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ABSTRACT

Non-Darcy flow in fractures complicates the pressure transient analysis of fractured well 

tests and leads to erroneous estimates of fracture properties such as conductivity and 

fracture half-length. Although several studies have been presented in the literature to 

discuss this phenomenon, none of them has provided an easy and practical tool for the 

design and analysis of fractured well tests under the influence of fracture non-Darcy flow. 

They have shown, however, that should the effects of non-Darcy flow be ignored, lower 

estimates of fracture conductivity and fracture half-length would be obtained from the 

well test interpretation.

The overall objective of this thesis is to improve the design and analysis of fractured well 

tests in the presence of non-Darcy flow in the fracture. Because non-Darcy flow in the 

reservoir is outside the scope of this thesis, Darcy flow is assumed in the reservoir under 

all conditions and non-Darcy flow is limited to the fracture. A semi-analytical model is 

used to generate the theoretical transient pressure responses under fracture non-Darcy 

flow effects. From the analysis of the data generated, a practical correlation is developed 

to enhance the design of the fractured well tests. The correlation provides the conditions 

under which non-Darcy flow in the fracture does not have a significant influence on the 

transient pressure responses and thus the interpretation of the data is relatively simplified.

This study also provides a new analysis technique for fractured well tests in the presence 

of fracture non-Darcy flow. This technique is applicable in the existence of bilinear and 

linear flow regimes and is shown to work even when the wellbore storage effects mask 

the bilinear flow. The new technique is advantageous over the conventional analysis



techniques because it requires only one test to estimate the fracture properties and the 

non-Darcy flow coefficient. The new technique also overcomes the non-uniqueness 

problem encountered in the application of the regression techniques when fracture non- 

Darcy flow is effective.
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CHAPTER 1 

INTRODUCTION

1.1 Objective

The general objective of this work is to improve the design and analysis of fractured well 

tests in the presence of non-Darcy flow within the fracture. Even in the absence of non- 

Darcy flow, the analysis of transient pressure responses of finite-conductivity fractures is 

a challenging problem. Non-Darcy flow further complicates the analysis and usually 

leads to erroneous or non-unique interpretations of the transient pressure data.

Many formation, fracture, and fluid parameters are responsible for the deviation from 

Darcy’s Law and this complicates the understanding and control of the non-Darcy flow 

effects. Several numerical, analytical, or semi-analytical models have been proposed in 

the literature1"5 to understand and predict the effects of non-Darcy flow but because of the 

complexity of these models, they have not attracted much attention. Therefore, one of the 

objectives of this study is to develop a simple and practical correlation that can be used to 

design fractured well tests with negligible influence of non-Darcy flow in the fracture. 

The semi-analytical model discussed in Refs. 4 - 6  provides the data that are the basis of 

the correlation. For simplicity, it is assumed that the flow in the reservoir always obeys 

Darcy’s Law and non-Darcy flow only takes place in the fracture. This assumption is in 

line with the prediction of Ref. 2 that non-Darcy flow in the reservoir should be 

negligible compared to that in the fracture.

In some cases, the effect of non-Darcy flow in the fracture may not be completely 

eliminated by simple design considerations or the data may have already been affected by 

fracture non-Darcy flow because of poor test design. In these cases, the well-test analyst 

is challenged by two fundamental problems. The first one of these problems is the
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requirement of two tests at different flow rates as proposed by Guppy et al.4 and Guppy 

et al.5 to determine the non-Darcy flow effects and to obtain accurate estimates of 

fracture conductivity and half-length. Running two tests at different rates, however, is 

usually not a practical proposition. When the data are only available from a single test, 

then the analyst faces the non-uniqueness problem in the conventional analysis of the 

data (regression or type-curve matching with the theoretical responses). This is because 

of the fact that infinitely many combinations of the fracture conductivity and non-Darcy 

flow coefficient may generate the same pressure transient response.6 Each combination 

of these parameters corresponds to a different fracture half-length and unless one of the 

three parameters, non-Darcy flow coefficient, fracture conductivity, and fracture half- 

length, is known by independent means, the conventional analysis does not yield accurate 

estimates. Therefore, the second objective of this thesis is to develop a new analysis 

technique that should overcome the non-uniqueness problem without requiring multiple 

tests.

1.2 Organization

This thesis is divided into five chapters. The introduction of the thesis is presented in 

Chapter 1. This chapter presents the objectives and the organization of the thesis. A 

section on literature review is also included in Chapter 1.

Chapter 2 presents the definition of non-Darcy flow and its effect on transient pressure 

responses. Here, the pseudo skin concept is used for the development of a correlation that 

can be used to minimize the non-Darcy flow effects during a well test.

Chapter 3 briefly discusses the productivity reduction resulting from non-Darcy flow 

effects in fractures by using the productivity ratio concept. Because the focus of this



3

thesis is the analysis of the transient pressure responses, the discussion on productivity 

reduction is brief and introductory.

Chapter 4 is devoted to the analysis of fractured-well-tests in the presence of non-Darcy 

flow in the fracture. A new analysis technique is presented that has two advantages over 

the conventional analyses: i) uniqueness of the solutions and ii) the need for only one 

well test to complete the analysis. The validity of the new technique is demonstrated by 

two example applications.

Chapter 5 presents a general discussion of the results. The most important conclusions 

drawn from the research presented are also highlighted in this chapter.

1.3 Literature Review

It is a common practice to hydraulically fracture low permeability gas reservoirs to 

increase production. The hydraulic fracture, however, complicates the transient flow 

behavior of the well. If non-Darcy flow also prevails in the fracture, the transient flow 

behavior becomes even more complex.

Many authors have conducted research to determine the effects of hydraulic fractures on 

well performance and transient pressure behavior. In 1968 Millheim and Cichowicz1 

presented one of the first transient pressure solutions for vertically fractured gas wells. 

They assumed ideal gas flow and included the effects of formation damage and non- 

Darcy flow in the reservoir. One year later, Wattenbarger and Ramey2 extended the 

previous work to real gases using the pseudo-pressure function concept. As in Ref. 1, 

they considered non-Darcy flow only in the reservoir. They demonstrated that for short 

fractures, the non-Darcy flow affects the linear and pseudo-radial flow regimes and from 

the linear flow period, a low estimate of fracture half-length results. Wattenbarger and
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Ramey also discussed that the non-Darcy flow effects within the fracture could have 

more significant influence on the transient flow behavior than non-Darcy flow in the 

reservoir.

Holditch and Morse3 used a numerical model to study non-Darcy flow effects both in the 

fracture and reservoir. They concluded that non-Darcy flow in the fracture causes lower 

estimates of fracture length, reduces the apparent fracture conductivity near the wellbore, 

and affects the shape of the pressure buildup responses.

In 1982 Guppy et al.4 developed a semi-analytical model to analyze post-ffacturing 

drawdown data. This work showed the changes in the flux distribution along the fracture 

in the presence of non-Darcy flow and demonstrated the resulting reduction in the 

apparent fracture conductivity. They found that the apparent conductivity is a function of 

the non-Darcy dimensionless flow rate, qoND, and the true conductivity, C/d. They 

developed a method to compute the true conductivity based on the identification of the 

bilinear flow period and using two well tests at different flow rates. These authors further 

extended the method to analyze buildup responses5.

In 2000, Umnuayponwiwat et al.6 used the semi-analytical model explained in Refs. 4 

and 5 to study the effects of fracture non-Darcy flow on drawdown and buildup 

responses. They showed that non-Darcy flow effects increase the pressure drop in the 

fracture, change the flux distribution, and affect the fracture performance. They explained 

that ignoring the non-Darcy flow in the fracture would result in significantly lower 

estimates of fracture length and conductivity. These authors further concluded that non- 

Darcy flow responses could be matched with the Darcy flow responses for infinitely 

many combinations of qoND and C/d .
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Settari et al.1 analyzed the non-Darcy flow effects on fractured wells in high permeability 

gas reservoirs. They demonstrated that by fracturing the well, the reservoir non-Darcy 

flow effects could be removed. Correlations were provided to compute the required 

fracture half-lengths to remove non-Darcy flow effects in the reservoir and to remove the 

mechanical skin. Unfortunately, these correlations are not general to be used for all 

practical applications.

In this study, the semi-analytical model discussed in Refs. 4-6 was used to study the 

fractured-well-test design and analysis in the presence of fracture non-Darcy flow. 

Following the lines of Wattenbarger and Ramey2, the non-Darcy flow effects in the 

reservoir are assumed negligible compared to those in the fracture. A more general 

correlation than that presented in Ref. 7 is developed to provide guidelines for the design 

of fractured well tests if fracture non-Darcy flow is of concern. A new analysis technique 

was also developed for fractured-well-tests that requires only one test and provides 

accurate and unique estimates of fracture half-length and fracture conductivity.
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CHAPTER 2

RATE DEPENDENT SKIN AND THE EFFECT OF NON-DARCY FLOW

2.1 Objectives

This chapter discusses the non-Darcy flow skin (or rate dependent skin) concept and 

presents a non-Darcy flow correlation that can be used to limit the fracture non-Darcy 

flow skin to 0.1. This correlation is useful to design fractured well tests that are not 

significantly influenced by fracture non-Darcy flow. The envelope of the formation, fluid, 

and fracture properties to assure a non-Darcy flow skin less than or equal to 0.1 is defined 

as a “safe region” for fractured well tests. When the well test is designed and run in the 

safe region, the additional pressure drop that may be due to non-Darcy flow should be 

within 10% of the drawdown for the corresponding Darcy flow pressure drop. This 

ensures that fracture non-Darcy flow does not significantly interfere with the 

interpretation of the pressure transient data.

