]'

We now require the X-précess to be stationary in the wide sense

and, for k=0, 1, ..., N-1, let

N-1
_ nk
Y, = nio X W (39)
and .
N-1
S = = WK (40)

m=0
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where W = exp(i2x/N) and R, is.the covariance function of Xpin and X .

Equation (39) defines another discrete stochastic process

Y: (Y Y], cees Y&_]}. For every realization of X which is in BL(N),

0’
the realization of Y will be in TL(N). In addition, we have, for

n-= 0, ], 2’ ey

N-1
1% vkw'"k . (41)
k=0

X, =N

Theorem 2.9 If X is a discrete stochastic process which has mean
value zero, is stationary in the wide sense, and is periodic with
period N, then the random variables defined in Equation (39) have mean
value zero and are uncorrelated. Proof: from Equation (39), we have

N-1

E[Y, ] = = E[x W™ = o,

n=0 .

For k, j =0, 1, ..., N-1, and from Equations (38), (39), (40), and

Lemma 2.2,
*
Cov[Yk, Yj] = E[Yij]
N-1 N-1 .
= ¢ 3 E[x.unk-md
n=0m=0 M
-1 - N-1 )
e s G wntken) ' ymGe-g)
p=0 P n=0 m=0

(6kj: Kronecker de]ta) since, form =0, 1, ..., N-1,

N-1
o Wk, (42)

R, = CovlX ., X1 = E[X Xg] = N I
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[$a]
[S2]

The converse of Theorem 2.9 is also true.

Theorem 2.10 Let Y: {Y

0* -+-» Yy-7} be a finite stochastic process
which has mean value zero. If Yk and Yj, for all k # j, are uncor-
related then the discrete stochastic process X defined by Equation (41)
has mean value zero, is stationary in the wide sense and is periodic
with period N.

Proof: The mean value zero and periodicity follow directly from
Equation (41) and the properties of W = exp(i2n/N). In addition, we
have

Cov[Xm, Xn]

*
E[Xan]

CN-T N-T .
NZrox E[kaf]w”J‘mk
k=0 j=0 J

N-1 -
v ELY, Y, IW
k=0 k' k

-2 k(n-m)

i

N

=R (43)
Therefore, X is stationary in the wide sense.

We next show that an expansion similar to Equation (41) can be
found for discrete non-periodic stochastic processes.

Suppose we have a finite stochastic process X:'{XO, X], }

e XN-]
which, again for convenience, has mean value zero. We seek another
finite stochastic process Y: {YO, Y], cees YN-l} and a finite set

of N-tuples {fn = <fnf}-such that
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N-1
X = kzo fkak
satisfying
N-1 .
mfo fkmfjm = 85>

. *a 2

56

(44)

(45)

(46)

If the Y-process and the N-tuples {f_} can be found then, for

m,n=0,1, ..., N-1, it is necessary that

*
oRmn E[men]
N"] N"] %*
I I E[YkY.]f
k=0 j=0 J

*
kmfjn

N-1
2 *
ol k! finfin

and for j =0, 1, ..., N-1,

N-] N"]I |2 N'.l * -
z f. = T |o|°f rf f.
n=0 Rmn n =0 k! “km n=0 kn'jn
Y
- IO'jl fjm .

Equation (48), written as a matrix equation of the form

Rf = Af,

is the eigenvalue problem for the NxN matrix R = Rmn given in

(47)

(48)

(49)

Equation (47), with eigénvalue A and eigenvector'f. We also have

y= g g
= 2 X .
k= =g kmm

(50)
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The covariancé métrix R, whose elements are Rmn’ satisfy, for
m,n=20,1, ..., N-1,
. - * 3 -
. Ro= an (Hermitian)
. R is non-negative definite

. the eigenvalues of R are real and non-negative

2
IRmnI < RonRrm

If, in addition, the X-process is stationary in the wide sense

W N -

then Rmn = Rm-n and R is called a Toeplitz matrix. Properties of
Toep]jtz matrices are the subject of Chapter 3.

We also observe that if we extend the X-process so that it is
periodic with period N, then Equations (41) and (44) are equivalent
with £, = W™,

We now see that given the finite stochastic process X, the exis-
tence of the finite Y-process and the'N-tup]es'{fn} depends upon the
existence of the eigenvalues and eigenvectors of the covariance matrix
R. The N-tuples {fn} are then orthogonal (Equation (45)) and the
Y-process has uncorfelated random variables (Equation (46));

The existence of the finite Y-process and the N-tup]es'{fg-depends
upon the existence of the eigenvalues and eigenvectors. of the‘covar~
iance matrix R and éot upon the particular X-process. Equation (44)
defines a finite Karhuneneioeve expansion for the X-process and it
forms a canonical (orthogonal) expansion for the N-dimensional vector

space determined by the random variables Xg> Xi, eees Xyote
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When the covariance matrix R is unknown then R can be estimated
from realizations of the stochastic process. The eigenvalues and eigen-
vectors are then determined from the estimated covariance matrix.
Numerically, the determination of the eigenvalues and eigenvectors
becomes more difficult as the order of R increases. For this reason we
attempted to find explicit expressionsrfor the eigenvalues and eigen-
vectors of Toeplitz matrices. Our search was, however, only partially
successful. The results of this ‘search are given in Chapter Three,
especially in sections 3.1 and 3.4.

}oeplitz matrices ar{se in a number of different circumstances
in addition to the Karhunen-Loeve expansion mentioned above. For
example, Toeplitz matrices arise in the determination of the‘Wiener
filter (Levinson; Wiener). Toeplitz matrices also appear in the dis-
cussion of autoregressive time series (Grenander and Szego; Box and
Jenkins; Widom).

Because of the importance and present interest in Toeplitz matrices,
we feel that a discussion and development of the properties of these
matrices should extend beyond the eigenvalue prob]ém needed for the
Karhunen-Loeve expansion above. Consequently, in Chapter Three we
define several classes of matrices which are reléted to Toeplitz
matrices. A]so, since part of the motivation of this thesis is numer-
ical, we have included several numerical algorithms dealing with
Toeplitz matrices.

