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ABSTRACT

The information content of many phenomena of practical interest is often much less than
what is suggested by their actual size. As an inspiring example, one active research area in
biology is to understand the relations between the genes. While the number of genes in a
so-called gene network can be large, the number of contributing genes to each given gene
in the network is usually small compared to the size of the network. In other words, the
behavior of each gene can be expressed as a sparse combination of other genes.

The purpose of this thesis is to develop new theory and algorithms for exploiting this
type of simplicity in the analysis of high-dimensional dynamical systems with a particu-
lar focus on system identification and estimation. In particular, we consider systems with
a high-dimensional but sparse impulse response, large-scale interconnected dynamical sys-
tems when the associated graph has a sparse flow, linear time-varying systems with few
piecewise-constant parameter changes, and systems with a high-dimensional but sparse ini-
tial state. We categorize all of these problems under the common theme of Compressive
System Identification (CSI) in which one aims at identifying some facts (e.g., the impulse
response of the system, the underlying topology of the interconnected graph, or the initial
state of the system) about the system under study from the smallest possible number of
observations.

Our work is inspired by the field of Compressive Sensing (CS) which is a recent paradigm
in signal processing for sparse signal recovery. The CS recovery problem states that a sparse
signal can be recovered from a small number of random linear measurements. Compared to
the standard CS setup, however, we deal with structured sparse signals (e.g., block-sparse
signals) and structured measurement matrices (e.g., Toeplitz matrices) where the structure

is implied by the system under study.
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CHAPTER 1
INTRODUCTION

In this chapter, we present the motivation of our work and list our contributions.
1.1 Identification from Limited Data

Classical system identification approaches have limited performance in cases when the
number of available data samples is small compared to the order of the system [1]. These
approaches usually require a large data set in order to achieve a certain performance due to
the asymptotic nature of their analysis. On the other hand, there are many application fields
where only limited data points are available. Online estimation, Linear Time-Variant (LTV)
system identification and setpoint-operated processes are examples of situations for which
limited data samples are available. For some specific applications, the cost of the measuring
process or the computational effort is also an issue. In such situations, it is necessary to
perform the system identification from the smallest possible number of observations, although

doing so leaves an apparently ill-conditioned identification problem.
1.2 High-dimensional but Sparse Systems

Many systems of practical interest are less complicated than what is suggested by the
number of parameters in a standard model structure. They are often either low-order or
can be represented in a suitable basis or formulation in which the number of parameters is
small. The key element is that while the proper representation may be known, the particu-
lar elements within this representation that have non-zero coefficients are unknown. Thus, a
particular system may be expressed by a coefficient vector with only a few non-zero elements,
but this coefficient vector must be high-dimensional because we are not sure a priori which
elements are non-zero. We term such a system a sparse system. In terms of a difference equa-

tion, for example, a sparse system may be a high-dimensional system with only a few non-zero



coefficients or it may be a system with an impulse response that is long but contains only a
few non-zero terms. Multipath propagation [2-5], sparse channel estimation [6, 7], topology
identification of interconnected systems [8-10] and sparse initial state estimation [11, 12] are
examples involving systems that are high-order in terms of their ambient dimension but have

a sparse (low-order) representation.
1.3 Exploiting Sparsity and Compressive Sensing (CS)

As mentioned in Section 1.1, performing the system identification from few observations
leaves us with an apparently ill-conditioned set of linear equations. Solving such an ill-
conditioned problem for a unique solution is impossible unless one has extra information
about the true solution. CS, introduced by Candes, Romberg and Tao [13], and Donoho [14],
however, is a powerful paradigm in signal processing which enables the recovery of an un-
known vector from an underdetermined set of measurements under the assumption of sparsity
of the signal and certain conditions on the measurement matrix. The CS recovery problem
can be viewed as recovery of a K-sparse signal & € RY from its observations b = Az € RM
where A € RM*YN is the measurement matrix with M < N (in many cases M < N). A
K-sparse signal £ € RY is a signal of length N with K non-zero entries where K < N. The
notation K := ||x||o denotes the sparsity level of . Since the null space of A is non-trivial,
there are infinitely many candidate solutions to the equation b = Ax; however, it has been
shown that under certain conditions on the measurement matrix A, CS recovery algorithms
can recover that unique solution if it is suitably sparse.

Inspired by CS, in this work we aim at performing system identification of sparse sys-
tems using a number of observations that is smaller than the ambient dimension. Although
we look at different problems throughout this thesis, we categorize all of these problems
as Compressive System Identification (CSI). CSI is beneficial in applications when only a
limited data set is available. Moreover, CSI can help solve the issue of under and over pa-
rameterization, which is a common problem in parametric system identification. The chosen

model structure should on one hand be rich enough to represent the behavior of the system



and on the other hand involve a minimal set of unknown parameters to minimize the vari-
ance of the parameter estimates. Under and over parameterization may have a considerable
impact on the identification result, and choosing an optimal model structure is one of the

primary challenges in system identification.
1.4 Overview and Contributions

We develop new theory and methods for exploiting underlying simplicity in the analysis
of high-dimensional dynamical systems with a particular focus on system identification and
estimation. In particular, we consider systems with a high-dimensional but sparse impulse
response, large-scale interconnected dynamical systems when the associated graph has a
sparse flow, linear time varying systems with few piecewise-constant parameter changes, and
systems with a high-dimensional but sparse initial state. We outline the contributions of our
work chapter-by-chapter.

We begin in Chapter 2 with a list of mathematical preliminaries and notation followed by
an introduction to low-dimensional signal models, the signal dictionaries and representations.
We continue by discussing sparse signal models and their recovery problems and algorithms.
We also discuss the basics of CS.

In Chapter 3 we consider the problem of deriving Concentration of Measure (CoM) in-
equalities for randomized compressive Toeplitz matrices. Such inequalities are at the heart of
the analysis of randomized compressive (having fewer rows than columns) linear operators.
These inequalities show that the norm of a high-dimensional signal mapped by a compres-
sive Toeplitz matrix to a low-dimensional space concentrates around its mean with a tail
probability bound that decays exponentially in the dimension of the range space divided
by a quantity which is a function of the signal. This implies that the CoM inequalities for
compressive Toeplitz matrices are non-uniform and signal-dependent. To this end, we also
consider analyzing the behavior of the introduced quantity. In particular, we show that for
the class of sparse signals, the introduced quantity is bounded by the sparsity level of the

signal.



Compressive Toeplitz matrices arise in problems involving the analysis of high-dimensional
dynamical systems from few convolution-based measurements. As applications of the CoM
inequalities, we consider Compressive Binary Detection (CBD) and discuss the implications
of the CoM inequalities in such an application.

In Chapter 4 we consider the problem of identifying the topology of large-scale inter-
connected dynamical systems. We assume that the system topology under study has the
structure of a directed graph of P nodes. Each edge of the directed graph represents a
Finite Impulse Response (FIR) filter. Each node is a summer, whose inputs are the signals
from the incoming edges, while the output of the summer is sent to outgoing edges. Both
the graph topology and the impulse response of the FIR filters are unknown. We aim to
perform the topology identification from the smallest possible number of node observations
when there is limited data available and for this reason, we call this problem Compressive
Topology Identification (CTT). Inspired by CS we show that in cases where the network
interconnections are suitably sparse (i.e., the network contains sufficiently few links), it is
possible to perfectly identify the network topology along with the filter impulse responses and
the delays from small numbers of node observations, even though this leaves an apparently
ill-conditioned identification problem.

If all the filters in the graph share the same order, we show that CTI can be cast as
recovery of a block-sparse signal & € RY from observations b = Az € R™ with M < N,
where the matrix A is a block-concatenation of P Toeplitz matrices. We use block-sparse
recovery algorithms from the CS literature such as Block Orthogonal Matching Pursuit
(BOMP) [15-17] to perform CTI, discuss identification guarantees, introduce the notion of
network coherence for the analysis of interconnected networks, and support our discussions
with illustrative simulations. In a more general scenario, and when the filters in the graph can
be of different order (unknown) with possible transport delay (unknown), we show that the
identification problem can be cast as the recovery of a clustered-sparse signal x € RY from the

measurements b = Ax € RM with M < N, where the matrix A is a block-concatenation of



Toeplitz matrices. To this end, we introduce a greedy algorithm called Clustered Orthogonal
Matching Pursuit (COMP) that tackles the problem of recovering clustered-sparse signals
from few measurements. In a clustered-sparse model, in contrast to block-sparse models,
there is no prior knowledge of the locations or the sizes of the clusters. We discuss the
COMP algorithm and support our discussions with simulations.

In Chapter 5 we consider the problem of identifying Auto Regressive with eXternal
input (ARX) models for both Linear Time-Invariant (LTI) and LTV systems. In the case
of LTI ARX systems, a system with a large number of inputs and unknown input delays
on each channel can require a model structure with a large number of parameters, unless
input delay estimation is performed. Since the complexity of input delay estimation increases
exponentially in the number of inputs, this can be difficult for high dimensional systems. We
show that in cases where the LTT system has possibly many inputs with different unknown
delays, simultaneous ARX identification and input delay estimation is possible from few
observations, even though this leaves an apparently ill-conditioned identification problem.
We discuss identification guarantees and support our proposed method with simulations.

We also consider the problem of identifying LTV ARX models. In particular, we consider
systems with parameters that change only at a few time instants in a piecewise-constant
manner where neither the change moments nor the number of changes is known a priori.
The main technical novelty of our approach is in casting the identification problem as the
recovery of a block-sparse signal from an underdetermined set of linear equations. We suggest
a random sampling approach for LTV identification, address the issue of identifiability and
again support our approach with illustrative simulations.

As an application of the proposed method for LTV identification, we apply the proposed
method to experimental noisy input-output data from a DC motor system to demonstrate
the effectiveness of the proposed identification method. From the data, we construct a multi-
mode linear regression model where the mode-dependent coefficients correspond to torque,

viscous friction, and static friction.



In Chapter 6 we consider the problem of characterizing the observability of linear systems
with high-dimensional but sparse initial states. Recovering or estimating the initial state of
a high-dimensional system can require a large number of measurements. In this chapter, we
explain how this burden can be significantly reduced for certain linear systems when ran-
domized measurement operators are employed. Our work builds upon recent results from CS
regarding block-diagonal matrices.

A sufficient condition for stable recovery of a sparse high-dimensional vector is the
Restricted Isometry Property (RIP). We show that the observability matrix satisfies the
RIP under certain conditions on the state transition matrix. For example, we show that if
the state transition matrix is unitary, and if independent, randomly-populated measurement
matrices are employed, then it is possible to uniquely recover a sparse high-dimensional
initial state when the total number of measurements scales linearly in the sparsity level of
the initial state. We support our analysis with a case study of a diffusion system.

We then derive CoM inequalities for the observability matrix and explain how the in-
teraction between the state transition matrix and the initial state affect the concentration
bounds. The concentration results cover a larger class of systems (e.g., not necessarily uni-
tary) and initial states (not necessarily sparse). Aside from guaranteeing recovery of sparse
initial states, the CoM results have potential applications in solving inference problems such
as detection and classification of more general initial states and systems.

We conclude in Chapter 7 with a final discussion and directions for future research. This
thesis is a reflection of a series of inspiring collaborations. Where appropriate, the first page

of each chapter includes a list of primary collaborators, who share the credit for this work.



CHAPTER 2
BACKGROUND

In this chapter, we first provide and list some of the general mathematical tools that we
use throughout this thesis. We then summarize some of the basic concepts, definitions, and

theorems in the field of Compressive Sensing (CS) which are useful throughout this thesis.
2.1 Mathematical Preliminaries and Notation

We start by providing some mathematical notation involving signals and matrices.
2.1.1 Signal Notation and Norms

Signal Notation

Most of the signals that we encounter in this thesis are real-valued and have discrete and
finite domains. They are represented equivalently as either the function of integer time x(t)
fort =1,2,..., N, or grouped into a vector form using the boldface & € RY. In the case of
complex-valued signals, we denote £ € C". Each of these assumptions will be made clear in
the particular chapter or section.
Signal Norms

The p norm of a discrete signal & of dimension N is denoted as ||z, and is defined as

p

Il = (Z \w(iﬂp) . pell). (2.)

The || - |lo and || - ||, for p < 1 do not meet the technical criteria for norms (e.g., triangle
inequality). However, we usually refer to them as signal norms. The || - ||o and || - ||« norms

do not follow the definition (2.1) and are defined as

N
|0 := Z Lai)0,
=1

where 1 denotes the indicator function and



[0 := max[z (7)] .
For any signal © € RY, the following inequality holds between these signal norms [18]:
(-
lly < [lell, < Nirmdzlly, 0<p<qg<oo
2.1.2 Matrix Notation and Norms

Matrix Notation

We denote a real-valued M x N matrix using a capital letter, such as A € RM*N A
similar notation is used for complex-valued matrices such as A € CM*¥ . For a real-valued
matrix A, we denote the transpose of A as A7 while for a complex-valued A, A* denotes the
conjugate transpose of A. Unless specified, we consider a matrix A to be real-valued.
Matrix Norms

There exist three important matrix norms that we encounter throughout this thesis, |||z,
||l7, and ||-||+. The operator norm of A (or induced fo-norm) is denoted as ||Al|; and is equal

to its largest singular value. Equivalently, || Al is represented in terms of the singular values

of A as ||A|lz = [|0]|cc Where § is a vector containing the singular values of A. Similarly,
the Frobenius norm of A is defined as ||A||r = ||d]|2, and the nuclear norm of A is defined
as ||A|l« = ||6|l;. For any matrix A, the following inequality holds between these matrix
norms [18]:

ANz < IAllr < [[All < VPl Alle < [ All2,

where r is the rank of A.
Matrix Representations

RM*N a5 a mapping from RY into RM. We denote the

We can look at a matrix A €
nullspace of A as N (A) which is defined as N (A) := {@ € R | Az = 0}. The rangespace
of A is defined as R(A) := {be RM | Az =b, Vo € R¥}. We can also view an N x P

matrix ¥ € RY*F as a dictionary' whose words are column vectors in RY. Given ¥, a

LA dictionary ¥ is simply a collection of words or elements. A combination of the elements of a given
dictionary can be used to represent a given element. For example, if the elements of a dictionary are drawn



signal s € RY can be represented as a linear combination of the columns of ¥, denoted as
1t € RN, Therefore, we can write s = .1, (i)} = Uz for some & € RF. When a matrix
(a dictionary) contains exactly NNV linearly independent columns, it is called a basis. Given a
basis ¥ € RV*YN each signal s € RY has a unique vector of expansion coefficients x = U~'s
(¥ is a full-rank matrix, so it is invertible). If the columns of a basis are orthogonal (i.e.,
< d)f, wj >=0,Vi, 7,7 # j) of unit /5 norm, then that basis is called an orthobasis.

Among different bases, the N x N identity matrix (i.e., ¥ = I) (this is also known as
the canonical orthobasis) is the most standard basis for representing a signal. Signals are
often said to be in the time domain if they are represented in the canonical basis. Another
standard domain to represent signals is the frequency domain. A signal s € C¥ has a Discrete

Fourier Transform (DFT) when it is represented in the Fourier orthobasis ¥ = Fy € CV as

1 1 1 1 1 1
1w w? w? wh—1
1 1 w? W wh 2(N-1)
Fy = ﬁ 1 Wb wh w° 3(N-1) |, (2.2)
I 1 w]\}—l w2(N—1) w3(].\/—1) w(]\f—1)2 |

T

with entries Fiy (¢, m) = \/Lﬁww—l)(m_l), where w = e~ N (Zk o wr > is the N'th root of
unity. We can also consider a real-valued version of the Fourier orthobasis (2.2). Without loss
of generality, suppose N is even. The real Fourier orthobasis Ry is constructed as follows.
The first column of Ry equals the first column of Fiy. Then Ry, vy = Real (\/_ 2k, x >
and Ry yo1y = Imaginary <\/_F{2 N}) The last column of Ry is equal to the (5 +
1)th column of Fly. Similar steps can be taken to construct a real Fourier orthobasis when N

is odd. There exists a wide variety of other dictionaries which we will explain when needed.
2.1.3 Signal Models

In this section, we provide an overview of linear and nonlinear signal models. We start

with linear signal models which are the most standard concepts in linear algebra and signal

from a signal space, the dictionary can be used to approximate signals in that space [19].



processing. For a given matrix A € RM*¥ the nullspace of A, or N (A), is the set of signals
x € RY that satisfy a linear model Az = 0 (a set of linear equalities). Similarly, we can
consider the set of signals & € RY that satisfy an affine model Az = b. In fact, this class
of signals lives in a shifted nullspace * + N (A), where x* is any solution to Az* = b.
Given A, another important linear model is the set of signals that are constructed using
linear combinations of K specific columns of A. This set of signals forms a K-dimensional
hyperplane in the ambient signal space. As a generalization of this model, one can consider
the set of signals that are constructed using linear combinations of K columns of A, while the
constructing columns (the K columns of A that are involved in the construction of a given
signal) may change from one signal to another signal. In other words, such signals form a
union of K-dimensional hyperplanes. One should note that for a matrix A with N columns,

there are (]I\([) such hyperplanes (also known as K-planes), each spanned by K columns of A.
2.2 Compressive Sensing (CS)

CS, introduced by Candes, Romberg and Tao [13] and Donoho [14], is a powerful paradigm
in signal processing which enables the recovery of an unknown vector from an underdeter-
mined set of measurements under the assumption of sparsity of the signal and under certain
conditions on the measurement matrix. The CS recovery problem can be viewed as recovery
of a K-sparse signal & € RY from its observations b = Az € R™ where A € RM*¥ ig the
measurement matrix with M < N (in many cases M < N). A K-sparse signal x € RV
is a signal of length N with K non-zero entries where X' < N. The notation K := ||z||o
denotes the sparsity level of . Since the matrix A € RM*¥ has a non-trivial nullspace when
M < N, there exist infinitely many solutions to the equation b = Ax, given b. However,
recovery of x is indeed possible from CS measurements if the true signal is known to be
sparse. Recovery of the true signal can be accomplished by seeking a sparse solution among

these candidates. In the following, we review some of the algorithms for sparse recovery.
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2.2.1 Recovery via {y-minimization

Assume x € RV is exactly K-sparse, i.e., out of its N entries only K are non-zero. Then,

recovery of & from measurements b can be formulated as the {y-minimization
T =argmin||xz|p subject to b= Az. (2.3)

It has been shown that [19, Theorem 2.1],[14] when A is populated with random entries
(e.g., independent and identically distributed (i.i.d.) Gaussian random variables) and given
some technical conditions on A, then with high probability the ;-minimization problem (2.3)

returns the proper K-sparse solution &, even from an underdetermined set of linear equations.
2.2.2 Recovery via /;-minimization

Solving the fp-minimization problem (2.3) is known to be NP-hard. Thanks to the
results of CS in regards to sparse signal recovery, however, it has been discovered that a
much tractable minimization problem can be solved which often (under some conditions on
the measurement matrix A) yields an equivalent solution. In this minimization problem, we
seek the K-sparse solution by minimizing the /;-norm of all candidate signals @ that satisfy

the equality constraint b = Ax by solving [13, 14, 20-23]
Z = argmin||xz|; subject to b= Ax. (2.4)
The ¢;-minimization problem (2.4) is also known as Basis Pursuit (BP) [24] and can be

solved via linear programming. In the following, we review some of the conditions under

which the solutions to the fy-minimization and ¢;-minimization problems are equivalent.
2.2.3 {y/¢; Equivalence and the Restricted Isometry Property (RIP)

The Restricted Isometry Property (RIP), introduced by Candes and Tao [22], is one of
the most fundamental recovery conditions that has been studied in the CS literature [25].
Establishing the RIP for a given matrix A guarantees that the solution to the ¢;-minimization
problem (2.4) is equivalent to the solution to the fy-minimization problem (2.3). In the

following, we provide the definition of the RIP.

11



RN RM
K —plane
> Ax
xr
1 A$1
o A.’,Cz

Figure 2.1: The RIP as a stable embedding. Each K-plane contains all K-sparse points in
RY whose support (the locations of the non-zero entries) is the same.

Definition 2.5 A matriz A € RM*N (M < N) is said to satisfy the RIP of order K with

isometry constant 0k € (0,1) if
(1= 0x) [lell2 < Az ]| < (1 + 0xc) [l]f2 (2.6)

holds for all K -sparse signals € € RN (i.e., Vo € RN with ||z|lo < K ).

If A satisfies the RIP of order 2K for a sufficiently small isometry constant dof, then
it is possible to uniquely recover any K-sparse signal & from the measurements b = Ax
using a tractable convex optimization program (the ¢;-minimization problem) [14, 22, 26].
The RIP also ensures that the recovery process is robust to noise and stable in cases where
@ is not precisely sparse [27]. Similar statements can be made for recovery using various
iterative greedy algorithms [28-31]. A useful interpretation of this condition is in terms of
the singular values. Establishing the RIP of order K with isometry constant dx (namely,
RIP(K, 0x)) is equivalent to restricting all eigenvalues of all submatrices AL As to the interval
(1 —0k,1+40dk). In this notation, As is an M x K submatrix of A whose columns are
those columns of A indexed by the set S with cardinality |S| < K. Figure 2.1 illustrates
the RIP as a stable embedding of the K-sparse points from R”Y into RM. Each K-plane
contains all K-sparse points in RY whose support (the locations of the non-zero entries) is

the same. Note that by definition of the RIP, one needs to show that the inequality (2.6)
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(a) (b)

Figure 2.2: /fy-minimization versus ¢;-minimization. (a) ¢y-minimization. The recovered
solution is almost never sparse as the fs-ball does not have sharp edges along the axes. (b)
¢;-minimization. If the hyperplane #H;, does not intersect the ¢;-ball of radius ||z*||;, we have
true sparse recovery due to the geometry of the ¢1-ball (sharp edges along the axes).

holds for all the ([]\(f) submatrices AL Ag [6, 32, 33]. Therefore, establishing the RIP for a
given matrix is a combinatorial task. However, it has been shown that some specific matrix
ensembles satisfy the RIP. A common way to establish the RIP for ® is by populating ®
with random entries [32]. If ® is populated with i.i.d. Gaussian random variables having
mean zero and variance %, for example, then ® satisfies the RIP of order S with very high
probability when M > 5525 log % This result is significant because it indicates that the
number of measurements sufficient for correct recovery scales linearly in the sparsity level
and only logarithmically in the ambient dimension. Other random distributions may also be
considered, including matrices with uniform entries of random signs. Consequently, a number
of new sensing hardware architectures, from analog-to-digital converters to digital cameras,
are being developed to take advantage of the benefits of random measurements [34-37].
There exist other recovery guarantees including the Exact Recovery Condition (ERC) [38]

and the mutual coherence [39, 40] that have been proposed in the CS literature.
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Figure 2.3: Incorrect recovery through ¢;-minimization. (a) The hyperplane H; does inter-
sect the ¢1-ball of radius ||*||;. (b) The ¢;-ball intersects the shifted nullspace at a point
different than the true sparse solution, ending up with incorrect recovery.

2.2.4 CS Geometry

An interesting way of understanding ¢y/¢; equivalence is by looking at the geometry of
such problems. Let us start by looking at the geometry of the /5>-minimization problem in
which one seeks the solution with the smallest fo-norm among other candidates. Figure 2.2(a)
depicts such a problem. As can be seen, the recovered solution Z is not the true sparse
solution x*. One simple way to understand this is to observe that the ¢5-ball does not have
sharp edges along the axes, so the point where the ¢>-ball intersects the shifted nullspace of A
is usually not on one of the axes. On the other hand, the ¢;-ball as shown in Figure 2.2(b) has
sharp edges along the axes. In particular, given the measurements b = Ax* where A € RM*N
with M < N, there exists an (N — M)-dimensional hyperplane H, = {x € RY : b= Az} =
N (A) + x* of feasible signals as A (N (A) + x*) = Az* = b.

Assume that the true solution * € RV is K-sparse. The ¢;-minimization problem will

recover the true solution if and only if ||z||; > ||z*||; for every other signal * € H; on

the hyperplane. Geometrically, one should observe that when the hyperplane H; does not

14



intersect the ¢1-ball of radius ||z*||1, then the ¢;-minimization recovers the solution. This is
shown in Figure 2.2(b). Similarly, if the hyperplane intersects the ¢;-ball, we end up with
incorrect recovery. This event is shown in Figure 2.3. For precise geometric arguments of

this kind, one should refer to the works of Donoho and Tanner [41-43].
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CHAPTER 3
COM INEQUALITIES FOR TOEPLITZ MATRICES

In this chapter? we derive Concentration of Measure (CoM) inequalities for random-
ized Toeplitz matrices. These inequalities show that the norm of a high-dimensional signal
mapped by a Toeplitz matrix to a low-dimensional space concentrates around its mean with a
tail probability bound that decays exponentially in the dimension of the range space divided
by a quantity which is a function of the signal. For the class of sparse signals, the introduced
quantity is bounded by the sparsity level of the signal. However, we observe that this bound
is highly pessimistic for most sparse signals and we show that if a random distribution is
imposed on the non-zero entries of the signal, the typical value of the quantity is bounded
by a term that scales logarithmically in the ambient dimension. As an application of the

CoM inequalities, we consider Compressive Binary Detection (CBD).
3.1 Introduction

Motivated to reduce the burdens of acquiring, transmitting, storing, and analyzing vast
quantities of data, signal processing researchers have over the last few decades developed
a variety of techniques for data compression and dimensionality reduction. Unfortunately,
many of these techniques require a raw, high-dimensional data set to be acquired before its
essential low-dimensional structure can be identified, extracted, and exploited. In contrast,
what would be truly desirable are sensors/operators that require fewer raw measurements yet
still capture the essential information in a data set. These operators can be called compres-
sive in the sense that they act as mappings from a high-dimensional to a low-dimensional
space, e.g., X : RV — RM where M < N. Linear compressive operators correspond to
matrices having fewer rows than columns. Although such matrices can have arbitrary/deter-

ministic entries, randomized matrices (those with entries drawn from a random distribution)

2This work is in collaboration with Tyrone L. Vincent and Michael B. Wakin [3-5].
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have attracted the attention of researchers due to their universality and ease of analysis.
Utilizing such compressive operators to achieve information-preserving embeddings of high-
dimensional (but compressible) data sets into low-dimensional spaces can drastically simplify
the acquisition process, reduce the needed amount of storage space, and decrease the com-
putational demands of data processing.

