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ABSTRACT

The e le c tr o m a g n e t ic  f i e l d  abou t a c o n d u c tin g  c y l in d e r  in  

un iform  sp a ce  i s  in v e s t ig a t e d  fo r  th e  c a s e  o f  an i n f i n i t e l y  

lo n g  l in e a r  c u r r e n t  so u r c e  and fo r  m a g n etic  d ip o le  s o u r c e s .  

The a sy m p to tic  b e h a v io r  o f  th e  f i e l d s  i s  d is c u s s e d  in  b o th  

th e  freq u en cy  domain and in  th e  t im e  dom ain.

By com paring th e  seco n d a ry  and th e  norm al f i e l d s ,  th e  

optimum ra n g es o f  freq u en cy  and tim e  a re  o b ta in e d . From

th e  r e s u l t s  o f  th e  n u m erica l e v a lu a t io n ,  i t  i s  found t h a t  

th e  r e s o lv in g  c a p a b i l i t y  o f  th e  m ethods in  th e  freq u en cy  and 

th e  tim e  dom ains a r e  v ery  much d i f f e r e n t .  The tim e  domain 

method p o s s e s s e s  a much h ig h e r  r e s o lv in g  c a p a b i l i t y  th an  th e  

c o n v e n t io n a l freq u en cy  domain m eth od s. Even in  th e  freq u en cy  

domain th e r e  i s  a b ig  d i f f e r e n c e  betw een  m easuring th e  i n -  

p h ase  and th e  q u ad ratu re  com ponent. M easuring th e  in p h a se  

component p r o v id e s  h ig h e r  r e s o lv in g  c a p a b i l i t y  th an  m easuring  

th e  q u ad ratu re  com ponent. H owever, th e  r e s o lv in g  c a p a b i l i t y  

o f  th e  m ethods in  th e  freq u en cy  domain can be in c r e a s e d  

s i g n i f i c a n t l y  by m easuring th e  qu ad ratu re  component a t  two 

d i f f e r e n t  f r e q u e n c ie s .  The c a lc u la t io n  r e s u l t s  show t h a t  th e  

maximum r a t i o  o f  th e  secon d ary  t o  th e  norm al f i e l d  o f  t h i s  

method can be com parable to  t h a t  o f  th e  tim e  domain m ethod.

I l l
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INTRODUCTION

The e le c tr o m a g n e t ic  m ethods are  th e  m ost s u c c e s s f u l  

t o o l s  i n  m in ing  g e o p h y s ic s  (F a r a s n is ,  1 9 6 6 ) .  T hese m ethods 

were f i r s t  u sed  more th an  50 y e a r s  ago in  Sweden (F a r a s n is ,  

1 9 6 6 ) .  S in c e  th e n  many d i f f e r e n t  in d u c t iv e  m ethods have been  

d e v e lo p e d . C o n v e n t io n a lly , th e s e  m ethods can  be c l a s s i f i e d  

in t o  th e  f o l lo w in g  th r e e  g ro u p s .

Group 1 . Frequency m ethods in  th e  n ear zon e .

The t r a n s m it t e r  i s  a lo o p  c a r r y in g  a h a r m o n ic a lly  t im e -  

v a r y in g  c u r r e n t .  M easurem ents are perform ed i n  th e  n ear zone; 

t h a t  i s ,  th e  r a t i o  o f  th e  s e p a r a t io n  to  th e  s k in  depth  o f  th e  

medium i s  l e s s  th an  on e . The f o l lo w in g  m ethods are in c lu d e d  

i n  t h i s  group*

a . Two c o i l  system * S lin gram  and t i l t  a n g le  m ethods 

( K e l le r ,  e t  a l ,  1 9 6 6 ) .  Some o f  th e s e  m ethods are b ased  on de­

te r m in in g  th e  azim uth and th e  d ip  o f  th e  e l l i p s e  o f  th e  p o la r ­

i z a t i o n .  O ther m ethods mesure o n ly  th e  am p litu d e  and th e  phase  

o f  th e  m agn etic  f i e l d  a t  d i f f e r e n t  f r e q u e n c ie s .

b . A irborne sy s te m s .

Group 2 . Frequency m ethods i n  th e  wave zone; t h a t  i s ,  

th e  r a t i o  o f  th e  s e p a r a t io n  to  th e  s k in  depth  i s  l a r g e .  The 

m ethods i n  w hich m easurem ents are c a r r ie d  in  th e  wave zone  

are a s  fo llo w *
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a . VLF

The an ten n a  o f  a VLF tr a n s m it te r  c o n s t i t u t e s  a 

v e r t i c a l  e l e c t r i c  d ip o le .  M easurem ents a re  c a r r ie d  o u t  by 

u s in g  a c o i l  tu n ed  t o  th e  freq u en cy  o f  th e  s e l e c t e d  VLF 

s t a t i o n .

b . AFMAG

T h is method u s e s  th e  n a tu r a l m agn etic  f i e l d s  a t  

au d io  fr e q u e n c ie s .T h e  sp a ce  betw een  th e  io n o sp h e r e  and th e  

e a r t h ’ s s u r fa c e  a c t s  a s  a wave g u id e  fo r  t h e s e  f i e l d s  w ith  

th e  r e s u l t  t h a t  t h e i r  v e r t i c a l  com ponents a re  n orm ally  v ery  

s m a ll .  A r e c e iv e r  c o i l  a t  any p o in t  w i l l  show t h a t  th e  p la n e  

o f  p o la r iz a t io n  t i l t s  o u t  o f  th e  h o r iz o n t a l  (Ward, 1 9 6 9 ) .

c .  Turam Method (wave zone)

The prim ary f i e l d  o f  t h i s  method i s  produced by a 

lo n g  c a b le  o r  a la r g e  lo o p  and th e  r e c e iv e r  c o n s i s t s  o f  two 

c o i l s .  For each  m easurem ent th e  r a t i o  o f  th e  i n t e n s i t i e s  a t  

two p o in t s  i s  m easured (F a r a s n is , 1966) .

Group 3 . T r a n s ie n t  m ethods

a . Ground sy stem s :

There a re  s e v e r a l  k in d s  o f  t r a n s ie n t  m eth od s, in ­

c lu d in g  th o s e  o f  S iro tem  ( 19 77 ) ,  Crone ( 1 9 7 7 ) ,  Newmont (1955) 

T hese sy stem s a re  u sed  i n  th e  ground s u r v e y s . U s u a lly  th e  

en erg y  o f  t h e s e  m ethods i s  su p p lie d  in d u c t iv e ly  by p u ls e s  in  

an in s u la t e d  c a b le  lo o p  and a r e c e iv e r  c o i l  m easures th e  

s ig n a l  when th e  c u r r e n t  i s  tu rn ed  o f f .  The advan tage o f  

th e s e  m ethods i s  th a t  o n ly  th e  secon d ary  f i e l d  n eed s to  

be m easured .
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b . A irb orn e  system ;

The in d u ced  p u ls e  t r a n s ie n t  (INPUT) sy stem  has  

been em ployed fo r  a e r i a l  e le c tr o m a g n e t ic  su r v e y . In  t h i s  

sy stem , p u ls e s  are s e n t  through  a h o r iz o n t a l  lo o p  a t  a 

r e p e t i t i o n  r a te  o f  s e v e r a l  hundred t im e s  a seco n d , u s in g  

a sm a ll •b ird *  towed on a c a b le  about 1 5 0  m beh in d  a i r ­

c r a f t .  T h is  b ir d  h o u se s  a c o i l  w hich d e t e c t s  th e  seco n d ­

ary  d e c a y in g  s ig n a l  from th e  ground . M easurem ents are made 

a t  t im e s  from about 100 M s a f t e r  th e  c u r r e n t  i s  tu rn ed  o f f  

to  about 2000 Us (F a r a s n is ,  1 9 6 6 ) .

The in t e r p r e t a t io n  o f  a l l  th e  above m en tioned  m ethods 

i s  m a in ly  b ased  on th e  freq u en cy  and t r a n s ie n t  r e sp o n s e s  

w hich  a re  o b ta in e d  through  c a lc u la t io n  or  p h y s ic a l  m od elin g  

fo r  th e  c a s e  o f  an o re  body surrounded by an i n s u la t o r .  I t  

i s  u s u a l ly  assumed t h a t  th e  in f lu e n c e  o f  th e  su rrou n d in g  

medium i s  n e g l i g i b l e .

An e x te n s iv e  amount o f  t h e o r e t i c a l  work has been  done  

on th e  in d u ced  e le c tr o m a g n e t ic  f i e l d s  o f  co n d u ctin g  b o d ie s .  

The a n a l y t i c a l  m odel o f  a c o n d u ctin g  sp h ere  has been  in v e s ­

t ig a t e d  by W ait (1951 , 1953 and 1 9 6 0 ) ,  Ward (1959 and 1 9 6 7 ) ,  

and F u l le r  ( 1971) ,  and o t h e r s .  The above l i t e r a t u r e  m ain ly  

d is c u s s e s  th e  d e r iv a t io n  o f  seco n d a ry  f i e l d s  in  th e  fr e q e n c y  

domain and t h e i r  b e h a v io r  i n  a c o n d u ctin g  medium. N eg i 

( 19 69 ) ,  N ab igh ian  (1970 and 1 9 7 1 ) ,  and Verma ( 1 9 7 2 ) ,  in v e s ­

t ig a t e d  th e  c o n d u ctin g  sp h ere  in  th e  tim e  dom ain.
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M ost p r e v io u s  in v e s t i g a t o r s  s tu d ie d  th e  b e h a v io r  o f  th e  

seco n d a ry  f i e l d ,  w h ich  i s  p r im a r ily  due t o  th e  in d u ced  

c u r r e n ts  in  th e  c o n d u c to r , w ith o u t  c o n s id e r in g  th e  in f lu e n c e  

o f  th e  su rrou n d in g  medium. The in f lu e n c e  o f  th e  su rrou n d in g  

medium i s  d e f in e d  a s  g e o lo g ic a l  n o is e  w h ich  comes from  th e  

in d u ced  c u r r e n ts  in  th e  su rrou n d in g  medium and som etim es from  

th e  g a lv a n ic  p a r t  o f  th e  seco n d a ry  f i e l d .  N e g le c t in g  th e  

in f lu e n c e  o f  su rrou n d in g  medium, th e  d ep th  o f  i n v e s t i g a t i o n  i s  

c o n t r o l le d  by th e  r a t i o  o f  th e  u s e f u l  s ig n a l  t o  th e  am bient 

n o i s e .  Ambient n o is e  c o n s i s t s  o f  t e l l u r i c  n o i s e ,  i n d u s t r ia l  

n o i s e ,  and m easu rin g  e r r o r  due to  u n s ta b le  o r ie n t a t io n  o f  a 

t r a n s m it te r  and a r e c e iv e r .  T h is  problem  can be s o lv e d  by 

d e v e lo p in g  b e t t e r  in s tr u m e n ts . However, th e  maximum d ep th  o f  

i n v e s t i g a t io n  o f  th e  oreb ody i s  r e s t r i c t e d  by th e  r a t i o  o f  

th e  u s e f u l  s ig n a l  t o  th e  g e o lo g ic a l  n o i s e .  I f  th e  g e o lo g ic a l  

n o is e  i s  g r e a te r  th an  th e  u s e f u l  s i g n a l ,  i t  i s  im p o s s ib le  t o  

g e t  r e l i a b l e  in fo r m a tio n  abou t th e  oreb od y . Thus th e  main 

con cern  in  EM p r o s p e c t in g  i s  t o  f in d  th e  optimum c o n d it io n s  

w hich  a l lo w  one t o  g e t  th e  maximum r a t i o  o f  th e  u s e f u l  s ig n a l  

to  th e  g e o lo g ic a l  n o is e  (Kaufman, 1961)l Kaufman (1961)  

in v e s t ig a t e d  th e  g a lv a n ic  and th e  in d u c t iv e  p a r t  o f  th e  se c o n ­

dary f i e l d  o f  a c o n d u c tin g  sp h e re  in  th e  freq u en cy  dom ain.

In  t h i s  d i s s e r t a t i o n  th e  in f lu e n c e  o f  th e  su rrou n d in g  

medium i s  in v e s t ig a t e d  fo r  th e  q u ad ratu re  and th e  in p h a se  com­

p o n e n ts , i n  th e  freq u en cy  domain, and th e  tim e domain due to  an 

i n f i n i t e l y  lo n g  c y l i n d r i c a l  c o n d u ctin g  body e x c i t e d  by; ( i )  an
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i n f i n i t e l y  lo n g  l i n e  s o u r c e , and ( i i )  a m agn etic  d ip o le  so u rc e  

Comparing th e  norm al and seco n d a ry  f i e l d s ,  th e  optimum  

ra n g es o f  tim e  and freq u en cy  a r e  o b ta in e d  fo r  th e  m odel b e in g  

c o n s id e r e d . The in f lu e n c e  o f  e l e c t r i c a l  c h a r g es  on th e  s e c o n ­

dary f i e l d  i s  a l s o  c o n s id e r e d .
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CHAPTER 1 . INFLUENCE OF THE SURROUNDING 

MEDIUM IN CASE OF TWO DIMENSIONAL MODEL

I n tr o d u c t io n

A h o r iz o n t a l ly  e lo n g a te d  body i s  h ere  m odeled as a 

c y l in d e r .  T h is c y l in d e r  i s  e x i c i t e d  by an i n f i n i t e l y  lo n g  

l i n e  s o u r c e , w hich i s  p a r a l l e l  t o  th e  a x is  o f  th e  c y l in d e r  

( F i g .  1 - 2 ) .

The l i n e  so u rce  c a r r ie s  h a r m o n ic a lly  t im e -v a r y in g

c u r r e n t  I = e"^*^ (1 -1 )

where w i s  fr e q u e n c y , i n  r a d ia n s  p er  se co n d , I@ i s  th e

am p litu d e o f  th e  s in u s o id a l  c u r r e n t , and t  i s  t im e .
In t h i s  c a se  th e  ch an g in g  so u rc e  c u r r e n t g e n e r a te s  an

in d u c t iv e  c u r r e n t  in  th e  su rrou n d in g  medium and in  th e  con­

d u c t in g  body. The f i e l d  due t o  th e  c u r r e n t in  th e  surroun d­

in g  medium i s  c a l l e d  th e  norm al f i e l d  and th e  f i e l d  due to  th e  

c u r r e n t in  th e  co n d u ctin g  body i s  c a l l e d  th e  secon d ary  f i e l d .  

T hus, th e  r e s u l t in g  e le c tr o m a g n e t ic  f i e l d  i s  th e  sum o f  th e  

norm al and th e  secon d ary  f i e l d .

Frequency R esponse o f  Normal F ie ld  

The sy stem  o f  f i e l d  e q u a tio n s  can be c o n s tr u c te d  from  

M axwell e q u a t io n s .
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Figure 1 -1 .  L inear cu rren t sou rce  in  uniform  space

X

► Y

F igure 1 -2 . C o n fig u ra tio n  o f  l in e  source 0 and ob server  P 

in  e q u a to r ia l  p lan e o f  c y lin d e r .
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For th e  c a se  o f  a h a r m o n ic a lly  v a r y in g  so u rce  and 

q u a s i s t a t ic n a r y  f i e l d  b e h a v io r , M axw ell' s e q u a tio n s  can  

be w r i t t e n  as*

c u r l  E = iw  jj'H, D iv  S  = 0 .

c u r l  H = yE , D iv  H = 0 . (1 -2 )

where /  i s  th e  c o n d u c t iv i t y  o f  th e  medium and i s  mag­

n e t i c  p e r m e a b il i ty .

From e q u a tio n  ( 1 - 2 )

c u r l  c u r l  E = i v y  c u r l  H

or  v 2 e  + k 2 e  = 0 .

By an a lo g y

H + H = 0 (1-4)

where k i s  th e  wave number o f  th e  medium:

K = Viw yy

(N ote t h a t  d isp la c e m e n t c u r r e n ts  are n e g le c t e d ) .

I f  th e  so u rce  c u r r e n t  i s  d ir e c t e d  a lo n g  th e  Z -a x is  

(F ig u re  1 - 1 )  , i t  can  be shown u s in g  th e  H elm holtz  theorem  

th a t  th e  r e s u l t a n t  e l e c t r i c  f i e l d  h as o n ly  a Z -com ponent. 

T h e r e fo r e , e q u a t io n ( l - 3 )  can  be w r i t t e n  a s:
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1 dE

where R, , Z are a c y l i n d r i c a l  c o o r d in a te  sy stem .

The s o lu t io n s  o f  th e  above e q u a tio n  are l in e a r  com­

b in a t io n  o f  m o d if ie d  B e s s e l  fu n c t io n s  KgCkR) and l o ( kR)  

( W a i t , i 9 6 0 ) .  C o n s id e r in g  th e  f a c t  th a t  th e  e l e c t r i c  

f i e l d  sh o u ld  go to  zero  a s  R ap p roach es i n f i n i t y  and th e  

b e h a v io r  o f  th e  fu n c t io n s  K@(kR) and %o(kR),

I t l  % (KR) = °

th e  prop er s o lu t io n  o f  th e  above wave e q u a tio n  i s

Eg =  M (KR) . ( 1 - 5 )

To d eterm in e  th e  c o n s ta n t  M, th e  f i e l d  in  th e  v i c i n i t y  o f  th e  

so u rce  i s  c o n s id e r e d . At a p o in t  which i s  v e r y  c lo s e  to  th e  

so u r c e , th e  m agn etic  f i e l d  i s  d e f in e d  m ain ly  by th e  sou rce
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current. From equation ( 1-2 )

lim  è H • d l  = I  
R-̂ o ^ °

or

The r e l a t io n  betw een  and Eg i s

H _ 1 . (1 -7 )
(f> iwy 9R

From th e  above e q u a t io n s ,

0̂ l î f î T d i / o  = A
or

iwy I 
2 7TM =  T — (1 -8 )

Thus, th e  c o rr esp o n d in g  e l e c t r i c  and m agn etic  f i e l d s  are  

iwy I
E g  n r ^ E ^ ' E R )  (1 -9 )

I
= ^  ■ K-K^ (KR) (1 -1 0 )

D e f in in g  e„ and h. by

' . - a . . .
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and

\

where p i s  th e  r e s i s t i v i t y  o f  th e  medium one o b ta in s

e„ = K^R^.K (KR) (1 -1 1 )z o
and

h^ = K R • (KR) . (1 -1 2 )

In th e  above e q u a tio n  KR can be w r i t t e n  as :

KR =

where 6  i s  th e  sk in  depth  o f  th e  medium.