The application of the results of this chapter have been discussed
in the Introduction. The shortcomings of these results are discussed

in Chapter Four along with possible future work.
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Chapter 3. Toeplitz Matrices

3.1 In this chapter we will investigate the properties of Toeplitz
matrices. We will derive numerical algorithms for (1) inverting a Toep- -
litz matrix and (2) solving a Toeplitz system of linéar algebraic
equations. We will discuss algorithms for (3) finding the eigenvalues
and eigeﬁvectorS”of Toeplitz matrices.

Toeplitz matrices arise primarily as the covariance matrix of a
discrete stationary time series (Box and Jenkins; Grenander and Szego).

Levinson derived the first algorithm for_so]ving a Toeplitz system
of linear algebraic equations when he constructed an iterative procedure
for finding the coefficients of the discrete Wiener filter, the linear
filter which minimizes the predicfion error of the future values of a
time series in th; lzast square sense (Levinson; Wiener). This algorithm,
and a modified algorithm which appears in Wiggins and Robinson, require
the Toeplitz matrix to be real and symmetric. We derive an algorithm in
section 3.3 which avoids these restrictions and uses the Trench-Zohar
algorithm discussed next.

In 1964, William F. Trench dérived an algorithm for .inverting a
Toeplitz matrix. Shalov Zohar extended this algorithm slightly and gave
a simpler derivation. However, both authors were apparently unaware that
the inverse of an invertible Toeplitz matrix is not, in general, a Toep-
Titz matrix.

He have derived a new class of matrices, called generalized Toeplitz

matrices, which are genera]izations of Toeplitz matrices and which have
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the property that the inverse of an invertible generalized Toeplitz
matrix is a generalized Toplitz matrix. With this clarification, we
have given Zohar's derivation of the Trench-Zohar algorithm in section
3.2 with only slight modifications.

The Karhunen-Loeve expansion, discussed in section 2.3, requires
the determination of the eigenvalues and eigenvectors of Hermitian,
positive definite matrices. The Jacobi and Householder methods are two
examples of well known numerical algorithms for finding the eigenvalues
and eigenvectors of Hermitian matrices. For theoretical reasons, it
would be desirable to have explicit expressions for the eigenvalues and
eigenvectors of Toeplitz matrices. In section 3.4, we search for these
explicit expressions. |

Since the eigenvalues and eigenvectors of circulant matrices
(special Toeplitz matrices) are known, we have shown in section 3.4
that any Toeplitz matrix can be embedded into circulant matrices of
order 2n or 2n-1. Several recent articles by R.M. Grey and Judea Pearl
have investigated similar, but.different, embeddings of Toeplitz matrices
into circulant matrices. They use the circulant matrices to determine
the distribution of the eigenvalues of the Toeplitz matrices.

A circulant matrix is the covariance matrix for a periodic time
Eeries and its eigenvalues and eigenvectors can be calculated easily

using the "fast Fourier transform" algorithm.
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‘Definition (main diagonal; secondary diagonal). The main diagonal
of any matrix consists of the elements in the (1, 1), (2, 2), ... posi-
tions. The secondary diagonal of a nxn matrix consists of the elements
in the (1, n), (2, n-1), ..., (n, 1) positions.

In this chapter we will have occasion to use the following special
matrices:
1. 0, zero matrix, is a matrix which has zeros in every position,

2. I, identity matrix, is a nxn matrix which has ones on the main

diagonal and zeros elsewhere, and
3. J, a permutation'matrix, is a nxn matrix which has ones on
the secondary diagonal and zeros elsewhere.
Unless otherwise stated, the matrices in this chapter have complex
elements. < ‘
In addition, throughout this chapter we will follow the convention
that
1. A, B, ..., Z will denote nxn matrices (n is a positive
integer; we will use a subscript to denote the order of a
matrix when that order is not n),
2. a, b, c, ..., h will denote nx1 matrices (vectors), unless
otherwise stated,
3. (A

ij
Definition (Toeplitz matrix). A Toeplitz matrix T of order n is

is the element in the ith row and jth column of A.

a nxn matrix such that for i, j =1, 2, ..., N,

(T)is =ty (1)

ij J-
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That is, Toeplitz matrices have the same element along each diagonal
"parallel" to the main diagonal. Consequently, every nxn Toeplitz
matrix is determined once the 2n-1 elements of the first row and first
column are specified.

Apparently these matrices were first studied as a special class
of matrices by 0. Toeplitz about 1910 when he investigated the distri-
bution of the eigenvalues of these matrices as the order n grew without
bound (Grenander and Szego). However, we have not found any reference
in which the eigenvalues are explicitly determined for general Toeplitz
matrices.

Definition (Hermitian). A nxn matrix A is said to be Hermitian if

A = A*', (2)
where ' denotes matrix transposition and * denotes complex conjugation.
That is, A is Hermitian if and only if, for i, j =1, 2, ..., n,

(M5 = (% (3)

We will use the term "symmetric" several times in this chapter
and we will give it a broader meaning than is usually the case.

The usual definition of a symmetric matrix is given in equation
(2), or (3), when the matrix A has real elements. To avoid confusion
with other "symmetries", we will say that A is real-symmetric when
Equation (2), or (3) is satisfied and A has real elements.

We will say that the nxn matrix A is symmetric about the main

diagonal when A = A' (the elements of A may be complex).
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Consequently, a Toeplitz matrix T of order n is Hermitian if, for
k=0,1,2, ..., n-1,

t =t (4)
where t, is an element of the first column of T and t_, is an element
of the first row.

Definition (positive definite). A nxn Hermitian matrix A is said

to be positive definite if for all nx1 non-zero matrices x, the quadra-

tic form x'Ax* is positive. That is, A is positive definite if and

only if
; n( (5)
r oz (A):.x:x* >0, 5
i=1 j=1 W 1IT

where X; are the elements of x # 0.

Definition (eigenvalue; eigenvectqr). If for a nxn matrix A and
a scalar i, there is a non-zero vector (nx1 matrix) x such that

AX = AX (6)
then A is an eigenvalue of A and x is an eigenvector of A associated
with a.

The eigenvalue problem for a matrix A is the problem of find-
ing the eigenvalues and eigenvectors of A.