CoM inequalities are one of the leading techniques used in the theoretical analysis of
randomized compressive linear operators [44-46]. These inequalities quantify how well a
random matrix will preserve the norm of a high-dimensional signal when mapping it to a
low-dimensional space. A typical CoM inequality takes the following form. For any fixed
signal @ € RY, and a suitable random M x N matrix X, the random variable || X a||3 will be
highly concentrated around its expected value, E [|| X a||3], with high probability. Formally,

there exist constants ¢; and ¢y such that for any fixed a € RY,
P{||Xal3—E[|Xa|3]| > ¢E [|Xal5]} < ciem2M), (3.1)

where ¢ (€) is a positive constant that depends on € € (0, 1).

CoM inequalities for random operators have been shown to have important implications
in signal processing and machine learning. One of the most prominent results in this area is
the Johnson-Lindenstrauss (JL) lemma, which concerns embedding a finite set of points in a
lower dimensional space using a distance preserving mapping [47]. Dasgupta et al. [45] and
Achlioptas [46] showed how a CoM inequality of the form (3.1) could establish that with high
probability, an independent and identically distributed (i.i.d.) random compressive operator
X € RMXN (M < N) provides a JL-embedding. Specifically, for a given € € (0, 1), for any

fixed point set Q C RV,
(1—¢)lla= bl <[[Xa—Xb|3 < (1+¢)[la— bl (32)

holds with high probability for all a, b € Q if M = O (e *log (|Q])). One of the other signif-
icant consequences of CoM inequalities is in the context of Compressive Sensing (CS) [25]

and the Restricted Isometry Property (RIP) [22]. If a matrix X satisfies (3.2) for all pairs
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a, b of K-sparse signals in RY, then X is said to satisfy the RIP of order 2K with isometry
constant e. Establishing the RIP of order 2K for a given compressive matrix X leads to
understanding the number of measurements required to have exact recovery for any K-sparse
signal @ € RY. Baraniuk et al. [32] and Mendelson et al. [48] showed that CoM inequalities
can be used to prove the RIP for random compressive matrices.

CoM inequalities have been well-studied and derived for unstructured random compres-
sive matrices, populated with i.i.d. random entries [45, 46]. However, in many practical
applications, measurement matrices possess a certain structure. In particular, when linear
dynamical systems are involved, Toeplitz and circulant matrices appear due to the convolu-
tion process [2, 3, 6, 49]. Specifically, consider the Linear Time-Invariant (LTI) dynamical

system with system finite impulse response a = {a;}_,. Let = {z; }0 M

be the applied
input sequence. Then the corresponding output is calculated from the time-domain convo-
lution of @ and . Supposing the z, and a; sequences are zero-padded from both sides, each

output sample ¥y, can be written as

N
Y = Zajxk_j. (3.3)
j=1

If we keep only M consecutive observations of the system, y = {yk}kNjA]}ﬁl, then (3.3) can be

written in matrix-vector multiplication format as

y = Xa, (3.4)
where
TN TN-1 3 |
x=| oot (35)
IN+M—-1 TN4M-2 - fM

is an M x N Toeplitz matrix. If the entries of X are generated randomly, we say X is
a randomized Toeplitz matrix. Other types of structured random matrices also arise when
dynamical systems are involved. For example block-diagonal matrices appear in applications

such as distributed sensing systems [50] and initial state estimation (observability) of linear
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systems [11].

In this chapter, we consider compressive randomized Toeplitz matrices, derive CoM in-
equalities, and discuss their implications in applications such as sparse impulse response
recovery [6, 51, 52]. We also consider the problem of detecting a deviation in a system’s
behavior. We show that by characterizing the deviation using a particular measure that

appears in our CoM inequality, the detector performance can be correctly predicted.
3.2 Related Work

Compressive Toeplitz (and circulant) matrices have been previously studied in the context
of CS [2, 6, 49, 51, 53, 54|, with applications involving channel estimation, synthetic aperture
radar, etc. Tropp et al. [53] originally considered compressive Toeplitz matrices in an early
CS paper that proposed an efficient measurement mechanism involving a Finite Impulse
Response (FIR) filter with random taps. Motivated by applications related to sparse channel
estimation, Bajwa et al. [54] studied such matrices more formally in the case where the matrix
entries are drawn from a symmetric Bernoulli distribution. Later they extended this study to
random matrices whose entries are bounded or Gaussian-distributed and showed that with
high probability, M > O (K 2log (%)) measurements are sufficient to establish the RIP of
order 2K for vectors sparse in the time domain [6, 51]. (It should be noted that the quadratic
RIP result can also be achieved using other methods such as a coherence argument [49,
55].) Recently, using more complicated mathematical tools such as Dudley’s inequality for
chaos and generic chaining, Rauhut et al. [33] showed that with M > O (K*log (N )1'5)
measurements the RIP of order 2K will hold.> Note that these bounds compare to M >
O (K log (%)) measurements which are known to suffice when X is unstructured [32].

In this chapter, we derive CoM inequalities for Toeplitz matrices and show how these

inequalities reveal non-uniformity and signal-dependency of the mappings. As one conse-

3In their very recent work, Krahmer et al. [56] showed that the minimal required number of measurements
scales linearly with K, or formally M > O (K log (K)* log (N )2) measurements are sufficient to establish
the RIP of order 2K. The recent linear RIP result confirms what is suggested by simulations.
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quence of these CoM inequalities, one could use them (along with standard covering number
estimates) to prove the RIP for compressive Toeplitz matrices. Although the estimate of the
required number of measurements would be quadratic in terms of sparsity (i.e., M ~ K?)
and fall short of the best known estimates described above, studying concentration inequal-
ities for Toeplitz matrices is of its own interest and gives insight to other applications such
as the binary detection problem.

There also exist CoM analyses for other types of structured matrices. For example, Park
et al. [50] derived concentration bounds for two types of block diagonal compressive matrices,
one in which the blocks along the diagonal are random and independent, and one in which
the blocks are random but equal.* We subsequently extended these CoM results for block
diagonal matrices to the observability matrices that arise in the analysis of linear dynamical

systems [11]. We will address the observability problem in details in Chapter 6 of this thesis.
3.3 Contributions

In summary, we derive CoM inequalities for randomized Toeplitz matrices. The derived
bounds in the inequalities are non-uniform and depend on a quantity which is a function of
the signal. For the class of sparse signals, the introduced quantity is bounded by the sparsity
level of the signal while if a random distribution is imposed on the non-zero entries of the
signal, the typical value of the quantity is bounded by a term that scales logarithmically in

the ambient dimension. As an application of the CoM inequalities, we consider CBD.
3.4 Main Results

In this work, we derive CoM bounds for compressive Toeplitz matrices as given in (3.5)

with entries {z)}2 ™! drawn from an ii.d. Gaussian random sequence. Our first main

result, detailed in Theorem 3.7, states that the upper and lower tail probability bounds

4Shortly after our own development of CoM inequalities for compressive Toeplitz matrices (a preliminary
version of Theorem 3.7 appeared in [3]), Yap and Rozell [57] showed that similar inequalities can be derived
by extending the CoM results for block diagonal matrices. Our Theorem 3.15 and the associated discussion,
however, is unique to this work.
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depend on the number of measurements M and on the eigenvalues of the covariance matrix

of the vector a defined as

Ra (O) Ra (1) 7e’a (M - 1)
Ra (1 Ra (0 oo Rag (M —2
pa=| "ol O R3] 56
Ra(M_l) Ra(M_2) Ra(O)

where R, (1) := ZZ]\ST a;a;,. denotes the un-normalized sample autocorrelation function of

a € RV,

Theorem 3.7 Let a € RY be fived. Define two quantities p(a) and p(a) associated with

N VAP,
and ILL(CL) = ]\jTaH%’

max; \;
lall3

the eigenvalues of the covariance matriz P (a) as p(a) =
where \; is the i-th eigenvalue of P (a). Let y = Xa, where X is a random compressive
Toeplitz matrix with i.i.d. Gaussian entries having zero mean and unit variance. Noting that

E|llyl3] = M| a3, then for any € € (0,1), the upper tail probability bound is
_ M
P {llylz — Mlal; > eM||a]3} < e 5@ (3-8)
and the lower tail probability bound is

_ M
P {|lyll; — Mllal; < —eM|lal3} < e 5o, (3.9)

Theorem 3.7 provides CoM inequalities for any (not necessarily sparse) signal a € RY. The
significance of these results comes from the fact that the tail probability bounds are functions
of the signal a, where the dependency is captured in the quantities p (a) and p(a). This
is not the case when X is unstructured. Indeed, allowing X to have M x N i.i.d. Gaussian
entries with zero mean and unit variance (and thus, no Toeplitz structure) would result in

the concentration inequality (see, e.g., [46])

M

P {|[lyl3 — Mllal3| > eM|al3} < 2¢77. (3.10)

Thus, comparing the bound in (3.10) with the ones in (3.8) and (3.9), one could conclude that

achieving the same probability bound for Toeplitz matrices requires choosing M larger by a
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factor of 2p (a) or 2u (a). Typically, when using CoM inequalities such as (3.8) and (3.9),
we must set M large enough so that both bounds are sufficiently small over all signals a
belonging to some class of interest. For example, we are often interested in signals that have
a sparse representation. Because we generally wish to keep M as small as possible, it is
interesting to try to obtain an upper bound for the important quantities p (a) and p (a) over
the class of signals of interest. It is easy to show that for all @ € RY, 1 (a) < p(a). Thus,
we limit our analysis to finding the sharpest upper bound for p (a) when a is K-sparse. For

the sake of generality, we allow the signal to be sparse in an arbitrary orthobasis.

Definition 3.11 A signal a € RY is called K-sparse in an orthobasis G € RV*N if it can be

represented as a = Gq, where ¢ € RY is K-sparse (a vector with K < N non-zero entries).

We also introduce the notion of K-sparse Fourier coherence of the orthobasis G. This
measures how strongly the columns of G are correlated with the length L Fourier basis,

Fy, € C*L which has entries Fi (¢, m) = \%Lw(g_l)(m_l), where w = e~ 7",

Definition 3.12 Given an orthobasis G € RN*N and measurement length M, let L =

N+ M — 1. The K-sparse Fourier coherence of G, denoted vk (G), is defined as

vic (G) = max | {3 Gsll2, (3.13)
where S C {1,2,..., N} is the support set and varies over all possible sets with cardinality
S| = K, Gs € RVN*K s a matriz containing the columns of G € RN*N indexed by the

support set S, and FiZ, € CN is a row vector containing the first N entries of the i-th row
of the Fourier orthobasis Fy, € CE*L. Observe that for a given orthobasis G, vk (G) depends
on K.

Using the notion of Fourier coherence, we show in Section 3.6 that for all vectors a € RV

that are K-sparse in an orthobasis G € RV*V

pla) < Lvg (G), (3.14)
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where, as above, L = N + M — 1. This bound, however, appears to be highly pessimistic
for most K-sparse signals. As a step towards better understanding the behavior of p (a), we
consider a random model for a. In particular, we consider a fixed K-sparse support set, and
on this set we suppose the K non-zero entries of the coefficient vector q are drawn from a

random distribution. Based on this model, we derive an upper bound for E [p (a)].

Theorem 3.15 (Upper Bound on E [p (a)]) Let ¢ € RY be a random K -sparse vector whose
K non-zero entries (on an arbitrary support S) are i.i.d. random variables drawn from a
Gaussian distribution with N (0, %) Select the measurement length M, which corresponds
to the dimension of P(a), and set L = N + M — 1. Let a = Gq where G € RN 4s an
orthobasis. Then

8LvE (G)

Bp(a)) < -5

(log 2L +2). (3.16)

The K-sparse Fourier coherence v (G) and consequently the bounds (3.14) and (3.16)
can be explicitly evaluated for some specific orthobases G. For example, letting G = Iy
(the N x N identity matrix), we can consider signals that are sparse in the time domain.
With this choice of G, one can show that vg (Iy) = \/% As another example, we can
consider signals that are sparse in the frequency domain. To do this, we set G equal to a
real-valued version of the Fourier orthobasis. (Construction of a real-valued Discrete Fourier
Transform (DFT) matrix is explained in Chapter 2 of this thesis.) With this choice of G,

one can show that vg (Ry) < \/g . Using these upper bounds on the Fourier coherence, we

have the following deterministic bounds on p(a) in the time and frequency domains:

K (time domain sparsity) and (3.17)
N

<
pla) < (frequency domain sparsity) . (3.18)

We also obtain bounds on the expected value of p (a) under the random signal model as:
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E[p(a)] <8(log2L +2) (time domain sparsity) and (3.19)

N
Ep(a)] < 8? (log2L + 2) (frequency domain sparsity) . (3.20)

We offer a brief interpretation and analysis of these bounds in this paragraph and several
examples that follow. First, because K < N, the deterministic and expectation bounds on
p(a) are smaller for signals that are sparse in the time domain than for signals that are
sparse in the frequency domain. The simulations described in Examples 3.22 and 3.23 below
confirm that, on average, p(a) does indeed tend to be smaller under the model of time
domain sparsity. Second, these bounds exhibit varying dependencies on the sparsity level K:
(3.17) increases with K and (3.20) decreases with K, while (3.18) and (3.19) are agnostic
to K. The simulation described in Example 3.22 below confirms that, on average, p(a)
increases with K for signals that are sparse in the time domain but decreases with K for
signals that are sparse in the frequency domain. This actually reveals a looseness in (3.19);
however, in Section 3.8, we conjecture a sparsity-dependent expectation bound that closely
matches the empirical results for signals that are sparse in the time domain. Third, under
both models of sparsity, and assuming 8 (log 2L + 2) < K for signals of practical interest,
the expectation bounds on p (@) are qualitatively lower than the deterministic bounds. This
raises the question of whether the deterministic bounds are sharp. We confirm that this is

the case in Example 3.24 below.

Example 3.21 (Illustrating the signal-dependency of the left-hand side of CoM inequali-
ties (3.8) and (3.9)) In this example, we illustrate that the CoM behavior for randomized
Toeplitz matrices is indeed signal-dependent. We consider inequality (3.8) while a similar
analysis can be made for (3.9). We consider two particular K-sparse (K = 64) signals, ay
and ay both in RY (N = 1024) where the K non-zero entries of a; have equal values and
occur in the first K entries of the vector (p(ay) = 63.26), while the K non-zero entries of as

appear in a randomly-selected locations with random signs and values (p (az) = 5.47). Both
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Figure 3.1: Illustrating the signal-dependency of the left-hand side of CoM inequality. With
fixed N = 1024, K = 64 and M = 512, we consider two particular K-sparse signals, aq,
and as. Both a; and as are normalized. We measure each of these signals with 1000 i.i.d.
Gaussian M x N Toeplitz matrices. (a) The K non-zero entries of a; have equal values
and occur in the first K entries of the vector. (b) The K non-zero entries of ay appear in
randomly-selected locations with random signs and values. The two signals have different
concentrations that can be upper bounded by the signal-dependent bound.

a; and as are normalized. For a fivred M = 512, we measure each of these signals with 1000
1.1.d. Gaussian M x N Toeplitz matrices.

Figure 3.1 depicts the numerically determined rate of occurrence of the event ||yl||3 —
M]|al|3 > eM||a||3 over 1000 trials versus € € (0,1). For comparison, the derived analytical
bound in (3.8) (for Toeplitz X ) as well as the bound in (3.10) (for unstructured X ) is
depicted. As can be seen the two signals have different concentrations. In particular, a,
(Figure 3.1(a)) has worse concentration compared to ay (Figure 3.1(b)) when measured by
Toeplitz matrices. This signal-dependency of the concentration does not happen when these
signals are measured by unstructured Gaussian random matrices. Moreover, the derived
signal-dependent bound (3.8) successfully upper bounds the numerical event rate of occurrence
for each signal while the bound (3.10) for unstructured X fails to do so. Also observe that
the analytical bound 67% in Figure 3.1(b) can not bound the numerical event rate of

occurrence for ay as depicted in Figure 3.1(a).
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Figure 3.2: Sample mean of p (a) in the time and frequency domains versus the expectation
bounds, where L = N + M — 1. The sample mean p(a) is calculated by taking the mean
over 1000 constructed signals a. A logarithmic scale is used for the vertical axis. (a) Varying
K with fixed M = N = 256. (b) Varying M with fixed N = 512 and K = 32.

Example 3.22 (Varying K and comparing the time and frequency domains) In this experi-
ment, we fix M and N. For each value of K and each sparse basis G = Iy and G = Ry, we
construct 1000 random sparse vectors q € RY with random support and having K non-zero
entries drawn from a Gaussian distribution with mean zero and variance % For each vector,
we compute a = Gq, and we then let p(a) denote the sample mean of p(a) across these
1000 signals. The results, as a function of K, are plotted in Figure 3.2(a). As anticipated,
signals that are sparse in the frequency domain have a larger value of p (a) than signals that
are sparse in the time domain. Moreover, p(a) decreases with K in the frequency domain
but increases with K in the time domain. Quverall, the empirical behavior of p(a) is mostly
consistent with the bounds (3.19) and (3.20), although our constants may be larger than

necessary.

Example 3.23 (Varying M and comparing the time and frequency domains) This experi-
ment is identical to the one in Example 3.22, except that we vary M while keeping K and
N fized. The results are plotted in Figure 3.2(b). Once again, signals that are sparse in the

frequency domain have a larger value of p (a) than signals that are sparse in the time domain.
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Moreover, in both cases p(a) appears to increase logarithmically with M as predicted by the

bounds in (3.19) and (3.20), although our constants may be larger than necessary.

Example 3.24 (Confirming the tightness of the deterministic bounds) We fix N, consider
a vector a € RN that is K-sparse in the time domain, and suppose the K non-zero entries
of a take equal values and occur in the first K entries of the vector. For such a vector one
can derive a lower bound on p (a) by embedding P(a) inside a circulant matriz, applying the
Cauchy Interlacing Theorem [58] (we describe these steps more fully in Section 3.6.1), and
then performing further computations that we omit for the sake of space. With these steps,

one concludes that for this specific vector a € RY,

pla) > K (1 - ;—i (%}i_l) ) . (3.25)

When M > K2, the right-hand side of (5.25) approaches K. This confirms that (3.17) is

sharp for large M.

In the remainder of this chapter, the proofs of Theorem 3.7 and Theorem 3.15 are pre-
sented, followed by additional discussions concerning the relevance of the main results. Our
results have important consequences in the analysis of high-dimensional dynamical systems.

We expound on this fact by exploring a CBD problem in Section 3.9.

3.5 Proof of Theorem 3.7

The proofs of the upper and lower bounds of Theorem 3.7 are given separately in Lem-
mas 3.31 and 3.35 below. The proofs utilize Markov’s inequality along with a suitable bound
on the moment generating function of ||y||3, given in Lemma 3.26. Observe that for a fixed
vector a € RY and a random Gaussian Toeplitz matrix X € RM™*Y the vector y = Xa € RM
will be a Gaussian random vector with zero mean and M x M covariance matrix P (a) given

in (3.6).

Lemma 3.26 Ify € RM is a zero mean Gaussian random vector with covariance matrixz P,

then
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tyTy | _ 1
B [6 }  /det (I, — 2tP) (3:27)

holds for all t € (—00, 55+ ).

’ 2)\ma$(P)
Proof
E [etyTy} :/ _ 1 . etyTye,%yquydy
(27)2 det2 (P)
3 - -1
1 —syT(P1-2tly )y detz <(P = 2tLy) )
- M 1 e 2 dy = S
(2m)2 det2 (P) det2 (P)
1 1

(det (P! — 2tIy,)det P)>  +/det (Iyy — 2tP)
[ |
Observe that as a special case of Lemma 3.26, if y € R is a scalar Gaussian random
variable of unit variance, then we obtain the well known result of E [6“42] = ﬁ, for
t € (=00, 3). Based on Lemma 3.26, we use Chernoff’s bounding method [59] for computing

the upper and lower tail probability bounds. In particular, we are interested in finding

bounds for the tail probabilities

P{llylz > Mlal3(1 +¢)} (3.28a)
and

P{llylz < Mlal3(1 —e)}. (3.28b)

Observe that in (3.28a) and (3.28b) concentration behavior is sought around E [||y||3] =
M||a||3. For a random variable z, and all ¢ > 0,

E [etz]

P {Z Z 6} =P {etz 2 ete} S 7 (329)

(see, e.g., [59]). Applying (3.29) to (3.28a), for example, and then applying Lemma 3.26

yields
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E [etyTy}
P {|lyll; > Mllall;(1+ ¢} <

< e = (det (I — 2tP))”% ¢ Mlaldtat (3 30)
e a 2 €

In (3.30), t € (—o0, m) is a free variable which—as in a Chernoff bound—can be varied

to make the right-hand side as small as possible. Though not necessarily optimal, we propose

touse t = SERNIOITTE where f is a function of a that we specify below. We state the upper

tail probability bound in Lemma 3.31 and the lower tail probability bound in Lemma 3.35.

Lemma 3.31 Let a € RY be fized, let P = P (a) be as given in (5.6), and let y € RM be a

zero mean Gaussian random vector with covariance matriz P. Then, for any € € (0, 1),

2 M

P{llylz = Mlal;(1+e)} < e 5. (3.32)

Proof Choosing t as

€
- 2(1+¢)p(a)lals
and noting that ¢t € (—o00, 5—2—), the right-hand side of (3.30) can be written as

’ 2max; \;

M

((det (1~ (1ie>p(a)PHaH%)>Al4 ”) R (8:33)

This expression can be simplified. Note that

det (IM " i ) p(a)P||a||§> - ﬁ (1 - —Ek €) p(a)/\ﬁaﬂg)

M € A
2i=1log (1‘ T+9 s ) ‘

i3
Using the facts that log (1 — cicp) > colog (1 — ¢;) for any ¢y, ¢5 € [0,1] and Tr (P) = M||al|,

=€

we have

29



M e i M i e
M log(1-—ts —2i M og(1—
& Og( () p<a>nau§) > 2= palal} os(1-1%2)

Tr(P) 1 1
— er@lal3 Og(1+e)

Combining (3.30), (3.33), and (3.34) gives us

1 7ﬁ e M
P{|yll3 > Mlal;(1+¢} < ((1+e) e p(a)) =((14¢) e )@ .
The final bound comes by noting that (1 + €)e™¢ < e~ /4. [

Lemma 3.35 Using the same assumptions as in Lemma 3.31, for any € € (0, 1),

e2
P {lyl}3 < Mllal3 (1 - )} < e Hto

Proof Applying Markov’s inequality to (3.28b), we obtain

E ||
2 2 _ 2 2
P {llyll3 < Mlal3(1 - 9} = P {~[lyl = ~Mllal}(1 - )} € —mrsy.  (336)
Using Lemma 3.26, this implies that
_ 1 2 %
P {|lyl} < Mllall3(1 - )} < ((det (I +2¢P)) W 2lelB=0 = (3.37)

In this case, we choose
€

"2+ op(a)]al’

and note that ¢ > 0. Plugging ¢ into (3.37) and following similar steps as for the upper tail

bound, we get

’:1:

€ >\i
< )\z ) _ 621}21 log(1+(1+e) M(@HM\%) ] (338)
) ua)lall3

=1

30



Since log (1 + ¢) 20—% for ¢ > 0,

Ai
) i (a) HaH%) (3.39)

> M € )\,L _ 1 ( € )\z )2
“ S \U+gp@lali 2\ +e)pla)al3

€ Zi\il Ao 1 € ' 2
(1+e)p(a)lali 2 ((1 +e)p(a) IlaH%) — g

a1 (15) w0 Garg) 60

Combining (3.38) and (3.40) gives the bound

_M 62 € 62 € m
det (I + 2tP) > eu%) (2(1i§>2> = (62(1132) - (3.41)

By substituting (3.41) into (3.37), we obtain

M M
—2-92¢ 1—0 \ (@ —2¢3-¢2 \ 2u(a)
Pﬂm@smwmyf»sGw&e&?ma:Giw)wf

—263—62

3.6 Proof and Discussion of Theorem 3.15

In this section, we first provide the proof of Theorem 3.15. We then discuss some of the
implications of the result. An important step towards the proof is based on the so-called

“circulant embedding” explained in the next section.
3.6.1 Circulant Embedding

The covariance matrix P (a) described in (3.6) is an M x M symmetric Toeplitz matrix
which can be decomposed as P (a) = AT A, where A is an (N + M — 1) x M Toeplitz matrix
(as shown in Figure 3.3) and A7 is the transpose of A. In order to derive an upper bound on

the maximum eigenvalue of P (a), we embed the matrix A inside its (N+M —1)x (N+M —1)
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Figure 3.3: Toeplitz matrix A € RY*M and its circulant counterpart A, € RY*E where L =
N+ M —1.

circulant counterpart A, where each column of A, is a cyclic downward shifted version of the

previous column. Thus, A, is uniquely determined by its first column, which we denote by

a=la; ---ay 0 - ()]TERL’

aTl (M—1) zeros

where L = N 4+ M — 1. Observe that the circulant matrix A, € R¥*% contains the Toeplitz
matrix A € RE*M in its first M columns. Because of this embedding, the Cauchy Interlacing

Theorem [58] implies that max;<yr Ai(AT A) < max;<;, \;(AT A.). Therefore, we have

max; )\z (AzAc)

lali3

max; /\z(P (CI,))

pla) =g =

max; /\z (ATA)

a3

. max; |A1<AZ)|2
lal3

=: p.(a).
(3.42)

Thus, an upper bound for p (a) can be achieved by bounding the maximum absolute eigen-
value of AT, Since AT is circulant, its eigenvalues are given by the un-normalized length-L

DFT of the first row of AT (the first column of A.). Specifically, for i = 1,2,..., L,

L N
M(AT) =3 G TEDED = §7 g DD, (3.43)
k=1 k=1
Recall that F;, € C**F is the Fourier orthobasis with entries F7 (¢, m) = %w“—l)(m_l) where

w=e1T,and let Fi7 € C* be the i-th row of Fy. Using matrix-vector notation, (3.43)

can be written as
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N(ATY = VLFi7a = VLFFa = VLF3Gq = VLF3Gsqs, (3.44)

where Fi3 € CV is a row vector containing the first N entries of Fi~, q5 € RE is the
part of g € RY restricted to the support S (the location of the non-zero entries of q) with
cardinality |S| = K, and Gs € R¥*K contains the columns of G € RY*Y indexed by the

support S.
3.6.2 Deterministic Bound

We can bound p (a) over all sparse a using the Cauchy-Schwarz inequality. From (3.44),

it follows for any 7 € {1,2,..., L} that

IN(AD)| = [VLF}Gsqs| < VLIFRGsllzllasll: = VLIFRGsllzllallz. (3.45)

By combining Definition 3.12; (3.42), and (3.45), we arrive at the deterministic bound (3.14).
This bound appears to be highly pessimistic for most sparse vectors a. In other words, al-
though in Example 3.24 we illustrate that for a specific signal a, the deterministic bound (3.14)
is tight when M > K, we observe that for many other classes of sparse signals a, the bound
is pessimistic. In particular, if a random model is imposed on the non-zero entries of a,
an upper bound on the typical value of p(a) derived in (3.19) scales logarithmically in the
ambient dimension L which is qualitatively smaller than K. We show this analysis in the
proof of Theorem 3.15. In order to make this proof self-contained, we first list some results

that we will draw from.
3.6.3 Supporting Results

We utilize the following propositions.