The chapter starts with discussing non-Darcy flow in reservoirs and fractures. As 

explained in section 1.3, because the effects of non-Darcy flow in the reservoir is usually 

negligible compared to those in the fracture, only the effect of non-Darcy flow in the 

fracture is considered in this study. The assumptions about the reservoir-fracture-well 

system follows. The definitions of the dimensionless variables used are provided. After 

introducing the base case used in the investigations, the effect of non-Darcy flow on 

transient pressure responses is discussed. The non-Darcy flow skin concept is explained. 

This is followed by the methodology used to develop the non-Darcy flow correlation for 

the “safe region”. Finally, this chapter concludes by highlighting the benefits of the non- 

Darcy flow c o r r e l a t i o n . __________________   - -  -  - — ----------
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2.2 Non-Darcy Flow in Reservoirs

In 1856, Henry Darcy, a French engineer, conducted a series of experiments measuring 

the flow of water through unconsolidated sand filters. He proposed an equation, known as 

Darcy ’s law, which described the flow of water through porous media. In a more general 

form applicable to all fluids, this equation states that the velocity of the fluid is 

proportional to the pressure gradient in the medium. Neglecting the gravitational effects, 

Darcy’s Law is mathematically expressed as

Darcy’s experiments were conducted at relatively low velocities. However, it is known 

that the high pressure gradients around the wellbore may cause higher velocities than 

those considered by the Darcy’s law. This may cause the fluid flow to deviate from 

Darcy’s law especially in gas reservoirs where the flow velocities are usually higher.

In 1901, Forchheimer established the following relationship to account for the additional 

pressure drop because of non-Darcy flow effects

Eq. 2-1

where V/7 = pressure gradient, atm/cm,

u = superficial fluid velocity vector, cm/s,

p = viscosity, cp,

k = formation permeability, darcy.

Vp — u— I- f^pu ,
k

Eq. 2-2

where ft = non-Darcy flow coefficient, atm-s2/g,

p  = density, gr/cm3.



Forchheimer’s equation states that the total pressure gradient corresponds to the sum of 

the pressure gradients due to viscous forces (the first term in the right hand side of 

Eq. 2-2) and the inertial forces (the second term in the right hand side of Eq. 2-2). At low 

velocities, the pressure gradient is controlled by the viscous drag of the fluid molecules 

on the grain8 and Darcy’s law is valid. As mentioned by Geertsma9, the non-Darcy 

inertial forces are mainly created by the acceleration and deceleration of the fluid 

particles moving through the porous medium.

It is evident that for the same velocity and properties, the pressure drop for the non-Darcy 

flow case will be higher than that for the Darcy flow case. If non-Darcy flow is present 

and it is desired to keep the same pressure drop as in the Darcy flow case, a productivity 

reduction would occur.

2.3 Non-Darcy Flow in Fractures

It is a common practice to create hydraulic fractures to improve the productivity of wells 

producing from low-permeability-gas reservoirs. The fracture provides a higher 

conductivity medium around the wellbore that eases the flow into the well.

The presence of a (generally vertical) fracture complicates the mathematical and physical 

description of flow towards the wellbore. Several authors4"6,10 agree that the transient 

pressure responses of finite-conductivity fractures with non-Darcy flow is governed by 

the following two dimensionless parameters

where_______ Çjd

kf

W f

k f wf
Cjd , Eq. 2-3

k x f

dimensionless conductivity5 

fracture permeability, md, 

fracture width, ft,
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and

Xf = fracture half-length, ft,

4 .64x10-%
Q dnd  ~  j » ^'cl' ^WjhjU;

where qDND = non-Darcy dimensionless flow rate,

p  = non-Darcy flow coefficient, ft"1,

M  = gas molecular weight, Ibm/lbmole,

q = constant surface flow rate, MSCF/D,

h = formation thickness, ft,

//, = initial gas viscosity, cp.

The p  term defines the non-Darcy flow characteristics of a given medium and is 

determined by laboratory measurements.

As mentioned in Chapter 1, following the discussion of Wattenbarger and Ramey,2 it is 

assumed in this study that flow always obeys Darcy’s law in the reservoir and only non- 

Darcy flow in the fracture is considered. Therefore, the objective of this chapter is to 

provide tools to minimize the fracture non-Darcy flow effects in the analysis of pressure 

transient responses.

2.4 System Definitions and Dimensionless Variables

For the purpose of this study, the following considerations were made: A real gas is 

flowing through a laterally infinite, isotropic, and homogeneous reservoir of 

permeability, k, and uniform thickness, h. A vertical well has been hydraulically fractured 

and the fracture fully penetrates the pay zone. The vertical, finite-conductivity fracture 

has a half-length of x/, permeability of kf, and width of w/. Fig. 2-1 shows a sketch of the
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system. Production is at a constant rate at the sandface (this chapter does not examine 

wellbore storage effects).

Because real gas flow is considered in this study, the results are presented in terms of 

pseudo-pressure, defined by

p

M p )  = 2 f P dp , Eq. 2-5
o Z (P )P(P )

where p  = pressure, psi,

Z = gas compressibility factor.

The dimensionless form of the previous equation is

= • Eq. 2-6

where /?, = initial pressure, psi,

p wf  = flowing bottomhole pressure, psi,

T = reservoir temperature, °R.

q = gas flow rate, MSCF/D.

In Eq. 2-6 the dimensionless time, to, is defined in field units by

where = viscosity-compressibility product at initial conditions.

The dimensionless flux is defined as

q A xo) =2Xfqf(X) ■ Eq. 2-8
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where q/ = flux at the fracture surface at a distance x  from the well, 

MSCF/D/ft.

The dimensionless length represents the point within the fracture where the solution is 

obtained and is defined by

X  Î-. -- Eq. 2-9

2.5 The Semi-Analytical Model

The data used in this study was generated by using a semi-analytical model discussed in 

Refs. 4 - 6 .  Because the objective of this work is to study the effects of non-Darcy flow in 

fractures, the development of the model is not discussed here. The basic equations of the 

model, however, are briefly introduced below.

The equation used to describe the flow in the fracture is

™D(0,tD) - m D(xD,tD) = 2n
CJD

XD XD

JVcD dXû  +  QdND \ ^ cD ^ X D Eq. 2-10

where

and

WDfOJo) = dimensionless pseudo-pressure at the wellbore (xd = 0) 

at time to,

^id(xdJd) = pseudo-pressure at some distance xd from the well at time to, 

q CD = dimensionless flow rate at some point xd in the fracture,

   1-
?co(^o)= J?yD(0<* Eq. 2-11
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The dimensionless time, f#, is defined by Eq. 2-7 and the dimensionless length, is 

given by Eq. 2-9.

The dimensionless pseudo-pressure m o  (x d J d)  in Eq. 2-10 is given by

m,
(*0 ~ to)

exp (xD - Q 2 
4(̂ d -T )

+ exp
{xD +Q 2 
4(/D- r )

d tdr  .

Eq. 2-12

Although this summary of the model is presented for drawdown solutions, the model can 

also be used for buildup. Note that the computation of Eq. 2-10 requires discretization of 

time and fracture length. Also, due to the non-linearity condition of the expression, an 

iterative scheme is used to obtain the solution. The numerical evaluation of the solution 

given in Eq. 2-10 is discussed in Ref. 4 and will not be explained here because it is out of 

the scope of this thesis.

2.6 Ranges of Reservoir, Fluid, and Fracture Properties Investigated in this Study

Several parameters were investigated to obtain a correlation for the region that is safe 

from non-Darcy flow effects in the fracture. Table 2-1 presents the ranges of the iteration 

parameters for the reservoir, fluid, and fracture properties. They were selected to cover 

the most practical ranges for gas reservoirs and fractured wells.
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TABLE 2-1. Ranges of Reservoir, Fluid, and Fracture Properties
Parameter 1 2 3 4 5 Units

Formation Porosity, ^ 0.1 0.2 -- fraction

Formation Thickness, h 60 100 120 -- -- ft.

Initial Gas Viscosity, m 0.015 0.018 -- --- cp.

Gas Density, p 8.23 9.96 11.83 13.84 Ibm/ff3

Total Compressibility, ct 1.E-05 2.E-04 — - -- -- psi"1

Specific Gravity of Gas, yg 0.6 0.7 0.8 0.9 -- --

Gas Molecular Weight, M 17.382 20.279 23.176 26.073 -- Ibm/lbmole

Reservoir Pressure, p, 1000 2000 3000 5000 6000 psia

Formation Permeability, k 0.1 1 10 20 30 md

Fracture Permeability, kf 10000 50000 360000 720000 -- md

Fracture Width, wf 0.15 0.25 0.45 -- -- in.

Gas Flow Rate, q 1000 5000 7000 10000 20000 MSCF/D

Non-Darcy Flow Coefficient, /? 0 0.98x105 1.29x105 1.79x10* --- ft'

Fracture Half Length, xf 50 100 200 300 -- ft.

The values presented in Table 2-1 were mostly taken from the works by Vincent et al}.  

Guppy et a l 4, and Settari et a l 1 Some comments on the values shown in Table 2-1 

should be useful:

Settari et a l 1 considered three values for the initial reservoir pressure: 1000, 3000 and 

5000 psia. In this work, pressures up to 6000 psia were investigated.

The maximum reservoir permeability value considered in this work was 30 md. Settari et 

al.1 examined the effects of non-Darcy flow for moderate to high reservoir permeability
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(from 5 to 500 md.) with short fracture half-lengths, Xf, (up to 64 ft.) In this study, the 

values of x/were up to 300 ft.

