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ABSTRACT

The enclosed thesis develops estimation and prediction algorithms suitable for real-time

control of lithium-ion batteries. Battery states that are closely tied to degradation are typically

unmeasurable. Thus, important battery degradation behaviors must be controlled by a battery

management system without direct sensor measurement. Physics-based electrochemical battery

models are used to simulate battery dynamics. These physics-based models are too

computationally expensive to perform real-time prediction. Thus, reduced-order models are

developed to capture the desired dynamics related to battery degradation. Although batteries are

the main focus of this research, the developed estimator-predictor algorithm is written generically

and is applicable to any nonlinear system.

The thesis is generally formatted to (1) introduce general formulation of battery dynamics and

the degradation modes of concern, (2) compare various methods of reduced-order model

extraction, (3) extend the existing linear impulse-response estimator-predictor to nonlinear

systems, and (4) validate estimator-predictor performance through a series of actuation profiles.

The estimator derived in this work is based on the impulse-response model. Estimation is

formulated as a constrained least-squares optimization problem. Linearization of the constraint

allows the optimization problem to be solved analytically. Provided the estimation results, an

additional optimization problem predicts an optimal actuation sequence. The overall control

structure uses model-predictive control framework. This work concludes with a model-based

simulation demonstrating the rapid charge of a battery in under 15 minutes while avoiding

lithium plating, the leading mode of degradation during fast charging.
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CHAPTER 1

INTRODUCTION

Whether it is a portable electronics, electric vehicles, or energy storage methods for the

electrical grid, batteries have become an important technology used in our every day lives.

Increased storage capacity and improved safety have been realized as battery technology matures.

The adoption rate of batteries into society is proportional to the rate at which energy can be

stored and extracted from a cell. Increased rates of energy transfer come at the cost of battery

degradation. Thus, advanced battery management algorithms must account for degradation when

determining the optimal charge or discharge sequence.

1.1 Thesis Overview

The primary objective of the present thesis is to combine knowledge from physics-based

models and real-time sensor data to inform optimal control decisions made by a battery

management system (BMS). In modern applications, BMSs are responsible for managing

appropriate electrical demand and functionality of a battery system. For optimal control, a BMS

must balance the health and safety of the battery with the rate of energy transferred. Battery

states that are closely tied to degradation are typically unmeasurable. Thus, important battery

degradation behaviors must be controlled by the BMS without direct sensor measurement.

The present thesis extends BMS capabilities to estimate and react in real-time to unmeasured

battery variables. The present approach combines physics-based knowledge of a battery system

with recent advancements in estimation theory and model-predictive control structure to develop

a real-time optimal control algorithm for BMS. Methods of the approach are outlined:

1. Introduction of key concepts and motivations for this thesis (Chapter 1)

2. Physics-based characterization of a battery (Chapter 2)

3. Model reduction techniques (Chapter 3)

4. Development of estimation and prediction algorithm suitable for Li-ion batteries (Chapter 4)
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5. Case studies demonstrating the e�ectiveness of the model-predictive control scheme

(Chapter 5)

Chapter 2's objectives are to de�ne degradation mechanisms of concern, summarize battery

dynamics, and explore battery sensitivity to a few parameters. Degradation limits the rate at

which a battery is charged and discharged. Governing battery dynamics are de�ned from

charge-transfer reaction kinetics and mass transport theory. Variables associated with

degradation and overall battery dynamics are captured using a pseudo-two-dimensional (P2D)

model. Accuracy of the P2D model �tted to experimental results is discussed.

A dominating theme of the present thesis is full-order physics-based models are too

computationally expensive for use in real-time control. Chapter 3 presents the case for using

reduced-order models (ROM) as a replacement for the full-order model. A few methods of ROM

extraction are presented and discussed.

Building upon the results of Chapter 3, Chapter 4 develops a nonlinear estimator-predictor.

The predictor developed is an extension to the linear impulse-response model (IRM). The

objective of Chapter 4 is to summarize the linear IRM and present the theory for nonlinear

impulse-response model (NIRP). Additionally, Chapter 4 discusses the model-predictive control

(MPC) structure.

From the theory presented in Chapter 4, Chapter 5 presents a few case studies detailing the

performance of NIRP. To start, small perturbation provides a linear system response. The results

demonstrate the the basic functionality of the estimator. Next, an Urban Dynamometer Driving

Schedule (UDDS) simulates battery demand condition for electric-vehicles. UDDS simulation is

an open-loop test, thus the controller is not determining an optimal demand sequence. Lastly,

fast charging combines all lessons learned to perform an optimal charging pro�le capable of

avoiding lithium plating.

1.2 Contributions to the Field

Parts of the enclosed work have been published in journal articles and presented at various

conferences. Chapter 2 provides a summary of the electrochemical governing equations and the

model used in this work. As a part of ROM extraction in Chapter 3, electrochemical impedance

spectra (EIS) extraction from physics-based models and a discussion on model parameter
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identi�cation has been published in part in Zhu et. al. [1] and presented at the Electrochemical

Society (ECS) [2]. Content found in Chapter 4 has been submitted for publication. In the

submitted manuscript, the UDDS case study is presented for estimator validation. At the time of

this writing, the remaining case study results of Chapter 5 have not been published. Additional

work unrelated to the present thesis was presented at ECS by Evans et. al. [3] discussing P2D

model expansion to include thermal-gradient e�ect in lithium-ion batteries.

In summary, the main contributions to the �eld include:

ˆ P2D model extensions for thermal-gradient e�ect

ˆ E�cient extraction of EIS from physics-based models

ˆ Development of NIRP, an algorithm capable of meeting fast charging demands while

respecting degradation constraints

The following sections introduce the concepts explored in the present thesis.

1.3 Battery Degradation

Broadly speaking, the problem with fast charging is the competition between reducing

charging time and limiting degradation. Degradation of batteries has been studied since they were

invented [4]. Today there are three concerns regarding degradation mechanisms: Solid-Electrolyte

Interface (SEI) growth, mechanical failure of the electrode, and plating of lithium ions

1.3.1 Solid-Electrolyte Interface Growth

SEI is a thin �lm that coats the active material and promotes the stable interactions between

the electrode and the electrolyte. Studies show that the initial formation of a cell results in the

highest amount of SEI growth [5]. Over time, as the SEI continues to grow, lithium ions from the

electrolyte are consumed. This process is known as loss of lithium inventory (LLI). Much work

has progressed toward understanding SEI formation [6{8]. During the later phase of growth,

research has shown a high local temperature results in an increase rate of SEI growth [9].

Knowledge of local temperature, lithium concentrations, and electric potential across the interface

increases the understanding of this mechanism.
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1.3.2 Mechanical Failure

Mechanical failure occurs as a result of volumetric expansion and contraction of the active

material during the insertion and removal of the lithium within electrode lattice structure. The

resulting concentration-induced stress causes particle fracture and interfacial debonding [10].

Furthermore, mechanical failure process results in the loss of active material (LAM) and

additional growth of insulating species such as SEI [11, 12]. Knowledge of the lithium

concentration pro�le in the active material domain is necessary to avoid mechanical damage.

1.3.3 Lithium Plating

Lithium plating is known to be a function of the electric potential di�erence between the

electrode and the electrolyte [13, 14]. Lithium plating initiation can occur beneath the surface of

the electrode [15]. As plating continues, a lithium dendrite forces its way through the surface of

the electrode. As the dendrite grows, the active material experiences mechanical failure.

Previously formed SEI on the surface of the electrode is damaged during lithium plating, resulting

in new SEI growth. Depending on the severity of the plated lithium, some or all of the lithium

intercalates into the electrode. Lithium that does not intercalate becomes electronically isolated

and no longer participates in the cell's energy storage. If left unchecked, a lithium dendrite grows

through the separator, creating an electronic bridge between the electrodes, and thus causing a

short. Progression of lithium plating depends on local temperature, lithium-ion concentration in

the electrolyte, lithium concentration at the surface of the electrode, and local current density.

Out of the three degradation mechanisms, lithium plating is considered the highest concern for

a couple reasons. E�ects of plated lithium result in LLI, LAM, and thermal runaway of the

battery. In addition, when charging a battery, plating is the most likely degradation mechanism

to occur due to the favorable plating potential [16]. For these reasons, lithium plating is the

degradation mechanism used in the present research to constrain the charging algorithm.

1.4 Physics-Based Battery Modeling

As is the case for any control algorithm, an accurate model of the plant is necessary. In early

literature, models of lead-acid batteries described the chemical interaction at an electrode's

surface [17, 18]. In 1970s, John Newman proposed a model describing the porous electrode
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Figure 1.1 Illustration of a battery during charge

domain [19]. A combination of kinetics and porous media models enabled Doyle, Fuller, and

Newman to develop the P2D model in 1994, which is the most popular battery model used

today [20, 21]. The P2D model combined chemical kinetics at the interface between the electrode

and electrolyte and described transport phenomena throughout the battery. The system of

equations resulted in a set of nonlinear coupled di�erential-algebraic equations. Figure 1.1

provides a brief overview of the battery domains and the processes involved during charging.

Further details of the P2D model are found in Section 2.3.1. Studies to improve battery

performance at various operating conditions have been enabled through the physics-based P2D

model.

1.5 State Estimation

Measurement of internal battery states is di�cult, expensive, or even impossible.

Consequently, the present work utilizes estimation techniques to infer the values of unmeasured

states from those which are measured. Figure 1.2 illustrates the generic state estimation process.

The plant (battery) is actuated with a signal uk at sample time k. A set of sensors measure the

system statex and pass the reading ~yk along to the estimation algorithm. The estimator then

uses a collection of past input values and measurements combined with a model, representing the
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Figure 1.2 Illustration of an open-loop estimation process.u, x, and y represent the system's
input, states, and outputs, respectively. The measured ~yk and unmeasuredyk outputs are
collected at eachk sample.

system dynamics, to estimate the current state of the system ^x. The estimated state variable is

fed back into the estimator to improve its accuracy for the next sample. There may be values of

the plant that are desired but not easily measured (noted byyk in Figure 1.2). An estimate of

these values are obtained from the state estimate ^x and the estimator's model representation.

The e�ectiveness of estimating the unmeasured outputs is available either in simulation or

post-mortem, often destructive, analysis of the system.

In many systems, not all states of the plant can be measured. For commercial battery cells,

voltage di�erence across the electrodes and skin temperature of the cell are typically the only

measurable states. To design a controller, it is often necessary to determine unmeasurable states'

response. This task is handled by an estimator. State estimation begins with Kalman's

Linear-Quadratic-Gaussian (LQG) algorithm [22]. A Kalman �lter performs estimation for a

given sampling rate (Ts) using the following procedure

1. At t = ( k � 1)Ts, an input signal is sent to the plant and the estimator.

2. Given k � 1 input signal and k � 1 state estimate, the estimator predicts the expected

measurement at timet = kTs.

3. Error is calculated from the di�erence between the expected and actual measurement.

4. The product of the Kalman gain and error is used to correct the state estimate at time

t = kTs

5. New state estimate from timet = kTs is feed back to the estimator.

6. Steps 1 - 5 are repeated for every sampling period.
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In practice, systems experience deviations from the ideal model. These deviations manifest as

process and measurement noise. Given the covariance of the noise, a Kalman �lter's state

estimate will converge to the real value of the plant states. A Kalman �lter assumes the plant

dynamics are linear. For nonlinear estimation, a few other estimators have been designed e.g.,

EKF, the UKF, or a PF. In this work, the nonlinear impulse-response estimator-predictor is used

in-place-of state estimation. Details of the impulse-response model are found in Chapter 4.

1.5.1 Battery Speci�c Estimation Issues

Several problems arise in battery state estimation. The �rst problem is battery dynamics are

nonlinear, as both kinetics and mass transport are coupled through the mass concentration and

electrostatic potential states. Additionally, battery dynamics vary at di�erent equilibrium values.

From a control standpoint, using nonlinear estimator model increases the computational e�ort

needed during each sampling period. To decrease computational e�ort, a linear estimator is used

and the dynamics of the system must be approximated at various operating conditions. Lee et

al. [23] demonstrate linear state estimation of a battery by scheduling the linearized ROM

through di�erent state-of-charge (SOC).

Another problem is the time-scale disparity between di�erent states. Reaction kinetics operate

on the millisecond time scale while transport of lithium-ions are on the order of seconds [24].

Furthermore, degradation mechanics such as SEI growth operate on much longer time scales [25].

Zou et al. and Smiley et al. demonstrate their approach to time-scale disparity [25, 26]. The

authors use multiple estimators, each tuned for an appropriate time scale.

Lastly, cell potential is a di�erential voltage measurement with each electrode contributing to

the voltage potential. Separating the contributions from each electrode is di�cult from a

di�erential measurement. Consequently, estimation of individual electrode potential and lithium

concentration is di�cult, demonstrated by weak observability of lithium concentration at the

electrode surface. Weak observability has been noted by multiple researchers [27{29]. One

solution to the observability problem is to use a dual estimator design. In a dual estimator

scheme, each estimator assumes a perfect model for one of the electrodes. State estimations for

each electrode are inputs to the other estimator [30, 31].

7



Various estimators for batteries have been proposed such as sigma-point Kalman �lter [32],

particle �lter estimator [33] and a neural network estimator and predictor [34]. Much of the

previous work on battery estimators discussed here have shown promising results toward

estimating SOC and state-of-health (SOH). Yet, there remains unexplored areas in the research.

As it relates to the present work, performance of existing estimators has not been obtained for a

fast-charging pro�le. The performance of existing estimators are based on standard drive cycles,

e.g., UDDS. During the UDDS cycle, high C-rates exist in short time duration. For fast charging,

a high C-rate is applied over several minutes, much longer than what is used for UDDS.

Another shortcoming of existing estimators stems from the model representing the plant. A

few researchers perform error analysis using a single-particle model (SPM) as the plant. Knowing

a SPM demonstrates poor performance at high C-rates, SPM should not be used as the plant

when performing fast-charging simulations.

Lastly, Chu et al. [35] note equivalent-circuit models (ECM) are the most commonly used

models for a BMS. To increase the acceptance of new ROM into BMS architecture,

implementation feasibility on BMS-like hardware must be considered.

1.6 Model-Predictive Control

Figure 1.3 Illustration of the model-predictive control process
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When designing a control algorithm, the objective of charging quickly should be balanced with

respecting the constraints derived from degradation. MPC is a popular control algorithm well

suited for meeting performance requirements while subjected to constraints [34]. MPC was built

on the foundations provided by Rudolf Kalman in the early 1960s [22, 36] when he �rst proposed

the LQG algorithm. Industry �rst used MPC to meet the demands of power plants and

petroleum re�neries during the 1970s [37]. First generation MPC scheme used a �nite prediction

horizon [38]; an improvement upon LQG's in�nite prediction horizon. In the 1980s, the next

generation of MPC extended application to problems with ill-conditioned solutions [39]. In the

1990s, the MPC algorithm was again improved to include state-space representation together with

soft and hard constraints [40]. The 1990s generation represents the modern MPC algorithm.

MPC utilizes a model describing the system dynamics to estimate and predict the present and

future states of the system respectively. Figure 1.3 illustrates the MPC process. The �rst step in

MPC is to perform state estimation in the same manner discussed for Figure 1.2. The estimated

states are supplied to a model representing the system dynamics. Then a predicted input

sequenceUf actuates the model to obtain the predict system state. Based on the predicted state,

an optimization problem subject to constraints determines the next optimal actuation to the

system. State estimation, state prediction, and solution of the optimization problem must be

solved within the given sampling rate. For fast charging, the sampling rate may be on the order

of seconds [24]. Therefore, it is important that the model used to represent the plant dynamics is

computationally e�cient. Although a P2D model is a high �delity model, it is too

computationally expensive to solve in real time for a BMS. A desire for computationally e�cient

models has motivated many researchers to develop reduced-order battery models.

9



CHAPTER 2

BATTERY CHARACTERIZATION

When designing a controller for a plant, it is important to understand the plant dynamics and

the speci�c aspects that are to be controlled. The purpose of this chapter is to provide an

overview of how a battery works, the operational constraints the controller will need to accounts

for, and the methods used to validate a model.

2.1 Battery Overview

A battery is comprised of multiple components such as current collectors, positive and

negative electrodes, a separator, electrolyte, etc. Voltage of a cell is measured between the

positive and negative terminals. This voltage is the electrochemical potential di�erence across the

electrodes. The more negative electrode is known as the anode while the positive electrode is the

cathode. Electrochemical potential of an electrode depends on the species in the electrolyte,

chemical composition of the electrode, and the interaction between the two. For an intercalation

electrode, the electrochemical potential is a function of the intercalated ion composition present in

the electrode. As a battery is cycled, ions in the electrolyte are shuttled between the anode and

cathode by way of the electrolyte.

