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ABSTRACT

Before the development of geometric programming, non-
linear optimization was a cpllection of specialized techniques
-- many applicable for specific functions (for example, quad-
radic programming; where the objective function is a sum of
quadratic tefhs). Problems not meeting these rigid format
gpecifications were often unsolvable mathematically. Con-
versely, geometric programming cen be applied to a larger set
of non-linear optimization problems. Originally, applicaticn
of geometric programming was limited to minimizing "posyacmial"
(Eggitiye polznomial) objective functions and coastraints.
Later, the technique was extended to include general poly-
nomials as well as maximizatipn problems.

Optimization by means of geometric programaming more often
tnan nct, 1s a pencil and paper technique, where calculations
are reduced to little more than solving & system of simulta-
neous linear eguations. Little use, however, has been made
of geometric programming when the degrees of difficulty is
greater than zero because of the difficulty encountered in
Ceternining values of the dual variables.

This thesis presents technigues for extending the
applicability of geometric programming tc problems with

degrees of difficulty greater than zero. Throughout the
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thesis, numerical examples of non-linear optimization problgms
taken from technical Jjournals and textbooks are included.

The purpose of these problems, aside from illustrating how to
optimize by means of geometric programming, is to show there
is an alternative to calculus and lagrangian functions.
Because of the complexity and large number of computaticns
necessary to optimize problems with degrees of difficulty
greater than zero, digital computer programs have to Dbe
employed. Source listing of the progrems used in this thesis

are given and the programs are well documented.
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INTRODUCTION

In this study, some techniques for dealing with geometric
programming problems having positive degree of difficulty are
presented.l Generally, the use of geometric programming has
been limited to some extent because of the additional compu-
tational effort necessary to solve those problems for which
the degrees of difficulty exceed zero. The technigues
presented in this thesis are easily used and readily adapta-
ble to many problems whose degree of difficulty exceed zero.
However, before these technigues are presented, a brief
review of geometric programming is given, as well as the
application of geometric programming to solve scme practical
engineering and deéign problems. These problems were selec-
ted from varicus technical Jjournals and engineering textbooks
for tne purpose ofnillustrating that geometric prograuming can
be a very useful problem solving technigue for engineers and
designers. Next, the notion of degrees of difficﬁlty is

presented, and then som methods of dealing with degrees of

lDegrees of difficulty is defined as the difference between
the number of terms and the number of variablezs less one
for a primal cbjective function.
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difficulty are explored. Finally, the potential of geometiric
programming as a problem solving technigue is assessed and

areas for further research are suggested.
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CHAPTER ONE - Review of Geometric Programming

1. Geomefric Programming, Posynomials, and Unconstrained

Optimization

The originators of geometric programming, Duffin,
et al (1), defined a posynomial to be a polynomial whose
coefficients are all positive, and the only restriction on
the exponents of the independent variables is that each
must be a real-valued constant. In mathematical notaticn,
a poasynomial can be written as:
(1.1.1) &(X) = Clxlail xzalg...xalﬂ4-02xizl 322...

aZﬂ—f...ﬁ—Ctx tlxatz...xntﬂ

n .

R e where:Cy> 0, 1=1,2,...1;

Cq x%lJ aij-real-Valued constants
i:l j = l , XJ>O j l ’-o',ni

Many functions of the type (l.l.l) exist in engineer-

ing design and economic evaluation situations. An example
is an overall operating cost eguation, whose individual
cost terms when summed describe the cost incurred for that
particulsr operation. Note that in the above formulation
a multitude of non-linear situations can be described,
becavse the exponents are only recitricted to be resl-

valued. Geometric programming was designed specifically
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to determine the minimum value of posynomials. For a more
detailed development of geometric programming, the reader
should refer to references (1) or (1l1).

Levelopment of geometrie programming was motivated
by the fact that in many cases the minimum value of an
unconstrained, non-linear objective function could be
found rapidly and easily by exploiting the inequality
relationship between the weighted arithmetic meaan and the
geometric mean of a set of positive numbers. Thus if

k.,,i =1,2,3,. « o, &, is a set of positive numbers and

i’
wi,i = 1,2,3,. « ., t, i8 a set of non-negative weights,
then the inequality relationship between the weighted

arithmetic mesn and the geometric mean is:

(1.1.2)t :
) kol O wWiel, 121,2.3.004,%
Wikl _E i™» ——Wi— ) s~y 2 Yy
T=1T i=1 and ky>0.

When k] = kp = . . . = kt, the maximum value of the
geometric mean will be exactly eyual to the mirnimum valus
of the related arithmetic mean. By having an objective
function in the form of a weighted arithmetic mean, Duffin,
et al, (1, Chapter 1) showed how to develop the related

geonetric mean and how fto determine its maximum value.
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Briefly, the method is as follows:
(1.1.3) consider the ineguality:
W, l+-w2k24-...wtkt:,kllkgz...ktt
where the k; are non-negative numbers, and the w; are arbi-
trary positive weights satisfying the condition of normality:
(1.1.4) L
wl+ w2+ P +wt= Ei:l'
with the change of variables: )

(10105)
Y, o= kywy, 1% 1,2,3,...1,

then the inequality (l.1.2) becomes:

ST

The left hand q1de of (1.1.6) is known as the "primal function "

(1.1.6)

or "primal program®, and the right hand side is called the
Mmredual function™. DNow, if we dencte a posynomial as:
(L.1.7)

G-Yl+ Y2+ ...+Yt’
and G is a posynomial of the form (l.1.1), so that
(1.1.8)

a aj
¥; = cyxfilxdiz ... z in,



then the predual function has the form:
aijp\w as1 & a0, \W
(1.109) {CIXlllela...x ln 1 (sz 21 22 ..xn2n wa

= a3
corfiiag . aftelny 8 (64"
( W rr =

where the BJ are the linear combinations of the exponents, or:

(1.1.10) Zt |
BJ : Wiaij _’,",J= 1,2,5,..-,.&.
i=1

It can be shown (see 1, p.7) that the maximum value of
the predual function is achieved by selecting the weights
8o that the BJ vanish, and this maximum value of the pre-
duzl funciion is egual to the minimum value of the primal

function. A set of weights, w =1,2,3,. « «,%, that

i’ )
satisfy the condition of forecing the Bj to vanish leaves
the predual as a function of the positive coefficients of
the primal objective function and not the primal independ-

ent variables; that is:

(1.1.11)

- Wi :

L( )HXBJ“H vl
army n

Ejj =Vwild =0, i =1,2,5,..., t.
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when the Bj are forced to vanish the predual function,
which is then not dependent upon primal4variables, is
termed the "dual function".

Thus, ggometric programming offers some very attrac-
five features that can make solving certain non-linear
functions feasible. A feature not often found using tradi-
tional calculus-based algarithms is that geometric program-
ming optimization can be accomplished by solving a system
of simultaneoug linear eyuations, namely the orthogonality
conditions(zz%j_; 0) , one for each variable, and the
normality condigion (:{Ei_a l). Another feature is that
once the optimal values i;lthe weights are known and sub-
stituted into the dual function, the optimal value of the
primal function is immediately known. Optimal values o the
weights remain unchanged even if the values of the coef-
ficlents change. Therefore, each weight relates the
relative contribution that each primal term maskes to the
optimal value of the primal function.

As previously mentioned, using the Optimal velues of
the weights in the dusl function yields the minimum vélue
of the primal objeetive function; however, the values of
the primal veriables yielding this optimal value are not
known. These values can be obtained by remembering that

the geometrie progsramming concept was built upon the use of

the weighted arithmetic mean. Therefore, at optimality
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each primal objective function term weighted by the value
of its weight, contributes egually to the optimal solution;

or:

n

(1.1.13) ¢, ! lX‘;ij
J= 2 6py(%), 1 71,2,3,...t.
w

i

To better illustrate the prineiples outlined in this
section, the next section illustrates the use of geometric

programming to solve a chemical engineering problem.
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2. Application of Geometric Programming to a Posynomial

The preceding method is illustrated here by applying
it to determine the minimum value of a fluid dynamies
problem (optimum economic pipe diameter), a problem dis-
cussed and solved by Peters and Timmerhour (6, Chapter 9)
using the traditional method of differential calculus.

Stated simply, the problem is to determine the mini-
mum cost for a piping system. The total annual cost for

the piping and pumping system is approximated by:

(L.2.1) 2.84 . 0.84 0,16
0.273g v K(1+ 1 .
$(Dy )e ¢t P H (1+9)H, 4 F)xn‘iﬁcf
.84
D;"°°E

Definitions of the variables and the constants in
the squation are:
Constants
g¢ = fluid flow rate, cubic feet per second
P = fluid density, pounds per cubic feet
Mo = fluid viscosity, centipoises

K = cost of electrical power, dollars per
‘ kilowatt hour

Hy = hours of yearly operation

E = efficiency of the wmotor and pumping,
expressed as a fraction

J = frictionel loss due to fittings and bends,
expressed as aquivalent fractional locss in
straight pipe
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F = ratio of total cost for fittings and instal-
lation to purchase cost for new pipe

P4
"

purchase cost of new pipe per foot of pipe
length if pipe is 1 inch in diameter, dcllars
per linear foot

fixed charges, including maintenance, ex-
pressed as a fraction of initial cost for
completely installed pipe

n = a constant with value dependent on type of
pipe

Variable

inside pipe diameter in inches

Dy

This problem has two cost terms; the first one being
the pumping costs, the other term describes the fixed costs.
Although the problem is very simple and using calculus
would not prove too difficult, geometric programming reveals
valuable information about the problem that caleculus would
not reveal.

For the purpose of simplifying the eguation, the

following representation of constants is made:

1.2.2 .84 0. .16

(e2e2) o 2r3q2:84 p0e8% 102 (14)m
¢, = y

E

and: - S5

(1.2.3)
c, = (1+F) K
S (1+F) &,

Substituting the above relations into (l1.2.1), the problem
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can be restated as:

(1.2.4) Minimize total —4.84
annual costs: $(Di)=ClD1

n
+ CzDi.
It is easily seen that the above problem is a posynomial
and the solution can be obtained by geometric programming.

The dual function for the above problem is stated

as:
(1.2.5) Maximize:
- C, \w Co\w
™
1/ |\ Ve
Subject to the constraints:
(1.2.6) wytwg =1 (normality condition)

(1.2.7) -4.84aw +nawy, = 0 (orthogonality condition;

x one variable, one equation)

Solving the z2et of linear constraints (1.2.6), and

(1.2.7) for the weights (w) and wy) gives:

(1.2.8) a
w -
. n+4.84,
2o )
(1 3 _ 4.84
W2 -

n+ 4,84 .

After the substitution of the optimal valuss for the dual
variables w1 and wy into equation (1.2.5), the minimum

total annual cost is immediately obtained as:
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n 4,84

$(pp)=p(w) = [———\FFaEd 2\
min max .E____ 4.84

or after substituting the expresgsionq f%f %)and C yields:
l.2.11) $(D;) = ((n+8 .84)0.273qy 16K(1+J)H )_T_@
i’ - 1o 2

n

+ 4.84)| 4.84 _
((1 F)}“;fé2+ )) n+4.64

Suppose for example, that steel pipe is to be used for

the piping system (n = 1.5), then the values of w; and wg

are:
(1.2.12) w . 2 = 0,237
and:
(1.2.13) W, = e . 0.763

These values indicate that the pumping costs contribute 23.7%
of the total annual cost, while the fixed costs contribute
76.3%. This ratio is necessary for optimality, no matter
what the cost coefficients in each term are. This ratio is
never determined by the method of differential calculus.

Further, the engineer can put this iaformation to good uss.
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In the case that costs have to be reduced, he immediately
'knows the proportions necessary to reduce the other cosats
and still have an optimal design.

