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ABSTRACT

A controlled magneto-telluric depth-sounding technique 
is developed in the time domain by way of the theory of 
eigenfunctions. The use of Maxwell1s equations leads to 
a differential equation that is solved by separation of 
variables. This in turn leads to an eigenvalue problem.
Both harmonic and non-harmonic solutions are formulated 
in terms of eigenvalues.

The harmonic solution gives a result that is dependent 
on frequency. A computer program was developed for the 
multi-layered case of horizontal, isotropic, and homogeneous 
layers above an infinite half-space. Model curves of one 
and two layers above a half-space illustrate changes in 
resistivity, layer thickness, and permeability.

The nonharmonic solution results in an expression that 
gives the time derivative of the wave impedance as a func­
tion of time. A computer program was developed to evaluate 
the multi-layered case. Several graphs illustrate the 
functional behavior of this time dependent function. A 
comparison of time and frequency dependent solutions is 
made. Model curves are commuted that include published *
values for the induced polarization effect.

The theoretical development shows that the rising 
slope portion of the wave impedance in the time domain 
contains the sought after information; i.e. layer thickness and



T-1879

resistivities of the geo-electric section* A controlled 
source magneto-telluric field technique is proposed that 
employs a single straight source wire of one-half to 
several kilometers in length, grounded by electrodes at each 
end, and utilizing a square current pulse as input into the 
ground. The receiver array would be placed at a distance 
of five times the source wire length. The measurement of the 
electric field would be accomplished by placing two 
straight wires, grounded by electrodes, at right angles to 
each other onto the earth’s surface. The time rate of change 
of the. magnetic field is to be measured by two horizontal 
induction coils placed at right angles to each other onto 
the surface of the ground.

The field data techniques as proposed above were not 
utilized; however, field data obtained from the "Long- 
Line Experiment" serve equally well to demonstrate the 
proposed theory. This experiment was conducted by sending 
current pulses of five minutes duration over a high 
voltage direct current transmission line. This power 
line extends from the Columbia River to Los Angeles. Data 
from this experiment demonstrate an example of the 
application of this new technique proposed in this work.

v
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TABLE OP SYMBOLS
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INTRODUCTION

1

The magneto-telluric depth-sounding method has seen 
infrequent use as an exploration tool, This is due in 
part to the difficulties associated with field data acquisi 
tion, and partly due to the difficulties inherent in the 
theoretical evaluation of the data.

The naturally occurring fluctuations of the earth's 
magnetic field are often quite weak, if not absent, and 
they may contain only a few dominant frequency components 
that can be measured. In order to construct a useful 
curve that can be matched to a conventional plot of 
apparent resistivities vs. a function of frequency it is 
necessary to have not only reliable amplitudes of both the 
E and H fields but also frequency components over several 
decades in width. To obtain representative amplitudes, 
field techniques have been developed where narrow bandpass 
filtering is employed. Computational transform techniques 
to obtain spectral amplitudes may give unreliable results. 
The motivation for this research was that a time depend­
ent rather than frequency dependent theoretical result 
might perhaps be more useful for the evaluation of field 
data. One possible approach was that of dimply computing 
a function in the time domain by the use of the Fourier 
transform. However, it was felt that the solution 
by the method of the separation of variables might
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lead to a more practical result. The two equations resul­
ting from the separation of variables were initially 
solved in terms of infinite power series to insure the 
most general solution. These power series were programmed 
and convergence was established. However, due to concep­
tual difficulties and programming expense the time depen­
dent power series approach was later abandoned in favor 
of exponential solutions of the differential equations.
This is the approach presented in this work.

Prior to this time no theory had been.developed to 
evaluate magneto-telluric data in the time domain. The 
time domain solution is intended for application in 
controlled source magneto-tellurics. This technique elimi­
nates problems encountered in detecting weak natural fields 
or difficulties encountered with recording during periods 
of low activity. Field techniques can be designed to insure 
that the theoretical assumptions of plane wave theory hold. 
Depth soundings may be taken at several locations using 
the same source. This in turn results in a more efficient 
field procedure compared to the more commonly used resis­
tivity depth sounding techniques.
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THEORY

In the magneto-telluric theory for plane waves the 
use of Maxwell’s equations in conjunction with the 
appropriate constitutive relations results in the follow­
ing equation (details of this derivation have been dis­
cussed by Keller and Frischimecht (1966)).

v * - * ! ! * « $  (1)

With the proper choice of coordinates equation (1) reduces 
to the single equation:

y 3 Ex , cu X
az2 p 3t at2 ^

The solution to equation (2) making use of the method of 
separation of variables is as follows :

Let

Ex(z, t) = T(t) Z(z)
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a2E
az
f=T(t) Zzz(z)

Then

3E
- 5 F - Tt (t) ZC=)

32Ex
x - T»,(t) Z(z)

at2 ct

T TZzz u t tt
—  - p ■» —

Where T = |̂ - and Z -I at ZZ jjj 2

Then let

Z

en — p . *  ï._i = . X (3b)

Where X is the eigenvalue common to both (3a) and (3b)

■ssss?
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Now let 3(z) be represented by the infinite series :

2 n
zW  “ bo + V  + V  bnz„ ( W

Rewriting (3a), we have

♦ XZ = 0 : (5)ZZ

The solution of (5?) using (4) is:

. 2  .2 4 .n 2n
2(Z) ~ I 1 " TT~ + —At"- +•• Or.

. 3  .n^2n+l* bl lZ * TT +*"+ (2n+l) ! J (6)
The quantities in parentheses above are the Taylor*s series 
expansions of the sine and cosine functions ; and the result 
is (see Churchill,1963, p. 35) :

X(z) = bo cos / X z * b x sin /\ z (7)

For.negative values of A , let us make the substitution
p= -m (m real); then equation (7) becomes :
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*  b cosh m z + i  b, sinh mz o i

-mz

*  B cosh (mz + y )

/ 2 2Where B -  'Vf b *  b... ■* o i

and Y = ln o2 - bl2 + i2bobl
bj- + b12 o l

For equation (3b) we have

^  Tt t + 5-Tt + X T =  0

Rewriting

Tt t  *  FT Tt  *  Ï T  T °  0

To simplify notation let:

1 ope = t and — = c ye

6

(8 )

V u

$
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We get

Ttt * T Tt ♦ X=2 T - 0 (10)

Or, generally

Ttt * P1 Tt * P2 T = 0 (11)

Equation (11), however, is one of the more common differen­
tial equations used in mechanics, electricity, etc# The 
discussion that follows is essentially the one given by 
Bear (1962 ) •

The solution of equation (11) is:

(r2 + p.- r + p ) (12)

Where
r * pt r <• p0 = 0 (13)

is the auxiliary equation for (12)

Prom (10) we get:
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T2 * Y T * ?,c2 ” 0 (14)

The solutions to equation (14) are:

*1,2* " 2 7 *  V ^ 2  " Xc2 05)

1 2Or finally, for — 5- < Ac4t
—t      ̂ %

rr(t) ~ e2T ^ a o cos ^ A c 2  Ç  t * sin ^ A c 2  Ç  (35

Or, equivalent to (16)

T(t) = A e ^ 1 sin (wt ♦ a)
rl ,
2t (17)

where w = _ J__ (18)
^ 4t2

i*e», w is a function of the eigenvalue A . For negative 
values of A , as before, let X =-in ; the solution to 
equation (10) becomes : ,
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S(t) - (aoeot + (19)

V/here 7 1 2 2 (20)

Equation (19) can be rewritten (see Keller and Frischknecht, 
1966)

1;2tT(t) » 2e yja0ai cos^ f ut **■ ln W (21)

Next we need to compute the wave impedance Z, defined as

Z « Ex
H .
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The approach that follows is borrowed from Keller and 
_ Pris chime cht, 1966, p. 215»

• 3E
x = T(t) Z<z) ; aT"= T(t) Zz(z)

Hy " Hy,o f(t) : F =Hy,oTt(t)

Hy,o = T ( ty  : 3t r = T T E T Hy (22)

and froiq

3EX 3H
55”  ° " 3 ^

Tt(t)
T(t) Z2(z) = - v Hy

°r * " - 2T ^ P V : )  (23)

SSESr
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T ft)
T h e n z - g -  (24)

Next we need to evaluate the expressions

Tt(t)
*~T(ty (See equation (2I4.) )

We will first derive this expression for equation (21), 
i.e..

