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ABSTRACT

We consider traveling wave solutions to bistable differential-difference equations 

obtained using both analytical and numerical techniques. The differential-difference 

equations of concern include spatially continuous and spatially discrete reaction- 

diffusion, damped wave, and wave equations. We explore these equations as con­

stant coefficient problems and as variable diffusion and inhomogeneous equilibria 

state problems.
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Chapter 1 

INTRODUCTION

We consider both analytically and numerically obtained traveling wave solutions of 

differential-difference equations of the form

aù(r), t) +  / 3 u ( t],  t) — 'yAufa, t)

=  L(u(t7, t), u(77 +  n ,  t ) , u(r) +  rN, t)) -  f(u(rj ,t),a).  (1.1)

The left-hand side of (1.1) is the “differential” portion of the equation where A 

represents the Laplacian operator and “ ‘ ” indicates the derivative with respect to 

time. The operator L is a linear difference operator of a form that represents discrete 

diffusion. The function /  is a nonlinear operator of bistable type which depends on 

a parameter a. The r* 6 2R, i = 1,..., N,  represent “shifts” of the solution function 

with respect to the spatial variable.

Throughout the modeling community interest is increasing in models of time de-
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pendent differential equations that are discrete in space. In many areas of science, 

systems exhibit a spatially discrete structure. This spatially discrete structure is often 

the result of an underlying spatial lattice which affects the evolution and dynamics 

of the system. The representation in (1.1) allows the microscopic lattice structure of 

a system to have macroscopic effects on the solution behavior, in particular we note 

tha t the discrete Laplacian, L, allows the phenomena of anisotropy and propagation 

failure (phenomena that continuous Laplacian models fail to represent). Some of the 

fields of research in which we see the effects of a spatially discrete structure and can 

be modeled by equations of the form of (1.1) include material science (crystal growth 

and liquid-solid materials) [8], [18], [37], chemical reaction theory (chemical reactors) 

[24], [43], image processing and pattern recognition (cellular neural networks and op­

tical memory) [27], [15], [16], [17], [51], [63], physics (relativistic quantum mechanics) 

[56], [57], [58], [62],and biology (myelinated nerve axons and myocardium) [5], [22], 

[41], [42], [65], [6], [23], [40].

Our interest in traveling wave solutions follows the extensive studies of traveling 

wave solutions to partial differential equations such as the reaction-diffusion equation

ut =  auxx — /(it), u : (x, t) - ï  M  for x , t  e  JR, (1.2)
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with a  > 0 and f  : M M  defined as

f (u )  =  u(u — a)(u — 1), 0 < o < 1, (1.3)

where o is a detuning parameter. By traveling wave solution, </> : JR —> 1R, we mean 

solutions of the form

u(x, t) = (/)(x — ct) (1.4)

where c G 2R is the unknown wave speed which is found as part of the solution, 

[26]. Substituting the traveling wave ansatz (1.4) into the reaction-diffusion partial 

differential equation (1.2) we obtain

-ap'(o= m o -  urn) (i-5)

where £ = x  — ct £ JR. Equilibrium solutions to (1.2) and (1.5) are the simplest 

solutions to obtain. The solution types that are of interest in this work are solutions, 

waves, that connect the two “stable” equilibria, tt =  0,1. This requires imposing the 

boundary conditions

</>(—oo) =  ^lim  </>(£) =  0, 0(oo) =  ^lim ^ ( ( )  =  1.

If % E lRn and we replace uxx in (1.2) by A u  =  Ylk=i Dxkxk, we once again obtain
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(1.5). The only difference is the traveling wave ansatz is now it(x, t) =  (/)(x • a — ct), 

where the vector a  =  ( c r i , c r 2 , . . . , c r n ) T  €  M n , such that £ £ =1 a l  =  1, is normal to 

the traveling wave front. Equation (1.5) is independent of the direction vector a  and 

dimension n.

A spatially discrete analog of the partial differential equation (1.2) is the 

differential-difference equation

ut(x, t) = q[u(x + ! ,£ )  — 2u(x, t) + u(x — 1, #)] — f (u) ,  (1.6)

u : (x,t) 1R for x E 2Z,t € JR,

with bistable nonlinearity (1.3), which defines a countably infinite system of ordinary 

differential equations indexed by points on a spatial lattice. If we considered x e  JR 

we would have an uncountably infinite number of such systems. Substituting the 

traveling wave ansatz u(x,t)  =±= (f>(x — ct) into (1.6) we obtain

-< $ (0  =  < # ( (  +  1) -  20(f) +  0 (f -  1)] -  f ( u ) .  (1.7)

Now suppose that x  € Z n. Then the operator [u(x +  l , t )  — 2u(x, t) +  u(x  — 1, t)] is

replaced by the n dimensional operator Ylk=i[u (x  + ek, t) — 2u(x1t) + u(x — ek,t)] with 

6k a unit vector of length n with 1 as the kth element. The set of vectors {efc}£=1 form 

a basis for JRn. This particular set of basis vectors represents a rectangular lattice.
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Other choices of bases correspond to other lattices. Substituting the traveling wave 

ansatz u{x, t) =  - a — ct) into the n  dimensional version of (1.6), we obtain

-c<t>{C) =  a  +  ca: • a) -  20(C) +  0 (f -  ek • a)] -  /(%), (1.8)
k=l

which, unlike (1.5), does depend on the direction vector a  and on the dimension n. 

Another property that the traveling wave equations (1.7) and (1.8) exhibit, tha t their 

continuous counterparts do not, is propagation failure, failure of the traveling wave 

to propagate over a nontrivial interval of the detuning parameter a [10].

The class of equations (1.1) that we are interested in includes both (1.2) and (1.6). 

This class also includes equations that contain both a spatially discrete and spatially 

continuous diffusion term, i.e., both Au and ^ =1[u(j: +  e*, t) — 2u(x,t)  +  u(x — 

ek,t)]. By treating the coefficients of our continuous and discrete diffusion terms as 

parameters, we are able to not only study solutions for the partial differential and 

infinite lattice system forms of the equation, but also to study how the two types of 

equations are related through various continuation paths. Including a second time 

derivative, /%, widens the class of equations and our results to include wave equations. 

While constant coefficient systems provide many interesting phenomena, equations 

with variable diffusion coefficients and equations with varying equilibrium states are 

also included.
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If a  /  0  and c 7̂  0 , then (1.8) is a delay equation with both forward and back­

ward delays, a functional differential equation of mixed type. Often in the modeling 

community, theory is developed based on the notion that phenomena have a local 

nature, that phenomena are independent of nonlocal information. Models are based 

on the variable and the local change of that variable. In reality, this is only a first 

approximation approach to many systems. Functional differential equations of mixed 

type often allow for a more realistic representation. The original foundation of study­

ing the asymptotic behavior of delay equations which depend on energy functions 

can be traced back to Volterra. Very little work has been done on general sys­

tems of such mixed functional equations, except for the work of Rustichini [54], [55] 

and Mallet-Paret [46], [47]. Propagation failure for one dimension spatially discrete 

reaction-diffusion equations was studied by Keener [40], [41]. Zinner provided exis­

tence and stability of traveling wave solutions for spatially discrete reaction-diffusion 

equations [67], [6 8 ], [69]. In [30], Gao allowed the coefficients of the difference term 

to be directionally dependent. In [10], Cahn, Mallet-Paret, and Van Vleck provide 

propagation failure and lattice anisotropy results for traveling wave solutions of two 

dimensional spatially discrete reaction-diffusion equations with a linearized bistable 

nonlinearity. Mallet-Paret [47] looked at the global structure of solutions to lattice- 

differential reaction-diffusion equations. Shen’s work includes (1.1) with /? =  0 and 

nonlinearity f (u , t )  which is almost periodic in t  [60], [61]. In [38] and [39], Johnston
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studied bifurcation phenomena for several bistable nonlinearities. Other investiga­

tions into the solutions of mixed equations of the form (1.1) include the works [68], 

[36], [69], [67], and [14].

We are interested in bistable systems, systems where f (u )  can be represented by a 

(cubic-like) nonlinear function with “stable” zeros at 0 and 1, and an “unstable” zero 

at the detuning parameter a 6 (0,1). In this work we consider three nonlinearities f (u )  

that are of bistable type which include varying degrees of smoothness. By bistable 

type we mean that F(u) is double-welled, where F'(u) =  /(it). The nonlinearities 

tha t we investigate are:

/i(it, a) = di<
u u < a,

fi(a)  G di[a — 1 ,a], (1.9)
(it — 1) u > a,

/ 2(it, a) =  diit(it -  a)(it — 1), (1.10)

and

/ 3(u,a) =  d i [ a - u  +  d2log (1-H)

where di, d2 E JR+. Figures 1.1 and 1.2 illustrate these nonlinearities along with 

their potential functions F\, F2, and F$ for a =  1/2 and a =  3/4, respectively. In 

Figure 1.1 the detuning parameter a =  1/2 and we see that the wells in our double 

well potentials are of equal height. Figure 1.2 demonstrates what happens when a



8

is shifted away from 1/2. Here a =  3/4 and we see that one well of the double well 

potential is raised above the other. This causes one phase to “flow” to the other, from 

1 to 0 in Figure 1.2. In both figures, we see that the piecewise linear nonlinearity f i  

has no spinodal region. Considering the equilibrium solutions of

6(7?, t) =  -/(% (% , *),&),

we see in all of the F(u)  curves that F(0) and F(l)  lie at the bottom of a potential 

well and that F  (a) lies at a local maximum. Thus we refer to it =  0 and u =  1 as 

stable and we refer to it =  o as unstable.

This dissertation consists of five chapters, containing mainly original material, 

along with this introduction and a conclusion. Chapter 2 is an analytical and numer­

ical study of equations of the form

cm(77, t) +  /3ü(r), t) =  jAu(r), t) +  L Du(r), t) -  f(u(rj, t), a), (1.12)

a constant coefficient equation with both a spatially discrete and a spatially continu­

ous diffusion operator, and second time derivative operator. The study of equations 

tha t contain both spatially discrete and spatially continuous diffusion operators is 

virtually nonexistent, as is examining traveling wave solutions to damped wave equa­

tions. Section 2.2 consists of our analytical derivation of a solution along with our
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analytically derived results. First we give a complete definition of the problem. This 

includes discussing boundary conditions and a phase condition. Next we derive a so­

lution including results about monotonicity and smoothness. Even though the equa­

tion we are studying contains equations that others have examined, few researchers 

present explicit solutions to their functional differential equations. We then present 

the relation between the wave speed of the traveling wave solution and the detuning 

parameter, o(c), and use it to derive results about the phenomenon of propagation 

failure and the restriction of the interval for a. The study of propagation failure 

due to a difference term is relatively new ground. We also provide plots of the a{c) 

relation. Section 2.3 is dedicated to the numerical solution of our traveling wave equa­

tion. Detailed graphical representations of the functional differential equations that 

this equation encompasses are nonexistent. We first define a numerical method, and 

then present plots of numerically obtained waveforms. This includes a presentation 

of the impact of the spatially discrete versus the spatially continuous Laplacian, and 

a presentation of the solutions in terms of the three classifications, reaction-diffusion, 

damped wave, and undamped wave. We finish this section with a summary of how 

the numerical and analytical solutions support each another. Section 2.4 consists of 

summary remarks.

In Chapter 3 we study equations of the form
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ù f a t )  =  L du(t], t) -  f(u(r], t), a),

L du(tj, t) =  <*(77 +  1)[7/(77 +  M ) -  7/(77, <)] +  « (77)[7/(77 -  M ) -  7/(77, *)],

where the diffusion coefficient a  varies with respect to the spatial lattice. We first de­

rive a solution for periodic a(rj). This consists of redefining the differential-difference 

equation with respect to the period of a. Because of the unwieldy nature of the 

algebra involved in the general periodic solution, we present a detailed example for 

periodic diffusion of period two. This includes a look at the a(c) relation for this prob­

lem. We then discuss an application of the periodic diffusion differential-difference 

equation, laminate materials.

In Chapter 4 we present a numerical method, a variation on Newton’s method. 

The method is defined and convergence proven for a much larger class of functional 

differential equations than we study in this work. Our primary tools are results from 

linear Fredholm operator theory for both differential and difference operators.

In Chapter 5 we present several numerical examples. We show tha t solutions 

obtained using nonlinearities / 2 and /a exhibit propagation failure and step-like so­

lutions just like the solutions obtained with nonlinearity /%. We show bifurcation 

points occurring in an a(c) curve, and we solve problems with inhomogeneous equi­

libria states.
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Chapter 2

ANALYSIS AND COMPUTATION OF TRAVELING 

WAVE SOLUTIONS FOR BISTABLE CONSTANT 

COEFFICIENT WAVE, DAMPED WAVE, AND  

REACTION-DIFFUSION LATTICE DIFFERENTIAL

EQUATIONS

In this chapter we consider analytically and numerically obtained traveling wave 

solutions of lattice-differential equations of the form

aû(r], t) +  /3u(r), t) =  'yAu(rf11) +  L d u(t), t) -  f ( u ( T ] ,  t), a), (2.1)

where 11(77, t) maps M n x H  M, a , / ? , 7  € M + U 0, a € (0,1), A is the continuous

Laplacian operator Ya =i and and denote differentiation with respect

to t .  We let L d  be a discrete Laplacian operator defined with respect to an integer
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lattice of- the form

n

L du(tj, t) =  53 £k[u(r] + ek,t)  -  2u(rj, t) +  22(77 -  e*, t)],
/c=l

where £k G JR+ and is the unit vector whose kih  element equals 1 , for k = 1 , n. 

The set { e * } ^  forms a basis for M n. Using an £k for each dimension allows us to 

vary the directional dependence, and using ek for our forward and backward shifts 

on an integer lattice is equivalent to using a nearest neighbor representation for Lp. 

Throughout this chapter, we use the piecewise linear representation / 1, (1.9), for / .

Let cr be a vector in lRn such that 53”=1 o f = 1. A solution 2/(77, t )  =  < (̂77 - o — ct) 

of (2 .1 ), where (p : M —> M, “ • ” denotes the Euclidean dot product, and c G 1R is the 

unknown constant wave speed, is called a traveling wave solution. Substituting the 

traveling wave ansatz into (2 .1), we obtain the spatially discrete ordinary differential 

equation

-coV (Ç ) +  c2/V '(f)  =  7<P"(0 +  LTip(Ç) -  /(*>((), °)>

or

-KcV'(Ç) -  <W'(?) =  L rV iO  -  / M O ,  a), (2-2)
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where 5C =  7  — c2̂ , kc = ca, Ç = rj ■ a — ct, and

n

£rV>(0 =  H  +  efc • a ) H- y>(Ç -  ek • a)  -  2y)(()].
k=l

We present traveling wave solutions for 6C nonnegative when kc ^  0  and Sc positive 

when /cc =  0. The unit vector a  is normal to the wavefront and indicates the direction 

of the traveling wave with respect to the lattice.

Equation (2.1) includes the continuous and spatially discrete nonlinear wave, 

damped wave, and reaction-diffusion equations. We present a description of the fam­

ily of traveling wave solutions defined by (2.1), equivalently (2.2). The parameters in 

(2.1) allow for continuation between the discrete and continuous Laplacian terms.

We present both analytically and numerically obtained solutions implementing 

each solution method independent of the other. The analytically obtained solutions 

are produced using classical methods. Using relaxation, continuation, and fixed point 

iteration, the numerically obtained solutions are produced using a standard boundary 

value problem solver. Since the phenomenon uncovered is verified with both solution 

methods, we have a natural basis for comparison of the two solution techniques. 

From our analytically obtained solution, we derive a relation between the detuning 

parameter o, in (1.9), and the wave speed c, from which we generate a(c) plots to 

help illustrate phenomena we discuss. For all our results, we incorporate the classical
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phase condition y>(0 ) =  a.

For k c £ M, ôc > 0, with kc and ôc not both equal to zero, we show that a 

solution </>(£) of (2.2), with nonlinearity (1.9) and boundary conditions (p(—oo) = 

0,(p(oo) = 1, exists for all (  € Æ and is strictly monotone increasing on JR. The 

solution (p(') € C(JR) with y?(-) € C^IR) if and only if Sc > 0 . The discontinuity in cp' 

when 5C =  0  comes from the discontinuity in the nonlinearity that we are using and 

produces “kinks” in the numerical solution plots. Because of the spatially discrete 

Laplacian term in (2.1) and (2.2), it is possible for the wave speed c to equal zero for 

a nontrivial interval of the detuning parameter a (the interval of propagation failure). 

In fact, there exists an interval of propagation failure if and only if the coefficient 

of the spatially discrete Laplacian, J2k=i£k, is not zero and the coefficient on the 

spatially continuous Laplacian, 7 , is zero. Also, for 7  =  0 , as 522=1 £* —» 0 , the 

interval of propagation failure expands to (0,1). Information about the interval of 

propagation failure comes from letting c go to zero in the a(c) relation. We also study 

the a(c) relation in general, when we are not taking c —► 0. The relation a(c) is odd 

and analytic in c for all c if <5C.> 0 , and odd and analytic in c for all c 7̂  0  if Sc =  0 . 

The relation a(c) =  1/2 holds if and only if k,c =  0, thus a(c) =  1/2 when a: =  0. 

For k c 7̂  0, the a(c) relation is strictly increasing. If we are solving the reaction- 

diffusion equation, /? =  0, then c 6  (—00, 00) and a E (0,1), but if we are solving the 

damped wave equation, /? > 0, then c is restricted to a proper subinterval of 1R and
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through the a(c) relation, we see that a is restricted to a proper subinterval of (0 , 1). 

In fact, the range of a for the damped wave equation is symmetric about a =  1/2 

and the lowest upper and greatest lower bounds can be found with the a(c) relation 

by setting c = \J j /P  for the upper bound and by setting c =  for the lower

bound. As |c| —> the spatially mixed damped wave equation approaches the

spatially discrete reaction-diffusion equation. This indicates that these lowest upper 

and greatest lower bounds on a for the spatially mixed damped wave equation can be 

found using the o(c) relation for the spatially discrete reaction-diffusion equation with 

the same a , and a  values. Let’s suppose 8C —>• 0, /cc —> 0, and that the elements of 

the direction vector a are rationally related. Then the solution approaches a step 

function in the limit. For our phase condition a jump discontinuity between steps 

occurs at £ =  0. The step to the right of £ =  0 is equal to the least upper bound of 

the interval of propagation failure and the step to the left of £ =  0  is equal to the 

greatest lower bound of the interval of propagation failure. Hence the jump between 

steps at £ =  0 is equal in length to the interval of propagation failure. In addition to 

the above results, the numerical plots of the solution demonstrate the differences in 

traveling wave solutions of the reaction-diffusion, damped wave, and the undamped 

wave equation, and the impact of the spatially discrete and the spatially continuous 

Laplacian terms. We also present contour plots in the kc versus 8C parameter space 

and the a  versus (3 parameter space which show the level set of a.
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Section 2 .1  consists of our analytical derivation of a solution along with our ana­

lytically derived results for (2 .2 ). First we complete the definition the problem. This 

includes discussing boundary conditions and a phase condition. Next we derive a so­

lution to (2 .2 ) when /cc and 5C are not both zero, including results about monotonicity 

and smoothness. Then we present the a(c) relation and use it to derive results about 

the phenomenon of propagation failure and the restriction of the interval for a. We 

also provide plots of the o(c) relation. For completeness, a brief outline of results 

when kc and Sc both approach zero is included. The importance of this case is that 

our traveling wave equation becomes a difference equation. We also show a relation 

between the function that is produced in the limit and the interval of propagation 

failure. Section 2.2 is dedicated to the numerical solutions of our traveling wave equa­

tion. We first define the numerical method. We then present plots of numerically 

obtained waveforms. This includes a presentation of the impact of the spatially dis­

crete versus the spatially continuous Laplacian, and a presentation of the solutions 

in terms of the three classifications, reaction-diffusion, damped wave, and undamped 

wave. We finish this section with a summary of how the numerical and analytical 

solutions support one another. Section 2.3 consists of a summary of this chapter. A 

list of the a(c) plots can be found in Table 2.1 and a list of the solution plots can be 

found in Table 2.2.
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2.1 Analytical Results

We complete the definition of the traveling wave equation (2 .2 ), find an analytical 

solution to the traveling wave equation, and investigate the phenomena of propagation 

failure, solution “kinks” , restrictions on the wave speed and the detuning parameter, 

and lattice induced anisotropy.

2.1.1 Background

Because =  0 and y? =  1 are zeros of in (1.9), it is natural to impose the

boundary conditions

(p(—oo) =  0, cp(oo) =  1 (2.3)

to (2.2). Solutions to (2.2) with (2.3) are only unique up to a phase shift, i.e., if y>(£) 

is a solution to (2.2) with (2.3) then so is cp(£ 4 - b), thus we need to choose a phase 

for uniqueness. Assuming that <p is strictly monotone increasing, y>(£) =  a for only 

one value of (; call it £0. W ithout loss of generality, we may assume £0 =  0. Later 

we will justify these assumptions and our choice of a phase condition. This choice of 

phase condition implies

%>(€) < £ < 0 , and ¥>(£) > a, (  >  0 .
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Thus, for the Heaviside function defined by

h(x) =
1 x > 0 , 

0  % < 0 ,

/i(y?(£) — a) =  h(6,) for f  /  0. Therefore, /i(</?(f)) in (1.9) becomes

/(<?($)) =  ^ ( 0  ~  K v iO  - a )  = (p{£) -  /i(0  for (  f  0. (2.4)

This form of the nonlinearity incorporates the phase condition into our problem.

