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ABSTRACT

Ultracold Bose gases as precise quantum simulators have egeel amongst the leaders
in the current race { a second quantum revolution { toward thepromise of unfathomable
sensitivity, scope, and speed of a new era of technology. Thelyopath leading to these
advancements is through many-body descriptions, espetyain regimes where interatomic
interactions render many approximations incompatible wit the physics. The research in this
dissertation unlocks a piece of this mystery through invegfations of many-body quantum
tunneling of ultracold bosons in optical lattices. A key mdwanism to characterizing the
dynamics, matrix product state simulations equip the manysody toolbox with e cient
optimization of large Hilbert spaces together with correlabn and entropy measures that
help clarify when semiclassical or mean- eld approximaties fail. In this thesis we obtain
the following results.

Macroscopic quantum tunneling escape of a Bose-Einsteimdensate { comprised of tens
of thousands off’Rb atoms { from a single well, as portrayed through both expé@nent and
theory, highlights non-exponential decay in the number oftams trapped behind the barrier.
Additionally, explicit symmetry breaking of a biperiodic ogical lattice ring trap to a uniform
one illustrates a critical symmetry-breaking strength at with the system transitions from
a state of remembering to a state of forgetting its initial syymetry state; this symmetry
memory indicates a new form of quantum dynamics that requisethe quantum advantage
for scaling up particle number and lattice sites.

Extensive characterization of dynamical regimes in a bosenJosephson junction { un-
derlaid by an optical lattice as described by the Bose-Hubbdrmodel { reveal substantial
deviation of many body dynamics from the mean eld or semictsical predictions underly-
ing the usual operating regime of Josephson junctions. Irali state population and phase

yield insight into dynamic tunneling regimes of a quasi ondimensional double well po-



tential, through the Z, spontaneous symmetry-breaking phase transition from Jodegon
oscillations to macroscopic self-trapping. We demonstmtthat with increasing repulsive
interaction strength, the U(1) super uid-Mott insulator phase transition induces loalized
dynamics in the number density, such as particle-hole andlgon formation. Moreover, g©

correlations unveil a new dynamic regime { the Fock ashligh

The new eld of atomtronics { or atomic circuits { has emergedwith many studies
of weakly-interacting condensates. In contrast, and buildg on our work on many-body
e ects in the double wells underlying Josephson junctions, evpresent a proof-of-principle
of a Mott-insulating atomtronic switch that requires strorgly-interacting bosons. Through
transient analysis, we reveal that hole conductance can beodulated via tuning interaction
strength through a critical value, thus propelling the stagé to the next \wedding cake" layer
of the Mott insulating structure. This critical interactio n strength is a result of the con ning
potential and corresponds with critical phenomena in transort properties as measured via
transmission and delity. g two-point correlators provide an experimentally viable mans
of identifying super uid fragments as a means of identifyig switching state.

Finally, the research presented in this dissertation proves a foundation for many-body
guantum tunneling that can be further expanded to the emergg eld of quantum atom-
tronics. The highly precise architectures needed for sucledhnologies are conducive to
understanding many-body phenomena for the creation of quam-engineered devices, from
atomic clocks and simulation techniques to biomedical magtic sensors and secure commu-

nications.
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CHAPTER 1
OVERTURE AND SYNOPSIS: MOTIVATIONS, BACKGROUND, AND RESULTS

Initially, the driving questions for the research in this dssertation were foundational in
nature: What happens when we take tunneling { a fundamentallguantum feature { and
extend it into macroscopic regimes? How do ultracold bosonannel in the double well?
What in uence does the dynamic tunneling regime have on bosdrehavior? In what ways
does the parameter space a ect the super uid-Mott insulato phase transition, and vice
versa? As the research progressed, the driving questions &eghifting toward potential
applications of this work to quantum devices. What are some akworld uses for quantum
tunneling beyond, for example, tunneling diodes?

As we move forward in the world of the second quantum revolutip the invasion of
guantum mechanics into our everyday lives is inevitable, a@nin fact, has already begun. If
you are one of the 5 billion mobile phone users in the world, rfinstance, its GPS relies
on the precise timing of atomic clocks, which are fundamenba quantum in that they rely
on atomic transition frequencies. As the eld of quantum phyiss matures, the focus is
slowly shifting from research on fundamental principles tquantum applications. It is very
possible that quantum engineering may soon emerge as the estvacademic department at
universities. This shift of the quantum research eld is caelated with the research shift in
this dissertation { from a fundamental focus to an applied oa

The goal of this introductory chapter is to provide an acce#se background on key topics
and highlight principal methods and research ndings for tb general scienti c readership,

as well as outline the rest of the dissertation.
1.1 Understanding quantum mechanics

At very small length scales, on the order of nanometers or stie, particles such as

electrons, atoms, and molecules exhibit wave-like propers that are rooted in statistics:



there is some probability of measuring a particle in a certailocation, but the outcome
has a range of possibilites. Just as in statistics, there is asttibution about the average
value of these measurements. This does not mean we are \utiaigr' about the properties
of quantum mechanics, rather that quantum uncertainty is a tghly-speci ¢ property that
gives us insight into the pixel size of a quantum measuremennuch like digital cameras
have nite resolution. The total probability of these measvement outcomes is conserved {
which leads to unitary time evolution { where dynamics are dermined based on an initial
guantum state. Finally, these tiny particles are divided ind two large groups: bosons, which
tend to stay together like photons in a laser, all one color;na fermions, which tend to
repel like the neutrons in a neutron star, stable against dapse due to Fermi pressure. All
the research discussed in this thesis pertains to bosonsdas particularly focused on their

dynamic behavior.
1.1.1 Macroscopic quantum tunneling

The distribution of quantum measurements provides the basidea underlying quantum
tunneling: particles whose distributions { or wavefunctias { overlap a potential barrier have
a nite probability of going through the barrier. If we think about a barrier as a container, say
we trap an atom in the container whose wavefunction penetras the surrounding walls, there
is some possibility the atom will pop out. In contrast, if youput a marble, a macroscopic
object, in a closed container, it remains stuck inside. Magscopic quantum tunneling means
that many particles can be represented by a single probalyidistribution, or macroscopic
wavefunction, that overlaps the barrier, and the particlegunnel collectively. Does that
mean your marble, composed of #Datoms, can tunnel through the container? Or that
a tennis ball can really gothrough a net? This seemingly silly question in fact addresses a
fundamental question of quantum mechanics: how does miccopic behavior of atoms, for
example, become macroscopic?

Furthermore, quantum state transfer is akin to the movemenof particles via quantum

tunneling, though the presence of a barrier is not requiredn fact, it may be more correct



to refer to the particles as matter-waves, or simply bosond’he quantum state transfer in
this dissertation speci cally concerns the movement, or tneling, of bosons in an optical

lattice.
1.1.2 Ultracold atoms in optical lattices

Ultracold atoms are experimentally isolated in ultra high vauums and cooled down to
temperatures in the tens to hundreds of nanoKelvin range. T extreme isolation from the
environment allows for very ne levels of control. Opticalattices of ultracold atoms provide
a tunable crystal structure, where, in principle, the atomsan be trapped on a grid of any
geometry, and they o er an ideal setting for probing the limis of quantum physics. These
grid structures can be thought of as egg cartons, where theoats sit in the wells of the carton.
Ultracold atoms in optical lattices provide a system tunabl@ver seven orders of magnitude
in strength and sign of interaction that can mimic other phygal architectures, such as solid
state materials, and provide precise quantum simulation @&.g. lattice structures, transport
dynamics, and defect formation.

Bose-Einstein condensates (BECs) are an area of continuiagd still growing research
interest in ultracold atoms since they were rst created in 295 (Nobel prize, 2001) [1]. A
macroscopic number of neutral atoms (often on the order of ailfion) Bose condense when
their temperature is cooled below a critical point, and a laye fraction occupy the same
guantum state: they have the same energy and momentum. Thiseans we can represent
nearly all of the atoms with a single wavefunction [2]. Besas their ability to bridge the gap
from the quantum realm into the macroscopic realm, their agications include high-precision

guantum simulators, interferometers, and atom lasers.
1.1.3 Quantum phase transitions and symmetry

Quantum phase transitions are similar to thermodynamic pree transitions in that tun-
ing of a parameter through a critical point will cause a chargyin a state of matter. In

thermodynamic transitions, this parameter is the temperatre, pressure, etc. and the state



of matter or phase change is driven by thermal uctuations. e e ects of quantum phase
transitions are typically observed at low temperatures, wdre thermal e ects become small
or negligible, and tuning a separate parameter, usually ctalling one term or another in
the quantum Hamiltonian describing di erent contributions to the energy of the system, will
cause the phase change. The transition is driven instead byantum uctuations [3].
Between two states of matter, one of the phases has a certaymsnetry associated with
it, and moving through the critical point to the other phase lveaks this symmetry. If we
return to our notion of an optical lattice as an egg carton wh atoms in each well, when the
wells are shallow, the atoms will tunnel freely between wslin the carton; the phase-locking
between atoms in the optical lattice leads to a global symmmgt and the result is a super uid.
As the wells of the carton are raised, the probability of atom&inneling decreases and they
are more likely to be trapped within a well. When they are fulltrapped, the result is a Mott
insulator, the ultracold gas has undergone a quantum phaseansition, and the symmetry
of the phase has been broken, leading to a sort of quantum gglivhere matter is \frozen

out" in a crystal of light.
1.2 Methods: a many-body bosonic Josephson junction

The paper in chapter 4 comprises a large proportion of the eerch performed as part of
this dissertation, focusing on full characterization of th parameter space for a long bosonic
Josephson junction { or a square double well with spatial exté How do we investigate the
many-body dynamics?

In order to understand the tunneling behavior of an ultracal Bose gas Josephson junc-
tion, we use open source time-evolving block decimation @pTEBD) [4, 5] to run numerical
simulations. This method is adapted to producing many-bodguantum mechanics with a va-
riety of measures that can be directly compared to experimenMe impose an optical lattice
on the double well potential to establish a grid for many-bogddynamics. The Bose-Hubbard
Hamiltonian describes the two length scales of the double Wet Josephson junction via two

rivaling energy terms: the on-site interaction and the Joséygon tunneling strength. Exper-



imentalists tune the on-site interaction in the optical latice by Feshbach resonances or by
modulating lattice depth. Similarly, Josephson energy is @asted by modifying the barrier
height or width, which depends on the specic type of barriechosen. One length scale is
the distance between the two minima in the double well. The send, much smaller length
scale, is the wavelength of the optical lattice underlyinghte double well, which can also be
considered a discretization scheme for numerical simulati toward a continuum. However,
in this thesis we focus on the explicitly enforced lattice aable in BEC experiments.

This leads us to investigate the impact of th&J(1) super uid { Mott insulator quantum
phase transition, the rst type of phase transition, on thismulti-scale tunneling behavior.
U(1) is the symmetry associated with phase, a circle runningt® 2 . The second type of
phase transition is a discreteZ, transition from a Josephson oscillation phase to a macro-
scopic self-trapping phaseZ, is the symmetry associated with the sign, plus or minus, or
in our case, left or right. The interplay of the two quantum plase transitions,Z, and U(1),
reduces to tuning of the barrier height for the spontaneousysimetry breaking transition
and tuning of the laser intensity, thus changing the ratio ofunneling to interaction, for the
super uid-Mott transition. The ultimate goal then is to characterize the dynamic tunneling
regimes that result, from Josephson oscillations to selfapping. Some of the regimes have
previously been identi ed in literature for weakly-interacting systems, while we explore the

dynamics through theU(1) quantum phase transition into the Mott insulating regime.
1.3 Dissertation Organization

The introductory chapter 1 features easily-digestible degptions of three foundational
sub- elds underlying much of the research in this dissertain: many-body and macroscopic
guantum tunneling, ultracold atoms in optical lattices, aml quantum phase transitions and
symmetry. Chapter 2 expands on these introductory conceptgith detailed technical back-
ground for these domains, together with the derivations anthe comparisons of theoretical
models for bosonic Josephson junction descriptions, and tbatlining of numerical and an-

alytical techniques.



My research contributions are presented in the two rst-autor papers in this dissertation
as chapters 4 and 6, as well as the results shown in the follow-chapter 5, together with
my contributions as co-author on two separate projects in @pter 3 [6, 7]. The paper
shown in chapter 4 outlines the many-body physics of a bosonlosephson junction and its
dynamic regimes [8]. In chapter 5, | summarize research pmrhed as part of this dissertation
that is either not published elsewhere or contains substdat open questions. Chapter 6
demonstrates a proof-of-principle of a Mott insulating swch for applications in atomic
circuits, or atomtronics [9]. Finally, in chapter 7, | summaize with a brief overview of

the four research papers presented in this dissertation arsiggest logical future research

directions.



CHAPTER 2
PRINCIPLES OF MANY-BODY QUANTUM TUNNELING WITH ULTRACOLD
ATOMS

This chapter provides technical background and motivatiofor this research and provides
a context of recent and relevant literature. Particularly,we get an of overview many-body
guantum tunneling of ultracold quantum gases and how to desibe them theoretically in a
double well or Josephson junction. We also outline most of thmethods used to perform the

research for this dissertation.
2.1 Quantum tunneling and the macroscopic limit

Tunneling is a hallmark feature of quantum mechanics, typally associated with mi-
croscopic phenomena. Quantum tunneling describes the midgi of a particle or particles
through a barrier in a manner that is forbidden classically {meaning the total energy of
the system is less than that of the potential energy of the baer. Tunneling plays a central
role in diverse disciplines in contexts such as double beta&ahy in nuclear physics [10{
12], photosynthesis in biology [13], transitions betweerical isomers in chemical molecular
spectra [14, 15], nuclear fusion in stars and quantum cosmogy [16, 17], chromodynam-
ics [18], and enzyme reactions [19]. Even electronics anddem devices require quantum
descriptions, such as tunneling diodes [20] and scanningtieling microscopes [21, 22]. And
guantum tunneling continues to be a highly active area of rearch, for example, in 2016
tunneling of water was discovered [23].

Friederich Hund is credited with the rst description of the tunneling e ect. In 1927,
while calculating double well ground states, an interestgcoincidental overlap with the work
presented in this thesis, Hund discovered quantum mechanidzarrier penetration for the

rst time [24]. While tunneling was rst applied to nuclear physics [10, 11], it was soon



expanded and applied in the creation of transistors and dieg [25] prior to acceptance in
mainstream quantum theory.

Take, for example, a nite rectangular barrier of heightVp, and a particle of constant
energy E moving toward the barrier. The barrier could be an electrongnetic eld, an
insulator, a vacuum, or other region with a larger potentiaknergy than its surroundings. If
E >V, then the particle has enough energy to classically spill @the barrier, analogous
to a ball (particle) having enough energy to roll over a hill Barrier). This is the classical
regime. Conversely, ifE < Vg, then the particle cannot possibly surmount the barrier
in a classical sense. Rather, it has a nonzero probability ghiantum mechanical barrier
penetration. This probability is based on the parameters ofhe system. In addition to
E and V,, the barrier width, w, also dictates the probability of particle transmission ad
re ection. Transmission probability declines in proporton with the increased scaling of the
barrier volume, T' e 2~ where = W 2m(V  E). While typical tunneling processes are
assumed to undergo exponential decay, a number of e ectscinding atomic interactions,
can lead to non-exponential behavior [6].

We now consider tunneling in the framework of macroscopigit The macroscopic limit can
be explored through a variety of avenues. This includes, buig not limited to, larger length
scales, larger numbers of particles and/or active degreefsfieedom, classical or Newtonian
gravitational e ects, and complexity.

There is no agreed upon no critical point deeming a length deaas macroscopic; however,
we may begin to understand a macroscopic length scale by a aegtion in phase space. In-
stinctively, the macroscopic limit approaches large numiog, on the order of 10?2 particles;
but, these large numbers are not exclusive to macroscopicygits. For example, Nobel prize-
winning work on Bose-Einstein condensation (BEC) [26{28]Jainonstrated macroscopic mode
occupation on the length scale of hundreds of microns, witham numbers ranging from 18
to 10°. For weakly-interacting, dilute Bose gases in an optical tice, phase coherence is

typically large, meaning the macroscopic phase i) is well-de ned in each potential wellj



on the lattice located at positionx;. The number of particles on the lattice site therefore has
a high uncertainty due to the number-phase uncertainty relanship n; ; 1 wheren;
and ; are the particle number and phase on the lattice site. In thisegime, dynamics are
governed by super uid ow { a macroscopic phenomenon. The sicussion on super uidity
will continue in section 2.4.

Another prime example of macroscopic quantum physics is the sephson e ect. The
Josephson e ect has been demonstrated in multiple architages, but is most often asso-
ciated with superconducting Josephson junctions (JJs), whichre composed of two super-
conductors separated by a weak link. Nobel laureate Brian Jgdeson is credited with the
prediction of the macroscopic quantum tunneling of Coopergurs, or pairs of electrons,
across the insulating barrier of a JJ [29, 30]; P.W. Anderson antbhn Rowell quickly con-
rmed this prediction and published the rst paper on its discovery [31]. Superconducting
circuits comprised of these junctions are the epitome of nrascopic quantum tunneling de-
vices and are used in a practical sense as the voltage starttléy the National Institute
of Standards and Technology: arrays of JJs are exceptionallgaurate frequency-to-voltage
converters [32]. The macroscopic tunneling e ect is alsoesein cold atom architectures,
for example in Bose-Einstein condensate tunneling in a beso Josephson junction [33, 34].
And, even more recently, the rst observation of macroscopiquantum escape of a BEC,
comprised of more than 100,000 atoms, was made in Torontoclmding work found in this
thesis [35, 36].

Philosophically, one interpretation of the macroscopicriit is the classical limit - where
and why does quantum mechanics break down? As an introductiem the classical limit, we

begin with a familiar time-dependent wave equation and faiv an argument in [37],

i~£c’D (;1) = ~—zr 2 (g)+ V(® (£1); (2.1)
@t "’ Y ’ T '

where (¥ t) is a quantum state depending on time and written in the position ¥ basis, and

M is the mass. We assume a constant Hamiltonian operator of therin H = % + V(¥),
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where pis momentum andV () is a time-independent potential. As a gentle reminder, the
time-independent Schredinger equation is more speci ¢ #n its time-dependent cousin, as
the time-independent wave equation in one dimension is sat&d by energy eigenfunctions

e (%) with energy eigenvaluesE. The fascinating equivalence of matrix mechanics and
wave mechanics via partial di erential equations, as dematrated by Erwin Schredinger,
was surprisingly made via the in uence of an analogy from W.RHamilton between optics
and mechanics, rather than from the more contemporary workf ddeisenberg, Born, or
Hilbert [37, 38]. This connection is critical for understanioshg the quantum nature of energy
levels. In order to reach the classical limit in this discugs, we must rst establish what
makes quantum quantum.

In order to solve a time-independent wave equation, we mustst establish boundary
conditions. Suppose we tak& <V (%) in the limit as jxj! 1 . The boundary conditions
would thus be g(%)! Oasjx!1 . With the energy eigenfunction decaying to zero with
physical distance, this means the particle occupies a nitdess-than-in nite volume. The
the time-independent Schredinger equation, in conjunabin with these boundary conditions,
yields a nontrivial solution only for discrete eigenvalue&. If this boundary condition is
not satis ed, however, the energy levels will be continuousthis is one perspective of the
classical limit. A second perspective relates the values diet conserved energ¥ to the
value of the potential V(%). If E > V (%), the system is in the classical regime and the
energy eigenfunctions g (%) in one dimension are sinusoidal. On the other hand, E <
V (%), then the system is in the quantum regime and the energy eigfenctions are damped.
This is particularly important with regards to quantum tunneling, which occurs wherkt <
V(%). The Jereys, Wentzel, Kramers, and Brillouin (JWKB or WKB) app roximation,

often used as a semiclassical analytical technique for daoly tunneling problems, relies on

the description of the particle's semiclassical momentunp(x) = P 2M (E  V(%)), which is

real in the classical region and imaginary in the quantum réon.
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One interpretation of a general positiorr measurement might begin with the continuous
matter-wave occupation of a nite volume and end with the cdhpse of this volume to a single
point with no spatial extension. Leaning instead on the stadtical interpretation of the wave
function, where (¥;t) = j (#;1)j? is a probability density, we write a general complex wave
function,

iS (£:1)

(1) = P (1) exp[

I; (2.2)

so the value of the probability density is always positive, > 0, and S(¥;t) is real and its
identity will become apparent momentarily. To investigatethe classical limit through the
wave equation, we take Equation (2.2) and insert into Equation (2.1). Now if we take ~

to be small we recover

it S(RO+ V() + @@tsw; 0)=0; (2.3)

an equation you may recognize as the Hamilton-Jacobi equatidrom classical mechanics,
whereS(+;t) = W(+) Et is Hamilton's principle function and W (¥) is Hamilton's charac-
teristic function. The conclusion here is that in a classi¢éimit, as ~! 0, classical mechanics
is contained in the Schm@dinger equation. It is also impo&nt to note that the semiclassical
limit of the single-particle Schredinger equation is a pdrcle. However, the semiclassical limit
of the many-body Schmedinger equation is the nonlinear Smdinger equation, a nonlinear
wave equation. So a wave limits to a particle in the single pticle case, but a many-body
guantum state limits to a wave in the many particle case. Whilghis is one of many view-
points for probing macroscopic quantum physics, understdimg the classical correspondence

provides a foundation for more targeted exploration.
2.2 Bose-Einstein condensation in optical lattices

Einstein predicted BEC in 1925 [39] based on quantum statistl properties of photons
calculated by Bose the previous year [40]. Below a criticaémperature, the wavefunctions

of a macroscopic number of bosons begin to overlap and a BECci®ated. The result
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is a collective occupation of the lowest energy state at uéicold temperatures [41]. In
this manner, a group of bosons can behave as a single boson lo& $cale of microns or
millimeters in a way that classical physics fails to descréb{ true macroscopic quantum
physics [2]. Bose-Einstein condensation is the underlyimginciple describing the puzzling
nature of super uidity in “He [42], a surprising result due to the strong interactions ¢felium
atoms.

In 1995, the rst realization of a BEC in dilute gases was achved due to advances in
laser and evaporative cooling [43], with a series of BECs ated in dilute alkali gases of
rubidium [26], sodium [27], and lithium [44]. One advantagef BEC in alkali gases stems
from weak two-body interactions, allowing the atoms to be deribed by a single macroscopic
wavefunction with small quantum uctuations that to lowest order can be neglected [45].
In the weakly-interacting regime, a dilute Bose gas may be pmpximated by a mean- eld
description, however atomic interactions are then treategderturbatively.

Studying macroscopic quantum tunneling (MQT) in the contek of BECs o ers many
advantages. First, BECs o er a high degree of controllabilt interactions can be tuned over
seven orders of magnitude and sign using Feshbach resonarjdé, 47]. Second, experimental
advances in radio-frequency (RF) magnetic traps [48] as Wak optical trapping [49], allow
for greater access to controllable experiments and defdote systems needed to study MQT.
Third, BECs enable manipulation of many-body states [50{32hat are inaccessible in other
experimental settings. Many-body simulations in this propsal elucidate the importance of
this point. For example, bosonic and fermionic Hubbard modglin optical lattices [53{58]
can provide tight levels of control in condensed matter [5%0] and solid-state models [61]
for the purposes of quantum simulation beyond what a classiccomputer can achieve.

In order to achieve a BEC, experimentalists must cool the boss below the critical
temperature: this arises during cooling when the de Brogliwavelength, which scales as
temperature T 2, becomes su ciently large to approach the particle-partite mean separa-

tion. The dimensionless phase space density of the atomicdogas must increase above
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n 33, wheren is the atomic number density and gg is the de Broglie wavelength, in con-
junction with cooling below the condensate critical tempeature [62, 63]. Typically this is

performed using a combination of Doppler laser cooling andagorative cooling to reach

temperatures in the regime of tens to hundreds of nanoKelyvimlthough temperatures as
low as picoKelvins have also been achieved [3, 64, 65]. Thesmcommon atomic species
for BEC implementation is®’Rb, since it provides convenient parameter values for magitwe

and optical trapping, as well as laser cooling [66].

Interactions of atoms with an electro-magnetic eld compse the heart of trapping atoms
in a light eld [67]. The a.c. Stark e ect is responsible for ptical trapping, determined
by the detuning of the laser from the atomic transition freqancy together with the laser
intensity [49, 67]. While there are many methods for neutraltam trapping in ultracold
guantum gases, magneto-optical techniques are also commualying on the Zeeman hyper-
ne magnetic splittings of the atom [48].

To create an optical trap, lasers are red (blue) detuned frortine atomic transition fre-
guency. The resulting dipole moment thereby traps the atomat the intensity maxima
(minima) of the beam [68]. This optical trapping can be accontighed in one, two, or three
dimensions. To cool o the atoms, they are Doppler-laser ctenl, which repels the atoms
from the intensity maxima (minima), thereby decreasing themolecular motion, and thus,
the temperature [69]. Doppler laser cooling, often calledotical molasses [70], can be im-
plemented to cool atoms to temperatures in the tens of mici¢elvin range [71]. In order
to achieve BEC, further cooling is needed to decrease the pele-particle mean separation.
The nal cooling step, evaporative cooling, can be implemésd when atoms are con ned in
a trap with variable depth [72]. By decreasing the depth of th trap, higher-energy atoms
escape out of the trap, thereby decreasing the average kilcegnergy of the atoms in con-
nement, with average temperatures in the range of tens to mdreds of nanoKelvin.

What does it mean for an ultracold quantum gas to be Bose condmd? First, we

note that above the critical temperature, a Bose gas behavdike a classical gas, shown
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in Figure 2.1@). To represent the collective Bose gas as a tensor product mfatomic
wavefunctions with N atoms, wheren is the number of possible modes for each atom, we

rst write the wavefunction of a single boson as
JoI =] 01 200 qpl: (2.4)
Then, an ideal Bose gas at zero temperature can be represent® a single macroscopic

wavefunction,

j i=joiNN; (2.5)
such that all bosons occupy the single particle ground moglegi. This is depicted heuristi-
cally in Figure 2.1(c). Since we live in a non-ideal world, experiments operate emperatures
above absolute zero. So, assuming=T 0, as temperatures drop below the condensate critical
temperature, the macroscopic wavefunction i has nonzero occupation of the lowest single
particle modej oi and a BEC is born, portrayed in Figure 2.1§) In the BEC regime, the
higher-order single particle modes that do survive tend toedthe low-lying excited states, as
thermal uctuations are minimal; depletion in typical BECs is on the order of 001% [73].
We calculate depletion aD =1 1:P ; | where , is the largest eigenvalue of the sin-
gle particle density matrix (SPDM) and the sum is over all eignvalues of the SPDM. The
SPDM is constructed from the correlations oﬁv andf), the bosonic creation and destruction
operators, respectively, so the elements at“éﬂ\q i, wherei;j run over modesn. The closer
the depletion is to 0, the more condensed the BEC is, and the neosuper uid behavior we

see. As the gas becomes less condensed, the depletion ineseasd should be close to 1 for

a Mott insulator.
2.3 Bose-Hubbard Hamiltonian

In the weakly-interacting regime, a dilute Bose gas may be pmximated by a mean-
eld description based on the Gross-Pitaevskii equation (BE) [74, 75]. However, the GPE
provides an estimation that neglects quantum uctuationssuch that all atoms must be in

the condensed state; in other words, the GPE wavefunction &so the dominant eigenmode
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Figure 2.1: Schematic representation of a Bose-Einstein condensatdhe rst panel (a)
displays the classical behavior of a Bose gas above its cali temperature. @) Below the
condensate critical temperature, a BEC has some non-zeradtion of higher order single-
particle modes due to thermal uctuations. Finally, () an ideal Bose gas at zero temperature
is depicted as a macroscopic wavefunction, where all bosatsupy the same single-particle
ground state, here of a harmonic trap, leading to a Gaussiam@le.

of the single-particle density matrix [2]. Second-order ctuations may be added to the
GPE mean- eld using Bogoliubov perturbations [76], thoughihese descriptions fall short of
approaching a complete many-body picture with fourth-orde uctuations [6, 77].

While there are many available many-body models for studying double well in the
context of ultracold quantum gases, we have chosen the Bdsaebbard model for this work
for its simplicity and exibility dealing with many-body bo sonic interactions. We write the

Bose-Hubbard Hamiltonian (BHH)

X X X
Ao = 3 B +BE)+ U7 n D+ v (2.6)

hi;j i i

where J is the bosonic tunneling strength,U is the bosonic interaction strength,V; is the
external double well potential,ﬁ(v and B are bosonic creation and destruction operators,
respectively, satisfying bosonic commutation relations); is the bosonic number operator,
and h;j i indicates nearest neighbors. The time scale of the problem determined from
Planck's energy-frequency relation, with tunneling paraeter J in units of energy and~
in units of energy times time, yielding~=J as the hopping time, which we take to be the
fundamental unit of time in our analysis throughout this thess. One length scale of the
problem is determined by the spacing of the optical latticewhich experimentally is on the

order of about 500 m [78]. The other length scale is determined based on the ddebvell

potential width, resulting in hierarchies of scale due to tla superposition of the two lengths.
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To describe the many-body double well we express the potaith; from Equation (2.6)

as

( o o
V= 0; | < |.barrier 1> 1 parrier 2.7)
Vo; 1 = lparrier;

where 'V, is the height of the potential energy barrierj is the lattice site index, andiparier
is the site of the central barrier, and the height and width ca be contracted into a single
parameter, V, for easier navigation of the parameter space.

