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ABSTRACT

Here it is necessary that the reader has in mind a
clear distinction between elastic and seismic waves. The
former is an idealization of the latter. Seismic waves
exist in the earth while elastic waves are mathematical
abstractions used to describe certain first order features
of seismic waves. In this thesis seismic waves are de-
scribed by computing corresponding elastic waves and then
filtering these through linear filters designed to simulate
real inelastic processes.,

In any real medium the coherent energy characteristic
of elastic waves propagating in a homogeneous medium is
converted into incoherent encrgy, i.e., heat and scattered
waves., This conversion process is called attenuation.

This yields a decay of theiébserved wave amplitude in ad-
dition to the geometrical séreading. A consequence of this
entropy growth, or attenuation, is dispersion.

Elastic propagation is studied analytically or numeri-

cally in terms of boundary value problems. The mechanisms

iii
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of attenuation are so numerous and complicated that it is
very difficult to incorporate them into a meaningful but
solvable boundary value problem. The problem here is to
study the seismic wave forms without using the wave equa-
tions, generalized to inciude attenuation terms. In this
thesis the approach, in which the attenuation is approxi-
mgted by linear systems, is general for models of attenu-
ation. The constraint for postulating a model is that
the amplitude response of the model satisfles the Paley-
Wiener condition. The phase response of a causal minimum-
phase-shift system is derived from Hilbert transform. The
impulse response of the attenuation system 1s obtained
by inverse Fourier transforming the system function.
Two models of attenuation (Voigt and constant Q) are used
as examples of this approach.

Two types of elastlc waves chosen for use as input
to the attenuator are plane and spherical waves. The
spherical waves were considered in an infinite medium
and in a half-space. Cagﬂiard‘s method 1is applied to the
problem of spherical elastic waves in a half-space.

The attenuated seismic wave forms are obtained through
the convolution of the elastic wave forms and the impulse

ARTHUR LARES L1upany

C3LORADG SCHOOL oF MINEs
GOLDEN, COLORADG
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response of the attenuatlon systems. The wave forms so

obtained show changes charscteristic of attenuation.,
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INTRODUCTION

Elastic waves propagating in an isotropic homogeneous
Hookean medium have been extensively studied for over a
century. Analytical solutions generally involve plane,
cylindrical, or spherical wave fronts and boundaries.
Physical interpretations of these solutions are most commonly
made in terms of asymptotic approximations. With the appli-
cation of the digital computer to the boundary value problem,
numerical methods have been used to study both elastic and
selsmic waves (Balch and Smolka, 1970).

A'general theqry of attenuation does not exist, nor does
its development appear to be imminent; however several useful
special theories exist (Jackson and Andérson, 1970; Kolsky,
1956; White, 1965). Plane Voigt waves have been described
analytically by Ricker (1953), and Collins (1960). Plane and
spherical Voigt waves have been described numerically through
the finite difference method by Balch and Smolka (1970). In
studying the constant Q model, Carpenter (1966) applied
Futterman's (1962) formula for phase velocity and obtained

the transient, attenuated seismic wave. O'Brien (1969) used



T-1420 2

Carpenter's approach to explain the results of his experiments
on compressional waves through rocks. Strick (1970) predicted
a precursor or pedestal effect for pulses propagating in
constant Q solids. The Voigt solid and the constant Q solid
are the most extensively studied models; the Voigt solid
because it yields a linear generalized wave equation and the
constant Q solid because it seems to be a good model for earth
materials for a large frequency range (White, 1965).

The boundary value problems of transient elastic wave
theory are greatly complicated if one attempts to account
for inelastic attenuation.

The approach used in this thesis does not concern the
attenuation mechanisms. In this sense, this approach is
phenomenological. Seismic wave forms are obtained by con-
volving the elastic wave forms with the impulse responses
of linear filters which are used to approximate the effects
of attenuation. Two modelsiéf attenuation and several types
of elastic waves are used.

This work is organized in three sections: elastié waves,

attenuation, and seismic waves.
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ELASTIC WAVES

INTRODUCTION

In this study the elastic wave forms included are plane
compressional waves in an infinite medium, spherical waves
in an infinite medium, and spherical waves in a half-space.

The spherical wave in an infinite medium was studied
by Sharpe (1942) and Blake (1951), amongst others Cagniard
(1939), Pekeris (1940), and de Hoop (1960) have all treated
the spherical wave in a half-space., Cagniard's method is
referred to as the exact ray theory by Spencer (1965) be-
cause each term can be associated with one unique ray of
the plane wave theory.

The following sections contain brief outlines of elas-
tic wave theories used in this thesis and the computed wave
forms. These wave forms will be used as input to the linear

attenuators.
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PLANE COMPRESSIONAL WAVE
IN AN INFINITE ELASTIC MEDIUM
The displacement field of the particles for the plane
compressional wave in an isotropic, homogeneous, perfectly
elastic infinite medium is described, by wave equations of

the following form:

3L _ 1 4

dx?* \é ot?

where { 1is the displacement of the particles from their
equilibrium position, X 1is the space coordinate, and V;
is the velocity of the compressional wave in the perfectly
elastic medium.

The velocity of the compressional wave in the perfectly
elastic medium is a constant and is equal to {()\+2,u>/f,}$ ,
where A and /u are the Lamé's constants, and § is
the density of the medium, 'hl:.ater, when attenuation is con-
sidered, it is seen that compressional seismic wave compo-
nents of different frequencies travel at different velocities.

The boundary condition at X =¢  for the plane com-

pressional wave equation is that the normal component of the
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stress vector on the plane X =0 be equal to a speci-

fied function of time, i.e.,

(o, t) = g2 (¢t)

J2(t) 1is the applied pressure at X = o .

