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ABSTRACT

e

A fundamental problem of seismology which has received
considerable attention during the past thirty years is to
describe the pulse shape of a spherically symmetric compres-
sional wave upon reflection and transmission at an interface.
This thesis,presents a credible solution to this problen,
together with numerical examples to illustrate the relevant
mathematical concepts. The main feature of the sclution is
the insight and understanding of the laws governing spherical
wave propagation. The mathematical model used for the
investigation consists of two homogeneous and isotropic
semi-infinite elastic half spaces in welded contact at a
plane interfaée.

Existing elastic ray theory is extended to a form more
tractable to numerical computation. Components of displace-
ment are expressed as convolutions of 2 pressure, a source
excitation, and a propagation term, thus allowing the

independent variation of significant parameters. The
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propagation term consists of an integral associated‘With the
incident wave and integrals that account for the contribution
from the interface. The former is evaluated in closed form, °
but the latter do not yield to such an evaluation. A plausible
Vinterpretation of these integrals is given in terms of
generalized functions. Such an interpretation yields a
solution which is sancticned by fulfilling the displacement
boundary conditions and by analogy with plane wéve'theory.
The very nature of the sclution is such that for many
practical purposes, numerical integration is not required to
compute reflection and transmission waveforms, thus render-

ing the solution simpler than has gemnerally been recognized.
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INTRODUCT ION

This thesis deals with the application of exact ray
theory to the study of reflection and transmission of
spherically symmetric compressionallwaves a{ a single plane
boundary. Certain of the mathematical details of the
problem have been described by Cagniard (1962), Dix (1954),
Bortfeld (1962a, 1962b), and many o£hersl/. The theory is
here extended to obtain expressions for particle displacement
that are amenable to numerical evaluation. A formal solution
to the problem is obtained folldwing a procedure suggested
by Spencef (1960) . Double integral expressions appearing
in the solution are reduced to single integrals by analytic
continuation of the Lipschitz integral, as suggested by

Bortfeld (1962a, 1962Db).

1/ An extensive bibliography may be found in Appendix IXI of
Cagniard (1962) and in Appendix G of this thesis.
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General expressions for the vertical and horizontal

components of displacement include the time convolution

of an arbitrary pressure function, a source function, and

a boundary function. The source function describes the

excitation of the source, and when~conv61ved with the
appropriate functions, describes the incident wave. This:
function depends only on the source radius and the elastic
‘parameters of the medium in which the source is located.
The boundary function accounts for reflection and trans-
mission at the plane interface. For a general solid-solid
interface, the boundary function consists of both a
compressional component and a shear component. Each of
these components consists of the sum of a weighted singletg/,
a weighted doublet, and an integral transform of the
spherical reflection or transmission coefficient of the
particular interface under study.

Bortfeld (1962a) has pointed out that the shear waves
which are involved in the general case of a solid-solid

interface increase the difficulties ©of the mathematical

treatment, but do not contribute correspondingly to the

g/ The terms singlet and doublet are used to describe the
delta function and its first derivative, respectively.
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understanding of the fundamentals of the'reflection and
transmission process. In view of certain numerical
difficulties assoéiated with the general case, an inter-
face which does not generate shear waves 1s used to
illustrate reflection and transmission waveforms. One

such interface is the special solid-solid for which the
shear wave speeds of the two media are equal and the
densities of the two media are equal. 1In order to visualize
the general problem, the essential mathematical development

will include shear wave terms.
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FORMAL SOLUTION

The three-dimensional mathematical model consists of
two homogeneous and isotropic semi~infinite.e1astic half
spaces in welded contact at a plane interface (Fig. 1). A
cylindrical coordinate system (r,z,8) with the bositive
z—-axis passing through the source at z = h, is used. The
interface_is the plane z = O. An arbitrary pressure P{t)
.over a spherical surface of radius r, generates séherically
symmetric compressional waves. The probvlem is to determine
the displacement at an arbitrary point in either medium as
a function of time.

Formally, the problem is to find scalar potentials 0
and‘un which satisfy the wave equations

2 2 32 :
hv; - S =} t = :
[ n 8‘(32] pn( ¥ 7) 0

o/

2

= atz]un(t,r,z) =0 @)
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SPHERICAL
SOURCE >
>£} RECE IVER
A
(a)
 MEDIUM 1
 MEDIUM 2
SPHERICAL
SOURCE
(b)
MEDIUM 1
MEDIUM 2

FIGURE 1. Geometrical coanfiguration of source and receiver,
(2) Receiver is in medium 1. Raypath distance '

1 . :
R = [r2 + (h+z)2]2. (b) Receiver is in medium 2. Raypath
dlstance is Rl + Ro.
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Here, Sn and S, represent wave slownesses defined as the
reciprocal of the compressional and shear wave speeds,

respectively, and\vz is the Laplace cperator

v? = [3%/er? & (/r)a/er +.32/2227,

Il

The subscript n 1l refers to medium 1 and n = 2 to medium
2. Since axial symmetry persists during thevpropagation,
~the displacement vector can have no component in the §-
‘direction. The vertical displacement d,(t,r,z) and the

horizontal displacement‘ﬁn(t,r,z) may be obtained from

d, = 90n L §~'(run) (2)
0z r or
3 -2%n 2
n dr >z
Source Potential -- General solutions for equations (1) may

be obtained using integral transform techniques (see Spencer,
1960) . From these solutions, the Laplace transformed
potential for an axially symmetric source of compressional

waves in an unbounded medium is found to be expressible as
il . ~o1]z=h|
Tl LLICRSENCINE ar (3)

(o]

where p is the transform variable and Jo,is the Bessel

function of zero-order. The restriction that

o
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Re [a; = (X2+p25%)] =z 0

N

is imposed to assure a bounded potential. The function
A(p,)) is determined from the boundary conditions at the
source.

The transformed source potential due to'a pressure P(t)

over a spherical surface of radius r

o is given by (Cagniérd,

1962, p. 11)

5 (p,r,z) - -2 o PP B(p)F(p). (4)

1
Ro

where

1
2

R, = [r2 + (h~z)2]

(0]
2 2.-1

F(p) = - roo Ip7 4 2Cwgp + v

¢ = S1/s15 wo = 2/reS)

P(p) in equation (4) is the transform of the pressure and
F(p) is the transform of what will be called the source
function, f(t).

Equating equations (3) and (4) gives an integral
équation in A(p,)\) whose solution may be readily derived
from.the Sommerfeld result (Cagniard, 1962, p. 39; Dix,
1954, p. 726):

A(p,n) = a]‘:‘ P(p)¥(p)
1
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Reflection and Transmission Potentials -- A compressional wave-

front incident upon a general solid-solid interface gives rise
to both compressive and shear stresses due to the discontinuity
in the elastic properties. The reflected stress field may be
described with two potentials, denoted N

waves and Up for shear waves. Similarly, the transmitted

for compressional

stress field may be described with potentials @T and UTn These
potentials, which may be obtained from the general transformed

solutions of equation (1), are given below

[e]
”Q]Z
dp(p,r,z) = JAp(p,N)Jo(rM)e ~ dn
(¢]
[e o]

N - L R
UR(p,I‘,Z) = IKBR(p’K)dl(r)\)e dx

(o]

Ct2Z

i

'@T(p,r,z) d[XAT(p,X)JO(rX)e dxn

.

o

2]

, : Boz
UT(p,r,z) = J’XBT(p,k)Jl(rx)e 2%a

o]
with

1

. 2.2-3
a, = (22 4 p“s;1%; 8, = (22 + pZs?]

1
2

The functions Ap, By, AT’ and By are determined from the
boundary conditions at the interface, namely continuity of
stresses and displacements. The transformed boundﬁfy'

conditions form a system of linear algebraic equations from



T-1169

which these functions may be derived (Cagniard,'1962,

p. 40). Tor a

shown that

‘AR(p:X) =

i

AT(P’K)

I

B (p, 1)

In the case of

Sl = S2

- 1
——— A(p,N)e

and py =

special solid-solid interface, it can be

. h

a -
2
A(p, e T

+ O

Qg

«

1 2

Gy * Az

BT(p:k) =0

the general solid-solid interface for which

Pgs BR and-BT are non-zero, The linear

equations for the general and special solid-solid interface,

together with their solution, arevgiven in Appendix A.

Components of Displacement -~ A formal solution to the

problem is obtained by performing the required differentia-

tions (equation (2)) of the inverse Laplace transforms for

5. = + &

1 R’ g

=% U, = U,, and U2 = UT. With the symbol

A | R

* used to denote convolution with respect to t, the formal

solution is given by the equétions:

dl(t,r,z)

dz(t,r,z)

= P(t) * £(t) * [E%E g(t-RoS1) + Bl(t,r,z)]

o)

= -P(t) * £(t) * Bz(t,r,z)
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q (t,7,2) = PCE) * £(8) * [ 2 g(t-RySp) + By (t,r,2)]
o

I

Ez(t,r,z) P(t) * £(t) * By(t,r,z) (5)
The overbar represents a horizonfal component, The term
g(t-R,S7) is associated with the incident wave and the Bn,
B, terms represent the boundary functions. The source

function, the incident term, and the boundary functions are

given below.

- -waCt 2. 1
f(t) = -5 1(t) Lo ¢ ot sin yt'; vy = wo[l - 772
Ypl
S 1,
g(t,r,2) = - — 5 (t) - — 8 (%)
R R< ’
o )
. 42 n.
B,(t,r,z) = - ;;2 [xnp(t,r,z} + xns(t,f,z)
- a2 [_— | _ i
B (t,r,z) = - ;;2 Xpp(tsT,2) + X g (t,r,2)

where 6“1(t)_represents the unit step and where pl is the

density of medlqm_l. The terms X p and XS

compressional (P-subscript) and shear (S-subscript)

represent

components of the boundary functions. The relevant

equations for these terms fcllow:
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. - © .
x (t,r,z) = L c. 2 J (rx)'e—gn d)dj
an y'y2) = 2TT1 n p2 o p
Br o
(o)
. ’ 1 X s ~'n
x (t,r,z) = —/— c. = J (r\M)e d)xdp
ns: 7 2mi ff n p2 ©
Br o
[e2)
2 -g
- _ . 1 — .._2\_._.._ n
Rup (£,7,2) = ff Cy —— J, e " anap
pTa
Br o 1
(e 0]
— 1 — 2 -V,
X S(t,r,z) = — c, —— J (r\)e diadp (6)
n 2mi P2, o
Br o 1
€, = b + a1zl - pt 5 ¥ =oayh + Bylzl - pt .

Here, Br represents the Bromwich path of integration. The
.factors Cn and Chs which depend on_EgEBvx and p, fepresent
operationél reflection (n-= 1) and transmission (n = 2)
coefficients for compressional and shear wave propagation,
respectively. Coefficients for the special solid-solid

interface are given by

- (o4 ]
c, =C. =-+_"2
1 1 oy + ag
20 — 20
C == ,____._.__2__,___ ; C? = l___.
2 0'41 + O,2 J' 'al -+ 0}2
c.=¢_=20

ot

-



The shear coefficients c, and En are non-zero for the

general solid-solid interface.

N



T~1169

REDUCTION OF DOURLE INTEGRALS

One of the principal mathematical tasks in dealing with
problems in spherical Wave'propagation is tb reduce unmanage-
able double integrals (equations (6)) to single integrals.
Cagniard (1962), Pekeris (1956), Longman (1961), Bortfeld
(1962a, 1962b), and possibly others, have devised techniques
to do this. The techniques of Cagniard, Pekeris, and Longman
-are similar in many respects. With the Cagniard ﬁethod, the
Bessel functions are replaced by their integral representations.
Then,'through a sequence of intricate transformations, the
integrands are cast in the form of a direct Laplace trans-
form allowing inversion by inspection, thusvleaving single
integral expressions to be evaluated by numerical means.

The Bortfeld approach is based on recognizing that the
Lipschitz integral comprises one of the double integrals.
The Lipschitz integrals may be eyaluated in closed-form,
obviating the need to perform a double integration. In

many respects, Bortfeld's approach is more straightforward

13
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than Cagniard's and is therefore used here.

Analytic Properties in the pwPlané - Béth'an and Bn may be
made single valued by placing a branch cut between their

branch points iix/Sn and iix/sn, respectively. The fequiren
ment imposed earlier that Rela,] > O and Re[Bn] > 0, which
assured bounded potentials, specifies on which sheet of the
Riemann éurface the square roots are positive real for positivé
real p. On this sheet, the right-half p-plane maps in a
single—valﬁed manner onto the right~half of the_an— and 8-
planes such that a, and B, are analytic everywhere except on
their branch cuts.

—_—

The coefficients Cp, Cy, c , and c, are analytic in the

n?
p-plane everywhere except at the branch pointsg/ because they
fepresent sums, prcducts, and quotients of énalytic functions,
Also, the exponential terms gre analytic in the p-plane
everywﬁere except on the branch cuts and p_z is analytic

everywhere except at the origin., Consequently, the integrands

are analytic over the entire p-plane except at branch cuts

?/ Cagniard demonstrated that the branch points are the only
singularities except in the very special case where the
interface can support a Stoneley wave. These singularities,
called by Cagniard the Rayleigh poles, do not affect the
formulation at this stage and do not exist for. the special
solid-solid interface.
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and perhaps poles on the imaginary axis. Moreover, the
integrands are real when p is real. This important property
and the Schwartz reflection principle (Morse and Feshbach,
11953, p. 393) imply that equations (6) may be expressed

as twice the real part of the integrals over half the

Bromwich path of integration.

The v-Ilane -~- The p-dependence of the integrands can be

simplified by specifying half the Bromwich path along the
positive imaginary axis p = iw, and making the transformation
A = wv., Since w is real, the transformation is merely a

'change in scale, but the following simplifications result:

Qp = wa, ; Bn = wby,
Sn = WTyp i ¥p = WTpg
where
_an = [v2 - 812]]%; bn = [v2 - srzl]%
Tpp = 240 + 2, |z] - it
s " a;h + bnlz[ - it

iBoth a, and b, are made analytic functions of v by placing
cuts between the branch points +S, and +s,, respectively.