First, the BHH describes an underlying optical lattice, with @mrametersJ=U, whereJ is
the bosonic tunneling or hopping strength between latticeites and U is the bosonic inter-
action strength between atoms on the same lattice site. NexE; or the Josephson energy
is the tunneling between wells in the double well potentialand E- describes the interac-
tion between atoms in the same well, a modi ed charging engrgThe E;=E. parameters
together represent the ratio of tunneling between the two Ve and interaction within each
well. E;=E¢ reduces to a function olV,, the barrier height between the two wells, when the
width of the barrier is held constant. We will refer to limiting cases of the optical lattice
BHH as strong (weak) interaction whenJ=U is small (large). The nature of these two scales
of the problem, in addition to system size, leads to multisé& behavior.

Importantly, the BHH yields a good representation of a BEC iran optical lattice [65],
providing an excellent landscape for macroscopic tunnegjrdynamics. It is not without its
limitations, however, as we have already made some approstions. First, we assume tight-
binding and lowest band approximations, so our model is truenly for J=U;U; kg T Epgq
where Eyq is the band gap energy for exciting to the next bandT is the temperature
and kg is the Boltzmann constant. Adding higher bands for example,ranore terms in
the Hamiltonian, called extended Bose-Hubbard models, addsalilty to the problem but
allows for more detailed physics [79, 80]. We also assumetthize interaction or scattering
length is much smaller than the extent of the Wannier functios of the optical lattice as well

as smaller than the transverse con nement creating the 1D siem. Our construction allows
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for Wannier creation and annihilation operators in the BHH, ahough other approaches to
ladder operators in the BHH have been successful [79]. Furthere, we assume only short-
range interactions; we assume a closed system and no extére#ls; we assume that the

entanglement is small enough that we can describe the systeising TEBD or MPS, among

other standard and physically reasonable assumptions berrout in our calculations, and

discussed in more detail contextually in each chapter.

Limitations of the Bose-Hubbard model stem from the approxiations made in this
derivation. First, in the kinetic energy (tunneling) term, the next-to-nearest neighbor tun-
neling is approximately two orders of magnitude smaller thrathe nearest-neighbor tunnel-
ing [65], so in the cases studied in this research, the appimation is valid. Second, because
we consider repulsive interactions, the interaction termsialways positive. In this instance,
we make the single band approximation, meaning the opticahttice is deep enough that
mean eld interactions fail to modify the shape of the lowesband. In reality, interactions
can cause occupation of higher bands distorting the basisfttion. For N mean number of
atoms, the lowest-band approximation for the optical lattte meansUn; < E 4 [65].

To derive the BHH from rst principles, we start with the secord quantized Hamiltonian

in three dimensions describing interacting bosonic atoms an external trapping potential
vA 2
f = diWﬂ o2 Vi (%) (%)
dxd®™Y () YV (%) (%) "0 (2.8)

NN =

+ dxV(%) V() "();

where ™Y(x), "(%) are bosonic eld operators that create, annihilate atoms aposition X,
Viatt (%) is the periodic lattice potential, and Vi (%) is the interaction potential. Assuming

s-wave scattering reduces the potential to [81]

4a s~2 (X)

Vint (%) M

(2.9)
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whereas is the inter-particle scattering length andM is the mass. Whergs is positive, the
interactions between bosons are repulsive. For this workewocus on repulsive interactions
due to the presence of the Mott phase and to align more clos&jth current experiments [82].
Since our system is number-conserving, the chemical poteitis approximated with a nite-

di erence of the energy levels for lattice lling factorN, E(N+1) E(N). If is
less than the single particle excitation energy to the secdrband, then we can assume a
lowest-band approximation is valid.

In order to expand eld operators in the basis of the latticeywe revisit the Bloch theorem
for periodic potentials, which states that wave functionsn such a potential can only change
under translation by a phase factor. The discretized versioof Equation (2.8) will treat
the total Hamiltonian based on individual wave functions loated at each lattice location.
These wave functions overlap neighboring wave functionsnéthe result is a Hamiltonian
that requires some correction for this overlap. However, irokd state theory this overlap
is minimized in a crystal when the electrons are tightly bouw to atoms of the crystal {
the tight binding approximation. In our case we do not have ekttrons bound to atoms,
but rather bosonic atoms centered on an optical lattice siteln this manner, we can write
the Bloch periodic wave functions as a Fourier series and &@Kkhe real values, yielding
the Wannier functions, as demonstrated in [54, 83]. Wannidunctions centered on lattice
locations represent atomic occupation at these location$n order to discretize our system
and write Equation (2.8) in terms of the optical lattice, we &pand the eld operators in the

Wannier basis,

X
"= Bwolx x); (2.10)

where wo(x) are Wannier functions of the lowest vibrational band. Insging “(x) into

a reduced quasi-1D version of Equation (2.8) and making thesarest-neighbor tunneling
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approximation,

X 4 2 @
B = dxﬁrwo(x Xi) W@%+ Viatt (X) quo(x X;j)
h;ji
1461.5'*2)( £
t 5 dBYEBBwWo(x XWX XiWo(X  Xier)Wo(X  Xms1)  (2.11)
%Im

X
+ V(X) dxﬁvﬁwo(x Xi)Wo(X  Xi);

|
we nd the de nitions of the tunneling, interaction, and tra pping potential parameters emerg-
ing in each term, respectively. Assuming we are looking at a @si-one dimensional potential,
we rearrange the eld operators in Equation (2.11) noting tht ﬁ’ﬁ = /M, is the number op-

erator, and the integral in the external potential term nornalizes to 1 such that

V4

2 X
A= dawx x) N%waﬁ(x) wox  xia)( BB+ )
hiij i
27 X
" 428‘“; © T w0 ~ Bryb (2.12)
x I
+ V(xi)ﬁvﬁ:

i
The resulting discretized Hamiltonian is Equation (2.6), whre Equation (2.6) follows from
substituting the de nitions of J, U, andV,  V(X;). The de nition of the hopping and

interaction terms, J and U, respectively, are

Z 2
J = dxwo(X  Xi)  =——==* Viar (X) Wo(X Xij+1)
z M @X (2.13)
U= 22 axwe(oj’

where the tight binding approximation means the tunneling ntegral between sites other
than nearest neighbors is negligible, the Wannier functiodensities exhibit minimal overlap
between sites, andg is the e ective 1D interaction parameter. These quasi-1D syems
are really arrays of tubes due to freezing out transverse degs of freedom with a very

high lattice in y, z. This leads to a local e ective transverse harmonic poterdal. These
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approximations begin to break down as the optical lattice hight V2, approaches the recoil
energyEgr = ~?k?=2m. For V)9, > 2Eg, the approximation is already quite good, and for
Vi3; > 5ERr the approximation is excellent [65]. Of course, next-neaeneighbor and longer
range Hubbard models would include another term in the tunnielg integral; a study of the

decreasing strengths of longer range tunneling is demoragtd in reference [84].
2.4 Quantum phase transitions

The research presented in this thesis concerns two di eretytpes of quantum phase tran-
sitions (QPTs) in a square double well potential. The rst plase transition is a discrete,
Z, phase transition from a Josephson oscillation phase to a seHpping phase, breaking
Z, symmetry by localizing the condensate on the left or the righ85]. Note that quan-
tum phase transitions obey the same universality class asetin classical counterparts [86].
By universality, we mean that the spectral density of uctudions will vanish as the inter-
action parameter approaches a critical value, and that sysins with the same symmetries
will exhibit the same critical exponents regardless of the isroscopic nature of the Hamilto-
nian [87]. The second phase transition is the result of impiag an optical lattice underneath
the double well potential. This second type of phase trangin is the continuousU(1) tran-
sition from a Mott insulator to a super uid [88, 89]. Continuous phase transitions occur
where there is a discontinuity not in the energy, but in its st derivative, second deriva-
tive, or higher order, yielding a second order, third orderetc. phase transition [90]. The
Bose-Hubbard parameters=U of the optical lattice are responsible for driving theJ(1) or
Berezinskii-Kosterlitz-Thoulles (BKT) transition while double well parameters ; =E¢ drive
the Z, transition.

We note that while all simulations performed are number coesving, due to the con ne-
ment of the trapping potential, the phase transition in uerce on dynamics is not strictly
limited to a pure canonical ensemble as we might expect for are optical lattice. For ex-
ample, atoms move through the barrier, and from the perspece of the left well the number

of atoms is not xed. Thus we can actually observe both BKT trasitions { along the tip of
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Figure 2.2: Mott lobes { phase boundaries for a square weNott lobes in the limit as the

barrier goes to zero demonstrate typical super uid-Mott isulator (SF-MI) phase transition

behavior. The BKT transition occurs through the point of thelobes, which would be rep-
resented by truncating the phase boundaries at this criti¢avalue of J=U. The simulations

were performed on an open-boundary lattice consisting of &ites. The solid lines depict
lling factors of 1, the dashed lines are for 2, and the dotted lines are for 3.

the Mott lobes in the phase diagram { andJ(1) transitions { along the body of the lobes [3].
The BHH phase diagram in Figure 2.2 shows the BKT antd(1) Mott insulator { super uid
transitions for an uncon ned lattice.

To the best of our knowledge, the connection of quantum phas@nsitions and dynamics
in this context remains an open question. In studying the dyamic regimes, we hope to
answer fundamental questions about tunneling in BECs: In vet ways does the tunneling
regime a ect the super uid-Mott insulator (SF-MI) phase transition? Is MQT a ected by
the presence of the Mott gap? How much do ground and low-lyinga@ted states in uence
the dynamics? Are entanglement or correlations important itMQT dynamics? Do they
depend on the ground state phase diagram? While we don't nesasly expect ground
state properties to govern dynamics, much of the dynamics can fact be predicted by the
guantum phase diagram or initial states, as we will show in elpter 4.

To answer these questions, we rst discuss quantum phase rigtions in general. In

the low temperature range where Bose-Einstein condensatag, the thermodynamic uc-
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tuations that drive many classical phase transitions becaenincreasingly negligible as the
temperature decreases. Rather, quantum uctuations domate the particle behavior and
compose the driving force behind quantum phase transitiof®@PTs) [3, 53, 86]. QPTs occur
at low temperature between two or more states of matter, geradly described by di erent
symmetries and by a discontinuity in the energy or derivati® thereof, with the BKT transi-
tion presenting a special \in nite-order" or maximally smooth case that nevertheless displays
long-range order [90, 91]. Speci cally, the symmetry in theuper uid regimes stems from the
continuous overlap of phases, while the Mott regime breakhkis continuous symmetry [92].
The phase transition from a super uid (SF) to a Mott insulator (MI) in the Bose-Hubbard
model is achieved by varying the ratio of tunneling to interetion parameters, two competing
energy terms [53], across the critical value [63, 73, 93, 94he super uid regime is distin-
guished by all particles occupying one single-particle megdwhere each atom is unfurled over
the entire system with long range phase coherence [2, 95,.96]Mott insulator, on the other
hand, is often described by unit Iling or integer numbers oparticles localized in each well of
an optical lattice, and there is no corresponding phase cakace [65, 94]. The characteristic
signature of the insulating phase is a gap in the excitatiorpectrum above the ground state,
[53, 88]. The Mott insulator is of particular interest for quantum information applications,
as the interaction is very strong and tunneling is suppresggeallowing for highly-controllable,
long-lived quantum memory through the number of bosons [697, 98]. The system typically
is considered to approach the phase transition in the therrdgnamic limit, as the number of
lattice sites and number of particles becomes large [90].chmically in one dimension there
are no phase transitions in the thermodynamic limit. Howevephase coherence can be quite
long in extent, so that for nite-size BECs for all practical purposes we can indeed observe
QPTs in 1D [3].

We will return to the idea of thermodynamic limits in one momat, while we consider
more deeply the idea of a quantum phase transition. The bagicemise stems from the non-

analytic evolution of the energy level&;( ) as a function of a non-thermal order parameter,
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First order ground state quantum phase transitions demondtte a non-analyticity in
Ei( ), second order ground state QPTs exhibit a non-analyticityn @K )=@, and so
on [86]. Excited state QPTs, while similarly dependent on aam-thermal control parameter,
instead rely on the non-analytic behavior of energy level dsity as a function of energy [3, 99].
While nonanalytic features of QPTs only strictly appear as th system size approaches an
in nite limit, many precursors to these transitions are meaurable in nite systems with
few degrees of freedom [100]. For example, the QPT is trulyst order as a system is
taken to the thermodynamic limit if two energy levels crossthe @KH )=@ jumps, and
the two wavefunctions switch. However, in mesoscopic systenthe signature may instead
manifest as a cusp in the energy as a function of the order pamater. Second order and
higher, also called continuous phase transitions, are iestd characterized by avoided level-
crossings with large numbers of interacting local energyvids [101]. Typically a phase
transition requires the thermodynamic limitN !'1  andN !'1 , with N=L held constant.
However, some QPT signatures arise in systems with few degre#f freedom or limited
dimensionality; these signatures can be purely quantum anidave signi cant impact on
dynamics [3, 102]. For example, avoided level crossings areindicator of degeneracy [100].
The less-intuitive, lower-dimensional phase transitions 1D, quasi-1D, and 2D models that
exhibit quantum phase transitions, such as Lipkin-MeshkeGlick models, Hubbard models,
and Heisenberg spin models, often have 2-or-more-level syss with some sort of two-body

pairing interaction, whether via an external eld, a capadiance, or tunnel coupling [103].
2.4.1 Mott insulator { super uid transition in the Bose-Hubbard model

Here we examine the super uid to Mott insulator quantum phasdransition from the
perspective of the single-particle density matrix. First, w de ne the particle: a bosonic
atom. A common choice i$’Rb [26]. We then recall that the SPDM elements ardaﬁyﬁ i,
and that the phase transition requires the breaking of some/mmetry. In the case of the
SF-MI, the symmetry that is broken is the relative phase [86].To determine the phase,

we diagonalize the SPDM, taking thev® eigenvector linked to the largest ; eigenvalue;
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eigenvector is the nearest approximation to the Landau measld theory de nition of the
super uid order parametervj(l) = = b n; expi j. Thus the dominant eigenmode of the
single-particle density matrix yields one method of calcating phase that in turn provides
information about the phase transition. What is more, the SPD®I signals the QPT in other
ways; for example, o -diagonal long-range order indicateBose super uidity. Depletion of
the condensate, also calculated from the SPDM as introduced section 2.2, indicates the
level of macroscopic occupation of the BEC mode. Thus a BosasgMott insulator will have
maximal depletion, while a super uid indicates higher ocquation of the BEC mode and
minimal depletion; depletion can therefore pinpoint thel=Uiicar as the value forJ=U at
which the derivative of the depletion is maximum.

The SF-MI crossover in the BHH occurs at @=Ugitical 0:305 in one dimension [104].
These ratios are tuned using Feshbach resonances [46, 4 f}yoincreasing the lattice depth,
which suppresses tunneling, for example. The MI regime rages J=U < J=Ugiicai - When
the lattice is in nitely deep, or J = 0, the result is a perfect MI; in Fock space notation
this state is written j111:::1i for unit lling, i.e. the number of particles exactly equalsthe
number of sitesN L. For small, nonzeroJ, the quantum state exhibits correlated paired
sites that are particle-hole pair excitations, which arg::02::i or j:::20:::i on aj:::11::i Mott
background. This fundamental Mott behavior provides the bsis for key results exhibited in
chapters 4 and 6.

Furthermore, since we are in the canonical ensemble, our ®m iS number conserving,
and thus we do not have an exact formulation of a chemical patgal. Instead, we write the
chemical potential as a nite di erence, E(N +1) E(N), which is discretized as a
function of the number of atomaN. Then we can create a phase diagram &fU versusJ=U,
as depicted in the many-body version in Figure 2.2. The meareld phase diagram shown
in Figure 2.3, calculated analytically, provides approximi#gons of phase boundaries that are

parabolic, though we note there are no quantum phase trangits in mean eld theory
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Figure 2.3: Mean eld Mott insulator { super uid phase boundaries for a square wellThis
mean eld phase diagram yields an approximation of the phad®undaries for a lattice in a
square well.

by de nition. While the phase transition is typically approached from the thermodynamic
limit, research throughout this thesis often involves mesgopic systems. One method we
use to address this concern is through examination of niteize e ects by studying many
lattice lengths and particle numbers to con rm signatures bquantum phase transitions, for

example, which appear even in 1D optical lattices as small about 10 sites [105].
2.4.2 Symmetry breaking phase transition in a double well

The spontaneous symmetry breaking inherent in the double Wés a Z, phase transition
from a Josephson oscillation phase to a self-trapping pha&s[ 106]. A Josephson junction
from a theoretical perspective is a system of two super uid®r superconductors) separated
by a weak link, which will be discussed in more detail in seomm 2.6. To understand the
Z, phase transition, we rst examine the two-mode model of the alble well, discussed
in more detail in section 2.6. The blue ground state satis ethe symmetry of the one-
dimensional potential, and the orthogonal state in red is disymmetric, seen in Figure 2.44).
Spontaneous symmetry breaking in the double well means tleeare two concurrent ground
state wavefunctions that no longer conform to the symmetryfahe potential: each ground

state is asymmetric. Now, the yellow and green wavefunctioms Figure 2.4({p) are clearly
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Figure 2.4: Schematic of the two mode mode{a) The ground state (blue) is symmetric about
the barrier (black square double well potential), and the eoited state (red) is antisymmetric

about the barrier. (b) The left (green) and right (yellow) states are Wannier supgositions

of the ground state and excited state. Spontaneous symmethyreaking occurs when the
blue, symmetric ground state is broken up into either greernr yellow asymmetric states.

not ground states of the double well on its own, rather the atas have been forced to choose
one well or the other, and the yellow and green states depicheé ground states of right

and left wells, respectively. TheZ, quantum phase transition arises due to the tuning of the
barrier height beyond a critical value such that tunneling ktween the two wells is suppressed,

leading to macroscopic quantum self-trapping of the atoms ione well or the other.
2.5 Experimental considerations

Experimental realization of the Josephson e ect in a BEC wasrst demonstrated in
2005 [33]. More recently, microscopes of quantum gases hbeen able to image individual
atoms in optical lattices [84, 107], allowing direct obseation of localized many-body dy-
namics with high resolution [108]. Even further, experimeal advancements have led to the
ability to create arbitrary optical potentials with the resolution of a single lattice site [109{
112]. With this experimental progress { the parameters diseged in this dissertation are
feasible for creation and measurement in current quantumnsulator platforms { thus, it is
a good time to probe one such optical potential: a double wellith a superimposed optical
lattice, otherwise known as a long bosonic Josephson junctio

Josephson e ects due to macroscopic tunneling of ultracoldigntum gases are analogous

to that of coherent Cooper pair tunneling in superconducta: For example, the d.c. Joseph-
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son e ect occurs when there is zero voltage applied acros&lanction, and yet a d.c. current
can be measured. The key is that most cold atom experimentseanot connected to external
biasing circuits, and thus a source and sink scheme must bevded in order to measure
the current [34]. The a.c. Josephson e ect arises when a caast voltage is applied across
the junction, which is akin to an energy di erence or tilt betveen the two sides of a double
well; the result is an alternating current measurable acrasthe junction [113]. Additional
Josephson e ects occur in isolated systems, such as macrpscoscillations of a condensate
between two wells in a double well [33], or even internal Josegon tunneling such as that
between orbital degrees of freedom [114].

While there are many possible implementations of cold atoms ia double well, one
particular implementation relies on advancements in micrairror device technology [110{
112]. Microelectromechanical system (MEMS) can be used tontrol an array of mirrors,
which are placed at a point in the beam path where the laser i©ohfocused. MEMS mirrors
are tuned using applied voltages on electrodes surrounditige mirrors, which selectively
turn o regions of light at the mirror locations. When the lase is focused on the atoms,
the optics essentially perform a Fourier transform of the k@ with site resolution down to
about 700nm [108]. This allows for the creation of arbitrarpptical potentials, including a
double well with a superimposed periodic lattice.

Other techniques that contribute to the high number resolubn of such ultracold atom
experiments rely on controllability of the repulsive inteactions between atoms, such as split-
ting condensates into multiple wells [115], loading atomsito deep optical lattices [109],
electron microscopy, especially for imaging [116], abstgn imaging [109], or lattices of
magnetic traps [117]. One experimental scheme uses a tragpen as a binary-tunable bar-
rier in a double well, where tunneling is suppressed if thenas spin-down and the BEC is

self-trapped, and Josephson oscillations ensue if the ionsgin-up [118, 119].

28



2.6 Theoretical models: Double well Hamiltonians

In the double well, we have the convenience of a nite numbeif bound states on both
sides of a potential barrier. Distinct dynamical regimes diltracold bosons in a double well
trap, also called a bosonic Josephson junction, have beennted in literature [33, 34, 120].
The rst regime manifests in low-barrier cases, though nobolv enough as to allow classical
spilling over the barrier. In this instance, Josephson oslations mean the particles tunnel or
slosh back and forth between wells in a macroscopic mannemése are Rabi oscillations in
the single particle limit, whenNE ;=E¢ >> 1 [85, 121]. Beneath this limit, foNE ; =E¢ > 1,
Josephson e ects emerge [34, 122]. The critical poiNE ;=E- = 1 marks the Z, phase
transition. The other regime, the high-barrier limit, or NE ;=E < 1, leads to macroscopic
self-trapping of the condensate on one side of the well [1224].

The additional derivations in this chapter are meant to prowde a context of the long or
extended bosonic Josephson junction, as well as to give a tigla of this work to relevant

Josephson junction Hamiltonians in literature.
2.6.1 Relative number, relative phase formulation of the double well

While it is convenient for our research to observe bosons inmber space, often it is more
appropriate to work in a relative number and relative phaseofrmulation between the two
wells. For example, in superconducting Josephson junctignihe number of Cooper pairs
is not a direct observable, rather phases are measured usBardeen-Cooper-Shrifer (BCS)
theory. BCS theory is a mean eld description of a supercondting Josephson junction. In
the general double well problem, mean eld theory providesnaexcellent description of the
relative dynamics under certain assumptions: the coherenéength must be large compared
to the lattice spacing and relative phase well-de ned.

General phase and number eld operators obey a canonical comtation relation, as
they are conjugate variables, such that] N']= i, noting that " is not the dominant mode

in the single particle density matrix. Now we can de ne the raing and lowering operators
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in terms of & and *,

p A VN
Ll (2.14)
./\p A -
b=¢€e" K-
We take the sine and cosine of the phase operator and obtainmneommutation relations
for each, [sin® N']= icos” and [cos” N']=isin". Using the trigonometric identity
hcos”?i + hsin "% = 1; (2.15)

. Y . . : .
to normalize by N(N +2) 4m?2i, the sine and cosine relative phase operators between

two general elds 1 and 2 in terms of raising and lowering opators are

s = g b6, + By ’
N(N +2) 4H®i

B, B

iU N(N +2)  4m2j’

where ri* is the relative number of atoms between the two eldsn’= (", hy)=2. While

(2.16)

)\
Sin

we wrote these relative phase operators from the perspeetiof eld operatorsﬁf and fi,
the same reasoning holds for the relative phase operators irdauble well, where the two
elds are replaced by the two wells, left and right symboliz¢t by L and R. Multiplying the
normalization factor by both sides of co§ in Equation (2.16), we now have the tunneling

term of the Bose-Hubbard model for the double well,

Y + 840 = cos PN (N +2) 4m?i (2.17)

where the 1 and 2 eld operators were translated to left and right R tunneling operators
of the double well, andm= (.  AR)=2 is the population imbalance between the two wells.
Thus, we can substitute this into Equation (2.6) without theexternal potential, because the
two wells have already been taken into account, and the retinly relative number, relative

phase Hamiltonian for the double well is

A= Jcos™ N(N +2) 4ma2i + %Uﬁ(h 1): (2.18)
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In the thermodynamic limit, as the number of bosons becomertge, the expectation
values of sin” and cos” operators obey semiclassical evolution equations. The aétions of

sine and cosine operators from Equation (2.16) can then bepapximated

Ao B+ BB
N
A B BB
N

In order to devise a Hamiltonian of the same form as typical sepconducting Josephson

COS
(2.19)

sin

junction Hamiltonians, we take the average population imbdance of the two wells to zero
i = 0 { which is accounted for when the junction is connected to &iasing circuit { and as
the number of particles becomes large in the interaction ter, A(h 1) A2 Then, solving

Equation (2.19) for the tunneling operators,
B + BB = N cos? (2.20)

and substituting the tunneling term into Equation (2.6) without the external potential, the
semiclassical version of Equation (2.18), with the distindi erence of zero net population

imbalance, becomes
1
B = JNcos"+ 5UﬁZ: (2.21)
2.6.2 Josephson formulation of the double well

The usual description of superconducting Josephson junati® follows the same principles
as the semiclassical relative number/relative phase foration of the double well presented
in Equation (2.21). We include the description here as a demsitration of the equivalence
of the many di erent architectures of the double well. A typcal Josephson junction consists
of two superconductors separated by a thin barrier, which isften an insulating material
with a thickness on the order of 1 nm [125]. The two superconchors can be considered
as the two wells in a double well system, and the thin insulatoas the barrier between
them. If the barrier is thin enough, typically on the order of3 nm or less, single electrons

will tunnel through the barrier, and the barrier will act as aresistance. As the barrier
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increases in thickness beyond about 3 nm, the barrier becam®o thick for tunneling to
take place [125]. If the barrier thickness is decreased toaii 1 nm or less, the macroscopic
wave functions of the two superconductors begin to overlafhis weak overlap is the basis for
macroscopic quantum tunneling of Cooper pairs between thea superconductors [106, 126],
a phenomenon called the Josephson e ect. Cooper pairs arerpaif electrons that collectively
act as a single boson; for more background on superconduityivand Josephson junctions,
see [127{129].

Following Feynman's method for deriving the Josephson equatis [113], we note that the
following only holds true for speci ¢ barrier widths where he overlap between the wavefunc-
tions is weak. Beginning with the macroscopic wavefunctisnfor each superconductor, |
and g, we represent the weak link with a constantC, so the coupled Schredinger equations

for each read

. @
|~_tL:EL L+ C g;

% (2.22)
i"‘@tR:ER R+ C :

Taking the ansatz for the wavefunctions, analogous to the séclassical version of Equa-

tions (2.14), we have

— p_Le L

L

e (2.23)

R = r€ R;
where | and g represent Cooper pair densities, and,. and g represent the phases of
each macroscopic wavefunction. The understanding of thegkases becomes more intuitive
when linked with Equation (2.14), and semiclassically repsented in Equation (2.19). We
have also made one more semiclassical assumption for the &&auation (2.23) to be true:

the phases are assumed constant throughout each supercartdu Then, exchanging (2.23)

into (2.22), we separate the equations into real and imaginaparts and invoke continuity

32



in the exchange of Cooperpairs@ r = @ .,

2C :
@.= @R:TpLRsm(R L);

c e T (2.24)
@ r )= 5+ C( —; —f)cos(R L):

q— q_—
We assume the superconductors are identical, sp = r = —; = —'f and the

cosine term goes to zero; and we de ne the relative phase beem the two wavefunctions

= R L. Equations (2.24) then simplify to

@:§ sin ;

(2.25)

@ = -r _Et,

where @ is nonzero, despite our assumption that the Cooper pair ddtiss are assumed
constant across each superconductor, due to the applicatiof an external current source
across the junction. In order to translate parameters from guation (2.25) to supercon-
ducting Josephson junction parameters, we note the charge afsingle Cooper pair as €

wheree is single electron charge. The voltage across the junctianequivalent to the energy
di erence between the two superconductoryY = (Egr E_)=2e. Then, we can write the
semiclassical Josephson equations in terms of the voltage ahd current density J rather

than the Cooper pair density@ ,

J = J.sin

2V (2.26)

@ ="
where J. = 4eC =~ is the critical current density, delineating the maximum Coper pair
tunneling current density. Note that Equations (2.26) only lold for ideal junction behavior.
In reality, the nonlinear Josephson junction circuit elemes exhibit measurable capacitance,
resistance, and inductance. The resistively and capacigly shunted junction (RCSJ) model
addresses this by modeling an equivalent circuit of a junctn with a capacitor and resistor

in parallel [130]. This well-known model also has its limiteons [127]. Studying bosonic
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Josephson junctions from the perspective of BEC provides aigaoe, highly-controllable, in-
sight of the many-body e ects that may prove crucial to impreing superconducting junction

performance.
2.6.3 Superconducting phase qubit

Josephson junctions provide a prime architecture for quantu bit (qubit) implementa-
tion [131{133]. First, JJs supply the nonlinearity necessaryof qubit creation, since linear
circuit elements, such as resistors and inductors, are degeate in their low-lying energy
levels and are thus unsuitable for qubits. The large nonliaety of JJs breaks this degen-
eracy, bifurcating the energy into two accessible levelse&nd, superconductors inherently
exhibit negligible resistance, meaning energy dissipatias essentially negligible, providing a
means for increasing qubit coherence times. Third, fabritan of superconducting circuits
can be accomplished using many processing techniques alsege ned by the semiconductor
integrated circuit industry, allowing for future scalabilty.