At the interface between an electrode and electrolyte, ionic species are exchanged through a

mechanisms known as charge-transfer reaction. The interface where charge transfer occurs is

known as the solid-electrolyte interface (SEI). The charge-transfer reactions describe both the

insertion and removal of an ion into an electrode. During ion insertion, a positively charged ion

from the electrolyte combines with an electron in the electrode to form a charge-neutral species.

The charge-neutral species is inserted into the lattice structure of the electrode. This process is

reversed during ion removal.

Regardless if a species is moving in a material or across an interface, electrochemical potential

of that species determines the direction and rate at which it moves. Electrochemical potential

di�erence across the SEI dictates the direction and rate at which the charge-transfer reaction

occurs. Similarly, electrochemical potential of each species dictates its direction of motion

10



throughout the electrolyte. It is common to decompose electrochemical potential into various

components (i.e., temperature, species concentration, and electric potential) to study the

individual contributions. Conservation laws of each component then describe the electrochemical

process occurring within the battery. Listed next are the assumptions used when deriving the

governing equations.

2.1.1 Assumptions

Doyle, Fuller, and Newman [20, 21] developed a model to describe how species interact and

exchange among the phases. The following assumptions are consistent with their proposed model.

A.1 Conservation of charge and species

A.2 One-dimensional transport of lithium-ions in the electrolyte, normal to the current

collector.

A.3 Transport of lithium-ions in the electrolyte is governed by concentrated solution theory

A.4 Electrolyte species are considered binary

A.5 Porous media

A.6 Composite electrode

A.7 Electrode is represented as a sphere

A.8 Within the active material phase, species gradient exist in the direction normal to the

surface

A.9 Transport of lithium in the active material is governed by Fick's law

A.10 Volumetric expansion is neglected

A.11 Charge-transfer at the surface of the active material follows Butler{Volmer form

Additionally, the present research assumes

A.12 Double-layer and SEI �lm resistance are non-negligible

A.13 Conservation of energy

A.14 Lithium exists only in the active material phase

A.15 Lithium ions exist only in the electrolyte phase

A.16 Strict electroneutrality

11



Assumptions A.2 - A.5 are related to transport of ions in the electrolyte phase.

Assumption A.2 is valid for small format batteries such as a coin cell. Concentrated solution

theory (Assumptions A.3 and A.4), proposed by Newman [41], describes the interaction between

charged species in the electrolyte and is valid when the ion concentration of the electrolyte is

greater than 1 kmol m� 3. A binary electrolyte assumes the electrolyte is composed of an anion, a

cation, and the solution (Assumption A.4). In an electrode, space between active material is �lled

by the electrolyte. The path of electrolyte is not straight, but rather tortuose. The degree of

tortuosity is a function of the volume fraction of the electrolyte. Therefore, transport properties

are adjusted to account for tortuosity, Assumption A.5.

Assumptions A.6 - A.10 are related to the active material domain. An electrode is comprised

of various metals and binders. Each chemical constituent is not considered individually, rather

they are lumped together, hence Assumption A.6. Intercalation and di�usion of lithium into the

active material is represented using spherical geometry, Assumption A.7. In actuality, not all

active materials represent spherical geometry. De�ning a shape factor for each electrode is not

modeled in the present work. Gradient of lithium throughout the electrode exist only in the

radial direction. All other gradients are assumed spatially uniform, Assumption A.8.

Assumption A.9 dictates transport of lithium within an active material is driven by concentration

gradient alone. Stress-driven 
ux is related to the volumetric expansion of the active material.

According to Assumption A.10, the present research does not include stress-driven lithium 
ux in

the active material.

Assumptions A.11 and A.12 de�ne the interaction at the SEI. Butler{Volmer is a widely

accepted form used to describe a charge-transfer reaction. Further explanation of Butler{Volmer

is found in Section 2.1.4.

2.1.2 Conservation of Charge

The present work assumes strict electroneutrality [42] to satisfy conservation of charge

(Assumption A.16). Electroneutrality states there is no divergence of current. Electroneutrality is

stated mathematically as

r � i = 0 : (2.1)
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Current density i de�ned as the 
ux of a charge species per unit area, develops from non-uniform

electrostatic potential �elds. There are two charged species 
uxes considered in the model,

lithium ions and electrons. Lithium-ion and electron 
ux are known as ionic iel and electronic ied

current, respectively. Total current density is the sum of these two 
uxes

i = iel + ied: (2.2)

Ionic current density is driven by lithium-ion concentration and electrolyte potential gradients.

From concentrated solution theory, ionic current density is

iel = � � r � el � �
2RT

F

�
1 +

@ln f �

@ln CLi +

�
�
t0
+ � 1

�
r ln (CLi + ) : (2.3)

Governed by Ohm's law, electronic current density is

ied = � � r � ed: (2.4)

In Eqs. 2.3 and 2.4,� and � are the ionic and electronic conductivities, respectively.R and F are

constants representing the universal gas constant and Faraday's constant.f � is the activity

coe�cient. In the electrolyte, only one charged species, lithium ion, is considered. Thus, the

transference numbert0
+ is de�ned as the ratio of current from lithium-ion 
ux with respect to the

sum of all charged species 
ux in the electrolyte. The state variables of the system are

temperature T, electrode potential � ed, electrolyte potential � el, concentration of lithium ions

CLi + in the electrolyte, and concentration of lithium CLi in the electrode.

At the current collectors, electronic 
ux is equal to the load current, i user. Ionic 
ux is zero at

the current collectors. The boundary conditions are written mathematically as

n � ied
�
�
x=0 ;L = i user (2.5)

n � iel
�
�
x=0 ;L = 0 (2.6)

where 0; L are the anode and cathode current collector respectively. In Figure 1.1,

L = L AN + L SEP + L CA . n is a vector normal to the current collector surface. Ionic current is

balanced at the interfaces between electrodes and separator. There is no electronic current in the

separator domain.
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2.1.3 Conservation of Mass (Species)

A battery is a closed system. Thus, the amount of mass remains constant inside the system. A

species can be consumed or created via a charge-transfer reaction (Section 2.1.4) or transported

throughout its respective domain. In the electrolyte, dissociated ions exist. At the surface of the

electrode, an ion is consumed from the electrolyte and a charge-neutral species is produced in the

electrode domain (The reverse is also true). This research considers batteries that use lithium to

store energy. Therefore, lithium ions (Li+ ) and lithium (Li) are the species that exist in the

electrolyte and electrode domains, respectively.

Electrolyte

In the electrolyte, the time rate of change of concentration of lithium ions is in
uenced by the 
ux

of lithium ions and the reaction at the surface of the particles

"el
@CLi +

@t
= �r � (JLi + ) + As _sLi + (2.7)

where

JLi + = � Delr CLi + + iel
t0
+

F
: (2.8)

In Eq. 2.7, "el is the volume fraction of electrolyte in the electrode domain. The 
ux of species

i is denoted by J i . The volumetric rate of production for speciesi is _si . As is the speci�c area

representing the ratio of active material surface area to volume of the electrode. Eq. 2.8 shows

species 
ux is dependent on species concentration gradient and ionic current density.Del is the

electrolyte di�usion coe�cient. Similar to conservation of charge equations, the ionic species is

unable to pass through the current collector. Therefore, species 
ux of lithium ions is zero at the

current collectors

JLi +

�
�
x=0 ;L = 0 : (2.9)

Electrode
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Lithium concentration rate of change in the active material represented mathematically is

@CLi

@t
= �r � (JLi ) (2.10)

JLi = � Dor CLi (2.11)

where Do is the electrode di�usion coe�cient. A symmetry boundary condition is applied at the

center of the sphere while the 
ux of species due to the charge-transfer reaction must be balanced

at the surface of the sphere. Boundary conditions are written mathematically as

JLi
�
�
r =0 = 0 (2.12)

JLi
�
�
r = Rp

= _sLi + : (2.13)

Radius of the particle is represented byRp.

2.1.4 Charge-Transfer Reaction

At the interface between the electrode and electrolyte, lithium is inserted and removed via a

charge-transfer reaction. Eq. 2.14 shows the reaction at the surface of a graphite electrode

LiC 6 
 Li + + C 6 + e � : (2.14)

During insertion of lithium into the electrode, a lithium ion from the electrolyte is combined with

an electron from the electrode. The electrochemical potential of each species determines the

direction at which the charge-transfer reaction proceeds. Due to the production/consumption of

an electron, a charge 
ux (current) across the interface develops as the reaction proceeds.

Butler{Volmer equation is used to describe the net charge 
ux. Standard Butler{Volmer form is

written as

i BV = i �

�
exp

�
� anF
RT

�
�

� exp
�

� � cnF
RT

�
��

: (2.15)

i BV is the current density associated with the charge-transfer reaction. In Eq. 2.14, a single

electron is transferred. Therefore,n = 1 in Eq 2.15. � a and � c are the anodic and cathodic

transfer coe�cients. The present model assumes
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� a = � c = � = 0 :5 (2.16)

Exchange current density i � represents the rate of forward and reverse reactions at equilibrium.

The exchange current density is dependent on temperature and lithium concentration in both

electrode and electrolyte. Written mathematically

i � = kct (CLi,surf ) � a (Cmax
Li � CLi,surf ) � c (CLi + ) � c ; (2.17)

where kct , CLi,surf , Cmax
Li , and CLi + are the charge-transfer rate coe�cient, lithium concentration

at the surface of the electrode, the electrode's max allowable concentration, and lithium-ion

concentration in the electrolyte, respectively. Overpotential � represents how far the interface

electrochemical potential di�erence has deviated from equilibrium condition. Overpotential is a

function of the potential di�erence between the electrode and electrolyte � � , the potential

di�erence at equilibrium � � eq, and the potential across the interfaceVSEI . Stated mathematically,

� = � � � � � eq � VSEI (2.18)

where

� � = � ed � � el; (2.19)

VSEI = i BV RSEI : (2.20)

If � > 0, lithium ions are produced. In contrast, lithium ions are consumed when� < 0. Since

electroneutrality states there is no divergence of current (no source or sink terms), the

charge-transfer current is balanced by the electronic and ionic currents at any given location of the

cell. Finite-di�erence equations for conservation of charge at the SEI are provided in Appendix B.

To obtain the species production rate for Eq. 2.7, simply divide Butler{Volmer current by

Faraday's constant F

_sLi + =
i BV

F
: (2.21)

The parameter set used in this model is found in Appendix A.
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2.2 Battery Degradation

An ideal energy storage device would store large amounts of energy, collect and dispense of

that energy rapidly and e�ciently, and operate in any environmental conditions (i.e., temperature

and pressure) without any short- or long-term detrimental e�ects. A battery would not be

classi�ed as an ideal storage device. Rather, a battery experiences degradation if it gets too

warm, operates when its cold, accumulates or releases energy quickly, or if too much energy is

inserted into it. To sustain the health of a battery, knowledge of detrimental operating conditions

must be provided to the BMS. Active research focuses on three main degradation mechanisms:

SEI growth, electrode mechanical failure, and lithium-ion plating.

2.2.1 Solid-Electrolyte Interface Growth

SEI is a thin �lm, typically on the order of 10s of nm, that coats a passivating layer on the

electrode and promotes stable interactions between the electrode and the electrolyte. Studies

show the initial cell formation results in the highest amount of SEI growth [5{8]. As the SEI

continues to grow, lithium ions from the electrolyte are consumed. This process is known as loss

of lithium inventory (LLI). Research has shown a high local temperature results in an increase

rate of SEI growth [9]. Fundamentally, the electrochemical potential of each species dictates the

rate at which SEI-forming side reactions occur.

2.2.2 Mechanical Failure

Mechanical failure occurs as a result of electrode volumetric expansion and contraction during

lithium insertion and removal into the crystalline lattice. Concentration gradient-induced stress

causes particle fracture and interfacial debonding [10]. Substantial chemo-mechanical failure

results in the loss of active material (LAM) and additional growth of insulating species such as

SEI [11, 12]. LAM decreases the overall cell capacity.

2.2.3 Lithium Plating

When a lithium ion is unable to intercalate into the electrode phase, lithium can build on the

electrode surface. If left unchecked, a lithium dendrite can grow through the separator, creating

an electronic bridge between electrodes, thus creating a short. Lithium plating is known to be a
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function of the electric potential di�erence between the electrode and the electrolyte [13, 14].

More speci�cally, this research de�nes the plating reaction to become favorable when �� < 0 (See

Appendix C). Lithium plating initiation can occur beneath the surface of the electrode [15]. As

the dendrite grows, the active material experiences mechanical failure. Previously formed SEI on

the surface of the electrode is damaged during lithium plating, resulting in new SEI growth.

Depending on the severity of the plated lithium, some or all of the plated lithium intercalates into

the active material. Lithium that does not intercalate becomes electronically isolated and no

longer participates in the cell's energy storage.

Out of the three degradation mechanisms, lithium plating is considered the highest concern for

a couple reasons. E�ects of plated lithium result in LLI, LAM, and thermal runaway of the

battery. In addition, when charging a battery, plating is the most likely degradation mechanism

to occur due to the favorable plating potential [16]. Overall, a controller informed with

physics-based knowledge of the battery's state (such as local temperatures, lithium

concentrations, and electric potential across the interfaces) could avoid operating conditions

favorable to these degradation mechanisms.

2.3 Model Characterization and Validation

A controller's e�ectiveness is only as good as the underlying model. This section describes the

physics-based model used in this research to inform the controller. Additionally, a sensitivity

analysis is performed to study the model parameter e�ects on the system's dynamics. Results of

the sensitivity analysis inform the model tuning process. This section concludes with a

comparison of the P2D model to experimental data.

2.3.1 Pseudo-Two-Dimensional Model

A controller capable of avoiding degradation must be informed with a physics-based model. In

1994, Doyle, Fuller, and Newman [20, 21] developed the pseudo-two-dimensional (P2D) battery

model. The P2D model, the most widely used battery model in modern research, combines

porous media theory, kinetics phenomenon (i.e., charge-transfer), and species transport.

Figure 2.1 illustrates the general structure of a P2D model. The battery domain is discretized

into �nite control volumes in the direction normal to the current collectors (i.e., x-direction),
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Figure 2.1 P2D Overview

noted by the control volume indices i � 1, i , and i + 1. Inside each electrode-domain control

volume exists a sphere representing the active material. This sphere is discretized radial (i.e.,

r-direction), providing a second dimension of the model. Finite-di�erencing techniques are applied

to the governing equations in Section 2.1 and applied to each control volume. State variables are

assumed constant within a single control volume. Transport of lithium ions in the electrolyte and

ionic and electronic charge 
ux are considered in the x-direction. Transport of lithium, di�usion,

in the active material is considered in the radial direction. Charge- and species-transfer between

active material and the electrolyte take place at the boundary between the spherical volume and

the surrounding control volume (i.e., surface reactions). The resulting equations are a set of

nonlinear, coupled, di�erential-algebraic equations (DAE). In this research, the DAE is solved

using MATLAB's ode15s solver. Additionally, this research uses the P2D model to inform the

controller of the underlying physics of the battery. Model tuning is performed by �tting model

results to experimental data. Three common battery experiments are polarization, electrochemical

impedance spectroscopy (EIS), and galvanostatic intermittent titration technique (GITT).

2.3.2 Polarization

A polarization curve represents the voltage pro�le of the cell when subjected to a constant

current. Before the current is applied, the battery is at equilibrium, typically at either the

minimum or maximum user-de�ned voltage limit. Often the applied current is represented using

the normalized current value known as C-rate. C-rate is calculated based on cell capacity. 1C

refers to the constant current required to charge a cell from the minimum voltage to maximum

voltage in one hour. The current required for a third of an hour and 2 hours are 3C and C/2,
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Figure 2.2 Polarization Example

respectively.

At low current (approximately C/20), the voltage pro�le resembles that of the equilibrium

curve. At high currents, the voltage cuto� limit is realized sooner resulting in less capacity

added/subtracted from the cell. Figure 2.2 shows a family of charging polarization curves at

di�erent C-rates. As the C-rate increases, less capacity has been added once the voltage cuto�

(4.1 V) is reached.

