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ABSTRACT

An alternative algorithm to current linear programming 

methods is presented to solve petrochemical blending problems. 

The method, demonstrated on a class of such problems, shows 

that the solution time of these problems can be reduced 

significantly. Nonlinear chemical blending problems can also be 

solved with this new approach. It is shown that liquid fuel 

blending profits can be improved through use of the algorithm.

The method is evidence that geometric programming is a 

viable technique for solving specific linear programs. This means 

the method could be an alternative to the simplex algorithm. The 

algorithm can select from all possible constraints those which 

truly influence the problem, effectively reducing the size of these 

problems and decreasing the solution time. Use of the procedure 

assists the application of engineering to determine the optimal 

solutions to complex problems. We assert that this means the 

solution of these problems can often be reduced from a linear 

program to the inversion of a square matrix. In addition the 

technique is successfully extended to nonlinear blending problems 

of a type which have not been optimized before.
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Chapter 1 

INTRODUCTION

This thesis is the result of a study to find new ways of solving 

existing problems. The expectation was tha t the new method 

would offer a t least an alternative, if not an advantage, over 

existing methods. A serendipitous result to this successful effort 

is the ability to solve problems of a type th a t had previously not 

been solved by any known method. This success was achieved by 

developing a procedure to extend a part of the realm of nonlinear 

optimization to include a part of the realm of linear optimization.

1.1 Operations Research in the Petroleum Industry

O p era tio n s  R esea rch  is defined as the application of 

scientific methods and techniques to decision-making problems. 

These problems result when there are two or more courses of 

action. The objective is to select the best alternative (Lesso 1982).

A common use of OR (Operations Research) is to maximize 

the utility of limited resources. The science was formally 

developed during the Second World War to fill this need. Because 

of its importance to the outcome of tha t conflict, the petroleum 

industry experienced some of these early efforts. The
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competitiveness of the world’s Oil Industry has ensured tha t 

industries continued involvement in the development of the 

science ever since. From the start, the petroleum industry has 

been by far the most interested user of OR (Williams 1990).

Numerical optimization techniques are collectively known as 

M ath em atica l P ro g ram m in g  (MP), which includes the fields of 

Linear Programming (LP), Nonlinear Programming (NLP), 

Integer Programming and Dynamic Programming. The practical 

use of MP began with two events, the development of the simplex 

algorithm by Dantzig in 1947 and commercial availability of 

electronic digital computers near the same time (Bodington and 

Baker 1990). The simplex algorithm is an efficient procedure for 

solving linear programs.

Algorithms for nonlinear problems came much later and are 

limited with regard to the types of problems they can handle.

They are so limited th a t of necessity great efforts, and progress, 

have been made in the linearization of nonlinear problems in 

order to solve them by LP. These efforts continue today in the 

form of SLP (successive linear programming) and SQP (successive 

quadratic programming). These techniques replace the nonlinear 

functions being optimized with their Taylor series expansions,
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using the first two and three terms respectively (Baker and 

Lasdon 1985; Bodington 1979; Fletcher 1987; Gill, Murray, and 

Wright 1981; Prince and others 1983; Peressini, Sullivan, and 

Uhl 1988; Scales 1985).

A limitation of the available nonlinear techniques is their 

inability to handle signomial problems. Signomials are problems 

having negative coefficients in either or both the objective or 

constraint functions. These problems are of major concern to the 

petroleum industry. Many hydrocarbon components interact with 

nonlinear results. These results can be either gains or losses in 

various material properties. Examples of these properties are 

octane numbers, viscosities, flash points, aniline points, and 

vapor pressures (Gary and Handwerk 1984).

An important problem with both linear and nonlinear 

applications is blending. Blending problems occur when a 

number of components are mixed together to yield one or more 

products. Constraints on these problems are typically restrictions 

on the available quantities of raw materials, the quality of 

products, and the quantities of the products to be produced (Gass 

1970). Particularly in the petroleum industry, these problems 

were the subject of some of the earliest efforts in the field of LP



T-3991 4

(Symonds 1955). These problems become extremely large even 

when dealing with small to average sized facilities (Gass 1985; 

Wu and Coppins 1981; Woolsey 1987). Current efforts with these 

problems in the petroleum industry are concerned with the 

nonlinear type.

Most refinery feedstocks and intermediate streams are 

blended to a variety of finished products. Contracts and 

economics determine the desirability of the output product mix. 

Most economists are aware of the trade-offs between winter and 

summer when it comes to the gasoline or heating oil choices of 

refinery managers. The objective of product blending is to 

allocate the available blending components so th a t product 

specifications are achieved efficiently while producing a product 

mix th a t maximizes profit (Gary and Handwerk 1984). The 

volumes of refined products sold are so large tha t savings of even 

a fraction of a cent per gallon will result in substantial profit 

gains over a year (Klingman and others 1987).

1.2 Solution of Linear Programs

The purpose of LP is to find a maximum or a minimum value 

of a linear function. The subject is relevant only when the
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function is defined within a linear convex set (Gass 1985). The 

subject was essentially created in 1947. At tha t time Dantzig 

defined its scope and presented the first method for the practical 

solution of LP problems. This was termed the simplex algorithm. 

I t is still the most versatile and widely used method (Shamir

1987).

An LP consists of an objective function and a set of 

constraints. Three possible outcomes are possible. The program 

can be infeasible, it can be feasible with an unbounded optimal 

value, or it can be feasible with an finite optimal value obtained 

a t an  optimal point. The simplex algorithm determines, in a 

finite number of iterations, which of these three cases holds. It 

will return  an optimal point if one exists (Ecker and 

Kupferschmid 1988).

A m atrix consisting of all the problem variables, the objective 

function and constraints is the starting point of the simplex 

algorithm. One artificial variable is added to the problem for 

each constraint. The simplex algorithm uses an initial solution 

consisting of all the artificial variables and none of the real 

variables. The current iterations working solution is known as 

the basis. Each iteration consists of determining which real



T-3991 6

variable, by entering the basis, results in the best improvement of 

the objective function value. The constraint th a t most limits tha t 

variable determines which artificial or real variable leaves the 

basis. A basic in feasib le  so lu tion  means a t least one artificial 

variable is still in the basis. A basic feasib le  so lu tion  means 

the current basis consists of real variables only. Each iteration 

results in an improvement or no change in the objective function. 

When no variables can enter the basis the algorithm is finished 

(Wessels 1988; Winston 1987).

Some LP problems exhibit special structures. Specific 

algorithms have been developed to take advantage of these 

structures. Examples of these special structures are the network, 

assignment, transportation, and transshipm ent problems. The 

specific algorithms for these problems are more efficient than  

simplex for their unique cases. They are not applicable to the 

general I P  (Foulds 1984; Wu and Coppins 1981; M aurer 1990; 

Woolsey 1987).

The 1947 version of the simplex algorithm has been 

continuously improved. Current versions include routines to take 

advantage of concepts such as duality and generalized upper
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bounds. The newer routines either reduce the initial size of the 

problem or help the algorithm make greater improvements with 

each iteration. The basic procedure remains the same.

Typical LP problems contain thousands of variables and 

constraints. The upper limit on the number of basic feasible 

solutions the simplex algorithm will need to examine to solve a 

problem has been mathematically proven (Winston 1987). This 

limit is

rn + m  \  _  (n +m)!
K m J n\m\

where n and m are the number of real and artificial variables 

respectively. Normally the number of iterations required is a 

much smaller number than  this upper limit. Typically from one 

to three times the number of constraints is a good approximation 

of the iterations required (Gass 1985; Ho and Luete 1983).

The proven upper limit on iterations required is a nonlinear 

function of the problem size. Valiant efforts have been directed a t 

developing algorithms th a t would converge to a solution in a 

smaller number of iterations. The goal has been an algorithm 

with an upper limit on iterations required th a t would be a linear 

function of the problem size. Examples of these methods are
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Khatchian’s method and Karm arkar’s method. Both methods can 

be shown to have an upper limit on iterations which is a linear 

function of problem size. Experience has shown th a t Khatchian’s 

method nearly always requires the upper limit of iterations 

regardless of problem type. This makes it noncompetitive with 

simplex in typical problems (Bland, Goldfarb, and Todd 1981). 

The jury is still out on K arm arkar’s method (Winston 1987). 

Efforts to develop these algorithms continue today (Dyer 1984; 

Packel 1988). The geometry of these solution techniques has led 

to them  being referred to as interior point methods. In contrast, 

the simplex method interates along the outer edge of the feasible 

region.

The reason for these efforts are the limitations of computing 

equipment to solve useful problems. The limitation to LP 

progress has always been either the matrix size capacity of the 

computers, or the time to get a solution, or both. Typical 

problems form a matrix much larger than what can be stored in 

the active memory of any computer. Dantzig-Wolfe and Benders 

decomposition procedures, which are essentially each others dual, 

help expand the problem-solving capabilities of computers. They 

are an integral part of the idea of achieving overall optimization
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by coordinating several subproblem optimizations (Bodington and 

Baker 1990; Nazareth 1987). I t is not unknown for a computing 

system’s mean time between failures to be less than the expected 

solution time of these problems (Gass 1985; Klingman, Mote, and 

Phillips 1988; Woolsey 1989).

The mechanics of decomposition require th a t the problem 

matrix be broken down into several smaller matrices. Each 

smaller matrix is then optimized separately before they are all 

re-combined to see the final optimum solution. This means the 

greater part of the problem is kept on disk while a smaller 

subproblem is optimized in the active memory of the computer. 

This solution is not without its own drawbacks. Active computer 

memory works in nanoseconds: 10"9sec, disk access across a bus 

works in microseconds: 10"6sec, and disks work in milliseconds: 

10~3sec. This means there is a difference of six orders of 

magnitude in the speed a t which the components of a computer 

system work on a specific problem. This difference in speed can 

be visualized by taking one second to reach across a desk for a 

table of information; six orders of magnitude greater would be 

waiting eleven and a half days for the same table to arrive. 

Current literature in this field discusses the application of
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decomposition techniques to solve large problems. Results are 

with few exceptions reported in cpu (central processing unit) 

seconds which are equivalent to active memory speeds. Typically, 

neither total solution or disk access time is not discussed 

(Aronson, Morton, and Thompson 1985; Ho and Luete 1983; 

Kingman, Mote, and Phillips 1988; Buchanan and others 1990).

Outside of matrix algebra techniques used to enhance 

computer performance when dealing with large matrices, little 

work has been done to reduce problem size (Gass 1985). The 

Operations Research Guild a t the Colorado School of Mines has 

made progress in this area (Treece 1978). This thesis continues 

the effort.

1.3 Research a t Colorado School of Mines

This thesis represents a continuation of the ongoing research 

program a t Colorado School of Mines in the development and 

application of operations research techniques. Specifically in the 

area of this work, theses have been done showing the application 

of LP to blending problems in which it had not been previously 

used (Van Drew 1985; Gordon 1981). This work is the first 

application of nonlinear programming techniques to blending
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problems done a t this school.

Under the directorship of Dr. Gene Woolsey, the Operations 

Research Guild a t CSM has developed into a world center for the 

development of techniques in G eom etric  P rogram m ing . GP is a 

subject of nonlinear programming, particularly useful in dealing 

with problems of engineering design.

Examples of efforts in this area are the attacks on: the 

Simultaneous Nonlinear Equation Problem (Allen 1980; Baker 

1980), Reliability Problems (Oatney 1987; Wilkinson 1987; 

Wilkinson 1989), Mineral Extraction (Taylor 1980), Bridge Design 

(Bailey 1989), Chemical Equilibrium (Wall 1984), Investment 

Decision (Grange 1977), and Reactor Design (Grange 1977).

Considerable work has been devoted to expanding the subject 

area and developing algorithms to handle general types of 

problems. These efforts are represented by: a proof of 

convergence of the condensation principle (Greening 1982), 

condensation techniques for posynomials (Ratliff 1986), 

condensation techniques for signomials (Thome 1988), 

preprocessing constrained signomials (Kirk 1988), condensation 

techniques for constrained signomials (Wessels 1989).
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Each of these GP efforts has been directed a t nonlinear 

problems exclusively. LP problems can be thought of as NLP 

problems with special structure; namely those NLP problems 

which are restricted to linear objective functions and linear 

constraints (Ecker and Kupferschmid 1988). This is one of the 

primary thrusts of this thesis.

1.4 Geometric Programming Applied to Linear Programming

In his work concerning simultaneous nonlinear equations 

Allen (1980) notes, under areas for further research, th a t the 

method of GP could work on LP problems. He believes this 

because GP can condense both negative and positive coefficients 

and thus approach the solution from both sides.

Early in the development of geometric programming the 

relationships between GP and LP problem formulations were 

defined using logarithms (Dufffn, Peterson, and Zener 1967). 

These definitions showed th a t any primal LP could be 

transformed to a primal GP. The same problem could then be put 

in the dual GP form and transformed back to the correct dual LP 

form of the same problem. Two specific techniques of 

reformulating I P ’s into G Fs are described in the mathematical
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appendix by Peterson of "Design Optimization" (Avriel, Rijckaert, 

and Wilde 1973). Peterson describes a third method (Peterson 

1976), but notes none of the three has ever been applied to 

anything but teaching. A recent effort in mathematical 

programming placed emphasis on parallel processing (Han and 

Lou 1988). This particular work used Q u ad ra tic  

P rog ram m ing , which can be done in parallel, to solve a small 

LP. I t was earlier shown tha t QP (quadratic programming) could 

be useful in describing the sensitivity of LP solutions 

(Mangasarian and Meyer 1979). Another application (Jefferson 

1985) showed th a t Quadratic Programs could be solved with GP. 

In  combination these efforts show th a t the foundations for solving 

L P s with GP are in place.

The rules of GP (DuflEin, Peterson, and Zener 1967; Woolsey 

1969; Peressini, Sullivan, and Uhl 1988) are derived under 

mathematical conditions which require convex sets. This 

requirement is also present in any LP. The greatest obstacle to 

immediate application of GP to these problems is the feasible 

range of the variables. GP variables are defined over the range:

Xi > 0. LP variables are defined over the range: X, > 0. LP
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variables are allowed to take on the value of 0. This is not 

allowed for GP variables. This thesis presents a solution to this 

problem.

Thorough discussions of the techniques of geometric 

programming can be found in the literature (Avriel and Williams 

1970; Ecker 1980; Rijckaert and Walraven 1985; Beightler and 

Phillips 1976; Peterson 1976; Beightler, Phillips, and Wilde 1979; 

Woolsey 1969; Woolsey, Kochenburger, and Linck 1971; Woolsey

1988). A particularly good treatm ent is contained in the thesis by 

Kirk (1988).
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Chapter 2 

PROBLEM DEFINITION

Mathematical programming is different from computer 

programming. It is a planning tool. The effective use of tins tool 

returns an insight to the process  being studied. Use of the tool 

requires the process be presented as a well formulated 

mathematical problem. Such a formulation is called a m odel, 

defined as follows by Denn (1986):

A mathematical model o f a process is a system o f 

equations whose solution, given specified input data, is 

representative o f the response o f the process to a 

corresponding set o f inputs. . . .

The reason for obtaining a mathematical model is to 

enable computation o f the expected behavior o f the process 

for a range o f inputs and conditions.

2.1 Real Linear Programming Problems

L in e a r  P ro g ram m in g  refers to those situations which can 

be described with systems of linear equations. The purpose is to 

determine the best combination of controllable factors. Whatever 

limits more of a desirable factor is a constraint on the process.
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Typical linear models are large, averaging about 2,500 

constraints and 3,500 variables. Very large problems might have 

10,000 to 20,000 constraints and 100,000 to a million variables.

In practice, very large problems are not routinely solved because 

of the technology constraints previously described.

The very small examples used to teach LP do not im part the 

intricacies of solving a real problem. Effective problem 

formulation, data acquisition and input, algorithm execution, and 

analysis of real problems requires much more than the simplex 

algorithm. Consequently, ideas from the forefront of many fields, 

linear programming, computer programming, numerical analysis, 

data preparation and storage, to name a few, are implemented 

together in a m a th em a tica l p ro g ram m in g  system  (MPS).