Knowing the optimal value of the objective function,
and the optimal values of the weights, the optimal policy
or‘optimum pipe diameter can be each weighted term contri-
butes equally to the optimal answer. Thus, with the prob-

lem at hand:

2.84 _0.84 0.
(l.2.l4)(0.25’7qf P K8 K (1+9)E (n+4.84)| Rarma

a

2.84 _0.84 6
(1+F)mF(n+4.84>)-‘*§48rn+ s [o.287¢ 0 P 2 1% (144)
= - 314084En

Hy(n+4.84) Z(1+F)D; Kp (a+4.84)

4.84

Using the first snd third quantities of the above relation-
n+4.84

%64 )th power, relates:

ship and raising both to the (

(1.2.13)

2"84' 0.84,0.16 aln 4.84)

(0.237qf f% (1+J)H (n+4. 84)4 .84 = Dy 4.84

After raising both sides of (1.2.14) td the (——éigé——)th

power yields:

{1.2.16)

n+4.84
(O 2””’q% -84 0 84 ﬁ-c lég (1 J)Hy(n 4.84)) = D4

\ n
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and finally:

(1.2.17) g4
2.84 0. 0.16, P S
. = [0-2874z [~ BT R(14 ) Ey (n+4 .84\ 752
oﬁt n

To show that geometric programming yielded the optimal
answer, differential calculus will be applied to the probl
lem. The normal sequence is to differentiate the funetion
with respect to each independent variable, and solve for the
values of the variables which cause the derivatives to van-
ish, then determine if the conditions for minimization are
met. Finally, substitute the values of the independent vari-
ables into the original cost function and obtain the optimal
value of the cost function.

Applying the above technigue to the problem at hand
(using the same representation of constants as eguations
(1.2.2) and (1.2.3)), the first and second derivatives with
respect to Dy are:

(102118)

23 - -4.84011);5'844.:10
DDy
and

nel
201

(1.2.19)
6.84

2% - b } n_z
D g = (-5.84) (4.84)C;D, a{n-1)C,07".
d 0%
Setting equation (1.2.18) equal to zero, solving for D; and

gimplifying gives the equation for the optimal for D; as:
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_ 1 -
(L.2.20) Dy = 4.84Cl)m
84 ~0.84 | 0 %6 1
(o.zmgf’ P77 M ""K(1+J)H (n+4.84) )n+4.84
£ = .

the same as (1.2.16).
Upon substitution of the value of Dy, into (L.2.1¢), it
is apgarent that the conditions for optimality are met; that

is ;%52-->0. The algebraic substitution of (1.2.20) into

the coét function (1l1.2.11) yields, after some simplification,
the same relation as (l1.2.17). But, notice that with calcu-
lus no sensitivity of the result is readily available, and
only after the optimal policy (value of the independent vari-
able, Dj) had been determined and substituted back intc the
cost equation, was the optimal cost discovered. 4s stated
before, geometric programming yielded the same answer as
obtained by using calculus; however, looking back on the
provlem, geometric programming yielded the optimal solution
plus additional information.

In concluding this section, some simple, easy-to-use
rules that can be implemented in applying geometric program-
ming to solve uwnconsirained posynomial optimization problems
will be formulated.

Rule 1: Form the dual objective funection from the

given problem (l.l.1l).
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W

Maximize:

B(ﬁ) - Est cost term

2nd cost term ast cost tem

Vo

oefficient of)wl (eoefficient of)vg(zoefficient ot
X

W

Rule 2: Set up the normality and orthogonality condi-

tions for the weights; solve the resultant set of linear

equations for the optimal values of the weights.

(1) the normality constraint: the sum of the
weights for the terms of the primal objective

function must egual uaity.

W+ W2 oo + + Wlast.
L'Cstkcoat) (2nd’cost) . ‘(laet cost) =1

+erm term term

(2) The orthogonality constraint: for each
variable Xj, the exponent of the j*P variable
in the 1th cost term times the weight for that

cost term i, summed over all the ccst terms,

must equal zero.
For variable XJ:
exponent of variable exponent of variable

X w X w

in 1s% cést term in 2nd cgst term
exponent of variable
.. + XJ ' wl ’G: Q.
in 1l4st éost term as

(3) Solve the resultant set of simultaneous linear

equations for the optimal set of weights.
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Rule 3: Using the optimal set of weights, solve for the
maximum value of D (%), hence the minimum value of the

primal objective function.

Rule 4: Xnowing the optimal value of the primal objec-
tive function and the optimal set of weights, solve for
the values of the independent variables of the primal
objective function. Accomplish this by using the
relationship that at optimality, each primal cost term

~ weighted by its optimal weight contributes egually to
the optimal solution:

let cost term - 2nd cost term = . . . = last cost term

w1, Oopt w2, 0p% w last, opt

- D(;&'—) = G(i).
Max. Min.
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3. Geometric Programming and Constrained Minimization
of Posynomials

The preceding sections have dealt with optimization of
problems in which the posynomial objective funection (1.1.1)
was not constrained. This section presents the results of
Duffin, et al (1, p.78) in solving the most general
posynomial optimization problems by geometric programming
technigues.

In mathematical notation, the constrained posynomial
optimization problem is:

a
(L.3.1) Minimize: Ggéx) Colxlollx olz | Oln Cogx§021x2022
a a 2
"‘Xn02n+"'+C0to o OtO oooXnOtO

- ] ! <201}
131

(1.3.2) subject to:
a
.4%(X)=Cklekllxgk12...x kln +Ckzxf'kln

o oxakzn + * 00 + th Xlktklx‘gktk L) oxaktkn ‘ l

2 [

for k=1,2,...n; and xj'h-o, for j=1,2,3,.¢.,00

Solution of the general posynomial optimization problems,
equations (1.3.1) and (1.3.2), by means of geometric program-
ming involves solving a dual problem similar in form %o the

dual protlem for unconstrained optimization.
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The dual function can be stated as:
(1L.3.3) Maximize:

(W) l ] (C WiO) Wi
J- le

where:
w00 f‘

subject to:

(1.3.4) 17 (normality condition for
) the primal objective
wgy +Wog +.-..+ W0l = HWoi function),
(1. 5 5) - (orthogonality condition;
- 1,2,3, one equation for each
akijWki 0, J=1, primal variable),
k.l i=1 ooo,ﬂo
(1.0.6 (linear equality condition,
one equation for each
- - primal constraint, or posi-
wiJ"in“'o’J 112,8, 000,040 tivity condition for the
= constraints),

as well as the non-negativity conditions for the weights:

(105.7) Wi'j;O’ i=l’2,3,ooo’tk; k:l,2,3,..m;

and J=l,2,3,...,n.

Although the above notation is complex, the gclution of
the dual problem for a constrained primal problem is obtalned
in the same manner as for an unconstrained primal problem.
Again, the solution procedure is to obtain the optimal wvalues
of the weights (W) from the set of simultaneous linear

equations (1.3.4) to (1.3.6), and then substitute these
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values into the dual objective function (1.23.3). Eence, the
maximum value of the dual problem then corresponds to the
minimum value of the primal problem.

Once the optimal values of the weights (W) and the
optimal value of the dual objective function are known, the
values of the primal variables (¥) are found from the rela-
tionships:

(1.2.8)

Coq lj;lxj J g?n(x) gax(w) 1=1,2,3,...,%,

Yoi

and:

(1.3.9)
n

a4, w
C x3ki) - Zki
xi l;-l J o

for x =1,2,3,...,m; 2nd 1 =m; 1 = 1,2,3,...,%,

Since there are at least as many cost terms as there are
variables (E), n equations can be found from which the
optimal values of the variables (X)can be determined.
Solving for the values of (X) can be simplified by per-
forming the logrithmic transform of eguations (1.3.8) or
(1.3.9). Logrithmic transformation of these equations

makes the relationships linear; thus:
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| n : a

(1.3.10) 1log (Coir'[ X?Oii) = logCOi+logx501l+logngi2
3=l

+ +loganin - logw = logCoi+ logxy + an;0l0gx

cee n 0i 8L0i T 8p11408%] T 80 2408%p

logGa (X
gmgé )

+o oot aOinlogxn - logwgi

for i = 1,2,3,...,1%g,

.
.

and
. 'TT“ 8kij) = + axil 8ri2
(L.3.11) log(ij j=lx3 ) logckj long +logxg

+eee+l0gx, = log ij*'akill°gxl+ 8y j0lo8xs

Foeoo+ akinlogxn = logwki - logwko

for kx =1,2,3,...m, and 1 = 1,2,2,...,%.

Classical solution technigues for non-linear con=

2l

gtrained optimization problems involve the introduction of

Lagrange multipliers. For each primal constraint, there

is

the corresponding product of a Lagrange multiplier and the

constraint introduced into the primal objective function.

With this procedure, the objective funetion is transformed

into what is termed the "Lagrangian function™ and produces

an unconstrained optimization problem. Applying the Xuhn-

Tuecker conditions2 to this problem, the method proceeds

2For an excellent discussion of the Kuhn-Tucker conditions

gee: Hillier, F.S., Liebermann, G.J., Introduction to

Cperations Research, Holden-Pay, Inc., San Francisco,1967,

pp. 575-578.
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to differentiating the Lagrangian function with respect to
each independent variable and each Lagrange multiplier.
Values for the independent variabtles as well as the Lagrange
multiplier are obtained which force the derivatives to
_vanish. The optimal value of the objective function is
obtained by solving the Lagrangian function with the optimal
set of independent variables and lLagrange multipliers.

Let's now take a cursory glance at how geometric pro-
gramming would approach the optimization of a constrained
problem by applying the method presented in this seection to

a simple probvlen.
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4. Application of Geometric Programming to a Constrained

Posynomial Optimization Problem

The problem presented in this section has already
been utilized elsewhere (10) to illustrate the principles
of geometric programming. It is being used again here
because the algebraic manipulations won't overshadow the
presentation of the prineiples.

Simply stated, the problem is to determine whether or
~not an oil tank can be rebuilt for less the $1,000. The
cost for materials to reconstruct the tank is $l/ft2. As
is the usual case in engineering design problems, the new
tank must meet specific phjsical reguirements. In this
case, the tank must be constructed such that it will hold
at least 1,000 gals of oil. Thus, the objective function
has two terms; first the cost for the c¢ircular top, and
gsecond, the cost for the cecylindrical body. Mathematically
then, the primal objective function is:

(L.4.1) Minimize total costs
$(R,H)-7TR2F‘02X$12 + 2 TRELt3x$1/ £t
lcost fgg cogt for)
top body
To constrain the above objective function the capacity
constraint is;

(104 02)
TR £ 1000
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However, to solve the problem using geometric programming,
the constraint must be expressed in the form of (l.3.2) or:
(1.4.3)

1000 «
R2H

1

This simple problem is therefore a function of two variables,
R the radius in feet, and the height H in feet.
The geometric programming dual objective funetion is:
(1.4.4) Maximize:
D(W) = (_T_r_)wm (.?f_)wcg(looo Wlo>wll
wol wo2 w1l

subject to the following constraints:

(1.4.5) Wol+ Wo2 = 1 (normality condition)
(1.4.6) 2 wol+ Wo2 - 2 wy3 = 0 (orthogonality condi-
tion for R) ‘
(L.4.7) woé - w11 = 0 (orthogonality condi-
. tion for H)
(L.4.8) w11 =wyg — O (linear ineguality

constraint)
Simplification of equation (l.4.4), Wi;3 = W10 ,
leads to:

(1.4.8) Maximize:;
= = (7 \Vo1 \¥yy
D(w) = [T 21 1000)
\ o1 Yoz
Solution for optimal values of the weights proceeds smoothly

and therefore we obtain:

(10409) woz = Wll = 2/3
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(1.4.1) Wy, = 1/3
Substitﬁtion of these values of the weights into equation
(1.4.4) yields the minimum value of $(R,H):

| — [T \1/3 [ 27" \2/3 )2/5 -
(1.4.12) $min(R,H)=D(W)= 1/3) ‘( 273) 1000 =

'(zvr)‘/?’ (5#)2/3 (moo)z/3 = 500 2 942,

Therefore, the optimal solution indicates that an

optimal design can be built for less than $1,000. However,
in the course of solving the problem we have obtained addi-
tional information about the relative costs. It has been
determined that the cost for the top is one-half that
incurred for the body ( wy, : Wo, = 1/3 ; 2/3 = 1/2). This
ratio is invariant and must be present or the design is sub-
optimal. %What is needed now is to solve for the opitimal
policy that yields the minimum cost of $3007T .,

Values of the independent variables, R and H, are
readily obtained by utilizing the fact that an optimality,
each cost term weighted by its appropriate weight contributes
equally to the optimal solution, and the relationship for

constraints (1.3.9). In this case:

{1.4.13) TTR® = 2TTRE = 30077
1/% 2/3

and

(l.4.14) 10 = w = 1l
9t

10
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Using the first and third quantities of (1.4.13), then
(1.4.15) R® = 100, or R = 10;
next using either the second and third guantities of (1.4.13)

or (1.4.18) yields:

(l.4.16) R H = 10.
Admittedly the problem of this section is very simple; hence,
the reader can verify by differential calculus that geometric
programming did indeed yield the optimal solution. The re-
mainder of this section will be devoted to outlining some
simple rules to apply for optimizing constrained posynomial
funetions.