6 = y y w

F requency r e sp o n se s  are  c a lc u la t e d  u s in g  e q u a tio n s  (1 -11 )  

and ( 1 - 1 2 ) .  T hese r e s u l t s  are  shown in  F ig u r e s (1 -3 ) and 

(1-4)  as a fu n c t io n  o f  R / 6 .

C urrent D e n s ity

A ccord in g  t o  E q u ation  (1 -9 )  th e  c u r r e n t d e n s i t y ,  j g ,  

in  th e  medium i s

I K̂
i z  It-
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T 3(H
0 )•Hw sQü«Hi *
Q)CW)
0 5
E
/D

c
(D . 

0 )mQ
•H

S
o<s
sltj

Q.

/\

\

1 = 2 0

1=15

■1 0 “
l . I "'. . 1 ■■ 

1 0 "
r-rr—

10 R/de 1 0 '

F ig u re  1 - 3 .  F requ en cy  r e sp o n se  o f  th e  norm al m agn etic  

f i e l d .

1 R/Se 10
F ig u re  1 - 4 .  F requ en cy  r e sp o n se  o f  th e  norm al e l e c t r i c

f i e l d .
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Thus th e  c u r r e n t d e n s i ty  has th e  same b e h a v io r  as th e  

freq u en cy  r e sp o n se  o f  e l e c t r i c  f i e l d .  From F ig u re  ( 1 - 4 ) ,  

i t  can be n o t ic e d  t h a t  th e  lo c a t io n  o f  maximum c u r r e n t  

d e n s ity  i s  s h i f t e d  fa r th e r  from th e  so u rc e  as th e  freq u en cy  

d e c r e a s e s .

The t o t a l  c u r r e n t in  th e  medium i s

I iz"
W . S

where w .s  r e p r e s e n t s  "whole sp a ce" . Hence
00

J = 2TT ( j_  R dRZ
or o

J = -  I \ K (KR).R dRo J o

S u b s t i t u t in g  x = KR

J = -  I (  X K (X) dX o \ o

= -  . (1 -1 4 )

T h is r e s u l t  can be in t e r p r e te d  as fo llow s* . The te r m in a l  

o f  th e  l in e a r  so u rc e  i s  lo c a t e d  v ery  fa r  from th e  o b ser v a ­

t io n  p o in t  and th e  c u r r e n t  f lo v s  through  th e  c lo s e d  path  

in  th e  su rrou n d in g  medium.
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B eh av ior  o f  th e  Frequency R esp on ses o f  th e  Normal F ie ld

At th e  low fr e q u e n c y , R/^ <1 o r  KR<1, th e  B e s s e l  fu n c­

t io n  in  e q u a tio n s  ( 1 - 1 1 ) and ( 1 - 1 2 ) can  be approxim ated  by:

Kq (KR) In  ̂ (1 -1 5 )

where Y = 1 . 781072  (E u le r 's  C on stan t)o
I f  |kr | «  1,

and

K^(KR) = -  In KR

Ki(KR) S  ^  In KR (1 -1 6 )

S u b s t i t u t in g  th e  above e x p r e s s io n s  in t o  e q u a tio n  (1 -1 1 )

6 % = -  Y In (K^R^)

= -  I  HM/R  ̂ In (w^irR^) + j  VJXÏ-?} (1 -1 7 )

Thus, th e  in p h a se  component o f  th e  e l e c t r i c  f i e l d  i s

I y w
R^[E„] = - —2-----  (1 -1 8 )

® a

and th e  q u ad ratu re  component i s

in
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s i m i l a r l y ,  th e  m a g n etic  f i e l d  becomes

RetHf] = 2 W  ( 1 -  YU w r 2 ) ( 1 - 2 0 )

I .  I H . 1  ■  ^ 4 ^

Thus a t  th e  low f r e q u e n c i e s , the inphase component o f  the e le c ­

t r i c  f i e l d  does n o t  depend on th e  c o n d u c t i v i t y  o f  th e  medium.

As usual , th e  q u adrature  component o f  e l e c t r i c  f i e l d  i s  

b ig g e r  than th e  in p h a se  component a t  th e  low f r e q u e n c ie s .

In a r e a l  c a s e ,  th e  qu adrature  component i s  p r o p o r t io n a l  to  

w a t  th e  low f r e q u e n c ie s .  However, in  t h i s  c a s e ,  due t o  th e  

i n f i n i t e l y  lon g  l i n e  so u rc e  th e  qu adrature  conponent o f  the magnetic 

f i e l d  i s  p r o p o r t io n a l  t o  w In w.

Now, l e t  us i n v e s t i g a t e  th e  h ig h  freq u en cy  p a r t  o f  th e  

sp ec tru m . I f  th e  m agnitude o f  KR i s  b ig g e r  than u n i t y ,

-KR7 if ^
and K^(KR) 6

Thus 6 «7 and hx in  e q u a t io n s  (1 -1 1 )  and ( 1 -1 2 )  become

 -------  -KR
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and
r— —  -K R

V  2 ÎŒ ^

^ z  2 i —  V i m  ,

I I  -KR
(1 -23 )

Thus, by i n c r e a s i n g  th e  freq u en cy  th e  f i e l d s  decay v e ry  r a p id ly  

The f o l l o w in g  f a c t s  can  be r e c o g n iz e d :

i )  Due t o  th e  s k in  e f f e c t ,  a t  th e  h ig h  f r e q u e n c ie s  

most o f  th e  c u r r e n t  i s  c o n c e n tr a te d  n ear  th e

s o u r c e .  Thus, th e  f i e l d  d o es  n o t  depend on th e  

c o n d u c t i v i t y  o f  th e  medium.

i i )  D e c r e a s in g  th e  f r e q u e n c y ,  th e  s k in  depth  i n c r e a s e s .

In o th e r  w ords, th e  l o c a t i o n  o f  maximum c u r r e n t

d e n s i t y  moves f a r t h e r  from th e  so u rce , and th e  f i e l d s

s t a r t  t o  f e e l  t h i s  c u r r e n t  in  th e  medium.

T r a n s ie n t  R esp onses o f  Normal F i e l d

T r a n s ie n t  r e sp o n se  o f  th e  f i e l d  due t o  s t e p  on c u r r e n t  

so u rc e  i s  d i s c u s s e d .

I ( t )  = 0  t  < 0

= l o  t  > 0 .

In  eq u a tio n s  (1 -9 )  and ( 1 - 1 0 ) ,  t r a n s fo r m a t io n  o f  v a r i ­

a b le  as
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or

K^R = a w ith  a =\/yy R , we g e t

For th e  re sp o n se  to  th e  s t e p  fu n c t io n

6 z ( t )  = X "  { e z ( s ) / s

(T )  =  s “6 z  =  2 t

p i
E„ ( t )  = - 2  I  e 4T

2 . r 2  2 r , (1 -24 )

where x  ~------ -
vy

By a n a lo g y  1__
4T (1 -25 )

= 2 ¥ r  ^

or  1

h( T) = e

F ig .  (1 -5 )  shows th e  t r a n s i e n t  re sp o n se  o f  th e  normal 

e l e c t r i c  f i e l d  and F ig .  (1 -6 )  shows th e  t r a n s i e n t  re sp o n se  

o f  th e  normal e le c t r o m o t iv e  f o r c e .
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C urrent D e n s ity

From e q u a t io n  ( 1 -1 3 )  and f ig u r e  ( 1 - 5 ) i i t  can  be se e n  

t h a t  th e  l o c a t i o n  o f  th e  maximum c u r r e n t  d e n s i t y  i s  s h i f t e d  

f a r t h e r  from th e  so u rc e  a s  t im e  i n c r e a s e s .  T h is  phenomenon 

can  be e x p la in e d  by th e  s k in  e f f e c t  i n  th e  tim e domain. At 

th e  e a r ly  s t a g e ,  in d u ced  c u r r e n t  m ain ly  c o n c e n t r a t e s  near  

th e  so u r c e ,  and, as  th e  tim e i n c r e a s e s ,  th e  c u r r e n t  d i f f ­

u s e s  f a r t h e r  from th e  so u rce  i n  th e  medium.

B eh av ior  o f  th e  T r a n s ie n t  R esponses

At th e  la g e  s t a g e ,  * ^ » 1 ,  e q u a t io n s  (1 -24 )  and (1 -25 )  

can be w r i t t e n  as

E (t )  = ----- §— “  (1 -  T—) ( 1 - 2  6 )
4 ïïR ^ » and

4T> ^

or

= 2 ^  -  4 # - '  , (1 -27 )

U s u a l ly  th e  measurement i s  c a r r ie d  o u t  a f t e r  th e  so u rc e  c u r r e n t  

i s  tu rn ed  o f f .  From e q u a t io n  (1 -2 5 )

I  -  i —

H_ (T) = 2 i i  (1 -   ̂ ) (1-28)
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where H _ (t )  d e n o te s  th e  f i e l d  a f t e r  th e  so u rce  c u r r e n t  i s  

tu rn ed  o f f .  From e q u a t io n  ( 1 - 2 8 ) ,  th e  f o l lo w in g  f a c t s  are  

fo u n d :

i )  The f i e l d  app roaches th e  prim ary f i e l d  as  th e  

t im e  d e c r e a s e s .

i i )  For th e  c a s e  o f  r » l .

(T) = 4 ?

or
I Rw

H -( t )  = 8 # r -  7 •

Thus a t  th e  l a t e  s t a g e  th e  m agn etic  f i e l d  i s  p r o p o r t io n a l  

t o  th e  c o n d u c t i v i t y  o f  th e  medium. The above m entioned  

phenomenon a l s o  can be r e c o g n iz e d  by c o n s id e r in g  th e  b e h a v io r  

o f  th e  c u r r e n t  d e n s i t y .

From th e  above d i s c u s s i o n ,  i t  sh o u ld  be noted  t h a t  

Ci) th e  qu adrature  component o f  th e  m agn etic  f i e l d  i s  pro ­

p o r t i o n a l  t o  y in  Y a t  low f r e q u e n c ie s ,  ( i i )  At th e  l a t e

s t a g e  th e  m agn etic  f i e l d  i s  p r o p o r t io n a l  t o  y .

The Frequency and th e  T r a n s ie n t  R esponses o f  th e

Secondary F i e l d

To f in d  t h e  secon d ary  f i e l d s ,  i t  i s  r e q u ir e d  t o  e s t a b ­

l i s h  a s e t  o f  boundary c o n d i t io n s  which can d eterm in e  

th e  p rop er  s o l u t i o n  from th e  g e n e r a l  s o l u t i o n  o f  th e  wave 

e q u a t io n  ( 1 - 3 ) .  These c o n d i t io n s  are c o n t i n u i t y  o f  ta n ­

g e n t i a l  components o f  th e  e l e c t r i c  and th e  m ag n etic  f i e l d .



T -2253 21

To f a c i l i t a t e  a p p ly in g  boundary c o n d i t i o n s  and to  

f in d  th e  form o f  th e  secon d a ry  f i e l d ,  th e  normal f i e l d  i s  

e x p r e s s e d  i n  c y l i n d r i c a l  c o o r d in a t e s  ( r , ^ , z ) ,  o f  which th e  

Z -a x is  i s  a lo n g  th e  a x i s  o f  th e  c y l i n d e r ( F i g .  1 - 2 ) .

In  e q u a t io n  (1 -9 )

2  2  1 / 2R = [r + -  2rr^ c o s  ( # - # ^ ) ]o o o •

A p ply ing  th e  a d d i t io n  theorem  (G.N. Watson) , we g e t

00

Ko<-K^R) = Z (Tn (Ker^) j^(K ^r)cos n ( 4 . - 4 .<̂ ) (1 -29 )
n=o •

where (f^ = 1

= 2 f o r  n = 2 , 3 , 4 , . . . "  and

(K ^r), (K^r) are  B e s s e l  f u n c t i o n s .

Now th e  normal f i e l d  can be w r i t t e n  as

iwy I “
&  = -   ̂ ^  \  (1 -30 )

n=o

The above e q u a t io n  s u g g e s t s  th e  seco n d ary  f i e l d  has th e  f o l ­

low in g  form

iwy I
Eg = ------- —  n= 0  (^e^> " (*-*c,) d - H ’
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Taking i n t o  a cco u n t th e  f a c t  t h a t  th e  f i e l d  has a f i n i t e  

v a lu e  a t  th e  p o s i t i o n  r = 0 , th e  f i e l d  i n s i d e  th e  co n d u ctor  

sh o u ld  have th e  f o l lo w in g  form as

iw y l  «
E. = ------- =— -  E (K .r) co s  n (1 -32 )

1  2tt f. n n 1  o *n—u

In th e  above e q u a t i o n s , i s  th e  wave number o f  th e  su r ­

rounding medium and i s  t h a t  o f  th e  c y l i n d e r .  and B  ̂ are

th e  c o e f f i c i e n t s  w hich are  d eterm in ed  through  a p p ly in g  boundary  

c o n d i t i o n s .

Ej,® = Eg' a t  r  = a

or

T [(T K J (K a) + A K (K a) ] c o s  n (#-4^)n n e o **n e n n e on—u

=  ̂ B I (K.a) co s  n (0-^^) (1 -33 )
n = 0  * * 1  °

or

n= 0

00

“  ̂ ^ i ®n I'n  cos n (4>-( )̂ (1-34)
n— 0
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Taking i n t o  a cco u n t th e  o r t h o g o n a l i t y  o f  th e  t r i g o n o ­

m e tr ic  f u n c t i o n s ,  e q u a t io n s  (1 -33) and (1 -34 ) become

^ ’n <^e ^ 'n  '^e ^'n

From th e  above two e q u a t io n s  i s  d e f in e d  as

I '  (p) I (mp) -  m I (p) I '  (mp)
^ ■ K'^ (p) (mp) -  m (p) (mp) (“ ^ *

where

m = Vy ^/Yq / P = Kg a ,  a = r ^ /a .  

Thus, th e  seco n d a ry  f i e l d s  are

E: = -  K 2 %2 ~ j- A* K (up) K (K g r )c o sn  (* -4 _ )  (1 -3 5 )
® 2ttR̂  ® n=o n n n n

I
H = — K^R E K (ap) K' (K .r) co s  n (#-^ ) (1 -36 )s zttR e n n n n c on=o

where p  ̂ i s  th e  r e s i s t i v i t y  o f  su rrou n d in g  medium

= *°n  <7'n

The seco n d ary  f i e l d s  c o n s i s t  o f  th e  fundam ental and 

h arm o n ics . From e q u a t i o n ( l - 3 5 ) » th e  fundam ental p a r t  o f  

th e  f i e l d  i s
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E J  (ap) (K^r) (1 -37 )
°  2nR

Comparing e q u a t io n  (1 -3 7 )  w ith  ( 1 - 1 1 ) ,  i t  can be r e c o g n iz e d  

t h a t  t h i s  p a r t  o f  th e  f i e l d  i s  cau sed  by th e  l i n e a r  so u rce  

w ith  c u r r e n t ,  ( a p ) ,  which i s  d i s t r i b u t e d  p a r a l l e l  t o

th e  a x i s  o f  th e  c y l i n d e r .  I t  a l s o  can be im agined  t h a t  t h i s  

c u r r e n t  f lo w s  th ro u gh ou t th e  su rrou n d in g  medium. C orres­

p o n d in g ly  t h i s  p a r t  o f  th e  f i e l d  must depend on th e  e l e c t r i c a l  

p r o p e r t i e s  o f  th e  su rrou n d in g  medium.

Fundamental P art o f  th e  Secondary F ie ld

As i s  shown in  e q u a t io n  ( 1 - 3 7 ) ,  t h i s  p a r t  o f  th e  f i e l d  

does n o t  depend on In  o t h e r  w ords, t h i s  p a r t  o f  the  

f i e l d  i s  ca u sed  by th e  l i n e a r  c u r r e n t .  Thus, th e  m agn etic  f i e l d  

has o n ly  ^-component and th e  e l e c t r i c  f i e l d  has o n ly  a 2 -com ponent  

Frequency R e sp o n s e s .

From e q u a t io n  (1 -36 )  th e  m agn etic  f i e l d  o f  t h i s  p a r t  

becomes

C  = A  V  ' ' l  (Kef) (1 -38 )
where

o (p) Iq (mp)- m I^ (mp) I^ Cp) ( 1 - 3 9 )
^o " (p) I^ (mp) + m Kg(p) I^ (mp)

S u b s t i t u t i n g  r = 6 a ,  R = ua and

W rit in g  ^
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Then

and

=  2 i f

p3 A^o (ap) (gp) (1 -40 )

hg® = up Ag" Kg (op) K̂  (gp) (1 -41)

U sing  e q u a t io n s  Cl-40) and ( 1 - 4 1 ) ,  the  freq u en cy  r e sp o n se s  o f  

e l e c t r i c  and m agnetic  f i e l d s  are c a l c u l a t e d .  These r e s u l t s  

are  shown in  F ig .  (1 -7 )  and ( 1 - 8 ) .