The key to the efficiency of a modem MPS lies in the 

structure of most real LP problems. They are sparse. A matrix 

is termed sparse if  the number of nonzero elements in it is small, 

less than  5%. In  most of these problems a typical variable occurs, 

on average, in  six constraints. In  fact, most large-scale problems 

exhibit super-sparsity, which means they are less than  1% dense 

(Gass 1985). Sparseness allows the use of MPS features such as
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data packing, value tables, row and column indices, and pointers. 

These features allow storage of the problem in a much smaller 

area of memory.

When sparseness can be maintained throughout the simplex 

process, a relatively quick solution is achieved, assuming a true 

LP without any integer variables. The problem is in maintaining 

sparseness. Many problem structures exhibit what is termed 

"filling-in" while being processed by the simplex algorithm. This 

means the problem matrix becomes progressively more dense as 

the algorithm proceeds. The phenomena is similar in result to 

inverting a sparse matrix. The inverse may be anything but 

sparse. Typical causes of the problem are the relationships tha t 

link constraints in some classes of problems.

2.2 B lending Problem s

A blending problem can always be recognized by its blending 

constraints. In its most basic form the problem will be 

constituted by blending constraints solely (see example no. 1).

Blending constraints are formed around a particular quality 

desired in the product. Each m aterial input th a t can be used in 

the manufacture of the product will have this quality to some
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degree, but probably not the degree desired. Two or more 

different inputs can be combined in specific proportions to achieve 

the desired product quality. These proportions or ratios are what 

form blending constraints.

In a linear model the denominator of the ratio is multiplied 

through the constraint, one side of the equation is then 

subtracted from the other to form a standard LP blending 

constraint. The standard blending constraint can be an equality, 

or an equal to or greater than inequality, or an equal to or less 

than  inequality. I t will have a right hand side tha t is zero, and a 

left hand side tha t m ust have a t least one positive coefficient term  

and one negative coefficient term.

In many engineering process operations it is possible to 

manufacture a product or products by several paths. In the 

petroleum industry a number of basic blending stocks are 

manufactured and a number of products are produced by blending 

them. The products will have material property specifications 

which m ust be met. Some of these will be maximum specs and 

some will be minimum specs. Each blending stock will have these 

properties in definite amounts. Each stock will also have a 

different cost from the other stocks. The problem is, how much of
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each blending stock should be mixed into the final product so that 

all the specifications are met? The key word is "met" because, 

since some specs are max and some min, the product can be 

produced in a number of ways a t different costs (Amundson 

1966).

In  the terminology of mathematical programing these 

property specifications are known as quality constraints. As 

previously described there are input (blending stock) quantity 

constraints, and output (product) quantity constraints.

A well-formulated problem, meaning a good model of a 

refining operation, will contain "tie-in equations." Typically these 

equations are related by the same production facility or time 

period (Gass 1970). I t  is these relationships tha t lead to 

"filling-in." That is the bad news; the good news is, these same 

relationships are what allows the use of decomposition 

techniques.

Imbedded within these blending problems are several other 

well known types of LFs. Transhipment, transportation, and 

assignment types are among these. These imbedded problems, 

and their linkages to other parts of the overall problem, are the 

reason behind the large size of these problems.
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2.3 Nonlinear Blending Problems

Constraints th a t require the use of a certain ingredient if a 

prescribed amount of another stock is used lead to integer 

variables. Once an LP contains integer variables it is termed a 

mixed integer problem and is no longer linear. It is sometimes 

still possible to solve these problems on an LP code using the 

simplex algorithm. The solution time of these problems is 

exponential in comparison to the true LP. Imbedded scheduling 

problems may also lead to integer variables within the overall 

optimization.

As noted in chapter 1, some hydrocarbon material properties 

do not blend linearly. Optimization of these problems has been 

carried out by linearizing segments of each material’s blending 

functions. This has not always proven a satisfactory solution. 

Usually the reason is tha t the number of segments required 

makes the problem too large to handle.

The nonlinear techniques available have been limited by 

several factors. They are not as efficient as the simplex 

algorithm; they take longer to solve problems of a similar size. 

They are not global optimizers. This is because a nonlinear 

optimization problem has a fourth possibility besides those
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available to a linear problem. This other possibility is th a t the 

problem can be feasible with a bounded objective function value 

but no optimal point exists (Ecker and Kupferschmid 1988). This 

results in situations which present local optimal points. The 

nonlinear algorithms locate these local optima but cannot find 

their way out unless given a more fortunate starting condition.

2.4 A New Approach

The techniques of geometric programming have been highly 

successful when applied to problems of engineering design. 

Optimization of a process leads to the best design. Hence, it 

would seem, the techniques of GP are well suited to process 

optimization.

This is the case. GP can be used to identify the constraints 

which actively affect a problem a t any given time in its solution. 

The technique has rules which allow solutions to be approached 

iteratively when necessary. GP formulations present a different 

and more illustrative presentation of the models typical to this 

class of problems. The greatest test is to identify when a variable 

is going to zero and to reformulate accordingly.
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Chapter 3 

THE TOOLS OF SOLUTION

The next three sections show the common ground of LP and 

GP. The mathematical basis for applying the techniques of GP to 

LP problems is defined. Readers not inclined to these proceedings 

should go on to section 3.4.

Inspiration for this tie-in of fields was a result of classes in 

LP and GP a t Colorado School of Mines by G. J. Wessels and R. E. 

D. Woolsey in  1988. Much of the next two sections is taken 

directly from those courses. Other m aterial is taken from two 

references in the field: Geometric Programming: Theory & 

Application by Duffin, Peterson, and Zener (1967); and The 

Mathematics o f Nonlinear Programming by Peressini, Sullivan, 

and Uhl (1988).

I t  is im portant to know why these problems are so complex. 

The reason is th a t any feasible problem, except for the pure 

integer problem, has an infinite number of solutions tha t work. 

We are interested in the best solution. Once the active 

constraints have been identified, they define the feasible region of 

the problem’s solutions. Any point within th a t region constitutes
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a viable situation, entirely legal. A student of these problems 

knows th a t the best solution lies on the border of the feasible 

region. We have to model the problem with an accuracy 

compatible with what can physically be done to implement the 

solution in practice.

The next three sections will show that LP and GP problems 

are congruent mathematical programs. As a part of this 

demonstration, the four fundamental rules of GP are derived. 

These rules are essential to any application of GP. The reason for 

this exercise is th a t no direct application of NLP applied to LP 

was found in our literature search. Therefore, these facts of 

optimization are presented together so tha t the reader may have 

direct access to the underlying principles of this method.

3.1 The Calculus of Optimization

Students of functional optimization should be familiar with 

the concepts of necessary and sufficient conditions. A necessary 

condition Cn for a statem ent S implies tha t Cn m ust be true for S  

to be true (S only if Crt). A sufficient condition Cs for a statem ent 

S  implies th a t S  is true when Cs is true (S if Cs). I f  a condition 

is both necessary and sufficient for S, then we can say S  if and
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only if c„.
These conditions are sometimes referred to as first and 

second order conditions. This terminology comes from the 

concepts of calculus as applied to maxima and minima.

Commonly a necessary condition involves the first-order 

derivatives. Also the sufficient conditions will involve the 

second-order derivatives. Do not trea t these as synonyms. In 

particular the second-order conditions alone are not sufficient for 

an extremum (Koo 1977).

Stated formally, from calculus (this restricts us to functions 

for which the first and second derivative exists), for S  to be a 

statem ent th a t f (x)  attains a local minimum a t x = jc0, it  is 

necessary th a t / '  (x) = 0 a t jc = jc0. It is sufficient th a t/ '  (jt0) = 0 and 

/ "  (%o) > 0. A local maximum requires the inversion of the 

inequality.

The following theorem from calculus is particularly useful to 

optimization theory:

(Extended Law o f the Mean) Theorem. Given that f ( x ) , / '  (%), and  

f " (x )  exist on the closed interval [a,b] = {x e. R \ a <x <b}.

//xq and  x are any two points on the interval then there exists
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a point i  between x, and  x such that

f » (z)
f i x )  =/(Xo) + / '  (X o) (X - x 0) + — ^ — (x  -Xg)2.

This is a special case of the Taylor Formula from calculus. 

Now if/(jc) is a function w here/"(x) is positive for all real x, and 

x0 is a point where / '  (x0) = 0, then the above formula results in

/ ( x )  = / ( x 0) + 0 + a  positive number

for all real numbers x ^x0. Hence /(x) > /(x0) for all x ^x0. Thus x0 

is the point which minimizes the value of/(x) (Peressini,
Sullivan, and Uhl 1988). This is essentially the second derivative 
test from calculus.

The following theorem is used to define terminology which

will be used later in this section.

T heorem . Given th a t/(x ), / '(x ), and /" (x ) are all continuous on 

an interval /  and th a t x0 e /  is a critical point of/(x).
(a) I f / "  (x) > 0 for all x e / ,  then x0 is a global minimizer of 

/(x ) o n /.

(b) If/" (x )  > 0 for all x g  /  such tha t x ^x0, then x0 is a strict 

global minimizer of/(x) on /.

(c) If /" (x o ) > 0, then x0 is a strict local minimizer of/(x) 

(Peressini, Sullivan, and Uhl 1988).
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These developments can be extended to functions of several 

variables by using vector notation and the following definitions. 

G iven/(x)- f { x l ,x2, ... ,xn) is a function of n variables with 

continuous first and second partial derivatives on/?”. The 

gradient V /o f/(x ) is the ra-vector

Z d/ dfv/= dxdx/dxa’ ^ny 

The Hessian H f  of/(x) is the symmetric n xzz-matrix

/ / /  =

a2/ a2/ a2/  )
dxf dx1dx2
d2/ a2/ a2/

dx2dxi d^i " dx2dx„

a2/ a2/ a2/
a^ax2 " dx2 ,

The multivariate Taylor’s Formula follows:

/(x)= /(x*) + V/(x*) • (x -x*)+ i(x -x*) •///(z )(x -x * ).

Here x* is used instead of xQ to more impressively represent 

the optimum multivariate point we are searching for, ra ther than  

a zero point.
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3.2 The Convexitv of Linear Programs

The feasible region in all LPs and a large class of NLP's is 

defined by a convex set. The definition of such sets is: If all 

two-point combinations within the boundary of an enclosed set 

can be connected by a straight line tha t is also entirely within the 

boundary, then th a t set is convex. All other cases are concave. 

Thus all individual points, all lines, and all triangles are convex.

The line segment [x,y] joining points x and y can be described 
mathematically by

[x,y] = {x+X(y-x) :0<X,<1}.

This set can also be described as

[x,y] = {Xy + (l -X)x : 0<X< 1}.

Therefore, a subset C o f Rn is convex i f  and only i f  for every x and  y 
in C and every X with 0 < X < 1, the vector %x + (1 -  X)y is also in C 
(Peressini, Sullivan, and Uhl 1988).

This is the mathematical equivalent of the definition given in 

the first paragraph of this subsection.

3.2.1 Lines

Lines in /?” can be described several different ways.

When x and v are vectors in /?”, the line L through x in the
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direction ofw  is described àsL  ={x + Xv:Xe R}.

If  x and y are vectors in  Rn, the line L through x and y is the

setL  = {Xx + (l-X,)y :X€ R}.
The important thing to notice is the similar structure of these 

lines and the mathematical definition of convexness. Clearly any 

line in /?” is a convex set (Peressini, Sullivan, and Uhl 1988).

3.2.2 Half-snaces

Given x e Rn and a  g /?, then the closed half-spaces

F+ = {y g Rn •  y >a},

F “ = {y e /?” :x* • y <a}, 

and the open half-spaces

G+ = {y g /?” : x* • y > oc},

G” = {y g  /?” : x* • y < a } ,

determined by x* and a  are all convex sets. Because y , z are in F+ 

and if 0 < A, < 1, then

x • [Xy + (1 - X)z] = Xx* • y + (l -X)x* • z>X a+(l -X )a  = a , 

so th a t

Xy + (l-X )zG  F+.



T-3991 29

The other cases can be shown the same way (Peressini, Sullivan, 

and Uhl 1988).

3.2.3 Intersections

If Cl9C2, ... are convex sets in Rn, then the intersection

n  Ci is also convex. To verify this: If y , z belong to this 

intersection and if 0<X< 1, then y ,zbelong to each C,, so 

Xy + (1 -  X)z e C, for each i since C, is convex. But then 

Ay + (1 ~X)z e nC, so tha t nC,- is convex.

This is important, it means the set formed by the intersection 

of convex sets is itself convex (Peressini, Sullivan, and Uhl 1988).

3.2.4 Linear Equations

Given A = (<2,y) is an m x n-matrix and b e Rm, then the set S  of 

all solutions x e /?” of the system Ax < b of linear inequalities:

' a n X l  +  0 1 2 * 2  +  —  +  a u x n 5  6 /

021^1 +  022*2 +  " •  +  O ^  5  b2

^mlXi +  O ^  +  — +  5  b mj

is a convex set in Rn. This is fundamental to linear programming. 

In fact, if  a ( l )  =  (au ,0^ ,... ,a j  e Rn is  the ith  row of A  and if F f  is the
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half-space
FJ = {x e /?n : a(,) • x <

for / = 1 , ,m,  then the solution set S  is the intersection of the 

half-spaces F f,F j,... ,F~. Thus the convexity of S  follows from the 

above arguments concerning half-spaces and intersections 
(Peressini, Sullivan, and Uhl 1988).

3.2.5 Weighted Averages

If x(1),x(2), ,x{k) are vectors in Rn, then a weighted average or 

convex combination of x(1),x(2), ... ,x{k) is any vector

X1x(1)+ X2xp) +••• + X̂ x(*) = S  X/x0),i=i

where X2,...,'hk are nonnegative numbers which sum to one. If 

C is a convex set in Rn, then, by the definition of convexity, the set 
C contains any convex combination of two of its members. But 

note: If Xv X2, X3 are nonnegative numbers tha t sum to one and 

x(1), x(2), x(3) belong to C then,

also belongs to C. This is clear when X3 = 0, since x is then a 

convex combination of two vectors x(1),x<2) in C. If  X3 ^ 0, then
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^ _ X<2) + _ ^ L _ X(3)
'Ko + Ko Ko 4- K'.x = X1x(1)+(X2+X3)

Since
^2  ̂ ^3 _ j

K%+ K$ K2 + X3

the expression in square brackets above is a convex combination 

of two vectors in C so it belongs to C as well. But then, since 

Ki + (K2+K3) = 1, the same above equation shows tha t x is a convex 

combination of two vectors in  C and so x e C.

The preceding argument shows tha t if C contains any convex 

combination of two of its vectors, then it must also contain any 

convex combination of three of its vectors (Peressini, Sullivan, 

and Uhl 1988). This argument can be extended to any number of 

combinations required.

3.2.6 Convex Functions

A function/(x) is defined as convex on C if

f(Kx + [1 — AJ y) < X/(x) + [1 — AJ/(y)

for all x,y in  C and all X with 0 < X< 1; 

the function/(x) is strictly convex on C if

/(Xx + [1 — X] y) < X/(x) + [1 — X]/(y)



T-3991 32

for all x, y in C with x ^ y  and all X with 0 < X,< 1. If the 
inequalities in the above definitions are reversed they define 

concave and strictly concave functions.

We now need some mathematical definitions for the theorems 

which follow.

Given th a t A is an n xzz-symmetric matrix and tha t 

2 a (y)= y e ^  y is the quadratic form associated with A. The A 

and Qa are called:

(a) positive semidefinite i f g A(y) = y A y > 0  for all y e ;

(b) positive definite if 6 A(y) = y • A y >0 for all y e /?n,y *0 ;

(c) negative semidefinite i f 2 A(y) = y eA y < 0  for all 

y e /?n,y ^ 0 ;

(d) negative definite i f 2 A(y) = y A y < 0  for all y e Æ”,y *0;

(e) indefinite if g A (y) = y  A y > 0 for some y e Rn and 

2 a  (y) < 0  for other y e / ? ”.

