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A bstract

Traveling wave solutions for reaction-diffusion equations on an infinite discrete 

lattice are considered. Traveling wave equations are derived for the spatial domain, 

Z n for n =  1,2, and 3. All points in the spatial domain contribute explicitly to the 

solution at any point. Using an idealized nonlinear term, traveling wave solutions are 

found, the anisotropy and propagation failure introduced by the lattice are analyzed, 

and fundamental properties of the solutions are studied. Numerical techniques for 

solving the traveling wave equations are introduced. Finally, some numerical experi­

ments are presented.
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C hapter 1 

IN T R O D U C T IO N

In this thesis, we consider traveling wave solutions of spatially discrete reaction- 

diffusion equations. In particular, we analyze the phenomena of propagation failure 

and lattice induced anisotropy. These phenomena occur in the discrete version but 

not the continuous version of the reaction-diffusion equations. Both of these phe­

nomena have been observed in complex physical systems (see [6, 14, 21, 27, 28, 29]). 

Discretizing the n —dimensional Laplacian often introduces directional dependence, 

anisotropy, into the equations. In our discretization, we allow for representation of 

any anisotropy one would wish to model, since anisotropy has been observed in a va­

riety of wave propagation problems. The phenomenon of propagation failure, freezing 

of wave motion, is the failure of waves to propagate until there is sufficient difference 

in the energy of the primary states of the waveform.

These spatially discrete reaction-diffusion equations, which are differential- 

difference equations, appear in many areas of science. The two areas of particular 

interest to us are materials science and biology. Examples from materials science
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include crystal growth for diffuse and non-singular surfaces, and phase transition 

problems such as motion of internal interfaces (faces and edges) in solids [1, 6 , 14, 

16]. Examples from biology include wave propagation in systems of excitable cells in 

neurophysiology and cardiophysiology [3, 4, 8 , 21, 27, 28, 29].

In the thesis, we are analyzing an idealized system of bistable reaction-diffusion 

equations with spatial domain for n =  1, 2 , and 3. In particular, we derive 

equations for traveling wave solutions. These equations have the form of differential- 

difference two-point boundary problems defined on the real line. We extend the 

analysis of Cahn et al [7] to n =  3, and, for an idealized nonlinearity tha t corresponds 

to the reaction term in the system, we illustrate the dependence of the wave speed, c, 

on the value of a parameter in the system, a, that is often referred to as the detuning 

param eter. We provide an explicit formula that relates c to o, and characterize the 

dependence of this formula on the orientation of the wavefront.

Our contribution is in considering arbitrary discretizations of the Laplacian. 

We are allowing all points in the infinite integer lattice to contribute explicitly to 

the solution at any point. The main reason for allowing explicit representation of all 

lattice points is that we wish to model any type of lattice anisotropy and any type of 

propagation failure.

This thesis consists primarily of two parts (or chapters). The first of these, 

Chapter 2, addresses the problem of analytically finding traveling wave solutions
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to the spatially discrete reaction-diffusion equations. The second part, Chapter 3, 

addresses the problem of finding traveling wave solutions to our differential-difference 

equations using classical numerical techniques.

In Chapter 2 , we not only obtain traveling wave solutions, but also obtain a 

fundamental relationship between the wave speed c and a detuning parameter of the 

nonlinear term of our equation, and obtain fundamental properties of the solutions. 

This chapter consists of three sections. The first section is an introduction to the 

problem, equations, and notation. In the next section, we present results, including 

solutions, for the case when the wave speed of our traveling waves is nonzero. The 

last section covers the case when the wave speed of the traveling waves is zero.

In the numerical solutions chapter, Chapter 3, not only are numerical traveling 

wave solutions presented (in graphical form), we also present the techniques, methods, 

and convergence results obtained while computing these solutions. Chapter 3 consists 

of four sections. In the first section, the implementation and theory of the particular 

numerical methods used are discussed. In the second section, we discuss convergence 

results for the methods presented in the first section. In the next section, we present 

the results of our numerical experiments. Finally, in the last section, we compare and 

discuss the numerical and analytical results obtained in this thesis.

We conclude this thesis with a section containing conclusions and ideas for 

future work. In the conclusions section, we discuss the importance of the work pre-
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sented in this thesis, and its possible uses. In the future work section, we indicate the 

areas of future research.



5

C hapter 2 

D ER IV A TIO N  OF TR AVELING  W AVE EQ U A TIO N S

The goal of this chapter is two-fold. First, we derive traveling wave equations 

for the infinite system of ordinary differential-difference reaction-diffusion equations,

i i fa t )  = Au{r],t) -  f{u{r],t)) (2.1)

where A is a discrete Laplacian-like operator and where 77 G t e  ]R,u : 2Zn x JR —» 

]R, f  \ IR —* JR. Note that =  “d/d t”. The function f(u(r],t)) is the nonlinear 

reaction term of equation (2 .1).

Secondly, we wish to show several fundamental properties of the traveling 

wave solution, (p, such as monotonicity and continuity, for the derived traveling wave 

equations of the above system.

We achieve these goals in three sections. In the first, we introduce the problem, 

notation, and assumptions we use in order to achieve our goals. In the second section, 

we analyze the case of nonzero wave speed, c, and to conclude this chapter, in the
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third section, we analyze the case of zero wave speed, c. Analyzing these two cases 

involves finding the traveling wave solutions and presenting several properties of these 

solutions.

2.1 T he problem

In this section, we introduce the spatially discrete bistable reaction-diffusion 

equations tha t will be considered throughout the thesis.

Let n =  1,2, or 3 be the dimension of the problem. Let /  : iR —> 1R be 

a bistable function. This means that the “potential” of /(u ) , F(u), tha t satisfies 

F '(u ) =  /(it) , has a double well (Figures 2.1b, 2.2b). A typical example of a bistable 

function is the cubic

f (u )  =  u(u -  a)(u -  1), a € ( 0 , 1), (2 .2)

where a is is called the “detuning parameter” (Figures 2.1a, 2.2a). The potential for 

this /  is

F(u) =  —— -—-—-it3 +  - i t 2, a € (0 ,1 ) , (2.3)

(Figures 2.1b, 2.2b).

Note tha t when we shift a away from 1/2, one well of our potential rises above 

the other (Figures 2.1, 2.2). Let rj = (rji, . . . ,  r)n) € ^ n, and x  =  (aq,. . .  , x n) € lRn
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/(it)  with 0 =  1/2  F(tz) with o =  1/2
(a) (b)

F ig u re  2.1: The nonlinearity /(it)  and its potential F(u) for a = 1/2.

/(it)  with a = 3/4 F(u) with a =  3/4
(a) (b)

F ig u re  2.2: The nonlinearity /(it) and its potential F(u)  for a = 3/4.



be position vectors. Let a =  (<Ji,. . . ,  crn) € 2Rn be a vector such that 53”=1 af = 1. 

For n =  1,2, or 3, the elements of the a vector are:

n =  1 : <71 =  1,

n =  2 : (71 =  cos(^), U2 =  sin(0),

n =  3 : cri =  sin(^) cos(0), <j2 =  sin(0) sin(^), 03 =  cos(0).

Define the set

D =  { < 7 'f |Z e # "} , (2.4)

where “ • ” represents the dot product of two vectors. Note tha t if, for any j  ^  k, dk 

and (7j are rationally independent, then D is a dense subset of JR, while if the {(Jk}k=i 

are rationally dependent (all the (7& are rational multiples of some nonzero quantity), 

then there exists a quantity v > 0 such that D  =  {mz/|m E Z }  and so D is a discrete 

subset of 1R.

While our desire is to work with spatially discrete equations, let us exam­

ine their spatially continuous counterpart, the reaction-diffusion partial differential 

equation

ut (x,t)  =  €ALu(x,t)  -  f (u (x , t ) ) ,  x  E R n, t e M, (2.5)

where e >  0 is real and A L is the ^-dimensional Laplacian operator denoted by



9

A/, =  D l. . The term eALu(x, t) is the diffusion term in the equation and the 

function f (u (x , t ) )  is the reaction term. We are looking at the partial differential 

equation (2.5) in the hope that solution methods for it will be helpful in providing 

solution techniques for our spatially discrete system.

A solution u(x, t) = ip(x • a — ct) of (2.5), where ip : ]R —> M  and c is the wave 

speed, is called a traveling wave solution. We are interested in traveling wave solutions 

because they are one of the simpliest ways to study movable phase boundaries. Note 

th a t here a represents a vector normal to the wavefront of our traveling wave solution. 

If we substitute our traveling wave ansatz into the partial differential equation (2.5), 

we obtain the second order ordinary differential equation

-cV(£) = e(X>,V'(f)) ~ /(<?(£))
1 =  1

or

-  < W )  =  *v"(f) -  /(¥>(()). (2-6)

where £ =  (a: • cr — ct). Recalling Figures 2.1 and 2.2, and Equation (2.3), we choose 

boundary conditions so tha t the wave flows between the two stable equilibria, u = 0,1. 

In other words, we choose boundary conditions </?(—oo) =  0 and (/?(+oo) =  1. We wish 

to point out that, for this second order ordinary differential equation, the sign of c, 

the direction of the flow of the wave, can be observed in the potential F(u) of f{u).
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When a =  1/2, c =  0, the wells of F(u) are of equal height, and the wave does not 

move. When a < 1/2, c <  0, the well at u =  0, of F(u), is higher than the well 

at w =  1, and the wave flows to the left, i.e., the solution flows from 0 to 1; when 

a > 1/2, c >  0, the well at iz =  1, of F(u), is higher than the well at u =  0, and the 

wave flows to the right, i.e., the solution flows from 1 to 0 .

