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ABSTRACT

Many machine learning and signal processing problems are fundamentally nonconvex. One way to solve them is
to transform them into convex optimization problems (a.k.a. convex relaxation), which constitutes a major part of my
research. Although the convex relaxation approach is elegant in some ways that it can give information-theoretical
sample convexity and minimax denoising rate, but this approach is not ef cient in dealing with high-dimensional
problems. Therefore, as my second major part of the research, | will directly focus on the fundamentally nonconvex
formulations of these nonconvex problems, with a particular interest in understanding the nonconvex optimization
landscapes of their fundamental formulations. Then in the third part of my research, | will develop optimization
algorithms with provable guarantees that can ef ciently navigate these nonconvex landscapes and achieve the global
optimality. Finally, in the nal part, | will apply the alternating minimization algorithms to general tensor recovery
problems and clustering problems.

Part 1: Convex Optimization. In this part, we apply convex relaxations to several popular nonconvex problems
in signal processing and machine learning (e.g. line spectral estimation problem and tensor decomposition problem)
and prove that the solving the new convex relaxation problems can return the globally optimal solutions of their
original nonconvex formulations.

Part 2: Nonconvex Optimization. In this part, we focus on the fundamentally nhonconvex optimization land-
scapes for several low-rank matrix optimization problems with general objective functions, which covers a massive
number of popular problems in signal processing and machine learning. In particular, we develop mild conditions for
these general low-rank matrix optimization problems to have a benign landscape: all second-order stationary points
are global optimal solutions and all saddle points are strict saddles (i.e. Hessian matrix has a negative eigenvalue).

Part 3: Algorithms. In this part, we will develop optimization algorithms with provable second-order optimal
convergence for general nonconvex and non-Lipschitz problems. Further, in this part, we also solve an open problem
for the second-order convergence of alternating minimization algorithms that have been widely used in practice to
solve large-scale nonconvex problems due to their simple implementation, fast convergence, and superb empirical
performance. Then the second-order convergence guarantees, along with the knowledge (see Part 2) that a massive
number of nonconvex optimization problems have been shown to have a benign landscape (all second-order stationary
points are global minima), ensure that the proposed algorithms can nd global minima for a class of nonconvex
problems.

Part 4: Applications. In this part, we apply the alternating minimization algorithms to several popular applica-
tions in signal processing and machine learning, e.g., the low-rank tensor recovery problem and the spherical Principal

Component Analysis (PCA).
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CHAPTER 1
INTRODUCTION

This work focuses on using convex and nonconvex optimization methods to model and solve problems in machine
learning and signal processing. When we formulate the problem as a convex problem, the statistical performance (cf.
2) can be well analyzed using a suit of powerful convex analysis tools, which have accumulated from several decades
of research. For example, a well-designed convex optimization method can achieve information-theoretically optimal
sampling complexity, have minimax denoising rate and satisfy tight oracle inequalities. In spite of their optimal sta-
tistical performance, the convex optimization methods cannot be scaled to solve the practical problems that originally
motivate their development even with specialized rst-order algorithms. Further, there are many machine learning and
signal processing problems that are fundamentally nonconvex and too expensive/dif cult to be convexi ed. There-
fore, as a second part of this work, we focus on the fundamentally nonconvex formulations of some popular machine
learning and signal processing problems. In this part, we are particularly interested in understanding the nonconvex
optimization landscapes of their fundamental formulations. Then based on this landscape knowledge of these non-
convex optimization problems, in the third part of this work, we focus on developing optimization algorithms with
with provable guarantees that can ef ciently navigate these nonconvex landscapes and achieve the global optimality.
Finally, we some popular applications in signal processing and machine learning are analyzed using the developed

optimization algorithms.

Part 1: Convex Optimization

Chapter 2 This chapter investigates the parameter estimation performance of super-resolution line spectral estima-
tion using atomic norm minimization. The focus is on analyzing the algorithm's accuracy of inferring the
frequencies and complex magnitudes from noisy observations. When the Signal-to-Noise Ratio is reason-
ably high and the true frequencies are well separated, we prove that the obtained error bound by the atomic

norm estimator matches the Cramér-Rao lower bound up to a logarithmic factor.

Chapter 3 This chapter develops theories and computational methods for guaraveredmplete, non-orthogonal
tensor decomposition using convex optimization. We view tensor decomposition as a problem of measure
estimation from moments. We develop a theory for guaranteed decomposition for those tensor factors uni-
formly distributed on the unit spheres, implying exact decomposition for tensors with random factors. The
optimal value of this optimization de nes the tensor nuclear norm that can be used to regularize tensor

inverse problems, including tensor completion, decisioning, and robust tensor principal component analysis.



Part 2: Nonconvex Optimization

Chapter 4 This chapter considers two popular minimization problems: (i) the minimization of a general convex
function f (X) with the domain being positive semi-de nite matrices; (ii) the minimization of a general
convex functiorf (X) regularized by the matrix nuclear nokX k with the domain being general matrices.

To develop faster and more scalable algorithms, we follow the proposal of Burer and Monteiro to factor the
low-rank variableX = UU > (for semi-de nite matrices) oX = UV > (for general matrices) and also
replace the nuclear norkX k with (kUk2 + kV k2)=2. In spite of the non-convexity of the resulting
factored formulations, we prove that each critical point either corresponds to the global optimum of the

original convex problems or is a strict saddle where the Hessian matrix has a strictly negative eigenvalue.

Chapter 5 This chapter considers the minimization of a general objective funétfah) over the set of rectangular
n m matrices that have rank at mastTo reduce the computational burden, we factorize the varkabigo
a product of two smaller matrices and optimize over these two matrices inst¥ad/é analyze the global
geometry for a general and yet well-conditioned objective fundtiof) whose restricted strong convexity
and restricted strong smoothness constants are comparable. In particular, we show that the reformulated

objective function has no spurious local minima and obeysttiet saddle property

Chapter 6 In this chapter we characterize the global optimization geometry of the nonconvex factored problem and
show that the corresponding objective function satis es htlaust strict saddle propertas long as the
original objective functior satis es restricted strong convexity and smoothness properties, ensuring global
convergence of many local search algorithms (such as noisy gradient descent) in polynomial time for solving

the factored problem.

Chapter 7 A variety of unconstrained nonconvex optimization problems have been shown to have benign geometric
landscapes that satisfy the strict saddle property and have no spurious local minima. We present a general
result relating the geometry of an unconstrained centralized problem to its equality-constrained distributed
extension. It follows that many global consensus problems inherit the benign geometry of their original

centralized counterpart.

Chapter 8 We study the convergence of a variant of distributed gradient descent (DGD) on a distributed low-rank
matrix approximation problem wherein some optimization variables are used for consensus (as in classical
DGD) and some optimization variables appear only locally at a single node in the network. Using algo-
rithmic connections to gradient descent and geometric connections to the well-behaved landscape of the
centralized low-rank matrix approximation problem, we identify suf cient conditions where the new DGD

is guaranteed to converge with exact consensus to a global minimizer of the original centralized problem.



For the distributed low-rank matrix approximation problem, these guarantees are stronger—in terms of con-

sensus and optimality—than what appear in the literature for classical DGD and more general problems.

Part 3: Algorithms

Chapter 9 This chapter studies the second-order convergence for both standard alternating minimization and proxi-
mal alternating minimization. We show that under mild assumptions on the (nonconvex) objective function,
both algorithms avoid strict saddles almost surely from random initialization. Together with known rst-
order convergence results, this implies both algorithms converge to a second-order stationary point. This
solves an open problem for the second-order convergence of alternating minimization algorithms that have
been widely used in practice to solve large-scale nonconvex problems due to their simple implementation,

fast convergence, and superb empirical performance.

Chapter 10 A crucial and pervasive assumption needed by many modern optimization methods is the global Lipschitz
gradient condition. However, many machine learning problems do not admit a globally Lipschitz gradient.
In this chapter, we develop and establish second-order convergence guarantees of several Bregman-based

methods to deal with general nonconvex objective functions with non-Lipschitz gradients.

Part 4: Applications

Chapter 11 This chapter studies the problem of retrieving a low-rank tensor under a general linear observation model,
including both tensor sensing and tensor completion models. Inspired by the superiority of the matrix
nuclear norm in low-rank matrix recovery, we will focus on using tensor nuclear norm to regularize the
inverse problem of tensor recovery. Unlike the traditional ways of using approximating values of the tensor
nuclear norm due to the NP-hardness of computing the tensor nuclear norm, we use the Burer-Monteiro
optimization form of the tensor nuclear norm, and we show this form is tight for any randomly generated
tensors. Furthermore, we provide an alternating minimization algorithm to solve the tensor nuclear norm

regularized problem, as well as the rigorous mathematical analysis of its global convergence.

Chapter 12 Principal Component Analysis (PCA) is one of the most important methods to handle high dimensional
data. However, most of the studies on PCA aim to minimize the loss after projection, which usually measure
the Euclidean distance, though in some elds, angle distance is known to be more important and critical
for analysis. In this chapter, we propose a method by adding constraints on factors to unify the Euclidean
distance and angle distance. However, due to the nonconvexity of the objective and constraints, the optimized
solution is not easy to obtain. We propose an alternating linearized minimization method to solve it with

provable convergence rate and guarantee.
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CHAPTER 2
APPROXIMATE SUPPORT RECOVERY OF ATOMIC LINE SPECTRAL ESTIMATION: A TALE OF
RESOLUTION AND PRECISION

This work! investigates the parameter estimation performance of super-resolution line spectral estimation using
atomic norm minimization. The focus is on analyzing the algorithm's accuracy of inferring the frequencies and com-
plex magnitudes from noisy observations. When the Signal-to-Noise Ratio is reasonably high and the true frequencies
are separated t@(%), the atomic norm estimator is shown to localize the correct number of frequencies, each within
a neighborhood of siz@(p logn=n3 ) of one of the true frequencies. Harés half the number of temporal samples
and 2 is the Gaussian noise variance. The analysis is based on a primal-dual witness construction procedure. The
obtained error bound matches the Cramér-Rao lower bound up to a logarithmic factor. The relationship between reso-
lution (separation of frequencies) and precision or accuracy of the estimator is highlighted. Our analysis also reveals
that the atomic norm minimization can be viewed as a convex way to solyenarm regularized, nonlinear and

nonconvex least-squares problem to global optimality.
2.1 Introduction

Line spectral estimation, which aims at approximately inferring the frequency and coef cient parameters from a
superposition of complex sinusoids embedded in white noise, is one of the fundamental problems in statistical signal
processing. When the temporal and frequency domains are exchanged, this classical problem was reinterpreted as the
problem of mathematical super-resolution recently [13—-15]. This line of work promotes the use of a convex sparse
regularizer to solve inverse problems involving spectrally sparse signals, distinguishing them from classical methods
based on root nding and singular value decompositions (e.g., Prony's method, MUSIC, ESPIRIT, Matrix Pencil,
etc.). The convex regularizer, a particular instance of the general atomic norms, has been shown to achieve optimal
performance in signal completion [16], denoising [17], and outlier removal [18, 19]. For these signal processing
tasks, either one can recover the spectral signal exactly (and hence extract the true frequencies precisely), or the error
metric is de ned using the signal instead of the frequency parameters. The most relevant question of the accuracy of
noisy frequency estimation has been elusive. This work investigates the parameter estimation performance of super-

resolution line spectral estimation using atomic norm minimization. More precisely, given noisy observations

y(t) = x*()+ w(t);t= n;:iin (2.2)

of a spectrally sparse signal

1This is a joint work with Gongguo Tang [2].



X
()= exp2f ’t);t= n;:::;n (2.2)
=1

with unknown frequencie$”’ = ff\?gil and complex amplitudefs;c?g!‘:l , we will derive conditions under which
the atomic norm formulation will return the correct number of frequencies, and establish bounds on the frequency and
coef cient estimation errors. An informal version of our main result is given in the following theorem, while a formal

statement is presented in Theorem 2.2.1.

Theorem 2.1.1(Informal). Suppose we obserda + 1 noisy consecutive samplgét) = x°(t) + w(t) of the sig-
nal (2.2)with w(t) being i.i.d. complex Gaussian variables of mean zero and variaAcH the unknown frequencies

are well-separated, the Signal-to-Noise Ratio (SNR) is large, and the dynamic range of the coef cients is small, then

with probability at leastl n% solving an atomic norm regularized least-squares problem with a large enough reg-

glob

ularization parameter will return exactliy estimated frequencidd 9°° g, and coef cientsf <?*° gk, that, when

properly ordered, satisfy

| —
lmfiijC?jjf‘g|0b f2) = O(% ); (2.3)
r
max j® = O '0% : (2.4)

We would like to rst point out that thifrequency estimatdirf glob g given by the atomic norm regularized least-
squares is asymptotically unbiased. Thenorm minimization (atomic norm minimization is an extension of it) is
usually considered biased because it pushes down the solution using nloem. In the context of atomic norm
minimization, the estimator for the coef cient vector is indeed biased for the same reason. However, the frequency
estimator, which is of more interest, might still be unbiased since it is not pushed down by the atomic norm formulation.

Indeed, our result shows that the frequency estimator is at least asymptotically unbiased.

Corollary 2.1.1. Under the same setup as in Theorem 2.1.1, with probability at [bas#—z, the frequency estimator

obtained by the atomic norm regularized minimization is asymptotic unbiased.

Proof. To see this, we note that for any

Z Z
E[f iglob] fi? Ef] figlob fl’)Jg — jfiglob (| ) fl’7(| )J d! + c jfiglob (| ) f|’7(| )J d!
P—
logn 2
O( Cﬁﬂn n3=2 ) * ﬁ
1
= O(ﬁ)'



Here is the high-probability sample space where our main result (2.3) hofds,its complement space, aof,, is
R R
de ned as the smallest magnitudefaf’ g. The second inequality follows from Eq. (2.3), d! 1, .d! niz

and the fact that any frequency is de nedTin= [0; 1]. Therefore, the frequency estimator is at least asymptotically

unbiased. O

By the asymptotic unbiasedness of @iomic frequency estimat@nd considering that the Cramér-Rao bound
(CRB) [20] can be viewed as the best squared error bound for any unbiased frequency estimators, we now compare
our main result (2.3) (after taking the square) with the CRB, as well as the two most famous classical line spectral

estimation methods, i.e., the MUSIC and Maximum Likelihood Estimation (MLE), in Table 2.1. We conclude that

Table 2.1: Comparison with the classical line spectral estimation methods.

Method Squared-Error Bound
CRB [20] O(gz )

2 4
MUSIC [20] O(Tc_miz% e —)
MLE [20] O(serz ARGt —)
This work (2.3) O(ﬂ'ﬂ‘%

the squared error bound of téomic frequency estimatonatches the CRB up to a logarithmic factor. We also note
that the MUSIC and the MLE only have asymptotic mean squared error in the sense that the number of shapshots
has to be in nitely large [20]. We emphasize that our results are non-asymptotic, which hold for nite-length, single-
snapshot signals (i.€T, = 1), while classical methods such as MUSIC and MLE are not ef cient (i.e., approaching

CRB) even with an in nite number of snapshots, as long as the signal lenigthite.
2.2 Signal Model and Atomic Norm Regularization

This work considers the spectral estimation problem: given noisy temporal samples, how well can we estimate
the locations and determine the magnitudes of spectral lines? The signal of infitdsas expressed in (2.2) is
composed of only a small number of spectral spikes located in a normalized infesvfD ; 1]. We abuse notation
and callT? = ff?g_, the support ok?. The number of frequenciek, is referred to as the model order. The goal is
to approximately localize these parameters from a small nu2berl of equispaced noisy samples given in (2.1).

For technical simplicity, we assunre = 2M is an even number. The noise compones(s) are i.i.d. centrally
symmetric complex Gaussian variables with varianée To simplify notation, we stack the temporal samples into

vectors and write the observation model as

y=x>+w; (2.5)



frequencyf 2 T, thatis,

X
x?=  ca(f?): (2.6)
=1

To exploit the structure ok” encoded in the set of atords := fa(f);f 2 Tg, we follow [16,21] and de ne the

associated atomic norm as

- X )
kxka =inf jcjix= ca(f-);8f-2T;c2C : (2.7)

The dual norm of the atomic norm, which is useful both algorithmically and theoretically, is de ned for any zector

askzk, = sup;,tja(f)" zj, where" denotes the Hermitian (conjugate transpose) operation. To solve atomic norm

minimizations numerically, the authors of [17, 22] (see also [13]) rst proposed to reformulate the atomic norm (2.7)

as an equivalent semide nite program. Other numerical schemes are studied in [23—-26].

Given the noisy observation model (2.5), it is natural to denwfsby solving the atomic norm regularized mini-

mization program [17, 22]:

x990 = argmin %ky xk2 +  kxka: (2.8)
X

For technical reasons, we used a weightedorm,kzkz := P zMZz,to measure data delity. Hei2 = diag( %—(\)) 2
RAM*D) (M +D) with gy ();” =  2M;:::; 2M de ned in [16] as the discrete convolution of two triangular func-
tions. We remark that, in practice, both a standardiormk k, and a weighted, normk kz achieve similarly
satisfying performance. In this work, we usekz with Z = diag( %—”) mainly for the purpose of introducing the
Jackson kernek (f, f1) := a(f1)" Za(f,) so that we can exploit the beautiful decaying properties of the Jackson
kernel (see Section A.3 for more details). When we exchange the frequency and temporal domains, this weighting
scheme trusts low-frequency samples more than high-frequency ones, even though the noise levels are the same. The
second term is a regularization term that penalizes solutions with large atomic norms, which typically correspond
to spectrally dense signals. The regularization parameterhose value will be given later, controls the trade-off
between data delity and sparsity.

Oncex9°° was solved, we can extract estimates of the frequencies either from the primal optimal sof(#ion
or from the corresponding dual optimal solution. Our goal is to characterize conditions such that i) we obtairkexactly
estimated frequencies; ii) there is a natural correspondence between the estimated frequencies and the true frequencies,

whose distances can be explicitly controlled; iii) the distances between the corresponding coef cients can also be



explicitly bounded.

To formally present the main theorem, we need to de ne a few more quantities. It is known that there is a resolution
limit of the atomic norm approach in resolving the atoms, or the frequency parafieteven from the noiseless
data [27]. Therefore, to recover the support of the line spectral sighaie need to impose certain separation
condition on the distances of the true frequencies. For this purpose, we geTe=min¢¢. .t g 1161, if* Tmi,

wheregj | is understood as the wrap-around distancE.ifror examplej0:1  0:9j = 0:2 under this distance. We also

de ne 1) the dynamic range of the coef cienB’? := =, wherec?,, andc?,, denote the maximal and minimal
minq

modules off c’g¥_, ; 2) the normalized noise levep := a1 - 3) the Noise-to-Signal Ratio := =, and 4)

the regularization parameter= 0:646X ?  for some positive constadt? to be determined later. Now we are ready

to present our main result.

Theorem 2.2.1. Suppose we obsere + 1 noisy consecutive samplgs= x? + w- of the signal2.2) or (2.6) with

w- being i.i.d. complex Gaussian valuables of mean zero and variahc#/e assuma  130and

( T?) 2:500%n; (2.9)
X’B? 10 ®andB’=X? 10 % (2.10)

. T 1 . . i ~vglob — P k glob glob
Then with probability at least -, the optimal solution 0f2.8) has a decomposition?®® = = *_, ¢ a(f ™)

involving exacthk atoms, whose frequencies and coef cients, when properly ordered, satisfy

1m‘axkjc7jjf\g'°b £ 0:4(X7?+35:2) o=n; (2.11)

1m\axkjc9'°b c?j (X?+35:2) o (2.12)

Several remarks on the conditions follow. Because of the weighting scheme we use in (2.8), our chaiife s
from the standard one in [22] by a factbrn and ensures that the weighted dual atomic norm of the nkisek,, ,
is less than with high probability. For technical reasons, our separation condition (2.9) is stronger compared with
the previous works [13, 14, 17, 28-31]The conditions (2.10) wrap several requirements on the problem parameters
for the conclusions to hold: the dynamic range of the coef ci@itsthe Noise-to-Signal Ratio, and the normalized
noise o should all be small while the regularization parametshould be large enough as measureXy

It is worth noting that (2.10) implicitly imposes a strong assumption on the Noise-to-Signal Ratio

2Note that our separation condition is a bit larger when comparing to these recent works in super-resolution, while there are two other things to
be considered. One thing is that most of these works require strong assumptions on the noise in their models (e.g., the noise is bounded), while
our work removes such assumptions and hence can deal with the more general Gaussian noise. To make this possible, we have to develop a
new proof strategy involving the two-step construction process of the dual certi cate. Another thing is that although some prior works achieve
small resolution limit (even comparable to the Relay diffraction limit [31]), they study a different problem. For example, [31] considers the signal
denoising problem, that is, stable recovery of the whole signather than the parameter estimation (i.e., the source location recovery). While
the focus of our work is the accuracy of parameter estimation in Gaussian noise, which might be more signi cant for practical applications such as
Radar and single-molecule microscopy, where precisely locating each target/point source is extremely important. Since the parameter estimation
problem is much harder than the denoising problem, we have to relax a bit the separation condition for ease of analysis.

10



10 '=B??

implying a suf ciently largen (but still nite). For high-level ideas, there might be two reasons to account for this
phenomenon. One is that the problem of line spectral estimation is known to be sensitive to noise. Another is inherently
from our proof regime, which makes the constants in Eq. (2.10) a bit conservative. More precisely, the ultimate
objective is to show the boundedness and interpolation property of the target polynomial (see Proposition 2.4.1 for
more details). Our method is using an “existing" dual polynomial in [13] satisfying this property and showing the
distance between these two polynomials is suf ciently small. So, we require the noise level to be small, since we will
see in Lemma 2.4.2 that the noise level will in uence this distance.

One more remark is that the quant®.2 o in our results is related to the expected dual atomic norm of the
weighted Gaussian noig&kZw k, . By noting the de nition = 0:646X? o, we can rewrite the error bounds (2.11)

and (2.12) in a more concise way:

lmaxkjc?jjf«g")b f’j= O( + EkZwk,)=n; (2.13)

lm\axkjcf‘1JIOb j= O( + EkZwky): (2.14)

Eqg. (2.13) and (2.14) imply that the error bounds are determined jointly by the regularization pararsmedeihe ex-
pected dual atomic norm of the weighted Gaussian riekzBv k, . Since the regularization parametehas the same
order aEkZw ka , the estimated frequencies and coef cients are guaranteed to have errors of@(&#@w k, =n)
andO (EkZw k, ), respectively. Remarkably, using atomic dual norm strategy allows us to deal with the Gaussian
noise, while most prior works [14, 28-30] in approximate support recovery have to build their theoretical foundations
on the bounded-noise assumption, which dramatically narrow down the applications.

Now we summarize the above comparisons of our result with those state-of-the-art modern support recovery meth-
ods in the Table 2.2.

Finally, our proof for Theorem 2.2.1 also reveals the connection between the atomic norm minimization (2.8) and

the following " 1-norm regularized, nonlinear and nonconvex least-squares program:
R | 2
minimize ékA (fye yks + kcky; (2.15)
;C
vex, with numerous local minima and saddle points, so solving it to global optimality is very dif cult. Our analysis
shows that, under the conditions of Theorem 2.2.1, the convex program (2.8) shares the same global optimum as the

nonconvex program (2.15), implying that the atomic norm minimization provides a hew convex way to solve the non-

convex program to global optimality. We summarize the result in the following corollary, with the formal proof listed

11



Table 2.2: Comparison with other modern line spectral estimation/super-resolution method2osktve Measure

column refers to whether the result requires the ground-truth measure to be positive. RRC is short for Rayleigh
Regularity condition [31, De nition 1.1], which generalizes the standard separation condition to clustered support.
NDSC stands for the non-degenerate source condition [29, De nition 5]. IrStigport Recovergolumn, None

indicates that the work considers signal recovery instead of support recBxéstenceneans that the work shows the
existence of at least one recovered parameter around each ground-true parameter, but fails to theoretically eliminate
the possibility of spurious recovered parametéhsiqguenesshows that around each true parameter there is one and
only one recovered parameter.

Bounded Positive Support Support
Paper Noise Measure Condition SNR Recovery
[13, Theorem 1.5] Yes No 2 Finite None
[14, Theorem 1.2] No No % Finite None
[31, Theorem 1] No Yes RRC Finite None
[28, Theorem 1.2] Yes No 2 Finite Exist
[17, Theorem 2] No No % Finite Exist
[29, Theorem 2] Yes No NDSC In nite Unique
[30, Theorem 2] Yes Yes NDSC In nite Unique
Theorem 2.2.1 No No 245009) Finite Unique

in Appendix A.10.

Corollary 2.2.1. Under the same setup as in Theorem 2.2.1, with probability at Iba%%, the frequencies and coef-
cients estimated by the atomic norm regularized minimiza{@8) constitute a global optimum of the-regularized

nonlinear least-squares progra(2.15)
2.3 Prior Art and Inspirations

Classical line spectral estimation techniques can be broadly classi ed into two camps: non-parametric and para-
metric methods. Non-parametric methods are mainly based on Fourier analysis [32, 33]. Such approaches have low
computational complexities and no need for signal models. These methods have limited frequency resolution due to
spectral leakage. Parametric methods, however, can achieve high resolution for parameter estimation. For example,
Prony's method based on polynomial root- nding [34, 35] can resolve arbitrarily close frequencies in the noiseless
setting. Yet this method is highly sensitive to noise and would fail even in the small noise regime. As stable ver-
sions of Prony's method, the subspace methods recast the noise-sensitive polynomial root- nding problem into more
robust matrix eigenvalue problems. For instance, the matrix pencil method [36] arranges the observations into a ma-
trix pencil whose generalized eigenvalues and eigenvectors contain information about the frequencies; the MUSIC
algorithm [37] and the ESPRIT method [38] decompose the autocorrelation matrix into noise-subspace and signal
subspace using eigenvalue decomposition and extract frequency estimates from the signal subspace. Both algorithms
were shown to achieve CRB asymptotically [20, 39] when the signal |&2mth1l and the number of snapshots ap-
proach in nite. However, these classical methods are not ef cient (i.e., approaching the CRB) even with an in nite

number of snapshots, as long as the signal length is nite. Also, all classical parametric methods require knowledge
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of the model order.

Modern convex optimization based methods formulate line spectral estimation as a linear inverse problem and
exploit signal sparsity using -type regularizations. Such methods are modular, robust, and do not require knowledge
of model orders. To apply thg regularization techniques, the continuous frequency domain is divided into a grid
of discrete frequencies. When the true frequencies fall onto the discrete Fourier grid, work in compressive sensing
guarantees optimal recovery performance [40-42]. When the frequencies do not fall onto the Fourier grid, however,
the performance of; minimization degrades signi cantly due to basis mismatch [43]. The basis mismatch issue can
be mitigated by employing ner grids [44, 45], which unfortunately often leads to numerical instability.

Atomic norm regularization avoids basis mismatch by enforcing sparsity directly in the continuous frequency do-
main. Given a set of atoms, possibly indexed by continuous parameters, one constructs an atomic norm in a principled
way as a generalization of the-norm to promote signals with parsimonious representations. Using the notion of
descent cones, the authors of [46] argued that the atomic norm is the best possible convex proxy for recovering sparse
models. For the special line spectral estimation problem, where the atomic norm is induced by the set of parameter-
ized complex exponentials, atomic regularizations have been shown to achieve optimal performance for several signal
processing tasks. For instance, atomic norm minimization recovers a spectrally sparse signal from a minimal number
of random signal samples [16], identi es and removes a maximal number of outliers [18, 19], and performs denoising
with an error approaching the minimax rate [17]. When multiple measurement vectors are available, a method of ex-
ploiting the joint sparsity pattern of different signals to further improve estimation accuracy is proposed in [47-49]. All
these works draw inspirations from the dual polynomial construction strategy developed in the pioneer work [13]. This
work adds to this line of work by showing that the atomic framework produces optimal noisy frequency estimators.

Several closely related works also studied conditions for approximate support recovery from noisy observations.
The work [28] developed error bounds on spectral support recovery for bounded noise. In [17], the authors derived
suboptimal bounds for the Gaussian noise model. In [50], the authors extended this line of research to general mea-
surement schemes beyond Fourier samples using the Beurling-LASSO (B-LASSO) program. The B-LASSO program,
which minimizes a least-squares term plus the measure total variation norm, is mathematically equivalent to the atomic
norm formulation. All these works [17,28,50] cannot guarantee the recovery of exactly one frequency in each neigh-
borhood of the true frequencies. In this regard, the work by Duval and Peyré [29] showed that as long as the SNR
is large enough and the sources are well-separated and satisfix@egenerate source conditjdhen total variation
norm regularization can recover the correct number of the Diracs with both the coef cient error and the frequency
error scale as the, norm of the noise. Compared with their work, our result uses the (weighted) dual atomic norm
of the noise in place of th&, norm, which differ by order oP n, allowing our bound to match the CRB up to a
logarithmic factor. In addition, their work relies onn@n-degenerate source conditifZ®, De nition 5] that is not

proven to hold in the spectral super-resolution setting. In this sense, the present work is the rst to rigorously establish
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that in a high SNR regime this approach yields the right number of frequencies. Further our proof technique based on
the primal-dual witness construction is also very different from that employed in [29] based on a perturbation analysis
of the dual certi cate in the noise-free case. In particular, our analysis reveals the connection between the convex
approach and a natural nonlinear least-squares method for spectral estimation. More recently, [30] studies the support
recovery for positive measures. For a comparison, there are several major differences worth remarking here: 1) in [30]
more emphasis is put on the asymptotic analysis, while the presented work instead deals with non-asymptotic settings
with nite signal length; 2) [30] requires the underlying noise to have nigenorm, which severely restricts the scope

of noises satisfying such a property, excluding the well-known and most common Gaussian noise, while the presented
results allow the underlying noise to be Gaussian; 3) in addition to requiring a suf ciently large signal-to-noise ra-
tio, the main result in [30] also relies onn@n-degenerate source condititimat is not proven to hold in the spectral

super-resolution setting.
2.4 Proof by Primal-Dual Witness Construction

Duality plays an important role in understanding atomic norm regularized line spectral estimation. Standard La-

grangian analysis shows that the dual problem of (2.8) has the following form:

q9°" = argmax }kykﬁ }ky qk2
a2 2
subjectto kZzgk, 1 (2.16)

The complex trigonometric polynomi&(f) := a(f )" Zgq corresponding to a dual feasible solutigris called a

dual polynomial. The dual polynomial associated with the unique dual optimal solQ88h(f ) := a(f )H zq9leb

certi es the optimality of the unique primal optimal soluti@d'°® , and vice versa. The uniqueness of primal and dual
optimal solutions is a consequence of the strong convexity of the objective functions of (2.8) and (2.16), respectively.
In particular, the primal-dual optimal solutions are relatedg§® = (y x9°P)= . We summarize these in the

following proposition, with the proof given in Appendix A.9:

P
Proposition 2.4.1. Let the decompositioR = ?:1 ca(f'\\) with distinct frequencied = ff'\‘g T and nonzero
coef cientsf & gand setj = (y  R)= . Suppose the corresponding dual polynond}éf ) = a(f )" Zq satis es the
following Bounded Interpolation Property (BIP)

jO(f )j < 1;8f 2 T (Boundedness

then® andq are the unique primal-dual optimal solutions(®.8) and (2.16) that is,® = x9°° and§ = q9'°°. Here

the operatiorsign(c) := c5c¢j for a nonzero complex number and applies entry-wise to a vector.
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Proposition 2.4.1 gives a way to extract the frequencies from the dual optimal solution — one can simply identify
the frequencies where the dual polynomial corresponding to the dual optimal solution achieves magnitheée
uniqueness of the dual solution for (2.8) makes the construction of a dual certi cate much harder compared with
the line spectral signal completion problem [16] and demixing problem [18, 19]. For the latter two problems, while
the primal optimal solution is unique, the dual optimal solutions are non-unique. One usually chooses one dual
solution that is easier to analyze (e.g., the one with minimal energy). For the support recovery problem, we need to
simultaneously construct the primal and dual solutions, which witness the optimality of each other. In the compressive
sensing literature, this construction process is calledotiraal-dual witness constructiofbl]. In sparse recovery
problems, a candidate primal solution is relatively easy to nd, since when the noise is relatively small, the support of
the recovered signal would not change. So one only needs to solve a LASSO problem restricted to the true support
to determine the candidate coef cients, as was done in [51]. For the optimization (2.8), due to the continuous nature
of the atoms, even a bit of noise would drive the support away from the true one. So to construct a candidate primal
solution (hence a candidate dual solution), we need to simultaneously seek for the candidatefﬁjgmﬂd the

candidate coef cient§ ¢ g.
2.4.1 Proof Outline

We use the ;-regularized, nonlinear and nonconvex program (2.15), which we copy below, to nd plausible

candidates fof f* g andf & g:

minfimize%kA(f)c yk2 + kcky;
;C

the number of estimated frequencfei Proposition 2.4.1 to bk. But unlike in compressive sensing we cannot X
f = f? to solve forc only as was done in [51]. The program (2.15) is highly nonconvex, with numerous local minima,
local maxima, and saddle points. So solving it to global optimality is hard even in theory. We are primarily interested
in its local minimum(f f: g;f & g) in a neighborhood of the true frequencies and coef cightsc?). To nd this local
minimum, we will run gradient descent to (2.15) usifig; c?) as initialization. We will argue that under conditions
presented in Theorem 2.2.1, edchand & stay close td 7 andc? as given in (2.11) and (2.12), respectively. The
major tool we use is the contraction mapping theorem. As shown in Corollary 2.2.1, the local minimum found in this
manner is actually a global optimum of (2.15).

The rest of arguments consist of showing tRat P '5:1 (}a(f") with ff’*g andf & g constructed as described
above satis es the Bounded Interpolation Property of Proposition 2.4.1. The Interpolation property is automatically
satis ed due to the construction process and the main challenge is to show the Boundednessj@tpgry 1; 8f 2

T. The harder part is showing the Boundedness property. For ease of interpretation we rst collect the de nitions of
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the most important variables that will be used throughout the proof, and then introdumeithigicand thewo-step

construction processf the proof.

Table 2.3: Notations.

Symbol De nition
(f ;c) The local minima ofninimizey,c $kA (f)c X’k + kck, thatis closest t¢f ?; c?)
(?;C) The local minima ofminimizes ¢ %kA (f)c  ykZ + kcky thatis gosest téf ;c )
X The primal solution de ned by the local minim@& ;c ) viax = !(:1 ca(f.)
R The primal solution de ned by the local mining&; €) viag := = *_, ¢a(f*)
q The dual solution corresponding to the primal solution thatis,q :=(x? x )=
(0} The dual solution corresponding to the primal soluttgrthat is,§ :=(y %)=
q’ q? = Iimoq , satisfying the Boundedness and Interpolation propertyffarc?)

Main Logic: Firstly, identifying thatQ?(f ) := a(f )" Zq? satis es the Boundedness property with some similar
arguments used in [13]. Secondly, establishing thandq? are suf ciently close (so aré€(f ) := a(f )" zg and
Q?(f) = a(f )H zq?). ThereforeQ(f ) also satis es the Boundedness property. It turns out that directly showing the
closeness off andq” is dif cult. That is why we introduce the intermediate dual variable and use théwo-step

construction process.e., rst showingq? is close tog and then showing s close taf.

Two-step Construction Process: We will rst nd a local minimum (f ;c ) of %kA (f)c %’k + kck; around
(f?;¢?), where one should note we replaced the noisy signial (2.15) by the noise-free signaf. We will then
run gradient descent to (2.15) usifig ;¢ ) as initialization. The intermediate quantitiéfs ;¢ ) will serve as a
bridge betweer{f?; c?) and (f\;C) to make the proof easier. The key is noting tQ4f ) = a(f )" Zq is close to
Q (f)= a(f)"zq ,whereq =(x? x )= andx = P ¥, ca(f-),andQ (f)isclosetoQ?(f) = a(f)"zq”.
Hereq? = lim | oq is a dual certi cate used to certify the atomic decompositio &f The former claim can be

showed using the closeness (6f ;¢ ) and (f\; £). The later claim, however, must take advantage of the fact that

q°=lm | oq = dix i =o and apply the triangle inequality to
A
1 d d
f (fy= = )tz —x® —x' dt
QM) QM= ah)'z Gx Gt
where &x% = lim | o &x := &x?. The closeness dff ;c ) and(f?;c?) ensures that the derivatives in the

integrand are also close. Finally, we exploit the propertie® «f ) which are similar to those established in [13] to

complete the proof.
2.4.2 A Formal Proof: Applying the Contraction Mapping Theorem

Theorem 2.4.1(Contraction Mapping Theorem)Given a Banach spad8 equipped with a nornk k, a bounded

closedseN B andamap: N !B ,if ( N) N (the non-escaping property) and there exis® (0; 1) such
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thatk ( v) (w)k kv wkforeachv;w 2 N (the contraction property), then there exists a unigde2 N

suchthat( v?)= v”:

This classical result helps to nd a candidate solution for the construction of a valid dual certi cate. To see this
we rst choose the bounded closed $¢tto be a small region around the target joint frequency-coef cient vector
?:= (f?;u?;v?) (whereu? andv? denote respectively the real and imaginary parts?f Let the xed point map
be the gradient map of (2.15). The key is to determine the siie imf which the non-escaping and the contraction
properties of the xed point map hold. Then, the contraction mapping theorem implies that iteratively performing
the gradient map from any initial point inN would produce a candidate solution that still liesNn(by the non-
escaping property) and hence is close fo(sinceN is small). Finally relating the xed point equation to the BIP
property shows that such a candidate solution generates a valid dual certi cate.

In order to apply the contraction mapping theorem to our problem, we choose the norm in Theorem 2.4.1 to be a
weighted’; normk kp given byk(f;u;v)kys = k(Sf;u;v)k; with S = P jK 9%0)j diag(jc’j) andK () is the
Jackson kernel (refer to Appendix A.1 for an introduction). This weightechorm is used as a metric function to
de ne the neighborhoo®l around °. The choice of the weighting matr®® ensures that the larger a coef ciegit
is, the smaller the neighborhood in the direction of the frequéncyn addition, sinceIO jK 00)j is of orderO(n),
the frequency neighborhood is smaller than the coef cient neighborhood by the same order. Next, we choose the xed

point map to be a weighted gradient map of (2.15)

( ):= W ’r %kA(f)c yk3 + kcky ; (2.17)

where the gradient is taken with respect to the parameter (f;u;v) and the weighting matrix

w’?=4 Ik 5 (2.18)

Scaling the gradient vector bW ? ensures that the Jacobian matrix of the second term in (2.17) is close to the identity

matrix, which makes it easier to show the contraction property.of
2.4.2.1 Two-step Construction Process

As discussed in Section 2.4.1, we divide the construction process into two steps. We rst analyze the xed point
map  obtained by replacing the noisy observation vegtan (2.17) by the noise-free signaf. We determine a
region around ?, sayN ?, such that both the contraction and non-escaping properties afe satis ed inN >. Then
by the contraction mapping theorem, iterating the gradient majn N ? initialized by ? generates a unique xed

point :=(f ;u ;v ). These results are summarized in the following lemma:

17



Lemma 2.4.1(The First Fixed Point Map)Let the rst xed point map be the weighted gradient map of the nonconvex

program(2.15)with the noisy signay replaced by the noise-free signal:

():= W 7r %kA(f)c x’kZ + kcky (2.19)

where the gradient is taken with respect to the parameter= (f;u;v). Let the regularization parameter vary
in [0;0:646X ? (]. De ne a neighborhoodN ? := k Kp X7 o:p 2 . Suppose that the separation
condition (2.9) and the SNR conditio(2.10) hold. Then the map has a unique xed point 2 N ? satisfying

( )= . Furthermore, according to the implicit function theorem, is a continuously differentiable function

of whose derivative is given by

d 2 1 @

— = — : 2.2

. (r°Gc () @' G () (2.20)
Finally, when turnsto zero, the xed point convergesto?,i.e.,lim i o = 7 andtherefordim , ox = x°.
Proof of Lemma 2.4.1See Appendix A.4. O

We now turn to the gradient mapin (2.17) de ned in aregiomN around . Similar to the rst step, we show
the contraction and non-escaping properties afi N , which imply that iterating the gradient mapinitialized by

produces a unique xed poirtt := (f;0;90).

Lemma 2.4.2(The Second Fixed Point Map).et the second xed point map be the weighted gradient map of the

nonconvex prograr{2.15)

( )= W7 %kA(f)c yk2 + kekq (2.21)

n 0
and the regiolN = ik kp 352 o:p 2 . Set the regularization parameteras0:646X * g in (2.21)

Suppose that the separation conditi@9) and the SNR conditio2.10)hold. Then with probability at least n%
() has aunique xed point living in N
Proof of Lemma 2.4.2See Appendix A.5. O
The radius of the second contraction reghbn is determined by a high probability bound on the dual atomic norm
of the Gaussian noise and ensures Matis a non-escaping set fdr ). So far, we have identi ed the neighborhoods

where the two xed points and” live in, which is the key to show the validity of the dual certi cates later. Figure 2.1

illustrates the main results of Lemma 2.4.1 and Lemma 2.4.2.

Road Map. De ne two pre-certi cates using the two xed points ag = (x° x )= andq = (y %)=

P
with the corresponding pre-dual polynomials denotedy(f) andQ(f). Herex = !(:1 ca(f-)and® =

18



Figure 2.1: Use the true parameter vectdras an initialization and run the rst weighted gradient map (2.19) to
obtain the rst xed point 2 N ?. Run the second weighted gradient map (2.21) initialized byo get the second
xed point "2 N . The closeness df and * is determined by the sizes of the two neighborhoidsandN
whose precise forms are given in Lemmas 2.4.1 and 2.4.2, respectively.

¥, ea(f). Letq’=lim | oq . The remaining steps are to:

1. Show thaty? is a valid dual certi cate that certi es the atomic decompositiorxéf i.e.,Q?(f) = a(f )" zq~

2. Use Lemma 2.4.1 to bound the pointwise distance bet@€¢h) andQ (f);
3. Use Lemma 2.4.2 to bound the pointwise distance bet@egh) andQ(f ).
2.4.2.2 Showingy” is a Dual Certi cate

To show thaty? is a dual certi cate, it is suf cient to show th&?(f ) satis es the Bounded Interpolation Property
of Proposition 2.4.1. The Interpolation property is automatically satis ed due to the construction process, and we
will show the Boundedness property using the arguments of [13]. In particular, x an arbitraryfgofhtT ? as the
reference point, and Iét”; be the rst frequency irT? that lies on the left of  while f / be the rst frequency in
T? that lies on the right. Here “left” and “right” are directions on the complex cificlaVe remark that the analysis
depends only on the relative locationsfdf’g. Hence, to simplify the arguments, we assume that the reference
point f is at 0 by shifting the frequencies if necessary. Then we divide the region betieen 0 andf /=2
into three parts: Near Regidd := [0;0:24=n], Middle RegionM := [0:24=n;0:75=n] and Far RegiorF :=
[0:75=n; f /=2]. Also their symmetric counterparts are de nedls :=[ 0:24=n;0], M :=[ 0:75=n; 0:24=n],
and F :=[f?,=2; 0:75=n]. We rst show that the dual polynomial has strictly negative curvaj@¥&f )j°°< 0
inN = [0;0:24=n] andjQ’(f)j < Lin M[F = [0:24=n;f/=2], implying jQ?’(f)j < LinN [M[Fnf fig
by exploitingjQ®(f¢)j = 1 andjQ?(f$)j° = 0. Then using the same symmetric arguments as in [13], we claim that

jQ?(f)j < Lin(N )[ (M )[ (F )nffig. Combining these two results with the fact that the reference pgiigt
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chosen arbitrarily fronT? (and shifted td), we establish that the Boundedness proper@&ff ) holds in the entire
TnT?.

Lemma 2.4.3(q” is a dual certi cate) The dual polynomia?(f ) satis es both the Interpolation and Boundedness

properties with respect to the coef cierfts’g and the frequenciel 7g. In addition,Q?(f ) satis es rst

QZ(f) 0887594 Q%) 2:2448%72;
jQ7(f)j 0:0183836 jQ°°{f)j 0:11319%2;
jQ°%f)j 0:82103%; jQ?}f)j 3:40322;

and

QA (FIQA(F)%+ jQ7(M) 42 + jQ7(FiiQ7(F)  1:3163131%< 0

forf 2 N, implyingjQ?(f )j°°< 0in N, and second,

jQ’(f)j 0:927615f 2M ;
jQ’(f)j 0734123 f 2F:

Here the subscript® and| denote respectively the real and imaginary partsQsi(f ). Thusq” is a valid dual

P P
certi cate to certify the atomic decomposition = = ¥, c?a(f?) such thatkx’ka = _, jc7j.
Proof of Lemma 2.4.3See Appendix A.6. O

Next lemma, with the proof given in Appendix A.7, exploits the closeness @ind ~ shown in Lemma 2.4.1 to

bound the pointwise distance betwe@f(f ) andQ (f).

Lemma 2.4.4(Q (f) is close toQ?(f)). Under the settings of Lemma 2.4.1, @t (f) and Q?(f) be the dual
polynomials corresponding to and ?, respectively. Then the distances betw&er(f ) and Q?(f) and their

various derivatives are uniformly bounded:

jQ?(f) Q (f)j 287343 7B?;f 2N; jQ’(f) Q (f)j 393557X°B”;f 2M ;
iQ’%f) Q 0(f )i 44464X7B7;f 2N ; jQ’(f) Q (f)j 66:1596X?B?;f 2F;
iQ7°%) Q U)j 1408082X?B7;f 2N:
In the following, we will control the pointwise distance betwe®n(f ) and Q(f ) by taking advantage of the

closeness of and” given by Lemma 2.4.2. The key is to observe that

_y %) X ox)_w_x %

a g

implying
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ja(f)"zwj ja(f)"z(x  R)j,

jiQ (f) Q)] (2.22)

This separates the distance betwéer(f ) andQ(f ) into two parts: one iga(f )™ Zw = j determined by the dual
atomic norm of the Gaussian noisg which is upperbounded in Appendix A.2; the othejd¢f )H Z(x )= |
that can be upperbounded by the dual atomic norm of ®. We summarize the nal result in Lemma 2.4.5, where

the proof is given in Appendix A.8.

Lemma 2.4.5(Q(f ) is close toQ (f)). Under the settings of Lemma 2.4.2, @tandQ be the dual polynomials
corresponding td' and , respectively. Then the pointwise distances betv@(f ) andQ(f ) and their derivatives

are bounded:

jQ(f) Q (f)j 82597B7=X"; f 2N ; O(F) Q (f)j 114328°=X?f 2 M ;
jOF)° Q Af)ji 18028:B?=X?; f 2N; jO(F) Q (f)j 16290B°=X";f 2F;
Q)™ Q )i 7584047B°=X7; f 2N :

Proof of Theorem 2.2.1

By combining Lemmas 2.4.3, 2.4.4, and 2.4.5, we are now ready to prove Theorem 2.2.1.

Basically, we will show thaf constructed from the two-step gradient descent procedure®fid:= ( f 900 ; ylob : glob)
are the same point. Then the error bounds follow from the closene$sanfl °. First, we show that the signal
R = P 5(:1 ¢a(f*) andg = (y )= constructed from the second xed poifitform primal and dual optimal
solutions of (2.8). It suf ces to show that the dual polynont¥(f ) = a(f ) Z§ satis es the Bounded Interpolation

Property of Proposition 2.4.1.

1) Showing the Interpolation property.
The Interpolation property has the following equivalences:
A ) =sign(t); =1;:::k 0 af)"z(y R)= sign@); =1;:::;k

0 af®)"ziy A@e)= sign@); =1;::::k
0 AMB"zy Ade)= eSe: (2.23)

From Lemma 2.4.27 is the xed point solution of the mag( ) = W?r G(),ie, (") =", implying
r G(A) = 0 due to the invertibility ofw ?. Invoking the explicit expression far G( ) developed in Appendix A.3,

we get
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“Ri(AdD diag®)* Z(ADE y)g©  20°

r(M) = 4rtA)Hzaf)e y)+ e:sejgd = 405: (2.24)
HFABHZAF)E y)+ e5ejg 0

Then the Interpolation property (2.23) follows from the last two row blocks of (2.24).

2) Showing the Boundedness property.

Following the same arguments preceding Lemma 2.4.3, it is suf cient to $8¢f\)j < 1in N [ M [ Fnf fl\og.
First, sincef} might be located inN  or N, we boundjQ(f )j forf 2 (N )[N . The second-order Taylor

expansion of Q(f )j atf = fy states

Q)i = iQ(fwi + (f f0)iQ(fo)i®+ %(f f0)4Q( )™

=1+ (1 QM+ S To)40( )iMor some 2 (N ) [N ; (2.25)

where for the second line we used a consequence of the interpolation property. We argue that

i1O(Fy)jo= Or (f0)Or (f0)°+ O, (f0)O (fo)° _ Rf 8090r (F0)0+ 1fEogd; (F5)° _
Qo) i€ (o]
The last equality is a consequence of the rst row block of (2.24) isfcf%gQR ((‘0)0+ I CogQ| (f’\o)0= Rfég a(f/\o)H Z(y

0:

A(f)e)g. Therefore, it suf ces to show tha€)(f )j° has strictly negative derivative in the symmetric Near Region

f 2 (N )[N . Bythe symmetric arguments, it suf ces to show thidNn Since

: oo (Qr(F)Qr(F)%+ Qi (F)Q: ()92 . Qr(F)Qr(F)%%+ jAF)92 + jQi (F)jiQi ()%
jQ(f)j%= S + e ;
jQ()j2 jQ()i

we only need to show that

Qr(f)Qr (F)%%+ jQ(F)F? + jQi (FiiQi (F)°T < O

which can be obtained by applying Lemma 2.4.3, Lemma 2.4.4, Lemma 2.4.5 and the triangle inequality to control

these three term@g (f )Or (F )20 O ()92 andj&, (£)jid (f )%, respectively.

More precisely, the rst term can be bounded by

Qr(F)Qr ()™
QZ(F)QA(F)%+ jQr(f)  QA(FQr(F)® QA(F)*]+jQa(F)iQr(f)® QA(F)F+jQr(f) QA(f)iQA()%
(0:887594)( 2:2448%%) + (28:7343X °B” +82:5978B7=X"?)(140:80&02X ’B” + 758:404n°B°=X")
+(1)(140:808n2X °B? +758:4040°B?=X"?) + (28:7343X ’B” +82:5978 =X "?)3:40320?

1:6419H2; (2.26)
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where we have used the SNR condition (2.20):B? 10 3;B?=X? 10 “inthe last line. We now bound the

second term

JAMNT =iQ(F)°  Q7AM)i* +jQ7UF)i* +2iQ°(N)%A(F)° QUi
(44:464X °B”® +180:28B ?=X"?)? + (0:82103%)2 + 2(0:82103%N)(44:4648X °B? +180:28B?=X7)
0:78062%°: (2.27)

Finally, the third term can be bounded by

Qi ()i Qi (1)

(QI(F)i+jQ(F) QMG )i+ iQ)® Q7))

(0:0183836 + (287343 ’B? +82:5978B°=X"?))0:113197? + (140:808n2X ’B? + 758:404n%B’=X"?)
0:22291h2: (2.28)

From (2.26), (2.27) and (2.28), we have

Or (F)OR(F)%+ jO(F)F2 + jO, (1)iO ()] ( 1:64194 + 0780629 + 022291702 < O;

implying thatjQ(f )j°°< 0in N . This completes showing)(f )j°< 0in (N )[N and

iO(f)j< 1, forf 2 (N )[Nnf fog: (2.29)

Next, we boundQ(f )j in Middle Region

jQE) J Q7N +iQ7(F) Q (Mi+iQ(f) Q (f)j
0:927615 + (393557X ’B° +114:328B7=X7)
0:978403< 1; forf 2M : (2.30)

Finally, we arrive at an upper bound j@)(f )j in Far Region:

jQ()j j Q°(Hi+iQ’(f) Q (f)j+jQ(f) Q ()]
0:734123 + (661596X °B? +162:903B°=X7?)
0:81658< 1; forf 2F: (2.31)

From (2.29), (2.30) and (2.31), we obtain ti¢y{f ) satis es the BIP property and hendeis a valid dual certi cate
P
that certi es the optimality oR = '5:1 ¢ a(f*). The uniqueness of the decomposition as also certi ed byplies
thatffigk, = ff9%° g andfe g, = fdPgk, ,ie.,” and 9 are the same point.
As the nal step, using Lemma 2.4.1, Lemma 2.4.2 and the triangle inequality, we have

AN AN

k ke k ke + Kk kp (X7 +35:2) O:pé:
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Then the desired results follow from the de nition of the nokmky and the fact tha? jK9[0)]  3:28M?2 for

n 130by (A.2) and henca:p 2jK %90)j 1:p 2(3:289=n 0:3899%=n 0:4=n:
2.5 Numerical Experiments

We present numerical results to support our theoretical ndings. In particular, we rst examine the phase transition

frequencies 7;:::;f? uniformly chosen fronf0; 1] such that every pair of frequencies are separated by ati&sst

Then the signax’ was formed according to (2.6). We created our observatiby adding Gaussian noise of mean

zero and variance? to the target signat?. Let = x ¢ (recall that = 0:646X7 o in Theorem 2.2.1 and hence

x = 0:646X ?). We variedx and the Noise-to-Signal Ratia For each xed(x; ) pair, 20 instances of the spectral

line signals were generated. We then solved (2.8) for each instance and extracted the frequencies and coef cients. We
declared success for an instance if i) the recovered frequency vector is witnin ; distance of the true frequency
vectorf?, and ii) the recovered coef cient vector is withih™ ; distance of the true frequency vectdr. The rate of

success for each algorithm is the proportion of successful instances.

Success rate

2 3

SEN
ol
o
~
(o)

Figure 2.2: Rate of success for line spectral estimation by solving the atomic norm regularized program (2.8).

From Figure 2.2, we observe that solving (2.8) is unable to identify the sinusoidal parameters iIfand the
performance of the method is unstable whers aroundl. Whenx is set to be slightly larger thah, however,
we almost always succeed in nding good estimates of the sinusoidal parameters as Yong asfor some small
constant. This matches the ndings in Theorem 2.2.1. Figure 2.2 also shows the constants in Theorem 2.2.1 are a bit

conservative.
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We also run simulations to compare the mean-squared error for our frequency estimate with those for MUSIC
and the MLE, as well as the CRB. The simulation results are listed in Figure 2.3. We emphasize that the MLE is
initialized using the true frequencies and coef cients, which are not available in practice. We focus on the case of two
unknown frequencies and examine the effect of separation. We observe that the atomic norm minimization method
always outperforms MUSIC, with increased performance gap when the frequencies become closer. While the MLE

performs the best, its initialization is not practical.
2.6 Conclusions

This work considers the problem of approximately estimating the frequencies and coef cients of a superposition
of complex sinusoids in white noise. By using a primal-dual witness construction, we have established theoretical
performance guarantees for atomic norm minimization algorithm in line spectral parameter estimation. The obtained
error bounds match the Cramér-Rao lower bound up to a logarithmic factor. The relationship between resolution
(separation of frequencies) and precision or accuracy of the estimator is highlighted. Our analysis also reveals that the
atomic norm minimization can be viewed as a convex way to solereorm regularized, nonlinear and nonconvex

least-squares problem to global optimality.
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Figure 2.3: Performance comparison: Atomic norm minimization (2.8) (labeled as “Atom"), MUSIC, MLE initialized
by the true parameters, and the CRB.
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CHAPTER 3
A SUPER-RESOLUTION FRAMEWORK FOR TENSOR DECOMPOSITION

This work considers a super-resolution framework for overcomplete tensor decomposition. Speci cally, we view
tensor decomposition as a super-resolution problem of recovering a sum of Dirac measures on the sphere and solve it
by minimizing a continuous analog of the norm on the space of measures. The optimal value of this optimization
de nes the tensor nuclear norm. Similar to the separation condition in the super-resolution problem, by explicitly
constructing a dual certi cate, we develop incoherence conditions of the tensor factors so that they form the unique
optimal solution of the continuous analog ‘gfnorm minimization. Remarkably, the derived incoherence conditions
are satis ed with high probability by random tensor factors uniformly distributed on the sphere, implying global

identi ability of random tensor factors.
3.1 Introduction

Tensors provide natural representations for massive multi-mode datasets encountered in many applications includ-
ing image and video processing [52], collaborative ltering [53], array signal processing [54], convolutional networks
design [55,56] and psychometrics [57]. Tensor methods also form the backbone of many machine learning, signal pro-
cessing, and statistical algorithms, including independent component analysis (ICA) [58, 59], latent graphical model
learning [60], dictionary learning [61], and Gaussian mixture estimation [62]. The utility of tensors in such diverse
applications is mainly due to the ability to identifwercompletenon-orthogonafactors from tensor data as already
suggested by Kruskal's theorem [63]. This is known as tensor decomposition, which describes the problem of decom-
posing a tensor into a linear combination of a small number of rank-1 tensors. The identi ability of tensor factors is
in sharp contrast to the inherent ambiguous nature of matrix decompositions without additional assumptions such as
orthogonality and non-negativity.

In addition to its practical applicability, tensor decomposition is also of fundamental theoretical interest in solving
linear inverse problems involving low-rank tensors. For one thing, theoretical results for tensor decomposition inform
what types of rank-1 tensor combinations are identi able given full observations. For another, a dual polynomial is
constructed to certify a particular decomposition, which is useful in investigating the regularization power of the tensor
nuclear norm for tensor inverse problems, including tensor completion, tensor denoising, and robust tensor principal
component analysis. We expect that theal certi cate constructed in this work will play a role in these tensor
inverse problems similar to that of the subdifferential characterization of matrix nuclear norm in matrix completion

and low-rank matrix recovery [64, 65].
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3.1.1 The Tensor Decomposition Inverse Problem

In this work, we focus on third-order nonsymmetric tensors that can be decomposed into a linear combination of
unit-norm, rank-1 tensors of the form v w, with the(i; j; k )th entry beingu; v; wi.. More precisely, consider the
following decomposition of a third-order nonsymmetric tensor

X
T =

p=1

FATESIVEQEITAS (3.1)

Here the factor§ (u’;vZ;w/l)gh-;  R"™ R"  R" might beovercompletethat is,r is potentially greater
than the individual tensor dimensiong; n, andns), non-orthogonaknd live on the real unit spheres. Without loss

of generality, we assume that the coef cient§ are positive as their signs can be absorbed into the factors. Tensor
decomposition is the inverse problem of retrieving its rank-1 tensor fatfors v.; w3)gh-; from the tensor data

T in (3.1). After retrieving the tensor factors, nding the coef cieritsggg:l is simply a linear regression problem.

Since the theory on complex and real tensors are very different, we emphasize that this work focuses on tensors with

real entries and decompositions with real factors.
3.1.2 Our Approach

Tensor decomposition, as a generalization of the matrix singular value decomposition, is extremely challenging.
First, tensor problems themselves are inherently dif cult — in fact, most tensor problems are NP hard [66]. Second, we
lack proper theories for basic tensor concepts and operations such as singular values, vectors, and singular value de-
compositions. To address these challenging issues, we view tensor decomposition as a protdasucd estimation
from moments

First of all, observe that retrieving the decomposition from the observed tensor enffias gquivalent to recov-
ering a weighted sum of Dirac measures

? = c(u u

p=1

SVoVEwW W) (3.2)

de ned on the product of unit spherés:= S"* 1 S"2 1 g's 1 {rom its third-order moments

T= u v wd?”

In most practical scenarios, we are interested in the case wl&rauch smaller than the produtin,ns (but can be
signi cantly larger than individual dimensionsg,, n,, andns). Therefore, the decomposition (3.1)sisarse
Several advantages offered by this point of view are as follows. First, it provides a natural way to extend the

minimization in nding sparse representations for nite dictionaries [67] to tensor decomposition. By viewing the set
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ofrank-1tensor&s = fu v w: (u;v;w) 2 Kgas adictionary with an in nite number of atoms, this formulation
allows us to nd a sparse representationfoby minimizing the ; norm of the representation coef cients with respect

to the dictionaryA. More precisely, we recover’ from the tensofl by solving the following optimization problem

z

minimize (K) subjectto T = u v wd (3.3)
2M (K) K

whereM (K) is the set of (nonnegative) Borel measureskgnand (K) is the total measure/mass of the &et
measured by the Borel measur@ M (K). Second, the optimal value of the total mass minimization de nes precisely
thetensor nuclear norni68, Proposition 3.1], which is a special case of atomic norms [21, Eq. (2)] corresponding to
the atomic sef. The tensor nuclear norm is useful in many tensor inverse problems, such as, tensor completion [52],

robust tensor principal component analysis [69], and stable tensor recovery [70].
3.1.3 Main Results

The main theoretical problem investigated in this work is under what assumptions on the tensof (atgtmé; w,?))g[,:l ,
the total mass minimization (3.3) returns the tensor decomposition (3.1). Three assumptions, namely, incoherence,
bounded spectral norm, and Gram isometry, will be introduced in this work and our main result will be built upon
them. For ease of exposition, in what follows, these assumptions and the main result of this work will be presented for

square tensors with; = n, = nz = n.

Assumption I: Incoherence.The tensor factors are incohereirg,, the incoherence de ned below satis es

i . . . (logn)
=max maxfihu s udij;jhv ;v s jw ;s wiijg —H= (3.4)
where () is a polynomial function of its argumeht
Assumption II: Bounded spectral norm. The spectral norms dff = y? u? Vo= vg vy,

W= w? w? are well-controlled:

r

maxftk UK;kVKk;kWkg 1+ ¢ (3.5)

=R

for some constart > 0.

Assumption Ill: Gram isometry. The Hadamard product (denoted asof the Gram matrices dff andV satis es

an isometric condition:

p_
KU>U) (V>V) Ik (|ogn)7r; (3.6)

SHence (log n) is a polylogarithmic function of, which iso(n ) for every exponent> 0.
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where () is a polynomial. Similar bounds hold fa; W, andV ;W (without loss of generality with the same
polynomial ()).

With these assumptions, we are ready to address our theoretical problem of this work in the following theorem:

Theorem 3.1.1. Suppose the tensdr 2 R” " " admits a decompositiof8.1) with the factorsf (u}; v/ w3)gh-y

satisfying Assumptions I, II, Ill and

nl7216

32c2° 15 (log n)

(3.7)

with the polynomial () given in(3.4) and the constant in (3.5). Then for suf ciently largen, the true factors

f(uz;viiw?)gh=; can be uniquely recovered K§§.3) up to the sign ambiguity.

We note that Assumptions |, Il and Il hold with high probability if the tensor facfdis;; v}, w?)g)-, are

generated independently according to uniform distributions on the unit spheres [71, Lemmas 25, 31].

Corollary 3.1.1. If the tensor factorsﬁ(u;; vr?,; w,'-;)g[,:l are generated independently according to uniform distribu-
tions on the unit spheres, andrifsatis es(3.7), then for suf ciently largen, solving optimizatior{3.3) is guaranteed

to recover ? with high probability.

We close this section with some comments on Theorem 3.1.1 and Corollary 3.1.1.

Remark3.1.1 Tensor decomposition using total mass minimization is an atomic decomposition problem [21, Section
2.2], which studies the conditions under which a decomposition in terms of atoms in an atori@shkieves the
corresponding atomic norm. For example, the singular value decomposition is an atomic decomposition for the set
of unit-norm, rank-1 matrices. As shown in [27], for a large class of atomic sets, only decompositions composed of
suf ciently differentatoms are valid atomic decompositions. In particular, a necessary condition for tensor atomic
decomposition is that the incoherencede ned in (3.4) is less thanos(%) [72, Theorem 2]. However, our suf cient

incoherence condition (3.4) is still signi cantly stronger than this necessary condition.

Remark3.1.2 The tensor decomposition with the smallest number of rank-1 tensors is called a Canonical Polyadic
(CP) decomposition and the corresponding number of rank-1 tensors is the CP-rank of the tensor, or simply the rank
of the tensor. The number of factarsecovered by the optimization (3.3) may be different from the CP rank, which

is called thenuclear rankof the tensor [68, Eq. (4.3)], and the according tensor decompositiomiglaar rank

decomposition

Remark3.1.3 Sincer could be as large a® n17:16:p (logn) n (i.e., the number of factons could be far

more than the dimensiam), total mass minimization is guaranteed to recamesrcompletéensor decompositions.

Remark3.1.4 Assumptions I-1ll are reasonable since they are satis ed with high probability for tensor factors uni-

formly lying on the unit spheres [71, Lemmas 25, 31]. Moreover, it is well-known that the incoherence for an overcom-
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q
plete matrixU =[uj u; ur]2 R" "withn ris bounded belowmaxpg g jhup; Ugij ﬁ [73, Chapter

1.3] and the upper bound in Assumption | is clearly larger than this lower bound for properly de ned polynémial

Remark3.1.5 The sigh ambiguity is inherent in the problem formulation. In particular, we can replace the factor
(up;viiwl) with (apu?; bpv J; ow}) without changing the decomposition (3.1), provided fhgit = jbyj = jopj = 1
andayb,c, = 1 (there are four suckay; by; c,) for eachp). However, this transformation gives rise to different
measure representation$ of the decomposition (there a#é of them). Therefore, the optimal solutions to (3.3) can

only be unique up to this form of ambiguity.

Remark3.1.6 It is worth commenting on the relationship between Theorem 3.1.1 and the classical Kruskal's unique-
ness theorem for tensor decompositions. The Kruskal rank of mataksizen r is de ned as the maximal number
ky such that anky columns ofU are linearly independent. Kruskal's theorem states thatrifthe expansion (3.1)

satis es

r %(ku +ky + kw) L

thenT has a unique rank-decomposition (up to permutation and sign ambiguities). Since the inequélitiesn,

kv n,andky n are achievable for generic matriddsV andW in R" ', Kruskal's theorem ensures an unique
decomposition involving up to = %n 1 rank-1 (generic) factors. Note that our result holdsrfarp to the order

n7=16 which can be signi cantly larger thagln for largen. Recently, the Kruskal rankis improved to orde®©(n?)

in [74, Corollary 6.2]. Our result on still cannot match this bound. One might wonder whether Theorem 3.1.1 is
trivial given the uniqueness of the decomposition. The caveat here is that the uniqueness holds when the decomposition
involves exactlyr terms, while the tensor nuclear nori,, the optimal value of (3.3), can potentially be achieved by
decompositions involving more than even an in nite number of terms. In fact, the formulation takes into account

decompositions with continuous supports. Theorem 3.1.1 excludes such possibility under the given conditions.

Remark3.1.7. Corollary 3.1.1 will also be justi ed by numerical experiments in Section 3.5. In the experiments, we
randomly sampled vectors on the unit spheres to generate the true factors of the tensor and then applied our proposed

approach to decompose it. We will see that in this case, we can exactly recover the factors evenrfor
3.1.4 Prior Art and Inspirations

Despite the advantages provided by tensor methods in many applications, their widespread adoption has been slow
due to inherent computational intractability. Although the decomposition (3.1) is a multi-mode generalization of the
singular value decomposition for matrices, extracting the decomposition from a given tensor is a nontrivial problem
that is still under active investigation (cf. [75, 76]). Indeed, even determining the rank of a third-order tensor is an NP-

hard problem [66]. A common strategy used to compute a tensor decomposition is to apply an alternating minimization
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scheme. Although ef cient, this approach has the drawback of not providing global convergence guarantees [75].
Recently, an approach combining alternating minimization with power iteration has gained popularity due to its ability
to guarantee the tensor decomposition results under certain assumptions [71,77].

Tensor decomposition is a special case of atomic decomposition which is to determine when a decomposition with
respect to some given atomic getachieves the atomic norm. For nite atomic sets, it is now well-known that if
the atoms satisfy certain conditions such as the restricted isometry property, then a sparse decomposition achieves the
atomic norm [78]. For the set of rank-1, unit-norm matrices, the atomic norm (the matrix nuclear norm), is achieved
by orthogonal decompositions [65]. When the atoms are complex sinusoids parameterized by the frequency, Candeés
and Fernandez-Granda showed that atomic decomposition is solved by atoms with well-separated frequencies [13].
Similar separation conditions also show up when the atoms are translations of a known waveform [79, 80], spherical
harmonics [81], and radar signals parameterized by translations and modulations [82]. Tang and Shah in [72] em-
ployed the same atomic norm idea but focused on symmetric tensors. In addition, the result of [72] does not apply to
overcomplete decompositions. Under a set of conditions, including the incoherence condition ensuring the separation
of tensor factors, this work characterizes a clagsooisymmetriandovercompletéensor decompositions that achieve
the tensor nuclear nork k .

Another closely related line of work is matrix completion and tensor completion. Low-rank matrix completion and
recovery based on the idea of nuclear norm minimization has received a great deal of attention in recent years [64, 65,
83]. A direct generalization of this approach to tensors would have been using tensor nuclear norm to perform low-
rank tensor completion and recovery. However, this approach was not pursued due to the NP-hardness of computing
the tensor nuclear norm [66] and the lack of analysis tools for tensor problems. The mainstream tensor completion
approaches are based on various forms of matricization and application of matrix completion to the attened tensor [52,
84,85]. Alternating minimization can also be applied to tensor completion and recovery with performance guarantees
established in recent work [86]. Most matricization and alternating minimization approaches do not yield optimal
bounds on the number of measurements needed for tensor completion. One exception is [87], which used a special
class of separable sampling schemes.

In contrast, we expect that the atomic norm, when specialized to tensors, will achieve the information theoretical
limit for tensor completion as it does for compressive sensing, matrix completion [83], and line spectral estimation
with missing data [16]. Given a set of atoms, the atomic norm is an abstractigrtyibe regularization that favors
simple models. Using the notion of descent cones, Chandrasekaran et al. in [21] argued that the atomic norm is the
best possible convex proxy for recovering simple models. Particularly, atomic norms are shown in many problems be-
yond compressive sensing and matrix completion to be able to recover simple models from minimal number of linear
measurements. For example, when specialized to the atomic set formed by complex exponentials, the atomic norm

can recover signals having sparse representations in the continuous frequency domain with the number of measure-
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ments approaching the information theoretic limit without noise [16], as well as achieving near minimax denoising
performance [17]. Continuous frequency estimation using the atomic norm is also an instance of measure estimation

from (trigonometric) moments.

The rest of the chapter is organized as follows. In Section 3.2, we connect tensor decomposition to atomic decom-
position, apply duality theory to derive a suf cient condition for exact decomposition, and describe extensions of the
framework to tensor inverse problems. Section 3.3 presents computational methods to solve the tensor decomposition.
We then proceed to develop a proof of Theorem 3.1.1 in Section 3.4. In Section 3.5, we validate our theory using

numerical experiments. Additional proofs are given in the appendix.

3.2 Tensor Decomposition, Atomic Norms, and Duality

3.2.1 Tensor Decomposition as an Atomic Decomposition

In this work, we view tensor decomposition in the frameworks of both atomic horms and measure estimation. The
unit sphere oR" is denoted by8” 1, and the direct product of three unit sphe@8s? S'" * S 1 pyK. The
tensor atomic set is denoted By= fu v w :(u;v;w) 2 Kg parameterized by the skt whereu v w is
arank-1 tensor with thé; j; k )th entry beingu; v; wy.. For any tensoT , its atomic norm with respect # is de ned

by [21, Eq. (2)]

KT ka =infft: T 2 tconv(A)g
X X

=inf p:T = pUp  Vp  Wp; p> 0 (up;vp;wp) 2K (3.8)
p P

whereconv(A) is the convex hull of the atomic sét, and a scalar multiplying a set scales every element in the set.
Therefore, the tensor atomic norm is the minirghorm of its expansion coef cients among all valid expansions in
terms of unit-norm, rank-1 tensors. The atomic néfrka de ned in (3.8) is also called the tensor nuclear norm and
denoted bkT k in [68, Eq. (2.7)]. We will use these two names and notations interchangeably in the following. The
way of de ning the tensor nuclear norm is precisely the same as that of de ning the matrix nuclear norm.

We argue that the two lines in the de nition (3.8) are consistent and are also equivalent to (3.3) as follows. Since
conv(A) = fT : T = RK u v wd; 2M(K); (K) 1g; the rstlineinthe de nition (3.8) implies that
KT ka is equal to the optimal value of (3.3). Compared with the measure optimization (3.3), the feasible region of the
minimization de ning the atomic norm in the second line of (3.8) is restricted to discrete measures. However, these
two optimizations share the same optimal value as a consequence of Carathéodory's convex hull theorem, which states
that if a pointx 2 RY lies in the convex hull of a set, thencan be written as a convex combination of at mibst1
points of that set [88, Theorem 2.3]. Sinte2 kT ka conv(A) = conv(kT ka A), T can be expressed as a convex

combination of at mosh® + 1 points of the sekT ka A, implying that the optimal value is achieved by a discrete
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measure with support size at most+ 1. This argument establishes that the two lines in (3.8) as well as the measure
optimization (3.3) are equivalent. Therefore, the atomic norm framework and the measure optimization framework are
two different formulations of the same problem, with the former setting the stage in the nite dimensional space and
the latter in the in nite-dimensional space of measures.

Given an abstract atomic set, the problem of atomic decomposition seeks the conditions under which a decompo-
sition in terms of the given atoms achieves the atomic norm. In this sense, the tensor decomposition considered in this

work is an atomic decomposition problem.
3.2.2 Duality

Duality plays an important role in analyzing atomic tensor decomposition. We again approach duality from both
perspectives of atomic norms and measure estimation.

First, we nd the dual problem of the optimization problem (3.3). GivgnT 2 R" " " we de ne the tensor
inner producthQ; Ti := P ik Qik Tik - Standard Lagrangian analysis shows that the dual problem of (3.3) is the

following semi-in nite program, which has an in nite number of constraints:

maximize hQ; T i

QZRI‘I n n
subjecttoQ;u v wi 1;8(u;v;w) 2 K (3.9
. N . . .
The polynomialg(u;v;w) := hQ;u v wi = ik Qijke Ui Vj Wi corresponding to a dual feasible soluti@n

of (3.9) is called a dual polynomial. The dual polynomial associated with an optimal dual solution can be used to

certify the optimality of a particular decomposition, as demonstrated by the following proposition.

?

Proposition 3.2.1. Suppose the set of rank-1 tensbu% v/

p W;ngl given in(3.1) is linearly independent. If

there exists a dual solutio 2 R" " " to(3.9)such that the corresponding dual polynoniglK ! R

g(u;v;w):=mQ;u v wi (3.10)

satis es the followingBoundedness and Interpolation PropeByR):

q(up;vE;w?) =1 for p2 [r] (Interpolation) (3.11a)
q(u;v;w) < 1 inK nS? (Boundedness) (3.11b)

where[r]:= f1;:::;rgand
S7 = f(apupg; bvyi W) jap] = jhoj = jcoi = aphyey = 1;p 2 [r]g; (3.12)

then ? given in(3.2)is the unique optimal solution #3.3) up to sign ambiguity.
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Proof. Inview of (3.9), anyQ that satis es theBIP in (3.11) is a dual feasible solution. We also have

* +
X
Q:;Ti= Q; quzoovioowl o= sQiul vl owli= sa(uiveswg) = ?(K)
p=1 p=1 p=1
establishing a zero-duality gap of the primal-dual feasible sol{tidnQ ). As a consequence’ is a primal optimal
solution to (3.3) and is a dual optimal solution to (3.9).

For uniqueness, suppo$ds another primal optimal solution to (3.3).{K nS?) > 0, then

z z
X
K)=m;Ti= Q; u v wdr = Ausv;w)g(u; viw) + g(u;v;w)d A
K (u;v;w)ZSZ? Kns?
<N (S?)+ 1d7
KnS?
=" (K)

contradicting the optimality of. So all optimal solutions are supported®h To remove the sign ambiguity, we can

?

assume an optimal solution is supported‘urﬁ vp

?2q i ? ?
Wg0p-1 - Sincefu; v

b wgg[)zl is linearly independent

by assumption, the coef cientsg can be uniquely determined from solving the linear system of equations encoded in
P, ’
p=1 p

v?

T= P

u wg. This proves the uniqueness (up to sign ambiguity). O

?
p
3.2.3 Dual Certi cate and Subdifferential

The dual optimal solutio® satisfying theBIP is called adual certi cate, which is used frequently as the starting
point to derive several atomic decomposition and super-resolution results [13, 16, 72, 81]. In Section 3.4, we will
explicitly construct adual certi cate to prove Theorem 3.1.1. In this subsection, we will relatedbel certi cate
with the subdifferential of the tensor nuclear norm.

First, the dual norm of the tensor nuclear norm, the tensor spectral norm, of a ten€piis given by

kQk:= sup hQ;Ti= sup HMQ;u v wi:
T:kTk 1 (u;viw)2K

The equality is due to the fact that the atomicAedre the extreme points of the unit nuclear norm ball: kT k

1g. In light of the spectral norm de nition, we rewrite the dual problem (3.9) as

(rgnzagénirnniznei'Q;Ti subjectto kQk 1 (3.13)

which is precisely the de nition of the dual norm of the tensor spectral noemthe tensor nuclear norm.

The subdifferential (the set of subgradients) of the tensor nuclear norm is de ned by [73, De nition B.20]

@& k(T)=fQ2R" " ":kRk k Tk +MR T:QiforalR 2R" " "g (3.14)
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which has an equivalent representation [89, Section 1]

@ k(T)= Q2R" " ":kTk =hQ;Ti;kQk 1 : (3.15)

ForT having an atomic decomposition given in (3.1), it can be established that the de ning properties of subdif-

ferential (3.15) are equivalent to

iu; v) wji=1;forp2[r] (3.16a)
R;u v wi 1;for(u;v;w)2K (3.16b)

We recognize that th8IP in (3.11) is a strengthened version of the subdifferential conditions (3.16). Therefore,
a dual certi cate, i.e., any Q satisfying theBIP, is an element of the subdifferenti@ k (T ). TheBIP in fact

means thaQ is an interior point ofdk k (T ). Our proof strategy for Theorem 3.1.1 is to construct such an interior
point in Section 3.4. This is in contrast to the matrix case, for which we have an explicit characterization of the
entire subdifferential of the nuclear norm using the singular value decomposition (more explicit than the one given
in (3.15)). More speci cally, suppos¥ = UV ~ is the (compact) singular value decompositionXof2 R™ "

withU 2 R™ ;v 2 R" "and beinganr r diagonal matrix. Then the subdifferential of the matrix nuclear

norm atX is given by [65, Eq. (2.9)]

@ k (X)=fUV> +W :U”W = O;WV = 0;kWk 1g:

It is challenging to obtain such a characterization for tensors unless the tensor admits an orthogonal rank-1 decompo-

sition.
3.2.4 Extension: Regularization Using Tensor Nuclear Norm

Independent from practical considerations, we investigate tensor decomposition for theoretical reasons. Similar to
regularizing matrix inverse problems using the matrix nuclear norm, the tensor nuclear norm can be used to regularize
tensor inverse problems. Suppose we observe an unknown low-rank Tehgiarough the linear measurement model
y = B(T?), we would like to recover the tensdr’ from the observatioly. For instance, wheB samples the
individual entries ofT ?, we are looking at a tensor completion problem. We propose recoverirgy solving

Tmziginmnizenz kT k subjecttoy = B(T) (3.17)

which favors a low-rank solution. To establish recoverability, we can constdicdlecerti cate Q of the formB (),
whose corresponding dual polynomial satis es BI®. HereB is the adjoint operator dB. When the operatdB

is random, the concentration of measure guarantees that we can consinaitcerti cate B ( ) that is close to
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the one constructed in the full data case. This fact can then be exploited to verByRted B ( ) and to establish

exact recovery. When the atoms are complex exponentials parameterized by continuous frequencies, this strategy
is adopted to establish the compressed sensing off the grid result (the completion problem) [16] building upon the
dual polynomial constructed for the super-resolution problem (the full data case) [13]. It shows that the number of
random linear measurements required for exact recovery approaches the information theoretical limit. In addition to
exact recovery from noise-free measurementsgdtrad certi cate for the full data case can also be utilized to derive
near-minimax denoising performance [17, 22], approximate support recovery [1, 2, 28], and robust recovery from
observations corrupted by outliers [19, 90]. We expect that the dual polynomial constructed for tensor decomposition
will play a similar role for tensor inverse problems, enabling the development of tensor results parallel to their matrix
counterparts such as matrix completion, denoising, and robust principal component analysis. We leave these as our

future work.
3.3 Computational Methods

Our main theorem shows that when the tensor fadt(m%;v;;wg)g;):l satisfy Assumptions |, Il, lll, we can
recover the tensor decompositionrofip to the order oh'’=% by solving the convex, in nite-dimensional optimiza-
tion (3.3). However, as a measure optimization problem, optimization problem (3.3) is not directly solvable on a

computer. In this section, we propose two computational methods, which are respectively based on:
1. The Burer-Monteiro factorization approach [6, 8,91-93];
2. The Lasserre hierarchy [94, 95].

3.3.1 The Burer-Monteiro Factorization Approach

When dealing with convex programs involved with a large matrix varixblBurer and Monteiro in [91] proposed
factoring the variabl into the product of two smaller rectangular matridéss UV > and then treating them as the
new optimization variables. As a typical example, Recht et al. in [65] used this approach to get that the matrix nuclear
norm for anyX 2 R"t "2 equals the optimum value of the following optimization
. . . 1 2 2 . >
minimize - kUkg + kVkg subjectto X = UV
U2R"1 ~V2Rm2 =2

with = rank(X): Similarly, when applying this idea to the tensor nuclear norm, we have the following result.

Proposition 3.3.1. Suppose the decomposition that achieves the tensor nuclear kibkn involvesr terms and

r r,thenkT k is equal to the optimal value of the following optimization:
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X1
minimize = kupk3 + kvpk3 + kwpk3
fup;vp;wpgg:l p=1 3

X
subjectto T = Up Vp Wp (3.18)
p=1
. : .. P r 2.2 ? ?
Proof. Suppose the tensor nuclear norm is achieved by the decompdsition p=1 pUp Vp WQ. Then we note

thatf >*3u?; 217vi; 21 wrgh., forms a feasible solution to (3.18) where r. Whenr>r , we can zero-pad

the remaining factorup; vp; wpgp- (., - The objective function value at this feasible solutior%(sl? ;:1 3 S) =
KT k . This shows thakT k is greater than the optimal value of (3.18).

To show the other direction, suppose an optimal solution of (3. X&) gsv,; Wpgp-; . De ne = kupkakvpkaokwpka,
forp 2 [H: Then,

X Up Vp Wp

T = :
Pkupka  kvpka  kwpk;

p: p60

Finally, by de nition of the tensor nuclear/atomic norm (3.8), we have

X X X X
p: p60 p=1 p=1 p=1
which is the optimal value of (3.18). Therefore, the optimal value of (3.18) is eqidl to. O

Proposition 3.3.1 implies that when an upper bound @known, we can solve the nonlinear (and non-convex)
program (3.18) to compute the tensor nuclear norm (and obtain the corresponding decomposition). Numerical simu-
lations suggest that the nonlinear program (3.18), when solved using the ADMM approach [96], has superior perfor-
mance. Although in theory only local optima can be obtained for the nonlinear programming formulation (3.18), in
practice for tensors with random factors, our experiments show that the decomposition can almost always be recovered

by the ADMM implementation of (3.18).

Remark3.3.1 Proposition 3.3.1 can be generalized to compute the nuclear norm of an arbitrary-sized tensor, including

P
the matrix — a 2nd-order tensor. Basically, for a gendtiatorder tensofl = :;:1 uél) uﬁ)d), the nuclear
normKkT k is given by the optimum value of the following program
X1
minimize = kulP K+ kuP kg + + kulVkS
fup s g gh pen
X
subjecttoT = uld u® uf® (3.19)

p=1
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3.3.2 The Lasserre Hierarchy

As a special moment problem, the optimization problem (3.3) can be approximated increasingly tightly by the
semide nite programs in the Lasserre relaxation hierarchy [94, 95]. The Lasserre hierarchy proposes that instead
of optimizing problem (3.3) with respect to the measureve can equivalently optimize the (in nite-dimensional)

moment sequence corresponding to

4

m=[m ]= (d ):
K

= 4ty so". To get a nite-dimensional relaxation with a relaxation orderdpive truncate the in nite-
dimensional moment sequenge to a nite-dimensional vectom ,q4 that includes moments up to orded, i.e., to
P
retain momentsn withj j= >, ; 2d. Three sets of linear matrix inequalities should be satis ed for a vector

m o4 to be the2dth-order truncation of a moment sequencekan

First, since the moment matrix here is related with some positive measieg

2 32
Z
M 24(M2g) = § ) zg
K4

d
3n
it is positive semide nite. The notation suggedts,s(m,q) is a (linear) function of the truncated moment

vectormyg.

Second, since the tensor entries are third order moments of the measure, elemmets@iesponding to these

moments are known wheah 2, giving rise to the second set of linear equations.
Third, the fact that is supported oK leads to the last set of linear constraints.

Combined with the fact that the objective functio(K) = RK 1d = myq4(1), the nal relaxation is a semide nite
program. We refer the reader to [95, Section 7] and [72, Section 5.2] for more discussions. Apparently, increasing the
relaxation orded yields tighter approximations to the original optimization (3.3). Tang and Shah in [72] showed that
for symmetric tensor decomposition, in the undercomplete case and under a soft-orthogonality condition, the smallest
semide nite program in the relaxation hierarchy is tight. Remarkably, Nie in [95] provided detailed convergence
analysis of using the Lasserre hierarchy for computing tensor nuclear norms of both symmetric and nonsymmetric

tensors over both real and complex elds.
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3.4 Proof of Theorem 3.1.1

The proof of Theorem 3.1.1 relies on the construction of a dual polynomial that satis es the Boundedness and In-
terpolation Property (3.11). The constructed dual polynomial is also essential to the development of tensor completion

and denoising using the atomic norm approach.
3.4.1 Outline of the Proof

First of all, we apply the minimum-energy strategy to construct a candidate dual polynpmia show the
constructed dual polynomial satis es tiBP (3.11), we partitiorK into the far region (analyzed by Lemma 3.4.4)
and the near region. For ease of analyzing the near region, we use an angular parameterization to convert it to the
angular near region, which is covered by the vertex region (analyzed by Lemma 3.4.6) and band region (analyzed by
Lemma 3.4.7). The proof of Theorem 3.1.1 is completed by combining the far and near regions. We summarize this

in Figure 3.1.

Far-Region
Control by
Lemma4
Divide K into Vertex-Region
Far and Near Control by
Regions Lemma6
Near-Region
Control by
Angular
Transform
Band-Region
Control by
Lemma?

Figure 3.1: An outline of the proof of Theorem 3.1.1.

3.4.2 Minimal-Energy Construction of Pre-certi cate

Since theBIP in (3.11) (especially the Boundedness property (3.11b)) is hard to enforce directly, we start from a
candidatedual certi cate or pre-certi cateQ in the subdifferntial se@T k de ned by (3.16):

iu; vp wji=1;forp2[r]
R;u v wi 1;for(u;v;w)2K

which essentially characterizes the optimal solution set of following optimization
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maximizehQ;u v wi (3.20)
(u;viw)2K

Then applying the Karush-Kuhn-Tucker (KKT) conditions to the constrained optimization (3.20), we can further relax

the subdifferential conditions (3.16) to a set of linear constraints.

Lemma 3.4.1. The following conditions are necessary {8r16}
Qik Vp(i)wi(k) = up(i);8i 2 [n];8p 2 [r];
i;(k

ik

X

Qi uj(iwi(k) = vi(i);8i 2 [n];8p 2 [r];
Qi Ug(V3(i) = wi(k);8i 2 [n];8p 2 [r]
i5j
or in tensor notation
Q 2v) awj=ug;8p2[r];
Q 1uj 3wy =vy;8p2r]; (3.21)
Q 1u) 2vy=w;;8p2[r]
wheref g are thek-mode tensor-vector product [76] whose de nitions are apparent from context.

The proof of Lemma 3.4.1 is given in Appendix B.1.

Apparently, the subdifferntial conditions (3.16) is necessary forBte (3.11), but generally not suf cient, by
comparing the second line of (3.16) and the Boundedness Property (3.11b). Indeed, as we argued before, any
satisfying theBIP is an interior point of the subdifferenti@ k (T ). To satisfy the Boundedness Property (3.11b),

P
we further minimize the energgQ k2 = ik Qﬁk in the hope that this will pust(u;v;w) towards zero such that

Q is an interior point ofdx k (T ). Thus, we propose solving the followinginimum-energyroblem to obtain a

pre-certi cate:

miniQmize %kQ k2 subjectto (3:21) (3.22)

Lemma 3.4.2(Explicit form of the pre-certi cate). The solution of the least-norm problem ( 3.22) has the form

(normal equation)

X
Q= (; vy wi+ul 7 owl+ul vl D) (3.23)
p=1
with the unknown coef cientg g; ; gggzl being chosen such th& in (3.23) satis es(3.21) So we get an

explicit form of a pre-certi cate
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g(u;v;w)=mQ;u v wi
X
= [h Zyuihv};vihwl;wi + buZ;uih 2ivibw?;wi + il uihv?;vin 2 wil: (3.24)
p=1
The proof of Lemma 3.4.2 is given in Appendix B.2.
To obtain some intuition of what these dual-polynomial coef Ciehtq'j; ; gggzl would look like, let us as-

sumef ugggzl ,fvgggz1 ,fwgggzl are almost orthogonal and plug the explicit form(®f(3.23) into the rst equation

in (3.21)
2+ulh Zovli+ulh Ziwliooul: (3.25)
Then multiplyingu’> on both sides gives
2.2 2.2 2?1
h jiugi+h gvpi +h jwgi L (3.26)

Finally combining (3.25) and (3.26) together with the symmetry property of (3.23), we get these coeﬂ‘ciémtsg; gggzl

are located approximately &US:3;VSZ3;Wg:3gE:1 . The accurate description of this phenomenon is given by the

following lemma with the proof listed in Appendix B.3.

Lemma 3.4.3(Control the dual polynomial coef cients). Under Assumptions Il and Il together withe o(n?= (log n)?),

the following estimates are valid for suf ciently large

p_
1 r r
— -+ .
A 3U 2 (logn) pn Cn115 ;
1 r r
B v 2( —tC——
3 (Ogn) pn Cnl:5 !
1 r r
W 2 —+ C——
C 3 (logn) - Cn115
where
A= 7 7sUu=ul Ul
B= 1, 7 :V=vl v
C= 7. 7 W= wj w/

and the nornmk k is the matrix spectral norm.

3.4.3 Far Region

For a parameter 2 (0; 1), the far region is de ned by
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\r
F():=  f(u;viw) 2 K :jhu;uli or jiw; v ij orjtw;wlij g (3.27)
p=1
which consists of pointéu; v;w) in K that are far away (in the angular sense) from

S?=f( u) vi w))ip=1;iiirg (3.28)

in at least one coordinate @di; v;w). Forn = 3 andr = 2, the far region projected onto the unit sphtue; kuk, =

1gis shown in Figure 3.2.

Figure 3.2: Projection of the far region in tecoordinate. The blue band represents the regjion jhu; u?ij g
that is far away fronu?, vrlhlle the green regiohu : jhu; u3ij g is the far-region associated withg. The far
region is their mtersectlon s jhu; uf u g, consisting of the two black diamonds.

Far-Region Bound. Instead of bounding the dual polynomigldirectly, we will bound its absolute valyegj. To

obtain some intuition of how to bound it, we rewrite the explicit form (3.24) as follows

q(u;v;w)
_xr h? 1 ih ih +h..l h? 1?. ih ?.'+m?. h" 'h? 1'7 3.29
_p:1 p 3up,mv VIW TWi ;uih g §vp,V| W5 Wi psuihvsvih g éwp,W| (3.29)
_,_Xr hu?: uihv?: vinw?: wi:
p,UIth,VIth,WI. (3.30)
p=1

The main idea is rst using the closenessfof?; pOh=1 andfu}=3;v/=3;w =3g\_; to bound (3.29) and then

p’
using angular-distance betweBif ) and(u;v;;w?);8p to bound (3.30).

The accurate argument is made by the following lemma with the proof given in Appendix B.4.
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Lemma 3.4.4(Far-region bound). Under Assumptions I, II, lll,if ~ n¥2%andr 5" for 2 (0; %], then for

suf ciently largen, we havgq(u;v;w)j < 1in F( ):
3.4.4 Near Region
For the union of the far and near regions to cover the entire rdgjome de ne the near region as

r
N()=KnF()= " f(uv;w)2K:jhuZuij jvivii s jwiiwip g (3.31)
p=1
usingDe Morgan's Law One can also treat the whole near region as a union of all individual ones

r

[
N(C)= Np()
p=1

with each individual near region de ned by
Np( ):= f(u;vsw) 2 K tjhuliuij 5 jvivii s jhwlwip g (3.32)

which is composed of all the points that is closed to at least one po8tt in all coordinate ofu;v;w). Forn = 3,

r =2, we plot the near regioN 1 ( ) projected onto the sphefa : kuk, = 1gin Figure 3.3.

Figure 3.3: The two yellow spherical caps form the near re@ja( ) around the poinfu?;v?; w?}) projected onto
theu coordinatesN( ), which is not shown here, consists of another two spherical caps. The urlibrf 9f N2( )
and the far regioiir (d) shown in Figure 3.2 will cover the entire sphére: kuk = 1g.

In order to show the dual polynomial satisfying tB&° in the entire near regioN ( ), we use the “Divide-and-
conguer" idea to bound the dual polynomial in each individual near régjgn) for p 2 [r]: The main technique used

to control each individual near region is applying angular parameterization to each individual near region.
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3.4.5 Angular Parameterization
Angular Parametrization of Near Region. As the domainK is essentially a direct product of spheres, we re-

parameterize each individual near reghdp( ) in the angular sense. Without loss of generality, let us congicket .

Pick(x;y;z) 2 K such thak ? ul;y ? v;z ? w] and consider the parameterized points

(uC 1)sv( 2)sw( 3) 2K

with
u( 1) = ujcos(1) + xsin( 1);
(3.33)

V( 2) = vicos(,) + ysin( 2);
w( 3) = wjcos(s)+ zsin( s):
When ; ranges fronDto , u( 1) traces out a 2D semi-circle that startsigt passes througk, and nally reaches

S
ul; while fora xed ; 2 [0; ], the set < u;fu( 1)g parameterizes all the points & ! having an angle of

1 with u?. The same properties hold foX ,) andw( 3). This parametrization projected onto thecoordinate is

shown in Figure 3.4.