Theorem* Given that x is a critical point o f a function /(x) with 

continuous first and second partial derivatives on Rn and that 

Hf(x) is the Hessian off(x). Then x* is:

(a) a  global minimizer for /(x) if  Hf(x) is positive 

semidefinite on Rn;

(b) a strict global minimizer for /(x) if H /(x) is positive
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definite onRn;

(c) a global maximizer for /(x) if Hf(x) is negative 

semidefinite on/?”;

(d) a strict global maximizer for/(x) if Hf(x) is negative 

definite on Rn.

Convex functions sum like convex sets intersect. Some useful 

theorems describing this follow:
(Convex 1) T heorem , I f f  (x) is a convex function defined on an 

open interval (a,b), thenf(x)  is continuous on (a,b) (Peressini, 

Sullivan, and Uhl 1988).
(Convex 2) T heorem . Given that /(x) is a convex function 

defined on a convex subset C o f Rn. Given X2, ...,X* are 

nonnegative numbers which sum to one. Also given are 
x(1),x(2), ... points ofC, then

( k \
f

V  = 1 y i = i

(Peressini, Sullivan, and Uhl 1988).

(C onvex 3) T heorem . Any local minimizer o f a convex function 

/(x) defined on a convex subset C o f Rn is also a global 

minimizer. Any local minimizer o f a strictly convex function 

/(x ) defined on a convex set C in Rn is the unique strict global



T-3991 34

minimizer o/*/(x) on C (Peressini, Sullivan, and Uhl 1988). 

(Convex 4) T heorem . //*/(x) has continuous first partial 

derivatives on a convex set D in Rn. Then:

(a) the function / ( x )  is convex i f  and only i f

/(x) + V/(x) • (y -  x) </(y)

for all x,y inD:

(b) the function /(x) is strictly convex on D i f  and only i f

/(x) + V/(x) • (y-x) </(y)

/or all in D with x ^ y  (Peressini, Sullivan, and Uhl 1988). 

(Convex 5) T heorem . Given that f(x) has continuous second 

partial derivatives on some open convex set C in Rn. I f  the 

Hessian Hf(x)  of f (x)  is positive semidefinite (respectively 
positive definite) on C, then /(x) is convex (respectively strictly 

convex) on C (Peressini, Sullivan, and Uhl 1988).

(Convex 6) T heorem .
(a) Given / j  (x ) , . . . ,fk (x) are convex functions on a convex set C in 

Rn, then

f ix)  = / i  (X) + /2 (x) +  • • • + /*  (x)

is convex. Also, i f  at least one f  (x) is strictly convex on C, then 

the sum f ix)  is strictly convex.

coLoa*m>o mc#ooi of
GOLOlB, COLOMDO



T-3991 35

(b) Given /(x) is convex (respectively strictly convex) on a convex 

set C in Rn and in a  is a positive number, then a /(x ) is strictly 

convex.
(c) Given/(x) is a convex (respectively strictly convex) function 

defined on a convex set C in Rn, and i f  g (y) is an increasing 

(respectively strictly increasing) convex function defined on the 
range o f f{x) in R, then the composite function g (/’(x)) is

convex (respectively strictly convex) on C (Peressini, Sullivan, 

and Uhl 1988).

3.2.7 Convex Programs

The standard convex program is defined as follows: Given 
th a t /(x ) ,gi(x),. . . ,gm(x) are real-valued functions defined on a

subset C of Rn.
(P) Minimize /(x)

subject to

8i(x) <0, g2(x) <0,. . .  ,gm(x) <0,

where x e C a R ”.

The function/(x) is called the objective function o f (P) and the 

function inequalities gj (x) < 0,. . . ,  (x) < 0 are called the

inequality constraints for (P). A point x e C th a t satisfies all of
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the constraints of the program (P) is called a feasible point for (P). 
The set F  of all feasible points for (P) is the feasibility region for 
(P). When the feasible region for (P) is not empty, we say th a t (P) 

is consistent. If there is a feasible point x for (P) such tha t 

gi(x) < 0 for i = 1 , ,77z, then (P) is superconsistent and the point x 

is called a Slater point for (P). Given (P) is a consistent program 
and x is a feasible point for (P) with/(x*) </(x) for all feasible 

points x in (P). Point x is then a solution to (P)

(P) is a convex program if the objective function, the 

constraint functions, and the underlying set C are all convex 

(Peressini, Sullivan, and Uhl 1988).

We now need two definitions to proceed. Given th a t/(x ) is a 

real-valued function defined on a subset C of Rn. If there is a 

smallest real number p such th a t/(x )  < p for all x e C, then P is 

called th e  su p rem u m  of f (x)  on C:

If  there is a largest real number a  such tha t /(x) > a  for all x e C, 

then a  is called th e  in fim u m  o f  f(x) on C:

inf/(x) = <x.

sup/(x) = p.
x e  C

Note th a t if x* is a global maximizer of /(x) on C;
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sup/(x) = /(x ‘) .
x e  C

Similarly, if x* is a global minimizer of/(x) on C;

m f/(x )= /(x ‘)
x e  C

(Peressini, Sullivan, and Uhl 1988).

(Convex 7) T heorem , I f  (P) is a convex program and i f  (P (z)) is 

the perturbation o f (P) by z e  Rm, then the function MP (z) is 

convex and its domain is a convex subset o f Rm. I f  (P) 

is superconsistent, then 0 is an interior point o f the domain o f 

MP (z) (Peressini, Sullivan, and Uhl 1988).

(Convex 8) T heorem . I f  (P) is a superconsistent convex

program such that MP =MP (0) is finite, then MP(z) is finite 

on its entire domain and there exists a vector X e Rm such that 

X> 0 and

MP (z)>MP ( O ) - X ’ Z 

for all z in the domain ofMP  (z).

When this condition holds, X is called the sen sitiv ity  vector  

for (P). The theorem guarantees tha t superconsistent convex 

programs always have sensitivity vectors (Peressini, Sullivan, 

and Uhl 1988).

(C onvex 9) T heorem . Given that
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(P) Minimize /(x)

subject to 

g1(x)<0,.. . ,  gm(x) <0, 

where x e C

is a convex program for which there is a sensitivity vector X. 

Then

MP = inf {f  (x) + £  X, ̂ (x) }.
X €  C 1 = 1

The L a g ra n g ia n  L(x,X) of a convex program 

(P) Minimize /(x)

subject to 

gx (x)<0,. . . ,  &n(x)<0, 

where x s  C

is the function defined by

L (x, X) =/(x) + £  Xçft (x)i = 1

for x g  C and X > 0.

The Lagrangian L (x,X) is a function of m +n variables where 

m  is the number of inequality constraints and n is the number of 

variables involved in the objective and constraint functions. If (P) 

is a superconsistent convex program such th a t MP is finite, then
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a sensitivity vector X exists and

MF = inf {L (x,X)}
X €  C

by (Convex 9) (Peressini, Sullivan, and Uhl 1988).

(Convex 10) T heorem , Given that (P) is a superconsistent

convex program. Then x* e C is a solution o f (P) i f  and only i f  

there is a X e Rm such that:

(1) X*>0;

(2) L (x*, X) <L (x*, X*) for all x e  C and  aZZ X > 0 ;

(3) X*g, (xs) -Ofor  i = 1,2,... ,7n .
This is the Saddle Point Form of the K arush-K uhn-T ucker

Theorem (Peressini, Sullivan, and Uhl 1988).

(Convex 11) T heorem . Given that (P) is a superconsistent 

convex program such that the objective function f(x)  and the 

constraint functions g1(x),...,gm (x) have continuous first 

partial derivatives on the underlying set C for (P). I f x  is 

feasible for (P) and an interior point o f C, then x is a solution 

of(P) i f  and only i f  there is aX  e Rm such that:

(1) X*>0fori  = 1,2,

(2) X*g1(x) = 0 / = 1,2, ...,/n;

(3) V/(x*) + Xr= i K  V gi (x)  = 0.
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Which is the Gradient Form of the K arush-K uhn-T ucker 

T heorem  (Peressini, Sullivan, and Uhl 1988).

(Convex 12) T heorem . Given that (P) is a convex program and  

that x* is a solution of(P). IfX* is a vector in Rm such that 

(x*, X*) satisfy the Karush-Kuhn-Tucker (K-K-T) Theorem 

conditions:

a )  r > o ;

(2) L (x*, X) <L (x*, X*) < L (x, X*) for all x e  C and  aZZ X > 0 ;
(3) Xf gi(x*) = 0 /b r z = 1,2,... ,m ;

then X* is a sensitivity vector for (P); that is,

MP (z) >MP -X  • z

for all  z in the domain ofMP  (z) (Peressini, Sullivan, and Uhl

1988).

3.2.8 Linear Programs

If we define tha t u > v means ut > v, for all i, then we can use 

vector notation to write the minimum standard form of a linear 

program in the following compact form: Given an m x n-matrix A

and vectors b e  /?” , c e  Rm\
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(LP) Minimize b • x

subject to the constraints 

Ax>c, x>0.

If  the ith  row vector of A is denoted by a(,), then the constraints 

Ax > c can be written as

a(,) • x > ci9 i = 1,2,

The functions/(x) = b x and g^x) = c, - a0) • x, i = 1,2,... ,m, 

are linear and therefore convex. Also, the set C = {x e P" : x > 0} is 

convex, so (LP) can be reformulated as a convex program as 

follows:

Minimize /(x) = b • x 

subject to the constraints 

g1(x) = c1- a (1)»x<0,

gm00 = cm- a im) ' \ < 0 ,  

where x e C = { y G P : y > 0 } .  

Therefore every linear program is also a convex program 

(Peressini, Sullivan, and Uhl 1988).



T-3991 42

3.3 The Rules of Geometric Programming

The basis of GP is the Arithmetic-Geometric (A-G) Mean 

Inequality. The most familiar form of this inequality is

where xx and x2 are positive numbers. Equality exists in this 

equation only when xl = x2- The left side of the above equation 

is the geometric mean and the right side is the arithmetic 

mean of xx and x2.

A more general statem ent of this inequality asserts th a t

fo rx1>x2,... ,xn positive real numbers. Equality holds only when 

x1=x2=: =xn (Peressini, Sullivan, and Uhl 1988).

Note th a t the exponents of the variables in the geometric 

mean are equal positive numbers th a t sum to one. These same 

exponents become the coefficients of each variable in the 

arithmetic mean. When referring to both means these same 

numbers are referred to as the weights of the associated 

variables.
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3.3.1 The General Arithmetic-Geometric Mean Inequality

The general form of this inequality is found using the 

function

/(x) = —In*,

which is defined for * > 0 and is strictly convex since

/"(*) = l /* 2>0.

If*! ,*2 , ...,*„ and 81,S2,...,ô n are positive numbers such tha t

Sj H"82h H 8„ = 1.

The theorem on combining convex functions (Convex 2) implies 

th a t
(  n

-In

This is equivalent to

£  8,*, = /  £  8,*, < 1  8,/(*.) = ~ £  8, In*,.. 
V  = 1 y  = 1 J  i' = l i = l

f  n > n / i \ ( n 6 ̂In £  8,*, ^ £  Inf*. *) = In n * rv = l J z = l v 1 j V=1 J

Since the logarithm function is strictly increasing, this becomes

Ê s.x, > n (%y',/=i i=i

which is the general form of the A-G inequality (Duffin, Peterson, 

and Zener 1967). Note th a t it does not require th a t the weights 

be equivalent for equality, ju s t the variables.
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3.3.2 Geometric Programming Without Constraints

Geometric Programming is built around forcing equality in 

the Arithmetic-Geometric Inequality. GP is defined, and derived, 

for problems of a special structure. This structure requires a 

function g(t) defined for all t = in Rm with f, > 0 for all

/ = 1,... ,m. This structure is called a po synom ia l if  g(t) is of the 

form

g(X )=  Ê  Ci
/ =i  j = i

where the c ’s are positive constants and the a,y are arbitrary real 

exponents. If  any of the c/s are negative the structure is termed a 

s ig n o m ia l (Peressini, Sullivan, and Uhl 1988). These are much 

more difficult problems. Sometimes they can be handled through 

the Geometric sign table. An example is included in the next 

chapter.

The goal of unconstrained GP is to solve the primal geometric 

program. This means:

{GP ) Minimize the posynomial

g(t)= £  c, ri(ly)“,y,
i = 1 j  = l

where r1>0, . . . , fm>0.
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A solution to (GP) means a global minimizer t* for g(t) on the set 

of vectors t  in  Rm with positive components.

Note tha t g (t) can be reformulated

g(t)= X 8,
1 =  1

\ y

where each Ô, is a positive number, the positivity condition 

(Duffin, Peterson, and Zener 1967). Now add the restriction 

(Rule 2a: Woolsey, 1969)
n
X Ô, = 1 (the Normality Condition),

i = 1

and apply the A-G Inequality to this expression to obtain:

(A-G)  „
g(t)  ̂ n

i = 1

r xd,

v Si

= n/ = i
£ i

<5iy
n n ^ 8-

v=u=i y

= ni=i
«•-I V *c a  Y' m S a,.8:

At this point another restriction (Rule 2b: Woolsey 1969) is 

applied:
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Ë <x,y8, = 0 ; y = l , ... ,/M (the Orthogonality Condition),z=i

and the preceding inequality becomes

_ /  x5

g(t)̂  n
1 = 1

Now define

v(0 ) = n
1=1

8:

The preceding work reveals

g (t) > v (8 ) (the Primal-Dual Inequality)

for any t e Rm with positive components and any 8  e tha t 

satisfies the Positivity, Normality, and Orthogonality Conditions 

(Duffin, Peterson, and Zener 1967).

This brings us to the dual geometric program (Rule 1 : 

Woolsey 1969):
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(DGP) Maximize v(5) = O ■=■ ,
i=1 vô-y

subject to

S, >0,...,5„ >0 (thePositivity Condition),
n
S  8,. = 1 (the Normality Condition),i=i

n
Z a.yS, = 0 ; for all y (the Orthogonality Condition).

1=1

A vector b e  Rn th a t satisfies the Positivity, Normality, and 

Orthogonality Conditions is a feasible vector for (DGP). The dual 

program is consistent if the set of feasible vectors is not empty. A 

solution to the (DGP) is a global maximizer for v(5) on the set of 

feasible vectors for (DGP).

If t is a solution to (GP) and 8  is a solution to (DGP)9 then

g(t)>v(8 )

by the Primal-Dual Inequality (Duffin, Peterson, and Zener 1967). 
A typical term  of g(t) is

%,(t) = -.. ,2 " .

Note:
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Because t* = ( f , /*) is a minimizer for g(t), we see

0 -  X CX-u^t )i = 1

Since g(t*) > 0 , divide both sides by

0  — % et»
» = i  y

Now set:

8 ( f ) ’

then 5* = (5 * ,,5 * ) satisfies the Orthogonality Condition for the 

(DGP). Because 5* > 0  for i = l , . . . ,n  the Positivity Condition is 

satisfied. Next,

^ , ( t Vi s ; = i
i = 1 *=1 g(t')

_g(t' ) _ ,

W ) ~  ■

so the Normality Condition holds. Thus the vector S is feasible 

for the dual program so (DGP) is consistent. Also



(Rule 3: Woolsey 1969) 

so equality holds in the Primal-Dual Inequality. This implies 

th a t 8 * is a solution of (DGP) (Duffin, Peterson, and Zener 1967). 

Since

s* w,(t*)
8 - = ï < ï t

3.3.3 Geometric Program m ing With Constraints

When dealing with constrained geometric programs, the 

problem is to minimize a posynomial objective function subject to 

posynomial constraints. The Arithmetic-Geometric Inequality is 

still the central concept, bu t K-K-T theory provides the theoretical 

justification for the technique (Peressini, Sullivan, and Uhl 1988). 

This gets back to the fourth possibility of nonlinear optimization 

where local optimal points can exist.

