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ABSTRACT

We consider traveling wave solutions to bistable differential-difference equations
obtained using both analytical and numerical techniques. The differential-difference
equations of concern include spatially continuous and spatially discrete reaction-
diffusion, damped wave, and wave equations. We explore these equations as con-

stant coefficient problems and as variable diffusion and inhomogeneous equilibria -

state problems.
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Chapter 1

INTRODUCTION

We consider both analytically and numerically obtained traveling wave solutions of

differential-difference equations of the form

0“1(77, t) + ﬁu(ﬂ, t) - 7Au’(777 t)

= L(u(n,t),u(n+r1,t),...,u(n + rn,1)) — f(u(n,1),a). (L.1)

The left-hand side of (1.1) is the “differential” portion of the equation where A
represents the Laplacian operator and “"” indicates the derivative with respect to
time. The operator L is a linear difference operator of a form that represents discrete
diffusion. The function f is a nonlinear operator of bistable type which depends on
a parameter a. The r; € IR, i = 1,..., N, represent “shifts” of the sdlution function
with respect to the spatial variable.

Throughout the modeling community interest is increasing in models of time de-



pendent differential equations that are discrete in space. In many areas of science,
systems exhibit a spatially discrete structure. This spatially discrete structure is often
the result of an underlying spatial lattice which affects the evolution and dynamics
of the system. The representation in (1.1) allows the microscopic lattice structure of
a system to have macroscopic effects on the solution behavior, in particular we note
that the discrete Laplacian, L, allows the phenomena of anisotropy and propagation
failure (phenomena that continuous Laplacian models fail to represent). Some of the
fields of research in which we see the effects of a spatially discrete structure and can
be modeled by equations of the form of (1.1) include material science (crystal growth
and liquid-solid materials) [8], [18], [37], chemical reaction theory (chemical reactors)
[24], [43], image processing and pattern recognition (cellular neural networks and op-
tical memory) [27], [15], [16], [17], [51], [63], physics (relativistic quantum mechanics)
[56], [57], [58], [62],and biology (myelinated nerve axons and myocardium) [5], [22],
[41), [42], [65), [6], [23], [40).

Our interest in traveling wave sblutions follows the extensive studies of traveling

wave solutions to partial differential equations such as the reaction-diffusion equation

U = QUgy — f(u), u:(z,t) > R for z,t€ R, (1.2)



with @ > 0 and f : IR — IR defined as
f(w) =u(u—a)(u-1), 0<a<l, (1.3)

where a is a detuning parameter. By traveling wave solution, ¢ : IR — IR, we mean

solutions of the form

u(z,t) = ¢(z — ct) (1.4)

where ¢ € IR is the unknown wave speed which is found as part of the solution,
[26]. Substituting the traveling wave ansatz (1.4) into the reaction-diffusion partial

differential equation (1.2) we obtain

—cg'(§) = ¢"(€) — F(8(£)) (1.5)

where £ = z — ¢t € IR. Equilibrium solutions to (1.2) and (1.5) are the simplest
solutions to obtain. The solution types that are of interest in this work are solutions,
waves, that connect the two “stable” equilibria, v = 0,1. This requires imposing the

boundary conditions
9(-00) = lim 4(€) =0,  ¢(c0) = lim ¢(¢) = 1.

If z € R™ and we replace ug, in (1.2) by Au = ¥§_, Dz, We once again obtain



(1.5). The only difference is the traveling wave ansatz is now u(z, t) =¢(a: -0 —ct),
where the vector 0 = (01,02, ...,0,)T € IR", such that 3%_, 0% = 1, is normal to
the traveling wave front. Equation (1.5) is independent of the direction vector ¢ and
dimension 7.

A spatially discrete analog of the partial differential equation (1.2) is the

differential-difference equation

uy(z,t) = afu(z + 1,t) — 2u(z, t) + u(z — 1,8)] — f(u), (1.6)

u:(z,t) > R for rz€ Z,te R,

with bistable nonlinearity (1.3), which defines a countably infinite system of ordinary
differential equations indexed by points on a spatial lattice. If we considered z € IR
we would have an uncountably infinite number of such systems. Substituting the

traveling wave ansatz u(z,t) = ¢(z — ct) into (1.6) we obtain
—cp(§) = a[p(§ + 1) — 26(§) + (¢ — 1)] — f(u). (1.7)

Now suppose that £ € Z". Then the operator [u(z + 1,t) — 2u(z,t) + u(z — 1,t)] is
replaced by the n dimensional operator 3 [u(z + ek, t) — 2u(z, t) + u(z — ek, t)] with
ex a unit vector of length n with 1 as the k** element. The set of vectors {e;}?_, form

a basis for JR™. This particular set of basis vectors represents a rectangular lattice.



Other choices of bases correspond to other lattices. Substituting the traveling wave

ansatz u(z,t) = ¢(z - o — ct) into the n dimensional version of (1.6), we obtain

—ed(€) = a sz:[qs(s fep-0)—20(6) + $E—ex-0) - Flw),  (18)

which, unlike (1.5), does depend on the direction vector o and on the dimension n.
Another property that the traveling wave equations (1.7) and (1.8) exhibit, that their
continuous counterparts do not, is propagation failure, failure of the traveling wave
to propagate over a nontrivial interval of the detuning parameter a [10].

The class of equations (1.1) that we are interested in includes both (1.2) and (1.6).
This class also includes equations that contain both a spatially discrete and spatially
continuous diffusion term, i.e., both Au and Y }_;[u(z + ek, t) — 2u(z,t) + u(z —
ex,t)]. By treating the coefficients of our continuous and discrete diffusion terms as
parameters, we are able to not only study solutions for the partial differential and
infinite lattice system forms of the equation, but also to study how the two types of
equations are related through various continuation paths. Including a second time
derivative, G, widens the class of equations and our results to include wave equations.
While constant coefficient systems provide many interesting phenomena, equations
with variable diffusion coefficients and equations with varying equilibrium states are

also included.



If o # 0 and ¢ # 0, then (1.8) is a delay equation with both forward and back-
ward delays, a functional differential equation of mixed type. Often in the modeling
community, theory is developed based on the notion that phenomena have a local
nature, that phenomena are independent of nonlocal information. Models are based
on the variable and the local change of that variable. In reality, this is only a first
approximation approach to many systems. Functional differential equations of mixed
type often allow for a more realistic representation. The original foundation of study-
ing the asymptotic behavior of delay equations which depend on energy functions
can be traced back to Volterra. Very little work has been done on general sys-
tems of such mixed functional equations, except for the work of Rustichini [54], [55]
and Mallet-Paret [46], [47]. Propagation failure for one dimension spatially discrete
reaction-diffusion equations was studied by Keener [40], [41]. Zinner provided exis-
tence and stability of traveling wave solutions for spatially discrete reaction-diffusion
equations [67], [68], [69]. In [30], Gao allowed the coefficients of the difference term
to be directionally dependent. In [10], Cahn, Mallet-Paret, and Van Vleck provide
propagation failure and lattice anisotropy results for traveling wave solutions of two
dimensional spatially discrete reaction-diffusion equations with a linearized bistable
nonlinearity. Mallet-Paret [47] looked at the global structure of solutions to lattice-
differential reaction-diffusion equations. Shen’s work includes (1.1) with 8 = 0 and

nonlinearity f(u,t) which is almost periodic in ¢ [60], [61]. In [38] and [39], Johnston



studied bifurcation phenomena for several bistable nonlinearities. Ofﬁer investiga-
tions into the solutions of mixed equations of the form (1.1) include the works [68],
[36], [69], [67], and [14].

We are interested in bistable systems, systems where f(u) can be represented by a
(cubic-like) nonlinear function with “stable” zeros at 0 and 1, and an “unstable” zero
at the detuning parameter a € (0,1). In this work we consider three nonlinearities f (u)
that are of bistable type which include varying degrees of smoothness. By bistable
type we mean that F(u) is double-welled, where F'(u) = f(u). The nonlinearities

that we investigate are:

<a,
filu,a) =d ‘ e fi(a) € difa — 1, 4], (1.9)
(u—1) u>aq,

fo(u,a) = dyu(u — a)(u — 1), (1.10)

and

f3( a) = dl[a—u+d210g(ugl Z;)], (1.11)

where d;,d; € IR*. Figures 1.1 and 1.2 illustrate these nonlinearities along with
their potential functions Fy, Fy, and F3 for @ = 1/2 and a = 3/4, respectively. In
Figure 1.1 the detuning parameter a = 1/2 and we see that the wells in our double

well potentials are of equal height. Figure 1.2 demonstrates what happens when a



is shifted away from 1/2. Here a = 3/4 and we see that one well of the double well
potential is raised above the other. This causes one phase to “flow” to the other, from
1 to 0 in Figure 1.2. In both figures, we see that the piecewise linear nonlinearity f;

has no spinodal region. Considering the equilibrium solutions of

ﬁ(n,t) = _f(u(ny t)’ a),

we see in all of the F(u) curves that F(0) and F(1) lie at the bottom of a potential
well and that F(a) lies at a local maximum. Thus we refer to v = 0 and u = 1 as
stable and we refer to u = a as unstable.

This dissertation consists of five chapters, cont_aining mainly original material,
along with this introduction and a conclusion. Chapter 2 is an analytical and numer-

ical study of equations of the form

ati(n, t) + Bii(n, t) = yAu(n,t) + Lpu(n,t) — f(u(n,t),a), (1.12)

a constant coefficient equation with both a spatially discrete and a spatially continu-
ous diffusion operator, and second time derivative operator. The study of equations
that contain both spatially discrete and spatially continuous diffusion operators is
virtually nonexistent, as is examining traveling wave solutions to damped wave equa-

tions. Section 2.2 consists of our analytical derivation of a solution along with our
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analytically derived results. First we give a complete definition of the ﬁfoblem. This
includes discussing boundary conditions and a phase condition. Next we derive a so-
lution including results about monotonicity and smoothness. Even though the equa-
tion we are studying contains equations that others have examined, few researchers
present explicit solutions to their functional differential equations. We then present
the relation between the wave speed of the traveling wave solution and the detuning
parameter, a(c), and use it to derive results about the phenomenon of propagation
failure and the restriction of the interval for a. -'The study of propagation failure
due to a difference term is relatively new ground. We also provide plots of the a(c)
relation. Section 2.3 is dedicated to the nurnerical solutiOn of our traveling wave equa-
tion. Detailed graphical representations of the functional differential equations that
this equation encompasses are nonexistent. We first define a numerical method, and
" then present plots of numerically obtained waveforms. This includes a presentation
of the impact of the spatially discrete versus the spatially continuous Laplacian, and
a presentation of the solutions in terms of the three classifications, reaction-diffusion,
damped wave, and undamped wave. We finish this section with a summary of how
the numerical and analytical solutions support each another. Section 2.4 consists of
summary remarks.

In Chapter 3 we study equations of the form
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@(n,t) = Lpu(n,t) — f(u(n,t),a),
LD’“(’?, t) = 0(77 + 1)[“‘(77 + 1’ t) - u(nv t)] + a(’l)[u(ﬂ - 11 t) - U(T], t)],

where the diffusion coefficient « varies with respect to the spatial lattice. We first de-
rive a solution for periodic (7). This consists of redefining the differential-difference
equation with respect to the period of a. Because of the unwieldy nature of the
algebra involved in the general periodic solution, we present a detailed example for
periodic diffusion of period two. This includes a look at the a(c) relation for this prob-
lem. We then discuss an application of the periodic diffusion differential-difference
equation, laminate materials.

In Chapter 4 we present a numerical method, a variation on Newton’s method.
The method is defined and convergence proven for a much larger class of functional
differential equations than we study in this work. Our primary tools are results from
linear Fredholm operator theory for both differential and difference operators.

In Chapter 5 we present several numerical examples. We show that solutions
obtained using nonlinearities f, and f3 exhibit propagation failure and step-like so-
lutions just like the solutions obtained with nonlinearity f,. We show bifurcation
points occurring in an a(c) curve, and we solve problems with inhomogeneous equi-

libria states.
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Chapter 2

ANALYSIS AND COMPUTATION OF TRAVELING
WAVE SOLUTIONS FOR BISTABLE CONSTANT
COEFFICIENT WAVE, DAMPED WAVE, AND
REACTION-DIFFUSION LATTICE DIFFERENTIAL

EQUATIONS

In this chapter we consider analytically and numerically obtained traveling wave

solutions of lattice-differential equations of the form

aﬁ(fh t) + ﬂU(TI, t) = ’YAU(W, t) + LDu(n,t) - f('u’(na t)v a’)’ (21)

where u(n,t) maps R* x R = IR, o, 3,7 € IR* U0, a € (0,1), A is the continuous
Laplacian operator ¥;-, D, ., and “” and “” denote differentiation with respect

to t. We let Lp be a discrete Laplacian operator defined with respect to an integer
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lattice of the form

Lou(n,t) = 3" exluln + e, t) — 2u(n,¢) + u(n — e, 0),
k=1

where ¢, € IR* and e is the unit vector whose kth element equals 1, for k = 1, ..., n.
The set {ex}p_, forms a basis for IR". Using an ¢ for each dimension allows us to
vary the directional dependence, and using e; for our forward and backward shifts
on an integer lattice is equivalent to using a nearest neighbor representation for Lp.
Throughout this chapter, we use the piecewise linear representation fi, (1.9), for f.
Let o be a vector in IR™ such that ", 02 = 1. A solution u(n,t) = ¢(n- o — ct)
of (2.1), where ¢ : R — IR, “-” denotes the Euclidean dot product, and c € IR is the
unknown constant wave speed, is called a traveling wave solution. Substituting the
traveling wave ansatz into (2.1), we obtain the spatially discrete ordinary differential

equation
—cayp'(§) + *By" (€) = 1¢"(€) + Lro(€) — f(#(€), a),
or

—kep' (§) — 09" (€) = Lre(§) — f(#(€), a), (2.2)
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where 6, = v — 20, ke =ca, £ =7n-0 — ct, and

Lrg(®) = 3 exlol€ + ex - ) + pl€ — e - 0) — 20(€)).

k=1

We present traveling wave solutions for J. nonnegative when k. # 0 and J. positive
when . = 0. The unit vector o is normal to the wavefront and indicates the direction
of the traveling wave with respect to the lattice.

Equation (2.1) includes the continuous and spatially discrete nonlinear wave,
damped wave, and reaction-diffusion equations. We present a description of the fam-
ily of traveling wave solutions defined by (2.1), equivalently (2.2). The parameters in
(2.1) allow for continuation between the discrete and continuous Laplacian terms.

We present both analytically and numerically obtained solutions implementing
each solution method independent of the other. The analytically obtained solutions
are produced using classical methods. Using relaxation, continuation, and fixed point
iteration, the numerically obtained solutions are produced using a standard boundary
value problem solver. Since the phenomenon uncovered is verified with both solution
methods, we have a natural basis for comparison of the two solution techniques.
From our analytically obtained solution, we derive a relation between the detuning
parameter a, in (1.9), and the wave speed ¢, from which we generate a(c) plots to

help illustrate phenomena we discuss. For all our results, we incorporate the classical
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phase condition ¢(0) = a.

For k. € IR, 6. > 0, with k. and 4. not both equal to zero, we show that a
solution (§) of (2.2), with nonlinearity (1.9) and boundary conditions ¢(—o00) =
0, p(00) = 1, exists for all ¢ € IR and is strictly monotone increasing on IR. The
solution ¢(-) € C(IR) with ¢(-) € C*(R) if and only if §. > 0. The discontinuity in ¢’
when 5,; = 0 comes from the discontinuity in the nonlinearity that we are using and
produces “kinks” in the numerical solution plots. Because of the spatially discrete
Laplacian term in (2.1) and (2.2), it is possible for the wave speed ¢ to equal zero for
a nontrivial interval of the detuning parameter a (the interval of propagation failure).
In fact, there exists an interval of propagation failure if and only if the coefficient
of the spatially discrete Laplacian, > p_; €k, is not zero and the coefficient on the
spatially continuous Laplacian, v, is zero. Also, for v = 0, as Y }_,ex — 0, the
interval of propagation failure expands to (0,1). Information about the interval of
propagation failure comes from letting ¢ go to zero in the a(c) relation. We also study
the a(c) relation in general, when we are not taking ¢ — 0. The relation a(c) is odd
and analytic in c for all ¢ if ..> 0, and odd and analytic in ¢ for all ¢ # 0 if . = 0.
The relation a(c) = 1/2 holds if and only if k. = 0, thus a(c) = 1/2 when a = 0.
For k. # 0, the a(c) relation is strictly increasing. If we are solving the reaction-
diffusion equation, B =0, then ¢ € (—o0,00) and a € (0, 1), but if we are solving the

damped wave equation, § > 0, then c is restricted to a proper subinterval of IR and
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through the a(c) relation, we see that a is restricted to a proper subintérval of (0,1).
In fact, the range of a for the damped wave equation is symmetric about a = 1 /2
and the lowest upper and greatest lower bounds can be found with the a(c) relation
by setting ¢ = \/:)/_/,E for the upper bound and by setting ¢ = —m for the lower
bound. As |c| — \/'y/—ﬂ the spatially mixed damped wave equation approaches the
spatially discrete reaction-diffusion equation. This indicates that these lowest upper
and greatest lower bounds on a for the spatially mixed damped wave equation can be
found using the a(c) relation for the spatially discrete reaction-diffusion equation with
the same o, €;’s, and o values. Let’s suppose 6. — 0, k. — 0, and that the elements of
the direction vector o are rationally related. Then the solution ¢ approaches a step
function in the limit. For our phase condition a jump discontinuity between steps
occurs at £ = 0. The step to the right of £ = 0 is equal to the least upper bound of
the interval of propagation failure and the step to the left of £ = 0 is equal to the
greatest lower bound of the interval of propagation failure. Hence the jump between
steps at £ = 0 is equal in length to the interval of propagation failure. In addition to
the above resulfcs, the numerical plots of the solution demonstrate the differences in
traveling wave solutions of the reaction-diffusion, damped wave, and the undamped
wave equation, and the impact of the spatially discrete and the spatially continuous
Laplacian terms. We also present contour plots in the k. versus §, parameter space

and the « versus § parameter space which show the level set of a.
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Section 2.1 consists of our analytical derivation of a solution along ;vith our ana-
lytically derived results for (2.2). First we complete the definition the problem. This
includes discussing boundary conditions and a phase condition. Next we derive a so-
lution to (2.2) when &, and 4, are not both zero, including results about monotonicity
and smoothness. Then we present the a(c) relation and use it to derive results about
the phenomenon of propagation failure and the restriction of the interval for a. We
also provide plots of the a(c) relation. For completeness, a brief outline of results
when k. and 6. both approach zero is included. The importance of this case is that
our traveling wave equation becomes a ‘difference equation. We also show a relation
between the function that is produced in the limit and the interval of propagation
failure. Section 2.2 is dedicated to the numerical solutions of our traveling wave equa-
tion. We first define the numerical method. We then present plots of numerically
obtained waveforms. This includes a presentation of the impact of the spatially dis-
crete versus the spatially continuous Laplacian, and a presentation of the solutions
in terms of the three classifications, reaction-diffusion, damped wave, and undamped
wave. We finish this section with a summary of how the numerical and analytical
solutions support one another. Section 2.3 consists of a summary of this chapter. A
list of the a(c) plots can be found in Table 2.1 and a list of the solution plots can be

found in Table 2.2.
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2.1 Analytical Results

We complete the definition of the traveling wave equation (2.2), find an analytical
solution to the traveling wave equation, and investigate the phenomena of propagation
failure, solution “kinks”, restrictions on the wave speed and the detuning parameter,

and lattice induced anisotropy.