The low frequ en cy  p a r t  o f  th e  spectrum  i s  c o n s id e r e d .

I f  th e  magnitude o f  th e  argument o f  th e  B e s s e l  fu n c t io n  in  

e q u a t io n  Cl-40) and (1-41) i s  l e s s  than on e , |mp|< 1 , | a p |< l  

and | 6 p | < l , t h e  fu n c t io n  becomes

Ag" S (l-m^) (1-42)

s sThus th e  and h^ are

2 2
= —— 2̂ ~ Cln a In 6  + In a 8  In p + In^ p) (1-43)

or

C l o  Y: ^
  [In a In 8  + 1 / 2  In a 8  In (iwyy^ a )

+ 1 /4  In^ ( i  wuYg a ^ ) ]

h S =  ̂ p  ̂Cln a + In p) (1-44)o z p
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iH
•H

•H

0 > «

•H

C\*

Figure 1-7* frequency response of the fundamental 
part of the secondary electric field.

/  \ I m m . )

F ig u r e  1 - 8 . F requency  r e s p o n s e  o f  th e  fundam ental  
p a r t  o f  th e  se co n d a r y  m a g n etic  f i e l d .
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2For th e  c a s e  o f  m >>1 and p<<l  

In p

or

ho^ = (iwp a^) In (iw yy^ a^) (1 -45)

At th e  low f r e q u e n c i e s ,  from e q u a t io n s  (1 -43 )  and ( 1 - 4 5 ) ,  i t  

can be n o t i c e d  t h a t  th e  fundam ental p a r t  o f  th e  f i e l d  depends  

on th e  c o n d u c t i v i t i e s  o f  th e  c y l i n d e r  and th e  su rroun d in g  

medium.

Table ( l - l )  and ( 1 - 2 )  g iv e  r e s u l t s  o f  c a l c u l a t i o n s  o f  

th e  e l e c t r i c  and m agn etic  f i e l d  by u s in g  th e  f u l l  e x p r e s s io n s  

and th e  a sy m p to t ic  e x p r e s s io n s  f o r  c a s e s  d = 2 0 , e = l 5 , u= 2 5 , 

and m=1 0 .

From th e se '  two t a b l e s ,  i t  can be r e c o g n iz e d  t h a t  a t  the  

low f r e q u e n c i e s ,  R / 6  ̂ 0 . 1 6 ,  th e  a s y m to t ic  e x p r e s s io n s  (1-4 3)

and (1 -44 )  g iv e  v ery  s i m i l a r  v a lu e s  f o r  th e  f i e l d s .

T r a n s ie n t  Response

The t r a n s i e n t  r e sp o n se  due t o  s t e p  fu n c t io n  can be o b ta in e d  

through F o u r ie r  tr a n sfo r m . From e q u a t i o n (1 -40 )  and ( 1 - 4 1 ) .

or
00

( t )  = - ^  C yy^ R  ̂ [A ° K ( a p )  K ( 3 p ) ]  cos wt dw ^o TT j e e o o o
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T ab le  1 - 1 .  Comparison o f  th e  n o r m a liz ed  e l e c t r i c  f i e l d  i n
th e  fre q u e n c y  domadn computed from e x a c t  form u la  
and a sy m p to t ic  e x p r e s s io n .

Inch a s  e comoonent o f f# Quadrature component o f

R/&
F u l l

e x p r e s s io n Asymptote
F u l l

e x p r e s s io n
Asymptote

3 .0 1 0 . 6 9 2 x1 0 "? 0 . 6 9 2 x 1 0 "? - 0 . 2 3 6 x 1 0 "? - 0 . 2 3 6 x 1 0 "?

0 . 0 2 0 . 7 9 8 x1 0 - 6 0 .7 5 8 x 1 0 -6 - 0 . 3 2 2 x 1 0 "^ - 0 . 3 2 2 x 1 0 - 6

0 .0 4 0 . S6 0 x 1 0 “ ' 6 0 . 8 6 0 x1 0 - 3 - 0 .4 2 8 x 1 0 - 3 - 0 . 4 2 8 x 1 0 - 3

0 .0 3 0 . 8 3 5 x 1 0 - 4 0 .8 3 4 x 1 0 -4 - 0 . 5 4 3 x 1 0 - 4 - 0 . 5 4 7 x 1 0 - 4

0 . l 6 0 . 6 6 7 x 1 0 "^ 0 .6 6 1 x 1 0 -3 - 0 . 640x1Q-3 - 0 . 6 5 7 x 1 0 "^

0 . 3 2 0 . 3 2 5 x 1 0 - 2 0 .2 8 5 x l0 " 2 - 0 .6 4 0 x 1 0 - 0 .6 9 4 x 1 0 - 2

T able  1 - 2 .  Comparison o f  th e  n o r m a liz ed  m agn etic  f i e l d  i n
th e  fre q u en cy  domain computed from e x a c t  form ula  
and a sy m p to t ic  e x p r e s s io n .

2 / ^
Inphase  component o f Quadrature component of.
F u l l
e x p r e s s io n

Asymptote
F u l l

e x p r e s s io n
Asymptote

0 . 0 1 - 0 . 2 0 7 x 1 0 - 4 - 0 . 2 0 7 x 1 0 - 0 . 1 2 1 x 1 0 "^ - 0 .1 2 1 x 1 0 - 3

0 . 0 2 - 0 . 8 3 3 x 1 0 - 4 - 0 . 8 3 1 x 1 0 - 4 - 0 .4 2 1 x 1 0 - 2 - 0 .4 2 1 x 1 0 - 2

0 .0 4 - 0 . 3 3 5 x 1 0 "^ - 0 .3 3 4 x l0 " 2 -0 .1 3 5 x l0 " Z - 0 . 1 3 6 x 1 0 - 2

0 .0 8 - 0 .1 3 7 x 1 0 - 2 -0 .1 3 5 x 1 0 " ^ - 0 .4 2 3 x 1 0 - 2 - 0 .4 2 5 x 1 0 - 2

0 . 1 6 - 0 .5 6 4 x 1 0 - 2 - 0 .5 5 7 x 1 0 - 2 - 0 . 1 2 0 x 1 0 - 1 - 0 . 1 2 3 x 1 0 - 2

0 . 3 2 - 0 . 2 2 6 x 1 0 - 1 -0 .2 3 5 x 1 0 -1 - 0 . 2 7 l x l 0 " l - 0 .2 9 4 x 1 0 - 1
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Through t r a n s fo r m a t io n  o f  v a r i a b l e s  a s

X = y Y w and T = — - —  ̂ (1 -4 6 )
® yy

e

Co (T)= i  ^ Re [Aq" Kq (ap) (j3p)] COS rX dK  (1 -47)

where Im and Re mesin th e  im aginary  and th e  r e a l  p a r t  r e s p e c ­

t i v e l y .  In th e  same way, th e  m agn etic  f i e l d  becomes

00

Im th
(t )  = -W )---  w-----  dw.

I n  a r e a l  c a se  u s u a l l y  th e  e l e c t r o m o t iv e  f o r c e  i s  measured. The 

e le c t r o m o t iv e  fo r c e  and th e  m a g n etic  f i e l d  have th e  r e l a t i o n ,

/ E . d î =  -  I t  j  B .d s .

Thus th e  d e r i v a t i v e  o f  th e  m agn etic  f i e l d  w ith  r e s p e c t  t o  

t im e i s  c o n s id e r e d .
oo

h*^ (t )  = -  ^  ( %m[h^^] s i n  wt dw

or

h* Ct) = -  &  [h S] s i n  jx.  dx
°  UYg R J
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w r i t i n g  h' ( t) =    ? . F (t)
°  4u Yg °

Then

F ^ (t ) = -  I  (  rmth^S] S in  t X dX (1 -48 )

o

U sin g  e q u a t io n s  (1 -47 )  and ( 1 - 4 8 ) ,  th e  t r a n s i e n t  r e sp o n s e s  are  

c a l c u l a t e d  n u m e r ic a l ly  ( s e e  a p p e n d ix ) . These r e s u l t s  are  

shown in F ig .  (1 -9 )  and (l-IO) .

B eh av ior  o f  th e  t r a n s i e n t  f i e l d  a t  th e  l a t e  s t a g e  i s  

d i s c u s s e d .  A sym p totic  e x p r e s s io n s  f o r  th e  t r a n s i e n t  f i e l d

are  o b ta in e d  from th e  asyirptotic e x p r e s s io n  a t  low f r e q u e n c ie s .
2 2 2 2 S u b s t i t u t i n g  p = k S , k = a in  e q u a t io n s  ( 1 -4 3 )

and (1 -44 )

2  2

S ^ u— (1-m ) ^4 g2 a In 6  + 1 /2  In ag In

+ 1 /4  In^ S)

U sin g  th e  f o l lo w in g  r e l a t i o n s  in  th e  L ap lace  tra n sfo r m ,

-1

or

[ i n  s }  = -  1 / t  

L ^ I In^S j = 1/ t  I n  (y ^ t )

( k ^ S  I n  k ^ s ]  = 1 / k ^  l A  ^
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l“  ̂ { k̂ S In̂  k^s] = 1/k^ ( In (y„T„) +

The t r a n s i e n t  r e s p o n s e s  due a s t e p  c u r r e n t  are

e .  <T„> -  ^  1

o o

ho ( V  = -  ^  (1 -50 )
2  ^I f  m >>1.

h ^ (r  ) ^ *G O  4g t

2
U >U ® (1-51)

■ " 46 t

From e q u a t io n  (1 -50)

. . _ u(m ^ -l)  1 (1 -52)
°  °  ■ 46 u V,

T ab les  (1 -3 )  and (1 -4 )  show th e  r e s u l t s  o f  th e  c a l c u l a t i o n  o f  th e  

n u m e r ic a l ly  i n t e g r a t e d  v a lu e s  and th e  a sy m p to t ic  v a l u e s .

Through th e  above i n v e s t i g a t i o n ,  th e  f o l lo w in g  f a c t s  

are  fo u n d ;
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Table 1-3* Comparison o f  th e  n o rm a lized  e l e c t r i c  
f i e l d  i n  th e  tim e domain computed from  
e x a c t  form u la  and a sy m p to t ic  e x p r e s s io n .

I n t e g r a t e d
v a lu e s Asymptote

2 .2 5 3

4 .9 9 5

1 2 .5 4

1 9 .8 8

0 . 6 7 4  X 1 0 - 2  

0 . 3 1 8  X lO'Z

0 . 7 7 4  X 10"3

0 . 3 3 0  X 1 0 " 3

0 . 7 7 6  X 1 0 -2

0 . 3 0 4  X 1 0 -2  

0 .7 1 5  X 10"3  

0 . 3 2 7  X lQ -3

T able  1 - 4 .  Comparison o f  th e  n o rm a lized  m agnetic  
f i e l d  i n  th e  tim e domain computed from  
e x a c t  form u la  and a sy m p to t ic  e x p r e s s io n ,

I n t e g r a t e d
v a lu e

Asymptote

2 . 5 0 3

4 . 9 9 5

1 2 . 5 4

1 9 . 8 8

Ô. 5 1 5  X 1 0 - 1  

— 1

0 . 1 3 0  X 1 0  

0 . 1 8 3  X lO'Z  

0 . 7 0 7  X 1 0 -3

0 .4 2 1  X 10-1  

0 . 1 0 6  X l O ' l  

0 . 1 6 8  X 1 0 - 2  

0 . 6 6 9  X 1 0 ” 3
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i ) A t  low  f r e q u e n c ie s ,  th e  m agnetic  f i e l d  depends

on th e  c o n d u c t i v i t i e s  o f  th e  c y l i n d e r  and th e  su rrou n d in g  

medium.

i i ) A t  th e  l a t e  s t a g e ,  th e  m agnetic  f i e l d  d oes  not  

depend on th e  c o n d u c t i v i t y  o f  th e  su rrou n d in g  medium.

L inear Harmonic P art o f  th e  Secondary F ie ld

The secondary  f i e l d s  c o n s i s t  o f  many harm onics. From 

e q u a t io n  (1 - 3 5 ) ,  th e  l i n e a r  harmonic p a r t  o f  th e  secondary  

f i e l d  can be w r i t t e n  as

E, S = -  . 2 K 2 fj2 z A O K (ap) K (8p) c o s  n (* -4^)  ( 1 -5 3 )

or
S 2 2 *= 2 R I (ap) (Bp) cos n (O-O^) (1-54)

n = l

where
!„ •  (p) (mp) -  m In (P) !„ •  (mp) ( i _ s 5 )

= - K ' Cp) I (mp) -  m K (p) I ' (mp) n n n n

U n lik e  th e  c a se  o f  th e  fundam enta l p a r t  o f  th e  se c o n ­

dary f i e l d ,  th e  l i n e a r  harmonic p a r t  o f  th e  m agnetic  f i e l d  

has two com ponents.

A ccord ing  to  e q u a t io n  ( 1 - 2 ) ,

r iw yr 9cf)
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w r i t in g
I

Then
^r 2ttR •

.  00

hr = - - 5 -  ̂ E n A ® K  ( a p )  K ( B p )  s i n  n (#-^_) (1 -56 )
B ^ = 1  n n n o

From e q u a t io n  (1 -3 6 )

h = u p Z A ° [K T ( B p )  + K , ( B p ) ]  K ( a p )  x co s  n  (c}) -0_)  
0  ,  n  n —J. n-r± n  on = l

(1-57)

Frequency R esp o n se .

For th e  c a s e  o f  |k  ̂ a |< < |  , th e  B e s s e l  f u n c t io n  in  equa­

t i o n  (1 -55 )  can be e x p r e s s e d  as

_n
In ( p )  = — —̂  f o r  n > 1

2 *n:

Kn (p) = f o r  n > 1
P*

C o rresp on d in g ly  th e  f u n c t io n  Â ® becomes

w ith
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S u b s t i t u t i n g  th e  above r e s u l t s  i n t o  e q u a t io n  (1 -5  3 ) ,  

th e  l i n e a r  harmonic p a r t  o f  th e  secon d ary  f i e l d  becomes

iwy I «> p 2 n
V  2 ^  , 2 n - 2 „ , ,  K „(ap)K „( 6 p)

n=I 2  n ! ( n - 1 ) 1

xcos n ( 4 >-(|) )̂ (1 -60)

C o n s id e r in g  th e  f i e l d  i n  n ear  zone r e s p e c t  t o  th e  so u rc e  

and th e  c y l i n d e r ,  | a p | < | a n d  | g p | < [ ,  th e  f i r s t  term in  equa­

t i o n  (1 -60) can be w r i t t e n  as

‘ (mp)—  X vxuM,
o

T h is  term  co rresp o n d s  t o  an e l e c t r i c  f i e l d  due to  eddy cu r ­

r e n t ,  c lo s e d  in  a c y l i n d e r ,  when th e  prim ary f i e l d  i s  un iform  

in  v i c i n i t y  o f  th e  c y l i n d e r .  At th e  same t im e ,  c u r r e n ts  

f lo w  i n  one d i r e c t i o n  i n  areas*

— “  < 4 > — and ^ < ({) — ()) <2 ”” O — 2 2 — O — 2

r e s p e c t i v e l y .  T h is  i s  an e l e c t r i c  f i e l d  o f  th e  l i n e a r  d i p o le  

The f o l l o w in g  term s o f  e q u a t io n  (1 -6 0 )  co rresp o n d  t o  f i e l d s  

caused  by h ig h e r  ord er  p o l e s .

For th e  c a se  o f  v e ry  low f r e q u e n c ie s  as |mp|<l  , th e  

fu n c t io n  T^ (mp) becomes
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T (mp) = m2p2(4n+8+m2p2)________ (1 -6 1 )
^ 4 (n+1) (n+2) (4n+m^p^)

T h us, th e  f i e l d s  in  t h i s  range are

2 2iwy I o o " cos  n (m p +4n+8)
E. = — z o

 ̂ n = l  4;ia(n+l) (h+2)a*B* (m^p^+4n)

(“ l)^'*’^p^^(a^^+ 3 ^^) c o s  n(({)-(f) ) 2

or

^ n = I  4 n ( n + 1 ) ( n + 2 ) ( m ^ p ^ + 4 n )

( - 1 )  P^^  (ot^^ + 3 ^ ^ )  c o s  n  ( # - #  ) ~

'  2 ^ - - ^ n ( n M ^ ( n . l ) . n 3 - ------------------ - "  '

In th e  above two e q u a t io n s ,  th e  f i r s t  term i s  th e  dominant 

on e . Thus^at low f r e q u e n c ie s

iwy 1 ^ 0  0 °° c o s  n

2 22 2 ° °  s i n  n ( 4 ^# ) (4n+5+ m p )
hr = TÔ— m p ^

n = l (n+ 1 ) ( n + 2 )a^3^ (4n+m^p^)

( - 1 )" Ip * ( a  + B ) s i n  n ( * - 4 _ )  ,
+ - 3 - ------------- 5 -------------— ----------- — 2-----  In p  ̂ (1 -65 )

2 ^" n (n ! ) 2  (n+ l)a"B
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or
2  2  “ s i n  n ( 1 - 6 6 )

°  ^ n = l  n (n + l)a" B "

2 2
2  2  " f co s  n (4-#^) (m p +4n+8)

 ̂ n = l  4 (n + l)(n + 2 )a ^ 3 ^ ^ ^  (m?p^+4n)
h . = u m p

or

^  2  2 °° co s  n ( 0 -^^) ( 1 - 6 8 )

j ,  4 » ( n + l ) . V + :

From e q u a t io n s  (1 -6  4 ) ,  ( 1 - 6 6 ) ,  and (1-6  8 ) ,  i t  i s  found  

t h a t  ( i )  th e  l i n e a r  harm onic p a r t  o f  th e  secon d a ry  f i e l d s  do 

n o t depend on th e  c o n d u c t i v i t y  o f  su rrou n d in g  medium a t  

low f r e q u e n c ie s .  ( i i )  The qu adrature  component o f  th e  m agn etic  

f i e l d  i s  p o r p o r t io n a l  t o  th e  c o n d u c t i v i t y  o f  th e  c y l i n d e r .