In this thesis, we are studying the infinite system of ordinary differential- 

difference reaction-diffusion equations

u{r], t) = Au{r), t) -  f(u(r), t)) (2.7)

on a n —dimensional integer lattice. Here

oo m k
f) =  J 2  a kj [u(r] +  pkj ,t) + u ( r i -  (3ki, t) -  2u(rj, ^)], (2.8)

k=lj=l

T] € /Zn, t  e  ]R,U : 2Zn x l R - >  R ,  and f  : ]R JR. Note tha t E % n is such 

th a t \\pk \\l = k, and is the number of such distinct nonzero vectors fikj for a 

particular k (note tha t /?*. and —Pkj are not considered distinct). Let denote the 

vector ctk =  (akl, . .  •, ckfcmjt ) and assume 0 < a kj E R .  We assume throughout this

thesis tha t Y,h=i Z)j=i a kj < oo.

For a given value of the dimension n and a given value of /c, we would like to 

determine whether or not m k =  0. For n =  1, m fc 7̂  0 provided there exists an integer
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z such th a t z2 = k\ for n =  2, ^  0 provided there exists integers y and z such

th a t y2 z 2 =  k; and similarly for n =  3. To formalize this, we define pk to be the 

minimum number of integers such tha t the sum of the squares of these integers is k. 

Here are some examples of

If k = l then II i—i since i 2 =  i ,

if

CMII then P2 = 2 since i 2 + 12 =  2 ,

if A: =  3 then
COII since 12 + 12 + 12

if II then

1—1II since IICO

if A: =  5 then

CMII since I2 +  22 =  5,

and so on.

Thus pk > n implies =  0. Therefore, if n =  1, then mk ^  0 if and only if A: =  

1 ,4 ,9 ,1 6 ,2 5 ,3 6 ,4 9 ,.... If n =  2, then ^  0 if and only if k =  1 ,2 ,4 ,5 ,8, 9 ,1 0 ,.... 

And if n =  3, then 7̂  0 if and only if A: =  1 ,2 ,3 ,4 ,5 ,6 , 8 —

We choose to use a discretization that allows us to represent every point in 

the lattice explicitly because we are allowing for any directional variance, along with, 

in the limit, no lattice anisotropy.

E x am p le  2.1 Let =  0, for k = 2, . . . ,  00; with cq, =  ct € M +. Then (2.7) with 

n =  1 can be thought of as a discretization of the PDE (2.5) with a =
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We now present some examples of familiar representations that appear in our 

ordinary differential-difference equation (2.7).

E xam ple 2.2 Let a  € 2R+. Let rrik =  0, for k = 2, . . . , oo ,  and c*i. =  a, for 

z =  1, . . . ,  n. Note that mi =  n. Then (2.7), (2.8) becomes

n

û{v,t) = +  +  “ C7? -  -  2u(r?,t)] -  f(u{r],t))
i=i

=  û : ^ [ u ( 7 7  +  /?i>, t )  + 14( 77- ^ . , t )  - 2 u ( ? 7 , t ) ]  - / ( u ( r 7 , t ) ) ,
i=i

which is the reaction-diffusion equation discretized using the familiar 2n +  1 point 

star.

■

E xam ple 2.3 I f  we take the ID  case of the above example, we obtain the centered 

difference approximation.

m

E xam ple 2.4 L e t’s look at the 2D case of Example 2.2, i.e., n = 2. Then with 

Pu = ( 1 , 0 ) ,  A 2 =  ( 0 , 1 ) , /?2l =  ( 1 , 1 ),^22 =  ( 1 , - 1 ) ,  W  obtain

11(77, <) =

a[u(ii +  Ph ,t) +  u{ti -  Pu ,t) + u(ri + + u(r] -  Pu ,t) -  4u(T),t)] -
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which is the reaction-diffusion equation discretized using the familiar five-point star.

m

E xam ple 2.5 Let m* =  0, fc =  3 , 4 , . . . ,  and a  E JR+, with =  4a, and a 2l =  a  

/ o r  z" =  1 , . . . ,  n. Then we have

2 mfc
ù(7?,t) =  +  +  - 2u(j?,<)]) -  f(u(r],t)).

k=l J=1

TAzs gwes zzs a “hypercube ” representation of the Laplacian. Note that we need n to 

be at least 2 in this case.

m

E x a m p le  2.6  Note that when n = 2 in the above example we obtain the classical 

nine-point box discretization with /?i1 =  (1, 0) , /?i2 =  (0 , 1),/%  =  (1, 1) , /?22 =  (1, —1)>

u(r),t) = a{4[u(r) +  Pu ,t) +  zz(r? -  /3u ,t) +  u{r) +  A 2,t) +  u(r] -  A 2,t)]

+  u(77+  & ! ,< )  + w ( 7 / - / ? 2 l , t )  +  w(77 +  /?22, t )  + z z ( 7 7 - / ? 22, t )

-  20zz(T7,t)} -  f{u(r),t)).
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E x am p le  2.7 Let =  0, for k = 1, . . . ,  z — 1, z + 1, . . . ,  with ^  0. Then we obtain 

a discretization with only the point and its ith nearest neighbors represented:

mi
= J 2  %  M 7? +  A,-, t) +  zz(7y -  A ,, t) +u(r],t)} -  f{u(r),t)). 

j=i

u

The relationship of (2.7) with the partial differential equation (2.5) prompts 

us to look at traveling wave solutions for the discrete system of ordinary differential 

equations (2.7). Here a solution u(r}, t) = (p(r}'(j — ct) of (2.7) is called a traveling wave

solution. If we substitute our traveling wave ansatz into (2.7) and let 77 • <r — ct =  £,

we obtain

-  =  L v ( t)  -  (2.9)

where L<p(Ç) =  «Jb, +  fa, ■ <r) + *>(£ -  fa, ■ a) -  2y(()], with fa, 6  Z ' ,

| | ^  ||2 = k, ak € JRmk, and a € FT  such that ||c-||^ =  1. Again we choose the

boundary conditions y>(—oo) =  0 and <p(+oo) =  1.

At this point, we note that the partial differential equation (2.6) is indepen­

dent of dimension and direction. This is not true for the discrete version (2.9), which 

depends directly on the direction of the wavefront and on the dimension of the prob­

lem.

ARTHUR LAKES UBRAR)
nm riDinn <tr.Hf)0L OF (
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2.1.1 Linearizing /

Since we wish to solve our differential-difference equation analytically, we need 

to simplify the nonlinear term /  so that we can use classical solution methods. The 

particular technique that we make use of is the Fourier transform. However we still 

wish to have a bistable form for / .  Our choice is a piecewise linear function that 

approximates the smooth cubic nonlinearities discussed earlier (2.2). The specific 

class of piecewise linear /  that we consider is

f ( u ) = f ( u , a )  = u — h(u — a), with a 6 (0 , 1) (2 .10)

where h denotes the Heaviside function

h(v) = <
0 u < 0,

1 u >  0.
(2 .11)

Notice tha t this / ,  (2.10), models the smooth nonlinearity (2.2) and its potential is 

double-welled (Figure 2.3).

Our new / ,  defined above, is discontinuous. Now tha t we are using a discon­

tinuous / ,  the first thing that needs to be addressed is exactly what is meant by a 

solution to (2.7). To solve our system of differential equations, it is sufficient to regard 

both f  and h as set valued functions, with f (u )  and h(v) singleton sets for it /  a and
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o =  l /2  o =  3/4
Piecewise linear f(u )

0 = 1 / 2  o =  3/4
F M

F ig u re  2.3: Piecewise linear f (u )  and its potential F(u).
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v 7̂  0 , and f(a )  = [a — l ,a] and h(0) = [0 , 1]. This amounts to filling in the jump 

discontinuities in the graphs of /  and h. By a solution to (2.7) we mean u(r], t), where 

for any 77, say 770, 7/(770, t) is smooth in t and satisfies the differential inclusion

7/(770, t) € A 7/(770, () -  f  (7/(770, t))

for almost every t.
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2.2 N onzero W ave Speed

In this section, we derive the solution of (2.9) for c ^  0, for the piecewise 

linear function / ,  (2.10), described in the last section. This derivation is a review and 

extension of the derivation presented in [7], the review because the same concepts 

are used, the extension since our discrete operator is much more involved than the 

discrete operator presented in [7]. In particular, our operator consists of an infinite 

number of points while the operator in [7] consists of finitely many, and we consider 

dimensions n <  3 while the analysis in [7] is for n = 2 . From our derived solution, 

we obtain a relationship between the detuning parameter, o, and the wave speed, c. 

Also, from this solution, we present some qualitative results concerning the solution.

In order to construct our solution, we use the Fourier transform. Recall that 

this was the reason for going to a “linearized” nonlinearity / .

This section begins with the construction of a solution, <*?(£), for (2.9), with 

boundary conditions y?(—oo) =  0 and <^(+oo) =  1, and linear /  as in (2.10). The 

construction consists of defining a function ipe(£) = e-£^ ( £ )  and transforming (2.9). 