Fracture permeability and width, being the critical fracture properties governing non- 

Darcy flow, are of great interest in this study. Their range is very wide, covering almost 

all possibilities in the design of fractures. Note that these parameters appear in both, the 

dimensionless conductivity (Eq. 2-3) and dimensionless non-Darcy flow rate (Eq. 2-4) 

equations. As the fracture permeability approaches the reservoir permeability value, the 

conductivity decreases and the system acts like no fracture is present (ineffective 

fracture). Also, an increase in the fracture width should decrease the fluid velocity, 

causing less deviation from Darcy’s law.

The influence of the flow rate is also studied in detail. Working from low to high values, 

this crucial parameter is also correlated to cover most practical possibilities.

Four values for the non-Darcy flow coefficient, /?, are considered, including the Darcy 

flow case {fi = 0). This parameter is usually presented in atm-s2/g, however, to be 

consistent, the (3 coefficient is used in ft*1 in this work (the following conversion factor 

can be used: 1 atm-s2/g is equivalent to 30.8917959 x 106 ft'1). The /2-factors are taken 

from Vincent et al.s which correspond to the common values for propping agents. It must 

be noted that some correlations exist in the literature to compute the /2-factors as a 

function of system properties. For the purposes of this study, we only used a range of 

/2-factors independent of the system properties.

2.7 Non-Darcy Flow on Transient Pressure Responses

The transient pressure response of a fractured well may be affected by the presence of 

non-Darcy flow in the fracture. It has been discussed in the literature1*6 that if the non-
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Darcy flow effects are neglected, the fracture conductivity and half-length may be grossly 

under-estimated from the analysis of pressure responses. These errors are also reflected 

on the estimation of formation properties by well tests. This will be discussed in detail in 

Chapter 4. This section intends to document and correlate the effect of non-Darcy flow 

on transient pressure behavior.

As explained above, non-Darcy flow increases the pressure drop in the fracture. Fig. 2-2 

shows the log-log plot of dimensionless pseudo-pressure versus dimensionless time for a 

fracture half-length of 200 ft and a value of non-Darcy flow coefficient of /?= 0.98 x 105 

ft'1. The pressure responses shown in Fig. 2-2 were obtained for three different flow rates: 

1000, 5000, and 10000 MSCF/D with the corresponding dimensionless non-Darcy flow 

rates qoND = 12.62, 63.12, and 126.24, respectively. The formation and fracture properties 

are the same for all three cases. The dimensionless fracture conductivity is C/d -  375, 

which is considered as infinite conductivity.

The Darcy-flow case (/? = 0) is also shown in Fig. 2-2 for comparison (as discussed in 

Chapter 4, this is usually used as type curve for transient pressure analysis). The 

dimensionless pseudo-pressure for the Darcy-flow case is not a function of the flow rate. 

For the non-Darcy flow cases, however, it is apparent that the higher the qoND, the higher 

the pressure drop and therefore the more the influence of non-Darcy flow effects.

2.8 Fracture Non-Darcy Flow Skin

The difference between the dimensionless pseudo-pressures of a fracture with non-Darcy 

and Darcy flow (/? = 0) in the fracture is called the fracture non-Darcy flow pseudo-skin. 

This is expressed as

AmO?)D =m(p)D ND-m{p) DD . Eq. 2-13
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Because the non-Darcy pseudo-skin depends on the value of qoND, it is also known as the 

rate dependant skin. If everything else is constant, non-Darcy pseudo-skin varies with 

flow rate. For a fixed value of flow rate, however, it will change with time until stabilized 

flow is reached (pseudo-radial flow). After stabilized flow begins, the pseudo-skin 

becomes constant. Fig. 2-3 illustrates this behavior. Note that at the onset of the pseudo- 

radial flow {to » 20) the curves for Darcy and non-Darcy flow become parallel. This 

means that the non-Darcy pseudo-skin is no longer rate dependant and, therefore, it 

becomes a constant value. This is referred to as fracture non-Darcy flow skin and denoted 

hereafter as S^D.

In Fig. 2-4, fracture non-Darcy flow skin, Snd> has been plotted against Cjd- It is apparent 

that the higher the dimensionless conductivity, the lower the non-Darcy flow skin (and 

therefore, the lower the productivity reduction caused by non-Darcy flow effects). 

Because Snd can be used to measure the reduction on productivity of the well, this 

parameter was adopted as the main tool to correlate the fracture performance.

In order to explain the procedure used to determine the fracture non-Darcy flow pseudo­

skin, Table 2-2 shows the Darcy and non-Darcy flow data used to generate the curves in 

Fig. 2-3. The non-Darcy pseudo-skin was calculated as shown in Eq. 2-13. At the onset 

of the pseudo-radial flow it can be seen that Snd is constant and approximately equal to 

0.168.

In this study, it was arbitrarily chosen that a difference of 10% between the non-Darcy 

and Darcy flow dimensionless pressure responses might be taken as the limit of tolerable 

non-Darcy flow effects. As mentioned before, however, fracture non-Darcy flow pseudo­

skin, Snd = 0.1, was used to develop the correlation for the effect of non-Darcy flow. 

Note that for the example presented in Table 2-2, S nd = 0.1 represents 3.4% of the total
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Darcy flow pressure drop. For the other cases, this percentage could be higher or lower, 

but never exceeds 10%.

TABLE 2-2. Data Used to Generate Fig. 2-3

tD Darcy Flow
01 wD

Non-Darcy Flow
01 wD Snd

1.00E-05 0.0082 0.0441 0.0360

1.00E-04 0.0204 0.0828 0.0624

1.00E-03 0.0583 0.1499 0.0916

1.00E-02 0.1731 0.2896 0.1165

1.00E-01 0.4949 0.6319 0.1370

1.00E+00 1.2143 1.3734 0.1591

2.00E+00 1.5099 1.6731 0.1632

3.00E+00 1.6942 1.8591 0.1649

4.00E+00 1.8284 1.9943 0.1658

5.00E+00 1.9341 2.1005 0.1664

6.00E+00 2.0213 2.1881 0.1668

7.00E+00 2.0955 2.2626 0.1671

8.00E+00 2.1601 2.3274 0.1673

9.00E+00 2.2173 2.3848 0.1674

1.00E+01 2.2687 2.4362 0.1676

2.00E+01 2.6091 2.7773 0.1682

3.00E+01 2.8098 2.9782 0.1684

4.00E+01 2.9526 3.1211 0.1685

2.9 Methodology

In this work, a correlation is proposed to improve the design of fractured well tests to 

minimize the non-Darcy flow effects in the fracture. This section describes the steps
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taken to arrive at the final form of the correlation and helps the reader appreciate the 

importance of each parameter in the correlation.

First, reservoir, fluid, and fracture properties are set to constitute a base case. These 

properties are modified when necessary to study the effect of the change on non-Darcy 

flow characteristics. Table 2-3 presents the data for the base case.

TABLE 2-3. Base Case Data

Property Value Units

Reservoir Pressure, p, 3000 psia

Formation Permeability,k 0.1 md

Formation Porosity, ^ 0.1 fraction

Formation Thickness, h 60 ft

Initial Gas Viscosity, //, 0.018 cp

Gas Density, p 8.23 Ibm/ff

Total Compressibility, c f 1.00E-05 psi"1

Non-Darcy Flow Coefficient, p 0.98x105 ft"1

Fracture Half Length, x f 200 ft

Fracture Permeability, k f 360000 md

Fracture Width, wf 0.02083 ft

Reservoir Temperature, T 190 °F

Specific Gravity of Gas, y g 0.6

Gas Molecular Weight, M 17.382 Ibm/lb mole

2.9.1 General Procedure

In this study, more than 1200 combinations of the properties shown in Table 2-3 were 

considered. To calculate S'y/), the transient pseudo-pressure responses of fractured wells
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for both Darcy and non-Darcy flow cases were generated by using the semi-analytical 

model discussed in Refs. 4 - 6 .

To examine the effects of fracture, reservoir, and fluid properties, non-Darcy flow skin, 

S n d ,  was plotted as a function of fracture half-length, x/, and production rate, q (or qoND)- 

The other system properties were then changed to observe the influence on Snd- In this 

process, the system property being changed is called the iteration parameter.

Fig. 2-5 shows a plot of S n d  v s . x /  for the base case shown in Table 2-3. Four different 

flow rates are considered in this figure. The intersection points of the curves for different 

flow rates with the line S n d  ~ 0.1 indicate the pairs of fracture half-length and production 

rate to have less than 10% pressure drop due to non-Darcy flow. This figure can be used 

for design purposes. For example, if 10000 MSCF/D is the desired q, the maximum x/ 

allowed in order to limit the fracture non-Darcy flow effects to S n d  = 0.1 is about 110 ft. 

For production purposes, assuming that a 200-ft. long fracture exists, considerable 

pressure drop due to non-Darcy flow (> 10%) should be expected for flow rates higher 

than 5000 MSCF/D.

As mentioned earlier, the main objective of this work is to develop a correlation to 

determine the system properties that would limit the additional pressure drop due to non- 

Darcy flow to 10% of the drawdown for the Darcy flow case. The intersection points of 

the curves in Fig. 2-5 with S n d  = 0.1 provide the data to be used in the correlation. To 

obtain a correlation, the properties used in Fig. 2-5 were changed within the ranges 

shown in Table 2-1, and the intersection point of the curves with the Snd = 0.1 line was 

noted for each case. It must be emphasized that S n d  = 0.1 is rather an arbitrary value 

chosen in this work for tolerable non-Darcy flow effects. At S n d  = 0.1, the pressure drop 

due to non-Darcy flow corresponds to different percentiles of the total drawdown for 

different cases. As will be shown later, however, for all the cases considered in this study,
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Snd -  0.1 represents a non-Darcy flow pressure drop less than 10% of the total Darcy 

flow drawdown. In the following sections, the influence of the system properties on the 

fracture non-Darcy flow skin, S n d ,  is investigated.

