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ABSTRACT

Current wireless communications systems utilizing frequencies below 6 GHz are quickly becoming unable

to meet consumer needs due to limited bandwidth. The need for ever increasing data throughput for

wireless systems is pushing systems to begin using higher millimeter-wave frequencies to provide frequency

bandwidths that are orders of magnitude larger than those operating at the lower frequencies. Operating at

millimeter-wave frequencies brings along new challenges that do not exist at lower frequencies such as mass

produced hardware that is physically smaller to overcome the larger free space loss which can bring increase

uncertainty in channels and hardware components. The uncertainty increases in these systems must be

corrected by channel estimators to correctly receive data. Channel estimators are effected by the increased

hardware error and their efficacy is therefore reduced. This in turn increases the error in received data and

reduces the throughput of a communications system.

A multitude of channel estimation techniques have been developed in an attempt to reduce bit errors in

the received data and maximize the system throughput. Methods can be as basic as performing division and

averaging of known transmitted values to estimate the channel. Other channel estimators have been designed

using techniques ranging from machine learning to optimization and minimization. None of these estimators

use responses and uncertainties of hardware components that are typically provided by manufacturers. By

directly using known hardware responses and any corresponding uncertainties, a channel estimator can

improve its estimation.

The research outlined here first provides a framework for the consistent evaluation and comparison of

estimators in millimeter-wave systems and second develops an improved channel estimator that leverages

known hardware responses and their uncertainties. The comparison between estimators is important to

select the best estimator for a scenario before deployment of hardware to save time and money. Without a

framework for this comparison, there is no way to directly test channel estimators without implementing and

deploying them into a physical system. The developed framework provides common communications metrics

in phased array architectures and propagation environments to evaluate how different channel estimators

perform. This framework is then used to evaluate a novel Monte Carlo augmented channel estimator.

This channel estimator uses repeat simulations of the known hardware responses and their uncertainties to

provide an improved channel estimation. This channel estimator is directly compared to other commonly

implemented channel estimators to demonstrate how it can be used in communications systems to reduce

overall bit errors in received data and increase system throughput.
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CHAPTER 1

INTRODUCTION TO MILLIMETER-WAVE COMMUNICATION SYSTEMS

Millimeter-wave communications systems are becoming more commonplace in the world of commercial

communications systems and the standards that define them. Many previous communications systems rely

on relatively low frequencies typically below about 6 GHz. These systems are able to reach vast distances due

to the low losses at lower frequencies allowing better wireless coverage from a single point of access. In today’s

connected world, the bandwidth available at lower frequencies cannot support the desired throughput. By

utilizing much higher frequencies near 30 GHz and above, vast amounts of wireless spectrum are able to

be utilized to significantly increase the throughput of wireless communications systems. These frequencies

have wavelengths measured in millimeters and are therefore commonly referred to as Millimeter-Waves

(mmWaves).

Next generation commercial wireless communications systems leverage millimeter-waves and electrically

large phased arrays to support use cases such as enhanced mobile broadband. Channel estimators provide the

corrections necessary for propagation channel and phased array hardware to receive the transmitted signal

correctly and achieve a high quality of service. Phased arrays in mmWave communication systems utilize

electrically larger phased arrays than at microwave frequencies bringing more significant hardware uncertain-

ties. These uncertainties can include variations in expected responses due to manufacturing, hardware noise,

and tighter tolerances. To better estimate and correct the transmitted signal, a new Monte Carlo-augmented

channel estimator was developed for millimeter-wave orthogonal frequency division multiplexing systems by

incorporating the predefined known responses of system hardware and their uncertainties. Using metrics

such as mean square error, error vector magnitude, and bit error ratio, the estimator is compared against

current channel estimators for different phased-array configurations and propagation channels. A framework

has also been developed to provide consistent testing and comparison the developed Monte Carlo estimator

and other previously developed channel estimators.

1.1 Basics of Millimeter-Wave Communication Systems

Millimeter-Wave technology has been utilized in radar and point to point communications links for

decades [1]. Until recently, the technology and lack of funding available for mobile millimeter-wave commu-

nications systems have made them unfeasible. Now, many commercial entities and standardization bodies

are working to bring along the next generation of mobile communications systems.

Two of the most promising modern specifications are the IEEE 802.11ad (and its new counterpart

802.11ay) standard for WLAN [2], and the 3rd Generation Partnership Projects (3GPP) 5G new radio
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(NR) specification [3]. Each of these standards relies in part on the usage of millimeter-waves to provide

wireless connections with throughputs topping multiple gigabits per second. While the work in this disser-

tation is commonly generalized and will therefore apply to both standards, the 3GPP 5G NR specification

will be the focus of this dissertation.

1.2 Basics of OFDM Communications Systems

Orthogonal frequency division multiplexing (OFDM) has long been a method of efficient data transmission

and has been a topic of study for many decades [4, 5]. OFDM utilizes multiple orthogonal frequency domain

subcarriers. This means that in the frequency domain, data is parallelized across multiple carrier frequencies

or subcarriers. The waveforms at each of these subcarriers is then shaped such that it has a value of zero at

each of the adjacent subcarriers. This ensures that there is no interference between subcarriers. An example

of this with four subcarriers shaped with a sinc function can be seen in Figure 1.1. In practice, the orthogonal

channels are typically achieved by generating a frequency domain signal and calculating the inverse Fourier

transform of the signal, allowing generation of signals in software. Each of these discrete signals is then

shaped in the time domain by applying a filter such as a root-raised cosine (RRC) to preserve orthogonality.

This has been the topic of many studies and is well covered for 5G systems [6].

Figure 1.1 Example of four orthogonal subcarriers in the frequency domain shaped with a sinc function at
intervals of 15 kHz. Note that at the center frequency (peak) of each subcarrier, all other subcarriers have
a value of 0.

The use of orthogonal subcarriers allows modulated data to be sent in parallel making for very efficient

data transmission. The transmission of data can be made even more efficient through the usage of different

modulation schemes such as quadrature amplitude modulation 256 (256-QAM). The 5G modulation schemes

specified by the Third Generation Partnership Project (3GPP) are listed in [7, p. 13-14].
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While many implementations of OFDM exist, it is likely that future 5G systems will employ a cyclic

prefix OFDM (CP-OFDM) [6] which is also widely in use today. This method of OFDM provides resistance

inter-symbol-interference (ISI) while also allowing for more error in symbol alignment when receiving the

OFDM symbol. The use of CP-OFDM may change between implementation which will effect the time

domain signal and its resistance to ISI. Changes in this implementation do not change the core operation of

an OFDM system.

1.2.1 Typical OFDM Implementations

A full block diagram of a typical OFDM system for 5G mm-wave communications can be seen in Fig-

ure 1.2. This is similar to the block diagrams of OFDM systems found in [8, p. 361] and [9]. In this scheme,
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Figure 1.2 Block diagram for a 5G millimeter-wave OFDM communications system. This includes both
time and frequency domain operations

an input data stream (Dbits = [1, 1, 0, 1, 0, ...]) is first modulated. This can be multiple modulations ranging

from binary phase shift keying (BPSK) all the way to 256 quadrature amplitude modulate (256-QAM). The

modulation scheme utilized is dependent on the error rate of the received data and the 5G NR specification

allows for the usage of these modulation schemes and many in between (such as 16-QAM). Again, for a full

list of the 5G NR modulation schemes and their definitions, see [7, p. 13-14]. The modulation of the data

maps the bitstream to a constellation of points on a complex plane. Once the data has been modulated, it is

represented by a data stream of complex numbers (Dcplx = [1 + 3j, 2− 1j, ...]). These complex numbers are

then parallelized across OFDM subcarriers. For the 5G specification the subcarriers are spaced at frequency

spacings given as δf = 15 kHz ∗ 2µ where µ is between 0 and 4 [10, p. 9]. This set of frequency domain sub-
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carriers is then transformed to a time domain signal via a inverse fast Fourier transform (IFFT). Depending

on the OFDM scheme, the diagram may vary after this point. For 5G OFDM systems, a cyclic prefix (CP)

is added to each symbol (each symbol is comprised of a complex value at each subcarrier). This cyclic prefix

allows for a receiver to have a better chance of recovering a symbol without inter-symbol-interference (ISI)

by prepending part of the end of the time domain symbol. These time domain signals are then serialized to

make a single data stream. From here, the signal is converted to an analog waveform and upconverted to a

carrier frequency. For 5G mm-wave systems in the US, these frequencies are typically either in the 24 GHz

[11], 28 GHz [12], or 39/47 GHz bands [13]. Each of these bands provides up to 400 MHz of bandwidth.

With an upconverted OFDM signal typical 5G OFDM mm-wave systems typically then utilize phased

arrays to overcome the higher propagation loss at mmWave frequencies. For full communications systems

this brings new challenges. The phased arrays can be steered toward a user to provide a higher gain to

overcome the increased path loss. Larger arrays are feasible at mmWaves when compared to lower frequency

communications due to the smaller wavelength. The smaller wavelength makes electrically large phased

arrays with hundreds or thousands of elements possible. Many mmWave communications implementations

may also use phased arrays on both the transmit and receive ends, which introduce dynamic beam-steering

requirements and even more hardware noise due to the large number of components and smaller required

tolerances.

On the receive side of an OFDM system, the data stream is down-converted to a baseband frequency

and converted into a digital signal. Each symbol is then extracted from the data stream. The cyclic prefix

is then removed and a fast Fourier transform (FFT) is performed to bring the symbol back into a frequency

domain representation. From this frequency domain representation, the data on each subcarrier for each

symbol can be extracted and serialized into a modulated data stream which again consists of a stream of

complex numbers representing points on a complex plane (Dcplx = [1+3j, 2−1j, ...]). In real communications

systems, the channel effects (i.e. all effects between transmitting and receiving data that adjust the values

of the transmitted data) can be estimated and the data must then be corrected to account for loss and

channel fading to reduce the error rate in the data transmission. More on this can be found in 1.4. After

this correction the data can then be demodulated with the same scheme used for modulation, and a data

stream is output from the receiver (Dbits = [1, 1, 0, 1, 0, ...]).

1.3 Challenges of Millimeter-Wave Communications Systems

New challenges arise when moving from lower frequencies up to mmWaves. One of the largest factors

effecting the utility of mmWaves is the increased free space loss. From Frii’s transmission equation it is

shown that the received power is affected as 1
f2 where f is the operating frequency causing power received
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to be drastically lower than that of a lower frequency communication system. These losses only increase as

obstacles and weather are added into the mix [14, 15, 16]. To overcome the added propagation loss, large

phased arrays are becoming commonplace to achieve higher gain and allow the ability to steer the beam to

a receiving device.

The short wavelength at mmWaves makes electrically large phased arrays with many elements phys-

ically and commercially viable. The components in these antennas must be mass produced with tighter

manufacturing tolerances and reduced power requirements when compared to lower frequency systems [17].

Imperfect phased array hardware calibrations can introduce systematic shifts in hardware expected hardware

responses and lead to bit errors during communication [18]. The high bandwidths proposed for 5G mmWave

communications also inherently increase thermal noise [19, 20] increasing the total noise of the communi-

cation system. The combination of higher noise, increased production output, and decreased tolerances all

increase the uncertainties in each of the hardware components which in turn can directly affect the integrity

of received data in a communications system.

1.4 Channel Estimation for Millimeter-Wave Communications Systems

Alongside the high bandwidths and complex hardware used in mmWave communication systems, mod-

ern modulation and multiplexing schemes must also be utilized to achieve the desired throughputs. These

multiplexing schemes must be adjusted to balance between throughput and error rate. System performance

can therefore be improved by correcting data for anything that changes a transmitted value before it reaches

the receiver. Anything that introduces these changes is considered part of the channel. Channel estimation

can be used to account for hardware and propagation channel responses and uncertainties from a transmitter

to a receiver and therefore allow for higher density modulations without increasing bit errors. Consequently,

increasing the modulation density with decreased bit errors increases the overall throughput of a communi-

cations system.

This correction is performed after estimating the response of the channel through channel estimation or

channel estimator (CE). A typical channel estimation problem for OFDM systems can be written as

yf = xfhf + nf (1.1)

where y is the received signal, x is the transmitted data and h is the complex channel response [21]. The value

at each frequency xf is typically known by both the transmitter and receiver in an OFDM system by sending

a set of known pilot tones on known specific OFDM subcarriers. The receiver receives these pilot tones which

can be represented by a frequency domain value, yf , across each of the OFDM subcarriers. The value yf is

the known pilot tone, xf , multiplied by the channel frequency response with added noise from the system
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represented by nf . For OFDM systems, many times it is easier to deal with the signals in frequency domain

due to the nature of the frequency multiplexing. These pilot tones can be interleaved with the transmission

of data in time (as a function of each OFDM symbol being sent), frequency (across subcarriers), or both [22].

Figure 1.3 shows an example of how pilot tones help estimate a channel. Each of the pilot tone subcarriers

shown in green provide known values. These known values are used to calculate the response h(f) at these

subcarriers. Interpolation can then be used to estimate h(f) at all of the non-pilot subcarriers (in red) to

correct received data. Through these interleaved pilot tones, many different algorithms have been developed

to estimate the channel response h. Two of the most common algorithms for channel estimation are least

squares (LS) estimator and linear minimum mean squared error (LMMSE) estimator.

Figure 1.3 Example pilot tone distribution across subcarriers in an OFDM communications system.

1.4.1 Least Squares and Minimum Mean Squared Error Estimators

The least squares and minimum mean squared error have been used for OFDM channel estimation for

decades. Both of these methods are well described for OFDM systems in [21] with variants that utilize

mathematical techniques such as singular value decomposition (SVD) and some that vary the configuration

of pilot tones to improve channel estimation [23, 24, 22]. Similar to the response mentioned before, each of

these estimation techniques can be used to solve for the channel h in

y = Xh + n (1.2)

where y is the received value, h is the channel response at each frequency, n is the noise in the system, and

X is a matrix whose diagonal components are the symbols transmitted on each of the pilot tones [21].

Least squares estimation is the simplest of the two techniques mentioned. Using equation (1.2), the least

squares estimate of h is given by minimizing ‖y −Xh‖2 which is given by
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X−1y = h (1.3)

where X−1 is the inverse of the matrix X [21]. Because X in this case is a diagonal matrix of the complex

value of each transmitted pilot tone, the inverse is simply the diagonal matrix containing values of

X−1 =

{
1
xi

i

0 otherwise
(1.4)

which then provides values of h as the element-wise division of y and diag(X). This gives the much simpler

expression

h =

[
y1
x11

,
y2
x22

, · · · , yN
xNN

]T
(1.5)

where each pilot tone subcarrier index i = 1, 2, · · · , n corresponds to a different subcarrier frequency. For

many cases, this implementation is ideal as it provides a very low computational complexity. Depending on

timing and power constraints, LS estimator may be the only applicable method for some systems. If, for

example, A channel is changing fast enough to effect each OFDM symbol differently (e.g. in a fast moving

car), LS may be the only feasible method to compute a channel estimate in a short enough time period.

Minimum mean squared error estimation is more complex than LS, but takes into account pre-determined

auto-correlations and noise of the channel. Basics of minimum mean squared error are well studied and

detailed in many references such as [25]. This method allows predefined correlations between variables to be

utilized to minimize the error of the estimate of a variable. For the case of channel estimation, this means

using a predefined cross frequency correlation of the sub-carriers to provide a better estimate of the channel.

This is an extension onto the LS estimator by

hLMMSE = Ahls (1.6)

where the matrix A is a weighting matrix derived from the pre-defined auto-correlation of the frequency

response of a channel. A is defined as

A = Rhh(Rhh + σ2
n(XXH)−1)−1 (1.7)

as given by [26] where Rhh is the auto-correlation of the entire channel (propagation channel and hardware

responses) that must be known before calculation. It should be recognized that for most implementations

this method may be restrictive for a couple of reasons. First, for time and power sensitive applications the

LMMSE takes many more operations to calculate than the LS does. As previously mentioned, the MMSE
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calculation also requires channel information to be known before estimation is performed. Specifically, the

auto-covariance Rhh of the channel must be known along with the variance of the noise σ2
n. For many

applications, this knowledge may not be possible to know beforehand. While simplifications to reduce these

calculations have been developed using methods such as SVD [23], the computational requirements will

always be greater than LS, and the necessity of a-priori knowledge still exists. For these reasons, many

systems in application will still use an LS scheme for channel estimation.

1.4.2 Estimation of Sub-carriers without Pilot Tones

The channel estimators described in the previous section try to accurately estimate the complex channel

response h. As mentioned previously, typically the pilot tones will be interleaved with data and therefore

the channel estimators can only estimate the response at given frequencies fp where the pilot tones exist.

Using only this data, the channel responses at the rest of the subcarrier frequencies must then be estimated.

Many techniques can be utilized for estimating these intermediate frequencies. The most basic of these

methods is to utilize a block type pilot transfer [24] as seen in Figure 1.4(a). For channels that are static or

whose responses vary slowly, full OFDM symbols can be sent with only pilot tones. The response calculated

at each of the subcarriers is then used as a correction for the next OFDM symbols that consist only of

data. This setup requires no extra steps past initial channel estimation, but does assume that the channel

response is static from one OFDM symbol to the next. For systems that change more rapidly with respect

to the length of an OFDM symbol, a simple and commonly used method is to interpolate to find the channel

responses at the frequencies between fp after sending a comb type pilot tone arrangement [24, 22] as seen in

Figure 1.4(b). Using interpolation assumes that the number of pilot tones used is adequate to describe the

features present in the frequency domain fading of the channel. If too few pilot tones are used, the estimation

of channel responses subcarrier frequencies may be incorrect, and the error rate of the data transmission will

quickly increase. If too many pilot tones are used, the data rate of the system will be decreased as fewer

subcarriers will be available for data transfer. While other methods for subcarrier response recovery have

been developed, they are not the focus on this work. For both comb and block type transfers, the error

of the channel response estimation is dependent on the estimation of the channel on subcarriers containing

pilot tones as any error in these estimations will propagate through to estimation of frequencies without

pilot tones.

1.4.3 Improved Channel Estimation Techniques

5G mmWave channel estimators must account for new and unique large-scale array architectures, more

complicated hardware responses, and wideband channels. A number of unique large-scale array architectures
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(a) Block type pilot arrangement (b) Comb type pilot arrangement

Figure 1.4 Visualizations of pilot tone arrangements. Shaded sections denote where pilot tones are across
frequency

may use hardware with increased uncertainties at each array element due to manufacturing, power, and cost

constraints [27]. These uncertainties include factors such as increased thermal noise and uncertainties from

manufacturing with lower tolerances. These uncertainties are then incoherently combined producing non-

Gaussian output noise distributions and larger systematic offsets. Extremely wideband channels at mmWave

frequencies also introduce features that may affect channel estimation, which may not be noticeable at lower

bandwidths and frequencies [16]. These mmWave propagation channels are also subject to rapid changes

due to environmental effects like rain and humidity [28].

Many methods have been developed to solve some of these new challenges. Work has been done on

channel estimation [29, 30] exploiting spatial components of the large-scale phased array architectures.

These estimators leverage the capability of large phased arrays to produce multiple beams with very small

beamwidths. These separate beams are spatially diverse and can therefore be used to generate information to

improve channel estimators that would otherwise be unknown. Other works have focused on other estimation

methods using machine learning techniques [31]. The works in [32, 33] utilize neural networks to try and

provide fast estimation that provides improved performance over the LS estimator in the presence of noise.

Furthermore, denoising strategies to decrease the noise for a variety of channel estimation techniques is

discussed in [34].

Other researchers have utilized compressed sensing and basis pursuit methods for channel estimation

such as in [35, 36, 37]. These and other closely related methods typically will utilize dictionaries of basis sets

that are matched to the channel estimation to provide a good estimation of the channel. These dictionaries

are typically predefined or trained after the setup of the system in an environment. This type of method
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focuses on improving throughput by using compressed sensing to estimate responses on the subcarriers in

between the pilot tones. Many times simple methods such as linear interpolation are used for the estimation

between subcarriers but with these compressed sensing methods, fewer pilot tones are required to accurately

reconstruct the response across the frequency domain. This in turn requires a lower density of pilot tones

and allows for higher throughput.

To reduce the effect of hardware uncertainties on channel estimation, there is a variety of work on the

correction of phase, magnitude, IQ imbalance, and other uncertainties and noise in OFDM systems [38, 39,

40]. While each of these reduces the overall system error to provide a better channel estimation, nothing

ever provides a perfect correction.

1.5 Contributions

The main contributions of the work described in this dissertation are the development of an evaluation

framework to improve the consistency of the evaluation of channel estimators in mmWave systems along with

the development and testing of a novel channel estimator that leverages Monte Carlo methods for improved

channel estimation.

1.5.1 Improved Evaluation of Millimeter-Wave Channel Estimators

A framework was developed to provide a consistent evaluation of mmWave channel estimators for large

scale phased array systems. This channel estimator evaluator builds upon previous simulations tools for 5G

channel estimators to provide a simple and consistent tool for comparing the efficacy of channel estimators in

a variety of propagation channels and phased array configurations with varying hardware components. This

estimator evaluator adds capabilities where previous works fall behind in the comparison and evaluation of

channel estimators in 5G mmWave communications systems. The design, implementation and testing of this

framework can be found in chapter 2.

1.5.2 Improving Channel Estimators with Monte Carlo Methods

A new channel estimator that utilizes Monte Carlo methods for improving channel estimation is also

presented. Typical current 5G channel estimators have a variety of strengths, but most do not account

for the large variability seen in 5G mmWave systems due to increased noise, production variability, and

decreased power requirements. The Monte Carlo augmented channel estimator (MCCE) presented here

accounts for known hardware responses and hardware error distributions to provide a reduced error in the

channel estimate. This in turn increases the maximum throughput of a system by producing fewer bit errors

in the output signal. More details on the implementation and results when using this new channel estimator

can be found in chapter 3.
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CHAPTER 2

SIMULATION AND EVALUATION OF CHANNEL ESTIMATORS IN 5G MILLIMETER-WAVE

SYSTEMS

Providing a consistent and rigorous comparison between channel estimators before deployment can save

both time and money. This comparison requires simulating in a variety of propagation channels with different

hardware components in large-scale phased arrays. The channel estimator evaluator enables a rigorous and

consistent evaluation of different channel estimators in varying mmWave propagation channels and large-

scale phased array architectures. No previous tests have provided evaluation to this depth while ensuring

consistency across estimators.