The infinite boundary condition, i.e., X = oo is not
rigorously formulated because it is realized that the plane
compressional wave is an approximation of the spherical wave.
Essentially the condition can be stated that there will be
no source at infinity, i.e., there will be no wave radiated
from infinity toward the finite domain.

The wave equation can be solved by the Laplace trans-
form. Two types of pressure source are considered here, the
unit impulse and the unit doublet in pressure.

For the unit impulse in pressure
G-(O,f) = 1- §(+)

and the solution has the following form:
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ot osTte- X
l(x,t)--fvr Vr)

where ‘f is the density of the medium.

For the unit doublet in pressure

(o, t) = 1-8" (+)

the solution is as follows:

0 (x, ¢y = - L. JH—-;’;—)
£V P

In the perfectly elastic medium, the impulsive pressure
causes a step in displacement, and the doublet pressure
causes an impulse in displacement. There will be no change

of the wave form as the plane compressional waves propagate.
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SPHERICAL COMPRESSIONAL WAVES
IN AN INFINITE ELASTIC MEDIUM
Elastic waves in an isotropic, homogeneous, perfectly
elastic infinite medium from an arbitrary pressure in a
hypothetical spherical cavity source has been studied by
Sharpe (1942), and by Blake (1952). Sharpe considered the
case of the Lamé's constant A = M , and Blake the case
of arbitrary values of A and M« An outline of the
techniques used by Sharpe and Blake follows.
The wave equation for the spherically symmetric dis-

placement potential is written for polar coordinates as:

where Y is the radial distance from the center of the
spherical cavity, gb' is the displacement potential

i.e., the displacement ,e Vé , and \/P is the veloc-
ity of compressional waves in the medium. The boundary con-
dition is that at the surface of the spherical cavity source,
the radial component of the stress is equal to the negative

of the pressure in the source. This can be written
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where ,[ ¢ 1s the radial component of displacement, [k,
is the radius of cavity source, and ¢ (t) is the pressure
inside the cavity. By superposing solutions to the wave
equation and carrying out the resulting integral by contour
integration, the displacement for P(t) = §7t) 1s

obtained by Sharpe for A = U  as:

(4

hl,e

Sn'n[kfor

[, (T, r) = 5(’:‘)7’-—-—-—-{(7') I(—)e

w, T
-"_ }‘. .r .
+‘hm,]2]+12(,.)6 *osin %T}

where 7 =—i:—"\7" , T
P

sure on the surface of the source cavity, o— 13 Poisson's
VP ( }_26,.)'/2_

Y\.o ’ -

is the amplitude of the pres-

ratio for the medium and W, =
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For the general case of A and M Blake derived:

4K 4 -d T

3
nki‘_l"_(qk-')z’e °

F:ﬁV}

é('rl r) = S.’(T) fo

CoS[w,'r..ﬁn"'(.q.K-o)-EJ } ,

| = o
where Kf—z—m , o represents density, and

w=M (-2s)"72
S,

The displacement, or potential, due to an arbitrary
pressure change is obtained by convolving the arbitrary
pressure with the impulse response of the elastic wave
propagating system. The impulse response of this system
is the displacement, or its potential, resulting from a
unit impulse in pressure in the source cavity. Hence the

displacement resulting from an arbitrary pressure in the

source 1is:

4
-

&
"

[ £, ) ]*xpct)

.‘%lt—s
e

i

1 t
-—’-z:— = Jo 7111')[,. (t-v)dT
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Flinn & Dix (1962) derived an equivalent formula by
the Laplace transform method.

The amplitude of the spherical wave decays along the
propagation path even though the medium is perfectly elastic,
i.e., lossless. This is because of a spherical wave front,
which spreads in propagation. Hence this type of decay is
referred to as geometrical spreading.

Figure 1 shows examples of elastic waves computed from
algorithms derived from the above theory. Note that for
the parameters selected there is no appreciable change in
the wave forms in radial distance beyond 65 feet. In these
figures NF represents the normalization factor and the unit
of the abscissas is two-milliseconds. The zero time in
the plot corresponds to the arrival time for each trace at
its location. The horizontal line associated with each

trace represents the zero amplitude for that trace.
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(o]
e
o
radius of source cavity = 5 ft
P-wave velocity = 5700 ft/sec
S-wave velocity = 2800 ft/sec
8 density = 2.4 gm/cc
o] Poisson's ratio = 0.341
(o]
e
ot
e 2592fc,L NF = 0.463
o1
LJ
= = 194.4 ft, = 0.646
=8
o]
o
=
a \\\ = 129.6 ft, NF = 0.925
m
(=]
e
N‘\
64 8 ft, NF = 1,851
o
o‘-r—
=12, 96 ft = 9,253
O' 1
.00 1-00 2.00 3.00

TIME IN MS.X 2

Figure 1, Spherical waves in an isotropic, homogeneous,
infinite perfectly elastic medium: radial displace-
ment from an impulsive pressure with parameters and
configuration shown. NF represents the normalizing
factor.
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SPHERICAL WAVE IN A HALF-SPACE

The formal solution to the problem of spherical waves
in an elastic half-space has been formulated by many in-
vestigators, including Cagniard (1939), Sobolev (1933),
and Pekeris (1948). 1In this thesis Cagniard's formulation
is used. The equations have been checked by comparing com-
puted results with those obtained by other methods (Chao,
1970; Leitinger, 1970). The numerical calculations were
made with a Digital Equipment Corporation PDP-10 computer
using a teletype terminal.

