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ABSTRACT

Numerous applications in sensing, radar, and long-distance communication require an-
tenna arrays with very directive beams. In order to achieve the high directivity, the array
aperture size has to be very large, which significantly drives the cost due to the large number
of elements needed on the aperture with traditional Nyquist sampling. The cost-effective
solution to this problem is by using sparse arrays, i.e. a reduced number of elements that
undersample the aperture. These sparse arrays have an average element spacing larger than
1 wavelength, and significantly reduce the cost of the antenna array. The biggest issue with
sparse arrays however is that due to undersampling, grating lobes appear in the visible region
which degrade the array performance. To mitigate this issue, synthesis approaches for sparse
arrays work to spread the energy of the grating lobes in space in order to reduce the sidelobe
levels of the antenna. In addition to the grating lobe issue, many applications in defense and
first responder operations also require real-time techniques for sparse array synthesis.

Despite decades of work on sparse antenna arrays, a cost-effective and time-efficient solu-
tion for synthesis of large sparse arrays was not available. Random element spacing removes
the grating lobes but produces large variations in element density across the aperture. In
fact, some areas are so dense that the elements will overlap. This work presents the first
solution to this problem by using low discrepancy sequence (LDS) sampling. Analytical
methods, numerical methods, statistical and probabilistic approaches, have been studied
over the years, and it is shown that none of these methods can yield a solution even close
to the true optimum. The difficulty is due to the fact that side lobe level depends on the
element spacing in a highly nonlinear manner, and in general there is no analytical method to
determine the highest side lobe level or the angular direction where the highest side lobe may
occur, unless an entire three dimensional pattern is computed. As such, the only adopted

solution thus far is based on optimization approaches which are: 1) computationally slow,

1l



2) not hierarchical, and 3) typically require amplitude and phase control over the elements
which significantly increase the cost. A cost effective sparse array uses elements with unity
amplitude and zero phase. This significantly simplifies the feed network and amplification
circuits, which reduce the cost. The only existing work that is comparable are thinned ar-
rays. However, we show that thinned arrays cannot achieve a low side lobe performance
once average element spacing exceeds one wavelength. Moreover, our proposed approach is
directly applicable to non-planar surfaces without the need for any modifications. In this
dissertation, a complete analysis of LDS methods for synthesis of large planar and cylin-
drical sparse arrays is presented. In summary the primary intellectual merits of this work
are: 1) The first cost-effective and time-efficient solution to synthesis of large sparse arrays,
with the elements having a unity amplitude and zero phase, 2) The synthesis algorithm
is based on mathematical sequences that are hierarchical, enabling real-time synthesis of
sparse arrays over planar and non-planar apertures, 3) The approach is transformative as it
promises revolutionary improvements over existing sparse analog techniques, and it applies
to a broad range of applications in electromagnetics including measurements, sensing, and

communications.
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CHAPTER 1
INTRODUCTION

In this chapter, we present the central theme, concepts, and background of this disser-
tation. We then provide the reader with a list of the main contributions of this work. This

chapter then ends with an outline and overview of the material in each chapter.
1.1 Background

Many modern day sensing applications require large antenna arrays, such as: commu-
nications, defense, and weather radar. Large antenna arrays with many antenna elements
o er high resolution, high directivity (dependent on element spacing), and robustness against
noise. With the development of the internet of things (IoT) and ongoing evolution of wireless
technology, the frequency spectrum has become more congested and busier than ever, due to
the many added users to it in recent years, particularly the WiFi (2.45 GHz) and Bluetooth
(5.8 GHz) frequencies of operation. This has led to a further utilization of antenna arrays
for wireless applications, particularly because of their high gain/directivity. Antenna arrays
are able to transmit or receive signals with a much higher signal to noise (SNR) compared to
that of a single antenna element. Antenna arrays are also desirable because of the capability
to change the phase at any element, in order to change the beam pattern of the antenna
array which can enhance signals received in particular directions and completely reject un-
wanted signals from other directions, where the degrees of freedom increase with the number
of elements in the aperture.

When it comes to design of antenna arrays, a few major considerations are:

" Array con guration

~ Spatial and temporal characteristics of the signal

" Spatial and temporal characteristics of the interfering signals



A

Intended use of the array

For the work in this dissertation, we focus on the rst and the last issue, which consists
of designing a sparse array con guration for the intended use of transmitting data with the
highest SNR/Gain for a communication system in a noisy environment. When it comes
to the array con guration, there are two parts which must be considered, the rst being
the antenna pattern of the individual elements. For a transmitting RF array, the overall
array pattern will be a function of the physical con guration of the sensors (array geometry)
and the current distribution on each of the elements [1]. In most of the preliminary cases,
the elements are assumed to be isotropic antennas, meaning that their antenna radiation
pattern's are uniform in all directions, which is that of a spherical radiation pattern. It
will be shown later, that this simpli es calculations and reduces the computation time for
calculating the radiation pattern of the antenna array. This is useful when the array consists
of many elements. It isn't until later in the array analysis, that the pattern of each of the
elements is accounted for, which will result in a more ideal and accurate radiation pattern.

The second part, as brie y mentioned in the above paragraph, is the geometry of the
array con guration (physical location of the array elements). Array geometries are divided

into three categories, which consist of:

~ Linear
~ Planar

" Volumetric (3-D)

When describing the array geometry, it's best to use the Cartesian Coordinate system,
which consists uses thex(y;z) - axis as reference. For readers that aren't familiar with
antenna array theory, note that linear arrays are arrays that reside on an axis, most literature
and work completed in this eld places the elements on the-axis, due to that it simpli es

many of the calculations. Planar arrays are elements positioned in a plane, usually in the



xy-plane. Volumetric arrays are a unique case because they consist of elements that are
located using all three axes of the Cartesian Coordinate system. These volumetric arrays
then branch o into a dierent classi cation known as conformal antenna arrays. Most
of these volumetric arrays consist of the elements being placed on a cylindrical or spherical
geometry, meaning that the antennas will need to be designed so that they can conform to the
designated geometry. This often leads to, changes in the radiation pattern of the antenna,
shift in the resonating frequency, and potentially feed network design issues. Conformal
antenna arrays will be discussed more in depth in Chapter 2.

Following the array geometry, antenna arrays are then classi ed even further by the
sampling method/spacing used to place the elements within the aperture of the array, where

the cases of interest are:

~ Uniform spacing

~

Non-uniform spacing
" Random spacing

It will be shown in later chapters that the dimensions of the array aperture, element
spacing, and the aperture geometry a ects the design of sparse antenna arrays. Take for
example, a planar array where the boundary of the array aperture and the element geometry
(square or triangular) will have an impact on the radiation pattern of the array. A planar
array can have an aperture that consists of a circular geometry but the element geometry is
either square or triangular. These core-fundamental array parameters are a central theme
used throughout this dissertation for designing sparse antenna arrays and antenna array

theory in general.
1.1.1 Motivation of Array Sparsity

There are many advantages and bene ts to using an antenna array. However, there are

some major drawbacks to using an array for any application and for some instances, there



can be strict design restraints that restrict the use of the amount of elements and aperture
size. Needless to say, the main issue on every antenna design engineer's mind is the nancial
cost to design the array. Antenna arrays are nancially costly to design, where the costs
stem from fabrication, testing, and gathering the required components for the RF chain.
An RF chain is a cascade of many electronic components, with the sensor (antenna) at the
beginning or end of the chain, which depends on if the system is meant to receive or transmit

a signal, as seen in Figure 1.1.

Figure 1.1 A generic RF chain and architecture for a transceiver system [2]

Granted, that the RF chain in Figure 1.1 is for a transceiver architecture and may be
used for a more complex application, lets examine a much simpler case, where the RF
system is designed to solely be a receiver. For the receiving architecture, the RF chain
would still consist of the antenna, digital step attenuator, multiple bandpass lIters, RF
mixer, 1Q demodulator, base band channel selector, analog to digital converter (ADC), low
pass lter, anti aliasing Iter, and if the system utilizes beamforming capabilities, then a
phase shifter at every element and a central processing unit (CPU). The majority of the

electronic components cost hundreds of dollars a piece, so an antenna array consisting of



< 100 antenna elements will be costly, let alone arrays used for defense applications that use
> 100 elements. For most commercial phased arrays, which consist of few antenna elements,
one would be looking at a price upwards of $2000 or more.

