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ABSTRACT

Ultrafast lasers are exciting tools that provide novel opportunities in science and industry. Ultrafast

lasers are fundamentally four-dimensional, since at every point in three-dimensional space an ultrafast laser

may have a different temporal profile. As such, ultrafast lasers can only be accurately described in the

spatiotemporal (space and time) or spatiospectral (space and frequency) domains. Spatiotemporal

couplings complicate measurement and manipulation of ultrafast lasers, but they can also be exploited for

novel applications, if they can be controlled. This thesis summarizes our work applying a computational

imaging technique called Ptychography to ultrafast laser metrology. The culmination of our work is the

demonstration of single-pulse, reference-free, full-field spatiotemporal characterization of ultrafast

pulse-beams. This thesis also details two precursor techniques: spatiospectral characterization with

scanning multiplexed broadband ptychography, and single-pulse, reference-free, full-field spatiospectral

characterization with broadband single-shot ptychography. The techniques we demonstrate are ideal for

ultrafast pulse-beam metrology. Improving our ability to measure ultrafast lasers will enhance our ability

to control them. Optimizing the intensity of an ultrafast laser requires focusing it to the minimum possible

spatiotemporal volume, which necessitates minimizing couplings. On the other hand, spatiotemporal

couplings provide new dimensions of control over ultrafast lasers, which can lead to novel applications.

Ultimately spatiotemporal characterization of utlrafast lasers is necessary whether couplings are to be

mitigate or exploited. Our approach is to unite the fields of ptychography and ultrafast lasers, by applying

ptychography to spatiotemporal characterization.
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the left and the complex spatial pro�le of the probe in the middle. The top right panel
shows the same probe reconstruction after propagating it to the image plane of the
vortex plate and subtracting the quadratic phase. For the images of the probe
reconstructions in this �gure, the hue represents the phase, and the brightness
represents amplitude scaled by the square root of the relative spectral intensities. The
second row shows the transmission values of the reconstructed broadband object on the
left and the measured and reconstructed relative intensities in the middle. The third
row shows the reconstructed probes for each of the six wavelength bins. The bottom
row shows the same reconstructed probes after propagating to the image plane of the
vortex plate and subtracting the quadratic defocusing phase for the 790nm probe. . . . . 51

Figure 4.6 shows a schematic of the experimental system for the HHG experiment. The
fundamental pulse beam from the Ti:sapphire ampli�er (red line) is focused by the lens
on the far right and enters the vacuum chamber through the Bk-7 window. High
harmonics are generated at the argon gas jet (purple line) and then encounter the
ptychography mask. The transverse transmission pro�le of the ptychography mask is
shown in the inset, with black representing no transmission and white representing full
transmission. Two 350nm thick Al �lters block the fundamental beam such that only
the HHG illumination reaches the EUV camera. Note that this experimental system is
novel because it does not depend on refocusing of the HHG beam before collection. . . . . 53

Figure 4.7 shows the results of the EUV pulse-beam reconstruction. a) shows the reconstructed
object, where the region inside of the white outline was illuminated with at least 5% of
the peak photon 
ux. The ground truth is shown in the bottom left inset. b) shows the
reconstructed relative intensities of the probes after correcting for the quantum
e�ciency of the detector. The transmission of the aluminum �lters and various
pressures-lengths products of argon are shown as solid colored curves. The bottom row
shows the intensity of the reconstructed probes, which are scaled by their relative
intensities. The three shortest wavelength probes (25th � 29th ) are in the cuto� region.
The relative intensities of the longer wavelength probes qualitatively match the
expected transmission of the aluminum �lters and various pressure-length products of
argon which are reasonable based on the known parameters of the gas jet and
background gas in the vacuum chamber. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
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Figure 5.1 BBSSP system and beam data comparison. a) Broadband Single-shot Ptychography
(BBSSP) system and false color beam image array. b) Example of beam data, collected
without the object in the system, for narrowband (top left) and broadband (bottom
right) illumination. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

Figure 5.2 Experimental Schematic. The modelocked Ti:sapphire oscillator beam �rst passes
through a folded Martinez stretcher, highlighted in grey. A slit, or a block, can be
placed at the spectral modulation plane just upstream of the fold mirror to generate
narrowband illumination for calibration experiments, or to generate a spectrally
structured pulse-beam. The oscillator beam was used for the majority of the
experiments, but the single-pulse-beam experiment used the Ti:sapphire ampli�er.
Regardless of the source, illumination is focused through a pinhole which acts as a
spatial �lter, and then it is collimated just downstream of the pinhole. A two-lens 4f
imaging system is used to image a plane just downstream of the collimating lens to the
object plane in the BBSSP microscope. Various optics are placed at this image plane to
generate spatially, spectrally, spatiospectrally, or polarization structured pulse-beams.
The optics highlighted in blue are the BBSSP microscope. The microscope consists of a
grating, an object, a Fourier transform lens, and a monochromatic detector. . . . . . . . . 61

Figure 5.3 Single-pulse and multi-pulse Gaussian reconstructions. a) reconstructed object
transmission pro�le (ground truth shown as inset), b) reconstructed probe �eld, from
the single channel reconstruction of the narrowband ampli�ed beam used for
calibration. The scale bar in a) is common to a)-c) and e)-g). c) reconstructed object
transmission pro�le for the broadband ampli�ed single-pulse-beam. d) measured
spatially averaged spectra from the ampli�er and from the reconstruction of the
single-pulse-beam. The root mean square error (RMSE) between the reconstructed and
measured spatially averaged spectra is 5.1%. e) reconstructed object transmission
pro�le, f) reconstructed probe �eld, from the single channel reconstruction of the
narrowband Gaussian oscillator beam used for calibration. g) reconstructed object
transmission pro�le for the broadband oscillator pulse-beam. h) measured and
reconstructed spatially averaged spectra for the broadband oscillator pulse-beam. The
RMSE between the reconstructed and measured spatially averaged spectra is 2.5%.
Rows i)-j) selected spectrally resolved probe channels from a single ampli�ed
pulse-beam and from the oscillator pulse-beam respectively. The scale bar in i) is
common to both rows. All the reconstructed channels are shown in Figure 5.10. In all
cases the complex �eld is shown with brightness representing amplitude and color
representing phase. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

Figure 5.4 a) reconstructed object transmission pro�le (ground truth shown as inset), b)
reconstructed probe for the narrowband ampli�ed beam used for calibration. The
ampli�ed beam was spectrally limited with an interference �lter. The scale bar in a) is
common to a)-c). c) reconstructed object transmission pro�le for the broadband
ampli�ed pulse-beam. d) measured and reconstructed relative spatially averaged
spectral intensities. The RMSE between the reconstructed and measured spatially
averaged spectra is 4.8%. e) selected reconstructed probe spectral channels for the
broadband reconstruction of the ampli�ed pulse-beam. The scale bar in e) is common
for the row. All reconstructed channels are shown in Figure 5.10. In all cases complex
plots are shown with the brightness representing amplitude and hue representing phase. . 67
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Figure 5.5 Spectrally structured pulse-beam reconstruction. a) reconstructed object transmission
pro�le (ground truth shown as inset), b) reconstructed probe �eld, from single channel
reconstruction of the narrow-bandwidth Gaussian beam used for calibration (same as
Figure 5.3a), b)). c) reconstructed object transmission pro�le for the spectrally
structured pulse-beam. The scale bar in a) is common to a)-c). d) reconstructed and
measured spatially averaged spectra for the spectrally structured pulse-beam. The root
mean square error (RMSE) between the recosntructed and measured spatially averaged
spectra is 6.3%. Row e) selected spectrally resolved probe channels from the spectrally
structured pulse-beam. The scale bar in e) is common for the row. All the
reconstructed channels are shown in Figure 5.10. In all cases the complex �eld is shown
with brightness representing amplitude and color representing phase. . . . . . . . . . . . . 68

Figure 5.6 Vortex pulse-beam reconstruction. a) reconstructed object transmission pro�le,
(ground truth shown as inset), b) reconstructed probe �eld, from the single channel
reconstruction of the narrowband vortex beam used for calibration. The scale bar in a)
is common to a)-c). c) reconstructed object transmission pro�le for the broadband
vortex pulse-beam, d) reconstructed and measured spatially averaged spectra for the
vortex pulse-beam. RMSE between the reconstructed and measured spatially averaged
spectra is 2.7%. row e) selected spectrally resolved probe �elds (all channels are shown
in Figure 5.10 The scale bar in e) is common to the row. In all cases the complex �eld
is shown with brightness representing amplitude and color representing phase. . . . . . . . 69

Figure 5.7 a) reconstructed object transmission c) reconstructed summed probe intensity from
two-temporal-channel (single-spectral-channel) reconstruction of the narrowband
pulse-beam used for calibration. The scale bar in a) is common for a)-c). b) summed
intensity of all reconstructed probe channels for the spatiospectrally structured
pulse-beam, the inset in c) shows a CCD image of the same beam for comparison. d)
reconstructed and measured spatially averaged spectra of the full beam with the crystal
a quarter of the way into the beam. e) measured spatially averaged spectrum without
the crystal and reconstructed spectrum measured outside the crystal - lower square in
b). f) measured spatially averaged spectrum through crystal and reconstructed
spectrum measured inside the crystal - upper right white square in b). The RMSE for
each of the spectral comparisons is shown in the corresponding panel. Row g) shows
selected spectrally resolved summed probe intensities. The scale bar in g) is common to
the row. The individual MICs, and the spectrally resolved summed intensities are
shown in Figure 5.10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

Figure 5.8 Polarization structured, vector, beam reconstructions. a) reconstructed object (ground
truth shown as inset), b) reconstructed probe for the single channel reconstruction of
the vector beam. The scale bar in a) is common for all panels. d) reconstructed object,
e), f) reconstructed probe polarization channels, g) summed probe intensity for the
two-channel reconstruction with LG beam probe guesses. h) reconstructed object, i), j)
reconstructed probe polarization channels, k) summed probe intensity for the
two-channel reconstruction with HG beam probe guesses. Inset in k) is a CCD image of
the vector beam at the object plane. l) (o)) reconstructed object, m) (n)) reconstructed
probe for the vector beam with the linear polarizer placed to transmit vertically
(horizontally) polarized light. The inset in m) (n)) is a CCD image of the vector beam
at the object plane with the linear polarizer in place. In all cases complex plots are
shown with the brightness representing amplitude and hue representing phase. Table c)
shows the normalized overlap integrals between the LG and HG modes as reconstructed. . 72
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Figure 5.9 Polarization sensitive spatiospectral characterization of a broadband vector
pulse-beam. Rows a) and b) show selected reconstructed probe channels. All
reconstructed probe channels are shown Figure 5.10a) shows the vertically polarized
portion of the pulse-beam and b) shows the horizontally polarized portion. The scale
bar in a) is common to both rows. Row c) shows the spectrally resolved intensity of the
vector pulse-beam at focus which is calculated as the summed intensity of the Fourier
transform of the corresponding polarization channels. the scale bar in c) is common to
the row. d) shows the reconstructed object transmission pro�le. e) shows the measured
and reconstructed spatially averaged spectra. The RMSE between the reconstructed
and measured spatially averaged spectra is 3.1%. f) shows the focused intensity
asymmetry as a function of wavelength. The intensity asymmetry (A I ) is calculated as
A I = IR � IL

IR + IL , where IR (IL ) is the maximum intensity on the right (left) side of the
singularity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

Figure 5.10 All probe reconstructions. Column a) shows the results for the gaussian oscillator
pulse-beam, column b) shows the results for the spectrally structured pulse-beam, and
column c) shows the results for the spatially structured pulse-beam. The scale bar
shown in a) is common to all panels other than column i) which has its own scale bar.
Columns d)-f) show the results for the spatiospectrally structured pulse-beam. d) and
e) show the incoherent temporal channels for each spectral channel, and f) shows the
summed intensity of the temporal channels. Columns g)-i) show the results for the
polarization structured vector pulse-beam. g) and h) display the incoherent
polarization channels for each spectral channel, and i) shows the summed intensity of
the Fourier transform of the polarization channels. Columns j) and k) show the results
from the ampli�ed pulse-beam. j) displays the results of a reconstruction with 10nm
spectral resolution using only information from a single ampli�er pulse (no HDR, no
MEP), while k) displays the results of a reconstruction with 5 nm spectral resolution
using information from a series of ampli�ed pulses (with HDR and MEP). All columns
other than f) and i) show complex plots of the reconstructed electric �eld for each
probe channel. The brightness represents the amplitude of the �eld, and the hue
represents the phase. Columns f) and i) show spatially resolved intensities. . . . . . . . . 77

Figure 5.11 a) reconstructed object transmission pro�le (ground truth shown as inset), b)
reconstructed probe for the narrow bandwidth Gaussian beam, which are the same as
Figure 5.3a) and b). The scale bar in a) is common for a)-b). c) measured and
reconstructed spatially averaged spectra. The RMSE between the reconstructed and
measured spatially averaged spectra is 1.5%. d) reconstructed probe spectral channels
from the fast reconstruction of the broadband pulse-beam. Only the edge spectral
channels are omitted because they have negligible signal. In all cases complex plots are
shown with the brightness representing amplitude and hue representing phase. These
results were reconstructed in only 41.4s. To get such a rapid reconstruction we
reduced the number of spectral channels from 17 to 9, we used the object from the
narrow bandwidth beam reconstruction, shown in a), as a constraint, and we only let
the algorithm run for 100 iterations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

Figure 6.1 schematic of single-pulse, reference-free, spatiotemporal measurement system and the
measured spatiotemporal pro�le of a single pulse. The measurement system is broken
into three sections, the laser, the BBSSP system, and the SSFROG system. The
measured complex three-dimensional spatiotemporal pro�le is displayed as nested
isosurfaces of constant intensity at intensity levels from 2.5% to 92.5% in steps of 10%
of the maximum intensity. Each isosurface is colored by the instantaneous wavelength.
The projected intensities, and lineouts through the maximum intensity pixel, in each
direction are also shown on the side walls of the cube. . . . . . . . . . . . . . . . . . . . . 84
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Figure 6.2 simulations showing the necessity of accurately colocating spatiospectral and temporal
measurements and reconstructions from our colocation calibration method. The
spatiotemporal pro�les are displayed as described in the caption of Figure 6.1, and the
markers on the xy pro�les indicate where the spectral phase was measured. From left
to right, the bottom row shows the reconstructed object, and probe from the dataset
without the reticle, the reconstructed probe from the dataset with the reticle, and the
di�erence between the probe reconstructions. . . . . . . . . . . . . . . . . . . . . . . . . . 86

Figure 6.3 Results from the experiment to con�rm the pulse-to-pulse stability of our ampli�er. Six
di�erent pulses were characterized. The top two rows show the spatiotemporal pro�les
of all six pulses. The spatiotemporal pro�les are displayed as described in section 6.3.3.
The bottom row shows the complex spectral and temporal pro�les of the six pulses, as
measured at the colocation position. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

Figure 6.4 comparison of measured and simulated nonlinear pulse-beam propagation through
fused silica window. The left column shows the three-dimensional spatiotemporal
pro�le, and the temporal pro�le through the maximum intensity spatial pixel, of the
pulse-beam we characterized without the window in the system, back-propagated to
the front plane of the window, which is the input to the simulation. The second column
shows the same but with the window in the system and back-propagated to the back
plane of the window, and the third column shows the same but for the results of the
simulation. The spatiotemporal pro�les are displayed as described in section 6.3.3. In
the bottom right panel, all three temporal pro�les are shown for comparison. The
results in the second and third column compare well, which con�rms the accuracy and
demonstrates the utility of our measurement technique. . . . . . . . . . . . . . . . . . . . 91

Figure A.1 shows a 
owchart for our modi�ed PIM-RAAR algorithm. The � subscript represents
di�erent wavelength bins, and the j subscript represents di�erent positions. Here
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CHAPTER 1

INTRODUCTION

1.1 Ultrafast Laser History

The construction of the �rst ruby-based optical laser by Theodore Maiman in 1960 was one of the

greatest triumphs of the twentieth century [1]. Little of our modern world has remained untouched by the

laser or by the dramatic technological advances it enabled. Two early demonstrations of the power of the

laser were the �rst observation of second-harmonic generation by Franken et al. [2], and the �rst

observation of two-photon absorption by Kaiser et al [3]. These experiments produced the �rst evidence in

support of the nonlinear optical e�ect originally hypothesized by Mayer in 1931 [4]. It was no coincidence

that con�rmation of the nonlinear optical e�ect that Mayer hypothesized came so soon after Maiman's

laser. In fact, the laser directly enabled those experiments by providing previously unattainable

high-intensity monochromatic radiation [2, 3]. These experiments demonstrated that the way

electromagnetic (EM) radiation interacts with matter depends on the intensity of that radiation, which is

the fundamental principle of nonlinear optics. Since the initial laser demonstrations, sources of EM

radiation, particularly pulsed sources, have been pushed to substantially higher intensities. Modern

high-intensity pulse-beams of EM radiation are powerful tools. The intensities that they provide enable

investigation of new physics from highly nonlinear optical phenomena like �lamentation [5, 6], wake�eld

acceleration [7, 8], and high harmonic generation [9{12], and their pulsed nature alters material damage

mechanisms which can improve materials processing applications like micromachining [13, 14]. These

applications of high-intensity pulses are so impactful that half of the 2018 Nobel prize in physics was

awarded for Chirped Pulse Ampli�cation (CPA) which is the predominant method for generating

high-intensity pulse-beams of optical radiation [15, 16].

The intensity of EM radiation is de�ned as the energy per space per time:

I =
E

A� p
(1.1)

where I is the intensity, E is the energy,A is the area of the beam transverse to its propagation direction,

and � p is the pulse duration. For most sources of EM radiation, increasing the energy in a pulse-beam is

intractable. Instead, to reach higher intensities the same amount of energy must be delivered in a smaller

area and/or over a shorter time interval. In other words, the pulse-beam must be focused in time and

space. For much of the EM spectrum refractive or re
ective optics can be used to focus light spatially, and

more sophisticated focusing mechanisms have been developed for other spectral regimes. Focusing light in

time is more complicated, but since the inception of the laser we have made signi�cant advances.

The promise of high-intensity lasers has motivated signi�cant research. Figure 1, which is reproduced

from from G. A. Mourou, T. Tajima, and S. V. Bulanov, "Optics in the relativistic regime," Rev. Mod.

Phys. 78, 309{371 (2006), Copyright 2006 by the American Physical Society [17], shows focused laser

intensity vs years. The orders of magnitude increase in focused intensity since the inception of the laser has

largely been driven by shortening the pulse duration,� p, of laser, in other words, by focusing light in time.

Two particularly important advances that improved our ability to focus light in time were mode-locking

and CPA. As shown in Figure 1.1, CPA is mainly responsible for the advent of modern high-intensity

ultrafast lasers.
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Figure 1.1 Laser intensity vs years. Reprinted �gure with permission from G. A. Mourou, T. Tajima, and
S. V. Bulanov, "Optics in the relativistic regime," Rev. Mod. Phys. 78, 309{371 (2006). Copyright 2006
by the American Physical Society

Fundamentally, all lasers consist of two components: a gain medium and a cavity. The gain medium is

the core of the laser. It ampli�es light of certain frequencies, by collecting energy and re-radiating it. The

range of temporal frequencies of light produced from a given gain medium is referred to as the laser gain

bandwidth. The temporal frequency of light, � is related to the wavelength of light, � , through the speed of

light as: �� = c, where c is the speed of light. It is also common to refer to the angular temporal frequency

of light, ! = 2 �� . Since� , � , and ! are related to one another I may use them interchangeably throughout

this thesis, or I may use the term \spectral component" to refer to them generally. Some gain media, like

Helium-neon gas, have relatively narrow gain bandwidths, while others, like Titanium dope sapphire

(Ti:sapph), have relatively broad gain bandwidths. The laser gain bandwidth sets the spectral (i.e.

wavelength or temporal frequency) range over which a laser could potentially amplify light, or \lase". This

range is further restricted by the cavity. Laser cavity design is complicated and in
uences many aspects of

a lasers performance, but one important function of the cavity is that it determines the longitudinal modes

that a laser will support. Essentially a laser cavity supports wavelengths of light that can create standing

waves in the cavity. Mathematically this means that the wavelength of light must be related to the cavity

length, L , by: � = 2L=q where q is an integer. The wavelengths that the cavity supports are called

\Longitudinal modes" of the laser. The wavelength(s) of light that a laser produces, are the longitudinal

modes that are within the gain bandwidth of the laser medium, which is commonly referred to as the

laser's spectrum. Theoretically each longitudinal mode is exactly one wavelength (i.e. a delta function) but

in practice, due to various broadening mechanisms, all lasers have some spectral width. Lasers with very

narrow spectra are referred to as \single-mode", \monochromatic", or \continuous wave (CW)". All

ultrafast lasers are \multi-mode" meaning that they simultaneously lase on multiple longitudinal modes
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(multiple spectral components).