T(t) = 2e2T cosh

Prom (21) we get for T^(t)

-t
2 V aoai 6 cosh (ut * B) + a) sinh (ut * (25)

where g = In o

Equation (25) can be simplified by the following manipu­
lations :
Let a be a number such that
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or

Dividing by a
/  1

(26)

V-lf-l* - \ 4 J 2 (27)

.̂ Equation (27) is seen to have the form

2 2 icosh x - sinh x -• 1

Equation (2?) holds for an arbitrary a, let a be chosen 
such that

- cosh 0 ~ “

JL
"sinh (28)

However

cosh (x - y) = cosh x coshy - sinh x sinhy

Finally we have from (21) (29)
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T t e - 2 ^ V l  C

t
2t 2t cosh (u t + B) - ~ sinh (u t ♦ a a

2t cosh 8 cosh (ut * 8) - sinh 8 sinh (ut + 8)

-t
» - 2 e2T a sinh ( • ut) (30)

Or '

-t
2tT^Ct) = 2 /aQa^ e a sinh ut (31)

Dividing by (21)

a sinh ut
T(t) cosh (ut + 8) (32)

where a = T~ = meU -
4 T

2 i „2 1and 8 = tanh* = tanh" y-
1 ♦ 4t2 q 2c 2

1 2 2 . m e
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Using a similar approach (see Bear, 1962) as before with 
equation (17), i.e..

:T(t) =• Ae2t sin (wt *»* a)

we get

T
'4 = ' J  * ~2  r ' (33)4t sin (wt + a)

where a - tan 2w t

Equation (24) can now be treated similarly to the approach 
used in Keller and Prs chknecht, 1966, p.216.

To simplify matters the following notation will be used; 
let:

,,, m Tt (,. «. „(», ««!, „0 ) )
’ ■ - " h — ) < 3 M

and - wave impedance in layer (j) at depth z±

also from (7 )
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Z.(z) [ •
b sin VT z * b_ cos /k z o 1

(32)

Then(2l}.) becomes

B(j) b cos fk z. * b- sin Æ  z ^u) _ Bw/ o   i 1_______ :
^ V5T ~ b sin Æ  z. + b. cos /x z. (3^)

. °  . i  i  i

^(j) _ bQ cos fk z±+l + b1 sin /T z ^
Æ  - b sin vT z. - + b_ cos /x z. .o 1+1 l 1+1

Then = Zi+i B0) tan /T z.^
D

b0
Finally eliminating y—

,(j) = B ^ _  [Zjil ^ BJ tan Æ  (z. - z^)]
1 ^  Æ  tan ZT (Zi - zi+1) ♦ B(j)j

(37)

BJ ♦ vT tan ZC zi+1 Z^| (38)

For reasons that will become apparent shortly the eigen- 
. values are now restricted to =-ra^ , Then (39) becomes
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i
(j)Unm + tanh m(z^ - 2i+1)

I tan*1 mC2  ̂- zi+i^ *
(4.0)

Por the semi-infinite half space we get from (i+O) at Zq , 
i.e. z=0

-a) (1) m - tanh mz ]
[-2-’m tanh mz

(41)

But lim tanh mz = 1 for a given m '(42)

zO) =-B' 
o  m

CD CDm -  BCD CD
m X(t) (14-3 )

pThe restriction of X=-m , necessary to obtain a solution
to equation (lj.0), using (Ij.2), makes it necessary that 
equation (32) is used in the solution of the wave impedance 
(see Churchill, 1963). Combining equations (32) and (I4.3 ) 
we obtain for the impedance at the surface of a .semi­
infinite halfspace using (32)î

COLORADO SCHOOL of MINES 
GOLDEN, COLORADO HMDS
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_(1) sinh ut   _ . / y . ___ sinh ut - x
o v 0 cosh (ut + 3) V e cosh (ut + 3) (UM-)-

1 2 2 Where \ u =</— j + ra c

And 3 = tanh-1 1 
2t u

Par the two-layer case, i.e. one layer above a semi-infinite 
half space, we have from (I4.O) and (41 )

(2) _ B(2)
m

(1) _ B(1) [(1) (1)Zj m 4- tanh m (zQ - z^)
m ^ m Z ^  tanh m ( z q  -  z ^ )  +

At z- z^ we have the boundary condition > hence

CD „ BCD [. BC2) + BC1) tanh m
m tanh m (- z )

c-

[ +  B  J Where zn = 00 n

By comparison for t he harmonic solution of equation (10), 
let



comparison
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For a third type of solution (see Stratton, 1914-1 )> let

2m = iq (q real), i.e., X = q

We get from (lij.)

2 1 2 2 r + i r + q c = 0

and from (16)

2% I _ 1 2  2 1 2 2 1T(t) = e j aQ cos q c  j t + a^ sin ̂ q  c  j *

For — y  < q c we get from ( 33) 
• Ax

.   "t _ I 2 ' 1 sin tût i ,r'r>\

T -  =y u + - 2  sin (wt + a) ' (50)

,22 1 —  -1w here to = -A/q c  r  and a = tan 2torw  .24t —  - -

or f  ^  a S -St-v-^r (51)

In both equations (51) and (32) we have time dependence 
of the impedance. The frequency is a function of the 
separation constant.



the latter case equation (39) becomes applicable, i.e.

0) . B«5 [411 q ♦ tan q (Zj, - z.i+1
[~ziii îtan *> (zi - zi*i>+ BÜ)]

(52)

$

rAETHUR LAKES LIBRARY) 
COLORADO SCHOOL of MINES' 
GOLDEN» COLORADO; 8 M 1
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We will now modify the assumption made on page 10 
(equation 22). From (22) and (23) we have :

Let Te « / T(t)dt 
’ 1 tThen H - - ~irc(t)Zz(z)

T  Zand —  ® - y —  —
y Ie Zt

From (19) we have
(-■ 27 + u)t 2t* +

?(t) ■ aoe + a^e
or

t -  —T  « e 2t
a ut a
-2— e + — i

I ' ii + u 2t1 u

We now introduce the condition that 2^ (z,t ) at t-0
is zero, i.e.

Ex (z, 0 ) - 0

This requires that the constant a^ - -aQ , or
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Simplifying we get :

*T(t) _
Tt(t) : ~

l2t (2t u  +  1) eut +  2t (2t -1 ) -ut
2 2 , 2 2  

4 t " 1 4t u  -1

2 22 sinh ut (4t u -1)
which, using (55)

iTt(2TU +  1) eut +  (2t u -1) 5ut]

2 2 2 2t m c tanh ut or, simplifying
22t u + tanh ut

2 2 2 2t m c tanh ut
(54)

/ .  2 2 2 "Tr X + 4x m c + tanh ut

‘ 2 1 2 2where u * + m e (55)
4t
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DISCUSSION OF THE RESULTS
A computer program was written for t he n-layered case 

utilizing equation (j+O), For the harmonic case equations 
(kS) and (4.9) were used in connection with equation (4.0 ) ; 
the variable 0) being independent. For the nonharmonic case 
equation (32) is used with equation (4.0); the variable m 
being independent. In the discussion below the results 
of the harmonic solution are discussed first; followed by 
the results from the nonharmonic solution.
Harmonic solution

In programming the harmonic case the long-wavelegth 
approximation was not utilized. This prevents erroneous 
values at high frequencies. We have for the impedance (Ẑ ) 
at the surface of an infinite halfspace:

Solving for p , the definition for the apparent resisti­
vity pa becomes :

(53)