2.3.3 Electrochemical Impedance Spectroscopy

Polarization provides overall cell properties (i.e., open-circuit voltage (OCV) and cell capacity)

at low frequencies (� 0 Hz). Other system dynamics, such as kinetics at the electrode surface, are

evaluated from the system's high frequency response [43, 44]. EIS is a method of evaluating a

system's frequency response. Starting at equilibrium, a sinusoidal (harmonic) input with a

speci�ed frequency is applied to the system. A complex impedance is calculated by �nding the

ratio of output response (i.e., voltage) to the applied input signal (i.e., current). This process is
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Figure 2.3 Typical battery EIS plot

repeated for all frequencies of interest. Complex impedance is evaluated across several frequencies

spanning multiple orders of magnitude and is visualized using an EIS (Nyquist) plot. More

information about EIS extraction can be found in Chapter 3.

EIS plots real verses imaginary impedance. Capacitors and inductors have a negative and

positive imaginary impedance, respectively. A battery is capacitive by nature, as it stores

electrical energy. Thus, the impedance contains positive real impedance and negative imaginary

component. Rather than plotting the impedance below the x-axis, EIS plots negative imaginary

impedance in the positive y-axis. Figure 2.3 illustrates a typical battery EIS curve. Shown are

two arcs at lower real impedance followed by a tail at higher real impedance. The two arcs occur

at high frequencies and are associated with the kinetics of the system. Shown in Section 2.3.5, the

double-layer capacitor determines which arc is assigned to which electrodes. The tail occurs at

lower frequencies and is associated with lithium transport phenomenon in both the electrode and

electrolyte. System kinetics occur much quicker than system transport, hence why the two arcs at

high frequency are associated with kinetics while the low frequency tail is associated with

transport. An EIS curve represents the linear impedance to a cell at a given SOC. Thus, a family

of EIS curves across the cell's SOC provides information pertaining to the change in cell

impedance as a function of SOC.

The information in the EIS plot is also visualized using a Bode plot (Figure 2.4). Instead of

real and imaginary impedance, the magnitude and phase angle of the impedance are plotted with

respect to frequency. EIS (and Bode) data provides valuable information not captured by
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Figure 2.4 Example Bode Plot

polarization data alone.

Experimentally, EIS is obtained by applying a harmonic input current sequence to the battery

and the phase shift in the voltage is measured. Ideally, the battery's SOC would not change as

the harmonic input is applied, to maintain the linear analysis. At high frequencies this can be

achieved but at lower frequencies, the long sinusoid causes the battery to increase or decrease its

SOC. Thus, �tting to high frequency data is more accurate than �tting to low frequency data. If

low frequency data is desired, a GITT excitation is a more appropriate test.

2.3.4 Galvanostatic Intermittent Titration Technique

Galvanostatic intermittent titration technique (GITT) can be used to obtain open-circuit

voltage (i.e., equilibrium curve) of the cell but its most commonly used to obtain electrode

di�usion coe�cients [45{47]. A GITT pro�le consists of two phases: pulse and rest. During the

pulse phase, a small amplitude input current is applied to the battery for a set amount of timetp.

After the completion of the pulse phase, the longer rest phase starts. No current is applied to the

cell during the rest time t r . A the start of a GITT pro�le, the cell is brought to equilibrium. The
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two phases, pulse and rest, alternate until the max SOC is reached.

The value of the small amplitude current is determined such that no large lithium

concentration gradients are present in the electrode. The length of the pulsetp is then determined

by the desired change in SOC. Given the capacity between 0%-100% SOC, a change in stored

capacity is directly proportional to the amount of time the input current is applied. Faraday's

Law combined with Coulomb counting [48] provides the exact relationship between current

applied and SOC change.

At the end of each rest phase, cell voltage is recorded for the new SOC. Additionally, fast

dynamics of the cell are removed from the recorded pulse phase voltage response. The remaining

slow dynamics are used to calculate the electrode di�usion coe�cient at the known SOC.

2.3.5 Parameter Sensitivity

A sensitivity analysis is performed to study the model parameter e�ects on system dynamics.

Three parameters are selected for the sensitivity analysis: anode exchange current densityi � ;AN ,

anode double-layer capacitorCdl,AN , and cathode di�usion coe�cient DLi,CA . Each parameter

a�ects model dynamics at various time constants. Exchange current density is a proportionality

coe�cient used in Butler{Volmer representation (Eq. 2.15). From visual inspection,

Butler{Volmer can be represented in the same form as Ohm's Law as

� /
1
i �

i BV : (2.22)

Overpotential � and i BV are the voltage and current, respectively. Thus, the inverse of exchange

current density acts like a resistor. As the name suggests, double-layer capacitance resembles a

capacitor. Time constant of a capacitor dictates the frequency at which its contributions are seen.

Both i � and Cdl a�ect cell kinetics. On the other hand, electrode lithium di�usion coe�cient DLi

a�ects cell transport and occur on a slower time constant than kinetic parameters.

Three values are selected for each parameter. The parameters are usually a function of cell

states such as temperature and lithium concentration (Appendix A). In the sensitivity analysis,

each parameter is set to one of the three selected values and held constant for the simulation.

Anode exchange current density as a function of temperature and lithium concentration.

Minimum value (1.06 A m � 2) and maximum value (5.32 A m� 2) for i � ;AN are used as the lower
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and upper bound, respectively. The third value (3.19 A m� 2) is the average of the upper and

lower bound. Anode double-layer capacity starts and ends at 25� 10� 4 and 25� 100, respectively,

with two orders of magnitude di�erence between each value. Values of cathode di�usion coe�cient

are increased by an order of magnitude starting from 1� 10� 16 and ending at 1� 10� 14.

Sections 2.3.2 - 2.3.4 discuss the purposes for using polarization, EIS, and GITT. The present

sensitivity analysis uses polarization, EIS, and Bode response to compare the e�ects of each

parameter. Figure 2.5-Figure 2.7 show the sensitivity of each parameter for polarization, EIS, and

Bode, respectively. Discussed in more detail in Chapter 3, EIS response can be split into

intermediate components. Figure 2.8 shows the EIS response for each parameter decomposed into

its anode and cathode components. The choice of electrode for each parameter is nothing more

than to visualize the EIS change with respect to their individual electrodes after EIS has been

decomposed.

Figure 2.5 has three panels, one for each parameter. In each panel, a battery, starting at 3.4 V

(0% SOC), is charged at a 1C rate until cell voltageVcell reaches the cuto� voltage of 4.1 V. Each

polarization is plotted against the capacity stored in cell from the applied current.

Figure 2.5a displays polarization as a function of anode exchange current densityi � ;AN . The

outset of Section 2.3.5 shows 1=i� acts like a resistor to charge-transfer. Therefore, asi � ;AN

increases, cell resistance should decrease. Figure 2.5a demonstrates this expected outcome. The

smallest stored capacity at cuto� voltage is shown given the smallest exchange current density.

Additionally, the di�erence between each polarization curves resembles a constant o�set. This is

consistent with the idea of a resistor being added to the model.

Figure 2.5b shows polarization's minimal dependence onCdl,AN . Double-layer capacity a�ects

high frequency response of the battery. The transient e�ect, if any, would be seen in the �rst few

moments of charge while the double-layer is being �lled with charge. Once �lled, the double-layer

has no e�ect on the DC response. Thus, the result in Figure 2.5b is expected.

Figure 2.5c reveals polarization dependence onDLi,CA . As di�usion coe�cient increases, the

stored capacity at voltage cuto� also increases. Voltage potential of each electrode is de�ned by

the electrode's surface concentration of lithium. During charge, lithium is removed from the

cathode. A slower di�usion coe�cient resists movement of lithium from the center of the electrode

to the surface. As the surface depletes of lithium, overpotential in the cell increases to maintain
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Figure 2.5 Polarization Sensitivity

the 1C charge-transfer rate. Therefore, the behavior exhibited in Figure 2.5c is expected. The

slower coe�cient (1 � 10� 16) exhibits a greater resistance resulting in decreased stored capacity.

Figure 2.6 has three panels, one for each parameter. In each panel, EIS plots present the cell's

complex impedance. Negative imaginary impedance is plotted on the y-axis, demonstrating

capacitive e�ects. Real impedance is plotted along the x-axis, exhibiting resistive e�ects.

Response at lower real impedance (left side of the plot) are associated with higher frequencies.

Similarly, higher real impedance (right side of the plot) result from lower frequency contributions.
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Figure 2.6 EIS Sensitivity

Figure 2.6a displays the e�ect of anode exchange current density on EIS response. With the

present set of parameters, anode contributions are realized in the second arc. The smallesti � ;AN

(blue) has the highest resistance, consistent with polarization results. Both the �rst arc and

transport tail remain una�ected by a change in i � ;AN . The transport arc has the same resistance

but is shifted to the right by the real resistance added by the decreasingi � ;AN .

Figure 2.6b shows the e�ects of the anode double-layer capacitance. Mentioned in the outset

of Section 2.3.5, a capacitor's value dictates the frequency at which its contributions are realized.

The double-layer capacitance of each electrode dictates the distance between the individual arcs.

When Cdl,AN = 25 � 100 (yellow), the transport tail and the second arc merge together and while
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the two kinetic arcs remain separated. ForCdl,AN = 25 � 10� 2 (red), the second arc moves away

from the transport region and starts to merge with the �rst arc. At Cdl,AN = 25 � 10� 4 (blue),

the kinetic arcs lay on top of each other, creating a large singular arc.

Figure 2.6c shows variation inDLi,CA a�ects the slow frequency impedance. The slowest

di�usion coe�cient (blue) exhibits the highest impedance, consistent with polarization result.

Additionally, no change is realized for the two arcs. This is consistent with the two arcs

representing kinetics and the tail contributing to transport phenomenon.

Figure 2.7 Bode Sensitivity
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Figure 2.7 has three panels, one for each parameter. The data displayed in Figure 2.7 is the

same data provided in Figure 2.6, except each panel displays the magnitude and phase angle of

the complex impedance plotted as a function of frequency rather than the real versus imaginary

impedance. Thus, information about the frequency at which the di�erent mechanisms occur is

gleaned from the Bode plots.

Polarization and EIS showed a decrease ini � ;AN results in increase resistance. This increased

resistance is represented by the increase in magnitude at! � 1 � 102 rad s� 1 in Figure 2.7a. The

EIS discussion showed the existence of two kinetic arcs followed by a transport tail. Phase angle

clearly shows the anode and cathode peaks occur at! = 2 � 102 rad s� 1 and ! = 1 � 105 rad s� 1,

respectively, and transport tail starting at ! � 2 � 100 rad s� 1. The discussed shift in frequency

due to Cdl,AN is displayed in Figure 2.7b. Phase angle showsCdl,AN = 25 � 100 (yellow) merging

with the transport region. With respect to the largest capacitor, Cdl,AN = 25 � 10� 2 (magenta) is

two orders of magnitude decrease. The phase angle shows whenCdl,AN decreases by two orders of

magnitude, the frequency associated with the arc peak also shifts by two orders of magnitude (!

goes from 5� 100 rad s� 1 ! 5 � 102 rad s� 1). Lastly, Figure 2.7c shows the transport e�ects

occur between 1� 100 � 1 � 10� 2 rad s� 1.

Discussed in more detail in Chapter 3, complex impedance can be decomposed into anode and

cathode components. Figure 2.8 shows anode and cathode speci�c EIS sensitivity of each

parameter. Given i � ;AN and Cdl,AN a�ect the anode and DLi,CA a�ects the cathode, the results in

Figure 2.8b,d, and e are una�ected by the parameters, as expected. Figure 2.8a shows the

increasing kinetic resistance due to the decrease ini � ;AN . At the interface between the kinetic arc

and transport tail, Figure 2.8c shows change inCdl,AN results in the kinetics moving closer

(yellow) or further (blue) from the transport region. Figure 2.8f shows DLi,CA a�ects only the

lithium transport inside the cathode active material.

2.3.6 Parameter Fitting

The sensitivity analysis presented in Section 2.3.5 explored three model parameters. For each

parameter, three values were considered. For every parameter combination, polarization at two

C-rates and complex impedance at a single SOC were extracted. On average, a polarization and

impedance simulation took 1.8 s and 2.1 s, respectively. At 6 s per parameter set, simulation time
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Figure 2.8 Sensitivity analysis for each parameter, decomposed into anode and cathode speci�c
impedance.

for every combination is approximately 162 s. Less than 3 minutes is not an issue

computationally, but one must consider computation time grows exponentially with respect to the

number of parameters. A simple formula gives a rough estimate for total computational timetc

tc = ( vp) (npolar tpolar + nSOC tEIS ) (2.23)

where p and v are the number of parameters and the number of values for each parameter,

respectively. tpolar is the time to compute a polarization response at a single C-rate.tEIS is the

time to compute an EIS at a single SOC.npolar is the number of desired C-rates.nSOC is the

number of desired SOC. A comprehensive sensitivity analysis may include temperature, four

electrolyte parameters (� , f � , t0
+ , and DLi + ), and seven electrode parameters (� , " , RSEI , � a, DLi ,
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i � , and Cdl ) for a total of 19 parameters (p = 19). Additionally, impedance should be extracted

from 0%-100% SOC for increments of 10% SOC (nSOC = 11). If tpolar = 2 s, tEIS = 2 s, v = 3, and

npolar = 2, the computational time to simulate every combination is tc = 30218798142 s (� 957

years).

Needless to say, �tting a P2D model perfectly to experimental data is out of the scope of this

thesis. In general, not all batteries are manufactured the same. A perfect �t to experimental data

for one cell does not mean the model represents all cells of that type. Thus, the goal of modeling

the battery is not to capture the response perfectly, but to have a physics-based representation of

system dynamics with signi�cant �delity to develop BMS control algorithms. The control

algorithm must be robust to underlying model errors. With that being said, the above sensitivity

analysis acts as a guide when trying to �t the model to experimental data. Section 2.3.7 provides

the P2D model �tting results to experimental data.

2.3.7 Model Validation

Figure 2.9 compares P2D model simulations and experimental data. In these results, the solid

line represents the simulations result while the asterisks represent experimental data. Polarization

data is provided for 1C, 2C, 3C, and 4C. EIS data in Figure 2.9b and c is extracted at 50% SOC.

While the model �ts polarization reasonable well, EIS shows a mismatch in the second arc. The

experiment shows the second arc is more elongated than what is obtained in simulation. If the

simulated battery had an elongated arc, then the real resistance of the transport regions would

align. The author concludes the model used in this research does not contain physics capable of

creating the elongated arc. The Bode plot, Figure 2.9c, shows the model captures the time scale

at which the kinetic and transport phenomenon occur in the experimental cell. Table A.1

provides a summary of model parameters used to obtain the �t.
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Figure 2.9 Fitting results
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CHAPTER 3

MODEL REDUCTION

The primary goal of this chapter is to discuss a few methods used for reduced-order model

(ROM) extraction. A ROM aims to capture a system's dynamics using minimal number of states

allowing system calculations to be performed more e�ciently than a full-order model (FOM).

Discussed in Section 2.3.3, EIS captures system dynamics over several time constants. In this

chapter, each ROM is compared to the FOM via EIS response. FOM EIS is extracted using

harmonic perturbation, similar to what is used experimentally. Each of the ROMs presented here

use state-space representation which provides a means to calculate EIS.

The ROM extraction methods analyzed are numerical di�erentiation, PRBS stitching,

Ho{Kalman, and the impulse response model (IRM). Discussion on numerical di�erentiation in

part have been published Zhu et. al. [1]. The algorithm for pseudo-random binary sequence

(PRBS) stitching is presented by Weddle et. al. [49]. ROM extraction using the Ho{Kalman

algorithm was presented at ECS [2].

3.1 Harmonic Perturbation

Impedance is the ratio of output signal V to input single I . For a system exhibiting only

resistive behavior, Ohm's Law can be used to extract impedanceZ = V=I. This behavior is a

static relationship with respect to time. A systems can also exhibit capacitive and/or inductive

behavior. Capacitive and inductive behavior vary respect to time (di�erential relationship) and

thus Ohm's Law cannot be used directly to solve for impedance. Rather than solving in the time

domain, input and output signals are converted into frequency domain where impedance is a

static with respect to the desired frequency and solved usingZ = V=I.