.=l

~~
S

-
e

*
-Uuy

Figure 3.4: Parameterization of points on the unit sphere for

In fact, using this angular parametrization, the individual near reljigh ) in (3.32) can be expressed as
Ni( )= fu( iv(2)iw(s))tjeos(i)i  ; i2[0 i =1;23g: (3.34)
(x;y;z):x?2uly?vi;z?w?
Proposition 3.4.1(Angular near region). Forany 2 (0;1), the near regiorN1( ) is contained in the following set
(3.35)

N1( ) fuC2);v(2)iw(3): (15 25 3) 2N()g

YR . ?. ?. ?
(X1y;2):X?2ui;y?vi,z? wy
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with the angular near regiohl( ) de ned by

n h i h i 0]
N()= (1;203): 2 O;E [ 5+ ;i=1;2,3 (3.36)

Proof. Since the function cos( )j is symmetric at; on the interval0; ] and is decreasing of; = 2], we know
thatf : jcos()j g\ [0; 1=[0;arccos()][ [ arccos(); ]. Note thatarccos() = 5 arcsin( ) and
< arcsin( ), sowe gef :jcos()j g\'[0; ] [05 1l [z+; [ Theinclusion (3.35) follows from (3.34)

immediately. O

The angular near regidd( ) contains total eight cubes with side length , located at the eight corners of the
cube[0; 1 [0; ] [O; ]. Moreover, one can see that the smaller the parameitgrthe larger the angular near
regionN( ) will be. In particular, when approaches to zero, the angular near re®i¢n) becomes the whole cube

N@©)=[0; ] [0; 1 I[0O; ]. The angular near regidd( ) is plotted in Figure 3.5.

(O.é,é= (éé'\)

(0,0,0) (80,0

Figure 3.5: The eight gray cubes of side-lengtt? at the corners form the angular near regit(n).

Angular Parametrization of Dual Polynomial. Evaluating the dual polynomia(u;v;w) at(u( 1);v( 2);w( 3))

in (3.33), we get the angular dual polynomia{ 1; 2; 3):= q(u( 1);v( 2);w( 3)) as

F( 1 25 3)=0q(ui;vi;wj)cos( 1)cos( 2)cos( 3)
+ g(u3;v7;z)cos( 1) cos( 2)sin( 3)
+ g(ui;y;wy)cos( 1)sin( 2)cos( )
+ o(x; vi;wi)sin( 1)cos( 2)cos( 3)
+ g(u?;y;z)cos( 1)sin( 2)sin( 3)
+ q(x;v1;2)sin( 1) cos( 2)sin( )
+ q(x;y;w3)sin( 1)sin( 2)cos( 3)
+ q(X;y;2z)sin( 1)sin( 2)sin( 3):
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Among thes@ terms, the rstterm ios( 1) cos( 2) cos( 3) sinceq(u?;v?i;w?) = 1. The next three terms involving

one sine function are zero as, for example,
2.2 — ? ? — ? — ?>,_-nN-
q(ui;vi;z) = Q Uy 2vy 3Z=W; 3Z2=Ww; z=0;

where we have use@ U] ,v; = w; and the third equality of (3.21). Hence, we get a more concise forff of

F( 1, 25 3)=cos( 1)cos( 2)cos( 3)+ q(ui;y;z)cos( 1)sin( 2)sin( 3)
+ q(x;v7;2)sin( 1) cos( 2)sin( 3)
+ g(x;y;w3)sin( 1)sin( 2)cos( 3)
+ q(x;y;z)sin( 1)sin( 2)sin( 3):

By further bounding the other quantitiegu?;y;z), q(x;v7i;z), q(x;y;w;) andq(x;y;z), we get the following

(3.37)

lemma to uniformly upper-bounié( 1; 2; 3) with the proof given in Appendix B.5.

Lemma 3.4.5(Uniform upper bound of F). Under Assumptions I, II, Ill, if ~ n%25 157e withr; 2 (0; %), then

for suf ciently largen, we have

JF( 10 20 8)i | cos(1)cos( 2)cos(a)j + jsin( 1)sin( 2)sin( a)j + 7 (logn)n fe: (3.38)
3.4.6 Near-Region Bound

Angular Boundedness and Interpolation Property.By Proposition 3.4.1, a suf cient condition for thP (3.11) to
hold in the individual near regioN 1 ( ), is the following Angular Boundedness and Interpolation Propég(lar-

BIP):

F(1; 2; 3)=1inS’ (Angular Interpolatioh (3.39a)
F( 1, 2; 3) < 1inN()nS’ (Angular Bounednegs (3.39b)

with S7 := f(0;0;0);(0; ; );(; 0; );(;; Ogsuchthatu( 1) v(2) w(s3)= u; v; w;]forany
(1 25 3)2 8%

Similar as before, the Angular Interpolation property (3.39a) is a consequence of the construction process. In the
rest of the chapter, we will focus on showing the Angular Boundedness property (3.39b). Speci cally, we will control
the angular dual polynomi& in both the vertex region and band region and then show their union covers the angular

near regiorN( ).

Vertex Region. The vertex region, denoted N ( ), is de ned as the union of the eight small cubes all with side
length  in 8 corners of the cubl®; ]°. We plot the vertex regioN, ( ) in Figure 3.6. Comparing with the de nition

of the angular near regiadd( ), the vertex region is also an angular near region but with a different parameter:
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Ne(W)= NG ) (3.40)

Without loss of generality, we can always assume the vertex région ) is included in the angular near regiblf );

otherwise, we only need to show tAagular-BIP holds inN, ( ). This assumption together with (3.40) implies
v (3.41)

Note that = 2 is the side length of the corner-cubeNg ):

Vertex-Region Bound.To control the angular dual polynomigl in the vertex regioM, ( ), we further classify the

eight small cubes it, ( ) into two groups depending on if their vertices areinor not.

(6&N

(0,0,0)

Figure 3.6: The eight colored cubes of size ,  form the vertex regiol, ( ): the red ones are corresponding
to the vertexes ir§” while the blue ones are corresponding to other vertexes in the cube. Note that these colored
corner-cubes are possibly much smaller than those gray ones in Figure 3.5, whose side lergjth is

Lemma 3.4.6(Vertex-region bound). Under Assumptions I, II, Il if ~ n2% thenforany; 2 53 1,21,
we have

F(1+ 15 2+ 253+ 3) 1 (3.42)
for(1; 25 3) 21(0;0,0):(0; 5 );(; 0; );(;; O)gand

F(1+ 1 2+ 273+ 3)<0 (3.43)

for((1; 25 8)21(5 5 )i(5 0:0)(0; ; 0):(0;0; )g. Here, equality in3.42)holds only if 1 = = 3=0.

The proof of Lemma 3.4.6 is in Appendix B.6.
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p_
Remark3.4.1 Lemma 3.4.6 proves thingular-BIP (3.39) holds in the vertex regidd, ( ) with | = 23 L

F(1; 2 3)=1in5?
F(1; 2, 3)<1inNy(,)nS

Band Region. The band region is introduced to cover the remaining retdén) n N, ( ). Invoking the de nitions
of the angular near region (3.36) and the vertex region (3.40):
n h i h io

N()= (1, 253): 2 0;5 [5"‘;

Nv(v)=TF(C1; 20 3): 12100 vI[ [ vi 19
we have
n o}
N( )an( v) = ( 1; 2, 3): i 2 V;E [ E + 3 \Y \ N( ); (3-44)
whichis nonempty since, =2  bythe assumption (3.41). We plot the remaining redign) nN, ( ) projected

onto the( 1; »)-coordinates in Figure 3.7.

€

0 O.weéF Uo.wé U €eF

by

%

Figure 3.7: The remaining regia¥( ) nN,( ) projected onto thé ;; »)-coordinates.

W

To let the band region cov@&( ) nNy( ), we de ne it as

o

n
No(b):= (15203 i2 b b [ + p b ;i=1;23 : (3.45)

2 2
We plot the band regioNy( ) projected onto th¢ 1; »)-coordinates in Figure 3.8.

Remark3.4.2 From (3.44) and (3.45), we ha¥g,( ) coversN( ) nNy( v) if , minf ; g, or equivalently,
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0 & O.weF Go.we (5 e F e

%

Figure 3.8: The band regidW,( ) projected onto thé 1; ,)-coordinates. Clearly, whe, minf ; g, the band
regionNy( p) covers the remaining regidd( ) nN,( ), as plotted in Figure 3.7.

N(C) No(p)[ Nv(v); if p minf ,; g (3.46)

Band-Region Bound.We start with the uniform upper-bound in Lemma 3.4.5:

I (15 2 9 ] cos(1)c0s( 2)cos( )i + sin( w)sin( 2)sin( )i+ 5 (ogmn '
Scos( )+ joos( ) + joos(3)i) + 3(isin( D + jsin 2+ jsin( 5)i%)+ 5 (ogn)n ™

%(j cos( )%+ jsin( §)j%) + §+ g (logn)n ": 8 2f1;2;3g (3.47)

where the rst inequality follows from (3.38) in Lemma 3.4.5 (under Assumptions I-lll and n%2> 157 with
re 2 (0; %)), the second inequality follows from the inequality of arithmetic and geometric means, and the last one is

a consequence ¢in( )j® + jcos()j® 1. So,jF( 1; 2; 3)j < 1in Np( p) if

jeos()i®+jsin()j®< 1 4 (logn)n (3.48)
for some 2 f 1;2; 3g. The nal result is summarized in the following lemma, with the proof listed in Appendix B.7.

Lemma 3.4.7 (Band-region bound). Under Assumptions I, II, lll, if ~ n%25 57 with rc 2 (0; %), then for

suf ciently largen, we havgF ( 1; 2; 3)j < 1in Np( p) for , = Wn 0:5re,

Combine the Vertex and Band RegionsFinally theAngular-BIP (3.39) follows from Lemma 3.4.6 and Lemma 3.4.7

if the union of the vertex regioN, ( ,) and the band regioNy( ,) covers the angular near regiblf ):
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N( ) Nv( v)[ Nb( b):

From (3.46), this happens when

b minf; yg;

which is equivalent to

b (3.49)

since

r— .. p-
80 (IOg n)n 0:5r¢ 2 1 —

3 3 v

Then by Proposition 3.4.1 satis es theBIP in N1( ). Similar results apply to all individual near regidh,( );
S
for p 2 [r]. Therefore we claim thBIP holds in the whole near regids ( ) = ;:l Np( ).

Lemma 3.4.8(Near-region bound). Under Assumptions I, II, lll, it ~ n%25 L57c with r, 2 (0; %), then for

suf ciently largen, the dual polynomiat) satis es theBIP in N ( ) for any b-
3.4.7 Combine the Far and Near Regions

Combining Lemma 3.4.4 (for far region) and Lemma 3.4.8 (for near region), we conclude tBdPthelds in the

whole domairK if Assumptions |, II, lll are satis ed and
n 1
. . 1
r nt® e forr. 2 0;6 (3.51)

Then letting = | (to maximizer) andr; = %, the requirements on( (3.50) and (3.51)) are reduced to the desired
bound (3.7):
rl17=16

32c2' 15 (logn)’

The proof of Theorem 3.1.1 is completed.

3.5 Numerical Experiments

In this section, some numerical results are presented to test the performance of the proposed computational meth-

ods. In the rst experiment, we examine the phase transition curves of the rate of success for three algorithms:
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i) ADMM implementation of (3.18) with “Good Initialization" (ADMM-G), ii) ADMM with random initialization
(ADMM-R) and iii) the Lasserre hierarchy relaxation of ordbr 2 (SOS-2). ADMM with “Good Initialization"
uses the output of the power method developed in [71] as initialization.

The phase transition curves are plotted in Figure 3.9. In preparing this guretelmeorfactoré(ug; vg; wg)ggzl
were generated following i.i.d. Gaussian distribution, and then aép‘hg;w; was normalized to have a unit norm.
We set the coef cientsg = (1+ "5)=2, where", is chosen from the standard normal distribution, to ensure a minimal
coef cient of at leastl=2. With the generated ground-truth factcbl(sug; vg; wg)g[):l and coef cientsf g, , we
r ?2.,? ? ?

p=1 pUp  Vp  Wp

generated the tensor =
To test our theory, we varied the dimensioand factor-number. For each xed(r; n) pair, 20 instances of such
tensor were generated. We then ran the three algorithms for each instance and declared success if i) the recovered
truncated moment vector is withitD 2 distance of the true moment vector for the the Lasserre hierarchy relaxation
method, and ii) the recovered tensor factors are witllin® distance to the true tensor factors. We used the moment
vector criteria for the Lasserre hierarchy method because one cannot identify monetéimesor factors for thd = 2
relaxation. Also, considering the high computational complexity of the Lasserre hierarchy method vehlange,
we only setn range from2 to 8. The rate of success for each algorithm is the percentage of successful instances.
From Figure 3.9, we observe that the Lasserre hierarchy relaxatiordwit® is unable to identify more tham

factors. The ADMM method works far much larger tham. In addition, random initialization does not degrade the

performance compared with “Good Initialization".
3.6 Conclusion

By explicitly constructing alual certi cate, we derive conditions for a tensor decomposition to achieve the tensor
nuclear norm. This implies that the in nite dimensional measure optimization, which de nes the tensor nuclear norm,
is able to recover the decomposition under an incoherent condition and two other mild conditions. Computational
methods based on low-rank factorization and the Lasserre hierarchy relaxation are used to solve the measure optimiza-
tion. Numerical experiments show that the nonlinear programming approach has superior performance. Future work

will analyze the observed good performance of the nonlinear programming formulation.
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Figure 3.9: Rate of success for tensor decomposition using ADMM-G, ADMM-R and SOS-2.
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CHAPTER 4
THE NONCONVEX GEOMETRY OF LOW-RANK MATRIX OPTIMIZATION

This work* considers two popular minimization problems: (i) the minimization of a general convex function
f (X) with the domain being positive semi-de nite matrices; (ii) the minimization of a general convex furidtton
regularized by the matrix nuclear nokiX k with the domain being general matrices. Despite their optimal statistical
performance in the literature, these two optimization problems have a high computational complexity even when
solved using tailored fast convex solvers. To develop faster and more scalable algorithms, we follow the proposal
of Burer and Monteiro to factor the low-rank variable = UU > (for semi-de nite matrices) oX = UV > (for
general matrices) and also replace the nuclear notik with (kU k2 + kV kZ)=2. In spite of the non-convexity of
the resulting factored formulations, we prove that each critical point either corresponds to the global optimum of the
original convex problems or is a strict saddle where the Hessian matrix has a strictly negative eigenvalue. Such a nice
geometric structure of the factored formulations allows many local search algorithms to nd a global optimizer even

with random initializations.
4.1 Introduction

Nonconvex reformulations of convex optimization problems have received a surge of renewed interest for ef -
ciency and scalability reasons [4,97-112]. Compared with the convex formulations, the non-convex ones typically
involve many fewer variables, allowing them to scale to scenarios with millions of variables. Besides, simple algo-
rithms [97,113,114] applied to the non-convex formulations have surprisingly good performance in practice. However,
a complete understanding of this phenomenon, particularly the geometrical structures of these non-convex optimiza-
tion problems, is still an active research area. Unlike the simple geometry of convex optimization problems where local
minimizers are also global ones, the landscapes of general non-convex functions can become extremely complicated.
Fortunately, for a range of convex optimization problems, particularly for matrix completion and sensing problems,
the corresponding non-convex reformulations have nice geometric structures that allow local-search algorithms to
converge to global optimality [93,97,100,101,104,113,114] .

We extend this line of investigation by working with a general convex fundtiot)) and considering the following

two popular optimization problems:

For symmetric caser?(igleizef (X) subjectto X O (Po)

For nonsymmetric caserQi;Fizmizef(X)+ kXk where > 0 (Pq1)

4This is a joint work with Zhihui Zhu and Gongguo Tang [6].
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For these two problems, even fast rst-order methods, such as the projected gradient descent algorithm [115], require
performing an expensive eigenvalue decompoasition or singular value decomposition in each iteration. These expen-
sive operations form the major computational bottleneck and prevent them from scaling to scenarios with millions
of variables, a typical situation in a diverse range of applications, including quantum state tomography [116], user

preferences prediction [117], and pairwise distances estimation in sensor localization [118].
4.1.1 Our Approach: Burer-Monteiro Style Parameterization

As we have seen, the extremely large dimension of the optimization vaXalsled the accordingly expensive
eigenvalue or singular value decompositions on X form the major computational bottleneck of the convex optimization
algorithms. An immediate question might be “Is there a way to directly reduce the dimension of the optimization
variableX and meanwhile avoid performing the expensive eigenvalue or singular value decompositions?"

This question can be answered when the original optimization probRg)s (1) admit a low-rank solutio ?
with rank(X?) = r?  minfn; mg. Then we can follow the proposal of Burer and Monteiro [119] to parameterize
the low-rank variable aX = UU ~ for (Pg) or X = UV ~ for (P;), whereU 2 R" " andV 2 R™ " with

2

r  r?. Moreover, sinc&kXk = minimize -y > (KUkZ + KV k2)=2, we obtain the following non-convex re-

parameterizations oP@)- (P1):

For symmetric case: rr&igiRrpizre g(U)= f(UU?) (Fo)
For nonsymmetric case:  minimize g(U;V)= f(UV 7))+ = kUkZ + kv k2 (F1)
U2R" T;V2RM T 2

Sincer f p;ag, the resulting factored problemB()- (F;) involve many fewer variables. Moreover, because the
positive semi-de nite constraint is removed frof) and the nuclear norkX k in (Py) is replaced by(kU k2 +

kV kZ)=2, there is no need to perform an eigenvalue (or a singular value) decomposition in solving the factored
problems.

The past two years have seen renewed interest in the Burer-Monteiro factorization for solving low-rank matrix
optimization problems [100-104, 120]. With technical innovations in analyzing the non-convex landscape of the
factored objective function, several recent works have shown that with an exact parameterizatior=(i/€) the
resulting factored reformulation has no spurious local minima or degenerate saddle points [93, 100, 101, 104]. An
important implication is that local-search algorithms such as gradient descent and its variants can converge to the
global optima with even random initialization [97,113, 114].

We generalize this line of work by assuming a general objective funét{ah) in (Pg)- (P1), not necessarily
coming from a matrix inverse problem. This generality allows us to view the resulting factored proBlg/n&H1)

as a way to solve the original convex optimization problems to the global optimum, rather than a new modeling
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method. This perspective, also taken by Burer and Monteiro in their original work [119], frees us from rederiving
the statistical performances of the resulting factored optimization problems. Instead, the statistical performances of
the resulting factored optimization problems inherit from that of the original convex optimization problems, whose
statistical performance can be analyzed using a suite of powerful convex analysis techniques, which have accumu-
lated from several decades of research. For example, the original convex optimization prd®¢m®{) have
information-theoretically optimal sampling complexity [121], achieve minimax denoising rate [122] and satisfy tight
oracle inequalities [123]. Therefore, the statistical performances of the factored optimization prablgm@-¢)

share the same theoretical bounds as those of the original convex optimization pradjentB{), as long as we can

show that the two problems are equivalent.

In spite of their optimal statistical performance [121-124], the original convex optimization problems cannot be
scaled to solve the practical problems that originally motivate their development even with specialized rst-order
algorithms. This was realized since the advent of this eld where the low-rank factorization method was proposed as
an alternative to convex solvers [119]. When coupled with stochastic gradient descent, low-rank factorization leads to
state-of-the-art performance in practical matrix recovery problems [93,100-102,104]. Therefore, our general analysis
technique also sheds light on the connection between the geometries of the original convex programs and their non-
convex reformulations.

Although the Burer-Monteiro parameterization tremendously reduces the number of optimization variables from
n? tonr (or nm to (n + m)r) whenr is very small, the intrinsic bi-linearity makes the factored objective functions
non-convex and introduces additional critical points that are not global optima of the factored optimization problems.
One of our main purposes is to show that these additional critical points will not introduce spurious local minima.
More precisely, we want to gure out what properties of the convex fundtiane required for the factored objective

functionsg to have no spurious local minima.
4.1.2 Enlightening Examples

To gain some intuition about the propertiesfoguch that the factored objective functigrhas no spurious local
minima (which is one of the main goals considered in this work), let us consider the following two examples: Weighted

principal component analysis (weighted PCA) and the matrix sensing problem.
4.1.2.1 Weighted PCA
Consider the symmetric weighted PCA problem in which the lifted objective function is
f(X)= %kw (X X?)k;

where is the Hadamard produck ? is the global optimum we want to recover awd is the known weighting

matrix (which is assumed to have no zero entries for simplicity). After applying the Burer-Monteiro parameterization
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tof (X), we obtain the factored objective function

g(U)=%kW (UU~  X?)k2:

To investigate the conditions under which the bi-linearifl ) = UU > will (not) introduce additional local minima

to the factored opgmization problems, cogsiderza simple (bt gnlightening) two-dimensional examplé/vhere

P
1+a 1 1 1 X
2 p % forsomea 0;X7 = 2 % ;andU = ﬁ Z‘, for unknownsx;y. Then the factored objective

1 1+a 11 y
function becomes

1+aX2 2 1+a ,

g(U) = y2 1%+ (xy 1) (4.1)

In this particular setting, we will see that the valueagh the weighting matrix is the deciding factor for the occurrence

of spurious local minima.

Claim 4.1.1. The factored objective functia(U) in (4.1) has no spurious local minima when2 [0; 2); while for

a > 2, spurious local minima will appear.

Proof. First of all, we compute the gradientg(U) and Hessiam 2g(U):

(a+1) x> 1 x+vykxy 1) .

"UIE2 @i v 1yexey 1)
2 2
2 _, Y+ X 1 (a+1l) 2xy 1
rogU)=2 xy 1 x2+ 3y? 1 (a+1l)
Now we collect all the critical points by solvingg(U) = 0 and list the Hessian af at these points as follows
2 3
a+1l 1
- U1=(0;0),r 2gUy)= 2§ £,
1 a+l
2 3
2a+3 1
- Up=(L31),r 29Uy =24 £,
1 2a+3
2 3
q q — 4a+ -8 6 & 6
®Us=( 31 ap)rlgUa=4 7 L
5> 6 da+ 5 6
. 2 . 3
Ua=(—5— =) "9U4)= 2(a+2) P Pz
a 2% ta G a 3 a 4+2 %21

5Note that ifU is a critical point, sois U, sincer g( U)= r g(U). Hence we only list one part of these critical points.
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Note that the critical point 4 exists only fora 2. By checking the signs of the two eigenvalues (denoted by
1 and ;) of these Hessians, we can further classify these critical points as a local minimum, a local maximum, or a

saddle poirft

- 1= 2@+2); 2= 2a So,U;is alocal maximum fora > 0 and a strict saddle foa = 0 (see

De nition 4.1.3).

- 1=4(a+l) >0 ,=4(a+2) > 0:So,U, is alocal minimum (also a global minimum g&J,) = 0).
8

8
aa 2 arl E< 0, a2]0;2) Easaddle point az20;2)
® 1:%3 : ,=4a>0.S0,Ujis
>0 a>2 ~ aspuriouslocal minimum a> 2
~ Fromthe determinant, we havg , = %2 2(@1(2a*) < gfora> 2. So,U, is a saddle point foa > 2.

O

In this example, the value afcontrols the dynamic range of the weightswex Wij2 =min Wij2 = 1+ a. Therefore,
Claim 4.1.1 can be interpreted as a relationship between the spurious local minima and the dynamic range: if the
dynamic rangemaxW"-2 =min Wij2 is smaller than 3, there will be no spurious local minima; while if the dynamic
range is larger than 3, spurious local minima will appear. We also plot the landscapes of the factored objective

functiong(U) in (4.1) with different dynamic ranges in Figure 4.1.

u* U

(a) Small dynamic range (b) Large dynamic range

Figure 4.1: Factored function landscapes corresponding to different dynamic ranges of the Weigasa small
dynamic range witmax W;? =min W;? = 1 and (b) a large dynamic range withax W,? =min W;? > 3.

As we have seen, the dynamic range of the weighting matrix serves as a determinant factor for the appearance of

the spurious local minima fay(U) in (4.1). To extend the above observations to general objective functions, we now

8This classi cation of the critical points using the Hessian information is known as the second derivative test, which says a critical point is a local
maximum if the Hessian is negative de nite, a local minimum is the Hessian is positive de nite, and a saddle point if the Hessian matrix has both
positive and negative eigenvalues.
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interpret this condition (on the dynamic range of the weighting matrix) by relating it with the condition number of the

Hessian matrix 2f (X). This can be seen from the following directional-curvature fornf ot )
[r 2 (X)I(D;D) = kW DKk2;

where[r 2f (X)](D;D) is the directional curvature df(X) along the matrixD of the same dimension a§, de-

@t (x)
@XJ @Xik

bounded by this dynamic range:

P
ned by isj;lik Djj D : This implies that the condition numbegax (r 2f (X))= min (r 2f (X)) is upper-

max (I 2f (X)) maXWiiz

minjw; j2 kDkZ [r %f (X)I(D;D) maxjWw; j> kDk& 4.2)
ij 1)

Therefore, we conjecture that the condition number of the general convex fuh¢ignwould be a deciding factor of
the behavior of the landscape of the factored objective function and a large condition number is very likely to introduce

spurious local minima to the factored problem.
4.1.2.2 Matrix Sensing

The above conjecture can be further veri ed by the matrix sensing problem where the goal is to recover the low
rank PSD matrixX? 2 R" " from the linear measuremegit = A(X?) with A : R" " I R™ being a linear
measurement operator. Consider the factored objective furgidh= f (UU > ) withU 2 R" ". In [104,125], the
authors showed that the non-convex parametrizdtion™ will not introduce spurious local minima to the factored
objective function, provided the linear measurement operatsatis es the following restricted isometry property

(RIP).
De nition 4.1.1 (Restricted isometry propertyA linear operatorA : R" " I R™ satis es ther-RIP with constant
v if

(1 )kDkZ kA (D)k3 (1+ ,)kDk2 (4.3)

holds for alln  n matricesD withrank(D) r.

Note that the required condition (4.3) essentially says that the condition number of Hessian (k) should
be small at least in the directions of the low-rank matridesince the directional curvature formfofX ) is computed

as[r 2f (X))(D;D) = KA(D)k2.

Inspiration. From these two examples, we see that as long as the Hessian matrix of the original convex fuxction
has a small (restricted) condition number, the resulting factored objective function has a landscape such that all local
minima correspond to the globally optimal solution. Therefore, we believe that such a restricted well-conditionedness

property might be the key factor bring us a benign factored landscape, i.e.,
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kDkZ2 [r 21 (X)|(D;D)  kDk2 with some small=;

which says that the landscapef¢iX ) in the lifted space is bowl-shaped, at least in the directions of low-rank matrices.
4.1.3 Our Results

Before presenting the main results, we list a few necessary de nitions.

De nition 4.1.2 (Critical points). For a continuous functiofi : R" | R, we sayx 2 R" is a critical point of

functionf , if the gradient vanishes, i.e.,f (x) = 0.

De nition 4.1.3 (Strict saddles; or ridable saddles [97]). For a twice differentiable functiof, a critical pointx is

a strict saddle if the Hessian matnix?f (x) has at least one strictly negative eigenvalue.

De nition 4.1.4 (Strict saddle property [100]). A twice differentiable function satis es strict saddle property if each

critical point either corresponds to the local minima or is a strict saddle.

Heuristically, the strict saddle property describes a geometric structure of the landscape: if a critical point is not
a local minimum, then it is a strict saddle, which implies that the Hessian matrix at this point has a strictly negative
eigenvalue. Hence, we can continue to decrease the function value at this point along the negative-curvature direction.
This nice geometric structure ensures that many local-search algorithms, such as noisy gradient descent [114], vanilla
gradient descent with random initialization [113] and the trust region method [97], can escape from all the saddle points

along the directions associated with the Hessian's negative eigenvalues, and hence converge to a local minimum.

Theorem 4.1.1(Local convergence for strict saddle property [97,113, 114,126, 127]The strict saddle property

allows many local-search algorithms to escape all the saddle points and converge to a local minimum.

Our primary interest is to understand how the original convex landscapes are transformed by the factored parame-
terizationX = UU > or X = UV ~, particularly how the original global optimum is mapped to the factored space,
how other types of critical points are introduced, and what are their properties. To answer these questions and conclude

from the previous two examples, we require that the fundtipx) in (Po)- (P1) be restricted well-conditionéd

"To be precise, Lee et al. [127] showed that for any function that has a Lipschitz continuous gradient and obeys the strict saddle property, rst-
order methods with a random initialization almost always escape all the saddle points and converge to a local minimum. The Lipschitz-gradient
assumption is commonly adopted for analyzing the convergence of local-search algorithms, and we will discuss this issue after Theorem 4.3.1.
To obtain explicit convergence rate, other properties (like the gradient at the points that are away from the critical points is not small) about the
objective functions may be required [97,114,126, 128]. In this work, similar to [100], we mostly focus on the properties of the critical points, and
we omit the details about the convergence rate. However, we should note that, by utilizing the similar approach in [93], it is possible to extend the
strict saddle property so that we can obtain explicit convergence rate for certain algorithms [97, 114, 126] when applied for solving the factored
low-rank problems.

8Note that the constanit5 for the dynamic range- in (C) is not optimized and it is possible to slightly relax this constraint with more sophisticated
analysis. However, the example of the weighted PCA in (4.1) implies that the room for improving this constant is rather limited. In particular,
Claim 4.1.1 and (4.2) indicate that when> 3, the spurious local minima will occur for the weighted PCA in (4.1). Thus, as a suf cient condition
for any general objective function to have no spurious local minima, a universal bound on the condition number should be at least no larger than 3,
i.e.,,— 3. Also aside from the lack of spurious local minima, as stated in Theorem 4.1.2, the strict saddle property is the other one that needs to
be guaranteed.
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kDkZ [r 2 (X)|(D;D)  kDkZ with = 1:5wheneverrank(X) 2r andrank(D) 4r. (O

We show that as long as the functibfX) in the original convex programs satis es the restricted well-conditioned
assumption@), each critical point of the factored programs either corresponds to the low-rank globally optimal solu-
tion of the original convex programs or is a strict saddle point where the Hessian matikas a strictly negative
eigenvalue. This nice geometric structure coupled with the powerful algorithmic tools provided in Theorem 4.1.1 thus

allows simple iterative algorithms to solve the factored programs to a global optimum.

Theorem 4.1.2(Informal statement of our results). Suppose the objective functiériX ) satis es the restricted
well-conditioned assumptidi€). AssumeX ? is an optimal solution ofPg) or (P1) withrank(X?) = r?. Setr  r?
for the factored variables) andV . Then any critical pointU (or (U ;V)) of the factored objective functianin (Fo)-
(F1) either corresponds to the global optimu? such thatX” = UU > for (Pg) (or X? = UV ~ for (Py)) oris a

strict saddle point (which includes a local maximumyof

First note that our result covers both over-parameterization where ? and exact parameterization where
r?, while most existing results in low-rank matrix optimization problems [100, 101, 104] mainly consider the exact-
parameterization case, i.e.= r?, due to the hardness of ful lling the gap between the metric in the factored space
and the one in the lifted space for the over-parameterization case. The geometric property established in the theorem
ensures that many iterative algorithms [97,113, 114] converge to a square-root factor (or a factorizatidnd\an
with random initialization. Therefore, we can recover the rahlglobal minimizerX ? of (Po)- (P1) by running
local-search algorithms on the factored functiggt)) (or g(U;V)) if we know an upper bound on the rank. For
problems with additional linear constraints, such as those studied in [119], one can combine the original objective
function with a least-squares term that penalizes the deviation from the linear constraints. As long as the penalization
parameter is large enough, the solution is equivalent to that of the constrained minimization problems and hence is

also covered by our result.
4.1.4 Stylized Applications

Our main result only relies on the restricted well-conditionedneds(Xf). Therefore, in addition to low-rank
matrix recovery problems [93,100-102, 104], it is also applicable to many other low-rank matrix optimization prob-
lems with non-quadratic objective functions, includibdit matrix recovery, robust PCA [101], and low-rank matrix
recovery with non-Gaussian noise [129]. For ease of exposition, we list the following stylized applications regarding
the PSD matrices. But we note that the results listed below also hold for the casesiwéiergeneral nonsymmetric

matrices.

61



4.1.4.1 Weighted PCA

We already know that in the two-dimensional case, the landscape for the factored weighted PCA problem is closely
related with the dynamic range of the weighting matrix. Now we exploit Theorem 4.1.2 to derive the result for the
high-dimensional case. Consider thenmetrioveighted PCA problem where the goal is to recover the ground-truth
X7 from a pointwisely-weighted observatioh = W X 7. HereW 2 R" " is the known weighting matrix and
the desired solutioX ?  0is of rankr?. A natural approach is to minimize the following squatedoss:

| . 2
kW (UU> XP)KZ: 4.4
minimize - ( ke (4.4)

Unlike the low-rank approximation problem whafé is the all-ones matrix, in general there is no analytic solutions
for the weighted PCA problem (4.4) [130] and directly solving this traditionaloss (4.4) is known to be NP-

hard [131]. We now apply Theorem 4.1.2 to the weighted PCA problem and show the objective function in (4.4)
has nice geometric structures. Towards that end, dé @¢) = %kW (X X?)k& and compute its directional

curvature as
[r 2 (X)[(D;D)= kW DK2:
Since = is arestricted condition number (conditioning on directions of low-rank matrices), which must be no larger

than the standard condition numbegay (r 2f (X))= min (r 2f (X)). Thus, together with (4.2), we have

max ( °f (X)) maXWi12 .
min (l‘ 2f (X )) min \Nij2 .

Now we apply Theorem 4.1.2 to characterize the geometry of the factored problem of (4.4).

2
Corollary 4.1.1. Suppose the weighting mati% has a small dynamic rang% 1:5. Then the objective
[}

function of (4.4)withr  r? satis es the strict saddle property and has no spurious local minima.
4.1.4.2 Matrix Sensing

We now consider the matrix sensing problem which is presented before in Section 4.1.2. To apply Theorem 4.1.2,

we rst compare the RIP (4.3) with our restricted well-conditionedn€&}swhich is copied below

kDkZ [r 2 (X)|(D;D)  kDkZ with = 1:5wheneverrank(X) 2r andrank(D) 4r:

Clearly, the restricted well-conditionednes§3 (ould hold if the linear measurement operatosatis es thedr -RIP
with a constant, such that

1+ 4
1 ar

1.5 () a2 0

all =
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Now we can apply Theorem 4.1.2 to characterize the geometry of the following matrix sensing problem after the
factored parameterization:

1
minimize =ky A (UU ~)k3: 4.5
ninimize Sky A ( )k (4.5)

Corollary 4.1.2. Suppose the linear map satis es thedr-RIP (4.3)with 4 2 [0; 1=5]. Then the objective function

of (4.5)withr  r? satis es the strict saddle property and has no spurious local minima.
4.1.4.3 1-bit Matrix Completion

1-bit matrix completion, as its name indicates, is the inverse problem of completing a low-rank matrix from a set

of 1-bit quantized measurements

Yj =bit( X7) for(i;j)2
Here,X? 2 R" " is the low-rank PSD matrix of rank’, is a subset of the indicga] [n], andbit( ) is the 1-bit
guanti er which outputs 0 or 1 in a probabilistic manner:

1; with probability (x);

bit(x) =
(x) 0; with probability 1 (x):

X

One typical choice for (x) is the sigmoid function (x) = 7o . TO recoverX ?, the authors of [132] propose to

minimizing the negative log-likelihood function

minimize f (X) := © gl (y)+@ Yilogd  (Xp)) (4.6)
(i )2
and show that ikX 7k cnp r?, max; jX ; j cforsome small constait and follows certain random binomial
model, solving the minimization of the negative log-likelihood function with some nuclear-norm constraint would be
very likely to produce a satisfying approximationXd [132, Theorem 1].
However, wherX ? is extremely high-dimensional (which is the typical case in practice), it is not ef cient to deal

with the nuclear norm constraint and hence we propose to minimize the factored formulation of (4.6)

X
minimize g(U) := Y log( ((UU 7))+ Yj)log(L  ((UU7);)) : (4.7)
(i )2
In order to utilize Theorem 4.1.2 to understand the landscape of the factored objective function (4.7), we then check
the following directional Hessian quadratic fromfdfX )

X
[r %f (X)I(D;D) = (X )D§:
(ii)2
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For simplicity, consider the case where[ n] [n], i.e., observe full quantized measurements. This will not increase
the acquisition cost too much, since each measurement is of 1 bit. Under this assumption, we have

Oy 2 2 . oy . 2 max X )
min (X; )kDkg [r “f (X)](D;D) max (X;)kDks min A%, )
Lemma 4.1.1.Let =[ n] [n]: AssumekXk; := maxjX;; j is bounded byl:3169 Then the negative log-

likelihood function(4.6)f (X) satis es the restricted well-conditioned property.

Proof. First of all, we claim (x) is an even, positive function and decreasing wken 0. This is because the

sigmoid function (x)isodd, qx)= (x)(1  (x)) > Oby (x)2 (0;1),and Qx)= < I < oforx O.

(e+1) ®

Therefore, for anyX j  1:3169 we haver= ‘?((;.;J)) = mir:”a’;(l?é‘i)sg) 1:49995 1.5 O

We now use Theorem 4.1.2 to characterize the landscape of the factored formulation (4.7) iBthesdtU 2

R" " :kUU * k; 1:3169¢g

Corollary 4.1.3. Setr  r?in (4.7). Then the objective functig@.7) satis es the strict saddle property and has no

spurious local minima iy :

We remark that such a constraint kX k; is also required in the seminal work [132], while by using the Burer-

Monteiro parameterization, our result removes the time-consuming nuclear norm constraint.
4.1.4.4 Robust PCA

For the symmetric variant of robust PCA, the observed matrix X ?+ Swith S being sparse and’ being PSD.
Traditionally, we recoveX ? by minimizingjjY  Xijj1 = P i 1Yi  Xij j subjectto a PSD constraint. However, this
formulation does not directly tinto our framework due to the non-smoothness of therm. An alternative approach
is to minimizeP i ha(Y;  Xj ), whereh,(2) is chosen to be a convex smooth approximation to the absolute value
function. A possible choice is,(x) = alog((exp(x=a) + exp( x=a))=2), which is shown to be strictly convex and

smooth in [99, Lemma A.1].
4.1.4.5 Low-rank Matrix Recovery with Non-Gaussian Noise

Consider the PCA problem where the underlying noise is non-Gaussian:
Y = X%+ Z;

i.e., the noise matriZ 2 R" " may not follow the Gaussian distributions. Heke? 2 R" " is a PSD matrix of
rankr”?. It is known that when the noise is from normal distribution, the according maximum likelihood estimator
(MLE) is given by the minimizer of a squared loss functimmimizey ¢ %kY X k2 : However, in practice, the

noise is often from other distributions [133], such as Poisson, Bernoulli, Laplacian, and Cauchy, just to name a few.
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In these cases, the resulting MLE, obtained by minimizing the negative log-likelihood function, is not the square loss
one. Such a noise-adaptive estimator is more effective than square-loss minimization. To have a strongly convex and
smooth objective function, the noise distribution should be log-strongly-concave, e.g., the Subbotin densities [129,
Example 2.13], the Weibull densify (x) = x lexp( x ) for 2 [129, Example 2.14], and the Chernoff's
density [134, Conjecture 3.1]. Once the restricted well-conditioned assumgios $atis ed, we can then apply
Theorem 4.1.2 to characterize the landscape of the factored formulation. Similar results apply to matrix sensing and

weighted PCA when the underlying noise is non-Gaussian.

4.1.5 Prior Arts and Inspirations

Prior Arts in Non-convex Optimization Problems. The past few years have seen a surge of interest in non-convex
reformulations of convex optimization problems for ef ciency and scalability reasons. However, fully understanding
this phenomenon, mainly the landscapes of these non-convex reformulations could be hard. Even certifying the local
optimality of a point might be an NP-hard problem [135]. The existence of spurious local minima that are not global
optima is a common issue [136, 137]. Also, degenerate saddle points or those surrounded by plateaus of small cur-
vature could also prevent local-search algorithms from converging quickly to local optima [138]. Fortunately, for a
range of convex optimization problems, particularly those involving low-rank matrices, the corresponding non-convex
reformulations have nice geometric structures that allow local-search algorithms to converge to global optimality. Ex-
amples include low-rank matrix factorization, completion and sensing [93, 100, 101, 104], tensor decomposition and
completion [114,139], dictionary learning [99], phase retrieval [98], and many more. Based on whether smart initial-
izations are needed, these previous works can be roughly classi ed into two categories. In one case, the algorithms
require a problem-dependent initialization plus local re nement. A good initialization can lead to global convergence

if the initial iterate lies in the attraction basin of the global optima [103,139-141]. For low-rank matrix recovery prob-
lems, such initializations can be obtained using spectral methods [103, 140]; for other problems, it is more dif cult
to nd an initial point located in the attraction basin [139]. The second category of works attempt to understand the
empirical success of simple algorithms such as gradient descent [113], which converge to global optimality even with
random initialization [93,100,101,104,113,114]. This is achieved by analyzing the objective function's landscape and
showing that they have no spurious local minima and no degenerate saddle points. Most of the works in the second
category are for speci ¢ matrix sensing problems with quadratic objective functions. Our work expands this line of
geometry-based convergence analysis by considering low-rank matrix optimization problems with general objective

functions.

Burer-Monteiro Reformulation for PSD Matrices. In[103], the authors also considered low-rank and PSD matrix

optimization problems with general objective functions. They characterized the local landscape around the global
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optima, and hence their algorithms require proper initializations for global convergence. We instead characterize the
global landscape by categorizing all critical points into global optima and strict saddles. This guarantees that several
local-search algorithms with random initialization will converge to the global optima. Another closely related work

is low-rank and PSD matrix recovery from linear observations by minimizing the factored quadratic objective func-
tion [125]. Low-rank matrix recovery from linear measurements is a particular case of our general objective function
framework. Furthermore, by relating the rst order optimality condition of the factored problem with the global opti-
mality of the original convex program, our work provides a more transparent relationship between geometries of these
two problems and dramatically simpli es the theoretical argument. More recently, the authors of [142] showed that
for general SDPs with linear objective functions and linear constraints, the factored problems have no spurious local
minimizers. In addition to showing non-existence of spurious local minimizers for general objective functions, we

also quantify the curvature around the saddle points, and our result covers both over and exact parameterizations.

Burer-Monteiro Reformulation for General Matrices. The most related work is nonsymmetric matrix sensing from
linear observations, which minimizes the factored quadratic objective function [106]. The ambiguity in the factored
parameterization

UV> =(UR) VR v " forall nonsingulaR

tends to make the factored quadratic objective function badly-conditioned, especially when theRnmatit inverse

is close to being singular. To overcome this problem, the regularizer

e(U;V)=kU”U V~VKkZ (4.8)

is proposed to ensure thdtandV have almost equal energy [8,102, 106]. In particular, with the regularizer in (4.8),

it was shown in [8,106] tha(U;V) = f (UV )+ g (U;V) with a properly chosen> 0 has similar geometric

result as the one provided in Theorem 4.1.1 fy)( i.e.,g(U; V) also obeys the strict saddle property. Compared
with [8,102, 106], our result shows that it is not necessary to introduce the extra regularization (4.8) if wésgplve (
with the factorization approach. Indeed, the optimization fedk = min y - gy > (KUkZ + kV k2 )=2 of the nuclear

norm implicitly requiredJ andV to have equal energy. On the other hand, we stress that our interest is to analyze the
non-convex geometry of the convex probldeq \ which as we explained before, has a very nice statistical performance
such as it achieves minimax denoising rate [122]. Our geometrical result implies that instead of using convex solvers
to solve P3), one can turn to apply local-search algorithms to solve its factored proBlghef ciently. In this sense,

as a reformulation of the convex prografy , the non-convex optimization problerk {) inherits all the statistical
performance bounds foP¢). Cabral et al. [143] worked on a similar problem and showed all global optima9f (

corresponds to the solution of the convex progr&m)( The work [144] applied the factorization approach to a more
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broad class of problems. When specialized to matrix inverse problems, their results show that any local mihimizer
andV with zero columns is a global minimum for the over-parameterization case,*.etank(X ?). However, there

are no results discussing the existence of spurious local minima or the degenerate saddles in these previous works. We
extend these works and further prove that as long as the loss furidtionis restricted well-conditioned, all local

minima are global minima and there are no degenerate saddles with no requirement on the dimension of the variables.
We nally note that compared with [144], our result (Theorem 4.1.2) does not depend on the existence of zero columns

at the critical points and hence can provide guarantees for many local-search algorithms.
4.1.6 Notations

Denote[n] as the collection of all positive integers uprio The symbold and0 are reserved for the identity
matrix and zero matrix/vector, respectively. A subscript is used to indicate its dimension when this is not clear from
context. We call a matrix PSD, denoted By 0, if it is symmetric and all its eigenvalues are nonnegative. The
notation X Y meansX Y 0,i.e., X Y is PSD. The set of r orthogonal matrices is denoted by
O =fR 2R " :RR” = I|,g. Matrix norms, such as the spectral, nuclear, and Frobenius norms, are denoted
respectively byk k, k k andk kg.

The gradient of a scalar functidr(Z) with a matrix variablez 2 R™ " isanm n matrix, whosd(i;j )th entry

is[r f(2)]i; = %f%_z) fori 2 [m],j 2 [n]. Alternatively, we can view the gradient as a linear fdrnf (2)](G) =
hrf(2);Gi = ij @@f%Z)Gij foranyG 2 R™ ", The Hessian of (Z) can be viewed as 4th order tensor
of dimensionm n m n, whose(i;; k;| )th entry is[r 2f Dija = @%ﬁ% fori;k 2 [m], j;I 2 [n].

Similar to the linear form representation of the gradient, we can view the Hessian as a bilinear form de ned via
P
[r 28 (@UGiH) = @S"Zfi(@zz)leij Hi foranyG;H 2 R™ M. Yet another way to represent the Hessian is as

— @1 (2)
@71@1

will use these representations interchangeably whenever the speci c form can be inferred from context. For example,

anmn  mn matrix[r 2f (Z)];;

fori;j 2 [mn], wherez is theith entry of the vectorization aZ. We

in the restricted well-conditionedness assumption the Hessian is apparently viewed asrgn  n? matrix and the
identity | is of dimensiom? n?:
For a matrix-valued function : R 91 R™ " itis notationally easier to represent its gradient (or Jacobian) and

Hessian as multi-linear operators. For example, the gradient, as a linear operat&"frério R™ ", is de ned via

P i
[ WIS = w2 @@gﬂl)]” Gy fori 2 [m];j 2 [n] andFEB 2 RP 9; the Hessian, as a bilinear operator
fromRP 9 RP 9toR™ " isde nedvia[r ?[ (U)I(G;H)]j = Ki:ko2[p] 1122 [d] %lelﬂ‘h@lz for

i 2 [m];j 2 [n]andG;H 2 RP 9. Using this notation, the Hessian of the scalar funcfi¢d) of the previous
paragraph, which is also the gradientrof (Z) : R™ "I R™ ", can be viewed as a linear operator fr&f ™ to

R™ " denoted byr ?f (2)](G) and satis esdr *f (2)](G)];Hi =[r ?f (2)](G;H) forG;H 2 R™ ",
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4.2 Problem Formulation

This work considers two problems: (i) the minimization of a general convex funt(ixr) with the domain being
positive semi-de nite matrices; (ii) the minimization of a general convex functibX) regularized by the matrix
nuclear normkX k with the domain being general matrices. et be an optimal solution ofRp) or (P1) of rank
r?. To develop faster and scalable algorithms, we apply Burer-Monteiro style parameterization [119] to the low-rank

optimization variableX in (Pg)- (P1):

(U):= UU”>
(U;V):=Uuv~>

For symmetric case: X

For nonsymmetric case: X

whereU 2 R" "andV 2 R™ " withr r?. With the optimization variablX being parameterized, the convex

programs are transformed into the factored problef3-((F 1):

For symmetric case: n?JigiFEpizreg(U)= f( (U))

F i : V)= f V) + = kUkZ + kV K2
or nonsymmetric case UZFreplrzl;r\r/wlzzRem rg(U, ) ( (U;V)) 5 Ukg F

Inspired by the lifting technique in constructing SDP relaxations, we refer to the vaXaatethe lifted variable, and
the variabledJ;V as the factored variables. Similar naming conventions apply to the optimization problems, their

domains, and objective functions.
4.2.1 Consequences of the Restricted Well-conditionedness Assumption

First the restricted well-conditionedness assumption reduces to (4.3) when the objective function is quadratic.
Moreover, the restricted well-conditioned assumptiGhi¢ similar to (4.3) in that the operater>—[r 2f (X)] pre-

serves geometric structure for low-rank matrices:
Proposition 4.2.1. Letf (X)) satisfy the restricted well-conditionedness assum@nThen
2 2 . 1
T[r f(X)(G;H) hG;Hi TkaFkaF ngkaHkF (4.9)

for any matricesX ; G; H of rank at mos®r.

Proof. We extend the argument in [78] to a general funcfigxX ). If either G or H is zero, (4.9) holds since both
sides ared. For nonzeroG andH, we can assumkGkr = kHkr = 1 without loss of generaliff Then the

assumption@) implies

90therwise, we can divide both sides of the equation (4.%®%kr kH ke and use the homogeneity to get an equivalent version of Proposition 4.2.1
withG = G=kGkg andH = H=kHkg,i.e,kGkr = kHkr =1.
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kG HK: [r2(X)(G H;G H) kG HK:;
kG + HKZ  [r 26 (X)[(G + H;G + H) KG + HKZ :

Thus we have

212 (X) (G;H) ( + )HG;Hi leeki{;kaﬁ}: =( )%F{gip}:

=2 =1

We complete the proof by dividing both sides by

2 2 . i = 1
7P FXOIGIH) hGiHI ——kGkekHke  ———

kG k|: kH k|: %kG kF kH k|: )
where in the last inequality we use the assumption that  1:5: O

Another immediate consequence of this assumption is that if the original convex prdg@sarmas an optimal

solutionX ? with rank(X ?)  r, then there is no other optimum d?{) of rank less than or equal to

Proposition 4.2.2. Suppose the functidn(X ) satis es the restricted well-conditionednd€y. LetX ? be an optimum

of (Po) withrank(X?)  r. ThenX? is the unique global optimum ¢Po) of rank at most .
Proof. For the sake of a contradiction, suppose there exists another optinwi(Py) with rank(X) r and
X 6 X?. We begin with the second order Taylor expansion, which reads

f(X)=f(X?)+ hrf(X?);X X%+ %[r X7+ OX)(X X% X X))

for somet 2 [0;1]. The KKT conditions for the convex optimization problei] states that f (X?) 0 and

r f (X?)X? = 0, implying that the second term in the above Taylor expansion

hrf(X?);X X% =hrf(X?);Xi 0O
sinceX is feasible and hence PSD. Further, sirmek(tX?+ (1 t)X) rank(X)+rank( X?) 2r and similarly
rank(X X7?) 2r < 4r, then from the restricted well-conditionedness assump@mwé have

Ir 26 (X)X X%X  X?) kX X7k2:

Combining all, we obtain a contradiction whné X ?:

f(X) f(X?)+%kX X K2 f(X)+%kX X7Kk2 > £ (X):
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where the second inequality follows from the optimalityXf and the third inequality holds for any 6 X ~. O

At a high-level, the proof essentially depends on the restricted strongly convexity of the objective function of
the convex progranmR(), which is guaranteed by the restricted well-conditionedness assum@@iam ¢ (X). The
similar argument holds foR; ) by noting that the sum of a (restricted) strongly convex function and a standard convex
function is still (restricted) strongly convex. However, showing this requires a slightly more complicated argument due

to the non-smoothness kX k around those nonsingular matrices. Mainly, we need to use the concept of subgradient.

Proposition 4.2.3. Suppose the functidn(X ) satis es the restricted well-conditionedne&d). LetX ? be a global

optimum of (P1) withrank(X?)  r. ThenX 7 is the unique global optimum ¢P;) of rank at most.

Proof. For the sake of contradiction, suppose that there exists another optnafr(P,) with rank(X) r and

X 6 X 7. We begin with the second order Taylor expansiof X ), which reads

f(X)= f(X?)+ hrf (X?); X X%+ %[r X7+ @ OX))(X X%X  X?)
for somet 2 [0; 1]. From the convexity okX k , for anyD 2 @X °k , we also have
kXk k X’k +HD;X X7
Combining both, we obtain
F(X)+ kXk  f(X?)+ kX?k +hrf(X?)+ D:X X7+ %[r X7+ OX)X X%X  X?)

(X)) + kXK +%[r2f(tx?+(1 X)X XX X?)

®
f(X?))+ kX°k +% kX X7k2

FOX)+ KXk +% KX X7K2

SE(X)+ kXK

where- holds for anyD 2 @X°k . For- , we use fact tha@f + @$ = @f + f,) for any convex functions
f1;f5; toobtainthar f (X?)+ @kX’k = @f (X?)+ kX?k ), which includes sinceX ? is a global optimum
of (P1). Therefore,- follows by choosingD 2 @X’k such thatr f (X?)+ D = 0. ® uses the restricted
well-conditionedness assumptio@) @srank(tX? + (1  t)X) 2r andrank(X X?) 4r.~ comes from the

assumption that bot andX ? are global optimal solutions oPg). °© uses the assumption thété X ?: O
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4.3 Understanding the Factored Landscapes for PSD Matrices

In the convex programR(p), we minimize a convex functioh(X) over the PSD cone. LeX’ be an optimal

solution of Py) of rankr?. We re-parameterize the low-rank PSD varia¥las
X= (U)=UuUu~

whereU 2 R" " withr r? is a rectangular, matrix square root Xf After this parametrization, the convex

program is transformed into the factored probldfg)(whose objective functionig(U) = f ( (U)).
4.3.1 Transforming the Landscape for PSD Matrices

Our primary interest is to understand how the landscape of the lifted objective fuh¢¥onis transformed by the
factored parameterizationU) = UU >, particularly how its global optimum is mapped to the factored space, how
other types of critical points are introduced, and what their properties are.

We show that if the functiof (X)) is restricted well-conditioned, then each critical point of the factored objective
functiong(U) in (Fo) either corresponds to the low-rank global solution of the original convex prodfgjnof is
a strict saddle where the Hessiadg(U) has a strictly negative eigenvalue. This implies that the factored objective

functiong(U) satis es the strict saddle property.

Theorem 4.3.1(Transforming the landscape for PSD matrices). Suppose the functioh(X) in (Pg) is twice
continuously differentiable and is restricted well-condition(@l. AssumeX ? is an optimal solution of(Pg) with
rank(X?) = r?. Setr  r?in (Fo). LetU be any critical point ofg(U) satisfyingr g(U) = 0. ThenU either

corresponds to a square-root factor 6f’, i.e.,

or is a strict saddle of the factored probleffig). More precisely, letJ? 2 R" " such thatX? = U?U? and set

D=U U’RwithR =argming.g,0 KU U?RkZ, then the curvature of 2g(U) alongD is strictly negative:

[r 29(U))(D;D)

8
% 0:24 min  (U)?; (X?) kDkZ whenr>r ?;
% 0:19 (X?)kDkZ whenr = r?;

0:24 (X ?)kDk2 whenU = 0

with () denoting the smallest nonzero singular value of its argument. This further implies
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0:24 min (U)%, (X?) whenr>r 7,

min (r 2g(U)) 0:19 (X?) whenr = r?;

TV AR 00

0:24 (X7) whenU = 0:

Several remarks follow. First, the matiix is the direction from the saddle poiut to its closest globally optimal
factorU R of the same dimension &k. Second, our result covers both over-parameterization wirere? and exact
parameterization whene = r?. Third, we can recover the rank-global minimizerX ? of (Po) by running local-
search algorithms on the factored functigt ) if we know an upper bound on the rank. In particular, to apply the
results in [127] where the rst-order algorithms are proved to escape all the strict saddles, aside from the strict saddle
property, one needg(U) to have a Lipschitz continuous gradient, ile:,g(U) r g(V)kg LkU  Vkg or
kr 2g(U)k L. for some positive constaht. (also known as the Lipschitz constant). As indicated by the expression
of r 2g(U) in (4.14), itis possible that one can not nd such a constayfor the whole space. Similar to [126] which
considers the low-rank matrix factorization problem, suppose the local-search algorithm stbytarat sequentially
decreases the objective value (which is true as long as the algorithm obeys certain suf cient decrease property [145]).

Then it is adequate to focus on the sublevel sef of

Levi (Uo) = fU :g(U) 9(Uo)g; (4.10)

and show thaty has a Lipschitz gradient drev; (U ). This is formally established in Proposition 4.3.1, whose proof

is given in Appendix C.1.

Proposition 4.3.1. Under the same setting as in Theorem 4.3.1, for any initial pdigitg(U) onLev; (U) de ned

in (4.10)has a Lipschitz continuous gradient with the Lipschitz constant

2

0 q

o<

1
r 2 2 ?
, 2(f(UoU3) f(X?))
& > ? ? ? P A
2 S((UU3) TN +2k FX ke +4 OV ke + ——po—is

Le=

where () denotes the smallest nonzero singular value of its argument.
4.3.2 Metrics in the Lifted and Factored Spaces

Before continuing this geometry-based argument, it is essential to have a good understanding of the domain of
the factored problem and establish a metric for this domain. Since foanyU) = (UR) whereR 2 O,
the domain of the factored objective functigfU ) is strati ed into equivalence classes and can be viewed as a

guotient manifold [146]. The matrices in each of these equivalence classes differ by an orthogonal transformation (not
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necessarily unique when the ranklofis less tham). One implication is that, when working in the factored space, we

should consider all factorizations ¥f? :
A?=fU?2R" ": (U%)= X’g:
A second implication is that when considering the distance between two pbjraadU ,, one should use the distance

between their corresponding equivalence classes:

dlSt(U 1, Uz) = R12gjl;r|1?220r kUiR: UsRzke = }I;nZIr(}, kU1 U3RKkg: (411)

Under this notationdist(U; U?) = min r20, kU U ’Rkg represents the distance between the class containing a
critical pointU 2 R" " and the optimal factor clags’. The second minimization problem in the de nition (4.11) is

known as the orthogonal Procrustes problem, where the global optRhisnasharacterized by the following lemma:

Lemma 4.3.1. [147] An optimal solution for the orthogonal Procrustes problem:

R =argmin kU; U,Rk2 =arg maxhJ;U;Ri
R20O, R 20,

For any two matrice§) 1; U, 2 R" ', the following lemma relates the distaridg ;U7 U ,U3 kg in the lifted

space to the distanast(U 1; U>) in the factored space. The proof is deferred to Appendix C.2.
Lemma 4.3.2. Assume that) ;;U> 2 R" . Then
kU;U7 UxUZke minf (Uy); (Uz)gdist(Uq;U53):
In particular, when one matrix is of full rank, we have a similar but tighter result to relate these two distances.

Lemma 4.3.3. [102, Lemma 5.4] Assume thdt;; U, 2 R" " andrank(U1) = r. Then
kUiU]  UoU3ske 2(pé 1) (Uj)dist(Uq;U5):
4.3.3 Proof Idea: Connecting the Optimality Conditions

The proof is inspired by connecting the optimality conditions for the two progrégsdnd o). First of all,
as the critical points of the convex optimization problePy), they are global optima and are characterized by the

necessary and suf cient KKT condition [115]

rf(x? orf(X)X?=0;X? o (4.12)

The factored optimization problerk §) is unconstrained, with the critical points being speci ed by the zero gradient

condition

rgU)y=2rf( (U)U = 0: (4.13)
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To classify the critical points of{p), we compute the Hessian quadratic fdm?g(U)](D;D) as

[r 2g(U)](D:D)=2hrf( (U)):DD”i+[r 2f( (U)(DU> + UD>:DU> + UD ): (4.14)

Roughly speaking, the Hessian quadratic form has two terms — the rst term involves the gradi€éXt)odind the
Hessian of (U), while the second term involves the Hessiari K) and the gradient of (U). Since (U + D) =
(U)+ UD~” + DU > + DD ~, the gradient of is the linear operatojr (U)](D) = UD~> + DU~ and the
Hessian bilinear operator applies%{s 2 (U)I(D;D) = DD >. Note in (4.14) the second quadratic form is always
nonnegative since 2f 0 due to the convexity of .
For any critical pointJ of g(U), the corresponding lifted variab}e := UU * is PSD and satis es f (X)X = 0.
On one hand, iX further satisesr f (X) 0, then in view of the KKT conditions (4.12) and notimgnk(X) =
rank(U) r, we must haveX = X7, the global optimum ofRy). On the other hand, iK 6 X?, implying
r f(X) 0due to the necessity of (4.12), then additional critical points can be introduced into the factored space.
Fortunatelyyr f (X) 0 also implies that the rst quadratic form in (4.14) might be negative for a properly chosen
directionD. To sum up, the critical points af(U) can be classi ed into two categories: the global optima in the
optimal factor seA” withr f (UU >)  0and those witlr f (UU >) 0. For the latter case, by choosing a proper
directionD, we will argue that the Hessian quadratic form (4.14) has a strictly negative eigenvalue, and hence moving
in the direction ofD in a short distance will decrease the valug@l ), implying that they are strict saddles and are
not local minima.
We argue that a good choice Df is the direction from the curretd to its closest point in the optimal factor set
A?. Formally,D = U U’R whereR = arg ming.g,0, KU U’Rke is the optimal rotation for the orthogonal
Procrustes problem. As illustrated in Figure 4.2 where we have two global solutibasd U? andU is closer to
U?, the direction fromJ to  U? has more negative curvature compared to the direction BomU °.

Plugging this choice dD into the rst term of (4.14), we simplify it as
hrf(UU~);DD”i = hrf(UU”);U°U” U’RU”> U(U’R)” +UU i

hr f (UU ”);U°Ui

hr f (UU >);U°U?  UU ~i; (4.15)

where both the second line and last line follow from the critical point propeftyUU > )U = 0. To gain some
intuition on why (4.15) is negative while the second term in (4.14) remains small, we consider a simple example: the

matrix PCA problem.

Matrix PCA Problem. Consider the PCA problem for symmetric PSD matrices
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Figure 4.2: The matri®d = U  U’R is the direction from the critical poirly to its nearest optimal factas ’R,
whose normkU ~ U?RKkg de nes the distancelist(U;U?). Here,U is closer to U? thanU? and the direction
fromU to U? has more negative curvature compared to the direction Borm U ?.

L 1 .
T(lgkmlznefpc,\ (X):= EkX X?k2 subjectto X 0; (4.16)

whereX ? is a symmetric PSD matrix of ranik . Trivially, the optimal solution iX = X ?. Now consider the factored
problem

n&igiRrpizreg(U) = fpca (UU ) = %kUU > UU”KE;
whereU? 2 R" " satises (U?)= X7. Our goal is to show that any critical poibt such thatX := UU > 6 X7

is a strict saddle.

Controlling the rstterm.  Sincer fpca (X) = X X?, by (4.15), the rst term offr 2g(U)](D;D) in (4.14)

becomes

2hr fpca (X);DD ”i = 2hr fpea (X): X7 Xi=2hK X7:X? Xi= 2kX X7KZ; (4.17)
which is strictly negative wheX 6 X 7.

Controlling the second term. We show that the second tefm?f ( (U))](DU > + UD > ;DU > + UD ~) vanishes
by showing thaDU > = 0 (henceUD > = 0). For this purpose, le&X? = Q diag( )Q> = P ,r:l igiq; be the
eigenvalue decomposition of?, whereQ = q, q> 2R" "" has orthonormal columns and2 R’ is
composed of positive entries. Similarly, letU) = V diag( )V~ = P [:01 iviv> be the eigenvalue decomposition

of (U), wherer®=rank( U). The critical pointJ satisesr g(U)=2(X?  (U))U = 0, implying that
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P P,
Hence (U) = Jril i i d, = jr:1 iSjd;q; . Heres;j is equal to either 0 or 1 indicating which of the
eigenvalue-eigenvector pdir; ; g; ) appears in the decomposition ofU ). Without loss of generality, we can choose

Uu?=20a diag(p ) 0. ThenU = Q diag(p* s) 0 V7 for some orthonormal matri¥ 2 R" " and

s= g5 s;» » where the symbol means pointwise multiplication. By the Procrustes Lemma in [147], we

obtainR = V> . Plugging these int®U > = UU > U’RU > givesDU > = 0.
Combining the two. Hencelr 2g(U)](D; D) is simply determined by its rst term

[r 2g(U)|(D;D)= 2kUU> U’U” K2
2min  (U)?; (U?)? kDk2
= 2minf ( (U)); (X?)gkDk2
= 2 (X")kDKZ;

where the second line follows from Lemma 4.3.2 and the last line follows from the fact that all the eigenvalues of

UU > come from those oX ?. Finally, we obtain the desired strict saddle propertg(@ ):

min (r 2g(U)) 2 (X?):

This simple example is ideal in several ways, particularly the gradi¢iit (U)) = (U)  (U?), which directly
establishes the negativity of the rstterm in (4.14); and by chooBirg U U ’R and usingdU > = 0, the second
term vanishes. Neither of these simpli cations hold for general objective functi@X3. However, the example does
suggest that the directidh = U U ’R is a good choice to shofw 2g(U)](D; D) kDkZ for some > 0. For
a formal proof, we will also use the directidh= U  U’R to show that those critical point$ not corresponding

to X 7 have a negative directional curvature for the general factored objective fuig¢tion

4.3.4 A Formal Proof of Theorem 4.3.1
Proof Outline. We present a formal proof of Theorem 4.3.1 in this section. The main argument involves showing

each critical pointJ of g(U) either corresponds to the optimal soluti¥f or its Hessian matrix 2g(U) has at

least one strictly negative eigenvalue. Inspired by the discussions in Section 4.3.3, we will use the direstion
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U U?R and show that the Hessiar?g(U) has a strictly negative directional curvature in the directio®of.e.,

[r g(U))(D;D) kDkZ ; for some > O

Supporting Lemmas. We rst listtwo lemmas. The rstlemma separate@) Z)U> k2 into two termskUU >
ZZ> k2 andk(UU > ZZ>)QQ~ k2 with QQ > being the projection matrix ontRange(U ). It is crucial for the
rstterm kUU > ZZ> kZ to have a small coef cient. In the second lemma, we will further control the second term

as a consequence 0f being a critical point. The proof of Lemma 4.3.4 is given in Section C.3.

Lemma 4.3.4. Let U andZ be any two matrices ilR" " such thatU”>Z = Z> U is PSD. Assume th& is an
orthogonal matrix whose columns spBangelU ). Then

2 1 2 1 2
(U 2zyu’ F g uu> zz> Pt 3+?Oﬂ (UU~> ZZ7)QQ~ e

We remark that Lemma 4.3.4 is a strengthened version of [125, Lemma 4.4]. While the result there requires: (i)
to be a critical point of the factored objective functigfU ); (ii) Z to be an optimal factor i ? that is closest tdJ,
ie,Z=U’RwithU?2A%andR =argming.gg>-;, KW W ’Rke. Lemma 4.3.4 removes these assumptions
and requires onlyJ~ Z = Z> U being PSD.

Next, we control the distance betwedh) > and the global solutioX * whenU is a critical point of the factored
objective functiong(U), i.e.,r g(U) = 0. The proof, given in Section C.4, relies on writing (X) = r f (X?) +
Rol[r (X +(1 )XN)(X X ?)dtand applying Proposition 4.2.1.

Lemma 4.3.5(Upper Bound onk(UU > U?U?>)QQ~ k2). Suppose the objective functib(X ) in (Po) is twice
continuously differentiable and satis es the restricted well-conditionedness assunfiofkurther, letU be any
critical point of (Fg) andQ be the orthonormal basis spanniRangeU). Then

uu> uU’u?®

> ?21?
(UU> UU™)QQ> . - C

Proof of Theorem 4.3.1. Along the same lines as in the matrix PCA example, it suf ces to nd a direcBoto
produce a strictly negative curvature for each critical painhot corresponding t& ?. We choosd® = U  U’R

whereR =argming gz > -, kW W ?RKkg. Then
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[r 29(U)I(D; D)

=2hr f (X);DD > i +[r 2f (X)[(DU> + UD >;DU~ + UD *) By Eq. (4.14)
=2hr f (X);X? Xi+[r?(X)(DU> +UD”:DU” + UD”) By Eq. (4.13)
I2hrf(X) r Ez(x?);x’-’ Xi+[|r 2f(X)](DU>+l{JZD>;DU>+UD>; By Eq. (4.12)

In the following, we will bound ; and », respectively.

Bounding ;.

1
N

1= 2hrf(X?) r f(X);X? Xi= [r2f (X +(1 XX X)d;X? X

2 ref@axX +@ HX? (X7 X;X? X)dt
0

2 kX? XkZ;

where- follows from the Taylor's Theorem for vector-valued functions [148, Eg. (2.5) in Theorem 2.1]; and
follows from the restricted strong convexity assumptiGpgince the PSD matriX +(1  t)X? has rank of at most

2r andrank(X? X) 4r

Bounding .

2=[r2(X)(DU” + UD”;DU” + UD )

kDU > + UD > k2 By (C)
4 kDU ~ k2
4 %kx X?k2 + 3+ ?0% k(X X*)QQ k2 : By Lemma 4.3.4
1 1 ( )? 22
4 —+ 3+ Pp= kX X7k By Lemma 4.3.5
8 P55 (+ )2 F y
1:76 kX?  XKk2: By = 15

Combining the two. Hence,

1+ 2 024 kX7 XKE:

Then, we relate the lifted distan&X? X k2 with the factored distanceU ~U?RkZ using Lemma 4.3.2 when

r>r ?, and Lemma 4.3.3 whan= r~, respectively:
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Whenr > ?: [r 2g(U)}(D;D) 0:24 min  (U)?%; (U?)? kDKk2 By Lemma 4.3.2
= 024 min (U)?% (X?) kDkZ;

Whenr = r?: [r 2g(U)}(D;D 0:19 (U?)?kDk2 By Lemma 4.3.3
F
= 019 (X?)kDKZ:

For the special case whelle= 0, we have

[r 2g(U)](D;D) 0:24 kO X7k2
= 0:24 kUPU” K2

0:24 (U?)%kU’k2

= 024 (X?)kDKZ:

where the last second line follows from

0 1
211?> 1.2 X 2 X ? . 2 ? X 2 ? 2 ? 21,2
kU’U? k2 = AU = fU? min ZUNH@ ZUTA = 2(U7)KUKE;
i i1 (U?)60 - i(U7)80 it (U?)60
and the last line follows fronD = 0 U’R = U’R whenU = 0: Here () denotes the-th largest singular
value of its argument. O

4.4 Understanding the Factored Landscapes for General Non-square Matrices

In this section, we will study the second convex progr&7){ the minimization of a general convex functib(X )
regularized by the matrix nuclear nokX k with the domain being general matrices. Since the matrix nuclear norm
kX k appears in the objective function, the standard convex solvers or even faster tailored ones require performing
singular value decomposition in each iteration, which severely limits the ef ciency and scalability of the convex

program. Motivated by this, we will instead solve its Burer-Monteiro re-parameterized counterpart.
4.4.1 Burer-Monteiro Reformulation of the Nuclear Norm Regularization

Recall the second problem is the nuclear norm regularizaBjt (
minimizef (X)+ kXk P
X2Rn m ) (Pa)

This convex program has an equivalent SDP formulation [65, page 8]:

N . X i
- mmlznér;mnz? - mf(X)+ E(tr( )+tr( ) subjectto x> 0: (4.18)

When the PSD constraint is implicitly enforced as the following equality constraint
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>

X :\L; \L/J ) X=UV>; =UU>; =W~ (4.19)

X>

we obtain the Burer-Monteiro factored reformulatidn, J:
V)= f(UV >)+ —(kUkZ + kVK2): F
oo inimize g(U;v)=f(vT) 2( Ukg F) (F1)

The factored formulationH;) can potentially solve the computational issueR{f)in two major respectdi) avoiding
expensive SVDs by replacing the nuclear nda¥k with the squared terrtkUkZ + kV k2)=2; (i) a substantial

reduction in the number of the optimization variables from to (n + m)r.
4.4.2 Transforming the Landscape for General Non-square Matrices

Our primary interest is to understand how the landscape of the lifted objective fuf¢on+ kX Kk is trans-
formed by the factored parameterizatioU;V) = UV >. The main contribution of this part is establishing that
under the restricted well-conditionedness of the convex loss funéti#), the factored formulationH;) has no

spurious local minima and satis es the strict saddle property.

Theorem 4.4.1(Transforming the landscape for general non-square matrices) Suppose the functidn(X ) satis-
es the restricted well-conditioned propert@). Assume thaX ? of rankr ? is an optimal solution ofP;) where > 0.
Setr  r?inthe factored prograngF1). Let(U; V) be any critical point of(U ; V) satisfyingr g(U;V) = 0. Then

(U; V) either corresponds to a factorization ¥f’, i.e.,

or is a strict saddle of the factored problem:

0:12 min 05 2(W); (X?)  whenr>r ?;

TV AR 00

min (r 2g9(U; V) 0:099 (X?) whenr = r?;
012 (X?) whenwW = 0;
whereW = y> v> and (W) isthe smallest nonzero singular value\f.

Theorem 4.4.1 ensures that many local-search algorithwisen applied for solving the factored prografyJ,

can escape from all the saddle points and converge to a global solution that correspondSeveral remarks follow.

10The Lipschitz gradient off at any its sublevel set can be obtained with similar approach for Proposition 4.3.1.
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The Non-triviality of Extending the PSD Case to the Nonsymmetric Case. Although the generalization from

the PSD case might not seem technically challenging at rst sight, we must overcome several technical dif culties to
prove this main theorem. We make a few other technical contributions in the process. In fact, the non-triviality of
extending to the nonsymmetric case is also highlighted in [102, 104, 106]. The major technique dif culty to complete
such an extension is the ambiguity issue existed in the nonsymmetriclddse: = (tU)(1=tV)> for any nonzero

t. This tends to make the factored quadratic objective function badly-conditioned, especiallyt vgheery large

or small. To prevent this from happening, a popular strategy utilized to adapt the result for the symmetric case to
the non-symmetric case is to introduce an additional balancing regularization to ensutk dnatV have equal

energy [102,104, 106]. Sometimes these additional regularizations are quite complicated (see Eq. (13)-(15) in [140]).
Instead, we nd for nuclear norm regularized problems, the critical points are automatically balanced even without
these additional complex balancing regularizations (see Section 4.4.4 for details). In addition, by connecting the
optimality conditions of the convex prograrR4) and the factored progrank (), we dramatically simplify the proof

argument, making the relationship between the original convex problem and the factored program more transparent.

Proof Sketch of Theorem 4.4.1. We try to understand how the parameterization= (U ;V) transforms the
geometric structures of the convex objective functidiX) by categorizing the critical points of the non-convex
factored functiorg(U; V). In particular, we will illustrate how the globally optimal solution of the convex program

is transformed in the domain ofU ; V). Furthermore, we will explore the properties of the additional critical points
introduced by the parameterization and nd a way of utilizing these properties to prove the strict saddle property. For

those purposes, the optimality conditions for the two progrdPa} &nd ¢ 1) will be compared.
4.4.3 Optimality Condition for the Convex Program

As an unconstrained convex optimization, all critical pointsRf)(are global optima and are characterized by the

necessary and suf cient KKT condition [115]:

rf(x?)2 @kx’k ; (4.20)

where@X ’k denotes the subdifferential (the set of subgradient) of the nuclear kXn evaluated aX . The

subdifferential of the matrix nuclear norm is de ned by

@Xk =fD2R" M:kYk k Xk +hy X;Di;ally 2R" Mg

We have a more explicit characterization of the subdifferential of the nuclear norm using the singular value decompo-
sition. More speci cally, suppos¥ = P Q ~ is the (compact) singular value decompositioniXof2 R" ™ with

P2R" ";Q2R™ "and beinganr r diagonal matrix. Then the subdifferential of the matrix nuclear norm at
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X is given by [65, Equation (2.9)]

@Xk =fPQ> + E:P”E = 0;EQ = O;kEk 1g:

Combining this representation of the subdifferential and the KKT condition (4.20) yields an equivalent expression for
the optimality condition

rf(x’hQ’= P

re(X?>pP?’= Q% (4.21)

kr f(X)k
where we assume the compact SVDXot is given by

? ?

X7=P? Q™ withP?2R" ";Q72R™ ''; ?2R

Sincer r? in the factored problemH3), to match the dimensions, we de ne the optimal factors 2 R" ',
V?2R™ ' foranyR 2 O, as
u?= P?[pi?or? « IR;
v?=qQl 7o, ¢ mIR:

Consequently, with the optimal factos’; V ? de ned in (4.22), we can rewrite the optimal condition (4.21) as

(4.22)

rf(xX?)v?= U7

rf(x?)>u?= v7 (4.23)
kr f(X?)k
2 3
U?
Stackingu?;V? asw ? = 9" Landde ning
V?
_ I r f(X)
(XD fxy [ forallX (4.24)
yield a more concise form of the optimality condition:
(X)W?=0;
2 (4.25)
kr f (X )k
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4.4.4 Characterizing the Critical Points of the Factored Program

To begin with, the gradient af(U ; V) can be computed and rearranged as

ruvg(u;Vv)
rvog(u;Vv)
rf(UV>)V+ U
rf(Uv~>)>Uu+ Vv

[ rf(Uv>) U
rf(Uv >)> | Vv

rogu;v)=

(4.26)

>y U .
(U7
where the last equality follows from the de nition (4.24) ¢f ). Therefore, all critical points of(U;V) can be

characterized by the following set

X:= (U;V): (UV?) \li =0
We will see that any critical pointU ; V) 2 X forms an balanced pair, which is de ned as follows:

De nition 4.4.1 (Balanced pairs). We call(U; V) is a balanced pair if the Gram matrices of andV are the same:

U>U V>V = 0:Allthe balanced pairs form the balanced set, denoteiby (U;V):U>U V>V =0 :

By De nition 4.4.1, to show that each critical point forms an balanced pair, we rely on the following fact:

W = W= Y with(U;V)2E, W>W=W"W =UU V>V =0 4.27)

U
\% \%

Now we are ready to relate the critical points and balanced pairs, the proof of which is given in Appendix C.5.
Proposition 4.4.1. Any critical point(U; V) 2 X forms a balanced pair ifk:
4.4.4.1 The Properties of the Balanced Set

In this part, we introduce some important properties of the balance. sEhese properties basically compare
the on-diagonal-block energy and the off-diagonal-block energy for a certain block matrix. Hence, it is necessary to

introduce two operators de ned on block matrices:

P A A _ An 0 |

A Axp 0 Axn’ (4.28)
p Aun A _ 0 A . '

° Axn Apn 7 Ay O

forany matriceA 11 2 R" ";A, 2 R" MA; 2 R™ MAL, 2 R™ M,
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According to the de nitions oP,, andP, in (4.28), wherP,, andP, are acting on the product of two block

matricesW ;W 3,
SN _ U1U§ U1V§ _ U]_UZ 0 _ W]_WE"‘W]_WZ
Pon(W1W2) = Pon VU3 ViV 0 ViV; 2 ’
U,U3 U,V3 0 V.V W W3 W,W;3 (4.29)
>N 1Yo 1V — 1V — 1 2 1 2 .
Po (W1W3) = Pon VU3 ViV T VaU3 0o 2 :

Here, to simplify the notations, forary,; U, 2 R" "andV;V,2 R™ ", we de ne

)
W= Vi; W=

U .
Vi’

Now, we are ready to present the properties regarding theé seLemma 4.4.1 and Lemma 4.4.2, whose proofs

are given in Appendix C.6 and Appendix C.7, respectively.

> >

Lemma4.4.l.LetW = y> v> with(U;V)2E. ThenforevenD = D7 Dy  of proper dimension,
we have
kPon(DW *)kZ = kP, (DW ~)k2:

> >

Lemma4.4.2. LetW 1 = u; Vvj3 ,Wo = us V3 with (U 1;V1);(U2; V) 2 E. Then

KPon(W 1W7T W,oW3)kE kP o (WiW7 WoW3)kE:
4.4.5 Proof Idea: Connecting the Optimality Conditions

First observe that eaqity ?;V ?) in (4.22) is a global optimum for the factored program (we prove this in Ap-

pendix C.8):

Proposition 4.4.2. Any(U?;V ?) in (4.22)is a global optimum of the factored progra(f,):

gU%:Vv? g(U;V);forallU2R" ";V 2R™ ':

However, due to non-convexity, only characterizing the global optima is not enough for the factored program
to achieve the global convergence by many local-search algorithms. One should also eliminate the possibility of
the existence of spurious local minima or degenerate saddles. For this purpose, we focus on the critical point set
X and observe that any critical poi(t); V) 2 X of the factored problem satis es the rst part of the optimality
condition (4.25):

(X)W =0

by constructingV =[U> V> ]> andX = UV ~. If the critical point(U; V) additionally satis eskr f (UV )k

, then it corresponds to the global optimdat = UV ~ .

84



Therefore, it remains to study the additional critical points (which are introduced by the parametetization
(U;V)) that violatekr f (UV )k . In fact, we intend to show the following: for any critical poifif ; V),
if X? 6 UV >, we can nd a directionD, in which the Hessiam ?g(U;V) has a strictly negative curvature
[r 2g(U;V)](D;D) < kDkZ for some > 0. Hence, every critical pointU; V) either corresponds to the
global optimumX ?, or is a strict saddle point.
To gain more intuition, we take a closer look at the directional curvaturg(df, V) in some directiorD =
[DF DT
[r ?g(U;V)I(D;D) = h( X);DD ”i +[r *f (X)I(DyV~> + UDy;DyV” + UDY); (4.30)

where the second term is always nonnegative by the convexity Dhe sign of the rstternh( X); DD i depends
on the positive semi-de niteness df X ), which is related to the boundedness conditorf (X )k through the

Schur complement theorem [115, A.5.5]:

(X) 0
0 1 Lrxyrix) o
Okr  f(X)k

Equivalently, whenevekr f (X)k > , we have( X) 0. Therefore, for those non-globally optimal critical points
(U;V), it is possible to nd a directiorD such that the rst termh( X); DD i is strictly negative. Inspired by

the weighted PCA example, we chod3eas the direction from the critical poif¥ = y> V>  tothe nearest

>

globally optimal factoW R withW? = y?> v?> | ie,

D=W WP'R;
whereR = argming.gg > -, KW W ?Rke. We will see that with this particuldd , the rst term of (4.30) will
be strictly negative while the second term retains small.

4.4.6 A Formal Proof of Theorem 4.4.1

>
The main argument involves choosibgas the direction fronW = y> V>  toits nearest optimal factor:

D=W W?RwithR =argminggg-=-;, KW W ?Rke, and showing that the Hessiarfg(U;V) has a
strictly negative curvature in the direction Bf wheneve'W & W ?. To that end, we rst introduce the follow-
ing lemma (with its proof in Appendix C.9) connecting the distakc®/ > X ’kg and the distanck(WW >

W ?W ?>)QQ > ke (whereQQ~ is an orthogonal projector onto tigpan(W )).

>

Lemma 4.4.3. Suppose the functiadn(X) in (P1) is restricted well-conditionedC). LetW = y=> v>  with

>

(U;V) 2 X, W? = y?» y? correspond to the global optimum ¢P;) and QQ~ be the orthogonal
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projector ontoRange(W ). Then

kKWW > W’W ?)QQ” ke 2——kuv > X ke:
Proof of Theorem4.4.1.LetD = W W’ R withR =argming.gr > =, KW W ?Rkg. Then

[r 29(U;V)I(D;D)
= h( X);DD i +[r 2 (X)(DyV~ + UD{;DyV” + UDY)
h( X);W?W?>  WW >i+[r 2f(X)[(DyV” +UDy;DyV”> +UDY)

11

(X) (X?BWPW?  WW > +[r 2f (X)(DyV> +UDy;DyV” + UDY)

_ I rf(X) Lo £(X?) 20 2> > 2 > > > >
= rer CExry 1 WIWTWW [ 2 (XD YT+ UD DYV UD )
e 0 0 WIWP WW T +[r 2f(X)[(DyV” + UDJ;DyV + UDY)

Z1

2 [r2X7+e(X X)X X% X Xdt+[r 2 (X)(DyV> +UDJ;DyV” + UDY)
0

where- follows fromr g(U;V) = ( X)W = 0and (4.26). For , we note thah( X?);W?W? WW >i 0

since ( X)W ? = 0in (4.25) and( X?) 0 by the optimality condition. I'®, we use
z 1

=( [r#HX7+tX XO)OUX  X)db)
0

for convenience and the® follows from the Taylor's Theorem for vector-valued functions [148, Eq. (2.5) in Theorem
2.1

z
re(X) r (X% = l[rzf(X?+t(X XX XP)dt:
0

Now, we continue the argument:

[r 2QJ(UZ;V)](D;D)
2 1[r2f(x’-’+t(x XPUX XX XD)dt+[r 2 (X)(DyV> +UDY ;DyV” + UDY)
0

2 kX? Xk&+ kDyV” + UDKZ;

05 kWW > W’W? k2 +2 (kDyV~kZ + kUD J k2)

I+

05 kKWW 7 W W T KE + kI#DW > kE
2
05 + =8+4:208 ——  kww ~ W W 7> k2

N

0:06 KWW > W?W > k2
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8
% 0:06 min  2(W); 3(W?) kDKZ; By Lemma4:3:2whenr>r ?
g 0:0495 2(W *)kDKZ; By Lemma 4:3:3whenr = r?

0:06 2(W ?)kDKZ; When W = 0
where~ uses the restricted well-conditionedneSsgincerank(X? + t(X  X7?)) 2r,rank(X X?) 4r and
rank(DyV> + UDY ) 4r: ° comes from Lemma 4.4.2 and the f&ét + Bk2  2(kAk2 + kBkZ). = follows
from Lemma 4.4.12 rst uses Lemma 4.3.4 to bourkDW > kZ = k(W W ’R)W > k2 sinceW >W "’ 0Oand
then uses Lemma 4.4.3 to further boukgv > W )QQ > k2. 3 holds when= 1:5." uses the similar argument
as in the proof of Theorem 4.3.1 to relate the lifted distance and factored distance. Particularly, three possible cases
are considered: (> r ?; (ii) r = r?; (i) W = 0. We apply Lemma 4.3.2 to Case (i) and Lemma 4.3.3 to Case (ii).
For the third case thaW = 0, we obtain fron® that

[r 2g(U;V))(D;D) 0:06 kW *W ?> k2 0:06 (W?)?kW’kZ = 0:.06 (W °)?kDkZ;

where the last equality follows frol = 0 W’R = W ’R becaus&V = 0:
The nal result follows from the the de nition ot) ?; V ? in (4.22):

2 3 2 o 3
P?” 7R P?="2

w?=9§ D £=9 p;za 77 R,
Q? "TR Q?: 2

p

which implies ~(W?)= " 2 -(X?): O

4.5 Conclusion

In this work, we considered two popular minimization problems: the minimization of a general convex function
f (X) with the domain being positive semi-de nite matrices; the minimization of a general convex furigiton
regularized by the matrix nuclear nokiX k with the domain being general matrices. To improve the computational
ef ciency, we applied the Burer-Monteiro re-parameterization and showed that, as long as the convex fupcjien
(restricted) well-conditioned, the resulting factored problems have the following properties: each critical point either
corresponds to a global optimum of the original convex programs, or is a strict saddle where the Hessian matrix has a
strictly negative eigenvalue. Such a benign landscape then allows many iterative optimization methods to escape from

all the saddle points and converge to a global optimum with even random initializations.
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CHAPTER 5
GLOBAL OPTIMALITY IN LOW-RANK MATRIX OPTIMIZATION

This work!*! considers the minimization of a general objective funcfigX ) over the set of rectangular m
matrices that have rank at mastTo reduce the computational burden, we factorize the varihileto a product of
two smaller matrices and optimize over these two matrices insteXd despite the resulting nonconvexity, recent
studies in matrix completion and sensing have shown that the factored problem has no spurious local minima and
obeys the so-called strict saddle property (the function has a directional negative curvature at all critical points but
local minima). We analyze the global geometry for a general and yet well-conditioned objective fur(&ipmwhose
restricted strong convexity and restricted strong smoothness constants are comparable. In particular, we show that the
reformulated objective function has no spurious local minima and obeys the strict saddle property. These geometric
properties imply that a number of iterative optimization algorithms (such as gradient descent) can provably solve the

factored problem with global convergence.
5.1 Introduction

Consider the minimization of a general objective functi@ix ) over all low-rankn ~ m matrices:

minimize f (X)
X2RM m (5.1)
subjectto rank(X) r;

where the objective functioh : R™ ™ | R is smooth. Low-rank matrix optimizations of the form (5.1) appear
in a wide variety of applications, including quantum tomography [149, 150], collaborative ltering [117,151], sensor
localization [118], low-rank matrix recovery from compressive measurements [65, 152], and matrix completion [153,
154]. Due to the rank constraint, however, low-rank matrix optimizations of the form (5.1) are highly nonconvex
and computationally NP-hard in general [155] even iitself is convex. In order to deal with the rank constraint
and to nd a low-rank solution, the nuclear norm is widely used in matrix inverse problems [65, 156] arising in
machine learning [157], signal processing [124], and control [158]. Although nuclear norm minimization enjoys
strong statistical guarantees [153], its computational complexity is very high (as most algorithms require performing
an expensive singular value decomposition (SVD) in each iteration), prohibiting it from scaling to practical problems.
To relieve the computational bottleneck and provide an alternative way of dealing with the rank constraint, recent
studies propose to factorize the variable into the Burer-Monteiro type decomposition [119, 158] witHV >, and

optimize overthen r andm r matricesU andV . With this parameterization of , we can recast (5.1) into the

11This is a joint work with Zhihui Zhu, Gongguo Tang and Michael B. Wakin [8].
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following program:

minimize  h(U;V):= f(UV *): (5.2)
U2R" ";V2RM 1

The bilinear nature of the parameterization renders the objective function of (5.2) nonconvex evér{¥hema con-

vex function. Hence, the objective function in (5.2) can potentially have spurious local minima (i.e., local minimizers
that are not global minimizers) or “bad” saddle points that prevent a number of iterative algorithms from converging
to the global solution. By analyzing the landscape of nonconvex functions, several recent works have shown that the
factored objective functioh(U; V) in certain matrix inverse problems has no spurious local minima [100, 106, 125].

We generalize this line of work by focusing on a general objective fundt{oh) in the optimization (5.1), not
necessarily a quadratic loss function coming from a matrix inverse problem. By focusing on a general objective func-
tion, we attempt to provide a unifying framework for low-rank matrix optimizations with the factorization approach.
We provide a geometric analysis for the factored program (5.2) and show that, under certain condifigiXs),on
all critical points of the objective functioh(U ; V) are well-behaved. Our characterization of the geometry of the

objective function ensures that a number of iterative optimization algorithms converge to a global minimum.
5.1.1 Summary of Results

The purpose of this work is to analyze the geometry of the factored prdilemV ) in (5.2). In particular, we at-
tempt to understand the behavior of all of the critical points of the objective function in the reformulated problem (5.2).

Before presenting our main results, we lay out the necessary assumptions on the objective fXctioAs is
known, without any assumptions on the problem, even minimizing traditional quadratic objective functions is chal-
lenging. For this purpose, we focus on the model wligde) is (2r; 4r)-restricted strongly convex and smooth, i.e.,

foranyn m matricesX ;G withrank(X) 2r andrank(G) 4r, the Hessian of (X) satis es

kKGKZ  [r 26 (X))(G;G)  kGK2 (5.3)

for some positive and . A similar assumption is also utilized in [109, Conditions 5.3 and 5.4]. With this assumption

onf (X), we summarize our main results in the following informal theorem.

Theorem 5.1.1.(informal) Suppose the functidn(X ) satis es the(2r; 4r)-restricted strong convexity and smoothness
condition(5.3)and has a critical poiniX ? 2 R" ™ withrank(X?) = r? r. Then the factored objective function
h(U; V) (with an additional regularizer, see Theorem 5.3.1§5r2) has no spurious local minima and obeys the strict

saddle property (see De nition 5.2.3 in Section 5.2).

Remark5.1.1 As guaranteed by Proposition 5.3.1 (in Section 5.3), (@ 4r)-restricted strong convexity and

smoothness property (5.3) ensures tKat is the unique global minimum of (5.1). Theorem 5.1.1 then implies
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that we can recover the ramk-global minimizerX? of (5.1) by many iterative algorithms (such as the trust re-
gion method [160] and stochastic gradient descent [114]) even from a random initialization. This is because 1) as
guaranteed by Theorem 5.2.1, the strict saddle property ensures local search algorithms converge to a local minimum,

and 2) there are no spurious local minima.

Remark5.1.2 Since our main result only requires tif@r; 4r)-restricted strong convexity and smoothness prop-
erty (5.3), aside from low-rank matrix recovery [156], it can also be applied to many other low-rank matrix opti-
mization problems [161] which do not necessarily involve quadratic loss functions. Typical examples include robust

PCA [162,163], 1-bit matrix completion [132, 164] and Poisson principal component analysis (PCA) [165].

Remark5.1.3 Similar results on positive semi-de nite (PSD) matrix optimization problems (but without the rank
constraint) with generic objective functions were obtained in [6]. We note that one cannot directly apply the results
in [6] to the optimization (5.1) when the matrices under consideration are nhonsymmetric or rectangular, even if we
ignore the rank constraint. One could attempt to convert minimiz{xg) over generah  m matrices into minimizing

g(Z) over the cone of PSD matrices of sige + n) (m + n), whereX andX> form the upper right and lower left
blocks ofZ. The problem with this transformation, however, is th@) will no longer satisfy the same properties as

f (X), in particular the restricted strong convexity and smoothness condition (5.3) which is a key assumption utilized
in [6]. For this reason, one cannot apply the results for the PSD optimization in [6] directly to our problem. In terms
of the proof techniques, although the generalization from the PSD case might not seem technically challenging at rst
sight, quite a few technical dif culties had to be overcome to develop the theory for the general case in this work. In

fact, the non-triviality of extending to the nonsymmetric case is also highlighted in [102, 106].
5.1.2 Related Works

Compared with the original program (5.1), the factored form (5.2) typically involves many fewer variables (or
variables with much smaller size) and can be ef ciently solved by simple but powerful methods (such as gradient
descent [113, 114], the trust region method [97], and alternating methods [166]) for large-scale settings, though it is
nonconvex. In recent years, tremendous effort has been devoted to analyzing nonconvex optimizations by exploiting
the geometry of the corresponding objective functions. These works can be separated into two types based on whether
the geometry is analysed locally or globally. One type of work analyzes the behavior of the objective function in a
small neighborhood containing the global optimum and requires a good initialization that is close enough to a global
minimum. Problems such as phase retrieval [167], matrix sensing [102], and semi-de nite optimization [103] have
been studied.

