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ABSTRACT

A fundamental problem of seismology which has received 
considerable attention during the past thirty years is to 
describe the pulse shape of a spherically symmetric compres­
sion a 1 wave upon reflection and transmission at an interface. 
This thesis presents a credible solution to this problem, 
together with numerical examples to illustrate the relevant 
mathematical concepts. The main feature of the solution is 
the insight and understanding of the laws governing spherical 
wave propagation. The mathematical model used for the . 
investigation consists of two homogeneous and isotropic 
semi-infinite elastic half spaces in welded contact at a 
plane interface.

Existing elastic ray theory is extended to a form more 
tractable to numerical computation. Components of displace­
ment are expressed as convolutions of a pressure, a source 
excitation, and a propagation term, thus allowing the 
independent variation of significant parameters. The
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propagation term consists of an integral associated with the 
incident wave and integrals that account for the contribution 
from the interface. The former is evaluated in closed form, 
but the latter do not yield to such an evaluation. A plausible 
interpretation of these integrals is given in terms of 
generalized functions. Such an interpretation yields a 
solution which is sanctioned by fulfilling the displacement 
boundary conditions and by analogy with plane wave theory.
The very nature of the solution is such that for many 
practical purposes, numerical integration is not required to 
compute reflection and transmission waveforms, thus render­
ing the solution simpler than has generally been recognized.
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INTRODUCTION

This thesis deals with the application of exact ray 
theory to the study of reflection and transmission of 
spherically symmetric compressional waves at a single plane 
boundary. Certain of the mathematical details of the 
problem have been described by Cagniard (1962), Dix (1954), 
Bortfeld (1962a, 1962b), and many others— .̂ The theory is 
here extended to obtain expressions for particle displacement 
that are amenable to numerical evaluation. A formal solution 
to the problem is obtained following a procedure suggested 
by Spencer (1960). Double integral expressions appearing 
in the solution are reduced to single integrals by analytic 
continuation of the Lipschitz integral, as suggested by 
Bortfeld (1962a, 1962b).

1/ An extensive bibliography may be found in Appendix III of 
Cagniard (1962) and in Appendix G of this thesis.

1
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General expressions for the vertical and horizontal 
components of displacement include the time convolution 
of an arbitrary pressure function, a source function, and 
a boundary function. The source function describes the 
excitation of the source, and when convolved with the 
appropriate functions, describes the incident wave. This 
function depends only on the source radius and the elastic 
parameters of the medium in which the source is located.
The boundary function accounts for reflection and trans­
mission at the plane interface. For a general solid-solid 
interface, the boundary function consists of both a 
compressional component and a shear component. Each of

2/these components consists of the sum of a weighted singlet— , 
a weighted doublet, and an integral transform of the 
spherical reflection or transmission coefficient of the 
particular interface under study.

Bortfeld (1962a) has pointed out that the shear waves 
which are involved in the general case of a solid-solid 
interface increase the difficulties of the mathematical 
treatment, but do not contribute correspondingly to the

2/ The terms singlet and doublet are used to describe the 
delta function and its first derivative, respectively.
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understanding of the fundamentals of the reflection and 
transmission process. In view of certain numerical 
difficulties associated with the general case, an inter­
face which does not generate shear waves is used to 
illustrate reflection and transmission waveforms. One 
such interface is the special solid-solid for which the 
shear wave speeds of the two media are equal and the 
densities of the two media are equal. In order to visualize 
the general problem, the essential mathematical development 
will include shear wave terms.
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FORMAL SOLUTION

The three-dimensional mathematical model consists of 
two homogeneous and isotropic semi-infinite elastic half 
spaces in welded contact at a plane interface (Fig. 1). A 
cylindrical coordinate system (r,z,B) with the positive 
z-axis passing through the source at z = h, is used„ The 
interface is the plane z = 0. An arbitrary pressure P(t) 
•over a spherical surface of radius rG generates spherically 
symmetric compressional waves. The problem is to determine 
the displacement at an arbitrary point in either medium as 
a function of time.

Formally, the problem is to find scalar potentials cp 
and u^ which satisfy the wave equations
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SPHERICAL
SOURCE

3 RECEIVER

4-z

MEDIUM 1

SPHERICAL
SOURCE

(b)

MEDIUM 1
MEDIUM 2

-z

RECEIVER

FIGURE 1. Geometrical configuration of source and receiver, 
(a) Receiver is in medium 1. Raypath distance
R = [r2 + (h+z)2]2 . (b) Receiver is in medium 2. Raypath
distance is + R g .
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Here, and sn represent wave slownesses defined as the 
reciprocal of the compressional and shear wave speeds,

The subscript n = 1 refers to medium 1 and n = 2 to medium
2. Since axial symmetry persists during the propagation, 
the displacement vector can have no component in the 0- 
direction. The vertical displacement dn(t,r,z) and the

" ar a%

Source Potential —  General solutions for equations (1) may 
be obtained using integral transform techniques (see Spencer, 
1960). From these solutions, the Laplace transformed 
potential for an axially symmetric source of compressional 
waves in an unbounded medium is found to be expressible as

2respectively, and V is the Laplace operator

= [a^/ar^ + (i/r)a/ar f.a^/az^].

horizontal displacement d^(t,r,z) may be obtained from

(2)

d n

00

(3)
o

where p is the transform variable and JQ is the Bessel 
function of zero-order. The restriction that



T-1169 7

Re [o^ = a 2+p2sf)]2 ^ 0

is imposed to assure a bounded potential. The function 
A(p,x) is determined from the boundary conditions at the 
source.

The transformed source potential due to a pressure P(t)
over a spherical surface of radius r0 is given by (Cagniard,
1962, p. 11)

# (p,r,z) = —  e PPtSl P(p)F(p) . (4)

where
R0 « [r^ + (h-z)2]2

9 2 —1F(p) = - r0p1[p‘"+ 2Cro0p +

S = Si/si ’ ®o “ 2/I'osl

P(p) in equation (4) is the transform of the pressure and
F(p) is the transform of what will be called the source
function, f(t),

Equating equations (3) and (4) gives an integral 
equation in A(p, X) whose solution may be readily derived 
from the Sommerfeld result (Cagniard, 1962, p. 39; Dix,
1954, p. 726):

A(p, X) = —  P(p)F(p) 
a l
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Reflection and Transmission Potentials —  À compressional wave-
front incident upon a general solid-solid interface gives rise
to both compressive and shear stresses due to the discontinuity
in the elastic properties. The reflected stress field may be
described with two potentials, denoted for compressional
waves and %  for shear waves. Similarly, the transmitted
stress field may be described with potentials and U,p= These
potentials, which may be obtained from the general transformed
solutions of equation (1), are given below

00
f -a-iz

$R (p,r,z) » J XAR (p,X)J0(rX)e d\
o

00 -3iz
UR (p,r,z) = / XBR (p,\)J1 (rX)e d\

oc

/ ■ ■
o
00
f a9z$T(p,r,z) = j XAT(p,X)J0 (rX)e dX

o
CO

UT(p,r,z) = XBT(p,X)J1(rX)e^2ZdX 
o

with

an = tX2 + p2S2]2 ; 3n = [X2 + P2s2]^

The functions AR , A^, and are determined from the
boundary conditions at the interface, namely continuity of 
stresses and displacements. The transformed boundary 
conditions form a system of linear algebraic equations from
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which these functions may be derived (Cagniard, 1962,
p. 40)e For a special solid-solid interface, it can be 
shown that

%(p,x) = BT(p,X) = o

In the case of the general solid-solid interface for which 

S1 = S2 and Pp = Por Br and are non-zeroe The linear 
equations for the general and special solid-solid interface, 
together with their solution, are given in Appendix A.

Components of Displacement -- A formal solution to the 
problem is obtained by performing the required differentia­
tions ("equation (2)) of the inverse Laplace transforms for 

=. § + - $T, = UR , and With the symbol
* used to denote convolution with respect to t, the formal 
solution is given by the equations :

~ -%1-a, h
A(p,X)e

AT(p, X) =  A(p, X)e 1-a, h

dg(t,r, z) = -P(t) * f(t) * Bg(t,r, z)
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d^(t,r,z) = P(t) * f (t) * I ™  g(t-R0S1) + B1 (t,r,z)J
o

d2(t, r, z) = P(t) * f (t) * B2 (t, r, z) (5)

The overbar represents a horizontal component. The term 
g (t-R0Sj) is associated with the incident wave and the Bn, 
Bn terms represent the boundary functions. The source 
function, the incident term, and the boundary functions are 
given below.

density of medium 1. The terms x and x Q represent 
compressional (P-subscript) and shear (S-subscript) 
components of the boundary functions. The relevant 
equations for these terms follow :

f (t)
YP1

S1g(t,r,z) = - — 6 ’(t) - —  8 (t)
RS

where ô" (t) represents the unit step and where p is the
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1 f f X -Ç'n
xnP(t,r’z) “ J j Cn ^ i Jo(rX)e dXdp

Br o

r  r ^
xnS(t’r’z) = ^ 7  / / Cn 2̂ Jo<rX)e" n dXdp

Br o

xnP(t,r,z) = J  f  Cn J1(rx)e ?n dXdp
Br o ^  a i

00

x (t,r,z) = — / / c — —  J (rX)e ̂ n dXdp (6)
nS 2tt1 J  J 11 p 2a °Br o p  1

5n = a1h + an |z| - pt ; tn = a^h + i3n lzl - pt .

Here, Br represents the Bromwich path of integration. The 
factors Cn and c , which depend on both X and p, represent 
operational reflection (n = 1) and transmission (n = 2) 
coefficients for compressional and shear wave propagation, 
respectively. Coefficients for the special solid-solid 
interface are given by



12

The shear coefficients cn and c are non-zero for the 
general solid-solid interface.
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REDUCTION OF DOUBLE INTEGRALS

One of the principal mathematical tasks in dealing with 
problems in spherical wave propagation is to reduce unmanage­
able double integrals (equations (6)) to single integrals. 
Cagniard (1962), Pekeris (1956), Longman (1961), Bortfeld 
(1962a, 1962b), and possibly others, have devised techniques 
to do this. The techniques of Cagniard, Pekeris, and Longman 
are similar in many respects. With the Cagniard method, the 
Bessel functions are replaced by their integral representations. 
Then, through a sequence of intricate transformations, the 
integrands are cast in the form of a direct Laplace trans­
form allowing inversion by inspection, thus leaving single 
integral expressions to be evaluated by numerical means0 
The Bortfeld approach is based on recognizing that the 
Lipschitz integral comprises one of the double integrals.
The Lipschitz integrals may be evaluated in closed-form, 
obviating the need to perform a double integration. In 
many respects, Bortfeld’s approach is more straightforward

13
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than Cagniard1s and is therefore used here.

Analytic Properties in the p-Plane Both an and 3n may be 
made single valued by placing a branch cut between their 
branch points ±iX/Sn and ±ix/sn, respectively. The require­
ment imposed earlier that Re[an] 3 0 and Re[8n] ^ 0, which 
assured bounded potentials, specifies on which sheet of the 
Riemann surface the square roots are positive real for positive 
real p. On this sheet, the right-half p-plane maps in a 
single-valued manner onto the right-half of the .a - and 8n~ 
planes such that an and 3n are analytic everywhere except on 
their branch cuts.

The coefficients C , C , c , and c„ arc analytic in then7 n7 n n v
3/p-plane everywhere except at the branch points— because they

represent sums, products, and quotients of analytic functions.
Also, the exponential terms are analytic in the p-plane

— 2everywhere except on the branch cuts and p is analytic 
everywhere except at the origin. Consequently, the integrands 
are analytic over the entire p-plane except at branch cuts

3/ Cagniard demonstrated that the branch points are the only 
singularities except in the very special case where the 
interface can support a Stoneley wave. These singularities, 
called by Cagniard the Rayleigh poles, do not affect the 
formulation at this stage and do not exist for the special 
solid-solid interface.
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and perhaps poles on the imaginary axis. Moreover, the 
integrands are real when p is real. This important property 

and the Schwartz reflection principle (Morse and Feshbach, 
1953, p., 393) imply that equations (6) may be expressed 
as twice the real part of the integrals over half the 
Bromwich path of integration.