Lemma 3.46 [55] Let z be any random variable. Then

E[z|] = /OOOP{|Z| > x}d. (3.47)
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Lemma 3.48 Let z; and 29 be positive random variables. Then for any U,

P{zl—i—zzZU}gP{le%}—l—P{ngg}, (3.49)
and for any Uy and U,
21 U1
P{—z—}sp{zlele{zQszfz}. (3.50)
Z9 U2
Proof See Appendix A.1. [ |

Proposition 3.51 [46] (Concentration Inequality for Sums of Squared Gaussian Random
Variables) Let ¢ € RY be a random K-sparse vector whose K mnon-zero entries (on an
arbitrary support S) are i.i.d. random wvariables drawn from a Gaussian distribution with
N(0,0%). Then for any € > 0,

Ke2

P{|lgl} < Ko*(1-¢)} <e T

Proposition 3.52 (Hoeffding’s Inequality for Complex-Valued Gaussian Sums) Let b € CV
be fized, and let € € RN be a random vector whose N entries are i.i.d. random variables drawn

from a Gaussian distribution with N'(0,02). Then, for any u > 0,
P {

Proof See Appendix A.2. [ |

N

Z Ez‘bi

=1

u2
> u} < 9¢ 42IbI3

In order prove Theorem 3.15, we also require a tail probability bound for the eigenvalues

of AT.

Proposition 3.53 Let g € RY be a random K -sparse vector whose K non-zero entries (on

an arbitrary support S) are i.i.d. random variables drawn from a Gaussian distribution with
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N(0, %) Let a = Gq where G € RV*N s an orthobasis, and let A, be an L x L circulant
matriz, where the first N entries of the first column of A. are given by a. Then for any
u >0, and fori =1,2,...,L,

u2K

P {|\i(Ao)| > u} <2 k@, (3.54)

Proof Define the row vector b = VLFi3,Gs € CK. From (3.44) and the Cauchy-
= |[VLF{}Gsqsl = | L5 ebil,
where ¢ = (qg);. From Definition 3.12, we have ||blly < vLvk (G). The tail probabil-

Schwarz inequality, it follows that |\;(A.)| = |\(AT)

ity bound (3.54) follows from applying Proposition 3.52. |
3.6.4 Completing the Proof of Theorem 3.15

From (3.42), we have

Blp(a)] < Blp (o) - B | R [Tp fre MAIE S g,

lall3 lall3

Lv? N ATN|2
:/ GP{maXIIAz(ACN 2x}d:c,
0

lall3

where the last equality comes from the deterministic upper bound
IN(ADY| < VL|FiGs|2llalls € VLvk (G)]lallz. Using a union bound, for any ¢ > 0 we

have

/L”K(G)P{maXiP\z‘(ACT)P N x} o /LVK(G)P{H]&XZ‘|)\Z‘<AZ)|2 S t—I}dx
0 - : [

Lvi (G)
< / p {max IN(AD)? > t:E} dx
0 7

LvZ.(G)
+/ P {|lal5 <t} dx. (3.55)
0

The first term in the right hand side of (3.55) can be bounded as follows. For every § > 0,

by partitioning the range of integration [55, 60], we obtain
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<5+/ ZP{M DI > tad da

Ktz

<6+/ ZQ@ 4LV (©)

X Ktz
=0+ 2L/ e k@ dy
§

8L*2 <G)e_ K15

4Lv3,(G)

_5
TRt )

where we used Proposition 3.53 in the last inequality. The second term in (3.55) can be

bounded using the concentration inequality of Proposition 3.51. We have for 0 < ¢t < 1,

P{llal} <t} <7 (3.55),

we have
8L2 2 G __ Kt$ _4)2

E[p(a)] < E[p.(a)] <0+ % RO L Lk (G)e T (3.56)

. .. . . e " 4Lv2 (G)log2L

Now we pick § to minimize the upper bound in (3.56). Using the minimizer §* = KTtg

yields
ALV: (G Kt —1)2
Bl (a)] < Blp (a)) < 2EE) (1 waL 414 Bl ) . (3.57)
Let g(K,t) = %e’@. It is trivial to show that ¢ (K,0.5) < 1 for all K (for t =

0.5, maxg g (K,0.5) = 2). Therefore, E [p(a)] < w (log 2L + 2), which completes the

proof. [ |
3.7 Discussion

Remark 3.58 In Theorem 3.15, we derived an upper bound on E[p (a)] by finding an upper
bound on E [p. (a)] and using the fact that for all vectors a, we have p (a) < p.(a). However,

we should note that this inequality gets tighter as M (the number of columns of A) increases.
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For small M the interlacing technique results in a looser bound.

Remark 3.59 By taking G = Iy and noting that vi (Iy) = \/%, (3.57) leads to an up-
per bound on E|[p.(a)] when the signal a is K-sparse in the time domain (specifically,
E[p.(a)] < 8(log2L +2)). Although this bound scales logarithmically in the ambient di-
mension L, it does not show a dependency on the sparsity level K of the vector a. Quver
multiple simulations where we have computed the sample mean p.(a), we have observed a
linear behavior of the quantity WKa) as K increases, and this leads us to the conjecture below.
Although at this point we are not able to prove the conjecture, the proposed bound matches

closely with empirical data.

Conjecture 3.60 Fiz N and M. Let a € RV be a random K -sparse vector whose K non-
zero entries (on an arbitrary support S) are i.i.d. random variables drawn from a Gaussian
distribution with N'(0, %). Then

K

Elp. ()] ~ —=—.

where ¢; = —— for some constant ¢, and ¢ =1 — ¢4.
clog L )

The conjecture follows from our empirical observation that % ~ 1K + ¢y for some
constants ¢; and cq, the fact that p.(a) = 1 for K = 1, and the observation that p.(a) ~
clog L when K = N for large N. In the following examples, we illustrate these points and

show how the conjectured bound can sharply approzimate the empirical mean of p.(a).

Example 3.61 In this experiment, we fit M = 256 and take G = Iy. For each value of
N, we construct 1000 random non-sparse vectors a € RY whose N entries are drawn from a
Gaussian distribution with mean zero and variance % We let p. (a) denote the sample mean
of pe (@) across these 1000 signals. The results, as a function of N, are plotted in Figure 3.4.
Also plotted is the function f (L) =log (L) where L = N + M — 1; this closely approximates

the empirical data.
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Figure 3.4: Empirical results. Sample mean of p.(a) in the time domain for full vectors
a € RY where M = 256 is fixed. Also plotted is f (L) = log (L), where L = N + M — 1.

Example 3.62 In this experiment, we fix N = 1024. For each value of K, we construct
1000 random sparse vectors a € RY with random support and having K non-zero entries
drawn from a Gaussian distribution with mean zero and variance . We let p. (a) denote
the sample mean of p.(a) across these 1000 signals. The results, as a function of K for two

fized values M =1 and M = 1024, are plotted in Figure 3.5.

Remark 3.63 As a final note in this section, the result of Theorem 8.15 can be easily
extended to the case when G € CN*N s a complex orthobasis and q and a are complex

vectors. The bounds can be derived in a similar way.
3.8 A Quadratic RIP Bound and Non-uniform Recovery

An approach identical to the one taken by Baraniuk et al. [32] can be used to establish
the RIP for Toeplitz matrices X based on the CoM inequalities given in Theorem 3.7. As
mentioned in Section 3.4, the bounds of the CoM inequalities for Toeplitz matrices are looser
by a factor of 2p(a) or 2u (a) as compared to the ones for unstructured X. Since p(a) is
bounded by K for all K-sparse signals in the time domain (the deterministic bound), with
straightforward calculations a quadratic estimate of the number of measurements in terms

of sparsity (M ~ K?) can be achieved for Toeplitz matrices. As mentioned earlier, on the
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Figure 3.5: Empirical results. (a) Simulation results vs. the conjectured bound g(K) = ﬁ

. . . . K
with ¢ = 1. (b) Linearity of AR

other hand, there exists an extremely non-uniform distribution of p (a) over the set of all
K-sparse signals a, for as Theorem 3.15 states, if a random model is imposed on a, an upper
bound on the typical value of p (a) scales logarithmically in the ambient dimension L. This
suggests that for most K-sparse signals a the value of p (a) is much smaller than K (observe
that 8 (log2L 4 2) < K for many signals of practical interest). Only for a very small set
of signals does the value of p(a) approach the deterministic bound of K. One can show,
for example, that for any K-sparse signal whose K non-zero entries are all the same, we
have p(a) < p.(a) = K (Example 3.24). This non-uniformity of p (a) over the set of sparse
signals may be useful for proving a non-uniform recovery bound or for strengthening the RIP
result; our work on these fronts remains in progress. Using different techniques than pursued
here (non-commutative Khintchine type inequalities), a non-uniform recovery result with a
linear estimate of M in K up to log-factors has been proven by Rauhut [49]. For a detailed
description of non-uniform recovery and its comparison to uniform recovery, one could refer
to a paper by Rauhut [Sections 3.1 and 4.2, [55]]. The behavior of p (a) also has important

implications in the binary detection problem which we discuss in the next section.
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Figure 3.6: FIR filter of order N with impulse response {ak}ff:l.

3.9 Compressive Binary Detection (CBD)

In this section, as an application of the CoM inequalities for Toeplitz matrices, we consider

a CBD problem.
3.9.1 Problem Setup

In this section, we address the problem of detecting a change in the dynamics of a linear
system. We aim to perform the detection from the smallest number of observations, and for
this reason, we call this problem Compressive Binary Detection (CBD).

We consider an FIR filter with a known impulse response a = {a;}2_,. The response
of this filter to a test signal = {x;}~ M ~! is described in (3.3). We suppose the output
of this filter is corrupted by random additive measurement noise z. Figure 3.6 shows the
schematic of this measurement process.

From a collection of M measurements y with M < N, our specific goal is to detect
whether the dynamics of the system have changed to a different impulse response b =
{bk}]kvzl, which we also assume to be known. Since the the nominal impulse response a is
known, the expected response Xa can be subtracted off from y, and thus without loss of
generality, our detection problem can be stated as follows [61]: Distinguish between two
events which we define as & = {y = 2z} and &, = {y = Xc + 2z}, where c = b — a and z is

a vector of i.i.d. Gaussian noise with variance 2.

For any detection algorithm, one can define the false-alarm probability as Ppy =

P {(&; chosen when &)} and the detection probability Pp = P {(&; chosen when &;)}. A

Receiver Operating Curve (ROC) is a plot of Pp as a function of Pry. A Neyman-Pearson
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(NP) detector maximizes Pp for a given limit on the failure probability, Pr4 < . The NP
&1

test for our problem can be written as y” X¢ = v, where the threshold v is chosen to meet
&o

the constraint Ppy < a. Consequently, we consider the detection statistic d := y” Xec. By

evaluating d and comparing to the threshold v, we are now able to decide between the two

events & and &;. To fix the failure limit, we set Pry, = a which leads to

Poa) = Q (@) - 1251, (3.60)

o

where Q(q) = % fqoo e~ du. As is evident from (3.64), for a given «, Pp () directly de-
pends on || X¢|l2. On the other hand, because X is a compressive random Toeplitz matrix,
Theorem 3.7 suggests that || X ¢||2 is concentrated around its expected value with high prob-
ability and with a tail probability bound that decays exponentially in M divided by p(¢).
Consequently, one could conclude that for fixed M, the behavior of p (¢) affects the behavior

of Pp (a) over a. The following example illustrates this dependency.

Example 3.65 (Detector Performance) Assume with a failure probability of Ppa = o =
0.05, a detection probability of Pp () = 0.95 is desired. Assume o = 0.3. From (3.64) and
noting that @Q (—1.6449) = 0.95 and Q' (0.05) = 1.6449, one concludes that in order to
achieve the desired detection, || Xclly should exceed 0.3 x 2 x 1.6449 = 0.9869 (i.e., || Xcl||3 >
0.9741). On the other hand, for a Toeplitz X with i.i.d. entries drawn from N(O,%),
E[|Xc|?3 = |lc|3. Assume without loss of generality, ||c||s = 1. Thus, from Theorem 3.7
and the bound in (3.9), we have for € € (0,1)

2 M

2 _ €M & M
P{||Xc|; - 1< —€} <e 8o <e 5@, (3.66)

Therefore, for a choice of e =1 —0.9741 = 0.0259 and from (3.66), one could conclude that

6.7x10" %M

P {HXCH% S 09741} S 6_ 8p(c)

Consequently, for ¢ € (0,1), if M > 6;6;)1(5)74 log (71, then with probability at least 1 — (2,

| X c||2 exceeds 0.9741, achieving the desired detection performance. Apparently, M depends

on p(€) and qualitatively, one could conclude that for a fizred M, a signal ¢ with small p (c)
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Figure 3.7: ROCs for 1000 random matrices X for a fixed signal ¢ with p(¢) = 45.6. (a)
Unstructured X. (b) Toeplitz X. The solid black curve is the average of 1000 curves.

leads to better detection (i.e., maximized Pp («) over ). Similarly, a signal ¢ with large

p (c) is more difficult to reliably detect.

In the next section, we examine signals of different p(c) values and show how their
ROCs change. It is interesting to note that this dependence would not occur if the matrix X
were unstructured (which, of course, would not apply to the convolution-based measurement
scenario considered here but is a useful comparison) as the CoM behavior of unstructured

Gaussian matrices is agnostic to the signal c.
3.9.2 Empirical Results and ROCs

In several simulations, we examine the impact of p (¢) on the detector performance. To
begin, we fix a signal ¢ € R? with 50 non-zero entries all taking the same value; this signal
has |c|ls = 1 and p(e) = 45.6 with our choice of M = 128. We generate 1000 random
unstructured and Toeplitz matrices X with i.i.d. entries drawn from N (0, %) For each
matrix X, we compute a curve of Pp over Ppu using (3.64); we set o = 0.3. Figure 3.7(a)
and Figure 3.7(b) show the ROCs resulting from the unstructured and Toeplitz matrices,
respectively. As can be seen, the ROCs associated with Toeplitz matrices are more scattered

than the ROCs associated with unstructured matrices. This is in fact due to the weaker
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Figure 3.8: Average ROCs over 1000 random matrices X for 6 different signals c. (a)
Unstructured X. All curves are overlapping. (b) Toeplitz X. The curves descend in the
same order they appear in legend box.

concentration of || Xe||y around its expected value for Toeplitz X (recall (3.8) and (3.9)) as
compared to unstructured X (recall (3.10)).

To compare the ROCs among signals having different p(c) values, we design a simu-
lation with 6 different signals. FEach signal again has ||c|[|s = 1, and we take ¢ = 0.3 as
above. Figure 3.8(a) and Figure 3.8(b) plot the average ROC for each signal over 1000 ran-
dom unstructured and Toeplitz matrices, respectively. Two things are evident from these
plots. First, the plots associated with Toeplitz matrices show a signal dependency while
the ones associated with unstructured matrices are signal-agnostic. Second, with regards to
the plots associated with Toeplitz X, we see a decrease in the curves (i.e., inferior detector
performance) for signals with larger values of p (c).

In summary, our theory suggests and our simulations confirm that the value of p(c)
has a direct influence on the detector performance. From a systems perspective, as an
example, this means that detecting changes in systems having a sparse impulse response in
the time domain (e.g., communication channels with multipath propagation) will be easier
than doing so for systems having a sparse impulse response in the frequency domain (e.g.,

certain resonant systems). It is worth mentioning that while detection analysis of systems
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with sparse impulse response is interesting, our analysis can be applied to situations where

neither the impulse responses a and b nor the change ¢ are sparse.

44



CHAPTER 4
COMPRESSIVE TOPOLOGY IDENTIFICATION

Structure identification of large-scale but sparse-flow interconnected dynamical systems
from limited data has recently gained much attention in the control and signal processing
communities. In this chapter® we consider the topology identification of such systems.

In our model, the system topology under study has the structure of a directed graph of
P nodes. Each edge of the directed graph represents a Finite Impulse Response (FIR) filter.
Each node is a summer, whose inputs are the signals from the incoming edges, while the
output of the summer is sent to outgoing edges. Both the graph topology and the impulse
response of the FIR filters are unknown. The goal is to perform the topology identification
using the smallest possible number of node observations when there is limited data available
and for this reason, we call this problem Compressive Topology Identification (CTI). Inspired
by Compressive Sensing (CS) we show that in cases where the network interconnections are
suitably sparse (i.e., the network contains sufficiently few links), it is possible to perfectly
identify the network topology along with the filter impulse responses from small numbers of
node observations, although this leaves an apparently ill-conditioned identification problem.

If all filters in the graph share the same order, we show that CTI can be cast as the
recovery of a block-sparse signal & € R”Y from observations b = Ax € R™ with M < N,
where matrix A is a block-concatenation of P Toeplitz matrices. We use block-sparse recovery
algorithms from the CS literature such as Block Orthogonal Matching Pursuit (BOMP) [15-
17] in order to perform CTI, discuss identification guarantees, introduce the notion of network
coherence for the analysis of interconnected networks, and support the discussions with
illustrative simulations. In a more general scenario, and when the filters in the graph can

be of different orders (unknown), we show that the identification problem can be cast as the

>This work is in collaboration with Tyrone L. Vincent and Michael B. Wakin [8-10].
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recovery of a clustered-sparse signal £ € RY from the measurements b = Az € RM with
M < N, where the matrix A is a block-concatenation of P Toeplitz matrices. To this end,
we introduce a greedy algorithm called Clustered Orthogonal Matching Pursuit (COMP)
that tackles the problem of recovering clustered-sparse signals from few measurements. In
a clustered-sparse model, in contrast to block-sparse models, there is no prior knowledge of
the locations or the sizes of the clusters. We discuss the COMP algorithm and support the

discussions with simulations.

4.1 Introduction

System identification is usually concerned with developing a model of a dynamical sys-
tem from data for use in control design or for prediction. Large scale systems, which we
define as systems with a large number of observable signals, present particular challenges for
identification, particularly in the choice of model structure and the potentially large number
of parameters that characterize this structure. One could attempt to meet this challenge by
performing the identification with different model structures, and evaluating the prediction
error using cross-validation or a prediction-error criterion that includes a penalty for model
complexity, such as the AIC [1]. However, when the model structure is truly unknown, this
could require an unacceptably large number of identification problems to be solved.

Many problems of current interest to the controls community involve large-scale inter-
connected dynamical systems. In this work, we focus on systems with a large number of
observable variables, where the relations between these variables can be described by a sig-
nal flow graph with nodes of low maximum in-degree. Examples of such systems come from
thermal modeling of buildings [62, 63], biological systems [64], and economics [65]. While
there has been quite a bit of work to date on the analysis and control of networked systems
(see e.g., [66-68]), such analysis typically requires knowledge of the network topology, which
is not always available a priori. Thus, there is a need for effective “topological identification”
procedures [69-71] which, given measurements of the nodes of an interconnected dynamical

system over a finite time interval, can determine the correct interconnection topology.
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The topology identification problem has been addressed by Materassi and Innocenti [71]
in the case that the interconnection graph has a tree structure and enough data is available to
form reliable estimates of cross-power spectral densities. In this chapter, we consider a more
general setting, allowing arbitrary interconnections (including trees, loops, and self-loops)
between nodes in the network, but we assume that the interconnection graph is sparse in
the sense that each node has a relatively low in-degree. For the types of interconnected
systems of interest here, we assume that each observable signal is linearly and causally
dependent on a small subset of the remaining observable signals, plus an independent signal
(i.e., input) that may or may not be measured. A more recent work by Bolstad et al. [72]
also considered a causal network inference problem and derived conditions under which the
recovery algorithm consistently estimates the sparse network structure. Defining the false
connection score, they show that when the network size and the number of node observations
grow to infinity (when the sample size can grow much slower compared to the network size),

then the network topology can be inferred with high probability in the limit.
4.2 Interconnected Dynamical Systems

In order to provide an analysis, we assume that the interconnected dynamical system is a
realization of a specific model structure. In what follows, all signals are discrete time, defined
over a finite non-negative time interval, and represented equivalently as either the function of
integer time a(t) or grouped into vector form using the boldface a. The model structure can
be defined using a directed graph, such as shown in Figure 4.1(a). Each measured signal is
represented by a node in the graph. Edges represent filters that operate on the node signal,
and are assumed to be FIR filters of different orders. Any types of interconnections between
nodes—such as trees, loops, and self-loops—are allowed.

Given an interconnected network of P nodes, let the time series a; (t), t = 1,2,..., M,
denote the output of node i. Each edge in the graph, labeled :vf € R”g, filters the signal a;(?)
at the tail of the edge, and passes the result, y/ (t) = Z:il 2l (s)a;j (t — s), to the node at

the head of the edge. The signal :lrf (t) is the impulse response of the filter for the edge from
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(a) (b)

Figure 4.1: (a) Network model of 6 interconnected nodes. Each edge of the directed graph
(z?) represents an FIR filter of order n? (i.e., ) € R™). (b) Single node model. Each node

7
is a summer whose inputs are the signals from the incoming edges, while the output of the

summer is sent to the outgoing edges. In this illustration, node ¢ sums the signals from nodes
3,7,and 9 (i.e., N; = {3,7,9}) plus a node-specific input term wu; (t).

node j to node i. Note that we have assumed no feedthrough term. Let N; denote the set of
nodes whose outputs are processed and fed to node i. As shown in Figure 4.1(b), we assume
that each node i simply sums the signals that terminate upon it and adds a node-specific
input term w;(t) plus measurement noise ¢;(t). In other words, the output of node ¢ for

t=1,2,..., M, is given by

a; ()= yl (t)+u; (t) + e (1), (4.1)

JEN;
fori=1,2,..., P. Using a more convenient matrix-vector notation, the output of each node
a; € R fori =1,2,--- , P, can be written as
JEN;
For uniformity, we take m = max; ; (nf) and represent :I:f € R™ with trailing zeros as

necessary. Observe that with this assumption, {ch}zp ;=1 may have different support patterns
due to different possible unknown transport delays and different numbers of trailing zeros.

In (4.2), A; is an M x m Toeplitz matrix, u; € R and e; € RY. We use the notation
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A; =T (a;)}; where T (a)}; defines a mapping from a finite sequence a to a Toeplitz matrix.

| a(M —1) oo a(M —m) |
for M > m where zeros are applied if the index goes outside the defined range of a. A

matrix with the same entries along all its diagonals is called Toeplitz. Setting :I:‘Z = 0 for

Vi & N, (4.2) can be rewritten as

P
j=1
which can be expanded as
— wl -
ai:[Al e Ay Ap} :1:{ + u; + e, (4.4)
A :
RE
——
or equivalently as
a;, = Ax; +u; + e;, (4.5)

where a; € RM, z; € RP™ and A € RM*F™ is a matrix formed by the concatenation of P

Toeplitz matrices.
4.3 Network Tomography

Given an interconnected graph of P nodes, the topology identification problem can be
viewed as recovering the set of interconnected links (N;) for each node i in the graph. The
links include unknown FIR filters of different orders, including unknown transport delays.

The assumed a priori knowledge is the total number of nodes P in the network and the max-
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imum possible degree m of each link. By the formulation given in the previous section, the
topology identification problem is equivalent to recovering {x;}7  given node observations.
In particular, the measurements available to us consist of all node inputs {u;}Z, and all
node outputs {a;}Z ;. One possible approach to this problem would be to solve
P
min Y || (a; — w;) — Ami|3. (4.6)
i i

The objective function in (4.6) can be minimized by solving

x;
separately for each node 7 in the network. Observe that the same matrix A is used for
recovery of all x;. For simplicity and without loss of generality, we will suppose henceforth

that a; — u; = b and x; = @ for each given node and focus on the task of solving
min  ||b — Az||3, (4.8)

where by letting N = Pm, we have b € RM and € RY, and A € RM*V is a matrix

consisting of a concatenation of P Toeplitz matrices.
4.4 Compressive Topology Identification

The optimization problem (4.8) has a unique solution if we collect M > N measurements
and if the matrix A is full rank. From standard linear algebra, we would know that exact
recovery of & when e; = 0 is possible from x* = A'b, where AT = (ATA)7'AT is the
Moore-Penrose pseudoinverse of A. However, since N depends linearly on P, the condition
M > N requires large M for topology identification for large-scale interconnected networks
(i.e., large P). On the other hand, if the system topology was known a priori, then only the
parameters for the links that actually exist would need to be identified. The number of such
parameters is independent of the total number of nodes, P.

In order to move towards a data requirement closer to the case of a priori knowledge of
the topology, one can attempt to apply additional information or assumptions that can add

additional constraints and reduce the effective degrees of freedom. In the case of intercon-
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nected dynamical systems, one assumption that is valid for a large number of applications
of interest is low node in-degree (i.e., each node has only a small number of incoming edges).
With this assumption, there will be a distinct structure to the solutions x that we are search-
ing for. In particular, a typical vector & under our model assumptions will have very few
non-zero entries, and these non-zero entries will be grouped in a few locations. The number
of groups corresponds to the number of links that contribute to the output of the current
node of interest (i.e., the cardinality of the set N for node i), while the size of each group
depends on the order and structure of the corresponding FIR filter connected to node 1.