2.1 Evaluation of Channel Estimators

A variety of commercial [41], [42] and non-commercial [43, 44, 45] (open source, academic, etc.) 5G

simulation tools exist. Many of these tools could be used to evaluate channel estimators by integrating

estimators into a simulation of a 5G communication system with varying degrees of success. Each of these

tools is successful in achieving the specific purpose for which they were built, but they are incomplete as a

5G channel estimator evaluator for one or more of the following reasons:

� Hardware Uncertainties – These tools do not propagate phase array hardware uncertainties into their

performance metrics, thus neglecting the effects of non-ideal mmWave hardware on the channel esti-

mator’s efficacy.

� Scalability – These tools are not designed for easy construction and simulation of large-scale phased

arrays. In this case, it is unlikely that the software is optimized for vectorized computation on these

phased arrays.

� Complexity – These tools are designed as general-purpose software for the simulation of any number

of applications. While this provides flexibility in what the software can do, it typically increases the

computation times and learning difficulty.

� Cost – Open source and tools designed in academia are likely free of charge; more capable commercial

software may not be affordable for many wireless engineers and academic researchers.

� Extensibility – New features cannot be easily added to the software. This reduces the flexibility of the

software for new use cases.
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A channel estimator evaluator is needed to fill the gap not covered by the other tools as noted above.

Previous authors [46, 47] have developed estimator evaluation software, but are not capable of testing in

various wireless communication configurations, including large-scale mmWave phased array architectures

and propagation channels similar to those used in 5G communications systems. A fundamentally new aspect

of evaluating channel estimators is the quantification of the effect of the increased hardware uncertainties

in mmWave systems. The uncertainties associated with hardware components, such as amplifiers and phase

shifters, must also be accounted for inside the phased array architectures to capture possible non-Gaussian

distributions of the outputs.

By incorporating parts of both propagation channel [42, 43] and circuit focused [41, 45] software, a channel

estimator evaluator was developed to allow for fast and in-depth testing of channel estimators for mmWave

wireless communications. This evaluator meets the needs not fulfilled by previous evaluation frameworks by

leveraging the Python programming language and focusing solely on channel estimator evaluation. It also is

scalable for testing estimators with various phased array sizes, hardware components with uncertainties, and

propagation channels. A comparison of some of the capabilities of the channel estimator evaluator presented

here with other software packages can be found in Table 2.1 and Table 2.2. While most other softwares

have additional functionality, none meet the capabilities desired for the evaluation of channel estimators

in 5G mmWave systems. The evaluator developed here is unique in its ability to simulate both hardware

and channels while maintaining scalability. These and other unique capabilities allow for the testing of

configurations like large phased arrays with S-Parameter based components to be steered and simulated to

test the effect on a channel estimator, which is typically not possible in other software.

Table 2.1 Comparison of some modeling capabilities of different software packages for evaluating channel
estimators.

Name Hardware Response Propagation Response Uncertainties

ADS [41] Yes No Yes
HFSS [42] Yes Yes Yes

NYUsim [43] No Yes Yes
Vienna LL [45] Yes Yes Yes
This Evaluator Yes Yes Yes

2.2 Design of a Channel Estimator Evaluator

The core of the evaluator is a frequency-domain-based orthogonal frequency division multiplexing (OFDM)

simulator. Simulation of OFDM communications systems has been performed for decades [48]. Other im-

plementations have been provided in a variety of programming languages with a variety of capabilities such
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Table 2.2 Comparison of some evaluation requirements laid out in section 2.1 for the evaluation of channel
estimators.

Name Scalable Extensible Complexity

ADS [41] No No Medium
HFSS [42] Yes No High

NYUsim [43] N/A Yes Low
Vienna LL [45] Yes No Medium
This Evaluator Yes Yes Low

as MATLAB [49, 50, 51], Python [52, 53], and with lower level languages such as C/C++ [54]. Simulation

has also been performed on a variety of hardware platforms such as graphics processing units (GPUs) [55].

Each of these previously mentioned systems has typically dealt with OFDM communications systems using

lower frequencies and bandwidth.

Newer simulations of OFDM communications systems have also addressed simulation for 5G systems

such as for a massive MIMO testbed [56] and a 5G extension [44] to the popular NS-3 (network simulator)

framework [57]. Work done by previous researchers was extended upon to create an evaluator that meets

the goals outlined in the beginning of this section.

For the frequency domain based OFDM simulation, the block diagram from Figure 1.2 is updated to give

Figure 2.1 A mixture of analog and digital simulations forms the basis of the channel estimator evaluator

to evaluate the performance of an estimator-under-test (EUT) in different propagation channels and wire-

less communication configurations (e.g., phased array hardware, modulation, etc.). Figure 2.2 provides an

overview of operation of the evaluator.

The digital side of the simulation creates, modulates, and packetizes the test data. This data is then

passed to an analog simulation to capture the response of hardware and propagation channels. The output

of the analog simulation is then passed back to a digital simulation to estimate and correct the channel,

depacketize and demodulate data, and generate system-level metrics. The following assumptions are made

in the evaluator:

� No Inter-Symbol-Interference (ISI) - Each symbol is perfectly received and time aligned preventing

ISI. The cyclic prefix is long enough to remove any multipath effects and is perfectly removed and the

timing between the transmitter and receiver is perfectly synchronized.

� Linearity - All hardware components and all propagation channel effects are assumed to be in a linear

regime. Composite frequency domain responses can therefore be obtained through multiplication.
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Figure 2.1 Block diagram for a 5G millimeter-wave OFDM communication system frequency domain
simulation.

Figure 2.2 Block diagram of the channel estimator evaluator.
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� Perfect Up/Down-Conversion - Up and down-conversion to/from IF and baseband frequencies is as-

sumed to be ideal. Conversion is performed by translating frequencies as opposed to mixing with a

local oscillator (LO) signal. LO noise could still be simulated through non-ideal frequency translation.

� Perfect Analog ↔ Digital Conversion - Analog to digital and digital to analog conversion is assumed

to be continuous (no bit discretization) and error free.

These assumptions focus the investigation on hardware component and propagation channel effects when

evaluating channel estimators. Future work may systematically remove these assumptions to test their effect

on channel estimators as well.

The evaluation accuracy is further improved by capturing uncertainties in hardware components through

Monte Carlo methods [58] sampled from predefined distributions. The introduction of uncertainties prevents

precomputation of the hardware responses. Therefore, the evaluator must be recalculated every time a new

sampled value is used (i.e., every Monte Carlo iteration). While this becomes computationally intensive,

these simulations are necessary for an accurate evaluation of the channel estimator.

Performance metrics are used to quantify the efficacy of a channel estimator. These system-level per-

formance metrics include mean squared error (MSE) [58], error vector magnitude (EVM) [59, 60], and bit

error ratio (BER) [61]. The MSE is calculated between the channel estimator output and the response from

Monte Carlo simulations of the estimated portion of the communication system (e.g. channel and phased ar-

ray hardware). During demodulation, the EVM is calculated for a given modulation (e.g., 16QAM). Finally,

the received data is directly compared to the transmitted data using the BER. The mathematical details of

these calculations are provided below in section 2.4.1.

The Python programming language is used for the evaluator. MATLAB and Python can vary in speed

depending on the library used and problem being solved, but in many cases the speeds using these languages

are very similar as shown in [62, 62]. Python also provides more flexibility with data types and has access

to many free libraries. Additionally, it is completely free and was therefore chosen over MATLAB. Using

Python also makes the evaluator more accessible to a larger part of the community that may not have access

to MATLAB.

2.2.1 Digital Simulation

The evaluator first simulates the digital portion of a wireless OFDM communication system similar

to that outlined in section 1.2.1. The evaluator begins by generating input data as a pseudo-random bit

sequence. To easily ensure the random data covers all bits, random 8 bit integer values between 0 and 255

are generated. While all bit combinations could be covered with other data types, this is the easiest way to
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ensure each bit sequence has an equal chance. An example of this data would look like

Din = [64, 12, 240, ..., 117, 85, 2] (2.1)

where Din is the input data to transmit through the communications system. This input data is then

converted to a bit array, Dbits, using the python bitarray library.

This bitstream is then modulated using one of the constellations defined in the 3GPP specification for

5G wireless communication systems [7]. For example, the mapping of bits to a 16-QAM constellation is

therefore given by

d(i) =
1√
10
{(1− 2Dbits(4i))[2− (1− 2Dbits(4i+ 2))]

+j(1− 2Dbits(4i+ 1))[2− (1− 2Dbits(4i+ 3))]}
(2.2)

where each value d(i) is the ith complex symbol mapped to the QAM constellation from the bitstream. These

are defined by 3GPP for the following:

�
π
2 BPSK

� BPSK

� QPSK

� 16-QAM

� 64-QAM

� 256-QAM

As the density of the modulation scheme is increased, the modulation equation is much longer as there

are more bits per symbol, but the general form of the modulation equation remains the same as that in

(2.2). It is also worth noting that if bits per symbol for the modulation technique does not exactly match

the number of bits in the bitstream, the end of the bitstream is padded with zeros. Using each of these

predefined equations, functions can be written for the mapping of each modulation. Each of these mapping

functions is then used to both map the bit stream to a QAM constellation along with creating a dictionary

used to unmap the values from the constellation on the receiving end of the simulation. An example of a

random bitstream mapped to a 16-QAM constellation using (2.2) is given in Figure 2.3. This is not very

interesting as each set of bits is perfectly mapped to its corresponding constellation point although it serves

as a good reference of what the data looks like when starting. This modulation step outputs a stream of

pseudo-random modulated data, Dmod, which may look something like
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Figure 2.3 A random bitstream mapped to all points on a 16-QAM constellation using (2.2). These values
are perfectly mapped and therefore lie in the center of the constellation point.

Dmod = [0.3 + j0.5, ..., 0.5 + j0.1]. (2.3)

The modulated data stream is then packetized across a predefined number of OFDM subcarriers to create a

set of OFDM symbols.

While the data is being packed into OFDM symbols, pilot tones are also added to the data. The addition

of these pilot tones can be set by the user when calling the function. In order to correctly interleave the pilot

tones and data, the pilot tones are first inserted into the subcarriers for each OFDM symbol using a user

defined function. This supports flexible pilot tone arrangements over both frequencies and OFDM symbols.

This is an important step as it allows for the testing of channel correction algorithms using different pilot

tones.

For frequency domain simulation, the modulated and parallelized data only needs be translated across

frequencies. This translation is an ideal upconversion that will place all of the baseband energy directly at

the carrier frequency (including the removal of any mirror effects). This upconverted signal with pilot tones

can be seen in Figure 2.4. One hundred subcarriers are used in this example. Pilot tones each with a value

.95 + .95j were placed every 10 subcarriers for this example. In a time domain based OFDM simulation, an

IFFT would be performed on the modulated and parallelized data to get a time domain waveform and the

waveform would be converted to an analog signal and upconverted for transmission.
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Figure 2.4 Magnitude vs. frequency plot of an OFDM symbol with pilot tones included. This symbol was
generated from a random bitstream and modulated using 16-QAM.

The modulated and upconverted OFDM symbols are then passed to the analog simulation described in

section 2.2.2. The analog simulation results are then passed back to a digital simulation of a receiver. The

output OFDM symbol can be seen in Figure 2.5. The first step in the receiver simulation is to estimate the

channel. The received pilot tones are extracted from the received data and passed to an EUT. In order to

operate correctly within the evaluator, the EUT must adhere to the implementation given in Listing B.8.

The EUT then takes the known input pilot tones and received pilot tones to estimate the effect of the

wireless communication hardware and propagation channel on the data. This estimate is used to correct all

the received data.

After correction, all the data is extracted from the subcarriers, and rebuilt into a serial data stream.

Along with serialization, this step also removes the pilot tones from the subcarriers so they do not end up

in the final data stream. Like on the transmit side, this received data can then be plotted onto the QAM

constellation for the selected modulation. This can be seen in Figure 2.6. It should be noticed in this plot

that the data no longer lies directly on their corresponding constellation points. This is due to imperfections

in the estimation of the channel used for correcting the data after reception.

The data is then downconverted (via frequency translation) and demodulated. The demodulation of the

data is performed by either a nearest neighbor reverse lookup using a dictionary generated during modulation,

or through an arbitrary rounding technique. A reverse lookup can work for any shape of constellation by
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Figure 2.5 Magnitude vs. frequency plot of an OFDM symbol with pilot tones included after simulating
transmission through a non line of sight propagation channel and a phased array. This data was corrected
with a least squares estimator and linear interpolation from the pilot tones.
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Figure 2.6 Constellation diagram of received data. This data was corrected with a least squares estimator
and linear interpolation from the pilot tones.
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finding the constellation point with the least distance from the received value. The issue with this method is it

requires finding the distance from all constellation points requiring many extra operations. For evenly spaced

rectangular constellations (e.g. BPSK, QPSK, 16-QAM, 64-QAM, 256-QAM), A method was developed and

utilized to get the same result as the reverse lookup by making each constellation point an integer value and

rounding to that integer. This process works as follows, assume a square constellation (e.g. 16-QAM):

1. Translate the received modulated data, d(i) to a constellation with a point at 0 + 0j by subtracting

an adjustment value α to allow for rounding. This translation can be achieved by letting α equal the

first positive value in a constellation. For the 16-QAM constellation given in (2.2), this would make

α = 1√
10

+ j 1√
10

. The adjusted modulated data dadj(i) is then given by dadj(i) = d(i)− α.

2. Round each adjusted modulated value, dadj(i), to the nearest integer multiple of 2α in each dimension

with Re {drnd(i)} = Re {2α} bRe{dadj(i)}
Re{2α} e and Im {drnd(i)} = Im {2α} bIm{dadj(i)}Im{2α} e.

3. Add back the adjustment value α to get the value of the nearest constellation point to the received

modulated value dnear(i). This is given by dnear(i) = drnd(i) + α.

4. Unmap dnear(i) using a reverse lookup. The reverse lookup is performed using a hash table that relates

constellation positions (e.g. 1√
10

+ j 1√
10

) to bit combinations (e.g. 0000). This lookup provides a set

of bits for each received modulated value d(i).

In a single equation, finding the nearest value to a received modulated value, which is then demodulated, is

given by

dnear(i) = α+

(
Re {2α} bRe {dadj(i)}

Re {2α} e+ jIm {2α} bIm {dadj(i)}
Im {2α} e

)
. (2.4)

While a reverse lookup is still required, the rounding method is much more computationally efficient because

it doesn’t have to calculate and compare distance from each constellation point. This method provides a

constant time for all modulation schemes. Using this method reduces the number of required computations

providing a much faster demodulation and overall evaluation.

Demodulation provides an output bitstream. Like before this bitstream can then be unpacked and turned

back into data. While the end data is typically not very useful, the channel correction stage, the unmapping

stage, and the output bitstream provide the capability to calculate the MSE, EVM, and BER respectively.

These three metrics are commonly used to quantify the performance of algorithms used for OFDM wireless

communications systems.
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2.2.2 Analog Simulation

The analog simulation quantifies the effects of hardware components on the modulated and packetized

data, and ultimately the EUT. The analog simulation also captures the impact of an entire phased array

architecture along with wireless propagation channels. This section gives an in-depth description of the

implementation of the analog simulation.

Software models represent the hardware components in the evaluator simulation. These models provide

a black-box representation with well-defined inputs and outputs. This black-box representation allows for

different representations of a hardware component (e.g., models for phase-shifters from two different vendors)

without code changes. These models are defined either parametrically (i.e. through equations) or through

scattering parameters (S-parameters) from measuring real components. The black-box nature of these models

allows for easy simulation of a variety of phased array architectures. A base code that all models inherit

from can be found in Listing B.1 and Listing B.2.

A set of equations and parameters defines parametric models. These models assume no reflections or

back-propagation (e.g., S11 = S22 = S12 = 0). With these assumptions, the calculation of these models is

given as

Y (f) = X(f)S(f), (2.5)

where Y (f) is the model output, X(f) is the model input, and S(f) is the frequency response of the model.

Some models for variable amplifiers and phase shifters are state-defined, with responses dependent on the

hardware state. For example a continuous phase shifter can be created by defining a parameter shift as the

desired phase shift and defining the hardware component response as

Y (f)PS = ej(shift) (2.6)

where shift is calculated for the frequency and phase shift that is desired (e.g. for beamsteering this would

be defined as shift = 2πf
c ki (θi, φi) · rn). This continuous definition of a phase shifter can be extended to

define a discretized phase shifter with N states by rounding the value of state to the nearest multiple of 2π
N .

Examples of the implementations of a continuous and discretized phase shifter can be found in Listing B.3

and Listing B.4, respectively.

Scattering parameter (S-parameter) based models provide a closer representation of the hardware compo-

nents and their uncertainties than parametric models. These models use measured S-parameters to represent

the response of each component. S-Parameter uncertainties can be included as a mixture of noise distribu-

tions from the nominal response (e.g. a distribution derived from multiple measured responses), uncertainties

from the measurements themselves, or as a random selection from a set of possible measured values. These
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models have the limitations that (1) the models are valid only within the measured frequency range, and (2)

any frequencies that were not measured but are within that range are only as accurate as the method used

to estimate their response. An example implementation of a component defined by a single S-parameter

measurement is given in Listing B.5. For components such as phase shifters that have multiple possible

states (with a different S-parameter measurement for each state), this definition is extended providing the

implementation in Listing B.6. Accurate simulation of multiple connected S-parameter components requires

a composite S-parameter matrix. Following [63], this composite matrix is calculated by first transforming the

S-parameters of each component to transfer parameters (T-parameters). These T-parameters are then mul-

tiplied to give a combined T-parameter response. This combined T-parameter response is then transformed

back to S-parameters to provide a composite (cascaded) S-parameter matrix.

The phased array architecture simulation, a part of the framework, requires a scalable design. This

scalability is achieved by allowing models to have a size and therefore be repeated a given number of times.

This is achieved by defining multiple components of the same type (e.g. phase shifters) as a single python

object. This object contains arrays to define important information of the phase shifters such as the current

state they are in (for discrete phase shifters) or the shift they are set to (for continuous phase shifters).

There is a corresponding entry in each array for all phase shifters. When simulating with the phase shifters,

inputs to all of the phase shifters are then provided at once as an array and all simulation is performed in a

highly vectorized manner. This method provides minimal memory overhead for each component (one entry

per each array per each component) while also allowing for vectorized computations to take advantage of

libraries like MKL [64] or graphics processing units (GPUs). This can also quickly create a phased array with

any number of phased array elements. This simulation approach provides a robust and efficient simulation

of large-scaled phased arrays of up to 10,000 antenna elements.

Once the components have been created with the desired sizes, they can be grouped together. The

components are then into a single large component within the software. The components are compiled

together to chain the output of one component to the input of the next component. Compilation also

ensures S-parameter components are correctly cascaded. The output object then provides a simple interface

to pass data through all components in the group. A partial view of the implementation of this component

grouping can be seen in Listing B.7.

The phased array is simulated as a combination of antennas, amplifiers, phase shifters, and combiners.

A visualization of this hardware component layout is given in Figure 2.7. The phased array beam is steered

by changing the state of the phase shifter models to produce the necessary shift for each antenna element.

These shifts are dependent on element location and the desired steering angle. The element positions of a

phased array, rn, the array steering direction θs, φs, and the angle of an incident plane wave θi, φi are shown
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in Figure 2.8. It is important to note that θi, φi are always defined as the angle before the incident plane

wave passes through the origin. For example, with an incident plane wave described by θi = π
4 , φi = 0, the

receive array will see the strongest signal at a steering angle of θs = π
4 , φs = 0. These are defined using the

same coordinate system as in section A.1.

Figure 2.7 Visualization of a phased array simulated by the evaluator.
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Figure 2.8 Coordinate system used for angle and position definitions. Examples of possible phased array
element locations are given by the black dots. While this image shows a planar array (zn = 0), these
elements can exist at any location (xn, yn, zn).

2.3 Millimeter-Wave Propagation Channels

Propagation channels are emulated using both synthetic and measured propagation channel models.

Each type of channel model can be used interchangeably within the evaluator simulation. Synthetic channel

models replicate ideal propagation channels with known incident angles, while measured channel models

provide the ability to test more realistic environmental effects in the evaluator.

2.3.1 Synthetic Propagation Channels

Synthetic channel models are generated as a superposition of incident plane waves from a set of incident

angles θi, φi (following the coordinate system defined in Figure A.1). These plane waves are a frequency

domain version of the far-field approximation definition given in [65]. The received electric-field, En, at each

element n for a set of I incident plane waves with i = [1, ..., I] is given as

En (f) =
∑I
i=1 (θ̂Eiθ(f) + φ̂Eiφ(f))e−j

2πf
c ki(θi,φi)·rn (2.7)

where θ̂Eiθ and φ̂Eiφ are the polarized frequency-dependent E-field magnitudes for each incident plane wave

i. The phase shift e−j
2πf
c ki(θi,φi)·rn is dependent on the incident angle of each plane wave (θi, φi), the

location of each receiving element, n, and frequency, f , with
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rn = x̂xn + ŷyn + ẑzn (2.8)

and

ki (θi, φi) = x̂ sin (θi) cos (φi) + ŷ sin (θi) sin (φi) + ẑ cos (θi) . (2.9)

Standardized frequency-dependent responses like those defined in the 3GPP specification for various envi-

ronments [7] are used to generate θ̂Eθ and φ̂Eφ for each incident wave.

In the evaluator, each synthetic propagation channel is defined by a collection of these incident fields and

their respective frequency dependent θ̂Eθ and φ̂Eφ values. The calculation of 2.7 resulting in the value of the

received E-Field is actually calculated by the antenna models when using synthetic propagation channels.

This allows antenna radiation patterns and polarizations to be accounted for in the evaluation by multiplying

the antenna frequency response at each incident angle by the propagation channel frequency response. This

is done for both polarizations of electric field to give an output voltage and current from the antenna. The

output of the antenna is then provided as the input into the next hardware component (an amplifier in all

cases presented).