The geometrical configuration for the problem is in-
dicated in figure 2. The free surface is a plane, and the
source, 7 , and the receiver, pv] , can be at any depth
in the elastic half-space. The medium is homogeneous, iso-
tropic, and perfectly elastic with Lame's constants A and

/L( .

The source for the half-space problem is the same as

the source for the infinite medium problem of the previous

section. The notation 7(t)¥ W(t) is used in place of

Cagniard's F(¢) . The source function, wi(t) , is r[.~_] -,

12
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Note that in writing w(+) , T is set equal to dimen-
sionless unity.

The formal solution to the wave equation of the prob-
lem is in Cagniard's book and hence only an outline will
be presented here.

The radial and the vertical components of displace-
ments, ‘ér and '82 s are expressed in terms of the
scalar and the vector potentials of displacements. ~J

and () as follows:

or 2 7
=} QU v
oz Qr r

Let Pxw denote the source function, and -)2‘, ’ ??
denote Cagniard's exponential coefficients, or physically,
the Laplace transform of the solution to this boundary
value problem for a source function PW*ww= J(t) , If
P ) and W(t+)  are impulses so that F(¥) = Prw= 3(+)
then ‘;P and ?} are transforms of Green's functions.

The Laplace transforms of the displacement potentials, the
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solutions, and the source function are related according

to:

]
X1
T

Y= %

i

U =Y, F

where the bar over a quantity denotes the Laplace trans-
form of that quantity. The transmission factors, A and

B s are defined as follows:

A

1
o
~—
X1
-
—r

-1

where I denotes the inverse Laplace transform. Finally

one has the following:

V= AxF

U = B*F
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The transmission factors or Green's functions, A and
B s are obtained by inspection, after an integral solu-
tion of the boundary value problem is brought to the form
of the Laplace transform. In the interest of brevity we
shall omit the details of the procedure, which are quite
involved, used to bring the formula into the desired form
for inspection. Use is made of the Sommerfeld formula
(Ewing and others, 1957, eq. 1-41), and of a series of
changes of variables. The transmission factors are then
expressed in terms of a contour integral. The contour of
the integral moves with time, and hence is called a moving
contour. This integral is finally replaced by an integral
over fixed contours. When the transmission factors are
thus represented the solution breaks into readily inter-
preted components, as will now be shown.

The transmission factors, A was analyzed by

Cagniard as follows:

AlTt) = A tt) + A, ) + A CT)

where (see figure 3),
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0 for T KRS
A, %) =

1
~R; ’ for ~ >RS

where T denotes time, S s slowness of compressional
wave, s o slowness of shear wave. A ‘T represents

the classical direct P -wave.

0 for T RS

)

AT =

"R fr T >R'S

A, () represents the classical reflected P -wave.
o , o T<R'S

A, (r) =

17

. j«u) « du
¢
B J fwrt[r-a R+ 2] }“L
Ly

for TSR S+R, s

A, () represents non-classical components and the

Rayleigh wave.
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B(T) 15 broken down as follows:

o, “for T(R.S*R,S
Bcry =
¢ J (r-3h-b2)fu) a du
Twr . {u‘r‘ +[Y-ah-b2z ]* }';-' ,
T

for ¥ >R S+R,s

B¢r) represent all shear components including the
classical P-S conversion and the shear components of

Rayleigh wave.

In these equations for A, and R(r) , the

functions f(w) J'(u) , D%) , & 5 and b are defined

as follows:
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a = (u +g* )i‘
and
b = («* + s° )%
The contour Z’C is shown in figure 3 (Cagniard,
1939, p. 151).

The integration along the contour 2‘1‘ which moves
with time, is replaced by three contours ([ ), ( P ) and
(P'), and (E ). The scheme is shown in figure 3. (")
is the counterclockwise contour outside all the other con-
tours. (P ) and ( P') are clockwise contours around the
two poles ¢ SR and —4 Sg . (E ) is the clockwise contour
around the branch cuts of a (%) and b(W) on the imaginary
axis.,

Among other things, the integration along the path [
yields the remnant effects. The closed form of that inte-
gration is obtained through the residue theorem. The
transmission factors thus obtained contain terms as function
of time, and time squared. Thus these terms give rise to
the result that not only F'(t) , and F(¢) , but also the

integrals FI(t) s and FI('t) are involved in computing
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Figure 3. Contours of integration. The contours Z'r ’
M s P and p’' , and E are shown. § , ¢ , and
Sk are slowness of compressional, shear, and Rayleigh
wave respectively,
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the seismogram,

Here

-]
5 (t) % F(O),

e

F et

and

-

FT) 2 5 ) x Ft)
where §-Qt) is a unit step, E-zrf) is a unit ramp, and
é; denotes equal by definition,

The integration around the poles yield the terms cor-
responding to the Rayleigh wave. It has the characteristics
of the classical Rayleigh wave such as the retrograde el-
liptical particle motion and energy concentration near the
free surface. For a surface source and receiver, it has a
wave speed which, in the far field, is the classical Rayleigh
wave speed. This integration is also carried out through
the residue theorem.

The wave corresponding to the integration along the
contour ( E ) around the branch cut on the imaginary axis

is called the second surface wave by Cagniard’ because of

some similarities to the Rayleigh wave (see Chao, Fig. 27,
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1969). The integration around the branch cut is carried
out numerically using Romberg quadrature (Conte, 1965).

In this work only the vertical component of displace-
ment, '21 o 1s computed. The detailed formulas for ,[; ’
and for the transmission factors are included in the ap-
pendix. The program for computing the seismogram permits
one to choose arbitrary parameters such as source and
recelver positions, elastic properties, and cavity radius.