. The eigenvalues of a nxn matrix A consists of the solutions

(roots) of the characteristic polynomial: det(A - AI) = 0, where
det(A) means the determinant of A.

Lemma 3.1 (Vinograde) Every nxn matrix A has (at most) n eigen-

values. The eigenvalues of Hermitian matrices are real numbers.
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Lemma 3.2 (Vinograde) If A is a nxn Hermitian matrix then A is
positive definite if and only if all eigenvalues of A are postive.

Definition (principal minor). If A, is a kxk submatrix obtained
from the nxn matfix A by deleting n-k rows and the same n-k numbered
columns, 0 < k < n, then det(Ak) is called a principal minor of A of
order k. The descending principal minors are those numbers, det(Ak),
k=1,2, ..., n, for which

(Adis = (A)gy (7)
fori, j=1,2, ..., k.

" Lemma 3.3 (Vinograde) If A is a nxn real-symmetric

matrix then A is positive definite if and only if all principal minors
of A are positive. N |

Lemma 3.4 If A, I, and J are nxn matrices then, for

i,i=1,2, ..., n,

1. (JA)'U = (A)I’H‘]-i JJ (8)
(the rows of JA are the rows of A ‘in reverse order)

2. (Mg = (R, ey (9)
(the columns of AJ are the columns of A in reverse~qrder)

3, 9% =1Tandd' = 4.

Proof: the results follow directly from the definition of J.
Definition (persymmetrfc; PS). A nxn matrix A is said to be
persymmetric, abbrevizted to PS, if (A)ij is-a function of i+j on1y,

fori,j=1,2, ..., n (Aitken).
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We observe that a matrix is PS if and only if all elements along
diagona]s “parallel" to the secondary diagonal are equal. Hence a PS
matrix is determined once the 2n-1 elements of the first row and last
column are specified. For example, J is a PS matrix.

We mentioned in Chapter 1 that the set of all nxn matrices with
complex elements form a complex vector space. It can be shown that
such -a space has dimension n2. In the next theorem we will state and
prove some of the properties of PS matrices which form a 2n-1 dimen-
sional vector space. , -

- Theorem 3.5 Let A aqd J be nxn matrices.

1. Sums and scalar ﬁu]tiples of PS matrices are PS matrices.

2. If A is a PS matrix then A = Al ‘

‘3._ A is a PS matrix if and only if JA, or AJ, is a Toeplitz
matrix.

Proof:

1. If A and B are nxn PS matrices then for i, j =1, 2, ..., n,
(A+B)ij =‘(A)ij + (B)ij and (“A)ij = &(A)ij (sums and scalars
multiples of functions of i+j are again functions of i+j).

2. If A idis a PS matrix and (A)ij = 2445 then

(A)ij = ai+j = aj*i_= (A)ji‘
3. If Ais a PS matrices and.(A)ij = A4 then by Lemma 3.4,
(JA)ij = (A)n+1-i, i Alej-i (a function of i-j, for |

i,3=1,2, ..., n).
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We also have AJ = A'J' = (JA)'.
If JA, or AJ, is a Toeplitz matrix and
(Ad);4 = by_; then A = AJJ and
(A5 = (A5 = (A3 g = Biagong
(a function of i+j for i, j =1, 2, ..., n).
Definition (centrosymmetric; CS). A nxn matrix A is said to be

centrosymmetric, abbreviated to CS, if for i; j =1, 2, ..., n,

(A)i5 = Pperos, ner-j. (10)

We observe that a matrix A is a CS matrix if and only if A is
symmetric about the "center" of the matrix. For example, I and J are.
CS matrices.

In the next theorem we will state and prove some of the.properties
of CS‘matrices. The set of CS matrices of order n form a vector space
whose dimension is n2/2, when n is an even integer, and (n2+1)/2, when
n is an odd integer.

Theorem 3.6 Let A and J be nxn matrices.

1. A is a CS matrix if and only if

JAd = A ‘ (11)

2. Sums, scalar multiples, products and transpositions of CS

matfices are CS matrices.

3. If A is a CS matrix and A" exists then Al is a CS matrix.

1. This follows from Equations (8), (9), and (10).
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2.4 If A'and B are CS matrices then
J(A+B)J = JAJ + JBJ = A + B,
oA,

J(oA)d = adAJ

JABJ = JAJJBJ = AB, and
JA'J = J'AYJ' = (JAJ)' = A,

1

IAJIA~ Y = A(IAT10) we obtain A7 = gA”ly

3. From I = AA™)
since inverses of matrices are unique when they exist.
Next we will define a class of matrices which apparent1y has not
~been studied before as a special class of matrices.
Définitfon_(generali;ed Toepiftz; GT). A nxn‘métrix T is said to
be a generalized Toeplitz matrix, abbreviated to GT, if
J1g = T! ‘ (12)
As we will show in the next theorem, all Toeplitz matrices are
GT matrices. The converse, however, is not true. The fo]]oWing

example of a GT matrix is not a Toeplitz matrix:

1 4 6
2 5 4
3 2 1.

In recent literature dealing with algorithms involving Toeplitz
matrices, the definition of a Toeplitz matrix is the same as we have
~given above. However the property of Toeplitz matrices which is most
frequently used is given in Equation (12). It is interesting that up
to the present time no one has recognized that Equation (12) represents

a generalization of Toeplitz matrices.



T-1651 68

In the next theorem we state and prove some of the properties of
GT matrices. As a consequence the set of all nxn GT matrices forms
a vector space of dimension n(n+1)/2.

We observe that GT matrices are symmetric about the secondary

diagonal.

Theorem 3.7 Let I, J, and T be nxn matrices.

1. If T is a Toeplitz matrix then JTJ = T'.

2. If T is a 6T matrix and T"! exists then T™) is a GT matrix
(inverses of Toeplitz matrices are not necessarily Toeplitz
matrices). |

3. Sums, scalar multiples and transpositions of GT matrices are
GT matrices. .

4. Products-of GT matrices are GT matrices if and only if they

| :commute.

5. T is a Toeplitz matrix if and only if JT, or TJ, is a PS

matrix.