(54)
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2k

Equation (53) shows that for high frequencies the impedance 
will approach the constant (y/e)1̂ 2 . The results of a two- 
layer case are shown in Figure 1, It was plotted in a 
conventional way ~1 2P./P, vs.  --- where h.
I A 1 hiYi 1

represents the thickness of the first layer, and is a 
function of the first-layer parameters. The log-log plot 
shows the usual symmetry obtained in this type of plot. 
Published curves make the assumption of infinitely conduc­
tive or resistive basement resulting in lj.5° slopes at low 
frequencies, A three-layer case is shown in Figure 2.
Again it was plotted in a conventional manner. The corres­
ponding periods are shown in seconds (s), minutes (m), 
hours (h), and days (d). For long enough periods it can 
be seen that just like in the two-layer case the curves 
will approach the resistivities of the underlying halfspace, 
Included for comparison Figure 2 furthermore contains an 
example of a change in permeability for t he second layer. 
The permeability used here is that representative of a 
basalt.
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Nonharmonic solution
The nonharmonic solution is illustrated in Figures 

3*4,5#and 6, There is no easily definable quantity like 
an apparent resistivity for this type of solution. The 
input to the computer program was written in terras of 
p , p , and t> where t = pe. ^The constants & represents an 
apparent dielectric constant. Representative values of % 
were obtained from the table on p.14.63# Keller and Frisch- 
knee ht, 1966. Figure 3 shows (equation ) the impedance 
2^ at the surface of an infinite halfspace plotted vs. 
the eigenvalue m. For large values of m the impedance goes 
to the constant /y/e. This is the same value attained for 
high frequencies in the case of the harmonic solution.
For small values of m the impedance goes to zero. For a 
given value of m the impedance attains a maximum value 
generally for values of t greater than 1.0. Hence for 
large enough values of t the impedance becomes a function 
of m only. This is also illustrated on Figure 3*

In order to compare the harmonic and nonharmonic solu­
tions Figure Ij. was included. Curve A is the upper curve 
on Figure 1 replotted in terms of Z^/Vy/e vs* period T.
Curve B shows the solution forthe nonharmonic case. The 
latter was plotted against T^^, where :

T(l) _ 2tt (see equation (i|-7) )
K T  !A -i.

KRTHUR BAKES EIBRKR71 
COLORADO SCHOOL of MINES 
GOLDEN, COLORADO 8Û4QJ
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and
T = p W E W ,  C -

X W Î T

Figure 5 was included to illustrate a two-layer case for 
large values of t and two different layer thicknesses•

To obtain a solution of the impedance vs. time the 
the function for a two-layer case was integrated over a 
range of the eigenvalue m. The eigenvalue m is a continous 
variable. However, the summation of eigenfunctions over 
some given range is also a solution of the original 
differential equation. The problem is one of synthesizing 
a time function from a suitable range of eigenfunctions. 
Figure 6 shows this approach.
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Since we are primarily interested in the change 
impedance vs. time, we now compute;

3Z
at

For the impedance at the surface we have 

^(l) „ E(l)/H(l)

Simplifying the above notation, let
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Or finally

Also

3Z
Jdt v l f i S  - is) ™

f Z(t.m) dm = TT /* 88 Z (t* m) dm- J  Z(t,m) dm -

+  k f -

J»ZBS

Zss(t,m) dm

where is the eigenvalue where the impedance Z reached
the steady-state value Z • However Z is constant, hencess ss

* Z(t,m) dm
zt(t> “ itL
3_L’.ss Z(t,m) dm (56)
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//
The time derivative of the impedance was programed for 
the proper range of eigenvalues, i.e. that eigenvalue 
where the impedance attains a constant value. The results 
were plotted as a ratio of Zt o/zt°°o • where Z^o represents 
the time derivative of the impedance at the surface of a 
multi-layered earth (i.e. several layers above an infinite 
half-space), and where Z^O,^ is the time derivative at 
the surface of an infinite half-space posessing the same 
physical parameters as the first layer of the multi­
layered earth. Figures 7 and 8 show graphs of model cur­
ves. In Figure 7 only the resistivity of the second layer 
was changed. In Figure 8 the parameter 'Z was changed. 
Figure 9 shows an example of two layers above a half­
space. Some general features emerge from the model curves. 
The beginning portion of the curves represents information 
on the surface layer, the last portion of the curve gives 
information on the underlying half-space. The last portion 
of the curve approaches a limiting value that is approxi­
mately equal to the ratio of the resistivity of the half­
space to that of the first layer. For the early time por­
tion of the model curve the ratio of a multi-layer impedanc 
time derivative to that of the impedance time derivative of 
an infinite half-space approaches 1.0. In order to utilize 
this information field data need to be recorded using time
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intervals of one to several milliseconds. This is not a 
severe requirement when considering that seismic data are

require that an impedance derivative needs to be found which, 
when divided into the field data impedance derivative, give 
the ratio 1.0 for the beginning portion of the curve. After 
accomplishing this step by a simple calculation the value of 
the resistivity of the infinite halfspace (resistive or 
conductive basement) can be obtained by multiplying the late 
time ratio in the flat portion of the curve by the resistivity 
of the first layer. Intermediate layers require the adjust­
ment of layer thicknesses, resistivities, and the parameter X  .

A change in the parameter 'V is seen to have neglige- 
able effects on these relationships. The parameter r primarily 
produces time shifts in the model curves. 'It should be 
stressed that the slowly rising portion of the impedance 
as observed on the field data is best explained by using 
values for T  in the same range of magnitudes as those pub­
lished for induced polarization data. This should not be 
surprising considering the fact that square wave current 
pulses constitute the source in induced polarization field 
techniques.

recorded on this time scale. Curve matching procedures then
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The development of the time domain approach as presented 
here shows an approach to obtain magneto-telluric data by 
way of a controlled source. Model curves can be constructed 
similarly to those in Use with the frequency domain approach. 
In order to reduce the number of variables in the construc­
tion of model curves it might be advantageous to utilize 
the variables T( = f£ ) and c ( =l/7^2ZE ) that were introduced 
in the theoretical development• Since it was not intended to 
neglect the induced polarization effect, £ represents the 
apparent dielectric constant. This effect is attributed 
to electrode reactions between the rock and the pore fluid.
In the time domain induced polarization method a square 
current pulse is transmitted into the ground. A transient 
voltage decay and build-up is associated with each current 
pulse. Assuming that the time integral of the voltage 
transient represents storage capacity of the earth material 
for electrical charge one arrives at the expression 'T*/3£ 
where e is now defined as the apparent dielectric constant 
of the material. The term apparent dielectric constant 
has been used in the literature to differentiate these low 
frequency rock properties associated with molecular 
phenomena from displacement currents associated with 
electron movement.
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Figure 9: Model curves, three-layer case, showing
the effect of varying the layer thickness
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Evaluation of the Field Data
The field data that are analysed in this work were 

not specifically gathered for the theoretical approach 
presented earlier. However they represent the best data 
currently available to the author.

These data were collected during the "Long-Line Ex­
periment This experiment consisted of transmitting cur­
rent steps along a grounded powerline and measuring the 
generated electro-magnetic fields some distance away. The 
powerline utilized for this experiment was the Pacific 
Northwest-Southwest High-Voltage Direct-Current (HVDC) 
Transmission Line from the Columbia River to Los Angeles.

This line is more than 1,000 km long. These data were 
collected by the Geophysics Department of the Colorado 
School of Mines (CSM) during the summer of 1971• The data 
and the details of the data collection and evaluation were 
supplied to the auther by the Geophysics Department of 
CSM. A field location map from an unpublished report has 
been included on p. ^9,

The experiment consisted of transmitting direct 
current pulses of five minutes duration followed by five 
minutes of off periods. The rise time of the transmission 
line was within a few milliseconds and hence considered 
negligible. The magnitude of the current steps was 290
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amperes. The resulting electro-magnetic fields were re­
corded at distances of 20 to 80 kilometers from the HVDC 
powerline. For distances beyond 60 kilometers noise 
interference on some of these field data were formidable.

line. Furthermore both the electric and magnetic fields 
were not recorded at every station.