2.9.2 Effect of Non-Darcy Flow Coefficient, /?.

The first iteration parameter is the non-Darcy flow coefficient, J3. Fig. 2-6 presents the 

same cases shown in Fig. 2-5, except that two other J3 values have been added. The pairs 

of the flow rate and fracture half-length at the intersection points of the curves in Fig. 2-6 

with S n d  = 0.1 were plotted in Fig. 2-7 for three values of /?. In this plot, the region to the 

left of each curve represents the “safe region”, where the non-Darcy flow effects have 

tolerable influence for well testing purposes.

The trend of the three curves in Fig. 2-7, suggests that they may be combined to obtain a 

single curve by a lateral shift. It was found that the curves for different p  values collapse 

into one single curve on a plot of q vs. x/ p. Fig. 2-8 illustrates this behavior and 

represents the first step toward obtaining a correlation for the fracture non-Darcy flow 

effects.

The correlation shown in Fig. 2-8 was tested for several values of initial reservoir 

pressure and fracture width. Although the effects of these parameters will be discussed 

later, Figs. 2-9 and 2-10 verify that the correlation obtained at this stage is valid for all 

property ranges. Due to the results obtained so far, p  will not be considered as a 

parameter in the following sections and the values of p  used to develop the correlation 

will not be given.
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2.9.3 Effect of Fracture Width, wy.

The fracture width, viy, affects the flow velocities and thus it is an important property for 

the presence of non-Darcy flow. The three different w/values used in Fig. 2-11 cover a 

wide range of practical fracture widths. Examination of Fig. 2-11 reveals parallel nature 

of the curves for different values of vty. Because q and w/ appear, respectively, in the 

nominator and denominator of the dimensionless non-Darcy flow rate equation (Eq. 2-4), 

it was reasonable to construct a new ordinate axis as q I w/. Also from the definition of 

dimensionless conductivity (Eq. 2-3), the abscissa was scaled by Wf to yield Xf P /  vty. 

Fig. 2-12 shows the final form of the correlation at this stage that incorporates p  and w/. 

Note that all the curves in Fig. 2-12 overlap indicating an excellent correlation.

2.9.4 Effect of Reservoir Permeability, k.

The results obtained in Sections 2.9.2 and 2.9.3 were for k -  0.1 md. Figs. 2-5 and 2-6 

present the behavior of S n d  vs. jy for & = 0.1 md where S n d  =  0.1 is the threshold value. 

The same plot is shown on Fig. 2-13 for & = 1 md. As expected, the non-Darcy flow 

effects become significant at lower flow rates or for shorter fracture half-lengths for k=  1 

md. This may be better explained with an example. Consider the case k = 0.1 md and 

q = 10000 MSCF/D for p=  0.98 x 105 ft"1. Note on Fig. 2-6 that the maximum x/allowed 

to minimize non-Darcy flow effects is about 125 ft. For the A: = 1 md case (see Fig. 2-13), 

however, the fracture half-length is only a few feet for the same conditions. Now assume 

that the fracture is already created and x /=  125 ft. To produce the well under tolerable 

non-Darcy flow effects, the maximum producing rate should be 1000 MSCF/D, which 

represents 10% of the flow rate initially considered.

To add confidence to these observations, the case for A; = 10 md was also examined. 

Table 2-4 shows the Darcy and non-Darcy flow dimensionless pseudo-pressures and 

fracture non-Darcy flow pseudo-skin for the data used in Table 2-2 (q = 10000 MSCF/D,
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Q d n d  ~ 126.24, P=  0.98 x 105 ft'1, x/=  200 ft.) except for A: = 10 md. The same data are 

also presented graphically in Fig. 2-14. Comparing Tables 2-2 and 2-4, or graphically, 

Figs. 2-3 and 2-14, it is apparent that the non-Darcy flow skin increases as the 

permeability increases. (The pressure drop because of Darcy and non-Darcy flow become 

higher as the permeability increases. However, while the Darcy flow pressure drop 

increases by 40%, the non-Darcy flow pressure drop increases by 100%.)

The fact that the dimensionless pressure drop increases as the reservoir permeability 

increases may be contrary to our expectations and deserves comment. As discussed in 

Section 2.3, as the reservoir permeability increases, the dimensionless conductivity 

decreases and the flow diverts to the regions closer to the wellbore. In other words, the 

efficiency of the fracture decreases and the efficiency of the reservoir increases as k 

increases. The interplay between these two effects and the fact that k is a scaling 

parameter in the definition of the dimensionless pseudo-pressure (Eq. 2-6) determines the 

final dimensionless pressure drop. The S m  value for the example presented in Table 2-4 

where x/ = 200 ft. is approximately 2.2, which represents 54.8% of the Darcy flow 

pseudo-pressure drop. Computations indicate that for k = 10 md the threshold value of 

S n d  = 0.1 no longer represents 10% of the dimensionless pressure for the corresponding 

Darcy flow case, but a much lower percentage.
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TABLE 2-4. Data Used to Generate Fig. 2-14

*0
Darcy Flow

mWD
Non-Darcy Flow

mwD Snd

1.00E-04 0.1211 0.6284 0.5074

1.00E-03 0.2227 1.1652 0.9425

1.00E-02 0.3996 1.8506 1.4510

1.00E-01 0.7699 2.6987 1.9287

7.00E-01 1.3849 3.5396 2.1547

1.00E+00 1.5303 3.7072 2.1768

1.00E+01 2.5989 4.8333 2.2344

1.00E+02 3.7410 5.9820 2.2411

2.00E+02 4.0870 6.3284 2.2414

Fig. 2-15 presents the Snd v s . x/  plot for & = 10 md. Note that if Snd ~ 0.1 is kept as the 

threshold value, the corresponding fracture half-lengths approach zero. Computations not 

shown here also indicate that the additional pressure drop due to non-Darcy flow is well 

in excess of 10% of the drawdown for practical fracture half-lengths in Fig. 2-15. This 

indicates that for the data shown in this example, non-Darcy flow effects may not be 

avoided by simple design considerations.

In Figs. 2-16 and 2-17 S n d  v s . x/  has been plotted for k  = 2 0  and 30 md respectively. 

From Figs. 2-15 through 2-17, it is evident that as the permeability increases, the non- 

Darcy flow effects in the fracture increase in such a way that practically nothing can be 

done to avoid it. (To minimize non-Darcy flow, very low flow rates or extremely short 

fracture half-lengths would be required.) The results thus far lead to the conclusion that
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up to A: = 1 md, the non-Darcy flow effects can be effectively controlled. For A: = 10 md, 

however, productivity loss due to non-Darcy flow may not be avoided.

Exploring more on Figs. 2-16 and 2-17, it can be seen that S n d  becomes almost constant 

as x/ increases. An explanation for this behavior is necessary: As x/ increases, Cjd 

decreases (see Eq. 2-3) and more fluid enters the fracture from the region closer to the 

wellbore. There is, however, a limit at which further increase in the fracture half-length 

does not contribute with additional production and the fracture is considered ineffective. 

As a consequence, the non-Darcy pressure drop becomes constant and hence the non- 

Darcy flow skin.

In light of the above discussion, the effect of reservoir permeability was incorporated into 

the correlation for non-Darcy flow effects considering a threshold value of Snd -  0.1. 

Fig. 2-18 shows the correlation for k = 0.1 and A: = 1 md. As in the case of p  and w/, many 

permutations of the axes were examined to collapse the two curves in Fig. 2-18. Fig. 2-19 

presents the new correlation where the reservoir permeability was incorporated by 

multiplying the abscissa and ordinate of Fig. 2-18 by km . This yielded one single curve 

for both values of the permeability. As in the previous form of the correlation, this single 

curve indicates that the region to the left of the curve corresponds to the area where non- 

Darcy flow effects are insignificant.

The intersection points of the constant flow rate curves with S n d  = 0.1 for the case 

k = 10 md (see Fig. 2-15) were tested on Fig. 2-19 and all the points fell on the curve. 

However, because no practical values of fracture half-lengths result from the intersection 

(x/ < 3 ft.), the cases k = 20 and k = 30 md were not considered in the correlation (as 

discussed before, it is almost impossible to avoid the non-Darcy flow effects as the 

reservoir permeability increases).
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2.9.5 Effect of Fracture Permeability, kf.

A wide range of fracture permeabilities was considered in this work (see Table 2-1). 

Fig. 2-20 shows the correlation for the base case (Table 2-3), except for p  = 0.98 x 105 

and 1.79 x 105 ft"1. Note that the curves for the two P  values overlap verifying the 

correlation obtained so far. The same behavior was observed for kf -  720000 and 50000 

md (results not shown here) but not for kf= 10000 md.

Fig. 2-21 shows the correlation for non-Darcy flow effects for the base case and the four 

different kf values. Note that only the case for kf= 10000 md does not follow the trend. 

However, it is important to note that the curve for kf= 10000 md is located up and to the 

right of the general trend or correlation. This indicates that the correlation developed here 

provides conservative estimates of the properties for which non-Darcy flow is of concern 

and by using this correlation, it is assured that the non-Darcy flow effects would be 

limited to tolerable ranges for all fracture permeabilities.

