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ABSTRACT 

      This dissertation is developed to address a need of multiphase flow models for proppant 

transport: problem-relevant drag correlations. This dissertation consists of small-scale simulations 

by direct numerical simulations (DNS) and larger, fracture-scale simulations by MFIX 

(Multiphase Flow with Interaction eXchange). DNS was employed to study the influences of 

several dimensionless numbers, namely the Reynolds number of cross flow, 𝑅𝑒𝑥, the Archimedes 

number, Ar, consisting of gravity, density difference, slickwater viscosity, and proppant size, the 

density of proppants relative to that of the fracturing fluid, 𝜌𝑝 𝜌𝑓⁄ , the ratio of fracture width over 

proppant dimension, 𝑊 𝑑𝑝⁄ , and proppant concentration, 𝜙𝑠. Another independent parameter was 

firstly evaluated in this study is the inclination angle of fracture, 𝜃.  

       DNS results show that 𝑊 𝑑𝑝⁄  plays a significant role in proppant transport. Narrower fractures 

impede proppant settling more. Cross flow and proppant density over that of fluid (provided that 

Ar is held as a constant) were found to have negligible effects on the settling velocity. Ar, 𝜙𝑠, and 

inclination were found to have significant influences on settling. When factures were placed with 

a large fracture width, the effect of proppant concentration on settling was found to be reversed 

from that in vertical fractures. The lower the proppant concentration, the slower proppants settle.  

       The aim of DNS was not only to understand the influence of the dimensionless numbers, but 

also to obtain data for developing drag correlations. Drag correlations were developed from DNS 

data using quadratic polynomials and interpolations. These drag correlations were incorporated 

into MFIX to close the momentum equations of fluid and solid phases.  

      MFIX simulation results include the rate of proppant bank formation and the equilibrium 

height and transition length of the end proppant distribution. First, DNS-derived drag correlation 

predicted slower proppant bank formation compared to other default drag laws, because proppant 
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settling speed is slower in narrow fractures, a factor that to date has not been considered in proppant 

transport simulations. Second, the influences of key parameters, proppant size, proppant density, 

proppant concentration, fluid viscosity, and inclination, on proppant bank formation and 

distribution, were found to be mostly consistent with their roles in affecting the settling velocity. 

Higher settling velocity always leads to more rapid formation of proppant banks and shorter 

transition length. Equilibrium height of proppant bank generally increases with increasing 

proppant concentration and decreases with increasing fluid viscosity. 
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CHAPTER 1 

 INTRODUCTION 

     Liquid-solid two-phase flows occur in many engineering systems. Examples of these 

engineering systems include fluidization in chemical reaction and process engineering, proppant 

transport in hydraulic fracturing, and cutting separation and removal from drilling fluids in drilling 

engineering. Hydraulic fracturing, specifically, is a very effective production enhancement method 

adopted by the petroleum industry. In hydraulic fracturing, fluid is injected into a well at high rates 

and pressures to crack open the productive formation. After the formation is fractured, sands or 

other suitable propping materials (proppants) are injected along with the fracturing fluid. After 

injection of proppants, pressure is relieved and fracturing fluid is allowed to return to the surface. 

It should be commented here that a significant amount of fracturing fluid is either lost through the 

permeable walls of fractures or trapped within the fractures and does not return to the surface. As 

pressure is lowered, the fractures close. The injected proppants prevent fractures from total closure, 

and therefore maintain the conductivities of the fractures after fracturing operation is complete. 

      For unconventional oil and gas reservoirs in the US, hydraulic fracturing is especially 

important. Wells that have gone through hydraulic fracturing contributed two thirds of US gas 

production and about half of US oil production in 2016 (EIA report 2017). The U.S. Energy 

Information Administration (EIA) reasonably anticipated shale production to double over the 

present level by 2035. Therefore, even small improvement in the understanding of hydraulic 

fracturing process and the operation procedure could generate significant economical and/or 

environmental benefit annually (Epmag.com 2015).  
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     In fracturing operations, injection of proppants with fracturing fluid generates two-phase flows, 

the dynamics of which determines the final proppants distribution and the performance of the 

fracturing treatment. Multiphase flow theories and models, therefore, can help to identify 

important factors that control the transport of proppants, and allow us to predict the performance 

of hydraulic fracturing operations that sets the critical initial condition of reservoir dynamics for 

the rest of well’s life (Wibowo and Ng 1999; Wibowo and Ng 2001). 

      As with typical multiphase flow systems, proppants often do not exactly follow the motion of 

their carrier fracturing fluids. In low-viscosity fracturing fluids such as slickwater, proppants may 

settle out of the fracturing fluid and form a bank at the bottom of fractures. In very narrow or 

complex fractures, proppants may be jammed and will neither settle nor move with the fluid. Field 

relevant research on proppants primarily focuses on two areas: improving the strength of the 

proppants so that they can hold the fractures open (Cooke 1977; Belyadi et al. 2017), and predicting 

/ optimizing the distribution of proppants in fractures to increase initial reservoir production (see 

Figure 1-1). This study focuses on the second area of proppant research, specifically, development 

and application of multiphase flow correlations to predict proppant transport and distribution in 

narrow fractures.   

 

Figure 1-1 Schematic of hydraulic fracture generated from a vertical wellbore and distribution of 

settled proppants. 
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1.1 Physics of Proppant Transport 

Intuitively, proppants that can be carried further into fractures should be able to prop open 

wider areas of fractures. In order to improve proppant transport, several strategies can be 

undertaken. First, higher injection rates can make proppants transport farther away from the well 

bore, however at a cost of higher energy expense. Second, proppant size may be reduced to 

improve transportability, because larger proppants are more susceptible to sedimentation and 

jamming than smaller proppants under the same injection condition and with the same fracturing 

fluid. However, smaller proppants in general do not maintain the conductivities of fractures as 

effectively as larger proppants. Third, viscosity of fracturing fluids may be increased to improve 

proppant transport (Bunger et al. 2013). Increased viscosity, however, also leads to increased cost 

of energy spent on injection and reduced penetration of the fracturing fluid into the fractured 

formation. Last, but not the least of the strategies, is to reduce the density of proppants. The specific 

gravity (SG) of sands and ceramic proppants is generally in the range of 2.65 to 3.9. The specific 

gravity of typical proppant-carrying fracturing fluid is that of water (SG = 1.0) or slightly heavier 

due to their salinities. In order to reduce proppant settlement, lightweight proppants whose specific 

gravity ranges from 0.8 to 2.59 (Rickards et al. 2003) may be used. However, they are generally 

more expensive than conventional proppants (Driscoll 2013). The influences of the above four 

factors on proppant’s transportability may be synthesized into a single dimensionless number, 𝑁𝑇 , 

defined as the ratio of a particles’ Stokes drag over its own weight with buoyancy subtracted 𝑁𝑇 = 18𝜇𝑈𝑑𝑝2(𝜌𝑠−𝜌𝑓)                                                            (1-1) 

Here, subscript T stands for transportability, dp is the diameter of a spherical particle, μ is the 

dynamic viscosity of the fracturing fluid, and 𝑈 is a characteristic velocity related to the rate of 

injection. 𝜌𝑠 and 𝜌𝑓 are solid phase and fluid phase densities, respectively.  
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In early hydraulic fracturing operations, to improve proppant transportability, highly viscous 

fracturing fluids were generally used. In 1998, more than 80% of fracturing treatments in the US 

used cross-linked gels, whose viscosity is several orders of magnitude higher than that of water 

(Li et al. 2016), to keep proppants suspended for better transportability. Fracturing operations 

using cross-linked gels usually creates a single large fracture. Gels can be injected at a low rate to 

reduce energy cost associated with high viscosity. Crosslinking not only improves the viscosity, 

but also the rheological properties of the fracturing fluid, by adding viscoelasticity that further 

hinders the sedimentation of the proppants. The choice of cross-linked gels, however, can be 

restricted by pH, type of polymer, temperature, and salinity. Cross-linked gels should also contain 

chemical breakers, the role of which is to disintegrate the cross-linked gel in the final stage of a 

gel-fracturing treatment. The breakers, after activated, reduce the viscosity and the viscoelasticity 

of the fracturing fluid, allowing the fracturing fluid to flow back to the surface, yet leaving the 

proppants behind in the formation. 

       Due to high viscosity, crosslinked fluids have outstanding proppant carrying abilities. 

Proppant settling is negligible, and proppants and crosslinked fluids generally have the same 

velocity. Hence, proppant transport in crosslinked gel is usually treated as a single-phase flow.  

Concerns on fracture conductivity and formation damage by highly viscous fluids in ultra-tight 

unconventional reservoirs led to the development of an alternative fracturing fluid – “slickwater”, 

which is merely water “slickened” by either a polyacrylamide friction reducer or a low 

concentration linear gel. Slickwater generally has water-like viscosities that are much lower than 

that of a fully cross-linked gel. Slickwater fracturing can create longer and more complex fractures 

deep into low-permeability but large net-pay reservoirs, generating large contact areas between the 

reservoir and the wellbore that enable commercial production. Fractures generated by low-
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viscosity fluids are generally longer and narrower due to the distribution of hydraulic pressure, and 

they generally do not show excessive height growth often seen with cross-linked fluids (Gadde et 

al. 2004). These narrow widths can lead to difficulties placing larger-diameter proppants as well 

as higher concentration of proppants. 

In low-viscosity fracturing fluids, proppant transport follows different mechanisms (Alotaibi 

and Miskimins 2015; Sahai et al. 2014; Mack et al. 2014; Mack and Coker 2013). As settling is 

unavoidable, proppant transport must consider separation of proppants from the carrying fluid 

(Clark 2006). At low flow rates, proppants settle to the bottom of fractures and accumulate into a 

proppant bank, see Figure 1-2. As the proppant bank rises in height, fluid velocity in the fracture 

is increased because the fracturing fluid has to flow over the settled proppant bank. With increasing 

fluid velocity, fluidization or lift of proppant particles begin to appear at the top surface of the 

proppant bank.  When the fluid velocity is sufficiently high, the number of proppants settle into 

the bank and the number of proppants leaving the bank due to fluidization and hydrodynamic lift 

become equal, and the proppant bank reaches an equilibrium height (Barree and Conway 1995). 

This velocity is generally defined as the critical velocity (Daneshy 2011). The critical velocity may 

be estimated qualitatively by letting 𝑁𝑇 = 1. 

𝑣𝑐 = 𝑔(𝜌𝑠− 𝜌𝑓)𝑑𝑝218𝜇                                                             (1-2) 

     Equation 1-2, which is based on the balance between the Stokes drag and gravity, has its 

limitations. First, in narrow fractures or in highly concentrated proppant suspensions the Stokes 

drag correlation, which is for a single particle settling in an unbounded fluid, does not apply. 

Additionally, inertial effects become important at high particle-fluid relative velocities (𝑅𝑒 > 2), 

and it is known that the Stokes drag correlation is only true when 𝑅𝑒 is very small. Here 𝑅𝑒 is 

defined as Eq. 1-3: 
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𝑅𝑒 = |𝒖𝑓−𝒖𝑠|𝜌𝑓𝑑𝑝𝜇                                                           (1-3) 

where 𝒖𝑓 and 𝒖𝑠 are fluid and solid phases’ velocities, respectively. Eq. 1-2, therefore, is only a 

qualitative relation to show that high velocity can be used to offset proppant settling.  

 

 
Figure 1-2 Settling of sand injected in a fracture slot (Kern et al. 1959). 

       To improve proppant transport in slickwater fracturing, high pumping rates are generally used. 

Proppants are therefore transported into fractures by velocity in slickwater fracturing as opposed 

to viscosity and viscoelasticity in gel fracturing. The use of low-density proppants, such as walnut 

shells, pits and husks, can reduce settling and increase transportability. Both the light-weight grade 

(specially engineered, specific gravity from 0.8 to 1.8) and the regular grade (specific gravity from 

1.8 to 2.65) proppants can be designed to have adequate mechanical strength to withstand the 

closure stress of the formation (Bicerana 2007). 
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1.2 Parameters of field operations and properties of fractures 

      In this section, we present the adjustable parameters of field operations of hydraulic fracturing, 

including selection of fluids (conventional cross-linked gel and slickwater), specification of 

proppants (size, strength, weight), and operation variables such as proppant loading and rate of 

injection. Additionally, we present typical fracture width and describe the leakoff phenomenon. 

The purpose of this section is to set realistic constraints such that parameters passed to numerical 

models, which will be introduced after this section, would not be out of the context of practical 

applications.  

1.2.1 Selection of fracturing fluids 

The characteristics of proppant transport is significantly affected by the properties of the 

fracturing fluid. Currently, the two most popular choices of fracturing fluids are crosslinked fluids 

that are primarily used in conventional oil and gas reservoirs and non-crosslinked fluids including 

slickwater, linear gel or a hybrid of them for unconventional reservoirs.  

1.2.1.1 Cross-linked gel 

Crosslinked fluids have been applied widely in the past few decades, and there are many related 

studies. Li et al. in 2004 evaluated fracture creation mechanisms of crosslinked gel and their 

dependence on the chemical composition of crosslinked gel. The properties of crosslinked gel have 

been continuously improved to satisfy the ever changing engineering and environmental 

requirements, research on improving the properties of cross-linked gels forms a significant body 

of literature on fracturing fluids. The primary limitations of cross-linked gel treatment are that 1) 

Combination of high-viscosity fracturing fluids and traditional proppants incurs high operation 

cost due to the vast amount of gels and cross-linkers that need to be used, and 2) Gel residues in 

the fractures due to fluid loss into the formation can result in reduction in fracture conductivity. A 
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study conducted by Kim et al.  compared permeability reduction caused by three types of polymers 

and pointed out that gel chemistry may be tuned to alleviate permeability reduction (Kim et al. 

1985). However, even though gel damage may be reduced by chemistry, the additives used in 

crosslinked gel are potential source of contamination that would either stay in the formation or 

flow back to the surface. Although crosslinked gel can be reduced into smaller molecules to 

facilitate the flow back of fracturing fluid to the surface, formation damage due to residuals of 

crosslinked gel still cannot be totally avoided (Kyaw et al. 2012).   

1.2.1.2 Non-crosslinked fluid – slickwater 

  Non-crosslinked fluids such as slickwater are typically used in stimulation of low-

permeability reservoirs. Non-crosslinked fluids have three main benefits compared with 

crosslinked gels. They reduce damage caused by gel residues in the formations and fractures; they 

are less expensive than crosslinked fluids; they can generate more extensive networks of fractures 

with longer effective half-lengths. In fact, Newtonian, low viscosity fluids can create long and 

narrow fractures without excessive growth of height in the formation, different from cross-linked 

fluids. However, as reviewed in the previous section, proppant carrying mechanism of crosslinked 

gel is not applicable to low-viscosity non-crosslinked fluids. Low viscosity fracturing fluids have 

little ability to carry large amounts of proppant in suspension. To improve proppant carrying 

capability in low viscosity fluid, ultra-light weight proppants (ULWP) may be used. Still, the most 

significant concern associated with non-crosslinked fluids is proppant transport and specifically 

proppant settling(Britt et al. 2006; Handren and Palisch 2009; Palisch et al. 2010; Brannon et al. 

2004).  
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1.2.2 Specification of proppants 

     Proppant transport is also affected by specifications of proppants (Gadde et al. 2004). Here, we 

present a few typical specifications: size, strength, and density.  

1.2.2.1 Size 

 In order to improve transport in fractures treated by slickwater, proppant size is usually 

decreased to reduce settling (Han et al. 2016). Proppant size is usually expressed by the sizes of 

consecutive sieving, i.e. 20/40 mesh, in the field.  

Table 1-1 Common sizes of proppants 

Mesh size Proppant size 

16 - 30 mesh 600 m – 1180 m  

20 - 40 mesh 420 m  – 840 m  

30 – 50 mesh 300 m  – 600 m  

40 – 70 mesh 212 m  – 420 m  

70 – 140 mesh 106 m  – 212 m  

 

 

1.2.2.2 Strength 

     Proppants are required to have high mechanical strength so that they can withstand the closure 

stress of fractures and maintain the conductivity. However, high strength usually comes with high 

cost. Proppant strength is determined by percentage of crushed proppants at a given proppant 

concentration in standard crush tests (ISO 130503-2). Howard and Fast in 1970 conducted 

experiments and determined the percentages of crushing for three types of proppants in two ranges 
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of concentrations at a specific stress of 6000 psi (Howard and Fast 1970). The results are shown 

in Table 1-2. Fracturing sands have low strength and crushing of sands can leads to low 

conductivity; low-weight ceramics have intermediate strength that can better withstand closure 

stress and maintain fracture conductivity; resin-coated sands have the highest strength, leading to 

the highest conductivity. As proppant strength does not affect proppant transport, proppant 

strength is irrelevant to this study. However, classification of proppants based on strength is still 

included here for completeness of the presentation. 

Table 1-2 Averaged percentages of crushed proppants in the concentration range of 0.5 lb/ft2 

(2.44 kg/m2) to 4 lb/ft2 (19.52 kg/m2) and the concentration range of 0.5 lb/ft2 to 8 lb/ft2 (39.04 

kg/m2) based on Howard and Fast’s experiment results (Simo et al. 2013). LWC stands for low-

weight ceramics and RCS stands for resin coated sand 

% crushed particles 0.5 to 8 lb/ft2 0.5 to 4 lb/ft2 

% sand 83% 69% 

% LWC 90% 80% 

% RCS 80% 70% 

 

1.2.2.3 Density 

     Proppant settling in fractures is driven by gravitational forces and proppant density plays an 

important role. Due to the low viscosity of slickwater, lower proppant density is preferred. 

Proppants of lower density can be transported further away from injection sites before they settle. 