To the (pe(£) version of the discrete equation, we apply the Fourier transform, and 

after some manipulation, we derive a formula for <p(£). We then show that this 

solution, y>(£), is continuous in both £ and c, and is analytic in c for c ^  0 . We also 

show tha t Dc(p(^) is bounded. From the formula for <p(£), we next derive a relation 

between a and c, called F. The function F is odd in c, analytic in c, and discontinuous
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at c =  0 . The discontinuity in F is a jump discontinuity and is called the range of 

propagation failure. We let 27 equal the range of propagation failure, and study how 

7  depends on the rational dependence/ independence of the elements of the normal 

vector a. We then show that y>(£) is strictly increasing on the real line. The last key 

result of this section is tha t c depends analytically on a for a outside the interval of 

propagation failure. This is not true for a in the interval of propagation failure.

At this point, we assume that our solution, y?, satisfies y?(£) =  a for only one 

value of f , call it £0- W ithout loss of generality, we may assume £0 =  0 by translating 

£ —*•£ — £o, [11]. We will justify these assumptions after we derive a solution.

We let <£>(0) =  o, the translate that has been classically chosen in the literature 

[6 , 11]. Basically all this means is that we are assuming that

<P(£) <  o, £ <  0, <p(£) > o, £ > 0. (2.12)

This implies that ip(£) — a <  0 if £ <  0, and </?(£) — a >  0 if £ >  0. Thus, for the 

Heaviside function defined in (2.11), h((p(Q — a) — h(£) for £ ^  0. Therefore,

/(<£>(£)) =  %>(£) -  Mv>(£) -  «) =  ¥>(£) -  M£) for £ ^  0 .
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Our system now becomes

-<V (£) =  -M O  -  y (0  +  MO, (2.13)

(p(-oo) — 0, <^(+oo) =  i,

which is a linear homogeneous equation that can be tackled using Fourier transform 

methods. We begin our derivation of a solution with a preliminary lemma.

L em m a 2.1  Let (p be a solution of (2.13) with boundary conditions y?(—oo) =  0 and

(p(+oo) =  1, for  c 0. Then there exists an £q > Q such that, for some K  > 0,

< K e ^  for f < 0 .  (2.14)

P ro o f. Let ^ ( 0  =  y (—0 -  Then (2.13) becomes

c ^ '(0  =  W ( 0  -  ^ ( 0

for all £ > 0. Note that by our boundary conditions, ^ ( 0  —* 0 as ^ * oo. Let rj> be 

the Laplace transform of rp:

ip(s) =  JQ e ^VKOM;-
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Note tha t ip(s) is analytic for 9R(s) > 0 . Integrating by parts gives us that

J roo p ~ s£

o ~ ('L ^  ~
V’(Q ) +

Integrating this relation, we obtain

P(s)4>(s) = q(s), (2.15)

where

-P(s) =  05 + 1  — H,

and

q(s) = cip(0) -  J(s), 

with H  =  £r=i E ™=*1 a k j ( e ^  +  e - 0i> -  2),

and J(s)  =  Note

tha t by integrating by parts,

f e - « m à Z  =  - f - ^ 1 1 » =0 +

Thus the integrals in (2.15) are of order 0 ( |s | 1). This implies tha t q{s) =  cî/>(0) +
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0 ( |s | 1). Note that as |d (s) | —> oo, cs dominates 1 — H  (where ^ (s )  is the imaginary 

part of s). This follows from the fact that akj <  oo. Thus,

Consequently, we can shift the integration contour around singularities on the imag­

inary axis. Therefore

imaginary axis, if any exist. The limits of integration denote contour integrals along 

the vertical lines t —» i:£o +  it, for t 6 JR.

Some explanation may be in order to help justify (2.16). The first equality in 

(2.16) is due to the Laplace inversion formula. We can use this since ÿ  has no poles in 

the right half of the complex plane. The second equality in (2.16) comes from shifting 

the contour of integration, the vertical axis, around any poles of xj; on the imaginary

=  ~ ”̂  +  0 (|s| 2) as |S (s)| —» oo.

53 eseRes(^, s)
9 (s )= 0

53 e^R es(^ ,s), 
3(a) =0

(2.16)

where gr >  0 is sufficiently small, Res(5 , z) denotes the residue of a meromorphic

function y a t a point z, and the sum in (2.16) is taken over all poles of xp on the



23

axis, and >  0 is small enough that ^  has no poles in the strip - e 0 < 3R(s) < 0 . 

The third equality in (2.16) follows from the identity

for ^ >  0 , which is just the inversion formula for the function g(£) = 1 and its 

transform g(s) =  1/s .

The third integral in (2.16) satisfies

for some JT >  0; in particular, this term approaches zero as £ —> oo. Recall that 

V’(C) —► 0 as £ —> oo by assumption. Each of the residues in the summation vanishes, 

i.e.

Res(^), s) =  0 for ^ (s) =  0 .

Therefore, |^>(f)l ^  K e~£°  ̂ for ^ > 0, which is equivalent to (2.14).

■
Now we are ready to construct our solution to the traveling wave equation

(2 .9) with boundary conditions y (-o o ) =  0 and </?(+oo) =  1, and reaction term /  as 

in equation (2.10). First, let <pe(f) =  e-e^ ( £ ) ,  with 6 >  0, 6 small. By Lemma 2.1,
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if ^  is a solution to (2.13), then, as £ —>• —oo,

<fe( 0  =  e“£V (£ ) < |e-e f ||ÿ>(?)|

< \K e<-eo~ê \ —» 0 for 0 <  £ <  eg-

Also as £ —> oo,

^ (£ )  =  e~£*<p(() -»• 0

since <p(+oo) =  1. This implies that ip£(—oo) =  0 and ip£(+oo) =  0. Substituting 

y(£) =  (£) into (2.13), we obtain

- c e £̂ ( ^ £(£) +  <*>'(£)) =  e£̂ L£(p£{0 -  ee*ipe{£)) +  h(£),

which simplifies to

-  cy'(5) =  i«V«(C) -  (1 -  +  e -££/i(ti, (2.17)

where L c<p£(0  =  E £ .i  +  A , ■ <r) +  -  h ,  ■ a) -  2V,(0 ) .

E x a m p le  2.8 / /  we let mk =  0, V A; ^  1, and ai^ ^  0, then

- c v ’AO  =  L,v>e( 0 - ( l - a V . ( 0  +  e- ' {M 0
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mi
=  E  +  Oi) +  -  rn) -  2% (f)]

1 =  1

- ( 1  - c s ) y £(Ç) + e ~ EÎ/i(Ç).

■

E x a m p le  2.9 Five point star revisited. I f  we let n = 2 and Qit. = a Ç. lR,Vi £ 

{1, . . . ,  m i}, in the above example, then

mi
-c v U O  =  a +  ^,) +  -  ^,) -  2% (0]

1 =  1

- (1  -  œ)tpc(Ç) + e -£(h(t).

U

E xam ple 2.10 Nine point box revisited. Let =  0, for A; =  3 , 4 , . . . , and a  € IR+, 

with a i{ = 4a, and =  a for  i =  1 , . . . ,  mi,  j  =  1 , . . . ,  m2. T/ien

2 rnk

- a p 'M  =  E  E l e +  A , • (T) +  -  Pkj ' <T) -  2%(€)]
t=i i=i

— (1 — c£)y>£(£) +  e



Now le t’s apply the Fourier transform

/ oo .

-CO

where c >  0 is sufficiently small, to both sides of (2.17). Then

/ oo . roo j

e~'s(f c( 0 ) di  = ~  ~e
-oo 7 — 00 S

j  roo
=  — [ /  e~,siLtk, W f )  -  e_ (1 -  ce)^e(i) + '

SC 7 — 00 J

or

1
{ — isc +  1 — ce — ^ ( s ) )ÿ e(s) — ^  ,

where E (s) =  Eg=i a kj(e£0̂ aeisl3̂ c +  e- ^ e~is^  _  2

ÿ £(5) =  7"(z‘5 +  e)i?(s — i e )  ’

where

Æ(ç) =  - î c ç  +  1 -  G(g), 

with G(g) =  E g .1 E ” ‘i a t , ( e ^ i  '  +  e " ^  ' - 2) =  2 E g .i  E " ‘i

I. This implies that 

(2.18)

Qt,[cos(g/?fcj.(T )- l] .
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The Fourier inversion theorem gives us

¥>(f) =  ee(<Pc(t) = 5“ / ^  e('s+£)!ipe(s)ds,

which is absolutely convergent. This implies

1 r+oo  e(is+£)C l  r - i£ + o o

27T J - oo (is +  e)R (s — ze) ^  27rz j-ie-oo sR (s )^ S'

Because of the simple pole at s =  0, we break up the integral into

^  -  6  {Jc. + I s )  W T ) ds’ (2'19)

where C£ is (—oo, —e\ and [+5, + 00) on the real axis, and S£ is the half-circle at the 

origin. First consider the C£ integral. We have

is£ 1 /  /•-e r+<»\ eis^
ds

é l J c , Û ( s ) dS -  é l U ~  + L  ) sR(s)

1  r+oo  r  e ~ is t

i l T \2m J+e [ s /2(s) sR (—s)_
ds (2.20)

1 f+oc A(s) sin(s£) c /•+00 cos(s^)
7T J + e  s(A 2(s) + C *S2 ) 7T J + e A2(s) +  C2S2

where
00 mjb

A(s) =  1 +  2 ^ 5 3 a fc.[l -  cos(s^fc, • <r)]. (2.21)
fc=ij=i
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Note tha t for s € R ,  A(s) = 9R[.R(s)]. 