Thus for any function <p the right-hand side of (2.2) becomes T:ry>(£) — <£(£) +  ̂ (£)- 

Taking the limits from the left and right of £ as it approaches 0 we see that

lime_>0-  [Lr y?(£) -  </?(£) +  h(Ç)] =  LTip(0) -  <p{0)

+ LT<p{0) -  <p(0) +  1 =  to i jL Tv>(£) -  <p(£) +  h(()].

This in turn implies for any function that satisfies (2.2) with (2.4) and (2.3) that

lim (-Kc<p'(£) -  W ( 0 )  #  lini (-/cc^ (£ ) -  6e<p"(())- (2.5)Ç—►U— Ç—►U+
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2.1.2 An Analytic Solution and the a(c) Relation

We now derive the solution of the continuous/discrete traveling wave equation (2.2) 

with kc = ca, âc = j  — c2j3, Sc > 0 when k,c ^  0, Sc > 0 when kc =  0, the 

boundary conditions (2.3), and the piecewise linear function /  (2.4). From our derived 

solution, we obtain a relationship between the detuning parameter, a, and the wave 

speed, c. Also, from this solution and the a(c) relation, we present results concerning 

propagation failure. In order to construct our solution, we use the Fourier transform. 

This is the reason for using a “linearized” nonlinearity / .

This section begins with the construction of a solution, <£>(f), f°r (2 .2 ). Our 

construction follows the construction in [10] and [47] for traveling wave solutions to 

spatially discrete reaction-diffusion equations. The construction consists of defining a 

function (pe(Q =  e~£*<p(0 and transforming (2 .2 ). To the <£e(0  version of the contin­

uous/discrete equation, we apply the Fourier transform, and after some manipulation, 

we derive a formula for </>(£). We then show that this solution, </>({), is continuous 

in both £ and kc, and is analytic in kc for kc ^  0. We also show that D Kcip(£) is 

bounded. From the formula for y>(£), we next derive a relation between a and c, 

called F. The function F is odd in kc, analytic in kc, and discontinuous at kc =  0 if 

and only if 7  =  0. When 7  =  0, the discontinuity in F is a jump discontinuity and is 

called the range of propagation failure.

We then show that y?(£) is strictly increasing on the real line. The last key result of
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this section is that c depends analytically on a for a outside the interval of propagation 

failure. This is not true for a in the interval of propagation failure. We begin our 

derivation of a solution with a preliminary lemma.

L em m a 2.1.1 Let if be a solution of (2.2) for kc ^  0,SC > 0 or kc =  0 , 5C >  0. Then 

there exists an £q > 0 such that, for some K  > 0,

M O  | < R e '*  for f < 0 . (2 .6 )

P ro o f. Let ^ (f)  =  </?(—£). Then (2.2) becomes

) +  Z / r r n  -  lAK)

for all £ >  0. From the boundary conditions, -» 0 as £ oo. 

Let -0 be the Laplace transform of ÿ:

V’(s) =  f 0 e
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which is analytic for Re(s) > 0. If kc /  0, integrating by parts once gives

s  Jo s

=  —  +  r — (<$cV-"(o+ l t v-(o -  m w -
S Jo K CS

If kc = 0, Sc > 0, integrating by parts twice gives

* >  -

-  +  L t * (0  ~ * m d e ' 

Integrating either of these relations, we obtain

P(s)î>(s) =  q(s), (2.7)

where

P(s) =  kcs — Scs2 + 1 — H,

and

ç(s) =  (/cc -  Scs)i/^(0) -  Sci/s'(0) -  J(s),
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with

H  = '£ s k (e ek+ e - ei‘ - 2 ) ,
k= l

and

k = i  Jo J ~ ek<T

Integrating by parts,

f e - ^ m d t = || + 1  y 6 e- ^ ' ( o < .
Jo s  ̂ s Jo

Thus the integrals in (2.7) are of order 0 ( |s |-1). This implies that

q(s) =  (kc -  5cs)V>(0) -  ô ^ ( 0 )  +  0 ( |s |-1).

As |Im(s)| —» oo, kcs — 5cs2 dominates 1 — 77 (where Im(s) is the imaginary part of 

s). This follows from the fact that £* < oo. Thus,

V>(s) = ---------------^ i ^ L  +  o ( |S|- 2) as |Im(s)| oo.
S K CS — Oc S

Consequently, we can shift the integration contour around singularities on the imag­
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inary axis. Therefore

1 reo+ioo 1 r —eo+ioo 1 _
^ ( f ) =  t - t  /  e$̂ ( s ) d s  =  —  /  eŝ ( s ) d s  +  —  5 3  es<Res(ÿ, s)

27T2 Jen—too Z7TI J —ea—ioo Z'Kl T_z x „eo—*°° L J - e 0- lw  " lm(g)=0

(2 .8)

1 f -e o + io o  ^  /  ; z x ^ ( 0 )  ( ^ ' ( O )  j  1

1
lm (s)=027rî / : r  ^  ( ^ (s) ” ^ r + d s + à  e5<Res(v'’ s ) ’

where s > 0 is sufficiently small, Res(y, z) denotes the residue of a meromorphic 

function p at a point z, and the sum in (2 .8 ) is taken over all poles of xj) on the 

imaginary axis, if any exist. The limits of integration denote contour integrals along 

the vertical lines t —> ±£o +  it, for t e  M.

Some explanation may be in order to help justify (2.8). The first equality in (2.8) 

is due to the Laplace inversion formula. We can use this since ÿ  has no poles in the 

right half of the complex plane. The second equality in (2.8) comes from shifting the 

contour of integration, the vertical axis, around any poles of $  on the imaginary axis, 

and <£o > 0  is small enough that has no poles in the strip —£q < Re(s) <  0. The 

third equality in (2 .8 ) follows from the identities

— f27TZ Je-
e+too g sC

— ds  =  <
e—ioo S

1, 6 >  0 ,

0 , 6 < 0 ,
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and

\  rc+ioo gSÇ

i l s
ds = <

0 ,
27TZ J e—ioo S — CL

for ^ > 0 .

The third integral in (2.8) satisfies

1 : r°+iX esf ( Ms)  -  M  ds
I J —En —

s > 0 , 

£ < 0,

27TZ -Eq — IOO KiCS — 0CS2
< K e £°t for ^ >  0,

for some /^  > 0; in particular, this term approaches zero as £ —> oo. Recall that 

V̂ (£) —> 0 as £ -> oo by assumption. Each of the residues in the summation vanishes,

i.e.

Res(V>, s) =  0 for Im(s) =  0.

Therefore, |t/>(£)| <  K e~£°Z for £ >  0, which is equivalent to (2.6). ■

Now we are ready to construct our solution to the traveling wave equation (2.2) 

with boundary conditions y>(—oo) =  0  and y?(+oo) =  1 , and reaction term f  given 

by (1.9). First, let (p£(Ç) =  e-e^ (£ ) ,  with £ > 0, £ small. By Lemma 2.1.1, if y? is a 

solution to (2 .2 ), then, as £ —>• —oo,

y>e(£) =  e eÇy>(£) < \e ef||y>(£)| < \Ke{eo e)e| -> 0 for 0  < £ < £0.
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Also as £ —> oo,

y?e(£) =  e"£V ( 0  -> 0

since y?(+oo) =  1 . This implies that y?e(—oo) =  0 and y>e(+oo) =  0. Substituting 

y)(£) =  eeV e ( 0  into (2 .2 ), we obtain

-K cec<(sy£«)+v>ÉK)) =  5ceE<(eVc(Ç)+25V£(Ç)+ip"K))+e£% V ’E K )-e£Îy>e(Ç)+/i(Ç), 

which rearranges to

( - kc -  2ôce)tp'e(Ç) = 6cip"{£) +  L£y>e(£) -  (1 -  Kc£ -  £c£2)y>e(£) +  e™£CZi(£), (2.9)

where

Le<Pe(Q =  è  ^ (e eefc'ay?e(£ +  e* • cr) +  e_eefc'ffv?e(£ -  ek • a) -  2y?e(£))-
k=l

Now let’s apply the Fourier transform

y>e(s) =  f  e-lj*y>e(£)d£,
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where £ > 0 is sufficiently small, to both sides of (2.9). Then

/OO rOO n

e-is(MOdi = -  / -e-‘V.(€R
■oc •/ — oo S

/oo

-OOS ( « c  +  2 ( 5 c £ )  7 — 0 0

- e  ” € (1 -  K,ce -  ôc£2)(pe{Ç) +  e lsCe

or

1
(—is(/Cc +  25c£) +  1 — /<c£ — Sc£ — ^ (s )  +  (̂ cS )^ e(s) —

(is +  e) ’ 

where

E{s) =  ^  Ek(eeek'aé sek'a +  e - ^ e-isek-a _  g)
k-1

This implies that

1

(is + £)R(s — i£)’

where

i 2(g) =  —iftcQ +  1 — G(q) +  5cç2,

with

G(g) =  53  +  e igek lT -  2) =  2 53  £k[cos(qek • a )  -  1].
fc=i fc=i

(2 .10)
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The following lemma is a simple extension of Lemma 4.4 in [10].

L em m a 2.1.2 For /cc 7̂  0, Æc > 0 or kc = 0, 6C > 0, the function R, in (2.10), 

possesses a simple root q =  —izo with zq > 0. Moreover, there exists an eo > 0 such 

that i fq £ (D is  any other root of R  satisfying Im  ç < 0, then in fact Im  q < — z q  — eo-

R e m a rk  2 .1 .1  I f  Sc < 0 when k,c =  0, there exists additional singularities to R  for  

q real.

The Fourier inversion theorem gives

<p(£) =  eeV £(f) =  ' ^ f _ oo eita+e)*0e(s)ds, 

which is absolutely convergent. This implies

I  r + 0 0  e (*s+e)£ l  r -te + o o  e *«£

27T /-oo (is +  £)/2(s — îê:)^S 27tî J - i e - œ  sR (s )^S'

Because of the simple pole at s =  0, we break up the integral into

^  = é i  ( L + I s ) (2 .11)
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where C£ is (—00, —e] and [+e, + 00) on the real axis, and S£ is the half-circle at the 

origin. This would not be true if kc =  0, Æc < 0. First consider the C£ integral. For 

kc 7̂  0 , 5C > 0  we have

1 r etsZ _  1 /  r~£ f +oc\
Ini Jce sR(s) S 2ni V -00 J+e J sR(s)

1 /*+°° 
2ni J+e

,-isÇ
sR(s) si?(—s)

ds

(2 .12)

=  v7T 74
1 /•+00 A(s) sin(s^) kc f +0° cos(s^)

■ds +
+e s(A 2(s) + K%S2) n J+e A 2(s) + K2S2L

-ds,

where

A(s) =  1 +  5cs2 +  2 ^  £*[1 -  cos (set * cr)].
k=l

If /cc =  0 ,5C > 0, (2.12) reduces to

(2.13)

tsf 1 z+oo sin(s£)
—  /  - ^ r d s  =  -  /

27TZ VCc si?(s) 7T 74-e sA(s)

For s e l R ,  A(s) =  Re[i?(s)]. 

For the S£ integral, we have

1 r ei$t I l f  eist \  1

2^  Js. 7R (r)dS = 2^ 2” 2 ReS ( i m ’0)  =  2
(2.14)
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Combining the integral results (2.12) and (2.14) in (2 .1 1 ), and letting e —>• 0 , we 

obtain an explicit formula for y>(£). From (2.11), we have the following formula for 

the solution of (2 .2 ) for kc /  0 :

When kc =  0, > 0;

1 I f 00 sin, _ 1 1 f 00 sin sç ,
m - 2  + nL T K s)

R e m ark  2.1.2 i) Noting that

=  ~  I T  L  A ^ H % s i = ( p { ^ K c ) '

we see that, for (p(£) =  y?(^,/cc), we have the symmetry property

^c) =  i -  v>(-(, - « c).

ii) Recalling that
2 /•—te+oo

v(Ç) =  â r ï  U - *  7m dS'

we can see that as Ç —>• —oo, <p(£) -> 0 . Owr symmetric property then gives



32

y?(+oo) =  1. This confirms our choice of boundary conditions.

P ro p o s itio n  2 .1 .1  Let kc) denote the solution function (2.15). Then <̂ (Ç, /cc) 

is continuous in both (  and kc, and is analytic in kc, for kc ^  0. In addition, for 

k c 7^ 0 ;  the derivative of </?((, /cc ) with respect to k,c,

TpiO  =  V 'K , « c )  =  D k M Z ,  Kc) ,  

is bounded as Ç ± c x d . For (  ^  0, ip(£) satisfies the equation

- v ' i O  +  2 - / ? ^ " ( 0  +  (c2/? -  7 X (C ) “  «c^ #( 0  =  “  V’K),a

which is the derivative of the equation with respect to k c .

P ro o f. For any compact subset of { k c € . K | k c ^  0}, there exists a uniform lower 

bound

|A2(s) +  k 2 s 2 | >  K i( l  +  s2) for s > 0, ( 2 .1 6 )

and thus, there exists a uniform lower bound for the denominators of the solution 

<£>(£) ( 2 . 1 5 ) .  If Kg is pure imaginary, then A2(s) +  k 2 s 2 =  0 for some s > 0. This 

in turn yields an upper bound of the form ^ ( l  +  s2)-1, for bounded (, for the two 

integrands in ( 2 . 1 5 ) .  This, and the analyticity of the integrands in k c and continuity
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in ( f , /tc) for each s, imply the analyticity and continuity of tp.

The boundedness of rp is easily proved by differentiating the formula for <p, (2.15), 

with respect to /cc, i.e.,

Kc) =  D kc<P{£, K c)

_  2cp r00 ssin(sÇ ) 2c((3 — a 2) r°° sA (s)  sin(sÇ)
a n  Jo (A 2(s) +  k^s2) S «tt /o (A 2(s) +  /c2s 2)2

1 r00 cos(s^) 2(?((3 — a 2) r°° s2 cos(s^)
+  vJo ( A 2 ( s )  +  K2S2) s +  JQ ( A 2{s ) +  KÎS2)!

Using the bound (2.16), each integral is bounded and hence ip is bounded. 

Differentiating (2.2), we obtain

- V ( f )  -  K cZ W (f) +  2 £ W ( ( )  +  (c2/? -  

Along with ^ ( f , /cc) =  DKcip(^, kc), this implies that

-V (Ç ) -  KcV-'(Ç) +  2-/3y"(C) +  (c2̂  -  7 )< (Ç ) =  ■trV’(Ç) -  V>(0, a

as desired.
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R e m a rk  2.1.3 As discussed earlier, y>(£) =  a for only one value of Ç, say £ =  0. 

This then gives us the following relations between a and c:

Now that we have derived a solution <£(£), we need to justify the assumption that 

the solution to (2.2), with (2.4) and (2.3) is monotone increasing. The proof of the

recall that <p"(£) = lim€_>o ( l/e)[<̂(^ +  e) +  y>(£ — e) — 2 y>(£)] and that —/ccy/(£) =  0 

when kc =  0 .

R e m a rk  2.1.4 The solution (p, (2.15), of (2.2) with (2.4) and (2.3), is strictly in­

creasing for Ç € JR.

L em m a 2.1.3 For /tc ^  0 and Sc > 0, the derivative (p'(£) of (2.15) is continuous if 

and only if Sc > 0. In addition, if 6C > 0,

when  kc 0 , (2.17)

and

<£>(0 ) = a = -  when kc = 0 .

following remark follows the proofs of Corollary 4.5 and Theorem 4.6 from [10] if we
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and, if  6C = 0 ,

lim y/(£) — lim =  — ç->o- '  Kc

P ro o f. We note that by (2 .2 ) with (2.4), any difficulty in smoothness occurs at £ =  0. 

Taking the difference of (2.2) with (2.4) as £ approaches zero from the left and from 

the right, we obtain

lim ( -K c /( ( )  -  W ( £ ) )  -  lim (-/ccp #(f) -  W ( £ ) )  =  - 1  (2.18)ç—>0— Ç—>U+

since (p is continuous on JR. Suppose Sc =  0. Then (2.18) implies

Thus <p' is discontinuous at £ =  0.

Now suppose 6C > 0. Taking the derivative of </?(£) with respect to £ in (2.15), we 

see that lim ^ o - <p'(0 = lim^_>.o+ y)%£). Thus (2.18) implies that
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We now address exactly what is meant by a solution to (2.2). To solve (2.2), it 

is sufficient to regard both /(%)), (2.4), and h(£) as set valued functions, with f  and 

h singleton sets for ^  ^  a and £=4 0, and f(a ) = [a — 1 , a) and Zi(0) =  [0,1]. This 

amounts to filling in the jump discontinuities in the graphs of /  and h. By a solution 

to (2 .2 ) we mean that <p € C(IR) and the differential inclusion

—k<V(£) — E Z/T^(£) — <p(£) +  à(£).

holds for £ € JR.

2.1.3 Propagation Failure

We now analyze the relationship between the wave speed c and the detuning param­

eter a. We are particularly interested in the phenomenon of propagation failure, the 

existence of a nontrivial interval for a such that the wave speed is zero. Throughout 

this subsection, we include plots of the a(c) relation calculated from (2.17) using the 

three point Gaussian quadrature algorithm adapt of [59]. Table 2.1 lists the a(c) plots 

which appear. An * indicates a quantity that is varied.

Set

1 I k  /•<» (j c
T(kc,Sc) -.= <p( 0 ) - -  = a - -  = f J o a2(s) + k1s2, (2.19)



a(c) Figure a P 7 (ffi.SaiSs) o
Reaction-
Diffusion

2.1 * 0 10 (1 , 0 , 0 ) (1 , 0 , 0 )
2 .2 * 0 0 (1 , 0 , 0 ) (1 , 0 , 0 )
2 .6 1 0 10-3 * ( f , f , 0 )
2.7 1 0 0 (1 , 1 , 1 ) *
2 .8 1 0 10-4 (1 , 1 , 1 ) *

Damped
Wave

2.3 * 0 .1 10 (1 , 0 , 0 ) (1 , 0 , 0 )
2.4 1 0 " 6 0.1 * (1 , 1 , 0 ) ( f , f , 0 )
2.5 0.1 0.1 * (1 , 0 , 0 ) (1 , 0 , 0 )

Table 2.1: The a(c) plots. * indicates that quantity is varied.

where
n

A(s) =  1 +  Scs2 +  2 ^ 3 £ k [ l-  cos(sek • cr)].
k= l

From a change in variables in (2.19) we obtain

R e m a rk  2.1.5 i) r(/<c, Sc) ^  0 when kc /  0.

ii) For Ok #  0, T(kc, 6c) —> 0 os £:* -> oo, A: =  1,..., n.

Hi) Recall a — 1/2 =  0 when kc =  0.

iv) For a  =  0, the c versus a curve is a(c) =  1/2 for all c.

(2 .20)

(2.21)

L em m a 2.1.4 For /cc ^  0, t/ie function T(k,c, ôc) in (2.19) is strictly increasing in
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P ro o f. The case when Æc =  0 is proved in Theorem 4.7 of [10]. For ôc > 0, the 

application of the Mel’nikov method in the style of Theorem 4.7 of [10] proves the 

lemma. In this application it is important to recall that

lim (-/c<V(£) -  W K ))  #  lim ( - / w ' ( 0  -  W ( f ) )ç— Ç—>U+

and that is continuous at £ =  0 . ■

We now show that F is bounded and that F is odd and analytic in kc. The proofs 

of these results follow after a brief discussion.

T h e o rem  2.1.1 Let </?(£) be a solution to (2.2) with (2.4) and (2.3). Thus F(kc, 5c) 

is defined by (2.19) with kc ^  0. Then F is odd and analytic in kc. In addition, if  

P = 0,

|r(/ccA )| < I and lim |F(/cc,(5c)| = (2.22)
Z |kc|—>oo Z

I f  (3 > 0, then kc is restricted to the interval [—d,d\,

|F(Kc,5c)| < T(d, 0), and \ ïm \r (K c,ôc)\ =  F(d,0), (2.23)
|Kc|->a

where d =  (3.
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o(c)

Curve 1 
Curve 2 
C u r v e - - ?  

.-Ctirve 4 
Curve 5

0 .4

4 6 8 104 2 O 2610

Curve 1 2 3 4 5 Fixed
Parameters

0 7 (ci, 2:2,63) <7
a 5 1 lo - i IQ-? 10-5 0 10 (1,0,0) (1,0,0)

Figure 2.1: An o(c) plot for the reaction-diffusion equation for various a.

“(c)
1

0 . 9

0 .  8

0 . 7

0 . 6

0 . 5

0 . 4

0 . 3

0 . 2

0 . 1
0 O 2 4 6 8 10— 6-10 - 8 -4 - 2

Curve 1 2 3 Fixed
Parameters

(3 7 (61,62,63) cr
a 1 0.1 0.01 0 0 (1,0,0) (1,0,0)

Figure 2 .2 : An a(c) plot for the reaction-diffusion for various a.
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R e m a rk  2.1.6 L et’s consider the damped wave equation, i.e. a  > 0 and /? > 0.

[1 /2  — F(d, 0), 1/2 +  r(d , 0)]. (see Figures 2.2, 2.3, 2.4, and 2.5).

We see in Figures 2.1, 2.2, and 2.3 that as a  increases, |r(/cc, £c) | increases toward 

its upper bound of 1 / 2 . This agrees with both (2.22) and (2.23). Figures 2.1, 2 .2 , 

2 .6 , 2.7, and 2.8 illustrate (2 .2 2 ), while Figures 2.3, 2.4, and 2.5 illustrate (2.23).