Taking i n t o  accou n t th e  f a c t  t h a t ,  a t  low f r e q u e n c i e s ,

t h i s  p a r t  o f  f i e l d  i s  c r e a te d  by eddy c u r r e n ts  which

f lo w  through  c lo s e d  p a th s  i n s i d e  th e  c y l i n d e r ,  i t  i s  ob­

v io u s  t h a t  t h i s  p a r t  o f  f i e l d  m ain ly  c o n t a in s  in fo r m a tio n  

about th e  c y l i n d e r .

T r a n s ie n t  R esponses

The a s y m to t ic  e x p r e s s io n s  o f  th e  t r a n s i e n t  f i e l d  are  

o b ta in e d  in  th e  same way as what was done f o r  th e  fundam ental  

p a r t  o f  th e  f i e l d .
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From e q u a t io n  ( 1 - 6 3 ) ,  ( 1 - 6 5 ) ,  and ( 1 - 6 7 ) ,  th e  f i e l d s  

a t  th e  l a t e  s t a g e  a r e .

^  .  . . .  n

 ̂ °  n = l  (n+ 1 ) vn+2 ) a " 6

2  " (a^*'+8 ^'')Cos n (i()-<(i )̂

^ “ n = l

" . 8  g-4n/m2
h (Tq) = -r o ,M I (n+i) (n+ 2 )

, ( g Z n + g Z " )  j s i n  n (<p-<p^) ( i - f O )

2 ^" n n ! ( n + 1 )  ̂ a " g "

N  ^ “ ^ ^ J 2 (n+ 1 ) (n+ 2 ) 6  ^

+ (gZn -  a^") m2 > ( l - 7 l )
2 2 "+ 2 ( n + i ) ( n - l ) !   ̂ a"g"'^^

The s e r i e s  in  th e  above t h r e e  e q u a t io n s  converge  very

f a s t .  Thus th e  t r a n s i e n t  f i e l d  a t  th e  l a t e  s t a g e  can be

e x p r e s s e d  by f i r s t  one or  two ter m s. C o n s id e r in g  th e  f i r s t

term o f  th e  s e r i e s  and n o t in g  t h a t

1
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ni2 _ Yi _4 
^ 2  = ^ 2  ^

I t  sh o u ld  be n o te d  t h a t  th e  e x p o n e n t ia l  term s o f  th e  f i e l d s  a t  

th e  f a r  l a t e  s t a g e  become n e g l i g i b l e  compared t o  th e  p o ly ­

nom ial o f  in v e r s e  power o f  T ^ . H ence, a t  th e  f a r  l a t e  

s t a g e ,  th e  i n f l u e n c e  o f  th e  su rro u n d in g  medium i n c r e a s e s .

D is c u s s io n  about th e  Secondary F i e l d

Through th e  above i n v e s t i g a t i o n ,  th e  f o l lo w in g  f a c t s  

are  found.

i )  At low  f r e q u e n c i e s ,  th e  fundam ental p a r t  o f
2 2th e  m agnetic  f i e l d  i s  p r o p o r t io n a l  t o  iw u y a  In iwy a

2and th e  l i n e a r  harmonic p a r t  i s  p r o p o r t io n a l  t o  iw yy^ a .

Thus th e  l i n e a r  harm onic p a r t  depends o n ly  on th e  c o n d u c t i v i t y  

o f  th e  c y l i n d e r  but a t  th e  same t im e ,  th e  q u adrature  compon­

e n t  i s  dom inant.

i i )  At th e  l a t e  s t a g e ,  th e  fundam ental p a r t  d e c a y s  as  
2

y y . a / t  and th e  l i n e a r  harmonic p a r t  d e c a y s  as

; ,e - t /U T ia 2  ^ ^

Thus a t  th e  l a t e  s t a g e , t h e  fundam ental p a r t  p r e v a i l s .

i i i )  Through th e  n u m er ica l way, i t  i s  found t h a t  th e  fu n ­

dam ental p a r t  o f  th e  seco n d a ry  f i e l d  i s  much g r e a t e r  than  

th e  l i n e a r  harmonic p a r t .  F i g .  (1 -11 )  and (1 -12) show th e  

freq u en cy  resp o n ses  o f  z e r o  harmonic p a r t  o f  th e  secon d ary
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magnetic fields and figure (1-13) &nd (l-l4) show the same 
for the total magnetic field.

I n f lu e n c e  o f  th e  Surrounding medium '

To find the range of frequency in which the influence 
of the surrounding medium is minimum, the ratio of the to­
tal magnetic field to the normal magnetic field is calculated. 
Fig. (1-15) demonstrates the ratio of the inphase component, 
h^/(h^-l). From this figure, it can be seen that the influ­
ence of the surrounding medium is minimum at a/5^ = 0 . 3 .  com­
paring Fig. (1 -1 3 )  and ( 1 - 1 5 ), it is found that the frequency, 
which allows one to measure maximum useful signal is differ­
ent from the frequency which allows one to get the maximum 
ratio of the useful signal to geological noise.

F ig .  (1 -16 )  shows th e  r a t i o  o f  qu adrature  com ponents.  

M easuring th e  qu adrature  component, th e  i n f l u e n c e  o f  th e  su r ­

rounding medium i s  in c r e a s e d  as th e  freq u en cy  i n c r e a s e s .  By 

d e c r e a s in g  th e  fr e q u e n c y ,  th e  r a t i o  o f  th e  u s e f u l  s i g n a l  t o  

th e  g e o l o g i c a l  n o i s e  i n c r e a s e s  and approaches some c o n s t a n t .

F ig .  Cl-17) shows th e  r a t i o  o f  th e  t o t a l  e le c t r o m o t iv e  

fo r c e  to  th e  normsd eraf i n  th e  tim e domain. R e g a r d le s s  o f

the conductivity ratio, the location of the maximum ratio
2

rem ains th e  same, t/uY^ a = 6 . 7 .
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i

^ - 4
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s =1000
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1 0  t / j u x a *

F igu re  1-17* The r a t i o s  o f  th e  t o t a l  e le c t r o m o t iv e  

fo r c e  to  the  normal e le c tr o m o t iv e  

f o r c e  i n  tim e domain.
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In th e  tim e domain th e  normal f i e l d  and th e  fundam ental  

p a r t  o f  th e  secon d ary  m a g n etic  f i e l d  decay  a s  1 /T  a t  l a t e  

s t a g e .  The r a t i o  o f  t h e s e  two f i e l d s  a t  l a t e  s t a g e  i s

H ® 2 ^o m — 1

or

!oL -  e !
«N eu

Taking i n t o  accou n t th e  f a c t  t h a t  th e  fundam ental p a r t  

i s  th e  dominant term  o f  th e  secon d ary  f i e l d  a t  th e  l a t e

s t a g e ,  i t  can be se en  t h a t  th e  r a t i o  o f  th e  u s e f u l  s i g n a l  

t o  g e o l o g i c a l  n o i s e  a t  th e  l a t e  s t a g e  d oes n o t  depend on th e  

t i m e .
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CHAPTER I I

THE ELECTROMAGNETIC FIELD OF A CONDUCTING CYLINDER 

WHEN THE SOURCE IS A MAGNETIC DIPOLE (SURROUNDING

MEDIUM -IS AN INSULATOR )

The secon d ary  f i e l d  o f  a c o n d u c t in g  c y l i n d e r  e n e r g iz e d  

by a m agn etic  d ip o le  i s  i n v e s t i g a t e d .  I t  i s  assumed t h a t  th e  

su rroun din g  mediumis n o t  c o n d u c t iv e .  The a n a l y s i s  o f  th e  e l e ­

c tr o m a g n e t ic  f i e l d  i s  b ased  on th e  s o l u t i o n  g iv e n  by W a i t ( l9 5 9 ) .

D e r iv a t io n  o f  Formulae

The problem i s  t o  f i n d  th e  m agnetic  f i e l d  i n s i d e  and 

o u t s id e  th e  c y l i n d e r .  S in c e  th e  c o n d u c t iv i t y  o f  su rrou n d in g  

medium i s  z e r o ,  t h e r e  i s  no c u r r e n t  in  th e  su rrou n d in g  medium. 

Thus from e q u a t i o n ( 1 - 2 ) ,  th e  m agn etic  f i e l d  o u t s id e  th e  con­

d u cto r  s a t i s f i e s  th e  f o l lo w in g  e q u a t io n .

Curl H = 0 e
From th e  above e q u a t io n  th e  m ag n etic  f i e l d  can be e x p r e s s e d  

by .the  g r a d ie n t  o f  a s c a l a r  p o t e n t i a l

Ĥ  = -  VO (2 -1 )

where Ĥ  d e n o te s  th e  m a g n etic  f i e l d  o u t s id e  th e  c o n d u cto r .

As i s  known, th e  f i e l d  due t o  a m agn etic  d i p o le  in  f r e e  sp ace  

can be d e r iv e d  - f r o m  th e  f i c t i t i o u s  f i e l d  due t o  a m agn etic  

charge (F ig .  1 ) .  U n lik e  th e  f i e l d  o u t s id e  th e  c o n d u c to r ,  th e
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Y

F igure  2 - 1 ,  The c y l i n d r i c a l  body and 
sou rce  P® and o b se r v e r  F w ith  
th e  c y l i n d r i c a l  c o o r d in a te  system .
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f i e l d s  i n s i d e  th e  co n d u ctor  are  th e  s o l u t i o n  o f  th e  wave 

e q u a t io n  and can be d e r iv e d  from a m a gn etic  v e c t o r  p o t e n t i a l  

7T* and an e l e c t r i c  v e c t o r  p o t e n t i a l  7C w ith  o n ly  Z-components . 

These p o t e n t i a l s  are  in tr o d u c e d  as

. lÊ  = iwy C url if*  (2 -2 )

= C url t  (2 -3 )

From e q u a t io n s  (1 -2 )  and C 2 -2 ) , one p a r t  o f t h e  m agn etic  f i e l d  

can  be e x p r e s s e d  u s in g  th e  m agn etic  ty p e  v e c t o r  p o t e n t i a l .

Curl C url tt*

where ^
K = iwyy

or  If* -  Grad U* (2 -4 )

where U* i s  a s c a l a r  p o t e n t i a l .  S u b s t i t u t i n g  e q u a t io n s  (2 -2 )  

and (2 -4 )  i n t o  Cl-2)

Grad Div "fT* -  V^tT* = K^tt* -  Grad D iv  Ü* (2 -5 )

In ord er  t o  s i m p l i f y  th e  above e q u a t io n ,  th e  L oren tz  c o n d i t io n

i s  in tr o d u c e d  as

U* = -  D iv  if* (2 -6 )

Thus, e q u a t io n  (2 -5 )  becomes

V^if* + K^if* = 0 ( 2 - 7 )

and can be e x p r e s s e d  o n ly  i n  term s o f  th e  p o t e n t i a l

H, = K îf* + Grad D iv  ff* (2 -8 )1
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The p a r t  o f  th e  e l e c t r i c  f i e l d ,w h i c h  i s  a f u n c t io n  o n ly  o f  th e  

e l e c t r i c  ty p e  v e c t o r  p o t e n t i a l ,  can be o b ta in e d  as f o l lo w s :  

From e q u a t io n s  (1 -2 )  and (2 -3 )

Curl E^2 ) “ iww c u r l  n

or

E^2 ) “ iwp TT -  Grad U (2 -9 )

S u b s t i t u t i n g  (2 -3 )  and (2 -9 )  i n t o  (1 -2 )

0 2Grad D iv  T f - V T f  = K T f - y  Grad U 

U sin g  L oren tz  c o n d i t i o n ,  th e  above e q u a t io n  becomes

t  TT = 0  ( 2 - 1 0 )

w ith
U = -  1 /y  D iv TT (2 -11)

Thus th e  one p a r t  o f  th e  e l e c t r i c  f i e l d  i s

Ê2  = iwyif + Grad (1 /y  D iv  tT)

U sin g  th e  above e q u a t io n s ,  th e  e l e c t r i c  and th e  m agnetic  f i e l d  

i n s i d e  th e  co n d u cto r  can be w r i t t e n  as

= ^ (1 )  + %
= iwy (Curl tt*  +  tt) + 1 /y  Grad D iv  tt (2 -12 )

and

Hi = + H2

= Curl w + K îf * + Grad D iv  if* (2 -13 )
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The n e x t  s t e p  i s  t o  a p p ly  boundary c o n d i t io n s  t o  d e ­

r iv e .  th e  prop er  e x p r e s s io n s  f o r  th e  f i e l d .  To s i m p l i f y  th e  

p r o c e s s  o f  o b t a in in g  s o l u t i o n s ,  th e  f i e l d  due t o  th e  m agnetic  

charge  i s  c o n s id e r e d .  As i s  shown i n  F ig .  ( 2 - 1 ) ,  th e  m agn etic  

charge m i s  l o c a t e d  a t  p o in t  P^. In t h i s  sy s tem  th e  prim ary
p

component o f  th e  s c a l a r  p o t e n t i a l ,  0 , i s

4tiR (2 -14)

where R i s  th e  d i s t a n c e  betw een  so u r c e  and o b s e r v a t io n  p o i n t .
/

E q uation  (2 -14 )  i s  e x p r e s s e d  i n  a c y l i n d r i c a l  c o o r d in a te  system

t o  ap p ly  boundary c o n d i t i o n s .

U sin g  a form ula  (Watson, 1945)

o
—  00

1/R = 1 / tt  ̂ K^(X r) (2 -15)

1 /2  

1 /2

where R = [f^ + (Z-Z^)^]

w ith  r = [r^^ + r^ -  2rr^ co s  ]

and a d d i t io n  theorem

K (,Xr) = E cr K i X r )  I  (Xr) co s  n (4»-#^) o n n o n on=0

where <1 ^ = 1

= 2 f o r  n ^  1.
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The e q u a t io n  (2 -1 4 )  can be w r i t t e n  as

p m »  ” - iX (Z -Z „)
^ = T T  2: (R ^

f ^ = — OO — 0 0

—in  (<J>—(J)̂ ) (2 -16 )
• e

f o r  > r

or
0000

 ̂ Z (F_ \  K (Xr^)I^(Xr) co s  X(Z-Z^)dAn V n o n  o
n=0 o

• C O S  n (0-#^) (2 -17 )

For th e  c o n v e n ie n c e  o f  th e  a l g e b r a i c  o p e r a t io n ,  th e  f o l l o w in g  

o p e r a to r  i s  in trod u ced C W ait ,1 9 5 9 ) •

n f  =  r  I^(Ar) ( 2 - 1 8 )

In e q u a t io n  ( 2 - 1 ) ,  t h e  s c a l a r  p o t e n t i a l  can be c o n s id e r e d  as 

th e  sum o f  prim ary and secon d ary  com ponents.

p s Q = Ü + (2

I t  i s  n a t u r a l  t o  f in d  t h e  secon d ary  f i e l d  as a s i m i la r  form

as th e  pr im ary . The e x p r e s s io n  in  e q u a t io n  (2 -18 ) s u g g e s t s

th e  seco n d ary  p o t e n t i a l  o u t s id e  th e  c y l i n d e r  as

fi® = r  A„ IX) K (Xr) (2 -19 )n n
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where (X) i s  an unknown c o e f f i c i e n t .  Thus th e  e x p r e s s io n  

o f  s c a l a r  p o t e n t i a l  Q becomes

=  r [ I  (Xr) + A _  K (Xr)] ( 2 - 2 0 )n n n

The n e x t  s t e p  i s  t o  f in d  th e  f i e l d  i n s i d e  th e  c o n d u cto r .

Assuming th e  v e c t o r  p o t e n t i a l s  have o n ly  a Z component, th e  

wave e q u a t io n  (2 -7 )  becomes

TTg* + ¥?  Wg* = 0 .