Figure 4 shows the source-receiver geometry for com-
puting elastic wave forms. The receiver and the center of
source cavity are buried at depth of 10 feet from the free
surface of the elastic half-space. The radius of source
cavity is 5 feet. Five radial distances are chosen to
compute the wave forms.

Figure 5 through 14 show the wave forms--the vertical
components of displacement computed by means of algorithms
based on Cagniard's theory. The vertical component of dis-
placement is composed of body waves, and surface waves.
The surface wave, according to Cagniard's formulation, is
composed of two parts=--the classical Rayleigh'wave and

the second surface wave.
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Figure 5 is a collection of Rayleigh waves at 5
locations with each trace normalized. This collection
serves to compare Rayleigh wave as it propagates. Figure
6 1s a plot of second surface waves at various locations.
Figure 7 is plot of total surface waves, i.e., sum of
Rayleigh and second surface wave. It is observed from
figure 7 that the second surface wave contributes less
at location 1 and 5 than at location 2, 3, and 4. The
contribution of second surface wave to the total wave
form is more explicitly demonstrated in the fig&re 10
through 14.

Figure 8 is a collection of body waves-~the PP-, and
PS-waves at 5 locations. Figure 9 is a plot of verfical
components of displacement, which is sum of body wave and
total surface wave at 5 locations. It is observed that
while body wave is dominant at location 1, the surface wave
is dominant at location 5.

Figure 10 through 14 are elastic wave forms at those
5 locations shown in the figure captions. The plot of
each location consists of 5 traces, they are from bottom

to top the Rayleigh wave, second surface wave, total
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surface wave, body wave, and total of the vertical dis-
placement. These traces are scaled to their relative
amplitude with respect to the total vertical displace-

ment, which is normalized.

24
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ATTENUATION

INTRODUCTION

In an anelastic medium, the decay of seismic wave forms
through propagation is attributed to two effects--spreading
and attenuation. The spreading accounts for geometrical
spreading of energy and the attenuation accounts for the
conversion of coherent elastic energy into incoherent energy.
If the inhomogeneities of the medium are atomic in scale then
this incoherent energy is heat. In the previous chapter the
propagation effects were studied through the elastic wave
theory. In this chapter the attenuation effects will be
studied by approximating the attenuation by linear systems,
one for each receiver position. Thus the input into the ap-
proximate attenuation system is the unattenuated elastic wave,
and the output is an approximation to the attenuated seismic
wave. o~

In the description of attenuation in terms of linear
systems, an attenuation amplitude characteristic is as-

sumed over a frequency range which is generally finite.

It is assumed that the source provides negligible energy

36
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outside of this range. Another assumption on this system
is that it is causal and has the minimum-phase characteristic
(Papoulis, 1962).

The linear attenuator is represented by its system

function

—d W, k) ¢ P, X)

}4 (W, x) = € £

where d(w, x) 1is called the attenuation of the propagation
path of length X é;dh%X)is the amplitude response of
the system, and (., %) is the phase lag of the system.
The attenuation of waves in the earth has been exten-
sively studied. The earth acts as a low pass filter for
the propagation of earthquake waves (Gutenberg, 1959). The
attenuation of seismic waves has been measured from explo-
sive sources in the field (McDonal and others, 1958).
Besides the measurements of attenuations, there have
been theoretical studies of possible physical mechanisms
of attenuation of seismic waves (Kolsky, 1953; White, 1965).

The relative importance of these mechanisms depends on the

frequency range of the waves, and on the temperature,
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pressure, and constituents of the medium (Knopoff and
McDonald, 19603 Jackson and Anderson, 1970).

There are two types of attenuations have been ex-
tensively studied--the Voigt solid, and the '"constant Q"
solid (Ricker, 1943; Futterman, 1962). Several methods,
such as the Laplace transform method (Collins, 1960;
Jaramillo and Colvin, 1970), the contour integration meth-
od (Mattice and Lieber, 1954), and the finite difference
method (Balch and Smolka, 1970), have been applied to
solve the associated boundary value problems.

Before going into detail on the attenuation filter,

a brief review of the measurements and proposed mechanisms

of several authors will be given.
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MECHANISMS AND MEASUREMENTS OF ATTENUATION

In this section some mechanisms proposed by various
authors, and some field and laboratory measurements of
attenuation will be reviewed briefly. Some characteris-
tics of attenuation drawn from these studies will be used

in the specification of the attenuation filter.

Loss Mechanisms

Mechanisms which convert coherent energy into inco-
herent energy are termed loss mechanisms. The mechanisms
whereby elastic energy is dissipated into the medium by
converting it into heat are collectively termed internal
friction. Kolsky (1953) gave a quite extensive summary
on this subject. Also Knopoff and McDonald (1960), and
Jackson and Anderson (1970) gave both macroscopic and
microscopic models of ioss mechanisms.,

Viscous Loss

If the wave energy loss of a medium is well predicted
by terms proportional to stress rate or strain rate, then
it is called viscous loss. There are two types of viscous

loss in solids--Maxwell and Voigt.

39
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For the Voigt solid the stress is the sum of two terms,
one proportional to the strain the other to the strain rate.
This solid yields a frequency-dependent attenuation function
and is dispersive (Ricker, 1953). Ricker's studies in this
field are well noted. In the lower frequency range, say
below 60 hz, which is less than a quarter of Ricker's
transition frequency, the attenuation is proportional to
the second power of frequency, while the phase velocity
is almost equal to that of a perfectly elastic medium.

The Maxwell solid and Voigt solid behave in opposite
ways, i.e., with stress and strain playing opposite roles.