Creating a pulse of light requires a special multi-mode laser, in other words multi-mode lasers are

necessary but not su�cient to create pulses of light. When the spectral components in a multi-mode laser

are allowed to propagate independently, a multi-mode laser is no di�erent from a collection a single-mode

lasers at di�erent frequencies. Creating a pulse of light requires a multimode laser in which the spectral

components propagate with some �xed relationship between them. The relationship between multiple

waves is often characterized by their relative \phase", which can be described as the fractional o�set

between peaks or as the angle between phasors in the complex plane. Two waves are said to be \in phase"

when they propagate together and each wave peaks at the same position in space and time. Waves that are

in phase constructively interfere, whereas waves that are exactly 180 degrees (or� radians) out of phase

destructively interfere. Since their wavelengths are di�erent, two di�erent longitudinal modes can not

propagate in phase inde�nitely, but they can be in phase and constructively interfere for a short amount of

time at a given position in space, which leads to the formation of a pulse of light. Controlling the phase of

many longitudinal modes such that they constructively interfere to create pulses of light is referred to as

\phase-locking" or mode-locking". A theoretical description of laser mode locking was �rst provided by

Lamb in 1964 [18], and the concept was experimentally demonstrated with a Helium-Neon laser by

Hargrove et al. the same year [19]. When many spectral components are locked together in phase, the

result is a train of pulses of light that propagate at the speed of light. Since time and temporal frequency

(i.e. spectrum) are conjugate coordinates, the temporal pro�le of the electric �eld of a pulse of light is the

Fourier Transform of its spectrum. In other words:

E(t) = F t! f eE(! )g �
1

p
2�

Z 1

�1

eE(! )e� i!t d! (1.2)

where E(t) and eE(! ) are the electric �eld of the pulse as a function of time and angular temporal

frequency, andF t! represents the temporal Fourier transform operator. Note that both E(t) and eE(! ) are

generally complex functions.

Mode locked lasers can produce extremely short pulses of light, with pulse durations on the order of a

few femtoseconds (1fs = 10 � 15s). As shown in Figure 1.1, modelocking lead to orders of magnitude

increases in focused laser intensity. As the pulse duration of lasers got shorter due to more sophisticated

modelocking techniques, however, a new problem arose. When amplifying short pulses to higher and higher

energies, the intensity of the pulses inevitably exceeded the damage threshold of the gain medium or other

critical laser components. Modest gains were made by improving ampli�er design and gain medium

materials, but for years the maximum intensity of pulsed light only increased slowly. Then in the mid

1980s the Mourou group at the University of Rochester made a breakthrough which is described in their

1985 paper [15]. Their idea was to stretch the pulse in time, amplify the stretched long duration pulse, and

then re-compress the ampli�ed pulse in time in the last stage of the laser. This technique has come be

known as Chirped Pulse Ampli�cation or CPA. A schematic of one implementation of CPA is shown in

Figure 1.2 which is reproduced from [20]. In the initial demonstration a 1.4-km single mode �ber was used

to stretch the pulse from a modelocked laser before amplifying it and then using a double grating

compressor for �nal compression. Since then, it has become more common to use grating stretchers and

compressors as shown in Figure 1.2. CPA is the predominant method for generating high-intensity

ultrafast lasers, and it has been so in
uential that it won the technique won half of the 2018 nobel prize in

physics [16]. The stretcher and compressor in a CPA system function by encoding spectral information in

space. When they are perfectly aligned the action of the stretcher is exactly compensated by the
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compressor, but perfect alignment does not exist in practice. Misalignment in either the stretcher or

compressor leads to mixing of the spectral and spatial pro�les in the laser and lead to complicated

spatiospectral and/or spatiotemporal couplings. Optimal application of CPA requires measurement

techniques that can measure the multi-dimensional nature of ultrafast lasers produced from CPA system.

All ultrafast lasers will exhibit some degree of spatiostemporal and/or spatiospectral coupling, but these

couplings can be particularly detrimental for CPA systems.

Figure 1.2 Schematic of a Chirped Pulse Ampli�cation scheme. Color is used to indicate the propagation of
di�erent spectral components through the system. Figure reprinted from [20].

1.2 The Multi-dimensional Nature of Ultrafast Lasers

Ultrafast lasers are fundamentally multi-dimensional. The spatial, temporal and polarization

characteristics of an ultrafast laser all dictate how it evolves in space and time. They also determine how it

will interact with matter or other radiation. Polarization is the direction(s) in which the electric �eld

oscillates. Equation 1.2 gives the temporal pro�le of an ultrafast laser electric �eld. It is a valid

representation of a polarized laser at one point in space, but a more complete description of a laser's

electric �eld is:

E(r ; t) = A (r ; t)ek �r � !t (1.3)

where E(r ; t) is the complex electric �eld vector as a function of space,r � h x; y; zi , and time, t. A (r ; t) is

the amplitude vector as a function of space and time, which caries information about the energy and

polarization of light. k is the wave vector (or average wave vector) which points in the direction of

propagation and has magnitude 2�
� , and ! is the angular temporal frequency. Optimizing the intensity of

an ultrafast laser at a particular target requires careful control of all the dimensions of an electric �eld.

One subtle but critical aspect of the multi-dimensional nature of ultrafast lasers is that the dimensions are

often coupled. In other words the temporal pro�le of an ultrafast laser may depend on where you look in
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space, and the polarization state may depend on when you look at it in time. Or mathematically:

E(r ; t) 6= E(r )E(t) (1.4)

These couplings complicate measurement and regulation of utlrafast lasers, but they also o�er new

dimensions of control. Structuring light in multiple dimensions provides new opportunities that we are just

beginning to exploit [21, 22].

all light travels through space, which can be described by the familiar three-dimensional Cartesian

coordinatesr = hx; y; zi , cylindrical r = hr; �; z i or spherical coordinate systemr = hr; �; � i . When

describing lasers or other paraxial optical systems, it is conventional to use either a cartesian or cylindrical

coordinate system and to say that light is propagating in the ẑ direction. I de�ne the two dimensional

spatial intensity pro�le of a laser transverse to its propagation direction as the \beam". Mathematically

beam pro�les can be expressed as:

I (r ? ; z0) =
c�0

2
j eE(r ? ; z0)j2 (1.5)

where r ? = hx; yi = hr; � i . Common ideal beam pro�les include Gaussian, 
at-top, vortex, and Bessel

beams. In experiments ideal beam pro�les are rarely achieved. Aberrations from imperfect or imperfectly

aligned optics, dust on optics, air currents and other e�ects tend to alter beam shapes and create non-ideal,

asymmetric, complex pro�les.

With a few exceptions [23, 24], all lasers di�ract and change shape as they propagate through space. In

other words the beam pro�le is a function of axial position z. As such, a single beam pro�le measurement

at one axial position is insu�cient to determine the full spatial pro�le of a laser. However, if the spatial

amplitude and phase of a laser are measured the resulting complex �eld, or wavefront, can be propagated

computationally to determine the full three-dimensional spatial pro�le of a laser. Mathematically the

wavefront can be expressed as:

E(r ? ; z0) =
p

I (r ? ; z0)ei' ( r ? ;z0 ) (1.6)

To clarify, the distinction between a beam pro�le and a wavefront pro�le is whether or not the spatial

phase,' (r ? ; z0), is included. Since the wavefront can be computationally propagated to any other axial

plane, measuring it at one axial plane determines the full complex three-dimensional spatial electric �eld

E(r ). A simple camera can measure laser beams, but wavefront measurement is more complicated.

Detailed discussion of on beam and wavefront characterization is provided in 2.2.

As discussed in section 1.1, ultrafast lasers are all multi-modal. The Fourier transform relationship

between time and temporal frequency (spectrum) given by equation 1.2 implies that a pulse of light

necessarily consists of multiple spectral components. I de�ne the temporal pro�le of a laser as the \pulse".

Pulse measurement techniques are discussed in detail in section 2.1. The temporal intensity pro�le of a

laser i.e., I (t) / j E(t)j2 carries important information, but the complex temporal electric �eld

E(t) /
p

I (t)ei' ( t ) , where ' (t) is the temporal phase, is more informative. Temporal pro�les are generally

too fast to be measured by electronics like photodiodes and oscilloscopes, but even if such devices were fast

enough (high enough bandwidth) to measure the temporal pro�les they would only provide the temporal

intensity, not the phase. Most techniques that measure complex temporal pro�les are actually based on

spectral measurement. Pulse measurements, as I catagorize them, are made at a single spatial location in a

laser, or they are averaged over the full beam pro�le, so they carry no spatial information.
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The propagation of light through space is frequency dependent, as shown by the equation for the

Rayleigh range,ZR , of light:

ZR =
�w 2

0

�
(1.7)

where w0 is the radius of the beam at focus, known as the beam waist. The Rayleigh range gives the

distance over which a laser beam radius increases by
p

2 (area doubles), and it tells us that light of longer

wavelength (red light) di�racts faster than light of shorter wavelengths (blue light). The Rayleigh range is

speci�c to Gaussian beams, but longer wavelengths will always di�ract faster than shorter wavelengths,

regardless of the speci�c beam pro�le. Theoretically it is possible to produce an ultrafast laser that has the

same spatial pro�le for all spectral components at one axial location in space. a laser like that would

actually satisfy relation 1.3, but in practice it is di�cult to achieve. Moreover, even if a such a laser were

produced, the spectral components propagate through space independently, so at a di�erent axial plane

their spatial pro�les will be di�erent. As the individual spectral components move apart from each other,

the spectrum, and therefor temporal pro�le, of the laser become functions of space. In other words

spatiotemporal/spatiospectral couplings arise naturally from frequency dependant propagation of light,

which is unavoidable. The local bandwidth argument made here only becomes impactful when attempting

to focus an ultrafast laser to optimum intensity, but since that is one of the primary uses of utlrafast lasers

it can be critical. More prominent Spatiotemporal and or spatiospectral couplings are also commonly

introduced into ultrafast lasers by imperfect or imperfectly aligned optics, especially by compressors and

stretchers in CPA systems. Since couplings are e�ectively ubiquitous in ultrafast lasers, independent pulse

and beam characterization is insu�cient. Instead an ultrafast laser can only be accurately described by its

full four dimensional space-time pro�le which I refer to as the \pulse-beam". Pulse-beam measurement

techniques are described in section 2.3. In this thesis we describe how we developed a new single-shot,

reference-free, full-�eld, spaitotemporal characterization method for ultrafast pulse-beam metrology based

on a computational imaging technique called ptychography.

1.3 Ultrafast Laser Applications

High-intensity ultrafast lasers have become an indispensable tool for scienti�c and commercial

applications, as indicated in section 1.1. One way to catagorize applications of ultrafast lasers, is to make a

distinction between applications that require optimized intensity, and those that involve engineering

ultrafast laser spatiotemporal pro�les for speci�c uses. Early applications of ultrafast lasers mostly fell into

the �rst catagory, since the most obvious advantage of utlrafast lasers is the unprecedentedly high intensity

that they can provide. More recently, researchers have realized that spatiotemporal and spatiospectral

couplings provide novel opportunities to manipulate lasers, if they can be properly controlled. Such

applications require precisely engineered spatiotemporal pro�les to achieve the desired e�ects. We expect

that as the ability to measure and employ couplings improves many new applications will arise. Some

applications, like High Harmonic Generation (HHG), bene�t from both optimizing intensity and

engineering spatiotemporal pro�les, for di�erent reasons.

1.3.1 Optimizing Intensity

One of the primary bene�ts of ultrafast lasers is that by shortening their temporal pro�les (focusing in

time), the intensity of light at focus can be increased dramatically. Ultrafast lasers can reach otherwise

unattainable high intensities at focus, but to do so their spatiotemporal pro�les must be carefully
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controlled. An ultrafast laser's intensity is optimized when it is focused to the smallest possible

spatiotemporal volume. Theoretically there are two limits on the spatiotemporal volume that an ultrafast

laser can be focused to. The �rst is the di�raction limit, which fundamentally limits the size a laser can be

focused to in space with refractive optics like lenses. The di�raction limit can be expressed as:

d =
�

2nSin (� ha )
(1.8)

where d is the diameter of the focused beam,n is the index of refraction of the refractive optic, and � ha is

the maximum half angle from the lens to the focus position. The combinationnSin (� ha ) is commonly

referred to as the numerical aperture (NA) of the focusing optic. NA can be increased by using larger

and/or shorter-focal-length lenses, but ultimately the focus beam size is never signi�cantly shorter than the

wavelength of light � . There is also a fundamental limit on the minimum pulse duration that can be

achieved with an ultrafast laser. As implied by equation 1.2, increasing spectral bandwidth of an ultrafast

laser may lead to shorter pulses, but ultimately a laser must propagate as a wave, so the maximum

wavelength in the laser limits the minimum pulse duration to � p;min = � max =c. An ultrafast laser that is

optimally focused to these limits is called a \� 3 laser", since the minimum spatiotemporal volume is on the

order of � 3. Ultrafast lasers are routinely optimally focused in space, but focusing to minimum temporal

pro�les generally requires larger spectral bandwidths than ultrafast lasers can accommodate, though

ongoing research is constantly pushing this boundary [25].

Increasing the bandwidth of ultrafast lasers to generate shorter pulses is not always possible, and it is

usually di�cult. Besides the overall spectral bandwidth, the temporal pro�le of an ultrafast laser is also

in
uenced by spectral phase. Minimum pulse duration is achieved when all constituent spectral

components in an ultrafast laser arrive at a particular plane at exactly the same time, such a pulse is

sometimes referred to as \transform limited". The temporal o�set of spectral components is called the

group delay Tg and it is the derivative of the spectral phase relative to ! , i.e.: Tg = @! (' (! )). The spectral

phase dependence of the pulse duration motivates characterization techniques that measure the complex

temporal pro�le of ultrafast lasers. From our perspective (assuming ultrafast lasers with invariant spectra),

optimal temporal focusing then requires minimizing spectral phase. Recall that, due to couplings, the

spectrum and spectral phase may both vary across the spatial beam pro�le of an ultrafast laser.

Optimizing intensity (focusing to the smallest possible spatiotemporal volume) is critical for a number

of interesting scienti�c and commercial applications. A particularly interesting scienti�c application of

ultrafast lasers is the investigation of the Schwinger limit [26]. One consequence of quantum

electrodynamics is that theoretically, an electric �eld with intensity � 4:7 � 1029W=cm2 should

spontaneously generate electron-positron pairs in vacuum [27{29]. Ultrafast lasers are the only viable route

towards generating electric �elds intense enough to observe this hypothesized e�ect experimentally. It

maybe possible to increase the energy and/or spectral bandwidth of an ultrafast laser enough to reach this

threshold without perfect spatiotemporal focusing, but optimal focusing makes it easier to reach. Often

spatiotemporal couplings limit the minimum volume an ultrafast laser can be focused to. Mitigating such

couplings �rst requires measuring them, so spatiotemporal characterization techniques are critical to

achieving optimally focused ultrafast lasers. Observation of spontaneous electron positron production from

vacuum would validate the predictions of quantum electrodynamics, so generating an ultrafast laser with

high enough intensity to reach the Schwinger limit is highly desirable.

High Harmonic Generation (HHG) is another ultrafast laser application that would bene�t from

optimizing focused intensity of ultrafast lasers. HHG is interesting from a fundamental science perspective,
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but it is also �nding commercial applications in semiconductor lithography inspection [30{32]. In HHG a

high-intensity ultrafast laser pulse-beam, called the fundamental, is focused into a target. Through the

nonlinear interaction of the pulse-beam and the target, light of higher frequency (shorter wavelength),

called harmonics are produced. The harmonics that are produced satisfy the equation� f = q� h where

� f (h) is the wavelength of the fundamental (harmonic) pulse-beam andq is the harmonic index. In HHG

the amount of harmonic light that is produced is proportional to the intensity of the fundamental beam at

the target. Increasing the intensity of the fundamental pulse-beam, for example by optimally focusing it in

space and time, increases the intensity of the high-harmonic light that is produced. In many applications of

HHG, the ultimate goal is to use the high harmonic light for imaging or machining. These applications are

improved by generating more high harmonic light, so optimizing the intensity of the fundamental

pulse-beam is critical. HHG and reaching the Schwinger limit are two of the many applications of

optimizing the intensity of ultrafast pulse-beams.

1.3.2 Engineered Spatiotemporal Pro�les

Engineering the spatiotemporal structure of an ultrafast pulse-beam gives novel opportunities to

manipulate lasers. A good example of this concept is simultaneous spatial and temporal focusing of light

(SSTF) [33, 34]. The primary advantage of SSTF is the ability to localize laser intensity axially, along the

propagation direction of the laser. If, for example, one wanted to use a laser to irradiate a tumorin situ

(inside of a human), it would be advantageous to deliver high intensity radiation at the tumor, but no

where else. A monochromatic laser can be focused in space so that it is highest intensity at focus, but such

a laser will still deliver a considerable amount of intensity along the propagation direction, especially

throughout the Rayleigh range. This energy could damage healthy tissues and cells, so it must be avoided.

By simultaneously focusing an ultrfast laser in space and time, however, the intensity of the laser can be

signi�cantly lower everywhere except for at the target focal plane. Generating an ultrafast laser that

simultaneously focuses in time and space is theoretically simple, but experimentally di�cult. The

technique depends on generating a known amount of spatiotemporal coupling, speci�cally linear spatial

chirp, before focusing with a lens. Linear spatial chirp spreads out spectral components linearly in a

direction transverse to propagation. When the spectral components are separated from one another the

local bandwidth of the pulse-beam is small, so its temporal duration is long and the intensity is low. The

lens focuses the pulse-beam such that the spectral components cross at the spatial focus, and the light is

simultaneously focused in space and time. At the focus the intensity of the pulse-beam is then signi�cantly

higher and the laser is e�ectively localized axially. A good analogy is that without SSTF a laser is like a

saw, but an SSTF pulse-beam is more like a scalpel. A scalpel is clearly preferable for use on humans, but

also for other materials processing applications. The novel control provided by SSTF pulse-beams is

enabled by careful exploitation of a particular spatiotemporal coupling.

Another good example of how engineered spatiotemporal pro�les can lead to novel applications is

spatiotemporal optical vortices (STOVs). STOVs were �rst observed when studying �lamentation, another

interesting application of nonlinear optics [5, 35, 36]. A spatiotemporal optical vortex is a pulse-beam that

carries orbital angular momentum in spacetime, transverse to propagation. They are analogous to spatial

vortex (Laguerre-Gauss) beams but their angular momentum vector is rotated. A spatial vortex beam is

like the propeller of an airplane, its angular momentum vector is parallel (or antiparallel) to the

propagation direction. A STOV is like one of the rotors of a helicopter, its angular momentum vector is

transverse to propagation. STOVs are themselves a form of spatiotemporal coupling. Through second
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harmonic generation, and high harmonic generation studies, it has been shown that STOVs carry orbital

angular in the spacetime domain, and that orbital angular momentum is conserved in nonlinear processes

just like it is for spatial vortex beams [37{39]. One common way to generate STOVs using passive linear

optics, is to place a phase mask at the Fourier plane of a 4f pulse shaper that uses cylindrical lenses

[40, 41]. In such a system, slight misalignment can modify the resulting pulse-beam spatiotemporal pro�le

and produce imperfect STOV beams. STOVs were discovered recently, but they are promising for a

number of applications including optical trapping, super resolution imaging, and quantum and classical

communications [42{44]. We expect that as the ability to produce, measure, and control STOVs improves

so will their applicability.