Figure 3.1 shows a harmonic input signali (dashed line) and the corresponding output voltage

v (solid line). Assume input i and output v are of the form

i = î sin (!t + � i ) + i DC (3.1)

v = v̂ sin (!t + � v) + vDC (3.2)
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Figure 3.1 Illustration of a harmonic input sequence and subsequent voltage response

The zero mean input (i DC = 0) has an amplitude î A, and frequency of ! rad s� 1, and a phase

shift � i = 0. The extracted impedance represents the system's response linearized about an

equilibrium. Thus, it is critical the input is zero mean and has a su�ciently small amplitude as to

not deviate from the equilibrium under consideration. To identify the voltage response, the cell

response must be sampled at least two times faster than the frequency being identi�ed (Nyquist

sampling frequency). In this work, cell response is measured 20 times faster than the frequency

being identi�ed. The measured response is then converted into the frequency domain by using

MATLAB's fft solver. Fast Fourier Transform (FFT) [50] returns a vector of complex numbers

corresponding to frequencies between 0 Hz and the Nyquist sampling frequency. Voltage DC

o�set vDC , amplitude v̂, and phase shift � are extracted after computing the single-sided power.

Voltage DC o�set vDC and amplitude v̂ are equal to the amplitude at 0 Hz and! , respectively.

The complex number evaluated at! is of the form

r = x + jy: (3.3)

Phase angle� is then calculated using MATLAB's angle function. Using Euler's formula, input

and output signals are represented as
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i = îe� i (3.4)

v = v̂e� v : (3.5)

The impedance is calculated as

Z =
v̂

î
e� v � � i = jZ je� (3.6)

where jZ j and � are the impedance magnitude and phase shift. RealZRe and imaginary Z Im

impedance are a function of impedance magnitude and phase shift. This is written

mathematically as

ZRe = jZ j cos(� ); Z Im = jZ j sin(� ): (3.7)

Figure 3.2 EIS illustration with annotations for the impedance at a single frequency! f

Figure 3.2 illustrates a typical battery EIS curve. It is standard in battery EIS to see high real

impedance occurs at lower frequencies. The impedance for a speci�c frequency! f is annotated in

purple. To obtain a full EIS (black line), a harmonic response must be collected at every desired

frequency. Evaluating impedance for every frequency is computationally expensive. The ROM

extraction methods aim to reduce EIS computational e�ort.

3.2 State-Space Representation

The battery model presented in Chapter 2 can be written generically as

M
@x
@t

= f (x(t; p); u(t); t; p): (3.8)
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This formulation expresses that the time derivative of the states @x
@t times the mass matrix M is

equal to the nonlinear function f . The nonlinear function depends on input signalu, states x, and

parametersp. M is commonly referred to as the mass matrix. A row in the mass matrix

associated with an algebraic equations is of a row of zeros. For the P2D model, states refer to

temperature, electric potentials, and lithium concentrations throughout the cell. Electrical

current at the current collector is the input signal u.

Similarly, the system output y can be expressed generically as

y(t) = h(x(t; p); u; t; p): (3.9)

An obvious output of the system is the cell voltage measured at the terminals. With access to the

state variables of the model, unmeasured system outputs can be obtained. The set of nonlinear,

coupled, DAEs can be linearized about an equilibrium. When linearized, the governing equations

are written in what's known as state-space form. System dynamics and outputs represented in

state-space form are written generically as

M
@x
@t

= Ax + B u (3.10)

y = Cx + Du: (3.11)

The state-space matricesA, B , C, D are Jacobian matrices

A =
@f
@x

; B =
@f
@u

; C =
@h
@x

; D =
@h
@u

; (3.12)

where for ns states, ni inputs, and no outputs, A 2 Rns � ns , B 2 Rns � n i , C 2 Rno � ns , and

D 2 Rno � n i . Similar to harmonic perturbation, the state-space model can be converted into

frequency domain to solve for impedance. Laplace transform of the states, inputs, and outputs

are written as

Lf x(t)g = X (s) (3.13)

Lf u(t)g = U(s) (3.14)

Lf y(t)g = Y(s); (3.15)

where s = j! . The Laplace transform of the state-space equations (Eqs. 3.10 and 3.11) are

written as
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sMX = AX + BU (3.16)

Y = CX + DU: (3.17)

Equation 3.16 can be solved forX

sMX � AX = BU (3.18)

(sM � A) X = BU (3.19)

X = ( sM � A) � 1 BU (3.20)

The output can now be expressed in terms of just the inputU

Y = CX + DU (3.21)

Y = C
�

(sM � A) � 1 BU
�

+ DU (3.22)

Y =
�

C
�

(sM � A) � 1 B
�

+ D
�

U (3.23)

The impedance is then

Z (s) =
Y(s)
U(s)

= C
�

(sM � A) � 1 B
�

+ D (3.24)

Zhu et al. [1] shows that impedance can be decomposed into intermediate components. For

example, total cell impedance is the sum of anode, separator, and cathode impedance

Z = ZAN + ZSEP + ZCA : (3.25)

Impedance for each component is calculated using only the elements of the full state matrices

associated with the respective component. This is written mathematically as

Zr = Cr

�
(sM � A) � 1 B

�
+ D r ; (3.26)

where matrix Cr and D r are a subset of matrixC and D pertaining to the component of interest

r . Impedance calculation is straightforward once the state-space matrices are known.

3.3 Numerical Di�erentiation

Numerical di�erentiation approximates the state-space Jacobians using �rst-order �nite

di�erence. Di�erence approximations are evaluated using the nonlinear functions from

Eqs. 3.8 and 3.9. As an example, the time derivative of statei is evaluated from the nonlinear
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function f i (x ; u; p). If x j is the state vector with perturbation added to the j th element, then f i;j

is the time derivative f i evaluated with the perturbed state vector x j . Written mathematically

f i;j = f i (x j ; u; p): (3.27)

Perturbation of x j is � x j . The Jacobian A i;j is then written as

A i;j =
@fi
@xj

�
f i � f i;j

� x j
: (3.28)

Each column of A represents the time derivative f with respect to the j th state x j . Instead of

calculating the time derivative for each state i with respect to x j , all state time derivatives are

calculated using

f j = f (x j ; u; p): (3.29)

Thus, each j th column of A is calculated as

A j =
@f
@xj

�
f i � f j

� x j
: (3.30)

A similar process is performed for the other Jacobians. The full procedure for all state-space

matrices is written in Algorithm 1.

Algorithm 1 Extract state-space matrices using numerical di�erentiation

1: De�ne x, u, and p at a speci�c SOC
Require: u 6= 0

2: f � = f (x; u; p)
3: h � = h(x; u; p)
4: for j =1 to ns do . n s is the number of states
5: Calculate � x j and form x j

6: f j = f (x j ; u; p)
7: h j = h(x j ; u; p)
8: A j = ( f � � f j ) =� x j

9: Cj = ( h � � h j ) =� x j

10: end for
11: for j =1 to ni do . n i is the number of inputs
12: Calculate � uj and form u j

13: f j = f (x; u j ; p)
14: h j = h(x; u j ; p)
15: B j = ( f � � f j ) =� uj

16: D j = ( h � � h j ) =� uj

17: end for
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The resulting ROM is a continuous time, linear representation of the system dynamics at a

speci�c SOC. The ROM has the same number of states as the FOM. For the battery model, there

can be upwards of hundreds of states. Therefore,A is a large, sparse matrix. In this case, there is

the potential for approximation error at low frequencies [1].

Figure 3.3 EIS extracted using harmonic perturbation (blue) and numerical di�erentiation
(yellow) are compared

Figure 3.3 shows a comparison between the harmonic and numerical di�erentiation EIS

response. There is little di�erence between the two curves at high frequencies. Conversely, there

is a slight deviation at the lower frequencies. This may be a result of approximation error.

3.4 Pseudorandom Binary Sequence Response Stitching

System dynamics can be extracted from a system response to a pseudorandom binary

sequence (PRBS). The PRBS is a square periodic signal that switches between two values at

random time intervals. As a result of switching at random time intervals, the generated signal is

composed of multiple frequencies, as apposed to a harmonic which is valid at a single frequency.

Therefore, fewer simulations, with respect to a harmonic perturbation, are required to

characterize the system dynamics. Figure 3.4 provides an example of a PRBS signal.

The goal of these identi�cation methods are to extract a linear reduced-order model. To

provide a linear response, the PRBS uses a low amplitude and is chosen to be zero mean. The

minimum switching interval is de�ned by a switching time Tswitch . This switching time and the

length of the sequence determines the valid frequency range.
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Figure 3.4 Illustration of a PRBS input sequence

System dynamics over multiple frequencies is obtained by combining (stitching) multiple

PRBS response of di�erent Tswitch . Weddle et. al [49] developed an algorithm to stitch PRBS

responses together to form a single continuous-time linear system representing the full system

dynamics. Figure 3.5 shows the identi�ed system's EIS at di�erent switching times (colored) and

the overall stitched system (black). SlowerTswitch match the transport region while the fast

Tswitch match the charge-transfer region.

Figure 3.6 compares the stitched EIS to the harmonic perturbation EIS. In this result, the mid

to low frequencies are identi�ed well by the PRBS stitching algorithm. However, the high

frequency response experiences a large deviation from the the harmonic response. The stitched

response is weighted by the individual identi�ed systems. In Figure 3.5, the response at

Tswitch = 0 :0001 s shows the expected high frequency response that is missing from the stitched

response. Additionally, most of the individual identi�ed systems match the area between the

second arc and the low frequency tail. Therefore, the weighted response of the stitched model will

result in higher accuracy around just before the low frequency tail. To improve high frequency

accuracy, either weight the fast switching times higher or add additional individual systems must

be identi�ed using a faster switching time.
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Figure 3.5 Identi�ed systems for �ve speci�c switching times Tswitch are stitched together to form
a single continuous-time linear ROM. The individual systems are called out by the switching time.
The slower switching times (Tswitch = 0 :1; 1 s) capture the transport region (ZRe > 0:8 
) while
faster switching times (Tswitch = 0 :001; 0:0001 s) capture the charge-transfer region (ZRe < 0:8 
).

Figure 3.6 EIS extracted using harmonic perturbation (blue) and PRBS stitching (pink) are
compared
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3.5 Ho{Kalman

The Ho{Kalman algorithm calculates the state-space matrices using the system's discrete-time

impulse response. This impulse response is collected into a Hankel matrix upon which

singular-value decomposition is performed. The state-space matrices are then extracted from the

factored matrix.

3.5.1 Analog to Digital Process

Figure 3.7 Illustration of analog to digital conversion process for digital controllers.

When working with digital controllers, calculations are performed at a prede�ned instances.

To perform calculation at discrete instances, continuous (analog) signals are sampled at discrete

(digital) intervals. The time between the instances is referred to as the sample timeTs. Figure 3.7

illustrates the process of converting a continuous time signal to discrete for digital controllers. A

continuous time signal u(t) is sampled at everyt = kTs by an analog-to-digital converter, creating

a discrete signalu(kTs). The plant requires a continuous actuation signal. Thus the discrete

signal is converted back into continuous time using a digital-to-analog converter by applying a
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zero-order hold (ZOH). The continuous signaluZOH (t) actuates the plant and produces a

continuous output signal y(t). The digital controller requires a discrete output signal to perform

calculations. Thus, the output signal is sampled using an analog-to-digital converter, producing

the discrete output signal y(kTs).

3.5.2 Discrete-Time Impulse Response

In continuous time, an impulse � has an in�nitely tall amplitude applied over an in�nitely

small time. The properties of � are written mathematically as

� (t) = 0 ; t 6= 0 (3.31)
Z 1

�1
� (t)dt = 1 : (3.32)

Now, consider a rectangular input signalp(t) that represents a short pulse with unit area. The

pulse is de�ned by the piecewise function

p(t) =

(
1=T 0 � t � T

0 otherwise:
(3.33)

While maintaining unit area, as T decreases, the amplitude increases. In the limit asT ! 0, the

amplitude grows to be in�nitely tall and p(t) � � (t).

The discrete-time impulse signal combines the continuous-time impulse properties with a short

pulse. The continuous time integral states the area under the impulse curve is equal to unity. The

discrete-time impulse is then a short pulse with unit area. The impulse signal is de�ned as

� (t) =

(
1=Ts 0 � t � kTs; k = 1

0 otherwise:
(3.34)

Figure 3.8a and b show the impulse signal and the measured response, respectively. Although

only a few samples are shown, the simulation collects the system response for hundreds of samples

after the input signal returns to zero. The simulation records all model-predicted outputsyi;k ,

measured and unmeasured, at eachkth sample. The impulse-response vectorgk contains all i

outputs for the kth sample.

BMS hardware operates using digital controllers. Thus, battery models implemented on BMS

hardware must represent the discrete-time dynamics. The next section shows how the Ho{Kalman

algorithm extracts the discrete-time ROM from the system's impulse response vectorgk .
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3.5.3 Ho{Kalman Method

Figure 3.8 Illustration of an a) impulse signal after a ZOH and b) the subsequent voltage
response. The callouts note the discrete samples of the voltage response.

The Ho{Kalman algorithm calculates the state-space matrices using the discrete-time impulse

response. The resulting state-space system is also in discrete time. Discrete-time state-space is

written mathematically as

xk+1 = Axk + B uk (3.35)

yk = Cxk + Duk : (3.36)

As a note, the state-space matrices of Eqs. 3.35 and 3.36 are not equivalent to the state-space

matrices of Eq. 3.12.

For a linear time-invariant (LTI) system, the impulse-response vector gk can be derived for

any samplek. Assume before the impulse is applied (k < 0), the input uk is zero and the system

is in equilibrium xk = 0. At k = 0, an impulse of unity amplitude u0 = 1 is applied to the system.

The system is measured instantaneously after the impulse is applied. Fork � 1, the input signal

is returned to zero (uk = 0). The �rst few samples are written mathematically as
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x1 = A� �x0 + B u0 = B y0 = C� �x0 + Du0 = D (3.37)

x2 = Ax1 + B� �u1 = AB y1 = Cx1 + D� �u1 = CB (3.38)

x3 = Ax2 + B� �u2 = A2B y2 = Cx2 + D� �u2 = CAB (3.39)

x4 = Ax3 + B� �u3 = A3B y3 = Cx3 + D� �u3 = CA2B: (3.40)

The impulse-response vector at any samplek is written as

gk = CAk� 1B (3.41)

In Figure 3.8b, the �rst few discrete samples are labeled. Point A is the equilibrium voltage

measured atk = 0 � . The impulse signal is applied atk = 0. Point B is the voltage measurement

at k = 0 + . The k� and k+ nomenclature refers to an in�nitesimally small time just before or just

after sample k. For a controller that performs measurements before actuation is applies will

collect all measurements using ank� nomenclature. Controllers that performs measurements

after actuation collects all measurements using ank+ nomenclature. As an example, the impulse

response fork� includes Points A, C, E. Conversely, the impulse response fork+ includes Points

B, D, E. This research uses thek+ scheme. The following explicitly states which points are used

when extracting the impulse response

g0  Point B - Point A ;

g1  Point D - Point A ;

g2  Point E - Point A ;

g3  Point F - Point A :

An overview of the Ho{Kalman algorithm is as follows:

1. Use the impulse response to construct the Hankel matrix

2. Hankel matrix factored using singular-value decomposition (SVD)

3. Factored Hankel matrix is separated into observability and controllability matrices

4. The �rst elements of observability and controllability provide C and B , respectively

5. Matrix operations applied to the observability matrix produce A
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6. D is set equal the impulse response at samplek = 0, g0

The impulses are compiled into a Hankel matrixH as

H =

2

6
6
6
6
6
6
6
4

g1 g2 g3 gn� 1

g2 g3

g3

g2n� 3

gn� 1 g2n� 3 g2n� 2:

3

7
7
7
7
7
7
7
5

(3.42)

where the quantity 2n � 2 refers to the number of samples collected as the system relaxes. To

ensure the Hankel matrix is square (i.e.,H 2 Rn� 1� n� 1), the number of relaxation samples must

be odd. The observability O and controllability C matrices are

O =

2

6
6
6
6
6
4

C
CA
CA2

CAn� 1

3

7
7
7
7
7
5

(3.43)

and

C =
�
B AB A2B An� 1B

�
; (3.44)

respectively. The product of O and C yields

OC =

2

6
6
6
6
6
4

CB CAB CA2B CAn� 1B
CAB CA2B CA3B
CA2B CA3B CA4B

CAn� 1B CA2n� 2B

3

7
7
7
7
7
5

(3.45)

Eq. 3.42 and Eq. 3.45 are equivalent (i.e.,H = OC). The Hankel matrix is factored using singular

value decomposition

H = OC = U� V T : (3.46)

where

� =
�
D 0
0 0

�
; D = diag f � 1; � 2; :::� r g: (3.47)
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A singular value � i represents the squared eigenvalues [51] of the Hankel matrix. The rank (i.e.,

order) of the state-space model is equal to the number ofr selected singular values. As an example

U� V T =
�
Ur U

�
�
� r 0
0 0

� �
Vr

V

�
: (3.48)

where Ur and Vr and the �rst r columns of U and V , respectively. O and C are extracted from

the reduced SVD as such

O = Ur �
1
2
r (3.49)

C = �
1
2
r V T

r : (3.50)

Through matrix manipulation, the state-space matrix A is extracted from the observability

matrix. First, de�ne the time shifted matrices

P =

2

6
6
6
4

C
CA

CAn� 2

3

7
7
7
5

P0 =

2

6
6
6
4

CA
CA2

CAn� 1

3

7
7
7
5

(3.51)

where P includes all rows ofO minus the last row. P0 includes all rows ofO minus the �rst row.