Thermal Loss

For compressional waves the solid has a temperature
difference between the compressed and rarefied parts.
Hence there exists a heat flux, and the mechanical energy
i1s transformed into thermal energy and dissipated.

For very low frequencies, where the heat transfer
takes place isothermally, the thermal loss yields an at-
tenuation proportional to frequency squared (Treitel,
1959; Knopoff, 1960). Thermal loss is important in the

ultra-high-frequency range above 107 to 108 hz., Thus it
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is relatively unimportant in seismology.

Scattering Loss

This is the loss due to inhomogeneities of the media
not deterministically considered in the formulation of the
boundary value problem. The attenuation increases monoton-
ically as the frequency increases. This type of attenu-
ation is proportional to the fourth power of frequency for
the high frequency range (Miles, 1960; Hadsell, 1961).

Ferromaenetic and Ferroelectric Loss

If the solid is ferromagnetic or ferroelectric, the
elastic energy can be transformed into magnetic or electric
energy, and finally into heat. It is unlikely that these
losses are important in seismic wave attenuation (Knopoff
and McDonald, 1960).

Coulomb Frictional Loss

Knopoff and McDonald (1960) proposed that microscopic
sliding may be an important loss mechanism. This type of
internal friction, called Coulomb friction, yields a model
with Q dependent on frequency, and hence attenuation which
is not proportional to frequency. For a lucid discussion

of Q see White (1965).
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Variable Solid Friction Loss

This model is an extension of the above. The solid
friction force increases linearly with distance from the
equilibrium position. This model, proposed by Knopoff
and McDonald (1960), yields a constant Q, i.e., attenuation
as a linear function of frequency. This mechanism has
been supported by the observations that the Q of a material
increases with pressure., Knopoff and McDonald have com-
pared this mechanism to dislocation theory in crystals.

Static Friction Loss

In addition to the previous works by Knopoff and
McDonald (1960), which attribute all the loss to the sliding
friction, White (1966) extends the model of solid friction
by incoporating the static friction. This model yields
constant Q.

Jackson and Anderson (1970) very extensively reviewed
the theoretical and experimental evidence concerning mech-
anisms of attenuation of seismic waves. They emphasized
the microscopic models and the conditions likely to be
prevailing in the mantle of the earth. Many mechanisms

yield a strongly frequency dependent Q; however, for rock,
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the observed Q is likely to result from a superposition of
several mechanisms, and hence a more complicated frequency

dependence than any single mechanism.

Measurements of Attenuation

White (1965) gave an extensive review of the measure-
ments of attenuation both from the earth material in the
laboratory and from the field. The methods of measurement
in laboratory fall into three main groups: (1) pulses in
rock specimens, which are generally limited to ultrasonic
pulses; (2) resonant bar methods, which are generally
limited to frequencies less than 30 k hz; and (3) the slow
stress torsion pendulum method, which is generally limited
to frequencies less than 100 hz (White, 1965).

The measurements of attenuation in the field from an
explosive seismic source have been carried out by many
authors (Ricker, 1953; McDonal and others, 1958). More
recently field measurements of attenuation were carried
out by De Bremaecker and others (1966) on lava flows, un-
consolidated cinders, and compacted limestone, and by

O'Brien (1969) on clay and sandstone.
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ATTENUATION, DISPERSION, AND FREQUENCY DEPENDENCE

Dispersion is a necessary consequence of attenuation
in the linear theory of wave propagation. Lamb (1962),
and Futterman (1962) derived the Kramer-Kronig dispersion
relations for attenuation proportional to the square root
of frequency. The assumption that the dispersion of seis-
mic body waves may be largely ignored is consistent with
their calculations.,

Although the dispersion of seismic body waves is
quite likely to be undetectable, it is important in the
linear theory of waves because the absence of accompanying
dispersion implies noncausal seismic propagation. By
imposing causality on the attenuation filter, one will
get a frequency dependent phase velocity, i.e., dispersion.

The attenuation function o , and the phase velocity
v s of a Voigt solid (Ricker, 1953) and of a constant Q

solid (Futterman, 1962) are given below:

Voigt Solid

Ni-

d(“’,X)-_— ——rt g

Ve Jz wr + W)

1 7 2
ENA 1 NO(W: + W )a -~ wo }
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w? +t W

L
:‘2
W (W) +wHT 4 W)

V'(w',x):ﬁ\/P[
>

-For w >0

For the limiting case of low frequency range these

become

where (W, X) is the attenuation, V(w') is the phase
velocity, W, 1is the transition frequency, and V; is

the wave velocity in a perfectly elastic medium.

Constant Q Solid

X
2v,Q

Lt 17t

Viw,x) = V,[1-

-For w>0
)

where J(wW, x) 1is the attenuation, V(« Xx)is the phase
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velocity, \@ is the wave velocity in perfectly elastic
media, and Y = 0.5772156649..., is Euler's constant.

In the next section of this thesis, these functions
will be used to specify the attenuation filters. The
methods developed in this thesis will be applicable to

other types of attenuation.
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LINEAR ATTENUATION FILTER

The models of mechanisms of attenuation proposed by
various authors are far from conclusive. Each model fits
the observed data well only in a certain range of frequen-
cies. This suggests a phenomenological approach to the
study of attenuation of seismic wave forms.

To calculate the attenuated plane seismic wave from
an impulse, Carpenter (1966) used a linear attenuation
function and Futterman's (1962) phase velocity with the
wave equation. Thus the effect of attenuation was incor-
porated into the solution and was mixed with the propaga-
tion effects.