The e�ciency of high harmonic generation (HHG) depends on the focused intensity of the fundamental

pulse-beam, but the spatiotemporal pro�les of the fundamental pulse-beam also in
uences properties of the

high harmonics that are produces. As such, HHG bene�ts from both being able to optimize intensity by

focusing to the smallest spatiotemporal volume, and from being able to engineer the spatiotemporal pro�le

of the fundamental beam. In HHG, the complex spatial pro�le of the fundamental laser maps onto the high

harmonics, and the temporal pro�le of the fundamental e�ects the spectrum of the high harmonics that are

produced [45{47]. Analytical models of HHG are still evolving [48, 49], but in many cases the high

harmonics that are produced can be controlled by tailoring the spatiotemporal pro�le of the fundamental

pulse-beam. This is particularly important since it is di�cult to control the spatiotemporal proprieties of

EUV and x-ray light due to the lack of appropriate optical elements in those spectral regimes. For

example, the divergence of the high harmonics can be controlled by changing the divergence of the

fundamental beam, which enables optics-less focusing [50]. Focusing is a crucial but relatively simple

example, more complicated mappings are also possible like creating HHG pulse-beams that carry orbital

angular momentum or have polarization structure. The ability to characterize the spatiotemporal structure

of fundamnetal ultrafast pulse-beams will be critical to generating high harmonics with more complicated

spatiotemporal structures.

1.4 Thesis Outline

Ultrafast lasers are complicated spacetime phenomena. Measuring their spatiotemporal pro�les is

critical to optimizing the focused intensity of ultrafast lasers and to creating pulse-beams with engineered

spatiotemporal structure for particular applications. In this thesis I will explain how a computational

imaging technique, called Ptychography can be applied to ultrafast pulse-beam characterization. Our work

is the �rst to unite the �elds of ultrafast lasers and ptychography. A Table of Contents is presented at the

begining of the thesis, but here I will also provide a brief outline.

This thesis begins with two chapters of background information: chapter 2 on pulse-beam

measurement, and chapter 3 on ptychography. In chapter 2, pulse characterization, beam characterization,

and pulse-beam characterization techniques are all discussed independently. Following the discussion of

these metrologies, two more sections provide details on single-shot, single-pulse, and single-shot,

reference-free, full-�eld spatiotemproal characterization - which is ideal for pulse-beam metrology. Chapter

3 starts with a brief history of ptychography and a closely related technique, Coherent Di�ractive Imaging

(CDI). The following sections discuss scanning, or conventional ptychography, multiplexing in

ptychography and single-shot ptychography. Multiplexing and single-shot ptycohgraphy are both critical

components for applying ptychography to ultrafast pulse-beam characterisation. The last section of the

chapter covers Three-dimensional Single-shot ptychography (3DSSP). It is modi�ed from a Optics Express
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paper we published in 2020. 3DSSP is not directly related to ultrafast pulse-beam characterization, but it

is a good example of how ptychgoraphy can be used to measure in multiple dimensions.

After the background information chapters I present three chapters that cover my work. Chapter 4, is

modi�ed from an Optics Express paper we published in 2021, and it presents our work on spatiospectral

characterization of ultrafast laser pulse-beams via multiplexed broadband ptychography (MBP). Then,

chapter 5 explains how MBP can be combined with single-shot ptychoggraphy in a novel imaging technique

we call broadband single-shot ptychography (BBSSP). Chapter 5 is modi�ed from a paper we published in

Optica in 2022. BBSSP provide single-shot, reference-free spatiospectral characterization, but ultimately

spatiotemporal characterization would be ideal for pulse-beam chatacterization. In chapter 6, I show how

BBSSP can be combined with a colocated, temporally synchronized, single-shot pulse measurement

technique to provide single-shot, reference-free, full-�eld spatiotemporal characterization, which is ideal for

pulse-beam metrology. We recently submitted a paper to Optics Letters which is similar to chapter 6.

Following the presentation of my work, chapter 7, explains how the pulse-beam characterization

technique(s) we developed can be applied. It also discusses a closely related technique, grating-assisted

scanning ptychography (GASP). Finally, a brief conclusion is provided in chapter 8.
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CHAPTER 2

PULSE-BEAM MEASUREMENT

High-intensity pulses of electromagnetic (EM) radiation are complicated space-time phenomena. Fully

characterizing these complicated phenomena requires simultaneous quanti�cation of the transverse spatial

pro�le of the radiation, which I refer to as beam measurement, and of the temporal structure of the

radiation, which I refer to as pulse measurement. I will refer to techniques that simultaneously measure the

spatial and temporal pro�le of radiation as pulse-beam measurements. The ideal pulse-beam measurement

technique would provide the amplitude and phase of radiation at each position in space for all time, but

many of these characteristics can only be measured indirectly. In fact, the most informative direct

measurements of EM radiation that can be made are two dimensional measurements of the intensity of the

�eld with pixelated detectors. Luckily, over the past decades many ingenious indirect measurement

schemes have been developed. The utility of these techniques varies greatly, some are broadly applicable,

and others require speci�c experimental systems or are only applicable to radiation �elds that satisfy

certain assumptions. Three particularly important parameters of these techniques to consider are the

resolution (spatial and temporal), the complexity of the experimental system, and the applicability of the

technique across the EM spectrum. Here I will brie
y describe selected pulse characterization techniques,

selected beam characterization techniques and then selected pulse-beam characterization techniques.

2.1 Pulse Characterization

The simplest method for pulse characterization is a photodiode. Generally, a photodiode is an

electronic photodetector that consist of a semiconductor placed between an anode and cathode that can be

held at a bias voltage [51, 52]. When light is absorbed in the semiconductor it produces an electron-hole

pair which creates a photocurrent that can be read electronically. Photodiodes are useful devices, but they

have severe limitations that preclude their application to high-intensity pulse beams. Since a photodiode

relies on reading an electronic signal proportional to the intensity of incident light, the response time of

photodiodes limits the temporal resolution of detection [53, 54]. Modern advances in photodiode

technology led to dramatic improvements to response time, but the fastest photodiodes are still limited to

response times of hundreds of picoseconds or a few nanoseconds [54, 55]. As such, photodiodes are well

suited to measuring pulses with durations on the order of nanoseconds, but highest intensity pulses exhibit

durations that are orders of magnitude shorter than the fastest photodiode response times. Other, less

signi�cant issues that limit the applicability of photodiodes for pulse characterization include their limited

spectral response [56, 57] and their limited photoactive areas [53]. While photodiodes cannot be used for

high-intensity pulse characterization, they are still helpful devices, particularly when used in two

dimensional arrays for beam characterization.

The Shannon-Nyquist theorem gives the minimum sampling rate required to reproduce a continuous

signal from a set of discrete measurements. Nyquist original described the concept in relation to

transmitting telegraph signals, but since then it has been shown that the theorem is applicable to all signal

processing [58, 59]. When applied to signals that are continuous in time e.g., a high-intensity pulse-beam,

the theorem can be colloquially summarized by the statement, \To measure an event in time you need a

measurement that is faster than the event". One way people experience this phenomenon in the real world

is when viewing a scene that is illuminated by a strobe light. If the frequency of the strobe is lower than
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the rate at which we perceive the scene (� 60-80 Hz [60]) motion in the scene will appear discrete and

disjointed, but as the frequency of the strobe increases motion looks more continuous. High-intensity pulses

of light are some of the shortest events we have observed, so measuring them in time requires signi�cant

ingenuity. One clever method to measure the duration of an ultrafast pulse of light was shown by

Armstrong in 1966 [61]. Armstrong realized that the only natural phenomenon fast enough to measure a

pulse of light was another pulse of light. In his foundational experiment, Armstrong made two copies of a

pulse-beam from a mode-locked Neodymium-glass laser and then recombined them on a gallium arsenide

crystal which results in second harmonic generation (SHG) when the intensity of the recombined pulses

was high enough, but not when only one of the pulses illuminated the crystal. Then by scanning the delay

between the copies of the pulse and recording the second harmonic signal as a function of that delay

Armstrong e�ectively mapped out the temporal pro�le of the pulse-beam, and measured a pulse duration

of 4 ps. He also showed that the technique was capable of measuring pulse durations less than 0.4ps. Since

Armstrong's initial demonstration this technique has come to be known as an intensity-autocorrelation

measurement. Today intensity-autocorrelators are commercially available and are commonly used for

characterization of pulses with durations greater than about 10fs .

The autocorrelator was a major improvement in pulse characterization techniques, but there are a few

reasons that intensity autocorrelation cannot be used for ultrafast high-intensity pulse characterization.

First, the autocorrelation trace is always symmetric [61], but the intensity of a pulse is not necessarily

symmetric in time [62]. Second, intensity autocorrelation requires a nonlinear medium that satis�es the

phase matching requirement over the bandwidth of the radiation [63, 64]. Practically this limits the

spectral region over which the technique is applicable, as well as the bandwidth of the radiation that can

be measured. Third, and arguably most importantly, the intensity measurement provided by an

intensity-autocorrelator is insu�cient to characterize a pulse because it neglects the temporal phase of the

pulse. Mathematically the electric �eld of pulsed radiation can be expressed as a function of time as:

E(t) = Ref I (t)1=2ei [!t � ' ( t )] g (2.1)

where E(t) is the electric �eld as a function of time, Ref�g represents the real part of the expression in

brackets, Im f�g represents the imaginary part of the expression in brackets,I (t) / j E (t)j2 is the intensity

of the �eld as a function of time, ! is the angular frequency of the radiation, t is time, and ' (t) =

atan(Im f E(t)g=Ref E(t)g) is the time dependent phase of the �eld. This expression shows that an

intensity-only measurement does not fully de�ne a pulse of electromagnetic radiation. As early as 1969 it

was shown that without a measurement of the temporal phase of a pulse the temporal pro�le will appear

arti�cially smooth and will not accurately depict the pulse [62]. While interferometric autocorrelators

alleviate some of these concerns, the next revolution in pulse characterization did not come until the

advent of Frequency Resolved Optical Gating (FROG) in the early 1990s [65].

Frequency Resolved Optical Gating was a revolutionary technique for ultrafast pulse measurement. The

experimental system for FROG is only slightly more complex than a n autocorrelation measurement, but

the application of a phase retrieval algorithm in the technique dramatically improves the utility by enabling

retrieval of the temporal phase, ' (t). In FROG two copies of a pulse interact in a nonlinear medium, but

instead of recording the intensity of the resulting signal �eld as a function of delay, in FROG the spectrum

of the signal �eld is measured by imaging the signal beam onto the entrance slit of a spectrometer. The

result of a FROG measurement is a spectrogram, which shows the spectrum of the signal �eld as a function

of the delay. This spectrogram is an intuitive representation of the pulse which can be used for qualitative
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analysis of the pulse structure [65], but application of a phase retrieval algorithm also allows for

quantitative analysis. The measured spectrogram in FROG can be related to the signal �eld by:

I F ROG (!; � ) =

�
�
�
�

Z 1

�1
Esig (t; � )e� i!t dt

�
�
�
�

2

(2.2)

where I F ROG (!; � ) is the measured intensity of the signal �eld as a function of angular frequency,! , and

delay, � , and Esig (t; � ) is the signal �eld as a function of time, t, and delay. Inverting this expression to

solve for Esig (t; � ) requires determination of the phase,' (t), which was already known as the

\phase-retrieval problem", and was common in other �elds, like imaging. One solution to the

phase-retrieval problem is to use an iterative algorithm for numerical reconstruction. However,

phase-retrieval algorithms require strong constraints to assist them in converging to a solution, which must

be tailored to the speci�c problem. In FROG this constraint comes from the relationship between the

signal �eld and the driving �eld to be measured. The exact relationship between these �elds depends on

the beam geometry of the speci�c implementation [66], but in all cases the relationE(t) /
R1

�1 Esig (t; � )dt

is satis�ed, and this \proportionality constraint" can be used in a phase-retrieval algorithm. A 
ow chart

of the original FROG phase-retrieval algorithm is shown in Figure 4 of [65]. By applying the

phase-retrieval algorithm the complex temporal pro�le of pulse can be measured with a relatively simple

experimental system. Since the initial demonstration of FROG it has been widely adopted as a standard

pulse measurement technique, and many di�erent modalities have been developed with various bene�ts and

drawbacks, including single-shot FROG (SSFROG). Today FROG is a very commonly used pulse

characterization technique, and many commercial FROG devices can be purchased, but FROG is not the

only commonly used modern pulse characterization technique.

Two other commonly used modern pulse characterization techniques are Spectral Phase Interferometry

for Direct Electric-�eld Reconstruction (SPIDER), and Dispersion-scan (D-scan). Relative to FROG,

SPIDER is experimentally more complex, but it enables direct reconstruction of the electric �eld, rather

than iterative reconstruction. As in FROG, in SPIDER two replicas of a pulse interfere in a nonlinear

medium and the spectrum of the resulting signal beam is measured, however instead of time-delayed copies

of the pulse, SPIDER uses time-delay and spectrally sheared copies of the pulse [67]. Spectral shear refers

to a linear o�set of the spectrum of a pulse, i.e., a frequency shift. When two time-delayed identical pulses

interfere in a nonlinear medium the spectrum of the resulting signal exhibits interference fringes that are

spaced inversely proportional to the time-delay. When time-delayed copies of a pulse are spectrally sheared

as well, the spectrum of the resulting signal beam exhibits fringe spacing that varies as a function of

frequency depending on the phase di�erence between the two pulses at that frequency, i.e. the spectral

phase. Thus, by measuring the spectral interferogram from two time-delayed spectrally sheared copies of a

pulse, the complex temporal pro�le of the pulse can be extracted. Importantly, reconstructing the spectral

phase from a spectral interferogram only requires Fourier �ltering, so it is a direct rather than iterative

reconstruction. However, creating two time-delayed spectrally sheared copies of a pulse beam is not trivial

and requires additional experimental complexity. D-scan requires an iterative reconstruction, but its

implementation is simpler than FROG. In D-scan no copies of the pulse are made, instead the pulse passes

through a prism pair with one prism on a translation stage, it is upconverted in a nonlinear medium, and

the second harmonic spectrum is measured on a spectrometer [68]. The resulting spectrum depends on the

insertion of the prism, in other words on the dispersion added to the pulse. By recording the SHG

spectrum as a function of dispersion a trace is generated from which the spectral phase can be retrieved via

iterative reconstruction. Today D-scan and SPIDER are regularly used pulse characterization techniques,
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and each have been implemented in various modalities including single shot modalities. Note that the

techniques presented here are some of the most commonly used for pulse characterization, but this is not

an exhaustive list. One �nal subtle but important point about pulse characterization that must be

mentioned is the \coherent artifact".

In the late 1960s experimentalists were rapidly pushing the frontiers of laser science. Once intensity

autocorrelation provided the means to measure pulse duration, experimentalists scurried to generate and

measure shorter and shorter pulse durations. In many of these experiments the autocorrelation

measurement would yield a broad background with a very sharp feature on top, and the eager

experimentalists excitedly claimed that the narrow feature represented the pulse while the background

represented stray light or noise in the system [69]. In fact, the broad backgrounds in such traces were the

actual pulse durations and the narrow feature represented only the shortest temporal structure in the pulse

and came to be known as the \coherent artefact". In 1969 Fisher and Fleck indicated that this was likely

caused by measuring the average of many pulses that have intensity and spectra that vary from pulse to

pulse [62]. Some modern pulse characterization techniques, like FROG, actually give some indication of the

stability of the pulse that is being characterized, but generally it is better to have the ability to

characterize a single pulse, rather than characterizing the sum or average of many pulses [69]. As such,

accurate pulse-characterization requires single-shot measurements which are generally more complicated.

Single-shot and single-pulse metrologies are discussed further in section 2.4.

2.2 Beam Characterization

The simplest instruments for beam characterization are two-dimensional photodetector arrays or what I

refer to as \cameras". These devices measure an electric signal proportional to the intensity of incident

light on each subdetector, or pixel. The two most common camera architectures are charge coupled devices

(CCDs), and complementary metal oxide semiconductors (CMOS), though others exist as well [70]. While

the detailed operation of these devices varies, for beam characterization they perform almost identically.

Recall that for beam metrology, the temporal structure of the pulse can be ignored and therefor the limited

response time of these devices is not consequential. A few important parameters to consider when using a

camera for beam characterization are the spatial resolution or pixel size, the �eld of view or number of

pixels, the dynamic range, the bit depth, and the damage threshold. For a camera the minimum spatial

resolution is equivalent to the pixel size since each pixel in the array averages over any spatial

inhomogeneity in the signal it receives. The e�ective resolution can always be increased, for instance to

speed up computations, by binning or grouping pixels. When characterizing focused beams, the minimum

beam size that can be measured is limited by the spatial resolution. when characterizing large beams, for

instance prior to a focusing lens, the maximum size of a beam that can be imaged on a camera depends on

the �eld of view, which is the area of the camera that collects light. The �eld of view is simply the product

of the number of pixels and the pixel size. There are maximum and minimum intensities that each pixel in

a camera can accurately record, and the ratio of the maximum to the minimum intensity that can be

recorded is known as the dynamic range. Intensity is essentially continuous, but electronic detectors

require discrete digitized signals so the intensity scale must be discretized for it to be digitized. The

number of bins in the intensity scale is called the bit-depth, for example: the signal from a 14-bit camera

can take on 214 = 16; 384 di�erent intensity values. For beam characterization, the dynamic range and

bit-depth of a camera determine how detailed the intensity image is. A �nal camera parameter to consider

is the damage threshold of the camera. When high enough intensities of light are applied to any material
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damage will occur. The pixels in a camera are no exception, and the damage threshold determines the

maximum intensity of light that a pixel can accommodate before it is damaged. Practically, many ultrafast

pulse-beams are too intense to measure on a camera, so often a Neutral Density (ND) �lter is used to

attenuate a pulse-beam before it is measured on a camera. It is generally assumed that the action of the

ND �lter is negligible, but that is not always the case. Cameras are ubiquitous in optical measurements,

and they are often used in more complicated measurement schemes where the spatial axes may encode

other information. For beam characterization, the major disadvantage of a camera is that they only

measure intensity, rather than measuring the complex (phase and amplitude) spatial pro�le or wavefront.

Cameras are critical for optical measurements, and they are commonly used to measure beams.

However, like the autocorrelator for pulse characterization, beam characterization with a camera only

provides partial representation of a beam because it can only measure intensity. Mathematically the

temporally averaged transverse spatial pro�le of an electric �eld as measured at the axial plane of a

camera's detector,z0 can be expressed as:

hjE (r ? ; z0; t)j2i T = hjRef I (r ? ; z0; t)1=2ei' ( r ? ;z0 ;t ) gj2i T (2.3)

where E(r ? ; z0; t), I (r ? ; z0; t) and ' (r ? ; z0; t) are the spatiotemporal electric �eld, intensity and phase of

the pulse-beam at the detector plane, andh�iT represents temporal averaging over the detector exposure

time T. There are techniques to determine the spatial phase,' (r ? ; z0), by using multiple camera images.

For instance, the Gerchberg-Saxten phase retrieval algorithm uses two or more intensity images taken at

axial planes separated by known distances [71, 72], but a single intensity image is insu�cient to determine

the spatial phase of a beam. Since spatial phase measurements provide more complete characterization

than intensity-only measurements, several techniques have been developed to measure spatial phase.

The most common system for phase-sensitive beam characterization, also known as wavefront

characterization, is the Shack-Hartmann wavefront sensor (SHWFS) [73]. The origins of the SHWFS date

back to the early 1900s when Johannes Hartmann used an array of pinholes in a mask to trace individual

rays of light through a large telescope to test the quality of the lens [74]. In the late 1960s Shack realized

that replacing the pinholes in a Hartmann mask with an array of lenslets and measuring the spot �eld in

the focal plane of the lenslet array increased the intensity of the measured signal and the accuracy of the

measurement. Platt, who was a research associate at the time, succeeded in manufacturing an appropriate

lenslet array in his home kitchen after many failed attempts, and the pair applied their device to improve

satellite imaging by simultaneously measuring and correcting for the optical transfer function of the

atmosphere [73]. The precise analytic description of the SHWFS is deceptively complex, but the

operational principle of the SHWFS is relatively simple [75]. The idea is that the phase of the wavefront

incident on a lenslet changes the location (linear phase) and shape (higher order phase) of the focal spot

from that lenslet. By measuring the focal position shifts and the intensity pro�le of the focused spot for

each lenslet a SHWFS indirectly measures the phase and intensity of a beam. Software to determine the

intensity and phase of a beam from the measured focal position shifts and intensities is readily available.