Based on the results discussed so far, Fig. 2-22 shows the non-Darcy flow correlation 

developed. Below, the influence of the other physical properties is discussed.

2.9.6 Effect of the Other Properties

This section discusses the influence of some formation and fluid properties, such as: 

specific gravity, yg, initial gas viscosity, //„ total compressibility, ch formation thickness, 

h, and formation porosity, $  on the non-Darcy flow correlation developed above.

To conduct the analyses, the properties set on Table 2-3 were changed and the effects on 

the correlation were observed. Seven test cases shown in Tables 2-5 through 2-11 were 

examined. The same procedure explained in Section 2.9.1 was followed but only one 

flow rate was considered. Therefore, the intercept of the S n d  vs. x/curve with S n d  = 0.1 is 

a single point for each test case and yields a test point (seven test points in total).
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Fig. 2-23 shows the Snd v s . x/ plot for the test cases and the intercepts at Snd = 0.1. The 

intercepts were then plotted on the correlation chart and checked for agreement. This is 

shown in Fig. 2-24 and discussed below.

Test Point 1

Table 2-5 shows the data used to obtain Test Point 1. Comparing this table with the base 

case (Table 2-3), we note that the following properties has been changed: k, p, and vty.

TABLE 2-5. Data Used for Test Point 1

Property Value Unit

Reservoir Pressure Pi 3000 psia

Formation Permeability k 1 md

Formation Porosity <i> 0.1 fraction

Formation Thickness h 60 ft

Initial Gas Viscosity Mi 0.018 cp

Gas Density P 8.23 lbm/ft3

Total Compressibility Ct 1.00E-05 psi"1

Non-Darcy Flow Coefficient P 1.79E+05 ft"1

Fracture Permeability kf 360000 md

Fracture Width wf 0.45 in.

Reservoir Temperature T 190 °F

Specific Gravity of Gas r g 0.6 --

Gas Molecular Weight M 17.382 Ibm/lb mole

Gas Flow Rate q 7000 MSCF/D

These changes were already studied and incorporated to the correlation in earlier 

sections, but they are presented here for reference. Note from Fig. 2-24 that Test Point 1 

falls on the correlation curve as expected.
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Test Point 2

To obtain Test Point 2, all the values except /?, were changed from the base case {k was 

kept as 1 md). The new values are presented on Table 2-6.

TABLE 2-6. Data Used for Test Point 2

Property Value Unit

Reservoir Pressure Pi 3000 psia

Formation Permeability k 1 md

Formation Porosity <l> 0.2 fraction

Formation Thickness h 100 ft

Initial Gas Viscosity Pi 0.015 cp

Gas Density P 11.83 lbm/ft3

Total Compressibility c t 2.00E-04 psi'1

Non-Darcy Flow Coefficient P 1.297E+05 ft'1

Fracture Permeability kf 250000 md

Fracture Width wf 0.35 in.

Reservoir Temperature T 190 °F

Specific Gravity of Gas rg 0.8 --

Gas Molecular Weight M 23.176 Ibm/lb mole

Gas Flow Rate q 7000 MSCF/D

Test Point 2 does not fall on the correlation curve (Fig. 2-24), which indicates that some 

of the modified parameters have influence on non-Darcy flow. To find and incorporate 

the individual effects of these properties, Test Points 3-7 were examined.
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Test Point 3

This data set is basically the same as that used for Test Point 2, except that the specific 

gravity, has been changed back to 0.6. Table 2-7 presents the data used for this case.

TABLE 2-7. Data Used for Test Point 3

Property Value Unit

Reservoir Pressure Pi 3000 psia

Formation Permeability k 1 md

Formation Porosity (t> 0.2 fraction

Formation Thickness h 100 ft

Initial Gas Viscosity Mi 0.015 cp

Gas Density P 8.23 lbm/ft3

Total Compressibility ct 2.00E-04 psi'1

Non-Darcy Flow Coefficient P 1.297E+05 ft"1

Fracture Permeability k f 250000 md

Fracture Width wf 0.35 in.

Reservoir Temperature T 190 °F

Specific Gravity of Gas rg 0.6

Gas Molecular Weight M 17.382 Ibm/lb mole

Gas Flow Rate q 7000 MSCF/D

Note from Test Points 2 and 3 in Fig. 2-24 that changing the specific gravity to the 

original value (yg = 0.6) used to develop the correlation, caused further deviation, thus 

indicating that yg has influence on the non-Darcy flow effects.
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Test Point 4

Test Point 4 corresponds to the same properties as in Test Point 3 but the initial viscosity, 

//„ was changed to the original value (//, = 0.018 cp). The data for this case is shown on 

Table 2-8.

TABLE 2-8. Data Used for Test Point 4

Property Value Unit

Reservoir Pressure Pi 3000 psia

Formation Permeability k 1 md

Formation Porosity 0 0.2 fraction

Formation Thickness h 100 ft

Initial Gas Viscosity Mi 0.018 cp

Gas Density P 8.23 lbm/ft3

Total Compressibility c , 2.00E-04 psi'1

Non-Darcy Flow Coefficient P 1.297E+05 ft"1

Fracture Permeability k f 250000 md

Fracture Width w f 0.35 in.

Reservoir Temperature T 190 °F

Specific Gravity of Gas rg 0.6 --

Gas Molecular Weight M 17.382 Ibm/lb mole

Gas Flow Rate q 7000 MSCF/D

Surprisingly, Test Point 4 fell on top of Test Point 3 (see Fig. 2-24). This indicates that 

viscosity is not a sensitive parameter for the correlation for non-Darcy flow effects.



30

Test Point 5

The data used to generate Test Point 5 preserves the earlier changes in Test Point 3 and 4 

but set the formation thickness, h, back to 60 ft., which was the original value used to 

develop the correlation. Table 2-9 shows the data for this case.

TABLE 2-9. Data Used for Test Point 5

Property Value Unit

Reservoir Pressure Pi 3000 psia

Formation Permeability k 1 md

Formation Porosity <!> 0.2 fraction

Formation Thickness h 60 ft

Initial Gas Viscosity Mi 0.018 cp

Gas Density P 8.23 lbm/ft3

Total Compressibility Ct 2.00E-04 psi'1

Non-Darcy Flow Coefficient P 1.297E+05 ft"1

Fracture Permeability kf 250000 md

Fracture Width wf 0.35 in.

Reservoir Temperature T 190 °F

Specific Gravity of Gas r g 0.6 --

Gas Molecular Weight M 17.382 Ibm/lb mole

Gas Flow Rate q 7000 MSCF/D

As can be seen on Fig. 2-24, the modification to h caused the test point to overlap with 

the correlation curve. The significant influence of h on the non-Darcy flow effects can be 

easily understood if the fracture is seen as tri-dimensional. As explained earlier in this
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chapter, the model used to generate the data assumes that the fracture fully penetrates the 

reservoir. This means that the fracture height is equal to the formation thickness. As the 

fracture height decreases, flow velocities within the fracture for a fixed flow rate 

increases and this results in higher non-Darcy flow pressure drops.

It was possible to incorporate the effect of formation thickness into the correlation by 

dividing the vertical axis by h. As shown in Fig. 2-25 this modification made all the test 

points fall on the same curve, except for Test Point 2. Because the difference between 

Test Point 2 and the rest of the test points is the specific gravity, 7g, the effect of this 

parameter is incorporated into the correlation as discussed below.

Specific Gravity

After several combinations of this fluid property with the x and y  axes, a new form of the 

correlation was found. The result is presented in Fig. 2-26. To gain more confidence, 

some other % values were also tested.

Fig. 2-27 shows the new values used to validate the correlation. Table 2-10 shows the 

data used to generate the point for %  = 0.9 (Test Point 6). The data are exactly the same 

as that used for Test Point 5, except for yg. Note that the test point falls perfectly on the 

curve.
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TABLE 2-10. Data Used for Test Point 6

Property Value Unit

Reservoir Pressure Pi 3000 psia

Formation Permeability k 1 md

Formation Porosity 0.2 fraction

Formation Thickness h 60 ft

Initial Gas Viscosity Mi 0.018 cp

Gas Density P 13.84 lbm/ft3

Total Compressibility c t 2.00E-04 psi"1

Non-Darcy Flow Coefficient P 1.297E+05 ft'1

Fracture Permeability kf 250000 md

Fracture Width wf 0.35 in.

Reservoir Temperature T 190 °F

Specific Gravity of Gas r 9 0.9 --

Gas Molecular Weight M 26.073 Ibm/lb mole

Gas Flow Rate q 2000 MSCF/D

To generate Test Point 7 for ^  = 0.7, the data presented in Table 2-11 was used. Here, 

not only -yg, but also h and ct were modified. The points % = 0.6 and 0.8 were taken from 

the base case and Test Point 2, respectively. Note that the match with the correlation is 

perfect.

Fig. 2-27, therefore, represents the refined correlation. The final property to be tested is 

the initial reservoir pressure and it is discussed below.
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TABLE 2-11. Data Used for Test Point 7

Property Value Unit

Reservoir Pressure Pi 3000 psia

Formation Permeability k 1 md

Formation Porosity 0.2 fraction

Formation Thickness h 120 ft

Initial Gas Viscosity Pi 0.018 cp

Gas Density P 9.96 lbm/ft3

Total Compressibility ° t 1.00E-05 psi'1

Non-Darcy Flow Coefficient P 1.297E+05 ft'1

Fracture Permeability kf 250000 md

Fracture Width wf 0.35 in.