2.3.2 Measured Propagation Channels

The evaluator is capable of directly integrating measured propagation channels to test how they com-

pound with hardware and affect the efficacy of channel estimators. Each measured propagation channel was

measured using the synthetic aperture measurements for uncertainties with angle of incidence (SAMURAI)

system [66]. The goal of this system is to provide a flexible millimeter-wave channel measurement system

while also providing measurement uncertainties from a variety of sources like calibrations and spatial uncer-

tainty on top of these measurements. Measurements were made to characterize and bound the performance

and uncertainty of the system [67]. The base components of the SAMURAI system are a 6-axis robotic

arm for antenna positioning, and a vector network analyzer (VNA) for measurement. The system therefore

measures the frequency domain scattering parameters which can be utilized during simulation.

There currently exists a variety of different mmWave over-the-air (OTA) channel measurement systems

based on different measurement techniques and hardware designs [68, 69, 70]. The SAMURAI system was

designed specifically for flexible ultra wide band (UWB) measurements and is therefore based around a

vector network analyzer (VNA) similar to other developed channel measurement systems [71, 72]. The

usage of a VNA provides many advantages over other measurement tools is the ability to utilize the VNA

in a non-linear large signal network analyzer (LSNA) setup. This then allows not only the measurement

of linear scattering parameters, but other non-linear devices such as mixers and amplifiers. This capability

is especially important for 5G millimeter-wave systems as the losses are very high at millimeter waves and
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therefore devices are becoming packaged into a single device. For example a single chip may consist of

everything from amplifiers and mixers, all the way to antennas. This creates difficulty when performing

measurements of these systems as part of the measurement must connect with a cable and the other must

be conducted over the air. The capability of the SAMURAI system to provide non-linear measurements was

demonstrated in the measurement of up and down converting phased array systems [73]. Another important

part of VNA/LSNAs for the SAMURAI system is the fact that traceable calibrations have previously been

developed for VNA/LSNA hardware [74, 75, 76, 77]. These calibrations provide well proven techniques

for calibration of VNA/LSNAs along with the propogation of uncertainties from these calibrations into the

measurements performed by the device. The great measurement capabilities of the VNA come at a cost of

measurement time. The VNA and LSNA both measure a single frequency at a time and sweep across all

frequencies of interest. While this allows them to be very wideband in their measurements, they have a small

instantaneous bandwidth. Wideband measurements therefore take much more time than they do in other

systems. VNA based systems are typically restricted to measurements of slowly varying environments for

this reason (all surroundings must stay static during the frequency sweep).

The second main piece of the SAMURAI system is a small 6-axis robotic arm. As previously mentioned,

this system relies on a synthetic aperture method to be able to measure channels both as a function of

frequency and angle. A synthetic aperture measurement works by physically placing a single antenna at

multiple locations. This is in contrast to a phased array measurement system which has multiple elements

which are coherently combined. An advantage of using a synthetic aperture method is that it can reduce

the cost of a system by only requiring one antenna and a single receiver. This again though comes at

the cost of measurement speed and is therefore restricted to only slowly varying channels. This is because

the positioner must move, measure with the VNA, move to the next spot, measure, and continue until

measurements have been taken at all positions. This does allow the added benefit though of all beam

steering and angle of arrival estimation to be performed in post processing as opposed to in a typical phased

array system which performs beam steering in hardware during measurement time. Compared to some of the

other aforementioned measurement systems that utilize a synthetic aperture method, the inclusion of a 6-axis

robot arm provides increased flexibility in the shapes of apertures that can be created. For example, systems

like that presented in [71] utilize multiple linear slide stages to achieve 2D and 3D aperture capabilities.

6-axis robotic arms increase the number of positions at which the antenna can be placed by providing both

3D placement of the antennas along with rotation of the antenna and shifting of the polarization. Each

of these different positions can be utilized to create arbitrary apertures with arbitrary polarizations and

antenna rotations with a single measurement system. This type of positioning system has successfully been

implemented for OTA measurements in the past in other measurement applications like near field antenna
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measurements [78].

These two major parts are then both connected to a computer for orchestration of all of the measurements.

An optical based position tracking system is also included in the system. This provides external tracking of

both the position and orientation of the synthetic aperture antenna along with any scatterers in the channel

and the antenna that is transmitting to the synthetic aperture. This tracking also allows verification of

algorithms for things such as angle of arrival by providing a good estimate of the geometry of the channel

being measured which can be used as a ground truth for verification. Typically measurements are performed

on a large optical table providing repeatable placing of scatterers. A system diagram and operational flow

chart can be seen in Figure 2.9 with a line-of-sight measurement setup on an optical table seen in Figure 2.10.

(a) Diagram of SAMURAI hardware. (b) Flow chart of SAMURAI operation.

Figure 2.9 Samurai system overall configuration.

Figure 2.10 Images depicting the setup of the SAMURAI system for measuring a line-of-sight configuration
on an optical table covered with absorbing material.
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Because of the usage of a VNA, the frequency spacing and bandwidth that the SAMURAI system can

measure is extremely flexible. In order to directly adhere to the 5G millimeter-wave standard, a variety of

measurements were taken with bandwidths in the 27.5 GHz and 39 GHz frequency bands in a variety of

environments. To allow for direct integration with an OFDM simulation, each of these measurements was set

to measure the correct subcarrier spacing for 5G systems as defined by 3GPP. The frequency spacing of the

VNA for each measurement for OFDM simulation was therefore set to 15 kHz ∗ 2n for n = 1, 2, 3, 4. More

information on the 5G frequencies and subcarrier spacing can be found in section 1.2. The total measurement

time depends on a variety of factors on the VNA and synthetic aperture setup, but the main factors are

number of frequency points to measure and number of aperture positions that are being measured. For

this reason, larger apertures were typically measured with smaller bandwidths or larger subcarrier spacing

compared to measurements taken with smaller apertures.

SAMURAI measurements are calibrated and calibration uncertainties are captured through typical

VNA/LSNA calibration routines. The calibrations are performed by taking un-calibrated measurements

of calibration standards comprised of high precision coaxial or waveguide components that have been char-

acterized during fabrication to provide known responses. While many calibration methods exist, this system

utilized a short-open-load-through (SOLT) configuration. Measurements are then calibrated using this data

in post-processing. Calibration in post-processing provides the capability to add uncertainties from the

calibration while also allowing flexibility with testing multiple calibration routines without needing to re-

measure the data. After the measurement of initial calibration standards, aperture positions are externally

generated as a comma separated value (CSV) file. Each line in this file is a position and orientation of the

robot to measure in the synthetic aperture. At each of the positions, the SAMURAI system will measure

a full VNA/LSNA sweep that is set up before the measurement. At each position, data from the optical

tracking system along with any other desired data is also stored in a temporary file. In order to adhere to a

standard file format, all sweeps measured with the VNA are stored in a touchstone (*.snp) file format. This

allows interoperation with a variety of programs and tools. After a measurement has been performed at each

predefined position, all data stored during the measurement is formatted into a human-readable metafile that

both contains a variety of information on the measurement along with the paths to all of the measured VNA

sweeps. The VNA/LSNA post-calibration is then performed to capture any drift in the system during its

measurement period. The data from the SAMURAI sweep is all calibrated in software post-processing using

the measured responses of the SOLT standards. Capturing the drift is important for this type of system as

measurements may take a day or more to complete. All measurements are calibrated using the previously

developed NIST microwave uncertainty framework (MUF) [79]. Calibration with the MUF corrects the

measurements to a known reference plane using a SOLT calibration algorithm [76]. The calibration also pro-
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vides uncertainties on the measurements from the drift in the system using the differences between the pre-

and post-calibrations. Once the data has been calibrated, it can directly be used in the channel estimator

evaluator. This is because the simulation software is built to utilize frequency domain measurements. For

evaluation at frequencies that were not measured, linear interpolation and nearest neighbor extrapolation

are used to estimate the response at the unmeasured frequencies.

The calibrated data at the frequencies of interest can then be integrated into the evaluator. Unlike

synthetic propagation channels, the measured propagation channels consist of a frequency response at each

antenna element in the system. Therefore, the evaluator currently is built with the assumption that the

antenna model is a non-polarized isotropic antenna. Any antenna gain or polarization adjustments must be

made to the data before integration into the evaluator. Due to the current way the evaluator is designed,

integration of measured propagation channels assumes that the frequency response data for each element

is already a set of voltages and currents. The output of the measured propagation channels, is therefore

provided directly to the input of the next hardware component.

2.4 Monte Carlo Analysis

Monte Carlo analysis is used in the evaluator to capture the effects of any hardware component noise

and systematic offsets on the channel estimators. These iterations consist of two parts. First, the iterations

are repeated simulations of multiple OFDM symbols. Repeating multiple symbols provides variations in

the pilot tones within a single estimation. Each transmitted symbol captures different effects introduced

by the uncertainties of the hardware components. This variation may change the efficacy of an estimator,

for example, if the estimator uses both frequency (subcarriers) and time (symbols) data when performing

estimation. This for example could be used in a 2D interpolation scheme to estimate the channel response

between each pilot tone. Second, the evaluation performs repeat evaluations to ensure that any variations in

the evaluation due to the uncertainties in hardware components are captured. This allows the generation of a

noise distribution for the evaluation of each estimator. Further testing and usage of these repeat evaluations

is given in section 2.10.

2.4.1 System-Level Metrics

Once the evaluator has completed the Monte Carlo analysis from section 2.4, system-level metrics are

generated: MSE, EVM, and BER, to quantify the efficacy of the EUT. The MSE is calculated as

MSE (Hest) =
∑N
n=0|H−Hest|2

N
(2.10)

where Hest is the estimated response of the channel for each subcarrier and symbol, H is the actual response

of the channel, and N is the total number of subcarriers times the number of symbols. This metric provides
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a measure of how much error is in the actual estimation of the channel. A perfect estimator for a wireless

communication system without any error produces a value of zero. The MSE value rises with increasing

uncertainties and imperfect estimations.

The system-level metric EVM is calculated similarly to [59, 60] as

EVM (Drx) = 100×
√∑N

n=0|D−Drx|2∑N
n=0 |D|

2 (2.11)

where D are the correct modulation constellation values and Drx are the received modulation constellation

values after channel correction, giving an output as a percentage. Like the MSE, EVM provides a normalized

error estimation but is one step removed directly from the channel estimation itself. This metric shows how

a change in the MSE of the estimated channel can affect the received data for a given modulation scheme.

Finally, calculating BER provides a metric that is one more step removed from the EVM calculation.

The BER can be calculated as

BER (Nerr) =
Nerr

Nbits
(2.12)

where Nerr is the number of incorrect bits, and Nbits is the total number of bits. As opposed to bit error

rate, this provides a unitless metric on how many bits are affected in a given amount of data without a time

dependency.

Each of these system-level metrics is important as they all provide insight into how well an EUT affects

a different part of a wireless communication system.

2.5 Verification of Evaluator

In this section, extensive verification tests of the channel estimator evaluator performance and accuracy

are detailed. Implementation errors during the development of the evaluator can occur in the models, un-

certainties, or the simulation itself, leading to inaccurate testing of the channel estimators. The verification

process followed published guidelines that detail effective ways to ensure the validity of results from electro-

magnetic software [80]. Further, the verification approach discussed here can apply as a general guide for

verifying a wide variety of custom wireless communication software.

2.5.1 Estimator Evaluator Verification Configuration

For verification, transmit side of the evaluator simulation is simplified to be a superposition of plane

waves. Therefore, the transmit side is assumed to have ideal hardware and resides at the far-field of the

receiver to produce plane waves. This simplification focuses the investigation on the digital and receiver

analog hardware in the evaluator simulation. The transmitter analog hardware simulation is equivalent to the

receiver for verification. It is also assumed that there is no loss due to polarization mismatch. The expression
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of the electric-fields for incident plane waves is therefore simplified such that Ei (f) =
(
θ̂Eθ (f) + φ̂Eφ (f)

)
.

The effect on planar arrays is being evaluated so zn = 0 for each rn. An analog receive phased array

architecture comprised of an amplifier followed by a phase shifter behind isotropic antenna elements was

used. The output of each phase shifter is then combined before being passed to the receive digital section

of the evaluator simulation [81*]. These phased array hardware components are defined by and tested with

several different hardware component models ranging from ideal parametric models to measured S-parameter

models. These hardware components are laid out according to Figure 2.7.

For verification, a 2-element uniform linear array (ULA) (Figure 2.11(a)), an 8-element ULA (Fig-

ure 2.11(b)), a 3x3 planar array (Figure 2.11(c)), and an 8x8 planar array (Figure 2.11(d)), all with 5.35

mm element spacing were tested operating at 27.5 GHz. These phased arrays were selected based on the

requirements and scalability of each verification test.
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(a) 2-element uniform linear array.

−0.02 −0.01 0 0.01 0.02

−0.02

−0.01

0

0.01

0.02

X (m)

Y 
(m

)

(b) 8-element uniform linear array.
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(c) 3x3 element planar array.
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(d) 8x8 element planar array.

Figure 2.11 Layout of phased array elements used in testing.
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2.5.2 Nominal Analytical Verification of System-Level Metrics

The evaluator’s performance against an analytical beamforming solution was verified with a plane wave

test channel. The verification process uses the evaluator with “ideal” hardware models that have no loss,

error, or phase discretization. This evaluator configuration was compared against a software implementation

of the analytical beamforming equation (see (2.13)) [66]. Figure 2.12 shows minimal mismatch (7 × 10−13)

dB maximum) between the analytical beamforming software (Analytical) and the evaluator with ”ideal”

models (Evaluator) for a propagation channel with known incident angles.
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Figure 2.12 Spatial responses of an analytical beamforming solution and the evaluator with ideal hardware
models (continuous phase shifters, unity gain amplifiers, ideal combiners as seen in Figure 2.7) for known
incident angles.

Modulation and demodulation of the evaluator was tested using both simulated and measured channels

alongside noise-free hardware models. For a least squares channel estimator, the MSE, BER, and EVM equal

zero (omitting machine error), which agrees with the analytical solution for a static channel with no error.

A result of zero is expected for this test case.

2.5.3 Analytical Verification of Monte Carlo Simulations

A step in verification was to compare the output of the evaluator’s Monte Carlo simulations against

an analytical solution. The comparison was performed with a 2-element ULA with parametric models for

unity gain amplifiers, continuous phase shifters, and an ideal combiner comprised of the receiver. A small

array was used due to the complexity and solving time of the analytical solution. All noise was sampled

from zero-mean Gaussian distributions. The distribution for phase noise had a 5-degree standard deviation,
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while magnitude noise had a 0.001 linear standard deviation. These distributions were used to simplify the

calculation of the expected value.

The expected value for the phased array can be calculated as the expected value of a multi-variate

distribution. This derivation starts with the expression for conventional beamforming

F (f, θs, φs) =
1

N

N∑
n=1

En (f)Wne
j 2πf
c ks(θs,φs)·rn (2.13)

where the output F (f, θs, φs) is given by the coherent combination of the received electric-field at each

antenna element En (f), the weighting at each antenna element, Wn. The steering vector for the angle of

interest is defined by ej
2πf
c ks·rn where rn is given by (2.8) and ks = ki (θs, φs) is given by (2.9) where θs, φs

are the steering angles of the phased array (i.e., boresight is at θs = 0, φs = 0). The values of En and Wn are

then replaced with the channel response at each element (hOTAn) and the frequency response of component

m behind element n (HWmn) with M total components behind N total elements. Replacing these values

then yields

F (f, θs, φs) =
1

N

N∑
n=1

hOTAn

(
M∏
m=1

HWmn

)
ej

2πf
c ks·rn . (2.14)

The array shift from the phase shifters are not included in HWmn but in the steering vector, although

any other response components (e.g., loss, noise) are in HWmn. Equation (2.14) is then extended to include

our uncertainties on each of our hardware components to get the value F with added uncertainties as Fδ.

This is defined as

Fδ(f, θs, φs) =
1

N

N∑
n=1

hOTAn

(
M∏
m=1

(HWmn + δmn)

)
ej

2πf
c ks·rn , (2.15)

where δmn is a random complex variable for the noise from component, m, behind the element, n. For

simplicity, the following is also defined

Aδn(f) = |hOTAn |
(

M∏
m=1

(|HWmn|+ |δmn|)
)

(2.16)

Cδn(f) =
2πf

c
ks · rn + arg (hOTAn) +

M∑
m=1

(arg (HWmn) + arg (δmn)) . (2.17)

By separating the real and imaginary components, the expected value of Fδ(f, θs, φs) (E[Fδ]) is then calcu-

lated [82]. This separation gives
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E [Re {Fδ}] =

E

[
N∑
n=1

Aδn cos

(
Cn +

M∑
m=1

arg(δmn)

)]
=

∫
· · ·
∫ ∞
−∞

(

M∏
m=1

Pmn (δmn))

[
N∑
n=1

Aδn cos

(
Cδn +

M∑
m=1

arg(δmn)

)]
∂δ11 · · · ∂δMN

(2.18)

E [Im {Fδ}] =

E

[
N∑
n=1

Aδn cos

(
Cn +

M∑
m=1

arg(δmn)

)]
=

∫
· · ·
∫ ∞
−∞

(

M∏
m=1

Pmn (δmn))

[
N∑
n=1

Aδn sin

(
Cδn +

M∑
m=1

arg(δmn)

)]
δ11 · · · ∂δMN

(2.19)

where Pmn is the probability density function (PDF) of component m behind element n. For this verification,

magnitude and phase noise are assumed to be independent. Each PDF, Pmn, is then split into a product of

PDFs for the magnitude and phase giving

Pmn (δmn) = Pmnabs
(δmn)Pmnarg (δmn) (2.20)

which then gives

E [Re {Fδ}] =∫
· · ·
∫ ∞
−∞

M∏
m=1

(
Pmnabs

(δmn)Pmnarg (δmn)
)

[
N∑
n=1

Aδn cos

(
Cδn +

M∑
m=1

arg (δmn)

)]
∂(arg(δ11)) ∂ (abs (δ11)) · · · ∂(arg(δMN))∂(abs (δMN)

(2.21)

E [Im {Fδ}] =∫
· · ·
∫ ∞
−∞

M∏
m=1

(
Pmnabs

(δmn)Pmnarg (δmn)
)

[
N∑
n=1

Aδn sin

(
Cδn +

M∑
m=1

arg (δmn)

)]
∂(arg(δ11)) ∂ (abs (δ11)) · · · ∂(arg(δMN))∂(abs (δMN) .

(2.22)

The analytical solution given by (2.21) and (2.22), was computed numerically using the Scipy nquad function

in Python [83]. Each solution requires 2×M ×N integrations, limiting the size and complexity of the array

that can be verified.

The analytical results were compared to the output of the evaluator’s hardware component simulation.

Expected values were calculated and compared for a 2-element array at a single steering direction with an
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incidence plane wave of a magnitude of 1 incident at θi = 0, φi = 0 (boresight). These analytical and

evaluator results were calculated separately for magnitude (shown in Figure 2.13(a)) and phase error (shown

in Figure 2.13(b)) to reduce integration complexity and computation time. These plots also include the

nominal result without any noise as a point of reference. It should be noticed here that the addition of phase

noise causes a skew in the output distribution due to the incoherent combination of noise in the array.

(a) Magnitude (b) Phase

Figure 2.13 Expected vs. simulated phase value for added phase noise. Nominal (without noise) included
as a reference. Expected and simulated are nearly identical to the nominal. Calculated as the angle of the
complex number with the real part given by (2.21) and the imaginary part given by (2.22).

Table 2.3 Results of the analytical verification with noise.

Solver Magnitude Noise Phase Noise

Nominal 1 + 0j 1 + 0j
Analytical 1.00 + 0j 0.996 + 0j

This Evaluator 1.00 + 0j 0.996− 5.95× 10−6j

Table 2.3 contains the results of the analytical solution and the evaluator simulation, where the nominal

result was taken as the polar mean of all the Monte Carlo results. While these results are similar, they

would only be expected to match exactly as the number of Monte Carlo iterations approaches infinity. These

simulations were repeated 1× 106 times to get the approximate matching result seen here. The convergence

as the number of Monte Carlo runs increases, as seen in Figure 2.14

A number of limitations were found when performing the analytical verification with noise. All of these

limitations stemmed from the inability to solve the complex analytical equations required to represent the

array and its hardware. As previously mentioned, the analytical solution requires 2 ×M × N integrals for
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Figure 2.14 Spatial response of analytical solution vs. evaluator with a different number of Monte Carlo
iterations. The evaluator result converges to the analytical result as the number of Monte Carlo iterations
increases.

each array layout. While theoretically the analytical solution can be derived for any sized array, solving

the solution becomes difficult as M and N increase. A number of methods were attempted to perform the

high dimensional integration in the analytical solution. Symbolic solving was first used in an attempt to

get an exact solution to the problem. No previously solved solution was available through sources such

as [84]. Symbolic solving was then attempted using the python based symbolic solver SymPy [85]. This

solver was unable to reach a solution for more than a single element with a single hardware component

(M = 1, N = 1) which is not useful for the case of phased arrays (as 1 element is not an array). From

there, numerical methods were tested in an attempt to get close to the correct value of the integral. This

included attempting to estimate higher order integrals using Monte Carlo integration with packages like [86],

but for low dimensions these did not produce accurate enough results when compared to typical numerical

integration. Finally, the compromise was made to use a typical numerical integration package, in this case

being the Scipy nquad function. While the usage of this numerical integration package limited the size of

array and number of hardware components that could be simulated, it did allow the simulation of multiple

antennas (N > 1) with at least 1 hardware component (M > 0) to provide a verification of the evaluator

simulation.