Some gsimple, easy-to-use rules for applying geometriec
programming to constrained posynomial optimization can be
stated as follows:

Rule 1: Formulate the dual objective function from the

primal problem.

W
' _ [coefficient of\Olcoefficient of\Wo2
Kaximize: D(w)={lst cost term lst cost term

Y01 Y02

coefficient of \w coefficient of lst term\"
oo (last cost term) O’l?St( lst comstraint ) 11
Wllast

%0, last Y11
coefficient of 2nd term\%i2 coefficient of last term)
18t constraint 1st constraint

¢ o0

coefficient of lst term| last,lfcoefficient of lastWlast,2
voe last constraint {term, 1s% constrainﬂ

wlast,l \ ¥iast,2 /
(coefficient of last term) Wlast,last

last cocnstraing
%lagt,last

e

ABTHURLAKESLBRARY
COLORADO SCHOOL of MINES
GOLDEN, COLORADO 80401
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Rule 2: Form the normality, orthogonality, and linear

inequality conditions for the weights and solve the

resul tant set of linear equations for the optimal

values of the weights.

(1) The normality condition: The sume of the weights
for the terms of the primal objective function

must equal unity.

WOL + W02 +ees + VW 1ag4 =1l
1st cogt\/2nd cost last cost
term term term

(2) The orthogonality condition: For each variasble J,
the exponent of the jth variable in equation k,
term I multiplied times the weight for that term,
summed over all the terms must equal zero.
for variable j, in eguation k:

ag1j ¥ Wg1 " T+ Axps X wxp ¥ .”ak’ lnést, j X wkv’ lagt ast
Cxponent of X1 /exponent of Xjin exponent of xjin Jjin

kth equation, kth equation kth equation
st term nd term ast term

- 0
(3) The positivity conditions for the constraints (one
equation for each constraint). The sum of the
welghts assoclated with a given constraint must
equal the weight associated with that constraint,

which in turn must be greater than zero.
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For example, the k%0 constraint:
Wkl+wk2+ "'+Wk,last = W 2 0.
Rule 3: Solve the simultaneous set of linear eguations
from Rule 2 for the optimal values of the weights.
Rule 4: Solve for the optimal value of the primal
funetion using the dual objective funetion from Rule 1
and the optimal values of the weights from Rule 3.
Rule 5: Determine the optimal policy (optimal values
of the primal variables) by using the fact that at
optimality, each term of the primal objective funciion
weighted by its individual weight contributes equally
to the optimal solution or:

lst cost term - 2nd cost term - . . . = last cost term

%ol W2  Wo, last
min min

Alternatively taking advantage of the positivity condi-
tion for the constraints, each term of a constraint
times its optimal weight is equal to the portion that
the constraint weights the dual function.

Thus, for constrain Xk,

: né
Weo X ith term of ..

Wyl % 18% term of =
constraint

kth constraint

- Wkoa
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O. General Polynomials and Geometric Programming

Geometric programming was generalized beycnd the previ-
ous discussions to allow negative coefficients in the primal
objective function as well as the constraints, and also to
permit reversed inequality constraints. The following is a
brief summary of the most general formulation of a geometric
programming problem. For a more complete discussgion of
these extensions and results, refer to (9) and (5).

A mathematical definition of the general polynomial

function® which is to be minimized 1is:

%o n
{4 . ) = anid 3
(L.5.1) Minimize H(X) ;oaiCOi ‘ ] Xjﬁlg
L i=) fi

subject to the polynomial constraints,
n

tx
(1.5.2) Jakiil » =+ =11
5.(%) = ) Kilky |Xj 29 =19,
i=1l j=1!

and

(1.5.3) x,> 0, §=1,2,3,...n.

Corresponding to the above primal problem, the geometriec
programming dual problem is:

(L.85.4) Maximize:
—~ -
LS ' Y&iWKiJG'

54 general polynomial is defined as a polynomial whose
coefficients and exponents are restricted to being real
valued.
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subject to the following linear constraints:

(L.5.5) t (the normality condition)

Tinos = O (2 £1)

(1.5.6) (the orthogonality condi-
o tions, for each of the
- primal independent vari-~
; - QEiakijWki =1 ables.
- L i=

and

(L.5.7) wki>0, k=20,1,2,3,...,m; and i = 1,2,5,...,%.
In the preceding nofation, minimization of posynomials
(equation 1.1.1) is a special case of the above formulation
(i.8., O = 1), so this presentation is for the most gen-
eral optimization technigue.

Again, the reader will notice that even the most non-
linear optimization problems can be reduced to solving a
gset of simulaneous linear equations for optimal values of
the weights. Cnce the values of the weights have been
determined, these values are substituted into the dual
objective function (1l.5.4), and the minimum value of the
primal problem can be determined. After the maximum value
of (1.5.4) is known, it is simply a matter of algebra to
determine the values of the primal variables.

In the following section, the use of the preceding

digcussion will be used to solve an example problem.

[£¢]
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It is hoped that the example will illustrate the appli-
cation of the above eyuations which at first glance might

appear quite formidable.

3k
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6., Optimization of a Non-Posynomial

The problem presented in this section is ratﬁer an
elementary one; however, the application of the preceding
section can be easily followed by the reader. A problem
discussed and solved by Johnson (4, p.336) is typical of
many optimization problems facing an engineer who is called
upon not to minimize a cost function but maximize a design
funetion. In this case, the design is for a torsion bar
spring. It is desired to maximize the potential energy
storing capacity of the spring system such that the spring
is not bent or fatiguéd beyond some point where it might
fail for a maximum impressed force.

Thus, the problem is to maximize the total potential

energy of the spring system a2t any instant of time or:
{(1.6.1) Maximize: PEy,4a1 = PEy + PE,, where

(1.6.2) PE4{ = potential energy = 32(1l+pu )FZRzL
of twisting 4
E 4

and

(1.6.8)  PE, = potential energy = 32F%b°L
of bending 27T E
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The constraint on the problem, relating the anticipated maxi-
mum impressed force, the safety factors, and the spring
material strength is:

(1.6.4) (1.8)(16.0)FR = _ Sg .
a° (1+4P)N

Definitions of the variables and constants - in the pre-
ceding problem are:
Constants
[t= Poisson's ratio
E = modulus of elasticity

F = anticipated maximum impressed force to be applied
to the spring

b = distance between the moment arm and the bearing
support for the torsion bar

L = total length of the torsion bar

Se = published fatigue streangth factor for the material
from which the bar is constructed

P = the ratio Se/St, where St is the yield strength
for the bar

N = the safety factor, see the discussion in (4,
Chapter 16)

Variables
= diameter of the torsion bar

4
R = length of the moment arm

After combining the constants, a restatement of the problem

is simply:
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2

Yy -4 -4
(L.6.5) Maximize: PEyotq) (R,d) = K R"A +K,d

(1.6.6) Subject to: Ksz"a £ 3

where,
(1.6.7) K, = 32(1+u )F3L
TE
(1.6.8) Ky = 22P%°L |
3T E
and
(1.6.9) Kz = (1.8)(16.0)F(1+ P)N

SeN

Notice that to conform the problem to the notation of the
previous section we must minimize the negative of (1.6.5);
therefore, T = -l.

The geometrie¢ programming dual objective function is
therefore,

(1.6,10) Maximize:

D(w) = 1 ' &"WOI Kz ~%o2 (nglo W11 ]
w0 Wo2 11 /. |

(1.6.11) Subject to: (-1)wyy + (=1)wy, = = a1
(1.6.13) (-1)2w01+ (-1)4W02‘+5Wll,= 0

34
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(1.6.14) Wy = WigT 0
Solution of the system of equations (l.6.11) to (l.6.14 is:
(1.6.15) w,; = 2/3

(1.6.16) wypo = 1/3

(1.6.17) Wiy ® Wpg T 4/3

Substitution of the above values into (1.6.10) yields:

(1.6.18) -PEtotal(R,d) = D(w) = - 27Kl Kg . /
min max 4K% »

Utilizing equation (1.5.8) relates that,

(1.6.19) :E;de‘4 = 4&25‘4 = -D(W)
2/3 1/3 max

Solving the eguatioms (l1.6.15) and (1.6.16) for the optimal

values of R and 4 (the primal variables) gives:

(1.6.20) R--(iK_-%_)l/?': (2b2 /2

Ky 3(1+pL)
and 211/6 _ v o 1/6
(1.6.21) a = [ KKz = {320"F (L 4+ )n”
\ K ( Sg T

The solution (1.6.20) and (1.6.21), as well as the
relation for the optimal value of potential energy (l.6.18}),
correspcnds exactly with that given by Johnson (4, p.374}.
Before concluding this section a caution should be made con-
cerning the optimal values of the weights when one has

a polynomiazl in which thecbi multipliers are not all
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positive (nonposynomial objective functions). The caution

is that these weights are no longer constrained to lie in

the intervalO4WOi £ 1. Therefore, the weights do not

have the same connotation as was given in preceding sections.
An example would be the following set of optimal weights,
whose sum is indeed unity:

(L.6.22) (1) 2/3 + (-1) 4/3 + (1) 5/3 = 1.

However, it is difficult to assign 4/3 or 5/3 contribution

of a term to a total cost.
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7. Degrees of Difficulty

nd was coined by

The notion of "degrees of difficulty
the innovators of geometric programming (1) as a gualitative
measure of the effort necessary to solve for the optimal
weights (W) which maximize the dual function D(w). Up to
this point in the presentation, the practical problems that
have been optimized by geometric programming were selected
from a special class of problems. The problems were chosen
such that the number of terms minus the aumber of inde-
pendent variables less one equals zero. That is to say, the
degree of difficulty is zero for these problems, and they
were readily optimized by solving the set of simultaneous
linear equations (the constraint set for the dual program)
for the optimal values of the weights.

If the degree of difficulty for a geometric program-
ming dual program is greater than zero, additional computa-
tional effort is necessary ito determine the solution for
which the dual function D(W) is meximized. The extra
effort needed to solve problems with degrees of difficulty
greater than zero is that there are more dual variables

than eguations (1.5.5 and 1.5.6) to determine the values of

4Degree of difficulty is given by T-N-1, where T = number of
rimal terms and N = number of primal variables.