T h eo rem  2.1.2 Let r(/cc, Sc) be defined by (2.19) with «c ^  0 and let 

q ( 5 c ) =  lim|Kc|_̂ o+ |r(/ccA )| for 5 C >  0. Then

L et’s pick \c\ as large as possible for this case, let c =  —y j/ (3  and c — For

these values of c, Sc =  0 , (2.2) becomes the traveling wave form of a spatially discrete

reaction-diffusion equation, and |F| =  F(d, 0 ), the T of the spatially discrete reaction-

diffusion equation. Thus the range of values of a for the damped wave equation is

limT-K»
(2.24)

0 6C > 0.

R e m a rk  2.1.7 i) Since kc —>• 0+ and <5C —> 7  as c 0+, when 7  =  0,

(1 /2—̂ (O), l/2+ p(0)) is the range for the detuning parameter a for which the solutions 

to (2.2) exhibit propagation failure.
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ii) The interval [1 /2  — T(d, 0), 1/2 +  F(d, 0)], in Remark 2.1.6, is equal to the 

interval of propagation failure when 7  =  0 . (See Figures 2.2, 2.3, 2.4, a,nd 2.5).

Let’s examine the case when kc -> 0+ because a  0 +. Suppose /? =  0  and we 

are solving the reaction-diffusion equation. When 7 ^ 0 , |o —1/2| =  q(5c) =  5 (7 ) =  0 

as a  -> 0+ for all c. Figure 2.1 is an a(c) plot showing how a —>• 1/2 as a  —> Od­

in the mixed (spatially continuous/ discrete) reaction-diffusion model. When 7  =  0 , 

\a — l /2 | =  5>(0 ) >  0 as a  -> 0+ for all c. Figure 2.2 is an a(c) plot showing how 

a —> 1/2 ±g(0) as c* —> 0+ in the spatially discrete reaction-diffusion model. We have 

propagation failure in this case. The interval of propagation failure is the interval of 

the jump discontinuity in Figure 2.2.

Now suppose (3 > 0 and a  > 0 and we are solving the damped wave equation. 

When a  > 0, <5C > 0, we have seen that the bound for c, |c| <  y  7 //?, implies a bound 

on a. Figure 2.3, for a mixed damped wave model, is an a(c) plot where the bound 

on |c| is yJi/P  =  10. Figure 2.3 also shows the upper bound (at c =  10) and lower 

bound (at c =  —10) on the detuning parameter a for different values of a. Now notice 

in Figure 2.2 that the values of a at c =  —10 and c =  10 for the same values of a. We 

see the two sets of values of a (in Figure 2.2 and Figure 2.3) are the same. Notice in 

Figure 2.3 how the range of a depends on a. As a  —> 04-, the a(c) curve approaches 

1/2 for \c\ < and a(±yJj/(3) approaches 1/2 ±  g(0). Figure 2.4 also shows
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this result for various values of 7 . Figure 2.5 shows explicitly the restriction of the

range of a. Here we present a(c) plots for various 7  (the sigmoid curves) along with

the a(c) curve for the spatially discrete reaction diffusion equation with the same a,

(Cl,C2,f3), and a '

Suppose a  =  0  so that /cc =  0 and we have the undamped wave equation. Then, 

regardless of the choice of the other parameters, a(c) =  1/2 for all c € JR.

Proof of Theorem 2.1.1.

The oddness of F follows directly from (2.19). Analyticity follows from Proposition 

2 .1.1.

Let kc 7  ̂0. Suppose ft = 0. Then

n
A (s / kc) =  [14-ô c /k?c s 2 +  2 ^ 3 E&(1 -  cos((s//cc)efc • a)] >  1

and

n
lim A (s/kc) =  lim [1 4- Sc/ k 2c s 2 4- 2 53 £*(1 -  cos((s/Kc)efc • <7)] =  1

for s > 0. Thus

< 1 Z*00 ds _  1

~ 7T Jo 1 4- s2 2 ’



-10  -8  -6  -4  -2  0 2 4 6 8

Curve 1 2 3 4 5 6 7
a 5 1 5 x lO" 1 lo - i 5 x 10-2 1 0 -2 10-5

Fixec 0 7 {ei,£2,Ss) <7
Parameters 0.1 10 (1 , 0 , 0 ) (1 , 0 , 0 )

Figure 2.3: An a(c) plot for the damped wave equation for various a.
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o(c)

Curve 2 
Curve 3

O . 4

-5 O-10 lO5

Curve 1 2 3 Fixed
Parameters

a 0 (21, 22, 63) a
7 10 1.6 0.1 1 0 "6 0.1 (1 , 1, 0) ( f . f ' O )

Figure 2.4: An a(c) plot for the wave equation for various 7 .

a(c)

Curve 2 
Curve 3 
Curve 4

O . 4

O lO-10 -5 5

Curve 1 2 3 Fixed
Parameters

a 0 (21,£2, 23) a
7 10 1.6 0.1 0.1 0.1 (1 , 0 , 0 ) (1, 0 , 0 )

Curve 4 7  = 0 /? =  0 a  =  0.1 =  (1,0,0) <7 =  (1,0,0)

Figure 2.5: An a(c) plot for the damped wave equation for various 7 .
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a(c)

1
Curve
Curve
Curve
Curve

0 .9

0 . 8

0 .7

0 . 6

0 .5

0 .4

0 .3

0 . 2

0.1

0
0 6 8 106 4 2 2 4-10 8

Curve 1 2 3 4
( £ 1 , 6:2 , 6:3 ) ( 9 , ? , 0 ) (2 , #,0) (1,2,0) (2,2,0)

Fixed
Parameters

a P 7 a
1 0 10-3

Figure 2.6: An o(c) plot for the reaction-diffusion equation for various (ei, £2? £3)-
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and

T I TV X M V 1 f 00 ds 1 f 00 ds 1
^ J T{Kc’Sc)\ = ^ J 0 A H s/Kc) + s> = n L  T T 7  = 2-

Now suppose p  > 0. Since Sc > 0, this implies that |/cc| =  \ac\ < a ^y /(3 . Let

d =  d y j^ /p .  Then

A (s / kc) =  [1+5c/k^s2+ 2 E j k(l-co s((s //cc)ejfc-<7)] > [1+ 2^ £k{^-cos((s/K c)ek-a)]
k=l k=l

and

lim A ( s / k c) =  lim [1 +  Sc/ k 2 cs2 +  2 V  £*(1  -  cos((s/Kc)ek • cr)]|/Cc|-4d |KcHd "

=  [1 +  2 ^ 3  £*(1  -  cos((s/d)efc • a)]
k=l

for s > 0. Thus

|r(Kc,5c)| < |r(Kc,0)| and lim |r(zcc,5c)| =  F (d ,0 ).\Kc\-+d

By Lemma 2.1.4, if \kc\ < d then |r(/cc, 5C)| < T(d, ôc). This and the inequality above 

gives us

|r(K;cA)| < T(d,5c) < r(d,0).
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P ro o f  o f T h eo rem  2.1.2.

We have that 1 +  5cs2I k 2c < A (s/kc), which implies

1 r00 ds 1

-  w Jo (1 +  Scs2/ k I ) 2 + s2 ~  2 s jl  +  U J k I  ' 2̂ '25^

for kc small and ôc/ k 2c >  0 . As /cc —> 0 +, 6c/ k 2 —>> oo for 5C > 0 . So (2.25) implies 

that, as /cc —> 0+, r(/cc) is bounded above by zero when 6C > 0. Recall that for acc > 0,

r(/cc) > 0.

Now suppose 5C =  0. Then

A(s) =  1 +  2 53 ^ [1  -  cos (set * or)]
A:=l

and

1 fT ds
A(s)

follows directly from Theorem 4.3 in [10].

R em a rk  2.1.8 i) The quantity

- s j f

"r  ds 
T—too 2T  Jo A(s)

always exists and is positive when ôc =  0 .
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ii) Since 6C > 0, when kc ^  0 , and /? > 0, 7  =  0 implies Sc = y  — c?0 =  0. 77ms

liiiLy^o g(6c) =

For a  /  0  as c —> 0 , ^/iere exists a nontrivial interval for the detuning param­

eter if  and only if 7  = 0. In other words, we have propagation failure if  and only if  

7 =  0.

iv) As Yfk=i £k —> 0, g(0) —>■ 1/ 2 . This shows that the interval of propagation 

failure can expand to the interval (0 ,1). As Ylk=i£k —> 0 0 , g(0) —>• 0.

In our previous discussions, we presented a(c) relations where a  and (£1, 62 , £3) 

are fixed. In Figures 2.7 and 2.8, we see the effects of varying a, lattice induced 

anisotropy. In both plots, we see the direct dependence of the a(c) relation on the 

direction parameter cr. Figure 2 .8  shows how the a(c) relation becomes discontinuous 

and how the interval of propagation failure develops, as 7  —>• 0+. We discuss Figures 

2 .6 , 2.7, and 2.8 further in Section 3.

2.1.4 The case acc = Æc = 0

In this section, we consider solutions to (2.2) with kc = ôc — 0. In this case we 

are only concerned with values cp(€) for Ç € D, where D  Ç ]R is the countable set 

D = {a • l\ 6  Z n}. This is because with kc =  0 =  ôc, (2.2) becomes a difference
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a(c)

1
Curve 1 -----
Curve 2 -----
Curve 3 ......
Curve 4 ......
Curve 5 -----

0 .9

0. 8

0.7

0 . 6

0 .5

0 .4

0 .3

0 . 2

0.1

0
6 28 4 2 0 4 6 8 10-10

Curve 1 2 3 4 5
a (1,0,0) (&; è, (4 , 4 , 4 )

Fixed a 0 7 (21,62,63)
Parameters 1 0 0 (1,1,1)

Figure 2.7: An o(c) plot for the spatially discrete reaction-diffusion equation for 
various a.
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a(c)

1
Curve 1 -----
Curve 2 -----
Curve 3 ......
Curve 4 ......
Curve 5 -----

0 .9

0.8

0.7

0 . 6

0 .5

0 .4

0.3

0. 2

0.1

0
8 6 4 2 0 2 6 8-10 4 10

Curve 1 2 3 4 5
a (1,0,0) ( # , f , 0 ) ( &  &  ÆV 2 , 3 > 6 /

Fixed
Parameters

a & 7 £i>£2>£3)
1 0 K M (1,1,1)

Figure 2.8: An a(c) plot for the reaction-diffusion equation for various a.
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equation. Below is a summary of results, but first some notation.

If for any j  ^  k, k and j  =  1 , ...,n, aj and a* are rationally independent, then 

we call a  rationally independent, and cr is called rationally dependent otherwise. If 

a  is rationally independent, then D  is a dense subset of JR, while if a is rationally 

dependent, then D  =  {m v\m  € 2Z} and D is a discrete subset of M. Both forms 

of D  have measure zero. Next we take the limit as /tc —► 0 together with the limit 

<5C —» 0 of the solution found in the last section. Let </?*(£) be defined as the function 

such that </?(£, (/cc)n, (5c)n) -4- as the sequences (/cc)n —> 0 and (ôc)n -4 0 with 

(5c)n < |(«c)n| for n  greater than some N  e  2Z. The function <£*(£) is defined almost 

everywhere on M, but can contain jump discontinuities. Let (p+ equal (p* everywhere 

y?* is defined and equal to the right-hand limit of y?* elsewhere. Let equal 

everywhere y?* is defined and equal to the left-hand limit of elsewhere. Let (pT be 

defined as the linear combination

<Pr(Ç) =  TV+(Ç) +  (1 -  t)vp-(Ç ).

The following is a summary of results for /cc =  0 =  ôc.

R e m a rk  2.1.9 i) The equation

—  <Pt ( 0  +  h T ( £ )  —  0 , (2.26)
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holds for all £ € JR.

ii) The function <pT is monotone.

in) The boundary conditions y?T(—oo) =  0 and y>T(+oo) =  1, which implies that 

<pT satisfies the boundary conditions of (2.2).

iv) Let t € [0,1]. I f  a is rationally independent, then the function <pT is strictly 

increasing on JR. I f  a is rationally dependent, then y?T(£) < </?T(£ +  z/) for all Ç € IR, 

where v is such that D  =  {mz/|m E Z } .  In any case, if  we define

(̂>Tio (£) =  — Co)? (2 .27)

then for any r  E [0,1] and £0 € JR, the function (pTCo(-) restricted to the set D  is 

strictly increasing.

v) Let r, Co € JR. Then a bounded function <p : D JR satisfies equation (2.26) 

for all ^ e  D if and only if <£>({) =  <£V€o(C) f or oil Ç e  D.

vi) Assume that a is rationally dependent, with v as in D  =  { jv \ j  E 2Z}. Then 

for each j  E 2Z, the function (pT is constant on the interval {jv, {j +  l)z/).

vii) Let a be rationally dependent with v as in D = {jz/|j E Z } ,  let r  E [0,1], and
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let g(0) be defined as in Theorem 2.1.2. Then

¥V( 0  =  <

2 +  0 (0 ), £ G (0 , 1/),

2 _  £ G (-%/, 0 ).

In addition,

^ t(O) =

è -  5(0), r =  0.

vmj L e i  <7 be rationally dependent. From the definition of 99* one? 6%/ Remark 

2.1.9(vi), y?*(£) /o r ^ 0  D consists of a discrete set of values in [0,1]. These are the 

values of (pT on the constant intervals. Remark 2.1.9(vii) gives us two consecutive 

values from this set. Using (2.26), we can find all the values of this discrete set.

2.2 Numerical Results

In this section we present our numerical results for equation (2.2) with n =  3. We start 

by defining the numerical method used. After, we present traveling wave solutions 

across a wide range of the parameters. We also show how the various solution curves 

are related, i.e. how we can continue from the solution to one set of parameters to 

the solution with another set of parameters. The solution behavior we present ranges
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T raveling
W aves

Figure àc Kc a /? 7 Cl,C2, £3 0 c

Reaction-
Diffusion

2 .1 1 10-5 0 1 0 lO"5 * Æ IZ 2 o "2 ’ 2 ’u 0

2 .1 2 1 0 " 3 -0 .1 1 0

CO1OrH * A  A  0
2 ’ 2 ’u -0 .1

2.13 10-5 0 .01 1 0 10-5 1 , 1 ,1 * 0 .0 1
2.14 1 0 " 0 0 .1 1 0 lO" 5 1 ,1,1 * 0 .1
2.15 10-5 * 1 0

lO1OT—1 1 ,0 ,0 1 , 0 ,0 *
2.16 lO' 3 * 1 0 lO" 5 1 ,1,1 V2 y !2 ’ 3 ’ 6 *

Damped
Wave

2.17 10"5 * 0.5 * * 1 , 0 ,0 1 , 0 ,0 *
2.18 10"5 * 1 * * 1 , 0 ,0 1 , 0 ,0 *

Wave 2.19 10"5 * 0 * * 1 , 0 ,0 1 , 0 ,0 *
2 .2 0 * * 0 0.5 * 1 , 0 ,0 1 , 0 ,0 *

Table 2.2: The </>(£) plots. * indicates quantities that vary.

from smooth solutions to solutions with kinks and steps. We finish this section with 

a survey of the relationship between the numerical and analytical solutions to (2 .2 ).

2.2.1 The Numerical Method

We solve (2.2) with nonlinearity (2.4) on the truncated interval £ € [—T, T\ and use 

asymptotic boundary conditions to match the solution on this truncated problem with 

the boundary conditions (2.3) [7], [19]. We do not use the analytical solution (2.15), or 

the a(c) relation (2.17) derived from it, in our numerical computations. In (2.2) with 

(2.4), the wave speed parameter c appears, but the detuning parameter a does not. 

Thus we only need to provide the wave speed c, not a or the o(c) relation. Our intent 

is to develop a robust algorithm that we can use to numerically solve equations with
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nonlinearities f  such that analytical solutions are unknown. Our approach is to use 

a standard boundary value problem solver and to use continuation techniques to go 

from one set of parameters to another. The most obvious concerns that appear using 

this approach are the forward and backward delay terms of Lt <P in (2.2). We handle 

the delay terms by obtaining their values from a previous solution in the continuation 

sequence. We then perform fixed point iteration, updating the delay terms along the 

way. Reformulating our traveling wave equation with this relaxation gives us

- Kc^m+lK) ^c^m+lK) +  (1 +  2 53
6 = 1

n
=  23 efcbm(C +  efc • cr) +  <Pm(£ ~  ek • a)] +  h((), (2.28)

6=1

where y?o(£) is the solution to (2.2) at a previous choice of parameters. We perform 

the iteration in (2.28) until the residual generated by substituting <pm into (2 .2 ) is 

sufficiently small. We now present results concerning convergence of the method 

defined by (2.28). Let

(3(<PmK)) — -KcVmiO ~  ^ m ( f )  +  (1 +  2 ^  W ^m K )
6=1

and let
n

-̂ 1(y?m(C)) — 53 ^6 [y?m(C "b ^6 * ^) ~l~ (finiÇ ~~ ^6 ‘ cr)]*



56

L em m a 2 .2 .1  Let ip satisfy G(ip(Ç)) =  F(ip(£))+h(£) onM  with boundary conditions 

<£>(—oo) =  0 and < (̂oo) =  1. Let 4>i{£) =  1 — bie~Cl̂  for (  > 0 and let 02(C) =  

for  £ <  0 with bi,Ci, b2, c2 > 0. T_ and T+ € iR+. TTien bi, Ci,b2, c2 may be 

chosen such that |y>(f) — 0i(f)l ^  bie~Cl̂  < b1e~ClT+ for  f  >  T+ and |y?(Ç) — 02(f)I ^  

62eC2̂  < 62e-C2T- for Ç < —T_.

P ro o f. Let

H(<p) =  —[8cip" +  Kcip' +  Lry? — 9? +  ^(f)]-
oc

Then for f  > 0,

H (0 i(Ç)) =  i f ( l - 5 i e -Cie) =  ^ -[-5 cCi +  2 5 3  6:fc(l -  cosh[ci(e* • a)]) +  /ccci +  l]6ie "ClC.
"c fc=l

Since we want 0i to be a subsolution for f  > T+, we set # (0 i( f ) )  >  0  for f  >  T+ and 

obtain the upper bound on Ci defined by

n n
2 5 3  efc +  1 > 5ccî +  -K cci +  cosh [ci (efc • cr)].

k=\ A=1

Letting pi =  maxCiem[Lf(l — 6ie_Cl̂ ) > 0] for f  > T+ we see that c% € (0,pi] for 0% to 

be a subsolution. Since we want 0% to be a subsolution we also need 0i(T+) < <p(T+) 

and 0 i (oo) <  <p(oo). Since both 0i(oo) =  1 and <p(oo) =  1 the second inequality is 

satisfied. The inequality 0 1(T+) < (p(T+) is satisfied when bi > (1 — <p(T+))eClT+ once
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Ci is chosen. Thus for bi and Ci satisfying the above conditions, ÿi is a subsolution 

for £ > T+. Now let tci(f) =  1 for £ > T+. Then H (wi) < 0, wi(T+) > <p(T+), and 

iüi(oo) > ip(oo). Thus wi is a supersolution for £ > T+.

Hence for £ >  T+,

IvK) -  <M£)I < k i ( f )  -  K)I =  6ie -c,( <  b\e~0lT+.

The proof that for £ <  —T_,

k ( 0  -  0 2 (0 1  < h e 02* < b2e~C2T- , 

is similar. ■

R e m a rk  2 .2 .1  When Ci =  £2 =  ••• =  £n =  0, there exist 5i, ci, b2, c2 such that for 

£ > T+, |y>(£) -  0i(£)| = 0, and for £ < -T_, | (̂£) -  02(OI = °-

The Lemma 2.2.1 allows us to consider convergence of (2.28) on infinite intervals 

with the use of asymptotic boundary conditions.

T h e o rem  2.2.1 Let 5C > 0 and let <p satisfy

(2.29)
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on M  with boundary conditions ip(—oo) = 0 and ip(oo) =  1 . Define the sequence of

functions {<^m(0 }m=o by the iteration

in (2.28). Define || • || =  sup^effî | • |, em(^) =  — </?(£), and let (p0 be such that e0

is continuously differentiable, ipQ(—oo) =  0, and (po(oo) =  1. Then linim-^oo ||em|| =  0.

P ro o f. We start off by establishing two inequalities. Let

a — (2  53 ^ ) / ( i  +  2 5 3  f̂c)-
k=l k=l

Then, for ||em|| /  0,

||^(em)|| =  sup | 5 3  £k(em(Ç +  efc • cr) +  em(£ -  ek • <j))|
k=l

< 2 £  e*||em|| =  A(l +  2 ^  £*)||em||
*=1 k=l

< A|| — Kce'm — +  (1 +  2 5 3 c*)em|| =  ^ll^Cem)!!- (2.31)
6=1



The last inequality in (2.31) is established by choosing £o € (—0 0 , + 0 0 ) such that 

|em(£o)| =  ||em||. Then since em(oo) =  em(-oo) =  0, e^ (f0) =  0, - 5 ce" (^0) > 0 when

(1 +  2 5 3  £k)em(Ço) > 0 ,
k=l

and -<5ce^(Co) < 0  when

(1 +  2 53 efc)em(&) < 0 )
k=l

which implies

(1  +  2  5 3  £ k ) \ \ e m \\ <  I — K ce'm iÇ ) ~  +  (1  +  2  5 3  £ k ) ^ m ( 0
k=l fc=l

Applying (2.29) and (2.30) to (2.31), we get the two inequalities

l|G(em)|| <  Am||G(e0)|| and ||F (em)|| <  A™||F(e»)||. (2.32)

Thus linim-,00 ||G(em(Ç))|| =  0 and limm_>0O ||T(em(Ç))|| =  0. Using the definition of
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Let Ci =  1/(1 +  2 YJk=\ £k) > 0. Since ||^(em(f))ll =  °»

n
jim ^ I J2  £k(em(£ +  e* • <j) +  em(^ -  ek • e))| =  0 ,

&=i

and as m —̂ oo the local maxima of em(£) are positive and the local minima are 

negative. Let fi be a value of £ such that em(£i) > 0 is a local maximum of em(£). 