Due to the cost detriments of antenna arrays, the research area of sparse antenna arrays
has garnered the attention of many, because it is without a doubt, that large antenna arrays
are bene cial for many radar and communication type applications. The only draw back is
their nancial cost. Asides from cost, the intended application may also require a low-pro le
and low weight design structure, which is just another case when a sparse array would be
desired. Note that sparse arrays Il an aperture with elements that are widely separated from
each other in order to reduce the fabrication cost but maintain a narrow beamwidth. The
de nition of sparsity is often very broad and is thrown around loosely in many di erent elds
and applications. The IEEE standard de nes a sparse antenna array as: "An array antenna
that contains substantially fewer driven radiating elements than a conventional uniformly
spaced array with the same beamwidth having identical elements. Interelement spacings in
the sparse array can be chosen such that no large grating lobes are formed and sidelobes are
reduced" [3]. This will be the same de nition that we will use to de ne sparse arrays in this

dissertation.
1.1.2 Current Sparse Array Design Methods

In the research eld of sparse array design, the current design methods that exist and

that are frequently used consist of:
" Array thinning
" Convex optimization
" Random sampling

~ Utilize special array structures



In the realm of array thinning, a set of element® , are designated to a grid within a given
aperture where the elements are uniformly spaced by some distarcc@and then a genetic
algorithm (GA) is used to turn "o " some elements within the array and keep "on" a selected
sub-sampled set of elements], whereM < N . The motivation behind array thinning was
from the fact that it's di cult to implement sparsity on larger antenna arrays while also
achieving a low sidelobe level (SLL) [4]. When the number of elements increase, traditional
optimization methods start to become ill-equipped for solving for an ideally thinned array
[5].

Array thinning can easily be summed up as solving for a binary weight taper which is
represented by the vectok , wherex, represents the weight for the element and x,, 2 f 0; 19,
where a 0 indicates that the element is "0 " and a 1 symbolizes an element that is "on".
Thinned arrays share this same attribute that the element density is greatest in the center
of the array and will gradually decrease towards the edges of the aperture. What this
means is that the side lobes closest to the main beam will decrease while the side lobes far
from the main lobe will increase. Since the elements of the array are xed on a grid, it's
simpler to thin an array because the thinned array has™ possible combinations, where
N represents the number of array elements. Note that if the array is symmetric, then the
number of possibilities becomes much smaller. However, when the elements can be non-
uniformly placed within the aperture, the problem becomes more di cult to solve because
there are now an in nite number of possibilites for where the elements can be placed.

The idea of array thinning is easy to grasp but the methods for solving for the desired
thinned array are more complicated. Since thinning a large array for low sidelobes involves
checking a large amount of di erent outcomes for the optimal thinned aperture, exhaustive
searches will only be practical for small arrays. Optimization methods such as: down-hill
simplex, Powell's method, and conjugate gradient descent, are unsuitable for thinning the
array [4]. They can only optimize a few amount of continuous variables and are known to

get stuck in local minima. This can easily be xed by the use of a genetic algorithms (GA),



where GA has no limit to the amount of variables that can be optimized and isn't impacted
by large arrays [6]. However, they are known to be quite slow. GA signi cantly di er than
most optimization methods because they work with coding of the parameters and not the
parameters themselves, search for many points instead of a single point (as seen with particle
swarm), don't use derivatives, and use random transition rules instead of deterministic rules
[7].

In [8], GA is used on both a linear and planar array, where each array consists of 200
elements. The results support the claim that the element density is greatest in the center of
the array and decreases towards the edges of the aperture. The goal of achieving a maximum
SLL of 20 dB was achieved, as depicted in the given plots. However, all array con gurations
given use anywhere between 75% and 85% of the original elements, which in some design
cases, can be considered to not represent a high level of sparsity.

One of the most accepted and popular methods used for sparse array design is the use
of convex optimization. For more information on this approach, the interested reader is
encouraged to read the following sources [9, 10]. The research in this area approaches the
sparse antenna array design by the formulation of a convex optimization problem which is
typically an |;-minimization problem. This approach solves for the sparsest weighting vector
that satis es the given constraints in the convex problem formulation. Thd;-minimization
can be described by the following. Take for example, we are trying to design a sparse
linear array that is centered on thez-axis. TheM N array manifold matrix is given as
A =[aj;ay; ;an] for N elements. Here, the array manifold vectors are a function of the

element position on thez-axis and can be written as

a(zn):[eiLZnCOS 1.éLG cos ». -éZ*ZnCOSM]>

for M samples in the theta-space. The radiation pattern of the array can be expressed as
a weighted linear combination of the columns of the array manifold matrix by the following

weighting vectorx =[X1;X2;  ;Xn]°. A convex optimization can then be formed to solve



for the sparsestx, so that the array can reproduce a known radiation patterry so that it

satis es some error criterion . The convex optimization is de ned as

min kx k;
X

subjecttoky Axk;

which is the typical formulation for the majority of most sparse recovery problems in the
eld of compressive sensing. Note that the sparse solution will be a vector of a few large
values and many small values that are close to but not exactly zero. A threshold can be
used to set these values to zero, which indicates that the antenna element can be switched
"0 " or discarded from the array. Meanwhile, the non-zero values correspond to the kept
antennas.

Although this method is common and is proven to work for designing a sparse array
with a performance that doesn't deviate too much from the fully populated array, there are
some undesirable drawbacks. The rst, is that the element locations are xed, meaning that
locations of each of the sensors are located on a grid, and the optimized array will only consist
of elements on this grid, which doesn't utilize the entire area of the aperture for positioning
elements. This means that there's a possibility that a more optimal solution exists by placing
an element or elements somewhere o the generated grid. Another drawback, is that if an
element from the original array were to be added or removed, the problem will have to be
reformulated and resolved. Since the array manifold vectors are a function of the position
of the elements, they would need to be changed so that they can account for the new or
removed elements. This can be rather inconvenient, especially with such a small adjustment.
The nal reason is that for most of these convex formulations, they optimize the weightgy)
of the elements, which results in values that are above unity in order to perfectly recreate
the desired radiation pattern. The reason why this can be problematic is that the current
distribution will then need to be ampli ed so that the array weight can reach a value above

unity. This is typically achieved by adding a power ampli er into the RF chain, which will



then need an external power source so that the power ampli cation can be supplied to the
element. This would then increase the chain complexity, physical pro le of the array, and
cost of the array, which defeats one of the main purposes of designing sparse arrays, making
it a novel approach with the use of convex optimization but not one used often to design
and fabricate an array.

The third method used for designing sparse antenna arrays is known as random sampling,
which randomly places elements within the aperture. The way that this method works is
that the aperture size is xed, and the element spacing, is increased, so that less elements

can t within the aperture, as seen in the following gure.

@) (b) (©)

Figure 1.2 Element positions with various uniform element spacingsfor a 10 10
aperture: (a)d= =2,(b)d= ,(c)d=3=2.

It's easy to see that as the element spacing for a xed aperture increases, the array
becomes more sparse. However, since the array is uniformly sampled across the aperture,
the phenomena known as grating lobes is encountered, which is the equivalent of spectral
aliasing, except that it occurs in the spatial domain. More on this in the next section. The
way that the grating lobes are removed from the radiation pattern and the sparsity of the
array is preserved is by generatinyl random samples on the aperture, whed << N and
N is the number of elements for the fully populated array case which occurs wheés = 2.
Next to array thinning, this is one of the most commonly used methods for designing analog

antenna arrays and is the contemporary method in the eld of sparse antenna array design.



Unlike array thinning and convex optimization, random sampling avoids the use of selecting
pre-located elements on a grid and generates the elements on o grid locations. Random
sampling methods will be discussed more in depth in Chapter 3 of this dissertation.

The last type of sparse arrays that exist are known as co-arrays. However, the use of
co-arrays are used in the realm of digital arrays, which is outside of the scope and focus
of this dissertation, which focuses on the design of analog antenna arrays. However, the
interested read is encouraged to examine the following resources, if they are interested in the

digital aspect of antenna arrays [11{14].

1.1.3 The Aliasing Problem

All of the methods mentioned above share one thing in common, which is that there
are elements within the array that are spaced by distances greater than the traditional
wavelength. As shown at the beginning of the random sampling method, when a uniformly
spaced array is started with, the average minimum element spacing can be greater than
one wavelength. The array becomes more sparse as the element spacing increases, however,
aliasing then occurs in the spatial domain where this type of aliasing is known as grating
lobes. Similar to the Nyquist sampling rate in traditional signal processing that states that
certain rules must be followed to prevent aliasing in the spectral domain, antenna arrays
must also follow certain rules to prevent aliasing in the spatial domain. Nyquist sampling
theory tells us that in order to convert an analog signal into a digital signal, the signal must
be sampled at a rateFs, that is at least twice the rate of the highest frequency present
within the signal 2F, < F . If F¢ falls beneath the Nyquist rate, the phenomena of aliasing
occurs, which means that discrete time sinusoids whose frequencies!arare separated by
multiples of 2 are now indistinguishable in the frequency domain. This is troublesome
because sinusoids at higher frequencies now appear as sinusoids at lower frequencies because
we are sampling too slowly. However, [Iﬁ—OJ < % then we can expect to avoid this issue.