Reservoir Temperature T 190 °F

Specific Gravity of Gas rg 0.7 --

Gas Molecular Weight M 20.279 ‘ Ibm/lb mole

Gas Flow Rate q 2000 MSCF/D

2.9.7 Effect of Initial Reservoir Pressure,

The correlation developed thus far assumes that jy, = 3000 psia. To understand the effect 

of pi on the correlation, five different values of pressure were considered: /?, = 1000, 

2000, 3000, 5000, and 6000 psia (note that Settari et al.7 worked with three pi values: 

1000, 3000, and 5000 psia).

From Fig. 2-28 it can be seen that, as the initial pressure increases the non-Darcy flow 

skin, Snd, decreases. Table 2-12 shows the change in Snd as a function of pi for a fixed 

fracture half-length of xj= 300 ft for reference.
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TABLE 2-12. Influence of pi on Sjwd

Pi (psia) 1000 2000 3000 5000 6000

Snd 0.27 0.25 0.22 0.18 0.16

These results indicate that pt has considerable influence on non-Darcy flow effects. 

Fig. 2-29 displays the influence of initial pressure on the correlation developed here. The 

results in this figure indicate a predictable pattern: as /?, increases, the region where non- 

Darcy flow should be of concern is reduced.

In an effort to incorporate the effect of /?, into the correlation, several combinations of the 

axes were tested. Fig. 2-30 shows the best correlation found. Note that except for 

Pi = 1000 psia, all the points fall on one curve. As in the case of fracture permeability, the 

case for p t = 1000 psia is close to the general curve and shifted right. This indicates that 

using the correlation for < 2000 psia provides conservative estimates of the properties 

for which non-Darcy flow is of concern and assures that the non-Darcy flow effects will 

be insignificant.

The final form of the correlation is presented in Fig. 2-31. This correlation is a 

convenient tool for the design of fractured-well-tests when non-Darcy flow is of concern. 

By using this correlation, it is possible to determine the well flow rate before the test to 

improve the analysis and thus the results. It is important to recall that, as explained in 

Section 2.9.4, it is not always possible to avoid the non-Darcy flow effects. In these 

cases, the figures for Smd presented in this work can be used to determine the non-Darcy 

flow skin, S/v/), and the productivity reduction caused by it. Also, if the pressure transient 

data are already influenced by the fracture non-Darcy flow, the analysis technique 

suggested in Chapter 4 may be used.
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As a final remark, the units used in the correlation are shown below:

9 = MSCF/D

k = md

h = dimensionless

W f = ft

Pi = psia

Xf = ft

p = ft'1
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CHAPTER 3 

NON-DARCY FLOW AND PRODUCTIVITY 

3.1 Objectives
The correlation developed in Chapter 2 is a beneficial tool to predict the conditions for 

which the non-Darcy flow should be of concern. This is important especially in well 

testing where fracture non-Darcy flow complicates the analysis and causes erroneous test 

interpretations. In such situations, the correlation developed in this study can be used to 

determine the test rates to minimize non-Darcy flow effects. For production purposes, 

however, non-Darcy flow may not be avoided. As explained in Chapter 2, Section 2.9.4, 

as the reservoir permeability increases no practical design or flow rate reduction may be 

able to minimize the non-Darcy flow effects. In these cases, fracture design and 

production decisions are simply based on the overall productivity. For example, an 

increase in the fracture half-length improves the reservoir performance but also increases 

the non-Darcy flow pressure drop in the fracture. If the net effect is still a considerable 

productivity increase, then the additional fracture length may be justified regardless of 

the magnitude of the non-Darcy flow pressure drop.

The objective of this chapter is to discuss the reduction in productivity because of 

fracture non-Darcy flow effects. This is accomplished by using the productivity index 

and productivity ratio concepts. Because the main objective of this thesis is to improve 

transient pressure analysis, the discussion in productivity given here is brief and is 

presented for completeness.

3.2 Productivity Index in Gas Wells

The pseudo-pressure equation for a radial gas reservoir under pseudo-steady state 

conditions is given by
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\422qT
kh

M
3 1In —  + srV W 4

Eq. 3-1

where s = skin factor,

re -  external reservoir radius, ft,

= wellbore radius, ft,

p  = average reservoir pressure, psia,

p Wf  = bottomhole pressure, psia.

q = gas flow rate, MSCF/D,

T = reservoir temperature, °R,

k = reservoir permeability, md,

h = reservoir thickness, ft.

Eq. 3-1 can be also used for fractured wells by defining an effective wellbore radius. The 

effective wellbore radius, r ’w, is defined as the radius of an unfractured well to produce 

the same flow rate as the fractured well for a given drawdown. Cinco-L and Samaniego- 

V .12 presented the effective wellbore radii of finite-conductivity fractures as a function of 

dimensionless fracture conductivity, Cyn- A reproduction of their effective wellbore 

radius vs. Cjd plot is shown in Fig. 3-1. Therefore, assuming that the mechanical skin, s = 

0, the pseudo-pressure equation for a hydraulically fractured gas well under pseudo­

steady state conditions is given by

m ( p ) - m ( p wJ) = \422qT
kh

M3
In r'V 4

Eq. 3-2

If non-Darcy flow is present in the fracture, Eq. 3-2 can be modified to incorporate the 

non-Darcy flow skin, Sm, as follows:
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m (p ) - m ( p wf) = \422qT
kh

In ' r .  '
r , \ r wy

- -  +  5 4
Eq. 3-3

The above equations can now be used to define the productivity index. The productivity 

index, J, is defined as the drawdown, Am(p) (psi2/cp), required to produce at a certain 

flow rate, q (MSCF/D); that is,

J  = Eq. 3-4
&m(p)

Applying this concept to Eq. 3-2, the productivity index of a fractured well with Darcy 

flow, J d, is given by

j d =
kh
( r I 3

14227 In e
I c j 4

Eq. 3-5

Using Eqs. 3-3 and 3-4 the productivity index for a fractured well influenced by non- 

Darcy flow is obtained as follows:

J m  =
kh

( r 1 3
14227 In e ~ T  + S nd4

Eq. 3-6

To analyze the productivity behavior when non-Darcy flow is of concern, it is useful to 

introduce the concept of productivity ratio, PR. This can be defined as the ratio of the 

productivity indices for the non-Darcy and Darcy flow cases as follows:

p r  = £æl
J D

Eq. 3-7
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Thus, substituting Eqs. 3-5 and 3-6 into Eq. 3-7, we obtain

In
PR = w.y

In
r\ r w y

Eq. 3-8
+ tSA'D

3.3 Discussion of Productivity Ratio, PR

Here we considered some examples to discuss the productivity ratio as defined in Eq. 3-8. 

To calculate the productivity ratio, an 80-acre spacing was considered (the reservoir 

radius, re, is 1053 ft). The properties used in these analyses are given in Table 2-3 and 

correspond to the base case, except for those shown on the plots. The non-Darcy flow 

skin values were obtained from the semi-analytical model discussed in Chapter 2 and the 

effective wellbore radius, r ’w, was obtained from the work of Cinco-L and Samaniego- 

V 12 (Fig. 3-1). The productivity ratio (or productivity reduction due to non-Darcy flow) 

was examined as a function of fracture half-length, x/, for different cases. The analyses of 

the results are discussed below.

Fig. 3-2 represents the effect of reservoir permeability, k, on the productivity ratio. Note 

that PR decreases as x/increases. This is easy to understand by recalling Eq. 2-3, repeated 

below for convenience

k f Wf
Cjd= ^ - l  Eq. 2-3

k x f

It can be seen from this equation that if x/ increases, the dimensionless conductivity, Cjd, 

decreases causing a reduction in the efficiency of the fracture. Also, as x/ increases, fluid 

travels a longer distance within the fracture under non-Darcy flow conditions and this 

increases the non-Darcy flow pressure drop. Therefore, the non-Darcy flow skin, Snd, is 

high and from Eq. 3-6, the non-Darcy productivity index becomes smaller and the 

productivity ratio decreases. (It should be emphasized that this work only considers non-
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Darcy flow in the fracture. In general, reservoir non-Darcy flow effects are expected to 

decrease as the fracture length increases, which is contrary to the observations here for 

the case with non-Darcy flow in the fracture only.)

Another point to discuss is the decrease in PR as the reservoir permeability, &, increases. 

It has been shown that in moderate to high permeability reservoirs, the non-Darcy flow 

effects may be difficult to avoid. In these cases, even for relatively low permeabilities, 

the reduction in productivity may be considerable. Fig. 3-2 shows that for a fracture half- 

length of Xf= 300 ft, changing the reservoir permeability from 0.1 to 1 md the additional 

reduction in PR approaches 32%.

Fig. 3-3 shows, as expected, that PR decreases as the flow rate, q, increases for a fixed 

value of /?. This effect is due to the increase in fracture flow velocities and thus non- 

Darcy flow pressure drop.

The effect of non-Darcy flow coefficient, /?, on PR, can be seen on Fig. 3-4. Note that the 

PR = 1 curve corresponds to the Darcy flow case and is plotted for reference. As /? 

increases, the non-Darcy flow pressure drop increases, causing the decrease in 

production. Even /? = 0.98854 x 105 ft"1, which is the lowest value considered in this 

study, is responsible for a productivity decrease of 16% for xj= 300 ft.

As displayed on Fig. 3-5, an increase in fracture width, vty, decreases the flow velocities 

in the fracture and reduces the non-Darcy flow effects, causing an increase on PR.

In Chapter 2 it was concluded that an increase in pi causes the non-Darcy flow skin, Snd> 

to decrease. This leads to an increase in the productivity ratio as illustrated in Fig. 3-6.