Another type of work attempts to analyze the landscape of the objective function and show that it obeys the strict
saddle property. If this particular property holds, then simple algorithms such as gradient descent and the trust re-

gion method are guaranteed to converge to a local minimum from a random initialization [113, 114, 168] rather than
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requiring a good guess. We approach low-rank matrix optimization with general objective functions (5.1) via a sim-

ilar geometric characterization. Similar geometric results are known for a number of problems including complete
dictionary learning [168], phase retrieval [160], orthogonal tensor decomposition [114], and matrix inverse prob-

lems [6, 100, 125]. Empirical evidence also supports using the factorization approach for estimating a low-rank PSD
matrix from a set of rank-one measurements corrupted by arbitrary outliers [120] and for recovering a dynamically
evolving low-rank matrix from incomplete observations [102, 169].

Our work is most closely related to certain recent works in low-rank matrix optimization. Bhojanapalli et al. [125]
showed that the low-rank, PSD matrix sensing problem has no spurious local minima and obeys the strict saddle
property. Similar results were exploited for PSD matrix completion [100], PSD matrix factorization [104] and low-
rank, PSD matrix optimization problems with generic objective functions [6]. Our work extends this line of analysis
to general low-rank matrix (not necessary PSD or even square) optimization problems. Another closely related work
considers the low-rank, non-square matrix sensing problem and matrix completion with the factorization approach [93,
101,106]. We note that our general objective function framework includes the low-rank matrix sensing problem as
a special case (see Section 5.3.3). Furthermore, our result covers both over-parameterizatian>whereand
exact parameterization where= r?. Wang et al. [109] also considered the factored low-rank matrix minimization
problem with a general objective function which satis es the restricted strong convexity and smoothness condition.
Their algorithms require good initializations for global convergence since they characterized only the local landscapes
around the global optima. By categorizing the behavior of all the critical points, our work differs from [109] in that
we instead characterize the global landscape of the factored objective function.

This chapter continues in Section 5.2 with formal de nitions for strict saddles and the strict saddle property. We
present the main results and their implications in matrix sensing, weighted low-rank approximation, and 1-bit matrix

completion in Section 5.3. The proof of our main results is given in Section 5.4. We conclude the chapter in Section 5.6.

5.2 Preliminaries

5.2.1 Notation

To begin, we rst brie y introduce some notation used throughout the chapter. The symbol$0 respectively
represent the identity matrix and zero matrix with appropriate sizes. The et oforthonormal matrices is denoted
by O := fR 2 R" " : R”R = Ig. If afunctionh(U;V) has two argumentd) 2 R" " andy 3 R™ ',

U
we occasionally use the notatitr{W ) when we put these two arguments into a new on¥Vas= 2 % For a
\Y

scalar functiorf (Z) with a matrix variablez 2 R" ™, its gradient is am  m matrix whose(i;j )-th entry is

[r f(2)5 = %f%) foralli 2 [n];j 2 [m]. Here[n] = f1;2;:::;ngforanyn 2 N andZ; is the(i;j )-th entry of

the matrixZ. The Hessian of (Z) can be viewed as amm  nm matrix[r 2f (2)]; = g;g;)

foralli;j 2 [nm],
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wherez; is thei-th entry of the vectorization af. An alternative way to represent the Hessian is by a bilinear form
P
de ned via[r ?f (2)](A;B) = ikl %Aij By foranyA;B 2 R" ™. The bilinear form for the Hessian is

widely utilized through the chapter.
5.2.2 Strict Saddle Property

Supposéh : R" | R is a twice continuously differentiable objective function. We begin with the notion of strict

saddles and the strict saddle property.
De nition 5.2.1 (Critical points) We sayx a critical point if the gradient ak vanishes, i.er, h(x) = 0.

De nition 5.2.2 (Strict saddles) A critical pointx is a strict saddle if the Hessian matrix evaluated at this point has

a strictly negative eigenvalue, i.e.min (r 2h(x)) < O.

De nition 5.2.3 (Strict saddle property [114])A twice differentiable function satis es the strict saddle property if

each critical point either corresponds to a local minimum or is a strict saddle.

Intuitively, the strict saddle property requires a function to have a directional negative curvature at all critical points
but local minima. This property allows a number of iterative algorithms such as noisy gradient descent [114] and the
trust region method [170] to further decrease the function value at all the strict saddles and thus converge to a local

minimum.

Theorem 5.2.1. [97,113, 114] (informal) For a twice continuously differentiable objective function satisfying the
strict saddle property, a number of iterative optimization algorithms (such as gradient descent and the the trust region

method) can nd a local minimum.

5.3 Problem Formulation and Main Results

5.3.1 Problem Formulation

This work considers the problem (5.1) of minimizing a general fundtioh) (over the set of low-rank matrices)
which is assumed to have a low-rank critical poht with rank(X?) = r?  r such that f (X?) = 0. Because
of the restricted strong convexity and smoothness condition (5.3), the following result establishe$ (K3t lifas a

critical pointX ? with rank(X?)  r, then it is the unique global minimum of (5.1).

Proposition 5.3.1. Supposd (X ) satis es the(2r; 4r)-restricted strong convexity and smoothness condif®B8)
with positive and . AssumeX? is a critical point off (X) with rank(X?) = r? r. ThenX? is the global

minimum of(5.1), i.e.,
f(X?) f(X);8X2R" ™;rank(X) r

and the equality holds only & = X 7.
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Proof of Proposition 5.3.1First note that itX ? is a critical point off (X), then
rf(x?)=o0:

Now for anyX 2 R" ™ with rank(X) r, the second order Taylor expansion gives

f(X)=f(X?)+ hrf(X?);X X7i+%[r2f(ﬁ%)](x X%X X?);

whereR = tX?+(1 t)X for somet 2 [0; 1]. This Taylor expansion together withf (X ?) = 0 and (5.3) (bothR
andX? X7 have rank at mosar) gives

1
5l

f(X) f(X?):Zer(}%)](X X%X  X?)

FKX X 7k2:
O

With this, in the sequel, we usé”’ to denote the global minimum of (5.1) (i.e., the low-rank critical point of
f (X)), unless stated otherwise. We note that the assumption of the existence of a low-rank criticXl psinvery
mild and holds in many matrix inverse problems [65, 153], where the unknown matrix to be recovered is a critical
point of f . We factorize the variabl¥ = UV > withU 2 R" ";V 2 R™ " and transform (5.1) into its factored
counterpart (5.2). Throughout the chapter,W and® are matrices depending dhandV :

- U g -
W-V,W-

U
\Y,

X = UV~
Although the new variabl&/ has much smaller size that whenr minfn; mg, the objective function in the
factored problem (5.2) may have a much more complicated landscape due to the bilinear fortd @maly . The
reformulated objective functioh(U;V) could introduce spurious local minima or degenerate saddle points even
whenf (X) is convex. Our goal is to guarantee that this does not happen.

LetX? = Qu- ?Qi,? denote an SVD oK ?, whereQy- 2 R" " andQy- 2 R™ ' are orthonormal matrices

of appropriate sizes, and” 2 R" ' is a diagonal matrix with non-negative diagonal (but with some zeros on the

diagonal ifr > r ? = rank( X ?)). We denote
U?: QU” ?21=2, V?: QV’) ?21=2,
whereX ? = U?V ?> forms a balanced factorization ¥f’ sinceU ? andV ? have the same singular values. Through-

out the chapter, we utilize the following two ways to statk andV ? together:

U?
v? o

2
w? = 3? DW=
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Before moving on, we note that for any solutid ;V) to (5.2),(U ;V ) is also a solution to (5.2) for any
;2 R" " such thaty V> = UV ~. In order to address this ambiguity (i.e., to reduce the search space of

W for (5.2)), we utilize the trick in [102,106, 109] by introducing a regularizer

2

. (5.4)

g(u;V)= 2 u’u Vv’v
and solving the following problem

- . V ::f V> + V . .
4 Mminimize (U;V) (UV 7))+ g(U;V); (5.5)

where > 0 controls the weight for the termU”>U V>V i , which will be discussed soon.

We remark thawV ? is still a global minimizer of the factored problem (5.5) sirigeX ) achieves its global min-
imum over the low-rank set of matrices Xt andg(W ) also achieves its global minimum ¥t ?. The regularizer
g(W ) is applied to force the difference between the two Gram matricés ahdV to be as small as possible. The
global minimum ofg(W ) is O, which is achieved whetd andV have the same Gram matrices, i.e., whiérbelongs

to

E= W= \lﬂ ‘U”U V>V =0 : (5.6)

Informally, we can view (5.5) as nding a point froifa that also minimize$ (UV > ). This is formally established in

Theorem 5.3.1.
5.3.2 Main Results

Our main argument is that, under certain conditiong @4), the objective function (W) has no spurious local
minima and satis es the strict saddle property. This is equivalent to categorizing all the critical points into two types:
1) the global minima which correspond to the global solution of the original convex problem (5.1) and 2) strict saddles
such that the Hessian matrix?> (W) evaluated at these points has a strictly negative eigenvalue. We formally

establish this in the following theorem, whose proof is given in the next section.
2 3

U
Theorem 5.3.1.For any > 0, each critical pointW = ﬁ % of (W) de nedin(5.5)satis es
\Y,

U>u V>V =0 (5.7)

Furthermore, suppose that the functibX ) satis es the(2r; 4r)-restricted strong convexity and smoothness con-
dition (5.3) with positive constants and satisfying— 1:5 and that the functiorf (X) has a critical point

X?2R" ™withrank(X?)= r? r.Set 4 forthe factored problents.5). Then (W) has no spurious local

94



minima, i.e., any local minimum ofW ) is a global minimum corresponding to the global solution of the original
problem(5.1) UV > = X7?: In addition, (W) obeys the strict saddle property that any critical point not being a
local minimum is a strict saddle with

< 0:08 (X?); r=r?

mn T2( (W) 005 min %(W);2 (X?) ; r>r? (5.8)
' 01 2 (X7?); re=0;

wherer® ristherank oW, nin () represents the smallest eigenvalue, anfl) denotes the-th largest singular

value.

Remark5.3.1 Equation (5.7) shows that any critical pot belongs tcE for the objective function in the factored
problem (5.5) with any positive. This demonstrates the reason for adding the regulag{z&rV ). Thus, any iterative
optimization algorithm converging to some critical point ¢¥V ) results in a solution withiie. Furthermore, the strict
saddle property along with the lack of spurious local minima ensures that a number of iterative optimization algorithms

nd the global minimum.

Remark5.3.2 For any critical pointv 2 R("*M) T that is not a local minimum, the right hand side of (5.8) is strictly
negative, implying thatv is a strict saddle. We also note that Theorem 5.3.1 not only covers exact parameterization

wherer = r?, but also includes the over-parameterization case whene?.

Remark5.3.3 The constants appearing in Theorem 5.3.1 are not optimized. We usel% simply to include
= % which is utilized for the matrix sensing problem in [102]. If the ratio between the restricted strong convexity

and smoothness constants 1.4, then we can show tha{W ) has no spurious local minima and obeys the strict
saddle property for any % (where = % is utilized for the matrix sensing problem in [106]). In all cases, a
smaller yields a more negative constant in (5.8); see Section 5.4 for more discussion on this. This implies that when
the restricted strong convexity constanis not provided a priori, one can always choose a sm#dl ensure the strict
saddle property holds, and hence guarantee the global convergence of many iterative optimization algorithms.

The constant.:5 for the dynamic range- in Theorem 5.3.1 is also not optimized and it is possible to slightly
relax this constraint with more sophisticated analysis. However, the following example involving weighted symmetric

matrix factorization implies that the room for improving this constant is rather limited. Let

p1+a p 1
1 1+ a

for somea O,

X?= 1 i;andU:
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Now consider the following weighted low-rank matrix factorization:

h(U) = %k (UU>  X)KE = 1;"" x2 17+ 1;a v2 1%+ (xy 13 (5.9)
whose gradient h(U) and Hessiam 2h(U) are given by:
_, (a+1) x* 1 x+y(xy 1)
rhu)=2 (a+1) y2 1y+x(xy 1)~
and
2 2
2 ., yet+t X< 1 (a+l) 2xy 1
rh(u)=2 oxy 1 x2+ 3y? 1 (a+1)
Then,
2 q 3
a
U= 4 qa+2 5
_a_
a+2
is a critical point with
r Zh(U): 4a+8% 6 % 6

which has eigenvalues
_ 4(a 2)(a+1) ( <0 az2][02);
a+?2 >0 a> 2
and , = 4a > 0. We conclude that thi¥) is a strict saddle point whea < 2 and a spurious local minimum
whena > 2. This weighted symmetric matrix factorization problem (5.9) satis es the restricted strong convexity
and smoothness condition (5.3) with constants k k2min =land =k K3, =1+ a(wherek Kmin and
k kmax represent the smallest and largest entries jrsee Section 5.3.3). Thus, we have a counter example which

demonstrates the existence of spurious local minima when3.

Remark5.3.4 We nally remark that although Theorem 5.3.1 requires the additional regularizer (5.4), empirical
evidence (see experiments in Section 5.5) shows we can get rid of this regularizer for many iterative algorithms with

random initialization.

We prove Theorem 5.3.1 in Section 5.4. Before proceeding, we present two stylized applications of Theorem 5.3.1

in matrix sensing and weighted low-rank approximation.

5.3.3 Stylized Applications
5.3.3.1 Matrix Sensing

We rst consider the implication of Theorem 5.3.1 in the matrix sensing problem where
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f(X)= %kA (X XK:

HereA : R" M | RPisaknown measurement operator satisfying the following restricted isometry property.

De nition 5.3.1. (Restricted Isometry Property (RIP) [65]) The mé&p: R" ™ | RP satis es ther-RIP with

constant , if

(1 )kXKE KA (X)K*  (1+ ,)kxk: (5.10)

holds foranyn  m matrix X with rank(X) r.
Note that, in this case, the gradientfqiX ) atX ? is
rf(X?)= A AX? X?=0;
which implies thaX ? is a critical point off (X ). The Hessian quadrature fom?f (X)[Y ;Y ]foranyn m matrices
X andY is given by
r2E(X)[Y;Y]= KA(Y)K:

If A satis es thedr-restricted isometry property with constant, thenf (X) satis es the(2r; 4r)-restricted strong

convexity and smoothness condition (5.3) with constants1 sqand =1 4r Since

(1 a)kYKE KA (Y)K* (1+ 4)kYK:

for any rank4r matrix Y . Now, applying Theorem 5.3.1, we can characterize the geometry for the following matrix

sensing problem with the factorization approach:

. 1
minimize = A(UV > X7?) 2+ g(U;V); (5.11)
U2R" ";V2R" © 2

whereg(U; V) is the added regularizer de ned in (5.4).

Corollary 5.3.1. SupposeA satis es thedr-RIP with constant 4 % and set 1 6= Then the objective

function in(5.11)has no spurious local minima and satis es the strict saddle property.

This result follows directly from Theorem 5.3.1 by noting that= i*—i: L5if 4 % We remark that
Park et al. [106, Theorem 4.3] provided a similar geometric result for (5.11). Compared to their result which requires

ar ﬁ, our result has a much weaker requirement on the RIP of the measurement operator.

5.3.3.2 Weighted Low-Rank Matrix Factorization

We now consider the implication of Theorem 5.3.1 in the weighted matrix factorization problem [130], where
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1
FX)= 5k (X X?)KE
Here isann m weight matrix consisting of positive elements andenotes the point-wise product between two

matrices. In this case, the gradienfdX ) atX ? is
rf(x?= (X? X% =0;

which implies thai ? is a critical point off (X ). The Hessian quadrature fom?f (X)[Y ;Y ]foranyn m matrices

X andY is given by
FAFOOY; Y=k YKE:

Thusf (X) satis es the(2r; 4r)-restricted strong convexity and smoothness condition (5.3) with constants

k k2. and = k k2

min max since

k Kk

min

kYkZ kYK k K

2,

max KY kF ’

wherek kmin andk kmax represent the smallest and largest entries jmespectively. Now we consider the follow-
ing weighted matrix factorization problem:

. 1
minimize > (UV>  X?) 2+ g(U;V); (5.12)
U2R" ";V2R" © 2

whereg(U ; V) is the added regularizer de ned in (5.4). For an arbitrary weight matriit is proven that the weighted

low-rank factorization can be NP-hard [131] and has spurious local minima. When the elements in the weight matrix
are concentrated, it is expected that (5.12) can be ef ciently solved by a number of iterative optimization algorithms

as it is close to an (unweighted) matrix factorization problem (wheiis a matrix of ones) which obeys the strict

saddle property [104]. The following result characterizes the geometric structure in the objection function of (5.12) by

directly applying Theorem 5.3.1.

Corollary 5.3.2. Suppose satis es%‘fﬁ 1:5. Set % Then the objective function {{5.12) has no

spurious local minima and satis es the strict saddle property.
5.3.3.3 1-bit Matrix Completion
Finally, we consider the problem of completing a low-rank matrix from a subset of 1-bit measurements [132].

GivenX 2 R" M asubsetofindices [m] [n], and a differentiable functiog: R ! [0; 1], we observe

+1  with probabilityq(X; );

Vi =1 with probabilityl q(X,): (5.13)
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forall (i;j) 2 . Typical choices forg include the logistic regression model wheye) = ;T and the probit
regression model wheix) =1 ( x= )= ( x= ). Here isthe cumulative distribution function (CDF) of
a mean-zero Gaussian distribution with varianée In [132], the authors attempt to recovér from the incomplete

nonlinear measuremerit; g > by minimizing the negative log-likelihood function

F v (X):= X 1evy =1 log(@(Xij )+ L¢v,; = 1log(l a(Xij))
(i )2
which results in a maximum likelihood (ML) estimate.
We note that .y is a convex function for both the logistic model and the probit model. The following result
also establishes th&t .y satis es the restricted strong convexity and smoothness condition if we observe full 1-bit

measurements, i.e.=[ n] [m].

Lemma5.3.1. Suppose=[ n] [m]. Let

C o (@x))2 a()ax) (X)) 2+ (1 a(x)) o)
@ =0 mn R (x) ’ T )2

and

_ (@)? g ()2 +@ (X)) Px)
@ R mex R (x) ! T q(x)?

ThenF .y satis es the restricted strong convexity and smoothness condition:
o KGKE  [r 2F v (X)I(G;G) o KGKE
foranyG 2 R" ™ andkX k;
The proof of Lemma 5.3.1 is given in Appendix D.1. Now we consider the logistic regression model where
ax) = 2

Corollary 5.3.3. Suppose=[ n] [m]and 1:3. Consider the logistic regression model whe(®) = 4.

ThenF .y satis es the restricted strong convexity and smoothness condition with

4 15
g

Proof of Corollary 5.3.3.Applying Lemma 5.3.1 with direct calculation gives

e .

¢ =d)= A+e)?
e’ 1
q; - qo(o) = (1+ ep)z = Za
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whereq(x) = (1+ET)2 Now if we restrictkX k 1:3, we have

o 4 e1:3
@ @+ eI

1.5:
O

Under the assumption that is low-rank, a nuclear norm constraint is utilized in [132] to force a low-rank
solution. Corollary 5.3.3 implies that we can apply matrix factorization for 1-bit matrix recovery given that the
elements ofX are bounded. For the setting whereis only a subset ofn] [m], [171] considered the 1-bit
matrix completionproblem with the rank constraint and established a stronger statistical recovery guarantee than that
in [132]. Empirical evidence (see [171] and Section 5.5.3) supports that matrix factorization also works for 1-bit

matrix completion.
5.4 Proof of Theorem 5.3.1

In this section, we provide a formal proof of Theorem 5.3.1. The main argument involves showing that each critical
point of (W) either corresponds to the global solution of (5.1) or is a strict saddle whose Hessiéw ) has a
strictly negative eigenvalue. Speci cally, we show th¥t is a strict saddle by arguing that the Hessiah (W ) has
a strictly negative curvature along := W W?R,i.e.,[r 2 (W)]( ; ) k kZ forsome > 0. HereR

isanr r orthonormal matrix such that the distance betwdérandW ? rotated throughR is as small as possible.
5.4.1 Supporting Results

We rst present some useful results. T[&r; 4r)-restricted strong convexity and smoothness assumption (5.3)

implies the following isometry property, whose proof is given in Appendix D.2.
Proposition 5.4.1. Suppose the functidn(X) satis es the(2r; 4r)-restricted strong convexity and smoothness con-

dition (5.3)with positive and . Thenforanyn m matricesZ;G;H of rank at moser, we have

%[r %(Z)GH) hGHI  ——kGkg kHk :

The following result provides an upper bound on the energy of the diffeNafe> W ?W ?> when projected

onto the column space ®Y . Its proof is given in Appendix D.3.

Lemma 5.4.1. Supposd (X) satis es the(2r; 4r)-restricted strong convexity and smoothness condito8). For
any critical pointW of (5.5), letPy 2 R(M*1M) (m+n) phe the orthogonal projector onto the column spac&\bf

Then

2\ps ? L -
(WW > W WPy o 2——kX Xk
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We remark that Lemma 5.4.1 is a variant of [106, Lemma 3.2]. While the result there requidesRiieé condition
of the objective function, our result depends on(e 4r)-restricted strong convexity and smoothness condition. Our
result is also slightly tighter than [106, Lemma 3.2].

In addition, for any matrice€;D 2 R" ', the following result relates the distance betw€D> andDD ~ to

the distance betwedd andD .

Lemma 5.4.2. For any matricesC;D 2 R" " with ranksr; andr, respectively, leR = arg mingo,o, kC

DR %¢. Then

n —
kCC> DD”k2=C DRkZ max 2(p2 1) ZD);min  ?(C); Z /(D)

LI Y

(0]

If C = 0, then we have

cc> DD> 2 Z(D)kC DRK?:

We present one more useful result in the following Lemma.

Lemma 5.4.3. [6, Lemma 5] For any matrice€;D 2 R" ', letP¢ be the orthogonal projector onto the range of

C. LetR =arg mingoyo, kC DR %e. Then

kC(C DR) K2 }kCC> DD~ k2 +(3+ ﬁs,likCC> DD ”)PckZ:
F 8 F 202 1) F

Finally, we provide the gradient and Hessian expressions(fét). The gradient of (W) is given by
ro (U;V)=rf(X)v+ UU U V7V);

rv (U;V)=rf(X)>U VUZU V7V):
2 3

Standard computations give the the Hessian quadrature[fofm(W )]( ; ) forany = 9 “?, where y 2
\Y
RN r; y 2 RM -

[r2 W) 5 )=[r2fXI uV>+U J; vV +U 3)
+2hrf(X); o oi+[r2gW)( ; );

where

[F2gW)I( ; )= W w;b” i+ mvb iw i+ mvw>; i
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5.4.2 The Formal Proof

Proof of Theorem 5.3.1Any critical pointW of (W) satisesr (W)= 0,i.e,,

rf(X\)v+ U U’U V>V =0 (5.14)
rf(X)>U VvV U>U V>V =0 (5.15)

By (5.15), we obtain
Urf(X)= U>U V>V V”:
Multiplying (5.14) byU~ and plugging in the expression for* r f (X) from the above equatiovi > gives
(U>U V>V)V>V +U>UU>U V>V)=0;
which further implies
UUU”U =V VWV ~V:

Note thatU> U andV~V are the principal square roots (i.e., PSD square root§) 00U > U andV~>VV >V,

respectively. Utilizing the result that a PSD matrix has a unique principal square root [172], we obtain

Uu’u=V~V: (5.16)

Thus, we can simplify (5.14) and (5.15) by
rv (U;vV)=rf(X)V =0; (5.17)
rv (U;V)=rf(X)>U =0: (5.18)

Now we turn to prove the strict saddle property and that there are no spurious local minima.

First, note that as guaranteed by Proposition 582 js the uniquen  m matrix with rank at most. Also the
gradient off (X) vanishes aK ? since (5.1) is an unconstraint optimization problem. Denote the set of critical points
of (W) by

n 0

C= W2RM*™ r:r (W)=0

We separat€into two subsets:

n (0]
C\ W2RMmM r-yy>=x? ;
n (0]
G:=C\ W2RM™m r-yy> g x? ;

O
[t
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satisfyingC = G [ C,. Since any critical pointW satis es (5.16)g(W ) achieves its global minimum &V . Also

f (X) achieves its global minimum &t”. We conclude thatV is the globally optimal solution of for anyW 2 C;.

If we show that anyW 2 C; is a strict saddle, then we prove that there are no spurious local minima as well as the
strict saddle property. Thus, the remaining part is to showGhat the set of strict saddles.

To show thatG, is the set of strict saddles, it is suf cient to nd a direction along which the Hessian has a
strictly negative curvature for each of these points. We construst W W ?R, the difference fromW to its
nearest global facton ?, where

R =argmin kW W ’R%_ :
R 020 ,
Such satises 6 0sinceX 6 X7 implyingWW > 6 W ’W ?>. Then we evaluate the Hessian bilinear form

along the direction :

[r 2 (WIC ; )=2rff(X){'zu Cj

*hr 2f (X)( VY, Vi uVT+U 2N I’Wb}w W >i:

The following result (which is proved in Appendix D.5) states thatis strictly negative, while the remaining terms

(5.19)

are relatively small, though they may be nonnegative:

21,2 . > 2.
: kwkx> k: kF; 2j<x k>\<N?k§:kF, 520
Now, substituting (5.20) into (5.19) gives
r2W)( 5 )=2 1+ 2+ 3+ 4
2 kX XKE+( + ) kW TkE+2 kX XK
V2 12 )k XUZ+( + )(%+(12+ p%)( Pk xe 62D

+
(i)
02 kX X7KE;

where(i) utilizes Lemmas 5.4.1 and 5.4(3,) utilizes the following inequality (which is proved in Appendix D.6)

2
WW > WPW? D 4kX XTKE (5.22)

and(ii) holds because  L:5and & . Thus,ifX 6 X?, r 2 (X) ( ; ) isalways negative. This implies
thatW is a strict saddle.

To complete the proof, we utilize Lemma 5.4.2 to further bound the last term in (5.21):
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rz MW ;) 0:05 kWW; W W 2 2

< 2(p§ 1) 2(W?); r=r?;
0:05 k k& min Z(W); %2(W?) ; r>r?
' rz?(W?); re=0;

wherer € is the rank olW , the st inequality utilizes (5.22), and the second inequality follows from Lemma 5.4.2. We

= P~
w?= Qu’ 71_2 - Qu=2 P35 2122
QV ? ?1=2 QV 2= 2
is an SVD ofW ?, where we recall thaX? = Qu- ’Q3 - is an SVD ofX ?. O
Remark5.4.1 From (5.21), we observe that a smalleyields a more negative bound on? (X) ( ; ). This

can be explained intuitively as follows. First note that any critical p@dinsatis es (5.16) provided> 0, no matter

how large or small is. The Hessian information abog¢W ) is represented by the termg and 4. We have

D . E D E
3+ 4= WP w T o+ Ww, g
D E D E
= WwW> ; "W+ W W
D E
= W W o+ "W
0;
where the last line holds since for any r matrixA,

1
AA+A” = A+A>;A+A>+§A A A+ A

NI NI

A+A” O

Thus the Hessian of evaluated at any critical poiW is a PSD matri¥? instead of having a negative eigenvalue. In
low-rank, PSD matrix optimization problems, the corresponding objective function (without any regularizer such as
g(W)) is proved to have the strict saddle property [6,125]. Thereft(@, ) is also expected to have the strict saddle
property, and so is(W ) when is small, i.e., the Hessian g{W ) has little in uence on the Hessian ofW ) when

is small. Our results also indicate that when the restricted strict convexity constanot provided a priori, we can
always choose a smallto ensure the strict saddle property ¢¥V ) is met, and hence we are guaranteed the global

convergence of a number of local search algorithms applied to (5.5).

12This can also be observed since any critical ptihtis a global minimum point of (W ), which directly indicates that 2 (W) 0.
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5.5 Experiments

In this section, we present a set of experiments on matrix sensing, matrix completion, and 1-bit matrix completion
to demonstrate the performance of iterative algorithms for low-rank matrix optimization. Unless noted otherwise,
we denote the matrix factorization approach by NVX and use the minFunc paékageerform the local search

algorithms for the factored problem.
5.5.1 Matrix Sensing

We rst present some experiments to illustrate the performance of local search algorithms for the matrix sensing
problem with the factorization approach (5.11). In these experiments, we=sB0, m = 50 and vary the rank from
1t019. We generate arankn m random matrixX by settingX > = 8¢~ where® and¥@ are respectivelp r
andm r matrixes of normally distributed random numbers. We then olgfaandom measuremengs= A(X?)
with

yi = X7 Y0

where the entries of each m matrixY ; are independent and identically distributed (i.i.d.) normal random variables
with zero mean and varian%efor i 2f1;2;:::pg. For each pair of and the number of measurements, 10 Monte

Carlo trials are carried out and for each trial, and we claim matrix recovery to be successful if the relative reconstruction

error satis es

kX?  Rke
KX 7ke

10 4
where we denote bk the reconstructed matrix. Figure 5.1 displays the phase transition for factorized gradient descent
starting from a random initialization, the singular value projection (SVP) method proposed in [173] which requires a
SVD in each iteration, and the convex approach which solves

minimize kX k

X (5.23)

subjectto y = A(X):
We see that there are only negligible differences between the different approaches for matrix sensing; these approaches
also have very similar performance guarantees when the Gaussian sensing dpsedises the RIP [156]. We note
that with or without the regularizeras de ned in (5.4), local search algorithms have similar performance with random

initialization. Hence, throughout all of the experiments, we simply discard the regulgrizerwe stress that identical

performance is observed if we have this regularger

13software available at
https://www.cs.ubc.ca/schmidtm/Software/minFunc.html
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The previous experiments suppose thas known for SVP and the matrix factorization approach. We note,
however, that our result in Theorem 5.3.1 also covers the over-parameterization case where To illustrate
the possible in uence of over-parameterization, we generate arankadom matrix< ? 2 R™ ™ with r? = 4 and
n = m = 50 and obtairp = 4 Rn random measurements (so that the measurement opAratiis es the RIP of rank
R), whereR = 7. We then solve the matrix factorization probfmwith r = 4;5; 6; 7 and display the corresponding
convergence results in Figure 5.2. As can been seen, the matrix factorization approach converges to the target matrix
X7 in both the exact-parameterization and over-parameterization cases. However, we also observe that it converges

slower in the over-parameterization case (i.e>,r ?) than in the exact-parameterization case (i.&,r?).

1850f 1711 1850f 1711
p p
1000} 1 1000}
500} 1 500}
500 ..o .. 4l 500 ... .. 4l
1357 91113151719 1357 91113151719
(a) (b)
1850f 1711
p
1000}
500}
50! o

iéé?%ﬂﬁﬁﬂm
(©

Figure 5.1: Rate of success for matrix sensing by (a) solving the factorized problem (5.11) with gradient descent; (b)
SVP [173]; (c) solving the convex problem (5.23).

14To avoid tuning the parameters (such as step-size) for differemé use the minFunc package with the default setting, which solves the factored
problem by the “LBFGS" algorithm [174].

106



] 0 J
— r=4 10 —r=4
.......... r=5 PITTTTT r=5
----- r=6| | === r=6
B r=7 1072} =71
~— >< —
S T .
11 i N
> s .
o S 10 AN
6| *
10710 ‘ ‘ 10 ‘
0 50 100 100
k k
(@) (b)

Figure 5.2: The performance in terms of (a) objective value and (b) the relative Frobenius norm of the error versus the
iterationk for the matrix factorization approach solving matrix sensing withe 4;n = m =50;p = 4Rn;R =7
andr varying fromr? to R.

5.5.2 Matrix Completion

We compare the performance of the matrix factorization approach with SVP [173], the convex approach, and
singular value thresholdifg (SVT) [175] for matrix completion where we want to recover a low-rank maxrik
(n]

. The convex approach (denoted by CVX) attempts to use the nuclear norm as a convex relaxation of the rankness

from incomplete measuremeritx ,f Oij )2 »Where [m]. LetP denote the projection onto the index set

and solves

minimize kX k

X . (5.24)
subjectto P (X)= P (X7):

To make the recovery of ? well-posed, we requirX ? to be incoherent such that the informationXnis not con-

centrated in a small number of entries [153]. A ma¥ixX2 R" ™ with singular value decompositiodh = LQ ~ is

u-incoherent if [173, De nition 2.1]

r_ r__
L u. L u,
”}jaXJLijJ o rqjaXJQ.,J e
ThoughP does not satisfy the-RIP (5.10) for all low-rank matriceX, it satis es the RIP when restricted to

low-rank incoherent matrices.

Theorem 5.5.1. [173, Theorem 4.2] Without loss of generality, assume m. There exists a consta@ 0 such

that for 2 [n] [m] chosen according to the Bernouli model with density greater @anAr? logn= 2m, with

probability at leastl e "'°9" the RIP holds for all -incoherent matriceX of rank at most .

15goftware available at http://svt.stanford.edu/
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Thus, if local search algorithms (such as gradient descent) start with a random initialization and the iterates remain
incoherent, then Theorem 5.3.1 guarantees the global convergence of the matrix factorization approach with these al-
gorithms. We note that this hypothesis is also required for SVP [173]. Though we can add a regularizer for incoherence
as in [100], empirical evidence supports this hypothesis that the iterates in gradient descent are incoherent.

Inthe rst set of experiments, we set= m = 100 and vary the rank from 1 to 30. Similar to the setup for matrix
sensing in Section 5.5.1, we generate a ram&andom matrix and randomly obtaentries, i.e.j j = p. Figure 5.3
displays the phase transition for gradient descent with a random initialization, SVP [173], singular value thresholding
(SVT)[175], and the convex approach. As can been seen, the matrix factorization approach has similar phase transition
to SVP, and is slightly better than SVT and the convex approach in terms of the number of measurements needed for
successful recovery.

In the second set of experiments, weset 5 andp = 3r(2n r) (3 times the number of degrees of freedom
within a rankf N n matrix), and varyn from 40to 5120 We compare the time needed for the four approaches
in Figure 5.4; our matrix factorization approach is much faster than the other methods. The time savings for the matrix
factorization approach comes from avoiding performing the SVD, which is needed both for SVT and SVP in each
iteration. We also observe that convex approach has the highest computational complexity and is not scalable (which

is the reason that we only present its timeriaup to 640).
5.5.3 1-bit Matrix Completion

In the last set of experiments, we compare the performance of the matrix factorization approach with the convex
approacff in [132] for 1-bit matrix completion. We rst note that to make the recovery problem well-posed, a
constraint orkX k; (the entry-wise maximum of the matrix) is applied in [132] to require that the matrix is not
too “spiky”. Instead of using the constraint &X k; , we add a smooth regularizeX k2 and turn to minimize the

following objective function
fv(X)=F v(X)+ ékaZ;

which is also a convex function over and satis es a similar restricted strong convexity and smoothness condition

to F .y in Lemma 5.3.1. In the case where we only observe part of the entries, then in light of Theorem 5.5.1,
the corresponding objective function is expected to satisfy the strong convexity and smoothness condition for all
incoherent matrices. Thus, we factorieinto UV > and solve the following optimization problem over the r

andm r matricesU andV:

mirLlji_rvize vy (U;V)=f v (UV7): (5.25)

16software available at http://mdav.ece.gatech.edu/software/
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Figure 5.3: Rate of success for matrix sensing by (a) the matrix factorization approach with gradient descent; (b)
SVP [173]; (c) solving the convex problem (5.24); (d) SVT [173].
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Figure 5.4: Average computation time needed for different algorithms solving matrix completion.

To evaluate the performance of this factorization approach on 1-bit matrix completion, we genenateatrices
U andV with entries drawn i.i.d. from a uniform distribution ¢n %; %] and construct a random n matrix X

with rankr. Similar to the setup in [132], the matrix is then scaled so kbxatk = 1. We obtain 1-bit observations
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fYij 9ijy2 by adding Gaussian noise of varianceand recording the sign of the resulting value (5.13), where the
subset of indices is chosen at random withj j = p. We compare the performance of the factorization approach
and the convex approach [132] over a range of different values pfr or . Figure 5.5(a)-(d) show the normalized
squared Frobenius norm of the erl%%?k (wherek denotes the reconstructed matrix) and average the results over
10 draws of Monte Carlo trials. We observe that matrix factorization approach has slightly better performance than
the convex approach for 1-bit matrix completion [132]. Note that this phenomenon (the factorization approach having

better performance) is also observed in [171]. We repeat these experiments but obtaining 1-bit observations with the

X

logistic regression model wheggx) = £ for (5.13) and display the results in Figure 5.6.
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Figure 5.5: The performance in terms of the relative Frobenius norm of the error for the matrix factorization approach
(denoted by NVX) and the convex approach in [132] (denoted by CVX) for solving the 1-bit matrix completion with
probit regression model and (a) varyinggnd =0:3,r =7, p=0:5n?; (b) varyingpand =0:3,n=200,r = 7;

(c) varyingr and = 0:3,n = 200, p = 0:25n2; (d) varying andn = 200, r = 4, p = 0:25n2. The results are
plotted in the log scale.
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Figure 5.6: The performance in terms of the relative Frobenius norm of the error for the matrix factorization approach
(denoted by NVX) and the convex approach in [132] (denoted by CVX) for solving the 1-bit matrix completion with
logistic regression model and (a) varyingandr = 2, p = 0:5n?; (b) varyingp andn = 200, r = 2. The results are
plotted in the log scale.

5.6 Conclusion

This work considers low-rank matrix optimization on general (nonsymmetric and rectangular) matrices with gen-
eral objective functions. By focusing on general objective functions, we provide a unifying framework for low-rank
matrix optimizations with the factorization approach. Although the resulting optimization problem is not convex, we
show that the reformulated objection function has a simple landscape: there are no spurious local minima and any
critical point not being a local minimum is a strict saddle such that the Hessian evaluated at this point has a strictly
negative eigenvalue. These properties guarantee that a number of iterative optimization algorithms (such as gradient

descent and the trust region method) will converge to the global optimum from a random initialization.
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CHAPTER 6
THE GLOBAL OPTIMIZATION GEOMETRY OF LOW-RANK MATRIX OPTIMIZATION

This work considers general rank-constrained optimization problems that minimize a general objective function
f (X) over the set of rectangular m matrices that have rank at mastTo tackle the rank constraint and also to reduce
the computational burden, we factoriXeinto UV > whereU andV aren r andm r matrices, respectively, and
then optimize over the small matricelsandV . We characterize the global optimization geometry of the nonconvex
factored problem and show that the corresponding objective function satis es the robust strict saddle property as long
as the original objective functioh satis es restricted strong convexity and smoothness properties, ensuring global
convergence of many local search algorithms (such as noisy gradient descent) in polynomial time for solving the
factored problem. We also provide a comprehensive analysis for the optimization geometry of a matrix factorization
problem where we aimto nsh  r andm r matricesU andV such thalV > approximates a given matrix”?.
Aside from the robust strict saddle property, we show that the objective function of the matrix factorization problem
has no spurious local minima and obeys the strict saddle property not only for the exact-parameterization case where
rank(X ?) = r, but also for the over-parameterization case whani(X ?) < r and the under-parameterization case
whererank(X ?) > r . These geometric properties imply that a number of iterative optimization algorithms (such as

gradient descent) converge to a global solution with random initialization.
6.1 Introduction

Low-rank matrices arise in a wide variety of applications throughout science and engineering, ranging from quan-
tum tomography [149], signal processing [176], machine learning [151,169], and so on; see [124] for a comprehensive
review. In all of these settings, we often encounter the following rank-constrained optimization problem:

rQinimizef (X);

2Rmm (6.1)
subjectto rank(X)

where the objective functioh: R™ ™ I R is smooth.

Whether the objective functioh is convex or nonconvex, the rank constraint renders low-rank matrix optimiza-
tions of the form (6.1) highly nonconvex and computationally NP-hard in general [155]. Signi cant efforts have been
devoted to transforming (6.1) into a convex problem by replacing the rank constraint with one involving the nuclear
norm. This strategy has been widely utilized in matrix inverse problems [65] arising in signal processing [124], ma-
chine learning [157], and control [155]. With convex analysis techniques, nuclear norm minimization has been proved

to provide optimal performance in recovering low-rank matrices [177]. However, in spite of the optimal performance,
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solving nuclear norm minimization is very computationally expensive even with specialized rst-order algorithms.
For example, the singular value thresholding algorithm [175] requires performing an expensive singular value decom-
position (SVD) in each iteration, making it computationally prohibitive in large-scale settings. This prevents nuclear
norm minimization from scaling to practical problems.

To relieve the computational bottleneck, recent studies propose to factorize the variabte int&JV >, and
optimize overthen r andm r matricesU andV rather than th@ m matrix X. The rank constraint in (6.1)
then is automatically satis ed through the factorization. This strategy is usually referred to as the Burer-Monteiro type
decomposition after the authors in [119, 159]. Plugging this parameterizaténrof6.1), we can recast the program
into the following one:

h(U;V):= f(UV >): 6.2
U o minimize (U;V) ( ) (6.2)

The bilinear nature of the parameterization renders the objective function of (6.2) nonconvex. Hence, it can potentially
have spurious local minima (i.e., local minimizers that are not global minimizers) or even saddle points. With technical
innovations in analyzing the landscape of nonconvex functions, however, several recent works have shown that the

factored objective functioh(U; V) in certain matrix inverse problems has no spurious local minima [100, 106, 125].
6.1.1 Summary of Results and Outline

In this work, we provide a comprehensive geometric analysis for solving general low-rank optimizations of the
form (6.1) using the factorization approach (6.2). Our work actually rests on the recent works [97, 114, 126, 178,
179] ensuring a number of iterative optimization methods (such as gradient descent) converge to a local minimum
with random initialization provided the problem satis es the so-called strict saddle property (see De nition 6.2.3 in
Section 6.2). If the objective function further obeys the robust strict saddle property [114] (see De nition 6.2.4 in
Section 6.2) or belongs to the class of so-calkedunctions [97], the recent works [97, 114] show that many local
search algorithms can converge to a local minimum in polynomial time. The implications of this line of work have
had a tremendous impact on a number of nonconvex problems in applied mathematics, signal processing, and machine
learning.

We begin this chapter in Section 6.2 with the notions of strict saddle, strict saddle property, and robust strict saddle
property. Considering that many invariant functions are not strongly convex (or even convex) in any neighborhood
around a local minimum point, we then provide a revised robust strict saddle propedyiring a regularity condition

(see De nition 6.2.8 in Section 6.2) rather than strong convexity near the local minimum points (which is one of the

17A similar notion of a revised robust strict saddle property has also been utilized in [126], which shows that noisy gradient descent converges to a
local minimum in a number iterations that depends only poly-logarithmically on the dimension. In a nutshell, [126] has a different focus than this
work: the focus in [126] is on providing convergence analysis of a noisy gradient descent algorithm with a robust strict saddle property, while in
the present work, we establish a robust strict saddle property for the nonsymmetric matrix factorization and more general low-rank optimization
(including matrix sensing) problems with the factorization approach.
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requirements for the strict saddle property). The stochastic gradient descent algorithm is guaranteed to converge to a
local minimum point in polynomial time for problems satisfying the revised robust strict saddle property [114, 126].

In Section 6.3, we consider the geometric analysis for solving general low-rank optimizations of the form (6.1)
using the factorization approach (6.2). Provided the objective funétisatis es certain restricted strong convexity
and smoothness conditions, we show that the low-rank optimization problem with the factorization (6.2) (with an
additional regularizer—see Section 6.3 for the details) obeys the revised robust strict saddle property. In Section 6.3.3,
we consider a stylized application in matrix sensing where the measurement operator satis es the restricted isometry
property (RIP) [65]. In the case of Gaussian measurements, as guaranteed by this robust strict saddle property, a
number of iterative optimizations can nd the unknown matix of rankr in polynomial time with high probability
when the number of measurements exceeds a constant(tires)r2.

Our main approach for analyzing the optimization geometry of (6.2) is based on the geometric analysis for the

following non-square low-rank matrix factorization problem: giveh2 R" ™,

. 2
minimize UV > X7 _:
UZRn T’VITI r

(6.3)

In particular, we show the optimization geometry for the low-rank matrix factorization problem (6.3) is preserved
for the general low-rank optimization (6.2) under certain restricted strong convexity and smoothness condftions on
Thus, in Appendix E.1, we provide a comprehensive geometric analysis for (6.3), which can be viewed as an important
foundation of many popular matrix factorization problems such as the matrix sensing problem and matrix completion.
We show that the low-rank matrix factorization problem (6.3) (with an additional regularizer) has no spurious local
minima and obeys the strict saddle property—that is the objective function in (6.3) has a directional negative curvature
at all critical points but local minima—not only for the exact-parameterization case wdreé€X %) = r, but also for

the over-parameterization case wheaek(X ?) < r and the under-parameterization case whark(X?) > r . The

strict saddle property and lack of spurious local minima ensure that a number of local search algorithms applied to
the matrix factorization problem (6.3) converge to global optima which correspond to the bestappkeximation

to X ?. Further, we completely analyze the low-rank matrix factorization problem (6.3) for the exact-parameterization

case and show that it obeys the revised robust strict saddle property.
6.1.2 Relation to Existing Work

Unlike the objective functions of convex optimizations that have simple landscapes, such as where all local min-
imizers are global ones, the objective functions of general nonconvex programs have much more complicated land-
scapes. In recent years, by exploiting the underlying optimization geometry, a surge of progress has been made
in providing theoretical justi cations for matrix factorization problems such as (6.2) using a number of previously

heuristic algorithms (such as alternating minimization, gradient descent, and the trust region method). Typical ex-
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amples include phase retrieval [98, 180, 181], blind deconvolution [182, 183], dictionary learning [184, 185], phase
synchronization [186] and matrix sensing and completion [100-102, 109, 140, 166, 187].

These iterative algorithms can be sorted into two categories based on whether a good initialization is required.
One set of algorithms consist of two steps: initialization and local re nement. Provided the function satis es a
regularity condition or similar properties, a good guess lying in the attraction basin of the global optimum can lead to
global convergence of the following iterative step. We can obtain such initializations by spectral methods for phase
retrieval [180], phase synchronization [186] and low-rank matrix recovery problems [102,103, 108, 109]. As we have
mentioned, a regularity condition is also adopted in the revised robust strict saddle property.

Another category of works attempt to analyze the landscape of the objective functions in a larger space rather than
the regions near the global optima. We can further separate these approaches into two types based on whether they
involve the strict saddle property or the robust strict saddle property. The strict saddle property and lack of spurious
local minima are proved for low-rank, positive semide nite (PSD) matrix recovery [125] and completion [100], PSD
matrix optimization problems with generic objective functions [6], low-rank non-square matrix estimation from linear
observations [106], low-rank nonsquare optimization problems with generic objective functions [8] and generic nuclear
norm reggularized problems [92]. The strict saddle property along with the lack of spurious local minima ensures a
number of iterative algorithms such as gradient descent [114] and the trust region method [170] converge to the global
minimum with random initialization [114, 178, 185].

A few other works which are closely related to our work attempt to studyglitieal geometrypy characterizing the
landscapes of the objective functions in the whole space rather than the regions near the global optima or all the critical
points. As we discussed before, a number of local search algorithms are guaranteed to nd a local optimum (which is
also the global optimum if there are no spurious local minima) because of this robust strict saddle property. In [114],
the authors proved that tensor decompostion problems satisfy this robust strict saddle property. Sun et al. [98] studied
the global geometry of the phase retrieval problem. The very recent work in [104] analyzed the global geometry for
PSD low-rank matrix factorization of the form (6.3) and the related matrix sensing problem when the rank is exactly
parameterized (i.er, = rank( X?)). The factorization approach for matrix inverse problems with quadratic loss
functions is considered in [101]. We extend this line by considering general rank-constrained optimization problems
including a set of matrix inverse problems.

Finally, we remark that our work is also closely related to the recent works in low-rank matrix factorization of
the form (6.3) and its variants [8, 100-102, 104, 106, 109, 125, 140]. As we discussed before, most of these works
except [101, 104] (but including [106] which also focuses on honsymmetric matrix sensing) only characterize the
geometry either near the global optima or all the critical points. Instead, we charactergielbegeometry for
general (rather than PSD) low-rank matrix factorization and sensing. Because the analysis is different, the proof

strategy in the present work is also very different than that of [8, 106]. The results for PSD matrix sensing in [104]
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build heavily on the concentration properties of Gaussian measurements, while our results for matrix sensing depend
on the RIP of the measurement operator and thus can be applied to other matrix sensing problems whose measurement
operator is not necessarily from a Gaussian measurement ensemble. Also, [101] considers matrix inverse problems
with quadratic loss functions and its proof strategy is very different than that in the present work: the proof in [101]

is speci ed to quadratic loss functions, while we consider the rank-constrained optimization problem with general
objective functions in (6.1) and our proof utilizes the fact that the gradient and Hessian of the low-rank matrix sensing
are respectively very close to those in low-rank matrix factorization. Furthermore, in terms of the matrix factorization,
we show that the objective function in (6.3) obeys the strict saddle property and has no spurious local minima not
only for exact-parameterizatiom (= rank( X 7)), but also for over-parameterization ¢ rank(X?)) and under-
parameterizationr(< rank(X ?)). Local (rather than global) geometry results for exact-parameterization and under-
parameterization are also covered in [8]. As noted above, the work in [101, 104] for low-rank matrix factorization
only focuses on exact-parameterizatior=(rank( X ?)). The under-parameterization implies that we can nd the best

rank+ approximation toX ? by many ef cient iterative optimization algorithms such as gradient descent.
6.1.3 Notation

Before proceeding, we rst brie y introduce some notation used throughout the chapter. The syn@dal$
respectively represent the identity and zero matrices with appropriate sizes.|Alsaused to denote the n
identity matrix. The set of r orthonormal matrices is denoted By := fR 2 R" " : R>R = Ig. For any
natural numben, we let[n] or 1 : n denote the sdtl; 2;::;; ng. We usg | denote the cardinality (i.e., the number
of elements) of a set. MATLAB notations are adopted for matrix indexing; that is, for the m matrix A, its
(i;J )-th element is denoted bA(i; | ], itsi-th row (or column) is denoted bk [i; :] (or A[:;i]), andA[ 1; 2] refers
toaj 1j J 2j submatrix obtained by taking the elements in rowsof columns , of matrix A. Here ; [n]
and , |[n]. Weusea & b(ora. b)torepresentthatthere is a constantso#atConst b(ora Const b).

If a functionh(U;V) has two argumentd) 2 R" " andy§ 2 R™ ', we occasionally use the notatiti\W )

U
when we put these two arguments into a new oné/as ﬁ % For a scalar functiofi (Z) with a matrix variable

Y
Z2 R" M, itsgradientisam m matrix whosg(i;j )-thentryis[r f (2)][i:j ] = &z foralli 2f1;2;:::;ng;j 2
f1;2;::1;mg. The Hessian of (Z) can be viewed as amm  nm matrix[r 2f (Z)][i;j ] = % foralli;j 2
f1;:::;nmg, wherez][i] is thei-th entry of the vectorization of. An alternative way to represent the Hessian is by

P
a bilinear form de ned vidr %f (2)](A;B) = ikl %A[i;j IBlk; ]foranyA;B 2 R" ™. These two

@i}
notations will be used interchangeably whenever the speci ¢ form can be inferred from context.
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6.2 Preliminaries

In this section, we provide a number of important de nitions in optimization and group theory. To begin, suppose

h(x) : R" I Ristwice differentiable.
De nition 6.2.1 (Critical points) A pointx is a critical point ofh(x) if r h(x) = 0.

De nition 6.2.2 (Strict saddles; or ridable saddles in [185} critical pointx is a strict saddle if the Hessian matrix

evaluated at this point has a strictly negative eigenvalue, ign (r 2h(x)) < 0.

De nition 6.2.3 (Strict saddle property [114])A twice differentiable function satis es the strict saddle property if

each critical point either corresponds to a local minimum or is a strict saddle.

Intuitively, the strict saddle property requires a function to have a directional negative curvature at all of the critical
points but local minima. This property allows a number of iterative algorithms such as noisy gradient descent [114]
and the trust region method [170] to further decrease the function value at all the strict saddles and thus converge to a
local minimum.

In [114], the authors proposed a noisy gradient descent algorithm for the optimization of functions satisfying the

robust strict saddle property.

De nition 6.2.4 (Robust strict saddle property [1141piven ; ; ; ,atwice differentiablé(x) satisesthe(; ;; )-

robust strict saddle property if for every poixtat least one of the following applies:

1. There exists a local minimum poirt such thatkx?  xk , and the functiorh(x9) restricted to a2

neighborhood ok”? (i.e.,kx” x% 2 )is -strongly convex;
2. min rzh(X) ;

3. kr h(x)k

In words, the above robust strict saddle property says that for any point whose gradient is small, then either the
Hessian matrix evaluated at this point has a strictly negative eigenvalue, or it is close to a local minimum point. Thus
the robust strict saddle property not only requires that the function obeys the strict saddle property, but also that it is
well-behaved (i.e., strongly convex) near the local minima and has large gradient at the points far way to the critical
points.

Intuitively, when the gradient is large, the function value will decrease in one step by gradient descent; when the
point is close to a saddle point, the noise introduced in the noisy gradient descent could help the algorithm escape the
saddle point and the function value will also decrease; when the point is close to a local minimum point, the algorithm

then converges to a local minimum. Ge et al. [114] rigorously showed that the noisy gradient descent algorithm
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(see [114, Algorithm 1]) outputs a local minimum in a polynomial number of steps if the funigfionsatis es the
robust strict saddle property.

Itis proved in [114] that tensor decompostion problems satisfy this robust strict saddle property. However, requir-
ing the local strong convexity prohibits the potential extension of the analysis in [114] for the noisy gradient descent
algorithm to many other problems, for which it is not possible to be strongly convex in any neighborhood around
the local minimum points. Typical examples include the matrix factorization problems due to the rotational degrees
of freedom for any critical point. This motivates us to weaken the local strong convexity assumption relying on the
approach used by [102, 180] and to provide the following revised robust strict saddle property for such problems. To

that end, we list some necessary de nitions related to groups and invariance of a function under the group action.

De nition 6.2.5 (De nition 7.1 [188])). A (closed) binary operation,, is a law of composition that produces an
element of a set from two elements of the same set. More precis@¥ded set andy ; a, 2 G be arbitrary elements.

Then(as;a)! a; a 2G.

De nition 6.2.6 (De nition 7.2 [188])). A groupis a setG together with a (closed) binary operationsuch that for

any elements; a;; az; az 2 G the following properties hold:
Associative propertya; (az az)=(a; ap) as.
There exists an identity elemen? G suchthat a=a e= a.
Thereisanelemem ! 2 Gsuchthan ! a=a a !'=e

With this de nition, it is common to denote a group just Bywithout saying the binary operationwhen it is clear

from the context.
De nition 6.2.7. Given a functiorh(x) : R" ! R and a groupG of operators orR", we sayh is invariant under the
group action (or under an elemeatof the group) if
h(a(x)) = h(x)
forall x 2 R" anda 2 G.
Suppose the group action also preserves the enengyiaf., ka(x)k = kxk for all a 2 G. Since for anyx 2 R",
h(a(x)) = h(x) forall a 2 G, it is straightforward to stratify the domain b{x) into equivalent classes. The vectors

in each of these equivalent classes differ by a group action. One implication is that when considering the distance of

two pointsx; andx,, it would be helpful to use the distance between their corresponding classes:

dist(x1;x2) : = alzrgi‘r;ﬂG kai(x1) ax(x2)k

i " (6.4)
=min kxy  a(xz)k;
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where the second equality follows becaliag(x1) ax(X2)k = kai(x1 a; b as(x2))k = kxy a, 1 ay(x2)k and
a, 1" a, 2 G. Another implication is that the functidn(x) cannot possibly be strongly convex (or even convex) in any
neighborhood around its local minimum points because of the existence of the equivalent classes. Before presenting

the revised robust strict saddle property for invariant functions, we list two examples to illuminate these concepts.

Example 1. As one example, consider the phase retrieval problem of recoveringdimensional complex vector

x? from y; = bMx? ;i=1;:::;p , the magnitude of its projection onto a collection of known complex vectors

tion [98,180]
minimize h(x) = 1 y?  bf'x ©
x2Cn 2p._ ! ’

where we note that here the domairxak C". For this case, we denote the corresponding
G=fd : 2[01)g

and the group action a§x) = € x,wherea= & is an elementirG. It is clear thah(a(x)) = h(x) foralla 2 G.
Due to this invariance dfi(x), it is impossible to recover the global phase factor of the unknotvand the function

h(x) is not strongly convex in any neighborhoodxof.

Example 2. As another example, we revisit the general factored low-rank optimization problem (6.2):

minimize  h(U;V)= f(UV ”):
U2R" r;V2Rm r

2 3

U
We recast the two variabld$;V intoW asW = 2 % For this example, we denote the corresponding O,
2 3

UR
and the group action oW asa(W) = 2 % wherea = R 2 G. We have thah(a(W)) = h(W) foralla2 G
VR

sinceUR (VR )> = UV * for anyR 2 O,. Because of this invariance, in genehgW ) is not strongly convex
in any neighborhood around its local minimum points even thdugt) is a strongly convex function; see [104] for
the symmetric low-rank factorization problem and Theorem E.1.1 in Appendix E.1 for the nonsymmetric low-rank

factorization problem.

In the examples illustrated above, due to the invariance, the function is not strongly convex (or even convex) in any
neighborhood around its local minimum point and thus it is prohibitive to apply the standard approach in optimization
to show the convergence in a small neighborhood around the local minimum point. To overcome this issue, Candés et

al. [180] utilized the so-called regularity condition as a suf cient condition for local convergence of gradient descent
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applied for the phase retrieval problem. This approach has also been applied for the matrix sensing problem [102] and

semi-de nite optimization [103].

De nition 6.2.8 (Regularity condition [102,180])Supposé(x) : R" ! R s invariant under the group action of the

given groupG. Letx” 2 R" be a local minimum point df(x). De ne the seB( ; x?) as
B(;x?):=fx2R":dist(x;x’) g;
where the distanceist(x;x?) is de ned in (6.4). Then we say the functidm(x) satis es the(; ; )-regularity
condition if for allx 2 B( ; x?), we have
hr h(x);x  a(x?)i dist(x;x?)%2+ kr h(x)k?; (6.5)
wherea = arg min o, kx  a(x?)k.
We remark thaf ; ) in the regularity condition (6.2.8) must satisfy % since by applying Cauchy-Schwarz
hr h(x);x a(x?)i kr h(x)kdist(x;x?)

and the inequality of arithmetic and geometric means

dist?(x;x7) + kr h(x)k? 2p —dist(x;x7)kr h(x)k?:
Lemma 6.2.1. [102,180] If the functiorh(x) restricted to a neighborhood ok’ satis es the(; ; )-regularity

condition, then as long as gradient descent starts from a pgjr B ( ; x?), the gradient descent update

Xt¢1 = Xt T h(X¢)
with step sizé < 2 obeysx; 2 B(; x?) and
dist?(x;;x?) (1 2 )'dist®(xg;x?)
forallt O.

The proof is given in [180]. To keep the chapter self-contained, we also provide the proof of Lemma 6.2.1 in

Appendix E.2. We remark that the decreasing fiate2 2 [0; 1) since we choose 2 and

I

Now we establish the following revised robust strict saddle property for invariant functions by replacing the strong

convexity condition in De nition 6.2.4 with the regularity condition.

De nition 6.2.9 (Revised robust strict saddle property for invariant functiorGjven a twice differentiablé(x) :
R"™ ! R and a groupG, supposé(x) is invariant under the group action and the energya$ also preserved under
the group action, i.e.h(a(x)) = h(x) andka(x)k, = kxk, foralla 2 G. Given; ; ; ; , h(x) satis es the

(; ;4 )-robuststrict saddle property if for any poirtat least one of the following applies:
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1. There exists a local minimum point such thadist(x;x?)  , and the functiomn(x 9 restricted to2 a neigh-

borhood ofx”? (i.e.,dist(x%x?) 2 )satis esthe(; ; 2 )-regularity condition de ned in De nition 6.2.8;
2. min T Zh(x) )
3. kr h(x)k
Compared with De nition 6.2.4, the revised robust strict saddle property requires the local descent condition
instead of strict convexity in a small neighborhood around any local minimum point. With the convergence guarantee
in Lemma 6.2.1, the convergence analysis of the stochastic gradient descent algorithm in [114] for the robust strict
saddle functions can also be applied for the revised robust strict saddle functions de ned in De nition 6.2.9 with the

same convergence rateWe omit the details here and refer the reader to [126] for more details on this. In the rest of

the chapter, the robust strict saddle property refers to the one in De nition 6.2.9.
6.3 Low-rank Matrix Optimization with the factorization approach
In this section, we consider the minimization of general rank-constrained optimization problems of the form (6.1)

using the factorization approach (6.2) (which we repeat as follows):

h(U;V)=f(UV ~);
oS, PUIV) = OV )

where the rank constraint in (6.1) is automatically satis ed by the factorization approach. With necessary assumptions
onf in Section 6.3.1, we provide geometric analysis of the factored problem in Section 6.3.2. We then present a

stylized application in matrix sensing in Section 6.3.3.
6.3.1 Assumptions And Regularizer

Before presenting our main results, we lay out the necessary assumptions on the objective fXctioAs is
known, without any assumptions on the problem, even minimizing traditional quadratic objective functions is chal-

lenging. For this reason, we focus on problems satisfying the following two assumptions.
Assumption 6.3.1.f (X) has a critical pointX? 2 R" ™ which has rank .

Assumption 6.3.2.f (X) is (2r; 4r)-restricted strongly convex and smooth, i.e., for any m matricesX ;D with

rank(X) 2r andrank(D) 4r, the Hessian of (X) satis es

akDkZ [r 2f(X))(D;D) bkDKZ (6.6)

for some positiva andb.

18As mentioned previously, a similar notion of a revised robust strict saddle property has also recently been utilized in [126].
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Assumption 6.3.1 is equivalent to the existence of a nank” such thatr f (X?) = 0, which is very mild
and holds in many matrix inverse problems including matrix sensing [65], matrix completion [177] and 1-bit matrix
completion [132], where the unknown matrix to be recovered is a critical point of

Assumption 6.3.2 is also utilized in [109, Conditions 5.3 and 5.4] and [8], where weighted low-rank matrix factor-
ization and a set of matrix inverse problems are proved to satisfi2thdr )-restricted strong convexity and smooth-
ness condition (6.6). We discuss matrix sensing as a typical example satisfying this assumption in Section 6.3.3.

Combining Assumption 6.3.1 and Assumption 6.3.2, we haveXfids the unique global minimum of (6.1).

Proposition 6.3.1. Supposd (X ) satis es the(2r; 4r)-restricted strong convexity and smoothness condif&f)
with positivea andb. AssumeX ? is a critical point off (X) with rank(X?) = r. ThenX? is the global minimum

of (6.1) i.e.,
f(X?) f(X);8X2R" ™rank(X) r
and the equality holds only & = X .

The proof of Proposition 6.3.1 is given in Appendix E.3. We note that Proposition 6.3.1 guaranteXs’ that
is the unique global minimum of (6.1) and it is expected that solving the factorized problem (6.9) alsX dives
Proposition 6.3.1 differs from [8] in that it only requirés” as a critical point, while [8] needX ? as a global
minimum off .

Before presenting the main result, we note that iatis es (6.6) with positivea andb and we rescalé as

f0= _Z.f thenf Osatis es

TkakF [r “F°CX))(D;D) mkaF'
It is clear thatf andf ° have the same optimization geometry (despite the scaling differenced® I;e% = c

andi’= 22 =1+ cwithc= 2.2 Wehaved<a® 1 banda’+ ’=2. Thus, throughout the chapter and

at+b a

without the generality, we assume

a=1 c¢;b=1+ c;c2]0;1): (6.7)
? > P r > 2 . . . .
Now letX © = = i i i i beareducedSVDOAK ", where isadiagonal matrix with ;
r along its diagonal. Denote
u’=  ¥R;v?= ¥R (6.8)

foranyR 2 O,. We rst introduce the following ways to stadd andV together that are widely used through the

chapter:
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U?

U »_ U7 .
= v?

— . — . . ? -
W= o W= W= o, W=

Before moving on, we note that for any solutif@d ; V) to (6.2),(UR 1; VR ») is also a solution to (6.2) for any
R1;R2 2 R" " such thatUR ;R V> = UV >. As an extreme exampl® ; = cl andR; = %I wherec can be
arbitrarily large. In order to address this ambiguity (i.e., to reduce the search spalcéonf(6.3)), we utilize the trick

in [8,102, 106, 109] by introducing a regularizeand turn to solve the following problem

minimize G(W):= h(W)+ (W); (6.9)
U2R" ";V2RM T
where
—_— > 2 .
(W) := 2 u’u V>V .

We remark thatV ? is still a global minimizer of the factored problem (E.1) since both the rstterm gkid) achieve
their global minimum aw ?. The regularizer (W) is applied to force the difference between the Gram matrices of
U andV as small as possible. The global minimum ¢¥V ) is O, which is achieved whetd andV have the same

Gram matrices, i.e., whéW belongs to

E= W= \Lﬂ ‘U”U V>V =0 : (6.10)

Informally, we can view (6.9) as nding a point frofa that also minimizes the rst term in (6.9). This is rigorously
established in the following result which reveals that any critical painof g(W ) belongs tcE (that isU andV are

balanced factors of their produdl ~ ) forany > 0.
Lemma 6.3.1. [8, Theorem 3] Suppog8(W ) is de ned as in(6.9)with > 0. Then any critical poinWW of G(W )
belongs tcE, i.e.,
rG(W)=0 ) U U=V>V: (6.11)
For completeness, we include the proof of Lemma 6.3.1 in Appendix E.4.
6.3.2 Global Geometry For General Low-Rank Optimization

We now characterize the global optimization geometry of the factored problem (6.9). As explained in Section 6.2
that G(W ) is invariant under the matricd® 2 O, we rst recall the discussions in Section 6.2 about the revised

robust strict saddle property for the invariant functions. To that end, we follow the notion of the distance between
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equivalent classes for invariant functions de ned in (6.4) and de ne the distance beWWeemdW , as follows

dISt(W 1;W2) = R12Onjl;r%220, kW 1R WZRZkF
: (6.12)
= min kW, W3Rk :
R 20,

For convenience, we also denote the best rotation m&rizo thatkW i, W >Rk achieves its minimum by

R(W 1;W2), i.e.,

R(W1;W2)=arg min kW WoR%: ; (6.13)

which is also known as the orthogonal Procrustes problem [147]. The solution to the above minimization problem is

characterized by the following lemma.

Lemma 6.3.2. [147] LetW3W 1 = LSP~ be an SVD ofN ; W ;. An optimal solution for the orthogonal Pro-

crustes problen6.13)is given by

R(Wl;Wz): LP~:

Moreover, we have

W7 WoR(W ;W) = (WaR(W ;W o)~ Wy

PSP~ O:

To ease the notation, we drd ; andW , in R (W 1; W ) and rewriteR instead oR (W 1; W ») when they WV ;
andW ,) are clear from the context. Now we are well equipped to present the robust strict saddle prop@(Wy/fpr

in the following result.

Theorem 6.3.1. De ne the following regions

n [0}
Ri:= W :dist(W;W?  F2(X?) ;

Ro:= W: (W) B2(X7); KWW ~ ke i—ng?W”kF :

NI =

r

RY:= W :dist(W;W?) > FM(X?);kwWk @kw?k; (W) >

- 20
1=2 ¢ 2. > LA VVENYES )
19 P o(XT) KWW 7 ke 19kW W ke ;

NI
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R¥: = W :kWk> i—gkw?k: %gpékx?klzz;kww ” Ke

1—OkW?W7> ke ;
9
RP% = W :kWW kg > 1—90kW?W?> ke = %ka?kF

LetG(W ) be de ned as in6.9)with = 1. Supposé (X) has a critical pointX? 2 R" ™ of rankr and satis es

the (2r; 4r)-restricted strong convexity and smoothness condif) with positive constanta =1 c;b=1+ ¢

and
3=2 ?
r o (XY)
VI IREVEIRET 14
kX ?kg kX ?k1=2 (6.14)
ThenG(W ) has the following robust strict saddle property:
1. ForanyW 2 R 1, G(W) satis es the local regularity condition:
2. NI ? 1 2
hr G(W);W Wi & ((X?)dist“(W ;W ")+ mkr G(W )kt ; (6.15)
wheredist(W ;W ?) andR are de ned in(6.12)and (6.13), respectively.
2. ForanyW 2 R,, G(W) has a directional negative curvature, i.e.,
mn [ 2G(W) . (X?): (6.16)
3. ForanyW 2R3 = RJ[R IR J°G(W) has large gradient descent:
kr G(W)ke & 32(X?); 8W 2RY; (6.17)
kr G(W)ke & kWk3;, 8W 2RY (6.18)
kr G(W)ke & ((X?) KWW “ke 2; 8W 2R® (6.19)

The proof of this result is given in Appendix E.12. The main proof strategy is to utilize Assumption 6.3.1 and
Assumption 6.3.2 about the functiénto control the deviation between the gradient (and the Hessian) of the general
low-rank optimization (6.9) and the counterpart of the matrix factorization problem so that the landscape of the general
low-rank optimization (6.9) has a similar geometry property. To that end, in Appendix E.1, we provide a comprehen-
sive geometric analysis for the matrix factorization problem (6.3). The reason for choosi@is also discussed in
Appendix E.1.6. We note that the results in Appendix E.1 are also of independent interest, as we show that the objective

function in (6.3) obeys the strict saddle property and has no spurious local minima not only for exact-parameterization
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(r = rank( X?)), but also for over-parameterization ¥ rank(X ?)) and under-parameterization € rank(X?)).

Several remarks follow.

Remark6.3.1 Note that

Ri[R2[R% W :kwk i—(g)kw?kp;kWW>kF %)kw?w-”kp;

which further implies

Ri[R 2[R I[R P f W :kWW ke 1—90kW?W?>kFg:

Thus, we conclude th&®; [R 2[R §[R P[R %= R M) ' Now the convergence analysis of the stochastic

gradient descent algorithm in [114, 126] for the robust strict saddle functions also hol@éby.

Remark6.3.2 The constants involved in Theorem 6.3.1 can be found in Appendix E.12 through the proof. Theo-
rem 6.3.1 states that the objective function for the general low-rank optimization (6.9) also satis es the robust strict
saddle property when (6.14) holds. The requirement far(6.14) can be weakened to ensure the propertigé\of)

are preserved foB(W ) in some regions. For example, the local regularity condition (6.15) holds when

¢ L
50

which is independent ak ?. With the analysis of the global geometric structured(W ), Theorem 6.3.1 ensures

that many local search algorithms can convergX fo(which is the the global minimum of (6.1) as guaranteed by
Proposition 6.3.1) with random initialization. In particular, stochastic gradient descent when applied to the matrix

sensing problem (6.22) is guaranteed to nd the global minimfrin polynomial time.

Remark6.3.3 Local (rather than global) geometry results for the general low-rank optimization (6.9) are also covered
in [8], which only characterizes the geometry at all the critical points. Instead, Theorem 6.3.1 characterizes the
global geometry for general low-rank optimization (6.9). Because the analysis is different, the proof strategy for
Theorem 6.3.1 is also very different than that of [8]. Since [8] only considers local geometry, the result in [8] requires
¢ 0:2, which is slightly less restrictive than the one in (6.14).

Remark6.3.4 To explain the necessity of the requirement on the consgaautsibin (6.14), we utilize the symmetric
weighted PCA problem (so that we can visualize the landscape of the factored problem in Figure 6.1) as an example

where the objective function is

f(X)=%k (X X?)K2; (6.20)

where 2 R" " contains positive entries. The Hessian quadratic fornf {¢) is given by[r 2f (X)](D;D) =

k Dk foranyD 2 R" ". Thus, we have

126



[r 2 (X))(D;D)

minj ] ] kKD K2

maxj [i:] 1i%:

Comparing with (6.6), we see thét satis es the restricted strong convexity and smoothness conditions with the
constanta = minj j [i;j ]2 andb = max; j [i;j ]j2. In this case, we also note that if each ety is nonzero
(i.e., ming j [is] JiZ > 0), the functionf (X) is strongly convex, rather than only restrictively strongly convex,
implying that (6.20) has a unique optimal soluti¥rf. By applying the factorization approach, we get the factored

objective function

1
h(U) = ék (UU~  X7)k2: (6.21)
To illustrate the necessity of the requirement on the constaatgib as in (6.14) so thabthe fagctored problem (6.21)

11
has no spurious local minima and obeys the robust strict saddle property, We setg g which is a ranki

11
23

1
matrix and can be factorized s’ = U?U?> withU? = 2 % We then plot the landscapes of the factored objective

1
2 3 2 3

1 1 8 1
functionh(U) with = ﬁ % andﬁ % in Figure 6.1. We observe from Figure 6.1 that as long as the elements
11 1 8

in  have a small dynamic range (which corresponds to a doeal h(U) has no spurious local minima, but if the
elements in have a large dynamic range (which corresponds to a laxgge spurious local minima can appear in

h(U).

(@) (b)

Figure 6.1: Landscapes bfU) in (6.21) withX ? = 1 iand(a) - i 1;(b) - f

0
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Remark6.3.5 The global geometry of low-rank matrix recovery but with analysis customized to linear measurements
and quadratic loss functions is also covered in [101, 104]. Since Theorem 6.3.1 only requif@s 4hg-restricted

strong convexity and smoothness property (6.6), aside from low-rank matrix recovery [189], it can also be applied to
many other low-rank matrix optimization problems [161] which do not necessarily involve quadratic loss functions.
Typical examples include 1-bit matrix completion [132, 164] and Poisson principal component analysis (PCA) [165].
We refer to [8] for more discussion on this issue. In next section, we consider a stylized application of Theorem 6.3.1

in matrix sensing and compare it with the result in [104].
6.3.3 Stylized Application: Matrix Sensing

In this section, we extend the previous geometric analysis to the matrix sensing problem

AUV X7 2+ (W), (6.22)

NI

minimize G(W) =
U2RM T;V2RM

whereA : R” ™ I RPisaknown linear measurement operator Xrids the unknown rank matrix to be recovered.

In this case, we have
f(X)= %kA(X XK :
The derivative of (X) atX ? is
rf(X=A AX? X?’)=0;

which implies thatf (X) satis es Assumption 6.3.1. The Hessian quadrature forfi (X)[D;D] for anyn m

matricesX andD is given by
r 2f (X)[D;D] = kA(D)K?:

The following matrix Restricted Isometry Property (RIP) serves as a way to link the low-rank matrix factorization

problem (E.1) with the matrix sensing problem (6.22) and certf €%) satisfying Assumption 6.3.2.

De nition 6.3.1 (Restricted Isometry Property (RIP) [65,190[Jlhe mapA : R" ™ I RP satis es ther-RIP with

constant , ifl?

(1 )kDK: kA (D)K* (1+ ,)kDK (6.23)

holds foranyn m matrixD withrank(D) r.

198y abuse of notation, we adopt the conventional notatjofor the RIP constant. The subscriptan be used to distinguish the RIP constant
from which is used as a small constant in Section 6.2.
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If A satis es thedr -restricted isometry property with constagt, thenf (X) satis es the(2r; 4r)-restricted strong

convexity and smoothness condition (6.6) with constantsl 4 andb=1+ 4 since

(1  4)kDK: r 2f(X)[D;D]= kA(D)K?
(1+ 4)kDKZ (6.24)
for any rank4r matrix D. Comparing (6.24) with (6.6), we note that the RIP is stronger than the restricted strong
convexity and smoothness property (6.6) as the RIP gives that (6.24) holdstor afi matricesX , while Assump-
tion 6.3.2 only requires that (6.6) holds for all raBk-matrices.

Now, applying Theorem 6.3.1, we obtain a similar geometric guarantee to Theorem 6.3.1 for the matrix sensing

problem (6.22) wher\ satis es the RIP.

Corollary 6.3.1. LetR1;R2;R3; RO R %be the regions as de ned in Theorem E.11.1. G€W ) be de ned as
in (6.22)with = 1 andA satisfying thetr-RIP with

3=2 ?
r o (XY)
e 6.25
kX ke kX 7K (6.29)
ThenG(W ) has the following robust strict saddle property:
1. ForanyW 2 R, G(W) satis es the local regularity condition:
. ?; ? fat 2 . ? 1 2,
hr G(W);W Wi & (X?)dist"(W ;W )+ mkr G(W )kt ; (6.26)

wheredist(W ;W ?) andR are de ned in(6.12)and (6.13), respectively.

2. ForanyW 2 R ,, G(W) has a directional negative curvature, i.e.,

min rZG(W) . r(x?):

3. ForanyW 2R3 = RJ[R IR J°G(W) has large gradient descent:

kr G(W)ke & 32(X7?); 8W 2RY;
kr G(W)ke & kWk3, 8W 2R

3=2

kr GOW)ke & WW >

8W 2RJI®

Remark6.3.6 The constants involved in Corollary 6.3.1 are the same as those in Theorem 6.3.1 and can be found in
Appendix E.12 through the proof. Similarly, the requirement fgrin (6.25) can be weakened to ensure the properties

of g(W) are preserved fa&(W ) in some regions. For example, the local regularity condition (6.26) holds when
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1
B0
which is independent oX 7. Note that Tu et al. [102, Section 5.4, (5.15)] provided a similar regularity condition.
However, the result there requireg % anddist(W ;W ?) ?% + (X?) which de nes a smaller region than
R:. Based on this local regularity condition, Tu et al. [102] showed that gradient descent with a good initialization
(which is close enough t&/ ?) converges to the unknown matiiX ? (and henceX ). With the analysis of the global
geometric structure iG6(W ), Corollary 6.3.1 ensures that many local search algorithms can nd the unknown matrix

X7 in polynomial time.

Remark6.3.7. A GaussiamA will have the RIP with high probability when the number of measuremergsompa-
rable to the number of degrees of freedom iman m matrix with rankr. By GaussiarA we mean thé-th element
iny = A(X), y-, is given by
X
y- = XA = X[EjIAT) ]
i=1 j=1
where the entries of each m matrix A+ are independent and identically distributed normal random variables with

zero mean and varianc%e Speci cally, a GaussiaA satis es (6.23) with high probability when [65,124,189]

p&r(n+ m)iz:
r

p

Now utilizing the inequalitykX *kg kX ?k for (6.14), we conclude that in the case of Gaussian measurements,

the robust strict saddle property is preserved for the matrix sensing problem with high probability when the number of

measurements exceeds a constant tines m)r? (X?)2 where (X?) = 1&; This further implies that, when

applying the stochastic gradient descent algorithm to the matrix sensing problem (6.22) with Gaussian measurements,

we are guaranteed to nd the unknown matéx in polynomial time with high probability when

p& (n+ m)r? (X?)3: (6.27)

WhenX ?isann n PSD matrix, Li et al. [104] showed that the corresponding matrix sensing problem with Gaussian
measurements has similar global geometry to the low-rank PSD matrix factorization problem when the number of

measurements

1(X7)

2(X7)

p& nr? (6.28)

Comparing (6.27) with (6.28), we nd both results for the number of measurements needed depend similarly on the
rankr, but slightly differently on the spectrum &?. We nally remark that the sampling complexity in (6.27)

is O((n + m)r?), which is slightly larger than the information theoretically optimal bo@{@n + m)r) for matrix
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sensing. This is because Corollary 6.3.1 is a direct consequence of Theorem 6.3.1 in which we directly characterize
the landscapes of the objective functions in the whole space by combining the results for matrix factorization in
Appendix E.1 and the restricted strong convexity and smoothness condition. We believe this mismatch is an artifact
of our proof strategy and could be mitigated by a different approach, like utilizing the properties of quadratic loss
functions [101]. If one desires only to characterize the geometry for critical pointsCif(en+ m)r) measurements

are enough to ensure the strict saddle property and lack of spurious local minima for matrix sensing [8, 106].
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CHAPTER 7
THE GEOMETRY OF EQUALITY-CONSTRAINED GLOBAL CONSENSUS PROBLEMS

A variety of unconstrained nonconvex optimization problems have been shown to have benign geometric land-
scapes that satisfy the strict saddle property and have no spurious local minima. In tif% werkresent a general
result relating the geometry of an unconstrained centralized problem to its equality-constrained distributed extension.
It follows that many global consensus problems inherit the benign geometry of their original centralized counterpart.
Taking advantage of this fact, we demonstrate the favorable performance of the Gradient ADMM algorithm on a

distributed low-rank matrix approximation problem.
7.1 Introduction

With an abundance of data, the scale of machine learning problems continues to grow. Consequently, nonconvex
optimization problems have received growing attention as alternatives to convex approaches for solving machine
learning problems [124,191-193]. Algorithms for solving nonconvex problems can offer reduced memory usage and
computational complexity compared to their convex counterparts, see, e.g. [119, 194]. However, the potential for
undesirable features in the nonconvex landscape (spurious local minima [135-137], degenerate saddle points [137,
195], etc.) raises questions about these algorithms' convergence to optimal points.

Recent research has shown, though, that many machine learning problems—including a variety of low-rank matrix
optimization problems—actually have a benign nonconvex landscape in which there are no spurious local minima and
all saddle points are strict (non-degenerate) saddles at which the Hessian has at least one negative eigenvalue [6, 8,93,
100,101,104,125,191-193,196]. For such problems a variety of iterative algorithms—such as gradient descent with a
random initialization—can exploit negative curvature directions to escape from strict saddle points and thus provably
converge to a global minimizer [127].

To date, however, most of the results establishing benign geometric landscapes have been lim@eddwained
nonconvex problems [6, 8, 92, 93, 100, 101, 104, 125, 196]. Meanwhile, constraints can be important to consider,
particularly when the size of a machine learning problem demands that computations or statesgeotedacross
some network [197,198]. One way to ensure consensus among optimization variables in a distributed problem is via
equality constraints across the network nodes. As one transitions from a centralized problem to a distributed one, a
guestion arises of whether the distributed problem inherits the benign geometry of the centralized problem. Since there

is a general lack of geometric analysis for constrained nonconvex problems, this question is essentially open.

20This is a joint work with Zhihui Zhu, Gongguo Tang and Michael B. Wakin [9].
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In Section 7.2, we present a general result relating the geometry of a centralized problem to its distributed exten-
sion. This result establishes one-to-one correspondences of the rst-order critical points, second-order critical points,
and strict saddle points between the two problems. This is in spite of the fact that critical points have a distinctly dif-
ferent de nition (in terms of the Lagrangian) for constrained optimization problems. In Section 7.3, we highlight one
application of this theorem, in establishing an equivalence between geometric landscapes for broad classes of central-
ized problems and their distributed formulations as global consensus problems. We show that under certain conditions,
every second-order critical point of the distributed problem corresponds to a global minimizer of the centralized prob-
lem. In Section 7.4, we discuss algorithmic aspects for solving equality-constrained distributed optimization problems.
The recent GADMM algorithm [199] can be guaranteed under certain conditions to converge to a second-order criti-
cal point of an equality-constrained distributed optimization problem. Our theory establishes conditions under which
this point will correspond to a global minimizer of the original centralized optimization problem. This guarantee is
stronger than what appear in the literature for distributed gradient descent (DGD), a popular alternative algorithm for
solving consensus problems. Existing DGD results show convergence either to stationary points (which are global
if the problem is convex) [200—202], or to an arbitrarily small neighborhood of a second-order critical point with an
appropriately small stepsize [203]. As a case study, in Section 7.5, we illustrate the performance of GADMM on a

distributed low-rank matrix approximation in factored form.
7.2 Relating Unconstrained Geometry to Constrained Geometry

We present a general theorem that establishes an equivalence between the landscape of two types of optimization
problems: one that is unconstrained, and one that involves additional variables but is constrained to an af ne subspace,

along which it has a certain equivalence to the rst problem.
Theorem 7.2.1. Consider two problems:
Problem UC (unconstrained centralized):
rr](in c(x)
Problem ECD (equality-constrained distributed):
r)r(1;iyn d(x;y) subjecttoAx + By = b
whered(x;y) satis esd(x;y) = c¢(x) whenAx + By = b, andB is a square and invertible matrix.

Thenx is a [ rst-order/second-order/strict saddle] critical point of Problem UC(#;B (b Ax))isa[rst-

order/second-order/strict saddle] point of Problem ECD.

This theorem has applications outside of distributed optimization, but we adopt the terminology “centralized” and

“distributed” in the theorem above because the latter problem involves additional optimization variables beyond those
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in the rst, and we focus on applications in distributed optimization in this work. Now we prove Theorem 7.2.1 in the
follows where the precise notions of [ rst-order/second-order/strict saddle] point are de ned for both Problem UC and

Problem ECD. Critical points of Problem ECD are de ned in terms of the Lagrangian functiaitxoy ).

Proof. The rst-order critical points< of Problem UC are those that satisfy

r xc(x)=0: (7.1)
The second-order critical points of Problem UC additionally satisfy

r2e(x) O (7.2)

and a rst-order critical point is a strict saddle if it does not satisfy (7.2).
The critical pointg(x;y) of Problem ECD are de ned through the Lagrangian funcliqm;y; ) = d(x;y)
”(Ax + By b). The rst-order critical pointgx;y) of Problem ECD are those that satisfy the rst-order optimality

condition: Ax + By = b and there exists such that

r hx;y‘L(x;y; )=0: (7.3)

The second-order critical points of Problem ECD additionally satisfy the second-order optimality condition:

[r ﬁx.yiL(x;y; N(v;v) 08v2T; (7.4)
where
h ] i
T=fv= vxvy :Av,+Bvy,=0g= 4 ?A(Rn) (7.5)

is the tangent plane of the constraint Bet= f Ax + By = bg, where we have used the nonsingularityBof A
rst-order critical point is a strict saddle if it does not satisfy (7.4).

For convenience, de ne
h(x;y) = d(x;y) c(x); (7.6)

and note thah(x;y) = 0 for all (x;y) 2 F. Note thath(x;y) has zero directional derivative and zero Hessian

curvature along the tangent planerof That is

r hx;yi h(x;y)”v =0 and[r EX'yi h(x;y)l(v;v) =0 (7.7)

forany(x;y)2F andv 2 T.
For anyx, lety = B (b Ax) and note tha{x;y) 2 F. Moreover, (7.3) holds iff «C(x);0 ?T
(due to (7.7)), which holds iff (7.1) holds (due to (7.5)). Similarly, we have that (7.4) holfts#ff  #c(x)](v;V)
X;y
08v 2T (dueto (7.6) and (7.7)), which holds iff (7.2) holds (due to (7.5)). This completes the proof of the three types

of equivalence between a critical poinbf Problem UC and a critical poirgk; B *(b  Ax)) of Problem ECD. O
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7.3 Geometry of Global Consensus

Consider any unconstrained centralized optimization problem of the form

0 1
d

m\jvr!;qjjigze @j B fi(w;z)A + g(w); (7.8)
where rstterm in the objective function decouples into a sum of objecfiye®ne can distribute this problem across
a network of] +1 nodes in a “star topology?* whereJ agents are connected to a central node. The resulting problem
is known as aylobal consensus proble(aee [199, (3)]) and can be posed as foll&vs

0 1
X

Wr?izr?igr?i\l%]eg @J ) fi(w;z)A + gw)s.tw = w 8: (7.9)

Here,w is the optimization variable at the central node, widandzj are the optimization variables at node

Unfortunately, relatively little is currently known about the geometric landscape of equality-constrained machine
learning problems in the form of (7.9): Do they have spurious local minima? Do they satisfy the strict saddle property,
or could they have degenerate saddle points?

However, insight into the geometry of problem (7.9) can be gained by applying Theorem 7.2.1. Problem (7.8) can
be expressed in the form of Problem UC by takiwg = [w;z] withz =[z1;  ;z;]andc(x) = P J-le fi(w;z)+
g(w), while problem (7.9) can be expressed in the form of Problem ECD by takindw;z],y = [w!; ;w’],
doy) = iy £ wiz)+ gw)

03 2I 03 203

0 0%;8290 og;b=gfgi (7.10)

I 0 0 0 I 0

I 0

A=]:

We note thaB (the identity matrix) is square and invertible. Under the constraintAkat By = b, which requires

allw! = w, we see thati(x;y) = ¢(x). By applying Theorem 7.2.1, we obtain the following result.

Corollary 7.3.1. [w; z] is a [ rst-order/second-order/strict saddle] critical point of problefn.8)iff ([w; z]; [w;  ;w])
is a [ rst-order/second-order/strict saddle] point of problef@.9). Moreover, if problen(7.8) satis es the strict sad-
dle property and has no spurious local minima, then for every second-order critical Qaing]; [w;  ;w]) of

problem(7.9), [w; z] is a global minimizer of probler{v.8).

Corollary 7.3.1 allows one to borrow centralized geometric analysis for problem (7.8) to understand the landscape

of the equality-constrained distributed problem (7.9).

2lwe remark that our results can also be applied to other network topologies, such as the series topology wheré*! ; 8j andw? = w.
225trictly speaking, our problem (7.9) is more general than [199, (3)] as (7.9) involves local vafiaptpshich are not constrained to be equal.
23To simplify notation, we usfp; q] to represenip” q” ] .
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7.4 Gradient ADMM (GADMM) Algorithm

We brie y discuss algorithmic aspects for solving equality-constrained distributed optimization problems. The
recent Gradient ADMM (GADMM) algorithm [199] can be guaranteed under certain conditions to converge to a
second-order critical point of an equality-constrained distributed optimization problem. Corollary 7.3.1 establishes
conditions under which this point will correspond to a global minimizer of the original centralized optimization prob-
lem.

As outlined in [199, (38)], GADMM is intended for problems that can be expresgéd as

mir;(i_ryizef (xX)+ 9o(y) subjectto Ax + By = b: (7.11)
P )
The global consensus problem (7.9) is of this form; to see this, efw?'; ;w’;z],y = w,f (x) = J.le fi(w!;z),
a(y) = g(w),
3 23 23
| 0 O 0 | 0
Azﬁ0 .0 0 - o%;B:Q;g;b:ﬁgg: (7.12)
0 I 0 0 | 0

In [199, Section 3.1], it is shown how GADMM can be applied to the global consensus problem (7.9), with the

resulting iterations

wl(k+1)= wi (k) 1, £ (w! (k); z (K))
+ k) + Wik wk) ;
Zi(k+1)= z(k) r £ (Wl (k):z (K):

wik+1)= wk) * r gw) (7.13)

X .
(i)+ W (k+1) w(k);
j=1
ikt = )+ W (k) wk):
These iterations require communication only between the central node and each of thd;@pdesJ. We
note that this is the reason that we utilize (7.12) instead of (7.10) when applying GADMM for solving (7.9) since
the resulting algorithm (7.13) is more suitable for distributed implementation. On the other hand, the form (7.10) is
mainly utilized for analyzing the landscape of (7.9) by invoking Theorem 7.2.1.
For the global consensus problem, under assumptions B1-B5 in [199], with the proper selection of parameters

and , and with random initialization ofv(0), fw’ (0)g, fz; (0)g, andf ;(0)g it is shown [199, Theorem 3.1] that

with probability one, GADMM will converge to a second-order critical point of (7.9). According to Corollary 7.3.1,

24The notationg andg are interchanged with respect to what appears in [199, (38)].
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when problem (7.8) satis es the strict saddle property and has no spurious local minima, this second-order critical

point of (7.9) corresponds to a global minimizer of problem (7.8).
7.5 Application to Distributed Low-Rank Matrix Approximation

We now discuss our results in the context of distributed low-rank matrix approximation. Consider rst the proto-
typical problem of nding, for a given a data matrik 2 R" ™, a low-rank approximation by solving

minimizekX  YkZ + kXK : (7.14)
X2Rn m

Here, the nuclear norm penalty promotes low-rank structure in the approximétidiroblem (7.14) is an uncon-
strained convex optimization problem in the matrix variaKle It is natural to consider solving problem (7.14) in
factored form, where we replace the optimization variablaiith UV >, whereU 2 R" " andV 2 R™ " are tall
matrices, and is a parameter that must be set in advance (typically on the order of the%axgiected of the optimal
solution to (7.14)). Under this reparameterization, (7.14) becomes

minimize kUV > YkZ + KkUV "k : (7.15)
U2R" ";V2RM T

One can solve this problem using local search algorithms such as gradient descent. Such algorithms do not require
expensive SVDs, nor do they require explicit storage of the matrix
Unfortunately, problem (7.15) is nonconvex in the optimization variaflesv ). We have studied [6] the geo-

metric landscape of problem (7.15) with a minor modi cation to the objective function:

mirLIJi;r\r)ize KUV > YK2 + 5 kU k2 + kVkZ : (7.16)
Despite the change of the objective function, the global minimizers remain unchanged. That (&) ;ahy that
minimize (7.16) are also a global minimizer of (7.15).

We have shown [6] that every critical point of problem (7.16) is either a global minimum or a strict saddle point.
This implies that local search algorithms such as gradient descent can be applied to problem (7.16) and will converge
to a global minimum of (7.16). As previously noted, this then coincides with a global minimum of the original
objective function, (7.15). This favorable geometry of problem (7.16) holds under the condition that there exists a
global minimizer of (7.14) having rani and thatr ~ r°.

One can generalize the unconstrained centralized problem (7.16) to an equality-constrained distributed problem
similar to the global consensus problems outlined in Section 7.3. Suppose the columns of the datd rariks-

tributed amongd nodes/sensors. Without loss of generality, partition the columisagY = v, Y, Y,

P
where forj 2 f1;2;:::;Jg, matrixY; (which is stored at nodg) has sizen m;, and wherem = J-le m; . Par-
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titioningV similarly asvV = v; V3 V3 ,whereV; hassizen; r,we canwritkUV = Y k& =
J-le kuv J> Y j k2. We use this fact to plug in for the terktV > Y k2 which appears in (7.16).
Suppose we introduce in problem (7.16) the optimization variables ::;U? 2 R" ' (all the same size as
U) and add an equality constraint to enforce consensus among these variables. We obtain the equality-constrained

optimization problem

0 1
X

minimize @ kUIV? Y KE + SkV KkEA
UiVigfule 2 (7.17)

+ kU kZ subjectto Ul = U; 8j;

which has the form of global consensus problem appearing in (7.9) by takirgveqU);z; = veqV;), w! =
veqU!), and de ningf; (w! 1Zj), 9(w) in the natural resulting way. By applying Corollary 7.3.1, we obtain the

following result.