Proper calibration of SHWFS is critical for quantitative measurements, but robust calibration methods

have been developed [76]. The availability of data analysis programs, easy calibration, and simultaneous

phase and intensity measurements provided by SHWFS make them excellent tools for beam

characterization, which is why they are the most commonly used instrument for such measurements. The

primary shortcoming of SHWFS is the limited spatial resolution, which is determined by the size of lenslets

in the array since the spatial pro�le of the �eld is averaged over the lenslet. The manufacturing of lenslet
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arrays for SHWFS has improved dramatically since Platt made the �rst array in his home kitchen, but the

minimum lenslet size still limits the spatial resolution of the technique. Despite their limited spatial

resolution, SHWFS are routinely used to monitor laser beam quality especially in combination with an

adaptive optical element to do real-time beam monitoring and correction. The SHWFS is the simplest and

most ubiquitous phase-sensitive beam pro�ling technique, but it is not the only one.

Besides SHWFS, other wavefront characterization techniques generally require more complex

experimental systems, and/or multiple measurements to provide better characterization. These include

interferometric techniques like self-referencing interferometer wavefront sensing, and (multi)shearing

interferometry, as well as phase-retrieval techniques like Gerchberg-Saxton (GS) and transport of intensity

equation (TIE). In a self-referenced interferometer, the beam of interest is split into two copies, one of

which is coupled into a single-mode optical �ber which acts as a spatial �lter such that the spatial pro�le is

known and can be used as a reference. The two copies are recombined, and an interference pattern is

recorded on a camera. Then variable phase shift is introduced to the reference beam using, for instance a

�ber phase shifter, and an interference pattern is recorded for each phase shift. The collection of patterns

is then used to reconstruct the amplitude and phase of the beam [77, 78]. An example of multishearing

interferometry for beam characterization is the three-wave lateral shearing interferometer presented by

Primot in 1993 [79]. In that groundbreaking demonstration, Primot showed that by recording the

interference of three copies of a beam with known tilts, or shears, between the copies, the pattern could be

analyzed to reconstruct the amplitude and phase of the beam. Since the initial demonstration a number of

improvements have been made to multishearing interferometers that make them competitive with SHWFS,

but they still require more complex experimental systems [80, 81]. Another important class of beam

characterization techniques are phase-retrieval based techniques like the GS algorithm. The GS algorithm

can be considered the spatial analogue of the temporal phase retrieval algorithm used in FROG.

Application of the GS algorithm requires two, or more, intensity-only images of a beam taken at known

axial separation, ideally at the focal plane of a lens and in the far �eld. The �eld at one plane can be

related to the other through a Fourier transform based propagator. The algorithm works by propagating a

guess from one axial position to the other, replacing the magnitude with the square root of the measured

intensity at that location, and repeating that process until the guess matches the measured intensities at

both planes [71, 72]. Phase retrieval-based techniques like GS are of particular interest since ptychography,

which is discussed in detail in chapter 3 is also based on phase retrieval. Another set of phase retrieval

techniques are those based on TIE. The theoretical basis for TIE phase retrieval was �rst presented by

Teague [82], and since then many experimental demonstrations have been performed [83]. Like GS, in TIE

multiple axially separated intensity measurements are recorded. Unlike GS, however, in TIE an single

equation is solved to retrieve the phase from the approximation of the spatial derivative of the intensity

along the propagation direction and the known intensity at a given plane. As such, TIE is a direct phase

retrieval approach where as GS is an iterative approach. Note that in this section I presented a few of the

most common beam and wavefront characterization techniques, but there are many more.

2.3 Pulse-beam Characterization

Techniques that are capable of simultaneous spatial and temporal characterization of ultrafast

pulse-beams provide the most complete characterization. Recall that the spatial and temporal pro�les of

high-intensity pulse-beams are not necessarily separable, i.e.E (r ; t) 6= E(r )E (t), so independently

measuring the spatial and temporal pro�les of a pulse-beam is not the same as measuring the
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spatiotemporal pro�le. This is particularly evident in the case of spatiotemporal couplings like linear or

angular spatial chirp, or pulse-front tilt [84]. Since ultrafast laser pulse pro�les are too short to measure

directly, the Fourier transform relationship between the spectral and temporal domains is often exploited

to characterize spatiotemporal pro�les. The complex spatiotemporal pro�le of a pulse-beam is related to

the spatiospectral pro�le by: E(r ; t) = F t! f eE(r ; ! )g. Where F t! represents a temporal Fourier transform.

Generally, spatiospectral characterization techniques do not characterize spectral phase' (! ), so additional

measurements are required. Without spectral phase measurement, only the transform limited pulse

duration can be measured, and in reality pulse-beams are rarely transform limited. Despite the necessity

and utility of pulse-beam characterization, only a handful of techniques can make such measurements.

One of the �rst pulse-beam characterization techniques, Spatially and Temporally Resolved Intensity

and Phase Evaluation Deivce: Full Information From a Single Hologram (STRIPED FISH), was

demonstrated in 2006 [85]. STRIPED FISH uses a reference pulse-beam with well characterized spatial and

spectral phase. The reference pulse crosses the pulse-beam of interest at a small angle to generate

interference between the two beams. Then a rotated di�raction grating, and a tilted bandpass �lter are

placed upstream of a camera. The rotated di�raction grating makes many copies of the two pulses

traveling in di�erent directions, but it also disperses the spectral components such that they travel at

slightly di�erent angles. The tilted bandpass �lter then passes the di�erent spectral components at

di�erent physical locations depending on the local angle of incidence of each spectral component. The

result is multiple spatially separated monochromatic interference patterns from which the complex

spatiospectral structure of the pulse-beam, including spectral phase, can be deduced. Signi�cant

advantages of STRIPED FISH are that the technique can be performed in single-shot, and that the

spectral resolution is very high. The primary disadvantage of the technique is that it requires a well

characterized reference pulse-beam, and the accuracy of the measurement depends on the accuracy of the

reference pulse-beam characterization. Another disadvantage is that the reliance on the bandpass �lter

signi�cantly limits the spectral bandwidth of a pulse-beam that can be measured with the system.

Nevertheless, STRIPED FISH is an important pulse-beam characterization technique, especially since it is

one of the only techniques that can perform single-shot spatiotemporal characterization.

Another pulse-beam characterization technique, Hartmann-shack-Assisted Multidimensional,

Shaper-based Technique for Electric-�eld Reconstruction (HAMSTER) is based on coupling a Shack

Hartmann wavefront sensor (section 2.2) with frequency resolved optical gating (section 2.1). To obtain

spectroscopic information HAMSTER relies on an acousto-optic programable dispersive �lter (AOPDF)

which acts as a tunable bandpass �lter and selects a quasi-monochromatic portion of the incident

pulse-beam [86]. The AOPDF is scanned across the bandwidth of the illumination and each

quasi-monochromatic spectral component is characterized spatially by the SHWFS to measure the

spatiospectral pro�le of the beam. The AOPDF and SHWFS combination characterize the complex spatial

pro�le of a pulse-beam up to an unknown scaling between the spectral components and an unknown

spectral phase. the FROG measurement removes these ambiguities by providing the spectrum and spectral

phase of the illumination. The primary advantages of HAMSTER are that it characterizes the pulse-beam

without relying on a reference beam, and that the measurements and data analysis are relatively simple

since FROG and SHWFS well established techniques. The main disadvantage of HAMSTER is that it

depends on scanning the AOPDF and making multiple measurements, which precludes single-shot

characterization. The experimental system for HAMSTER is also rather complex and requires precise

alignment so implementation of the technique is not trivial. Despite these issues, HAMSTER provides
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straightforward pulse-beam characterization which makes it a competitive pulse-beam characterization

technique.

Two other closely related pulse-beam characterization techniques are TERMITES and INSIGHT.

TERMITES is an acronym for Total E-�eld Reconstruction using a Michelson Interferometer Temporal

Scan, and although INSIGHT also appears to be an acronym it is never de�ned in the literature [87{89].

Both techniques are based on spatially resolved Fourier transform interferometry, but the way that they

get phase information is di�erent. Spatially resolved Fourier spectroscopy is performed by placing a camera

at the output of a simple Michelson or Mach-Zehnder interferometer, and it e�ectively provides the

spectrum of the pulse-beam at each spatial location, which is comparable to intensity-only spatiospectral

characterization. TERMITES is a self-referenced technique in which one arm of the interferometer consists

of a small convex mirror on a delay stage. Interference patterns are collected for di�erent delays and the

collection of interference patterns is used in an iterative algorithm to retrieve the complex spatiotemporal

pro�le of the pulse-beam. TERMITES depends on the assumption that the pulse-beam is homogeneous

over the small convex mirror, and in that case the re
ected pulse-beam is known and can be used as a

reference [87]. The validity of that assumption is one signi�cant limitation of the technique. INSIGHT does

not require a reference beam, instead it depends on performing multiple axially separated measurements

and using Gerchburg-Saxton (GS) to recover the phase of the pulse-beam. Spatially resolved Fourier

transform spectroscopy provides intensity-only spatial pro�les of each spectral component at di�erent axial

locations. For each spectral component, multiple axially separated intensity-only images can then be used

with the known distance between them in the GS phase-retrieval algorithm to get the complex

spatiospectral pro�le of the pulse-beam. Note that this requires running a GS phase-retrieval algorithm for

each spectral component in the pulse-beam which can be computationally demanding. Additionally, since

both TERMITES and INSIGHT depend on scanning the delay in an interferometer, neither technique can

be performed in a single shot.

A �nal pulse-beam measurement technique to mention is called Femtosecond Interferometric

Shack-Hartmann Frequency Resolved Optical Gating, or FISHFROG [90, 91]. FISHFROG is somewhat

similar to HAMSTER, both techniques use a combination of SHWFS and FROG measurements, but

FISHFROG does not rely on a scanning AOPDF like HAMSTER does. In FISHFROG an unknown

pulse-beam is sent into a scanning Mach-Zender interferometer with a delay stage in one arm. The

interferometer produces two pairs of copies of the incident pulse and each pair has the same controllable

time delay between them. One pair of pulses is imaged with re
ective optics to a collinear FROG, and the

other pair is imaged with refractive optics to the SHWFS. The system is calibrated to colocate the two

measurements such that the complex spatiospectral pro�le measured in the SHWFS can be combined with

the temporal characterization from FROG. FISHFROG also depends on scanning the delay in the

interferometer, so it cannot be performed in a single shot, but it does provides precise quantitative

characterization of the spatiotemporal pro�le of an ultrafast laser.

2.4 Single-shot and Single-pulse Characterization

Single-shot, also known as snap-shot or single-frame, characterization refers to a single measurement, or

a temporally synchronized set of measurements, that fully characterize the spatiospectral/spatiotemporal

pro�le of an ultrafast pulse-beam. Single-pulse characterization refers to the ability to measure the

spatiospectral/spatiotemporal pro�le of a single isolated pulse. The distinction is necessary because some

single-shot systems collect data from the sum of many pulses, often to overcome signal to noise limitations
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or because the system cannot measure fast enough. Many spatiospectral and spatiotemporal pulse-beam

characterization techniques rely on scanning part of the experimental system which precludes single-shot

measurement (section 2.3). Such systems are robust and well suited to characterizing some ultrafast laser

pulse-beams, but single-shot and single-pulse systems are more versatile.

One clear advantage of single-shot characterization is reduced data collection time. Each data point in

a scanning characterization system requires: 1) an incident pulse-beam or pulse-beams, 2) a detector

exposure, 3) and part of the system to move. Building up large data sets can therefor take considerable

time, especially since each individual step can be slow depending on the system. The repetition rate,f rep ,

of an ultrafast lasers is de�ned as the number of pulses the laser emits per second. Some of the

highest-intensity ultrafast lasers have low repetition rates. For instance, the CoReLS petawatt laser which

holds the current world record for highest intensity (1:1 � 1023W=cm2), has f rep = 0 :1Hz and the

high-power L4 ATON beam line at Extreme Light Infrastructure (ELI) center has f rep = 0 :017Hz or about

a shot per minute [92, 93]. The low repetition rate of such systems dramatically limits the data collection

time for any scanning measurement system. Besides low rep-rates, detector exposure time and the time it

takes to physically move a component in the system may also limit data acquisition time. Often

spatiospectral or spatiotemporal characterization are used as feedback to tune ultrafast lasers so that they

produce optimal pulse-beam structures. Such feedback is limited by data acquisition times, and thus fast

data acquisition is critical to dynamic optimization. Besides speeding up data acquisition, there are also

systems like X-ray Free Electron Lasers (XFELs) and the lasers at the National Ignition Facility (NIF)

that only operate in single-pulse modalities. Characterization of these lasers requires single-pulse

measurement techniques.

A further advantage of single-pulse characterization is the ability to study of non-repetitive or chaotic

phenomena. An ultrafast laser itself may be non-repetitive to a degree. Generally we assume that every

laser pulse-beam produced by an ultrafast laser is identical, but the complex interactions in CPA systems

can be in
uenced by many factors which may alter the spatiotemporal pro�les of individual pulse-beams.

Scanning characterization systems, and those that measure the sum of many pulses, rather than a single

pulse, rely on the assumption that every laser pulse-beam is identical. Single-pulse characterization enables

analysis of pulse-to-pulse 
uctuations, which other systems cannot properly handle. Moreover, ultrafast

lasers allow us to investigate novel physics at the frontiers of our knowledge (section 1.3). Many of these

phenomena, including nonlinear optical e�ects like �lamentation, are generally non-repetative or chaotic.

Single-pulse characterization techniques are the only appropriate tool to study such phenomena.

A number of single-shot pulse, beam, and wavefront characterization techniques exist, but only a few

single-shot pulse-beam characterization techniques have been developed. Single-shot pulse measurements

include: single-shot FROG [94], grating-eliminated no-nonsense observation of ultrafast incident laser light

E-�elds (GRENOUILLE) [95], single-shot dispersion-scan [96], and single-shot SPIDER [97]. This is not an

exhaustive list, and there are multiple implementations of some of these techniques. Almost all beam and

wavefront characterization techniques can be performed in a single-shot. Even wavefront characterization

techniques that require multiple intensity images, like GS algorithms, can be performed in a single-shot

using an appropriately modi�ed experimental system. Single-pulse beam or wavefront characterization is

often more challenging. Generally it is limited by a detector's minimum exposure time (for

high-repetition-rate lasers) or by the minimum amount of signal required for characterization (for

low-energy systems).
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Single-shot pulse-beam characterization techniques are rare. STRIPED FISH was the �rst single-shot

spatiospectral characterization technique [85]. Initially STRIPED FISH relied on a precharacterized

reference beam, which is not ideal, but since the initial demonstration self-referenced STRIPED FISH has

been developed, which is a signi�cant improvement [98, 99]. Another set of single-shot, reference-free,

pulse-beam characterization techniques only characterize one spatial dimension (E(x; y0; z0; t)), rather than

the full-�eld ( E(r ? ; z0; t)) spatiotemporal pro�le. These include a modi�ed version of tunneling ionization

with a perturbation for the time-domain observation of an electric �eld (TIPTOE) [100], consistent and

reliable optical diagnosis by imaging the spatiospectral amplitude couplings of a nonlinear third-order

e�ect (CROISSANT) [101], and dynamical ptychography [29]. These techniques only deliver full-�eld

characterization if the beam pro�le can be assumed symetric, which is not generally the case. Another

similar technique which measures the full-�eld, but has very poor spatial resolution in one dimension, is

carrier frequency division multiplexing spectral interferometry (CFDMSI) [102].

2.5 Single-shot, Reference-free, Full-�eld, Spatiotemporal Characterization

Recently three particularly interesting single-shot, reference-free, full-�eld spatiotemporal

characterization techniques were demonstrated. The �rst was \multispectral wavefront sensing" [103].

Multispectral wavefront sensing is performed by passing an pulse-beam through an etalon followed by a

di�raction grating. The �rst di�racted order from the di�raction grating is passed through a second

grating to spatially separate di�erence monochromatic spectral components which are each measured on a

single wavefront sensor. The transmitted beam (0 order) from the �rst grating is measured on a

spectrometer to determine the relative intensity of the spectrally resolved wavefront measured in the other

arm of the device. This device only measures a few discrete spectral components, so I categorize it is a

multiwavelength, rather than broadband spatiospectral characterization (see section 4.4). Despite this

nuance, the authors claim that multispectral wavefront sensing can be used to accurately characterize the

full spatiospectral pro�le of a pulse-beam simply by interpolating and extrapolating the measured

wavefront across the full spectrum. Then a pulse-measurement technique, SPIDER in the initial

demonstration, is used to measure the spectral phase of \the central part of the laser beam", to generate

the spatiotemporal pro�le. Due to the reliance on interpolation, this technique is only appropriate for

pulse-beams with smooth spatiospectral pro�les.

The second recently demonstrated single-shot, reference-free, full-�eld spatiotemporal characterization

technique was compressed optical �eld topography (COFT) [104]. COFT is based on intensity-only

spatiospectral characterization from coded aperture snapshot spectral imaging (CASSI). In CASSI, a

pulse-beam passes through a binary coded aperture followed by a prism, and the resulting intensity is

measured on a CCD camera. Compressive sensing based algorithms are then applied to reconstruct the

intensity-only spatiospectral pro�le from the camera images [105]. In COFT, two beamsplitter are used to

create three copies of an unknown pulse-beam, one goes to a single-shot FROG, one is imaged directly to

the coded aperture of CASSI, and the third copy is focused and then the focus is imaged to the coded

aperture of CASSI. The two copies of the pulse-beam in CASSI are spatially separated, such that CASSI

measures the intensity-only spatiospectral pro�le of both copies in a single-shot. Spatial phase is retrieved

by running a GS algorithm on each pair of spectrally resolved intensity pro�les from CASSI, and spectral

phase is measured by the SSFROG arm. Algorithmic colocation (see section 6.5.1) is used to determine

where the SSFROG measurement is made relative to the spatiospectral characterization from CASSI.
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A third technique that was recently demonstrated was coherent modulation imaging for the

spatio-spectrum (CMISS) [106]. CMISS is similar to STRIPED FISH but it does not require an external

reference or self-referencing. CMISS is based on coherent modulation imaging (CMI) [107]. In CMI an

unknown pulse-beam or wavefront is characterized by �rst passing it through a modulator with a known

transmission function and then collecting the resulting di�raction pattern. Phase retrieval is then

performed to characterize the complex wavefront from the single measured di�raction pattern and known

modulator transmission function. CMISS uses the same combination of grating and titled narrow

band-pass �lter that are used in STRIPED FISH to generate spatially-separated, spectrally-resolved, copies

of the input pulse-beam. Then an encoding plate is placed upstream of the detector. Interestingly, the

transmission function of the encoding plate is pre-characterized by ptychography (chapter 3). The complex

wavefront is reconstructed for each spectral component, and then the system is coupled with a

GRENOUILLIE measurement of the spectral phase \at the center point" to retrieve the full

spatiotemporal pro�le.

Each of these recently demonstrated single-shot, reference-free, full-�eld spatiotemporal

characterization techniques has strengths and weaknesses that make them more appropriate for certain

experiments. Self-referenced, single-shot, full-�eld measurement techniques, like the self-referenced

STRIPED FISH [98, 99], which was initially proposed in 2008, but only demonstrated experimentally in

2021, are also appropriate for characterization of many pulse-beams of interest. Of the three techniques

discussed in this section, only COFT presents discussion of colocating temporal and spatiospectral

measurements. Colocation is critical for accurate spatiotemporal characterization, but it is often

overlooked (see section 6.3.2). It is also worth noting that these techniques were only demonstrated in the

last two years (since 2021), and they did not exist when we started exploring pulse-beam measurement

with ptychography. The resurgence of papers on single-shot, reference-free, full-�eld spatiotemporal

characterization, speaks to the recent interest in this topic and how critical these metrologies are.
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CHAPTER 3

PTYCHOGRAPHY

Single-shot spatiotemporal pulse-beam characterization is critical for the optimal application of

high-intensity pulse-beams, but to date there are few techniques capable of such metrology. The

pulse-beam characterization techniques described in chapter 2 are excellent methods that represent major

advances, but only a few of them are capable of single-pulse, reference-free, full-�eld, spatiotemporal

pulse-beam characterization, which is ideal for ultrafast laser metrology. Ptychography, a relatively new

phase-sensitive computational microscopy technique, is a method that is amenable to single-pulse,

reference-free, full-�eld pulse-beam characterization. In this chapter I will explain the origins of

ptychography and why it is well-suited to ultrafast laser metrology. First, I explain the inception of

ptychography and how it relates to a precursor technique called Coherent Di�ractive Imaging. Then I

describe conventional scanning ptychography, and subsequently I introduce the concept of multiplexing in

ptychography. Finally, I will detail recent work on single-shot ptychography, and three-dimensional

single-shot ptychography. Our group was the �rst to unite the �elds of ptychography and ultrafast lasers

by applying the technique to ultrafast laser metrology.