Some popular “light-weight” proppants with various densities are summarized in Table 1-3. (Liang 

et al. 2016; Parker et al. 2012; Rickards et al. 2003). 
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Table 1-3 Specific gravities of different weight proppants 

Proppant Specific gravity 

Light-weight proppants 

Hollow glass spheres 0.8 to 1.4 

Hollow glass spheres, closed-ended elongated particle (glass, 

ceramic, metals, metal oxides) 

0.8 to 1.75 

Thermoplastic Alloy 1.08 

Plastics 1.1 to 1.4 

Walnut Shells ~ 1.25 

Resin-impregnated and coated, chemically modified walnut hull 1.25 

Resin-coated porous ceramic proppant 1.75 

Nanofiller reinforced thermoset polymer N/A 

Porous Ceramics 1.8 to 2.4 

Low density material coated porous ceramic or silica sand N/A 

Medium- and heavy-weight proppants 

Advanced ceramic proppant 2.0 to 2.9 

Inorganic materials coated low cost silica sand 2.55 to 2.59 

Heavy-weight proppants 

Manufactured ceramic proppant 3.9 
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1.2.3 Operation parameters 

      Stimulation engineers generally set their operation parameters based on experiences 

accumulated from many previous operations. However, as no two shale formations in terms of in-

situ stresses and geology are the same, understanding how to adjust operation parameters on 

surface to control proppant transport and placement for obtaining best recovery is desired and very 

important. 

1.2.3.1 Proppant loading 

  Proppant loading is the mass of proppants blended into a unit volume of fracturing fluid. Since 

higher proppant loading brings higher cost, field operations prefer lower proppant loadings. For 

example, operators in Bakken shale decreased proppant loading in 2014 due to cost-effective 

considerations (USGS annual report 2015). Proppant loading is often varied in a single fracturing 

stage. The initial loading may be 24 to 40 kg/m3 (0.2 – 0.25 lb/gal). After this initial loading, 

proppant concentration may be increased by 40 kg/m3 (0.25 lb/gal) per step until injection pressure 

becomes stable (King 2010). In a single stage, the amount of proppant used ranges from about 

36,000 to 140,000 kg (~80,000 to over 300,000 lb) (King 2010). The amount of proppant used in 

slickwater fracturing operations has been on a steady rise throughout unconventional reservoir 

development. However, fracturing performance does not always increase with increasing proppant 

quantity (Coulter et al. 2004). 

 It is known that the setting velocity of proppants decreases with increasing proppant 

concentration (Dayan et al. 2009). From the point of view of multi-particle interactions in 

suspensions, the hindrance in a multi-particle suspension is higher than the sum of many single-

particle hindrance (Baldock et al. 2004). Some studies showed that decreasing proppant 

concentration to, for example, lower than 2-3 lb/gal (Novotny 1977), can weaken this multi-
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particle effect that is sometimes mentioned as particle interaction. In slickwater fracturing, 

proppant concentration is usually less than 2 to 3 lb/gal (238 – 357 kg/m3) (King 2010). 

1.2.3.1 Flow rate 

 Optimal flow rate to send proppants into a fractured formation is a complex function that 

depends upon many factors, such as the properties of fracturing fluid, characteristics of proppants, 

design of completion, and properties of formation. Flow rate controls initiation and propagation of 

fractures and is the driving force of proppant transport.  In some cases, values for a single 

perforation cluster as low as 20 barrel per minute (3.18 m3/min) may be used (Alexander 2016). 

The balance between flow rate and fracture growth is generally controlled by leakoff, which will 

be introduced below as a fracture property.  

1.2.4 Fracture properties 

     The primary objective of hydraulic fracturing operation is to create and maintain fractures in a 

geological formation. The dimensions and complexities of fractures directly affect proppant 

transport. 

1.2.4.1 Fracture dimension 

     Gel-based fracturing fluids usually generate wide fractures, 0.25 in – 0.53 in (0.00635 – 0.0135 

meter), with half-fracture height per stage 42 – 90 meters (Salman 2015), and fracture length 130 

– 150 m (Pan et al., 2015). Typically, the width of fracture created by slickwater is 0.11 in – 0.27 

in (0.0028 – 0.0069 meter) (Perkins and Kern 1961), the length is 100 – 1000 meters and height is 

10-100 meters (Barbati et al. 2016). Fractures created by slickwater therefore have higher aspect 

ratio (length vs. height) and narrower width compared to those created by gel-based fluids (Kern 
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et al., 1959). Fractures generated by slickwater usually form a complex network and they can 

extend to distances further than gel-based fluids. (Wang et al. 2003; McClure 2016 ).  

     The width of fracture, specifically, has a significant effect on proppant settling (Barree and 

Conway 1995). The effects of fracture width and proppant concentration on settling have been 

studied via experiments (Sharma and Gadde 2005). 

1.2.4.2 Leakoff 

      Leakoff refers to the phenomenon of fluid leaking from a fracture into the surrounding 

formation through the faces of the fracture. Typically, leakoff is more significant in slickwater 

fracturing due to the higher pressure employed to propagate fractures and the lower viscosity of 

slickwater, compared to those for gel-based fluids. Leakoff reduces flow rate, and therefore limits 

fracture growth. As fluid loss through leakoff results in a gradual reduction in the velocity toward 

the fracture tip, it also affects proppant transport. The effect of leakoff on proppant transport 

however is only exhibited on large length and time scales where the cumulative effect of small 

leakoff on the velocity becomes noticeable. On small scales, the effect of leak-off  on the settling 

velocity was found to be negligible (Blyton et al. 2015). 

1.3 Numerical Methods for Proppant Transport in Slickwater 

As reviewed in Section 1.1, proppant transport by cross-linked gels is typically modeled as a 

single-phase flow. Proppant transport by slickwater, however, needs to be modeled as two-phase 

flows because proppant settling through fracturing fluid is important. In this section, we will first 

review current numerical models and methods for particle-laden flows. Then, current knowledge 

on fluid-particle drag and sedimentation velocity is presented. 
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1.3.1 Numerical models and methods for particle-laden flows 

Large-scale particle-laden flows are generally modeled using two classes of numerical methods: 

Euler-Euler and Euler-Lagrange. Both methods have separate equations of motion for particles 

and fluid and therefore can be used to simulate proppant transport in slickwater fracturing. 

In Euler-Euler methods, the particles and the fluid are treated as inter-penetrating continua, the 

dynamics of which are governed by locally averaged mass and momentum conservation 

equations(Anderson and Jackson 1967; Drew 1983; Hrenya and Sinclair 1997). The momentum 

equation, specifically, include terms closed by constitutive equations, representing averaged 

interphase momentum transfer between the particle phase and the fluid phase. When particles are 

of the same size, shape, and density, the solid phase can be treated as a single continuum. The 

corresponding Euler-Euler model is called the Two-Fluid Model (TFM), as the fluid and solid 

phases are treated effectively as two “fluids”.  

In Euler-Lagrange methods, particles are treated discretely and tracked individually. Only the 

fluid is treated as a continuous phase. The interaction between the fluid and an individual particle 

is also modeled by constitutive equations (Patankar and Joseph 2001a; Patankar and Joseph 2001b). 

Euler-Lagrange methods are also called Discrete Element Methods (DEM) to emphasize that the 

solid phase is comprised of discrete particles.  

It should be noted, however, that neither Euler-Euler nor Euler-Lagrange models are based on 

first principles. They both require constitutive relations to close their governing equations. For 

multiphase flows and especially particle-laden flows, direct numerical simulation (DNS) has 

become a powerful tool to produce the various constitutive equations needed by the Euler-Euler 

and Euler-Lagrange models. DNS is based on first principles, because it generates three-

dimensional time-dependent velocity and pressure fields by solving the Navier-Stokes equations 
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with no-slip boundary condition imposed on each particle’s surface. Of all constitutive equations, 

those derived from direct numerical simulations are generally the first choice (Hu 1996; Pan et al. 

2001). DNS is also a powerful tool for model validation (Rai and Moin 1993). The accuracy of 

DNS in simulating various particle-laden flows is already well accepted. For instance, Pan et al. 

carried out DNS of particle fluidization in a system the dimension of which exactly matches that 

of experiments and obtained excellent agreement with experiments (Pan et al. 2002). Yin and Koch 

simulated sedimentation of spherical solid particles and obtained good agreement with the 

experimental Richardson-Zaki correlation (Yin et al. 2006). For industry-scale multiphase flows, 

as performing experiments is very costly and sometimes impossible, multiscale simulations that 

uses Euler-Euler or Euler-Lagrange models with DNS-based constitutive relations have become 

exceedingly useful. In this dissertation, lattice-Boltzmann based DNS will be used to simulate 

proppant settling in narrow gaps. Lattice Boltzmann method (LBM) as a DNS method has many 

advantages in simulating particle-fluid multiphase flows. More details of LBM will be presented 

in Chapter 2. 

1.3.2 Fluid-particle drag 

Among all the constitutive equations, the correlation for drag / sedimentation velocity is 

especially important for proppant transport, because it is the most significant term that determines 

the relative motion between the particles and the fluid. As we apply Euler-Euler and Euler-

Lagrange methods to simulate proppant transport, the accuracy of drag / sedimentation velocity 

correlations is critical. 

The accepted view of proppant transport in fluids where particles settle at significant rates is 

that proppants and fluid need to be treated as two different phases. Solid phase is subjected to its 

own gravity and drag / buoyancy forces from the fluid. The drag force generated by the relative 
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velocity between the proppants and the fluid presents the exchange of momentum between the two 

phases and is therefore a critical term that couples the motions of two phases. Fluid-particle drag 

force is typically related to the relative velocity by: 𝒇𝑑𝑟𝑎𝑔 =  𝛽(𝒖𝑓 − 𝒖𝑠)                                                     (1-4)      

where 𝛽 is the drag coefficient. In Eq. 1-4, when the drag force (per volume) is the weight of a 

particle less the buoyancy, the drag coefficient can be obtained from the settling velocity of 

proppants through fracturing fluids. Drag correlation is therefore related to settling and it can be 

used to describe both proppants settling and transport. The simplest drag correlation is the Stokes 

law that describes a single particle’s settling velocity in a quiescent Newtonian fluid under the 

creeping flow condition:  

     𝜙𝑠(1 − 𝜙𝑠)(𝜌𝑠 − 𝜌𝑓)𝒈 =  𝛽(𝒖𝑓 − 𝒖𝑠) = 18𝜇𝑓|𝒖𝒇−𝒖𝒔|𝑑𝑝2 𝜙𝑠(1 − 𝜙𝑠)             (1-5) 

Eq. 1-5 shows that the settling velocity is directly proportional to gravity, 𝒈 , 𝜙𝑠  is particle 

concentration, density difference between the proppant 𝜌𝑠 and the fracturing fluid 𝜌𝑓, the square 

of proppant size 𝑑𝑝, and inversely proportional to fluid viscosity, 𝜇𝑓. In flows with strong inertial 

effects, many particles, complex geometries and/or rheology, more complex drag laws are needed. 

In what follows, we present some existing drag correlations for two-phase particulate flows. 

      Most existing drag correlations fall into two categories: (1) correlations based on pressure drop 

through fixed particle assemblies, and (2) correlations based on settling velocity or expansion of 

fluidized beds. A good example of correlations in the first category is the well-known Ergun 

correlation, Eq. 1-6, developed from experimental data in packed beds (Ergun and Orning 1949). 

 𝛽𝐸 = 150 𝜇𝑓(1−𝜙𝑓)2𝜙𝑓(𝑑𝑝)2 + 1.75 𝜌𝑓|𝒖𝑓−𝒖𝑠|(1−𝜙𝑓)𝑑𝑝                                     (1-6) 

where 𝜙𝑓 is fluid volume fraction. 
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       Drag correlations based on the Representative Unit Cell (RUC) model, e.g. (Du Plessis and 

Masliyah 1988), were also derived from pressure drops. Instead of using pressure drops in packed 

particles, RUC model uses the pressure drop in a representative unit cell to derive the drag, and 

therefore can account for arbitrary particle volume fractions. They have the same form as the Ergun 

equation, except that the two coefficients, 150 and 1.75, are replaced by A and B given by Eq. 1-7 

and 1-8: 

𝐴 = 26.8𝜙𝑓3(1−𝜙𝑓)23(1−(1−𝜙𝑓)13)(1−(1−𝜙𝑓)23)2                                                (1-7) 

𝐵 = 𝜙𝑓2(1−(1−𝜙𝑓)23)2                                                               (1-8) 

      In the second category, the Richardson-Zaki (RZ) equation (Richardson and Zaki 1954), 

derived from expansion of liquid fluidized beds, is perhaps the mostly well known that is 

applicable to both laminar and turbulent flow regimes. As Eq. 1-9 shows, this correlation relates 

the average settling velocity of particles to the fluid volume fraction of the suspension. The 

suspending fluid is Newtonian. 𝑉𝜙 = 𝑉0𝜙𝑓𝑛(𝑅𝑒)                                                          (1-9) 

where 𝑉𝜙 is the settling velocity, 𝑉0 is the terminal settling velocity of a single particle when 𝜙𝑓 =1, and n is the Richardson-Zaki exponent, a function of the Reynolds number Re based on 𝑉0. 

𝑛 = {  
  (4.45 + 17.5 𝑑𝐷) , 𝑓𝑜𝑟 0.2 < 𝑅𝑒 < 1(4.45 + 18 𝑑𝐷)  𝑅𝑒−0.1, 𝑓𝑜𝑟 1 < 𝑅𝑒 < 5004.45 𝑅𝑒−0.1，𝑓𝑜𝑟 200 < 𝑅𝑒 < 500                                (1-10) 

Here, D is the diameter of the tube used in their fluidization experiments. They stated that 

increasing solid volume fraction will bend and reduce the interstitial space available for fluid flow 

and therefore increase the drag and decrease the relative velocity between the particles and the 
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fluid. Their results indicate that drag force increases nonlinearly with increasing solid volume 

fraction and settling velocity decreases nonlinearly with increasing solid volume fraction. 

Improvements to the Richardson-Zaki correlation have been made by many authors over the years, 

and the papers by Di Felice (Di Felice 1994) and Yin and Koch (Yin et al. 2006)  are among the 

most recent examples. Wen and Yu (Wen and Yu 1966) converted the Richardson-Zaki equation 

into a drag correlation in the form of Eq. 1-11.  𝛽𝑊𝑌 = 34𝐶𝐷 𝜌𝑓𝜙𝑓(1−𝜙𝑓)𝑑𝑝 |𝒖𝑓 − 𝒖𝑠|𝜙𝑓−2.65                               (1-11) 

Then, Gidaspow (Gidaspow 1994) combined the Wen-Yu drag model and the Ergun correlation. 

Specifically, the Wen-Yu model was used to cover low solid fractions, and the Ergun correlation 

was used at high solid fractions. The Gidaspow drag model is shown in Eq. 1-12: 

𝛽𝐺 = { 34𝐶𝐷 𝜌𝑓𝜙𝑓(1−𝜙𝑓)𝑑𝑝 |𝒖𝑓 − 𝒖𝑠|𝜙𝑓−2.65 ,      𝜙𝑓 > 0.8150 𝜇𝑓(1−𝜙𝑓)2𝜙𝑓(𝑑𝑝)2 + 1.75 𝜌𝑓|𝒖𝑓−𝒖𝑠|(1−𝜙𝑓)𝑑𝑝 ,     𝜙𝑓 ≤ 0.8                    (1-12) 

In Wen-Yu and Gidaspow drag correlations, the drag coefficient 𝐶𝐷 is given by Eq. 1-10: 

𝐶𝐷 = {24𝑅𝑒 (1 + 0.15𝑅𝑒0.687), 𝑅𝑒 < 10000.44, 𝑅𝑒 ≥ 1000                                      (1-13) 

The Reynolds number in Eq. 1-13 is 𝑅𝑒 = 𝜌𝑓𝜙𝑓|𝒖𝑓−𝒖𝑠|𝑑𝑝𝜇𝑓 . 

It should be noted that there are also drag correlations that do not belong to the above two 

categories. One example is the Syamlal-O’Brien drag correlation, Eq. 1-14, which assumes that 

the ratio of the gravitational force and the viscous force experienced by a particle in a multiple-

particle system is identical to that felt by an isolated particle.  