If all links in the network have the same order with no transport delay (i.e., Vi, 7, nf =m),
the non-zero entries of & appear in locations of the same size. In the CS literature, such a

structure is known as block-sparsity, defined as the following.

Definition 4.9 ([16]) Let x € RY be a concatenation of P vector-blocks x> € R™ of the

T

1T

same length where N = Pm, i.e., x = [x :L'PT]T. The vector x € RY is called

K-block sparse if it has K < P non-zero blocks.

On the other hand, if links are allowed to have different orders and different unknown
transport delays, the vector  will no longer have a block-sparse structure. Instead, & has a

clustered-sparse [73] structure, defined as the following.

Definition 4.10 ([73]) A signal x € RY is called (K, C)-clustered sparse if it contains a
total of K non-zero coefficients, spread among at most C' disjoint clusters of unknown size

and location.

Figure 4.2 shows a comparison between a block-sparse signal (Figure 4.2(a)) and a
clustered-sparse signal (Figure 4.2(b)). In a block-sparse structure, the non-zero entries
appear in blocks of the same size while in a clustered-sparse structure, they appear in clus-
ters of unknown size and location.

In the following sections, we consider block-sparse and clustered-sparse structures in the

context of CTI with more details.
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Figure 4.2: Clustered sparsity versus block sparsity model. (a) A 5-block sparse signal with
block size m = 16. (b) A (21,5)-clustered sparse signal. Clusters have different sizes. Both
signals have same length N = 256.

4.5 CTI via Block-Sparse Recovery

In this section we assume that all the links in the network share the same order with
no additional transport delay. As mentioned earlier, in this situation CTI boils down to
recovery of a block-sparse signal from few measurements.

Several extensions of the standard CS recovery algorithms have been proposed to account
for additional structure in the sparse signal to be recovered [16, 74]. Among these, the BOMP
(Block Orthogonal Matching Pursuit (OMP)) algorithm [15-17] is designed to exploit block
sparsity. We will consider BOMP for the topology identification problem due to its ease
of implementation and its flexibility in recovering block-sparse signals of different sparsity
levels. To find a block-sparse solution to the equation b = Ax, the formal steps of the BOMP
algorithm are listed in Algorithm 1. The basic intuition behind BOMP is as follows.

Due to the block sparsity of @, the vector of observations b can be written as a succinct
linear combination of the columns of A, with the selections of columns occurring in clusters
due to the block structure of the sparsity pattern in . BOMP attempts to identify the
participating indices by correlating the measurements b against the columns of A and com-

paring the correlation statistics among different blocks. Once a significant block has been
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Algorithm 1 The BOMP algorithm for recovery of block-sparse signals

Require: matrix A, measurements b, block size m, stopping criteria
Ensure: r°=b,2°=0,A=0, /=0
repeat
match: h; = ATrt, i=1,2...,P
identify support: \ = arg max; ||h;||2
update the support: AT = A‘ U\
update signal estimate: x‘*! = argmin, g, s)cac |b — As|f,
where supp(s) indicates the blocks on which s may be non-zero
5. update residual estimate: r‘*! = b — Ax‘*!
6. increase index ¢ by 1
until stopping criteria true
output: Z = z‘

L e

identified, its influence is removed from the measurements b via an orthogonal projection,
and the correlation statistics are recomputed for the remaining blocks. This process repeats
until convergence.

Eldar et al. [16] proposed a sufficient condition for BOMP to recover any sufficiently
concise block-sparse signal & from compressive measurements. This condition depends on

the properties of A, as described in the next section.
4.5.1 Block-Coherence and Sub-Coherence

Let A € RM*N he a concatenation of P matrix-blocks A; € RMX™ ag

A=Ay - A - Ap). (4.11)

We assume that there is a unique K-block sparse signal & that satisfies b = Ax. Assume
for the moment that matrix A has columns of unit norm. The block-coherence [15-17] of A

is defined as

1
oek(A) 1= —N1(AT A2, 4.12
Hotock (A) = max —[|(A; 4]l (4.12)

where || A||2 is the spectral norm of A. In the case where m = 1, this matches the conventional

definition of coherence [39, 40],

u(A) = max|aiayl, (4.13)
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where {a;}L, are the columns of matrix A. While g characterizes the intra-block
relationships within matrix A, the inter-block properties can be quantified by the sub-

coherence [15-17] of A as

Usub-block (A) 1= max max \aﬁakj |, (4.14)
k  d,j#i

where ay,, ay, are columns of the matrix-block Ap.
4.5.2 Recovery Condition

In [16, Theorem 3], a sufficient condition is provided that guarantees recovery of any K-
block sparse signal  from the measurements b = Ax via BOMP. This condition is stated

in terms of the block-coherence metrics, ppocc and figup-plock Of the matrix A.

Theorem 4.15 [16] If x is block-sparse with K non-zero blocks of length n, then BOMP

will recover x from the measurements b = Ax if

Km < pr, (4.16)
where
1/ 4 Hsub-block
pr = 5 (kg — (1) P20 ). (4.17)
Hblock
When m = 1, condition (4.16) is equivalent to the exact recovery condition using

OMP [40], namely, K < 1(p~' +1). What Theorem 4.15 tells us is that, for a given
matrix A with certain block-coherence metrics (ppiock and frsup-block), BOMP is guaranteed
exact recovery of block-sparse signals of a limited sparsity level. The smaller the value of

pr, the higher the permitted value of K, and the broader the class of signals that can be
recovered via BOMP.

4.5.3 Network Coherence

In previous sections, we explained how we can cast the topology identification of a large-

scale interconnected network as a CS recovery problem where the signal to be identified has
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Figure 4.3: A simple network for our study of network coherence.

a block-sparse structure and the measurement matrix is a block-concatenation of Toeplitz
matrices. Since the block-coherence metrics (4.12) and (4.14) give a sufficient condition
for recovery via BOMP, it is of interest to examine the particular effect of the network
interconnection structure on the block-coherence metrics of A. To highlight the important
role that these metrics play in the context of our topology identification problem, where
the coupling between node outputs is based on a discrete-time convolution process, we will
collectively refer to pipocc and pisup-biock as the network coherence metrics. In order to give
some insight into how the network coherence relates to the network topology, we focus in
this section on networks with very simple interconnection structures.

To begin, let us consider the simple network shown in Figure 4.3 and assume that the
input d;(t) =: u;(t) + e;(t) is a zero mean Gaussian sequence with unit variance. We would
like to estimate the block-coherence and sub-coherence of the matrix A associated with this

network. For this network configuration, we can write the output of each node as
a,=d; and a,=Ax)+d,. (4.18)
It is easy to see that as can be rewritten as
a; = Gid; + dy, (4.19)

where G =: T(x3)}4. Using the down-shift operator Sy € RM*M defined as

0 0
1 0
0

GL € RM*M can be rewritten as
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Gl =a (1) Sy 4+ 23 (2)S2, 4+ -+ 2L (m) ST (4.20)

RMx2m

Similarly, the matrix A € can be written as

A = [Al | AQ] = [SMCLl Sﬂal s Sﬁal | SMG,Q 5]2\/10,2 SATZCLQ] . (421)

Note that E[||ai||3] = M and E[||as||3] = M (1 + ||«i||3). Using concentration of measure
inequalities, it can be shown that as M — oo, ||a(||3 and ||as||3 are highly concentrated
around their expected values [3, 4]. Normalizing by these expected column norms, let 121\1
and A, be A, and A, with approximately normalized columns, and let A = [A; | A,].
Therefore, a reasonable estimate of the block-coherence pipoek(A) is simply given by the

spectral norm of A\{A\g We define such an estimate:

~ ~ 1 ~
Fivioc(A) = fivioce(A) = —[| A] Ay . (4.22)

In order to derive a lower bound on E [0 (A)], we use the result of Lemma 4.23 which

states lower and upper bounds on |E [2{1@2} o

Lemma 4.23 Assume M > m. Considering the configuration of the network shown in Fig-

ure 4.3, we have

1 1
||$2||21 : S ||E [A\{AQ} ||2 S ||a:2||11 . (424)
V1 lz3]3 1+ [Jas13
Proof See Appendix A.3. [

We are particularly interested in deriving lower bounds on the expected value of the
network coherence metrics. However, upper bounds would also be of interest. Using

Lemma 4.23, we can state the following theorem.

Theorem 4.25 For the network Figure 4.3, E [fipock(A)] is bounded from below as

B[P

my/1+ 33

E [fb0ck(A)] = (4.26)
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Proof From Jensen’s inequality applied for convex functions and (4.22), we have the

following lower bound for E [fipeek(A)] as
_ I B P I
E [fivock (4)] = —E [ AT Aalls] = — B [AT 4] I (4.27)

where we use the fact that the spectral norm of a matrix || - ||2 is a convex function. Com-

bining (4.27) and (4.24), we have

~ [EAE
E [fpioa(4)] = - (4.28)
my/1+ [l@3]3
|

A similar approach can be carried out for the analysis of other types of network elements.
For example, we can show that the network coherence of Figure 4.4(a) is bounded by

~ 1 [P [EP
E [Mblock(A)] Z — max { ) : (429)
m Vi+=i3 1+ [

We can follow the same steps and derive a bound for the sub-coherence of the simple network

-~

of Figure 4.3. We simply state the result here. Letting fisup-block (A) := Hsub-block (A), we have
E [ILsub-block (A)] > [[Rgy (1) - - Ray (m — )] [|oc, (4.30)

where

m—T
x5 (1) wy(i + 7)
i=1

denotes the un-normalized sample autocorrelation function of x} € R™. While finding
network coherence bounds for more complicated interconnected networks (e.g., networks
with loops and nodes of high out-degree) is a harder task, we observe the following important

characteristics:

1. In the limit, the network coherence metrics are independent of the number of measure-

ments.

2. The network coherence metrics are bounded below by a non-zero value that depends

on the link impulse responses.
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The latter phenomenon may suggest an ultimate limitation of the coherence metrics in
the analysis of interconnected dynamical networks. Nevertheless, our simulations in the
network topology problem do indicate that as the number of measurements M increases,
recovery remains possible for a range of interesting problem sizes. The asymptotic behavior
of the network coherence metrics is contrary to the conventional behavior in CS, in which
increasing the number of rows of a dense matrix (number of measurements M) populated
with independent and identically distributed (i.i.d.) Gaussian random variables will make
the coherence approach a zero value, guaranteeing the recovery of signals with more and

more non-zero coeflicients.
4.5.4 Simulations and Discussion on the Network Coherence

In this section, we examine CTT for recovering the topology of a dynamical interconnected
network based on compressive observations with random but known inputs, and we observe
how the probability of successful recovery changes for different nodes in the network based
on the local sparsity. In all of these simulations, we consider a network of 32 nodes with
second order (m = 2) interconnecting links.

To begin, and in order to highlight the influence of network coherence in the recovery
success rate of BOMP, consider the networks illustrated in Figure 4.4.

For simulation purposes, we consider two networks with the same topology structure as
the networks shown in Figure 4.4 but within a 32-node network. We consider two possible
scenarios: in one case shown in Figure 4.4(a), node 1 has has no subsequent connections
to other nodes in the network (we call this the “disconnected” case), while in the other,
“connected” case, node 1 has subsequent connections to all other 29 nodes in the network.
In both scenarios, the in-degree of node 1 is 2, while its out-degree is 0 in the disconnected
case and 29 in the connected case.

In either scenario, we are interested in recovering the incoming links that contribute to
node 1. As a function of the number of measurements M, Figure 4.5(a) plots the coherence

measures for the two cases where curves are averaged over 1000 realizations of the network.
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Figure 4.4: (a) Disconnected network. Node 1 has in-degree 2 but is disconnected from the
rest of the network (i.e., out-degree zero). (b) Connected network. Node 1 has in-degree 2
and is connected to the rest of the network (i.e., in this example out-degree 5).

As would be expected from our analysis on the network coherence in Section 4.5.3, the
coherence metrics are bounded from below by a non-zero value that depends on the link
impulse responses, namely expressed in (4.29) for the disconnected network. The connected
network, however, has higher typical block- and sub-coherence measures. Although coher-
ence is only a sufficient condition for recovery, simulation results do show weaker recovery
performance for the connected network, as shown in Figure 4.6. For each value of M, 1000
realizations of the network are carried out and the recovery rate is calculated.

For the sake of comparison, we compute the same coherence metrics for matrices popu-
lated with random Gaussian entries in either an unstructured format or in a Toeplitz block
format. The results in Figure 4.5(b) show that for A € RM*Y  the coherence measures
approach zero as M increases. In contrast, as we have seen from Figure 4.5(a), in an in-
terconnected network of dynamical systems, the coherence measures have an asymptotic
behavior. This prevents the predicted recovery performance from growing as M increases

(see the plot of py in Figure 4.5(a)).
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Figure 4.5: (a) Coherence metrics for the disconnected (dashed lines) and connected (solid
lines) networks. The curves are averaged over 1000 realizations of the networks. Note that
the coherence metrics approach a non-zero asymptote as the number of measurements M
increases. (b) Coherence metrics for matrices with i.i.d. Gaussian entries (solid lines) and
matrices which are block-concatenations of Toeplitz matrices with i.i.d.Gaussian entries. The
curves are averaged over 1000 realizations of these types of matrices. Note that the coherence
metrics approach zero as the number of measurements M increases.

4.6 CTI via Clustered-Sparse Recovery

In a more general setting, in this section we assume that the links in the interconnected
network can have impulse responses of different order and a transport delay. Neither the
filter orders nor the delays are known to the identification algorithm. Based on these as-
sumptions, we show that the CTI problem boils down to finding a clustered-sparse solution
to an apparently ill-conditioned set of linear equations. In the next section, we introduce a
greedy algorithm called Clustered Orthogonal Matching Pursuit (COMP) which is designed

for recovery of clustered signals from few measurements.
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Figure 4.6: Recovery rate comparison of node 1 (z# and #?) for connected and disconnected
networks. For each measurement, 1000 realizations of the network are carried out and the
recovery rate is calculated.

4.6.1 Clustered Orthogonal Matching Pursuit (COMP)

In a block-sparse structure as mentioned in Definition 4.9, the non-zero coefficients appear
in blocks of the same length m. The BOMP algorithm is designed for recovering such block-
sparse signals. As mentioned in Algorithm 1, the block size m is assumed to be known as
one of the inputs to the algorithm. However, in this section we are interested in recovering
signals whose non-zero entries appear in clusters of different sizes. The only assumption is
on the maximum cluster length. In CS, such signals are called clustered-sparse.

In this section, we provide an algorithm that can be used for recovering clustered-sparse
signals. The proposed method is an iterative greedy algorithm that is based on the well-
known OMP algorithm. Its idea is intuitive and simple and also easy to implement.

The idea behind COMP is to exploit the knowledge that the non-zero entries of the signal
appear in clusters, although of an arbitrary size and location. We modify the iterations of
OMP in a way that exploits the clustered-sparsity pattern of the signal. The steps of the
COMP algorithm are listed in Algorithm 2. The first two steps of COMP are the same
as the first two steps of OMP. The outcome of step 2 at each iteration is a candidate for
the true support. Let A\’ denote the support candidate at iteration ¢ of the algorithm. If
A\ is a valid candidate, i.e., A\’ € T where T is the true support, then we can use our

extra knowledge about the clustered-sparsity of the signal. In fact, we can use A\ as an
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Algorithm 2 The COMP algorithm for recovery of clustered-sparse signals

Require: matrix A, measurements b, maximum cluster size m, stopping criteria
Ensure: 1 =b, 2 =0, A=0, /=0, w =m
repeat
match: h' = AT¢!
identify support indicator: \’ = arg max; ’hf (j)‘
extend support: A\ = {\ —w+1,..., 2\ .. N 4+w—1}
update the support: A1 = AL U\
update signal estimate: ‘' = arg MiNg.gupp(s)cactt ||b— As|2,
where supp(s) indicates the indices on which s may be non-zero
6. update residual estimate: r“t!' = b — Ax‘*!
7. increase index / by 1
until stopping criteria true
output: T = ! = argmin

Uk B

yeac ||b — As|l

s:supp(s

indicator for the location of one of the clusters in the signal. Therefore, if we consider a
window with proper length centered around \°, the extended support candidate is the window
AL =00 = IN—w+1,--- A% oo A4 —1} with window size 2w—1. Because the algorithm
does not know where exactly A" is located in the true cluster, the window length 2w — 1
should be large enough such that the true cluster which by assumption is at most of size m,
will be contained in the extended support candidate A'. Apparently, the most conservative
value for w is m. In the next step, the algorithm updates the signal estimate on the extended
support candidate A'. Having this estimate, the algorithm continues by updating the residual
estimate. In the next iteration of COMP, the algorithm finds the column that is most
correlated with the current residual (steps 1 and 2). The new support candidate A' will not
be one of the already chosen indices due to orthogonal projection properties, i.e., A' ¢ Al
Again the algorithm considers a window of length 2w — 1 centered around A! and combines
it with the previous support, i.e., A> = A'U{N —w+1,... A ... AN +w—1}. COMP
continues until stopping criteria are met.

Note that Af (the final support candidate found by COMP) should contain the true
support, i.e., T C Af, while the reverse A/ C T is not a necessity. In addition, the cardinality

of A/ should be smaller than the number of measurements M in order to have a unique least-
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Figure 4.7: A network of 32 interconnected nodes including trees, loops and self-loops. Each
edge of the directed graph (a]) represents an FIR filter.

squares solution while updating the signal estimate, i.e., |Af } < M. The latter condition
depends on the window length w that COMP considers at each iteration. As mentioned
earlier, the most conservative choice for w is m, where m is the maximum cluster size.
However, adding 2m — 1 elements to the support candidate at each iteration of COMP
may make the uniqueness condition (|A€} < M for £ = 1,2,..., f) fail before the stopping
criteria are met. Therefore, a simple iteration on the considered window length is added
to the algorithm to improve the recovery performance of COMP. If the algorithm does not

converge with w = m, the next set of iterations will be carried out starting with w =m — 1.

This continues until the stopping criteria are met.
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Figure 4.8: Recovery performance corresponding to node 10. (a) Signal « corresponding
to node 10 in the network graph. The cluster-sparsity level corresponds to the in-degree of
node 10. (b) Recovery performance comparison between COMP and BOMP with different
block sizes m. An initial value of w = m = 8 is chosen in COMP. The algorithm iterates
by reducing w until stopping criteria are met. For comparison, BOMP is tested with three
different block sizes (m = {2,4,8}). The success rate is calculated over 300 realizations of
the network for a given number of measurements.

4.6.2 Numerical Simulations

We evaluate the performance of the COMP algorithm in CTT of an interconnected net-
work. As explained earlier, we cast the topology identification problem as recovery of a
clustered-sparse signal whose few non-zero coefficients appear in clustered locations. The
clusters are of arbitrary sizes. The only knowledge is on the maximum cluster size m. In
order to compare the performance of the COMP algorithm, we also consider recovery us-
ing the BOMP algorithm. Moreover, in order to make a fair comparison between the two
algorithms, we consider recovery using the BOMP algorithm with several block sizes n.

Figure 4.7 shows a network of P = 32 nodes. Each edge of the directed network graph
represents an FIR filter with possible transport delay. Each node is a summer, whose inputs
are the signals from the incoming edges, while the output of the summer is sent to outgoing
edges. Edges of the graph can be of different unknown orders and delays. Both the graph
topology and the FIR filters and delays that make up the edges are unknown. The only

knowledge is on the maximum cluster size m = 8. Therefore, for each node, the signal z has
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Figure 4.9: Recovery rate comparison of nodes 10, 23, and 32 in the network. An initial
value of w = m = 8 is chosen in COMP. Nodes 23 and 32 have in-degree 2 and node 10 has
in-degree 4. The success rate is calculated over 300 realizations of the network for a given
number of measurements.

length N = Pm = 256.

Figure 4.8 shows the recovery performance corresponding to node 10 of the network graph
of Figure 4.7. The corresponding signal « to be recovered is shown in Figure 4.8(a). As
can be seen the signal has a clustered-sparse structure with 4 clusters of different sizes. The
number of clusters corresponds to the in-degree of node 10 while the size of each cluster
depends on the order of the FIR filter of incoming edges. Figure 4.8(b) shows the recovery
performance comparison between COMP and BOMP with different block sizes m. An initial
value of w = m = 8 is chosen in COMP. The algorithm iterates by reducing w until
stopping criteria are met. For comparison, BOMP is tested with three different block sizes
(m = {2,4,8}). The success rate is calculated over 300 realizations of the network for a given
number of measurements. As can be seen, the COMP algorithm outperforms the BOMP
algorithm. For this signal, the recovery performance of BOMP does not significantly improve
by changing the block size m.

Figure 4.9 shows the recovery rate comparison of nodes 10, 23, and 32 in the network of
Figure 4.7. The success rate is calculated over 300 realizations of the network for a given

number of measurements. Node 10 has in-degree 4 and nodes 23 and 32 have in-degree
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2. We observe how the probability of successful recovery changes for different nodes in the
network based on the local sparsity and the type of interconnection. For example, node
10 which has in-degree 4 requires more measurements compared to nodes 23 and 32 which
have in-degree 2. In addition to the local sparsity of each node, we observe that nodes of
same in-degree have different recovery performance. For example, nodes 23 and 32 both
have in-degree 2. However, node 32 is much easier to recover with the COMP algorithm,
i.e., it requires a smaller number of measurements for perfect recovery as compared to node
23. This difference may be related to the type of incoming interconnections to each node.
The incoming edges to node 32 have a tree structure while the incoming edges to node 23

include a loop.
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CHAPTER 5
CSI OF LTI AND LTV ARX MODELS

In this chapter® we consider Compressive System Identification (CSI) (identification from
few measurements) of Auto Regressive with eXternal input (ARX) models for Linear Time-
Invariant (LTI) and Linear Time-Variant (LTV) systems.

In the case of LTI ARX systems, a system with a large number of inputs and unknown in-
put delays on each channel can require a model structure with a large number of parameters,
unless input delay estimation is performed. Since the complexity of input delay estimation
increases exponentially in the number of inputs, this can be difficult for high dimensional
systems. We show that in cases where the LTI system has possibly many inputs with differ-
ent unknown delays, simultaneous ARX identification and input delay estimation is possible
from few observations, even though this leaves an apparently ill-conditioned identification
problem. We discuss identification guarantees and provide illustrative simulations.

We also consider identifying LTV ARX models. In particular, we consider systems with
parameters that change only at a few time instants in a piecewise-constant manner where
neither the change moments nor the number of changes is known a priori. The main technical
novelty of our approach is in casting the identification problem as recovery of a block-sparse
signal from an underdetermined set of linear equations. We suggest a random sampling
approach for LTV identification, address the issue of identifiability, and support our proposed

methods with simulations.
5.1 Introduction

As mentioned earlier in Chapter 1, under and over parameterization may have a consid-

erable impact on the identification result, and choosing an optimal model structure is one of

6This work is in collaboration with Tyrone L. Vincent, Michael B. Wakin, Roland Téth, and Kameshwar
Poolla [7, 52, 75].
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the primary challenges in system identification. Specifically, it can be a more problematic
issue when the actual system to be identified (a) is sparse and/or (b) is multivariable (Multi-
Input Single-Output (MISO) or Multi-Input Multi-Output (MIMO)) with I/O channels of
different orders and unknown (possibly large) input delays. Finding an optimal choice of the
model structure for such systems is less likely to happen from cross-validation approaches.
In this chapter we consider CSI of ARX models for both LTI and LTV systems. We ex-
amine parameter estimation in the context of Compressive Sensing (CS) and formulate the
identification problem as recovery of a block-sparse signal from an underdetermined set of
linear equations. We discuss required measurements in terms of recovery conditions, derive
bounds for such guarantees, and support our approach with simulations.

Related works include regularization techniques such as the Least Absolute Shrinkage
and Selection Operator (LASSO) algorithm [76] and the Non-Negative Garrote (NNG)
method [77]. These methods were first introduced for linear regression models in statistics.
There also exist some results on the application of these methods to LTI ARX identifica-
tion [78]. However, most of these results concern the stochastic properties of the parameter
estimates in an asymptotic sense, with few results considering the limited data case. There

is also some recent work on regularization of ARX parameters for LTV systems [79, 80].
5.2 Auto Regressive with eXternal input (ARX) Models

In this section, we introduce the ARX models and establish our notation. For simplic-
ity we consider Single-Input Single-Output (SISO) systems; the formulations can be easily
extended for multivariable systems.