Corollary 7.5.1. xyc =[vedU); vedV ;); ;vedV ;)] is a [ rst-order/second-order/strict saddle] critical point
of problem(7.16)iff Xecp = (Xuc;[veqU); ;vedU)]) is a [ rst-order/second-order/strict saddle] critical point
of problem(7.17) Moreover, under the condition that there exists a global minimiz€7 df4)having rankr ®and that

r  r© for every second-order critical poitgcp of problem(7.17), xyc is a global minimizer of probler(v.16)

10 IIIIIIIIIIIIIIIIIIIIIIII IIIIPIIIII.IIIIIIIIIIIIII
T N/ k2
--- kUl UKZ

2 4 6 8 10
iteration

Figure 7.1: Solving (7.17) by using GADMM (7.13).

We apply GADMM to solve (7.17). [199, Theorem 3.1] shows that, under suitable conditions, GADMM is
guaranteed to converge to a second-order critical point of (7.17). Although we do not con rm those conditions for

the matrix factorization problem (7.17), we use numerical simulations to illustrate the ability of GADMM to reach
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solutions that correspond to global minimizers of the centralized problem (7.16).

To set up the experiments, we rst generate the rardeound truth matrixy # = [Yf Yj‘] 2 RN Jm
(m = P le m;) wherer = 2,n =50,J =10, m; = 20 8 by multiplying two standard Gaussian matrices (i.e.,
each entry i.i.d. fronN (0; 1)) of sizen r andr m, respectively. Then adding a noise matix2 R" ™ with
each entry i.i.d. drawn frol (0; 2) with z = 0:1, we get the noisy observatioh = Y # + N. In this case, the
signal-to-noise ratio can be computed3#¢R = 10log,, E kY # k2 =E kNkZ =10 Ioglo(izg) =23dB:

To estimate the ground truth, we then solve (7.17) witke 1 by using GADMM (7.13) with = 10, =
1000and a random initialization. To verify our main results (cf. Corollary 7.5.1), we plot the optimality distance
P . kUIV> U?V7KZ and consensus err<|)Der:1 kUJ  UK2 as a function of the number of iterations, where

(U%[V? V2] isaglobal minimizer of problem (7.16). Figure 7.1 shows that the GADMM achieves both global

optimum and exact consensus.
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CHAPTER 8
GLOBAL OPTIMALITY IN DISTRIBUTED LOW-RANK MATRIX FACTORIZATION

We study the convergence of a variant of distributed gradient descent (DGD) on a distributed low-rank matrix ap-
proximation problem wherein some optimization variables are used for consensus (as in classical DGD) and some opti-
mization variables appear only locally at a single node in the network. We term the resulting algorithm DGD+LOCAL.
Using algorithmic connections to gradient descent and geometric connections to the well-behaved landscape of the
centralized low-rank matrix approximation problem, we identify suf cient conditions where DGD+LOCAL is guar-
anteed to converge with exact consensus to a global minimizer of the original centralized problem. For the distributed
low-rank matrix approximation problem, these guarantees are stronger—in terms of consensus and optimality—than

what appear in the literature for classical DGD and more general problems.
8.1 Introduction

A promising line of recent literature has examined the nonconvex objective functions that arise when certain matrix
optimization problems are solved in factored form, that is, when a low-rank optimization vaXiablesplaced by a
product of two thin matricedV > and the optimization proceeds jointly owdrandV [6,8,93,101,140,192,204]. In
many cases, a study of the geometric landscape of these objective functions reveals that—despite their nonconvexity—
they possess a certain favorable geometry. In particular, many of the resulting objective funysatisfy thestrict
saddle property97, 114], where every critical point is either a local minimum or is a strict saddle point, at which the
Hessian matrix has at least one negative eigenvalue,ignhtdave no spurious local minima (every local minimum
corresponds to a global minimum).

One such problem—which is both of fundamental importance and representative of structures that arise in many
other machine learning problems [205]—is the low-rank matrix approximation problem, where given a data’matrix
the objective is to minimiz&UV > Y kZ. As we explain in Theorem 8.3.1, building on recent analysis in [206]
and [93], this problem satis es the strict saddle property and has no spurious local minima.

In parallel with the recent focus on the favorable geometry of certain nonconvex landscapes, it has been shown that
a number of local search algorithms have the capability to avoid strict saddle points and converge to a local minimizer
for problems that satisfy the strict saddle property [113, 126,127, 207]. As stated in [127] and as we summarize in
Theorems 8.2.2 and 8.2.4, gradient descent when started from a random initialization is one such algorithm. For
problems such as low-rank matrix approximation that have no spurious local minima, converging to a local minimizer

means converging to a global minimizer.
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To date, the geometric and algorithmic research described above has largely focesedralized optimization
where all computations happen at one “central” node that has full access, for example, to the datd matrix

In this work, we study the impact d@fistributingthe factored optimization problem, such as would be necessary if
the data matrix in low-rank matrix approximation were partitioned into submatries v, Y, Yy,
each of which was available at only one node in a network. By similarly partitioning the nvatrane can partition

the objective function

X
kUV>  YKE= KUV Yjki: (8.1)
j=1
As we discuss, one can attempt to minimize the resulting objective, in which the ratappears in every term

of the summation, using techniques similar to classical distributed algorithms such as distributed gradient descent

U and iteratively sharing updates of these variables with the aim of converging to a consensus where (exactly or
approximately! = U?2= = UJ.

In this work we study a straightforward extension of DGD for solving such problems. This extension, which we
term DGD+LOCAL, resembles classical DGD in that each rjobas a locatopyU’ of the optimization variablé)
as described above. Additionally, however, each node has allmzklV ; of the partitioned optimization variab\é,
and this block exists only locally at noglevithout any consensus or sharing among other nodes.

We present a geometric framework for analyzing the convergence of DGD+LOCAL in such problems. Our frame-
work relies on a straightforward conversion which reveals (for example in the low-rank matrix approximation problem)
that DGD+LOCAL as described above is equivalent to running conventional gradient descent on the objective function

X X |

KUV YikE+ wikul UTKE (8.2)

j=1 i=1
wherew;; are weights inherited from the DGD+LOCAL iterations. This objective function (8.2) differs from the
original objective function (8.1) in two respects: it contains more optimization variables, and it includes a quadratic
regularizer to encourage consensus. Although the geometry of (8.1) is understood to be well-behaved, new questions
arise about the geometry of (8.2): Does it contain new critical points (local minima that are not global, saddle points
that are not strict)? And on the consensus subspace, where U? = = U7, how do the critical points of (8.2)
relate to the critical points of (8.1)? We answer these questions and build on the algorithmic results for gradient
descent to identify in Theorem 8.3.2 suf cient conditions where DGD+LOCAL is guaranteed to converge to a point
that () is exactly on the consensus subspace, #@indcincides with a global minimizer of problem (8.1). Under

these conditions, the distributed low-rank matrix approximation problem is shown to enjoy the same geometric and

algorithmic guarantees as its well-behaved centralized counterpart.
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For the distributed low-rank matrix approximation problem, these guarantees are stronger than what appear in the
literature for classical DGD and more general problems. In particular, we show exact convergence to the consensus
subspace with a xed DGD+LOCAL stepsize, which in more general works is accomplished only with diminishing
DGD stepsizes for convex [200, 201] and nonconvex [202] problems or by otherwise modifying DGD as in the EX-
TRA algorithm [209]. Moreover, we show convergence to a global minimizer of the original centralized nonconvex
problem. Until recently, existing DGD results either considered convex problems [200, 201] or showed convergence
to stationary points of nonconvex problems [202]. Very recently, it was also shown [203] that with an appropriately
small stepsize, DGD can converge to an arbitrarily small neighborhood of a second-order critical point for general
nonconvex problems with additional technical assumptions. Our work differs from [203] in our use of DGD+LOCAL
(rather than DGD) and our focus on one speci ¢ problem where we can establish stronger guarantees of exact global
optimality and exact consensus without requiring an arbitrarily small (or diminishing) stepsize.

Our main results on distributed low-rank matrix factorization are presented in Section 8.3. These results build
on several more general algorithmic and geometric results that we rst establish in Section 8.2. The results from
Section 8.2 may have broader applicability, and the geometric and algorithmic discussions in Section 8.2 may have

independent interest from one another.
8.2 General Analysis of DGD+LOCAL

Consider a centralized minimization problem that can be written in the form

X
minimizef (x;y) = f;(X;y;); (8.3)
X3y .
j=1

>

wherey = y3 y; . Herex is the common variable in all of the objective functidrigg; , [;; andy; is the
variable only corresponding 3.

The standard DGD algorithm [208] is stated for problems of the form

X
minimize f (x) = fi (x);
X j:l
and for such problems it involves updates of the form
xI (k+1) = w;i x' (K) rxfj (X (k));

i=1
wheref \®;; g are a set of symmetric nonnegative weights, afidis positive if and only if nodesandj are neighbors

in the network oti = j . Throughout this chapter, we will make the common assumption [210] that
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X
w; =1forallj 2 [J]: (8.4)
i=1
A very natural extension of DGD to problems of the form (8.3)—which involve |laogiesof the shared variable
x and localpartitionsof the variabley—is to perform the updates
x'(k+1)= wi x'(K) 1 O (k) (K));
i=1
yik+1)=yj(k) 1 yf(d(K)y;(k): (8.5)
Because we are interested in solving problems of the form (8.3), we refer to (8.5) as DGD+LOCAL throughout this
chapter. We note that DGD+LOCAL is not equivalent to algorithm would obtain by applying classical DGD to reach
consensus over the concatenated variablasdy as this would require each node to maintain a local copy of the

entire vectory. For the same reason, DGD+LOCAL is not equivalent to the blocked variable problem described

in[211].
8.2.1 Relation to Gradient Descent

Note that we can rewrite the rst equation in (8.5) as

0 1
X

X .
Wk+1)=(  wi)X (k) @ f(x(k)y;(K)+ Bxi (k) X! (k)A
i=1 0 i8] 1
. _ X w . .
=x (k) @ f (k)Y () + A (K) X (KA

i6]

In the second line, we have used the assumption (8.4). Thus, by de mifig such that

we see that DGD+LOCAL (8.5) is equivalent to applying standard gradient descent (with stepsizbe problem
|
minimize g(z) = f0d5y)+ wi kxl - x'K3 (8.7)
z j=1 i=1
wherez = (x1;:::;x7;y1;0005y3) andW = fwji gisad J connectivity matrix with nonnegative entries de ned

in (8.6) and zeros on the diagonal.
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8.2.2 Algorithmic Analysis

We are interested in understanding the convergence of the gradient descent algorithm when it is applied to minimiz-
ing g(z) in (8.7); as we have argued in Section 8.2.1, this is equivalent to running the DGD+LOCAL algorithm (8.5)
to minimize the objective functioh(x;y) in (8.3).

Under certain conditions, we can guarantee that gradient descent will converge to a second-order critical point of
the objective functiom(z) in (8.7). The proof relies on certain properties of the functibnsomprising (8.3). We

rst describe these properties before providing the convergence result.
8.2.2.1 Obijective Function Properties and Convergence of Gradient Descent

The rst property concerns the assumption that egcleomprising (8.3) has Lipschitz gradient. In this case we

can also argue thatin (8.7) has Lipschitz gradient.

P
Proposition 8.2.1. Letf (x;y) = le fi (x;y;) be an objective function as {8.3) and letg(z) be as in(8.7) with

constant; > 0. Thenr gis Lipschitz continuous with constant

2!
Lg=L+ —;

P
whereL := max; L;,! := fsj w;; , andw;; and are the DGD+LOCAL weights and stepsize ag8tb).

Proposition 8.2.1 is proved in Appendix F.1.
The second property concerns the following ojasiewicz inequality, which arises in the convergence analysis of

gradient descent.

De nition 8.2.1. [212] Assume thah : R" ! R is continuously differentiable. Themis said to satisfy the

ojasiewicz inequality, if for any critical poink of h(x), there exist > 0; 2 [0;1); C; > 0such that
jh(x)  h(X)j Cikr h(x)k; 8x 2 B(X; ):
Here is often referred to as the KL exponent.

This ojasiewicz inequality (or a more general Kurdyka- ojasiewicz (KL) inequality for the general nonsmooth
problems) characterizes the local geometric properties of the objective function around its critical points and has
proved useful for convergence analysis [212,213]. The ojasiewicz inequality (or KL inequality) is very general and
holds for most problems in engineering. For example, every analytic function satis es this ojasiewicz inequality, but
each function may have different ojasiewicz exponenwhich determines the convergence rate; see [212,213] for

the details on this.
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A general result for convergence of gradient descent to rst-order critical point for a function satisfying the o-

jasiewicz inequality is as follows

Theorem 8.2.1. [212] Supposenfrn h > 1 and h satis es the ojasiewicz inequality. Also assumeh is
Lipschitz continuous with constaht> 0. Letfx(k)g be the sequence generated by gradient desc@nt- 1) =

x (k) r h(x(k)) with < Li Then if the sequende (k) g is bounded, it converges to a critical point of

The following result further characterizes the convergence behavior of gradient descent to a second-order critical

point.

Theorem 8.2.2. [113] Supposeh is a twice-continuously differentiable function anch is Lipschitz continuous

with constant. > 0. Letfx(k)g be the sequence generated by gradient desc@nt- 1) = x(k) r h(x(k))

with < Li Suppose& (0) is chosen randomly from a probability distribution supported on aSskaving positive
measure. Then the sequericgk)g almost surely avoids strict saddles, where the Hessian has at least one negative

eigenvalue.

Theorems 8.2.1 and 8.2.2 apply for functidnthat globally satisfy the ojasiewicz and Lipschitz gradient condi-
tions. In some problems, however, one or both of these properties may be satis ed only locally. Nevertheless, under
an assumption of bounded iterations—as is already made in Theorem 8.2.1—it is possible to extend the rst- and
second-order convergence results to such functions. For example, one can extend Theorem 8.2.1 as follows by noting

that the original derivation in [212] used the ojasiewicz property only locally around limit points of the sequence

fx(k)g.
Theorem 8.2.3. [212] Supposeénfgs h> 1 . For > 0,letB denote the open ball of radius
B :=fx: kxka< g

and supposé satis es the ojasiewicz inequality at all points 2 B . Also assume h is Lipschitz continuous with
constantL > 0. Letfx(k)g be the sequence generated by gradient descént- 1) = x(Kk) r h(x(k)) with
< % Supposéx(k)g B and all limit points off x(k)g are inB . Then the sequendex(k)g converges to a

critical point ofh.

The following result establishes second-order convergence for a function with a locally Lipschitz gradient.
Theorem 8.2.4.Let > 0, and consider an objective functibrwhere:

1. infrrh> 1

2. h satis es the ojasiewicz inequality withiB ,

25The result in [212] is stated for the proximal method, but the result can be extended to gradient descent asdorlé as
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3. his twice-continuously differentiable, and
4.jh(x)j Lo, kr h(x)k Ly, and r 2h(x) , Laforallx2B;.

Suppose the gradient descent stepsize

1 .
L,+ 414 (%2 Lo

< (8.8)

Suppos& (0) is chosen randomly from a probability distribution supported on &setB  with S having positive
measure, and suppose that under such random initialization, there is a positive probability that the séofkhge
remains bounded iB and all limit points off x(k)g are inB .

Then conditioned on observing thixt(k)g B and all limit points off x(k)g are in B , gradient descent

converges to a critical point df, and the probability that this critical point is a strict saddle point is zero.
Theorem 8.2.4 is proved in Appendix F.2.
8.2.2.2 Convergence Analysis of DGD+LOCAL

As described in the following theorem, under certain conditions, we can guarantee that the DGD+LOCAL algo-
rithm (8.5) (which is equivalent to gradient descent applied to minimig{agin (8.7)) will converge to a second-order

critical point of the objective functiog(z).

Theorem 8.2.5. Letf (x;y) = P jJ:1 f; (x;y;) be an objective function as i{8.3) and letg(z) be as in(8.7) with
z = (xY;:05xYy1;000yg). Suppose each satis esinfre fj > 1 is twice continuously-differentiable, and
has Lipschitz gradient, i.er, f; is Lipschitz continuous with constabf > 0. Suppose satis es the ojasiewicz
inequality. Lef. := max; L;, and letw;; and be the DGD+LOCAL weights and stepsize a$arb).

Assumeé = max; P iej @i < % Letf z(k)g be the sequence generated by the DGD+LOCAL algorith(8.1)

with

1 2
L

<

(8.9)

and with random initialization from a probability distribution supported on aSétaving positive measure. Then if
the sequencéz(k)g is bounded, it almost surely converges to a second-order critical point of the objective function

in (8.7).

Proof. Recall that running the DGD+LOCAL algorithm (8.5) to minimize the objective funcfi¢x;y) in (8.3)
is equivalent to running gradient descentgiz) in (8.7). The proof is completed by invoking Theorem 8.2.1 and

Theorem 8.2.2 witlh replaced byg. From Proposition 8.2.1, we have thag is Lipschitz continuous with constant
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Lg=1L+ 2. and so choosing to satisfy (8.9) ensures that i as required in Theorem 8.2.1 and Theorem 8.2.2.

O

Remark8.2.1 The requirement that the DGD+LOCAL stepsize= O(Li) also appears in the convergence analysis

of DGD in [202, 214].

Remark8.2.2 The functiong is guaranteed to satisfy the ojasiewicz inequality, for example, if evigrys semi-
algebraic, because this will imply thgis semi-algebraic, and every semi-algebraic function satis es the ojasiewicz
inequality.
Remark8.2.3 In order to satisfy (8.9), it must hold thak % In the case where the DGD+LOCAL weight matrix
W is symmetric and doubly stochastic (i.W has nonnegative entries and each of its rows and columns sums to
1), this condition is equivalent to requiring that each diagonal elemefit d§ larger than%. Given any symmetric
and doubly stochastic matrl , one can design a new weight matﬁfk/ + 1)=2 that satis es this requirement. This
strategy is also mentioned at the end of [214, Section 2.1].

We also have the following DGD+LOCAL convergence result when the functiohsve only a locally Lipschitz

gradient.

P
Theorem 8.2.6. Letf (x;y) = jJ:l f; (x;y;) be an objective function as i{8.3) and letg(z) be as in(8.7) with

1infpe fj > 1
2. f; is twice-continuously differentiable, and
3.jfi (X3y;)i Loj. kr fj(x;yj)k Lyj,and r 2fj(x;y) , Lo forall (x;yj) 2 By .

Suppose also thatsatis es the ojasiewicz inequality withiB . Letw; and be the DGD+LOCAL weights and
P
stepsize as i8.5). Assumé := max; iej Wi < % Letf z(k)g be the sequence generated by the DGD+LOCAL
algorithm in(8.5) with

1 2
< i @ (8.10)
max; Lo; + —- + 7

Suppose(0) is chosen randomly from a probability distribution supported on &setB with S having positive
measure, and suppose that under such random initialization, there is a positive probability that the séqik)ge
remains bounded iB and all limit points off z(k)g are inB .

Then conditioned on observing thiaz(k)g B and all limit points off z(k)g are inB , DGD+LOCAL con-
verges to a critical point of the objective function(87), and the probability that this critical point is a strict saddle

point is zero.
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Proof. Recall that running the DGD+LOCAL algorithm (8.5) to minimize the objective functith; y) in (8.3) is
equivalent to running gradient descentgi) in (8.7). Similar to the approach taken in proving Theorem 8.2.4, to
deal with the local Lipschitz condition, the proof involves constructing a funaisnch thatg(z) = g(z) for all

z 2 B but whereg has a globally Lipschitz gradient.

To do this, recall the window functiow de ned in Appendix F.2. Now, recall that
A E
g(z) = fj (XJ Yi ) + Wi kx! X' k%
j=1 i=1
and de ne
oo
g(2) = Godiyp)+ wikd  x'kS (8.11)

J:]_ i=1

where
sy = fdypw( () yy )
Sincef§ (x/;y;) = f;(x);y;) for (x);y;) 2 B , we have thag(z) = g(z) forallz2 B .
We have the following properties far
Sinceg = gin B , g satis es the ojasiewicz inequality iB .
Sincef; 2 C2?forallj andw 2 C?,g2 C2.
Sinceinfgrn fj > 1 forallj andinfgs w> 1 ,infrng> 1

To globally bound the Lipschitz constant of the gradiengafiote that

2w

r?8 = worfierfy (rw)rrw (rf)7
jowjor2f; +2kr wkkr fik+ jfjj r 2w
+4|-1;j + (4+22)|—0;i

L 2; forall (x);y;):

Therefore, given the form @ in (8.11), we can conclude from Proposition 8.2.1 that globallg,is Lipschitz

continuous with constant

AL g + (4+2 )L + 2l
5 :

Lg= maxly; +
J
Now consider the gradient descent algorithm with stepsigatisfying (8.10). De ne

Ty=1z(0)2 B :allfz(k)g B andalllimit points off z(k)g are inB
when gradient descent is run grstarting aiz(0)g
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and

Tg=1z(0)2 B :allfz(k)g B and alllimit points off z(k)g are inB
when gradient descent is run grstarting atz(0)g:

Similarly, de ne

g = fz(0) 2 B : fz(k)gconverges to a strict saddle when gradient descent is rgrstarting atz(0)g

and

g = fz(0) 2 B : fz(k)gconverges to a strict saddle when gradient descent is rgstarting atz(0)g:

Using the above properties, we see that Theorem 8.2.2 can be appjjedrtd so we conclude thaty has measure
zero.

Now, after running gradient descent grirom a random initialization as in the theorem statement, condition on
observing thatz(k)g B and all limit points off z(k)g are inB , i.e., thatz(0) 2 Ty. Becausdz(k)g B
and all limit points off z(k)g are inB , and becauskz(k)g matches the sequence that would be obtained by running
gradient descent og, we can apply Theorem 8.2.3 to conclude thatk) g converges to a critical point @, and since
this critical point belongs t8 andg = ginsideB , we conclude that this is also a critical pointgf

Finally, using the de nition of conditional probability, we have

P(z(0)2 4\ Ty)
P(z(0) 2 Ty)

_ P(z(0)2 4\ Tg),

O OP@O0)2Ty)

P(z(0) 2 4jz(0) 2 Ty) =

where the second equality follows from the fact t§at ginsideB : if a sequence of iterations stays bounded inside
B and converges to a strict saddle when gradient descent is rgytloe same will hold when gradient descent is run
ong, and vice versa. Sinceg has zero measure and becanf® is chosen randomly from a probability distribution
supported on a se$ B with S having positive measuré®?(z(0) 2 4\ Tg) = 0. Also, by assumption,

P(z(0) 2 Tg) > 0. ThereforeP (z(0) 2 4jz(0) 2 Tg) = -2 =0. 0

nonzero

8.2.3 Geometric Analysis

Section 8.2.2 establishes that, under certain conditions, DGD+LOCAL will converge to a second-order critical
point of the objective functiog(z) in (8.7).
In this section, we are interested in studying the geometric landscape of the distributed objective function in (8.7)

and comparing it to the geometric landscape of the original centralized objective function in (8.3). In particular, we
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would like to understand how the critical pointsgffz) in (8.7)) are related to the critical pointsofx;y) in (8.3).

These problems differ in two important respects:

The objective function in (8.7) involves more optimization variables than that in (8.3). Thus, the optimization
takes place in a higher-dimensional space and there is the potential for new features to be introduced into the

geometric landscape.

The objective function in (8.7) involves a quadratic regularization term that will promote consensus among the
variablesx!;:::;x”. This term is absent from (8.3). However, along te@sensus subspaadierex?® = =

x7, this regularizer will be zero and the objective functions will coincide.

Despite these differences, we characterize below some ways in which the geometric landscapes of the two prob-
lems may be viewed as equivalent. These results may have independent interest from the speci c DGD+LOCAL
convergence analysis in Section 8.2.2.

Our rst result establishes that if the sub-objective functibpssatisfy certain properties, the formulation (8.7)

does not introduce any new global minima outside of the consensus subspace.

P
Proposition 8.2.2. Letf (x;y) = J-le fi (x;yj) be as in(8.3). Suppose the topology de ned #y is connected.

Also suppose there exist (which is independent ¢ andyj?;j 2 [J] such that
(x7;y) 2 arg minf; (x;y;); 8 2 [I]: 8.12)
XYj
Theng(z) de ned in(8.7) satis es
min g(z) = min f (x;y);
z Xy
andg(z) achieves its global minimum only fawith x* = = x7.

Proposition 8.2.2 is proved in Appendix F.3. We note that the assumption in Proposition 8.2.2 is fairly strong, and
while there are problems where it can hold, there are also many problems where it will not hold.

Proposition 8.2.2 establishes that, in certain cases, there will exist no global minimizers of the distributed objective
functiong(z) that fall outside of the consensus subspace. (Moreover, and also importantly, thexeistdl global
minimizer on the consensus subspace.) Also relevant is the question of whether there may egistesibypes of
critical points (such as local minima or saddle points) outside of the consensus subspace. Under certain conditions,

the following proposition ensures that the answer is no.

matrix W is connected and symmetric. Also suppose the gradidntsitis es the following symmetric property:
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hr«f5 (¢ y;)ixi = hry £ (X5y)); ;i (8.13)
forall j 2 [J]. Then, any critical point off must satisfx* = = xJ.

Proposition 8.2.3 is proved in Appendix F.4.

Finally, we can also make a statement about the behavior of critical points that do fall on the consensus subspace.
Theorem 8.2.7.LetG denote the set of critical points ¢8.3):
G =fx;y:r f(x;y)= 0g;

and letG, denote the set of critical points ¢8.7):

G= z:rg=0
Then, for anyz = (x*;:::;x7;y) 2 Gy withx* = = xJ = x, we have(x;y) 2 G . Furthermore, if(x;y) is a
strict saddle of , thenz = (x;:::;X;y) is also a strict saddle aj.

The proof of Theorem 8.2.7 is in Appendix F.5.
8.3 Analysis of Distributed Matrix Factorization

We now consider the prototypical low-rank matrix approximation in factored form, where given a data matrix
Y 2 R" ™, we seek to solve

us Qiqi.r\rlﬂzzgm kuv > Y K2: (8.14)

HereU 2 R" "andV 2 R™ ' are tall matrices, andis chosen in advance to allow for a suitable approximation of
Y . In some of our results below, we will assume that the data m#tias rank at most.

One can solve problem (8.14) using local search algorithms such as gradient descent. Such algorithms do not
require expensive SVDs, and the storage complexityfandV scales with(n + m)r, which is smaller thamm
as forY . Unfortunately, problem (8.14) is nonconvex in the optimization variafilesV/ ). Thus, the question arises
of whether local search algorithms such as gradient descent actually converge to a global minimizer of (8.14). Using
geometric analysis of the critical points of problem (8.14), however, it is possible to prove convergence to a global
minimizer.

In Appendix F.6, building on analysis in [206], we prove the following result about the favorable geometry of the

nonconvex problem (8.14).
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Theorem 8.3.1. For any data matrixY , every critical point (i.e., every point where the gradient is zero) of prob-

lem(8.14)is either a global minimum or a strict saddle point, where the Hessian has at least one negative eigenvalue.

Such favorable geometry has been used in the literature to show that local search algorithms (particularly gradient

descent with random initialization [113]) will converge to a global minimum of the objective function.
8.3.1 Distributed Problem Formulation

We are interested in generalizing the matrix approximation problem from centralized to distributed scenarios. To be
speci ¢, suppose the columns of the data ma¥iare distributed among nodes/sensors. Without loss of generality,

partition the columns of as

Y= Y1 Y, Yy ;

P
where forj 2 f1;2;:::;39, matrixY; (which is stored at nodg) has sizen m;, and wherem = szl m;.

PartitioningV similarly as
V= V] Vi (8.15)
whereV; has sizem; r, we obtain the following optimization problem

X
minimize ~ kUV > Y kZ; (8.16)
UV Vi j=1

which is exactly equivalent to (8.14). Problem (8.16), in turn, can be written in the form of problem (8.3) by taking
x = vedqU); y; = veqV;); andf;(x;y;) = kUV]-> ijﬁ: (8.17)

Consequently, we can use the analysis from Section 8.2 to study the performance of DGD+LOCAL (8.5) when applied
to problem (8.16).
For convenience, we note that in this context the DGD+LOCAL iterations (8.5) take the form
Ulk+1) = wiui(k) 2 (U V] (k) Y))Vj(K);

i=1
Vik+1)= Vi(k) 2 (U KV (K Y)) U (K); (8.18)
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and the corresponding gradient descent objective function (8.7) takes the form

minimize g(2) = kUIV? Yk +  wikul U'KE (8.19)
j=1 i=1

in (8.15); and the weightsw;; g are determined bf\e; gand as in (8.6).
Problems (8.16) and (8.19) (as special cases of problems (8.3) and (8.7), respectively) satisfy many of the assump-
tions required for the geometric and algorithmic analysis in Section 8.2. We use these facts in proving our main result

for the convergence of DGD+LOCAL on the matrix factorization problem.

Theorem 8.3.2. Suppose rar¥ )  r. Suppose DGD+LOCAI8.18)is used to solve problei8.16) with weights
f\; gand stepsize

1 2
< T (8.20)
max; (276 +64 ) 2+34KY ke + 4 kY, k2

for some > Oand wherd := max; P iej Wi < %. Suppose thd  J connectivity matritV = fw;; g (with w;;
de ned in(8.6)) is connected and symmetric. lfet(k)g be the sequence generated by the DGD+LOCAL algorithm.
Suppose(0) is chosen randomly from a probability distribution supported on aSset B with S having positive
measure, and suppose that under such random initialization, there is a positive probability that the séqk)yge
remains bounded iB and all limit points off z(k)g are inB .

Then conditioned on observing thiat(k)g B and all limit points off z(k)g are inB , DGD+LOCAL almost

surely converges to a solutia? = (U'?;:::;U%%;V 7;:::;V7) with the following properties:
Consensust?’= = U = U".
Global optimality: (U ?; V ?) is a global minimizer o{8.14), whereV ? denotes the concatenationwf’; :::;V ?
asin(8.15)

Proof. We begin by arguing that DGD+LOCAL converges almost surely (Wt{@) is chosen randomly insid@ )

to a second-order critical point of (8.19). To do this, our goal is to invoke Theorem 8.2.6. We note th#j each
de ned in (8.17) satisesnfy.y; f; > 1 and is twice-continuously differentiable. Also, since the functibns
are semi-algebrai@ satis es the ojasiewicz inequality globally. The functiori$ do not have globally Lipschitz
gradient. However, we can nd quantitiés; , L1, L2 such thaif; (x;y;)j Lo, kr fj (x;yj)k Ly, and

r2f(x;y) , Lgj forall(x;y;) 2 B; . ForLo;:
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ifj (Gy)i= KUV Y ke
(KUV § ke + KY kg )?
(KUKeKVI ke + KY k)2
(4 2+ kY ke)?
32 4+ 2KY K&:

ForlLq;:

rukUv:?> Yk
rv,kUV > Yjk?
20UV YV
2UVy YU
2 KUV 7 Vke + kY Vjke + kVjU” Uk + kY Ukg
2 8%+2 kY ke +8 3+2 KY ke
32 3+8 KY|ke:

kr f; (X;yj)k=

2 3

D
ForL; , we can bound the Lipschitz constantrof; in B, as follows. Denot® = ﬁ v % Then
Dy

J

1 1
ékr 2fi(U;V)k= ékm?:(l[r %f;(U;V)I(D; D)

= max kDyVj +UDY k& +2HJV 7;DyDy,i  2hY;;DyDy,i
Dkeg =1

Max. g(kvjké + kUKZ)(KDyk2 + kDy, k&) + kY jKke (kDy k2 + kDy, k2)
F:

kDrrE(Su:(l(lO 2+ KY ke )(KDyk2 + KDy k&) =10 2+ KYke;

where the last inequality holds becaudék2 + kV;kZ 4 2. Therefore we can bound the Lipschitz constant of

rfjasL; 20 2+2kYjke forall(U;V;)suchthakUkZ + kVjk& 4 2. Now,

Lz;j + 4L1;j + (4+22)L0:J =20 2+2ijkF + ﬂ(32 3+8 ijkF)+ W(32 4+2ijk|2:)
=20 2+2KY ke +128 2 +32KY ke +(128+64 ) 2+ B4 Dy g2
+4
= (276464 ) 2+34KY ke + O 2 Dy 2

Thus, choosing to satisfy (8.20) ensures that (8.10) is met.
From Theorem 8.2.6, we then conclude that conditioned on observinfzfigty B and all limit points of
fz(k)gare inB , DGD+LOCAL converges to a critical point of the objective function in (8.19), and the probability

that this critical point is a strict saddle point is zero. We refer to this poiaf as
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Next, note that the assumption of Proposition 8.2.2 is satis ed iias rank at mogt. In particular, there exist
8;¢ suchthat9¥> = Y and so we may take’ = vec(8) andy; = vec('¥;) to achievef; (x?;y?) = 0, which is
the smallest possible value for edgh Proposition 8.2.2 thus guarantees that (8.19) has at least one critical point that
is not a strict saddle (and in fact that it is a global minimizer that falls on the consensus subspace).

Next, note that the symmetric property required for Proposition 8.2.3 is satis ed. To see this, observe that
rukUV >  YjkE =2(UV 7 YV
and
rv, KUV YjkE =2(UV;  Yj)U:

Thus,
hryKUV 7 Y KkE;Ui=2 tr(U”(UV ] Y))Vj)=2 (V] (UV]  Yj)7U)= hry KUV Y KE; Vi

Proposition 8.2.3 thus guarantees that (8.19) has no critical points outside of the consensus subspace. Since we have
argued that DGD+LOCAL converges to a second-order critical poiraf (8.19), it follows thatz? must be on the
consensus subspace; thazis= (U1?;:::; U7, v v withul? = = Ud? = U2,

Next, Theorem 8.2.7 guarantees tkat(in which U? = = UJ? = U?) corresponds to a critical point

(U?;V?) of the centralized problem (8.16), which is exactly equivalent to problem (8.14). Méris the concate-
minimizers and strict saddles.() ?; V ?) were a strict saddle point of (8.14), Theorem 8.2.7 tells uszhatust then

be a strict saddle of (8.19). Howevef, is almost surely a second-order critical point of (8.19), where the Hessian has

no negative eigenvalues. It follows tha1?; V ?) must almost surely be a global minimizer of problem (8.14).
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CHAPTER 9
ALTERNATING MINIMIZATIONS CONVERGE TO SECOND-ORDER OPTIMAL SOLUTIONS

This work’® studies the second-order convergence for both standard alternating minimization and proximal alter-
nating minimization. We show that under mild assumptions on the (nonconvex) objective function, both algorithms
avoid strict saddles almost surely from random initialization. Together with known rst-order convergence results,
this implies both algorithms converge to a second-order stationary point. This solves an open problem for the second-
order convergence of alternating minimization algorithms that have been widely used in practice to solve large-scale

nonconvex problems due to their simple implementation, fast convergence, and superb empirical performance.
9.1 Introduction

We consider the following optimization problem over two sets of variables:

minimize f(x;y); (9.1)
wheref : R R™ I R is a proper continuous (nonconvex) function and the partition of variablesxirsiod

y blocks typically re ect natural structures within the problem. One approach to solve (9.1) is by concatenating
andy as a single variable = ( x;y) and then directly applying standard iterative algorithms like gradient descent

(or its variants) forf (z). Recent progress in nonconvex optimization has provided solid theoretical guarantees for
gradient-type algorithms in solving nonconvex problems. In particular, the seminal work [113] shows that gradient
descent with random initialization almost surely avoids strict sadtlfsl converges to a second-order critical point.

This together with recent results in landscape analysis guarantees that gradient descent can nd a global minimum for
many popular nonconvex optimization problems, including low-rank matrix recovery [101], matrix completion [100],
phase retrieval [215], and deep neural network [216], all of which enjoy a nice landscape that all second-order critical
points are global minima.

An alternative approach to solve (9.1) is based on alternating minimization (cf. Algorithm 1, also known as the non-
linear Gauss-Seidel method or the block coordinate descent method) which sequentially optimizes over one variable
in each time while keeps the other variable xed. Compared with gradient-type algorithms, alternating minimization
has several advantages) i is easy to implement as there is no need to tune the optimization parameters such as step
sizes, (i) it converges very fast in practice, and | the subproblem is usually easy to solve, e.g., there may exist

a closed-form solution. Therefore, alternating minimization has been widely used in many engineering problems.

26This is a joint work with Zhihui Zhu and Gongguo Tang [10].
277 critical point is a strict saddle if the Hessian at this point has a negative eigenvalue.
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Examples include matrix factorization [217, 218], tensor decomposition [75, 219], and the Expectation Maximization

(EM) Algorithm [220].

Algorithm 1 Standard Alternating Minimization
1: Initialization: Xg:
2: Fork =1;2;:::, recursively generat&y; yx) by

yk =argmin f (x¢ 1;y)
y2RM

. (9.2)
Xk =arg min f (X;yk)
x2R"
Algorithm 2 Proximal Alternating Minimization
1 Input: >L ¢.
2: Initialization: (Xo;Yo):
3: Fork =1;2;:::, recursively generate; yk) by
yie=argmin f(xi 1Y)+ ky  yi 1K
X (9.3)

Xk =arg min f (x;yg) + Ekx Xk 1K3
y

However, the empirical performance of alternating minimization is not suf ciently substantiated by solid con-
vergence guarantees. In fact, although the idea of alternatingly updating the variables is quite straightforward, the
convergence properties for alternating minimization are far more complicated. In particular, alternating minimization
may not converge to rst-order critical points of the problem [221]. If the funcfiaga strongly bi-convex and satis es
the Kurdyka-Lojasiewicz (KL) property, then Algorithm 1 converges to a critical poirfiit [f22]. The KL property
is satis ed by a wide class of honconvex (and even nonsmooth) functions, including all semi-algebraic functions and
sub-analytic functions [223]. To relax the bi-convexity condition, Attouch et al. [223] utilized a proximal method when
updating each variable and proved the corresponding proximal alternating minimization (cf. Algorithm 2) converges

to a critical point off as long ag satis ed the KL property. We summarize these results as follows.

Assumption 9.1.1.f satis es the KL property and f is Lipschitz continuous on any bounded subset of domain

R" R™.

Theorem 9.1.1(First-order Convergence, [222, 223)ynder Assumption 9.1.1, I€xg; yo) be any initialization and
(Xk;Yk) be the sequence generated by Algorithm ¥ (i6 further bi-convex) or by Algorithm 2. If the sequence

(Xk;Y«) is bounded, then it converges to a critical poinf of

Convergence to a critical point of the objective function alone is not suf cient to explain the successful practical

performance of alternating minimization for a considerable body of machine learning problems mentioned above,
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which have critical points that are not local minima. Showing the second-order convergence of the alternating mini-
mization methods remains open. The main contribution of this work is closing this gap between the power of alter-
nating minimization in solving nonconvex problems and its second-order convergence. More precisely, we study the

second-order convergence of alternating minimizations by answering the following question:

Question Does (proximal) alternating minimization with a random initialization converge to second-grder

stationary points with probability one?

We answer this question af rmatively for real analytic functions and establish the following main results on the

second-order convergence of Algorithm 1 and Algorithm 2:

Theorem 9.1.2(Second-order convergence)Yynder Assumption 9.1.1, I€kq;yo) be a random initialization and
(Xk; yk) be the sequence generated by Algorithm 1 {8 further analytic and bi-convex with full-rank cross Hessian
at strict saddles) or by Algorithm 2 (if is further bi-smooth). If the sequenee; y«) is boundeé?, then it converges

to a second-order stationary point bfalmost surely.

If additionally, the objective function of the problem satis es the strict saddle property (i.e., a critical point is either
a strict saddle or a local minimum), then Theorem 9.1.2 implies that alternating minimization algorithms with random
initialization converge to local minima with probability one. Moreover, many popular machine learning and signal
processing problems [98,100,101,224] have no spurious local minimum and thus alternating minimization algorithms
converges to a global minimum, partially explaining the good empirical performance of alternating minimization

methods in achieving global optimality for these problems.

9.2 Preliminary

De nition 9.2.1. Letf be atwice continuously differentiable function ande the gradient operator. Then we say
1. x is a stationary point (a.k.a. critical point) df, if r f (x) = 0;
2. x is a second-order stationary point bf if it is a critical point andr 2f (x) is positive semi-de nite;
3. x is a strict saddle of , if it is a critical point andr 2f (x) has at least one negative eigenvalue.

De nition 9.2.2 (Unstable Fixed Point)For a mappinggy : ! , the set of unstable xed points is de ned as

Ag=fx:g(x)= x;miaxj i(Dg(x))j > 1g;

whereD denotes the Jacobian operator.

28The boundedness assumption is automaitcally satis efd i coercive, since then the level detv; (xo;y0) = f(x;y) : f(x;y)
f (Xo0;Y0)g is bounded for any initializatioixo; yo) by the coercivity and the nature of (proximal) alternating minimization algorithm en-
sures that each iteratiofs; y) lying in the level setev¢ (Xo;Yyo) [222,223].
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Theorem 9.2.1(Theorem 2, [127]) Letg be aC! mapping from to anddet(Dg(x)) 6 0 forallx 2 . Then the
set of initial points that converge to unstable xed points has measure zffay : kIlilm gt(xo) 2 A g9) = 0. Here

() denotes the Lebesgue measure.

Theorem 9.2.1 is instrumental in establishing second-order convergence guarantees for many rst-order algorithms
in [127]. However, the condition thdet(Dg(x)) 6 O forallx 2 isastrongly global property of the Jacobian matrix
that is dif cult to satisfy and is challenging to verify theoretically. The rest of this section focuses on relaxing this
global assumption in Theorem 9.2.1to a local one so that it can be applied to a larger class of mappings. More precisely,
we will replace the global non-singularity condition on the whole domain by a local non-singularity condition around
the critical points. This is achieved by re ning the arguments used to show Theorem 2 in [127] and the main technical

tools are the Zero-Property Theorem and the Maximum Rank Theorem.

Theorem 9.2.2(Zero-Property Theorem, Theorem 3, [225Det a mappingy : ! is continuous and almost
everywhere differentiable. Thersatis es the zero-property (i.e., preimage of any zero-measure set has measure zero)

if and only ifrank(Dg(x)) = dim() for almost allx 2

Theorem 9.2.3(Maximum Rank Theorem, Proposition B.4, [226Bupposey : ! is an analytic mapping.

Dg(x) achieves the maximum rank almost everywhere inlere the maximum rank is de ned agxy, rank(Dg(x)).

Note the analytic assumption of Theorem 9.2.3 is stronger than in nite differentiability, but still covers a fairly
large class of functions, including all elementary functions, most special functions, as well as their combinations and
compositions. The Maximum Rank Theorem states that the Jacobian matrix of any analytic mapping almost always
achieves the maximum rank. Then as long as the Jacobian matrix is of full-rank at some speci ¢ point, the mapping

would satisfy the zero-property, which is indicated by Theorem 9.2.2. Now we present the main technical theorem.

Theorem 9.2.4.Letg be an analytic mapping from to . Then the set of initial points that converge to nondegenerate

unstable xed points has measure zero.

The proof is adapted from Theorem 2 in [127] and therefore the most important ingredient is the Stable Manifold

Theorem Theorem II1.7 [227].

Theorem 9.2.5(Stable Manifold Theorem, Theorem 111.7, [227])etx? be a xed point for aC" local diffeomor-
phismg:U! E,whereU is a neighborhood at? in the Banach spacg. Suppose thaE = Es  E,, whereEs is

the span of the eigenvectorsdf(x?) corresponding to eigenvalues of magnitude smaller than or equal to 1E£gnd

is the span of the eigenvectorsdf(x?) corresponding to eigenvalues of magnitude larger than 1. Then there exists
aC' embedded disW/¢ that is tangent t&E atx? called the local stable center manifold. Moreover, there exists a

loc

T
neighborhooB - ofx?, such thag(W )\ Bx> WS and ., g ¥(Bx2) WS.

loc
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Proof of Theorem 9.2.4First, for any unstable xed poink” 2 A g, if it is also non-degenerate, i.e., the Jacobian
matrix Dg(x?) is non-singular, the®g(x) is nonsingular in some neighborhobdof x?. This showsy: U ! g(U)
is a local diffeomorphism. Then by Stable Manifold Theorem 9.2.5, forxéhy2 A 4, there is an associated open
neighborhoody- and thus the uniorslsx?2A , Bx> forms an open cover fokg. ClearlyAy  R", and sinceR" is
known to be second-countable (cf. Theorem 10 in [228]), we can extract a countable susbg;qurx; for Ag. Let
W = fxp2 :lim g¢(Xo) 2 Ag0. BecauseS il:l Bx> forms a countable subcover &f;, x? 2 Bx> for somei,

ie,limyr  gt(xp) 2 Bxz. Thatis to sayg!(Xo) 2 Bxy forallt N for some suf ciently largeN , or equivalently,
\1
g'(x0)2 g ¥(Byxr)= Siforallt N:
k=0
By Stable Manifold Theorem 9.2.5, we hage WSS with W& of co-dimension at least one (singé 2 A g).

Therefore S; has measure zero. Sing® (xo) 2 S; with an unknown non-negative integidr andx is an arbitrary

element inW, we must have

L P N
W g " (S):
i=1 N=0

Now we showg N (S;) has measure zero for any non-negative numbeiandi. Then the proof follows from
that any countable union of zero-measure sets has measure zero.g$n@ealytic andk’ is nondegenerate, i.e.,
rank(Dg(x?)) = n, which must be the maximum rank of the Jacolay(x) in . Then Theorem 9.2.3 implies that
the JacobiaDg(x) achieves the maximum ramkfor almost allx 2 . Further becausg is analytic (and hence
continuous and almost everywhere differentiable), we can use the Zero-Property Theorem 9.2 tb(§e} has

measure zero foraNl 0. Finally note that the above argument is independent of choice of O
9.3 Second-order Convergence of Algorithm 1

For this case wheh is strongly bi-convex, we will apply Theorem 9.2.4 to show that Algorithm 1 will not converge
to a strict saddle point. Then combining this with the rst-order convergence result Theorem 9.1.1, we can get the
second-order convergence of Algorithm 1. We rst provide some additional assumptions that are used to prove the

avoiding-saddle property of Algorithm 1 in solving problem (9.1).
Assumption 9.3.1.f is a strongly bi-conve® analytic function.
Assumption 9.3.2.1 3, f (x?;y?) has full row rank for all strict saddle&?;y?).

Theorem 9.3.1(Avoiding Strict Saddles) Supposé satis es Assumptions 9.3.1 and 9.3.2. Then sol¢hd) using

Algorithm 1 with random initialization will not converge to a strict saddld adlmost surely.

Therefore, together with the rst-order convergence Theorem 9.1.1 and noting that any analytic function satis es

Assumption 9.1.1, we have the second-order convergence property of Algorithm 1.

r 2f(x;y) Oandr £f(x;y)  0inthe whole domain.

160



Corollary 9.3.1. Supposé satis es Assumptions 9.3.1 and 9.3.2 and the sequenge/ k) generated by Algorithm 1
is bounded. Then solvin§.1)using Algorithm 1 with random initialization will converge to a second-order stationary

point off almost surely.
9.3.1 The Mapping Function of Algorithm 1

First note that Algorithm 1 is well de ned under the strong bi-convexity condition in Assumption 9.3.1, since each

subproblem minimizes a strongly convex function and thus has a unique optimal solution.

Proposition 9.3.1. Under Assumption 9.3.1, the following two mappings are well-de ned in the whole domain:

(x) :=arg min f (x;y);
y2R (9.4)
(y) :=arg min f (x;y):
X2R"
Proposition 9.3.1 immediately implies Algorithm 1 is well-de ned. That is, each subproblem k-théeration

has a unique minimizer:

Yier = (Xk);
Xker = (Yk+1):
By de ning the compositiorg = from R" to R", we can view the alternating minimization process (9.2) as
iteratively performing the following mapping:
x¥ = g(xX )= g¥(xo) fork=1;2;::: (9.5)

By the rst-order convergence of Algorithm 1, the iterative process (9.5) is continuing until reaching a xedxgoint

of the mappingy

x? = g(x?): (9.6)
In view of (9.4), this is equivalent to
y? =argmin f (x%;y7);
y
x? =argmin f (x’;y?)
X

withy? ;= (x?): Then together with the strong bi-convexity and the suf cient differentiability (by analytic property)
of f , we immediately have that there is a one-to-one correspondence between the xed pgiatsdahe rst-order

critical points off .

Lemma 9.3.1. A pointx” is a xed point ofg if and only if
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rf(x’;y’)=0 (9.7)

where we have de neg® = (x?) andr f (x;y)=[r xf(x;y)” r yf(x;y)” 1. For simplifying notations, we will

also often informally writer f (x;y) = (r xf (X;y);r yf (X;y)):
9.3.2 Proof of Theorem 9.3.1

To use Theorem 9.2.4, we need to show that 1) the magpia@nalytic; 2) all strict saddles éf correspond to
unstable xed points of; 3) the Jacobian matrix at any strict saddle is full rank. Without loss of generality, we also
assumen  m. This assumption can always be satis ed since otherwise, we can exchange the coordihatéf of

will see this assumption helps to show the non-degenerate property at unstable xed pgints of

(1) Showing analytic mapping. Towards that end, we derive the closed-form expression of the Jadogiavhich

will also be useful for the remaining proof. To begin, we present an immediate consequence of Proposition 9.3.1.

Proposition 9.3.2. There exist two well-de ned and unique mappingsR" ! R™ and :R™ ! R" such that

ryf(x; (x))=0; 82 R";
rxf( (y)iy)=0; 8y 2R™:

Then we use the Analytic Implicit Function Theorem 9.3.2.

(9.8)

Theorem 9.3.2(Analytic Implicit Function Theorem, [229], p.34) et the functiorh(x;y) : R R™ ! R™ be
analytic. Assumé(a;b) = Oy, for some poin{a;b) 2 R" R™: If the partial JacobianDy h(a; b) is invertible,
then there exists an open $é¢tf R" containinga such that there exists a unique analytic functionU ! R™ such

that
@=b
and
h(x; (x))= 0y forallx 2 U:
Moreover, the Jacobian of in U is given by
D (x)= Dyh(x; (x)) Dxh(x; (x)):
We now proveg is analytic.

Lemma 9.3.2. The mapping) is analytic and its Jacobia®g(x) for all x 2 R" is given by

Dg(x) =r 3 (9(x); (X)) *r & f(a(x); (X))

rofoa () rgcf G (x) ©9)
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Proof of Lemma 9.3.2From Corollary 9.3.2, we know there have been two well-de ned and unique mappings already

that satis es (9.8):

ryf(x; (x))=0; 8 2R"
r«f( (y);y)=0; 8y 2 R™:

Now denoteny, = r f andh, = r f, which are both analytic dsis analytic. Then the above equations read that

hy(x; (x))= 0; 8x2R"
h«( (y);y)=0; 8y 2 R™:
Further note that botByhy = r §f andDyhy = r 2f are both nonsingular by assumption of strong bi-convexity.

(9.10)

Then we can apply Analytic Implicit Function Theorem 9.3.2 to (9.10) to get thahd are the unique analytic

mappings satisfying (9.10). Further, using Analytic Implicit Function Theorem 9.3.2, we can compute their Jacobians

as
D (x)=r Jf0x; () ' fe (x)
D (y)=r 2f( (y)hy) 'r 5 f( (v)y):

Thereforeg = is analytic, as it is a composition of two analytic mappingand . Also, the Jacobiabg

is given by the chain rule as follows

Dg(x)=D ( (x))D (x)
=r 2F(9(x); (x)) r & f(9(x); (X))
refx; () gt (x):

(2) Showing unstable xed point. First of all, by (9.8), for any strict sadd{ex?;y?) of f , x? = g(x?), i.e.,x’ isa
xed point of g. It remains to show that the maximal magnitude of the eigenvaluBg (%) is greater than 1. Using

the xed point equationx? = g(x?), we rst simplify the Jacobian expression (9.9) as

Dg(x”) =r T (x";y?) 'r 1 (x"y?)
refxy?) G E Ty ) (9.11)
De ne a new matrix
=1y ) EDO () X (X yT) T

that is similar toDg(x?). Hence by matrix similarity, they have the same eigenvalues. Pluddi{g?) into , we

have
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=(r FOCy?) TR Ty SRy ) )
(r 26 (x%;y?) r 2, £ (x%y7)r 26 (x%y?) %)
=LL7;

whereL := r 2f (x?;y?) &r 2, f(x?y?)r 2f (x;y?) %: Therefore, it suf ces to show = LL> has at least an
eigenvalue of magnitude greater than 1, since this can ilgkx”) has at least an eigenvalue of magnitude greater
than 1. Note that = LL > has at least an eigenvalue of magnitude greater than 1 if and only if the spectral norm of

kLk > 1.
Now we provekLk > 1 via contradiction. For the sake of contradiction, suppdsk 1. With some standard
matrix operations, we can represent Hessiah (x?; y?) (which is known to have a negative eigenvalue sipcey?)

is a strict saddle of ) as

r2f(x%y?)
r2f(x%y?) r igf(x-’;y?)
rax Oy gt edhy”)
r2f (x?y?)1=2 In
raf(x%y)= L In
r2f (x?y?)1=2
r §f (X?;y?)1:2

2 3
I Lz, L .
Then we observe thgt % is semi-positive de nite:
L In
x L x
2 = kxk3 + kyks +2x” Ly
y L7 Inm

k xk5 + kyks  2kxkokLkkyk
k xk5 + kyks 2kxkokyky, O;

which holds for allx 2 R";y 2 R™: Consequently; 2f (x?;y?) is semi-positive de nite, leading to a contradiction.

Therefore, we have proved that for any strict sadal& y?), x? is an unstable xed point of the mappirg

(3) Showing non-degenerate property.First recall that the Jacobian matidg(x?) at any strict saddles poirt’ is
given by (9.11). Due to the strict positive-de niteness aff (x?;y?) andr 7f (x?;y?), we knowDg(x?) is similar

to a semi-positive de nite matrix:
Dg(x?) = r xf (xy") AL 1 £ (x%y7)
with L = r 2f (x?;y?) 12r 2, f (x7;y?)r 2f (x?;y?) =2 livingin R" ™. Thus the non-degenerateness immedi-

ately follows from Assumption 9.3.2 and the assumption m:
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Combining all, we complete the proof of Theorem 9.3.1.
9.3.3 Stylized Application of Algorithm 1
We use a simple example to illustrate our result.

Example 9.3.1(Best Rank-1 Matrix PCA) Consider the problem of computing the best rank-1 approximation of a
given matrixA 2 R" ™ withrank(A) = n:

f(x;y)= %kA xy” k2 + E(kxk§+ kyk3); (9.12)

which is an analytic, strongly bi-convex function (cf. Assumption 9.3.1). Note that there are ef cient closed-form
solutions when using standard alternating minimization Algorithm 1 to g8IM&) given any initializatiorxg 2 R",

the alternating minimization Algorithm 1 recursively generates the following sequende=fér; 1; 2; : ::

A>Xk
Yk+1 = (Xk) = T kK2
2
A
Xier = (Yke1) = %
+ 2

To apply Corollary 9.3.1, one still needs to verify the full-rankness §ff (x?;y?) at any strict saddléx?;y?)

of f,wherey? = (x?). Direct computations give that

X?X?>
rafey?)=2x7 (x> A= o A
2
Clearly, wherx? = 0, we haver 2, f (x?;y?) = A and the full-rankness assumption automatically holds and for

x? 8 0, rank(r 3, f (x?;y?)) =rank( A) provided & kx?k3. Therefore:

Corollary 9.3.2. Solving the best rank-1 approximati¢.12)for any nonsingular matribd , using Alternating Min-
imization Algorithm 1 with random initialization, is guaranteed to converge to a second-order stationary point, pro-

vided 6 kx’K3.
9.4 Second-order Convergence of Algorithm 2
We begin with the following bi-smoothness assumption.

Assumption 9.4.1.f 2 C?is Ly bi-smooth in the domain, i.emaxfkr Zf (x;y)k;kr 7f (x;y)kg Ly in the

domain30

In the case wheré(x;y) is Lt bi-smooth, we note that Algorithm 2 requires even minor assumptions for it to

avoid the strict saddle points.

30Any globally smooth functiofi with kr 2f (x;y)k L; satis es Assumption 9.4.1.

165



Theorem 9.4.1(Avoiding Strict Saddles) Supposd satis es Assumption 9.4.1. Choose> L ; in Algorithm 2.

Then solving9.1) using Algorithm 2 with random initialization will not converge to a strict saddlé afmost surely.

Therefore, together with the rst-order convergence Theorem 9.1.1, we have the second-order convergence prop-

erty of Algorithm 2.

Corollary 9.4.1. Supposé satis es Assumptions 9.1.1 and 9.4.1 and the sequéngce/«) generated by Algorithm 2
is bounded. Choose> L ¢ in Algorithm 2. Then solving®.1)using Algorithm 2 with random initialization will return

a second-order stationary point bffor almost sure.
9.4.1 The Mapping Function of Algorithm 2

First from (9.3), we know under the assumptions ofL ; and thelL; bi-smoothness df, then each subproblem

in any iteration of Algorithm 2 is well-de ned, since the objective function of each subproblem is strongly convex.

Proposition 9.4.1. Under Assumption 9.4.1, choose> L ;. Then the following two mappings are analytic and

well-de ned for any(x;y):

p (x;y):=argmin f (x;y%+ =ky® yk3;
y 02 Rm 2

(9.13)
q (x;y):=argmin f (x%y)+ —kx° xKka:
X02 R 2
With (9.13), each iteration of Algorithm 2 is equivalent to

Yk =P (Xk 1;¥k 1);
9.14
Xk =0 (Xk 1;Yk): 514

We deneamappingg :R" R™! R" R™ such that

g (x;y)=(aq (x;p (x;¥));p (X;Y)); (9.15)

with which we can rewrite (9.14) as

Xisyk) =(a Xk 1P (Xk 1Yk 1))P (Xk 1Yk 1))
=g (Xk 1,Yk 1)

With the implicit function theorem, the following result establishes the expression of the Jacobian magrix for

Lemma 9.4.1. For any(x;y), denote(g; ¢) = g (x;y), and assumenaxfkr 2f (®;g)k; kr )z,f (e;e)kg L¢. Set
> L ¢ in Algorithm 2. Then the mapping functign is continuous at a neighborhood 6f;y) and the Jacobian

Dg is nonsingular a(x;y) and is given by
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oy P2+ 1n rZf(ew)
P9 6y = 0 2GR I

In 0

ro5f06e)  Im (9.16)

Proof. Sinceg = p (x;y);® = q (X;@); bothe andg can be viewed as functions @f;y). Note that(x;y) and

(r; @) satisfy the rst-order optimality condition of (9.14):
ryfe)+ (2 y)=0;
r<f(eyg)+ (@ x)=0:

We now compute the expression of the Jacobian matrix:

(9.17)

@ (x;y) @(x;y)#
Dg (¥)= @by @iy
@ @

To obtain the expressions for these partial derivat@%%); @(@%‘/?Y) : @giy) : @gj:y) , we apply the implicit function

theorem to the rst-order optimality condition of (9.17) and obtain

X;
(3rime 1m Ee = 2 rap;
(3toa s 1) FE = i
@(x;y) @(x;y)
2f (e;@) + In +r 2 f (R = ln;
(rxf (&) )" & Ty fER =5
@(x; X;
im0 EEN @ FEN o
which can be rearranged into matrix multiplications as
" o
rEEp+ I 3ty T FgY
0 rafae)+ Im % @(@;y)

_ I'n 0 ) =
- r >2/)(1:()(;?) Im 0 ng (x,y)— 2

2 3 2 3

u u
We now show that the matrix; is nonsingular. Towards that end, suppose there egistg such that 19 Ezn =

v v
23
0 . . .
ﬁ g which is equivalent to
0
(rzf(ig)+ 1nu _ 1 L f(Rgv
(r7f (@) + Im)v 0
0 (rif(®g)+ Inu _ 0 0 u _ 0
v -0 v 0
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where we have used the strict positive-de niteness 6f (;g) + |, andr 51‘ (;@) + |m by the assumption.
Thus, the matrix ; is nonsingular. Therefore, by the implicit function theorddg, (X;y) is a continuous function
at some neighborhood &f y. With similar argument, we obtain that the matrix is also nonsingular. Therefore, we

haveDg (x;y)= ;' »isnonsingularak;y. O

9.4.2 Proof of Theorem 9.4.1
We will use Theorem 9.2.1 (a.k.a. Theorem 2 in [127]) to prove Theorem 9.4.1. Therefore, we need to show
1. g is aC! mapping;
2. det(Dg ) 6 0 in the whole domain;

3. Any strict saddle of is an unstable xed pointof :

Showing (1). Because its Jacobiddg is continuous in the whole domain by Lemma 9.4.1 and Assumption 9.4.1.
Showing (2). Because the Jacobirg is nonsingular in the whole domain by Lemma 9.4.1 and Assumption 9.4.1..

Showing (3). We now show that every strict saddle pofrf’;y?) is an unstable xed point of the mapping. First
of all, we show(x?;y?) is a xed point ofg . Since a strict saddle point must be a critical point, here we show
every critical point off is a xed point of g . Towards that end, rst note that any critical poifX;y) satis es
rfoGy)=0r «f(xy)r yf(x;y)) = (0;0); which implies the rst optimality condition (9.17). Then noting that
Proposition 9.4.1 which states that the mappings well-de ned in the whole domain, we conclude tHaty) =
g (x;y),i.e.(x;y)is a xed point ofg .

Now we show that the maximum magnitude of eigenvalueB@f(x”;y?) is great than 1 at any strict saddle
(x%;y?).
Lemma 9.4.2. Let(x?;y?) be any strict saddle df with maxfr £f (x?;y?);r 3f (x?;y?)g L¢. Set >L ¢ in

Algorithm 2. Then max (Dg (x7;y?)) > 1, where max denotes the largest eigenvalue.

Proof. To simplify notations, denote

Fiu Fio _ rzf(x%y?) r%f(x?;y?).
Fau For 7 15 f(x%y?) rif(x%y?)

Then plugging®e; ¢) = ( x;y) = (x?;y?) to (9.16), we can compute the Jacobian malix at(x?;y’) as

2.0 - Fut I Fi In 0
POCTYI= 0 T Pt ln Fa ln
1
| Fuut In Fio Fiu Fo2
0 Fo+ Im For Fo2
| {z }
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Therefore, to show thddg (x?;y?) has an eigenvalue larger than 1, it suf ces to showas a negative eigenvalue.
We prove this by showing the event tliltt( + 1) =0 for some > 0, wheredet( ) denotes the determinant of a

matrix. Then with some algebra on the properties of determinant, wedsdfe + 1) =0 is equivalent to

1+ )Fu+ | 1+ )F1
F21 1+ )Fp+ |
[
(14 JFuu+ | 1+ Fgp2
0 det PT Fy 1+ )P+ |

det =0

=0

where the second line has used the propertydbftAB ) = det( A) det(B) and the matrix similarity transform.
Thus, the whole proof now reduces to show that

(1+p )P+ | P1+ Fio
1+ Fo 1+ )Fx+ |

J():=
has a zero eigenvalue for sonte 0. Note thatl( ) is a symmetric matrix (with real eigenvalues) and is a continuous
matrix function of . Then by Theorem 5.1 in [230], all the eigenvalued ¢f) (including the minimum eigenvalue

min (J( ))) are continuous functions of. We will show the real continuous functionyr (J( )) equals zero for

some > 0. Towards that end, we observe that

_ Fu Fio _ o 09 9.

J(0) = For Far rf(x;y?");

- J() _ Fat | )
I!|1m — = Fopt | 0:

First, sinceg(x”;y?) is a strict saddle of (x;y), by de nition of strict saddle, we haven, (J(0)) < 0. Second, since
>L ¢ maxtkr 2f (x7;y?)k;kr 2 (x?;y?)kg by the assumption, we have bdth; + | andFz, + I, are
positive de nite and hencenin (J(N)) > 0 for some suf ciently largeN . Finally, since min (J( )) is a continuous

real-valued function oK, we claim that there must exist & 0 such that yn (J( ))=0. O
9.4.3 Stylized Applications of Algorithm 2

We now apply the proximal alternating minimization Algorithm 2 for a popular large-scale matrix optimization
problem by the Burer-Monteiro Factorization (BMF) approach [119, 159]: gwerimizey q(M ), BMF factorizes
M asXY 7, and minimized (X;Y) := g(XY ?). It has been shown in [100, 101, 106, 125] that when the original
problemq satis es certain RIP, then any second-order stationary poirft obrresponds to a global minimum of
g. Therefore, in this sense, the second-order convergence of the proximal alternating algorithm will imply the global

optimality convergence. We will focus on two most important matrix problems: matrix sensing and matrix completion.

Example 9.4.1(Matrix Sensing) For simplicity, we consider a regularized matrix sensing problem with the objective

functionga (M) = kKA(M) yk3+ kMk wherey are the observations andl : R” M | RP is the linear sensing
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operator which can be always assumed to have a bounded spectrakddrm L. The BMF method then solves

minimize kA (XY *)  yk3+ S (kX k2 + kY k) (9.18)

Denotef (X;Y) as the objective function d.18) Note that in this case, Assumption 9.4.1 is not satis ed since we

can not nd a universal constarnt; to boundkr 2f (X;Y )k for all X;mY . However, we note that
Lemma 9.4.3. g is a forward-invariant mapping on any level set Lev ¢ (U;V) foranyU;V,i.e.,g()

Proof. In one way, for any(X;Y) 2 , we havef (X;V) f(U;V) by de nition of . In another way, letting
(R;¥) = g (X;V), we havef (R;¥) f(X;V) by the suf cient decrease property of Algorithm 2 (cf. [223]).
Therefore(%;¢)2 . O

Then following the same analysis of [228, Theorem 3], to apply Theorem 9.2.1, it suf ces to show:

Proposition 9.4.2. Choosing > L () for some constant¢ () depending on = Lev: (U;V), we have: (i)
det(Dg ) 6 0 on , and (ii) all strict saddles of in are unstable xed points af . Then by Theorem 10.4.2,
the set of all initialization points in that will let g converge to strict saddles is of zero Lebesgue measure. Thus
together with the rst-order convergence (cf. Theorem 9.1.1), Algorithm 2 from random initializationalmost

surely converges to a second-order stationary solutioh. of

Proof. With Theorem 10.4.2 and thagt is forward-invariant in , to prove Proposition 9.4.2, it suf ces to show the
terms (i) and (ii). To show these two, we rst prove a local Lipschitz-gradient conditioh:flar 2f (X;Y)k L ()
forall(X;Y) 2 .Bydenitionof ,(X;Y)2 givesthat

( KA(XY >) yki  f(U;V);

FXY)  f(U;V) =)
skXkZ + kYkE  f(U;V):

Now deonoteD = (Dy;Dy), = kD k2, and compute

[r 2f (X;Y)}(D;D)
=2KA(XD § + DxY ”)k3+4hA(Dx Dy ); A(XY 7)) yi+
AL2(kX K2 + kY kZ) + 4LKA(XY ) yko+ kDK2:

Together with the de nition of spectral norm, this implies

kr & (X;Y)k= maximize|r 2f (XY ))(D;D)=kD k2
AL%(kX K2 + KY kZ) +4LKA(XY *)  yko +
8L%f (U;V)= +4Lpf(U;V)+ = Le() ;
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where the second inequality follows from Now given the local Lipschitz condition in and the forward-invariant

propertyg() , (i) and (ii) immediately follow from Lemma 9.4.1 and Lemma 9.4.2, respectively. O

Example 9.4.2(Matrix Completion) Consider the matrix completion problem which minimigegM ) = kM
M?k? + kMk with M ? as the ground-truth, as the binary mask matrix, atdM k = k M ke : Then the

BMF solves

minimize kXY > MK+ E(kX k2 + kY k2): (9.19)

We remark that the same results of Example 9.4.1 (cf. Proposition 9.4.2) can also be applied for the BMF matrix
completion(9.19) since sensing problep, (M ) reduces to completion propblem (M ) when choosing the linear

sampling operator is a binary sampling operatdf(M ) := M and the observations age := M?.
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CHAPTER 10
PROVABLE BREGMAN-DIVERGENCE BASED METHODS FOR NONCONVEX AND NON-LIPSCHITZ
PROBLEMS

The (global) Lipschitz smoothness condition is crucial in establishing the convergence theory for most optimization
methods. Unfortunately, most machine learning and signal processing problems are not Lipschitz smooth. This
motivates us to generalize the concept of Lipschitz smoothness condition to the relative smoothness condition, which
is satis ed by any nite-order polynomial objective function. Further, this work develops new Bregman-divergence
based algorithms that are guaranteed to converge to a second-order stationary point for any relatively smooth problem.
In addition, the proposed optimization methods cover both the proximal alternating minimization and the proximal
alternating linearized minimization when we specialize the Bregman divergence to the Euclidian distance. Therefore,
this work not only develops guaranteed optimization methods for non-Lipschitz smooth problems but also solves an

open problem of showing the second-order convergence guarantees for these alternating minimization methods.
10.1 Introduction

Consider minimizing a twice continuously differentiable function
minimizef (x); (10.1)
x2R"

which can be solved by numerous off-the-shelf algorithms, such as rst-order methods like vanilla gradient descent
(a.k.a. steepest descent), perturbed/stochastic gradient descent, proximal linearized minimization, and nonlinear con-
jugate gradient method, [113,114,126,127,148,212,231], or second-order methods like the Newton-CG algorithm or
proximal quasi-Newton methods [207, 232, 233]. However, all these optimization algorithms require that the gradient
of the objective functioffi (x) should be smooth. In particular, most of the theoretical guarantees for these algorithms
require the objective functioh(x) to satisfy theglobal Lipschitz gradient conditiofa.k.a. second-order Lipschitz

condition), that is, there exists a Lipschitz constant> 0 such that

Lel r 2f(x) O (10.2)

for all x 2 R". An immediate consequence of (10.2) is the decent lemma

if(x) f(y) hr f(y);x vij %kx yk3: forallx;y 2 R": (10.3)
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This decent lemma is central to analyzing the convergence of many iterative algorithms since it guarantees a suf cient

decrease of the function value after each iteration. For example, for standard gradient descent with stepsize

x T =gx)=x rf(x); (10.4)

plugging (10.4) into (10.3) yields the following suf cient decrease property:

f(x) f(x*) 1L x "1 Kk3: (10.5)

This suf cient decrease property is a key condition used in the analysis of most ( rst-order) iterative algorithms to
guarantee rst-order convergence, i.e., convergence to a rst-order stationary'point

However, in many applications, e.g., matrix completion [100], phase retrieval [98], matrix sensing [101], and
dictionary learning [99], a second-order stationary point is desirable as it is also a global minimum. Although second-
order methods like the trust-region algorithm and cubic regularization [170, 234] are guaranteed to converge to a
second-order stationary point, their computational complexity is in general much higher than rst-order methods.
Fortunately, recent work has shown that rst-order methods using random initialization or with periodically injected
noise can also ef ciently avoid strict saddles and converge to a second-order stationary point. In particular, the recent
seminal work [113, 127] proves that gradient descent with random initialization almost surely converges to a second-
order stationary solution through the so-called Stable Manifold Theorem [227], which suggests that if we view gradient
descentin (10.4) as a dynamic system and the iterative mapping fug¢tjdras a nonsingular Jacobian matrix in the
whole domain, then each strict saddle point is unstable and thus the set of initial points that converge to such points

has measure zero. The Jacobian matrig fufr the gradient descent algorithm (10.4) is

Dg(x)=1  r 2f(x): (10.6)

If f satis es the global Lipschitz gradient condition (10.2), tHeg(x) (1 L ¢)I, which implies that one can
always set a suf ciently small stepsize< 1=L; so thatDg(x) is positive de nite (hence nonsingular) in the whole
domain. Thus, the global Lipschitz gradient condition is also crucial to [113,127].

Unfortunately, the objective functions in many machine learning problems—such as low-rank matrix recovery [100,
101], tensor factorization problem [114,235], neural networks training [55, 236]—do not admit a global Lipschitz gra-
dient constant ¢ . This is because for the objective functibrio satisfy the global Lipschitz gradient condition (10.2)
with constant ¢ , all eigenvalues of its Hessian matrix must be upper boundéd by the whole domain (see (10.2)).

For that to happen, the objective function should grow at most quadratically. Yet, for matrix factorization and many

31we sayx a ( rst-order) stationary point if f (x) = 0. We sayx a second-order stationary point if it is a rst-order stationary point and the
Hessian at this point is positive semi-de nite (PSD).
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other important problems in practice, the objective functions are higher-order (typically greater than second-order)
polynomials, and their Hessian matrices have at least rst-order-polynomial entries and thus unbounded eigenvalues
over the whole domain. This motivates us to develop new ef cient algorithms with the convergence guarantees not re-
quiring the global Lipschitz gradient condition. Therefore, the proposed algorithms can naturally solve these machine

learning problems with convergence guarantees.

10.2 Main Results
10.2.1 Beyond Lipschitz Via Bregman Optimizations

Very recently, [237] addressed this longstanding issue through the Bregman distance paradigm, proving that Breg-
man gradient descent converges to a stationary point of the objective function that is not required to have a globally

Lipschitz gradient. Main ingredients of the Bregman distance paradigm are introduced as follows.

De nition 10.2.1 (Bregman Distance)Given a twice continuously differentiable convex functionR" ! R, the

Bregman distance between axyndy is de ned as

Dn(x;y) = h(x) h(y) hr h(y);x vyi: (10.7)
For any convex functioh, we haveDy(x;y) Oforall x;y 2 R" andh is called a Bregman distance kernel.

When the Bregman distance kernel is half the squagedorm h(x) = %kxkg, the corresponding Bregman

distance reduces @ (X;y) = %kx yk3, which is the classical squared Euclidean distance.

De nition 10.2.2 (Adaptive Lipschitz Gradient Condition)A twice continuously differentiable functidn conve-
niently denoted a§ 2 C2, satis es thel ; -adaptive Lipschitz gradient conditidor some Bregman distance kernel

h 2 C2if
Lir 2h(x) r 2f(x) O forallx 2 R": (10.8)

It is worth noting that wher(x) = Zkxk3, the adaptive Lipschitz gradient condition (10.8) reducektb
r 2f(x) 0, which is the classical global Lipschitz gradient condition.

When an objective functioh satis es thelL; adaptive Lipschitz gradient condition, a generalized descent lemma

if(x) f(y) hr f(y);x vyij L¢Dn(x;y) forallx;y 2 R" (20.9)

follows immediately from (10.8). Just as the suf cient descent lemma (10.3) has played a crucial role in deriving rst-
order convergence theory, this generalized descent lemma (10.9) can be used to obtain the suf cient decrease property
of certain Bregman distance-based algorithms (which we de ne in Section 10.2.3) without the global Lipschitz gradi-

ent condition. For example, we establish the following results.
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Lemma 10.2.1(Suf cient Decrease Under Adaptive Lipschitz Gradient Conditid®)pposk 2 C? is globally lower-
bounded and satis es the; -adaptive Lipschitz gradient condition for some Bregman distance kbr@eC?, which
is assumed to be-strongly convex and super-coercive Then the updating formulél0.18)for Bregman gradi-

ent descent (Algorithm 5) and0.20)for Bregman proximal minimization (Algorithm 5) are both well-de ned and
respectively satisfy:

Algorithm3: f(x 1) f(x) 1 Ls Ekx‘ x K3 (10.10)

Algorithm5: f(x 1) f(x) 27|<x‘ x K3 (10.11)

The proof of Lemma 10.2.1 is in Section G.2. It is worth noting that Bregman gradient descent (Algorithm 3)
reduces to standard gradient descent and Bregman proximal minimization (Algorithm 5) reduces to standard proximal
minimization when we choose the Bregman distaDgéx; x 1) as the classical squared Euclidean dist%‘loe

X K3.
10.2.2 Extension to Bregman Alternating Minimizations

Similar results (e.g., Lemma 10.2.2) can be establisheBriegman alternating minimizatioribat solve

XI’;]}IQQI;I}]Z!%% f(x;y): (10.12)

We achieve this by extending the Bregman distance (in De nition 10.2.1) and the adaptive Lipschitz gradient condition

(in De nition 10.2.2) into the following double-block versions.
De nition 10.2.3 (Bi-Bregman Distance)Given a twice continuously differentiable bi-convex functi¢x; y)32 from

R" R™toR, de ne the rst and second Bregman distances respectively as

Di(x1;%2:y) =h(X1;y)  h(Xz;y) hr xh(xz2;y);X1  Xai; (10.13)
Da(y1;y2;x) =h(x;y1) h(x;y2) hr yh(X;y2);y1 Yo (10.14)

for anyx;x1;x, 2 R" andy;y1;y, 2 R™. By the bi-convexity ofi, we have bottD}(x1;X2;y) 0 and

Dﬁ(yl; y2;X) Oforanyx;xi;xs andy;y1;y» andh is called a bi-Bregman distance kernel.

De nition 10.2.4 (Bi-Adaptive Lipschitz Gradient Condition)f (x;y) 2 C? satis es the(L 1; L,)-bi-adaptive Lips-

chitz gradient conditioffior a bi-Bregman distance kernk(x;y) 2 C? if

Lir 2 h(x;y) 1 &f(xy) OandLpr 3 h(x;y) r 2, f(x;y) 0;8(x;y)2R" R™ (10.15)

32\We sayh is super-coercive if and only lim ., ;  h(x)=kxkz = 1 forall x.
33We sayh(x;y) is bi-convex ifh(x;y) is convex inx for any xedy and convex iry for any xed x.
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Lemma 10.2.2(Suf cient Decrease Under Bi-Adaptive Lipschitz Gradient ConditioBuppose(x;y) 2 C? is glob-

ally lower-bounded and satis es th& 1; L 2)-bi-adaptive Lipschitz gradient condition for some bi-Bregman distance
kernelh(x;y) 2 C?, which is assumed to be-strongly bi-conve¥ and bi-super-coerciv&. Then the updating for-
mula (10.19)for Bregman alternating gradient descent (Algorithm 4) dt6.21)for Bregman proximal alternating

minimization (Algorithm 6) are both well-de ned and respectively satisfy

Algorithm4: f(x Ly 1 f(x;y) 1 Ly Ek(x‘;y‘) x Ly bHK (10.16)
Algorithm6: f(x Ly 1) f(x;y) z—k(x‘;y‘) x Ly hHK (10.17)

The proof of Lemma 10.2.2 follows by noting thatx  %;y 1) f(x;y)=f(x Ly b fx;y H+
f(x;y 1) f(x;y)andthen recursively applying Lemma 10.2.1 for either xe¢ y or xed x = x .

Note that when the bi-Bregman distance is set as the classical squared Euclidean distance, Bregman alternating
gradient descent Algorithm 4 and Bregman proximal alternating minimization Algorithm 6 reduce to proximal alter-
nating linearized minimization [213] and proximal alternating minimization [222, 223], respectively. As a result, our
main theory can be applied to remove the requirement of a globally Lipschitz gradient in deriving rst-order conver-
gence results for both proximal alternating linearized minimization and proximal alternating minimization. Following
the seminal work [113, 127] and using the Stable Manifold Theorem [227], this work also solves an open problem
by establishing the second-order convergence of these alternating minimization algorithms. Further, our second-order

convergence theories do not require the global Lipschitz gradient condition.
10.2.3 Algorithms

This work will focus on the following four algorithms and derive their second-order convergence theories. Except

for Algorithm 3 (cf. [237]), all Algorithms 4- 6 are newly developed and analyzed.

Algorithm 3 Bregman Gradient Descent

1 Input: A Bregman kerneh with Lyt 2h(x) r 2f(x) 0in the whole domain; Set2 (0; ).
2: Initialization: x° \
3: Recursion: Iteratively generate a sequerfoe g, N via

x =argminhrf(x 1);x x ti+ }Dh(x;x‘ h (10.18)
X

34We sayh(x;y) is -strongly bi-convex ih(x;y) is -strongly convex irx for any xedy andis -strongly convex iry for any xed x.
35We sayh(x;y) is bi-super-coercive iim .1 h(x;y)=kxkz = 1 andlim kykit  h(x;y)=kykz = 1 forallx;y.
36We will often use(a;b) :=[a> b> ] :
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Algorithm 4 Bregman Alternating Gradient Descent

1: Input: A bi-Bregman kerneh(x;y) with both Lir 2 h(x;y) r 2. f(x;y) 0 and Lor 3, h(x;y)
r 2, f(x;y) 0inthe entire domain; Set2 (0;min(; %)).

2: Initialization: (x°;y°) o

3: Recursion: Iteratively generate a sequerfoe ;y g2n Via

1

X zargminhr f (¢ Ly Dix o x ti+ IDRGx Ly
X

. NN . 1 . . (10.19)
y =argminhryf(x;y ')y oy li+ =Di(y;y fix)
y
Algorithm 5 Bregman Proximal Minimization
1 Input: A Bregman kerneh with Lyt 2h(x) r 2f(x) 0in the whole domain; Set 2 (0; ).
2: Initialization: x° ‘
3: Recursion: Iteratively generate a sequerfoe g, N Via
. . 1 -
x =argmin f(x)+ =Dp(x;x %) (10.20)
X

Algorithm 6 Bregman Proximal Alternating Minimization

1: Input: A bi-Bregman kerneh(x;y) with both Lir 2 h(x;y) r 2.f(x;y) 0 and Lor 3, h(x;y)
r 2, f(x;y) 0inthe entire domain; Set2 (0; min(; :%)).
2: Initialization: (x°;y©) o
3: Recursion: Iteratively generate a sequerfce ;y g, Via
x =argminf(x;y 1)+ EDﬁ(x;x‘ Ly b
X 1 (10.21)
y =argmin f(x ;y)+ =Df(y;y Yix)
y

10.2.4 Main Contributions

Building on the simple and elegant Bregman distance paradigm in [237], we extend their rst-order convergence
analysis of Bregman gradient descent (Algorithm 3) to a second-order convergence guarantee. In addition, we develop
and prove the second-order convergence for Bregman proximal minimization (Algorithm 5), which is a variant of the
standard proximal minimization algorithm [212] with thedistance proximal term replaced by the Bregman-distance
proximal term.

Furthermore, we generalize the above paradigms to develop new alternating minimization algorithms, including
both Bregman alternating gradient descent (Algorithm 4) and Bregman proximal alternating minimization (Algo-
rithm 6). Remarkably, these algorithms are extensions of the standard proximal alternating linearized method [213]
and proximal alternating minimization algorithm [222]. It is worth noting 1) that the global Lipschitz gradient con-

dition is required in deriving the second-order convergence of gradient descent and proximal minimization in the
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literature [113, 127] and 2) that the second-order convergence of the proximal alternating minimization algorithm is
also an open problem [213,222]. Therefore, this work also complements those works by establishing second-order
convergence for proximal alternating minimization [213, 222] when the Bregman distance reduces to the standard
Euclidean distance.

In summary, the contributions of this work are mainly in the following two respects.

First, we develop both gradient-type and proximal-type algorithms through the Bregman distance paradigm to

solve the minimization problems
minimize f (x) and minimizef (x;y):
X X;y

Further, all the proposed algorithms are proved to converge to a second-order stationary point of the objective

functionf without requiringf to have a globally Lipschitz gradient.

Second, this is the rst work to establish second-order convergence results for alternating-minimization type al-
gorithms, as showing the second-order convergence of alternating-minimization type algorithms for nonconvex
objective functions is still an open problem. To see this, note that the proximal alternating linearized mini-
mization [213] is a special case of the Bregman alternating gradient descent (cf. Algorithm 4) and that proximal
alternating minimization [222] is a particular case of Bregman proximal alternating minimization (Algorithm 6),

when we choose the (bi)-Bregman distance as the classical squared Euclidean distance.
We build our main results upon the following assumption$ @nd the Bregman kernél
Assumption 10.2.1.h 2 C? is (bi-)super-coercive and-strongly (bi-)convex.
Assumption 10.2.2.f 2 C? is a lower-bounded KL function.
Assumption 10.2.3.f satis es the (bi-)adaptive Lipschitz gradient condition wlith
Assumption 10.2.4.The generated sequente g,y (or f (X ;y )g2n) lives in any bounded sé&.
Now we are ready to present the main result, which is proved in Section G.4.

Theorem 10.2.1(Main Results) Under Assumptions 10.2.1- 10.2.4, Algorithms 3 and 5 converge almost surely to a
second-order stationary point 6f(x) in (10.1)from random initialization, and Algorithms 4 and 6 converge almost

surely to a second-order stationary pointfafx; y) in (10.12)from random initialization.

Remark10.2.1 Assumption 10.2.2 of is universal and mild, since KL functions [212] are ubiquitous and include
any polynomial function, any, norm ( > 0 and rational), thé, norm, and indicator functions of any semi-algebraic
set (see Section 10.4.1 for a detailed discussion). Additionally, the lower-bounded assumption of the objective function

is also common in practice, as otherwise the minimization problem would be ill-posed.
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Remarkl0.2.2 The bounded-sequence assumption (see Assumption 10.2.4) is quite mild since any coercive objective
functionf satis es this assumption. It is known that [238, Prop. 11.11] for any coercive funttidts level set

Levi (a) ;= fx : f(x) agisbounded for ala 2 R. Now by Lemmas 10.2.1 and 10.2.2, all Algorithms 3— 6 can
ensure a suf cient decreasefofimplying that all iteration§x g orf (x ;y )g 2w live inthe level setevs (f (x2))

(or Lev; (f (x%;¥9))), which is bounded.

Remarkl0.2.3 Finally, if the objective functiori further satis es the strict saddle property [99,114] (i.e., all second-
order stationary points are local minimizers), then Theorem 10.2.1 implies that Algorithms 3— 6 almost surely converge
to a local minimum from random initialization. Remarkably, many popular (nonconvex) machine learning and signal
processing problems [98-101] have no spurious local minima and thus Algorithms 3— 6 converge to a global minimum,

implying that global optimality will be achieved when solving these problems.

10.3 Stylized Applications

10.3.1 Polynomial Objective Functions
Many problems of interest involve objective functions that are multi-variate polynomials of certain degrees.

Lemma 10.3.1. Supposé (x) (or f (x;y)) is any coercive and lower-boundeith-degree (or(d;; d»)th-degreey’

polynomial function witld; d;;d, 2. Set the Bregman (or bi-Bregman) distance kemtd be

h(x) = —kxki + —kxk3+1 or h(x;y)=( ——kxk3 + —kxk3 +1)( —kyk3 + —kyk3 + 1) (10.22)
d 2 ds 2 d> 2
forany ; > 0. Then(f (x);h(x)) (or (f (x;y);h(x;y))) satis es Assumptions 10.2.1-10.2.4.

Lemma 10.3.1 is proved in Section G.3.1. Now together with Theorem 10.2.1, we obtain that the proposed Breg-

man algorithms can be used to minimize any lower-bounded nite-degree polynomial.

Corollary 10.3.1. Supposd (x) (or f (x;y)) is any coercive and lower-boundetih-order (or (d1; d2)th-order)
polynomial function withd; d;; d, 2. Set the Bregman (or bi-Bregman) distance kematcording to(10.22) Then
Algorithms 3 and 5 converge almost surely to a second-order stationary pdirfdfin (10.1)or f (w) = f(X;y)
in (10.12)whenw := (x;y) from random initialization, and Algorithms 4 and 6 converge almost surely to a second-

order stationary point of (x;y) in (10.12)from random initialization.

Recall that the theory for most traditional rst-order (or even second-order) and alternating minimization algo-
rithms cannot accommodate high-degree (larger than 2) polynomial objective functions, which sets demanding restric-

tions on the applications and consequently excludes most interesting practical applications for objective functions in-

37We sayf (x) is adth-degree polynomial if the highest order ofamong all monomials of (x) is d, andf (x;y) is a(d1; d2)th-degree
polynomial if the highest order of among all monomials df is d; and the highest order'gf among all monomials df is dy, where the order
of x of the monomiab(i1 xgz xﬁ” (y) for any polynomial function (y) is de ned as jnzl kj and we de ne that foy in a similar way.

Note we can view (w) := f(x;y) as a(d; + dz)th-degree polynomial ol := ( x;y).
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volving matrix factorizations, which generally involve fourth-degree polynomial objective functions. Corollary 10.3.1
solves this problem by stating that the proposed Algorithms 3— 6 can be applied to any lower-bounded polynomial

objective function with provable second-order convergence.
10.3.2 Objective Functions with Polynomial-order Hessian Spectral Norm

Our convergence theory also extends to non-polynomial objective functions as long as the spectral norms of their
Hessians have a polynomial growth rate. This is established in Lemma 10.3.2 (which is proved in Section G.3.2) and

Corollary 10.3.2.

Lemma 10.3.2. Supposé 2 C? has bounded (partial, resp.) Hessian spectral nokmgf (x)k Cy + Czkxkg 2
(kr 2.f(x;y)k  (C1+ Cokxk3' 2)(Ca+ Cskyky?) andkr 2, f (x;y)k  (Cs+ Cekxk3 )(C7+ Cgkyk3? ?), resp.)
withd;d;;d; 2 and positive constants; to Cg. Seth according to(10.22) Then(f (x); h(x)) ((f (x;y);h(x;y)),

resp.) satis es the adaptive (bi-adaptive, resp.) Lipschitz gradient condition.

Corollary 10.3.2. Supposd 2 C2? is any coercive and lower-bounded KL function with its Hessian (or partial
Hessian) spectral norms upper bounded by a polynomial as in Lemma 10.3tRa&zdrding to(10.22) Then Algo-
rithms 3 and 5 converge almost surely to a second-order stationary pdirfigfin (10.1)from random initialization,
and Algorithms 4 and 6 converge almost surely to a second-order stationary pdi(st pf) in (10.12)from random
initialization.
10.3.3 Burer-Monteiro Factorization Method for Low-rank Matrix Recovery

A popular approach to large-scale matrix optimization problems is the so-dallegi-Monteiro factorization
method119, 159]: Given a rank-constrained matrix optimization proffem

inimi X j k(X ; 10.2
XzsgmglrQEzSH . g(X) subjectto rank(X) r; (10.23)

the Burer-Monteiro factorization method rst parameterizés= UU > (for symmetric case) oK = UV > (for
nonsymmetric case) and then focuses on the new (nonconvex) problem

inimizef (U) := q(UU > f(U;V):= quV > 10.24
minimize f (U) = o ) or u o minimize - (U;V) = o ) ( )

When the new objective functidnis any lower-bounded polynomial or any lower bounded KL function with the Hes-
sian spectral norms upper bounded by a polynomial (which is true in most matrix recovery problems of interest), then
the second-order convergence results of Algorithms 3- 6 directly follow from Corollary 10.3.1 and Corollary 10.3.2.

More interestingly, when the original objective functigfX ) in (10.23) further satis e€2r; )-RIP®® with %,

38We denoteS] as the setofalh  n positive semide nite symmetric matrices.
3%We say a functiomy(X ) satis es the(2r, )-RIP for some 2 (0;1) and positive integer if for any matricesX ; M with rank(X)  2r and
rank(M) 4r,wehavgl )kMkZ [r 2g(X)(M;M) (1+ )kMKZ.
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then despite the non-convexity of the new formulated problems (10.24), all second-order stationary dojbt¥ of
(orf (U;V)) correspond to a global minimum gfX) (cf. [6,101]). Therefore, we immediately have the following

global optimality theory when using the proposed Algorithms 3- 6 to solve (10.24).

Corollary 10.3.3. Assume(X) satis es(2r; %)-RIP. Suppose either (f) is any lower-bounded nite-degree poly-
nomial; or (i) f 2 C? is any coercive and lower-bounded KL function with its (partial) Hessian spectral norms upper
bounded by any nite-degree polynomials. Set the (bi-)Bregman distance keaeglording to(10.22) Then ap-
plying Algorithms 3 and 5 toninimizey f (U) in (10.24)or applying Algorithms 4 and 6 tminimizey .y f (U;V)

in (10.24) we can solv¢10.23)to global optimality almost surely from random initialization.
10.4 Convergence Analysis

In this section, we rst review the main ingredients of the convergence analysis and then use them to prove second-
order convergence for Bregman gradient descent Algorithm 3 and Bregman proximal minimization Algorithm 5. Due
to the similarity in the proofs of Algorithm 3 and Algorithm 4 (and the proofs of Algorithm 5 and Algorithm 6), we

collect the convergence analysis of other Bregman algorithms in Section G.4.
10.4.1 Main Ingredients of First-order Convergence for KL functions

The Kerdyka-Lojasiewicz (KL) property is a characterization of the geometry of an objective function around its
critical points, essentially saying that the function landscape is not relatively at compared with the gradient norm
around each critical point. The KL property plays a crucial role in establishing the rst-order convergence (a.k.a.
sequence convergence) for a number of descent type algorithms (see, e.g., [212, 213, 223, 237, 239]). A function
satisfying the KL property is a KL function. KL functions are common in that any proper lower semi-continuous
function is a KL function if it is also analytic or semi-algebraic [213, Theorem 5.1]. Therefore, KL functions include
but are limited to any polynomial function, any norm ( > 0 and rational), thé, norm, and indicator functions of
any semi-algebraic set. For more discussions and examples, see [212,213,223,239] and their references.

The general framework in [212, 213,223,237, 239] uses the KL property to establish the rst-order convergence
for general descent type algorithms. For this work, we restrict our attention only to twice continuously differentiable
functions, which have continuous gradient everywhere in the domain. There are two key ingredients of this framework

given in the following de nition.

De nition 10.4.1 (De nition 4.1, [237]). Letf : R" I R be a continuous function. A sequerice g,y is called a

gradient-like descent sequence foif the following two conditions hold:
(C1) Suf cient decrease property:(x ) f(x **) 1 x* x ;; 8" 2 N forsome 1 > O;

(C2)Bounded gradient property:r f(x **) , 5 x**  x ;8" 2 Nforsome ;> 0:
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We note that wherix g is generated by gradient descent with constant stepsimed the gradient f is
globally L -Lipschitz, then(C1) immediately follows from (10.5) with; = 1= L =2. It is trivial to using
conditions(C1) and (C2) to show thatlim-; kr f(x )k, = 0. However, this is not enough to guarantee the
convergence ofx gy itself to a unique critical point, due to the possibilityf jumping between critical points.
This is where the KL property comes to play a role, ensuring a well-behaved geométeyafind each critical point

so that such pathological cases will never happen [212,223].

Theorem 10.4.1(Theorem 6.2, [237]) Letf : R" I R be a continuous function satisfying the KL property. Let
fX g2n be a bounded gradient-like descent sequencé farhen the sequende g,y converges to a critical point

of f.
10.4.2 Main Ingredients of Second-order Convergence Using Random Initialization
De nition 10.4.2. Letf be a twice continuously differentiable function ande the gradient operator. Then

1. x is a rst-order stationary point (a.k.a. critical point) df if the gradientr f (x) = 0;

2. x is a second-order stationary point bfif it is a critical point andr 2f (x) is positive semi-de nite;

3. x is a strict saddle of ifitis a critical point where the Hessian ?f (x) has a negative eigenvalue.