For the S£ integral, we have

à  Js. 5 )^ = à 2,r4 Res ( tS )  - °) = 5 (2-22)

Combining the integral results (2.20) and (2 .22) in (2.19), and letting c —» 0 , we 

obtain an explicit formula for y>(£). From (2.19), we have the following formula for 

the solution of (2.9):

* « - 5  +  I2'23'

c f 00 cos s£
n Jo A2(s) +  c2s2

Recall th a t we made the assumption that y  was a solution of (2.9). Since we have 

constructed such a solution, the assumption has been validated.

Noting that

1 1 f 00 —A(s)sin(s£)  ̂ - c  [<*> cos(s£)
2 7T Jo s(A 2(s) +  C2s 2) S n Jo A2(s) +  c2s2

we see that, for y(() =  <p(£,c), we have the symmetry property y(£,c) =  1 -  

y ( - & - c ) .
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Recalling that
 ̂ r—i£+oo

=  T m * 8-

we can see tha t as £ —* —oo, (/?(£) —> 0. Our symmetric property then gives us that 

<p(+oo) =  1.

P ro p o s itio n  2.1  Let (p(£,c) denote the solution function (2.23). Then y(£, c) is 

continuous in both £ and c, and is analytic in c, for c ^  0. In addition, for c ^  0, the 

derivative of (p(£, c) with respect to c,

VK£) =  =  Dcp(£,c),

zs bounded as £ ±oo. For £ ^  0, ^(£) satisfies the equation

- v ' (0  ~  ^ '( 0  =  W ( £ )  -

which is the derivative of the equation with respect to c.

P ro o f. For any compact subset of {c € lR\c ^  0}, there exists a uniform lower bound

|A2(s) +  c V |> K i( i4 - g 2 )  for s > 0 ,  (2.24)

and thus, there exists a uniform lower bound for the denominators of the solution 

y(£), (2.23). Note th a t if c =  0, then A2(s) +  c?s2 =  A2(s) =  0 for some s >  0. This
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in turn yields an upper bound of the form ^ ( l  +  s2)-1 , for bounded £, for the two 

integrands in (2.23). This, and the analyticity of the integrands in c and continuity 

in (£, c) for each s, imply the analyticity and continuity of y.

The boundedness of ip is easily proved by differentiating the formula for y, 

(2.23), with respect to c, i.e.,

^ (f ,c )  =  Dcip(£,c)

_  2c f°° sA(s) sm(sti) 1 f°° cos(s£)
7T 7o (A2(s) +  C*S2)2 S 7T JO A 2(s) +  C2S2

2 c2 y00 s2 cos(s^) j  
Jo {A2(s) +  c2s2)2

Therefore, by (2.24), ip is bounded.

Differentiating (2.13), we obtain

- ( / ( ( )  -  cDcip'{£) =  DcL<p(Ç) -  Dc(p{£).

Along with ip(£, c) = Dc(p{£,c), this implies that

-V(£) -  cÿ'të) =  L H€} ~

as desired.
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i
"Curve 1 
Curve 2 
Curve 3 
Curve 4 
Curve 50 . 8

0 . 6

0.4

0 . 2

0
32 -1 0 2 4-4 -3 1

c

F ig u re  2.4: Plots of c versus a for various values of a.
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Since for </?(£) in (2.23), there is an infinite family of wave forms that satisfies 

this formula, we want to specify an “initial condition” so that we can study an 

individual translate. As we discussed before, we choose y(0) =  a. This then gives us 

the following relation between a and c:

y (0 , C) = a  =  l  +  ^  (2 '25)

(see Figure 2.4). Note that in Figure 2.4, for Curve 1, cr =  (1,0,0); for Curve 2, 

°  for Curve 3, CT =  ( ^ . 7 5 . 73 ); for Curve 4, <r =  and for

Curve 5,(7 =  ( ^ ,  ^ ) .  Set

=  - 7  0. (070)

We now show tha t F is odd in c, analytic in c, and discontinuous at c =  0. 

T h e o re m  2.1 Let F(c) be defined by (2.26). Then F zs odd and analytic, moreover

|r(c)| <  \

for  c 0. In addition,

lh n r (c) =  l  clim r(c) =  7 ,
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where 7  >  0 îs the quantity

1 [T ds
(2.27)2T ^) v4(g)'

where the limit always exists.

P ro o f. The proof follows from Theorem 4.3 in [7] with the upper bound of \A(s)

A£(s)| being 2 4- 8w +  6 (where cv =  !C £ i ®kj <  00 by assumption) instead of 

2 T IGo +  £.

m
Note that as a  —> 0, 1/A(s) —> 1, thus 7  =  lim^-^oo 1/2 =  1/2. So as a  —» 0, 

the interval of propagation failure, [1/2  — 7 , 1/2  +  7 ], expands to the interval (0 , 1).

Now we wish to study how the range of propagation failure depends on the 

rational dependence/ independence of the First consider A(s), (2.21). Then

-100 00 mjt

/=0 \  k=l j=l
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=  E Wpe'(P"K
p e z n

The last equality follows since there are at most n frequencies. Note also that A(s) >  0 

implies Wp > 0 for all p  € ZZn.

E x a m p le  2.11 An example o/cjp. Let =  0 for A: =  2 ,3 , . . and let n = 2. Also 

let Qi1 =  a i2 = a E 1R. Then

' oo TTifc \   ̂ oo /  oo rrifc \   ̂ /  oo mjt

i +  2 E E « * >  E  i +  2 E 2 > ,  E E ^ ^ ' ^  +  e - ' ^ ^ )
fc=l j=l /  /=0 V k=lj=l I \k=l j=l

simplifies to

(1 +  4 a ) - '  5 3 (1  +  4 a ) - ' a ' ( e i |A i <,)s +  e - i« V ‘’)s +  e '(A y )»  +  e - i(A 2 <T)s y  
/=0

Expanding and rearranging the terms in this series, we obtain

where

üj.Pl ,P2

E
p e^n

^ P l  ,P2 6
î(P1<Ti+P2<72)

y .  (|pi| +  N  +  2fc)!(|p1| +  lp2|+2fc)! Qtol+tel+2fc)
^  ( I p i I  +  IP2 I +  A:)!A:!( |Pi |  +  f c ) ! ( N  +  k ) \  ( 1  +  4 a ) ( l m l + l M l + 2 t + i )
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We can now write 7  as

1 rT I , ■as
7 r ^ o  2T Io  A ( s )

-  9 23 ^ p - (2.28)
P  (7 =  0

Since 7  := limc_).o+ r(c), 7  determines the range of a for which the wave speed 

is zero, i.e. the range of propagation failure. Thus the range of propagation failure 

depends on the rational dependence or independence of the elements of cr, [18].

E x a m p le  2.12 Let the cr*. be rationally independent. Then the summation in (2.28) 

has only one term, namely uq, and

Lüq

7 = y

where 0 represents the vector of all zeros.

L em m a 2.2 The function R(s) of (2.18) has a simple root s = —îzq with z0 > 0, 

and iR '(- izo ) > 0. Moreover, there exists e0 >  0 such that if, s is any other root 

of R  satisfying 5 (s) < 0, then $ (s) < - z 0 -  e0. (Note 5 (s) is the imaginary part of 

s).
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P ro o f. Consider

oo m k

R ( - i z )  = - c z  +  1 -  53 53 A ^2[cosh(z^  • tf) -  1]. (2.29)
fc=ij=i

The expression (2.29), considered as a function of z > 0, is positive at z =  0, negative 

for large z, and has a negative second derivative with respect to z, for all z > 0. This 

implies the existence of a unique zq >  0 at which Æ(—zzq) =  0, and moreover, implies 

th a t s =  —izq is a simple root of Æ, and tha t the quantity iR '(—izo) is positive. Note 

th a t R (—iz) > 0 whenever 0 < z < z0.

Consider now any other s =  u — iz, where z > 0 and R(s) =  0. From the 

definition of R, we have that

0 =  R { u - i z )  (2.30)

OO TTlfc

= - i c u  -  cz + 1 -  2 53 X3 Qfc; I-1 + cos(%/?tj • cr) cosh(zpkj • o')
fc=ii=i

+ zsm(u/3kj • c) sinh(zA, • o’)],

and taking the real part of (2.30) gives

oo mjt

0 =  - c z  +  1 - 5 3 1 3  C%2[-1 +  cos(u/?fcj • cr) cosh(z/?fcj • cr)]
fc=ij=i

>  JZ(-iz), (2.31)
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where we note (2.29). Necessarily z >  z0, as R ( - iz )  > 0 if 0 < z < z0 holds.

All that remains now is to show that z > z0 +  £o for some e0 independent of 

the root s, unless s =  — zzq. Taking the imaginary part of (2.30)

OO TTtk

0 =  cu -  2 53 a kj [ s in (u ^  ■ cr) sinh(z/?fcj • cr)] (2.32)
fc=ij=i

first shows that there is a bound |u| < K  on the real parts of all roots s in the 

strip zq < z < zq +  1, and so this strip contains only finitely many roots of R. It is 

therefore enough to prove that the only root of R  on the horizontal line ^s(s) =  — zq 

is the root s = —zq obtained above. Suppose, therefore, that z =  zq. Then the 

inequality in (2.31) is an equality, and so cos(%(/)&,. - a)) = 1, for all k, by (2.29). Thus 

sin(u(/3kj • cr)) =  0, and so u =  0 by (2.32). Thus we have s = —iz0, as desired.