The field procedure for measuring the two orthogonal 
E- field components consisted of laying out two lengths of 
wire (25>0 feet long) grounded through electrodes. The 
magnetic field data were obtained by means of a horizontal 
induction loop. This loop consisted of a multi-conductor 
wire (26 turns) laid out in a square (side length 2$0 feet) 
on the ground. The recorded signal was filtered both with 
a 20-hertz high-cut and a 60-hertz powerline interference 
filter. Time fiducials were recorded at 0.9- second 
intervals. The loop served as an induction coil measuring 
the vertical component of the time rate of change of the 
magnetic field. This type of field procedure is not used 
for the field data acquisition in magneto-tellurics, however,

for the conversion of vertical component magnetic field 
data to horizontal component magnetic field data suitable 
theory was available (Keller, verbal comm.). As explained 
earlier the theory converts the vertical component of the

The closest surveys were at about 20 kilometers from the
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magnetic field recorded with a loop at the receiver station 
some distance away from a long line wire source to the 
horizontal component of the magnetic field at right angles 
to the total electric field recorded at the receiver station 
The result of this theoretical conversion is then equiva­
lent to what would be measured by a pair of horizontal

induction coils placed onto the ground at right angles to 
each other. Obviously a direct measurement of this field 
component with induction coils is superior to that of a 
theoretical conversion.

The events marked on Figures 10-12, 14-16, 18-20 were 
digitized by hand using graph paper and a light table.
The amplitudes given are those read from the zero refe­
rence line marked on the figures. This reference line was 
established by fitting a reasonable smooth line through 
the noise preceding the event. Zero reference time was 
not recorded; hence zero time for each event was picked 
where the smoothed event departs from the zero reference 
line. As stated earlier the magnetic field data were ob­
tained by placing an induction loop on the ground. This 
measures the voltage induced into the coil due to the time 
rate of change of the vertical component of the magnetic 
field.



T-1879

«ehaVe e.m.f. = NAp |f

where N - number of turns 
A = area of coil 
M = 1.256 l(Te

The Hz field was computed by numerical integration on the 
computer. The following expression was used to relate the 
vertical component of the magnetic field to the horizontal 
component of the magnetic field (see Keller and Prischknecht
1966, p. 310 for assumptions used in its derivation):

h 2 = 2I3 where. I- line source current
x (2irx)3H x = source-receiver distance

Z t
Inaccuracies introduced by this approximation are probably 
small compared to other inaccuracies introduced by the 
data reduction process employed. Some difficulties are 
also encountered with the electric field data. Superimposed 
upon the electric field data are the d.c. components es­
tablished by the current signal input from the powerline. 
These d.c. components appear to be sizable on some events.
In addition the S-fields contain telluric noise drift .
A correction was applied to the E-fields for the d.c. com­
ponents by subtracting a constant estimated from the field 
records. The electric field components were taken to be at 
a 90 degree angle in the computation of the resultant vector
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The final computation of the impedance involves the ratio 
of the total E-field and the component of the Hx field pro­
jected onto an axis at right angles to the resultant E-field 
(Mining G-eoph., p. 138). The next step is the computation 
of the derivative of the impedance.

i The analysis of the field data was included to demon­
strate the interpretative methodology employed in evaluating

’• I
time domain data in connection with the theoretical approach 
developed earlier. From all the data obtained in the "Long 
Line Experiment" the best three examples were chosen, i.e. 
those with a minimum amount of noise interference. The com­
puted impedances of these three surveys I4.W, 6W, and 9W were 
plotted on Figures 13, 17, 21. The field data for survey I4.W 
are on Figures 10, 11, 12, those for survey 6W are onv 
Figures 1^, 15, 16, and those for survey 9W are on Figures 18, 
19, 20. A map of the location of these surveys has been
included on page ii.9* Information on electrical para­
meters and layer thicknesses is contained in the ascending 
portion of the slope of the impedance. It becomes immediately 
apparent that it would haVe been preferable to record the 
field data at much faster paper speeds. Information neces­
sary to obtain surface layer information can be seen on the 
model curves to be contained in about the first 20 milli­
seconds of the rising portion of the slope. Only the best 
event was picked on each field record.
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Hence it was necessary to obtain first layer resistivity 
information by other means, First layer resistivities 
for the survey areas are approximately 10 ohm-meters 
(Keller, verbal comm,)* This value was chosen for the further 
reduction of the data; i.e. the derivative of the impedance 
was divided by the derivative of the impedance of an infinite 
half space of resistivity of 10 ohm-meters. The resulting 
data were plotted on Figure 22. This is the final form in 
which the field data can then be curve-matched. Only 9W 
is seen to fall into a range lending itself to the next step 
of computer curve matching. For this next step a three layer 
representation appears appropriate for survey 9W.

The rising portion of the impedance is analysed, i.e. 
the positive portion of the time derivative of the impedance 
is divided by that of an infinite half-space, and the result 
is matched to a theoretically computed curve. The actual 
resistivity distribution with depth at that particular location
in the Basin and Range province is of secondary interest
)only. A possible interpretation (sæ Figure 23) would be ;

235 meters of surface material of resistivity 10 ohm-meters,
500,meters of sediments most likely rich in clay with saline 
groundwater with a resistivity of .5 ohm-meters, and a more 
highly resistive layer of 100 ohm-meters at a depth of 735
meters
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The field data for survey 9W has been plotted together 
with a theoretical curve on Figure 23. Recalling the field 
data quality and simplifying assumptions employed in the 
data reduction it appears to be a reasonable close fit through­
out the major portion of the field data. The parameters 
used in the computation of the matched theoretical curve are 
given on Figure 23 and in Appendix B,

The example of an actual curve match was included to 
demonstrate the data reduction technique. As was noted 
earlier the "Long-Line Experiment" was conducted prior to 
the existence of the theory presented here, hence at only 
some of the 73 stations sufficient information was recorded 
to be useable. The locations of the field surveys are shown 
on Figure 2ij.. To serve for the purpose of demonstrating 
the theory both the electric and magnetic fields had to be 
recorded.

As a result of inexperience with the technique it took 
an undue amount of time and expense in matching just a single 
curve. However, the interpretation technique can ultimately 
be made much cheaper then the conventional curve-matching 
computer techniques commonly used in resistivity work. This 
requires a set of model curves to arrive at a first fit.
The final match could be accomplished by an iterative computer 
curve matching program adjusting thickness* resistivity, and
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the parameter incrementally# Initially the program 
utilized 5*000 to 10,000 intervals per integration; 
however, a reduction to 500 intervals gives comparable 
results. A reduction in the number of time intervals 
used to define a curve would result in further time 
savings.
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Figure 22: Ratio of field data and half space
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Figure 23’ Station 9W, Example of computer curve matching
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CONCLUSIONS
The results of this thesis are briefly listed below:

1. A time domain theory was developed for the magneto- 
telluric depth sounding technique using a current step

I for a controlled source.
2. A computer program was developed for the generation 

of model curves.
3# The time domain theory was compared to the frequency 

domain approach in terms of theoretical implications, 
data analysis, and field technology.

4* The effects of the magnetic permeability and the appa­
rent dielectric constant, both neglected heretofore, 
were analyzed in addition to resistivity and layer 
thicknesses•

5>. An example of the field data from the HVDC powerline 
was analyzed to demonstrate the data reduction and in­
terpretation technique developed here.

6. A field technique suitable for routine electrical 
exploration depth sounding was proposed.

In order to compare this novel time domain electrical 
sounding method with other established technology, the 
controlled source MT survey could be conducted in con­
junction with a resistivity survey to obtain resistivities 
independently.

ARTHUR LAKES LIBRARY, 
COLORADO SCHOOL oi MINES 

GOLDEN, COLORADO. 8IMQ2
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The controlled source method is capable of overcoming 
problems normally encountered in recording weak natural 
fields often containing insufficient frequency information. 
The analysis of field data in the frequency domain suffers 
from amplitude distortions that are a result of random 
signal content and signal truncation errors. These prob­
lems are eliminated with the time domain approach.