T-1942 38

the dual variables. Thus, for example, if the degree of
difficulty equals one, the dual objective function D(w)
must be maximized over the range of feasible values for
one weight. The other weights can be expressed as funec-
tions of this one weight by =olving the constraint set of
the dual problem for the functional relationships.

A method of solving geometric programming protlems with
one degree of difficulty or more is to "linearize” the dual
function by log transformation. Next, substitute into the
log~transformed duzl program the functicnal relationships
of the weights. Then by differentiating this log-
transformed dual ot jective function with respect to the
weights (the number of differentials equals the degree of
difficulty), and determining the values of the weights
which force the derivatives to vanicsh. An example of this
procedure follows.

Suppose we wish to minimize the function,

(1.7.1)  winimize: 4XT aAzh+4Xy+2X 45X X,
éhe geémetric prdgramming dual .function is,

(1.7.2) Meximize: D(ﬁ)=Lg_)wl (4_)“2!43_y¥

V91 Vg V3

[$N]
—
g o
N
\-/

k]

N

Log transforming (1.7.2) yielda:

— , 4 2\ 151
(L.7.3) Log D(w)-wllog€9)+w210g€§é)+w51056%f) w4log.ﬁz}

\ e
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The normality and orthogonality eguations aréz

(10704) Wl = Wl

(1.7.6) Wz =1 - 2w

(1e7.7)

in
!

= 3% -1
Substitution of equations (1.7.4) through (1.7.10) into

(1L.7.3) gives,

4

(1.7.8) LogD(w)=w110g—EI

4
(1'2W1)1°8'I:§§i

e 5]
(1‘2Wl)1°8'I:§§1 (3wy-1)log Bwi-l .

Differentiation of (1.7.8), setting equal to zero, and

reexponentiating leads to the expression:

areo) (i) () ] - o

Simplification of (1.7.9) is the polynomial eyuation,

(1.7.10) 1568w§ - 5568w§’+ 2586w‘l°‘ - 984wl + 125 = 0,

By iteratively approximating the solution for wjy, the solu-
tion for this problem is:

(L.7.11) W, = 0.4158

®4 note of caution is needed here. w1 cannot be allowed fto
teke on values that will make Wy or wz negative or zero,
otherwise the positivity conditions on dual variables will
be violated.

CAKES TIBRARY

OL of MINES
LORADO SCHO
 GOLDEN, COLORADO 80408
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Using the solution (1.7.1l1l) for Wy and substituting these
values into the relations (1.7.4) to (1.7.7) gives as optimal

values for the weights

(1.7.13) Wy = 0.1684

The above optimal values of the weights substituted into
(L.7.2) gives the optimal value for D(W) of 15.45. Optimal
éalues'for the primal variables are:
(1.7.15) Xl = 0.906
X5 = 0,403

From the foregoing procedure, it might appear that even
a gimple problem can be made diffieult. However, the tradi-
tional calculus approach of optimizing the primal problem is
non~trivial. Note with geometric programming optimization
was accomplished with one variable, while optimization of the
primal problem involves two independeant variébles. It
should te realized, of course, that as the degree of diffi-
culty increaces, additional effort is required by the above
procedure to achieve the optimal solution by geometric pro-
gramming. A matrix technigue for those problems with degree
of difficulty greater than 1 isvery tedious computationally
(the method employs the Newton-Raphson method). Therefore,

a computer program which performs the calceculations would be
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desirable. There are some disadvantages to using such pro-
‘grams. In particular, coding such a program could be a
monumental task, and further, such matrix operations are
inherently slow and expensive. The second chapter of this
thesis presents some alternative methods of attack for

problems with degrees of difficulty greater than zero.
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CHAPTER TWO - Techniguses to Employ

in Dealing with Degrees of Difficulty

l. A Technigue for Cne Degree of Difficulty

Often it occurs that by examining the constraints of
the dual probtlem, one can obtain information about the
weights that will allow one to determine an approximate
optimum. This technigue takes into account that if the
primal problem is a posynomial, the weights for the dual
objective function arebounded such that,

(2.1.1) 0« wiél.

But, suppose it were possible to obtain more restrictive
bounds on one weight for a one degree of difficulty problem.
This would allow one to bound the optimal answer. If one
desires to obtain a more accurate estimate, a graphical

plot could be utilized to select new bounds, make another
plot (thereby obtaining better resolution), etc., until the
desired accuracy was obtained. Thus, no mesey diffe?enti-
ation or solving complex polynomials would be needed.

To illustrate this technigue, the protlem of determining
the economic order guanity (Q) will be used. This particular
problem is discussed in (8) and an iterative techniyue for
obtaining a solution is also detailed in this article.

Essentially, this economic model is stated as,
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(2.1.2) Minimize: K(Q)=20¢~l, 1 Qs+ 1 1.4 .4
» | 48,000 576 | 200 120,000

or more simply,

(2e1.3) Minimize:

. - -8
K(Q)k-_s___-]‘?-f)zg(qg)=20‘;{l+2.951:(10 ° Q+1.447x10° +¢%.

The geometric programming dueal problem is,

(2.1.4) Maximize: 5w -
o) =[20\"}(2.951x10" ) 2 1.447x10'8) 3
\Wl} Wo W3

Note that the primal problem has three terms and only one
variable (&); therefore, its degree of diffieulty is one.
By examining the constraint set for the dual objective

function, we can solve for wp,

(2.1.7) w2 = -l—'z-zl‘fﬁ

However, w is bounded between O and +1, and applying these

bounds on expression (2.1.7) produces the relation:

(2.1.8) 0<wy=A52M2 2,

or after some simplification,
(2.1.9) o0<w, £1/2.
Similarly, we can solve for wg,

(2-1010) W5 = ZWl - lo
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However, by utilizing the relation (2.1.9) we can further

bound expression (2.1.10), or

(2.1.11) o< wz = 2wy - 1 £ 1/3,

and after simplification determine that W; is bounded
(2.1.12) 1/2 £w; €2/3.°

Bounds can be determined for wy by the same means; the bounds

for w2 are

(2.1.13) 0 <w, =1/2.

It appears then that the most restrictive bounds that
can be ontained by this procedure are for wy. If one were
%o solve the dual function (2.1.4) as a function of w; and
evaluate that function at several values of Wy within the
bounds obtained and plot those values, a much more accurate
value of the dual objective function could be obtained.
However, that process could be very tgdious. This thesis
presents a FORTRAN computer program called LINE (see the
Appendix) which evaluates the objective function and also
makes a guick line-printer graph of the values. With such a
program, the user can determine new limits and replot very
quickly. I% must be remembered thzt these graphs are

limited with respect to accuracy because the program must
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scale the functional values to a whole number of horizontal
character spaces.

The aforementioned graphical method was applied to the
dual fuanction (2.1.4). From the first output of the program,
it was determined that the maximum value for the objective
function occurred within the limits 0.54< wléo.f)’?. Another
pass was made with these new limits and the output for that
run is shown in Figure 1. The plot of Figure 1 indicates
that the optimzal value of the objective function is 0.0578
and that w3 = 0.554 is the optimal value for the weight wj.
The value of 0.0578 agrees with the answer given in the
cited article.

A note about execution times for these graphs should be
made. Output times for these graphs were approximately 45
geconds, ineluding input/output operations using a DEC-10
computer system in a time-sharing environment.

This plotting procedure might raise the gquestion of
plotting the primal problem in a similar manner as the dual
program. The yuestion can be put aside beczuse geometric
programming duality theory (1, Chapter 4) assures that if
the primal program is a posynomial, the dual problem is
concave. Therefore, the graphical technigue will determine
an optimal value for the dual functicn. For those primal

functions where there are negative coefficients or several
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inequality constraints (i.e., where some of the signum
functions are negative), concavity is difficult to éssess.
Thus, the graphical technique may or may not determine the
Optimal value. However, it is likely that by graphiceal
means one might determine whether or not ccncavity is present.
In this section a graphical technique to deal with one
degree of difficulty problems has been presented. The next
section presents a method to attacﬁ'those problems which

have more than one degree of difficulty.
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2. Problems With Greater Than One Degree of Difficulty

For problems with greater than one degree of difficulty
the initial research indicated that possibly the cartographic
technique of contouring would be a good method of attack for
at least those problems with two degrees of difficulty.
Briefly, a contour map depicts a three-demensional surface --
one having length, breadth, and varying height above refer-
ence plane or datum -- on a two-dimensional piece of paper.
On such a map, lines called contours are drawn to portray
the intersections of the function surface with a series of
bhorizontal planes at definite intervals above (or below) the
datum plane. This method proved to be workable, but highly
inefficient. In general, the technique investigated was to
construct a contour map of the function, where the contours
represented equal values of the dual objective function;
visually select a smaller region in which the dual function
obtained a maximum; replot the map; continue until resolu-~
tion was sutficient. However, to produce a map 1O inches
by 10 inches required at least 6,000 function evaluations.
Also, selection of the datum plane with an appropriate coa-
tour ianterval could not always be specified or calculated
with any certainity so that an-acceptable map could be
cbtained. Thus to obtain a reasonable map of the function,

at least two passes with the program were necessary to
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determine the best contouring parameters. It was then
decided to include the two degree of difficulty problems
with the higher dimensional problems and utilize another
optimum seeking method.

The method finally selected was direct search. Various
direct search techniques were tried (Hooke~Jeeves pattern
search, golden section search, Rosen's gradient projection
method), but the parallel tangents method proved the best
for the protlems tested. The technigue of parzllel tangents
for dual problems with degrees of difficulty greater than
one generally required less than 200 objective function
evaluations to determine the optimum value of the dual
function accurately. In fact, a two-degree of difficulty
teet probtlem only reguired 28 function evaluations. Details
of the parallel tangents technigue will not be give here,
but rather the reader is referred to (3), and the appendix.
The method was coded by this author in FORTRAN, and the code
as well as the documentation for the program are given in the
appendix. Advantages of parallel tangents over other direct
search ftechniques are: complex matrix operations are avoided,
excessive computer core storage is not reguired, and accurats
results can be guicekly obtained with the minimum nuwmber of
function evaluations.

Optimization of dual functions by parallel tangents
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using program PARTAN proceeds first by reducing the number of
weighte which the algorithm must perturb or adjust during the
search. This is accomplished by selecting a set of weights
(the number of weights selected equaling: the degrees of
difficulty); solving the remaining weights as functions of
the selected weights. Next, substitute the functions of the
weights; and finally execute program PARTAN.

To illustrate the application of parallel tangents in
optimizing a problem with greéter than one degree of diffi-
culty, the following function discussed by Smith (7)will be
optimized by using geometric programming. Smith solved this
problem byLug%ng the Lagrange multiplier technique and an
iterative-g;;al and error solution. This problem is con-
cerned with determining the optimum production lot size
which minimizes total production inventory cost. Smith's

generalized production inventory problem is:

LN ¥
(2.2.1) Minimize: Cy %E: (Cciqi/z Cridi/qi)

Z_’i-l i=1
(2.2.2) Subject to:¢N (set up time for the
Z djhj ¢g bottleneck machine),
=) 494
where H = total annuel setup hours available on

the bottleneck machine
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Constants

ja )l
e
L]

gsetup hours required on the bottleneck
machine to produce one lot of produect i

sum of the annual replenishment and
inventory of product i

Q
s
"

annual cost of carrying one unit of
product i in inventory

(@]
Q
[N

]

Cri = replenishment cost incurred each time
a lot of product i is produced
d4 = annual demand rate for product 1

Variables
gi = lot size in physical units for product i
Smith used the following values

1 200 10 200 10
2 400 40 180 40
3 600 20 240 100

and H = 500. Thus, the problem (with N = 3) becomes

(2.2.2)  Minimize: C4(q)=5q;+50,000q]* +20q, +72,000q;"

+10qz +144,00063"
(2.2.4) Subject to: 1
aq7t+ 3297t +120q50 £1.