■

C o ro lla ry  2.1 The solution y? of (2.13), given by (2.23), satisfies

tfi(0 = CezoÇ +  O(e(zo+,o){) as < — -o o , (2.33)

where z0 and f0 ore os in Lemma 2.2, and where C > 0. The derivative y ' satisfies 

the formula

<p'{£) =  Cz0ezoî +  O(e(zo+£o)f) as -o o , 

obtained by formally differentiating (2.33). The analogous results for  —» oo, obtained
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from the symmetry property, hold. In particular, there exists T  >  0 such that

/ ( ( ) > 0  for |(| > T .  (2.34)

Proof. See Corollary 4.5 in [7].

■

T heorem  2.2 The solution y? of (2.13), given by (2.23), is strictly increasing on 

the real line. In particular, y> also satisfies equation (2.9), with boundary conditions 

cp(-oo) = 0 and y?(+oo) =  1, where the nonlinearity f  is given by (2.10).

Proof. We begin by proving that

0 <  y (() <  1 (2.35)

for all (  € iR. Suppose that (2.35) is false, and y>(() > 1 for some (. Let T  be the same 

as in Corollary 2.1. Then, by Corollary 2.1, y '(() >  0 for |(| > T. This, along with 

the boundary conditions y?(—oo) =  0 and y>(+oo) =  1, implies that 0 < y?(() <  1 for 

|( | >  T. Now let r) = sup{y?(()|( E M }, thus rj > 1, since y?(() >  1 for some (. Thus 

there must exist an (o E Æ such that y>((o) =  0- Let 7]0 be the leftmost such r). Then 

y (() <  r]o for all (  <  (o- Recall that each centered difference term of the operator
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L  is (£>(£ +  v) +  y>(£ — v) — 2(p(£) for some vector v. Because of this, and because

ctki >  0 Vkj, and > 0 , for some Lipfa) < 0. Then by a continuity argument,

^(Co — e) and (p'(£o +  e) are both nonzero and of the same sign for e sufficiently small. 

But, since <£>(£) is piecewise C 1, this contradicts the fact that r/i is a point where ip(£) 

achieves a maximum. Hence, 0 <  </?(£) <  1 for all Ç e 1R.

Using the facts that 0 <  (p(£) < 1, y (—oo) =  0, and y(+oo) =  1, we may 

assume that

<  p(To) for £ <  T0, y(£) > ^ ( - T 0) for £ > - T 0,

for some To > T. Let t  >  0 and define the function

A U )  = <p U + T) -  ^ (0 -

From the Corollary 2.1, we have that

ipr (£) > 0  if either £ > T0 or £ < - T 0 — r.

Suppose tha t r  >  2T0. Then, for any £ G either £ <  T0 or £ +  r  >  T0. This implies 

tha t iprU) =  y(£ +  r) — y(£) >  0 for all £ £ iR.
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Now define the quantity

t 0 =  inf{r >  0 |^ T > 0 for all f  € 1R}.

This implies tha t t 0 > 0 and t 0 < 2T0, i.e., t 0 E [0,2T0]. Note that, if t 0 =  0, 

then (p'fê) > 0 for all £ e  M. Now suppose t 0 > 0. By definition, yjTo > 0 for all 

C E iR .  Since t 0 =  0, there exists a point such that ipTo = 0. Since ^ T(0  > 

0 if either £ >  Tb or ^ < —T0 — r , it follows that 4o € [—To — t 0 , T o ] .  Now 

let £i be the leftmost such £0; then ipriO > 0 for £ <  £o- This implies th a t ^(£o +  

u) +  V'fâ) — u) — 2^(^o) >  0, and as a consequence, L'ip(Ço) > 0 . Now recall (2.13). 

Subtracting the <p( £  +  t q )  and the ^ ? ( f )  versions of equation (2.13), we obtain

-  c t fJ O  = L ^ n (0  -  M O  + h(( + To) -  h (0 .  (2.36)

Now notice that at ^o the right hand side of (2.36) is positive. But since ^  is a 

minimum at £0> the left hand side is 0. This contradiction implies that r0 ^  0.

■

T h e o re m  2.3 The function  F given by (2.26) satisfies

T'(c) > 0 for all c /  0. (2.37)
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In  particular, for each a € (0,1), equation (2.25) has exactly one solution c ^  0 if 

and only if  |cz — 1/2| >  7 , and has no solution c =£ 0 if  and only if  \a — 1/2| < 7 . The 

solution c =  c(a) depends analytically on a, for \a — 1/ 2 | >  7 .

P ro o f. The proof of this theorem follows from the proof of Theorem 4.7 in [7], with 

the appropriate change of the operator L.
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2.3 Z ero  W ave S p eed

In this section, we consider solutions to (2.9), our traveling wave equation, 

with wave speed c =  0. In this case, as opposed to the c /  0 case, we are only 

concerned with values <p(f) for £ € D, where D Ç 1R is the countable set (2 .4). This 

is because with c =  0, (2.9) becomes just a difference equation. Recall that if the 

{crfc}£=1 are rationally independent, then D is a dense subset of M, while if 

are rationally dependent, then D  =  {mz/|m 6 Z }  holds for some quantity i/ >  0, and 

D is a discrete subset of ]R. Note that both forms of D  have measure zero.

This section begins with the construction of a solution <p(() from jR to fR of

(2.9) by taking the limit as c —̂ 0 of the solution found in the last section. First 

we take a sequence cn —* 0 which gives us a function y* such that y?(£, cn) —> <p*(£). 

Since y* can (and does) have jump discontinuities, we use the right- and left-hand 

limits of </?*, <p+ and y_, respectively. Note that y* is defined almost everywhere on 

iR, but we need a function that is defined for all £ E M. Thus we construct a function 

pr  as a linear combination of and y_, which is defined for all JR. Next we show 

tha t for a  such tha t the <Jk are rationally independent, (pT is strictly increasing on JR. 

For a such tha t the cr*. are rationally dependent, we show that (pT is constant on the 

intervals (nu, (n +  l)z/), where u is such that D = E 2Z}. Lastly, we see that

(p = ipT on D  satisfies 0 =  Lp(£) — /(y(£))-
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We construct solutions of (2.9) which satisfy 

v (0 <  0, for (  € ( - 00, ( 0) H D , tp(£) > a for C € (Co,00) n  D, (2.38)

which is a condition analogous to (2.12). Notice that since we need to consider the 

set D, we do not take £0 =  0 as the point where y?(£) =  a. We let £0 be arbitrary. 

This basically gives us two cases for £o> either £0 E D or £0 0

Although we only need to consider solutions cp : D ^  M, we shall start out by 

constructing solutions p \ 1R JR. Then we examine the restriction of y  to D and 

discuss why this is correct.

In the previous section, we derived traveling wave solutions of (2.9) when c /  0. 

Now we only need to look at these solutions as c —> 0, but first some notation. Let 

t  £ M  and define the function hT : 1R 1R by

hT(u) =  <
h(u),  w 7̂  0,

(2.39)
r, iz =  0.

T hat is, hT is just the Heaviside step function (2.11) with the value t  assigned to 

/iT(0). Notice that while h is set valued, hT is single-valued everywhere. Now let

h— — /iq , h-j- — h \ , (2.40)
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the function hT with r  =  0,1, respectively. Note that the limit oî h as u approaches 

zero from the right and from the left, h(0±), is equal to h±.

Let <£>(£, c) denote the solution to (2.13), and consider a sequence cn —> 0 with 

each cn 0. Because the solution y>(£, c) is increasing and uniformly bounded in (, 

by Theorem 2.2, we have the limit

y((,Cn) -» yXO

pointwise, for all but countably many £ E iR, for some nondecreasing limit function 

ip* : M  —> [0,1] (by [25]). One of the first things we encounter is that cp* has 

discontinuities. As ipm is monotone, all of its discontinuities are jumps, and so we may 

define two other functions p>± : ]R —* [0,1] by

< M 0  =  ^ ( C - ) ,  ^ + (0  =  ¥>*(£+),

the left- and right-hand limits of ip* at each point £ e  IR. The functions and ip+ 

are left- and right-continuous on IR. These limits also equal y* almost everywhere.

Since we want to take the limit in (2.13) as cn —> 0, we must rewrite (2.13) in 

integrated form so tha t we do not have to deal with the </(() term. This means that



45

we fix f  G iR and integrate (2.13) to obtain

-  c M f) -  V>(0)] =  {0\ l v (0  -  <p(() + h ( m -  (2.41)

Now let c = cn and let cn —> 0. Then the Lebesgue dominated convergence theorem 

implies th a t (2.41) converges to

^ = Jo ( ^ * ( 0  — ^ ( 0  +  M O K ,

for all £. Now we differentiate to obtain

0 =  L<p*(O - ^ ( 5 )  +  /i« ),

which holds for almost every ^ € iR.

But we need a solution function that holds for all £ € iR, because may fail 

a t points £ such that £ E D. Notice that for the functions (p±, we have

0 =  L<p±(Tj) -  <p±{ri) +  h±(r)), (2.42)

which holds almost everywhere, with h± as in (2.40). This is because Lip±,ip±, and 

h± agree almost everywhere with Ty*, y ., and h*, respectively. Note tha t ip+ and 

h+ are both right-continuous, and and are both left-continuous, on iR. This
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implies that (2.42) can be obtained at every £ £ JR. This implies that, for either 

choice of +  or — of ± , (2.42) holds for all Ç e M.

Define the linear combination

<Pt =  T¥>+(£) +  (1 -r)y>_(£).

Then with (2.42), the definition of hT and h±, and since r(/i0 — hi) +  hT — Zi0 =  0, 

the equation

0 =  Ltpr{£) -  cfriO +  hT(Ç), (2.43)

holds for all £ € JR. Now notice that <pT monotone. Taking the limits of y>T(0  as C 

goes to ±oo, we obtain

(pr (-00 )  =  0, ^ T( +00) =  1, (2.44)

which implies tha t (pT satisfies the boundary conditions of (2.13).