An LTT SISO ARX model [1] with parameters {n, m, d} is given by the difference equation

yt) +ayt—1)+ - +ayt —n)=bu(t —d—1)+ -+ bpu(t —d —m) +e(t), (5.1)

where y(t) € R is the output at time instant ¢, u(¢) € R is the input, d is the input delay,

and e(t) is a zero mean stochastic noise process. Assuming d +m < p, where p is the input
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maximum length (including delays), (5.1) can be written compactly as

y(t) = &7 (10 + et (5.2
where
[ —yt-1) ] [ ay ]
~y(t —n) an
u(t—1) 0
u(t — d —m) b;n
u(t—d—m—1) 0
u(t'—p) | i 0 |

¢(t) € R is the data vector containing input-output measurements, and @ € R"? is the
parameter vector. The goal of the system identification problem is to estimate the parameter
vector @ from M observations of the system. Taking M consecutive measurements and

putting them in a regression form, we have

y(t) ;}"T(t) e(t)
y(t + 1) ¢ (t.+ 1) o e(t —|— 1)

y(t+M—1) ¢T(t+'M—1) e(t+M—1)

M o .
or equivalently
y=>0 +e. (5.3)

In a noiseless scenario (i.e., e = 0), from standard arguments in linear algebra, 6 can
be exactly recovered from M > n 4+ p observations under the assumption of a persistently

exciting input. Note that ® in (5.3) is a concatenation of 2 blocks

=[P, [ ], (5.4)
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where @, € RM*" and ¢, € RM*? are Toeplitz matrices. Equation (5.4) can be extended

for MISO systems with ¢ inputs as
(P:[q)qu)m|q)w| |CI)W]7 (55)

where the ®,,,’s are Toeplitz matrices, each containing regression over one of the inputs. The

ARX model in (5.1) can be also represented as
Algy(t) = "Blg™ )u(t), (5.6)

where ¢! is the backward time-shift operator, e.g., ¢ 'y(t) = y(t — 1), and A(gq~') and
B(q™') are vector polynomials defined as A(q™') := [1 a;¢” -+ a,g "], and B(qg™') :=

[big™! -+ bpg™]. For a MISO system with ¢ inputs, (5.6) extends to

Alg y(t) = ¢ Bilg ur(t) + -+ g "Belg e (1), (5.7)
where B;(¢7!),i =1,2,--- , ¢, are low-order polynomials.
5.3 CSI of Linear Time-Invariant (LTI) ARX Models

Identification of LTI ARX models in both SISO and MISO cases is considered in this
section. As a first step towards CSI and for the sake of simplicity we consider the noiseless
case. Inspired by CS, we show that in cases where the LTI system has a sparse impulse
response, simultaneous ARX model identification and input delay estimation is possible
from a small number of observations, even though this leaves the aforementioned linear
equations highly underdetermined. We discuss the required number of measurements in
terms of metrics that guarantee exact identification, derive bounds on such metrics, and

suggest a pre-filtering scheme by which these metrics can be reduced.
5.3.1 CSI of LTI Systems with Unknown Input Delays

Input delay estimation can be challenging, especially for large-scale multivariable (MISO
or MIMO) systems when there exist several inputs with different unknown (possibly large)

delays. Identification of such systems requires estimating (or guessing) the proper value
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of the d;’s separately. Typically this is done via model complexity metrics such as the
AIC or BIC, or via cross-validation by splitting the available data into an identification
set and a validation set and estimating the parameters on the identification set for a fixed
set of parameters {d;}. This procedure continues by fixing another set of parameters, and
finishes by selecting the parameters that give the best fit on the validation set. However,
complete delay estimation would require estimation and cross validation with all possible
delay combinations, which can grow quickly with the number of inputs. For instance, with
5 inputs, checking for delays in each channel between 1 and 10 samples requires solving 10°
least-squares problems. A review of other time-delay estimation techniques is given in [81].
For a sufficiently large number of inputs with possibly large delays, we will show that by
using the tools in C8S, it is possible to implicitly estimate the delays by favoring block-sparse
solutions for 6.

Letting m; be the length of B; and bounding the maximum length (including delays) for
all inputs by p (max;(d; +m;) < p), we build the regression matrix with each ®,, € RM*? to
be a Toeplitz matrix associated with one input. This results in an M X (n + [p) matrix ®.
However, considering a low-order polynomial for each input (max; m; < m) for some m, the
corresponding parameter vector @ € R"* has at most n + Im non-zero entries. Assuming
m < p, this formulation suggests sparsity of the parameter vector @ and encourages us to
use the tools in CS for recovery. Moreover, this allows us to do the identification from an

underdetermined set of equations ® where M < n + Ip.
5.3.2 Simulation Results

Figure 5.1(a) illustrates the recovery of a {2,2,40} SISO LTI ARX model where m
and d are unknown. The only knowledge is of p = 62. For each system realization, the
input is generated as an independent and identically distributed (i.i.d.) Gaussian random
sequence. Assuming at least d iterations of the simulation have passed, M consecutive
samples of the output are taken. As n is known, we modify the Block Orthogonal Matching

Pursuit (BOMP) algorithm to include the first n locations as part of the support of 6.
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Figure 5.1: CSI results on a {2,2,40} SISO LTI ARX System. (a) In the recovery algorithm,
m and d are unknown. The plot shows the recovery success rate over 1000 realizations of
the system. (b) Averaged mutual coherence of ® over 1000 realizations of the system (solid
curve). Lower bound of Theorem 5.8 (dashed line).

The plot shows the recovery success rate over 1000 realizations of the system. As shown
in Figure 5.1(a), with 25 measurements, the system is perfectly identified in 100% of the
trials. The average coherence value is also depicted in Figure 5.1(b) (solid curve). After
taking a certain number of measurements, the average coherence converges to a constant
value (dashed line). We will address this in detail in the next section.

Identification of a MISO system is shown in Figure 5.2 where the actual system has
parameters n = 2, m = 2 for all inputs, and d; = 60,dy = 21,d; = 10,d4; = 41. Assuming
p = 64, the parameter vector 8 has 258 entries, only 10 of which are non-zero. Applying the
BOMP algorithm with n given and m and {d;} unknown, implicit input delay estimation and

parameter identification is possible in 100% of the trials by taking M = 150 measurements.
5.3.3 Bounds on Coherence

As depicted in Figure 5.1(b), the typical coherence u(®) has an asymptotic behavior. In
this section, we derive a lower bound on the typical value of u(®) for SISO LTI ARX models.
Specifically, for a given system excited by a random i.i.d. Gaussian input, we are interested

in finding E [¢4(®)] where & is as in (5.3).
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Figure 5.2: CSI results on a {2,2,{60,21,10,41}} MISO LTI ARX system. In the recovery
algorithm, m and {d,-}?zl are unknown. The plot shows the recovery success rate over 1000
realizations of the system.

Theorem 5.8 Suppose the system described by difference equation in (5.1) (ARX model
{n,m,d}) is characterized by its impulse response h(k) in a convolution form as

y(t) = > h(k)u(t—k). (5.9)

k=—00

Then, for a zero mean, unit variance i.i.d. Gaussian input,

- [H(s)| |h(s)| }
lim E [p(®)] > max{ : (5.10
W BN =B T )
where H(s) =Y o h(k)h(k+ s).
Proof See Appendix A.4. [ |

Discussion:

As Theorem 5.8 suggests, the typical coherence of ® is bounded below by a non-zero value
that depends on the impulse response of the system and it has an asymptotic behavior. For
example, for the system given in Figure 5.1, the typical coherence does not get lower than
0.88 even for large M. With this value of coherence, the analytical recovery guarantees
for the BOMP algorithm [16], which can be reasonably represented by mutual coherence
defined in (4.13), do not guarantee recovery of any one-block sparse signals. However, as

can be seen in Figure 5.1(a), perfect recovery is possible. This indicates a gap between the
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Figure 5.3: Reducing coherence by pre-filtering. (a) Pre-filtering scheme. (b) For each «,
the filter G (z) is applied on the input/output signals and the limit of the expected value of
coherence is calculated over 1000 realizations of system.

available analytical guarantee and the true recovery performance for ARX systems. This
suggests that coherence-based performance guarantees for matrices that appear in ARX
identification are not sharp tools as they only reflect the worst correlations in the matrix.

As a first step towards investigating this gap, we suggest a pre-filtering scheme by which the

coherence of such matrices can be reduced.
5.3.4 Reducing Coherence by Pre-Filtering

In this section, we show that we can reduce the coherence by designing a pre-filter g

applied on u and y.

Theorem 5.11 Assume the system described as in Theorem 5.8. Given a filter g, define
uy, =uxg and y, = y* g. Build the regression matriz ®, from u, and y, as in (5.3). The

pre-filtering scheme is shown in Figure 5.3(a). Then we have

| G(s)| | F(s)| \gf(s)l}
lim E|u(P max
i B ()] 2 mes { I3 1713 Tgllllf2 S °

where f = gxh, G(s) = 332 o 9(k)g(k +5), F(s) = 302 _o f(R)f(k + s), and GF(s) =
2 koo 9(K) S (K +5).

Proof See Appendix A.5. |

74



Theorem 5.11 suggests that by choosing an appropriate filter ¢(t), the typical coherence
can possibly be reduced, although it is bounded below by a non-zero value. We follow the
discussion by showing how the coherence of ® can be reduced by pre-filtering within an

illustrative example. Consider a SISO system characterized by the transfer function

z—04
(z4+0.9)(2 +0.2)°

Using the bound given in Theorem 5.8, for large M, E [u®] > 0.95 which indicates a highly

H(z) = (5.12)

correlated matrix . However, using the analysis given in Theorem 5.11, we can design a
filter G(z) such that the coherence of the resulting matrix ®, is reduced almost by half. For
example, consider a notch filter G(z) given by

z40.9

G(z2) = m7

(5.13)

where « is a parameter to be chosen. For a given «, the filter G(z) is applied on the in-
put/output data as illustrated in Figure 5.3(a) and the average coherence of @, is calculated.
The result of this pre-filtering and its effect on the coherence is shown in Figure 5.3(b). The
results indicate that actual performance of ® may actually be better than what p(®) sug-
gests. As can be seen, for o around 0.1, the coherence is reduced to 0.55 which is almost

half of the primary coherence.
5.4 CSI of Linear Time-Variant (LTV) ARX Models

In (5.2) the parameters are assumed to be fixed over time. In this section, we study ARX
models where the parameter vector 6 (t) is varying over time. As an extension of (5.2), for

time-varying systems, we have

y(t) =" ()0 (t) +e(t).

Collecting M consecutive measurements of such a system and following similar steps, for a

SISO LTV ARX model we can formulate the parameter estimation problem as
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y(t) o’ (1) 0 0 0 6 (t)
y(t+1) 0 ¢l (t+1) 0 0 0(t+1)
. = N +e
: 0 0 0 :
y(t+ M —1) 0 0 0 ¢l (t+M—1) O(t+M-—1)
y Q D
or equivalently
y=009+e, (5.14)

where for simplicity d = 0, p = m, y € RM, Q € RM*M+m) and 9 € RM®+™)  The goal is
to solve (5.14) for ¥ given y and 2. Typical estimation is via

mgnHy—QﬁHg. (5.15)
However, the minimization problem in (5.15) contains an underdetermined set of equations
(M < M(n+m)) and therefore has many solutions.

5.4.1 Piecewise-Constant 6 (f) and Block-Sparse Recovery

Assuming 6 (t) is piecewise-constant, we show how the LTV ARX identification problem
can be formulated as the recovery of a block-sparse signal. Using the developed tools in CS
we show the identification of such systems can be done from relatively few measurements.
Assume that e = 0 and that 6 (t) changes only at a few time instants ¢; € C where C =
{t1,t2, ...} with |C| < M, i.e.,

Ot)=0(t), t<t<tin. (5.16)

Note that neither the change moments ¢; nor the number of changes is known a priori to the

identification algorithm. An example of ¥ would be
9=10"(t) - 0'(t1) 0" (t) - eT(tQ)}T (5.17)

which has 2 different constant pieces, i.e., C = {t;,t2}. In order to exploit the existing

sparsity pattern in 19, define the differencing operator
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—Inim  Opsm - v O

In+m _[n-i-m
A= On+m [n+m
: On+m
L Ongm o Ongm Lngm —Tngm |
Applying A to ¥, we define 95 as
Y¥s = AD, (5.18)

which has a block-sparse structure. For the given example in (5.17), we have

05 = [~607(t) 0 --- 067 (1) — 67 (1) 0 --- 0] . (5.19)

The vector 95 € RM™+™) in (5.19) now has a block-sparse structure: out of its M (n + m)
entries, grouped in M blocks of length n + m, only a few of them are non-zero and they
appear in block locations. The number of non-zero blocks corresponds to the number of
different levels of @ (). In the example given in (5.17), 0 (¢) takes 2 different levels over time
and thus, Y5 has a block-sparsity level of 2 with each block size of n + m. Note that A1

has the form

_In-l-m On—i-m On+m
_In—l—m _]n—l—m
_In—l—m _]n—l—m

On+m

| _In-‘,-m e _]n—i-m _]n—l—m _]n—l—m ]

By this formulation, the parameter estimation of LTV ARX models with piecewise-constant

parameter changes can be cast as recovering a block-sparse signal 15 from measurements
y = QsVs, (5.20)

where Qs = QAL

5.4.2 Identifiability Issue

Before presenting the simulation results, we address the identifiability issue faced in the

LTV case. The matrix {25 has the following structure.
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—¢" (1) 0 0
—pT(t+1) " (t+1) 0
Q=1 _oTt12) —¢T(t+2) —¢T(t+2)

If the change in the system actually happens at time instant ¢+ 2, the corresponding solution
to (5.20) has the form

95 = [-67(n) 0 67(1) ~67(12) 0 -]

However, due to the special structure of the matrix {25, there exist other solutions to this

problem. For example
D5 = [-07(t1) 0 67(11) —07(ts) +4T —~T -]

is another solution where - is a vector in the null space of ¢* (), i.e., ¢* (t)y = 0. However,
this only results in a small ambiguity in the solution around the transition point. Therefore,
1A95 can be considered as an acceptable solution as 9 = A‘11A95 is exactly equal to the true
parameter vector ¥ except at very few time instants around the transition point. In the next

section, we consider 135 as a valid solution.
5.4.3 Sampling Approach for LTV System Identification

In this section, we suggest a sampling scheme for identifying LTV systems. Note that in
a noiseless scenario, the LTV identification can be performed by taking consecutive observa-
tions in a frame, identifying the system on that frame, and then moving the frame forward
until we identify a change in the system. Of course, this can be very inefficient when the
time instants at which the changes happen are unknown to us beforehand as we end up
taking many unnecessary measurements. As an alternative, we suggest a random sampling
scheme (as compared to consecutive sampling) for identifying such LTV systems. Figure 5.4
shows examples of this sampling approach for M = 10, M = 30 and M = 50 measurements.
As can be seen, the samples are chosen randomly according to a uniform distribution. Note

that these samples are not necessarily consecutive. By this approach, we can dramatically
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Figure 5.4: Random sampling scheme for M = {10,30,50} measurements. Samples are

chosen randomly according to a uniform distribution. System parameters are assumed to
change at ¢t = 300 and ¢ = 400.

reduce the required number of measurements for LTV system identification.
5.4.4 Simulation Results

Consider a system described by its {2,2,0} ARX model
y(t) + ary(t — 1) + agy(t — 2) = byu(t — 1) + bou(t — 2) (5.21)

with i.i.d. Gaussian input u(t) ~ N (0,1). Figure 5.5(a) shows one realization of the output
of this system whose parameters are changing over time as shown in Figure 5.5(b). As can
be seen, the parameters change in a piecewise-constant manner over 700 time instants at
t = 300 and ¢t = 400. The goal of the identification is to identify the parameters of this time-
variant system along with the location of the changes. Figure 5.6 illustrates the recovery
performance of 4 LTV systems, each with a different number of changes over time. For each
measurement sequence (randomly selected), 1000 realizations of the system are carried out.
We highlight two points about this plot. First, we are able to identify a system (up to the
ambiguity around the time of change as discussed in Section 5.4.2) which changes 3 times
over 700 time instants by taking only 50 measurements without knowing the location of the

changes. Second, the number of measurements sufficient for correct recovery scales with the
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Figure 5.5: A 3-model LTV ARX system. (a) Output of the model. System parameters
change at ¢t = 300 and ¢ = 400. (b) Time-varying parameters of the 3-model system. At the
time of change, all the system parameters change.
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Figure 5.6: Recovery performance of 4 different systems. The plots show the recovery success
rate over 1000 realizations of the system.

number of changes that a system undergoes over the course of identification. Systems with

more changes require more measurements for correct recovery and identification.
5.5 Case Study: Harmonic Drive System

In this section, we apply the proposed identification scheme to a set of noisy experimental
input-output data from a DC motor system. In this case study, the DC motor system
shown in Figure 5.7 is used as the data generating system. The system under study consists

of a DC motor with a current input (£ 4(¢)), a harmonic drive system, an inertial load,
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Figure 5.7: A DC Motor System consisting of a DC motor, a harmonic drive system, an
inertial load, and an encoder.

and an encoder which outputs the rotation angle. The harmonic drive system is a torque
transmission system, which has widespread industrial applications and complex dynamic

behavior [82].
5.5.1 Acquisition of the Input-Output Data Set

In order to obtain the required input-output data for performing the identification, a
sinusoidal electric current i (t) with 5.12[s] period is applied to the system, and the rotation
angle is sampled with constant sampling interval 0.01[s].

Then, the angular velocity (£ w(t)) and its derivative cw(t) are calculated by backward
and central difference, respectively. Since backward and central difference produce large noise
components, an input-output data set averaged over 1000 cycles is used in the identification
process. The resulting input-output data set is shown in Figure 5.8. As can be seen, the

response of the angular velocity w(t) is clearly distorted by the non-linearity of the system.
5.5.2 Construction of the time-varying ARX Model

The relation between the input-output variables in a DC motor system can be represented

as
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Figure 5.8: The experimental input-output data of a harmonic drive system. A sinusoidal
electric current ¢ (t) with 5.12[s] period is applied to the system, and the rotation angle
is sampled with constant sampling interval 0.01[s] (i.e., tx = 0.01 (k —1)). The angular
velocity (£ w(t)) and its derivative w(¢) are calculated by backward and central difference,
respectively.

() = K(8)i(t) + Dt)w(t) + F(t), (5.22)

where D(t) corresponds to the factor of viscous friction, K (t) corresponds to the torque
factor, and F'(t) corresponds to some additional forces. In many applications in mechanical
friction, and in order to simplify the varying behavior of (5.22), models with LTI parts (con-
stant K (t) and D(t)) and an additional piecewise constant part (such as Coulomb friction)
are proposed [83]. This therefore indicates that a good LTV model with piecewise constant
parameters exists for such systems. In this section, we show that such a time-varying ARX

model can be obtained by the proposed method.
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Figure 5.9: The estimated ARX model parameters corresponding to the DC motor system.
As can be seen, the identified parameters have a piecewise-constant behavior with only a
few changes happening over the course of experiment.

The sampled version of (5.22) can be represented as an ARX model where the parameter

vector is defined as
0 (k) £ [K(ty), D(t), F(t)]", (5.23)
where t;, 2 0.01 (k — 1) for k= 1,2,...,512, and the regression vector is defined as
¢ (k) = [i (t) ,w (t) , 1] . (5.24)
Thus, the sampled output y (k) £ & (t;) can be written as

y (k) =" (k)0 (k). (5.25)
5.5.3 Identifiability Issue

The BOMP algorithm given in Algorithm 1 is initially designed for block-sparse recovery

of signals that are measured by a matrix which is populated by i.i.d. random entries. This
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Figure 5.10: A comparison between the measured experimental output w(t;) and the esti-
mated output w(tx) based on the identified piecewise-constant ARX model parameters.

assumption makes the columns of the matrix with almost equal norm and well conditioned.
However, in our block-sparse formulation of the LTV-ARX identification given in (5.20), the

regression matrix {25 has the following structure:

Clearly, this matrix does not have random entries. Instead, it is populated by input-output
data driven from the experiment. Furthermore, because of its particular structure the /5
norm of the last columns are much smaller compared to the ¢ norm of the first columns.
Moreover the experimental data is noisy. In the following subsections we explain how we

treat these issues.
5.5.4 BOMP for Noisy Data
In a noisy case, we have
y =00 + 2,

where z is a noise component with ||z[|s < v. When noisy data are given, we modify the
BOMP algorithm such that it incorporates our knowledge of noise level. We simply change

the stopping criteria of the algorithm to
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ly — Q5952 <€,

where € > v. The choice of € in the BOMP algorithm tunes the trade-off between output
matching (||ly — yl|2) and parameter matching (|95 — QA%HQ).

Observe that the chosen value for € can affect the noisy recovery performance. By choos-
ing small value for € we are forcing the BOMP algorithm to over-fit the parameters, resulting
in a solution 55 which is not the sparsest (in a block-sparse sense) possible solution. How-
ever, by forfeiting a small amount in the output matching error, BOMP can recover the
true block-sparse solution. Increasing e to much higher values will allow the BOMP algo-
rithm to recover a solution which neither is sparse (increased parameter matching error) nor

corresponds to acceptable output matching.
5.5.5 Scaling and Column Normalization

As mentioned earlier, the regression matrix {25 have columns with different /5 norms. The
first column of s contains the electric current measurements (-i (¢x)), the second column
of Qs contains the angular velocity measurements (-w (f)), and the third column is all
—1. The remaining columns of )5 are zero-padded versions of these 3 columns. Because
of this particular structure, {25 has columns with different 5 norms. We should take this
issue into account before applying the BOMP algorithm. First observe that (as shown
in Figure 5.8) there exists a substantial order difference between the current value i (¢;) and
the angular velocity w (tx). Therefore, we first scale our observations from these variables.
This scaling makes the first 3 columns of {25 have almost equal norms. However, even
after scaling the variables, the 5 norm of the columns of {25 decreases significantly as the
column number increases. This is due to the particular structure of €25 which results in poor
recovery of parameters. In particular, we observe that this leads to undesirable effects in the
second halves of the identified parameters. Observe that the second half of the parameters
corresponds to the second half of the columns of {25. In order to overcome this issue, we

take advantage of the fact that the data is periodic (we applied a sinusoidal periodic electric
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current i(t) to the system) and perform the parameter identification in two steps. We
estimate the first half of the parameters by applying the algorithm on the data as shown
in Figure 5.8. We then divide the input-output data into two halves and then wrap the
signal around by changing the location of these two halves. We recover the second half
of the parameters by applying the algorithm on this data set. The final estimate of the

parameters is a concatenation of the two recovered halves.
5.5.6 Results

Figure 5.9 illustrates the identified ARX model parameters using the proposed approach.
As can be seen, the identified parameters have a piecewise-constant behavior with only a few
changes happening over the course of experiment. Figure 5.10 shows the estimated output
w (ty) corresponding to the identified piecewise-constant parameters versus the measured
experimental output w (fx). As can be seen, the output of the identified time-varying ARX
model reasonably approximates the true data. The identified parameters also plausibly
represent the DC motor system. For example, the identified Ia (t)) represents the static
friction. Moreover, different modes are assigned to the acceleration and deceleration phases.
These seem quite likely appropriate for the model of DC motor system with a harmonic drive

speed reducer.
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CHAPTER 6
OBSERVABILITY WITH RANDOM OBSERVATIONS

Recovering or estimating the initial state of a high-dimensional system can require a large
number of measurements. In this chapter” we explain how this burden can be significantly
reduced for certain linear systems when randomized measurement operators are employed.
Our work builds upon recent results from Compressive Sensing (CS) and sparse signal recov-
ery. In particular, we make the connection to CS analysis for block-diagonal measurement
matrices [50, 84-87].

We first show that the observability matrix satisfies the Restricted Isometry Property
(RIP) (a sufficient condition on the measurement matrix for stable recovery of sparse vectors)
under certain conditions on the state transition matrix. For example, we show that if the
state transition matrix is unitary, and if independent, randomly-populated measurement
matrices are employed, then it is possible to uniquely recover a sparse high-dimensional
initial state when the total number of measurements scales linearly in the sparsity level of
the initial state. We support our analysis with a case study of a diffusion system.

We then derive Concentration of Measure (CoM) inequalities for the observability ma-
trix and explain how the interaction between the state transition matrix and the initial state
affect the concentration bounds. The concentration results cover a larger class of systems
(not necessarily unitary) and initial states (not necessarily sparse). Aside from guarantee-
ing recovery of sparse initial states, the CoM results have potential applications in solving
inference problems such as detection and classification of more general initial states and

systems.

"This work is in collaboration with Tyrone L. Vincent and Michael B. Wakin [11, 12].
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6.1 Introduction

In this chapter, we consider the problem of recovering the initial state of a high-dimensional
system from compressive measurements (i.e., we take fewer measurements than the system

dimension).
6.1.1 Measurement Burdens in Observability Theory

Consider an N-dimensional discrete-time linear dynamical system described by the state
equation®

= Axzy_
Lk Lr—1 (6.1)
Y = Crxy

where x;, € RY represents the state vector at time k € {0,1,2,...}, A € RV represents
the state transition matrix, y, € RM represents a set of measurements (or “observations”)
of the state at time k, and C;, € RM*Y represents the measurement matrix at time k. Thus,
the number of measurements at each time index is M. For any finite set Q C {0,1,2,3,...},

define the generalized observability matrix

Chy AR
00— | M| cmmmeey, (6.2)
C’kallAkK—l
where Q = {ko, k1, ..., kx_1} contains K observation times. In order to have general results,

in this chapter we generalize the traditional definition of the observability matrix by consid-
ering arbitrary time samples in (6.2). This definition matches the traditional definition when
Q2 ={0,1,..., K —1}. The primary use of observability is in ensuring that a state (say, an

initial state xg) can be recovered from a collection of measurements {yko, Yerr s Ykp }

8The results of this chapter directly apply to systems described by a state equation of the form
x, = Ax,_1+ Buy
Yy, = Cpxp+ Duy,

where u;, € R” is the input vector at sample time k and B € RV*F and D € RM*F are constant matrices.
Indeed, initial state recovery is independent of B and D when it is assumed that the input vector wuy is
known for all sample times k.
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In particular, defining

T
Yo = |y Yn - ny_l] :
we have
yq = Oqxy. (6.3)

Although we will consider situations where C} changes with each k, we first discuss
the classical case where Cy = C (C is assumed to have full row rank) for all £ and Q =
{0,1,..., K — 1} (K consecutive measurements). In this setting, an important and classical
result [88] states that a system described by the state equation (6.1) is observable if and only if
Oq has rank N (full column rank), where Q = {0,1,..., N — 1}. One challenge in exploiting
this fact is that for some systems, N can be quite large. For example, distributed systems
evolving on a spatial domain can have a large state space even after taking a spatially-
discretized approximation. In such settings, we might therefore require a very large total
number of measurements (MN) to identify an initial state, and moreover, inverting the
matrix Oq could be very computationally demanding.