In c y l i n d r i c a l  c o o r d in a te  sy s te m , th e  above e q u a t io n  i s

C o n s id e r in g  th e  f a c t  t h a t  th e  p o t e n t i a l  o u t s id e  th e  c y l i n d e r  

i s  p e r io d ic  in  th e  Z - d i r e c t i o n ,  th e  prop er  s o l u t i o n  o f  th e

above d i f f e r e n t i a l  e q u a t io n  i s  a l i n e a r  com b in ation  o f  I ^ ( U r ) ,
V ^” in  ((j)-<J)̂ ) , - ix (Z -Z ^ )  w ith  U  ̂ = X^-K^. However, s in c eK^iur; , e  o ana e o
th e  p o t e n t i a l  sh o u ld  have a f i n i t e  v a lu e  a t  th e  o r i g i n  ( r = 0 ) , 

th e  p o t e n t i a l  i n s i d e  th e  c y l i n d e r  can be w r i t t e n

7T„* = r a_ (X) I (ur) (2 -21 )6 n n •

By a n a lo g y ,  th e  e l e c t r i c  ty p e  v e c t o r  p o t e n t i a l  tt_ has th e  form

TT,, = r  bn (X) I (ur) (2 -22 )Ù n •
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The unknown c o e f f i c i e n t s  A^(X), (X ), and (X) are  d e t e r ­

mined by boundary c o n d i t i o n s . These c o n d i t io n s  are  th e  con­

t i n u i t y  o f  th e  t a n g e n t i a l  components o f  e l e c t r i c  and 

m agn etic  f i e l d  on th e  s u r f a c e  o f  th e  c o n d u cto r .  However, 

in  t h i s  c a s e ,  o n ly  th e  m agn etic  f i e l d  i s  c o n s id e r e d .T h u s ,  i n ­

s t e a d  o f  th e  c o n t i n u i t y  o f  th e  c o n t i n u i t y  o f  th e  normal 

f l u x  o f  m agn etic  f i e l d  i s  u sed  a s  one o f  th e  boundary c o n d i t io n s  

These c o n d i t io n s  are

i )  H,  ̂ = H,  ̂ a t  r = a .(j) (j)
or

2 ̂-rr ^
1 ^  
r

U sin g  e q u a t io n s  ( 2 - 2 0 ) ,  ( 2 - 2 1 ) ,  and (2 -22 )  , th e  above e q u a t io n  

becomes

-  r  [In  (Xa) + An Kn 1

= r [-Ü b I '  (ua) -  ^  a I (u a ) l  (2 -23 )n n a n n

- i n  (4»-4>q)
Taking i n t o  a cco u n t th e  o r t h o g o n a l i t y  o f  th e  f u n c t io n  € 

in  t h e  o p e r a to r  F, e q u a t io n  (2 -23 )  can be w r i t t e n  as

—  [I„  (Xa) + A„ K (Aa)] = u b„ I '  (ua) + %  a^ I (ua) (2 -2 4 )  a n  n n  n n  a n n
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i i )  H^e = h/

iX [I„  (Xa) + A„ K tXa)]= -  a„ (X) I (ua) (2 -25)n n n n n

i i i )  H ® -  a _ i

X [I„ ' (Aa) + A„ K • (Xa)]n n n

= iX u a_ (X) I ' (ua) -  1% bn (X) I (ua) (2 -26)n n a n

From th e  above th r e e  e q u a t io n s  i s  found t o  be 

_  _  ^ 1
I„ (X a )-I„ (u a l  , 4 , 2 ,  4 T ^ iua) I (Xa) ,  / ■» > _ II________ n________ a A u n n____

~ îf C^a) -  r  tua) 2L.2 ' K (Xa)n n + n K i  n

where
In 'lA a)

^n Xa I^(Aa)

K ' CXa)
^n x a  K^CXa)

S u b s t i t u t e

2 2 2 Xa = m, ua = m^, K a = ip

then

i n^p

n n 1 . 1  n p
2_ 4m m. (m. )i  n 1

(2-27)

I  (m) -  I  (m. ) ^  ni'^m, 4 î n  (m, ) . . ._ _n n I_______ 1________ 1______________  iz -z o ;
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Thus t h e  secon d ary  m a gn etic  f i e l d  due t o  a m agn etic  ch arge  i s  

or

H* = 1 / r  r  in  An Kn (Xr)

Hj. = - r  X &n Kn’ (Xr)

H„ = r iX A„ K (Xr) .L n n

E le c tr o m a g n e t ic  F i e l d  Due t o  a M agnetic  D ip o le

M agnetic  f i e l d s  o f  a  m agnetic  d ip o le  can  be c a l c u l a t e d  

by ta k in g  th e  g r a d ie n t  o f  th e  f i e l d  o f  th e  m agn etic  c h a r g e .

A x ia l  M agnetic  D ip o le

In  th e  c a s e  o f  a Z - d ir e c t e d  m agnetic  d ip o le  a t  Fq 

(Fi g .  2 - 1 ) ,  th e  p o t e n t i a l  a t  F i s

» .  -  # -o

The m a g n etic  f i e l d  due t o  t h i s  d i p o le  i s

= -  Grad (d l ^ )
o

and th e  r a d i a l  component o f  th e  secon d ary  m agn etic  f i e l d

s
become -  V^(dl | | - ) .

D e f in in g
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i t  now r e a d i l y  f o l lo w s  t h a t

00

2 u ̂  6
~ TT E A K * (Bm) K (am) s in  "Êm dmn n nn=o o

•cos n (4>“<J)q )  ̂ (2 -29 )

By a n a lo g y ,  th e  co rresp o n d in g j^ a n d  r -com pon en ts are

^ ~ ; T A'̂n \  A K (Bm) K (am) s i n  Zm dm s i n  n (# -#  )
• '  I T  I T  I T  O

(2 -30 )

4u
^  n i l  " >o

3  00

h = -  —H— E \  m A K (am) K (Bm) c o s  Zm dm c o s  nz TT . -  ̂n y n n nn=0 Q

(2 -31 )

where Z = (Z -Z ^ )/a

A ccord in g  t o  th e  above th r e e  e q u a t i o n s , i t  can be found  

t h a t  th e  <^and r-com ponents o f  th e  secon d ary  m a gn etic  f i e l d  _ 

do n o t  e x i s t  on th e  p la n e  Z=Z^.

T ra n sv e r se  M agnetic  D ip o le

The secon d a ry  m agn etic  f i e l d  due t o  th e  y - d i r e c t e d  

m agn etic  d ip o le  i s  im m ed ia te ly  o b ta in e d  as

K y  = -  Grad ( d l  | | - )
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N o tin g  t h a t

^  = s in *  - ^ +  co s  *

i t  f o l lo w s  t h a t

2u^ y (T C m K * (3m) [m s i n  K * (am) c o s  n (# -#  )i- =   A,  ̂n y n n o n  o

00

h.
 ̂ n=0 o

+ ^ co s  (am) s i n  n (# -0 ^ )]  co s  Z m dm (2 -3 2 )

^* = S \  ^n I6m) [-mn s i n  s i n  n (*-*^)
o

2 ^
• K '(am) + —  c o s  4> c o s  n ) K (am) ] dm co s  Zm dm (2 -33)n ct Q o IT

^^Q^n ^n  ̂ -m (3m) [m s i n  (J>̂ Kn' (am) co s  n*(<J)-(l) )̂

+ ^  Kn (am) co s  (|)̂  s i n  n ] s i n  Zm dm (2 -3 4 )

In  t h i s  c a se  th e  Z component o f  th e  f i e l d  d o es  n ot e x i s t  

on th e  p la n e  z=z^. U s in g  r -  and ^ -c o n p o n e n t ,  th e  v e r t i c a l  com­

ponent o f  th e  seco n d ary  m agnetic  f i e l d  on th e  p la n e  z = Z q  i s  c a l ­

c u la t e d  a s

h = (h s in 9  + h. co s6 )  (2 -35 )r (p

where 0 = co s   ̂ (  ̂ ,
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V e r t i c a l  M agnetic  D ip o le

The secon d a ry  m ag n etic  f i e l d  o f  a c o n d u c t in g  c y l in d e r  due 

t o  a v e r t i c a l  m agn etic  d i p o le  i s  o b ta in e d  as

S
Hpx = -  Grad ( d l  - § - )  ^

Taking i n t o  accou n t th e  f a c t  t h a t

= c o s t  ^  + s in  _

Three components o f  th e  c o r r e sp o n d in g  f i e l d  are

OO 0 0

h = C m A K * CGm) [m co s  K ' (am) co s  n (ĉ -cf) )̂r  iT n—u / n n o n  o

+ “  s i n  Cam) s i n  n (# -# ^ ) ]  co s  Zm dm (2 -36)

3 °° 00

N  " n i l  $ *n ^n *o " <*-*o' ^n'

+ ~  s i n  (J)̂  c o s  n-C^-Og) (am)] co s  Zm dm (2 -3 7 )

00

3 “^ _ 2u E ^ -m K^(3m) [m c o s  (p̂  K^' (am) c o s  n ($-0^)

a ^n (^m) s i n  s i n  n (# -0 ^ )]  s i n  Zm dm (3 -38)
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U n lik e  th e  c a se  o f  th e  i n f i n i t e  l i n e  s o u r c e ,  th e  f i e l d  

due t o  a m agn etic  d ip o le  so u r c e  i s  e x p r e s s e d  as  i n t e g r a l  form. 

T h is  f a c t  makes i t  d i f f i c u l t  t o  f i g u r e  o u t  th e  b e h a v io r  o f  

th e  f i e l d .  However, c o n s id e r in g  th e  f i e l d  e x p r e s s i o n s ,  th e  f o l ­

lo w in g  f a c t s  can be r e c o g n iz e d .

i )  The fre q u en cy  and th e  c o n d u c t i v i t y  dependence in  th e  

in te g r a n d  i s  o n ly  in  f u n c t io n  A^. In o th e r  w ord s , th e  b e h a v io r  

o f  t h e  freq u en cy  r e sp o n se  i s  th e  same as  t h a t  o f  f u n c t io n  A^.

i i )  I f  r ^ /a > > l ,  th e  secon d ary  m agn etic  f i e l d  i s  m ain ly

d e f in e d  by s m a l l  v a lu e  o f  m. In o t h e r  w ords , in  t h i s  c a se

th e  prim ary f i e l d  i n  th e  v i c i n i t y  o f  th e  c y l i n d e r  can be con­

s id e r e d  a s  a u n iform  f i e l d .

i i i )  I f  r / a > > l ,  th e  secon d a ry  m agnetic  f i e l d  i s  a l s o  de­

f in d  by sm a ll  v a lu e s  o f  m. T h is  s ta te m e n t  can be e x p la in e d  as

• fo l lo w s :  I n c r e a s in g  th e  v a lu e  o f  m, th e  eddy c u r r e n t s  i n  th e

c y l i n d e r  in c r e a s e  i n  o s c i l l a t i o n  i n  th e  Z - d i r e c t io n  so t h a t  
t h i s  c u r r e n t  i s  th e  same as  th e  one due t o  th e  h ig h e r  ord er

e l e c t r i c  p o l e .  The m a gn etic  f i e l d  due t o  th e  h ig h e r  ord er

p o le  decay  very  f a s t  w ith  r e s p e c t  t o  d i s t a n c e  r .

iv )  In c a s e  o f  sm a ll  v a lu e s  o f  m ,w ith  i n c r e a s i n g  n ,d ue  to

th e  f a c t o r  I^(m)/K^(m)^ th e  in te g r a n d  d e c r e a s e s  r a p id ly .  T h is

f o l lo w s  from th e  f o l lo w in g  app rox im ation

^n^^^ ^ m^  ̂ f o r  |ml<l



t - 2 2 5 3  6i

A n a ly s i s  o f  F u n ct io n  A^ (m)

A^(m) in  e q u a t io n  (2 -2 8 )  i s  a f u n c t io n  o f  s p a t i a l  f r e ­

q u en cy , m, wave number, and n . The b e h a v io r  o f  t h i s  fu n c t io n  

i s  d i s c u s s e d  w ith  r e s p e c t  t o  t h e s e  v a r i a b l e s .

Sm all V alue o f  m

W r it in g  th e  f u n c t io n  A^ as

A .  A: Inn n -------------
Kn (m)

2
th en  ^  . in  p ^ 1

~  ^ -  In (mi) ( 2 -3 9 )

" '  + inZp 1

For s m a l l  va lu es  o f  m, |m|< 1 .

^ m̂  n > 1
= 2"n(

From th e  above e x p r e s s io n s

m

Kn(m)
m
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S u b s t i t u t i n g  t h e s e  r e l a t i o n s  i n t o  e q u a t io n  ( 2 - 3 9 ) ,  A becomes

_n _ ^ n '  i n ^ p
c  m̂  mfmi* 1* (2 -40 )

n„ , ^ n ' ^ V  in2p  V n ' ^ l ’
_  + -----------------------------2 " 4 -------------------
m m_ I  (m. ) mm, I * (m_ )i n  1  1  n 1

2 2 2 2 In c a s e  o f  m <<K a , m̂  = -  ip

and

in^p ~  n^
 §      2------------------

mm, I  r* (m ) m m, I  * (m., )
1  n 1  i n  1

The num erator o f  e q u a t io n  (2 -40 )  i s

n [m i ln '  (m^) -  n Intm ^)]

m ^ i  In ' (m^)

N oting th e  i d e n t i t y

: n '" " l )  = s Ç  :n (= 'l'  +

The num erator o f  e q u a t io n  (2 -4 0 )  becomes

ÎP I ' (m_ ) n 1
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With th e  saune a p p rox im atio n , th e  denom inator  o f  e q u a t io n ( 2 -40  ) i s

n[m^ I r * (m^) + n n [2n  (m^) +
2 ” 2 m (m^) m (m )̂

U sing  th e  r e l a t i o n

I  (m j  = m. '" - 1  ■ 'n+1 "̂'l>' n i l  2n

th e n  th e  denom inator i s

n I  . Cm ) n -1  1
In ' ‘"'1 ' .

Thus, a t  sm a l l  v a lu e s  o f  m th e  fu n c t io n  i s

\ n -1  1

or  w ith  f u r t h e r  a p p ro x im ation  as

m, = X/m^-K^a^ = iKa

Then
'a = = ^n+l^K^) (2 -4 2 )

n Ï  * (iK a) “ Ï  (Ka) n -1  n -1

T h is  r e s u l t  i s  th e  same as f u n c t io n  T^ in  e q u a t io n  ( 1 - 5 9 ) .  I t  

m eans, through  th e  ab ove-m en tion ed  a p p ro x im ation , th e  f i e l d  due 

t o  a m a g n etic  d ip o le  becomes v e ry  s i m i l a r  t o  th e  f i e l d  due t o  

an i n f i n i t e  l i n e  s o u r c e .
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Low Frequency A pproxim ation

At th e  low f r e q u e n c i e s ,  jK&j <  1 , e q u a t i o n (2 -42 )

becomes as  f o l l o w s  

n = 1

 ----------------------
: o  (%a)

, ,  1 „2 2(1 -  r  K a ) (2 -43 )8 '  6

n 4n (n + l)  ' 2n(n+2) (2 -44 )

I n v e s t i g a t i n g  th e  above two e x p r e s s i o n s ,  i t  i s  found t h a t  th e

qu adrature  component o f  th e  m agn etic  f i e l d  i s  p o r p o r t io n a l  t o
2 2 2 wpYa and t h e  in p h a se  component i s  p r o p o r t io n a l  t o  (wp7a )

low  f r e q u e n c ie s .

Frequency R esponses o f  th e  M agnetic  F i e l d  

Frequency r e s p o n s e s  c o rr esp o n d in g  to  a x i a l  and t r a n s v e r s e

m agnetic  d i p o l e s  are  i n v e s t i g a t e d  n u m e r ic a l ly .

A x ia l  M agnetic  D ip o le

U s in g  e q u a t io n  ( 2 - 3 1 ) ,  th e  z-com ponent o f  th e  secon d ary  

m agn etic  f i e l d  was c a l c u l a t e d  f o r  s e v e r a l  d i f f e r e n t  g e o m e tr ie s .  

From n u m er ica l  c a l c u l a t i o n ,  i t  i s  found t h a t  t h e  in te g r a n d  

co n v erg es  v e ry  f a s t  w ith  r e s p e c t  t o  n . F ig ,  (2 -2 )  and (2 -3 )  

show th e  r a t i o  o f  th e  secon d a ry  t o  th e  prim ary m a g n etic  f i e l d .
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I n c r e a s in g  th e  d i s t a n c e  from th e  c o n d u c to r ,  t h i s  r a t i o  mono- 

t o n i c a l l y  d e c r e a s e s .  The m agnitude o f  th e  in p h a se  components i n ­

c r e a s e s  as fre q u en cy  i n c r e a s e s . The q u adrature  component o f  

th e  f i e l d  has a maximum v a lu e  a t  th e  p o in t  around a/<5j  ̂ ~ 1 .9 .

I n c r e a s in g  th e  d i s t a n c e  from th e  c o n d u c to r ,  th e  m agnitude de­

c r e a s e s  but th e  maximum r a t i o s  appear a t  th e  same fr e q u e n c y .

At low f r e q u e n c i e s ,  th e  secon d ary  m a gn etic  f i e l d  can 

be e x p r e s s e d  as

Rg[H^] = ^ ajCw/Z/a^)^ + . . .  (2 -45 )

= bj^(w/7a^) + + . . .  ( 2 -4 6 )

C o n s id e r in g  th e  f i e l d  w ith  r e s p e c t  t o  c o n d u c t i v i t y ,  t h e o r e t i c a l l y ,  

th e  in p h a se  component i s  more s e n s i t i v e  than  th e  qu adrature  

component but u s u a l l y  th e  in p h a se  component o f  th e  secon d ary  

f i e l d  i s  r e l a t i v e l y  sm a l l  compared to  th e  prim ary f i e l d .  In  

o th e r  words, t o  d i f f e r e n t i a t e  th e  secon d ary  f i e l d ,  v e r y  a c c ­

u r a te  m easurem ents are  need ed . In  e q u a t io n ( 2 - 4 6 ) ,  th e  f i r s t  

term  i s  th e  dominant term . T h is  term  can  be e l im in a t e d  by th e  

f o l lo w in g  o p e r a t io n .
Wn

^H — H (w, ) “ —  H (wj ) (2—47)
^2

I t  r e a d i l y  f o l lo w s

S b2Wj (̂Wj^2 -  «2^) ( / /V a ^ )   ̂ ( 2 -4 8 )
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Through th e  above o p e r a t io n , th e  q u ad ratu re  component 

o f  th e  f i e l d  becom es p r o p o r t io n a l  t o  7^ a t  low  f r e q u e n c ie s .

By m easuring  a t  two d i f f e r e n t  f r e q u e n c ie s  th e  r e s o lv in g  cap -  

a b l i t y  i s  in c r e a s e d .  F ig u re  ( 2 - 4 )  shows th e  computed r e s u l t s  

f o r  t h i s  o p e r a t io n .