Consider a  sequence of S /s  which are all positive and sum to
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some number X- Note th a t ô,/X is positive for i = 1 ,2 ,... ,n and th a t

81 8 2  8 „
X X X

Now use the Arithmetic-Geometric Mean Inequality with the 

above sequences to obtain

n n
É x, = É

i = l  i = l IS , J >ni=iV

Xxj
T

Û )

with equality holding, if  and only if

A,*! XX2

81 82 8 . '

Consequently,

v ^  y

Now, if Xx/ZS, =M for i = 1,2,... ,n 9 then

1 = 1
X{

v«.y

" « MS, M "
X Xj = X -7—= T  ^  8; = M,

i = i 1 = 1 A, A, i = i

which means,

X; =
MS, 8 ,

X X

so that, the equality condition holds.
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Define the conventions 0 ° = 1 and (x,-/0 ) 0 = 1 . Note if all the 6 / s  

are equal to zero, then both sides of the inequality are equal to 1  

(Duffin, Peterson, and Zener 1967).

We can now define the standard constrained geometric 

program. Suppose tha t g0(t),g /t) , . . . ,g*(t) are posynomials i n m  

positive real variables t = , tm). Then the program

(GP) Minimize g0(t)

subject to the constraints 

gi(t) < 1 , g2( t)< l , . . . ,  g*(t) < 1 ,

where tx>Q f2 > 0 , . .., tm>0

is called a constrained geometric program.

Because each of the k + l posynomials in  the above standard 

program (GP) may consist of several terms, we need a consistent 

system of notation. A way of doing this is to begin by counting 

the terms of the objective function g0 (t) from 1 to n0. Then the first 

constraint (t) from n0+l to nv And so on until the last 

constraint gk (t) from nk_! +1 to nk=p (Peressini, Sullivan, and Uhl 

1988). The yth term  in this scheme is then:
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The standard constrained geometric program (GP) can then 

be rewritten:

{GP) Minimize g0 (t) = n, (t) +  • • • +  h„o (t)

subject to the constraints 

gi(t)=M„0+1(t)+  — + (t) ^ 1,

Sk (0  =  +, (t) +  — +  (t) < 1,

where ^ > 0 , t2> 0 ,..., tm>0, and nk= p .

Application of the A-G Inequality and rules 2 a and 2 b allows 

us to see the standard dual geometric program (DGP):

(DGP) Maximize v(8 ) =
f

p ( c An
V=1 J

/=i

subject to the constraints

5, +
“ uSi +

+ ”e = 1

+ apm̂p = 0

where 8 , > 0  for / = 1 , ,no and for each k > l ,  either 8 , > 0  for all i
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with /**_! + 1  < / < n* or 5, = 0  for all i with nk_l + l < i < nk. Here,

X<(ô) = 5„ ._ i+ 1  + ---+Ô„..

The program (DGP) is called the dual program of (GP), the 

function v(8 ) is the dual objective function and the constraints in 

(DGP) are the dual constraints. If 8 1 , 8 2 ,... , 8  ̂ are numbers th a t 

satisfy the dual constraints in (DGP), then 8  = (8 l5... , 8 )̂ is a 

feasible vector for (DGP) which is said to be consistent. A vector 

§* = (5 *,..., 8 *) th a t maximizes v (8 ) on the set of feasible vectors for 

(DGP) is a solution to (DGP) (Duffin, Peterson, and Zener 1967).

In general, the number of dual variables in  (DGP) is equal to 

the total number p ( = nk) of terms in the objective and constraint 

functions for (GP). The constraint equations in (DGP) are linear, 

so th a t the problem of finding feasible vectors for (DGP) is 

reduced to the feasible region of a system of linear equations. The 

term  A* (8 ) is the sum of the components of 8  which correspond to 

the terms of the ith  constraint function g, (t) for i = 1 ,2 ,... ,k 

(Peressini, Sullivan, and Uhl 1988).

Since posynomials are not necessarily convex the 

applicability of K-K-T theory to GP is not obvious. But, any 

posynomial g (t) can be transformed into a convex function h (x) by 

the change of variables
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tj — c *i j  — 1 , 2 ,... ,m .

Using the above change of variables on the posynomial

results in the following function of x = (xl ,jc2, ... ,xm)

h(x)= i  Cie ^ Zj,
1 = 1

where h (x) is convex on Rm by (Convex 6 ).

This allows the transformation of the standard constrained 

geometric program

(GP ) Minimize g0 (t)

subject to the constraints

where ^ > 0 , f2 > 0 , . .., rm > 0

into the associated convex program

(GP)* Minimize hQ(x)

subject to the constraints 

hx( x ) - l < 0 ,  /^ (x )-!  < 0 ,..., hk(x ) - l  < 0 ,

where x e  Rm.

Because f = e* is a strictly increasing function, the programs (GP)
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and (GP)* are equivalent in th a t t* = ( t [ , t l , , t*m) is a solution to 

(GP) if  and only if x* = (%*,... ,%*) is a solution to (GP)* where t* = e%i 

for i = 1 , 2 ,... (Duffin, Peterson, and Zener 1967).

Given tha t t is a feasible vector for (GP) and th a t Sis a 

feasible vector for (DGP) then, the definitions of the A-G 

Inequality and the (DGP) show

g0 (t) > v (S) (the Primal-Dual Inequality).

Because (GP) is superconsistent, so is the associated convex 

program (GP)*. Since (GP) has a solution t* = fa*, » • • • » O , (GP)* 

has a solution x* = (x*9x^9... ,x*) given by

x* = lnt*, i = 1 ,2 , . . . , in,

(Duffin, Peterson, and Zener 1967).

K-K-T theory requires a vector %/ = (%[,..., À%) such tha t

(a) V > 0  for i = 1 , 2 ,...,£ ;

(b) X-(/i/ (x*)-l) = 0  for i = 1 , 2 , . . . ,^ ;

^(x*)4- E X*^i(x*) = 0  for y = 1 ,... ,fn .
o X j  i = \  oXj

Because ^ = eXi for / = 1 ,... ,/n , it follows tha t for i = 0 , 1 ,...,£
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dhj dhj 8tj dgj Xj  

dxj dtj Sxj dtj 6

so th a t condition (c) is equivalent to

(c ' )  " ^ ( t  ) +  Z  = 7 = 1 ,2 ,  . . . ,m

since e*J > 0  for j  = 1 , ... ,/n . But t* > 0  for j  = 1 , 2 , . . .  9m , so (cz) is 

equivalent to

(c,z) +  ̂= °> y = 1 , , m .

Because the terms of g, (t) are of the form

it is clear th a t

» ^ S i  /A* x «  x . 1^ 3 “ ( t ) =  S  (t ) ,  7 = 1 , . . . , m ,Otj + l

so (c") implies

0= Z a^w,(i')+ Z S  K a qiu<i(t*)>
4  = 1 r = 1 4 =«r_j + l

(Peressini, Sullivan, and Uhl 1988). 

Dividing the last equation by



T-3991 57

g0(t* )=  Z
<7 =  1

results in

0 =  E a»=i * 7o(t*) X

w o
go a')

Define the vector 8 * by

c=
5o(t ) 

g o ( V )  ;

TZq  ;

Note th a t 6* > 0 for ç = 1 ,2 ,... ,zz0 and that, for each r > 1, either 

5* > 0 for all i with nr_x +1 < z < zzr or 8* = 0 for all over the same 

range. Consequently the corresponding K-K-T multiplier 7̂  is 

positive or zero. Further note the vector S* satisfies all the m 

exponent constraint equations in (DGP) as well as the constraint

z 8 ; = e î^ = i .
* = 1 * = 1£o( t )

Accordingly, 8  = (8 *,..., 8 * ) is a feasible vector for (DGP) (Duffin, 

Peterson, and Zener 1967).

The K-K-T multipliers are related to the corresponding
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X, (8 ) in  (DGP) as follows (Duffin, Peterson, and Zener 1967):

m s ‘)=  I  5 ;=  I«?=«,-! +1  ̂=nr_i + l g0(t ) g0(t )

for r = l , T h e  K-K-T condition (b)yields

(b') )^(gr(t*)-l) = 0, r = l , . . . 9k,

so Vgr(t*) = A^for r = Therefore, for r = 1 , and

q = 72r _ 1 + l , . . . , / 2r, we see

r >

8o(t ) g0(t )

(Rule 4: Woolsey 1969) 

Equation (£') shows tha t either gr(t* ) = 1 or = 0 for 

r = 1,2 ,... ,ife and the equation above (Rule 4) shows tha t = 0 if 

and only if 7^(5*) = 0 for r  = l , T h i s  means th a t the values of 

8* actually force equality in the Primal-Dual Inequality (Duffin, 

Peterson, and Zener 1967)

8 o ( t  )  =  v (8 ).

The above result has im portant consequences. F irst the 

theoretical existence of the K-K-T multipliers is all th a t is needed 

to prove th a t the calculation of 8* of (DGP) and hence the
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calculation of t* of (GP) can be made. Second, the K-K-T 

multipliers are related to the sum of each constraints 8's, th a t 

is the term: Ay (8 *), prescribed in (DGP) by the formula

Since the K-K-T multiplier Â measures the sensitivity of the 

solution of the associated convex program to changes in the rth  

constraint, the formula above shows tha t the size of Ay (8*) gives a 

qualitative measure of the sensitivity of the solution of the 

constrained geometric program to its r th  constraint. The larger 

the value of Ay (8 ), the greater the decrease of the minimum value 

of the geometric program th a t results from relaxation of the &th 

constraint (Peressini, Sullivan, and Uhl 1988).

The Primal-Dual Inequality can also be used to bound 

geometric programs as follows:

gQ (t) > min (GP) > max (DGP) > v (8).

The result of all this is twofold. First, the use of the 

techniques of GP on I P  problems is shown to be legitimate. This 

follows from the demonstrations th a t I P  and GP programs are 

both convex programs. Second, the four rules of GP are derived.
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They will be used extensively later in this thesis.

Note the demonstration th a t both I P ’s and G Ps are convex 

programs means tha t any LP can be formulated as a posynomial 

GP. The previous theory on posynomial G Ps tells us tha t if the 

program can be solved, the solution will be a global optimum 

equivalent to the LP optimum solution.

Since the LP blending problem is a proper subset of Linear 

Programming, it can be formulated as a posynomial GP. As such 

it will be a proper subset of the set of all posynomial GPs. 

Therefore if the GP can be solved the answer will be a global 

optimum equivalent to the LP global optimum.

3.3.4 Condensation

Condensation is the use of the A-G Inequality to approximate 

a multiterm posynomial with a single-term function called a 

monomial. At optimality the approximation is exact.

Partial condensation is the use of condensation to reduce a t 

least two term s of a multiterm problem to a monomial form.
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By exploiting both left and right sides of constraints, the 

technique can be expanded to include signomial problems. 

Signomial objective functions can sometimes be handled by 

reformulating and inducing an additional constraint.

The technique has two prime functions in GP. One is to 

reduce the degree of difficulty of multiterm problems. The other 

is to assist in obtaining the required formulation for GP 

techniques.

Condensation has proven to be an extremely efficient 

procedure when applicable. Its use tends to develop problems 

requiring iterative solutions. These are developed using rules 3 

and 4 which hold a t optimality. Prior to the achievement of 

optimality they result in progressively better current solutions.

3.3.5 Surrogation

Surrogation is a technique for aggregating constraints. 

Weights are assigned to each constraint. The weights always 

sum to one. These weights are carried by each term  and all 

similar terms are linearly combined. This allows for 

reformulation of the problem and hopefully a zero degree of 

difficulty (DGP) problem to be solved.
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If the variable values calculated result in equality between 

the (GP) and (DGP) programs the weights selected are correct. If 

this is not the case, the weights need to be adjusted until equality 

is obtained.

Surrogation has proven useful with certain types of problems 

but can be a lengthy procedure.

3.3.6 The Advanced GP Sign Table

The GP sign  table is a concise representation of the GP 

problem being undertaken. One axis is used to represent each 

term  in the problem. The other axis is used to represent each 

variable in the problem. The advanced GP, or weighted, sign of a 

variable is the product of the exponent on an individual variable 

in a term  and the sign of th a t terms coefficient. If neither or both 

of these is positive, the sign will be positive. If  this is not the 

case, the sign will be negative.

A term  is a combination of variables with a coefficient 

separated from the rest of the function by either a binary (+/-) or 

relational ( = / < / > / < / > )  operator.

A well formulated LP or GP problem requires th a t each 

variable in th a t problem be upper and lower bounded, a condition
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defined as the balance  of the variable. The sign table allows the 

user to quickly determine if tins is the case. Every variable on 

the table m ust have a t least one positive and one negative sign, 

among all the terms of the problem, to be balanced. A variable 

need not have a sign for each term  on the table, because not all 

variables may be in all terms. We are looking for a variable tha t 

has only one positive or one negative sign in the table. When this 

occurs, the term  containing th a t sign is essential to the problem. 

Terms cannot be split off from their respective function. Thus the 

constraint containing th a t term  is essential to the problem. The 

objective function is always essential.

A result of condensation can be variables with several 

exponents in a single term. Some of these exponents are 

geometric weights which are made up of combinations of the 

variables in th a t term. When an iterative solution is required, 

these weights (5\s) change with each iteration. Thus a solution 

(hopefully close to feasible) is required to evaluate the advanced 

sign table.
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Chapter 4 

THE PROCEDURE OF THE METHOD

Step I Examine the LP

(a) Look for pairs of constraints where each of the individual 

terms has the same functional form. This means if the pair of 

constraints were both equalities they could be added together. 

If  the constraints are not equal, one will be dom inan t. 

Dominance between two constraints means any solution 

which satisfies the first of the constraints always satisfies the 

second but, solutions which satisfy the second do not 

necessarily satisfy the first. Since the first constraint is more 

difficult to satisfy, it is said to dominate the second 

constraint. Naturally both constraints contain the same 

variables in the same functional form. Retain the dominant 

constraint and eliminate the other from the problem.

Compare all such pairs, eliminate one in each case possible. 

Continue until no feasible pairs remain to be considered.

(b) Use each equality constraint to eliminate a variable from the 

problem.

(c) Repeat steps (a) and (b) until the problem stabilizes.
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(d) If (b) does not simplify the problem, replace the equality with 

two inequality (</>) constraints.

Step II Formulate the GP

(a) P u t the objective function into Minimization form:

(1) Use as is if you are dealing with the minimization of a 

posynomial, unless condensation is required to reduce the 

problem degree of difficulty.

(2) If you are dealing with the maximization of a posynomial, 

condense it and invert to form the minimization problem.

(3) For a signomial objective function, group the terms 

according to the sign of their coefficients. The function will 

need to be reformulated to group the positive term s 

separately from the negative. I t will require inversion if it is 

a maximization problem. The new objective function will be a 

posynomial.

(4) E ither of substeps 2 or 3 (above) will require the 

formulation of an induced constraint. This constraint relates 

the new objective function to the original. I t is written in GP 

constraint form but in reality is always tight.
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(b) P u t the constraints into proper form:

(1) Separate positive and negative terms to opposite sides of 

the inequality, all terms become positive.

(2) Condense the terms on each side of the inequality as 

separate problems. Condense only as required to achieve zero 

degrees of difficulty.

(3) Divide through for proper form.

Step III Form the Advanced GP Sign Table

(a) Recall section 3.3.6 in order to build the GP Sign Table. If  all 

the signs are obvious, tha t is positive or negative, note which 

constraints alone balance one or more variables of the 

problem.

(a ')  If  some signs are not obvious, meaning you cannot tell 

which of the exponents being summed will define the sign, 

evaluate the advanced sign table to determine the sign. It is 

advisable to use a known feasible solution for this evaluation. 

If no feasible solution is known, a t least use feasible variable 

values based on their primary constraints. This is the same 

as generalized upper bounding. As above, note which 

constraints alone balance one or more variables, and retain
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these constraints.

(b) Note which combinations of those constraints retained above 

completely balance all problem variables. This means every 

variable in the problem is contained in balanced form 

between the objective function and retained constraints.

Thus if we built another sign table to represent the retained 

problem, every variable would have a t least one positive and 

one negative entry in the table. If there is only one 

combination, all constraints in  it are essential. If there is 

more than one combination, one of them represents the 

optimal intersection of constraints. This event is a candidate 

for the technique of surrogation. Typical blending problems 

exhibit one combination of constraints as essential.

(c) Each essential constraint is now an equality. Use each 

equality to eliminate a variable by returning to the LP and 

repeating the above procedure starting with 1(b). If not using 

surrogation in 111(b) above, each combination should be 

considered essential in turn.