𝛽𝑆𝑂 = 34 𝜙𝑓(1−𝜙𝑓)𝜌𝑓𝑑𝑝𝑢𝑟2 (0.63 + 4.8√𝑢𝑟𝑅𝑒 )2|𝒖𝑓 − 𝒖𝑠|                             (1-14) 
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The dimensionless hindered settling velocity 𝑢𝑟 is defined as the steady settling velocity of a 

particle in a multi-particle system divided by the terminal settling velocity of a single sphere 

(Syamlal et al. 1993).  𝑢𝑟 = 0.5(𝐴 − 0.06𝑅𝑒 + √(0.06𝑅𝑒)2 + 0.12𝑅𝑒(2𝐵 − 𝐴) + 𝐴2               (1-15) 

where coefficients, A and B as well as Re are: A = 𝜙𝑓4.14                                                            (1-16) 

B = {0.8𝜙𝑓1.28, 𝜙𝑓 ≤ 0.85𝜙𝑓2.65, 𝜙𝑓 > 0.85                                               (1-17) 

𝑅𝑒 = 𝜌𝑓|𝒖𝑓−𝒖𝑠|𝑑𝑝𝜇𝑓                                                       (1-18) 

We mentioned earlier that direct numerical simulation (DNS) of multiphase flows has now 

been widely used to develop constitutive correlations. By directly solving the Navier-Stokes 

equation of the fluid phase and Newton’s equation of motion of particles, DNS can directly 

generate drag laws and other correlations needed for improving the accuracy of Euler-Lagrange 

and Euler-Euler multiphase flow simulations (Bokkers et al. 2004). One of the first drag laws 

entirely developed based on DNS is the Hill-Koch-Ladd (HKL) drag correlation, presented by 

Benyahia et al. (Benyahia et al. 2006) based on the lattice Boltzmann simulation results by Hill et 

al. (Hill et al. 2001a; Hill et al. 2001b). This drag correlation, presented here as an example, 

consists of the following equations:  𝛽𝐻𝐾𝐿 = 18𝜇𝑓(1 − 𝜙𝑠)2𝜙𝑠 𝐹𝑑𝑝2                                               (1-19) 

where 𝜙𝑠 = 1 − 𝜙𝑓 is the solid volume fraction.The dimensionless drag F is given as: 

𝐹 = 𝐹0 + 𝐹1𝑅𝑒2 , 𝜙𝑠 > 0.01 𝑎𝑛𝑑 𝑅𝑒 ≤ 𝐹3+√𝐹32−4𝐹1(𝐹0−𝐹2)2𝐹1                      (1-20) 



21 

𝐹 = 𝐹2 + 𝐹3𝑅𝑒,   𝜙𝑠 > 0.01 𝑎𝑛𝑑 𝑅𝑒 > 𝐹3+√𝐹32−4𝐹1(𝐹0−𝐹2)2𝐹1                         (1-21) 

The coefficients are defined as below: 

𝐹0 =
{  
  
  (1 − ω)[1 + 3√𝜙𝑠2 + (135.64)𝜙𝑠 ln(𝜙𝑠) + 17.14𝜙𝑠(1 + 0.681𝜙𝑠 − 8.48𝜙𝑠2 + 8.16𝜙𝑠3

10𝜙𝑝(1 − 𝜙𝑠)3 ,                  𝜙𝑠 < 0.4
 ] + ω [ 10𝜙𝑠(1 − 𝜙𝑠)3] , 0.01 < 𝜙𝑠 < 0.4 

(1-22) 

𝐹1 = { √ 2𝜙𝑠40 , 0.01 < 𝜙𝑠 ≤ 0.10.11 + 0.00051 exp(11.6𝜙𝑠),        𝜙𝑠 > 0.1                           (1-23) 

𝐹2 = {  
  (1 − ω)[1+3√𝜙𝑠2 +(135.64)𝜙𝑠 ln(𝜙𝑠)+17.89𝜙𝑠1+0.681𝜙𝑠−11.03𝜙𝑠2+15.41𝜙𝑠310𝜙𝑠(1−𝜙𝑠)3 , 𝜙𝑠 ≥ 0.4  + ω [

10𝜙𝑠(1−𝜙𝑠)3  ],    𝜙𝑠 < 0.4            (1-24) 

𝐹3 = {0.9351𝜙𝑠 + 0.03667,                 𝜙𝑠 < 0.09530.0673 + 0.212𝜙𝑠 + 0.0232(1−𝜙𝑠)5 ,   𝜙𝑠 ≥ 0.0953                        (1-25) 

Further, the Reynolds number and 𝜔 are given as follows: 

𝑅𝑒 = 𝜌𝑓(1−𝜙𝑠)|𝒖𝑓−𝒖𝑠|𝑑𝑝2𝜇𝑓                                                     (1-26) 

𝜔 = 𝑒(−10(0.4−𝜙𝑠)𝜙𝑠 )
                                                         (1-27) 

After the HKL drag law, many other drag correlations based on DNS were developed. For 

instance, LBM was used to characterize the effect of fluctuation motions of particles on the drag 

force (Wylie et al. 2003). Beetstra, Van de Hoef and Kuipers proposed a drag correlation using 

LBM to consider the effect of bidispersity (Beetstra et al. 2007b). Holloway et al. in 2010 proposed 

an improved drag law that considers the relative velocities between two solid phases. Tenneti et al 
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improved the drag correlation of Beetstra et al. and extended the range of applicable Re (Tenneti 

et al. 2011; Beetstra et al. 2007b). 

Traditional fracturing fluid are usually shear-thinning with high viscosity and gel-like 

properties (Dogon and Golombok 2016). In the region near the wellbore, shear rate is higher than 

that at fracture tips (Economides and Boney 2000). For fracturing fluids with non-Newtonian 

rheology, drag and transport correlations may be modified ad hoc using apparent viscosities. 

Daneshy discussed particle settling velocity affected by viscosity and hindered settling in proppant 

slurries (Daneshy 1987).  Many researchers have also studied the impact of non-Newtonian 

properties on particle sedimentation or proppant settling(Novotny 1977; Nolte 1988; Shah 1982; 

Wang et al. 2003).  

      It should also be noted that most drag laws reviewed in this section were developed to address 

spherical particles moving in Newtonian fluids. In reality, proppants are often not spherical, 

slickwater has non-Newtonian properties. Usually, slickwater contains friction reducer at low 

concentrations (usually 0.035 % – 0.2 %) that creates shear-thinning and reduces friction pressure 

loss up to 70% in flows with high shear rates (Montgomery 2013). Friction reducers are commonly 

polyacrylamide derivatives and copolymers (Chen 2016). 

1.4 Motivations 

Geomechanics of hydraulic fracturing indicate that long and narrow fractures are always 

expected from slickwater fracturing. Low-viscosity fracturing fluids such as slickwater have 

weaker proppant carrying ability than crosslinked fluids. Separation between proppants and 

fracturing fluid due to settling is always expected and is an important element of proppant transport 

in slickwater fracturing. To properly simulate settling in proppant transport, we need to apply 

multiphase flow theories and models. 
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     To simulate proppant transport in fractures with slickwater using two-phase Euler-Euler or 

Euler-Lagrange models, a specific challenge is the lack of appropriate two-phase constitutive 

correlations, especially fluid-particle drag. Although the drag correlations reviewed in 1.3.2 have 

been widely used, they were all derived from traditional particulate flow settings in pipes, fluidized 

beds, and separators, and are not consistent with the conditions encountered in proppant transport. 

In proppant transport, flow always takes place in narrow gaps. Many authors found that the walls 

of a narrow fracture decrease settling velocity of proppants (Daneshy 1987; Novotny 1977; Gadde 

et al. 2004).  Liu et al. studied wall effect and found that its influence on proppant settling increases 

with increasing fluid viscosity (Liu and Sharma 2005). Settling velocity approaches that in an 

unbounded system only when fracture width becomes large relative to proppant size.  

     In addition, the direction of sedimentation may be different from the direction of gravity due to 

inclination angles taken by the fractures. The effect of inclination relative to the direction of gravity 

on proppant settling has not been studied and is largely unknown. Since most fractures 

(hydraulically created and activated) are not perfectly vertical (Fisher and Warpinski 2012), the 

effect of this condition on drag and sedimentation need to be studied to generate a drag law that 

properly considers the above influences. Last, but not the least, is the effect of fluid flow. Within 

the fracture, there is usually strong fluid flow. Few studies characterized sedimentation in the 

presence of flow. 

Due to the lack of appropriate drag correlations, existing multiphase flow studies of large-scale 

proppant transport only used available drag correlations as reviewed in Section 1.3.2. Gadde et al. 

2004 simulated proppant transport using a drag law based on the Richardson-Zaki correlation in 

the Stokes regime. Tsai et al. simulated transport of proppants by water in a fracture using the 

Wen-Yu drag law in an Euler-Euler scheme (Tsai et al. 2013). Blyton et al. used an Euler-Lagrange 
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model with Stokes law for sedimentation (Blyton et al. 2015) . Zeng and Zhang conducted Euler-

Langrange simulations of proppant transport using an open source code, OpenFoam, with Wen-

Yu drag correlation (Zeng and Zhang 2016).Gutierrez’s group used the Gidaspow drag correlation 

in an Euler-Langrange model and studied proppant settling (Tomac and Gutierrez 2015; Zhang et 

al. 2016).  

Note that many commercial software treat proppant transport as a single-phase flow and hence 

they do not need drag correlations. CFRAC, a 3D hydraulic fracturing simulator, is one example 

that is often used to simulate proppant transport (Shiozawa and McClure 2016). GOHFER is 

another example of a single-phase flow simulator for hydraulic fracturing and proppant transport 

(Miskimins and Barree 2003; Barree and Conway 1995; Barree 2001). However, the condition of 

single-phase flow only holds true for proppant transport in cross-linked fluids. In slickwater 

fracturing, due to sedimentation of proppants through the fluid, flow should not be treated as  

single-phase. 

1.5 Research Objectives 

      As the review shows, for proppant transport in slickwater the lack of appropriate drag 

correlation is an issue that needs to be addressed. This drag law should consider parameters that 

are directly relevant to hydraulic fracturing but were previously neglected, such as the width of 

fracture, the inclination angle of the fracture relative to the direction of gravity, and fluid flow.  

The principle objective of this study is therefore to characterize the influences of these parameters 

on proppant settling and transport by slickwater. We specifically want to develop a drag correlation 

so that large-scale multiphase models of proppant transport can be more accurately closed. 

      In this study, direct numerical simulation (DNS) using the lattice Boltzmann method (LBM) 

was used to simulate proppant settling. In DNS simulations, the effects of fracture width, flow of 
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fracturing fluid, and inclination angle of the fracture were considered, in addition to the normal 

variables of proppant size, proppant concentration, and proppant-fluid density ratio. DNS is the 

ideal approach, because the above parameters can be precisely controlled. We assumed that 

proppant are spherical and monodisperse and fracturing fluid is Newtonian. Drag correlation 

derived from DNS simulations was then substituted into an Euler-Euler multiphase flow simulator 

Multiphase Flow with Interface eXchange (MFIX), to illustrate the effects of these additional 

parameters on large-scale proppant transport in a single fracture. 

1.6 Thesis Organization 

      This dissertation presents the development of a drag correlation relevant to proppant transport 

in slickwater by DNS, and predictions from this drag correlation on proppant transport in a single 

fracture. This dissertation is organized as follows: 

      In Chapter 2, the lattice Boltzmann method used to simulate sedimentation of spherical 

proppants is presented in detail. The governing equations in the large-scale Euler-Euler multiphase 

flow simulator, MFIX is also presented. 

      In Chapter 3, we present three test cases passed to MFIX, namely sedimentation by 

gravitational force and horizontal flows with zero gravity and neutrally buoyant particles.  

 In Chapter 4, we present direct numerical simulations of proppant transport in vertical fractures. 

Four dimensionless numbers are presented. Settling velocities obtained from DNS were used as 

the basis of a new drag correlation, expressed in a polynomial form. 

 In Chapter 5, proppant transport in inclined fractures is presented. Inclination angle from 

gravity as an additional parameter was introduced into DNS. Drag correlation for inclined fractures 

was developed by adding the effect of inclination to the base drag correlation developed in Chapter 

4.  
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In Chapter 6, the new drag correlations were incorporated into open-source code MFIX-TFM 

to simulate large-scale proppant transport by slickwater in a single fracture. The effects of the 

various parameters considered in the drag correlations on proppant transport were evaluated. 

     In Chapter 7, we provide conclusions of this study and give recommendations for future 

research.  
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CHAPTER 2  

METHODOLOGY 

      In this chapter, two numerical methods, the lattice Boltzmann method (LBM) and the two-fluid 

model (TFM in Multiphase Flow with Interface eXchange), are presented in detail. LBM was used 

to generate drag correlations taking into account key influencing factors of proppant transport, 

including gravity, wall effect, inclined fractures, fluid viscosity, particle size and cross-flow. These 

drag correlations were then integrated into MFIX, an Euler-Euler multiphase flow simulator, to 

simulate proppant transport in a single fracture. 

2.1 Lattice Boltzmann method for particulate flows 

      In this study, the SUSP3D program developed by Ladd and coworkers was used to simulate 

particle-laden flow problems. Its complete description was reviewed in Ladd (Ladd and Verberg 

2001). Here, the main methods used in the program are presented. 

2.1.1 Fundamentals of the lattice Boltzmann method 

     Instead of solving Navier-Stokes equation directly, the lattice Boltzmann method models fluid 

density, momentum, and stresses as the zeroth, first and second order moments of a molecular 

velocity distribution. A discrete set of molecular velocities is used to form the distribution, and the 

discrete set allows particles to move and collide on a space-filling lattice. The Boltzmann equation 

that describes the spatial and temporal evolution of the continuous molecular velocity distribution 

function is hence simulated. The discrete velocity distribution function 𝑓𝑖 represents fractions of 

fluid molecules with a specific velocity 𝒄𝒊 at a specific position and time. When time and space 

are discretized by ∆𝑡  and ∆𝑥 , the equation that updates the velocity distribution function 𝑓𝑖 is: 𝑓𝑖(𝐫 + 𝒄𝒊∆𝑡, 𝑡 + ∆𝑡) = 𝑓𝑖∗(𝐫, 𝑡) = 𝑓𝑖(𝐫, 𝑡) + ∆𝑖(𝐫, 𝑡)                              (2-1) 
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As this equation indicates, the update of 𝑓𝑖  consists of two steps: a collision step 𝑓𝑖∗ = 𝑓𝑖 + ∆𝑖 
conducted locally to generate the post-collision distribution 𝑓𝑖∗ , and a propagation step that 

involves moving a distribution at location 𝐫 to its nearest neighbor in the direction of 𝒄𝒊 . The 

collisional step ∆𝑖 relaxes the non-equilibrium part of the distribution function; it represents the 

change in 𝑓𝑖  owning to molecular collisions at the lattice node. Mass and momentum in the 

collision process are conserved. Density and velocity in Navier-Stokes equation are recovered 

from 𝑓𝑖 by: 𝜌 = ∑ 𝑓𝑖𝑖 = ∑ 𝑓𝑖𝑒𝑞𝑖                                                       (2-2) 𝜌𝒖 = ∑ 𝒄𝒊𝑓𝑖𝑖 = ∑ 𝒄𝒊𝑓𝑖𝑒𝑞𝑖                                                  (2-3) 

     For the continuous Boltzmann equation, Bhatnagar, Gross and Krook (BGK) (Bhatnagar et al. 

1954) proposed an assumption that the distribution function f should approach the equilibrium 

state due to the collisions among many molecules, and the rate of relaxation toward equilibrium 

due to collisions should be proportional to the deviation from the equilibrium. The equilibrium 

distribution for a mono-component system without any external force is formulated as a Maxwell 

distribution.  𝑓𝑒𝑞(𝒄) = 𝜌
（2𝜋𝑅𝑇0）𝐷 2⁄ exp [− (𝒄−𝒖)22𝑅𝑇 ]                                           (2-4) 

where D is dimension, R is gas constant, T is temperature, 𝜌 is density, u is the average flow 

velocity, and c is the molecular velocity. Lattice Boltzmann is a discretized form of the continuous 

Boltzmann equation. The order in which the lattice Boltzmann equation recovers the continuous 

Boltzmann equation and then the macroscopic Navier-Stokes equation is presented as follows. 

First, the Maxwell distribution is approximated by a Taylor series expansion in u and becomes Eq. 

2-5: 
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𝑓𝑒𝑞(𝒄) = 𝜌
（2πRT0）𝐷 2⁄ 𝑒𝑥𝑝 (− 𝒄22𝑅𝑇) [1 + (𝒄∙𝒖)𝑅𝑇 + (𝒄∙𝒖)22(𝑅𝑇)2 − 𝒖2𝑅𝑇]                     (2-5) 

Second, discretizing the evolution function in time and space under conditions of conservations of 

mass and momentum gives the equilibrium distribution function. 𝑓𝑖𝑒𝑞 = 𝜔𝑖𝑓𝑒𝑞(𝑟, 𝒄, 𝑡) = 𝜔𝑖 𝜌[1 + 3(𝒄𝒊∙𝒖)𝑐𝑠2 + 9(𝒄𝒊∙𝒖)22𝑐𝑠4 − 3𝒖22𝑐𝑠2]                        (2-6) 

where 𝜔𝑖 is the weighting factor. 

      The D3Q19 model used in this study employs 19 discretized fluid velocities 𝒄𝒊  in three 

dimensions, as shown in Figure 3-1. 𝑐𝑠 the lattice speed of sound is 1 √3⁄ .  The weighting factors 

for the D3Q19 model is: 

𝜔𝑖 = { 1 3⁄ ,   𝑖 =  0     1 18⁄ ,    𝑖 = 1~6       1 36⁄ ,    𝑖 =  7~18                                            (2-7) 

In the absence of fluid motion and external forcing, fluid density 𝜌0 = 36. Otherwise, lattice 

Boltzmann fluid is slightly compressible and the pressure is related to the density by: 𝑝 = 𝑐𝑠2𝜌                                                                (2-8)                                                        

 

Figure 2-1 D3Q19 Scheme. 
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     The collision operator is usually linearized about the local equilibrium, 𝑓𝑒𝑞, expressed as: ∆𝑖(𝑓) = ∆𝑖(𝑓𝑒𝑞) + ∑ ℒ𝑖𝑗(𝑓𝑗 − 𝑓𝑗𝑒𝑞)𝑗                                        (2-9) 

where ℒ𝑖𝑗  is the collision operator expressed as a linear transformation acting on the non-

equilibrium distributions. It must satisfy ∑ ℒ𝑖𝑗 = 0𝑖  and  ∑ 𝒄𝒊ℒ𝑖𝑗 = 0𝑖  to conserve mass and 

momentum. The non-equilibrium distribution function is defined as 𝑓𝑗𝑛𝑒𝑞 = 𝑓𝑗 − 𝑓𝑗𝑒𝑞                                                       (2-10) ∆𝑖(𝑓)  can take many forms. The simplest form follows the exponential relaxation rule ∆𝑖=−𝑓𝑖𝑛𝑒𝑞/𝜏 , where 𝜏  is the relaxation time related to the fluid viscosity: 𝜇 = 𝑐𝑠2𝜌(𝜏 − 0.5)                                                        (2-11) 

    In SUSP3D, a two-relaxation-parameter approach is used. The post-collision distribution 𝑓𝑖∗ =𝑓𝑖 + ∆𝑖 is written as 𝑓𝑖∗ = 𝜔𝑖[𝜌 + 𝒋⋅𝒄𝒊𝑐𝑠2 +
(𝜌𝑢𝑢+Π𝑛𝑒𝑞,∗):(𝒄𝒊𝒄𝒊−𝑐𝑠2𝟏)2𝑐𝑠4 ]                                   (2-12) 

Π𝑛𝑒𝑞,∗ = (1 + λ)Π𝑛𝑒𝑞̅̅ ̅̅ ̅̅ + 13 (1 + 𝜆𝑣)(Π𝒏𝒆𝒒: 𝟏)𝟏                         (2-13) 

where 1 is the unit matrix; λ  and 𝜆𝑣  are related to the shear and bulk viscosities of the fluid; the 

non-equilibrium momentum flux tensor, Π𝒏𝒆𝒒, is defined as Π𝒏𝒆𝒒 = Π− Π𝒆𝒒                                                     (2-14) 

where, Π𝒆𝒒 = ∑ 𝑓𝑖𝑒𝑞𝒄𝒊𝒄𝒊𝒊 ; Π𝑛𝑒𝑞̅̅ ̅̅ ̅̅  is the traceless part of Π𝒏𝒆𝒒. 