T ra n sv erse  M agnetic  D ip o le

U sin g  e q u a tio n  (2 -3 5 ) th e  v e r t i c a l  component o f  th e  

secon d ary  m agn etic  f i e l d  i s  c la c u la t e d .  As can be se en  from  

e q u a t io n s  ( 2 - 3 1 ) ,  ( 2 - 3 2 ) ,  and ( 2 - 3 3 ) ,  th e  b e h a v io r  o f  th e  

f i e l d s  w ith  r e s p e c t  t o  freq u en cy  i s  th e  sam e. F requency  

r e sp o n se  o f  th e  m a g n etic  f i e l d  i s  shown in  F ig .  (2 -5 ) and 

( 2 - 6 ) .  Comparing w ith  th e  f ig u r e s  (2 -2 )  and ( 2 - 3 ) ,  i t  can  

be n o te d  th a t  th e  freq u en cy  r e s p o n s e s  due to  two d i f f e r e n t  mag­

n e t i c  d ip o le s  are  th e  same e x c e p t  fo r  th e  d i f f e r e n c e  o f  th e  

m agnitud e. The v e r t i c a l  component o f  th e  m a g n etic  f i e l d  due 

t o  a t r a n s v e r s e  m agn etic  d ip o le  i s  la r g e r  than  th e  h o r iz o n ta l  

component o f  th e  m a g n etic  f i e l d  due t o  an a x i a l  m agn etic  

d ip o le .  F ig . (2 -7 )  shows th e  d i f f e r e n c e  o f  m a g n etic  f i e l d  

a t  two d i f f e r e n t  f r e q u e n c ie s .  T h is co rresp o n d s t o  F ig .  (2 -4 )  

in  th e  p r e v io u s  s e c t i o n .

D is c u s s io n  About th e  M agnetic  F ie ld s  in  Frequency Domain 

The seco n d a ry  m agn etic  f i e l d s ,  due t o  d i f f e r e n t  e x c i t a t i o n ,  

are  c o n s id e r e d . I t  was known th a t  th e  seco n d a ry  m agn etic  f i e l d  

f o r  a  c o n d u c tin g  c y l in d e r  due to  th e  u n iform  prim ary m agn etic
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Q

•H

•H

F igu re 2 - 4 . Frequency resp o n se  o f  th e  quadrature  
component o f  m agnetic f i e l d  w ith  th e  
le a d in g  term o f  th e  low  freq u en cy  
asym tote  rem oved.
(Source i s  an a x ia l  m agnetic  d ip o le )
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•H

•H

•H

F igu re  2 -7 .  Frequency resp o n se  o f  th e  quadrature .
component o f  th e  m agnetic  f i e l d  w ith  
th e  le a d in g  term  o f  th e  low  freq u en cy  
asym tote removed
(Sou rce i s  a  tr a n sv e r s e  m agnetic  d ip o le )
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f i e l d  has th e  some form a s  ( F ig .  2 -8 )

Ï  TkH)  ̂ 2 (2 -43 )
o

a 2 I 2

H* = (?) r - ( K l )  8 2  (2 -5 0 )o

where y i s  th e  d is ta n c e  betw een  th e  c e n te r  o f  th e  c y l in d e r  and 

th e  o b s e r v a t io n  p o in t .

i s  th e  prim ary m agn etic  f i e l d .  T hus, a t  low  fr e q u e n c ie s

q u e n c ie s ,  t h i s  seco n d a ry  f i e l d  beh aves a s  ( s e e  e q u a tio n  2 -4 3 )

H ^  G [iw ^ Y a^  -  l / g  Cw//Ya^) 

where G i s  a g e o m e tr ic  f a c t o r .

The seco n d a ry  m a g n etic  f i e l d  due t o  a m a g n etic  d ip o le  

i s  in v e s t ig a t e d  n u m e r ic a lly . From th e  n u m erica l r e s u l t s ,  i t  

i s  found th a t  th e  a sy m p to tic  b e h a v io r  o f  th e  secon d ary  m agn etic  

f i e l d ,  r e g a r d le s s  o f  th e  d i f f e r e n t  e x c i t a t i o n s ,  i s

H = Gr [iWyUYa  ̂ -  1 /6 .2  (w//Ya^)^]

For th e  c a s e  o f  r /a  > 4 and r ^ /a  2  4 .

Comparing th e  above two e x p r e s s io n s ,  th e  f o l lo w in g  f a c t  

can  be r e c o g n iz e d :
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\

F igu re 2 -8 .  C o n fig u ra tio n  o f  th e  o b serv er  P and c y lin d e r  
when th e  prim ary f i e l d , i n  the v i c i n i t y  o f  the  
c y lin d e r , i s  uniform
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From F ig .  (.2-5) i t  can be se en  t h a t  th e  in p h a se  com ponents
2 2o f  th e  f i e l d  a p p ro x im a te ly  approach th e  v a lu e  o f  - a  / r  a t  th e  

h ig h  f r e q u e n c ie s .

T r a n s ie n t  R esponse o f  th e  M agnetic  F ie ld  

The secon d ary  m agn etic  f i e l d  i s  c a lc u la t e d  in  tim e domain 

through  F o u r ie r  tr a n sfo r m . For th e  c a se  o f  th e  so u rc e  i s  a 

s t e p - o f f  c u r r e n t , th e  t r a n s ie n t  f i e l d  i s  c a lc u la t e d  as

2 7fC t) = — \    c o s  wt dw (2 -5 2 )n J w

A p p ly in g  th e  above o p e r a t io n  t o  e q u a t io n  ( 2 - 3 l ) »  th e  

Z-component o f  th e  m agn etic  f i e l d  becomes

CO
Im[hg (w) ]

h g ( t )  = ^  ^ ^------— c o s  wt dw (2 -5 3 )

Through tr a n s fo r m a t io n  o f  i n t e g r a l  v a r ia b le s  as

X =^7wa^ and T= t/^V a^ (2 -54 )

i t  f o l lo w s  t h a t  I m [h ,(x ) ]
hgC n = 1  ^ ----- r ---------  TX dX (2 -5 5 )

o

F ig .  ( 2 - 9 )  shows t r a n s ie n t  resp o n se  o f  m agn etic  f i e l d  due 

t o  an a x i a l  m agn etic  d ip o le .  By a n a lo g y , u s in g  e q u a tio n  (2 -3 5 )  

th e  t r a n s ie n t  r e sp o n se  fo r  th e  c a se  o f  a tr a n sv e r s e  m agn etic  

d ip o le  i s  c a lc u la t e d  and t h i s  r e s u l t  i s  p r e se n te d  in  F i g . (2 -1 0 ) .  

As i s  shown in  th e  above two f i g u r e s , a t  th e  e a r ly  s ta g e  th e  mag­

n e t i c  f i e l d  app roaches th e  v a lu e  o f  th e  in p h a se  component a t  th e
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h ig h  fr e q u e n c y . As th e  tim e in c r e a s e s  th e  f i e l d  m o n o to n ic a lly  

d e c a y s , The m agn etic  f i e l d s  due to  two d i f f e r e n t  e x c i t a t io n s  

have s im i la r  b e h a v io r  i n  th e  tim e dom ain. As in  th e  freq u en cy  

dom ain, th e  o n ly  d i f f e r e n c e  i s  th e  m agn itu d e.

The Asynptctic B eh av ior  o f  th e  M agnetic  F ie ld  a t  th e  L ate S tage  

The b e h a v io r  o f  m agn etic  f i e l d  a t  th e  l a t e  s ta g e  i s  in ­

v e s t ig a t e d .  I t  was known t h a t  th e  t r a n s ie n t  f i e l d  a t  th e  l a t e  

s ta g e  can be e x p r e ss e d  e x p o n e n t ia l ly  i f  th e  low  freq u en cy  p a r t  

o f  th e  spectrum  i s  d e s c r ib e d  as th e  sum o f  in t e g e r  pow ers o f  w 

(Kaufman, 19 7 8 ) . There i s  a r e la t io n  betw een low freq u en cy  

p a r t o f  th e  spectrum  and th e  l a t e  s ta g e  o f  th e  t r a n s ie n t  f i e l d .  

I f  th e  low  freq u en cy  p a r t o f  th e  spectrum  i s

D(w) = i  Cj^(X//w a^) -  + . . .

th en  th e  t r a n s i e n t  f i e l d  a t  th e  l a t e  s ta g e  i s

D ( t )  = A ^

w ith
Cl

= cT  > 1 .

 ̂ tw a f -

Through n u m er ica l c a lc u a t io n ,  r e g a r d le s s  o f  th e  change  

o f  geom etry  ( r /a  > 4 , r ^ /a  > 4 ) ,  i t  i s  found t h a t  th e  v a lu e  

f o r  q^ rem ain s around 6 .2  i n  freq u en cy  domain . T h is v a lu e  q^ 

a g r e e s  w ith  th e  c o e f f i c i e n t  o f  th e  exp on en t a t th e  l a t e  s t a g e .  

For th e  c a se  o f  un iform  prim ary m agn etic  f i e l d ,  t h i s  c o e f f i ­

c i e n t  i s  6 ( s e e  e q u a tio n  ( 2 - 4 3 ) ) .
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Thus i t  sh o u ld  be p o in te d  o u t  t h a t  th e  freq u en cy  resp o n se

o f  th e  m agn etic  f i e l d  due t o  a m agn etic  d ip o le  i s  v ery  s im i la r

t o  t h a t  o f  a u n iform  prim ary f i e l d  i f  th e  d is ta n c e  from th e

c y l in d e r  i s  a few tim e s  g r e a te r  th a n  r a d iu s  o f  c y l in d e r  (r /a > .4 ,

r ^ /a M ) . T r a n s ie n t  r e sp o n se s  o f  th e  m agn etic  f i e l d  due to  an

a x i a l  m agn etic  d ip o le  and a t r a n s v e r s e  m a g n etic  d ip o le  are

shown in  F ig .  ( 2 -9 )  and (2 -1 0 )  , r e s p e c t i v e l y .  From th e  above
-6.2 t

f i g u r e s ,  i t  i s  found th a t  th e  f i e l d  d ecays as C JÿTâ? fo r
2

th e  range o f  t /^ y a  > 1 .2 .

The H o r iz o n ta l P r o f i l i n g

To f ig u r e  o u t th e  shape o f  c u r v es  c o rr esp o n d in g  to  h o r i ­

z o n ta l  p r o f i l i n g ,  th e  m agn etic  f i e l d s  are  c a lc u la t e d  a t  

s e v e r a l  d i f f e r e n t  lo c a t io n s  on th e  h o r iz o n t a l  p la n e  w ith  

f ix e d  s e p a r a t io n  o f  t r a n s m it t e r  and r e c e iv e r .  The p r o f i l i n g  

i s  in v e s t ig a t e d  a t  two d i f f e r e n t  f r e q u e n c ie s .  F ig u r e s  (2 -1 1 ,  

12 , 1 3 , 14) show th e s e  r e s u l t s  in  c a se  o f  an a x ia l  m agn etic  

d ip o le .  As can be se en  from th e  above f i g u r e s ,  th e  in p h a se  

component h as minimum v a lu e  and th e  q u ad ratu re  component shows 

maximum v a lu e  o v e r  th e  c o n d u cto r .

The co rr esp o n d in g  h o r iz o n t a l  p r o f i l i n g  fo r  th e  c a se  o f  

a tr a n s v e r s e  m a g n etic  d ip o le  a re  p r e se n te d  in  f ig u r e s  (2 -1 5 ,

16 , 1 7 , 1 8 ) .  In t h i s  c a s e ,  th e  c h a r a c t e r i s t i c s  o f  th e  cu rv es  

are s im i la r  t o  th e  p r e v io u s  c a s e .  However, in  t h i s  c a se
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th e  c u r v es  form a narrow peak above th e  co n d u cto r .

F ig u r e s  (2 -1 9 ) and (2 -2 0 ) show th e  same p r o f i l i n g  r e s u l t s  

fo r  a t r a n s v e r s e  m agn etic  d ip o le  so u rc e  w ith  th e  assu m p tion  

th a t  th e  prim ary f i e l d  in  th e  v i c i n i t y  o f  th e  c y l in d e r  i s  

u n iform . In t h i s  c a s e  th e  m agnitude o f  prim ary f i e l d  i s  

assum ed t o  be th e  same v a lu e  o f  th e  prim ary f i e l d  a t  th e  

c e n te r  o f  c y l in d e r  due t o  t h i s  m agn etic  d ip o le .  T hese f ig u r e s  

show th e  v e r t i c a l  component o f  th e  m agn etic  f i e l d .  As can be 

seen  from th e  f i g u r e s , i f  th e  r a t i o  o f  s e p a r a t io n  t o  th e  depth  

i s  sm a ll (L/D £  0 .2 5 ) ,  th e  cu r v es  are  sy m m etr ica l t o  th e  a x is  

o f  th e  c y l in d e r .  I f  t h i s  r a t i o  in c r e a s e s ,  th e  shapes o f  

th e  c u r v e s  are  d i s t o r t e d  from sym m etry. F ig .  (2 -2 1 ) and 

(2 -2 2 ) show th e  p r o f i l i n g  r e s u l t s  fo r  m easurem ents o f  h o r iz o n ta l  

component o f  th e  m agn etic  f i e l d .
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CHAPTER I I I

INFLUENCE OF SURROUNDING MEDIUM ON THE FREQUENCY AND THE 

TRANSIENT RESPONSES IN THE PRESENCE OF A CONDUCTING CYLINDER 

(The A x ia l  M agnetic  D ip o le )

D e r iv a t io n  o f  f i e l d  e q u a t io n s

U n lik e  th e  p r e v io u s  c h a p te r , in  t h i s  ca se , due t o  th e  

p r e se n c e  o f  th e  co n d u ctin g  su rrou n d in g  medium, in  o th e r  

w ords, th e  c u r r e n ts  in  th e  su rrou n d in g  medium, th e  m agn etic  

f i e l d  o u t s id e  th e  c y l in d e r  c a n ' t  be e x p r e sse d  a s  a g r a d ie n t  

o f  a s c a la r  p o t e n t i a l .  Now two k in d s o f  v e c t o r  p o t e n t i a l s  

a re  u sed  fo r  d e r iv in g  f i e l d s  in s id e  and o u t s id e  th e  c y l i n ­

d e r . To f in d  th e  p rop er form o f  th e  v e c to r  p o t e n t i a l s  

fo r  t h i s  problem , prim ary component o f  th e  v e c t o r  p o t e n t ia l  

i s  c o n s id e r e d . The norm al f i e l d  o f  th e  m agn etic  d ip o le  can  

be e x p r e sse d  by o n ly  one v e c to r  p o t e n t ia l

To f a c i l i t a t e  a p p ly in g  boundary c o n d it io n ,  th e  above  

e q u a tio n  i s  p r e se n te d  a s  an i n t e g r a l

T i : r = - ^ 5  d A
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w ith  Ae = \/\^ — Ke

; wave number o f  su rrou n d in g  medium

U s in g  th e  a d d it io n  th eorem ,

O; 14 I n  ( A t r )  ( z - V

• C os

0

f o r  r  > r  o
or

x r = ^ 2 :  [k '-nC A cr.)i„ûer3e d ; \ C  ( 3 - 3 )
- 0 0

For th e  co n v en ien ce  in  a lg e b r a ic  o p e r a t io n s  th e  

o p e r a to r  F i s  u sed

TC^ =  r  Iti r )  (3 -4 )

C o n sid e r in g  th e  n * and II a r e  th e  s o lu t io n  o f  th e  wave 

e q u a tio n  and th e  f i e l d  sh o u ld  d e c r e a se  a s  th e  d is ta n c e  in ­

c r e a s e s  from th e  c y l in d e r  th e  secon d ary  p o t e n t ia l  o u t s id e  

th e  co n d u cto r  h as th e  form
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I r , ( À ( V D r ,  -  B r j

~  ^  ~  Ae C ^1 (Ae(Z)f /Im kV? fA e ^ )j j

Through tr a n s fo r m a tio n  o f  v a r ia b le  as

A f l = W  , =  AM, , J \e l2  =  7IIj.

Yj
and S = —

th e  above e q u a tio n  becom es

-ki'Tn, K V ron.M ^ + kc’'W,i7,A'm.) Bn - S A 7 ) f c i , w a ,

+  A n  J fl fMli) On =  k t ^ a l n  flTIjO (3 -1 0 )

From th e  c o n d it io n  

Ez := ]:% a t  r  = a

D ,  = s a r & m  A

It, M
From th e  c o n d it io n

e

(3 -1 1 )

H 4  H 4  a t  r  = a

A n  k?! f^ ^ )v4o i kri (T/L)Cn

- U l / W D m  =  - A n i n ( 7 M . )  (3 -1 2 )
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F in a l ly  Hz — a t  r  = a

o r  -  f % f  I-n ( # )  t  ki, (TTIJ ( 3 _ i 3 )
3 „ f7 n .}

From th e  above fo u r  e q u a tio n s  and a re  determ ined  a s

(3 -14)
K-n W

C  _  K’i’‘g 71171 C ‘? g -  "^4.) X i  W  

kVi fDI»)

where

? = C 'HI. I L & Ë ^ +

(3 -16)

(3 -17 )

2. _ C'rn,T„'('rfu) _  /T ju f'^ h S É Ù Ih llL + q ^ ]V -X iÏ7nJ
 ̂  ̂ I n  (Wx)  ̂ I n  (m )  J   ̂ iCn riTJJ I ,  f7%.)

(3 -19 )
Q - / , . ^ ] f  771. <t.'̂ 77Ix) I

kn(7n.) ^7»./ I-nf-ffl.) J
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Normal f i e l d

The norm al f i e l d ,  w hich  i s  due t o  th e  c u r r e n ts  in  th e

so u r c e  and in  th e  un iform  medium, i s  d e r iv a b le  from th e  p ri-
*

mary component o f  th e  m a g n etic  ty p e  v e c to r  p o t e n t ia l  .

Eu =  T i t

Hn =  f  k^ +  G r ftj . DiV.)