A phase qubit is generated from Josephson inductance and capance in the JJ; it is
implemented as a single well qubit within a cubic potentialwith the ground state and rst
excited states comprising the two-level system [134]. Noméiarity of the JJ produces the
multiple energy levels, but successful qubit implementatn requires that the transition rate
of the rst and second excited stated 1, must be di erent than that of two lowest states,
01 6 ! 1. In order to write the Hamiltonian for a phase qubit, we start fom the classical
Josephson Equations (2.26), and we de ne a single ux quantums o = h=2e. Dividing
by the area of the junction, such thatl; is the current, not current density, through the

junction, we rewrite Josephson's equations with typical siggconducting notation [127]

;3 = lcSin (2.27)
d
_ o0 |
V = > a0 (2.28)
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and | . is the critical current of the JJ. To calculate the nonlinear inluctance of the junction,
we recall the de nition of inductanceV = Ldl=dt and then di erentiate Equation (2.27) with
respect to time. Solving Equation (2.28) ford =dt and substituting yields the di erential
equation

dﬁ = IC2—V CoSs: (2.29)
dt 0

The inductance of the JJ is the voltage across the junction dided by Equation (2.29)

o 1

L,= % _—
77 21 .cos

: (2.30)

which demonstrates nonlinearity of the inductance througthe 1=cos term. The inductance

is energy conserving, thus we calculate the energy storedanunction by integrating | ;V
z

U; dtl ;v

Z

o, . d
dtz—lcsm o

|C 0o _.
d
2 Sin

IcO

Z (2.31)

cos
where the constant factorE; = I, =2 is the Josephson energy. The Hamiltonian term
associated with the Josephson energy for the phase qubit ieteame term that dictates tun-
neling in the Bose-Hubbard model, making thé. (=2 = NJ from Equation (2.21), where

N is the number of particles andl is the tunneling energy. The same process as (2.31) gives
us the energy from adding a biasing current across the juneti, Upias = | pias o’\: 2 , which

is directly proportional to the phase”, and follows the same commutation relation as was
used in the relative number, relative phase formulation ofie double well for Equation (2.14).
Replacing the number operator in this commutation relatiorwith a charge operator, with

K = 2eQ, where 2eis the charge of a Cooper pair of electrons, the commutatioelation
becomes'f A] = 2ei. We substitute Q into the interaction term of the mean eld relative

number, relative phase Hamiltonian in Equation (2.21), and & substitute the interaction

energy constant) = 1=4e’C to include the Josephson capacitandg, such that the charging
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energy is de nedE. = €=2C. Adding these three terms: the capacitance term is analogous
to the particle-particle interactions, the Josephson eneygis analogous to the tunneling or
kinetic energy, and an extra phase term is added for a biasiroyrrent, we can write the

Hamiltonian for the phase qubit

1 | |
H = foz Cz—ocosA b'gs o (2.32)

The energy terms in this Hamiltonian compete for dominance ohé wavefunction width
in a fundamental manner, based on the canonically-conjugﬁatoperators,A and @. This
fundamental understanding is applicable to all double welhodels described thus far. For
example, we nd dynamical regimes, one of which occurs whelmet Josephson energy domi-
nates over the charging energ¥; >> E , and " can be described semiclassically; the phase
uctuations are small and the charge uctuations are large.For phase qubits, this is often
the optimal operating regime, and the bias current is tunedat increase the separation of
the ! o and ! 1, by as much as possible, typically on the order of 5 to 10% [127ther
dynamical regimesE; E.andE.>>E ,, are avoided for phase qubits since they do not

provide the optimal transition frequencies necessary todkate two energy levels.
2.7 Numerical techniques

A standard approach to understanding many-body systems bieg with a simpli ed
model, such as Hubbard models or those discussed in sectid Dften these models are not
exactly solvable, with some exceptions for small systems loniting cases. Thus, one needs
reliable numerical methods to simulate such systems. Temswtwork methods are one family
of methods that have gained popularity for simulating manyody quantum physics [135{
137]. The commonality among di erent tensor network methoslis the decomposition of a
guantum state into constituent tensors the size of which isontrolled via a cut-o on the
entanglement.

Regardless of choice of numerical technique, one must sthyt understanding limitations

and assumptions. Exact diagonalization is restrained to st system sizes due to com-
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putational demand. Mean eld techniques fail to incorpora¢ quantum correlations [138].
Quantum Monte Carlo methods su er from the sign problem, sutas that encountered with
strongly interacting fermions whose highly-oscillatory avefunctions are di cult to integrate,
and are constrained to statics, so not suitable for our dynaal studies [139]. Series expan-
sion techniques are con ned to the approximations of pertbation theory [140]. The main
restriction on tensor network methods di ers considerabtythe extent and arrangement of
entanglement determines the best method. One advantage @nsor networks is they pro-
vide information about the correlations and entanglementfonany-body states inherently. In
fact, without a tensor network, one may be tempted to determie coe cients of a many-body
state in a given basis without understanding the its interniaentanglement properties. The
multi-con gurational time-dependent Hartree method for béons (MCTDHB), an example
of a many-body method, relies on calculating coe cients ofanstituents of many-body states
without regard to the structure of their connection [141]. Hrthermore, the entanglement
structure will naturally change depending on the spatial dnension of the system; the area
law posits that entanglement scales with the boundary betwa a subsystem and its environ-
ment [142]. Matrix product state (MPS) methods are a subsetfdensor network methods
that work particularly well for one dimensional or quasi-oa dimensional lattices. In this
case, the boundary is small, i.e. always one site and thus anglement is limited. Projected
entangled pair states, on the other hand, are designed to sikate lattices in two dimensions.
Though, the boundary for a single site in a 2D square latticéor example, is 8 sites { making
entanglement much worse { which is one reason 2D systems aieult to simulate [143].
So, the entanglement of the many-body state motivates geomme Interestingly, this idea has
been extended to curvature in spacetime and has been propses a link between quantum
entanglement and gravity [3, 144, 145].

Matrix product state methods such as TEBD provide numericasolutions of many-body
dynamics that depend on the level of Hilbert space truncationFor example, a study on the

BHH for a super uid decay uses TEBD methods similar to our own @amny-body simulations

37



and has con rmed numerical limits on instanton computatios [146, 147]. Another many-
body method, MCTDHB, has also been used to study the quantum espe problem [148,
149]; though this work examined depletion, it missed somekeneasures such as number
uctuations and von Neumann entropy. Such measures help itrate when semiclassical or

mean- eld approximations fail.
2.7.1 Matrix Product States and Time Evolving Block Decimation

Matrix product states, a 1D subset of tensor network methodsire a family of algorithms
well-suited to solve certain types of numerical problems. ey are based on the fundamental
principle of decomposing a tensor into a sum of series of otliensors and then truncating
the Hilbert space in a way that is numerically optimized and nmimizes information loss. For
the Bose-Hubbard model in the number-conserving canonicalsmble, the total dimension
of the Hilbert space is

_(L+N 1)
BT LN 1)

(2.33)
where L is the number of lattice sites andN is the total number of bosons. For typical
experimental parameters in the tens or hundreds of latticeites with similar numbers of
particles, exact diagonalization is intractable. Much e ot in the past decade [143] has been
made to increase the numerical e ciency of simulating manyody systems applicable to a
variety of architectures.

Interacting ultracold quantum gases in optical lattices a& one example of a type of system
where matrix product state methods may be the most e cient cbice for numerical simu-
lation [41]. The speci c choice of algorithm will depend onystem geometry, parameters,
boundary conditions, statistical ensemble, and experimedesign, among other considera-
tions. MPS algorithms are speci cally e cient at simulating 1D and quasi-1D systems.

Next, we will describe a TEBD algorithm from a top-level persective as an example of

the power of matrix product state methods. OpenTEBD is an opesource matrix product

state (MPS) method maintained by the Carr theoretical resaah group at the Colorado
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School of Mines [4]. There are clear indications that MPS ntedds such as TEBD provide
a rich and more encompassing view of physics beyond that oimgelassical or instanton
methods [77, 143, 150]. OpenTEBD is based on the general netiatical principal of sin-
gular value decomposition (SVD), which is like matrix diagoalization except it works for
non-square and non-diagonalizable matrices as well [158VD in TEBD is performed via
Schmidt decomposition, which gives a physical representat of SVD in tensor product
space. Because of correlations in the matrix, as opposed taaandom matrix with no dis-
cernable correlations, we see a rapid decay in the magnitudiethe singular values. We can
visualize this as projections into the energy eigenstateshere the weight of each projector
decays rapidly with increasing eigenenergy. Figure 2.5(dechonstrates the computational
advantage of keeping only the most important singular valgefor a correlated matrix in blue,
compared with the slow decay of random matrix singular valgein red.

With this in mind, we can now represent the TEBD algorithm mattematically. Suppose
we have a lattice of size. with indicesi,. and a general many-body quantum state in a Fock

basis on the lattice that can be written

X
ji= Gy Jing iz ciLi; (2.34)
i1

wherec, i, is anL-index tensor which can be decomposed such thati is represented with
tensors of smaller rank. The number of total parameters ® = d-, whered is the local
Hilbert space dimension at a single lattice site.

We can then write the same many-body wavefunction as a matrproduct state,

xd
: - i1 [21 [2liz [B] [Bliz ... [L] RTINS A
] wmpsl = P U N LE TS PRSI (2.35)

=l o4 1=l
where the rst sum is over all the lattice indices up to the loal dimension and the second
sum is over singular values. Each tensor is given a numerib& 0! for the | lattice site

to emphasize that each one is distinct in general. The s areank-3 tensors save for the

ones on the boundaries, which are rank-2 tensors for open bdary conditions; the s are
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Figure 2.5: Singular value decomposition image compressionhe rank of the matrix denotes
the number of singular values kept;d) the maximal number of singular values is 420, which
is the full photograph of my dog Scarlet. I§) From a visual perspective, the rank 80 Scarlet
image may be within error, while €) the rank 20 Scarlet may or may not be a dog, a cat, or
even some other loveable creature, which is most likely notthin error. (d) Plot of singular
value magnitudes demonstrates the rapid decay of the singulvalues (blue) compared with
a random matrix (red).

also rank-2. The neighboring 0! and [ tensors could be contracted into a single rank-3
tensor for each lattice site for a more general matrix produstate, however, it is convenient
for TEBD to keep them separate. At this point we have not gaing any computational
advantage, and the number of parameters is at minimurd-.

The decomposition ansatz, in this case a Vidal Decompositigd, 152, 153], is the par-
ticular way of splitting the system consecutively into two @rts and repeatedly performing
SVD, where a single decomposition into parts A and B looks likes §. A and [ are not
necessarily the same dimension, but are square matrices ahk proportional to the bipar-

tite splitting and  is a diagonal matrix. The wavefunction representation of t bipartite
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splitting between sitesl and | + 1 is

X

ji= “f”j “f“”ij ['fl“:”i; (2.36)

=1
where 1 min(d';d" ') and is the total number of singular values that are kept after
truncation and is often called the bond dimension. TEBD dephers optimal truncation
based on the state at each time step; thus, it is time-adap#v Also note the singular values
for correlated systems decrease such that o > 0.

The truncation algorithm based on Vidal decomposition is démned to keep the most
important singular values depending on the convergence tefiia or user-speci ed bond di-
mension and discard the rest, ideally yielding a system thas not only numerically feasible
to simulate, but can be drastically smaller than the initialsystem [143]. Often the ideal bond
dimension for the system is determined via convergence ayss, discussed in more detail in
chapter 5. The bond dimension is also invariant under localnitary transformations, which
is important when applying unitary propagators. In order toperform state initialization
or ground state calculations and time propagation, TEBD usethe Suzuki-Trotter approx-
imation for exponentiation of matrices. This assumes thathte Hamiltonian can be broken
into non-overlapping \odd" and \even" pieces likeB/, + B8, separate fromB}f;. The time
evolution operator ) = exp( iH t= ~) then becomes

it X X
O(=exp( —( A+ A (2.37)

odd | even |

2.8 Analytical techniques

A number of analytical methods were used in addition to numearal simulations. Two
analytical techniques outlined here are the sudden approwation and perturbation theory.
The sudden approximation supports results from the bosonitosephson junction paper in
chapter 4 such that a rapid quench of the potential can lead texcited mode formation,
both in the optical lattice and macroscopically in the dould well. Degenerate perturbation

theory corroborates ndings in the partial symmetry breaking paper in section 3.2, as well
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as the analytical calculations in chapter 4.
2.8.1 The sudden approximation

The sudden approximation allows one to examine time-depegnt Hamiltonians in a
time-independent manner, assuming the Hamiltonian is eithehanging very suddenly with
respect to the natural time scale of the problem, or the iniéil state remains the same at
time t; and t, when the Hamiltonian changes from; to K, respectively. The time frame

of interestis t=1t, t;, where the overall Hamiltonian is

8
2H; t<ty

B = B@);, ti<t<t (2.38)
>
" Hy >ty

so for the sudden approximation to be valid, t must be small. The initial state for the

dynamics is an eigenfunction of,,
Rjj1i = Ejyjjai; (2.39)
such thatjj,i is the ground state off; in this case andE;, is the corresponding eigenenergy.

So the initial state is
Jo(t)i = jjqi: (2.40)
Then, fort >t ,, the dynamics are determined byitz,
i (i = e M D0, (2.41)
and the initial state jj,i is projected onto a new basis,

X .
j ©i= e " DT gihkojj i (2.42)
k

where Hpjkoi = Eg,jkoi, with k; a complete basis oH,. The motivation for using this
technique stems from strongly-interacting systems in the 3ephson regime, where we found
particle-hole pairs form immediately across the lattice,een as bright and dark bands in
number density plots. Because they form too quickly for magtr to propagate across the

lattice, we allege they are due to the diabatic quench of theopential from a single to
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a double well. A Mathematica notebook of these results for yomodels is given in the

Appendix A.1.
2.8.2 Perturbation theory

A second analytical technique we highlight here is perturld@n theory. This discus-
sion particularly refers to degenerate perturbation thegrand follows an argument in [154],
though the goal of perturbation theory in general is to obtai the eigenvalues,E,, and

eigenstatesjni, of the total Hamiltonian
R =H+V; (2.43)

where Hy is the unperturbed Hamiltonian and¥ is the perturbing Hamiltonian. We ob-
tain the zeroth order solution for eigenenergieEr(lo) and eigenstategn©i for free from the

diagonalization ofH,,
|£]Ojn(0)i = E,(]O)jn(o)i; (2.44)

however, we need a new basis that takes into account the degmaty, and one way of im-
plementing this basis is with an extra indexm = 1;2;:::;d,, whered, is the degree of
degeneracy of then" energy level. For the sake of this derivation we assume therpgba-

tion lifts the degeneracy; so we re-write Equation (2.43) #Wi a small perturbation parameter

H=H8+ ¥; (2.45)
then the unperturbed basis is unique if
inm@j = lim_jnmi: (2.46)
Note that there are multiple ways of obtaining the expressianfor degenerate perturbation
theory, but ultimately we are looking for the energy expansioto second orderE,, =
EQ+ E®+ 2@ +0O( 3) and the states to rst order jnmi = jnm@i+ jnm®@j+ O( 2).
For rst order energies, we can writeV,jnm©@i = v,,jnm©@i whereV, = 1,VI, and |, is

a projector into the degenerate subspace; then, the rst oett energies are the eigenvalues
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of this equation ES = Vam. To obtain the second order terms, one method [154] allows
us to map the zeroth and rst order terms onto the non-degenate case, such thaE ) =
EQ+ vom. Then, Vaomom = MMOjVinm@i, d, is the degree of degeneracy af and we

can write the total energy up to second order,

2 X Ko jVnOmOnmj2

© )
n

- 0
Enm = EP + Vi
n% n mo=1 En0

+ O( %): (2.47)

Translating the indices of the states from the non-degendeacase to the degenerate case
follows the same principle, and rendering the state to the s& order as the the energy

expansion yields the state expansion up to rst order in [154],

jinmi = jnm©@i(1+ O( ?))
X Rno

+ n%n  jnMmOj —X)”%"””go) +0O( ?)
me=1 Eno En (2.48)
N X janO)i X X”OO Vim % 06m 00V 06 06m + ( 3)
mOo=1 n%% n mo%=1 (Vamo Vnm)(Er(]%)o Er(10))
m% m
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CHAPTER 3
PARTIAL SYMMETRY BREAKING AND MACROSCOPIC QUANTUM ESCAPE

This chapter highlights key points of two papers on which | waco-author and details my
part in each. The MQT escape paper was published Physical Review A[6] as an Editor's
Suggestion. The partial symmetry breaking paper is submgt to Physical Review Letters
(PRL) [7] and is under review. | provide a brief summary of therojects and then clarify

my contributions.
3.1 Macroscopic quantum tunneling escape of Bose-Einstein condensates

This project is a combined theoretical and experimental e performed at CSM and
at the University of Toronto, respectively. ThePhysical Review Apaper is a follow-up to a
Physical Review Letterspublication [35]. | acknowledge Xinxin Zhao as rst author asvell
as Diego Alcala for his contributions; in Toronto, co-auth@ Shreyas Potnis, Ramon Ramos,
and Aephraim M. Steinberg carried out the experiments. | alsacknowledge co-authors
Kenji Maeda and Lincoln D. Carr for their role in the work.

In the experiment, a BEC, composed of tens of thousands ¥Rb atoms is trapped in
a single three-dimensional well with two escape pathwaysrthugh a pair of saddle points,
as shown in Figure 3.1. Modeling the dynamics reveals two rews: the rst is a classical
spilling regime, where atoms escape over the saddle pointts@as. The classical spilling is
modeled with a variational dynamical Lagrangian method. Té second quantum tunneling
regime exhibits non-exponential decay and is described mgi modi ed Je reys-Wentzel-
Kramers-Brillouin (JWKB or WKB) [35]. Both regimes are shown inFigure 3.2 with curves
of theoretical models t to the experimental data points. Ou modi ed JWKB method adds
an o set interaction term to the mean eld factor and provides a more accurate description of
dynamics than previous mean eld descriptions. Three-dinmsional Gross-Pitaevskii (GPE)

simulations support a mean eld result when compared with tb experiment. Both the
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experiment and theory demonstrate that interactions betwen atoms modify the potential in
time and contribute to a non-exponential decay in the numbeof trapped atoms. Also, while
the experiment is three-dimensional, the e ective escapeath of the atoms at the weakest
part of the potential, the saddle points, may be mapped onton@ dimension. E ective one-
dimensional simulations in TEBD reveal many body dynamicsdyond that of mean eld,
though we caution that these simulations may overlook e estsuch as chaos present in the
full 3D trapping well. Also in this paper, we recommend exparients in MQT that are yet
to be explored, delineating the many manifestations of MQTral the factors that a ect the
tunneling process.

A large interest of the paper was a review of recent literater especially on macro-
scopic quantum tunneling, which highlighted key literatue and suggested in detail future
research direction in MQT. A majority of my contributions wee in the literature review
of macroscopic quantum tunneling and its many regimes, wihid highlight here. Among
the properties | will focus on in this section are (i) the govaing statistics of the species in
guestion, (ii) the interatomic interaction strength, (iii) the geometry and the symmetry of
the potential, and (iv) the system dimensionality, both loal and global [6].

In order to address statistical properties, we brie y revig the nuanced idea of macro-
scopicity discussed in section 2.1, where the macroscopmoit in general refers to a large
separation of entities in phase space. While the term oftenlielts semiclassical descriptions,
macroscopic phenomena are not universally describable seassically, or an extension of
a semiclassical limit may be the most appropriate. This is # case in a driven bosonic
Josephson junction described by a two-mode model, which cae Imapped to an analo-
gous phase space of a macroscopic superposition of two péumochurotor states [155]. The
macroscopic tunneling then applies when the wavefunctioms the two macroscopic states
overlap. Macroscopic can also refer to large numbers of pakes, many active degrees of free-
dom, or exhibition of aspects of quantum complexity, such asutual information complex

networks [156].
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Additionally, the statisical properties of the tunneling sgecies must be considered when
examining macroscopicity in the context of quantum tunnetig, whether bosonic obeying
Bose-Einstein statistics, fermionic obeying Fermi-Dirastatistics, a mixture thereof, quasi-
particles, or anyonic particles depending on dimension. hact, the species does not strictly
need to consist of particles, as various quasiparticles sugs vortices, skyrmions, or solitons,
magnetization, such as in spin-1 BECs, and molecular statesch as in ammonia and similar
pyramid-shaped molecules all exhibit quantum tunneling B7, 158]. Most if not all of these
are attainable in ultracold quantum gas experiments, whicltan provide immense insights
into the nature of tunneling phenomena across a variety of gfforms. Preliminary studies
in mesoscopic systems have already begun uncovering deweias from single-particle tun-
neling: Tonks-Girardeau gases deviate from exponential @y at short time scales due to
disparities in ground state energy [159], and fermion paig deviates from boson statistics
such as two interacting fermionic super uids coupled by a ved link to create a Fermi-gas
Josephson junction [160, 161]. Itis also conceivable thatagiparticle tunneling prompts new
phenomena. For example, nonequilibrium single electrons Josephson junctions instigate
decoherence and energy decay in qubits and resonators [1623].

Interactions play a major role in governing tunneling dynanes, and the behavior of
larger systems can be predicted with precursors and signats from few-body systems [6].
The well-known Josephson e ects relying on coherent macragsc tunneling of condensates
are typically considered in weakly interacting systems. Haver, tunneling times can be
reduced by multiple orders of magnitude by instead biasing more strongly-repulsive in-
teracting system [164, 165], whereas attractive interacis decrease tunneling rates [77].
This interaction, ranging from strongly repulsive to stromgly attractive, not only a ects the
tunneling rate, it also helps to indicate the appropriate tleoretical method for describing
the tunneling [166, 167]. For instance, weakly interactingosons are often well-described by
mean eld theory, and the semiclassical wavefunction is thedominated by a complex scalar

eld [168, 169]. However, even weakly interacting particlesan induce a time-dependent

a7



e ective potential that requires modi cations to mean- eld theory [6]. What is more, an
increase in interaction strength incites stronger quantunuctuations, correlations, and en-
tanglement, all of which can minimize the e ectiveness of na@- eld theory. For example,
fragmentation { or a macroscopic occupation of multiple mosgs of the SPDM { of a coherent
state arises for strong interactions above a threshold [7Depletion is less stringent, where
the occupation of the dominant mode diminishes due to nonmascopic mode occupation.
Because phase coherence is tied to a single macroscopic maxegation, fragmented and
depleted states are not phase-coherent. Additionally, quamm uctuations alter the MQT
process. The uctuation-induced Josephson-Leggett mode insaiperconducting JJ, for in-
stance, ampli es MQT, whereas quantum dissipation attenuas it [170].

Finally, the trapping potential and its dimension govern tumeling behavior. A 3D po-
tential can be mapped to a 1D or quasi-1D potential, as the teatunneling path will follow
the weakest point(s) of the potential, such as the experimaai potential in Figure 3.1, where
the MQT out of a single well is facilitated by repulsive inteactions [6]. This case exhibits
tunneling escape from a bound or quasi-bound state to an unlbad one; in contrast, the
double well with two bound states, or even tailored lattice ptentials, exhibit their own
contrasting e ects, such as those discussed in chapter 2. ©&common potential, the har-
monic trap, imbues a power law behavior of a BEC during macrospic quantum tunneling
as it approaches its critical point of collapse: this poweaW decay vanishes for anharmonic
traps [171]. 2D and 3D potentials also have the possibilityf @haotic dynamics which can

lead to intermittent tunneling uctuations or even chaos-a&sisted oscillations [172, 173].
3.2 Partial symmetry breaking

The focus of this second project is on nonequilibrium dynags of ultracold bosons in
an optical lattice ring trap. Xinxin Zhao is given rst-author credit for the work on this
paper; | also acknowledge co-authors J. Vijande, A. Ferrandojricoln D. Carr, and M.A.

Garcia-March.
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Figure 3.1: Macroscopic quantum tunneling escape trapping potentiallThree dimensional
experimental potential with a barrier or peak height of 190K. The purple ellipse represents
a trapped BEC in the local minimum of the potential as it escaps, displayed as purple
arrows, at the weakest points, or saddle points. The experental distance from a saddle
point to the trap minimum is xo = 18(1) m. Reproduced with permission from [6].
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Figure 3.2: Regions of macroscopic quantum tunneling escap&he red circles depict the
mean number of trapped bosons in time with 1 error bars. The theoretical model is the
solid blue curve, an exponential t through the tunneling deninated regime is the dash dot
black line, and experimental background loss is the dashethb line. The tunneling decay
curve is sub-divided into three regions: the initial trangnt classical spilling fromt = 0
to the rst vertical dashed line, (A) \the mean eld assisted quantum tunneling with non-
exponential decay", and (B) \the background loss dominatedegion". The green envelope
indicates uncertainty in tting parameters from modi ed JWKB . The yellow envelope indi-
cates combined uncertainty due to experimental noise and parameters error. Reproduced
with permission from [6].
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Rather than spontaneous symmetry breaking, such as that @ent in the Kibble-Zurek
mechanism, we explicitly break the symmetry of the system. d&kent experiments exploring
Anderson localization, for example, have taken a biperiodmptical lattice and quenched to
a uniform lattice, resulting in the \ rst experimental demonstration of many-body localiza-
tion [174, 175]" [7]. Our simulations perform the oppositeye begin with a uniform optical
lattice ring trap and quench to a biperiodic one, \thereby pdially breaking the discrete
rotational symmetry" [7].

The partial-symmetry breaking Hamiltonian posits this addiional symmetry onto the

usual Bose-Hubbard model,

% = %% A D) @) + ) (3.1)
i=1 hij i

\where U determines the on-site two-particle interactionfi;j i denotes summation over the
nearest neighborsﬁ(v (B) is the creation (annihilation) operator for bosons at sité satisfying
B:81= 4;n BB is the number operator; and';  Sign(i;)(Je  Jo)=(Je + Jo), with
j"i ]2 [0;1]. The function Sign(i j) 1 where the plus (minus) sign is taken for site even
(odd). The hopping energyJe (Jo) encapsulates the biperiodic lattice through the usual
overlap integral [59]. We scale our study to the average hopg energyd (Je+ Jo)=2 SO
that energies are in units ofl and times in units of~=J. Finally, we further de ne symmetry
breaking strength” = j"; j. As we will show, there exists a critical' . determining the vortex
dynamics on the ring" [7].

Then, examination of the excitation spectrum yields an engy gap in low-lying excited
states; this is the symmetry gap, and we demonstrate its mdastation in a multitude of
system sizes, though for simplicity we focus on evdn. We demonstrate that there is
a critical value of the symmetry breaking strength at which he system transitions away
from remembering its initial quantum state. Thissymmetry gaptrends with the symmetry

memory, and thus we demonstrate a novel form of symmetry-based ¢cal dynamics that

opens the door for further exploration in quantum simulatcs.
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Rotational eigenstates of the periodic lattice obey the edgvalue equationCjm,i =
€2™mn="jm,i, wherem, is the rotational quantum number, or winding number, assoated
with the n-fold symmetry of the ring. The partial symmetry breaking Hanitonian is sym-
metric under time reversal, so thgm,i corresponding to m, are degenerate, which is shown
in Figure 3.6. The energy thus relies only oym,j [7].

For the dynamics of theL = 6 case, the initial statet < 0 hasn =6, " =0 and mg = +1,
which corresponds to a vortex winding number +1. The quencltoft 0 then proceeds
with n=3 and " 6 0.

We de ne the symmetry gap by

s — jE(m3:+1 mg= 2) E(m3:+1 ‘mg=+1) B (3.2)

\which is the energy di erence between the nearest compalid pair of mg states” [7], a
de nition that is independent of particle number or interadion strength. mg = +1 in the
symmetry gap, for example, would be the lower of the excitechergy states.