3.1 History

Ptychography is based on a foundational technique called Coherent Di�ractive Imaging (CDI). CDI was

developed by considering the familiar phase-retrieval problem in crystallographic x-ray imaging. In the

early 1950s Sayre hypothesized that the electron density of a centrosymmetric crystal could be fully

characterized by measuring the amplitude of the Fourier transform of the electron density at enough

positions if the phases were known [108]. Then in the late 1970s and early 1980s Fienup leveraged the major

advances in computational power to write iterative algorithms that could solve the phase-retrieval problem

for imaging by iteratively transforming between real-space and Fourier domains and applying constraints in

each domain [109, 110]. Fienup's algorithms were inspired by the Gerchberg-Saxton algorithm described in

section 2.2, but Fienup's approach only required one intensity-only measurement in the Fourier domain.

The intensity-only measurement was used to constrain the amplitude of the Fourier transformed �eld, and

that constraint came to be known as the \modulus constraint". Fienup originally proposed two real-space

constraints, the �rst was that the amplitudes in real-space must be positive and was known as the

\nonnegativity" constraint, the second was that the diameter of the real-space image must not exceed some

maximum diameter which came to be known as the \support" constraint. CDI was experimentally

demonstrated with visible illumination by Feinup et al in the 1980s [110, 111], and with x-rays in the late

1990s [112, 113]. In the �rst two-dimensional x-ray experiment, Miao et al illuminated an array of gold

dots with soft x-rays and measured the far �eld di�raction pattern. An image was reconstructed from this

di�raction pattern using a modi�ed version of Fienup's phase retrieval algorithm which allowed for

reconstruction of complex valued images [114]. Since the initial demonstration of CDI, the technique has

been improved and applied to various imaging problems, and it is commonly used in various modalities

today [115{118]. Ptychography is an extension of CDI, and it works based on many of the same principles.

The term Ptychography was originally coined by Hegrel and Hoppe to describe a solution to the phase

retrieval problem in crystallography, but the method of ptychography they presented was speci�c to

crystallography [119, 120]. The �rst implementation of a more general x-ray ptychographic method was
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demonstrated by Chapman in 1996, though there the technique was called \Wignar-deconvolution

phase-retrieval microscopy" [121]. Ptychography as it is known today was popularized by Rodenburg et al,

and the technique only gained signi�cant interest once they demonstrated e�cient phase-retrieval

algorithms [122, 123]. Ptychography can be considered a combination of scanning transmission microscopy

and CDI. In the initial ptychographic experiments, spatially constrained coherent illumination, called a

probe, was scanned over a specimen of interest, called an object, and di�raction patterns are recorded in

the far �eld at each position. The spacing between neighboring scan positions was chosen such that if the

spatial pro�le of the probe were centered on neighboring positions simultaneously the pro�les would

overlap signi�cantly. This overlap leads to redundancy in the di�raction data which can be leveraged in a

phase retrieval algorithm by modifying the real space constraint to a constraint that requires the

illumination to be identical at each position. This new constraint is generally referred to as the \overlap"

constraint. The �rst phase retrieval algorithm for ptychography was called the Ptychographic Iterative

Engine (PIE) and it was similar to those presented by Fienup that were used in CDI. PIE, which is

explained further in Appendix A.2, used the collection of di�raction patterns and the known scan positions

to reconstruct the complex spatial pro�le of the object. Compared to traditional CDI, one signi�cant

advantage of ptychography was that the �eld of view of the reconstructed object was only limited by the

range that the illumination could be scanned, so larger extended objects could be imaged by ptychography

that could not be imaged by CDI.

3.2 Scanning Ptychography

In a traditional scanning ptychography experiment, a coherent illumination pro�le, or probe P(r ? ),

impinges on a sample of interest, or objectO(r ? ). P(r ? ) and O(r ? ) are complex two-dimensional

real-space functions. The probe moves to multiple overlapping \scan positions",R ? j , and at each position

a di�raction pattern, I j , is recorded. Assuming the object is thin enough to satisfy the projection

approximation, an exit surface wave (ESW),  j (r ? ), can be de�ned at each position as:

 j (r ? ) = P(r ? � R ? j )O(r ? ) (3.1)

Much like CDI, Ptychography depends on enforcing two constraints, one in the Fourier, or detector, space,

and one in real, or object, space. The �rst constraint is found in nearly all phase retrieval methods, and it

is generally refered to as the modulus constraint. In ptychography, the modulus constraint requires that at

each position, the amplitude of the exit surface wave propagated to the detector plane,j e j (u? )j matches

the measured amplitude at that position. In other words:

jPf  j (r ? )gj � j e j (u? )j =
q

I j (u? ) (3.2)

where u? represents the detector space coordinates. To be concise, moving forward the variable

dependence of the ptychographic variables may be dropped such that, j �  j (r ? ), e j (u? ) � e j etc.. In

many implementations of ptychography, di�raction patterns are collected in the far �eld, either by using a

lens or by placing a detector signi�cantly downstream of the object plane. In those implementations, the

propagator, P is well approximated by a spatial Fourier Transform, F ru . Sometimes more complicated

propagators are required though. This model assumes paraxial propagation and mapping of the detector

space coordinates,u? , to spatial frequenciesf? � h f x ; f y i where u? = �z f? , � is the wavelength of

illumination, and z is the distance between the detector and the object or the focal length of the lens.
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The second constraint, generally referred to as the overlap constraint, is speci�c to ptychography. It

requires that a single probe and object function satisfy equation 3.1, for all scan positions. Since the scan

positions overlap, there is redundancy in the ptychographic dataset which dramatically constrains the set

of possible solutions. Using the overlap constraint allows for relaxation of other constraints that were

previously required for CDI, like the support constraint.

Ptychographic phase retrieval algorithms are iterative. They start with a guess for the probe and

object, and then alternatively enforce the two constraints. The modulus constraint is enforced according to:

 0
j (r ? ) = P � 1

� e j

j e j j

p
I j

�
(3.3)

where  0
j (r ? ) is the updated ESW in object space. The constraint ensures that each ESW has the

modulus, or amplitude, that was measured in detector space, but it retains the phase from the previous

iteration. After the ESW is updated, the overlap constraint must be satis�ed, so the probe and object are

updated according to:

O0(r ? ) = (1 � � O )O(r ? ) + � O
P � (r ? � R ? j )

jP(r ? � R ? j )j2max
( 0

j (r ? ) �  j (r ? )) (3.4)

P0(r ? ) = (1 � � P )P(r ? ) + � P
O� (r ? + R ? j )

jO(r ? + R ? j )j2max
( 0

j (r ? ) �  j (r ? )) (3.5)

where O0(r ? ) and P0(r ? ) are the updated object and probe respectively.� O and � P are \step sizes" for

the object and probe updates respectively that are set between 0 and 1. After applying each constraint at

each scan position one iteration of the algorithm is complete. The process is repeated until a prescribed

number of iterations are completed or until the error is below a threshold.

There are parallel and serial ptychographic phase retrieval algorithms. In serial algorithms, the probe

and object �elds are updated after enforcing the modulus constraint at each position, one at a time. In

parallel algorithms, the probe and object �elds are updated after applying the modulus constraint to all

positions in parallel. The di�erence can be seen in the error metrics that are to be minimized in each case.

For serial ptychography the error to minimize is speci�c to one position, and the errors are minimized for

each position individually:

" j =

vu
u
t

X

u ?

(j e j (u? )j �
p

I j (u? ))2

N
(3.6)

where N is the total number of pixels in the detector. For a parallel ptychography algorithm the error to

minimize is:

" =

vu
u
t

X

j; u ?

(j e j (u? )j �
p

I j (u? ))2

NJ
(3.7)

where J is the total number of positions. The parallel formulation of ptychography was intially

demosntrated by Thibault et al. in 2008 [124]. Their formulation, which came to be known as pPIE, is

shown in appendix A.2. All parallel ptychography algorithms are based on using alternating projections (or

re
ections) to �nd the intersection of two constraint sets, but they di�er in how they search for the

intersection. pPIE was based on a 2003 paper by Elser in which he proposed the use of the Di�erence Map

(DM) algorithm to e�ciently �nd the intersection of two constraint sets [125]. Interestingly, Elser's
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formulation was similar to that of temporal phase retrieval for FROG, but he was the �rst to apply it to

spatial phase retrieval. Generally parallel algorithms are faster than serial algorithms, but they have higher

computational demands as well since the whole state vector must be stored and updated

After the initial demonstration of conventional, or scanning, ptychography by Rodenburg et al the

technique gained signi�cant attention. Since then, various improvements and modi�cations to the

phase-retrieval algorithm have dramatically improved the utility of ptychography. For pulse-beam

characterization, one particularly integral improvement to ptychography was the ability to simultaneously

reconstruct the probe and object. Probe reconstruction, also known as blind ptychography, was �rst

demonstrated by Thibault et al in 2008, and then soon after by Maiden et al in 2009 [124, 126, 127]. In

both cases the same scanning ptychography experiment is performed and no additional data is collected

relative to previous implementations. The phase-retrieval algorithm used by Maiden et al was called the

extended Ptychographic Iterative Engine (ePIE) and it was very similar to PIE except that an additional

step was performed to update the probe after the real-space constraint was applied, as shown in appendix

A.2.

In their 2008 paper, Thibault et al. showed that their DM-based phase retrieval method was also

amenable to probe reconstruction, and they expanded on probe retriveal in a subsequent paper [127].

Before probe retrieval methods ptychography required well characterized illumination as an input to the

reconstruction algorithm. in otherwords, the known probe �eld P(r ) was an input to the algorithm and it

was never updated with equation 3.5. Initially, the main motivation for probe retrieval was to relax this

requirement. It was also observed that by retrieving the probe, rather than relying on a known probe, the

quality of the reconstructed object could be improved. Since the quality of the probe reconstruction limits

the quality of the object reconstruction, in later years methods were developed to improve probe

reconstructions as well. For example, using a Modulus Enforced Probe (MEP) was shown to improve

reconstruction quality, and only required one additional measurement of the probe without the object in

the system [128]. Thibault et al. showed that the reconstructed probe could be propagated to generate the

spatial pro�le at di�erent axial planes [127], but in the subsequent years little attention was paid to

ptychographic probe retrieval as a beam characterization technique. One possible reason that probe

retrieval was not recognized as a beam characterization technique is that the initial demonstrations were all

performed with x-rays.

In the x-ray regime ptychography was largely motivated by the lack of su�cient imaging lenses, but it

was quickly realized that the phase-sensitive imaging provided by ptychography could be useful for other

imaging applications as well. In fact, ptychography is a method that can be used with any type of

partially-coherent radiation which makes it broadly applicable. However, there are some important

limitations of ptychography. The �rst limitation, the required oversampling, was originally de�ned in

relation to CDI, but it is also applicable to ptychography [114]. Fundamentally the oversampling

requirement comes from the Shannon-Nyquist sampling theorem applied to spatial sampling. Written in

terms of parameters in the experimental system, the oversampling requirement is:

� =
�z

dXD
> 2 (3.8)

where � is the oversampling,� is the wavelength of the illumination, z is the distance between the object

and detector, dX is the detector pixel size, andD is the diameter of the limiting aperture in the system.

Since the wavelength of the illumination and the detector pixel size are usually �xed, practically the

oversampling requirement sets the maximum extent of the probe or the minimum object-to-detector
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distance that can be used in an experiment. However, the object to detector distance,z, also in
uences the

pixel size of the reconstruction grids which determines the minimum spatial resolution of the reconstructed

probe and object. The reconstructed pixel size,dx, can be calculated as:

dx =
�z

dXN 1
(3.9)

where N1 is the number of detector pixels in one dimension. As such, for the best (minimum) spatial

resolution the object-to-detector distance should be minimized. In addition to the oversampling

requirement, another requirement for ptychography is that there must be su�cient overlap between the

scan positions. For a given probe size, this limits the spacing between positions, which in turn reduces the

�eld of view of the reconstruction. When more scan positions are used in a ptychography experiment the

data collection rate and reconstruction speed both decrease. Thus, the desired �eld of view and required

overlap must be balanced by the time it takes to collect and reconstruct the data. In addition to the

spacing between scan positions, the scan pattern also in
uences the quality of ptychographic reconstruction.

It has been shown that a Fermat Spiral scan pattern optimizes the uniformity of the overlap between

positions and avoids artifacts from periodic scan patterns which leads to better reconstructions [129].

3.3 Multiplexing

Conventional scanning ptychography with probe retrieval can provide the complex spatial pro�le of a

beam, but it does not come close to satisfying the requirements for single-pulse, reference-free, full-�eld

spatiotemporal pulse-beam characterization. The next critical improvement to ptychography for

pulse-beam characterization is the ability to demultiplex incoherent di�raction patterns in a ptychographic

reconstruction. Multiplexing is the idea of combining multiple signals into one signal, and demultiplexing

entails separating one signal into multiple sub-signals. The term was �rst applied to telecommunications

where, for instance, several telephone calls may be carried using one composite electronic signal in a wire.

In ptychography, the di�raction pattern measured from two incoherent ESWs is the sum of di�raction

patterns from each individual pattern, thus two incoherent di�raction patterns are multiplexed in a

ptychographic measurement. Ptychographic demultiplexing was �rst demonstrated by Thibault and

Menzel in 2013 [130]. In their paper they proposed many potential sources of decoherence in x-ray imaging,

including lack of spatial coherence in the probe, vibrations of the sample, and the point-spread function of

the imaging system. Shortly after Thibault and Menzel's foundational paper, Rodenburg's group also

demonstrated ptychographic demultiplexing of multiple visible wavelengths [131]. They illuminated a

colored projector slide with three colinear continuous wave (CW) lasers and showed that since the

di�raction patterns from di�erent wavelengths are incoherent, they could be demultiplexed such that a

probe and object could be reconstructed for each wavelength. Moreover, they demonstrated accurate

reconstruction of the relative powers of the reconstructed probes, i.e., the spectrum. I will refer to this

important modality of ptychography as multiwavelength ptychography. Critically, multiplexing in

ptychography does not require any additional measurements or experimental complexity, instead it is

enabled by an algorithmic modi�cation to the modulus constraint:

 0
j;� = P � 1

� e j;�q P
� j e j;� j2

p
I j

�
(3.10)

where e j;� is the ESW at position j and for wavelength channel� at the detector, and  0
j;� is the updated

ESW. Here the modulus constraint is written speci�cally for wavelength multiplexing, but � could also
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represent any other mutually incoherent channels, like orthogonal polarization states or temporally

separated pulses. Wavelength multiplexing in ptychography is key to enabling pulse-beam characterization.

Interestingly, in our work, we also found that multiple sources of decoherence can be simultaneously

demultiplexed by ptychography (see sections 5.4.4 and 5.4.5), in which case the summation in the

denominator of equation 3.10 must sum over all mutually incoherent channels.

One subtle but important distinction when discussing ptychographic multiplexing is the di�erence

between what I will call\modes" and \channels". In short, the di�erence comes from the physical cause of

incoherence. Two probes that form incoherent di�raction patterns by illuminating the same object and

propagating identically between the object and detector will be referred to as multiple probe modes. In a

multimodal reconstruction a single object is reconstructed but many incoherent probe modes are

reconstructed. Incoherent ESWs can also come from probes illuminating an object that has di�erent

transmission pro�les for each probe and/or di�erent ESW propagation between the object and detector, in

that case a probe and object must be reconstructed for each ESW. I'll refer to a reconstruction in which a

probe and an object are reconstructed for each incoherent ESW as a multichannel reconstruction.

Multiwavelength reconstructions are always multichannel because even if the object is nondispersive,

propagation between the object and detector is wavelength dependant.

When considering multiple sources of incoherence another subtle but important distinction is the

di�erence between \doubly incoherent" and \mutually incoherent" illumination. Consider illumination

that consists of two wavelengths and two orthogonal polarization states. If each wavelength has a speci�c

polarization, i.e. green with vertical linear polarization and red with horizontal linear polarization, then

the two channels are doubly incoherent. Such illumination could be reconstructed with two mutually

incoherent channels in ptychography. On the other hand, if each wavelength had both polarization states,

there would be four mutually incoherent channels: green vertical, green horizontal, red vertical, and red

horizontal. Such illumination would require a four channel ptychographic reconstruction.

3.4 Single-shot Ptychography

One factor limiting the broader application of ptychography was the slow data acquisition speeds of the

technique. In the scanning modality, ptychographic data acquisition is limited by the scan rate which

precludes application of ptychography to image fast phenomena like high-intensity pulse-beams. In 2013

Pan et al proposed and demonstrated the �rst single-shot ptychography (SSP) method based on

multi-beam illumination [132]. In that demonstration a Helium-neon (He-Ne) laser illuminated a cross

grating which split the beam into multiple beams traveling at di�erent angles, the object was placed some

distance after the grating such that the beams overlapped at the object plane, and the detector was placed

further downstream of the object where the individual di�raction patterns were spatially separated. Then

by measuring the collection of spatially separated di�raction patterns in a single detector exposure, and

computationally segmenting them, a ptychographic dataset could be produced in a single shot. Since the

detector must be segmented, the spatial resolution of an SSP reconstruction will always be worse than a

scanning ptychography reconstruction performed with the same detector, but the dramatic data acquisition

speed improvement outweighs the resolution decrease.

A few years after the initial demonstration of single-shot ptychography by Pan et al, a group lead by

Oren Cohen developed another modality of single-shot ptychography for imaging in the visible spectrum. In

the Cohen group's formulation of single-shot ptychography the grating was replaced by a di�ractive optical

element (DOE) [133]. In the initial demonstration a pinhole array DOE was imaged to a detector with a
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two lens 4f imaging system. the object of interest was placed a small distance,� , away from the Fourier

plane of the imaging system where the beams overlap signi�cantly but not entirely. With this optical

arrangement, an array of spatially separated di�raction patterns can be captured in a single detector

exposure. By computationally segmenting the detector image the full ptychographic dataset could be

recovered and reconstructed robustly. Critically, the pinhole array DOE in the system blocks the majority

of the spatial pro�le of incoming illumination, so this system can not be used for pulse-beam metrology.

Nevertheless, the Cohen group have demonstrated impressive applications of SSP including temporal

information multiplexing [134, 135], and polarization multiplexing [136]. Additionally our group recently

used a similar SSP system to demonstrate multiwavelength SSP [137]. Multiwavelength SSP was a major

step towards single-shot pulse-beam characterization. It provides single-shot spatiospectral characterization

of multiple discrete wavelengths, but to enable pulse-beam characterization wavelength multiplexing must

be extended to characterize a continuum of wavelengths rather than a collection of discrete wavelengths.

The extension from multiwavelength to broadband ptychography is the subject of chapter 4.

3.5 Three-dimensional Single-shot Ptychography

Modi�ed from a paper published in Optics Express1.

David Goldberger2;3;4, Jonathan Barolak2, Charles G. Durfee5, Daniel E. Adams5

3.5.1 Abstract

In this section I introduce three-dimensional single-shot ptychography (3DSSP). While not directly

related to pulse-beam metrology, 3DSSP was the �rst extension of ptychography that I contributed to.

Though we did not explore it here, there may be opportunities to apply 3DSSP to pulse-beam

characterization, or to use pre-characterized, structured pulse-beams to improve 3DSSP. 3DSSP leverages

an additional constraint unique to the single-shot geometry to deconvolve multiple 2D planes of a 3D

object. Numeric simulations and analytic calculations demonstrate that 3DSSP reconstructs multiple

planes in an extended 3D object with a minimum separation consistent with the depth of �eld for a

conventional microscope. We experimentally demonstrate 3DSSP by reconstructing orthogonal hair strands

axially separated by 5 mm. Three-dimensional single-shot ptychography provides a pathway towards

volumetric imaging of dynamically evolving systems on ultrafast timescales.