Like Nyquist sampling, antenna arrays are also a sampling mechanism, where in receiving

mode, they take samples of amplitudes and phases at a point in space at the location of
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each element. When the array is transmitting, the elements, assumed to be isotropic, are
represented by complex sinusoids that add up constructively or destructively in the far- eld
of the array, this is commonly known as the array factor. When the spacing of the array
elements is large, aliasing occurs in the spatial domain, resulting in the grating lobes because
copies of the main lobe appear in the radiation pattern. This is detrimental because grating
lobes are larger than the typical side lobe and take power away from the main beam and
transmit the signal at a high gain in these directions. From a communications stand point,
this can generate signi cant multi path fading and interference at the receiving end. To be
exact, grating lobes appear within the radiation pattern when the element spacing is greater
than or equal to one wavelengtid . In Figure 1.3, a planar array centered in thexy-
plane with an aperture size of 5 5 is given, where the elements are spaced by2. The
normalized power pattern is also shown, where the main beam is presented in thespace

and the main beam is steered tat =0 and v = 0.

() (b)

Figure 1.3 Planar array centered around they-plane with an aperture size of 5 5 .
The array consists of 100 elements spaced wheés =2: (a) Normalized power pattern of
the antenna array, (b) Element distribution in the xy-plane.

When the aperture size is held constant and the wavelength is increased do=
this results in a sparse array that utilizes a quarter of the original elements. However, as

mentioned before, sincel the grating lobes are heavily present within the normalized
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power pattern, as shown in Figure 1.4. By taking this approach, it's observed that when
comparing Figures 1.3 and 1.4, that there is a trade o when using uniform sampling. The
trade o is that a dense array will use many elements but have a highly directive power
pattern and a sparse array will use fewer elements but sacri ce a highly directive power
pattern for one with grating lobes. However, in recent years the eld of compressive sensing
has proven that if our signal is sparse with respect to some basis (Fourier, Wavelet, etc.) then
we can actually violate the Nyquist sampling theorem by sampling sub-Nyquist. In most
articles on compressive sensing, research has proven that when we sampled sub-Nyquist, the
probability of recovery is higher when we use non-uniform sampling methods and spectral
aliasing can be avoided [15]. Similar to the Nyquist limit, grating lobes can be removed from
the power pattern when we utilize non-uniform sampling methods for element placement
within the aperture, which was already mentioned for the random sampling case for sparse
array design. The purpose of this thesis is to go beyond the typical method of random
sampling and employ newer methods that can remove grating lobes from the power pattern

and that can still maintain an average minimum element spacing of.

(@) (b)

Figure 1.4 Planar array centered around thexy-plane with an aperture size of 5 5 .
The array consists of 25 elements each spaceddy . The new array uses a quarter of
the original elements but the grating lobes are visibly present within the power pattern:
(a) Normalized power pattern of the antenna array, (b) Element distribution across the
Xy-plane.
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1.2 Overview and Contributions

In this dissertation, a new time-e cient approach to designing sparse antenna arrays is
presented. The sparse arrays that are designed do not need to have amplitude or phase taper
which signi cantly reduces the complexity and cost of the sparse array feed network. In the
previous section, we gave a brief overview of the current methods that exist and the ones
that are frequently used for designing sparse arrays. Based on the the current methods that
exist, we develop a series of di erent techniques that use non-uniform sampling sequences
to design sparse arrays that take into account the previous disadvantages and try to solve
them, such as: element clustering, elements being stuck to a pre-allocated grid, and weight
excitations that require power ampli ers to achieve the desired excitation. These sequences
are used to overcome these issues and design a sparse array that can ultimately satisfy a set of
design constraints. Since the area of antenna array theory is very broad and many di erent
parameters are involved in an antenna array, we focus on using these design techniques
for planar arrays and conformal cylindrical arrays, where element number, aperture size,
beam steering, and aperture shape are all examples of various parameters that we consider.
We rst start o with applying these new techniques to planar arrays and then we close
by extending these techniques to conformal cylindrical arrays. An electromagnetic model
is also provided for the sparse conformal arrays on a cylindrical surface using Ansys High
Frequency Structure Simulator (HFSS).

Our contributions to the antenna society include a new:

" method for designing sparse antenna arrays by using non-uniform sampling sequences
that were used in image processing and computer science, to strategically place the
antenna elements in a sparse con guration that can eliminate grating lobes from the
power pattern and place the elements far enough away from each other so that the

array can be fabricable.
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analysis for the anti-aliasing problem in the spatial domain for 2D and 3D antenna

arrays

grid-less based approacfor designing sparse antenna arrays, in cases where the sparse

set makes up< 80% of the original set of elements

analysis for the EM model of a designed sparse antenna array to demonstrate that

these methods aren't signi cantly impacted by mutual coupling

more e cient array architecture that has a higher directivity and lower side lobe level

than the uniformly sampled array

analysisfor when to use the newly proposed methods and when to resort to an already

existing technique

perspectiveto the antenna array design problem that could lead to a better under-

standing and the development of future techniques

In Chapter 2, we give a brief overview to the reader of the basics of antenna and antenna
design theory. The way that this dissertation is di erent than a lot of the current resources
and articles on the area of sparse array design is that the majority of these sources focus
solely on the mathematical aspect of antenna array synthesis and neglect the electromagnetic
(EM) portion of antenna array design but this thesis considers the EM model. We highlight
the main antenna parameters, such as: impedance bandwidth, gain, directivity, and antenna
e ciency. After the basic antenna radiation principles and parameters are de ned, we then
provide some basic patch antenna design theory and then discuss the inset fed patch antenna,
which is used to increase matching between the antenna and the feed to minimize re ection
loss and is the antenna used for one of the designed arrays for the work in Appendix C. Our
designed inset fed patch antenna is presented, along with the impedance bandwidth, pattern

cuts for =0 ;90, and the 3D radiation pattern. We then conclude the chapter by the
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presentation of the conformal patch model and how we plan on using it to model our sparse
conformal arrays.

In Chapter 3, we provide an in depth mathematical overview of the previous work accom-
plished in this area and then discuss the mathematical sequences that previously existed and
will be used for our newly proposed methods. These sequences are known as low discrepancy
sequences because they appear random but actually have structure to them, where they are
designed to Il an interval or an aperture more uniformly than a set of random points. These
sampling techniques are proven to be bene cial because they can place elements o the orig-
inal grid, which array thinning and convex optimization can't do. The basis for using these
sampling methods, is that the element spacing of the fully populated array (array spaced by
=2) is increased, which results in a sparse representation of the array, because some of the
elements can't fall within the aperture with this increased element spacing. The remaining
elements are then re-placed within the aperture by mapping the coordinates of the elements
to the proposed sequences.

In Chapter 4, these LDS methods are used to design low discrepancy sparse phased arrays
for arrays with a square aperture, speci cally in thexy-plane. The performance of the LDS
arrays are compared not only with each other, but also with the uniform and random array
designs, where the random case randomly places the elements in the aperture, by mapping
the x and y coordinates to uniform random variables. The metrics used to analyze of the
performance of the arrays consist of: average minimum element spacing, (peak side lobe
level, directivity, and aperture e ciency. The results of the LDS arrays, demonstrate that by
using LDS sequences to map the elements to the aperture, the grating lobes can be removed
from the power pattern, the elements are placed far enough from each other so that the array
can be fabricated and avoid the e ects of mutual coupling, have a higher directivity and lower
side lobe level than the uniform and random sampled arrays. The sampling sequences are
also proven to holdup for di erent aperture shapes: circular, elliptical, and rectangular, and

can still avoid grating lobes when scanning in and in
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In Chapter 5, we provide the rst ever in depth analysis of sparse array design between
many of the existing methods and the proposed LDS techniques. The previous methods we
examine are convex optimization, array thinning with and without GA, and GA for element
geometry optimization. The chapter starts o by demonstrating the e ects of aperture
size on the LDS techniques and the e ectiveness of uniform sampling before the element
spacing approaches. The pre-existing methods are then presented and modi ed so that
they t along the lines of element selection and are compared to the performance of the LDS
methods, where we see that the LDS methods are e cient at quickly designing an array for
any sparsity level and reducing the SLL and removing grating lobes.