Furthermore, we de ne asymmetry memory|[7]
R
Ms 1, dtmg(t) (3.3)

that captures time-dependent critical or cusp-like behawr where microscopic and macro-
scopic measures delity and current, respectively, fail talo so. The result is shown in Fig-
ure 3.3.

| now clarify my contribution to this project. First, | present exact-diagonalization forN
bosons andL lattice sites to solve the partial symmetry breaking Hamiltaian for periodic
boundary conditions. The Python script is included in Appentk A.2. These calculations
diagonalize the Hamiltonian for a number-conserving Bose-Hibiard model for systems from
2 to 6 particles and 2 to 6 sites for both even and odd systemesz Figure 3.4 demonstrates
the eigen-energies for a system of 3 bosons on 3 sites &hd= 0:001; 3; 30, where the
symmetry has not yet been broken such thaf, = J, = 1. The eigenstates manifest as

clusters where several states are nearly degenerate andregpond to a gapped excitation
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Figure 3.3: Microscopic, macroscopic, and symmetry-based dynamical quantum measures.
The (a & b) delity and (c & d) current are void of critical phenomena. For interaction
strengths U=J = 0:00%; 3; 30 for black, blue, and red curves, respectively, the left ltonn
depicts dynamics. The right column portrays a time averagef A00 circuits around the ring

as a function of symmetry breaking strength. (e) The rotatinal quantum number mg(t)
provides a symmetry-based measurement, and (f) the symmetnyemory evidently portrays
critical behavior via a cusp in the time-average of the rotéawnal symmetry operatorCg, see
Equation (3.3). Reproduced with permission from [7].
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spectrum; the rst gap of which, from the ground state to the dwest energy cluster, is the

Mott gap [86].
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Figure 3.4: Eigen-energies show gapping in spectralith 3 bosons in a 3-site ring trap,
U = 0:00% 3;30 from left to right and the stronger interactions induce sbnger energy
clustering and a larger Mott gap.

We choose exact diagonalization for this paper because th&anglement grows quickly
with the quench dynamics, making it ill-suited for matrix product states, for example. While
computational tricks are not needed for such small system&d N = 3, L = 3, scaling up to
larger Hilbert spaces requires analyzing the structure of ghtHamiltonian and establishing the
best method for information storage. For example, those sha in Figure 3.5 are stored as

sparse arrays, or arrays where it is computationally cheap® store only nonzero values and
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their locations than to store all the information together. This computational advantage can
change drastically depending on how the information needs be accessed or post-processed
together with the dimension, which depends on system size.

The honeycomb case with a 6-site ring trap is of particular terest, e.g. because of its
correspondence \to breaking the A-B sublattice geometry inrgphene, creating a gap at the
Dirac point" [7]. We consider the theL =6 case forN = 6;5;4; 3; larger system sizes scale
exponentially in computation time and for simplicity are na discussed here. Thé. = 6 and
N = 6 energy spectrum shown in Figure 3.6 corresponds to the rsgure in the paper,
produced by both Xinxin and myself, and it showcases the forrtian of the symmetry gap
in the eigenenergy splitting of the rst energy cluster for atrongly-interacting ring trap [7].

As another signi cant contribution to the project, | perform second order degenerate
perturbation theory together with Xinxin's calculation to corroborate the results from the
paper shown in Figure 3.7 in the strong interaction limit. Theresults convey that the
symmetry gap, s=J, trends with the critical symmetry memory ", and the perturbation
theory con rms this. Considering the degeneracy of the eigstates, the calculations extend
to second order in the energy as depicted in Equation (2.47)Ve calculate the symmetry

gap and rescale taJ, so to second order iRd=U,
" a(N)u=aJ + b(N) + c(N)J=U: (3.4)

For the zeroth order term, we nd that a(N) = 0 in all cases, because the two states of
are in the same energy cluster, translating to the same degeate sub-space. The rst order
term breaks this degeneracy for odtll such thatb(N) =10;1;0;2 for N = 2 through 5. The
second order term dominates the symmetry gap for evédh such thatc(N) =8=3; 2;8=3;0
for N =2 through 5.
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follows the trend with the symmetry gap s=J { on the right axis and black curves { calcu-
lated from the spectrumU=] when interaction strength is large. Displayed are (aN = 2,
(b)) N =3, (c) N =4, and (d) N =5 particles on 6 lattice sites. Perturbation theory is
shown with blue dashed curves and corroborates the two type$ asymptotic behavior for
either even or oddN. Convergence error is shown in green and was calculated byadtu-
pling the simulation time and increasing the resolution of.. Reproduced with permission

from [7].
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CHAPTER 4
FOR HIGH-PRECISION BOSONIC JOSEPHSON JUNCTIONS, MANY-BODY
EFFECTS MATTER

A paper submitted to Quantum Science and Technology

Marie A. McLain, Diego A. Alcala, and Lincoln D. Carr
4.1 Abstract

Typical treatments of superconducting or super uid Josephsojunctions rely on mean-
eld or two-mode models; we explore many-body dynamics of asolated, ultracold, Bose-gas
long Josephson junction using time-evolving block decimati simulations. We demonstrate
that with increasing repulsive interaction strength, lochzed dynamics emerge that in uence
macroscopic condensate behavior and can lead to formatiohsolitons that directly oppose
the symmetry of the junction. Initial state population and phase yield insight into dynamic
tunneling regimes of a quasi one-dimensional double welltpnotial, from Josephson oscil-
lations to macroscopic self-trapping. Population imbalaze simulations reveal substantial
deviation of many-body dynamics from mean- eld Gross-Pigvskii predictions, particularly
as the barrier height and interaction strength increase. Iaddition, the sudden approxi-
mation supports localized particle-hole formation after aliabatic quench, and correlation

measures unveil a new dynamic regime: the Fock ashlight.
4.2 Introduction

Ground states of linear systems comply with the symmetry oheir underlying con ning
potential. For example, in a one-dimensional double wellhé ground state is symmetric
about the barrier and the orthogonal state is antisymmetric Spontaneous symmetry break-
ing in such a potential means that tuning a control parametebeyond a critical value leaves

the system with two concurrent ground states that no longeranform to the symmetry of the
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double well: each ground state is asymmetric. In an isolateddsephson junction such as that
realized in Bose-Einstein condensates (BECs), spontansosymmetry breaking can be ob-
served as &, quantum phase transition (QPT) from Josephson oscillation® a macroscopic
self-trapping phase [33, 176]. The e ect is observed in maphysical systems, particularly
nonlinear optics [177, 178] and BECs [122, 176] where recemperimental progress has
accelerated [179{181]. For example, this symmetry brealjno ers coexistent states that
can be used in quantum memory applications such as quantump-4ops [178, 182]. In
superconducting systems, the Coulomb blockade e ect ocsuwhen the critical parameter
exceeds that of the external current bias and holds excitingrospects for use as a noise |-
ter [183{186]. Superconducting Josephson junctions can bengpared for example to driven
bosonic Josephson junctions, where the population imbalanbdetween the left and right
wells diers as a result of this external bias [187]; in this @per we investigate instead an
isolated bosonic Josephson junction. In order for full chacterization of such devices, the
many-body in uences in dynamic regimes must rst be understod, and BECs provide a
promising architecture to do so as precise quantum simulai

BECs pose a highly-controllable mechanism for probing theany-body e ects that be-
come crucial in high-precision applications: interactican be swept over seven orders of
magnitude with Feshbach resonance manipulation of scatteg length [46, 47]. The ad-
vancement of experimental technique in radio frequency magtic traps [48] together with
improvements in optical traps [49] enable enhanced controf experiments and provide sys-
tems devoid of defects, which is critical for highly preciseharacterization of dynamics. In
addition, Bose-Einstein condensates in optical latticesdilitate the measuring and manipu-
lating of many body quantum states [50{52] that remain intratable in many other experi-
mental platforms. Therefore, BECs such as those formed B{Rb are an ideal backdrop for
investigating the dynamics of a long bosonic Josephson jurart, or a double well with spatial
extent. The spatial extent of the double well is experimently imposed in a 1D waveguide

with an optical lattice, where the transverse degrees of #dom have been suppressed [188].
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This underlying lattice enables precise study of the manyealy interactions. We represent

the discrete nature of the lattice by the Bose-Hubbard Hamiltoian (BHH),

X X X
o= 37 @B B+ 200 n D+ ving; (4.1)
Hij i

i i
where J is the bosonic tunneling strength,U is the interaction strength, BY and i are
bosonic creation and destruction operators, respectivelgatisfying bosonic commutation
relations, ry is the bosonic number operatorhi;j i indicates nearest neighbors, and the
indicesi;j f1;::;Lg run over the 1D lattice of lengthL. V; is the height of the external
double well potential. While experimental double wells maydimplemented with smoother
potentials, by describing the barrier with a single paramet, the barrier height, we minimize
the size of the parameter space and thus increase numericalency. It is important to note
that the shape of the potential may in uence the dynamics [18, and in our case the barrier
is square and thin compared to the length of the junction, wbh relates to e.g. the weak link
in superconducting Josephson junctions [32]. This BHH modal applicable when the lattice
sites are su ciently deep to allow for tight binding and sinde band approximations [54].
For unit lling with xed particle number, the optical latti ce introduces a second quan-
tum phase transition (QPT) to the Josephson junction in additon to the well-known Z,
transition, a continuous U(1) transition from a Mott insulator to a super uid [88, 89]. In
the BHH for V, =0, L!1 , N !1 |, N=L =1, where N is the number of atoms, the
crossover from the super uid phase to the Mott insulating phase occurs at al=Ugitica
0:305 in one dimension [104], while the mean- eld approximain underestimates this at
J=Ugitca  0:086 [189]. Super uid behavior manifests for weakly-inteciing systems such
that J=U > J=Ugiica ; IN contrast, the Mott-insulating regime requires strongl-interacting
bosons such thatl=U < J=Uiica - When the lattice is in nitely deep, or J = 0, the result
is a perfect Fock state; in Fock space notation this state isritten j 111::1i for unit Il-
ing, i.e., the number of particles is approximately commeunsate with the number of lattice

sites. In this paper we focus on 1D optical lattices, which &nslates to experiment e.g. via
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\cigar"-shaped waveguides, where the atoms are containad ene-dimensional potentials by
transverse optical con nement [188].

While it is convenient for our research to observe bosons in a¢k or number basis, often it
is more appropriate to use a di erent framework or basis, faxample in cases of macroscopic
phase coherence and Josephson-like dynamics, the phasestasiften represented as a phase
di erence between the two wells of a double well potential. fie dictionary in Table 4.1 gives
a avor of common models of Josephson junctions and their rélan to one another. The
rst Hamiltonian is the Bose-Hubbard model; it di ers from the other Hamiltonians in that
it is presented as a discretization scheme, where tunnelisgength J and atomic interaction
strength U are local and are de ned by integrals over lowest-band Wangn functions centered
on periodic lattice sites,wp(%); alternately, as in our present study, we may take the latte
as an explicitly imposed potential. The second Hamiltoniarthe two-mode model presented
in Table 4.1(2) is the same as the Bose-Hubbard Hamiltonian, bwith only two lattice sites,
one for each well. The general phase and number eld operasoare conjugate variables,
such that [T N'] = i, and the raising and lowering operators to obtain Table 4.3} and
(4) are " and e ", respectively. In the general double well problem, meande theory
provides a description of the relative dynamics under ceita assumptions: the coherence
must be large and relative phase well-de ned. This mean- dlapproximation is generally
very good in regimes where interactions are weak, such as thger uid or superconducting
regimes [34, 127, 183, 186].

The tunneling dynamics are underlaid by the interplay of thewo QPTs, Z, and U(1).
This reduces to tuning of the barrier height for the spontar@us symmetry breaking transi-
tion and tuning of the interaction strength for the super uid-Mott transition. The ultimate
goal then is to characterize the dynamic tunneling regimesat result, from Josephson oscil-
lations to self-trapping. Some of these regimes have prewsty been identi ed in literature
for weakly-interacting systems [33, 34, 120, 122, 176]. Irsimgle-particle limit, the Rabi fre-

guency is dependent ofEpwr , the Josephson tunneling energy,r /' 2Epwt =L~, where the



Table 4.1: Translation dictionary of Josephson junction naming conventiong1) The Bose-
Hubbard Hamiltonian used to describe Fock space number opeves on an optical lattice
used as a discretization scheme. (2) The Lipkin-Meshkov4G{ model is a two-mode model,
which as a distinction from the BHH does not capture many-bode ects in a long BJJ; it
refers to two macroscopic Wannier functions in a Fock basiwhere the tunneling parameter
is the Josephson or double well tunneling enerdypwr , and the the inter-atomic charging
energy, E¢, is between particles in the same well. (3) The many-body eglve number,
relative phase formulation in a phase basis allows for numbeictuations. (4) The mean-
eld limit of (3), when the number of particles becomes larges a semiclassical description
void of number uctuations. (5) The Hamiltonian for an unbiased Josephson junction in
a superconducting circuit or an atomic gas with an applied ctent takes an analogous
form as (4), where the change in representation here is theatging energy, ¥2C], which
is the capacitance between Cooper pairs on opposing sideghaf junction. Finally, (6) a
phase qubit Hamiltonian includes the same tunneling and intaction terms as the mean- eld
Josephson junction, with the bene t of an added current biaserm that tunes the tilt of the
potential in the phase basis.

Double Well Hamiltonian Tunneling Interaction Parameter
Convention Parameter
(1) Bose Hubbard o Ae = J=  dxw(x  U=g dxjwox) ]’
as Discretization J p(ﬁyﬁﬂ + %)( %rﬁ +
h:c:) + %U iﬁi(ﬁi Vit (%)) Wo(%  %i+1)
1) + iVini
(2) Lipkin- Hive = NE pwr Ec
Meshkov-Glick Epwr (B B: +
BB+ IEc(hL(he
1) + hr(hr 1))
(3) Relative P |qn/\ = EpwT Ec
Number/Phase g " N(N +2) 4m2icos™+
1IEcn(h 1)
(4) Semiclassical p Hiso = Epwr Ec
Rel. Number/Phase Eowr 1 n2cos +
Ecp2
2
(5) Unbiased Su- B,y = . o=2 o
perconducting JJ e ocos™+ L@
(6) Superconduct-  Hpo = g2 cos” + le 0=2 .
ing Phase Qubit % 2 lm;Lo"
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frequency decreases with increasing system size ants the number of lattice sites [85, 121].

The mean- eld equations of motion, from [123], are similarat Josephson's equations; the
mayjor di erence stems from the assumption in Josephson's egjions that the time derivative
of population density is identically the same in the two wedl [123, 124]. Relinquishing this
restriction elicits the equations of motion:

nYt) = p(1 n(t)2)sin (t)

)= E + Ecn(t) + chos (t): (4.2)
1 n(t)?

The true Rabi or sinusoidal regime occurs when the chargingexgy is zeroE¢ = 0, since the
charging energy term in the mean- eld Hamiltonian (unbiasedJ (4 and 5) in the Table 4.1)
provides a nonlinear e ect that takes us out of the Rabi and o the Josephson regime [33,
123]. Josephson oscillations have a frequency proportional ! ; = P ﬁb, where
E¢ is an inter-atomic charging energy between bosonic atoms. mean- eld measure often
used to characterize Josephson dynamics is the relative gal® number between the two
wells, or the population imbalance, 1. (t) ngr(t))=Nwt, a variable that is close to zero in
superconducting circuits due to a dominating external cuent [113]. The initial population
imbalance,ng, and relative overall phase between the two wells,, provide information to
predict the dynamic tunneling regime. Whemy exceeds a critical threshold, the particles
will be self-trapped on one side of the junction, thus breakg the ground state symmetry in a
Z, transition. This out-of-equilibrium phenomenon renormates the energy to a metastable
tunneling-suppressed Fock regime [85].

To characterize these dynamic regimes in relation to the sapuid-Mott phase transition,
we annotate the relevant parameter space. First, we have théHdBl describing the underlying
optical lattice, with parameters J=U, where J is the local bosonic tunneling or hopping
strength between lattice sites andJ is the local bosonic interaction strength between atoms
on the same lattice site. Next, we have a two-mode model witbpwt the tunneling between
wells, or Josephson energy, aril: the interaction between atoms in the same well, a modi ed

charging energy.Epwt =Ec parameters together represent the ratio of tunneling betwea the
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two wells and interaction within each well.Epwt =E¢ reduces to a function of , the e ective
energy ratio for the two wells (see Equations (4.3), (4.4)4(5) below), when the width of the
barrier is held constant. The nature of the two scales of therpblem, in addition to system
size, leads to multiscale behavior.

To initialize a state for the dynamics, we run imaginary timepropagation to obtain a
ground state of a single well potential as shown in Figure 4d), The nite potential on the
right in this instance is at the same height as the double wdtlarrier. Then, we diabatically
guench to a symmetric bosonic Josephson junction by lowerittge right side potential before
propagating in real time, as portrayed in Figure 4.1{). This protocol is performed both
in time-evolving block decimation (TEBD) and in solving the Gross-Pitaevskii equation
(GPE) as a mean- eld approximation for symmetric double wéd with a single lattice site
as the barrier and with open boundary conditions. The systermsizes range from four sites
for analytical sudden approximation calculations to 55 sits for g® number uctuations

calculated with TEBD.

() (b)

o -

J

\ A A AIYA AN
VVVVVVY

Optical lattice

Figure 4.1: Initial bound state and time propagation.(a) We run imaginary time propagation
in the potential (solid black curve) to obtain a ground statewavefunction (blurred purple
curve) of the left well, (b) then lower the right well and propagate in real time. The ogtal
lattice is superimposed on the Josephson junction as a didization scheme.

This paper is outlined as follows. Results are presented trén terms of static initial

states in section 4.3.1. We propose a method for charactémg the dynamic regimes based
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on the initial state number and phase from both a mean- eld atha many-body perspective,
and we demonstrate that the mean- eld representation failso recognize the self-trapping
transition above a weak-interaction threshold. For strong-interacting bosons, the diabatic
guench instigates particle-hole creation and low-lying pction modes; the result is corrob-
orated by sudden approximation calculations. In section 3.2, we nd the particle-hole
pairs, which are number-squeezed, are exceptionally stabbver long time scales and are
particularly pronounced in the Josephson regime. When the ilig factor is slightly above
or below one, we observe what appear to be emergent solitomsolitary waves { they form
as pairs on either side of the barrier and propagate in parallwithout dispersing and with
a speed less than the sound speed { a striking contrast to thgnsmetry of the underlying
potential. Furthermore, we compare the dynamical similaties of TEBD and the GPE for
weakly-interacting particles, along with the failure of te GPE to capture theZ, transition
for strongly-interacting bosons. Section 4.3.3 focuses oorrelation measures, which are eas-
ily calculated from matrix product states and illuminate the many-body physics especially
as interaction strengths increase. For example, the depilet of the condensate as a func-
tion of barrier height becomes quantized in the Mott regime uk to the Mott gap, whereas
in the super uid regime the BEC is universally strong excepnhear the symmetry-breaking
critical point. We also present the time-dependence of thg® measure, or number uctu-
ations, through snapshots that can be directly compared wWitexperimental results. Then,
in the materials and methods of section 4.4, we present moretdil on our open-source
time-evolving block decimation simulations and segue to ep-source matrix product state
(OSMPS) software. We also describe our protocol for numeaity solving the GPE and
our analytical sudden approximation calculations, as welis how to access our open data
repository. In the nal section 4.8, we conclude with a briesummary of our results, apply

our ndings in a broader context, and suggest future resedrdirection.
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4.3 Results and Discussion

4.3.1 |Initial state in uence on dynamics

While typical treatments of the dynamics of quantum phase tnasitions focus on a quench
of the parameter space using ground states, the goal of thisomk is to characterize the
dynamical parameter space associated with macroscopic qtian tunneling. Using the
initial states, we can make many predictions about the dynaits, though behavior such as
soliton creation or number uctuation propagation do not fdlow from from initial states
alone.

We devise a method that maps out dynamical regimes, both from many-body and a
mean- eld perspective, based on initial state number and @ise information. To quantify
the competing energy terms, we de ne a mean- eld and many-byg version of a critical
parameter, which is a ratio of tunneling and interaction engies, to distinguish between
Josephson and self-trapping or Fock regimes. When the energyio exceeds one, > 1, the
system exhibits spontaneous symmetry breaking and the pafes remain con ned on one
side of the potential. The mean- eld version is based on an ergy ratio suggested in [124].
For initial population imbalance ny and initial relative phase ,, we de ne the mean- eld
(MF) energy ratio from Hamiltonian (4) of Table 4.1,

__
"2+ 1 n2cos o)

where the initial state has a well-de ned relative number ath phase.

(4.3)

MF

From Hamiltonian (1) in Table 4.1, we calculate a many-body (M) version of Equa-
tion (4.3), where we have not yet subtracted to obtain the rakive phase and number infor-

mation,
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©

wheren j ©

h A (t =0)i is the initial number on sitej and ;,” is the initial phase between
nearest neighbor siteg and k. The superscript© is a label indicating an initial value. The
denominator of Equation (4.4) is calculated from the singlparticle density matrix (SPDM),

K = tﬁvﬂi = Ajx exp(i jx) between nearest neighbor siteg and k, which comprises the
tunneling term of the BHH (see Table 4.1) without the tunnelig constantJ. The phase
is calculated as follows. We take the eigenvectef) associated with the largest eigenvalue

1 of the SPDM, where the vector indicates distribution over laices sites of the formvj(l),

] 2 f1;:::;Lg. This eigenvector is the closest approximation to the meaeid in the
Landau de nition of the super uid order parameter, discreized on the lattice asv(l) =
_ b

j = " njexpi j. The phase is thus taken as the phase of the dominant eigenmaafethe

SPDM, and the relative phase is calculated as the di erenceebween the average phase in

P P

the left and right wells, = Lietel j 2lefwell Lrlglhtwell j2righwenl | WIth Lieiwen the

number of sites in the left well, and likewise for the right wie Alternately one can calculate
a particular phase di erence, e.g. between the sites in theft and right wells closest to
the barrier, respectively. The cosine representation of ¢htunneling term is a reminder of
the analogies presented in Table 4.1. Then, the numerator Bfjuation (4.4) comprises the
interaction term of the BHH without the constant U. Next, we de ne the initial SPDM as
j(E) h ﬁV(O)ﬁ((O)i. This leads to a many-body ratio analogous to the mean- eldatio of
Equation (4.3), where we calculate the di erence of the intaction terms (tunneling terms)

of the BHH between the two wells in the numerator (denominatgrof Equation (4.5). We

express vg as these many-body di erences between the two wells,

P P
B Jb|-120 (O)(n(o) 1) JL s ](0)(n(0) 1)
MB =
Poz2c ), © Py ©, O (4.5)
4 I‘]klcl( ) hiki=bi=2c( jk T )

where J(E) is a complex element of the single particle density matrix fdattice sitesj and k

i - i ; ; P bL=2c P bL=2c
attime t =0 and L is the total number of lattice sites. The sums /2, and ,{_, are

P L P L ;
sums over the left well, and -, and ;4 ;-1 =5 are sums over the right well.
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The energy ratio is one way of characterizing distinct dynamical regimes. EnJosephson
regime manifests in low-barrier cases, meaning the pargsltunnel or oscillate back and forth
between wells in a macroscopic manner. These are Rabi oatitins when approaches 0
. Above the single particle limit, for < 1, Josephson or plasma oscillations emerge. The
critical point = 1 marks the phase transition; the high-barrier limit, or > 1, leads to
macroscopic self-trapping of the condensate on one side bé twell. The isolation of the
junction, unlike that of superconducting circuits with exernal biases, allows for a more
tenable parameter space to observe self-trapping [176]. éhatio as a function of interaction
strength or lattice depth U=J and barrier heightV, is represented in Figure 4.2 for a double
well with 15 total sites and 7 total particles. The resolutia in U=J is 1, with J =1 and U
from O to 15. The resolution inVy is 0.5. For smallU=J, both g and yr experience the
Z, critical region about 'V, = 1. For large interactions U=J, yr in Figure 4.2() does not
reach the critical point and the mean- eld measure thus fasl to recognize the spontaneous
symmetry breaking.

In Figure 4.3, the initial states immediately post-quench diplay a larger population im-
balanceng toward the left well as the barrier heightV, is increased. For weak interactions
in Figure 4.3@), the functions are smooth in portrayal of their condensedral super uid
nature. On the other hand, strong interactions instigate pdicle-hole pair formation as low-
lying excited states of a Mott insulator, such as foly = 0:1;1 in Figure 4.3p), an e ect
which is not seen in mean- eld simulations. The interactiorof the particle-hole pairs with
the condensate are a probable source of damping of the plasosillations in a closed sys-
tem, as [34] suggests, the interaction of the condensate fwé non-condensed fragment is a
source of phase decoherence { an in uence which may need edesation for high-precision
applications such as superconducting quantum interferemaevices or BEC quantum simu-
lators. For higher barriers such ad/, = 3 in Figure 4.3(b), we nd lowly-excited modes of
the junction, with increasing excitations for higher barrers. In the dynamics, these modes

are largely masked by stronger energy scales, but they arg@esially visible on the cusp of
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Figure 4.2: Dynamic regimes predicted by initial statesUsing the ratio of the interaction to
the tunneling energy, we can predict dynamics using inforrtian from static initial states.

For a system of 15 lattice sites and 7 total particles,a) the mean- eld energy ratio depicts
the Josephson regime in blue, the Fock regime in red for weakdractions, and the orange

region does not reach the critical point

= 1. the mean- eld ratio fails to predict the

symmetry-breaking phase transition for stronger intera@ns. In contrast, the many-body
energy ratio (0) demonstrates a decisive Fock region in red whergg = 1 for all interaction

strengths.
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the transition to self-trapping, where the barrier is not yé high enough to completely trap
the bosons in the left well, but the nonlinear disturbancesdm macroscopic tunneling are
suppressed. The strongly-interacting Fock regime is reaah for larger barrier heights than

for the weakly-interacting regime due to repulsive interdmons between atoms in the left well.
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Figure 4.3: Initial bound states through the Mott-super uid critical point. State initialization
traps the bosons largely in the left well for an optical latice with 15 sites and 7 total
particles. (a) Beyond the Mott-super uid critical point, interactions are weak, U = 2,
J =1, and smooth super uid behavior aligns more closely with man- eld theory. (b) In
the Mott regime, interactions are strongU = 15, J = 1, and low-lying excited modes inject
deviations from mean- eld theory that provide signi cant in uence even with uctuations
as small as 0:05 particles.

4.3.2 Dynamic regimes and Fock measures

The three dynamic regimes previously identi ed in isolatedosonic Josephson junctions
are Rabi, Josephson, and Fock regimes [33]. For weakly-irgeting systems, wher&J is small,
these regimes are well-characterized with mean- eld theprin order to see the e ects of a
Mott insulator on the dynamics, we must have a number of parties that is approximately
commensurate with the number of sites, though the presencé tbhe barrier in uences the
Mott behavior [190]. Due to the nature of our state initialiation, choosing a number of

particles that is about half the number of sites gives a llig factor close to one for the single-
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well initial potential. This unit lling becomes more important as we increase interaction
strength. For example, in Figure 4.3, there are a total of 15tes with a 1-site barrier, and
7 bosons in one well enables close to unit lling for larger b@ers.

Fock states or local particle numbers are one type of convent measure of ultracold
atom experiments. For realistic comparison with experiménwe characterize local particle
densities as a function of time. Figure 4.4 epitomizes the leme dynamics of a system
with 55 lattice sites, 27 sites in each well, and 27 total padies, through the Z, phase
transition from Josephson in Figure 4.4) to Fock in Figure 4.4(d). The units are scaled
by the tunneling parameter, whereJ = 1, the units of time are ~=J, and typical lattice
separation in experiments is 1=2 micron, with the units chosen such that the lattice
constant x =1[104, 110]. In this case, the interaction parametdd = 0:3 is small and the
barrier height is increasing from &) Vo = 0:2, (b) Vo =0:4, (c) Vo =0:6, (d) Vo = 2, where
the critical initial population imbalance is exceeded ind) and (d) and the condensate is
self-trapped as determined by { both mean- eld and many-body versions.

Next, we look at the transition from Josephson to Fock regimeshen interactions are
strong. In Figure 4.5@), Mott behavior is dominant, and particle-hole pairs formm response
to the rapid quench of the potential. These quasiparticlesofm faster than matter could
possibly propagate from the left to the right well, indicathg the sudden approximation may
explain the phenomenon, as excited modes of the Mott insutatare visible in the Josephson
regime.