2.1.1 Background

Because ¢ = 0 and ¢ = 1 are zeros of fi(p), in (1.9), it is natural to impose the

boundary conditions

p(-00) =0, ¢(o0) =1 (2.3)

to (2.2). Solutions to (2.2) with (2.3) are only unique up to a phase shift, i.e., if ¢(&)
is a solution to (2.2) with (2.3) then so is ¢(£ + b), thus we need to choose a phase
for uniqueness. Assuming that ¢ is strictly monotone increasing, ¢(§) = a for only
one value of ¢; call it §. Without loss of generality, we may assume £, = 0. Later
we will justify these assumptions and our choice of a phase condition. This choice of

phase condition implies

v(§) < a, £<0, and ©(£) > a, £>0.
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Thus, for the Heaviside function defined by

1 >0,
h(z) =

0 <0,

h(p(&) — a) = h(€) for £ # 0. Therefore, f1((€)) in (1.9) becomes

f((€)) = ¢(€) — h(@(€) —a) = p(§) — h(§)  for £H#0. (2.4)

This form of the nonlinearity incorporates the phase condition into our problem.
Thus for any function ¢ the right-hand side of (2.2) becomes Lr¢(€) — (&) +h(§).

Taking the limits from the left and right of £ as it approaches 0 we see that

limgyo-  [Lre(€) — 9(€) + h(€)] = LT9(0) — ¢(0)

#  Lre(0) = ¢(0) +1 = lim [L7¢(€) — ¢(£) + h(£)]-
This in turn implies for any function ¢ that satisfies (2.2) with (2.4) and (2.3) that

Jim (—re!(€) = 80" (€)) # Jim (—re'(6) — 64(6)). (2:5)
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2.1.2 An Analytic Solution and the a(c) Relation

We now derive the solution of the continuous/discrete traveling wave equation (2.2)
with k. = ca, o = v —c?B, 6. > 0 when k. # 0, . > 0 when k. = 0, the
boundary conditions (2.3), and the piecewise linear function f (2.4). From our derived
solution, we obtain a relationship between the detuning parameter, a, and the wave
speed, c. Also, from this solution and the a(c) relation, we present results concerning
propagation failure. In order to construct our solution, we use the Fourier transform.
This is the reason for using a “linearized” nonlinearity f.

This section begins with the construction of a solution, (), for (2.2). Our
construction follows the construction in [10] and [47] for traveling wave solutions to
spatially discrete reaction-diffusion equations. The construction consists of defining a
function @, (£) = e ¢ (£) and transforming (2.2). To the o, (£) version of the contin-
uous/discrete equation, we apply the Fourier transform, and after some manipulation,
we derive a formula for ¢(£). We then show that this solution, ¢(£), is continuous
in both £ and k., and is analytic in k. for k. # 0. We also show that D, p(£) is
bounded. From the formula for ¢(£), we next derive a relation between a and c,
called I'. The function I is odd in k., analytic in k., and discontinuous at k. = 0 if
and only if v = 0. When 7 = 0, the discontinuity in I' is a jump discontinuity and is
called the range of propagation failure.

We then show that o(§) is strictly increasing on the real line. The last key result of
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this section is that ¢ depends analytically on a for a outside the interval of propagation
failure. This is not true for a in the interval of propagation failure. We begin our

derivation of a solution with a preliminary lemma.

Lemma 2.1.1 Let ¢ be a solution of (2.2) for k. # 0,6, > 0 or k. = 0,6, > 0. Then

there ezists an g9 > 0 such that, for some K > 0,

lp(€)| < Ke* for £<0. (2.6)

Proof. Let ¥(§) = p(—£). Then (2.2) becomes

—0c9"(€) = —kY'(§) + Lo (€) — %(€)

for all £ > 0. From the boundary conditions, ¢(§) — 0 as £ — oo.

Let ¢ be the Laplace transform of v:

do) = [ e twleds,



which is analytic for Re(s) > 0. If k. # 0, integrating by parts once gives

a = 204 7 yea

S .}

_ w(O) /

If k. = 0, 6. > 0, integrating by parts twice gives

cw"(ﬁ) + Lry(§) — ¥(€))d

. I oo p—8§
i) = ML YO ety

_ ¥0O
_s+s"’

w_’(g)_ o e3¢

Integrating either of these relations, we obtain

P(s)d(s) = a(s),

where

P(s) = kes — 0.8+ 1 — H,

and

Q(S) = (ﬁc - c8)¢(0) - 50¢I(0) - J(s),

+ [ Syt ) + Lrv(e) - b))t

23

2.7)
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with

n
H= Z ex(e® +e % —2),
k=1

and

n 4 0
J — ey o —~sé de — —ey-o
()= enterre [ (g - e [

—ex

e ()de).

Integrating by parts,

b —s€ 1 b
[espeae= -t 42 [eseyierae
Thus the integrals in (2.7) are of order O(|s|™!). This implies that
a(s) = (ke — Bes)(0) = 8.0/(0) + O(Js|™).

As |Im(s)| = o0, ks — 8.5 dominates 1 — H (where Im(s) is the imaginary part of

s). This follows from the fact that }_;_, ex < oo. Thus,/

n _ ¢(0)_ 6c'¢l(0)

s KcS — 0,82

+0(|s|™®) as |Im(s)| —= oo.

Consequently, we can shift the ihtegration contour around singularities on the imag-



inary axis. Therefore

1 eo+1
¢(£) = 575 lo—im £0—100
_ 1 —eo+i00 s “ 1/}(0) 6c'¢)'(0)
= omi /—eo—ioo e* (zp(s) T s + KeS — 0,82

25

0o R 1 —€eo+100 " 1 N
s€ — s€ s§
e**(s)ds 2m’/— e**(s)ds + 5 §= e**Res(¢, s)

1
)ds+§—:

(2.8)

3" e*Res(¥, 5),

where € > 0 is sufficiently small, Res(g, z) denotes the residue of a meromorphic

function g at a point z, and the sum in (2.8) is taken over all poles of ¥ on the

imaginary axis, if any exist. The limits of integration denote contour integrals along

the vertical lines t — +¢¢ + it, for t € R.

Some explanation may be in order to help justify (2.8). The first equality in (2.8)

is due to the Laplace inversion formula. We can use this since 1/3 has no poles in the

right half of the complex plane. The second equality in (2.8) comes from shifting the

contour of integration, the vertical axis, around any poles of & on the imaginary axis,

and @ > 0 is small enough that 9 has no poles in the strip —go < Re(s) < 0. The

third equality in (2.8) follows from the identities

1 €+100 635 1,
o / —ds =

A "
271 Je—ico S ,

>0,

e <0,
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and

1 £+100 635 3 £ > 01
— /  ds —
271 Je—ico S—a

for £ > 0.

The third integral in (2.8) satisfies

R / T gt (‘Z’(s) _¥0 + . ) ds| < Ke™¢ for £2>0,

271 J—gg—ioo s KeS — 0,82

for some K > 0; in particular, this term approaches zero as £ — oo. Recall that
Y(€) — 0 as £ — oo by assumption. Each of the residues in the summation vanishes,
i.e.

Res(1),s) =0 for Im(s)=0.

Therefore, |1(€)| < Ke®¢ for £ > 0, which is equivalent to (2.6). ]
Now we are ready to construct our solution to the traveling wave equation (2.2)
with boundary conditions ¢(—00) = 0 and ¢(+00) = 1, and reaction term f given

by (1.9). First, let @ (£) = e *¢¢(£), with € > 0, £ small. By Lemma 2.1.1, if p is a

solution to (2.2), then, as £ = —o0,

2e(€) = € 5p(E) < e™¥]|p(€)] < |Ke | 50 for 0<e < eo.
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Also as £ — o0,

Pe(€) = €™ p(€) = 0

since ¢(+00) = 1. This implies that ¢.(—00) = 0 and @.(+00) = 0. Substituting

(&) = e, (€) into (2.2), we obtain
—ke€™ (€0e(£) +02(€)) = dee™ (620 (€) +2e0L () +7 (€)) e Lepe (€) — % pe (€) +h(€),
which rearranges to
(—ke = 2006) 0 (€) = 8ep?(€) + Lee(€) — (1 — Kee — 8ee?)e(€) + e*h(€), (2.9)
where
Lepe(§) = Zsk TP (E+ex - 0) + €T P (€ — ek - 0) — 20.())-

Now let’s apply the Fourier transform

2(s) = [ e pu()de,
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where ¢ > 0 is sufficiently small, to both sides of (2.9). Then

bels) = [ e peae=- [ tegl(e)ae

—0o0

= —'—Z‘—"‘" * —isfs —is€
T (ke + 26:€) /_oo[e Sepc (§) + €77 Lepe (€)

—€78(1 = ket — 8e£%) e (€) + et h(€)]dE

or
1
g _ 52 2\~ —
(—i8(ke + 20.€) + 1 — Kee — 8,62 — E(3) + 6.5%) @ (s) Gt o)
where
E(S) —_ Z 8k(esek~veisek~a + e—sek-o’é-—isek-a _ 2).
k=1
This implies that
be(s) = .
$elS) = s + e)R(s — ie)’
where
R(q) = —ikeg+ 1~ G(q) +4.¢% (2.10)
with

n n
G(q) - Z Ek(eiqek.a + e—iQek-a _ 2) =9 Eé‘k[COS(qek . U) - 1].
k=1 k=1
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The following lemma is a simple extension of Lemma 4.4 in [10].

Lemma 2.1.2 For k. # 0, 6 > 0 or k. = 0, 6. > 0, the function R, in (2.10),
possesses a simple root ¢ = —izy with zg > 0. Moreover, there ezists an €9 > 0 such

that if ¢ € € is any other root of R satisfying Im q < 0, then in fact Im g < —zy — €.

Remark 2.1.1 If 6. < 0 when k. = 0, there ezists additional singularities to R for

q real.

The Fourier inversion theorem gives

+o0

1

w(€) = 665906(5) ~or ,/;oo e(is+€)€¢€(s)dsa
which is absolutely convergent. This implies
1 +00 e(i8+£‘)§ 1 —ie+00 eis{
= ds=— [ " ——ds
# () 27 /—oo (is + €)R(s — ie) 5= o im0 sR(s) s

Because of the simple pole at s = 0, we break up the integral into

0= ) e



30

where C; is (—o00, —¢] and [+€,+00) on the real axis, and S, is the half-circle at the

origin. This would not be true if k. = 0,4, < 0. First consider the C. integral. For

ke # 0,6, > 0 we have

1 etsé p 1 —€ +ooy it P
%/csR(s) 5= éﬁ(/_of +e )sR(s) s

1 +oo [ gist e3¢
- 57?2[:-5 [sR(s) - sR(—s)] ds

_ 1 oo A(s) sin(s€) ds +

Ke

(2.12)

7 Jre s(A2(s) + k2s?) 7 Jre A2(s) + Kk2s2

where

A(s) =1+6.5°+2) ekl — cos(sex - o).

k=1
If k. = 0,6, > 0, (2.12) reduces to
——1—/ e‘isf _ l +00 sin(sf) ds.
2mi Je. sR(s) mJ+e SA(s)

For s € IR, A(s) = Re[R(s)].

For the S, integral, we have

1 e 1, 1 et
= [ £ _ds=—mizRes | ——
271 /, sR(s) ds omig (sR(s)’

(2.13)

(2.14)
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Combining the integral results (2.12) and (2.14) in (2.11), and letting ¢ — 0, we

obtain an explicit formula for ¢(£). From (2.11), we have the following formula for

the solution of (2.2) for &, # 0:

1,1 o A(s)sins __coss§
wl€) = 3t -7?/0 s(A%(s) + nfsz) / A2(s) + K28 s

When k. =0, 4. > 0;

_/°° sin s§
sA(s
Remark 2.1.2 i) Noting that
_ 00 —A (s) sin(s€) —Ke [®  cos(s€)
1= o(=¢, - / +n252)d8 s /o A?(s) + K2s?

we see that, for p(€) = ¢(&, k.), we have the symmetry property
(to(fx K’C) =1- (P(—g’ _'K;c)-

i1) Recalling that

1 /—1s+oo eisf

—ie~00 SR(S) d

p(§) =

i

we can see that as £ = —oo, @(€) — 0. Our symmetric property then gives

(2.15)

= ‘p(é’ Kc)’
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©(400) = 1. This confirms our choice of boundary conditions.

Proposition 2.1.1 Let p(§, k) denote the solution function (2.15). Then ¢(£, k.)
s continuous in both £ and k., and is analytic in k., for k. # 0. In addition, for

ke # 0, the derivative of (€, k) with respect to k.,

V(&) = ¥(§, ke) = De, (€, Ke)s

s bounded as £ — *o0. For & # 0, 1/)(5) satz‘.sﬁes the equation

—¢(6) +22B¢"(€) + (B = MW" (§) — e/ (€) = Lro(§) - %(§),

which s the derivative of the equation with respect to k..

Proof. For any compact subset of {k. € IR|k; # 0}, there exists a uniform lower
bound

|A%(s) + K2s%| > K1(1+ %) for s>0, (2.16)

and thus, there exists a uniform lower bound for the denominators of the solution
©(€) (2.15). If k. is pure imaginary, then A?%(s) + k2s* = 0 for some s > 0. This
in turn yields an upper bound of the form K3(1 + s2)~!, for bounded £, for the two

integrands in (2.15). This, and the analyticity of the integrands in k. and continuity
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in (&, &) for each s, imply the analyticity and continuity of ¢.
The boundedness of 1 is easily proved by differentiating the formula for ¢, (2.15),

with respect to k., i.e.,

1/)(5, Iic) = DK,CQO(f, K'C)

_ 2B ssin(s€) ﬂ a2) % sA(s)sin(s€)
- / (A%(s) + n282) / (A%(s) + 5232)2(18

1 [ cos(s€) 2c2(ﬂ a2) s cos(s{)
+-—/ (A2 ds + /

(s) + Kk2s?) ) + k2s2)?

Using the bound (2.16), each integral is bounded and hence v is bounded.

Differentiating (2.2), we obtain
~¢(6) = KeDa.t(€) + 224" (6) + (B — 7D (€) = D L10(€) = D £).
Along with (€, k) = De,@(€, ), this implies that
—¢/(6) = Rt/ () +2- B¢ (€) + (26 = 1" (€) = Lrw(€) ~ % €),

as desired. -
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Remark 2.1.3 As discussed earlier, p(£) = a for only one value of £, say £ = 0.

This then gives us the following relations between a and c:

' 1 ke [™ ds
—g=-42 [T __2% R
#(0) =ea 3T T /o A%(s) + K252’ when ke #0,

and

¢(0)=a= = when k.=0.

DN =

(2.17)

Now that we have derived a solution (), we need to justify the assumption that

the solution to (2.2), with (2.4) and (2.3) is monotone increasing. The proof of the

following remark follows the proofs of Corollary 4.5 and Theorem 4.6 from [10] if we

recall that ¢”(¢) = limeo(1/€)[0(€ + €) + ©(€ — €) — 2¢(€)] and that —k.'(§) =0

when k., = 0.

Remark 2.1.4 The solution ¢, (2.15), of (2.2) with (2.4) and (2.3), is strictly in-

creasing for € € IR.

Lemma 2.1.3 For ke # 0 and 6. > 0, the derivative ¢'(€) of (2.15) is continuous if

and only if 6. > 0. In addition, if 6. > 0,

. " I 1" _ _1-_
Jim ¢"(§) — lim ¢"(€) = =,
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and, if 6. =0,

. , _ . ’ — i
Jm ¢'(€) — lim ¢'() = P

Proof. We note that by (2.2) with (2.4), any difficulty in smoothness occurs at £ = 0.
Taking the difference of (2.2) with (2.4) as £ approaches zero from the left and from

the right, we obtain
. _ {J _ " S _ [ _ " - _
El_lgl_( Kep (é‘) Ocp (&)) gl_lg}*_( Kep (5) Ocp (6)) 1 (2'18)
since ¢ is continuous on IR. Suppose é. = 0. Then (2.18) implies

. ' T ! _l
dm ¢'(€) - lim ¢'() = P

Thus ¢’ is discontinuous at £ = 0.
Now suppose . > 0. Taking the derivative of p(£) with respect to £ in (2.15), we
see that lime_o- ¢'(€) = limg04 ¢'(€). Thus (2.18) implies that

: 1" L " _ _1_
Am ¢"(€) — lim ¢"(€) = 5
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We now address exactly what is meant by a solution to (2.2). To .s.olve (2.2), it
is sufficient to regard both f(y), (2.4), and h(£) as set valued functions, with f and
h singleton sets for ¢ # a and £ # 0, and f(a) = [a — 1,a] and h(0) = [0,1]. This
amounts to filling in the jump discontinuities in the graphs of f and h. By a solution

to (2.2) we mean that ¢ € C(/R) and the differential inclusion

—£ko ' (€) — 0" (€) € Lrp(€) — (&) + h(£).

holds for € € RR.

2.1.3 Propagation Failure

We now analyze the relationship between the wave speed c and the detuning param-
eter a. We are particularly interested in the phenomenon of propagation failure, the
existence of a nontrivial interval for a such that the wave speed is zero. Throughout
this subsection, we include plots of the a(c) relation calculated from (2.17) using the
three point Gaussian quadrature algorithm adapt of [59]. Table 2.1 lists the a(c) plots
which appear. An * indicates a quantity that is varied.

Set

D(ke, 8) = 0(0) — =% /0 = ﬁ—— ke # 0, (2.19)

) + k252’

N =
I
Q
I
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a(c) Figure | « B v | (€1,€2,€3) o
Reaction- || 2.1 * 0| 10 (1,0,0) (1,0,0)
Diffusion 2.2 * 0 0 (1,0,0) (1,0,0)

26 | 1 |0 [10°3 | (3,420
37 | 1 0] 0 | (LD "
28 | 1 |0 |10%| (I,1,1) "
Damped | 23 | * 01| 10 | (1,0,0) | (1,0,0)
Wave 24 [107%[01| = (1,1,0) | (%3, ¥2,0)
25 |01 |01] * | (1,0,00 | (L,0,0)

Table 2.1: The a(c) plots. * indicates that quantity is varied.

where

A(s) =1+ 6:5° +2 Y il — cos(sey - 7). (2.20)
k=1

From a change in variables in (2.19) we obtain

_ sgn(ke) [® ds
D(ke,8:) = E25 [ yrara R (2.21)

Remark 2.1.5 i) I'(k.,d;) # 0 when k. # 0.
i) For o # 0, I'(k¢,0c) > 0 as ey = 00, k=1, ..., n.
iti) Recalla —1/2 = 0 when k. = 0.