(d) Take advantage of engineering knowledge of the process and 

the natural sparcity of the matrix. Look for blending stocks 

which alone can bring in  a product specification. This is the
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same as balancing a variable, except in this case we are 

examining the transpose and balancing a constraint. Think 

of what we have been required to do as balancing 

horizontally. Now we can and should, if possible, balance 

vertically.

Step IV Determine Optimal Variable Values

(a) When the problem has been reduced to zero degrees of 

difficulty it is ready for solution.

(b) If  the problem can be directly solved using the (DGP), rules 3 

and 4, do so.

(c) If  (b) is not the case, use rules 3 and/or 4 to set up recursive 

relationships between the variables and geometric weights. 

Proceed to iterate to a solution.

(d) If  any iterating variable is decreasing, note its effect on the 

objective function. If it  is a positive contributor (meaning it 

contributes in the direction we want to go) to either a max or 

a min problem, tu rn  it off. If it is a negative contributor, see 

if it is decreasing faster than  the objective function is 

decreasing (min problem). If so, tu rn  it off. In the case of a
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max problem, it is obvious tha t this variable should be turned 

off. If any iterating variable iterates beyond its upper or 

lower limit, assign th a t variable its limit.

(e) By turning off we mean assigning a value of zero to tha t 

variable. When this is done the problem needs to be 

reformulated. This is no more difficult than  the 

reformulations required when using equality constraints to 

eliminate variables.
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Chapter 5 

EXAMPLE PROBLEMS

The following examples are progressively more difficult 

problems which illustrate the use of the theory and method 

presented in chapter 3. No single example uses all of the steps 

described in the method. In total they present a graphic 

demonstration of the power of the method.

5.1 Fertilizer Blending Problem

This model (Shogan 1988) represents the amounts of 

available fertilizer blending stocks, containing different 

percentages of nitrogen, phosphorus, and potassium required to 

produce a specific fertilizer product. Each available blending 

stock has a different manufacturing cost which will contribute to 

the product cost in proportion to the amount of tha t stock used. It 

is desired to keep the total product cost as low as possible.

The percentage compositions of the blending stocks and the 

desired product are given in the table below:
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Percentage Composition of 

Blending Stocks

Minimum 

% Req’d

5 0 -2 0 -5 0 1 ç; 
#

k

*3
10-10-10

Z

17-14-10

Pounds of Nitrogen/ 

100 lb of stock 50 0 10 17

Pounds of Phosphorus/ 

100 lb of stock 20 15 10 14

Pounds of Potassium/ 

100 lb of stock 5 20 10 10

Cost per 100 lb $90 $20 $30

Find the mixture of blending stocks which achieves the 

product requirements a t the lowest possible cost.

The LP model, for 1000 lb of product, is 

Minimize 90^ + 20x2+30Xg 

Subject to

'50*, + + 10*3 5  170^
20x1 + 15*2 + 1 0 * 3  -  140 .

^5x1 +  20*2 +  10*3 -  100>
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Using the first step in the method, it  can be seen th a t all three 

constraints have the same form. However, dominance between 

them  is not obvious. Reformulating the constraints

5

Ï 7 * 1
+ +

1

Ï 7 *

>

1
+

3

2 8 ^

+

1

1 4 ^

>

2 0 ^

+

1

5 * >

+

1
>

J

is helpful but still not conclusive. Note th a t in  this form the 

problem is not only in LP form bu t also signomial GP form. 

Therefore step 11(a) is accomplished. However, for purposes of 

illustration, we can use condensation on the constraints, step 

1 1(b), to put the problem into the following posynomial GP form.

1 7 0

'al
50*1

al r 'a2

V  1 0 * 3  J

< 1

1 4 0

100

2 0 * 1

to

1 5 * 2

'62r Y'to
v 10*3 j

b3

<1

J k
5 * i y

v — ^y
\ hc2 (  C  \ 8cJ°c3r Sc2 

 ̂2 0 * 2 10*
< 1

3 y
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E ither form of the constraints fulfills the requirem ents of the 

second step of the method. For the third  step, we will use the 

la tte r form to build the advanced sign table.

Objective Function Constraints

Variable • (a) (b) (c)

Term 1 Term 2 Term 3 Term 4 Term 5 Term 6

* 1 + 1 ~ 8 <iz - 8 ci

* 2 + 1 - 8 ,2

*3 + 1 - 8C] - 8 c2 -&c3

The table points out the obvious. The objective function, as 

always, is required in  the well-formulated problem. E ither (b) or

(c) could balance the problem alone. Or they m ight balance it in 

combination w ith another constraint. If constraint (a) is required 

a t least one of the other two constraints is required to balance the 

jtj variable.
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A person m ight think th a t all three constraints could be 

required. Since there are only three variables, this event 

coincides w ith three equations and three unknowns. Inverting 

th is m atrix returns the following optimal values:

X  =  (* !*  , * 2  9 X 3 )  =  ( 6 , 1 0 ,  — 1 3 ) .

Variable values less than  zero [x e /?” : x > 0] are not possible in 

the class of problems being studied here. This restriction rules 
out the three tight constraints solution.

This means there are five possible combinations of the 

constraints, any of which could be the optimum. We could 

calculate the solution to each of these possibilities and then pick 

the minimum. This is feasible and would result in  the true  

optimum answer. B ut the purpose here is to dem onstrate a 

method which can be used on much bigger problems. Step 111(b) 

is applicable to th is case.

The surrogated constraints are shown below.
/  5  1 1 ^ f  3  1  ̂ f  i 1 i \

— X,1 +-X 2 +— X,3 *!+ — X2 +-A ,3 *2 + X2+ — X3 *3^!17 1 7 2 20V A/  ' V 28 2 5

For a  given X, the above equation can be represented by

A x l +BX2 +Cx3 > 1
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which is the signomial form of the surrogated constraints. 

Putting th is into posynomial GP form produces the following GP 

problem:

Minimize 9 0^  + 2 0 x 2 + 3 0 ^

Subject to '  8 , Y’f 82 YY 83 ^
Axi B x 2 C x 3

< 1

which is a zero degree of difficulty exercise in elem entary GP 

techniques. However the point a t th is level of the solution is to 

determine which combination of constraints is completely tight.

Given a feasible starting  solution a GP based iterative 

solution process should retu rn  a feasible working solution from 

which to proceed. The techniques of surrogation show how to 

re-weight the constraints to get feasible re tu rn  solutions. A 

consequence of th is is th a t the required, or tight, constraints get 

progressively higher weights (k 'a). This is valuable information. 

C onstraints which continuously get decreasing weights are not 

required.

Now apply step IV. Form the DGP (Rule 1) as follows:

Z‘ = (90)5i (20)82(30)&1 1 Y Y 1 Y* 
[ c y

Subject to the following constraints (rules 2 a and 2 b):
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+ *2 + # 3 +  0 =  1

©1 + 0 + 0 -  S i © 4 =  0

0 + *2 + 0 -  S 2 © 4 =  0

I 0 + 0 + © 3 -  83 © 4 =  0

The simultaneous solution to this set of equations is

to = ( (Oj, û>2 , 0)3 , co4) = (Sj, 8 2 , 8 3 , 1  ).

Using an initial feasible solution x = (3 ,3 ,3.5)and weighting all 

three constraints equally X = (1/3,1/3,1/3), returns the following 

values for the S's and constants:

"A" ‘.1623' -s,‘ '.4582'
B = .1024 8 2 = .2890
C .0768 _.2528_

Note th a t we used several more significant figures than  those 

reported here and throughout the rem ainder of th is chapter. In  

checking these calculations, do not round off !

The DGP can now be calculated (Z* = 375.4465). Rule 3 allows 

the increm ental calculation of the new variable vector.

"1.9115"
X,' = 5.4254

x ' . 3.1634

Checking the constraints w ith the new solution returns:
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"(«)■ '0.7483"
(6 ) = 1.0803

» . 1.4970

Because constraint (a) is violated, th is is not a feasible solution. 

Constraint (c) is the most secure, so lighten it and favor (a). The 

new weights are X = (1 /2 ,1 /3 ,1 /6 ). Using the original feasible 

solution and repeating the above calculations returns the 

following:

'A ' '.2030" ■sr ‘.574V
B = .0690 5, — .1953
C .0699 .2306

Z* = 404.9476

V "2.5833" '(a)' "0.9429"
V 3.9538 (6) = 1.0150

3.1126 » . 1.2312

Again constraint (a) is violated and (c) is still the most secure.

We now suspect th a t (c) is not required. Assign it a weight of zero 

and weight (a) and (b) equally, X = (1/2 , 1/2 ,0 ). Once more using 

the known feasible solution produces the next result.
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"A" ".1828" "S," ".5852"
B = .0536 8 2 = .1715
C _.0651_ S3 _.2433_

Z* = 462.0204

"3.0042" '(a)" "1.1040"
V — 3.9624 (A) = 1.1213

_ v . 3.7466_ .(c) 1.3173

All constraints are feasible. There are now only two 

possibilities, either (a) and (b) are tight or (b) alone is tight. 

Evaluating the last possibility results in the next GP. 

Minimize 90xx + 20x2+30xs

Subject to

140

The new DGP is

}bl
2 0  xx

\ bl >b2
15x

'62 \ SM>b3
1 0 * 3

< 1

Z* = (90)Sw (20)8“ (30)' '63 140
1 2 0  y

*U
15

62

vïôy j

subject to rules 2 a and 2 b as are all DGPs. This calculation 

retu rns the following:
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Z* = 385.0485

"V " '1.8336' '(« )' "0.7280“
V = 6.1883 (6 ) Z= 1.1542

_ v . 3.2087_ _(c)_ 1.6502

Again constraint (a) is violated. We now know th a t constraints 

(a) and (b) m ust both be tight. A fundam ental rule from LP is: 

The number o f real variables in the basis may not exceed the 

number o f constraints. Since the problem has been reduced to 

two constraints, no more than  two variables may be active. One 

of the problem’s three variables m ust be assigned a value of zero. 

Exam ination of the two rem aining constraints reveals th a t 

contributes the least to them  until x3 is five times larger than  xx 

and three and a half times larger than  the to tal contribution of ̂  

and %2- Any advantage of jc3 being this large is lost when 

evaluating the objective function. Therefore * 3 should be assigned 

a value of zero.

W ith th a t b it of analysis done, constraint (a) defines xx = 3.4, 

and constraint (b) then defines x2 = 4.8. This allows determ ination 

of Z* = 402, all of which agrees w ith the LP solution. W hat the 

answ er means is th a t we should use 3.4 units of stock xu 4.8 units 

of stock %2, and none of stock x3 in  order to produce product Z a t
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minimum cost.

Note, we have not allowed for the normal complications which 

would arise in  this type of problem. Typically we would need to 

produce a specific am ount of product Z. Also the blending stocks 

would normally be available in specific size increments. These 

added complications would have turned this problem into a mixed 

integer LP. The problem was simplified for th is example in  order 

to present a basic example of the method's application.

Note th a t the GP-based method identified the tight 

constraints before any effort toward determ ining variable values 

was needed. The simplex method of LP, in contrast, would have 

started  off by determ ining the best value of the most promising 

variable first and continued from there. Because of the m anner 

in which the simplex method iterates around the feasible region, 

the essential constraint set is the last determ ination made.
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5.2 Beer Blending Problem

This model (Woolsey 1987) represents the blending of five 

ingredients, each with varying amounts of four different 

properties and different prices. The objective is to obtain one 

product, w ith certain specifications concerning each of these 

properties, a t the lowest price possible.

The ingredients are specified as follows:

Ingredient Product

*i * 2 *3 *4 *5 Z

Alcohol Vol. % 0 2.5 3.7 4.5 5.8 z = 3.1

Specific Gravity 1 1.030 1.043 1.050 1.064 1.034<z 51.040

Color (BBC units) 0 1 1 9 8 7 8 <z 510

Hop Resin mg/1 0 30 2 0 28 30 205z 525

Price D anish Kr 0 44 50 64 90

It is desired to produce 100 hi. of the product. Prices are 

given in  D anish krones. This simple problem results in  the five 

variable eight constraint LP which follows:

Minimize 44jc2+ 50 + 64x4 + 90jt5
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Subject to

* 1

* 1

+ * 2 + * 3 + * 4 +
* 5

— 1 0 0

2 . 5  x * + 3 . 7 * 3 + 4 . 5 * 4 + 5 . 8 * 5 = 3 1 0

+ 1.03 x2 + 1 . 0 4 3 * 3 + 1 . 0 5 * 4 + 1 . 0 6 4 * 5 > 1 0 3 . 4

+ 1 . 0 3  j c 2 + 1 . 0 4 3 * 3 + 1 . 0 5 * 4 + 1 . 0 6 4 * 5 < 1 0 4 . 0

1 1 * 2 + 9 * 3 + 00 +
7 * 5

> 8 0 0

1 1 * 2 +
9 * 3

+

00

+
7 * 5 < 1 0 0 0

3 0 * 2 + 2 0 * 3 + 2 8 * 4 + 3 0 * 5 > 2 0 0 0

3 0 * 2 + 2 0 * 3 + 2 8 * 4 + 3 0 * 5 < 2 5 0 0 y

The first equality is the volume constraint, and the second is the 

alcohol content constraint. The th ird  constraint is the lower 

bound on specific gravity. The fourth constraint is the upper 

bound on specific gravity. The fifth constraint is the lower bound 

on color, and the sixth is the upper bound. The seventh and 

eighth constraint are lower and upper bounds on the hop resin 

concentration.

There are no pairs from which to judge dominance. 

Proceeding w ith step 1(b) and using the two equalities to 

elim inate the and ^  variables results in  the next LP.



T-3991 83

Minimize

Subject to

Z = -15.12*, -  15.2*a -12.08 *<+5456

V

0.0014*3 + 0.004*4 + 0.0056*5 0.32
— 0.0014*3 — 0.004*4 — 0.0056*5 > 0.28

7.28*3 + 1 1 .8 * 4 + 18.52*5 < 564
7.28*3 + 1 1 .8 * 4 + 18.52*5 > 364
24.4*3 + 26.0*4 + 39.6* 5 < 1720
24.4*3 + 26.0*4 + 39.6*5 > 1 2 2 0

Continuing with step II of the method results in  the GP 

formulation.

Minimize Z 

Subject to

1

0

f  1 W  1C 1 5 -2 ^ r  12.08 v<
where K x -

Lv8 .y
15.12 \«3 6,1

03

C onstraint (/) above is an example of tiie induced constraint 

described in  step 11(a)(4).

Now proceed to the original constraints and their GP 

formulations.
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a) f  1 ) f .0014^3 ̂ f .004^)**f .0056x5 ̂
1 .3 2 J K §al j  ̂ 5->3 >

a3

< 1

the lower bound on specific gravity.

6 , _ 2 - _ £  _ £ S 1
} 200 70 50

the upper bound on specific gravity.

z
c)

1

v564y
ifcY 1 1  *8

v 5m

62 Z 18.52x5 \ 5«
< 1

the lower bound on color. 

d) (364)
8 W 'jHi r 8 k 'j*62f 5“  1 ̂7.28 X3 j  ̂1 1 .8  X4 y v18.52xîy < 1

the upper bound on color. 

e)
1 ) 24.4x3'] r 2 6 x4) 6d

(  3 9 .6 x5 "j
1720 J  ̂ 842 y < j

Jc3

< 1

the lower bound on hop resin content.

/ )  (1220) fcl
24.4X3

\ 6c2
'c2

 ̂2 6 X4 y 39.6X5

c3

< 1

the upper bound on hop resin content.

Proceed to step HI and form the advanced GP sign table.
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Var Obj i a 6 , b2 h c d e f

Z 1 -5 i

*3 - 8 * S«, - 1 sw 8 C; -s*.

*4 -Ô, 5*2 - 1 8 C2 ” 8*2

*5 - s 4 8*3 - i 5* ” 8*5 8*3 ” 8*3

From the table it is obvious th a t besides the objective function, 

the induced constraint (/) is required to balance Z. This is always 

the case when using an induced constraint because of its linkage 

to the objective function. We can also see th a t a t least one of 

constraints (a), (c), or (e) is required to balance the problem. 