Furthermore, the Josephson oscillations, likely a super difragment or skin [190], slosh
over the top of the insulating quasiparticles and the interetion of the two fragments leads
to a damping of the Josephson tunneling in Figure 4.5. As demonrated with the energy
ratio , the Josephson regime extends farther into the barrier heigharameter space when
interactions are strong,U=J > 3. This extension of the parameter space is a mean- eld

e ect, seen in both g and yr diagrams of Figure 4.2.
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Figure 4.4: Weakly-interacting spontaneous symmetry breaking transitiomunneling dynam-
ics range from @) the Josephson regime tod) the Fock self-trapping regime for a system of
55 sites and 27 atomd) = 0:3 andJ = 1. The barrier height increases fromg) \, = 0:2 to
(d) Vo = 2. In the critical regions, (b) Vo = 0:4 the dynamics are Josephson-like with inter-
ference patterns due to the interferometer nature of the déle well. The di raction fringes
become more pronounced in the right well as the barrier heigincreases to €) Vo = 0:6 and
becomes self-trapped ind).
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Figure 4.5: Strongly-interacting spontaneous symmetry breaking transitiorzor low barriers
such as &) V, = 0:5, particle-holes emerge across the entire lattice. Throaghe critical
region of @) Vp = 1, the damping is large and phase coherence rapidly decay$iKely due
to interaction of the quasiparticles with the condensate. &t beyond the critical point into
the Fock regime forVy = 3 (c), the nonlinear waves that would otherwise dominate the
dynamics are suppressed, making way for more timid modes bktdouble well, a result of
the diabatic quench: these modes are sustained for unexpay long time scales. Finally,
the bosons are self-trappedd( for a larger barrier, V, = 5.
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To further characterize the dynamics regimes, we consult éhenergy ratios suggested in
Equations (4.3) and (4.5), which call for initial phase and mmber conditions. For simplicity,
the initial relative phase is zero, leaving the initial relatve number to determine the dynamic
regime with this method. First we replicate research in [33,24] supporting Josephson and
Fock regimes for weakly-interacting’Rb bosons from a mean- eld perspective. Figure 4 &)
reveals the qualitative agreement of mean- eld GPE simulains and many-body TEBD for
dynamics of the population imbalance or relative number fod = 1 and U = 0:3. The
system consists of 27 total lattice sites, 13 sites in eachlivand 14 particles, which enables
approximate commensurate lling for one of the wells plus th barrier. For Vp = 0:2, both
mean- eld and many-body simulations are in the Josephson riege as determined by yg
and ye. A quick method for diagnosing the dynamical regime is to ptuthe critical ratio

= 1, and relative phase, o 0, into Equations (4.5) and (4.3) and solve for the critical
population imbalanceng. In this instance, the initial population imbalancen, 0.5 is less
than the critical value and thus it is in the Josephson regimeThis conclusion supports the
dynamical results: Josephson oscillations occur about theaxis, so the average value of the
function should be close to zero. This is akin to an averagecd.component of zero, meaning
the particles are tunneling and moving freely across the bar region.

Additionally, for Vo = 1;2; and 5, the initial population imbalanceny = 1 is greater than
the critical value, in this case, for both many-body and meareld simulations, suggesting
that these systems are in the Fock regime. The next clue thatapticles are self-trapping
behind the barrier, no longer able to freely tunnel, is the d. component of the relative
number, as well as the smaller magnitude of the a.c. compohei\s pointed out in [124],
there are sub-regimes within the macroscopic-self trapginregion. The farther into the
symmetry-breaking regime, the smaller the amplitude of thescillations within the left well.
Closer to theZ, phase transition, the oscillations will resemble criticaflamping; the curves
for Vo = 1 (solid) demonstrate under-damping close to the criticadamping region. Not

coincidentally, Vo 1 is where we nd theZ, critical region for small U=J in the energy
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ratio diagrams of Figure 4.2.

We apply the same approach to Figure 4.6( using energy ratios. Both yg and e pre-
dict Josephson dynamics fok, = 0:2; 1; and 5, as evidenced by the small initial population
imbalances for TEBD (solid) and GPE (dashed) simulations. e TEBD solid red curve
depicts macroscopic self-trapping foky = 5, which agrees with yg in Figure 4.2(b) for
strong interactions. However, the GPE dashed red curve at theame barrier height falsely
depicts Josephson oscillations with larger magnitudes { agelt that corroborates yr < 1
for all barrier heights in Figure 4.2@), meaning there is no symmetry breaking transition.
The disparity of MF from MB theory is not surprising, as oftenMF theories break down for

strongly-interacting systems.
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Figure 4.6: Weak interaction similarities and strong interaction disparities: Time-evolving
block decimation and the Gross-Pitaevskii equatiorzor a system of 27 lattice sites and 14
particles, GPE (dashed curves) and TEBD (solid curves) sinhations show @) agreement of
dynamical regimes for weak interactions ando) a GPE failure to predict self-trapping for
strong interactions. @) Larger barrier heightsVy = 1;2; and 5 are self-trapped ford = 1
and U = 0:3, and the low barrierVy = 0:2 is in the Josephson regime.b( For J =1 and
U = 30, TEBD results (solid) predict self-trapping for a barrer height of V; = 5 whereas
GPE results (dashed) predict Josephson oscillations for ddarrier heights.

The nal gure of our Fock space focuses on what appears to belgon formation. Specif-
ically, in the Josephson regime with strong repulsive intecions, particle-hole pairs form

as excitations of a Mott insulator, seen as the bright and d&rvertical bands in Figure 4.7.
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The very dark band in the center is a density minimum due to thdarrier. For Vy = 0:2,
with J = 1, U = 30, the double well has 27 sites, and the number of particldsr each
plotis (a) 12, (b) 13, (c) 14, and d) 15. The magnitude of the quasiparticles, or the num-
ber separation between bright and dark bands, is larger clarsto the edge walls compared
with the quasiparticle magnitude in the center of the wellswe attribute this outcome to
the counteraction of the double well boundaries, which assgan e ect akin to compressing
an accordion. The smaller particle numbers, such ab) and (c), display greater repulsion
from the edge boundaries on sites 0 and 54. The larger paréichumbers show the opposite
e ect and collide more directly with the walls due to the largr super uid fragment slosh-
ing between the wells. The solitons form for particle numbsrimmediately above or below
commensurate lling. In this case, &) has 12 particles and §) has 15 particles, and the
13 and 14 patrticle cases are both relatively commensuratechase of the thin barrier. The
commensurate- lling plots do not demonstrate any soliton ehavior, though the 14-particle
case, perhaps closest to unit lling, illustrates the sup@osition of the super uid fragment
and the particle-holes when the quasiparticles disappearrfbrief regions in between macro-
scopic sloshing. The solitons ind), beginning from site 12 in the left well and 21 in the
right well, are 180 degrees out of phase from the solitons id)(beginning from sites 5 and
14. Both plots show the same soliton oscillation magnitudd about 9 sites, indicating there
may be number symmetry about commensurate Iling. The antgmmetric nature of the
solitons on opposing sides of the barrier, as they propagate parallel, provides a striking
contrast to the double well symmetry.

We identify these excitations as solitons because (i) theyave at a velocity of about half
the sound speed, (ii) they survive multiple collisions witlthe barrier as well as motion in the
e ective potential created by the accordion-like compregsn of the particle-hole background,
and (iii) they occur only for particle numbers incommensuita with the number of lattice
sites in the well. The point of (iii) is that the extra particles above the Mott insulating

background create a super uid Im or skin in the \wedding cale" structure well-known from

1



(a) () (b) (7s)

50
0.50 50 0.510
40 — - 0.495
0-46 0.480
I 0.44 L %0 -
£ 042 g
= & 0.450
20 0.40 20
0.435
0.38
10 0.36 10 0.420
0.34 0.405
0 0 i
0 3 6 9 121518 21 24 0 3 6 9 121518 21 24
Site ¢ Site 7
¢ () ((;))0 , (70)
Rl 0.615
0.555
40 40 0.600
0:540 0.585
g 30 0.525 g 30 I
A 0.510 =
By &y 0.555
0495 0.540
10 0.480 10 0595
0 0465 0 | 0.510
0 3 6 9 12151821 24 0 3 6 91215182124
Site 7 Site ¢

Figure 4.7: Emergent solitons counter the double well symmetrin the Josephson regime,
(a) and (d) show pairs of propagating solitons { one in each well { potially manifesting
with a dressing of particle-hole pairs. In the plots, they gpear as blurred sinusoids with
a color halfway between the bright particles and the dark hek. The 27-site system has
Vo =0:2, with J =1, U =30. The lling factor is not precise due to the presence of th
barrier, so (b) 13 and (c) 14 particles are close to unit lling and do not exhibit solion
formation. Slightly (d) N =15 above or @) N =12 below commensurate particle numbers
seem to provide a ripe environment for these solitons, whidscillate in unison and against
the mirror symmetry of the junction.
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other studies of the Bose-Hubbard model [190]. There is alsonse precedent for solitons in
the particle-hole limit in a related context to the one here]91]. Finally we point out that
in simulations doubling the number of particles and the numér of sites we saw the same
kind of solitons form, showing that this e ect depends on thalensity, not the number of

particles.
4.3.3 Dynamic regimes and correlation measures

Beyond local particle numbers, we also examine correlatiomeasures that highlight some
advantages of matrix product state methods. For example, onmaethod of identifying the
super uid-Mott phase transition is by tracking the depletion of the condensateD = 1

1:(P i i), where the sum is over theL eigenvalues of the SPDM, ; > , > 11> |,
and taking the maximum j D j over a J=U parameter quench as the critical point. The
depletion gauges the amount of quantum gas living outside ¢h BEC ground mode: ; is
this BEC mode, or the dominant eigenvalue of the SPDM, and thgeum is over all eigenvalues
of the single particle density matrix. The less depleted theondensate, the more super uid
the behavior will be. We emphasize that mean- eld calculatins cannot account for this
many-body e ect, with D = 0 always.

We now consider the depletion of the left well for the same ggs size as in Figure 4.2,
15 sites and 7 particles. In Figure 4.&(), we rst address a system of non-interacting atoms,
U = 0, and the oscillations approach the Rabi limit for small bariers. The energy ratio

conrms that Vp = 2;3;4; and 5 are all self-trapped. The curve foN, = 1 displays
a dynamic empirical signature of the symmetry-breaking tmasition: the dynamics exhibit
critical growth as the condensate depletes over time withbteturning to its initial condition.
This divergence of the depletion from its initial conditionis also seen in Figure 4.8() near
the critical point Vy = 1, and this divergence diminishes the farther the barrier éight is
from its critical value.

In addition, Figure 4.8(@) and (b) are uniformly initialized in the super uid regime,

but as the dynamics progress, higher barriers induce eithescillations or decays into more
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Figure 4.8: Condensate depletion dynamicsWe consider a double well of 15 lattice sites
and 7 atoms, and &) the non-interacting caseJ = 1 and U = 0 most closely resembles Rabi
oscillations, (©) the weakly-interacting caselJ = 2 passes from Josephson to self-trapping at
Vo = 1, and (c) the strongly-interacting caseU = 15 is self-trapped forVy, 4. While the
dynamics do not necessarily maintain the Mott or super uid mtegrity they start with, ( c)
the Mott gap appears to in uence the nearly xed amount of thedepletion when interactions
are strong, as compared to the super uid case.

depleted states. In such cases, the systems are no longeict{r super uid, nor are they in a
Mott state. However, this initial state does in uence the dymmics. For example, the initial
depletion for super uid states is continuous, while for thenitial Mott states of Figure 4.8(c),
the initial depletion is quantized, which is a signature oftsong interatomic interactions. The
energy ratio yg con rms the highly-depleted states oV = 4 and 5 are self-trapped, and
even the Josephsoiv, = 0:1 dynamics are substantially depleted due to the Mott in uece.
The remaining gures demonstrate second order correlatisrvia the g® measure, which
we choose due to its accessibility in experiments [192]. Tk correlators quantify the
uctuation of particles for lattice sites i andj such that gi(jz) = MA;i h AjihA;i. A positive
g® means that the expectation value of measuring two particlesmultaneously at sites and
j is larger than that of measuring the individual particles sguentially and vice versa. Allg®
plots have a minimum resolution of a single lattice site. Tre® uctuations are an important
measure for determining limits of mean- eld theory and prade insight into the overlapping
nature of the two phase transitions. We use the standard nortization for optical lattices

as opposed to quantum optics. In lattices because only a sinalimber of on-site humber
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states are allowed, and the average occupatidn;i can be very small in places, one can get
near-divergences in the usual normalized quantum optics? .A detailed discussion of this
choice can be found in [152].

Figure 4.9 delineates half of a period of Josephson oscillatim the weakly-interacting
regime for a larger system size with 55 lattice sites, 27 pates, Vo = 0:2, J = 1 and
U =0:3;inthe rst panel (a) attime t =1, uctuations are, unsurprisingly, strongest in the
left well where the condensate is initialized and decrease@othly into the right well prior
to collision with the far right wall. After this re ection, ( b) a di raction pattern emerges at
t =5 for uctuations g@? 4 9. The re ected uctuations (c) at t = 10 create interference
patterns both for the more highly-entangled regions withirthe two wells wheng® > 0,
and the non-entangled correlations between the two wells whg® < 0. (d) As the BEC
begins to macroscopically tunnel to the right well at = 20, the negative uctuations of the
o -diagonals deepen, while the o -diagonals near the far teand right walls approach zero.
(e) This trend continues fort = 40 as the BEC collides with the right wall: the contrast
of the o -diagonal pattern deepens fromg® = 10 to 6. These positive uctuations for
correlations between sites 42 54 and O 18 are likely due to momentary accumulation
along the outer walls. Finally, §) for t = 60, the BEC largely occupies the right well,

completing a half-period of the Josephson oscillation.
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Figure 4.9: Super uid number uctuation snapshots in the Josephson regimé-or a junction
with 55 sites and 27 particles, a barrier height of 0.2 and wilg-repulsive interactions,J =1
and U = 0:3, number uctuation dynamics convey super uid Josephson ansmission from
(a) time t = 1 in the left well to (f) t = 60 in the right. At ( b) time t =5 and (c) t = 10,
interference patterns develop from re ections o the bareer and at (d) t = 20 the strong
on-site or positive uctuations begin to pull the o -site negative uctuations away from the
edges and toward the barrier. This creates the striped patte (e) at t = 40. (f) The BEC
at t = 60 predominantly occupies the right well. The large magnitde of the correlations is

due to large super uid occupation and thus long-range phasmherence.
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Figure 4.9: Super uid number uctuation snapshots in the Josephson regime.
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The next series ofg® plots in Figure 4.10 portray the time evolution for a self-traped
BEC as the transmitted uctuations interact with the barrier, which is at site 26. The
system size, particle number, and and U values are the same as in the previous Figure 4.9,
the dierence being the barrier has been raised to 1 and the madensate is in the Fock
regime. The BEC is initially trapped in the left well (@) at t = 1; then, transmission of the
uctuations through the barrier region produces di raction patterns seen ) at t =5 and
(c) at t = 10. The nal panel (d) t = 20 reveals an additional interference and more intense
uctuations from the rebound o the far right wall.

Moving to strongly-interacting systems, Figure 4.11 illusates a dissemination of the
initial concentration of close-neighbor uctuations in the left well (a) at time t = 1. The
system is the same size of 55 lattice sites and 27 particlesthad = 1, U = 30, and V, = 1.
By (b) t = 5, the number uctuations have congregated in the right wd| slightly weaker
than the left. Because the junction is near the&, critical point, the uctuations begin to
equilibrate between the two wells without macroscopic oskitions. The magnitude ofg® in
this regime is substantially lower than in the super uid cass of Figure 4.9 and Figure 4.10,
meaning these uctuations may be more di cult to measure in gperiment. For (c) t = 10
and (d) t = 20, we compare the uctuations with Figure 4.5¢) at the same time, as it is the
same system. The extra uctuation bands appear at= 10 time because of a collision of the
super uid fragment with the far left boundary, and a smallersuper uid fragment collides
with the far right wall. Because the population imbalance #l favors the left well and the
system is in a Fock regime, the symmetry is broken, which makeéhe mirror symmetry of
the number uctuations more surprising.

Finally, the Fock ashlight develops highly-localized nearest-neighbor correlati®m the
left well and weaker, delocalized correlations in the rightvell. For a double well with
J =1, U=30, and Vy =5, the result is (a) t = 1 the hilt of the ashlight comprises the
self-trapped Mott insulator and the bright spot in the right well is immediately present {

another possible e ect of the diabatic quench. Paneb() at t =5 and (c) at t = 10 exposes a
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Figure 4.10: Self-trapping uctuation diraction. Interference patterns arise as the BEC
slowly begins to escape the con nes of the left well = 1:0 andU = 0:3 for a double well
with 55 sites and 27 particles and barrier height, = 1:0. As time evolves, §) t = 1, (b)
t=5, (c)t=10, (d) t =20, the diraction contrast deepens, but the macrosopic taneling
escape rate is much slower than the time scale of the experithe Again, as the bosons
are weakly-interacting, the long-range coherence leadsda increase in positive correlation
magnitude.
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Figure 4.11: Symmetric uctuations near the self-trapping critical point. With strong in-

teractions and barely into the Fock regimeg® number uctuations spread from the left
to right well before reaching a meta-stable equilibrium, wére the on-site uctuations are
approximately even in both wells.J = 1 and U = 30 for a junction with 55 sites and 27

particles and barrier height\Vp =1. (a)t=1, (b) t=5, (c¢) t =10, (d) t = 20.
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familiar di raction phenomenon, where positive number ucuations build within the right
well and collide with the barrier. Also att = 10, the ashlight begins growing an o -diagonal
crossguard of Mott-like bright and dark bands that propagat symmetrically from the barrier
toward the walls at (d) t = 20. For (e) t = 30, they have re ected o the external potential
walls and by ) t = 60 they have begun to dissipate except directly along the lbaer and
the walls, where they have accumulated. The junction is smat, 27 sites and 14 particles,
because the strong interactions and high barrier requirea tobserve this regime required a
large bond dimension in TEBD, as we determined from convenmgee studies, so the larger

system size was computationally intractable.
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Figure 4.12: The Fock ashlight e ect. The Fock ashlight forms for strongly-interacting,
self-trapped bosonic Josephson junctions. In this case we wsamaller system size of 14
particles on 27 sites due to larger computational demandsrfgonvergence. The barrier
height is largeV, = 5, with J = 1, and U = 30. (a) At time t = 1, the uctuations are
highly localized in the left well and delocalized in the righwell, creating the appearance
of a ashlight. (b) The uctuations begin to disperse byt = 5, and for (c) t = 10, (d)
t =20, and (e) t = 30, uctuations propagate from the barrier outward as bridht and dark
bands on the anti-diagonal as uctuations tunnel out of theight well and create vertical and
horizontal di raction bands. (f) Finally, by t = 60, these ucutation patterns are dissipating
save for the nearest-neighbors in the left well, where the $ans remain self-trapped. Strong
interactions suppress long-range coherence, and thus thegnitude of the correlations is

much smaller than in the weakly-interacting case.
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Figure 4.12: The Fock ashlight e ect.
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4.4 Materials and Methods

4.5 Time-evolving block decimation

Figure 4.1 depicts the method we use to simulate a reproduabinitial state for double
well dynamics. We rst run imaginary time propagation usingtime-evolving block decima-
tion (openTEBD) [4]; the right well of the potential is raisel as shown in Figure 4.14).
This provides an exponential decay in imaginary time rotatins of the unitary operator that
allows the high energy states to decay quickly, leaving ustiithe ground state of the poten-
tial largely occupying the left well. We then lower the rightside of the double well at time
t = 0 as in Figure 4.1@), so we no longer have a stationary state, and propagate fcavd
in real time. We choose this protocol for similarities with xperiment [104] and for easier
reproducibility.

The total error from the simulations can be written = ethog + , Where metnog 1S due
to a combination of errors, the largest of which are the errsrdue to Trotter decompaosition as
well as that due to local dimension restrictions. stems from the Schmidt truncation, which
is due to truncation of the Hilbert space. From detailed convgence studies, we estimated
the local dimension, d = max lling + 1, the bond dimension , and the real and imaginary
timesteps. We studied convergence of the dynamics as a funaot of local dimension, bond
dimension, and time step. The low-barrier regime with weakieractions required small time
steps, on the order of 10*, and the high-barrier regime with strong interactions regjued
large bond dimension, on the order of = 100 for the 27-site system. This slow convergence
for the strongly-interacting Fock regime appears to indida high entanglement that pushes
the limits of matrix product state simulations.

The open source openTEBD software can be downloaded from smiorge.net [4], how-
ever, the authors strongly encourage consideration of opeource matrix product state
methods (OSMPS), also available on sourceforge.net [5] asm@re up-to-date simulation

tool [143, 193, 194].
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4.6 Gross-Pitaevskii equation

The Gross-Pitaevskii equation is a mean- eld descriptionfacold and dilute Bose gases.
This description assumes a perfectly condensed state, igng uctuations about the mean

such that the depletion is always zero. A quasi-1D GPE is gineby,

2
..@@t X;t) = %%4- V(1) + gioj ( X 1)j* ( x1): (4.6)

where tight harmonic con nement has been assumed in the trawerse directions [82]. The

order parameter, , corresponds to the single-particle waw function. The nonlinear in-
teraction parameter, g;p, is proportional to the s-wave scattering length, and results from
assuming binary contact between atoms; note, from Table 4.4;p = g=2" 3, with transverse
harmonic oscillator length, = P ~=m! ,, where~ is the reduced Plank constantm is the
atomic mass, and » is the transverse con ning angular frequency.

Numerics are computed on a discretized version of Equation.§), called the Discrete
Nonlinear Schrodigner Equation (DNLS),

. d -
=5 1 J( i+ i )* G i? itV (4.7)

whereJ, Vi, and g;p = U correspond to the values given in Table 4.1. In the DNLS, ;j?
corresponds to the expectation value dfi;i on sitei, we normalize to the number of particles

L. j ij?= N, andL is the number of lattice sites. The DNLS can also be derived froa
mean- eld approximation of the BHH, or a direct discretization of the GPE [81].

Similar to many-body dynamics, an initial ground state is daulated using imaginary
time propagation on a single potential well, Figure 4.H), and real time propagation with
the barrier well dropped as in Figure 4.1f). Imaginary time propagation is calculated
using the fourth-order Runge-Kutta method, and real time popagation is performed with
the LSODA implementation in SciPy [195], as originally desibed in [196]. This algorithm
automatically chooses between the Adams-Bashforth methodr( explicit numerical method)
for non-sti time evolution and backward di erential formula (BDF) method (an implicit

numerical method) for sti evolution. This scheme was useddrause the dynamics for larger
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U, Vo, and, N occasionally require time-steps so small as to be computatally restrictive
for explicit methods, in other words the problem behaves as i di erential equation.
Because it is di cult to know when exactly the equations are 8, the automatic selection

scheme only uses the computationally more intensive BDF nietd when necessary.

4.7 Sudden Approximation

For strongly-interacting systems in the Josephson regimeagicle-hole pairs form imme-
diately as bright and dark bands. They form too quickly for abms to propagate across the
lattice, and they are instead due to the diabatic quench of #potential from a single to a
double well. To support this hypothesis, we perform analytal sudden approximation cal-
culations using exact diagonalization together with secdrorder perturbation theory. The
calculations also support an analogous phenomenon that acgin the Fock regime: the sud-
den projection of the single well ground state to the doubleeil excites macroscopic modes
of the double well.

We perform the calculations on manageably small system sszéor both even and odd
numbers of sites, one for 2 particles on 4 sites and the otherparticles on 5 sites. We
implement the sudden quench by projecting the Fock basis of sttes onto 4 sites and 3
sites onto 5 sites. The purpose is to demonstrate the immetBaresponse of the initial state
to such a quench. For example, for the 4-site case, we do thdcadation three ways: (i)
we use the ground state of the 2-site system fdr = O, or an initial state j1 1 0 Oi, (ii)
we use a ground state that is a superposition of the possiblates for the 2-site system,

1J20i+ ,j11i+ 3j20i forsmall, nite J; (iii) we use degenerate perturbation theory
for pertubative tunneling, which agrees with the exact diagnalization of method (ii). In all
cases, we takd =1 and U = 30 so as to focus on the strongly interacting regime.

In the 4-site case for method (ii), we rst calculate the eigevectors for theL =4, N =2
system and the ground state of thé. =2, N = 2 system using exact diagonalization, which
provides a good initial state for the dynamics. Then for unéry time evolution, the only

non-zero elements are frorh = 4 eigenvectors that have any superposition with the initia
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state, which in the new basis is a superposition p2 00 0i, j1 1 00i, andj0 2 0 0i. We
project the eigenvectors of the 10-dimension&l = 4 Hilbert space onto the basis vectors
to create number density vectors for each of the 4 lattice i, which provides a common
ground for comparison with TEBD simulations. The error in tke calculations is due to the
approximation itself, which assumes a perfect projectiomdm the L = 2 basis to theL =4
basis; this simple projection does provide insight into thdiabatic quench in TEBD and its
in uence on exciting modes in the dynamics. These modes m#gst as Fock stateg1 0 1 O
andj0 1 0 1i and can be seen in Figure 4.13 as the smaller, nonlinear spiketween the
larger oscillations. These Fock states, while by de nitiorare not particle-hole pairs due to
the limited particle number, support the propensity for theformation of local states of the
same symmetries such as those in Figure 4a%(@nd (b) and Figure 4.7 { i.e. particle-hole
pairs. In method (iii), we calculate the eingenvectors instad with perturbation theory in
the large U limit and obtain qualitatively the same result. Method (i) was unsuccessful in
demonstrating the dynamics because the initial state was pely the Mott ground state of
the 2-site systemj1 1 0 Oi; this approximation is insu cient because the accordionike
excitations will only form for non-zeroJ.

The same methods were applied to thé = 5 case. The odd number of sites case
makes an important di erence in the dynamical excitations a compared to theL = 4 case:
even without an explicit barrier, we see mode formation on wvdistinct sides of the single
well. The Fock statej0 3 0 0 Qi is clearly an excited mode of the rst 3 sites, with an
even symmetry among these 3 sites. Although this state is egetically improbable, the
overlap of the 3-site basis with the 5-site basis places a glei on the rst 3 sites that over-
emphasizes this projection compared with TEBD. However, theresence of an excited mode
of one side of the potential supports the instanteous excttenode creation in Figure 4.5).
The number density statej0 1 0 1 1i further supports this conclusion, as the boson on the
second site demonstrates the same symmetry as a ground mooethese rst three sites,

and the particles on sites 4 and 5 are Mott ground states of the last two sites; thus, the
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dynamics appear to manifest through excited modes of eacleiof the well. We further note
the importance of symmetry when recognizing such manifesians of excited modes, as an
evenL with the barrier breaks the pairing tendency and injects anxéra level of excitation.

The same argument holds for excited modes of the overall potal.

Figure 4.13: Sudden approximation demonstrates propensity for excited mode formatidn-
alytical dynamics calculated with the sudden approximatio and exact diagonalization on a
system of 2 bosons on 2 sites projected onto 4 sites with= 1 and U = 30. Unsurprisingly,
the overall dynamics oscillate back and forth within the wel It is the more microscopic
behavior, though, that yields insight into the accordionike e ects we see in TEBD simula-
tions. The smaller peaks depict excited modgd 0 1 O0i andjO 1 O 1i that demonstrate a
preference for mode formation with the same symmetry; thiysimetry applies both on the
optical lattice scale { as particle-hole pairs { and on the sde of the potential as a whole {
as excited modes of the double well.

4.8 Conclusions

In conclusion, we have computationally demonstrated compsons of mean- eld and
many-body dynamical regimes based on the interplay of the M{super uid U(1) and the
Josephson{self-trapping quantun¥, phase transitions (QPTS) in a bosonic Josephson junc-
tion. Using initial state information, we design a many-bodyenergy ratio to predict these
dynamical regimes; and we nd that mean- eld theory breaks dwn as the repulsive interac-

tion strength increases and fails to predict the spontanesusymmetry-breaking transition.
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Additionally, we identify a number of strictly many-body phenomena in these dynamical
regimes that increase in importance for higher-precisiompplications: long-lived particle-hole
pairs and low-lying double well modes arise due to a suddenenech of the potential and can
act as signatures of QPTs - even in mesoscopic systems experitally accessible on present
guantum simulator platforms [197]. Other many-body signaires include soliton formation
in the Josephson regime and thg® Fock ashlight in the self-trapping regime: these e ects
manifest in quantities that are measurable experimentallin architectures ranging from cold
atoms to nonlinear optics to superconductors. While our prest study is discrete by nature
of the optical lattice, future work can build on the results m the strongly interacting case
by systematically increasing the number of lattice sites Wward the continuum limit, for in-
stance in a Tonks-Girardeau gas [149, 198{200]. Further extsions of this research would
incorporate fermions for a more encompassing uni cation thi superconductors [201, 202].
With the number of applications relying on two-mode models dhe double well, the present
study encourages investigation of cold atom double well esgpments with optical lattices as
highly-controllable quantum simulators of many-body e ets in systems previously assumed

to be mean- eld.
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CHAPTER 5
MANY-BODY PHASE DIAGRAMS, ENTROPY, ASYMMETRY, AND
CONVERGENCE

The goal of this chapter is to highlight results not submitte for publication, but which
provide additional insight and/or preliminary results conaining substantial open questions.
These are original results that, in the case of phase diagrarfor the double well and asym-
metric well, require further research. Other results, suchs entropy, excited mode formation,

and convergence studies, are additional to results in chapwt4, for example.
5.1 Ground state phase diagrams

One aim of this dissertation is in part to discern the e ects lhat quantum phase transi-
tions have on the dynamics, particularly, theZ, quantum phase transition from Josephson
oscillations to a self-trapping phase and th&J(1) QPT from a super uid to a Mott insulator
in the BHH. Often the rst question that arises when describingquantum phase transitions
in quasi-one dimensional potentials revolves around thegimodynamic limit, as the system
size and number approach in nite scales. Typically systemare considered to approach the
phase transition in this limit, however, the signatures of @Ts are projected onto dimensions
below 3D and even in systems with few degrees of freedom. Téegnatures can actually be
so strong as to dominate the dynamics, even in mesoscopictegss experimentally feasible
in current quantum simulator architectures [197].