2.6 Verification against Commercial Software

Next, phased array configurations with greater complexity were used to verify the evaluator performance

by comparing against commercial software. This comparison allowed for the verification of more complex
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components, such as those defined by S-parameters and phased array architectures with more antenna

elements. This more complex verification was not possible when comparing against the analytical solution

with noise because of the computational difficulty of solving the analytical solution. Further comparisons

and verification were required to verify the evaluator in more complex environments. Tests were first run

without noise to verify the nominal result of the channel estimator evaluator. Tests with noise were then run

to generate comparable distributions. The test without noise ensure the evaluator is producing the correct

output values while the tests with noise ensure it is producing the correct distribution. Each of these tests

was conducted using Keysight’s Advanced Design System (ADS) [41]. While commercial software provides

a good tool for verifying the evaluator, the estimator evaluator provides a more cost-effective, scalable (for

usage with very large arrays), and extensible (ease of adding new features) evaluation of channel estimator

performance, including hardware uncertainties. For example, one limitation of ADS that was found during

verification was that when using S-Parameter based components in a phased array, there is no way to

programatically change states. This meant there was no way to steer an S-Parameter based array without

manually setting S-Parameters for all phase shifters in an array. This makes scaling to large S-Parameter

based arrays in ADS unrealistic whereas the evaluator is capable of scaling this sort of array configuration.

2.6.1 Verification against Commercial Software without Noise

Noise-free simulations of phased arrays were run in both ADS and the developed evaluator. The 8-

element ULA and 3x3 element planar array were used in these verification comparisons. Each phased array

was tested using the generic models used in the analytical verification. Hardware models based on measured

S-parameters were then used to verify a more complex configuration. In ADS, the incident plane wave was

simulated in ADS by a phase shifter attached to the input of each antenna element. The outputs of the

phase shifters in this incident plane wave generator were set to match the expected value at each antenna

element based on (2.7). By assuming perfectly isotropic antennas and no polarization mismatch, we can

simplify the problem and pass the output of these plane wave generating phase shifters directly to the input

amplifiers of each element in the receiver phased array. The setup in ADS for an 8 element ULA can be seen

in Figure 2.15.

The 8-element linear array was swept from θs = π
2 to θs = 0 with φs = π and θs = 0 to θs = π

2 with

φs = 0 with a plane incident wave at θi = π
8 , φi = π. These tests for a phased array with generic continuous

phase shifters and unity gain amplifiers can be seen in Figure 2.16. The same generic array using discrete

5-bit phase shifters can be seen in Figure 2.17. The comparison for an array with S-parameter based models

can be seen in Figure 2.18. Figure 2.16 and Figure 2.17 use equations to define their phase shifters and unity

gain amplifiers while Figure 2.18 defines the amplifiers and phase shifters by measured S-parameter values of
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Figure 2.15 ADS schematic for verification of evaluator using an 8-element ULA.

38



a real phase shifter and amplifier. The spatial sweep for the parametric models and the S-parameter models

from the evaluator match up with their ADS counterparts. This equality of the commercial comparison

results further confidence that simulations using both parametric and S-parameter models work as expected.

/2 /4 0 /4 /2

-80

-60

-40

M
a
g
n
it
u
d
e
 (

d
B

)

ADS

Evaluator

= =0

(a) Magnitude

/2 /4 0 /4 /2

-2

0

2

P
h

a
s
e

 (
ra

d
)

ADS

Evaluator

= =0

(b) Phase

Figure 2.16 Spatial responses for simulations performed using the evaluator simulation and Keysight ADS
with continuous phase shifters and unity gain amplifiers in an 8-element uniform linear array.

The 3x3 planar array was also simulated with a single incident wave at θi = π
8 , φi = π

8 and the same

S-parameter components used to generate Figure 2.18. The array was swept and compared across multiple

different steering angles. Three steering angles were tested for φs = 0 and φs = π
2 the array S-Parameters

as the correct phase shift response files had to again be selected manually. The results from the evaluator

and ADS again matched all tested steering angles as seen in Figure 2.19. This verified functionality of the

estimator evaluator simulation when φs 6= 0.

By first verifying the calculation of the nominal response, issues with the evaluator’s simulation of compo-

nents without noise could be found. Specifically, this verification helped highlight an error that was occurring

when cascading S-parameters. This verification step highlighted this issue, allowing it to be corrected. A

pitfall of the verification method itself was also found. This pitfall existed in the comparison of the spatial

sweeps due to the discretization of the sweep itself. Across the spatial sweep range, the values of θ and φ

at which the responses were being calculated were slightly offset. These offsets were so small, they were not

noticeable without extending the number of decimal places in the displayed results. This small offset was

enough to cause the spatial responses to not match, especially at values of θ and φ far from the angle of

incidence. This issue highlighted both the importance and difficulty of creating identical simulations between

two different software packages.
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Figure 2.17 Spatial responses for simulations performed using the evaluator simulation and Keysight ADS
with 5-bit discrete phase shifters and unity gain amplifiers in an 8-element uniform linear array.
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Figure 2.18 Spatial responses for simulations performed using the evaluator simulation and Keysight ADS
with S-parameter based phase shifters and amplifiers for an 8-element uniform linear array.
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Figure 2.19 Spatial responses for simulations performed using the evaluator simulation and Keysight ADS
with S-parameter based phase shifters and amplifiers for an 3x3 element planar array.
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2.6.2 Verification against Commercial Software with Noise

Model noise was then introduced into both the ADS simulation and the developed evaluator. The

verification tests with noise were run using the 8-element ULA phased array. Again, the receiver phased

array beam was steered from θs = π
2 to θs = 0.0 with φs = π and θs = 0.0 to θs = π

2 with φs = 0.0. The

incident plane wave had angles of θi = π
8 , φi = π. The model noise was added onto each phase shifter

in the receiver phased array from a Gaussian distribution with a mean of 0.0 and a standard deviation

of 5 degrees. Each of the simulations was run for a total of 10,000 Monte Carlo iterations. The complex

responses for each of the Monte Carlo simulations with the steered array were then compared against the ADS

simulation. The output distributions utilizing S-parameter-defined components can be seen in Figure 2.20(b)

and Figure 2.20(a) for magnitude and phase, respectively.
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Figure 2.20 Distributions for array simulations using the evaluator and Keysight ADS with added phase
noise and hardware models based on measured S-parameters. These distributions should be a Gaussian
distributions about the nominal result due to the Gaussian phase error.

Due to the random sampling during the Monte Carlo simulation, the output of the Monte Carlo simulation

cannot provide a quantitative comparison. The Kullback-Leibler (K.L.) divergence [87] was calculated from

ADS and the evaluator’s polar values to compare the results quantitatively. This K.L. value quantifies the

relative differences between the evaluator distributions and the ADS distributions. The probability mass

function (PMF) of each set of results was estimated by counting the number of results that fell into one of

500 discrete bins. The total was then normalized to one. The calculated divergences are given in Table 2.4.

The K.L. divergence values are all less than 0.03 for magnitudes and 0.04 for phases. These small values

show that these distributions are very similar, giving confidence that the evaluator is working correctly in
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the presence of noise.

Table 2.4 Kullback-Leibler divergence of the evaluator from commercial software (ADS). Divergences were
calculated separately for the magnitude and phase distributions.

Configuration Magnitude (linear) Phase (Radians)

Continuous Phase Shifters 0.030 0.036
Discretized Phase Shifters 0.029 0.040
S-parameter Components 0.028 0.037

2.7 Verification against Measurements

Alongside the other verification methods, attempts were also made to verify the evaluator against mea-

surements. While the verifications attempts detailed in this section provide promising results, they did not

provide concrete evidence of verification. This was not due to mistakes with the verification method or the

evaluator, but with inconsistency in measurements and the inability to remeasure. During post-processing

of the data, it was found that the measurements taken with the SAMURAI system were not sufficiently

above the noise floor to provide accurate measurement of the second multipath component. This led to a

mismatch in the final simulated result due to an innacurate measurement of the propagation channel.

The verification against measurements was performed by measuring a propagation channel with two scat-

terers in a bi-static configuration. First, the propagation channel was measured using the NIST SAMURAI

system described in section 2.3.2 with a 16x16 element planar array with a spacing of 5.25 mm at about

28 GHz. The propagation channel was then measured using a millimeter-wave phased array from [88] by

replacing the SAMURAI robot arm and steering the beams of the phased array. This array is an 8x8 array

with a spacing of 5.25 mm operating at about 28 GHz. The layout of each of these measurements can be

seen in Figure 2.21(a) and Figure 2.21(b). An image of the measurement configuration with the SAMURAI

system can be seen in Figure 2.21(c) and the positions of each of the components in Figure 2.21(d).

Using the SAMURAI measurements as the propagation channel response at each array element location

in an 8x8 array, the hardware responses of the hardware phased array can be simulated and compared the

output to that of the phased array. To provide uncertainty on the results due to error in position and

measurement, multiple 8x8 subarrays were taken from different positions in the original 16x16 measurement.

An example of this subarray can be seen in Figure 2.22. Using the evaluator, the response of the phase shifter

and amplifier in the hardware phased array is simulated. The beam of this new simulated array is virtually

steered in software to mimic the operation of the hardware phased array. By steering to the the same angles

with the simulated phased array (and SAMURAI measurements) as were measured with the hardware phased

array the output is compared to see the accuracy of the simulated hardware components. A flow chart of
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(a) Layout of the SAMURAI measurement. (b) Layout of the phased array measurement.

(c) Image of the SAMURAI measurement.
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(d) Channel configuration.

Figure 2.21 Setup of the measurement verification experiment.
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this operation can be seen in Figure 2.23. This comparison was run with both measured (sim meas) and

parametric (sim par, defined from the data sheet parameters) hardware models. In Figure 2.24(a), all of the

spatial responses are shown for each stage of this experiment. Figure 2.24(b) shows a zoomed in version of

this data without the SAMURAI measurements to provide better scaling.
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Figure 2.22 All positions measured by the SAMURAI system.

It is easily noticeable that the general shape, especially around the cylinder angle, is very similar between

the measured and simulated phased array responses. The parametric simulated response has a similar

shape, but is shifted down likely due to an inaccurate gain in the amplifier response. Near the cross angle,

the response begin to drastically differ. This is likely due to the SAMURAI measurements themselves as

the SAMURAI measurements have a null near this angle while the phased array measurements do not. It

is theorized that the SAMURAI measurements may have been near the noise floor on this measurement

whereas the hardware phased array provides amplification before the measurement system. Because the

SAMURAI data itself seemed to be the cause of the unmatched results, this experiment was inconclusive

and unable to be used to verify the evaluator. Further measurements were not able to be taken and therefore

this experiment was not able to be repeated to test the theories on why it failed.
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Figure 2.23 Flow chart of measurement verification.
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Figure 2.24 Results of measurement verification simulations and measurements.
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2.8 Acceleration of the Channel Estimator Evaluator

The estimator evaluator was extended to provide distributed and accelerated simulation capability in

the Python programming language. Because the evaluator is designed with scalability in mind, large arrays

(such as 128 × 128 element planar arrays) can easily be defined and simulated. This allows for testing the

limits of the evaluation complexity to find where acceleration techniques presented here can make infeasible

problems feasible.

The problem focused on during acceleration consists of input data Dn with ND complex data values that

are packed into NF different subcarrier frequencies across NS different OFDM symbols. This means the last

data value will be at subcarrier frequency fNF in symbol SNS so DND = DNSNF . These symbols are then

transmitted from an isotropic antenna through a channel. The simulated channel is defined as a single path

without reflection between a transmitter antenna and an NExNE element planar analog phased array. The

array is assumed to be in the far field of the transmitter. The array therefore receives a single plane wave

at normal incidence. Each element of the array consists of an isotropic antenna, a continuous phase shifter

and a unity gain amplifier. A lossless combiner is simulated after these components to sum all the element

values and provide simulated output symbols. The operations in this simulation consist mainly of matrix

multiplication, trigonometric operations, exponentiation, and basic arithmetic operations with complex data

types.

The runtimes of this simulation are very dependent on several variables from the number of elements

in the array NE × NE to the number of subcarriers in each symbol NS . When these values become large,

the simulation becomes very computationally and memory intensive. Therefore, for larger simulations, it is

important to utilize accelerated computing methods to reduce overall simulation times.

2.8.1 Vectorization

One method used to accelerate these simulations is through vectorization. This is done by utilizing

libraries optimized to perform multiple simultaneous computations on a device. With a high-level program-

ming language like Python, vectorization is typically achieved by grouping function inputs in memory and

making one function call to process a large group of data. To get the most out of this optimization, multiple

symbols are simulated together as a symbol group.

Vectorization on a central processing unit (CPU) is performed by ensuring all possible operations were

called using the Intel Math Kernel Library (MKL) [64] which provides hardware optimized function calls. In

Python, computationally intense sections are calculated on grouped inputs using Numpy [89] or Numba [90]

calls which in turn call MKL. More in depth information and runtimes on vectorization with these libraries

is given in [62].
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Graphics processing units (GPUs) extend on this vectorization by providing hundreds or thousands of

simultaneous computation units. GPU Vectorization was performed with Nvidia’s compute unified device

architecture (CUDA) [91] and the CuPy [92] library. Like with the CPU, this is achieved by grouping

together function inputs and performing computationally heavy simulation sections with CuPy functions.

Even further acceleration can be achieved through optimization with custom CUDA kernels.

2.8.2 Distributed Parallelization

While vectorization alone reduces simulation runtimes, it is limited by the memory and computational

units available to a single device. By parallelizing across multiple CPUs (or CPU cores) or GPUs, simulation

memory can be distributed to calculate larger arrays and more symbols simultaneously. Computation times

can also be increased by combining the total computational power of multiple discrete devices. These

calculations are performed across M different devices.

By parallelizing simulations across dimensions that are independent, no communication is required during

runtime between discrete devices. The OFDM simulation used assumes no inter-symbol-interference (ISI)

between OFDM symbols and no crosstalk between hardware components. This presents multiple methods

to parallelize the simulation across devices. One is by splitting across each array element in the simulation.

The other is by splitting across the grouped symbols that are calculated simultaneously.

2.8.3 Parallelization Across Array Elements

Parallelizing across array elements allows simulation of arrays that are too large to fit on memory limited

devices such as GPUs. It also accelerates computations by simultaneously computing separate sections of

the array on different devices. With this method, the simulated elements in the phased array system are

split across devices such that each device is simulating only a subsection of the system. Input symbol groups

are then simulated for each of these subarrays. The output of each of these separate simulations is then

gathered and combined to produce the correct output. A representation of this can be seen in Figure 2.25.

2.8.4 Parallelization Across Symbols

Parallelizing across symbol groups allows for simultaneous simulation of large symbol groups. Unlike

parallelization across array elements, each device in this scenario simulates the entire phased array system.

The symbol group to be simulated is split across the devices and the simulation is performed. The outputs

from each device are then stacked to provide the complete output simulation of all input symbols. This

method of parallelization is geared best for simulations of smaller arrays (e.g. 16x16) where large numbers

of simulated symbols are desired. This does come at the cost of being memory limited for extremely large

arrays. A representation of this method can be seen in Figure 2.26.
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Figure 2.25 Graphical representation of parallelization across array elements.

Figure 2.26 Graphical representation of parallelization across symbol groups.
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2.9 Results of Acceleration

Single CPU and GPU implementations using vectorization and multi-GPU and CPU implementations

using distributed parallelization were timed for varying simulation configurations. Runtimes were gathered

when parallelizing across array elements and input symbol groups. Each of these results was performed on

an Intel i7-4790 CPU with up to 8 cores with 32 GB of RAM and up to 2 Nvidia RTX 2080 GPUs with 8GB

of memory each. These results are shown on both linear and logarithmic scale for visual clarity.

2.9.1 Parallelization Across Array Elements

The first set of tests kept a constant amount of input symbols, simulating 500 OFDM symbols each with

200 subcarriers per symbol. The size of the array was then swept to simulate rectangular planar arrays with

8x8, 16x16, 32x32, 64x64, and 128x128 elements. Parallelization for these tests was performed across the

array elements due to the relatively small symbol group size and large possible array sizes.

Figure 2.27 shows the results of these simulations across each of the array sizes. Focusing on CPU

performance, it can be seen that by parallelizing the simulation across 8 different CPU cores, the runtime

is reduced by more than half. Each of these curves has a linear trend that would likely continue if the

number of elements were increased on a system with enough memory. As expected, the runtimes of the

GPU implementation are much lower than the CPU. Unexpectedly, the 2 GPU case was slower than the

single GPU case. Further investigation found that this was an unfortunate side effect of the Python GPU

interface. To properly run the multiple GPUs in a non-blocking way, each GPU had to be controlled

separately individual processes using the python multiprocessing library. Because the operations on a single

GPU were so highly vectorized and were completed so quickly, as multiple GPUs are used there is actually

a slowdown due to a communications bottleneck. This is because data must first pass to the processes and

then to each of the GPUs as opposed to directly being passed to the GPU from a single python process.

Further work could reduce this bottleneck by implementing a custom C or FORTRAN interface to directly

interact with the GPUs. This would remove most of the overhead seen by using multiprocessing, but would

increase the complexity of the code. In this scenario, a CUDA kernel would need to be written for each

hardware response whereas the python interface allows numpy operations to be directly swapped for cupy

operations with no additional code. Even with this communication bottleneck, all GPU implementations

drastically outperform all CPU implementations. One limitation of the single GPU not seen in multiple

GPUs is the amount of memory it has. This drastically limits the size of the array that can be simulated.

This can be seen by the fact that the GPU was unable to compute past an array with just under 500 elements

with the given number of subcarriers and symbol size. By moving to two GPUs this memory limitation can

be somewhat overcome. This allows for utilizing the memory across multiple GPUs for larger simulations.
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Because the GPU simulation is limited by communication, there is a decrease in throughput because the

host must serially send data to 2 devices. Larger arrays could be simulated on memory limited device like

GPUs by reducing the symbol group size or number of subcarriers, at the cost of reducing some vectorization

gains if large numbers of symbols are needed to be simulated.

It is expected that increasing the number of CPU cores beyond what was tested here would continue to

decrease the runtime of the simulation. As the number of CPU cores approaches the number of elements

in the array, the simulation will likely start to become memory limited, reducing the gains seen from an

increased parallelization. As the number of GPUs utilized is increased, it is likely there will continue

to be slightly reduced performance due to the communication overhead with a larger number of discrete

devices. Depending on the simulation, these increases in runtime may be offset by the larger available for

computations.
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Figure 2.27 Runtime vs. array size using vectorization and parallelization across array elements.

2.9.2 Parallelization Across Symbols

Another test was run with varying sizes of input symbol groups and a fixed planar array with 16x16

elements (256 total elements). The size of the symbol group varied from 5 to 5000 symbols each with 200

subcarriers. For this case parallelization across symbols is performed.

Figure 2.28 shows the runtimes of single CPU/GPU and multi-GPU/CPU implementations. Again,

parallelizing across 8 CPU cores outperforms the single core implementation which only uses vectorization.

The GPU implementations again drastically outperform any CPU implementations but are unable to perform

the same size of simulations due to memory limitations. By using multiple GPUs, some of the memory
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limitation can be overcome with minimal loss in acceleration due to communications overhead. For large

symbol scenarios, the GPU implementations could again perform multiple block calculations at the expense

of vectorization efficiency. Again, it is expected that increasing the number of CPU cores would continue

to decrease runtime, but will become memory limited if the simulation size is not increased. Adding more

GPUs, greater runtimes would be expected due to increased communications, but with the added benefit of

additional memory for larger simulations.
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Figure 2.28 Runtime vs. array size using vectorization and parallelization across array elements.

2.10 Convergence of Evaluator

Before using the evaluator, a final step was taken to ensure accurate evaluation. Because the evalua-

tor takes random samples from the noise distributions of hardware components during each Monte Carlo

iteration, it must be ensured that the result from the evaluator has converged to an acceptable level. This

convergence level determines how much error there is in the evaluation. Therefore, convergence testing was

performed for a number of scenarios to provide a baseline of the approximate error for different estimators

and hardware components. Convergence testing also has the side effect of providing information on how

repeatable different estimators are for each hardware configuration.

These evaluator convergence tests were run with the following configuration:

� Channel - Single plane wave incident at boresight

� Bitstream - 211 random bits

� Modulation - 16QAM
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� Pilots - pilot tone every 10 subcarriers

� Frequency - 100 subcarriers spaced every 15 kHz starting at 27.5 GHz

� Phased Array - Continuous phase shifters, unity gain amplifiers, lossless combiners

.

Evaluation using this configuration was then repeated R = 50, 000 times (r = [1, ..., 50000]), each produc-

ing a metric M for MSE, EVM, and BER each of length R. To calculate the convergence of the error, subsets

of these R iterations of different sizes S (s = [1, ..., S]) with O offsets τo (o = [1, ..., O]) were taken. The

mean of each of these different subsets (for each different size) were then taken and the standard deviation

of these means was taken. This calculation gives the convergence of the mean value of a subset of a given

size. This operation can be written mathematically for each offset o and size s as:

µos =

∑S
s=1M [s+ τo]

S
. (2.23)

Taking the standard deviation for each offset then provides the standard deviation for each subset size σs

σs =

√√√√ 1

O

O∑
o=0

(µos −mean(µos)). (2.24)

This standard deviation in the subset means σs helps provide an idea of how much error may occur in the

evaluation given number of repeats R. Careful selection of R ensures the error is not too high to accurately

compare estimators. This test with subsets of up to S = 5000 for MSE and EVM can be seen in Figure 2.29(a)

and Figure 2.29(b), respectively. The figure for BER is not provided as the magnitude of the error was low

with respect to the modulation scheme and therefore no bit errors were recorded (BER = 0 for these cases).

When evaluating channel estimators, a number of repeats equal to the subset size S are repeated, corre-

sponding to the amount of error deemed allowable. For many cases this is a fine balance between the time

it takes to evaluate an estimator and the accuracy of the evaluation.

2.11 Evaluation of a Least Square Channel Estimator

The evaluator was first tested using a basic least square channel estimator to test basic functionality.

The LS estimator [21] can be written as

hf =
yf
xf

(2.25)

where yf is the output of the pilot tones, hf is the channel response, and xf is each of the input pilot values

(see 1.4.1 for more information). The frequency response is estimated at each subcarrier frequency that has a

pilot tone. There exist many possible spacings of pilots such as those discussed in [93, 94]. This work focuses
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Figure 2.29 Convergence of metric evaluation with different numbers of repeats (subset sizes S) as given by
(2.24).

on a comb-type spacing [24] with a pilot tone every 25 subcarriers. After the response of each subcarrier with

a pilot is estimated, a 2D linear interpolation is performed using the Scipy griddata function to estimate the

response at any subcarrier frequencies with no pilot tones. Any subcarriers that require extrapolation are

estimated using the nearest neighbor approach. The partial implementation of this estimator can be seen in

Listing B.9.