-These branch cuts are placed slightly below the real axis.
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.The radical a, is defined on a sheef of thé Riemann surface
for which points on the real v-axis mépronto the positive
imaginary an—axis for -8, < v < S, and onto the positive
real ap-axis for v > S,. A point in the v-plane maps to a
corresponding quadrant in the ap-plane for such a branch.
The'radicél b, is similarly defined.

Of particular importance is the simplification of Cn’

C C

n?’

n? and En to functions of the single integration

variable v. For the reflection coefficient Cy = Cy(pyN),
the transformation of variables gives Cl(iw, wv) = RP(V).
Similarly, Co(iw, wv) = Tp(v) for a vertical component
transmission coefficient. An overban is used to represent
the horizontal component. A P subscript associates a
-coefficient with compressional wave prqpagation. .For the
special solid-solid interface, the relevant equations for

the reflection and transmission coefficients are given by

- a - a
Rp(v) = Hy(v) = 1 T2
al + a2
2a
Tp(v) = 2
al -+ 32
¢ B 2a1
b v) .
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Coefficients for the general solid%solid interface include
the shear terms RS(V), ﬁs(v), Tg(v), and TS(V). Each of
the eight equations for the general reflection and trans-

mission coefficients ‘i1s: functions of Sn’ s Pno and v,

n’
“and 15 considerably more complicated than those above.
With p = iw and )\ = wv, the double integrals defining

x,p and §nP in equations (6) are,egpresSible in the following

form: ©
xlp(t,r,z) = - % Re j’RP(v) Klp(t,r,z,v) dv
o .
[00]
- 1
XZP(L,P,Z) == Re j’Tp(v) sz(t,r,z,v) dav
o]
[¢0]
— 1 —_ — :
xlp(t,r,z) = - = Re ijP(V) Klp(t,r,z,v) dv
o]
e8]
— 1 — — '
xzp(t,r,z) = - 7 Re jﬁTp(v) sz(t,r,z,v) av (7

[o)

where oo

- T
Knp(t,r,z,v) =V J[e @ Tnp Jo(rvw) dw

[¢)

2 -
- v W Tnp
KnP(t,r,z,v) = EIJ[ e Jl(rvw) du (8)

o

Similar expressions for x ¢ and X,g are obtained from
.

equations (7) and (8) by replacing the p sﬁbscript with an S.
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The integrals appearing in equations (8) can be
evaluated in closed form. The evaluation is discussed in
the next section. The functions KnP and'ﬁnp define kernels
of integrai transforms of spherical reflection and trans-
mission coefficients. The kernels.depeﬁd on the characteristic
wave slownesses, time t, coordinates of the source and
receiver, and the integration variable v. The reflection
and transmission coefficients, on the other hand, depend
entirely on v and the elastic parameters of the interface
under study, and are independent of the geometry of the
problem. Specifying a particular interface such as a solid-
solid or liquid-solid simply designates the particular
equations for RP(V), o ees TS(V). This feature has been
discussed by Spencer (1980) for an arbitrary axially

symmetric source.

The Kernels -- The integrals appearing in equations (8) are

known to converge for Re[TnP] > 0. The first is known as
the Lipschitz integral for Re[TnP] > 0.(Watson, 1966, p. 384).

For Re[rT = 0, the integral is a special case of the dis-

nP]
continuous Weber-Schafheitlin integrals (Abramowitz and
Stegun, 1964, p. 487) and converges when Im[TnP] % rv. The

value of the latter may be obtained from the former by

analytic continuation (Appendix B). The second integral
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appearing in equations (8) is readily evaluated from the
first using integration by parts. The kernels are found
to be:

(

_1
v[lZ,p] 2, Re(TnP) >0

DO}

' . A A - A
Kop(t,r,z,v) = § -iv sgn TnP[mznP] ; Re(Tnp) =0, Zp<?O

> 0 (2)

: A 1 A
\V[ZDP] 2; Re(TnP) =0, Zp

(

o

(v/ral)[l - Tnp(ZnP)—%] ; Re(7,p) >

. _1
Kp(t,r,z,v) = < (V/ral)tl - 1topl 200 2]; Re(tpp) = 0

N
an < O

\ (v/ra;) |1 -~ i?np(ﬁnp)_%]; Re(t p) = O

b

A
ZnPH> 0

(10)

where

3>
|
el
=
~
=

nP

an-_—rv + T ;an=rvl-

Branch cuts are placed adjacent to. the negative real axis

of the Zn -plane in order to arrive at the above expressions.

p

The mapping of these cuts onto the v-plane is discussed in a

following section. With the kernels K p and ?n ~defined

p

according to equations (9) and (10) above, the double integral

0
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expressions of equation.(6) are reduced td‘the single
integrals given by equatibn (7)ﬂ, Thelconﬁergence of the
single integrals is discussed in the next section.
Establishing the singularities of the kernels is
requisite for the interpretation‘of the single integrals.
Time independent singularities of the horizontal component
kernels occur af ién, fhe branch points of a, . Roots of
ZnP

the roots may be obtained from the expression

= 0 define the time-dependent singularities. For n = 1,

L
v = R [irt + (Z+h)(t§P - t2)2]

1
2

where R = [rz + (h+z)2] is the length of the reflection

raypath and th = RS1 is the reflection arrival time. There

.are four real roots for t < t For t > th’ there are two

1p°

complex roots, one in the first quadrant of the v-plane and

‘one in the second quadrant. The conjugate of the two complex

roots satisfmszlp = 0 on the second sheet of the Riemann

surface. At the arrival time t two roots merge on the

1Pp?
real axis, forming a simple pole there.
Figure 2 is a plot of a root Jlocus of Z1P = 0 for

r =h =z = 100 ft, and S, = .0001 sec/ft, S .0000625

1 2 =
sec/ft. Additional roots for corresponding'times may be
visualized by rotating the locus curve about the imaginary:

axis. The arrows in Figure 2 indicate the direction the

- 20
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roots move as t increases. The dashed curve indicates those
complex roots on the éecond sheet of the Riemann surface.
Figure 3 illustrates the root loci of ZlP = 0 for
varicus radial distances r between O and 400 ft. Here,
Sy > S, and curves meet the positive réal axis in the
interval v < 82 for r < r, and in the interval Sg < v < Sl
for r > rcé/. This important feature yields the critical
refraction arrival (head‘waves). It should be remembered in
examining Figures 2 and 3 that for given coqrdinates r, h,
and z, and for a givemn value of t, ZlP possésses either two
complex or four real roots. While for sake of clarity
these figures may indicate a smalier or greater number of
roots, the implication is unintentional,
The zeros of Zgp and Z,gq are more diffigultvto obtain

than those for Z because two radicals are involved

1P
instead of one. In these three cases, the zeros may be
obtained by solving two quartic equations in v whose real
coefficients depend on r, h, =z, t, Sl’ and on either So, Sqs
or‘sz. Two complex or four real roots are then established
from the eight possibilities. Roots on‘the positive real
axis lie to the left of the minimuﬁ wave»sloWnessAappearing

in the appropriate T or % The locus of the complex

2P nS°

roots is very similar to the locus for Z;p, which is

4/ The critical distance r, is given by
1

o 2 2172,
r, = Sg(h+z) [Sl - 82] ; Sy > 82
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'certainly to be expected. The details of finding the zerocs
op 20d Z o, together with examples of root loci, are

given in Appendix C.

of 7

24



T-1169

THE BOUNDARY FUNCTIONS

The relative position of branch points and cuts in the
v-plane is fundamental to the interpretation of Xpps + e
§nS and their derivatives. Branch cuts associated with the
kernels were specified in the an and Z g planes; consequently-
fhese cuts must be mapped onto the v-plane. One such mapping
is shown in'Figure 4 for a cut on tﬁe negative real axis of
_the le—plane and for several values of t. Here it will be
noted that the v-plane image of the cut lies on the axes for
t < th_(tlp = ,02236 sec), with segments moving into the
first and second quadrants for t > tlp.é/ The positions of

the branch points for each value of t are denoted by BPtﬁ

The multiple. branch point feature is a direct consequence of

placing the cut on the negative real axis of the le

~-plane.

5/ The notation t,p and t,g is used for the reflection
(n = 1) or transmission (n = 2) arrival time of a
compressional and shear wave, respectively.

25
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FIGURE 4, The v~plane mapping of the negative real axis of the Z, -

plane for t = ,022, ,023, .029 sec. tjp = .02236 sec. .r = h = 2 = 100
ft, Sy = .0001 sec/ft, Sy = .0000825 sec/ft. The mapping includes the
entire imaginary v-axis and the real segment —Sl<v<Sl. BPt denote
multiple branch polnts for the respective t.
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If the cut is placed in the manner shown in Figure 5b
(t < typ), the V—pléne image occurs to the left of the
positive imaginary axis and Slightiy above the real axis,
finally terminating at a single'braneh point BP on the real
axis (Fig. 5a). The moving branch point is the smallest
positive real root of Zip = 0. The other three zeros of
Zyp lie apart from BP for t < typ; two lie on the negative
real axis and one on the positive real axis between the
minimum and maximum wave slowness.

Several features may assist in understanding the
moving branch point BP., When t is less than the travel time
via the minimum time path, BP lies to the left of the minimum
wave slowness., When f is greater than the reflection or
transmission arrival time, BP and its image in the second
quadrant lie apart from the real axis. When the receiver is
on the critical come (r = r.), BP = S, when Sy < S5 and
t =1t (see Fig. 3). When the receiver is outside the
critical cone (r > rc) and when t is greater than the
critical refraction arrival time, but less than the reflection
arrival time, the branch point lies on the positive real axis
between the minimum and maximum wave slowness.

The analytic regions for the integrands are established
with theASPecification of the moving branch cut. Clearly,

when t is less than the travel time via the minimum time
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FIGURE 5. (a) v-plane mapping of the Zyp-plane branch cut
shown 1o (b) for t = ,0i5, * = h = z = }gﬁ ft, S3 = .0001
sec/ft. Sg = .0000625 sec/ft. The Zjp~plans cut is placed
arplirarily close to the negative real axis in the nmanner
shown,
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path, the integrands are analytic everywhere within the
first quadrant, excluding a segment O € v < BP adjacent to
the real axis and excluding the zeros of Z p and a;. The
real part of the integrands is zero over the interval
extending from the origin to the minimum wave slowness,

The real-axis segment of the moving branch cut is therefore

of little consequence until r > r., because there is no

c?
contribution to the integrals over this portion of the path.
Only the case r < r, will be considered in the sequel.

The singularities that 1lie on the real axis when
t < t,p are integrable because the integrands behave as
(v~v0)“% in arbitrarily small neighborhoods of these points.
When t = t,p-0, the singularities merge with BP at v = Voo
forming a simple pole there. Equivalently, when t = tnp+0,
the complex branch points from both sheets of the Riemann
surface merge at Vn’ forming a simple pocle there.

The analyticity of the integrands in the first quadrant
for t <vtnp sqggests using the Cauchy-Goursat theorem to
deform the real-axis integration path to one which offers
greater convenience. A contour up the positive imaginary
axis, thence along a quarter-circle back to the positive
real axis is one possibility. Since the integrands are real
on the imaginary_axis, integration over this portion of the

~equivalent contour yields only imaginary values and therefor

contributes nothing to x,p, ..., Xng. The quarter circle

29
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yields no contribution to X1p and §1P for a special solid-
solid because Rp(v) = Rp(v) - 0 as |vi -, Consequently,

=0 for t < t For all other cases, however,

X1p = Xpp ip*
the integrands behave as vt as vl —o, where m > 0. This
means that the integrals defining x p, ..., Ehs do not
converge and are hence meaningless in the classical sense.

One must remember that xpp, ..., X g are not dis-
placemeﬁts; they are mathematical components which may be
unbounded and yet yield meaningful results. Particle dis-
placement is obtained by convolving the second derivative of
the mathematical components with f(t) and P(t). The feature
of'unboundedness requires that a tentative solution be
"constructed", so to speak, such that the wave equations
(eq. (1) and the boundary conditions are satisfied. Such a
‘solution, if one can be found, is the only'solution by
virtue of the uniqueness theérem of Kirchoff and Neumann
(see Love, 1944, p. 176; Sokolnikoff, 1956, p. 86).

Although the physical components of the elastic field,
such as part;cle displacement or stress, must be expressible
as functions, the mathematical components are not so limited.
These matheﬁ%ical components may, and frequently do, fall
within the 1argef set of generalized functions, Generalized
functions are sometimes necessary to describe and explain
mathematically a continuous but very rapid variation of the

mathematical components.
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‘A Tentative Solution -- A tenative solution may be deduced

by adopting a plausible interpretation of equations (6) or
(7), or the derivatives of these integrals. One possible

interpretation of the integrals

" a2 .
xlp(t,r,z)'= EEE‘XlP(t’r’Z)

i

1 —gl
_— C.ad (r\)e did
2mi ﬁ£~ g[ 1o ) p'

o)

\A} .
- % Rej Rp (W) Kp(t,7,2,v) dv a1y

©

is given by the following equation with n = 1:

1"

! 1
XnP(t’r’z) B ,ynP(tnP)6 (t-t p) + ynP(tnP)a(t"tnP) (12)
1" -1,
-+ ynp(t,r,z)é (C""tnp)
where.
YnP(tnP) = lim x p(t,r,2z) = ﬂivRes[vn] (13)
' t - tt
, np
LI . 1 . 1
Ypp (tpp) = lim x ,(t,r,z) = mi Res[v ] (14)
L o4
t tnP

" "
ynp(t,r,z) = xnp(t,r,z) for t > tp (15)
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‘In the definitions above, Res[vn]'means the residue of
lP,r,z,v),(n ='1},0r TP(V)K2P5r,z,V),(n = 2),at V-

- ' 3 - - - - ' -
Res[vn] issimilarly defined using KnP in place of the

RP(V)KlP(t

The weight of the doublet, ynp(tnp), and the weight of the
singlet, y;p(tnp)’ are both functionsof the coordinates
‘r,’h, and z. Integrals corresponding to equation (11) which

" —_tr 1"

define x,5,, X, Xpg, and X, g may be interpreted in a like
manner,
Eguatiocn (12) was chosen as a tentative solution to the

problem for two reasons. First, when n = 1 this equation can

be derived directly from Xip for a special solid-solid inter-

1
o
face. Second, equation (12), and analogs for X ps X;S,
1 )
and x satisfy the displacement boundary conditions.

nsS’
.Each of these reasons will be briefly discussed.