     According to the Chapman-Enskog expansion (Chapman and Cowling 1970), the update rule 

Eq. 2-1 together with a properly formulated collision operator recovers the following macroscopic 

equation: 

𝜕𝜌𝜕𝑡 + ∇ ∙ (𝜌𝒖) = 0                                                   (2-15) 

𝜕𝜌𝒖𝜕𝑡 + ∇ ∙ (𝜌𝒖𝒖) = −∇𝑝 + ∇ ∙ 𝛔                                        (2-16) 
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where p is the thermodynamic pressure and 𝛔  is the viscous stress. For a Newtonian fluid,  𝛔 = 𝜂(∇𝒖 + ∇𝒖𝑇) − 23 (∇ ∙ 𝐮) ∙ 𝟏 + 𝜂𝑣(∇ ∙ 𝐮) ∙ 𝟏                         (2-17) 

where the independent shear (𝜂) and bulk (𝜂𝑣) viscosities are related to λ  and 𝜆𝑣 by: 𝜂 = −𝑐𝑠2𝜌Δ𝑡 1𝜆,  𝜂𝑣 = −𝑐𝑠2𝜌Δ𝑡 23𝜆𝑣                                      (2-18) 

As the expression for the equilibrium distribution Eq. 2-6 is derived based on a Taylor series 

expansion, a fundamental limitation of LBM is that the Mach number, 𝑀 =  𝑢/ 𝑐𝑠 where u is the 

lattice flow velocity and 𝑐𝑠  is the lattice speed of sound, must be small. In this study, M in 

simulations was always kept below 0.1.  

    To incorporate an external force density 𝒇𝑒𝑥𝑡, an extra term 𝑓𝑒𝑥𝑡𝑖(𝐫, 𝑡) can be incorporated into 

the lattice Boltzmann update Eq. 2-1  𝑓𝑖(𝐫 + 𝒄𝒊Δ𝑡, 𝑡 + Δ𝑡) = 𝑓𝑖(𝐫, 𝑡) + ∆𝑖(𝐫, 𝑡) + 𝑓𝑒𝑥𝑡𝑖(𝐫, 𝑡)                      (2-19) 

where 𝑓𝑒𝑥𝑡𝑖 is given by 𝑓𝑒𝑥𝑡𝑖 = 𝜔𝑖 𝒇𝑒𝑥𝑡∙𝒄𝒊𝑐𝑠2 ∆𝑡                                                  (2-20) 

2.1.2 Particle-fluid boundary condition 

The ability of LBM in simulating fluid-particle hydrodynamic interaction relies on proper 

simulation of the no-slip boundary condition. In SUSP3D, a particle is represented by a collection 

of solid nodes within a certain radius to particle center, and its surface is represented by a collection 

of boundary nodes 𝐫𝑏 that are placed half-way between fluid nodes 𝐫𝑓 and solid nodes 𝐫𝑠. Figure 

2-2 shows a pair of 𝐫𝑓 and 𝐫𝑠 with 𝐫𝑏 in between. 
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Figure 2-2 Bounce back boundary condition. 

     At the boundary node 𝐫𝑏, the two neighboring nodes 𝐫𝑠 and 𝐫𝑓 = 𝐫𝑠 − 𝒄𝒊∆𝑡  located inside and 

outside particle surface interact along velocity direction of 𝒄𝑖 . To model the no-slip boundary 

condition, a collision is first carried out on the fluid node 𝐫𝑓： 𝑓𝑖∗(𝐫𝑓 , 𝑡) = 𝑓𝑖(𝐫𝒇, 𝑡) + Δ𝑖(𝐫𝒇, 𝑡)                                            (2-21) 

Then, with 𝑖 ̅representing the direction opposite to i, the distribution from the solid node is given 

by:  𝑓𝑖∗̅(𝐫𝑓 , 𝑡 + ∆𝑡) = 𝑓𝑖∗(𝐫𝑓 , 𝑡) + 2𝜔𝑖𝜌 𝒄𝒊̅∙𝒖𝒔𝑐𝑠2                                    (2-22) 

Here,  𝒖𝑠 is the velocity of the solid at 𝐫𝑏. This approach, which is often referred to as the “moving 

boundary condition” in the literature, can precisely simulate the no-slip boundary condition on the 

surfaces of moving solid particles, the locations of which is at the boundary nodes 𝐫𝑏 halfway 

between the fluid node 𝐫𝑓 and the solid node 𝐫𝑠. 
2.1.3 Particle motion 

Simulation of particle motion can be decomposed into two parts: linear translation and rotation. 

A Lagrangian frame of reference was employed to model changes in particle position, 𝒙𝑝, and 

particle translational velocity, 𝒖𝑝 and angular velocity 𝝎𝑝 . The following ordinary differential 

equations were calculated to update particle’s motion: 

rs 
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 𝑚𝑝 𝑑𝒖𝑝𝑑𝑡 = 𝑭 + 𝑭𝑒𝑥𝑡                                                      (2-23) 

𝑱𝒑 ∙ 𝑑𝝎𝑝𝑑𝑡 +𝝎𝑝 × (𝑱𝑝 ∙ 𝝎𝑝) = 𝑻                                          (2-24) 

𝑑𝒙𝑝𝑑𝑡 = 𝒖𝑝                                                                (2-25) 

𝑑𝝓𝑝𝑑𝑡 = 𝝎𝑝                                                              (2- 26) 

Here, 𝑚𝑝 is the mass of a spherical particle and 𝑱𝑝 is the moment of inertia tensor of a spherical 

particle. LBM can obtain particle-fluid force 𝑭 and torque 𝑻 directly. At a fluid node 𝐫 that is 

adjacent to a solid particle, the force 𝑭𝑖 to the particle from 𝐫  in a direction of i pointing to the 

particle can be calculated from the difference in the fluid momentum 𝑭𝑖(𝐫, 𝑡 + ∆𝑡) =  ∆𝑥3∆𝑡 (𝑓𝑖̅(𝐫, t+∆𝑡) − 𝑓𝑖∗(𝐫, 𝑡))𝒄𝑖                          (2-27) 

Once 𝑭𝑖 is obtained, the torque 𝑻𝑖 is calculated by: 𝑻𝑖(𝐫, 𝑡 + ∆𝑡) = (𝒓 − 𝒓𝑹) × 𝑭𝑖(𝐫, 𝑡 + ∆𝑡)                                (2-28) 

where, 𝒓𝑅 is the vector representing the center of the spherical particle, and  𝑓𝑖∗(𝐫, 𝑡) is distribution 

function after collisions. The total fluid-particle force and torque were obtained from summing 

over all fluid nodes that are adjacent to the particle and over all the directions that begin at the fluid 

nodes and point to the particle: 𝑭(𝑡 + ∆𝑡) = ∑ ∑ 𝑭𝑖(𝐫, 𝑡 + ∆𝑡)𝑖𝒓                                            (2-29) 𝑻(𝑡 + ∆𝑡) = ∑ ∑ 𝑻𝑖(𝐫, 𝑡 + ∆𝑡)𝑖𝒓                                            (2-30) 

2.1.4 Inter-particle collisions 

      A hard-sphere model was employed to model particle-particle collisions. This model ignores 

friction and assumes that there is no enduring contact, i.e. the particle-particle contact time is much 

less than the time between successive collisions. Both elastic and inelastic collisions can be 

considered in simulations. The inelastic collisions were implemented by using a normal restitution 
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coefficient, a measure of energy lost during inelastic (dissipative) collisions. Post-collision 

translational and angular velocities, 𝒖𝑝∗  and 𝝎𝑝∗ , were calculated based on those before collisions,  𝒖𝑝 and 𝝎𝑝. The momentum conservation equations are given as below: 𝑚𝑝𝑖(𝒖𝑝𝑖∗ − 𝒖𝑝𝑖) = 𝑰                                                     (2-31) 𝑚𝑝𝑗(𝒖𝑝𝑗∗ − 𝒖𝑝𝑗) = −𝑰                                                   (2-32) 

𝐽𝑝𝑖(𝝎𝑝𝑖∗ −𝝎𝑝𝑖) = 𝑑𝑝𝑖2 (𝒆𝒏 × 𝑰)                                          (2-33) 

𝐽𝑝𝑗(𝝎𝑝𝑗∗ −𝝎𝑝𝑗) = 𝑑𝑝𝑗2 (𝒆𝒏 × 𝑰)                                         (2-34) 

Here, 𝑑𝑝 is the particle diameter, I is the impulse to the particle and 𝐽𝑝 is the moment of inertia of 

particles. The detailed treatment of hard-sphere model can be found in (Tanaka and Tsuji 1991). 

 In SUSP3D, the lubrication interaction between particles was modeled using analytical 

solutions (Nguyen and Ladd 2002). When particles are nearly touching, the singularities in the 

lubrication interaction was removed by introducing a lubrication cutoff distance 𝜖𝑚, which means 

that when surface-to-surface distance between particles is less than 2𝜖𝑚, the lubrication forces and 

torque were fixed to the values corresponding to 2𝜖𝑚. In this study, the lubrication cutoff is set to 𝜖𝑚 = 0.001∆𝑥.  The selection of lubrication cutoff has little effect on settling in DNS. 

2.2   Two-fluid model 

      The role of DNS is to resolve the dynamics of proppant settling in fractures and to obtain 

correlations for the settling velocity of proppants. Such correlations will be substituted into the 

inter-phase momentum transfer model of two-phase flows. The details of this two-phase flow 

model are presented in this section.  
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2.2.1 Introduction 

      In this study, MFIX, which stands for Multiphase Flow with Interphase eXchanges (Syamlal 

et al. 1993), was employed to describe flows of proppants in fractures. It is an open-source code 

of multiphase hydrodynamic model (Syamlal 1998)developed at the National Energy Technology 

Laboratory (NETL) to simulate large-scale multiphase flows written in Fortran. MFIX has been 

widely used in different areas of science and engineering, including flows in multiphase reactors 

(Li et al. 2012), heat transfer (Tsai 2011), oil and gas flows in pipes (Pu et al. 2010), and turbulent 

multiphase flows (Hu 2014). 

      MFIX adopts the two-fluid method (Euler-Euler), which employs averaged mass and 

momentum conservation equations to describe the time-dependent motion of solid and fluid phases. 

These averaged equations are macroscopic field equations established by Eulerian time and spatial 

averaging (Zuber 1964; Delhaye 1974; Slattery 1964) over domains that are large when compared 

with particle size and average particle spacing but much smaller than the length scale of flow 

(Sinclair and Jackson 1989; Whitaker 1999; Anderson et al. 1995). Averaged equations for two-

fluid model have been presented in many studies (Ishii and Hibiki 2011; Gosman et al. 2004; 

Oliveira 1992; Saurel et al. 2017). These averaged equations require additional models to describe 

inter-phase momentum transfer, among which the drag force associated with the relative motion 

between the two phases is usually the most significant.  

2.2.2 Averaged continuity and momentum equations 

      In MFIX, conservation equations of mass and momentum are formulated phase by phase. Since 

MFIX approaches the dynamics of multiphase flows using averaged equations and solid and fluid 

are treated as interpenetrating continua, the variables in MFIX should be treated as averages of 

“pointwise” hydrodynamic variables. For the fluid phase, the continuity equation is  
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𝜕(𝜙𝑓𝜌𝑓)𝜕𝑡 + ∇ ∙ (𝜙𝑓𝜌𝑓𝒗𝑓) = 0                                             (2-35) 

The momentum equation of the fluid phase is  

𝜕(𝜙𝑓𝜌𝑓𝒗𝑓)𝜕𝑡 + ∇ ∙ (𝜙𝑓𝜌𝑓𝒗𝑓𝒗𝑓) = ∇ ∙ 𝑆𝑓̿ + 𝜙𝑓𝜌𝑓𝒈 − 𝑰𝑓                           (2-36) 

In the above two equations, 𝒗𝑓 is the volume-averaged fluid-phase velocity, 𝑆𝑓̿ is the fluid-phase 

stress tensor, and 𝑰𝑓 is the momentum transfer term between the fluid and solid phases. From 

studies on the dynamics of a single particle in a fluid, several different mechanisms have been 

identified to contribute to 𝑰𝑓 : drag force, caused by the velocity difference between fluid and 

particles; generalized buoyancy, caused by pressure gradient in the fluid; virtual mass effect, 

caused by the relative acceleration between the two phases; Saffman lift force, caused by fluid 

velocity gradients around particles; Magnus force, caused by particle’s rotation in a uniform flow 

(Syamlal et al. 1993). In the present work, we only consider the drag force and the generalized 

buoyancy, because other forces are usually insignificant and seldom considered. The fluid-solid 

interaction force is therefore: 𝑰𝑓 = 𝜙𝑓∇𝑃𝑓 + 𝛽(𝒗𝑠 − 𝒗𝑓)                                                  (2-37) 𝑆𝑓̿ is given by  𝑆𝑓̿ = −𝑃𝑓𝐼 ̿ + 𝜄𝑓̿                                                          (2-38) 

where 𝑃𝑓 is the fluid-phase pressure and 𝜄𝑓̿ is the fluid-phase shear stress tensor: 𝜄𝑓̿ = 2𝜇𝑓𝐷𝑓̿̿ ̿ + 𝜆𝑓𝛁 ∙ 𝑡𝑟(𝐷𝑓̿̿ ̿)𝐼 ̿                                               (2-39) 

In Eq. 2-61, 𝐷𝑓̿̿ ̿ = 12 [𝛁𝒗𝑓 + (𝛁𝒗𝑓)]𝑇 is the strain rate tensor, and 𝜇𝑓 and 𝜆𝑓 are the shear and bulk 

viscosity of the fluid phase. 

     Mass and momentum conservation equations for the solid phase are as follows: 

𝜕(𝜙𝑠𝜌𝑠)𝜕𝑡 + ∇ ∙ (𝜙𝑠𝜌𝑠𝒗𝑠) = 0                                              (2-40) 
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𝜕(𝜙𝑠𝜌𝑠𝒗𝑠)𝜕𝑡 + ∇ ∙ (𝜙𝑠𝜌𝑠𝒗𝑠𝒗𝑠) = ∇ ∙ 𝜏𝑠̿ + 𝜙𝑓𝜌𝑓𝒈 − 𝑰𝑠 − 𝜙𝑠 ∇ ∙ 𝑝                (2-41) 

Here 𝜏𝑠̿ is the solid stress tensor that can be specified by a constitutive relation. 𝜏𝑠̿ = 2𝜇𝑠𝜀,̿ where 𝜀̿ = 12 (∇𝒖𝒔 + ∇𝒖𝒔𝑇). 𝜇𝑠 is the viscosity of solid phase. More details of this term can be found from 

theories of granular solids list the MFIX manual. 𝒈  in Eq. 2-41 is the acceleration due to gravity, 

and p is pressure. 𝑰𝑠 is solid-fluid momentum exchange: 𝑰𝑠 = 𝛽(𝒖𝒇 − 𝒖𝒔)                                                      (2-42) 

As reviewed in Chapter 1, there are many correlations for 𝛽 deducted from experimental and 

numerical studies.  

2.2.3 Numerical solution 

 In order to solve coupled differential equations in two-fluid models, various solutions have 

been proposed. Many of them use segregated approaches, in which the set of equations is solved 

sequentially in implicit manner (Hill 1998; Thai Van et al. 1994; Kashiwa et al. 1993). Pressures 

are solved from the continuity equation and pressure change is then substituted to correct the 

velocities. Most solution approaches require significant computational time and memory, due to 

the complexity of the equations solved. 

     Two-fluid model in MFIX is solved by the SIMPLE (Issa 1986) algorithm. A pressure equation 

is solved based on the volumetric continuity equation, and momentum is corrected after the 

pressure change. A correction loop is thus completed before the next iteration/time step. This 

algorithm is used in many other commercial CFD software and therefore we omit the details of its 

implementation.  
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CHAPTER 3  

TEST CASES OF TWO-PHASE FLOW SIMULATIONS 

      MFIX as a two-phase flow simulator is usually applied to particulate flows in fluidized beds 

and separators. Proppant transport is different from these processes because flow direction is 

horizontal and perpendicular to the direction of proppant settling. Before implementing new drag 

correlations into MFIX, we tested a few simple flows to ensure that sedimentation and transport 

are properly simulated in MFIX. These flows include: 1) sedimentation of solid phase subjected 

to gravity in the absence of flow; 2) horizontal flows of proppants in fracturing fluid: solid and 

fluid phases have different densities however there is no gravity that acts to separate them; 3) 

horizontal flows of proppants neutrally buoyant in fracturing fluid: solid and fluid phases have the 

same density and therefore a gravity assigned in the direction perpendicular to flow cannot separate 

them.  

3.1 Settling of particles without horizontal flow 

      Initially, solid phase with density of 2650 kg/cm3 was uniformly distributed in the 

computational domain (1m × 1m) with a solid volume fraction of 0.4. Fluid density was set to 

1000 kg/m3.Gravity was set to 9.81 m/s2. Particle size 𝑑𝑝 = 300 μm. Fluid viscosity = 1 cp. The 

computational domain was discretized by a 50 × 50 mesh. Top and bottom of the domain are solid 

boundaries. Left and right boundaries were implemented as gradient-free. In this setup, the solid 

phase due to its higher density relative to the fluid would settle with time. In the end, all solid 

phase settle to the bottom of the computational domain and form a sediment with packing volume 

concentration of ϕ* = 0.6.  
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       As the solid phase settles, the lighter fluid rises to the top and fills the space above the settling 

suspension. Figure 3-1 shows the settling process at times of 30 s, 60 s and 90 s, respectively. 