The v-111 a ne —  The p-dependence of the integrands can be 
simplified by specifying half the Bromwich path along the 
positive imaginary axis p = iou, and making the transformation 
X = uuv. Since w is real, the transformation is merely a 
change in scale, but the following simplifications result :

an = aja en = u)bn

?n = tDTnP ; n “)TnS

where

TnP = aih + anlzl " U

Both an and bn are made analytic functions of v by placing 
cuts between the branch points ±Sn and ±sn, respectively. 
These branch cuts are placed slightly below the real axis.
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The radical an is defined on a sheet of the Riemann surface 
for which points on the real v-axis map onto the positive 
imaginary a -axis for -Sn < v < Sn, and onto the positive 
real an~axis for v > Sn . A point in the v-plane maps to a 
corresponding quadrant in the an-p^ane for such a branch. 
The radical bn is similarly defined.

Of particular importance is the simplification of Cn, 
Cnj cn, and c^ to functions of the single integration 
variable v . For the reflection coefficient = C-̂ (p, X) , 
the transformation of variables gives Ĉ (iuj, cjuv) = Rp(v) . 
Similarly, CgCiw, mv) = Tp(v) for a vertical component 
transmission coefficient. An overbar is used to represent 
the horizontal component0 A P subscript associates a 
coefficient with compressional wave propagation. For the 
special solid-solid interface, the relevant equations for 
the reflection and transmission coefficients are given by

a, — a0Rp(v) = Rp (v) = — L- -
ai + a2

2a9

al + a2

—  x 2alT (v) = -------
al + a2
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Coefficients for the general solid-solid interface include 
the shear terms Rg(v), Rg(v), Tg(v), and Tg(v). Each of 
the eight equations for the general reflection and trans­
mission coefficients is.- functions of S . s . p . and v.n^ n ’ Kn ’ ?

and is : considerably more complicated than those above.
With p ■= icu and X ^ ujv, the double integrals defining

xnP anc  ̂ xnP equations (6) are expressible in the following
form: œ

xip(t,r,z) = - ~ Re J Rp(v) Klp(t,r,z,v) dv
o

CO

1 Rerr

1 ReTT

1
~ " n Re

1
= - TT Re

/^ J P v y 2Po
CO

xlp(t,r,z) = - ^ Re J  Rp (v) K^p (t,r,%,v) dv

00
f f p (v) KQD(t,r,z,v) dv (7)-2P^ TT —  j -2Po

where M00
Knp(t,r,z?v) = v J’e W TnP J0 (rvuj) dcu

o
2 00

KnP(tir ? z>v) = e nP ^(rvuj). du, (8)

Similar expressions for x g and xng are obtained from 
equations (7) and (8) by replacing the P subscript with an S.
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The integrals appearing in equations (8) can be 
evaluated in closed form. The evaluation is discussed in 
the next section. The functions Knp and Knp define kernels 
of integral transforms of spherical reflection and trans­
mission coefficients. The kernels depend on the characteristic 
wave slownessesj time t, coordinates of the source and 
receiver, and the integration variable v. The reflection 
and transmission coefficients, on the other hand, depend 
entirely on v and the elastic parameters of the interface 
under study, and are independent of the geometry of the 
problem. Specifying a particular interface such as a solid- 
solid or liquid-solid simply designates the particular 
equations for Rp(v), ..., Tg(v). This feature has been
discussed by Spencer (1980) for an arbitrary axially 
symmetric source.

The Kernels — - The integrals appearing in equations (8) are
known to converge for Re[rnp] ^ 0. The first is known as
the Lipschitz integral for Re[t ] > 0 (Watson, 1966, p 6 384).nP
For Re[Tnp] = 0, the integral is a special case of the dis­
continuous Weber-Schafheitlin integrals (Abramowitz and 
Stegun, 1964, p. 487) and converges when Im[Tnp] ^ rv. The 
value of the latter may be obtained from the former by 
analytic continuation (Appendix B), The second integral
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appearing in equations (8) is readily evaluated from the 
first using integration by parts. The kernels are found 
to be : (

v[znp]~2; Re(TnP) > 0nP>

KnP(t,r,z,v) = < -iv sgn 2 ; Re(TnD) - 0, ZnP < 0nPL nP nP- nP

v [Znp]""2; Re(T_D) = 0, Z^p > 0nP' nP (9)

K^p(t,r,z,v) = {

(v/raj) 

(v/r a^)

<, (v/ra^)

1 - Tnp(Znp)-5 ; Re(Tnp) > 0

'np) 2] >1 - |Tn P |(-Z 

1 - iTnp(Znp)""2j;

; Re(TnP) = 0

znP < 0 
Re (TnP) = 0

ZnP > 0
(10)

where

nP

ZnP

IinCT̂ p)

r 2v2 + T^p ; znP
a 2
nP

Branch cuts are placed adjacent to.the negative real axis
of the Z -plane in order to arrive at the above expressions. nP
The mapping of these cuts onto the v-plane is discussed in a
following; section With the kernels Knp and Knp defined
according to equations (9) and (10) above, the double integral
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expressions of equation (6) are reduced to the single 
integrals given by equation (7).. The convergence of the 
single integrals is discussed in the next section.

Establishing the singularities of the kernels is 
requisite for the interpretation of the single integrals„
Time independent singularities of the horizontal component 
kernels occur at ±S , the branch points of an . Roots of
Znp = 0 define the time-dependent singularities. For n = 1,
the roots may be obtained from the expression

v = R 2[±rt + (z+h)(tjp - t2)^]

2 p 1where R = [r + (h+z) ] is the length of the reflection
raypath and t^p = RS^ is the reflection arrival time. There
are four real roots for t < t^p. For t > t^p, there are two
complex roots, one in the first quadrant of the v-plane and
one in the second quadrant. The conjugate of the two complex 
roots satisfies Z^p = 0 on the second sheet of the Riemann 
surface. At the arrival time t^p, two roots merge on the 
real axis, forming a simple pole there.

Figure 2 is a plot of a root locus of Z^p = 0 for 
r = h = z = 100 ft, and ■= .0001 sec/ft, Sg = .0000625
sec/ft. Additional roots for corresponding times may be 
visualized by rotating the locus curve about the imaginary 
axis. The arrows in Figure 2 indicate the direction the
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roots move as t increases0 The dashed curve indicates those 
complex roots on the second sheet of the Riemann surface.

Figure 3 illustrates the root loci of Z^p = 0 for 
various radial distances r between 0 and 400 ft. Here3 
Si > S2, and curves meet the positive real axis in the 
interval v < S. for r < rQ and in the interval Sg < v <
for r > r -- . This important feature yields the critical 
refraction arrival (head waves). It should be remembered in 
examining Figures 2 and 3 that for given coordinates r, h, 
and z } and for a given value of t, Z^p possesses either two 
complex or four real roots. While for sake of clarity 
these figures may indicate a smaller or greater number of 
roots, the implication is unintentional.

The zeros of Z%p and Zng are more difficult to obtain
than those for Z^p because two radicals are involved
instead of one. In these three cases, the zeros may be
obtained by solving two quartic equations in v whose real
coefficients depend on r, h, z, t, S^, and on either Sg, s^,
or-Sg. Two complex or four real roots are then established
from the eight possibilities. Roots on the positive real
axis lie to the left of the minimum wave slowness appearing
in the appropriate t or t c. The locus of the complex

2P nb
roots is very similar to the locus for Z^p, which is 

4/ The critical distance r is given by

4/
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certainly to be expected» The details of finding the zeros 
of Zgp and Zngj together with examples of root loci, are 
given in Appendix C.
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THE BOUNDARY FUNCTIONS

The relative position of branch points and cuts in the
v-plane is fundamental to the interpretation of xnp, .
xnS and their derivatives. Branch cuts associated with the
kernels were specified in the Znp and Zng planes; consequently
these cuts must be mapped onto the v-plane. One such mapping
is shown in Figure 4 for a cut on the negative real axis of
the Z^p-plane and for several values of t. Here it will be
noted that the v-plane image of the cut lies on the axes for
t < t,p (t = .02236 sec), with segments moving into the

5/first and second quadrants for t > t^p.— The positions of 
the branch points for each value of t are denoted by BP^e 
The multiple branch point feature is a direct consequence of 
placing the cut on_ the negative real axis of the Z^p-plane.

jV The notation tnP and tng is used for the reflection 
(n = 1) or transmission (n = 2) arrival time of a 
compressional and shear wave, respectively.

25
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FIGURE 4 ,  The v -p la n e  m apping o f  th e  n e g a t iv e  r e a l  a x is  o f  th e  Z 1P-  
p la n e  f o r  t  ■= .0 2 2 ,  .0 2 3 ,  .0 2 9  s e c . t%p « .0 2 2 3 8  s e c . r  ™ h =, z  « 10 0  
f t ,  S1 “  .0 0 0 1  s e c / f t ,  S2 “ .0 0 0 0 5 2 5  s e c / f t .  The m apping in c lu d e s  th e  
e n t i r e  im a g in a ry  v - a x is  and the  r e a l  segment -S j< v < S 1 . BP^ d e n o te  
m u lt ip le  b ranch  p o in ts  f o r  th e  r e s p e c t iv e  t .
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If the cut is placed in the manner shown in Figure 5b 
(t < tjp), the v-plane image occurs to the left of the 
positive imaginary axis and slightly above the real axis, 
finally terminating at a single branch point BP on the real 
axis (Fig. 5a). The moving branch point is the smallest 
positive real root of Zjp = 0. The other three zeros of 
Zfp lie apart from BP for t < tjp; two lie on the negative 
real axis and one on the positive real axis between the 
minimum and maximum wave slowness.

Several features may assist in understanding the 
moving branch point BP. When t is less than the travel time 
via the minimum time path, BP lies to the left of the minimum 
wave slowness. When t is greater than the reflection or 
transmission arrival time, BP and its image in the second 
quadrant lie apart from the real axis. When the receiver is 
on the critical cone (r = rc), BP = S^ when Sg < Sj and 
t = tnp (see Fig. 3). When the receiver is outside the 
critical cone (r > r ) and when t is greater than the 
critical refraction arrival time, but less than the reflection 
arrival time, the branch point lies on the positive real axis 
between the minimum and maximum wave slowness.

The analytic regions for the integrands are established 
with the specification of the moving branch cut. Clearly, 
when t is less than the travel time via the minimum time
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(a)

IMAG. v
r s

M

.00005

vI

v-PLANE

*̂2
y -.—  BP 

^ - 4  H
.00005

‘REAL v
.00010

Z^p - PLANE
00003

REAL Z
00001BP

'1P

FIGURE 5. (a) v-plane mapping of the Zj^-plane branch cut
shown in (b) for t = ,015, r = h = z  ̂100 ft, 8% - .0001 
sec/ft. Sg = .0000625 sec/ft. The Zjp-plane cut is placed 
arbitrarily close to the negative real axis in the manner
s hown.
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path, the integrands are analytic everywhere within the 
first quadrant, excluding a segment 0 < v BP adjacent to 
the real axis and excluding the zeros of Znp and a^. The 
real part of the integrands is zero over the interval 
extending from the origin to the minimum wave slowness0 
The real-axis segment of the moving branch cut is therefore 
of little consequence until r > rc, because there is no 
contribution to the integrals over this portion of the path. 
Only the case r r will be considered in the sequel.

The singularities that lie on the real axis when 
t < tnp are integrable because the integrands behave as 
( v - V q )  2 in arbitrarily small neighborhoods of these points. 
When t = tnp-0, the singularities merge with BP at v = vn, 
forming a simple pole there. Equivalently, when t = ^^p+0, 
the complex branch points from both sheets of the Riemann 
surface merge at v , forming a simple pole there.