Alternatively a combination of any two of the three rem aining 

constraints could balance the problem. A quick check of the 

"three tigh t constraints" condition reveals th a t 

( * 3  ,% 4 ,Xs) = (24.17,390.84,- 228.07) is not feasible. Note th a t a t th is 

point we have elim inated half of the original constraints from the 

problem.

We can now proceed to step IV. Constraints (a), (c), and (e)
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can be generalized to the form below:

a) d , £ ,xl°2xl‘3 = \

b) d24 b'x<a x*5u = 1

c) d3x^c‘ x ^x l*  = 1

Here we are using rule 4 on each constraint in order to apply 

algebra in  determ ining which constraints are tight. Now take 

logarithms:

ma) 8 a/ln(^) + 8 0jln(^4) + 8 ajln(a:s) = ln

c) 8 W In (%,)+8 b2 In (x4)+ 8 U In (x5) = In

e) 8 ti In (*,) + 8 ^ In (x4) + 8 ^ In (j:s) = In

Make the substitutions y, = InOt.) and 6 , = l/ln (4 ).

o) 8aZy3+8a2y4-l-8ll3y5 = 61 

c) 8wy3+8My4+8My5 = 62 

e) 8c/y3+8c2y4+8c?y5 = 63 

This is a well known situation from linear algebra,

A X ^ b



T-3991 87

which, in this case, is equivalent to

8 yi = b .

Using an initial solution of (xs,x4,xs) = (14,14,14) and making one 

iteration determines the following results:

- s y '.1273' ' V ".1936"
«?1

".2711“
s* = .3636 8 « = .3138 Sc2 = .2889

_.5091_ 8 * _.4926_ .4400

X " " . 0 3 4 4 " ' V
r-

d 2 = . 0 6 6 7 6 2 —

4 :
. 0 5 2 3 _ ^ 3

/  —1

L

3.3704"
2.7081
2.9503

> 3" " .0079 ” X " " 35.4711 "
= .0467 = 1.566 xlO9

_-9.3945_ _X 5 _ . 0 0 0 1

It is obvious that xs is going to zero. Set * 5  = 0  and reformulate the 

problem. Since there are now only two potential non-zero 

variables there can be only two active constraints. Check the 

value of each constraint using the initial solution:

" ( « ) “ " . 4 3 8 1 " " 1 "

( 6 )
— . 9 3 3 3 < 1

_ ( ^ X . 7 3 2 6 1

Since constraint (a) is the least tight eliminate it. The problem is 

now:
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Minimize Z = -1 5 .1 2 ^ -15.2a:4+ 5456

Subject to

c) 7 .2 8 x3 + 1 1 .8 ^ 4  <564 

e) 2 4 .4 X3 + 2 6 .OX4 <1720.

If both of these constraints were tigh t the solution would be 

X3 = 57.0965 x4= 12.5710 Z =  4401.6217

But if they are not both tight, one of the variables is not needed. 

Checking the extreme possibilities, either x3 = 0  or x4 = 0 .

X3 = 0 x4 = 47.7996 Z = 4729.4915 

X3 = 70.4918 x4 = 0 Z =4390.1639

he problem is now solved. x3 = 70.4918, x4 = 0, x5 = 0, and 

Z = 4390.1639. Use the equalities in  the original problem to 

determ ine x̂  = 19.6721, and xx = 9.8361. This solution agrees w ith 

the LP solution.

GP techniques elim inated four of the problem's six inequality 

constraints. The problem was reduced to a point where algebra 

could be used to solve it.
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5.3 Aviation Gasoline Blending

This problem (Symonds 1955) is a description of an actual 

refining process. Do not be deceived by the size of th is problem. 

At the tim e of its publication, 1955, the largest problems being 

solved were 25 by 50 elem ent matrices. They required 30 

m inutes per iteration on the best computers available. This is a 

real world example of the petrochemical blending problem.

I t is desired to blend five refinery blending stream s to the 

requirem ents of Grade 100/130 and Grade 115/145 aviation 

gasoline and obtain maximum profit.

A ircraft engines (piston type) are run under two in  flight 

conditions: full power (at a rich mixture) for takeoff or climbing, 

and cruise power (at a lean mixture) for the most fuel efficient 

operation (Foster, T.R.V. 1978). The grade descriptions refer to 

octane rating  tests run under severe conditions versus normal 

conditions (Leffler, W.L. 1985). I t is known th a t three 

inspections are critical for each grade: 1 ) 1 C + 4.6 lean octane 

PN (performance number), the normal (cruise) condition test; 2 ) 

3C + 4.6 rich octane PN, the severe (full power) condition test; 

and 3) RVP (Reid vapor pressure).
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The inspections used in this study are linear blending values 

(BL) including tolerances. The critical inspections, cost, and

lility of the refinery stream s are shown as follows:

B LPN B LPN BL Cost Avail

Stream 1C+4.6 3C+4.6 RVP £Bg bed
No. 1 1 2 2 . 0 158.3 3.0 17.7 750

No. 2 109.0 145.0 4.0 16.0 800

No. 3 97.7 1 1 0 . 0 5.0 14.5 857

No. 4 90.0 125.0 7.0 13.0 1 0 0 0

No. 5 114.0 145.0 19.0 1 1 . 0 Any

The specifications, refinery prices, and saleable volumes of 

the products are as follows:

BLPN B LPN BL Price Amount

Product lC+4,6 3C+4.6 RVP £B£ bed
M 1 0 0 130 7 16.0 2 0 0 0

N 115 145 7 18.0 2 0 0 0

In  view of its low cost and high quality, it is obvious th a t the 

maximum am ount of stream  No. 5 should be used in the blends. 

Its use will be lim ited by the RVP specification of 7 on each grade. 

Thus, the RVP inspection and stream  No. 5 can be elim inated 

from the problem by blending stream s 1  th ru  4 up to 7 RVP w ith
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stream  5. This results in the following prelim inary blends:

Input B LPN B LPN BL Cost Avail

Stream 1C+4.6 3C+4.6 BVP £B£ bnd

A 1 2 0 . 0 155.0 7 16.0 1 0 0 0

B 1 1 0 . 0 145.0 7 15.0 1 0 0 0

C 1 0 0 . 0 115.0 7 14.0 1 0 0 0

D 90.0 125.0 7 13.0 1 0 0 0

This combination of inputs and products results in  the 

following LP:

Maximize

Z = 2Ar„ + xjm + 3xbn + 2xcm+4xcn + 3xim + Sx^

Subject to

4 )  X am + X bm + X cm + X dm ^  2 0 0 0

the upper lim it on the M-product stream .

k) X a n + X ^ + X ^ + X ^ ^ I O Q O

the upper lim it on the N-product stream .

c )  X a m + X ^ Z  1 0 0 0

the upper lim it on the A-blending stock.

d )  X bm + X bn ^  1 0 0 0

the upper lim it on the B-blending stock.
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f )  X c m + X c n ^ 1 0 0 0

the upper lim it on the C-blending stock.

/ )  X d m + X dn -  1 0 0 0

the upper lim it on the B-blending stock.

g) 20xam + 10xiwn--10x<ûn>0

the M-product severe condition octane rating.

h )  2 5 x am + 1 5 ^  -  I S x ^ - S x ^  >  0

the M-product normal condition octane rating.

0  5xan -  5xbn ~ 15^-25% ^ > 0

the N-product severe condition octane rating.

J )  1 0 x a n  -  30xcn -  2 0 ^  > 0

the N-product normal condition octane rating.
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I t is illustrative to examine this problem in standard LP 

format.

Variable ^~am Xan Xbm Xbn X Cm Xcn X(lm Xdn

Maximize: 2 1 3 2 4 3 5

a 1 1 1 1 < 2 0 0 0

b 1 1 1 1 < 2 0 0 0

c 1 1 1 0 0 0

d 1 1 < 1 0 0 0

e 1 1 < 1 0 0 0

f 1 1 < 1 0 0 0

8 2 0 1 0 - 1 0 £ 0

h 25 15 -15 -5 0

i 5 -5 -15 -25 0

j 1 0 -30 - 2 0 £ 0
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The problem’s corresponding advanced GP sign table is 

shown below:

Constraints

Var Obj I a b c d e / g A z ;

Z - 1 1

^am 5«i sti - 5 * 2 - 5 * i

Xan -5 , 5m 5ri - 1 - 1

* b m - 5 2 5 . 2 & di - 5 , 2 - 5 * 2

Xbn -5 , 5 * 2 5 r f 2 Ô 22

^ cm - s 4 5 . 3 5 . 2 5 * 3

%cn - 5 s 6 * 5^ 5 a 5 / 2

Xdm - s 6 5 . 4 5 / 2
1

5 * 4

^ dn - 5 7 Ô M 5 / 2 5 , 3 6 / 2
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Looking first a t the LP form at of the problem, we use step 1(a) 

of the method, to note th a t there is no obvious dominance. We 

further note th a t there are no equalities to use for step 1 (b).

As in the two previous examples, step II is used to formulate 

the GP. We then use step III of the method to build the Advanced 

GP sign table presented above. Checking step 111(a) we note th a t 

the sign of each entry is obvious. Looking a t th is table we now 

check th a t every row has a t least one positive and one negative 

entry. As this is true we conclude th a t all variables are balanced 

and, as is always the case, the objective function and its induced 

constraint are required. This fulfills the requirem ents of step 

m(b). Since there are no required constraints, we can skip step

m(c).
We now proceed w ith step 111(d) and apply engineering 

knowledge, and m athem atical fact, to the problem. All the 

constraints which rem ain a t this point are potentially required 

(none th a t balance the same side of a variable as the objective 

function remain). Note, in  th is example we have not elim inated 

any constraints yet. The knowledge and fact we are referring to 

is stated  simply as: the tighter all blending constraints are held, 

the closer the solution is to the optimum.
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To accomplish step 111(d) we examine the blending 

constraints in the sign table. In  th is case the rightm ost four 

columns. We are looking for either only one positive or one 

negative entry in  a column. If any group of constraints share this 

entry (the variable's GP sign) and all other variables including 

the product, they m ust be compared as equalities to establish 

dominance. We will now proceed with the example.

Using step HI(d), note constraint (/), is the one blending 

stock th a t can bring in  the (blending constraint) 1C+4.6 lean 

octane specification (i) for the Af-product stream . The xbn variable 

can m eet constraint (J) by itself bu t can not bring in  any other 

blending stock to the product specification. Note, in  blending 

constraint (i), one unit of a*, balances nine units of other inputs to 

th is constraint. In  blending constraint (/), one unit of xm balances 

five units of other inputs. C onstraint (i) is harder to satisfy than  

constraint (j), which is our definition of dominance. C onstraint (z) 

is therefore retained and constraint (J) is dropped from further 

analysis. Because the variable does not help our objective 

function bu t does inversely effect we know th a t to maximize 

the objective function and x^  we need to minimize x ^ .  Therefore 

constraint (z) is tight and the quantity of xm used should be
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maximized to make constraint (c) tight w ith = 1 0 0 0  bpd and

Xam= 0  bpd.

The problem has been reduced by three constraints and two 

variables a t th is point. The rem aining problem’s advanced GP 

sign table is shown below:

C onstraints

Var Obj I a b d e f 8 h

Z - 1 1

Xbm -8 2 8fl2 8* -8 ,2 -8*2

-83 8̂ 2

Xcm -84 S ., *el 8*3

Xcn - 8 , 5* 8*2

Xdm - s 6 8.4 *0 1 8*4

Xdn -8 7 8*4 8/2
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Note constraint (g), is the one product stream  th a t can 

bring in the blending constraint 1 C+4.6 lean octane specification 

for the M-product stream . Therefore constraint (g) is tigh t and 

since xam = 0  bpd, =xdm. The last statem ent means th a t xcm is 

the one product which can bring in constraint (h) making it tight 

and*cm = 2/3**w.

This reduces the problem by two constraints, and defines the 

M-product stream  components in specific ratios. The rem aining 

GP advanced sign table follows:
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Constraints

Var Obj I a b d e /

Z - 1 1

Xbm -5 , 5a2 5*

Xbn - 8 3 5*2 5,2

Xcm - 6 4 5a3 5.7

X Cn - 0 5 5*3 5.2

X<Jm ~56 5.4 8 /,

Xdn -Ô 7 5*4 5/2

Because the variables x ^ , xcm, and are specified by the 

above ratios, we can maximize the M-product stream  by making 

constraint (a) tight. This defines M*» = 2000 bpd at xam = 0  bpd,

= 750 bpd, xcm = 500 bpd, and x*. = 750 bpd.

To now maximize the AT-product stream  under these 
conditions we use the previously determ ined equality in
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constraint (/). This equality tells us th a t to get the most volume 

on the JV-product stream  we should use as much xbn as possible 

followed by as much xcn as possible and if any xm is left to be 

balanced to use x^  as a last resort to balance it. This 

prioritization of variables makes constraint (d) tight which 

defines xbn = 250 bpd. The equality (z) is fulfilled when xcn = 250 

bpd, and jc  ̂= 0  bpd. This makes the Af-product stream  a 

maximum a t = 1500 bpd. The problem is now fully solved.

The objective function: Z = 7750 bpd. This is equivalent to the 
LP solution.

Aside from the above solution, independent LP solutions were 

run  a t each iteration of constraint elimination. These runs 

correspond to each of the GP sign tables given above. The results 

of these runs are presented below.
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LP solution run

1 2 3 4

Constraints 1 0 7 5 3

Variables 8 6 6 4

LP iterations 1 1 7 5 2

LP solution time (sec) 3 2.5 2 1.5

Constraints elim inated c, i, j g, h a, d

Variables elim inated âm * ̂ an none •*<6i > ̂ cn

Our results confirm a monotonically decreasing num ber of LP 

iterations and running tim e for this problem. W ith th is problem 

we have dem onstrated the fundam ental task  of this dissertation, 

given in the abstract as: The algorithm can select from all 

possible constraints those which truly influence the problem, 

effectively reducing the size o f these problems and decreasing the 

solution time.

A comparison of the original LP and the LP consisting of ju s t 

the tigh t constraints determined above was run. I t resulted in  11 

iterations versus 9 iterations respectively. However, by throwing
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in  the zero variables, the LP is reduced to a set of six 

sim ultaneous equations in six variables. This can be inverted 

quite efficiently by most modem scientific calculators. More 

im portantly, a sim ilar result on a much larger problem could be 

ju st as easily inverted w ith the aid of a m athem atical 

programming system. This example also dem onstrates the 

second fundam ental task  of th is dissertation, which was also 

given in the abstract as: We assert that this means the solution o f 

these problems can often be reduced from a linear program to the 

inversion o f a square matrix.
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5.4 Refinery Optimiznt.irm

This example is a simplified linear model of refinery 

operation (Winston 1987). Three products are produced: heating 

oil, gasoline, and je t fuel. Average octane levels m ust be a t least

4.5 for heating oil, 8.5 for gasoline, and 7.0 for je t fuel. Two types 

of oil are used as feed stock: crude # 1  ($1 2 /Bbl), and crude # 2  

($10/Bbl). Up to 10,000 Bpd of each crude is available.

The crude m ust be distilled before it can be used to produce 

product. D istillation capacity is 15,000 Bpd ($0 .1 0 /Bbl). After 

distillation crude #1 yields 0 . 6  Bbl of naptha, 0.3 Bbl of distilled 

#1, and 0.1 Bbl of distilled #2. Crude # 2  yields 0.4 Bbl of naptha,

0 . 2  Bbl of distilled # 1 , and 0.4 Bbl of distilled #2 .

N aptha can only be used to produce gasoline or je t fuel. 

Distilled oil can be used to produce heating oil, or it can be 

processed by the catalytic cracker ($0.15ZBbl). Cat cracker 

capacity is 5,000 Bpd. After cracking distilled #1 yields 0.8 Bbl of 

cracked #1, and 0 . 2  Bbl of cracked #2 . Distilled # 2  yields 0.7 Bbl 

of cracked # 1 , and 0.3 Bbl of cracked #2 . Cracked oil can be used 

to produce gasoline or je t fuel but not heating oil.