A is then calculated as

PA = P0 (3.52)

A = P � 1P0; (3.53)

where A 2 Rr � r . In the process of converting the impulse response to state-space matrices, the

states no longer represent the states of the FOM but the system outputs are consistent. The

Ho{Kalman algorithm is summarized in Algorithm 2.

Algorithm 2 Extract state-space matrices using Ho{Kalman

1: Obtain the discrete time impulse responsegk

2: gk ! H
3: H ! U� V T

4: U� V T ! Ur � r V T
r

5: Ur � r V T
r ! O & C

6: C ! B
7: O ! C
8: O ! A
9: D = g0
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Figure 3.9 EIS of individual ROMs identi�ed using the Ho{Kalman algorithm at di�erent
sampling times Ts are compared to the continuous time harmonic EIS

Figure 3.9 provides a comparison between the EIS of four ROMs extracted using the

Ho{Kalman algorithm and the harmonic EIS. The discrete-time impulse response are collected at

Ts = 1e-8 s, 1e-6 s, 1e-4 s, and 1e-2 s. Similar to PRBS stitching, the response for faster sampling

rates (noted by the small sample timeTs) captures high frequency data while the slower sampling

rates capture the low frequency response. To create a single ROM, the individual responses would

undergo a similar stitching technique. The discrete-time systems are converted into continuous

time domain, using a ZOH, before obtaining the impedance response.

3.6 Impulse Response Model

Numerical di�erentiation, PRBS stitching, and Ho{Kalman algorithms use various methods to

extract the state-space model of the system. An estimator performs state estimation using the

ROM and system actuation u. With the estimated state, an output estimation is obtained. Error

between the measured and estimated outputs is used to update state estimation.

Alternatively, an impulse response provides the system output as a function of the impulse

response and system actuation. The impulse response can be collected o�ine and used as a

lookup table during real-time operations. Rather than estimating the states, the impulse-response

model (IRM) estimates the input sequence required to match the previous history. Details on

input estimation are provided in Chapter 4. Foundations of IRM are rooted in superposition and
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convolution.

3.6.1 Convolution

Franklin et al. [52] show that a linear system's output can be decomposed into a sum of

signals. Using superposition, the system responsey can then be expressed as a summation of the

individual responses to the respective signals. Stated mathematically,

u = � 1u1 + � 2u2

y = � 1y1 + � 2y2:

Additionally, if the system is time invariant, an input applied at a shifted time � produces the

expected system output but also shifted in time. Stated mathematically,

y(t � � ) = �u (t � � ): (3.54)

Consider an arbitrary input signal is applied to an LTI system. The signal can be decomposed

into a series of unit inputs (impulse) scaled by the input value at the given samplek. Thus each

impulse acts as a time shifted input to the system. The system response is then the sum of all

prior inputs multiplied by the time shifted impulse response gk . In other words, the system

output yk is the convolution of the input signal with the impulse response. Discrete time

convolution is stated mathematically as

yk =
kX

`= �1

gk� ` u` : (3.55)

Building upon this principle, Vincent et al. [53] developed an estimator-predictor for linear

systems. Estimation and prediction using the linear and nonlinear IRM are discussed in

Chapter 4.
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CHAPTER 4

NONLINEAR ESTIMATION AND PREDICTION FOR MODEL PREDICTIVE CONTROL

In most systems, not all desired behaviors can be measured directly. Thus, state estimation is

necessary when an unmeasured variable is needed in the control decision. A control algorithm

must use sensor-based inferences to estimate unmeasured behavior from the measurable outputs.

With an estimate of the current state, an optimal future actuation sequence can be determined.

System constraints may in
uence the optimal input sequence. The combined estimation,

prediction, and system constraints describe a model-predictive control (MPC) scheme. MPC is

well suited to meet actuation objectives while respecting constraints [34].

At a high level, MPC uses knowledge of system dynamics combined with previous

input/output measurements to estimate the current state of the system. With this estimate, a

future input sequence is determined through optimization. The optimization minimizes

user-de�ned objectives while satisfying system constraints. The estimation and prediction

algorithms operate at a desired sampling rate. Thus, these algorithms must solve the

optimization problem within the desired sampling time.

Vincent et al. [53] developed the IRM estimator-predictor for linear systems (Section 4.1). In

the present thesis, Evans extends IRM to nonlinear systems and presents calculations for the

components needed to perform battery state estimation (Section 4.2-4.3). The nonlinear

extension is termed NIRP for nonlinear/impulse-response predictor. NIRP implementation into

MPC is discussed in Section 4.4.

4.1 Linear Impulse Response Formulation

As discussed in Chapter 3.6.1, a system's response can be expressed using a convolution of the

input sequence with the impulse response

yk =
kX

`= �1

gk� ` u` : (4.1)
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Vincent et al. [53] demonstrates the in�nite summation in Eq. 4.1 can be replaced by a �nite

length of past actuation signals and a summarizing inputueq
k

ylinear ;k =
kX

`= � p+1

gk� ` u` +
� pX

`= � p� r +1

gk� ` ueq
` ; (4.2)

where yk 2 Rq, uk 2 Rm , and gk 2 Rq � m . Equation 4.2 splits the summation from Eq. 4.1 into

two parts: system dynamics over the pastp samples and the dynamics preceding the past samples

captured by the summarizing input of �nite length r. The summarizing input replaces all prior

inputs to the system, such that in implementation, all inputs preceding the summarizing input

are zero.

Equation 4.2 represents the system outputylinear ;k at a single sample timetk . An alternative

representation combines multiple samples into vector notation. Without loss of generality, the

current sample will be taken to be k = 0. The past p inputs Up and outputs Yp are represented as

Up =
�
uT

0 uT
� 1 : : : uT

� p+1

� T
; (4.3)

Yp =
�
yT

0 yT
� 1 : : : yT

� p+1

� T
: (4.4)

The summarizing input vector of length r is

Ueq =
�
(ueq

� p)T (ueq
� p� 1)T : : : (ueq

� p� r +1 )T � T
: (4.5)

Using vector notation, Eq. 4.2 may be rewritten as

Yp = Tp(gk )Up + Tp;r
2 (gk )Ueq; (4.6)

where Tj and T l;n
j are Toeplitz matrices containing the time-shifted impulse response

Tj (gk ) =

2

6
6
6
4

g0 g1 : : : gj -1

0 g0 : : : gj -2
...

. . . . . .
...

0 0 : : : g0

3

7
7
7
5

; (4.7)

T l;n
j (gk ) =

2

6
6
6
4

gj + l -2 gj + l -1 : : : gj + l+ n-3

gj + l -3 gj + l -2 : : : gj + l+ n-4
...

. . . . . .
...

gj -1 gj : : : gj + n-2

3

7
7
7
5

: (4.8)

To perform estimation, the summarizing input Ueq must be estimated from measuredpast

data. Let ~Yp contain only those elements ofYp that are measured. Similarly, de�ne ~Tp and ~Tp;r
2 to
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be matrices that contains only the rows ofTp and Tp;r
2 corresponding to measured values.

Additionally, one assumes system disturbances and measurement noise are present. The measured

output is represented as

~Yp = ~Tp (Up + Wp) + ~Tp;r
2 Ueq + Np; (4.9)

where

Wp =
�
wT

0 wT
� 1 : : : wT

� p+1

� T
; (4.10)

Np =
�
nT

0 nT
� 1 : : : nT

� p+1

� T
: (4.11)

At sample k, the system disturbance and measurement noise arewk and nk , respectively. Using

the observed past output sequence~Yp, the summarizing input can be determined by inverting

Eq. 4.6, or more generally, using optimization to �nd a best �t solution to Eq. 4.6. Once the

summarizing input is known, predictions of future behavior can be made using Eq. 4.2.

As a simple illustrative example, consider a system consisting of a parallel RC circuit with

input u(t) from a current source, and let the system outputy(t) be the energy stored in the

capacitor. The input actuation is generated using a ZOH, so there is a discrete time signaluk

with discrete time index k that determines u(t) via

u(t) = uk kTs � t < (k + 1) Ts

where Ts is the sampling interval. Similarly, the output y(t) is sampled at the same rate to

generate the discrete time signalyk = y(kTs).

A particular system actuation and the resulting stored energy are shown in Figure 4.1a and b,

respectively. Energy stored in the capacitor, at timek, is a result of all prior inputs to the system.

If one desires to know what the stored energy is at timetk , one could apply the known input

sequence to a model for all times since the last point the capacitor was discharged. This requires

saving all past measurements. Alternatively, [53] shows that only past inputs and measurements

of �nite length p, along with a summarizing input of �nite length r, can be used instead, without

approximation. A demonstration of this is shown in Figure 4.1c - h.

Suppose the present time isk = 0. At times k < 0 the input has been applied to the system,

while the inputs for k � 0 are tentative. It is desired to predict what the system output will be
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for k > 0. The yellow shaded area from� p � r � k � 0 represents a �nite moving horizon that

contains two regions. In the the region� p � k � 0 the applied input and measured output is

recorded and known. The inputsUp and outputs Yp are collected in this region.

The region � p � r � k < p will contain a �nite length summarizing input ueq
k (di�erent from

the actually applied input). Similarly, the summarizing input sequence Ueq is collected into a

single vector. The summarizing input is optimized such that the system response is the same as

that for the true input, and thus predictions can be made using only the inputs in the yellow

region.

Figure 4.1d shows the modeled response of the system (red) if only the past measurementsUp

are used, with the model starting at zero initial conditions. One can see a large discrepancy

between the actual energy and the energy gained from the past input sequence alone. In this

context, the summarizing input must capture the missing energy shown in gray. With the

addition of a summarizing input, Figure 4.1e-f, the error shrinks between the actual stored energy

and energy represented byUp and Ueq. The values used for the summarizing input in Figure 4.1e

are random. Instead of guessing values forUeq, a least-squares minimization problem is

constructed to solve for the summarizing input such that the predictions match the recorded

responseYp, with the results shown in Figure 4.1g. For this �rst-order, linear system, only one

summarizing input is needed. Thus, with r > 1, the system estimate can be matched exactly, as

in Figure 4.1h. After solving for Ueq, an estimator will know the current state of the system,

enabling accurate prediction of future system dynamics.

4.2 Nonlinear Estimation Extension

In Section 4.1 it is assumed that equilibrium occurs when all states are zero and the

subsequent output is also zero. This section provides a solution to the nonlinear estimation

problem when these assumptions are not valid. To model the behavior of a nonlinear system,

multiple linear approximate models are used with each model valid around a speci�c equilibrium

operating point. As represented in Eq. 4.12, the output of a nonlinear system is expressed as the

combination of a linear system response with an equilibrium o�set

yk = ylinear ;k + yeq;k : (4.12)
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Figure 4.1 Response of a parallel RC circuit actuated from a current source is shown, where the
output of the system is energy stored in the capacitor. Graphical explanation of estimation using
the impulse response model is shown in c)-h). All prior history of actuation is captured by the
�nite summarizing input vector Ueq. A least-squares optimization problem is constructed to solve
for Ueq, providing an estimator with an accurate estimation of the system's current state.
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The linear responseylinear ;k describes the change in the system's output due to an actuation signal

while yeq;k represents the value the output returns to if the actuation signal is set to zero.

For a Li-ion battery, a common equilibrium point is the SOC [23]. Figure 4.2 depicts variation

in cell voltage response to an impulse signal at speci�c SOCs. The system dynamics depend

signi�cantly SOC. The estimator used in this work chooses SOC as the equilibrium variable at

which the system's linear dynamics are extracted.

Figure 4.2 Cell voltage impulse response at de�ned SOC. SOC ranges from 0% to 100%, with
increments every 10% SOC.

In the linear system described by Eq. 4.1,yeq;k is assumed to be zero for all operating

conditions. However, in a nonlinear system like a Li-ion battery, this assumption is invalid. As a
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battery is charged, the SOC increases as does the cell voltage. If the input current is removed, the

cell voltage does not return to zero. Rather, it returns to the equilibrium voltage associated with

the current SOC.

In application, the system impulse response is collected at several distinct equilibrium points,

and interpolated to obtain the associated linear dynamics for an equilibrium between these

points. Thus, when applying the predictor, both the impulse response that de�nes the linear

responseylinear and the equilibrium o�set yeq vary as the equilibrium changes. The equilibrium at

samplek is represented by the equilibrium variablexe
k . For batteries, this would correspond to

the SOC. The dynamic model of the equilibrium variable xe
k with respect to system actuation is

assumed to be of the form

xe
k+1 = xe

k + � euk ; (4.13)

where � e is the amount of change in the equilibrium variable with respect to the system actuation

uk at sample time tk .

The term ylinear ;k in Eq. 4.12 is modeled as a convolution of the input, as in Eq. 4.2, but with

the impulse response chosen according to the value of the equilibrium variablexe
k , so that

ylinear ;k =
kX

`= � p+1

gk� ` (xe
k ) u` +

� pX

`= � p� r +1

gk� ` (xe
k ) ueq

` ; (4.14)

where gk (xe
k ) is the impulse responsegk associated with equilibrium xe

k .

The equilibrium o�set yeq;k is modeled as a parameter-varying static function that maps the

equilibrium variable xe
k to the equilibrium o�set, i.e.,

yeq;k =  (xe
k ) : (4.15)

Combining these terms results in the nonlinear system model

yk =
kX

`= � p+1

gk� ` (xe
k ) u` +

� pX

`= � p� r +1

gk� ` (xe
k ) ueq

` +  (xe
k ) : (4.16)

Similar to Eq. 4.6, a set of past outputs modeled by Eq. 4.16 is written in vector-matrix form as

Yp = TpUp + Tp;r
2 Ueq +  

�
X e

p

�
; (4.17)

where the vector of past equilibrium variables is

X e
p =

h
(xe

0)T �
xe

� 1

� T : : :
�
xe

� p+1

� T
i T

: (4.18)
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and  
�
X e

p

�
is a vector containing elements (xe

k ) for k = 0 to � p + 1.

The measuredoutput vector ~Yp includes the measured equilibrium mapping~ as

~Yp = ~Tp (Up + Wp) + ~Tp;r
2 Ueq + ~ 

�
X e

p

�
+ Np: (4.19)

In addition to optimizing the summarizing input Ueq, the nonlinear estimator also �nds the

equilibrium variable x̂e. In the nonlinear formulation there are four unknowns to be estimated:

Np, Wp, Ueq, and X e
p. To simplify the problem, only a single equilibrium point, not the entire

vector X e
p, needs to be estimated. By expanding Eq. 4.13 into Eq. 4.18,X e

p is written in matrix

notation as

X e
p =

2

6
6
6
4

xe
� p

xe
� p
...

xe
� p

3

7
7
7
5

+

2

6
6
6
4

� e � e : : : � e

0 � e : : : � e

...
. . . . . .

...
0 0 : : : � e

3

7
7
7
5

(Up + Wp) ; (4.20)

or in compact form as

X e
p = 1 p� 1 
 xe

� p + � p (Up + Wp) ; (4.21)

where 
 is Kronecker product and � p is the upper triangular matrix in Eq. 4.20. Equation 4.21

extrapolates the vector of past equilibrium points X e
p from a single equilibrium variable xe

� p.