1. If (T)ij = ti-j’ for i, j=1,2, ..., n then
(OT9)45 = Miwros, ne1-j = -1 = M50

2. If T is a 6T matrix and T~! exists then
1=11" = oot = 1t o) and oo = (1) = (7).

3. If T and S are nxn GT matrices then
J(T#5)d = JTI + JSI = T' +§' = (T +S)' and

AT =T = (JW) = T = T
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4, va T and S are nxn GT matrices then

JTSJ = JTJISJ

T'S' = (ST)'. Hence JTSJ = (ST)' = (TS)' if

and only if ST = TS.
5. This follows from Theorem 3.5.
~ Theorem 3.8 A nxn GT matrix T is CS if and only if T = T'.
Proof: This follows directly from Equations'(ll) andv(12).

- We will illustrate the four types of matrices defined above by
considering the decomposition of a matrix of each type into matrices
of lower order. These decompositions are of value, when they exist,
in tﬂat they reduce the eigenvalue problem of a large matrix to.eigen-

value problems of smaller matrices.

If SZn is a 2nx2n CS matrix and

J 0 3 (13)
R R |

then, from Equation (11), we have

- ’
s, = , (14
n  logy aag -

where A, B, and J are nxn matrices but A and B are not necessarily
CS matrices. This means that the CS property is not preserved under
this decomposition.-

S A
If S2n is a 2nx2n PS matrix then

A B 5)
S, = 15)
2n g ¢ :

where A, B, and C are nxn PS matrices. The PS property is preserved

under this decomposition.
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If T2n is a 2nx2n GT matrix then from Equation (12), we have

A B 6)
T, = , 16)
2n e gAvg

where B, C are GT matrices but A is not necessari]y‘a GT matrix.

4If T2n is a 2nx2n Toeplitz matrix and for i, j =1, 2, ..., 2n,

R a7

ij -J

then let
T U

Ton = [V T] (18)
where T, U, and V are nxn Toeplitz matriées and for i, i=1,2, «e., n,
(T)ig = tig » (Vg5 = ty_gen » and (U){j =t (19)

Our interest in this decomposition stems from the fact ?hat the
Toeplitz property\is preserved under this decomposition. We would 1ike
to use this decomposition to express the determinant of T2n’ det(TZn)’

in terms of the determinants of matrices of order n.
Lemma 3.9 If A and B are nxn matrices then det(AB) = det(A)det(B).
Lemma 3.10 If I and J are nxn matrices then det (1) =1 and .
det (3) = (-1)"(n1)/2,
Proof: clearly det(I) =1 for all n.
The number of row (or column) interchanges necessary to transform
J into I, is given by

n-1
E] (n-i) = n(n-1)/2.

1
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If SZn is the 2nx2n CS matrix given in Equation (14) then Aitken

considers the following matrix product:

I J A B I =J A+BJ 0
- = . (20)
0 1 JBJ JAJ 0 I JBJ JAJ-JB

If we apply Lemmas 3.9, 3.10 and Laplace's expansion on the first

n columns, we obtain

1 I -
det = 1 = det
0 I 0 I

and consequently the above matrix product gives
det(s, ) = det(A+8J)det(JAJ-JB). (21)
Mullen applied this technique to Toep]itz matrices by requiring
Tén =To, (so that Ty, is a CS matrix). If T,, is a 2nx2n Toeplitz

matrix then from Equation (18) we obtain

T U
T, = :
N A

If we require én = T2n then we have T=T' = JTJd, U = V' = JgVJ,

and

1 9} [t v} 1 -q] [r+v o
[0 I] [V T] lo IJ=[V T-VJ:I.
By taking determinants of these matrices we obtain
det(TZn) = det(T+JV)det(T-VJ). (22)
There is a similar decompositon for Toeplitz matrices of order 2n+l.
However, while T, U, and V are Toeplitz matrices, JV and VJ ére

not Toeplitz (they are PS matrices by Theorem 3.7) and, therefore, this

decomposition cannot be continued.
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Let us instead consider the following matrix product:

I A R

especially the case where U = V. An interesting special case occurs

when T2n is a circulant matrix. |
.Definition (circulant). A nxn matrix T is said to be circulant

if T is a Toeplitz matrix and for k = 1, 2, ..., n-1,

Y = Y%en (24)
(a circulant matrix is determined once the n elements of the first row
are specified). .

Consequently, if T2n is a circulant métrix then it satisfies
Equations (17), (18), (19),'1:k =t _on and U = V, Therefore‘the'
determinant of Equation (23) gives )

det(T, ) = det(T+V)det(T-V), (25)
Since T, U =V, T+V, T-V are Toeplitz matrices, we can continue this
decomposition. There is, however, no need to continue as the deter-
minant of any circulant matrix is known (Aitken).

When T2n+] is a Toeplitz matrix of order 2n+1, the decomposition

of T2n+1 is given ?y

T Ja U
_ | b3 ot a' (26)
Tont1 = 0
v b T
where, for i, j =1, 2, ..., n, (T)ij = ti_j, (U)ij = ti-j-n-1’

= [t..'l t-z e 0

(V)ij =t_i_j+n+-l, a t_n]', aI’Id b = [f:-l t2 LI tn] .
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For a matrix produtt,simi]ar to the one given in Equation (23), we
obtain

T+V  Jat+b U-V
o a'-b'df. (27)
v b T-V

b'J t

 The matrix product given in Equation (23) was suggested by some
results due to Levinson.

The matrix products in Equations (20) and (23) are particular
examples of_simi]arity (congruent) transfprmations. It is known
(Vinograde) that if S, or T, are Hermitian then they are similar to
diagonal matrices. Equations (20) and (23) are attempts to find rela-
tively simple unitary matrices which transform 52n or T2n inFo diagonal
matrices under a similarity transformation.

]

Lastly, if we assume that T~ exists and T,, s given as in Equa-

tion (18), then pre-multiplication of Ton by

1 0 1 -ur!
-1 and
-VT I 0 I
~gives

det(T)det(T-Vf']U)
det(T)det(T-UT"1V) (28)

det(T2n)

and ,
det(T-VT"'0) = det(T-UT" V).