Traditional study of quantum phase transitions often begia with a mapping of the phase
diagram calculated from ground states. While the bulk of the @rk for this dissertation
focuses on dynamics, we calculated many-body phase diagsaof the Bose-Hubbard model
as an investigation of the in uence of the spontaneous symung-breaking phase transition

in a bosonic Josephson junction of the super uid to Mott quanim phase transition. The
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Figure 5.1: Mott insulator-super uid phase boundaries for a double wellMott lobes with
nite barrier demonstrate the issue of determining unit lling. We do not expect crossing
phase boundaries for a true Mott insulator. The outer dashelihes represent greater lling
factors when determining an estimated chemical potentialyith the solid lines depicting unit
lling for the lower Mott lobe or twice unit lling for the sec ond Mott lobe.

result is the top half of the Mott lobe exhibits an analyticity for higher barriers of the double
well, and the bottom half of the Mott lobe curves upward in thestrongly-interacting regime.
Figure 5.1 displays an example of the bizarre cusp in the phaseundaries for the rst
two Mott lobes for a Josephson junction with 21 lattice siteslO in each symmetric well and 1
for the barrier of heightVy = 0:2. The number of particles changes from a lling factor of one
or about 21 particles, for the rst Mott lobe to a Iling facto r of two for the second Mott lobe.
The innermost, solid lines, depict an approximate chemicpbtential E(N+1) E(N)for
the upper boundary and E(N) E(N 1)forthe lower boundary, whereN is the average
boson occupation per lattice site. The middle, dashed linespresent E(N+2) E(N)
and E(N) E(N 2), and the outermost dotted lines portray E(N+3) E(N)
and E(N) E(N 3). The phase diagram of=U versusJ=U in Figure 5.1 gives

an approximation of the chemical potential because the sifations are run as number-
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conserving, and thus are in the canonical ensemble. This tetdi erence estimation of the

chemical potential may be the explanation for the strange sp-like behavior. Certainly, the

in uence of the barrier renders a de nition of commensuratdling non-exact, and as shown
in [190], the \wedding cake" structure from studies of the Bge-Hubbard model allows for
Mott behavior for incommensurate llings.

Next, to determine the in uence of the spontaneous symmetryrbaking transition on the
super uid-Mott insulator phase diagram, we look at the phas boundaries as a function of
barrier height in Figure Figure 5.2. These simulations are ruto nd ground state energies
of the actual double well, as opposed to the initial states ad in dynamics simulations. The
energies as a function of lling factor, whereN = 1 is commensurate lling, are used to
determine the approximate chemical potential of the phaseiajrams as a function ofl=U.
The system consists of 21 sites, with a local dimensiah= 6, U =1 and J is swept from
0 to 0:4 with a step size of @D1; the bond dimension is 25 and the convergence tolerance is
10 8. The previous plot, Figure 5.1, is one particular of these ces, and thus has the same

simulation parameters.
5.2 Asymmetric double well

The calculations of the parameters space for bothyg and g, initially shown in sec-
tion 4.3.1, are for a symmetric double well potential. Prioito running these simulations
needed to accurately map the interplay of the barrier heighaind the interaction strength,
we performed the same calculation (not entirely on purposej a slightly asymmetric double
well, where the barrier was shifted on the lattice by a singlsite. As symmetry plays a
key role in determining bothU(1) and Z, phase transitions in the double well, adding or
subtracting a single site or a single particle drasticallyranges not only the phase transition,
but the dynamics. We see this in the results of Figure 4.7 wheshifting the lling by a
single particle over 27 lattice sites instigates a solitori-or , the ratio between tunneling and
interaction energies, the phase-type diagram shifts codsrably from the symmetric case,

shown in Figure 5.3. The ratio as a function of interaction séngth or lattice depth U=J
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Figure 5.2: Mott-super uid phase boundaries for di erent barrier heights.The stark cusp on
the upper phase boundaries increases with increasing barrheight, especially for the rst
order chemical potential approximation (solid lines). Théhigher order estimates show that
the Mott regime is not a ected by the presence of the barrierFor simulation parameters,

see text.

99



and barrier heightV, is represented for a double well with 15 total sites and 7 tatparticles.
The resolution inU=J is 1, with J = 1 and U from 0 to 15. The resolution inV; is G5.
For small U=J, both s and yr experience theZ, critical region betweenV, = 0 and 1,
which is a decisive shift from the symmetry case where the tocal barrier height is 1. The
other major shift occurs in the critical region, which gredy expands in both mean eld and
many-body cases. The expanded critical region in the manytly case occurs precisely at
ve = 1, whereas the ‘critical region' of the mean- eld energy ro is not a critical region at
all since the critical point is never reached, indicating areak-down of the mean- eld theory.
Just as in the symmetric double well case, we nd the result thiadhe mean- eld measure
fails to reach the critical point = 1 for strong interactions and thus does not capture the

spontaneous symmetry-breaking transition.

Figure 5.3: Asymmetric dynamic tunneling regimes.

5.3 Entropy

For a variety of system sizes and parameters, we investigate single particle von Neu-
mann entropy, which is calculated from the eigenmodes of tisngle particle density matrix

P
asS = ,( 1log 1), where | is the I™ eigenvalue of the SPDM. The von Neumann en-
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tropy displayed in Figure 5.4 represents the same simulatisras the number density plots
of Figure 4.5, where the interactions are strongl =1 and U = 30 in a system of 55 lattice
sites and 27 particles. For lower barriers,a) Vo = 0:5, we nd the same particle-hole pair
formation, appearing as lighter and darker vertical bandghat emerges in the number den-
sity dynamics. In fact, the magnitude of the von Neumann entiqay trends with the number
density as well, seen with the darker red in regions of greatboson occupation. These
plots that exhibit long-lived regions of higher entropy, spci cally for (b) Vo = 1 and (c¢)
2, also correspond to the spontaneous symmetry-breakinggde transition critical point, as
for larger barrier heights, the system crosses th&, phase boundary. {) For V, = 3, the
system is in the macroscopic self-trapping regime, thoughe density of the von Neumann
entropy decreases as excited macroscopic modes of the dewill become more prominent.
As mentioned in chapter

The spontaneous symmetry-breaking phase transition for aeakly-interacting bosonic
Josephson junction manifests in the von Neumann entropy in Figel 5.5 as a correlation
with the number density. For a system with 55 sites and 27 padies,J =1 and U = 0:3, we
are in the Josephson regime foraj V, = 0:2 as the super uid sloshes between wells. There
is a backaction of the initial condensate that propels a padn of it against the far left wall,
while the other portion begins to tunnel through the barrieimmediately. The interference
of the condensate with itself begins to give rise to di racbn patterns, especially apparent
in regions of lower boson density, such as in the left well anod time 60 80F=J], where
the majority of the bosons have sloshed into the right well. Anild congratulatory remark
is also requisite for the reader at this moment for an impreise display of endurance; we
encourage you to celebrate with a strong cup of tea. Additiollg, the barrier height (b)
Vo = 0:5 begins to self-trap the atoms as we move into th&, critical region, and the
maximum entropy density reaches just above:8, where it remains the maximum through
the remainder of panels €) for Vp = 0:7 through (f) Vo =5 as the barrier height increases.

(d) and (e) As a larger percentage of the condensate self-traps in thdtlevell for barrier
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Figure 5.4: von Neumann entropy for strongly-interacting symmetry breaking transitiorf-or
a double well with 55 sites and 27 particles] = 1 and U = 30, the barrier height in each
panel is @) Vo =0:5, (b) Vo =1, (¢) Vo =2, (d) Vo =3.
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heights\Vp = 1 and V, = 2, respectively, the same di raction pattern emerges thatvas seen
in Figure 4.4, a reminder of the interferometric nature of thelynamics.

Furthermore, the von Neumann entropy calculation that accopanies Figure 4.7 in Fig-
ure 5.6 also provides evidence for the soliton formation ihé strongly-interacting Josephson
regime, particularly for particle numbers that are 1 o commensurate lling. To ensure
that this was not a special case, we ran simulations in this gene for a system oL = 15
lattice sites and found the same result: the solitons only im when there is one extra boson
or one boson removed from unit lling. As mentioned in chapte#, the solitons form as a
super uid Im superposed on the particle-hole insulating lackground, an exhibition of the
well-known \wedding cake" structure of the Bose-Hubbard moal for lattices con ned with
an external trapping potential [190]. The bosonic Josephomrction consists of 27 lattice
sites with J = 1 and U = 30, and particle numbers p) N = 13 and (c) N = 14 are
approximately commensurate with a single well and exhibit J®phson oscillations without
soliton formation. However, particle numbersgd) N =12 and (d) N = 15 do showcase these
long-lived solitons, which propagate through the partickhole background at about half the
speed of sound, surviving multiple collisions with the baler. This is most extraordinary,
though the extreme precision in particle number renders thiobservation experimentally
challenging. There are two of these solitons formed in eaclgure (@) and (d), one in each
well, and they travel parallel to one another, which surpriggly is in opposite to the mirror
symmetry of the double well. While the von Neumann entropy is aadditional reference for
this many-body feature, it does not necessarily provide adiobnal insight in this case beyond

the simulation of the number density dynamics.
5.4 Diabatically-induced excited modes

One result presented in the paper in chapter 4 is the formatioof excited modes due
to diabatic quenching of the external potential. We attribue the accordion-nature of the
strongly-interacting background to the rapid initialization scheme for the dynamics in a

bosonic Josephson junction. The sudden approximation, dissed in the analytical methods
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Figure 5.5: Weakly interacting von Neumann entropy through the Josephson-Fock transition.
For a double well with 55 sites and 27 particles] = 1 and U = 0:3, the barrier height in
each panelisd) Vo =0:2, (b) Vo =0:5, (c) Vo =0:7, (d) Vo =1, (&) Vo =2, (f) Vo =5.
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Figure 5.6: Strongly interacting von Neumann entropy with emergent soliton3.he single-site
entropy trends with the particle occupation in divulging the presence of emergent solitons
for lling factors sightly above and below unit lling. For a system of 27 lattice sites, the
barrier height isVy =0:2,J =1, and U = 30 in all panels. @ N =12, (b) N =13, (¢)

N =14, (d) N = 15.
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of chapter 2, means that the Hamiltonian is changed rapidly, sthat the initial state is

essentially projected directly into the basis of the new Hartonian. In our case, the potential
undergoes a rapid change from the imaginary time propagaticof TEBD to the real time

propagation, and the right well potential is lowered instataneously. This rapid change
incites excited modes in two ways. One way is the emergencepafticle-hole pairs across
the entire lattice immediately in the real time propagation this particle-hole pair formation

is outlined in chapter 4 as excited modes of the optical latte. As an addition to the plots
presented in that chapter, we include plots exhibiting theescond manner in which the sudden
approximation induces excited modes { these modes arise dwethe shape of the external
potential rather than the lattice. The modes arise immediatly upon real time propagation,
which can be seen in Figure 5.7. Further evidence and detailediculations are presented in

Appendix A.1.

5.5 Convergence and error

Theoretically, the error limit on matrix product state methods is only restricted by nu-
merical machine precision [143]. In practice, the error came minimized depending on a
number of factors, including system size { assuming one or agi-one dimension, as higher
dimensional tensor network computations are beyond the go® of the matrix product state
methods in this dissertation { regime of the interaction stength, magnitude and shape of
the con ning potential, nite size e ects, or the intended dbservables, which also includes
natural timescales of the dynamics.

The total error from the simulations can be written = ethog + , Where methog 1S due
to a combination of errors, the largest of which are the erratue to Trotter decomposition as
well as that due to local dimension restrictions. The localichension error can be estimated
from converging local dimension, d = max lling+1. stems from the Schmidt truncation,
which is due to truncation of the Hilbert space and can be caltated explicitly from Schmidt
coe cients. A demonstration of the relative number in a bosoit Josephson junction as the

timestep is converged is shown in Figure 5.9, Figure 5.11, andybre 5.14.

106



Figure 5.7: Excited mode formation due to diabatic quenchingror a system of 27 lattice
sites, the barrier height is\Vyp =5, J = 1, and U = 30 in all panels. When the number of
bosons &) N =12 is below unit lling, the mode in the left well is lowest-ader, even and
negative. ) For N = 13, there is no mode formation, ¢) N = 14, the mode in the right
well is lowest-order, even, and positive, and nallyd) when N = 15, the mode in the right
well is second-order, even, and positive.
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Due to normalization in the Schmidt coe cients ;, where the indexi indicates the
bond, such thatP - ( 1)? =1, we can write, speci cally, the Schmidt truncation erroras

=1 P . ()2 By converging the bond dimension, we can ensure the trundat error is
in check for all simulations, which can be seen for the paratees in the bosonic Josephson

junction paper in Figure 5.8, Figure 5.10, Figure 5.12, and Figar5.13.

Figure 5.8: Convergence in bond dimension fovy = 0:2 with strong interactions.

The gures included in this section provide an example of a pical convergence study.
Often, we could estimate the parameters needed for prelinairy simulations, and after de-
termining the extrema of parameters needed, would perfornoievergence only on these max-
imum or minimum values for each system size. Such parametenslude barrier height as
well as interaction strength. Once convergence parametd bond dimension, time step,

and local dimension are determined for each of these extrenmaparameters, then we can
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Figure 5.9: Converging timesteps folVy = 0:2 with strong interactions.

Figure 5.10: Converging bond dimension fok, = 0:2 with weak interactions.
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Figure 5.11: Converging timesteps folV, = 0:2 with weak interactions.

Figure 5.12: Di culty with convergence for V, =5 and strong interactions
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Figure 5.13: Convergence fony, =5 with weak interactions

Figure 5.14: Timestep convergence of relative number for weak interactions aNgl=5
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say with con dence that all parameters within these extremare well-converged.

One di culty in convergence we encountered was convergingta local minimum. For
example, when simulating weakly-interacting bosonic Joskegon junctions with a low barrier
height, TEBD performs poorly in converging the time step. FoFigure 4.4 and Figure 4.6, in
chapter 4, steps as small as 16 were needed in these regimes to converge simulations below
10 3. However, before accomplishing this level of convergences imitially ran dynamics
using a second-order Trotter approximation, and was able tconverge the dynamics below
10 3 with a time step of Q00625. Upon running the convergence study with a fth-order
Trotter approximation, the dynamics did not converge untilthe time step was 10%. So how
could the results have appeared converged for a larger times? My best guess is that
the second-order approximation can still allow for conveegmce, even though the dynamics
may not be as precise as the fth-order solution, and thus theecond-order solutions become
stuck in a local minimum and are limited by the Trotterization.

Another challenge in the convergence studies was convergihg bond dimension for
large interaction strengths and large barrier heights in th bosonic Josephson junction, par-
ticularly as the system sizes became large. In Figure 4.12 tbe largest barrier height, the
workaround for this problem was simply calculating they® measure on a system half the
size of the other barrier heights. This di culty convergingcan be seen in Figure 5.12, where

a large bond dimension brings down the relative error only bymall amounts.
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CHAPTER 6
QUANTUM PHASE TRANSITION MODULATION IN AN ATOMTRONIC MOTT
SWITCH

A paper submitted to Quantum Science and Technology

Marie A. McLain and Lincoln D. Carr
6.1 Abstract

Mott insulators provide stable quantum states and long colence times due to small
number uctuations, making them good candidates for quanton memory and atomic circuits.
We propose a proof-of-principle for a 1D Mott switch using aaltracold Bose gas and optical
lattice. With time-evolving block decimation simulations { e cient matrix product state
methods { we design a means for transient parameter charagiation via a local excitation
for ease of engineering into more complex atomtronics. Werfoem the switch operation
by tuning the intensity of the optical lattice, and thus the interaction strength through
a conductance transition due to the con ned modi cations ofthe \wedding cake" Mott
structure. We demonstrate the time-dependence of Fock statransmission and delity of
the excitation as a means of tuning up the device in a double lvand as a measure of noise
performance. Two-point correlations via theg® measure provide additional information
regarding super uid fragments on the Mott insulating backgound due to the con nement

of the potential.
6.2 Introduction

Ultracold bosons in optical lattices provide highly precisarchitectures for quantum sim-
ulation of systems from solid state materials and supercouckors to nonlinear optics. Due to
their tunability, parameters governing cold atom dynamicsuch as interactions, temperature,

and defect formations are highly controllable in arbitrary\painted" potentials [6, 108, 203].
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Atomtronics { the creation of atomic circuits analogous to heir electronic counterparts { is
an emerging eld in optical lattice platforms because it preides direct translations to de-
scriptions such as solid state circuit elements and battes [204{208], interferometers [209],
transistors [210{212], superconducting or atomtronic quum interference devices [213{216],
and even open quantum circuits [207, 208, 217]. By probingethn uence of the Mott phase
transition on insulator conductance properties, we aim to&monstrate the opportunity for
multi-disciplinary simulations of both semi-classical ath quantum systems. The technology
readiness level has matured to the point that there is a new eé for quantum engineering;
this has been achieved through advancements both in comptita with numerical methods,
in particular matrix product states [5, 143] { well-suited br strongly-interacting 1D lattice
chains { and in experiment with Feshbach resonances, trapyg techniques, and site-resolved
imaging [47, 69, 111, 112, 159, 215]. More fully-quantum degptions such as those o ered
by matrix product state methods such as time-evolving blockecimation can o er insights
beyond semiclassical atomtronic descriptions [218{220].

Additionally, Bose-Einstein condensate interferometry gperiments in multiple potential
wells admit dephasing is the largest source of error and litmithe noise oor on coherence
times [221]. Mott insulating atomtronics have the advantag of low number uctuations
and longer coherence times as compared to their weakly-irgeting counterparts. We build
on initial Mott atomtronic circuits [210] by presenting a proof-of-principle of a single Mott-
insulating switch with a modulation tunable via a quantum plase transition, and a transient
analysis method distinct from forward or reverse biasing rtteods [205]. A switch is one of the
simplest devices in a circuit; fundamentally, it can only hee two states. Switches provide
the backbone for Boolean logic and comprise the heart of cd&sal computation through
transistors: they are a foundational circuit element that eed to be incorporated into larger
Mott insulating circuits in order for atomtronics to expandin scope. We test the otherwise
passive circuit element through a transient analysis in rpsnse to an impulse and compare

the junction leakage to the transmission tunneling coe ciat. We use time-evolving block
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decimation (TEBD) simulations to harness local measuresjch as experimentally-observable
number density, along with entropy measures to highlight & implications of entanglement
in determining atomic conductance in a bosonic Mott insulatr. To characterize noise in the
system, we observe a microscopic measure { the Fock state lithe { which o ers a clean
time domain in the operating regimes, and thus, a discrete &der transform of the delity
o0 ers a robust metric of the noise oor. In addition, the g@ correlation measure enables
many-body characterization that is directly translatableto experiment [192]. We usg® to
quantify super uid fragmentation; thus we are able to isolte the more pure Mott insulator
that is the switch in its normal operation from these super ud fragments that manifest on
top of the Mott background, signaling the disconnected swih state.

We design the switch as a double well potential with an undsfihg optical lattice, as
shown schematically in Figure 6.1. The 1D potential is wellascribed by the Bose-Hubbard

Hamiltonian,

X X X
Hew= 3 (BH + B+ %U M 1)+ VA (6.1)
hisj i

i i
such thatJ is the bosonic tunneling energy) is the repulsive interaction energyﬁ(V andf are
bosonic creation and annihilation operators, respectiwelwhich satisfy bosonic commutation
relations, iy is the number operator for bosondj;j i indicates a sum over nearest neighbors,
and the indicesi;j f0;::;;L  1g are over theL-length of the 1D optical lattice. For the
purposes of modulating lattice depth in this study, we take] = 1 in all cases. V, is the
con ning potential of the double well, and we will refer toV, as the central barrier height.
To initialize a transient response, we use imaginary time ppagation in TEBD to nd a
modi ed Mott ground state to the dashed potential in Figure 61, where a majority of the
lattice is in a unit- lled Mott state, i.e. an average of one #om per site. The rst two sites
have an initial excitation induced from the potential, whit can be created e.g. with lasers

as in atom gas microscopes [52, 222, 223]. Due to this localigtion and the commensurate

lling of bosons on the lattice, the rst site has a hole: it isvoid of any particles. However,
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Figure 6.1: Transient source quench schem@&\e initialize a Mott insulator in a bosonic Mott-
insulating junction with a localized excitation, shown aslie dashed lines of the potential, by
running imaginary time propagation. The local kick in the rst two sites of the potential is
diabatically quenched, as indicated by the arrows, to the uiorm lattice depth indicated with
solid curves. The excitation allows for transient charactezation of the switch parameters.
(a) Below an interaction threshold, a particle-hole excitabn forms in the initial state that
has low conductance. lf) Above the interaction threshold, the extra boson from the pdicle-
hole prefers to occupy the barrier region, and the excitatinstead instigates a hole in the
initial state with high conductance properties.

the strength of the interaction energyU and the potential barrier { which has the width of a
single lattice site { compete to determine whether the locaxcitation is a simple hole in the
Mott background ( Figure 6.1()) or whether it is a particle-hole pair ( Figure 6.18)). As
we explore further in the results, there is a critical valuefanteraction strength that dictates
whether the excitation is a hole or a particle-hole pair, andhis same critical value also
governs the conductance of the excitation. Of course, foralow enough lattice depths, there
is an additional threshold where tunneling dominates, so pi#cle-hole creation is no longer
energetically favorable. This second threshold is belowdhMott limit in one dimension,
U=J. 3[104]. Fundamentally, it is the presence of the barrier thahanges the usual Mott
ground state enough to let a hole located at the barrier be dexred over a particle-hole.
This is similar to changes in a harmonic trap resulting in a waeing-cake structure. Once the
initial state has been established, we diabatically quenthe rst two sites so the underlying
optical lattice is uniform, and we measure on-site particleumber and uctuation dynamics.

From the local occupation, we calculate re ection and trarmsission probabilities of the hole
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through the double well barrier as a function of time, with osillations indicating the normal

operation of the switch and self-trapping indicating the swch is disconnected.
6.3 Results and Discussion

One method for switch modulation is detailed in [8] that dicates the dynamic regimes of
a bosonic Josephson junction in a 1D optical lattice based orilght of the central potential
barrier. The states of the switch correspond to the two regies of the spontaneous-symmetry
breaking Z, quantum phase transition in a 1D double well: Josephson and ¢ In the
single-particle limit, the Josephson oscillations in an itamed bosonic Josephson junction
approach the Rabi frequency of the double well. As the barridreight is increased beyond
some threshold, the junction enters the Fock regime and bosoremain self-trapped on
one side of the barrier, an e ect also observed as a Coulomnbkade in superconducting
Josephson junctions [184]. Signatures of this quantum phasansition persist and dominate
the dynamics even for mesoscopic systems with few active oig of freedom. The results
in Figure 6.2(@) can be interpreted as analogous, where the Fock regime iodies the switch is
disconnected and Figure 6.2) portrays the Josephson regime, where the switch is connette
The key is that the typical Z, shift from macroscopic quantum self-trapping to the Josephso
regime as dictated by tunneling through the barrier is smobt and continuous [3, 86] {
whereas the phase transition assisted switch in this artelexhibits sharp contrast between
the switching states. In our case we make use of the stronglgrrelated Mott insulating state,
leading to a more robust switch and much more localized simgsite excitations, allowing for
ultimately smaller atomtronic elements.

The switch modulation method we investigate in this articlerelies on the well-known
\wedding cake" model of the Mott insulator to super uid transition in the presence of a
trapping potential [190]. Uncon ned optical lattice modelsf the Mott insulator, for instance,
require particle numbers commensurate with the number of tiice sites. The con ning
potential changes this de nition of commensurate llings,and thus the particle numbers

needed to achieve a Mott insulator may be slightly di erent fom traditional unit llings.
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Figure 6.2: Interaction switch modulation due to \wedding cake" Mott insulator.The two
possible transient response states of the classical Mottitsh are (a) self-trapping in the left
well and (b) Josephson oscillations. The barrier height, = 5, in both panels, is a sweet
spot for switch operation in this system con guration as degrmined by the number of lattice
sites, the interaction strengths, the excitation magnituds, and the atomic lling factor. The
critical switching manifests as a sharp transition betweefa) U = 25 and (b) U = 26, with
all other parameters held constant, indicating the phase @nsition rather than tunneling is
responsible for the division.
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This is the case in our present study, where we have 11 lattisges, 5 in each well, with the
barrier occupying a single lattice site. We nd a proper lling factor using 10 bosons in this
Mott insulator. While we focus on the 1D chain of 11 lattice sés for the data in this article,
we nd that in order to employ the switch modulation method wepropose, for a system
of L lattice sites the number of total atoms must beN = n(L 1), wheren is an integer
dictating the commensurate lling factor. Though, it is no doubt possible for other designer
lattice topologies and sizes to exploit similar phase trait®n induced control, for instance
generalizing to larger barriers, in which case the conditiowould beN = n(L  w), with w
the barrier width. To determine experimental feasibility wthout the requirement for single-
site control, we systematically con rmed the e ect for barrers up to a width of 3 lattice
sites for total lattice sitesL =9;11; 13,15 fromU = 4 through 60 where we are in the Mott
insulating regime. We consider odd numbers of lattice sitbgcause with a barrier width of 1,
this yields an even number of sites on either side to maintasymmetry. For a barrier width
of 2,4, etc. itis appropriate to have an even number of latteesites. Thus, because we nd the
e ect robust for varying barriers, the particle number woudl scale with the number of lattice
sites as would be expected for a unit- lling Mott insulator. While the experimental control
of a precise particle number presents a challenge, the minim experimental implementation
would require a Mott insulator with the presence of a double @i con ning potential, where
the number of holes in the Mott background due to the con nem# of the potential can
indeed vary. Advances in experimental precision may also peto realize the Mott switch,
such as controllable two-body collisions for ner Mott marpulation [224]. The critical point
occurs betweerJ = 20 and 30 for barrier heightsVy = 0:1 to 10 forL = 11 sites andN =10
bosons, as will be discussed throughout this article. We entially focus on small systems to
minimize the size of the atomtronic device, working at the sallest size for which a quantum
phase transition is still a relevant concept, about 10 siteglus the barrier accounting for

nite size e ects [105].
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We set the tunneling strengthd = 1, the central barrier height Vy; = 5, and the initial
excitation strengths on the zeroth sitev© = 10 and rst site V& = 10, which provide
a localized kick that is strong compared with the barrier hght. While these excitation
strengths were originally designed to favor particle-hol®rmation on the rst two sites, we
nd that the critical transition to barrier occupation occurs, surprisingly, in spite of the
imbalance of the positive and negative excitations. While #se excitations can be incited
at any site(s) on the lattice, in order to control the directon of propagation we initialize it
adjacent to the leftmost wall, which we note has open boundgarconditions. In Figure 6.3@),
the interaction strength U = 25 is below its critical value for turning on the switch, and
thus the particle-hole is self-trapped in the left well andhe right well remains in an ideal
Mott state. The switch is o, or in its disconnected state. The initial state has close to
no particle occupation in the barrier, whereas Figure 6.Bf with U = 26 illustrates the
repulsive interaction is critically strong enough such thiathe particle prefers to occupy the
barrier, thus creating a conductive link to the right well. The switch is therefore on, or in
its normally operating state.

An important clue in deciphering the in uence of the super ud-Mott phase transition on
the operation of this Mott device is analyzing the initial sates. We supply a pure Fock state
as an initial guess,j02111011111 into our TEBD imaginary time propagation algorithm,
though ultimately the ground state determination of this intial potential has no absolute
requirement for initial Fock states. This can be seen in Figer6.3@) for V; = 2, as the
barrier regions on the § lattice site for U = 20 and 21 are closer tdnsi  0:5 than an
integer. These deviations from Fock states are due to supeid in uences on the edge
of one layer of the Mott insulating shelf; as a contrast, int&ction strengths U > 21 are
rmly rooted on the Mott side of the transition, with close to unit lling. Additionally,
determining the best con nement parameter will optimize tle contrast and e ectiveness of
the switch. In Figure 6.3p) we see that a barrier height of\; = 5 enables more ideal

Fock states and thus, less error in the on-site number as a nse@e of the switch state. As
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Figure 6.3: Initial states suggest critical Mott con nement. (a) When the barrier height
Vo = 2, a particle-hole pair forms on the rst two sites due to theinduced excitation of the
initial states for U = 20 and 21. For larger interaction strengths, the extra bosooccupies the
central barrier rather than the particle-hole pair. p) At Vy =5, the initial states approach
ideal Mott states as the on-site occupations converge tovehinteger values. €¢) The critical

transition from particle-hole excitation to barrier occugtion occurs betweertJ = 25 and 26

for Vp = 5.
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shown in Figure 6.3¢), the values forU 26 at this barrier height are nearly identical
j01111111111 at unit lling save for the hole on the rst site. For U 25 the initial
states approach the ansatp0211101111i1 and this hole in the barrier region creates a large
resistance and inhibits the particle-hole transport. We ne that the particle number is
conserved in our model, as appropriate for an ultracold Boggs in an optical lattice.