In this thesis it is assumed that the propagation
effects and the source characteristics can be separated

from the attenuation effects. If this is so then attenu-

ation can be applied to various wave components and sources,

such as plane waves, spherical waves in an infinite medium,

and the waves in a half-space due to a spherically symmet-
rical dilatational source.
The linear attenuator is constructed according to the

following procedures based upon previously mentioned
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assumptions. First, an attenuation function, d (W, %)

is chosen arbitrarily; then the assumption is made that

the system has minimum-phase characteristics. The Paley-
Wiener causality condition is checked, and the Hilbert
transform is applied to produce the phase response of the
attenuation system. Finally, the impulse response is
obtained by inverse Fourier transforming the system function.

The linear attenuation filter is defined as shown below:

'e(f’, X)_ 3ttepuater s, x)

— —
E (%) At ) €>HEDL G )

Sit, x) = € (¢, X) % Retix)
S(s,x) = E(&, X)) Hw, x)

?
~o (W, X) .y ¢(¢,J'x)

&(w,x) = £

where H(«", X) is the system function of the linear atten-
uator, A(%,X) is the impulse reponse of the system, «(«; Xx)
is the attenuation, and ¢(«; x ) is the phase lag of the
system.

The input into this system is the unattenuated elastic

wave at any point, and the output is the attenuated seismic
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wave at the same point. The following diagram shows the
whole scheme of the propagation of seismic waves, of which

the attenuator is a part:

12[+) Source Y (¥) Green's function H) atténuvator S¢F)
— e gt) h(t) —>
¢w) Rewd G (») E(w) H(«) S(w)
Prw) (

In the above figure spacial dependence is not shown. Here
P (t) is the input to the source, ¥ (¢) is the output
of the source region, which provides the source character-
istics, € (t) 1is the output of the propagation operator
and also the input to the attenuator, and $(+) 1is the

final output--the seismic wave.

Causality

The necessary and sufficient condition, called the
Paley-Wiener condition, (Papoulis, 1962) for a square-
integrable function | H(w) [ to be the modulus of the
Fourier transform of a causal time function is the con-

vergence of the following integral:
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Jw ERLLN

1 + w?

- 00

Some remarks on the Paley-Wiener condition are in
order:
(1). If the amplitude of a function satisfies the Paley-
" Wiener condition, it does not follow that it has a
causal inverse. Rather, it follows that to such a
function, a suitable phase can be associated so that
the resulting function has a causal inverse. A
method of associating the phase is the Hilbert trans-
form, which requires that a minimum phase character-
istic be assumed.
(2). 1If the fﬁnction JH«) | is not square-integrable,
then the Paley-Wiener condition is neither necessary

nor sufficient.

Minimum Phase and the Hilbert Transform

If the function H(w, X) is minimum-phase, then the

attenuation (w3, Xx) , and the phase pw, x) of H(W, x) ;
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—d (W, x) P x)
H® x )= £ £ are related by the Hilbert

transform (Papoulis, 1962):

oo
dtewr, X)

x) = 2
P00 = = R j - o

dw

- 00

Here P{ }represents the Cauchy principal value. Thus
the phase ¢(w, x) can be uniquely determined from the

attenuation (W, %) .

The System Function

After the attenuation function has been chosen and
the phase response is obtained through the Hilbert trans-
form, the system function is known. With the system

function, the linear attenuation filter is defined.
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IMPULSE RESPONSES OF VOIGT AND CONSTANT Q SOLIDS

The impulse response, which characterizes the system
in the time domain, is obtained by inverse Fourier trans-
forming the system function. In this seétion, two models
of attenuation are studied: The low-frequency approxima-
tion of the Voigt solid and the constant Q solid. The
Paley~Wiener condition is checked, the phase response is
obtained, and the impulse response is computed for these

two models.

Voiact Solid

The Voigt solid is one of the models of viscoelas-
ticity. The stress of the Voigt solid is proportional
to the strain and the strain rate. Hence, the wave e-

quation for compressional waves in the Voigt solid is

1 d 1 32
Vz(éd’-:‘}:s—{ )"'VPz a,t:

where é% is the displacement potential and ¥, , a

property of the solid, is called the transition frequency
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(Ricker, 1953). Ricker has solved the plane wave equation

and obtained the attenuation as follows:

L
d(w, xy= WX [ W, (We 4w - Wl 3
v -ﬁ VP W:"" w? }

where W, 1is estimated by Ricker as 27 (280) for shale,
and Vr is the velocity of the wave in perfectly elastic
medium.
il 25
In a low frequency range, say 7;, < - ©°, the atten-

uation d(w, ¥x) has the familiar second-power frequency

dependence:

The Paley-Wiener condition requires that there be a high

end cut~-off frequency. Since the integral

J“’ | Lu 1 He 1 |

1+ w?

does not converge, the Paley-Wiener condition requires
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that there be a high end cut-off frequency W, .
So the attenuation of the low frequency range Voigt solid

is specified as follows:

ZVPwo ’_Fww‘<uf
d(w, x) =

for w2 W

The phase response for the low frequency range of
the Voigt solid is obtained from the Hilbert transform

as follows:

2 T AW, )
Nn2)= == J ' dw}
p (£2) 7T P{ wr. n?

$w) = 25 P{ | —z¥R d(‘]

x wp X w',
- __‘_—.-—-——-—"uf
= Ty Wt |

With o(w,x) , and 95(“’,)() so defined, the impulse
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response for the attenuation filter is found as follows:

X w
o
-
h(t,xy= - J € cos[wt——4>(x,w)_]a[w
2 J
-

This integration is carried out numerically after

H(Y, %) and ¢ (W, %) are expanded in Maclaurin's series.