One of the most popular arguments for showing that certain iterative algorithms can almost surely avoid strict
saddle points is provided by the seminal work [113, 127], which interprets these algorithms (e.g., gradient descent
and proximal minimization) as dynamic systems for which the strict saddle points are unstable xed points (see

De nition 10.4.3) and uses the well-known stable manifold theorem [227] to argue that these will be avoided with

high probability.

De nition 10.4.3 (Unstable Fixed Points)Letg be aC* mapping fromX to X. Then the associated set of unstable

xed points is de ned a#\g = fx : g(x) = x;max; j i(Dg(x))j> 1.

Theorem 10.4.2(Theorem 2, [127]) Letg be Ct mapping anddet(Dg(x)) 6 O in the entire domain. Then the set
of initial points that converge to unstable xed points has zero measife° : ||I1m g (x%) 2A40)=0. Here ()

counts the Lebesgue measure for a given set.

Combining this result with the rst-order convergence established in Theorem 10.4.1 ensures the desired second-

order convergence.

10.4.3 Convergence Analysis of Bregman Gradient Descent

10.4.3.1 First-order Convergence of Algorithm 3

Theorem 10.4.3.Under Assumptions 10.2.1- 10.2.4, Algorithm 3 must converge to a critical pdinhdflL0.1)
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Proof. First, it is clear that Algorithm 3 is well-de ned in view of Lemma 10.2.1. Then in view of Theorem 10.4.1
and the assumption thhtis KL function, it is suf cient to prove thaf x g,y is a gradient-like descent sequence for

f (see De nition 10.4.1), i.e., to show:
(C1) Suf cient decrease property:(x ) f(x *1) 1 x*  x ;; 8" 2 N forsome ; > 0;
(C2) Bounded gradient propertyr f (x ) ,  » x* x ;82 Nforsome ;> 0:

Condition (C1) follows from (10.10) in Lemma 10.2.1. Condition (C2) holds because by the optimality condition

rf(x)+(rhx*) r h(x )= = 0; (10.25)

we have

kr f(x ko = L h(x 1) r h(x ko “(B)kx‘+1 X Ko:

where the inequality follows from Assumption 10.21#,2 C?, and the fact any function i€ admits a locally
Lipschitz gradient on any bounded $&fTherefore, by continuing this argument, we claim théias a locally  (B)-

Lipschitz gradient o8, and we havér f (x * )k, B+ ((B) kx*1 X ko O
10.4.3.2 Second-order Convergence of Algorithm 3

Theorem 10.4.4.Under Assumptions 10.2.1- 10.2.4, Algorithm 3 with random initialization almost surely converges

to a second-order stationary point bfin (10.1)

Proof. To show the second-order convergence from the rst-order convergence, it suf ces to show that Algorithm 3
avoids strict saddles. We de ne (10.18)»as= g(x 1) and compute the Jacobifiry. By the de nition ofg, we get
Dg(x ) = @ *' =@ . Then we apply the implicit function theorem to the optimality condition (10.25) and in view

of the nonsingularity of 2h, we obtain thaDg is continuous and given by
Dg(x )= r2h(x*") ‘(r2h(x) r2f(x):
Since the above analysis holds forall2 R", this further implies thabg(x) is continuous and given by
Dg(x) =[r h(g(x))] *(r *h(x)  r 2f(x)): (10.26)
To show the avoidance of strict saddles, by Theorem 10.4.2, it suf ces to show the following conditions:

Showingg is aC! mapping. This follows from the continuity oDg in (10.26).

Showingdet(Dg) 6 0 in the whole domain. By the positive de niteness af h andr 2h  r ?f,

4070 see this, for anyy 2 C2 and a bounded s&, the Hessian spectral norkn 2hk (which is a continuous function) must have a maximum
h (B) on the closure oB. This maximum p, (B) can be used as a local Lipschitz gradient constart fon B.
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det(Dg(x)) = det([ r 2h(g(x))] Y)det(r 2h(x) r 2f(x)) > O:

Showing any strict saddle off liesinA4. For any strict saddlg?, we havex *! = x = x? satis es the optimality

condition (10.25), sa” is a xed point, i.e.,g(x?) = x?. Pluggingg(x?) = x? into (10.26):

Dg(x”) =[r *h(x")] *(r *h(x”) 1 *f (x"))
[r 2] 2(r *h(x?)  r 2E (I *h(x7)] ¢
=1 [ 2h(x)] Er 2 () 2h(x?)] %=

with “ " denotes the matrix similarity. ThereforBg(x”) has an eigenvalue strictly greater than 1 sinckas a
negative eigenvalue. This is becausés congruent ta 2f (x?), which has a negative eigenvalue. O

10.4.4 Convergence Analysis of Bregman Proximal Minimization

10.4.4.1 First-order Convergence of Algorithm 5
Theorem 10.4.5.Under Assumptions 10.2.1— 10.2.4, Algorithm 5 must converge to a critical pdinhdfL0.1)

Proof. First of all, Algorithm 5 is well-de ned in view of Lemma 10.2.1. Then, by Theorem 10.4.1 and the as-
sumption thaf is a KL function, it is suf cient to prove thatx g,y is a gradient-like descent sequenceffoisee

De nition 10.4.1), i.e., to show:
(C1) Suf cient decrease property:(x ) f(x 1) 1 x*  x ;; 8 2 Nforsome ; > 0;
(C2) Bounded gradient propertyr f (x ) ,  » x* x ;82 Nforsome ;> 0:

Condition (C1) follows from (10.11) in Lemma 10.2.1. Condition (C2) holds because by the optimality condition

rfx™)+(rh(x*) r h(x))= = 0; (10.27)
we havekr f(x *1)k, = Lkr h(x *1) r h(x )k» Bkx*1  xky; where the inequality follows from
Assumption 10.2.4h 2 C?, and Footnote 40. O

10.4.4.2 Second-order Convergence of Algorithm 5

Theorem 10.4.6.Under Assumptions 10.2.1- 10.2.4, Algorithm 5 with random initialization almost surely converges

to a second-order stationary point bfin (10.1)

Proof. To show the second-order convergence, we de ne (10.28) as g(x 1) and compute the Jacobian matrix
Dg. By the de nition of g, we haveDg(x ) = @ ** =@ . Now we apply the implicit function theorem to (10.27)

and in view of the nonsingularity of °h + r 2f , we obtain thaDg is continuous and given by
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Dg(x )= r2h(x ")+ r2f(x*) 'r2hx):

Noting that the above argument holds for any2 R", we therefore have th&tg(x) is continuous and given by

Dg(x)= r 2h(g(x)+ r 2f(g(x)) T 2h(x): (10.28)

By Theorem 10.4.2, to show the mappiggcan almost surely avoid the strict saddles, it suf ces to show the

following conditions:
Showingg is aC! mapping. This immediately follows from the continuity ddg in (10.28).

Showingdet(Dg) 6 0 in the whole domain. Due to the positive de niteness of2h andr 2h  r 2f,

det(Dg(x)) =det r 2h(g(x))+ r 2f(g(x)) * det r 2h(x) > O:

Showing any strict saddle off liesin Ag. First for any strict saddle?, we havex *' = x = x” satis es the
optimality condition (10.27), indicating” is a xed point, i.e.,g(x?) = x”. Now pluggingg(x?) = x? to (10.28),

we have

Dg(x?) = r 2h(x?)+ r2f(x?) 'r 2h(x?)
[ 2h(x7)+ 1 26 ()] 3720 2h()Ir 2hx7) + 2 (x7)] 22

=1 [r2h(x®)+ 1 2 (x7)] P 2 (x)r 2h(x’)+ 1 2 (x7)] 2=

where “ " denotes matrix-similarity. Clearly, we kno®g(x?) has an eigenvalue strictly greater than 1 since
r 2f (x?) has a negative eigenvalue and is congruent to
Combining the above three and Theorem 10.4.2, we show that Algorithm 5 can almost surely avoid strict saddles.

Finally, combining this with the rst-order convergence, we obtain the second-order convergence of Algorithin 5.
10.5 Conclusion

This work has developed and analyzed four Bregman-type algorithms: Bregman gradient descent, Bregman alter-
nating gradient descent, Bregman proximal minimization, and Bregman proximal alternating minimization. Remark-
ably, all four algorithms are guaranteed to converge to a second-order stationary jpoitiefe the objective function
f is not required to have a globally Lipschitz gradient. Therefore, our result not only improves upon [113, 127] by
circumventing the global Lipschitz gradient condition, but also complements [213, 222] by providing second-order
convergence for proximal alternating minimization when the Bregman distance reduces to the standard Euclidean dis-
tance. Finally, we provide the closed-form updating formula for Bregman (alternating) gradient descent and illustrate

the theories using numerical experiments on low-rank matrix factorization in Section G.1.

185



CHAPTER 11
GENERAL TENSOR RECOVERY VIA ALTERNATING MINIMIZATION

This work studies the problem of retrieving a low-rank tensor under a general linear observation model, including
both tensor sensing and tensor completion models. Inspired by the superiority of the matrix nuclear norm in low-rank
matrix recovery, we will focus on using tensor nuclear norm to regularize the inverse problem of tensor recovery.
Unlike the traditional ways of using approximating values of the tensor nuclear norm due to the NP-hardness of
computing the tensor nuclear norm, we use the Burer-Monteiro optimization form of the tensor nuclear norm, and
we show this form is tight for any randomly generated tensors. Furthermore, we provide an alternating minimization
algorithm to solve the tensor nuclear norm regularized problem, as well as the rigorous mathematical analysis of its
global convergence. Our experiments show potential applications of our algorithm and the advantage of our method

in term of accuracy and robustness over heuristic approaches.
11.1 Introduction

Tensors can naturally represent massive multi-dimensional data structures arising in many practical applications,
which consist of collaborative Itering [53], 3D image processing [52], radar signal processing [54], nonlinear net-
works design [55, 56] and psychometrics [57]. Tensor methods are the foundations of a lot of machine learning
algorithms, including independent component analysis (ICA) [58,59], latent graphical model learning [60], dictionary
learning [61], and Gaussian mixture recovery [62].

Despite the utility of tensors in many applications, its widespread adoption in practice has been slow mainly due to
two aspects. The rstreason is due to the inherent computational intractability when large-size tensors are involved in
the algorithms, which is pretty common cases met by modern data applications. The second is due to the lack of simple
concepts and available mathematical tools to exploit the inherent low-rankness of the tensor data. Unlike the low-rank
matrix recovery based upon the concept of nuclear norm minimization (powered by the singular value decomposition
tool SVD) that has earned plenty of attention in the past ten years [64,65,83], however, in low-rank tensor recovery, we
are prevented from applying the same nuclear norm regularized idea (cf. [240]) to work on low-rank tensor recovery,
which is

minimize ky A(T)k)3+ KTk (11.1)
T2R"1 "2 N3

wherek k denotes the tensor nuclear norm ahd2 R": "t "3 js the target tensor that we want to recover
from the measurement vectgr 2 R™ obtained by a general sampling operafor. R"t "2 "s I R™_ This

is mainly owing to the facts that even computing the tensor nuclear norm is an NP-hard problem [66], and there
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is a lack of analysis tools for tensor problems. Therefore, the mainstream tensor completion procedures are based
upon multiple forms of matricization and utilization of matrix completion to the attened tensor [52, 84, 85]. As a
consequence, when unfolding a three-dimensional tensor into a two-dimensional matrix, the resulting matrix input
to the alternating minimization method is typically massive. Further, without tensor nuclear norm as a regularizer,
traditional minimization approaches do not yield optimal bounds on the number of measurements required for tensor
completion, which is in sharp contrast to the scenario where optimal sample complexity and optimal minimax bound
are achieved when using matrix nuclear norm regularizer in low-rank matrix recovery.

To address the above issues, we then get inspirations from the prior work using Burer-Monteiro factorization [91]
idea in dealing with matrix nuclear norm regularized problem [92]. Their idea is in two folds. First, they factor data
matrix X into two smaller rectangular matric¥s= UV . Second, they replace the matrix nuclear n&drk as an
nonconvex equivalent fortkU k2 + kV k2)=2, so that faster and more scalable algorithms can be developed under
the new objective function witfU ; V') as the new variables.

In this work, we focus on applying the same Burer-Monteiro factorization idea to low-rank tensor optimization
problems for ef ciency and scalability purposes. The underlying idea is that for a low-rank tensor, we can always
factorize it as the tensor product of three “tall" factor matrices (like what [92] did), which typically have much fewer
variables than the original full tensor. Further, we derive a new Burer-Monteiro factorization form of the tensor nuclear
norm (cf. Proposition 11.3.1), so that we can incorporate the tensor nuclear norm regularizer into the new factored

objective function.

Main Results.

A straightforward idea of using tensor nuclear norm to do low-rank tensor completion and recovery has been
prevented from due to the NP-hardness of computing the tensor nuclear norm [66] and the lack of analysis tools
for tensor problems. One main contribution of this work is providing an auxiliary function for the tensor nuclear
norm, which is a tight optimization form of the tensor nuclear norm, since we prove that the proposed auxiliary
function has the same global optimum as the tensor nuclear norm under the over-parameterization settings(cf.

Proposition 11.3.1).

Another result of this work is developing an alternating-minimization algorithm for solving a general tensor
recovery problem, covering both tensor completion and tensor regression. Remarkably, we provide closed-form
solutions for each subproblem in the alternating minimization so that an ef cient implementation of the algo-
rithm is available. Further, based on the Kurdyka- ojasiewicz (KL) property (cf. [212, 241]) of the objective
function, a rigorous mathematical analysis is provided to guarantee the proposed alternating minimization to

globally converge to a stationary point of the axillary tensor nuclear norm regularized problem, with at least a

187



sub-linear rate of convergence.

Finally, this work uses the Burer-Monteiro factorization idea to perform the tensor recovery problem. This

Burer-Monteiro factorization regime has several favorable properties in performing the massive data operation.
In one aspect, it largely reduces the problem dimensions mainly when the involved tensor is large. This is a
pretty standard case met in practical applications. In another aspect, using Burer-Monteiro factorization helps

to explicitly enforce an upper bound of the tensor rank, so that the recovered tensor is always of low rank.
11.2 General Observation Model

In this work, we focus on third-order nonsymmetric tensors that can be factorized into a linear combination of unit-
norm, rank-1 tensors of the form v w, with the(i; j; k )th entry beingu; v; wi. Assume we have a 3-dimensional

dataT 7 2 R"t "2 "3 which admits a low-rank tensor structure, i.e.,

o W (11.2)
p=1
wherer minfnqy;ny; n3g and denotes the tensor/outer product. We assume the coef cferglg are always

positive, since the sign of any negative coef ciefjtcan be absorbed into the factors by noting thaf v; w/

( ud) ( v3) ( wp):Further we the tensor factofsi?;v’; w?g are locating on the spherksk, = kvik,
kwgkz = 1, since otherwise we can always absorb the lengths of the factors into the coef cients by rede ning
2= 2kuZkakv Zkokw 2Ks:

This work considers a general linear opera&é¢r) : R"t "2 "= I R™ which is de ned by

n Om
A(T)= bPALTI . forany T 2 R"™ Nz ns (11.3)

with m predetermined tensors R"* "2 "3: f A hgp (my:

One equivalent matrix representation of (11.3) is given by
A(T) = A vec(T );
whereA 2 R™ M1"2Ms with its pth row beingA (p;:) = vec(A )~ : The adjoint operatoA (): R™ ! R"™ N2 Ns

of A( ) is given by

xXn
A (a) = apAp forany a=(a;; ;am):
p=1

Under this de nition, we haveec(A (a)) = A~ a:
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The linear operatoA in (11.3) therefore covers almost all linear observation models, including tensor sensing and

tensor completion models:

Example 11.2.1(Tensor Sensing/RegressionVhen we observe a small number of linear projections of the ground
truth onto some random Gaussian tensors, this linear observation nibtid) includes the Gaussian observation

model wherf A ,g,,[m] are Gaussian random tensors.

Example 11.2.2(Tensor Completion) This linear observation modél1.3)also covers the missing data case if we

letf A pgp2[m] be a subset of cardinalityn from the canonical basis iR"* "2 "3 ie..fe; € exgix -
11.3 Tensor Nuclear Norm
For any tensof , its nuclear norm is de ned as [68, Eq. (2.7)].

X X
kT k = inf T = U, Vp Wy, p>0 11.4
kUpkzszpkzszpkgzl p P p pEp P P P ( )

Therefore, the tensor nuclear norm is the minimahorm of its expansion coef cients among all valid expansions

in terms of unit-norm, rank-1 tensors. The way of de ning the tensor nuclear norm is precisely the same as that of
de ning the matrix nuclear norm. It is known in the literature [4] that the tensor nuclear norm has the identi ability

to recover the tensor factors given full measurements of the tensor data. Further, solving tensor nuclear norm is a
guarantee to recover the ground-truth tensor factors even in over-complete settings where the number of tensor factors
is much larger than the dimension of the tensors [4, Theorem 1.1, Corollary 1.1]. Besides, we expect that tensor nuclear
norm, as a particular form of the atomic norm, will achieve the information theoretical limit for tensor completion as
the "1 norm does for compressive sensing, matrix nuclear norm for matrix completion [83], and total variation norm

for line spectral estimation with missing data [16].
11.3.1 Burer-Monteiro Optimization Form of Tensor Nuclear Norm

A straightforward approach of applying tensor nuclear norm to low-rank tensor completion and recovery has been
limited given that 1) computing the tensor nuclear norm is NP-hard [66]; 2) and unlike matrix problems where a bunch
of mathematical tools are available such as eigenvalue decomposition, singular value decomposition, etc., while there
is a lack of analysis tools for tensor problems. One main contribution of this work, we provide a new optimization

form of tensor nuclear norm based on Burer-Monteiro factorization idea.

Proposition 11.3.1. Suppose the decomposition that achieves the tensor nuclearkiokm involvesr terms and

r r,thenkT k is equal to the optimal value of the following optimization:
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X
f(um\i/ni.r\)vwi%eF % (kupk3 + kv pk3kwk3) + (kvpk3 + kupk3kwk3) + ( kwpk3 + kupk3kvpk3)
p:Vp:WpJ)Yp=1 p=1

x
subjectto T = Up Vp Wy (11.5)
p=1

Proof. Suppose the tensor nuclear ndkink (see (11.4) for the de nition) is achieved by the following decomposi-

tion

p=1

Clearly, when
r

9 — 2=3 _
P2 o pen2+3 7 23

- T

s 97241243 2
p p

we can obtain that u}; v7; w/)gh.; forms a feasible solution to (11.5) with= r. Whenr> r , we can zero-

pad the remaining rank-one factdréu,;vp; Wp)gp- 4 - The objective function value at this feasible solution is
P

gzl ; = KT k . This shows that the optimal value of (11.5) is less than or equal to the tensor nucledcmkrm

To show the other direction, suppose an optimal solution of (11uis; vp; Wp)g;-; - De ne
ap = kupky; Iy = kvpks; = kwpks;, = @yt

Forpsuch that , 6 0, de ne

Op = Up=ap; ¥p = Vp=lp; Wp = Wp=Gy:
Then clearly

X X
T = Up Vp Wp= pOp ¥y Wy
p: p60 p=1

e

Furthermore, by de nition (11.5) of tensor nuclear norm, we hiale&k p=1 P and therefore
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1 X 1X 1 X
KTk 3 e+ 3G+ o ko

p=1 p p=1

X, 1 X 5 1 X 5

3 l(ap:2+ bpep=2) + 3 (f=2+ agy=2) + 3 (=2 + Kfag=2)
p= p p

X
=3 (kupk3 + kvpk3kwk3) + ( kvpk3 + kupk3kwk3) + ( kwpk3 + kupk3kvpk3)
p=1

= optimal value of (11:5):

Combining these two directions, we prove that the optimal value of (11.5) is equal to the tensor nuclekT horm

O
11.4 Alternating Minimization

Similar to using matrix nuclear norm in regularizing matrix inverse problems, the nuclear tensor norm can be used
to regularize tensor inverse problems. Assume we observe an unknown low-rank groundtrutff tetrsmugh the
linear observation/measurement moglek A( T ?), we would like to retrieve the groundtruth tensbr from the
observationy. For instance, wheA samples the individual entries @f°, we are looking at a tensor completion
problem. We propose recovering the low-rank groundtruth tefisoby solving a tensor nuclear norm regularized
least squares Equation (11.1) (cf. [240]). However several dif culties exist in implementing the above method has
mentioned in the introduction: 1) Computing the tensor nuclear norm is NP-hard in the worst case; 2) Computational
burden is unavoidable when the size of the optimization proliemns is super large.

Therefore, to release the computational burden and bypass the NP-hardness of computing the tensor nuclear norm,
we apply the Burer-Monteiro parameterization on the tensor variatdad the nonconvex reformulation of the tensor

nuclear norm eq. (11.5). The resulting program is

N
minimize  ky A(  up Vp Wp)ks+ (kupk3 + Kvpk3kwk3) + (kvpk3 + kupk3kwpk3)

f(upivpiwp)gp, p=1 p=1

+ (kwpk3 + kupkskvk3) (11.6)

Matrix Form.  To simplify notations, we denotd :=[u; U, V = [ve Ve, W = [wy w.] and
reload (when applied to matrices of same columns) as
X
u v W= ue;i)y VEi) Wei):
i=1
Then the nonconvex formulation (11.6) of the tensor nuclear norm can be rewritten as
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minimize ky AU V W)K3
U2R"1 F;V2R"2 W 2R"3 F

+  (KUKZ +tr(V>V W W)+ (kVKZ +tr(U U W W)+ (kWkZ +tr(U U V~V))
(11.7)

For convenience, we shall denote the objective function of eq. (11flasV ; W ).

Lemma 11.4.1(Coordinative strong convexity)The closed form Hessiams f ( );r Zf ();r 3, f () is given by

rgf(U;v;wW)=2 1, diag(l +diag(Vy (Vi 1+ Wi Wk 1))
+2[(Wk 1~ Vi 1) 1n,JATA[Wk 1~ Vi 1) In,];
réf(u;v;w)=2 1,, diag(l, +diag(UgzUx+ W, W 1))
+2[(Wk 1~ Uk) 1o, AprgApual(Wk 1~ Uk)  In,l;
rédf(U;v:w)=2 1,, diag(l, +diag(U; Uk + V} V)
+2[(Uk~ Vi) In I AgogApzal(Uk~ Vi) Inl;

As a consequenck(U;V ;W) is2 -strongly convex with respect to each coordinate ¥ ; W ) while the other two

are xed.f (U;V;W)is2 -strongly convex with respect to each coordindte ¥/ ; W ) while the other two are xed.

The coordinate strong convexity of the functib(U ; V ; W) motivates us to solve eq. (11.7) using alternating

minimization Algorithm 7.

Algorithm 7 AltMin

1: Initialization: k=1, ,andVg2 R"2 ";Wy2 R"s ",
2: while stop criterion not meeto

3 Ug=argmingyge, « F(U; Vi ;Wi 1);

4 Vy=argminyg,ge,  T(Uk; VWi 1);
5
6
7
8

Wy =argminy oges « F(Uk; Vi W);
k=k+1.

: end while

: Output: factorization(U ;V ;W ).

Lemma 11.4.2.The iterates sequentéU y; V «; W ) g in Algorithm 7 satisfy the following vanishing gradient equa-

tions by the rst-order optimality condition:

rof(Uk;Vie Wy 1) = 0;
rvi(Ui;VicWyg 1) = 0;
rwf(Ukg;Vi;Wg)=0; 8k 1L (11.8)

By explicitly solving eq. (11.8), we obtain the closed form expressiongUar; V «; W ) in Algorithm 7.
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Lemma 11.4.3(Close-form solutions of Algorithm 7)The closed form solution exists for each sub-optimization

problem in Algorithm 7:

vecUx) =( I, diag(1, +diag(Vyi Vi 1+ Wy (W 1))

+[(Wk 1~Vi 1) I, PATA[Wk 1~V 1) o) MWk 1~Vk 1) 10,7 AY;
vecVk) =( Iy, diag(l, +diag(W; Wk 1+ Uy Uy))

+[(Wk 1~ Uk) 10, AagApglWk 1~ Uk)  1n,D) MWk 1~ Uk) 10T Apagy:
vecW ) =( In, diag(l; +diag(Vy Vi + Uy Uk 1))

+[(Uk 1~ Vi) 1T AZogAe2zalUc 1~ Vi) 1n)) Uk 1~ Vi) 1T Agoagy

where denotes the Kronecker produet, denotes the Khatri-Rao product, and we de ne for dny2 R": "2 ns

and any ordered permutatidfiy ;iz;iz) of f 1;2;3g, letT ;. ;,.i,; be such that
Tiivizis)(B5K) = TR )i (5K )i (5K )is):

In particular, here A, ;i, i) denotes the respective matrix representation witiptitsrow asvec Apg . .,

Remark.

When > 0, each closed form solution is well-de ned by noting that the matrix to be inverted is positive

de nite with minimum eigenvalue at least

By de nition of U;V «; W  from Algorithm 7 and their accessible closed forms from Lemma 11.4.3, we can
guarantee that Algorithm 7 generates a decreasing sequence of functiorf¥gluesV ; W «)gk2 N Such that

f(Uk 1;Vik Wik 1) f(Uk;Vi;Wy) foranyk 1.
11.4.1 Boundedness of Variable¥ ; V ;W
De nition 11.4.1 (Coercive function) A functionf : R" ! Riscoerciveiff (x)!'1 askxky!1

De nition 11.4.2 ( -Strong Coercive function)A functionf : R" ! Ris -strongly coercive if we can decompose

f as a sum of nonnegative functigrand a -scaled squared normkxk3, that is,f (x) = g(x) + kxKk3:

Lemma 11.4.4.Given a -strong coercive functioh and a sequendexx gk o, if their composition gives a decreasing

sequencéf (xx)gk o, then the sequende, gk o is upper bounded bigx k3 fxo) g:

Proof. From the decreasing propertyfofxy), we havef (xg) f(x1) f(xk) for all k. By the -strong coercive-

ness off , we obtain thaf (xy) kxk k3. And the proof is completed as> 0. O

An immediate result from Lemma 11.4.4 is that the iterates sequighteg; V «; W «)dk2n generated by Algo-

rithm 7 is bounded.
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Corollary 11.4.1. The sequencdgU;V «; W k)0k2n generated by Algorithm 7 is bounded such that forkall

kUykZ + kV k2 + kW (k2 B2 (11.9)
with B2 ;= [MoiVoiWo) . pyrthermore, each coordinate of the sequehéd «;V ;W ¢ )gk2n is bounded byB:
kUxke B,kVikr B,kWke B, forallk.

11.4.2 Lipschitz Continuity of Gradient r f along Solution Path

In this part, we will use the boundednessfQU ;V ;W )k o to show that the objective functidnin (11.7)
is Lipschitz smooth along the solution pdtflJ ; V x; W k)gk o. In precise, we will bound the Lipschitz constant of
its gradient f along the solution path, which is equivalent to bound the spectral norm of its Hes&ian

The following lemma shows that our objective in (11.7Li5 smooth on any bounded subset.

Lemma 11.4.5(Lipchitz continuity) The objective functioh(U ;V ; W) has Lipschitz continuous gradient with the

Lipschitz constant as
Lg := 15kAK3B* + 6KAkokyk,B + (1+3B?)
in any bounded,-norm ballf (U;V) : kUkZ + kVkZ  Bgfor the', norm ballB(0; B) of radiusB (11.9)

Proof. We rst compute the spectral norm of the Hessian is through its quadratic for: fet py; DY Dy,

withDy 2 R™ " Dy 2 R" " Dw 2 R" T, then the Hessian directional quadratic fornf cdlongD is given

by

[r 2f(U;V;W)|(D;D)

=2 (A(U V W) vy);Dy Dy W+Dy V Dw+U Dy Dwi ()
+MADy V W+U Dy W+U V Dw)Dy V W+U Dy W+U V Dwi ( 2)
+ (kDuk|2: + kD\/kIZ: + kDWkIZ:) ( 3)
+ w(DDy  (VZV+W>W)+ DDy (U”U+W W)+ DyDw (U U+V>V)) (4
+4 tl’(U>DU V>Dv+U>DU W>Dw+V>DV W>DV\/) (5)

Since the spectral norm of the Hessiadf (U;V ;W) is given by the maximum of the Hessian quadratic form
[r 2f (U;V;W)](D;D) forall normalized , we then upper bound this Hessian quadratic fprif (U;V ;W )](D;D)

by controlling ; to 5 through Lemma 11.4.6.

Lemma 11.4.6. For any matricesX ; W ;Y ; Z that have the same number of columns, we can easily verify that the

following holds:
1. kX Y Zke k XkgkY ke kZkg

2.t(X>X  Y>Y) k XKZKY k2
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3.r(X”Y W>Z) F(kXkZ + kW K2)(KY k& + kZk?)

Bounding ;.
1 2kAks kAsz3+ kyk2 (kW ke kKD ykr kDy ke + kV ke kD y ke KD w kg + kU ke kD v ke kakF)

2kAk, kAkyB®3+ kyky (3BkDk2)
=6 kAK5B*+ kAkykyk,B kDk2

Bounding .

»kAKBKDy V Wke+kU Dy Wke+kU V Dwke °  9KAKZB*kDK2

Bounding s.
3= (kDyk? + kDykZ + kDwk2)  kDk2
Bounding 4.
4 (KUK2 + kVK2 + kW k2)(kDyk2 + kDy kZ + kDwk2) B 2kDk2
Bounding s.

5 4 %(kUk,Z: + kVkZ)(kDyk2 + kDy k2)
1
+ 21(kUk,’fl + kW k2)(kD ykZ + kD k2)

" %(ka,% + KW K2 )(KDy K2 + kD w k2)

2 (KUK2 + kVk2 + KW k2 )(kD ykZ + kDy k2 + kD k2)
2B 2kDk2

Combining the bounds from; to s, we now can control the Lipschitz-continuity constant of the gradient

functionr f (U;V ;W) within the following ball:
B(0;B):= f(U;V;W):kUkZ + kvkZ + kWkZ B?g:

Note that all the iterationf(U k; V ;W k)gk2n are living in this ballB(0; B) by Corollary 11.4.1, this Lipschitz-

continuity constant also holds forf evaluated along the solution path. O
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11.4.3 Suf cient Decrease Property

Lemma 11.4.7(Suf cient decrease property)Let the sequenc(U;V «; W k)dk2n be generated by Algorithm 7.

Then we have

f(Uk 13V Wy 1) T(UisVicWy) KUk Uy 1k + kVi Vi 1k + kW Wy 1k2)

Proof. First recall the de nitions of (U; V k; W k)gk2n in Algorithm 7:

Uk =argmin f (U;Vk ;W 1);
u

Vi =argmin f (Ug;V ;W 1);
\%

Wy =argmin f (Ug;Vi; W)
w

and the vanishing gradient equations in Lemma 11.4.2:

rof(Uk;Vi 1 Wy 1) = 0;
rvif(Ui,VicWy 1) = 0;
rwfUi;VicWy) = 0:

Now using the Taylor expansion, we expdnftom (Uy; Vi 1; Wk 1)to(Ux 1;Vk 1; Wk 1) anddenot® y :=

Uk 1 UgandU(t):= tUgx 1+(1 t)Ug. Then we have

f(Uk Vi Wi 1) =F(Ui; Vi Wi 1)+ hrgf (U;Vie 1 Wy 1);Dui
1
*+3 r3f(U);Vk Wk 1) (Dy;Dy)dt
0

Then in view of the diminishing gradient condition
rof(Ue;Vie Wy 1)=0
and applying the -coordinate strong convexity éfby Lemma 11.4.1, we can further obtain that
f(Uk 5V Wk 1) f(UiVie sWi 1)+ kU 1 Uikg

Using similar argument we can deduce that

f(UGVe Wk 1) FUGVIGWE 1)+ KV 1 Vik2
f(UVicWk 1) F(UGViGWR)+ KWy 1 W k2

The proof then can be completed by noting that:
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f(Uk Vi 1Wk 1) F(Uk;VicWk 1)
=f(Uk 1;Vk ;Wi 1) F(U; Vi Wy 1
+ UV Wy 1 F(UksVigWy 1)
+ (U VibWk 1) F(UkVigWi g):

11.5 Convergence of Algorithm 7

Theorem 11.5.1(Subsequence convergencékt the iterates sequenééU ; V k; W k) 0k2 n be generated by Algo-

rithm 7, the following holds

1. The sequence of the function valfiégU ; V «; W k) 0k2 n iS non-increasing and it is convergent to some nite

valuelimy;;  f(Uy;Vi; W)= f for some uniqgué 0.

2. The iterates sequentéU y; V ;W «)gk2 n IS regular, i.e., the difference between iterates sequence is conver-

gent, i.e.

k||i1m KU k41 Ukke =0;
lim kV g+ Vike =0;
k!l

k|li:{n kwW k+1 W kk|: =0:

3. Denotel (Ug; Vo; W o) as the set of all limit points of those convergent subsequendét)@f V «; W k) dkan

(which depends on the initializatiqit o; V o; W ¢)). Then all limit points have the same function value

f(U;V;W)=1f; 8(U;V;W)2L(Ug;Vo;Wo):

4. The gradient at each iterate is bounded: forlall 1,

p_
kr f(Uk; Vi Wik 2Lgk(Uk;VibWy)  (Uk 1:Vik 1 Wk 1)K (11.10)

This implies that eactU;V ;W) 2 L (U;V ;W o) is a critical point off ,i.e.r f (U;V ;W) = 0: Further,
L(Ug;Vo; W) is a nonempty, compact and connect set, satisfying
Jim - dist((Uk; VicWik);iL(Uo;Vo;Wo)) =0
Proof. Now we prove Theorem 11.5.1.

1. The rstpartis because the sequence of the function vdllu@d i ; V « ; W k)02 n iS non-increasing by Lemma 11.4.7

and lower-bounded, and hence convergent.
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2. To prove the second part, we denote
= kU + U k + kV + V k + kW + W k
k - k+1 kRE k+1 kRE k+1 kRE

and recursively use suf cient decreasing property Lemma 11.4.7:

X
f(Uo;VosWo) f(Un;VNIWN) o
k=0
which then implies that (usiny  0)
XV . .
2 (UaVoWo). g oy,

k=0
P

Therefore, we identify that the sequerfce Ezo Z2gn 2w is upper bounded and non-decreasing, hence conver-

gent. We are therefore guaranteed thmat ; ﬁ = 0. By de nition of ﬁ we nally getthatlimy;; kU g+;

UkkF =0;Iimk11 ka+1 kaF =0;Iimk!1 ka+1 WkkF =0:

3. For the third part, by the boundedness of the sequigfidg; V «; W k) 0k2 N, We extract an arbitrary convergent

subsequencB(Uy, ; Vi, ; Wk, )Gm2n With the limit (U; V ;W ). Then take the limit on subsequence:

im f (Ui, i Vi i Wk, ) = f(U;V;W);

where we have used the continuity of the objective functiohe proof of this part is completed by noting that
the function-value sequendé (Uy;V ;W k)dk2n is convergent and hence all its subsequence must be also

convergent and converge to the same limiting point.

4. For this part, we rst show that
2 3
rof(UksVisWy)

lim r f (Ui;VicWe) = lim 4r yf (U Vg W) o
k!l k!l . .
rwfUiVibWy)

vanishes. Towards that, we use the rst-order optimality condition (11.8) to get thkt fot,

rof(U;Vie Wy 1) = 0;
rvf(Ui;VicWy 1) = 0;
rwf(Ue;VibWy) = 0:

This together with the Lipschitz-continuity of gradienf Lemma 11.4.5 implies that

kr uf (Ui ViIcWi)ke = kr uf (Ui VicWi) 1 uf (UiksVie 1 Wi 1)ke
L gk(Ui;VibWi)  (Uk;Vi 13, Wi 1)ke;

and
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kr vi(UiVicWike = kr v (Ui VicW) 1 vE(Uis Vi Wi 1)ke
L gk(Uik;VibWy) (Ui VicWi 1)ke:

Combining the above two and dend¢ := (U;Vk;Wk) (Uk 1;Vk 1; Wk 1), we obtain that

kr f(Ui; VW ke péLngkkF:

Then letk go to in nity, we getkr f (Uy;Vk; W k)ke convergeO by Part (ii) of Theorem 11.5.1. Now, we
extract a convergent subsequefi¢e ., ; V., ;W k,, )dm2n With limit (U;V ;W) and use the continuity of

r f (hencekr f kr) to get

mIi&n kr f(Uk, ;Vk, Wk, ke = kr f(U;V;W)kg:

Hence any limit poin{U;V ;W) 2 L (Uo;Vo; W ) is a critical point off . The remaining proof in this part
follows from a similar argument as in [213, Lemma 5(iii)] by identifying th&(U,, ; V«,, ; Wk, )Im2n iS

bounded (Lemma 11.4.4) and regular (Part (ii) of Theorem 11.5.1).
O

Finally, combining with the Kurdyka- ojasiewicz property [212,213,239,241] for characterization of the geometry
of objective function around its critical points, we can obtain a stronger convergence result than Theorem 11.5.1. We

put the proof in Section H.1 in the supplement.

Theorem 11.5.2(Sequence convergencelhe iterates sequenddU ; V «; W «)dk2n generated by Algorithm 7 is
convergent to its unique limit poirity ; V ; W), which is a critical point of the objective functidn(11.7) Moreover,

the convergence rate 6{U «; V ; W k) gk2 n is at least sub-linear.

Remark.

Theorem 11.5.2 is much stronger than Theorem 11.5.1, since we are not guaranteed that thig lterates, W ) k2 N
generated by Algorithm 7 would converge to a limit point only by Theorem 11.5.1. Theorem 11.5.2 ful lIs this
gap by directly showing the iteratéfU ; V «; W k) k2 n generated by Algorithm 7 converge to a critical point,

and as an consequence, the set of limit phifi) o; V o; W o) becomes a singleton.

The main part of the proof is based on the Kurdyka- ojasiewicz property [212,213,239,241] for characterization
of the geometry of objective function (including its constraints) around its critical points, which plays a key role

in our sequel analysis.
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11.6 Extension to Constrained Minimization

Recall Algorithm 8 aims to solve the “factored" tensor nuclear norm regularized minimization problem (11.7),
where the regularization parameteshould be chosen with respect to the observation noise level. However, in the
noise-free observation regime, as long as positive, we remark that the estimatdy ;V ;W ) returned by
Algorithm 8 is always biased, due to the non-negativity of the regularization term. In practical applications, this is ne
due to the inevitable observation noise in the real data. For theoretical purpose, it is of ultimate interest to study the

constrained minimization

h i
minimize (KUKZ +tr(V>V W W)+ (kVKZ +tr(U U W W)+ (kWkZ +tr(U U V~V))

subjectto y =A(U V W) (11.17)

Therefore, it is necessary to extend Algorithm 8 to solve the constrained optimization (11.11).

Algorithm 8 AltMinC

1: Initialization: , 2 (0;1),k =0, and(Uq;V o; W o).
2: while stop criterion not meeto
3 (Uks1; Ve ;Wi ) = AlgMin - (Uy; Vi W)
4 k=k+1.
5
6
7

: end while
. Output: factorization(U¥; VvV *; W),

Remark. By Theorem 11.5.2, we have shown the global sequence convergence of Algorithm 7 for any initializa-
tion (Uo; Vo; W ). Note that we can view Algorithm 8 as a sequence of Algorithm 7 with a series of decreasing

then a direct consequence of Theorem 11.5.2 gives the convergence of Algorithm 8.
11.7 Experiments on Synthetic and Image Data

In this section, we conduct experiments on both synthetic data and real data to illustrate the performance of our
proposed algorithms and compare it to other state-of-the-art ones] BBG [242], HaLRTC [243], andFaL-

RTC [243], concerning both synthetic tensor recovery and real image estimation performance.
11.7.1 Experiments on Synthetic Data

In this subsection, we mainly test Algorithm 7 on synthetic data. Particularly, we rst generate a rank-3 ground-true
tensorT 7 2 R4 20 10(j:e:n; =40;n, =20;n3=10;r =3) by T* = U? V? W?withU?2 R" ";V?2
R"2 ":W? 2 R"™ ' being three random matrices. However, we are only allowed to observe a small paftia) of

with the observed positions denoted by That is, we only have the knowledge ¥f 2 R*® 20 10 with its most
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30 @ik) 2
entries being zeroY ik = 3 , which is a tensor completion problem. Here we are particularly

-0 k)2
interested in the situation that nln(znj3 w)ith m denoting the cardinality of . Theoretically, using tensor nuclear
normkT k
Note that the low-rank tensor completion problem is covered by our general linear model eq. (11.3) (c.f. Exam-

ple 11.2.2). Therefore, we can apply the proposed Algorithlfiin  to recovefT . We remark that traditionally
the parameter in AltMin  in Algorithm 7 is set to as the noise level. When the observation is noise-free, we can set

as a very small constait Now we apply the proposed Algorithm 7 for different values aind several state-of-
the-art tensor completion algorithms (e.gRTC [242], HaLRTC [243], andFaLRTC [243] to recover the tensor
T 7. Moreover, to test the robustness of these algorithms, we will apply them under two different data-missing ratios
W’J‘W and we record their relative err&iP (k) T ke =kT ?kg with P (k) denoting the recovered tensor for a cer-
tain algorithm aftekth iterations. Figure 11.1 shows the proposed Algorithm 7 (even for diffefeathieves better
recovery performance than other algorithms in both low- and large-missing ratios, implying both the superiority and

robustness of Algorithm 7 in recovering missing data.
11.7.2 Experiments on Real Image

Given any original color image (a tensor), sBy 2 R"t "z ": (note for a color images = 3), assume we have
only access to a smaller number of random distributed positions of the original color iage., we have access to
theY satisfyingY = T? andY . = Owhere ¢ denoting the complement set of We assume the total number
of observationsn  ninsns.

Note since in the situation of real-data images the rark dfs unknown (and NP-hard to compute), we therefore
can pick an appropriatefor Algorithm 7 to recover the ground-truth color imag€ . Remarkably, due to the Burer-
Monteiro factorization structure embedded in Algorithm 7, we calm that the rank of the recovered color image by
Algorithm 7 with a speci cr, denoted ad,,is alway satisfyingank('b r) r. Thatis, the proposed Algorithm 7
can guarantee the low-rankness of the recovered tensors from the true de nition of tensor rank, which is what those
state-of-the-art algorithms (that tries to promote the low-rankness of recovered tensors only using matrix nuclear

norms (c.f. [242—244])). To well display the recovery performance, we also record the relative recovery error as a

kP (k) T7ke

A with P (k) denoting the recovered tensor by those different tensor
;

function of the iteration numbék:

completion algorithms aftekth iterations. The main algorithms that we will compare with are several powerful state-
of-the-art algorithms in using tensor completion for color image recovery, [ERJ.C [242], HaLRTC [243], and
FaLRTC [243]. All the parameters of these algorithms are set up according to their suggested values [242,243]. The

comparison results are summarized in Figure 11.2, from which we can see that

41Even we can just set = 0 so that Algorithm 7 reduces to the traditional alternating least squares [76].
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Figure 11.1: Performing Algorithm T,RTC , HaLRTC , andFaLRTC to recoverT * for two different missing-data
ratio and recording their relative recovery errkiﬁ(k) T ’ke =KT ke versus iteration, wher® (k) denotes the
recovered tensor by certain algorithm aketh iteration. (a) missing-data ratio=70% and (b) missing-data ratio=80%.

Algorithm 7 converges much faster, as it requires much fewer iterations for Algorithm 7 to converge; This is in

sharp contrast to other algorithms, which instead need several thousands of iterations to converge.

Algorithm 7 converges to a “better" solution compared with other algorithms by comparing their relative recov-

ery errors.
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Figure 11.2: Compare Algorithm 7 withRTC, HaLRTC, andFaLRTC in missing image recovery in term of the
relative recovery errors versus iteratioreft) Test on the House imageRRight) Test on the Tomato image. Here
we denote the recovered image by Algorithm 7'|by with r indicating the input rank of the algorithm. Both show
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CHAPTER 12
SPHERICAL CLUSTERING VIA ALTERNATING MINIMIZATION

Principal Component Analysis (PCA) is one of the most important methods to handle high dimensional data.
However, most of the studies on PCA aim to minimize the loss after projection, which usually measure the Euclidean
distance, though in some elds, angle distance is known to be more important and critical for analysis. In tfds work
we propose a method by adding constraints on factors to unify the Euclidean distance and angle distance. However,
due to the nonconvexity of the objective and constraints, the optimized solution is not easy to obtain. We propose an
alternating linearized minimization method to solve it with provable convergence rate and guarantee. Experiments on
synthetic data and real-world datasets have validated the effectiveness of our method and demonstrated its advantages

over state-of-art clustering methods.
12.1 Introduction

In many real-world applications such as text categorization and face recognition, the dimensions of data are usually
very high. Dealing with high-dimensional data is computationally expensive while noise or outliers in the data can
increase dramatically as the dimension increases. Dimension reduction is one of the most important and effective
methods to handle high dimensional data [245-247]. Among the dimension reduction methods, Principal Component
Analysis (PCA) is one of the most widely used methods due to its simplicity and effectiveness.

PCA is a statistical procedure that uses an orthogonal transformation to convert a set of correlated variables into
a set of linearly uncorrelated principal directions. Usually the number of principal directions is less than or equal to
the number of original variables. This transformation is de ned in such a way that the rst principal direction has the
largest possible variance (that is, accounts for as much of the variability in the data as possible), and each succeeding
direction has the highest variance under the constraint that it is orthogonal to the preceding directions. The resulting
vectors are an uncorrelated orthogonal basis set.

When data points lie in a low-dimensional manifold and the manifold is linear or nearly-linear, the low-dimensional
structure of data can be effectively captured by a linear subspace spanned by the principal PCA directions.

More speci cally, letX =[x3 Xn] 2 R™ " ben data points im-dimensional space whilg =[u; ur]2
R™ ' contains the principal directionsakd=[v; ::: v,] 2 R" " contains the principal components (data projects

along the principal directions). Generally speaking, there can be two formulations for PCA:

P
Covariance-based approach, which computes the covariance i@atrix inzl Xi  xX)(xi x)> = XX ~:

Here we assume the data are already centeredx i=eQ, and we drop the factqf;1 which does not affedt .

42This is a joint work with Kai Liu, Hua Wang and Gongguo Tang [12].
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The principal directions are obtained as:
mLiinnlilzetr( U”> XX > U): (12.1)
Matrix low-rank approximation-based approach. Xet UV , we solve:

X
rrbigim_izlekx UVKE= [Xj (UV)]~ (12.2)
- ihj

Taking the derivative w.r.tV and setting it to zero, we haw¢ = X~ U, and Eqg. (12.2) reduces to Eq. (12.1).

Therefore, the solutions to these two approaches are identical. In this work, we mainly focus on the second formulation.

12.2 Motivation

In Eq. (12.2), the objective function measures the gap between originaKdatad approximation after projec-

tion UV , which is based on squared Euclidean distance measurements and treat each feature as equally important.
However, in the real world, there are some given datasets which are preprocessed to be normalized and different fea-
tures may have various signi cance. Thus distance-based measurement method may yield poor results. On the other
side, similarity-based measurement methods such as angle distance have been proved to be more ef cient in some
applications, including information retrieval [248], signal processing [249], metric learning [250], etc.. Though one
can calculate the similarity after projection, still this appears to be more or less awkward and inef cient. Thus, de-
riving some methods which can directly measure angle distance from PCA is vitally important. However, to our best

knowledge, it has not been studied yet.

Figure 12.1: Larger angles{> 1) in the sphere will have larger Euclidean distance, and vice versa, which uni es
the cosine similarity and Euclidean distance simultaneously.

Motivated by the above observations and a previous work [251], in this work we propose a spherical-PCA model

which can unify the Euclidean distance and angle distance. By noticing that larger angle in the sphere in Figure 12.1
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also has larger Euclidean distance, we can add the normalization constraint to the component matrix, where the norm

of each column itV is 1 to guarantee the spherical distribution of components:

X
) Xi (UV);]? st U2U; V2V (12.3)
1)

minimize kX UV k2
U2RM™ " V2R n

where we de ne:

U:=fu:U>U = Ig;
. (12.4)
V=1V :kvik=18jg;
wherek k denotes ; norm for vectors and denotes the spectral norm for matrices. Suppose the component is

spherically distributed, then the Euclidean distance betweemdv; is:

kv; Vj k? = kVik2+ ij k? Zh\/i;Vji
hvi;vii
= kvik? + kvjk? 2—11_ :
ViKY kv Kkv; K (12.5)

=2 2cos(); 210 ]

which is equivalent to angle distance that bigger anghéll result in larger Euclidean distance, and vice versa.
Remarkl2.2.1 In traditional PCA, without the normalization constraint on each column, ¢fie optimized solution

to Eq. (12.2) can barely satisfy the spherical distribution. Sinsaisually less tham, PCA will lose some component
more or less, thug; 6 Uv; and usuallykx;jk 6 kUv ik (they may be equal, but it barely happens) . We have
kxik? = 1 for normalized data and Kv;k? = 1 thenkUv ;k? = tr( vi U> Uv;) = tr( v v;) = kv;k? = 1, which

leads a contradiction, thus the constrainf\bris necessary to guarantee our motivation.

12.3 Formulation And Algorithm

12.3.1 Objective Function with Proximal Term

We rst denote:
X0
h(U;V)=kX UVk:= kxj Uvjk® st U2UV2V (12.6)
j=1
By noting the nonconvexity of Eq. (12.3), where no closed solution exists, we propose an alternating minimization
method to get the optimized solution as: gileh iterate ofV varaibleV (k) = [ v1(k) v (K)],

U(k+1)=argmin kX UV (k)kZ;
U2u

12.7
vi(k+1)=argmin kx; U(k+1)vk3; §j (12.7)
kvk=1

Note that when the constrairits 2 U; V 2 V, the problem (12.6) is known as the nonconvex matrix factorization
problems, which have been well-studied [6, 8]. This work focus on develop ef cient and provable algorithm to deal
with (12.6) with the constraints) 2 U;V 2 V. Note that the proximal algorithm recently has been successfully
applied to a wide variety of situations: convex optimization, nonmonotone operators [252, 253] with various appli-

cations to nonconvex programming. It was rst introduced by Rockafellar [254] as an approximation regularization
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method in convex optimization and in the study of variational inequalities associated to maximal monotone operators.
Considering the fact that the objective function in Eq. (12.3) is nonconvex W.randV , and the constraint on
U andV are also nonconvex, we consider adding proximal term and optimize the solution as: with the alternating

linearized minimization solutions becomes:

U(k+1)=argmin iU UK uh(U(K):V (k)i + 5kU U (k)KE;
u2u

(12.8)
vi(k+1)=argmin v v (k);r y,;h(U(k+1);V (k)i + 5kv Vj (k)k?; 8
kvk=1

Remark12.3.1 We add the proximal term to make the new updating solution will not be too far from the previous
step to avoid drastic changes. One can see that when the proximal term regularization parametexsuf ciently
large, they will dominate the objective function. Moreover, we can take the linearized minimization as to minimize

the objective with Taylor expansion by making use of rst order (linear) information.
12.3.2 Proposed Algorithm

Given the alternating minimization objective in Eqg. (12.8), now we turn to provide detailed (closed) updating
algorithm.
We rst derive the solution fold and before that we give a useful lemma that is similar to [255, Theorem 1]

and [256, Theorem 1]:
Lemma 12.3.1.maximizey> y -, tr(U> M) is given byU = AB >, where[A; ;B]=svd(M).
Proof. On one hand, we have:
tr(U>M)=tr(U”AB ~)=tr( P ); (12.9)
whereP = B> U~ A is an orthogonal matrix since
PP”> =(B”U”A)B>U”A)” = I:
Thus every element including the diagonaPofs no larger than 1. Then we have:
tr(P ) tr( ) (12.10)
On the other hand, whdo = AB ~, we have
tr(U>M)=tr( BA>AB ~)=
ThusU = AB ~ is the optimized solution to maximize the objective. O

Accordingly, we have:

Uk+1)=argmin b U(k);r g h(U(k);V (k)i + EkU U (k)k2

uru=l (12.11)
= arg maxhU;M (k)i = YZ~
u>u=l
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Algorithm 9 Alternating Linearized Minimization for Problem Eq. (12.6)

Input: dataX 2 R™ ", rank of factors, regularization parameters , number of iteration&
Initialization: U(0) 2 R™ ";V(0)2 R" "

end
Output: U(K) andV (K)

whereM (k) :=2(X U(k)V(k))V (k)> + U(k) andY ;Z is obtained fronfY ; ;Z]=svd(M (k)).
Then we comput® (k +1):

vi(k+1)=argmin by v; (k)1 v h(U(k+1);V (k)i + kv v (k)k2
kvk=1

arg maxhv; qi (12.12)
kv k=1

whereq :=2U (k + 1)~ x; +( 2)vj (k).
12.4 Convergence Analysis

In the following case, we let) andV be as de ned in Eq. (12.4), and show the convergence of our proposed
algorithm in the last section.
To begin with, we rst show thalh(U ; V') has Lipschitz continuous gradientdt2 U;V 2 V, which will be very

useful for the following convergence analysis.

Proposition 12.4.1.h(U ; V) has Lipschitz continuous gradientdt2 U;V 2 V, whereU andV are de ned in Eq.

(12.4) That s, there exists a constdng such that

kr h(U:V) r h(U%V9%ke Lck(U;V) (U%VOke (12.13)
forallU;U%2 UandV;V°2 V. HereL. > Ois referred to as the Lipschitz constant.
Proof of Proposition 12.4.1lt is equivalent to shovkr 2h(U;V)k L. forallu 2 U;V 2 V. Standard computa-
tions give the Hessian quadrature fopm?h(U;V)]( ; )forany = ﬁ i’% 2 RMM) 7 (where y 2 R™ '

\%
and v 2R" Mas

[F2h(U;V)I( ; )=k yV+U yKE+2HV X, y vi (12.14)
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which gives:
kr 2h(U;V)k = mlf\xli(rpnze [r 2h(U;WI( ;)
Q%imifek oV +U vk +2jhuv  X; y  vij (12.15)
2(kUk2 + kVkZ + KUKe kV ke + kXke) == L;
where the inequality follows frorfhA ;Bij k AkrgkBkrg andkCD kg k Ckg kD kg . Due to the constraints du
andV, we havekUkZ =tr( U>U) =tr( 1) = r;kvVkZ = P (o kvik? = n. O

To analyse the convergence, we rewrite Eq. (12.6) as

mirl}i_r\r)izef(U;V): h(U;V)+ y(U)+ w(V); (12.16)
where
00 U2U
U)= '
W= vy

is the indicator function of the sé&t and therefore nonsmooth, so ig(V ).
The following result establishes that the subsequence convergence property of the proposed algorithm, i.e., the

sequence generated by Algorithm 9 is bounded and any of its limit point is a critical point of Eq. (12.16).

Theorem 12.4.1(Subsequence convergenceptf W (k)gx o = f(U(k);V (k))gk o be the sequence generated by
Algorithm 9 with constant step size > L .. Then the sequend&V (k)gkx o is bounded and obeys the following

properties:

(P1): Sufcient decrease:

%kw K) Wk 1K2: (12.17)

f(w(k 1) f(W(k)
which implies that
I(I!ilm kw(k 1) W (k)kg =0: (12.18)
(P2): The sequendd (W (k))gk o is convergent.

(P3): For any convergent subsequeriad’ (k9g, its limit pointW ? is a critical point off and

Jim £ (W (kY = lim £ (W (k)= (W 7): (12.19)

Proof of Theorem 12.4.1Before proving Theorem 12.4.1, we give out some necessary de nition.

De nition 12.4.1. [257] Letf : RY! (1 ;1 ]be a proper and lower semi-continuous function, whose domain is

de ned as
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domf ;= fu2 R":f(u)< 1g :

The (Fréchet) subdifferentig@ fof f atu is de ned by

f(v) f() hzyv ui

= z2R%: lim inf
@fu) z Jim i VK

0

foranyu 2 domh and@fu) = ; if u 2 domf .

We sayu is a limiting critical point, or simply a critical point of if

02 @fu):

We now turn to prove Theorem 12.4.1.

Showing (P1): First note that for alk, according to our alternating minimization method, we always have

u(U(K) = v(V (k) =0 and thus (W (k)) = h(W (k)).

Sinceh(U ; V) has Lipschitz continuous gradientldt2 U;V 2 V with Lipschitz gradient.c and >L , we

deneh_ (U;U%V) as proximal regularization ¢f(U; V) linearized al % V :
h(U%V)+ hryh(U%V);u  U%+ %"ku U%E;
By the de nition of Lipschitz continuous gradient and Taylor expansion, we have
h(U;V) h  (U;U%V): (12.20)

Also by the de nition of proximal map, we get:
U(k) =arg min y(U)+ 5kU UK Dk&+hrgh(Uk 1);V(k 1)U Uk 1) (12.21)
u
and hence we takd (k) = U, which implies that

WUR)+ skU() UGk DRE+hroh(U(k V(e DHUK) Uk i ok 1)
(12.22)
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Combining Eq. (12.20) and Eq. (12.22), we have:

h(U(k);V(k 1))+ y(U(k))

h(Uk 1);V(k 1)+ hryh(Uk 1:;V(k 1);UKk) Uk 1)i+%ku(k) Uk 1)k2
+ u(U (k)

h(UK 1);V(k 1)+ LZCkU(k) Uk DRE+ u(U(k 1) skU(K) Uk DK

Lc
2

= h(Uk 1:;V(k 1)+ uUkk 1) KUK) Uk 1)k2;

(12.23)

Similarly, we have

Lc
2

h(U(k);V (k) h(U(k):V(k 1))+ v(V(k) v(V(k 1) kv (k) V(k 1)k

(12.24)
which together with the above equation gives Eq. (12.17). Now repeating Eq. (12.17)Kavidlgive

R
(min(; ) L) kW (k) Wk 1k f(W(0)); (12.25)
k=1
which gives Eq. (12.18).

Remark12.4.1 In our proposed algorithm, since in every update, our solution is closed while satisfying the

constraints, thus in facty and y are0, and1 is never achieved.

Showing (P2): 1t follows from Eq. (16) thaf f (W (k))gk o is a decreasing sequence. Due to the factfthat
lower bounded a6(W (k)) Ofor all k, we conclude thaitf (W (k))gk o is convergent.

Showing (P3): SinceU (k9 2 U;V (k% 2 V for all k® and both of the setdl andV are closed, we have

U?2 U;V?2 V. Sinceh is continuous, we have

Jm o f W (KD) = fim (U KDV (KD + u(U KD+ vV (K) = FW7)
which together with the fact th&f (W (k))gk o is convergent gives Eq. (12.18).
To showW ? is a critical point, we rst consider Eq. (12.21) and the optimality condition yields:
roh(Uk 1)vk 1)+ (Uk) Uk 1)+ @yU(k)=0: (12.26)
Similarly, we have
rvh(UK:EV(K 1)+ (V(K) V(k 1)+ @y(V(K)=0: (12.27)

Now, de ne
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A =1 yh(U(k);, Vi) + @u(U (k));
By :=r vh(U(Kk);V(K)+ @v(V(K):
Thus, we have
A2 @f(U(k);V(k);Bk2 @f(U(k);V(k): (12.28)

It follows from the above that

lm KAke  lim ke gh(UGSV (D) 1 ouh(U(k 1V(k L)ke + kU(K) Uk ke
lim (Le+ kW (k) W (k  1ke =0

(12.29)
Similarly, we have:
kI!ilrn kB ke kI!ilm (Le+ kw (k) W (k 1ke =0: (12.30)
Then we have:
dist(0; @{(W (K))) (2Lc.+ + YkW (k) W(k 1ke (12.31)
Owing to the closedness properties@f{W (k9), we nally obtain
02 @{(W?):
Thus,W ? is a critical point off .
O

Theorem 12.4.2(Sequence convergencelhe sequencEW (k)gk o generated by Algorithm 9 with a constant step

size; >L .is global-sequence convergence.

Proof of Theorem 12.4.2Before proving Theorem 12.4.2, we give out another important de nition.

De nition 12.4.2 (Kurdyka-Lojasiewicz (KL) property). [258] We say a proper semi-continuous functiofu)
satis es Kurdyka-Lojasiewicz (KL) property,lfis a critical point ofh(u), then there exist> 0; 2 [0;1); C; > 0

such that
jh(u) h(@)j  Cydist(0; @ku)); 8u 2 B(U; )

We mention that the above KL property (also known as KL inequality) states the regulatity pfaround its

critical pointu and the KL inequality trivially holds at non-critical point. There are a very large set of functions
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satisfying the KL inequality including any semi-algebraic functions [257]. Clearly, the objective furfci®semi-

algebraic as both, y and \ are semi-algebraic.

Lemma 12.4.1(Uniform KL property) There existy > 0; k. 2 [0;1); Ck. > 0 such that for allW s.t.
dist(W ; C(W (0))) 0

f(W) f Ck dist(0;@(W)) (12.32)
with f denoting the limiting function value de ned in (P2) of Theorem 12.4.1.

S
Proof. First we recognize the union, B(W ?; ;) forms an open cover &&(W (0)) with W ? representing all points

in C(W (0)) and ; to be chosen so that the the following KL propertyfcitW 7 2 C(W (0)) holds:

f(w) f ' Cidist(0;@{W)) 8W 2B(W/; i)

where we have used dl(W ?) = f by assertion (P3) of Theorem 12.4.1. Then due to the compactness of the set
S
C(W (0)), it has a nite subcover le B(W E ; K ) for some positive integgr. Now combining all, we have for all
S
W2 P BWZ; ),

f(W) f “  Ck. dist(0; @{W)) (12.33)

S
with . = maxipzlf kgandCg. = maxi”:lkai g. Finally, since ipzl B (W Ei; k) is an open cover of

C(W (0)), there exists a suf ciently small numbeg so that
f(W):dis(W;C(W(0))) o9  BW/ )
Therefore, eq. (12.33) holds whenewdst(W ; C(W (0))) 0- O

We now turn to prove Theorem 12.4.2.

According to De nition 12.4.2, there exists a suf ciently largg satisfying:

[F(W(K) fW?)]  Codist(0; @(W (K)); 8k ko (12.34)

In the subsequent analysis, we restrickto ko. Construct a concave functiort  for some 2 [0; 1) with domain

x > 0. Obviously, by the concavity, we have
X3 Xt (1 )X (X2 Xx1);8X1> 0xp> 0

Replacingx; by f (W 41) T (W ?) andx, byf (W) f (W ?) and using the suf cient decrease property, we have
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[f(W (k) fW?)* [f(W(k+1) fW?)*
1 )f(W (k)) f(W(k+1))

[f(W(k) f(w?)]

@ YKkW (k) W(k+1)kZ

2C,  dist(0; @{(W (k)))

@ Ykw(k) W (k+1)k2

2C,Cs kW (k) W (K 1)ke

KW (K W (k + 1) K2

kW (k) W (k 1ke

kW (k) W (k+1)ke k W(k) Wk Lke)

+KW(K) Wk ki) kW) Wk ke

And accordingly, we have:

AW Wk+Dke kW) Wk Dke W) FWI FW(k+1) FWIP
(12.35)
withCs:=2Lc+ + ; = ;0 = &) !

Summing the above inequalities up from sofne k ¢ to in nity yields

kW (k) W (k+1)ke k W(R) W(R ke + [f(W(R) f(W?)* (12.36)
k=R

implying

kKkW(k) W(k+1)kr <1:
k=R
Following some standard arguments one can see that

limsup KW (t1) W (t2)ke =0

til it t
which implies that the sequené®V (k)g is Cauchy, and hence convergent. Hence, the limit poin€gét (0)) is

singletonw ?. O
Theorem 12.4.3(Convergence Rate)lhe convergence rate is at least sub-linear.

Towards that end, we rst know from the above argument that (k)g converges to some poiw ?, i.e.,
limgr W (k) = W ?: Then using Equation (12.36) and the triangle inequality, we obtain
, R
kW (R) W ke kW (k) W (k+1)kg
k=R (12.37)
kW@® W(ER Dke+ [FWER) fW)*

214



which indicates the convergence rateVsf(R) ! W ? is at least as fast as the rate tk&¥ (R) W (R 1)kg +

[f(W(R) f(W?]' convergestoO0. In particular, the second terin(W (R)) f (W ?)]* can be controlled:

F(W®R) f(W?)]  C.dist(0; @(W (R)))
|C 2(2Bo + +kaF2kW(R) W (R 1ke (12.38)

{
Plugging (12.38) back to (12.37), we then have

KW(k) W(k+21ke k WR W(R 1ke+ kWw(® W(R 1)k;7:
k=R
We divide the following analysis into two cases based on the value of the KL exponent

Casetlf =0,wesetQ:=fk2 N:W(k+1) 6 W (k)gand takek in Q. Whenk is suf ciently large, then

we have:
KW (k+1) W (K)kZ :=Cs4>0 (12.39)
On the other hand,
min(; ) Le 2
f(W(k+1) f(W(k)) fkw (k+1) W (Kk)kg
. (12.40)
min(; ) L¢
=T ©

Sincef (W (k)) is known to be converged @) Eq. (12.40) implies thaD is nite and sequenc®V (k) converges

in a nite number of steps.
1 ; P

Caselt 2 (0;3]. This case means— 1. We de nePp =  _okWix Wikg,

Pe Pe, Pe+ Pe, Pg : (12.41)
SinceP, , Pp! O, there exists a positive integkf suchthaP, ;, Pp< 1, 8 R  ki. Thus,

Pe (1+ )(Pg ; Pg); 8R maxfke;kig;

which implies that

Pe Pe 1 8R  maxfko; kig; (12.42)

where = ;: 2 (0;1). This together with (12.37) gives the linear convergence rate

kW) W?ke O (X %:8k k (12.43)
wherek = maxfko; k1 0.

Case lll. 2 (1=2;1). This case means— 1. Based on the former results, we have
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h i1
Pe (1+ ) Py, Pg ;. 8R  maxfko;kig:

We now run into the same situation as in [259]. Hence following a similar argument gives

P! P! ; 8k k

for some > 0. Then repeating and summing up the above inequality karmax f ko; kig to anyk > k, we
can conclude

1

P, P, * (R K "o R K A

Finally, the following sublinear convergence holds

1

kWk) W’ke O (k k) z T :8k>k: (12.44)

We end this proof by commenting that both linear and sublinear convergence rate are closely related to the KL

exponent at the critical poinW ?.
12.5 Experiments

In this section, we are going to apply our proposed spherical PCA to both synthetic data and real-world datasets to
test the performance of our proposed method. The experiment on synthetic data will be introduced rst followed by

experiments on real-world datasets.
12.5.1 Synthetic Data Experiment

We rst generate 200 data points, half of which is distributed within the region beteen Z andZ axis
(denoted as blue dots in the top part of Figure 12.2), while another group is generated within the region between
Y = Z andZ axis (denoted as the red dots). These two clusters of data are generated through different angles. Thus
when we do clustering, it should be angle distance rather than Euclidean distance to determine the clustering result.
For our method, we learn a projection mattix2 R® 2 and plot the component matrix 2 R? 2% as the bottom
part illustrates. We see that, Euclidean distance-based method (séchmezns) will yield poor clustering result
(middle part), while spherical-PCA will obtain good clustering result.

Also, we show the convergencefolV (k)gx o = f(U(k);V (k))gk o generated by our method. As Figure 12.3
shows, after short iterations, the generated sequences will be stable, which is in accordance with the convergence
proof. It also illustrates the objective with update. We see that it converges fast with a sublinear rate, which validates

our convergence rate analysis.
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Figure 12.2:Left: two groups of data generated from two anglééiddle: clustering result with distance -based
methodK -meansRight: clustering result with our method. Blue and red represent different clusters.
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Figure 12.3:Left: kU (k +1) U (k)kg with updatesCenter: kV (k +1) V (k)ke with updates. Both converge
to O after several iterationRRight: Objective converges at sub-linear rate. All validate our analysis.

Table 12.1: Clustering performance of different algorithms on 20-newsgroup dataset

Methods K -means MUA PCA R1-PCA K-SVD Spherical PCA
#Groups Acc NMI  Acc NMI Acc NMI Acc NMI Acc NMI  Acc NMI

5 0.651 0.621 0.674 0.614 0.703 0.628 0.745 0.647 0.789 0.6¥838 0.695
10 0.487 0.316 0.478 0.320 0.502 0.383 0.535 0.398 0.527 0.3p888 0.401
15 0.398 0.307 0.387 0.301 0.412 0.319 0423 0.320 0.461 0.37486 0.385
20 0.315 0.242 0.314 0.221 0.362 0.248 0.394 0.260 0.412 0.ZB831 0.294

Table 12.2: Clustering performance of different algorithms on four UCI datasets

Methods K -means MUA PCA R1-PCA K-SVD Spherical PCA
Data (#class) Acc NMI Acc NMI  Acc NMI  Acc NMI  Acc NMI  Acc NMI

glass (6) 0.687 0.566 0.692 0.574 0.732 0.608 0.769 0.62801 0.648 0.788 0.635
diabetes (2) 0.775 0.632 0.788 0.654 0.761 0.613 0.808 0.631 0.827 O0®332 0.680
mfeat (10) 0.365 0.223 0.358 0.211 0.371 0.226.431 0.342 0.412 0.328 0425 0.330
isolet (26) 0.267 0.198 0.253 0.181 0.262 0.182 0.324 0.201 0.357 0.24%/3 0.250
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12.5.2 Real-world Datasets Experiment

It is known that in information retrieval, similarities or dissimilarities (proximities) between objects are more
critical than Euclidean distance. In this subsection, we will test our proposed method on the widely-used 20-newsgroup
dataset for clustering. We have different newsgroups suclt@sip.graphics, rec.motorcycles, rec.sport.baseball,
sci.space, talk.politics.mideagtc.. 200 documents are randomly sampled from each newsgroup. The word-document
matrix X is constructed with 500 words selected according to the mutual information between words and documents.
Tf.idf term weighting is used before normalization. Clustering accuracy are computed using the known class labels.
Results will be compared including clustering accuracy (Acc.) and Normalized Mutual Information (NMI) [260].

Different clustering algorithms will be compared including:

1. R1-PCA, which proposes a rotational invariantnorm PCA, where a robust covariance matrix will soften the

effects of outliers [261];

2. K-SVD, which is an iterative method that alternates between sparse coding of the examples based on the current

dictionary and a process of updating the dictionary atoms to better t the data [262];

3. PCA, i.e. the vanilla PCA method in Eq. (12.2) without the constrain¥qrwhich will be Euclidean distance-
based by default;

4. NMF Matrix Factorization proposed by [263—-266] whddeandV are obtained by Multiplicative Updating

Algorithm with nonnegative constraint
5. K-means[267].

We vary the number of clusters frobto 10; 15and20. In each newsgrou@00documents are randomly sampled,
and we repeat fotOtimes by taking the average and report the clustering result as Table 12.1 demonstrates.

We see that our proposed method Spherical PCA can always achieve both higher clustering accuracy and normal-
ized mutual information in text analysis.

We also compare our method with other methods on UCI datasets incluglimgs, diabetes, mfeaindisolet
Table 12.2 illustrates the results. We see that though our method doesn't show the absolute advantage as on text, still
the result is considerably good.

All the experiments indicate that our method can achieve good performance on both text and non-text datasets,

showing its potential for broader application.
12.6 Conclusion

In this work, we study spherical PCA where the direction matrix is orthonormal and the component vectors are

assumed to lie in the unitary sphere. The bene tis obvious that it can make the angle distance equivalent to Euclidean
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distance. Due to the nonconvexity of objective function and constraints on the factors which are dif cult to tackle,
we propose an alternating linearized minimization method to derive the solution, which is proved to be sequence
convergent. Moreover, we analyze the convergence rate which is validated by our experiments. The results on real-

world datasets and synthetic data illustrate the superiority of our method.
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APPENDIX A
APPENDICES FOR CHAPTER 2

A.1 Jackson Kernel

For any integeM > 0, the Jackson kernel, also known as the squared Fejér kernel, is de ned by [16, Eq. (IV.2)]

or [13, Eq. (2.3) withtM = f.=2 + 1]

sin(Mf ) *

K= Wsin(h)

(A1)

The Jackson kernel shows up in the construction of dual polynomials that satisfy the Boundedness and Interpolation
properties. The choice of the Jackson kernel is due to its nice properties as easily seen from its graph: it attains
one at the peak, and quickly decrease to zero. Candes and Fernandez-Granda showed in [13] that as long as the
frequencies composing a signal satisfy certain separation condition, then a dual polynomial can be constructed as a
linear combination of shifted copies of the Jackson kernel and its rst-order derivative to certify that the decomposition
achieves the signal's atomic norm.

We useK U(f); K °Uf ); K 9%f ) to denote respectively the rst, second, and third order derivatives of the Jackson
kernel and more generally () (f ) the “th order derivative. We will frequently use the second order derivative of the
Jackson kernel evaluated at z&80), whose value is [16, Above Eq. (IV.5)]

42M2 1) 2(n2  4)

0 — —
K0 = 3 B 3

Here we used the convention that 2M: Then its absolute valu& °{0)j (denoted by ) falls into the interval

2 4 2 2
JKO(to)JZ o 2. n2

L. - 130
3 3130 " 3 orn

For ease of exposition, we give an explicit lower boundkf}0)j (which is valid for anyn ~ 130):

2
= KR = n

— 3:28M2; f 130 A.2
3 3(130¢ orn (A-2)

At a high-level, the purpose of introducing= jK °Q0)j is to normalize the second order derivative of the Jackson

kerneltol atf =0.
A.1.1 Decomposing the Jackson Kernel

The Jackson kernel admits the following decomposition [16]
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i 4 x o
Sln(M (fZ fl)) — a(fj_)H Za(f2)= i O (J)e i2j (f2 fl);

Kz T0= Wsin( (F2 ) M

whereM = n=2andZ isann n diagonal matrix whose diagonal entries are giveridly = % with

o 1 min(‘XM;M) .
ov (1) = M \
k=max( M; M)

k
— 0;" = 2M;:::; 2M; A.3
M M ' oo (A-3)
the convolution of two discrete triangle functions scaledlbi. The weighting functiorgy (*) attains its peak at
zero and

1 M

v @) = 1
k= M

-

2

+ — 667,
= 0:667,

wIN

2
Mz

wWIN

where- holds forM ~ 65(orn  130) by noting tha2=M? is a decreasing function ® . Using the de nition of

Z,we bounkzZk; ., as

kZky ;1 = max om () — gv (0) 0:667

A M M M forn 130G (A.4)

A.1.2 Decomposing the Jackson Kernel Matrices

We frequently use matrices formed by sampling the Jackson kernel and its derivatives at appropriate frequencies.

Given a nite set of frequencie§ = ff-g¥_, (or its vector fornf 2 R¥), we de ne
Do(f):=[K({Fm o)1 n k1 m k= A()"ZA(F);
Di(f): =[K%fm fu)li n k2 m k= AMTZAY) = AYD"ZA (F); (A.5)
Do(f):=[K%Qm fallz n k1 m k= AYDTZAYF)= AR ZA(F) = A()" ZA X);

where

withn =[ n; n+1;:::;0;:::;n 1;n]". More generally, the kernel matrix- (f) == [K O (fr, f)l1 n k1 m &

satis es the factorization

D-(f)=( 1AOHHzAC D) forj (A.6)

whereA () () represents thith order derivative of the matri& (f):

A (f)=(i2 diag(n)) A (f):
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Similarly, we de ne the cross kernel matrices with respect to the frequencyfdair®) or (ff 1g; ff 2g) as

D-(f:f)=[KOEZ D1 n 1 m i for =0:52

We can also expres3- (f1; f2) in factorization forms

D-(fL;f2)=( 1YAO@EHHZAC D(£2);  for| (A7)
A.1.3 Bounding the Jackson Kernel

The following lemma provides a set of bounds on ttiederivative of the Jackson kernel fo f 0; 1; 2; 3; 4g.

Lemma A.1.1(Bounds oK (). For™ 2 f 0;1;2; 3; 4g, letkK () be the th derivative oK (K = K ©). De nes(f)

as a symmetric and periodic function with period 1 aftl) = W forf 2 (0;1=2]. Then forf 2 (0;1=2],

we have
iKO(f)j  Bo(f):= s*f); |
P3 '
KOE) Bi(f):=2 Ms 4(f) 7+2s(f) ;
3 |
JK(Z)(f )J Bz(f):: (2 M )254(f) 1+ ?S(f)‘l‘SSz(f) ;
453 |
K@) Ba(f):=(2 M )3s*(f) c;+6s(f)+ s?(f) +155°(f)
p_ !
K@ ()i Ba(f):=(2 M )*s*(f) g+ cos(f ) + 308(f ) + £2383(f)+ %534(” !
where
r 1] r m
61:% sin 2tan ! % pﬁ3+12 2sin 4tan ! % pﬁ)+12 ;
r I r " !
;= 4sin 2tan ! % pﬁ%lz 4cos 2tan ! 5—13 p§9+12 1

Furthermore B- (f ) is decreasing irf on(0; 1=2]andB-( f)+ B-( + f)isincreasinginf for any positive

suchthat >f and + f 1=2.

Proof. We need the following elementary bound on the sine functiofi far[0; %]:

sin(f) f(3 4f2): (A.8)

Clearly, a consequencei’ﬁsjsinl(if)j s(f);f 2] %; %]nf 0g. We use this fact together with explicit expressions for
K O)(f) to develop upper bounds.
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When™ =0,

. 4
jK(f)j= f/:n;mff)) s*(f):
When' =1,
KW )= ﬁl\% 2cot(f )sin*(fM )+2sin3(fM )cos(fM )M
implying !

3
KO F)j 2Ms 4(f) ?+23(f) ;

p_-

sincemax; j2cos(fM )sin( fM )3 23
When™ =2,

(M sin(f ))4M2

(2cos(2f )+3)csc?(f )sin*(fM ) 8cot(f )sin®(fM )cos(fM )M +sin?(fM )(2cos(2fM )+1)M?2

implying p_ !
KO@F) @M)2s*F) 1+ 3—235(1c )+58%(f)

P~
where we usethax; j8sin’( fM )cos(fM )j = 22 andmax; jsin?( fM )(2cos(2fM )+1)j=1:

When™ =3,

eM)3 1

KOO G singt e ms

(4cos(2f )+11)cot( f )es@(f )sin*(fM )
+6(2cos(2f )+3)csc?(f )sin®(fM )cos(fM )M

6cot(f )sin?( fM )(2cos(2fM )+ 1)sin(4 fM )M 2 %sin(ZfM ™3

implying p_ !
KOME) @M )3s*(f) o +6s(f)+ a5 3sz(f)+1553(f)

by recognizing the following upper bounds:

max; 2 [0:1=2] (4 cos(2f ) +11)cos(f )j =15, max; j6si?(fM )(2cos(2fM )+1)j=6,
max; »[0:1=2] J6(2 cos(2f )+3)j =30, max; jsin(4fM ) (1=2)sin(2fM )j = cy;
max; jsin®( fM )cos(fM )j -3 316

When™ =4,
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@m)*

~ 1
KO() = (M sin(f ))4M*

%(49005(2f Y+4cos(4f )+52)csc*(f )sin*(fM )

8(4cos(2f )+ 11)cot( f )esA(f )sin®(fM )cos(fM )M
+6(2cos(2f )+3)csc?(f )sin?(fM )(2cos(2fM )+ 1) M2
Acot(f )sin(2 fM )4cos(2fM ) 1)M3

+(2cos(4fM ) %cos(ZfM HM 4

implying p I
K@M @M YSE) >+ () +305°() + T2 0f)+ ok
which follows from the following upper bounds:
maxs 2 0;1=2] %(49 cos(2f )+4cos(4f )+52)=105=2; max; jsin’(fM )(2cos(2fM )+1)j=1;
max; o [0:1=2] ]8(4 cos(2f ) +11) c%(j )j = 120; max; j4sin(2fM )(4cos(2fM ) 1)j= cy;

max; jsin’(fM )cos(fM )j =3 3=16; max; j2cos(4fM ) 1=2cos(2fM )j=5=2
maXs 2 0;1=2] j6(2cos(2f )+3)j=30:

Finally, s(f ) is nonnegative and is decreasing(y 1=2] sincesYf ) is negative or(0; 1=2). Therefore, théth
powersX (f ) is decreasing iff0; 1=2]), which further implies thaB- (f );> = 0; 1;2; 3; 4 is decreasing iif0; 1=2]: In
addition, sinces(f ) is convex in(0; 1=2], s¥(f ) is also convex as a consequence of the composition rule of convex
and monotonic functions. Combining the convex and decreasing propesty(fof on (0; 1=2] and then applying
arguments similar to those in [13, Lemma 2.6], we concludeBhat f)+ B-( + f)isincreasingirf for any

positive suchthat >f and + f 1=2

A.1.4 Bounding the Sums of the Jackson Kernel

P .
Without loss of generality, we assuri@ T and develop bounds on ¢, o K (f  fi)j;" 20;1;2;3;4g
whenf lives in a neighborhood aroun@ It is easy to verify the following lemma based on the properties of

jKO(F)j;> =0;1;2;3;4in Lemma A.1.1. The proof parallels that of [13, Lemma 2.7] and is omitted here.

Lemma A.1.2. Suppos® 2 T andf. isthe smallest positive frequencylinLet := ( T) min andf 2 [0;f]
wheref  f,=2. Thenfor 2f0;1,;2;3;4q,

KOG 0 F( ) =F( 5+ F (5F) F( mnsf)
fi2TnfOg

with
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FO(if)y=max  max KO B @ mn f) + B mn f);

byt—cC
N 2)(min
Fo(f)=max  max jKOCB@ mn) + B-(i mn +f):

mi ] =

F-( ;f)isdecreasingin . When is xedas min,F( min;f) isincreasingirf .

P .
The following lemma provides bounds on; , jK O)(f  f;)jfor* 2f 0;1;2;3;4g and is a direct consequence

of the decreasing property 8f ().

Lemma A.1.3. Supposé) 2 T, f. is the smallest positive frequency Tnandf 2 [f;f. f]. Then for" 2
f0;1;2;3;4g,

bzxininc bz)(rlninC
IKO®GE )i W(f;f):= B-(j mn+f)+ B min+f):
2T j=0 j=0

A.1.5 Numerical Bounds on the Jackson Kernel Sums

P .
Suppos® 2 T. Then by Lemma A.1.2 we can boundfj o Trf Ong( )(f f))jforf 2 [0;f]as:

KOE )i F( ominsf):
fj 2T nf Og

We list the values oF- ( min ; ) for differentf in Table A.1.
P .
We can use Lemma A.1.3 to bound; , KOG f)jforf 2[f;f. flas

KO )i Wi (E;f):
f;2T

We list the values oWV- (f ; ) for differentf ;f in Table A.2.
Finally, we list several numerical upper boundsj&r( ) (f )j andK °{f ) over different intervals in Table A.3,

which directly follow from [13, equations (2.21)-(2.24)] and numerical computations.
A.1.6 Controlling the Jackson Kernel Matrices

In this section, we derive several consequences of the joint frequency-coef cient veetpf; u;v) living in the
neighborhoodN ? of the true joint frequency-coef cient vector’ = (f?;u?;v?). Recall thatN ? contains all that

is close to ” inthe s norm:
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Table A.1: Numerical upper bounds &n(2:5=n;f).

f Fo(2:5=n;f) | F1(2:5=n;f) | F2(2:5=n;f) | F3(2:5=n;f) | F4(2:5=n;f)
0 0.00755 0:01236 0:05610? 0:2868M* 1:4863m*
0:002=n 0.00755 0:01236 0:0561(0? 0:2868M* 1:4863H*
0:24=n 0.00757 0:0124M 0:0563h? 0:2883&°3 1:6709h*
0:2404=n 0.00757 0:01241 0:0563M? 0:2883&° 1:6710*
0:75=n 0.00772 0:0145( 0:1263%? 1:0798h3 6:5706N*
0:7504=n 0.00772 0:01454 0:12675? 1:082113 6:575954
Table A.2: Numerical upper bounds 9 (f 1;f>):
f1 f2 Wo(fa;f2) | Wa(fa;f2) | Wa(fe;f2)
0:7496=n | 1:25=n | 0.71059 | 5122651 | 480332
0:75=n 1:25=n 0.70859 5:208% 47.838&°
Table A.3: Numerical upper bounds ) (f )j andK °f).
f K@) | KA | JKRE) | KO JK2H); KRf)
[0; 0:002=n] 1 0:0065& | 3:290n? | 0:0649394°
[0; 0:24=n] 1 0:78956% | 3:29n? | 7:7927R° 2:35084°2
[0; 0:2404=n] 1 0:79088% | 3:29n? | 7:8057° | 29:2227h*
[0:2396=n;0:7504=n] || 0.90951| 2:4687Z | 3:29n?
? ? 2 P
N =f k Kkp X7 o= 20 (A.9)
Recall that the weighteth normk ky is de ned byk(f;u;v)ky = Kk(Sf;u;v)k; with S = p*diag(jc7j).

We remark that all the results in this section still hold for the bigger neighboribaie ned by replacingx ? with

X = X?+35:2. Indeed, for the results to hold, the key requirement dakf  f?k; 0:002=n. This condition

holds for both regions because as we will show later

8
) EO:4X7 for 2N 7
kf kg 5
~ 0:4X for 2 N:

Invoking the SNR condition (2.10), we conclude that the two upper bounds are much smallérGb2sn in both

cases.
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Our rst set of results bound the distances between the parametefsaiind : for eachj =1;:::;k

i
G917 14 x7;
i (A.10)

®
iGiEcI Y 1 X7 2+ X7 ),

if; £} x’-’:p? 0:4X 7 =n:

For- to hold, rstnoteku u’k; X7 O:p 2andkv  v’k; X7 Ozp 2 by (A.9). Also note

ke ¢’k =max[(u u)Z+ (v V)
max(u-  u?)?Z+max(v-  V%)?

=ku U’k +kv VvkZ @ 2(X? O:p 2> = (X7 o)*

Finally - follows sincemax; jg  ¢/j5¢’j k ¢ c’ki =g, and = o=y, . After we show-, - follows
from jgjc’j = jg ¢ + ¢/j5c’j and the triangle inequality® follows fromj(jc j=ic/j)?  1j = j(igj=ic]j +

1)(jg j:jcj?j 1)j. follows from the de nition of the’» norm:

kS(f ks X7 o= 2
=)k pfdiag(jc?j)(f % X7 o= 2
= fi X7 ozjq?i:pz? 8]
G X oG 2 =x7="25 g

Finally ° holds due to the factthat 3:282 forn  130by (A.2) and hence

p
1:p2 1= 2(3:289=n 0:389%=n 0:4=n:

Next, we present the second class of results that quantify the well-conditionedness of the Jackson kernel matrices

D-(f); ~ =0;1;2. Such results are instrumental to dual certi cate construction [13]. Since the minimal separation

( T) is a key quantity affecting the well-conditionedness, we rst show that those frequehcies ff. g and
T := ff*gin Lemma 2.4.1 and Lemma 2.4.2 satisfy a separation condition, proWided ff °g satisfy a slightly

stronger separation condition. The proof is given in Appendix A.11.

Lemma A.1.4. Let the separation conditiof2.9) and the SNR conditio(2.10) hold. Then both the frequencies

T = ff. greturned by the rst xed point mag2.19) and the frequencied = ff"g generated by the second

xed point map(2.21)have minimal separations at leag&d6=n. Furthermore, the intermediate frequencies de ned by

T = ff~g¥, with eachf~ 2 [f?;f. Jor [f. ;f?] and the second intermediate frequencles:= ff~g_, with each
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f~ 2 [f. ;f*] or [{*;f. ] also have minimal separations at le@5=n:

mnf (T ) (T);(T):(T)y 25n:

Now we are ready to provide numerical bounds related to the well-conditionedness of the Jackson kernel matrices

D-(f); =0;12

ki Do(f)ki .1  Fo(2:5=n;0) 0:00755

p

Dl(f):p* 'F1(2:5:n;0):p* 0:01236=" ~  0:00682 (A.11)

11
Kl ( Da(f)= )k, 4 ? Fb(2:5=n:0)= ~ 0:0561M%=  0:017%
where-, - and® follow because the diagonal entries of these kernel matrices are giyerplbly; f)]-- = K(0) =1,
[D1(f;H)]» = KY0) = 0 and[D,(f;f)]» = KR0) = [16, Section IV.A]. Hence, it suf ces to compute
ti2tnf glKO( fi)jfor 2 T which can be bounded By (2:5=n;0) according to Lemma A.1.2 sincg T)

2:5=n by Lemma A.1.4. The inequalities, ° and+ follow from the upper bounds df: (2:5=n;0) in Table A.1 and
the factthat  3:282 forn  130by (A.2).

To control the'; .; distance between two kernel matrices, &y(f) andD(f;f ?), we apply the mean value

theorem and Lemma A.1.2:

kDo(f) Do(f;f?)kl 1 l)((Do(fl,f) Do(fl;f?)kl
K f1) K(E? f)

X 2
KA fa)(F £9)]

X A.12
(KA1 foi+  JKAT ki ke (A12)
"61

®
F1 (2:5=n;0:002=n) + mal Kof j) kf fak
( l( n ) f2[0;0:(§§)2=n]J ( )J) !

. (0:012361 + 0:00658)(0:4X ? =n) = 0:00758 ” ;
where- follows since by rearranging indices if necessary, we can assume without loss of generality that the maximum
absolute row sum db o(f) Do(f;f?) happens at the rstrow; holds because we applied the mean value theorem
for somef~ betweerf - andf?; ® follows from the monotonic property d¢¥ (2:5=n;f) in Lemma A.1.2 by taking
into accountthatl T) 2:5=n(by LemmaA.1.4) anétt™ fk; k f? fky 0:4X7=n 0:002=n." follows
from the upper bounds dfy (2:5=n;0:002=n) in Table A.1 andnax; 2 [0;0:002=n] K %f)j in Table A.3.

Applying the similar arguments as the st@pwe can get a more general result as follows

Lemma A.1.5. Let an arbitrary cluster of point§ := ff; g satisfy the separation condition of T) 2:5=n.

Assumd j f f.j f foranarbitraryf, 2 T. Then,
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KOE ) F\(2:5=n;f)+fn;ﬁx”jK”(f)j: (A.13)
J_ f

To controlkD-(f;f?)  D-(f)ky .1 in a similar manner fof = 1;2, we note thak “kp X? O:p 2

and bothT and T are well-separated( T) 2:5=nand ( T) 2:5=n with T composed of certain “middle"

frequencieg~ 2 [f-;f?] or [f ?;f-]. Then using Lemma A.1.5, we upperbok@- (f;f?) D-(f)k; .1 as follows

PLKD1(F:f?) Di(f)ky 1 1= (F»(2:52n:0:002nm)+ max  jKRO)K 7k
f 2[0;0:002=n] (A14)

- P
(1= 3:28:2)(0:0561M? + 3:29M?)(0:4X * =n)  0:7380X ’ ;

where- follows by Lemma A.1.5 and follows from the fact that 3:28M2 for n 130in (A.2) and by
combining the upper bound df(2:5=n;0:002=n) in Table A.1 and the upper bound omax; » [o.0:002=n] jK 0qf)j
in Table A.3. Similarly, following from Lemma A.1.5 and the mean value theorem, by combining the upper bound on

F3(2:5=n;0:002=n) in Table A.1 and the upper bound amaX; » [0:0:002=n1 K © (f )j in Table A.3, we have

}sz(f;f?) D2(f)ky 1 1(|:3(2:5=n;o:002=n)+fz[max ]jKOOE’f)j)kf f7kq

0;0:002=n (A.15)
(1=3:28MN2)(0:2868%h° + 0:06493941%)(0:4X ? =n) = 0:0427K ? :
To controlkD - (f?) D-(f)ky .1 , we rewriteD-(f?) D-(f) as
D-(f?) D-(f)= D-(f) D-(f’;f)+ D-(f’;f) D-(f):
Then, the desired results follow from the triangle inequality of the norm:
kDo(f?) Do(f)ki 1k Do(f?) Do(f%;f)ky .1 + kDo(f?;f) Do(f)ks 1
B (A.16)
2(0:00758 ? )=0:01516X 7 :
where- follows from (A.12) and an exchange of the roled aindf ?;
l 2 1 ? ? l ?
p=kD.(f") Dai(f)ki;n  pP=kDa(f") Da(f"f)ki ;1 + p=kDa(f";f) Du(f)ki 1
(A.17)
T 2(0:7380% 7 ) = 1:47604 ” ;
where- follows from (A.14);
1 ? 1 ? ? 1 ?
7kD2(f) Dz(f)kl 1 7kD2(f) Dz(f,f)kl i1 + 7kD2(f,f) D2(f)k1 1 (A 18)

" 2(0:0427K? ) =0:0855% ? ;

where- follows from (A.15).
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Then following from Eg. (A.10), (A.14)- (A.15) and (A.16)- (A.18), and together with the sub-multiplicative

property of the'; .1 norm, we have

P diag(L5c?)[Da(f:f)c” Da(f)c]  pekDi(F:f?) Da(f)ks 1 KL:=c?ks ke?ka
1

¥ PKD (ks 1 KL=Cky ke Gy

(0:73802 7 )B? +(0:01236B7(X? ) =0:7503B°X? ;
(A.19)
where the last but one line follows froki:=c’k;  1=¢%;, and = =, . Here and throughout the rest of the
paper, we usé&:=x, L:5Xj, Y:=X, JYj:5Xj, X Yy andxl, % ’, % in the sense of pointwise arithmetic operations,

herex;y stand for any vectors of the same length.

We apply similar arguments to develop the following bound

L diag(LacDo(F: 1) Da(f)e]  SKDa(f:f?) Da(f)ks 4 ki=c’ky ke’ky
1

+ 1|<D2(f)k1 1 kL:=c’k; ke c’ky

(0:08558<” )B? +(1:05610B7(X? ) 1:14168B°X?:
(A.20)

A.2 Bounding the Dual Atomic Norm of Gaussian Noise

In this section, we develop an upper bound on the dual atomic norm of the weighted Gaussiafwnoise

N (0; 2z2) for the positive de nite diagonal matri¥ with [Z] = gMM(\). First following [22, C.4 withN

4 (2n +1)], we get

sup a(f)"zw 2 Jmax  Smi; (A.21)
L

fa2T =V

wheref Sp, g,“T‘] :01 areN equispaced samples of the continuous functiti)t Zw de ned onT =[0;1]:

X . .
Sm i = a(%)H Zw = LMM( Jwe iz B

‘= n

Sincef w- g are i.i.d. Gaussian variables with mean zero and variaAcere have that eac8,, is a Gaussian variable

n

. . . P 5 2 . .
with mean zero and variance given War(Sy) == = | gMM( ) 2: The main idea next is rst to compute an

upper bound (denoted by) on the varianc&ar( Sy, ) and then apply the Gaussian upper deviation inequality [268, Eq.
(7.8)]

PiSmj t  et= (A.22)
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to get a high-probability upper bound ¢B,j. To evaluate , it is instructive to rst note

(‘) B 1 min( X M;M ) . K . K .
Om =M \ M M ;
k=max( M; M)
with ™ = 2M;:::; 2M; which is the convolution of two triangle functions:
. 1_. . R
gM():MTrlM() Trim (C); "= 2M;:::; 2M: (A.23)
Here the triangle functionisde ned biyiy (7) := 1 ‘M—’ "= M;:::;M and represents the convolution operator.