72

The fracture permeability was the last parameter studied. Fig. 3-7 shows that the decrease 

in the productivity ratio is almost constant for kf= 50000, 360000, and 720000 md. The 

productivity reduction resulting from a permeability change from 50000 to 720000 md 

does not reach 1% for x/=  300 ft. However, a slightly different behavior is observed for 

k f -  10000 md. The difference in PR between kf= 10000 and kf = 50000 md is 3.2%. This 

behavior should be expected from our earlier observation on Chapter 2 that the kf -  10000 

md case did not follow the general correlation for the non-Darcy flow effects.

The brief discussion presented above concludes the investigation of the productivity 

reduction in this study. Because the basic objective of this work is to improve the analysis 

of well test data under the influence of fracture non-Darcy flow, the detailed investigation 

of productivity reduction is left for further research.
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CHAPTER 4

ANALYSIS OF FRACTURED WELL TEST DATA IN THE PRESENCE OF

NON-DARCY FLOW

4.1 Objectives

The analysis of fractured-well-tests in the presence of non-Darcy flow has been of 

interest since Millheim and Cichowicz1 first investigated the subject in 1968. The 

conventional recommendation of conducting two well tests at two different flow rates4 is 

usually an unpractical proposition. Not only does it imply a higher investment, but also 

the delay of production. This chapter proposes an analysis technique in which only one 

test (with one flow rate) is sufficient, provided that bilinear and formation linear flow 

regimes are both present.

Guppy et al.4 and Umnuayponwiwat et al.6, observed that under non-Darcy flow the 

transient pressure responses may be matched with the fracture type curves for the Darcy 

flow case for a lower apparent fracture conductivity. The apparent conductivity, CfDapp, is 

a function of the non-Darcy dimensionless flow rate, qoND, and the true conductivity, Qd. 

Therefore, infinitely many combinations of qoND and Qd can be found to match the type 

curve, as long as they yield the same CjDapp- The technique proposed in this study 

provides a unique solution so that the correct fracture and formation parameters can be 

computed from the analysis of the test. The analysis method is applicable even when 

wellbore storage masks part of the flow regimes.

4.2 Theoretical Basis

This section explains the theoretical basis of the new analysis technique. The technique is 

based on the use of the analytical expressions for bilinear and linear flow regimes in 

finite-conductivity fractures. For the bilinear flow period, two different analytical models
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are presented, one is based on the combination of Guppy et ai.A and Cinco-L. et a l}2 

works, and the second is based on the work of Gidley13, Guppy et al}, and Cinco-L. et 

al.n . The linear flow regime utilizes the results of Camacho-V.14 and Cinco-L. et a l}2 

This analysis technique uses the concept of apparent fracture conductivity, Cjvapp, to 

derive the working expressions.

4.2.1 Bilinear Flow Regime

At early times, two flow regimes are characteristic in fractured wells: fracture linear and 

bilinear flow. During fracture linear flow, the real time is usually so small that this flow 

regime cannot be identified in well tests. Because the bilinear flow occurs relatively later, 

the possibility to identify this second flow regime is higher. Therefore, following Guppy 

et al}, bilinear flow regime is used to develop a new technique to analyze well tests 

influenced by non-Darcy flow in the fracture.

4.2.1.1 Combination of Guppy et a l}  and Cinco-L. et a l}2 Theories
As explained at the beginning of this chapter, it has been observed that the non-Darcy

flow responses could be matched with the Darcy flow responses for a lower, or apparent, 

conductivity, CjDapp- This can be expressed as:

m wD [CjD ’ QdND’ t D )n()„-Darcy = m wD {CjDapp > )Darcy ' ^q. 4-1

where mwD = dimensionless pseudo-pressure,

C/D = dimensionless fracture conductivity,

to = dimensionless time (based on fracture half-length),

CjDapp = dimensionless apparent fracture conductivity.



82

The apparent conductivity, CjDapp, is a function of the non-Darcy dimensionless flow rate, 

qoND, and the true conductivity, Cjd. Guppy et al.4 worked with a semi-analytical model 

to develop the following correlation that relates these three parameters:

C
^ -  = \ + 0 3 lq DND . Eq. 4-2

r JDapp

The correlation presented on Eq. 4-2 is applicable for the following ranges:

1. For all values of qoND that yield: CjDapp > 2 and C jd  < 10.

2. For: 1 < qDND ^ 20 and 10 ^ Qd < 100.

3. For: qDND^ 10 and 100 ^ C jd  < 500,

Cinco-L. and Samaniego-V.12 proposed the following dimensionless pseudo-pressure 

equation for Darcy flow, mWD,D, during the bilinear period:

m»D,D = _____r , . „  W  . Eq. 4-3
r(5/4)1/2CJD

As suggested in Refs. 4 and 13, Eq. 4-3 can be extended to fracture non-Darcy flow, 

provided that the true conductivity, C jd , is replaced by the apparent conductivity, CjDapp, 

as follows:

~  r ( 5 / 4 ) j 2 C ^ ,  ' D ’ E q ' 4 ' 4

where m w D t N D  stands for the dimensionless pseudo-pressure with non-Darcy flow in the 

fracture.

Substituting Eq. 4-2 into Eq. 4-4 yields:
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7rJÏ+Ô3ÏqDND -1/4 Eq. 4-5
r (5 /4)^20^

Comparing Eqs. 4-3 and 4-5 it can be established that:

m wD,ND ~  V ̂  DND

or solving for mwD>D:

\ + Q31qDHD
= mwD ND {Corrected, BL) = mwD D (BL) , Eq. 4-6

where BL stands for bilinear flow.

Eq. 4-6 is one of the bases of the new technique presented in this work. It indicates that if 

the non-Darcy dimensionless flow rate, qoND, is known, then the corrected response, 

^(Corrected, BL), must match the fracture type curve (Darcy flow) for the true 

dimensionless fracture conductivity during the bilinear flow period. It is important to 

recall here that to know qoND, the value of >9 must be known (see Eq. 2-4).

4.2.1.2 Combination of Gidley13, Guppy et al.4 and Cinco-L. et al.12 Theories

Gidley13 proposed the following relationship to correct the dimensionless fracture 

conductivity for non-Darcy flow effects:

where effective dimensionless fracture conductivity corrected for 

non-Darcy flow effects,

dimensionless fracture conductivity for Darcy flow 

as described by Cinco-L.gr aL,

Eq. 4-7
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Nre = Reynolds number.

and =2.59x10-' . Eq. 4-8
“  p w f h

If C p corrects the conductivity for non-Darcy flow effects, then this must be taken as the 

true conductivity C/d, and C yy as described by Cinco-L.eZ al. must be recognized as the 

apparent conductivity CjBapp- Then, Eq. 4-7 can be written as:

c JDapp = C j d Q  +  n r e )  Eq. 4-9

The Reynolds number can be computed from Eq. 4-8 where p  is in atm-s2/g (the 

conversion to ft'1 is given in Section 2.6 of Chapter 2), kf'm millidarcies, q in MSCF/D, yg 

relative to air, // in centipoises, vty in inches, and h in feet.

As explained in section 4.2.1.1, during bilinear flow the dimensionless pseudo-pressure 

equation proposed by Cinco-L. et al.12 for Darcy flow, can be extended to fracture non- 

Darcy flow by using Eq. 4-4. Substituting Eq. 4-9 into Eq. 4-4:

mwd,nd -\A + Nre = n 57 4̂ ^ =  *0 4 ~ m»D,D Eq. 4-10

The correction suggested in Eq. 4-10 was found to yield responses that are above the type 

curve. The following correction factor was found to multiply the left hand side of 

Eq. 4-10:

F  = o.82 f ^  ,
Cjd

or using Guppy et tf/.4’s definition presented in Eq. 4-2:

Eq. 4-11
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0.82 Eq. 4-12

This yields the following expression:

= mwDND{Corrected,BL) = mwDD(BL) Eq. 4-13

The ranges of applicability of this equation are the same as those given in section 4.2.1.1 

following Eq. 4-2.

4.2.2 Reservoir Linear Flow Regime

At intermediate times, the formation linear flow is the characteristic flow regime for 

fractured wells. This flow regime may be identified if wellbore storage is not present or if 

it ends early enough. Along with bilinear flow, the reservoir linear flow regime was 

selected for the new analysis technique. Camacho-V.14 showed that for Darcy flow, the 

pseudo-pressure response of a finite-conductivity fracture during linear flow may be 

calculated using the following equation:

Eq. 4-14

where the constant a is given by:

^ /3  ./br Gyp >25
a = < 0.944 for C ^  =10

0.902 for  Cyp =5
Eq. 4-15
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Using the concept of apparent conductivity, CjDapp, Eq. 4-14 can be extended to non- 

Darcy flow conditions as follows:

mwD,ND = Eq. 4-16
JDapp

Assuming that Eq. 4-2 holds during reservoir linear flow period and substituting into 

Eq. 4-16, we obtain:

^ P.«D= V ^  + ?^ - +  0'3 ' agoA'D Eq. 4-17
JD JD

Comparing Eqs. 4-14 and 4-17 yields

m - m  | °-31 a <1dnd
wD,ND *  wD,D + ^

JD

Solving Eq. 4-18 for mWD,D we obtain

mwDM = mwn ND -  a —™ = m wD ND{Corrected,L) = mwD O(L) ,
JD

where L stands for reservoir linear flow regime.

Eq. 4-19 represents the correction suggested for the reservoir linear period. As in the case 

of bilinear flow, if qoND and C/d are known, the pseudo-pressure response can be matched 

with the Darcy flow response during the linear flow period.