In Chapter 6, we see a similar structure to Chapter 4, where we extend the LDS methods
from the planar array to cylindrical arrays. We once again, compare the cylindrical array
produced with uniform sampling but only with the two methods that we found to be the
most successful in Chapter 4, which is Halton sampling and Poisson disk sampling. We
discuss and explain that as we saw in Chapter 4, the directivity of the array will decrease
with high sparsity levels, so our primary focus in this chapter is to remove the grating lobes
and lower the SLL of the cylindrical arrays with the two LDS sampling methods. The 3D
power pattern is given, along with pattern cuts in the main principal planesxy; xz;yz),
element distribution on the cylinder, and the distribution of the minimum element spacing
between elements. We show with the results that the grating lobes are once again removed
from the power pattern and that the elements avoid clustering together. The chapter then
concludes by explaining the concept of an active sector for a sparse cylindrical array and
providing an EM-model designed in Ansys HFSS for uniform and Halton LDS.

In Chapter 7, we conclude this dissertation and review the achievements in this thesis

and possible areas of future work.
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CHAPTER 2
PLANAR AND CONFORMAL PRINTED ANTENNAS

In this chapter, detailed descriptions of the functionality of planar and conformal antennas
is presented. This chapter begins with an overview of the de nition of an antenna, the
fundamental principles of antenna radiation, and the main antenna parameters that are
taken into consideration for antenna design. An example of a radiation half wavelength
dipole is also presented. We then go over the design of a microstrip patch antenna and
then one of the many modi ed versions of the microstrip antenna, known as the inset fed
microstrip antenna. Since the work in this dissertation focuses on both the planar and the
conformal case, we then conclude this chapter with the presentation of the conformal patch
antenna model on cylindrical surfaces. Due to the curvature of the cylindrical surfaces, the
radiation pattern of the microstrip antenna is a ected, so the planar model can not be used
for the conformal case, resulting in the need for a more appropriate model. Simulated results
in Ansys HFSS [16] and S-Parameter measurements are also presented for both the planar

and conformal models.
2.1 Antenna Functionality Overview

In the area of communications, two devices can be used which consist of a transmission
line or an antenna. Wired communications (transmission lines) consist of a source a point
that are connected by a transmission line where the data is sent in the form of modulated
electromagnetic (EM) waves. Wireless communication systems exclude the use of connecting
the two sources by a transmission line and use an antenna to transmit modulated EM-waves
through free space or in a medium. Both devices have their bene ts and should be used
depending on if the device is appropriately suited for the intended application. Typically,
antennas are more desirable than transmission lines when the transmission distance is large,

as shown in Figure 2.1. This is speci cally when the decay of a transmission line can be
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modeled bye ?, where is the decay constant andz is the distance from the source.
For larger distances, it's shown that the power loss of the antenna is less than that of
a transmission line, where the power loss for transmission lines decays rapidly at great
distances. However, with the development with ber optic lines, which are lossless, they can
also be used for transmission at large distances. For some communications, antennas are

necessary, such as for airplanes, ships, and personal communication devices.

Figure 2.1 Power loss of an antenna and a transmission line with a decay constant of
=0:1

Antennas are devices used to transmit or receive electromagnetic (EM) waves from a
point in space. In the transmit mode, an antenna converts a guided wave propagating on
a transmission line into an EM wave that propagates in an unbounded medium by creating
disturbances in the nearby electric eld (E- eld), as seen in Figure 2.2. Antennas are also
reciprocal devices, which means that they exhibit the same radiation characteristics for
transmission and reception (note that the only time this statement isn't true is when the
RF chain contains active elements). Antennas can ultimately be thought of as frequency
and spatial Iters, because they will reject EM signals within some portion of the frequency

spectrum and receives EM signals in other parts of the frequency spectrum, and can also
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receive signals coming from a particular direction and can also reject signals coming from

other directions, thus acting as a lter in frequency and in space.

Figure 2.2 Basic antenna functionality as a transducer between a guided electromagnetic
wave and a free space wave [2]

Antenna EM-radiation is based o of the fundamental physics of the acceleration of an
electric charge, where radiation is the emission or transmission of energy in the form of
waves or particles through free space or through a material medium. The IEEE de nition
of antenna radiation is, "the emission of electromagnetic energy from a nite region in the
form of unguided waves" [3]. This radiation is triggered by a disturbance in the EM- elds
that propagates away from the source of the disturbance. This disturbance is created by a
time varying current that has an an associated accelerated charge distribution. For a steady
(constant) ow of charge through a surface, the current is given by the following

| = % (2.1)

where Q represents charge and is the length of time. More generally, the equation for a

time varying current can be expressed as
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| = =% (2.2)

This principle can easily be explained by Figure 2.3. Prior to arrival at point A, the charge
is moving with a constant velocity and the static electric eld lines extend radially away from
the charge to in nity and move with the charge. The charge then accelerates from point A
to point B, where it continues on at the acquired velocity. The distance between the circles

r is the distance light would travel intime r =rg ra = t=c Since the charge moves

relatively slow compared to the speed of light, the circles are nearly concentric. The electric
eld lines in the r region are still joined together, because of the required continuity of
electric eld lines in the absence of charges. It can be seen in this region that the structure of
the electric eld is disturbed, from the acceleration of the charge, where the disturbance then
propagates outward at the speed of light. The main purpose/takeaway from this example is
for the reader to understand that accelerated charges radiate. The acceleration of the charge
is caused by the change of speed or change of direction of the charge. For an antenna, this
acceleration is caused by charges moving back and forth on a wire, or due to some source
generator that incites an oscillation of charges. The charge's direction is reversed at the ends
of the wire, which in return, results in radiation from the wire. The analogy that can be used
to explain how an antenna emits EM radiation is the disturbance made when an object is
thrown in still waters, where the surface of the water begins to radiate out radially from the
point of where the object was thrown into the water. The other analogy that can be used
to describe antenna functionality is credited to Leonardo da Vinci, who compared antenna
radiation to the way that waves move across a eld of wheat, where the eld rst starts out
at a stand still, and then a blowing wind creates a propagating wave across the tops of the
stalks of the wheat [17].

The simplest antenna design that brings together the concepts of accelerated charge,

alternating current on a wire, and EM-radiation would be the half-wavelength dipole antenna,
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as shown in Figure 2.4. The dipole antenna originates from an open-circuited transmission
line, where the ends of the line are bent so that the length is approximately, where is

the wavelength at the operating frequency of the antenna. Note that the key to making the
antenna radiate, is the alternating current (AC) on the line, where the bends at the end of
the transmission line, cause for the electrons of the induced AC source to accelerate, thus

creating the disturbance needed, to create a propagating EM wave.

Figure 2.3 Radiation induced by an accelerating electric charge that causes a disturbance
in the nearby E- eld lines [17]
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Figure 2.4 Basic functionality of a dipole antenna, where the radiation emitted from the
ends of the wire due to an oscillating charge [17]

2.2 Antenna Parameters

Antennas are devices that have a great deal of parameters that are used to describe their
characteristics and their performance. The list of antenna parameters include: frequency
& wavelength, radiation pattern, polarization, impedance, bandwidth, directivity, gain and
scanning. For the purpose of this dissertation, we will omit discussion on antenna polarization
because it's outside the scope of this work. There are many papers and articles that are
available that discuss the topic of antenna polarization and the interested reader is referred

to the following sources [18{21].
2.2.1 Frequency & Wavelength

The simplest of all the antenna parameters is the frequency and the wavelength of the
antenna. The frequency of the antenna is often referred to as the operation frequency of
the antenna, which is the center frequency of the bandwidth (bandwidth describe in later
section) of the antenna, often referred to ak;. The wavelength can can easily be found by

the following equation

| o

(2.3)

—
o
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wherec represents the speed of light in free space. Wavelength is often an important param-
eter because it relates directly to the design dimensions of the antenna, as shown with the

half-wavelength dipole example in the previous section.
2.2.2 Radiation Pattern

One of the most important performance parameters used to determine the antenna per-
formance and characterize the antenna is the radiation pattern. The radiation pattern or
antenna pattern is de ned as, "a mathematical function or a graphical representation of the
radiation properties of the antenna as a function of spatial coordinates (spatial distribution)"

[3]. Note that any of the following are also a suitable de nition of antenna pattern:

" A mathematical function or a graphical representation

~ Quantities that are equal or proportional to the power ux density, radiation intensity,

directivity, phase, and eld strength

" Spatial distribution over any surface or path

The radiation pattern of the antenna shows the variation of the radiation with respect to
the angle around the antenna, where Cartesian Coordinates are used to depict the geometry
of the antenna and the pattern is given in polar coordinates which uses the elevation and
azimuthal planes as references, governed byand respectively.