Suppose that there exist an M\ such that for m > Mi, em(£i) > Ci|G(em(£i))|- But 

if em(£i) is a local maximum,

C ( 6 ) +  ^ C ( £ i )  < o.oc

This violates equation (2.33) and hence em(£i) <  C'iG(em(£i)). Using the same argu­

ment for a local minimum, we obtain |em(£)| < C'i|G?(em(£))| whenever em(£) has a lo­

cal extrema. This in turn implies that |em(£)| < Ci||Gf(em)|| and ||em|| <  C i||G (em)||. 

■

R em a rk  2.2.2 Recall that when 5C > 0, the solution ip is continuously differentiable 

on JR. This implies that our initial guess (po should also be at least continuously 

differentiable on JR. In fact, any continuously differentiable function ipo such that 

Pq( - oo) = 0 and po(oo) =  1 will work.
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The reformulation (2.28) is an ordinary differential equation, allowing us to use 

the standard boundary value solver colmod, from the family of collocation boundary 

value solvers which include colsys and colnew [2 ], [3], [4], [11], [12]. Our choice of 

this particular solver is based on several criteria. We want solutions to our system for 

a wide range of the parameters a, /?, 7 , (ci, £2, £ 3 )  and wave speed c. We also want a 

code in which we can perform continuation. Lastly, we want to solve this problem for 

a family of bistable nonlinearities, which include the cubic f(ip) =  — — for

example. We have found that, while the continuation feature of colmod is quite robust 

in our application, fixed point iteration is needed if we wish to continue from any 

solution to any other solution. A complete analysis of the homotopy and convergence 

properties of our method will appear in future works. The absolute error tolerances 

for the wave solutions is approximately 1 0 -8  except for the curves where Sc is close to 

zero. For our numerical method, this is a perturbation limit thus we used the absolute 

error tolerance of approximately 1 0 -6  to limit how small a ôc (% 1 0 -5) we could use. 

The a(c) curves that appear in the previous section are computed using equation 

(2.19) and the quadrature algorithm adapt [59]. The algorithm adapt uses three 

point Gaussian quadrature to estimate the integrals and the seven point Kronrod 

rule to estimate errors. Absolute and relative errors at each quadrature step are set 

to 10-12 and the estimated error of the tail is set to 10~16. The quadrature steps 

are of length 10. Since we calculate the a(c) relation using (2.19), the a(c) plots are
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generated from the analytically derived traveling wave solution (2.15). Our numerical 

experiments were performed on a Silicon Graphics Indigo2 .

2.2.2 Preliminaries

We now present numerically obtained traveling wave solutions, for a wide range of 

the parameters, in the form of solution plots which show the range and richness 

of solutions to (2 .2 ). Recall, for a particular choice of Sc > 0, kc, a E (0,1), and 

Ei,E2 ,E3 > 0 , we have shown that there exists a traveling wave solution to (2 .2 ) if Sc 

and kc are not both zero. Table 2 .2  lists the choices of the parameters in the plots 

that appear throughout this section. A * entry indicates that the parameter varies 

in the particular plot.

Let 7  and (61 , 62 , 63) be fixed. The kc, ôc parameter maps in Figures 2.9, 2.10 

exist for each choice of 7  and ( 6 1 , 6 2 , 6 3 )  with 6 C bounded from above by 7 . Each 

point in the upper half plane of Figures 2.9 and 2.10, excluding (0,0), corresponds 

to a family of solutions to (2.2) parameterized by a, /?, and c. Since <p(—€, —kc) = 

1 — </?(£, /ic) (Section 2.2) we focus only on the kc,5c > 0 quadrant (c > 0). Recall 

tha t £c =  7  — c2(3 and «c =  ca. Thus for each fixed (/cc, Jc), in first quadrant of 

Figures 2.9 and 2.10, the parameters a  and /? have the relation R2(3 =  a 2 (7  — Jc), a 

parabolic curve parameterized by c. In fact all solutions along the parabola for fixed
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7 , (ei, S2 , 63), kc, Sc, have the same a value and thus the a, (3 map is a map of level sets 

of the detuning parameter a. The location along a particular parabola is determined 

by c. As c -> 0 0 , (a, /?) —> (0,0) and as c —> 0+, (a, /?) — (0 0 , 0 0 ).

The parameter map kc, 6c also exhibits level sets of a. Figure 2.9 is a contour plot 

with respect to a for different values of <7 . We see that as the magnitudes of zcc and 

6C increase, the direction a has a decreasing effect on the value of a. We see tha t the 

effect of <7, and in fact of the spatially discrete Laplacian, is greatest when 5C =  0. In 

Figure 2.10, we see the effect of varying (61 , 62 , 63).

We now provide an outline to help in interpreting the traveling wave solution plots. 

In Figure 2 .1 1 , we have a solution plot where the discrete operator exhibits strong 

influence on the solution behavior. Recall that the points in the spatial lattice have 

distance 1 between nearest neighbors. Figure 2 .11  is a plot of tp versus Ç = r] - a — ct 

where we are “traveling” in the <7 =  (V2/2, \/2 /2 ,0 ) direction. If we fix 77, then these 

curves are plots, trajectories, of how each point in the lattice travels from one phase 

to the other. If we fix t, then the curves in Figure 2.11 are a cross section of the 

lattice and represent a wave traveling through the lattice.



Sc -  -  <7 = (1, 0 , 0 )  a =

'0.8
0.6

0.65
0.5!

'0.7

(0.75

1.85

Fixed (^1,^2, £3)
Parameter (1 , 1 , 1)

Figure 2.9: Level sets of a with respect to the parameters kc and Jc.
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 (El,f2,E3) =  ( |,0 , 0)   (61, 62, 23) =  (5,0,0)

0.55
lo.5J

0.65 '0.75 1

1.85
^0.85

0.6]
0.7/

8.9

k.

Fixed
Parameter (1, 0 , 0)

Figure 2.10: Level sets of a with respect to the parameters /cc and Sc.
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2.2.3 Impact of the Spatially Discrete Term

We now discuss how the parameters 6% and cr* affect the c versus a relation and how 

they affect the solution wave forms.

Figures 2.11 and 2.12 are sets of solution plots in which we vary £*. Figure 2.6 

is the corresponding set of a(c) curves where we vary £*. The direction vector is 

cr =  (V2/2, V 2 /2 ,0) for all three plots. For this choice of <7, the problem becomes 

equivalent to the two dimensional problem with a — (\/2 /2 , \/2 /2 ). With <Ti =  <t2 =  

\/2 /2 , changes in the solution curves and the a(c) curves depend directly on the 

magnitude of EjUi £k- If ZjUi £k for one curve is greater than J2l=i £k for a second 

curve, with all other parameters fixed, then the first curve will lie inside (closer to a 

for all £ 7̂  0  or closer to 1 /2  for all c /  0 ) the second curve.

Figures 2.13 and 2.14 provide a detailed example of lattice induced anisotropy for 

(2.2). These plots allow us to see what happens as kc —> 0, £c —> 0 for solutions of 

different direction. Figures 2.13 and 2.14 are sets of solution curves y>(£) where we 

vary a. In Figures 2.13 and 2.14, Curves 1 , 2, and 3 have cr’s that are rationally 

dependent. Recall from Remark 2.1.9(vi) that for cr rationally dependent and Sc =  0, 

as c —» 0, <£>TÇo becomes constant on the intervals (jv, (j +  l)z/) for all j  G Z ,  with 

z/ =  G CD (cq, 0 2 , cr3) as in D =  {jz/|j G Z }  and y? =  y?TÇo on D.  In Figures 2.13 and 

2.14, Curves 4 and 5 have crs that are as close to rationally independent as computer 

numbers allow. Recall from Remark 2.1.9(iv) that for a  rationally independent and
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£c =  0 , as c -> 0 , (pTio is strictly increasing.

Figures 2.7 and 2.8 are sets of a(c) curves where we vary a. In these plots we see 

how the interval of propagation failure depends on the direction a  of the wave.

2.2.4 Numerical Solutions for the Reaction-Diffusion Equa­
tion

We now present and discuss solutions to (2.2) for /? =  0 which implies that 5C = 7 . 

Depending on the magnitudes of 7  and Yll=i Bk, (2.2) represents the traveling wave 

equation for the spatially discrete (7  =  0 , Yll=i £k 7̂  0 ) to the spatially continuous 

G iU i £k =  0, 7  7  ̂ 0) reaction-diffusion equations. Since we are using a code to 

solve a second order ordinary differential equation with 7  as the coefficient on the 

second order term, we treat 7  as a perturbation parameter (taking 7  as small as 

possible) when we want to examine the solution behavior for the spatially discrete 

reaction-diffusion equation.

Looking at a(c) curves for /? =  0, Figures 2.1 and 2.2, we see that for 5C =  7 c  > 0 

as a  -> 0 +  the a(c) curve goes to a(c) =  1 /2  and for 5C =  7 C =  0  as ck —> 0 +  the o(c) 

curve goes to a(c) =  1 /2  ±  g(0).

We now consider solution plots where we approach the spatially discrete limit. In 

Figures 2.15 and 2.16 we vary c and take 7  as small as possible (% 10"5). The feature



68

1
Curve 1 -----
Curve 2 -----
Curve 3 ......
Curve 4 ......

0 .9

0. 8

0 .7

0 . 6

0.5

0 .4

0.3

0 . 2

0.1

0
-8  -6  -4 -2  0 2 4 6 8

Curve 1 2 3 4
(£1, 6:2, 6̂ 3) (W ,o ) ( M , 0 ) (1 , 2 , 0 ) (2 , 2 , 0 )

I
Fixed Sc Kc a P 7 0 c

Parameters 10-5 0 1 0 10-5 0

Figure 2.11: A y>(£) plot approaching the spatially discrete limit for the reaction-
diffusion equation.
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Figure 2.12: A y?(£) plot for the reaction-diffusion equation.
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Figure 2.13: A y>(£) plot approaching the spatially discrete limit for the reaction-
diffusion equation.
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Figure 2.14: A </?(£) plot for the reaction-diffusion equation.
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we wish to illustrate with the plots is the “kink” which forms in the solution curves 

at <£(0). Recall from (2.1.3) that =  7  =  0 implies for /cc ^  0 that limç_).o+ %/(() ^  

lim ^ o -  p'iOi hence the “kink” . In both of these plots, we see that the larger the 

magnitude of /cc, the farther a is from 1/2. Also notice that, except for cr, Figures 

2.15 and 2.16 have the same set of parameters. These plots show an example of how 

the solution curves depend on the direction a.

The first of the (£1, e 2, £ 3 )  plots, Figure 2.11, and Figures 2.13 and 2.14 are also ex­

amples of the solutions to the reaction-diffusion equation as we approach the spatially 

discrete limit.

2.2.5 Numerical Solutions for the Damped Wave Equation

We now present and discuss solutions to (2.2) for a , / 3 ^ 0 .  Figures 2.17 and 2.18 

are examples of solutions to the damped wave equation for a  > 0  and (3 —> 7 /c 2. 

Here we vary 7  =  c2. These are the same solutions as for the spatially discrete 

reaction-diffusion equation since <5C =  7  — c2/? —> 0 .

2.2.6 Numerical Solutions for the Wave Equation

We now present and discuss solutions to (2.2) for kc =  a  =  0 and /? > 0. Figure 2.20 

is an example of solutions to the wave equation. The lack of a damping term fixes
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Figure 2.16: A <̂ (£) plot approaching the spatially discrete reaction-diffusion equa­
tion.
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Parameters lO- * 0.5 (1 , 0 , 0 ) (1 , 0 , 0 )

Figure 2.17: A <p(£) plot of the damped wave equation approaching the spatially
discrete reaction-diffusion equation.
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Figure 2.18: A y>(£) plot of the damped wave equation approaching the spatially
discrete reaction-diffusion equation.
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a = 1 /2  and disallows the possibility of the “kink” effect. Comparing the formation of 

steps for the wave equation, Figure 2.19, with the formation of steps for the reaction- 

diffusion or damped wave equation, Figures 2.13, 2.14, 2.17, and 2.18, we see that 

although all the step solutions are approaching the same solution, /cc —> 0 and 5C -4- 0, 

the formation of kinks depend on how we approach these solutions.

2.3 Chapter Summary

We have presented an investigation of the traveling wave solutions of (2.2) with bound­

ary conditions (2.3) and the piecewise linear nonlinearity (2.4), incorporating the 

phase condition y>(0) =  a. This investigation consisted of results obtained from an 

analytically constructed solution and from a numerically calculated solution. The two 

solution methods used were implemented independently of one another. We derived 

the relation between the wave speed c and the detuning parameter a from the analyt­

ically obtained solution. For kc /  0 ,5C >  0, a solution y>(£) exists, is continuous, and 

is strictly increasing on the real line, and </(() is continuous on the real line if and 

only if Sc > 0 . The piecewise continuous nonlinearity f i  produces the discontinuity 

in (pl which we see as the “kinks” in Figures 2.15 and 2.16 (the reaction-diffusion 

case). For Ylk=i £k î  0, there exists a nontrivial interval for a of propagation failure 

if and only if 7  =  0. The wave speed c is restricted to a proper subinterval of ]R for 

the damped wave equation. This restriction also affects the detuning parameter a.
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Figure 2.19: A y>(£) plot of the damped wave equation approaching the spatially
discrete reaction-diffusion equation.
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Figure 2.20: A <p(() plot of the damped wave equation approaching the spatially
discrete reaction-diffusion equation.
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No such restrictions exist for the reaction-diffusion equation. When o  is rationally 

related, we can construct from the interval of propagation failure the set of discrete 

y? values that are the zeros of the right-hand side of (2.2). While for the reaction- 

diffusion and damped wave equations the detuning parameter varies with the wave 

speed c, o =  1/2 for all c for the undamped wave equation. In Chapter 5, we explore 

solutions (y?, c) of (2.2) for other bistable nonlinearities.
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Chapter 3

THE SPATIALLY DISCRETE REACTION DIFFUSION  

EQUATION WITH VARIABLE DIFFUSION

In this chapter we consider traveling wave solutions to spatially discrete reaction- 

diffusion equations with diffusion coefficients that vary on a spatially discrete domain 

of the form

i i fa t )  = L Du(r),t) -  /(%(?;, t), a), (3.1)

where 14(77, t) maps 2Z x  ]R ]R, and denotes differentiation with respect to t. 

We represent variable diffusion over the spatially discrete domain with the operator 

L d , & discrete Laplacian operator defined with respect to an integer lattice of the 

form

LDu(r],t) =  a(rj +  l)[u(rj -1-1, t) -  74(77, t)] +  <*(77)[11(77 -  M ) -  ^(77,*)],
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where a  : Z  JR. This is one choice of several equivalent divergence forms for the 

operator Lp.  Our interest is still in bistable systems, systems where /(it) can be 

represented by a cubic-like nonlinear function with stable zeros at 0  and 1 , and an 

unstable zero at the detuning parameter a E (0 ,1). In this chapter, because we are 

concentrating on analytical solutions, we use the piecewise linear representation /%,

(1.9). Unlike Chapter 2, only analytical results are presented here. Numerical results 

for varying diffusion coefficient traveling wave equations appear in Chapter 5.

Due to the dependence of a  on 77, for a fixed value of the detuning parameter a, 

the traveling wave ansatz is 1/(77, t) =  ip(r] — 2 (77)2 ), where <p : JR—ï M  and where the 

unknown wave speed c : Z  —ï M  now varies on the spatial lattice. Substituting the 

traveling wave ansatz into (3.1), we obtain the spatially discrete equation

- c f r W U )  =  LrviZ) ~  /(¥>(£)), (3.2)

where Ç =  r] — 2 (7 7 )2 and

Lt <p (Ç) =  <*(77 +  l)[y>(£ +  1 ) -  </>(£)] +  ~ !) ~  ^(0 1 -

In Chapter 2 we were able to use the Fourier transform to solve the traveling 

wave differential-difference equation (2 .2 ) because the coefficients were constant and 

did not vary with the lattice. Recall that our traveling wave differential-difference
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equation also represents an infinite system of constant coefficient time dependent 

ordinary differential equations (ODEs). This is true even if the coefficients of the 

differential-difference equation depend on 77, because the infinite system of ODEs is 

indexed by the lattice. Our method for solving variable diffusion coefficient problems 

involves redefining the problem in terms of constant coefficient equations. But we 

would like to work with finite dimensional systems. Thus we consider differential- 

difference equations periodic diffusion coefficients of period P  because they can be 

represented by a system of dimension P  of constant coefficient, constant wave speed 

ordinary differential and differential-difference equations.

In Section 3.1 we first complete the definition of the problem, including boundary 

conditions and a phase condition. Next we derive a solution to the periodic version of 

(3 .2 ) when c(rj) is not equal to zero for all r] e  Z ,  by solving the equivalent constant 

coefficient system, in Section 3.2. Since the general periodic case is rather cumbersome 

algebraically, in Section 3.3, we demonstrate the periodic coefficient result for an 

equation of the form (3.2) with period P  = 2, along with its a(c(r])) relation. In 

addition, we show that y>(£), for period two diffusion, is strictly increasing in time. 

Section 3.4 consists of a summary of this chapter.

3.1 Background

As in Chapter 2, we impose the boundary conditions
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(p(—oo) =  0 , <p(oo) = 1 (3.3)

and the phase condition y?(0) =  o to (3.2). Recall also that

/M O ) =  P (0  -  h(<P(0 ~ a )  = <p(() -  MO for 0 , (3.4)

and lim ^ o - / ( O  lime->0+ </(0-

3.1.1 Periodic Diffusion Coefficient

Consider a diffusion coefficient function that is periodic in 77 E ^  of period P  — 

Ni + Nr + 1, with TVi, N r E Z +  U {0} defined for n € 2Z as

a(r)) =

a - Nl, r) =  P n  — Nit

a-Nt+ i ,  V — P n -  Nt + 1,

ûf-7v,+2, t? =  P n - N i  + 2,

a 0, 77 =  P n ,

Oijv,, 77 =  P n  +  ATr ,

(3.5)
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where a_jvp a_jv,+i, a_jv,+2 , •••, ctNr E M +. Let ^ =  P n  — et, n e  Z  and define

c-jvz =  c{-Ni), V-NiiO  =  -  M ),

c-jv,+i =  c(—Ni +  1), <P-Ar,+i(£) =  (p(£ — M +  I)?

C-Ni+2 — c(—Ni +  2), ~  M +  2),

! ! (36)

Co =  c(0), v?0(O =  ^ (0 -

CNr =  c(ATr), (£) =  +  M-)-

Thus (p = (fk when rj — P n  +  A:, for any k E {TV/,ATr}, and equation (3.2) can be 

represented by the following system of equations. When rj =  P n  — Ni,

- c - Nl(p'_Nl(Ç) =  a{ri +  l)[(p-Nl+1(Ç) -  (p-Nl(0]

+a(ri)[(pNr(£ ~  P) ~  — /(P -N tiO )

=  a_jv,+i [(P-n ,+ i ( ( )  -  y’-jv, ( f )]

+ o : _ j v , ( C  -  P) -  V - nM)] ~  /(^-jv,(C))>

when 7] =  P n  +  j, j  = —Ni +  1,..., Nr — 1,

-Cj<Pj(£) = <*(J1 +  l)[^ j+ i(0  -  VjiO} +  «(77)[^-i(C) -  ^ j(0 ]  -  / f e K ) )
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=  “ j+ ik w K )  -  % (()] +  ûÿfaj-ifé) -  % (()] -  

and when 77 =  P n  +  Nr,

_ c Nr^Arr ( 0  =  otfo +  l ) [ ^ _ iv , ( f  H- -P) -  ^ r ( 0 ]  (3 .7 )

+ a ( 7 7 ) [ ^ r - l ( 0  -  ^ATr ( 0 ]  -  f ( V N r ( 0 )

= & -N i [P-Ni (f +  P) -  <PNr (C)]

+^A Tr [^Arr - l ( 0  -  < P N r(0 ]  — / ( t P N r t é ) ) -

The phase condition y>(0) =  a implies ipk(—k) =  a and the nonlinearity

/(<£(?)) =  ¥ > ( 0  ~  H O  implies f ( < p k ( 0 )  =  V k ( 0  ~  H£  +  k), for k =  N h N r. Since

<Pk =  <P, <Pk(0 -> 0 as ^ —00 and 1 as ^ 0 0 , for /c =  N i , N r.

3.2 An Analytic Solution

We now derive the solution of the traveling wave equation (3.2) with periodic diffusion 

coefficient a(r}), the boundary conditions (3.3), and the piecewise linear function f i

(1.9). We begin our derivation with the construction of solutions, <£*(£)> 

k — —N i , N r, for (3.2) with diffusion coefficient (3.5). The construction consists of 

defining functions <f>k(0 =  e~ê <Pk{0 f°r ^ N r and transforming the system

(3.7). To the <j)k(0 versions of the equations, we apply the Fourier transform, the
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reason for using / i ,  and after some manipulation, we derive a formula for each (fkiOi 

k = —N i , N r. We begin our derivation of a solution with a preliminary lemma.