For a special solid-solid interface, the mathematical

components Xx and‘§lp are zero for t < tﬁP' This

ip
discontinuous feature is expressible mathematically in the
following form:

. -1 e
xlp(t,r,z) = § (t—tlp)ylp(t,r,z) (16)

and similarly for x (t,r,z) is a bounded and

ipe Yip
continuous auxiliary function which is introduced to
facilitate the differentiation of Xqp- The generalized

derivative of equation (16) yields equation (12) for n = 1.
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W
b

For the arrival time th’ the integrals Xp and XiP have a
Cauchy pfincipal.vaiue (Morse and Feshbach, 1953, p. 368).
equal to mi times the residue at v,. This feature yields
the weights y1p(tip) and yiP(tlp)'

It must be understood that equation (16), and its
horizontal component analog, can bé established only for the
special solid-solid interface. While this form may be valid
fdr other cases as well, and the physics of the pfoblem
indicates that it should, a consistent mathematical procof
has yet to be formulated. The methods of Cagniard (1962),
Pekeris (1956), and Longman (1961) can be used to show that
the reflection and transmission potentials are zero for

t <t but this does not necessarily mean that Xps v

nPp’
EnS are zero. One should be aware of the fact that it is not
necessary for x p to be zero for t < t,p in order to arrive

at equation (12). Other possibilities are discussed in

Appendix D.

Weights of the Doublet and Singlet -- Derivation of the

weights of the doublet and singlet is predicated on finding

the residue of the various integrands at the poles v, which

n
occur when t = t p. The position of these poles is found
from the relations

vy = rS;/R; vy = ry8;/Ry = (r—rl)Sz/Rz,
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where R = [r2 + (h+z)2]% and where rj, Ry, and Ry are
defined according to Figure 1b.

A Laurent series expansion of rv - i TnP about vn
yields the following approximation (Appendix E):

Z o~ =y ) 2By + 31 )10 (v ]

wherein

1" .
Q,(v) = —i[hsf/ai + |z1S§/ag].

The residue for the X p integrand is given by

BOj

" —
(v-—vl)RP(v)Klp(t,r,z,v)V . = 1RP(Vl)vl[rvl|Ql(v1)|]
1 '

I

il (h+2) /R[S, /RIRp(vy)

Residues of the other integrands are similarly obtained.
The required weights of the doublet follow from

equation (13), which gives

ylp(tlp) = [(h+z)/R][Sl/R]Re[RP(v1)]; r,z > 0

(B/R) (S1/R7) (rp /1) RelTp(vg) 15 v > 0, 2 < 0

. 31 2 ) —%
[1 + (Rg/Ry) (1/2)7(S1/55) ]
yop(top) = ¢

N
()

-1
,(Sl/h)(l + S1(z1/82h) Re[TP(O)]; r =0, z

\

7)
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Expressions for ?np(tnp) may be obtained from equations

(17) by replacing [(h+z)/R] with (r/R) (n = 1) and (h/Rl)

with (rl/Rl) (n = 2), and by using the appropriate reflection
and transmission coefficients. The shear analogs may be
similarly obtained.

The integrals for X;P and §;P, from which the weights
yép(tnp) and ?;P(tnp) are 6btained, display a third order
pole at Vi when t = top- These integrals can be transformed
into integrals involving only simple poles on the real v-axis.
To do this, the t-variable differentiations of the kernels
are interchanged with space-variable differentiations.

Using eqqations (8), it is easy to derive the fcllowing

useful transformations

' . 011
Knp(t,r,z,h,v) = -1 *é*ﬁ[ﬁé:-— Knp(t,r,z,h,v)]
1
—t - S
Knp(t,r,z,h,v) = -3 S;IEI K p(t,r,z,h,v)

With the foregoing transformations, it can be shown
that the weights of the singlets can be derived from the
weights of the doublets. Some of the details of this
derivation are given in Appendix E. Using equation (14),
the required weights of the singlet appearing in equation

(12) are found to be

= (Rsl)"l

1 1
Y1p(tip) Vip(tip)

' -1
yop(top) = (Rlsl) Yop(top)
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The analogous weights are obtained in the same way.

It is instructive to note the similarity between
g(t,r,z) of equation (5) and x;P(t,r,z) of equation (12).
Each contﬁins a doublet and singlet term. The weight of the

1" " L -1
doublet terms of g, X:ps and Xop contain the factors RO s

R'l, and Ril, respectively. The weight of the corresponding

singlet terms contain the factors Rgz, R—z, and RIZ, respec-
tively. The doublet is therefore a far field term and the
singlet a near field term. When both the singlet and

y;P contribution are negligible, the reflec£ion and trans-
mission waveforms are the same as the incident waveform;
only the relative amplitudes differ. 1In other words, there

is no change in pulse shape on reflection and transmission

at the interface.

Continuity of Displacement at z = 0 -~ Continuity of the

vertical comporent of displacement is realized when
dl(t,r,O) - dz(t,r,O) =0

and similarily for the horizontal component. Using the

relations to = th = t2P = Rosl and KlP‘= Kop for z = 0,
it can be shown that (see Appendix F):
dl(t,r,O) - dz(t:ryo) = P(t)*f(t)*é—l(t—to)I(t,r,), (18)
where
(o]

1 A}
I(t,r) = = Re jPKIP(t,r,O,v) dv
¢}

for a special solid-solid interface. The integral

36 .
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definition of the kgrnel (eqe(S», and the Sommerfeld result,
are used to show that
I(t,r) = (b/Ry)g(t-t,,r,0)

But g(t,r,0) = 0 for t # O because it represents the sum of
a doublet and a singlet. Consequently,'the right hand side
of equation (18) vanishes when the step is interpreted
according to

1 for t > 0O

s~ (t) =

O for t £ O
A proof of the last statement may be constructed by
replacing 6"1(t) in equation (18) with a sequence of
ordinary differentiable functions yk(t). One such sequence

is given by £

1 ~kv2
e dv

-

Jltmd

|\

Yk(t) = (k/m)

The following limits, taken in the order indicated,

establishes the proof:

[6*1(t~to)g(t—to,r,0)] lim [Yk(t~t0~e)g(t—to,r,0)]

k— @
e—0
=0
Continuity of the horizontal component of displaéement is
demonstrated in the same manner. In the development for
the general solid, the algebra becomes much more involvéd,

but is otherwise the same as that given above for the special

solid..
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Continuity of displacement for z = 0 has been verified
Vﬁumerically. Computations were carried out for both vertical
and horizontal components and for several values of r and h,
thus serving as a partial check on the computer prOgrams
which produced the numerical examples of the next section.

Cleafly, a solution has been found which satisfies the
displacement boundary conditions. This is a necessary
condition for the solution to be valid, but not a
sufficient condition. In addition to satisfying the
displacement boundary conditions, equation (12) must satisfy
the stress conditions and the equations of motion. No
mathematical proof has yet been devised to verify that the
latter conditions are fulfilled. Rather, an attempt is
made to sanction the solution by analogy with plane wave
theory. The analogy 1is predicated on the assumption that in
the far field, the laws governing reflection and transmission
of spherical waves are similar to those laws for plane
waves. For spherical wave theory to be consistent with
plane wave theory, reflection and transmission waveforms in
the far field must approximate the incident waveform. Ah
appraisal of the solution using the plane wave analogy is

facilitated with examples of the next section.
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NUMERICAL EXAMPLES

Certain of the preceding mathematical expressions'will
be illustrated in order to provide a better understanding
of the theory. Examples of reflection and transmission
coefficients, the second time derivative of the kernels,
and the real part'of the integrands will providg a better
understanding of the integral transforms. Examples of
-reflection and transmission waveforms wi11~illustfate the

relative importance of the pressure function, the source

" —

np’ °**? Yns
terms of the boundary functions. Simple synthetic seismo-

function, and the doublet, singlet, and y

grams will dillustrate the relative shape and magnitude of
the incident and reflection waveforms. A solid-solid

interface with s, = s

1 = Sgr P1 = Py S; > SZ’ and r < r, will

be used.
The first example shows the real and imaginary parts

of the reflection coefficients (Fig. €). The transmission

39
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coefficients may be visualized using the simple relationships
Tp(v) = 1 - Rp(v) and Tp(v) =1 + Rp(v). It is helpful to
note that outside of the interval Sg < v < 8y, Im(RP) =
~In(Tp) = Im (Tp) = O.

The real and imaginary parts of Kgé(t,r,z,v) and
Afgp(t,r,v,z) are shown in Figure 7 for several values of

t > t p. The effect of the a factor in .. is clearly

1 2P

seen at v = S1 = ,0001. It will be noted that the real

parts of both XK' and K _ are zero in the interval 0 < v < Sz,

1P 2p

whereas'the imaginary parts attain a maximum. there. It
should be understood that the kernels depend on the two
wave slownesses appearing in the appropriate TnP or TnS,
but are otherwise independent of the interface under study.
Clearly, the differentiated kernels shown in Figure 7
characterize any interface whose compressional wave
slownesses are given by S; = .0001 sec/ft and S, = .0000625
sec/ft.

The real parts of all four integrands are shown in
Figure 8 for several values of t > tnP' Several features
are noteworthy. First, all curves are zero for v < Sé.
Second, the dominant portion of the curves lies in the
interval 82 < v < Sle

at v = Sl is clearly displayed for the horizontal component

integrand associated with medium 1, but not for medium 2.

Third, the (integrable) singularity
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‘The real part of the integrand associated with medium 2 is
an indeterminant form at v = S;, but nevertheless yields a
finite value there. Note that the magnitude of the integrands
decreases quite rapidly with increasing t.

Examples of ygp and ?;P are shown in Figure 9. These
values were obtained using Romberg quadrature, an iterative
nonadaptive scheme for evaluating integrals to prescribed
accuracy (Davis and Rabinowitz, 1967). The important
feature here is the bounded, smooth, and continuous nature
of the functions, and the fact that they die out in a
fraction of a millisecond. As the vertical distance from
the interface increases, the amplitudes decrease and the
functions become more step-like. Increasing r has the
converse effect, as fhe next example will dempnstrate.

Figure 10 shows the singlet and yIP>terms of Bl (eq. 5)
for'several values of r. The spike at t =.tlp represents
the weighted singlet. The amplitude of the spike equals
yip(tlp)/At, where At is the time increment between
successive vaiues of yzp. This makes a comparison of the
two terms possible and illustrates the relative contribu-
tion of the weighted singlet and yIP when convolved with
f(t). A careful examination of Figure 10 will reveal that
the amplitude. of the spike increases as r increases. The
R’Z decrease in spike amplitude is compensated by

Re[RP(vl)] as r increases. As h and z increase, however,
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FIGURE 9. Examples of y (t,r,z) and yzp(t r,z) for a
special SOlld—SOlld 1ntpr ‘ace with s7 =S pz, Sl =
.0001 sec/ft, = ,0000625 sec/ft, r %O f% =
25 ft, top = .0 43569 sec,
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‘both R™2 and Re[RP(vl)].decrease. Although the spike
dominates well iﬁside the critical cone, it becomes of
lesser importance as r approaches r,. This is an important
feature of the boundary functions as Will be seen in the
examples of reflection and transmission wavéforms which
follow. |

It is both,coﬁvenient and logical to introducevthe

following notation:

- 1

i

' " a=L g

An overbar is used for hcrizontal components. The units of
h,p and g,p in the CGS system are cm/(seC‘dynes/cmZ). When
.convolved with pressure (dynes/cmz), the resulting expressions
have units of displacement. .Indeed, h p + qup represent the
refleétion (n = 1) and transmission (n = 2) waveforms for a
unit preséure impulse. It is altogether fitting, therefore,
that h,p and q,p be called components of the appropriate
waveforms. In the ensuing discussion, h p will be called
the "primary componenf" and q,p the "secondary component',
Examples of displacement waveforms and their components
are shown in Figure 11. ’Note that both the magnitude and
shape of the primary and secondary components différ quite

substantially. Here, with relatively small h and z and with
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Displacement waveforms and their components for a
special solid-solid_interface with s
Sl =
(Poisson's ratio for medium 1 is .373) ro =
. 004717 sec, tgp =

. 00062222 sec/Lts
OOOOhZa sec/ft

f£t,
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r = .78 roo the primary components dominate, especially for
the transmitted pulses. Consequently, the complete reflection
and transmission waveforms for a pressure impulse retain the
essential features of the primary components. For r =~ Tas
this would have not been the case. . The.pulses labeled
P(t)*[h 5 + q,p] and p(t)*[ﬁnp + anj illustrate the
components of displacement for a pressure input P(t) over a
spherical surface 2 ft in diameter. The P(t) used for this
example was selected to simulate an explosiye charge (Toksdz,
Ben~Menahem, and Harkrider, 1964). The pressure has the
form P(t) = Pétue—nt, where y and n are yield-dependent
positive parameters which,contrdl the rise time and deqay
. time.

It should be mentioned in passing that the short time
duration (1.5-ms) of the variousApulses shown in Figure 11
is a consequence of using a Poiéson ratio of g, = .373 and
a source radius of r, = 1 ft. Both 51 and T have a pro-
nounced effect on the source function. Increasing o1 makes
f(t) more oscillatory and increases the time duration of
significant amplitudes. Increasing r, élSo increases the
time duration of significant amplifudes.

Changes in waveform due to increasing r are illustrated
in Figure 12. Both f(t)‘and P(t) are ‘. - as shown in
Figure 11. The important feature of Figure 12 is the bﬁildup

of the secondary component as r increases to the critical
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distance, where its amplitude is seen to be quite pronounced.
This increase in amplitude is attributed to the yyp term,
and not to the singlet term. Clearly, when the magnitude

and © ~ Iy,

of h and z is less than about 80 r, the
seéondary component can dominate the primary component.
Usually, however, the secondary component is, as the name
implies, subordinate to the primary component.