This raises an interesting question: under what circumstances might we be able to infer
the initial state of a system when K < N?7 We might imagine, for example, that the
measurement burden could be alleviated in cases when there is a model for the state g that
we wish to recover. Alternatively, we may have cases where, rather than needing to recover
xo from yg, we desire only to solve a much simpler inference problem such as a binary
detection or a classification problem. In this work, inspired by CS [14, 26|, we explain how
such assumptions can indeed reduce the measurement burden and, in some cases, even allow
recovery of the initial state when MK < N and the system of equations (6.3) is guaranteed

to be underdetermined.
6.1.2 Compressive Sensing and Randomized Measurements

The CS theory states that it is possible to solve certain rank-deficient sets of linear

equations by imposing some model assumption on the signal to be recovered. In particular,
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suppose y = ®x where P is an M x N matrix with M < N. Suppose also that = € RY is
S-sparse, meaning that only S out of its N entries are non-zero.? If ® satisfies the RIP of
order 25 for a sufficiently small isometry constant dog, then it is possible to uniquely recover
any S-sparse signal  from the measurements y = ®x using a tractable convex optimization
program known as ¢;-minimization [14, 22, 26]. In order to keep the chapter self-contained,

we provide the definition of the RIP in the following.
Definition 6.4 A matriz ® is said to satisfy the RIP of order S and isometry constant
55 = (55 ((I)) S (O, 1) Zf

(1 =ds)lzl3 < [Pl < (1 +ds)ll3 (6.5)
holds for all S-sparse vectors = € RY.

A simple way [32] of proving the RIP for a randomized construction of ® involves first

showing that the matrix satisfies a CoM inequality akin to the following.

Definition 6.6 [32, 89] A random matriz (a matriz whose entries are drawn from a par-

ticular probability distribution) ® € RMXN s sqid to satisfy the Concentration of Measure

(CoM) inequality if for any fived signal € € RN (not necessarily sparse) and any € € (0,€),

P {‘ncbwn% e

> e||w||§} < 2exp {~N(9)}. (6.7

where f(€) is a positive constant that depends on the isometry constant €, and € < 1 is some

mazimum value of the isometry constant for which the CoM inequality holds.

Note that in the above definition, the failure probability decays exponentially fast in
the number of measurements M times some constant f (e) that depends on the isometry
constant e. Baraniuk et al. [32] and Mendelson et al. [48] showed that a CoM inequality of
the form (6.7) can be used to prove the RIP for random compressive matrices. This result

is rephrased by Davenport [90] as follows.

9This is easily extended to the case where x is sparse in some transform basis.
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Lemma 6.8 [90] Let X denote an S-dimensional subspace in RYN. Let 65 € (0,1) denote
a distortion factor and v € (0,1) denote a failure probability, and suppose ® is an M x N

random matriz that satisfies the CoM inequality (6.7) with

s Slog(é—i() —i—)log(l%)‘

~~
Sk

Then with probability at least 1 — v,
(1= ds)llzlls < [|0z]3 < (1 + ds) (3

forall x € X.

Through a union bound argument (see, for example, Theorem 5.2 in [32]) and by applying
Lemma 6.8 for all (g) S-dimensional subspaces that define the space of S-sparse signals in
RY, one can show that ® satisfies the RIP (of order S and with isometry constant dg) with
high probability when M scales linearly in S and logarithmically in N.

Aside from connections to the RIP, concentration inequalities such as the above can also
be useful when solving other types of inference problems from compressive measurements.
For example, rather than recovering a signal x, one may wish only to solve a binary detection
problem and determine whether a set of measurements y correspond only to noise (the null
hypothesis y = ®(noise)) or to signal plus noise (y = ®(x + noise)). When ® is random, the
performance of a compressive detector (and of other multi-signal classifiers) can be studied
using concentration inequalities [3, 4, 61|, and in these settings it is not necessary to assume

that @ is sparse.
6.1.3 Observability from Random, Compressive Measurements

In order to exploit CS concepts in observability analysis, we consider in this work scenarios
where the measurement matrices C} are populated with random entries. Physically, such
randomized measurements may be taken using the types of CS protocols and hardware
mentioned above. Our analysis is therefore appropriate in cases where one has some control

over the sensing process.
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As is apparent from (6.2), even with randomness in the matrices C}, the observability
matrices Og will contain some structure and cannot simply modeled as being populated with
independent and identically distributed (i.i.d.) Gaussian random variables and thus, existing
results can not be directly applied. In this chapter, we show that, under certain conditions
on A, the observability matrix Oq will satisfy the RIP with high probability, when the total
number of measurements M K scales linearly in S and logarithmically in N. This work
builds on two recent papers by Yap et al. [86] and Eftekhari et al. [87] which establishes the
RIP for block-diagonal matrices via establishing a tail probability bound on the isometry
constant. We also derive a CoM bound for Og. As we demonstrate, the concentration
performance of such a matrix depends on properties of both the state transition matrix A
and the initial state xy. This work builds on few recent papers in which CoM bounds are
derived for random, block-diagonal measurement matrices [50, 84, 85]. Apart from recovery,
other inference problems concerning @, (such as detection or classification) can also be solved
from the random, compressive measurements, and the performance of such techniques can

be studied using the CoM bound that we provide.
6.1.4 Related Work

Questions involving observability in compressive measurement settings have also been
raised in a recent paper [91] concerned with tracking the state of a system from nonlinear
observations. Due to the intrinsic nature of the problems in that paper, however, the ob-
servability issues raised are quite different. For example, one argument appears to assume
that M > S, a requirement that we do not have. In a recent technical report [92], Dai et al.
have also considered a similar sparse initial state recovery problem. However, their approach
is quite different and the results are only applicable in noiseless and perfectly sparse initial
state recovery problems. In this chapter, we establish the RIP for the observability matrix,
which implies not only that perfectly sparse initial states can be recovered exactly when the
measurements are noiseless but also that the recovery process is robust with respect to noise

and that nearly-sparse initial states can be recovered with high accuracy [27]. Finally, we
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note that a matrix vaguely similar to the observability matrix has been studied by Yap et

al. in the context of quantifying the memory capacity of echo state networks [93].
6.1.5 Chapter Organization

In Section 6.2, we establish the RIP for the observability matrix when the state transition
matrix A is a scaled unitary matrix (i.e., A = aU,Va and unitary matrix U) and in the case
when the measurement matrices Cj are independent of each other, populated with i.i.d.
random variables. To this end, in Section 6.2.1, we first show that the expected value of the
isometry constant associated with the observability matrix Og is small. In Section 6.2.2,
we then derive a tail probability bound that shows the isometry constant does not deviate
from its expected value with high probability. Based on these two steps, we show that Oq
satisfies the RIP with high probability if the total number of measurements scales linearly
in the sparsity level of the initial state.

In Section 6.3, we derive CoM inequalities for the observability matrix. Assuming the
measurement matrices C} are populated with i.i.d. random variables, we derive a CoM
bound for Og and discuss the implications of the properties of A and xy. Whilst our CoM
results are general and cover a broad class of systems and initial states, they have important
implications for establishing the RIP in the case of a sparse initial state xy. Such RIP results
provide a sufficient number of measurements for exact initial state recovery when the initial
state is known to be sparse a priori. We show that under certain conditions on A (e.g., for
unitary and certain symmetric matrices A), the observability matrix Oq will satisfy the RIP
with high probability when the total number of measurements M K scales linearly in .S and
logarithmically in N.

Finally, we support our results with a case study involving a diffusion system. As an
example of a diffusion process with sparse initial state, one may imagine the sparse contami-
nants introduced into particular (i.e., sparse) locations in a water supply or in the air. From

the available measurements, we would like to find the source of the contamination.
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6.2 The RIP and the Observability Matrix

In this section, we establish the RIP for the observability matrix. In all of the results
in this section, we assume that all of the measurement matrices Cj, € R™*V are generated

independently of each other, populated with i.i.d. sub-Gaussian random variables with zero

L
» M

.

mean variance, and NGl sub-Gaussian norm. A sub-Gaussian random variable is defined

as follows. 10

Definition 6.9 [94, Definition 5.7] A random variable x is called a sub-Gaussian random

variable if it satisfies
(EllzP])r < CVp, for allp>1, (6.10)

where C' > 0 is an absolute constant. The sub-Gaussian norm of x, denoted ||x||y,, is defined

as the smallest C' in (6.10). Formally,
1 1
[2]ly, = supp™z (E[|z["])>.
p>1
The following theorems state the main results on the RIP for the observability matrix.

Theorem 6.11 Assume Q = {0,1,...,K —1}. Suppose that A € RN*N can be repre-
sented as A = aU where a € R and U € RY*N s unitary. Assume |a| < 1 and de-
fineb = 14+a®>+a*+ - +a®5 V. Let ¢1, o, 3, ca, 7, and cs be absolute constants
such that c3cic; > 3. Define c5 = co\/cscq, ¢ (a,K) = (1—a*)K + a?, ¢ (a,K) =
2csc (a, K) cs (c1 + cscq (a, K)), and cig (a, K) := co (a, K) + 2(1 + v/5)cicscq (a, K). If for
ve(0,1),

M > v23, (a, K) 72 log® (N) S, (6.12)

then the matrix \/%;OQ satisfies the RIP of order S and with the isometry constant dg (\%Og) <

v, except with a probability of at most N~!.

A similar result to Theorem 6.11 can be achieved when |a| > 1.

0The class of sub-Gaussian random variables contains the standard normal and all bounded (including
Bernoulli) random variables.
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Theorem 6.13 Assume the same notation as in Theorem 6.11. Assume |a| > 1. If for

v e (0,1),
M > v2c}y (e K) 7 log® (N) S, (6.14)

then the matrix \/LBOQ satisfies the RIP of order S and with the isometry constant dg <\/LEOQ) <

v, except with a probability of at most N~!.

When the state transition matrix A is unitary, we have the following results when K

arbitrary-chosen samples are taken, i.e., Q = {ko, ky,..., kx_1}.

Theorem 6.15 Assume Q = {ko,ki,...,kx_1}. Suppose that A € RN*N s unitary. Let
c1, C2, C3, ¢4, 7, and cg be absolute constants such that cicic; > 3. Define c5 := Ca4/C3C4,

co = 2c5cs (1 + ¢5) and cro == co + 2(1 +V/5)eies. If for v € (0,1),
M > v 23,72 log® (N) S, (6.16)

then the matrix \/%;OQ satisfies the RIP of order S and with the isometry constant dg (\%Og) <

v, except with a probability of at most N~1.

These theorems state that under the assumed conditions, \/LEOQ satisfies the RIP of
order S with high probability when the total number of measurements M K scale linearly
in the sparsity level S and logarithmically in the state ambient dimension N. Consequently
under these assumptions, unique recovery of any S-sparse initial state xy is possible from
Yo = Oqxy by solving the ¢;-minimization problem whenever MK ~ O (Slog® (N)). This
is in fact a significant reduction in the sufficient total number of measurement for correct
initial state recovery as compared to traditional observability theory. In the rest of this
section, we present the proof of Theorem 6.11. Proofs of Theorem 6.13 and Theorem 6.15
involve essentially the same steps as of Theorem 6.11.

We start the analysis by noting that if @ = {0,1,..., K — 1} the observability matrix

can be decomposed as
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OqeRMxN
7\

C() \/L{;]N
C LA
Oa = Vb b vb , (6.17)

Ck-1 \/LEAK_1

-~

CoeRMXN Ag€RNXN

where N := NK, M := MK, and b := 1 4+ a% + a* + - - - + a®& 1. In other words, \/LEOQ
can be written as a product of a block-diagonal matrix C and a matrix Aq with normalized
columns (Observe that Ag” Ag = Iy). Thanks to this connection between \/LBOQ and block-
diagonal matrices, we adapt a recent RIP analysis for block-diagonal matrices [86, 87] and
establish the RIP for (7)\;1 To this end, we derive a bound on the isometry constant defined
in (6.5) associated with Oq.

Let Y5 be the set of all signals £y € RY with ||zo2 < 1 and ||x|lo < S where || - ||o is
the ¢y norm and simply counts the non-zero entries of a vector. Observe that || - [|o is not a

proper norm. Formally,
ES = {330 - RN : ||330H0 < S and ||1L'0”2 < ]_} .

The isometry constant dg can be equivalently written as

~ Oool3 Oao|3
o 50(6) - 12 10

lzollo<S ||930||2 To€Xs ||£l:0||2

3 T~ T —

2 sup |af (Oa Oq — In) 20| = 100 Op — Inlll.  (6.18)
iEDEZS

It can be easily shown that ||| - ||| is a valid norm. In (6.18), the second and third equalities
[Oawo|I3

are due to invariance of the ratio to the scaling of x, [33, 86, 87]. Following the

lloll3

steps stated in [33, 86, 87] we first show that E [dg] is small. We then show that dg does not

deviate from E [§g] with high probability.
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6.2.1 Bounding E [g]

In this section, we show that the expected value of g is bounded and small. Observe

that if A =aU,
E [@BT@] = E [A07Cq"CoAq] = AJE [C0"Co)] Aq = A" I Aq = Iy.

Note that E [CQTCQ] = I as the entries of Cq are i.i.d. sub-Gaussian random variables with
zero mean and % variance. Adapting the results of [86] and following similar steps, we have

the following Lemma.

Lemma 6.19 Let ¢; be an absolute constant and let Og (1) € RMN be g vector containing

the entries of (/9\;2 Then

B3] < 2615 log? N [Be, 180 () [2] VBB 71, (6.20)

where H(/D\;z () |eo = maxz vy ’(/9;(777,, n) } The proof of Lemma 6.19 depends on the following
ne[N]
Lemmas.

—_7 — . pNM
Lemma 6.21 Let O,%T (O € RY) be the m-th row of Oq. Then {OmOmT} s a
=1
sequence of M independent random (rank-one) matrices in RN*N . Let € := {5 %:1 be a

—T

__ M
Rademacher sequence'! independent of {Omom } . Then,
=1

—~T
E [0s] < 2Ec,¢ |l Y &0:0m Il - (6.22)

me[M)

Proof of Lemma 6.21 The proof is based on a symmetrization argument [55, Lemma 6.7].
——T

Since @\;ZT@\;) = Zme[ﬂ} /C—)\F;Oﬁz )

1A sequence &€ of independent Rademacher variables is called a Rademacher sequence. A Rademacher
variable is a random variable which takes values +1 or —1, each with probability %[55].
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B(ds] = E [|I0a On — In]l]

— T
=E ||l > 0505 —Lyl|

me[M]
—E ||l Y. 0s0a ~E[0s Oall|

me[M]

_E _||| > (0205 ~E[0:0: |)

me[M]

— T
<2E ||| Y &:0:0a |l

me[M]

—~— T
where Zm e (77] (70505 s the associated Rademacher sum!? of the sequence of independent

— T\ M
random matrices {Omom } . |
=1
The following Lemma is due to Rudelson and Vershynin [95] which is rephrased by Tropp

et al. [96, Lemma 17].

M —
Lemma 6.23 /96, Lemma 17] Suppose that {Oﬁl} is a sequence of M wvectors in RN

=1
where M < N, and assume that each vector satisfies the bound ||Z’)\%Hoo < B. Let § =

— _\M
{&n %:1 be a Rademacher sequence independent of {Om} . Then

=1

R —~T 1

Ee [l > &0m0m |Il| <8l Y. 0:05 |2,
meM] me[M]

where B < ¢;BVSlog? N, and ¢ is an absolute constant.

Proof of Lemma 6.19 Using Lemma 6.23,

—T —~ ~ T~ 1
Ee ([l D &0m0n ||| < avVSlog? N||Oq (2) [0 Oql||2.
me[M]

Therefore, using Lemma 6.21,

Plet ¢ = {fm}%zl be a Rademacher sequence. The associated Rademacher sum is defined as

Zﬁ]\le &mTam, where the {xm}%zl are scalars, vectors, or matrices[55].
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— T
E [0s] < 2B, Ee |1 Y &:0m05 ||

me[M]

—~ —~ T~ 1
< 201V/Slog” NEc, |00 (:) [ /l10a Oal 17|

— —
< 261/Slog? N e, [100 () 1] /e, [11G" Gall]

— e
< 2615 log? N B, 100 () 1] /By 1180 B vl + [

= 2¢,V/5 log? N\/ECQ 100 () 112, VE[0s] + 1,

where the third inequality is due to the Cauchy-Schwarz inequality, and the fourth inequality
is due to the triangle inequality for the norm ||| |||. This completes the proof of Lemma 6.19.

Lemma 6.19 indicates that bounding E [ds] can be achieved by bounding \/ECQ [H Oq (:) ||go] .
This bound is achieved in Lemma 6.26. Before stating Lemma 6.26 and its proof, however,
we state the following Lemma which is an adaptation of [55, Lemma 6.6] and is rephrased

by Eftekhari et al. [87].

Lemma 6.24 Let ¢y be an absolute constant and let || - ||, denote the sub-Gaussian norm of

a random variable. Assume the entries of Cq are sub-Gaussian random variables with zero

mean, % variance, and \/LM sub-Gaussian norm. Since the entries of Oq are sub-Gaussian

random variables,

—_— —~2 e —
\/Ecﬂ 100 ()1%] = |Eey | max Oo (n)| < e max [|Og (2, n) [y /log (MN).
me[M] me[M]
n€(N] ne[N]

(6.25)

Lemma 6.26 Let c3 and ¢4 be absolute constants and let cs5 := cyy/c3cy. Then

13A linear combination of sub-Gaussian random variables is a sub-Gaussian random variable [94, 97].
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log (N)
VKM

log (N
\/ECQ ‘OQ ”2 :| S C5Ce (a_17K) T%? |(I‘ > 17

Ec, [[|00 () |1%] < esco (0, K) 7 o < 1,

where c2 (a, K) := (1 —a*) K + a?,Va € R.

Proof of Lemma 6.26 From (6.25), an upper bound on \/EcQ [||OQ () [|% } follows from

an upper bound on max, ;7 10¢ (i, n) ||l - First, observe that for k € {0,1,..., K — 1}
n€[N]

Oq (kM +m,n) = <0mﬁ AR > = Z = (q) AR (q)

\/5 qG[N]
where C;"7 is the m-th row of Cp € RM*" and Af| is the n-th column of A* € RV*V,

Therefore,

10q (kM +m,n) |7, = H > G (9) AL (a) 117,
q€[N]
<= Z IC (q) A%, () 117,
qE[N]
= Z 1C (q) 13,1 A%, (@)
qE[N
c T
-2 (—M) > 14 )
q€[N]
c3T?
=2 ||A W3, (6.27)

where c3 is an absolute constant and the rotation invariance Lemma [94, Lemma 5.9] implies
T

2
the inequality. Observe that by assumption [|C;"~ (q) ||7, = <\/_M) for all k, m, and gq.
From (6.25) and (6.27),
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log <MN>
max || Ay [|2

VoM ke[K]

ne€[N]

V/1og (N) %
< Cor/ ~ - - A
S Con/C3C4T N ?el% | n¢||2

/e 100 () 1] < sy

ne[N]
log (N) k
= - A 6.28
CsT \/W il’eli’%? || n¢||2a ( )
ne

where in the second inequality ¢4 is an absolute constant and it is assumed that M < N. It
is trivial to see that if |a| < 1 then [ A% |lo <1 and if |a| > 1 then ||AL ||y < o™=V, for all

k,n. Also observe that when |a| < 1,

1—a? N
Similarly, when |a| > 1,
1—a? o a?
1 _ g2k S (1-@ )+? (630)
Consequently, when |a| < 1
1 1 1—a? a®>  (1-a*)K +a?
b SF oy 1oak =R K (6.31)
Therefore, from (6.28) and (6.31),
\/EC [“@2 () 113 ] < esc6 (a, K) T—log ) (6.32)
? =l ’ VKM '
where ¢2 (a, K) := (1 — a®) K + a*. When |a| > 1,
a?E-1) _ ;Z(K_l) _ 1-— a_z <(-a?)+ a__2 _ (1—a?)K+a? _ cZ(a™ K)
b OSE @k 1-a? K K K
(6.33)

4Tn order to prove (6.29), assume that for a given |a| < 1, there exists a constant C (a) such that for all
K, +r <1+ % By this assumption, C (a) > % =: g(a, K). Observe that for a given |a| < 1,
g (a, K) is a decreasing function of K (K only takes positive integer values) and its maximum is achieved
when K = 1. Choosing C (a) = g (a,1) = % completes the proof of (6.29). A similar approach can be
taken to prove (6.30) when |a| > 1.
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Thus, when |a| > 1 from (6.28) and (6.33),

log (N)

V/Ben [180 0 ] < esn a7t 1) Y EC, (6:34)

We now provide a bound on E [ds]. Consider the case when |a| < 1. Then, from (6.20)
and (6.32),
2 ,K) Tlog??(N)VS
E (5] < cie5¢6 (a \)/Tﬁ/og (N)V'S B o] - 1 = Q\/B3g] + 1.

It is trivial to see that if @ < 1, then E[dg] < 1+2*/5Q. Therefore,

S

E [0s] < (1 n \/S> creses (a, K) 7 log3(N) = (6.35)

if
M > (2c1e5¢6 (a, K))? 72 log” (N) S. (6.36)
Similar results can be obtained if |a| > 1 just by replacing cq (a, K) with ¢g (™!, K) in (6.35)
and (6.36). So far we have shown in (6.35) and (6.36) that when a sufficient total number
of measurements are taken, E [§g] is upper bounded by a small value. In the next section
we show that when a sufficient total number of measurements are taken, dg does not deviate

from E [0s] with high probability.
6.2.2 Tail Bound for dg

In this section, we derive a tail probability bound for dg. We follow the similar steps as
explained by Eftekhari et al. [87]. The following Lemma states a tail probability bound for

every sub-Gaussian random variable.

Lemma 6.37 [94, Definition 5.7] For every sub-Gaussian random variable x and for all

t>0

t2
P {[z] >t} < exp <1 - C7w);
2

where c; 1s an absolute constant.
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Using Lemma 6.37, we derive a tail probability bound for ||(7)\;) () [loo-  Without loss of

generality, we assume |a| < 1. Similar steps can be taken when |a| > 1.

Lemma 6.38 Assume |a| < 1. Let ca, c3, ¢4, and c; be absolute constants such that cicier >

3. Define c5 := can/czcq and ¢§ (a, K) := (1 — a*®) K + a®. Then,

P {||c’95 () [los = c5c6 (a, K) TM} <eN'. (6.39)

aY;

Proof of Lemma 6.38 Since the entries of 5;2 are sub-Gaussian, we can use Lemma 6.37.

We have

p {HE)\;2 () Hoo > C5Cq (a,K) TM}

i

— log (N
=P { max |Oq (m,n)| > csc6 (a, K) T o ()

me[M] m

ne[N]

r P~ log (N

< MN max P {|OQ (m,n)| > escq (a, K) 7—&}
me[M]
ne[N]

- 2.2 2

me[M M||Og (77 2
e G G 2,

< eMN exp (—c3cierlog (N))

. M -
< eMN exp (—3log (N)) < ez <eN!

where we assumed c2cic; > 3 and M < N in the last inequality. The second inequality is due

to Lemma 6.37 and the third inequality is due to (6.27), (6.31), and because ||Og (72, 1) 17, <

c;;c?S (?\,/K)T2 ' m
M

After deriving a tail probability bound for ||(5;2 (:) |loo, we now state the proof of Theo-
rem 6.11 which derives a tail probability bound for dg. Proofs of Theorem 6.13 and Theo-

rem 6.15 follow similar steps as compared to Theorem 6.11.
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Proof of Theorem 6.11 In order to derive a tail bound for dg, we use a symmetrization
argument [55, Lemma 6.7]. Recall that the isometry constant can be written as dg :=

ds ((5;;) = |||(/9\;2T(/9v9 — Iyl|]. Let 9 be the symmetrized version of dg defined as

0=11'Y (050 - 0,05 )l

me[M]
where {5;} is an independent copy of {5%} and forms the matrix (5?2 As explained
in [96, Proposition 4], the tail of the symmetrized variable 9 is closely related to the tail of

ds. In fact, we have [96, Proposition 4] for u > 0

Also observe that the symmetrized random variable ¥ and its Rademacher series has the
same distribution. The Rademacher series of ¥ is defined as
T T
=l Y & (0a0n — 0505 )l
Mme[M]
where {&} is an independent Rademacher sequence. As 9" and ¥ have the same distribution,

the tail for ¥ also bounds the tail for dg, so that
P{0s>2E[0s] +u} <P{Y>u} =P{J >u}. (6.40)

Observe that conditioned on Of, and (/9?], we have

, AT o o "
E¢ V] < E¢ ||| Z aO0m0m ([ +Ee ||| Z §n 0505 ]

me[M] me[M]

—~ ~ T~ 1 7 ~ T~ 1
< aV51log? N[O () lllOa” Oll|? + V'S log? NI|Og, () [l 105, Opll]2
. T 2
< 1VS10g” N[O () 1 (11100 On — Inll] + 1)

N T~ 3
+erv/S10g” N0, () e (1105 O — Inl| +1)

= ¢1VS1log? N||Og () lsev/3s (Ca, Ag) + 1 + c1V/S log? N|| O, (:) ||oo\/5s (€L, Ag) + 1.

Using the triangle inequality for the norm ||| - |||, conditioned on Oq and (’)72, for every m,
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T —~—T —T —~—T
lign (OnOn = 005 ) Il < 1020 |11+ 10505 I

Also note that for every m,

— 2 —_— —~
< Onao >| < S|Oal% < SI0a () I,

T
xy 0705 x| = sup
:B()EES

—~— T
10705 ||| = sup

:BQEES

Similarly, |||OLO% ||| < S||O% (:) ||I%. Consequently, we get
———T  —T — —
lign (OnOn = 00 ) Il < SO0 () 1% + S| () |

Define the following events.

& = {”@\;) () |loo < es566 (a, K)TM} , and

VM
£y = {||6g’2 () lleo < 56 (a, K)Tb%]\;v)} .

Note that Lemma 6.38 implies P {£{} < eN~! and P {£} < eN~'. Also define

—~

for a > 0. Conditioned on @, 04, and events &1, &, & («), and &, (a), we have

[ S [ S
E¢ [0'] < cies¢6 (a, K) 7log®® N ﬁ\/a + 1+ cies¢6 (a, K) Tlog*® N ﬁ\/a +1

[ S
= 2¢ic566 (a, K) T1log®® N ﬁ\/a +1,

for a > 0. The following proposition is useful in deriving a tail probability bound for ©'.

Proposition 6.41 [96, Proposition 19] Let Y1,...,Yr be independent, symmetric random
variables in a Banach space X, and assume each random variable satisfies ||Y,||x < B almost

surely. Let Y = || >, Y;||x. Let cs be an absolute constant. Then
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P{Y > s [uE[Y] +tB]} < exp (—u®) + exp (—t)
for all u,t > 1.