L em m a 3.2.1 Let  k =  N i , N r be the solution elements of (3.2). Then there 

exists an 6q > 0 such that, for some i f  > 0,

I¥>*(£)! < K eĉ  for Ç < 0. (3.8)

P ro o f. Lemma 2.1.1 implies that for each y?*, k = Ni, ...,NT there exists an e&o > 0 

such that, for some Kk > 0, <  Kke£k°t for ^ < 0. Let

K  = max Kk and £q =  min £ko.
k=Nt,...,Nr k=Nl,...,Nr

Let =  e e*(pk(£) for k = Ni, ...,Nr with e > 0, £ small. By Lemma 3.2.1, if 

(pk, k =  N i , ..., N r, is a solution element to (3.2), then, as £ —oo,

M O  = e~£* M 0  < \e~£* \ \M 0 \  < \Ke{£°-£)t\ - ^ 0  for 0 <  £ < £0.
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Also as Ç -> oo,

=  e_efyfc(0 —> 0

since ^ ( + 0 0 ) =  1 and > 0. This implies that ^ ( —0 0 ) =  0 and <£fc(+oo) =  0. 

Substituting ^ (C ) =  e£̂ <i>k(0i & =  —M , A ^ r ,  into (3.7), we obtain

— = û;_jvz+iê [0_Ar,+i(C) — ^-jv,(£)]

+  o;_Ar,eê [e~Pc<̂ArrK ~ P) ~  +  /i(f — M ),

- ^ [ ^ • ( 0  +  ^ ( 0 ]  =  « j+ i^ [ 0 j+ i( f ) - 0 j (O ]

+  a icee[ ^ - i ( 0  -  ^j(f))] -  cê j ( 0  +  M f +  ;) ,

-cjvreef[e0Arr (O +  ^ r (O] =  a_Ar,ceC[cPe0_Arl(f +  P ) -  0^r (O]

+  Û J V r C ^ ^ r - l K )  — 0JV r(f)] ~  K )  +  +  M - ) ,

which simplifies to

-  C - N l<t>'_N l( £ )  =  Qf-jvz+ i[< ^ -A r ,+ iK ) “  0 - J V ,( f ) l

+û!-Ari[e-Pff̂ jvr(Ç — P) — 0-atz (C)] — (1 — c_Nl£)<f)-Nl(Ç) + é~e*h(£ — Ai),
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-  cj0 jte )  -  G j + i t y j + i i O  -  <fe(£)] +  -  <i > j { 0]

—(1 -  Cj£)(j>j( )̂ +  e~£̂ h(^ + j) ,

— C N r ^ N r i O  — a - N i  [^Pe<p-Ni (Ç +  -P) -  0 N r ( O ]  +  ^  [</>Nr-1K) ~  0ATr(C)]

- (1  -  cNr£)(f>Nr(£) +  e-eC/i(C +  ATr), (3.9)

with j  =  —Ni +  1 , N r — 1. Now let’s apply the Fourier transforms 

&:(s) =  r  A; =  - W z , A t
J  —oo

where c >  0 is sufficiently small, to both sides of (3.9). Then

ro o  j  ro c
4>-n,(8) = /  e - " ^ - W, m  =  - -  /

J —oo S J  — o o

=  — ■— /  [ûi-Ar,+ie~,s$0-N,+iK) ~  û:-M+ie-tS^^-M (f)
S C _ 7 V Z « — o o

+o;-zvze~ts*e~Pe<i>Nr (Ç ~  P) ~  a -N ^  ts^<t>-Ni{0 

- ( l - c _ A r , e ) e - ' ^

0 j ( s )  =  — f  [ t t j+ i e  is^ j+i(C)- O j + i e  ls% (£) +  ü'J-e 1S% _ 1(^)
SCj J—oo

- a je - is% { i )  -  (1 -  Cj£)e-is% { i )  +  +  j)]d£,
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<i>Nr{s) = f  [a-Nle tstePe(l)_Nl(Ç +  P ) -  a . Nle ls^Arr (f)
SCNr J—oo

+ a ^ re -zs <̂̂ Arr-i(C ) — Oijvre - ls ^ ^ r (C)

- (1  -  +  ^ ) ] ^ ,

or

e (s) +  ( — C - N ^ is  +  s) +  Oi-Nt+l +  Of-̂ J +  l)<ÿ_jvz(s)

e - ( i f l + e ) 7 V t  

—Oi-N,+i<^-N,+l(s) =  -  ^  -■ ,

e(is+e)>
—aj(l) j - i (s)  +  (—Cj(ïs +  e) H- a^+i +  +  1)<£j(s) — q:j-h</>j+i(s) =  ^ »

— O t N r ^ N r - l i 3 )  +  (~CTVr ( î5  4 - s )  4" O'-TV, +  +  l)^A T r ( s )

e (is+e)Nr 

i s  +  £

Let Afc =  ( - ^ ( i s  +  c) +  ajfc+i + a k + l) where a Nr+i =  a-jv,, let

(3.10)

(3.11)

i ( s )  =  ( s ) > - N|+l(s), ..., 0 Wr(s)]T
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and let

v =
g—(is+e)Ni g(is+e)(—AT/+1) ^(is+e)Nr

is + £ is + £ is + £

Then for the matrix

M =

A-AT, —ÛL-/V,+1 0

—&-Ni+l A_JV|+1 —Oi-Ni+2

0 —Oi_jv,+ 2 A_AT,+2

-a-A r,ep(ls+£)

— (^Nr-l AjVr- l  

0 -CKjVr

-a-A r,e"p(is+£)

—&nt

A nt

the system (3.11) can be written as

(3.12)

D efin ition  3.2.1 An n x n  matrix, A  =  (%■), that maps € n into (0n is irreducible if 

for any two indices 1 < i , j  < n, there is a sequence of nonzero elements of A  of the

form  {Qi,!! ) Oii,Z2 ) •••) [4-9]•
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L em m a 3.2.2 The matrix M  is irreducible.

P ro o f. For Ni < i , j  < Nr the sequence at+iji+2, O j - i j  satisfies the

condition of Definition 3.2.1. ■

D efin ition  3.2.2 An n x n  complex matrix A  =  (ûÿ) is diagonally dominant if

n

^ 1 |o>ij| ^  |Om|) i — 1,...) n. (3.13)

We call the matrix A  irreducibly diagonally dominant if A  is irreducible, diagonally 

dominant, and strict inequality holds in (3.13) for at least one i, [49].

L em m a 3.2.3 I f  a matrix A  is irreducibly diagonally dominant then A  is invertible. 

P ro o f. Theorem 2.3.8 in [49]. ■

R e m a rk  3.2.1 M  is irreducibly diagonally dominant and hence invertible.

We obtain (£) by taking the inverse Fourier transform

M O  =
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which is absolutely convergent. Although in theory this appears simple enough, we 

present the case for P  =  2, to demonstrate important features of the solutions of 

spatially discrete reaction-diffusion equation with periodic diffusion.

3.3 Example: Alternating Diffusion Coefficient

The simplest case of a spatially discrete reaction-diffusion equation with a periodic 

diffusion coefficient that we can study is when the diffusion coefficient is of period 

P  =  1. On the spatially discrete domain, this is equivalent to the constant coefficient 

problem we solved in Chapter 2 (when £c =  0  and n  =  1). The next simplest case is 

when we have period P  =  2, which we now present.

Lets consider a steplike diffusion coefficient function of period P  =  2 defined as

£*(77) =  <
ae 77 even,

(3.14)
ot0 77 odd, 

with ae, d 0 € IR+. Let Ç = 2i — et, i € H  and define

<Pe(0 = <P((),

<Po(0 = </>(£ +  1) (3.15)

and ce = c(r}), 77 even, c0 =  0 (77), 77 odd. Thus y? =  <£e when 77 is even and ip = (p0
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when 7] is odd. Then

-Ce<p’M )  = a (rl+l)(<Po(Ç)-<Pe(0)+<*(’l ) M Ç - 2 ) - M Ç ) ) - f ( M Ç ) )

= <Xo(<Po(£) -  <Pe(0) + a e(y„(5 -  2) -  y>e(Ç)) -  f(Ve(£)), (3.16)

when 77 is even, and

-CoVoiO =  Oi(ri +  1 ) W (  +  2 ) -  VPo( 0 )  +  a(7/)(v9e(f) -  y?0(Ç)) -  f((po(0 )

=  O e W f  +  2) -  ^o(O) +  Û!o(v?e(0 -  ^o(O) -  /(^o(C)), (3.17)

when 77 is odd. The phase condition <̂ (0) =  a implies <£e(0) =  a and <7?0(—1) =  a. 

The nonlinearities f((pe) =  /(<^o) = (fo — h(£ +  1).

3.3.1 An Analytic Solution

We now derive the solution of the traveling wave equation (3.2) by deriving the so­

lution for the pair of traveling wave equations (3.16) and (3.17) with the boundary

conditions (3.3) and the piecewise linear function /%, (1.9). From our derived so­

lution, we obtain a relationship between the detuning parameter, a, and the wave 

speed, c. Also, from this solution and the a(c) relation, we present results concerning 

propagation failure.
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This section begins with the construction of solutions, and y?0(£), for (3.2). 

The construction consists of defining functions </>e(£) =  e-eV e(f) and (f>o{0  =  e~£̂ <Po{0 

and transforming (3.2). To the (f>e(Ç)dofê)  versions of the equations, we apply the 

Fourier transform, and after some manipulation, we derive a formula for (pe(£) and

Using the derivation from the general period derivation, we obtain 

(—ce(is +  5 ) +  +  ûfe +  l)^ e(s) — (oto +  a ee 2(ts+£̂ )</>0{s) =

pis+e
(—c0{is +  £■) +  Of0 +  o:e +  l ) ^ 0(s) — (a0 +  aiee2(ts+e )̂<j)e(s) =  ^  (3.18)

or i—
—a 0 — a ee 2(,s+£r)

<-e? 1
ts+ e

—a 0 — a ee2(ts+£ï gta+e
is+ c

with A e =  —ce(is +  5 ) +  û;0 +  oie +  1 and A a =  —c0(is +  ê:) +  a 0 +  a e +  1- This is a 

special case of the matrix M. Solving, we obtain

* e{$) ~  ( i ,  +  e ) R f r - i e y  *°(S) ~  (is +  e ) /Z ( s - ie ) ’ (3' 19)
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where

P(q) =  - i c 0q +  a 0eiq +  a ee~tq +  a 0 +  a e +  1,

Q(q) = eiq[-iceq + a eetq +  a0e~xq +  a 0 +  a e +  1], (3.20)

ü(ç) =  - i{ c e + c0)q(a0 +  a e +  1) +  2a:0 +  2ae +  1 +  2a;0o;e(l -  cos 2q) -  cec0ç2.

The following lemma is a simple extension of Lemma 4.4 in [10] and is based on the

characteristic equation of the system.

L em m a 3.3.1 For c ^  0, the function R  in (3.20) possesses a simple root q =  —izo 

with zq > 0. Moreover, there exists an cq > 0 such that if  q £(C is any other root of 

R  satisfying I m  g < 0, then in fact Im q  < ~ zq — cq.

We now use the Fourier inversion theorem which gives

<Pe{£) =  eeC0 e K )  =  7 "  /  e (,5+e)Ç e (s )d s ,Z7T J—oo

<Po(Ç) =  eê o ( f)  = ^ -  f  e{ls+e)t<t>0(s)ds,Z7T J—oo
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which are absolutely convergent. This implies

1 r+oo e^s+£^ P (s  — ie) 1 r-ie+oo etsZP(s)
as ~

oo {is +  e)R{s — ie) =  —  (‘l'ïïl J—is—c sR(s)
-ds,

1 r+oo ê ts+e^Q (s — ie) 1 r-îe+oo ets^Q{s)
oo (is +  e)R(s  — ie)

ds =  —  n 1
27TZ y - i e - c s^ (s)

■ds.

Because of the simple pole at s =  0, we break up the integrals into

(3.21)

where Ce is (—oo, —e] and [-fs, 4-oo) on the real axis, and S£ is the half-circle at the 

origin. First consider the Ce integrals. We have

1 r e%sZP(s) ̂  _  1 /  f - £ ^  f +°°\
2m Jce sR(s) 2m  V-oo J+e )

1 f  [~e _ [+<x>\ eistp (s )  
sR(s)

ds

J _  [ +0°
2 m  J + e

eistP(s)  e - ^ P ( - s )
sP(s) sR (—s)

ds

1 r+oo ezŝ P (s)P (—s) — e ls^P(—s)R(s) 
2m J + e  sR (s)R (—s)

ds



I  f +0° (scqB(s) +  {a o +  Qe +  1)^(5)) sm(stj) 
7T J+ e  s(A 2(s) +  B 2(s))

1 /*+0° ( - s c 0A(s) +  (a0 +  a e +  l)B (s)) cos(s^)
s(A2(g) +  B2(s)) ^

00 A (s)(a0sins(Ç +  1) +  a esms(Ç -  1))
+   / ao/ \ . ^ 0 / w-------------- os

1 /•+00 B(s)(o;0 cos s(^ +  1) +  o:ecoss(^ — 1)) ^
H— / --------------- / ^o/ \ .—t~io / w-------------- os

j - (  r +  r \ e'siQ{s) d:
2m  V - 0 0  j + e  )  sR{s)

1 /•+00 (sceB(s) 4- (cto +  Oe +  l)A (s)) sm (s(( +  1)) ,
7T J+e S(A2(S)+B2(S))

1 /•+0° (—SCgA(s) +  (q:0 +  ae +  l)B (s)) cos(s(( +  1)) 
Tt / k  s ( A 2 ( s ) +  B 2 ( s ) )  S

s(A2(s) +  B 2(s))

7T 7+e s(A2(s) +  B2(s))

1 r+oo A(s)(o;e sin s(^ +  2) +  a 0sin(s^))^
s ( A 2 ( s )  +  B 2 ( s ) )7T y+e
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1 /•+«> B (s)(ae cos s (£ +  2) +  a 0cos(s£)) 
ttV+s s (A2(s ) +  B 2(s )) ’

where

A(s) =  1 -  cec0s2 +  2aea 0{l -  cos(2s)) +  2(ae +  a 0),

B(s) =  (ce +  c0)s{ae +  a 0 +  1). (3.22)

For s e  JR, A(s) =  Re[B(s)] and B(s) =  —Im[B(s)].

For the S£ integrals, we have

è i fs,e~7i$rds = à 24 Res(£lS?’0) = 5’

2 m  I s , e s R ( ï )  dS ~  2" (3 2 3 )

Combining the integral results (3.22) and (3.23) in (3.21), and letting c —» 0, we 

obtain an explicit formula for y>(£). From (3.21), we have the following formula for 

the solution of (3.2) with (3.14) for ce, cQ ^  0:

1 , 1 Z*00 (sc0B(s) +  (aG +  Ofe +  l)A (s)) sin(s£)^_ 1 1 Z*00 ( 5 ^ ( 5 )  +  (a0 +Qfe +
2 TrVo s(A2(s) +  B 2(s))
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1 r°° ( s c 0A(s) +  (ac +  o:e +  l)B (s)) cos(sÇ) 
TrVo sM2(g) +  B2(s))

1 r00 A (s)(a0sin s(£ +  1) +  Q?esins(£ -  1))^
TT JO  ^oz

1 r°° B (s)(a0 cos s(£ +  1) +  a ecoss(£ -  1)) 
+  7T Jo s(A 2(s) +  B 2(s))

and

1 , 1 Z*00 (sceB(s) 4- (a0 +  a e +  l)A (s)) sin(g(^ 4-1))^1 1 [°° {sce£f{s) 4- {a0 + a e + IM W ;
2 TrVo g(A2(g) +  B2(g))

1 f 00 (-sCeA(g) 4- (a0 +  a e +  l)B (s)) cos(a(( 4-1)) 
7T Jo s(A2(s) 4- B 2(s))

+  1  f 00 A(s)(o;es in s (g 4 -2 )4 -a0sin(5g))^  
7T Jo ~ozs(A2( s ) + B 2(s))

+  1 Z*00 B(g)(o:e coss(^ 4- 2) 4- q0cos(5^))^
TT Jo s (A2(s)4 -B 2(s))

(3.24)

R e m a rk  3.3.1 Let </?e one? (/?0 6e considered as functions of ce and c0, i.e. ype(^, ce, c0) 

and c0) .
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i) Observing that

and

1 — y>e(—€ — 1, ~ c 0, —c e)

1 I f 00 (sceB(s) +  (a0 + a e + l)A (s)) s in (s (- f  -  1))
--------------asi-i r2 7T Jo

1 f 00 (sceA(s) -  (a0 +  o;e +  l)B (s)) cos(s(^ +  1))
—  /  TT JO s(A2(s) +  B 2(s))

1 r00 A (s)(a0 s in s (-^ )  +  a e sin s(-Ç  -  2))

ds

- V7T Jo s(A2(s)-h B 2(s))

1 Z*00 - B ( s ) ( a 0 COSs(^) +  Q g C O S S ^  +  2 ) )

ds

- i /
7T 70 s(A2(s) +  B 2(s))

ds

  y ’o ( C )  C C5 C o ) >

1 — Poi—Ç — 1) —Co, —Ce)

_  1 I f 00 (sc0B(s) +  (a0 +  a e +  l)A(s)) s in (s (-f))
" 2  n  Jo s(A2(s) +  B 2(s)) S



102

1 r00 (sc0A(s) -  (a0 +  a e +  l)B (s)) cos(sÇ) 
nJo s{A2(s) + B*(s))

1 f 00 A (s)(ae s in s ( -^  +  1) +û;0sin(s(-Ç  -  1))) 
W o +  ^

1 r00 —B (s)(a e coss(£ +  1) +  a Q cos(s(C -  1))) , 
tt/o  s(A2(s) +  B 2(s))

we see that, for  y?( )̂ =  <^(f, c), we have the symmetry property

1 -  <Pe(-f -  1, -Co, -Ce) =  <Po(f, ce, C0), and 1 -  <A>(“ f  -  1, -Co, -Ce) =  <Pe(£, Ce, C0).

ii) Recalling that

we can see that as £ —oo, <^e(f) —► 0 and <po(0  —> 0. Owr symmetry property then

gives us that y>e(+oo) =  1 and <̂>0 (+oo) =  1. This confirms our choice of boundary 

conditions.

^e(£, Ce, C0),

R e m a rk  3.3.2 i) As discussed before, </?(£) =  a for only one value of Let £ =  0.
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This then gives us the following relation between a and (ce, c0):

1 r00 A (s)(a0 - a e)sin s  
TrVo +

and

I i f
(p(0) = a = ^ o ( - l )  =  ô +  /Z 7T j 0

1 1 Z-00 (—sceA(s) +  (o:0 +  o:e +  l)5 (s ))
s(A2(g) +  B2(s)) ds

1 z*00 A(s)(o;e -  a 0) sin s 
ttJo s (A 2(s) +  B 2(s))

s(A2(s) +  B 2(s))

when ce 0 and c0 #  0. Adding and subtracting (3.25) and (3.26) we obtain, for

Cg, CQ ^  0;

1 1 y°° —!(Ce+  Co)A(s) +  [(a0 + ae) ( l +  cos(s)) +  l]B(s) j zo
2 +  ; y ,  ----------------------^ w + b ^ w ) ---------------------- ds’ ( 3 - 2 7 )
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subject to the condition that

(s(ce -  Co)  +  2(a0 -  a e) sin s)A(s)
i s(A2(s) +  B 2(s))

ds = 0. (3.28)

ii) When ce = ca = 0,

<p(o) = a = I

and

r™ A (s)(a0 -  a e)sin s  
Jo s(A 2(s) +  B 2(s)) ~

The condition (3.28) insures that the detuning parameter a is a constant value 

and does not vary with rj.

Now that we have derived a solution </?(£) we need to justify the assumption that 

the solution to (3.16) and (3.17), with (3.14), (1.9), and (3.3) is either monotone 

increasing or monotone decreasing in time. This is equivalent to stating that each 

point in the spatial lattice has a unique nonintersecting trajectory from one phase to 

the other.

L em m a 3.3.2 Let rj G Z .  The solution ip, (3.24), ° f  (3-2) with (3.14), (1-9), and 

(3.3), is strictly increasing in time for ce,c0 < 0. The solution <p is strictly decreasing 

in time for ce,c0 > 0.



105

P ro o f. Let c(r}) > 0. Then —c(r])t is monotone decreasing in t. Let c ( t } )  <

0. Then —c{rj)t is monotone increasing in t. The results now follow the proofs of

Corollary 4.5 and Theorem 4.6 in [10]. ■

We now address exactly what is meant by a solution to (3.2) with (3.14). To solve 

(3.2), it is sufficient to regard both (1.9), and h(£) as set valued functions, with

/  and h singleton sets for (p ^  a and (  ^  0, and f(a )  =  [a — 1, a] and /t(0) =  [0,1]. 

This amounts to filling in the jump discontinuities in the graphs of /  and h. By a 

solution to (2.2), we mean that <p € C(JR) and the differential inclusion

• —ctp'iO € Lt p {0  — %?(() +  h(£)

holds for Ç € M. Since we are solving on a discrete spatial domain, we need to discuss 

what we mean by continuity with respect to £. If we fix 77, then both (pe and (f0 are 

continuous over time and either (pe or ip0 (depending on whether 77 is even or odd) 

describes the continuous time trajectories of <p at rj. If we fix t, then the domain and 

ranges of <p0 , and ip are countably infinite discrete sets of points. The domain of 

p  is the union of the domains of p e and <£0, and the range of ip is the union of the 

ranges of ipe and w  The domains of ipe and ipQ are disjoint.