The final example includes the incident waveform (Fig.
13). The source is 1000 ft from the interface and the hori-
zontal source-~to-receiver distance r is 500 ft, which corres-
for z = 25, 50, and

ponds to .61 r ¢ .59 rp,and 57

Cc? C

100 ft, respectively. The pressure has the same form as the
previous examples with a peak at .00l sec and half-amplitude
at .003 sec. Poisson's ratio and the scurce radius are .405
and 5 ft, respectively. The traces are aligned to the arrival
time of the incident wave. On the bottom traces (z = 25 ft),
the incident and reflection events overlap. These events are
well separated on the top traces (z = 100 ft), however, and

a waveform comparison can be made. A careful examination
will reveal 1little, if any, difference in the shape of the
incident and reflection waveforms other than amplitude.
This“implies that the secondary (near field) components are

insignificant, leaving only the primary (far field) components.
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FIGURE 13, Simple synthetic seismograms dj (t,r,z) and
dy(t,r,z) for a special solid-~solid interface with s; =
Sy = .00025 sec/ft, o} = cg = .0000625 sec/ft (Poisson's
ratio for medium 1 is .405?, ro = 5 fty; r = 500 ft, h =
1000ft, =z = 25, 50, and 100 tt. P(t) peaks at ,001 sec
and is down -6 db at .003 sec. Traces are time aligned..
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CONCLUSIONS

<

Interpreting the integrals which account for the
contribution from the interface in the domain of generalized
functions gives reasonable results. The interpretation
yields equations which fulfill the displacement boundary
conditions and which are consistent with plane.wave
theory in the far field. Several noteworthy features
of the solution are given below.

When the least time path associated with a particular
ray is either a reflection or transmissiqn path, and not a
critical refraction path, the exact contribution from the
interface consists of the sum of three terms. For a pressure
~impulse, these terms are the convolution of a source
function with: (1) a weighted doublet; (2) a weighted singlet;
and (3) an integral transform of an appropriate spherical
‘reflection or transmission coefficient of the interface.

The functional values of the first two terms are obtained

from explicit expressions, whereas values of the third term

53
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are obtained by numerical integration. The weight‘of the
second term divided by the weight of the first term decreases
in magnitude as r-1 for reflections and Rzl for transmissions.
Hence the amplitude of the second term decreases faster than
the first and is negligible in the far field.

Numerical examples for a solid-solid interface which
does not generate shear waves indicate that the third term
is negligible when the source and receiver are moré than
about 80 source radii from the interface. When this is the
case, the reflection and transmission waveforms are the same
as the incident waveform; only the relative amplitudes
differ, as in plane wave theory. However, when the source
and receiver are near the boundary and the receiver is near
the edge of the critical cone, pronounced distortiom of the
waveform can result. A similar "rule of the thumb" has yet
to be established for the general solid--solid interface.

The doublet weights of the primary component play the
same role as the reflection and transmission coefficients
for plane wave'theory. For the case of spherical waves, the
various weights depend on the angle of incidence, the
relevant elastic parameters of the two media, and the

raypath distances R for reflections and Rl together with

(&

the ratios (RZ/RI)S, (h/z)z, and (rl/r) , for transmissions.
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Of practical importance is the conclusion that for many
purposes, the laws governing reflection and transmission of
spherical compressional waves within the_criticai cone are
as simple as those laws for plane waves}A More elaborate
mathematical models for wave propagation studies and synthetic
seismogram synthesis nsing Spherical'sources are feasible
because of this; fhesevstudiés will provide a better under-
standing of . L principles which are fundamental to

seismology.
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APPENDIX A

LINEAR EQUATIONS AND THEIR SOLUTION FOR Agp, Bp, Agp, AND Br

The functions Ag(p,1), BR(p,x), At(p,2) and Bp(p,))
depend on the physical conditions imposed at the'p1aﬁe
boundary z = 0. For a solid-solid with no slippage along
the boundary, four conditions must be fulfilled:

1 Continuity of vertical displacement

2 Continuity of horizontal displaceument

3: Continuity of normal stresses

4 Continuity of tangential stressés
These four conditions are expressed in terms of the trans-
formed potentials by the following equations (Cagniard,
1962, p. 3):

1: (89), + (Up/r),. = (8g), + (Ug/r)y
2: (31), - (U gy = (89), - (U,

3: oy [elpzél + élf(él)zz + (Ul)rz + r“l(Ul)Zﬂ

= 09 |egp?ig + 890 (82) 4, + (Ug)yy + r=1(uy) ]
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4‘.' pl'[szlv + é‘l[(@l)rz - (Ul.)zz]]

= p2 [p2U2 + éZE(@Z)I‘Z - (UZ)ZZ]J (A"l)
where
2
24U
G, =220 5 (U, - R etc.
Oz, 1oz

e, = 1 - 2S§/sg i €p = 2/§§ ; n=1, 2

Substitution of the appropriate integral expressions for
the potentials into equatious (Anly yields the following

system of linear algebraic equations:

1: ajAgp -~ ABR + agAg + ABp = alAe"alh

_kAé“alh

I

2: AR - B1Bg - MAp - B2BT
"' T o “"G, h
3: LlAR - I\lBR - LzAT - N2BT = —LlAe 1
. , _ -oa1h
4: MjAp - LyBp + MgAqp + LoBp = MjAe ™%l (A-2)

where

L, = pn(az/sﬁ + p2/2)
M, = anan/Sﬁ
- 2

A =A@, - o] PRFD)
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Solving equations (A-2) gives the réquired functions:

Bp(p, ) = 22N o a(p,n)e b
D(p, 1)

AT(p{x) ;.ggﬁgill aA(p, e

D(p,\)

a1h

1

Bp(p,\) = Qalp; ) XalA(p,X)e—alh
D(p,\)

where

D(p, 1)

i

2002 + pzﬁls% + sz sz)

+ Xzalazslsz - alal(Xz + sz S )

2
- asz(kz + szIS%)

+ p4E1EZS%S§(a182 + QzBl)

' 2.,2 2
Q1 (0, = -22(? + pPE s? + pPE,sD)

.2 2. 2
+ A Qlazslsz - lel(Kz +'p2E2S§)

2
+ azﬁz(xz + szls%)

4 2 2
+ p ElEzslsz(ale - azsl)

(A-3)
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2[an8,(12 + pZE;sd)

I

Qz(p;X)

2 2

- (W% + szlsl + szésg)(x2'+ szzsg)]
Q3(p,1) = 2p°Eys3[81 (07 + p7Epsd) - 85007 + p7EysD)]

Qq(p,2) = 2p%E;sP[22 + p2E;sf + p2Eysd) - ayB,]

" 2 2, .- 2 2, -1
E; = [2Q1 - py87/p785) 175 By = [2(1 - py8%/pgST) ]
- 2 25213, _ 2 2.2-3
On LAT + P7Op ’ Bn A"+ p sn]
n=1, 2

Special Solid-Solid Interface

A special solid-solid is defined for s; = sy and py = pg.

With By = Bgs, Ly = Ly, and Nl = N2, equations (A-2) simplify

to

1: ajAp = ABp + aphq + xﬁT = alAe”alh

2: Mg - 81Bg - Mnp - BBy = ~)\Ae~C1h

3: eAgp - AB1Bg - €Ap - AB1Bp =_—eAe—a1h

42,XQ1AR‘— €Bp + MaghAp + eBp = XalAe"alh (A-4)
where

€ =‘k2 + pzsf/Z

Multiplying expression (1:) by -\ and adding to expression

(4:) gives BgR = -Bp. Multiplying expression (2:) by ¢ and
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adding to ~)\ times expression (3:) gives the same result.
Equations (A-4) are therefore equivalent to

\ i _ b
alAR + WZAT + 2\Bp = ajAe 1

quAR + xazAT + 2eBT xalAe“
‘Multiplying the first by -\ and adding to the second gives
2.2 =
(p sl)BT =0

which must be valid for all p. Thus, By = By = 0 and the
4 x 4 system of linear equations reduces to the following
2 x 2 system

A Ae—ah

ayAp + g T 0oy

AR - Ap = - Ae~®1h (A-5)

Solving equations (A-5) gives the required functions:

ay] = a2 - h
—Z A(p,\)e %1
Ctl + az

1

AR(p,)\)

Ap(p,\) = — 281 A(p,n)e %1l

a1 + o9
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APPENDIX B

DERIVATION OF THE KERNELS Kpp(t,r,z,v), K p(t,r,z,v),

AND THEIR DERIVATIVES

The kernels are based on the analytic continuation of

the integral

[ =]
- 21
.[é bx J (ax)dx = + ra2 + p2]772; b 0 (B-1)

Q

established by Lipschitz in 1859 (Watson, 1966, p. 384).

. 1 .
Here, a, b, and c are real variables™. The integral

«©

I(,B)‘ . fe—BX Jo(ax) dx

is an analytic function of the complex variable B = b + ic
. in the domain of its existence, namely, Re(B) = b = O,
The radical

W =/Z

where

1/ The rotation applies only to this appendix.

B-1
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can be made an analytié~function of B by placing a cut
slightly to the left of the imaginary p-axis between the
branch points +ia. W is defined on a sheet of the Riemann
surface for which points on the positive real B-axis map onto
the positive real W-axis. On this surface, points on the
positive imaginary B-axis map onto the positive real W-axis
for 0 < ¢ < a, and onto the positive iméginary W-axis for
c > a. Moreover, points on the negative imaginary B-axis
map onto the positive real W-axis for -a < ¢ < 0, and onto
the negative imaginary W-axis for ¢ < -a.

Since a function that is analytic in a domain D is
uniquely determined throughout D by its values along a
curve or a domain interior to D, it follows from the analytic

continuation of equation (B-1l) that

1
(a2 + %72 >0
1(8) = { (a2 - ¢2-% . a2 > ¢2 p=0 (B-2)

N )
-i sgn c (c? . a2y~2 ; a2 < c2, b=0

Equations (B-2) may be interpreted in terms of a branch
cut in the Z-plane, The domain b > O of the g-plane maps
onto the entire Z-plane except the negative real axis.
Consequently, if one is to use I[B(Z)] = Z_%, the branch
cut of Z"% must be on the negative real Z-axis. To include

b = 0 in the definition of the Z-plane branch cut, one must
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visualize the cut slightly below or slightly above the
negative real Z-axis for positive and negative values of c,
‘respectively.

Corresponding integrals involving Jl(ax) may be evaluated

from equation (B-2). The following substitutions are made
u = Jy(ax); du = ~aJq (ax) dx
dv = e PX gx; v = —p~leBX

Integration. by parts gives
@

.];—BXJO(ax)dx

o

_B“le”BxJo(ax)'wb
X=0

m .
—aB‘l‘[e'Ble(ax)dx
[}
[00)

- 8"1[1" aJre_BXJl(ax)dx] .
o

Rearranging terms gives the result

s 0] ~ Q

[e"BXJl(ax) ax = a~1if1 - Bfe—BXJo(ax)dX]
L,

o o)

= a"lbl - B(az + 82)—

boj=

]; b > 0 (B-3)

When b = 0, the integral becomes
1
o a"l[l - ic(a2 - 02)'2]; a2 > 2

.];icx Jl(ax)dx = X A
0 a'l[l - lcl(cz - az)‘E]; a2 < c2
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‘B-4

The integrals defining the kernels, namely

Kpp(t, 1,

K p(t,r,z,v)

[ee)

z,V)
o

1

—-T
er nPJO(I'Vu)) dw

[00]
2 -
%_ J(e anPJl(rvw)dw - (B-5)
1 J
(o}

are readily evaluated using equations (B-2), (B-3), and (B4).

With the notation

the following results

/

-3
P
v an

Il
A

K,p(t,r,z,Vv)

[ Y
ral

Kpp(t,r,z,v) =< v
l"al

v

—————

1al.

A
T

ZnP

5 = x2y2

= 2 2 2
rTv + TnP

Tnp

are obtained from equations (B-5):

5 Re(‘Tnp) > 0

vZnyp 5 Re(t,p)

:

[l - ﬁnpl("%np)—.

A A
[1 - J.TnPZ

' A -y A
~ivsgnT, p(~Z,p) "2; Re(typ) = 0, Zpyp < O

-0, Z,p> 0 (B-6)

1
-2

npP.

-1
1 - Tnpzn%]; Re(tpp) > O

el

. A
; Re(TnP) =0, Zp < 0

A
]; Re(Tnp) =0, Zyp > O

" (B-7)
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Corresponding shear component kernels are obtained in a
similar manner.

The first two derivatives of the kernels with respect to
t are given below.

~-3/2
( iVTannp/ ; Re(tpp) > O

' . A \=3/2 ; A
Kip(t,r,z,v) = ﬂ ‘1V|$nP|(“ZnP) / ; Re(tpyp) = 0, Zpyp < O
A-3/2 A
\ —vanan ; Re(typ) = 0, Zpp > 0 ‘
(B-8)
. 3/2
( 1rv3/[alz;P 1; Re(rpp) > O
— A 3/2 , A
K;P(t,r,z,v} = < -rvgsgn?np/[al(—znp) / 1; Re(rpp) = 9, Zpp
2 A
\ -1V /[alzgg 1; Re(mpp) = 0, Zpyp > O
(B-9)
v(r2 2 ZTnn)Z ~5/2 ; Re(Typ) > O
K o (t ) = jvsgnt . (r2v2+242 ) (-2 )~5/2' Re (T )
ap(t,r, 2, V) g ~ivsgnt . (r 2y op np ; Re(T_p
Zpp < 0
r'A 5/ A
\ v (r2v2 + 27 5p) Zpp ; Re(rpp) =0, Zyp > 0

< 0



T-1169

—11

Knp(t,r,z,V)

il
[

[ 5/2
“SFVBTnP/[alzné J; Re(7yp) > O

3 A 5/2_
-3rv '$nP|/[a1(—ZnP) 1; Re(Tnp)

A
an< 0

) A5/2
\—13rV3%nP/[alan 1; Re(Tnp) =0

A

(B-11)
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APPENDIX C

ZEROS OF Zip, Zgp, Z1ss AND Zog

Zeros of the function Z,p and Z,g (n=1,2) are obtained

by solving the equation
rv <+ i1 = 0 (C-1)

forAy. Heré, T4represents a particular Thp °F Tps associated
with Z,p or Z, g, respectively. When 7 = Typ, the solution
of equation (C~1) is straightforward because only one
radical is involved, The other three cases are considerably
more difficult because two radicals are involved instead of

one, The two classes of solution are discussed below.