ApparentlyVar(Sy ) is the squared, norm of the vectogy := [gu ( 2M);::::gw (2M)]T scaled by 2=M?2.

and then scaled bi=M , we obtain an upper bound &ar(Sy, ) by applying Young's inequalitkf gk, k fkpkgkq
wherer *=p '+ q ! 1landsetting =2;p=2;q=1:

X am () ? 2
M

2 2 2
R vELLL] k3= rakim b k3 raknu kikh k3: (A.24)

Var(Sm) =

= n

Therefore, to boun¥ar(Sy, ), it remains to bounéthy k? andkhy k3 :

)M )(/I e 2
khy K2 = 1 -~ M2 and  khyk:= g oML aos)
=M =M

Then plug (A.25) into (A.24), we obtain an upper boundvam(Sy,) as

e ML, 2

1 .,
PR + — =
M4 3 3M 3 M3

4.8 © 1:334 2=np; forn 130
3n n3

(A.26)

Var(Snm)

where- follows fromn = 2M and- follows since8=n? is a decreasing sequenceximplying the maximal happens
atn = 130. Thus we can choose= 1 :334 2=n: Plugging =1 :334 2=ninto the Gaussian tail bound (A.22), we
get

PiSnj t 1334="n e =2 (A.27)

foralm=0;:::;N 1
Applying the union bound yields

" #

P supaf)'w 2 1334="7
f2T

P max jSmj t 1332="n  Ne "% (A.28)
m=0 :::N 1

where the rstinequality follows from (A.21). Settirtg= P 8logn in the above gives
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2 3

PP_—P — 8 (2n+1) 1
4 H . = 5 _—
P fsgg a(ff)"w fl_z{zligfl logn=n 7 2 (A.29)
6:534
where the last inequality holds far 130 Therefore, we obtain that
#
p—— 1
P sup a(f)"w  6:534 logn=n 1 ﬁ; forn 130 (A.30)
f2T

To boundsup ,+ a%f)" Zw andsup: ,; a%f)" Zw , a natural approach is to exploit the relations between

a(f) and its derivativea¥(f), a®{f):

a%f) = (i2 diag(n)))a(f)anda®{f)=(i2 diag(n))?a(f):

Similarly, de ne S% andS% as themth equispaced sample af(f )/ zw anda®{f )" zw, respectively:

SY = aYm=N)"zw = a(m=N)"( i2 diag(n))zZw;
SP = a%m=N)"zZw = a(m=N)"( i2 diag(n))2zZw:

HenceS% N (0;Var(S2)) andS%® N (0;Var(S%)) with

0y — X ~ N—pV2 2 2 X “y—ng12 2. B 21. 2_ .
Var(Sy,) = @gm()=M)" %) (2n) (gw ()=M) (2 n)?1:334 2=n;
X ) o, X0 o, b
Var(Sy) = @ Ygu()=M = % (@2n)* (gu ()=M)> 2 (2n)*1:334 2=n;

where- and- follow from (A.26). Applying the Gaussian deviation inequality3f) ; S yields

h P—p_ I 2 h P— p_— I 2
P jslj t2 1.334 n 2¢ "2 and P jSY t4 2 1:334 n 2e V72
Then applying the same arguments as (A.28), we get for130
2 3
P-P—P —— 1
P4sup a%f)"w 2,13 nlogn 5 1 —=;
2 ' 3 (A.31)
pP-P— P — 1
P4sup a’{f)"Hw 6 2 2 1:334n nlogn © 1 =:
-~ {z_ > 2
2t Il 227:94 Sfl n

Finally, we invoke that

A)=[a(f1);:::;alf); AYf) =[a%f1);:::;aXfo)l; Af) =[a%f 1)@ )];
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and recognize thatup; , al)(f )" w is an upper bound okA ) (f)" Zwk; to get

KAO(F)H zwky = max ja)(f)" zwj supjal’(f)" zwj:
f2ffjg f2T

q
Together with (A.30), (A.31) and the de nitiong = 90 “\we obtain that the following inequalities hold for

n !

n  130with probability at leasl. %

n

KA(F)HzZwk,  sup a(f)"w  6:534 q;
f2T

0, 0 . .
KA ()" Zw kg sup a¥f)"w 4105 o; (A32)

KA zwk,  sup a®{f)"w  257:94n? :
f2T

As a consequence, we claim that the following inequalities hola for 130with probability at leasl. %

nZ-
kdiag(Lc7)A YN Zwks = ~ 'k diag(L5ic?)ke .1 KA (F)H Zwky =
1 1
kdiag(c:5c?j2)ARf) zZwky =  k diag(c:Sic?j)ky .1 kdiag(Li5ic?j)ky .1 KA QF)H Zwk, =
1 > 1 2 ?
—— 1+ X? )5—(257:94n% () 78431+ X7 ); (A.34)
3:28n2 i

where- follows from thatkAx k;  k Ak; .1 kxk; by the de nition of the’; .; norm and the fact 3:28n2

forn 130by (A.2).- follows from the sub-multiplicative property of the .1 norm that
kABx kl k Akl i1 kBk]_ 1 ka]_

andkdiag(c:5jc?j)k; .1 = max-jcj5c?j  (1+X? ) which follows from the assumptidn ~~ ’kp X7 o= 2

and the derived results (A.10).
A.3 Gradient and Hessian for the Nonconvex Program (2.15)

Recall that the objective functio@ of the program (2.15) is

1
G(f;c) = ékA(f)c yk3 + Kkcky:
We denotec = u + iv foru 2 R¥ andv 2 RK:

A.3.1 Gradient

Let the operatorRf g andIf g take respectively the real and imaginary parts of a complex number or vector. The

gradient ofG(f ; ¢) with respectto := (f;u;v) 2 R%¥ is de ned by
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2 3 2 3 2 , 3

@G=0 @G= R (AYXf)diag(c)" Z(A(f)c y)
rG()=4@G=@ = 42RT@G=@° = 4R A(H)HZ(A(f)c y)+ c:Hcj

@G=@ 2f @G=@ I AMOHZAF)C y)+ c:Hcj

2 . 2\ ~? 3
R diag(c)"( Di(f)c+ D1(f;f?)c? AYH)HzZw)

4R Do(f)c Do(f;f?)c? A" zw + c:5gj 5: (A.35)
| Do(f)c Do(f;f?)c” Af)HzZw + c:Hcj

l®

where- holds forG 2 R: - follows from diag(df )c = diag(c)df and d¢j = Cdcz}'cj?dc. ® follows from the kernel

matrix factorization formulas (A.6)- (A.7) and by taking into account that x” + w = A(f?)c? + w:
A.3.2 Hessian

The symmetric Hessian matrix°G( ) is given by

2 3

ay e oa oML HG
r26()= 88% & 9%5:= 4y Hu HuS

(c4S G G H vt Huw Hw

@@ @@ o

with

Rf(AXf) )HZAQf) +diag((AYf) )" Z(A(f)c y))g3
Rf (AYf) )" zA (f) +diag(AYF)H Z(A(f)c  y))g

If (AYf) YHzA (f)+diag( A" Z(A(f)c  y))g
AMHZA (f)+ diag(v? | cj: 3)

AMBHZA (F)+ diagu? | ¢j: 9)

Hu diagu v j cj: 9

2Rf HD,(f)  diag( "A%Nf)HZw) diag( " (Da(f;f?)c? Dz(f)C))93
Rf  HD(f) diag(AYf)" zw)+diag(D(f;f?)c?) diag(D1(f)c)g
If HDy(f) diag(AYf)"zw)+diag(D(f;f?)c?) diag(D1(f)c)g
Do(f)+ diag(v® j cj: 3)
Do(f)+ diag(u® j cj: °)

diagu Vv j ¢j: 9)

pOOOOCOD N
IITTT
S E T2

w
11

NG 07070752 o) I V]

. (A.36)

where we denoted := diag(c) to simplify notation. - follows from direct computation and follows from the
matrix decomposition formulas (A.6)- (A.7) and by taking into accountyhatx? + w = A (f?)c” + w:
Remarkably, if we replace the noisy sigiyaln the objective function of the nonconvex program (2.15) with the

noise-free signat” to get

G (f;c)= %kA(f)c x’k2 + kcky;

then its gradient and Hessian matrix can be obtained from thaSéfot) by setting the noise to zero.
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A.4 Proof of Lemma 2.4.1

Lemma A.4.1 (Lemma 2.4.1) Let the rst xed point map be the weighted gradient map of the nonconvex pro-

gram(2.15)with the noisy signay replaced by the noise-free signal:

():= W 7r %kA(f)c x’kZ + kcky (2.19)

where the gradient is taken with respect to the parameter= (f;u;v). Let the regularization parameter vary
in [0;0:646X ? o]. De ne a neighborhoodN ? := k ke X7 O:p 2 . Suppose that the separation
condition(2.9) and the SNR conditio(2.10) hold. Then the map has a unique xed point 2 N ? satisfying

( )= . Furthermore, according to the implicit function theorem, is a continuously differentiable function

of whose derivative is given by

d _ 2 1 @ .
4 - (r“G ( ) @r G( ) (2.20)
Finally, when turnsto zero, the xed point convergesto?,i.e.,lim i o = 7 andtherefordim , ox = x°.
Proof. The underlying xed point map is
()= W?r G ()

whereG is de ned as the objective function of the nonconvex program (2.15) with the noisy sigealaced by the
noise-free signat”:

G ()= %kA(f)c x’k2 + kcky:

By Theorem 2.4.1, to show the existence and uniqueness of a poidtN ? suchthat ()=, the key is to

show that satis es the non-escaping condition and the contraction condition:

O (N N7

(i) There exists 2 (0;1) suchthak (v) (W)kp kv wkyp foranyv;w 2N 7.

A.4.1 Showing the Contraction Property

Forv:w 2 N ?, we have

Z,

k (v) (W)kp = [r (@v+@ tw))(v w)dt _ ma>2<,i\‘r71izekr ( Ykp.r kv wkp;
0 T '

where- follows from the integral form of the mean value theorem for vector-valued functions (see [148, Eq. (A.57)]);

- follows from the sub-multiplicative property &f ky . and the factthatv + (1 t)w 2 N ? fort 2 [0; 1]. Thus,
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it suf ces to show

ma>2<iNrT1izekr ( kp:.r <1

where the matrix» .+ norm is de ned by (following from the de nition of théy norm)

2 3 2 1 3
Aun Ap A SA11S SA1> SAis
kAkp.p = 4A2 Az Ajgd = 4AnS Y Ap  AypS ;
Az Az Az, AuS ' Am A,
with s = P ~diag(jc?j): Together with
ZS ) 3
w?’=4 I 5.
Ik
we therefore obtain that
2 3
S lA]_]_S L S 1A12 S 1A13 1 1
kW?Akp.p = 4 ApuS't A2 Ay O = KW 2AW %2k 4 = k( A)ki .15 (A.37)

AxnS !t Az Ass 11

where the linear operatof ) := W ()W ?z. The Jacobian of the xed point map is given by

ro()=1 W?2G (); (A.38)

where the symmetric Hessian matri¥G ( ) can be obtained from 2G( ) by setting the nois& to zero:

2 3
H Hiw Hew

rZG():4Huf H uy Huv5:
va Hvu va

Due to the symmetric structure of the Hessian matrix, it suf ces to know the expressions for the following block

matrices (see Eq. (A.36)):
H =Rf HDy(f) diag( "(D2(f;f?)c? Da(f)c))g; Huu
Hw = Rf HDy(f) +diag(Da(f;f?)c?) diag(Di(f)c)g; Hw
Hy = If HDy(f)+diag(D4(f;f?)c?) diag(D1(f)c)g; Hu

Do(f)+ diag(v v::cg);

Do(f)+ diag(u u::ca);

diag(u v:i=c 3),
where = diag(c).

Next we compute the weighég .» norm of the Jacobian of the xed point map :

ki (ke 2KWr2G () Tkpir =k(r2G () W? Dkig 2k(r26 () Ik
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where- follows from (A.38),- follows from (A.37) by noting thaw ?r 2G () | =W?r2G () WwW? b

and® from the linearity of ( )and ( W? 1)= W?2W? w2 = |: Direct computation gives
1 H 1 1 3 2 3
—IRf "D,(f) g | »LRF gDi(f) p2If gD1(f)_ “diag(d ) diag(dn) diag(dy )
(r2G () 1=9 #DifRF g Do(f) | +4diag(dy ) diag(dy, ) diag(du, )5
P=D1(f)If g Do(f) | diag(ds ) diag(dyy ) diag(dw )

where = diag(c:5c?j) and
d = Rfdiag(c:Hc’)" [Da(f:f7)c? Da(f)cl= g; duw = diaglu u:=c )
dy = Rfdiag(L:Sc?)[Da(f;f?)c? Da(f)cl=" g = ’

dyw = diag(u v:i=c);
dy

If diag(1:5jc?j)[D 1(f; f?)c? Dl(f)c]zp*g; dw = diag(v vi=c?):

Clearly,

k(r?G () lkia =max ;5 3

with ;; ,; 5 beingthe rst, second and third absolute row sumgof 2G ( )) |, respectively.

Bounding ;.

1 Rfdiag(c:5c’))" Do(f)= diag(c:5ic’)g 1, +2 Rfdiag(c::jc?j)gol(f):p* L

+2 diag(L:5jc’j)[Da(f ;f7)c? Dl(f)c]:p* , + diag(c:Hc’A)Do(f ;f7)c”  Da(f)cl=

7 (0:05610 + 212X ? )+2(1+ X7 )(0:01236) + 2(0:75038B°X ? ) +1:14168B°X ?

0:0856% (A.39)
where- follows from Eq. (A.11), (A.19), (A.20) and the following bound
Rf diag(c:5¢7))" Do(f)= diag(c:5c7j)g | JG° 1 +0:05610 max!3L9)
diag(c:5c?j)" Do(f)= diag(c:5jc’j)g p max icP 0:056 OriE)ax]OI?”Cj?J
X? (2+ X? )+0:05610(1L+X? )? (A.40)
1:05610K ? )2 +2:113X? +0:05610
0:05610 + 212X 7 :
Bounding , and ;.
Note , and 5 are of the same form. Thus we can bound them together:
maxf ,; ;g k Di(f)Rfdiag(c:5c’j)gk, Py kdiag(L:5c?)[D1(f;f7)c”  Dy(f)clk, P~

+ kDo(f) kg +2k diaglu vi=c Yk,

T(1+ X? )(0:01236) + (0:7503B°X ? ) + (0 :00755) + 2(0:646X ? )
< , (sinceB°X? 10 3);
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where- follows from Eq. (A.11), (A.19)- (A.20) and  0:646X ? : Therefore,

maximize ( G () | 0:08561< 1; (A.41)

11
implying the contraction property of ( ).

A.4.2 Showing the Non-escaping Property

By the de nition of the neighborhoobl ?, it suf ces to bound the distance between( ) and *:

K () ke k ()  (Dket+tk (1) ke

Z 1
=k r (@ ) T+t Ndtke +k () ke
0
® . . ? ? ?
ma>2(,|\lm7|zekr (2)kp -r k ‘kp + KWt G ( )kp
7oN 7

(0:08561)(X ? 0:p é) + X7 0:p E,

where- follows from the triangle inequality, follows from the integral form of the mean value theorem for vector-
valued functions (see [148, Eq. (A.57)®, follows from sub-multiplicative property df ky . and the fact that
(1 t) "+t )2N?fort2[0;1], follows from
2 3
0
KW?r G ( “)kp = 4Rf c”:=c? ¢d

?.= 7
If ci=c"g .,

and® holdsfor  0:646X? ( since(0:08561)(X ’ O:p 2)+0:646X7 o 0:9992? O:p 2.

In sum, satis es both the contraction and the non-escaping propertids’in Therefore, by the contraction
mapping theorem, the map has a unique xed point 2 N ? satisfying ()=

We continue to show that is a differentiable function of . De ne a functionF : R R 7! R asF( ; )=
r G () andrecogniz& ( ; ) is continuously differentiable since it has a continuous Jacobian given by

2 2 33
0
If c:5cjg

with @@F( ;) nonsingular irlN ? by (A.41). Then according to the implicit function theorem (see [269, Proposition

A.25]), there is a continuously differentiable functigh) such thatF (g( ); )=r G (g( ))= Oand

990y (Cr@i): ) *Cr( ) )= (2 1 @ :
g 90)= (GFE(X ) *GFEO); )= (%6 @) 'gr G (@) (A42)
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Sincer G (g( )) = Oisequivalentto (g( )) = g( ), we conclude that = g( ) due to the uniqueness of the

xed pointof . Therefore, is a differentiable function of and

d _ 2 1 @ :
q - (r<G () @r G ( ) (A.43)
Finally, letlim , ¢ = °. Taking limitas goes to0in the equatiomn G ( )= 0yieldsr G°( %) = 0due

to the continuity of G ( )in and and the continuity of . Sincer G°( ?) = 0 by direct computation and the

solution is unique ilN ?, we conclude thatm , ¢ = %= 7. O
A.5 Proof of Lemma 2.4.2

Lemma A.5.1(Lemma 2.4.2) Let the second xed point map be the weighted gradient map of the nonconvex pro-

gram(2.15)

( )= W ?r %kA(f)c yk2 + kck; (2.21)

n 0
and the regiorN := 1k kp 352 O:p 2 . Set the regularization parameteras0:646X ? g in (2.21)

Suppose that the separation conditi@?9) and the SNR conditio(2.10)hold. Then with probability at least niz

() has aunique xed poin’t\ living in N
Proof. The main idea is again to apply the contraction mapping theorem 2.4.1 to the xed point map:
()= W7 G( );

whereG is the objective function of (2.15):

G()= %kA(f)c yk2 + kck;

with = 0:646X? ;. By Theorem 2.4.1, showing the existence of a unique poiatN  such that( ") = " can

be reduced to showing that satis es both the non-escaping property and the contraction properties:

M (N) N 3

(i) There exists 2 (0;1) suchthak ( v) ( w)kn kv wky foranyv;w 2N

A.5.1 Showing the Contraction Property

Recall thaiN ? is a neighborhood centered atandN is a neighborhood centered at de ned respectively via
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? 3
N?=  :k Ky %o and N = :k kp 13%0

Keep in mind that is the unique point i ? that satisesr G () = 0: To show the contraction of inN , our

strategy is to show is contractive in a larger s&t that contains\

( N )
5 X?+35:2 X
N = k Ky H@TOZZFFEO

Recognize thal' is a neighborhood centered at but with a radius35:2 ozp 2 larger than that oN ?. Such a
choice is made for the purpose of showing the closeness between the nal xed point sOlwinh *. We remark
that the quantity35:2 O:p 2 corresponds to the dual atomic norm of the weighted Gaussian noise. Adding such a
noise norm term to the radius of the original neighborhbbtensures that the regidﬁ is large enough for( )
to be non-escaping. This is reasonable because the second xed point map (2.21) involves an additive Gaussian noise
and we have shown that the rst xed point map (2.19) (the one constructed in the noise-free setting) satis es the
non-escaping property iN .

Next, we apply arguments similar to those of showing the contraction ah N ?. In particular, we rst compute

the expression of r 2G( )) I:

2 3
—Rf HD,(f) g 1 »ERf gDy(f) eLIf gD(f) 2oliag(a ) diag(@) diag(afv)3
(r2G() 1=9 #Di(FRF g Do(f) | 0 §+4diag(6fu)diag(auu)diag(aw)5
LD ()If ¢ 0 Do(f) | diag(@y, ) diag(dyy ) diag(@w )

with = diag(c:5jc’j) and

@ = Rfdiagc:Hc? )R [AH)H Zw + D,(F;f?)c? Do(f)cl= g Qu
afu
Gy

Comparing the expressions ot r 2G (1)) I]and[( r 2G( )) 1] shows that the latter differs in have

diaglu u:=c 3);

Rfdiag(L:5c?)[ AYF)" zw + Do (f;f?)c? Dl(f)c]=p g Qw diaglu v:=c°):

Ifdiag(LSc?)[ AYF)HZw + D1(f:f?)c® Da(f)cl= g 8w = diagv vi=c°):

additional noise terms in the rst row and the rst column blocks. We have shown that the rst absolute row sum
Lof[( r2G ()) I]dominates the other row sums. Having additional noise terms will only increase the nal
bounds due to the application of the triangle inequality. Therefore, the rst absolute row sum (denctedl iy

[( r2G()) I]alsodominatesand hence achievesthg norm. Direct computation gives

1 1 +2kdiag(L:5c’)AYAF)H zZwk, Py kdiag(c:5c’j2)A ) zwk, =
" 0:08561 +2(2264 )+ 78:43(L+ X )

© 0:08563
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where- follows from ; 0:08561and Eq. (A.32)- (A.34)- follows from X = X? + 35:2 and the SNR
condition (2.10) thak ’B? 10 3andB®=X? 10 4 hence2(2264 )+78:43(L+X )  0:00002 Hence,

maximizekr ( )kp.p»  0:08563< 1 (A.44)
2N

This implies the contraction of in N , since
maximizekr ( )ky.»  maximizekr ( )kp.p:
2N 2N

A.5.2 Showing the Non-escaping Property

k() ke =k(C ) C N+CC ) )k

ko ()7( Ykp + kW ?r G( kp
maxkr ( J)kp.p K ke + kW ?r G( kg
~2N

© (0:08563) 352 =2 4227,
35117 O:'0 2< 352 O:p 2;

where- follows from the mean value theorem for somieon the line segment joining and and- follows

from (A.44) and (A.45). Eq. (A.45) is given as follows

2 . o o 3
Rf diag(c )" (AYf )" zw + Dy(f ;f9)c? D(f )c )g
W?4Rf A(f )HZw  Do(f ;f?)c?+ Do(f )c + ¢ :=c g >
If A(f)HZ(w Doff ;f’-’)c?+3D0(f Jc + ci=c g

W ?r G( )r

»
Rf diag(c :5c?)H AYF Hzwg=" ~
= 4Rf A(f )HZwg

If A(f )"zwg ; ) (A.45)
41:0520=" “(1+ X? ) ¢

46:534 ¢ 5
6:534 1

227 o;

where- holds since G ( ) vanishes at :

2 : 2\ ~? 3
Rf diag(c )" (Da(f ;f?)c® Dau(f )c )g
rG ( )= 4Rf Do(f ;f)c?+ Do(f )c + ¢ :=c gd=0:
If Do(f ;f?)c’+ Do(f )c + ¢ :=c ¢

- holds with probability at least n% by (A.32)- (A.34).

Hence both the contraction and the non-escaping properties are satis edrbjd . Then by the contraction

mapping theorem, we conclude the proof of Lemma 2.4.2. O
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A.6 Proof of Lemma 2.4.3

Lemma A.6.1(Lemma 2.4.3) The dual polynomiaQ’(f ) satis es both the Interpolation and Boundedness proper-

ties with respect to the coef cients?g and the frequencielsf ?g. In addition,Q?(f ) satis es rst

QZ(f) 0887594  QZ%Uf) 2244837
jQ7(f)j 0:0183836 jQ?%f)j 0:11319n%;
jQ°9f)] 0:82103%;; jQ?°Uf)j  3:403202;

and
QR (FQR(F)™+ jQ°(H)F2 + jQT(FiiQT(F)  1:31631%% < 0
forf 2 N, implyingjQ?(f)j°< 0in N, and second,

jQ°(f)j 0:927615f 2M ;
jQ°(f)j 0:734123f 2F:

Here the subscript® and| denote respectively the real and imaginary partsQsi(f ). Thusqg” is a valid dual

P P
certi cate to certify the atomic decomposition = = ¥, c?a(f?) such thatkx’ka = = ¥_, jc7j.

Proof. To show thaty? is a valid dual certi cate, it is instructive to rst relatg” to the derivative ok with respect

to (where wetreax as a function of ):

x? x d

?2 — — 1 — .

q’ = I|r!noq —IlgnO = d—x P (A.46)
where we used the fact thim , ox = lim | gA(f )¢ = A(f")c” = x” by Lemma 2.4.1. Sinc& =
A(f )c = .c a(f-), we compute the derivatingx using the chain rule as:

d X d d X df. o . d
d—x = d—u\ +|d—v\ a(ff-)+ ‘ c d—a(r) = AXf )diag(c ) A(f ) iA(f ) I
(A.47)
whereA ) = a%f,) a%fy) - Therefore, using Eq. (A.46) and (A.47) we obtain:
q’ = I||mO ANf )diag(c ) A(f ) iA(f) q
= [AYf?)diag(c?) A(f?) iA(f?)] Ii|m00|i
= [A%f?) diag(c?) A(f?) iIA(F)](r 2G°( 7)) 1 @, G ?; (A.48)

@
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where in the second line we again used the factlthat, ¢ = ? by Lemma 2.4.1, and in the last line we used the
expression fod =d givenin (2.20).

We next compute@r G( ?y explicitly. LetK () () denote theé-order derivative of the Jackson kerte[ ) (see
Appendix A.1 for more details). Recall thBx- (f1;f2) := [KO(f2  f1]1 n k1 m k andD-(f) := D-(f;f)
are matrices formed by sampling the Jackson kernel and its derivatives. Then we have the following expression for

r G () (see Appendix A.3 for more details)

2
Rfdiag(c)(D1(f;f?)c” D1(f)c)g
rG ()= 4Rf Do(f;f?)c?+ Do(f)c+ ci=cgo: (A.49)
If Do(f;f?)c’+ Do(f)c+ ci=cg

Therefore, the partial derivative of (A.49) with respect tis the expanded complex sign vector:

2 3 2 3 2 3 2 3
@ 0 0 @ 0 0
o' G ()= 4Rfsign(c )g° := 4535 =) o' G°( ?) = 4Rfsign(c’)gd := 4835 (A.50)
If sign(c )g S, If sign(c?)g s

Heres = ¢ :Sc j;s’ = ¢”:5c?j and the subscrigR andl indicate the real and imaginary parts respectively.

Combining Eq. (A.48) and (A.50), we get

2 3 2 3
? ? ? ? diag(c’) ? (')7
a” =[AXF) A(F)IA(F)]4 | |5(Ir 2G%( 7)) 145.'3)5: (A.51)
S/
| {z }

AT T

where we have de ned the coef cient vectorg; | and in (A.51). These coef cient vectors satisfy

2 ) 3 2 3
diag(c®) ?! 0
r2G°( M4 R 0 =485 (A52)
[ s/
Bydenoting = gr+i ;and =] q;::5; 1", =1 1;::1; «]", we obtain an explicit form for the dual
polynomialQ”(f ):
? ? >d( ? )d( ?
Q°(f)= a(f)"zq” = K )+ KYF? f): (A.53)
-1 o1

P
To show thafy” certi es the atomic decomposition” = = ¥, c?a(f ?), we need to establish that

2. jQ?(f)j < 1;8f 2 T? (Boundedness).
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A.6.1 Showing the Interpolation Property

The Interpolation property follows from the construction process and is also easy to verify directly by noting

Rfdiag(c’)" D,(f?)diag(c’)g Rf diag(c’)" D.(f?)g Ifdiag(c”)" Dl(f?)g3
r2Ggo( )= 4 RfD(f?)" diag(c?)g Do(f?) 0 5:
1D (f?)" diag(c?)g 0 Do(f?)

Indeed, the Interpolation property is a result of (A.52): sifbcgf?) 2 Rk kK andD((f?)T = D4(f?) (see Ap-
pendix A.1), the last two row blocks in (A.52) read
2. o3
D1(f’)Rfdiagc?)g Do(f?) 0 4 lag(c’) 5_ S

D, (f?)If diag(c?)g 0 Do(f?) R s
|

0 Di(f?)(Rfdiag(c’)g+ ilfdiag(c’)g)diag(c’) * + Do(f?)( r+i )= Rfsign(c’)g+ ilfsign(c’)g
0 Du(f?) +Do(f?) =sign(c?)
0 Q°(f?)=sign(c);" =1;::::k: (A.54)

Furthermore, the rst row block of (A.52) is equivalent to
Rfdiag(c’)™ D»(f?)diag(c?)gdiag(c’) * + Rf diag(c?)"D1(f?)g r + Ifdiag(c )" D1(f")g | = 0

0 Rfdiag(c)™ (D2(f?) + Dui(f?) )g=0
0 RIHQ’(f)%=0;"=1;:::;k: (A.55)

A.6.2 Showing the Boundedness Property

It remains to show tha®’ (f ) satis es the Boundedness property, for which we follow the arguments of [13]. We

start with estimating the coef cient vectorsand by rewriting (A.51) as

2. 2 3 2 3
diag(c”) L 0
4 I 5 r 2Go( ?) 4s;;5 4 g5 (A.56)
| S| |
h i
where = diag diag ﬁ ;1;1  :Denoting :=diag(s”), we further simplify (A.56) as
2 Rf 1D(f?) g Rf  "Dyf7)g If HDy(g° > 1 ° “¢o°
4 RfD.(fH)" ¢ Do(f?) 0 54 5= 43%5: (A.57)
IfD1(f)" g 0 Do(f?) ! 5

Denote
D, = Rfdiag(s’)" D,(f?)diag(s’)g;

D, = diag(s")" D1(f?);
~ =diag(s’) ! :
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The last two row blocks of (A.57) give

Do(f?) '[sa + RfFD1(f")" diag(s’)g™l;
Do(f?) *[s7 + 1fD1(f?)" diag(s’)g~]

py)
1

implying

Do(f?) '[s”+ D1(f?)" diag(s’) "] (A.58)
Do(f?) [s”+ D1(f)" 1
s (I Do(f?) s’ + Do(f?) 'D1(f?)"

Without loss of generality, we assurags’ = 1. Then

h i
1=1 (I Do(f) Hs? Do(f?) D(f)" % (A.59)

where[ ]; stands for the rst entry of a vector. The rst row block of (A.57) leads to

D.”=RfD; rg IfD1 g=RfD1( r+1i )g= RfD;1 @

Combining this with (A.58), we get

D,~ = RfD1Do(f?) '[s’+ D?} g

RfD1Do(f?) 's’g+ RFD;Do(f?) *gD°"
RfD,Do(f?) 's’g+ RfD1Do(f?) *gD?! diag(s’)~
RfD1Do(f?) 's’g+ RfD.Do(f?) 'gDh

This implies

(Dz RfDlDo(f?) lgDH) = RfDlDo(f7) lS?g: (A60)
1
A6.2.1 Boundingk kl

First invoke (A.11) to get

1
KDo(f?) ki @ — —
o) 1p'1 1 0:007%5

kD 1(f)ki 1 ;KD1ki .1 g= ~  0:01236=" ~  0:00682 (A.61)

ki D,= kj_ 1 0:0171
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These inequalities (A.61) immediately lead to

kI D,+RfDiDo(f?) gDY ki kI Doz k. + lezp*ki 4 kDo(f?) kg A2

0:0171 + 0:0068%2=(1 0:00755) 0:01715<;
where - follows from the triangle inequality and the sub-multiplicative property pf; norm and- follows

from (A.61). This implies thaD, RfD1D(f?) 1gD? is nonsingular and well-conditioned. In particular,

1 1:0175

kD, RfDiDo(f?) ‘gD%) kg 4
(D2 1Do(f7) "gD7) “kin (1 0:01715) ’

where- follows from (A.62). Then from (A.60), we have
T, k(D2 RfDiDo(f") 'gD) kg 4 kRFD1Do(f?) 's’gks

k (D2 RfDiDo(f?) 'gDY) ki 1 kDiki 2 kDo(f?) ka1 ks?ks (A.63)
- 1.01750:00682 ~  0:00700
1 0:00755 T

where- follows from sub-multiplicative property of the operator nokmk; .; , and- follows from Eg. (A.61) and

ks’k, = 1. This indicates that

k ki k diag(s)k, ., k~k;  0:00706" ~  0:00386n:= (A.64)

where the last inequality follows because 3:28M2 forn  130by (A.2).
A.6.2.2 Boundingk k; andRf j;gandjlf igj
From (A.58), we have

kK ki K Do(f?) ki .1 ks’ky + KDo(f?) *kq .1 kD1(f)ke 1 K Ky

1 .\ o:ooesf*o:g‘ozoo (A.65)
1 0:.00755 1 0:00755 "
1:00766 := 1 ;

where- follows from the triangle inequality and the fact thetBx ki k AKk; .1 kBky .1 kxk; . - holds since
ks’k; =1:

Second, recognizingthat =1 [(I Do(f?) 1)s? Do(f?) *D1(f)" 11 by Eq. (A.59), we hav®f 1g=
1 [Rf(I Do(f?) s Do(f?) *D1(f)" g)i: We further get an upper bound as follows
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R (I Do(f’) s’ Do(f?) 'Da(fH" |

k(I Do(f?) Hs’ Do(f?) 'D.(F)" Kk

k Do(f?) ki .1 kI  Do(f?)ky .1 ks’ky + kDo(f?) ki .1 kD1(F)ky 1 Kk kg
0:00755 0:00685’*0:910700
1 000755 1 000755 =
0:00766

where- follows from the real part of the rst entry of a vector is no larger than the in nity norm of this vector and
- follows from the triangle inequality and the sub-multiplicative property of in nity operator normkABX k;

kAk; .1 kBky .1 kxk; . The last inequality follows from Eq. (A.61) and (A.64). Combining the above arguments
yields

Rf ;g 1 000766 and jIf ;0] 0:00766 (A.66)

We are ready to show the Boundedness property following the simpli cations used in [13]. In particular, x an
arbitrary pointf ; 2 T~ as the reference point and fet; be the rst frequency ifT ? that lies on the left of ; while
f 7 be the rstfrequency irT? that lies on the right. Here “left” and “right” are directions on the complex cifcl&Ve
remark that the analysis depends only on the relative locatiofs’af. Hence, to simplify the arguments, we assume
that the reference poifif is atO by shifting the frequencies if necessary. Then we divide the region betiyjesrd
andf /=2 into three parts: Near Regidd := [0;0:24=n], Middle RegionM := [0:24=n;0:75=n] and Far Region
F := [0:75=n;f/=2]. Also their symmetric counterpartdN :=[ 0:24=n;0], M :=[ 0:75=n; 0:24=n], and
F :=[f?,=2, 0:75=n]. We rst show that the dual polynomial has strictly negative curvaj@¥&f )j®®< 0in
N = [0;0:24=n] andjQ’(f)j < Lin M[F = [0:24=n;f/=2], implying jQ?(f)j < 1in N [M[Fnf fig
by exploitingjQ?(f§)j = 1 andjQ?®(f¢)j° = 0. Then using the same symmetric arguments in [13], we claim that
jQ°(f)j< Lin(N )[ (M )[ (F )nffig. Combining these two results with the fact that the reference pgiigt
chosen arbitrarily fronT? (and shifted td), we establish that the Boundedness proper@tff ) holds in the entire
TnT?.

A.6.2.3 Controlling Q?(f ) in Near Region

Forf 2 N, the second-order Taylor expansion@f (f )j atf ] = 0 states

. ~? . s ~?78 P\ 2NiA?7E P2\ 1 M2:~? .
iQ7(F)i = iQ7(F i+ (f  IQ7(FYi%+ 5 f3)%Q%()®

=1+(f Q7%+ %(f ££)24Q%( )j°for some 2N ; (A.67)

with the second line following from the Interpolation property. We argue that
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o= QRUDORA ™+ QTENQT(IE°  RIGIQR(N + 1TaQ7(1))° L RIGM QDY _

jQ7(F4)] JGiiQ7(F )] JGiiQ7(F )]

The last equality is due to (A.55). Together with (A.67), to boy@d(f )j strictly below 1, we only need to show the

concavity ofjQ?(f )j in Near Region (i.ejQ’(f )j%°< Oforf 2 N ). Since

§Q7(f)j%0= (Q&(HQR(F)°+ QF(F)QI(F))? , QR(F)QAR(F)™ jQ7(F)F? + JQr (F)iiQf ()%
jQ7(f)j® jQ7(f)j '

we only need to show that

Q& (F)Q&(F)%+ jQ7(F)F? + jQ7 (1iiQ/ (F)F < O:
Recall the expression f@?(f ) given in Eq. (A.53)
X X
Q°(f)= K(F? )+ KYFZ f):
f227°? f227°?

To bound the real part @?(f ) in N = [0; 0:24=n], we observe

X X
Qx(f) Rf 1K(f)g ! K(E £ LiKkf) 1 K )]
f22T?nf 0g f22T?nf0g
Rf 1gfrrzlkn K({f) !Fo@5=n;f) 1 (%ijO(f )j + F1(2:5=n;f))

(1 0:00766)(0905252) (1:00766)Q00757 (0:00386=n)(0:78956% + 0:0124T)
0:887594

where the rst inequality follows from an application of the triangle inequality, and the second is from Lemma A.1.2.
The third inequality follows from evaluatingy(2:5=n;f) andF,(2:5=n;f) atf = 0:24=n, the numerical bounds

in Table A.1 and Table A.3 of Appendix A.1.5 and Eq. (A.64), (A.65), (A.66), as wathims o,y K (f)  0:905252

This last bound follows from [13, Eq. (2.20), det=n 2]thatK (f) 1 {(n 2)(n +2)f 2: Hence

2 2
H H 2 9 A=) 2 .
][T;Ln K (f) fr%n 1 E(n 2)(n+2)f 1 E(n 2)(n +2)(0:24=n) 0:905252

Similarly, combining Eq. (A.64), (A.65), (A.66), the upper boundsFoii2:5=n;0:24=n) in Table A.1 and the

upper bounds fomax; oy jK O (f )j andmax; oy K °¢f ) in Table A.3, we get
Q%) Rf 1gfm2ﬁxKo‘(f)+ 1 F,(2:5=n;0:24=n) + ! (max jK %% )j + F3(2:5=n;0:24=n))

(1 0:00766)( 2:3508472) + (1:00766)(Q0563H?) + (0 :00386=n)(7:79273° + 0:28838°)
2:2448%7%;
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jQr(h)ij If 19 maxK (f) + ! Fo(2:5=n;0:24=n) + ! (;nz%ijO(f )j + F1(2:5=n;0:24=n))
(0:00766) 1+ (1:00766)Q00757 + (0:00386:=n)(0:78956% + 0:01241)
0:0183836;

QPO )j j If 1gj¥nzﬁij°‘(f Yj+ ! Fy(2:5=n;0:24=n)+ ! (pwz%ijOOE’f )j + F3(2:5=n;0:24=n))
(0:00766)(329n?) + (1 :00766)(Q0563#h2) + (0 :00386=n)(7:7927H° + 0:28838°)
0:11319%%;

Q) * (E%XjKo(f )j + F1(2:5=n;0:24=n)) + 1! (%ﬁijon )j + F2(2:5=n;0:24=n))

(1:00766)(Q78956% + 0:01241) + (0 :00386=n)(3:29? + 0:05637h>2)
0:82103%;

Q7)) ¢t (p]z%ijO‘(f )j + F2(2:5=n;0:24=n)) + ! (%ijOOE’f )j + F3(2:5=n;0:24=n))
(1:00766)(3290n2 + 0:0563%?) + (0 :00386=n)(7:79273° + 0:28838°)
3:4032(2:

Combining the lower bound 0Qj (f ) and the upper bounds @ (f )% jQ%(f )9, jQ/ (f )j andjQ7 (f )%, we arrive

at

jQ7(F)i®= Q& (F)QR(F)®+ jQ° (NI + jQI(DiQT(F)]  1:31631%7% < 0inN:

A.6.2.4 BoundingjQ?(f)j in Middle Region

For upperboundingQ?(f )j forf 2 M =[0:24=n;0:75=n], we rstly apply the triangle inequality
L7 . . X 2 X 2 .
Q7 ()i =] K )+ KYE? )
f22T7 f22T°7
x ? x ?
ko ki jK(F)j+ JKE ] +k ke KA+ KA 1)
f22T?nf0g f22T?nf0g
LK)+ KA+ ! Fe(2:5=n;f)+ ! Fy(2:5=n;f); (A.68)
where the last inequality is from Lemma A.1.2. We then follow [13, Eq. (2.29)] to upperbound the rst two terms in
the last line

2(n2 4)f 2 . 4n4f 4
6 72

2(n2
KE) 1 and  jKF)j M; forf 2 [ 1=2;1=2].

The rest of argument consists of de ning
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Lu(f)= * 1 %z(n2 4)f2+7i24n“f4 + l%z(n2 4)f ;

Lo(f)= 1 Fo(2:5=n;f)+ ! Fy(2:5=n;f)
with the derivative oL 1(f ) given by

2 2 4,4% 3 2 2
0 _ 1 (n A)f n*f L1 (n 4)
La(f) 3 18 3

<0 forf2M;

implying thatL ;(f ) is decreasing. Alsol-»(f) is increasing inM by Lemma A.1.2. Hence, by the monotonic

property, we have

jQ?(f)j L1(0:24=n)+ Lp(0:75=n) 0:919779 + Q007836 = 0927615< 1:

Bounding jQ’(f )j in Far Region.
Recall thaff § = 0 is the reference point. To simplify notation, we re-index the frequencies such thatf ?; <

fg=0<f7<:::. Forf 2F =[0:75=n;f/=2] = [0:75=n;f{ f7=2], by LemmaA.1.3, we have

. X X
JKOE 1] W-(0:75=n;f/=2) = B-(j(25=n)+0:75=n)+  B-(j(2:5=n)+ f/=2)
i i 0 i o

X
B-(j (2:5=n) + 0:75=n) + B-(j (2:5=n) + 1:25=n)
i o i o
W (0:75=n; 1:25=n); (A.69)

ll®

where- follow from the de nition of W (f ;f) in LemmaA.1.3; followsf/=2 = (f; f{)=2 min =2 = 1:25=n
and decreasing property Bf ( ); and® follows from the de nition of W (f ; f ).

Finally, applying (A.69), (A.64) and (A.65) to (A.53), we arrive at
? X ? X ?
jQ°(M b K i+ KA )]
1:00766MNo(0:75=n; 1:25=n) + (0 :00386=n) W1 (0:75=n; 1:25=n)

1:00766(070859) + (0:00386=n)(5:2084n)
=0:734123

This concludes the proof of Lemma 2.4.3. O

A.7 Proof of Lemma2.4.4

Lemma A.7.1 (Lemma 2.4.4) Under the settings of Lemma 2.4.1, @t(f) and Q’(f ) be the dual polynomials

correspondingto and ?, respectively. Then the distances betw®e(f ) andQ’(f ) and their various derivatives
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are uniformly bounded:

jQ°(f) Q (f)] 28734X?B?;f 2N; jQ?(f) Q (f)] 393557X?B?;f 2 M ;
jQ%F) Q Xf)j 44464:X’B?;f 2N jQ’(f) Q (f)] 661596X?B?;f 2F;
jQ?%%) Q “U)j 1408082X°B7;f 2N :

Proof. We exploit the closeness of and  (see Lemma 2.4.1) to bound the pointwise distance bet@&¢h) and

Q (f). Note

” 4

+d—x o —*Oa(f)Z ax ax dt;

Q(f) Q(f)=af)'z(@ q°)=a(f)"z

which implies that

. . d , d ,
jQ () Q’(f)i  max a(f)HZ(ax a(f)HZ(ax‘. (A.70)

We can also obtain similar bounds on the pointwise distances between derivat@egf ofandQ’(f ).

Recall from Eq. (A.47), (2.20), and (A.50) that

dgx = [A%f )diag(c ) A(f ) IA(f)Ir?G () ' ; (A.71)
dix?z [AYf?)diag(c’) A(f?) IA(FN)(r 2G°( 7)) * 7% (A.72)
T T
where ?= 0T Rfsign(c’)g” Ifsignc’)g” and = 0T Rfsignc )g' Ifsign(c )g"

Multiplying both sides of Eq. (A.71) and (A.72) bya(f )" Z( and then insertingV ZW? 2 (which equald)
into the spaces before and after?G( 7)) ! (and(r 2G ( 7)) 1)yield

a(f)HZ(dix = (f) ;

a(f)HZ(dix?: () * %

Here
(f):=[Da(f; f )diag(c )S * Do(f; f )iDo(f; f )I;
7(f) :=[Da(f; f*)diag(c’)S * Do(f; f7) iDo(f; f7)];
withD-(f; f ) arowvectordenedbyp-(f; f ):=[K-(fy f);::5;K-(f, f)],and

(A.73)

=(r%G () n
TE(r2() n
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where ( )= W ?%( W ?7 is alinear operator that normalizes the Hessian matrix so that it is close to the identity.

As a consequence, we bound the integrand of (A.70) as follows

I
PO CT IO ) IR @)

k ?(F)kik ki k 7 ke +k 2(F)kek 7 ki k ky +Kk 2(F)  (F)kek Ko ko Kki;
(A.74)

where the rst line follows from the triangle inequality and the second line follows from Holder's inequality and the
sub-multiplicative property of thé; .1 norm. We next develop upper bounds lon’(f )k, k ?(f) (fF ke,

k %ky o,k 7? ki1, k kiog,k? ky andk ki .

Boundingk “k; .1 andk ky.; andk ? Ky 1 .
We note that both ? * = ( r 2G%( ?))and = ( r 2G ( ))) are close to the identity matrix. More

precisely, we have

N 7 ke 2K (126G ke
[k diag(c”:5c?)" ( Do(f?)= ) diag (c7:5c%) ky 1 +2kdiag(c?:ScTj)D 1(f?)=p ki ]
_ (kdiag(c”:5c?j)D 1(f?):p “kiq + kI Do(f?)k 1)
® , o P
k1 ( Da(f)=)ky .1 +2kD1(f)= ki

0:0171+2 0:00682
0:03074

wherea _ b := max(a;b): - follows from de nition of ? and- follows from applying the triangle inequal-
ity to the expression ofi ( r 2G%( ?))]: ® follows since the in nity norm of any sign vector is 1, bounding

kdiag(c?:5c?j) Dl(f?):p “ky .1 is equivalent to boun#D 1(f?):p “ky .1 . Finally, ~ follows from Eq. (A.11).

This leads to
1 1
k Ky . 1:03172
11 T%1 2 g, 1 003074 (A-75)
According to (A.41), we have
kI “ia =kl (r2G( )kia 008561
yielding
k k 1 1 1:09363
Lt T T, 1 008561 (A.76)
Next, note
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k?* Yo =k(r2G( 7)) (126G ( Dkia  maxdt 1 o sg

where 1; ,; 3denotethe rst, second and third absolute row block sunjgof 2G°( ?)) ( r 2G ( ))]. We

rst bound 4 as follows

1 =kdiag(c:5c’j)" D o(f) diag(c:5jc?j)  diag(c”:5c’))" D o(f?) diag(c’:5jc?j)ky 1 =
+2 diag(ce’)*Da(f)  diag(c’ ¢ D1(?) |, = -
+2 kdiag (L7 [D1(f;£7)c”  Da(f)clk, =
+ kdiag(c:=ic’j?)" [Do(f; f7)c?  Da(f)clks =

T[2:19778 7 +1:14168(K ? )2]+ 2[1:48286K? +1:47604(K ? )2]+2(0:75038X ’B? +1:14168 ’B?
7:81004 °B? (byB’X? 10 3); (A.77)

where- follows from combining Eq. (A.19)- (A.20) and (A.78)- (A.79), where (A.78)- (A.79) are given by

kdiag(c:5jc?j)" D, (f) diag(c:5c’j)  diag(c’:5c?j)" Do (f?) diag(c’:5c’j)ky 1 =
k diag(c:5¢’))" Do(f) diag((c  ¢*):=jc7jka 1 =

+ kdiag(c:5¢”)" (Dao(f)  Do(f?)) diag(c’: 5%k ;1 =

+ kdiag((c  ¢?):5¢%))" Do(f?) diag(c”:5c%))ky 1 =

1+ X7 )(1:05610)X” )+ (1 + X7 )(0:08558 7 )+ (X? )(1:05610) (by (A.18) and (A.11))
2:19778° +1:14168K ° )? (A.78)
and
diag (c:5c’))" D1(f) diag (c*:5jc’))" Da(f?) - P-
diag (¢:5¢”)" (D1(f)  Da(f?) P diag(c )Y Da(FY) . P~
(1+ X7 )(1:47604X 7 )+ (X ? )(0:00682) (by Eq. (A.17) and (A.11))
1:48286K° +1:47604(X ° )?: (A.79)

We next bound , and 3:

f 2 ag k D(f)diag (c:5c’))  D(f?)diag (c*:5c7))k, P-

+ kDo(f) Do(f")ky .1 + kdiag(L:5c?j)[D1(f;7)c”  Dy(f)clky P~

+ ku usgei® u® Utk + ku o vigici® u? o viHc? Pk

[1:48286K 7 +1:47604(K 7 )2]+0:01516¢? +0:7503 *B? +2(0:646X° )(5:00701)X °
2:25636< °B
< 1(byB?X? 10 3);
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where- follows from the triangle inequality and follows by combining Eq. (A.79), (A.16), (A.19), and (A.80). To

show (A.80), we assume the nokm  u:5jcj® u” u”:5jc?j®k, is achieved by théth entry and proceed as

uz  u? - & 2
CF JOF  oF IoF
| BN A.80
joF T eE o (.50
®x? 2 \2 2 2
X @ x?ys X HIAXT )3 . (5:00701)
Crnin 1 X7 Crmin

where- follows from jRfagj | aj for alla 2 C and- follows from the triangle inequality® follows from
Eqg. (A.81) and (A.82) given below:
i &% 1lijo Fjje+cf X7 2+ X7)

— A.81
jc’js il ic ic’] Chin (A8
and
o, 1 1 o, 1 1 1 1 1 jc ¢ ici?Z jcj
27 7:277 ST ——— 1+ ==+ —
V0%er jop T el dd e T ioR T el jeid] i<z
1, jcj? icj
jc] iciz ic’]
1 » jci® | icj
Chin (1 X7)) i<z
X? (X?)2+3(X? )+3
C?min 1 X7
(A.82)
where the rst line follows fromja® ©*j = j(a b)(a?+ ab+ )] = ja bj(a® + ab+ B?) for any positivea; b.
The second line holds singg!; i = ! TCJL CCJ” ‘]‘;” CCI' by the triangle inequality. The third line follows from

jc  cfj5c?)  X? by (A.10). For the fourth line to hold, note that by (A.1é)‘§j,??ﬁ X? , which implies that
jci j¢jja cj (L X?jc,i- Thelastline follows fromc j=c?j (1+ X? ): Finally, we get the bound

1
k21! kii = 1 7:81004 7B’
implying
k ? kl 1 k ?kl 1 k 21 lkl 1 k kl ;1 (A83)

(1:03172)(109363)(781004X °B” ) =8:8122% °B” :

Boundingk ? k; andk kg .

Firstrecognizethdt k; =1 since contains either signs or zeros. Assume'thenorm of( ? ) is achieved
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byjsign(c.) sign(c?)j, then applying triangle inequalities gives

c c? c c c? c ic? ¢
k’) k:]_:—jziio.yjj - +J_?.J
Jjc ] IE] J Lo I (28 B (26 R [ Jj& ] I¢) J&)
:jC‘j i T JC? G|
jci ic icj (A84)
jojjcj o ic? cj '
= e
IC J)C) I¢)
, .
A B N
J&)

Bounding °(f); *(f)% *(f)™and( *(f)  (F):;( *(F)  (ENEC () ()™
Applying the triangle inequality and the sub-multiplicative property of the norm to (A.74) and (A.73), we get

k (f) (f)ka
k [Di(f; £ ) Da(f; £7)]" diag(c )S ' Da(f; f )T ki +2kDo(f; f ) Do(f; f))ks
k Di(f; f ) Di(f; f)kikdiag(c )S *ku1+ kD1(f; f )kak kuz+2kDo(f; f ) Do(f; f)kii (A .g5)

k ?(f)ky
k D1(f; ?)diag(c?)S ki +2kDo(f; f7)ky k D1(f; f?)kikdiag(c?’)S ki1 + 2kDo(f; f7)ky;
where :=diag(c?)S ! diag(c )S *andD-(f; f):=[KO)(fy f);:::;KO(f, f)]. Similar bounds also
apply to various derivatives of’(f ) and  (f ), which we need in order to bound the distances between derivatives
of Q?(f) andQ (f). Using (A.10) and  3:28M?, we have

p_—

(diag(c ) diag(c?))S * ,, (maxijg c?j:jc?j):p* X7 = 0:552X 7 =n;
' i

i (A.86)
diagc )S 1, (1+X )=~ 0:552=n;

which we need to continue the bounds in (A.85).
Sincef may lie in different regions: Near Region, Middle Region, and Far Region, we next organize our analysis

into three parts based on what regfors located in.
A.7.1 Near Region Analysis

We start with controllingkD - (f; f ) D~ (f; f?)k, andjD - (f; f?)ky for* = 0;1; 2; 3in Near Region. When =0,

we have

X - X
kDo(f; f ) Do(f; f)ki=  jK(E.- f) K@E? )] KA f)jkf  f7kg
F1(2:5=n;0:2404=n) + max jK Y(f)j kf  f’k;
f2N

®
(0:01241n + 0:79088%)(0:4X ? =n)
0:32131& 7 ; (A.87)
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where- is due to the mean value theorem withlocated betweeh? andf. . - follows from Lemma A.1.5. To see

this, rstnotethat( ff~g) 2:5=nbylLemma A.1.4. Second,2 N =[0;0:24=n] implies that
0 jf fojjf fZj+jfg foj 0:24=n+0:4(10 *)=n=0:240%n:

We also used the de nitioMd = [0;0:2404=n] in - . ® follows from the upper bound oR;(2:5=n;0:2404=n)
in Table A.1, the upper bound amax; , 4 jK %f)j in Table A.3, as well as the upper bound kin ~ f?k; in
Lemma 2.4.1.

Applying arguments similar to those for (A.87), we can conkd} (f; f ) D (f; f?)k, as
kKD-(f; f ) D-(f; f)ky (F 41 (2:5=n;0:2404n) + max jK (™D (F)jpkf 7k : (A.88)
f2N )

We specialize the above inequality to= 1;2; 3 using the upper bounds dh (2:5=n;0:2404=n) in Table A.1 and

those ormax; , ¢ jK (7 (f )j in Table A.3 to obtain

kD1(f; f ) Da(f; f))ks (F2(2:5:n;o:2404=n)+rp% iKUK 7k

(0:0563h2 +3:29n?)(0:4X ? =n) = 1:33854%X ? ; (A.89)
kKDo(f; f ) Dao(f; £7)ks (F3(2:5:n;o:24o4:n)+nfw% iKOPH)kf ke

(0:28838° + 7:805713)(0:4X 7 =n) = 3:2376H°X ? ; (A.90)
kDs(f; f ) Ds(f; f)ks (F4(2:5:n;o:24o4=n)+rp% KOOk 7Kg

(1:671In* + 29:2227*)(0:4X ? =n) = 12:3575:3X 7 : (A.91)

Furthermore, we can use similar arguments and Lemma A.1.5 to c&btrdf; f)k; forf 2 N :

kD (f; f?)ky  F-(2:5=n;0:2404=n) + max jK O (f)j; (A.92)
f2N
which specializes to
kDo(f; f?)k;  Fo(2:5=n;0:2404=n) + max jK (f)j 0:00757 + 1 = 1:00757; (A.93)
f2N
kD 1(f; f7)ky  F1(2:5=n;0:2404=n) + max jK {f)j 0:01241 + 0:79088% = 0:80329%; (A.94)
f2n
KDo(f; f7)ks  Fo(2:5=n;0:2404=n) + max jK °Uf)j  0:0563%h2 + 3:29n? = 3:3463h?; (A.95)
f2nN
kDs(f; f?)ks  F3(2:5=n;0:2404n) + max jK °Ff )j  0:288381° + 7:8057h° = 8:0941n°: (A.96)
f2N
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With these preparations, we are ready to corkrdl(f ) (F)Oky andk ?(f) Ok for* = 0;1;2in Near

Region. Generalizing (A.85) to tieh derivative of ?(f) and (f) to get

k 2)0 () ki k Do () Do (F F)kekdiag(c )S ks
+KD 1 (f; T )kekdiag(c?)S * diag(c )S ki +2KD-(f;f ) D-(f; f))ky;

k 2(F)Vky k Deuy (F; £7)diag(c?)S kq + 2kD- (f; f7)kq:
(A.97)

Plugging Eq. (A.87), (A.89), (A.94) and (A.86) into (A.97), we obtain

k °(f) (f)ky k Da(f; f ) Da(f; f)kikdiag(c )S *kq
+ kD (f; f )kikdiag(c?)S * diag(c )S ki +2kDo(f; f ) Do(f; f7)ke

0:552 0:552X ?
? + (0:803295»1)T +2(0:32131& 7 )  1:82494& 7 :

(A.98)

1:33854&1X

Plugging Eqg. (A.89)- (A.90), (A.95) and (A.86) into (A.97), we obtain

k ?(f)° ()Yki k Do f ) Da(f: £7)kekdiag(c )S ki
+ kD (f; f )kikdiag(c?’)S * diag(c )S ki +2kDy(f; f ) Da(f; f7)ky

o ? (A.99)
3:2376H0%X 7 —— 0:552 ——~+(3 3463712)05% +2(1:338548X ° )

6:3114X ?

Plugging Eq. (A.90)- (A.91), (A.96) and (A.86) into (A.97), we obtain

k 2(F)®° ()% k Ds(f: f ) Ds(f: f)kikdiag(c )S 'k
+ kD3(f; f )kikdiag(c))S *  diag(c )S ki +2kDo(f; f ) Da(f: f))ks

0:552 0:552X ? (A.100)
12:357:°X 7 —"+(8 0941n3)f +2(3:237640%X 7 )
17:764&°X ?

Similarly, plugging Eq. (A.93)- (A.94) and (A.86) into (A.97), we have

k *(f)ky k D1(f; £?)diag(c’)S ki +2kDo(f; f?)ks (0:8032951)0:?152+2(1:00757) 2:45856 (A.101)

Plugging Eq. (A.94)- (A.95) and (A.86) into (A.97), we obtain

k ?(F)%: k Da(f; f?)diag(c?)S ki +2kD(f; f)ks (3 3463m2)0552+2(0:8032951) 3:4538:
(A.102)

Finally, plugging Eqg. (A.95)- (A.96) and (A.86) into (A.97), we arrive at
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0:552

k ?(f)°k: k Dg(f; £?)diag(c’)S ky +2kD,(f; f)k;  (8:0941n3) +2(3:34631M?) 11:160M%:

n
(A.103)
We are now ready to control the pointwise distance betv@%‘[’?(f ) andQ ) (f) using
i) Vi O 2600 7% =02 (A.104)

Plugging Eqg. (A.98)- (A.99), (A.75)- (A.83) and (A.84) to (A.104) witkr O, we obtain forf 2 N

jQ’(f) Q (f)j
k 2(fF)kik ki ik 7 ke+ k ?(f)kek ? ki 1k ki +k ?(f) (F)kik kig k ki
(2:45856)(103172)(2X ? ) + (2 :45856)(881222% ’B? ) + (1 :82494X ? )(1:09363) 287343 °B? :

Plugging Eq. (A.100)- (A.101), (A.75)- (A.83) and (A.84) to (A.104) witkr 1, we obtain forf 2 N

jQ7(F)° Q (M)
kK ?(f)%ik "ky 1 k ? ki+ k ?(F)%.k ? ki k ki +k 2(F)°  (A)kik ki k ki
(3:4538)(1:03172)(2X ? ) + (3 :4538)(8:8122X *B? ) + (6 :31141X ? )(1:09363) 44:464dX B :

Finally, plugging Eq. (A.102)- (A.103), (A.75)- (A.83) and (A.84) to (A.104) witk 2, we get forf 2 N

jQ7(H)® Q ()Y
k ?(f)%kik "ky 1 k ? ki + k ?(F)%k ? ki k ki +k 7)) ’kk kiak ke
(11:16072)(1:03172)(2X ? ) + (11:1601M?)(8:81222X °B? ) + (17 :7640>X ? )(1:09363) 140:80&°X °B” :
A.7.2 Middle Region Analysis

We continue with bounding the pointwise distance betw@é&(f ) andQ (f ) in Middle RegionM = [0:24=n;0:75=n].
We start with controllingkD - (f; f ) D~ (f; f?)k; andjD-(f; f?)k; for * = 0;1. First note wherf 2 M =
[0:24=n; 0:75=n], we have

(@jf fojj f fgi+ifd foj 0:75=n+0:0004n = 0:7504n;
(o) jf foj j f fgjjfe foj 0:24=n 0:0004=n = 0:2396=n:
DenoteM = [0:2396=n;0:7504=n]. We combine the upper bounds Bn(2:5=n;0:7504=n) in Table A.1 and the

upper bounds omax; , s jK O (f )j in Table A.3 to get
kDo(f; f ) Do(f; f?)ks (F1(2:5=n;0:7504n) + ma JKAP)KE 7Kg
f2

(A.105)
(0:01454 + 2:46872)(0:4X ° =n) = 0:993304 ° ;
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kD1(f; f ) Da(f; £7)ke (F2(2:5:n;0:750¢n)+maéjKOf(f)j)kf f7ky
f2

(A.106)
(0:1267H2 + 3:29n?)(0:4X * =n) = 1:3667X * :
In a similar manner, we use Lemma A.1.5 to conkDl- (f; f)k; as follows
kDo(f; f)k1  Fo(2:5=n;0:7504=n) + ma’% jK(f))j 0:00772+ (090951 = 091723; (A.107)
f2
kD(f; f)k;  F1(2:5=n;0:7504=n) + ma'\% jKYf))j 0:0145h +2:4687 = 2:483261: (A.108)
f2

To controlk ?(f) (f)ky andk ?(f )k in the Middle Region, we plug Eq. (A.105)- (A.108) into (A.97) to

get

k *(f) (f)ks k Dy(f; £ ) Da(f; f7)kskdiag(c )S ki + kD 1(f; f )kikdiag(c?)S ' diag(c )S ki
+2kDo(f; f ) Do(f; ')k

, 0:552 0:552X ?
n

1:36670X ° +(2:483261) +2(0:99330&K 7 )  4:1117K 7 ; (A.109)

0:552

k ?(f)ky k D1(f; f?)diag(c’)S ki +2kDo(f; )k  (2:48326) -

+2(0:91723) 3:20522
(A.110)
Finally, we controliQ’(f) Q (f)j in Middle Region by plugging Eq. (A.109)- (A.110), (A.75)- (A.83) and
(A.84) to (A.104) with® = 0 to get

jQ°(f) Q (i k 7(f)kak 7ky 1 k 7 ky+ k 7(f)kok 7 ki k ke
+k °(f) (f)kik ki1 k kg
(3:20522)(103172)(2X * ) + (3 :20522)(881222% *B? )+ (4:1117K ° )1:09363
39:3557X°B”; f 2M :

A.7.3 Far Region Analysis

Lastly, we bound the pointwise distance betw€¥i{f ) andQ (f) in Far RegionF = [0:75=n;f/=2]. Again,
we start with controllingkD-(f; f ) D-(f; f*)k, andjD-(f; f?)k, for ° = 0;1. First note wherf 2 F =
[0:75=n; f /=2], we have

(@f fo f 5 jfe foj 075=n 0:0004=n = 0:74996:n;
(fi f j f1 f7j+f7 f 0:000h + f/=2  0:0004n + (2:5009=n)=2 1:25=n:

Further note thatf~g satis es the separation condition th&tff~g)  2:5=n. Then, following from Lemma A.1.3

and the upper bounds &i- (0:74996=n; 1:25=n) in Table A.2, we have
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kKDo(f; f ) Do(f; f)ks k Do(f:f)kekf  £7kq
W1(0:74996=n; 1:25=n)kf  f’k;  5:22651(0:4X 7 =n) =2:0906X * ; (A.111)

kKDi(f; f ) Di(f; f)ky W,(0:74996=n;1:25=n)kf  f’k;  4803N%(0:4X° =n) =19:213X 7 :
(A.112)

Similarly, we can use Lemma A.1.3 to contkd - (f; f)k; for° =0;landf 2F:

kDo(f; f7)ky  Wo(0:74996=n;1:25=n)  0:71059;
kD1(f; f?)ky W;(0:74996=n;1:25=n) 5:2265:

Directly plugging Eq. (A.111)- (A.113) into (A.97), we arrive at

(A.113)

k *(f) (f)ks k D1(f; f )  Da(f; f7)kikdiag(c )S ki + kD1 (f; f )kikdiag(c”)S ' diag(c )S *k;
+2kDo(f; f ) Do(f; f7)k;

2
19:213nX 7 —= 0:552 4+ (5: 22651)%+2(2:090@(? ) 17:6720X7 ; (A.114)

k *(f)ky k D1(f; f7)diag(c’)S ki +2kDo(f; f)ks  (5: 22651)0552

+2(0:71059) 4:30621
(A.115)

As a nal step, we contro]Q?(f) Q (f)j in Far Region by plugging Eq. (A.114)- (A.115) and (A.75)- (A.84)
to (A.104) to get

jQ°(f) Q ()i k “(f)kak 7ky 1 k 7 ky+ k °(f)kek 7 ki1 k ki
+k ?(f) (F)kik ki1 k kp
(4:30621)(103172)(2X ? ) + (4 :30621)(881222X ’B? )+ (17:6720X * )(1:09363)
66:1596X°B” ; f 2F:

This concludes the proof of Lemma 2.4.4. O
A.8 Proof of Lemma 2.4.5

Lemma A.8.1 (Lemma 2.4.5) Under the settings of Lemma 2.4.2, 8tandQ be the dual polynomials corre-
sponding to' and respectively. Then the pointwise distances betvie(fi ) and Q(f ) and their derivatives are

bounded:

jQ(f)  Q (f)i 82597B?=X";f 2N; jO(f) Q (f)j 114323B°=X";f 2M ;
jQ(F)° Q )i 18028MB7=x7 f 2N; Q) Q (f)i 16290B7=X"; f 2F;
i)™ Q )i 75840M7B?=X?; f 2N :

Proof. The expressiong = X x andg = 2% lead to
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_y R ¥ ox)_w xR

4 g ;

implying

ja(f) zwj ja(f)"z(x  #)j
|—{z—1} | iz } (A.116)
1(f) 2(f)

iQ (f) Q)]

This separates the distance betw@eitf ) andQ(f ) into two parts: one is 1(f ) associated with the dual atomic norm
of the Gaussian noise whose upper bounds were developed in Appendix A.2; the othei(is) corresponding to the
dual atomicnormok  %. The latter quantity can be bounded by similar arguments as contrgiihdf* Z (x R)j

in Lemma 2.4.4.

Bounding 1(f).
Combining Eq. (A.32)- (A.34), we can upperboung(f ); ( f)%and (f )°Wwith high probability (at least 1=n?)
forallf 2 T:

1(f) 6534 =  10:115X7;
1(f)° 4105 o= 6345&;=X"; (A.117)
1(F)% 25794n% (= 39928&%=X?;

where we used = 0:646X ? .

Bounding »(f).

1. .
2(f)= =iDo(f; f )c  Do(f; e

1|<Do(f;f ) Do(f; Fkike ky + EkDO(f; fkike ¢ ky
Ele(f; Pkikf  fky ke kg + EkDo(f; Mkike ¢ kq

Cmax  04B52) b (¢ 1k, +35:2 kDo(F: Pky

0:646X? ¢
® B7(1+ X? ) 1408
6267 ——KD(f; Mka +35:2kDo(f; ks ;

where= follows from the mean value theorem. Forto hold, rst note that = 0:646X7 and” 2 N by

Lemma 2.4.2. Then, we can upperbotd c k; as

_ i gj

k¢ ¢ kl —
ic |

iG] (352 )Crax;

where the equality follows by assuming the norm is achieved by thigth row and the inequality follows by changing

?

X ?t0 35.2in (A.10) and de ning,,, = Max; i J. ® follows from o = ¢, and
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Sra - g2 131 g7l graa X7y,
Chin Crnax 1)

As a consequence, to controb(f ), it reduces to boundingD - (f; )k, andkD- (f; f)k,. For this purpose, we

rstnote thatf ( T); ( T)g 2:5=nby Lemma A.1.4. Second, by

. N ®
kF ks kf f’ky 0:4(X7+35:2) 0:0004n+1:408 10 ®=n=0:000401408n;

where- follows from the length of subinterval is no larger than the whole ondollows from Eq. (A.10) and®
follows from the SNR condition (2.10). Thus, we can follow the same arguments that lead to Eq. (A.93)- (A.94)
for Near Region, Eq. (A.107)- (A.108) for Middle Region, and Eq. (A.113) for Far Region to develop bounds on
kD- (f; £)ki.

To have a concrete idea, we rst show how to conkdl- (f; f\)kl since the upper bounds f&D - (f; T)k; then

follows by k™ f7k; Kk f f?k, . First, considef 2 N . Then we have

0jfy fjjfo fZj+ijfd fj 0:000401408n+0:24=n 0:240401408n:

With some abuse of notation, we dendte:= [0; 0:240401408n]. Second, considdr 2 M . Then we have

(@) jf fojjf fli+ijf¢d foj 0:75=n+0:000401408n = 0:750401408n;
(bjf fojj f f3ijfg foj 0:24=n 0:000401408n: = 0:239598592n:

DenoteM' = [0:2396=n; 0:7504=n]. At last, we considef 2 F = [0:75=n;f/=2]

(@f fo f g jfg foj 0:75=n 0:000401408n = 0:749598592n;
fy f j 1 flj+f7 f 0:000401408n+ f/=2  0:000401408n + (2:5009=n)=2  1:25=n:

Hence we can de né~ := [0:749598592n;1:25=n]: Furthermore, we remark that those numerical upper bounds
in Table A.1- Table A.3 do not change when evaluated for the newly de ned inte¥vald andF .
Finally, by directly plugging the upper boundsid - (f; f)k; in (A.93)- (A.94) for Near Region, (A.107)- (A.108)

for Middle Region, and equation (A.113) for Far Region, it follows that

8 ?
, 2 $901(14.08(0:80329%) + 35:2(1:00757))  72:48258; f 2N ;

n

B

2(f) R 1.001(14:08(2:483261) + 35:2(0:91723)) 104:2082—??; f2M; (A.118)
" FO0L(1408(5:22651) + 35:2(0:71059)) 1527882 f 2 F :

Similarly, from (A.94)- (A.96), we have an upper bound op(f )°and »(f )®as follows
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B7(1+ X? ) 1408

o(f)° 0 646¢7 ——kD(f; Pky +35:2kD(f; f)kq

E—Z%ﬁé 1‘1%53(3:3463712%35:2(0:8032951) 11682&5—2; f2N; (A.119)
2()%° B?&Z&(:) 14r:loskD3(f; f)ky +35:2kD 5 (f; )k,

i—i%ﬁé @(8;0941113)+35:2(3:34637nz) 359116125—:; f2N: (A.120)

Combining (A.117)- (A.120) for 1(f) and »(f), we can controf@)(f) Q “(f)jin Near regiorf 2N as

follows

iO(f) Q (f)] (10:115+ 72:4825B7=X? =82:5978B°=X"; f 2N ;
i0(F)° Q %f)] (63458 +116:825n)B?=X" = 180:28B?=X": f 2N :
i0(F)® Q “U)i  (399:28m2 + 359:11602)B?=X? = 758:40n2B°=X"; f 2N :

For the case of Middle Region and Far Region, we can upperbound them as:
iO(f) Q (f)j] (10:115+104208)B°=X? = 114:3238B7=X": f 2 M ;
iO(f) Q (f)] (10:115+152788)B7=X? = 162:908B°=X"; f 2 F :
This completes the proof of Lemma 2.4.5. O
A.9 Proof of Proposition 2.4.1

P
Proposition A.9.1 (Proposition 2.4.1) Let the decompositioft = ‘Q:l C\a(f'5) with distinct frequencie§ =
ff“g T and nonzero coef cientst gand sef = (y  ®)= . Suppose the corresponding dual polynon@éf ) =
a(f )™ g satis es the followingBounded Interpolation Property (BIP)

jO(f)j < 1;8f 2 T (Boundedness

then® and§ are the unique primal-dual optimal solutions(@.8) and (2.16) that is,® = x9°° and@ = q9'°°. Here

the operatiorsign(c) := c5c¢j for a nonzero complex number and applies entry-wise to a vector.

Proof. The uniqueness follows from the strongly convex quadratic term in (2.8). We next show the primal optimality
of ® and the dual optimality ofj by establishing strong duality. Firg},is feasible to the dual program (2.16) because

of the BIP property. Second, we have the following chain of inequalities:
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value of (2 16) = %ky k3 %ky akz

= %k akz + RfzMzqg
= %ky RkZ +  kek;

%ky RkZ + kRka = value of (2:8);

where the second line follows by plugging= R + §; the third line holds due to the Interpolation property; and
the last line holds sinck®ks k €k; by (2.7). Since the weak duality theorem ensures that the other direction of
the inequality always holds, we obtain strong duality. As a consequirenag§ achieve primal optimality and dual

optimality, respectively. This meass= x9°°:§ = q9°P due to uniqueness of the solutions. O
A.10 Proof of Corollary 2.2.1

Corollary A.10.1 (Corollary 2.2.1) Under the same setup as in Theorem 2.2.1, with probability at Ibas;%z, the
frequencies and coef cients estimated by the atomic norm regularized minimiZ2i8)constitute a global optimum

of the ™ ;-regularized nonlinear least-squares progrg#hl15)

Proof. Denote byF (x) the objective functions for (2.8) an@(f;c) for (2.15). Assumgf"";c"") is a global

optimum for (2.15) withx™°" = A (f"°")c™n  andx 9% = A (f9°P) 9P js the global optimum of (2.8). Then

= (Xglob ) F (Xnon) G(f non : Cnon) G(f glob : Cglob ); (A.121)

where the rstinequality uses the optimality 0$'°® to (2.8); the second inequality follows frokx ™"k, k ¢k,

by (2.7); and the last inequality follows from the optimality @f'°";c"") to (2.15). On the other hand, recog-
nize thatkx9°Pky = kc9°Pk, sinceff 9°° g satis es the separation condition (revealed by Lemma A.1.4 in Ap-
pendix A.1). This leads t6&(f9'°°; c9°P) = F (x9'°°): Therefore, all inequalities in (A.121) become equalities and
henceG(f™";c"on) = G(f9°P; cdlob): This implies the global optimality off 9'°° ; c9'°P) for the nonconvex pro-

gram (2.15).

A.11 Proof of LemmaA.1.4

Lemma A.11.1(Lemma A.1.4) Let the separation conditio(2.9) and the SNR conditiof2.10)hold. Then both the
frequenciesT = ff. greturned by the rst xed point mag2.19)and the frequencie$ = f’rAg generated by the
second xed point mag2.21) have minimal separations at lea®t=n. Furthermore, the intermediate frequencies
de ned byT = ff~g¥., with eachf~ 2 [f?;f. Jor [f. ;f?] and the second intermediate frequencies:= ff~g*_,

with eachf~ 2 [f. ;f’\«] or [f'\«;f\ ] also have minimal separations at le&b=n:
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mnf (T ) (T);(T):(T)y 25n:

Proof. First of all, from Lemma 2.4.1, we have 2 N 7, implying kf 7k, 0:4X’B”? =n by Eq. (A.10)
and by Lemma 2.4.2, we obtain that2 N , which implieskf  f k; 0:4(35:2)B? =n by Eq. (A.10). More

precisely, we bound T ) as

(T)=minjf; f;]
i6]
= min jf, f7+ 67 f7+67 f]

Cminjf? 17 maxjf;  £7) maxjf; ]
i6] | J

® 5 25 ?
(T9) O08X'Bf=n

2:5009=n 0:0008=n=2:5001=n > 2:5=n;

where- follows from the de nition of the separation distance andollows from the triangle inequality® follows
fromthat isthe xed point solution of the contraction map (2.19). Thus,2 N ? following from the non-escaping
property by the contraction mapping theorem. This further implieskhat f?ky 0:4X°B” =n by (A.10).
Finally,~ follows from thatT? satis es the separation condition (2.9): T?)  2:5009=n:

For bounding( T), rstidentify that max; jf7 f7j max; jf;  f’j; since the inner poirft is included in
the intervallf *; f; ] and hence the length of tiifg; f ’] is less than the entire intenvil’; f; 1. Then we immediately
arrive at ( T) > 2:5=n.

For ( T), we have

( By=min jfi ]
fii

=mnif

Cminjfy i maxift fij maxify f ]
i6] i J
(T) 2k f ks

(T) 2(1408)B7 =n;

where- follows from the triangle inequality and follows from the de nition ofkf f ky : ® follows from that
K f ke 0:4(35:2)B? =n = 14:08B7 =n by (A.10). Finally following from the SNR condition (2.10) and
( T) 2:500%=n, we then have( T) 2:500=n 2(14:08) 10 7=n> 2:5=n.

( T ) 2:5=nholds by the same strategy 4sT) > 2:5=n. O
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APPENDIX B
APPENDICES FOR CHAPTER 3

B.1 Proof of Lemma 3.4.1

Lemma B.1.1(Lemma 3.4.1) The following conditions are necessary {8r16)

. Qi V()W (k) = ul(i);8i 2 [n];8p 2 [r];

i Qi uj(i)wy(k) = vj(i);8i 2 [n];8p 2 [r];

X Qi Up(i)vi(i) = wy(k);8i 2 [n];8p 2 [r]
or in tensor notation ’

Q 2v) swj=ug;8p2[r];
Q 1u) sw)=v;8p2[r]; (3.21)
Q U} 2v)=w;;8p2[r]

wheref g are thek-mode tensor-vector product [270] whose de nitions are apparent from context.

Proof. From the KKT conditions of the constrained optimization (3.20), we have the partial derivatives of its La-

grangian
L(u;viw;a;b;9 =q(u;v;w) a(kuks 1) bkvks 1) c(kwk3 1)
atu = uj,v=v],andw = w},p=1;:::;r, must vanish. Therefore,
@ (upivpwpiaihig _ @@ugivy;wp) ool = 0-
@ P
@ (upiVpiwhiaihig _ @Qug;vpiwp) oby? = 0 (B.1)
p 1

@ (ugivpwiaibig | @WEveiwg) L, o
@v @v P
Hence,2a = hw;ugi, 2b = hw;vgi, and2c = h%;wgi. Note thatq satis es the

=0:

- P
Interpolation condition an@% =k Qik v(j)w(k), we have that

X
2a= Qi up(v( Wi (k) = quj;va;w))=1:
[HHS
That isa = 1=2. With similar arguments, one can show tlet ¢ = 1=2. The conclusion of this lemma follows

from (B.1). O
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B.2 Proof of Lemma 3.4.2

Lemma B.2.1(Lemma 3.4.2) The solution of the least-norm problem (3.22) has the form (normal equation)

Q= (; vy wi+ul 7 wl+ul vl D) (3.23)
with the unknown coef cientf g; ; gg[)zl being chosen such th& in (3.23) satis es(3.21) So we get an

explicit form of a pre-certi cate

q(u;viw) = Qju v wi
X
= [h Zyuihv};vihwl;wi + buZuih 2ivibw?;wi + il uinv?;vin 2 wil: (3.24)
p=1

Proof. First, the Lagrangian form of (3.22) is

X
. ?. 0?0?24 — 1 2 ? ? ? ? ? ? ? ? ?
L(Quf pr pr pgp:l)_ ékaF Q 1 p 2Vp 3Wp+Q lup 2 p 3Wp+Q ]_Up 2Vp 3 p
p=1
+
_ 1ka2 Qx ? V? W?+ u? ? W?+ u? V? ?
- é F ! p p p p p p p P p
p=1

with the Lagrangian multiplieré ; ; ;ggzl to be chosen such th& satis es (3.21). Then, by the KKT neces-

sary conditions, the solution of the least-norm problem (3.22) should satisfy

?

_@@Q:f 5 g 5%e)

0

X
_ 5 2 2 2 ? ? ?
_Q p VP WP+ UP p WP+ UP VP p
p=1

B.3 Proof of Lemma 3.4.3

Lemma B.3.1(Lemma 3.4.3) Under Assumptions Il and Ill together with= o(n?= (log n)?), the following esti-

mates are valid for suf ciently large:

p_
1 r r
A = 2 —+ ==
3U (logn) pn Cois
1 r r
B §V 2 (logn) Io7+ cm ;
1 r r
CcC =W 2 (1 —+Cc——
3 (logn) —=+ ¢35

where
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A= 7
B=
c= 7

and the nornmk k is the matrix spectral norm.

Proof. We need to nd coef cient vector§ ?;

.7 ? .

1 r |U - ula 1ur 3
L2 ?. y?

l r 5V - Vly 1V|' 1
.7 — ? W ?
o W o= owg s wy

?.

P pr
_xr 2 v?2 o wl+u? 2 w2+ u? v? ?
Q= p p p p p p p p P
p=1
satis es (3.21):
? ? - ,?. .
Q 2Vp 3Wp - upv 8p2 [r]a
2 2 _ 2. .
Q 1up swi=v, 8p2[r]
Q 1u) vp=w;; 8p2[rl: (B.2)
An iteration scheme. We adopt the followingterative scheméo nd suchf ; ; Sg[)zl:
t+1 — t t ? ? ?
a T q Q1 2vp 3Wq Ug 5 Q2]
t+1 _ ot t ? ? ? .
a T g Qz 1Up 3Wq Vq i Q2]
t+1 - t t ? ? ? .
q = q Q3 1Up 2v§ Wq 5 q2]r]; (B.3)
0- 1,2 0_- 1,7 0= 1yw? wi i i
initialized by ¢ = 3uUg, ¢ = 3V and g = 3wg with g 2 [r]. Here the parameteris a step size to be chosen
later and the tensors
t._xr t V’) W?+U7 ? W'+u? V? ? .
Q1:= p p p p p p p P p
p=1
Qt _Xr t V'7 W +U7 t W'+U? V? ?
2= p p p p P p p P p
p=1
Qt — X t V? W?+ u t W? + u? V? t (B 4)
37 p p P p p p p P p :
p=1

Note that the above iterative scheme is for theoretical analysis only as wé u§edg; gggzl in the de nitions of

Q}; Q% andQs.

Convergence of the iteration scheme We next establish the convergence of the iterations (B.3). Plugging the tensor

eigenvalue equations (B.2) into (B.3) followed by subtracting the true solutions from both sides yiald figr
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t+1 2t ? t
q a” d q [Q1
t+1 2t ? t
q a” q q [Q2
t+1 ?2 -t ? t
q a” «q q [Qs

A= 5 A=
B':= % ;! ;B:=
ct= 14§ ;t,C:=
we have
At A =AY A)I (V>V) (W>W)):
Bl B=(B' B)I [(U U) (W>W)] vV (At
c*t c=Ct o)l [(UTU) (VTV)) W [(A
Denotingel, = kA' Ak;€, = kB! Bk;el = kC' Ckand

8 9
< mn((VZV) (W>W))=

~= min_ mi (UU) (W>W)),
" omn((UTU) (V7V))
it follows from (B.6) that
A Y
et KUKKVKkW k%€, + (1 el;

el KUK?KV kkW kel + KUK?kV kkW kel + (1 el;

? 2.
Q] 2Vq 3an
? 2.
Q] 1uq 3wy,

? ?.
Q] luq 2Vq-

A)”U)
A)>U)

W>W) ;
(VZV)I+[(U”U)

t

(B!

(B.5)

B) V)]
(B.6)

(B.7)

where we have used triangle inequality and properties of spectral norms skeh aQk k PkkQk 3. Convert-

ing (B.7) into matrix form gives

2 3 2

et ~
4el15 4 KUKKV KkW k? 1
ettt kU KkW KKV k2

0

KUK2kV kKkW k 1

where the lower triangular system matrix share the same value

32 3
0 e
0 5465:
N

43Hadamard produd®  Q is a principal submatrix o®  Q, whose singular values are the products of the individual singular valiRsaof

Q.
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i1 1 =7 (B.8)

0:;1)

where (B.8) follows from applyingVeyl's inequality to (3.6) in Assumption Il and the last line holds for any

p_—
. (logn) r
01+ =21y 1,
Conclusion. The error sequendes; e}; e.) is convergent t¢0; 0; 0) geometrically with a rate 2 (0; 1). Thus,

tI'ilm (At:BY;CYHYy=(A;B;C):

Convergence of the consecutive differencdk At  A! lkg;fkB! B! lkg;fkC' C!' lkg. Subtracting the

following two consecutive iterations férA tgin (B.6):

AT A =(AY AN (V>V) (W>W))
At A =(AYT A (V>V) (W>W))
yields
At At=(AY A Iy (VZV) (W>W)):

Similar manipulations applied B g andf Ctglead to

Bl B'=(B' B!' Iyl (U”U) (W>W)) V (A A" HUu) (w>w) ;
ct*t  ct=(ct ct Ha (UU) (V7V))
W ((AY AT HU) (VTV) + (UTU) ((B' B' M)V)

Dening & = kA' A! k& = kB! B! lk;& = kC' C!' k, we can getthe same form as (B.7) and therefore
claim that(e.; & ; &) converge tq0; 0; 0) geometrically with the same rate2 (0; 1) in (B.8).
Bounding the accumulative errors. The geometric convergencei®fC! C! kgimplies
kCt c' 'k 'kc! c%
which together with the triangle inequality gives

K1 K1
kct c% kCs*t  C3k skct c%

s=0 s=0

ikcl Cc%:

Letting T go to in nity on the left-hand side gives
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kC Cc% -—kc! c% (B.9)
We next bounkC? CO%. From (B.3), we have
!
1 0 0 ? ? ? X B PTI S P) ?
a q- (Qz 1ug 2vq wg)= hugsuginvyiviiwg - we
p=1

implying

cl Cc%= w(qu>u) ((v>V) I):

Then from Assumptions Il and Ill, we have

ro_ p_
I
kC! C%  kWkk(U”U) (V*V) Ik  1+c % %: (B.10)
Combine ALL. Finally, combining (B.8), (B.9) and (B.10) and usi@g = %W , we have
1 1+ Cp? (Iogn)pF
CcC =W p—
3 1 (logn) 1 n
- p
5 1+¢ r (logn) r
B n
r r
=2 (logn) e + CW
p_
where the second line follows from the assumptios o(n?= (logn)?) which implies1 81T 1 for g
suf ciently largen. Similar arguments and bounds applyk#d Uk andkB IV k.
O
B.4 Proof of Lemma 3.4.4
Lemma B.4.1(Lemma 3.4.4) Under Assumptions |, II, lll, it~ n%25 andr 55 for 2 (0; 5], then for

suf ciently largen, we havgq(u;v;w)j < 1inF( ):

Proof. The following lemma is required in the proof of Lemma3.4.4. Let us rst admit Lemma B.4.2 to prove

Lemma3.4.4. Since is the sum of two parts given in (3.29) and (3.30), to bojgjdwe will control these parts

separately.

Lemma B.4.2. Under Assumptions l and Il, if n%25 157 withr, 2 (0; 1=6), then for any integep 3,
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kU” ka p 1+% (logn)n e
The same bounds hold for andW . Here, we de n&kHkz , := supfk Hx kp : x 2 S 1g.

Proof of Lemma B.4.2See Section B.4.1. O

Bound absolute value 0f(3.29)

)q ? 1 ? ? ? E )q 1 E )<r
ih g gupiuihvgvibw g wij h? gug;uiZ 2 vizhw?; wi
p=1 p=1 p=1
v v

v
U U u
X X X
t " n 5 }U?;Uizg h/?;vi4H hw?2;wi4
3Yp p P
p:]_ p:]_ p:l

= k(A %U)>ukzkv>vk4kw>wk4

k A }Uka>k2g 4KW 7 ko 4
3 p_

2 (logn) Tr + c# (1+ o(1))

= o(1);

where the last second line follows from Lemma3.4.3 and LemmaB.4.2 when n''?5 (by letting rc in “r
I,.|1:5 .
(log n) "

Similar bounds hold for the other two terms in (3.29).

n25 re" approach to zero). The last line holds for

Bound the absolute value 0f(3.30)  First of all, for any(u;v;w) 2 F (), there exists a division off] =

o[ v[ wsuchthat

jugsuip  ; 8p2
vaivii 5 8p2 (B.11)
jwliuij ;o 8p2 e

We will denote byl | the submatrix oJ forming from those columns @ with indexes in . Similarly, we can

deneV  andW . With these preparation, we have that

w
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X X

jhug; uihv?; vihw Jwij = jhu’; uihv?; vihw wij

p=1 P2 ul vl w

(kv ,KkW ,k+ kU  kkW  k+KU  KkV k)
r— »2
3 1+c —
n

12 maxf 1; ’r=ng
1.
E,

P
where the rst inequality follows from (B.11) and 02 . jhv;;vihwg;wij k V ,kkw  k, etc. The second
inequality uses the fact that the spectral norm of any submatrix is smaller than the original one and Assumption Il. The

last inequality holds when i andand  n=(24 c?):

Combine ALL. Under Assumptions I, II, lll, it n%2®andr 5" for 2 (0; 5], wehavdqg o(1)+ ;<1

in F () for suf ciently largen.

B.4.1 Proof of LemmaB.4.2

The proof re nes the one for Lemma 4 of [71]. We only prove it fbrsince the same arguments applywtoand

V . We start with a general integpr 3.
KUk p= sup KU xkp = kU™ xkp (B.12)
x29 1

where we de nex? 2 S" ! to be the optimal solution afup, , 5 1 kU xKk5. Further note that
kU x?KB = kU gx KB + kU g x Kb (B.13)

whereS denotes the indices of the largest (in absolute valuehtries ofJ > x? andU s denotes the column submatrix

of U indexed byS. Similar notations apply to its complement §t=[r]nS:

Bound the rst term.

X
KUZX’KE k U3x?K3 k UsUzk 1+ jhuisugii 1+ (L 1)&8%—”): (B.14)
i2Snfjg
Note this upper-bound is independentmfHere, the rst inequality is becauge’” x?j k u’kskx’k, =1 and the
last second inequality follows froi@ershgorin's circle theoremFinally the last inequality is from Assumption | and

L being the cardinality of the s&.
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Bound the second term. First note that

minju; x?j? lx ju’ x?j? 1kusu>kkx?k2 1(1+ ol) =
i2s 0 | Lo,s L s 2 L L
for suf ciently largen. The last second inequality follows from (B.14) and an additional assumptian on

-9V

o(1): (B.15)
We conclude that

H> 232 > 22 £

Pl R IR

sinceS consists of the indices of tHe largest (in absolute value) elementsbT x?. As a consequence, we have

X X
kU XK= juiyx7jP ?;%xjufx?j” 2 ju”xj?= rir;asxjui> x°jP 2 kUgx’k3
i2s i2s

N

1 r 2
1+c

N

% (B.16)
where the last inequality follows from the fact thdd 2. x?k3 k Usck? k Uk® (1+ & T)? by Assumption II.
Furthermore, sincél + &P )2 4maxfl;c?Lg, - ¢?n%% 13 from the condition of  n2° 157 and
1 &n%2 L5 forr. 2 (0;1=6), we have(l + &P )2 4c?n®25 5re forr. 2 (0;1=6). So from (B.16), we
get

b1
2 2 P
kUZ.x’kh 4 C cZn02s LSre. (B.17)

From (B.13), (B.14), and (B.17), we have

P
logn 2 2 . )
kU>X?kS 1+(L 1) (39ﬁ)+4 = 2n0:25 L5rc.
By choosing
(L.
_ 1 0:5 rc L En0'5 e+l
L= 5N ) L Lnos e

which satis es the condition (B.15), we have that

kU > xK® 1+% (logn)n " +4%c2n(d 5 Bre;

Then from the assumptiops 3 andr. 2 (0; %), we get
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5
> re=(2 pre re: (B.18)
So, we have

kU”x7kB 1+ %(Iogn)+4%c2 n "e:

Since4?c> 1 (logn)and(1+ t)® 1+ %t forallt 0,then
kU” x Ky 1+% (logn)n e

holds for anyp 3. This completes the proof siné&) > ko , = kU~ x?k, by (B.12).
B.5 Proof of Lemma 3.4.5

Lemma B.5.1(Lemma 3.4.5) Under Assumptions |, Il, Ill, if ~ n¥2> 157 withr, 2 (0; %), then for suf ciently

large n, we have

JF( 15 25 3)] ] cos(1)cos(2)cos(3)j+ jsin( 1)sin( 2)sin( 3)j+ g (logn)n 'e: (3.38)

Proof. We start by the angular dual polynomial (3.37)

q(u( 1);v( 2);w( 3)) =cos( 1)cos( 2)cos( )+ q(u'{;y;z)cos( 1)sin( 2)sin( 3)
+ q(x;v]:2)sin( 1) cos( 5)sin( 3)
+ q(x;y;w3)sin( 1)sin( 2)cos( 3)
+ q(x;y;2)sin( 1)sin( 2)sin( 3):

To boundg, we only need to bound the coef cientgu?;y; z), q(x;v7;z), q(x;y;wi), andq(x;y; z).

We rst show thatq(u?;y;z), q(x;Vv]; z), andg(x;y;w;) are close to zero. To see this, we examine

X
qix;y;wi) = [h Zixihvlyihw i wli + u?ixin yihw ] wli
p=1
+ hul;xihv’;yih 2iwii]
=x [A diag(W ~w})V~ + U diag(W > w})B” + U diag(C” wi)V~ly

. 1 . 1 . 1
=x> A diag(W > wj)V~ éusz+ U diag(W > w})B~ §u’i’v'i’+ U diag(C” wi)V~> éuIvI y;

sincex ? uj;y ? vi: Thisimplies
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. . . 1 . 1
jacy;wii - AdiagWZwiV™ o Zuivi + UdiagWwi)B”  Zulvy
. 1
+ x> U diag(C”w?)V~ éuivf y
We rstbound A diag(W>wi)V>  uivi .