U sin g  e q u a tio n  (3 -1 )  , th e  z-com ponent o f  th e  m agn etic  f i e l d

i s  h S =  .• w y H d ?  +  - H  ^

"  (3 .2 1 ,

By a n a lo g y  th e  r-com ponent o f  th e  m agn etic  f i e l d  i s

Hw C" - ( 3 -  3 i K R -  K-'R-') (3 -2 2 )

The above e x p r e s s io n s  a r e  e x p r e sse d  in  c y l i n d r i c a l  c o o r d i­

n a te  and R i s  th e  d i s ta n c e  o f  so u r c e  t o  o b e r v a t io n  p o in t .  

Secondary m a g n etic  f i e l d

S u b s t i t u t in g  e q u a t io n s  (3 -5 ) and (3 -6 )  in t o  e q u a tio n  

( 2 - 1 3 ) ,  th e  seco n d a ry  m a g n etic  f i e l d s  a r e  d e r iv e d  a s  

c KÀ r ^  ^
H r — f 21 QÎ) A'n k? C^f")k''n(tPie^) S î Y ! ^ ( ^ ~ Z . ) d À

CX7 ^
•CûS'D r4>-4>-)+ Z .

^ C e > s ^ ( z - z ^ )  c l A  ■ S ï v m ( 4 - 4 j j
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=  ^ 3  • I , .

and C-n =  ,
CK

th e  above e q u a t io n  becom es
3 o o

^r- -  k'uÏÆ'ffl.) W .} Si'T) zm dm
7Î. 7ÎS 0 o '

•Cos 77 (4 -< t)- 4 : ! ê
TCfi /?=/ 0

•l<7) ( d 7 ï l i )  C ùs z w  d m  ■ S i r ]  n f } ( 4 > - 4 . )  0 - 2 3 )
where

^ ________m d n ( % s - % )  . Jt. f-w.)
( ' 'W --w d

R = u a  , r; = o(fl  ̂ r=(bOi . z - - a = z «

^  =  ? ] ( {
M easuring th e  f i e l d  on th e  p la n e  z = z^ , th e  f i r s t  term  

o f  e q u a tio n  (3 -2 3 ) d is a p p e a r s .

S im i la r ly ,

^  " ^ , 1 1  ^ r , kri (/3lDx) { M t )  S in  z m  d m

'S in  - C  k'/f/S 'W j

■l<n(d^:>'}CâsÉ'ÏIl d'ïïl - C o s n C ^ - ^ . )  j

■”  21 j/7)la /4,„ ki) (gpfrj kii (^ef”) Cos ZTM 
^  7)=o 0 (3 -2 6 )

■Cûsn(4 -4> j
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Secondary e l e c t r i c  f i e l d

S u b s t i t u t in e  e q u a t io n s  (3 -5 ) and (3 -6 ) in t o  e q u a tio n  

(2 -1 2 ) and w r i t in g

^  % ÛO ^  ^
^  ^  ^  j (Am ^ 3  koi CôTZlaj l(m CC(S Ẑ fTi

17=0 o '

G x  z t n s i n 7 \ c ^ - ‘k ) J d ' i ? }  0 - 2 7 )

= - - ^ Z ( R i J  {  \Cy,C^mx)jfi.n(cl'nii) CesZ/rnSin Tt(4-<k)

+  STÎW i C» &  (jsTM.) kit (dmi i JSt Tl  ZrfI C (XSn(^-é)jdV l (3 -2 8 )

0 ,  =  _ s  y  K  ( o(7ii.)CûS z-in jim Costi f4>-4)
I t  ('-29)

EXAMINATION OF THE RESULTS 

The f i e l d  e x p r e s s io n s  are  v e r y  c o m p lic a te d , but th e s e  

form u lae  can  be exam ined f o r  some l im i t i n g  c a s e s .  Here th e  

f i e l d  e x p r e s s io n s  are compared w ith  th o s e  f o r  f r e e  sp ace  by 

d e c r e a s in g  th e  r a t i o  o f  th e  c o n d u c t iv i ty  o f  th e  su rrou n d in g  

medium to  t h a t  o f  th e  c y l in d e r ,  

c y l in d e r .

M agnetic  f i e l d

For th e  c a s e  o f  v e r y  la r g e  v a lu e  o f  g  , th e  v a r ia b le
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m2  ap p roach es m and th e  fu n c t io n  in  e q u a tio n  (3 -1 4 )  

becom es th e  same a s  th e  one in  e q u a tio n  (2 -38), From th e  

f o l lo w in g  f a c t :

3  2,(771)
S-̂ OO

ionrj  ^  5 Xn ('*71) -  Xr\ ('Wlj)J 3  %  (7H)
S-»oo \

i t  f o l lo w s
I

A  _ _  j , ( i n ) -2.(771,) ^ s x i t o  W d n )

%(-m)- % ( % )  + ? ! % " .  _ j____
Til.'» «777̂ 3,(177,)

/V/
where (m) and (m) a re  d e f in e d  in  e q u a tio n  ( 2 - 2 7 ) .

Thus fo r  th e  c a s e  o f  v e ry  la r g e  v a lu e  o f  S th e  m agn etic  

f i e l d  in  e q u a tio n  (3 -2 6 ) ap p roach es th e  e x p r e s s io n  in  

f r e e  s p a c e . U n lik e  f r e e  sp a c e , i n  th e  co n d u ctin g  medium

th e r e  a r e  * and r components o f  th e  seco n d a ry  m agn etic  f i e l d  

on th e  p la n e  2  = z^ . T hese com ponents, a s  can be se en  in

e q u a tio n s  (3 -2 4 ) and ( 3 - 2 5 ) ,  come from th e  e l e c t r i c  ty p e  v e c to r  

p o t e n t i a l .  T h is  p a r t  o f  f i e l d  i s  ca u sed  by th e  ind uced  

e l e c t r i c  c h a r g es  on th e  s u r fa c e  o f  c y l in d e r  ( s e e  th e  n e x t  

paragraph) T hese c h a rg es  a r e  in d u ced  by th e  i n t e r s e c t i o n

o f  th e  prim ary e l e c t r i c  f i e l d  and th e  co n d u cto r  s u r fa c e .
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T hese c h a r g es  c r e a te  g a lv a n ic  p a r t  o f  th e  e l e c t r i c  f i e l d .  I f  

th e  c o n d u c t iv i t y  o f  th e  su rrou n d in g  medium i s  z e r o , th e  

c u r r e n t  due to  c h a r g es  c a n ' t  f lo w  o u t o f  th e  su rrou n d in g  

medium and have a c lo s e d  p a th  in s id e  th e  c y l in d e r ,  in  o th e r  

w ords, i t  form s a s o le n o id .  As i s  known t h e s e  c u r r e n ts  

c a n ' t  c r e a te  a m a g n etic  f i e l d  o u t s id e .  Through n u m erica l 

e v a lu a t io n  i t  i s  found t h a t  th e  (p -  and r-com ponent o f  th e  

m agn etic  f i e l d  d e c r e a s e  a s  th e  r a t io  o f  th e  c o n d u c t iv i ­

t i e s  in c r e a s e s  ( s e e  F ig u r e  ( 3 - 6 ) ,  ( 3 - 7 ) ) .  Now fu n c t io n

Cn in  e q u a tio n  (3 -1 5 ) i s  exam ined through  i n v e s t i g a t in g  

th e  e l e c t r i c  f i e l d .

E l e c t r i c  F ie ld

The e l e c t r i c  f i e l d  due t o  an a x i a l  m agn etic  d ip o le  

i s  compared w ith  th e  seco n d a ry  e l e c t r i c  f i e l d  o f  un iform  

t r a n s v e r s e  prim ary e l e c t r o  s t a t i c  f i e l d .  I f  th e  so u rc e  

i s  lo c a te d  fa r  from th e  co n d u cto r  th e  prim ary f i e l d  in  th e  

v i c i n i t y  o f  th e  co n d u cto r  can be c o n s id e r e d  a p p ro x im a te ly  

un iform  f i e l d .  W ith above m en tioned  a ssu m p tio n , fo r  th e  

c a s e  o f  v e r y  low  f r e q u e n c ie s  th e  f i e l d  can be c o n s id e r e d  

a s e l e c t r o s t a t i c  f i e l d ,  in  o th e r  w ord s, th e  v o r te x  p a r t  

o f  e l e c t r i c  f i e l d  i s  n e g l i g i b l e .  The secon d ary  e l e c t r i c  

f i e l d  o f  a c o n d u ctin g  c y l in d e r  due t o  u n iform  tr a n s v e r s e  

e l e c t r o s t a t i c  f i e l d  i s
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The seco n d a ry  e l e c t r i c  f i e l d  i s  c a lc u la t e d  by u s in g  

e q u a tio n  (3 -2 7 ) f o r  c e r t a in  geom etry w ith  d i f f e r e n t  r a t i o  

o f  c o n d u c t i v i t i e s .  T ab le  (3 -1 )  shows th e  c a lc u la t io n  

r e s u l t s  o f  in p h a se  component o f  e l e c t r i c  f i e l d  fo r  th e  

c a se  o f  a = 4 0 , B -  2 , u = 3 9 .0 4  and z = 0 .5 .  From 

t a b le  C3-1) i t  can be r e c o g n iz e d  t h a t  th e  f i e l d ,  a t  th e  

v e ry  low  f r e q u e n c ie s ,  i s  p r o p o r t io n a l  t o  (Y^+Y^)•

As i s  shown in  t h i s  t a b le  th e  in p h a se  com ponent, a t  th e  

low  f r e q u e n c ie s ,  ap p roach es some c o n s ta n t .  The q u ad ratu re  

component o f  th e  f i e l d  i s  much l e s s  than  in p h a se  com ponent. 

The above m en tioned  b e h a v io r  i s  in v e s t ig a t e d  by c o n s id e r in g  

th e  e l e c t r i c  f i e l d  in  f r e e  s p a c e .

For t h i s  c a s e  th e  fu n c t io n  in  (3 -1 5 ) becom es

i z  C '  =  i  Â,

- ,  i  -  i , c m )
w ith  L/t» — 7r" —------ ;— ----------- —------------- --------------

^  I -  Kn( T n h ^ m ù j s ^ (7 7 1 ,) -^  cm)
(3 -3 2 )

and th e  e l e c t r i c  f i e l d  in  e q u a tio n  (3 -2 7 ) tu rn ed  o u t  to  be

k î'c ô̂m) Km (o«jn) Cos c o s  1 1 ( 4 - 4 )

'  km(^in)Knf<^0l1)Si'll2'WSt'T17l(H)j4ffI(3-33)
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Table 3-1• The inphase component of the normalized electric 
field with o(=40, /3=2, u=39»04 and z=0.5

10 5 3
0.01
0.02
0.04
0.08

0 . 1 8 6 X 1 0 '̂  
0 . 1 8 7 X 10’* 
0 .1 8 9 X 1 0 '*
0 . 2 3 4  X 1 0 '̂

0 . 1 5 8 X 10'^
0 . 1 5 2  X 10'^ 
0 . 1 6 3 X 10  ̂

0.249 X 1 0 '̂

0.114 X 10'^ 
0.115 X 1 0 "̂  

0 . 1 3 5 X lO"' 
0 . 2 2 5 X 10

Table 3-2 The normalized electric field when a source is 
located very far from the cylinder.( =40, A=2
z=0.2 and 4 '^/3)
Inphase component Quadrature component

0 . 0 1

0 . 0 2

0.04
0.08

0 .1 6 5 7 9 9 X 1 0 '̂  
0 .1 6 5 7 9 9 X 1 0 '̂  

0 .1 6 5 7 9 7 X 1 0 '̂  

0 .1 6 5 7 6 3 X 10

0 .2 3 3 7 3 2 X 10
0.935147 X 1 0 '® 
0 . 3 7 4 0 5 4 X 10 
0.149522 X 10
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In th e  above e q u a tio n , a t  v ery  low fr e q u e n c ie s  i t  can be 

seen  th e  fo l lo w in g  f a c t s :
2 21 . R eal p a r t o f  An i s  p r o p o r t io n a l to  (ywya ) .

22. Im aginary p a r t  o f  An i s  p r o p o r tio n a l to  ywpa .
A

3 . F u n ction  Cn becomes o n ly  fu n c t io n  o f  m and i t  

approaches r e a l  v a lu e .

4. Inphase component o f  e l e c t r i c  f i e l d  i s  m ain ly  

d e fin e d  by fu n c t io n  fin, in  o th e r  w ords, t h i s  

component comes from e l e c t r i c  ty p e  v e c to r  p o ten ­

t i a l .

5 . Q uadrature component o f  e l e c t r i c  f i e l d  i s  m ain ly

d e f in e d  by m agnetic  ty p e  v e c to r  p o t e n t i a l ,  in
2o th e r  w ords, i t  i s  p r o p o r t io n a l to  ywya .

6. Inphase component p r e v a i l  a t  low freq u en cy  

T able (3 -2 ) shows some c a lc u la t io n  r e s u l t s  o f  

e q u a tio n  (3 -33 ) fo r  th e  c a se  o f  r^ = 40a , r = 2a ,

(}) -  (})̂  = 7t/ 3 ,  Z = 0 .2 .

Through a l l  th e  above d is c u s s io n s  i t  can be un d erstood  

th a t  th e  f i e l d  d e r iv e d  from th e  m agnetic  ty p e  v e c to r  p o te n ­

t i a l  i s  m ain ly  in d u c t io n  p a r t o f  th e  f i e l d  and th e  one from  

th e  e l e c t r i c  ty p e  v e c to r  p o t e n t ia l  can be c o n s id e r e d  a s  th e  

g a lv a n ic  p a r t o f  th e  f i e l d .
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A n a ly s is  o f  th e  m agn etic  f i e l d  in  freq u en cy  domain

U sin g  e q u a t io n s  ( 3 - 2 3 ) ,  (3 -2 5 ) and (3 -2 6 ) secon d ary  

m a g n etic  f i e l d s  a r e  n u m e r ic a lly  c a lc u la t e d .

Z com ponent o f  m a g n etic  f i e l d

Through n u m erica l e v a lu a t io n  i t  i s  found t h a t  th e

f i e l d ,  a t  th e  low  f r e q u e n c ie s ,  h as s im i la r  b e h a v io r  to

th e  f i e l d  in  f r e e  s p a c e . The in p h a se  com ponent i s  p r o -
2 2p o r t io n a l  to  (yywa ) and th e  q u ad ra tu re  com ponent i s  p r o -

2p o r t io n a l  to  yywa . F ig u r e  (3 -1 )  and (3 -2 ) show th e  

freq u en cy  r e sp o n s e s  fo r  s e v e r a l  d i f f e r e n t  r a t i o  o f  th e  con ­

d u c t i v i t i e s .  From t h e s e  f ig u r e s  i t  can be r e c o g n iz e d  

th e  f o l lo w in g  f a c t .  A t g iv e n  c o n d u c t iv i t y  o f  th e  surround­

in g  medium, in c r e a s in g  th e  c o n d u c t iv i t y  o f  th e  c y l in d e r  

th e  m agnitude o f  th e  seco n d a ry  f i e l d  i s  in c r e a s e d  fo r  th e  

range o f  freq u en cy  a/6^<  1 . R e g a r d le ss  o f  th e  d i f f e r e n t  

r a t i o  o f  c o n d u c t i v i t i e s ,  in p h a se  component o f  th e  f i e l d  

has minimum v a lu e  a t  a /ô ^  = 0 .7  and by in c r e a s in g  th e  

freq u en cy  above t h i s  ran ge th e  f i e l d  s t a r t  t o  o s c i l l a t e  

w ith  d e c r e a s in g  m agn itu d e. A t th e  low  fr e q u e n c ie s  th e  

maximum v a lu e  o f  th e  q u ad ra tu re  component i s  s h i f t e d  to  

h ig h e r  fr e q u e n c ie s  a s  th e  c o n d u c t iv i ty  o f  th e  c y l in d e r  

i n c r e a s e s .  To f in d  th e  optimum range o f  freq u en cy  w hich  

a llo w  one t o  g e t  maximum r a t i o  o f  u s e f u l  s ig n a l  t o  g e o ­

l o g i c a l  n o i s e ,  th e  r a t i o  o f  th e  secon d ary  f i e l d  t o  th e
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norm al f i e l d  i s  c a lc u la t e d .  F ig u r e  (3 -3 ) shows th e  r a t i o  

o f  th e  q u ad ra tu re  com ponents. As can be se e n  from  t h i s  

f ig u r e  t h e s e  r a t i o  ap p roach es some c o n s ta n t .  T h is  f a c t  

can be e x p la in e d  by c o n s id e r in g  th e  b e h a v io r  o f  th e  normal 

and th e  seco n d a ry  f i e l d .  A t th e  low  fr e q u e n c ie s  th e  quad­

r a tu r e  com ponents o f  th e  norm al and th e  seco n d a ry  f i e l d  a re  

p r o p o r t io n a l  t o  fr e q u e n c y . Thus th e  r a t i o  o f  t h i s  com ponent 

sh o u ld  ap p roach es some c o n s ta n t  a s  th e  freq u en cy  d e c r e a s e s . 

From t h i s  f ig u r e  i t  i s  found th a t  th e  r a t i o  p r a c t i c a l l y  

d o e s n ' t  change fo r  th e  range o f  a /6^<  1 , in  o th e r  w ords, 

d e c r e a s in g  th e  freq u en cy  below  a / 6^ = 1 , th e  d ep th  o f  i n ­

v e s t i g a t i o n  d o e s n ' t  in c r e a s e .  » I t  j u s t  b r in g s  th e  r e s u l t  

o f  d e c r e a s in g  th e  s i g n a l .