CLASS 1: 7 = Typ

The equation to be solved is given by
rv + i.[vzm S%]% (z+h) £ t =0 (C-2)
Transposing rv + t and squaring both sides of equation (C-2)
gi§es
(rv i't)z = —(v2~S%)(Z+h)2
or

(2 4 (z+m) 2] v2 = (2rtyv - [52(zm)2 - £2] = 0



T-1169

The four roots of the above quadratics are given by
2 2 2%
v = R7%[xrt T (z+0)[t7p - t77]

where

R = [r® + (z+h)“]%; tip = RSy

CLASS 2: T = Tgp, T18s Or Tog

Let n represent a particular S5, S1, Or Sy associated
with Tgp, T1g, Or T9g, respectively. The equation to be
solved is given by

rv 2 1nG25HT 4 1z 02 0 DE Lt -0 (c-3)

One approach to find the roots of equation (C-3) is to
express the equation as two quartics; and represent each‘
gquartic as the product of two guadratics. Four extraneous
roots are introduced by éuch a procedure. Consequgntly,

the eight possible roots must be substituted back into

equation (C-3) to establish which are valid. To proceed with

the objective of representing equation (C-3) in terms of

quartics; the'equation is rewritten in the form
s : 1
(rvat) 2 = -[hz(v2—s§) + z2(v3n2) - 2hlz|(v2—S%)%(v2—n2)2]

or

5 1 1
Alv2 + Agv + Ag = 2h|z|(v%Sf)3(v%n2)2

(C-4)

@]
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where
A1 = r2 4+ n? + 72
A2 = 2rt
Ag = hZS% + 22n2 - t2

Squaring both sides of equation (C-4) and rearranging terms

gives
2 2 2. 4 3
(A1 - 4h“z")v" &+ (2A1A2)v
+ (A2 - 2aja5 4 an222(s2 4 12102

. |
T (289A5)v + [A5 - 4n?2%520%7 = 0

The resulting quartics are given by1

4

v% 1+ ay3 +va2 + cy +d =0

where

a = D_1[4rt(r2 +,h2 + zz)]

b

I

(t2 h282) " z?(tz 2 2)]

D irart(n?s? + 22,2 - t%)]

(¢]
It

1/ Some of the notation applies only to this appendix.

- = 2 | A\
2071 r2(3t2 - 1252-2202) 4 n222(5%40?)

(C-5)
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d = b7 n?s} + 2t 4+t - 20222592
~2n?s242 _ 9,2n2¢2]

D= (2 + n? 4+ 22)2 _ 4n2,2

When t = 0 and/or r = 0 and |z| # h, the quartics

reduce to the form

vd 4 bv2 + d =0 (Cc-6)
When t # 0, r = 0 and |z|] = h # 0, the quartics
reduce to the simple quadratic form
vZ - e =0 (Cc-7)
where

e = (2ht)"2[2h2[ﬁzsfn2+t2(s%+n2ﬂ -ht(sth) - 4]

Various algorithms exist for extracting the roots of
quartic equations. One such algorithm may be found on page
17 of the Handbook of Mathematical Functions (Abramowitz
and Sﬁegun,.1964), but sufficient detail is lacking to
warrant further discussion.

A procedure commonly used to find the roots of a
quartic is outlined below. The quartic is written in the

form
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A quantity N is added to each side such that
X + N = P2,
With
P2 = Y + N,
a quantity M is added to each side making P2 + M a perfect
square and rendering Y + N + M a perfect square when its
discriminant is zero. Thus with the apprépriate M
P2 + M = 02
Y+ N+ M= Q2
and the quartic is represented as
X -Y=02-q2= (0-Q0+Q) = 0
The details of the foregoing procedure are given below.
Equation (C-5) is written in the equivalent form
v+ av3 = - bv2 F cv - d
and the quantity a2v2/4 is added. This gives the equation
(v + av/2)2 = (+ a2/4 - b)vZ T cv - d (C-8)
Adding a term in an arbitrary variable u to both sides gives
(vz + av/2)2 + u(ve + av/2) + u2/4 =
(u + az/4 - b)v2Z 4 (éua/z F c)v +(u2/4 -d)
Since the left member of the last equation is a perfect
square, the quartic becomes
(vZ + av/2 + u/2)2 = (u + a2/4 - b)v2

+ (+ uwa/2 ¥ e)v + (u2/4 - a) (C~-9)
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The right member of equation (C-9) is a perfect square
provided u is so determined that its discriminant is zero;
‘that 1is, provided

(£ ua/2 7 c)2 - 4(u + a2/4 - b)(u2/4 -d =0

e

or

3 2

u? - bu? 1 (ac - 4d)u - (c? + a%d - 4bd) = 0 (C-10)
Let u; denote a real root of equation (C;lo). When all
roots of the cubic are real, a value of u; must be used
which renders
ul + a2/4 > b .
up/4 > d (c-11)
If the root u; is substituted into equation (C-9), the right
member will be a perfect square of the form
g2v2 + 2ghv + h2 = (& gv g h)2

where the & sign represents either + or ¥, whichever is

appropriate. Hence, equation (C-8) can be written as

[vz + 3av + %uljz = [+(uy + aZ/a - b)% v
g (u2/4 - d)272
Extracting the square rocot gives
2 & Jav + 3up) = = [uy + a2/a - b]E v £ (u¥/4 - @2
or
v2 . Eda F (ug + a2/4 - b)%]v + %ul ] (u%/4 -d) =0
(C-12)
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Finally,

v4 + av3'+ bv2 + ¢cv + d

= (V2.+ Byv + Cl)(v2 + Byv + Cz) = 0

and similarly for thé other quartic.

The relationship between By, By, Cy, and Cy and the
original coefficients of the quartic a, b, c, and d is very
important. It cam be shown that for the coefficients of the

quadratics to be correctf
B1 + 32 = a
BiBy + C4 + Co = b
172 1 2 (C-13)

B1C2 + BZCl = C

Expressiors (C-11) and (C-13) define two constraints which must
be imposed on the foregoing algorithm for extracting the roots
of a quartic. Equations (C~11) is a necessary, but not
sufficient condition to assure correct roots. Equation
(C~-13), on the othef hand, is a necessary and sufficient
condition to assure correct roots. Seldom, if ever, will
equation (C-13) be satisfied exactly because of numerical
errors. Thus, it is helpful (and assuring) to»establish an

error criterion for the roots which are obtained.
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When t = 0 and/or r = 0 and |2| % h, an explicit
expression for the four roots of one of the quartics is

obtained from equation (C-6), namely
1 1,12 113
v = i[—gb £ 302 - aa)3)

Finally, when t # 0, r = 0, and |z| = h # 0, there are only

two roots, namely

v = + /e
or

v ==z 1/Tey

ﬁoots of the quartics obtaired from equation (C-3) may
vbe obtained from the foregoing algorithm. In general, there
are eight conplex foots. Since the coefficients a; b, c, and
d are real, complex roots occur in conjugate pairs. As an
example, the partial root locus of one of the quartics as ..
shown in Figures C~1 and C-2. Additional roots for corres-
ponding times may be visualized by rotating the locus
~curves about the imaginary axis.

Not all roots shown in Figures C-1 and C-2 satisfy
equation (C-3). The two squarings which were necessary to
express equation (C-3) as quartic equations introduced extran-

ecus roots, Moreover, some of the complex roots lie on the
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second sheet of the Riemann surface. Consequently, for a
given value of t, the eight roots must be Substituted back.
into equation (C-3) to determine which are valid. This has
been done for the roots computed for the foregoing example

and the results are shown in Figure C-3.
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IMAG. v
00030

b

L) T i

t=0 t ~—.020 ~t=.014 sec.
. -:S\\ e 2%—\\_)\\ m,///j L | | REAL v
== i e r—— +

0001

+ -.00015

-+ —-.00030

FIGURE C-1l. Locus of two roots of the quartic

4
v+ av3 + bv2 +cv +d =20
for the parameters r = h = -z = 100 ft., S, = .0001 sec/ft,
S, = .0000625 sec/ft. Arrival time top = - 18049 sec.

Roots lie apart from real axis for sake of clarity.
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. IMAG. Vv v-PLANE
-.06030 “L
.00015 -+
1
A o
S o
J 2
I |
>l
} ; '/l[ Tl } ! { 1 | ] REAL Y
T N i I T i T
.0001 .0002
‘ >
L
FIGURE C-2. Locus of two roots of the guartic
V4 + avj + bv2 + cv +d =0
which comprise extraneous roots of Zop = 0. Relevant .
parameters are: r = h = -z = 100 ft7 Sy = .0001 sec/ft,
S, = .0000625 sec/ft. Arrival time tZP = .018049 sec.
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APPENDIX D

REPRESENTATION OF x;p INSIDE THE

CRITICAL CONE (r < r.)

The hypothesis x p(t,r,z) = 0 for t < typ (eq.ﬂlG»
is a sufficient condition to yield equation (12), which is
a plausible solution to the problem. The purpose of this
section is to show that this is not a necessary condition.

Consider the following function

an(t) = ii%;M[t—tnPj[l - yk(t—tnp + e))

e-0

+ ¥, (=t p=e) ] (D~1)

The order of the limit shown above is from top to bottom;
that is, (1) k - and then (2) ¢ - 0. The term Yk(t)
represents a sequence of ordinary differentiable functions.

One such sequence is given by
1 £ —kv2
v, (8) = (k/m)* Jre dv

-

This sequence is discussed in greater detail in Appendix

F, where it is shown that
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-1 1 for t > 0O
lim vy (t-e) =6 ~(t) =
k*fgk 0 for t < O
€ -

Equation (D-1) is plotted in Figure D-1 for k o . It will
be noted that an(t) = 0 in the interval (tnP—e).< t <
(tnP + €). The ordinate intercept is a function of the
constant M and the arrival time tnP'

The first and second derivatives of equation (D-1) are

given by the following equations:

' (t) = 1im M [ 1 (t-t (t-t
Xpp(t) = ki2> ' = Y (Etyp +oe) o+ oy (Bt g

g0

—-e)

+ [t—tnP][Y;(t‘tnP—e) - Y;(t—tnp+€)]] (D-2)

e _ R r " _ _ _ ] _
tup(® = Lin ot [2 [y Gt pe) = v (oot pre) ]

0 + [t-typlly, (t=typ=e) - vR(t-typre) 1] (D-3)
Equations (D-2) and (D-3) are plotted in Figure (D-1b) and
(D-1c), respectively, for k - . The singlet §(t) and the
doubiet 6'(t) represent the limit of y;(t) and y;(t);
respectively, as k -,

With the aid of Figure D-1, the following properties
may be establiéhed:

1: XnP(tnP) =0

2: ¥, p(typ) = 05 xpltyp) = M for t # t.p

3: x p(t) = 0 for all t.
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nP(t)

(a) 2¢€ /"’

npP t
'(t)
(b) % A A
t _-t)&(t- — -— (t- - -
L . ( np t) 8 (t tnP+e) (t tnP)é(t tnP €)
0 £
np t
" _(t)
/,nP /k
C ¥ = _
(c) 25 (t-t_,€)
A . \
t - 6‘ - €)—> - —- L — —_
( 0P £) 8 (t tnP+ ) (t tnP)é (t tnP €)
0 - * t
4 4

28 (t-t _+e)—
n ¥

P

FIGURE D-1. Plots of the discontinuous ¥ ,(t) and its
first two derivatives.
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Let ynp(t,r,z) represent a bounded and continuous

function for

t> t . If

nP

X p(t,r,z) = %%g yk(t—tnP + e)ynp(t,r,z) + an(t),

then

X;P(t,r,z)

1
for all t.“/

€-0 (D-4)

i

' ' ' .

+ y;P(t,r,Z)é-l(t—t + 0 (D"'S)

nP)

The following limits yield the weights ynP(tnP)

and Yﬂp(tnp) of equation (D-5):

lim X P(t,r,z) = Yup{typ) 1im vi(e) + xup(t,p)

S+t
t-thp

k-

e—0

= vup(tnp) lig 5=1¢e) + 0
e—0

= ¥5p(typ) (D-6)

. 1 1 . .
1lim an(t,r,z) = yup(typ) 1im vy (e)

t-t? npP

k- ®

+ ynb(tnp) ilm yk(e) + XnP(tnp)
[0 0]
¢—0

1/ The weights ynP(tnR) and ynp(L?p) should not be inter-

preted according to equations

(13) and (14) at this

stage in the development.
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' .
= Yup(typ) + Ynp(typ) N (0] + 0

= ¥ p(typ) (D-7)

Equations (D-6) and (D-7) are independent of Xpp(t) by
virtue of properties 1 and 2 above, This feature, together
with property 3, implies that X;P given by equation (D-5)
is independent of x n(t).

Comparing equation (D-5) with equation (12) will

reveal that these two equations have the same form. In

1" " :
fact, X, p(t,r,z) = x p(t,r,z) whenever
lim X p(t,r,2z) = lim x p(t,r,2) (D~8)
-ttt -+t
lim X;P(t,r,z) = lim xgp(t,r,z) (D-9)
tott t-tt
npP np
1" 3]
Ypp(tsr,z) = xpplt,r,;z) for t > t 4 (D-10)

Equations (D-8) and (D-~9) may be realized by virtue of
equations (D-6) and (D-7), respectively. .Equation (D-10)
may be realized by matter of definition because ynp(t,r,z)
appears as an arbitrary bounded and continuous function in

equation (D-5). Consequently, the expression

xpp(t,7,2) = 87 (=t yp(t,r,2) + xgup(t) (D-11)
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yields equation (12) which is a plausible solution to
the problem.

It is instructive to note that equation (16) is a
spécial case of equation (D-11) and results when M = O.
It is also instructive to note that equation (D-11) is
unbounded in the limit as M -, Both of fhese éonditions
are encountered in dealing with the integral definition
of x ., and will be briefly discussed below. " The féllowing
notation will facilitate the discussion:

Il(t,v) = RP(V}Klp(t,r,z,V)

Iz(t,v) = TP(V)sz(t,r,z,v)

The singularities of I (t,v) lie on the real v-axis

when t < t,p and are integrable. Therefore, these integrands

are analytic everywhere within the first quadrant, excluding
only a segment 0 < v < BP arbitrarily clcse to the real axis
(Fig. D-2). Thisreal axis segment of the moving branch cut

is of little consequence until r > r, because Re[I ] = 0

over this portion of the integration path. Thus for r < Ta

and t < t,p, the Cauchy-Goursat theorem may be used to write

Re fln(t,v_)dv = - Ref 1,(t,v)dv - Ref I,(t,v)dv

Cy <, €3 (D-12)

The integrands I,(t,v) are real on Cz; hence the third

2/

integral of equation (D-12) vanishes.=

2/ Along Cg, dv = idv and the integral becomes f i I (t,iv)dy

Cs



T-1169
IMAG. v v-PLANE

|
|
i
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1p cut .
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a, —cut az—cut 3 \ 7 . Cl
{ = 5 T T- REAL v
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FIGURE D-2.