The corresponding geometric programming prcblem is

t2.2.5) Maximize: D(w) = (5 )W01(5xloé)w02(§9_)W05

Yol : Yoz Yoz
o 4 WO4 w 1 w w -
(7;;:10 ) (3;0 05(1.@4:@0 06 421 o|"11 -
04 05 06 11

(32w1(5 A20w; 9 \""113
W12 \ W13 |



T-1942 52

(2.2.6) Subject to:

Yoy T Wos +Wog + Wy + Vo5 + W4 =1
Wo1 = ¥o2 -W1l = 0
WOB"WO4 -wlz = 0
Wos = W06 -W13 0

wll-r w12+ wlz = wlobo.

Notice that the problem has (9 terms - 3 variables - 1) five
degrees of difficulty. With five degrees of difficulty, all
the weights can be expressed as terms of five weights; and

these expressions can be substituted into (2.2.5) to yield
(2.2.7) Maximize: (5 )Wol(sxlo‘*)woz(zo )%:5(7.2::104)“04

Yo | Wo2 Y03 Vo4
/10 1-wg) =Wgo-Wop 14431070 \%06 ~
\l"wcl'woz'wOS'W04'w06)"W04°W06 Wog )

Wo1-W02 | “¥03-%04~2Vpg

4(1-2wop-2up4-2W06 )\ wo1 .1 120(1-2wyp=Bwg,-2wge) | 15 T0OL-N02
( "WOZ k l-WOl-Woz"Vloz-wo4-2WO6} .

Bounds for the selected weights in this example are

(2.2.8) WOl > Woz

(2.2.9)  wpg = Woq
(2.2.10) 0 2 wop £ %
(2.2.11) 0 £ wyy £ &
(2.2.12) 0 £ woz < %
(2,2.12) 0 £ wy, € 3
(2.2.14) 0 & L £ i,

Execution of program PARTAN with the above relaticns deter-

mined that the optimal value was 6299.70 and identified the
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optimal solution for the selected weights as

0.2699

(2.2.18) W04 0.1343
(202‘19) W06 s 0011140
Substitution of the above values into the relations for the

other weights yields

(2.2.20) wgg = 0.2251
(2.2.21) wy; = 0.0129
(2.2.22) w;, = 0.1356
(2.2.23) w5 = 0.2137
(2.2.24) w, = 0.3622.

By utilizing the relationship that at optimality each
coet term weighted by its appropriate weight contributes
equally to the optimal production inventory cost, the
optimal quantities are
(R.2.25) q; = 108.73

(2.2.26) q, = 85.13

(2.2.27) 204.33,

i3
which agree with Smith's results.

It might be auggested that optimization of generalized
polynomials by geometric programming and parallel tangents ———

might involve unnecessary computation and effort as opposed
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to calculus or some other optimization technigue. However,
this technique doesn't involve evaluation of simultaneous
complex differential equations or Lagrangian functions.
After some experience with program PARTAN, this author
has determined that the most important parameters that the
user can supply to the successful execution of the program
are the boundary conditions. Although the dual function
might be defined outside the domain of the weights, any
function value obtained, of coufse, is meaningless. Also,
the boundary conditions can be set up so as to keep PARTAN
executing and not generating diagnostic messages or systems
errors. This is accomplished by setting a variable egual
to its boundary value when the boundary value is violated.
Another fact which seemg to help the execution is to start
the search algorithm at the midpoint of the boundaries of

each of the variables.



7-1942 55

CHAPTER THREE

Conelusions

Chapter two illustrates optimization of polynomials can
be zccomplished when one is faced with degrees of difficulty.
These technigques extend the usefulness of geometiric program-
ming, and with these extensions geometric programming becomes
a good technigue for optimization. Geometric programming
lends itself to a wide variety of types of problems, and for
many problems is the only realistic means of attack.

However, limitations of geometric programming still
exist and prohibit one from rushing blindly intec application.
As mentioned before, the procedures of Chapter two will oaly
succeed in those eases in which the dual function is concave.
Concavity becomes troublesome for those problems in which one
or more of the signum functions are negative. There seems to
be no systematic way to ascertain whether or not a dual prob-
lem has the property of concavity.

4g¢ with all zero-gradient methods, the methods of
Chapter two ruan the rigk, in some cases, of locating a sta-
tionary point which is not a global optimum. When all the
sigoum functions are positive, the dual function will De
goncave, and the solution determined will be a global opti=-
mum. With negative signums, however, the character of the

dual function is urcertain and a local optimum may be found.



When faced with suech a protlem, one must vary the starting
point for the algorithm and attempt to determine all the
local optima.

Because the parallel tangents method is somewhat sensi-
tive to starting points, selection of the starting point for
the algorithm is more art than science, and experience has
shown that the algorithm may not converge to any optimum at
all, or in some cases may wander about for a few iterations
before the optinum is reached. O0f course, all of these
factors are dependent upon the problem. When the number of
dusl variables for which the function must be optimized is
large, the parallel tangents method does not posses round-
off protlems as do other direct search technigues. This
fact makes the technique more attractive than algecrithms
which must invert or manipulate matrices.

In the previous chapter it was shown that some problems
at first glance appear not to be sclvable by geometric pro-
gramming, and some variable transformation or sutstitution
must be performed. Among the reasons that geometric pro-
gramming cannot be applied directly is that the positivity
conditions for primal constraints is violated or they con-
tain functions other than polynomisls or posynomials. An

example of the latter is:
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(3.1.1) Minimize: Y(X) = K,e™®2% g.x,

' Solving the above problem by calculus presents no

problem. However, for geometric programming, even approxi-

mating the exponential form by the limiting form

(3.1.2) ’6_‘_";”0-'(1“«@:)* - = eulx)

- . . €

@oes not help because -KoX is not a single-termed posynomial.

Thus, the problem cannot be soived directly by geometric pro-

gramming. Wifh a change of variables though, one can obtain

a solution by geometric programming. Upon obtaining the

optimal solution, values of the original variables can be

determined by the inverse transformation. For this case, let

(3.1.3) KgX=1n T

then,

(3.1.4) €KgX =1,

and

(3.1.5) X =(1/Ks) ln T = 1n /K2

Substitution of these relations into the original primal

function we obtain

(8.1.6) winimize: Y'(T) = K377} + (Kz/K,)ln T

but

(3.1.7) 1la T = €=lp - ¢-1,

therefore, our primal program has been transformed to

(3.1.8) Minimize: X''(T) = Y'(T)+ € "}(Ky/R,) =
Klm‘l:,é’l(xz/xg))f .
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The transformed problem is solvable by geometrie programming
and in fact the solution is (after letting€—>0)
(8.1.9) X = (kKp) /Ky

Transformation procedures such as illustrated above
have some shortcomings. If one is not clever enough to dis-
cover the change of variables which will transform the term
into a polynomial form, the problem cannot be solved by geo-
metric programming. The non-negativity of the priﬁal con=-
straints can also be avoided in a similar meanner, however,
this condition is not as obvious as the non-polynomial
functions.

A suggestion to users of geometric programming that
merits further investigation is that when formulating opti-
mization programse, resist reducing the number of primal
independent variables by assuming some of them constant.
Degrees of difficulty might be avoided or be reduced by
allowing more variables to enter into the primal program.
This is the area to which engineers and designers should
direct their efforts, because of their familiarity with the
problems the equations describe.

In conclusgion, it is this author's opinion that geo-
metric programming has wide application to mathematical
mcdels with polynomial objective functions. Despite the
limitations, geometric programming is a valuable mathe-

matical %too0ol for optimization of non-linear problems.
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APPENDIX

I. PROGRAM LINE

Program LINE is a simple line printer plot progranm.
The program consists of four partsa:
(L) A main program which determines the x and y scale
factors for the graph; coatrols the output for the
function values; and labeling for both axes.
(2) A subroutine (FUNPTS) which determines the minimum
and maximum values of the function for the range
of x values.
(3) A set of utility routines
(a) A routine which fills the print arfray with
blanks (BLNX) ’

(b) A routine which fills the print artay with
y axis information (BORDER)

(c) A routine which prints the print arfray
(PRINTM)

(4) A function gubprogram (FUNVAL) which must be
supplied by the user.

The steps which LINE performs to construct a graph are

(1) Determine the x increment |

x increment = maximum x value - minimum x valuae
length of the graph times © .
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Since the x axis is the vertical axis, the program

assumes there are six line printer charascters per inch.

If nct, the program can be easily modified to acccmodate

other print character sizes.

(2)

(3)

(4)

Evaluate the function at every x value, store these
values in an array, as well as determine the maxi-
mum and minimum values. The X values are calcu-
lated once the x increment has been calculated

from the relationship

X; ®= X increment times i+ minimum x.

Determine the y scale factor from the eguation

y scale factor = maximum y - minioum y
© inches times 10 characters/incn.

Blank the print array, fill the print array with
the top border, and print the border along with
the y scaling informsztion.

Calculate the number of horizontal spaces for each
y value, where the number of spaces is calculated

from the eguation

horizontal epaces = y; - mianimum y
y scale factor.

Fill the print array with the number of horizontal
spaces lecs one, and put an **7 in the last space.
If the number of spaces is less than one, no "*m _

or blanks are needed.
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(7) For every x value and y value print on the same
line the x value followed by the print array.
(8) Go back to step 5 until all the x values have been
printed.
(9) Fill the print array with the bottom border and
then print the border.
Because the logiec of the program is not complicated, no
flow chart will be given and only the FORTRAN code with an
example function is included. Only one line (or card) is

needed for input to this program. The structure for this

data is h
FORTRAN
Format Datsa
Columns Specification Description
l - 10 ®10.5 XMAX the maximum x value
11 - 20 E10.5 MIN the minimum x value
21l .= 30 El0.5 SIZE the size of the graph

vertically if this
value is greater than
15 inches, the program
resets this value
equal to 15 inches

II., THE PARALLEL TANGENTS ALGORITHM
The parallel tangents algorithm may be summarized as —

follows (refer to the figure below).
ETHUA TAKES LHRAD

¥ HOOL of Mo
OLORATO SC
Q'G_omm.. COLORADQ.
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(1) At the starting point py, evaluate the direction of

o steepest ascent.

(2) Proceed in the direction of steepest ascent until a
high point along this vector is found, ps.

(3) At pp evaluate the direction of steepest ascent and
determine the high point pg of‘this vector.

(4) 4t point py construct a new vector pz-pg; acceler-

ate along this vector until the high point p, is

reached.

PBaccelerate P4

— o —— —— ——— - -

- ——

. . ;From point pz to termination the algorithm is. . .

() At Py (1 even) determire the direction of steepest
ascent; proceed along this vector until the high
point py 1 is found.

(6) A%t py (i o4d) build the vector pj-pj_z, accelerate
along this vector until its higih point is determined.

{7} 1If an acceleration step at any point p; fails %o
improve the obJjective fuactlion, restart the pro-

cedure at p;_; (step 5).
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Vector Searching

Determining the high point along a vector is accom-
plished by means of a golden section search. However,
to employ a search, a base point on a vector instead of
an interval is used for the "first experiment™. This
trial point is placed an arbitrary distance from the
base point. If this trial point succeeds in improving
the objective function, a new distance 1s determined by
multiplying the trial distance by“‘+‘é§“. This is
repeated until a trial (experiment) fails to improve
the objective function. When the failure occurs, the
intervsl coAtaining the high_point is located between
the (n-2)th experiment and the nth trial, with the
(n-1)th experiment dividing the interval into a golden
section. The vector search routine then uses tne
traditional golden section search algorithm to bracket
the high point more accurately.