We will return to these results in Section 3.4 in connection ~with

the eigenvalue problem for Toeplitz matrices.
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3.2 We next derive a recursive algorithm for computing the inverse
of a Toeplitz matrix. This derivation is a slight modification of an
algorithm given by Zohar which, in turn, was a modification of the

original derivation given by Trench.

1
+1

We will derive an explicit expression for T; 1

assuming that TE
exists for k = 1, 2, ..., n+l. This condition is called "strongly
nonsingular" by Zohar and is more general than the condition of posi-
tive definiteness of Tn+1 required by Trench.

Let Qs gssume that the complex numbers to, t], t2’ cees T, t_],

t_ps «..s t_ are given and, for i, j = 1,2, vo.s N,

(T)IJ = t'i-j s (29)
as= [t] t, ... tn]' | (30)
b=1[t,t,. ...t T (31)

where ' denotes matrix transposition. Equation (29) specifies that T
is a Toeplitz matrix of order n.

If,Tn+] is a nonsingu]ar Toeplitz matrix of order n+l1 then

- adj(Tp,q)

ntl detlTn+]§

where adj(T ,) and det(T ..) are the adjoint and determinant of T ,,
respectively. If the complex number in the (1, 1) position of the

. -1 . '
matrix T .4 is denoted byvljxn then

det(T ,1) = A det(T). (32)

n+l
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We can express T ., and I;l] as
t b'
0 N
T = (33)
n+l [a T] A
- and I : 1 d )
T = —
n+1 Ale M
where to, 1, and.xn are scalars, a, b, ¢, d are nx1 matrices, and
T, M are nxn matrices.
If1I, In+1 denote the identity matrices of order n and n+l,
respectively, then T .. T;l] =I = Tn+1 Toars
) t0+b'c tod'+ b'M
Ap Iy T
| a+Tc ad'+TM
and -t0+d'a b'+d'T
Ag 1 +1 7 )
e toctMa  cb'+MT
We now equate these two expressions for 2 [ ., and obtain the
following relations:
A = t0+b'c = t0+d'a, (35)
0 = a+Tc = t0c+Ma, (36)
0 = tod'+b'M = b'+d'T, (37)
and
Ay T = ad'+TM = cb'+MT. (38)
From these four relations
b'c = d'a, (39)
0= c+T']a, (40)
0= b'T ', (41)

75
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n +M, (42)

From these four re]ations we obtain

b'c = d'a = -b'T"a (43)
c=-Tla (44)
d=-1"1p (45)
and
M= T Med' = 3 T 417 Tab 7! (46)
. }‘n - n *

These equations are satisfied for matrices of order n =1, 2, ... .
°If we substitute these last four re]ations into Equation (34),
we can express the inverse of Tn+1 as
1 d
T"] _J_ .

ntl Ml .AnT']+cd' )

(47)

Thus we are able to express T;l] explicitly in terms of the elements
of T'] and Th+], and ultimately in terms of Tn+1‘

Except for Equations (29), (30), and (31); we have not made use
of the Toeplitz property. With the explicit use of this property we
will be able to compute T;l] without the explicit computation of the
intermediate inverses. This is acheived by developing a recursive

algorithm for the computation of ik’ Cp> dk’ fork=1,2, ..., n.

If we require Tn+1 to‘be a Toeplitz matrix then T is a Toeplitz

]

matrix and T ' and T;l] are generalized Toeplitz matrices by Theorem

3.7. Applying Equation (12) to Equation’(47) we also obtain
4 [p7 e ad

AT = . (48)
- *nntl c'd 1

76
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For each i, j =1, 2, ..., n, we obtain from Equations (47) and (48),

. -1 _ -1 :
AnlThan)is = 2,07 )5 + (9deta);; (49)
and :
- _ -1 '
AnTrer) iy 5e1 = 2 (T D5+ (ed')yy (50)

If we eliminate the common term on the right hand side of these two

equations, we get

-1 )
n+179+1,j+1

AT =2 (T

(Tl + (cd'-de'a) (51)

This equation illustrates how the entire matfix T;1] can be found once

the first row and first column are known. The first row and first

column are determined by xn, ¢, Ao
We will now show how An’ Cpo dn can be found by recursive genera-

tion. -

1. From Equation' (40) we have, for all n,

7la = ol

c Ja

where we have used the generalized Toeplitz property, Equation
(12). Consequently, for order n+l, we get

-1
AT
¢ = -t| "

n+l An c'd 1 t

+Jdc'd Jd| |. a

n+l
By performing the indicated matrix mu]tip]ication we can express

this product as

. i c ) c'Ja+tn+] Jd (52)
LU A 1

-1

2. From Equation (41) we have, for all n, d=-T ' b = 1" Vb
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where, again, we have used the generalized Toeplitz property.

Consequently, for order n+l, we get

v -1 . /

1 AnT +Jdc'd dd b

e T, "J HE
n C -n-1

By performing the indicated matrix multiplication we can express

this product as
d d'db+t_ 4 | Jc

d . = o=l . (53)
n+1 0 An 1

From Equation (35), we obtain for order n+l,

‘st = totPneiCnar = totdnarner - (54)

Alternatively, from Equation (50) we obtain

" (T

A (Tn+1)n+1,n+1 ~n nn

n + (cd )n =]

n

and, replacing n by n+1 in the middle expression,
"] [ R
n+1)n+],n+1 * (Cn+1dn+1)n+1,n+1 -
-1 )
n+1/n+1,n+1

A T 1.

n+1(

If we eliminate (T from these two equations, we

then have
An+1 - Kn[] - (°n+1dﬁ+1)n+1,n+1] (55)
= - (¢! ' A
N, - (cldatt )(diabte_ )/,

where An # 0 forn=1, 2, ..., which was assumed in the begin-
ning. We can use Equations (52) and (53) to show that Equations
(54) and (55) are equivalent.

Finally, we need to specify the initia] values for the recursive

generation of An’ Cps dn’ We have

A = det(T,)/det(Ty) = (t5-t,t_{)/tg (56)

78
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= -t,/t,, (57)

d-l = "t_'l/to . (58)

Trench-Zohar Algorithm:

Given the complex numberS-tk,"for k=0,1, «.., n, =1, =2, ..., -n, we

]‘
2.

3.