When the antenna is receiving, the radiation pattern will indicate which directions and
how strongly the antenna can receive EM-waves from. In transmission mode, the antenna
pattern will indicate the directions and the intensity that the antenna will transmit EM-
waves in. As mentioned before, antennas are reciprocal devices so their radiation pattern
will tell be the same for transmitting and receiving.

Antenna radiation patterns are given in dB and are given in one of three forms: a 3D
pattern depicted in Cartesian Coordinates, slices from the 3D pattern for some slice in

over a range of theta, or some slice inover a range of . Two slices of interest are the slices
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that give us the x-y plane and thex-z or y-z planes (depending on the antenna orientation).
These slices are important because from basic EM-theory, we know that a transverse EM-
wave consists of an E- eld and magnetic eld (H- eld) that are perpendicular to each other
and continuously oscillate in a plane. So by collecting these slices, we can exclusively examine
the E and H planes of the antenna radiation pattern. By using these three ways to view
the pattern, we can also classify di erent portions of the antenna pattern. The rst being
the main beam or main lobe of the antenna, which is the direction of maximum radiation,
given by ( o; o). Antennas will also have a side lobe region, which are known as the lobes
or the region that doesn't include the main lobe. The last lobe, being the back lobe, which
is directly opposite of the peak direction of the main lobe. Whether in transmit or receive
mode, an antenna will transmit or receive a signal in the directions of these lobes, so it's
important to minimize the level/radiation intensity of the antenna in these directions.
Antennas can be categorized based on their type of radiation sources, such as: current
elds and aperture elds. For current elds, a time-varying current is owing in the con-
ducting wires, which gives rise to radiated EM elds, as shown in Figure 2.4. For aperture
elds, the EM elds across the aperture serve as the sources of radiation, however, note that
the aperture elds are induced by time-varying currents on the surfaces of the antennas. A
particular type of aperture antenna is the microstrip patch antenna, which will be described

in the next section.
2.2.3 Impedance & Bandwidth

The next couple antenna parameters used to evaluate antenna performance are the
impedance and the bandwidth of the antenna. The bandwidth of an antenna can be de-
ned as the range of frequencies over which the antenna parameters are acceptable. From
the half-wavelength dipole example, we saw that the dimensions of the antenna are chosen
by some operating frequency,. So by changing the dimensions of the antenna, we can
shift our operating frequency to higher or lower frequencies by changing the dimensions of

our antenna. By using Equation 2.3, we see that smaller antenna dimensions will result
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in a higher operating frequency and bigger antenna dimensions result in a lower operating
frequency. Note, that Equation 2.4 is usually a rough estimate for calculating the length of
the antenna, but other factors such as: antenna material, material of the medium the wave is
travelling in, thickness of the antenna, all play a factor in the resulting operating frequency
of the antenna.

Antenna bandwidth can't be talked about without also discussing the antenna impedance.
The impedance of the antenna refers to the input impedance at the antenna terminals, which
is the point where the feed or transmission line meets the antenna (load). For the majority
of transmission lines, whether it be a microstrip line or a coax cable, the standard impedance
used is 50 . This then leads to the topic of impedance matching. The antenna must be
designed so that it has an input impedance of 50 for some operating frequenty, since
the impedance of the antenna is a function of frequency. If the antenna impedance isn't that
of the 50 line, then there will be a impedance mismatch and the traveling wave on the
transmission line will be re ected back to the source. In order to ensure that the antenna
will receive/transmit at a fo, the antenna should be designed and optimized so that its
impedanceZ, will match the impedance of the line so that re ections will be minimized.
The re ections of the wave for the antenna as a function of frequency is characterized by
the re ection coe cient ( f). Equation 2.4 is used to calculate the re ection coe cient for
some frequency , whereZ. refers to the impedance of the transmission line. In proper RF
terminology, the performance of the antenna relating to re ected power within the system
is referred to as the scattering parameters. Note that for an RF system, the paramet®y;,
indicates the amount of power that makes it to the load, which directly corresponds to the

re ection coe cient, so S;; = .

(fy= ZalD)Z

= 7.0+ 7o 24)

The re ection coe cient is plotted as a function of frequency on the decibel (dB) scale,

which explains the functionality of the antenna more e ciently. It's from this plot that we
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can determine the bandwidth of the antenna. In dB scale, we see that at3 dB, half of the
power makes it to the antenna and half is re ected back to the source and atl0 dB, roughly
90% of the power makes it to the antenna and 10% is re ected back. We use thid0 dB
point to indicate the range of frequencies that the antenna parameters are acceptable, where

f; and fy, are the lowest and highest frequencies of this range respectively.

Figure 2.5S;; for 2-3 GHz

As seen in Figure 2.5, we can easily determine the valued odndf,, where the bandwidth

f = f, f, results in a bandwidth of about 240 MHz, roughly with anf, of 245 GHz.
2.2.4 Directivity and Gain

The last two parameters to be discussed are directivity and gain. The directivity of an
antenna is de ned as the ratio of power density in the direction of the pattern peak to the
average power density. Directivity is an important parameter because it tells us how much
radiated power is concentrated in a particular direction. The expression for directivity is

shown below in Equation 2.5

v o o Plo o)
PG )= Ry P(; )sindd

(2.5)

A}
0
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whereP( ; ) isthe normalized power pattern of the antenna at a given frequency, in terms of
elevation and azimuth angles and (; o) corresponds to the direction of the pattern peak.
Note that directivity is dimensionless. Directivity is often used to characterize antennas,
where antennas with lower directivity are often known as omni-directional antennas and
highly directive antennas are referred to as pencil beam antennas. It will be shown in a later
chapter that by placing multiple antennas in an array con guration, their antenna patterns
can add up constructively or destructively. When the elements add up constructively, the
directivity of the the array will increase. This is a fundamental idea in antenna array design.
Gain and directivity are mentioned together because the gain of an antenna is found from
the directivity. Of the total power supplied to the antenna (), a portion of it is radiated
into space Praq) and the rest if dissipated as heat in the antenna, which de nes the radiation

e ciency of the antenna as

I:)rad
= 2.6
o (2.6)
and then can be used to calculate the gain of the antenna
G= D (2.7)

which is de ned as the directivity reduced by the losses on the antenna. It's important to
note that gain does not include losses arising from impedance mismatch and if an antenna
is without dissipative loss, then for any direction, the gain is equal to the directivity of the

antenna.

2.3 Microstrip Patch Antennas

2.3.1 Patch Antenna Overview

Microstrip antennas are a special case of printed antennas, which are created by using
similar techniques to that of designing printed circuit boards. Microstrip antennas are highly

desirable because they are low-pro le devices, simple and inexpensive, can be shaped in
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various ways to satisfy certain radiation characteristics (polarization, directivity, bandwidth,
etc.), and are conformal to planar and non-planar surfaces. However, microstrip antennas
are low-power devices, have narrow bandwidth, small gain, and extra radiation occurs from
the feeds and junctions.

More speci cally, microstrip antennas are antennas that consist of thin metallic con-
ductors that are attached/boned to a grounded dielectric substrate or an insulator. The
radiation and functionality principles of the microstrip patch antenna are shown in Figure
2.6. We see that since the E- eld is vertically oriented, the magnetic current will then be
horizontally oriented, based o of a the properties of a transverse EM-wave. Since the image
magnetic current is in the same direction as the source current, the radiations from the two
currents will reinforce each other. It's this concept of equivalent currents for the responsibil-
ity of EM-radiation from the microstrip antenna. In Figure 2.6, we see another important
principle of the functionality of microstrip antennas, which is that the top conductor (patch)
has a lengthL, is long enough to sustain the E- eld such that the E- eld in the dielectric
substrate is equal in magnitude but opposite in polarity at opposite ends of the antenna.
This is desirable because the E- eld lines fringe around the patch and meet in-phase in the
far- eld, constructively creating the radiation pattern. However, there is a consequence to
this, which is brie y discussed in the gure caption and will be elaborated in the microstrip
design section. Typically, the rule of thumb that will achieve the E- eld being equal in
magnitude but opposite in polarity at opposite ends of the patch is for = =

For analysis of microstrip patch antennas, the microstrip patch antenna is oriented so
that the patch resides in thexy-plane, where the top metallic conductor is az = 0, where
the width of the patch W, goes along they-axis and the length of the patchL, goes along
the z-axis. This means that the E-plane resides in th&z-plane and theH plane is found
in the yz-plane. The mathematical analysis of the E and H planes over of a rectangular

patch antenna can be expressed by the following equations:
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Fe( ) = cos %sin (2.8)

h [
sin - sin
Fu( ) =-cos W (2.9)
> Sin
where =2 = . Plots for the E and H planes of a rectangular patch antenna with. =

W = :49 is shown in Figure 2.7.