The octane level of each type of oil is naptha - 8 , distilled #1 - 

4, distilled #2 - 5, cracked #1 - 9, cracked #2 - 6 .
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The heating oil can be sold a t $14/Bbl; gasoline, $18/Bbl; and 

je t fuel, $16/Bbl. Contracts require th a t a t least 3,000 Bpd of 

each product be produced. Our goal is to maximize the refiner’s 

profit.

This extremely simplified description of a refinery operation 

results in the following model.

Maximize

Z =-12.1 Xj -1 0 .1 ^ -.1 5 ^3  ~.15x4 + 14x5+18x6+ Ida?

Subject to

1) X!+*2 <15000

the distillation capacity.

2 ) X3+x4<5000

the catalytic convertor capacity.

3) *6>3000

the gasoline contract requirem ent.

4) *5£3000

the heating oil contract requirem ent.

5) Jt,>3000

the je t fuel contract requirem ent.
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6) *!< 10000

the crude 1  supply.

7) * 2  <10000

the crude 2  supply.

8 ) —0.5^g + 0.5^ 9 -  2.5 a:10 >0

the gasoline octane requirem ent.

9) -  0.5 xu + 0.5 xl2 > 0

the heating oil octane requirem ent. 

10 ) x13 + 2 xu -  x15 > 0

the je t fuel octane requirem ent.

1 1 ) x7-x l3-x l4-x 15 = 0

the je t fuel mass balance.

12) x6-x s-x 9-x 10 = 0

the gasoline mass balance.

13) x5-x n -x 12 = 0

the heating oil mass balance.

14) -0.6xl-0Ax2+xs+x13 = 0

the naptha mass balance.

15) —0 .8 ^ 3  —0.7 ̂ 4 +^9 +jc14 = 0
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the cracked 1  mass balance.

16) -  0 .2 * 3  ”  0.3*4+*io+*i5 = 0

the cracked 2  mass balance.

17) — 0.3*! — 0 . 2 * 2 + * 3 +*!! =  0 

the distillate 1  mass balance.

18) -  0.1 *! -  0.4*2+*4 +*12 = 0

the distillate 2  mass balance.

Elim inating variables by using the equalities is not efficient 

for this problem. Instead use step 1(d) and replace them  with 

inequalities. Now form the advanced GP sign table.
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The Advanced GP Sign Table (a)

i 1 2 3 4 5 6 7

*1 1 8*/ 1

x2 1 8*2 1

*3 1 8W

*4 1 8*2

*5 - 8 i - 1

*6 - 8 2 - 1

-S3 - 1

*8

*9

•*10

1̂1

•*12

•*13

^14

^15
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The Advanced GP Sign Table (b)

8 9 1 0 11a 116 12a 126 13a 136

*1

*2

X4

*5 - 1 1

x 6 - 1 1

Xj - 1 1

XS 8 m 8 W - à u

x 9 - 1 8 C - 8 %

x \o 8 m 8 y - 8 y

Xu 1 8m / “ 8 ^

X\2 - 1 8 * 2 - 8 ^

•*•13 “ 5 ; i 8 m - 8 w

Xu ~5j2 8 m - 8 ^

Xl5 1 8 m ■ 8 y

LAKE» LI3&AMY 
COLO&^JO aCSSOOL of MINE 

GOLDEN. COLORADO 08401
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The Advanced GP Sign Table (c)

109

1 4 a 1 4 6 1 5 a 1 5 6 1 6 a 1 6 6 1 7 a 1 7 6 1 8 a 1 8 6

* 1 S * - 8 t i 8 »? “ 8 * j 8 t i " 8 , 3

* 2 - S w 8 ^ - 8 „ 8 * - 8 *

* 3 8 o j - 8 ^ - 8 „ 8 , /

* 4 8 <* - 8 ^ - s „ - 8 ,2 8 ,2

* 5

* 6

X ?

* 8 8 ^

X 9 - 8 . , 8 e /

*10 - 8 „ 8 , .

*11 - 8 ,2 8 ^

*12 - 8 ,2 8 ,2

*13 - 8 - 8^2

*14 - 8 o2 8 .2

*15 - s , 2 8 , a
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Several points can be noted from the sign table.

1 . Conditions (a) or Ob) of constraints 11-18 (the equalities) 

m ust be tight !

2. Terms ^13, xUy and x15 are balanced between equalities 11,14, 

15, and 16, or constraint 1 0  is tight.

3. Terms xu, and xn are balanced between equalities 13,17, and 

18, or constraint 9 is tight.

4. Terms x8, jc9, and x10 are balanced between equalities 12,14, 

15, and 16, or constraint 8  is tight.

We will now solve the problem using the advanced sign table and

the algorithm.

A  Examining the last statem ent calls attention to the variable 

Xg (cracker # 1  gas). I t is the one stream  which can bring in 

the gasoline octane specification. The supply of Xg then  upper 

bounds (limits) the am ount of x6y gasoline, the most profitable 

product of the problem. C onstraint 8  (the gasoline octane 

requirem ent) is therefore tigh t ! I t  also implies th a t x l0 

(cracker # 2  gas) should be minimized. Therefore x l0 = 0 . We 

can maximize x9 by minimizing x l4 = 0  (cracker # 1  jet) in  

equality 15 (cracker #1 balance).

B. Equality 15 (cracker #1 balance) then lower bounds the Xg
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(cracker # 1  gas) volume and upper bounds variables x3, and x4 

(distillate #1 & #2) volumes. This makes constraint 2  

(cracker capacity) tight !

C. Equalities 17 and 18 (distillate #1 & #2 balances) then lower 

bound the x3, and x4 (distillate # 1  & #2 ) volumes and upper 

bound the xu and x2 (crude #1 & #2 ) volumes. This forces 

constraint 1  (distillation capacity) to be tight !

D. Crude # 2  which is cheaper than  crude # 1  and renders more 

volume to cracker # 1  (which produces the most gasoline) is 

the preferred raw m aterial. C onstraint 7 (crude # 2  available) 

is therefore tight !

E. Equalities 17 and 18 (distillation column 1  & 2  balances) also 

lower bound xu, and x12 (distillate # 1  heating oil, and distillate 

# 2  heating oil) volumes. Equality 13 (heating oil balance) 

then upper bounds Jtn, and x l2 volumes by lower bounding xs 

(heating oil) volume. This makes constraint 4, (the heating 

oil contract) an  upper bound and tight !

The problem can now be solved from the above determ inations: 
crude #2 : ^  - 1 0 0 0 0  

cracked # 2  gas: x10 = 0  

crude #1: jq = 15000—r 2 -  5000
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heating oil: * 5  = 3000 

distillate #1: * 3  = .3*! + .2*2 = 3500 

distillate #2: * 4 = 5000-* 3 = 1500 

cracked #1 jet: * 14 = 0  

cracked #1 gas: * 9  = .8 * 3 + .7* 4 -  0 = 3850 

naptha gas: * 8 = * 9 = 3850 

gasoline: jc6 =*8 +*9 +*i0 = 7700 

naptha jet: * 13 = .6 * 1  + Ax2 - * 8 = 3150 

cracked #2 jet: * 15 = .2*3 + .3* 4 - * 10 = 1150 

distillate #1 heating oil: xn = 3 x 1-i- .2 x2 - x 3 = 0  

distillate #2 heating oil: * 12 = .1 * 1  + .4 * 2  - * 4  = 3000 

je t fuel: * 7 = * 13 + * 14+ * 15 = 4300 

These results agree w ith the LP results. Another method of 

solution would be to re tu rn  to the LP code with ju s t the tight 

constraints we identified and the equalities. The advantage is 

th a t the num ber of inequality constraints (10) has been reduced 

to 5 equalities. The num ber of iterations required is reduced from 

23 to 16 (30%). The GP technique of the advanced sign table 

delivered a system atic identification of the required constraints to 

solve the problem.
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This problem is an excellent example of the power of the 

method. Although it is a highly simplified example of a refinery, 

the problem presents a sophisticated model to the student. This 

model has 15 variables and, after reform ulating as a GP, 19 

term s. This structure is term ed a three degree of difficulty 

problem. M athematically, one degree of difficulty is an order of 

magnitude greater problem to solve than a zero degree of 

difficulty problem. A zero degree of difficulty linear problem 

would be a set of simultaneous equations w ith an equal num ber of 

variables.

Using only the A-G Inequality and the GP sign table (steps II 

and HI) it  is possible to solve the problem by inspection.
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5.5 Nonlinear Gasoline Blending

In  tins subsection we will, as promised in the abstract, extend 

the previous methodology to a nonlinear refining problem. To our 

knowledge, this type of problem has no defined methodology of 

solution in the literature.

As noted in chapters 1 and 2, some hydrocarbon properties do 

not blend linearly. One of these properties is the octane rating 

used when blending gasoline. This example is real, the gasoline 

produced using the resulting recipe is a usable blend any of us 

could use in our own vehicles, diesels excepted. The example 

dem onstrates the concepts of th is method’s application to these 

types of problems. This example was supplied by the Lake 

Charles, Louisiana refinery of Citgo Petroleum Corp.

A refinery produces the following streams:

Innut Stream Oetane RVP Value Volume
cpg KBpd

C at Gasoline 8 6 9.5 90 46.0

Reformate 95 6 . 0 93 50.0

Alkylate 92 8.5 87 15.0

N atural Gasoline 72 1 1 . 0 75 8.5

Normal Butane 84 51.0 60 2 0 . 0
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These five stream s are to be used in blending two types of 

gasoline a t 87 and 93 octane. The characteristics of these 

products are given below.

O utput Stream  Octane RVP Value
cpg

87 Unleaded 87 9.0 95

93 Unleaded 93 9.0 100

Define the following variables:

Cat/93 *2: Cat/87

*>: Ref/93 •**: Ref/87

xs: Alk/93 •V Alk/87

Xn- Nat/93 Nat/87

Xgl But/93 *.o: But/87

The model (NLP) is form ulated as the previous LP examples 

were, w ith the exception of the cross product term s found in the 

octane constraints. The coefficients on these term s (interaction 

coefficients) are determ ined experimentally and are, in  some 

cases, proprietary (Baird, C.T. 1989).
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The nonlinear blending problem is defined as follows: 

Maximize

Z = 10^1 + 5x2+7jc3 + 2^4+ 13x5+8jc6+25x7+20x8+40x9+35x10 

Subject to

C onstraint (1): 93 Unleaded Octane Balance

 ̂ — 1  + 2 %g — xs —
-9 x9 + .67 ̂ ^ 3  -  .98 ̂ ^ 5  +

-h4.2x1x9 + .32x3x5 + 1 0 .2 X3X7 +
^-*1.7x5x7 -  .9x5x9 + .OSxyXg

C onstraint (2): 87 Unleaded Octane Balance

 ̂ —X2 + 8 x4 + 5x6 —
- ~ 3 x 10 +  .6 7 ^ X 4 — .98x2X 6 +

+ 4 .2 x2X10 + .3 2 X4X5 + 1 0 .2 x4 x8 +
 ̂ 1.7x6x8 .9 X5X10 .05x8x10

C onstraint (3): 93 Unleaded Reid Vapor Pressure Balance 

.5xj — 3 X3 —.5x5 + 2 X7 + 42 x9 ^  0

C onstraint (4): 87 Unleaded Reid Vapor Pressure Balance 

.5x2 -  3x4 -  .5x6 + 2x8 + 42xio ^ 0

Volume Constraints:

(5) x 1+ x2 = 46 1000 bpd

2 1 x7

8 .3 X1X7 

5.1 x2x9 >0

y

15^ ^
8.3x2X8

5 .7 X4X10
>0

(6) +x4 = 50 1000 bpd
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(7) x5 +x6 = 15 1000 bpd

(8 ) Xj+x8 < 8.5 1000 bpd

(9) ^9+x10̂ 20 1000 bpd

A feasible solution to this program can be found using LP. In 

doing this, the cross product term s in the nonlinear constraints 

are ignored.

This results in the reduced problem 

Maximize

Z = 10a:1 + 5^2+7^3 + 2̂ 4H- 13;t5 + 8.K6+25.K7 + 20;t:8+40.x:g+35.K10 

Subject to

C onstraint (1): 93 Unleaded Octane Balance

—7.%i +  2 Ay —x $  — 21  X’j — Q xq  ^  0

C onstraint (2 ): 87 Unleaded Octane Balance 

— ̂ 2+8^4 + 5^6— 15^8-3 x 10 ^0

C onstraint (3): 93 Unleaded Reid Vapor Pressure Balance 

. 5 — 3 — .5 ^ 5  + 2 x7+ 4 2 ^ 9  < 0

C onstraint (4): 87 Unleaded Reid Vapor Pressure Balance 

.5 X2 ”  3 X4 — .5x6 + 2xg+42x10 ^ 0
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Volume Constraints:

(5) ^1 + ^ 2  = 46 1000 bpd

(6) ^3+x4 = 50 1000 bpd

(7) xs+x6 = 15 1000 bpd

(8) x7+x8<8.5 1000 bpd

(9) x9'\-x1q<20 1000 bpd

The problem is identical to the NLP w ith the exception of the 

octane constraints which contain only linear term s. This solution 

(all volumes are in 1000 bpd) is

= 3.1979 X 2 — 42.8021

*3  = 28.4786 xA = 21.5214

*5  = 15.0000 *6 = 0.0000

*7  = 0.0000 *8 = 8.5000

*9  = 2.1747 *10 = 0.6229

This solution is feasible for the NLP and produces an  objective 

function value of Z = 962.1726. M ultiplied by a factor of 

42000 gpdllOQ cp$, supplied by N. Goddard of Citgo, gives a 

predicted daily profit of $404,112. This technique is currently 

used in  designing this type of blending process. An extensive
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search of the available petroleum  industry literature showed th a t 

current available NLP codes have not been dem onstrated capable 

of optimizing this type of NLP. Refinery operators know th a t 

better results are possible owing to the nonlinearities of the real 

operation. The proof of this is th a t these operators have 

consistently produced higher profits th a t those predicted by the 

LP solution. They use field m easurem ents to aid in improving 

their operations of this type. We will now dem onstrate th a t th is 

method can optimize this type of NLP problem.

There are no pairs of constraints from which to judge 

dominance, so proceed w ith step 1(b) and elim inate the x2, x4, and 

x6 variables from the problem. The reform ulated problem is as 

follows:

Maximize

5x1 +  5^3 + 5jc5+ 2 5  Xy +  20x 8 + 4 0 Xg+ 3 5  x 1 0  +  4 5 0  

Subject to

(1) f - 7 *
— 9*0

V

+ 4.2*! *9
- 1.7 * 5*7

+ 2*3  — *5 2 1 * 7

+ .6 7 * ! *3 - .9 8 * 1*5 + 8.3  * 1 * 7

+ .3 2 * 3*5 + 1 0 .2 * 3 * 7  + 5.7  * 3 * 9

— .9 * 5*9 + .0 5 * 7*9

>0
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— 43.62x3 — 6 6 .O8 X5 + 851.3 x8
+ .67 - .9 8 X2X5 — 8.3x2Xg
+ .32xgX5 - 10.2XgXg — 5.7 XgXio
+ .ÇxgXjo ^ .OSxgXjo + 1533.8

(2 ) f  - 4 7 .2 x l 
+461.7x10 
—4.2*! x10

1.7

(3) .5 — 3 x3 — .5 x$ + 2 ^ + 42xç ü* 0

(4) — .5 + 3 x3 + .5xs + 2x8+ 42x10 —134.5 ^ 0

(8 ) x7+x8 <8.5

(9) X9+x10̂ 20

£0

y
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Apply step II to reformulate the problem as a GP. Next apply 

step 331 and form the advanced GP sign table.