T h e o re m  2.4 Let =  0 for k =  2,3, • ■, and = a ,a  E JR. Let t 6 [0,1]. I f  

the {crfc}£=1 are rationally independent, then the function ipT is strictly increasing on 

JR. I f  the {<Jk}k=i are rationally dependent, then <pT(Ç) < ^ T(C +  v) for all £ € IR, 

where v is such that D  =  {m p\m  E Z } .  In any case, if  we define

Co) — cPr(^ Co)? (2 .45 )
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then for any r  € [0,1] and £o € IR, the function (pr (',€o) restricted to the set D is 

strictly increasing.

Proof. Let r € [0,1] be fixed. We observe that for such a r, the function ipT is 

nondecreasing everywhere on IR, as it is a convex combination of the nondecreasing 

functions Now suppose that /  Ç iR is an interval on which (pT is constant, tha t is, 

^t(Ci) =  yX W  for all € I. Recall that mi =  n. From (2.43) and the formula 

for L in (2.13), we have

n

^ t ( £  +  a l) =  — &l) — y ^ f^ r ( ^  +  (Tk) +  V?t(£ — ^ ) 1
k=2

+  —[(1 +  2an)ipT(£) — hT(Ç)]. (2.46)

Notice th a t the right-hand side of (2.46) is nonincreasing for £ € /  (in particular, 

since hT is nondecreasing, by the choice of r). On the other hand, the left-hand side 

of (2.46) is nondecreasing for all £ E iR, and hence is constant for £ E / .  Thus cpT is 

also constant on the interval I  +  (Ji, tha t is, ^ t (£i ) =  <^(£2 ) for all £1 , £ 2  E I  + a 

where /  +  p =  {£ +  p|£ E /}  for any real p.

In the same way, we conclude tha t <pT is constant for all the /  +  <7*. intervals. 

Thus, using (2.4), <pT is constant on the interval /  +  p for each p E D.

Now suppose that the interval I  on which <pT is constant contains two distinct 

points £1 , £ 2  E / ,  with £ 2  — £ 1  E D. Then the translates /  +  p cover the real line and

ARTHUR LAKES LIBRARY
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ipT is constant on all IR. But this contradicts the facts <iT(—oo) =  0 and <£>T(+oo) =  1. 

Hence no such f i ,^2 exist.

Therefore, if £i <  ^  are real numbers such that & — 6  € D, then ^ r (fi) <

Now if the cr̂  are rationally independent, D is dense in M  and (pT is strictly

increasing. If the cr& are rationally dependent, D  =  {ni/|n G Z } ,  and for any ^ G iR, 

(£ H- i') — £ =  ^  G .D; hence, y?T(f) <  ^ T(£ +  z>). The theorem now follows.

■
Note that the function (p(£) =  ^ T(£ — £o) satisfies

0 =  -  %,(() +  ^ (£  -  £o). (2.47)

P roposition  2 .2  Let r ,  fo G JR. Then a bounded function ip : D —> JR satisfies

equation (2.47) for all £ E D if  and only if  (p(£) =  <£t(£>£o) for all £ G D.

Proof. See Proposition 5.2 in [7].

■

Corollary 2.2 Assume that the {ot}t=i are rationally dependent, with v as in D = 

[nv\n  G 2Z}. Then for each integer n, the function (pT is constant on the interval 

(nv, (n +  l)z/).

P roof. See Corollary 5.3 in [7].
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Now that we have the functions

y(£) =  yr(£,£o) =  yX£ -  Co) (2.48)

which satisfy

0 =  Lp(£) — y(£) +  /iT(C — Co), (2.49)

we now state when these functions satisfy the nonlinear equation

0 =  Z/p(() -  /M C )). (2.50)

In particular, we determine the relationship between r  € [0,1], £0 G IR, and the 

detuning parameter a.

Recall tha t A is a set valued function. Since f{u) = u — h(u — a), we want

hT(C — Co) € h((/?(C) — 0)5 (2.51)

for all £ € D. Suppose

y(£) <  u for £ € ( - 00, £0) D D, y(£) >  u for £ € (£0, 00) A D. (2.52)

Now suppose £ is such that £ € D\{£o}. Then (2.51) holds. Thus, if £0 0  D, then
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(2.51) holds for all £ € D, and hence <p satisfies (2.50) for all Ç E D. On the other 

hand, if £o € D, then cp satisfies (2.50) if and only if (2.51) holds at £ =  £0- So 

satisfies (2.50) if and only if

t  € h{(p{£0) -  a) = h{(pT{0) -  a).

First le t’s discuss the case when the {<Jk}k=i are rationally dependent. Recall 

th a t we are assuming tha t £o G D. Also recall that, by Corollary 2.2, (pT is constant 

on each interval (nz/, (n +  l)z/), between the points of D. One way for (2.50) to hold 

is if ipr {0) =  a. In this case, the function (2.48) satisfies both inequalities in (2.52), 

by Theorem 2.4, and consequently is a solution of (2.50). Another way for (2.50) to 

hold is if ^ t(0) <  a. Then we must have r  =  0. Thus y(£) =  y?o(£,£o) =  %>-(£ — £o)- 

This implies tha t the first inequality in (2.52) holds. We also need the second to hold. 

The second inequality in (2.52) holds if and only if it holds at £ =  £0 +  tha t is, if 

and only if

& <  <P(£o +  %/) =  y - M  =  P+(0), (2.53)

where (p-(u) = <^+(0) because <^_(£) =  y>+(£) is constant on each interval (nz/, (n +  

l)z/). Thus we have the solution y?(£) =  y_(£ — £o) as long as

y_(0) < a < ^+(0). (2.54)
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Note that, with (2.54), </?(£) =  y>+(£ — ^0) is also a solution to (2.50). Since y  is 

constant on each (nz/, (n +  l)z/) interval, <£>+(£ —£o) and y _ ((  —^o) are equivalent, i.e., 

^ + ( ^  — Co — ^ )  =  lt>— (C  — C o )  • Thus we have two families of solutions, y ( C )  =  ^r(C —C o )  

when yjT(0) =  o, and <^(C) =  ^ ± ( C  “  C o ) .

Now le t’s discuss the case when at least two are rationally independent. 

Again we assume Co € D. Using the same argument as in the case which the {04, } ^  

are rationally dependent, we have that <p(C ) =  ^ ( C  — C o )  when (̂ T(0) =  a, y ( C )  =  

y _ ( C  — C o ) ,  and y ( C )  =  <^+ (C  — C o )-  Note that here, however, the families containing 

y ( C )  =  y _ ( C  — C o)  and y ( C )  =  y + ( C  — C o )  are distinct. This is the result of the strict 

monotonicity of y .  Thus y ( C )  =  ( / p + ( C — C o) cannot be obtained from y ? (C )  =  y _ ( C — C o)  

by a simple translation (and vise versa). Also, the solution ^ T ( C , C o ) ,  with v?r(0) =  a, 

is not equivalent to either < ^ ± ( C  — C o ) .  Therefore when Co G D, three distinct families 

of solutions satisfy (2.50) when a satisfies (2.54).
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C hapter 3 

N U M E R IC S

The goal of this chapter is to present the numerical methods used to solve the 

discrete traveling wave equation (2.9). The results of this chapter were presented in 

[10].

This chapter consists of four sections. In the first section we state clearly the 

problem that we solve numerically. This includes specifying asymptotic boundary 

conditions, a phase condition, and the methods used in solving our problem. In the 

first section, we also discuss the problem in terms of the cases c =  0 and c ^  0. 

The first section concludes with a clarification of monotonicity constraints and the 

equidistributed mesh which they create. The next section discusses convergence of 

the numerical methods that we use. In the third section, we present actual results 

obtained. The waveforms, <p, are presented in graphical form. In the last section of 

this chapter, we compare our numerical results with our analytic results from Chapter 

2 .
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3.1 N um erical M ethods

This section begins by discussing how we represent the traveling wave equa­

tion (2.9). The first step is to truncate the infinite interval and employ asymptotic 

boundary conditions (see [2, 5, 12, 22]). Next we discuss the discretization of the trav­

eling wave equations on the truncated interval. In particular, we consider a spline 

collocation scheme using piecewise cubic C 1 Hermite polynomials. We present an 

explicit representation of the system to be solved. Since the waveform is known 

to be monotone (see [7, 26]), we impose monotonicity constraints, which provide a 

natural mechanism for equidistribution of the mesh. After applying the asymptotic 

boundary conditions, a phase condition, and the collocation discretization, we solve 

the nonlinear system using Newton’s method. Several different techniques for solv­

ing the resulting linear systems are considered, including Jacobi, Gauss-Seidel (GS), 

and Successive Over Relaxation (SOR). When the wave speed is not zero, we need 

to find the correct detuning parameter a. We use and present an adaptive quadra­

ture method to approximate the integral term in equation (2.25). For the rest of 

this chapter, we assume =  0 for k > 1, oq, =  ct, where 0 <  a  G IR, and 

L n<p(£) := L(p({) = a  E L ifa tÉ  +  crk) +  y (f  -  crk) -  2y(()] (reca11 that m i =  n )-
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3.1.1 T he problem

Let T_ be the lower value and T+ be the upper value at which we truncate the 

infinite interval. Let J  = [T_,T+]. Also let — cy'(f) =  Lnip(Ç) — f  (tp(£)) hold for T_ < 

£ <T+. Now we choose asymptotic boundary equations such that </?(£) is continuously 

differentiable for £ < >  T+; i.e., and ^ ( T + )  =

for i = 0,1. We implement the asymptotic boundary conditions using the method 

described in [2]. In particular, the asymptotic boundary equations are defined as

</?(£) =  /c+e"A+e +  1, £ >  T+ and <p(f) =  Ac_eA"e, (  <  T_, (3.1)

where k± £ IR and A± > 0 are chosen so that is continuously differentiable for 

f  =  T±.