Settling velocity of the solid phase was obtained from the velocity of the interface between the 

suspension (light blue) and the solid-free zone (red).  

 

 
(a) 30 s.                               (b) 60 s.                             (c) 90 s. 

Figure 3-1 Settling of solid phase due to gravity in the absence of horizontal flow (BVK drag 

model (Beetstra et al. 2007a)): suspension with 0.4 solid volume fraction is in light blue, 

sediment with 0.6 solid fraction is in dark blue, and fluid free of solids is in red. 

      This process can be repeated for different drag models. In Table 3-1, averaged settling 

velocities from MFIX using three existing drag models are compared with settling velocities 

directly calculated from the three drag laws. The agreement shows that the solid phase indeed 

settles at velocities prescribed by the drag laws. 

Table 3-1 Averaged settling velocities from simulations using various drag models 

Drag model 
Averaged settling velocity 

(m/s) 

Settling velocity calculated 

from drag law (m/s) 

Wen-Yu 6.025e-3 6.002e-3 

Gidaspow 5.478e-3 5.036e-3 

BVK 5.054e-3 5.009e-3  
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3.2 Horizontal flow without gravity – solid and fluid phases having different densities 

      The second case was designed to evaluate horizontal flow of two phases. Gravity was set to 

zero. Thus, solid and fluid phases should not separate during this flow, even though they have 

different densities. This case was realized in a computational domain with dimension of 1m  1m 

discretized by a 20  20 grid. Fluid density and solid density were specified as 1000 kg/m3and 

2650 kg/m3, respectively. Particle diameter is 300 m. Left side as the inlet was set as a mass-

inflow boundary, and right side as the outlet was set as a pressure-outflow boundary. Top and 

bottom boundaries were set to be gradient-free. Initially, the entire domain was filled with a 

suspension with 0.4 solid volume fraction. Fluid phase free of particles was then injected from the 

inlet  at a velocity of 0.5 m/s. Figure 3-2 shows the movement of the clear fluid front at three 

different times: 0.6 s, 1.6 s, and 2 s, In the region occupied by the suspension, no separation 

between two phases was observed. Particles velocity field (Figure 3-3) and fluid velocity field 

show that both the suspension and the clear fluid move at the specified inlet velocity. It is 0.5 m/s 

throughout the computational domain. 

   
                        (a) 0.6 s.                           (b) 1.6 s.                              (c) 2 s. 

Figure 3-2 Solid volume fraction in horizontal flow without gravity. Red corresponds to clear 

fluid (solid fraction = 0) and light blue corresponds to suspension (solid fraction = 0.6). 
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                        (a) 0.6 s.                            (b) 1.6 s.                            (c) 2 s. 

Figure 3-3 Particle velocity field in horizontal flow without gravity. Solid and fluid phases have 

different densities. Red: 0.5 m/s; blue: 0 – particle free. 

3.3 Horizontal flow with gravity – solid and liquid phases having the same density 

      The third case was also designed to evaluate horizontal flow of two phases. A gravity of 9.81 

m/s2 was assigned in the vertical direction perpendicular to flow. However, as solid and fluid 

phases have the same density, the two phases are not expected to separate. Horizontal flow was 

generated in a computational domain 1m  0.1m, resolved by a 50  5 grid. Solid and fluid density 

were set to the same value 1000 kg/m3. Particle size is 300 m and fluid viscosity is 1 cp. Left 

boundary, the flow inlet, was designated with a mass-inflow condition with inlet velocity of 0.5 

m/s, and right boundary, the flow outlet, was designated as a pressure-outflow boundary at 101325 

Pa. Top and bottom were specified as gradient-free. Solid phase was initialized in the 

computational domain uniformly with 0.4 volume fraction. Clear fluid (red) was injected from 

inlet to displace the suspension away from the domain. As shown in Figure 3-4, clear fluid 

displaced the suspension (blue) stably from the beginning to the end. As expected, there is no 

separation in the suspension during the entire displacement process.  Examination of the velocity 

fields show that both phases move at the specified inlet velocity. 
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(a) 0.15 s. 

 
(b) 1.12 s. 

 
(c) 2 s. 

Figure 3-4 Solid volume fraction in horizontal flow subjected to gravity. Solid and fluid phases 

have the same density. Red: clear fluid (solid fraction = 0); blue: suspension (solid fraction = 

0.4). 

      These cases show that MFIX can correctly handle gravity, buoyancy, drag and flow in isolation. 

The third case with modified inlet condition, proppant density, and drag correlations will be used 

in Chapter 6 to simulate proppant transport in a single fracture. 
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CHAPTER 4 

 PROPPANT SETTLING IN VERTICAL FRACTURES 

     To accurately simulate proppant transport in slickwater in fractures, a drag correlation that 

includes key variables mentioned in previous chapters is needed. The setup of DNS used to collect 

data for developing the new drag correlation is presented in this chapter. Then, the collected data 

on sedimentation velocities considering the effect of Archimedes number, cross-flow Reynolds 

number, ratio between fracture aperture and particle diameter, and proppant concentration are 

presented.  

4.1 Dimensionless numbers and coordinate system 

     Phenomenologically, due to the low viscosity of slickwater, fractures created by hydraulic 

pressure usually have a geometry that has two large dimensions (length and height) and one small 

dimension (width). To illustrate this geometry, we refer to the graph used in the KDG (stands for 

Khristianovic-Geertsma-de Klerk) fracture propagation model (Gidley et al. 1989), see Figure 4-

1. This geometry is widely used in the setup of simulations of proppant transport. The surfaces of 

real fractures are not flat and possess roughness. However, these features are neglected in this 

study. Fracture width varies from 2.5 mm to 10 mm as fracturing fluid is changed from water-

based slickwater to gel-like cross-linked fluid (Perkins and Kern 1961; Cipolla et al. 2008). 

Comparing the fracture width to the size of typical proppants, the effect of walls on proppant 

motion should not be neglected. The geometry and coordinate system that we adopted in 

simulating fluid flow and proppant transport are largely identical to those in Figure 4-1. 𝐻 is the 

height  of fracture, and 𝑊 is the width of fracture.  
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Figure 4-1 KDG geometry of fractures (Gidley et al. 1989). 

      Density ratio is a critical dimensionless parameter affecting proppant transport behavior in 

fractures. Because the density of slickwater is only slightly affected by salinity and can be 

considered as nearly fixed, the density of proppant is the variable that can be controlled and 

optimized in fracturing operations. Stimulation engineers consider proppant density carefully as 

they design the schedule of proppant injection. Proppants of different densities may be injected in 

sequence for achieving the best performance.  

     In the field, pumping pressure at the inlet and the associated rate of flow are important 

parameters that determine the aperture of fracture and the rate of proppant flow. Fluid injection 

rate is typically 0.05 – 0.27 m3/s (20 -100 bbl/min). Assuming that the dimension of fracture is 5 

mm in width and 10 m in height, the inlet velocity based on 𝑣𝑖𝑛𝑗 = 𝑄/(𝐻 ×𝑊), is 1 to 5.4 m/s. 

From this inlet velocity, one can define a Reynolds number 𝑅𝑒𝑥 = 𝜌𝑓𝑢𝑊 𝜇⁄  from 5,000 to 27,000. 

      The amount of proppant used per unit volume of fracturing fluid determines how many 

proppants are injected into fractures to keep fractures open to maintain flow pathways for the 

W 
H 
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hydrocarbons. Intuitively, the more proppants are injected, the higher the fracture conductivity. 

However, in consideration of proppant carrying ability of fracturing fluid and economics, usually 

only 2-3 lbm of proppant is used per gallon of fracturing fluid.  

      Lastly, the settling velocity of proppants is strongly correlated to the viscosity of the fracturing 

fluid. For a proppant of a given size and density, increasing the viscosity decreases the settling 

velocity of the proppant. Settling of a proppant is controlled by the weight of proppant less the 

buoyancy and the viscosity.  Archimedes number (Ar) is a common dimensionless number used 

to present particle’s weight (minus buoyancy) relative to fluid viscosity: 

𝐴𝑟 = 𝑔𝑑𝑝3𝜌𝑓(𝜌𝑝−𝜌𝑓) 𝜇𝑓2                                                       (4-1) 

where 𝜌𝑓  and 𝜌𝑝  are the density of fracturing fluid and that of proppant, respectively, 𝑔 is the 

gravitational acceleration, 𝑑𝑝 is the diameter of proppant, and 𝜇𝑓 is the dynamic viscosity of the 

fluid. Note that from the settling velocity of proppant 𝑢𝑠, one can define a Reynolds number as Eq. 

4-2: 𝑅𝑒𝑧 = 𝜌𝑓𝑢𝑠𝑑𝑝 𝜇𝑓                                                             (4-2) 

  Once the ratio of fracture width to proppant size, the ratio of proppant density to fluid density, 

Archimedes number, and proppant volume fraction are set, Rez is uniquely determined. 𝑅𝑒𝑧 is 

therefore not an independent dimensionless number. However, it will be used throughout this 

chapter as the dimensionless form of the settling velocity. 

To summarize, in vertical fractures, proppant-fluid systems are characterized by the following 

dimensionless parameters: density ratio between proppant and slickwater, 𝜌𝑝/𝜌𝑓, the Archimedes 

number, Ar, as in Eq. 4-3, proppant volume fraction, 𝜙𝑠, the Reynolds number of horizontal cross 

flow, 𝑅𝑒𝑥 , and the ratio between fracture width and proppant diameter, W dp⁄ . In lattice 
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Boltzmann simulations, parameters of simulations were systematically varied, so that the effects 

of these four dimensionless parameters were thoroughly explored.  

      Lattice Boltzmann simulations of proppant settling in vertical fractures were carried out in 

computational domains exemplified by Figure 4-2. x is the direction of cross-flow, z is the direction 

of (negative) gravity, and y is the direction perpendicular to the walls. spaces in z.  Proppants are 

treated as spheres of identical diameter. 

     Diameter of proppants was resolved by 5.85 lattices (grid size). No-slip condition was applied 

to the surfaces of particles as well as domain boundaries in the y direction. Domain boundaries in 

x and z directions are periodic. Gravity was assigned in the z direction to allow particles settle. At 

the same time, a body force that is equivalent to a pressure gradient is applied in the x direction to 

generate the horizontal cross-flow associated with injection. The relation between the Reynolds 

number associated with the cross flow and the horizontally applied body force / pressure gradient 

was from integration of the Poiseuille flow profile between parallel plates, neglecting the effect of 

particles on fluid viscosity. 𝑅𝑒𝑥 = 𝑊312𝜇𝑓𝜈 ∆𝑝𝐿𝑥                                                             (4-3) 

     Fracture geometry in DNS has much shorter dimensions in x and z direction compared to those 

of real fractures. Lx and Lz were set to 58 lattice spacing, ten times of particle diameter. However, 

application of periodic boundaries in those two directions allow particles to continuously move 

along those directions and develop steady velocities under applied forcing. Ly was set to 9, 18, and 

29 lattice spacing. These numbers are based on  W dp⁄  of 1.5, 3.0 and 5.0. The final steady velocity 

achieved by the particles in the z direction is reported as the averaged settling velocity. Reported 

settling velocity is the average of five settling velocities, obtained from five simulations of the 

same combination of parameters but different initial particle configurations. The average settling 
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velocity was obtained over the steady state of the simulation, the duration of which was at least 

one third of the total simulation time.  

 

Figure 4-2 Coordinate system for simulation of proppant settling in vertical fractures. 

Lattice Boltzmann method as a direct numerical simulation method is reliable for deriving the 

desired problem-relevant drag model. However, computation cost of the lattice Boltzmann method 

is still too large to allow simulations of large-scale proppant transport. The setting of the 

simulations, hence, only reflects the balance between gravity, cross-flow, and sedimentation in a 

small area of the entire fracture, see Figure 4-3.  

       In Table 4-1, the dimensionless parameter space explored by the lattice Boltzmann simulations 

is presented. Two proppant volume fractions were studied: 5 % and 10%. Three density ratios were 

simulated: 1.1, 2.0 and 2.5. This range of density ratios covers most practical proppant selections 

for slickwater fracturing. Three Archimedes numbers were studied: 20, 71, and 319. To illustrate 

the relevancy of these Archimedes numbers, we computed the Archimedes numbers of two real 

proppant-fluid systems. When the viscosity of slickwater is 3 cp, the density of proppant is 1800 

 

Lx 

Ly 
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kg/m3, a proppant size of 300 m (in the middle of 40/70 mesh size) generate an Ar of 23.54. If 

the viscosity of fluid is 1 cp, the density of proppant is 2000 kg/m3, and proppant size is 400 m, 

Ar would be 627.84. Three different ratios of fracture width to proppant diameter were simulated: 

1.5, 3, and 5. Finally, the Reynolds numbers associated with cross-flow were set to 1, 3, 10 and 

30. Note that these Reynolds numbers are which lower than that of cross-flow encountered near 

the point of proppant injection. Due to the high computational cost associated with resolving the 

fine structures of high-Reynolds number flows, in this study we could not use DNS to achieve very 

high Reynolds numbers. However, these Reynolds numbers should be relevant to flows near the 

ends of the fractures. Besides, as no existing studies on settling velocity / drag considered cross 

flows, data presented with these Reynolds numbers should be nonetheless useful for assessing the 

effect of cross flows in a narrow gap on the rate of sedimentation. 

 

Figure 4-3 The size of computational domain used in DNS-LBM relative to a large-scale 

proppant transport. The DNS domain is one order of magnitude smaller than the area of the red 

frame.  

4.2 DNS results and discussions 

     A total number of 2400 lattice Boltzmann simulations were run to characterize the settling 

velocity, non-dimensionalized into 𝑅𝑒𝑧 , at the combinations of dimensionless parameters 
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presented in Table 4-1. In what follows, we will present the influences of each dimensionless 

parameter.  

Table 4-1 LB Simulation Parameters for Proppant Settling Through Slickwater 

Parameter Range 

Proppant volume fraction,  ϕs 5 % and 10 % 

Density ratio between proppant and fracturing fluid, ρp ρf⁄  1.1, 2.0, and 2.5 

Archimedes number, Ar 20, 71, and 319 

Mean cross-flow Reynolds number, Rex 1, 3, 10 and 30 

Fracture-to-particle size ratio,  W dp⁄  1.5, 3.0 and 5.0 

4.2.1 Effect of proppant concentration 

     Figure 4-4  (page 53) is a summary of settling Reynolds numbers obtained in vertical fractures 

where the density ratio between proppants and the fracturing fluid is 1.1 and cross-flow Reynolds 

number is 1.0. The horizontal axis is the ratio of fracture width to proppant size, and the vertical 

axis is 𝑅𝑒𝑧 as defined in Eq. 4-4. (a), (b) and (c) correspond to three different Archimedes numbers.  

Figure 4-4 shows that proppants suspensions of higher concentrations always settle slower than 

those in suspensions of lower concentration. This reduction in the settling velocity is attributed to 

the hindrance effect that has been found by many other researchers (Baldock et al. 2004; Cheng 

1999; Gillies and Shook 2000). It is qualitatively consistent with Richardson-Zaki’s empirical 

correlation that gives the dimensionless velocity reduction as a power-law function of void fraction 

(fluid volume fraction) (Richardson and Zaki 1954). 
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4.2.2 Effect of cross flow 

     Figure 4-5 (page 54) shows the dependence of settling Reynolds numbers on the size ratio 

between the width of fracture and the diameter of proppant at the lower proppant concentration 

(5%) and the lowest proppant-fluid density ratio (1.1). Four symbols represent four cross-flow 

Reynolds numbers. The lack of difference among data with different symbols shows that the effect 

of cross flow on the mean settling Reynolds number is not significant. At the higher proppant 

concentration (10%) and the two higher density ratios (2.0 and 2.5), the effect of cross flow was 

also found to be insignificant. Note that this finding is not in conflict with the notion that a higher 

injection flow rate can improve proppant transport because even though 𝑅𝑒𝑧 is not reduced by 

cross flow, a faster cross flow perpendicular to gravity still can transport proppant farther in the x 

direction. For cross-flow Reynolds number much higher than studied here, the onset of turbulent 

fluctuations may affect the settling Reynolds number and this can be a topic for future study.  

4.2.3 Effect of walls 

From Figures 4-4 and 4-5, the effect of walls is obvious in the range of  W dp⁄  explored and is 

in agreement with a previous investigation (Liu and Sharma 2005). The interaction between 

proppants and walls become more significant in narrower fractures. The smaller the fracture width, 

the slower proppants settle in the fracture. . 

4.2.4 Effect of density ratio 

Density of proppant relative to that of fluid is usually considered as a significant factor that 

affects proppant transport. Due to the low viscosity of slickwater, light or ultra-light proppant are 

specifically desired. Interestingly, when the Archimedes number was held constant the influence 

of density ratio was not significant over the range of  density ratios explored, see Figure 4-6 (page 

55). Note that densities are also used in the calculation of the Archimedes number. The observation 
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that density ratio does not have significant influence over the settling velocity once the Archimedes 

number is fixed suggests that the settling velocity is mainly controlled by the balance between 

weight (minus buoyancy) and viscosity. Once this balance is fixed at a constant Archimedes 

number, variation in the proppant-fluid density ratio alone does not significantly affect the settling 

velocity. 

4.2.5 Effect of Archimedes number 

The last dimensionless number, the Archimedes number, controls the balance between the 

weight of the particle (minus buoyancy) and the viscosity of the fluid. This balance intuitively 

suggests that the higher the Archimedes number, the faster the settling velocity of proppants. 

Figure 4-7 (page 55) shows that this expectation is true. (a), (b) and (c) provide the trends in the 

settling Reynolds number with fracture-to-particle size ratio at 𝜌𝑝 𝜌𝑓⁄  = 2.5 and Rex = 1. Figure 4-

7 shows that the effect of Ar on settling velocity is very significant. A practical context of this 

dependence is the relation between settling velocity and proppant size / fluid viscosity. If proppant 

density and fluid density are fixed, the bigger the proppant or the lower the viscosity of the 

fracturing fluid, the higher the Archimedes number and the faster the settling velocity of the 

proppant. 