The analysis of the field data in the time domain 
illustrates some of the weaknesses of the time domain ap­
proach. Noise interference can be severe at large distan­
ces. Filtering should be applied with caution. Signal 
stacking, however, can overcome most background noise 
problems. Field data acquisition should be modified to 
employ horizontal induction coils.

It appears that experience with the time domain 
method should be gained in areas well explored with other 
electrical methodology. The time domain controlled magneto- 
telluric method as developed here is seen to have enough 
advantages where it can with proper changes in field 
procedure and instrumentation replace most conventional 
methods and become a useful exploration tool for electri­
cal exploration.
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APPENDIX A 

Program Description - ZHATIO 
Programs ZRATIO compute the ratio’of the derivative 

of the impedance of a multi-layered case to that of an 
infinite half space. Program ZRATI01 incorporates 
equation (32), program ZRATI02 uses equation {5k-) • The 
input and/output are identical in format. .All input units 
have to be in the MFCS system. Representative magnitudes 
for the parameter T'—pc have been obtained from published 
values (see Keller and Trischknecht, 1966,p. I1.63). As a 
result of numerical experimentation on the computer for 
a variety of cases the range of eigenvalues used in the 
integration (see equation 56)has been fixed in the program. 
The number of intervals used in this integration has also 
been selected in the program.
The program flow is as follows:
At a given time "t” the impedance is computed by evaluating 
the integral (equation (1)) over an adequate range (XMMIN, 
XMMAX) of the eigenvalue. Then the derivative of the 
impedance is done for both the multilayered case aa d also 
the infinite half space. The physical parameters picked 
for the infinite half space are identical to those for 
layer 1 in the multilayered case. By forming the ratio of 
the two time derivatives of the impedances it can be seen



67
'T-1879
that for small enough times this ratio approaches one.
This results in a model curve display that is more 
easily interpreted.
Input Parameters :
MAXTIME

NUMLAY

TIMIN

TIMAX

U(K)
RHO(K)
EPSRHO(K) parameter for K layers 
Z(K) thicknesses for horizontal layers; total

number = NUMLAY-1 
The input parameters are entered into the program as 
follows :

total number of points on time axis for which 
program computes model cuves. Format, 12, 
maximum = 30 points (subject to restriction 
see TIMAX)

number of horizontal layers, including half space.
Format II, maximum = 5 

starting time for which curve is computed in 
seconds, minimum (0.001 second) 

endtime for which model curve is computed 
(subject to restriction - see MAXTIME)
The time increments are computed as follows :

Tin = h  x 1 *1
permeabilities for K layers
resistivities for K layers
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M n e
1 MAXTIME, NUMLAY
2 TIMIN, TIMAX
3 U(K)
k RHO(K)
5 EPSRHO(K)
6 Z(K)

Program Description - Data
Program DATA was written to aid in the evaluation of 

the field data obtained by the "Long Line Experiment,"
The program has been included in order to help expedite 
the processing of field data collected with an equally 
applicable field technique.

The program operates as follows : Field data that
were hand-digitized on graph paper at equal time intervals 
are input into the computer. The input consists of E-field 
data perpendicular to the source (E^), parallel to the 
source (E^), the horizontal loop data, i.e., the time rate 
of change of the magnetic field (marked on the field 
data). Furthermore, the proper time interval and ampli­
tude interval per increment of graph paper must be listed 
consistent with the MKS system. Corrections for da-components, 
if applicable, must be entered for the E-fields. Other 
input data required are the number of samples, number of 
turns and size of loop to obtain H-field information.
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distance of survey from source, and source current 
strength. In addition, physical parameters must be 
assumed for an equivalent semi-infinite half space.
The program first converts the digitized values into 
true amplitudes and times. It then computes the magni­
tude and direction of the resultant E-field. The hori­
zontal loop data are converted to the vertical component 
of the H-field by numerical integration. From this 
result the equivalent horizontal H-field is computed and 
projected onto an axis at right angles to the resultant 
E-field. The next steps are the computation of the 
impedance and its time derivative. Then the ratio is 
formed from the field data time derivative and that of 
the assumed infinite half space.
Input Parameters:
J line number identification
TURNS number of turns in horizontal loop
AREA loop area in m^
R distance of survey from source in meters
AMP ~ source current in amperes
NT number of digitized samples
VEX amplitude of perpendicular .B-field in volts

per graph paper division 
VEY amplitude of parallel E-field in volts per

graph paper division

i CAKES HBRARYl • MINES
m m

COLORADO SCHOOL of 
GOLDEN# COLORADO
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VDBDT

TX

OCX
DGY
DEX(I)
DBY(I)
DDBDT(I)
ZU(K)
RHO(K)

amplitude of horizontal loop data in volts 
per graph paper division 

length of time interval on graph paper in 
seconds

DC - component of field
DC - component of field
digitized E^ field data 
digitized E^ field data
digitized horizontal loop data 
permeability of half space 
resistivity of half space 

EPSRHO(K) parameter of half space 
THICK(K) thickness - enter zero
The input parameters are entered into the program as follows
Line

1 J

2 TERMS, Area, R, AMP
3 VEX, VSY, VDBDT, TI

k DEX(I)
5 DEY(I)
6 DDBDT(I)
7 U(K)
8 RHO(K)
9 SPSRRO(K)

10 THICK(K)
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P R O G R A M . Z R A T I Q i ( I N P U T , O U T P U T , T A P E l = l N P U T , T A P E 2 )
O I M F N S I O N  T (5 0) , U  ( 5 )  , R H O ( 5 ) , E P S R H O ( 5 ) , Z ( 5 )
D I M E N S I O N  3 ( E ) , X I N T G ( 5  3 )
P E A O d  , * )  M A X T I M E , N U M L A Y

- >  ;  __________
x h m i n = i  . E - n q

C  X M A X , X M M I N  A R E  T H E  M A X I M U M  A N D  M I N I M U M  V A L U E S  O V E R  W H I C H  T H E
 C  I N T E G R A T I O N  O F  T H F  E I G E N V A L U E S  I S  C A P P T F C  O U T _____________________________________

I N T  = E 0 0
C  I N T  R E P R E S E N T S  T H E  T O T A L  N U M B E R  O F  I N T E R V A L S  U S E D  I N  T H E

 C_________I N T E G R A T I O N  O F  T H E  E I G E N V A L U U E S _________________________________________________________'
L X H I M = i  
I N T M = 1

______________ N U L A Y = M U M L A Y - 1 ________________________________________________________________________________________ '
P E A D d , * )  T I M I N , T I M A X  
R E A D d ,  - )  ( J ( K )  , K - i , N U M L A Y )

______________ E H A - ü d  « J D  J-rLH O-LKJ j J C = - U . N U . M L A ï J _______________:____________________________________________
F F A O d ,  * )  ( E P S R H O C K )  , K  =  1 , N U M L A Y )
R E A D d , * )  (Z ( K  ) , K = i ,  N U L A Y )

______________ W R I T E  ( 2 , * ) M A X T I M E , N U M L A Y ___________ :______________________________ :____________________________ ____
W R I T E  ( 2  , M T  I M I N , U M A X  
W R I T E  ( 2 d )  ( ' J ( K )  , < = 1 , N U M L A Y )
W r T T E ( ? , y ) ( c> H  0 ( K ) , < = 1 . N U M L A Y ) ___________________________________________________________________
W R I T E  ( 2 d )  ( E P S R H O  ( K) , K = i ,  N U M L A Y )  

w  W R I T E ( 2  d ) ( Z ( K i  , K ^ 1 , N U L A Y )
  N O n t l M U ? _________________________________________________________________________________ ;__________ ;______________

-  T d )  = T I M I N  
^  D O  3 J = l , M A X T I M E

_______3.. T X J  )-T- l d __________________________________________________________ __
D C  3 0  M = 1 , 1 N T M

C  C O M P U T E  E I G E N V A L U E  I N T E R V A L
______________ D r L X M  = ( X M H A  X - X M M :I N ) / I N T _____________________________________________________ :_____________________