Closed v-plane contour for t< tnP'
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The radius of the 02 contour, (¢, can be taken large

enough that the following approximations are valid:

a a v = 16
1~ 29 ™ = (e

Since t is bounded for the case under study (t < tnP)’ it

follows that§/

ip :
Thap ~ Ce (h + 2)

for 1arge ¢« The kernels therefore approach a constant

value as ( —o:

[r2 + (h + 2)2]—% = gr"?!

i
Knp(t,r,z,ge 9) =
The reflection and transmission coefficients for a
special solid-solid interface (sl = Sg, 0y pz) also
approach constant values as ( —© . These values are
given by
ig = i
Rp(ce™) = By(ce™®) - o
i
Tp(ge ) - 1
Tp(ce™) 1

For a general solid-solid interface (s; # s,, p; # pgy),

3/ In the remainder of this appendix, z will denote the
magnitude of the distance from the interface to the
receiver. Normally, z is negative when the receiver is

in medium 2.
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the-reflection coefficients increase as mlvz as |v|] - oo,
and the transmission coefficients approach constant values,
ng . The constants my and mg depend on the elastic para-
meteré of the two media and on the component and mode of
wave propagation.

The foregoing results imply that on C, there are three
cases to consider:

1 —'Il(t v) - 0 (special solid—Soiid}

2 - Il(t v) - mR” lgzelze (general solid-solid)

3 - Iz(t,v) -.n (special solid-solid, 7 = r-1

D-9

general solid-solid, n = mQR"l)

These three cases are treated separately below.
CASE 1

IC2, = Re [I_l(t,v) dv = 0

C2
CASE 2 -
IC2, = Re[lm‘R g j?elsede ]
3 .
L _ 1 -1.3
CASE 3 L
IC2, = R [:‘mg]elede]
’ o
= - n¢

When t < t pandr <r the integral defining Xnp

c’

is given by the expressions
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@
. 1 '
xpp(t,r,z) = - ﬁ'JrIn(t:V)dV = - % 1im.4r1n(t,v)dv
S . g-—'»oo
’ 1
1 .. ' )
= - = lim IC2, (D-13)

From cases 1, 2, and 3 abéve, it is easy to see that
xlp(t,r,z) = 0 for a special solid—sblid, but xnp(t,r,zj
is otherwise unbounded and hence meaningless in the |
classical sense.

Equation (D-11) can be used to accounf for the results
given by cases 1, 2, and 3. With M = 0, xlp(t,r,z) =0
for t < tnP which is consistent with case 1. As M -~ o,
xpp(t,r,2) - which is consistent with cases 2 and 3. DMore
importantly, when equation (D-11) is differentiated twice
"with respect to t, an expression is obtained (eq.112) which:
satisfies the displacement boundary conditions and yields

numerical results which are consistent with plane wave theory.



T-1169

APPENDIX E

EVALUATION OF THE WEIGHTS OF THE DOUBLET

AND SINGLET TERMS OF THE BOUNDARY FUNCTIONS

As t decreases to the arrival time (t - t; two

o)
complex roots from both sheets of theARieménn surface for
the function Z p = (rv + iTnP)(rv - iTnP)'mergé on the real
v~axis at vy, forming a simple pole there. A similar situa-
tion occurs for the shear arrival time. Evaluation of the
weights of the doublet and singlet terms of the boundary
-functions is predicated.on determining the'residué.for this
pole. This appendix pertains to the computation of residues
of the poles for the compressional terms. Residues for the
shear terms are obtained in the same manner.

An expression for the residue at v, may be obtained by

n
expanding rv - it p in a Laurent series about its zero.
The following notation will facilitate the expansion:

rv - it 5 = Qn(v) -t (E-1)

where

Qn(v) = v - i(alh + lzlan)
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The pole positions are given by the relations

Vl = I'Sl/R

The distances ry, Ry, and’R2 are defined'according to Figure

1. The distance R is given by
2 2%
R = [r4 + (h+z)“4]2

In terms of Q,(v), the series expansion of equation

(E-1) is given by the expression
rv - it p = (v=vp)Q,(vy) +;%,(Vuvn)2Qﬁ(vn)
+ 1~(v—v 3Q”'(V ) + (E-2)
3: I) n n e s @ ol

The derivatives of Q, are given by the equations

5 )

QL v) = —SE =r - iv(h/a; + lzl/ap)
v

" 3Q, ., .2,3 2. 3

Qn(v) = g;? = -i(hSj/aj + Izlsn/an)

o . -
o °

3 . ]

It is easy to show that Qi(vl) vanishes:~
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Qlvy) =1 - rsl(h;z)/[s%‘“ (fSl/R)Zj%
=r [i - (h+z)AR2~r2)%]

=0

It is considerably more difficult to show that Q) (v2)
vanishes. Rather than do so, a technique due to Cagniard
(1962, p. 89) isvugéd to express the Laurent series (eq. E-2)
in a form which contains only Qg(vn)and higher order terms.
The development which follows will proqeed with that
objective.

A new function is introduced according to equations
(E-1) and (E-2)
Qr(v) - t

e

Ln (V) =

Vn -V
= ~Q1(vp) = 5, (v=vi) Q) (v )
- %'(v—vn)ng'(vn) - e (E-3)

By defining a, on the second sheet of the Riemann surface,
the function L,(v) can be expanded about its zero v = vﬁ,‘

where vﬁ is the complex conjugate of y,. This expansion gives

: 1 1 2 K
Ln(v) = (v-v{)LL(v¥§) +-§!(V—V§) Ln(v;)‘+ co (E-4)
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Successive differentiation of equation (E-3) gives the

following expressions:

Ll (v) = - %Q;(Vn) - vy - .

I

Ly() = = 20 (vy) = 201 (vy) (v-vy) -

o

Substituting the last expressions into equation (E-4)

gives the following series for L (v):

Ly(v) = (v=vR) [~ 20 (vy) = S(vE-v)Qalvn) - ...
+ 2w BT- dapv) - FGEv Q) - Ll
+ oo e . (E-5)

Substituting equation (E-5) into equation (E-3) gives the
following series for equation (E-1):

Q) - t = (v-vy) (vp=v) - %Q§<Vn>-'%(v§—vn>Q;kvn) - ]
T O [ (RO ST T OO B TN T SN S
+ . . . (E-6)

Combining the higher-order terms of equation (E-6) into a

single term gives
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Q) - t = 3(v=v)) (v=vHI QL (v ) + e(¥)]
where ¢(v) is given by

e(v) = ZZ (v-viy™ 2 Igm) (Vi) /m

mn=3

+QZ(V"V)322 m-1

5 Erev-v) ™M)y @

As t decreases to the arrival time t the zeros of Qn(v)—t

np’

on the two sheets of the Riemann surface merge and the
second term in equation (E-7) vanishes because (vz—vn)»o.

In other words as t - t;P’ vﬁ tends to v resulting in the

limit

[e3)
lim e (v) = 2}: (V—vn)m—zQém)(vn)/m
mn=3

%k
Vn'Vn

= €(v).
From the above result, equation (¥-1) becomes
lin [Q,(v)-t] = 3Gr—v)ZRuGv)  + 2(W)]
tatgp

Since the derivatives of Qn are bounded, the error term

e (v) in equatioh (E-8) vanishes as v tends to v, because

n
it contains terms in (v-v_ ) of order two and greater.
Cbnsequently, in arbitrarily small neighborhoods of Ve

the following approximation is valid for t = thp

Zp~ - (v=v)? [TCrvein ) |Qp(vy)] ] (E-9)

92
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o))

The following relationships facilitate the evaluation
of equation (E-9)

al(vl) = i(h+z)Sl/R
al(vz) = ihSl/R1
az(vl) = izSz/Rz

rv + it = 2rv

np V=V n
Q, (vy) = -RS/[(h+z)2Sl]
1" _ 3 2
Qz(vz) = -R}/[h”"S,D]

~ .\ 3 2 3
D = [1 + (Ry/Rq)"(h/2)“(S/85)]

The residue for the Xip integrand is given by

iRP(Vl)Vl

[rv, 1Q) (v)) |13

(V“Vl)RP(V)KlP(t:ryZ,V) =
V=Vl

i[(h+Z)/R][S1/R]RP(V1)

Residues for the other integrands are similarly obtained.

Inside the critical cone, the weights of the doublet
are given by equation (13), namely mi times the residue at
Vo For r > 0, the required weights of the doublet are
found to be
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yip(ty1p) = [(h+z)/RI[S1/R]

1
= (h/R) (8{/R)Re[Tp(vy)]; z = 0
Vyp(typ) = (r/R)(S;/RIRe[R,(v})]

1
— 5. -1
Vop(top) = (£1/R1) (81/R}) (r1/7) D "Re[Tp(vg)1; z # O

(r/R)(Sl/R)jRe[TP(vz)]; z =0

The appropriate expressions for normal incidence‘(r = 0)
. 1
may be obtained by replacing (rl/r)2 with the expression

1

5 [1+r2/r1]'§ (E-10)

(ry/r) = [ry/(r{+15)]

where

I‘2=I‘-f'1"1

Using Snell's law, the ratio r2/rl may be written as follows:
rv2 213%
Sler + z47]2

ro/r, = < (E-11)
21 Sz[ri + h272

Substituting eduation (E-11) into equation (E-10) gives

2 2113
1 Sylry + z 1%

[rl/r] =1 +

1
Solr? + n232

As r approaches zero, both r., and r approach zero.

1

Consequently,
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Dol
W)=

lim [rl/r]

= [1 + Sllzl/szh]—
r-0

The following results are obtained for r = O:

Yop{tpp) = 0

yip(typ) = [87/(h+z) JRe[R,(0) ]

Weights of the Singlets

The weights of the singlet terms of the boundary
) 1
functions are obtained by evaluating ygp(t,r,z) and ynp(t,r,z)
for t = t, p. In integral form, the required derivatives for

t >t are given by

nP .
oo
1 1 ) '
V.p(t,r,z) = - = Re‘].R (v) K ,(t,r,z,v) dv
1P wooJ e 1P (E-12)
, 1 '
yép(t,r,z) = - = Re-[-TP(v) sz(t,r,z,v) dv

[o]
and similarly for the horizontal (overbar) components.
When t = tp equations (E-12) display a third order pole
at v on the path of integration (see equations B-8 and B-9,
Appendix B). With a simple transformation, the integrals
can be cast in a form involving only simple poles on the
real v-axis. To do this, the t-variable differentiations of
the kernels are interchanged with differentiations with

respect to h or r (or z). Possible transformations are

briefly discussed below. -
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In integral form, the t-variable derivatives of the

kernels are given by

[0 0]
()T
K (t,ryz,v) = iv J(we np g (rvw) dw (E~-13)
nP 0
0 o)
=! a2 -wT ) g
th(t,r,z,v) = i(v /al) j’we nP J](rvw) dw . (E-14)
(o]
Recalling that 7 _, = [ah + a z - it], it is easy to see

that equation (E-13) is equivalent to

[o0)
K;P(t,r,z,v) = - i g% (v/ay) jfe-anP Jo(rvw) dw]
E L o
!
= - i 35 Lal K‘ (t,r,z,v)] . (E-15)

where the dependence on h, heretofore considered a parameter,
is implied. Equation (E-15) can be generalized to higher

order derivatives. By induction

m .
Kég)(t,r,z,v) = (_i)m'giﬁ,[alm Knp(t;r,z,v)].

The Bessel function appearing in equation (E-14) may be
replaced with .the identity
1 d

Jl (TVU)) = - '\—"&; '&‘; [JO(I’V(;U)]

Replacing Jl(rvw) in equation (E-14) by the last expression

gives

il
!
Jte

0 :

—t o) =T

K p(t,r,z,v) §§'[(V/al) J{e P Jg (rvw) dw]
(o)

= -i S% [ail KnP(t,r,z,v)] (E-16)

w
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‘A general expression is similarly obtained by induction:

(m) . N (_sym 3m _-m
KnP (t,r,z,h,v) (=1) " ————e a, K p

) (t,I‘,vZ,h,V)
oroh

Equations (E-15) and (E-16) transform equations (E-12)
into integrals involving.simple poles on the real path of
~integration. To see this, K%P and ?gp in equations (E~l2>
are defined according to equations (E-15) and (E-16), and the

order of differentiation and integration is interchanged.

The following equations result:

[¢2]
' ) = ; 9 -1
ylp(t,l,z) == Re[l ah.j'RP(V)al KlP(t,r,z,v) dv] (E-17)
1 °F
' - —
yzp(t,r,z) == Re[} é%-JfTP(V)allKZP(t,r,z,v) dv] (E-18)
(o]

.and similarly for the horizontal compcnents. Thelintegrands
of equations (E-17) and (E-18) display simple poles'for
t = t,p and hence the residues may be evaluated.

Jt is interesting to note that in generalizing the
argument to y;P, ?gp, and highér order derivatives, the a;m
term contributes singularities of order greéter than one,'and
hence non-integrable singularities. Fortunately, the weights
of the doublets and singlets do not require these higher order
derivatives.

Using equation (E-17) for yip(t;r,z), the residue at v,
is given by

(v=v{)Rp(V)Kyp(t,r,z,v)
V*-:V1
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ek

gy S [y deveirp g 1]

V=V1..
=1 Bplvy) 5% (%)
- —i[(h+z)/R]R‘2RP(vl) (E-19)

Residues for the other corresponding integrands are similarly
obtained. It is important to note that the residue for the
Y;p integrand equals (RS‘l)—1 times the residue of the y,p
integrand. Similarly, the residue for the yép integrand
equals (RlSl)"1 times the residue of the yop integrand. The
proof of the latter case is considerably more involved than
the proof given above for the former case because of the
required differentiation of terms containing the distances
ry, Ry, and Rg,which are implicit functions of r and h.