F ig u r e  (3 -4 )  shows th e  r a t i o  o f  th e  in p h a se  component 

o f  th e  seco n d a ry  f i e l d  t o  t h a t  o f  th e  norm al f i e l d .  In p h ase  

com ponent o f  th e  norm al f i e l d  c o n ta in s  prim ary f i e l d  so  

i t  was removed b e fo r e  ta k in g  r a t i o .  From t h i s  f ig u r e  i t  

i s  found t h a t  th e  maximum r a t i o  o f  th e  u s e f u l  s ig n a l  to  

g e o lo g ic a l  n o is e  can be o b ta in e d  a t  a /6 ^  = 1 .2 .  Thus 

m easu rin g  th e  in p h a se  component th e  r e s o lv in g  c a p a b i l i t y  

o f  th e  method w i l l  be red uced  by d e c r e a s in g  or  in c r e a s in g  

th e  freq u en cy  from a / 6 = 1 .2 .  From t h e s e  two f ig u r e s  i t  

sh o u ld  be p o in te d  o u t  t h a t  m easuring  in p h a se  component has 

h ig h e r  r e s o lv in g  c a p a b i l i t y  th an  m easu rin g  q u ad ratu re
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com ponent o f  th e  m a g n etic  f i e l d .  However som etim es  

in p h a se  com ponent o f  secon d ary  f i e l d  i s  much l e s s  than  

t h a t  o f  norm al f i e l d  so  i t  may be v e r y  d i f f i c u l t  t o  

d i f f e r e n t i a t e  t h i s  p a r t ,  in  o th e r  w ord s, i t  n eed s v e ry  

a c c u r a te  in s tr u m e n ts .

To f ig u r e  o u t  th e  f e a s i b i l i t y  o f  in c r e a s in g  d ep th  o f  

in v e s t i g a t io n  by m easu rein g  th e  q u ad ra tu re  com ponent a t  

two d i f f e r e n t  f r e q u e n c ie s ,  th e  o p e r a t io n , w hich i s  

d e s c r ib e d  in  e q u a tio n  ( 2 - 4 7 ) ,  i s  a p p lie d  t o  th e  q u ad ratu re  

component o f  th e  seco n d a ry  and th e  norm al f i e l d .  The 

r a t i o  o f  th e  d i f f e r e n c e  o f  th e  f i e l d s  i s  p r e se n te d  in  

F ig u r e  ( 3 - 5 ) .  R e g a r d le ss  o f  th e  d i f f e r e n t  c o n t r a s t s  o f  

th e  c o n d u c t iv i t i e s  th e  maximum r a t i o  o f  th e  u s e f u l  s ig n a l  

t o  g e o lo g ic a l  n o is e  i s  a r r is e d  a t  a /ô ^  = 1 .2 .  T h is  

freq u en cy  i s  same a s  th e  optimum freq u en cy  o f  m easu rin g  

in p h a se  com ponent. Comparing t h i s  f ig u r e  to  F ig u r e  (3 -3 )  

i t  can be n o t ic e d  t h a t  t h i s  method p o s s e s s e s  much h ig h e r  

r e s o lv in g  c a p a b i l i t y  th an  th e  m ethod o f  m easu r in g  th e  

in p h a se  com ponent.

From a l l  t h i s  d i s c u s s io n ,  th e  optimum fr e q u e n c y ,  

r e g a r d le s s  o f  th e  d i f f e r e n t  m eth ods, i s  abou t a /5 ^  = 1 .

V e r t i c a l  com ponents o f  secon d ary  m agn etic  f i e l d .

V e r t i c a l  com ponents o f  th e  m agn etic  f i e l d  i s  c a lc u la t e d  

by u s in g  e q u a t io n s  C3-23) and ( 3 - 2 5 ) .  A ccord in g  to  th e s e
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Figure 3-5*
Frequency resp o n se  o f  th e  quadrature  
component o f  th e  m agnetic  f i e l d  w ith  
th e  le a d in g  term o f  th e  low  freq u en cy  
asym tote  rem oved(Source i s  an a x ia l  
m agnetic  d ip o le )
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e q u a t io n s , on th e  p lan e  z=z^, t h i s  component o f  th e  f i e l d  

i s  d e f in e d  by o n ly  e l e c t r i c  ty p e  v e c to r  p o t e n t ia l .  F ig ­

ure (3 -6 ) and (3 -7 ) show th e  freq u en cy  resp o n se  o f  v e r t i c a l  

component o f  m agnetic  f i e l d .  From th e s e  f ig u r e s  i t  i s  

found th a t  t h i s  component o f  th e  f i e l d  d ecrea sed  as th e  

c o n d u c t iv ity  o f  surroun din g  medium d e c r e a s e s .  T h is f a c t  

can be r ec o g n ize d  from e q u a tio n  (3 -3 2 ) .  In t h i s  eq u a tio n  

th e  fu n c t io n  reduced to  zero  as th e  c o n d u c t iv ity  o f  

su rroun din g  medium d e c r e a s e s .

T r a n sie n t R esponse o f  th e  M agnetic F ie ld

The secondary m agnetic  f i e l d  i s  c a lc u la te d  n u m e r ic a lly .  

F igu re  (3 -8 ) show th e  z-com ponent o f  secon dary  m agnetic  

f i e l d  fo r  a g iv en  geom etry w ith  s e v e r a l  d i f f e r e n t  r a t io s  

o f  th e  c o n d u c t i v i t i e s .

At th e  e a r ly  s t a g e ,  due to  th e  sk in  e f f e c t ,  c u r re n ts  

are c o n c en tr a ted  m ain ly  near th e  sou rce  and th e  f i e l d  does  

n ot f e e l  th e  e x is ta n c e  o f  th e  co n d u ctin g  body. As th e  tim e  

in c r e a s e s ,  th e  c u r r e n ts  d i f f u s e  fa r th e r  from th e  sou rce  and 

th e  f i e l d  s t a r t s  to  f e e l  th e  co n d u ctin g  body. Thus th e  

secon dary  f i e l d  in c r e a s e s  u n t i l  a c e r ta in  t im e . However, a t  

th e  l a t e  s ta g e  th e  c u r r e n ts  decay as tim e in c r e a s e s .  C orres­

p o n d in g ly , th e  m agn etic  f i e l d  decays a t  l a t e  s t a g e .  Thus, 

th e  maximum v a lu e  o f  th e  f i e l d  i s  lo c a te d  a t  th e  in te r m e d ia te  

s t a g e .  As can be seen  from F igu re  (3 -8 ) , in c r e a s in g  th e
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c o n d u c t iv i t y  o f  su rrou n d in g  medium i t  ta k e s  lo n g e r  tim e  

to  rea ch  maximum p o in t ,  in  o th e r  w ords, in  th e  h ig h  

r e s i s t i v e  medium c u r r e n ts  p e n e tr a te  f a s t e r  th an  th e  low  

r e s i s t i v e  o n e .

A t th e  l a t e  s ta g e  th e  c u r r e n ts  in  th e  medium and in  

th e  body d ecay  in  d i f f e r e n t  w ays, and th e  c u r r e n ts  in  th e  body 

decay  f a s t e r  than  th e  one in  th e  su rrou n d in g  medium. Thus 

a t  fa r  l a t e  s ta g e  main c o n t r ib u t io n  o f  th e  f i e l d  comes from  

th e  c u r r e n ts  in  th e  medium. A ccord in g  t o  th e  above d i s ­

c u s s io n  i t  can  be e x p e c te d  th a t  th e  maximum r a t i o  o f  th e  

u s e f u l  s ig n a l  t o  g e o lo g ic a l  n o is e  i s  in  th e  in te r m e d ia te  

range o f  t im e . To f in d  t h i s  optimum range o f  tim e  th e  

r a t i o  o f  th e  seco n d a ry  f i e l d  t o  th e  norm al f i e l d  i s  c a l ­

c u la t e d .  F ig u re  (.3-9) shows t h i s  r e s u l t .  As i s  shown in  

t h i s  f i g u r e ,  r e g a r d le s s  o f  th e  d i f f e r e n t  c o n t r a s t s  o f  th e  

c o n d u c t i v i t i e s ,  th e  maximum p o in t s  a re  lo c a t e d  a t  th e  same 

t im e , t/uY^a^ = 0 ,2 5 .

I f  th e  g e o lo g ic a l  n o is e  i s  l e s s  th an  10% o f  t o t a l  

s i g n a l ,  p r a c t i c a l l y  th e  in f lu e n c e  o f  su rrou n d in g  medium 

can be n e g le c t e d .  From t h i s  f ig u r e  i t  can be r e c o g n iz e d  

t h a t  th e  fo l lo w in g  f a c t .

I f  the r a t i o  o f  c o n d u c t i v i t i e s  i s  h ig h e r  than  500 , 

th e  in f lu e n c e  o f  th e  g e o lo g ic a l  n o is e  i s  n e g l i g i b l e  w ith ­

in  r e l a t i v e l y  w ide range o f  t im e .
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CONCLUSION

E le c tr o m a g n e tic  f i e l d s  o f  a co n d u ctin g  c y l in d e r  have  

been  in v e s t ig a t e d  fo r  th e  c a s e  o f  an i n f i n i t e l y  lo n g  l in e a r  

c u r r e n t  so u rc e  and a m agn etic  d ip o le  s o u r c e . The b eh a v io r  

o f  th e  f i e l d s  h as been s tu d ie d  through n u m erica l e v a lu a t io n  

o f  th e  e x a c t  form ula amd th e  a sy m p to tic  e x p r e s s io n s  fo r  some 

l im i t in g  c a s e s .

The secon d ary  m agn etic  f i e l d s ,  due to  a l i n e  so u r c e ,  

can be c o n s id e r e d  a s  th e  sum o f  th e  fundam ental p a r t and 

th e  l in e a r  harm onic p a r t .  The fundam ental p a r t  o f  th e  

f i e l d  i s  cau sed  by a l in e a r  c u r r e n t in  th e  c y l in d e r  and i t  

has some r e la t io n  t o  th e  c o n d u c t iv ity  o f  th e  su rroun din g  

medium. S in c e  th e  l in e a r  harm onic p a r t  o f  th e  secon dary  

f i e l d  i s  cau sed  by th e  eddy c u r r e n t in  th e  c y l in d e r ,  in  a 

c e r ta in  range o f  freq u en cy  or  t im e , t h i s  p a r t  o f  th e  f i e l d  

d o e s n 't  depend on th e  c o n d u c t iv i ty  o f  th e  medium. Numeri­

c a l l y  i t  i s  found th a t  th e  fundaanental p a r t dom inates th e  

secon d ary  f i e l d .

R eg a rd le ss  o f  th e  o r ie n t a t io n  o f  th e  so u rce  th e  s e c ­

ondary f i e l d ,  due to  a m agn etic  d ip o le ,  o f  a co n d u ctin g  

c y lin d e r  in  f r e e  sp ace  p o s s e s s e s  s im ila r  b e h a v io r . At th e  

low fr e q u e n c ie s  th e  in p h a se  component i s  p r o p o r t io n a l to  

 ̂ and th e  q u adrature component i s  p r o p o r t io n a l to  

I f  a tr a n s m it te r  and a r e c e iv e r  a re  lo c a te d  fa r  (r / a > 4 ) , 

r /a > 4 ) from th e  c y l in d e r ,  th e  secon d ary  m agn etic  f i e l d  has
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a b eh a v io r  s im ila r  to  th e  secon dary  m agnetic  f i e l d  in  which  

th e  prim ary f i e l d ,  in  th e  v i c i n i t y  o f  th e  c y l in d e r ,  i s  uniform , 

At th e  l a t e  s t a t e  th e  secon dary  f i e l d s  decay e x p o n e n t ia l ly .

The c o e f f i c i e n t  o f  th e  exponent i s  d e f in e d  by th e  r a t io  o f  

th e  c o n s ta n t  o f  th e  p r o p o r t io n a l i t y  o f  th e  in p h ase  to  th a t  

o f  th e  qu adrature component a t  th e  low fr e q u e n c ie s .

Comparing th e  normal and th e  secon dary  f i e l d ,  i t  i s  

found th a t  th e  in f lu e n c e  o f  th e  surrounding medium m a ife s t s  

i t s e l f  as d i f f e r e n t  ways in  th e  freq u en cy  and th e  tim e dom ains. 

The c h a r a c t e r i s t i c s  o f  th e  in f lu e n c e  can be summarized a s:

i )  The in f lu e n c e  on m easuring th e  quadrature component 

in c r e a s e s  a s th e  freq u en cy  in c r e a s e s  and d e c r e a se s  

to  some c o n s ta n t  a s th e  freq u en cy  d e c r e a s e s . At 

th e  low freq u en cy  a /^ X O .2  fo r  an i n f i n i t e l y  lon g  

l in e a r  c u r re n t so u rce  or 3l/ S ^ 1  fo r  an a x ia l  mag­

n e t ic  d ip o le  so u r c e , th e  in f lu e n c e  o f  th e  medium 

rem ains th e  same, 

i i )  For m easuring th e  in p h ase  component o f  th e  m agnetic  

f i e l d ,  th e  in f lu e n c e  i s  minimum a t  a/cTî = 0 .3  fo r  a 

l i n e  so u rce  or a/<Jj-= 1 .2  fo r  an a x ia l  m agn etic  d ip o le  

so u r c e .

i i i )  In th e  tim e domain, th e  in f lu e n c e  o f  th e  medium i s  

minimum a t  t /^ ) f a ^  = 7 fo r  a l i n e  so u rce  or t/^ X A  =

0 .2  fo r  a m agn etic  d ip o le  so u r c e . Thus i t  sh ou ld
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be r e c o g n iz e d  th a t  a t th e  fa r  l a t e  s ta g e  th e  in f lu e n c e  o f  

th e  su rroun din g  medium in c r e a s e s .

From th e r e s u l t s  o f  th e  n u m erica l e v a lu a t io n , i t  i s  

found th a t  th e  method in  th e  tim e domain p o s s e s s e s  a h ig h e r

r e s o lv in g  c a p a b i l i t y  th an  th e  one in  th e  freq u en cy  domain.

In  th e  freq u en cy  domain, m easuring th e  in p h ase  component 

has a h ig h er  r e s o lv in g  c a p a b i l i t y  than  m easuring th e  quad­

r a tu r e  component. I f  we measure th e  quadrature component 

a t two d i f f e r e n t  f r e q u e n c ie s ,  th e  r e s o lv in g  c a p a b i l i t y  o f  

th e  method i s  in c r e a se d  v ery  much and i t  can be com parable

to  th a t  o f  th e  method in  th e  tim e domain.
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APPENDICES

A-1 F o u r ie r  tra n sfo rm s

In t h i s  t h e s i s  F o u r ie r  tran sform  i s  c a r r ie d  o u t by 

a p p ly in g  f i n i t e  F o u r ie r  s in e  and c o s in e  tran sform  

To c a lc u la t e  th e  in t e g r a l

b  

X f ü ) =  J f f t )  c o s  K t d - t  

a

in  F i l o n ’s method (B a v is , e t  a l ,  1 9 7 5 ) , th e  in t e r v a l  a , b , 

i s  d iv id e d  in t o  2N s u b in te r v a l  o f  eq u a l le n g th  h . 

h = Cb-a)/2N

Over each  d ou b le  s u b in t e r v a l , fC t) i s  approxim ated by a 

p arab o la  o b ta in ed  by in t e r p o la t io n  to  f ( t )  a t  th e  mesh 

p o in t .  For p arab o la  f ( t ) , th e  F o u r ie r  in t e g r a l  can be 

computed e x p l i c i t l y  by in t e g r a t io n  by p a r t s .

In t h i s  t h e s i s ,  d i f f e r e n t  le n g th  o f  in t e r v a l  i s  u sed . 

C o n sid er in g  th e  c o n tr ib u t io n  o f  each  in t e r v a l  in t e g r a t io n  

to  th e  f i n a l  one and th e  tim e o f  com p u tation , i t  i s  b e t t e r  

to  in c r e a s e  th e  le n g th  o f  in t e r v a l  to  th e  d ir e c t io n  o f  

d e c r e a s in g  th e  m agnitude o f  in te g r a n d . The in t e g r a t io n  

i s  c a r r ie d  o u t to  th e  d ir e c t io n  o f  d eca y in g  m agnitude o f  

in te g r a n d .
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 ̂ %

U sin g  th r e e  v a lu e s  F (x ^ ) , F (x) can be

approxim ated  a s

F (x ) = Sx + + c

where

/T[ _ F (yc)d  yc*f — 4- F A%î
A ' ^ A X A ^ ' ^ f i

—  z T ^ w m : ,  ----------------------------------------------------------

(2 _ +" F(yi*i) %i+l VF(^în)^'Xc'}!i')(c+l

in  th e  in t e r v a l  r% i'% i+2]

Thus th e  F o u r ie r  in t e g r a l  w ith in  th e  above in t e r v a l  

becom es

(  ( a y ^ 4  f c r + c )  Cos dec

. f  i M-^b ra ' i ' r  4- i-yK^X + cy  s . - n m-  L ^X“  (- OS K X 1- 2
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The le n g th  o f  in t e r v a l  i s  ch osen  a s  

= 2
In  c a se  o f  r e l a t i v e l y  s lo w  change o f  in te g ra n d ,N  = 4 i s  

u sed . I f  th e  in te g r a n d  has some d i f f e r e n t  s ig n  o f  g r a d ie n t  

w ith in  th e  range o f  in t e g r a t io n  N = 8 or  16 i s  u sed .

A -2 C a lc u la t io n  o f  B e s s e l  fu n c t io n

The B e s s e l  fu n c t io n s  a re  n u m er ica lly  c a lc u la t e d .  For 

th e  c a s e  o f  sm a ll argum ent s e r i e s  e x p r e s s io n s  are  u sed .

( Janke and Emde<r 1960) .

K! rE L ,)
fo r  |Z |  < ( 2  or  | Z ! < f l

^  è  FI I

where y  = 1 .781072  (E u le r 's  c o n sta n t)  The above form ula  

i s  u sed  fo r  ) z | < 4  

and
2L <  n r a  I ^y  $  a r ^  i z )
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