4  C O N T I N U E
D O  2  J = i , M A X T I M E

_________ C A I ^ L U L I U L S  P J J Ü i M I M - »  m d L U J l i 2 ^ ^ È l L A Y . d E ,  U ^ R H _ C i__________________________
1 E P S R H O , I , J , B )
S U  M I G R  = X I G  R D F L  X M  / 2 • •

_______  S U  M I G I - X I G I ̂  Q  E L  X M  /  2  ,_____________________________ ;_________________ ;________________________
X M = X M M I N  + D E L X M  
D O  1 1 = 1 ,  I N T

____________ _ 0 A L L .  G û U  S S (. X M  ____________________________________________
, 1  E P S R H O  » I , J , 3 Î  

X I G R = X I G R * D E L X M
______________S U M I G R = S U M I G R  + X I G R ______________________________________________ _ ___ ___ _ _ U __________________

1 0 0 0  F O R M A T ( 2 X , 1 E 1 0 . 3 )
X M = X M f O E L X M

______________I F ( X M . G T . X M M A X ) G O  T O  2  3_________________________;_________________________________________________
1  C O N T I N U E  

2 3  C O N T I N U E
1 0 0 2  E Ü R M Â T - C 1 X ,  7 H H U M I M T =  , 1 4 )  ___________:_______________________________________________________________

 X I N T G ( J ) = S U M I G R  7 -/



72
T - 1 8 7 9
 ̂ »—

G O  T O  1 3  . • 
W R I T -  , 1 0 0  7 )  T ( J >  . S U M T G R

1 3
1 0 0 7

2

C O N T I N U E
F O R M A T ( 3 X , 2 H T = , F 1 0 . 4 , 3 X , 2 H A = , 5 1 0 . 3 )  
C O N T I N U E
C A L L  DEL T I M E ( X I N T G » M A X T I M E . T * N U M L A Y )
N U M L A Y - 1
N C O U N T  = N C C J N T - 1

5

I F ( N C 3 U N T . L T . l ) G O  T O  5
G O  T O  4
C O N T I N U E

3 0
I N T = I N T > L X M I N
C O N T I N U E

/'..............

L.
C A L L  E X I T  
E N D
S U B R O U T I N E  B J ( T , X M , U , R H O , E P S R H O , I , J , K , B , C K P )
D I M E N S I O N  T ( 2 0 0  Ï . U ( 5 )  , R H O  ( 5 ) , E P S R H O C  5 )
m  M-MCJT n\l P f -  1
X H M = X M * X H  
T  A U  = E P S  R H O ( K ) * 2 .  
r i = i t / t a h
T T A U = T A U * T A U
77 = R H 0 ( K ) /  ( U  ( K) ^ E P S R H O  ( K )  ) 
V = Sf )?T(  VV )
C l = l , / T T A U  
W W  =  X M M *  VV' + C l  

• W = S 0 R T ( W W 1
1001 F O R M A T ( 2 X , 1 E 1 0 * 3 )

T A U W =  T A U V W
C 2  = l . / T A U W  ...... .........
C A L L  A R T A N H  ( C 2 , 8 E T . A )  
W T = T ( J )
W M T % - W T ________________________
A = V * X M
I F C h T . G T . 2 5 . ) G O  T 0  A '
S 1 = A * . 0 *  f ~ X P ( W T )  - F  X P ( W M T )1
B E T A W T = B E T A + W T  
B E T  A W M T  = - B E T  A W T
S 2 = . 5 * ( - X P ( P , F T A W T ) » E X P ( B E T A W M T ) )
B ( K ) = - U ( K ) * 5 i / S 2  j
G O  T O  4 1

4 0  B F T A M - - B r T A
B ( K ) = - U ( K ) * A » E X ? ( 9 E T A M )

4 1  C O N T I N U E ’
O M P = ( - 0 3 + W ) / 5 . 2 8 3 1 8 = 3
R E T U R N
E N D
S U B R O U T I N E  T M P ( Z . 7 1 , N U M L A Y . T . X M . U . R H O . E P S R H O , I , J ,

1 B  , 0  M  P  )
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C  " " S U B R O U T I N E  I M P  C O M P U T E S  T H E  I M P E D A N C E  A T  T H E  S U P  F A C E  O F  A 

_5_________ M U L T I L A Y E R E D  H A L F S P A C E  A T  A  G I V E N  T [ M E  A N D  G I V E N  E I G E N V A L U EW 1 ■ V/ W < -.mm \J ’ ' ^  L. 1 W1 * n  \./ V- ^  1 I *. I • • ' w V-/ J, V U. I ^  X i— I  w r i L» v  V-

D I M E N S I O N  T ( 5 1  ) , U  C 5 )  ,  R H ' O  ( 5  ) , E P S R H O  ( ; ) , Z ( E )
D I M E N S I O N  Z Z ( 5 ) , R ( 5 )
Z ( 0 ) = 0  .
C A L L  B J ( T , % M , U , R H O , E P S R H O , I , J , N U M L A Y , 3 , 0 M F )
Z Z ( N U M L A Y ) = - 3 ( N U M L A Y ) Z X M
I F ( N U M L A Y . L E . 1 ) G O  T O  3
N U M L A Y 2 = N U M L A Y + 1
N U M L A Y 1 = N U M L A Y - 1
D O  9 L = 1 » N U M L A Y 1
L i  =  N U M L  A Y 2 - L
L 2 = L 1 - 1
L  3  -  L  i - ?  J
H  =  Z  ( L 3 ) - Z  ( L 2 )
X M H = X M * H
Z Z X M r Z Z  ( L I )  » X M
H T A N = T A N H ( X M H )
C A L L  S U ( T  , X M , U , R H O , E P S R H O , I , J , L 2 , Q , C M P )
8 L 2 = B ( L 2 )
Z Z N U M = Z Z X M + S L 2 * H T A N
Z Z D E N = Z Z X M * H T A N + 8 L 2
F R A C = 5 L 2 * 7 Z N U M / Z 7 C E N
Z Z ( L 2 ) = F P A C / X M

9 C O N T I N U E
L Z 0 = Z Z ( L 2 )

G O  T O  7
8 Z Q = Z Z ( N U M L A Y )

7  C O N T I N U E  
R E T U R N  
E N D
S U B R O U T I N E  G A U S S ( V M , Z Q , X I G R , Z f N U M L A Y , T , U , R H O ,

C  S U B R O U T I N E  G A U S S  C O M P U T E S  T H E  I N T E G R A L  O V E R  A R A N G E  O F
C  E I G E N V A L U E S  A T  A G I V E N  T I M E
___________ D X M E L N S E L O N  T  [5lJL4m .âL^ HD.l5J^£PSRWll±Î^ZAEJ_________________________ ______ ___________

D I M E N S I O N  B < 5 )
D  E  L 1 = X  M

-______ :____C A U — Ii-I P(7,7n, HOu, U  J* _____________________________________
1 B , 0 M P )

L 0 1 0  F O R M A T  C 3 X , 1 6 H 0 I V I S I 0 N  B Y  Z E R O )
___________ X T  G  R = 7 H____________________________________________________________ :_____________________:___________________________

X I G I = 0 .
G O  T O  3 3

___________ A O F H )  O E L 1 , Q M P , T ( J L , & 0 _____________________________:_________________________________________________ ____
3 3  C O N T I N U E

4 0 2 0  F O R M A T ( 3 X  , 2 H M  = , i E i O . 3 , 3 X , 2 H F  =  , 1 E 1 0 . 3 , 3 X , 2 H T  =  , F 1 0 . 3 , 3 X ,
1 2 H  A = « I E  I E  1 3 )_______________   :___________________________________________________________ ____
R E T U R N  / - 3
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""END

SUBROUTINE ARTa^H(X, f lTANH)
c S U B R O U T I N E  A R T A N H  C O M P U T E S  T H E  H Y P E R B O L I C  A R C T A N G E N T

C P = 1 . + X
C M = 1 . - X
A L O G C P =  A L  O G  C C P )
A L O G C M = A L O G ( C M 1
A I A  N  H  .= « 5 ̂  ( û L 0  G C A L 0  G C  U  )
G O  T O  3 2