The analyticity of the integrands in the first quadrant 
for t < t p suggests using the Cauchy-Goursat theorem to 
deform the real-axis integration path to one which offers 
greater convenience. A contour up the positive imaginary 
axis, thence along a quarter-circle back to the positive 
real axis is one possibility. Since the integrands are real 
on the imaginary axis, integration over this portion of the 

equivalent contour yields only imaginary values and therefor 
contributes nothing to x^p, x^g. The quarter circle
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yields no contribution to x^p and for a special solid-
solid because Rp(v) = Rp(v) -» 0 as |v| oo . Consequently,

X1P = xip = ® for t < fpp* For all other cases, however, 
the integrands behave as vm as |v I -»co, where m ^ 0. This 
means that the integrals defining xnp, •••, xng do not 
converge and are hence meaningless in the classical sense.

One must remember that xnp, ..., xng are not dis­
placements ; they are mathematical components which may be 
unbounded and yet yield meaningful results. Particle dis­
placement is obtained by convolving the second derivative of 
the mathematical components with f(t) and P(t)» The feature 
of unboundedness requires that a tentative solution be 
’’constructed”, so to speak, such that the wave equations 
(eq« (1)) and the boundary conditions are satisfied. Such a 
solution, if one can be found, is the only solution by 
virtue of the uniqueness theorem of Kirchoff and Neumann 
(see Love, 1944, p. 176 ; Sokolnikoff, 1956, p. 86).

Although the physical components of the elastic field, 
such as particle displacement or stress, must be expressible 
as functions, the mathematical components are not so limited. 
These mathematical components may, and frequently do, fall 
within the larger set of generalized functions » Generalized 
functions are sometimes necessary to describe and explain 
mathematically a continuous but very rapid variation of the 
mathematical components.
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A Tentative Solution -- A tenative solution may be deduced 
by adopting a plausible interpretation of equations (6) or 
(7), or the derivatives of these integrals. One possible 
interpretation of the integrals

2
dt:x^p(t,r,z) ” -A- xlp(t,r,Z)

00

= i  I  / c r Jo < ^ ) e ' ?1 ^ d p
Br o 

oo
= *■ " Re J  Rp(v)K^p(t,r,z,v) dv (11)

is given by the following equation with n = 1 :

xnP(t’r’z) = ynP(tnP)ô (t-tnP) + ynP(tnp)5(t-tnp) (12)

+ y^p (t,r,z)ô-1(t-tnp)

where

ynP(tnP^ = lim xnp(t,r,z) = rri Res[vn] (13)

ynp(tnp) = lim xnp(t,r,z) = ni Res[v^] (14)
.+ 
nPt t+

ynP(t,r?Z  ̂ = XnP(t?r,z-> for t > tnP C15)
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In the definitions above, Res[v ] means the residue of
n

Rp (v)Klp(tip5r Jz,v), (n = 1),or Tp (v)K2p,r,z,v),(n = 2) , at v^. 
Res[v'n] is similarly defined using in place of Knpe

The weight of the doublet, Y^P^^np)' and the weight of the 
singlet, ynp(tnp), are both functions of the coordinates 
r, h, and z. Integrals corresponding to equation (11) which 
define x , x^p , xnS, and x^g may be interpreted in a like 
manner.

Equation (12) was chosen as a tentative solution to the 
problem for two reasons. First, when n = 1 this equation can 
be derived directly from x^p for a special solid-solid inter-

__M trface. Second, equation (12), and analogs for x p , xnS,
 vand x satisfy the displacement boundary conditions.

Each of these reasons will be briefly discussed.
For a special solid-solid interface, the mathematical 

components x^p and x^p are zero for t < tnp. This 
discontinuous feature is expressible mathematically in the 
following form:

xip(t*r* z) = ô"1(t-tip)ylp(t,r,z) (16)

and similarly for x^p . ypp(t,r,z) is a bounded and 
continuous auxiliary function which is introduced to 
facilitate the differentiation of x,p . The generalized
derivative of equation (16) yields equation (12) for n = 1.



T-1169 33

For the arrival time t^p, the integrals x^p and x^p have a 
Cauchy principal value (Morse and Feshbach, 1953, p 0 368) 
equal to rri times the residue at vn . This feature yields 
the weights MjpCtjp) and YjpCt-ĵ p) .

It must be understood that equation (16), and its 
horizontal component analog, can be established only for the 
special solid-solid interface. While this form may be valid 
for other cases as well, and the physics of the problem 
indicates that it should, a consistent mathematical proof 
has yet to be formulated. The methods of Cagniard (1962), 
Pekeris (1956), and Longman (1961) can be used to show that 
the reflection and transmission potentials are zero for 
t < tnp, but this does not necessarily mean that xnp, ..., 

xnS are zero• One should be aware of the fact that it is not 
necessary for xnp to be zero for t < t p in order to arrive 
at equation (12)0 Other possibilities are discussed in 
Appendix D.

Weights of the Doublet and Singlet —  Derivation of the
weights of the doublet and singlet is predicated on finding
the residue of the various integrands at the poles vn which
occur when t = tnp 0 The position of these poles is found
from the relations

v1 = rS1/R; v^ = r1S1/R1 = (r-r^Sg/Rg,
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2 2 —where R = [r + (h+z) ]2 and where r^, Rj, and Rg are
defined according to Figure lb.

A Laurent series expansion of rv - i t ^ about vnP n
yields the following approximation (Appendix E):

nP (v-vn)2[i(rv + i Tnp)IQn(vn)| ]

wherein

Qn(v) = -iChS^/a2 + lzlS2/a3]

The residue for the integrand is given by

(v-v1)Rp(v)Klp(t,r,z,v) = iRp(vp)vp [rv^|Q^(V])|l
v-v.

= i[(h+z)/R][SyR]Rp(vi)

Residues of the other integrands are similarly obtained 
The required weights of the doublet follow from 

equation (13), which gives

ylp(tlp) - [(h+z)/R][S1/R]Re[Rp(v1)]; r,z ÿ 0

l'(h/R:L)(S1/R1)(r1/r)%e[Tp(v2)]; r > 0, z < 0

y2F +  2P> “ ̂
[1 + (R2/R1)3(h/z)2(S1/S2)]

-1
(S-ĵ /h) (1 + S-l |z |/S2h) Re[Tp (0) ] ; r = 0, z < 0

(17)
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Expressions for may be obtained from equations
(17) by replacing [(h+z)/R] with (r/R) (n = 1) and (h/R^) 
with (r /R̂ )- (n = 2), and by using the appropriate reflection 
and transmission coefficients. The shear analogs may be 
similarly obtained.

t  iThe integrals for xnp and x p, from which the weights 

y^p(tnp) and ÿ^P^nP^ are obtained, display a third order 
pole at vn when t = t^p. These integrals can be transformed 
into integrals involving only simple poles on the real v-axis 
To do this, the t-variable differentiations of the kernels 
are interchanged with space-variable differentiations.
Using equations (8), it is easy to derive the following 
useful transformations

K^p(t,r,z,h,v) = -i ^  

1nP(t,r’z’h’v) = ir

^7 Knp(t,r,z,h,v) 

1—  Knp(t,r,z,h,v)
- 1

With the foregoing transformations, it can be shown 
that the weights of the singlets can be derived from the 
weights of the doublets. Some of the details of this 
derivation are given in Appendix E. Using equation (14), 
the required weights of the singlet appearing in equation 
(12) are found to be

^IP^IP^ ~ ^IP^IP^

y2p(t2p) = (RfSi) ŷ2p(tgp)
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The analogous weights are obtained in the same way.
It is instructive to note the similarity between 

g(t,r,z) of equation (5) and x^p (t,r ,z) of equation (12). 
Each contains a doublet and singlet term. The weight of the

f i it . „ idoublet terms of g, x^p, and x^p contain the factors Rq ,
R"^, and R™-*-, respectively. The weight of the corresponding

-2 —2 — ?singlet terms contain the factors R~ , R , and Rj % respec­
tively. The doublet is therefore a far field term and the 
singlet a near field term. When both the singlet and
ttynp contribution are negligible, the reflection and trans­

mission waveforms are the same as the incident waveform; 
only the relative amplitudes differ. In other words, there 
is no change in pulse shape on reflection and transmission 
at the interface.

Continuity of Displacement at z = 0 -- Continuity of the 
vertical component of displacement is realized when

dp(t,r,0) - dg(t,r,0) = 0 
and similarily for the horizontal component. Using the 
relations t0 = tlp = t2p = R0S-L and Klp = K2p for z = 0, 
it can be shown that (see Appendix F):
d^(t,r,0) - d2(t,r,0) = P(t) *f (t) *ô-1 (t-10) I (t, r, ) , (18)
where

00

I(t,r) = ~ Re J Kip(t,r,0,v) dv
o

for a special solid-solid interface. The integral
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definition of the kernel (eq. (8)), and the Sommerfeld result, 
are used to show that

I(t,r) = (h/R0)g(t-t0,r,0)
But g (t,r,0) = 0 for t ^ 0  because it represents the sum of 
a doublet and a singlet. Consequently, the right hand side 
of equation (18) vanishes when the step is interpreted 
according to

1 for t > 0
6 (t) =

0 for t ^ 0
A proof of the last statement may be constructed by 
replacing ô^Ct) in equation (18) with a sequence of 
ordinary differentiable functions y^(t). One such sequence 
is given by

Yk(t) = (k/n)%
-  oo

The following limits, taken in the order indicated, 
establishes the proof :
[6""1(t-t0)g(t-t0,r, 0) ] = lim [y, (t-t -€)g(t-to,r,0)]

k-4 oo K  
e-»0

= 0
Continuity of the horizontal component of displacement is 
demonstrated in the same manner. In the development for 
the general solid, the algebra becomes much more involved, 
but is otherwise the same as that given above for the special 
solid.
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Continuity of displacement for z = 0 has been verified 
numerically. Computations were carried out for both vertical 
and horizontal components and for several values of r and h, 
thus serving as a partial check on the computer programs 
which produced the numerical examples of the next section.

Clearly, a solution has been found which satisfies the 
displacement boundary conditions. This is a necessary 
condition for the solution to be valid, but not a 
sufficient condition. In addition to satisfying the 
displacement boundary conditions, equation (12) must satisfy 
the stress conditions and the equations of motion. No 
mathematical proof has yet been devised to verify that the 
latter conditions are fulfilled. Rather, an attempt is 
made to sanction the solution by analogy with plane wave 
theory. The analogy is predicated on the assumption that in 
the far field, the laws governing reflection and transmission 
of spherical waves are similar to those laws for plane 
waves. For spherical wave theory to be consistent with 
plane wave theory, reflection and transmission waveforms in 
the far field must approximate the incident waveform. An 
appraisal of the solution using the plane wave analogy is 
facilitated with examples of the next section.
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NUMERICAL EXAMPLES

Certain of the preceding mathematical expressions will 
be illustrated in order to provide a better understanding 
of the theory» Examples of reflection and transmission 
coefficients, the second time derivative of the kernels, 
and the real part of the integrands will provide a better 
understanding of the integral transforms. Examples of 
• reflection and transmission waveforms will illustrate the 
relative importance of the pressure function, the source 
function, and the doublet, singlet, and y" , ° ? "ÿng
terms of the boundary functions«, Simple synthetic seismo- 
grams will illustrate the relative shape and magnitude of 
the incident and reflection waveforms. A solid-solid 
interface with s^ = s^, p1 = p2, > S^, and r < rc will
be used.

The first example shows the real and imaginary parts 
of the reflection coefficients (Fig. 6). The transmission

39
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coefficients may be visualized using the simple relationships 

Tp(v) = 1 - Rp(v) and Tp(v) = 1 + Rp(v). It is helpful to
note that outside of the interval Sg < v < Sn, ïm(Rp) =
— Im(Tp) — Im (Tp) = 0.

itThe real and imaginary parts of K-^p(t,r,z,v) and
KgpCt,r,v,z) are shown in Figure 7 for several values of

-1 —t > tnp. The effect of the a^ factor in K^p is clearly 
seen at v = = .0001. It will be noted that the real

h ttparts of both _ and are zero in the interval 0 < v < S_,IP 2P &
whereas the imaginary parts attain a maximum there. It
should be understood that the kernels depend on the two
wave slownesses appearing in the appropriate t or t ,nP nS
but are otherwise independent of the interface under study. 
Clearly, the differentiated kernels shown in Figure 7 
characterize any interface whose compressional wave 
slownesses are given by = .0001 sec/ft and Sp = .0000625
sec/ft.