3.5.2 Introduction

Coherent Di�ractive Imaging (CDI) is a computational microscopy technique that uses a sophisticated

algorithm to processes far-�eld intensity measurements simultaneously returning both the phase and

amplitude of the probing illumination and the specimen [109, 110, 125]. The technique is particularly

exciting because it can provide simultaneous amplitude and phase contrast imaging across the EM

spectrum in both re
ection and transmission modalities [138{140]. In ptychography, an advanced

implementation of CDI, a sample is scanned transverse to a probe illumination producing di�raction

patterns from overlapping regions of illumination. Transverse scanning of a probe illumination limits the

minimum collection time but increases the technique's robustness and removes the need fora priori

1Reprinted with permission of Optics Express, 28(13), 18887-18898. See appendix C for re-print permission.
2Graduate student at the Colorado School of Mines
3Primary researcher and author
4Author for correspondence
5Professor at the Colorado School of Mines

28



knowledge of the specimen [126, 127]. Recently developed single-shot ptychography (SSP) eliminates the

need for scanning by introducing a di�ractive optical element (DOE), often an array of pinholes, and a 4f

imaging system [132, 133]. A ray tracing schematic of a conventional SSP imaging system is shown in the

bottom panel of Figure 3.1. The DOE breaks up incoming illumination into several beamlets. The 4f

system collimates the beamlets and then crosses them. The object is slightly o�set from the crossover point

(which is also the Fourier plane of the 4f imaging system) and the detector is segmented such that the

di�raction pattern produced by each beamlet is essentially recorded independently. The system thus

provides the same set of di�raction patterns as scanning ptychography but in a single shot. SSP

dramatically reduces the acquisition time of a ptychographic dataset and heralds the possibility of

time-resolved, simultaneous phase and amplitude contrast imaging, as recently demonstrated

experimentally [134, 135].

Generally, ptychography depends on the projection approximation, which models the interaction of an

illuminating probe with a specimen's complex transmission function as a product. This approximation is

accurate in the limit of an optically thin object [124], but it restricts the technique to imaging e�ectively

two-dimensional (2D) samples. Scanning ptychography has been adapted to image in three-dimensions

(3D) using a multi-slice approach (3PIE) and ptychographic tomography [141{143]. These techniques were

applied to image thick samples like biological tissues with relatively simple tabletop experimental systems.

While these methods are powerful and robust, their required acquisition times preclude them from

measuring dynamic objects. As we probe more complex phenomena at ever shorter time scales the need for

metrologies capable of imaging dynamically evolving objects becomes critical. Here we introduce

Three-dimensional Single-Shot Ptychography (3DSSP), which uses the same SSP experimental

con�guration but implements a novel algorithm that leverages an additional object domain constraint to

reconstruct multiple 2D planes of a 3D object. Numerical simulations show that 3DSSP can reconstruct

multiple planes in an extended 3D object with minimum axial separation consistent with the depth of �eld

for a conventional microscope. We experimentally demonstrate 3DSSP by reconstructing orthogonal hair

strands axially separated by 5mm. This novel imaging technique provides a pathway toward volumetric

imaging of dynamically evolving systems on ultrafast timescales, such as the nonlinear response of

materials [144{146].

3.5.3 Methods

Current single-shot ptychographic experiments depend on reconstruction algorithms developed for

conventional ptychography like ePIE [126, 133]. Conventional reconstruction algorithms provide su�cient

results when applied to 2D single-shot experiments as long as the object is optically thin [124], but thick

objects require more sophisticated multi-slice reconstruction algorithms. However, the geometry of the

single-shot system prohibits direct application of conventional multi-slice algorithms like 3PIE [143]. In

particular, the beamlets are collimated and propagate at an angle through the object. Our 3DSSP

technique reconstructs 3D objects based on recorded di�raction patterns from an SSP experiment by

taking into account the SSP geometry and applying a multi-slice approach. 3PIE was inspired by electron

microscopy techniques [143], and it has been successfully applied to reconstruct phase and amplitude

contrast images of continuous 3D objects [142]. Like 3PIE, 3DSSP computes exit waves for each 2D slice

(or z-slice) of a 3D object, but where 3PIE propagates the exit wave from one slice to form the illumination

function at the next slice, 3DSSP propagatesand shifts each exit wave to account for the geometry of a

SSP setup.
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Figure 3.1 Schematic representation of the 3DSSP experiment and results from preliminary simulations.
The top panel shows a diagram of the experimental system, while the bottom panel shows a ray tracing
schematic. The experiment consists of incoming plane-wave illumination, a DOE, 4f imaging system and
detector. The object is placed a distance� away from the crossover point, and the inter-plane spacing is
� z. The detector is segmented to record individual di�raction patterns, which are fed into the 3DSSP
algorithm along with the initial positions of the beamlets on the �rst object slice. The middle panel of the
�gure shows a simulated example reconstruction of three planes of a continuous 3D object. The
reconstructed object planes match up well with the continuous 3D object. Interestingly, the broken loop
object that is simulated here is not recoverable by standard 2D projection-based imaging techniques.

3.5.3.1 Inter-slice Propagation

In SSP an object is placed a distance� away from the crossover point. Beamlets created by a DOE are

collimated, crossed, and then separate geometrically, as shown in Figure 3.1. A critical input to any

ptychographic reconstruction algorithm is the positions of the probes on the object. In the single-shot

geometry, these positions change as a function of� . To account for transverse shifts between z-slices, we

de�ne the following Inter-Slice Propagator ( ISP) as:

 i s +1 (r ? ) = ISP f  es (r ? )g � F � 1
ru fF ru f  es (r ? )gH(f? )g (3.11)

Here F ru f�g is the two-dimensional discrete spatial Fourier transform, es is the exit surface wave at slice

s = f 1; :::; Nsg, Ns is the total number of slices, i s +1 is the incident surface wave at slices + 1,

f? � h f x ; f y i are spatial frequency grids for the object domain gridsr ? � h x; yi , k is the vacuum angular

wave number, and the transfer function H is given by:

H(f r ) � H (f x ; f y ) � eik � z
q

1� 4 � 2

k 2 ( f 2
x + f 2

y ) e� 2�i ( f x � x + f y � y ) : (3.12)
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The transfer function in Eqn. 3.12 is simply a product of the free-space transfer function [147] with a linear

phase that accounts for the shift between planes including sub-pixel contributions. The magnitudes of the

shifts are give by, � x = � zX=f and � y = � zY=f . Where X and Y are the position of a beamlet on the

detector, � z is the propagation distance between z-slices for a speci�c beamlet, which in the small angle

approximation is the same for all beamlets, andf is the focal length of the second lens. The positions of

beamlets at the �rst object slice are determined from an image of the DOE,� , and the focal length of the

second lens [133]. The inverse inter-slice propagator is then de�ned as:

 es (r ? ) = ISP � 1f  i s +1 (r ? )g � F � 1
ru fF ru f  i s +1 (r ? )gH � (f? )g: (3.13)

where � is the complex conjugate. Accounting for the position change of the beamlets at each object slice

enables 3D reconstructions via a multi-slice approach for the single-shot geometry. In comparison to 3PIE,

3DSSP places an additional constraint on the problem because the positions at each slice shift by a known

amount. However, because the beamlets separate from each other in the SSP geometry, the total 3D

volume that can be imaged by 3DSSP is limited.

3.5.3.2 The 3DSSP Algorithm

In this section, we describe one iteration of the algorithm for a single beamlet and highlight deviations

from other imaging methods that make three-dimensional imaging possible in the single-shot geometry. A


ow diagram of the 3DSSP algorithm is shown in Figure 3.2 for reference. For a full reconstruction, the

steps presented are repeated for each beamlet and then multiple overall iterations until some prescribed

number of total iterations are completed or until the error reduces below some threshold [148, 149]. The

3DSSP algorithm forms the exit wave at the �rst z-slice as the product between the incident probe and

�rst slice of the object as  e1 = PO1. We initialize the algorithm with a guess for the probe by taking the

average of the inverse Fourier transforms of all of the segmented DOE beamlet images without the object

present. The object is initialized as free space at each slice. The exit waves at subsequent z-slices are then

calculated using:

 es (r ? ) =  i s (r ? )Os(r ? ); (3.14)

with  i 1 � P is the input probe illumination. This exit wave is then propagated and shifted to form the

incident wave for the next slice as:

 i s +1 (r ? ) = ISP f  es (r ? )g: (3.15)

equations 3.14 and 3.15 are applied repetitively until the exit wave for the last slice is formed i.e.,s = Ns.

The exit wave at the last slice is updated with the measured data according to:

 0
eN s

= F � 1
ru f

p
I j

e eN s

j e eN s
j
g; (3.16)

where  0
eN s

is the updated exit wave at sliceNs, e eN s
= F ru f  eN s

g and I j is the measured di�raction

pattern intensity from the section of the segmented detector that corresponds to the current beamlet. The

modulus constraint in equation 3.16 is a common feature of all CDI algorithms, however, in 3DSSP the

measured intensity for a given position is a segment of the full detector. The exit waves are back

propagated through the object using the inverse ISP in equation 3.13 and the object and incident waves

are updated using the corresponding exit surface wave according to equation 3 from [143]. Since the
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propagation and shift between slices are combined in the ISP, the only additional operations in 3DSSP

relative to 3PIE are the point-wise matrix multiplications used to shift beamlets. As such, the

computational expense of 3DSSP is comparable to that of 3PIE and both approximately scale linearly with

the number of reconstructed slices [143].

Figure 3.2 Flow diagram of the 3DSSP algorithm. Solids lines terminating in circles below represent
application of the Inter-Slice Propagator (ISP), while those terminating in circles above represent
application of the inverse Inter-Slice Propagator (ISP -1). Dashed lines represent repeated application of
the previous steps. The downward facing arrow represents the two-dimensional discrete Fourier transform,
and the upward facing arrow represents its inverse. Selected steps of the algorithm are shown in the grey
curved rectangles and the measured di�raction pattern intensity input is shown in the blue rectangle. After
the steps shown are repeated for each beamlet position, the algorithm is said to have completed one full
iteration.

3.5.3.3 Axial Resolution and Reconstruction Volume

An important parameter in any 3D imaging system is the axial resolution. The 3DSSP algorithm

separates planes in the object because the position of the beamlets change at each slice. Thus, the

minimum resolvable separation of planes should be achieved when the position of the outer most beamlet

shifts by one transverse resolution unit,�x , between two planes separated by the axial resolution,�z .

Based on this premise we calculate the expected axial resolution as:

�z =
2�f 2

X det X dif
= �x

2f
X det

; (3.17)
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where � is the vacuum wavelength,f is the focal length of the second lens in the 4f imaging system, and

X det , X dif are the size of the full detector and the size of one recorded di�raction pattern, respectively.

Recall that these sizes are not the same in the single-shot geometry because the detector is segmented to

record di�raction patterns independently. Using the parameters from our experimental single-shot system:

f = 5 cm, � 0 = 532 nm, X det = 10.85 mm, X dif = 1.59 mm, we calculate an axial resolution of�z � 150

�m . It is worth noting that if X det = X dif equation 3.17 gives the paraxial depth of �eld for a microscope.

We can calculate a value for the imaging volume in 3DSSP by �rst noting that the overlap fraction

between beamlets,� � Ab=�r 2
b , changes as a function of the distance from the crossover point,zco. Here,

Ab is the overlap area shared between two beamlets andr b is the radius of each beamlet. It is common in

ptychography to use overlap fractions between� = 0.9 and � = 0.6, which we use to set the minimum and

maximum zco values, respectively. Our task is to write an expression,zco(� ), that provides bounds on the

axial extent of the imaging volume.

The speci�c relationship for zco(� ) depends on the shape of DOE elements and their relative

arrangement. Here we derive the relation for a DOE similar to our experiment which is an array of circular

pinholes of radius,r p � 32 �m , arranged in a Fermat spiral pattern [129]. Beamlets passing between the

two lenses in the single-shot con�guration have a cross-section given by the 2D Fourier transform of a DOE

element. This means that the shape of each beamlet when passing between the 4f lenses is the Airy pattern

[150], which has a central Airy disk that we take to be the illumination function. The Airy disk is

surrounded by a circular boundary where the �eld amplitude drops to zero, which de�nes the beam radius.

The area of overlap between two Airy disks may be approximated for small center-to-center distances,db

as: Ab � �r 2
b � 2r bdb. In this approximation, the value for the area becomes more accurate with increasing

overlap and reaches 10% error when� � 0:35. The Vogel model for the Fermat spiral gives the radial

distance to each pinhole asX det =2 �
p

q=Np [151], whereq 2 f 0; :::; Np � 1g is the index number of each

pinhole and Np is the total number of pinholes. The angular position of each pinhole is given byq�g, where
p

2�=� g = � , is the golden ratio.

We approximate the distance between nearest neighbor pinholes as the distance between theq = 0 and

q = 1 pinhole. This approximation is only valid near the center of the Fermat pattern but this is the region

where the reconstruction will have the highest �delity in any case. The center-to-center distance between

Airy disks as they propagate from the crossover point to the second lens is then given by:

db = X det =(2
p

Np) � zco=f (3.18)

Writing the approximate overlap area as Ab = ��r 2
b , substituting db, and solving for zco gives:

zco(� ) = � 0:61�z
X dif

2r p

p
Np (1 � � ); (3.19)

where we have usedr b = 0 :61�f=r p to relate the radius of the Airy disk to the pinhole radius. Using

equation 3.19, we calculate an axial extent,zco(� = 0 :6) � zco(� = 0 :9) � 1.4 cm. This extent sets the

height of a truncated cone that �lls a volume of � 75 mm3.

3.5.4 Results

3.5.4.1 Simulated Experiments

In the simulations presented here we calculate ideal di�raction patterns using parameters similar to our

experimental system and the forward model in equations 3.14 and 3.15. The simulated 4f system has unit

33



magni�cation with f = 5 cm focal lengths for each lens. The detector has 2048� 2048 square pixels with a

dX = 5.3 �m pitch and the input wavelength was � = 532 nm. This produces a collimated beam diameter

between the lenses given byD � 0.5 mm. With these parameters the oversampling is calculated as

� = f �=DdX , which corresponds to a value of 5. In addition to satisfying oversampling, 3DSSP requires

the distance from the crossover point to each slice in the reconstruction. for the results presented here we

specify the distance to each object slice as the distance from the crossover point to the �rst slice,� , plus

the distance between slices, �z.

Objects were scaled to �t within the theoretical �eld of view at each plane. Then we simulated the

input illumination using parameters of our experimental DOE and 4f imaging system. For the simulations

presented here, the DOE is a Fermat spiral ofNp = 40 identical pinholes. A Fermat spiral DOE lends itself

nicely to SSP experiments because it gives the most uniformly overlapped probes on the object [129]. We

Fourier transform the DOE to calculate the total illumination at the crossover point and then use the free

space transfer function to propagate the illumination a distance� to the �rst object slice.

We model the interaction of this illumination with the �rst 2D slice of the object by multiplying it by

the complex transfer function of that slice, and de�ne the result as the �rst exit wave. Then we propagate

the �rst exit wave to the second slice and multiply it by the complex transfer function of that slice. We

repeat this processNs times to calculate the �nal exit wave. A two-dimensional discrete Fourier transform

of the �nal exit wave gives a simulated di�raction pattern. Finally, the detector is segmented into Np

sections by applying a centroidal Voronoi tessellation, which gives the maximum area for each beamlet's

di�raction pattern. Together the Np simulated di�raction patterns make a ptychographic data set, which

we feed into the 3DSSP reconstruction algorithm.

Figure 3.3 Simulated 3DSSP experiment results. The top panels of b) show the amplitude (brightness) and
phase (color) of the simulated slices used to produce ideal di�raction patterns, while the panels directly
below them show the corresponding reconstructions plotted in the same way. Note that �ne details of the
simulated slices are well represented in the reconstructed slices. a) shows the amplitudes of the
reconstructed slices superimposed on the head geometry. The reconstructed slices �t as expected showing
that the reconstruction accurately accounts for the changing size of the object. This promising result
suggests that the 3DSSP technique can be applied to continuously varying 3D objects with �ne detail and
achieves good reconstruction quality.

Figure 3.1 presents the results from our �rst simulated experiment where the 3D object is a continuous

broken loop structure. We reconstructed three slices taken from the continuous 3D object with the �rst
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slice 2.84mm from the crossover point and each slice separated by 2.84mm. The 3DSSP algorithm

successfully reproduced the slices of the object. This object is particularly interesting because it is

inherently anisotropic and standard 2D projection-based imaging techniques like Schlieren imaging or

interferometric imaging would have incorrectly produced an image of a ring. Attempts to use Abel

inversion to produce a 3D image from 2D projections would also fail.

The �rst simulation shows the power of 3DSSP as the algorithm successfully reconstructs the object

where other techniques fail. However, the object in that simulation is relatively simple - it does not contain

�ne details and its size does not change signi�cantly. To investigate the quality of reconstructions from the

3DSSP algorithm, we performed a second simulated experiment in which the object was two slices from a

MATLAB example Magnetic Resonance Imaging (MRI) scan. The �rst slice was 4.25mm from the

crossover point and the slices were separated by 710�m . We chose the MRI scan slices as an object

because they contain small features and the size of the images continuously vary. The two slices that we

used to simulate di�raction patterns are shown in the top panels of Figure 3.3(b), while the corresponding

reconstructed slices are directly below them. Figure 3.3(a) shows the amplitude of the reconstructed slices

overlaid on the head. While the scale of a human head is much larger than the �eld of view of our current

imaging system, this simulation shows that the 3DSSP algorithm is capable of capturing �ne details from

continuously varying 3D samples.

To test the axial resolution in equation 3.17, we performed a series of simulated experiments. We

simulated two slices of another example MRI data set from MATLAB with � set to 8.5 mm and varied the

separation between the slices. To quantify the accuracy of the reconstructions we developed two error

metrics. The object error complement (OEC) is calculated as one minus the RMS di�erence between the

absolute value of each pixel in each slice of the simulated and reconstructed object. Similarly, the

di�raction error complement (DEC) is calculated as one minus the RMS di�erence between the absolute

values of the intensity patterns produced by the simulated and reconstructed slices. The results of these

simulations are shown in Figure 3.4. They corroborate our calculated axial resolution because both error

metrics exhibit dramatically di�erent behavior above and below 150 �m .

The OEC data in the top left panel of Figure 3.4 is e�ectively constant until the separation between the

slices reduces below the axial resolution, where it decreases monotonically. The DEC data presented in the

top right panel is normalized such that 1 is the maximum DEC and 0 is the minimum. Like the OEC, the

DEC decreases dramatically as the slice separation decreases below then axial resolution limit. However, as

that separation continues to decrease the DEC increases again. This unexpected result can be explained by

considering that once the separation between the slices is so small that the propagation of light between

them becomes negligible, the di�raction pattern from two separated slices is e�ectively the same as the

di�raction pattern from one slice comprised of the product of the two individual slices. The reconstruction

of two slices with no separation (� z = 0) is shown in Figure 3.4. There are no discernible details of either

slice in the reconstructions, but the product of the reconstructed slices matches the product of the ground

truth slices. This con�rms the explanation of the behavior of the DEC below the axial resolution limit, and

justi�es the claim that the microscope is di�raction limited in the axial direction. Moreover, the simulated

axial resolution matches the theoretical value, which gives con�dence in equation 3.17. There are a few

parameters in equation 3.17 that can be optimized for better resolution in the single-shot system. For

instance, we could theoretically push the resolution of the system to less than 10�m by using lenses in the

4f imaging system with half the focal length and doubling the size of the detector, which would also double

the size of the recorded di�raction patterns. Making these changes would give axial resolution 16 times
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smaller than the current system achieves. Axial resolution on the order of 10�m is ideal for many

applications, including plasma imaging.

Figure 3.4 Results of the simulated experiments to determine the axial resolution of the 3DSPP system.
The �nal OEC as a function of the separation between the two slices is shown in the top left graph, while
the �nal normalized DEC is shown in the top right. These error metrics are calculated as described in the
text and the dashed red line in each represents the calculated axial resolution, 150�m . The images show
the amplitudes of slices used to simulate ideal di�raction patterns on the left, which we call the ground
truth, and the amplitudes of resultant reconstructed slices at the speci�ed axial separations. These results
were selected because they exemplify the general behavior of the reconstructions at 0 separation, just above
and well above the axial resolution. The bottom right most panels show the product of the reconstructed
slices for � z = 0 (above), and the product of the ground truth slices (below).