3 1 W R I T E ( 2 , 5 0 0 0 )
j. 5000 F O R M A T ( 3 X  « 1 2 H L 0 G  N E G A T I V E )

3 2 C O N T I N U E
R E T U R N
F N D
S U B R O U T I N E  D E L T I M E  ( X I N T G ,  M A X T  I M E  ,T , N U ' H L A Y )

C S U B R O U T I N E  O E L T I M E  C O M P U T E S  T H E  O E R I V A T I V E  O r  T H E  I M P E D A N C E  
D I M E N S I O N  X T N T G ( 5 0 ) , T ( 5 0 )
D I M E N S I O N  Z T  ( r 0 )  , Z T 1 ( 5 0 )
D O  4  U = l , M A X T I M E
n E L T = T ( J + 1 ) - T ( J ) '
I F ( N U M L A Y . E Q . i ) G O  T O  1
Z T ( U ) = ( X I N T G ( U + 1 ) - X I N T G ( J ) ) / O E L T
G O  T O  2

1 Z T 1 < U >  =  (XI N T G ( U  + l >- X I N T G V U ) >/ C E L T
2 C O N T I N U E

2 0 OTT F O R M A T ( 3 X , 3 H Z T = , E 1 0 . 3 , 3 X , 2 H T = , F 1 0 . 4 )
I F ( N U M L A Y . G T . 1 ) G O  T O  3
R A T I O  =  Z T ( J )  / Z T 1 ( .J )
W R I T E ( 2 , 2  CD 1 ) D A T I O , T ( U Î

3 C O N T I N U E
2 0 0 1 F O R M A T ( 3 X , B H R A T I O = , E 1 0  . 3 , 3 X , 2 H T = , F  1 0 . 4 )

i+ C O N T I N U E  •
RETURN
END
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P R O G R A M  7 R A T I  0 2 ( I N P U T  * O U T P U T  * T A P E l  = I N P U T , T A P E 2 )  
D I M E N S I O N  T ( 5  ' ) , U  ( 5 )  , R H O  C E ) , E P S R H O < 5 ) , Z ( 5  Ï 
D I M E N S I O N  3 ( 5 ) , X I N T G ( 5 0 )
R E A D ( 1 , ♦ ) M A X T I M E , N U M L A Y

2-/

y--------

0
n

---X.M-M.A X =  ̂L.«.----
X M M I N  = 1  . E - 0 9  
XMAX,X M M I N  A R E  
t n t f g r a t t o m  n r

T H E
T H F

M A X I M U M  A N D  M I N I 1 U M  / A L U E S  O V E R  W H I C H  T H E  
F T  GCN) V A|  11F F T q  G i P P T - r  O t l T

c
I N  T = 3 0 0
I N T  R E P R E S E N T S T H E T O T A L  N U M B E R  O F  I N T E R V A L S  U S E D  I N  T H E

n T M T - S R A T T O M  O F T H  F F T G r  N V A L U U c  S

L X M I N = 1  
I N T  M = 1
Nil! AY = N U M f  A Y - 1
P E A 0 C 1 , * ) T I M I N , T I M A X  
R E A D C l , ( J ( K ) , K = 1 , N U M L AY)
■R£-A-04-l-,-~ X-L R H O  C K: ) N U  M L A  Y )_______
R E A D C l , * )  ( E P S R H O ( K ) , K = 1 , N U M L A Y )  
R E A D C l , ( Z ( K ) , K = l , N U L A Y )  
K E U i L L 2 _ ,  - ).M A X T I  M £ ,  N l i M L A Y _______________
W R I T E ( 2 , * ) T I M I N , T I M A X  
W R I T E ( 2 , * ) ( U ( < ) , K = 1 , N U M L A Y )  
W R I T E ( 2 , » ) ( c H  0 ( K ) , < = 1 , N U M L A Y )
W R I T E ( 2 , ^ ) ( E P S R H O  ( < )  , K  = 1 , N U M L A Y )  
W^ITE(2,^) C7.CK) ,K = 1,N U L A Y )

T C I ) = T I M I N °
D O  3  J = l , M A X T I M E

3  T ( J + 1 ) =T ( j) *1 . i
D O  3 0  M  = 1 ,1 N T M

C -------- C O M P U T E  3 I 3 E N  V A L U E  I N T E R V A L
D E L X M = ( X M M A X - X M M I N ) / I N T
C O N T I N U E
D O  2  J = l , M A X T I M E
. H A  L L — G A U2.5 L RH..CL

I E P S R H O ' , 1 ,  J , B )  
S U M I G R = X I G R * D E L X M / 2 .  
S U M T G I = X T G I * 0 E L X M / 2 .
X M  =  X M  M I N +  O E L X M  
D O  1 1 = 1 , I N T
C A L L  G A U S S C  X M , Z Q  , X I G R . Z , N U M L A Y  , T ,  1 L * 2 H Q  a 

1 E P S R H 3 , ! , J , B )
XIGR=XIGc*DELXM
S U M I 5 R = S ü m T G R 4 - X I G R ________________________________________

1 0 0 0  F O R M A T ( 2 X , l E i ü . 3)
. X M  = X M > 0 ? . L X v 

__________I F  C X M . G T . X M M A X ) G O T O  2 3
1  C O N T I N U E  

2 3  C O N T I N U E  
1 0 0 2  F Q P M A T ( l v , 7 H N U M I N T = , 1 4 )

X I N T G C J ) = S U M I G R
>



76
T-1879

G O  T O  1 3
__________w & H £ _ L 2 _ i l M _ 7.) T ( J )  , S U M I G R

1 3  C O N T I N U E
1 0 0 7

2
F O R M A T ( 3 X , 2 H T = , F 1 0 . 4 , 3 X , 2 H A = , E 1 0 . 3 )  
C O N T I N U E
C A L L  O E L T I M E ( X I N T G * M A X T I M E , T , N U M L A Y »  
N U M L A Y = 1 —
N C  0  U  N  T  = N C  O U  N  T - 1
I F C N C O U N T . L T . 1 ) 5 0  T O  5
G O  T O  4

5 C O N T I N U E
I N T  =  I N T  4 - L X M I N

3 0  C O N T I N U E

C A L L  E X I T
E N D
SUBROUTINE BJ ( T , XM, U , RHO, EPSRHO, I , J , K , 3 , C^P)

Q  S U B R O U T I N E  B J  C O M M U T E S  E X P R E S S I O N  3 ( J ) , I . E .  T H E  T I M E
 E m m j.a fcL -.F n  s. a s r vz u  __LA .t& ic_Ju_ ji_G Ji i  vZN_a_LG e n u  a l u  i

D I M E N S I O N  T ( 5 ~ ) , • J C 3 )  , R H G ( 5 )  , E P S R H O C 3) 
D I M E N S I O N  B ( 5 )
V M M r V M ^ X M
T A U  = E P S R H O C  K ) * 2 .  
C 3 = 1 . / T A U
T T A l l r  TA U ^ T A l !

V V = P H Q ( K ) / C U ( K ) ♦ E P S R H O C K ) > 
V = S Q R T ( V V )
C 1  = ! . / T T A t l

W W  =  X M M *  V V  4-01 ° 
VI = S  0  E  T ( W W )

T  A U  >i = T A U * W  
C 2  =  l . / T A U W  
j a = - T . i - i )
W M T = - W T
A = V * X M
T  A N H  W  T  = T A N H  ( N  T )_
S 1 = 2 . * T T A U * X M M * V V * T A N H W T
S 2 = 2 . * T T A U * W + T A N H W T
B  ( K )  = - > J ( K ) » S l / S 2 ________________
G O  T O  u i  

4 0  B E T A H = - E E T f i
G ( K ) = - U ( V ) * A * E X P ( P E T A M )

4 1  C O N T I N U E
G M P = ( - C  3  + W ) / 6 . 2  3 3 1 3 5 3  

 P E 1 . U . 1 N _____________________________
E N D
S U B R O U T I N E  I M P ( Z , Z ~ , N U M L A Y , T , X M , U , R 4 0 , E P S R H O , I , J ,

aa*.jQii£)___________________ :____________________________________________
S U B R O U T I N E  I M P  C O M P U T E S  T H E  I M P E D A N C E  A T  T H E  S U R F A C E  O F  A
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C  M U L T I L A Y E R E D  H A L F S P A C E  A T  A  G I V E N  T I M E  A N D  G I V E N  E I G E N V A L U E
___________ D I M E N S I O N  T ( 5 n ) . u m , R H O ( 5 )  » E P S R H O  ( ; ) . 7 ( 5 ) _____________________________ ;___

D I M E N S I O N !  7Z( = ) , 3 ( 5 )
z m = o .