The least-square estimator was evaluated with two different receiver’s phased array configurations, Array

1 and Array 2. Both phased array configurations consisted of an 8x8 element planar array uniformly spaced

at 5.35mm. The phased arrays used unity gain amplifiers, continuous phase shifters, and lossless combiners.

The noise on the amplifiers on both arrays were set to have a linear standard deviation of 0.01 (-20dB) with

a mean of 0.0. The phase shifters on Array 1 have a 5-degree standard deviation and a mean of 0.0. The

phase shifters on Array 2 have a 15-degree standard deviation and a mean of 0.0. A lossless combiner was

used in both phased arrays. Other configurations not shown here with varying noise levels were also tested

with similar outcomes.

Evaluation was performed using Array 1 and Array 2 using a 16- (see 2.2) and 256-QAM as specified

by 3GPP [95]. A bitstream of 218 bits run over 100 subcarriers was used. The calculations of the system-

level metrics were the mean of 1000 independent simulations. Configurations with different arrays and

modulations were run to demonstrate the importance of the metrics chosen and how each is affected by

different parts of communications systems. Table 2.5 contains the results of these evaluations.

MSE is affected by the increased hardware noise, but not by the modulation. As in Eq. (5), MSE is

calculated from the channel estimate Hest which is dependent only on the communication system response
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Table 2.5 Metrics from the evaluator when evaluating a least square channel estimator. Results of the
evaluated metrics are provided as Nominal(St.Dev.).

Array 1 Array 2

16-QAM 256-QAM 16-QAM 256-QAM

MSE
6.54 × 10−4

(6.21× 10−6)
6.43 × 10−4

(8.71× 10−6)
3.01 × 10−3

(3.22× 10−5)
3.01 × 10−3

(4.42× 10−5)
EVM 2.61% (0.013%) 2.61% (0.017%) 0.029% (5.60%) 5.60% (0.042%)

BER 0 (0)
1.43 × 10−4

(2.53× 10−5)
0 (0)

1.47 × 10−2

(3.92× 10−3)

and the pilot tone values. EVM, as defined in Eq. (6), is affected by hardware noise but not modulation

assuming the normalization factor
∑N
n=0 |D|

2
stays constant. BER is affected by both the modulation and

hardware noise because it is dependent on the spacing of constellation points for a given modulation. BER

fails to capture the differences between Array 1 and Array 2 for 16-QAM due to the binary nature of the

metric.

Required average EVM levels for each modulation scheme are outlined in the 3GPP specification for 5G

NR [96, p.171]. A list of these EVM levels are given in Table 2.6. Based upon these requirements, Array

Table 2.6 Required maximum EVM for each modulation scheme as specified in 3GPP 138.101.1.

Modulation Scheme EVM

Pi/2-BPSK 30%
QPSK 17.5%

16-QAM 12.5%
64-QAM 8%
256-QAM 3.5%

1 meets the requirements to run at both 16-QAM (EVM < 12.5%) and 256-QAM (EVM < 3.5%). Array

2, however, only meets the requirements for 16-QAM but not for 256-QAM due to the increased noise from

the phase shifters. Other types of channel estimators can account for some of this noise [21, 93] and may

reduce the EVM, allowing for noisier phased array hardware without reducing the quality of service. The

estimator evaluator allows this reduction in EVM and other metrics to be quantified.
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CHAPTER 3

MONTE CARLO AUGMENTED CHANNEL ESTIMATOR

A novel Monte Carlo augmented channel estimator (MCCE) was developed which can provide a lower

mean error and standard deviation in its estimation than other channel estimators currently in use. This

estimator uses a priori knowledge of hardware components within a communications system to improve the

estimate of a systems noise distribution on input data when compared to other methods. This improved

noise estimation then in turn provides the reduced mean error and the reduced standard deviation to reduce

the MSE, EVM, and BER which can increase system throughput.

As discussed previously in section 1.4, there exists a large amount of published works on channel estima-

tion as a whole and estimation for 5G mmWave systems. Previous authors have also developed methods and

techniques to improve channel estimation in communications systems using Monte Carlo methods [97, 98].

However, these efforts do not focus on the hardware of the large arrays seen in 5G mmWave communications

systems.

With the MCCE, these previously developed Monte Carlo channel estimation schemes are improved upon.

The MCCE is designed to reduce the error and deviation in channel estimation metrics in 5G mmWave

systems with electrically large phased arrays using a priori knowledge of the frequency responses and error

characteristics of phased array hardware components such as power amplifiers and phased-shifters. By

reducing the bit errors from the channel, the MCCE can provide increased throughput in a communications

system.

3.1 Monte Carlo Augmented Channel Estimator Design

The MCCE improves the accuracy of current channel estimators by supplementing received signals with

simulations of phased array hardware components to help account for deviations from a nominal solutions (i.e.

referred to as statistical bias) in the phased array. Noise distributions of the combined hardware are generated

by randomly sampling each distribution (e.g. phase and magnitude noise) of individual hardware components.

The estimation of a combined distribution is not typically attainable through analytical calculation due to

the complexity and therefore Monte Carlo methods are relied upon. In the following section, estimated

variables are denoted with hats (e.g. x̂) and vectors are denoted as bolded variables (e.g., x).

The Monte Carlo augmented channel estimator begins like any other OFDM channel estimation scheme.

A set of pilot tones (predetermined values) are first transmitted at the frequencies of interest. A receiver

then picks up these pilot tones along with the effects of both the channel and the system hardware. For

basic problems this can be represented by
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yf = (hf + nf )xf (3.1)

for a frequency domain estimation where yf is the received value, hf is the channel response with noise nf ,

and xf is the known set of pilot tones for a subcarrier f . By performing channel estimation, the response is

estimated from the input to the output signal given by hf . This estimate of the response can then be used

to correct subsequently transmitted data.

Unfortunately, when looking more in depth at the system, the problem becomes much more complicated.

The channel response hf can be represented by a number of different cascaded responses from each part of

the system. This can be represented in an expanded form by N different cascaded hardware components

and propagation channels where each component or channel has its own systematic and random (noise)

uncertainties. This can be represented in the frequency domain as

yf = (hf0 + nf0)(hf1 + nf1) · · · (hfM + nfM )xf , (3.2)

where (hmn + nm) is the response and error model of the mth component between the transmitted and

received signal where m = [0, · · · ,M ]. In a real system, the uncertainty mechanisms can widely vary for

each part of the system and be anything from a uniform distribution to nonlinear effects from sources like

round-off errors from discretized phase shifters. This expanded form of channel estimation depicts how

multiple linear and non-linear effects can compound to provide a bias in the total estimated channel hf .

Using Monte Carlo analysis, this bias can be estimated and used to provide a better correction for the

transmitted data. This estimation requires pre-determined models for each part of the system that will be

used in the estimation. These models will vary depending on the communications system being estimated,

but each will have a nominal response which will be denoted by hfm and some corresponding set error

mechanisms nfm as described in section 2.2.2. With the initial channel estimation performed, the only

unknown response in the chain is that of the wireless channel. Using the nominal responses from each of the

defined models, the expected nominal response of any unmodeled parts of the system (e.g. a propagation

channel) can be approximated as ĥumod

The statistical bias that may occur from uncertainties in hardware models can be demonstrated through

the simple example of the effect of angular accuracy of a phased array. For this example it is assumed

there is a linear and equally spaced phased array with a known incoming incident wave at azimuth angle θ0.

The assumption is also made that there is an error mechanism in the communications system that adds a

Gaussian distributed angular error ±θerr. Because the angular error is Gaussian, its nominal is simply given

as its mean. If a large number of measurements, N , are taken of θn where n = 1, 2, · · · , it is expecteded the
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mean of those values to give the correct angular value as N continues to grow. Unfortunately, beamforming

transformation for received magnitude is non-linear. The magnitude of the nominal received value v0 would

be when the array points directly to θ. Again, if N measurements are taken with received values vn for

n = 1, 2, · · · , as N increases it is expected that the mean of all of the measured angles θn to equal θ0. The

magnitudes on the other hand are at a maximum when θ = θ0 and therefore v1,2,··· ≤ v0. Because of this it

is not expected that the mean to be equal to the nominal value and therefore the estimate will have some

bias to it.

The MCCE assumes the transmitter hardware, propagation channel responses, and receiver antennas

responses are unknown. These unknown (or unmodeled) responses at each pilot tone subcarrier are given

as the vector ĥumod. In contrast, the MCCE’s receiver phased array response, hmod is fully modeled by a

phase shifter and amplifier behind each antenna element n, with a combiner at the output of each phased

array element for each frequency. Again, each of these hardware component models that make up hmod

consist of a nominal frequency response and an error distribution. Each Monte Carlo iteration samples

from these distributions to provide the total hardware response for that iteration. These responses and

distributions of these models are defined by either a mathematical formulation or measured S-parameter

values. These models are the same as those used in the evaluator in chapter 2. Using hmod and ĥumod

together, a distribution of possible received values ŷmc is then generated and used to estimate the channel.

A flow chart of the MCCE operation is shown in Figure 3.1 and the base definition for this channel estimator

can be found in Listing B.10.

Figure 3.1 Flow chart of the MCCE operation.

3.1.1 The Modeled Response

The MCCE relies on known models of the phased array hardware, as in section 2.2.2. The combined

response of each of these models is the modeled response hmod. The modeled response is used by the MCCE

for its channel estimation. The estimator is, therefore, unique to the configuration of each communications

system and phased array. The models are provided as a priori knowledge into the estimator for each unique
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phased array hardware configuration. Once the hardware models have been defined, the MCCE uses a

multi-step operation to provide a channel estimate given a set of input signals x, and output signals y, at

each subcarrier f .

3.1.2 Estimating the Unmodeled Response

For the configuration used here, it is necessary to estimate the unmodeled response at each element in

the received phased array. Repeat samples of the MCCE phased array hardware models (i.e. the modeled

response hmod) generate K (k = [1, . . . ,K]) total possible responses at each antenna element. The unmodeled

response ĥumod can therefore be written for each phased array element n at each subcarrier f as

xfhmodf11 · · · xfhmodfN1
...

. . .
...

xfhmodf1K · · · xfhmodfNK



ĥumodf1

ĥumodf2
...

ĥumodfN

 =


yf1
yf2

...
yfK

 , (3.3)

where yf1 = yf2 = . . . = yfK is the received pilot value (or mean of multiple pilot values) and ĥmodfnk

is the modeled response of the amplifier, phase shifter, and combiner at element n. The value of ĥumodfn

at each subcarrier is then calculated using a least-squares approximation of the over-determined system of

equations. This results in an estimate of the unmodeled response of the communications system at each

receiver phased array element n. The implementation of solving for the un-modeled response used in this

dissertation can be seen in Listing B.11.

3.1.3 Estimating the Total Response

The unmodeled response ĥumodfn is then combined with the modeled responses at each frequency hmodf

to get a total response ĥtotf . J output values ŷmc are simulated using a given input xf . The LS channel

estimator is used to estimate the total response for each iteration ĥtotfj , where j is the Monte Carlo iteration

j = [1, . . . , J ]. The relationship of each of these values can be described in a matrix format as

 ĥumod1hmod11 · · · ĥumod1hmod1J

...
. . .

...

ĥumodF hmodF1
· · · ĥumodF hmodFJ

 =


ŷmc11
x1

· · · ŷmc1J
x1

...
. . .

...
ŷmcF1

xF
· · · ŷmcFJ

xF

 =

 ĥtot11 · · · ĥtot1J
...

. . .
...

ĥtotF1
· · · ĥtotFJ

 (3.4)

where ĥtotfj is the relation between xf and ŷmcfj for subcarrier f = [1, . . . , F ].

3.1.4 Estimating the Channel

After the values of ĥtotj are generated, multiple approaches are possible to get the final channel estimate

ĥMCCE at subcarrier f . The first approach is to take the mean across all values of j yielding
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ĥMCCEf = E[ĥtotf ] =
1

J

J∑
j=1

ŷmcfj

xf
. (3.5)

In essence, this is a modified LS estimator that has an increased number of samples available from the

Monte Carlo simulations. This approach is simple and therefore does not add even more computational

complexity to the MCCE. This approach is utilized for the results shown in this dissertation. The code for

both calculating the total response and estimating the channel using the MCCE is found in Listing B.12.

3.1.5 Alternative Approaches

Another possible approach for the channel estimation uses all estimated values of ĥtotj to approximate

the auto-correlation matrix and noise variance of the response. These estimated values could then be used

as inputs for a LMMSE estimator. This approach removes the need to know the auto-correlation matrix

and noise variance directly from other means (e.g., measurements) prior to channel estimation. It is worth

noting that while both the LMMSE and the MCCE require a priori knowledge, the MCCE only requires

system hardware models. Any hardware that is not modeled will be estimated in the unmodeled response.

The LMMSE estimator requires knowledge of the phased array hardware and any values that may change

over time (e.g., the propagation channel). This means that exhaustive knowledge must be known for all

permutations of hardware states (e.g. for steering a phased array beam) and propagation channel states

(e.g. a new machine added to a factory floor). The augmentation of the LMMSE with Monte Carlo methods

creates a more practical estimator for a realistic system, at the cost of computational complexity.

3.2 Evaluation Configuration

In the following sections, channel estimators were evaluated with QPSK, 16-, 64-, 256-, 1024-, and 4096-

QAM modulation schemes. Each estimator was tested with 100 subcarriers in each OFDM symbol. Each

symbol contained pilot tones that were evenly spaced at intervals of 10 subcarriers. The responses at non-

pilot subcarriers were calculated from the estimated response of each pilot tone using a two-dimensional (2D)

linear interpolation and nearest neighbor extrapolation across frequency and symbols (time). The channel

estimators were evaluated in multiple propagation channels (with polar angle θ = (0, π) and azimuthal angle

φ = (0, 2π) as described in appendix A) as follows:

Propagation Channel 1 (Boresight) – One incident plane wave at θ0 = 0, φ0 = 0 and a magnitude of 0

dB.

Propagation Channel 2 (Double Multipath) – Two incident plane waves at θ0 = π
4 , φ0 = 0 and a magni-

tude of 0 dB and θ1 = π
4 , φ1 = 5π

4 with a magnitude of -10 dB.
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Propagation Channel 3 (SAMURAI/Measured) – A measured SAMURAI (section 2.3.2) channel in a

bi-static radar configuration with reflections from two 1 inch diameter metal

rods.

These channels are coupled with simulated 8x8 planar receive phased arrays to test each channel estimator.

Each phased array consisted of an isotropic antenna and ideal (lossless and equal) combiner with differing

amplifiers, phase shifters. Phase and amplitude noise were added on top of the phase shifters and amplifiers

to capture the effects of noise on the estimator. In some cases, parameters (e.g. noise) of these arrays were

swept (e.g. to vary SNR). In others (typically for preliminary testing), static values were used for these

arrays. These arrays with static values were defined as follows:

Phased Array 1 (Generic MCCE) – Continuous phase shifters (standard deviation 10 degrees), unity gain

amplifiers (standard deviation 2dB).

Phased Array 2 (Generic MCCE Medium Noise) – Continuous phase shifters (standard deviation 20

degrees), unity gain amplifiers (standard deviation 2dB).

Phased Array 3 (Generic MCCE High Noise) – Continuous phase shifters (standard deviation 50 degrees),

unity gain amplifiers (standard deviation 2dB).

Phased Array 4 (Discrete 5bit MCCE) – 5-bit discretized phase shifters (standard deviation 10 degrees),

unity gain amplifiers (standard deviation 2dB)

Phased Array 5 (S-parameter) – S-parameter defined phase shifters with 32 possible states (5-bit) (stan-

dard deviation 5 degrees), S-parameter defined amplifier (standard deviation 3.5dB).

The MCCE was evaluated with Phased Array 1 , Phased Array 2 , and Phased Array 4 as the modeled

response. Each estimator was evaluated in communications systems with Phased Arrays 1-5. Multiple OFDM

symbols were provided to each estimator during testing. It is assumed that the total system response does

not vary from symbol to symbol, and therefore the noise is the only difference in the values of subcarriers

between symbols. LS and LMMSE calculate the mean at each subcarrier across the symbols. The MCCE

uses the mean value of each subcarrier to calculate the unmodeled response ĥumod.

3.3 MCCE Convergence

During development, the convergence of all Monte Carlo operations were tested to quantify the correlation

between the error and number of iterations. This ensures that enough iterations are performed at each step to

provide a trade-off between estimator accuracy and estimation time (increased iterations typically increases
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accuracy, but also increases the computational complexity of the estimator). Specifically, convergence was

tested for the estimation of the un-modeled response (e.g. Figure 3.2(a)) and the final channel estimate (e.g.

Figure 3.3). Convergence was also recalculated for the evaluation of metrics for the MCCE estimator. The

value of the convergence for each scenario was calculated similarly to the method outlined in section 2.10.

Each of these tests was performed using Propagation Channel 2 .

3.3.1 Convergence of the Unmodeled Response

Quantifying the convergence for the unmodeled response helped decide how many samples of the hardware

noise distributions were taken and used in the calculation of the overdefined system of linear equations for the

un-modeled response (See section 3.1.2). Subsets were sampled from a total of 1× 105 iterations used in the

unmodeled response. Figure 3.2(a) shows the convergence of the estimated unmodeled response for subsets

of up to 2.5× 104 iterations. The convergence was calculated as the standard deviation between unmodeled

response estimates, σs, for different subset sizes S normalized to actual unmodeled response estimate. The

evaluator was configured with a Propagation Channel 2 and Phased Array 1 . This plot gives a baseline of

how many iterations are required to estimate an unmodeled response with a given level of error. After about

5 × 103 to 1 × 104 iterations, the curve begins to flatten showing that increasing the number of iterations

provides minimal gain.
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Figure 3.2 Convergence of subset means for the unmodeled response ĥumod.

The accuracy of the un-modeled response was also calculated for a scenario where the un-modeled response

had no noise (only a nominal value for each frequency). Figure 3.2(b) shows the mean of the squared

error (normalized to the actual response) between the actual un-modeled response at each element and the
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estimated un-modeled response for different subset sizes. This accuracy calculation was performed for the

MCCE configured with different modeled responses hmod.

Each of these plots allows a selection of the number of iterations for the un-modeled response estimation

that balances computational complexity and accuracy. A value of 1× 104 was chosen for the MCCE config-

urations used in this work (unless otherwise specified). On both Figure 3.2(a) and Figure 3.2(b) the curves

begin to flatten out just after 1× 104 repeats. The majority of the error and deviation exists before about

5× 103 iterations, but this value will change based on the configuration of the MCCE and the configuration

of the unmodeled response. Therefore, 1× 104 was chosen to provide buffer for different configurations.

3.3.2 Convergence of the Channel Estimate

After quantifying and selecting a value for the number of iterations for estimating the un-modeled re-

sponse, convergence testing was also performed with the final channel estimate. This quantified the conver-

gence of the MCCE as a function of the number of values ŷmc that were generated per estimation. Figure 3.3

shows the convergence (as calculated in section 2.10) of the standard deviation, σs, of the channel estimate

given different subset sizes S of output Monte Carlo iterations (i.e. number of ŷmc).
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Figure 3.3 Convergence of the standard deviation of subset means for the channel estimation using different
MCCE configurations.

This figure shows that the deviation of the estimate quickly converges. With a subset size of only

1000 (1000 iterations, 1000 values of ŷmc) the deviation is reduced by over a factor of 10. Like with the
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unmodeled response, this figure allows the selection of a subset size that balances computational complexity

and accuracy. Because of the quick convergence in the curve, a subset size of 1000 is used for the calculation

of the channel estimate unless otherwise specified.

3.3.3 Estimator Evaluation Convergence Testing

Before the MCCE estimators were evaluated, tests from section 2.10 were also repeated to ensure that

enough evaluation repeats were performed to accurately test the estimator’s performance. The testing

performed here used the exact same configuration for the evaluator as in section 2.10.
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Figure 3.4 Convergence of the evaluation with different numbers of repeats (subset sizes S) as given by
(2.24) normalized to the nominal values.

Figure 3.4(a) and Figure 3.4(b) shows the convergence of the evaluation of the MSE and EVM respectively

for the LS, LMMSE, and MCCE estimators discussed in this section. From these plots, it is seen that both

the evaluated MSE and EVM value quickly drop as 1000 repeats is approached. For both metrics, all of the

MCCE configurations converge quicker than both the LMMSE and LS estimators. This faster convergence

is due to the MCCE reduced variability in estimation over the LS and LMMSE estimators.

The evaluations and comparisons in this work used commonly use a subset size of S between 1000 and

2500 iterations. These values are selected to provide the best tradeoff of error and evaluation time for each

test case. In some specific cases, such as those requiring a large amount of transmitted data, subset sizes as

small as 100 repeats were used to provide faster evaluation, but at the cost of higher error in the evaluation

metrics.
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3.4 Symbol Count Effect on Estimator Accuracy

Each of the discussed estimators is able to increase its accuracy by receiving more symbols in a static

channel. Estimators like the LS and LMMSE can average across these received symbols to reduce the noise

at each pilot tone. This reduced noise in turn leads to a more accurate channel estimation. The downside

of increasing the received symbol count is the time it takes to transmit and receive the extra symbols. The

MCCE is able to improve estimation by simulating more symbols than were actually received.

While the MCCE simulates more symbols than were received, it still must have a sufficient number

of symbols to provide a good estimate of the un-modeled response. If too few symbols are used and the

estimate of the un-modeled response is poor, the MCCE can become less accurate than the LS and LMMSE

estimators. If enough symbols are used such that the number of received symbols is similar to the number

of simulated outputs (ŷmc) of the MCCE, the MCCE will not be able to further reduce the noise and will

provide no benefit over the LS and LMMSE estimators. By looking at the accuracy of each estimator while

varying the number of received symbols, the ”Goldilocks Zone” of the MCCE can be found. This is where

the number of received symbols will be enough to accurately estimate the un-modeled repsonse, but not too

many to where it approaches the number of simulated symbols from the MCCE.