In investigating the response of the device to the sudden éation, we consider a Fock
transmission of the hole across the barrier region based awerse number density, as the
hole is an absence of a particle within the Mott insulating bekground. We calculate the

time-dependent transmission as the dimensionless ratio

P - P o=
o) ET(=0),

T()= —= N (6.2)

where L is the total number of lattice sites andN the total number of atoms. The sum
is over the left well sitesi, where we could have easily calculated the inverse quantitgr
the right well, as the double well conserves particle numbeflhe transmission provides one
means of measuring the signal-to-noise ratio, which we deténe by taking the ratio of the
maximum double well oscillation amplitude to the amplitudeof the junction leakage, or the
magnitude of the maximum noise when the switch is o. We caldate the signal-to-noise
based on the integer values & immediately on either side of the switching phase transitig
e.g. Uon (U, ) for the interaction strength when the switch is on (0 ). The signal is then
(max(jTj) min(jTj)) and the noise is (max(Tj) min(jTj)) . In Figure 6.4(@) at a
low barrier height of V(;JO; 0:1, the shift from o to on occurs frorLrJIOU =21 to U =22 with
a small signal-to-noise ratio of 1.6, where the error on the measurement is machine error
and is not represented in the truncation of the decimal. Theext barrier height, V, = 2
displayed in Figure 6.46), depicts a mildly improved signal-to-noise of 3:4 between the
normally operating tunnel state atU = 23 and the disconnected self-trapping at) = 22.

This operation region of the switch is an improvement over #\V, = 0:1 case, as the phase

transition occurs more sharply through the interaction modlation. The switch can be
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Figure 6.4: Transmission demonstrates regime with best signal-to-noise rati¢a) In the low
barrier height regime,V, = 0:1, the hole transmits easily for interaction strengthd)  22.
We begin falling o the shelf of the Mott wedding cake forU = 21 and 20 as the super uid
washes out the excitation, and the signal-to-noise is low, 1.6. (b) For V, = 2, the critical
split in transmission behaviors between the two possible s of initial states, occurring
betweenU = 22 and 23, becomes exaggerated. However, the the signahktmise is still low
at 3:4. (c) The divergence in behavior of the two switching states beows clear for a
barrier height \; = 5, and the signal-to-noise ratio is maximal at 8:9. (d) As the barrier
height becomes too large, the transmission of the hole extibn is negligible, and the only
transmissions through the barrier are those due to super diin uences as a result of optical
lattice depth.
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tuned to a large signal-to-noise ratio of ® between the o state atU = 25 and the on
state at U = 26 for a barrier height of V; =5 as shown in Figure 6.4¢), providing a robust
switching con guration that also o ers the most contrast béween the two states. The
nal panel of Figure 6.4(d) displays self-trapping for allU and the switch is disconnected.
The background loss increases for decreasing interactidreagth, as the super uid fraction
grows, thus mediating tunneling through the barrier.

The delity provides a microscopic measure of transient r@®nse in atomtronic Mott
insulators. We calculate the delity as a Fock space overlawith the initial state, which is
M (0)jn(t)i=n(0)jn(0)i, wherejn(t)i is the time-dependent Fock state angh(0)i is the initial
Fock state prior to real time propagation. The clean periodi delity peaks in Figure 6.5@)
are more easily mapped to their Fourier transform, panet], than transmission, for example.
Below the critical point, U < 22, the super uid fragments as portrayed in Figure 6.%()
lower the delity below the  90% Mott threshold and in Figure 6.5€¢) inject high frequency
noise into the discrete Fourier transform, calculated usgithe one-dimensional fast Fourier
transform algorithm in numpy. The super uid in uence also raises the noise oor by about
6 dB. Figure 6.50) displays a better operating regime for the switch with a barer height
Vo = 5, as the contrast between the two switching states is maxired, such that U
26 in blue, the switch is in its normally operating, or on sta¢ and U 25 in red, the
switch is disconnected, or o. The phase transition throughJ is sharp, yet the operating
parameter regions are large, making this switch practicabff scalable Mott atomtronics. In
addition, Figure 6.5d), the Fourier transform of Figure 6.5p), demonstrates two distinct
spectra, the blue for largerU corresponding to Josephson oscillations when the switch is
on and the red for smallerU when the switch is o. In this o state, the noise oor is
considerably higher by about 3 dB. Also in the o state, the deity oscillations are well-
resolved for the particle-hole excitation bouncing back ahforth within the left well, lending
to a more well-de ned spectrum for a range of interaction sémgths as compared with the

Vo =0:1 case.
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Figure 6.5: Fidelity and corresponding Fourier transform as robust measurement standards.
(a) In the low barrier height regimeV, = 0:1, whereU 22, the delity has a lower limit
of 90% and exhibits metronomic periodicity. This barrier heilt is too low to observe a
critical transition necessary for a switch. §) The two states of the Mott switch converge
for Vo = 5, where U = 20 to 25 in red means the state of the switch is self-trappedro
disconnected, and the initial states were all particle-helexcitations. Interaction strengths
U = 26 to 30 in blue illustrate the Josephson or normally operatig regime, and the initial
states all demonstrated particle occupation of the barrier(c) The discrete Fourier transform
of the data from (a) reveals the continuous raising of the noise oor by appromately 6 dB
for an increasing super uid fraction, as interaction stregth decreases fronU = 30 to 20.
(d) The Fourier transform of the data from () reveals a divergence in the spectral behavior
between the two switching states and the emergence of higHeequency super uid noise
when the switch is o forU  25.

125



Figure 6.6: Two-point correlators identify super uid occupation. g? as a correlation measure
distinguishes the presence of super uid fragments, thus ating an experimentally viable
many-body probe of Mott switch states. Both panels illustree a barrier height tuned to
the locality of sharp contrast atVy = 5. While the switch ips states betweenU = 25
and U = 26, this level of precision is not necessary for operation(a) At U = 20, and
time t = 0:05 for example, the large amplitude o§® from 0:9 to 0:15 conveys a level of
super uidity in the disconnected switch state, which is mog than an order of magnitude
larger than (b) the connected switch wherJ = 30 also at time t = 0:05, which ranges from
g® =0:072 to Q008.
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Furthermore, the g measure delineates second order correlations that not orgyovide
ease of experimental access and drive local entropy, theyt as a guide for entanglement,
if not a witness [192]. These® correlators gauge particle uctuations for optical lattice
sitesi and | and sogi(jz) = ;i h AjihAji. When g@ is positive, the expectation value
of observing two atoms concurrently at sites and j is greater than that of observing the
distinct atoms locally and vice versa. Because the correlahs are positive across most of
the lattice, this corresponds with a preference for simulteeous two-body measurement over
local measurement. Figure 6.8 portrays the initial (time t = 0:05) two-point correlator of
the switch in its disconnected state fotJ = 20; the small amount of super uid on the Mott
background resulting from the con nement of the barrier magi es the g® amplitude by
an order of magnitude over Figure 6.@), which illustrates initial (t = 0:05) normal switch

operation for U = 30. This normal switch state is also marked by the extreme &alization

of the two-point correlations on-site and of nearest neiglabing lattice sites.
6.4 Conclusions

We have demonstrated a proof-of-principle of a robust atominic switch in a double
well Mott insulator by triggering a local excitation in the Mott background and measuring
a transient response. The switching mechanism is tuned viad lattice depth and thus the
local interaction strength triggers a sharp phase transitin. The switching occurs due to the
con nement of the double well barrier, which modi es the tralitional super uid-Mott ground
states. In the disconnected state, the excitation is a padie-hole pair; in the connected state,
the excitation is a hole { an absence of a particle { within theMott insulating background.
The geometry thus changes between the two states, creatingcatical transition in the
conductance, a point that can be quanti ed via time-depend# Fock state transmission of
the hole through the barrier, which also provides a means oktérmining signal-to-noise
ratio and operating regime. We further demonstrate the dety of the Fock states and
the corresponding discrete Fourier transform as a tool foptmizing and characterizing the

switch noise performance. What is moreg® as a measure of the two-point correlations
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provides a witness of super uid fragments on the Mott backgund, thus demonstrating a
many-body probe of Mott switch states that is feasible on cuent cold atom platforms. The
phase transition modulated switch mechanism proposed initharticle o ers exibility due
to large parameter margins for operation together with sharcontrast of the switch states.
The next steps of many-body quantum simulation of robust Matatomtronics switches,
particularly their applications in strongly-correlated regimes, would address problems of
materials science or other disciplines more directly, evémcombination with open quantum
systems for improved source and drain implementation. We @lol also look toward ultracold
molecules for additional degrees of freedom, where the tegort is of a spin rather than a
mass [225, 226]. Then we get a \moleculetronics" switch whigs in fact spintronics in the

ultracold context.
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6.6 Appendix

Time-evolving block decimation errors can be split into twacategories, = method +
where methog IS from a number of sources; the most signi cant of these areom the fth-

order Suzuki-Trotter approximation that induces a time st error, together with the local
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dimension truncation. dictates the Schmidt truncation error due to truncation of he
Hilbert space. We found the time step in the limit of smallU and V, to require excessively
small time steps to converge; whereas in the lard¢ and V, limit, the bond dimension
required for convergence was excessively large. In the paster space relevant to this paper,
U = 20 through 30 andV, = 0:1 through 10, theV, = 0:1 case is converged below 19
relative error in the bond dimension, and the/, = 10 case is also converged below 10due
to limitations in the bond dimension. All other barrier heighs for any interaction strength
in this range were converged below 10, though we check bond dimension up to = 140
in our preferred parameter regime, where the convergenceaistually orders of magnitude
better, as shown in Figure 6.7. Other interaction ranges weedso considered as part of this
project, from U = 4 to 60, where the regions fromU = 31 to 60 and U = 4 to 19 were

converged below 10° for convenience.

Figure 6.7: Convergence of the bond dimensionn the proposed switch operating regime
forL =11, N =10, U = 30 and a barrier heightV, =5, we demonstrate convergence below
10 1 of the Fock state delity for bond dimension up to = 140.
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CHAPTER 7
CONCLUSIONS AND OUTLOOK

The second quantum revolution is underway, expanding the fidamentals of quantum
theory toward far-reaching applications, including atona clocks, highly precise quantum
sensors for microscopy and biomedical devices, secure quantnetworks in addition to a
guantum internet, and ultimately new computational paradgms. Governments worldwide
and industry are both investing substantially in the secondjuantum revolution, including
Google, IBM, Microsoft, and Intel. Bose-Einstein condensas and other manifestations
of ultracold gases in optical lattices are one step along thjourney as highly-controllable
guantum simulators. They confer a mechanism for probing thenany-body e ects that
become crucial in the search for ever-increasing sensiijyiscope, and speed of quantum
technologies and devices. In order for these advancementshte possible, the many-body
theory must |l the gaps in predicting experimental behavio, particularly in regimes where
interactions render many methods, such as mean- eld approxations, intractable [6]. The
research presented in this dissertation is one rung towardhancing this goal, as a majority
of these investigations originate from interactions betves atoms and their a ect on many-
body dynamics. For example, we have found many-body desdigms of initial states that
predict the Z, quantum phase transition in a bosonic Josephson junction, wte its mean-
eld counterpart failed. In strongly-correlated regimes his became even more crucial, where
for instance in an atomtronic Mott insulator, we found a shgv phase transition due to a

\wedding cake" type con nement of the optical lattice.
7.1 Summary

An important distinction of this work is its experimental relevance. Whenever possible,
the experiments were designed so as to be viable in presentigum simulator platforms:

statistical properties of the species, the interatomic iraction parameter values, the shape
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of the potentials, the dimension, and the choice of obsenrdal were all considered. For exam-
ple, the rst project presented in 3.1 presents evidence fmo both numerical and analytical
theory together with experimental data from our collaborabrs for non-exponential decay
of a BEC [7]. In addition, the advancement of experimental tdhniques { in tunability of
interaction strengths, single-site tailored trapping pagntials, and highly precise manipula-
tion and measurements protocols { have propelled ultracolguantum gas experiments to the
forefront of true quantum quantum simulation. Therefore, liracold Bose gases such as those
formed by 8’Rb provided an ideal backdrop for investigating the dynamgin this research.

One of the major projects on discerning the dynamic regimed a bosonic Joseph-
son junction based on two competing phase transitions susséully mapped the dynam-
ics regimes qualitatively and quantitatively for both meaneld and many-body dynamics.
Other projects included investigations of macroscopic qoaum tunneling escape in BECs,
partial symmetry breaking in an optical lattice ring trap, and particle-hole tunneling in
a bosonic Josephson junction. All projects explored the rold many-body interactions in
guantum tunneling of ultracold Bose-gases, providing a may computational and analytical
methods for re-envisioning common assumptions; these rigswould be attainable in cur-
rent experimental quantum simulator architectures. The reults have demonstrated further
broad-reaching applications, as quantum simulators havé¢ highly precise parameter and
measurement control to produce true quantum quantum simulins for deciphering criti-
cal challenges in analogous architectures geared towardpégations, including many-body
e ects in superconductors and other solid state materialghin Ims, and nonlinear optics.

A co-author project on macroscopic quantum tunneling escapof a BEC (section 3.1)
brought together experiment and theory to reveal a non-expential decay in the number
of 8’Rb atoms trapped in a single well. An important implication ofthis result was the
root cause of the non-exponential behavior: interactionsebween the atoms, which played
a crucial role in understanding di erences in many-body tuneling with mean- eld approxi-

mations [6]. A second co-author project, described in semti 3.2, investigated the dynamics
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of a quantum quench from a biperiodic lattice to a uniform onehereby explicitly breaking

the symmetry of an optical lattice ring trap. The quench probcol directly countered that

used for studying Kibble-Zureck physics and identi ed a newvelass of quantum dynamics
experiments that required the quantum advantage. The studgle ned new measures, the
symmetry gap and the symmetry memory, that identi ed critical phenomena outlining when
the system remembered its initial symmetry state [7].

The largest project considered in this dissertation in chder 4 explored the macroscopic
tunneling dynamics of an ultracold Bose gas in a square doeblvell using many-body nu-
merical simulations together with mean- eld and analyticé calculations. We imposed an
optical lattice on the double well potential to establish a gd for many-body dynamics. The
Bose-Hubbard Hamiltonian described the two length scales dig double well or Josephson
junction via two rivaling energy terms: the on-site interation and the Josephson tunnel-
ing strength. Experimentalists would tune the on-site inteaction in the optical lattice by
Feshbach resonances or by modulating lattice depth. Similg Josephson energy would be
adjusted by modifying the barrier height or width, which would depend on the speci c type
of barrier chosen. One length scale was given by the doublellw&he second length scale
was given by the optical lattice underlying the double well.

This lead us to investigate the impact of theU(1) super uid/Mott insulator quantum
phase transition, the rst type of phase transition, on thismulti-scale tunneling behavior.
The second type of phase transition was a discre® transition from a Josephson oscilla-
tion phase to a macroscopic self-trapping phase. The intday of the two quantum phase
transitions, Z, and U(1), reduced to tuning of the barrier height for the spontaneus sym-
metry breaking transition and tuning of the interaction strength for the super uid-Mott
transition. The ultimate goal then was to characterize the gnamic tunneling regimes that
result, from Josephson oscillations to self-trapping. Sonoé the regimes had previously been
identi ed in literature for weakly-interacting systems, while we explored the dynamics into

the strongly-interacting regime.
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We computationally demonstrated comparisons of mean- eldnd many-body dynamic
regimes based on the interplay of the two quantum phase tratiens in a bosonic Josephson
junction. Using initial state information, we designed a may+body energy ratio to predict
these dynamic regimes; and we found that mean eld theory bke down as the repulsive
interaction strength increased and failed to predict the smntaneous symmetry breaking
transition. Additionally, we identi ed a number of strictly many-body phenomena in these
dynamic regimes that increased in importance for higher-mision applications: long-lived
particle-hole pairs and low-lying double well modes aroseuel to a sudden quench of the
potential and could act as signatures of QPTs - even in systenbelow the thermodynamic
limit previously presumed to be outside the realm of quantunphase transitions. Other
many-body signatures included possible antisymmetric $toin formation in the Josephson
regime and theg® Fock ashlight e ect in the self-trapping regime: these e &ts manifested
in quantities that would be measurable experimentally in ahitectures ranging from cold
atoms to nonlinear optics to superconductors. With the numlyeof applications relying on
two-mode models of the double well, the result of this invagation of cold atom double
well experiments with optical lattices was a recommendatioto revisit many-body e ects in
systems previously assumed to be mean- eld.

In the nal project in chapter 6, we devised an atomtronic Mot switch device that
built on our work on many-body tunneling in bosonic Josephsojunctions. We examined
the dynamics of a local excitation tunneling in a double welthrough a Mott insulating
background and found that Fock state delity and transmissbn measures indicated noise
performance and critical phenomena in the transport proptes of these excitations. By
tuning the interaction strength through a critical value, the switch state was propelled into
a \wedding cake" layer of the Mott insulating structure, maked by a hole { or absence of a
particle { on the Mott insulating background. Below the critical point, a particle-hole pair
excitation that was self-trapped in one well demonstratedie sharp contrast in conductance

modulation. As an experimentally feasible method of identifng switching state, we used
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g(2) two-point correlators to magnify the super uid occupaton present in the particle-hole

switching state.
7.2 Future work

A more immediate expansion of this work would include applgg the same investigative
protocols of bosonic atoms to fermions by simulating the Revi-Hubbard Hamiltonian (FHH)
in place of its Bose-Hubbard counterpart. One of the di ereres between the BHH and FHH
lies in the fermion occupation of only spin up or spin down stes, and taking the lowest band
approximation, this limits the local dimension to 4. The phae diagram also becomes more
complicated, especially for real materials. The FHH allows iféthe emergence of at least one
additional phase in addition to the Mott insulator and band nsulator: the superconducting
phase. A further consideration is the pairing of fermions ahthe BEC-BCS crossover, which
is distinct from ultracold bosons [201, 202].

Further augmentation of either Hubbard Hamiltonian to long-ange Hubbard models
would also improve many-body descriptions, particularlyn regimes where tunneling is
strong. One example would be long-range tunneling [84]. Eapsion of the Hamiltonian
may also require consideration of higher dimensions [22&%$pecially for quantum simulation
of materials such as thin Ims or bulk materials, such as in ta BCS-BEC crossover [228].
For experimentally realistic comparisons, the rami catios of nonzero temperature should
also be considered, particularly thermalization and lossf @xcited modes [229]. Though
more speci cally, | encourange the expansion of this work tquantum information and
guantum atomtronics, the emerging eld of atomic circuits. A single Josephson junction
can be mapped to the simplest transmon qubit, for example, win would be simulated by
adding nearest-neighbor interaction terms in the long-rayje Hubbard model together with
the proper ratio of charging and Josephson energies. Additially, a tilt or asymmetry would
need to be applied to replicate an external driving bias [34,64, 165]. Another method of
exploring quantum simulators would be coupling external qantum devices to ultracold gases

in order to measure internal hyper ne states of a ux qubit, br example [230].
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With the experimental realization of an atom superconductig quantum interference de-
vice (SQUID) [213] and experimental demonstration of the hysresis necessary for atom
rfi-SQUIDS [216], a logical extension would be mapping the maibody physics of such de-
vices using matrix product state methods. This would requér the superconducting phase of
ultracold fermions in two coupled Josephson junctions with griodic boundary conditions.
Understanding the in uence of charge noise { which is akin tohte long-range atomic interac-
tion energy { on SQUIDs is a fundamental problem with supercalucting circuits, and one
that can likely be solved with many-body characterizationnr ultracold Fermi gas simulators.

Applying all of these suggestions to open quantum systems igrere challenging under-
taking. However, mapping the coupling of atomic systems to auntrollable environmental
parameter would enable quantum simulator systems to accuedy establish the a ect of the
environment on analogous quantum systems, such as supeactors and nonlinear optics.
Determining the e ects of thermalization precisely throu@§p atomic quantum simulators, for

example, would have immediate impact on superconducting vees [231].
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APPENDIX
CALCULATIONS AND USEFUL SCRIPTS

The following appendices are a selection of calculationsathmay be useful and are not

meant as an exhaustive list of calculations performed as panf this PhD.
A.1 Sudden Approximation

The following is a Mathematica notebook wherein a single wak suddenly quenched
from 2 sites to 4 sites. The Hamiltonian is diagonalized exdgtand propagated in real time.
The purpose is to demonstrate the immediate response of thetial state to such a quench.
In the low barrier limit with strong interactions, the projected state exhibits particle-hole
pairing, which are low-lying excited states of a Mott insuling ground state. In the high
barrier limit for strong interactions, the projected satesexhibits low-lying excited states
of the two wells themselves. We performed the calculation ke ways: one way we used
the ground state of the 2-site system fod = 0, or an initial state j1100, the next way
we used a ground state that is a superposition of the possildtates for the 2-site system,

1J200 + j12i + 3j200 for small, nite J. The third way we used perturbation theory for

small nite J, which agrees with the exact diagonalization case.
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Sudden Approxima on Dynamics for the BHH

Marie McLain

This notebook demonstrates the projection of the ground state of N = 2 particles on L = 2 lattice sites
onto a system of L =4 lattice sites, number conserving, for strong interactions. Clearly, local dimension
is 2 for all cases.

The Fock basis dimension is 3 for L = 2:

|02>

11>

|20>

While the basis dimension is 10 for L = 4:

|0002>

|0011>

|0020>

|[0101>

|0110>

|0200>

|1001>

|1010>

|1100>

|2000>

1.Ini alstateis| 1100 > (i.e. ground state of L=2 for
J=0). But, projected states have small J. (If the
projected states had J=0, then we would have a

sta onary state)

n1p= Clear "Global® *"

niz1= (* define parameters and numerical resolution *)
params = { 1, U 300,J 1.}
resolution  =1.0 * 10" 13;

Printed by Wolfram Mathematica Student Edition
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170815suddenApproxBH_Even.nb

nia1= (* Find Eigenvalues and eigenvectors of 10x10 Hamiltonian for L=4, for projection
H2= U, -Sqrt[2.]3,0,0,0,0,0,0,0,0 ,
-Sqrt [2.]13,0, -Sqgrt [2.]1J, -J,0,0,0,0,0,0 ,

0, -Sgrt [2.]J,U,0, -Sagrt[2.]J,00000 , {0, -J,0,0, -J0, -J000 1},

0,0, -Sqrt [2.1J, -J,0, -Sqrt [2.]3,0, -J,00

0,0,0,0, -Sqgt[2.]J,U00 -Sqgt[2]J0 ,{000 ~-J000 -J00 },

%)

{0,0,0,0, -J,0, -J,0, -J,0}, 000,00, -Sqgrt[2.]1J0 -J0 -Sqgt[2.]J,

0,0,0,0,0,0,0,0, -Sqrt [2.] J,U
eVals2, eVects2 = Eigensystem [H2/. params ];
For ii =1,ii <Length eVals2 +1,ii ++,

For jj =1,jj <Length eVals2 +1,jj ++,
(* Limit numerical resolution )
If  Abs eVects2 i i resolution, eVects2 ii i =00

(* Wait to normalize until after projection onto superpositio n of 4 -
site basis states

For kk=1,kk <Length eVals2 kk ++,

eVects2 kk =2eVects2 kk Total Abs eVects2 kk

")

eVects2
ourr= {{- 0.269404, 0.0431729, - 0.650904, - 0.00345848, 0.0611366,

- 0.650904, 0.000228837, - 0.00345848, 0.0431729, - 0.269404 1},

{- 0.498899, 0.0468808, - 0.498899, - 0.0015558, 0., 0.498899, 0., 0.0015558,
- 0.0468808, 0.498899 }, {- 0.652933, 0.0180085, 0.270241, 0.000248679,
- 0.0254621, 0.270241, - 0.0000165571, 0.000248679, 0.0180085, - 0.652933 },

{- 05,0,05,0.,0., -050,0,0,05 }, {- 0.010471, -0.239162, - 0.0308495,
- 0.491956, - 0.465455, - 0.0308495, - 0.42754, - 0.491956, - 0.239162, - 0.010471 },

{- 0.0104634, - 0.205919, - 0.0320837, 0.506694, - 0.425486, - 0.0320837,
- 0.467334, 0.506694, - 0.205919, -0.0104634 }, {- 0.023455, - 0.515243,
- 0.023455, - 0.48314, 0., 0.023455, 0., 0.48314, 0.515243, 0.023455 },

{- 0.0234516, - 0.482002, - 0.0234516, 0.516308, 0., 0.0234516, 0., - 0.516308,
0.482002, 0.0234516  }, {0.0209367, 0.445556, 0.0338064, - 0.0346713,
0.273879, 0.0338064, - 0.722761, - 0.0346713, 0.445556, 0.0209367 1,

{0.0210397, 0.446868, - 0.0130072, 0.00508743, - 0.723131,
- 0.0130072, 0.27645, 0.00508743, 0.446868, 0.0210397 }

Printed by Wolfram Mathematica Student Edition
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ner= (* Eigenvalues of the 4 - site system *)
ListPlot Sort eVals2 , PlotMarkers Automatic, Medium , ImageSize Large,
Frame  True, FramelLabel "Eigen index", "Energy" , PlotLabel "Eigenenergies, L =4"
Eigenenergies, L=4
30 : .
o5l ]
20 : .
5 1sF ]
2=
outgl= §
10l ]
5 : .
N
0 2 4 6 ‘ 8 10
Eigen index
nor= (* Map eigenvectors from the 10 - dimensional Hamiltonian onto 4 - site  superpositions *)
eVectsM = Array Null &, Length eVals2 ;
For iii =1, iii <= Length eVals2 ,ii ++,
eVectsM i = eVects2 i 1 *{0,0,0,2 }+ eVects2 i 2 *{0,0,1,1 }+
eVects2 i 3 *{0,0,2,0 }+ eVects2 i 4 *{0,1,0,1 }+
eVects2 i 5 *{0,1,1,0 }+ eVects2 i 6 *{0,2,0,0 }+
eVects2 ii 7 *{1,0,0,1 }+ eVects2 i 8 *{1,0,1,0 }+
eVects2 i 9 *{1,1,0,0 }+ eVects2 i 10 *{2,0,0,0 }
eVectsM;

Printed by Wolfram Mathematica Student Edition
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4 170815suddenApproxBH_Even.nb

niz= (* Non- normalized Eigenvectors for L =4, after projection onto 4 - sites  *)
Table ListLinePlot eVectsM i , PlotRange {214}, 2,2} , i,1,10
27 27
1t 1
out[12]= | . . . . . . . . N, . . s,
15 20 25 30 35 40 15 20 2. 3.0 35 40
-1\—/ -1r
2 2
2 2
1 1
20 25 3.0 4.0’ 1W5 3.0 BNO,
-1 -1F
2 2
2 2r 2
1 1 l\
1.‘5 210 2.‘5 310 3‘.5 4.‘0, 115 2‘.0 215 310 3.‘5 410’ 115 20 25 3‘.0 15 410
1 -1r 1
2 -2t 2
2 27 2
1 1t 1\
15 20 25w 30 3540 15 20 25 30 35 %0 15 202580 35 40
1 -1r 1
2 -2+ 2
npar= (¥ The non-zero elements in the sum of the time - evolving state are
from eigenvectors that have any superposition with the init ial state,
though a couple states are more dominant due to large overlap s. The
initial state is [1 100 > the ground state of the L =2 case for J =0. %)

(* timeEvolveState [t _]:=Exp - eVals2 1 tt eVects2 1 9 *eVectsM 1 +

Exp - evals2 3 tt eVects2 3 9 *eVectsM 3 +
Exp - evals2 7 tt eVects2 7 9 *eVectsM 7 +
Exp - evals2 8 tt eVects2 8 9 *eVectsM 8 +
Exp - eVals2 9 tt eVects2 9 9 *eVectsM 9 +

Exp - eVals2 10 tt eVects2 10 9 *eVectsM 10 *)

npap= timeEvolveState [t ] : =
SumExp - eVals2 zz tt eVects2 zz 9 *eVectsM zz , zz, Length eVals2

Printed by Wolfram Mathematica Student Edition
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In[24]:=

Plot 2 Abs timeEvolveState [t] 2 2 Total Abs timeEvolveState [t] 2
2 Abs timeEvolveState [t] 3 2  Total Abs timeEvolveState [t] 2

{t,0,50 },ImageSize Large, Frame True, FrameLabel "Time"," <n;>" |,
PlotLabel "Occupation of sites 2 and 3", PlotLegends "<ny>t " <ng>"

(* Plot 2Abs timeEvolveState [t] 3 2 Total Abs timeEvolveState [t] 2
{0,120 } PlotStyle  RGBColor[ 1,01 | ¥
(* Plot Sum 2Abs timeEvolveState [t] aqq 2 ,{qgql2 }
Total Abs timeEvolveState [t] 2 , {10,120 } PlotStyle RGBColor[ 0.25,0,0.75 ] %

DiscretePlot 2 Abs timeEvolveState [t] 2 2 Total Abs timeEvolveState [t] 2
t, 0, 20, stepsizel , ImageSize Large, Frame True, FramelLabel "Time"," <ny>"
PlotLabel "Occupation of site 2 for discretized data"
DiscretePlot 2 Abs timeEvolveState [t] 3 2  Total Abs timeEvolveState [t] 2
t, 0, 20, stepsizel , PlotStyle RGBColor[1,0,1 ],
ImageSize Large, Frame True, FrameLabel "Time", " <nz>" ,
PlotLabel "Occupation of site 3 for discretized data"

(* DiscretePlot Sum 2Abs timeEvolveState [t] qg 2 ,{qg,1,2 }
Total Abs timeEvolveState [t] 2 ,{t0,120,0.2 },PlotStyle RGBColor [ 0.25,0,0.75 ] %

Occupation of sites 2 and 3
R T T S

14+ A
12+ A

10+ -

0.8 R
A L ’ — <Ny>

out4l= ¥
04t N ,

::: VWA

Time

— <nz>

Printed by Wolfram Mathematica Student Edition
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7= ListLinePlot

MovingAverage Flatten  Take Take discreteTimeStates, timestepsl, 2 , timesteps1, -1
filterl , MovingAverage
Flatten Take Take discreteTimeStates, timestepsl, 3 , timesteps1, -1 | filterl
ImageSize Large, Frame True, FrameLabel "Time"," <n;>" |,
PlotLabel "Occupation of sites 2 and 3 for discretized data with filter
PlotLegends "<ny,>" " <ng>"
ListLinePlot MovingAverage  Flatten
Take Take discreteTimeStates, timestepsl, 2 , timesteps1, -1 ,1 , MovingAverage
Flatten = Take Take discreteTimeStates, timestepsl, 3 , timesteps1, -1 ,1
ImageSize Large, Frame True, FrameLabel "Time", " <n;>" ,
PlotLabel "Occupation of sites 2 and 3 for discretized data without fil ter",
PlotLegends "<ny>" " <ng>"
(* ListLinePlot MovingAverage Flatten  Take discreteTimeStates,timestepsl,1 +
Flatten = Take Take discreteTimeStates,timestepsl,3 [timestepsl, -1

filterl ,PlotStyle RGBColor [ 0.25,0,0.75 ] *

Occupation of sites 2 and 3 for discretized data with filter
; : : : : 4 : .