4.3 Summary of the New Analysis Technique

In light of the corrections developed for pseudo-pressure responses, the new analysis 

technique requires iterating on the values of qdnd and Cjd until a match is obtained with

Eq. 4-18

Eq. 4-19
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the Darcy flow type curve. In these iterations Eqs. 4-6 (or 4-14) and 4-19 are used to 

correct the non-Darcy flow responses during bilinear and linear flow periods, 

respectively.

This procedure represents an advantage over the conventional regression analysis, since it 

overcomes the non-uniqueness problem. The second benefit of this technique is the 

requirement of only one well test, while the conventional technique requires two tests at 

two different flow rates. The new technique, however, requires the existence of two flow 

regimes and bilinear flow must be one of them. Although wellbore storage effects may 

mask part of the bilinear flow in some cases, it is shown in Example 2 below that the 

proposed analysis can still be applied.

An interesting point to note here is the observation that the correction for linear flow also 

works for pseudo-radial and late-time transitional flow periods. However, no analytical 

justification was found yet for this observation.

4.4 Application Examples

This section presents two examples. The first example is intended to show the 

applicability of the new analysis technique and the second example illustrates the effect 

of wellbore storage and skin. The properties used in these analyses are those presented in 

Table 2-3 corresponding to the base case, except when indicated.

Example 1

For this example, the transient pressure responses were generated for both Darcy and 

non-Darcy flow cases by using the semi-analytical model. For the non-Darcy flow data, 

Guppy4’s condition 2 (see section 4.2.2.1) was true: 1 < qoND < 20 and 10 < Ç/d < 100. 

Fig. 4-1 shows the log-log plot of the pressure responses. The bilinear and linear flow



periods are both present. Note that because of the use of dimensionless variables, the 

Darcy flow case (solid line) corresponds to the type curve for C/d == 74.98. The non- 

Darcy flow case (dashed line) does not follow the Darcy flow behavior for Qd = 74.98 as 

expected. It can, however, be matched with another Darcy flow type curve for C/d = 

18.16. Because this is not the true conductivity but rather an apparent conductivity 

because of non-Darcy flow effects, it is denoted as CjDapp- (Note that the definition of Qd 

is not a function of non-Darcy flow and should be the same for both Darcy and non- 

Darcy flow).

Fig. 4-2 shows the corrections made on the non-Darcy flow pseudo-pressure data to 

match the type curve. For the bilinear and linear flow corrections, Eqs. 4-6 and 4-19 were 

used respectively. The circular and triangular data points correspond to the corrections 

for bilinear and linear flow, respectively. Note that they match very well the type curve 

for the corresponding flow regimes. The match parameters for p  and Qd presented on the 

figure are consistent with the data used to generate the pressure responses and this 

indicates the success of the match.

Fig. 4-3 presents the same data as in Fig. 4-2, but this time, different values for and Q d  

have been used on the corrections. Note that although the value of Cfoapp is the same 

(computed using Eq. 4-2), it is not possible to match both flow periods with the Darcy 

type curve at the same time. For example, the linear flow correction overlaps the type 

curve, but the bilinear flow correction does not. This means that the chosen combination 

of p  and Q d  was not adequate and unless the right values are selected, none or at least 

one of the corrections does not match the type curve. This example demonstrates the 

uniqueness of the analysis claimed before.
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As mentioned earlier, an important observation from Fig. 4-2 is that the linear flow 

correction (triangles) matches the non-Darcy flow data with the Darcy type curve for all 

times after the beginning of the linear flow, i.e., during the linear, pseudo-radial or late­

time transitional flow periods. However, no analytical justification has been found for 

this behavior.

Example 2

This example demonstrates the application of the new analysis technique under the 

influence of wellbore storage. The transient pressure responses used here were again 

generated by using the properties in Table 2-3, except for the following parameters: 

k — \0  md, q = 700 MSCF/D, qoND = 8.83, x/=  80 ft. The input data fall in the range of 

Guppy4’s condition 1 (see section 4.2.2.1).

For convenience, Fig. 4-4 first presents the new data set without wellbore storage. Note 

that the bilinear flow is fully developed. However, no apparent linear flow is observed at 

later times. The corrections suggested in this work were applied and the bilinear and 

intermediate time transitional flow regimes matched with the Darcy flow type curve for 

the true fracture conductivity, Q d = 9.37.

Fig. 4-5 shows the example data with wellbore storage effects. The wellbore storage 

coefficient is Co -  0.01. Comparing Figs. 4-4 and 4-5 it can be noted that the bilinear 

flow period is completely masked by the wellbore storage effects. However, the new 

analysis technique was applied again, obtaining good results. Fig. 4-6 presents the perfect 

match of the corrected responses with the type curve for the bilinear and late-time flow 

periods. This shows that the wellbore storage does not preclude the application of the 

new technique and again, as long as the right combination of J3 and Cjd are selected, both 

flow periods should match the Darcy flow curve. In Fig. 4-7 the derivative type curve has
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been included for completeness and it shows that the corrections can also be performed 

on derivative responses.

An important remark is that, following Lingen15, sandface flow rates were used to obtain 

qoND in this study. Although this approach provided good results, the computation of the 

sandface rates, qSf, from the following equation was not an easy task because of the 

pressure derivative term.

^  = , _ Co ^ ,  Eq. 4-20
q dtD

where qsf  = sandface flow rate, MSCF/D,

q — constant surface production rate, MSCF/D, 

dmWD/dtD = dimensionless pseudo-pressure derivative with respect to 

dimensionless time.

It is known that the derivative data is inaccurate in most cases due to typical oscillations. 

Eq. 4-21 given below provides a means to compute qsj  without involving the pressure 

derivative.

—— = 1 -  exp(—û ) . Eq. 4-21
q

In this work, qsf  /  q was first computed from Eq. 4-20 and then was matched with 

Eq. 4-21. This required an iterative process to determine the best value of the constant 

a in Eq. 4-21. After determining the constant a , Eq. 4-21 was used to generate a smooth 

curve for qsf/q -
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CHAPTER 5 

CONCLUSIONS

The objective of this study was to contribute to the understanding of the effects of non- 

Darcy flow in finite-conductivity vertical fractures. The study led to the development of a 

correlation to improve the design of fractured well tests and a new analysis technique to 

better interpret the pressure transient responses. The adverse effects of non-Darcy flow 

on the productivity of the wells were also highlighted. The specific conclusions drawn 

from this work are as follows:

1. The correlation developed in this work is a convenient tool to design well tests for 

finite-conductivity fractures when non-Darcy flow is of concern.

2. The correlation is restricted by two conditions: initial pressures lower than 2000 psia 

and fracture permeabilities less than 50000 md. In either case, the correlation can still 

be used and it provides conservative estimates of the properties responsible for non- 

Darcy flow effects in fractures.

3. It was demonstrated that it is not always possible to minimize the non-Darcy flow 

effects, especially in moderate to high permeability reservoirs. As the reservoir 

permeability increases, the fracture non-Darcy flow effects become too severe to be 

reduced by simple design considerations.

4. The new analysis technique for the interpretation of fractured well tests in the 

presence of non-Darcy flow is a very useful tool. It requires the presence of two flow
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regimes: bilinear and reservoir linear flow, and it works even in the presence of 

wellbore storage.

5. Contrary to the existing techniques, in which two tests at different flow rates are 

necessary, the new analysis technique requires one test at one flow rate. This 

represents a significant advantage over the existing techniques.

6. The new analysis technique provides a unique solution, which contributes to the 

estimation of the correct values for the fracture conductivity, Qd, and fracture half- 

length, Xf. The value of the non-Darcy flow parameter, /?, can also be estimated.
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LIST OF SYMBOLS

a : constant for computing ^/(E q. 4-22), constant used in Eq. 4-15

BL : bilinear flow period

Cd : wellbore storage coefficient

C/d : dimensionless fracture conductivity

CjDapp : dimensionless apparent fracture conductivity

CL : effective dimensionless fracture conductivity as defined by Gidley13

ct : total compressibility, psi"1

F  : correction factor for Eq. 4-10

h : formation thickness, ft

J  : productivity index, (MSCF/D)/(psi2/cp)

Jd : productivity index of a well in the presence of Darcy flow,

(MSCF/D)/(psi2/cp)

JND : productivity index of a well in the presence of non-Darcy flow,

(MSCF/D)/(psi2/cp) 

k : formation permeability, md

kf : fracture permeability, md

L : length (cm), linear flow period

M  : gas molecular weight, Ibm/lbmole

m(p) : pseudo-pressure function, psi2/cp

mWD : dimensionless pseudo-pressure

Nre : Reynolds number

p  : reservoir pressure, psia

p  average pressure, psia
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PR : productivity ratio

p wf  : flowing bottomhole pressure, psia

q : constant surface flow rate, MSCF/D

qoND : dimensionless non-Darcy flow rate

qsf  : sand face flow rate, MSCF/D

re : external reservoir radius, ft

rw : wellbore radius, ft

r ’w : effective wellbore radius, ft

s : skin factor

Sm  : non-Darcy flow skin

T : reservoir temperature, °R

tD : dimensionless time (referred to fracture half-length)

u : superficial fluid velocity vector, cm/s

Wf : fracture width, ft, in

Xf : fracture half-length, ft

Z  : gas compressibility factor

Greek symbols

P  : non-Darcy flow coefficient, ft"1, atm-s2/g

(j) : formation porosity

7g : gas gravity (relative to air)

Pi : initial gas viscosity, cp

p  : fluid density, lbm/ft3
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Subscripts

i :

g :
t :

/  :
D :

ND :

initial

gas

total

fracture

dimensionless, Darcy 

non-Darcy