1) For o = 0, the ¢ versus a curve is a(c) = 1/2 for all c.

Lemma 2.1.4 For k. # 0, the function I'(k,d.) in (2.19) is strictly increasing in

Ke-
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Proof. The case when . = 0 is proved in Theorem 4.7 of [10]. For é. > 0, the
application of the Mel’nikov method in the style of Theorem 4.7 of [10] proves the

lemma. In this application it is important to recall that

Jim (ke (€) — () # Jim (~5e'(€) - " (€))

and that ¢'(£) is continuous at £ = 0. =
We now show that I is bounded and that T is odd and analytic in k.. The proofs

of these results follow after a brief discussion.

Theorem 2.1.1 Let ¢(§) be a solution to (2.2) with (2.4) and (2.8). Thus I'(k., d.)

is defined by (2.19) with k. # 0. Then I is odd and analytic in k.. In addition, if

B=0,
1 ) 1
IT(Ke, 8¢)| < = and lim |[(kc,d)| = =. (2.22)
2 |Kc|—>00 2
If B > 0, then k. is restricted to the interval [—d, d),
IT'(ke,00)| < T(d,0),  and lim |T'(kc,d.)| =T'(d,0), (2.23)

|ke|—d

where d = ay/v/B.
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Figure 2.1: An a(c) plot for the reaction-diffusion equation for various c.
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Figure 2.2: An a(c) plot for the reaction-diffusion for various a.
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Remark 2.1.6 Let’s consider the damped wave equation, i.e. a > 0 aﬁd g > 0.
Let’s pick |c| as large as possible for this case, let ¢ = —\/;/_5 and ¢ = \/;/—,8 For
these values of ¢, 6. = 0, (2.2) becomes the traveling wave form of a spatially discrete
reaction-diffusion equation, and |I'} = I'(d,0), the I" of the spatially discrete reaction-
diffusion equation. Thus the range of values of a for the damped wave equation is

[1/2 -T(d,0),1/2+I'(d,0)]. (see Figures 2.2, 2.8, 2.4, and 2.5).

We see in Figures 2.1, 2.2, and 2.3 that as o increases, |I'(«,, d.)| increases toward
its upper bound of 1/2. This agrees with both (2.22) and (2.23). Figures 2.1, 2.2,

2.6, 2.7, and 2.8 illustrate (2.22), while Figures 2.3, 2.4, and 2.5 illustrate (2.23).

Theorem 2.1.2 Let I'(k.,d.) be defined by (2.19) with k. # 0 and let
0(0c) = limy. o0+ [T'(Ke, Oc)| for 6c > 0. Then

limr_ o0 % foT ,'4%) 6. =0,

o(dc) = (2.24)

0 6c > 0.

Remark 2.1.7 i) Since k. — 0+ and §, — v as ¢ = 0+, when vy =0,
(1/2-0(0),1/2+0(0)) is the range for the detuning parameter a for which the solutions

to (2.2) ezhibit propagation failure.
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i) The interval [1/2 — I'(d,0),1/2 + I'(d,0)], in Remark 2.1.6, is equal to the

interval of propagation failure when v = 0. (See Figures 2.2, 2.8, 2.4, and 2.5).

Let’s examine the case when x, — 0+ because o — 0+. Suppose 8 = 0 and we
are solving the reaction-diffusion equation. When v # 0, |[a—1/2| = o(d.) = o(y) =0
as a — 0+ for all ¢. Figure 2.1 is an a(c) plot showing how a — 1/2 as a — 0+
in the mixed (spatially continuous/discrete) reaction-diffusion model. When v = 0,
la — 1/2] = p(0) > 0 as @ — 0+ for all ¢. Figure 2.2 is an a(c) plot showing how
a — 1/2+ 0(0) as @ — 0+ in the spatially discrete reaction-diffusion model. We have
propagation failure in this case. The interval of propagation failure is the interval of
the jump discontinuity in Figure 2.2.

Now suppose # > 0 and a > 0 and we are solving the damped wave equation.
When a > 0, §. > 0, we have seen that the bound for ¢, |c| < \/'7 , implies a bound
on a. Figure 2.3, for a mixed damped wave model, is an a(c) plot where the bound
on || is \/'y/—,B = 10. Figure 2.3 also shows the upper bound (at ¢ = 10) and lower
bound (at ¢ = —10) on the detuning parameter a for different values of a. Now notice
in Figure 2.2 that the values of a at ¢ = —10 and ¢ = 10 for the same values of a. We
see the two sets of values of a (in Figure 2.2 and Figure 2.3) are the same. Notice in

Figure 2.3 how the range of a depends on a. As a — 0+, the a(c) curve approaches

1/2 for |¢| < y/v/B and a(+,/v/B) approaches 1/2 £ p(0). Figure 2.4 also shows
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this result for various values of . Figure 2.5 shows explicitly the resffiction of the
range of a. Here we present a(c) plots for various 7 (the sigmoid curves) along with
the a(c) curve for the spatially discrete reaction diffusion equation with the same o,
(€1,€2,€3), and a.

Suppose a = 0 so that k. = 0 and we have the undamped wave equation. Then,

regardless of the choice of the other parameters, a(c) = 1/2 for all ¢ € IR.

Proof of Theorem 2.1.1.
The oddness of T" follows directly from (2.19). Analyticity follows from Proposition
2.1.1.

Let k. # 0. Suppose 3 = 0. Then

A(s/ke) = [1 + 8. /K2s® +2 En:ek(l — cos((s/kc)ex - 0)] > 1
k=1

and

lim A(s/kc) = lim [L+6./k2s* +2 ex(1 — cos((s/kc)ex - 0)] =1
|&e|—ro0 |ke] o0 k=1

for s > 0. Thus

ds 1 /0°° ds 1

T(re,b)| =+ [ B <
I (= C)I_;/o A2(s/k)+s2 ~mlo 1+s2 2



Figure 2.3: An a(c) plot for the damped wave equation for various a.

Curve |12 3 4 5 6 7
a 5/1[5x1071[1071 {5x1072|1072|10°
Fixed ,3 Y (61,82,63) o
Parameters | 0.1 [ 10 | (1,0,0) | (1,0,0)
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and

. .1 oo ds 1 [ ds 1
lnl}in'oo I (ke, 8c)l = Kll-r*nw;/o A2(s/Kk.) + 82 ;/o 1+s2 2

Now suppose # > 0. Since d. > 0, this implies that |k.| = |ac| < ay/v/6. Let

d = ay/v/B. Then

A(s/ke) = [140./Kk2s*+2 Zn: ex(1—cos((s/kc)ex-0)] > [1+2 Zn: ex(1—cos((s/kc)ex0)]
k=1 k=1

and

| lilmdA(s/fcc) = lilmd[l +06c/K28% + 2" (1 — cos((s/kc)ex - o))
Ke|— Ke|— k=1

1+2 i ex(1 — cos((s/d)ex - 0)]
k=1

for s > 0. Thus

IP(Ke,0c)| < [Tk, 0)f ~ and  lim IT(ke, &c)| = T'(d, 0).
Ke|—

By Lemma 2.1.4, if |k;| < d then |['(k, é:)| < I'(d,d.). This and the inequality above
gives us

IT'(ke, )| < T(d,6c) < T(d,0).



47

Proof of Theorem 2.1.2.

We have that 1+ §.5%2/k% < A(s/k.), which implies

ds 1

1 o)
< - = .
F(Ec) = 7T-/0 (1 + 5csz/ng)2 + §2 2\/1 T 466/52, (2 25)

for k. small and 6./k% > 0. As k. — 0%, §./k2 — oo for 6, > 0. So (2.25) implies
that, as k. — 0%, I'(k.) is bounded above by zero when d, > 0. Recall that for . > 0,
I'(k:) > 0.

Now suppose 6. = 0. Then

A(s)=1+2 zn: k[l — cos(seg - 0)]

k=1
and
=t | i
follows directly from Theorem 4.3 in [10]. ]

Remark 2.1.8 i) The quantity

. -1_ T ds
Toeo 2T Jo A(s)

always exists and is positive when 6, = 0.
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i) Since 6, > 0, when k. # 0, and 8 > 0, v = 0 implies 6. = v — 3 = 0. Thus
lim,_,o Q(‘sc) = limg, 50 Q((sc)-

i11) For a # 0 as ¢ — 0, there ezists a nontrivial interval for the detuning param-
eter if and only if v = 0. In other words, we have propagation failure if and only if

v=0.

i) As Yp_ex — 0, 0(0) — 1/2. This shows that the interval of propagation

failure can expand to the interval (0,1). As Y p_;&x — 00, 0(0) — 0.

In our previous discussions, we presented a(c) relations where o and (e;,¢€2,¢€3)
are fixed. In Figures 2.7 and 2.8, we see the effects of varying o, lattice induced
anisotropy. In both plots, we see the direct dependence of the a(c) relation on the
direction parameter o. Figure 2.8 shows how the a(c) relation becomes discontinuous
and how the interval of propagation failure develops, as v — 0+. We discuss Figures

2.6, 2.7, and 2.8 further in Section 3.

2.1.4 The case k., =6.,=0

In this section, we consider solutions to (2.2) with k. = §. = 0. In this case we
are only concerned with values () for £ € D, where D C IR is the countable set

D = {0 -1l| € Z"}. This is because with k., = 0 = &, (2.2) becomes a difference
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Figure 2.7: An a(c) plot for the spatially discrete reaction-diffusion equation for
various o.
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equation. Below is a summary of results, but first some notation.

If for any j # k, k and j = 1,...,n, 0; and o} are rationally independent, then
we call o rationally independent, and o is called rationally dependent otherwise. If
o is rationally independent, then D is a dense subset of IR, while if o is rationally
dependent, then D = {mv|m € Z} and D is a discrete subset of JR. Both forms
of D have measure zero. Next we take the limit as k. — 0 together with the limit
dc — 0 of the solution found in the last section. Let ¢,(£) be defined as the function
such that @(&, (kc)n, (6c)n) = @«(§) as the sequences (k.)n, — 0 and (d.), — 0 with
(0¢)n < |(Kc)nl| for n greater than some N € Z. The function @.(€) is defined almost
everywhere on IR, but can contain jump discontinuities. Let ¢, equal ¢, everywhere
@, is defined and equal to the right-hand limit of ¢, elsewhere. Let ¢_ equal .
everywhere ¢, is defined and equal to the left-hand limit of ¢, elsewhere. Let ¢, be

defined as the linear combination

pr(€) = T94(6) + (1 = 7)o (&)

The following is a summary of results for k. = 0 = 4..

Remark 2.1.9 i) The equation

L. (§) - ©r(€) + h:(€) =0, (2.26)
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holds for all € € R.
i1) The function @, is monotone.

i1i) The boundary conditions @,(—o0) = 0 and p,(+00) = 1, which implies that

@, satisfies the boundary conditions of (2.2).

w) Let 7 € [0,1]. If o is rationally independent, then the function ¢, is strictly
increasing on IR. If o is rationally dependent, then ¢,(§) < ¢ (€ +v) for all £ € R,

where v is such that D = {mv|m € Z}. In any case, if we define

Preo (f) = (p'r(f - 50)) (2'27)

then for any v € [0,1] and & € IR, the function ©re, (*) restricted to the set D is

strictly increasing.

v) Let 7,& € R. Thén a bounded function ¢ : D — IR satisfies equation (2.26)

for all £ € D if and only if p(&) = Pre, (&) for all & € D.

vi) Assume that o is rationally dependent, with v as in D = {jv|j € Z}. Then

for each j € Z, the function ¢, is constant on the interval (jv, (j + 1)v).

vii) Let o be rationally dependent with v as in D = {jv|j € Z}, let T € [0,1], and
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let 0(0) be defined as in Theorem 2.1.2. Then

r

3 +0(0), £€(0,v),

%—dm,EGGW&)

In addition,

4

14+000), 7=1,

©7(0) = <

3 —0(0), T=0.

\

viti) Let o be rationally dependent. From the definition of ¢, and by Remark
2.1.9(vi), p.(§) for & & D consists of a discrete set of values in [0,1]. These are the
values of ¢, on the constant intervals. Remark 2.1.9(vii) gives us two consecutive

values from this set. Using (2.26), we can find all the values of this discrete set.

2.2 Numerical Results

In this section we present our numerical results for equation (2.2) with n = 3. We start
by defining the numerical method used. After, we present traveling wave solutions
across a wide range of the parameters. We also show how the various solution curves
are related, i.e. how we can continue from the solution to one set of parameters to

the solution with another set of parameters. The solution behavior we present ranges
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Traveling || Figure | 6. ke | @ | B v | €1,€92,€3 o c
Waves

Reaction- || 2.1 [105] 0 [ 1 [0 J105] 2 o] 0

Diffusion || 2.12 [1073|-01] 1 | 0 {1073 * ¥2 Y20 |-0.1

913 |10°|001[ 1 |0 [10°] 1,1,1 * 0.01

914 [10°] 01| 1] 0 [10°] 1,11 " 0.1

215 |10°] * | 1] 0 [10°[ 1,00 1,0,0 *

216 1075 « | 1 |0 [10°%] 11,1 [¥2 ¥ Y6 [

Damped 217 [10°| x [0.5] % * 1,0,0 1,0,0 *

Wayve 2.18 [10™° ] =« 1 | % * 1,0,0 1,0,0 *

Wave 219 [107° | = 0 | = * 1,0,0 1,0,0 X

2.20 * * 0 |05 * 1,0,0 1,0,0 *

Table 2.2: The ¢(£) plots. x indicates quantities that vary.

from smooth solutions to solutions with kinks and steps. We finish this section with

a survey of the relationship between the numerical and analytical solutions to (2.2).

2.2.1 The Numerical Method

We solve (2.2) with nonlinearity (2.4) on the truncated interval £ € [-T7, 7] and use

asymptotic boundary conditions to match the solution on this truncated problem with

the boundary conditions (2.3) [7], [19]. We do not use the analytical solution (2.15), or

the a(c) relation (2.17) derived from it, in our numerical computations. In (2.2) with

(2.4), the wave speed parameter ¢ appears, but the detuning parameter a does not.

Thus we only need to provide the wave speed c, not a or the a(c) relation. Our intent

is to develop a robust algorithm that we can use to numerically solve equations with
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nonlinearities f such that analytical solutions are unknown. Our approach is to use
a standard boundary value problem solver and to use continuation techniques to go
from one set of parameters to another. The most obvious concerns that appear using
this approach are the forward and backward delay terms of Ly in (2.2). We handle
the delay terms by obtaining their values from a previous solution in the continuation
sequence. We then perform fixed point iteration, updating the delay terms along the

way. Reformulating our traveling wave equation with this relaxation gives us

—KcPmy1(§) = OcPmi1 (&) + (1 +2 Y ) ems1(€)
k=1

= ifk[@m(é + e - U) + (Pm(f — € - 0’)] <+ h(f), (2.28)

where (£) is the solution to (2.2) at a previous choice of parameters. We perform
the iteration in (2.28) until the residual generated by substituting ¢,, into (2.2) is
sufficiently small. We now present results concerning convergence of the method

defined by (2.28). Let
G(om(€)) = ~Kedln(€) = 6ua(€) + (1423 €x)pm(€)
k=1

and let

n

F(om(€) =Y exlom(€ +ex - 0) + om(€ — ex - 0)).

k=1
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Lemma 2.2.1 Let ¢ satisfy G(¢(€)) = F(p(€))+h(€) on IR with boundd@ conditions
p(—00) =0 and p(c0) = 1. Let ¢1(&) =1 — bie™¢ for &€ > 0 and let ¢o(€) = byet
for £ < 0 with by,c1,ba,co > 0. Let T_ and T, € IR*. Then by, cy, b, co may be
chosen such that |@(€) — ¢1(€)] < bie™¢ < bie™ T+ for £ > T, and |p(€) — o(€)] <

boe?é < boe%T- for £ < —T_.

Proof. Let

1 /i I
H(p) = 5—[t5c<p’ + ke + Lo — ¢ + h(§)].

Then for £ > 0,

H($1(€)) = H(1—be™¢) = %[—5&% +2 i ex(1 —coshc; (ex - 0)]) + kcer + 1]bre ™.
c k=1

Since we want ¢; to be a subsolution for £ > T, we set H(¢;(£)) > 0 for £ > T, and

obtain the upper bound on ¢; defined by

n n
2 Z ex+12> 6cc:f + —Kc.C1 + 2 }: ex coshc (e - 0)].
k=1 k=1

Letting p; = max,,er[H (1 — be~¢) > 0] for £ > T, we see that ¢; € (0, p,] for ¢ to
be a subsolution. Since we want ¢; to be a subsolution we also need ¢;(7%) < p(T4)
and ¢;(00) < ¢(00). Since both ¢;(c0) = 1 and ¢(o0) = 1 the second inequality is

satisfied. The inequality ¢, (T ) < (T ) is satisfied when b; > (1 — (T ))e®*T+ once
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c; is chosen. Thus for b; and c; satisfying the above conditions, ¢, is a subsolution
for £ > T,. Now let w;(&) =1 for & > T. Then H(w;) <0, w1 (Ty) > ¢(T4), and
w; (00) > p(00). Thus w; is a supersolution for ¢ > T,.

Hence for £ > T,
0(€) = ¢1()] < [wi(€) — $1(€)] = bre™¢ < bre™T+.
The proof that for £ < —T_,
lo(€) = $2(€)] < bae™* < bpe™T-,

is similar. .

Remark 2.2.1 When e, = €9 = ... = €, = 0, there ezxist by, c1, by, c2 such that for

§ Z T+: l‘P(é) - ¢1(§)| = O) and fOTf S —T—; l(P(f) - ¢2(§)| =0.

The Lemma 2.2.1 allows us to consider convergence of (2.28) on infinite intervals

with the use of asymptotic boundary conditions.

Theorem 2.2.1 Let 6. > 0 and let ¢ satisfy

G(p(8)) = F(e(£)) + h(¢) (2-29)
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on IR with boundary conditions p(—o00) = 0 and p(o0) = 1. Define the sequence of

functions {om(£)}55_, by the iteration

G(pm+1(6)) = Fom(£)) + h() (2-30)

in (2.28). Define |- || = supeer |- |, em(§) = om(§) — @(£), and let o be such that eg

is continuously differentiable, po(—00) = 0, and po(00) = 1. Then limy, o [l€m]| = 0.