___________ C A L L  3  J ( T , X M , U . P H O , E P S R H O , I , J . N U U L A f . 8 . 0 M P ) _______________________________
Z Z ( N U M L A Y ) = - 3 ( N U M L A Y ) / X M  
I F ( N U M L A Y , L E . l ) G O  T O  3
N U M L A Y 2  =  N U M L A Y  + 1__________________________________________________________________________________
N U M L A Y i - N ' J M L A Y - i  
D O  9  L = l , N U M L A Y 1

___________ L 1  =  N U M L A Y 2 - L _______________________________________ __________________________________________________
L 2 = L 1 - 1
L 3 = L l - 2

___________ H  = Z ( L 3 )  - Z  (L 2 ) _____________________________________ ___________________________________________________
X M H = X M * H  
Z Z X M  = Z Z  ( L I )  * X M

___________ H T  A N =  T A N H  ( X M H ) _______________________ ;______________________________________________________________
C A L L  3 J ( T , X M , u , R H O , E P S R H O , I , J , L 2 , D » O M P )
B L 2 = B ( L 2 )

___________ Z Z N U M  = Z Z X M  + O L 2 * H T A N ______________________
Z Z O E N  = Z Z X M v H T A N  4- 3 L 2  
F R A C = 3 L 2 * Z Z N U M / Z Z C E N
Z Z  ( L 2 )  = F R A C / X M ______________________________________________________________________________________

9  C O N T I N U E  
Z 0 = Z Z ( L 2 )
C O  T O  7____________________________________________________________________________________

3 „ Z : = Z Z ( N U M L A Y )
7- C O N T I N U E

R E T U R N
E N D
S U B R O U T I N E  G A U S S ( X M , Z E , X I G R , Z , N U M L A f , T , U , R H O ,

I F R S R H O , I , J , 3 )
---------..SU-S-.R3 J  X X I  IE— G-/v U S - S — C O  M R  U X E S - X H  £  — X  .N -TE-GR. A i  J-V £3. A--. R A N G E — O E

C  E I G E N V A L U E S  A T  A G I V E N  ' T I M E
D I M E N S I O N  T ( c ) , U  ( 5 )  , R H O ( 5 )  , E P S R H O ( 5 ) , Z ( E )

 ;_______ H  T H E  U S  T H U  3 ( 5 ) __________________________________________ :__________________________________
D  E  L 1  = X M
C A L L  I M P ( Z , Z 0 , N U M L A Y , T , D E L I , U » R H O , E P S R H O , ! , J ,

.... 1 B . O M P ) __________________ ;___________________________________   ;_______________
4 C 1 Q . F O R M A T ( 3 X , 1 6 H 0 I V I S I O N  BY Z E R O )

" X I G  R  = Z  0
:______________X J - G J a J L , ______________________________________________________________________________ _______ ___

G O  T O  3 3
W R I T E ( 2 , ^ C 2 0 ) D E L  1 , O M P , T ( J ) , Z C

3 3  C O N T I N U -___________________________ ;_________________________ ;_________________________________
4 0 2 0  F O R M A T ( 3 X , 2 H M = 1 1 E 1 0 , 3 , 3 X , 2 H F = , 1 E 1 0 , 3 , 3 X , 2 H T = , F i 0 . 3 , 3 X ,  

1 2 H A = , 1 E 1 0 . 3 )
______________ E L E I i l R N  _______________________________________________________________________________________

E N D
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S U B R O U T I N E  A R T A N H ( X »  A T A N H )
r S U R F n i J T I N ^  A O T A N H  C O M P U T E S  T H F  H Y P E R B O L I C  A R C T A N G E N T

C P = 1 . + X
C M = 1 • - X

_ A L O G C ° = A l  O C  ( C P )
A L O G O M = A L O G ( C M )
A T A N H = . E * ( A L O G C P - A L O G C M )
G O  T O  1 ?

3 1 W R I T F ( 2 , E O O O )
5 0 0 0 F O R M A T ( 3 Y , 1 2 H L 0 G  N E G A T I V E )

3 ? C O N T I N U -
R E T U R N ,
E N D
S U 6 R 0 U T I N C  D E L T I M - ( X I N T G , M A X T I M - , T , N U M L A Y )

C S U B R O U T I N E  O E L T I M E  C O M P U T E S  T H E  O E R [ V A T I V E  O F  
D I M E N S I O N  X I N T G ( F O ) , T ( 5 0 )
D I M E N S I O N  7 T ( - C ) . 7 1 1 ( 5 0 )

T H E  I M P E D A N C E

D O  L  J = l » M A X T I M E
D E L T = T ( J + 1 ) - T C J )
I F ( N U M L  A Y  . E O . 1 ) G O  T O  1
7 T ( J ) = ( X I N T G C J + 1 ) - X I N T G ( J ) ) / 0 E L T
G O  T C  2

1 7 T 1 ( J ) = ( X I N T G ( J + 1 ) - X I N T G C J ) > / D E L T
2 C O N T I N U E

" 2 C - 0 F O R N A T ( 3 X , 7 H Z T = , - 1 0 . 3 , 3 X , 2 H T = , F 1 C . 4 )
'*— •* I F C N J M L A Y , 3 T . 1 ) 5  0  T O  3

P A T I O  = Z T ( J ) / Z T i ( J )
W R I T E ( 2 , 2 0 0 1 ) R A T I O , T ( J )

3 C O N T I N U E
2 0 0 1 F O R M A T  ( 3 X , 5 H R A T I O  =  , E 1 0 , 3 , 3 X , 2 H T = , F l i 3 . 4 )

4 C O N T I N U E  
P E T U R N

;

E N D
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T-1879_______________________ ___________________________

P R O G R A M  D A T A ( I N P U T , O U T P U T , T A P E 1 = I M P J  T , T A  F E 2 > 
D I M E N S I O N  D E X ( 2 0 0 ) , D R Y ( 2 0 0 ) , O C 6 D T ( 2 0  O T , E T ( 2 0 0  ) 
D I M E N S I O N  D H O T ( 2 0 0 ) , T ( 2 0 0 ) , H X ( 2  I 0 ) , Z ( 2 0  0 ) , O Z T ( 2 0 0 )  
D I M E N S I O N  U ( E ) , R H O  ( 5 )  , E ° S R H O ( 5 ) , T H I : K ( 5 )  , 9 ( 5 )

>------ ------- X I N X g t 2 - 0 - Q )  ,.Z-41-t-t^4ia.)---------------------------------------------------------
P . P A D d , * )  J
R E A  0 ( 1 , - ) T U R N S , A R E A , R , A M P , N T

_■JLELAD.Ll.,-.r. ) /E J.2EY.»JL3BUT , J.X.,-OCX-,-OG_Y__________________________
R E A D d , * )  ( D E X ( I )  , I  = 1 , N T )
P E A U d ,  *) ( D E Y ( I )  , 1 = 1 , N T )

______________ P E A O d . » )  t P H D  FIT  ( T ) , T  = 1 .  N T ) ____________ _________________________________
X M M A X = 5 . ,
X M M I N  = 1 . E - 0 9

C _________ X Ü  A  M I N  A R E  T  H  £ . M  A X I M U .M  A N D _____M I  N l M U x L _ V A L U £ . S _ I I V _ £ g . W  H I  G  H  T H E
c

n

I N T E G R A T I O N  O F  T H E  E I G E N V A L U E S  I S  C A R R I E D  O U T
i n t = e : '
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