1?’)>

A diag(W > w?)V~> UiV A diag(W > w?)V~> %u diag(W > w})Vv~ (B.19)

1 . 1
+ ZUdiagW>w)V”> Zuivy

3 3
A %U kdiag(W ~ w?)kkV k + %ku kkdiag(W > w; e)kV~k
P r— r— 2
r r r (logn) r
— + + — + — + —
2 (logn) m Cn15 1+c ; ?T l+c ;
r 2

IO
= 2 (Iogn)—+ M l+c

where the third inequality rst uses the fadtsliag(W > w7)k = 1 andkdiag(W > w7 e1)k = max e jhw}; wij

and then follows from Assumptions | and Il and Lemma3.4.3.

Similarly,
IO r— 2
. 1 (logn) r
U diag(W > w})B” 5uivi 2 (log n)—+ P lvc —
The similar arguments also apply to boundjrg (U diag(C> w3)V>  iuivi)yj. Note that

?2.,7>

x> U”diag(C>wi)V~> %ulv1 y =x~ (U diag((C W=3)>WZ)V>)y+%x>(udiag(w>w'i’ el)V”)y

and the rst term can be rewritten as

X
x> (Udiag((C W=3yw))V7)y= x> (¢ wi=3) wjiuv] vy
i=1
= (xXTup)(viy)e  wi=3)"wj)
i=1
= x> ui(viy)(ci  wi=3)" wj

i=1
x> Udiag(V>y)(C W=3) wi;

and so
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x> U?diag(C>wi)V~> %u’{v’f y k Ukkdiag(V>y)kkC W =3k + %kukkdiag(w>w'i’ e1)kV” k:

Finally, we obtain

p_ r _ o
jaGy;wlj 6 (|ogn)7r+ j&gﬁi) 1+c %
= ('Ogn)pf. (logn) . (logn)r*®  (logn)r
=0 n ' Hﬁ ’ n2 ! nls

o _Uogn) (logn) (logn). (logn)

N3=8+ 3rc ' n5=8 §rc’ nl=8+ frc’ ni+l:bre

=0O( (logn)n 3c<: (logn)n 3¢)= o(n )

with the notationO(f (n); g(n)) := max f O(f (n)); O(g(n))g. The the last second line holdsrif n%25 157 and
the last line follows from the assumptiop 2 (0; 1=6).
The same bound holds fgu(x; v7; z)j andjg(u?; y; z)j.
The coef cient of the last term of (3.37) t{X;y; z) and its absolute value is bounded by the tensor spectral norm

. P -
of Q, and should be close to constant@ss closeto _, uj v7 wp, the spectral norm of which ts+ O(n ")

by the following lemma.

Lemma B.5.2. Under Assumptions | and Il, andiif n25 15fc withr 2 (0; 1=6),

)q ? ? ? 5
uj vy wp 1+ ] (logn)n "e:
p=1
Proof of LemmaB.5.2.
)<r ?
u, vy, Wp = sup HJ7a;(V7b) (W7o
p=1 (a;b;c)2K
sup kU~ aksk(V>b) (W7 c)ks-
(a;b;c)2K
sup kU>ak3kV>bk3kW>vk3
(a;b;c)2K

k U”ka 3kV 7 ka 3kW ko 3
1 3
1+ (l fe
3 (ognn
=1+ (logn)n ' +% (logn)?n ' +% (logn)3n 3¢
5
+ = le-
1 2 (logn)n "e;
where the rstinequality follows fronHoélder'sinequality and the second inequality follows fr@auchy'sinequality.

The fourth inequality follows from LemmaB.4.2 when n%:2% 137 with r, 2 (0; 3): The last inequality holds
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sincez (logn)?n "=+ % (logn)3n 3¢ In Te:

. . P
It remains to bound the difference betwe@rand [_, u? v? w?’:

p=1 “p Vp P
X o 2 X, 1, 2 ? 4 X > 15 2
Q Up Vp Wp (o §up) Vp  Wp up (p §Vp) Wp
=1 =1 =1
" |2 {z b2 {z }
X ? 2 ? 1,
* up vp (p 3Wp)
=1
|2 {z }
3
First we bound 1:
1 > > > H
1= sup hA ZU) a (V™ b) (W~ c)i
(a;b;c)2K 3
1
sup k(A ZU)” xkok(V>b) (W?”c)k
(a;b;c)2K 3
1
sup k(A ZU)” xkok(V > b)ksk(W > c)ks
(a;b;c)2K 3
k A %Uka>k2! sKW Ko 4
p? r (pF r )
. 3re — 2re
2 (logn) 7+ e (1+ o(1)) 8 (logn)max -Gt 8 (logn)n °'« = o(n <)

where the rst and second inequalities follows fraGauchy'sinequality and the fourth inequality follows from

Lemma3.4.3 and LemmaB.4.2 when n%25, The last inequality follows by plugging  n%2®> 157c with
re 2 (0;3).

The same bound also holds fop and 3.

Combine ALL. If r n%25 157c with r 2 (0; 1=6), we have

ja(u?;y;z)j= o(n *°);
ja(x;vi;z)j = o(n 2e);
ja(x;y;wi)j = o(n ),

jaiyi2)i 1+ (ogmn "<+ o(n %) (8.20)

which together with (3.37) gives

jou( 1);v( 2);w( 3))]
J cos(1)cos( 2)cos(3)j+ jsin( 1)sin( 2)sin( 3)j + g (logn)n "+ o(n )

j cos(1)cos( 2)cos(3)j+ jsin( 1)sin( 2)sin( 3)j + g (logn)n ¢
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where the last inequality follows from(n 2'<)

B.6 Proof of Lemma 3.4.6

& (logn)n .

Lemma B.6.1(Lemma 3.4.6) Under Assumptions I, 11, lll, if

have

for (17 2; 3) 21(0;0,0);(0; ;

for( 1, 2; 3)21(;;

Proof. Recall that

The points of special interest are the eight vertices of the ffbg

which we classify into two sets:

The rst set of vertices involve an even number of(0; 0; 0); (O; ;

(0 )

F(1+ 1 2+ 2

0)gand

n'25 then for any ; 2 2 1. 2

F(1+ 1; 2+ 253+ 3) 1

3+ 3)<0

);(; 0;0);(0; ; 0);(0;0; )g. Here, equality in(3.42)holds only if ; =

2= 3-

F( 1, 25 3)=cos( 1)cos( 2)cos( 3)+ q(ui;y;z)cos( 1)sin( 2)sin( 3)

+ q(x;vZ;z)sin( 1)cos( 2)sin( 3)
+ g(x;y;w7)sin( 1)sin( 2)cos( )
+ q(x;y;2z)sin( 1)sin( 2)sin( 3):

[0; ]

f(1; 258 12f0 gi=1;23g

[0 ]ie.,

(50 ) (s 0)s

The second set of vertices involve an odd number:df; 0;0);(0; ; 0);(0;0; );(;; ).

Controlling the rst vertex set.

F(1+ 15 2+ o

holds for( 1; 2; 3) =(0;0;0). The same arguments apply to the other cése8; );(0; ;

implies

3+ 3)

F(1 20 3)= F( 1

forall 1; » 32 R:

=+

1

25

8i2

+ 3)=F( +

297

For the rst set of points, we only show that

1 2

N
w

+ 3)= F( + g

);(;; 0)since (B.21)

+ 2, 3)



Let us apply the rst-order Taylor expansion E( 1; »; 3) over some smaller cube o; ol [ o] ol

[ o; olwith o2 (0; =2)to be determined later,

F(1; 20 3)=F(@©0;0,0)+ “r F(1; 2; 3)
1k ki sup kr F(1; 2; 3)ka;
jaj 2l 3 o

where = , , 4 .Since

@

@, (1 2 8)=  sin(1)cos(z)cos(s) q(usy;2)sin( 1)sin( 2)sin( 3)

+ q(x;V1;2) cos( 1) cos( 2) sin( )
+ q(x;y;W7) cos( 1) sin( 2) cos( 3)
+ q(x;y;z)cos( 1)sin( 2)sin( 3);

we have

@@IF( 1 20 3) 1 sin( )i+ o(2)(jsin( 0)j* + 2jsin( o)) + (1 + o(1))jsin( o)j*

j sin( o)j + jsin( 0)j* + o(1)
3jsin( o)j (B.22)

where the rst inequality follows from (B.20), and so

ja(uly;2)i = o1); jax;viiz)i= od); joa(x;y;wi)j= o(l); ja(x;y;z)j=1+ o(l) (B.23)

under Assumptions I-lll and  n%25 (by lettingrc in “r ~ n%2> "<" approach to zero). The inequality (B.22)
uses the facts thasin( ¢)j> j sin( o)j ando(1) | sin( o)j for suf ciently largen. The same bound holds for

@%F( 1, 2, 3) and @—@SF( 1; 2, 3) . We therefore have
F(1 203 1 3kkysin(oj 1 9§ (B.24)
Let us compute the second-order Taylor expansidn(©f; 2; 3):
F( 1 25 9= F(0;0,00+ “r F(o;0;0)+% “r2F( 1 2 3)

where( 1; 2; 3) 2 [ o; ol As a consequence of the construction process of the dual polynomial, we have

F(0;0;0) =1 andr F(0;0;0) =0, implying

F( 1 20 3)=1+ = “r2F (4 25 3) ¢

NI =
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Therefore, as long as we can ng such that the Hessian matrix?F is negative de nite over the regidn o; o]°,
thenF( 1; 2; 3) 1forany( 1; o; 3)2[ o; o]® with equality holds only if 1; »; 3)=(0;0;0).

We next estimate the Hessian matri¥F ( 1; »; 3). Direct computation gives

2 3

F(1; 25 3)
r2F(q; 25 3)=4 F(1 25 3) 5
F(1; 25 3)

whose off-diagonal elements are nonsymmetric partial derivatives fifr example,

@
@.@:

F( 1; 2; 3)=sin( 1)sin( 2)cos( 3) q(ui;y;z)sin( 1)cos( 2)sin( 3)

+ q(x;y;w3)cos( 1) cos( 2)cos( 3)
a(x; v1;z)cos( 1)sin( 2)sin( 3)
+ q(x;y;z)cos( 1) cos( 2)sin( 3);

which implies by (B.23) that

@@F( 15 25 3) | sin( 0)j®+ o)L +2jsin( 0)j?) + (L + o(1))jsin( o)j
1@

i sin( 0)j+ jsin( 0)j*+ o(1)
3jsin( o)i:

The same bound holds for other mixed partial derivati\@%F( 1; 2; 3) withi;j =1;2;3andi 6 j.

To maker ?F( 1; »; 3) negative de nite, byGershgorin's circle theorerand the bound (B.24), we only need

F(1; 2; 3)+6jsin(o)j 1+93+6 <0

_ P . P _ P P _
which holds for o 2 (—22; —%-1), including(—2%; —4-1). This completes the rst part of the proof.

Controlling the second vertex set. Similarly as before, we rst show

P31

F(+ 10 + 25 + 3)<0;8ij<
It follows from the intermediate result (B.24):
F(123 1 985>084 o

by recognizingthaE( + 1; + 2; + 3)= F(1; 2; 3);81; 2; 3and choosingoz(pi 1)=3: Finally,

we claim the same conclusion applies to the remaining three cases since

F(+ 1 + 20 + 3)=F( + 1;203)=F(1; + 253)=F(1, 25 + 3)
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forall 1; 2; 32 R:

B.7 Proof of Lemma 3.4.7

Lemma B.7.1(Lemma 3.4.7) Under Assumptions |, II, lll,if ~ n%2% 137 withrc 2 (0; §), then for suf ciently

largen, we havgF ( 1; 2; 3)j < 1in Np( p) for = Wn 0:5rc

Proof. First, solve for such that

jecos( )3+ jsin()i*< 1 4 (logn)n 'e: (B.25)

To this end, we de nd ( ) := jcos()3j + jsin( )j® for 2 [0; ]. It can be veri ed directly thaf is symmetric
around on[0; ], symmetric aroung; on[0; ], and strictly decreasing d0; 4]. Sincel 4 (logn)n "< 2 (0;1),
there exists a uniqug 2 (0; 7) suchthaf ($)=1 4 (logn)n = 2 (0;1). Thus the inequality (B.25) holds on
%5 G+ $).

To have an approximation &, we need the following lemma.

Lemma B.7.2. Letf andg be any two real functions with being strictly decreasing in some interfg ) and
satisfyingg(x)  f(x);8x 2 (; ). Suppose both equatiofigx) = bandg(x) = badmit one root in[; ],

denoted by andxg respectively. Thery Xt .
Proof of Lemma B.7.2Sinceg(x) > g(xs) f(xf) = bforanyx 2 [;X ), g(Xg) = bcould only happen within

Xi; 1 O

We now recognize that

3 . . —
f() 1 0 2. for 2 [0; =4] (B.26)

andg( ):=1 % 2 is strictly deceasingD; = 4]. Clearly,

r—
_ 80 (logn) n 05
= =5

istherootofg( ) =1 4 (logn)n "< over the interval0; ;]. By LemmaB.7.2,,  $. Therefore, (B.25) holds

on(m> bvlG+ b b). By (3.47), we obtain

F(1, 20 3)<1for( 1; 2; 3) 2 Np( b):
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B.7.1 Proof of Eq. (B.26)

Showing (B.26) is equivalent to showing
i3 3 3 o .=
sin®(x) +cos®(x) 1 Z)x ; 8x 2 [0; =4] (B.27)

sincesin(x); cos(x) > Ofor x 2 [0; =4]. Before moving on, we need the following lemma to prove (B.27).

Lemma B.7.3. The following inequality

(32n ! 3) X2n 1+ (32n +3) X2n (32n+1 3) 2n+1 (32n+2 +3) 2n+2
4 (2n 1) 4 (2n)! 4 (2n+1)! 4 (2n+2)!

holds for allx 2 [0; =4]andn 2,

0 (B.28)

Proof of Lemma B.7.3Let p equal the expression on the left side of Equation (B.28). A simpli catiop gields

2n 1 2n+2
p(x) = %(X)m + %(X)m,
32n+l 32n+2 +3 5

3 2 — 2n
72n(2n+1)x andgp(x) = (3" +3)

As functions ofx, g andg, have roots at

wherequ(x) = (32" 1 3)

2n+D@2n+2) "

r r
2n(2n+1)(32" T 3) @2n+1)2n+2)(320 +3)
P+l 3 and Pn+2 4+ 3 !

respectively, providedd 1. Since10(3" ' 3) 3" 3and9(3*" +3) > (32"*2 +3) foralln 2, it

follows that the positive root afy satis es

r r
2n(2n+1)(32 1 3) 2n2n+1) _ P ) )
Pt 3 10 > 2> e forn 2

and the positive root af, satis es

r r r__
2n+1)(2n+2)(32" +3) @2n+1)(2n+2) 10 _ _
¥n+2 43 > 9 > 3 > 7 forn 2

Therefore bothyy, andag are positive off0; =4]foralln 2, and Equation (B.28) holds. O
B.7.1.1 The Proof

Lemma B.7.4. The following statement
+~3 3
sin*(x) +cos®(x) 1 ==X

holds for allx 2 [0; ;1.

Proof. Recall thassin®(x) = % (38sin(x) sin(3x)) andcos’(x) = % (3 cosx) + cos(3x)), and therefore
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s 5 b3 @13
H - + 1n n .
sin®(x) = x ) (1 74(2n ] :
n=5
and
- 32,74 nF"+3 2N
cos(x) =1 X7+ Xt i ( 1) 2
Thus
sin®(x) + cos3(x) 1 §x2+ x3 + zx
2 8
for all x 2 [0; =4]since by Lemma B.7.3
b3 ( 1)n 32n 1 3X2n 1+X ( )n32n +3 2n
=3 4(2n 1) o3 4(2n)!
_ b3 32n 1 3 n 1+ 32n +3X2n 32n+1 3X2n+1 32n+2 X2”+2
n=3inoga 2N ! 4(2n)! 4(2n + 1)! 4(2n +2)!

Finally, note that

1 gxz +x3+ gx“ =1 2—3Ox2 + x2h(x);
with
2

h(x) = %+ X + gx

being negative if0; = 4]. So the proof is complete.
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APPENDIX C
APPENDICES FOR CHAPTER 4

C.1 Proof of Proposition 4.3.1

Proposition C.1.1(Proposition 4.3.1) Under the same setting as in Theorem 4.3.1, for any initial pdigitg(U ) on

Lev; (Uo) de ned in(4.10)has a Lipschitz continuous gradient with the Lipschitz constant

[0) 2

r
2 2(F(UoU3) F(X?)+2kr f(X7)ke +4 @KU ke +

o<

g 1
2(F(UoU3) F(X7)
2( 2 1) (U?)

Le

where () denotes the smallest honzero singular value of its argument.
Proof. To that end, we rst show that for arly 2 Lev; (Ug), kUkg is upper-bounded. Let = UU > and consider
the following second-order Taylor expansionfdiX )

z
f(X)=f(X?)+ hrf(X?):;X X?i+% l[r21‘(tx’-’+(1 X)X X% X XP)dt
b 0
f(X7)+% 1[r ZEaX7+@ X)X XX X?)dt
0

f(X?)+ EkX X?K2;
which implies that
> ? 1.2 2 > ? 2 > ?
kuu Xke —(fUU7) (X)) —(f(UgUy) (X)) (C.1)

with the second inequality following from the assumptidr? Lev; (Ug). Thus, we have

q
KYU>  X%ke g(fg‘UoUS) F(X?)
F

kUke k U’kg +dist(U;U?) k U’kg + — _
F F ( ) F 202 1y 202 1) (UY)

(C.2)

Now we are ready to show the Lipschitz gradientdatLevs (Uo):
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kr 2g(U)k? = max [r 2g(U)|(D;D
g(U) o [r “g(U)I(D;D)
= max 2hr f (UU >);DD ”i +[r 2/ (UU>)(DU> + UD ;DU ~ + UD )
F=
2 max hrf(UU”);DD”i + max [r ?f(UU”)](DU> + UD”;DU” + UD”)
kaF:]- kaF=1
Zanlzav_(l hrf(UU~) r f(X?);DD”i +2kr f(X?)ke + kDU + UD ~ k2

2 kKUU~  X7kg +2kr f(X?)ke +4 kUKZ

r ° N2 an) T
2 R 9 “(f(UoUjq X7
2 S(f(UoU3) F(X?)+2kr F(X7)ke +4 @KUke + P—= A
(f(UoU3Z) f(X?) (X 7)ke : 5 1 O
= L2
Here, the last second line follows from (C.1) and (C.2). This concludes the proof of Proposition 4.3.1. O

C.2 Proof of Lemma 4.3.2
Lemma C.2.1(Lemma 4.3.2) Assume that);;U, 2 R" ". Then

kUjU7 UxUZke minf (Ujg); (Uz)gdist(Ug;U>):
Proof. LetX; = U U7, X2 = U,U3 and their full eigenvalue decompositions be

X1= PPy X, = pg;af
j=1 j=1

wheref jgandf ;gare the eigenvalues in decreasing order. Smack(U 1) = ry andrank(Uz) = rp, we have

j=0forj>r yand j =0 forj >r ,. We comput&kX; X,k2 as follows

ka_ X2k|2: = kX1k§+kX2k,2: 2hX1;X2i

X 5 X 5 XX

= it i 2 jhoiqji
i=1 j=1 i=1 j=1

) X X X X

= i hpi; gjic+ i hpi;q;i 2 jhpiiq;i
i=1 j=1 j=1 i=1 i=1 j=1
XX 5 5

= (i i)°hpi;qg;i
i=1 j=1

XX p 2 p— 2

- CPT T P g2

i=1 j=1

® Np 02X X' p _ 2
min rlvp r2 i P J mi;qjlz

i=1 j=1
- P p__2
=minf ;0 X1 2 s
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where- usesthe facl? (=1 P 0% = kpik3 = 1 with f g; gbeing an orthonormal basis and simiIaI?I))i‘:l hpi; q;i?
= kq;k3 =1.- is by rstly an exchange of the summations, secondly the fact that 0 forj >r ; and ; =0 for
j >r 2, and thirdly completing square®. is becausé ;gandf ;gare sorted in decreasing order.follows from-
and thaf P ~jgandf P ~jgare eigenvalues cg‘ X1 andp X », the matrix square root of ; andX », respectively.

Finally, we can conclude the proof as long as we can show the following inequality:
P— P_—2

X1 X2 min  kU; U,RK2: (C.3)
F R:RR > =1,

By expandingk k2 in (C.3) and noting thamp X1; P X =tr( Xq)=tr( UsU7) andhp Xo; P Xoi =tr( Xp) =
tr(U,U3), (C.3) reduces to

h Xq1; Xoi max hJq;UsRi: (C.9)
R:RR > =1,

To show (C.4), we write the SVDs &f 1; U , respectively a¥); = P; 1Q7 andU, = P, Q3 withP;;P, 2

R" T 1, 22Rr ’andQl;QZZRr r.Thenwehangl: P, 1Pi;pX72: P, 2PZ:

On one hand,

RHSof (C:4)= max ~ P1 1Q7;P> Q3R
= max P; 1;P2 2,Q;RQ;
R:RR > =1,
= max W1 1;P» 3Ri ByR Q3RQ:
R:RR > =1,
= k(P2 2)”P1 1k : By Lemma 4.3.1

On the other hand,

LHSof C:4=hP; 1P7;P, ,P3i
= hP2 2)”"P1 1;PZPii
k (P2 2)”P1 1k kPZ P31k By Holder's Inequality
k (P, 2)”Py1 1k: SincekP3 Pk k PykkPik 1

This proves (C.4) and hence completes the proof of Lemma 4.3.2.

C.3 Proof of Lemma4.3.4

Lemma C.3.1(Lemma 4.3.4) LetU andZ be any two matrices iR" " suchthatU>Z = Z> U is PSD. Assume
thatQ is an orthogonal matrix whose columns sg@ange(U). Then

2 1

2 1 2
(U 2’ F uu-> zz’ £t 3+?Oﬂ (UU> Z7z77)QQ’ i
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The proof relies on the following lemma.

Lemma C.3.2. [125, Lemma E.1] Letd andZ be any two matrices iR" " suchthat)>Z = Z> U is PSD. Then

> 2 1 > s> 2,
U zyu> muu 77>

Proof of Lemma 4.3.4. De ne two orthogonal projectors
Q=QQ~ and Q, = Q»,Q3;

soQ is the orthogonal projector on®ange(U ) andQ- is the orthogonal projector onto the orthogonal complement

of RangeU). Then

k(U Z)U k2 2 k(U Q Z)U” k2 + kQ, U~ k2
k(U Q Z)U” K2 + iZ>Q,Z;U> Ui

®
?a%kuu > (QZ)(QZ)’ K2 + 2> Q,Z;U”U  Z>Qzi+ > Q,Z;Z” QZi
5 él 2kuu> Q zz°K2 + 2> Q,Z;U”U  Z>Qzi+ > Q,Z;Z” QZi
1

ﬁkuu > Q ZZ7KE + ékZ>Q? ZkZ +2kU”U  Z”QZk2 + 2> Q. Z;Z” QZi;
(C.5)

N

where- is by expressingU  Z)U” as the sum of two orthogonal factofld Q Z)U” and Q ,ZU”. - is
becaus&kQ, ZU> k2 = hQ,ZU”;Q,2ZU”i = hQ,ZU>;ZU”i = iZ>Q,Z;U>Ui. ® uses Lemma C.3.2

by noting thatU> QZ = (QU)>Z = U>Z 0 satisfying the assumptions of Lemma C.3.2.uses the fact that
kUU> (QZ)(QZ)’ k2 = kUU> Q ZZ>QkZ k UU> Q ZZ>QkZ+kQZZ>Q-,kZ = kUU> Q ZZ>Q

QZZ> Q. kZ = kUU> Q ZZ>kZ.° uses the following basic inequality that

1 ' 2

ékAk,2:+2kBk,2: 2 ékAk,z:kBk,Z::kAkaBkF h A;Bi;
whereA = Z>Q,ZandB = U”U Z>QZ:

The Remaining Steps. The remaining steps involve showing the following bounds:

kZ>Q,Zk? k UU~ ZZ”KZ; (C.6)
W>Q,Z;2°QZi k UU> Q ZZ>kZ: (C.7)
kU>U Z>QzkZ k UU”> Q ZZ”kZ: (C.8)

This is because when plugging these bounds (C.6)- (C.8) into (C.5), we can obtain the desired result:

k(U Z)U~k2 %kUU> 777 k2 + 3+§>% k(UU> ZZ”)QQ” KZ:
Showing (C.6).
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kZ”> Q- Zk2

hZZ> Q- ;Q>ZZ7 i

hQ,ZZ” Q- ;Q>ZZ” Q-
kQ»ZZ” Q. k2

kQ» (ZZ> UU”)Q, k?

11

®
k ZZ> UU”K:;

where- follows from the idempotence property tH@gs = Q- Q- : - follows fromQ, U = 0. ® follows from the

nonexpansiveness of projection operat®» (ZZ> UU >)Q-.kr k (ZZ> UU?)Q-ke k ZZ> UU 7 kg.

Showing Eq. (C.7). The argument here is pretty similar to that for (C.6):

> Q,Z:Z”>QzZi = hQZZ”>;Z2Z” Qi
hQzZZ~ Q- ;QZZ” Q-
kQZZ> Q- k2

kQ(ZZ> UU”)Q, k2

11

kQ ZZ> UU”K2;
where- isbyQ-, U = 0. - uses the nonexpansiveness of projection operatofdsid > = UU ~:
Showing Eg. (C.8). First by expanding k2 using inner products, (C.8) is equivalent to the following inequality
KU”UK2 + kU”U Z”QZkZ2 2hU”U;Z>QzZi k UU k2 + kQZZ> k% 2HJU~;QZZ”i: (C.9)
First of all, we recognize that

X
kU”Uk2 = i(U)? = kUU ~ k2 :
i

kZ” Qzk2 = 2 QZ;Z” QZi = hQZZ”;ZZ”> Qi = hQZZ> Q;QZZ > Qi = kQZZ> QkZ k ZZ” QkZ;

where we use the idempotence and nonexpansiveness property of the projectionirathe second line. Plugging

these to (C.9), we nd (C.9) reduces to
hU”U;Z>QzZi h UU~;QZZ”i=hJU>;ZZ”i = kU~ ZKkZ: (C.10)
To show (C.10), leQ P > be the SVD ofU with 2 R "*andP 2 R" "’ wherer®is rank ofU. Then

UU=P 2P”; Q=UP ' and Q=QQ>=UP 2P U”: (C.11)
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Now

LHS of (C:10) = U~ U;Z” QZi

WP 2P>:Z>UP 2P>U”Zi

11

h 2P>(U>Z)P 2P>(U”Z)Pi
2h %G %Gi
kG k2

k Gk2
= KU> ZK2:

where- is by (C.11) and uses the assumptionthdat U = U>Z 0:In®, we deneG = P> (U Z)P.° is

becaus&GkZ = kP> (U> Z)Pk2 = kU~ ZkZ due to the rotational invariance kf kg : ~ is because

G = bo?
F = 2
i |
X i 12. 2
= Gii + —-* 3 Gj
i=j i>] J !
2 X i i 2
Gi + 2 — — Gj
i=j i>j J !
= Gﬁ
i
= kGKkZ;

where the second line follows from the symmetric propert¢adinceG = P> (U Z)P 0OandU”Z 0. O
C.4 Proof of Lemma 4.3.5

Lemma C.4.1(Lemma 4.3.5) Suppose the objective functibX) in (Po) is twice continuously differentiable and
satis es the restricted well-conditionedness assumpf@nFurther, letU be any critical point of(F¢) andQ be the
orthonormal basis spanningange(U). Then

uu> uU’u?

> ?2117?> >
(VU u’u?)QQ” . " c

Proof. LetX = UU > andX? = U?U?> : We start with the critical point condition f (X)U = 0 which implies
rf(X)UUY = r f(X)QQ> = 0;

whereY denotes the pseudoinverse. Then fozaR R" ", we have

yhr f(X);ZQQ”i =0
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Zl
Yhr f(X?)+ [r?f(X+@ X)X X)d;ZQQ>i=0
0
Z,
Yhr £(X?);ZQQ i + r2f@xX +(1 t)X’dt (X X?%ZQQ”)=0
0

2

Y " hrf(X?):ZQQ”i h X X7:ZQQ~i ——kX X "ke kZ QQ ™ ke

) hrf(X?);ZQQ” i+ hX X%;ZQQ i — kX X ke kZQQ ” ke

) 2 hrf(X?);(X X?)QQ”i+ k(X X?)QQ”k2 ——kX X?ke k(X X7)QQ~ ke
) 2 hrf(X?);(X X?)QQ”i+ k(X X?)QQ~k2 ——kX X?ke k(X X7)QQ~” ke

+
Yk (X X7)QQ ke kX X7ke;

where- uses the Taylor's Theorem for vector-valued functions [148, Eq. (2.5) in Theorem-2.ikes Proposi-
tion 4.2.1 by noting that the PSD matifiX * + (1 t)X] has rank at mo<r for all t 2 [0; 1] andrank(X X ?)
4r; rank(ZQQ >)  4r.®is by choosingZz = X X ?:~ follows fromhr f (X?);(X X?)QQ~i 0Osince

where (i) follows fromX QQ~> = UU > QQ~> = UU > sinceQQ "~ is the orthogonal projector onf®ange(U ). (ii)

uses the fact that
rf(X?)X7=0=X"r f(X7);
and (iii) is because f (X?) 0;X 0.
C.5 Proof of Proposition 4.4.1
Proposition C.5.1(Proposition 4.4.1) Any critical point(U; V) 2 X forms a balanced pair ift:

For any critical poin{U ; V), we have
rgiu;v)=( UV~>)W = Q;

> >

whereW = y> V> . Furtherdenot®%/ = y> V> . Then
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YW rgU;V)+rgU;V)YW =0
Yy W (UV )W +W> (UV )W =0

® s s | rf(Uv>) U s | rf(UV>) U _
VI VI rr v ey | v TV v ey ! v =0
) 2U°U V7V +|u> rf(UV>){r f(UV ) v}+|v rf(UV>)>{r f(UV >) U}=0
z Z
=0 =0

)2 (UU V*V)=0
y UU V>V =0;
where- follows fromr g(U;V) = 0 and- follows fromr g(U;V) = ( UV >)W. ® follows by plugging the

de nitions of W; W and ( ) into the second line. follows from direct computations. holds since > 0: O

C.6 Proof of Lemma4.4.1
> >

Lemma C.6.1(Lemma 4.4.1) LetW = y> v> with(U;V) 2 E. ThenforevenD = D7 D of

>
\%
proper dimension, we have

kPon(DW *)kZ = kP, (DW ~)k2:
First recall 2 3 2 3 2 3
w=§"% w=9"Z, p-=§"Y% p=§°Y%
\% \% D
By performing the following change of variables

W1 D; W]_ @; W, W; Wz W
in (4.29), we have

1 1

kPon(DW>)k§:ZkDW>+I§W>kE:ZI’DW>+I§W>;DW>+I§W>i;
kP, (DW>)kE:%kDW> @W>k§:%th> BW>;DW > BWi:

Then it implies that

kPon(DW ~)kZ& kP o (DW ~)k2 %rDW>+IbW>;DW>+I§W>i %1hDW> BW>:DW > BWwW>i

W >:BW>i=h>D;W>Wi=0;

since® > W = 0 from (4.27).
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C.7 Proof of Lemma 4.4.2
> >

Lemma C.7.1(Lemma4.4.2) LetW ; = u; v; Wa2= U3 V3 with(U1;V1);(U2; V) 2E. Then

KPon(W1W7 WoW3)kE kP o (WiW7  WoW3)kE:
2 3 2 3

U U
Proof. To begin with, we de nev ; = 9 ! E,wz = 9 2 % Then
vV, V,

kKPon(W1W 7 WoW3)kE kP o (WiW7 W,W3)K2
KPon(W1W7) P on(WoW3)kE kP o (W{W7Z) P o (WoW35)kE

11

2
W1WT+W1WT W2W3+W2W; WlWi W]_Wi WzW; WzWZ

2 2 2 2
F F
2 2
_ WiW3T WLW3 +W1W§ WoW 3 WiW7 Wows; W, W7 W,W;3
- 2 2 2 2
F F
(:'DH\N]_WI WQWZ,W]_WI WzW;I
= H\N]_WE,W;LW;I + I’WzW;,WzWZI h W]_WE,WQWZI h Wj_Wi,WzWEI
; hW]_Wi,WzWEI h W1Wi,W2WZI
0;
where- is due to the linearity oPo, andP, . - follows from (4.29).® is by expandingk k2. ~ comes from
(4.27) that

WW; =W W, =0; fori=1:;2:
° uses the fact that

WiW7 0 w.WwWI O W,W3 0 W.oWwW3 O

C.8 Proof of Proposition 4.4.2

Proposition C.8.1(Proposition 4.4.2) Any (U ?;V ?) in (4.22)is a global optimum of the factored progra(f):

g(U”:Vv?) g(U;V);forallU2R" ";V 2R™ ':

Proof. From (4.22), we have
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1 -1 P— 2 P— ’
S kUi +kvikE 22 PL "0 ¢ IR+ QT "0 IR
2 2 F F

=1 p7’-’2+ P—2

2 F F

_ P2

- F

£ KXk ;

where- uses the de nitions oJ? andV ? in (4.22). - uses the rotational invariance kf kr: ® is because
p P
kK 7k =" «(X?)= kX°k :

Therefore,

fUV?)+ (KUK2 + kV7k2)=2= f(X?)+ kX7k
f(X)+ kXk
= f(UV ™)+ kUV ~k

®
f(UV )+ (KUKZ + kVkZ)=2;

where- comes from the optimality oK ? for (P1). - is by choosingX = UV *: ® is becaus&kUV >k

(KUK2 + kV k2)=2 by the optimization formulation of the matrix nuclear norm [65, Lemma 5.1] that

— H 1 2 2.
kXk = min  S(KUKE + kVkg):

C.9 Proofof Lemma4.4.3

Lemma C.9.1(Lemma 4.4.3) Suppose the functioh(X) in (P;) is restricted well-conditionedC). LetW =
Uu> Vv> with(U;V)2X,W?= y?> vy?> correspond to the global optimum ¢P,) andQQ > be

the orthogonal projector ontRange(W ). Then

kKWW > W’W ?)QQ” ke ZTkUV> X ke
2 3

Z
Proof. LetZ = ﬁ U&Z; with arbitraryZy 2 R" " andZy 2 R™ ". Then
Zy

Yh (X)W;Zi=H;Zi=0
) (X)) (X)+( X?);zZW” =0

| rf(X) | rf(X?)

) r f(X)” I rf(x?)> AR X?):ZW> =0
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0 rf(xX) r f(x?)

Doy ro oy 0 P (XDizw” =0
Rl 2 2 2 2
y 0 o lr f(X-+t(XOX-))](X X ?)dt F(X)ZW> =0
Rl
0 Ir ZF(X?+t(X X)X XHdt . ZyU> ZyVv~ N > —
) 0 0 ) Zvu> Zvv> + (X )vZW _0
Zl

) DAHXTHHX XTDI(X X7 ZyVT +UZY)di+ (X7);ZW 7 =0;
0

where the fth line follows from the Taylor's Theorem for vector-valued functions [148, Eq. (2.5) in Theorem
>

R
2.1] and for convenience = 01[r 2F(X7+ (X X)X X?)dt inthe fth and sixth lines. Then, from

Proposition 4.2.1 and Eq. (4.29), we have

2
o

zZ
1(2) 2(2) 3(2)

(X?){;ZZW>}+PP° (ww > Y\Z/?W”);zwj —— kX X7k |<P0 (%W>)kr}:
(C.12)

The Remaining Steps. The remaining steps are choosiige (WW > W W ?>)w > Y and showing the following

1(Z2) G (C.13)
2(2) %k(WW > WPW?)QQ7K2; (C.14)
3(Z) k (WW > W?W?)QQ” ke: (C.15)

Then plugging (C.13)- (C.15) into (C.12) yields the desired result:

s 2

%(WW> WW™)QQ™ ¢ ——kX X7ke (WW 7~ W’W™)QQ~

or equivalently,

(WW > W?’W?>)QQ~ . 2——kX X ke

Showing (C.13). ChoosingZ = (WW > W ?W ?>)W >? and noting thaQQ> = W TW >”, we havezW > =
(WW > WW>)w>'w> =(ww >  W?W?)QQ>. Then

1(Z)= h( X?);(WW > W’W?)QQ”i=h(X?);WW i 0
where the second equality holds sind®v > QQ~> = WW > and ( X)W ? = 0 by (4.25). The inequality is due

to (X?) O.

Showing (C.14). First recognize tha®, (WW > W7 W >)= J(WW > W’W?> WW> + W ?):
Then

313



2(Z) = hP, (WW > W7 W?);ZW ~i
1

D
1
:éww> WPW 7> (WW > W?W?)QQ”

> WW> WP (WW T WPW P)QQ”
Therefore, (C.14) follows from

D E D E D E

WW> W?W?>;(WW> W?W?>)QQ> - WW>; W?W?> +

W wWwW T 0
where the rst equality uses (4.27) and the inequality is because

wWw> O WW?»> 0 wW?> 0 WW > O

Showing (C.15). PluggingZ = (WW > W ?W ?>)W >” gives

3(Z) = kPo ((WW = W?W ™ )QQ” ke ;

which is obviously no larger thah(Ww > W *W ?>)QQ~ ke by the de nition of the operatiof, .

314

E



APPENDIX D
APPENDICES FOR CHAPTER 5

D.1 Proof of Lemma5.3.1

LemmaD.1.1(Lemma 5.3.1) Suppose=[ n] [m]. Let

C o (@x))? a()ax) (X)) 2+ (1 a(x)) o)
@ = n mn 2(X) ' T qXx))2

and

_ (@x)?  a(x)x)  (Ox)2+ (1 o(x))ox)
@ R mex & (x) ! T )2

ThenF .y satis es the restricted strong convexity and smoothness condition:
o KGKE  [r 2F v (X)I(G;G) o kGKE

foranyG 2 R" ™ andkX k;

Proof of Lemma 5.3.1We compute the partial derivative Bf .y in terms ofX;; as

@Fy _ aAXij) 1 *Xig) .
@X; o= Xy ) 7T VT Xy )

which implies

@F v —1,.0 (qo(xi;j )2 q(X i )PIX ij ) T PV (g%X i N2+ q(X i ) P{X i )
@x ey @ (Xij) (i = (L a(Xi;))?
and
@F .y -0
@X,j @X(;‘
for all (k;) 6 (i;j ). Thus, the bilinear form for the HessianofF .y (X) can be computed as
X @F .

r2F v (X))(G;G) = —— G}

[ ,Y( )]( ) i j @XJ @XJ Il]
foranyG 2 R" ™. Now since by assumptidaX k, , we have

¢ KGKE  [r ?F v (X)(G;G) ¢ kGk:
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D.2 Proof of Proposition 5.4.1

Proposition D.2.1 (Proposition 5.4.1) Suppose the functioh(X) satis es the(2r; 4r)-restricted strong convexity
and smoothness conditigh.3) with positive and . Then foranyn m matricesZ; G;H of rank at mos®r, we

have

——[r 2 (2)(G;H) hGHIi  ——kGkg kHk; :

Proof of Proposition 5.4.1This proof follows similar steps to the proof of [78, Lemma 2.1]. First note that the bilinear

P
form[r 2f (Z)](G;H) = ik %G” Hy implies[r 2f (2)](G;H) is invariant under all scalings for both

G andH, i.e.,
[r 2 (2)I(aG;bH) = alr *f (Z)](G;H)

foranya; b2 R. If eitherG orH is zero, (5.3) holds since both sides are
Now suppose botlc or H are nonzero. By the scaling invariance property of both sides in (5.3), we assume
kGke = kHks = 1 without loss of generality. Note that ti{@r; 4r)-restricted strong convexity and smoothness

condition (5.3) implies

kG HKk: [r2(X)(G H;G H) kG HK::

Thus we have

— kGKZ + kHKZ 2 r2f(2) (G;H) ( + )hG;Hi

2 2 .
—5— kGKE + kHkE

which further implies

21 26(Z) (G:H) ( + )HG:Hi =( ) kGke kHK. :

D.3 Proof of Lemma5.4.1

Lemma D.3.1(Lemma 5.4.1) Supposé (X ) satis es the(2r; 4r)-restricted strong convexity and smoothness condi-
tion (5.3). For any critical pointW of (5.5), letPy 2 R(M*M) (M*n) pe the orthogonal projector onto the column

space ofV . Then

(WW > WW )Py 2——kX X 7Kg
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Proof of Lemma 5.4.1First recall the notatiolX = UV >, X? = U?V?, and

_ U g - U o U o, U7
W - Vv ,W - v ,W - V? 5W - V?
It follows from (5.17) and (5.18) that any critical poit satis es
0 r f(X) A
rfxy> o W=O0
which gives
_ 0 rf(X) . 5.
O—hrf(x)> o ZWi
_ 0 rf(xX) r £(X?) . .
“hrxy ¢ ofx) 0 HZW (D.1)
+
=hrf(X) r f(X? (X X?),ZyV”> +UZ3i+ |x x?;zL{v>+uz\>,}
{z } tz
kl 2

2 3

z

foranyz = §7YL 2 R*m) ' Here the second line utilizes the fact (X?) = 0. We boundk; by rst using
Zy

integral form of the mean value theorem fof (X):

Zl
+
ki= rafaxX +(1 t)X?) (X X% zZyVZ +UzZy)dt —— X X% ZyV” +UZ3
0

Noting that all the three matricéX +(1 t)X?,X X?andZyV> + UZ?, have rank at mo<r, it follows from

Proposition 5.4.1 that
jk1j Tkx X?ke ZuV” +UZY

which when plugged into (D.1) gives

T ky= ok
2 = 1
2 (D.2)
Tkx X?ke ZyV” +UZY

Now letZ = (WW > W W ?>)W ¥ which giveszZW > = (WW > W ?W ?*)P,, . Herey denotes the

pseudoinverse of a matrix aly is the orthogonal projector onto the rangeViéf. Utilizing the fact® >W = 0
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from (5.7), we further connect the left hand side of (D.2) wittWw > W?W 7> Py, i by

+ + +
ky= ko + h W~ ZW 7
2 2 2 2 2 ; |
+
= WW > WW?>; Ww > W'W? Py
4
D E
+ WIW T WW T WIW P Py (D.3)
+
2 WW > WW?>; Ww > W'W? Py
_ T > 2N 2> 2,
= Ww WW > Py

where the inequality follows because

D E
W, WPW PPy =0 (since W W7 =0)

and

D E D E
WW T WW TPy = W WW T 0

On the other hand, we give an upper bound on the right hand side of (D.2):

q
KX X7ke ZyV> +UZy . kX X’k 2kZyV>KE+2 UZy 2
kX X7ke WW> W'W? Py _;
2

2
F+ Zvu> F= ZUU>

— > 2 H H
= ZW~ _. Thistogether with (D.2) and (D.3) completes the proof. [

2

where the last line follows becaus& V> r

+ ZyV> 2 (sinceU>U = V> V),

2
E

. . 2
implying2 ZyV~> _ +2 UZy
D.4 Proof of Lemma5.4.2

LemmaD.4.1(Lemma 5.4.2) For any matrice<C; D 2 R" " withranksr; andr,, respectively, leR = arg min oo, kC

DR %g . Then

n

[0}
kCC> DD”kZ=kC DRkZ max 2(p§ 1) ZD);min  2(C); Z(D)

If C = 0, then we have

cc> DD> .  2(D)kC DRK?:

Proof of Lemma 5.4.2WhenC 6 0, the proof follows directly from the following results.

LemmaD.4.2. [6, Lemma 3] For any matrice€; D 2 R" " with rankr, andr», respectively, [eR = arg min R20, kC

DR kg . Then
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cc> DD> _ minf ,(C); ,(D)g kC DRKk:

Lemma D.4.3. [102, Lemma 5.4] For any matriceS;D 2 R" " withrank(D) = r, letR = arg min R20, kC
DR kg . Then

p

cc> DD> 2 2(2 1) 2(D)kC DRK::
If C = 0, then we have
> > 2 > 2 Xz 4 2 Xz 2 2 2
cc> DD”> 2= DD” Z= 4D) 2(D) D)= 2(D)kC DRK?:
i=1 i=1

D.5 Proof of Eg. (5.20)

Proof of Eq.(5.20) We prove the upper bounds for the four terms as follows.

Bounding term ;. Utilizing the factthat y = U U?Rand v =V V?’R,we have

D E
1= rf(X), U \>/

Drf(X);(U U’R)(V V’R)
rf(X);X+Xx? U’R>VT UR>V?”

E

Qe ofx)x X7
D oprof(x) roFXYX X7

(iii )
kX X7KE;

where(i) follows from (5.17) and (5.18)i ) utilizesr f (X ?) = 0, and(iii ) follows by using thg2r; 4r)-restricted
strict convexity property (5.3):

Z1
hri(X) r f(X?);X X% = ref@X +(1 HX?) (X X%X X?)dt
0
Zl
X X7%X  XPidt

0

— 21,2 -

= kX X%k

where the rst line follows from the integral form of the mean value theorem for vector-valued functions, and the
second line uses the fact that bo¥h+(1  t)X? andX X7 have rank at mosdr, and the(2r; 4r)-restricted strong

convexity of the Hessian f ().
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Bounding term ;. By the smoothness condition (5.3), we have

N
1

ref(x) uV>+U 3 uVT+U
S 2

> 2 > 2
2 uV F + U VoL
— W > 2 .
= _
where the last line holds becausbU > i = DV~ i foranyD 2 RP ' with arbitraryp 1 since any critical

pointW satisesU”U = V>V,

Bounding term 3.

s=h 3 QUi+ 3; yWVTio200 3 GV
U

> 2 V > 2 U > 2 V > 2
+ + +

Uk VioE VioE Uk

— W > 2 .

= -

Bounding term 4.
D E
4= WW7: (W W?R)(W W?R)

) D

g) W WW > Wlw?

D E D

WW>;WW> W?W’?> + W?W?>;WW> W?W?>

(i)
D E
= WW> O WWTww > wPw? 2kx XK
where(i) holds becaus® > W = 0, and(ii ) follows becaus& ?> W ? = 0 andh® "W *>;WW >i 0. O
D.6 Proof of Eq. (5.22)
Proof of Eq.(5.22) To show (5.22), expanding the left hand side of (5.22), it is equivalent to show

UU> LU 2+ w2 VAV D 2kx XTKE

Expanding both sides of the above equation and utilizing theBacty = V>V andU” U? = V?>V?, the

remaining step is to show
tr UU>U?U?” + W >Vv?v? 2tr UV >ViU?

Thus, we obtain (5.22) by noting that the above equation is equivalénttdJ > U V>V 2 (0 O
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APPENDIX E
APPENDICES FOR CHAPTER 6

E.1 The optimization geometry of low-rank matrix factorization

In this appendix, we consider the low-rank matrix factorization problem

? 2

minimize g(W)::% Uv~> X7 _+ (W) (E.1)

U2RM T;V2RM™ T
where (W) is the regularizer used in (6.9) and repeated here:

2 .
o

(W) = 2 u>u v?’v
We provide a comprehensive geometric analysis for the matrix factorization problem (E.1). In particular, we show that
the objective function in (E.1) obeys the strict saddle property and has no spurious local minima not only for exact-
parameterizationr(= rank( X ?)), but also for over-parameterization ¥ rank(X ?)) and under-parameterization
(r < rank(X?)). For the exact-parameterization case, we further show that the objective function satis es the robust
strict saddle property, ensuring global convergence of many local search algorithms in polynomial time. As we believe

these results are also of independent interest and to make it easy to follow, we only present the main results in this

appendix and defer the proofs to other appendices.

E.1.1 Relationship to PSD low-rank matrix factorization

P
Similar to (6.8), letX ? = >=" 1, i i i beareduced SVD ok ?, where is a diagonal matrix with

1 . along its diagonal, and dendte” =  ¥?R;V? = 1%2R for anyR 2 O, . The following result
to some degree characterizes the relationship between the nonsymmetric low-rank matrix factorization problem (E.1)

and the following PSD low-rank matrix factorization problem [104]:

minimize UU” M : (E.2)

whereM 2 R" " is arankr PSD matrix.
Lemma E.1.1. Supposg(W ) is de ned as in(E.1)with > 0. Then we have

2 .

. 1 > >
g(W) mmfaég WwW wWew?

4

In particular, if we choose = % then we have

gW)= = WW > WW? _+

(el ]
n
N
n
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The proof of Lemma E.1.1 is given in Appendix E.5. Informally, Lemma E.1.1 indicates that mining@Wig
also results in minimizingWW > W ?W ?> ,2: (which is the same form as the objective function in (E.2)) and
hence the distance betweg andW ? (thoughW ? is unavailable at priori). The global geometry for the PSD

low-rank matrix factorization problem (E.2) is recently analyzed by Li et al. in [104].
E.1.2 Characterization of critical points

We rst provide the gradient and Hessian expressiorg{® ). The gradient o§(W ) is given by

rogU:vV)=(Uv> X°)V+ UU U V7V);
rvg(U;V)=(Uv> X’)U VU U V>V);

which can be rewritten as

_ (v XV S
rg(W)_ (UV> X?)>U + WW W
2 3
Standard computations give the Hessian quadrature forrg(W)]( ; ) forany = 2 ”% 2 RTm)
\Y
(where g 2R" "and y 2 R™ ")as
) D E
[FPoWC ;)= wVI+U 2 UVT Xy P W5 ) B9
where
D . E D . E D E
[r2 W) ; )= Ww>w;b +owWbhTw o o oww;, (E.4)
By Lemma 6.3.1, we can simplify the equations for critical points as follows
rv (U;V)=UU>U X°V =0; (E.5)
rv (U;V)=wW?>v X?”U=o: (E.6)

Now supposéVN is a critical point ofg(W ). We can apply the Gram-Schmidt process to orthonormalize the
columns ofU such that8 = UR, where® is orthogonalank 2 O, = R 2R" ";R> R =1 .** Also let
¥ = VR . SinceU”U = V>V, we have8~ 8 = ¢~ ¢. Thus¥ is also orthogonal. Noting thatvy > = 8¢~ ,

we conclude thag(W ) = g(¥ ) and¥ is also a critical point of(W ) sincer gg(f) = r yg(W)R = 0 and

reg(W)=ryg(W)R =0.Alsoforany 2 R™™ ' wehaver 2g(W)J( ; )=[r2g(W)I(R ;R ),

44Another way to ndR is viathe SVD. Letd = LR > be areduced SVD dff, whereL is ann  r orthonormal matrix, isanr r
diagonal matrix with non-negative diagonals, &d® O . Then8 = UR = L is orthogonal, but has possible zero columns.
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indicating thatw andW have the same Hessian information. Thus, without loss of generality, we assameV
are orthogonal, but possibly include zero columns. With this, weuysandv; to denote theé-th columns ofU and

V , respectively. It follows fromr g(W ) = 0 that

kuikzui

kVi|(2Vi

X v

X% uy;

which indicates that

Np_ p_— pP— p— 0
(uisvi)2 ( 1p1; 191):::5C vPrs 1Qr);(0;0)

Now we identify all the critical points ofj(W ) in the following lemma, which is formally proved with an algebraic

approach in Appendix E.6.

P
LemmaE.12. Le§X3= >= ", i i { beareduced SVD of? andg(W ) be de ned as inE.1)with
> 0. Anyw = 9 E is a critical point ofg(W ) if and only ifW 2 C with
\%
C= W= 3 U = =2R:v = 1*2R:R 20,; isdiagonal 0; ( )y =0 : (E7)

Intuitively, (E.7) means that a critical poilV of g(W ) is one such thatVvV > is a rank: approximation toX ?

with ™ r andU andV are equal factors of this rankapproximation. Let 1; »;:::;  denote the diagonals of
. Unlike , we note that these diagonals; »;:::; | are not necessarily placed in decreasing or increasing order.
Actually, this equatior ) = Oisequivalent to
i 2f ;09
foralli 2f1;2;:::;rg. Further, we introduce the set of optimal solutions:
X:i= W= \L; U= PRV = ®2R:R 20, : (E.8)

It is clear that the seX containing all the optimal solutions, the getontaining all the critical points and the det
containing all the points with balanced factors have the nesting relationshifz E . Before moving to the next

section, we provide one more result regarditig2 E. The proof of the following result is given in Appendix E.7.
2 3

LemmaE.1.3. Forany = ﬁ YL 2 R M) 1 andW 2 E whereE is de ned in(6.10), we have
\%
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k yU kZ+k vV kE=k yV kE+k yU KZ; (E.9)
and

r2(w) o: (E.10)
E.1.3 Strict saddle property

Lemma E.1.3 implies that the Hessian ¢V ) evaluated at any critical poiW is PSD, i.e.y 2 (W) 0 for

allW 2 C. Despite this fact, the following result establishes the strict saddle propeigy\id).
2 3

u
Theorem E.1.1. Letg(W ) be de ned as in(E.1)with > Oandrank(X?) = r. LetW = 9 % be any critical
\%

point satisfying g(W) = 0,i.e.,W 2 C. AnyW 2 C n X is a strict saddle ofy(W ) satisfying

ww > wW?w?™ F(X7): (E.11)

NI =

min (1 2g(W))
Furthermore g(W ) is not strongly convex at any global minimum paiit2 X .

The proof of Theorem E.1.1 is given in Appendix E.8. We note that this strict saddle property is also covered in [8,
Theorem 3], but with much looser bounds (in particular, directly applying [8, Theorem 3] give$r 2g(W))
0:1 (X 7?) rather than min (r 2g(W)) +(X?) in (E.11)). Theorem E.1.1 actually implies thg{tw ) has
no spurious local minima (since all local minima belongXt and obeys the strict saddle property. With the strict
saddle property and lack of spurious local minimadfw ), the recent results [178,179] ensure that gradient descent
converges to a global minimizer almost surely with random initialization. We also note that Theorem E.1.1 states that
g(W ) is not strongly convex at any global minimum poift 2 X because of the invariance propertygf¥VV ). This

is the reason we introduce the distance in (6.12) and also the robust strict saddle property in De nition 6.2.9.
E.1.4 Extension to over-parameterized caseank(X?) <r

In this section, we brie y discuss the over-parameterized scenario where the low-rank ¥hatias rank smaller

thanr. Similar to Theorem E.1.1, the following result shows that the strict saddle property also holds in this case.

P
Theorem E.1.2. LetX? = 5 =3 ,ril i | 1 beareduced SVD of? withr® r, and letg(W ) be de ned
asin(E.l)with > 0. AnyW = ﬁ ?, is a critical point ofg(W ) if and only ifW 2 C with
\%
C= W= \Lj U= 'PR.v= I12R.RR” =l isdiagonal 0:( ) =0
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Further, all the local minima (which are also global) belong to the following set

X= W= U= YR;v=  ¥R,RR” = I
Finally, anyW 2 C n X is a strict saddle o§(W ) satisfying

1 > >
min (I’ 29(W )) é Ww w’w? ro(X ?):
The proof of Theorem E.1.2 is given in Appendix E.9. We note that this strict saddle property is also covered in [8,
Theorem 3], but with much looser bounds (in particular, directly applying [8, Theorem 3] give$r 2g(W))
0:1 ,o(X?) rather than mi, (r 2g(W)) +o(X?) in Theorem E.1.2).

E.1.5 Extension to under-parameterized casaank(X?) > r

We further discuss the under-parameterized case whei€X?) > r . In this case, (6.3) is also known as the
low-rank approximation problem as the produdt > forms a rankr approximation toX . Similar to Theorem E.1.1,

the following result shows that the strict saddle property also holdg(fat) in this scenario.

P .o

Theorem E.1.3. Let X? = > = [, i, i beareduced SVD2cX§ with r® > r and ,(X?) >
U

11 (X?).45 Also letg(W ) be de ned as in(E.1)with > 0. AnyW = 3 & is a critical point of g(W ) if
V

and only ifW 2 C with

C= W = \L; U= [;] YR;V= [;] TPR;
= [:;]1:;RR” =1 f 1,2::::%jj=" r

where we recall that [;; ] is a submatrix of obtained by keeping the columns indexed bgnd [ ;] is an
" matrix obtained by taking the elements oin rows and columns indexed by

Further, all local minima belong to the following set
X= W= = [1:n1:r;R20,;U= [;1:r] ¥R;v = [;1:r] ¥R
Finally, anyW 2 C n X is a strict saddle o§(W ) satisfying

min (1 29(W))  ((X?) e (X7)):

Bif oy, = = = = ,withry r rp, then the optimal rank-approximation taX ? is not unique. For this case, the optimal
solution seX for the factorized problem needs to be changed correspondingly, but the main arguments still hold.
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The proof of Theorem E.1.3 is given in Appendix E.10. It follows from Eckart-Young-Mirsky theorem [271] that
foranyW 2 X, UV ~ is the best rank-approximation toX ?. Thus, this strict saddle property ensures that the local
search algorithms applied to the factored problem (E.1) converge to global optimum which corresponds to the best

ranks approximation toxX 7.
E.1.6 Robust strict saddle property

We now consider the revised robust strict saddle property de ned in De nition 6.2.9 for the low-rank matrix
factorization problem (E.1). As guaranteed by Theorem Eg(\W,) satis es the strict saddle property for any O.

However, too small a would make analyzing the robust strict saddle property dif cult. To see this, we denote

1 S 2
f(W)= > uv X7
2 3
) . U
for convenience. Thus we can rewrgéW ) as the sum of (W) and (W ). Note that for anyw = 2 E 2C
Vv
2 3
: . : . UM 7. L : . .
whereC is the set of critical points de ned in (E.7W = ﬁ % is a critical point off (W) for any invertible
vm 1
M 2 R" . This further implies that the gradient®t reduces to
ro)=r (W),
which could be very small if is very small since(W)= ; U U V>V i . On the other handlv could be far

away from any point irK for someM that is not well-conditioned. Therefore, we choose a propeontrolling the
importance of the regularization term such that for &ythat is not close to the critical poin, g(W ) has large
gradient. Motivated by Lemma E.1.1, we choose %

The following result establishes the robust strict saddle property(iat).

Theorem E.1.4(Theorem E.11.1)LetR1; R,; R$; R¥ RI%e the regions as de ned in Theorem 6.3.1. gV )

be de ned as iE.1)with = % Theng(W ) has the following robust strict saddle property:

1. ForanyW 2 R, g(W) satis es local regularity condition:

1

. 7mr 1 2y it 2N -\ 2 2.
hr g(W);W W ’Ri 5 r(X ) dist(W ;W 7) + 48kX?kkr o(W ke ; (E.12)
wheredist(W ;W ?) andR are de ned in(6.12)and (6.13), respectively.
2. ForanyW 2 R ,, g(W) has a directional negative curvature:
2 1 2y.
min T “9(W) 7 rXO) (E.13)
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3. ForanyW 2R3 = RJ[R Y[R °g(W) has large gradient descent:

kr g(W ke io 3=2(X?); 8W 2RY; (E.14)
kr g(W kg > %kw k3, 8w 2RY (E.15)
hrg(W);Wi>2—10 ww > ;8w 2R (E.16)

The proof is given in Appendix E.11.

RemarkgE.1.1 Recall that all the strict saddles gfwW ) are actually rank de cient (see Theorem E.1.1). Thus the
region R, attempts to characterize all the neighbors of the saddle saddles by including all rank de cient points.
Actually, (E.13) holds not only fotW 2 R ,, but for allW such that [ (W) | % }ZZ(X ?). The reason we add
another constraint controlling the tekW *W ?> kg is to ensure this negative curvature property in the reBigmlso

holds for the matrix sensing problem discussed in next section. This is the same reason we add two more constraints

kWk  22kW ?ke andkWW ~ ke 2kW ?W ? ke for the regionR3.
E.2 Proof of Lemma6.2.1

Lemma E.2.1(Lemma 6.2.1) [102, 180] If the functionh(x) restricted to a neighborhood ok’ satis es the
(;; )-regularity condition, then as long as gradient descent starts from a p@it B ( ; x?), the gradient descent

update

Xt+1 = Xt r h(xt)

with step sizé® < 2 obeysx; 2 B(; x?) and
dist?(x;;x7) (1 2 )'dist®(xo;x7)
forallt O.

Proof. Denoteay.x» = arg min 4o, kx  a¥(x?)k. Utilizing the de nition of distance in (6.4), the regularity condi-

tion (6.5) and the assumption that 2 , we have

dist? (a1 1X7) = Xesr By (X)) 2
Kxe  rhx) agx(x)Kk
= kXt A e (XK + Zkr h(x)K? 2 Xy ax,x2 (X7);1 h(xy)i
1 2 )dist?(x¢;x?) (2 ) kr h(xt)k2
1 2 )dist?(x¢;x?)
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where the fourth line uses the regularity condition (6.5) and the last line holds because . Thus we conclude

x¢2B()forallt2 Nif xo2 B( ) bynotingthal' 1 2 < 1since %and 2.

E.3 Proof of Proposition 6.3.1

Proposition E.3.1(Proposition 6.3.1) Supposé (X ) satis es the(2r; 4r)-restricted strong convexity and smoothness
condition (6.6) with positivea andb. AssumeX ? is a critical point off (X) with rank(X?) = r. ThenX? is the

global minimum of(6.1), i.e.,
f(X?) f(X);8X 2R" ™:rank(X) r
and the equality holds only & = X ~.
Proof. First note that ifX ? is a critical point off , then
rf(X?)= 0:

Now for anyX 2 R"™ ™ with rank(X) r, the second order Taylor expansion gives

FOO=F )+ rf (XX X7+ 2 2RI X5X X7)

=f(x?)+%[r2f(>%)](x X7X  X?)

whereX = tX?+(1 t)X for somet 2 [0; 1]. This Taylor expansion together with (6.6) (bdhandX ® X7 have

rank at mos®r) gives

f(X) f(X?) akX X°k:

E.4 Proof of Lemma6.3.1

Lemma E.4.1(Lemma 6.3.1) Supposé&(W ) is de ned as in(6.9)with > 0. Then any critical poinWw of G(W )

belongs t&, i.e.,
rgwW)=0 ) Uu”u=V~V: (6.11)
2 3
Proof. Any critical point (see De nition 6.2.1W = ﬁ % satisesr G(W)= 0,i.e.,
Y
rf(UV>)V+ U UU V>V =0 (E.17)
(r f(UV )~ U V UU V’V =0 (E.18)
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By (E.18), we obtain
(rf(UV>)>U= UU V>V V~:
Multiplying (E.17) byU> and plugging it in the expression for” r f (UV >) from the above equation gives
Uu>uU Vv’V V>’V +U U UU V>V =0;
which further implies
U UU’U =V7VV~V:

In order to show (6.11), note thdt™ U andV > V are the principal square roots (i.e., PSD square rootdydfU ~ U
andV > VV >V, respectively. Utilizing the result that a PSD mathixhas a unique PSD matr& such thaBk = A
foranyk 1[271, Theorem 7.2.6], we obtain

for any critical pointw . O
E.5 Proof of LemmaE.1.1

Lemma E.5.1(Lemma E.1.1) Suppos®(W ) is de ned as in(E.1)with > 0. Then we have

1 2
W inf—: =g WW > W’w?> Z:
g(W) min 7 g9 F

In particular, if we choose = % then we have

g(W):% ww > w’w? i+%1 uzu’ v>v? i
Proof. We rst rewrite the objective functiog(W ):
g(W)=% W> UV 2o UtU VY ]
minf ; %g uv> Uuv?® i+%1 u>u Vv’V i
=minf ; %g % ww > W?w? i+g°(W) ;

where the second line attains the equality when % andgqW ) in the last line is de ned as
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1 1
(o) — > 2\ 7> > ?2117?>
g(W).—E uv u-v Fog uu u‘u F
> 2\ 7> 2 1 > > 2_
- W VvV F+Z u'u V7V _:
We further showg(W ) is always nonnegative:
1 2 1 2
1 o, 2 1 2
21VV> VV>F+ZU>U V>VF.
_1 2, 7> 2 1 2 2 1 2 2
=5 uv > UV>F+é u’u F+§V>V i
1 > > 1 2117> 2 1 27> 2
étr Uu-uv-v I u‘u i 4VV F
_1 ? 72 2 1 27> 2
=5 u>u V>V F+§ u'v?® F
1 207> 2 1 27> 2
2 u‘u” Fo2 \YAAVASS F
_1 >1? >y 2 2 .
=5 u-u vVov:e o0

where the last line follows becaus¥> U? = V 7>V 2. Thus, we have

2 .

1
W inf—>g WW~> W?wW?
g(W)  minf ;=g -

and

ol
m

I
M

g(W) =

E.6 Proof of LemmaE.1.2
LemmaE.6.1(LemmaE.1.2) LeyX 3= >= [ i ; beareduced SVD of? andg(W ) be de ned

U
asin(E.l)with > 0. AnyW = ﬁ % is a critical point ofg(W ) if and only ifW 2 C with
\Y

C= W= U= R;vV = 12R:R 20,; isdiagonal 0; ( )y =0 : (E.7)

We rst repeat thatX * = > = isareduced SVD oK ”’. We separaté&) into two parts—the projections
onto the column space of and its orthogonal complement—by denotidg = iZZRl + E; withR; 2 Oy,
E7 = 0and ;beingar r diagonal matrix with non-negative elements along its diagonal. Similarly, denote

V = ;zsz + E,,whereR, 20,,E; =0, jisar r diagonal matrix with non-negative elements along
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2 3

U
its diagonal. Recall that any critical poi = 2 % satis es
V

rv (U;V)=UU>U X?V =0;
rv (U;V)=VW?>V X?>U=o0:

Plugging =  172Ry+ EjandV = 3 °R;+ E; into the above equations gives
YRy +  °R4EJEi+ EiR; 1Ri+ EJEJE 3Ry = 0; (E.19)
SPR2+ 3 7R2ETEz+ E;R3 2R2+ E2EZEp 1Ry = O (E.20)

SinceE; is orthogonal to , (E.19) further implies that

TR1+ TRIETE; s7R2 = 0; (E.21)

E:R7 1Ri1+ E;ETE;=0: (E.22)

From (E.22), we have

ElRi 1R1+ ElEiEl;El
= R] 1RiE;E; + kEikE =0;

which further implieskElkﬁ = 0 by noting that R7 1R1;ETE; 0 since it is the inner product between two
PSD matrices. ThuE; = 0. With a similar argument we also haize = 0.
With E; = E, = 0, (E.21) reduces to
TPR1 2 °Rp=0:
Since s orthogonal andR; 2 O,, the above equation implies that
TP= JPRuRI:
Let denote the set of locations of the non-zero diagonalsni.e., [i;i]> Oforalli 2 .Then[R7] =[R3]
since otherwise ;IZR 2R 7 is not a diagonal matrix anymore. Then we have

N (E.23)

implying that the set of the locations of non-zero diagonalsirs identical to . A similar argument applied to (E.20)

gives
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2o 12 (E.24)

Noting that (E.23) implies >2[i;i1= [i;i] 3 °[i;i]and (E.24) implies 32[i;i]= [i;i] 1 °[i;i], foralli 2

we have q[i;i]= o[i;i]= [i;i]. Fori 2 ,wehave i[i;i]= [i;i]=0.Thus ; = ». Forconvenience,
denote = ;= Lwith [i;i]= ;.
; 1=2 P : 1=2 P Coa ;
Finally, we note that) = Ri:= , i jRifi;:JandV = R>= , i jR2[i;:]implying

thatonly[R7] and[R3] play aroleinU andV, respectively. Thus one can $&f = R since we already proved

[Ri] =[Rz] .

E.7 Proof of LemmaE.1.3 5 3

LemmaE.7.1(LemmaE.1.3) Forany = ﬁ v E 2 R("*M) T andW 2 E whereE is de ned in(6.10) we have
\

k U kZ+k vV kE=k yV kE+k yU”KZ; (E.9)
and
r2(w) o: (E.10)
Proof. Utilizing the result that any pointv 2 E satises®W>W = U>U V>V = 0, we directly obtain
k yU k2 +k vV kE=k yV kE+k yU K2

sincek yU k& =tr (U>U y =tr V>V y =k yV~k2 (andsimilarly for the other two terms).

We then rewrite the last two terms in (E.4) as

D S E D E D E D E
Wb w >+ W, T = W W o+ W W
D E
= W W o+ TW
1D E
= W2 + TW,W o+ TW
2
1D E
t5 W= TWoWT o+ W
1 > > 2
2 W ¥ w F

where the last line holds because A~ ;A + A> = 0. Plugging these with the fact#% >W = 0 into the
Hessian quadrature forfn 2 (W)]( ; ) de ned in (E.4) gives
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P2V ) 5 W W . o

F

This implies that the Hessian ofevaluated at anW 2 E is PSD, i.e.y 2 (W) 0.4 O

E.8 Proof of Theorem E.1.1 (strict saddle property for (E.1))
2 3

U
Theorem E.8.1(Theorem E.1.1) Letg(W ) be de ned as ifE.1)with > Oandrank(X?) = r. LetW = 9 E
\Y

be any critical point satisfying g(W ) = 0, i.e.,,W 2 C. AnyW 2 C n X is a strict saddle of(W ) satisfying

ww > wWiw F(X7): (E.11)

NI =

min (I 29(W )

Furthermore g(W ) is not strongly convex at any global minimum paiit2 X .

2 3
: . . U
Proof. We begin the proof of Theorem E.1.1 by characterizing @hy2 C n X. For this purpose, léfV = 2 E
\%
whereU = 2RV = “R;R 30,3 isdiagonal 0; ( ) = 0, andrank( ) <r. Denote
] ?
the corresponding optimal solutiaf ? = 8 L whereU? = 2Rv? = 2R Let
V?
k =arg max ; i
i
denote the location of the rst zero diagonal element inNoting that ; 2 f ;;0g, we conclude that
k=0, YU=0;, V=0 (E.25)

In words, , and |, are orthogonal t&J andV, respectively. Let 2 R" be the eigenvector associated with the
smallest eigenvalue &% > W . Such simultaneously lives in the null spacesldfandV sinceW is rank de cient

indicating

0= W”W = “U°U + >V>V ;
which further implies
ZuU”u 0;
With this property, we construct by setting y = , ~and v = , ~.Nowwe showthatV is a strict saddle

by arguing thag(W ) has a strictly negative curvature along the constructed directigice.,[r 2g(W)]( ; )< O.

46This can also be observed since any critical piihtis a global minimum of (W ), which directly indicates that 2 (W) 0.
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To that end, we compute the ve terms in (E.3) as follows

2
uV>+U § 'EZO (since (E:26));

D
Uv> X% uv v = « k= k (since (E:25));
D =
wW>w;b =0 (since W>W = 0);
D . E §
wbhb,w > =t b"w Tw =o;
D E
W Zo=tr W W =0;
where®W>W = 0sinceU”U V>V = 0, the last two lines utilized "W = 0 (orW> = 0) because
b”w = P U » V = 0 (see (E.25)). Plugging these terms into (E.3) gives
2 D E
[r 2g(W)I( ; )= uV>+ U \>/F+2 uv> X% u ¥
D . E b
+ WwW>w;b + wbi.w >
D E
+  WW™; >
= 2

The proof of the strict saddle property is completed by noting that

K=k ulg+k viE= 7 i+ 7 (=2
which further implies
[r 2g(W)IC ;5 ) 2 k
min rzg(W) K k|2: 7
= k k= %ww> w’ew?>
where the rst equality holds because
k k=max ; i = Kk
|
and the second equality follows since
> ? ?> 1 >
Www WHW = = EQ( )Q7;
P>
Q= P5: QQ=u

We nish the proof of (E.11) by noting that
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Now suppos&V ? 2 X . Applying (E.10), which states that the Hessian @valuated at any critical poiW is
PSD, we have

D E
2
[r2gWHI[ 5 1=  wV?Z+U? § _+2 uv®> X% y

+r2 WAl ;]

2
Uv?> + U? \>/ _ +2 U?v?> X'), U \>/

sinceU?V? X7 = 0. We showg is not strongly convex &V ? by arguing that mi» (r 2g(W ?)) = 0. For this
purpose, we rst recall tha) ? = 1=2.y? = 122 \where we assum@ = | without loss of generality. Let

fer;en;: 2ierd %e the standard orthobasis faf, i.e., e is the -th column of ther  r identity matrix. Construct

(i)
Gij) = g U g,where
(i)
\%
$)r=u’ee U%eer; () =Vlee Ulee;
foranyl i<j r. Thatis, the -th columns of the matrices 8” ) and S,i;j ) are respectively given by
8
1=2 _
g SETDE =5
(B )~y = 1=2 . <~ _ .. .
U ['1 ] - > i i =1 !
" 0; otherwise
8
=2 . . _
3 SETRE =5
(i )peany = 1=20 |~ _
V [" ]_ > i i - ]1
" 0; otherwise

foranyl i<j r. We then compute the ve terms in (E.3) as follows

L . 2
; ; 7 ; — 1=2 1=2 —-N-
GvE ot Dy e Pt i =0

v x? (¢ §Pyi=o(asu?v>  x?=0);
I'W’)>W7,b(>”) (LJ)I:O (asW°>W°=0),

> .
WGy Wi =t (W W D) =0;
MW Gy Gl ST 6y )W) =0,

where the last two lines hold because
W y=U”U(ge’ e€) VZV7(ge ee)=0

sinceU”U?=V?V?,

335



Thus, we obtain the Hessian evaluated at the optimal solution Poimalong the direction ):
r 2g(W ?) (i5j )’ (i) = 0
foralll i<j r. This proves thag(W ) is not strongly convex at a global minimum poimt”? 2 X . O

E.9 Proof of Theorem E.1.2 (strict saddle property ofg(W ) when over-parameterized)

P
Theorem E.9.1(Theorem E.1.2) LetX? = 5=3 '* i, 7 beareduced SVD of? withr® r,and let
U
g(W) be de ned as ifE.1)with > 0. AnyW = 2 % is a critical point ofg(W ) if and only ifW 2 C with
\%
C= W= \Lj U= 'R.v= I12R.RR” =l isdiagonal 0:( ) =0

Further, all the local minima (which are also global) belong to the following set

X= W= U= R;v= R;RR” =10

Finally, anyW 2 C n X is a strict saddle o§(W ) satisfying

1
mn (1 29(W)) 5 WW” WPwW ro(X7):
P
Proof. LetX? = > = Ir:l i i i beareduced SVDok”withr3 r. Using an approach similar to that

U
in Appendix E.6 for proving Lemma E.1.2, we can show that @hy= 9 ?, is a critical point ofg(W ) if and only

v
if W 2 C with
C= W= \L; U= RV = *2R:RR > = I,0; is diagonal 0; ( ) =0 :
Recall that
X= W= \L; U= PR;v= YR;RR” =l :

It is clear thatX is the set of optimal solutions since for ally 2 X, g(W) achieves its global minimum, i.e.,
gW)=0.
Using an approach similar to that in Appendix E.8 for proving Theorem E.1.1, we can show that 20 n X

is a strict saddle satisfying

min T 2g(W) r°(x ?):
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E.10 Proof of Theorem E.1.3 (strict saddle property ofg(W ) when under-parameterized)

P
Theorem E.10.1(Theorem E.1.3) LetX? = 7 = ,'201 i i i bearedyced SVD of? withr®>r and
U
((X?) > 141 (X7?). Also letg(W ) be de ned as infE.1)with > 0. AnyW = 2 % is a critical point ofg(W )
\%
if and only ifW 2 C with
C= W= \Li U= [z]1 Y’R;V= [;] ¥R
= [;1;RR” =1 f L2:mx%jj=" or

where we recall that [:; ] is a submatrix of obtained by keeping the columns indexed bgnd [ ;] is an

" matrix obtained by taking the elements oin rows and columns indexed by

Further, all local minima belong to the following set

X= W= © = [:n1:rR20,;U= [;1:r] ¥R;v= [;1:r] ¥R

Finally, anyW 2 C n X is a strict saddle o§(W ) satisfying

min ( zg(W ) ( (X ?) r+1 (X ?)):

_ P o

Proof. LetX? = g i1 i i i beareduced SVD oR?withr®>r and (X?) > 5.14X?). Using

U
an approach similar to that in Appendix E.6 for proving Lemma E.1.2, we can show th&{ emyﬁ g is a critical

point ofg(W ) if and only if W 2 C with
C= W= ¢ U= [] P2Rrev= 3] YPR; = []1:RR> =1 f L:ix%jj=" r

Intuitively, a critical point is one such th&tV > is a rank: approximation toX ? with©  r andU andV are equal
factors of their produdtV > .

It follows from the Eckart-Young-Mirsky theorem [271] that the set of optimal solutions is given by

X= W= U= [;1:r] ¥°R;Vv = [;1:r] ¥°R; = [1:r1:r;R20,
2 3

U
Now we characterize ariy 2 C n X by lettingW = 2 % where
\Y,
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U= [5]1 YRrR;Vv= [;] YR;
= [i1;R2R IRR” = Iy
f1,2::00%) j=> rn 6fL2:::rg
Let 2 R" be the eigenvector associated with the smallest eigenvalle”dd (or V> V). By the typical
structures irlJ andV (see the above equation), we have
kv k&2 =kU kZ = 2(U)

((X?); j j=randj =max (E.27)
0; ji<rn
wherej >r because 6 f1;2;:::;rg. Note that there always exists an index
i2f1,2,:::;rg;i 6
since 6 f1;2;:::;rgandj j r.We construct by setting
>, — >

u-— ’ vV =

Sincei 2 , we have

u> y=U>,; >=0;
A (E.28)
V> y=V> =0
We compute the ve terms in (E.3) as follows
> > 2 > 2 > 2 > > 2

uV”™ + U v F= uV F+ U v F+2tl’ U uV v =2 r(U);

D E D E D E

Uuv> X% y § = Uv> X% 7 = X% 7 = (X%

D . E
wW>w;b =0 (since W>W = 0);
D E
wb:w > =tr w>w >b =o;
D E
ww>;, 7 =tr W> W =0;

2 2

where the last equality in the rst line holds becauge y = 0 (see (E.28)) and yV~ [ = U v c =

2(U) (see (E.27))% > W = 0 in the third line holds sinc>U V>V = 0,and® > = 0 in the fourth and
last lines holds because
W= =Uu’ U \Vas v = 0:

Now plugging these terms into (E.3) yields
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[r2g(W)I( ; )=k gV > +U ykE+20UV> X% y i
+ (MW bT e b w i )
= 2(i(X?)  A):
The proof of the strict saddle property is completed by noting that
k k2 =k uyki+k yk&=2;

which further implies

: X? 2 U
wn r2gw) 2200 Ty k)
k kg
where the last inequality holds because of (E.27) and becauge O

E.11 Proof of Theorem E.11.1 (robust strict saddle fog(W ))

Theorem E.11.1. Let R1;R2;R3;RE R I%be the regions as de ned in Theorem 6.3.1. etV ) be de ned as

in (E.1)with = % Theng(W ) has the following robust strict saddle property:

1. ForanyW 2 R, g(W) satis es local regularity condition:

hrg(W);W W °Ri 1 (X ?)dist>(W ;W ?) +

= kr g(W )k ; (E.12)

48kX 7k
wheredist(W ;W ?) andR are de ned in(6.12)and (6.13), respectively.

2. ForanyW 2 R ,, g(W) has a directional negative curvature:

(X7): (E.13)

PN

min rzg(W)

3. ForanyW 2R3 = RJ[R IR °g(W) has large gradient descent:

kr g(W ke % 3=2(x?); 8W 2RY; (E.14)
kr g(W kg > %kw k3, 8w 2RY (E.15)

hrg(W):Wi> — ww > 2

0 c; 8W 2R3 (E.16)

Proof. We rst establish the following useful results.

Lemma E.11.1. For any two PSD matrice8 ;B 2 R" ", we have
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n(A)tr(B) tr(AB) k Aktr(B):

Proof of Lemma E.11.1LletA = ; ; ; andB = , , 3 be the eigendecompositions Af andB, respec-
tively. Here 1 ( »)is a diagonal matrix with the eigenvaluesAf(B) along its diagonal. We rst rewritér (AB )

as

tr(AB)=tr 1 7 2 2 3 1

Noting that ; is a diagonal matrix, we have

11 227 1 Mmnafiile 7.5 ;5 0
= n(A)tr(B):
The other direction follows similarly. O

Corollary E.11.1. For any two matrice®A 2 R" "andB 2 R" ', we have

r(A)kBke k AB kg k AkkBkg:

We provide one more result before proceeding to prove the main theorem.

P~
Lemma E.11.2. Supposé\ ;B 2 R" "suchthatA>B = B>A 0isPSD. IfkA Bk 72 r(B), we have

1

AA” BB~ A;A B —(@r((A B)’(A B)B*B)+KAA~ BB k2):

iz a2 _B) (it BIBTBYrAA BB K (e29)
(@) (@) (@

Proof. DenoteE = A B. We rst rewrite the termg@), (@) and(@) as follows

(@=tr E>E “+3E”EE®B+ E>B “+E’EB”B :
(@)=tr EEB’B ;

(@)=tr E’E ‘+4E”EE”B+2 E’B “+2E”EB”B ;

whereE>B = A°B B~ B = B~ E. Now we have
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@ @ (@)

15 2 11 7 2 13
—tr — E”E %+ “E’EE°B+ - E”B ’+ —E*EB”B
T 16 2 8 16
" o1 72 13 137
- e+ ‘EPB +tv SE*EB°B  E*EE’E
56 8 i T 16 112
13 137
tr —E”E ?(B E” EKEK?
16 ‘(B 13
13 1371 ,,_ ..
L TN = =
6 1122 'B)

0;

p—
where the third line follows from Lemma E.11.1 and the fourth line holds because by assukipkion 72 r(B).

O

Now we turn to prove the main results. Recall that % throughout the proof.
E.11.1 Regularity condition for the regionR ;

It follows from Lemma 6.3.2 thatV > W ’R = R” W ? W is PSD, wher®R = arg mingo,o. kW W ?R%Z.
We rst perform the change of variab/ ’R | W ? to avoidR in the following equations. With this change of

variable we have insteadd > W ? = W ?> W is PSD. We now rewrite the gradientg(W ) as follows:

0 uv> Uuv?>

r g(W)= Vu> V?U?> 0

W+ W(W W)

wWw > w?w? W+%W?W?>W+( %)WW>W (E.30)

WW > WIW? W+ %W?W”w:

NI NI

Plugging this into the left hand side of (E.12) gives

D E
o1 1
hrgW);,w W?=2 wWww”> W'W”> wW:W W? += W %”>w:w Ww?’
2 2 E.31
1 1D E (E.31)
=5 WWTOWIWT WwW W S WO T WW
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where the last line follows from the fact that >> W ? = 0. We rst show the rst term in the right hand side of the

above equation is suf ciently large

WW T OWIWP WW WP S (W W W WW P W?

16

+1i6 wWWwW > Ww? i
1—16 '(W?>W?)kW W?kﬁ (E£32)
+%6 wwW > o w?w?™ '2:

= % (X ?) kw W?k§+ll'6 wWW > O WW? '2:;

where the rst inequality follows from Lemma E.11.2 sinté”>W? = W > W is PSD andkW W *k
- P
F2(x?) = -2 (W ?), the second inequality follows from Lemma E.11.1, and the last line holds because
F WPW? = 0707+ 970? =2 ()=2 (X?):

We then show the second term in the right hand side of (E.31) is lower bounded by

D E
WOWTIWW T = s WO W WW W
ot W W W W ? (E.33)
— 1 ? ?> 2
ok WWTW
where the rst line holds because’ > W? = 0287+ 9?>¥P? =2k k = 2 kX’k, and the inequality

follows from Lemma E.11.1.

On the other hand, we attempt to control the gradiem(@¥ ). To that end, it follows from (E.30) that

1 2
kr g(W)kZ = 7w > WW? W+ WP w ]
12 > 208y P> 2 23 7> 2
27 WWTWIWT w12 WORTW (E.34)

12 2
KWIE WW T WIW D12 WO W

where the rstinequality holds sind@a + b)2 a2+ (1+ )b forany > 0.
Combining (E.31)- (E.34), we can conclude the proof of (E.12) as long as we can show the following inequality:

S ? ?>2 1ka2 > ? ?>2.
WW o WIWT D o WW T W W

ool )

To that end, we upper bourkdV k as follows:
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KWk k W7k+ kW W7k
P3 T2X) + kW W Pk
P2+1) 22(x7)

p

sincekW ?k = © 2 2 (x?) anddist(W ;W ?)  72(X?). This completes the proof of (E.12).

E.11.2 Negative curvature for the regionR ,

To show (E.13), we utilize a strategy similar to that used in Appendix E.8 for proving the strict saddle property of
g(W) by constructing a direction such that the Hessian evaluatedMtalong this direction is negative. For this

purpose, denote

: (E.35)

where we recall that and consist of the left and right singular vectorsXf, respectively. The optimal solution
W ? has a compact SVIW ? = Q(p 2 ¥2)R. For notational convenience, we denote= 2 , where  is a
diagonal matrix whose diagonal entries in the upper left cornergre :; ;.

For anyW , we can always divide it into two parts, the projections onto the column spacgsodl its orthogonal

complement, respectively. Equivalently, we can write

W=Q ‘R+E; (E.36)
whereQil:zR is a compact SVD form representing the projectiombfonto the column space &, andE> Q = 0
(i.e., E is orthogonal taQ). HereR 2 O, and is a diagonal matrix whose diagonal entries in the upper left corner
characterize the neighborhood near all strict sad@lesX, we conside such that (W) g ,1:2(X ?). Let

k :=arg min; ; denote the location of the smallest diagonal entry int is clear that

3

7k rz(W) g '

(X?): (E.37)

Let 2 R' be the eigenvector associated with the smallest eigenvaM&™ofV .

Recall that = % We show that the functiog(W ) atW has directional negative curvature along the direction

=g (E.38)

We repeat the Hessian evaluated\atfor  as follows
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r zg(W)]( ) D E ;D E D E D E
2 >
= yVT+U {2 > X% oy 3+% bW>;W>+%Wb;W>+% wew>;

3 4

The remaining part is to bound the ve terms.

Bounding terms 1, zand 4. We rstrewrite these three terms:

D E
1=k yV'kE+kU JkE+2 U 3; oV~

D E
3= bW ;W > =k U KE+k yW>KkE k gV kE k yUZKE;
D E D E D E
a= U §; vU” + V §; vV 2 U §; oV’
D E
k yUKkE+k yVk& 2 U J; uV™

which implies

+ 141
1 2 3 2 4 b £
k uV kE+kUu Jki+k gU kZE+k yV kK2 %k uV k2 %k vUKE+ U 3 uV”
1 2
= kw k2 5 uV> U ;F
kW ~k2:
(E.39)
Notingthat =~ = gpgx > = ~,wenowcomputdW ~kZ as
KW “kZ=tr W>W ~ =tr WW ~
= H(W):
Plugging this into (E.39) gives
1 1 )
+ = g+ = W): E.40
1t 3 a5 4 AW) (E40)

Bounding terms , and 5. To obtain an upper bound for the term, we rst rewrite it as follows

D E
2= UV X%y g

_1 0 uv> uv?® >

T2 VU> VU 0 ’

1D E ,D E 4D E
=z WweoowrwEs T 2 WWT T e WIWT T
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We then have

2 2+% 5= > WW?> wWw?; T o+ S WwiwT, (E.41)

To bound these two terms in the above equation, we note that

> X 2 > > 1 k E k E
= iOGkdx = a0y = 2 > >
- k k k k
Then we have
D E > ” K K
W?W?>, > - = - S : k l; k i; :O,
2 kK k kK k
and
D E D _ —1=2 e =
WwW > WW?; > = QQ> 2Q RE+EE”> QQ ”;qxai

where the last utilizes the fact that qx = 0 sinceE is orthogonal taQ.

Plugging these into (E.41) gives

2 o+ 5= %(1 ): (E.42)

NI =

Merging together. Putting (E.40) and (E.42) together yields

1 1 1
[r 2gW)I( 5 )= 1t 5 3t 5 4+2 2t 5 5
1- _
F(W)+ S0k W
1 11
5 XD+ 56 (XD 2 (X))
1
2 r(x?)i
. . . a9 1=2 .=
where the third line follows because by assumptigriw ) % i “(X?), by construction % P (X7?)
(see (E.37)),andy —, =2 (X?). This completes the proof of (E.13).
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E.11.3 Large gradient for the regionR3[R R 9%

In order to show thag(W ) has a large gradient in the three regi® R IR I°°we rst provide a lower bound

for the gradient. By (E.30), we have

WW O WIWZ w2

1 2
kr g(W)kE:21 WW > WW? W+ W >WwW _
D E
2
-1 wwe o wewr w i et twW L ww s WRWT WP W
4 F F 2
D E
2
:% WW T WIWT W WO W +% WW > WW > T
1
4

(E.43)

where the third equality follows becaug¢™ W ? = U U? V?>V? = 0 and the last line utilizes the fact that

the inner product between two PSD matrices is nonnegative.
E.11.3.1 Large gradient for the regionRJ

To showkr g(W )k2 is large for anyw 2 R, again, for anyw 2 R("*™M) 7 we utilize (E.36) to write

W = Qil:ZR + E, whereQ is de ned in (E.35),Q71:2R is a compact SVD form representing the projection of

W onto the column space @, andE> Q = O (i.e., E is orthogonal taQ). Plugging this form ofW into the last

term of (E.43) gives

2 _ . —1=2,—

ww o owtw? wo '

_ . 2
“REE> + ER> R +EE’E i

—R+ Q™

[
O

= Q" R+ Q REE> '2: (E.44)
+ ER*R +EE’E .
sinceQ is orthogonal td=. The remaining part is to show at least one of the two terms is large fonar®/R 3 by
considering the following two cases.
Case I:kEkﬁ % (X?). AsE is large, we bound the second term in (E.44):

2

ER>R +EE”E . ? R>R +E”E kEK

= (W)KEK: (E.45)
1,4 5o 1 0o
(555 FX7) = 5 FX7);

where the rst inequality follows from Corollary E.11.1, the rst equality follows from the fd¢t W = R> R+
E> E, and the last inequality holds because by assumption fiav) 1 (X ?) andkEkZ 2% r(X?).
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Case II:kEkﬁ 24—5 + (X7?). In this case, we start by bounding the diagonal entries.irFirst, utilizing Weyl's

inequality for perturbation of singular values [271, Theorem 3.3.16] gives

(W) min 2 K Eky;
I

which implies

. —1=2 1, 2 -
min | (W) k Ek; > =2(x? E =2(x?); (E.46)
where we utiliz&kEk, k Eke 2 {73(X?). On the other hand,
distW:w? (2 “TIHR+E .
—1=2 —1=2
Q( R+ KEke ;
which together with the assumption tidist(W ;W ?)  +72(X?) gives
—1=2 —1=2 - 2 - 3 -
_XD) g X = g )
We now bound the rst term in (E.44):
Q" TR+ Q PREE” i mn > (T T)R+REE” _
I
L —1=2 — S
min ( R ¢ REE (E.47)
r r ! !
1 20 P, 1 23 4 4, ,
- = + - I _ = !
( 2 5) 2 2 5 5 25 ' (X7
—_ > 2 4 2 oo T1=2 qT 2 122,92
where the third line holds becaukBE~ ke k Ekg 5z ((X7), min; 5 & r (X?)by(E.46),
and
U
- _;fJX’ o
[= - I I
i=1
M
N
i=1
U
4= X 4o 2
Framp i £ e
i=1
— ,r1=2+m=n f|1=2 —1=2 —1=2
r_ ! F
P~ 1 2 3 2
2+ = = = (X))
5 5 5 r(X7)
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Combining (E.43) with (E.44), (E.45) and (E.47) gives

13

10 Y:Z(X ?)

kr (W )ke

This completes the proof of (E.14).
E.11.3.2 Large gradient for the regionR °
By (E.43), we have
1 > 2\ 2> 2,
kr g(W )kg > ww W W w
Now (E.15) follows directly from the fadtW k > %kw ?k and the following result.
LemmaE.11.3. ForanyA;B 2 R" " withkAk kBkand > 1, we have
1 3.
AA” BB~ A _ (1 S)kAK:

Proof. LetA = ; ;R] andB = , ,R3 bethe SVDs oA andB, respectively. Then

AAZ BB A = 1] 233 11
3 > 2 >
1 1222 11
3 2
1 2 1
1 3.
L S)KAKE:
O
E.11.3.3 Large gradient for the regionR 9%
By (E.30), we have
. 1 > ? 2> 1 ? 2>
hr g(W ;Wi = éWW W W * W+§W'W' W ;W
1
> WWT O WW?P W wW
i (E.48)
2 2\ ?
5OWwWTLoww o wrw
1 2
> — WWwW~
20 F
where the last line holds becauss/ ?W 7> kg < SkWW ke .
O
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E.12 Proof of Theorem 6.3.1 (robust strict saddle folG(W ))

Theorem E.12.1(Theorem 6.3.1) De ne the following regions

n 0

Ri:= W :distW;wW?  F2(X? ;
r
1 1=2 ? > 20 ? 2>
Ro:= W: (W) 5 (X¥); KWW ~ kg l—ng'W' ke ;
r _

0._ s . ? 1=2 2y 20 - 1 1=2 AW > 20 ? ?> .
RS:= W :dist(W;W7)> F2(X7)kWk  TokW?ki (W) > 5 F2(X7) KWW "k TokW W ke
R®: = W :kWwk> %’kw?k: %pikx?k1=2;kww ” ke %)kw?w'-” ke

R = W :kWW ~ kg > 1—90kW W ke = %)kx?kp

LetG(W ) be de ned as in6.9)with = % Supposé (X ) has a critical pointX? 2 R" ™ of rankr and satis es
the (2r; 4r)-restricted strong convexity and smoothness condiffo®) with positive constanta=1 c¢;b=1+ ¢

and

3=2 ?
r(XY)
e 6.14
KX 7ke kX K2 (6.14)
ThenG(W ) has the following robust strict saddle property:

1. ForanyW 2 R ;, G(W) satis es the local regularity condition:

L

o7 KT GIW)KE | (6.15)

hr G(W ;W W7 & (X?)dist>(W ;W ?) +

wheredist(W ;W ?) andR are de ned in(6.12)and (6.13), respectively.

2. ForanyW 2 R ,, G(W) has a directional negative curvature, i.e.,

mn T 2GW) . (X7): (6.16)

3. ForanyW 2R3 = RJ[R IR J°G(W) has large gradient descent:

kr G(WW)ke & ¥2(X7?); 8W 2RY; (6.17)
kr G(W)ke & kWk3; 8W 2R$ (6.18)
ke GIW)ke & ((X?) KWW ke 2; 8w 2RO (6.19)

Proof. Throughout the proofs, we always utiliXe= UV > unless stated otherwise. To give a sense that the geometric

result in Theorem E.11.1 f@(W ) is also possibly preserved f@&(W ), we rst compute the derivative d&(W ) as
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rf(UV >)V

FCW)= (r fuv >y U

WWW: (E.49)
2 3

Forany = 2 U&Z; 2 R(+m) T algebraic calculation gives the Hessian quadrature fordG(W)]( ; ) as
\%

[r GW)HIC 3 )=[r?f(UV))( uV>+U 35 yV>+U 7)) (E.50)
+2hrf(UV); y i*lr 2 (WOIC 5 )
where[r 2 (W)]( ; )isdenedin (E.4). Thus, it is expected th&(W ), r G(W ), andr 2G(W ) are close to
their counterparts (i.eg(W ), r g(W) andr ?g(W )) for the matrix factorization problem whefr(X ) satis es the
(2r; 4r)-restricted strong convexity and smoothness condition (6.6).