Proof. We start off by establishing two inequalities. Let

A= (@Y e/1+23 &),
k=1 k=1

Then, for ||ex|| # O,

IFenll = sup] S cu(em(€ +ex-0) + em(é — - )
k=1
< 23 ellemll = A1 +2 ex)lleml|
k=1 k=1
< A = ety — Scem + (1+2 Y er)em|| = M|G(em)ll.  (2.31)
k=1
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The last inequality in (2.31) is established by choosing & € (—o0,+00) such that

lem(€0)| = |lem]|- Then since e,,(00) = €m(—00) =0, €, () = 0, —dcep, (o) > 0 when
(1423 erem(éo) > 0,
k=1

and —d.er (&) < 0 when

(1423 ex)em(6) <0,
k=1

which implies
(+23 ellenll < | = Ken(€) = Bn(€) + (1 + 23 e)en(@)]
Applying (2.29) and (2.30) to (2.31), vlve get the two inequalities
IG(em)ll < A™[IG(eo)|l and ||F(em)ll < A™||F(eo)l- (2.32)

Thus limy, 00 ||G(em(£))]| = 0 and lim,y, o || F(em(§))|| = 0. Using the definition of

G, we have

e(6) + e (6) = 2 Glen() + 1+2 Lo e @  (233)
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Let Cl = 1/(1 -+ 22;::1 Ek) > 0. Since limm—)oo ”F(em(é))” = 0?
n%l—l;%o, Zek(em(f +ep-0)+ em(f — € - 0))' =0,
k=1

and as m — oo the local maxima of e,,(§) are positive and the local minima are
negative. Let £; be a value of £ such that e, (£;) > 0 is a local maximum of e, (§).
Suppose that there exist an M; such that for m > M, e (&) > C1|G(em(&1))|. But

if €,,(&;) is a local maximum,

em(E) + Zoem(&) < 0.

This violates equation (2.33) and hence e, (&) < C1G(em(&)). Using the same argu-
ment for a local miniinum, we obtain |e,(£)| < C1|G(em(€))| whenever e,,(€) has a lo-
cal extrema. This in turn implies that |em(§)| < C1||G(em)|| and |len|| < Ci]|G(em)ll-

Remark 2.2.2 Recall that when é. > 0, the solution ¢ is continuously differentiable
on IR. This implies that our initial guess @y should also be at least continuously
differentiable on IR. In fact, any continuously differentiable function o such that

©o(—00) = 0 and o(c0) = 1 will work.
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The reformulation (2.28) is an ordinary differential equation, alloﬁring us to use
the standard boundary value solver colmod, from the family of collocation boundary
value solvers which include colsys and colnew (2], (3], 4], [11], [12]. Our choice of
this particular solver is based on several criteria. We want solutions to our system for
a wide range of the parameters a, 8,7, (€1,€2,£3) and wave speed c. We also want a
code in which we can perform continuation. Lastly, we want to solve this problem for
a family of bistable nonlinearities, which include the cubic f(y) = p(¢—a)(¢—1), for
example. We have found that, while the continuation feature of colmod is quite robust
in our application, fixed point iteration is needed if we wish to continue from any
solution to any other solution. A complete analysis of the homotopy and convergence
properties of our method will appear in future works. The absolute error tolerances
for the wave solutions is approximately 10~8 except for the curves where &, is close to
zero. For our numerical method, this is a perturbation limit thus we used the absolute
error tolerance of approximately 10~ to limit how small a 6, (= 107%) we could use.
The a(c) curves that appear in the previous section are computed using equation
(2.19) and the quadrature algorithm adapt [59]. The algorithm adapt uses three
point Gaussian quadrature to estimate the integrals and the seven point Kronrod
rule to estimate errors. Absolute and relative errors at each quadrature step are set
to 10712 and the estimated error of the tail is set to 10716, The quadrature steps

are of length 10. Since we calculate the a(c) relation using (2.19), the a(c) plots are
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generated from the analytically derived traveling wave solution (2.15). Our numerical

experiments were performed on a Silicon Graphics Indigo2.

2.2.2 Preliminaries

We now present numerically obtained traveling wave solutions, for a wide range of
the parameters, in the form of solution plots which show the range and richness
of solutions to (2.2). Recall, for a particular choice of . > 0, k., a € (0,1), and
€1,€2,€3 > 0, we have shown that there exists a traveling wave solution to (2.2) if 4,
and k. are not both zero. Table 2.2 lists the choices of the parameters in the plots
that appear throughout this section. A * entry indicates that the parameter varies
in the particular plot.

Let v and (1,€2,€3) be fixed. The k., d. parameter maps in Figures 2.9, 2.10
exist for each choice of v and (g1, €2,€3) with é. bounded from above by . Each
point in the upper half plane of Figures 2.9 and 2.10, excluding (0,0), corresponds
to a family of solutions to (2.2) parameterized by a, 8, and c¢. Since ¢(—&, —k.) =
1 — (&, kc) (Section 2.2) we focus only on the k.,d. > 0 quadrant (¢ > 0). Recall
that 6, = v — ¢®0 and k. = ca. Thus for each fixed (&,,J.), in first quadrant of
Figures 2.9 and 2.10, the parameters o and § have the relation 23 = a2(y — &), a

parabolic curve parameterized by c. In fact all solutions along the parabola for fixed
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7, (€1, €2, €3), Ke, Oc, have the same a value and thus the o, 8 map is a map of level sets
of the detuning parameter a. The location along a particular parabola is determined
by ¢. As ¢ = o0, (a,3) — (0,0) and as ¢ — 0+, (o, 8) — (00, 00).

The parameter map k., . also exhibits level sets of a. Figure 2.9 is a contour plot
with respect to a for different values of 0. We see that as the magnitudes of . and
. increase, the direction o has a decreasing effect on the value of a. We see that the
effect of o, and in fact of the spatially discrete Laplacian, is greatest when . = 0. In
Figuré 2.10, we see the effect of varying (€1, €2, €3).

We now provide an outline to help in interpreting the traveling wave solution plots.
In Figure 2.11, we have a solution plot where the discrete operator exhibits strong
influence on the solution behavior. Recall that the points in the spatial lattice have
distance 1 between nearest neighbors. Figure 2.11 is a plot of ¢ versus { =n-0 —ct
where we are “traveling” in the o = (v/2/2,v/2/2,0) direction. If we fix 7, then these
curves are plots, trajectories, of how each point in the lattice travels from one phase
to the other. If we fix ¢, then the curves in Figure 2.11 are a cross section of the

lattice and represent a wave traveling through the lattice.



Fixed
Parameter

(1,€2,€3)

(1,1,1)

Figure 2.9: Level sets of a with respect to the parameters «. and d..

Ke
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Figure 2.10: Level sets of a with respect to the parameters . and 4.
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2.2.3 Impact of the Spatially Discrete Term

We now discuss how the parameters €, and o, affect the ¢ versus a relation and how
they affect the solution wave forms.

Figures 2.11 and 2.12 are sets of solution plots in which we vary ;. Figure 2.6
is the corresponding set of a(c) curves where we vary e;. The direction vector is
o = (v/2/2,v/2/2,0) for all three plots. For this choice of o, the problem becomes
equivalent to the two dimensional problem with o = (v/2/2, v/2/2). With 0, = 0, =
v/2/2, changes in the solution curves and the a(c) curves depend directly on the
magnitude of 33_, ex. If T3_, & for one curve is greater than ¥3_, & for a second
curve, with all other parameters fixed, then the first curve will lie inside (closer to a
for all £ # 0 or closer to 1/2 for all ¢ # 0) the second curve.

Figures 2.13 a.nci 2.14 provide a detailed example of lattice induced anisotropy for
(2.2). These plots allow us to see what happens as k. — 0,6, — 0 for solutions of
different direction. Figures 2.13 and 2.14 are sets of solution curves ¢(£) where we
vary o. In Figures 2.13 and 2.14, Curves'1, 2, and 3 have ¢’s that are rationally
dependent. Recall from Remark 2.1.9(vi) that for o rationallgr dependent and 6, = 0,
as ¢ = 0, ¢, becomes constant on the intervals (jv, (j + 1)v) for all 5 € Z, with
v = GCD(01,02,03) as in D = {jv|j € Z} and ¢ = ¢, on D. In Figures 2.13 and \
2.14, Curves 4 and 5 have os that are as close to rationally independent as computer

numbers allow. Recall from Remark 2.1.9(iv) that for o rationally independent and
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0.=0,as c—0, Pre, 18 strictly increasing.
Figures 2.7 and 2.8 are sets of a(c) curves where we vary o. In these plots we see

how the interval of propagation failure depends on the direction o of the wave.

2.2.4 Numerical Solutions for the Reaction-Diffusion Equa-
tion

We now present and discuss solutions to (2.2) for § = 0 which implies that J. = 7.
Depending on the magnitudes of v and ¥3_, £k, (2.2) represents the traveling wave
equation for the spatially discrete (y = 0, 33_, &4 # 0) to the spatially continuous
(X3 _,ex = 0, v # 0) reaction-diffusion equations. Since we are using a code to
solve a second order ordinary differential equation with v as the coefficient on the
second order term, we treat 7 as a perturbation parameter (taking v as small as
possible) when we want to examine the solution behavior for the spatially discrete
reaction-diffusion equation.

Looking at a(c) curves for 8 = 0, Figures 2.1 and 2.2, we see that for §, = v, > 0
as a — 0+ the a(c) curve goes to a(c) = 1/2 and for §, = 7. = 0 as @ — 0+ the a(c)
curve goes to a(c) = 1/2 % 9(0).

We now consider solution plots where we approach the spatially discrete limit. In

Figures 2.15 and 2.16 we vary c and take 7 as small as possible (= 107°). The feature
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Figure 2.11: A ¢(£) plot approaching the spatially discrete limit for the reaction-

diffusion equation.
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Figure 2.12: A ¢(£) plot for the reaction-diffusion equation.
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Curve 1 2 3 4 )
o 100 [CEZ0ICRED[GLDIEELED
Fixed Oc ke |a|B| v |(e1,€2,63) ]| ¢

Parameters { 107> [ 0.01 } 1 {0 | 10> | (1,1,1) |0.01

Figure 2.13: A ¢(€) plot approaching the spatially discrete limit for the reaction-
diffusion equation.
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Figure 2.14: A (&) plot for the reaction-diffusion equation.
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we wish to illustrate with the plots is the “kink” which forms in the sélution curves
at ¢(0). Recall from (2.1.3) that 6. = v = 0 implies for k. # 0 that lim,_,o4 ¢'(§) #
limg_,0- ¢'(€), hence the “kink”. In both of these plots, we see that the larger the
magnitude of k., the farther a is from 1/2. Also notice that, except for o, Figures
2.15 and 2.16 have the same set of parameters. These plots show an example of how
the solution curves depend on the direction o.

The first of the (1, €9, €3) plots, Figure 2.11, and Figures 2.13 and 2.14 are also ex-
amples of the solutions to the reaction-diffusion equation as we approach the spatially

discrete limit.

2.2.5 Numerical Solutions for the Damped Wave Equation

We now present and discuss solutions to (2.2) for o, 8 # 0. Figures 2.17 and 2.18
are examples of solutions to the damped wave equation for @ > 0 and 8 — v/c2.
Here we vary v = c?. These are the same solutions as for the spatially discrete

reaction-diffusion equation since §, = v — 28 — 0.

2.2.6 Numerical Solutions for the Wave Equation

We now present and discuss solutions to (2.2) for k. = @ = 0 and 8 > 0. Figure 2.20

is an example of solutions to the wave equation. The lack of a damping term fixes
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Figure 2.15: A ¢(£) plot approaching the spatially discrete reaction-diffusion equa-
tion.
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Figure 2.16: A ¢(£) plot approaching the spatially discrete reaction-diffusion equa-

tion.
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discrete reaction-diffusion equation.
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Figure 2.17: A ¢(¢) plot of the damped wave equation approaching the spatially
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Figure 2.18: A (&) plot of the damped wave equation approaching the spatially
discrete reaction-diffusion equation.
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a = 1/2 and disallows the possibility of the “kink” effect. Comparing thé-formation of
~ steps for the wave equation, Figure 2.19, with the formation of steps for the reaction-
diffusion or damped wave equation, Figures 2.13, 2.14, 2.17, and 2.18, we see that
although all the step solutions are approaching the same solution, x, — 0 and 6. — 0,

the formation of kinks depend on how we approach these solutions.

2.3 Chapter Summary

| We have presented an investigation of the traveling wave solutions of (2.2) with bound-
ary conditions (2.3) and the piecewise linear nonlinearity (2.4), incorporating the
phase condition ¢(0) = a. This investigation consisted of results obtained from an
analytically constructed solution and from a numerically calculated solution. The two
solution methods used were implemented independently of one another. We derived
the relation between the wave speed c and the detuning parameter a from the analyt-
ically obtained solution. For k. # 0,4, > 0, a solution ¢(£) exists, is continuous, and
is strictly increasing on the real line, and ¢/(£) is continuous on the real line if and
only if 6. > 0. The piecewise continuous nonlinearity f, produces the discontinuity
in ¢’ which we see as the “kinks” in Figures 2.15 and 2.16 (the reaction-diffusion
case). For Y7_, ex # 0, there exists a nontrivial interval for a of propagation failure
if and only if v = 0. The wave speed c is restricted to a proper subinterval of IR for

the damped wave equation. This restriction also affects the detuning parameter a.
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Figure 2.19: A ¢(£) plot of the damped wave equation approaching the spatially
discrete reaction-diffusion equation.
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Figure 2.20: A ¢(£) plot of the damped wave equation approaching the spatially
discrete reaction-diffusion equation.
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No such restrictions exist for the reaction-diffusion equation. When & is rationally
related, we can construct from the interval of propagation failure the set of discrete
¢ values that are the zeros of the right-hand side of (2.2). While for the reaction-
diffusion and damped wave equations the detuning parameter varies with the wave
speed ¢, a = 1/2 for all ¢ for the undamped wave equation. In Chapter 5, we explore

solutions (¢, c¢) of (2.2) for other bistable nonlinearities.
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Chapter 3

THE SPATIALLY DISCRETE REACTION DIFFUSION

EQUATION WITH VARIABLE DIFFUSION

In this chapter we consider traveling wave solutions to spatially discrete reaction-
diffusion equations with diffusion coefficients that vary on a spatially discrete domain

of the form

71(77, t) = LD.U(W, t) - f(u(ﬂ, t)a a)’ (31)

where u(n,t) maps Z x R — IR, and “” denotes differentiation with respect to t.
We represent variable diffusion over the spatially discrete domain with the operator
Lp, a discrete Laplacian operator defined with respect to an integer lattice of the

form

Lpu(n,t) = a(n+ 1)[u(n + 1,t) — u(n, t)] + a(n)[u(n — 1,t) — u(n, )],
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where a : Z — IR. This is one choice of several equivalent divergencei forms for the
operator Lp. Our interest is still in bistable systems, systems where f(u) can be
represented by a cubic-like nonlinear function with stable zeros at 0 and 1, and an
unstable zero at the detuning parameter a € (0,1). In this chapter, because we are
concentrating on analytical solutions, we use the piecewise linear representation f,
(1.9). Unlike Chapter 2, only analytical results are presented here. Numerical results
for varying diffusion coefficient traveling wave equations appear in Chapter 5.

Due to the dependence of o on 7, for a fixed value of the detuning parameter a,
the traveling wave ansatz is u(7,t) = ¢(n — c(n)t), where ¢ : IR — IR and where the
unknown wave speed c : Z — IR now varies on the spatial lattice. Substituting the

traveling wave ansatz into (3.1), we obtain the spatially discrete equation

—c(n)¢'(€) = Lro(§) — f(e(£)), (3.2)

where £ = 1 — ¢(n)t and

Lrp(€) = a(n + 1§ +1) — 0(§)] + a)e(§ — 1) — 9(£)]-

In Chapter 2 we were able to use the Fourier transform to solve the traveling
wave differential-difference equation (2.2) because the coefficients were constant and

did not vary with the lattice. Recall that our traveling wave differential-difference
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equation also represents an infinite system of constant coefficient tifne dependent
ordinary differential equations (ODEs). This is true even if the coefficients of the
differential-difference equation depend on 7, because the infinite system of ODEs is
indexed by the lattice. Our method for solving variable diffusion coefficient problems
involves redefining the problem in terms of constant coefficient equations. But we
would like to work with finite dimensional systems. Thus we consider differential-
difference equations periodic diffusion coeflicients of period P because they can be
represented by a system of dimension P. of constant coefficient, constant wave speed
ordinary differential and differential-difference equations.

In Section 3.1 we first complete the definition of the problem, including boundary
conditions and a phase condition. Next we derive a solution to the periodic version of
(3.2) when ¢(n) is not equal to zero for all n € Z, by solving the equivalent constant
coefficient system, in Section 3.2. Since the general periodic case is rather cumbersome
algebraically, in Section 3.3, we demonstrate the periodic coefficient result for an
equation of the form (3.2) with period P = 2, along with its a(c(n)) relation. In
addition, we show that ¢(&), for period two diffusion, is strictly increasing in time.

Section 3.4 consists of a summary of this chapter.

3.1 Background

As in Chapter 2, we impose the boundary conditions
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¢(—00) =0, (o) =1 (3.3)

and the phase condition ¢(0) = a to (3.2). Recall also that

F(o(€)) = 0(€) — h(p(&) —a) = () — h(§)  for £#0, (3.4)

and limg_yo- ¢'(€) # limgo4 ¢'(§).

3.1.1 Periodic Diffusion Coefficient

Consider a diffusion coefficient function that is periodic in n € Z of period P =

N, + N, + 1, with N, N, € Z* U {0} defined for n € Z as

( Q_N;, n = Pn — N,
QN +1, n = Pn—- N +1,
O0_N+2, n = Pn—-N+2,
am=9 (3.5)
oy, n = Pn,
| am, n = Pn+ N,
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where a_n,, @_N+1, @—N,+2; -, @N, € IRT. Let £ = Pn — ct, n € Z and define

ey = c(=N), p-m() = - M),
cn+1 = (=N +1), p-n+1(§) = @€ —N+1),
c-mt2 = c(—Ni+2), p-n+2(§) = @€ - N+2),
(3.6)
o = c0) w(é) = (£)-
ey, = V), on. (&) = o+ Ny).

Thus ¢ = ¢, when n = Pn + k, for any k € {N,, .., N, }, and equation (3.2) can be

represented by the following system of equations. When n = Pn — N,

—C_N,(P'_N, &) = an+ 1)[90—N1+1(§) —P-N (6)]

+a(n)len,. (€ = P) — o-n ()] = fle-m(£))
= 04-N,+1[<P—N¢+1(§) —¥Y-N (f)]

+a_mlen. (€ — P) — o-n ()] = f(o-n(£)),
when n=Pn+j, j=-N+1,..,N, =1,

—c;o;(§) = am+1)[p;+1(8) — ;)] + am)p;-1(€) — ¥; ()] - f(w;(é))
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= apnlein() — 03O+ aslos(6) — 25(6)] — Flws(E),

and when n = Pn + N,,

—en, o, (§) = am+1p-n(E+ P) —en,(6)] (3.7)
+a(n)[en,-1(8) — on, (€)] — Flen, ()
= a-n [‘p-—Nz (f + P) — @N, (6)]

+an, [N, -1(8) — en, (§)] — flon, ().

The phase condition ¢(0) = a implies wx(—k) = a and the nonlinearity

f(p(€)) = (€) — k() implies f(px(£)) = @r(£) — h(§ + k), for k = N,, ..., N;. Since

or =, pr(€) > 0as £ = —oo and Yi(§) = 1 as £ = oo, for k = N, ..., N;.