4.3 Development of new drag model for proppant settling in vertical fractures 

In this section, we present a new drag correlation that considers the effect of walls based on 

the accumulative results from DNS. It is our realization that this new drag correlation could be 

presented in many different ways. However, to make this drag law more accessible for its intended 

purpose: proppant transport in slickwater fracturing, we chose to first relate the settling Reynolds 

number in vertical fractures to the settling Reynolds number of particles in unbounded suspension 
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from the Richardson-Zaki equation, which is well known and used in the industry (Richardson and 

Zaki 1954). We specifically seek a polynomial expression in the form of 

𝑅𝑒𝑧𝑅𝑒𝑅𝑍 = 𝐶 + 𝐵 (𝑑𝑝𝑊) + 𝐴(𝑑𝑝𝑊)2                                                (4-4) 

Here, A, B, and C are coefficients of this second-order polynomial.  It should be noted here that 𝑅𝑒𝑧/𝑅𝑒𝑅𝑍 should approach unity as 𝑑𝑝 𝑊⁄  approaches zero. However, from our simulation data 

the intercept of the quadratic polynomial Eq. 4-4 is always below unity. This observation (Figure 

4-8 (page 56)) suggests that when 𝑑𝑝 𝑊⁄  is small,  𝑅𝑒𝑧/𝑅𝑒𝑅𝑍  must rise more rapidly than a 

quadratic function to approach unity, which is an indication that the hydrodynamic interaction 

between the walls and the particles can have a long range that affects the settling velocity of 

particles. Rapid increase in the range of hydrodynamic interaction when the size of particle 

becomes small compared to other length scales of suspension is not new to this study. Average 

settling velocity of particles can rise rapidly when the ratio of particle diameter to the inter-particle 

spacing, 𝑑𝑝 𝐿⁄ , approaches zero (Yin and Koch 2007). This phenomenon was also observed in 

bubble suspensions (Yin and Koch 2008). 

As the high computational cost of DNS-LBM does not allow us to characterize, in this study, 

the limiting behavior of Rez at large domain size 𝑑𝑝 𝑊⁄ , we chose to let C be an adjustable 

parameter. Since cross-flow Reynolds number and proppant-fluid density ratio were found to have 

little influence over the settling velocity, data with different cross-flow Reynolds numbers and 

proppant-fluid density ratios were averaged, and coefficients A, B, and C were obtained as 

functions of solid volume fraction  𝜙𝑠 and the Archimedes number. The values of A, B, and C are 

listed in Table 4-2 (page 56). 

     For  𝜙𝑠 and Ar not listed in Table 4-2 but are within the range of  and 20 < Ar < 319, linear 

interpolation can be applied to find A, B and C.  
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Figure 4-4 Effect of proppant concentration on settling velocity. Various Archimedes numbers 

and fracture-particle diameter ratios are included. 𝜌𝑝 𝜌𝑓⁄  = 1.1 and Rex = 1. (Empty symbols 

represent the lower proppant concentration (5%), and filled symbols are for the higher proppant 

concentration (10%). 
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Figure 4-5 Effect of cross flow on settling velocity at various Archimedes numbers: 𝜌𝑝 𝜌𝑓⁄  = 1.1 

and Rex = 1. (Empty symbols represent the lower proppant concentration (5%), and filled 

symbols are for the higher proppant concentration (10%). 
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Figure 4-6 Effect of density ratio on settling velocity for various Archimedes numbers: Rex  = 1 

and  𝜙𝑠  = 5%. Different symbols represent different density ratios: circle for 𝜌𝑝 𝜌𝑓⁄   = 1.1, 

triangle for 𝜌𝑝 𝜌𝑓⁄   = 2.0, and square for 𝜌𝑝 𝜌𝑓⁄  = 2.5. Colors of symbols are indicative of the 

Archimedes numbers: green for Ar = 20, black for Ar = 71, and red for Ar = 319. 

 𝜌𝑝 𝜌𝑓⁄  = 2.5 

Figure 4-7 Settling Reynolds number as a function of fracture width to proppant size ratio. Open 

and solid symbols represent 5% and 10% proppant volume fractions, respectively. Colors of 

symbols are indicative of the Archimedes numbers: Green is for Ar = 20, black is for Ar = 71, 

and red is for Ar = 319.  
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Figure 4-8 Polynomial expressions fitting DNS data of 𝑅𝑒𝑧/𝑅𝑒𝑅𝑍 in vertical fractures: Ar = 20. 

Blue and orange symbols represent 5% and 10% solid volume fractions, respectively. 

Table 4-2 Coefficients for the new drag correlation Eq. 4-4 for vertical fractures 

Ar = 20 

 𝜙𝑠 A B C 

0.05 0.0242 0.7862 0.8628 

0.10 0.4547 1.0575 0.8609 

0.15 0.6708 1.2038 0.8869 

0.20 0.6229 1.2032 0.9003 

 

Ar = 71 

𝜙𝑠 A B C 

0.05 0.6376 0.1044 0.8026 

0.10 0.1037 0.5635 0.8235 

0.15 0.1315 0.7447 0.8341 

0.20 0.2463 0.8490 0.8488 

 

Ar =319 

𝜙𝑠 A B C 

0.05 0.4544 0.0119 0.8090 

0.10 0.1434 0.2320 0.7921 

0.15 0.0493 0.4462 0.8174 

0.20 0.0750 0.5975 0.8309 
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      The procedure to use this new drag correlation is as follows. First, compute the Archimedes 

number from the basic field variables given: proppant density, proppant size, slickwater density, 

and viscosity. Second, use the desired proppant concentration to interpolate, from the three tables 

in Table 4-2, three sets of A, B, and C that correspond to the three Archimedes numbers. Third, 

use the calculated Archimedes number to interpolate, from the three sets of A, B, and C, the values 

of A, B and C needed to compute Eq. 4-5. Once A, B, and C are obtained, the ratio between 𝑑𝑝 and 𝑊  can be calculated for given 𝑑𝑝 𝑊⁄  . After 𝑅𝑒𝑅𝑍  is calculated from the Richardson-Zaki 

correlation, 𝑅𝑒𝑧/𝑅𝑒𝑅𝑍 is obtained.  

     By following the procedure presented above, stimulation engineers should be able to predict 

proppant settling velocity from field parameters. Integration of this drag correlations with MFIX 

will be presented in Chapter 6.  
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CHAPTER 5  

PROPPANT SETTLING IN INCLINED FRACTURES 

  Hydraulically created fractures are not always vertical. In order to simulate proppant settling 

and transport in inclined fractures, correlations for the settling velocity / drag must be established. 

In this chapter, we present the setup of lattice Boltzmann simulations used to generate data for the 

development of drag / settling velocity correlation incorporating the inclination angle. In addition 

to the dimensionless parameters introduced in Chapter 4, inclination angle as an additional 

dimensionless parameter, was introduced into the setup. This chapter can be considered as an 

extension of the previous chapter.  

5.1 Dimensionless numbers and coordinate system 

      Simulations of proppant settling in inclined fractures used coordinate system as shown in 

Figure 5-1. In this coordinate system, the proppant-carrying cross-flow is still in the direction of x, 

the horizontal direction along which the fracture extends. The z direction is perpendicular to x and 

is the other direction along which the fracture extends. The angle between the z direction and the 

gravity is 𝜃, the inclination angle. The y direction is still defined as perpendicular to the walls. In 

this coordinate system, gravity possesses two components:  𝑔𝑠𝑖𝑛𝜃  is the component in the y 

direction, and 𝑔𝑐𝑜𝑠𝜃 is the component in the z direction. “Settling” velocity in this coordinate 

system refers to the velocity of proppants along the z direction. Three inclination angles 15, 45 and 

75 were investigated in this chapter. The Archimedes numbers Ar was also varied from 20 to 319 

as in Chapter 4. The actual gravity that drives the proppants to settle along z, however, varies with 

the inclination angle. The parameter space spanned by the dimensionless groups studied in this 



59 

chapter is presented in Table 5-1. A total number of 9820 simulations were ran to fully cover this 

parameter space. 

 

Figure 5-1 Scheme of inclined fracture coordinate system. 

     The dimension of lattice Boltzmann simulation domain is 10 𝑑𝑝 × W × 10 𝑑𝑝 (length  width 

 height) as in the previous chapter, with solid walls applied in the y direction and periodic 

boundary conditions applied in x and z dimensions.  

Table 5-1 LB Simulation Parameters for Proppant Settling in Inclined Fractures 

Parameter Range 

Proppant concentration,  ϕs 5 %, 10 % 

Density ratio between proppant and fracturing fluid, ρp/ρf 1.1, 2.0, 2.5 

Archimedes number, Ar 20, 71, 319 

Mean cross-flow Reynolds number, 𝑅𝑒𝑥 1, 3, 10, 30 

Fracture-to-particle size ratio, W dp⁄  1.5, 3.0, 5.0 

Inclination, 𝜽 15°, 45°, 75° 
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5.2 DNS results and discussions 

      Because the Archimedes number is a linear function of gravity, 𝑔. Ar’ is induced here using 𝑔𝑐𝑜𝑠𝜃  to represent the Archimedes number in inclined fractures along the settling direction: 

𝐴𝑟′ = 𝑔𝑐𝑜𝑠𝜃𝑑𝑝3𝜌𝑓(𝜌𝑝−𝜌𝑓)𝜇𝑓2                                                       (5-1) 

Similar to vertical fractures, density ratio and cross-flow velocity when other parameters were held 

fixed had little effect on settling velocity in inclined fractures. Therefore, only one density ratio 

and cross-flow Reynolds number is shown in Figure 5-2 (page 61) to illustrate the effect of 

fracture’s inclination angle on the settling Reynolds number 𝑅𝑒𝑧.  
      The most obvious observation from Figure 5-2 is that proppant in less inclined fractures (lower θ) settle faster than those in more inclined fractures (higher θ). Because the z-component of gravity 

decreases with increasing θ, this trend is easy to understand. Perhaps more interesting  is, in the 

narrowest gap, higher proppant concentration (filled symbols) led to reduced settling Reynolds 

number, similar to the trend observed with proppant concentration in a vertical fracture. However, 

with increasing fracture width, the trend with proppant concentration is reversed in that higher 

proppant concentration led to increased 𝑅𝑒𝑧. This reversed trend is attributed to the action of the 

gravity component in the y direction. With inclination, proppants tend to settle along one side of 

the fracture. As proppants accumulate near one side of the fracture, the other side becomes nearly 

proppant free, see Figure 5-3 (page 53). Settling of proppants then generates a circulation in the 

fracture that reduces the drag experienced by the particles and increases the velocity of settling. 

This effect increases with increasing fracture width, because in wider fractures a proppant free 

zone can be more easily generated.  
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Figure 5-2 Settling Reynolds number as functions of 𝑊 𝑑𝑝⁄  at various inclination angles from 

15 to 75 in systems with 𝜌𝑝/𝜌𝑓 = 1.1, Ar = 20, 𝑅𝑒𝑥 = 1. Green symbols represent data from 

the fracture with the smallest angle (θ = 15) from gravity, black symbols are for the 

intermediate angle (θ = 45), and red symbols are for the highest angle from gravity (θ = 75); 
open symbols and filled symbols represent solid volume fractions of 5% and 10%, respectively. 

 

 

 

Figure 5-3 Side views of proppants’ center locations in an inclined fracture at various times: 
initial (left); developing (middle); fully developed (right): θ = 45, 𝜌𝑝/𝜌𝑓 = 2.5, Ar = 20,  𝑅𝑒𝑥 = 1,  𝜙𝑠 = 10%. 

      These simulation data show that the settling velocity in inclined fractures cannot be obtained 

by simply replacing 𝑔  by 𝑔𝑐𝑜𝑠𝜃  , the component of gravity along the z direction. Settling 

Reynolds numbers 𝑅𝑒𝑧 in Figure 5-2 cannot be obtained by scaling Ar with the cosine of the 
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inclination angle. For instance, 𝑅𝑒𝑧,𝑖𝑛𝑐  in the widest fracture (𝑊 𝑑𝑝⁄ = 5) with 15  inclination 

when the solid fraction is 5% and density ratio is 1.1 is 0.3068.  If we simply substitute Ar’ into 

Eq. 4-4 obtained from interpolating Table 5-2 (page 63), the predicted settling Reynolds number 

along z is 0.6825. This example shows that inclination is an important parameter and the effect of 

inclination angle needs to be studied angle-by-angle. 

5.3 Development of new drag correlation for proppant transport in inclined fractures 

Results obtained from lattice Boltzmann simulations were used to develop a new drag 

correlation. The strategy adopted here, again, is to first establish correlations for 𝑅𝑒𝑧 characterized 

from the three inclination angles. Then, for angles that have no simulation data, use interpolation 

to determine the coefficients of correlation. As in Chapter 4, we chose to relate 𝑅𝑒𝑧 in inclined 

fractures, 𝑅𝑒𝑧,𝑖𝑛𝑐 to 𝑅𝑒𝑧 in vertical fractures, 𝑅𝑒𝑧.𝑣𝑒𝑟, by a quadratic polynomial: 

𝑅𝑒𝑧,𝑖𝑛𝑐𝑅𝑒𝑧,𝑣𝑒𝑟 = 𝐶′ + 𝐵′ (𝑑𝑝𝑊) + 𝐴′(𝑑𝑝𝑊)2                                            (5-2) 

where A’, B’ and C’ are fitting parameters. Table 5-2 lists all the A’, B’ and C’ obtained for  𝑅𝑒𝑧,𝑖𝑛𝑐/𝑅𝑒𝑧,𝑣𝑒𝑟. The procedure of using Table 5-2 to generate a drag correlation to compute settling 

velocity in an inclined fracture is similar to that in Chapter 4. First, one should use interpolation to 

determine the values of A’, B’ and C’ to be used. Then, based on 𝑑𝑝 𝑊⁄  and the value of 𝑅𝑒𝑧,𝑣𝑒𝑟 
computed using the procedure in Chapter 4, the value of 𝑅𝑒𝑧,𝑖𝑛𝑐 is obtained.  

       Finally, we note that the specific procedure to obtain  from 𝑅𝑒𝑧,𝑖𝑛𝑐 consists of the following 

steps: 𝑅𝑒𝑧,𝑖𝑛𝑐 = 𝜌𝑓𝑢𝑠𝑒𝑑𝑑𝑝𝜇                                                          (5-3) 𝑢𝑠𝑒𝑑 = 𝑢𝑠𝑙𝑖𝑝(1 − 𝜙𝑠)                                                     (5-4) 



63 

𝑓𝐷𝑟𝑎𝑔 = 𝜙𝑠(1 − 𝜙𝑠)(𝜌𝑝 − 𝜌𝑓)𝑔𝑐𝑜𝑠 = 𝛽𝑢𝑠𝑙𝑖𝑝                                (5-5) 

Note that these three equations were also used to obtain 𝛽 in vertical fractures. Applications of this 

new drag correlation in MFIX will be shown in Chapter 6. 

 
Figure 5-4 Use of quadratic polynomials to fit 𝑅𝑒𝑧,𝑖𝑛𝑐/𝑅𝑒𝑧,𝑣𝑒𝑟 from DNS: θ = 15 , Ar = 20. Blue 

and orange symbols represent 5% and 10% solid volume fraction, respectively. 

Table 5-2 The new drag correlation coefficient in inclined fractures 

Group 1 Inclination angle θ =15  

Ar = 20 

 𝜙𝑠 A’ B’ C’ 
0.05 0.5876 0.8287 0.5278 

0.10 1.6122 2.1243 0.9734 

0.15 1.7732 1.9803 0.9921 

0.20 1.7901 2.0388 1.0590 

 

Ar = 71 

 𝜙𝑠 A’ B’ C’ 
0.05 1.1340 1.7698 0.9782 

0.10 0.650 0.9434 0.6147 

0.15 0.5478 0.9833 0.5689 

0.20 0.4944 0.8973 0.5231 
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Table 5-2 Continued 

Ar = 319 

 𝜙𝑠 A’ B’ C’ 
0.05 0.9425 1.8256 1.1693 

0.10 0.7849 1.2308 0.8205 

0.15 0.7234 1.3409 0.7390 

0.20 0.6533 1.1212 0.7021 

Group 2 Inclination angle θ = 45  

Ar = 20 

 𝜙𝑠 A’ B’ C’ 
0.05 0.4139 0.5917 0.3863 

0.10 0.4049 0.7932 0.5479 

0.15 0.4238 0.6154 0.5833 

0.20 0.4330 0.6523 0.6001 

 

Ar = 71 

 𝜙𝑠 A’ B’ C’ 
0.05 0.1045 0.3830 0.4085 

0.10 0.7800 0.9770 0.6211 

0.15 0.0865 1.1010 0.6298 

0.20 0.7223 1.1324 0.7002 

 

Ar = 319 

 𝜙𝑠 A’ B’ C’ 
0.05 0.1382 0.5246 0.5452 

0.10 0.5044 1.1019 0.7861 

0.15 0.4987 1.1212 0.8231 

0.20 0.4012 1.3012 0.8452 

Group 3 Inclination angle θ = 75  

Ar = 20 

 𝜙𝑠 A’ B’ C’ 
0.05 0.1663 0.2260 0.1422 

0.10 0.1603 0.3018 0.2026 

0.15 0.1643 0.2982 0.2209 

0.20 0.1704 0.3127 0.2479 
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Table 5-2 Continued 

Ar = 71 

 𝜙𝑠 A’ B’ C’ 
0.05 0.1905 0.2639 0.1693 

0.10 0.4546 0.4813 0.2458 

0.15 0.3813 0.3890 0.3561 

0.20 0.4041 0.4351 0.3371 

 

Ar = 319 

 𝜙𝑠 A’ B’ C’ 
0.05 0.4521 0.5318 0.2486 

0.10 0.4717 0.4970 0.2957 

0.15 0.4128 0.5201 0.3101 

0.20 0.5051 0.5538 0.3340 
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CHAPTER 6  

SIMULATION OF PROPPANT TRANSFORT IN SINGLE FRACTURE USING DNS-

DERIVED DRAG CORRELATIONS 

      In this chapter, simulations of proppant transport in a single fracture using MFIX coupled with 

DNS-derived drag correlations are presented. Two kinds of fractures, vertical and inclined, were 

used in the simulations. The performance of proppant transport is evaluated by the rate of 

formation of proppant bank and the length and height of proppant bank formed in fractures. 