Before moving to the main proofs, we provide several useful results regarding the deviations of the gradient and

Hessian. We start with a useful characterization of the restricted strong convexity and smoothness condition.

Lemma E.12.1. Supposé satis es the(2r; 4r)-restricted strong convexity and smoothness cond(ifo@) with pos-
itive constantea =1 candb=1+ c;c2 [0;1). Thenanyn m matricesC;D;H withrank(C);rank(D) r

andrank(H) 2r, we have

jhrf (C) r (D) (C D);Hij ckC Dkg kHke :

Proof of Lemma E.12.1We rst invoke [8, Proposition 2] which states that under Assumption 6.3.2 fomanym

matricesZ; D ; H of rank at mos®@r, we have

[r 2f(Z)}(D;H) hD;Hi  ckDk. kHke : (E.51)

Now using integral form of the mean value theoremrfdr, we have

jprf (C) r f(D) (C D);Hij
Zl
= r2f(tC+(1 t)D) (C D;H) hC D:Hidt
z]
r2f(tC+(@ t)D) (C D;H) hC D:Hi dt
0
Zl

ckC  Dk. kHke dt = ckC Dk kHk :
0

where the second inequality follows from (E.51) sin€e+ (1 t)D,C D, andH all are rank at mos2r.
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The following result controls the deviation of the gradient between the general low-rank optimization (6.9) and the

matrix factorization problem by utilizing th@r; 4r)-restricted strong convexity and smoothness condition (6.6).

Lemma E.12.2. Supposé (X ) has a critical pointX? 2 R" ™ of rankr and satis es thg2r; 4r)-restricted strong

convexity and smoothness condit{@n6) with positive constanta=1 candb=1+ c;c2 [0;1). Then, we have

kr G(W) r gW)ke ¢ WW > W?W? _kWk:

Proof of Lemma E.12.2We bound the deviation directly:

kr G(IW) r g(W)ke kmkale hr G(W) r g(W); i

max rf(X); yV” X X7 yVv?
k kF:l
E D E
+ rf(X);u X X%u y
max rf(X) r £(x?) (X X?):; oV

F=

+ rfX) r f(X?) (X XU ¢

? > >
krrll?)éleX X ke uV™ o+ U § .
ckUV > X 7ke (kV k+ kUK)
ckWW > W W ? ke kW k;

where the last equality follows from Assumption 6.3.1 that(X *) = 0 and and the rstinequality utilizes LemmaE.12.1.
O

Similarly, the next result controls the deviation of the Hessian between the matrix sensing problem and the matrix

factorization problem.

Lemma E.12.3. Supposé (X ) has a critical pointX? 2 R" ™ of rankr and satis es the2r; 4r)-restricted strong

convexity and smoothness conditi@?6) with positive constanta =1 candb= 1+ c;c2 [0;1). Then, for any

=8 YLoRrom) 1 he following holds:

\Y
2
FEGWIL ;T r W)L 5 1 2 UV X7y § +c gVTHU G
Proof of Lemma E.12.3First note that
2 . 2 .
reéewW)L 5 1 r “gW)L 5 ]
D E D E 2
=2 rf(X); v v 2 X X% oy oy Hlr X1 uVTHU Q) uV” + U T/Fi
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Now utilizing Lemma E.12.1 and (6.6), we have

D E

rEGW)L ¢ 1 r 2gW)L 5 1 2 rf(X)r £(X7); v § ohX X%y i
2
PO uVT U ) uV7 Uy
2
2c UV> X7 _ oy y _+c yVI+U §

We provide one more result before proceeding to prove the main theorem.

LemmaE.12.4. [125, Lemma E.1] LeA andB be twon r matrices suchthad” B = B~ A is PSD. Then

2 1 2
A B)A” = AA” BB~ _:
AOBATE Py .

E.12.1 Local descent condition for the regiorRr ;

Similar to what used in Appendix E.11.1, we perform the change of varlabi® ! W ? to avoidR in the
following equations. With this change of variable we have insi&¥atw ? = W ?> W is PSD.

We rst controljhr G(W) r g(W);W W ?ij as follows:

jrG(W) r gW);W  W7Zij hrf(X);(U U?)V”i h X X%(U U’V
+ hrf(X);U(V V?%i h X X%ZUN V)i
ckX  X7ke k(U UV ke + KUV V) ke
ckWW > W’W ™ ke W(W W?)”> _

Cc > ? ?> 1,2
—p———kWW W W * k
202 1) F

where the second inequality utilizes (X ?) = 0 and Lemma E.12.1, and the last inequality follows from Lemma E.12.4.
The above result along with (E.31)- (E.32) gives

hr G(W);W  W? hr gW);W W7 jar GW) r gW);W W7
hr gW)W W% —po ww > w?w? 2

202 1) F
1 . 1
76 (XN dSEWS W)+ o ww T wIw :
s wrwrw
2KX 7k F (E.52)
C > 2py 2> 2
2Pz g W WV
1 P . .2 i P 1 > ) s 2
16 r(X ) dist(W ;W 7) + 160 ww WIW ™o
1 ? 7> 2
Yaxok MWW
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where we utilizec 2.

On the other hand, we contrki G(W )kg with Lemma E.12.2 controlling the deviation betwees(W ) and
r g(W) as follows:

kr G(W)K2 = kr g(W)+ r G(W) r g(W)KZ
i—gkr g(W)KZ +20kr g(W) 1 G(W )k
%’kr g(W)K2 +20kW K2 WwW > W?wW? 2

F

2
= 159 WwWwW = W?W ?> W+ W’)W ?>W ] +20C2kW |(2 WW > W?W 2> '2: (E.53)
5 100 § . ) 2
1999 202 WW WPW?> W 2425 WIW W

F
5 100
+

1999 50c2)(p§+1)2kx’-’kkww > WPW k2 + 25k W T W KkE ;

where the rst inequality holds sincéa + b)?

I* a2+ (1+ )W forany > O, and the fourth line follows
from (E.30).

Now combining (E.52)- (E.53) and assumiag % gives

. 2 1 2\ Hict2(\N - \N ? 1 2.
hrGW)IW  W2i = (XISt (W W)+ okt GOW KR

This completes the proof of (6.15).

E.12.2 Negative curvature for the regionR ;

Let = gx ~ bede ned asin (E.38). First note that

2 2
UV>+U\>/F 2 UV>F+2U\>/

2
E

2
2w 7 =2 AW) (X,

a—
where the last equality holds becauséWw ) % %‘z(x ?). Also utilizing the particular structure in yields
> _1 > 1
U \Y -

Due to the assumptiofgkW ?W > kg k WW ~ ke, we have

P_

KUV > X ke pzzkww > WPW T ke
i p_
2,20, onrios >y~ 39 2 o .
— (TgW W 7 ke + KWW ™ ke ) = —o=kX ke :

Now combining the above results with Lemma E.12.3, we have
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reGW)L 5 1 r 2g(W)L 5 1+ r2GW)L 5 1 r ZgW)[ ; ]

%,(X?)+2c uv> X7 _ \>,F
+c yV > +U i,i

% (XY + igpzckx ke + ¢ ((X?)
%r(x');

where the last line holds when m This completes the proof of (6.16).

E.12.3 Large gradient for the regionRJ[R PR 9%

To show thaiG(W ) has large gradient in these three regions, we mainly utilize Lemma E.12.2 to guarantee that
r G(W) isclose tar g(W).

E.12.3.1 Large gradient for the regionRJ

Utilizing Lemma E.12.2, we have

kr G(W )ke
kr g(W)ke kr G(W) r o(W)ke
ke gW)ke © WW > W?W? _kWk

kr  g(W)ke c(E)kw?w-”kF + KW W ™ ke ) kKW k

110 372(X ?) —2kX kF 20|0 2kX ?K1=2
1 4
57 F=2(x7);
where the fourth line follows becaus®V "W ?> _ = 2kX ?kg andkW k 20p 2kX ?k*=2, and the last line holds

if 130 kxizk% This completes the proof of (6.17).
E.12.3.2 Large gradient for the regionR °

Utilizing Lemma E.12.2 again, we have
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kr G(W )k,

ki gW)ke c© WW > _+ W’W? _ kWk

%}ka3 c 130 WW?™ o+ WPWP o kWk
%kw K3 01—992 kX ke KW k

%)kWK3 %kx?kka

Siokww;

where the fourth line holds if ﬁkxi:k% and the last follows from the fact that

20, 200 5 1o,
> - —  2kX k7
kW k 19kW k 19

This completes the proof of (6.18).
E.12.3.3 Large gradient for the regionR 9%

To show (6.19), we rst contrghr G(W) r g(W); W ij as follows:

jor G(W) r g(W); Wij

=2 rf(uUv>);uv” uv> X7%uv”>

2c UV~ X7 _ uv”
19pP

) > 1 > —
202—0 2kWW ~ kg ékWW ke =

F
19P

LIP3 >12 .
20 2ckWW ~ kg ;

where the rstinequality utilizes the factf (X ?) = 0 and Lemma E.12.1, and the last inequality holds because

p_
? 2 ? ?
uv> X7 _ ?WW> Wew?
29 WW > o+ Ww >
2p 10 F F
19 2 .
oo W
and
KWW ~kZ = kUU ” k2 + kVV ~ k2 +2kUV ~ k2
4kUV ~ k2
by noting that

KUU” k2 + kVV “kZ  2kUV k2 = kU”U V~VkZ O
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Now utilizing (E.48) to provide a lower bound far g(W ); W i, we have

jhr G(W); Wi ij

hr gW);Wi jhr G(W) r g(W);Wij
l > 1,2 19p* > 1,2

> 20kWW ke 20 2ckWW ~ kg
1 >,2 .
45kWW ke ;

where the last line holds when 2. Thus,

kr G(W )ke Wlkjhr G(W);Wij > 4i5kww >k,

where we utilizekW k kKWW ~ kg 2 This completes the proof of (6.19).

356



APPENDIX F
APPENDICES FOR CHAPTER 8

F.1 Proof of Proposition 8.2.1

P
Proposition F.1.1(Proposition 8.2.1) Letf (x;y) = J-J:l f; (x;y;) be an objective function as {8.3)and letg(z)

continuous with constartt; > 0. Thenr g is Lipschitz continuous with constant

2!
Ly=L+ —;
whereL :=max; Lj,! = {4; w;,andw; and are the DGD+LOCAL weights and stepsize ag8tb).
Proof. LetL = max; L; and
2=( x1i00 xas oy iih oy )t

First, for anyz and ., and using the symmetry 8 = fw; g, we have

=) 3
FfaXE+ iyt yy) 1 oxfa(xby)+4 L owi( )

: P
rfo(XJ+ x3:Yya + yJ) r fo(XJ;yJ)+4 }1:1 WJi( xJ x')

roz+ ) r 9(2)= ryfa(xt+ iyt y) royfa(xtya)

ryfa(xX + osyat ) 1o yfa(x?iys)
Then with some rearrangement, denotinfy = r K ]fj and using the triangle inequality, we can obtain

L L 3 2P,
rfa(x>+ yuya+ y)) r o fa(xhys) iz Wi xi)
krgz+ o) ook, 9 ; +4 '

P
rfJ(XJ+ x3: Y3 T yJ) r fJ(XJ;yJ) 2 =1 Wi ( yo xi) 2

V

s v

% . Ux %
Wii |()(jk2+4tJ

~cc<
X
=
~cco<
X

Lk kg + 4mjax Wiji x1 x1 F+4 mjax Wi x1

where in the last line we use
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Wji  xi = x1 x1 W = W’ x1 x1

mjax Wi x1 xt g

P P
sincekWk max; g; Wji = max; le wji in view of thatW is symmetricw; =0 andw; 0 by (8.6).

P P P
Finally, using the de nition ofw; (8.6), we havemax;  J_; Wi = max; Jg; W; = max; —&—"— = -,

J
i6j Wi !

and further by the inequality k zkgr;we obtainthat gis Lipschitz continuous with constant

x1 x1
F

Lg=L+4 ! 4 2
=L+ — + :
9 4

L
F.2 Proof of Theorem 8.2.4
Theorem F.2.1(Theorem 8.2.4)Let > 0, and consider an objective functibrwhere:
1 infrmh> 1 |
2. h satis es the ojasiewicz inequality withiB ,
3. his twice-continuously differentiable, and

4.jh(x)] Lo, kr h(x)k Ly, and r 2h(x) , Loforallx2B;.

Suppose the gradient descent stepsize

1 .
L, + 414 @72 Jbo

< (8.8)

Suppos& (0) is chosen randomly from a probability distribution supported on &setB  with S having positive
measure, and suppose that under such random initialization, there is a positive probability that the séojkhge
remains bounded iB and all limit points off x(k)g are inB .

Then conditioned on observing thix(k)g B and all limit points off x(k)g are in B , gradient descent

converges to a critical point df, and the probability that this critical point is a strict saddle point is zero.

Proof. The proof involves constructing a functiinsuch thafi(x) = h(x) forallx 2 B but wherefi has a globally
Lipschitz gradient.

To do this, rst de ne awindow functiorw : R" ! R,
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8
31 kxk
W(x):BZ ok Lgin 29k < kxk< 2
-0 kxk 2;
wherek k = k k,. Note also that
8
30; kxk
rw(x)= 5 2 gin? XK < kxk< 2
- 0 kxk 2
and
8
30 kxk
r 2w(x) = 5 2esin? K 2 gip? KK 2asin 2 xx>r < kxk< 2 ;
-0 kxk 2

wherel denotes th@-by-n identity matrix. It is easy to verify that 2 C? andjw (x)j 1. To bound the gradient

r w, we have

_ 2x ., kxk 2,
kr wk = ok sin -
For the Hessian 2w, we have
!
2 2 ., kxk 2 ., kxk 2 .2 kxk - 4+2
r sin I+ 5 Sin > Sin X~ X E
kxk kxk 2 kxk 2
Now, de ne
8
3h(x); kxk
A(x)= h(x)w(x)= _h(x) 2 K+ Lgin 2Kk < kxk< 2
- 0; kxk 2:
We have the following properties fék.
Sinceh = Bin B , B satis es the ojasiewicz inequality irB .
Sinceh;w 2 C?,82 C2.
Sinceinfgn h> 1 andinfrew> 1 infrn B> 1
To globally bound the Lipschitz constant of the gradienfi phote that
r’f8 = wr?h+rh (rw)+rw (rh)” +hr?w

j wj r2h +2kr wkkr hk+ jhj r 2w

n E_'_ (4+2 )Lo:

Lo 5
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Now consider the gradient descent algorithm with stepsigatisfying (8.8). De ne

Th = fx(0) 2 B :allfx(k)g B and all limit points off x(k)g are inB
when gradient descent is run arstarting atx (0)g

and

T = fx(0) 2 B :allfx(k)g B andalllimit points off x (k)g are inB

when gradient descent is run Brstarting atx (0)g:

Similarly, de ne

hn=fx(0) 2 B : fx(k)gconverges to a strict saddle when gradient descent is rimsterting atx (0)g

and

g = x(0) 2 B : fx(k)gconverges to a strict saddle when gradient descent is rfinstarting aix (0)g:

Using the above properties, we see that Theorem 8.2.2 can be appfiedrtd so we conclude that; has measure
zero.

Now, after running gradient descent brfrom a random initialization as in the theorem statement, condition on
observing thatx(k)g B and all limit points off x(k)g are inB , i.e., thatx(0) 2 T,,. Becausdx(k)g B
and all limit points off x (k)g are inB , and becauskx (k)g matches the sequence that would be obtained by running
gradient descent off, we can apply Theorem 8.2.3 to conclude thatk)g converges to a critical point ¢f, and
since this critical point belongs ® andf = h insideB , we conclude that this is also a critical pointtof

Finally, using the de nition of conditional probability, we have

P(x(0)2 h\ Th)
P(x(0) 2 Th)
CP(X(0)2 g\ Ty)
- P(x(©0)2Th)

P(x(0) 2 1jx(0) 2 Th) =

where the second equality follows from the fact that h insideB : if a sequence of iterations stays bounded inside
B and converges to a strict saddle when gradient descent is fantbe same will hold when gradient descent is run
onf, and vice versa. Sinceg has zero measure and becax®) is chosen randomly from a probability distribution
supported on a se&$ B with S having positive measurd?(x(0) 2 4\ Tq) = 0. Also, by assumption,

P(x(0) 2 Ty) > 0. ThereforeP (x(0) 2 pjx(0) 2 Th) = —2—-=0

nonzero
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F.3 Proof of Proposition 8.2.2
P
Proposition F.3.1(Proposition 8.2.2) Letf (x;y) = jJ:l fj (x;y;) be asin(8.3). Suppose the topology de ned by
W is connected. Also suppose there exis{which is independent ¢ andyj'-';j 2 [J] such that
(x;y7) 2 arg minf; (x;y;); 8j 2 [I]; (8.12)

X3Yij

Theng(z) de ned in(8.7) satis es
min o(z) = rr)l(l;r)) f(x;y);

andg(z) achieves its global minimum only fawith x* = = x7.

Proof. First note that

min g(z) = fidy))+ wikd  x'K3 min f;(x);y;) = f5(x7y]) =min f(x;y):
z L L L XDy . Xy
j=1 i=1 j=1 j=1
(F.1)
On the other hand, we have
|
min g(z) = min fixdy)+ wikxdd x'Kk3
‘ * =1 i=1 |
min fidy))+ wikd  x'k3
z:xl= =xJ . .
j=1 i=1
X
=min . fi(xiyp) =min £ (x;y):
Thus, we have
min g(z) = min f (x;y):
z Xy
The proof is completed by noting that (F.1) achieves the equality ordywdth x* = = xJ since the topology
de ned byW is connected. O

F.4 Proof of Proposition 8.2.3

Suppose the matrW is connected and symmetric. Also suppose the gradidhtsxtis es the following symmetric

property:

hr«f5 (¢ yj)ixi = hry, £ (X7yj);yji (8.13)
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forall j 2 [J]. Then, any critical point off must satisfx® = = x7.
Proof. The critical points of the objective function in (8.7) satisfy

rxig(z)=rxf;(xyj)+ 2w; (x} x')= 0; (F.2)
i=1

ryig(z)=ryfj(xl;y;)=0;8j 2 Il (F.3)

Now taking the inner product of both sides in (F.2) withand also the inner product of both sides in (F.3) with

yl and using the property (8.13), we have
2w; b x! o x'i=0
i=1
forallj 2 [J]. Using the symmetric property &% , we then have
X X _ .
w;i kx)  x'k?=0:
j=1 i=1

Therefore,
x'=x;ifw; 60

for anyi;j 2 [J]. Since the topology de ned bW is connected, we nally have

X+ = =X
O

F.5 Proof of Theorem 8.2.7

Theorem F.5.1(Theorem 8.2.7) LetG denote the set of critical points ¢8.3).

G = fxjy:rf(x;y)= 0g;
and letCy denote the set of critical points ¢8.7).
G:= z:rogz)=0 :
Then, for anyz = (x%;:::05x7;y) 2 Cgwithx? = = x? = x, we havex;y) 2 G . Furthermore, if(x;y) is a
strict saddle of , thenz = (x;:::;X;y) is also a strict saddle df.

Proof. We rewriteG as:
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8 9
< XJ =

G=_ Xx;y: rxfixy;)=0;ry fj(xy;)= 0;8 2 [J]
: (=1 ;

The critical points of the objective function in (8.7) satisfy
rxag@=rxfixhy)+ 2wy +wi)(x! x)=0;
i=1

ryig@)=ryfi(dy) =08 2 (I

With this, we rewriteCy as
G= z:ryfj(xy)+ 2w + w;i )(x! x") =051y fj(x!y;)=0:8) 2 [J] -
i=1

Thus, for anyz = (x*;:::;x7;y) 2 Cq with x! = = xJ = x, we have thatx;y) is a critical point of (8.3),
i.e., (X;y) 2 G . In what follows, we check how the Hessian information (especially the smallest eigenvalue of the

Hessian) ofx;y) is transformed ta.

>

At any point(x;y), the Hessian quadratic form bffor anyqy andqy = ay, ay, is given by
B . Oy X G . g

r 2f X; X : X — r 2f- X : X :

OGN gy gy )= T g )
At any pointz, the Hessian quadratic form gffor anyq = a5 as q;l ay, is given by

X q O X
[r 20@N(a;a) = r26( 0 5 )+ 2wikga ek
qyJ qYI

j=1 j=1

Now suppos%mmér 22f ()g;y)) < 0 (where min denotes the smallest eigenvalue), i.e., there exist|, such

that [r 2f (x;y)](gqxg;gqxg) < 0. Choosinggy: = = g = Qx, we have[r 2g(2)(q;q) < 0, i.e.,
Ay Qy

min (T 29(2)) < 0. O

F.6 Proof of Theorem 8.3.1

Theorem F.6.1(Theorem 8.3.1) For any data matrixXY , every critical point (i.e., every point where the gradient is
zero) of problen{8.14)is either a global minimum or a strict saddle point, where the Hessian has at least one negative

eigenvalue.

Proof. Denote byh(U;V) = %kUV > Y k2. LetCdenote the set of critical points bf

C= (U;V):(UV” Y)V=0(UV> Y)Y U=0:
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Our goal is to characterize the behavior of all the critical points that are not global minima. In particular, we want to
show that every critical point di is either a global minimum or a strict saddle. Towards that end, we rst recall the

following result concerning the degenerate critical points.

Lemma F.6.1. [206, Theorem 8 wittKX = 1] Any pair (U;V) 2 C that is degenerate (i.erank(UV *) < r)is
either a global minimum df (i.e.,UV > = Y, whereY, is a ranks approximation ofY ) or a strict saddle (i.e.,

min (1 zh(U;V)) < 0).

Note that the above result holds for any matvix Whenrank(Y ) r, thenY, = Y. It follows from
Lemma F.6.1 that the behavior of all degenerate critical points is quite clear. For the remaining non-degenerate criti-
cal points, using the same argument in cite[Theorems 2—4]nvx:zhu2017global, we rst establish the following results

concerning the critical points that are also balanced ({ilé.J = V> V).

Lemma F.6.2. [93, Theorems 2—-4] Any paiiU;V) 2 C satisfyingu” U = V>V is either a global minimum df

or a strict saddle.

The above result also holds for any matyix With this result, we now show that non-degenerate critical points

behave similarly to degenerate ones.

Lemma F.6.3. Any pair(U;V) 2 C that is non-degenerate (i.gank(UV > ) = r) is either a global minimum di

or a strict saddle.

Proof of Lemma F.6.3SupposgU; V) is not a global minimum oh. LetUV > = PQ > be a reduced SVD of
UV ~. Sincerank(UV ) = r and bothU andV have onlyr columns, we knowank(U) = rank( V) = r. Denote

byD =(U>U) U>P ¥andG =(V>V) v>Q 2. With this, we have

DG” =(U”U) U”PQ “V(V>V) =1
and

B=UD =P ¥ ¢=VG =Q %
The above constructed p4I8 ; ¢) satis es
B¢~ =Uv~; 88 =¢"¢:
Since(U;V) 2 C, we have
rhy(8;)=rhy(U;V)D=0;r hy(8;€)=r hy(U;V)G = 0;

which implies that(8 ; ¢) is also a critical point (but not a global minimum since by assumptionV ) is not a
global minimum) ofh. Since(8;¢) is also balanced, it follows from Lemma F.6.2 that there exfgs and €

such that
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[r 2h(8;®))(&; €) < O

Now construct y = gD 'and v = €¢,G ! Then, we have

Ir 2h(U;VIC 5 )

k uV>+U JkE+20UV~ Y;
k€g@”> +8 _ki+2n8¢> Y;
[r?h(8;®)](€;€)< 0

DV <V

8

which implies tha{U; V) is a strict saddle. O

Lemma F.6.2 together with Lemma F.6.3 implies that any @airV) 2 C is either a global minimum df or a
strict saddle.
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APPENDIX G
APPENDICES FOR CHAPTER 10

G.1 Implementations and Numerical Experiments

G.1.1 Implementations: Closed-form Updating Formula

In this section, we discuss and give closed-form expressions for the iterates of Bregman gradient descent (Algo-
rithm 3) and Bregman alternating gradient descent (Algorithm 4), respectively. Both Bregman proximal minimization
(Algorithm 5) and Bregman proximal alternating minimization (Algorithm 6) are similar to standard (alternating)
proximal minimization in that the existence of closed-form solutions depends on the speci ¢ form of the objective
functionf . Therefore, in this part we mainly focus on deriving closed-form expressions for Bregman gradient descent
Algorithm 3 and Bregman alternating gradient descent (Algorithm 4), respectively.

For simplicity and generality, let us consider a fourth-degree polynomial objective furicfibr his is because
a fourth-degree polynomial objective function can cover a number of matrix factorization problems, such as matrix

PCA, matrix sensing and matrix completion.
G.1.1.1 Closed-form Updating Formula for Bregman Gradient Decent

By Lemma 10.3.1, to obtain the second-order convergence of Bregman gradient descent for a fourth-degree poly-
nomial objective function, it is suf cient to set the Bregman distance kehnfwe) to be (i.e., using (10.22) witd = 4
and = =1)

1

h(x) = %kxk‘2‘+ 5

kxk3 +1:
Now let us consider the main step (10.18) of Bregman gradient descent (Algorithm 3):
- ; 1 Ty, T 1 v 1y
x =argminf(x )+ hrf(x *);x x i+ =Dp(xX;x 7):
X

Theorem G.1.1. Suppose the objective functib(x) is any fourth-degree polynomial. By Lemma 10.3.1, the Bregman
distance kerneh can be set according t10.22)withd =4 and = = 1. Then there is a closed-form updating

formula for the main stefi10.18)of Bregman gradient descent (Algorithm 3) which is given by
x = (kz K3z *! (G.1)

where

471t is not dif cult to consider an arbitrandth- or (ds ; d»)th-order of polynomial objective function. The only issue in this case is that there
might be no closed-form updating formular (e.g., Theorem G.1.1) in solving the optimality condition of the updating formula (10.18) in Bregman
gradient descent (Algorithm 3) or (10.19) in Bregman alternating gradient descent (Algorithm 4), but one can nevertheless solve the optimality
condition using line-search algorithms.
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z Yi=(kx ME+D)x Y orf(x b
and () is de nedin(G.4)

RemarkG.1.1 Therefore, we can view Bregman gradient descent (10.18) as standard gradient descent equipped with

an adaptive choice of stepsize (see (G.1)).

Proof of Theorem G.1.1First of all, the rst-order optimality condition of (10.18) is given by letting gradient of the

objective function of (10.18) vanish
rf(x ) r h(x Y)+rh(x)=0;

which together with the faat h(x) = ( kxk3 + 1) x gives the new optimality condition:

(kx kK2 +1)x =(kx WE+1)x ' rf(x b): (G.2)

Thus, we can conclude that the closed-form update for Bregman gradient descent (Algorithm 3) is

X =t 1 [(kx ME+D)x 1 orf(x )=t oz L (G.3)
where the scalar depends on the norm of current iterate

z Yi=(kx ME+D)x Y orf(x b
and is chosen so that the new optimality condition (G.2) is satis ed when we plug in (G.3). That is,
(kt+ 1z UG +1)(t 1z H=z b
By multiplyingz on both sides, we get thiat ; should satisfy the following cubic polynomial equation
kz W3+t 1=0;

which can be shown to have a unique real solution with a closed-form expression (see Lemma G.1.1). Finally, com-

bining Lemma G.1.1 and (G.3), we get the update step (10.18) in closed-form is
x = (kz )z
wherez 1:=(kx k3+1)x ' rf(x Yand ()isgivenin(G.4). O
Lemma G.1.1. Foranya O, the following cubic polynomial
at®*+t 1=0

has a unique real solution depending arthat is,
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2 9“a?1+p§p

g
623° " 3 a3(27a+4)+9 a2

R 27avd 0 M3

p

; (G.4)

where (a) is a decreasing function om> 0 satisfying I'irT01 (=1 andallilm (a)=0.
al * !

Proof. Since J(t) = 3at?+1 > Oforanya Oandanyt 2 R, ,(t) is a strictly increasing function df Then
noting that ,(0)= 1and ,(1)= a 0, we can conclude that,(t) = 0 has a unique real root lying withi{®; 1]

in view of the continuity of 5( ). Then by direct computations, this unique real root is given by

"2 Pa+ P 7 s
Pl S S R T T '
62=3° 3 a3(27a+4)+9 a?

The limit property is obtained by directly taking the limit of the functiofa).
Now we show the decreasing property of the soluti¢a) with respect ta. This can be shown using the implicit

function theorem that the following implicit equation holds
2 +3at’t%a) + tYa) = 0:

Directly solving this equation, we get

t3
0, — .
tHa) = @z 1 < Oforanya Oandt> O:
By identifying that
d (a)

0, — .

ta)= — =
we obtain that (a) is actually a decreasing function af O

G.1.1.2 Closed-form Updating Formula for Bregman alternating Gradient Decent

Now let us consider the case where the objective functibn;y) is a (4; 4)th polynomial. Recall the main

step (10.19) of Bregman alternating gradient descent (Algorithm 4):

1 1

x =argminhr f(x Ly H;x x i+ }Dﬁ(x;x‘ y 1)
X

y =argminhr f(x;y )y y li+ }Dﬁ(y;y\ Lx):
y

By recognizing the similar structure in the main step (10.18) of Bregman gradient descent Algorithm 3 and the main
step (10.19) of Bregman alternating gradient descent Algorithm 4, we can easily use Theorem G.1.1 to derive the
closed-form updating formula for the Bregman alternating gradient descent Algorithm 4 where the objective function

f (x;y) is a(4; 4)th polynomial.
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Corollary G.1.1. Suppose the objective functibifix;y) is any(4; 4)th-degree polynomial. By Lemma 10.3.1, the
bi-Bregman distance kernblx;y) as
1 1 1 1
h(x;y) = kak‘2‘+ 5kxk§+1 21kyk‘2‘+ 5kyk§+1

Then there is a closed-form updating formula for the main s{&¢p.19)of Bregman alternating gradient descent
Algorithm 4 which is given by

x = (kz, ")z Y

v = (kg M)z, b (©9)
with
z, L= (kx HE+1)x ! K ky 1k§:2+1)r G Ly b,
R B = s v L ]
and () denedin(G.4)
Proof. The proof of Corollary G.1.1 is similar to that of Theorem G.1.1. O

When the objective functioh (x;y) is a(2; 2)th-degree polynomial, we can further simplify the closed-form
updating formula (G.5) in Corollary G.1.1. We note that the importance of2f@th-degree polynomial objective
functions comes from that it can also cover a massive number of matrix factorization problems, such as nonsymmetric

matrix PCA, nonsymmetric matrix sensing and nonsymmetric matrix completion.

Theorem G.1.2. Suppose the objective functib(x;y) is any(2; 2)th-degree polynomial. By Lemma 10.3.1, we can

set the bi-Bregman distance kerik ; y) as

1 1
h(x;y) = ékxk§+1 ékyk§+1 : (G.6)

Then there is a closed-form updating formula for the main s{¢p.19)of Bregman alternating gradient descent
Algorithm 4 which is given by

mrxf(x;‘ By
2=

G.7

Vel ey Y (G.7)

kx k§=2+1 Y 7

RemarkG.1.2 In view of the closed-form updating formula (G.7), Bregman alternating gradient descent can be
viewed as the standard proximal alternating linearized minimization (a.k.a. alternating gradient descent) equipped

with the ability of adaptively choosing the proximal regularizer parameter.
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Proof of Theorem G.1.2Recall the main step (10.19) of Bregman alternating gradient descent (Algorithm 4):

x =argminhr,f(x %y 1):x x Y+ }D%(x;x‘ Ly by,
‘ ’ o \ 1 . (G.8)
y =argminhr f(x;y 1)y y li+ ZD2(y;y Lx):
y
and the rst and second Bregman distances are respectively de ned as as (see De nition 10.2.3):
Di(xix My H=h(xy 1) hex fy B hroch(x fy Dixoox 6.9
Di(y;y %ix)=h(x;y) h(x;y ') hr yh(x;y 1y oyl '
Now combining (G.8) and (G.10), we get the optimality conditions that should be satis éx by ):
refx Ly H+rh(xsy Hor o xhix Ly YH=o0;
xf ( y trxh(xiy %) roxh( y %) (G.10)

ryf Oy )+ ryh(x;y) roxh(xy 1)=0;
Finally, we obtain the closed-form updating formula (G.7) by combining the optimality conditions (G.10) and

r xh(x;y) = %kyk§+1 X:

ryh(x;y) = %kxk§+1 y:

G.1.2 Numerical Experiments on Low-rank Matrix Factorization

G.1.2.1 Low-rank Matrix Factorization Problem

As we have discussed in Section 10.3.3, the Burer-Monteiro factorization method [119,159] transforms the original

large-scale rank-constrained matrix optimization problem (10.23):

minimize X) subjectto rank(X r;
X2S] or X2R" "‘q( ) : ( )

into a smaller-scale (nonconvex) problem (10.24):
minimizef (U) := q(UU ) or minimize  f(U;V):= qUV ”):
U2R" T U2R" r;V2RM

From Corollary 10.3.3, when the original objective functigiX ) in (10.23) is any lower-boundetdth or (d;; d,)th-

degree polynomial satisfying thgr; %)-RIP and we set

h(U)= —kUk? + kUKZ +1 or h(U;V)= —kUk®+ _kUkZ +1 —kVk®+ _kvkZ +1
d 2 dq 2 do 2
(G.11)
forany ; > 0, then applying Algorithms 3 and 5 tainimizey f (U) in (10.24) or applying Algorithms 4 and 6 to

minimizey .y f (U;V) in (10.24), we can almost surely solve (10.23) to global optimality from a random initializa-
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tion.

The global optimality results (i.e., Corollary 10.3.3) hold for any lower-bounded nite-démmynomial ob-
jective functionq(X) satisfying(2r; %)—RIP. Now for convenience, let us consider the best namlpproximation
problem of the optimization form

_— 1
minimize  ~

5 minimize SkX X?kZ subjectto rank(X) (G.12)
N or n m

In this case of (G.12), we know that the original objective functitX ) satis es(2r; )-RIP for any positive integer
randany  0by recognizing that 2q(X) = |. Therefore, the global optimality theory (i.e., Corollary 10.3.3) can
directly apply to this case.

Now recall that the motivation behind the BM factorization comes from the high computational/storage cost of
solving large-scale matrix optimization problems, particularly those involving rank constraints. We therefore are more
interested in the BM formulation of the ramkapproximation problem (which is thmatrix factorizationproblem),
that is

S 1 N 1
n&lggplzref(U):: ékUU> X?kZ  or 4o minimize, rékUV> X 7Kz : (G.13)

G.1.2.2 Implementations and Experiments

In (G.13), we identify thaf (U) is a fourth-degree polynomial arfdU;V) is a(2; 2)th-degree polynomial.
Therefore, we can use the closed-form updating formulas given in Theorem G.1.1 and Theorem G.1.2 to solve
minimizey f (U) (for the symmetric case) amdinimizey .y f (U;V) (for the symmetric case), respectively. More

precisely,

we use the closed-form updating formula (i.e., (G.1) witte U~ (for the symmetric case) to perform Bregman

gradient descent (Algorithm 3) on the symmetric matrix factorization problem in (G.13), and

use the closed-form updating formula (G.7) with ;y ) = (U ;V ) for the nonsymmetric case to per-
form Bregman alternating gradient descent (Algorithm 4) on the nonsymmetric matrix factorization problem

in (G.13).

Moreover, to verify the global optimality theory of Algorithms 3 and 4 in solving Burer-Monteiro factorization
problems (G.1.1) (see Corollary 10.3.3), we will plot the optimality distakted) 7 X ?kZ (for symmetric
case) andkU v X ?k2 (for nonsymmetric case) as a function of the number of iterations. This is because
all the second-order stationary points of (G.13) correspond to the best @ppoximation ofX ?, denoted by

X ? (cf. [6,208]).

48Clearly, the nite-degree of the polynomig(X ) directly implies the nite-degree of the polynomif(U ) orf (U; V).
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Now we compare the performances of the standard (alternating) gradient descent and the Bregman (alternating)
gradient descent in solving the symmetric and nonsymmetric matrix factorization problems in (G.13). For setting
up the parameters, we set the dimensions as m = 50, rank asr = 2, and for convenience we generate the
ground truth matrixX ? with rank(X ?) = 5. We de ne X’ as the best rank-approximation of the ground trutk?,
which can be obtained via SVD. In term of the choices of the stepsizes (a.k.a. regularizer parameteng®mark
that we manually tune the stepsizeso achieve the best performances for all the algorithms. In term of standard
(alternating) gradient descent, because by (10.5), to ensure the suf cient decrease property, the stepsize should be less
than%, whereL; is the global Lipschitz gradient constant for the objective function to be minimized. However, for
the matrix factorization problem, there is no global Lipschitz constant. Therefore, tune the stepsize for each different
initialization. In sharp contrast to standard (alternating) gradient descent, Bregman (alternating) gradient descent is not
sensitive to the choice of the “stepsize"This is because, as described in Remark G.1.1 and Remark G.1.2, Bregman
(alternating) gradient descent uses a kind of adaptive stepsize according to the current tefatsee (G.1)). To
illustrate of such ability of adaptively-choosing stepsize, we generate two random initialization points: one is close
to the origin and the other is far away from the origin (and hence has large norms). Figure Figure G.1 shows that
when initialized at a point having a large norm, the performance of (alternating) gradient descent degrades drastically,
while Bregman (alternating) gradient descent maintains a stable and favorable performance regardless of the size of

the initialization.
G.1.2.3 More Experiments for Algorithm 6

Finally, we are interested in deriving a closed-form expression of Bregman proximal alternating minimization
(Algorithm 6) for the nonsymmetric matrix factorization problem:

1
inimi ZkUV > X 7KE: G.14
0SS 2 F (624

Theorem G.1.3. Supposé (U ; V) is the objective function ofG.14). Set the bi-Bregman kerne{(U ; V) according

to (G.6). Then the closed-form updating formula of Bregman proximal alternating minimization (Algorithm 6) is given

by

U= —— X lyy ! B VAR

: —V
KV 1kZ=2+1 KV 1kZ=2+1
(G.15)

V= — XU +Vv ! — UTU +1
kU k2=2+1 v kU k§:2+1U v
Proof. The proof directly can be obtained by combining the optimality conditions of the main step (10.21) of Algo-

rithm 6 (withf (U;V) set as (G.14)) and
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Figure G.1: Comparing standard (alternating) gradient descent and Bregman (alternating) gradient descent in solving
symmetric and nonsymmetric matrix factorizations in (G.13). In particular, we set up the symmetric matrix factoriza-
tion experiments as follows. (a): We initializ¢® with each entry drawn fron\ (0; 1); (b): We initialize U © with

each entry drawn fromi (0; 100). We note that in both cases (a) and (b), we have tuned the stepsizes of both algo-
rithms to achieve optimal performance. We observe that when the cltddat is large, the convergence of gradient
descent becomes very slow; while Bregman gradient descent is not sensitive to the norm of thé&ukgeand still
converges quickly to the global optimum. The same phenomenon happens in non-symmetric matrix factorization. (c):
We initialize U° andV © with each entry drawn fror\ (0; 1); (d): We initializeU° andV © with each entry drawn

from N (0; 100). Similar to the symmetric case, we have tuned the stepsize of both algorithms to achieve optimal
performance in both cases. We observe that the performance of (alternating) gradient descent degrades drastically
and even fails (see (d)), while Bregman (alternating) gradient descent maintains a stable and favorable performance
regardless of the size of the initialization.
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r yh(x;y) = %kyk§+1 X;

. 1 2 .

ryh(x;y) = ékxk2+1 y:
O

RemarkG.1.3 Now we can compare the closed-form updating formula (G.15) of Bregma proximal alternating min-

imization with that of standard proximal alternating minimization in solving (G.14), which is given by

1

u XV l+u 1 v Ty 1y

. (G.16)

V= XU +v ' UTU +I
Therefore, we can view the closed-form updating formula (G.15) of Bregman proximal alternating minimization
as that of standard proximal alternating minimization equipped with adaptive stepsize according to the norm of the

current iteratio/ lorU .

We will compare the performances of standard proximal alternating minimization and Bregman proximal alternat-
ing minimization in solving the nonsymmetric matrix factorization problem (G.14). For convenience, we set up the
experiments exactly the same as that of the the rst experiment (see Figure Figure G.1) except for those closed-form
updating formulas. To verify our convergence theories, we plot the optimality diskhhoé 7 X ?kZ as a function
of the number of iterations. In the experiments (see Figure Figure G.2), we observe that both standard and Bregman
proximal alternating minimizations achieve amazingly satisfying performance in solving the nonsymmetric matrix
factorization problem (G.14). Further, both algorithms can maintain a stable and favorable performance regardless
of the size of the initialization. In our understanding, this ndings can be explained by Equation (10.17) (similar
results hold for standard proximal alternating minimization if we replacé thadaptive-Lipschitz gradient condition
by the standard. ¢ -Lipschitz gradient condition), which essentially claims that the amount of suf cient decrease is

independent of the (adaptive) Lipschitz constant hence allowing more exibility in tuning .
G.2 Proof of Lemma 10.2.1

Lemma G.2.1(Lemma 10.2.1) Supposk 2 C? is globally lower bounded and satis es thg -adaptive Lipschitz
gradient condition for some Bregman distance keim@ C2, which is assumed to be-strongly convex and super-
coercive. Then the updating formu{#0.18)for Bregman gradient descent (Algorithm 5) aiD.20)for Bregman

proximal minimization (Algorithm 5) are both well-de ned and respectively satisfy:
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Figure G.2: Comparing standard proximal alternating minimization and Bregman proximal alternating minimization

in solving the nonsymmetric matrix factorization problem (G.14). In particular, we set up experiments as follows. (a):

We initialize U° andV © with each entry drawn fror (0; 1); (b): We initializeU° andV © with each entry drawn

from N (0; 100). We note that in both cases, we have tuned the proximal regularization pararfaté&oth standard

and Bregman proximal alternating minimization algorithms to achieve optimal performance. We observe that both
algorithms can maintain a stable and favorable performance regardless of the size of the initialization.

Algorithm3: f(x %) f(x) 1 Ls Ekx‘ x K3 (10.10)

Algorithm5: f(x %) f(x) ka‘ x 1k (10.11)

Proof. We rst show (10.10). For simplifying notations, denoté := x andx ! := x . For the well-de nedness,
it suf ces to show the solution of (10.10) exists and is unique. First, since the objective function is continuous (as

f;h 2 C?), its level set
Lev (a):= fx: (x) ag

is closed forany 2 R, where (x):= f(x )+hrf(x );x x i+1Dp(x;x ). Second, wheh is super-coercive,

we will show the objective function (x) is coercive, which would imply the boundedness of the levelLset (a).

Then combing the closedness of the level set, we can view (10.10) as a minimization of a continuous function over a
compact level set and hence the solution must exist. The uniqueness follows from the strong convekitgafise

r 2 =r 2h andh is strongly convex. Now, we showis coercive.
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(x)=f(x )+ hrf(x );x x i+}Dh(x;x )
=f(x )+ hrf(x );x x i+}(h(x) h(x ) hr h(x );x x i)

:@+ r h(x ) h(x)+ rh(x)_X

rf(x) X o+ f(x ) rf(x );x
= ht) + h;xi+ b
- h(x) . X
sk e T Y TP
Therefore, we have
h(x
(x) k xkz %k)z k ak, +b

Together with thah(x)=kxk, > kak, for some large enougkxk, by the super-coercivity di, this shows that is
coercive.

For the suf cient decrease property of (10.10), using de nition of global optimality, we have

f(x )=f(x )+ hrf(x );x x i+}Dh(x;x )

f(x )+hrf(x );x* x i+ }Dh(x";x )
f(x*) LiDp(x*;x )+ }Dh(x+ X ) (G.17)
=f(x*)+ 1 Lt Da(x":x )

f(x*)+ 1 L¢ Ekx+ x k3
where the second inequality is by the general descent lemma (10.9y withx ;x = x* and the last inequality
follows from the -strong convexity of.

We now show (10.11). Its well-de nedness follows in the same way by showing that the objective function

of (10.11) is coercive (by using the same analysis as (G.17) combined with the lower-boundedneasdadtrongly

convex (sincf; h) sati es L -adaptive Lipschitz gradient condition an® (0; 1=L¢ )). And the suf cient decrease

property follows from the de nition of global optimality,

f(x )=f(Xx)+ }Dh(X;X ) f(x")+ }Dh(X*;x ) f(x*)+ Z—kx+ x K3

376



G.3 Proofs in Section of Stylized Applications
In this section, we collect the proofs omitted in the section of Stylized Applications.
G.3.1 Application to Polynomial Objective Functions

Lemma G.3.1(Lemma 10.3.1) Supposé (x) (or f (x;y)) is any coercive and lower-bounddth-order (or(d1; d2)th-

order) polynomial function witld; d;; d, 2. Set the Bregman (or bi-Bregman) distance ket be

h(x) = —kxkd + —kxkZ+1 or h(x;y)=( =—kxk3 + —kxk3 +1)( —kyk3 + —kyk3 + 1) (G.18)
d 2 d; 2 d; 2
forany ; > 0. Then(f (x);h(x)) (or (f (x;y);h(x;y))) satis es Assumptions 10.2.1-10.2.4.

Proof. We classify the proof into two parts according to two different cas€s; bf).

Showing (f (x); h(x)) satisfying Assumptions 10.2.1- 10.2.4 First, anydth-degree polynomial functioh(x) can

be represented as

f(x)= o hA x Ki (G.19)
k=0

where denotes the tensor product operakork := x  x X (totalk times), and the coef cients &th-degree
monomials are arranged &g 2 R" R" R" (total k times). For convenience, we denote® = 1 and
Ao 2 R. Further, due to super-symmetric tensers (i.e., the(iy;io; ;ix)th entry ofx ¥ is invariant respect to
the order the indicels ;i,;:::;ik), we can assumly for k 2 as super-symmetric tensors since otherwise we can
replaceA as its super-symmetric part. For example, wken 2 (i.e., A, is a square matrix), the super-symmetric
part forA, is (A, + A3 )=2: Similar de nitions can be easily extending to a general natural nurkber2.

Now, we show that polynomidl with the particular Bregman distance kerrek) = Hkxkg + Ekxkg +1

in (10.22) satis es all Assumptions 10.2.1- 10.2.4.

Showing Assumption 10.2.1.First of all, let us compute the Hessianhix):

r 2h(x) = g 2)kxkd “xx> + 5

dkx k3 2+2§ In

>

+
kx kz kx k2

= (d 2)kxkd 2 kxkd 2+ 1, (G.20)

Therefore, we have 2h(x) is well-de ned in the whole domair 2 R" foralld 2, implying thath 2 C2. Second,

im0 _ Sk 4 koxke +

= li —kxk, = 1 ;
kxko'l kXK  kxka!l d ot 2 XK '

kx ko kxkp!1

implying the super-coercivity di. Finally, following from (G.20), we can lower bound the Hessian as
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r 2h(x) kxk§ 2+ 1, I, (G.21)
indicating thath(x) is -strong convex. This completes the proof of showing Assumption 10.2.1 holds.

Showing Assumption 10.2.2. First, the lower-boundedness bffollows by the assumption. Second, Since any
polynomial function satis es the KL property, is a KL function by Remark 10.2.1. This completes the proof of

showing Assumption 10.2.2 holds.

Showing Assumption 10.2.3.By de nition of L -adaptive Lipschitz gradient condition, it suf ces to show that there

exists a constarit; such that
Lir ?h(x) r 2?f(x) 0 forallx

Towards that end, we rst bound the Hessian spectral norin &incef is adth-degree polynomial function (i.e., in

the form (G.19)), we can compute its Hessian matrix as (using the super-symmaAiry of

xd
r 2f (X) = k(k 1)Ak 1X 2X 3X k 2 X (622)
k=2

where  denotes th&th-mode tensor-vector product [76] for aNyth-order tensoA and any vector 2 R" so that
3
A kx=4 Ay ik sk SindxG)d (G.23)
i1 ik siksn s Gin

Using the triangle inequality and by de nition of tensor spectral norm, we can bound the spectral noff(af) as

xd
kr 2f(X)k k(k 1)kAk 1X 2X 3X K 2Xk

k=2

xd

=  k(k 1) max hA( 1X 2X 3X k 2X)y  Zi

k=2 kykz=1 ;kzk,=1 G.2 )
.24

v (

= k(k 1) max A 1X 2X 3X k 2X k1Y «kZ

k=2 kykz=1 ;kzk,=1

xd

k(k  1)kAkkxks 2
k=2
where the second line follows from the de nition of matrix spectral norm, the third line follows from the de nition of

kth-mode tensor-vector product (G.23), and the fourth line follows from the de nition of a geNéhabrder tensor,

that is,

kAKk := max A 1X1 2X» N XN :
kx Ko=1 8i
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Therefore, by (G.24), we have

xd
kr 2f (x)k k(k  1)KAgk(L + kxkd 2) (G.25)
k=2

Meanwhile, from the rst line of (G.21), we have

r2h(x) ( kxkd 2+ I, (G.26)

Combing (G.25) and (G.26), we nally get théit(x); h(x)) satis esL ¢ -adaptive Lipschitz gradient condition for

any

x 1
L k(k LkAckmax =:

k=2

| =

Showing Assumption 10.2.4.1t directly follows from the coercivity assumption 6fand Remark 10.2.2.

This completes the proof of showing tH&t(x); h(x)) satis es Assumptions 10.2.1- 10.2.4.

Showing(f (x;y); h(x;y)) satisfying Assumptions 10.2.1- 10.2.4First, any(d; ; d,)th-degree polynomial function
f (x;y) can be represented as
X W2

f(x;y)= hA; ;x 'y i (G.27)
i=0 j=0
where the coef cients ofi; j )th-order monomials are arrangedfsg 2 Q ikzl R" ij=1 R™. For convenience, we
denotex °=y %=1 andA, 2 R. Further, due to super-symmetric tensers andy |, we can always assume
A fori 20r]j 2 as bi-super-symmetric tensors, i.e., those en#igs(ky; ki Kivr; ;ki+j) have the
same value despite the order(&f; k»; ; ki) and the order ofki+1 ; Ki+1 ; ki)
Due to the symmetric structures betwde;y) andh(y) and by a similar argument as in the proof of showing

(f (x); h(x)) satis es Assumptions 10.2.1- 10.2.4, it suf ces to show that
Part 1 h(x;y) is bi-super-coercive and-strongly bi-convex;
Part 2 (f (x;y);h(x;y)) satis es bi-adaptive Lipschitz gradient condition,

and the remaining parts of Assumptions 10.2.1- 10.2.4 can be directly obtained from the given assumptfrng Jon

andh(x;y).

Showing Part 1. First of all, we observe that
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. h(x;y) . _ 1.
kxII<I2r!q kaz kxll<lgr!q EkaZ =1 ’

: h(x;y)
[ A%y
ky klzr!q. ky ks kx ko1

li —kyko =1 ;
m 2Y2 ;

which implies thah(x;y) is bi-super-coercive. It remains to show th@k;y) is -strongly bi-convex. Towards that

end, we compute the partial Hessian$i¢f; y). Similar to (G.20), we have

2 . — o d> _ 2 di 2
I h(x,y) - d2 kykZ + 2kyk2+1 (dl 2)ka2 kaz kaz
2 h(x;y)= —kxkd + —kxk3+1 Dkykde 2 YV
FRROGY) = kG + ki (&2 2kyke" o ke

This then implies that

raheay)
r o h(Gy) I

+

Thereforeh(x;y) is -strongly bi-convex. This completes the proof of Part 1.

(G.28)

(G.29)

Showing Part 2. We rst bound the partial Hessians spectral normd ¢f;y). Similar to (G.24), we bounded

kr 2, f (x;y)k as (using the bi-super-symmetryAf; )

) X Rz
kr xxf(X;Y)k |(| l)kAi:j 1X 2X i 2X s Y i+j yk
i=2 j=0
R M2 , .
i(i LKA kkxk, Zkyk:
i=2 j=0
Similarly, we boundedtr §y f(x;y)kas
) X Wz
kr 5y f(X;y)k jG DKAj  1x 22X iX iy i+] 2YK
i=0 j=2
X1 W _ _
i KA kkxkbkyk, 2
i=0 j=2
Now, similar to (G.25), we obtain from (G.30) and (G.31) that
M1 ¥
kr 2.6 (x;y)k  (1+ kxk3 2)(1+ kyk3?) i(i 1)kA; k;
i=2 j=0
X 2
kr 3, FOGYIK (L + kek§)( + kykg? %) i DKAG K

i=0 j=2

Further, using (G.28) and (G.29), we can further bound
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r 2. h(x;y) kxkdr 2+ akykgz +1 Iy (G.34)

r2 h(x;y) OTl|<x|<g1+1 kyk3 2+ I (G.35)

Then, combining (G.32)- (G.35), we hatie(x;y); h(x;y)) satis es(L1;L)-bi-adaptive Lipschitz gradient condi-

tion for any
1 1.1.d
L1 Pg—Pg— max 1;=; ==
i=2 =0 I(I l)kAi;j k
1 1.d
=Py Py max 1= =2
i=2 j=0 I(I 1)kAi;j k
and
1 1.1.d
Ly Pg—Pag— max 1;=;=; =
i=0 j:zJ(J 1)kAi:J k
1 1.ds

A P max
izlo jiz i 1)kAiJJ k
This completes the argument of showing Part 2,

Combining all the above, we nish the proof of showing tl{&i(x;y); h(x;y)) satis es Assumptions 10.2.1-

10.2.4. O
G.3.2 Application to Any Objective Functions with a Polynomial-order Hessian Spectral Norm

Lemma G.3.2(Lemma 10.3.2) Supposér 2f (x)k  Cy+ Cokxkd 2 (orkr 2 f (x;y)k (Ci+Cokxkd 2)(Ca+
Cakyk3?) andkr 2, f (x;y)k  (Cs+ Cskxk3')(C7+ Cgkyky® ?))in the whole domain witd; di;d, 2 for some
positive constant€; to Cg. Set the Bregman (or bi-Bregman) distance kematcording to(10.22)forany ; > 0.
Then(f; h) (or (f (X;y); h(x;y))) satis es thelL ; -adaptive (or(L 1; L »)-bi-adaptive) Lipschitz gradient condition for

anyL;{ maxfS:;S2gandanyl; maxf & C2:Cy; C2%2gandanyl, maxfCs; Sed; Cz: Cag

Proof. We will show the adaptive Lipschitz condition and bi-adaptive Lipschitz condition, respectively.

Showing the adaptive Lipschitz condition. By de nition of adaptive Lipschitz condition, it suf ces to show that

thereisa ¢ > 0 such that
Lir 2h(x) r 2f(x) O
in the whole domain. In one way, by assumptiorf ¢X), we have

kr 2f (x)k Cy+ Cokxk§ 2
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in the whole domain witid 2 for some positive constants;; C,. In another way, by direct computatiortg(x)
in (10.22) satis es that
2 d 2 .
r “h(x) ( kxk; “+ )I, foranyd 2;
in the whole domain. Therefore, it is clear to see that
Lir 2h(x) r 2f(x) O
in the whole domain for an  maxf &x; Czq.

Showing the bi-adaptive Lipschitz condition. By de nition of adaptive Lipschitz condition, it suf ces to show that

there ard_1; L, > O such that
Lir 5hOGy) 1 &f(xiy) O
Lor 5, h(x;y) 1 5 f(xy) O
in the whole domain. In one way, by assumptiorf ¢k;y), we have
kr 2 f(X dy 2 ds
XX ,y)k C,+ Cszkz Cs+ C4kyk2
kr 2 f(x;y)k  Cs+ Cgkxk§* C;+ Cgkyky® 2

in the whole domain witld;;d, 2 for some positive constan€; to Cg. In another way, by direct computations,

h(x;y) in (10.22) satis es that for angl;; d; 2,

rRNOGY) G e kg e SkylG L T ke Pe kel

rheGY) e+ kG L kykgt B kg L Rk Py

Therefore, it is clear to see that

Lir 5h0Gy) 1 5 F(Gy) O
Lor 3, h(x;y) r 2 f(xy) O

for anyL; andL, satifying

L max 22920y S

L, max cg 0%, C7.Co
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G.4 Analysis of Algorithms 3-6
G.4.1 Convergence Analysis of Algorithm 3

For completeness of the proof, we still collect the convergence analysis of Algorithm 3 here, despite providing it

in the main context.

Algorithm 10 Bregman Gradient Descent

1: Input: A Bregman kerneh with Lyt 2h(x) r 2f(x) 0in the whole domain; Set2 (0; ).
2: Initialization: x°

3: Recursion: Iteratively generate a sequerfoe g,y via

X =g(x YH=argminhrf(x );x xi+ }Dh(x;x\ 1 (10.18)
X

G.4.1.1 First-order Convergence of Algorithm 3

Theorem G.4.1. Under Assumptions 10.2.1— 10.2.4, Algorithm 3 with arbitrary initialization converges to a critical

point off in (10.1)

Proof. First, it is clear that Algorithm 3 is well-de ned in view of Lemma 10.2.1. Then in view of Theorem 10.4.1
and the assumption thhtis KL function, it is suf cient to prove thaf x g,y is a gradient-like descent sequence for

f (see De nition 10.4.1), i.e., to show:
(C1) Suf cient decrease property:(x ) f(x 1) 1 x ™ x 2; 8" 2 Nforsome 1 > 0;
(C2) Bounded gradient propertyr f (x **) , > x* x ;82 Nforsome ;> 0

Condition (C1) follows from (10.10) in Lemma 10.2.1. Condition (C2) holds because by the optimality condition

rf(x)+(rhx*) r h(x)= =0; (G.36)

we have

h(B)

kr f(x ko = L h(x 1) r h(x )k kx 1 X ko

where the inequality follows from Assumption 10.214,2 C?, and the fact any function i€ admits a locally
Lipschitz gradient on any bounded set (see Footnote 40). Therefore, by continuing this argument, we cfatmghat

alocally { (B)-Lipschitz gradient o8, and we havér f (x ")k, 2B+ ((B) kx*1 X ko O
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G.4.1.2 Second-order Convergence of Algorithm 3

Theorem G.4.2. Under Assumptions 10.2.1- 10.2.4, Algorithm 3 with random initialization almost surely converges

to a second-order stationary point bfin (10.1)

Proof. To show the second-order convergence from the rst-order convergence, it suf ces to show that Algorithm 3
avoids strict saddles. We de ne (10.18)xs= g(x 1) and compute the Jacobi@y. By the de nition ofg, we get
Dg(x ) = @ =@ . Then we apply the implicit function theorem to the optimality condition (G.36) and in view

of the nonsingularity of ?h, we obtain thaDg is continuous and given by
Dg(x )= r2h(x*"t) ‘(r2h(x) r2f(x):
Since the above analysis holds forall2 R", this further implies thabg(x) is continuous and given by
— 2 1 .2 2 .
Dg(x) = r “h(g(x)) r<h(x) r“f(x) : (G.37)
To show the avoidance of strict saddles, by Theorem 10.4.2, it suf ces to show the following conditions:
Showingg is aC! mapping. This follows from the continuity oDg in (G.37).
Showingdet(Dg) 6 0 in the whole domain. By the positive de niteness af ?h andr 2h  r ?f,

det(Dg(x)) = det([ r 2h(g(x))] 1)det(r 2h(x)  r 2f(x)) > O:

Showing any strict saddle off liesin Aq. First for any strict saddle?, we havex *1 = x = x? satis es the

optimality condition (G.36), sa&’ is a xed point, i.e.,g(x?) = x”. Pluggingg(x”) = x” into (G.37):

Dg(x”) =[r *h(x")] *(r *h(x") 1 *f (x7)
[r 2h(x)] 2(r *h(x?) 1 2 ()Ir 2h(x7)] 2
=1 [r 2h(x?)] zr 2 (xX?)[r 2h(x?)] % := |

with “ " denotes the matrix similarity. ThereforBg(x”) has an eigenvalue strictly greater than 1 sincéas a
negative eigenvalue. This is becausés congruent ta 2f (x?), which has a negative eigenvalue. O
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G.4.2 Convergence Analysis of Algorithm 4

Algorithm 11 Bregman Alternating Gradient Descent

1: Input: A bi-Bregman kerneh(x;y) with both Lir 2 h(x;y) r 2 f(x;y) 0 and Lor 3, h(x;y)

r 7 f(x;y) 0inthe entire domain; Set2 (0; min(-; :5))-

2: Initialization: (x°;y°)
3: Recursion: Iteratively generate a sequerfoe ;y gy Vvia

x =argminhr f(x Ly ;x x i+ }D%(x;x‘ Ly 1.
X

(G.38)

y =argminhr f(x;y )y y i+ }Dﬁ(y;y\ Lx)
y

G.4.2.1 First-order Convergence of Algorithm 4

Theorem G.4.3. Under Assumptions 10.2.1- 10.2.4, Algorithm 4 with arbitrary initialization converges to a critical

point off in (10.12)
Proof. First of all, in view of Lemma 10.2.2, we immediately conclude that Algorithm 4 is well-de ned:
Proposition G.4.1. Under Assumptions 10.2.1- 10.2.4, Algorithm 4 is well-de ned.

Now, by Theorem 10.4.1 and the assumption fhi KL function, it is suf cient to prove thaf (x ;y )g2n is a

gradient-like descent sequence fo¢see De nition 10.4.1), i.e., showing:
(C1) Suf cient decrease property;
(C2) Bounded gradient property.
Condition (C1) directly follows from Lemma 10.2.2.
To show Condition (C2), we start with the optimality condition (G.39) for the rst-block of Algorithm 4
rxh(x™;y) = rxh(x;y)  rxf(x;y); (G.39)
which implies

1 +
kr xf(X;y)ka = =kr xh(x™;y) r xh(x;y)kz

n(B) kx*  xks

"B xt iy (xiy)ke

where the second line follows from Assumption 10.242, C?, and Footnote 40.
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Using a similar analysis for the optimality condition for the second-block of Algorithm 4

ryh(x™;y")=ryh(x™;y)  ryf(x7;y); (G.40)

we can get

n(B)

+

kr yf (x*;y)ks ky®  ykz

implying
kr yf(X;y)ka kro yf(xT5y)ka+ kr yf(XT5y) 1y (X y)ke

ﬂky+ yko+ ¢ (B)kx*  xks

nh(B)

+ ¢(B) k(x":;y") (x;y)ke

where the second line follows from Assumption 10.2.2 C?, and Footnote 40.

Combing the above two, we get an equivalent version of the bounded gradient property

kr f(x;y)ko kr yf(x;yka+ kr yf(x;y)ko
2 B + +
"G ) kxyt) ik

Therefore,

ety ke 22®uo m) keiyT)  (yke:

G.4.2.2 Second-order Convergence of Algorithm 4

Theorem G.4.4. Under Assumptions 10.2.1- 10.2.4, Algorithm 4 with random initialization almost surely converges

to a second-order stationary point bfin Equation(10.12)

Proof. Following from (G.38), we denote
(x75y) = qu(x;y)
(X;y") = G(x;y)
The mapping®):; g. are well-de ned in the whole domaiR" R™ in view of strong convexity and coercivity of

(G.41)

the objective function in (G.38). Then Algorithm 4 can be viewed as iteratively performing the following composite

mapping for =1;2;:::

xsy)=9gx hy b (G.42)
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where the mapping is de ned as the composite mappingaf, gs:

g=%® O (G.43)

To compute the Jacobian matidg, we rst computeDg; andDg,. Then we will use the chain rule to geg:
Now we computeDgs (X;y) using(x* ;y) = gi(x;y). First of all,
" #

+ +

@ &
Doi(x;y) = & 9
0 I'm

Then by the rst-order optimality condition (G.39) of Algorithm 4:

rxh(x*;y)=rxh(x;y) ryf(x;y)

Now apply the Implicit function theorem to (G.39)

o &
iy g = rachtay)  rfay)
r2h(x+ @+_ 2h. 2h + . 2f .
XX vy)@> _rxy (va) r Xy (X ry) rxy (va)
which implies (since 2h; is positive de nite in the whole domain) the following Jacobians are continuous and given
by
@ N
G = e heTy) T richay) G txay)
@+ + +
G - " ey g heay) TG heCy) R Teay)
ThereforeDgjs is continuous and given by
#
@ @
Dgi(x;y)= @& @°
0 I'm
_ rxh(xy) oo
0 I'm
rahay)  rfegy) ryhGay) rogh(xhy) i fiay) (G.44)
0 I'm '

Similarly, we haveDgs is continuous and given by
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#

In 0
DoA0x:y)= @' @
@) @/>
_ 1 0
0 rihxyr) !

In 0

: . . . , (G.45)
r )2/)( h(le) r )2/)( h(X1y+) r éxf(xvy) r )2/y h(xvy) r )zlyf(xvy)

Finally, using the chain rule, we gétg is continuous (since continuity is closed under composite and product

operations) and given by

Dg(x;y) = Dg2(g1(X;y))Dg1(x;y): (G.46)

By Theorem 10.4.2, to show that the mapp@mgan almost surely avoid the strict saddles, it suf ces to show the

following conditions:
1. gis aC! mapping;
2. det(Dg) 6 0 in the whole domain;

3. Any strict saddle of is an unstable xed point of:

Showingg is Ct mapping. This follows from the continuity oDg in (G.46).

Showingdet(Dg) 6 0 in the whole domain. To showdet(Dg) 6 O in the whole domain, by using the chain rule
Dg = Dg2Dg:1

and noting that eacbgy is a squared matrix, it suf ces to show bdffg; andDg; are nonsingular in the whole do-
main. SinceDg; is a block upper-triangular matrix (see (G.44)), it suf ces to show both of its diagonal block matrices
are nonsingular. The rst diagonal blockiisz, h(x*;y) (r 2, h(x;y) r 2 f(x;y)), which is nonsingular in

the whole domain because bfis strongly bi-convex (implying 2, h is positive de nite in the whole domain and
hence nonsingular in the whole domain) gfich ) satis es(L 1; L»)-bi-adaptive Lipschitz gradient condition (imply-
ingr 2, h(x;y) r 2. (x;y) is positive de nite in the whole domain for any< % and hence nonsingular in the
whole domain). Therefore, we obtain tHag); is nonsingular in the whole domain. Using a similar analysis and in
view of (G.45), we can show th&tg,(x;y) is nonsingular in the whole domain. This shows tthet(Dg) 6 O in the

whole domain.
Showing any strict saddle off liesin Ag. By de nition, we want to show each strict saddbe’; y*) of f satis es
1. g(x%y?) = (x%y7)
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2. maxij i(Dg(x?;y?)j> 1
The rst partcomes fromthdix;y) = (x*;y*) = (x?;y?) satis es the rst-order optimality condition of (G.38):
rxh(x?;y?) = r  h(x?;y?) 1 f(x7;y?)
ryh(x7y?) = ryh(x%y?) 1y f(x%y?)
which de nitely hold since any strict sadd{&”;y?) is also a critical point of :
(r xF(x?);r yf (x%y7) = ( 0;0)

Further,(x?;y?) is the unique point satisfying the above rst-order optimality condition by Proposition G.4.1.
Now we show the second part, that is, the maximum eigenvalue of magnitubeg &r;y?) is greater than 1. To

simplify notations, we make the following notations;

Fiu Fio _ r&if(%y?) rif(x%y?)
Far Far 7 15 f(x%y?) r g f(x%y?)
and
Hy:=r 2 h(x%;y?)
Hz:=r 2, h(x*y?)
Now we are ready to compuig(x?;y?) by plugging
(x"y") = (xiy) = (x7y7)
to (G.46) and using the above notations:
| 0 | H,'F H,'F
Dg(x?:y?) = n n 1 Fu 1 F2
9(x%y7) Hy'For Im  H,'Fa 0 I'm
- 0 Fuu Fu | H,* Fuu Fi
r2ha(y?) ' Fai Fa 0 Fo Fax
- Hy* Fiu Fi2 | 2 0 0 Fu Fi
H,' Fa Fo2 H,'FH,* 0 Fxn Fo
- H, ! Fin F12
?H,'FaH, b Hyt Fa Fa
- iH, ' Fiu Fo
Far 1H; For F22
1
_ 1H, 1H; Fn Fi
Far 1H» 1H, Fa»
This implies
1 13
=H1 Fqnp Fio =H1
Dg(x?:y?) !=
90xy) 1H, Fa Far 1H,
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Note that to show thabg(x”;y?) has an eigenvalue with magnitude larger than 1, it suf ces to show that the

equation
det(Dg(x”;y") *  1)=0

has a solution 2 (0;1):

Towards that end, note thdet(Dg(x?;y?) * 1) =0 is equivalent to

1

det P leFlezz 2_2'11 1H, =0
0 det 1F|'2|11 o, iH; Fu ;H2F12|:22 =0
0 det aS )F|-|21l T 11 )':|122+ F 0
) et P e la p)yFlzr Fu " D)Hlei . de Pl =0
0 det 1 )l‘::lzz' Fi " p)Hlei- Fo =0

Therefore, we obtain th&@g(x”;y?) ! has an eigenvalues with{0; 1) is equivalent to the event that

3() = 11 )Hi+ Fy P,
. p7F21 11 )Ho+ Fax

is a singular matrix for certain 2 (0;1): Towards that end, we rst observe thaf ) is a real-symmetric and
continuous (with respect to) matrix and hence all eigenvaluesXf ) are real-valued (by the symmetry®f )) and
are continuous functions of ([230, Theorem 5.1]). In particular, the minimum eigenvalyg, (J( )) is real-valued
and continuous function of.

Now, we observe that

1
. _ =Hi _
I!|n3+ JO)= IH,

_ Fu Fro _ r 35y rLE(XTYY) o un

D= e Ry T F4E (YY) Rf iy T Py

First, sincel (0") is positive de nite (ash; andh, are strongly convex), we have
min (J(07)) > O

Second, sincéx?;y?) is a strict saddle of , we claim that
min (J(1)) < O

Finally, since min (J( )) is a real-valued and continuous function gfwe get i, (J( )) =0 for some 2 (0; 1).
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This completes the argument of showing Algorithm 4 can almost surely avoid the strict saddles. Then together

with the rst-order convergence Theorem G.4.3, we obtain the second-order convergence of Algorithm 4. [

G.4.3 Convergence Analysis of Algorithm 5

Algorithm 12 Bregman Proximal Minimization

1 Input: A Bregman kerneh with Lyt 2h(x) r 2f(x) 0in the whole domain; Set 2 (0; ).
2: Initialization: x°

3: Recursion: Iteratively generate a sequerfoe g, y via

x *1 = g(x) := arg min f (x) + }Dh(x;x‘) (10.20)

G.4.3.1 First-order Convergence of Algorithm 5

Theorem G.4.5. Under Assumptions 10.2.1- 10.2.4, Algorithm 5 with arbitrary initialization converges to a critical

point off in (10.1)

Proof. First of all, Algorithm 5 is well-de ned in view of Lemma 10.2.1. Then, by Theorem 10.4.1 and the as-
sumption thaf is a KL function, it is suf cient to prove thatx g,y is a gradient-like descent sequenceffoisee

De nition 10.4.1), i.e., to show:
(C1) Suf cient decrease property:(x ) f(x 1) 1 x ™ x| 2; 8" 2 Nforsome 1 > 0;
(C2) Bounded gradient propertyr f (x **) , > x* x ;8 2 Nforsome ;> 0

Condition (C1) follows from (10.11) in Lemma 10.2.1. Condition (C2) holds because by the optimality condition

rf(x *)+(rhx*™) r h(x))= =0; (G.47)
we havekr f (x *1)k, = kr h(x 1) r h(x )k, Bkx*1  xk,; where the inequality follows from
Assumption 10.2.4h 2 C?, and Footnote 40. O

G.4.3.2 Second-order Convergence of Algorithm 5

Theorem G.4.6. Under Assumptions 10.2.1— 10.2.4, Algorithm 5 with random initialization almost surely converges

to a second-order stationary point bfin (10.1)

Proof. To show the second-order convergence, we de ne (10.28) as g(x 1) and compute the Jacobian matrix
Dg. By the de nition of g, we haveDg(x ) = @ *' =@ . Now we apply the implicit function theorem to (G.47)

and in view of the nonsingularity af °h + r 2f , we obtain thaDg is continuous and given by
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Dg(x )= r2h(x ")+ r2f(x*) 'r2hx):

Noting that the above argument holds for any2 R", we therefore have th&tg(x) is continuous and given by

Dg(x) = r 2h(g(x))+ r 2f(g(x)) ‘r 2h(x): (G.48)

By Theorem 10.4.2, to show the mappiggcan almost surely avoid the strict saddles, it suf ces to show the

following conditions:
Showingg is aC! mapping. This immediately follows from the continuity @g in (G.48).

Showingdet(Dg) 6 0 in the whole domain. Due to the positive de niteness of2h andr °h r2f,

det(Dg(x)) = det r 2h(g(x))+ r 2f(g(x)) ~ det r 2h(x) > O:

Showing any strict saddle off lies in Ag. First for any strict saddl&”’, we havex ** = x = x? satis es the
optimality condition (G.47), indicating? is a xed point, i.e.,g(x?) = x”. Now pluggingg(x”) = x? to (G.48), we

have

Dg(x?) =[r 2h(x?)+ r 2f (x")] *r 2h(x?)
[r 2h(x7)+ 1 26 (x7)] 272(r 2hO)Lr 2h(x?) + 1 2F (x7)] 72

=1 [r?h(x7)+ 2 (x))] P 2 () 2h(x)+ r 2 (x7)] FP=

where “ " denotes matrix-similarity. Clearly, we kno®g(x?) has an eigenvalue strictly greater than 1 since
r 2f (x?) has a negative eigenvalue and is congruent to
Combining the above three and Theorem 10.4.2, we show that Algorithm 5 can almost surely avoid strict saddles.

Finally, combining this with the rst-order convergence, we obtain the second-order convergence of Algorithm 5.

G.4.4 Convergence Analysis of Algorithm 6

Algorithm 13 Bregman Proximal Alternating Minimization

1: Input: A bi-Bregman kernelh(x;y) with both Lir 2 h(x;y) r 2.f(x;y) 0 and Lor 2, h(x;y)
r 3, f(x;y) Ointhe entire domain; Set2 (0;min(; ).

2: Initialization: (x°;y©)

3: Recursion: lteratively generate a sequerfoe ;y g,y via

x zargmin f(x;y Y+ TDEcx Ly b
‘ X ‘ 1 ‘ ‘ (G.49)
y =argmin f(x ;y)+ =DZ(y;y %x)
y
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G.4.4.1 First-order Convergence of Algorithm 6

Theorem G.4.7. Under Assumptions 10.2.1- 10.2.4, Algorithm 6 with arbitrary initialization converges to a critical

point off inin (10.12)

Proof. First of all, as a direct consequence of Lemma 10.2.2, we are guaranteed Algorithm 6 is well de ned.
Proposition G.4.2. Under Assumptions 10.2.1- 10.2.4, Algorithm 6 is well-de ned.

Now, in view of Theorem 10.4.1 and the assumption thiatkL function, it is suf cient to prove that (x ;y )g2n

is a gradient-like descent sequenceffqisee De nition 10.4.1), i.e., satisfying
(C1) Suf cient decrease property;
(C2) Bounded gradient property.

Condition (C1) directly follows from Lemma 10.2.2.

To show Condition (C2), we start with the optimality condition of the rst block of Algorithm 6

rxh(x*;y)=rxh(x;y) rxf(x*;y); (G.50)

and get that

ke xf (X" y)ke = Sk xh(x"5y?) 1 xh(x;y)ke

ﬂka' x Ko

where the second line follows from Assumption 10.242, C?, and Footnote 40.
Now using the same argument 6n2 C?, we getf has a locally  (B)-Lipschitz gradient on the s&, and

therefore

kr xf(XT5y ) ke kr W (xTy") 1o W f (X7 y)ke + kr & f (X7 y)ke
(BT vkt "B i

h(B)

1 (B)+ kK(x"5y")  (x;y)ke

Using a similar analysis to the optimality condition for the second-block of Algorithm 6

ryh(x™;y")=ryh(x*;y) ryf(xT;yT);

we can get
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+ + B +
kr yf (x*;y* )ko Mky yko

Therefore, combining all, we get

kr f(x";y" ) ko kr xf (X" ;y" ko + kr of (X7 5y" ko

20B) L @) kxtiyt) o)k

G.4.4.2 Second-order Convergence of Algorithm 6

Theorem G.4.8. Under Assumptions 10.2.1- 10.2.4, Algorithm 6 with random initialization almost surely converges

to a second-order stationary point bfin (10.12)

Proof. Following from (G.49), we denote
(x"5y) = au(x;y)
(x;y7) = G(x;y)
The mappingg;; g, are well-de ned in the whole domaiR" R™, in view of strong convexity and coercivity of

(G.51)

the objective function in (G.49). Then Algorithm 6 can be viewed as iteratively performing the following composite

mapping for =1;2;:::

(xsy)=ox hy b (G.52)
with the mappingy de ned as the composite mapping @f; g:
g:=0G o (G.53)

To compute the the Jacobian matiy, We rst computeDg; andDg,. Then we will use the chain rule to get

Dg:
Now we computeDg; (x;y) from (x*;y) = gi(x;y). First of all,
" #
@ @
Doi(x;y)= @& @~
0 I'm

Then recall that the rst-order optimality condition (G.50) for the rst block of (6) is given by

rxh(x";y) =1 <h(y)  rxf(x"y)

Now apply the Implicit function theorem to (G.50)
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@ _

rahxy)+ r 4 f(x;y) @—rixh(x;y)
+ + @+ + +
rahxy)+ r 4 f(x*y) & =r 2 h(x;y) r 3 h(x*y)  r 2 f(xTiy)

implying (sincer 2h; is positive de nite in the whole domain) that the following Jacobians are continuous:

@+ + +

oo = RN rEI0Cy) Trihecay)

@+ + + 1 + +
a - Fahxy)+ r L f(x"ry) T(rghtcy) roGhixhy)  r g f(xhy)

ThereforeDgj; is continuous and is given by

#

+ +

@x
Doi(x;y)= @& @~
0 Im

r2.h(x*;y)+ r 2 f(x*;y)

. :

1

I'm

rith(X:y) ryhecy) 1o h(cCy) o r g (xTy) (G.54)

I'm
Similarly, we haveDg, is continuous and given by

#
Dga(x;y) =

|
se s
oo

- r2ho(y*)+ 12, f(yt)

In 0

. " ot . (G.55)
raheGy) roZheay*t)  r 2 f(gyt) g hixy)

Finally, combining (G.54) and (G.55), we get the expressioD@f

Dg(x;y) = Dg2(01(x;y))Dg1(x;y): (G.56)

Further, since continuity is preserved by product and composite operation, ®g getontinuous and henge2 C*:

By Theorem 10.4.2, to show that the mapp@gan almost surely avoid the strict saddles, it suf ces to show the

following conditions:
1. gis Ct mapping;
2. det(Dg) 6 0 in the whole domain;

3. Any strict saddle of is an unstable xed point of:
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Showingg is Ct mapping. This is becaus®g in (G.56) is continuous by the implicit function theorem.

Showingdet(Dg) 6 0 in the whole domain. Because
Dg(x;u) = Dg2(g(x;y))Dga(x;y)

with Dg; andDg, being square matrices, it suf ces to show the global non-singularity of BgthandDg,. Since

Dg; is a block upper-triangular matrix in view of (G.54), it suf ces to show both of its diagonal block matrices are
nonsingular. The rst diagonal block is 2, h(x*;y)+ r 2 f(x*;y) Yy 2 h(x;y) in (G.54), which is nonsin-
gular in the whole domain becauselois strongly bi-convex (implying 2, h is positive de nite in the whole domain

and hence nonsingular in the whole domain) gfidh ) satis es(L1;L2)-bi-adaptive Lipschitz gradient condition
(implyingr 2, h(x;y)+ r 2 f(x;y) is positive de nite in the whole domain for any< ﬁ and hence nonsingular

in the whole domain). Therefore, we obtain tlag; is nonsingular in the whole domain. Use a similar analysis and

in view of (G.55), and we can show thag,(x;y) is nonsingular in the whole domain. This shows tilet(Dg) 6 O

in the whole domain.

Showing any strict saddle off liesinA4. First of all, we show that for any strict saddbe’;y?) of f , we have
a(x7y’) = (x7y7);
®(<%y") = (x"y7):

Then this implies(x?;y?) is a xed point the mappingy = ¢ @, i.e., g(x”;y?) = (x?;y?). Clearlyx =

x?;x* = x?;y = y? satis es the rst-order optimality condition (G.50). Combining the well-de nednesg;0by

Proposition G.4.2, this implies that

a(x%y?) = (x7y7):
The same analysis can be used to show that

%(x”;y") = (x7y7):
This completes the proof of showirfg?;y?) is a xed point ofg.

It remains to show that the Jacobian matbig(x?;y”) has an eigenvalues with magnitude greater than 1. To

simplify notations, we make the following notations;

s

Fuu Fio _ rifex7y?) r
Fa Fzo & r i f(x%y?) r

and
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Hi:
Hy:

r 2.h(x%y?)

r )Z,y h(x?;y?):

Now we are ready to compuig(x?;y?) by plugging
x5yt =(xy) = (x%y?)

to (G.56) and using the above notations:

Dg(x7?;y?) =Dg2(x?;y?)Dg1(x?;y?)
In In 0 (Hi+ Fp) * Hi Fio
(Ho+ Fz) * Fa1 H2 lm O I'm
_ (Hi+ Fp) t 0 Hi Fiz
(Hi+ Fu1) Y Fa)Hz2+ Fx) ' (Hz2+ Fz) 'H; I'm
= (H1+ Fll) 1 0 In Hj_ F12
(Hi+ Fu) Y Fa)(H2+ Fz) ' (Ho+ Fop) ! H, I'm
Hyi+ Fpq 0 YH Fo
Fo1 Ho+ Fo H»>

Second, we transform the problem of showing thai(x?;y?) has an eigenvalue of magnitude greater than 1 as

the problem of showing that
det(Dg(x”;y”)  1)=0

for some of magnitude greater than 1. Using the propertiegeif{ ), we further have

det(Dg(x”;y?)  1)=0
1

Hi+ Fu 0 Hi Fi
det I =0
0 Fo1 Ho+ Fo H»>
Hi Fi Hi+ Fn 0
det =0
0 H> Fa1 Ho+ Fo
1 )H; Fi1 Fio
det ( =0
0 Fo1 (I )H:2 F2
( DH:+ Fn Fi _
det =0
0 Fa1 ( DH2+ F2 |
p_ v
| ( 1H1+ Fll F12 In
det " _ _ _ =0
0 P, Fa1 ( DH2+ Fo P,
p 1!
I'n ( DH:1+ Fu ~ Fo I'n _
0 det pfIm det ~Fu ( DHo 4 Fa det pfIm =0
p_
DH.+ F F
det ( H4 11 12 -0
0 Fo1 ( DH+ F2

Therefore, the problem reduces to showing that
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I0) = ~ Fa ( DH2+ Fz2
is a singular matrix forsome> 1. Note thatl( ) is a symmetric and continuous (with respect Janatrix and hence
all the eigenvalues are real-valued (by symmetric structudd of) and continuous functions of (by [230, Theorem
5.1]). In particular, the minimum eigenvalug,i, (J( ))) is also a real-valued and continuous function of

Now we observe( ) in two special cases:

_ Fu Fio _ rif(xXTyY) r APy _ a2,
J(l)_ F21 F22 - r)%xf(x?;y?) Fﬁyf(X?;y?) = f(X Y ),
. J( ) _ Hl+ F]_]_
I!I]I:n - Hy+ Fo

First, since(x?;y?) is a strict saddle of , we have
min (J(1)) < 0
Second, by the assumption that béth Fq1 andH» F,, are positive de nite matrices, we have
min (J(N)) > 0
for some suf ciently large numbeX . Finally, since min (J( ))) is a real-valued and continuous function gfwe
conclude that there must be2 (1; N) such that min (J( )) =0 for some suf ciently large numbeX > 1.

Therefore, we have shown that Algorithm 6 can almost surely avoid the strict saddles. Combining this with the

rst-order convergence Theorem G.4.7, we obtain the second-order convergence of Algorithm 6. O
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APPENDIX H
APPENDICES FOR CHAPTER 11

H.1 Proof of Theorem 11.5.2

De nition H.1.1 (KL property) [212,241] We say a proper semi-continuous functhofu) satis es Kurdyka-

ojasiewicz property, if for any limiting critical pointt of h(u), there exist > 0; 2 [0;1); C > 0, s.t.
jh(u) h(m)j Cdist(0; @ku)); 8u2B(U; )

where@ (u)) denotes the subdifferentiallbfat . In particular, wherh(') is differentiable, we further hav@ku)) =

fr h(u)gand hence the KL property becomes
jh(u) h@@)j  Ckr h(u)ky; 8u 2B(T; )

We mention that the above KL property (also known as KL inequality) states the regulatity pfaround its
critical pointu and the KL inequality trivially holds at non-critical point. There are a very large set of functions
satisfying the KL inequality. In particular [213, Theorem 5.1], any proper lower semi-continuous function satis es
the KL property once its function graph is a semi-algebraic set, i.e., is a subB&t @é ned by a nite sequence
of polynomial equations. Therefore, a very large set of functions should satisfy the KL inequality, since the semi-
algebraic property functions are suf ciently general, including but never limited to any polynomials, any norm, quasi
norm, “o norm, smooth manifold, etc. For more discussions and examples, see [213, 239]. Clearly, the objective

functionf (U;V ;W) is semi-algebraic as it is a polynomial function.

Lemma H.1.1 (Uniform KL property) The objective function in eq11.7)satis es the KL property. Further there
exist o > 0; k. 2 [0;1); Ck. > Osuchthataslong adist((U;V;W);L(Uo;Vo;Wo)) 0, We have

f(U;V:W) T " CxLkr f(U:V;W)ke (H.1)

with f being limiting function value de ned in Part (i) of Theorem 11.5.1.

S o .
Proof. First recognize the union; B((U;;Vi;W;); ;) forms an open cover af (Uo;V o; W o) with (U;; Vi, W)
representing all pointsin(Uo; V o; W o) and ; to be chosen so that the the following KL property ait(U;;V ;W) 2
L(Uo;Vo; W) holds:

FUIVIW) 0 Cikr F(USVW ke s 8(U; VW) 2B((UisVisWi); i)

where we have used dl(U;;V ;W ;) = f by Part (i) of Theorem 11.5.1. Then due to the compactness of the set
S .
L(Uo;Vo; W) (from Part (iv) of Theorem 11.5.1), it has a nite subcover, that i§11 B(Uk;VkiWk); k)
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S o
for some positive integgr. Now combining all, we have for a{U;V ;W) 2 ip:l B((Uk;VkiWk); ),

f(U:V;W) T CkLkrf(U;V;W)ke (H.2)

S -
with . =max_; f \, gandCx. =max!_; fCy, g. Finally, since I, B((Uk;V«, ;W ); « ) is an open cover
of L(Ug;Vo; W ), there exists a suf ciently small numbeg so that
[P o
f(U;V;W):dist((U;V;W);L(Ug;Vo;Wo))  og B(Uk sV Wi ): k)
i=1

Therefore, eq. (H.2) holds for arfy ; V ; W) in the g-neighborhood of (U g;V o; W o). O

Proof of Theorem 11.5.2First of all, in view of that
kllilm dist((Uk; Vs Wi);L(Uo;Vo;Wo)) =0

and the de nition of the convergence, there exits a positive intkgeo thatdist(Uk; Vk; Wk);L(Uo; Vo; Wo))

oforallk ko. Now using Lemma H.1.1, we have that

f(UVicWy) T Crokr F(UViGWike; 8k Ko (H.3)

In the following we will restrict our iterateS(U ; V «; W )gkan to K K. The remaining analysis is discussed case

by case.

Case |. f(Un;VnN;Wy) = f for some nite N > 0. Then by Part (i) of Theorem 11.5.1, we immedi-
ately havef (Ui;Vi;W ) = f(Ugsr Vs ;Wys1) = T forallk  N. Therefore, by Lemma 11.4.7, we get
that(Uy;Vik;Wk) = (Un; VN Wi ); 8k N, hence the sequené€U ; V «; W k)dkan converges to the point
(Un;VN; W) in N steps. By knowing that any limit point 6{U i ; V «; W k) gk2 N iS a critical point off by Part
(iv) of Theorem 11.5.1, we therefore have that in this case Algorithm 7 converges to a critical pbim af nite

number of steps.

Case ll. (Ug;V;Wy) > f for any nite k. The key is to rely on the following inequality (which can be easily

obtained by using Jensen's inequality to the concave funtifah= x* for 2 [0;1) with domainx > 0):

X3 X7 1 )X2x X1 8y, > 0;xp > 0 (H.4)
2

Settingx, = f (Uk;Vi; W) > 0andxy = f(Ugksr; Vi1 ;Wie1) f> 0ineq. (H.4):

F(UVicWi)  f(Uker;Virr ;W)

N 1 - - f)?
FUGVIGWE) DY (Ui Vi W) D @) (F(UGViGWi) 1)

(H.5)
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In the subsequent argument, we choose g, in (H.5). From eq. (H.1) and Lemma 11.4.7, we can further lower

boundf (Uy;Vi; W) f(Uke;Vier; W k) and upper boun¢f (Uy;Vi; W) ), toobtainfrom eq. (H.5)

that (denote 1 ;=1 L 2:= %):

FUGVIGWE) ) Y (F (Ui Vs i W) ) 2
K(Uks1 Vs i Wisr ) (Ui Vi W) kE

kr f (Uk;Vi;Wi)ke
2 K(Uks1 Ve i Wis1) (Ui Vi W )K2
2Lgk(Ui;VicWi)  (Uk 15V 15Wk 1)ke
2 K(Uks1 Vi1 ;W) (U Vi W )k2
2Ly k(Ui;VigWi)  (Uk 13V 5Wk 1)ke

2

+ KUk, VicWy) (U Ve Wi 1)k K (U VicWy) (U Ve Wi 1)ke

% K(Us1 Vi1 i Wie) (Ui ViIEWIOKe K (Ui VicWi) (Ui 13V Wi 1)ke
g

Repeating the above inequality and summing up them kgmo N, we get

(fF(UkeiVigiWi) F) ' (F(Uns1;VN+1iWha) F) 2

% KUn+13VN+1 W) (Uns Vs WN)Ke
g

X
K (Ukg;VikoiWike) Uk, 15V 1:Wi, 1)ke + (k(Uks+1:Vis1 3 Wis1) (U Vi Wike)
k:ko

LettingN go to in nity and sincelimy 11 f (Un+1;V N+ W+ ) = T by Part (i) of Theorem 11.5.1, we have

X
N'i[ﬂ K(Uks1 Vi1 s Wike1)  (Uis Vi Wik
- k=k0

K (Uk;VigiWio) (Uko 13V Wk, 1)ke + %(f(uko;vko;wko) Ht «
g
K (UkiVigiWiky) Uk, 1:Vike 1:Wi, 1)K

1 kL

+ %k(uko;vko;wko) (Uk, 1V, 1 Wi, 1)ke ©
g

(H.6)

where in the last line we have used eq. (11.10) and eq. (H.1). Now we observe that the last line of eq. (H.6) is nite,
which shows that the sequendd®) «; V «; W «)gk2n is Cauchy and hence is a convergent sequence. Then using the

same arguments as Case |, we know that the unique limit point of this Cauchy sequence is also a criticaf point of

Convergence rate. We have showed thdt(U;V ;W k)g is convergent to a unique critical poify;V ;W ).
In other words, the limit point sdt(U;V o; W o) is a singleton containing this unique critical poitd;V ;W).

Now, we are ready to further bound the convergence rate of the prides¥ ;W) ! (U;V;W): The key is to
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utilizing the nite length inequality eq. (H.6):

K(Uks1 Vi1 i Wiks1) (Ui VicWike K (Ukgi Vgt Wiko)  (Uke 15V 1:Wke 1)KF
k=ko
1ok

+ k(Uko;Vko;Wko) (Uko l;Vko l;Wko l)kF Kt

p_ 1
(CkL  2Lg) KL |
1 k)

We divide the following discussion into two cases based on the value of the KL expgaent

with =

Case I: . 2 [0 %]. Since . 2 [0; %], we havel 1. For simplifying notations, de néPy =

KL
P
ilzk kK(Uisr;Visar ;Wis1) (Ui Vi; Wi)ke. From eq. (H.6), we know that

1

KL
Pko Pk() 1 Pko + [Pko 1 Pko] KL (H'7)

Since by Part (i) of Theorem 11.5F% ; Px ! Oask!1 ,there exists a positive integer suchthaP, 1 Py <
1,forallk ki: Then combining (H.7) and the faé% 1, we have

Py (1+ )(Pk 1 Pk); 8k k

with k := max f ko; k1g, which further gives that

1+

Pk 2+

Py 1; 8k k

P _1
. _ (Cw T3
Note that— 2 (};0),as = (e o

P« O((%—)* ¥); 8k k. Then using that

> 0. Therefore, we show a linear convergence ratéRfg i.e.

KUk; VWi (U;V;W)ke = k(Ui Vi W) k||ilm(Uk;Vk;Wk)kF Py

by the triangle inequality, we are guaranteed that the convergence rate is linear:

!
_ 1+ KK

k(U:VicWy)  (U;V;W)ke O 57 ; 8k k

Casell: . 2 (%; 1). In this casetl - 1. Using a similar analysis as in Case |, we can deduce from eq. (H.7)

and the factlTKL 1 to obtain that

1 kL

P« 1+ )P« 1 P = ;8 ki (H.8)

Then, using eq. (H.8) and following a similar argument as in [213, Theorem 2], we get that

1 2 gL 1 2 g

P PRI, 8k K (H.9)
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for some positive , which implies that

1 2 g

1 2 g 1 2 gL

1 kL
Pk

implying Py [(k K) ] zwT: 8k

P& PI“ (k K;8 K

k: Finally, using the fact that(U ; V ;W k)

arrive at a sub-linear convergence raté @f ; V «; W «)0:
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(U;V;W)ke

Py, we
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