Given a mesh

T - =  Ç_j_ <  C-J-+1 < - , - <Co =  0 < - - - <  0 + - i  <  Cj+ — 7+j (3-2)

with meshsize /ifc =  &+i -  we write cpk % ^(& ). In our computations, we approx­

im ate ip'k to second order by

, ^  hfc_i( f̂c+i — ipk) hkjtpk — (Pk-i) 
î >k hk(hk +  hk~i) hk~i {hk +  hk~i)

(3.3)
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Since the difference operator L n may consist of any shifts such that 

^2k=i =  1, we employ interpolants to evaluate the difference operator. In particular,

we consider the collocation scheme for solving (2.9) based upon piecewise cubic C 1 

Hermite polynomials

SfcK) = ~  &) +  Cfc(C — £fc)2 +  C G [Cfc,Cfc+i]

where

3(^fc+i — <Pk)/hk — — y  l+ i
hk

ip'k +  (p'k+i — 2{y>k+i — <pk)/hk
hi

(3.4)

Note th a t given (3.3) and (3.4), the bk, ck, and dk are all represented in terms of the

Ofc-

Now let

s(0  = <

S k(ti), (  G k = - J - , . . . ,  J+ — 1,

K-ex~t, (  <  T _ ,

K+e~x+t  +  1, £ >  T+.

We want to solve for a particular translate, since all translated versions of the solution 

are equivalent. We do this by setting a phase condition. In fact, we pick the classical
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phase condition, y(0) =  a, as in Chapter 2. Then our problem (2.9), with boundary 

conditions y>(—oo) =  0 and y>(oo) =  1, is approximated by the collocation scheme

-  /(S (& )), & =  -  J _ , . . . ,  - 1 , 1 , . . . ,  J+ -  1,
(3.5)

S'(<o) =  a-

This gives us J_ +  J+ — 1 equations in the J_ +  J + — 1 unknowns,

G — J _  •) • • •  i CL— 1 ) CL\ ) • • • ) — 1 *

If we write the solution to (3.5) as G(u) =  0, where 

â =  (g_j_, . . . ,  a - i ,O i , . . . ,  0 /+_i), a Newton iteration then has the form

—DG(âj )Sj = G{&), 

âj+1 =  âj +  6j ,

where DG(& ) is the Jacobi an of G evaluated at ôJ.

Since the waveform is monotone, we enforce monotonicity conditions to obtain 

accurate approximations of L n<pk- Sufficient conditions for preserving monotonicity 

have been obtained (see [13, 19] and the references therein). The conditions are

( ¥k+i — <Pk\ ( V k  — _ n

9k := ip'k —------ <  3, Vit := <p'M ----- —------ <  3. (3.6)
Vk+l — Pk Pk+l — Vk
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We enforce the monotonicity conditions by approximately equidistributing the values 

of Ok and ipk in (3.6) starting from a uniform mesh by locally halving or doubling the 

mesh. We update the mesh using the interpolated values after each Newton iterate.

3.1.2 Zero W ave Speed

As we have shown in Section 2.3, in contrast to the traveling wave equations 

for the continuous case (2.6), the traveling wave equations for the discrete case (2.9) 

have standing wave solutions for a continuum of values of the parameter a. In fact, 

for c =  0, a € [1/2 — 7 ,1 /2  +  7 ]. When c =  0, (2.9) reduces to a strictly algebraic 

problem,

0 =  !„¥>(£)

as opposed to (2.6) which reduces to a second order differential equation,

0 =  €(p"{£) -

If we impose the classical phase condition and neglect the equation centered at £ =  

0, then the structure of the Jacobian is identical to the structure of the Jacobi an 

without a phase condition. Neglecting the equation centered at y(0) is legitimate 

when the waveform is symmetric (as it is for a = 5) or nearly symmetric about £ =  0, 

because we need only satisfy an inclusion at £ =  0. In one-dimension, at £ =  0, 

a((p(<7 ) +  y>(—cr) — 2a) 6 (a -  l ,a )  is the inclusion that we wish to satisfy.
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3.1.3 N onzero W ave Speed

In analogy with the case of zero wave speed, for nonzero wave speed, we enforce 

the classical phase condition, y(0) =  o, and neglect the equation centered at £ =  0. 

Again, the structure of the Jacobian is preserved, and the differential inclusion may

y'(0) G (o — 1, g) is the inclusion that we wish to satisfy.

When the wave speed is nonzero, we need to compute, a priori, the value of the 

detuning parameter a as a function of the wave speed c. This is done using an adaptive 

quadrature scheme based upon the composite trapezoidal rule to approximate the 

integral term

Step halving and step doubling is used to control the local error in the quadrature 

approximation starting from s =  0. The end point of the integration is determined 

by integrating until the integrand is sufficiently small and the global error in the 

quadrature is proportional to the error tolerance for G.

3.2 C onvergence o f Iterative M ethods

We employ iterative solvers to solve the linear systems. Since the elements of cr 

are fixed and the mesh is typically nonuniform, we do not expect uniform band widths 

in the Jacobian, —DG(a). In particular, we expect the bandwidth to be large near

or may not be satisfied at £ =  0. In one-dimension, at £ =  0, a((p(a) +  y (—cr) — 2a) +
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C =  0 and smaller near T+ and T!_. In the discretization of the Laplacian, the S  

th a t are evaluated at shifted points require four mesh points each to evaluate them. 

There are 2n shifted points in each equation. The S'(^k) term requires three mesh 

points to evaluate it. Since the mesh point at which S(&) is evaluated, is one 

of the mesh points at which S r(£k) is evaluated, there are at most 8n +  3 nonzero 

elements in any row of the Jacobian. In order to analyze the convergence of the 

Jacobi, Gauss-Seidel, and SOR methods, we present some background material on 

the convergence of iterative methods. Subsequently, the convergence of these methods 

for our particular cases of zero and nonzero wave speed is analyzed.

Let —DG(&) = M  — N. We solve for in the Newton iteration using the 

m atrix splitting iteration scheme

M<%+i =  +  (3.7)

Let —DG(âj ) = D — L — U, where D  is diagonal, L is strictly lower triangular, and U

is strictly upper triangular. For the Jacobi method, M  =  M jac = D  and N  =  N jac =

L +  U. For the SOR method, M  =  Mu =  — L and N  — Nu =  (L — 1)D +  U for

a; 0. Note that the Gauss-Seidel method is SOR with u  =  1; thus M q s  = D — L 

and N q s  =  U.

D efin ition  3.1 A matrix A =  (atJ) € JRnxn is diagonally dominant if  

I Oft I >  |Oy | fo r i  = 1 , . . .  ,71.
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D efin itio n  3.2 A matrix A  € iRnXn is an M-matrix if

• an > 0 for  i =  1 , . . . ,  n,

• aij < 0 for all i ^  j ,

• the spectral radius p{D~l {L +  U)) < 1, and

• the entries o f D ~l (L +  U) are nonnegative.

P ro p o s itio n  3.1 I f  —DG(âj ) is an M-matrix, then the Jacobi and SOR (for uj € 

(0 ,1]) iterative methods converge.

P ro o f. See Hackbusch [17], pp. 160-163.

■

D efin itio n  3.3 Let A  £ ]Rnxn and le tB  = |D| —|A—D| where \C\ denotes the matrix 

whose entries are the absolute values of the corresponding entries of the matrix C . 

The matrix A  is called an H-matrix if  B  is an M-matrix.

P ro p o s itio n  3.2 I f  —DG(&) is an H-matrix, then the Jacobi and Gauss-Seidel it­

erative methods converge.

P ro o f. See Hackbusch [17], pp. 163-164.

■
We now investigate the structure of the Jacobian, —DG(à). For simplicity, we 

consider the case of a linear interpolant and the approximation (^j+i — <Pj-\)l(hj +
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h j- i)  for the derivative <pj. The Jacobian using the cubic interpolant may be obtained 

as a perturbation of the Jacobian analyzed here.

T h e o re m  3.1 Given a mesh let uj1- = — Gi — £k, where denotes the

left mesh point in the interval containing £_/ — cr,-, and x) — +  cr, — where £/

denotes the left mesh point of the interval containing £j +  <7, . Assume that piecewise 

linear interpolation with a first order approximation of the derivative, the classical 

phase condition, and asymptotic boundary conditions are employed. Note that

< 3 - 8 >

where Ij denotes those values of i for which Çj — <7,- € fô - ijf j) -  Then —DG(a) is an 

M -matrix if, for all j ,

-  <  0 . (3.9)

Otherwise, —DG(a) is an H-matrix if, for all j ,

2|c|
hj +  h j-i

<  1. (3.10)

P ro o f. To prove that —DG(a) is an M-matrix given condition (3.9), here it is 

sufficient to show tha t -D G {a)  is diagonally dominant. Since we are using linear
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interpolants, the terms multiplying a  cancel and since -D G (a ) jj^ i  < 0, the term 

multiplying c in | — D G ( a ) j j - i \  cancels with the term multiplying c in | — D G ( â ) j j +i\. 