Figure 2.6 Side view of the E- eld induced within the dielectric of the patch antenna, with
varying polarities at opposite ends of the patch. The E- eld fringes around the edges of the
patch, makes the length of the patch seem longer than it actually is [17]

Figure 2.7 Polar plot of equations 2.8 and 2.9 overfor a rectangular microstrip patch
antenna with the dimensionsL = W = :49
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Note that there are several methods of analysis used for microstrip patch antennas. The
rst being the transmission line method, which is the simplest to set up, but is also the
least accurate of the two methods. The other, is known as the cavity method, which is more
complex to set up but is more accurate. This method will be used later in the chapter for the
analysis of conformal microstrip antennas on a cylindrical surface. Despite their accuracy's,
both methods provide ample physical insight into the performance of the patch antenna.

There are four popular feeding techniques used to excite the microstrip patch antenna
which consist of: microstrip line, coaxial probe, proximity coupling and aperture coupling.
For transmission line feeds, these are the easiest of the four to fabricate and it's fairly simple
to match the antenna to the feed by controlling the inset feed position (discussed in next
section of this chapter). However, they result in a narrow bandwidth (less than 10%) and as
the substrate height increases, the surface waves and spurious feed radiation increases as well.
Coaxial feed lines are easy to fabricate and match, since they can be placed at any position
on the patch. They also have low spurious radiation, unlike the transmission line feed but
they also are narrow bandwidth (less than 10%). Coax feeds also become more di cult
to model with thicker substrates. Proximity couple feeds are easy to model and have low
spurious radiation. Proximity coupled feeds have the largest bandwidth of all the methods
(as high as 15%) but are more di cult to fabricate. Lastly, aperture couple feeds consist of
a ground plane between substrates which isolates the feed from the radiating element which
minimizes interference. They are relatively easy to model and are low bandwidth (less than
10%) and are the most di cult of the four techniques to fabricate. The geometry and layout

of each technique is displayed in Figure 2.8.

2.3.2 Microstrip Patch Antenna Design

Empirical formulas have been derived in order to determine the dimensions of the patch
antenna for a given design frequency [17]. When the patch is approximately half wavelength
long, the patch will become resonant, where the input reactance is zero. The top view of

the E- eld lines for a half wavelength patch antenna are shown in Figure 2.9, along with its
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corresponding 3D radiation pattern in HFSS. The E- eld lines in Figure 2.6 and 2.9 shows
fringing elds that extend beyond the patch antenna, making the patch e ectively longer
than its actual physical length. This results in the resonant length being slightly smaller than
half wavelength. When accounting for the dielectric constant,, a simple approximation to

nd the length and width of the patch for some frequencyf o can be found by

r
r

W = (2.11)

Cc
2fO r+1

Figure 2.8 Popular feeding techniques for microstrip patch antennas: microstrip line,
coaxial probe, proximity feed, aperture coupling. Image is used from [22]

(a) (b)

Figure 2.9 (a) Top view of the E- eld of the patch antenna, excited by a microstrip feed,
where the fringing e ects make the length of the patch seem longer [17], (b) Radiation
pattern of a patch antenna, where red indicates high intensity of the E- eld and green
indicates a less intense E- eld. The sidelobes and back lobe are also visible
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When we don't include fringing within the calculations, the resonant frequency of the
patch antenna can be approximated as

f, = Zp: (2.12)

r

However, it's more realistic and accurate to take the fringing elds into account. Shown

in Figure 2.10 is a rectangular patch antenna with the fringing regions identi ed by L.

Figure 2.10 Image of fringing elds of a rectangular patch antenna. The fringing eld
regions are shown by L. Image is used from [23]

From the new rectangular patch antenna model, we see that the e ective length of the
patch antenna is actuallyL +2 L, so the actual resonant frequency can be solved for. Note
that the increased length of the patch causes the actual resonant frequency to be slightly

less thanfy by a factor g, so the resonant frequency can be expressed as

Cc C

e = ois2 P - Y= (2.13)
where
_ fre
a= * (2.14)
0
and
h | 1
+1 1 h' %
e = f2 + r2 1+120; ’ (2.15)
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Note that h is the height of the dielectric substrate. L can then be found fromh, W, and

e Dy the following equation

(re +:3)(¥ +0:264)

L =0:41%h
(re 0:258)(% +0:8)

(2.16)

2.3.3 Inset Fed Microstrip Patch Antenna

A modi cation made to the geometry of a rectangular microstrip patch antenna is a
recessed feed line, which is used to improve the impedance matching between the antenna
and the feed line. This type of antenna is known as an inset fed patch antenna. The geometry

of the inset fed patch antenna is show in Figure 2.11.

Figure 2.11 Geometry of the inset fed patch antenna whek#, corresponds to the width of
the feed line andy, is the amount of recession of the feed line into the patch antenna.
Image is used from [23]

It was mentioned in a previous section that the disadvantage of a transmission line feed
compared to a coaxial feed is that the coax feed can be placed anywhere on the patch,
which is convenient when trying to match the 50 line to the antenna. The way that this is
achieved with a transmission line is by recessing the feed into the patch, as shown in Figure
2.11. The impedance of the patch antenna is higher at the edges of the patch and decreases
towards the center, and then starts to slowly increase past the midpoint of the patch. Figure
2.12 depicts how the normalized resistance varies for di erent positions of the feed lyg

where the input resistanceR;, in terms of yo can be expressed as
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Rin (Y = Yo) = Rin (y = 0) cos? Yo (2.17)

Figure 2.12 The normalized input resistance of the patch antenna for variations of the feed
line position yq

We can use the plot shown in Figure 2.12 to help give a rough estimate on where the
position of the feed should be when designing an inset fed patch antenna. Note that the
width of the slots wy on each side of the feed line impact the resonating frequency, where
thicker slot widths shift the resonating frequency to higher frequencies and smaller slots to
lower frequencies but are not included in the model. An di erent method that can be used
to improve impedance matching is to use a quarter wave impedance transformer. A quarter
wave impedance transformer is e ectively a separate transmission line with a particulsy,
and L4 that is placed between the feed line and the antenna so that it can match the feed
line to the antenna. However, this requires adding in an additional amount of linke,, which

increases the physical pro le of the antenna, which an inset feed preserves, since it doesn't

34



increase or decrease the physical dimensions of the antenna or feed line. A designed inset fed
patch antenna and its corresponding radiation pattern are shown in Figure 2.13. Because of
the many advantages of an inset fed patch antenna, the inset fed patch antenna will be the
basis for the majority of our work and will be used for the simulation of the designed sparse
arrays. The designed inset fed patch antenna and results will be in the nal section of this

chapter.

Figure 2.13 Radiation pattern of inset fed patch antenna at, = 2:45 GHz

2.4 Microstrip Antennas on a Cylindrical Surface

The focus of this work is not only on planar antennas, but also on conformal antennas,
particularly on a cylindrical surface. The IEEE Standard De nition for a conformal antenna
is, "An antenna that conforms to a surface whose shape is determined by considerations
other than electromagnetic; for example, aerodynamic or hydrodynamic” [3]. Conformal
microstrip antennas are used in many applications, such as: missiles, aircraft, and satellites

to name a few. It's been said in that there can be up to 20 di erent antennas or more on the
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standard military aircraft [24] and due to the amount of drag introduced by the antennas,

it's highly desired to integrate the antennas into the aircraft [25]. These examples are just
a few to demonstrate the desire and motivation for work in the eld of conformal antenna

design.

The purpose of this section is to provide a model for the E and H planes for a rectangular
patch on a cylindrical surface. We will show through conformal antenna theory that when a
patch antenna is on a curved surface, the radiation pattern will vary, compared to the planar
case, depending on the amount of curvature which is controlled by the radius of the cylinder
R. When the radius is large, the amount of curvature will be small, so the planar model
can be used. However, when the radius is small, the amount of curvature will be large, so a
new model will be necessary, so simulating the E and H planes. Note that for the analysis in
the following paragraphs, the cavity model is used for a single rectangular microstrip patch
antenna on an in nitely long cylinder.