1.0+ =

0.8 1

A 06F

L 17— <ny>

0.4

c
outz7)= v [ ' f

0.2 1

0.0

200 400 600 800

o

Time

Printed by Wolfram Mathematica Student Edition
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Occupation of sites 2 and 3 for discretized data without filter
4 ; : . : - ; : ;

1.0+ =

0.8 1

A O6F

j=3
out[3g]= v

04+ =

0.2 1

0.0¢ . . . . . . . . . . . L
0 200 400 600 800

Time

npop= FourierDataN2 =
Take Abs Fourier MovingAverage Flatten  Take Take discreteTimeStates, timestepsl, 2

timesteps1, -1 ,1 2 Length Abs Fourier = MovingAverage Flatten

Take Take discreteTimeStates, timestepsi, 2 , timesteps1, -1 ,1 2
FourierDataN3 = Take Abs Fourier MovingAverage Flatten  Take Take discreteTimeStates,

timesteps1, 3 , timesteps1, -1 .1 2 Length  FourierDataN2 ;

Printed by Wolfram Mathematica Student Edition
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na1p= (* Two frequency peaks in the Fourier spectrum non- normalized  *)
ListLinePlot FourierDataN2, FourierDataN3 , ImageSize Large,
Frame  True, FrameLabel "Frequency", "Amplitude” ,
PlotLabel "FT of sites 2 and 3 for discretized data without filter"
FT of sites 2 and 3 for discretized data without filter
T T T T T T T T T T T
0.0012 - B
0.0010 B
0.0008 - N
s L |
2
oual)= g r ]
<< 0.0006 B
0.0004 - B
0.0002 - B
0.0000 |- | ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) s
0 100 200 300 400

Frequency

2.Ini alstateis {1100>+ ,|2000>+ 3/020
0 > (i.e. ground state of L=2 for small J, so ; > , and

1> 3)
ne2r= (¥ Determine non - trivial ground state of L =2 for the initial state *)
H1= U, -Sort[2]J,0 , -Sort[2]J,0, -Sagrt[21J, O, -Sart[2] JU
eValsl, eVectsl = Eigensystem [ H1]

ouez= U, ; (U- A/16J3%2 + P ) % (U+«/1632+u2 ] ,
-2 U- 2 1632+ 12 1 -2 U+n/2 11632+ 2 1

4] 4]

{1011}, 1,

Printed by Wolfram Mathematica Student Edition
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naa= FOr mme 1, mm< Length eValsl , mm++,
eVectsl mm =2eVectsl mm Total Abs[eVectsl mm]

eValsl, eVectsl / . params

oups- {{ 30., - 0.132746,30.1327 },
{- 1,0,1 }, {0.0858109, 1.82838, 0.0858109 }, {1, -0.0938656, 1 }}}

npel= For i =1, i <= Length eValsl ,ii ++,
eVectsM i = eVects2 i 1 *{0,0,0,2 }+ eVects2 i 2 *{0,0,1,1 }+
eVects2 i 3 *{0,0,2,0 }+ eVects2 i 4 *{0,1,0,1 }+
eVects2 i 5 *{0,1,1,0 }+ eVects2 i 6 *{0,200 }+
eVects2 i 7 *{1,0,0,1 }+ eVects2 i 8 *{1,0,1,0 }+
eVects2 ii 9 *{1,1,0,0 }+ eVects2 i 10 *{2,0,0,0 }
ne7:= (* The non-zero elements in the sum of the time - evolving state are from
eigenvectors that have any superposition with the initial s tate. This time,
the initial state is a ground state from the L =
2 case with a small tunneling term. Therefore, there are more projection overlaps,

since the initial state is a superposition of the |
2000 > 11100 > | 0200 > L=2 basis,
rather than | 1100 > as was the case for J  =0. *)
timeEvolveState2 [ttt _] :=Sum
Exp - evals2 nn ttt (eVects2 nn 6 *eVectsl 2 1 +eVects2 nn 9 *eVectsl 2 2 +
eVects2 nn 10 *eVectsl 2 3 )* eVectsM nn /.params, nn, 1, Length eVals2

Printed by Wolfram Mathematica Student Edition

171



172



173



16 170815suddenApproxBH_Even.nb

ins71= Plot 2 Abs timeEvolveState2 [t] 2 2 Total Abs timeEvolveState2

2 Abs timeEvolveState2 [t] 3 2

{t,0,50 },ImageSize Large, Frame True, FrameLabel

PlotLabel "Occupation of sites 2 and 3", PlotLegends
(* Plot Sum 2Abs timeEvolveState2 [t] qq 2 ,{qg1.2 }
Total Abs timeEvolveState2 [t] 2 , {10,120 1} PlotStyle

DiscretePlot 2 Abs timeEvolveState2 [t] 2 2

t, 0, 20, stepsize , ImageSize Large, Frame

PlotLabel "Occupation of site 2 for discretized data"

DiscretePlot 2 Abs timeEvolveState2 [t] 3 2

Total

Abs timeEvolveState2

Total Abs timeEvolveState2

n <n2>u, n

[t]

"Time", n

RGBColor [ 0.25,0,0.75

True, FrameLabel

Total

Abs timeEvolveState2

t, 0, 20, stepsize , PlotStyle RGBColor[1,0,1 ],
ImageSize Large, Frame True, FrameLabel "Time"," <nz>" |,
PlotLabel "Occupation of site 3 for discretized data"
(* DiscretePlot Sum 2Abs timeEvolveState2 [t] qq 2 ,{qo.1.2 }
Total Abs timeEvolveState2 [t] 2 ,{t0,120,0.2 } ,PlotStyle

Occupation of sites 2 and 3

RGBColor [ 0.25,0,0.75

2

<n2>u

2

]

10

SN
= e

|

|

|

e

|

\/U

Time

30
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neop= (* No high - frequency modes here, so no filter necessary *)
ListLinePlot
MovingAverage Flatten  Take Take discreteTimeStates2, timesteps, 2 , timesteps,
filter , MovingAverage
Flatten = Take Take discreteTimeStates2, timesteps, 3 , timesteps, -1, filter
ImageSize Large, Frame True, FrameLabel "Time", " <n;>" ,
PlotLabel "Occupation of sites 2 and 3 for discretized data",
PlotLegends "<ny,>", " <ng>"
(* ListLinePlot MovingAverage Flatten  Take discreteTimeStates2, timesteps,1 +
Flatten = Take Take discreteTimeStates2, timesteps,2 [timesteps, -1 ,
filtter ,PlotStyle RGBColor [ 0.25,0,0.75 ] ¥
Occupation of sites 2 and 3 for discretized data
1.0+ B
0.8 i
N 0.6 B
out[60]= v
0.4 —
0.2 i
0.0, . . . . | . . . . | . . . . | L
0 50 100 150 200
Time

ne1= SetDirectory NotebookDirectory 0

oute1)= / home/ marie / Documents / PhDY QPTclass

Printed by Wolfram Mathematica Student Edition
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n7i= FourierDataN22 =
Take Abs Fourier MovingAverage Flatten  Take Take discreteTimeStates2, timesteps, 2

timesteps, -1 0,1 2 Length Abs Fourier = MovingAverage Flatten

Take Take discreteTimeStates2, timesteps, 2 , timesteps, -1 .1 2 2 ;
FourierDataN33 = Take Abs Fourier  MovingAverage Flatten  Take Take discreteTimeStates2,

timesteps, 3 , timesteps, -1 1 2, Length  FourierDataN22 ;
(* One frequency peak in the Fourier spectrum non- normalized  *)
ListLinePlot FourierDataN22, FourierDataN33
0.004 - '
0.003:

Out[73]= 0,002:

0.001:

20‘ ‘ ‘40‘ ‘ ‘60‘ ‘ ‘80‘ ‘ ‘100

3.) Degenerate perturba on theory of the same result
as (2.)

wr- wl={{0,1,0,0,0,0 '}, {1,0,1,1,00 }, {0,1,0,0,1,0 },
{0,4,0,0,1,0 },{0,0,1,1,0,1 }, {0,00,0,1,0 };

in7s= engySplittingl =- JEigenvalues [ w]]

out[7s]= \/S—J, - \/5—J, J, -J,0,0

inzer= engySplitting2 = —\/5 J, - —\/5 J,J, -J,0,0,U,U,U,U

oue- /5 J, -+/5 J,d, -J,0,0,U,U,U, U

Printed by Wolfram Mathematica Student Edition
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nr71= (* First order energy perturbations split the six - fold ground state degeneracy,
but not the second cluster degeneracy, due to the Mott gap *)
ListPlot Sort  engySplitting2 /. params , PlotMarkers Automatic, Medium ,
ImageSize Large, Frame True, FrameLabel "Eigen index", "Energy" ,
PlotLabel "First order perturbation degeneracy splitting"
First order perturbation degeneracy splitting
a0l ]
25: .
3 151 ]
e 7 ]
ou[77= G
10l ]
5: .
N
0 2 4 ‘ 6 8 10
Eigen index
nzer= Wlvects = - JEigenvectors [ wl]
ouree =J, A5 3J, -23, =23, \/53, -3, -J, -+/53, -23, -23, -5, -3,
{J, -3,0,0,9, -J}, {3,3,0,0, -J, -3}, £ 3,0,3,0,0, -J}, {0,0,3, -J300 }

nre= mi={ 1,0,0,0,0,0 }, {0,1,0,0,0,0 }, {0,0,1,0,0,0 1},

{0,0,0,1,0,0 1}, {0,0,0,0,1,0 }, {0,0,0,0,0,1 };
Engytim2={ 0,0,0,0,0,0 1}, {0,0,0,0,0,0 }, {0,0,0,0,0,0 1},

{0,0,0,0,0,0 1}, {0,0,0,0,0,0 1}, {0,0,0,0,0,0 };

mpi= For uu =1,uu  Length [m], uu ++,
For w =1,w Length [m],w ++,
Engylm2 uu w = mluu .(wlwlvects w )

Engylm2
ougz- /5 J, -5, -3,3,00 ,{5J -5337300 }, 2513 -2-51730000 |,
2+/53J, -2+/53,0,0,000 ,{ 53 -5J -3 -3,001}, ~5J -+513J -300

insa;= Table  ListLinePlot [wlvects ww /.params ], {ww, 1,6} ;

Printed by Wolfram Mathematica Student Edition
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nsa= (* Map eigenvectors from the 10
eVectsW = Array Null & 10 ;
For[xx =1, xx 6, xx ++,
eVectsW xx =(wlvects xx 1

Out[87]=

]

wlvects xx 3 *{0,1,1,0
wlvects xx 5 *{1,0,1,0

eVectsW 7 ={0,0,0,2 };
eVectsW 8 ={0,0,2,0 };
eVectsW 9 ={0,2,0,0 };
eVectsW 10 ={2,0,0,0 };
(* non- normalized 1st order perturbing eigenfunctions on Mott sid e*)
Table ListLinePlot [ eVectsW yy

- dimensional Hamiltonian onto 4 - site superpositions *)

*{0,0,1,1 }+wlvects xx 2 *{0,1,0,1 }+
}+ wlvects xx 4 *{1,0,0,1 }+
}+ wlvects xx 6 *{1,1,0,0 })

[.params ], {yy, 1,10 }

1 2 3 4

-2
-05 4
) )
-6
-1.0
-8
-15 -10
2 2
1 1
1 2 3 4 1 2 3 4
-1 -1
-2 -2
20¢
. . - 10
1 4
-0.2 05 15}
04 , ‘ ‘ ., 10} ,
-0.6 1 2 3 4
. 05F
0.8 0.5
R -1.0
1.0 1 2 3 4
2.0 2.0 2.0F
15 15 15¢
1.0 , 10 , Lot
0.5 0.5 05¢
1 2 3 4 1 2 3 4 1 2 3 4
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nee= Abs Total [( wlvects 1 1 *{0,0,1,1 }+ wlvects 1 2 *{0,1,0,1 }+
wlvects 1 3 *{0,1,1,0 }+wlvects 1 4 *{1,0,0,1 }+
wlvects 1 5 *{1,0,1,0 }+wlvects 1 6 *{1,1,0,0 })

oufsel- Abs - 123 +4/5 J

nsop= eVals3 = engySplitting2 / . params;

eVects3 =
-3, 453, -23, -23, 453 -3,0,0,00 , -3 -4/573, -23, -23, -5, -,
0,000 ,{J -300J -3,0000 1} {3300 -3, -30000 },
{30300 -30000 1} {003 -3000000 },
{0,0,0,0,0,0,1,0,0,0 }, {0,0,0,0,0,0,0,1,0,0 },
{0,0,0,0,0,0,0,0,1,0 }, {0,0,0,0,0,0,0,0,0,1 } /. params;

In[91]:=

2= timeEvolveState3  [t5_] : =
SumExp - evVals3 nnn t5 (eVects3 nnn 9 *eVectsl 2 1 +eVects3 nnn 6 *
eVectsl 2 2 +eVects3 nnn 10 *eVectsl 2 3 )*
eVectsW nnn /. params, nnn, 1, Length eVals3
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2 2

inptoz)= Plot 2 Abs timeEvolveState3 [t] 2 Total Abs timeEvolveState3 [t] ,

2 2

2 Abs timeEvolveState3 [t] 3 Total Abs timeEvolveState3 [t] ,

{t,0,20 },ImageSize Large, Frame True, FrameLabel "Time"," <n;>" ,
PlotLabel "Occupation of sites 2 and 3", PlotLegends "<ny>", " <ng>"

(* Plot Sum 2Abs timeEvolveState2 [t] qq 2 ,{qg,1,2 }
Total Abs timeEvolveState2 [t] 2 ,{t0,120 } PlotStyle RGBColor [ 0.25,0,0.75 ] %
DiscretePlot 2 Abs timeEvolveState3 [t] 2 2 Total Abs timeEvolveState3 [t] 2 .,

t, 0, 20, stepsize3 , ImageSize Large, Frame True, FrameLabel "Time", " <np>"
PlotLabel "Occupation of site 2 for discretized data"

DiscretePlot 2 Abs timeEvolveState3 [t] 3 2 Total Abs timeEvolveState3 [t] 2 .,

t, 0, 20, stepsize3 , PlotStyle RGBColor[1,0,1 ],
ImageSize Large, Frame True, FramelLabel "Time"," <ng>" |,
PlotLabel "Occupation of site 3 for discretized data"

(* DiscretePlot Sum 2Abs timeEvolveState2 [t] g9 2 .{qql2 }

Total Abs timeEvolveState2 [t] 2

{t,0,120,0.2 } .PlotStyle RGBColor[0.25,0,0.75 ] %

(* Note: | am unsure why the dynamics show clipped behavior at th e
peaks -- the time evolution is continuous for the first plot here *)
Occupation of sites 2 and 3
: : : : ‘
08 —
0.6 —
A r A — <Nyp>
ouf102)= v
<nz>
0.4} l—
0.2+ |
1 1 1 1 1 ]
0 5 10 15 20

Time
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nposi= (* No high - frequency modes here, so no filter necessary *)
ListLinePlot MovingAverage
Flatten = Take Take discreteTimeStates3, timesteps3, 2 , timesteps3, -1,
filter3 , MovingAverage
Flatten = Take Take discreteTimeStates3, timesteps3, 3 , timesteps3, -1, filter3 ,
ImageSize Large, Frame True, FrameLabel "Time", " <n;>" ,
PlotLabel "Occupation of sites 2 and 3 for discretized data",
PlotLegends "<ny,>" " <ng>"
(* ListLinePlot MovingAverage Flatten  Take discreteTimeStates2, timesteps,1 +
Flatten = Take Take discreteTimeStates2, timesteps,2 [timesteps, -1 ,

filter ,PlotStyle RGBColor [ 0.25,0,0.75 ] ¥

Occupatlon of sites 2 and 3 for discretized data
1.0 . . . ; .

0.8 4
06 4
A L 4 — <nx>
out[105]= ¥
L 1 <nz>

:M y

OO C L L L L L L L L L L L L L L i
0 200 400 600 800 1000

Time
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nposl= FourierDataN2a = Take Abs Fourier  MovingAverage
Flatten  Take Take discreteTimeStates3, timesteps3, 2 , timesteps3, -1 .1 2
Length Abs Fourier MovingAverage Flatten  Take Take discreteTimeStates3,
timesteps3, 2 , timesteps3, -1 1 2 2 ;
FourierDataN3a = Take Abs Fourier  MovingAverage Flatten  Take Take discreteTimeStates3,
timesteps3, 3 , timesteps3, -1 .1 2 Length  FourierDataN2a ;
(* One large frequency peak in the Fourier spectrum non- normalized -
if the step size is too small, the side band peaks increase *)
ListLinePlot FourierDataN2a, FourierDataN3a
0.00015;
0.00010;
out[108]= [
0.00005; |
100‘ - ‘200‘ - ‘300‘ - ‘4(‘)0‘ ‘ “‘5(‘)0
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A.2 Exact Diagonalization

Included is a Python script for determining eigenvalues andigenvectors of Fock states
in the Bose-Hubbard model for any value of, U, optional external potential V, particle
numberN, or number of lattice sitesL. The rst script is for open boundary conditions. The
second script is for periodic boundary conditions and corites an added feature of optional

even-siteJeven and odd-siteJoqq tunneling terms that can be set to di erent values.
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A.3 Single particle density matrix plotting

The following is an example of a Python script for plotting tle SPDM in density map

format and generating plots for each time step.
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#1 luser/bin/python3
#

# SPDM_density.py
#
# Description:

# Enables plotting of of depletion dynamics for varying barrier height and other
# parameters from TEBD *extPotcorrelationfunctions.txt files

# Execute

# python3 SPDM_density.py

# from the command line to execute this files dfault behavior. The default

# behavior is set at the end of this file and it is there that you can set a

# directory containing the data files to be processed. All the files in that

# directory are filtered using the fnames_and_params function. The filtering
# allows specific parameter value selection or all values of a parameter found
# in the directory using a wildcard string "*'.

#

# By Logan Hillberry

# and Marie McLain

# Last updated 12 August 2017

H

# Import Libraries
#

# Built in libraries

import re
import os.path

# External libraries

import numpy as np
import matplotlib as mpl
import matplotlib.cm as cm
import matplotlib.pyplot as plt
import matplotlib.colors as colorss
from matplotlib.ticker import LinearLocator, FormatStrFormatter, MaxNLocator #Format tick p
oints
import operator
# The following two lines ensure type 1 fonts are used
mpl.rcParams['pdf.fonttype’] = 42
mpl.rcParams['ps.fonttype'] = 42
# plotting defaults
plt_params = {
‘font.size' : 14,
‘font.family' : 'serif’,
'text.usetex’ : True,

plt.rcParams.update(plt_params)
# File 110
# Generic names of data files containing parameter values

# NOTE: dec=1 for the H parameter because when i renamed files, | didn't do it
# in a way consistent with the TEBD style. This is of course easily fixed but
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# this shows the utility of the helper function.
def name(H, L, N, Chi, jTunn, U0):
blank_name = r'H{:<0" + width(H, ndec=1) + IL{N{Chi{}jTunn{:<0" +\
width(jTunn) + rjuo{:<0' + width(U0) +r'}OBC'
return blank_name.format(H, L, N, Chi, jTunn, U0)

# Zero padding helper function
#
# Helper function returns the required width of a parameters value. Eg, U0=0.3
# must be padded to 0.30 which has a width of 4, but U0=30.0 must be padded
# to 30.00 which has a width of 5. The ndec keyword argument specifies the
# number of places to the right of the decimal that must be made 0 if not
# specified. ndec defaults to 2 for use with TEBD-style names
def width(param, ndec=3):

# Edge case if user specifies a wild card. For this return an empty string

if type(param) is str:

return "
# Edge case if requested param is zero
if param ==0.0:

decade =1

# Typical behavior, get decade of param to add to the width
else:
decade = int(np.log10(param))
# the number of places to the left of the decimal plus one for the decimal
# point plus the number of places used after the decimal point.
return str(decade + 1 + ndec)

# List of filenames and their associated simulation params
#
# dir is an argument pointing to the folder containing data files.
# Parameters H, L, N, Chi, jTunn, and UO are the associated TEBD parameters
# stored in the file's name. Passing the string "*' will ‘wildcard' that
# parameter, so all values of that parameter will be found. Suffix is appended
# to the name making this function reusable for various TEBD-style file names.
# Returns a tuple of two lists. The first is a list of file names matching the
# requested parameters. The second is a list of dictionaries storing the
# numeric parameter values with keys of strings corresponding to the TEBD
# parameter names.
def fnrames_and_params(H, L, N, Chi, jTunn, UO, suffix, dir):
# list of parameter selections
selections = [H, L, N, Chi, jTunn, U0]
# list of parameter types
types = [float, int, int, int, float, float]
# list of named keys for parameters
keys = ['H', 'L, 'N', 'Chi', 'jTunn’, 'U0"]
# regex for an integer of float
anynumber = r'[-/+]2\d*\.2\d+'
# replace any ' paramters with the regex for an integer or float
selections = [anynumber if s is *' else s for s in selections]
# walk the dir for filenames matching name with parameter selections
fnames = [os.path.join(dir, f) for f in os.listdir(dir)
if re.match(name(*selections) + suffix + r'.txt', f)]
# parse the name for the numeric parameters and store in a dictionary
params = [dict(zip(keys, [types]i](param) for i, param in
enumerate(re.findall(anynumber, f))])) for f in fnames]
#params.sort(key=operator.itemgetter('N'))
print('names dict', fnames)
print(‘params dict', params)
return fnames, params

# Analysis and plotting
#
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# Process and the list of file names and parameters as given by the
# fnames_params function to get the depletion metric.
def process(fnames, params, plot_name):

if len(fnames) == 0:

raise ValueError('No files to load!")

print(\nFrom ', os.path.dirname(fnames[0]), '\n’)

numPlIt = len(fnames)

cmap = plt.get_cmap('viridis')

colors = [emap(i) for i in np.linspace(0,1,numPlt)]

# loop through filtered files
for f, p, ¢ in zip(fnames, params, colors):
print (‘processing ' + os.path.basename(f) +...")

# Gather important constants

L =p[L]
N =p[N]
H  =p[H]

jTunn = p[jTunn’]
Lhalf =int(L/2)
#TT  =int(241)

# import data

Xa = np.genfromtxt(f)

# Get size of correlation matrix
rows = np.shape(Xa)[0]

cols = np.shape(Xa)[1]

# Get size of lattice -- if needed
LL=int(cols/2)

#Get number of timesteps
TT=int(rows/LL)

# arrange data into complex matrix form
Xb = np.array(Xa[:, :L] + 1.0j * Xa[:, L:])
print 'Xb min', np.real(Xb).min()
comparekey = np.real(Xb).min()

Xb = abs(Xb)

#if np.real(Xb).min() < O:
# Xb = Xb - np.real(Xb).min() + abs(np.real(Xb).min())/10.
print 'new Xb min', np.real(Xb).min()
# initialize and form non-normalized spdm (off by one timestep due to ITP)
Xc =np.zeros((TT, L, L), dtype=complex)
diags = np.zeros((TT,L))
diagMat = np.zeros((TT,L,L))
Xd = np.zeros((TT,L,L))
XclO, i1, ] = Xb[:L, :L]
for tin range(1, TT):
Xc[t, i@, 2] = Xb[(t-1) *L:(t-1)*L + L, :L]
diagsl[t] = np.diagonal(Xc[t])
np.fill_diagonal(diagMat][t],diags][t])
Xd[t] = Xc[t]-diagMat][t]

print 'diag mat', len(Xd[1])

numpPlIt2 = 20 #TT/4

cmap?2 = plt.get_cmap(viridis')

colors2 = [cmap2(i) for i in np.linspace(0,1,numPIt2)]
timedict = np.linspace(int(0),int(numPIt2),int(humPlt2+1))
timedict2 = np.linspace(int(0),int(TT),int(TT+1))
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for ttime, col in zip(timedict, colors2):

# plot SPDM

fig = plt.figure(int(ttime),(4,4)) # fignum, (sizex, sizey), inches

ax = fig.add_subplot(1,1,1)

im = ax.imshow(abs(Xd[ttime+130]), interpolation="bilinear',cmap=cm.inferno, norm=
colorss.SymLogNorm(0.1,vmin=0.,vmax=1.))

xaxis=ax.get_xaxis()

xaxis.set_major_locator(MaxNLocator(integer=True))

fig.gca().invert_yaxis()

#ax.set_title('SPDM’)

ax.set_xlabel("Site $i$", fontsize=16)

ax.set_ylabel("Site $j$", fontsize=16)

ax.set_aspect(‘auto’)

fig.colorbar(im, label=r'$\mid \langle b*{\dagger}_i b_j \rangle \mid$')

#ax.legend(bbox_to_anchor=(1.05, 1), loc=2, title="$\langle n_{L} \rangle$")

new_name = plot_name + 'time00' + str(int(ttime+130)) + ".jpg’

plt.savefig(new_name, format="jpg’, dpi=300, bbox_inches="tight’)

print(\nSaved plot to *, plot_name)

plt.close()

# Run default behavior
if_name__ =="_main__"

# Directory of this file

#data_dir = os.path.dirname(os.path.realpath(__file_ ))
#

# Directory where | stored data on my machine
data_dir = "/home/marie/Documents/PhD/test_data"

# Description of files to import

H =10
L =55

N =27
Chi =80
jTunn =1.0
Uuo =300

# gather list of file names and parse them for the associated parameters
fnames, params = fnames_and_params(
H, L, N, Chi, jTunn, UQ, 'extPotcorrelationfunctions', data_dir)

# Examples testing width command, multi wildcard use, and no file error.

#fnames, params = fnames_and_params(

# ™, 27,14, 40, 1.0, 30.0, 'extPotcorrelationfunctions', data_dir)
#fnames, params = fnames_and_params(

# ™ 27,14, 40, 1.0, *', 'extPotcorrelationfunctions', data_dir)
#fnames, params = fnames_and_params(

# 0.0,0,0,0,0.0, 0.0, 'extPotcorrelationfunctions', data_dir)

# name of plot to be saved
plot_name = 'SPDM-nodiag_' + name(H, L, N, Chi, jTunn, UQ)

# import, process, and plot the data
process(fnames, params, plot_name)
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