T T
We apply Proposition 6.41 to 0 = |[| >~ 37 &m (OmOm - 0.0 > ||| with ¢ = log(N)

and u = log®®(N). Conditioned on Og, 04, and events &1, &, & (o), and &, (a), we have

P {79’ > cg (a, K) 71log®(N)Va + 1,/%‘(55/),@}

<P {0 > o [l (VB¢ ]+ 1ou(V) (160 0 I + 516 (9 12 ] 0,

<2N°h (6.42)

where ¢ (a, K) := 2¢5¢6 (a, K) cs (¢1 + ¢5¢6 (a, K)) and it is assumed that 7, /% < 1. The
rest of the proof follows from [87] where first the conditioning in (6.42) is removed and then
a tail probability bound for dg is achived via (6.40) and the bound on E [dg] given in (6.35).

Consequently, we show that

P {55 > ¢ (a, K) 7 log® (N)H%} <eN

where ¢ (a, K) := ¢g (a, K) + 2(1 +v/5)ciescq (a, K) and ¢y is an absolute constant. Con-

sequently, one can conclude that for v € (0,1),
P{ds>v}<ceuN!
if
M > v=2c, (a, K) m*log® (N) S.
This complete the proof of Theorem 6.11. |

Remark 6.43 One should note that when A = aU (a # 1), the results have a dependency on
K (the number of sampling times). This dependency is not desired in general. With simple
modifications of the proofs, one can show that when a =1 (i.e., A is unitary), a result can

be obtained in which the total number of measurements M scales linearly in S and with no
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dependency on K. One way to see this is by observing that cg (a, K) = 1 when a = 1. Our
general results for A = aU also indicate that when |a| is close to the origin (i.e., la] < 1),
and by symmetry when |a| > 1, worse recovery performance is expected as compared to the
case when a = 1. When |a| < 1, as an example, the effect of the initial state will be highly
attenuated as we take measurements at later times. A similar intuition can be made when
la| > 1. When A is unitary (i.e., a = 1), we can further relax the K consecutive sample
times requirement and instead take K arbitrary-chosen samples, i.e., Q = {ko, k1, ..., kx_1}-

The proof when A is unitary follows the really similar steps as explained.
6.3 CoM Inequalities and the Observability Matrix

In this section, we derive CoM inequalities for the observability matrix when there is no
restrictions on the state transition matrix A and the initial state xy. Whilst our CoM results
are general and cover a broad class of systems and initial states, they have implications in the
case of unitary A and sparse initial state x( as will be discussed in this section. Our derivation
is based on the CoM results for block-diagonal matrices. As in Section 6.2, we exploit the
fact that the observability matrix can be decomposed as a product of two matrices, one of
which has a block-diagonal structure, where diagonals of this matrix are the measurement
matrices Cy. We derive CoM inequalities for two cases. We first consider the case where all
matrices C} are generated independently of each other. We then consider the case where all
matrices C} are the same. In either case, we assume that each matrix C}, is populated with
i.i.d. Gaussian random variables having zero mean and o2 = ﬁ variance. To begin, note

that we can write

OqeRMxN
f 1 Aky 7
Co e
o L AR
1
Oq = VK . VK , (6.44)

1 kr_—

C’kK71 \/_EA K-1

C€RMXN Ag€RN XN

107



where N := NK and M := MK. Note that the matrix Aq is not defined the same as in

(6.17) as in this section we allow arbitrary observation times in our analysis.
6.3.1 Independent Random Measurement Matrices

In this section, we assume all matrices Cj are generated independently of each other.

The matrix Cq in (6.44) is block diagonal, and focusing just on this matrix for the moment,

we have the following bound on its concentration behavior.!®

Theorem 6.45 [84] Let vy, Vi, - -, Vi, € RY and define

T
_ | T T KN
v = [vko Vg, e vkkfl} e R,

Then
2 2 2
Dexp{— MDY (< ¢ < 1603
P {[icaots - ol > clolz} < {2 A
XP{- 1ol b €2 Rl
where ) _
vk, I3
vk, [I3
v=7(v):= 2 e RE
L ||,Uk?K71||§ ]

As we will be frequently concerned with applications where € is small, let us consider the
first of the cases given in the right-hand side of the above bound. (It can be shown [84] that

this case always permits any value of € between 0 and \}—%) We define

2
@)1 (ko3 + ok l13 + -+ + vk, [13)

I'=T(v) := —
I (v) |3 [Vko |3 + [0k 13 + - -+ + lorg [l

(6.46)

15 All results in Section 6.3.1 may be extended to the case where the matrices O} are populated with
sub-Gaussian random variables, as in [84].
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and note that for any v € REN 1 < T'(v) < K. This simply follows from the standard
relation that ||z|ls < [|z]i < VK| z|, for all z € RX. The case I'(v) = K is quite
favorable because the failure probability will decay exponentially fast in the total number
of measurements M K. In this case, we get the same degree of concentration from the
MK x NK block-diagonal matrix Cq as we would get from a dense MK x NK matrix
populated with i.i.d. Gaussian random variables. A CoM result for a dense Gaussian matrix
is stated in Definition 6.6. This event happens if and only if the components vy, have equal

energy, i.e., if and only if

[orollz = llvrlla = -+ = vk, [l2-

On the other hand, the case I' (v) = 1 is quite unfavorable and implies that we get the
same degree of concentration from the M K x N K block-diagonal matrix Cq as we would get
from a dense Gaussian matrix having size only M x NK. This event happens if and only
if ||vg,|l2 = 0 for all 4 € {0,1,..., K — 1} but one ¢. Thus, more uniformity in the values of
the [|vy,||2 ensures a higher probability of concentration.

We now note that, when applying the observability matrix to an initial state, we will

have

OQCUO = \/ECQ.AQwO

This leads us to the following corollary of Theorem 6.45.

Corollary 6.47 Fiz any state Ty € RY. Then for any € € (0, \}—%),
MT (Aqx) €
P {'HOQ%Hg — K||Aqxo||3] > 6K||AQ:UO||§} < 2exp {— (25% 0) } : (6.48)

There are two important phenomena to consider in this result, and both are impacted

by the interaction of A with xy. First, on the left-hand side of (6.48), we see that the point
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of concentration of ||Oqxy||3 is around K || Aqxgl|3, where
K| Aomoll3 = |A% @03 + [| A" aol3 + - + [[A* a3 (6.49)

For a concentration bound of the same form as Definition 6.6, however, we might like to
ensure that |[Oqxy||3 concentrates around some constant multiple of ||xol|3. In general,

for different initial states xy and transition matrices A, we may see widely varying ratios

KHAQmoH%

lloll3

. However, in below we discuss one scenario where this ratio is predictable and fixed.
Second, on the right-hand side of (6.48), we see that the exponent of the concentration failure

probability scales with

2
([ ARomo|3 + || AFrao |3 + - - - + || APx—1ao[|3)

' (Aqx) = .
(Aa0) = iz, [+ [ARzol| 1 + - & [ A" 1]

(6.50)

As mentioned earlier, 1 < I' (Aqxy) < K. The case I' (Agxy) = K is quite favorable and
happens when ||[A*oxg|l; = ||AF1axglls = -+ = ||A*-1xg||o; in Section 6.3.2, we discuss one
scenario where this is guaranteed to occur. The case I' (Aqxy) = 1 is quite unfavorable and
happens if and only if ||A*xg||2 = 0 for all i € {0,1,2,..., K — 1} except for one i. This

happens when ky = 0 and xy € null(A) for x, # 0.
6.3.2 Unitary and Symmetric System Matrices

In the special case where A is unitary (i.e., ||A%u||3 = ||u/|? for all u € RY and for any
power k;), we can draw a particularly strong conclusion. Because a unitary A guarantees

both that K||Aqxol|3 = ||xo]|3 and that T' (Aqxzg) = K, we have the following result.

Corollary 6.51 Fiz any state o € RN and suppose that A is a unitary operator. Then for

any e € (0,22),

1
P {’“\/—?@Qwoﬂg — |l@oll3

6.52
256 ( )

MKeé?
>e||x0|yg} ngxp{— ¢ }

What this means is that we get the same degree of concentration from the MK x N

observability matrix Oq as we would get from a fully random dense KM x N matrix popu-
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lated with i.i.d. Gaussian random variables. Observe that this concentration result is valid
for any © € RY (not necessarily sparse) and can be used, for example, to prove that finite
point clouds [98] and low-dimensional manifolds [99] in R" can have stable, approximate
distance-preserving embeddings under the matrix Oq. In each of these cases we may be able
to solve very powerful signal inference and recovery problems with MK < N.

We further extend our analysis and establish the RIP for certain symmetric matrices
A. We believe this analysis has important consequences in analyzing problems of practical

interest such as diffusion (see, for example, Section 6.4). Motivated by such an application,

in particular, suppose that A € RV*¥ is a positive semidefinite matrix with the eigendecom-
position
A=A =[] | N 0 om)” (6.53)
0 A, ’

where U € RV is unitary, A € R¥*¥ is a diagonal matrix with non-negative entries,
U € RV*L U, € RV*N=L) A, € REXE and Ay € RN-LX(V=L) " The submatrix A,
contains the L largest eigenvalues of A. The value for L can be chosen as desired; our
results below give the strongest bounds when all eigenvalues in A; are large compared to all
eigenvalues in Ag. Let A in denote the smallest entry of Ay, A\j max denote the largest entry
of Ay, and Ay ax denote the largest entry of As.

In the following, we show that in the special case where the matrix U{ € RE*N (L < N)
happens to itself satisfy the RIP (up to a scaling), then Og satisfies the RIP (up to a
scaling). Although there are many state transition matrices A that do not have a collection
of eigenvectors U; with this special property, we do note that if A is a circulant matrix, its
eigenvectors will be the Discrete Fourier Transform (DFT) basis vectors, and it is known that
a randomly selected set of DFT basis vectors will satisfy the RIP with high probability [100].
Other cases where U; could be modeled as being randomly generated could also fit into this

scenario, though such cases may primarily be of academic interest.
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Theorem 6.54 Assume Q = {ko,k1,...,kx_1}. Assume A has the eigendecomposition
given in (6.53) and UL € RN (L < N) satisfies a scaled version'® of the RIP of order S

with isometry constant ds. Formally, assume for §g € (0,1) that
L 2 T, 112 L 2
(1= ds) 5 llwollz < [IUTzollz = (1 +ds) w7 ll@oll> (6.55)

holds for all S-sparse £y € RY. Assume each of the measurement matrices C, € RM*N

1s populated with i.i.d. Gaussian random entries with mean zero and variance % Assume

all matrices Cy are generated independently of each other. Let v € (0,1) denote a failure

probability and § € (0, \}—%) denote a distortion factor. Then with probability exceeding 1 — v,

2o [3

(1—5 (1—(55 Z/\lmm>—M<(l+5 <1+5S ZAlmax+2/\2max>

(6.56)
for all S-sparse &y € RY whenever
512K (S (log(%) + 1+ log(%)) + log(2))
> , (6.57)
po?
where
p = Sispagsrc}waERN ['(Aqx) (6.58)
and
2
Ay o (ATl 4 AP -t A )
o [ ARomol|3 + | AR |3 + - - - + [| A< 1o 3

Proof of Theorem 6.54 We start the analysis by showing that | Azl lies within
a small neighborhood around ||xo||3 for any S-sparse @y € RY. To this end, we derive the

following lemma.

Lemma 6.59 Assume Q = {ko, k1,...,kx_1}. Assume A has the eigendecomposition given

in (6.53) and UL € RN (I < N) satisfies a scaled version of the RIP of order S with

16The £ scaling in (6.55) is to account for the unit-norm rows of U{ .
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isometry constant g as given in (6.55). Then, for ds € (0,1),

LK 1 H.A x H2 LK 1 K—
1—6g)—= Y N2k OO < (146g)= Y A2 A2k
( S)N ; 1mm — HwOH% — ( S)N ; 1,max ; 2,maz

holds for all S-sparse ¢y € RY.

(6.60)

Proof of Lemma 6.59 If A is of the form given in (6.53), we have Axy = U\ Ul o+

U2A2U2T xo, and consequently,
[ Azo||5 = ag UnATUY @0 + f UpA3U; o > [|A U 2013 > AT i U7 o3

On the other hand,

|Azol3 = 2 UL AU o + 2f U ASUS @ < AT o U @oll3 + A3 al1US o3
< Aimax”ljl mOHQ + )‘2,max||w0||§'

Thus,

)\% |U1Tm0||§ < ||A.’Bo||§ < )‘imaxHUlT'rB()Hg + )\g,mawaOHa

,min|

If U satisfies the scaled RIP, then from (6.55) and (6.61) for ds € (0,1),

Lo A L
A2 mln —_— 2 < 1+ 5 A2 ,Jmax —"_ A ,max
e P R

(1—6s)~ N

holds for all S-sparse &, € RY. Similarly, one can show that for i € {0,1,..., K —

)\2]{5

il UT 2oll3 < 1 A%@03 < M lUT @013 + Al l2oll3,

and consequently, for dg € (0,1),

L

_ AR
N " Hwollz

holds for all S-sparse &y € RY. Consequently using (6.49), for §5 € (0, 1),

7 K ||~'4 202 7 Kl K-
1—8g)= Y A% T < (L bs) o Y A Y A
( S)N; 1m1n— H"EOH% —( 5>N; 1 ; 2

holds for all S-sparse &, € RYV.
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A 2
lAazolly £ o)1 S-sparse x, when

Lemma 6.59 provides deterministic bounds on the ratio o]
2

Ul satisfies the scaled RIP. Using this deterministic result, we can now state the proof
of Theorem 6.54 where we show that a scaled version of Og satisfies the RIP with high
probability. First observe that when all matrices Cj are independent and populated with
i.i.d. Gaussian random entries, from Corollary 6.47 we have the following CoM inequality

for Cq. For any fixed S-sparse &y € RV, let v = Aqxo € RV, Then for any € € (0, %),

> e|\v||§} < 2exp {—M} : (6.64)

P {[icavz - ol hu

As can be seen, the right-hand side of (6.64) is signal dependent. However, we need a
universal failure probability bound (that is independent of xy) in order to prove the RIP

based a CoM inequality. Define
= inf A . 6.65
P S—sparlszl xoERN ( Qw(J) ( )

Therefore from (6.64) and (6.65), for any fixed S-sparse o € RY and for any € € (0, 1—%),

M pe? —
> euAﬂwou%} < 2exp {— e } — 2exp {~Hf(6)}.
(6.66)

P {]HcaAﬂon% ool

where f(e) := 2@’;2}(, M := MK, and N := NK. Let v € (0,1) denote a failure probability

and § € (0, \}—%) denote a distortion factor. Through a union bound argument and by
applying Lemma 6.8 for all (g) S-dimensional subspaces in RY, whenever Cq € RMxN
satisfies the CoM inequality (6.66) with

. Slog(%2) +log(2) + log((g))

MK > qex , (6.67)

then with probability exceeding 1 — v,
(1 = 0)[lMawmo|3 < [[CaAaollz < (1 +0)|Aazoll,

for all S-sparse ¢y € RY. Consequently using the deterministic bound on ||Aq®l|3 derived

in (6.60), with probability exceeding 1 — v,
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L~ o, 1O0qao |3 Lok L = g2k,
(1 - 5) (1 - 65)N Z )‘1 ,min S TR < (1 +5) (]‘ +6S>N Z /\1 ,max Z /\2max

ENE
for all S-sparse o € RY. [ |
The result of Theorem 6.54 is particularly interesting in applications where the largest

eigenvalues of A all cluster around each other and the rest of the eigenvalues cluster around

zero. Put formally, we are interested in applications where

)\ min
0 ~ /\2,max < L ~ 1
/\l,max

The following corollary of Theorem 6.54 considers an extreme case when A max = A min and

A2.max = 0.

Corollary 6.68 Assume 2 = {ko,k1,...,kx_1}. Assume each of the measurement matrices
O € RMXN s populated with i.3.d. Gaussian random entries with mean zero and variance
%. Assume all matrices Cy, are generated independently of each other. Suppose A has the
eigendecomposition given in (6.53) and UL € RN (L < N ) satisfies a scaled version of the
RIP of order S with isometry constant ds as given in (6.55). Assume M\ maz = M min = A
(A # 0) and Agmerz = 0. Let v € (0,1) denote a failure probability and § € (0,1) denote
a distortion factor. Define C' = Zfif)l N and 8y := 05 + 0 + 6s0. Then with probability

exceeding 1 — v,

N !
—=0axollz < (1+0%) 013 (6.69)

Y 2<
(1= 6ol < Iy 75

for all S-sparse &y € RY whenever

512(1 4 0g)* A~ *Erx—17ko) (S (log(42) + 1 + log(&)) + log(2))

, A<
MK > (1 —d5)262
— | P12(1 + ds)2 XK1 R) (S (log(F) + 1 +log () + log(2))
L A> 1.
(1 —dg)202
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While the result of Corollary 6.68 is generic and valid for any A, an important RIP result

can be obtained when A = 1. The following corollary states the result.

Corollary 6.70 Suppose the same notation and assumptions as in Corollary 6.68 and ad-

ditionally assume X = 1. Then with probability exceeding 1 — v,

N
(1 = dg)l2oll3 < [[\/ 77z Oamoll3 < (1 + 35)[l2oll3 (6.71)
for all S-sparse &y € RY whenever

512(1 4 65)% (S (log(%) + 1 + log(§)) + log(2))
h= (1—05)202 :

(6.72)

Proof of Corollary 6.68 and Corollary 6.70
We simply need to derive a lower bound on I'(Agxg) as an evaluation of p. Recall (6.50)

and define
T
Zo = [HA’“O:U()H% HAkl:cng HA’“K—I.’I:OH%} e RE.

If all the entries of z( lie within some bounds as ¢, < zq (1) < ¢, for all 7, then one can show

that

FU%w@Ei((%)% (6.73)

Using the deterministic bound derived in (6.63) on ||A¥x||3 for all i € {0,1,..., K — 1},
one can show that when A =1 (A max = AMmin = A and Ao jnax = 0), £ = (1 — 6g) £ |03

and £, = (1 + ds)£||2o]3, and thus,

(1 - ds)?
> K-~ =7
P=" 1710

Similarly one can show that when \ < 1,

(1= 05)* \ aher—ko
p = Km)\4( ), (674)

and when A > 1,

116



(1—45)?
(1 + (55)2

Using these lower bounds on p (recall that p is defined in (6.65) as the infimum of I'(Agqx)

p>K A~ HEx-1=ko) (6.75)

over all S-sparse o € RY) in the result of Theorem 6.54 completes the proof. We also note
that when A max = A min = A and Ag max = 0, the upper bound given in (6.66) can be used
to bound the left-hand side failure probability even when ¢ > \}—%. In fact, we can show
that (6.66) holds for any € € (0,1). The RIP results of Corollaries 6.68 and 6.70 follow based
on this CoM inequality.

These results essentially indicate that the more A deviates from one, the more total
measurements M K are required to ensure unique recovery of any S-sparse initial state x.
The bounds on p (which we state in Appendix B to derive Corollaries 6.68 and 6.70 from
Theorem 6.54) also indicate that when A # 1, the smallest number of measurements are
required when the sample times are consecutive (i.e., when kx_; — ko = K). Similar to what
we mentioned earlier in our analysis for a scaled unitary A, when X\ # 1 the effect of the
initial state will be highly attenuated as we take measurements at later times (i.e., when
ki1 — ko > K) which results in a larger total number of measurements M K sufficient for

exact recovery.
6.3.3 Identical Random Measurement Matrices

In this section, we consider the case where all matrices C), are identical and equal to
some M x N matrix C which is populated with i.i.d. Gaussian entries having zero mean and
variance 0?2 = % Once again note that we can write Og = CqAq, where this time

Che C
Chy c
Co = _ = _ , (6.76)
Cron c
and Ag is as defined in (6.44). The matrix Cq is block diagonal with equal blocks on its

main diagonal, and we have the following bound on its concentration behavior.
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Theorem 6.77 [50] Assume each of the measurement matrices Cy, € R™*N s populated

with 1.1.d. Gaussian random entries with mean zero and variance ﬁ Assume all matrices

Cy, are the same (i.e., Cy, = C,Vk). Let iy, sy, ..., Vpp_, € RY and define

T
v = v;‘fo v;;rl v;‘fol € REYN,
Then,
Gy 16])3
2exp{—M H}\ 7}, 0< e < e
P {icav - o3| > cloli} < {2 AT o X )

XD TgA € 2 WA
where _ )

A1

Ao .

A=A(v) = € RN
L /\min(K,N) ]

and {1, Mo, ..., Amin(x,N) } are the first (non-zero) eigenvalues of the K x K matriz VIV,

where

V = [’Uko Vg, - /UkK—l] < RNXK.

Consider the first of the cases given in the right-hand side of the above bound. (This

case permits any value of € between 0 and %) Define
1A () [IT
Aw) =5 (6.79)
1A (v) 3

and note that for any v € RV* 1 < A (v) < min(K, N). Moving forward, we will assume
for simplicity that K < N, although this assumption can be removed. The case A (v) = K is
quite favorable and implies that we get the same degree of concentration from the M K x N K
block diagonal matrix Cq as we would get from a dense M K x N K matrix populated with

i.i.d. Gaussian random variables. This event happens if and only if Ay = Ay = --- = Ag,
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which happens if and only if

[Vkolla = [lonilla = - - = [lokg_ 2

and (vy,,vy,) =0 for all 0 <, ¢ < K —1 with ¢ # ¢. On the other hand, the case A (v) =1
is quite unfavorable and implies that we get the same degree of concentration from the
MK x NK block diagonal matrix C as we would get from a dense Gaussian matrix having
only M rows. This event happens if and only if the dimension of span{vg,, vk, ..., Vi, }
equals 1. Thus, comparing to Section 6.3.1, uniformity in the norms of the vectors v, is no
longer sufficient for a high probability of concentration; in addition to this we must have
diversity in the directions of the wvy,.

The following corollary of Theorem 6.77 derives a CoM inequality for the observability
matrix. Recall that Oqgxg = CoAqxy where Cq is a block diagonal matrix whose diagonal

blocks are repeated.

Corollary 6.80 Suppose the same notation and assumptions as in Theorem 6.77 and sup-

pose K < N. Then for any fived initial state £y € RN and for any € € (0, \}—%),
MA(Aqx)e?
P {1000l - lnzall] > ool } < 2exp { -2AGECR - 6sy

Once again, there are two important phenomena to consider in this result, and both are
impacted by the interaction of A with x,. First, on the left hand side of (6.81), we see
that the point of concentration of ||Oqxg||3 is around || Aqxo||3. Second, on the right-hand
side of (6.81), we see that the exponent of the concentration failure probability scales with

A(Aqx), which is determined by the eigenvalues of the K x K Gram matrix V7'V, where
V= [Akowo Akl.’Eo AkK_lf,Co] € RNXK.

As mentioned earlier, 1 < A(Aqxg) < K. The case A(Aqxy) = K is quite favorable and

happens when ||[Afox|y = [[AMxglls = -+ = ||ARK—1x||y and (AFix, A¥x) = 0 for all
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0<i,¢<K—1withi# /¢ The case A(Aqxy) = 1 is quite unfavorable and happens if the
dimension of span{A*ox, A¥rxg, ... AF<-1xq} equals 1.

In the special case where A is unitary, we know that || Aqxg||3 = K||xo||3. However,
a unitary system matrix does not guarantee a favorable value for A(Aqxp). Indeed, if
A = Iyyxn we obtain the worst case value A(Aqxg) = 1. If, on the other hand, A acts as a

rotation that takes a state into an orthogonal subspace, we will have a stronger result.

Corollary 6.82 Suppose the same notation and assumptions as in Theorem 6.77 and sup-
pose K < N. Suppose that A is a unitary operator. Suppose also that (A¥izg, A¥xy) = 0
for all 0 < i,0 < K —1 with i # {. Then for any fized initial state £y € RN and for any

e € (0, \}—%),

(6.83)

MK ée?
>e||wo||§} §2exp{— - }

1
P —O 2 2
{100l - el I

This result requires a particular relationship between A and xy, namely that (A*xy, Akxy) =
0 forall 0 <4,/ < K —1 with ¢ # £. Thus, given a particular system matrix A, it is possible
that it might hold for some x, and not others. One must therefore be cautious in using
this concentration result for CS applications (such as proving the RIP) that involve applying
the concentration bound to a prescribed collection of vectors [32]; one must ensure that the

“orthogonal rotation” property holds for each vector in the prescribed set.

Remark 6.84 As mentioned in Remark 6.43, when the state transition matrix A is uni-
tary and the measurement matrices Cy are independent randomly-populated matrices, our
RIP result in Section 6.2 states thalt we can recover any S-sparse initial state xy from K
arbitrarily-chosen observations via solving an {1-minimization problem when the total number
of measurements KM scales linearly in S. It is worth mentioning that a similar linear RIP
estimate can be achieved using the CoM results given in Section 6.3, namely Corollary 6.3.2.

Baraniuk et al. [32] and Mendelson et al. [48] showed that CoM inequalities can be used
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to prove the RIP for random unstructured compressive matrices. For structured matrices,
however, using the CoM inequalities usually does not lead to strong RIP bound [3, 4, 50].
This motivated us to directly prove the RIP for structured matrices [33, 50, 86]. However,
in the case of the observability matriz and the special case of unitary A, the CoM inequali-
ties actually result in a strong RIP result comparable to the result achieved from our direct

analysis in Section 6.2.
6.4 Case Study: Estimating the Initial State in a Diffusion Process

So far we have provided theorems that provide a sufficient number of measurements for
stable recovery of a sparse initial state under certain conditions on the state transition matrix
and under the assumption that the measurement matrices are independent and populated
with random entries. In this section, we use a case study to illustrate some of the phenomena

raised in the previous sections.
6.4.1 System Model

We consider the problem of estimating the initial state of a system governed by the

diffusion equation
ox
= = V- (D()Vz(p.1)),
ot
where z(p, t) is the concentration, or density, at position p at time ¢, and D(p) is the diffusion

coefficient at position p. If D is independent of position, then this simplifies to

Ox 9
T DV*x(p,t).