3.6 Experimental Results

We experimentally veri�ed 3DSSP using our existing SSP system. The DOE is a Fermat spiral of 40

circular pinholes of 55�m diameter which is illuminated by a large isotropic 532nm collimated beam. The

4f imaging system has unit magni�cation and f = 5 cm lenses, and the detector is a Thorlabs 8051M-USB

8 megapixel monochrome CCD camera with the face-plate and wedge window removed. The detector has

3296x2472 square pixels with adX = 5.5 �m pitch. The DOE slightly under-�lled the detector such that it

only has a square e�ective area of about 2000 pixels. The experimental setup is shown on the left of

Figure 3.5.

To create an object for testing 3DSSP, we used two orthogonally oriented strands of hair axially

separated by 5mm in a cross-like pattern. The discrete two plane nature of the object was chosen because

it makes identi�cation of a successful reconstruction trivial. Since the hairs are highly-scattering pure
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amplitude objects, imaging them with 3DSSP represents a major advance. We determined the crossover

point and mounted the object on a micrometer such that the �rst hair was at the crossover plane. Then we

used the micrometer to move the object such that the �rst hair was 5 mm downstream of the crossover

point, � = 5 mm, where the overlap fraction calculated by equation 3.19 is� = 0.81.

Figure 3.5 Experimental demonstration of 3DSSP. a) Shows the experimental setup of the 3DSSP system.
The lenses (5cm focal length) make a 4f imaging system that images the DOE (pinhole pattern) to the
detector. The object is comprised of 2 hairs that are orthogonally oriented and separated by 5mm. The
�rst hair was placed 5 mm out of the focus of the �rst lens. b) shows the reconstruction results from
3DSSP in the left column as well as two attempts of ePIE in the right column. The top left panel shows
the amplitude (brightness) and phase (color) of the �rst z-slice, while the panel below it shows the
amplitude and phase of the second z-slice. By using our novel 3DSSP algorithm the two slices are
deconvolved such that the �rst slice only shows the vertical hair while the second only shows the horizontal
hair. In contrast, both ePIE reconstructions, at the �rst slice (top right) and at the second slice (bottom
right), are unable to deconvolve the slices so both show the horizontal and vertical hairs.

Di�raction patterns were collected by stitching together several exposures and a high dynamic range

(HDR) algorithm, which increased the e�ective bit depth of the camera by up to � 15. The use of HDR

improved the �delity of the reconstructions for this proof of principle. After collecting the di�raction

pattern data, we applied the centroidal Voronoi tessellation to break up the detector into 40 segments of

220x220 pixels. We calculated the initial positions of the beamlets on the �rst object slice. These were

determined by removing the object, imaging the DOE directly to determine beamlet positions on the

detector, and then calculating the transverse shifts for each beamlet as described.

The di�raction patterns and calculated positions on the �rst slice were fed into the 3DSSP algorithm

and the resulting reconstructions are shown in Figure 3.5(b). As shown in the �gure, the 3DSSP algorithm

successfully deconvolves the �rst slice which shows the vertical hair from the second slice which shows the

horizontal hair. The modulations in the reconstruction are a result of imperfect knowledge of the distance

between strands,� , and a limited number of iterations. The reconstruction of this object demonstrates that

experimental 3DSSP can successfully deconvolve multiple 2D slices of a 3D specimen. To highlight the

novelty and signi�cance of this result we attempted ePIE reconstructions of the same data with� set to 5

and 10 mm corresponding to reconstructing planes at the �rst and second hair strands. The resulting

reconstructions failed to deconvolve di�raction patterns from the two slices so the two hairs show up in

both reconstructions. Future work will expand on this experimental proof of concept by increasing the

number of reconstructed slices, determining the resolution of the system experimentally and establishing
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the minimum transmission and/or maximum extent of an object that can be imaged.

3.6.1 Conclusion

Imaging through highly scattering media is an incredibly challenging problem that remains essentially

unsolved to date. By exploiting the beamlet shifts in the SSP geometry, we have developed a novel

algorithm for three-dimensional single-shot imaging that moves one step close to imaging through

scattering media. While 3D ptychography techniques exist, the geometry of single-shot ptychography

setups lends itself to creating a highly constrained systems for reconstructing objects at multiple z-slices,

and allows for time resolved imaging. Through a number of simulations, we showed the power of the 3DSSP

algorithm to image 3D objects with high reconstruction quality. The axial resolution of this technique was

derived and found to be consistent with the depth of �eld of a standard microscope. Simulations support

the axial resolution of 150�m and a reconstruction volume of� 75 mm3 given our setup parameters. The

axial resolution can be improved down to around 10�m with reasonable modi�cations to the setup. The

3DSSP technique was experimentally realized by imaging orthogonally oriented hairs separated by 5mm.

The reconstructions of each hair were deconvolved when using the 3DSSP algorithm, as predicted by our

simulations, but failed when ePIE was applied. Through both simulated and experimental reconstructions,

we have shown that 3DSSP is a reliable method for imaging a multitude of 3D objects. This is currently

the only method that can image transient, non-reproducible objects in three-dimensions in both phase and

amplitude and with temporal resolution set by the illumination. As a �nal note, we point out that no

technique can image regions of a sample that are not illuminated. Practically, this physical limitation

restricts the minimum transmission of and/or the minimum separation between object slices. Our

technique overcomes this physical limit to some extent because of the semi-tomographical nature of the

array of beamlets which illuminate the sample from di�erent angles. Metrologies such as this will be

imperative for studying phenomena such as dynamically evolving plasma.

38



CHAPTER 4

SPATIOSPECTRAL CHARACTERIZATION OF ULTRAFAST PULSE-BEAMS BY MULTIPLEXED

BROADBAND PTYCHOGRAPHY

Modi�ed from a paper published in Optics Express1.

David Goldberger2;3;4, David Schmidt2, Jonathan Barolak2, Bojana Ivanic2, Charles G. Durfee5, Daniel E.

Adams5

4.1 Abstract

This chapter summarizes our �rst step towards combining ptychography and ultrafast pulse-beam

characterization. Ultrafast pulse-beam characterization is critical for diverse scienti�c and industrial

applications from micromachining to generating the highest intensity laser pulses. The four-dimensional

spatiotemporal structure of a pulse-beam,E(r ; t), can be fully characterized by coupling spatiospectral

metrology with spectral phase measurement. When temporal pulse dynamics are not of primary interest,

spatiospectral characterization of a pulse-beam provides crucial information even without spectral phase.

Here we demonstrate spatiospectral characterization of pulse-beams via multiplexed broadband

ptychography. The complex spatial pro�les of multiple spectral components, eE(r ? ; ! ), from modelocked

Ti:sapphire and from extreme ultra-violet pulse-beams are reconstructed with minimum intervening optics

and no refocusing. Critically, our technique does not require spectral �lters, interferometers, or reference

pulses.

4.2 Introduction

High intensity ultra-fast pulses of light are useful in �elds such as micromachining [13, 14],

�lamentation [6, 152], wake�eld acceleration [7, 8], and high harmonic generation (HHG) [9{12]. A fully

characterized pulse of light can be represented by its four dimensional complex spatiospectraleE(r ; ! ), or

spatiotemporal electric �eld E(r ; t). Pulses of light are fundamentally non-monochromatic. Pulses with

greater fractional spectral bandwidth, � !=! 0, allow for shorter pulse durations, where � ! is the

bandwidth, and ! 0 is the central frequency of the spectrum. The complex spatial pro�le of theqth

constituent spectral component, eE(r ; ! q), also impacts pulse characteristics like peak power, duration, and

intensity pro�le. Unknown chromaticity in optical systems leads to degradation of expected pulse

characteristics. On the other hand, well-characterized spatiospectral couplings such as spatial chirp are

often leveraged as an advantage [33, 34]. Even when spatial chirp is intentionally introduced, it is

challenging to ensure that other spatiospectral aberrations are not included due to misalignment. In either

case, full pulse-beam characterization is necessary and remains a signi�cant challenge.

One method for full pulse-beam characterization is spatiospectral metrology coupled with a

measurement of spectral phase at one common spatial position. Spatiospectral metrology provides the

complex spatial pro�le of each spectral component,eE(r ? ; z0; ! q), in a plane transverse to the propagation

1Reprinted with permission of Optics Express, 29(20), 32474-32490. See appendix C for re-print permission.
2Graduate student at the Colorado School of Mines
3Primary researcher and author
4Author for correspondence
5Professor at the Colorado School of Mines
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of the pulse. This result can then be propagated to generateeE(r ; ! q), showing the evolution of the

pulse-beam. Accurately transforming to the temporal domain requires a measurement of the spectral phase

at one transverse position,' (x0; y0; ! ), which we do not present here. There are a number of techniques

capable of spectral phase measurement including Frequency Resolved Optical Gating (FROG) [65],

spectral-phase interferometry for direct electric-�eld reconstruction (SPIDER) [67], and dispersion scan

[68]. These methods, and recent adaptations, provide multiple options for robust spectral phase

determination [153, 154]. However, spatiospectral characterization remains a challenge. The number of

techniques that have been proposed for partial or full spatiospectral pulse characterization in recent years

demonstrates the necessity of this diagnostic [84]. Some of these approaches include: total E-�eld

reconstruction using a Michelson interferometer temporal scan (TERMITES) [87],

Hartmann-Shack-assisted, multidimensional, shaper-based technique for electric-�eld reconstruction

(HAMSTER) [86], Spatially and Temporally Resolved Intensity and Phase Evaluation Device: Full

Information from a Single Hologram (STRIPED FISH) [85, 155], and INSIGHT [88, 89]. Here we present

spatiospectral characterization of pulse-beams by multiplexed broadband ptychography (MBP), which has

several advantages that make it complementary to existing methods.

Ptychography is an advanced implementation of coherent di�ractive imaging in which probing

illumination is scanned transverse to an object and di�raction patterns associated with overlapping regions

of the object are recorded [126, 127]. A phase retrieval algorithm leverages redundant information from

overlapping di�raction patterns to reconstruct the phase and amplitude of both the object and the probing

illumination. Additionally, ptychography allows for various forms of multiplexing, including wavelength

multiplexing [130, 131, 156, 157]. Recent demonstrations illustrate that imaging of objects with

ptychographic multiplexing can be extended from discrete wavelengths (multiwavelength), where probing

illumination consist of continuous wave (CW) lasers of di�erent wavelength, to broadband ptychography

(continuum) where the probing illumination is a continuum of wavelengths [158]. In contrast to what we

present here, these implementations of broadband ptychography rely on a pinhole upstream of the object

or assume that all the spectral components of the broadband illumination share the same intensity and

wavefront pro�le, both of which prevent beam metrology [159, 160].

Ptychography was originally developed as a microscopy technique, however, shortly after its inception it

was extended to characterize the incident illumination [126, 127]. Broadband ptychography represents a

paradigm shift where the di�culty in measuring the full electric �eld of a pulse-beam is shifted from

hardware to software. This is especially important because it removes any optics that could introduce

unknown spatiospectral aberration. Our table-top experimental setup for broadband ptychography is

incredibly simple. It consists of an object mounted on a two-dimensional translation stage, oriented

transverse to the average beam propagation and a monochromatic, intensity-only detector. Critically,

broadband ptychography does not require any interferometers [161], spectral �lters [162], or reference

beams. Since broadband ptychography does not require any lenses, it can be implemented across the EM

spectrum [138, 163]. Additionally, ptychography can be implemented in a variety of modalities that may

provide further advantages for beam metrology, such as single-shot ptychography [133, 137] and

three-dimensional ptychography [164, 165]. Broadband multiplexed ptychography represents an extremely

promising avenue towards single-shot pulse-beam characterization, since single-shot ptychography already

exists.
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4.3 Methods

When multiple wavelengths of light simultaneously illuminate an object, the di�racted intensity

measured on a detector is the incoherent sum of the di�raction intensities from each spectral component or

wavelength. Assuming that the object is thin such that it satis�es the multiplicative projection

approximation [124], the measured di�raction intensity at one position in the ptychographic scan can be

written:

I j (u? ) =
X

�

jPf P� (r ? )O�;j (r ? )gj2 (4.1)

where I j is the measured intensity at scan positionj , u? is the spatial position vector at the detector,

� = 2 �c=! is the wavelength of light, c is the speed of light,P represents our normalized Fast Fourier

Transform based propagator that uses appropriate Fresnel phase,P� is the probe for each wavelength,O�;j

is the object for each wavelength and position, andr ? is the spatial position vector at the object plane.

This model assumes paraxial propagation and mapping of the detector spatial coordinatesu? to spatial

frequenciesf? where u? = �z f? and z is the detector-to-object distance. Ultrafast pulses of light are

composed of a spectrum of wavelengths that can be characterized by a central wavelength,� 0, and

bandwidth, � � . For beam metrology with broadband ptychography the goal is to reconstruct the

quasi-monochromatic, complex beam-pro�le,P� (r ? ), from a set of measurements ofI j (u? ). Accounting

for all the constituent wavelengths in a pulse-beam is intractable due to the roughly linearly increasing

computational demand with reconstruction of additional wavelengths and limited experimental signal to

noise. Instead of attempting to account for all of the wavelengths in a pulse-beam, we reconstruct

wavelength bins, or channels, each of which represents the sum over the sub-bandwidth of the binned

spectrum [158, 159]. In other words, each wavelength channel in the reconstruction yields a beamlet with

electric �eld:

eE(r ? ; z0; ! q) =
1
�

Z ! q + �= 2

! q � �= 2

eE(r ? ; z0; ! 0)d! 0 (4.2)

By increasing the number of reconstructed wavelength channels (decreasing the sub-bandwidth,� ) this

approximation becomes more accurate.

To enable spatiospectral ultrafast pulse-beam characterization by broadband ptychography we

implemented a parallel version of the Ptychographic Information Multiplexing (PIM) [131] algorithm

modi�ed to perform updates based on the relaxed averaged alternating re
ections (RAAR) formulation

[166]. Additionally, we have adapted our algorithm to allow for application of total variation based

denoising (TV) using the TV �sta package [167], probe modulus enforcement [128], and object averaging

(which will be explained below). A 
ow-chart and detailed explanation of the algorithm are shown in

appendix A.3. We have performed successful broadband ptychographic reconstructions without relying on

TV, but denoising improves the quality of the reconstructions with relatively low computational expense.

Since TV is not strictly necessary we only apply it to the component(s) of the reconstruction that exhibit

signi�cant noise. We found that probe modulus enforcement and object averaging are critical to e�ective

broadband reconstructions.

Probe modulus enforcement was introduced in [128]. The technique requires an intensity image of the

probe illumination measured at the detector when there is no object in the system, which we refer to as the

probe image,I p. In single wavelength ptychography, the probe image should be equal to the intensity of

the reconstructed probe propagated to the detector. The probe image can be used to constrain the probe
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reconstruction, just as each di�raction pattern is used to constrain the exit surface wave reconstruction at

each position in the modulus enforcement. In broadband ptychography, the probe modulus enforcement

must be modi�ed as:

P0
� (r ? ) = P � 1

(

Pf P� (r ? )g

s
I pP

� jPf P� (r ? )gj2

)

(4.3)

where P0
� (r ? ) is the updated probe. This expression is similar to that found in ref [131], with the exit

surface wave exchanged for the probe. Thus, the technique compares the sum of the intensities of the

propagated probes to the probe image in the same way that PIM compares the summed propagated

di�raction intensities to the recorded data at each position. The algorithm may be amenable to further

constraints on individual spectral components if spectrally �ltered probe images are available, but we did

not explore this possibility here.

Since we are focused on beam-metrology by broadband ptychography we have freedom to use any

object. To exploit this degree of freedom, we use a non-dispersive specimen and algorithmically enforce

that all wavelength bins reconstruct the same complex object. We call this technique object averaging.

Object averaging is similar to the spectral smoothing technique used in [157] and to the probe replacement

technique used in [159], but it is not equivalent to either. In our algorithm, object averaging is executed

after each iteration of the object update by interpolating all of the objects onto the same grid, then

averaging all of the objects with weights set to the relative intensities of the corresponding reconstructed

probes, and then interpolating the averaged object back to their original grids. We observe that the strong

constraint provided by object averaging signi�cantly improves convergence of the algorithm, speci�cally the

accuracy of the relative intensities of the probes.

It has been shown that a single-wavelength reconstruction of a pulse-beam provides reasonable results

[134]. It is also known that the quality of the initial estimates for the probe and object given as inputs to

the reconstruction algorithm (guesses) can dramatically a�ect convergence. To improve convergence, we

can �rst perform a single wavelength reconstruction using the central wavelength in the pulse. The results

of the single wavelength reconstruction can then be rescaled appropriately and used as guesses for the

broadband reconstruction. Though this process is not critical for broadband reconstruction (and in some

cases simply does not work), in some cases we observe improvements by using a probe guess, object guess,

or both, from a single-wavelength reconstruction of the same data.

One important aspect of our algorithm, as in the conventional PIM algorithm, is that the only inputs

are the scan positions, the di�racted intensity measurements, the probe image, and guesses for the initial

probe and object. In some cases we can use a spectrometer to record the relative intensities of the spectral

components in a pulse-beam. Theoretically these measured relative intensities, or othera priori knowledge

about the beams or object could be used as constraints to further improve reconstructions of pulse-beams.

We found that our algorithm performed well without the use of such additional constraints. However, we

still make use ofa priori knowledge by employing it as a qualitative metric of the �delity of the

reconstructed pulse-beams. Speci�cally, where possible, we compare the reconstructed relative intensities

to those measured by a spectrometer, and we compare the reconstructed object transmission function to its

known binary spatial structure. Since the spectrum of a pulse-beam can have dramatic spatial dependence,

in all cases, the reconstructed and measured relative intensities refer to the spatially averaged relative

intensities of the spectral components of a pulse-beam. When comparing the reconstructed and measured

spectra for an experiment we normalize the most intense spectral component to one.
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4.4 Multiwavelength vs Broadband

It is critical to distinguish novel broadband ptychography, as presented here, from multiwavelength

(also known as multispectral or polychromatic ptychography) which was initially demonstrated by Batey et

al [131]. In multiwavelength ptychography, illumination consists of multiple CW lasers, usually with

signi�cantly di�erent wavelengths. In broadband ptychography, the illuminating laser consists of a

continuous spectrum of wavelengths. Since all ultrafast pulse-beams have continuous spectra, broadband

ptychography is appropriate for ultrafast laser metrology while multiwavelength ptychography is not. One

way to clarify the distinction between mutliwavelength and broadband ptychography is to consider a

rainbow. In many depictions, rainbows are represented by the discrete set of colors: red, orange, yellow,

etc. But a physical rainbow consists of a continuum of colors that includes many red-orange and

yellow-green hues. Mutliwavelength is like the discrete rainbow, whereas broadband is like the physical

rainbow. Multiwavelength ptychography is appropriate and even ideal for many applications including:

surface metrology, material characterization, and biological imaging [131, 137, 160]. Applying ptychography

to ultrafast laser characterization, however, requires broadband ptychography. As such, our work

represents the �rst combination of the �elds of ultrafast laser metrology and ptychography. The di�erence

between multiwavelength and broadband ptychography is further examined computationally in section 4.5

4.5 Simulations

We performed a set of simulations to investigate how broadband ptychography (continuum) di�ers from

multiwavelength ptychography (discrete wavelengths). In these simulations we used a detector of 64x64

square pixels of width 15.9�m . We used an image of a sector star as our object which was 51mm away

from the detector, and simulated a scan pattern of 49 positions in a Fermat spiral with a central spacing of

200 �m between positions, which gives an approximate overlap of 80% at the center of the spiral [129, 165].

The �rst simulation models a multiwavelength ptychography experiment. We used three wavelengths, 775,

800, and 825nm, to model illumination from three CW lasers, and constructed a di�erent probe geometry

for each wavelength. The simulated probe geometries are shown as insets in Figure 4.1i). Each probe's

maximum extent is less than 1.2mm which gives minimum oversampling� 2 [114]. The second simulation

mimicked a broadband ptychography experiment. For this simulation we used 75 wavelengths from 763-837

nm with Gaussian relative intensities as shown in Figure 4.1i). We used three di�erent probe geometries,

one for each third of the wavelengths. From 763-787nm the simulated probe geometries were inverted

triangles, from 788-812nm the simulated probe geometries were circles, and from 813-837nm the

simulated probe geometries were triangles. At each of the 49 positions, di�raction patterns were simulated

for each wavelength and then the patterns were summed in intensity to emulate a camera exposure. This

was done for both the di�raction patterns and the probe image. As such, each simulation outputs a

collection of 49 di�raction patterns and a single probe image which we fed into the PIM-RAAR

reconstruction algorithm described in appendix A.3.