The real parts of all four integrands are shown in 
Figure 8 for several values of t > tnp. Several features 
are noteworthy. First, all curves are zero for v ^ Sg.
Second, the dominant portion of the curves lies in the 
interval S^ < v < . Third, the (integrable) singularity
at v = S is clearly displayed for the horizontal component 
integrand associated with medium 1, but not for medium 2.
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The real part of the integrand associated with medium 2 is 
an indeterminant form at v = S ,̂ but nevertheless yields a 
finite value there. Note that the magnitude of the integrands 
decreases quite rapidly with increasing t.

Examples of y”p and y-’̂p are shown in Figure 9. These 
values were obtained using Romberg quadrature, ah iterative 
nonadaptive scheme for evaluating integrals to prescribed 
accuracy (Davis and Rabinowitz, 1967). The important 
feature here is the bounded, smooth, and continuous nature 
of the functions, and the fact that they die out in a 
fraction of a millisecond. As the vertical distance from
the interface increases, the amplitudes decrease and the
functions become more step-like„ Increasing r has the 
converse effect, as the next example will demonstrate.

Figure 10 shows the singlet and y^p terms of (eq. 5)
for several values of r . The spike at t = t^p represents
the weighted singlet. The amplitude of the spike equals 
y-[p(tip)/At, where At is the time increment between 
successive values of y^p. This makes a comparison of the 
two terms possible and illustrates the relative contribu­
tion of the weighted singlet and y^p when convolved with 
f(t). A careful examination of Figure 10 will reveal that
the amplitude of the spike increases as r increases. The 
— 2R decrease in spike amplitude is compensated by 

Re[Rp(v^)] as r increases. As h and z increase, however,
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0 0001
(t - t2p) sec 

.0002 .0003 .0004 .0005 t

.06

0 .0001 .0002 .0003 .0004 .0005 t

FIGURE 9. Examples of y2p(t,r,z) and y^pCt^r,z) for a 
special solid-solid interface with Sj = s?? p1 = p2, Sj =
.0001 sec/ft, Sn " .0000625 sec/ft. r = 20 ft. h = - z = 
25 f t, tgp = .0043569 sec.



T-1169 46

r = 100 ft

r = 90 f t

r = 80 f t

r = 0 ft

0
( t  - tip) sec

.0005
r = 120 ft

.0005

-1F IG U R E  1 0 .  V a r i a t i o n  o f  y j p ( t i p ) G ( t - t i p )  + y % p ( t , r , z ) 6

w i t h  r  f o r  a s p e c i a l  s o l i d - s o l i d  i n t e r f a c e . s i  “  s 2 ' ^ P 2'

S 1 = . 0 0 0 1  s e c / f t ,  S 2 =  . 0 0 0 0 6 2 5  s e c / f t .  h  = z =  8 0  f t ,
rc = 128 ft.
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both R""2 and Re[Rp(vj) ] decrease. Although the spike 
dominates well inside the critical cone, it becomes of 
lesser importance as r approaches rc . This is an important 
feature of the boundary functions as will be seen in the 
examples of reflection and transmission waveforms which 
follow.

It is both convenient and logical to introduce the 
following notation:

hnp(t,r,z) = ~f(t) * ynp(tnP)6'(t-tnP) = -ynp(tnP)f'(t-tnP) 

Qnp(t,r,z) = -f(t) *" [ynp(tnp)ô(t-tnp) + ynp(t,r, z) 6'"1(t-tnP)]

An overbar is used for horizontal components. The units of
ohnp and qnp in the CGS system are cm/(sec•dynes/cm ) . When2convolved with pressure (dynes/cm ), the resulting expressions 

have units of displacement. Indeed, hnp + qnp represent the 
reflection (n = 1) and transmission (n = 2) waveforms for a 
unit pressure impulse. It is altogether fitting, therefore, 
that hnp and qnp be called components of the appropriate 
waveforms. In the ensuing discussion, hnp will be called 
the "primary component" and qnp the "secondary component".

Examples 'of displacement waveforms and their components 
arc shown in Figure 11. Note that both the magnitude and 
shape of the primary and secondary components differ quite 
substantially. Here-, with relatively small h and z and with
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1.0 VERTICAL COMPONENTS  

P ( t N h , p>c|1p)

.66
HORIZONTAL COMPONENTS

h

-1.03

2P 2P

0 .0 0 0 5 .0010 .0020.0015 .0020  0 0015.0005 .0010
(t -  tnp) sec

- f ( t )P it )

.0020.00150 0 0 5 .0010 
t in sec

0 0 0 50020 0 .0010 
t in sec.0015

FIGURE 11. Displacement waveforms and their components for a 
special solid-solid, interface with Sj = Sp = .0002222 sec/ft, 
Pi -■ P2 = 2.4 gm/cnr^ Sj = .0001 sec/ft, bg “ .0000625 sec/ft 
(Poisson1s ratio for medium 1 is .373) r0 = 1 ft, r =.25 ft, 
h = ± z = 20 ft, tjp = .004717 sec, t2p = .003794 sec.
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r = .78 r , the primary components dominate, especially for 
the transmitted pulses. Consequently, the complete reflection 
and transmission waveforms for a pressure impulse retain the 
essential features of the primary components. For r % r 
this would have not been the case. The pulses labeled 
P(t)*[hnp + qnp] and P(t)*[hnp + qnp] illustrate the 
components of displacement for a pressure input P(t) over a 
spherical surface 2 ft in diameter. The P(t) used for this 
example was selected to simulate an explosive charge (Toksôz, 
Ben-Menahem, and Harkrider, 1964). The pressure has the 
form P(t) = P^t^e where p and r\ are yield-dependent
positive parameters which control the rise time and decay 
t ime.

It should be mentioned in passing that the short time
duration (1.5-ms) of the various pulses shown in Figure 11
is a consequence of using a Poisson ratio of cr̂  = . 373 and
a source radius of r = 1  ft. Both n--, and r have a pro-o u 1 o
nounced effect on the source function. Increasing a m a k e s  
f(t) more oscillatory and increases the time duration of 
significant amplitudes. Increasing rQ also increases the 
time duration of significant amplitudes.

Changes in waveform due to increasing r are illustrated 
in Figure 12. Both f(t) and P(t) are ■ as shown in
Figure 11. The important feature of Figure 12 is the buildup 
of the secondary component as r increases to the critical
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distance, where its amplitude is seen to be quite pronounced. 
This increase in amplitude is attributed to the y”p term, 
and not to the singlet term. Clearly, when the magnitude 
of h and z is less than about 80 rQ and r œ , the 
secondary component can dominate the primary component.
Usually, however, the secondary component is, as the name 
implies, subordinate to the primary component.

The final example includes the incident waveform (Fig.
13). The source is 1000 ft from the interface and the hori­
zontal source-to-receiver distance r is 500 ft, which corres­
ponds to .61 r , 1 .59 rc,and .57 rc for z =25, 50, and
100 ft, respectively. The pressure has the same form as the 
previous examples with a peak at .001 sec and haIf-amplitude 
at .003 sec. Poisson’s ratio and the source radius are .405 
and 5 ft, respectively. The traces are aligned to the arrival 
time of the incident wave. On the bottom traces (z = 25 ft), 
the incident and reflection events overlap. These events are 
well separated on the top traces (z = 100 ft), however, and 
a waveform comparison can be made. A careful examination 
will reveal little, if any, difference in the shape of the 
incident and reflection waveforms other than amplitude.
This implies that the secondary (near field) components are 
insignificant, leaving only the primary (far field) components.
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HORIZONTAL COMPONENTS

Z = 100 ft

|A z Z = 50 ftV
Z =25f t

VERTICAL COMPONENTS

ZMOOft

Z = 50 ft

Z= 2 5 f t

.025.005
(t- R0S.) sec

FIGURE 13 » Simple synthetic seismograms dj(t,r ,z) and 
di(t,r,z) for a special solid-solid interface with s1 = 
s2 = .00025 sec/ft, pj = oo = .0000625 sec/ft (Poisson*s 
ratio for medium 1 is .405). r0 = 5  ft, r = 500 ft, h = 
1000ft, z = 25, 50, and 100 ft. P(t) peaks at .001 sec 
and is down -6 db at .003 sec. Traces are time aligned.
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CONCLUSIONS

Interpreting the integrals which account for the 
contribution from the interface in the domain of generalized 
functions gives reasonable results. The interpretation 
yields equations which fulfill the displacement boundary 
conditions and which are consistent with plane wave 
theory in the far field. Several noteworthy features 
of the solution are given below.

When the least time path associated with a particular 
ray is either a reflection or transmission path, and not a 
critical refraction path, the exact contribution from the 
interface consists of the sum of three terms. For a pressure 
impulse, these terms are the convolution of a source 
function with : (1) a weighted doublet ; (2) a weighted singlet;
and (3) an integral transform of an appropriate spherical 
reflection or transmission coefficient of the interface.
The functional values of the first two terms are obtained 
from explicit expressions, whereas values of the third term

53
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are obtained by numerical integration„ The weight of the 
second term divided by the weight of the first term decreases 
in magnitude as for reflections and for transmissions
Hence the amplitude of the second term decreases faster than 
the first and is negligible in the far field.

Numerical examples for a solid-solid interface which 
does not generate shear waves indicate that the third term 
is negligible when the source and receiver are more than 
about 80 source radii from the interface. When this is the 
case, the reflection and transmission waveforms are the same 
as the incident waveform; only the relative amplitudes 
differ, as in plane wave theory. However, when the source 
and receiver are near the boundary and the receiver is near 
the edge of the critical cone, pronounced distortion of the 
waveform can result. A similar "rule of the thumb” has yet 
to be established for the general solid-solid interface.

The doublet weights of the primary component play the 
same role as the reflection and transmission coefficients 
for plane wave theory. For the case of spherical waves, the 
various weights depend on the angle of incidence, the 
relevant elastic parameters of the two media, and the 
raypath distances R for reflections and R^ together with

Q o 1the ratios (Rg/R^) , (h/z) , and (r^/r)2, for transmissions.
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Of practical importance is the conclusion that for many 
purposes, the laws governing reflection and transmission of 
spherical compressional waves within the critical cone are 
as simple as those laws for plane waves. More elaborate 
mathematical models for wave propagation studies and synthetic 
seismogram synthesis using spherical sources are feasible 
because of this0 These studies will provide a better under­
standing of principles which are fundamental to
seismology.
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APPENDIX A
LINEAR EQUATIONS AND THEIR SOLUTION FOR AR , BR , AT, AND Bt

The functions AR (p,X), BR (p,X), AT(p,X) and BT(p,X) 
depend on the physical conditions imposed at the plane 
boundary z = 0. For a solid-solid with no slippage along 
the boundary, four conditions must be fulfilled:

1: Continuity of vertical displacement
2: Continuity of horizontal displacement
3: Continuity of normal stresses
4: Continuity of tangential stresses

These four conditions are expressed in terms of the trans­
formed potentials by the following equations (Cagniard, 
1962, p. 3):

1 • ($]_)z + (Uj/r)r - (§2)z + (U2/1*)r 
2: (̂ 1) r - (Ui)z = (.$’2) r " (Ug)z

A-l
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4: Pi [p2ul + ®iC ($1)rz - (ul)zzl]
" P2 [p2u2 + ê2Î;(ï2)rz " (U2)zZ]] O " 1)

where

($ri)z = ^  ; (un)rz = 1- ^  5 etcd Z d r dz

e n = 1 -  2 S „ /s ?  ; e n = 2 /s §  ; n = 1 , 2

Substitution of the appropriate integral expressions for 
the potentials into equations (A-l) yields the following 
system of linear algebraic equations :

1 : a j Ar - XBR + a2^T + XBq> = aqAe ^l 1̂
2 : XAr - 6 jBp - XArp - B 2^T " ~XAe al^

3 1 L j A r  — B R  — IiqA ij» — N^Bqi — —Lj^Ae ^ 1 ^

4  : M^Ar  — L j Bji + M^Aip + ^ 2 ^ T  ”  (A —2 )

where

Ln - P n sn + P^/2)

Nn “ PnX6n/Sn
A = A(p,X) = P(p)F(p)
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Solving equations (A-2) gives the required functions :

Ql(p,X!
Ar (p A)

br (Pj X)

D(p, X

= Q2(p,x

AT(p,X) =

Brp(p, X)

D(p,X 

QgCp, X
D(p, X 

Q4CP,X
D(p, X

A(p,X)e"alh'

Xa1A(p,X)e"alh
a^A(p,X)e alh

X a ^ C p , x)e  alh (A-3)

where
D(p,X) = X2(X2 + p 2 E i S 2  + P 2 E 2 s 2 ) 2

+ X2ccjCL2̂1®2 " cxj(X2 + p2E2S2)
2- 2̂X2 + P2ElS2)

+ p E^E2S^S2 (a-̂ S 2 t ol26 
Ql (p, X) - - x 2 (x2 >  p2e i S 2 + p2e 2s2) 2

4* X ql2̂(X2̂4̂2 ”” ai8i^X 4™ p EgSrj)

, o o o 2
+ ^28 2 + P E-j s-j )1"!