AT

.l (T

A

compute Ay, Cq, d] by Equations (56), (57), and (58),
compute Ak’ Cp s dk’ for each k = 2, 3, .;., n+l using a, and bn
(Equations (30) and (31)) by Equations (52), (53), and (54),

compute T'1] by Equations (47) and (51) where

n+1)11

A (Tn+])] Lj+ = (dn):j’ J= ]:_---: n,

n+l)]+] 1= (cn)i; i=1, ... n,

] 1

(Tn+1)1+1,3+1 (Tn+1)1 J
for i, j =1, 2, ..., n. We note that the presence of J does not
actually requife'a matrix multiplication but rather a
"reshuffling".

We have programmed and tested this a]gorithm for relatively simple

examples. Akaike has extended this a]gorithm to'block Toeplitz

matrices.

"When the matrix Tn+1 is Hermitian then b* = a and d* = ¢. If

To#l is real-symmetric and positive definite then A > 0.
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3.3 We will riow derive an algorithm for solving a system of linear
algebraic equations whose coefficient matrix is a nxn Toeplitz matrix.
That is, we would Tike to solve the matrix equation

Tx =y (59)
where T is a given Toeplitz matrix of order n, x is a unknown nxl
matrix and y is a given nx1 matrix.

Chronologically, the first algorithm for this system was derived
by Levinson in 1947. A modification of Levinson's algorithm appears
in Wiggins and Robinson. This latter algorithm also appears in the
Geophysics Department (Coiorado School of Mines) computer library
under the name of TOEPLZ. However, both of these algorithms require
the Toeplitz matrix to be rea]-symmetrié.

we_now derive an algorithm based upon the derivation given in
the previous section which avoids thé real-symmetric restriction.

We are going to derive a recursive algorithm for finding the
so]ution X 0+] of the system

T (60)

n+1%n41 = Yn#

assuming that we know T and the solution x of the system

n+1? Yn+1

given in Equation (59). Let
Xpyy = [2' al's yq = [y 8] (61)
where a,B are scalars and y, z are nx1 matrices.

Since Tn+1 is a Toep]itz matrix of order ntl, we can apply the

~generalized Toeplitz property, Equation (12), to Tn+1 in Equation (33)
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and express Equatfon (60) as

EMINRE

From Equation (59), we have y = Tx and substituting this relation into

Equation (62) we obtain

T Jb Z-X 0
= . (63)
[a'd t0 [ a } [B-a'Jx]

If we assume that Tgll'exists (An # 0) then from Equation (48), we get

2-x AnT-]+Jdc Joad 0 Jd
A = = (g-a'dx)
a c'd 1 g-a'dx 1

and, therefore,

X Jd
. xJal_B .
X = - 0= = . (64)
n+1 [ 0] N\ An [ 1 ]

We note the similarity of Equations (52) and (64). We also note
that although the nx1 matrix c does not explicitly appear in Equation
(64), it is needed in the calculation of the nx1 matrix d.
Algorithm: |
Given the complex numbers tk,.k =0,1, ..., n, =1, -2, ..., -n and
Yor1 = [By By oot B, By q]s we
1. compute A;, C1» d] by Equations (56),}(57), and (58),

2. compute'x] = B]/tO’ H
3. compute‘Ak, Cpo dk’ for each k = 2, 3, ..., n by Equations (52),
(53), (54) using a and b (Equations (30) and (31)),

4. compute Xy s for k = 2, 3, ..., ntl by Equation (64).



T-1651 82

3.4 In this Tast.section we are interested in the eigenvalue problem
for Toeplitz matrices. It was our original intention to derive, if
possible, explicit expressions for the eigenvalues and eigenvectors of
Toeplitz matrices. We have been only partially successful.

If T is a nxn Toeplitz matrix, _A}is a scalar, and x is a non-zero
nx1 matrix such that

Tx

AX (65)
then A is an eigenvalue of T and x is an eigenvector of T associated
with X. The eigenvalues of T are solutions of the characteristic
equgtion

det(T - AI) = 0. (66)

If T is Hermitian then all eigenvalues are real numbers. If T is
positive definitg‘and real-symmetric then all eigenvalues a;e non-
negative real numbers. ‘

If T is a Toeplitz matrix then T - Al is also a Toeplitz matrix
for every A, Hence, the problem of finding eigenvalues of Toeplitz
matrik is equivalent to the problem of findin; the determinant of a
Toeplitz matrix.

Most numerical algorithms which compute the eigenvalues of
matrices, do not dépend ﬁpon explicit expressiohs for eigenvalues.

. For example,_the Jacobi method is an algorithm which computes the
eigenvalues and eigenvectors of real-symmetric matrices using a sequence
of orthogonal transformations. The Householder method is similar to

the Jacobi method but it uses unitary transformations instead.
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There are numerical algorithms which determine the eigenva]ueg of
quite general matrices. Most of these numerical algorithms are itera-
tive and the convergence is only guaranteed when the matrix is positive
definite. The above mentioned algorithms are well knoWn and therefore,
they are not reproduced in this thesis.

The Karhunen-Loeve expansion derived in section 2.4, Equation (44),
requires the determination of the eigenvalues and eigenvectors of Hermi-
fian, Toeplitz matrices, and as indicated above, there are numerical
algorithms which will Hand]e these matrices. However, round-off errors
increase as the order of the matrices increases. Consequently, explicit
expressions for the eigenvalues and eigenvectors of Toeplitz matrices
would be desirable. )

-In fact explicit expressions for the eigenvalues and e{genvectors
of circulant matrices do exist. (sée sections 2.2 and 3.1)

C-= Cn is a nxn circulant matrix whose elements are given by

(€5 = o (67)
cnfi+j’ i>J.
The eigenvalues, A, and eigenvectors, Xx, of C are solutions to the
equations ‘

“CX = AX. (68)
That is, the eigenvalues, A, and eigenvectors, X, a}e solutions to the

n difference equations
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m-1 n

jil Cn-m+i%y + jimcj‘mxj = Moo (69)
form=1, 2, ..., n, which are Tinear and have constant coefficients.
If we change the indices of summation then we get

n-m n-1

jzo ijj+m + C3X5pam = AX . (70)