3.4.1 Effect on Estimate of Unmodeled response

The effect of increasing the received symbols on the estimate of the un-modeled response when using

a MCCE estimator was also investigated. This was tested by running 10000 iterations to calculate the

unmodeled response and averaging across each received symbol. This averaging reduces the noise in the

received symbol to provide a better estimate of the unmodeled response. The MCCE was tested using three

different array models Phased Array 1 , Phased Array 2 , and Phased Array 4 . Figure 3.5 shows the error of

the estimated unmodeled response (as the mean of the square error for each phased array element normalized

to the value received by that element) for a varying number of received symbols. This shows that for the case

described, the unmodeled response quickly converges to a constant value after about 40 symbols, although

the change is minimal between 1 and 40 symbols. This also shows the offset of each of the estimations of the

unmodeled response for various MCCE configurations. While the differences in the error of the estimate of

the unmodeled response are small, it can clearly be seen that the configurations with the continuous phase

shifters (and those that most closely represent the hardware under test) provide a closer estimation than the

discretized phase shifters.
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Figure 3.5 Accuracy of the unmodeled response ĥumod as a function of symbol count used in estimation.

3.4.2 Effect on Channel Estimation

The effect of the number of received symbols on the total efficacy of multiple estimators was also stud-

ied. This compared how each of the MCCE estimator configurations compared against a LS and LMMSE

estimator for a varying number of received symbols. As in previous sections, the LS and LMMSE estimators

used the multiple symbols by assuming a constant channel and averaging across symbols. For the same test

case (Propagation Channel 2 and Phased Array 1 ), the results of the MSE and EVM of the estimation as a

function of symbol count can be seen in Figure 3.6(a) and Figure 3.6(b), respectively. The BER when using

16-QAM is 0 due to the low noise relative to the modulation scheme.
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Figure 3.6 Metrics of each estimator as a function of received symbol count using 16-QAM, Propagation
Channel 2 , and Phased Array 1 .
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For this configuration of the evaluator, the MCCE outperforms both LS and LMMSE for MSE and EVM

for a low number received symbols (≈< 20). After this, the LS and LMMSE estimators surpass the efficacy

of the MCCE in all cases. This shows that the use of the MCCE decreases as more symbols are captured.

This is because a basic estimator like the LS estimator can accurately estimate the channel through the

mean of the received values if provided enough symbols. While this is true, this varies depending on the

configuration.

This evaluator was then reconfigured to use Propagation Channel 2 and Phased Array 2 to increase the

phase noise in the evaluator hardware. The increased noise highlights the efficacy of the estimators as the

capacity of a modulation scheme is approached. The MSE and EVM for this configuration can be seen in

Figure 3.7(a) and Figure 3.7(b), respectively. The BER for this configuration can be seen in Figure 3.7(c).

Unlike when evaluating with Phased Array 1 , the BER is farther from the noise floor of the evaluator and

therefore provides a better metric for comparison. In the case of increased noise, the MCCE configurations

provide an improved evaluation for a lower number of symbols (again ≈< 20). The LS and LMMSE provide

near identical results for MSE and EVM as more symbols are used. Even as the LMMSE and LS estimators

converge on the value of MSE and EVM of the MCCE, the BER of the MCCE is still typically lower than

that of the LS and LMMSE. This again is due to the lower standard deviation of the estimation from the

MCCE. While the MSE and EVM are important, the BER is what directly impacts the throughput of

the system and therefore because the BER is reduced, a communications system would be able to increase

throughput and stay within a higher order modulation scheme for longer when using the MCCE. It is also

important to note that each of the three versions of the MCCE performs very similarly, despite the Medium

Noise configuration being closest to the hardware in the evaluator.
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Figure 3.7 Metrics of each estimator as a function of received symbol count using 64-QAM, Propagation
Channel 2 , and Phased Array 2 .

68



3.5 Efficacy of the MCCE Compared to Other Channel Estimators

After the testing of convergence and accuracy of the MCCE alone and testing the effect of received

symbols, full evaluations using the evaluator were run to compare the efficacy of the MCCE against the

LS and LMMSE estimators. SNR vs BER sweeps were performed to visualize the difference in estimation

accuracy between various configurations of MCCE and the other estimators. These arrays were all variations

of Phased Array 1 , Phased Array 2 , and Phased Array 3 with different phase and amplitude noise levels.

Other results were also gathered to compare how MCCE compared against the other estimators for the static

arrays in section 3.2. For example, arrays like the S-Parameter defined array Phased Array 5 has predefined

values that do not change.

The MCCE were configured to use 10000 iterations to calculate ĥumod and 1000 iterations of ŷmc were

generated to calculate ĥMCCE . The evaluator was configured to use 6 repeat symbols with 1000 repeat

evaluations (unless otherwise specified), QPSK, 16-, 64-, 256-, 1024-, and 4096-QAM modulation schemes

with a comb-type pilot arrangement every 10 subcarriers. The evaluator was configured with a variety

of different propagation channels and phased array hardware configurations to test operation in varying

scenarios.

3.5.1 Comparison of Estimators vs Signal to Noise Ratio

The MCCE was compared against the LS and LMMSE estimator by looking at their output metrics

of MSE, EVM, and BER as the SNR of a communications system changes. This provides insight into

how the estimators may operate as their environment changes and different SNR values are presented to a

communication system. This comparison starts out by generating an array and channel configuration that

provides an SNR value close to the desired value. Depending on the modulation, SNRs ranging from 0 to 50

dB were generated. The SNR in each scenario is calculated as the decibel form of the division of the average

output magnitude divided by the noise calculated as the difference of the output and the input. This is

written as

SNR = 20 log10

E[Aout]

E[(Aout −Ain)]
. (3.6)

In each of these cases, the LS estimator stays unchanged, new LMMSE auto-correlation matrices are gener-

ated and used, and a new MCCE is created to match the SNR of the system. While the LS in this situation

requires no changes, the other two take extra steps to provide improved performance.

In the first case, a phased array with continuous phase shifters and unity gain amplifiers was tested

(similar to Phased Array 1 ) with the boresight propagation channel Propagation Channel 1 . The results
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for each of the estimators for MSE, EVM, and BER can be seen in Figure 3.8, Figure 3.9, and Figure 3.10

respectively. Each of these results provides the measured values along with the relative values between

MCCE to LS and MCCE to LMMSE.
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Figure 3.8 Comparison of multiple channel estimators for varying signal to noise ratios.

The MSE and EVM comparison in Figure 3.8 and Figure 3.9 show minimal to no improvement when

using the MCCE. Because a boresight channel with minimal frequency response is in use, the improvement

over the LMMSE and LS estimators is nearly identical. In this case, the correlation matrix used in the

LMMSE is approximately equal to the identity matrix it is expected that the LMMSE will approximately

equal the LS estimate. By taking a look closer at the standard deviation of these values though for a single

point in Table 3.1, it can be seen that the standard deviation for the MCCE is a factor of 10 lower than the

LS and LMMSE. This table is created from the values in Figure 3.10(a) at an SNR of approximately 38.6
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Figure 3.9 Comparison of multiple channel estimators for varying signal to noise ratios.

Table 3.1 Estimator metrics with 256-QAM and 38.6 dB SNR. Results are provided as Nominal(St.Dev.).

LS LMMSE MCCE

MSE 0.00029833(1.5628e-05) 0.00029832(1.5625e-05) 0.00029223(1.2602e-06)
EVM 1.7269(0.04479) 1.7268(0.044785) 1.7135(0.0044346)
BER 5.3787e-07(1.0662e-06) 5.3787e-07(1.0662e-06) 2.346e-07(6.6037e-07)
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Figure 3.10 Comparison of multiple channel estimators for varying signal to noise ratios.
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dB with 256-QAM modulation The distribution in MCCE estimation is tighter and has fewer outlier values

that are incorrectly demodulated for a sufficiently low modulation scheme and SNR. The tighter distribution

translates into a lower BER as seen in Figure 3.10. The reduction in BER is the most important as it

directly correlates to higher throughput in a communications system. This comparison highlights how the

MCCE can leverage any uncertainties of a system to provide a more precise estimation, reduce the BER, and

improve the performance of a communications system. The improvement over the other estimators becomes

more noticeable as the SNR is increased, but before it is sufficiently high to produce no bit errors for a given

modulation.

3.5.2 MCCE Model Mismatch Effect on Estimator Accuracy

In section 3.5.1 it was demonstrated how the MCCE provides an improved BER by capturing the uncer-

tainties in a communications system. Section 3.5.1 assumed that the models provided to the MCCE were

perfect matches to those in the communications system. While this is useful to test for ideal scenarios, real

life implementation would never be able to capture with such high accuracy. Further tests were performed to

see how the channel estimation from the MCCE was affected by mismatches between the modeled hardware

components in the MCCE and the simulated communications system. In these tests, the same SNR sweeps

from section 3.5.1 were performed, but the models provided to the MCCE were kept static at a single SNR

value.

Figure 3.11 shows how the MCCE performs compared to LS with the MCCE models static at a single

SNR at about 28 dB (denoted by the vertical line). In the MSE and EVM plots, the response around the

SNR of the models provided to the MCCE is very similar to when the swept SNR results. There are changes

though at the upper and lower ends of the plot. Specifically as the SNR becomes higher than what the

MCCE models indicate, the MCCE begins to lose accuracy and under-performs the LS estimator. At the

lower SNR values, the MCCE almost seems to perform slightly better than before. This is a misleading

result though because the extremely high noise at this level makes any sort of estimation nearly impossible.

The MCCE though provides a lower standard deviation so as the LS becomes completely inaccurate due to

the high noise level, the MCCE will appear to provide better metrics. In reality, 5G systems are typically

unable to operate at these noise levels and therefore these estimators will not be operating in these regimes.

These plots show that even if the models of the MCCE are not perfect (as would be the case in real

implementations), it still can outperform LS and LMMSE estimators. If the models stray too far from the

actual hardware responses though the MCCE does lose some of its efficacy seen when models match exactly.

This shows that the MCCE does provide some capability to handle inaccurate models, although if the models

become too inaccurate, it will become less effective than other estimators.
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(a) Bit error rate vs. signal to noise ratio for static MCCE
models.

(b) Bit error rate vs. signal to noise ratio for static MCCE
models.

(c) Bit error rate vs. signal to noise ratio for static MCCE
models.

Figure 3.11 Comparison of MCCE with static models with SNR ≈ 28dB relative to LS for varying signal to
noise ratios. The vertical line denotes the SNR of the models provided to the MCCE.
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3.5.3 MCCE Efficacy with Measurement Based Simulations

Section 3.5.1 provides good insight into how the MCCE performs for generic models, but measurement

based scenarios were also tested to get a better idea of more real world performance. These scenarios included

testing how the LS, LMMSE, and MCCE performed when a system was simulated with the S-Parameter

based array, Phased Array 5 . This also included testing using the measured Propagation Channel 3 . The

combination of these two provide a realistic simulation of how the MCCE may operate for a single hardware

configuration and multi-path propagation channel. The results in this section were simulated using the

same parameters provided in 3.5. These simulations were performed using 64- and 256-QAM with an 8x8

planar phased array. The number of repeat simulations in each of these cases was reduced to 100 due to the

increased complexity of simulation using measurement based hardware models and propagation channels.

The MCCE was first compared to LS and LMMSE estimators in a simulated system using Propagation

Channel 1 coupled with Phased Array 5 . The LS, LMMSE, and MCCE estimators were each simulated

and compared in this configuration. The MCCE used the same Phased Array 5 models that were being

used in the simulation. The results from this configuration can be seen in Table 3.2. From this table it

Table 3.2 Estimator metrics with 64-QAM, Propagation Channel 1 , and Phased Array 5 . MCCE models
are the same as Phased Array 5 . Results are provided as Nominal(St.Dev.).

LS LMMSE
MCCE (S-
Parameter)

MSE 0.004 (0.00047) 0.004 (0.00046) 0.0038 (5.3e− 05)
EVM 6.3 (0.36) 6.3 (0.35) 6.2 (0.047)
BER 0.00075 (0.00045) 0.00073 (0.00044) 0.00055 (6.8e− 05)

can be seen that even when using S-Parameter based hardware models to more accurately simulate a real

system, the MCCE still provides an approximately 7.5x decrease in the standard deviation of the EVM.

This in turn provides a nearly 25% decrease in the mean BER. Table 3.3 provides the results for the same

simulation configuration except using 256-QAM. As seen in the SNR sweeps in section 3.5.1, as the density

Table 3.3 Estimator metrics with 256-QAM, Propagation Channel 1 , and Phased Array 5 . MCCE models
are the same as Phased Array 5 . Results are provided as Nominal(St.Dev.).

LS LMMSE
MCCE (S-
Parameter)

MSE 0.004 (0.00046) 0.004 (0.00045) 0.0038 (5.9e− 05)
EVM 6.4 (0.38) 6.3 (0.37) 6.2 (0.055)
BER 0.019 (0.0029) 0.019 (0.0028) 0.018 (0.00048)
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of the modulation scheme is increased (e.g. from 64-QAM to 256-QAM) for a static SNR, the performance

gain seen when using MCCE is reduced. This same effect is seen between Table 3.2 and Table 3.3 where

the tables go from seeing a reduction in BER of ≈ 25% to seeing almost no gain when using the MCCE. It

is important to notice here though that it is unlikely a communications system would use 256-QAM in this

case because the EVM values in Table 3.3 are almost double the maximum allowable values given in the

specification in Table 2.6.

To further increase the realism of the simulation, the simulated boresight Propagation Channel 1 was

then replaced with the measured Propagation Channel 3 . This test used the same S-Parameter based Phased

Array 5 as the simulation of Table 3.2 and Table 3.3. Because the S-Parameter based Phased Array 5 is

still being used, the models for the MCCE do not change. The results for this simulation using a measured

propagation channel and hardware for 64- and 256-QAM can be seen in Table 3.4 and Table 3.5 respectively.

In this scenario, MCCE provides a ≈ 17% gain over the LMMSE and ≈ 20% gain over LS. While the

Table 3.4 Estimator metrics with 64-QAM, Propagation Channel 3 , and Phased Array 5 . MCCE models
are the same as Phased Array 5 . Results are provided as Nominal(St.Dev.).

LS LMMSE
MCCE (S-
Parameter)

MSE 0.0065 (0.00064) 0.0064 (0.00062) 0.0063 (7.6e− 05)
EVM 8.1 (0.39) 8.1 (0.38) 8 (0.056)
BER 0.003 (0.00098) 0.0029 (0.00094) 0.0024 (0.00014)

Table 3.5 Estimator metrics with 256-QAM, Propagation Channel 3 , and Phased Array 5 . MCCE models
are the same as Phased Array 5 . Results are provided as Nominal(St.Dev.).

LS LMMSE
MCCE (S-
Parameter)

MSE 0.0065 (0.00063) 0.0065 (0.0006) 0.0063 (8e− 05)
EVM 8.1 (0.41) 8.1 (0.4) 8.1 (0.057)
BER 0.035 (0.0034) 0.034 (0.0033) 0.033 (0.00054)

relative gain seen by using the MCCE here is reduced when compared to the last simulation, the EVM in

this simulation has been increased. Therefore in a case with hardware and a realistic channel matching the

EVM of previous tests, it is still expected to see similar relative reductions in BER. In this case, the EVM is

just over the specified limit to use 64-QAM meaning that typically a communications system would actually

jump to 16-QAM. This scenario is a good use case for the MCCE because a BER cannot be produced that is

comparable to if LS or LMMSE was used with a lower EVM. As in previous simulations, it was seen that as

the higher density modulations are used, but SNR is kept constant, the relative reduction in BER between

76



MCCE compared to LS and LMMSE decreases providing almost no gain at 256-QAM.

3.6 Justification of MCCE Results

The MCCE provides a reduced BER by lowering the standard deviation of the channel estimation. The

relation between the standard of the channel estimation and the BER is due to the non-linear nature of

demodulation based on thresholding. Figure 3.12 provides a visualization of constellation used for demodu-

lation with the thresholds lines bolded. Each point in the constellation is mapped to the constellation point

contained by the box in which it lies. As higher modulation schemes are used (e.g., 64-QAM) the distance

between these thresholds, and the size of the bounding boxes, is decreased. Figure 3.13 shows example distri-

butions of channel estimations between the MCCE and an LS estimator for a single point in a constellation.

Areas shaded in red are outside the demodulation thresholds. Any part of the distribution in this shaded

area will therefore be incorrectly demodulated and increase the BER. In each of these cases, the MCCE and

LS distributions have near identical EVM values. The MCCE has a standard deviation about 10 times less

than the LS estimator, which is consistent with previous results. For the 16- and 64-QAM modulations, the

MCCE has a higher amount of its distribution within the thresholds compared to the LS estimator. More

symbols will therefore be correctly demodulated with the MCCE and provide a lower BER. This reduced

BER could allow a communications system to maintain a higher-order modulation for a given EVM than in

specifications of EVM vs. modulation like [96] by shaping the estimation distribution.

As either SNR increases (which in turn increases EVM) or the threshold boundaries are moved in (i.e.,

as higher modulation schemes are used) the estimation distributions approach the demodulation thresholds.

When the MCCE distribution begins to cross the threshold it quickly begins to under perform the LS because

of its low standard deviation. This is shown in the 256- and 1024-QAM modulations of Figure 3.13. In these

figures, almost all of the MCCE distribution lies outside of the threshold boundaries and will therefore be

incorrectly demodulated while the LS still has much of its distribution within the boundaries. It is also

worth noting that the shapes of these distributions (i.e. their mean and standard deviations) are affected by

multiple parameters of the channel estimator. For example, the accuracy of the mean of each distribution is

highly dependent on the SNR and the number of symbols used in each estimation. The number of symbols

used in each estimation also effects the standard deviation of the LS estimator. The standard deviation of

the MCCE is heavily affected by the number of Monte Carlo iterations used. Each of these parameters can

be adjusted to fit the needs of a specific system, but the MCCE provides the ability to shape the estimation

distribution and provide an improved BER without requiring an increased number of received symbols. While

other estimators such as the LMMSE can provide improved accuracy and reduce the standard deviation over

the LS using frequency correlation, the results have shown in many cases this reduction in standard deviation
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is slight. The previous results show the LMMSE is unable to reduce the standard deviation to the levels seen

by the MCCE in a typical system. The MCCE is therefore also able to outperform more complex methods

such as the LMMSE in the cases tested.
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Figure 3.12 Constellation diagram for a 16QAM modulation scheme with bolded thresholds for each QAM
point.

3.7 Applications of the MCCE

In section 3.5 it was shown that in many cases, the MCCE outperforms its LS and LMMSE counterparts.

The reduction in MSE, EVM, and BER come at the cost of computational complexity as the MCCE requires

repeat Monte Carlo simulations to calculate the unmodeled response and the channel estimate. It also

assumes that the total response is slowly varying such that multiple symbols can be used to estimate the

error distribution. The timeframes required for the symbols needed for the MCCE in section 3.4 can be

put into perspective in a 5G application. In 5G systems using 15 kHz subcarrier spacing, each symbol must

be transmitted for ≈ 16 µs. Using the symbol length, capturing 4 and 110 symbols requires ≈ 64 µs and

≈ 1760 µs, respectively. This means that in order to provide the performance discussed here, the channel

and nominal hardware responses must be static for this given period of time. This assumption of a static

channel is what allows averaging to be performed. Therefore, the MCCE is best in communications systems

that can meet the following requirements:
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(c) 256-QAM
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Figure 3.13 Distributions of the real part of MCCE and LS estimations from a constellation diagram.
These graphics demonstrate how a tighter distribution of estimations can drastically improve BER for
sufficiently low noise. Any values in the red shaded area will be demodulated incorrectly. The correct
demodulation area is halved as the modulation density is increased.
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1. Offload processing to a computational unit such as a co-processor with a base station. This co-processor

must be able to handle large amounts of processing to calculate the MCCE estimate in real time.

2. Ensure a slowly varying channel that is nearly static over hundreds of microseconds to milliseconds.

This allows multiple symbols to be captured to provide an accurate estimation of the unmodeled

response.

3. Provide responses and uncertainties for models of the hardware components in use. Noise distributions

and any systematic offsets are captured in the Monte Carlo simulations. These could be obtained from

equation based approximations or measurements.

Some possible scenarios that would meet these requirements are as follows:

Application 1 A factory floor has many sensors tracking the operations of different machines. Each of these

machines contains a low cost transmitter that sends information back to a single base station

with a steerable phased array. While the transmitter for each machine would be low cost due

to the large quantity required, the single base station could easily have a co-processor with

a hardware acceleration unit. This extra computational capability would allow the base

station to calculate multiple estimates using the MCCE for each machine in the factory.

Factories with slow moving environments that slowly change make some estimators requiring

a priori information (like LMMSE) unfeasible. This is a perfect situation for the MCCE

as the hardware components do not change, the environment is slowly changing, and extra

computational power is available.

Application 2 The ”last mile” of connection to houses in a neighborhood uses 5G mmWave communications

to provide broadband internet without the need to bury cables. A phased array base

station that provides internet for multiple houses is outside on a telephone pole. Each

house also contains a device to communicate with the base station. This device may be

moved around the house, and furniture within the house may be moved, affecting the

response of the propagation channel. Outdoor changes may also occur such as changes in

weather and cars parked on the street. These environmental changes prevent estimators like

LMMSE from being feasible in the system. Adding extra compute power to the user devices

would again allow the MCCE to excel in this situation. The environment is slowly varying,

hardware could be pre-characterized for each user device before being sent to the user, and

extra computational power could be added to the user device to provide the capability for

computing the MCCE.
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In scenarios where these requirements are met, it would likely be best to utilize the MCCE alongside a

more basic estimator such as LS. The MCCE would be used when the system approaches the capacity of a

modulation scheme (i.e. the high EVM begins to produce bit errors), allowing the system to stay in higher

modulation schemes (e.g. 64QAM compared to 16QAM) for a longer period of time. In situations where the

system error is well within the modulation scheme, the LS estimator could be used. This hybrid approach

would take advantage of the reduced variation in estimation (and thus reduced bit errors) provided by the

MCCE, while also reducing computational complexity when the MCCE is not required. As discussed in

section 3.5, this hybrid approach could be evaluated and adjusted before deployment using a tool like in

chapter 2 to provide optimal efficiency and throughput in a communications system.
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CHAPTER 4

CONCLUSIONS

This dissertation has presented two new contributions to the field of channel estimation as it relates to

5G mmWave communication systems. These contributions are an improved evaluator for channel estimators

and a novel Monte Carlo augmented channel estimator.