Microstrip antennas ultimately can be considered as dielectric-loaded cavities, where the
resemble higher order resonances [23]. Despite that the cavity model is more complicated
than the transmission line mode, the elds within the substrate (dielectric between the
top and bottom metallic conductors) are computed with higher precision by treating the
dielectric as a cavity bounded by the top conductors and surrounded by four magnetic walls.
This can ultimately be thought of as an open circuit. By using the internal and external
elds, we can nd not only nd the input impedance but also the radiation pattern of the
rectangular patch on the cylindrical surface. Note that despite that this section focuses on
the cavity model, there is another method to approximate the input impedance and radiation
pattern which uses the surface currents. The interested reader is referred to [26].

It's already been shown in current literature that the curvature also impacts the resonant
frequency and the input impedance of the rectangular patch and that the resistance and
susceptance vary with the radiusk [27]. Depending on the polarization of the antenna, just

the resistance may vary. Since we acknowledge that the patch is ultimately a cavity, we
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notice that there are several modes excited from the elds. The rst set of modes are the
modes being excited by the feed, where the eld distribution on the four magnetic walls are
deduced, which results in these elds being the sources for the radiation from the patch. The
rectangular patch can also be modeled by two axial and two circumferential slots, where the
eld distribution can be found by solving the boundary value problem, where the solution is

made up of the number of modes that give rise to a set of eld distributions in the side walls
of the cavity. From the planar case, the E and H- elds can be derived from the following set

of equations

A AR . .
E (;z)=jloZok pq(,zz) pq(zf’zf)qu
p:O q:O k kpq
o X R G2) w( 5z) .9z g
0=0 g=0 k= kg, Zm Zm
R 0Gz) pol 7)
H,(iz)= | pal2) pal 2 2) 0y PP g 218
i) Opzo q=0 k2 kgq o 20 2Ro ( )
where
2 2
2= b+ L 2.19
k? = rr(1 oif )KG (2.20)
Do\ — Op Og P qz
= —_— 2.21
oa( 3 Z) 2.d cos 2 cos Z ( )
_ 1 k=0
k= 2 k60 (2.22)
and
. p U -
Gpq = Sinc o SinC 27 (2.23)
p and g are the modal numbersko =2 = ; | is the dielectric constant of the substrate; ¢
and z is the feed location; and , , are the probe extensions in and z for a rectangular

probe for the planar approximation, which is when the top and bottom metallic conductors
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of the patch reside in a single plane, compared to the cylindrical case, where the metallic
conductors wrap around thez-axis and are in multiple planes. ( = d=2R, z,, d, and R
are given in Figure 2.14. Note that the e ective loss tangentess IS used to account for the

losses in the model.

Figure 2.14 Geometry and coordinate system for the patch on a cylindrical surface model
[27]

The calculations and model are based o of a cylinder that extends to in nity in both
axial directions. By using a two dimensional Fourier transform, the boundary problem can
be properly solved, which means that the elds outside the cylinder will need to be expanded,
in order to match the known aperture distribution of a slot in the cylinder. This can be done
by obtaining two orthogonal components of the vector potentials, such as, and F,, where
A denotes the magnetic eld andF is the electric vector potential. The axial components of
the vector potentials are found by expanding the eld in the slot and radiated elds outside
the cylinder in cylindrical modes. The radiation condition at in nity indicates that Hankel
functions of the second kind are used to replaeg! , which can be seen is time dependent.
The following two equations are used to obtailA and F in the far eld, when using an

asymptotic formula for the near eld to far eld transformation
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EZ(n; ko cos )

A = n g (2.24)
kot H (koR sin ) sin ;
jkor ® .4 cosnES(n;kocos ) E*(n;kocos )
F = o | e T (2.25)
kor . koR si? H” (kgRsin ) Hy” (koR sin )

where E3(n; k;) and E®(n; k;) are the Fourier transforms of the slot eldsE3( ) and E®(z),
Hr(f)(z) is the Hankel function of the second kind anath order, and Hé”)o(z) is the derivative
with respect to the argument of the Hankel function. The far eld approximations can then

be used to nd the radiated electric and magnetic elds

E=H = jlA (2.26)
E = H =jkoF (2.27)

where is the impedance of free space. The Fourier transformed aperture elds are then
inserted into Equations 2.26 and 2.27, where the radiated far eld from each mode in the

axial slots are given by

e ko' kycos [gkozm ¢S cos 1
Ea(ti )= Vg o : (q[:zm)2 kgco(g) ]
X aj"tcosp( o)
o HP(kRsin )
w 1
2R cosp )

e jkocoszm=2

sinc (2.28)

where the upper and lower terms within the bracket are used for slots positioned at o

and =+ grespectively,and z,=2 z 2z,=2 [26]

(2.29)

From the derived E and H eld patterns, we can then use the HFSS software to verify how
the curvature of a cylindrical surface would e ect an inset fed patch antenna. The geometry

of the patch antenna and the cylinder are shown in Figure 2.15, where the radius of the
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cylinder is given asr and the total angle of curvature is 2. The E and H eld equations
indicate that as the radius of the cylinder decreases, the pattern slices for the principle planes

will broaden, ultimately lowering the gain of the antenna.

Figure 2.15 Conformal patch antenna geometry for an inset fed patch antenna wrapped
around the surface of a cylinder with radiug. The full angle of curvature applied to the
patch can be found by 2

To study the e ects of the curvature, we will vary the radius for 5 di erent cases to verify
the E and H elds distribution. We will start o with a radius of 50 mm and double it
each time, so the dierent values we will examine are = 50;100Q 200 400 800 mm. The
HFSS model for each patch and it's corresponding 3D radiation patterns are shown below
in Figures 2.16-2.20.

As shown in the 3D radiation patterns, the gain of the antenna dropped as the radius of
the cylinder increased. In Figure 2.21, we see that the E and H planes broaden as predicted,
when the radius of the cylinder is small. Meanwhile, the E and H planes for tlie= 800 mm
case are relatively unchanged, when compared to the planar case. Note that the resonant
frequency is not changed when the radius of the cylinder is varied, which will be shown in
the following section. When an angle of curvature is added, the resonant frequency will stay

close to that of the planar case, as demonstrated by the HFSS results in the next section.
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Figure 2.16 Conformal inset fed patch antenna designed fbg = 2:45 GHz (a) Conformal
patch geometry forr = 50 mm, (b) Corresponding 3D radiation pattern of the patch
antenna forr = 50 mm

(@) (b)

Figure 2.17 Conformal inset fed patch antenna designed fbg = 2:45 GHz (a) Conformal
patch geometry forr = 100 mm, (b) Corresponding 3D radiation pattern of the patch
antenna forr = 100 mm
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Figure 2.18 Conformal inset fed patch antenna designed fbg = 2:45 GHz (a) Conformal
patch geometry forr = 200 mm, (b) Corresponding 3D radiation pattern of the patch
antenna forr = 200 mm

(@) (b)

Figure 2.19 Conformal inset fed patch antenna designed fbg = 2:45 GHz (a) Conformal
patch geometry forr = 400 mm, (b) Corresponding 3D radiation pattern of the patch
antenna forr = 400 mm
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Figure 2.20 Conformal inset fed patch antenna designed fbg = 2:45 GHz (a) Conformal
patch geometry forr = 800 mm, (b) Corresponding 3D radiation pattern of the patch
antenna forr = 800 mm

(@) (b)

Figure 2.21 Conformal inset fed patch antenna designed fby = 2:45 GHz. We see that as
the radius is decreased, the E and H planes begin to broaden, which ultimately decreases
the overall gain of the antenna (a) E-planes for all ve simulated cases, (b) H-planes for all
ve simulated cases
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2.5 Antenna Fabrication

This section details the design, fabrications, and measured results for the planar and
conformal inset fed patch antennas. As the name suggests, both patch antennas will be
fed via transmission line and the intended operating frequency of both antennasfig =
2:45 GHz. The planar antenna design is straight forward, however, the conformal case is
more complicated. The conformal case will be for a cylindrical surface, with radit and
height h, where the corresponding dimensions are 2 ft and 2 ft respectively, which translates
to about :6096 meters. Both the planar and conformal case designs are for transmitting
communications systems. The coordinate system and setup of the cylinder are displayed in
Figure 2.22. Since we know our intended operating frequency, we can compute the wavelength
by using the speed of light in free space which gives us a wavelength of aboukZm. This
will then allow us to write our radius and height in terms of wavelength, which translate to

R=h=4:97.