The estimation is formulated as the constrained weighted least squares minimization

optimization problem

min
Np ;Wp ;Ueq ;xe

� p

jjNp jj2
R + jjWp jj2

Q + jjUeq � �Ueqjj2
Pu

+ jjxe
� p � �xe

� pjj2
Px

subject to ~Yp = ~Tp
�
Up + Wp

�
+ ~Tp;r

2 Ueq + ~ 
�
X e

p

�
+ Np;

(4.22)

where kX k2
W := X T W � 1X is the weighted euclidean norm for a lengthn vector X provided n � n

matrix W is invertible. If Np Wp, Ueq, and xe
� p are modeled as independent Gaussian random

vectors, with Np having zero mean and covarianceR, Wp having zero mean and covarianceQ,

Ueq having �Ueq mean and covariancePu, and xe
� p having �xe

� p mean and covariancePx , then the

minimizer is the maximum a posteriori estimate of these random variables [53].

The constraint equation in Eq. 4.22 is nonlinear due to the equilibrium mapping function ~ .

Using a Taylor series approximation

~ 
�
xe

� p

�
� ~ 

�
�xe

� p

�
+

d ~ 
�
�xe

� p

�

dxe

�
xe

k � �xe
� p

�
; (4.23)
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and setting

� =

2

6
6
6
6
4

d ~ 
dxe � e d ~ 

dxe � e : : : d ~ 
dxe � e

0 d ~ 
dxe � e : : : d ~ 

dxe � e

...
. . . . . .

...

0 0 : : : d ~ 
dxe � e

3

7
7
7
7
5

; (4.24)

an analytical solution to the minimization problem [53] is stated as

X̂ = �X + PM T �
MPM T � � 1 �

Y � M �X
�

; (4.25)

where

X̂ =

2

6
6
4

N̂p

Ŵp

Ûeq

x̂e
� p

3

7
7
5 ; �X =

2

6
6
4

�Np
�Wp
�Ueq

�xe
� p

3

7
7
5 ; (4.26)

P =

2

6
6
4

R 0 0 0
0 Q 0 0
0 0 Pu 0
0 0 0 Px

3

7
7
5 ; (4.27)

Y = ~Yp �
�

~Tp + �
�

Up � 1p� 1 


 

~ 
�
�xe

� p

�
�

d ~ 
dxe �xe

� p

!

; (4.28)

and

M =
h
I

�
~Tp + �

�
~Tp;r
2 1p� 1 
 d ~ 

dxe

i
: (4.29)

The analytical solution is evaluated at every sample. The solutionX̂ provides a means to

calculate both past and future measured and unmeasured system outputs. Estimates of both

measured and unmeasured past outputs are obtained by evaluating Eq. 4.17 usinĝX

Ŷp = Tp

�
Up + Ŵp

�
+ Tp;r

2 Ûeq +  
�

X̂ e
p

�
; (4.30)

where

X̂ e
p = 1 p� 1 
 x̂e

� p + � p (Up + Wp) : (4.31)

Before the estimation begins, the initial equilibrium may be unknown, in which case the

covariancePx is chosen to be a large value. After an estimate ofxe
� p is obtained, the uncertainty

in the equilibrium decreases. Thus, the covariancePx should update with each subsequent

estimate of x̂eq. Under the assumption that the covariance weightsR, Q, Pu and Px accurately
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represent noise and uncertainty (and the linearization approximation is exact), the covariance of

the estimate x̂e
� p can be calculated. Upon each iteration, the weightPx is updated to the

estimation covariance. The estimate covariance is given by

Cov
h
X̂

i
= ( I � �M ) P (I � �M )T ; (4.32)

where

� = PM T �
MPM T � � 1

: (4.33)

The equilibrium variable covariance Px in Eq. 4.27 is updated with the diagonal element of

Cov
h
X̂

i
associated with the equilibrium variable.

4.2.1 Nonlinear Prediction

After estimating a summarizing input Ûeq and equilibrium variable x̂e
� p, future predictions are

possible. Similar to past vectors, a set ofpf future inputs Uf, outputs Yf, and equilibrium

variables vector X e
f are de�ned as

Uf =
h
uT

pf
uT

pf � 1 : : : uT
1

i T
; (4.34)

Yf =
h
yT

pf
yT

pf � 1 : : : yT
1

i T
; (4.35)

and

X e
f =

� �
xe

pf

� T �
xe

pf � 1

� T
: : : (xe

1)T
� T

: (4.36)

Using the solution from Eq. 4.25, the predicted output is

Ŷf =
�
Tpf T

pf ;p
2

�
�

Uf

Up

�
+

�
T

pf ;p
2 T

pf ;r
p+2

�
�

Ŵp

Ûeq

�
+  

�
X̂ e

f

�
; (4.37)

where

X̂ e
f = 1 pf � 1 


�
x̂e

� p + 1 1� p 
 � e (Up + Wp)
�

+ � fUf: (4.38)

4.3 Estimation Model Components for Li-ion Batteries

The present research evaluates estimator performance through simulations. A P2D model,

representing full-order battery dynamics, assumes the role of ground truth. The modeled Li-ion

cell, with a nominal capacity of 35 mAh, has a graphite anode and a NMC532 cathode. The P2D
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model and parameters are documented in recent publications [1, 54]. ROMs used in the estimator

are derived from the undisturbed P2D model. During simulation, a P2D model with added

disturbances and measurement noise represents the system. Disturbance and measurement noise

are added to simulate model uncertainty with respect to a Li-ion cell used in experiments.

Estimation uses measured system variables to estimate unmeasured system variables. Cell

voltage Vcell is the measured system variable. This study focuses on estimating variables

associated with Li plating. The unmeasured variables are the voltage di�erence between electrode

and electrolyte � � , overpotential � , and lithium surface concentration CLi,surf of the electrode.

Vcell, � � , � , and CLi,surf are collectively referred to as output variables. During fast charging, Li

plating is most likely to occur at the anode-separator interface. Therefore, the unmeasured

variables are extracted from the P2D model at the anode control volume closest to the separator.

Section 4.2 presents a nonlinear estimation and prediction algorithm using the impulse

response model. To use this algorithm, four components are required:

1. Equilibrium dynamics � e

2. Impulse response at speci�ed equilibrium pointsgk (xe
k )

3. Mapping of output variables at equilibrium to the equilibrium variable ~ 

4. The derivative of the measured system outputsd ~ / dxe with respect to the equilibrium

variable.

The following sections demonstrate how these components are de�ned for a Li-ion battery.

4.3.1 State-of-Charge De�nition

In the present research, SOC is de�ned by the concentration of lithium in an electrode relative

to the minimum and maximum concentration of the cell's con�guration. In other words, 0% and

100% SOC are de�ned at user-de�ned min and max voltage limits. The electrode lithium

concentration at the de�ned min and max voltage set the limits of the electrode's lithium

concentration. The limits are not determined when one of the electrodes contains the max

amount of or is fully depleted of lithium. Even though from conservation of species it is assumed,

during charge or discharge, the amount of lithium added to one electrode is equal to the amount
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subtracted from the other, the concentration is a function of the electrode volume. Thus, change

in lithium concentration is a function of anode-cathode capacity ratio. Assuming the capacity of

each electrode does not change, relationship between lithium concentration and SOC is linear.

4.3.2 Equilibrium Point Dynamics

The dynamic relationship between equilibrium variable and system actuation is required for

accurate equilibrium variable tracking. In Eq. 4.13, � e provides the gain in the equilibrium

variable integrator model. As discussed in Section 4.2, SOC serves as the equilibrium variable for

batteries. SOC is based on pre-de�ned voltage limits. Cell voltage de�ned at 0% and 100% SOC

are 3.4 V and 4.1 V, respectively. SOC is evaluated using Coulomb counting [48]. Coulomb

counting provides a relationship between the equilibrium variable and the system input. A change

in SOC is directly related to a change in cell capacityC as

�SOC = � C=Ccell: (4.39)

Equation 4.39 represents the relationship between capacity and SOC whereCcell is the total cell

capacity between 0% and 100% SOC. The change in cell capacity �Ck+1 evaluated at sample

k + 1, is a function of the zero-order hold current I k applied to the system at sample timetk .

� Ck+1 = I k
tk+1 � tk

3600
: (4.40)

Equilibrium variable dynamics � e is realized when �SOC is expanded to match the form of

Eq. 4.13 and Eq. 4.40 is substituted into Eq. 4.39. Stated mathematically,

SOCk+1 = SOCk +
�

Ts

3600Ccell

�
I k ; (4.41)

� e =
Ts

3600Ccell
; (4.42)

where Ts is the estimator sampling time.

4.3.3 Impulse Response at Equilibrium

The impulse response of both measured and unmeasured variables is required at various

equilibrium points. In this research, the estimator operates on aTs = 1 s sampling rate. Thus, a

unit impulse signal has an amplitude of 1 A m� 2. Figure 4.3 illustrates the �rst few seconds of

the impulse response of the output variables for a Li-ion battery at 25% SOC. Although only the
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Figure 4.3 System impulse response at 25% SOC. The black line indicates the variable's
continuous time response, while the gray circles indicate the points at which the discrete-time
response is extracted.
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�rst few seconds are shown, the estimator needsr + p + pf samples to populate the Toeplitz

matrices in Eqs. 4.19 and 4.37.

Vcell, � � , and � (Figure 4.3a-c) have a faster time constant thanCLi,surf (Figure 4.3d), noted

by the sharp corners in the continuous time response. The dynamics ofVcell, � � , and � contain a

su�ciently fast time constant such that they appear discontinuous at this time scale. However,

contributions related to concentration relaxation occur over a longer time scale.

4.3.4 Output Mapping to Equilibrium

The equilibrium mapping function  captures the contribution of the equilibrium variable to

the system output Eq. 4.15. Figure 4.4 shows the equilibrium value of the output variables as a

function of SOC. Figure 4.4a represents the cell's open-circuit potential. Since the battery uses a

graphite anode, Figure 4.4b resembles graphite open-circuit potential. The Butler{Volmer

formulation Eq. 2.15 equates the net charge 
ux between the electrode surface and the electrolyte

to the electrostatic driving potential � . At equilibrium, the anodic and cathodic charge 
ux rates

are the same. As a result,� = 0 for all SOC (Figure 4.4c).

In a battery, lithium is shuttled between the anode and cathode. Faraday's Law states the

amount moved is proportional to the amount of electrical current passed in the electrolyte.

Section 4.3.2 states change in SOC is proportional to the amount of electrical current applied to

the system. Combining Coulomb counting and Faraday's Law, a change in SOC is proportional to

the amount of lithium moved between the anode and cathode. Even though the amount of

lithium added to one electrode is equal to the amount subtracted from the other, the

concentration is a function of the electrode volume. The anode-cathode capacity ratio dictates

how the concentration of an electrode changes as a function of SOC. Assuming the capacity of

each electrode does not change, the relationship between lithium concentration and SOC is linear.

Figure 4.4d illustrates this linear relationship where the slope of the line is determined by the

anode-cathode capacity ratio.

4.3.5 Derivative of Measured Output

A �rst-order Taylor series expansion linearizes the minimization constraint equation

(Eq. 4.23). Thus, the derivative of measured output with respect to SOCd ~ / dxe is required.
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Figure 4.4 Equilibrium of the measured output a) Vcell and unmeasured outputs b) � � , c) � , and
d) CLi,surf evaluated across battery SOC.

Figure 4.5 Derivative of equilibrium cell voltage with respect to SOC (xe).
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Figure 4.5 illustrates the derivative of cell voltage (Figure 4.4a), the only measured output, as a

function of SOC.

There are a few features of the derivative to point out. The cell voltage always increases with

respect to a SOC increase, indicated by the positive derivative. Additionally, the derivative

changes rapidly when the SOC< 10%. In this region, the derivative change is 4 times greater

than the derivative change in the region SOC> 10%. When evaluating the Taylor series

expansion, there is the potential for the estimated SOC to fall outside of the valid range

(0%-100%). Thus, the estimator must take caution around peaks in the derivative

(i.e., SOC � 9%) to avoid invalid equilibrium estimation.

4.4 Implementation of Impulse-Response Model into Model-Predictive Control

As the name suggests, MPC uses a model to predict an optimal control sequence. Prediction

is performed at every sample. At a high level, the control loop actuates the system, measures

system outputs, performs estimation, and determines the next optimal control sequence. This

process is represented graphically in Figure 4.6 and detailed in Algorithm 3.

Figure 4.6 Control loop process

In the control loop, BMS hardware performs actuation and measurement of the system.

During the estimation phase, disturbanceŴp, summarizing input Ûeq, and equilibrium estimation

x̂e
k� p are estimated from the IRM derived in Section 4.2. To solve for an optimal future actuation

sequenceUf, the predictor solves a minimization problem. An objective function is evaluated
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Algorithm 3 MPC control loop

1: n  0 . n is the number of samples measured
2: while performPrediction do
3: . Perform estimation and prediction if su�cient measurements have been collected
4: if n < p then
5: Measure outputs ~yk

6: uk+1  0
7: else
8: Apply uk to system . u k is uk+1 from previous loop
9: Measure outputs ~yk

10: Update Up and ~Yp

11: Ŵp, Ûeq, and x̂e
k� p  performEstimation( Up; ~Yp)

12: Uf  performPrediction(Ŵp, Ûeq, x̂e
k� p, c) . c is a vector of constraints

13: uk+1  Uf(1)
14: end if
15: n  n + 1
16: end while

given the constraints and the future predicted outputs Yf (Eq. 4.37). Section 4.4.1 presents the

prediction optimization formulation.

4.4.1 Objective Function and Constraint Formulation

A general optimization problem consists of an objective function, constraints, and variables to

be optimized and is written as either a minimization or maximization. This research uses

MATLAB's fmincon function to perform optimization. fmincon minimizes a set of constrained

nonlinear multivariate systems.

Figure 4.7 Illustration of the constraints and the associated slack variables

Constraints exists in the form of equalities and inequalities. Any inequality can be written as

an equality, illustrated by Figure 4.7. There exists a constraint X that must remain below a limit

X limit . As an inequality, this is written as
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X � X limit : (4.43)

A slack variable Sx is added to the left-hand side to convert the inequality to an equality. If Sx is

always positive, then the constraint is never violated. Written mathematically,

X + Sx � X limit = 0 : (4.44)

In the objective function, the set of variables (U) being optimized now include the slack

variables. A general form of an objective functionJ is

J (U; Sx ) = g(U) + SxWx (4.45)

where Wx weights the cost of the slack variable. In Eq. 4.45,g(U) evaluates the cost associated

with the input variables directly. If constraint X 6= X limit , the addition of the slack variables

negatively contribute to the objective function. Thus, the objective function is written such that

only negative slack variables impose a cost. To do this, a variableV is de�ned as the minimum

between zero and slack variableSx . Then, the objective function is written as

J (U; Sx ) = g(U) + Cx ; (4.46)

where Cx = V Wx . In Figure 4.7b, the slack variable costCx only contributes to the objective

function after the nonnegative slack variable constraint is violated at time tv .

When multiple constraints exists, the slack variables can be written as ann � 1 vector S,

where n is the number of constraints. The objective function is then written as

J (U; Sx ) = g(U) + ST WS; (4.47)

where W is now a block diagonal matrix containing weightsWx;i for each constraint i .

When optimizing battery actuation, constraints for SOC, cell voltage, input/output current,

and any internal state variable may be considered. The next chapter provides cases studies using

the IRM for estimation and prediction. During prediction, an optimization problem is solved

using the constraint formulation presented here.
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CHAPTER 5

CASE STUDIES

The goal of this chapter is to demonstrate the impulse-response model (IRM) as it is applied

to di�erent actuation types. First, a linear analysis using a PRBS actuation is performed to

demonstrate the basic functionality of the estimator. Next, the estimator is tested in open loop,

provided simulated measurements of the battery subjected to an UDDS signal. The UDDS

simulation both charges and discharges the battery with a net discharge result. Thus, the UDDS

simulation tests the estimator's ability to make the nonlinear transition between multiple SOC.

Additionally, the open-loop test shows the e�ect the parameters r and p have on estimation

accuracy. Finally, the impulse-response estimator and predictor are implemented into a MPC

scheme with the goal of fast charging a battery. Combined estimation and prediction are used by

the controller to determine optimal future actuation.

As mentioned, the present research evaluates estimator and predictor performance through

simulations. A P2D model, representing full-order battery dynamics, assumes the role of ground

truth. The modeled Li-ion cell, with a nominal capacity of 35 mAh, has a graphite anode and a

NMC532 cathode. The P2D model and parameters are documented in Chapter 2 and

Appendix A. ROMs used in the estimator are derived from the undisturbed P2D model. During a

simulation, a P2D model with added disturbances and measurement noise represents the system.