We performed two reconstructions on each of the simulated datasets. All of the reconstructions used

the simulated probes as guesses and complex images with amplitude of one and zero phase as a free-space

object guess. The probe modulus constraint was used for each of them, there was no noise applied to the

guesses or the di�raction patterns, and the reconstructions all ran for 500 iterations. As expected, the

multiwavelength data reconstructs to machine precision,� 2e-16 root-mean-square convergence error [127]

(�rst column of Figure 4.1). Reconstructing the same data using object averaging (second column of

Figure 4.1) gives reasonable results but with noticeable imperfections that are due to interpolation error as
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expected. We reconstructed the broadband data with two wavelengths, 787.5 and 812.5nm, (third column

of Figure 4.1) and with three wavelengths, 775, 800, 825nm, (fourth column of Figure 4.1). The

reconstructed wavelengths are chosen to equally divide the simulated spectrum. The three-wavelength

reconstruction mirrors the multiwavelength reconstruction because each wavelength bin only includes one

probe geometry, but the two-wavelength reconstruction is more complicated. The two reconstructed probes

must account for all of the simulated illumination, so they each look like a sum of the triangular and

circular probes. Comparing these reconstructed probes to the sum of the �rst (second) half of the

simulated probes, which are displayed as insets in the corresponding reconstructions, shows that our

broadband ptychographic algorithm reconstructs the probe as the sum of the illumination over the

sub-bandwidth, as shown in equation 4.2.

Figure 4.1 shows results from simulated multiwavelength and broadband ptychography experiments. The
�rst (second) column shows the results from the multiwavlength simulation reconstructed without (with)
object averaging. The third (fourth) column shows the results from the broadband simulation
reconstructed with two (three) wavelength bins. i) shows the relative intensities of the 75 simulated probes
and the three simulated geometries. The �rst row shows the reconstructed objects. The second row shows
the simulated (yellow) and reconstructed (red) relative intensities of the probes. The remaining rows show
the intensities of the reconstructed probes which are vertically aligned by wavelengths. The inset in each of
the two-wavelength reconstructed probes is the expected probe intensity, which is calculated as the sum of
the �rst (second) half of the simulated probes.

This simulated experiment elucidates the behavior of the PIM-RAAR algorithm when it is applied to

broadband illumination. When there is only one wavelength in each bandwidth the problem reverts to

44



multiwavelength ptychography, which can be solved to machine precision. When multiple wavelengths exist

within the sub-bandwidth of a channel the reconstructed probe represents sum of all illumination within

that sub-bandwidth. theoretically, if in�nite computing power and in�nite signal to noise measurements

were possible, one could use as many wavelength channels as necessary to cover all the spectral components

in the probe illumination and mutliwavelength ptychography would then be appropriate for ultrafast laser

characterization. However limited computational power and limited signal to noise measurements restrict

the number of wavelength channels that can be reconstructed. Additionally, for true ultrafast lasers, line

broadening leads to continuous spectrum and there are no discrete spectral components so some summing

in the spectral domain is unavoidable.

4.6 Experimental Results

We performed a number of experiments that demonstrate spatiospectral pulse-beam characterization by

multiplexed broadband ptychography. In the �rst experiment we reconstructed a Ti:sapphire pulse-beam

that passed through a pair of zinc selenide (ZnSe) prisms which provide spatiospectral aberration in the

form of linear spatial chirp (Figure 4.3.a). We conducted this experiment with and without a knife edge

placed after the prism pair to partially block the chirped beam as shown in Figure 4.3.e). In the second

experiment we imaged a Ti:sapphire pulse-beam that passed through an m = 1 vortex plate (Figure 4.5).

In the third experiment we sampled an extreme ultraviolet (EUV) pulse-beam from HHG (Figure 4.7).

These experiments demonstrate that multiplexed broadband ptychography accurately reconstructs

complicated pulse-beams across the EM spectrum, and that it provides quantitative spatiospectral

aberration characterization. Critically, our experimental system uses minimal intervening optics, does not

rely on refocusing, and does not require spectral �lters, interferometers, or reference pulses.

The experimental systems for the two Ti:sapphire-based experiments were similar, and a general

schematic is shown in Figure 4.2. Our home-built modelocked Ti:sapphire oscillator produces a pulse-beam

with variable central frequency and bandwidth depending on the modelock. The repetition rate of the

Ti:sapphire oscillator (� 80 MHz ) was many orders of magnitude higher than the data collection rate (1

kHz for the minimum exposure time), so each exposure of the detector collected the sum of many pulses.

As such, our technique averages over any pulse-to-pulse 
uctuations. The pulse-beam is �ltered by focusing

it through a 150 �m diameter pinhole and it is subsequently collimated to produce roughly spatially

uniform illumination. The collimated, �ltered, pulse-beam then passes through either a prism pair

(Figure 4.3 and Figure 4.4), or an m = 1 vortex plate (Figure 4.5). The perturbed pulse-beam then passes

through an imaging lens and impinges on a 1951 united states air force (USAF) resolution test pattern

(object) that is placed on a two-dimensional translation stage downstream of the focus of the lens. The

lens resizes the probes and makes an image of the knife edge at the object plane, but it is not necessary for

broadband ptychography generally. Finally, a 14-bit monochromatic detector (Thorlabs S805MU1) was

placed further downstream of the object to collect di�raction patterns. In addition to collecting di�raction

patterns and a probe image for each experiment, we also collected the spectrum of the pulse-beam at the

focus of the lens using an Ocean Insight spectrometer (Flame-S-VIS-NIR-ES) �ber coupled to a custom

designed 3D printed integrating sphere [168]. Note that while the measured relative spectral intensities

were not used in the reconstruction algorithm, comparison of the reconstructed and measured relative

spectral intensities along with the �delity of the reconstructed object provide metrics to ensure that the

algorithm accurately reconstructs the pulse-beam.
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Figure 4.2 shows a schematic of the experimental system for the Ti:sapphire based experiments. The
imaging system is highlighted in blue. Note that since the imaging lens is not required, the imaging system
only consists of an object that can be scanned and a monochromatic intensity detector. It does not require
spectral �lters, interferometers, or a reference pulse.

4.6.1 Spatially Chirped Pulse-beam

The set up for the two Ti:sapphire-based experiments was comparable. A general schematic is shown in

Figure 4.2 and a schematic speci�c to the spatially chirped experiment is shown in Figure 4.3a). The

results from the two experiments that used the prisms are shown also in Figure 4.3. For these experiments

we attempted to place the object at the image plane of the removable knife edge. To locate the image

plane of the knife edge we used a camera (Thorlabs UI-3240CP-NIR-GL-TL) and an anti-re
ection (AR)

coated 75mm focal length singlet (Thorlabs LA1608-B) to make a relay imaging system. We moved the

camera and lens in tandem to �nd the axial position of the best image of the knife edge. Once the knife

edge was in focus, we measured the size of the pulse-beam without the knife edge and got 1=e2 diameters of

330 (V) x 215 (H) �m in each direction, where the asymmetry was due to the linear spatial chirp on the

pulse-beam. We shifted the object axially until it came into focus through the relay imaging system, at

which point we thought that the object was at the image plane of the knife edge. Unfortunately, due to low

resolution and signi�cant spherical aberrations in the 75 mm relay imaging lens this process led to some

error and the object did not end up exactly at the image plane of the knife edge. Once the object was

placed, we removed the relay imaging system.
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Figure 4.3 Experimental system and results from the prism experiments with and without the knife edge
(knife edge shown as dotted line in bottom row). a) prisms imparting linear spatial chirp on the beam
which passes through the lens and impinges on the object. b), d) reconstructed object intensities, which
are the same for all wavelengths via object averaging, along with the ground truth, inset. c), f)
reconstructed and measured relative intensities for each experiment. e) relative alignment of the knife edge
and the chirped beam. Bottom two rows display reconstructed probe intensities for each wavelength bin,
with each probe individually normalized to highlight the spatial chirp.

For ptychographic data collection, we used an AR coated 40mm focal length singlet (Thorlabs

LA1422-B), as the focusing lens downstream of the knife edge, and positioned our detector 57.5mm

downstream of the object, which gives an oversampling of about 25 for our probe. We scanned the object

in a Fermat spiral pattern using 75 positions with a central step size of about 50�m which gives an

approximate overlap of 80% at the center of the spiral. To collect di�raction patterns, and probe image, we

used a high dynamic range (HDR) algorithm which stitched together four images with exposure times of 1,

16, 256, and 4096ms at each position. HDR increases our acquisition time to about an hour, but it ensures

that the high spatial frequency content of the di�raction has an adequate signal to noise ratio. HDR would

not be necessary if we used a detector with higher bit depth.

We performed reconstructions on both datasets, with and without the knife edge, using the same

parameters. We started the algorithm with identical probe and object guesses. The probe guesses were
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Gaussians with a hard edge of 200�m diameter and defocusing phase, and the object guesses were free

space. We employed the PIM-RAAR reconstruction algorithm described in the appendix A.3 with modulus

enforcement on the probes, object averaging, and TV on the averaged object. Further leveraging the

freedom of object choice, we intentionally chose an object that had minuscule spatially varying phase and

that was thin such that it satis�ed the assumptions of an amplitude-only object and the projection

approximation. We enforced an amplitude-only object reconstruction by taking the absolute value of the

objects after each iteration of the object update. Negligible object tilt relative to the beam propagation

axis assures the object is amplitude only. A full account of the parameters for these reconstructions is given

in Table 4.1. After termination of the algorithm, we applied additional TV to the reconstructed probes to

provide cleaner visualizations, which are presented in the bottom two rows of Figure 4.3. We attempted to

improve the broadband reconstructions by performing single-wavelength reconstructions of each dataset to

provide better guesses,but we found that those single-wavelength reconstructions did not

converge . The inability to perform single wavelength reconstructions indicates that the spatial chirp on

the pulse-beam signi�cantly alters the di�racted intensity such that a single wavelength cannot account for

the increased complexity of the pattern. This further motivates the use of broadband ptychography.

Figure 4.4 shows images of the propagated probes around focus and spatial chirp analysis. a) and b) show
the propagated probes around the focus of the beams in the sagittal and tangential planes. The spatial
chirp is mostly in the y-direction (horizontal in the inset) but there is some chirp observable in the
x-direction as well. c) shows quantitative comparison of the measured and expected linear spatial chirp
from the zinc selenide prism pair. The bottom left inset shows the summed intensity of the central �ve
reconstructed probes, with the centroids of each individual beam as white circles (intensity only); the inset
just to the right shows the same but with the intensity of each beamlet colored by their wavelength and
then superimposed (spectrally resolved). The top right inset shows the ray tracing model of the prisms
which was used to calculate the form of the expected linear spatial chirp as a function of the input angle,
� 1. The measured linear spatial chirp, calculated as a shift from the centroid of the 825 nm probe after
correcting for the demagni�cation (5.33) from the imaging lens, is shown in red. The black line is the result
of the one parameter �t which gives the incident angle as� 1 = 72:76� 0:018� .
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The results in Figure 4.3 demonstrate spatiospectral characterization of the pulse-beam, including

accurate reconstruction of the expected linear spatial chirp from the ZnSe prisms. For both data sets, the

reconstructed objects (Figure 4.3.b,d)) and relative intensities (Figure 4.3.c,f)) match the ground truth and

measured relative intensities well. These aspects of the reconstruction provide �delity checks that instill

con�dence in the accuracy of the reconstructed probes. Moreover, we observe that the spatial resolution of

the reconstructed objects is not signi�cantly degraded relative to the reconstruction pixel size. The

reconstruction pixel size is calculated asdx = �z= (dXN 1), where dX is the detector pixel size (5.5�m ),

and N1 is the number of detector pixels in one dimension (3296x2472). The detector asymmetry leads to

asymmetric spatial resolution, and the natural wavelength dependence gives slightly di�erent resolution for

each spectral component. Taking the maximum reconstruction pixel size (maximum wavelength and

smaller detector dimension) gives a theoretical spatial resolution of 3.58�m . Group 6 element 3, which has

features of 6.20�m gives a very conservative estimate of the smallest features that are resolved in the

object reconstructions. Note that high resolution imaging was not the goal of these experiments, but the

high resolution achieved provides further con�dence in the accuracy of probe reconstructions.

The high �delity of the reconstructed objects and relative probe intensities provide con�dence in the

accuracy of the probe reconstructions, which are key for beam metrology. Comparison of the reconstructed

probes with and without the knife edge shows that the knife edge stays stationary relative to the probe

reconstructions, as expected, and that there is negligible crosstalk between the probes. Here crosstalk

indicates information from one wavelength channel in
uencing another wavelength channel. Due to the

spatial chirp, crosstalk between the probes would manifest in these reconstructions as blurring of the

vertical edge of the knife. While that edge is not perfectly sharp, it is clearly distinguishable between

di�erent probe reconstructions. The blurring is not so signi�cant that the vertical positions of the

horizontal knife-edge between neighboring wavelength channels smear together, which would be

characteristic of crosstalk. Rather than crosstalk, we suspect that the lack of a perfectly sharp knife edge

in the probe reconstructions is due to not placing the object exactly at the correct image plane. The TV

based denoising we performed when post processing the probe reconstructions does sharpen the edges

somewhat, but that denoising is not strong enough to negate the e�ect of crosstalk if it had been present.

Only the reconstructed probe intensities, jP� (r ? )j2, are shown in Figure 4.3, but one signi�cant advantage

of beam metrology by broadband ptychography is that we reconstruct the complex �eld for each

wavelength bin. Since the algorithm reconstructs the amplitude and phase of the �eld, we can propagate

these results to obtain the spatiospectral characteristics of the pulse-beam at other axial locations. In other

words, we can obtainP� (r ), and we can recombine the individual spectral components to visualize the full

pulse-beam intensity. In visualization 1 (link in appendix B), we show the spatiospectral pro�le of the

pulse-beam as it propagates around the focus of the focusing lens. During this propagation, we observe the

expected dynamics of the lateral and angular spatial chirp near focus. We can also identify the image plane

of the spatial �lter in our system about 2.5 mm upstream of the focus of the lens. Interestingly, at this

plane we �nd that the spatial pro�les of the beams are clipped di�erently by wavelength, indicating that

the spatial �lter selects only the portions of the beams propagating in the same direction. Thus, the spatial

�lter e�ectively removes spatial chirp from the Ti:sapphire pulse-beam. Images of the sagittal and

tangential spatial pro�les of the beams, colored by their local wavelengths, are presented in Figure 4.4.a,b).

Based on these images and visualization 1, we can separately identify the beamlet (i.e. the spatial pro�le

for a given wavelength bin) crossing plane and the focal plane of the individual beamlets. Additionally,

comparison of Figure 4.4.a) and Figure 4.4.b) indicates that, while the majority of the spatial chirp is in
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the y-direction, there is also non-negligible spatial chirp in the x-direction. We suspect the slight spatial

chirp in the x-direction is from imperfect leveling of the ZnSe prisms. There is also evidence of chromatic

focal shift from the focusing lens and astigmatism.

The expected linear spatial chirp from the ZnSe prisms is evident in the reconstructed probes (bottom

rows of Figure 4.3) and in the images of the propagated pulse-beam (Figure 4.4.a,b). For better

comparison, we quanti�ed the reconstructed spatial chirp and compared it to the predicted spatial chirp

from the prism pair as calculated from a ray tracing model. The top right inset in Figure 4.4.c) shows the

prism system and traced rays for the central �ve reconstructed spectral components. The calculated chirp

is highly sensitive to the incident angle, � 1, and does not account for the �nite beam size. Nevertheless, we

�nd that after accounting for the demagni�cation from the focusing lens, a factor of 5.33, our data

precisely matches the functional form of the expected spatial chirp (Figure 4.4.c)). For quantitative

comparison we only considered the central �ve wavelength bins which had high relative spectral intensities

and therefore best signal to noise. We performed a one parameter �t to the reconstructed data with� 1 as

the �t parameter using Mathematica's \NonLinearModelFit" function, and we extracted an incident angle

of 72:76� 0:018� . This is consistent with the laboratory-measured angle, 72� 1:7� . To emphasize the

utility of this result, we show intensity only and spectrally resolved images of the pulse-beam in the bottom

left inset of Figure 4.4.c). The overlaid white circles on each image represent the centroid of each beamlet.

Note that the centroids cannot be determined from an intensity only image, which would be collected with

a traditional detector. This quantitative comparison demonstrates that broadband ptychography

reconstructs spatiospectral aberrations, like linear spatial chirp, with high quantitative accuracy.

4.6.2 Vortex Pulse-beam

To provide further validation of the technique we imaged a vortex pulse-beam. In this experiment we

placed an m = 1 vortex plate (RPC Photonics VPP-800-E1) in the collimated pulse-beam far upstream of

an AR coated 60mm focal length plano-convex singlet focusing lens (LA1134-B). We placed the same

USAF test pattern object 8.7 mm downstream of the focus of the lens, where the size of the beam as

measured by the 1=e2 diameter on a camera (Thorlabs UI-3240CP-NIR-GL-TL) was about 300�m in each

direction. The same monochromatic detector described in section 4.6.1 was used to collect the data, and it

was placed 57.8mm downstream of the object. Again, the object was scanned in a Fermat spiral pattern

with 75 positions and a central step size of about 50�m which gives an approximate overlap of 80% in the

center of the spiral. We used the same HDR algorithm and the same exposure times as previously stated to

collect data in this experiment, and the collection took about an hour.

To reconstruct the vortex beam data, we used slightly di�erent methods. We employed the same

PIM-RAAR reconstruction algorithm described in appendix A.3, with modulus enforcement on the probes

and object averaging, but instead of using TV on the averaged object we used TV on the individual probe

reconstructions for each wavelength. Additionally, we performed single wavelength reconstructions of the

data using � 0 = 790 nm and used those results as guesses for all of the probes and objects, after

appropriate rescaling. Unlike the prism experiments, the pulse-beam imaged here had negligible spatial

chirp, so single wavelength reconstructions provide reasonable initial guesses. Additionally, we

reconstructed the vortex data with larger, 20 nm, spectral binning to cover the bandwidth of the

illumination, which happened to be larger than that of the illumination in the previous experiments. A full

account of the reconstruction parameters for this reconstruction is given in Table 4.1. The results of the

broadband vortex pulse-beam reconstructions are presented in Figure 4.5, along with the results of the
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single-wavelength reconstruction which were used as guesses. The reconstructed object for the

single-wavelength and broadband reconstructions, Figure 4.5.a) and d) respectively, both compare well

with the ground truth, but there are signi�cant di�erences. The broadband reconstruction shows more

uniform transmission across the bars of the air force test pattern, which is more accurate, but the single

wavelength reconstruction yields slightly better resolution as evidenced by the element number labels of

group 6. We suspect that interpolation errors from object averaging are responsible for the slight

degradation of the resolution for the broadband reconstruction. The complex spatial pro�les of the

reconstructed probes are presented in the third row of Figure 4.5, where the brightness indicates the

amplitude scaled by the square root of the relative spectral intensities, and the hue indicates the relative

phase. The relative spectral intensities of these reconstructed probes agree well with the measured spectral

intensities, as shown in Figure 4.5.e).

Figure 4.5 shows the results of the vortex pulse-beam reconstructions. The top row shows the results of the
single-wavelength reconstruction, with the transmission of the object on the left and the complex spatial
pro�le of the probe in the middle. The top right panel shows the same probe reconstruction after
propagating it to the image plane of the vortex plate and subtracting the quadratic phase. For the images
of the probe reconstructions in this �gure, the hue represents the phase, and the brightness represents
amplitude scaled by the square root of the relative spectral intensities. The second row shows the
transmission values of the reconstructed broadband object on the left and the measured and reconstructed
relative intensities in the middle. The third row shows the reconstructed probes for each of the six
wavelength bins. The bottom row shows the same reconstructed probes after propagating to the image
plane of the vortex plate and subtracting the quadratic defocusing phase for the 790nm probe.
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