4 2 2+ p E^E2SjS2(a^B2 ~ a,28l̂
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~ 2[cl2@ 2̂ ^  + P^^isi)

- (X2 + P ^ j S2 + p2E2s|) (X2 + p2E2s|) ]
Qs(PjX) = 2p2E^s2[8^(X2 + p2E2s2) - 32Ĉ 2 + P2e1si)]
Q4(P? X) = 2p2E1s2[x2 + p2E1s2 + p2E2s2) - a282]
Ei = [2(1 - PgSi/piS2)]-!; E2 = [2(1 - PiS^/pgS2)]"!

a* = [X2 + P2S2]5; 9% = [X2 + p2s2]i
n = 1, 2

Special Solid-Solid Interface
A special solid-solid is defined for Si = s2 and pj ® p2. 

With 81 = pg, Li = L2# and Ni = Ng, equations (A-2) simplify 
to

1 : ajAR - XB^ -i- a 2A T + XBT - aiAe*™aih

2 1 XAj^ — 3qB|^ — XAfj-i — 3 p B i  ^  —XAe

3 : e Ap̂  — X6pB^ — eArp — X3 jBrp = — sAe

4 : Xoc g Bĵ  + XccgArp + £ Bip — XociAe ̂l (A—4)

where
s = x2 + P2s2/2

Multiplying expression (1:) by -X and adding to expression 
(4:) gives Bp = -B^. Multiplying expression (2:) by e and
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adding to -X times expression (3 :) gives the same result. 
Equations (A-4) are therefore equivalent to 

alAR + a2AT + 2 b̂ t = apAe^l^

^alAR + ^a2AT + 2gBt = ^aiAe~aih
Multiplying the first by -X and adding to the second gives

(p2s2)BT = 0
which must be valid for all p. Thus, = 0  and the
4 x 4  system of linear equations reduces to the following 2x 2 system

alAR + a2AT = aiAe”*alh

Ap — Aqi = — Ae ^1̂ (A— 5)

Solving equations (A-5) gives the required functions:

ar (p > X) - — -----   A(p, X)e alh
al + a2

A»p(p,X) = — — ——  A (p, X) e al^ 
aj + ag
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APPENDIX B
DERIVATION OF THE KERNELS KnP(t, r, z,.v) , KnP(t, r, z, v),

AND THEIR DERIVATIVES

The kernels are based on the analytic continuation of 
the integral

oo

/ '
o

e bx J0(ax)dx = + [a2 + b2] 2 ; b ^ 0 (B-l)

established by Lipschitz in 1859 (Watson, 1966, p. 384). 
Here, a, b, and c are real variables^. The integral

OO

1(8) = e"~̂ x JQ (ax) dx

is an analytic function of the. complex variable 8 = b + ic 
in the domain of its existence, namely, Re(8) = b ^ 0,

The radical
W = /Z

where
Z = a2 + g2

1/ The notation applies only to this appendix

B-l
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can be made an analytic function of 3 by placing a cut 
slightly to the left of the imaginary 3-axis between the 
branch points ±ia. W is defined on a sheet of the Riemann 
surface for which points on the positive real 8-axis map onto 
the positive real W-axis. On this surface, points on the 
positive imaginary 3-axis map onto the positive real W-axis 
for 0 < c < a, and onto the positive imaginary W-axis for 
c > a. Moreover, points on the negative imaginary 3-axis 
map onto the positive real W-axis for -a < c < 0, and onto 
the negative imaginary W-axis for c < -a.

Since a function that is analytic in a domain D is 
uniquely determined throughout D by its values along a 
curve or a domain interior to D, it follows from the analytic 
continuation of equation (B-l) that

f 0 0(a + 3 ) 2 ; b > 0
1(3) = < (a2 - c2)-è ; a2 > c2 b=0 (B-2)

-i sgn c (c2 - a )̂~2 ; a^ < c^, b=0
Equations (B-2) may be interpreted in terms of a branch

cut in the Z-plane. The domain b > 0 of the 3-plane maps 
onto the entire Z-plane except the negative real axis. 
Consequently, if one is to use X[3(Z)] = Z~%, the branch 
cut of Z~2 must be on the negative real Z-axis. To include 
b = 0 in the definition of the Z-plane branch cut, one must
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visualize the cut slightly below or slightly above the 
negative real Z-axis for positive and negative values of c, 
respectively.

Corresponding integrals involving (ax) may be evaluated 
from equation (B-2). The following substitutions are made

u = JQ (ax); du = -aJ^(ax) dx

dv dx ; v = -3 "̂e

Integration, by parts gives
03J'e"^xJ0 (ax)dx = (ax) 00x=o

-a
00

■if e-3xj^ (ax)dx

[ 00

1 - a. J e  ^xJ^(ax)dx

Rearranging terms gives the result
00 r 00

J e  ^xJ^(ax)dx ^ a  ̂1 - 3 J e  ^XJ0 (ax) dx
[i - e(a2 + e 2 ) - ^]; b > o (b-3)

Yfhen b = 0, the integral becomes
oo a

J e icx J1 (ax)dx = <
a '^ll - ic (a2 - c2) ~2 J ; a2 > c2

a [l - |c I (c2 - a2)-2 j ; a2 <
(B-4)
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The integrals defining the kernels, namely
00

KnP(t,r,z,v) = v Je UJTnPJ0 (rvfjj) duu
00

KnP(t’r’z’v) =
V (rvuu) duu (B-5)

are readily evaluated using equations (B-2), (B-3), and (B-̂ l) 
With the notation

T„p = Im<Tnp)

ZnP =• r2v2 + TnP
nP

9 9 A 2r ? - TnP

the following results are obtained from equations (B-5):

/
vZnp ; Re(rnP) > 0 

KnP(t,r,z,v) = / -ivsgnTnp(-Znp)”2 ; Re(Tnp) = 0, ZnP < 0

vZnp ; Re(TnD) = 0, ZnP > 0nP nP (B-6)
/
ra- 1 "* T nPznP ; R e ( T n p )  >  o

Knp(t,r,z,v) = < 1 -ra- nP|(-%np) ; Re(T^p) = 0, ZnP <nP
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Corresponding shear component kernels are obtained in a 
similar manner.

The first two derivatives of the kernels with respect to 
t are given below.

—3/2/ ivTnp Z nP ; Re(Tnp) > 0

Krip(t,r,z ,v ) = Z -iv |Tn P | (-ZnP) 3//2; R e ( T n P ) = 0, ZnP < 0

V -vTnpZnp/2; Re(Tpp) = 0, ZnP > 0
(B-8)

/ irv3/[a1Z,2,ip2] ; Re(TnP) > 0
K’p(t,r,z,v) = ( -rv3sgnTnp/[a1(-Znp)‘5/'5] ; Re(rnp) = 0, ZnP < 03/2

 ̂-rv3//[a1Z^p2] ; Re(TnP) = 0, ZnP > 0
(B-9)

f v (r2 v2 -2T^p ) Z np /Z2 ; R e ( T n P ) > 0

Knp(t,.r,z,v) - i ivsgnTn p (r2v 2+2T3B) (-Z.nE))""0,/2; Re(Tnp) = 0nPy nP nP' 
Znp < 0

W ( r2v2 + 2T2p)Znp/Z2 ; Re(TnP) = 0, ZnP > 0

(B-10)
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( 3 /r. .5/23rv Tnp/C®lZnP 1 ! Re(TnP) > 0

5/2.

ZnP < 0
^ - i 3 r v 3 T np / [ a 1 Z “p “ ] ; R e ( T n P ) = 0

ZnP > 0

5/2.

(B-ll)
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APPENDIX C

ZEROS OF Z-ĵ p7 ^21?3 ^1S-’ Zpg

Zeros of the function Znp and Zng (n=l,2) are obtained 
by solving the equation

with Znp or Zng, respectively. When t = Tip> the solution 
of equation (C-l) is straightforward because only one 
radical is involved. The other three cases are considerably 
more difficult because two radicals are involved instead of 
one. The two classes of solution are discussed below.

CLASS 1: t = T]p

The equation to be solved is given by

Transposing rv ± t and squaring both sides of equation (C-2)

rv '± ir = 0 (C-l)
for v. Here, t represents a particular t

rv ± i [v^- S^]2 (z+h) ± t = 0 (C-2)

gives

or
[r^ + (z+h) v^ + (2rt)v — [S^(z+h)^ - t^j = 0

C-l
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The four roots of the above quadratics are given by 

v = R”2[±rt -T (z+h)[t^p. - t2J2]

where
R = [r2 + (z+h)2]2 ; tip = RSj,

CLASS 2: t = T2p, t1s, or t2s

Let T) represent a particular Sg, s^, or Sg associated 

with T2Pj T^g, or T2S» respectively» The equation to be 
solved is given by

rv ± i[h (v2-S2)2 + |z| (v2- r]̂ )2] ± t = 0 (C-3)
One approach to find the roots of equation (C-3) is to 

express the equation as two quartics, and represent each 
quartic as the product of two quadratics. Four extraneous 
roots are introduced by such a procedure. Consequently, 
the eight possible roots must be substituted back into 
equation (C-3) to establish which are valid. To proceed with 
the objective of representing equation (C-3) in terms of 
quartics, the equation is rewritten in the form

(rv±t)2 = -[h^(v^-S^) + z^(v-r|2) _ 2h Izl (v^-S^)1 (v̂ -r]2)2] 

or
A^v2 ± Agv + Ag = 2h |z I (v-S2) 2 (v-r)2)2 (C-4)
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where
= r2 + h2 + z2 

Ag = 2rt
A^ = h2S2 + z2r|2 - t2

Squaring both sides of equation (C-4) and rearranging terms 
gives

(A^ - 4h^z2)v^ ± (2A^Ag)
+ [ a |  -  2A1 A3 +  4h2z2(sf + r|2 ) ] v 2

^ (2A2A3)v + [A2 - 4h2z2S2r|2] = 0
1The resulting quartics are given by

v^ ± av-3 f bv2 ± cv + .d = P (C-5)

where
a = D“1[4rt(r2 + h2 + z2) ]
b = 2D-1[r2(3t2 - h2s|-z2n2) + h2z2(s|+n2)

+ h2(t2-h2S2) + z2(t2-z2r|2)]
c = -D--1-[4rt (h2S2 + z2r)2 - t2) ]

1/ Some of the notation applies only to this appendix.
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D = (r^ + + z^) ̂  - 4h^z^

When t = 0 and/or r = 0 and \z\ / h, the quartics
reduce to the form

When t / 0, r - 0 and |z | - h / 0, the quartics 
reduce to the simple quadratic form

Various algorithms exist for extracting the roots of 
quartic equations. One such algorithm may be found on page 
17 of the Handbook of Mathematical Functions (Abramowitz 
and Stegun, 1964), but sufficient detail is lacking to 
warrant further discussion.