Disturbance and measurement noise are added to simulate model uncertainty with respect to a

Li-ion cell used in experiments. In each of the studies, four outputs are considered: cell voltage

Vcell, voltage di�erence between the electrode and electrolyte �� , overpotential � , and lithium

surface concentrationCLi,surf . Out of these four, cell voltage is the only measured output. The

other three unmeasured outputs represent the value located at the anode-separator interface.

5.1 Linear Estimation

A PRBS signal is applied to a battery initially at equilibrium. During actuation, measured

and unmeasured outputs are collected. After completion of the simulation, Gaussian

measurement noise with a covariance of 1� 10� 3 is added to the measured outputs.

67



In this simulation, the battery is initialized to 10% SOC and the PRBS signal has a switching

time of 10 s. The measurements are collected at a sampling rate ofTs = 0 :1 s. Additionally, the

estimator is initialized with an incorrect initial SOC guess. The estimator �nds a r = 50

summarizing input to provide the best match to the previous p = 100 measurements.

Additionally, the estimator assumes an input covariance and measurement noise covariance of

Q = 1 � 10� 4 and R = 1 � 10� 3, respectively.

Figure 5.1 SOC estimation is compared to the system's true SOC

Figure 5.1 compares the estimated to the actual (plant) SOC. At the beginning of the

simulation, SOC error is high due to the incorrect initial conditions provided to the estimator. As

more measurements are collected, the SOC estimate converges on the true value.

At every sample, the summarizing input and SOC are estimated from the minimization

problem, Eq. 4.22. Figure 5.2 provides a snapshot of the estimation process 1500 s into the

simulation. The estimator operates on a 0.1 s sample time. The purple highlights the region of

past samples used for estimation while orange represents the prediction region. Figure 5.2a shows

a window of the actuation signal normalized to battery capacity. The amplitude's absolute value

is equivalent to a C/20 rate of charge. Past and future input signals are shaded in their respective

colors. Cell voltage estimation and prediction are shown in Figure 5.2b. The few samples just

before 1500 s, the error between estimated and actual cell voltage is within 1 mV. At 1500 s, the

68



Figure 5.2 Estimation snapshot at 1500 s. The results displayed are for an estimator using a
10 Hz sample rate.
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input signal changes from discharging to charging. As a result, the �rst prediction sampleŶf;k+1

captures the cell voltage feedforward term seen by the slight voltage change in the �rst orange

sample. Figure 5.2c, d, and e provide the estimation results for unmeasured system outputs. As a

note, each of these outputs do not have a feedforward term and thus do not have a slight change

at t = 1500 s.

Figure 5.3 Comparison of estimation error for di�erent estimator parameters
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Figure 5.3 compares the SOC and output estimation error for two di�erent estimation

parameter sets. Set 1,r = 50 and p = 100 is the same set used for Figure 5.2 and Figure 5.1. Set

2 uses ar = 100 and p = 10. In terms of SOC estimation, Set 2 is more accurate than Set 1. Both

sets converge to the correct SOC, though Set 2 converges quicker than Set 1. Output estimation

accuracy is higher for Set 1 than Set 2. For most outputs, Set 2 has twice the error than Set 1.

As a note, Table 5.1 de�nes a set of identi�ed estimation parameters. Set 1 and Set 2 are

associated with Set C and Set A respectively.

Overall, the linear case study shows impulse-response estimation is robust to incorrect SOC

initial conditions. Additionally, the estimator is sensitive to the number of summarizing inputs r

and past measurementsp used for estimation. The e�ect of estimator parameters are explored in

more detail in Section 5.2.

5.2 Urban Dynamometer Driving Schedule

Figure 5.4 Simulated electrical current demand derived from a UDDS drive cycle.

To analyze the nonlinear estimator and predictor performance, a Li-ion battery is subjected to

an UDDS pro�le [55]. UDDS is a standardized test used to test vehicle fuel economy and

emissions in urban driving conditions. The published UDDS pro�le speci�es vehicle velocity as a
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function of time. The pro�le's acceleration in combination with drag force dictate electrical

current demand. The current is then normalized such that the demand current's absolute value

does not exceed 1C. Figure 5.4 illustrates the resulting actuation signal. The UDDS pro�le

consists of both charge and discharge intervals of varying lengths of time. Overall, the pro�le

results in a decrease in cell SOC ( i.e., net discharge).

For this simulation, the cell begins at 25% SOC. This SOC is chosen such that during the

simulation, cell voltage does not drop below the low-voltage cut-o� condition at 3.4 V.

Additionally, there is large variation in the impulse response at lower SOC (Figure 4.2). By

starting the simulation at a lower SOC, the algorithm is tested for conditions that result in

greater change in system dynamics as the simulation proceeds.

Similar to the linear case, Section 4.1, estimation is performed in open loop after all of the

measurements have been collected. Measurement noise with covariance of 1� 10� 3 is added to

cell voltage. A sensitivity analysis determines a set of estimation parameters that provides

accurate estimation for both SOC and outputs. Parametersr and p are varied from 10 to 100 at

intervals of 10. For each set, the average error over the last 500 s is collected. Figure 5.5 shows

the sensitivity results for both Ts = 0 :1 s (left) and Ts = 1 s (right). This analysis shows

parameters for accurate SOC estimation and output estimation oppose each other. Accurate SOC

estimation prefers a lowp and high r while output estimation prefers high p and low r . A few

parameter sets for each sampling rate are chosen for three di�erent characteristics: accurate SOC

estimation, accurate output estimation, and a mixture of the two. Identi�ed parameter sets A-F

and a summary of the expected error for each set is provided in Table 5.1.

Sets A and D provide good SOC estimation forTs = 0 :1 s andTs = 1 s, respectively. Both

exhibit poor output estimation relative to the other sets. Sets B and E provide good output

estimation but at the cost of decreased SOC estimation with respect to Sets A and D. The last

two sets, Sets C and F, aim to provide a balanced SOC and output estimation. Figure 5.6

compares SOC and output estimation error for Sets A and D. For each, the prediction error of the

next sample (pf = 1) is plotted. Estimation accuracy is highly dependent on the selected

parameters. The desired state to control for (i.e., plating, SEI growth, mechanical failure)

determines which parameter set should be used. Set D is identi�ed as the set that would provide

the best estimation and prediction for lithium plating. The identi�ed sets are used in the fast
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Figure 5.5 Estimation error sensitivity analysis with respect to estimation parametersr (Eq. 4.5)
and p (Eq. 4.3) for sampling rate of Ts = 0 :1 s (left) and Ts = 1 s (right). All results are reported

in percent error except �
�

g) and h)
�

. � is reported in mV error.
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Table 5.1 Summary of expected error for various estimator parameter sets.Vcell, � � , and � error
are presented in units of volts. CLi,surf error is presented in kmol m� 3 while SOC is unitless.

Ts = 0.1 s Ts = 1 s
Set A Set B Set C Set D Set E Set F

r 100 10 50 100 10 10
p 10 100 100 30 100 70

Average Error
SOC 2.27� 10� 3 4.73� 10� 3 4.11� 10� 3 5.28� 10� 6 7.62� 10� 4 2.14� 10� 4

Vcell 7.59� 10� 3 2.17� 10� 3 2.43� 10� 3 8.09� 10� 3 1.40� 10� 3 1.72� 10� 3

� � 1.90� 10� 3 1.20� 10� 3 1.08� 10� 3 3.00� 10� 3 6.40� 10� 4 6.83� 10� 4

� 1.00� 10� 3 3.67� 10� 4 3.95� 10� 4 5.45� 10� 3 3.97� 10� 4 5.50� 10� 4

CLi,surf 5.38� 10� 2 4.90� 10� 2 4.03� 10� 2 3.60� 10� 1 5.45� 10� 2 6.06� 10� 2

charging case study.

5.3 Optimal Fast Charging

With recent advancements in battery technology, lithium-ion batteries are an attractive

alternative to internal combustion engines. However, higher `refuelling' time with respect to

petroleum-based vehicles remains one of the obstacles to electrifying the transportation

sector [56]. The importance of adopting electric vehicles into the transportation sector has

prompted governments to set goals promoting increased charging rates. For 2023, the United

States Advanced Battery Consortium has set the goal of supplying 80% of the battery's capacity

in the form of usable energy within 15 minutes, while maintaining 80% of original capacity within

1000 cycles for a battery with speci�c usable energy greater than 275 Wh kg� 1 [57]. This is

known as extreme-fast charging (XFC).

In this research, the battery is controlled using a model-predictive control (MPC) structure.

As the name suggests, MPC determines an optimal control sequence informed by model-based

estimations and predictions. For fast charging, plating is the main mode of degradation. As

discussed in Section 2.2.3, plating becomes a favorable side reaction when �� < 0. IRM estimate

of � � allows the controller �nd an optimal input sequence that will charge quickly and avoid

plating.

In the following case study there are four constraints the controller uses: maximum cell

voltage limit, � � > 0, SOC < 100%, and the change in current is always positive. Without any
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Figure 5.6 SOC and output estimation error is compared for Set A (purple) and Set D (yellow)

control, a constant current of 3.2C provides 80% capacity within 15 minutes. In this case study,

the battery is initialized at 10% SOC. Thus, the capacity goal is met when the �nal SOC is 90%.

Figure 5.7 compares the SOC as a function of maximum charging C-rate. Without any

constraints, 3.2C reaches 90% SOC within 15 mines, but applying this constant current violates

the maximum cell voltage of 4.1 V. With the voltage limit activated, 80% added capacity is not
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obtained within 15 minutes. Increasing the initial C-rate allows the system to approach the

capacity goal. At 4.5C, the capacity goals are met but, not depicted, the � � constraint is

violated. The competition between fast charging and minimizing cell degradation is apparent

from this result.

Figure 5.7 SOC as a function of maximum charging C-rate with cell voltage limit applied. Not
depicted, 3.2C constant charging pro�le violates the voltage limit. Also not depicted, a maximum
charge rate of 4.5C violates the plating constraint.

In the presence of sensor noise and system disturbance, state estimation will always have

error. Thus, the estimated outputs require constraint tolerance to truly avoid the constraints.

The estimation error from Table 5.1 can be used as an initial guess for these tolerances. After a

few simulations, the tolerances are re�ned for fast charging. A tolerance of 31 mV and 12 mV are

used for cell voltage and � � , respectively. Figure 5.8 provides the results of MPC fast charge and

shows the controller is capable of providing 80% capacity the battery in under 15 minutes without

violating any constraints.

In Figure 5.8, the predicted value (yellow) at the next sample is compared to the actual value

of the plant (black). The comparison includes b) SOC, c) cell voltage, and d) � � . The IRM

estimator uses Set D parameters. During the �rst p samples, there are not a su�cient amount of

measurements to perform estimation. Immediately beforek = p, the controller averages all prior

p � 1 measurements to determine an initial estimation for SOC.
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Figure 5.8 MPC controlled fast-charge results for a) optimal C-rate, and comparison of the plant
and k + 1 prediction of b) SOC, c) cell voltage, and d) � � , using Set D
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The tolerance for cell voltage and � � are shown using the purple line. The controller ensures

the predicted values do not violate these tolerance limits, enabling the plant to never exceed the

true constraints. At lower C-rates, the IRM cell voltage prediction is more accurate. When the

input actuation is slower than a 3C charge, the voltage tolerance is decreased to 10 mV. Thus, the

controller sustains a higher C-rate for and extended period of time after the tolerance is

decreased. The change in voltage tolerance occurs approximately 7.5 min into the charge pro�le.

Figure 5.9 Comparison of controller generated input sequence to one determined from perfect
system knowledge.

Figure 5.9 compares two input sequences: the predicted charge pro�le from the controller

(orange) and an optimal input sequence created from perfect knowledge of the system (black).

The optimal input sequence is generated from the P2D model. The P2D model is actuated for the

desired sampling timeTs. At the end of actuation, the simulation checks if any of the constraints

are violated. If any of the constraints are violated, the simulation reverts to the previous initial

conditions, reduces the actuation current, and reruns the P2D model with the new current. This

process is repeated until the desired end condition is reached (i.e., the simulation has actuated the

model for 15 minutes). Overall, the pro�le generated by the controller follows that determined

from perfect system knowledge. Larger deviations form perfect occur at higher C-rates.

An important aspect of using ROMs is the increased computational e�ciency over full-order

models. Figure 5.10 provides the a) combined estimation and prediction time for each sample and
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Figure 5.10 Control loop computation cost

b) a histogram showing the frequency of occurrence. On average, prediction computation

accounts for 99% of the total computational cost. In the early samples, prediction cost is higher

relative to the end of the simulation. Speci�cally, higher prediction time occurs before 200

samples or approximately 3 minutes. Around 3 minutes, there is a signi�cant decrease in C-rate.

The author believes the predictor requires more computation time when the C-rate is higher.

Overall, only three samples exhibited a total computation time longer than the sampling rate

shown in the subplot of Figure 5.10b. The author believes the computation time can be reduced

by tuning the optimization routine for this speci�c problem allowing all samples to solve with the

given sampling time.

Computation time also depends on the number of future samplespf being solved. When using

lower values ofpf , the controller would run into conditions such that any set of Uf would violate a

constraint. Increasing pf solved this issue but results in increased computational time. The

author found pf = 50 is su�cient to �nd the optimal control sequence.

Overall, using the IRM to perform estimation and prediction far surpasses using the full-order

model. When trying to use the full-order model as the predictor, a single sample required 3.5 hr

to complete. Conservatively, the IRM predictor is roughly 5000 times quicker than using the

full-order model.
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In this work, the prediction is performed using MATLAB's fmincon . The optimization solver

uses the sqp algorithm and an optimality tolerance = .05. The constraints are formulated

according to Section 4.4.1 and the objective function to be minimized is

f (Uf; e; Wi ) =

 
X

k

Uf;k

!

=pf + eT W e; (5.1)

where Uf is the input sequence being optimized,pf are the number of samples in the future,e is

the minimum between the slack variable and zero, andW is a block-diagonal matrix containing

the weighting for each constraint. In this research, a charging current is negative while

discharging current is positive. Thus, summing the future input sequence is su�cient for the

minimization problem.

Figure 5.11 shows the optimal charge sequence when the estimator uses parameter Set A. The

added capacity is approximately 5% lower than the desired goal. Additionally, poor SOC

estimation results in premature termination of the charging sequence due to the SOC constraint.

Similar results occur in Sets B and C, which are found in Appendix D.
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Figure 5.11 MPC controlled fast-charge results for a) optimal C-rate, and comparison of the plant
and k + 1 prediction of b) SOC, c) cell voltage, and d) � � , using Set A
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CHAPTER 6

CONCLUDING REMARKS AND FUTURE WORK

The current thesis develops an estimation and prediction algorithm capable of real-time

battery control. To perform optimal control, the unmeasured battery dynamics must be estimated

from measured outputs such as cell voltage and temperature. Additionally, the algorithm must be

computationally e�cient such that BMS hardware can perform estimation and prediction within

a desired sampling rate. Both estimation of unmeasured outputs and computation e�ciency are

accomplished using a physics-informed nonlinear impulse-response estimator and predictor.

Full-order battery dynamics are modeled using a P2D model. Using the full-order model, an

impulse actuation is applied to the battery. The measured and unmeasured output response are

collected at various equilibrium points. Unmeasured outputs contain state dynamics related to

degradation mechanisms. The BMS uses this information to avoid potentially damaging modes of

operation.

Fundamentally, the impulse-response model relies on discrete-time convolution. The

impulse-response collected from the full-order model is convolved with the input sequence applied

to the battery. The result is a reduced-order model that accepts battery actuation and returns

the desired outputs. Contrary to existing ROMs, the IRM does not perform state estimation.

Rather, a summarizing input sequence is estimated.

In addition to estimating a summarizing input, this work extends the linear IRM to include

equilibrium (SOC) estimation. Battery dynamics depend on the current SOC. Thus, the

impulse-response model used in estimation must also be a function of SOC. Estimated

summarizing input and SOC provide an impulse-response predictor with the information required

to determine an optimal control sequence. The NIRP scheme performs prediction 5000 times

quicker than using the full-order model.

6.1 Additional Variables to Schedule Impulse Response

The impulse response model estimates the battery's SOC at every sample. Estimated SOC is

continuous within 0%-100%. The impulse response from the physics-based model is extracted at
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discrete SOC. Therefore, during estimation, the impulse response is interpolated between the

discrete SOC.