3.2 An Analytic Solution

We now derive the solution of the traveling wave equation (3.2) with periodic diffusion
coefficient a(n), the boundary conditions (3.3), and the piecewise linear function f;
(1.9). We begin our derivation with the construction of solutions, ¢ (§),

k = —Ny,..., N,, for (3.2) with diffusion coefficient (3.5). The construction consists of
defining functions ¢y (£) = e~ (£) for k = —N, ..., N, and transforming the system

(3.7). To the ¢x(€) versions of the equations, we apply the Fourier transform, the
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reason for using f;, and after some manipulation, we derive a formula for each ¢, (£),

k = —N,, ..., N,. We begin our derivation of a solution with a preliminary lemma.

Lemma 3.2.1 Let @i, k = Nj, ..., N, be the solution elements of (3.2). Then there

ezists an €9 > 0 such that, for some K > 0,

loe(€)] < Ke™® for £<0. (3.8)

Proof. Lemma 2.1.1 implies that for each ¢, kK = N, ..., N, there exists an €, > 0

such that, for some Ki >0, |px(€)| < Kyxest for & < 0. Let

K= max K; and €0 = mMmin _ Eg.
k=Ni,...,Nr k=Nj,...,Ny

Let ¢x(£) = e™%¢p(€) for k = N, ..., N, with € > 0, € small. By Lemma 3.2.1, if

Yk, k = Ny, ..., N;, is a solution element to (3.2), then, as £ — —o0,

0(€) = e pk(€) < le™*¢| ()] < |Kel*™%| 50 for 0<e <e
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Also as £ — oo,

$k(8) = e % pi(€) = 0

since @g(+00) =1 and g > 0. This implies that ¢x(—o0) = 0 and ¢x(+00) = 0.

Substituting k(&) = e @i (€), k = ~Ny, ..., Ny, into (3.7), we obtain

—c_meled-m(€) + ¢y (8] = cnre[$-n41(8) — P, (€)]

+ o-net[eT N, (€ — P) — ¢-n,(€)] — e¢_n,(€) + h(E — M),

—cjet[edi(€) + 95(6)] = j41€¥[dn1(€) — 65(8)]
+ ae[¢;-1(8) — ¢;(€))] — e%8;(€) + h(€ + J),

—cn,e%[edn. (€) + ¢, ()] = o-met[e™d_n, (€ + P) — ¢n.(&)]

+ o, eX[on,1(6) — bx, (€)] — X, (€) + h(E + N;),

which simplifies to

- C_N,¢'_N, (6) = a—N,+1[¢—Nz+1(§) - ¢—N:(€)]

ta-n; [e—PE(bNr (£ - P) - ¢—Nx (f)] - (1 - C—N15)¢-—Nz (E) + e_EEh(E - ]Vl)a
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= ¢;0;(€) = ajya[di+1(€) — 6;(&)] + aj[B;-1(8) — 8;(E)]

—(1 = ¢;€)$5(8) + e~ h(€ + ),

— vy, (€) = o [e7 9N, (€ + P) = 65, (€)] + an, [$n.-1(€) — n, (€)]

—(1=cn.€)¢n, () + e *h(E + Ny), (3.9)

with j = —=N;+1,..., N, — 1. Now let’s apply the Fourier transforms

&k(S) = /oo e—is€¢k(€)d€1 k= _]Vla "°7Nr

—00

where ¢ > 0 is sufficiently small, to both sides of (3.9). Then

bom(s) = [T e pm(@de=—1 [T gy (€)de

—00 -—

7 0o . »
= sC_n ./oo[a-NH'le “Ed)—NrH(E) — Q_N;+1€ w€¢~NI(§)
 — I -

+a_nye e Py (€ — P) — a_ne -y, (€)

—(1 - c_me)e P, (€) + e F R (e — V)]d¢,

$i(s) = L /:[ajﬂe_“%jﬂ(f) — aj+1€77¢B;(€) + aje ;1 ()

SCJ' -

—0je” % ;(€) — (1 — cje)e ™ g;(€) + e HRh(E + j)]de,
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on,(s) = QZI—V_ _Z[G—NIG_MCPW—M €+ P) - a_ne " n, (€)
+an,e " oy, -1(€) — an,e Py, ()

—(1 —cn,e)e gy, (€) + e~ s+ p (e + N, dE, (3.10)
or

—o_p,e Pty (5) + (—con,(is + €) + a_ng1 + a_n, + 1)d_p,(s)

R e—(is+e)N1

“a—N,+1¢—N,+1(3) = T_;'E",

R ) R R e(is+s)j
—ajqﬁj_l(s) + (—cj(‘zs + 8) + a1 +o; + 1)¢j($) - aj+1¢j+1(s) = Py

—a, ¢n,-1() + (—cw, (is +€) + oy, + an, + 1)én, (5) (3.11)
(is+€)Ny
P(is+e) 1 _ €
—Q_nN,€ - = .
Ni ¢-n(s) is+e

Let Ax = (—ck(is +€) + ax41 + o + 1) where ay, 11 = a_p;, let

é(s) = [&—N; (3)7 &—N1+1(3)7 ey q’SNr (s)]T
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and let

(3.12)

g teey

B [e—(is+e)N1 plis+e)(=Ni+1) elis+e)N 1T

is+e ' is+¢ is+e¢

Then for the matrix

A—Nl —Q_pN41 0 e _a_Nle—P(is-é-e)
—a-N+1 A_Nt1 —O-N42 0
0 —O_N+2 A—N;+2
M= ’
—an,-1 AN,-1 —Qn,
_a_NleP(is+E) v 0 —an, ANr J

the system (3.11) can be written as

2
(R
Il
I

Definition 3.2.1 An n x n matriz, A = (a;;), that maps €™ into C" is irreducible if

for any two indices 1 < i,j < n, there is a sequence of nonzero elements of A of the

form {ai,inail,iw “"a’im,j}’ [49]
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Lemma 3.2.2 The matriz M 1is irreducible.
Proof. For N; < 4,5 < N; the sequence 0;;;1, 1 i42, .-, @j—1,; Satisfies the

condition of Definition 3.2.1. "

Definition 3.2.2 An n x n complez matriz A = (a;;) is diagonally dominant if

n
3 gl <lasl, i=1,..,n (3.13)
J=Llg#i

We call the matriz A irreducibly diagonally dominant if A is irreducible, diagonally

dominant, and strict inequality holds in (8.13) for at least one 3, [49].

Lemma 3.2.3 If a matriz A is irreducibly diagonally dominant then A is invertible.
Proof. Theorem 2.3.8 in [49]. n

Remark 3.2.1 M s irreducibly diagonally dominant and hence invertible.

We obtain o (£) by taking the inverse Fourier transform

ou(€) = ou(O) = o [ e KGu(s)ds,



93

which is absolutely convergent. Although in theory this appears simple enough, we
present the case for P = 2, to demonstrate important features of the solutions of

spatially discrete reaction-diffusion equation with periodic diffusion.

3.3 Example: Alternating Diffusion Coefficient

The simplest case of a spatially discrete reaction-diffusion equation with a periodic
diffusion coefficient that we can study is when the diffusion coefficient is of period
P = 1. On the spatially discrete domain, this is-equivalent to the constant coefficient
problem we solved in Chapter 2 (when . = 0 and n = 1). The next simplest case is
when we have period P = 2, which we now present.

Lets consider a steplike diffusion coefficient function of period P = 2 defined as

Ol 7 even,
a(n) = (3.14)

Q, 7 odd,

with a., @, € R*. Let £ = 2i — ct, 1 € IR and define

©e(€) w(£),

9o(§) = w(+1) (3.15)

and c. = ¢(n), n even, ¢, = ¢(n), n odd. Thus ¢ = ¢, when 7 is even and ¢ = ¢,
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when 7 is odd. Then

—Cepe(§) = an+1)(@o(§) = #e(§)) + a(n)(po(€ — 2) = we(§)) — F(#e(£))
= 0o(Po(€) = e(§)) + ae(9o(§ —2) — we(§)) — fleel8)),  (3.16)

when 7) is even, and

—copy(§) = a(n+1)(pe(€ +2) — po(€)) + a(n)(pe(§) — wo(€)) — f(w0(£))
ae((pe(f + 2) - ‘100(5)) + ao((Pe(g) - ‘Po(f)) - f(‘PO(f))a (3'17)

when 7 is odd. The phase condition ¢(0) = a implies ¢.(0) = a and p,(—1) = a.

The nonlinearities f(pe) = @e — h(£), f(vo) = Yo — h(€ + 1).

3.3.1 An Analytic Solution

We now derive the solution of the traveling wave equation (3.2) by deriving the so-
lution for the pair of traveling wave equations (3.16) and (3.17) with the boundary
conditions (3.3) and the piecewise linear function f;, (1.9). From our derived so-
lution, we obtain a relationship between the detuning parameter, a, and the wave
speed, c. Also, from this solution and the a(c) relation, we present results concerning

propagation failure.
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This section begins with the construction of solutions, y.(£) and go;(ﬁ ), for (3.2).
The construction consists of defining functions @¢(£) = e %¢p,(£) and ¢,(£) = =56, (€)
and transforming (3.2). To the ¢.(£),0,(§) versions of the equations, we apply the
Fourier transform, and after some manipulation, we derive a formula for ¢, (£) and

®o(£)-

Using the derivation from the general period derivation, we obtain

. -~ . - 1
(—ce(is + €) + 0o + Qe + 1)e(s) — (o + ace™ 2N g, (s) = s
- . " eis+e
(—colis +¢) + 0o + G+ 1)o(s) = (0 + 2™ )ge(s) = ——,  (3.18)

or
—2(1 £ In 1
Ae —Qp — Q€ (fs+e) ¢e iste
= )
. ~ ise
—Qy — aeeZ(ts+e) Ao ¢o Es+e

with A, = —c.(is+€)+a,+a.+1and 4, = —c,(is+¢€) +a,+a.+ 1. Thisisa

special case of the matrix M. Solving, we obtain

A _ P(S - 25) - _ Q(S - ZE)
e(s) = (is + €)R(s — ie)’ 9(s) = (s + €)R(s — ig)’

(3.19)
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where
P(q) = —icoq+ e + ace™ +ap+a. +1,
Q(g) = €[—iceq+ € + ae™ + a, + 0 + 1], (3.20)
R(g) = —i(ce+ Co)g(a, + ae + 1) + 200 + 2 + 1 + 20,0 (1 — €05 2q) — c.Co>.

The following lemma is a simple extension of Lemma 4.4 in [10] and is based on the

characteristic equation of the system.

Lemma 3.3.1 For c # 0, the function R in (8.20) possesses a simple root ¢ = —izg
with zg > 0. Moreover, there erists an €y > 0 such that if ¢ € € is any other root of

R satisfying Im q < 0, then in fact Im ¢ < —2zp — €.

We now use the Fourier inversion theorem which gives

lE) = 00 = 5 [T el Kbl

1 0o . -
0ol8) = 54u©) = 5 [T et (o),
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which are absolutely convergent. This implies

+oo glis+e) P(5 — j¢) 1 [ristoo g% P(s)

ve(8) = ./ (is+¢€)R(s - zs)d omi /_is-oo sR(s) ds,
1 4o e(i3+€)§Q(3 - iE) 1 —ie4o00 eiSEQ(s)

#ol8) = or /_oo (is + €)R(s — i¢) ds = 2mi /_is—oo sR(s) ds.

Because of the simple pole at s = 0, we break up the integrals into

vel6) = (/ : / ) :;I;s)

)= 55 () Sy o @20

where C; is (—o0, —¢| and [+¢, +00) on the real axis, and S is the half-circle at the

origin. First consider the C, integrals. We have

eis€ —¢ eisé
2:”, /;'e sR}()()S) T om (/ / ) P(S)

eisé e~ P(—s
- 2;/ [sR}()S) st—(S) )} &

1 [+ e P(s)R(-5s) — e *¢P(—s)R(s)
2 / sR(s)R(—s) ds

27 +¢



_ 1 4o (sc,B(s) + (@ + ae + 1) A(s)) sin(s€) ds

= Tl T s(A%(s) + B%(s))

1+ (=sc,A(s) + (a0 + o + 1) B(s)) cos(s€) ds

T e 5(A2(s) + B2(5))

1 /+°° A(s)(apsins(é +1) + a,sins(€ — 1))ds

T J4e s(A%(s) + B2%(s))

+_1_ +o0 B(s)(a,cos s(é +1) + arcoss(€ — 1'))ds
™ Je s(A%(s) + B*(s))

and

27rz/c :;?()S) * T om (/ . / ) :;Q.g)s

e - 5(A%(s) + B%(s))

1 /+°° (sceB(s) + (@ + e +1)A(s)) sin(s(€ +1)) ,

7 Jie s(A4%(s) + B*(s))

L1 /+°° A(5)(0esin s(€ + 2) + a, sin(sﬁ))ds

T Jye s(A2%(s) + B2(s))

+ 1 /+°° (—sceA(s) + (oo + ae + 1)B(s)) cos(s(€ + 1))

98

ds
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+l /+°° B(s)(aecos s(€ + 2) + a, cos(s€))

7 e S(42(s) + B2(s)) ds,

where

A(s) = 1—cec,8® + 2a,a,(1 — cos(25)) + 2(ae + a,),

B(s) = (ce+co)s(oe+ ap+1). (3.22)

For s € R, A(s) = Re[R(s)] and B(s) = —Im[R(s)].

For the S; integrals, we have

1 e*¢P(s) 1.1 e*¢P(s) 1

%/s, SR(s) ds = %%z-z-Res( sR(s) 0] = 2’

1 [ e%Q(s), 1

'-2—7—1'_2'/5, sR(s) ds = 3 (3:23)

Combining the integral results (3.22) and (3.23) in (3.21), and letting ¢ — 0, we
obtain an explicit formula for ¢(£). From (3.21), we have the following formula for

the solution of (3.2) with (3.14) for c., ¢, # 0:

1 1 [ (sc,B(s) + (o + e + 1) A(s)) sin(s§)
el)=3 + 7 S(A2(s) + B2(5)) as



and

| =

wo(§) =

100

1 /°° (—scoA(8) + (ap + ae + 1)B(s)) cos(sfﬁ)bd

m s(A%(s) + B?(s))

1 /°° A(s)(apsins(é + 1) + a,sins(€ — 1))ds
7 Jo s(A2%(s) + B%(s))

1 /00 B(s)(a,coss(§ + 1) + aecos s(§ — 1))ds
7 Jo s(A2%(s) + B2(s))

l /°° (sc.B(s) + (0 + e + 1)A(s)) sin(s(§ + 1))ds
: SCAZ(s) T B(9))

us

,_/ (—sceA(s) + (ao + a, + 1) B(s)) cos(s(& + 1))ds

A%(s) + B%(s))

_/°° A(s)(aesins(§+2) + a, s1n(s£))ds
s(A2(s) + B2(s))

1 oo B(s)(c coss(€ +2) + a,cos(sf))
;/o s(A2(s) + B2(s)) ds. (3.24)

Remark 3.3.1 Let ¢, and ¢, be considered as functions of c. and c,, i.e. @e(€, Ce, Co)

and 900(6’ Ce; co) .



i)Observing that

1- </Je(—§ - la —Co, —Ce)

_ 1 l/ (sceB(s) + (a., + ae +1)A(s)) sin(s(—€ — 1))
2 7

2(3) 1 B(5)) @

1 /°° (sceA(s) — (ap + ae + 1)B(s)) cos(s(€ + 1))ds

s(A2(s) + B2(s))

__/ ) (0 sin s(—&) + e sins(—€ — 2))ds
s(A2%(s) + B%(s))

ds

__/ —B(s)(a,cos s(€) + a.cos s(€ +2))
s(A42(s) + B%(s))

= ‘Po(fa Ce, co)’

and

1- (Po(“f - 1, —Co, —Ce)

1 /oo (scoB(s) + (@ + ae + 1)A(s)) sin(s(=§))
mJo s(A%(s) + B*(s))

DNOf =

101
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1 o (sc,A(s) — (o + e + 1)B(s)) cos(s€)
+ ) 5(42(s) + B2(5)) ds

1 o A(s)(aesins(—& + 1) + a, sin(s(—€ — 1)))
= ST + BX9)) “

1 [ —B(s)(aecoss(& + 1) + a,cos(s(é — 1)))
= s(42(s) + B%(s)) “

= ‘Pe(g, Ce, Co),

we see that, for (&) = (&, c), we have the symmetry property

1- ‘Pe("g -1, —c,, _Ce) = 900(5, Ce, Co)v and 1 — <Po(-£ -1, —c,, _Ce) = Qoe(fa Ce, co)'

it) Recalling that

_ 1 prietoo e*t P(s) 1 it e Q(s)
(Pe(f) - % /;ie—oo SR(S) as, ‘Po(f) - 5—75 ./;is—oo SR(S) o,

we can see that as £ = —00, pe(£) = 0 and p,(§) — 0. Our symmetry property then

gives us that pe(+00) = 1 and ,(+00) = 1. This confirms our choice of boundary

conditions.

Remark 3.3.2 1) As discussed before, p(§) = a for only one value of €. Let £ = 0.
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This then gives us the followz’hg relation between a and (ce, c,):

o) =a=p0) =5 + 2 [7Z0ACL Lt et DB,

s(A%(s) + B%(s))

wlo—a

s

A(s)(ap — a¢)sins
‘/ (ARG FB) ©

1 o B(s)(a,+ a.)coss
+ ;/o s(A2%(s) + B2(s)) ds (3:25)

and

/°° (—sceA(s) + (ap + e + 1)B(s))ds
0 s(A2(s) + B2(s))

1
T

[
+

0(0) = a = po(-1) =

1 [ A(s)(ae — a,)sin s
+ ;/o S(A2(5) T B2(s)) &

B(s)(ao + ae)cos s
+ _/ s(A%(s) + B2(s)) ds, (3.26)

when ¢, # 0 and ¢, # 0. Adding and subtracting (3.25) and (8.26) we obtain, for

Ce, Co # 0,

1 1 /Ooo —5(Ce + o) A(5) + [(@ + ) (1 + cos(s)) + 1] B(s) ds, (3.27)

=3 T 7 s(A2(s) + B(s))
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subject to the condition that

/oo (s(ce — co)‘ + 2(@ — ) sin s)A(s) ds = 0. (3.28)

s(A%(s) + B%(s))

i1) When ce = ¢, =0,

p(0) =a=3

and

/‘°° A(s)(ao — ae) sin S 4s = 0.
o s(A2%(s) + B%(s))

The condition (3.28) insures that the detuning parameter a is a constant value
and does not vary with 7.

Now that we have derived a solution ¢(£) we need to justify the assumption that
the solution to (3.16) and (3.17), with (3.14), (1.9), and (3.3) is either monotone
increasing or monotone decreasing in time. This is equivalent to stating that each
point in the spatial lattice has a unique nonintersecting trajectory from one phase to

the other.