Jj=n-m+1
Since the equations are linear and have constant coefficients we can
assume that Xy = rY for some constant r. Substituting xj =, r#o0,

into Equation (70) and dividing by r™, we obtain

n-m . -n n-1 .
A= 1 oc.ord 4+ T c.r. (71)
j=0 J j=n-m+1
If we select r = wk = exp(i2nk/n) then r M= and, for k = 0, 1, 2,
., n,
n-1 .
A = I c.ka (72)
j=0
and
x§k) ka (73)

Therefore, for circulant matrices the eigenvalues, Equation (72), and
the eigenvectors, Equation (73), are given explicitly. Moreover, the
eigenvalues are the discrete Fourier transform of the e1ements of the
first row of C and the eigenvectors are the same for all nxn circulant
matrices. The set of n eigenvectors form an orthogonal set of

n-tuples.
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Since the eigenvélues and eigenvectors of circulant matrices are
known we might try embedding a nxn Toeplitz matrix in a more tractable
circulant matrix. There are two recent articles (Gray; Pearl) which
take this approach and show that the circulant matrix igv"asymp—
‘totically equivalent" to the Toeplitz matrix. Consequently, the
distribution of eigenvalues of the Toeplitz matrix can be inferred
from the distribution of the eigenvalues of the circulant matrix, as
the order of the matrices increases without bound. Grenander and
Szego give the definitive treatment of'the distribution of the}eigen-
values of Toeplitz matrices.

There are several ways to embed a nxn Toeplitz matrix in a circu-
lant matrix. We will on]ylindicafe two ways. Gray and Pear] give
similar embeddings.

For any nxn Toeplitz matrix T, we determine a nxn Toeplitz matrix

U such that
T Ul )
C, = 74
2n u T

‘is a 2nx2n circulant matrix. That is, for i, j = 1, 2, ..., n, let
(T)‘ij = t'i-j ) (75)
then " ti-j+n y 1< 6)
). . . 76

]J - o

ti-j-n s 1> 3.

Since T has at most 2n-1 distinct elements, U is completely deter-
mined except for the arbitrary element t

C,, has 2n eigenvalues, A , and 2n eigenvectors; z(k), where, for

k = 'l., 2, cees 2n,
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Cznz(k) =.Akz(k), (77)
n n-
= £ o3k Ty e -0k udk, 78)
T B Jzo( #-0ke, ol (78)
and ” . (k)

T Z = (k) (79)'

where wgn = exp(12nk/2n) y(k) = (- ])k (k), and
K)ok k(e ' (80)

86

These results follow from Equation (68), (72) and (73). Equation (77),

T U x(k) A x(k)

o 1] [y Y

1éads.to ;
x(K) 4 Uy(k)\z lkx(k) Y
ux(K) 4 7y (K) oAy, (81)

We see that Ay and x(k) are the eigenva]ués and eigenvectors of the

nxn Toeplitz matrix T+U for k = 2, 4, 6, ..., 2n since y(k) = (- 1)k (k)

and 3
(reu)x (k) < 3«06, (82)
(k)

A and x are the eigenvalues and eigenvectors of fhe nxn Toeplitz
matrix T-U for k =1, 3, 5, ..., 2n-1 and

(-u)x (k) < 5 XKD (83)
In addition, T+U is actually a circulant matrix and T-U is a "skew-
circulant" matrix. These results were anticipated fn section 3.1 by

Equation (25).
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The results contained in Equations (81), (82), and (83) at first
Tooked quite promising. However, Hannan's example and Lemma 2.8 in
Chapter Two indicate that the covariance matrix for a periodic process

-of period N is a NxN circulant matrix. It is unlikely that non-
periodic processes would result in circulant covariance matrices.

This observation does however suggest that the "asymptotically
equivalent" approach might be fruitful because any discrete stochastic
process can be approximated, in norm, by a sequence of periodic pro-
cesses of increasingly large periods.

A slightly different embedding results if we eliminate the tn terms
in Equations (74) and (76). The resulting circulant matrix, of order
2n-1, is uniquely determined by its first row:

et (84)

[ty tq -t t

-n+1 “n-1

The eigenvalues and eigenvectors are given by

n-1 .
-jk
A, = T t.WY (85)
k j=1-n 9 2n-1
and ( )
_ k k{2n-2 1
Zk - [] . w2n_~l, LIRS wzn_-] ] (86)

respectively.
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Chapter 4. Conclusions

In this chapter we will comment on the discrete (numerical) ana-
lpgues that we have defined and developed in this thesis and discuss
where we feel further work is needed.

While most engineers and scientists working in the communication
and information fields are aware of the dichotomy between time- and
" band-limited functions, we have not found a completely satisfactory
illustration of this fact for the discrete functions. In fact, while
the concepts of discrete .time- and band-limited functions may be intui-
tively well known, we have not been able to find explicit definitions
~given apywhere in the literature. Most authors state their results for
the continuous variable case and then assume that the discrete variable
analogues follow Eirect]y without any difficulties. We believe that
such conclusions should be established on rigorous as well as intuitive
_grounds.

Therefore we have defined TL(N), the space of discrete time-limited
functions, and BL(N), the space of band-limited functions, as two N--
dimensional complex vector spaces. Because of the mathematical isomor-
‘phism between TL(N) and BL(N), it is not surprising that discrete time-
and band-Timited functions are.used interchangeab]y.without regard for
the consequénces. This situation ié most apparent when we attempt to
define a discrete convolution operation as we have already mention in
the introduction. Extensive use of the discrete convolution operation

suggests that further work is needed in this area.
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While the approach to the discrete Fourier transform (DFT) by way
of generalized functions (distributions) has been rigorousiy estab-
lished, the inverse problem has largely been ignored. That is, since
there are many functions which possess the same discrete sample func-
tion, how do we interpret the discrete Fourier spectrum, the DFT of the
discrete sample function, with this fact in mind?

Our interpretation is that the DFT of a discrete time-limited func-
tion is a discrete band-1imited function; that is, we are only_able to
determine N distinct frequencies in the discrete Fourier spectrum of N
- sample values and this iné]udes the constant ("DC") term.