There are two additional states that impact battery dynamics: temperature (Appendix A) and

electric current amplitude (C-rate). In Chapter 5, estimation error for two parameter sets is

provided (Figure 5.8 and Figure 5.11). Both results exhibit higher estimation and prediction error

in the early stages of charging when the C-rate is high. Figure 6.1 compares an impulse response

extracted at Ts = 1 s using -1C and -10C. This result shows battery dynamics depend

signi�cantly on C-rate. Thus, additional algorithm improvements include estimation scheduled on

SOC, temperature, and C-rate.

Figure 6.1 Comparison of impulse response extracted using -1C (blue) and -10C (purple)

6.2 Additional Controller Constraint Considerations

The main focus of this research is on lithium plating. To account for mechanical failure, the

impulse response outputs should include the lithium surface concentration gradient at both

electrodes. For SEI growth, temperature should be included in the output.

One assumption used in this research is the battery being actuated does not accrue damage

over time. In reality, cell degradation including LLI and LAM are inevitable. The present

algorithm can be improved by estimating a SOH parameter acts to modify the impulse response

accordingly.
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APPENDIX A

LITHIUM-ION BATTERY PARAMETERS

Table A.1 provides a list of all parameters used to model the lithium-ion battery.

Table A.1 Summary of battery parameters

Symbol Parameter Unit Anode Separator Cathode
L Thickness m 70� 10� 6 20� 10� 6 70� 10� 6

Ac Electrode Cross-Sectional Area m2 0.00148 0.00148 0.00148
Rp Particle Radius m 6� 10� 6 70� 10� 6

"ed Electrode Volume Fraction - 0.5929 0.5132
"b Binder Volume Fraction - 0.0622 0.1329
xmin ; xmax Theoretical Stoichiometry - 0.07, 0.99 0.34, 0.89
� Electrode Conductivity S m � 1 6.0775 5.7775
� a; � c Charge-Transfer Coe�cients - 0.5,0.5 0.5,0.5
RSEI SEI Resistance 
 m � 2 1� 10� 4 1� 10� 4

Cdl Double Layer Capacity F m� 2 2.5� 10� 1 3� 10� 4

CLi,max Maximum Lithium Concentration kmol m � 3 30 49.6
i � Exchange Current Density A m� 2 Eq. A.1 Eq. A.7
D � Electrode Di�usion Coe�cient m 2 s� 1 Eq. A.2 Eq. A.9
Ueq Electrode Equilibrium Potential V Eq. A.3 Eq. A.10
"el Electrolyte Volume Fraction - 0.4
CLi + ,0 Initial Lithium-ion Concentration kmol m � 3 1.2
t0
+ Transference Number - Eq. A.11

f � Activity Coe�cient - Eq. A.12
Del Electrolyte Di�usion Coe�cient m 2 s� 1 Eq. A.13
� Electrolyte Conductivity S m � 1 Eq. A.14

Anode Exchange Current Density

i � (T; CLi + ; CLi ) = i � ;ref exp
�
�

ELi

R

�
1
T

�
1

Tref

��
(X el)

� a (1 � X ) � a (X ) � c (A.1)

where X = CLi =CLi,max , X el = CLi + =CLi + ,0, ELi = 30 � 106 J kmol� 1, Tref = 303:15 K, and

i � ;ref = 9 :84.
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Anode Di�usion

D � (T) = D � exp
�
�

E Di�
Li

R

�
1
T

�
1

Tref

��
(A.2)

where E Di�
Li is the activation energy, D � is lithium di�usivity at the reference temperature of Tref .

For the LiC 6 particles, D � = 1 :750� 10� 13 m2 s� 1, and E Di�
Li = 30:0 kJ mol� 1.

Anode OCP

The open-circuit potential of the graphite anode E eq is �tted as a function of X = CLi =CLi ;max

as [58]

E eq = E1 + ( E2 � E1)=H ; (A.3)

where

E1 = E0 +
8X

k=1

� k tanh(X + � k )=
 k ; (A.4)

E2 =
X

k=0

� kX k ; (A.5)

H = 1 :0 + exp [� � � (X � X 0)] ; (A.6)

with the parameters of E0 = 0 :64, � = 100:0, � 0 = 1 :03. The parameters� k , � k , 
 k , and � k are

listed in Table A.2.

Cathode Exchange Current Density

i � (T; CLi + ; CLi ) = i � ;ref exp
�
�

E act
Li

R

�
1
T

�
1

Tref

��
(X el)

� a i �
Li (A.7)

For NMC532, the lithium concentration dependence of the exchange current densityi �
Li ;NMC can

be �tted as function of X as

i �
Li =

5X

k=0

akX k ; (A.8)

where X = CLi =CLi,max , and ak are listed in Table A.3. The parameters of temperature

dependence of exchange current density are take asi � ;ref = 1 :7, and E act
Li = 30 J kmol � 1.
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Table A.2 Parameters for equilibrium potential E eq of LiC6

k � k k � k

1 � 1:06� 10� 2 1 � 1:45� 10� 2

2 2:44� 10� 2 2 � 5:46� 10� 1

3 � 1:64� 10� 2 3 � 5:64� 10� 1

4 � 6:54� 10� 2 4 � 5:96� 10� 1

5 � 4:17� 10� 2 5 � 1:79� 10� 1

6 � 4:79� 10� 1 6 3:85� 10� 3

7 � 4:36� 10� 2 7 � 9:45� 10� 2

8 � 8:24� 10� 2 8 � 7:75� 10� 2

k 
 k k � k

1 9:09� 10� 5 0 � 5:04� 101

2 6:27� 10� 1 1 � 1:23� 101

3 7:05� 10� 2 2 � 6:91� 101

4 1:41� 10+0 3 +3:44� 100

5 7:69� 10� 2 4 +3:32� 101

6 4:11� 10� 2 5 +5:91� 101

7 � 2:05� 10� 2 6 +1:23� 102

8 3:59� 10� 2 7 +8:25� 101

8 � 1:73� 102

Table A.3 Parameters for exchange current density of NMC532 [58]

k ak k ak

0 � 0:36� 101 3 +0:12� 103

1 +0:32� 102 4 � 0:75� 102

2 � 0:94� 102 5 +0:17� 102
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Cathode Di�usion

D � (T) = D � exp
�
�

E Di�
Li

R

�
1
T

�
1

Tref

��
(A.9)

For NMC532, D � = 1 :125� 10
 with 
 =
P 10

k=0 akX k , and the parametersak are listed in

Table A.4, and the activation energy E Di�
Li = 30:0 kJ mol� 1.

Table A.4 Parameters for di�usivity of NMC532 [58]

k ak k ak

0 � 0:65� 102 6 +0:11� 105

1 +0:47� 103 7 � 0:83� 102

2 � 0:15� 104 8 � 0:49� 104

3 +0:98� 103 9 +0:24� 104

4 +0:50� 104 10 � 0:25� 103

5 � 0:13� 105

Cathode OCP

The open-circuit potential of NMC532 is �tted as a function of X = CLi =CLi ;max as [58]

E eq = a1 exp(a2X a3 ) +
14X

k=0

bkX k ; (A.10)

where the parametersak and bk are listed in Table A.5.

Table A.5 Parameters for OCV of NMC532 [58]

k ak k ak

1 � 5:51� 10� 4 3 4:15� 101

2 6:56� 100

k bk k bk

0 5:31� 100 8 � 1:07� 104

1 � 4:16� 100 9 � 2:06� 103

2 2:72� 101 10 1:27� 104

3 � 2:72� 102 11 � 1:57� 103

4 1:19� 103 12 � 1:46� 104

5 � 2:07� 103 13 1:32� 104

6 � 8:30� 102 14 � 3:64� 103

7 8:70� 103
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Transference Number

t0
+ =

2X

`=0

2X

k=0


 k` T kC`
Li + ; (A.11)

where 
 k` are listed in Table A.6.

Table A.6 Parameters for transference numbert �
+

k 
 k1 
 k2 
 k3

0 +3:09� 10� 1 +1 :78� 10� 1 � 3:88� 10� 2

1 +6:39� 10� 4 � 8:68� 10� 4 +2 :08� 10� 4

2 � 6:77� 10� 7 +1 :16� 10� 6 � 2:88� 10� 7

Activity

@ln f �

@ln CLi +
(CLi + ; T) = 0 :54e329=T C2

Li + � 0:00225e1360=T CLi + + 0 :341e261=T (A.12)

Electrolyte Di�usion

log10 (Del) (CLi + ; T) =
2X

k=0

[Dk;0 + Dk;1=(T � TD )] Ck
Li + ; (A.13)

where TD = � 24:84 + 64:07CLi + , and the parametersDk;0 and Dk;1 are listed in Table A.7.

Table A.7 Parameters for di�usivity D �
Li +

k Dk;0 Dk;1

0 � 5:69� 10� 1 � 1:61� 103

1 � 8:11� 10� 1 +4 :75� 102

2 � 5:19� 10� 3 � 3:34� 101
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Ionic Conductivity

� (CLi + ; T) =
4X

`=1

4X

k=0


 k` T kC`
Li + ; (A.14)

where 
 k` are listed in Table A.8.

Table A.8 Parameters for electric conductivity �

k 
 k1 
 k2

0 +9:00� 10+0 � 2:41� 10+2

1 � 8:04� 10� 2 +3 :20� 10� 0

2 +1:91� 10� 4 � 1:58� 10� 2

3 +3:48� 10� 5

4 � 2:89� 10� 8

k 
 k3 
 k4

0 +1:38� 10+2 � 2:33� 10+1

1 � 1:83� 10� 0 +3 :09� 10� 1

2 +9:07� 10� 3 � 1:53� 10� 3

3 � 2:00� 10� 5 +3 :38� 10� 6

4 +1:65� 10� 8 � 2:79� 10� 9
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APPENDIX B

FINITE-DIFFERENCE EQUATIONS FOR SOLID-ELECTROLYTE INTERFACE

Finite-di�erencing techniques are applied to the governing equations for the P2D model. For a

given control volume, conservation of charge requires the sum of current entering is equal to the

sum of current leaving the control volume (Figure B.1). When a charge-transfer reaction occurs,

charge is transferred from the electrode to the electrolyte (or vise-versa). The conservation

equations at the SEI must balance the transfer of charge correctly.

Figure B.1 Control volume and interface overview

At the interface there exists a passivating layer known as the SEI and what is known as a

double layer where charge is built up. The SEI acts like a resistor while the double layer acts as a

capacitor, thus the interface can be modeled as a leaky capacitor (a resistor and capacitor in

parallel). To form the interface equations, each electrochemical mechanism is modeled using

circuit elements (Figure B.2). Nodal analysis is applied to solve the circuit. The steps for nodal

analysis are as follows:

1. Assume a direction for each circuit element

2. Set the sum of currents entering a node equal to the sum of currents leaving a node. Do this

for every node.

3. Replace the currents with state variables
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4. Add constraint equations for power sources

Figure B.2 SEI circuit representation

The following are the resulting equations to solve the charge-transfer interface:

� � ) Cdl
@� �
@t

=
Ac

As
(i el,i +1 � i el,i ) �

V1 � � el

RSEI
(B.1)

� ed) 0 = ( i ed,i +1 � i ed,i ) + ( i el,i +1 � i el,i ) (B.2)

V1) 0 = i Far �
V1 � � el

RSEI
(B.3)

V2) 0 = i Far � i PS (B.4)

i PS) 0 = � ed � V2 � � eq (B.5)

Ionic current i el has units A m2
yz where i Far = V1 � � el

RSEI
has units A m2

r . m2
yz and m2

r represent the

cross-sectional area (in the yz-direction) and the particle surface area (radial), respectively.

Multiplying each current by the respective area ensures the correct amount of charge is

transferred between the two interfaces.
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APPENDIX C

LITHIUM PLATING CONSTRAINT

In literature, lithium plating constraint is written three ways: � ed < 0 [59{63], � < 0 [64, 65],

and � � < 0 [66{69]. The goal of this chapter is to justify why this research assumes plating

becomes favorable when �� < 0.

Figure C.1 Overall diagram of the reactions occurring at the surface of an intercalation electrode
and reference electrode.

Consider there exists a volume of electrolyte solution in which there is an intercalation

electrode and a lithium reference electrode, Figure C.1. Given the de�nition of a reference

electrode, it is assumed that no current is 
owing through the lithium electrode. Thus, the

overpotential is zero for the lithium electrode to the lithium ion in the electrolyte, as it in

equilibrium with the electrolyte. At the surface of the electrode, there are two reactions being

considered : intercalation and plating. These reactions are written as

C6 + xLi + + xe� ! Li xC6 (C.1)

Li + + e � ! Li (C.2)

In Reaction C.1, a lithium ion from the electrolyte combines with an available electron on the

surface of the electrode. The neutral lithium species then intercalates into the host electrode,

graphite (C6). When the neutral species is unable to intercalate into the electrode, it will instead

plate on the surface (Reaction C.2).

The charge-transfer reactions can be represented by circuit components, Figure C.2. There are

three circuit elements used to describe the charge-transfer reaction: resistor, dependent current
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Figure C.2 Circuit representation of a) a general circuit representation of a reaction and b) the
half-cell reaction for the graphite electrode.

source, and a dependent voltage source. In Figure C.2a, a resistor represents the SEI's resistance

to electrical current. The dependent current source represents the Butler{Volmer charge transfer

current. This current depends on the concentration of lithium in both the electrode and

electrolyte. Lastly, the dependent power source represents the electrode equilibrium potential and

is a function of the concentration of intercalated lithium. In this work, Butler{Volmer current


owing from the electrode to the electrolyte (electrode is losing lithium to the electrolyte) is

assumed positive. For a dependent power source, current 
ows from the positive terminal to the

negative terminal. For a resistor, current 
ows from a place of high potential to low potential.

Since the other two current point from electrode to electrolyte, the same is assumed for the

resistor, thus allowing the de�nition of a positive and negative lead on the resistor.

A voltage di�erence between two nodes is represented by the summed voltage drop/gain

across each component between the two nodes. If the moving from positive to negative current,

then a negative is used the summation for that component. In Figure C.2a, the voltage between

� ed and � el is

� ed � E eq � � � VSEI = � el: (C.3)

This can be rewritten as
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� ed � � el � E eq � VSEI = �; (C.4)

� = � � � E eq � VSEI : (C.5)

Equation C.5 recovers the overpotential equation from the charge-transfer reaction, Eq 2.18.

Figure C.2b combines the circuit representation for a half-cell reaction for a graphite electrode.

Starting at the lithium current collector, the voltage analysis is written as

� Li � E eq,Li � � Li/Li + � VSEI,Li + VSEI,ed + � + E eq,Li x C6 = � Li x C6 (C.6)

One reason to create a half-cell is to measure graphite's open-circuit potential (OCP) as a

function of intercalated lithium concentration. When measuring open-circuit potential, no current


ows through the device, and the measurement is taken when the device is at equilibrium. One

can then assume that there is no voltage drop across the SEI layers and there is no overpotential

driving reactions. With this assumption, Eq. C.6 is written as

� Li � E eq,Li + E eq,Li x C6 = � Li x C6 (C.7)

The measured voltage across the current collectors is

VOCP = � Li x C6 � � Li = E eq,Li x C6 � E eq,Li : (C.8)

It is assumed that the OCP incorporates the lithium equilibrium potential such that E eq,Li = 0.

In Figure C.3, the same half-cell reaction is present but the reaction pathway for lithium

plating is added. The voltage analysis across the plating pathway is written as

� Li x C6 � E eq,Li � � Li � VSEI,Li = � el: (C.9)

Assuming a fresh cell (VSEI,Li = 0), plating overpotential is

� Li = � Li x C6 � � el � E eq,Li : (C.10)

Since lithium equilibrium potential is zero, lithium overpotential is
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Figure C.3 Circuit representation of intercalation electrode/electrolyte interface with reference
electrode

� Li = � Li x C6 � � el = � �: (C.11)

The plating reaction starts when � Li < 0. Therefore, plating starts when � � < 0.
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APPENDIX D

FAST-CHARGE RESULTS

Figure D.1, Figure D.2, Figure D.3, and Figure D.4 provide the results using Sets B, C, E, and

F, respectively.

Figure D.1 MPC controlled fast-charge results for a) optimal C-rate, and comparison of the plant
and k + 1 prediction of b) SOC, c) cell voltage, and d) � � , using Set B

103



Figure D.2 MPC controlled fast-charge results for a) optimal C-rate, and comparison of the plant
and k + 1 prediction of b) SOC, c) cell voltage, and d) � � , using Set C
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Figure D.3 MPC controlled fast-charge results for a) optimal C-rate, and comparison of the plant
and k + 1 prediction of b) SOC, c) cell voltage, and d) ∆�, using Set E
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