Lemma 3.3.2 Let 1 € Z. The solution ¢, (3.24), of (3.2) with (8.14), (1.9), and
(8.3), is strictly increasing in time for c.,c, < 0. The solution ¢ is strictly decreasing

in time for ce,c, > 0.
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Proof. Let ¢(n) > 0. Then —c(n)t is monotone decreasing in t. Let c(n) <
0. Then —c(n)t is monotone increasing in ¢. The results now follow the proofs of

Corollary 4.5 and Theorem 4.6 in [10]. n

We now address exactly what is meant by a solution to (3.2) with (3.14). To solve
(3.2), it is sufficient to regard both fi(¢), (1.9), and h(€) as set valued functions, with
f and h singleton sets for ¢ # a and £ # 0, and f(a) = [a — 1, a] and A(0) = [0, 1].
This amounts to filling in the jump discontinuities in the graphs of f and h. By a

solution to (2.2), we mean that ¢ € C(IR) and the differential inclusion

- —cg'(€) € Lrp(€) — (&) + h(§)

holds for £ € IR. Since we are solving on a discrete spatial domain, we need to discuss
what we mean by continuity with respect to €. If we fix 7, then both ¢, and ¢, are
continuous over time and either ¢, or ¢, (depending on whether 7 is even or odd)
describes the continuous time trajectories of ¢ at 7. If we fix ¢, then the domain and
ranges of @e, ©,, and ¢ are countably infinite discrete sets of points. The domain of
¢ is the union of the domains of ¢, and ¢,, and the range of ¢ is the union of the

ranges of ¢, and ¢,. The domains of . and ¢, are disjoint.

Lemma 3.3.3 For ¢ # 0, the derivative ¢'(€) of (2.15) is discontinuous in time. In
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addition, for fized 1,

Ol

Am ¢'(§) = lim ¢'(§) =

Proof. Any difficulty in smoothness occurs in ¢ at £ = 0 for (3.2) with (3.14) and
(1.9). Taking the difference of (3.2) with (1.9) as £ approaches zero from the left and
from the right, for fixed 1 we obtain

Jim —/(6) - lim —ey/(6) = -1 (3:29)

since ¢ is continuous in t. [ |

3.3.2 The a(c) Relation

We now analyze the relationship between the wave speed c and the detuning param-
eter a. We are particularly interested in the phenomenon of propagation failure, the

existence of a nontrivial interval for a such that the wave speed is zero.

For c(n) # 0, set

Dleecs) = @(0)=5=a~3 (3:30)
1 roo —s3(ce + o) A(s) + (0 + ) (1 + cos(s)) + 1]B(S)d8
7 Jo s(A%(s) + B*(s)) ’
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where

A(S) = 1 — CeCoS® + 2001 (1 — co8(25)) + 2(ae + ay),

B(s) = (ce+co)s(ae+a,+1). (3.31)

Throughout this subsection, c, and ¢, are subject to the constraint

© (8(Ce — €o) + 2(@o — ) sins)A(s) ,
/ ) T ds = 0. (3.32)

Remark 3.3.3 When ¢ = ¢, = 0, ¢(0) = a = 1/2. This along with constraint

(3.32), implies that c. and c, are of the same sign.

Let ¢ = (c. +¢,)/2. With the simple change of variable s — s/c, I' can be written

as

1 /°° —sA(s/c) + [(ao + ) (1 + cos(s/c)) + 1]B(s/c)
0

s(A2%(s/c) + B2(s/c)) ds, (3.33)

D(ce,c) = -

for c. # 0 and ¢, # 0.

Remark 3.3.4 I'(c., ¢,) with c,c, # 0 is nonzero.

Let cpin = min(lce,, ,Co,) and Cmez = ma'x(lce'» 'co|)'
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Theorem 3.3.1 Let @(€) be a solution to (8.2) with (3.14), (1.9), and (3.3), so that

[(ce, co) is defined by (8.80) with ce,co # 0. Then

. . 1
Crnil;:rgw T (ce, €o)| < c,,}},rgoo IT(ce, o)l = 9

(3.34)

Proof. Let c. # 0 and ¢, # 0. Then

lime,, ;.00 [T(CesCo)l

_ lim 1 /°° —sA(s/c) + [(ao + ae)(1 + cos(s/c)) + 1)B(s/c) ds
emin =0 1 Jo s(A%(s/c) + B*(s/c))

l/°° s2+2d+1
B nlo st+2(d+1)s2+2d+1

ds

1 o 1 1
_ 2 = = 3.35
71'/0 32+1ds 2’ (3.35)

where d = 2(a, + 0,) (e + o, + 1).

The quantity cne. 1s equal to either c, ¢,, or both ¢, and c,. Suppose Cpor = Ce
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and we hold ¢, fixed (this is equivalent to cpqez = ¢, c. fixed). Then

limcmaz""oo ,F(c€7 CO)I

1 /°° —sA(s/c) + [(ao + a)(1 + cos(s/c)) + 1]B(s/c) ds
0 s(A2%(s/c) + B%(s/c))

Cmaz—>00 T

_ l/oo 2d+1
B mJo (2d+4)s2+2d+1 5

A YA
wJo s2+1 -

where d = 2(a; + a,)(ae + o + 1). If ¢paz = ce = ¢,, then (3.35) applies. []

3.3.3 Application: Laminar Material

Suppose that we have a laminar material composed of periodically alternating layers,
of integer thickness, with every other layer possessing the same diffusion coefficient.
Let all other properties of the laminates be the same. Let 72 be the normal direction to
the interfaces of the layers and let 6 be the angle between the traveling wave direction
vector ¢ and the normal vector 7. Then if cosf is a rational number, this problem is

equivalent to the one dimensional periodic coefficient traveling wave problem.
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3.4 Chapter Summary

In this chapter, we provided a solution method for spatially discrete reaction-diffusion
equations with “linearized” nonlinearity f; and periodic variable diffusion. This was
accomplished by treating variable diffusion differential-difference equations as a mixed
system of constant coefficient ordinary differential and differential-difference equations
which is solved using Fourier integral transforms. The period two diffusion coefficient
case is provided to demonstrate the details of the solution method, in particular, the
inverse transform. If we consider these solutions as time trajectories for the points
in the lattice, then the trajectories are strictly monotone. The period two diffusion
coefficient case also gives us a chance to investigate the a(c) relation for a nonconstant
wave speed c¢. The discontinuity in the nonlinearity f; causes ¢’ to be discontinuous

which appears as “kinks” in the solution curves.
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Chapter 4

A NUMERICAL METHOD FOR THE COMPUTATION
OF TRAVELING WAVE SOLUTIONS OF NONLINEAR

DIFFERENTIAL-DIFFERENCE EQUATIONS

In previous chapters, we used a linearized nonlinearity f (f; from equation (1.9))
to represent the the bistable nonlinearity. This allowed us to produce both ana-
lytical (using integral transforms) and numerical solutions (using fixed point meth-
ods). In this chapter we concentrate on a numerical method which allows us to
solve differential-difference equations with any bistable nonlinearity that possesses a
continuous derivative.

In Section 4.1 we introduce the class of equations we solve, we introduce the
numerical method (a modified Newton’s method) we use to solve this class of equa-
tions, and we introduce the main theorem of this chapter, a convergence result for

our modified Newton’s method. The proof of this theorem relies on detailed func-
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tional analysis of the class of equations we are solving. Section 4.2 consists of the
background, definitions, concepts, and results that we use in the proof of the main
theorem and relies heavily on the work of J. Mallet-Paret in [46] and [47]. This section
includes analysis based on Fredholm operator theory and asymptotic hyperbolicity.
Once these preliminary results are stated we proceed to Section 4.3 and the proof of
our convergence theorem. We conclude with a summary and remarks about the class
of equations that can be solved with this method.

Although we are solving nonlinear differential-difference equations, the numerical
method that we present relies on several results on linear differential operators with an
exponential dichotomy and on several results on linear differential-difference operators
that enjoy behavior similar to an exponential dichotomy. Our method also relies
on the fact that our nonlinear differential-difference equation can be treated as a
(sometimes large) pc;rturbation of a nonlinear differential equation. While we present
the method for a specific subclass of the class of equations that exhibit a heteroclinic
orbit dependent on one parameter (c), this method appears to be applicable to a
general class of parameterized differential-difference equations that connect two points

(either in a heteroclinic or homoclinic orbit).
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4.1 A Variant of Newton’s Method

We present a numerical method for solving the nonlinear autonomous equation

—diag(c)¢'(§) — diag(7)¢" (€) = F(p(£), p) + G(p(§ 4+ 11), (€A 12), .., (€ +Tn), p),

(4.1)
where ¢ = (o), 0@ .., o) with p € [0,1]1=U, £ € R, c(p) : R — IR", and the
constant vector v of dimension n consists of elements in IRt U {0}. The notation
diag(c) and diag(7y) represent n x n diagonal matrices whose’i, it* elements are the
i" element of c and v, respectively. We use equation (2.1) as an example to help
illustrate the assumptions that are made on (4.1). Let p.(§) = PO (€ + 1), let

P9 = (¢n, Pri, ey @t ), and let = (@0, 23, ..., ™), forl=1,..,n,i=1,...,N.
The following is a list of five conditions for F' and G:

(cl) F:R"xU - R"isC'in R"and U, and G: R"™W x U — R" is C' in R™W

and U.

(c2) D,F : R* x U — IR is locally Lipschitz in ¢ and DG : RN x U — R™Y

is locally Lipschitz in @.
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(c3) Forj=1,.,Nandl=1,..,n,

9G®@.0) (4.2)

9y

For (2.1), this means that the €, > 0.

(c4) The rt, i = 1,..,N, | = 1,..,n, are the forward and backward shifts.. As a
matter of notation, let 7} # ri for 1 <j <k < Nandrl#0fori=1,..,N.
The r; correspond to the e -0 in (2.1) where the shifts occur in plus and minus

pairs.

(c5) Let ¢_, ¢+ € IR™ such that go(_l) < <p$), and let I' : R™ x U — IR" be defined as

L(p, p) = F(p, p) + G(@, ¢, 05 ..., 9, P).

For some a(p) such that a®(p) € [¢¥, ¥,

Ip,0) < 0, ¢ e (=00,?)U(a®,6}),
Ip,p) < 0, e @Y, a") u(p?, o),

F((,O_,p) = P(a’p) = F(‘p+1p) = Ov (43)
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with

D,wl(p-,p) <0 if a® # oY  Dwl(ps,p) <0 if a® # P,

D,wl(a,p) > 0 if e (oY, o). (4.4)

For equation (2.1), " = 0 and <p$) = 1. Assumptions (4.3) and (4.4) imply a
bistable nature to (4.1) along with the fact that we have exactly the three equilibrium
solutions ¢ = ¢_, a, ¢, when a® € (cp(_l), <pf,l.)). Assumptions (4.3) and (4.4) also imply
that ¢ = ¢, is stable for positive increasing £ and that ¢ = ¢_ is stable for negative
decreasing £. The operators F' and G of all the equations that we are currently

studying can be expressed in the form

F((,O(E), p) + G(‘p(£+ Tl)’ (p(f + 7'2)’ ceey <p(€ + rN)’ ﬂ)

= gailw(é +13) — 0(&)] = f(#(£), )

where f(¢(€), p) is one of our bistable nonlinearities, f1, f2, or f;. We are interested in
solutions of (4.1), (¢, ¢), that connect ¢_ and ¢, . In other words, for each p € (0,1),

we want to find G(p, ¢, p) = 0 for

G(p,c, p)(€) = —diag(c)¢'(§) — diag(7)¢"(§) — F(p(€),0) — G(®B(£),p),  (4.5)



116

with boundary conditions

p(-0)=¢p_. and  @(o0) = ¢, (4.6)

As we have done previously, we define the phase condition ¢(0) = a(p) to select a
unique translate. An advantage gained from (4.3) and (4.4) is that we do not need
to consider solutions which join ¢_ and a(p), and a(p) and ¢..

Let

F(p,c, p)(§) = —diag(c)¢' (&) — diag()¢" (€) — F(p(£), p). (4.7)

Since F and G do not depend on c and since F and G are in C!, F and G are also
C! Frechet-differentiable. Taking the derivative of F with respect to the first two

variables we obtain

D12 F (9, ¢, p)(, b, p)(€) (4.8)

= —diag(c)y'(§) — diag(v)¥"(€) — Di1F (¢, p)¥(€) — by'(§).

Notice that D; 2 F (¢, ¢, p) is a linear nonautonomous (the diagonal matrix D,F (¢, p)

depends on &) operator.
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Definition 4.1.1 Using operator (4.8), we define the modified Newton’s method

D1 2F(@n, €y P)(@n+1) Cnt1, P) = D12F (@n, €y p)(Pns Cns p) — G(@n, Cnyp).  (4.9)

Unless otherwise stated, p is fixed throughout this chapter. In Sections 4.2 and
4.3 we construct a proof that shows the modified Newton’s method in (4.9) converges

for (o, o) in an open neighborhood about the solution of (4.1). Let

L* = L*(R),

let
LR ={(fM, P, ., fM)f e L*,1=1,..,n},
let
Wt = {f € L™|f is absolutely continuous and f' € L*},
let
W)™ = {f e Wh=|f(0) = a(p)},1 = 1,...,m,
and let

Wo = {(f®, f9, .., {)|fO e W=, 1=1,..,n}.
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Definition 4.1.2 The pair (p,c) is a point of attraction of the iteration defined in
(4.9) if there is an open neighborhood, S, of (p,c) such that S C Wy'™ x IR" and,

for any (o, co) € S, the iterates defined by (4.9) all lie in W,*™ x IR™ and converge

to (p,c).

We now present the main result in this chapter.

Theorem 4.1.1 (Convergence of Modified Newton’s Method) Let (p,c) be a pair of
functions such that G(p,c) = 0, with G(p,c) as defined in (4.5) and boundary con-
ditions (4.6). Also assume that the operators F and G of G(p,c) satisfy conditions

cl1 through c¢5. Then (p,c) is a point of attraction for the modified Newton iteration

(4.9).

4.2 Preliminary Results

The following results on asymptotic hyperbolicity and Fredholm theory follow directly
from the work of W.-J. Beyn [7], K.J. Palmer [50], and J. Mallet-Paret [46], [47].

Unless specified otherwise, ¢ # 0 throughout this section.
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4.2.1 Definitions

In this subsection, we define what we mean when we call an operator hyperbolic,
asymptotically autonomous, or asymptotically hyperbolic.

For ¢ # 0, let A, : Wy — L% be a nonautonomous bounded linear operator of

the form

(Acy)(€) = —diag(c)y'(€) — diag(v)¥"(€) — Ao(€)P(€) — X_ A;(E)w(€ +15), (4.10)

=1

where the matrices A;, j = 1, ..., N, are diagonal.

Definition 4.2.1 Suppose that the A; (1 = 0,...,N) in (4.10) can be written in the

form

Ai(§) = Aiz + Bix(§)

where A;+, 1 = 0,..., N, are constant coefficient operators, of dimension n x n, such
that

A= lim A, A= lim A6, i=0.,N.

Then the operator (4.10) is called asymptotically autonomous.
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If A, is asymptotically autonomous then
A= A:ct - My,
where AZ : W™ — L% is the autonomous bounded linear operator
N
(AZ9)(€) = —diag(c)y'(€) — diag(7)y"(§) — Aox9h(€) — D_Awp(§+r)  (4.11)
i=1
and My : W™ — L% such that
N
(My)(€) = Box (E)¥(€) + D _ Bix (E)v(€ + ). (4.12)
i=1

where

Jim M, =0, lim [IM]| =0.

A particular case of (4.10) is A? : Wy*™® — L%, the autonomous bounded linear

operator

(AY)(€) = —diag(c)¥'(€) — diag(7)¥"(§) — Aootb(€) - Z_: Aiop(§+m) (413

where A;p, ¢ = 0,..., N, are constant coefficient operators. Consider solutions to
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A% = 0 of the form ¥ = e*v, v € R", v # 0. Then for each root s = p of the

characteristic equation det A2(s) = 0, where

N
AY(s) = —s diag(c) — s* diag(y) — Ao — D Ajee™™, (4.14)

Jj=1

there corresponds a set of eigensolutions to A% = 0.

Definition 4.2.2 The constant coefficient operator A% (4.18) is called hyperbolic if
its characteristic equation (4.14) has no roots on the imaginary azis; i.e,

if det A%(in) # 0 for n € R, then (4.13) is called hyperbolic.

We define hyperbolicity solely based on the characteristic equation det A%(s) =0
and not on the dynamics of the operator or of the solution. Having a constant
coefficient operator be hyperbolic is an essential element to having an exponential
dichotomy. We desire to imply that an asymptotically autonomous operator whose
asymptotic limit is an hyperbolic operator that has an exponential dichotomy also

exhibits an exponential dichotomy.

Definition 4.2.3 If (4.10) is asymptotically autonomous and (4.11) is hyperbolic,

then we call (4.10) asymptotically hyperbolic.
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An asymptotically hyperbolic operator allows us to set up a linear Fredholm theory

for the operator. Let
Re=R(A;) = {¢ € LY|1) = Acp for some ¢ € Wy},
the range A, (4.10), and let
Ke=K(Ac) = {¢ € Wg™|Acg = 0},

the kernel of A, (4.10). The operator A, is a Fredholm operator if

1) the kernel K, C W™ is finite dimensional,
2) the range R, C LY is closed, and

3) R. has finite codimension in LY.

4.2.2 Results

The following results depend on A, being a Fredholm operator which includes knowing

specific information about the kernel and range of A..

Theorem 4.2.1 Let A, be defined as in (4.10) and assume A. is asymptotically hy-

perbolic. Then A, is a Fredholm operator.
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Proof. The result follows from Theorem A in [46] and from Lemma 4.2 in [50]. =

The formal adjoint operator A} of A, is defined

N
(ALY)(€) = diag(c)y'(§) — diag(v)¥"(§) — As(€)(§) - ; A5 (€ — )€ — 1)),

where A7 is the conjugate transpose of A;, i =1,..., N. Let R be the range of adjoint
of A, and K be the kernel of the adjoint of A.. Then we have from Theorem A in
[46] that

R = {h e 17| [ y@nOdE=0 for all ye ic;}.
—00
We now present two hypotheses which are used in the lemma below.

(H1) Let A, be defined as in (4.10) and assume that, for £ = 1,...,n, there exist

quantities
aj,kaﬂj,ke-Rv OSJ_<.N7 with aj,k>0, IS]SN,
such that

ok < ai’l(&) <Bix Y€€ R, YV ke{l,2,..,n},

and V je{1,2,..,N},



(H2)
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where agi({) is the k, k** element of A;(£) and
aor <a(€) < fox YEER, YV ke{l,2,..,n},

where afc?,) (€) is any element of the k** row of Ay(£). In addition, for k = 1,...,n,

assume

n
Zak’[ <0,
=1

where ay is the k,I** element of Ay = YN A;..

Let A, be defined as in (4.10) and assume that, for £ = 1,...,n, there exist

quantities
aj,k,ﬂj,kER, 0<j< N, with aj,kZO, 1<j<N,
such that

~ae > afl(€) > fix VEE R, V ke{l,2,..,n},

and V je{1,2,..N},
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where afc’; ) (€) is the k, k** element of A;(£) and
aO,k _<_ ag)(f) S IBO,k V§ € Ra V k € {la 2’ "°,n}9

where afg,) (€) is any element of the k** row of Ay(€). In addition, for k = 1, ..., n,

assume

= 0
Y a <o.
=1

Lemma 4.2.1 Let A, be defined as in (4.10) and assume A, is asymptotically au-
tonomous. Also assume that there ezists a solution to A.(y) = 0 which is nonnegative

and bounded. If A, satisfies either (H1) or (H2), then

1) A, is asymptotically hyperbolic, (is a Fredholm operator)

2) there ezists an element p = (py, D2, ...,Pn) in the kernel of A., such that p; > 0;

i=1,..,n,
3) there ezists an element p* = (p}, p3, ..., p}) in the kernel of the adjoint such that
each element p;(§) >0 for allé € R, i=1,...,n, and

4) the range of A, contains no elements, h(§), such that h;(€) < 0 or h;(§) > 0,

forallé e R andi=1,...,n.