The boundary conditions can vary according to the surroundings of the domain II. If II

is bounded by an impermeable surface (e.g., a lake surrounded by the shore), then the

. g—; = 0, where n(p) is the normal to JII at p. We will

pedll
work with an approximate model discretized in time and in space. For simplicity, we explain

boundary conditions are n(p)

a one-dimensional (one spatial dimension) diffusion process here but a similar approach of

discretization can be taken for a diffusion process with two or three spatial dimension. Let
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T
p = [p(1) p(2) --- p(N)] be a vector of equally-spaced locations with spacing A;, and

T
x (p,t) = [x(p(l),t) z(p(2),t) --- x(p(N),t)| - Then a first difference approximation

in space gives the model
z (p,t) = Gz (p, 1), (6.85)

where G represents the discrete Laplacian. We have

-1 1 0 0 0

D 1 -2 1 0 0
G:_L:A_g 0 1 -2 1 | 0 7

0 1 -1

where L is the Laplacian matrix associated with a path (one spatial dimension). This discrete
Laplacian G has eigenvalues \; = —% (1 — cos (%(@ — 1))) fori=1,2,...,N.
To obtain a discrete-time model, we choose a sampling time T and let the vector ) =

x(p, kTs) be the concentration at positions p(1),p(2),...,p(N) at sampling time k. Using a

first difference approximation in time, we have
xy = Azp_1,

where A = Iy + GT,. For a diffusion process with two spatial dimensions, a similar analysis
would follow, except one would use the Laplacian matrix of a grid (instead of the Laplacian
matrix of a one-dimensional path) in A = Iy + GT,. For all simulations in this section we
take D =1, A, =1, N =100, and T, = 0.1. An example simulation of a one-dimensional
diffusion is shown in Figure 6.1, where we have initialized the system with a sparse initial
state xy containing unit impulses at S = 10 randomly chosen locations.

In Section 6.4.3, we provide several simulations which demonstrate that recovery of a

sparse initial state is possible from compressive measurements.
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Figure 6.1: One-dimensional diffusion process. At time zero, the concentration (the state)
is non-zero only at a few locations of the path graph of N = 100 nodes.

6.4.2 Diffusion and its Connections to Theorem 6.54

Before presenting the recovery results from compressive measurements, we would like
to mention that our analysis in Theorem 6.54 gives some insight into (but is not precisely
applicable to) the diffusion problem. In particular, the discrete Laplacian matrix G and
the corresponding state transition matrix A (see below) are almost circulant, and so their
eigenvectors will closely resemble the DFT basis vectors. The largest eigenvalues correspond
to the lowest frequencies, and so the U; matrix corresponding to G or A will resemble
a basis of the lowest frequency DFT vectors. While such a matrix does not technically
satisfy the RIP, matrices formed from random sets of DFT vectors do satisty the RIP with
high probability [100]. Thus, even though we cannot apply Theorem 6.54 directly to the
diffusion problem, it does provide some intuition that sparse recovery should be possible in

the diffusion setting.
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Figure 6.2: Dense Measurements versus Line Measurements. The color of a node indicates
the corresponding weight of that node. The darker the node color, the higher the weight.
These weights are the entries of each row of each Cj. (a) Dense Measurements. The weights
are drawn from a Gaussian distribution with mean zero and variance % These values
are random and change for each measurement. (b) Line Measurements. The weights are
generated as a function of the perpendicular distances of all nodes of the grid to the line.
The slope and the intercept of the line are random and change for each measurement.

6.4.3 State Recovery from Compressive Measurements

In this section, we consider a two-dimensional diffusion process. As mentioned earlier,
the state transition matrix A associated with this process is of the form A = Iy +GT,, where
T, is the sampling time and G is the Laplacian matrix of a grid. In these simulations, we
consider a grid of size 10 x 10 with 75 = 0.1.

We also consider two types of measuring processes. We first look at random measurement

RM*N where the entries of each matrix are i.i.d. Gaussian random variables

matrices Cj, €
with mean zero and variance % Note that this type of measurement matrix falls within the
assumptions of our theorems in Sections 6.2 and 6.3.1. In this measuring scenario, all of the

nodes of the grid (i.e., all of the states) will be measured at each sample time. Formally, at

each observation time we record a random linear combination of all nodes. In the following,
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we refer to such measurements as “Dense Measurements.” Figure Figure 6.2(a) illustrates
an example of how the random weights are spread over the grid. The weights (the entries
of each row of each C}) are shown using grayscale. The darker the node color, the higher
the corresponding weight. We also consider a more practical measuring process in which at
each sample time the operator measures the nodes of the grid occurring along a line with
random slope and random intercept. Formally, Cy (7, j) = exp (—M) where dj, (i, j) is the
perpendicular distance of node j (j = 1,..., N) to the ith (i = 1,..., M) line with random
slope and random intercept and c is an absolute constant that determines how fast the node
weights decrease as their distances increase from the line. Figure Figure 6.2(b) illustrates
an example of how the weights are spread over the grid in this scenario. Observe that the
nodes that are closer to the line are darker, indicating higher weights for those nodes. We
refer to such measurements as “Line Measurements.”

To address the problem of recovering the initial state xq, let us first consider the situation
where we collect measurements only of xq € R itself. We fix the sparsity level of xq to
S = 9. For various values of M, we construct measurement matrices Cj according to the two

models explained above. At each trial, we collect the measurements y, = Cyx, and attempt

to recover x, given y, and Cj using the canonical ¢;-minimization problem from CS:
@y = arg min |||, subject to y, = CrAz (6.86)
zeRN

with & = 0. (In the next paragraph, we repeat this experiment for different k.) In order
to imitate what might happen in reality (e.g., a drop of poison being introduced to a lake
of water at kK = 0), we assume the initial contaminant appears in a cluster of nodes on the
associated diffusion grid. In our simulations, we assume the S = 9 non-zero entries of the
initial state correspond to a 3 x 3 square-neighborhood of nodes on the grid. For each M, we
repeat the recovery problem for 300 trials; in each trial we generate a random sparse initial
state o (an initial state with a random location of the 3 x 3 square and random values of

the 9 non-zero entries) and a measurement matrix Cy as explained above.
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Figure 6.3(a) depicts, as a function of M, the percent of trials (with xy and Cy randomly
chosen in each trial) in which the initial state is recovered perfectly, i.e., Zy = x,. Natu-
rally, we see that as we take more measurements, the recovery rate increases. When Line
Measurements are taken, with almost 35 measurements we recover every sparse initial state
of dimension 100 with sparsity level 9. When Dense Measurements are employed, however,
we observe a slightly weaker recovery performance at k = 0 as almost 45 measurements are
required to see exact recovery. In order to see how the diffusion phenomenon affects the
recovery, we repeat the same experiment at £k = 10. In other words, we collect the mea-
surements y;, = Ciox1g = C10Ax( and attempt to recover xy given y,;, and CjpA'" using
the canonical ¢;-minimization problem (6.86). As shown in Fig. Figure 6.3(b), the recovery
performance is improved when Line and Dense Measurements are employed (with almost 25
measurements exact recovery is possible). Qualitatively, this suggests that due to diffusion,
at k = 10, the initial contaminant is now propagating and consequently a larger surface of the
lake (corresponding to more nodes of the grid) is contaminated. In this situation, a higher
number of contaminated nodes will be measured by Line Measurements which potentially
can improve the recovery performance of the initial state.

In order to see how the recovery performance would change as we take measurements
at different times, we repeat the previous example for k£ = {0,1,2,8,50,100}. The results
are shown in Fig. Figure 6.4(a) and Fig. Figure 6.4(b) for Dense and Line Measurements,
respectively. In both cases, the recovery performance starts to improve as we take measure-
ments at later times. However, in both measuring scenarios, the recovery performance tends
to decrease if we wait too long to take measurements. For example, as shown in Fig. Fig-
ure 6.4(a), the recovery performance is significantly decreased at time k& = 100 when Dense
Measurements are employed. A more dramatic decrease in the recovery performance can be
observed when Line Measurements are employed in Fig. Figure 6.4(b). Again this behavior
is as expected and can be interpreted with the diffusion phenomenon. If we wait too long to

take measurements from the field of study (e.g., the lake of water), the effect of the initial
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Figure 6.3: Signal recovery from compressive measurements of a diffusion process which has
initiated from a sparse initial state of dimension N = 100 and sparsity level S = 9. The plots
show the percent of trials (out of 300 trials in total) with perfect recovery of the initial state
x( versus the number of measurements M. (a) Recovery from compressive measurements at
time k£ = 0. (b) Recovery from compressive measurements at time k = 10.

contaminant starts to disappear in the field (due to diffusion) and consequently measure-
ments at later times contain less information. In summary, one could conclude from these

observations that taking compressive measurements of a diffusion process at times that are

too early or too late might decrease the recovery performance.

In another example, we fix M = 32, consider the same model for the sparse initial states
with S = 9 as in the previous examples, introduce white noise in the measurements with
standard deviation 0.05, use a noise-aware version of the ¢; recovery algorithm [27], and plot
a histogram of the recovery errors ||Zo — @o||2. We perform this experiment at k& = 2 and
k = 10. As can be seen in Fig. Figure 6.5(a), at time k& = 2 the Dense Measurements have
lower recovery errors (almost half) compared to the Line Measurements. However, if we take
measurements at time k& = 10, the recovery error of both measurement processes tends to be
similar, as depicted in Fig. Figure 6.5(b).

Of course, it is not necessary to take all of the measurements only at one observation
time. What may not be obvious a priori is how spreading the measurements over time may

impact the initial state recovery. To this end, we perform the signal recovery experiments
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Figure 6.4: Signal recovery from compressive measurements of a diffusion process which has
initiated from a sparse initial state of dimension N = 100 and sparsity level S = 9. The plots
show the percent of trials (out of 300 trials in total) with perfect recovery of the initial state
x( versus the number of measurements M taken at observation times k = {0, 1, 2,8, 50,100}.
(a) Recovery from compressive Dense Measurements. (b) Recovery from compressive Line
Measurements.

when a total of M K = 32 measurements are spread over K = 4 observation times (at each
observation time we take M = 8 measurements). In order to see how different observation
times affect the recovery performance, we repeat the experiment for different sample sets,
;. We consider 10 sample sets as Q; = {0,1,2,3}, Qs = {4,5,6,7}, Q3 = {8,9,10,11},
Q4 = {10,20,30,40}, Q5 = {20,21,22,23}, Qs = {10,30,50,70}, Q7 = {51,52,53,54},
Qg = {60,70,80,90}, Q9 = {91,92,93,94}, and Q10 = {97,98,99,100}. Figure Figure 6.6(a)
illustrates the results. For both of the measuring scenarios, the overall recovery performance
improves when we take measurements at later times. As mentioned earlier, however, if we
wait too long to take measurements the recovery performance drops. For sample sets )y
through g, we have perfect recovery of the initial state only from MK = 32 total mea-
surements, either using Dense or Line Measurements. The overall recovery performance is
not much different compared to, say, taking M = 32 measurements at a single instant and
so there is no significant penalty that one pays by slightly spreading out the measurement
collection process in time, as long as a different random measurement matrix is used at each

sample time. We repeat the same experiment when the measurements are noisy. We intro-
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Figure 6.5: Signal recovery from M = 32 compressive measurements of a diffusion process
which has initiated from a sparse initial state of dimension N = 100 and sparsity level S = 9.
The plots show the recovery error of the initial state ||e||s = ||[Zo — @o||2 over 300 trials. (a)
Recovery from compressive measurements at time k& = 2. (b) Recovery from compressive
measurements at time £ = 10.

duce white noise in the measurements with standard deviation 0.05 and use a noise-aware
version of the ¢;-minimization problem to recover the true solution. Figure Figure 6.6(b)
depicts a histogram of the recovery errors ||Zy — @o|l2 when MK = 32 measurements are

spread over K = 4 sample times Q4 = {10, 20, 30,40}.
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Figure 6.6: Signal recovery from compressive measurements of a diffusion process which has
initiated from a sparse initial state of dimension N = 100 and sparsity level S = 9. A total
of KM = 32 measurements are spread over K = 4 observation times while at each time,
M = 8 measurements are taken. (a) Percent of trials (out of 300 trials in total) with perfect
recovery of the initial state x, are shown for different sample sets, €2;. (b) Recovery error of
the initial state ||e]|s = ||Zo — xo||]2 over 300 trials for set .
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CHAPTER 7
CONCLUSIONS

Many dynamical systems of practical interest often contain a notion of simplicity in their
intrinsic structure or representation. In this thesis, we developed new theory and algorithms
for exploiting this type of simplicity in the analysis of high-dimensional dynamical systems
with a particular focus on system identification and estimation.

Our work was inspired by the field of Compressive Sensing (CS) which is a recent
paradigm in signal processing for sparse signal recovery. The CS recovery problem states
that a sparse signal can be recovered from a small number of random linear measurements.
Compared to the standard CS setup, in most of the problems considered in this thesis we
dealt with structured signals and measurement matrices where the structure was implied by
the system under study.

As summarized in the next few sections of this chapter, our contributions in this thesis
are: new Concentration of Measure (CoM) inequalities for Toeplitz matrices with applica-
tions; a new Compressive Topology Identification (CTI) framework for the analysis of large-
scale interconnected dynamical systems; a new algorithm for recovering clustered-sparse sig-
nals with an application in CTT; new analysis on the recovery conditions of high-dimensional
but sparse Linear Time-Invariant (LTI) Auto Regressive with eXternal input (ARX) systems;
a new pre-filtering scheme for coherence reduction; a new framework for compressive iden-
tification of time-varying ARX models with an application in DC motor identification; new
theory, recovery guarantees, and analysis on the observability problem of linear systems with
high-dimensional but sparse initial states. As briefly discussed in Section 7.3, there are many

possible future directions for this research.
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7.1 Sparse Recovery and CSI

Throughout this thesis we showed that in many applications of practical interest it is
possible to perform system identification from few observations if the system under study
contains a notion of simplicity. We demonstrated in Chapter 3 that impulse response recovery
is possible from few convolution-based measurements when it is known a priori that the un-
known impulse response is high-dimensional but sparse. In Chapter 4 we considered topology
identification of large-scale interconnected dynamical systems and showed that compressive
topology identification is possible using block-sparse or clustered-sparse recovery algorithms.
In Chapter 5 we considered LTI and Linear Time-Variant (LTV) ARX models and showed
that recovery of the model parameters is possible from few measurements. In Chapter 6 we
demonstrated that initial state recovery is possible from few observations when it is known
a priori that the initial state is high-dimensional but sparse. Whilst for all of these applica-
tions, we provided simulation results, a significant amount of our work and this thesis was

devoted to analyzing the recovery guarantees and conditions.
7.2 Recovery Guarantees

For the problems considered in this thesis, we analyzed and derived recovery guaran-
tees using several different approaches. As we have mentioned, each approach has its own

importance and implications.
7.2.1 Concentration of Measure Inequalities

In Chapter 3 we derived CoM inequalities for randomized compressive Toeplitz matrices.
These inequalities showed that the norm of a high-dimensional signal mapped by a com-
pressive Toeplitz matrix to a low-dimensional space concentrates around its mean with a
tail probability bound that decays exponentially in the dimension of the range space divided
by a quantity which is a function of the signal. This implies that the CoM inequalities for
compressive Toeplitz matrices are non-uniform and signal-dependent. We further analyzed

the behavior of the introduced quantity. In particular, we showed that for the class of sparse
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signals, the introduced quantity is bounded by the sparsity level of the signal. However, we
observed that this bound is highly pessimistic for most sparse signals and we showed that if
a random distribution is imposed on the non-zero entries of the signal, the typical value of
the quantity is bounded by a term that scales logarithmically in the ambient dimension. We
also extended our analysis for signals that are sparse in a generic orthobasis. To this end,
we introduced the notion of the Fourier coherence of an arbitrary orthobasis and stated our
generic results based on this measure. We considered the time and frequency domains as
specific cases.

In Chapter 6 we derived CoM inequalities for the observability matrix and explained how
the interaction between the state transition matrix and the initial state affect the concen-
tration bounds. Our derivation was based on the CoM results for block-diagonal matrices.
We observed that the observability matrix can be decomposed as a product of two matrices,
one of which has a block-diagonal structure, where the diagonal blocks of this matrix are the
measurement matrices Cy. We derived CoM inequalities for two cases. We first considered
the case where all matrices C}, are generated independently of each other. We then consid-
ered the case where all matrices C;, are the same. In either case, we assumed that each matrix
CY is populated with independent and identically distributed (i.i.d.) Gaussian random vari-
ables. The concentration results cover a larger class of systems (e.g., not necessarily unitary)
and initial states (not necessarily sparse). Aside from guaranteeing recovery of sparse initial
states, the CoM results have potential applications in solving inference problems such as

detection and classification of more general initial states and systems.
7.2.2 Restricted Isometry Property

A sufficient condition for correct recovery of sparse signals is the Restricted Isometry
Property (RIP). In Chapter 3 we showed that as an implication of the CoM inequalities,
one can derive the RIP for compressive Toeplitz matrices. Based on this result, we showed
that one can establish the RIP for Toeplitz matrices if the number of rows (the number of

measurements) scales quadratically in the sparsity level.
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In Chapter 6 we first established the RIP for the observability matrix. We showed that the
observability matrix satisfies the RIP under certain conditions on the state transition matrix.
For example, we showed that if the state transition matrix is unitary, and if independent,
randomly-populated measurement matrices are employed, then it is possible to uniquely
recover a sparse high-dimensional initial state when the total number of measurements scales
linearly in the sparsity level of the initial state. We also showed that a similar linear RIP

estimate can be achieved using the CoM results for the observability matrix.
7.2.3 Coherence

Establishing the RIP for structured matrices is usually a hard task. It usually involves
complicated mathematical analyses and tools. As a simpler but coarser recovery condition,
we also analyzed coherence-based recovery guarantees.

In Chapter 4 we showed that for the type of matrices that appear in CTI, the coherence-
based metrics have an asymptotic behavior; as we take more node measurements, the
coherence-based metrics associated with the measurements matrix approach a non-zero value
which depends on the link impulse responses.

We performed a similar analysis in Chapter 5 for the matrices that appear in the anal-
ysis of the ARX models. We observed that while the associated coherence-based recovery
guarantees indicate no or very limited recovery, exact (or stable) recovery of such models is
indeed possible from few measurements. In fact, this observation is not a contradiction, as
these guarantees are sufficient (and not necessary) recovery conditions and furthermore, they
are typically blunt tools as they reflect the worst correlations in the matrix. As a first step
towards investigating this gap, we suggested a pre-filtering scheme by which the coherence

of such matrices can be reduced.
7.3 Future Research Directions

In this thesis, we took some first steps towards analyzing high-dimensional dynamical

systems when it is known a priori that the system under study contains a notion of sim-
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plicity. To this end, we adapted the tools, theorems, and algorithms from CS and sparse
signal processing. There are many possible future directions for this research. On one hand,
there are many possible directions in developing new analyses when dynamical systems are
involved. In particular, our work will continue with analyzing and developing new recovery
conditions. As mentioned earlier, there exists a big gap between the recovery performance
and the existing recovery guarantees. Therefore, one open research direction is to reduce
this gap by developing new recovery guarantees, applying new techniques such as the pre-
filtering, or considering new frameworks such as input design. Another open front is to apply
the methods and algorithms developed in this thesis on real-world applications and data such

as the gene regulatory network.
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APPENDIX - PROOFS

A.1 Proof of Lemma 3.48

We start by proving a more general version of Lemma 3.48 and (3.49). Let z1, 29, ..., 2,
be random variables.
Consider the event £4 2 {21 < ;U and 2, < U and --- z, < ¢, U} where
c1,Ca, ..., C, are fixed numbers that sum to 1. It is trivial to see that if £4 happens, then the
event Ep = {21 + 2 + - -+ + 2z, < U} must also occur. Consequently, P {(£5)°} < P {(£4)°},

where
(Ea)={znn>cUorzn>cUor - z,>cU}.

Using the union bound, we have P {(€4)°} < P {z1 > yU}+P {22 > U }+-- - +P {2, > ¢, U}
which completes the proof. The inequality (3.49) is a special case of this result with
c1 = co = 0.5.

We follow a similar approach for proving (3.50) where 2z, and z, are positive random vari-
ables. Consider the event £4 £ {z; < U; and z, > Uy}. If £4 occurs, then £ £ {i—; < %}

must also occur. Consequently, P {(E5)¢} < P {(£4)¢}, where (£4)¢ = {21 > U or zo < Us}.

Using the union bound, we have P {(£4)°} < P {2 > U} + P {2 < Us}.
A.2 Proof of Proposition 3.52

Before proving Proposition 3.52, we state the following lemma.

Lemma A.1 (Hoeffding’s inequality for real-valued Gaussian sums) Let b € RY be fized,
and let € € RN be a random vector whose N entries are i.i.d. random variables drawn from
a Gaussian distribution with N'(0,0?). Then, for any u > 0,

u2
P { > u} < e 2206l

N

Z Eibi

=1
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Proof First note that the random variable ZzN:1 €;b; 1s also Gaussian with distribution
N (0,0%||b||3). Applying a Gaussian tail bound to this distribution yields the inequality [28].
|

Using the result of Lemma A.1, we can complete the proof of Proposition 3.52.

Let b; = r; + q;j Vi where r; is the real part of b; and ¢; is the imaginary part. Then we

have

N N N
P{ Zeibi > ||b||2u} =P {'( €¢Ti> + (Z 6iQi>j > ||b||2u}
i=1 =1 =1
N N 2
p | (z ) + (z q) il = ol
i=1 i=1
N 2 N 2
16|51 1b]|5u”
< P { (; Qn) > 9 +P ; €:q; > 9
N N
1b]|2u 1b][2u
=P €15 | 2 +P €| =

2 2 2 2
_libllgw IIbll5w W2

<e 4B 4 dlalfe’ < 9e7 07

where the first inequality uses Lemma 3.48 and the last inequality uses Lemma A.1 and the

facts that 122 > 1 and

[P

bll2 > 1
lall, =+

A.3 Proof of Lemma 4.23

We can show that for M > m

1
_— . T(ml)m. (A.2)
Vit iz

Using a conservative lower bound for || 7 ()™ |2 > |42, from (A.2) we get

E [AIT Ag} -

=3l
VIt 3B

We can derive an upper bound for [|E [A?A2i| |l using the Cauchy Interlacing Theo-

|E [/HAQ] |2 > (A.3)

rem [58]. Let X;, =: E [fllelg} We have
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X121 = max X(XT,X12) < max Ai(X],X12), (A4)

where X, is (2m — 1) x (2m — 1) circulant matrix with

N 1
Ty = ——o[0,...,0,z5(m —1),...,25(2),23(1)],

VT
as its first row [3]. Since )\i()N(fz)N(Lg) — |A\i(X12)2, an upper bound for || X1 5|2 is provided
by the maximum eigenvalue of )?1,2. Because )?172 is circulant, )\i()?u) simply equals the
un-normalized (2m — 1)-length Discrete Fourier Transform (DFT) of the first row of X 1.2-

As a result,

" 1 m—1

)\Z'(XLQ) = x%(k)e_ﬂ”(i_l)k/@m_l). (A5)
VI 3 ;

From (A.5) and by applying the triangle inequality, we get

1 m—1

TR E kz:; |5 (k)| (A.6)

Therefore, combining (A.4) and (A.6), we have

|)\i()N(1,2)| <

m—1

1 [|23]|1
| X12]l2 € —/——= |23 (k)] < ——=——.
14 [l 13 kz:; V123

A.4 Proof of Theorem 5.8

Without loss of generality, assume d = 0 as the input delays do not affect the coherence
of ®. Using the definition of p(®), we can write u(P) = |4 |0 Where pg is a vector whose
entries are all the normalized distinct inner products of the columns of ® and || - ||« is the
maximum absolute entry of a vector. From Jensen’s inequality for convex functions (|| - ||o),

we have

E[u(®)] = Elltsllcc] = [E [p] [|oo-

First we look at the numerator of the entries of p1g. From the definition of ®, V¢p;, ¢, , € ®,,

s 70,
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to+M

S b= > yhylt—s). (A7)

t=to

Combining (A.7) with (5.9) and reordering the sums we have

O birs = D ythylt —s)= > ( > hk)ult - k‘)) ( > hOult -t~ 8))

t=to t=to k=—o00 l=—00
00 [e's) to+M (Ag)
= > Y AR D ult— k)t - —s).
k=—00 f=—00 t=to
Taking the expected value of both sides of (A.8), we have
E (] ¢ = M Y h(OK(L+5) (A.9)

l=—00

where we used the fact that E[u(t — k)u(t —¢—s)] = 1 for k = £ + s and 0 otherwise.

Similarly, V¢, € ®,, Vo, , € Py,

Sl o= > yltult—s)= 3. (Z h(@u(t—@) ult - 5)

t=to t=to l=—00

. o (A.10)
= ) h0) Y ult - Lult — s).
{=—00 t=to
Taking the expected value of both sides of (A.10), we have
E [¢] ¢, ] = Mh(s). (A.11)

It is trivial to see that Ve¢,, ¢, € ®, with s # 0, E [¢f¢i+s} = 0. Using concentration of
measure inequalities, it can be shown that as M — oo, the entries of the denominator of pg
are highly concentrated around their expected value [3]. We have Vo, € @,,, E[||¢,|/3] = M
and Vo, € @, E|||¢;]|3] = M||h||3. By putting together (A.9) and (A.11) and applying the

required column normalizations the proof is complete.
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A.5 Proof of Theorem 5.11

We follow a similar argument to the proof of Theorem 5.8. Define u, (t) = > 70 g(k)u(t—
k) and y,(t) = > "2 g(k)y(t — k). Then we have

OZ Yg(t)ug(t = 5) = OZ ( > glk)y(t - k)) ( > g(tult — ¢~ S)) (A.12)

t=to t=tg k=—o00 {=—o00

and by taking the expected value of both sides of (A.12), we get

E

> ve(t)uylt - 5)] =M Y g(Of(t+s),

t=to

where f = g % h. In a similar way,

to+M fe’e)

E Z Yg(yy(t —s)| =M Z f(R)f(k+s),
t=to | k=—o00
to+M T 00

B> u (gt —s)| =M > flk)glk+s),
t=to | k=—o00

B3 u0uylt - )| =2 3 g(k)alh+ 9).
t=tg _ k=—o00
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