High points along vectors are not determined
precisely because this would slow the convergemse.
Rather, the steepest ascent step is allowed to make
proegress toward the optimum. Specifying one to five
experiments seems to give best performance.

Steepest Ascent

Directions of steepest ascent are determined
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as follows
(1) Establish the range for each variable, Ry -
(2) EvaluateAF;-.F\(fxl,xz, eee, XiRy,Xg 1,00Xp)=F(X)
(3) 1Initial perturbations 531 along the vector of
steepest ascent are evaluated for each inde-

ﬁendent variable, where

S = Br; & ry
i ‘AFi\ max °
/9 is initially set to 0.1, thus the variable

yielding the maximum AFy will only be per-
turbed 1/10 of its range. If the first trial
results _is a success then ﬁ? is multiplied by
l¢l+\/g— . : . .
T 2 . Multiplication is repeated until
a failure occurs, then the parallel tangents
algorithm proceeds to bracket the high point
using the vector search technigue. However,
if the multiplication fails, then K is
reveatedly divided by I+£%%"éuntil a success
ocecurs or 19 is reduced below some value € .
Values of € used in the steepest ascent
portion should be 10™% %o 1076,

Acceleration Step

The first trial from point p; (i odd) is set to 1/3—--

the distance p; - pj-3. If this trial yielde an -~
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improvement in the ovjective function, the vector
search proceeds in the manner described before. How-
ever, if the initial trial fails, two contractions of
the step size are allowed; if after two contractions
no successful trial is obtained, the parallel tangents
algorithm is restarted at point Py.1° During the
acceleration step the interval between p; and pj_z 1is
not searched.

Termination

Optimization is assumed to be completed when the
step size [? is reduced (by the vector search routine)
to a value less than € . Typical values of £ are

1072 1o 10°%.

III. PROGRAY PARTAN

The program is coded in FORTRAN IV and consists of six
distinet routines:

(1) The main program which contains the necessary logic

for the parallel tangents algorithm.

(2) The vector search algorithm (Subroutine VECSCH)

(3) The steepest ascent algorithm (Subroutine STPASC)

(4) The output routine (Subroutine WRITER)

(5) The user supplied function subprogram (Function

OBJFUN)
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(6)

67

The user supplied routine which assures that inde-
pendent variables are not adjusted beyond their
boundary values (Subroutine BCUNDS). Examples of
user supplied~rqutines are given with the source

code listing of PARTAN. Both of the user routines

‘must be supplied even 1f the boundary routine is

only a dummy routine. The structure of these
routines are given in the internal documentation

of PARTAN.
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INFUT DATA FOR PARTAN

Card No.
1

2 to N+l

2 to N+1

68

FORTRAN Punch
Parameter Format Card
Description Specification Columns
N, number of inde- I5 l -5
pendent variables
IEXP, number of‘experi— I5 6 - 10
ments to be used for
bracketing high point
of a vector
EPS, termination E10.5 11 - 20
criteria
ALPHA, the fraction of E10.5 21 - 30
the range that each
variable is perturbed
for determining steepest
ascent
Z(I), starting value for El0.5 1= 10
the ith variable
R (I), range for the ith El0.5 11 - 20.

variable

FLOW CHARTS FOR PARTAN

The following page

details the logic of the parallel

tangents algorithm incorporated into the FORTRAN coding.



LOGIC FLOW DIAGRAVS 69

LCGIC FLOW DIAGRAMS FOR THE PARALLEL TANGENTS AI;GORITHM

MAIN
PROGRAM
TR
JE T VECTOR SEARCH
READ: W, SUBROUTINE
i (VECSCH)
EE-U;I mm
b {.-:ATL&L._< i T _
o o
xlﬁ ;.z}! ICOUNT = ©

J '"_'"\17'_"'_
I ETA X -
(BETA = 0,1 m;»(gr;JS).__._.____.._D 2, DRITA 4—————-@

7 = ongE 5 *;;'; » STEEPEST ASCENT
| w D SUBROUTINE
e  (STPASC)

:

Braluste
Panaticat

'D: CRJPUN(X)

SITASS !
-
?
Vi 13
3]
?
w
Av

¥y =0
DELTA4 ™’ 1-5‘1“
—

Lazye ]

B2, - PN, |
1=, ¥ |

.

oy
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4.

noaonnooannon

noo noo

DON 000 Nnoo nno ono

onnoo

Source Listing for Program LINE

2
1

t**t******t*t*ttiktt*i**ti*t***t*#*tkt*t******iat**xt*****ﬁtttk*t
PROGRAM = LINE-

LINE PRINTER PLOT OF Y 3 F(X)

MAXIMUM SIZE OF: PLOT 6 INCHES HMORIZONTAL. (THE Y AX18)

8Y {5 INCHES VERTICAL (X AXIS)

XMAX 5 MAXIMUM X

XMIN = MINIMUM X
YMAX = MAXIMUM Y
YMIN = MINIMOM Y

Y IS8 AN ARRAY OF CALCULATED YsF(X) VALUES
M IS THE PLOT ARRAY (ONE=DIMENSIONAL. ARRAY)

DIMENSION Y(80),M(70)
DATA ISTAR/I1Ha/

READ IN THE MAX MIN X DESIRED, AND THE LENGTH OF THE: PLOT VERTICALLY
READCSs1) XMAX,XMIN,SIZE
CHECK SIZE I7 GREATER THAN 15 INCHES. 3ET SIZE = 15 INCHES.

IF{SIZE,6T415,) SIZE®LS,
FORMAT(BFlo 9)

COMPUTE THE NUMBER OF ITERATIONS: {ASSUMING LINE SPACING IS 6/INCH)
KESIZE*6,

COMPUTE THE X INCREMENT

XINC= (XMAX=XMIN) /FLOAT(K)

FILL THE Y ARRAY AND OBTAIN. YMAX, YMIN FOR SCALING PURPOSES

CALL: FUNPTS(Ky XMIN, XING, Y, YMAX, THIN)

COMPUTE Y SCALE FACTOR' (YSCALE?

YSCALE=(YMAX=YMIN) /60,

PRINT THE SCALING INFORMATION

WRITE(6,2) YMAX,YMLN,YSCALE,YMIN
FORMAT (LM, 18HMAXIHUM Y FOUND. = ,E42,64/,1H » L8HHINIMUM Y FOUND =
1EL2,64/,4H LTHYVALU 3 Y(SCALE)*;E12,6,2H+ ,E12,6)

BLANK. THE: FRINT ARRAY

FILL THE PRINT ARRAY WITH BORDER.

PRINT THE BORDER

CALL: BLNX(M,50)

CALL BORDERCH,6)
CALL PRINTM(M,70)
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ononno

o000

Nonno

nnon

Sonon

100
209

71

BLANK THE PRINT ARRAY

COMPUTE: THE. X ~

COMPUTE THE NUMBER OF BLANK. SPACES. FOR THE. PRINT ARRAY
PUT A » AT Y=F(X) IN THE PRINT ARRAY

PRINT OUT THE PRINT ARRAY

CALL BLNX(M,60)

DO 200 I=i,K

X=XMIN®(Iw) ) AXING:

KKs AINT((Y(I)vYMIN)/YSCALEn,S)
IF{KKyhT41) G0 TO 100
CALL BLNX(M KK)

M{KK*])= ISTAR

KLEKK#] -

WRITEC6,3) Xy (MCJ)rdB1,KL)
GO TO 200

KRITE(6y4) X

CONTINUE.

. FORMAT(IH sE1044,80A1)

FORMATCLH JE10,4)

FILL THE PRINT ARRAY WITH THE: FINAL. BORDER.
PRINT THE: FINAL BORDER

CALL BORDER(M,6)
CALL PRINTM(M,70)
£T0P
END

t*t*t***t**ﬁ*t*ttntﬁtﬁ*ikt*ﬂk#!*#*ﬁ**t*t***ttit*ki*ktt**tt*ﬁ*t*t*

1090

SUBROUTINE TO BLANK OUT THE PRINT ARRAY FOR THE § TO JTH FOSITIONS

SUBROUTINE: BLNX (NyJ)
DIMENSION N(4)

DATA IBLNK/IM 7

0O 400 I=i,J
N(T3=1BLNK

CONTINVE

RETURN

END

SUBROUTINE TO PRINT THE. PRINT ARRAY FOR THE: § TO JTH POSITIONS

**til**t***kﬂ*t***t**tﬂ*&**t#t*tk*ﬂ**tt***i****k***k*lkﬁ*ﬁ*t*ttﬂk

SUBROUTINE: PRINTM(MIJ)
DIMENSION M(1)
WRITE(6/3) (M(T)o3S58,4)
FORMATC1H lBOAt)

RETURN

END

RERRARE R AR LRI RRNRKRRRXKALRREMRRAARARRAAARKRRNANRNRARERRAKBRRRRAN

SUBRGUTINE TO FILL. THE PRINY ARRAY WITH A. BORDER. FOR: SCALING
THE | T0 9 POSITIONS ARE BLANK; THE: 10TH ROSITION. 1S 'ZERO!

SUBROUTINE. BORDER (M, J)
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200

DIMENSION M({1),JAR(:)

DATA IAR/IHI@ &Ha; 1H3l 1H“'1H511Hb' XH?, lHGpng/
DATA IBUNK/SH 7

DATA IPLS/iHe/

JPLSial+]

DO 100 I=1,9

) MLIIBIBLNK o

M(10s=1IPLS

DO 200 1=2,JPLSY
KF&*lQ
M(K29)2TAR (L)
M{K=5)BIAR(R)
M{XKn7)}=214R(3)
M(K=633TARCY)
M{K=S)=TAR(S)
M{Knd)2TAR(6)
M{K=3)=21AR(T7)
M{Ke2)5TAR(8)
M{Ke})2IAR(S)
MIK)=1BLNK
M{JPLS1810)=IPLS
RETURN

END

ﬁ*ﬂ*t*ﬂ*t*k****t*t****tg*ti**it***ﬁ*t*******t**kt*****!fﬁtﬁ**t*i*

109

SUBROUTINE TO FILL THE Y ARRAY AND FIND YMAX, YMIN

SUBROUTINE. FUNPTS(J, XMIN, XINCyY,YMAX, YMIN)
DIMENSION Y(1)
YMAX==],E=10
YMEN=1,E10-
90 100 I 1ed
XEXMIN#(Imi }aXINC
YC(II=FUNVAL(X)
YMAXZAMAXS CYMAX,Y (]
IMINSAMING CYMIN, Y (T
CONTINUE -

USER MUST SUPPLY HIS OWN FUNCTIGN SUBPROGRAM GALLED 'FUNVAL(X)'

R ¥R W

)
))

RETURN
END

RANRRRRARRRANRARRRRRRRAARRKRARRR AR A AR RK AR A RRARARTRXARRARLERRNAZIRE AN

THIS IS AN EXAMPLE FUNCTION SUBPROGRAM
THIS IS THE FORTRAN GODING: OF 'THE. E0Q MODEL

FUNCTION FUNVAL(X)

Nol=X

H0232,23,4W0}

HO3m2,aM0iel,
AewogrALoslotee,/uOI)
AnA+N02AALOGIQ(24953EnS/HO2)
AZASNOIRALOELD (; Q4T7ES8/H03)
AR 0,%3A