126

Proof. In this proof, we combine the results of Mallet-Paret, [46], [47], for first order

differential-difference operators of the form

(Am19)(€) = —diag(c)y'(§) — Ao(§)¥ ZA (%€ +rj),

and the results of Fife and McLeod [26] and Beyn [7] for reaction-diffusion equations

whose linearized form can be represented by operators of the form

(Am29)(€) = —diag(c)y'(§) — diag(y)¥" — Bo(£)¥(£).-

Consider hypothesis (H1). Then the operator A, can be treated as a perturbation
of the operator Ag;. For the conditions set forth in the lemma and in (H1), Theorem
4.1 in [47] implies conclusions 1), 2), and 3).

Now consider hypothesis (H2). Then the operator A, can be treated as a per-
turbation of the operator Ags. Results 1), 2), and 3) follow from the fact that this
operator has an exponential dichotomy.

As for result 4), with either (H1) or (H2), by result 3) there exists an element, p*,

in R such that p}(¢) > 0 for all £ € IR. Since

R.= {h € L°°|/ y()h(€)dE =0 for every ye€ KI*}
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any h(€) € R. must satisfy

[ p©eneae=o.

~-00

Hence h(£) € R, cannot be have h;(§) < Oforall¢ € Randi=1,..,n,0r h; >0

forallé e Randi=1,...,n. =

4.3 Proof of Theorem 4.1.1

We now present the proof of Theorem 4.1.1. First we establish that D;F(¢,b) is
invertible in a neighborhood of the solution (¢,c). Then we rewrite the Newton
iteration (4.9) as

(‘pn+1, Cn+1) = H(QOn, cn)

where

H(¢’ b) = (¢’ b) - [D1,2f(¢’ b)]-lg(¢a b)a (415)

which is well-defined. We next show that H (4.15) is Frechet differentiable in the
neighborhood in which it is well-defined. Last, we show that the Newton iteration
converges to the solution in our neighborhood, that the solution is a point of attrac-
tion. This includes showing that the spectral radius of D; 2 H is less than 1.

Let p be fixed. Let (p,c) € Wy'™® x IR™ be such that G(p,c) = 0. And let F and

G satisfy conditions cl through c5 throughout this section.
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Lemma 4.3.1 There ezists a ball of radius § defined as
Secs = {(pssce) € W™ x B | ||(9,€) = (¢w,ca)[| <& for §>0} C Wp™ x R”

such that Dy 2F (¢, c.) is invertible for all (¢.,c.) € Spcs-

Proof. It follows from the work of Beyn (7] that D; 2 F(y,c) is an isomorphism
from Wy'® x IR™ onto L, and hence is invertible. Set v = ||[D12F (¢, c)]!|| and let
0 < € < 1/(2v). Since D;2F(¢p,c) is continuous at (¢, c), we can choose a § > 0 such

that when (¢.,c.) € Sycs,
|D12F (¢, ¢) — D12 F (., ¢l <€
Let I be the identity operator from Wy x IR™ to Wy'® x IR". Since

| = [D12F (0, €)' D12 F (s, )|

1
= ||[D1,2F (¢, €)] " (D12F (¢, €) — D12 F(pr,c))|| < ev < 5<1

Neumann’s Lemma implies that [D; 2 F (¢, ¢)] 1Dy 2F (s, ¢.),

and hence D 2 F (¢, c.), is invertible. Also

D12 F (e, )] = I = (I = [D12F (0, O] D12F (s, €))7 [D12F (0, )] 7|
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for all (¢u, i) € Sy 5. "

Remark 4.3.1 Thus the operator H : S, .5 — W™ x R™ defined as

H(ox, ) = (@nr &) = [D12F (00, 6:)] 7 G (04, ¢4) (4.16)

1s well defined.

Lemma 4.3.2 The operator H (4{.16) is Frechet-differentiable and the derivative with

respect to ¢ and c is

D1 3H(p,c) = I — [D12F (9, ¢)] ' D12G(¢; ¢).

Proof. Since G is Frechet-differentiable at (¢, ¢),

1G(@xs ) = G(#,€) — D126 (p, 0)[(¢er &) = (@, )l < ell(pnr ) = (0, 9

for all (¢u,c.) € Sycs. Using the fact that (¢, c) = H(p,c), we obtain

| H (s, e) = H(p, ¢) = [I = [D12F (0, 0)] 7' D1,2G (9, )][(ps, &) — (0, )]
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= (D12 F (0, D16, (90r ) = ()] ~ [DaaF (o el Glpur )]
< 1l = D12 (s I (600 2) — G, 6) = D1, (9erc) — (s DI
D (s eI F(9,6) = Flou eI DraF e, O]
D126(p, ¢) (s, ) = (0, 0))]|

< (2ve + 2v%€|| D12G(, ) )l (s, ) = (@, ), (4.17)

for all (¢, c.) € Sy 5. This implies H is Frechet-differentiable and the derivative of

(4.16) about the solution (¢, c) is
DypH(p,c) = I — [D1pF(p,¢)] ' D126(w, ) (4.18)
where

N
D12G(p, €)%, b)(§) = D12F (0, ¢) (%, 5)(€) = D_[Do,, G(@)]W (€ +73).-

=1

The operator D, G(%) is a diagonal matrix with 0G(, p) /6<p,£ as the [, I** entry.

Hence D,, G(P) is a linear, possibly nonautonomous, operator. ]

Lemma 4.3.3 Let & be the spectral radius of Dy 2H(p,c). Then < 1.
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Proof. Writing the eigenproblem for D; 2 H(¢p, c) we obtain the equation

[D12F (0, )] Zw%G )6(& + 1i) — M (¢, b) = (0,0)

where ) is the eigenvalue, and (¢, b) are the eigenfunctions. Rewriting this relation

we obtain

-Dl 2}'(90’ C)((}S, + < Z[Dtpr,G )]¢(€ + Ti) - 0

=  Adiag(c)¢'(€) + diag(v)8"(€) + D,F(p)¢(£)]

+ Z[Dcpr,G(w)lqﬁ(é +15) + A (€) =0,
S Adiag(e)d(€) + diag(m)¢"(€) + DoF()(€)]

+ 31Dy, GRIG(E +r:) = ~ M €).

(4.19)

The right-hand side of (4.19), contains the derivative of the solution to (4.1), ¢'(£),
which we know from Lemma 4.2.1 with (H1), is strictly positive.

We now analyze the left-hand side of (4.19) using the results presented in the
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previous section. Let Jy(¢,b) be

Jx(8,b) = Ndiag(c)¢'(€) + diag(y)$"(€) + Do F(0)$(€)] + Z[Dw,,G(w)]‘ﬁ(f +7;).

Let Ayg(€) = AD,F(p) and A;(§) = D,,, G(®), j =1,...,N. Then J,, the left-side of
(4.19) can be written as A, as defined in (4.10).

We now show that A, = J, satisfies (H1) and the assumptions of Lemma 4.2.1
for A > \; where \; € (0,1). By (4.2), 0<a1k<a ( §) < B for all € € R, for
alk=1,..,n,j=1,..,n, Where a(’) is the k, k** element of the diagonal matrix
A;. From the conditions on I'(y, p) (4.3), (4.4), along with the boundary conditions
(4.6) we have that there exists a 0 < A; < 1 such that for A > Ay, YL, ax; < 0 for
k=1,...,n where Qk,l is the k, I** element of Zfio A;+ and that J, is asymptotically
autonomous. Let A; be the smallest such A,. Hence by Lemma 4.2.1, for A > 1, the
range of J, contains no strictly positive nor negative sets of elements. Now notice
that the right-hand side of (4.19), a constant times the derivative of the solution ¢, is
a set of strictly positive or negative elements. Thus (4.19) has no nontrivial solution
Y for b# 0 and A > \;.

Next we consider A < 0,

Alled'(§) +7¢"(€) + D F(p)¢(€)] — Z[Dwr G(P)1e(€ +r4),
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and Lemma 4.2.1 with (H2). For A < 0, the conditions of Lemma 4.2“.1 with (H2)
are met for the same reasons the conditions of Lemma 4.2.1 with (H1) are met for
A > A;. Thus the right-hand side of (4.19) is not in the range of J, the left-hand
side, when A < 0. Hence A > )y, for 0 < A\; < 1, and A < 0 are not in the spectral
radius of (4.18).

In Section 4 of [47], Mallet-Paret shows that when A > ), the real eigenvalues
of (4.19) lie in both the intervals (—o0,0) and (0,00), and as we saw above, when
A > Ap, A is not in the spectrum of (4.18). He also showed that for 0 < A < Ay,
the real eigenvalues of the determinant of the characteristic equation of (4.19) all lie
in either (—o00,0) or (0,00). Suppose 0 < A < ), and consider the formal adjoint
of the left-hand side of (4.19). This adjoint operator has a kernel, K?, of dimension
zero. Since the operator represented by the left-hand side of (4.19) is a Fredholm
operator, the codimension of the range of (4.19) equals the dimension of K} which is
zero. Hence the right-hand side of (4.19) is in the range of the left-hand side. Thus

0 < A < ) is in the spectrum of (4.18). =

Remark 4.3.2 1) We would like to point out that if diag(y) = 0 in our differential-
difference equation (4.1), then we would not even be able to show that the spectral
radius of (4.18) is bounded. This indicates that this Newton’s method would not

converge for diag(y) = 0 and implies why the limit diag(y) — O is difficult to
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approach with this numerical method. The reason for this is that we “breakup”
the spatially discrete diffusion operator with our relazation. Thus the conver-

gence is dependent on the continuous diffusion operator, diag(vy)y".
2) The value A, can be thought of as the contraction factor for our method.

3) The value A, is both direction and dimension dependent.

Lemma 4.3.4 For Dy ,H : Wy'™ = W™ the limit
: m|l/m _ 2
Jim [|[DyH)™||V™ =6

ezists, where 6 is the spectral radius.

Proof. The result is a statement of Theorem 10.13 in Rudin [53]. [

Lemma 4.3.5 The solution (p,c) is a point of attraction of (4.9).

Proof. By Lemma 4.3.4, for any ¢ > 0 there exists an integer /N; such that for
all m > Nj;

[D12H (¢, )] ||™ < 6+,

which implies

I[D12H (0, 0™ < (6 + )™
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Let H?(,b) = H{H(H{...[H(¥,b)]...})], the operator H applied p times. Observe
that H? : W™ — W, and that HP?(¢, c) = (¢, c). Choose € > 0 such that 5+¢ < 1,
choose p; € Z* such that (6 + €)”* + € < 1, and let p > max(Ns,p;). Since H is

Frechet-differentiable at (¢, c), H? is also. Thus there exists a § > 0 such that, for all

(@ss i) € Sy,
| H? (s, &) — H? (0, ) = D12HP (9, €)((pns &) — (0, 0))|| < €l (spur ) — (0, 0.
The Frechet derivative of H?,
D1 2HP(p,c) = [Dy12H(p, )P,
through application of the chain rule. Thus,

|H? (¢x,¢i) — (0,0)|| < [|HP (¢, c.) — HP(p,¢) — D12 HP (0, ) (04, c) = (9, 0))|]
+|[D12H (0, )Pl (04, €4) = (5 )|

< (6 +€F +ell(ensc.) = (@)l

for all (p.,¢.) € Sy
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Therefore, if (g, co) € Sy,cs,

[1(p, o) = (0, )| = | HP (0, c0) = (@, )|l < [(6 + €) + €]l (0, co) = (0, ),

which implies that (¢, ¢;) € S, 5. By an induction argument,

(@, enp) = (2 )l < [(6 + €)” + €]*[|(0, c0) — (2: 0| (4.20)

and (Pnp, Cnp) € Sp,cs for alln € Z*+ UO0. Since (6 + €)? + € < 1, (4.20) implies that

lm (¢n.ps enp) = (9, ).

Since H is a bounded operator, and since (4.20) holds for all p > max(N;, p1),

Jim (n, ) = (9, 0).

This concludes the proof of Theorem 4.1.1.

Remark 4.3.3 In Section 4.1, we assumed that F and G were C'. In proving The-
orem 4.1.1, we only need that G, D;2G(¢x,c.), and Dy 2F (s, c.) are continuous in

a neighborhood of the solution (p,c). Thus we only need (., cy) € Sy s, Dy F, and
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D, .G to be continuous. If we define fi(a) = 0 and D, fi(a) = di, tﬁén (4.1) with
the piecewise linear nonlinearity fi, appears to be included in the class of equations
that can be solved with this numerical method. But recall that for this problem, with
nonlinearity fi, ¢"(€) is discontinuous at a and the spectral radius argument holds
for continuous operators. It is not clear at this time if the proof can be made to hold

for nonlinearities such as f;.

4.4 Chapter Summary

We presented a numerical method for general nonlinear systems of bistable traveling
wave differential-difference equations. The key to this method is treating the forward
and backward delay terms as “known” information, and then solving the problem with
iteration. The iterative method used is Newton’s since we wished to work with the
linear variation of the nonlinear equation being solved. Convergence of this iterative
method was proved through the use of linear Fredholm operator theory which is a
way to formulate the exponential-dichotomy-like behavior that the systems exhibit.
The primary limitation of our iterative technique is that the second derivative
term ¢" is needed so that the difference operator can be “split”. This limitation,
among others, indicates the need to develop a differential-difference solver where the

difference term need not be dealt with through relaxation.
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Chapter 5

NUMERICAL EXAMPLES

This chapter focuses on several numerical examples which exhibit behavior that we
are only beginning to investigate analytically. One of the primary difficulties in
developing analytical results, including solutions, to differential-difference models is
the unknown nature of the phenomena they contain. Numerically obtained results
have the potential to point out the path to follow in our analytical investigations.
The algorithms presented in Chapters 2 and 4 provide us with the numerical tools
for investigating a large class of both linear and nonlinear traveling wave differential-
difference equations.

In the first example, Example 1, we revisit the reaction-diffusion, wave, and

damped wave differential-difference equations of Chapter 2. In addition to the non-
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linearity f;, we also consider the bistable nonlinearities

fa2(p) = dip(p —a)(p — 1),

i) = da— v +oiog [ 2020,

We discover that the phenomena of propagation failure and step-like solution profiles
occur for all three nonlinearities and are not artifacts of the piecewise continuous
nonlinearity f;. In the second example we present solution and a(c) relations for
the variable diffusion reaction-diffusion differential-difference equation of period two.
Included in this presentation is an example of period two bifurcation of the constant
coeflicient equation. The third example is consists of solving differential-difference
equations with inhomogeneous equilibria. A feature of this example is wave propaga-

tion for a symmetric nonlinearity.

5.1 Example 1: Nonlinear Reaction-Diffusion, Wave, and
Damped Wave Differential-Difference Equations

In this example, we consider the traveling wave equation (2.1), which is of the

form

—ke'(§) — 8" (€) = Lpp(€) — f(0(£), ), (5.1)
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where

Lop(€) = z exlolE — ox) — 20(E) + p(€ + ou)],

with ¥F_,02=1and oy #0,k=1,...n.

Comparing Equation (5.1) with the general differential-difference form (4.1) from
Chapter 4, the operator F(p, p) = —2 ¥ %_; exp(€) — f(p(€), a), the operator
G@,p) = Troiek[p(€ — ok) + (& + ok)] and is linear, and a(p) = p = a. The
condition that F' € C! requires that we use a C! nonlinearity f when solving with
the Newton’s method of Chapter 4. We have experimented with using this method
to solve (5.1) with f; with limited success. There are five conditions imposed on F
and G in Chapter 4 for convergence of the Newton’s method. Equation (5.1) satisfies
conditions (1) through (4) with condition (5) satisfied by (5.1) with nonlinearities f,
and. f3.

Since in Chapter 2 we presented several numerical experiments for this problem
with nonlinearity f,, we ;:oncentrate here on the comparison of these results with re-
sults obtained with the cubic nonlinearity f, and the logarithmic nonlinearity f;. The
numerical solutions with the nonlinearities f;, f;, and f3,' presented in this section,

are obtained using the Newton’s method of Chapter 4.
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5.1.1 Step-Like Wave Profiles

We begin our presentation with Figures 5.1 and 5.2. The problems solved to produce
the solution curves in these two figures are identical except for the scaling of the
nonlinearities. In Figure 5.1 a), we plot the three nonlinearities f;, f,, and f3, all
of which have maximum and minimum values that are approximately the same (the
same order of magnitude). In addition, f, and f; have approximately the same slope
at a. Figure 5.1 b) shows the solution curves, ¢(§), for (5.1) for each of the three

nonlinearities with a = 1/2.

Remark 5.1.1 In the equation at the bottom of Figure 5.1 we claim that ¢ = 0. In

actuality, because of numerical error, c ~ 1077.

Remark 5.1.2 In the solution plot of for Equation (5.1), Figure 5.1 b), the step
phenomenon appears reguardless of which nonlinearity is used. This implies that the
step-like solution profile is not generated by the jump discontinuity in the nonlinearity

f1, but is generated by the nonlocal nature of the spatially discrete diffusion term.

In Figure 5.2 a), we have the same relationships between f;, f,, and f; as in Figure

5.1 a), only now the magnitude is about a factor of 12 smaller.

Remark 5.1.3 In the solution plot of Figure 5.2, plot b), we see that the solution

curves for fo and f3 no longer have a step like behavior. Comparing Figures 5.1
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Figure 5.1: Example 1: Step-like solution profiles and nonlinearity plots for nonlin-
earities f1, f2, and fs.
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and 5.2 gives us our first indication that the slope of the nonlinearity at the detuning

parameter a effects the solution profile.

5.1.2 The Cubic Nonlinearity

In Figure 5.3 we solve (5.1) with the cubic nonlinearity f,. A set of solution curves,
for various values of the detuning parameter a, is plotted in plot a) and the a(c) curve

for this problem is plotted in plot b).

Remark 5.1.4 i) We present only solution curves for a > 0.5 in Figure 5.3 be-

cause of the symmetry these solutions possess with the solutions for a < 0.5.

it) In Chapter 2, for the nonlinearity f,, we saw a(c) plots which admitted a non-
trivial interval of a in which ¢ = 0 (Figures 2.2, 2.4, 2.5, and 2.7). We also
learned that this propagation failure only occurs when v = 0, but we saw that for
v small, a(c) curves possess an interval of a (approzimately the same interval as
for propagation failure) for which c is small (compare Figures 2.7 and 2.8). In
the a(c) plot, Figure 5.8 b), we once again see this behavior, where for v = 1074,
there ezists an interval of a for which |c| < 1073. This suggests that we may
also have propaéation failure for v = 0 when solving with the cubic nonlinearity
fa. This also suggests that propagation failure is due to the discrete diffusion

term, not the discontinuity in the nonlinearity f;.
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Figure 5.2: Example 1: A plot of nonlinearities and a plot of solutions.
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Referring to both the solution (&) plot and the a(c) plot in Figure 5.3, we point
out three main types of solution profiles that can be classified by |a — 1/2|. The first
type (solutions C6 and C7 in Figure 5.3) are solutions that have a hyperbolic tangent

shape. The values of a are the farthest from 1/2 for this type.