In summary, the weights of the singlet terms are given

by the relations

yip(typ) = (Rsl)—lylp(tlp)

' -1
Vop(tap) = (Ry151)  yop(typ)

—1 _ v N—1l—

1p 1P (t

lP)

— -1

The distances r R and Ry, which are required in

i

order to compute the weights of the doublet and singlet
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‘terms for medium 2, may be derived by solVing a quartic

equation in r

where

The appropriate r

i

I

i

17 namely

4 ,3 ! 2 — V 4
ry o+ alj + brl + Ccry + d=20 (E-20)

—-2r

(S%ZZ - Sghz)/A 4+ T2

(2rs§h2)/A,

§h2r2)/A

2 2

~(S

1 is chosen from the four roots of eguation

(E-20) on the basis of Snell's law:

wherel
R

R

n

1

2

Slrl/Rl = SZ(r—rl)/EZ

N

[hz + T

=N

]

1
[22 + (r-rl)zjz
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- APPENDIX F

CONTINUITY OF THE COMPONENTS OF

DISPLACEMENT FOR z = 0

A mathematical demonstration that the displacement
boundary conditions are fulfilled is given in this section
(see Appendix‘A, cases 1: and 2:). The development is for
the vertical component of displacemeht for a special solid—
solid interface (sl = Sg9, P1 = fg), A corresponding development
for the horizontal componenf is essentially the same, thus
obviating the need for its presentation. The development
for the general solid-solid interface includes shear wave
terms, but is otherwise the same as the development for the
spec@al solid.

The arrival times for the direct wave, the reflection,
and the transmission are equivalent when the receiver is
located at the interface. In other words, t, = R,S; =
t1p = tgp for z = 0, where Ry = [r? 4 hz]%. Therefére,
the difference between the vertical components of displace-

ment in the two media is given by
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d; (t,r,0) - dy(t,r,0) :__p(t>*f(t)*[(h/RO)g(t—to) +oalt,T)]

(F-1)

where

It

' -2
g(t) = -(S{/Ry)8 (t) - Ry &(¢t)
A(t,r) = X;P(t,r,o) + xgp(t,r,o)

. " .
The functions x,p may be expressed in two forms. One form,

which is obtained from equation (6), is given below.

_ alh+pt
1P(t ,0) 2n1f _[Cl)‘J (r\)e dxdp
Br o
-1 h+pt
xgp(t,r,o) = Eﬁ; ‘[szJo(rx)e 1P dxdp (F-2)
Br o

Using the relationship C, = 1 - Cy, A(t,r) is expressible

in the form

h t
Alt,r) = fka (r))e B S didp
2ﬁ1

Br o
(03]
S Jreptdp.llnlii_ J (rx)e‘alhdx (F-3)
2m7i dh J o3 ©
Br o

The inner integral in equation (F-3) will be recognized as

the Sommerfeld integral whose value is given by

[Roexp(p RoS1) 17
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AConsequently,’equation (F-3) is equivalent to

|

1 d -1 -pR_.S pt
A(t,r) = - = — [R_"e o 1lle¥*d
’ 2ri J dn o - P
r

- - il[é; 5 (t-RgSq) ]

dh o
- _h 4|1 -
Ro dRo[ o ot Rosl)]
= —~(h/Rg)g(t-ty) (F-4)

Substituting equation (F-4) into equation (F-1) causes

the bracketed term to vanish. Consequently,
dy(t,r,0) - do(t,r,0) =0

which verifies that the first of equations (6) satisfies the
displacement boundary conditions for a special solid-solid
interface.

Using the relationships

it is easy to show that the third of equations (6) also
satisfies the displacement boundary conditions. The development
for the general solid is the same as that given above, only

more terms are involved.
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1)

The second form for the functions X.p involves the
doublet and singlet terms (eq. 12). Actually, it is better
to use the form given by equation (12) because it is from
expressions such as these that the numerical computations
are performéd, Moreover, fulfiilment of the displacement
boundary conditions serves as a partial check that the
mathematical developmentyleading from equations (6) tq
equations (12) is correét;

The following equation for A(t,r) can be derived from

equation (12) by setting =z = O:

+ 6(t'to)[yip(t1p) + yép(tgp)]z -0
+ 6‘1(t-to)[ygp(t,r,0) + yop(t,r,0)] (F-5)

The required weights are given below for z = 0.

ylp(tlp) = (h/Ré)(Sl/RO)Re[RP(Vl)]

I

YZp(tzp) (h/Ro) (Sl/Ro)Re[TP(Vl).]

y1p(t1p) = (0/RoIRGRe[Rp(v1)]

Yop (h/Ro)RGZRe[Tp(v )] (F-6)

(top)

The following relationships are used to reduce the bracketed
terms shown in equation (F-5) and its horizontal component

analogs’
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Tp(v) 1 - Rp(v)

Tp(v) =1 + Rp(v)
Kip(t,r,0,v) = Kyp(t,r,0,v)
Klp(t,r,o,v) = sz(t,r,o,v) (F-7)

Using equation (F-6), together with the appropriate relation-
ships from equation (F-7), it is easy to show that equation

(F-5) reduces to the following form:
A(t,r) = -(h/Ry)g(t-ty) - 6—1(t~to)l(t,r) (F-8)

where
l (e0]
I(t,r) = = RejﬁK;P(t,r,o,v) dv

Substituting equation (F—S)Ointo equation (F-1) gives

dy(t,r,0) ~ dg(t,r,0) = P(t) * £(t) * s~1(t-t ) I(t,r)
(F-9)

"The ihtegral definition of the kernel (eq. 8) is used

to evaluate I(t,r). This gives
1 ’ o8] 0] -
I(t,r) = - - Reervlerwz exp[-w(a1h-1t) 1J (rvw) du
(o]
[e] [e0]
= -]7- Re [(ﬁelwtdw —-(i—- Y e—watho(I‘Vu)) dv (F-10)
" S dh a1
o

The inner integral inequation (F-10) is a form of the

‘Sommerfeld integral. Its value is given by
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[wRo exp(-iwRySy) 77t

Consequently, I(t,r) may be expressed as an inverse

Fourier transform:

0]

1 d -1 . ipt
I(t,r) = ;-Re-j.ag [Ro exp(~1wROSl)]e “dw (F-11)

(o}

Inverting equation (F-11) gives the following result:

I(t,) = < [RS8 (t-RySp) ]

(h/Ro)En(sl/Ro)s'kt-Rosl) - Rgza(t—Rosl)]

(h/Ry)g (t-t,) (F-12)

Equation (F-9) now becomes
dy (t,r,0) - dgo(t,r,0) = (B/R)P(t) * £(t) * [671(t-to)g(t-to)]
' | | (F-13)

The bracketed term in equation (F-13) represents the

product of generalized functions. Unfortunately, it is not

~ possible to define such an operation‘iﬁ general. There does

not seem to be any natural way to define ﬁhe product of two

arbitrary generalized functions because the product does not

alWays exist.V'It is haturalg however, to define one of fhe‘

generalized funétions'és theAlimit of a sequenée v (t) of

ordinary differentiable functions. Then, since it is possible

o
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.to define the product of any generalized function and an
infinitely differentiable function, the limit of this product,
if it exists, yields the required result.

A convenient description of a family of functions with

derivatives of arbitrarily high order is given by
. . "

1 2
Yk(t) = (k/ﬂ)% j’e_kx dx (F-14)

-®

From the properties of the Gaussian error function it can

be shown that
[0 4]

1 w2
(k/m) 2 jpe kx%ax = 1

-0
for all k. Since the integrand is positive, it follows
that

0 < yk(t) <1

for all t. If k is large yk(t) is practically zero for

t < 0 and practically unity for t > 0, except in a small
neighborhood of t = 0 (Figure F-la). By shifting the
function an amount ¢ to the right, Yk(t—e) can be made
arbitrarily small for t < O (Figure F-1D). Thus, the larger
k and the smaller ¢, the more closely vy, (t-e) approximates
the unit step 6"1(t). 1In fact,

1 1 for t >
lim vy (t-e) = & “(t) =
k- oo
€—0

0
0 for t € O
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P-8
Y, (t)
(a) 1.0l |r9k
f Fsmall K
Yk (t_e)
(b) 1.0+
]
;
0 ¢ t
Y, (t)
(c)

FIGURE F-1. Examples of the sequences Yy (£) Yk(t_e),
Yk(t). Yk(t) is shown on an expanded scale in t.
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- where the order of the limit is from top to bottom;
that is, (1) k —o and then (2) ¢ - 0.

With the step function defined as a generalized limit
of a sequence yk(t—g) of ordinary functions, the following
meaning is given to the bracketed term in equation (F-13):
[671(t-t)g(t-ty)] = g iiz)[Yk(t-to—e)é'(t—to)]

-0
+ cg lim [vk(t—to—e)étt—to)]

k- co
€~0 (F-16)

Here, cj and cg are the constants —Slel

and Rgz, respectively.
The properties of generalized functions yield the following
expressions for the bracketed terms in equation (F-16)

(Papoulis, 1962, p. 274):
1 1]
[y (t=tg=e)s (t-ty)] = vi(-e)s (t-ty) - v (=€) 6 (t-t5)
[yg(t-ty-eds (t-tgy) ] = vr(=e)d (t-t,)
Equation (F-16) therefore becomes

[67 1 (t-t ) g(t-tp)] = [egs ' (t-tgy) + coft-to)] lim yy (-e)

k- o

e—0

~ [eq6(t=t )] lim vy, (-€)
-~1 o} k
k— oo

=0 (F-17)
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From equation (F-15) it follows that the first term of

equation (F-17) vanishes. The derivative of yk(t), namely
' 1l 2
V() = (k/myZe”*

looks like Figure (F—lc). The larger k is, that is, the

more closely yk(t) aﬁprOXimates a step, the narrowef the
curve representing yé(t) becomes and the higher the peak is
at t = 0. In the 1limit as k-o, yé(t)*6(t), which is entirely

consistent with the .properties of generalized functions.

Consequently,
lim v, (-e) = lim [1im yg(—e)]
k- o0 e~0 Lk~
e—0
= 1im [0] = O
e—0

With the result [6™1(t-ty)g(t-t,)] = 0, it follows immediately
that
Idl(t,r,o) ~ do(t,r,0) =0
when the second form of X;P is used in the analysis.,.
It is instructive to note that two otherzforms of
' 6“1(t) may be obtained from the. sequence yk(t), These
are given by the limits:
1 for t > O
lim v (£) =(3 for t = 0 (F-18)

k- o

0O for t < O
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and
1 for t > 0
lim yk(t+e) = (F-19)
k— o O for t < O
e~0
Equations (F—lS) and (F-19) are equivalent to equation (F-18)
when the order of the limits is interchanged; that is, when
(1) -0 and then (2) k-oo,
An interpretation of 6”1(t) based on either equation

(F-18) or equation (F-19) gives
[6”1(t—to)g(t—to)] = [clé'(t-to) + cgb (t-tg) Iw

- [c16 (t-tg) 16 (0) (F-20)

where w is either 3 or 1, depending on whether equation

&F-lS)vor equation (F-19) is used. No meaning can be

.attached to the second term in equation (F—ZO) because it
makes no sense to talk about the value of §(t) for a fixed

t. Furthermore, equation (F-20) does not cause equation (F-13)

. o "
to vanish, meaning that the first and second forms of x,p

(eqs. 6 aﬁd eqs. 12) are not equivalent when 5'1 is
interpreted according to either equation (F-18) or equation
(F-19).

Equation (F—l5)'is certaiﬁly not an unreasonabie

iﬁterprétation of the step function when used in the context

. ) : A 1" ) . :
of equation (12). The integral x,p(t,r,z) strictly does not
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exist at the arrival time tp,p, and 6‘1(t—tnp)ygp(t,r,z)
gives meaning to such a function for all t.

Fulfillment of the displacement boundary conditions
for several values of r and h has been demonstrated
numerically for both vertical and horizontal components.

A special solid-solid interface was used. The second form
of X;p and §ﬁb, interpreted according to'equafion (F-15),

was used for all computations.



T-1169

APPENDIX G

BIBLIOGRAPHY

Spherical Wave Propagation in Bounded Media

Abramovici, F., and Alterman, Z., 1965, Computations pertain-
ing to the problem of propagation of a seismic pulse
'in a layered solid: in Methods in Computational Physics,

——

v. 4, p. 349-379. '

Ben-Menahem, A., and Cisternas, A., 1963, The dynamic
response of an elastic half-space tc an explosion in
.a spherical cavity: Jour. Mathematics and Physics,
v. 42, p. 112-125,

Borifeld, R., 1962a, Exact solution of the reflection and
refraction of arbitrary spherical compressional waves
at liquid-liquid interfaces and at solid-solid inter-
faces with equal shear velccities and equal densities:
Geophys. Prosp., v. 10, no. 1, p. 35-67. ’

1962b, Reflection and refraction of spherical
compressional waves at arbitrary plane interfaces:
Geophys. Prosp., v. 10, no. 4, p. 515-538.

1967, Elastic waves in layered media: Geophys. Prosp.,
v. 15, no. 4, '

Brekhovskikh, L.M., 1948, The reflection of sphericallwaves
at a plane interface: Jour. Tech. Physics (U.S.S.R.),
v. 18, p. 455.

1960, Waves in layered media: (Transl, by D. Lieberman
Ed. by R.T. Beyer), Academic Press, New York.



T-1169 | G-2

Cagniard, L., 1939, Reflection et refraction des ondes
progressives seismiques: Gauthier-Villars, Paris
(Transl. by E.A. Flinn and C.H. Dix, New York,
McGraw-Hill Cook Co., Inc., 1962).

Dix, C.H., 1954, The method of Cagniard in seismic pulse
problems: Geophysics, v. 19, no. 4, p. 722-738.

1961, The seismic head pulse, reflection, and pseudo-
reflection pulses: Jour. Geophys. Research, v. 66,
p. 2495-2951.

Doak, P.E., 1952, The reflection of a spherical acoustic
palse by an absorbent infinite plane and related
problems: Royal Soc. London Proc.,, Ser. A, v. 215,
p. 233-254. . ‘

Ewing, M.W., and Jardetzky, W.S., and Press, F., 1957,
Elastic waves in layered media: New York, McGraw-
Hill Book Co., Inc.