The evaluator (chapter 2) developed allows for a consistent comparison of multiple different channel

estimators in a variety of hardware and propagation channel configurations. This evaluator was verified

through analytical methods and comparing against commercial software and shown to correctly evaluate

a variety of channel estimators in different communications system configurations. This included various

simulated phased array hardware configurations with both simulated and measured propagation channels.

The verified software was then used to compare a number of different estimators, including the new estimator

developed in this dissertation. This in turn allowed for the finding of configurations where different channel

estimators outperformed others. These estimators could then be used in tandem in a base station to balance

between the computational complexity of more accurate estimators with the speed of more simple estimators

when the increased accuracy is not needed. The evaluator is also an important tool to test the efficacy

of channel estimators for specific 5G systems before those systems are deployed. By comparing different

channel estimators for specific configurations, engineers can save time and money by performing tests before

deployment. For 5G this is especially important as a large number of mmWave base stations must be

deployed all over the world to provide good coverage due to the high path loss. The channel estimator

evaluator presented in this dissertation provides an improvement on previous evaluators and frameworks

by providing the speed and scalability necessary for the large-scale systems used in 5G while still including

uncertainties that occur in mmWave systems. The work covering this evaluator was published in [99].

The developed Monte Carlo augmented channel estimator (chapter 3) provides an improved channel es-

timation and communication system throughput over previously developed channel estimators by leveraging

Monte Carlo methods and a priori information about communications system hardware. The MCCE was

shown to be capable of providing a reduced MSE and EVM along with a reduced standard deviation over

repeat estimations. These reduced metrics and lower variation therefore can drastically reduce the BER,

which in turn increases the throughput of a communications system. This result though is dependent on the

configuration and propagation environment of the communication system. The decrease in BER is especially

noticeable as the error boundaries of a given modulation scheme are approached. As EVM is reduced (typi-

cally through a reduction of the communication system error) and the boundaries of the modulation scheme
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become further from the received data, the MCCE becomes less effective while staying computationally com-

plex. While the efficacy of the MCCE is situation dependent, it could be used in practice (possibly alongside

less computationally complex estimators) to reduce bit errors and improve throughput in communications

systems with varying hardware and in different propagation environments. This hybrid approach could be

used to reduce bit errors and increase throughput when the MCCE is most efficient, but allow for faster

estimation when the MCCE is not required. The work regarding the MCCE was published in [100*].

4.1 Future Work

Both the evaluator and MCCE presented in this dissertation continue to be improved upon to provide

more accurate evaluation and channel estimation.

4.1.1 Channel Estimator Evaluator

Continued work on the channel estimator evaluator in chapter 2 includes the definition of more hard-

ware components found in a typical communications system. By extending the evaluator to include more

hardware components, the simulation of the hardware will become more accurate. Increasing the accuracy

of the modeled responses and uncertainties of the hardware components when compared to their real life

counterparts will further increase the accuracy of the channel estimator evaluation.

New components would include digital to analog and analog to digital converters (DAC/ADC). By

including the digital to analog interfaces, effects from the discretization of analog data on channel estimation

can be characterized. This holds true especially for systems using ADCs with only a few bits to reduce the

power consumption in large arrays [27].

Further component extensions would include components such as IQ modulators and demodulators. The

addition of IQ modulators and demodulators would allow for the integration of other common uncertainties in

communications such as IQ imbalance and quadrature error [101]. This implementation requires introducing

time domain simulations into the evaluator. This could be implemented by creating a hybrid simulation that

converts from frequency to time domain (or vice versa) for different hardware components. This hybrid time

domain would also allow for the introduction of uncertainty sources such as phase noise and frequency offset

due to local oscillator (LO) errors. Channel estimators geared toward correcting these uncertainties such as

in [97] could therefore be better characterized.

4.1.2 Monte Carlo Augmented Channel Estimator

Based on the data from experiments to this point, it is expected that by introducing more accurate

hardware components to the MCCE, the estimation will become more accurate. Therefore, the MCCE could

also gain from using hardware components with improved accuracy like the IQ modulation/demodulation
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and ADC components discussed in section 4.1.1. While further testing would be required, the MCCE may

benefit by including improved hardware components in its modeled response (i.e. hmod). This could allow

the MCCE better correct for the bias that each component adds to the system through its responses and

uncertainties.

Beyond the implementation of more accurate models into the MCCE, further exploration could be done

into the efficacy implementing other forms of Monte Carlo augmented channel estimators. As described in

3.1.5, an alternate approach could be an MCCE that augments the LMMSE estimator to require a priori

knowledge that is more readily available to a typical communications system. This implementation would

allow the usage of a LMMSE estimator without needing to know the entire response from the transmitter

to receiver in a communications system. Another possible implementation could augment machine learning

based estimators [32, 33] that are able to supplement their typical training data with simulations, similar to

work performed in other non-communications fields [102]. This reduces the requirement for the pre-collection

of large training data sets typically used with machine learning based estimators.

While the MCCE presented here was thoroughly characterized in a virtual environment using the esti-

mator evaluator, this evaluation is unable to capture all the effects present in a real communications system.

It therefore would be beneficial to further investigate the efficacy of the MCCE in a real communications

system. This measurement would require a 5G device with sufficient computational power to calculate the

MCCE while also providing direct access to uncorrected received data. After implementing the MCCE on

this custom device, the device could then be connected to and communicate with a standard 5G base station

in different propagation channels. Repeat measurements of MSE, EVM, and BER could be performed when

communicating with a base station using a MCCE, LS, and LMMSE channel estimator. This test would

provide output metrics to further verify the efficacy of the MCCE.
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APPENDIX A

COORDINATE SYSTEMS

The coordinate systems in this paper follow the conventions defined in this section. While there are many

possible ways to define these coordinate systems these were chosen due to their ease of use with how phased

arrays have been defined. Phased arrays in this dissertation are defined with the z axis as boresight. For

example a planar array would typically be defined by elements on the xy plane. It is possible for either of

these coordinate systems to be converted to or from one another and therefore typically the most intuitive

coordinate system is used for a problem and converted if needed.

A.1 Coordinates (θ, φ)

Spherical coordinate systems referenced by (θ, φ) are defined with polar angle θ defined from (0,π) and

azimuthal angle φ defined from (0,2π). This coordinate system has the θ value coming down from the z axis.

The φ value swings around the z axis in the xy plane, starting from the positive x axis. A visualization of

this coordinate system is seen in Figure A.1.

Figure A.1 Visualization of coordinate system defined by (θ, φ).
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APPENDIX B

CODE LISTINGS AND BASIC USAGE

B.1 Hardware Component Model

Each hardware component (both parametrically defined and S-parameter defined) derive from a base

class HardwareComponent. This class is derived from a dictionary to store input and state information on

the device as it is simulated. The code for the base class definition is seen in Listing B.1.

Listing B.1: Base hardware component definition.

B.1 ’ ’ ’
B.2 c l a s s HardwareComponent ( d i c t ) :
B.3 ’ ’ ’
B.4 @brie f c l a s s to hold a model ( v i r t u a l r ep r e s en t a t i on ) o f a hardware component (

phy s i c a l dev i c e )
B.5 @note funct removed . Now ove r r i d e s e l f . f un c t i on
B.6 @param [ in ] parameters − d i c t with { ’ {name} ’ :{ dtype } , . . . } s p e c i f y i n g component

parameters
B.7 @param [ in /OPT] shape − number o f repeat components to make in t h i s c l a s s . e . g .

s i z e o f a l l o c a t e d ar rays .
B.8 I f not provided , s e t to none and wait u n t i l s e l f . s e t shape ( ) has been c a l l e d
B.9 @param [ in /OPT] n o i s e f l g − whether or not t h i s component w i l l have no i s e (

d e f au l t f a l s e )
B.10 @note The returned ob j e c t w i l l be c a l l a b l e
B.11 ’ ’ ’
B.12 de f i n i t ( s e l f , name : s t r = ’ ’ , parameters : d i c t ={} , shape : i n t=None , n o i s e f l g : bool=

False ,
B.13 f r e q s=None , verbose=False , eng ine=’py ’ ,** kwargs ) :
B.14 ’ ’ ’ @br ie f Constructo r ’ ’ ’
B.15 super ( ) . i n i t (** kwargs )
B.16 s e l f [ ’ id ’ ] = name
B.17 s e l f [ ’ name ’ ] = name # keep f o r backwards compatab i l i ty
B.18 s e l f [ ’ parameters ’ ] = parameters
B.19 s e l f [ ’ n o i s e f l g ’ ] = n o i s e f l g
B.20 s e l f [ ’ f r e q s ’ ] = f r e q s
B.21 s e l f [ ’ verbose ’ ] = verbose
B.22 s e l f [ ’ eng ine ’ ] = None # i n i t i a l s t a t e
B.23 s e l f . a dd no i s e ov e r r i d e=None
B.24 # check i f we want to ove r r i d e our no i s e func t i on be f o r e s e t t i n g our eng ine
B.25 i f c a l l a b l e ( n o i s e f l g ) :
B.26 s e l f . a dd no i s e ov e r r i d e = n o i s e f l g
B.27 s e l f [ ’ n o i s e f l g ’ ] = True
B.28 # Set shape ( and a l l o c a t e i f not None )
B.29 s e l f . s e t shape ( shape )
B.30 s e l f . s e t e ng i n e ( eng ine )
B.31

B.32 # frequency mask f o r masked c a l c u l a t i o n s ( only some f r e qu en c i e s )
B.33 s e l f . s e t f r eq mask ( ) # r e s e t masking

This class is supported by many methods to perform various operations from slicing of arrays to setting

different computational engines. Arguably, the most important methods are the _add_noise_<engine>,
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_frequency_response_<engine>, and _function_<engine>. These define the function to add noise to the

components response, the frequency response of the component, and a function of how the input of the

component maps to the output for a given <engine (e.g. py for python). These methods are defined in the

base class in Listing B.2

Listing B.2: Base hardware component important default methods.

B.1 @note t h i s w i l l add a the ’ parameters ’ key to the s e l f
B.2 @return s e l f with a l l o c a t e d ar rays in the ’ parameters ’ key
B.3 ’ ’ ’
B.4 e n g l i b = np i f s e l f [ ’ eng ine ’ ] != ’ gpu ’ e l s e cp
B.5 # Al lo ca t e the parameter a r rays i f not i n i t i a l i z e d
B.6 f o r k , v in s e l f [ ’ parameters ’ ] . i tems ( ) :
B.7 i f i s i n s t a n c e (v , type ) : # then assume i t hasnt been a l l o c a t e d
B.8 s e l f [ ’ parameters ’ ] [ k ] = eng l i b . ndarray ( s e l f [ ’ shape ’ ] , dtype=v)
B.9 e l i f r e a l l o c a t e : #otherwi s e assume i t e x i s t s but we want to r e a l l o c a t e (

with cur rent dtype )
B.10 s e l f [ ’ parameters ’ ] [ k ] = eng l i b . ndarray ( s e l f [ ’ shape ’ ] , dtype=s e l f [ ’

parameters ’ ] [ k ] . dtype )
B.11

B.12 de f add no i s e py ( s e l f , data ) :

B.1.1 Parametric (Equation) Based Hardware Component Model

Some hardware component models are defined by equations. An example of this is given by the

”generic” continuous phase shifter definition listed in Listing B.3. We can see by this that the base meth-

ods are overridden to provide noise and frequency responses specific to the phase shifter. For example,

the _frequency_response_<engine> method has been overriden to provide a phase shift based on the

parameters set for the component.

Listing B.3: Definition and methods of a generic phase shifter.

B.1 c l a s s PhaseSh i f t e r (HardwareComponent ) :
B.2 ’ ’ ’
B.3 @brie f This i s a Component f o r a g ene r i c phase s h i f t e r with i d e a l s h i f t s
B.4 @param [ in ] args − arguments passed to super ( ) . i n i t
B.5 @param [ in ] kwargs − va lue s ove r r i d e d e f a u l t s and passed to super ( ) . i n i t
B.6 @note t h i s can be i nh e r i t e d from as a base l e v e l phase s h i f t e r
B.7 ’ ’ ’
B.8 component info = { ’name ’ : ’ p h a s e s h i f t e r i d e a l ’ , ’ parameters ’ :{ ’ s h i f t ’ : np . cdouble

}}
B.9

B.10 de f i n i t ( s e l f ,* args , n o i s e f l g=False ,** kwargs ) :
B.11 ’ ’ ’ @br ie f c on s t ruc to r ’ ’ ’
B.12 component kwargs = copy . deepcopy ( s e l f . component info )
B.13 component kwargs . update ( kwargs )
B.14 super ( ) . i n i t ( n o i s e f l g=n o i s e f l g ,** component kwargs )
B.15

B.16 de f add no i s e py ( s e l f , data ) :
B.17 ’ ’ ’

99



B.18 @brie f Add no i s e from phase s h i f t e r .
B.19 @note only phase no i s e i s added to separa te phase/magnitude
B.20 @param [ in ] data − data to add no i s e onto
B.21 ’ ’ ’
B.22 re turn add phase no i s e ( data , lambda shape : np . random . normal (0 , np . deg2rad (5 ) ,

shape ) )
B.23

B.24 de f s e t s h i f t ( s e l f , s h i f t ) :
B.25 ’ ’ ’ @br ie f s e t the s h i f t s f o r the component . Can be s ca l a r , or l i s t with

shape s e l f [ ’ shape ’ ] ’ ’ ’
B.26 s e l f . s e t parameter ( ’ s h i f t ’ , s h i f t )
B.27

B.28 de f f r equency r e spons e py ( s e l f ) :
B.29 ’ ’ ’ @br ie f get the f requency response ’ ’ ’
B.30 re turn np . exp (1 j * s e l f [ ’ parameters ’ ] [ ’ s h i f t ’ ] [ . . . , np . newaxis ] )
B.31

B.32 de f f r equency r e sponse gpu ( s e l f ) :
B.33 re turn cp . exp (1 j *cp . asar ray ( s e l f [ ’ parameters ’ ] [ ’ s h i f t ’ ] ) [ . . . , cp . newaxis ] )

This is then taken one step further to provide discretization of the phase shifter. Listing B.4 provides

the definition and method overrides to simulate a discretized phase shifter of a given number of bits. This is

achieved by rounding to the nearest angle after dividing 2π by the number of possible phase shifter states.

Listing B.4: Definition and methods of a discretized phase shifter.

B.1 ’ ’ ’
B.2 @brie f Class to mimic a d i s c r e t i z e d phase s h i f t e r with nb i t s
B.3 @param [ in ] nb i t s − number o f b i t s in the phase s h i f t e r
B.4 @param [ in ] args − arguments passed to super ( ) . i n i t
B.5 @param [ in /OPT] kwargs − kwargs passed to super . i n i t
B.6 ’ ’ ’
B.7 de f i n i t ( s e l f , nb i t s , n o i s e f l g=False ,* args ,** kwargs ) :
B.8 ’ ’ ’ @br ie f c on s t ruc to r ’ ’ ’
B.9 super ( ) . i n i t (* args ,

B.10 name=’ p h a s e s h i f t e r {} b i t s ’ . format ( nb i t s ) ,** kwargs )
B.11 s e l f [ ’ nb i t s ’ ] = nb i t s
B.12 s e l f [ ’ n o i s e f l g ’ ] = n o i s e f l g
B.13

B.14 de f f r equency r e spons e py ( s e l f ) :
B.15 ’ ’ ’ @br ie f get the f requency response with nb i t s ’ ’ ’
B.16 ns t a t e s = 2** s e l f [ ’ nb i t s ’ ]
B.17 round val = 2*np . p i / n s t a t e s
B.18 # now l e t s c a l c u l a t e our phases and round
B.19 phases = np . exp (1 j * s e l f [ ’ parameters ’ ] [ ’ s h i f t ’ ] )
B.20 re turn round angle ( phases , round val ) [ . . . , np . newaxis ]
B.21

B.22 de f f r equency r e sponse gpu ( s e l f ) :
B.23 ’ ’ ’ @br ie f get the f requency response with nb i t s ’ ’ ’
B.24 ns t a t e s = 2** s e l f [ ’ nb i t s ’ ]
B.25 round val = 2*np . p i / n s t a t e s
B.26 # now l e t s c a l c u l a t e our phases and round
B.27 phases = cp . exp (1 j * s e l f [ ’ parameters ’ ] [ ’ s h i f t ’ ] )
B.28 re turn round angle ( phases , round val , eng ine=cp ) [ . . . , cp . newaxis ]

100



These equation based components provide the ability to easily define and simulate hardware components

without the need for direct measurements.

B.1.2 S-parameter (Measured) based Hardware Component Model

Hardware component models based on measured S-parameter components were derived from a base class

that handled necessary operations such as loading, parsing, and organizing measured data. The definition

of this class is given by Listing B.5.

Listing B.5: Base S-parameter (measured) hardware component definition.

B.1 c l a s s SParameterComponent (HardwareComponent ) :
B.2 ’ ’ ’
B.3 @brie f c l a s s to hold a hardware component from 2 port S−parameters (must be

cascaded )
B.4 @param [ in ] snp − SnpEditor ob j e c t to c r e a t e the component from
B.5 @parma [ in /OPT] f r e q s − f r e qu en c i e s to i n t e r p o l a t e to . I f none , j u s t load the

data
B.6 @note The returned ob j e c t w i l l be c a l l a b l e
B.7 ’ ’ ’
B.8 de f i n i t ( s e l f , snp : SnpEditor , f r e q s=None ,** kwargs ) :
B.9 ’ ’ ’ @br ie f Constructor ’ ’ ’

B.10 # load in the s parameter data
B.11 i f not i s i n s t a n c e ( snp , TouchstoneEditor ) : snp = SnpEditor ( snp ) #i f i t s a

s t r i n g assume i t s a path
B.12 f r e q f un = lambda x : x
B.13 i f f r e q s i s not None : f r e q f un = lambda x : i n t e r p o l a t e (x , f r e q s )
B.14 # now l e t s s e t our c l a s s va lue s
B.15 s e l f [ ’ touchstone ’ ] = f r e q f un ( snp ) # the raw touchstone parameter
B.16 # Now i n i t i a l i z e parent . We need to s e t s e l f [ ’ touchstone ’ ] b e f o r e running

s e l f . s e t shape ( ) or s e l f . s e t d a t a
B.17 super ( ) . i n i t (** kwargs )
B.18 # values f o r no i s e
B.19 d e f a u l t n o i s e = {11 :None , 2 1 : None , 1 2 : None , 2 2 : None}
B.20 i f ha sa t t r ( s e l f , ’ add no i s e ’ ) : d e f a u l t n o i s e [ 2 1 ] = s e l f . add no i s e ; Logger .

debug ( ’ Using add no i s e on S21 f o r {} ’ . format ( s e l f . get ( ’name ’ ) ) )
B.21 e l s e : Logger . debug ( ”No add no i s e de f ined f o r {}” . format ( s e l f . get ( ’name ’ ) ) )
B.22 s e l f . n o i s e f u n c t s = {11 :None , 2 1 : g e t a t t r ( s e l f , ’ add no i s e ’ ) , 1 2 :None , 2 2 : None}

# de f au l t s21 to s e l f . add no i s e ( py/ gpu )
B.23 # se t up va r i a b l e s f o r data
B.24 s e l f . data = None # a l l o f the data f o r the array

For devices like phase shifters, an extension of this class was made to allow for multiple states. This

allows for loading multiple measurements from different device states and easily changing between measured

device states. The code for this class is seen in Listing B.6

Listing B.6: Multi-state S-parameter (measured) hardware component definition.

B.1

B.2 c l a s s MultistateSParameterComponent ( SParameterComponent ) :
B.3 ’ ’ ’
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B.4 @brie f Component f o r e a s i l y implementing SParameter components with mul t ip l e
s t a t e s ( e . g . phase s h i f e r s / amp l i f i e r s )

B.5 @param [ in ] s n p l i s t − l i s t o f SnpEditors or path names ( s t r i n g s ) to load in to
our s t a t e s

B.6 @note This s e t s s e l f [ ’ touchstone ’ ] to s n p l i s t [ 0 ] to a l low reuse o f
SParameterComponent methods without change

B.7 ’ ’ ’
B.8 de f i n i t ( s e l f , s n p l i s t : l i s t , f r e q s=None ,** kwargs ) :
B.9 ’ ’ ’ @br ie f c on s t ruc to r ’ ’ ’

B.10 # Makes ure we have SnpEditor ob j e c t s
B.11 f o r i , snp in enumerate ( s n p l i s t ) :
B.12 i f not i s i n s t a n c e ( snp , TouchstoneEditor ) :
B.13 s n p l i s t [ i ] = SnpEditor ( snp ) #assume i t s a s t r i n g or something
B.14 # Get de s i r ed f r e qu en c i e s
B.15 f r e q f un = lambda x : x
B.16 i f f r e q s i s not None : f r e q f un = lambda x : i n t e r p o l a t e (x , f r e q s )
B.17 s n p l i s t = [ f r e q f un ( snp ) f o r snp in s n p l i s t ]
B.18 super ( ) . i n i t ( s n p l i s t [ 0 ] , * * kwargs ) # i n i t parent
B.19 s e l f . s t a t e s = s n p l i s t
B.20

B.21 de f s e t s t a t e s ( s e l f , s t a t e i d x=None ) :
B.22 ’ ’ ’ @br ie f s e t s e l f . data from the s t a t e s f o r a l i s t s t a t e i dx , i f None , use

s e l f . g e t s t a t e i d x ( ) ’ ’ ’
B.23 i f s t a t e i d x i s None : s t a t e i d x = s e l f . g e t s t a t e i d x ( )
B.24 i f np . ndim( s t a t e i d x )==0: s t a t e i d x = [ s t a t e i d x ]
B.25 reshaped data = s e l f . data . reshape ((−1 ,* s e l f . data . shape [ −2 : ] ) ) # c o l l a p s e

array shape to 1D
B.26 snp template = SnpEditor ( ( s e l f [ ’ touchstone ’ ] . num ports , s e l f [ ’ touchstone ’ ] .

f r e q s ) ) # template format
B.27 s n p l i s t = [ ]
B.28 f o r i in range ( l en ( reshaped data ) ) : #each o f the se r ep r e s en t s a component o f

a s i n g l e element
B.29 reshaped data [ i , : , : ] = s e l f . s t a t e s [ s t a t e i d x [ i ] ] . to numpy ( )
B.30 s e l f . g e t t ouch s tone ( ) # now get the touchstone ob j e c t o f each element
B.31

B.32 de f s e t d a t a ( s e l f , shape ) :
B.33 ’ ’ ’ @br ie f a l s o r e s e t the s t a t e s when the data i s s e t to a new shape from

super ’ ’ ’
B.34 super ( ) . s e t d a t a ( shape )
B.35 s e l f . s e t s t a t e s ( )

B.1.3 Grouping Hardware Component Models

After the models themselves are defined, they can be grouped to be run in a serial fashion. This makes

it easy to quickly define and simulate things like phased arrays. The base class for this definition is given

as HardwareComponentGroup in Listing B.7. These groupings simulate the devices and link them together

serially so the output of each component is automatically fed into the input of the next. This is also used to

compile functions from these devices together to increase computation speed. These groups can be quickly

generated by providing a list of HardwareComponent classes. For example, we could generate a phased array

to simulate with:

B.1 myarray = HardwareComponentGroup ( [ Ampl i f i e r ( ) , PhaseSh i f t e r ( ) , Combiner ( ) ] )
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Listing B.7: Definition of hardware component groups for serial simulation.