Remark 5.1.5 As |a — 1/2| increases towards 1/2, the magnitude of the wave speed
lc| becomes large. This first type of solution profile, the large wave speed case, is

typically what is studied when traveling wave solutions are considered.

The third type of profile (solutions C1, C2, and C3) consists of solutions whose
profile exhibit step-like behavior. Away from the wave front (the internal layer), the
tails of these solutions decay asymptotically. The values of a for this type define an

interval about 1/2.

Remark 5.1.6 i) The interval for a for which c is small corresponds to the solu-

tions that are step-like.
1) FEristing work on propagation failure considers solutions of this type.

The second type of solution profile (solutions C4 and C5) consists of “transition”
solutions, solutions that contain a mix of elements from the first and third types of
solution profiles. The distance from 1/2, |a — 1/2|, for the values of a for this type of
solution profile is greater than |a — 1/2| for the values of a of the third type and is

less than |a — 1/2| for the values of a of the first type.
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Remark 5.1.7 The second type of solution profiles is least often considered when

traveling wave solutions are sought.

We will have more to say about solution profiles of the second type in Example 2

below.

5.1.3 The Logarithmic Nonlinearity

Continuing with our first example, in Figure 5.4 we solve (5.1) with the same param-
eter values as for the cubic case above, Figure 5.3, only now we use the logarithmic

nonlinearity fs.

Remark 5.1.8 The a(c) plot (bottom plot) of Figure 5.4, has an interval of a values
for which c is small, a region that may tmply propagation failure as in the cubic case.

These values of a correspond to the step-like solution profiles, Figure 5.4 a).

Remark 5.1.9 The main difference between the solutions which appear in Figure
5.4 and the solutions which appear in Figure 5.3 is that the stable equilibria of (5.1)
with nonlinearity f3 depend on the value of the unstable equilibrium a while the stable

equilibria, 0 and 1, for (5.1) with nonlinearity f do not depend on a.
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Figure 5.3: Example 1: The spatially discrete/continuous reaction-diffusion equation
with the cubic nonlinearity and various values of the detuning parameter a.
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Figure 5.4: Example 1: The spatially discrete/continuous reaction-diffusion equation
with the logarithmic nonlinearity and various values of the detuning parameter a.
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5.2 Example 2: Variable Diffusion and Wave Speed of Period
Two
Our next example returns to the variable diffusion equation of Chapter 3, the

equation

— c(n)¢'(§) —r¢" () (5.2)
= a(n+ 1) +1) = 0] + a(n)p(€ - 1) — v(&)] = f(p(£),a),

where a(n) is of period two in € Z. Although (3.2) in Chapter 3 does not include
the term " (€), we include it in Equation (5.2) so that we may apply our numerical
solvers. We want to find the solution pair (¢(£,a),c(n,a)) to (5.2) with boundary
conditions ¢(—00,-) = 0 and (oo, ) = 1.

Typically the period two diﬁ'ﬁsion coefficient problem will consist of two solution
curves, ¢ = (1, p2), each with its own corresponding wave speed. This indicates
that we have two possible trajectories that points in the lattice follow from one phase
to the other. Since a is period two on the lattice, every other lattice point follows

the same trajectory in time.

5.2.1 Constant Diffusion, Variable Wave Speed, and Period
Two Bifurcation

When deriving and solving the constant coefficient traveling wave equation (2.2) in

Chapter 2, and solving Example 1 above, we used the traveling wave ansatz u(n,t) =
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©(n — ct) where the unknown wave speed ¢ was constant, or equivalently, on a spatial
lattice, had period one. We then proved that for the nonlinearity f;, the function ¢(a)
is monotone, exhibits propagation failure, as well as many other analytical properties.
Most of these results have been verified numerically for all three nonlinearities, f,
f2, and f3. Suppose instead we consider the constant coefficient problem, but we
allow ¢(n, a) to vary periodically on the spatial lattice. If we consider the case where
¢ has period two, this is equivalent to considering the period two diffusion coeflicient
problem with a(7) constant.

We begin with Figure 5.5, where we have plotted the a(c) curve for the period
two wave speed case (the curves labeled c2), along with the a(c) curve (the curve
labeled c1) for the case where c is assumed constant. The two a(c) curves (cl1 and
c2) coincide except for two regions, one for ¢ > 0 and one for ¢ < 0.

Remark 5.2.1 The regions where the a(c) curves do not coincide are bounded by four
bifurcation points, two for each region. These are the points where the a(c) curves
split. Letting ¢ = (1, p2) and ¢ = (c1,c2), these points indicate the values of a for
which the fized point of (5.2), (p,c), bifurcates. We will refer to these regions where
the a(c) curves cl and c2 are distinct as the bifurcation regions or the regions of period

two bifurcation.

If we look at solutions of the period two wave speed problem, outside the bifur-

cation regions, Figures 5.6 and 5.9, where the wave speed maintains a single value,
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we see that there is one solution curve per c,a pair. Note the solutién curves for
a = 0.78 (Figure 5.6) and a = 0.63 (Figure 5.9), a values that lie just outside a region
of bifurcation.

As we decrease a from a = 0.78 into the region of bifurcation, (i, ¢) goes through
a period two bifurcation and we begin to obtain a pair of distinct solution trajectories
and wave speeds for each a (Figure 5.7, a = 0.77 and a = 0.73), one solution and
wave speed similar to the solution and wave speed for a = 0.78 (Curve 2) and the
other solution (Curve 1) and wave speed moving towards the solution and wave speed
for a = 0.63.

Continuing to decrease a, once the solution represented by Curve 1 has reached a
neighborhood of the solution for a = 0.63, Curve 2 begins to approach this solution
as well (Figure 5.8, a = 0.70 and a = 0.65).

As a decreases further towards a = 0.63, (¢, c) goes through another period two
bifurcation, and we once again have only one solution trajectory and one wave speed
(Figure 5.9).

In the previous example (Example 1) we point out that we could classify the
solution curves into three types. The first type, the hyperbolic tangent type, relates
to solutions for |a| greater than the values of a that correspond with the bifurcation
regions. The third type, the step-like type, corresponds to solutions for |a| less than

the values of a that correspond with the bifurcation regions. And the second type,
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the “transition” solutions, are the solutions which correspond to the reéion of period
two bifurcation in Figure 5.5.

When c is assumed to be constant, we saw that the solutions of “transition” type
possessed a mix of features from both the first and third types. When we consider
wave speeds ¢ of period two, we see that solutions of “transition” type are a pair of

solutions, each containing properties of the first and third types.

5.2.2 Period Two Diffusion Coefficient

Again consider equation (5.2) where the diffusion coefficient varies with period two
on the spatial lattice. For comparison purposes, all the variables in this example,
except for the diffusion coefficient a(n), are the same as in Subsection 5.2.1.

In this example we are solving the period two equation

—c(n)¢'(€) — 103" (€) =

an+1[pE+1)—e@)] + amle€—1)— )] - 150(&)(p(€) — a)(e(&) — 1).

In Figure 5.10 we present the a(c) curve associated with this problem with the diffu-

sion coefficient varying from 1.3 to 1.9 in a period two fashion.

Remark 5.2.2 There are at least three new phenomena, new to us at least, that the

a(c) curves possess.
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—c(n)¢' (€) — 107%¢"(€) = 1.6[p(€ + 1) — 20(&) + @(¢ — 1)] - 150(£)(w(€) — a)((€) — 1)

Figure 5.5: Example 2: An a(c) plot for a constant coefficient problem.
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Figure 5.6: Example 2: Constant diffusion coefficients. No period splitting.
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Figure 5.7: Example 2: Constant diffusion coefficients. Period splitting.
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Figure 5.8: Example 2: Constant diffusion coefficients. Period splitting.
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Figure 5.9: Example 2: Constant diffusion coefficients. No period splitting.
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i) For each value of a # 1/2, there ezist two different values of ¢, both of which

are the same sign.

it) There exists a “jump” in the ¢ values for some a € (0.8466,0.8470) and for

some a € (0.1530,0.1534).

ii1) One of the pair of a(c) curves has a large interval for a in which ¢ is small,

lc|] < 1073, while the other curve of the pair has no such nontrivial interval.

Figures 5.11 through 5.17 are the corresponding solution plots. Starting with
a = 0.95, Figure 5.11, we show how the pairs of solution curves associated with the

a(c) values progress as a decreases to 0.5, Figure 5.17.

Remark 5.2.3 There ezists a jump in the progression of the solution curves as a
varies from a = 0.8470 to a = 0.8466 (Figures 5.12 and 5.18) corresponding to the

jump in the wave speeds (Figure 5.10).

Figure 5.18 consists of a set of various a(c) curve pairs of the equation

— c(n)¢'(§) —107%"(€) =

a(n+ e +1) — p(§)] + am)e(§ — 1) — ©(§)] — 150(§)((§) — a)(p(§) — 1)

for several sets of period two diffusion coefficients. The average of each pair of diffusion

coefficients is 1.6.
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Figure 5.10: Example 2: An a(c) plot for the period two pair of diffusion coefficients

a=1.3109.

—c(n)¢'(§) — 107%¢"(§) =
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Figure 5.11: Example 2: A solution plot for the period two pair of diffusion coefficients

a=1.3,19.



158

1 /y///,/————f.
l”’—
0.8 -
0.6 | —
0.4 | i
0.2 F Curve 1 for a = 0.847 — -1
Curve 2 for a = 0.847 ~----
o L . ) 13
-4 -2 o > "

Figure 5.12: Example 2: A solution plot for the period two pair of diffusion coefficients
a=1.3,109.

—c(n)¢'(€) = 107%¢"(€) =
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Figure 5.13: Example 2: A solution plot for the period two pair of diffusion coefficients
a=1.3109.



159

©(§)

Curve 1 for a =
Curve 2 for a =

Figure 5.14: Example 2: A solution plot for the period two pair of diffusion coefficients
a=1.3109.
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Figure 5.15: Example 2: A solution plot for the period two pair of diffusion coefficients
a=1.3,1.9.
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Figure 5.16: Example 2: A solution plot for the period two pair of diffusion coefficients
a=1.3,109.

—c(n)¢'(€) —1073¢"(§) =
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Figure 5.17: Example 2: A solution plot for the period two pair of diffusion coefficients
a=1.31.09.
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Remark 5.2.4 i) Starting with the a(c) curves for o = (1.6,1.6), we see in Figure
5.18, that as the distance between the two diffusion coefficient values increases,

so does the distance between the two wave speeds.

it) There appears to be a vertical boundary, at ¢ = 0, and two horizontal bound-
aries, at a =~ 0.1532 and a ~ 0.8468, which restrict the a(c) curve pairs. This
may imply a restriction on the magnitude of the difference in the two diffusion

coefficient values.

The a(c) plots of Figure 5.18 where found by applying our Newton’s method to

find the solution pair (g, ¢) for various values of a.

5.3 Example 3: Inhomogeneous Equilibrium States

Thus far we have studied traveling wave solutions to problems that had constant or
uniform equilibrium states, i.e., ¢(n —ct) = 0 as p = —oo and p(n — ct) — 1 as
n — oo. We now present a problem that we found in the conclusion of [10], in which

the equilibrium states vary as the spatial variable n — co. We consider
w(n, ) = Yuny(n:t) = Lpu(n, t) — f(u(n, t), a), (5.3)

with n € Z,

Lp = a[u(n+ l,t) - 2“’(77’ t) + U(’l - l,t)],
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Figure 5.18: Example 2: A plot of a(c) curves for various choices of period 2 diffusion
coefficients. The average of each pair of coefficients is 1.6. The a(c) curves appear in
pairs.
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and f is one of our bistable nonlinearities. Since for these f’s, f(0) = 0, one equilib-

rium state is u = 0 for all . Another equilibrium state is given by

ke, meven,
u(n,t) =
k., modd,

for particular values k., k, € IR. Since

2a(k, — k), m even,
LDU(U, t) =
2a(ke — ko), modd,

by setting the right-hand side of (5.3) equal to zero, we obtain the conditions
f(ke) = 2a(k, — ke), f(ko) = 2a(ke — k,).

For f = f1, (1.9), this means that for any a such that &k, < a < k.,

In the spatial variable 7, this equilibrium condition is like a one-dimensional checker

board.
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But we are interested in traveling wave solutions. Letting n = 25,7 € Z we set
v(j,t) = u(n,t) and w(j,t) =u(n+1,1).
Then (5.3) may be rewritten as the system

’U(], t) - ')mz,x(j, t) = a[w(] -1, t) + 'U)(j, t) - 2U(j, t)] - f(’U(], t)),

(), 1) — YWe,e(4,t) = ofv(,t) +v(j +1,¢) — 2w(), 2)] — f(w(4, 1)),
and by substituting the pair of traveling wave ansatz,
v(4,t) = ¢(j —ct), w(j, t) =9 —ct),
we obtain the system of traveling wave equations

—cp'(€) — 7¢"(€) = (€ — 1) + ¥(€) — 20(&)] — f(e(£)),
—cy!(€) — 19" (€) = alp(€) + o€ + 1) — 29()] — F(W(E)), (5.4)

with £ = j — ct and boundary conditions

(1, ¥)(~00) = (0,0), (0, 9)(00) = (Ke, ko)- (5.5)
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The following solution plots were obtained by solving the system (5.4) with bound-
ary conditions (5.5) and nonlinearity f; using the f{xed point method. Since we
provide a and solve for ¢, ), and c, the terms —cy’ and —cy’ are nonlinear.

Figures 5.19 and 5.20 are each a solution set to the inhomogeneous problem. In
Figure 5.19, v = 1 and @ = 1. The continuous diffusion operator dominates in this
solution, producing hyperbolic tangent shaped curves. In Figure 5.20, v = 10~° and
a = 1. Here we see the solution behavior generated when the discrete diffusion term

dominates, in particular, we see the familiar solution “kinks” caused by solving with

the nonlinearity f;.

Remark 5.3.1 In both Figures 5.19 and 5.20, the detuning parameter a = 1/2. In
the previous homogeneous equilibria problems we have studied, when a = 1/2, the wave
speed ¢ = 0. This is not true here. The value of the wave speed for the solution in
Figure 5.19 is ¢ = 1.006 and for the solution in Figure 5.20 is ¢ =~ 0.516. This implies
that waves in this case are not being propagated by an asymmetry of the potential, but

by the relation between the equilibria and the potential.

In Figures 5.21 and 5.22, we reexamine the problem of Figure 5.20 for various
values of a. Figure 5.21 illustrates the upper member of the solution set and Figure

5.22 shows the lower.

Remark 5.3.2 In Figures 5.21 and 5.22, for a = 0.46, ¢ = 0.271 and for a = 0.54,
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¢ =~ 0.810. In the previous homogeneous equilibria problems, the magnitude of ¢

increased as the distance |a — 1/2| increased. As we can see, this is not true here.

5.4 Chapter Summary

We have solved a variety of problems in this chapter, showing some of the versatility
of our numerical methods. The proof of Newton’s method in Chapter 4 helped in
producing numerical results by providing guidance in applying the method. Through
these examples, we have seen that propagation failure is not an artifact of a discon-
tinuous nonlinearity and thz;t the slope at a affects the solution profile. The step-like
solution behavior first exhibited in Chapter 2, when solving with nonlinearity f;,
also appears when solving with smooth nonlinearities. While solving the problem
with period two diffusion, we discovered bifurcation points which appear in the so-
lution pair (¢(a),c(a)) for the constant coefficient equation. In addition, for the
period two diffusion problem, there seem to be limitations on the possible values of
the diffusion coefficients such as their distance apart. We present an example of the
reaction-diffusion equation applied to a system with inhomogeneous equilibria which
demonstrates that a symmetric bistable nonlinearity can be associated with wave

propagation.
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Figure 5.19: Example 3: A solution plot for the inhomogeneous equilibria &k, = 0.4
and k., = 0.6 with ¢ = 0.5 and ¢ =~ 1.006.
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Figure 5.20: Example 3: A solution plot for the inhomogeneous equilibria k, = 0.4
and k. = 0.6 with a = 0.5 and ¢ =~ 0.516.
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Figure 5.21: Example 3: The k. curve for the inhomogeneous equilibria k£, = 0.4 and
k. = 0.6 for various values for a.
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Figure 5.22: Example 3: The k, curve for the inhomogeneous equilibria £, = 0.4 and
k. = 0.6 for various values for a.



169

Chapter 6

CONCLUSIONS AND FUTURE DIRECTIONS

6.1 Conclusions

We presented an investigation of bistable differential-difference equations. In par-
ticular, we looked at traveling wave solutions, solutions that connect the two stable
equilibria in an heteroclinic orbit. Our investigation focused on presenting explicit
solutions to various differential-difference equations, where a solution for a particular
nonlinearity and detuniﬁg parameter a, consisted of a wave-like function ¢ and the
speed, c, of ¢ with respect to the underlying lattice. Although the analytical and
numerical techniques used are based on the work of others, the specific applications

and development of these techniques presented in this thesis was new.
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6.2 Future Directions

This work opens up many possible directions for future work. Perhaps the key to
any future continuation of the ideas here is the use of Fredholm theory for functional
differential equations. Because of the behavior of these closed orbit equations, and be-
cause of the potentially high dimension of such systems, we feel further investigations
should also consider using the Lyapunov-Schmidt reduction.

Recall that the traveling wave version of our differential-difference equations are
highly directionally dependent, dependent on the underlying reference lattice, unlike
the traveling wave version of the differential models of the same type. We intend to
develop a numerical method for solving the partial differential-difference equations,
not their traveling wave form, to see if the same directional dependence appears
as in the traveling wave formulations. Hopefully, this will support the concept of
constructing general solutions from travelin'g wave solutions.

The Newton’s method we present, and its convergence proof, appears to be gen-
eralizable to general parameterized dynamical systems represented by differential-
difference equations that possess connecting orbit solutions (traveling wave solutions
are connecting orbit solutions).

One of the main interests in exploring variable diffusion problems is to deal with
the problem of finding a traveling wave solution across a single interface between two

materials, between two lattice domains that possess different properties.
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The domain of the traveling wave equations we study is all of R.‘ In all of our
numerical applications we truncate this interval, then solve, approximating the “tails”
of our solutions with asymptotic boundary conditions (with exponentially decaying
functions). Because of the strong attraction of the stable equilibria in our equations,
this is an effective solution. As we increase the variations in the type of equations
being considered, the need for allowing the truncation interval to vary as part of the
numerical solution process may become apparent.

Additional directions include: discovering the full bifurcation maps for the (¢, c)
pair of various constant coefficient equations; using other phase conditions, such as
minimizing the change in solution between successive iterations; and using more so-

phisticated damping terms instead of the viscous damping term used here.
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