Flinn, E.A., 1961, Exact transient solution of some elemen-
tary problems of elastic wave propagation: Jour.
Acoustical Soc. America, v. 33, p. 623-627.

Gerjuoy, E., 1948, Refraction of waves from a point source
into a medium of higher velocity: Phys. Rev., v. 73,
p. 1442-1449,

1953, Total reflection of waves from a point source:
Commun. Pure Appl. Mathematics, v. 6, p. 73.

Gilbert, F., and Laster, S.J., 1962, Excitation and propaga-
tion of pulses on an interface: Seismol. Soc. America
Bull., v. 52, p. 299-319.

"Go, J.C., 1964, Surface elastic waves of a surface layer
overlying a half-space due to an internal point source:
Seattle, Wash., Report D2-22965, The Boeing Co.

1965, Dynamic ground responses due to an impulsive
moving pressure: Seattle, Wash., Report D2-23440,
The Boeing Co.

Grant, F.S., and West, G.F., 1965, Interpretation theory in
applied geophysics: New York, McGraw-Hill Book Co., Inc.



T-1169 - G-3

Harkrider, D.G., 1964, Surface waves in multilayered
elastic media. I. Rayleigh and Love waves from
buried sources in a multilayered elastic half-space:
Seismol. Soc. America Bull., v. 54, no. 2, p. 627-680.

Ingard, V., 1951, On the reflection of a spherical sound
wave from an infinite plane: Jour. Acoustical Soc.
America, v. 23, p. 329-355.

Knopoff, L., Gilbert, F., and Pilant, W.L., 1960, Wave
propagation in a medium with a single layer: Jour.
Geophys. Research, v. 65, p. 265-278.

Kbgan; S.Y., 1963, The seismic energy generated by a surface
source: (Izvestiya) Acad. Sci., U.S.S.R., Geophysics
Ser.

Koo, B., and Loux, P., 1967, Ray theory seismic pulse (rats
pulse) : Math. Report, Environmental Research Corp.,
Alexandria, Virginia. Prepared under contract AT(29-2)-
1163 for the Nevada Operations Office, U,S. Atomic
Energy Comm.

Lamb, H., 1904, On thevpropagation of tremors over the
surface of an elastic solid: Royal Soc. Phil., Trans.,
A203-1. '

ott, H., 1942, Reflection and refraction of spherical waves -
effects of the second order: Annalen Der Physik, v. 41,
p. 443-446. ‘

Pekeris, C.L., 1940, A pathological case in the numerical
solution of integral equations: U,S, Natl. Acad. Sci.
Proc., v. 26, p. 433-437. ‘

1941, The propagation of an SH pulse in a layered
medium: Am. Geophys. Union Trans., v. 22, p. 392.

1948, Theory of propagation of explosive sound in
shallow water: Geol. Soc. America Mem. 27.

1955a, The seismic surface pulse: U,S. Natl. Acad.
Sci. Proc., v. 41, p. 469-480.

1955b, The seismic buried pulse: U.S. Natl. Acad. Sci.
Proc., v. 41, p. 629-639.

1960, Propagation of seismic pulses in layered liquids
and solids: in Internatl. Symp. on stress wave propa-
gation in materials, Interscience, New York.



T-1169 G-4

Pekeris, C.L., Alterman, Z., Abramovici, F., and Jarosch, H.,
1965, Propagation of a compressional pulse in a layered
solid: Reviews of Geophysics, v. 3, no. 1, p. 25-47.

Pekeris, C.L., and Lifson, H., 1957, Motion of the surface
of a uniform elastic half-space produced by a buried
pulse: Jour. Acoustical Soc. America, v. 29, p. 1233-1238.

Pekeris, C.L., and Longman, I.M., 1958a, The motion of the
surface of a uniform elastic half-space produced by a
buried torque-pulse: Geophys. Jour., v. 1, p. 146-133.

1958b, Ray-theory solution of the problem of propaga-
tion of explosive sound in a layered liquid: Jour.
Acoustical Soc. America, v. 30, p. 323-328.

Pekeris, C.L., Longman, I.M., and Lifson, H., 1959, Applica-
tion of ray-theory to the problem of long-range
propagation of explosive sound in a layered liquid:
Seismol, Soc. America Bull., v. 49, p. 247-250.

Petrashen, G.I., 1965, The work of the Leningrad school on
seismic wave propagation: Review of Geophysics, v. 1,
no. 3’ pl 199—2090

Phinney, R., 1965, Theoretical calculation of the‘spectrum
of first arrivals in layered elastic mediums: Jour.
Geophy. Research, v. 70, no. 20,

Pinney, E., 1954, Surface motion due to a point source in a
semi~infinite elastic medium: Seismol. Soc. America
BU.ll., Vo 44, po 571—596- .

Pod"yapol'skii, G.S., 1966, A ray-series expansion for ,
reflected and transmitted waves: (zvestiya) Acad. Sci.,
U.S.S.R., Physics of the Solid Earth Ser.

Roever, W.L., Vining, T.F., and Strict, E., 1959, Propagation
of elastic wave motion from an impulsive source along
a fluid-solid interface -- I. Experimental pressure
response, II, Theoretical pressure response, III. The
pseudo-Rayleigh wave: Royal Soc. London Philos. Trans.,
Ser. A, v. 251, p. 455-523,. :

‘Roy, A., 1965, On the general solution of elastic wave

- equations in a homogeneous medium with applications to
the study of earthquake source mechanisms: Seismol.
Soc. America Bull., v, 55, no. 2, p. 283-301.



T-1169 | G-5

Savage, J.C., 1958, Reflection from a fluid of higher sound
velocity: Jour. Acoustical Soc. America, v. 30, p. 974-
978. ‘

Sherwood, J.W.C., 1960, Transient sound propagation in a
layered liquid medium: Jour. Acoustical Soc. America,
v. 32, p. 1673-1684.

Smirnov, V., and Sobolev, S., 1932, On a new method in the
problem of elastic vibrations: Trudy Inst. Seismn.
Akad. Nauk U.S.S.R., no. 20.

1932&, Sur le problem plan des vibrations elastiques:
Acad. sci Paris Comptes rendus, v. 194, p. 1437-1439.

1932b, Sur quelques problems des vibrations elastiques:
Acad. sci Paris Comptes rendus, v. 194, p. 1797-1799.

1933, On the application of a new method of investi-
gation of the elastic vibrations in space with axial
symmetry: Trudy Inst. Seism. Akad. Nauk U.S.S.R.,
no. 29,

Sobolev, S., 1932, Application de la theorie des ondes planes
a la solution du probleme de H. Lamb: Trudy Inst.
Seism, Akad. Nauk U.S.S.R., no. 18,

1933, Sur les vibrations d'un demiplan et d'une
couce a conditions initiales arbitraires: Sbornik Mat.
(Moscow), v. 40.

1937, Some aspects of the theory of propagation and
vibrations: in P. Frank and R. Von Mises, Differential
and integral equations of mathematical physics, pt. 2,
(only in the Russian editiomn).

- Spencer, T.W., 1960, The method of generalized reflection
' and transmission coefficients: Geophysics, v. 25, no. 3,
p. 625-641.

1965a, Long-time response predicted by exact elastic

——

ray theory: Geophysics, v. 30, no. 3, p. 363-368.

1965b, Refraction along a layer: Geophysics, v. 30,
no. 3’ p‘ 369"‘3881

Whitley, V.W., 1967, Ray theory seismic pulse (rats pulse):
Program Report, Environmental Research Corp., Alexandria,
Virginia. Prepared under contract AT(29-2)-1163 for
the Nevada Operations Office, U.S. Atomic Energy Comm.



T-1169

Weyl; H., 1919, Ausbreitung elektromagnetischer wellen uber
einem ebenen leiter: Annalen Physik, v. 60, p. 481-500.

Zvolinskii, N.V., 1957-58, Reflected waves and head waves
arising at a plane boundary between two elastic media,
I, II, III: (Izvestiya) Acad. Sci., U.S.S.R., Geophysics
Ser. '

Spherical Wave Propagation in Unbounded Media

Barnes, C., and Anderson, D.V., 1952, The sound field from
a pulsating sphere and the development of a tail in
pulse propagation: Jour. Acoustical Soc. America,

v. 24, p. 229,

Blake, F.G., Jr., 1952, Spherical wave propagation in solid
media: Jour. Acoustical Soc. America, v. 24, p. 211-215.

Case, K.M., and Colwell, J.F., 1967, Elastic waves radiated
‘ by a small source: Geophysics, v. 32, p. 52-59.

Duvall, W.I., and Atchison,T.C., 1950, Vibrations associated
with a spherical cavity in an elastic medium: Bur. of
Mines Rept. of Inv. 4692, 9p.

Eason, G., 1963, Propagation of waves from a spherical and
cylindrical source of finite length: ZAMP, v. 14,
po 12"'23-

Eringen, A.C., 1957, Elasto-dynamic problem concerning the
spherical cavity: Quart. Jour. Mech. and Appl. Math.,
v. 10, pt. 3. ‘

Gurvich, I.I,, 1965, The theory of spherical radiators of
seismic waves: (Izvestiya) Acad. Sci., U.S.S.R., Physics
of the Solid Earth Ser.

1966a, The excitation function of a spherical detona-
tion emitter: (Izvestiya) Acad. Sci., U.S.S.R., Physics
of the Solid Earth Ser.

1966b, Spectra of waves from a spherical emitter in
a homogeneous absorbing medium: (Izvestiya) Acad. Sci.,
U.S.S.R., Physics of the Solid Earth Ser.

1967, The dependence of seismic wave spectra in an
absorbing medium on weight of a charge: (Izvestiya)
Acad. Sci., U.S.S.R., Physics of the Solid Earth Ser.



T-1169

Hirasawa, T., and Sato, R., 1963, Propagation of elastic
waves from a spherical origin-Part 1, Part 2: Zisin

Honda, H., 1959, The elastic waves generated from a
spherical source: Sci. Reports Tohoku Univ., Ser. 5,
Geophysics, v. 11, p. 178-183.

Sabodash, P.F., 1966, Propagation of spherical waves in
an elastic-plastic medium: (Izvestiya) Acad. Sci.,
U.S.S.R., Physics of the Solid Earth Ser.

Selberg, H.L., 1952, Transient compression waves from
spherical and cylindrical cavities: Arkiv, Fysik.,,
v. 5, p. 97-108.

Sezawa, K., and Kanai, K., 1941, Transmission of arbitrary
elastic waves from a spherical source, solved with
operational calzculus: Tokyo Univ. Earthquake Research
Inst. Bull., v. 19, p. 151-161.

Sharpe, J.A., 1962, The propagation of elastic waves by
explosive pressures: Geophysics, v. 7, p. 144-154,
311-321. '

Vodicka, V., 1963, Radial vibrations of an infinite medium
' with a spherical cavity: ZAMP, Brief Reports, v. 14,
p. 745-748.

White, J.E., 1965, Seismic waves-radiation, transmission,

and attenuation: New York, McGraw-Hill Book Co., Inc.

Mathematical Techniques Employed For Certain
Spherical Wave Propagation Problems

Hoop, A.T., de, 1961, A modification of Cagniard's method
for solving seismic problems: Appl. Sci. Res., sec. B,
v. 8, p. 349-356.

Longman, I.M., 1961, Solution of an integral equation
- occurring in the study of certain wave-propagation
problems in layered media: JarAcoustical Soc. America,
v. 33, p. 954-958.

1965, Comments on a paper by Papadopoulos on the

————

Seismol. Soc. America Bull., v. 55, no. 2, p. 303-318.

use of singular integrals in wave propagation problems:



T-1169 G-8

Love, A.E.H., 1944, The mathematical theory of elasticity,
4th ed.: New York, Dover.Pub. Inc.

Papoulis, A., 1962, The Fourier integral and its applications:
New York, McGraw-Hill Book Co., Inc.

Pekeris, C.L., 1956, Solution of an integral equation occur-
ring in impulsive wave propagation problems: U.S.
Natl. Acad. Sci. Proc., v. 42, p. 439-443.

Pinney, E., 1951, A theorem of use in wave theory: Jour.
Mathematics and Physics, v. 30, p. 1-10.

Rabinowitz, P., 1966, Automatic integration of a function
with a parameter: Comm. Assoc. Computing Machinery, v. 9,
p. 804-806. '

Sokolnikoff, I.S., 1956, Mathematical theory of elasticity:
New York, McGraw-Hill Book Co., Inc.

Watson, G.N., 1944, A treatise on the theory of Bessel
functions: 2nd ed. Cambridge.

Parameters of Explosive Sources of Spherical Waves

Berg, J.W., Jr., and Papageorge, G., 1964, Elastic displace-
ment from explosive sources: Seismol., Soc. America Bull.,
v. 54, no. 3, p. 947-959.

Kisslinger, C., 1963, The generation of the primary seismic
signal by a contained explosion: Vesiac State of the
Art Report, Inst. of Sci. and Tech., Univ. of Michigan,
po 1—850 ' -

Latter, A,L., Martinelli, E.A., and Teller, E., 1959, Seismic
scaling laws for underground explosions: Phys. of Fluids,
v, 2, p. 280-282. '

Molotova, L.V., 1964a, The relationship between the frequency
spectra of seismic vibrations and explosion conditions I.
Results of experimental investigations: (Izvestiya)

Acad. Sci., U,S.S.R., Geophys. Ser.

1964b, The relationship of the frequency spectra of
seismic vibrations and explosion conditions II. Compari-
son of the experimental results with the theory:
(Izvestiya) Acad. Sci., U.S.S.R., Geophys. Ser.



T-1169

i
w

O'Brien, P,N,S., 1960, Seismic energy from explosions:
Geophys. Jour., v. 3, no. 1, p. 29-44.

Peet, W.E., 1960, A shock wave theory for the generation of
the seismic signal around a spherical shot hole:
Geophys. Prosp., v. 8, no. 4, p. 509-533.

Toks6z, M.N., Ben-Menahem, A., and Harkrider, D.G., 1964,
Determination of source parameters of explosions and
earthquakes by amplitude equalization of seismic
surface waves. 1. underground nuclear explosions:
Jour. Geophys. Research, v. 69, no. 20, p. 4355-4365.