We also observe that the sampling intérva1, the interval between
successive sample values, does not explicitly appear in the DFT, only
the number of samples. )

What happens if the sought aftér frequency does not correspond to
one of the N distinct frequencies in the spectrum? That is, does the
DFT of the sample values of a function represent the sample values of
the Fourier transform of the function? The generalized function ap-
proach clearly shows that the answer is yes.

In researching this thesis, we have from time to time conducted a
number of numericai experiments on electronic computers to test various
féatUres of ‘the discrete analogues developed in this thesis. With
respect to the. question posed above, our numerical examples suggest
that the answer is yes.. '

A more difficult problem is to find the relatipnship between the

discrete Fourier spectrums of the same function transformed (DFT) using
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two different values of N. The early fast Fourier transform (FFT)
algorithms required the number of data vaTues, being transformed, to
be an integral power of two (1092N is a positive integer). When fhe
number of data values was not an integral power of two, the advice
~given in the Titerature at that time was to add a sufficient number of
zeros as data values so that the FFT algorithm could be used. To our
‘ knowledge, no one has explained the consequence those zeros have on the
resulting discrete Fourier spectrum.

Our numgrica] experimentation shows that the general level of
"noise" (error) increaseg as the number of zeros is increased but the
effect on individual terms is largely unpredictable. The power-of-two
restriction has been removed from the FFT algorithm but two‘discrete
Fourier spectrums? for different values of N, are still difficult to
compare. . R

We must always remember that the DFT of any finite set of complex
nuﬁbers, considered as a truncated sample path of some process, only
represents an estimate of the frequency spectrum of this process. Con-
sequently our interpretation of this frequency spectrum is determined
by the significance‘we place on the various frequencies making up this
spectrum. For exaﬁp]é, what significance should we place on the fre-
quency sbectrum of the DFT of a set of randomly chosen complex numbers?

A good deal of work has been done for the continuous variable case
cokcerning data contaminated with random errors ("noise") generatéd by
-a stationary process having a normal distribution. More work is needed

in the discrete case for non-normal distributions.
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Another area of further work is to investigate various limits of
the DFT of N terms of a sequence in 12 (the space of complex square-
summable sequences) as N increases without bound (the 1imit of a
sequence whose Nth term is an element of BL(N)). This 1imit would be
the discrete analogue of a Fourier transform. We investigated several
possib]e limits without much success. As far as we were able to deter-
mine, there is no discrete analogue of Plancherel's Theorem on 12.

There are very few‘instances where ﬁatura] phenomena are truly
periodic, for all t. Consequently, there is a great need to analyze
observations whose amplitude diminishes in time. For example, seismic
waves, including the free oscillations of the earth, decay in amplitude
as they propagate further from the source so that the use of "dampened
periodic" functions would probably be more realistic than periodic
functions. We might, for example, investigate the use of discrete
analogues of Hankel transforms. In addition, the application of Z-
transforms and Walsh transforms could be investigated.

When investigating several expansions using basis elements of C(N),
the N-dimensional complex vector space, we didn't consider the discrete
analogue of (sin x)/x functions which are encountered in sampling
theorems of non-discrete band-limited functions.

‘The discrete Karhunen-Loeve (DKL) expansion represents a generali-
zation of the DFT expansion in that the coefficients in the DKL
expansion reduce to the coefficients of the DFT expansion when the

original stochastic process is circular or periodic.
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The main difficulty in using the DKL expansion lies in the frequent
lack of physical interpretation of the uncorrelated rahdom variables of
the new stochastic process. These random variables are the eigenvectors
of the covariance métrix for the original stochastic process and the
covariance matrix is a Toeplitz matrix when the process is stationary
in the wide sense. This difficulty is partly due to the lack of expli-
cit expressions for the eigenvalues and eigenvectors of Toép]itz
ﬁatrices, except in the special case when the process is circular or
periodic (the Toeplitz matrix is then a circulant matrix).

We searched unsucceésfu]]y for explicit expressions for the eigen-
values and eigenvectors of Toeplitz matrices. As we pointed out in the
introduction, the existence of the DKL expansion is equiva]gnt to the
existence of a ugitary transformation which transforms the original
Hermitian, Toeplitz matrix into a diagonal matrix. It is known that
such unitary transformations do exist for Hermitian matrices. Our work
in Chapter Two on the DKL expansion shows that the eigenvectors of the
covariance (Toeplitz) matrix form an orthonormal basis for the N-
dimensional vector space determined by the process. Therefore the DKL
expansion is determined by an orthonormal basis possessing some (as yet
unknown) prOperty:

The continuous Karhunen-Loeve expansion possesses an optimal
property with respect to the minimum number of terms in the expansion
needed to represent or approximate the original stq;hastic proceés
(Davenport and Root; Watanabe). We did not find a disckete analogue

for this optimal property but we believe that if a discrete analogue



T-1651 93

were found then this ‘analogue could lead to the unknown property men-
tioned in the previous paragraph.

The partial results that we did obtain, in Chapter Three, are of
some value in the cases where the realizations of the random variables
become negligibly small or approximately periodic for large N. For
small positive integers N, up to 30 or so, the numerical calculations
of the eigenvalues and eigenvectors of Hermitian (Toeplitz) matrices,
and hence the DKL expansion, can be found using either the Jacobi method
or the Householder method.

While the DKL expansion may be difficult to interpret, it may also
be computationally efficient to use. The DKL expansion is determined
by the covariance matrix for the stochastic process and the covariance
matrix can be estimated from a single realization of a process.

A process, having many random variables, may have only a few significant
terms .in its DKLbexbaﬁsion. That 1is, a 1ar§e number of correlated
random variables may be represented by a fewer number of uncorrelated
random variaBles in ifs DKL expansion. This seems to be the situation
when the Karhunen-Loeve expansion is applied to the problems of pattern
.recognition and speech communication (Chien and Fu; Watanabe).

Some work is currently being done on defining a measure of the in-
formational content ("entropy") of a set of observations; this measure
involves the use of Parseval's theorem and covariance matrix of the
process. This approach constructs discrete functions which maximize
the entropy in a given set of observations and as such offers an

alternative to the use of discrete time- and band-limited functions.
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