RS Oy

FUNVAL 24
RE TURN
END
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c PROGRAM PARTAN==PARALLEL TANGENTS OPTIMIZING TECHNIQUE USING
el —VECTOR-SEARCHING—AND--STEEPEST-ASCENT-ACCELERATING -PRICEDURE ¢ - oo -
c
c NOTATIQN OF VARIABLES WUSED IN THIS PROGRAM AND SUBROUTINES
R : — S
c BCLl,8C2 STORAGE ARRAYS FDR PASI VALUES OF Z, USED IN COMPUyAT!JN
c OF ACCELERATIOM STEPH
C-- F .VALUEWQE«OBJEC$LVE—EUNCIlDN_AI~AN¥~$hlAth~»—v—_u~-hmw—w~wh~
c - FB VALUE OF OBJECTIVE FUNCTICH AT LAST SUCCESS FB=F(2Z)
c KKy KKK, 1,8 VARIABLES USED. IN SETTING PROGRAM LOGIC . ) .
e G TES T, - o e e
C
C N NUMBER OF INDEPENDENT VARLIABLES
e e L e VECTQR--QF-RANGES - FOQR THE-INDEPENDENT-VARIABLES ~ i o
c X VECTOR INDEPENDENT VARATASLES TD BE USED FOR & GIVEN
o FUNCTION EVALUATION
-G Z - ARRAY--OF- ENDEPENDENT-V4RLABLE- VALUES -THAT - YIELDED L AST oo -
c IMPROVEMENT OF OBJECTIVE FUNCTION
c BETA SCALAR USED 77 SET STEP 5128 FOR STEEPEST ASCENT RQUTINE
e B e INE T LA A B E T2 0 1 - VAL UE - IS - REDUCED-UNTIL-IT FALLS — — o o
c BELOW THE VALWE OF EP3 (TERMINATION OF PRUGRAM)
c " DELTA PERTURBATIONS ADDED TJ Z IN ORDER TO OBTAIN A TRIAL X
-l e AE N A —FRAGFIOM- OF—RANGE-HSED -TO-EVALUATE-PARTIAL DERIVATIVES -~ -
c EPS,TOONE  TERMINATION CRITVERION
¢ IExp NUMBER OF EXPERIMENTS USED TO LQCATE VHE HIUH Pn NY
C-- EEs ALONG - A -YECTOR—— e o e R
c FACTY CONSTANT MULTIPLIER
Facre CONSTANT HMULTIPLIER
A= G TORTY e - OUTPUT - INDIGATOR -erVTEQWtDIATE RESULTS PRINTED - R

=0, ONLY BEGINNING, AMD FINAL ANSWER PRINTED
EARKERIAKRKK KRR KRAKRARK A RARKEIKA KKK R AR KKK AR AR A ARRR A KR AN &k e dok R

- e GUBROUYTINES -REGUIRED - o oo oo oo cmomm o+ e e e o <+ e i or et = e+ o o oo
VECSCH VECTOR SEARCH ALGORITHH
STPASC STEEPEST ASCENT ALGORYTHM
G - DBJFUN- — USER-SUPPLIED-ROUTINE -FOR-THE OBJECTIVE FUNCEION — — — —
MUST BE OF THE FORM FUNCTION 08JFUNCX)

DIMENSION X( )
e e i NG T T ON—S TATEHMENTS — - emu v e mm_mw o mm_ s W
STATEMENT MUST BE LAST 0OBJFUNZme =o =a «r cve wo

P

. : “RETURN
- S e e : S END. e e e e e
WRITER DU|PuT ROUT INE
BOUNDS USER JPPLJtD ROUTINE TO ASSURE THAT PARTAN DCES NOT
e g L EOL AT E -V AR TABLE  BOUNDS - MAS FORM - e i e
SUBROQUTINE ROUNDS{X)
. DIMENSION X( )
s Y AR LA HUUVUARIES - el i e
RETURN
END
e G e CAN AL S O0--BE- A UMMY . ROUTINE-AITH- ONLY--THE-DIMENSION, — -

RETURM, AND END STATEZVENTS
KRR kKK R A K KK AR R KRR KA KRR RA KRR KRR XK KRR KRR KRRRK KA SR AT KKK RR AN A RRRIRX
SLOGICAL —~ IDONE- s e e e e e i e e«
DIMENSION BCI(L0), AC2(10)
COMMG N x(lo), Z(1i0), H(lo), Jt;TA(lQ), N, Fa, dtTA, EPS, FACTY

i ﬁnnnnnnnnnnbnnmnmhnnhnnnn

i
1
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—— (ol
S o

C

COMMON  FACT2, ALPHA, IEXP

IMITIALIZE,PRGGRuu CJMSTnJTS AND FACTORS

c.

,WWMIDQNE___,FALSE e e e e e e - T
BETA ol
FACT2 5+EQRT (5,372,

e FACT L =L b FAC TR o : e e e

C
c

L

READ IN THE COVSIAN[S FOR TﬂF GJJECTTVE FUVCTION

RFAD (5 1001) N, I‘YP, Eﬂa, AL“ﬁA,IOUT

-1001 FORMAT (215 2E10,4,19)

IS

c

C
c

c
c
R
c

READ IN THE INIT'A‘ JALUES FOR INDEPENDENT VARIABLES AND THEIR
QANGEJ
DD 100 I Ir
109 READ (5,1002) Z2(I), R(I)
1002 -FORMAT ~LREL0 g4) - - omim oo o o i Lt i

TRANSFER Z VECTO* INTJ X am) 5?1 VECTWRQ

DO 103 I= 1:
X(I) = Z(1)

-~3-09- BE (L) -=-L ( T e e e e e e e e+ e e e o o e e 1

EVALUATE FUNCTION AT INITIAL CONDITIONS,PRINT RESULTS,AND STORE
e e FUNC FLON-VALYE (F ) INT G-F— — — . S—

£ = 0BJFUN(X)
e e WRETE (20 10 0 e e e e —
1004 FORMAT(/2X,4SHINITIAL STARTING CONDITION FOR OSJECTIVE FUNCTION)
FR3 o= F

e e —CALL WRITER —(Zy Ny FB TOUT = e oo — S S ——

DO N0

EVALUATE THE DELTAS FROM STFASC SUBRIUTINE

CALL ST’AoC

CESTABLISH A-PASE-POINT. FOR-THE VECTOR-AND DETERMINE. IF-ORTIMALITY - -
HAS BEEN OBTAINED

e L ALk VECSCH G IOONE L - m oo oo e e e

IFCIDONE) GO TO 999

START-THE -PARALLEL -TANGENT S~ ALGORI THM o oo oo e

_STORE-LAST-SUCCESSFUL-TRIAL-VALJES-OF INDEPENDENT VARIABLES IN-BC2

110 00 145 I=i,N »
LS BORC T YT 20T ) o mrm o rm e o e e e e e e e s

EVALUATE THE DELTAS FROM STPASC SUBRQUTINE



—C
C ESTABLISH A NEw POINT FQR THE VECTOR
c .
e CALL--VECSCH--¢ IDCNE 1) : - —
IFCIRONE)Y GO TO 999
c
€ ADJUS T —THE-DELTAS—SO- A(‘CELERATI(}\—ALONCMTHE VECTOR-CAN-BE-DONE —— - —
c
120 D0125 I=1,N : cea T w : -
e 12S-DELTACL) 2 (Z (L) mBCLCL ) A3 s B :
c
C FING THE HIGm POINT OF THE VECTOR AND DETERMINE IF UPTIWALITY HAS
e G - ~BEEN- REACHED —— S —— e e e £ o e,
C
CALL VECSCH (IDONE,Q)
i e e TR FRONE Y —B0 - TG990 — e e L p— © v e e v 41 e e
C
C STORE THE LAST SUCCESSFUL VALUES OF THE INDEPENDENT VARIABLEo (23
o € INT OB F ROM-BE2-—AND CONFANUE-FHE-PARTAN-ALBORIT e o
C
130 L0 135 I= i,N : :
e 435 BE (1) 2802 (T : ’ - e i
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CALL STPASC

FUNVAL=OBJFLN(Z)
CAlLL WRITER(Z, V,FdhvﬂL 10 UT)
e GO FU-4-10 - - : e

O

CAM ONLY REACH STATEMEMNY 999 IF THE VALUE OF BETA HAS BEEN REDUCED

c
e = BELOW-THE -USER VALYE -OF ~EPSm oo — B
c

999 WRITE (20,1003)

e k003 FORMAT (£ 2X 2L HOP TIMIZAT LON-COMPLETE L/ Ao oot oo e e e e =

FUNVAL=0BJFUMN(Z)
CALL HWRITER(Z, N ,FUNVAL,I OUT)

SURESSPSRIIN 5 Y o WU UY Iy N = T RN P

XCI) = ZCI)+ALPHAXR(I)
F s QOBJFUN(X)

e XLIYEZCD)Y e S e s e

100 DELF(I) = F=F3
¢
C - DEVERMENE -THE -LARGEST-CrANGE -IM-TPE- VALUE OF-THE -GBJECTIVE-FUNSTION -

RSN - 5 . o = Y0 P ' . N, e
END
c AKX KK KRR IR AR AR A ARKRARKARKAAKRRR RN AARARRRRAR R A ARRR SN A A AR TR AR A TR
e e SYBROUT I NE--STPASC —- T R - e e e e
£ : :
c STEEPEST ASCENT ALoJRITHh
[ s e e e e -
DIMEMNSTON DELF(lJ)
comMan  X(10), Z(lo), R(10}, DELTACL0), N, FB, BETA' ch, FACTI
e e COMAUNo-F AC T2 pbibe PH Apeoe T K P o e e
c ‘ .
¢ - EVALUATE THE DIRECTIONS OF STEEPEST ASCENT BY EVALUATING ALL
c e DELFAIISF X)) pae e XCI) +ALPHAXR (ANGED (1) X (NI I =F (Z) - ~WHERE. ALPHA — — ..
C IS A SMALL FRACTICGN (TYPICALLY 1,0E«03 TQ 1,0E=G6?
C
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C
e AFMAX R AB S (DELF (1) e e e - N
DO 200 I=2,N
200 AFMAX=AMAXL (AFMAX, ABS(DFLF(I)JJ
e e e e e e e+ e R -
c INITIAL PERTURBATIONS ALONG THE VECTOR OF sraEPtsr ASCENT ARE
c EVALUATED FROM DELTA(I)=BETAXR(ANGE) (I)4DELF(I)/(MAX ABSOLUYUTE VALUE
e oA DELF( L) p R4 N Yo e S
c THE VARIABLE YIELDING THE MAXIMUY DELF(I) AILL BE PERTURBED A MAX
c - OF BETA*RANGL
G- e e e e e i R - -
bo 300 1= 1N
300 DELTACI) = BETAxR(ID*DELF(T)/AFMAX
e —RE FURN [ e e e+ e e e
EnD
C KAKKERKAKA KR AKRRKARARARKR KA A AR KA R KR AR A AR R RARAR KRR KRR A AR AR ANRKAANAR AR A X"

o SYBROUTINE VECSCH -~ CIUONE g MR-} oo oo oo oo oo o+ o oo
LOGICAL IDONE
COMMUN  X(10), Z(1l0), R(C10), DELTA(C10), N, FB, BETA, EPS, FACT!