A procedure commonly used to find the roots of a 
quartic is outlined below. The quartic is written in the 
form

+ bv2 + d = 0 (C-6)

- e - 0 (C-7)
where

e (2ht)""2[2h2 [h2s2T12+t2(s2+rl2)j -h4(s4+114) _ t4]

X = Y
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A quantity N is added to each side such that
X + N = P2.

With
p2 = y + N,

a quantity M is added to each side making + m a perfect 
square and rendering Y + N + M a perfect square when its 
discriminant is zero. Thus with the appropriate M

+■ M « 02 
Y + N + M - Q2 

and the quartic is represented as
X -  Y = O2 -  Q2 = (O-QXO+Q) = 0 

The details of the foregoing procedure are given below. 
Equation (C-5) is written in the equivalent form 

v^ ± av2 = - bv^ > cv - d 

and the quantity a^v^/4 is added. This gives the equation
(v ± av/2)2 = (± a^/4 - b) v2 + cv - d (C-8)

Adding a term in an arbitrary variable u to both sides gives
(v2 ± av/2)^ + u(v2 ± av/2) + u2/4 =

(u + a2/4 - b)v2 + (±ua/2 + c)v + (u2/4 -d)
Since the left member of the last equation is a perfect 
square, the quartic becomes

(v2 ± av/2 + u/2)2 = (u + a2/4 - b)v2
+ (± ua/2 + c)v + (u2/4 - d) (C-9)
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The right member of equation (C-9) is a perfect square 
provided u is so determined that its discriminant is zero; 
that is, provided

(± ua/2 + o)2 — 4(u + a2/4 — b) (u2/4 — d) = 0
or

u — bu + (ac — 4d)u — (c2 + a d — 4bd) = 0 (C—10)
Let Ujl denote a real root of equation (C-10) . all
roots of the cubic are real, a value of u1 must be used 
which renders

u1 + a2/4 > b
Uj/4 > d (C-ll)

If the root uj is substituted into equation (C-9), the right 
member will be a perfect square of the form

g2v2 ± 2ghv & h2 » (± gvX h)2 
where the $ sign represents either ± or + } whichever is 
appropriate. Hence, equation (C-8) can be written as

[v2 ± |av + gu-̂ ]2 = + a2/4 - b) 2 v
/ (u2/4 - d) '2]2 

Extracting the square root gives
(v2 ± ÿav + iu-̂ ) = ± [u^ + a2/4 - b]2 v é (u2/4 - d) 2

or
v2 + |t§a + (iij + a2/4 - b) 2] v + &u^ / (u2/4 - d) = 0

(C-12)
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Finally,
4 3 2v + av ■+ bv + cv + d

= (v2 + B^v + C . X v2 + BgV + C2) - 0
and similarly for the other quartic.

The relationship between B^, B^, C^, and Cg and the 
original coefficients of the quartic a, b, c, and d is very
important. It can be shown that for the coefficients of the
quadratics to be correct :

Bf + B2 = a
B-j Brj H- C-i + Co — b

^ (C-13)

B1C2 + B2C1 “ c
C1C2 " d

Expressiois (C-ll) and (C-13) define two constraints v/hich must 
be imposed on the foregoing algorithm for extracting the roots 
of a quartic. Equations (C-ll) is a necessary, but not 
sufficient condition to assure correct roots. Equation 
(C-13), on the other hand, is a necessary and sufficient 
condition to assure correct roots. Seldom, if ever, will 
equation (C-13) be satisfied exactly because of numerical 
errors. Thus, it is helpful (and assuring) to establish an 
error criterion for the roots which are obtained.
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When t = 0 and/or r = 0 and \z\ / h, an explicit 
expression for the four roots of one of the quartics is 
obtained from equation (C-6), namely

v = ± [-2b ± i(b2 - 4d) 2] ̂
Finally, when t / 0, r = 0, and |z| = h / 0, there are only
two roots, namely

v = ± /e
or

v = ± x/'i e\

Roots of the quartics obtained from equation (C-3) may 
be obtained from the foregoing algorithm. In general, there 
are eight complex roots. Since the coefficients as b, c, and 
d are real, complex roots occur in conjugate pairs. As an 
example, the partial root locus of one of the quartics is
shown in Figures C-l and C-2. Additional roots for corres­
ponding times may be visualized by rotating the locus 
curves about the imaginary axis.

Not all roots shown in Figures C-l and C-2 satisfy 
equation (C-3). The two squarings which were necessary to 
express equation (C-3) as quartic equations introduced extran­

eous roots. Moreover, some of the complex roots lie on the
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second sheet of the Riemann surface. Consequently, for a 
given value of t, the eight roots must be substituted back 
into equation (C-3) to determine which are valid. This has 
been done for the roots computed for the foregoing example 
and the results are shown in Figure C-3.
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FIGURE C - 2 . Locus of two roots of the quartic
4 3 2v + av 4- b v  4- cv + d = 0

which comprise extraneous roots of = 0. Relevant
parameters are : r = h = -z = 100 ft 7 6, - .0001 s e c / f t ,
Sg = .0000625 sec/ft. Arrival time t^p = .018049 sec.
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APPENDIX D
REPRESENTATION OF xnP INSIDE THE

CRITICAL CONE (r < rc)

The hypothesis xnp(t,r,z) = 0 for t < tnP (eq. (16)) 
is a sufficient condition to yield equation (12), which is 
a plausible solution to the problem. The purpose of this 
section is to show that this is not a necessary condition.

Consider the following function

The order of the limit shown above is from top to bottom; 
that is, (1) k —* oo and then (2) c -* 0. The term y^(t) 
represents a sequence of ordinary differentiable functions. 
One such sequence is given by

This sequence is discussed in greater detail in Appendix 
F, where it is shown that

Xnp(t) = lim M[t-tnp][l - Yk(t-tnp + e) 
e-*0

(D-l)

-C D

D-l
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_l 1 for t > 0
lim y (t-e) = ô (t) = 
k-*oo k o for t < 0e -*• 0

Equation (D-l) is plotted in Figure D-l for k <x> . It will
be noted that v (t) = 0 in the interval (t ~e) < t <AnP nP
(t p + e). The ordinate intercept is a function of the
constant M and the arrival time t .nP

The first and second derivatives of equation (D-l) are
given by the following equations :

Xnp(t) = lim M [ 1 - Yk(t-tnp + e) + Yk(t-tnp-e)

+ [t-tnp][Yk(t-tnp-s) - Yk(t-tnp+e)]j (D-2)
k-* oo 
5-̂ 0

X^p(t) = ( 2 [Yk<t-tnp-e) - Yk(t-tnp+e)]

+ [ [ Yk(t-t^p-e) - Yk(t-tnp+e)]] (0-2)

k-» oo 
e~>0

Equations (D-2) and (D-3) are plotted in Figure (D-lb) and 
(D-lc) , respectively, for k -‘oo. The singlet Ô (t) and the 
doublet ô’ (t) represent the limit of y^(t) and y^(t), 
respectively, as k ->00 .

With the aid of Figure D-l, the following properties 
may be established:

1: Xnp(tnp) = 0

2: X n p C W  = 0; XnP^np) = M for t * XnP
3: x|]p(t) = 0 for all t.
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nP

2e

nP

-M tnP

(b) ^ P (t) A A

(tnp-t}6{t-tnP+e) (t"tnP)0(t"tnP_e)

nP

(c) >nP(t)

^nP 5 ' (t"tnP+G^
25(t_tnP_s)

0
26(t-tnp+e)

FIGUPJE D-l. Plots of the discontinuous/* p(t) and its 
first two derivatives.
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Let- ynp(.t,r, 2:) represent a bounded and continuous
f unction for t. t „. IfnP

XnP^t,r,Z  ̂ = Yk^t"tnP + G^ynP^t»r?z  ̂ + ynp(t),
e -0 (D-4)

then

XnP^t,r,z  ̂ = Yn P ^ n P ^  ^t-tnP^ + ynP^tnP'> 6 ̂ t'“tnP;
+ y”p(t,r,z)ô“1(t-tnp) + 0 (D-5)

1/for all t T h e  following limits yield the weights ynp(tnp) 
and Ynp^np) equation (D-5) :

lim Xnp(t,r,z) = ynp(tnP) lim Yk(e) + Xnp C np)
. , +  . k -»  oo
t ^ t + p  e - » 0

=  l ' n p C n p )  lim 6~1 (e) + 0

e^O

= ynP^np) (D-6)
lim Xnp(t,r,z) = ynp('tnP) lim Yk(e)
. . -j- k- oo
t^t+p e-o

+ ynP^np) p m Yk(e) + XnpCnp)k-> oo 

G~»0

1/ The weights ynp(tnP) and yiip(tnp) should not be inter­
preted according to equations (13) and (14) at this 
stage in the development.
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= ynp(tnp) (D-7)

Equations (D~6) and (D-7) are independent of XnpCt) by 
virtue of properties 1 and 2 above. This feature, together

is independent of X%p(t).
Comparing equation (D-5) with equation (12) will 

reveal that these two equations have the same form. In

Equations (D-8) and (D-9) may be realized by virtue of 
equations (D-6) and (D-7), respectively. .Equation (D-10) 
may be realized by matter of definition because ynpCt,r,z). 
appears as an arbitrary bounded and continuous function in 
equation (D-5). Consequently, the expression

with property 3, implies that Xnp given by equation (D-5)

fact, X^p(t,r,z) = x^p(t,r,z) whenever

lim Xnp(t,r,z) - lim xnp(t,r,z) (D-8)
lim X^p(t,r,z) = lim x^p (t,r,z) (D-9)

t-+t+nP

ynp(t,r,z) = xnp(t?r,z) for t > tnP (D-10)

%np(t,r,z) = 6~^(t-tnp)ynp(t,r,z) + %np(t) (D-ll)
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yields equation (12) which is a plausible solution to 
the problem.

It is instructive to note that equation (16) is a 
special case of equation (D-ll) and results when M = 0.
It is also instructive to note that equation (D-ll) is 
unbounded in the limit as M -»co . Both of these conditions 
are encountered in dealing with the integral definition 
of xnp and will be briefly discussed below. The following 
notation will facilitate the discussion:

I^(t,v) = Rp (v)Klp(t,r,z,v)

The singularities of In (t,v) lie on the real v-axis 
when t < tnp and are integrable. Therefore, these integrands 
are analytic everywhere within the first quadrant, excluding 
only a segment 0 < v < BP arbitrarily close to the real axis 
(Fig. D-2). This real axis segment of the moving branch cut 
is of little consequence until r > rc because Re[In] = 0 
over this portion of the integration path. Thus for r < rc 
and t < tnp, the Cauchy-Goursat theorem may be used to write

The integrands In(t,v) are real on Cg; hence the third
2/integral of equation (D-12) vanishes.—

IgCtiv) = Tp(v)K2p(t,r,z,v)

(D-12)

2/ Along Co, dv = idv and the integral becomes j' i I (t, iv) dv
C3
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I M A G . v v-PLANE

cutIP

BP
a2 -cut

REAL

FIGURE D-2. Closed v-plane contour for t< tnP



T-1169 D-8

The radius of the Cg contour, Ç, can be taken large 
enough that the following approximations are valid:

Since t is bounded for the case under study (t < tnp), it 
3/follows that—

for large Ç-. The kernels therefore approach a constant 
value as q -> co :

Knp(t,r,z,rel0) = [r2 + (h + z)2]“2 = R”1
The reflection and transmission, coefficients for a 

special solid-solid interface (s^ = s^, p = p^) also 
approach constant values as Q 00 . These values are 
given by

Rp (Çe10) = Rp (Ceie) -» 0

Tp (£ei0) - 1

Tp(£ei0) - 1
For a general solid-solid interface (s^ ^ Sg, ^ p2) ,

3/ In the remainder of this appendix, z will denote the 
magnitude of the distance from the interface to the 
receiver. Normally, z is negative when the receiver is 
in medium 2.
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nthe reflection coefficients increase as m^v as |v| op, 
and the transmission coefficients approach constant values, 
m2. The constants and mg depend on the elastic para­
meters of the two media and on the component and mode of 
wave propagation.