Lemma 3.3.3 For c 0, the derivative ip'(£) of (2.15) is discontinuous in time. In
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addition, for fixed rj,

lim y/(£) -  lim =  - , ç-+o- v y e->o+^vs/ c

P ro o f. Any difficulty in smoothness occurs in at £ =  0 for (3.2) with (3.14) and 

(1.9). Taking the difference of (3.2) with (1.9) as £ approaches zero from the left and 

from the right, for fixed rj we obtain

^Hm -<V (£) -  ^Um - c / ( £ )  =  - 1  (3.29)

since ip is continuous in t.

3.3.2 The a(c) Relation

We now analyze the relationship between the wave speed c and the detuning param­

eter a. We are particularly interested in the phenomenon of propagation failure, the 

existence of a nontrivial interval for a such that the wave speed is zero.

For c(r)) ±  0, set

r(ce, c0) =  y>(0) — -  =  u — -  (3.30)

_  1 r00 - s |( c e  +  c0)A(s) +  [(aG +  a e)(l +  cos(s)) +  l]B (s)
"  Tr/o g(A2(g) +  B2(g))
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where

A(s) =  1 -  cec0s2 +  2aea 0(l -  cos(25)) +  2(Q;e +  a 0),

B(s) = (ce +  c0)s(ae +  o:0 +  1). (3.31)

Throughout this subsection, ce and ca are subject to the constraint

f co ( s ( c e -  c o)  +  2 K  -  Q e )  Sin _ n / ,
Jo s(A2(s) + £2(s)) ( j

R e m a rk  3.3.3 When ce =  c0 =  0, y>(0) =  a  =  1/2. T/iis along with constraint 

(3.32), implies that ce and c0 are of the same sign.

Let c = (ce +  c0)/2. With the simple change of variable s s /c ,T  can be written

as

r / .  .  \ _  1  Z”  s A j s J c )  +  [(q0 +  a e)(l +  cos(s/c)) +  l]B (s/c)
(  7r Jo s ( A 2( s /c )  +  B 2 ( s / c ) )  ’ ( j

for ce /  0 and c0 /  0.

R e m a rk  3.3.4 r(ce, c0) with ce,c0 ^ 0  is nonzero.

Let Cmm =  min(|ce|, |c0|) and Cmoz =  max(|ce|, |c0|).
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T h e o rem  3.3.1 Let </>(£) be a solution to (3.2) with (3.14), (1-9), and (3.3), so that 

T(ce,c0) is defined by (3.30) with ce,c0 /  0. Then

l r <C« ’ C” ) l  5  J ï ï o o  l r ( C« - C» ) l  =  l ( 3 -3 4 )

P ro o f. Let ce ^  0 and c0 ±  0. Then

—>00 | T  (Ce , Cc ) |

_  T 1 f ”  -sA (s /c )  +  [(a0 +  Qfe)(l +  cos(s/c)) +  l]B (s/c)
Cm!n™oo TT /o s(A2( s /c ) + B 2(s/c))

-  1 r *  52 +  2d +  1
7T To 2(d +  l)s 2 +  2d +  1

n !o  7 T l dS = 2 ’ (3-35)

where d =  2(og +  a 0)(ae +  o 0 +  1).

The quantity Cmax is equal to either ce, c0, or both ce and cQ. Suppose Cmax = ce
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and we hold cD fixed (this is equivalent to cmoz = cQ, ce fixed). Then

huiCm0i —►oo |r (c e, c0) |

lim -  f 00 ~ sA (s! c} +  +  Qe)(1 + cos(g/ c)) +  l]B (s/c) ^1 /
7T JOCmaz-+00 f t  Jq  s ( A 2 ( s / c )  +  B 2 ( s / c ) )

l  r00 2d +  1 
7T Jo (2d +  4)s2 +  2d +  1

I f 0 0 ! ,  1
<  ï / o  ~  2 ’

where d =  2(aê +  a 0)(ae +  a c +  1). If c^az =  ce =  cOJ then (3.35) applies.

3.3.3 Application: Laminar Material

Suppose that we have a laminar material composed of periodically alternating layers, 

of integer thickness, with every other layer possessing the same diffusion coefficient. 

Let all other properties of the laminates be the same. Let n be the normal direction to 

the interfaces of the layers and let 0 be the angle between the traveling wave direction 

vector a  and the normal vector n. Then if cos 6 is a rational number, this problem is 

equivalent to the one dimensional periodic coefficient traveling wave problem.
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3.4 Chapter Summary

In this chapter, we provided a solution method for spatially discrete reaction-diffusion 

equations with “linearized” nonlinearity / i  and periodic variable diffusion. This was 

accomplished by treating variable diffusion differential-difference equations as a mixed 

system of constant coefficient ordinary differential and differential-difference equations 

which is solved using Fourier integral transforms. The period two diffusion coefficient 

case is provided to demonstrate the details of the solution method, in particular, the 

inverse transform. If we consider these solutions as time trajectories for the points 

in the lattice, then the trajectories are strictly monotone. The period two diffusion 

coefficient case also gives us a chance to investigate the o(c) relation for a nonconstant 

wave speed c. The discontinuity in the nonlinearity f i  causes to be discontinuous 

which appears as “kinks” in the solution curves.
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Chapter 4

A NUMERICAL METHOD FOR THE COMPUTATION 

OF TRAVELING WAVE SOLUTIONS OF NONLINEAR 

DIFFERENTIAL-DIFFERENCE EQUATIONS

In previous chapters, we used a linearized nonlinearity f  ( fi  from equation (1.9)) 

to represent the the bistable nonlinearity. This allowed us to produce both ana­

lytical (using integral transforms) and numerical solutions (using fixed point meth­

ods). In this chapter we concentrate on a numerical method which allows us to 

solve differential-difference equations with any bistable nonlinearity that possesses a 

continuous derivative.

In Section 4.1 we introduce the class of equations we solve, we introduce the 

numerical method (a modified Newton’s method) we use to solve this class of equa­

tions, and we introduce the main theorem of this chapter, a convergence result for 

our modified Newton’s method. The proof of this theorem relies on detailed func­



112

tional analysis of the class of equations we are solving. Section 4.2 consists of the 

background, definitions, concepts, and results that we use in the proof of the main 

theorem and relies heavily on the work of J. Mallet-Paret in [46] and [47]. This section 

includes analysis based on Fredholm operator theory and asymptotic hyperbolicity. 

Once these preliminary results are stated we proceed to Section 4.3 and the proof of 

our convergence theorem. We conclude with a summary and remarks about the class 

of equations that can be solved with this method.

Although we are solving nonlinear differential-difference equations, the numerical 

method that we present relies on several results on linear differential operators with an 

exponential dichotomy and on several results on linear differential-difference operators 

tha t enjoy behavior similar to an exponential dichotomy. Our method also relies 

on the fact that our nonlinear differential-difference equation can be treated as a 

(sometimes large) perturbation of a nonlinear differential equation. While we present 

the method for a specific subclass of the class of equations that exhibit a heteroclinic 

orbit dependent on one parameter (c), this method appears to be applicable to a 

general class of parameterized differential-difference equations that connect two points 

(either in a heteroclinic or homoclinic orbit).
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4.1 A Variant of Newton’s Method

We present a numerical method for solving the nonlinear autonomous equation

-diag(c)y'{£) -  d ia g ^y" (Ç )  =  F(<X(), p) +  +  n ) ,  +  r2) , +  r^ ) , /?),

(4.1)

where ip =  with p € [0,1] =  f/, f  G EL, c(p) : IR -¥ JRn, and the

constant vector 7  of dimension n  consists of elements in M + U {0}. The notation 

diag(c) and d ia g ^)  represent n x n  diagonal matrices whose i, ith elements are the 

i th element of c and 7 , respectively. We use equation (2.1) as an example to help 

illustrate the assumptions that are made on (4.1). Let ipri(£) =  (£ +  r*), let

^ ( 0  =  (^ r,,y?r/,...,y?r^), and let Ip =  (^ (1), ^ 2), for I =  l , . . . ,n ,  i =  1,...,7V.

The following is a list of five conditions for F  and G:

(cl) F  : lRn x  U M n is C l in M n and U, and G : R nN x U  ^  JRn \ s C l in R nN 

and U.

(c2) D ^F  : ]Rn x [7 —> 1RJ1 is locally Lipschitz in p  and D^G  : ]RnxN x  U ]RnxN 

is locally Lipschitz in Jp.
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> 0. (4.2)

(c3) For j  =  1, ... ,N  and I =  1,

d G f a  P) 

dVr)

For (2.1), this means that the £k > 0.

(c4) The r\, i =  1,..., N , I =  1,..., n, are the forward and backward shifts. As a 

m atter of notation, let rj ^  r{. for 1 <  j  < A: <  A” and r\ ^  0 for i =  1,..., A. 

The r\ correspond to the • cr in (2.1) where the shifts occur in plus and minus 

pairs.

(c5) Let <p-,ip+ € IRn such that ip® < , and let F : ]Rn x  U M n be defined as

r(y>, p) =  F (v , p) +  G(ip, ip, y?,..., y>, p).

For some o(p) such that (p) 6 [<p \̂ <p+],

r (,)(<p,p) <  0, <p(/) € (-oo,<p^) U (a(i\  <p+}),

r (/)(<p,p) <  0, <p(,) G ( < P - , a (z)) U (<p+,oo),

F(<p-,p) =  r(a ,p )  =  r(<p+,p) =  0, (4.3)
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with

D „ ( ,) r ( f_ ,p )< 0  if o(') ^  D ^ r ( ^ , p ) < 0  if

D(p{i)T{a,p) > 0 if o(z) € ( ^ ), ^ )). (4.4)

For equation (2.1), (p^) =  0 and =  1. Assumptions (4.3) and (4.4) imply a 

bistable nature to (4.1) along with the fact that we have exactly the three equilibrium 

solutions ip =  i p - , a , < p +  when € (y>̂ P, < p + ) .  Assumptions (4.3) and (4.4) also imply 

that <p = <p+ is stable for positive increasing ^ and that p  = <p- is stable for negative 

decreasing £. The operators F  and G of all the equations that we are currently 

studying can be expressed in the form

F ( v ( 0 ,  p) +  <?(¥’(f+  n), + r 2) , <p(4 +  />), p)

= 2 “iivCC +  n) -  v>K)] -  /M £ ) , p)
t=l

where f(p (£ )jp )  is one of our bistable nonlinearities, f i ,  f 2, or / 3. We are interested in 

solutions of (4.1), (p, c), that connect p -  and p +. In other words, for each p € (0,1), 

we want to find Q(p, c, p) =  0 for

(7(<P,c, p)K) =  -diag(c)p'(£) -  d iag(i)p"{£) -  F(v?(0,p) -  G (^((),p ), (4.5)
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with boundary conditions

cp(—oo) =  (p_ and y?(oo) =  ip+. (4.6)

As we have done previously, we define the phase condition y>(0) =  a(p) to select a 

unique translate. An advantage gained from (4.3) and (4.4) is that we do not need 

to consider solutions which join y>_ and a(p), and a(p) and (p+.

Let

F(<P, c, p)(Ç) = -diag(c)ip'(Ç) -  diag(y)(pn(() -  F((p(Ç), p). (4.7)

Since F  and G do not depend on c and since F  and G are in C 1, F  and G are also 

C l Frechet-differentiable. Taking the derivative of F  with respect to the first two 

variables we obtain

c, p) k  p)(() (4.8)

=  -d iag tcW fê) -  diag(y)i/;"(Ç) -  p)ifi(Ç) -  b<p'(().

Notice that c, p) is a linear nonautonomous (the diagonal matrix D ^F fa , p)

depends on £) operator.
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D efin ition  4.1.1 Using operator (4-8), we define the modified Newton’s method

Cm P X ^ n + l j  ^n+lj f i )  — ^ 1 , 2 ^ 0%; P ) i } P m  C m  P )  G ( } P n i  Cnj P ) -  (4 -9 )

Unless otherwise stated, p is fixed throughout this chapter. In Sections 4.2 and 

4.3 we construct a proof that shows the modified Newton’s method in (4.9) converges 

for ((po, cq) in an open neighborhood about the solution of (4.1). Let

L 00 =  L°°(B),

let

L ,  =  { ( / (1). / <2), - ,  / |n)) l / (,) € L00, / =  1 , n},

let

W 1,0° =  { /  € L00!/ is absolutely continuous and f  € L00},

let

W,1-00 = { /  6 Wrl’“ |/(0) = a% )},z = 1,

and let

Wo1’00 =  { ( / (1), / (2), - , / (n)) l / (') €
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D efin ition  4.1.2 The pair (ip,c) is a point of attraction of the iteration defined in 

(4-9) if  there is an open neighborhood, S , of (ip,c) such that S  C W^'00 x ]Rn and, 

for any (tpo, cq) € S, the iterates defined by (4-9) all lie in Wq1’00 x Mn and converge 

to ((p,c).

We now present the main result in this chapter.

T h e o rem  4.1.1 (Convergence of Modified Newton’s Method) Let c) be a pair of 

functions such that G(<p,c) =  0, with G(<p, c) as defined in (4-5) and boundary con­

ditions (4-6). Also assume that the operators F  and G ofG(<P,c) satisfy conditions 

cl through c5. Then c) is a point of attraction for the modified Newton iteration

4.2 Preliminary Results

The following results on asymptotic hyperbolicity and Fredholm theory follow directly 

from the work of W.-J. Beyn [7], K.J. Palmer [50], and J. Mallet-Paret [46], [47]. 

Unless specified otherwise, c ^  0 throughout this section.
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4.2.1 Definitions

In this subsection, we define what we mean when we call an operator hyperbolic, 

asymptotically autonomous, or asymptotically hyperbolic.

For c 7̂  0 , let Ac : W q,0° —> be a nonautonomous bounded linear operator of

the form

(Ac^HO =  -diag(c)il)\t) -  d ia g ^ W t f )  -  A0(£)^(£) ~  +  r i)>  ( 4 -1 0 )
i = i

where the matrices A j ,  j  = 1,..., N , are diagonal.

D efin ition  4.2.1 Suppose that the Ai (i =  Q ,...,N ) in (4-10) can be written in the 

form

Ai(f) =  Ai± +  £t±(Ç)

where A{±, i =  0 , N , are constant coefficient operators, of dimension n x  n, such 

that

A i+ = lim Ai(£), A{- = lim A*((), i = 0 ,...,N .
Ç->oo oo

Then the operator (4-10) is called asymptotically autonomous.
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If A c is asymptotically autonomous then

Ac =  — M±,

where : Wj}’00 —>• L”  is the autonomous bounded linear operator

(A^VOté) =  -diag(c)il)'(Ç) -  dm ^(7)<(C) -  A ,,±^(f) -  ^  +  r*) (4.11)
t=i

and M± : Wq,0° —> L”  such that

(A W )K  ) =  +  E  +  r,). (4.12)
t=i

where

lim IIMJI =  0, lim ||M_II =  0.Ç->oo 11 c->-oo11 11

A particular case of (4.10) is A° : Wq,0° —> L” , the autonomous bounded linear

operator

(A°V0(£) =  ~diag(c)ip'(t) -  diag(i)i/j"(£) -  Aq.oV^K) ~  +  n ) (4.13)
1 = 1

where A^o, i =  0, are constant coefficient operators. Consider solutions to
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K0cij) =  0 of the form ÿ  =  e ^v , v E M n, v ^  0. Then for each root s =  /i of the 

characteristic equation det A°(s) =  0, where

N
A°c(s) =  s diag(c) -  s2 diag(j) -  A0,o -  ^3  Aj,oesrj, (4.14)

j=i

there corresponds a set of eigensolutions to =  0.

D efin ition  4.2.2 The constant coefficient operator (4-13) is called hyperbolic if 

its characteristic equation (4 -14) has no roots on the imaginary axis; i.e, 

z/det A°c(irj) ^  0 for rj € M, then (4-13) is called hyperbolic.

We define hyperbolicity solely based on the characteristic equation det A°(s) =  0 

and not on the dynamics of the operator or of the solution. Having a constant 

coefficient operator be hyperbolic is an essential element to having an exponential 

dichotomy. We desire to imply that an asymptotically autonomous operator whose 

asymptotic limit is an hyperbolic operator that has an exponential dichotomy also 

exhibits an exponential dichotomy.

D efin ition  4.2.3 I f  (4-10) is asymptotically autonomous and (4-H) hyperbolic, 

then we call (4-10) asymptotically hyperbolic.
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An asymptotically hyperbolic operator allows us to set up a linear Fredholm theory 

for the operator. Let

=  7£(AC) =  {^ € =  Kc<j> for some </> € Wq1’00},

the range Ac (4.10), and let

Kc =  /C(Ac) =  {</>€ Wo1,0°|Ac<£ =  0},

the kernel of Ac (4.10). The operator Ac is a Fredholm operator if

1) the kernel JCc Ç kFo1’00 is finite dimensional,

2) the range 7^c Ç L”  is closed, and

3) 7̂ .c has finite codimension in L£°.

4.2.2 Results

The following results depend on Ac being a Fredholm operator which includes knowing 

specific information about the kernel and range of Ac.

T h e o rem  4.2.1 Let Ac be defined as in (4-10) and assume Ac is asymptotically hy­

perbolic. Then Ac is a Fredholm operator.
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P ro o f. The result follows from Theorem A in [46] and from Lemma 4.2 in [50]. ■ 

The formal adjoint operator A* of Ac is defined

(A * V 0 të )  =  diag(c)i)'(£) -  d i a g ^ W (Ç) -  - J 2 Aj(£ ~  r j M £  ~  rj),
j =i

where A* is the conjugate transpose of A,, 2 =  1,..., N . Let 7̂ .* be the range of adjoint 

of Ac and 7C* be the kernel of the adjoint of Ac. Then we have from Theorem A in 

[46] that

K c = { h e L % \£ j fô ) h ( Ç ) d Ç  = 0 for all y € ZĈ } .

We now present two hypotheses which are used in the lemma below.

(HI) Let Ac be defined as in (4.10) and assume that, for k =  1,..., n, there exist 

quantities

Oij,k, Pj,k € M, 0 <  j  <  AT, with a ^k > 0 , 1 < j  < N,

such that

Oij,k <  ak liO  ^  Pj,k E M, v k e  {1,2, ...,n},

and V j  G {1,2,..., N },
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where a ^ ( f )  is the k ,k th element of Aj(£) and

a 0,k < o ^ K )  < A,* Vf GlR, V /c € { 1 , 2 , n},

where (f) is any element of the kth row of A0(f). In addition, for k =  1,..., n,

assume

z=i

where is the k, Ith element of A± =  Ai± .

(H2) Let Ac be defined as in (4.10) and assume that, for k =  1,..., n, there exist

quantities

Pj,k € 5?, 0 < j  < N, with o%,& > 0 , l < j < N ,

such that

~ aj,k > ak!k(0 ^  Pj,k Vf G V k e  {1,2, ...,n},

and V j  G {1,2,..., N },
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where ajy.(£) is the k, kth element of i4j(f) and

^0,A :< 4rK )< A ,A : V A € { 1 ,2 ,...,  7%},

where aj^?(£) is any element of the kth row of A0(£). In addition, for k = 1 , ..., n, 

assume

Ê O < o .
i=i

L em m a 4.2.1 Let Ac be defined as in (4.10) and assume Ac is asymptotically au­

tonomous. Also assume that there exists a solution to Ac(^) =  0 which is nonnegative 

and bounded. I f  Ac satisfies either (HI) or (H2), then

1) Ac is asymptotically hyperbolic, (is a Fredholm operator)

2) there exists an element p =  (pi,P2, ~;Pn) i>n the kernel of Ac, such that pi > 0,

i — 1,..., n,

3) there exists an element p* =  ...,P£) <he kernel of the adjoint such that 

each element p*(£) > 0 for all £ € JF2, î =  1,..., n, and

4) the range of Ac contains no elements, /i(£), such that h%(£) < 0 or Zii(£) > 0,

for all Ç € IR and 2 =  1,..., n.
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P ro o f. In this proof, we combine the results of Mallet-Paret, [46], [47], for first order 

differential-difference operators of the form

(AffiVOfé) =  —diag(c)ip'(0 -  A o(fM f) -  2 3 AjK )’/’K +  rJ),
3=1

and the results of Fife and McLeod [26] and Beyn [7] for reaction-diffusion equations 

whose linearized form can be represented by operators of the form

( A j / 2^ ) ( f )  =  -diag(c)i)'(Ç) -  d i a g ^ W  -  Bo(£)V>(£)-

Consider hypothesis (HI). Then the operator Ac can be treated as a perturbation 

of the operator Ajyi- For the conditions set forth in the lemma and in (HI), Theorem

4.1 in [47] implies conclusions 1), 2), and 3).

Now consider hypothesis (H2). Then the operator Ac can be treated as a per­

turbation of the operator A#?- Results 1), 2), and 3) follow from the fact that this 

operator has an exponential dichotomy.

As for result 4), with either (HI) or (H2), by result 3) there exists an element, p*, 

in 7Z*C such that p*(£) > 0 for all Ç e  M. Since

n c = { h e  L™\ y(Ç)h{Ç)dÇ = 0 for every y e  K:*|,
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any h(Ç) e 7 l c must satisfy

/oo
p * ( e w e K  =  o.