1 N wWhei
l'l(f,X)‘E—ft— Z S (An+[.iw}c'os[(-{--7")w—4>"]dw
n=4{ o, .
Case L fFor # 7n
- , N |
h (t, X) = .;:: Z {A"‘t-— Sln((f_fn)w_an)
n={
[ cos(ct-Tm)w - ¢
+ﬁ‘ (" ( ) .
ntd
osnletro-1)] |
' “a
case 2 For 1=
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where
X Wy
T 2V,w,
A= 2 2t
P'— Awﬂ—A"
" w"ﬂ'wn
3
x W Wy X &
‘Pn" ™ VW, * 2TV, Wy ’&\ -p»J]
Y - ¢n-ﬂ -¢n
" Wyer = W,

Figure 15 shows some results of this computation.
Each trace is normalized. The horizontal line associated
with each trace represents the zero amplitude for that
trace,

Figure 16 gives a plot comparing the pléne Voigt
wave and the plane low-frequency-approximated Voigt wave.
The solid line represents the plane Voigt wave from Collins
(1960), and Balch and Smolka (1970), and the broken line,
the low-frequency-approximated plane Voigt wave computed
by means of the algorithms based on the above formulation.

The difference observed is explained by the fact that
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the operator of thls thesis transmits more of the high

freguencies.
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Figure 15.

1.00 2.00 "3.00 4.00
TIME IN MS.x0.25

Impulse responses of attenuators of low-

frequency-approximated Voigt solid at 5 locations.
Vp = 5700 ft/sec, w, = 560 rad/sec, and W, are
as shown.
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Constant Q Solid

The constant Q model yields attenuation proportional
to the first power of frequency.

The constant Q solid is causal if its attenuation is
defined as follows:

.......?_(.—’W ‘f"or W(M}.
g Wl fer W<

d(w, x) =

0 , for |wli 2 U
where W, 1is the high cut-off frequency. The integral

of the Paley-Wiener condition is convergent, for

uy /
‘Xl’k)’ (2 V(Q)
I=2 [ £ dw
o 1+ w?

- X 2
—Zvravén(/-f-w;) <co

The phase response for the constant Q solid is obtained

from the Hilbert transform as follows:
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W * 4|y
b < e | 2

With (w, x) , and ¢ («,x) so defined, the impulse

response for the attenuation filter is:

1 - “wr T
h(x,t)"‘;}‘f'e P& cos [wt + 2TV, Q J A
o

This integration is numerically carried out as before

according to

N TS
1
h(x )= Z j (A +Bw)cos[(t-Fo)w - ¢ ] dw
n=1 ul‘n
case 1 For =+ # Yn

N
__1 1 .
hixt) s — “2:1 {An oy Sin ((f-g,,)u- -4,)

+ F [_.__f..._. cos ((t-Yn)w - 43,)

(‘t’Xn)‘ (Jw"‘

+ Y fin(ct-mw—#;)J
t-Yn
Wi
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case 2 For + = ¥,

N
1
hoxtrs 2= ) 4 A, O, -l yeos &,

n=1

where
% an
An = ,e Vp R
p - An+l - An'
" MH - ’?A),:
— 4%{-1 - ¢n
Y; Whey — W,

43‘=1J"x &__‘ff;._1l

: n

Figure 17 shows some results of this computation.
Each trace is normalized in this plot. The horizontal line
associated with each trace represents the zero amplitude

for that trace.
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Figure 17. Impulse responses of attenuators of constant
Q solid at 5 locations. Vp = 5700 ft/sec, Q = 20,
and W, are as shown.
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SEISMIC WAVES

PLANE COMPRESSIONAL SEISMIC WAVES
| IN AN INFINITE MEDIUM
The displacement of plane compressional seismic waves

for a doublet pressure source has the same form as the
impulse response of the attenuator, because the input to
the attenuator, the elastic wave, is a spike. The plane
compressional seismic wave for a pressure spike has the
wave form of the impulse response of the attenuator inte-
grated, because the input to the attenuator, the elastic

wave, is a unit step.
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SPHERICAL COMPRESSIONAL SEISMIC WAVES
IN AN INFINITE MEDIUM

The spherical compressional elastic waves were
calculated using the computer program library of the
Department of Geophysics. The following figures show
the seismic wave forms at various distances for the two
attenuation models studied.

Figure 18 and 19 are collections of the seismic
waves in an infinite medium for the low-frequency-
approximated Voigt and the constant Q model. The 5
traces from bottom of the plot toward the top corresponds
to the attenuated seismic wave from near field traveling
outward. Each trace is normalized, and the horizontal
line associated with each trace represents the zero am-
plitude for that trace.

In Figure 18, the effect of truncating the impulse
respone of the attenuator is observed. This effect dem-
onstrates itself most conspicuously in the top trace.
This is because the operator corresponding to that location

has a very long tail end. Because the farther the location
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is, the longer the tail end of the impulse response of
the attenuator lasts, it is expected that the truncation
effect will be more conspicuous in the traces correspond-
ing to longer propagation paths. The truncation effect
does not appear in Figure 19 because the impulse responses
of the attenuators generating these traces are not severely
truncated.