6.1 Proppant transport in vertical fractures 

 Settling of proppants in slickwater occurs rapidly as the injected slurry enters the fracture. The 

height of proppant bank (fully settled proppants) grows with time until settling and re-suspension 

of proppants over the proppant bank reach equilibrium when the mean cross-flow velocity above 

the proppant bank becomes critical. The equilibrium height of the proppant bank, Hb, will be 

presented in this section. Before the equilibrium height is reached, a transition length, 𝐿𝑡, may be 

defined, c.f. Figure 6-1. 𝐿𝑡  will be presented in this section, too. Additionally, by presenting 

snapshots of proppant distributions at fixed times, we will present, qualitatively, rate of growths 

of the proppant bank under various conditions. 

 

Figure 6-1 Profile of proppant bed forming reaching equilibrium state. 

Equilibrium 

Bed Height Equilibrium Bed 

Transitional Length  
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     The equilibrium heights and transition lengths of proppant banks at equilibrium states were 

determined by fitting the interface between the settled solid phase (zero velocity) and the mobile 

slurry flow above with an exponential function: 𝑦 = 𝑎[1 − 𝑒−𝑏(𝑥−𝑥0)]                                                      (6-1) 

One example of this fitting is showed in Figure 6-2. Equilibrium height 𝐻𝑏 equals the value of a 

in the fitting function and transition length 𝐿𝑡 was obtained by letting y reach 0.95a. 

 

Figure 6-2 Boundary of a proppant bank fit by an exponential function. 

6.1.1 Setup and parameters of MFIX simulations 

     The domain of MFIX simulations is two-dimensional, with an aspect ratio of 10:1 (length: 1 m; 

height: 0.1 m) to allow development of proppant banks. The left side of the domain is the inlet for 

the proppant slurry, and the right side is the outlet. The inlet was specified with a uniform velocity 
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and solid fraction, and the outlet was specified as of a constant pressure. Upper and lower 

boundaries of domain were specified as solid walls. Initial conditions of MFIX simulations were 

specified as an empty fracture without proppants and fracturing fluid. As simulation begins, slurry 

enters and fills the fracture from the left and then leaves the fracture from the right. Leakoff was 

not considered in our simulations. First, at the time and length scales of interest (tens to hundreds 

of seconds and one meter) leakoff should not have any influence on slurry flow. Second, in field 

operations, prior to injection of proppant slurry a pad fluid without proppants is often injected, 

which should reduce fluid loss through leakoff. Although the computational domain is smaller 

than a real fracture, the critical velocity obtained from this simulation and the ratio between  

and the total height of the fracture  should still be representative of those in a real one. The 

motion of proppant slurry is simplified as a two-dimensional flow, because in the third dimension 

(width) the velocity is low compared to the other two directions. The grid used in the simulations 

is shown in Figure 6-3. The grid size is 0.005 m and the time step size is 0.0001 s. The grid size 

has negligible effect on the results, and so does the time step size.  

 

Figure 6-3 MFIX simulation domain and mesh. 

The parameters of MFIX simulations are listed in Table 6-1. Particle size was set to 300 m, 

500 m  or 700 m  because they are the typical sizes of real proppants used in slickwater 



69 

fracturing. Fluid phase density was set to 1000 kg/m3. Three particle densities were simulated to  

cover a range of proppant specific gravities from 1.1 to 2.65. Ultra-light weight, intermediate 

weight and regular density proppants therefore were all considered. Gravity was set to 9.81 m/s2. 

Total simulation time depends on the combination of parameters however a typical simulation 

takes several hours for the proppant bank to reach its steady shape in the computational domain. 

Table 6-1 Setup of MFIX simulations and parameters explored 

Parameter Value (unit) 

Fluid viscosity 1 cp, 2 cp, 3 cp 

Fluid density 1000 kg/m3 

Inlet proppant volume fraction 5%, 10%, 15% 

Injection velocity  0.5 m/s 

Domain size 1 m  1 m 

Time-step  0.0001sec 

Mesh size                      200   20 

Particle diameter 300 m , 500 m , 700 m   

Particle density 1100, 2000, 2650 kg/m3 

Coefficient of restitution, e, inter-particle 0.9 

Coefficient of restitution, e, particle-wall 0.9 

Exit pressure 1.5  107 Pa 

Gravity                                9.81 m/s2 

6.1.2 Simulation results and discussions 

      MFIX simulation results are discussed in following aspects: rate of proppant bank development 

and influences of  proppant density, size, fracturing fluid viscosity, and inclination angle on two 

measurements of proppant bank’s dimension: equilibrium height and transition length. 
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6.1.2.1 Proppant bank development 

     In this part, we visualized proppant distributions at four different times (25 s, 50 s, 100 s and 

150 s) to observe the effects of  proppant transport with 𝑑𝑝 = 300 m, 𝜙𝑠 = 10 %, 𝑊 𝑑𝑝⁄  = 5. The 

maximum packing fraction of proppants was specified as 0.58, which is the volume fraction of a 

loose random packing. As discussed in Chapter 3, the mean flow rate effect on proppant settling 

is small. Therefore, slurry injection flow rate is fixed on 0.5 m/s in this study to evaluate other 

influence on proppant transport.  

     Figure 6-4 (page 71) and 6-5 (page 71) show the effect of drag correlation on the development 

of proppant bank. An existing drag correlation in MFIX, BVK (Beetstra et al. 2007a), was selected 

to simulate proppant transport to compared with our DNS-derived drag model. In these simulations, 

proppants are of  regular weight 2000 kg/m3. The viscosity of the slickwater is assumed to be 1 cp 

viscosity in the wide fracture 𝑊 𝑑𝑝⁄  = 5 leading to Ar = 265. 

      By comparing predictions of the two drag correlations with the same proppant / flow 

parameters and at the same times, it can be observed that the formation of proppant bank is slower 

with the new drag correlations. At 150 s, proppant bank from the BVK correlation already reached 

the exit,  whereas for the new drag correlation the proppant bank had not reached the exit. Since 

the BVK model was derived from multiphase flows that do not have the effect of fracture walls, it 

predicts higher settling velocities than our new model, and hence more rapid development of the 

proppant bank. And BVK correlation has a higher 𝐻𝑏 than that of DNS-derived correlation. 

     The effect of density ratio can be observed from Figure 6-6 (page 72). Comparing Figure 6-5 

to Figure 6-6, one can see that ultra-light density proppant (specific gravity = 1.1) can be 

transported farther with less accumulation of proppant bank at the bottom of the fracture.    
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      Comparison between Figure 6-5 and Figure 6-7 (page 72) shows the effect of viscosity on 

proppant transport. Figure 6-6 was obtained with a fluid viscosity of 3 cp. It clearly shows higher 

viscosity fluid has better proppant carrying capability. Proppants settle much slower in high-

viscosity fracturing fluid than in low-viscosity fluid, leading to slower buildup of the proppant 

bank. Proppants in this case can be transported further than the cases shown in Figure 6-5. 

 

 
(a) 25s 

 
(b) 50s 

 
(c) 100s 

 
(d) 150s 

Figure 6-4 Proppant distributions at different times: BVK (Beetstra et al. 2007a) drag correlation: 

Ar = 265 (𝑑𝑝 = 300 m, 𝜌𝑝 𝜌𝑓⁄  = 2.0, 𝜇𝑓  = 1 cp), 𝜙𝑠 = 10 %, 𝑊 𝑑𝑝⁄  = 5. 

 

 
(a) 25s 

 
(b) 50 s 

 
(c) 100 s 

 
(d) 150s 

Figure 6-5 Proppant distributions at different times: DNS-derived drag correlation: Ar = 265 

 (𝑑𝑝 = 300 m, 𝜌𝑝 𝜌𝑓⁄  = 2.0, 𝜇𝑓  = 1 cp), 𝜙𝑠 = 10 %, 𝑊 𝑑𝑝⁄  = 5. 
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(a) 25s 

 
(b) 50 s 

 
(c) 100 s 

 
(d) 150s 

Figure 6-6 Proppant distributions at different times: ultra-light weight proppant  and DNS-

derived drag correlation: Ar = 26.5 (𝑑𝑝 = 300 m, 𝜌𝑝 𝜌𝑓⁄  = 1.1, 𝜇𝑓  = 1 cp), 𝜙𝑠 = 10 %,  𝑊 𝑑𝑝⁄  = 5. 

 

 
(a) 25s 

 
(b) 50 s 

 
(c) 100 s 

Figure 6-7 Proppant transport in a high-viscosity slickwater at different times: DNS-derived drag 

correlation: Ar = 29.4 (𝑑𝑝 = 300 m, 𝜌𝑝 𝜌𝑓⁄  = 2.0, 𝜇𝑓  = 3 cp), 𝜙𝑠 = 10 %, 𝑊 𝑑𝑝⁄  = 5. 

      Our new drag correlation considers the effect of fracture width. Starting from the parameters 

of Figure 6-5, we reduced 𝑊 𝑑𝑝⁄  from 5 to 3 and the results are shown in Figure 6-8 (page 73). 

The profile of the proppant bank in Figure 6-7 indicates that the narrower the fracture the slower 

the propagation of the proppant bank. At the two earlier times (25 s and 50 s), only a small proppant 

bank was formed; at 100 s, the equilibrium height was reached and the proppant bank began to 

steadily propagate along the length of fracture. At 150 s, in the wider fracture shown in Figure 6-
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5, proppant bank almost reached the exit. Proppant bank in the narrower fracture, shown by Figure 

6-8, still was about a quarter meter away from the exit. This comparison again shows that it is 

necessary to incorporate the effect of fracture width in drag laws, and a narrower fracture impedes 

proppant settling more, leading to slower development of the proppant bank. 

 

 
(a) 25s 

 
(b) 50 s 

 
(c) 100 s 

 
(d) 150s 

Figure 6-8 Proppant transport using DNS-derived drag law generated from narrower gap size at 

different times: Ar = 265 (𝑑𝑝 = 300 m, 𝜌𝑝 𝜌𝑓⁄  = 2.0, 𝜇𝑓  = 1 cp), 𝜙𝑠 = 10 %, 𝑊 𝑑𝑝⁄  = 3. 

     Distributions of solid-phase velocity, fluid-phase velocity, and slip velocity  during the 

proppant transport process of Figure 6-5 are shown in Figure 6-9 through Figure 6-14 (page 74 -

77). Distributions of solid-phase velocity show that the solid phase in the proppant bank is 

immobile. The growth of the proppant bank along the flow direction, therefore, comes from the 

settling of proppants after they are carried over the already-formed proppant bank by the fracturing 

fluid. Proppants injected later pass those injected earlier and settle at locations downstream.  

      Plots of x-velocity fields (Figure 6-9 (page 74) and 6-11 (page 76)) show that solid / fluid 

velocities are highest above the already formed proppant bank as expected, and the critical velocity 

for this case is about 1.8 m/s. Plots of y-velocity fields (Figure 6-10 (page 74) and 6-12 (page 76)) 
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show that both solid and fluid rise at the leading edge of the proppant bank and fall at the trailing 

edge. Images at 100 s additionally show that a circulation was formed at the trailing edge. 

 

 

Figure 6-9 Proppant velocity (m/s) in the x direction at different times: DNS-derived drag 

correlation, Ar = 265 (𝑑𝑝 = 300 m, 𝜌𝑝 𝜌𝑓⁄  = 2.0, 𝜇𝑓  = 1 cp), 𝜙𝑠 = 10 %, 𝑊 𝑑𝑝⁄  = 5. 

 

 

 

 

Figure 6-10 Proppant velocity (m/s) in the y direction at different times: DNS-derived drag 

correlation, Ar = 265 (𝑑𝑝 = 300 m, 𝜌𝑝 𝜌𝑓⁄  = 2.0, 𝜇𝑓 = 1 cp), 𝜙𝑠 = 10 %, 𝑊 𝑑𝑝⁄  = 5. 
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      Plots of slip velocity in x direction in Figure 6-11 (page 76) show that slip in the x direction is 

mostly concentrated to the leading and trailing edges of the bank. Figure 6-12 (page 76) for the 

slip velocity in the y direction indicates that settling is most significant in the transition zone before 

the proppant bank, and gradually diminishes with increasing height of the proppant bank due to 

increased fluid velocity. After passing the proppant bank, slip velocity in y increases again, 

indicating settling after the trailing edge. 

6.1.2.2 Profiles of developed proppant banks 

  After presenting the growth process of proppant banks, in this part we focus on the profiles of 

formed proppant banks.  

For slickwater fracturing, the profile of the proppant bank largely determine the conductivity of 

fractures post-treatment, because the part of fracture not supported by proppants will be closed and 

contributes little to production. Formed proppant bank can be phenomenologically described by 

two independent dimensionless numbers based on fracture height, H. These two dimensionless 

numbers are dimensionless equilibrium height Hb H⁄  and dimensionless transition length Lt H⁄ . 

Fracture height H in this study was selected as 0.1 m. Hb is the equilibrium height of proppant 

banks and Lt  is the distance from the entrance to the point where Hb  is achieved. Note that 

simulations in which Lt H⁄  > 8 were excluded from the results presented in this part, because the 

length of the computational domain used in this study is only 10 H and one cannot get a reliable 

estimate of Hb when Lt H⁄  > 8. In what follows, we will present the dependence of these two 

dimensionless numbers on proppant transport parameters. 

 Figure 6-15 (page 78) and Figure 6-16 (page 79) present the effects of fracturing fluid viscosity 

and proppant concentration on the dimensionless equilibrium height and transition length in 

vertical fractures. Proppant banks were built using proppant sizes of 300 m, 500 m and 700m, 
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respectively. Proppant-to-fluid density ratio for these two figures is 2.65. Figure 6-15 shows that 

equilibrium height of proppant bank decreases with increasing fluid viscosity and increase with 

increasing proppant concentration. At the largest particle size, however, the dependence of 

equilibrium height on viscosity becomes negligible. Figure 6-16 demonstrates transition length in 

vertical fractures increases with increasing fluid viscosity and increasing proppant concentration. 

These results suggest that the higher the settling velocity, the shorter the transition length. 

 
(a) 25 s 

 
(b) 50 s 

 
(c) 100 s 

 
(d) 150 s 

Figure 6-11 Fluid velocity (m/s) in the x direction at different times: DNS-derived drag 

correlation, Ar = 265 (𝑑𝑝 = 300 m, 𝜌𝑝 𝜌𝑓⁄  = 2.0, 𝜇𝑓  = 1 cp), 𝜙𝑠 = 10 %,  𝑊 𝑑𝑝⁄  = 5. 

 
(a) 25 s 

 
(b) 50 s 

 
(c) 100 s 

 
(d) 150 s 

Figure 6-12 Fluid velocity (m/s) in y direction at different times: DNS-derived drag correlation, 

Ar = 265 (𝑑𝑝 = 300 m, 𝜌𝑝 𝜌𝑓⁄  = 2.0, 𝜇𝑓 = 1 cp), 𝜙𝑠 = 10 %,  𝑊 𝑑𝑝⁄  = 5. 
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Figure 6-13 Slip velocity (m/s) in x direction at different times: DNS-derived drag correlation, 

Ar = 265 (𝑑𝑝 = 300 m, 𝜌𝑝 𝜌𝑓⁄  = 2.0, 𝜇𝑓 = 1 cp), 𝜙𝑠 = 10 %,  𝑊 𝑑𝑝⁄  = 5. 

 

 

 

 

Figure 6-14 Slip Velocity Field (m/s) in y direction at Different Times: DNS-derived drag 

correlation: Ar = 265 (𝑑𝑝 = 300 m, 𝜌𝑝 𝜌𝑓⁄  = 2.0, 𝜇𝑓  = 1 cp), 𝜙𝑠 = 10 %,  𝑊 𝑑𝑝⁄  = 5. 



78 

 

 

 

 

 

 

Figure 6-15 Effects of fracturing fluid viscosity and proppant concentration on equilibrium 

height of proppant banks in systems: 𝜌𝑝 𝜌𝑓 ⁄ = 2.65 and 𝑊 𝑑𝑝⁄  = 5. 
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Figure 6-16 Effects of fracturing fluid viscosity and proppant concentration on transition length 

of proppant banks: 𝜌𝑝 𝜌𝑓⁄   = 2.65 and 𝑊 𝑑𝑝⁄  = 5. 
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      From Figure 6-15 and 6-16, one can also read the effect of proppant size on equilibrium height 

and transition length. Data in Figure 6-15 suggest that the dependence of equilibrium heights on 

proppant size is not significant and not consistent. In some cases, increasing proppant size resulted 

in an increase in the equilibrium height; in other cases, the opposite was observed. The effect of 

proppant size on transitional length, however, is consistent and significant. Increasing proppant 

size always decreases the transition length.  

     Proppant density is another important parameter that influences proppant transport in slickwater. 

Barring the effects of other physical factors and focusing on the specific gravity of proppants, 

Figure 6-17 (page 81) and Figure 6-18 (page 82), respectively, present the effect of proppant 

density on transition length and equilibrium height of proppant banks. With increasing proppant 

specific gravity, transitional distance of form a proppant bank decreases when proppant size and 

fluid viscosity are held constant (Figure 6-18). Equilibrium height of proppant bank, on the other 

hand, increases with increasing proppant density (Figure 6-17).  