-oo

Hence h(£) € 7^c cannot be have hi(£) < 0 for all Ç € 52 and 2 =  1 , n,  or > 0 

for all £ E 52 and 2 =  1,..., n. ■

4.3 Proof of Theorem 4.1.1

We now present the proof of Theorem 4.1.1. First we establish that Di^T{(j),b) is 

invertible in a neighborhood of the solution (y?, c). Then we rewrite the Newton 

iteration (4.9) as

(^ n + l?  C n + l) — Cn)

where

b) = (0 ,6) -  [A ,2 m  &)]-‘ÊW, 6), (4.15)

which is well-defined. We next show that i f  (4.15) is Frechet differentiable in the 

neighborhood in which it is well-defined. Last, we show that the Newton iteration 

converges to the solution in our neighborhood, that the solution is a point of attrac­

tion. This includes showing that the spectral radius of D i^H  is less than 1.

Let p be fixed. Let (y>, c) E Wq,0° x 52" be such that G(ip, c) =  0. And let F  and 

G satisfy conditions cl through c5 throughout this section.
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Lemma 4.3.1 There exists a ball of radius ô defined as

S„,C<S =  { ( y „  C.) €  Wo1'”  x  ÆT I II (y», c) -  ( y . ,  c .) || <  «5 for <5 >  0} C  Wg1'”  x JZ"

swc/i that c*) zs invertible for all (y?*, c*) €

P ro o f. It follows from the work of Beyn [7] that c) is an isomorphism

from Wq1’00 x ]Rn onto L” , and hence is invertible. Set u =  c)]-1 || and let

0 < e < l/(2 v ). Since c) is continuous at (y>, c), we can choose a J > 0 such

that when (</>*, c*) € S ^ s ,

WDipFfac)  -  A , 2^ ( ^ * , c * ) | |  <  e.

Let I  be the identity operator from Wq1’00 x JRn to  Wq1’00 x ]Rn. Since 

V - l D i * ? ( v , c ) ] - 1D ia?(<p.,c.)\\

=  l|[A ,2.7r(y’,c )]~ 1(.Di,2.F(y>,c) -  jDi,2^ ( v . , c . ) ) | |  <  eo <  i  <  1,

Neumann’s Lemma implies that [Di^Fiv,  c*),

and hence c*), is invertible. Also

||[D i,2^,c,)]-'|| = ||[f -  (7 - [D i,2^c)]-:D i,2^ ,c.))]-'[D i,2^ ,c)]-'||
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00 1 
<  U ^ (v e )1 =  —  

1= 1

V

v e

for all c.) 6 5 ^ .

R em a rk  4.3.1 T/ius the operator H  : Sy,)C)($ —> Wq1’00 x Mn defined as

c*) =  c*) -  c*)]-15(y?*, c*) (4.16)

zs well defined.

L em m a 4.3.2 The operator H  (4-id ) is Frechet-differentiable and the derivative with 

respect to ip and c is

DipH(<p, c) = I  — [D ipTfa, c)] lD iag(<p, c).

P ro o f. Since Ç is Frechet-differentiable at (ip, c),

\\G(<p*, c») -  G(<p, c) -  D 1)2G{<p, c)[(<p*, c*) -  (<^,c)]|| < c||(y?*,c*) -  (v?,c)||

for all (y?*, c*) G S ^ c,s- Using the fact that (ip, c) =  H(ip, c), we obtain

c*) -  # ( < A  c) -  [ /  -  [ D i ,2^ " (^ , c ) ] _ 1 D i , 2^ ( ^  c)][(<^*, c * ) -  (y j, c)]||
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=  l l l A ^ ^ c ) ]  lDifiÇ{tp,c)[{ip.,c,) -  (y,c)] -  [Z)i,2^ ( v „ c ,) ]  lÇ (^ ,c ,) \ \

< Il -  [Z)i,2^ ( y „  c ,)] - '[g (y „  c.) -  Q(<p, c) -  c)( (y , ,  c.) -  (v,c))]|| 

+ | | [ D i ^ ( y „ c . ) ] - 'M y , c ) - ^ ( y . , c . ) ] |D ,^ ( y , c ) ] - '

A ,2 5 (y ,c )((y „ c ,)  -  (y ,c))||

<  (2ve + 2v2t\\D iaQ(<p,c)\\)\\{tp„c,) -  (y ,c)||, (4.17)

for ail (y?*, c*) € S ^ ÿ .  This implies üf is Frechet-differentiable and the derivative of

(4.16) about the solution (<£, c) is

D h2H((p, c) = I  -  c)]-lD iaG{<p, c) (4.18)

where

D h2Q( <p, c) { i >, bm= -  j j D ^ G m ^ + u ) .
i= l

The operator D ^.G ijp) is a diagonal matrix with dG(p, as the 1,1th entry.

Hence D^r.G(Tp) is a linear, possibly nonautonomous, operator. ■

L em m a 4.3.3 Let à be the spectral radius of D i^H  {up, c). Then d e l .
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P ro o f. Writing the eigenproblem for c) we obtain the equation

[DwFiv, c)]-1 o m m  + rO -  A/(0,6) = (0,0)
1= 1

where A is the eigenvalue, and ((f), b) are the eigenfunctions. Rewriting this relation 

we obtain

— 6) +  -r +  ri) — 0,
A i=i

=> A[dmy(c)ÿ/(C) + diagirffi'fê)  +

+  +  r i) +  M<p'(Ç) =  0,
1= 1

A[dmp(c)^(() t  d ia g ^ ) # '^ )  +  )]

+  +  r i) =
1=1

(4.19)

The right-hand side of (4.19), contains the derivative of the solution to (4.1), y/(£), 

which we know from Lemma 4.2.1 with (HI), is strictly positive.

We now analyze the left-hand side of (4.19) using the results presented in the
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previous section. Let J\(<j),b) be

b) = A[rfmp(c)< /̂(f) +  diag(j)<l/,(Çj +  DvF{(p)(l>(()] +  +  n ).
t=i

Let A0(£) =  XDpFfa) and Aj(£) =  DVrjG(lp), j  =  1 , N . Then J A, the left-side of

(4.19) can be written as Ac as defined in (4.10).

We now show that Ac =  J \  satisfies (HI) and the assumptions of Lemma 4.2.1 

for A > Ai where A% € (0,1). By (4.2), 0 < < a j ^ f )  <  fy#  for all £ G iR, for

all k = 1, ..., n, j  =  1, ..., n, where a^k is the k, k th element of the diagonal matrix 

Aj. From the conditions on T(ip,p) (4.3), (4.4), along with the boundary conditions 

(4.6) we have that there exists a 0 < Ai < 1 such that for A > A%, £ ”=1 < 0 for

& =  1, ...,n  where a*,/ is the k ,l th element of YliLo Ai± and that Jx is asymptotically 

autonomous. Let A% be the smallest such A%. Hence by Lemma 4.2.1, for A >  1, the 

range of J \  contains no strictly positive nor negative sets of elements. Now notice 

tha t the right-hand side of (4.19), a constant times the derivative of the solution ip, is 

a set of strictly positive or negative elements. Thus (4.19) has no nontrivial solution 

for 6 0 and A > Ai.

Next we consider A < 0,

iAi[c<m+ + DvF(<p)m] -  E i D ^ o m m + n),
i = l
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and Lemma 4.2.1 with (H2). For À < 0, the conditions of Lemma 4.2.1 with (H2) 

are met for the same reasons the conditions of Lemma 4.2.1 with (HI) are met for 

X > Ai. Thus the right-hand side of (4.19) is not in the range of J\, the left-hand 

side, when A < 0. Hence A > Ai, for 0 < Ai < 1, and A < 0 are not in the spectral 

radius of (4.18).

In Section 4 of [47], Mallet-Paret shows that when A > Ai, the real eigenvalues 

of (4.19) lie in both the intervals (—oo, 0) and (0, oo), and as we saw above, when 

A > Ai, A is not in the spectrum of (4.18). He also showed that for 0 <  A < A%, 

the real eigenvalues of the determinant of the characteristic equation of (4.19) all lie 

in either (—oo, 0) or (0, oo). Suppose 0 < A < A%, and consider the formal adjoint 

of the left-hand side of (4.19). This adjoint operator has a kernel, £*, of dimension 

zero. Since the operator represented by the left-hand side of (4.19) is a Fredholm 

operator, the codimension of the range of (4.19) equals the dimension of JC* which is 

zero. Hence the right-hand side of (4.19) is in the range of the left-hand side. Thus 

0 < A < Ai is in the spectrum of (4.18). ■

R e m a rk  4.3.2 1 ) We would like to point out that ifd iag(j) = 0 in our differential-

difference equation (4-1 ), then we would not even be able to show that the spectral 

radius of (4-18) is bounded. This indicates that this Newton’s method would not 

converge for d ia g ^)  =  0 and implies why the limit d ia g ^) 0 is difficult to
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approach with this numerical method. The reason for this is that we “breakup” 

the spatially discrete diffusion operator with our relaxation. Thus the conver­

gence is dependent on the continuous diffusion operator, d ia g ^ tp " .

2) The value Ai can be thought of as the contraction factor for our method.

3) The value A% is both direction and dimension dependent.

L em m a 4.3.4 For D i^H  : Wq1’00 —> the limit

^im ||[A,2H]m||1/m= â  

exists, where o is the spectral radius.

P ro o f. The result is a statement of Theorem 10.13 in Rudin [53]. ■

L em m a 4.3.5 The solution (p, c) is a point of attraction of (4-9).

P ro o f. By Lemma 4.3.4, for any e > 0 there exists an integer N& such tha t for 

all m >  Ng

| | [ A ^ ( V,c )H l/m< *  + e,

which implies

\\[D ^H (V,c ) r \ \< ( ,a  + e)m,
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Let H p('ip,b) =  H [H (H {...[H(ip, b)]...})], the operator H  applied p times. Observe 

that H p : W i,0° —> Wq'00 and that H p((p, c) =  ((p, c). Choose e > 0 such that d+ e  < 1, 

choose pi € Z5+ such that (â +  e)Pl +  e < 1, and let p > m ax(A^,p1). Since H  is 

Frechet-differentiable at (<p, c), Lfp is also. Thus there exists a 5 >  0 such that, for all 

c*) E Scp^s,

| |f îp((p*,c») — H p(ip, c) - D i , 2^(< p , c)(((p*,c*) -  (<p,c))|| <  c||(^*,c*) -  (<p,c)||. 

The Frechet derivative of H p,

Di,2H p(y,c)  =  [Di,2/i(<p, c)]p, 

through application of the chain rule. Thus,

+ ||[n 1,2̂ , c ) ] p|| | |( ^ ,c * ) - ( (p ,c ) | |

<  [(<7 +  e)p +  e]||(<p*,c*) -  (<p,c)||

for all (<p*, c*) € S VtC,6-
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Therefore, if (^0,co) G S ^ s ,

\\(<Pp,Cp) ~  ( ^ c ) | |  =  \\Hp(<p0,co) -  {<p,c)\\ < [ ( â  +  e)p +  e ]||(^ o ,C o ) -  (< p ,c )||,

which implies that ((pp, Cp) E S ^ s .  By an induction argument,

IK^n-p, Cn.p) — (<p, c)|| < [(d +  e)p +  e]n||(^0, cq) — (<£, c)|| (4.20)

and (y3n.p, Cn.p) E S«p)C><$ for all n E U  0. Since (d +  e)p +  e < 1, (4.20) implies that

lim (</7n.p, Cn.p) — ((/?, c).

Since Ü  is a bounded operator, and since (4.20) holds for all p > max(A^,pi),

lim {ipmCn) =  (<Ac).n —to o

This concludes the proof of Theorem 4.1.1.

R e m a rk  4.3.3 In Section 4-1, we assumed that F  and G were C 1. In proving The­

orem 4.1.1, we only need that Q, DipQiw*, c * ) , and c *) are continuous in

a neighborhood of the solution (<£, c ). Thus we only need (y ;*, c *) E  D ^ F ,  and
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D ^ G  to be continuous. IJ we define f\{a) =  0 and D ^ f^ a )  =  d\, then (4-1) with 

the piecewise linear nonlinearity f i ,  appears to be included in the class of equations 

that can be solved with this numerical method. But recall that for this problem, with 

nonlinearity f i ,  (p"($) is discontinuous at a and the spectral radius argument holds 

for continuous operators. It is not clear at this time if the proof can be made to hold 

for nonlinearities such as f \ .

4.4 Chapter Summary

We presented a numerical method for general nonlinear systems of bistable traveling 

wave differential-difference equations. The key to this method is treating the forward 

and backward delay terms as “known” information, and then solving the problem with 

iteration. The iterative method used is Newton’s since we wished to work with the 

linear variation of the nonlinear equation being solved. Convergence of this iterative 

method was proved through the use of linear Fredholm operator theory which is a 

way to formulate the exponential-dichotomy-like behavior that the systems exhibit.

The primary limitation of our iterative technique is that the second derivative 

term 9?" is needed so that the difference operator can be “split” . This limitation, 

among others, indicates the need to develop a differential-difference solver where the 

difference term need not be dealt with through relaxation.
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Chapter 5 

NUMERICAL EXAMPLES

This chapter focuses on several numerical examples which exhibit behavior tha t we 

are only beginning to investigate analytically. One of the primary difficulties in 

developing analytical results, including solutions, to differential-difference models is 

the unknown nature of the phenomena they contain. Numerically obtained results 

have the potential to point out the path to follow in our analytical investigations. 

The algorithms presented in Chapters 2 and 4 provide us with the numerical tools 

for investigating a large class of both linear and nonlinear traveling wave differential- 

difference equations.

In the first example, Example 1 , we revisit the reaction-diffusion, wave, and 

damped wave differential-difference equations of Chapter 2. In addition to the non­
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linearity / i ,  we also consider the bistable nonlinearities

f 2{<p) =  di(p{(p -  a)(<p -  1),

V?(a- 1)
f 3(<p) = di(a ~(p + 0 .1  log

a{< p-l)

We discover that the phenomena of propagation failure and step-like solution profiles 

occur for all three nonlinearities and are not artifacts of the piecewise continuous 

nonlinearity / i .  In the second example we present solution and a(c) relations for 

the variable diffusion reaction-diffusion differential-difference equation of period two. 

Included in this presentation is an example of period two bifurcation of the constant 

coefficient equation. The third example is consists of solving differential-difference 

equations with inhomogeneous equilibria. A feature of this example is wave propaga­

tion for a symmetric nonlinearity.

5.1 Example 1: Nonlinear Reaction-DifFusion, Wave, and 
Damped Wave Differential-Difference Equations

In this example, we consider the traveling wave equation (2.1), which is of the 

form

-K<Vtë) -  W ( 0  =  L Dip(£) -  /(<p(f),a )’ (5.1)
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where

LoViQ  =  5 3  ek[lP(£ ~ ak) ~ 2(p(Ç) +  ip(Ç +  CTjfc)], 
fc=l

with J2k=i ak = l  and a* ^  0, A; =  1, ...n.

Comparing Equation (5.1) with the general differential-difference form (4.1) from 

Chapter 4, the operator F(ip,p) =  - 2  J2k=i £k(p (0  ~  /(v>(();0), t^e operator 

G(7p,p) =  £ £ = 1  £*[<£>(£ -  <ïk) +  ip(£ +  a*)] and is linear, and a(p) = p = a. The 

condition that F  € C 1 requires that we use a C l nonlinearity f  when solving with 

the Newton’s method of Chapter 4. We have experimented with using this method 

to solve (5.1) with f i  with limited success. There are five conditions imposed on F  

and G in Chapter 4 for convergence of the Newton’s method. Equation (5.1) satisfies 

conditions (1) through (4) with condition (5) satisfied by (5.1) with nonlinearities /2  

and /g.

Since in Chapter 2 we presented several numerical experiments for this problem 

with nonlinearity / i ,  we concentrate here on the comparison of these results with re­

sults obtained with the cubic nonlinearity f 2 and the logarithmic nonlinearity / 3. The 

numerical solutions with the nonlinearities / i ,  f 2, and / 3, presented in this section, 

are obtained using the Newton’s method of Chapter 4.
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5.1.1 Step-Like Wave Profiles

We begin our presentation with Figures 5.1 and 5.2. The problems solved to produce 

the solution curves in these two figures are identical except for the scaling of the 

nonlinearities. In Figure 5.1 a), we plot the three nonlinearities /x, / 2, and / 3, all 

of which have maximum and minimum values that are approximately the same (the 

same order of magnitude). In addition, / 2 and / 3 have approximately the same slope 

at a. Figure 5.1 b) shows the solution curves, p ((), for (5.1) for each of the three 

nonlinearities with a =  1/2.

R e m a rk  5.1.1 In the equation at the bottom of Figure 5.1 we claim that c =  0. In 

actuality, because of numerical error, c % 10~7.

R e m a rk  5.1.2 In the solution plot of for Equation (5.1), Figure 5.1 b), the step 

phenomenon appears reguardless of which nonlinearity is used. This implies that the 

step-like solution profile is not generated by the jump discontinuity in the nonlinearity 

f i ,  but is generated by the nonlocal nature of the spatially discrete diffusion term.

In Figure 5.2 a), we have the same relationships between / i ,  / 2, and / 3 as in Figure

5.1 a), only now the magnitude is about a factor of 12 smaller.

R e m a rk  5.1.3 In the solution plot of Figure 5.2, plot b), we see that the solution 

curves for  / 2 and / 3 no longer have a step like behavior. Comparing Figures 5.1
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/ 2(^, 0.5) =  12%)(<p -  0.5)(y? -  1)

i
O . 9 

0 . 8 

0 . 7 

0 . 6 

0 . 5 

O . 4 

O . 3 

O . 2 

O . 1

Curve 2 --------

-10  -8

lo -V 'K )  =  + 1) -  2 f(()  +  ? ( (  - 1)] -  /  W ) ,  o.5)

Figure 5.1: Example 1: Step-like solution profiles and nonlinearity plots for nonlin­
earities / i ,  / 2, and / 3.
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and 5.2 gives us our first indication that the slope of the nonlinearity at the detuning 

parameter a effects the solution profile.

5.1.2 The Cubic Nonlinearity

In Figure 5.3 we solve (5.1) with the cubic nonlinearity / 2. A set of solution curves, 

for various values of the detuning parameter a, is plotted in plot a) and the a(c) curve 

for this problem is plotted in plot b).

R e m a rk  5.1.4 i) We present only solution curves for a > 0.5 in Figure 5.3 be­

cause of the symmetry these solutions possess with the solutions for a < 0.5.

ii) In Chapter 2, for the nonlinearity f \ ,  we saw a(c) plots which admitted a non­

trivial interval of a in which c =  0 (Figures 2.2, 2.4, 2.5, and 2.7). We also 

learned that this propagation failure only occurs when 7  =  0, but we saw that for 

7  small, a(c) curves possess an interval of a (approximately the same interval as 

for propagation failure) for which c is small (compare Figures 2.7 and 2.8). In 

the o(c) plot, Figure 5.3 b), we once again see this behavior, w herefore  =  10-4 , 

there exists an interval of a for which |c| < 10-3 . This suggests that we may 

also have propagation failure for  7  =  0 when solving with the cubic nonlinearity 

f 2. This also suggests that propagation failure is due to the discrete diffusion 

term, not the discontinuity in the nonlinearity f i .
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Figure 5.2: Example 1: A plot of nonlinearities and a plot of solutions.
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Referring to both the solution y>(£) plot and the a(c) plot in Figure 5.3, we point 

out three main types of solution profiles that can be classified by |a — 1/2|. The first 

type (solutions C6 and C7 in Figure 5.3) are solutions that have a hyperbolic tangent 

shape. The values of a are the farthest from 1/2 for this type.

R em a rk  5.1.5 As |o — 1/2| increases towards 1/2, the magnitude of the wave speed 

|c| becomes large. This first type of solution profile, the large wave speed case, is 

typically what is studied when traveling wave solutions are considered.

The third type of profile (solutions C l, C2, and C3) consists of solutions whose 

profile exhibit step-like behavior. Away from the wave front (the internal layer), the 

tails of these solutions decay asymptotically. The values of a for this type define an 

interval about 1/2.

R e m a rk  5.1.6 i) The interval for a for which c is small corresponds to the solu­

tions that are step-like.

ii) Existing work on propagation failure considers solutions of this type.

The second type of solution profile (solutions C4 and C5) consists of “transition” 

solutions, solutions that contain a mix of elements from the first and third types of 

solution profiles. The distance from 1/2, \a — 1/2|, for the values of a for this type of 

solution profile is greater than \a — l /2 | for the values of a of the third type and is 

less than \a — l /2 | for the values of a of the first type.
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R e m a rk  5.1.7 The second type of solution profiles is least often considered when 

traveling wave solutions are sought.

We will have more to say about solution profiles of the second type in Example 2 

below.

5.1.3 The Logarithmic Nonlinearity

Continuing with our first example, in Figure 5.4 we solve (5.1) with the same param­

eter values as for the cubic case above, Figure 5.3, only now we use the logarithmic 

nonlinearity / 3.

R em a rk  5.1.8 The a(c) plot (bottom plot) of Figure 5.4, has an interval of a values 

for which c is small, a region that may imply propagation failure as in the cubic case. 