It is interesting to compare Figures 18 and 19.
Note that the seismic waves of both models broaden during
propagation. Note also that the absolute values of the
amplitudes of the peak and trough approach equality as
the wave propagates through the constant Q medium. It
is observed that the constant Q model yields a slower rate

of broadening than low-frequency-approximated Voigt model.
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Figure 18. Spherical compressional seismic waves in an
infinite low-frequency-approximated Voigt solid:
radial displacement at 5 locations from an impulsive
pressure. Ve = 5700 ft/sec, w, = 560 TL rad/sec, and
X are as shown.
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'} J
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Figure 19. Spherical compressional seismic waves in an
infinite constant Q solid: radial displacement at
5 locations from an impulsive pressure. Vp = 5700 ft/sec,
Q = 20, and x's are as shown.
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SPHERICAL COMPRESSIONAL SEISMIC WAVES
IN A HALF-SPACE

The spherical seismic wave forms are obtained by
convolving the elastic wave forms with the impulse re-
sponses of the attenuators corresponding to the length
of the classical ray path. The seismic wave forms for
the two models investigated in this thesis are shown in
figure 20 through 39. Figure 20 through 29 are for the
‘low-frequency-approximated Voigt model, and figure 30
through 39 for the constant Q model.

The sequence of layout of these plots for seismic
wave forms in figure 20 through 29, and for 30 through
39 follows that for the elastic wave forms in figure 5
through 14. The sequence is as follows: (1) Rayleigh
waves, (2) second surface waves, (3) total surface waves,
(4) body waves, and (5) total vertical component of dis-
placement. Each trace in figure 20 through 24, and in
figure 30 through 34 is normalized. The traces in figure
25 through 30, and in figure 35 through 39 are scaled to

show the relative amplitude of the
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components to the amplitude of the total vertical displace-
ment. These schemes again follow those in the chapter of
elastic wave forms. The normalized plots are intended to
show the changes of wave forms of each component at various
locations. The scaled relative amplitude plots are intended
to present, at a glance, the relative contribution of each
component to the total at various locations.

It is observed that both models have the effect of
broadening and smoothing the elastic wave forms. This is
most conspicuously seen in the body waves where there are
sharp, "brick-wall' arrivals in elastic wave forms (see
Figure 8). It is also noted that the approximated
Voigt model tends to merge the PP- and PS-waves slightly
more than the constant Q model. (see Figures 8, 23, and
33). The same attenuator is used with body waves and both
types of surface waves. Thus the following assumptions are
implied:

1. The medium has same effect of attenuation on com-

pressional waves, shear waves, Rayleigh waves,

and second surface waves.
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2, The differences in path lengths of the PP-wave,
PS-wave, surface waves, and the direct wave are
neglected.

These assumptions were made because it takes more than 10
times more computer central processing time to compute an
operator than it does to compute the elastic waves at a
location. The approximated Fourier transform (Sato, 1955)
is used to compute the operator. To eliminate these two
assumptions one should specify different transition fre-
quencies, W, , and Q for each wave component (Press and

Healy, 1957).
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CONCLUSIONS AND RECOMMENDATIONS

This phenomenological theory of attenuation is, like
so many other theories, a linear approximation to reality.
The attenuation system 1s also assumed to be a minimum
phase system whose amplitude response satisfies the Paley-
Wiener condlition. Given a finite band of frequencies of
interest the Paley-Wiener condition can always be satlsfled
if the glven attenueation 1s multiplied by a suitable
truncation function.

To supply input to the attenuator, one must compute
the elastic waves for various boundaries of interest.
Gagniard's method is applied to compute spherical waves
in a half-space. The second surface wave (Cagniard, 1939)
component of the elastic wave consumes the most computer
time. Its contribution to the total elastic wave depends
on the source-recelver geometry, but i1t is usually small
compared to the classical body or surface waves.

Numerical calculations of the inverse Fourier trans-
form take more computer time than calculations of the
‘elastic waves. The digital convolution of the elastic wave
input and the attenuatof inpulse response 1s relatively

fast.
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The selismic waves obtalned in this thesis show dis-
persion. The spherical seismic waves in the infinite
low-frequency-approximated Volgt medium broaden faster
than in the constant Q medlium.

This theory of seismic waves has the advantage that
1t is not necessary tc incorporate the loss mechanisms into
the boundary value problems, which are already very compli-
cated. However, one sacrifices any opportunity of gaining
insight to the processes and causes of attenuation. The
derivation of the phase response through the Hilbert trans-
form is difficult if the amplitude response is complicated,
The numerical inverse Fourler transform is also a burden
of this approach.

For further pursult of studies in related fields, it
is recommended that z-transform methods be considered or
that more sophilsticated and/or more efficlent inverse
Fourier transforms be used., It 1s also recommended that
additional field studies and laboratory experiments be

conducted to match attenuation functions and rock types.
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APPENDIX

EXPRESSION FOR £z,

THE VERTICAL COMPONENT OF DISPLACEMENT

=0 ) for t<RS

1 ,
- CoSI[%F"{t—RS)‘P‘EzF(‘f'RS)], for RS<t <R'S

’ s ! ’
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- , S
= ¢°'>‘1[-R£ F'H:-RSH —é—, 1—(%—7?5}] + CosT [7!'"

, ) 1 ,
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-~ Scost' Ay (R's+0) F'(+-R's)

= F'tt) ¥ Mz(2) - $ SIn I, B(RS+R,s +0)-
FLt-(RS+R,s)]

+ F(x)% N, ()

for t >R S+ R,

where F (t) is the source function, A3 and B are trans-
mission factors as previously defined in the context, and
M; and Nr are the spacial derivatives of the transmis-

sion factors. They are expressed in closed form as follows:
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where I' , E » and P denote the contours of integration

as shown in Figure 3,
The symbol % denotes convolution.

. P
1 £ mM" P r
The closed forms o MZ ’ Mz s Nr , and Nr are

given as follows:
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where m , § » M1

defined as follows:
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