- COMNON-—FACT2,~-ALPHA ,—IEXP- — - N —

G
c FROM HERE TO STATEMENT 145 THE ALGRORITHM Is DEVUTtD TO BRACKETING

s G = FHE-RIGH-POINT ALDHG—A-VECTOR - o o o e o e e i e
c
c

e o e K e e — IND FCATOR-VARTABLE - F-£K 20 -DONT-REDUCE BETA-THE STEP-SIZE—-
c KKK INDICATOR VARIABLE FOR A GENERAL PROCEDURE IMCORPORATED -TO
c YIELD GOOD GUESSES FOR. DISTANCES TQ BE TRIED ALONG THE VECTOR

il KTEST—— LOG-LE A INDLCATOR—Y ARTABLE- KTEST=4, SUCCESSFULLYBRACKETED— -

c HIGh POINT KTEST=0 INCREASE STEP SIZE TRY AGAIN
c s INDICATOR VAKIABLE S=1 EXPERIMENT RESULTED IN A succa“'
G — CONTINUE-INCREASING-INDEPENDENT--VARIABLES - — S ——
3 S=-1 EXPERIMENT RESULTED IN FAILURE, DECREASE VALUE OF
¢ INDEPENDENT VARIABLES
el e e e e e — e e e S B
S = 0.
KTEST=0
S J- -3} e e o i et~ et ot s e et
KKK = =3

109 DO 105 I=i,N
e P05 X CT) T T IADELT AT ) oo e e e e e e e e e -
CALL BCUNDS (X)
F o= 0BJFUN(X)
e T (F GG T o FBY GO -T0- $20 o - mm o commn e e e e ¢ e
119 DO 115 I=i,N
11: DElTA(I) = OC‘FA(I)/‘A L .
P — KTEST=L — o o [P et et s e e ol it e+ s © e+ e+ e e e
IF (3) 145:1351143
120 DO 123 I=1,N

SN A ¢ § TRIS Y § & - e e e ot e = i 2t e+ o
125 DELTA(;) = DE'FA(I)*FA»Y)
3 = i
e e e e s Ff}" R e e e e e mm e e e am e e e m e mmem e o o+ e ae e e
Ir (KTEST ET '0) GO TO 130
G0 TO 110

130 TF (K& EQy 09=G0- T - §0 0 o s o s el
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BETA = BETAXFACT2
——GO-TH-100

135 IF (XK,EQ,0) GO TO 140
BETA = BETA/FACTY . :
i LR ( BE T A LT ERS )50 0999~ S —
G2 Tu 100
149 KKK = KKK+1!
I KRG LT 006 0-T0—100- —— - B —
- .
c FRGM THIS POINT T0 EXIT THE PROC EDURE IS TO ACCURAYELY DETERMINL .
com G ww*Tﬁﬁ thH POINT-ALONG-A-VECTOR - e o e e i e
c
c EXPERIMENTS ARE PLACED IN THE INTERVAL CONTAINING THE HRIGH POINT
G~ TO-MORE. PRECISELY-DETERMINE-THE-AIGH_POINT - e
c
145.00 150 I=1,N
TS, A O W 5 o TR 20 Y - o N g S OO
CALL BOUNDS (X)
F = 0BJFUN(X)
IF—E 6T F B}~ 6G—-T3— 55— - e
S = =8 .
GO T+ 165 L -
R N S — ) e [ S

DO L0 I=i,N
16¢ 2(I) = X(I)
—— e p oS B 6 T L EX R )G 0T 01 75— — — e | - e
00 170 I=1,N .
170 DELTA(CI) = PELTA(I)/FACTB ) ; S
e e J B J e ’ O
IF (KKK.LT.0) GO TO 100
GJ TO 145
=175 -DO-480 IS N-—- —_ : m e e e e
18¢ X(i) = Z(1)
RETURN : : .
- .--.QQQ-IDUNE T TRU‘-. e [ S 0 P S
RETURN
END
G e AR RRKAKKAKIRK AR KRR KI KA KHIREREERR KR RIRAAA LRI KA AR AR AARK R AR AR
SUBROUTINE WRITER(Z,N,FUNVAL,I0UT)
CIMENSION Z(1)

Y S —— e e e e n e et e .
C SUBRJUTINE T0 NRITE 0UT THE VALJE OF THE DBuEC’IVE FUNFTIOV AT ANY
C POINT
e e e e 4 e O -

IF (IOUT,EN.2) RETURN
WRITE (20,160) _ : :
e L300 FORMAT - (/ /4 38AVALUE- OF - CRJECTIVE. FUNCTION-FOR-THIS-2//) - - — ~n-
CWRITE (20,2000 (I1,2(1),1%1,N)
200 FORMAT (2XS(2X2HZ(I2,4H) = E10,43)

e WRETE (20 308 Y FUY Al mom e o oo o oo e - - —
309 FORMAT (//27HOBJECTIVE FUNCTION VALUE = F20,6//)
RE [URN :
JE E'QD...».. e e e e e - . - PR . — PO -
C AEKERRRAKKEAR KN LXK AR AR AKRRKAKKRARARK XK AR AN KRR KKK A ARRKRRAA KRR ARy R ARk Xk

FUNCTICN OBJFUN(w)
e T DIME NS TUN W (c Jom s o oo o e o e e e
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C THIS FUNCTION ROUTINE DEFINES THE GEOMETRIC PROGRAMMING DUAL

e e FUNGT LON--OF -SHITHS -GENERALIZED-RRODUCTION.-INVENTORY-. MODEL

C

o
CALL BOUNDS (W)

7 S AR
woasy(2) SN
C WHO3=w (32 ,k_’-V
e LA QRN () e o e T L D -

WOS=] ,=WdL= WOZ-#03-~04°N(S)
HOb=YW(5)

e L W O L W D e e

W12=W03=Ww0d

W1321 =(WOl+W02+WO3+N0d+2 20 06)

78

c ALL THE WEIGHTS HAVE BEEN SOLVED IN TERMS OF W01,w02,%03,%04,W05,
e AND- W06 AND-THESE VALUES -ARE—SU3STITUTED INTO-THE -DUAL--FUNCT.ION- -

IR LWL AW E2PN LS e e i m e s e ] e e —
A= ( (5,700 1) %x%xk01)
AzsAx( (S, E4/402)x%xa)2)
mrmm e e ARAR (G20 A WQRI IR AN D) - ‘o o e e
AsAX( (7 ,2E4/W04) xxa04)
A=Ax((104/W05)x54W053)
i e - ABARL (L G AYES LW X W06 ) -~ - — e
ASAW (4 *W10/Wi1)xxnl))
AzAx((32,4AW10/W12) xxW12)
e ABARC (L 20 XANLG L3I R RANL D) —~ e e e
300 OBJFUNSA
RETURN o _ :
PO E e\“} e 1 et et . 12 A it et a2 8 1t et 0 i 2t e o reme e 2t e 1ot et e 3 n e ers s et e e e I
SUUROUTINE BGUNDb(d)
DIMENSION »(1)
U C, e — e it e e P i - P
c SUBROUTINt T0 CHECK THE dOU%DARY VALJFS FOR THE INDEPENNENT
c VARIAdLES SN
G b =W CEI-GT 00 IF—W(I) -NEGATIVE- SETM~(I) 1y 0E=03%-- — —
c 2, WOl GT wo2 IF NOT REDUCE W02
c 3, W03 BT w04 IF NOT REDUCE w04
J— _C_w~ - —_
D0 59 I=4,5 .
50 IFCW(I)LEJDL) AC(I)=1,E=S -
e S Q. RS B S SV -5 T BEE o+ Vi o B Y, SO S —— -
W(2)=,B8x49(1)
192 IF(W(3).6T,W(4)) 30 TO 260
R TS U TN I e e e e e e e+ <+ e o e e e o —
209 IF(J.ET,.0) RETUKN
_ RETURN
B 1 OO S PSSO
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APPENDIX B

PARALLEL TANGENTS PERFORMANCE

To test the performance of the P ARTAN computer
program, the thesis committee submitted four problems
(with degrees of difficulty gfeater than zero) to be
optimized by means of geometric programming and the
parallel tangents algorithm. Only one of these .~
four problems_proved to be unsolvable by the methods
presented ig Chapter Two. Further analysis and
research is continuing to determine the cause for
failure.

PROBLEM 1: (Unsolvable by PARTAN)

Minimize: C

p = 100,000(s-.1)> + 2100(1-5)2.-

+ 1095s~1,

Simplification of the problem leads to the expression

' o 2 .

Minimize: CT

p=2000=100,000S> -27,9008
¢

-12008 +- 109581,
The geometric programming dual problem has two degrees

of difficulty and the expression for the dual problem

is
Waximize: (_‘_l_qp,ooo)‘”m 27,903);‘"02 12’56‘”03'1095)"’04
o1 Vo2 ¥o3 Vo4,
Subject to: “ _
Woq = Wop TiWoz T Wgy = 1

’

SWaq "Wy < Wz~ Wg, = O
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As stated before the problem proved to be
'unsolvabié by means of PARTAN. A1l the combinations
of two weights‘werebattempted. Inabiiity to solve
this problem can more thén likely attributable to
the fact that bounds for the weights are unobtainable.

PROBLEM 2:
Minimize: Cg = 10(0 + 1)P™! 4 (22.5 + 5.73P)07*°,
Simplification of the problem leads to the expression

1

Minimize: C, =100P~' + 10P™' + 22,507*7 + 5.73P07 ',

P
The geometric programming dual function of this

problem has one degree of difficulty and the geometric

programming equivalent of this problem is

Maximize: /10 )701 (10 3"02 (22.5)“’03-[5.73')’%4
(Wm Y02 Y03 \ Vo4
Subject to: Y01 * 4 WO2_ + Woz *+5 W, = 1
“¥01 Y02 T You

04
Moq T w7 T eSWp3 = w3Wgy = 0.
By utilizing the techniques in Chapter Two, the

most rgstrictive bounds are obtained for W04 that

is 1/3§w04é1/2. By solving the constraint séfrin
terms of ¥ou and using PARTAN to seek theoptimum,

the minimum cost of 34.778 is obtained when You =
0.3682. Values for the primal variable are P=5.4978,

and 6 = 6.0236, Using these values in the expressions



for the derivative of the primal cost function with™
respect to P and © forces the derivatives to vanish.
Thus PARTAN was able to obtain the optimum.
PRQBLEH 33 7
Minimize: Cp=5000Q37 + (324)(3800)Q5" +
| 20Q0(W;1g;%;2.12 +.01)Q,.

This problem has one degree of difficulty and the
geometric programming dual function is
Maximize: (ggggj)wo1 (1.2312x1o§)w02(?15;5)W03
Yo1. Vo2 Y03
Y01 + LD + i w53’ = 1
«TWgq . Wop *+F Woz = O.

Subject to:

Inspection of the above constraint set shows
that the most restrictive bounds that can be obtained
are for wg, (;412€w0é£.5). Using PARTAN the
optimum cost is 103,175.0 at Woo=-4299. vAssuming
that PARTAN sbtained the optimum, the optimum value
of Qg is 28.08455. Since the expression for the
derivative of CT with respect to(Qb is not directly
solvable, substitution of the value for QB into the
expressionvfor_the derivétive deces force it to vanish,
Therefore PARTAN di& obtain an cptimum for the problém.

PROBLEM 4:

2 .78

Minimize: 10Q§‘ + 465Q§j + 216(Qg

Q
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- -6
+ QAx10 .
Simplification of the above expression leads to the
two degree of difficulty primal problem
Minimize: 10Q, Qg*~ + 456Qp" + 21.6x1.250Q4
+ 1 0—6QA.
The geometric programming dual problem is

Maximize: (_1_(;_ :301 (ﬁj:oz (21.6)"’03 (21@::1.25)’”04
W
04

Yo %02 Yo3
(10’6)W05
WOS L 4 ‘
Subject to: Va1 4+ Vg w03 +‘w04 ++w05 =1
Y ++ w05= 0
Ti2wg, = Voo -,78wo3-w04 = 0O,

By'experimentation the most_restrictive bounds that
can be obtained are for w, and LA (.78/3:2-éw01é
1/3.2 and_05w02£.294/.407). Using these bounds in
the PARTAN program, the optimum cost is found to be
0.898. Solving for Q, and Qy and assuming this is
the optimum cost, th; values for QB and QA are
65,309.6 and 1717.8 respectively. By substitution
of these values into the expressions for the der—
ivatives of the cost function with respect to QA and
QB forces these expressions to vanish; Therefore
optimility has been determined by the parallel -

tangents algorithm.