The foregoing results imply that on Cg there are three 
cases to consider:1 - (t, v) 0 (special solid-solid)2 - (t, v) -» m^R-^Ç^e^2® (general solid-solid)

3 - I2(t,v) -> r] (special solid-solid, r\ = R”1 ;
general solid-solid, r\ = mgR*”1) 

These three cases are treated separately below.
CASE 1

IC21 = Re / T (t,v) dv = 0 

CASE 2 Lu
1C21 - Re im^R 1C3 I ei39d0

o

I  miR-1c3
CASE 3 1

IC22 — Re r. i
ipC f  e±eàQ

o ^

= - nG

Mien t < t p and r < rc, the integral defining xnp 
is given by the expressions
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.00

o I In (t,v)dv
1

= - i lim IC2 (D-13)

From cases 1, 2, and 3 above, it is easy to see that 
Xip(t,r,z) = 0 for a special solid-solid, but xnp(t,r,z)
is otherwise unbounded and hence meaningless in the 
classical sense.

Equation (D-ll) can be used to account for the results 
given by cases 1, 2, and 3. With M = 0, x^p(t,r,z) = 0 
for t < t D which is consistent with case 1. As M -» oo ,
xnp(t,r,z) co which is consistent with cases 2 and 3. More 
importantly, when equation (D-ll) is differentiated twice 
with respect to t, an expression is obtained (eq. 12) which 
satisfies the displacement boundary conditions and yields 
numerical results which are consistent with plane wave theory.
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APPENDIX E
EVALUATION OF THE WEIGHTS OF THE DOUBLET 

AND SINGLET TERMS OF THE BOUNDARY FUNCTIONS

As t decreases to the arrival time (t -» t̂ _.) , twonP ’
complex roots from both sheets of the Riemann surface for 
the function Znp = (rv + iTnp)(rv - iTnp) merge on the real 
v-axis at vn, forming a simple pole there. A similar situa­
tion occurs for the shear arrival time. Evaluation of the 
weights of the doublet and singlet terms of the boundary 
functions is predicated on determining the residue for this 
pole. This appendix pertains to the computation of residues 
of the poles for the compressional terms. Residues for the 
shear terms are obtained in the same manner.

An expression for the residue at vn may be obtained by 
expanding rv - ii^p in a Laurent series about its zero.
The following notation will facilitate the expansion:

rv - iTnp = Qn(v) - t (E-l)
where

Qn(v) = rv - i(a-jh + lzian)

E-l
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The pole positions are given by the relations 

vi ~ rSj/R

y 2 = rlSl//Rl = (r“ri)s2//R2
The distances rj, Rj, and Rg are defined according to Figure
1. The distance R is given by

R = [r^ + (h+z) 2
In terms of Qn(v), the series expansion of equation 

(E-l) is given by the expression

rv - iTnP = (v-vn )Q^(vn ) + i,(v-vn) 2Q^(vn)

+ (v-vr[) Q̂ '(vn) + ••• (E-2)

The derivatives of Qn are given by the equations

Ô QnQnCv) = ----= r - iv(h/a, + |z|/a )
dv

Qn^v) - i(hsf/af + |z|S^/a^)

It is easy to show that Qj(v^) vanishes :
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Qi (vi) = r - rSj (h+z) /[ - (rSj/R) 2] 2"
= r [1 - (h+z) vCR2-~r2) 2 ]
= 0

It is considerably more difficult to show that QgCvg) 
vanishes. Rather than do so, a technique due to Cagniard 
(1962, p. 89) is used to express the Laurent series (eq. E-2) 
in a form which contains only Q^(vn)and higher order terms„
The development which follows will proceed with that
objective.

A new function is introduced according to equations 
(E-l) and (E-2)

Ln (v) = Qn(v) - .t
Vn - V

= -Q^(vn) - (v-v.n)Q;;(vn)

" è' (v-vn)2Qn' <vn) - - (E-3)

By defining an on the second sheet of the Riemann surface, 
the function Ln(v) can be expanded about its zero v = v*, 
where v* is the complex conjugate of vn. This expansion gives

Ln(v) = (v-vg)L^(vg) + — , (v-v*)2 L” (v^) + ,0. (E-4)



T-1169 E-4

Successive differentiation of equation (E-3) gives the 
following expressions :

Ln(v) = - ^Qn(vn) - ^(v-vn)Qn(vn) - ...

Ln(v) = " §Qn(Vn) “ (v-y.P " •••

Substituting the last expressions into equation (E-4) 
gives the following series for Lr (v):

Ln(v) = Cv-v*)[- -|Qn(vn) - ~(v|-vrj)Qn(vn) “ • • • 1

+ %(v-v*)[- -^Qn(Vn) " i (vn"vn)Qn(vn) "" • • •!

+ . . . (E-5)

Substituting equation (E-5) into equation (E-3) gives the 
following series for equation (E-l):

Qn (v) - t = Cv-v*) (vn-v)[- iQ^(vn)- I(v*-vn)Qn'(vn) - ...]

+ Cv-vn) (vn-v) [- •jjQn(vn)_ ^(vn"vn)Qn (vn)- •••]

+ . . . (E-6)
Combining the higher-order terms of equation (E-6) into a 
single term gives
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Qn(v) - t = -|(v-vn) (v-v*) [Q^(vn) + e (v) ]

where e(v) is given by
00

>e (v) = 2̂  (v-v*)m 2Q^m^(vn)/m 
m=3

0 0  CD

+ 2 ï 3 (Vn""V n ) ^  ü t l (v_Vn)m-jQ (m)(Vn) (E_7)

As t decreases to the arrival time t^p, the zeros of Qn(v)-t
on the two sheets of the Riemann surface merge and the
second term in equation (E-7) vanishes because (vn”vn)”>̂ *
In other words as t -* t+_, v* tends to v_ resulting in thenP n n &
limit 00

lim e (v) = 2̂  (v""vn)m
v*_v m=3n n

= ê (v) .
From the above result, equation (E-l) becomes 

lim [Qn (v)-t] = -|(v-vn)2g! (̂vn) + e (v) ]

Since the derivatives of Qn are bounded, the error term 
ê (v) in equation (E-8) vanishes as v tends to vn because 
it contains terms in (v-v ) of order two and greater. 
Consequently, in arbitrarily small neighborhoods of v , 
the following approximation is valid for t = tnp

ZnP - (v"vn)2 r4(rv+irnp) |Q„(vn)| ] (E-9)
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The following relationships facilitate the evaluation 
of equation (E-9)

â  (Vf) = i(h+z)S1/R

a1(v2) = ihS1/R1
a2(v1) = izSg/Rg

Residues for the other integrands are similarly obtained.
Inside the critical cone, the weights of the doublet 

are given by equation (13), namely ni times the residue at 
v . For r > 0, the required weights of the doublet are 
found to be

D = [1 + (R2/R1)°(h/z)^(S1/S2)]
The residue for the integrand is given by

(v-v1)Rp (v)Klp(t,r,z,v) iRp(vl)V1 
v=v1 [rv^ |Q̂  (v1) | ]&

= i[(h+z)/R][S1/R]Rp (v1)
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yip(tip) = [ (h+z)/R] [S-j/R]

y2p(r2p) = (h/Rj) (S1/R1) (i^/r) D Re[Tp (v2) ] ; z ^ 0

(h/R)(Si/R)Re[Tp(v2)]; z = 0

yipCt^p) = (r/R)(Si/R)Re[Rp(Vi)]
1 -1y2p('t2p) = (r-, /R-, ) (S-, /R1 ) (rn /r) D Re[TD(v9) ] ; z ^ 01 1' x"lz"vl P x 2-

= (r/R) (S-ĵ /R) Re[Tp(v2) ] ; z = 0

The appropriate expressions for normal incidence (r = 0)
imay be obtained by replacing (r^/r)2 with the expression

(r^/r) = [r^/(r^+rg)]2 = [l+rg/r^] (E-10)

where

r2 = r " ri
Using Snell’s law, the ratio r2/rj may be written as follows :

Sl-r2 +
r2/rl “ S2[rf + h24]2iè

(E-ll)

Substituting equation (E-ll) into equation (E-10) gives

[r^/r]2 = 1 +
9  9 3,

Sjlrg + z ]=

S2[r| + h2]5-

As r approaches zero, both r^ and r2 approach zero. 
Consequently,
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lim [r-jVr]2 = [1 + S-^lzj/Sgh] 
r->0

I i

The following results are obtained for r = 0:

^pCtfp) = [S1/(h+z) ]Re[Rp (0) ]

y2P(t2P) = (Si/h)[l + Sx z /S2h]"1Re[Tp(0)]

1PX IP

Weights of the Singlets
The weights of the singlet terms of the boundary

t  tfunctions are obtained by evaluating ynp (t,r,z) and ynp(t,rjz)
for t = tnp. In integral form, the required derivatives for 
t > t p are given by

and similarly for the horizontal (overbar) components.
When t = tnp, equations (E-12) display a third order pole 
at vn on the path of integration (see equations B-8 and B-9, 
Appendix B). With a simple transformation, the integrals 
can be cast in a form involving only simple poles on the 
real v-axis. To do this, the t-variable differentiations of 
the kernels are interchanged with differentiations with 
respect to h or r (or z). Possible transformations are 
briefly discussed below.

00

(E-12)

o
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In integral form, the t-variable derivatives of the 
kernels are given by

/ — (1) T n pme J0 (rvoj) doj (E-13)
0 CO

Knp(t,r,z,v) = i(v2/a^) J" oje U)TnP (rvaj) dm. (E-14)
o

Recalling that r = [a^h + a^ z - it], it is easy to see 
that equation (E-13) is equivalent to

KnP^t,r,z,v) i - LSh

00

I e(v/a-,) I e WTnP j^(rvœ) dm

—1
ai K3iP<:t,r,Z,V) (E-15)

where the dependence on h, heretofore considered a parameter, 
is implied. Equation (E-15) can be generalized to higher 
order derivatives. By induction

m
K^(t,r, z,v) = (-i)m __à 
n 3hm aim KnP(t’r,Z,v)

The Bessel function appearing in equation (E-14) may be 
replaced with the identity

(rvw) = J__ d_ 
vou dr J0 (rvuj)

Replacing (rvw) in equation (E-14) by the last expression 
gives

Knp(t,r,z,v) - -i

=  - l

3r

-A
8r

r r° 1I " (jj ry *r%
(v/a-ĵ ) I e ' J0(rvw) dw

al KnP('t,r’z,V') (E-16)



T-1169 E-10

A general expression is similarly obtained by induction :

Kn ?  (t>r>z.h,v) = (-i)™--
llP 3rôhm”1

-mai K]p(t,r,z,h,v)

Equations (E-15) and (E-16) transform equations (E-12)
into integrals involving simple poles on the real path of
integration. To see this, K^p and K^p in equations (E-12)
are defined according to equations (E-15) and (E-16), and the
order of differentiation and integration is interchanged.
The following equations result:

co
y1P(t,r,z) - - Re

y2pC,r,z) = TT Re

dh

Bh

J Rp(v)ai1Klp(t,r,z,v) dv
° 00
fTp(v)a~1K2p(t,r,z,v) dv

(E-17)

(E-18)

and similarly for the horizontal components. The integrands 
of equations (E-17) and (E-18) display simple poles for 
t = tnp and hence the residues may be evaluated.

It is interesting to note that in generalizing the
* * —! 1 —TJ1argument to ynp, ynp, and higher order derivatives, the a^ 

term contributes singularities of order greater than one, and 
hence non-integrable singularities. Fortunately, the weights 
of the doublets and singlets do not require these higher order 
derivatives.

Using equation (E-17) for y^p(t,r,z), the residue at v^ 
is given by

(v~v1)Rp(v)Kqp(t,r,z,v)
v=v.
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1
i RP

= -i[ (h+z)/R]R 2Rp (v;L) (E-19)

Residues for the other corresponding integrands are similarly 
obtained. It is important to note that the residue for the

integrand. Similarly, the residue for the ÿ^p integrand

proof of the latter case is considerably more involved than 
the proof given above for the former case because of the 
required differentiation of terms containing the distances 
r R j , and R2*which are implicit functions of r and h .