6.2 Proppant transport in inclined fractures 

6.2.1 Setup and parameters 

     Simulations of proppant transport in inclined fractures used the same system configuration as 

that for vertical fractures. In addition to characterizing the effect of proppant size, proppant 

concentration, proppant-to-fluid density ratio, and fluid viscosity, in this section we present the 

effect of an additional parameter, the inclination angle, see Table 6-2 (page 83). Based on Figure 

5-1, the gravitational acceleration has two components in inclined fractures:  along the 

direction of sedimentation and  along the fracture width. Since the effect of  on the 

settling velocity is included in the new DNS-derived drag correlation (Table 4-3), the effect of 

inclination in MFIX simulations was incorporated simply by changing g to 𝑔𝑐𝑜𝑠𝜃.  
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Figure 6-17 Effect of proppant density on the equilibrium height of proppant bank in systems 

with different viscosities and proppant sizes: 𝜙𝑠  = 10%,  𝑊 𝑑𝑝⁄ = 5. 
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Figure 6-18 Effect of proppant density on the transitional length leading to proppant bank in 

systems with different viscosities and proppant sizes: 𝜙𝑠  = 10%,  𝑊 𝑑𝑝⁄ = 5. 
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Table 6-2 Inclination angles used in MFIX simulations 

Parameter Value 

Inclination angle   

Gravity along the settling direction                             9.81  m/s2 

6.2.2 Simulation results and discussions 

      Similar to the content in 6.1.2, we first present simulation results at fixed times to show the 

rate of proppant bank formation. Then, we present the effect of various parameters on the end 

proppant distribution and discuss specifically the influence of inclination angle. 

6.2.2.1 Proppant bank development 

     Figure 6-19 shows the development of proppant bank in a fracture inclined 45° from the 

direction of gravity. This figure may be compared with Figure 6-4 to show the effect of inclination. 

Inclination clearly reduces the height of the proppant bank and this may be attributed to the reduced 

magnitude of gravity along the settling direction. The reduced height observed here makes the 

propagation of the proppant bank more rapid along the flow direction. 

6.2.2.2 Profiles of developed banks at the highest proppant density 

      Figure 6-19 indicates that fully developed proppant banks in inclined fractures can still be 

characterized by dimensionless height Hb H⁄  and dimensionless transition length Lt H⁄ . We will 

therefore still use these two dimensionless numbers to characterize the profiles of formed banks.  

      Figure 6-20 (page 88) and Figure 6-21(page 89) show, respectively, equilibrium heights and 

transition lengths of banks in a slightly inclined fracture (15 ) with 𝑊 𝑑𝑝⁄  = 5. The dependence 

of transition length on fluid viscosity and proppant size is qualitatively similar to that in vertical 

fractures. The effect of proppant concentration on Lt , however, is reversed because settling 
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velocity increases with increasing proppant concentration at this 𝑊 𝑑𝑝⁄ . Equilibrium height tends 

to decrease with increasing viscosity and decreasing concentration,  

 

 
(a) 25s 

 
(b) 50s 

 
(c) 100s 

 
(d) 150 

Figure 6-19 Proppant distributions in an intermediately inclined fracture (  = 45 ) at different 

times: Drag correlation used is based on DNS data. Other parameters: Ar = 265 

( = 300 m, 𝜌𝑝 𝜌𝑓⁄  = 2.0), 𝜙𝑠 = 10%, 𝜇𝑓 = 1 cp, 𝑊 𝑑𝑝⁄  = 5. 

      Figure 6-22 (page 90) and Figure 6-23 (page 91) show the effects of fluid viscosity, proppant 

concentration, and proppant size on transition length and height of banks for the intermediate 

inclination case (45). Figure 6-24 (page 92) and 6-25 (page 93) present the effects of these 

parameters for the high inclination case (75). These figures show that the effects of proppant size, 

fluid viscosity, and proppant concentration on Lt H⁄  and Hb H⁄  are similar to those observed in the 

slightly inclined (15 ) and the vertical cases. 

 6.2.2.3 Effect of inclination on the profile of developed bank at the highest proppant 

density 

      Using data presented in Figures 6-16, 6-21, 6-23, and 6-25, we can collectively evaluate the 

effect of inclination angle on transition length, shown in Figures 6-26 (page 94), 6-27 (page 95), 

and 6-28 (page 96). Similarly, using data presented in Figures 6-15, 6-20, 6-22, and 6-24, we can 
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collectively evaluate the effect of inclination angle on equilibrium height of proppant banks, shown 

in Figures 6-29 (page 97), 6-30 (page 98), and 6-31 (page 99). 

      Transition lengths of proppant banks generally increased with increasing inclination angle. 

However, a few transition lengths decreased slightly between 15° and 45°. On equilibrium heights 

of proppant banks, Figures 6-29, 6-30, and 6-31 indicate that the equilibrium height of proppant 

banks did not vary strongly non-monotonically with inclination angle. We do note that, at the 

highest inclination, smaller proppants saw reduction in equilibrium bed height. At the highest 

viscosity (3 cp), 700 𝜇𝑚 proppants also saw reduction in the bed height at 75° inclination. 

6.2.2.4 Effect of proppant-fluid density ratio on the profile of proppant bank in inclined 

fractures 

      All simulations presented in the previous sections used proppant-fluid density ratio of 2.65. As 

proppant-fluid density ratio was reduced, most simulations did not reach equilibrium heights under 

the condition that 0 < Lt H⁄  < 8. When light-weight proppants are being transported in inclined 

fractures, longer computational domains and more computational times are needed for the 

proppant banks to grow to their equilibrium heights.      

      From simulations that reached equilibrium heights in 0 < Lt H⁄  < 8, we selected a few that can 

be used to indicate the effect of density ratio on proppant bank’s dimension. Results from these 

simulations, which were all carried out in fractures with 45 inclination, are shown in Figure 6-32 

(page 100) and 6-33 (page 100). When regular-weight and intermediate-weight proppants are 

compared, it is clear that lighter proppants generated proppant banks with longer transitions and 

lower heights. 
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6.3 Validation of proppant bank equilibrium height using MFIX 

      An experiment of proppant transport in a narrow channel conducted by Patankar et al. in 2002 

was used in this study to verify MFIX simulations. In their experiments, proppants were 

transported by water and, at the same time, settled to the bottom of the channel. The narrow channel 

was 2.44 m in length and 8 mm in width. The proppant properties were 20/40 Ottawa sand with a 

density of 2650 kg/m3 and a diameter of 600 m. The proppant carrying fluid was water with a 

viscosity of 1 cp and a density of 1000 kg/m3. Proppant and fluid were added from the left side of 

the channel, then flowed to the right and exited the channel. The injection slurry rate was 284.1 

cm3/s, of which the volumetric rate of proppants was 40 cm3/s.  

        The dimensionless numbers of the above experiment are as follows. First, the Archimedes 

number based on proppant and fluid properties is 3496. Second, the cross-flow Reynolds number 

is 960. Third, the density ratio between proppant and fluid is 2.65. Fourth, the ratio of channel 

width to proppant size is 13, the ratio of channel height to width is 38, and the ratio of length to 

height is 8.  

       To compare results from MFIX simulations to the results from the experiments detailed above, 

the above dimensionless numbers were reproduced in the simulation setup. Since, in the 

experiment, the slurry entered the channel in a different way from that in the simulation setup (i.e. 

proppants were added to injected water through a hose by an open standpipe, and then the slurry 

entered the channel through the hose), we cannot directly compare the transition length. Instead, 

the focus of the comparison is therefore on the equilibrium height of the proppant bank.  

       The height of the immobile proppant bank, 𝐻𝑏, in the experiment was measured to be 28.2 cm. 

The dimensionless height of the immobile bed is therefore 𝐻𝑏/𝐻 = 0.9246. Equilibrium height of 

the proppant bank from MFIX simulation was measured following the approach presented in 
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section 6.1. When using the DNS-derived drag correlation, the dimensionless equilibrium height 

of the proppant bank from MFIX was 0.8993. The difference between the experiment and the 

simulation results is 2.74%. Then by using default drag correlations, BVK, 𝐻𝑏 𝐻⁄  from MFIX 

simulation was obtained as 0.7652. This comparison shows that MFIX with DNS-derived drag 

correlation can accurately predict equilibrium height of proppant bank in narrow fractures. BVK 

drag correlation without considering narrow wall effect predicted faster proppant settling, which 

is the same as that observed in section 6.1.2.2. Additionally, the difference in the equilibrium 

height between the experiment and MFIX simulation is higher with BVK than with DNS-derived 

drag correlation. In effect, the benefit of DNS-derived drag correlation is clearly demonstrated in 

this case. 
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Figure 6-20 Effects of fracturing fluid viscosity and proppant concentration on equilibrium 

height of proppant bank in systems of various proppant sizes: 15 inclination angle, 𝜌𝑝 𝜌𝑓⁄  = 

2.65, and 𝑊 𝑑𝑝⁄  = 5. 
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Figure 6-21 Effects of fracturing fluid viscosity and proppant concentration (volume fraction) on 

transition length leading to proppant bank in systems of various proppant sizes: 15 inclination 

angle, 𝜌𝑝 𝜌𝑓⁄  = 2.65,  and 𝑊 𝑑𝑝⁄ = 5. 
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Figure 6-22 Effects of fracturing fluid viscosity and proppant concentration on equilibrium 

height of proppant banks in systems with various proppant sizes: 45 inclination angle, 𝜌𝑝 𝜌𝑓⁄  = 

2.65, and 𝑊 𝑑𝑝⁄  = 5. 
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Figure 6-23 Effects of fracturing fluid viscosity and proppant concentration on transition length 

leading to proppant bank in systems of various proppant sizes: 45 inclination angle, 𝜌𝑝 𝜌𝑓⁄  = 

2.65, and 𝑊 𝑑𝑝⁄  = 5. 
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Figure 6-24 Effect of fracturing fluid viscosity and proppant concentration on equilibrium height 

of proppant banks in systems of various proppant sizes: 75 inclination angle, 𝜌𝑝 𝜌𝑓⁄  = 2.65, 𝑊 𝑑𝑝⁄  = 5 . 
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Figure 6-25 Effect of fracturing fluid viscosity and proppant concentration on transition length 

leading to proppant bank in systems with various proppant sizes: 75 inclination angle, 𝜌𝑝 𝜌𝑓⁄  = 

2.65, 𝑊 𝑑𝑝⁄  = 5. 
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Figure 6-26 Effect of inclination angle on transition length of proppant bank in systems of 

various proppant sizes: viscosity of fracturing fluid  = 1 cp, 𝑊 𝑑𝑝⁄  = 5 and 𝜌𝑝 𝜌𝑓⁄  = 2.65. 
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Figure 6-27 Inclination angle effect on transition length of proppant bank in systems with various 

proppant dimensions of fracturing fluid  = 2 cp, 𝑊 𝑑𝑝⁄  = 5 and 𝜌𝑝 𝜌𝑓⁄  = 2.65. 
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Figure 6-28 Inclination angle effect on transitional length of proppant bank in systems with 

various proppant dimensions of fracturing fluid  = 3 cp, 𝑊 𝑑𝑝⁄  = 5 and 𝜌𝑝 𝜌𝑓⁄  = 2.65. 
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Figure 6-29 Inclination angle effect on equilibrium height of proppant bank in systems with 

various proppant dimensions of fracturing fluid  = 1 cp, 𝑊 𝑑𝑝⁄  = 5 and 𝜌𝑝 𝜌𝑓⁄  = 2.65. 
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Figure 6-30 Inclination angle effect on equilibrium height of proppant bank in systems with 

various proppant dimensions of fracturing fluid  = 2 cp , 𝑊 𝑑𝑝⁄  = 5and 𝜌𝑝 𝜌𝑓⁄   = 2.65. 



99 

 

 

 

 

 

 
Figure 6-31 Inclination angle effect on equilibrium height of proppant bank in systems of various 

proppant dimensions of fracturing fluid  = 3 cp, 𝑊 𝑑𝑝⁄  = 5 and 𝜌𝑝 𝜌𝑓⁄  = 2.65. 
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Figure 6-32 Proppant-fluid density effect on transition length of proppant bank in systems with 

various proppant dimensions in 45  inclination angle fractures: 𝜌𝑝 𝜌𝑓⁄  = 2.65, 𝜙𝑠  = 10%,  

 𝑊 𝑑𝑝⁄  = 5, proppant size = 700 m. 

 

 

Figure 6-33 Proppant-fluid density effect on equilibrium height of proppant bank in systems with 

various proppant dimensions in 45  inclination angle fractures: 𝜌𝑝 𝜌𝑓⁄  = 2.65, 𝜙𝑠 = 10%, 𝑊 𝑑𝑝⁄  = 5, proppant size = 700 m . 
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CHAPTER 7  

CONCLUSIONS AND RECOMMENDATIONS 

      In this PhD research, I numerically investigated proppant transport in narrow fractures by 

slickwater and considered two fracture placing conditions: vertical fractures and inclined fractures. 

Direct Numerical Simulation (DNS) was conducted in small-scale domains to develop new drag 

correlations that are more practicable for proppant transport in slickwater. Able to accommodate 

diverse parameter combinations, new drag correlations were applied to Multiphase Flow with 

Interaction eXchange (MFIX) a computational model for large-scale multiphase flow simulations. 

With help of new drag correlations and multiphase flow simulator, proppant transport can be now 

simulated with more practically relevant parameters and more accurately.  

7.1 Conclusions 

     The results of the current simulations have been extensively presented and discussed in 

previous chapters. In the following we summarize, the important conclusions drawn from the 

results of simulations. 

      DNS was used to simulate the settling of spherical particles of the same size in vertical and 

inclined fractures. These simulations characterized the influences of several key dimensionless 

parameters. Data obtained from these simulations formed the basis of settling velocity correlations 

developed in this study. 

 Narrow width between two fracture planes played an important role in proppant settling. The 

narrower the fracture is, the slower proppants settle, because the small cross-section of a 

fracture restricts particle and fluid motion.  
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 Proppant concentration generated a hinderance effect on settling velocity in vertical fractures. 

Proppant settling velocity decreases as proppant concentration increases because of the more 

intensive particle-fluid interactions in more concentrated suspensions. 

 The Archimedes number determined a relative high contribution on settling. Proppant settling 

velocity increases as Ar increases owning to more gravitational force relative to viscous drag. 

 Cross-flow perpendicular to gravity had relatively small effect on proppant settling in the range 

of Rex studied, which is from 1 to 30.  

 Particle-fluid density ratio also had small influence on particle settling, under the condition 

that the Archimedes number was held the same by varying the size of proppant or the viscosity 

of the fluid.  

 The importance of fracture inclination apart from gravity was identified by DNS. Fractures 

placed with inclination angles led to inverse consequences of solid concentration in wide 

fractures. Suspensions with higher concentrations in wide, inclined fractures had higher 

settling velocities.  This phenomenon is attributed to the uneven distribution of particles across 

the fracture width, generated by the gravity component normal to the fracture. 

     Two new drag correlations were developed based on the results of DNS. They are polynomial 

expressions to correlate the dimensionless numbers 𝑅𝑒𝑧/𝑅𝑒𝑅𝑍  and 𝑅𝑒𝑧,𝑖𝑛𝑐/𝑅𝑒𝑧,𝑣𝑒𝑟 . Tables 

providing the coefficients of the polynomials as functions of Ar, proppant concentration, and angle 

of inclination were included in this dissertation. 

      DNS-derived drag correlations were put into MFIX to evaluate the impact of the new drag 

correlations on larger-scale proppant transport. Using MFIX, two-dimensional simulations of 

proppant transport in a single fracture were carried out. Two characteristic dimensions of 

accumulated proppant banks, equilibrium height and transition length, were measured to show the 
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influences of key parameters on proppant transport. MFIX simulations generated the following 

results. 

 Comparison with a default drag correlation in MFIX, BVK, shows that the default drag 

correlation predicted faster settling of proppants due to neglecting the effect of walls. 

 Higher proppant concentration in vertical fractures led to longer transition lengths and higher 

proppant banks  

 In MFIX simulations, fluid viscosity was varied from 1 cp to 3 cp. Higher viscosity led to 

longer transition length and lower proppant banks. 

 On the effect of proppant size, smaller proppant could be transported farther leading to longer 

transition lengths. 

 Effect of proppant density was proved to be significant. The heavier the proppants, the faster 

they settle. Higher proppant density decreased transition length and increased equilibrium 

height. 

 For inclined fractures, transition lengths were longer, suggesting proppant bank development. 

In significantly inclined fractures, the height of proppant bank may be reduced.  

7.2 Future work and recommendation 

      Proppant transport in slickwater is a prominent topic for unconventional oil and gas resources 

development because even a slight improvement would bring in much economic benefit. On this 

topic, there is still much potential for future researchers. On modeling and simulation of proppant 

transport, we think that the following directions are worthy of more investigation. 

     More extensive DNS for developing drag correlations. This suggestion does not mean that the 

current DNS-derived drag correlations are inaccurate or incorrect. More data especially for 

inclined fractures will improve the accuracy of interpolation and will reduce the uncertainty. 
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     More simulations at cross-flow Reynolds numbers higher than studied here. The onset of 

turbulent fluctuations may affect the settling Reynolds number more significantly than observed 

in this study, and this influence should be evaluated in the future with higher 𝑅𝑒𝑥. 
      Simulations of proppant injection schedules with proppants of different densities and sizes. In 

the field, engineers usually design a workflow with proppant of different densities and sizes 

injected at different times for better recovery. This workflow poses a challenge to MFIX, because 

only proppants of the same density and size can be treated as a “fluid” in the Euler-Euler model. 

However, numerical simulations may be divided into several stages to achieve this. 

     Numerical study of proppant transport in complex fracture networks. Hydraulic fractures are 

always connected with natural fractures to form a complex network. This study mainly focused on 

proppant transport in a single vertical or inclined fracture. Proppant transport will exhibit different 

behaviors when it occurs in more complex geometries. 

      Proppant transport in gas. N2  and CO2  have both been used as proppant carriers in some 

shallow formations (Ribeiro, L.H. and Sharma, M.M 2013) . Gas-fracturing has several advantages 

over water fracturing (slickwater and gel) such as less formation damage, water usage, and cost. 

In simulations of proppant-fluid two-phase flow, the fluid phase can be easily set as a gas. 

Although gas density is a function of pressure and temperature, there is a solid theoretical 

foundation for gas-solid flows that can be readily adopted. However, large differences between 

proppant density and gas density may bring in other challenges, such as particle inertia driven 

cluster instabilities. Both experiments and simulations are needed in this area. 
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