Since /'(£,•) =  1 for ^  0, —D G ( â )  is diagonally dominant.

To prove that —DG(â) is an H-matrix given (3.10), note that, in this case, the 

terms multiplying a  cancel, but the terms multiplying c do not.

■

R e m a rk  3.1 When c =  0, Theorem 3.1 shows that —DG(â) is an M-matrix, thus 

—DG(â) is an M-matrix for |c| sufficiently small

R e m a rk  3.2 The contraction factor for the Jacobi method when c =  0 increases to 

1 as ex —► oo.

C o ro lla ry  3.1 I f  the Jacobi iteration converges, then Newton’s method using the 

Jacobi method to solve the linear systems converges. Similarly, i f  for a value of u  the 

SOR iteration converges, then Newton’s method using SOR converges.

P ro o f. See Ortega and Rheinboldt [24], pp. 321-332.

■

3.3 N u m erica l R esu lts

In this section, we present the results of some numerical experiments. All of 

our calculations were obtained on a Silicon Graphics Indigo2 workstation using double
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precision (i.e. machine epsilon t M % 2.2 * 10~16). We set tolerances for Newton’s 

method and the iterative method, and upper and lower tolerances for the values of 

6 and ip in (3.6). We employ inverse tangent and hyperbolic tangent functions as 

initial guesses. All computations were performed using Gauss-Seidel as the iterative 

method, although similar results were obtained using Jacobi, and SOR.

In Figure 3.1, we plot waveforms obtained for a  =  | ,  c =  0, and various 

values of a and a. Using the same values of u employed in Figure 3.1, we choose 

the param eter a to be slightly smaller than |  +  7(<J, a) (see (2.25) and (2.27)). For 

Waveform 1, we set cr =  (1,0 ,0) and a = 0.78; for Waveform 2, we set a = ( ^ ,  0)

and a = 0.71; for Waveform 3, we set a = ( ^ ,  -̂ =, ^=) and a =  0.68; for Waveform 4, 

we set cr =  ( | ,  | ,  ^ )  and a =  0.65; and for Waveform 5, we set a = (^ -, ^ )  and

a =  0.64. The results obtained are consistent with the results in Section 5 of [7] that 

show tha t ip is piecewise constant when the elements of a are rationally dependent. 

In particular, for c =  0 and a =  (1,0,0), ( ^ ,  ^ , 0 ) ,  and (-U ,-U ,-U ), we expect the 

waveform to be constant on the intervals (ku, (k +  l)zv), k € 2Z, with zv =  1, and 

respectively. As such, we have chosen the initial mesh to include those values 

of kv  contained within the interval [7L,T+]. Note that the waveforms appear to be 

symmetric even though a ^  When the elements of cr are not rationally dependent, 

the waveforms should be strictly monotone, although computationally the numerical 

approximations of the elements of cr are always rationally dependent.
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F ig u re  3.1: Plots of waveforms for a = c =  0, and various values of a and a.

In Figure 3.2, we plot waveforms obtained for a = c =  0.01, and various 

values of a and a. Note that since the waveforms become independent of cr as c —» ±oo 

we have chosen c relatively small in magnitude to highlight the dependence on a. 

Using the same values of a employed in Figures 3.1 and 3.2, we choose a =  a(a, a, c) 

(again see (2.25) and (2.27)) that corresponds to the particular value of a. For 

Waveform 1, we set a = (1,0,0) and have a % 0.7884; for Waveform 2, we set 

a = (4=, ^=,0) and have a % 0.7223; for Waveform 3, we set a =  (7 5 » 7 5 » 7 5 ) and 

have a % 0.6887; for Waveform 4, we set a =  (5 , 5 , 7 ^) and have a % 0.6545; and for 

Waveform 5, we set <r — (7 2 ? 7 ^, 7 ^) £tnd have a ~  0.6411.

W a v e f o r m
W a v e f o r m
W a v e f o r m
W a v e f o r m
W a v e f o r m

-4 - 2
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F ig u re  3.2: Plots of waveforms for a  =  | ,  c =  0.01, and various values of g and a.

3.4 C o m p ariso n

We begin by examining at the c =  0 solutions. In Figure 3.1, Waveforms 1, 

2, and 3, are the numerical solutions to (3.5) when g  =  (1,0,0), g  =  (^=, 0), and

cr =  (^=, ^ ) ,  respectively. The elements of these three g  are rationally dependent.

Recall th a t we showed in Section 2.3 that if we assume that the Gk are rationally 

dependent, with u as in (2.4), then for each integer n, the function ip is constant on 

the interval (nzv, (n +  l)z/). Thus the analytic solution is constant on intervals of width 

i /  =  1 for g  =  (1,0,0), intervals of width z/ =  ^  for <7 =  ( ^  0), and intervals

of width 1/  =  for <7 =  ^  The numerical and analytic solution seem to

Waveform 1 
Waveform 2 
Waveform 3 
Waveform 4 
Waveform 5

4 - 2 0 2 4
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agree in these three cases.

The last two curves in Figure 3.1, Waveform 4 and Waveform 5, have elements 

of o tha t are rationally independent. For Waveform 4, where a =  (5 , 5 , ^ 3), \  and 

-j= are rationally independent. For Waveform 5, where cr =  (^=, ^=, ^=), all three Gk 

are rationally independent. Recall tha t in Section 2.3 we showed that if any two of 

the G k  are rationally independent, then ip  is strictly increasing. Again we see that we 

have some agreement between the numerical and analytic solutions. However, for the 

numerical solutions, we can only use “computer numbers” and consequently the <7*, 

are not truly rationally independent.

For the c ^  0 solutions, recall that Theorem 2.2 states that p  is strictly 

increasing. This is true for all cr. The waveforms in Figure 3.2 are strictly monotone 

for c 7̂  0, which is consistent with the analysis. However, the waveforms are obviously 

perturbations of the waveforms obtained in Figure 3.1 for c =  0.
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C hapter 4

C O N C LU SIO N S A N D  FU T U R E  W O RK

4.1 C onclusions

In the first half of this thesis, we defined an infinite lattice discretization for 

the reaction-diffusion equation. We then developed and extended the analysis that 

J. Cahn et al [7] carried out for the nearest neighbor discretization of the reaction- 

diffusion equation. After converting the equation into a traveling wave equation, we 

then presented the analysis and derivation of a traveling wave solution to our traveling 

wave equation for two cases, when c ^  0, and when c =  0.

In the c /  0 case, we constructed a solution, <p, and a relationship F between 

the wave speed c and the detuning parameter a of the reaction term / ,  for a piecewise 

linear / .  We showed that ip(£) is strictly increasing on M, continuous in both £ and 

c, and analytic in c. We also showed that Dcip(£,) is bounded. We showed th a t F is 

odd in c, analytic in c, and discontinuous at c =  0. The discontinuity in F turned out 

to be the interval of propagation failure for the solution of the discretized equation.
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We also saw tha t the range of propagation failure depended on the direction of <r, the 

normal vector to the wavefront, as well as the rational dependence/independence of 

the elements of a.

In the c =  0 case, our discrete traveling wave is just a difference equation. 

We found the solution (p by taking c —> 0 for the solution of the c /  0 case. W ith 

some care, we found that such a solution is valid on all of D. The rational depen­

dence /independence of the elements of a play an even stronger role in this case. In 

particular, if the o*. are rationally dependent, then (p(£) has intervals on which it is 

no longer strictly increasing; in fact, is constant on the intervals.

The second half of this thesis consisted of numerically solving the discrete 

reaction-diffusion traveling wave equation for the nearest neighbor discretization. 

This consisted of using Newton’s method, since our problem is nonlinear. In turn, 

Newton’s method required linear solvers to solve each Newton step. We used the 

Jacobi, the GS, and the SOR methods with success. Our numerical results were in 

agreement with our analytical results and the analytical results found in [7]. While 

perhaps the numerical techniques used were not the most sophisticated, they were 

chosen to assure confidence in the results.

Reaction-diffusion equations appear in nearly every field of science. Discrete 

versions of reaction-diffusion equations are useful because they mimic the propagation 

failure and lattice anisotropy inherent in many systems. Our results are general
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enough to be applied to systems of bistable type with any propagation failure and 

any anisotropy.

4.2 Future Work

There are four main areas of future work;

• continuation of the present analysis to include smooth nonlinearities / ,

•  detailed analysis of the relationship between the wavespeed c and <7, the direc­

tion of travel,

•  stability of solutions,

•  application of our results to the nonlinear discrete wave equation, utt =  Au — 

/(«)■

To make our work even more useful and accepted, extending our results to 

general smooth nonlinearities /  is important. The Fourier techniques, used in this 

thesis to find a traveling wave solution, do not work in general for smooth / .  But 

using the numerical solver we presented, we hope to be able to understand how a 

solution behaves, which may help us in developing analytical solutions for smooth / .

W ith our infinite lattice discretization, we can study the relationship between 

the wave speed c and cr, the direction of travel more carefully. This study should 

produce a Wulff diagram of the behavior of the solution and the direction we travel
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through the lattice. From such a study we would also hope to gain further insight 

into the stability and how it depends on a.

The results from the c =  0 sections of this thesis should apply to nonlinear 

discrete wave equation, utt = Au — /(u ) , for c2 < /<" J2kLi a t, for some finite K . 

This is because for c2 <  i f  12™=! , the nonlinear discrete wave equation is of

same form as the discrete reaction-diffusion equation with c =  0.
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