These values of a correspond to the step-like solution profiles, Figure 5.4 cl)-

R e m a rk  5.1.9 The main difference between the solutions which appear in Figure 

5.4 cind the solutions which appear in Figure 5.3 is that the stable equilibria of (5.1) 

with nonlinearity fs depend on the value of the unstable equilibrium a while the stable 

equilibria, 0 and 1, for (5.1) with nonlinearity $2 do not depend on a.
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Figure 5.3: Example 1: The spatially discrete/continuous reaction-diffusion equation 
with the cubic nonlinearity and various values of the detuning parameter a.
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Figure 5.4: Example 1: The spatially discrete/ continuous reaction-diffusion equation 
with the logarithmic nonlinearity and various values of the detuning parameter a.
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5.2 Example 2: Variable Diffusion and Wave Speed of Period 
Two

Our next example returns to the variable diffusion equation of Chapter 3, the 

equation

-  c{v)<p'(£) -  7v"K) (5.2)

=  “ to  +  1 ) M £  +  1 ) -  ¥ > « )] +  û M i v K  -  1 ) -  V’ (ç ) ]  -  a),

where a(rj) is of period two mr) £ Z .  Although (3.2) in Chapter 3 does not include 

the term 7<£>"(£)> we include it in Equation (5.2) so that we may apply our numerical 

solvers. We want to find the solution pair (<p(f, a), 0 (77, a)) to (5.2) with boundary 

conditions <̂ (—0 0 , •) =  0 and y?(oo, •) =  1.

Typically the period two diffusion coefficient problem will consist of two solution 

curves, (p =  (<̂ 1, <̂2)? each with its own corresponding wave speed. This indicates 

tha t we have two possible trajectories that points in the lattice follow from one phase 

to the other. Since a  is period two on the lattice, every other lattice point follows 

the same trajectory in time.
5.2.1 Constant Diffusion, Variable Wave Speed, and Period 

Two Bifurcation

When deriving and solving the constant coefficient traveling wave equation (2.2) in 

Chapter 2, and solving Example 1 above, we used the traveling wave ansatz u(r), t) =
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ip(r] — ct) where the unknown wave speed c was constant, or equivalently, on a spatial 

lattice, had period one. We then proved that for the nonlinearity / i ,  the function c(a) 

is monotone, exhibits propagation failure, as well as many other analytical properties. 

Most of these results have been verified numerically for all three nonlinearities, / i ,  

/ 2 , and fs. Suppose instead we consider the constant coefficient problem, but we 

allow c(r)i a) to vary periodically on the spatial lattice. If we consider the case where 

c has period two, this is equivalent to considering the period two diffusion coefficient 

problem with a (77) constant.

We begin with Figure 5.5, where we have plotted the a(c) curve for the period 

two wave speed case (the curves labeled c2), along with the o(c) curve (the curve 

labeled cl) for the case where c is assumed constant. The two a(c) curves (cl and 

c2) coincide except for two regions, one for c > 0 and one for c < 0.

R e m a rk  5.2.1 The regions where the a(c) curves do not coincide are bounded by four 

bifurcation points, two for each region. These are the points where the a(c) curves 

split. Letting <p =  (^ 1, ^ 2) and c =  (ci, C2), these points indicate the values of a for  

which the fixed point of (5.2), (y), c), bifurcates. We will refer to these regions where 

the a(c) curves cl and c2 are distinct as the bifurcation regions or the regions of period 

two bifurcation.

If we look at solutions of the period two wave speed problem, outside the bifur­

cation regions, Figures 5.6 and 5.9, where the wave speed maintains a single value,
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we see that there is one solution curve per c, a pair. Note the solution curves for 

a =  0.78 (Figure 5.6) and a =  0.63 (Figure 5.9), a values that lie just outside a region 

of bifurcation.

As we decrease a from a =  0.78 into the region of bifurcation, (y?, c) goes through 

a period two bifurcation and we begin to obtain a pair of distinct solution trajectories 

and wave speeds for each a (Figure 5.7, a = 0.77 and a = 0.73), one solution and 

wave speed similar to the solution and wave speed for a =  0.78 (Curve 2) and the 

other solution (Curve 1) and wave speed moving towards the solution and wave speed 

for a =  0.63.

Continuing to decrease o, once the solution represented by Curve 1 has reached a 

neighborhood of the solution for a = 0.63, Curve 2 begins to approach this solution 

as well (Figure 5.8, a =  0.70 and a = 0.65).

As a decreases further towards a = 0.63, (y>, c) goes through another period two 

bifurcation, and we once again have only one solution trajectory and one wave speed 

(Figure 5.9).

In the previous example (Example 1) we point out that we could classify the 

solution curves into three types. The first type, the hyperbolic tangent type, relates 

to solutions for |o| greater than the values of a that correspond with the bifurcation 

regions. The third type, the step-like type, corresponds to solutions for |a| less than 

the values of a that correspond with the bifurcation regions. And the second type,
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the “transition” solutions, are the solutions which correspond to the region of period 

two bifurcation in Figure 5.5.

When c is assumed to be constant, we saw that the solutions of “transition” type 

possessed a mix of features from both the first and third types. When we consider 

wave speeds c of period two, we see that solutions of “transition” type are a pair of 

solutions, each containing properties of the first and third types.

5.2.2 Period Two Diffusion Coefficient

Again consider equation (5.2) where the diffusion coefficient varies with period two 

on the spatial lattice. For comparison purposes, all the variables in this example, 

except for the diffusion coefficient 01(77), are the same as in Subsection 5.2.1.

In this example we are solving the period two equation

-cfaVK) -  10"V'(f) =

a(?7 +  l)[y?(£ +  1) -  </>(£)] +  <*(%)[%>(( ~  1) -  </>(£)] ~  “  ° )M £ )  “  !)•

In Figure 5.10 we present the a(c) curve associated with this problem with the diffu­

sion coefficient varying from 1.3 to 1.9 in a period two fashion.

R e m a rk  5.2.2 There are at least three new phenomena, new to us at least, that the 

a(c) curves possess.
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a(c) value for a = 0.73 X ,_-B—
a(c) value for a = 0.70 A

0. 7 a(c) value for a = 0.65 X -

a(c) value for a = 0.63 0
a(c) value for a = 0.54 +

0.6 a(c) value for a = 0.50 □ -

0. 5 - -

0.4 - -

0.3 - -

0. 2 -

0. 1 - -

n i i 1 - 1------------ 1------ 1
- 4 - 3 - 2 - 1 0  1 2 3 4

~ c(rl)(P,(0  -  10 3<p"(0 =  1.6[</?(C + 1) -  2y?(C) + -  1)] -  15v7(C)MC) -  o )M O  -  1)

Figure 5.5: Example 2: An a(c) plot for a constant coefficient problem.
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Figure 5.6: Example 2: Constant diffusion coefficients. No period splitting.

—c(77)<//(f) — 10 V"(£) — 1.6[y?(£ + 1) — 2</j(£) + y>(£ — 1)] — 15y?(£)(y>(£) — o)(^K) — 1)

¥>(0
1

O . 9

O . 8

O . 7

O . 6

O . 5

O . 4

O . 3

O . 77O . 2
Curve 2 f o r  a
Curve X f o r  a
Curve 2 f o r  a

O . 73O . 1
O O 2 44 -2

Figure 5.7: Example 2: Constant diffusion coefficients. Period splitting.
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Figure 5.8: Example 2: Constant diffusion coefficients. Period splitting.

- cM v'(0  -  10 V'(£) =  l-6[y(£ +  1) -  2v>(<) +  V>(£ -  1)] -  15y(0(g>(£) -  a)(y (()  -  1)

¥>(£)

O . 9

O . 4

Curves 1 ,2  f o r  a
Curves 1 ,2  f o r  a
Curves 1 ,2  f o r  a

O . 63 
O . 54 
0 .5 0

O . 2

- 2

Figure 5.9: Example 2: Constant diffusion coefficients. No period splitting.



156

i) For each value of a ^  1/2, there exist two different values of c, both of which 

are the same sign.

ii) There exists a “jum p” in the c values for some a G (0.8466,0.8470) and for 

some a G (0.1530,0.1534).

in) One of the pair of a(c) curves has a large interval for a in which c is small, 

|c| < 10-5, while the other curve of the pair has no such nontrivial interval.

Figures 5.11 through 5.17 are the corresponding solution plots. Starting with 

a =  0.95, Figure 5.11, we show how the pairs of solution curves associated with the 

a(c) values progress as a decreases to 0.5, Figure 5.17.

Remark 5.2.3 There exists a jump in the progression of the solution curves as a 

varies from a =  0.8470 to a = 0.8466 (Figures 5.12 and 5.13) corresponding to the 

jump in the wave speeds (Figure 5.10).

Figure 5.18 consists of a set of various a(c) curve pairs of the equation

-  c(rç)<p'(f) -  io~V'(f) =

ot(v + i)M£ + 1) -  v>(0] + <*(*?) [p(f - 1) -  p(0] -  iM O M f) -  a)M 0 - 1)

for several sets of period two diffusion coefficients. The average of each pair of diffusion 

coefficients is 1.6.
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O . 6 
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a ( c) f o r 0 .. 847
a ( c ) f o r 0 ..8466
a ( c ) f o r O .. 75
a ( c ) f o r 0 .. 60
a ( c ) f o r O .. 55
a ( c) f o r 0 .. 50

Figure 5.10: Example 2: An o(c) plot for the period two pair of diffusion coefficients 
ol =  1.3,1.9.

-c(rçMf) -  io V ;(0 = 
a(?7 +  i)[^K  + 1 ) — </>(€)] +  — i ) — ^ ( 0 1 — i5 ^ ( f ) (^ (0  — o)(<p(()— i)

O . 95 
O . 95

O . 2

O 24 42

Figure 5.11: Example 2: A solution plot for the period two pair of diffusion coefficients
a  =  1.3,1.9.
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O . 847 
O . 847

O . 2

-2 O 2 44

Figure 5.12: Example 2: A solution plot for the period two pair of diffusion coefficients 
a  =  1.3,1.9.

-c(v)<p'(0 -  io V '(f) =
a(77 +  l)[<p(f +  1) -  y>(0] +  c*(i])[<p(( -  1) -  -  a)(<p(£) ~  1)

O . 4

0 .8 4 6 6
0 .8 4 6 6

O 2 44 2

Figure 5.13: Example 2: A solution plot for the period two pair of diffusion coefficients
a  =  1.3,1.9.
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¥>(î)

O . 4

O . 2
O . 75

O-2 2 44

Figure 5.14: Example 2: A solution plot for the period two pair of diffusion coefficients 
o l =  1.3,1.9.

-c (% V K ) -  io - V '( f )  =

o l { 7 ] +  l)[y>(Ç +  1) -  +  o l ( t i )[<p ( Ç  -  1) -  </)(()] -  1 5 ^ (f) (^ (0  -  a ) M O  ~  1)

O . 4

o 2 44 2

Figure 5.15: Example 2: A solution plot for the period two pair of diffusion coefficients
a  =  1.3,1.9.
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y(()

0 .5 5
0 .5 5

O . 2

- 2 O 24 4

Figure 5.16: Example 2: A solution plot for the period two pair of diffusion coefficients 
a  — 1.3,1.9.

-c(n)<p'(0  -  io-V '(f) =
<*(*? +  l)[y ((  + 1 ) -  y(Ç)] +  £t(7?)[¥>(f -  1) -  y(()] -  15y(()(y(() -  a )M O  ~  l)

¥>(Ç)

O . 4

O 2 44 2

Figure 5.17: Example 2: A solution plot for the period two pair of diffusion coefficients
a  =  1.3,1.9.
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Rem ark 5.2.4 i) Starting with the a(c) curves for a  =  (1.6,1.6), we see in Figure 

5.18, that as the distance between the two diffusion coefficient values increases, 

so does the distance between the two wave speeds.

ii) There appears to be a vertical boundary, at c =  0, and two horizontal bound­

aries, at a ~  0.1532 and a % 0.8468, which restrict the a(c) curve pairs. This 

may imply a restriction on the magnitude of the difference in the two diffusion 

coefficient values.

The a(c) plots of Figure 5.18 where found by applying our Newton’s method to 

find the solution pair (<£, c) for various values of a.

5.3 Example 3: Inhomogeneous Equilibrium States

Thus far we have studied traveling wave solutions to problems that had constant or 

uniform equilibrium states, i.e., (p(r) — ct) -* 0  as 77 —> — 0 0  and <^(77 — ct) -> 1  as 

77 —>• 0 0 . We now present a problem that we found in the conclusion of [10], in which 

the equilibrium states vary as the spatial variable 77 —>• 0 0 . We consider

6 (77, t) ~  7 ^77,77(7?, *) =  l du(t}, t) -  f(u(r), t), a), (5.3)

with T] £ Z ,

Ld =  a[u(r] +  1, t) — 2u(t7, t) +  u(r) -  1, £)],
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.5

diffusion coeff . 1.3 and 1.9 -----
diffusion coeff. 1.3 and 1.9 ----
diffusion coeff. 1.5 and 1.7 .....
diffusion coeff. 1.5 and 1.7 ......
diffusion coeff. 1.6 and 1.6 ----
diffusion coeff. 1.6 and 1.6 ----
diffusion coeff. 1.6 ......

.4

.3

.2

.1

0 c
2 4 6 8

-  io V '(f) =
a(rj +  l)[<p(Ç +  1) -  <p(()] +  “  1) ~  <P(0] “  15<̂ ( 0 ( ^ ( 0  -  &)(%>(() ~  1)

Figure 5.18: Example 2: A plot of a(c) curves for various choices of period 2 diffusion 
coefficients. The average of each pair of coefficients is 1.6. The a(c) curves appear in 
pairs.
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and f  is one of our bistable nonlinearities. Since for these / ’s, /(0 ) =  0 , one equilib­

rium state is u =  0 for all rj. Another equilibrium state is given by

u(rj, i) =
ke, rj even, 

k0, rj odd,

for particular values ke, kQ 6  M. Since

L Du(r},t) =  <
2a(k0 -  ke), rj even,

2a(ke — ko), T) odd,

by setting the right-hand side of (5.3) equal to zero, we obtain the conditions

f ( k e) =  2a(k0 -  ke), f ( k 0) =  2a(ke -  kQ).

For /  =  / i ,  (1.9), this means that for any a such that k0 < a < ke,

1 4 - 2 a  , , 2 a
A/g —  ̂ ? sind Kq —

1 -f 4a ' 1 +  4 a

In the spatial variable 77, this equilibrium condition is like a one-dimensional checker 

board.
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But we are interested in traveling wave solutions. Letting 77 =  2j, j  £ Æ we set

v (j,t)  = u(r),t) and w(j , t )  = u(rj+ l , t ) .

Then (5.3) may be rewritten as the system

vO', t) -  j v XjX(j, t) =  a[w(j  -  1 ,*) +  t) -  2v(j, t)] -  t)),

w(j,  t) -  t) =  a[v(j, t) +  + 2w{j, t)] -  t)),

and by substituting the pair of traveling wave ansatz,

v(j, t) = y{j  -  ct)t w(j, t) = tp(j -  ct),

we obtain the system of traveling wave equations

-<V(£) -  W K )  = - 1 )  +  V'K) -  2̂ (0 ] -  /M O ) ,

- c ^ ( 0  -  7 ^ ( 0  =  # M 0  +  + 1) -  2 ^ (0 ] -  /(^ (0 )>  (5.4)

with Ç = j  — ct and boundary conditions

M V O (-oo) =  (0,0), (^-0)(oo) =  (ke, k 0). (5.5)
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The following solution plots were obtained by solving the system (5.4) with bound­

ary conditions (5.5) and nonlinearity f i  using the fixed point method. Since we 

provide a and solve for <f, ip, and c, the terms —cipf and —c<pf are nonlinear.

Figures 5.19 and 5.20 are each a solution set to the inhomogeneous problem. In 

Figure 5.19, 7  =  1 and a  = 1. The continuous diffusion operator dominates in this 

solution, producing hyperbolic tangent shaped curves. In Figure 5.20, 7  =  10-9  and 

a  =  1. Here we see the solution behavior generated when the discrete diffusion term 

dominates, in particular, we see the familiar solution “kinks” caused by solving with 

the nonlinearity f i .

R e m a rk  5.3.1 In both Figures 5.19 and 5.20, the detuning parameter o =  1/2. In 

the previous homogeneous equilibria problems we have studied, when a =  1/2, the wave 

speed c =  0. This is not true here. The value of the wave speed for the solution in 

Figure 5.19 is c œ  1.006 and for the solution in Figure 5.20 is c œ  0.516. This implies 

that waves in this case are not being propagated by an asymmetry of the potential, but 

by the relation between the equilibria and the potential.

In Figures 5.21 and 5.22, we reexamine the problem of Figure 5.20 for various 

values of a. Figure 5.21 illustrates the upper member of the solution set and Figure 

5 .2 2  shows the lower.

R em ark 5.3.2 In Figures 5.21 and 5.22, for a =  0.46, c % 0.271 and for a =  0.54,
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c % 0.810. In the previous homogeneous equilibria problems, the magnitude of c 

increased as the distance \a — 1/2| increased. As we can see, this is not true here.

5.4 Chapter Summary

We have solved a variety of problems in this chapter, showing some of the versatility 

of our numerical methods. The proof of Newton’s method in Chapter 4 helped in 

producing numerical results by providing guidance in applying the method. Through 

these examples, we have seen that propagation failure is not an artifact of a discon­

tinuous nonlinearity and that the slope at a affects the solution profile. The step-like 

solution behavior first exhibited in Chapter 2, when solving with nonlinearity / i ,  

also appears when solving with smooth nonlinearities. While solving the problem 

with period two diffusion, we discovered bifurcation points which appear in the so­

lution pair (y>(a), c(a)) for the constant coefficient equation. In addition, for the 

period two diffusion problem, there seem to be limitations on the possible values of 

the diffusion coefficients such as their distance apart. We present an example of the 

reaction-diffusion equation applied to a system with inhomogeneous equilibria which 

demonstrates that a symmetric bistable nonlinearity can be associated with wave 

propagation.
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Figure 5.19: Example 3: A solution plot for the inhomogeneous equilibria kQ =  0.4
and ke =  0.6 with a =  0.5 and c % 1.006.

-<V (£) -  =  [VKC - 1) +  ^ (f)  -  2^(0] -  A M O , 0.5)

-C ^ ;(0  -  7 < K )  =  [^ (0  +  y’K +  !) -  2 ^ (0 ] -  0.5)

¥>(0
10E-9

O . 4

O . 1

2 6o 4- 6 -248

Figure 5.20: Example 3: A solution plot for the inhomogeneous equilibria ka =  0.4
and ke =  0.6 with a =  0.5 and c % 0.516.
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Figure 5.21: Example 3: The ke curve for the inhomogeneous equilibria kQ =  0.4 and 
ke =  0.6 for various values for a.

-<V (£) -  10~V '(O  =  -  1) +  ^ (0  -  2<^(0] -  / iM £ ) ,  o)

-  i o - V ' ( $ )  =  b ( 0  +  +  1) -  2 ^ (0 ]  -  / i ( ^ ( 0 >  o)

^ ( 0

0 .4 6  
O . 50 
O . 54

O . 4

2 6- 2 O 4- 68 4

Figure 5.22: Example 3: The kQ curve for the inhomogeneous equilibria ka =  0.4 and 
ke = 0.6 for various values for a.
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Chapter 6 

CONCLUSIONS AND FUTURE DIRECTIONS

6.1 Conclusions

We presented an investigation of bistable differential-difference equations. In par­

ticular, we looked at traveling wave solutions, solutions that connect the two stable 

equilibria in an heteroclinic orbit. Our investigation focused on presenting explicit 

solutions to various differential-difference equations, where a solution for a particular 

nonlinearity and detuning parameter o, consisted of a wave-like function and the 

speed, c, of y? with respect to the underlying lattice. Although the analytical and 

numerical techniques used are based on the work of others, the specific applications 

and development of these techniques presented in this thesis was new.
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6.2 Future Directions

This work opens up many possible directions for future work. Perhaps the key to 

any future continuation of the ideas here is the use of Fredholm theory for functional 

differential equations. Because of the behavior of these closed orbit equations, and be­

cause of the potentially high dimension of such systems, we feel further investigations 

should also consider using the Lyapunov-Schmidt reduction.

Recall that the traveling wave version of our differential-difference equations are 

highly directionally dependent, dependent on the underlying reference lattice, unlike 

the traveling wave version of the differential models of the same type. We intend to 

develop a numerical method for solving the partial differential-difference equations, 

not their traveling wave form, to see if the same directional dependence appears 

as in the traveling wave formulations. Hopefully, this will support the concept of 

constructing general solutions from traveling wave solutions.

The Newton’s method we present, and its convergence proof, appears to be gen- 

eralizable to general parameterized dynamical systems represented by differential- 

difference equations that possess connecting orbit solutions (traveling wave solutions 

are connecting orbit solutions).

One of the main interests in exploring variable diffusion problems is to deal with 

the problem of finding a traveling wave solution across a single interface between two 

materials, between two lattice domains that possess different properties.
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The domain of the traveling wave equations we study is all of JR. In all of our 

numerical applications we truncate this interval, then solve, approximating the “tails” 

of our solutions with asymptotic boundary conditions (with exponentially decaying 

functions). Because of the strong attraction of the stable equilibria in our equations, 

this is an effective solution. As we increase the variations in the type of equations 

being considered, the need for allowing the truncation interval to vary as part of the 

numerical solution process may become apparent.

Additional directions include: discovering the full bifurcation maps for the (<£>, c) 

pair of various constant coefficient equations; using other phase conditions, such as 

minimizing the change in solution between successive iterations; and using more so­

phisticated damping terms instead of the viscous damping term used here.
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