In summary, the weights of the singlet terms are given 
by the relations

The distances r^, R^, and Rg, which are required in 
order to compute the weights of the doublet and singlet

y^p integrand equals (RS^) 1 times the residue of the y^p

equals (RjS^) 1 times the residue of the y2p integrand. The

y2P^t2P̂   ̂ R̂1S1̂  y2p(t2p)
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terms for medium 2, may be derived by solving a quartic 
equation in r , namely

rl + arl + bri + cri + d = 0 (E-20)

where
a = ~2r
b = - S^h2)/A + r%
c = (2rSgh2)/A 
d = -- ( S g h r )/A 
A = (S^ — Sg)

The appropriate r^ is chosen from the four roots of equation 
(E-20) on the basis of Snell’s law:

Sl1! ^ !  = Sg (r-r^) /lip

wherein
Rj = [h2 + r2]5

R2 = [z2 + (r-r-j)2]^

-12
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APPENDIX F 
CONTINUITY OF THE COMPONENTS OF 

DISPLACEMENT FOR z = 0

A mathematical demonstration that the displacement 
boundary conditions are fulfilled is given in this section 
(see Appendix A, cases 1: and 2:). The development is for 
the vertical component of displacement for a special solid- 

solid interface (s^ = S2, Pp = P2). A corresponding development 
for the horizontal component is essentially the same, thus 
obviating the need for its presentation. The development 
for the general solid-solid interface includes shear wave 
terms, but is otherwise the same as the development for the 
special solid.

The arrival times for the direct wave, the reflection, 
and the transmission are equivalent when the receiver is 
located at the interface. In other words, t = R0Sj = 
tip = tgp for z = 0, where R0 = [r2 + h2]5. Therefore, 
the difference between the vertical components of displace­
ment in the two media is given by

F-l
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dpCt^r,©) - d2 (t-,r,o) =. -P(t) *f (t) *[ (h/R0)g(t-t0) + A (t,r) ]
(F-l)

where
g(t) = -(S1/R0)6’(t) - R” 6(t)

A (t,r) = x”p (t,r,o) + xÿpCt^.o)

The functions x'̂ p may be expressed in two forms. One form,
which is obtained from equation (6), is given below.

00

xlp(t>r ,o) = - J L  J  J c 1 XJ0 ( r X ) e  alhl'ptdXdp
Br o

op

x2p(t,r,o) = J J c 2XJ0(rX)e alh+Ptdxdp (F-2)
Br o

Using the relationship Cg = 1 - Cj, A(t,r) is expressible 
in the form

00

A (t,r) = -i- /  fXJQ (rX)e alh+Ptd^dp
2ni J J

Br o

03
= - -i- j ePtdp ~A / -A_ J (rX)e"alhdX (F-3)

2tt±J dh J a i  °
Br o

The inner integral in equation (F-3) will be recognized as 
the Sommerfeld integral whose value is given by

[R0exp(p R0S^)I"1
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Consequently, equation (F-3) is equivalent to

A (t,r) = - f .A [R“1e“pRoSl]eptdp
2ni J dh °

Br

6(t-RoSl) ]AdhLR,

h d
Rq dR0

= -(h/R0)g(t-t0) (F-4)

Substituting equation (F-4) into equation (F-l) causes 
the bracketed term to vanish. Consequently,

d1(t,r,o) - d2(t,r,o) = 0

which verifies that the first of equations (6) satisfies the 
displacement boundary conditions for a special solid-solid 
interface.

Using the relationships

Jx(rX) = d
dr I Jo<«>

1 + C-i ,

it is easy to show that the third of equations (6) also
satisfies the displacement boundary conditions. The development
for the general solid is the same as that given above, only
more terms are involved.
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ttThe second form for the functions xnp involves the 
doublet and singlet terms (eq. 12). Actually, it is better 
to use the form given by equation (12) because it is from 
expressions such as these that the numerical computations 
are performed. Moreover, fulfillment of the displacement 
boundary conditions serves as a partial check that the 
mathematical development leading from equations (6) to 
equations (12) is correct.

The following equation for A(t,r) can be derived from 
equation (12) by setting z. = 0:

A (t,r) . = ô,(t-t0)[ylp(tlp) + y2p(t2p m z = 0

+ ô(t-t0)[y^p(t;Lp) + y^p(t2p)]z „ 0

+ 6""■*■ (t-tQ) [y^pCt>r>o) + ygp (t,r,o) ] (F-5)

The required weights are given below for z - 0. 
yip(iip) - (h/R0) (S^//R0)Re[Rp(vj) ]

y2p(t2p) = (h/RG)(Sj/R0)Re[Tp(vj)]

yjp(tlp) = (h/R0)R-2Re[Rp (v]L)]

y2p(t2p) = (ll/R0)R52Fe[Tp (v1) ] (F-6)

The following relationships are used to reduce the bracketed 
terms shown in equation (F-5) and its horizontal component 
analogs :
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Tp(v) - 1 - Rp(v)

Tp (v ) = 1 + Rp(v)

Klp(t,r,o,v) = K2p(t,r,o,v)

KipCt^jOjV) = K2p(t,r,o, v) (F-7)

Using equation (F-6), together with the appropriate relation­
ships from equation (F-7), it is easy to show that equation 
(F-5) reduces to the following form:

A(t,r) = -(h/R0)g(t-t0) - ô”1(t~t0)I(t,r) (F-8)

where
CO

i r „I(t,r) = — ReJ Klp(t,r,o,v) dv
Substituting equation (F-8) into equation (F-l) gives

d1(t,r,o) - d2(t,r,o) = P(t) * f(t) * ô-1(t-t0)I(t,r)
(F-9)

* The integral definition of the kernel (eq. 8) is used 
to evaluate I(t,r). This gives

1 F  F  2I(t,r) = _ — Re dv v w exp[-uu(ajh-it) ] J0(rvw) dw
o o

00  CO

= i Re rwelrjjtda) —  f —  e a,aihJ0(rvw) dv (F-10)
TT J dh J °

The inner integral in equation (F-10) is a form of the 
So miner f eld integral. Its value is given by
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[üjR 0 expC-iuuRoSj) ] 1

Consequently, I (t,r) may be expressed as an inverse 
Fourier transform:

00

I(t,r) = ^ Re j ^  [R”1exp(-iiuR0S1)]e1,Jjtd™ (F-ll)

Inverting equation (F-ll) gives the following result

I(t,r) = A- [R~^ô(t-R St)] dh u u

= (h/R0)C-(S1/R0)ô,(t-R0S1) - Rô ôCt-RoS-L)]

= (h/Ro)g(t-t0) (F-12)

Equation (F-9) now becomes
d], (t > r, o) - d2(t,r,o) = (h/R0)P(t) * f(t) * Cô"1 (t-tQ) g(t-tQ) ]

(F-13)
The bracketed term in equation (F-13) represents the 

product of generalized functions. Unfortunately, it is not 
possible to define such an operation in general. There does 
not seem to be any natural way to define the product of two 
arbitrary generalized functions because the product does not 
always exist. It is natural, however, to define one of the 
generalized functions as the limit of a sequence y^(t) of 
ordinary differentiable functions. Then, since it is possible
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to define the product of any generalized function and an 
infinitely differentiable function, the limit of this product, 
if it exists, yields the required result.

A convenient description of a family of functions with 
derivatives of arbitrarily high order is given by

From the properties of the Gaussian error function it can 
be shown that

for all k. Since the integrand is positive, it follows 
that

for all t. If k is large y^(t) is practically zero for 
t < 0 and practically unity for t > 0, except in a small 
neighborhood of t = 0 (Figure F-la). By shifting the 
function an amount e to the right, Y ^ ( t - e )  can be made 
arbitrarily small for t < 0 (Figure F-lb). Thus, the larger 
k and the smaller e, the more closely y^(t-e) approximates 
the unit step ô”“'(t). In fact,

t

(F-14)
-00

00

- CO

o < YkCt) < 1

1 for t > 0

k-> co 
£->0

0 for t ^ O
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Yk  (

large k
sma

0

Yk (t-e>

(b) 1.0 -

0 e

V t )

arge k

0 t

FIGURE F - l . Examples of the sequences Y (t), Y1 (t-®), 
i i  K  X

Y-^(t). Y^(t) is shown on an expanded scale in t .
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where the order of the limit is from top to bottom; 
that is, (1) k -»oo and then (2) e -» 0.

With the step function defined as a generalized limit 
of a sequence y^Ct-e) of ordinary functions, the following 
meaning is given to the bracketed term in equation (F-13):

[6"1(t-t0)g(t-t0)]' = c1 lim [Yk(t-t0-e)ô’(t-t0)]
k-»oo
G-»0

+ c2 lim [Yk'(t-t0-e)6 (t-t0) ]
k -  oo
e-0 (F-16)

Here, c^ and c^ are the constants and R™^, respectively.
The properties of generalized functions yield the following 
expressions for the bracketed terms in equation (F-16) 
(Papoulis, 1962, p. 274):

[ Y k ^ - t Q - e )  ô ( t - t 0 ) ] = Yk (-e)Ô ( t - t 0 ) -  Yk (-e ) o ( t - t 0)

[Yk(t-tg-G)ô(t-to)] = Yk(-E)ô(t-tg)

Equation (F-16) therefore becomes

[ ô-1 (t-t0)g(t-t0) ] = [c^6 * (t-t0) + c^t-to)] lim yk(-e)
k-» co
e-̂ 0

- [c16(t-t0)] lim y J (-g)
oo

e-0 (F-17)
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From equation (F-l5) it follows that the first term of 
equation (F-17) vanishes. The derivative of yk(t), namely

-kt-’I i 1,4-2
Yk(t) = (k/n) 2e"

looks like Figure (F-lc) . Tlie larger k is, that is, the 
more closely Yk(t) approximates a step, the narrower the 
curve representing yk(t) becomes and the higher the peak is 
at t = 0. In the limit as k-*oo, Yk(t)^ô(t), which is entirely 
consistent with the properties of generalized functions. 
Consequently,

lim Yk(-e) = lim 
k->oo g ->0
e-0

lim 
Lk

im Y k (-e)l
-»oo J

lim [0] = 0 
e-»0

With the result [6“^(t-t0)g(t-t0)] = 0, it follows immediately 
that

d1(t,r,o) - d2(t,r,o) = 0
when the second form of x^p is used in the analysis.

It is instructive to note that two other forms of 
ô'”1(t) may be obtained from the. sequence Yk(t) • These 
are given by the limits:

/ 1 for t > 0
lim yk (t) = \ J for t - 0 (F-18)
k-* oo

0 for t < 0
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and

1 for t ^ 0
lira Yk (t+e) = (F-l9)
k-> 03 0 for t < 0
e-»0

Equations (F-15) and (F-19) are equivalent to equation (F-18)
when the order of the limits is interchanged ; that is, when
(1) s-O and then (2) k—oo.

An interpretation of ô~^(t) based on either equation 
(F-18) or equation (F-19) gives

[5-1(t-t0)g(t-t0)] = [c^Ô ' (t-t0) + c 25(t-t0)]w

- [c1ô(t-t0)]ô(o) (S-20)

where w is either | or 1, depending on whether equation 
(F-18) or equation (F-19) is used. No meaning can be 
attached to the second terra in equation (F-20) because it 
makes no sense to talk about the value of ô(t) for a fixed 
t. Furthermore, equation (F-20) does not cause equation (F-13)

!fto vanish, meaning that the first and second forms of xnp 
(eqs. 6 and eqs. 12) are not equivalent when is
interpreted according to either equation (F-18) or equation 
(F-19) .

Equation (F-l5) is certainly not an unreasonable 
interpretation of the step function when used in the context

iiof equation (12) 0 The integral- xnp(t,r,z) strictly does not
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exist at the arrival time tnp, and ô-1(t-tnp)y^p(t,r,z) 
gives meaning to such a function for all t.

Fulfillment of the displacement boundary conditions 
for several values of r and h has been demonstrated 
numerically for both vertical and horizontal components.
A special solid-solid interface was used. The second form

it_______ _fTof xnp and xnp, interpreted according to equation (F-15), 
was used for all computations.
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