B.1 o b j l i s t . append ( cascade )
B.2 ex t ra data [ ’ o b j e c t s ’ ] = o b j l i s t
B.3

B.4 # now get the f unc t i on s
B.5 f u n c t l i s t = [ obj . f un c t i on f o r obj in o b j l i s t ]
B.6 i n v f u n c t l i s t = [ obj . f u n c t i o n i n v f o r obj in o b j l i s t [ : : − 1 ] ]
B.7

B.8 # now l e t s wrap our f unc t i on s f o r debuggina and whatnot
B.9 f un c t l i s t w rapped = [ ]

B.10 f o r i , f in enumerate ( f u n c t l i s t ) : # wrap our f unc t i on s
B.11 i f i n t ( verbose )>0: # ve rbo s i t y 2 or g r e a t e r
B.12 f=debug wrap ( f , ’ S imulat ing {} ’ . format ( o b j l i s t [ i ] . get ( ’name ’ , ’NA’ ) ) )
B.13 f un c t l i s t w rapped . append ( f )
B.14

B.15 de f funct (* data ) : # cascade the data
B.16 re turn f un c t o o l s . reduce ( lambda d , fun : fun (*d) i f i s i n s t a n c e (d , tup l e ) e l s e

fun (d) , f unc t l i s t wrapped , data )
B.17 # inve r s e s imu la t i on
B.18 de f f un c t i nv (* data ) : # cacade in r e v e r s e
B.19 re turn f un c t o o l s . reduce ( lambda d , fun : fun (*d) i f i s i n s t a n c e (d , tup l e ) e l s e

fun (d) , i n v f u n c t l i s t , data )
B.20

B.21 # and return our va lue s
B.22 re turn funct , func t inv , ex t ra data
B.23

B.24 #func t i on f o r wrapping debug
B.25 de f debug wrap ( fun , s t r ) :
B.26 de f wrapper (* args ,** kwargs ) :
B.27 Logger . debug ( s t r )
B.28 re turn fun (* args ,** kwargs )
B.29 re turn wrapper
B.30

B.31 #%% Class to hold mu l t ip l e hardware components
B.32 ’ ’ ’
B.33 AS OF 2/18/2021 −−−
B.34 Connections w i l l be de f ined by the f o l l ow i n g :
B.35 ’ s rc component id ’ : { ’ id ’ : ’ dst component id ’}
B.36

B.37 This w i l l a l low fu tu r e expansion to mult iport / e t c by us ing a d i c t .
B.38 r i g h t now th i s i s a l i s t o f components to run in order ( e . g . )
B.39 @note This w i l l a l s o s t o r e an i n t e r n a l mapping o f each component ( subcomponent )
B.40 ’ ’ ’
B.41 de f i n i t ( s e l f , components ,* args , connec t ions=None , p a r a l l e l=False , eng ine=’py ’ ,

verbose=False ,** kwargs ) :

.

B.2 Channel Estimators

Like the hardware models, each defined channel estimator inherited from a base class. In the case of

channel estimators, this was simply to standardize the interfaces (i.e. input parameters and output values)

of each method. This base definition is required to operate correctly with the channel estimation evaluation
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framework in this dissertation. The definition of the base class is seen in Listing B.8.

Listing B.8: Defnition of the base class for channel estimators.

B.1 c l a s s ChannelEstimator ( d i c t ) :
B.2 ’ ’ ’
B.3 @brie f base c l a s s f o r a channel e s t imator
B.4 @note I n s t a n t i a t i o n s o f t h i s c l a s s must be c a l l a b l e f o r the e s t imator
B.5 @note t h i s i n h e r i t s from a d i c t i ona ry to e a s i l y s t o r e c on f i g u r a t i o n s d i r e c t l y in

the c l a s s
B.6 @param [ in /OPT] s ymbo l s l i c e − de f au l t symbols to s l i c e data from x and y

va r i a b l e s during c a l l
B.7 ’ ’ ’
B.8 de f i n i t ( s e l f ,* args , s ymbo l s l i c e : s l i c e=s l i c e (None , None , None ) ,** kwargs ) :
B.9 ’ ’ ’ @br ie f c on s t ruc to r ’ ’ ’

B.10 i f ’name ’ not in kwargs . keys ( ) : kwargs [ ’name ’ ] = ’NAME NOT DEFINED ’
B.11 super ( ) . i n i t (* args ,** kwargs )
B.12 s e l f . e s t imate=None
B.13 s e l f [ ’ s ymbo l s l i c e ’ ] = symbo l s l i c e
B.14

B.15 de f c a l l ( s e l f , x : typing . I t e r a b l e [ complex ] , y : typing . I t e r a b l e [ complex ] ,
s ymbo l s l i c e : s l i c e=None ) −> typing . I t e r a b l e [ complex ] :

B.16 ’ ’ ’
B.17 @brie f f unc t i on run when c a l l i n g the in s t ance o f the c l a s s
B.18 @param [ in ] x − t ransmit ted ( i d e a l ) sent p i l o t va lue s f o r a s i n g l e ofdm

symbol
B.19 from p i l o t i n f o ({ ’ idx ’ : ( i idx , j i d x ) , ’ va lue ’ : va lue s }) i i d x=symbol #, j i d s

=sub c a r r i e r #
B.20 @param [ in ] y − r e c i e v ed va lue s at each p i l o t tone f o r one OFDM symbol
B.21 from p i l o t i n f o ({ ’ idx ’ : ( i idx , j i d x ) , ’ va lue ’ : va lue s })
B.22 @param [ in ] s ymbo l s l i c e − what symbols to c a l c u l a t e e s t imate from .
B.23 @return est imated complex channel re sponse d i c t i ona ry ( a l l ows extra va lue s )
B.24 { ’ idx ’ : ( i idx , j i d x ) , ’ va lue ’ : response , . . . any other data}
B.25 ’ ’ ’
B.26 # Calcu la t e the es t imate ( i f i t s not a l r eady there )

An example of using this base class can be seen by the simple least squares estimator. The definition of

a least squares estimator can be seen in Listing B.9.

Listing B.9: Defnition of a basic least squares (LS) channel estimator.

B.1 x s l i c e = s e l f . g e t s ymbo l s l i c e (x , s ymbo l s l i c e )
B.2 y s l i c e = s e l f . g e t s ymbo l s l i c e (y , s ymbo l s l i c e )
B.3 s e l f . e s t imate = s e l f . e s t imate ( x s l i c e , y s l i c e )
B.4 # return our es t imate . This w i l l be expanded in i n t e r p o l a t i o n
B.5 re turn s e l f . e s t imate
B.6

B.7 de f r e s e t ( s e l f ) :
B.8 ’ ’ ’ @br ie f do some th ing s to r e s e t . I f not implemented do nothing ’ ’ ’
B.9 s e l f . e s t imate=None

B.10

B.11 de f s e t d e f a u l t s ( s e l f ,** kwargs ) :
B.12 ’ ’ ’ @br ie f s e t d e f au l t va lue s ’ ’ ’
B.13 f o r k , v in kwargs . i tems ( ) :
B.14 s e l f [ k ] = v
B.15
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B.16 de f e s t imate ( s e l f , x : typing . I t e r a b l e [ complex ] , y : typing . I t e r a b l e [ complex ] ) −>
typing . I t e r a b l e [ complex ] :

B.17 ’ ’ ’ @br ie f the func t i on to a c t ua l l y perform the e s t imat ion . This w i l l perform
the es t imate at s e l f . e s t imate ’ ’ ’

B.18 r a i s e NotImplementedError
B.19

B.20 @staticmethod
B.21 de f g e t s ymbo l s l i c e ( p i l o t i n f o : d i c t , mys l i c e : s l i c e ) :
B.22 ’ ’ ’ @br ie f g iven a s l i c e o f symbols , e x t r a c t the p i l o t i n f o from a { ’ idx ’ : (

i idx , j i d x ) , ’ va lue ’ : va lue s } type layout ’ ’ ’
B.23 # f i r s t get our number o f symbols
B.24 max sym = in t (np .max( p i l o t i n f o [ ’ idx ’ ] [ 0 ] ) +1)
B.25 min sym = in t (np . min ( p i l o t i n f o [ ’ idx ’ ] [ 0 ] ) )
B.26 sym nums = l i s t ( range (min sym ,max sym) ) [ mys l i ce ]
B.27 # now ex t ra c t the i n d i c e s f o r each o f the se
B.28 i n f o i d x = np . l o g i c a l o r . reduce ( [ p i l o t i n f o [ ’ idx ’ ] [0]==v f o r v in sym nums ] )
B.29 re turn { ’ idx ’ : ( p i l o t i n f o [ ’ idx ’ ] [ 0 ] [ i n f o i d x ] , p i l o t i n f o [ ’ idx ’ ] [ 1 ] [ i n f o i d x

] ) ,
B.30 ’ va lue ’ : p i l o t i n f o [ ’ va lue ’ ] [ i n f o i d x ]}
B.31

B.32

B.33 #%% Least squares e s t imator ( j u s t y/x )
B.34 c l a s s LS( ChannelEstimator ) :
B.35 ’ ’ ’
B.36 @brie f Class f o r a l e a s t squares e s t imator (LS) . Can be c a l l e d once i n s t a n t i a t e d
B.37 @param [ in /OPT] nsamples − How many samples to use ( take mean o f f o r each

s ub c a r r i e r ) . ’ a l l ’ i s a cceptab l e input
B.38 @note This i s c a l c u l a t ed as y=Xh so h [ i ] = rx [ i ] / tx [ i ]
B.39 ’ ’ ’
B.40 de f i n i t ( s e l f ,* args , nsamples=1 ,**kwargs ) :
B.41 ’ ’ ’ @br ie f c on s t ruc to r ’ ’ ’

B.2.1 Monte Carlo Augmented Channel Estimator

The MCCE class contains many extra methods to perform things like the calculation of the unmodeled

and total responses. The definition for this class is shown in Listing B.10. This definition also includes a

static variable to define default configuration values of the MCCE.

Listing B.10: Definition of the Monte Carlo augmented channel estimator class.

B.1 c l a s s MCCE LS( ChannelEstimator ) :
B.2 ’ ’ ’
B.3 @brie f Correct data with a monte c a r l o based channel e s t imator (MCCE)
B.4 @param [ in ] array − AnalogAntennaArray ob j e c t . This w i l l be used f o r monte−c a r l o

s imu la t i on s
B.5 so w i l l t y p i c a l l y change on each c a l l to . s imulate ( )
B.6 @param [ in /OPT] verbose − whether to be verbose ( d e f au l t Fa l se )
B.7 @param [ in /OPT] c on f i g − ove r r i d i ng o f d e f au l t c on f i gu r a t i on
B.8 @return Mean o f monte c a r l o channel e s t imate s h mc
B.9 ’ ’ ’

B.10

B.11 DEFAULT CONFIG = {
B.12 # Input parameters by the user
B.13 ’ array ’ : None ,
B.14 # monte c a r l o i t e r a t i o n s f o r forward propagat ions
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B.15 ’ mc i t e r a t i on s ’ : 1000 ,
B.16 ’ ba s e e s t imato r ’ : LS( nsamples=’ a l l ’ ) ,
B.17 # response o f any unmodeled (Hota f o r now) . abbrev iated umr
B.18 ## The func t i on can be ove r r iden as a c a l l a b l e ( ) to re turn the unmodeled ( e .

g . hota ) re sponse
B.19 ## i f func t i on i s None , one w i l l be populated us ing ge t unmode l ed l s with a

provided # of i t e r a t i o n s
B.20 ’ unmodeled response ’ : { ’ f unc t i on ’ : None , ’ i t e r a t i o n s ’ : 20000} ,
B.21 # whether or not to be verbose
B.22 ’ verbose ’ : True ,
B.23 ’ chunk s i z e ’ : 100 ,
B.24 }
B.25

B.26 de f i n i t ( s e l f , array : AnalogAntennaArray , s ymbo l s l i c e : s l i c e=s l i c e (None , None ,
None ) , verbose : bool=True ,** c on f i g ) :

B.27 ’ ’ ’ @br ie f c on s t ruc to r ’ ’ ’
B.28 super ( ) . i n i t (name=’Monte−Carlo Channel Estimator (MCCE) ’ , s ymbo l s l i c e=

symbo l s l i c e )
B.29 s e l f . update ( copy . deepcopy ( s e l f .DEFAULT CONFIG) )
B.30 s e l f [ ’ verbose ’ ] = verbose
B.31 # other c on f i g s
B.32 f o r k , v in c on f i g . i tems ( ) :
B.33 s e l f [ k ] = v
B.34 # now se t the array f o r the system
B.35 s e l f . s e t a r r a y ( array )
B.36

B.37

B.38 de f s e t a r r a y ( s e l f , array : AnalogAntennaArray ) :
B.39 ’ ’ ’ @br ie f s e t a new array f o r the e s t imator ’ ’ ’
B.40 s e l f [ ’ array ’ ] = array
B.41 ## This w i l l be c a l l e d with . s imulate (1 ) r epea t ed ly to get no i s e

d i s t r i b u t i o n s from models
B.42 s e l f . array unmodeled = None
B.43 ## we need the array without an antenna f o r s imu la t i on ( channel e s t imate

w i l l i n c lude antenna )

.

Another interesting method that is unique to the MCCE code is the calculation of the unmodeled response

(e.g., UMR, ĥumod). The code used to calculate this response can be seen in Listing B.11

Listing B.11: Method to calculate the unmodeled response of the Monte Carlo augmented channel estimator.

B.1 conv = get convergence ( r e sp va l s , mc est fun=es t fun , verbose=verbose ,** kwargs
)

B.2 re turn conv
B.3

B.4 de f ge t unmode l ed l s ( s e l f , x , y , num mc : i n t=None , g e t func t : bool=True , ba s e e s t imato r
=None ,

B.5 mc chunk s ize=None ) −> np . ndarray :
B.6 ’ ’ ’
B.7 @brie f get Ca l cu la t e unmodeled ( t y p i c a l l y Hota ) d i s t r i b u t i o n f o r each

element
B.8 @param [ in ] x − tx x value i n f o
B.9 @param [ in ] y − rx y value i n f o { ’ idx ’ : ( i idx , j i d x ) , ’ va lue ’ : va lue s }

B.10 @@param [ in /OPT] num mc − number o f Monte Carlo s imua l t i on s to run f o r c a l c
o f hota

106



B.11 @param [ in /OPT] ge t func t − whether to re turn a c a l l a b l e ( t rue )
B.12 or a l i s t o f the c a l c u l a t ed va lue s ( f a l s e ) ( d e f au l t t rue )
B.13 @param [ in /OPT] bas e e s t imato r − base e s t imator to perform monte−c a r l o o f f o f

.
B.14 i f None , d e f au l t to s e l f [ ’ ba s e e s t imato r ’ ]
B.15 @note This i s c a l c u l a t ed in a mul t i s t ep p ro s c e s s by approximating Hota us ing
B.16 a l e a s t squares approximation with an ove rde f ined system o f equat ions .

This
B.17 w i l l a l low us to account f o r the b i a s from combination
B.18 This w i l l be o f the form A@x=b where A and b are known , but A i s NOT a

f u l l
B.19 rank square matrix (non−i n v e r t i b l e )
B.20 1 . AT EACH FREQUENCY crea t e a b vec to r o f our r e s u l t i n g output
B.21 2 . Create an A matrix by sampling no i s e PRIOR to our combination
B.22 3 . So lve t h i s to get our va lue s o f x which should be an approximation o f

our channel
B.23 @TODO add support f o r a l l f r e qu en c i e s ( cu r r en t l y hardcoded f r e q 0)
B.24 @return func t i on that randomly samples the c a l c u l a t ed s e t o f hota va lue s
B.25 ’ ’ ’
B.26

B.27 i f ba s e e s t imato r i s None : ba s e e s t imato r = s e l f [ ’ ba s e e s t imato r ’ ]
B.28 hbase = base e s t imato r (x , y ) # perform our base e s t imat ion
B.29 # Clean our input args
B.30 xva l s = np . asar ray (x [ ’ va lue ’ ] ) ; yva l s = np . asar ray (y [ ’ va lue ’ ] )
B.31 # Some setup
B.32 i f num mc i s None : num mc = s e l f [ ’ unmodeled response ’ ] [ ’ i t e r a t i o n s ’ ]
B.33 ## i f x i s a l i s t o f packets and y i s a s i n g l e , assume mul t ip l e samples
B.34 i f np . ndim( yva l s )>1 and np . ndim( yva l s )>=np . ndim( xva l s ) :
B.35 num samps = len ( yva l s )
B.36 e l s e :
B.37 num samps = 1
B.38

B.39 umr fva l s = [ ]
B.40 # ca l c u l a t e no i s e re sponse f o r every one o f our f r e qu en c i e s ( s imulatneous

f o r s−parameter based th ing s )
B.41 r e s p v a l s = s e l f . get array unmode led (num mc , n f r eq s=np .max(x [ ’ idx ’ ] [ −1 ] )+1)
B.42

B.43 ## now i t e r a t e through f r e q s
B.44 f i d x = np . unique (x [ ’ idx ’ ] [ −1 ] )
B.45 f o r f i in f i d x : # loop through each indexed f requency ( s ub c a r r i e r )
B.46 # Step 1 − normal ize and c r ea t e our b ve c to r s
B.47 yva l s f = y [ ’ va lue ’ ] [ y [ ’ idx ’ ][−1]== f i ] # get the va lue s only where the

i n d i c e s match s ub c a r r i e r s
B.48 # Step 2 − hardcoded f o r only amp and ps r i g h t now . remove combiner
B.49 # MOVED TO BEFORE LOOP
B.50

B.51 ## Now make in to our A matrix − Get the e r r o r from the uncombined array
B.52 A = r e s p v a l s [ . . . , f i ] # get the va lue s f o r our f requency ( s ub c a r r i e r )
B.53

B.54 # Step 3 − Perform LS approximation
B.55 umr l s rv = np . l i n a l g . l s t s q (A, b , None )
B.56 umr ls = umr l s rv [ 0 ] # ignore the r e s i d u a l f o r now ( j u s t get LS

est imate )
B.57 umr fva l s . append ( umr ls )
B.58

B.59 # now repack t h i s w i l l be l i k e ( p i l o t idx , nelems )
B.60 umr fva l s = np . asar ray ( umr fva l s )#.T # change so umr fva l s [ 0 ] i s our f r e s p

at element 0 (NOT ANYMORE! )
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B.61 umr rv = { ’ idx ’ : x [ ’ idx ’ ] , ’ va lue ’ : [ umr fva l s [ np . where ( f i d x==xi ) [ 0 ] [ 0 ] ] f o r x i
in x [ ’ idx ’ ] [ 1 ] ] } # value here i s l i s t o f est imated channel re sponse at

each f requency index ’ idx ’
B.62

B.63 # now return
B.64 i f g e t func t :

.

Finally, we can look at the method that calculates the entire MCCE estimation. This method is defined

as __call__ to allow us to use the estimator as MCCE(x,y) as opposed to having to fully call a method of

the class. The definition of this method is seen in Listing B.12

Listing B.12: Method to calculate a channel estimate using the Monte Carlo augmented channel estimator.

B.1 y agg [ ’ idx ’ ] = y mc [ ’ idx ’ ]
B.2 re turn y agg
B.3

B.4 de f e s t imate ( s e l f , x , y , num mc : i n t=None , umr : c a l l a b l e=None ) :
B.5 ’ ’ ’
B.6 @brie f c a l c u l a t e the es t imate o f the channel
B.7 @param [ in ] x − input va lue s x
B.8 @param [ in ] y − cor re spond ing output va lue s y
B.9 @param [ in /OPT] num mc − number o f monte car lo runs to use

B.10 @param [ in /OPT] umr − ove r r i d e unmodeled response func t i on
B.11 @return es t imate o f f u l l t ransmit ( x ) to r e c i e v e (y ) channel e s t imate
B.12 i n c l ud ing un c e r t a i n t i e s and b ia s from hardware
B.13 @note inputs should be { ’ idx ’ : ( symbol #, s u b c a r r i e r #) , ’ va lue ’ : va lue s }
B.14 ’ ’ ’
B.15 i f num mc i s None : num mc = s e l f [ ’ mc i t e r a t i on s ’ ]
B.16 i f umr i s None : # do t h i s here so we only c a l c u l a t e umr once
B.17 umr = s e l f . get umr (x , y )
B.18 s e l f [ ’umr ’ ] = umr # save f o r debug
B.19 y mc = s e l f . g e t monte ca r l o output s (x , num mc=num mc , umr=umr)

.
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