V ar 3 4 5 6 10 11

*1
s* + V

-Srf -  5̂ 0
r 8W + 8m> 

+ 8m + 8m 
, - 8Wy >

8Ci

%
“ SoS -
- 5<rf2 -  5 a I3  

^ - Ô a l 4  ;

r 8m + 8t7> 
+ 8*g -  8W;

, - 5w2 ;

- 8*, 5^

*5
^  + C  

+ 8^ +
8y + 8m>I

-S W2 -  8WJ 
~ 8W,

"8=5 8<e

•*•7
r 8a? + V

S a l O  ~  $ 0 1 3

J

5=2 8„

*9
' 5a, + 5^'

- § a l l  -  8^
>

8=5 8«

*8
Sw + 8t7 

~ 8W -  8W3 
^~8Wj y

8,e 5*2

X W

f 8m + 8W> 
- 8W0 -  86/4

,™s«5 ;
8« 80
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Because there are m ultiple bipolar exponents operating on 

individual variables w ithin term s, a solution (not necessarily 

feasible), see step Ill(a '), is necessary to evaluate the advanced 

GP sign table. Using the previously described linear solution (not 

optimal) to the problem for th is purpose shows th a t term  6 (on Xs ) 

is essential. Term 6 is constraint 4, thus constraint 4 is tight !

Using the equality x1 = 6 x3 +x5 +4;t8 + 84 Jt10 -  269, results in the 

following reform ulated problem:

Maximize

35â  + 10.t5 4-25x7+40x8+40x9 + 455x10 — 895

Subject to

(1)

— 136.23x3 + 269.62x5 — 2253.7X7 + 28 xg
— 1138.8x9 + 588Xjo + 4.02X32 — .98 x2
- 4.89X3X5 + 60X3X7 + 2.68X3X3 + 30.9X3X9

+ 56.28X3X10 + 6.6X5X7 — 3.92X5X9 + 3.3X5X9
— 82.32X5X10 + 33.2x7X8 + .05X7X9 + 697.2X7X1
+ 16.8x8x9 + 352.8X9X10 — 1883.0
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(2)

f  14230.6 -  507.05x3 + 150.34x5 + 2895.2%, ^
-  2373.3 xw + 4.02%32 -  .98 %52 -  33.2%,
— 352.8%20 — 4.89%3%s — 57.32%,%, + 25.38%,%;,

 ̂-  10.52x5a:8 -  85.62a:5̂ 10 -  713.95^8x10 y

(3) 2x7 + 2^8+42^9+42jc10— 134.5 < 0

(8 ) x7+x8<8.5

( 9 )  X g + X j Q ^ l O

There are no dominant constraints or equalities so proceed with 

steps II and III again. The reform ulated GP produces the next 

advanced sign table:
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3 4 5 10 11

*3 - Z S a l l  ~  $012

- S *13 ~ $014 ~  8 ^

8W + S y

+  8 y  -  28WJ

, - S W4

X 5

'  S „  + 28*

+806 +  Sa7 

1 -8 0 8  - $015 -  S a l9 j

 ̂ 8 y  +  28 m>

+ 8m  + S y

, _ 8 Wi y

*7
8^2 - 

S a i s  ~  à a l6  

<- S aJ7 ~ 8^22 >

8,7 8*7

*8

8 ^  - 8 ^ ^  

“ Sa/2 “  8^g 

, - 8 a20 ;

r S y  + S y '1 

+  28y  +  Sy,

k _ 8 W2 y

8ti 8*2

*9
r 8̂  - 6^ 

“ 8^9 -  ô̂o 
, - 8 ^ y  - 5̂2 ̂

s„ 877

•*10
r  8 ^  - 8 ^  

- 8 * »  - 8^7

8*2 +  8*7
+8*9 + 2 8 W0 

,- 8*«
8 ^ 872

Exam ination of th is table again requires a solution to evaluate 

the m ultiple bipolar exponents affecting all of the variables. 

Using the previous linear solution to do this shows th a t x? needs 

term  3 and either 5 or 10 to balance. Term 10, which is
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constraint (8), is by far easier to work with (term  10 has 2 

variables versus the 4 in  term  5) so use it. This means constraint

(8) is tigh t ! Use the equality Jt7 = 8.5 -jc8 to reformulate the 

problem as follows:

Maximize

35^3+10x5+ 15xg+40x9 + 455^10- 682.5

Subject to

(1)

373.77*3 + 325.72*5 + 2563.9*, -  1138.375*,
+ 6514.2*1, + 4.02*^ — .98*5 — 33.2*,
—4.89jC3Jt5 -  57.32.%3.Xg + 30.9;c3jc9 + 56.28 ̂ 3 jĉ

— 10.52jc5jc8 +  3.3jc5.x9 -  82 .32jc5jc10 +  16.75jc8x 9

^ — 697 .2 jc8.x10 +  352.8jc9^ :10 — 21039.45 j

(2)

r 14230.6 -  507.05JC3 +  150.34jĉ  + 2 895 .2 jc8 ^

— 2373.3x10 + 4.02 JC3 — .98 .x̂  — 33.2xg
— 3 5 2 . 8 -  4.89JC3JC3 -  57.32j^jc8 + 25.38 jcgjĉ

^ -  10.52jc5jc8 -  8 5 .6 2 x 5jc10 -  713.95 jc8jc10 j

(3) 42jc9+42jCio -117.5 < 0

>0

> 0

(9) x9+ x 10< 2 0
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Returning to step 1(a), we find th a t constraint (3) dominates 

constraint (9). We can drop constraint (9) from the problem. 

Continuing w ith steps II and HI, we obtain the next advanced 

sign table:

3 4 5

*3

/

V

Sa4 +  S r f  )  

- S r f  -  2 5 ^ 2

~ ^ a l 3  ~  $014 J
r  $ b l  +  8 y  ^ 

+  +  8 #

K ~ 2 $ b l4  ~  $ b lS ,

* 5

r 2 5 a2 +  S *  

+ 8 »$ +

^ - $ 0 9  -  $ 0 1 5 ,

$b3 2  $b6  ̂

+ 8 t 7  +  8 M

. _ 8 w 2  ;

* 8

^  2 $ a 3  +  8 ^  ^ 

+  S as  +  8 ^ 7

,  - $ a l O  -  $016 J

^ $ b 4  +  8 M >

+ 8 * 7  +  2 8 * 9

< + $ b lO  -  $ U 3  ,

* 9

'  $ o l ~  $014^  

~ $ o l S  ~  $ 0 1 6  

< - 5 *17 J

$ c l

■*•10
f  $ 0  +  $ o l8 y 

- $ 0 1 1  -  8 ^ 3

, “ 8 ^ 7

^ 8 * 2  +  8 * 3

+ $ b io  +  2 8 W/

>

$02

As in  the previous iterations the advanced sign table m ust be 

evaluated to determ ine the true signs. Using the known feasible
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solution to do th is shows variable jc9 m ust have term  5 to balance. 

This development requires th a t constraint 3 be tight ! I t also 

means our previous choice of term  10 over term  5 really did not 

m atter and we were justified in reducing our work load.

Using the equality x9 = 2.7976 - x w results in  the following 

reform ulation of the problem:

Maximize

35%, 4-10%5 +15%8 + 415%10 -  570.5952

Subject to

(1)

460.2164*3 + 334.9521%5 + 2610.7601 * 8 + 8639.575*10

4-4.02*3 — .98*5 — 33.2*g — 352.8%̂0
-4.89*3*5 -  57.32*3*8 4- 25.38*3*10 -  10.52*5*g

— 8 5 .62*5* j0 — 713.95*g*10 — 24224.1896

x

>0

(2)

z 14230.6 -  507.05*3 4- 150.34*s 4- 2895.2*, ^
— 2373.3*iQ 4 - 4 .02*3  — . 98*5  ”  33.2*,
— 352 .8 *^) — 4 .8 9 * 3 *5  ”  5 7 .3 2 * 3 * , 4- 2 5 .3 8  * 3  * 10

^ - 1 0 .5 2 * 5 * ,  -  85.62*5*10 -  7 1 3 .9 5 * 8 * io y

>0
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The last formulation readily allows another solution to be 

determined. This solution is half of the greatest upper bound on 

each variable.

* 1  = 23.0000 * 2 - 23.0000

*3 = 25.0000 * 4  = 25.0000

x s — 7.5000 X 6 = 7.5000

*7 = 4.2500 * 8  = 4.2500

*9 = 1.3988 * 1 0  = 1.3988

This solution returns an objective function value of Z = 1023.6608, 

which is 6.4% better than  the linear solution. There are good 

engineering reasons for not preferring this solution to the linear 

one, but for now it has the advantage of keeping all of the 

variables in the basis.

Using step 1(a), and either known feasible solution to 

evaluate the rem aining constraints, shows th a t constraint (2 ) is 

closer to being tigh t than  (1 ). I t therefore dominates (1) which is 

now dropped from the problem. The problem is now reduced to 

the following:

Maximize

35x3+ 10jc5 + 15*8+ 415*^ “  570.5952

Subject to
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(2)

(  14230.6 -  507.05*, + 150.34^ + 2895.2*, ^

-2373.3*io  + 4.02*32 -  .98*s -  33.2*,
-  352.8*,0 -  4.89*3*5 “  57.32*3*g +  25.38*3*10

^ -1 0 .5 2  jc5x8 -  85.62a:5j:10 -  713.95x8̂ 10 j

Proceed to step IV. The problem can now be formulated as a zero 

degree of difficulty GP. Rule 4 was used to set up recursive 

relationships between the variables and the rem aining constraint. 

These relationships were then used to obtain the following 

progressive solutions:

Iteration 

1 

2

3

4

Because variable x% is a t its upper lim it and, hence, x? is a t its 

lower lim it, these variables have been determined. The problem 

is now reformulated:

Maximize

35*3+10*5 + 415*io -  443.0952

Subject to

*3 *5 *8 ■*10
25.0000 7.5000 4.2500 1.3988

26.6025 8.2488 5.7742 1.4111

27.1455 8.9820 7.3551 1.3265

27.5263 10.3180 8.5000 1.2272
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f  36441.1 -  994.27*3 + 60.92*5 -  8441.875*,^
+4.02*3 — .98*5 — 352.8*jq — 4 .8 9 *3 * 5 5 0

 ̂+ 25.38*3*io -  85.62*5*i0 y

Continuing with step IV. The next iteration, using rule 4, returns 

the following solution which determines the *s and * 6 variables:

Iteration *3 •*5 ^10

1 27.2360 15.0000 1.1500

The problem is now:

Maximize

35^ + 415jc10- 293.0952

Subject to

(2 ) r 37134.4 -  
^+ 4.02x% —

1067.62*3 
352.8*,20

-  9726.175*,^
+ 2538^3j£:10 >

> 0

Continuing w ith step IV and rule 4 returns the following

solutions:

Iteration * 3 •^10

1 28.4622 1.0708

2 29.6469 0.9740

3 30.6931 0.8859

4 31.6042 0.8089

5 32.3953 0.7419
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6 33.0819 0.6838

7 33.6774 0.6333

Because our goal is to maximize the objective function which 

contains a positive xl0 term  and because the above GP iterations 

show this is done by reducing the contribution of this term , it is 

clear th a t x10 is going to zero. This determines the values of both 

x9 and jt10 to be 2.7976 and 0 respectively.

The reformulated problem is 

Maximize

35^-293.0952

Subject to

(2) 37134.4 -1067.62^+4.024  ̂  0

The iterated solution of th is problem is given below:

Iteration x3 z*

1 40.7060 1131.6362

2 41.1603 1147.5382

3 41.1622 1147.5821

The optimum solution to the problem is now determined and 

presented below:
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Cat/93 : *i = 26.9732 Cat/87: *2 = 19.0268

Reff 93 : —- 41.1622 Ref/87 : X A = 8.8378

Alk/93 : x 5 = 15.0000 Alk/87 : X6 — 0.0000

Nat/93 : *7 — 0.0000 Nat/87: *8 = 8.5000

But/93 : X g  = 2.7976 But/87 : *10 = 0.0000

Prior to this application of GP, no method of numerical 

optimization has been shown to solve this type of blending 

problem. The optimized objective function value of 1,147.5821 is 

a 19.3% improvement over the linear method in use. The refinery 

operator we worked w ith on this problem believes th a t he is 

recovering most of th is by adjusting his blending operation on site 

until all stocks are used in  the process. He estim ates th a t his 

gasoline blending operations are about 18.3% better than  the LP 

design. However, he is interested in knowing if  further 

improvement is possible and how to go about achieving it.

N. Goddard of Citgo Petroleum  Corp. has confirmed that, for 

th is particular case, the profit increase would be not less than  

$3,836 per day over the actual refinery operation.

Im plem entation of th is method on a daily basis, given sim ilar 

problems, would resu lt in  a profit increase of not less than  

$1,400,000 per year.
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Chapter 6

CONCLUSIONS AND AREAS FOR FURTHER RESEARCH

The goal of this dissertation was to develop a method of 

simplifying linear blending problems by elim inating constraints 

prior to processing w ith the existing simplex algorithm. This 

objective has been achieved and exceeded.

6.1 Results and Conclusions

The method, on this class of problems, has been shown, to be 

capable of not ju st reducing the problems, but solving them . The 

method does th is by elim inating constraints which are not 

influencing the problem. If it is not desired to pursue the method 

to solution, it can be stopped after the relevant constraints are 

selected. The problem is then returned to a conventional LP code. 

Based on these examples we assert th a t th is can result in  a 

significantly reduced problem which is solved faster than  the full 

sized problem. The results and inform ation gained are identical.

Because the technique can solve these problems it is a 

feasible alternative to the simplex algorithm  for this class of 

problems. The underlying geometry of Geometric Programming 

defines the method as an interior point technique.
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We have shown th a t the method can solve a real-world 

nonlinear chemical blending problem. This is currently beyond 

the ability of the simplex algorithm. A library search revealed no 

references to nonlinear codes solving this class of problems. In  

short, our contribution has three areas of significance. It 

simplifies chemical blending problems of this class. I t also 

provides an alternative to existing methods for solving this class 

of Linear Programming problems. Furtherm ore, it gives 

forecasters and m anagers a tool for optimizing nonlinear blending 

problems.

6.2 Suggestions for F urther Research

Several areas for further research spring from this work. A 

num ber of them  concern providing a complete alternative to the 

simplex algorithm.

1. Test the technique on other basic types of LP problems. 

Production process, multiperiod work scheduling, and inventory 

models are all feasible problem types for th is method. Many 

other types of LP problems (consider the network problem) could 

avail themselves of the technique as well. Any one of them  is 

suitable as a dissertation topic.
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2. The technique dem onstrated in th is dissertation was able to 

iterate  in on optimal integer solutions in some cases. This ability 

needs to be tested on pure integer and mixed integer problems. 

The technique may prove a viable method for solving classes of 

Integer Programming problems.

3. I t  should be possible to codify rules by which to formulate a 

sign table applicable to LP problems exclusively. This would 

allow nonbinding constraints to be elim inated from the problem 

before processing with an LP code.

4. Some problems may present m ultiple combinations of feasible 

constraint sets which cannot be reduced by the methods we have 

used. In  th is case these combinations need to be separately 

evaluated. This is an  excellent application for parallel processing.

5. The same problem described above could be considered an  

Integer Programming problem. An IP  based approach to it would 

make it  a  fine topic.

Several other problems occurred to me during this work.

They have a broader application than  those listed above.

6. L ittle work has been done in  the field of surrogation. A 

serious effort a t compiling and dem onstrating w hat has been done 

is needed as a starting  point for further efforts.
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7. Many GP problems are overspecified (more constraint 

equations than  variables). These problems can be reform ulated 

as a DGP subject to rules 2a and 2b. I t should be possible to 

apply LP to these constraints as a means of identifying term s 

(and hence constraints) worthy of investigation prior to others.

8. M athematical Statistics could be used on the same problem 

described above.

9. Considering the advanced sign table as described in the 

nonlinear gasoline blending problem presented in  this 

dissertation. Some signomial problems may not have any known 

feasible solutions. These same problems also may have lim ited 

useful nonfeasible starting  solutions. It should be possible to use 

M athem atical Statistics on the advanced sign table to provide 

best estim ates of the GP signs w ithin the table.

10. The A-G M ean Inequality was derived on the basis of 

convexity. Several other inequalities such as Young’s, the 

Cauchy-Schwarz, Holder's, and Minkowski’s, can be derived on 

the same basis. Any one of these could be used to form a new 

arena of M athem atical Programming.
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