Figure 2.22 Dimensions of the cylindrical surface and coordinate setup
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2.5.1 Planar Inset Fed Patch Antenna Design

The planar patch antenna was designed and modeled in the HFSS software. The board
used was the Rogers Duroid 5880 which has a dielectric constant poE 2:2. As mentioned
previously, the patch was fed via transmission line and was designed using the design equa-
tions and methods mentioned previously in this chapter. The geometric orientation and
designed patch is displayed in Figure 2.23. Note that since the design equations were based
o of a ground plane with in nite length, slight adjustments were made to the length, width,
and dimensions of the slots, so that the patch could properly resonate a3 GHz. These
slight modi cations were made because HFSS uses the Finite Element Method (FEM), which

yields slightly di erent results.

Figure 2.23 Inset fed patch antenna designed in HFSS

After tuning the dimensions of the patch, the simulated results indicate that the patch
was correctly designed for :25 GHz, as shown in theS;; plot in Figure 2.24. The overall
bandwidth of the antenna can be found by taking,, f, =2:4673 GHz 24320 GHz. In

Figure 2.25 (a) the radiation pattern for the antenna is displayed in the polar coordinate
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system, where is with respect to the elevation plane and is the angle in the azimuth
plane. Figure 2.25 (b) displays the radiation pattern in the two principle planes, for a sweep
over where =0 and =90, which are the E- eld and H- eld planes respectively. The
resulting gain at the pattern peak ( =0 ; =0 ) is 7:99 dB, as expected for microstrip

patch antennas, since they are known to be relatively low gain antennas.

Figure 2.24S,, for designed inset fed patch antenna. The high and low frequencies for the
bandwidth are f, = 2:4573 GHz andf|, = 2:4320 GHz

2.5.2 Fabricated Planar and Conformal Antennas

The inset fed patch antenna designed in the previous section was fabricated with the use
of a milling machine and the Roger's 5880 fabrication board. Four sets of antennas were
fabricated: two for the planar case and two for the conformal case. The fabricated antennas
are shown in Figure 2.26. The two for the conformal case were then bent to satisfy the
design constraint for the cylinder withr = h = 2 ft. Since the width of the patches and
radius of the cylinder are known, the arc length formula can be used to determine the angle

of curvature ( ;) of the patches, where the equation for arc length is given in Equation 2.30.
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Figure 2.25 Full radiation pattern and slices of the radiation pattern for the designed inset
fed patch antenna (a) 3D radiation pattern of the designed patch antenna at45 GHz, (b)
E-plane (red) andH -plane (blue) slices of the radiation pattern at 245 GHz

(2.30)

C:

w
R

The two planar patches were tested using a vector network analyzer, where the results
are displayed in Figure 2.27. The results depict that there was a slight shift in the frequency
response for theS;; parameter, where the operating frequency moved up to abouts2 GHz,
which is approximately 70 MHz o the intended design frequency. The issue with using an in
house milling machine is that sometimes the tolerance and error of the machine is unknown
and is typically higher than that of getting it professionally fabricated, which would yield
more accurate results. By using the design equations, we know that larger dimensions of the
patch antenna will shift the resonant frequency to lower frequencies, so the HFSS model was
changed, so that the resonating frequency would be at38 GHz, which when fabricated,
would shift the resonate frequency to 25 GHz. Fortunately, there was no change in the
bandwidth of the antenna, where the bandwidth of the simulated antenna was approximately

the same size as that of the fabricated antenna.
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Figure 2.26 Fabricated inset fed patch antennas

Figure 2.27S,; for simulated and fabricated antennas
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Moving from the planar to the conformal case, the last two fabricated antennas were bent
to satisfy the angle of curvature so that they would conform to the surface of the cylinder.

Images for the conformal antennas are displayed in Figure 2.28.

Figure 2.28 Fabricated conformal antennas

The planar patches demonstrated similar results fo8,;, where the resonant frequencies
for both patches was approximately the same, witliy = 2:52 GHz, as displayed in Figure
2.29.

The measured bandwidth for both patches is equal to 40 MHz and the second patch
is more properly matched to the feed line, which is likely due to the precision of the in
house milling machine. These fabrication errors are not only introduced by the fabricated
dimensions being slightly o, but because of the width of the slots on the patch. Since the
width of the slots are less than three millimeters, a ne drill is needed to fabricate the slots
with high precision. A thicker drill will lead to the edges of the slots being distorted and a
higher fabrication error.

Figure 2.30 shows that for the conformal case, there is little to no change in the frequency
response for the conformal patch when compared to the planar prototype. The conformal

antenna had a measured resonant frequency ab2 GHz and a bandwidth of 50 MHz, which
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is a 10 MHz increase compared to the planar patches.

Figure 2.29 Frequency responsé&(;) for both fabricated planar patch antennas from 2 to 3
GHz in dB. The measured results suggest that despite that the resonant frequencies were
shifted up from the desired frequency, the frequency responses for both antennas is
relatively the same

Measured results in Figure 2.31 also suggest that the patch antennas are highly sensitive
to the bending process. In Figure 2.31, we see that the frequency response of the rst confor-
mal patch is shifted down to 238 GHz, which is down 70 MHz, compared to being shifted up
by 70 MHz to 252 GHz like the other patch antennas. The measured results for conformal
patch 1 show that the antenna has a bandwidth of 111 MHz, which is almost three times
the bandwidth of the two planar patch antennas. Results indicate that resonant frequency
can be shifted by a signi cant amount, which is problematic if the patches were designed
perfectly for 245 GHz. However, the results for both conformal patches are consistent to
conclude that the introduced curvature increases the the bandwidth of the antenna, where

the bandwidth for one conformal patch increased by 25% and the other nearly tripled.
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Figure 2.30 Frequency respons®;; for planar patch 1 and one of the conformal patch
antennas. The conformal patch was designed to conform to a cylindrical surface with a
diameter of 2 ft and the results suggest that there was not much change in the frequency
response of the conformal patch. The only di erence is that there was a slight increase in
bandwidth for the conformal patch
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Figure 2.31 Frequency responsé(,) for both conformal patch antennas. The results
depict that the patches are sensitive to the conforming process, where conformal patch 1
had its resonant frequency shifted below:2 GHz while conformal patch 2 had only a slight
change in bandwidth, compared to both planar patches
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CHAPTER 3

SPARSITY IN ANTENNA ARRAYS AND LOW DISCREPANCY SEQUENCES

In this chapter, we revisit the grating lobe problem along with the necessary array theory
for the planar case, give an overview of sparse antenna arrays and discuss sparse sampling
techniques based o of low discrepancy sequences (LDS). The purpose of this chapter is to
give a formal de nition of a sparse antenna array and discuss some of the points of interest
for sparse array design, such as: element spacing, non-uniform sampling, eradicating grating
lobes, and when/how the LDS work can be used to design sparse arrays. The mathemati-
cal formulation for implementing LDS generated element lattice for sparse planar arrays is
presented. The majority of these methods are based o of the van der Corput sequence,
which will be discussed in detail to provide the reader with a su cient background to un-
derstand how to generate points in an LDS for di erent bases and dimensions. Randomly
sampling methods are also discussed, along with two sequences that aren't based o the van

der Corput sequence which include Sobol and Poisson disk sampling.

3.1 An Overview of Sparsity in Antenna Arrays

Sensing applications, such as radio telescopes, satellite communications, sonars, and de-
fense radars, require large antenna arrays. Physically large arrays o er high resolution as
well as high directivity (as long as the element spacing, or sampling remains small). Since
the array cost is proportional to the number of elements in the array, designers try to min-
imize the number of elements in the aperture. However, if the array has a uniform grid of
elements that undersamples the aperture (large element spacing), then grating lobes (extra
main beams) result due to aliasing and are predictable from theory [28]. Most arrays are
designed with an element spacing of (1 + sin ax) Or less, where is the wavelength and

max IS the maximum scan angle from broadside.
Thinned and aperiodic arrays have fewer elements than dense periodic arrays [29]. For

a dense array, thinning (removing elements from a regular grid [8]) and aperiodic spacing
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(spacing between elements are not constant [30]) mimic low sidelobe amplitude distributions
through an amplitude density across the aperture. These arrays have far eld patterns with
low sidelobes near the main beam and increased sidelobe levels farther from the main beam.
Thinned and aperiodic arrays have fewer elements than dense periodic arrays [29]. For
a dense array, thinning (removing elements from a regular grid [8]) and aperiodic spacing
(spacing between elements are not constant [30]) mimic low sidelobe amplitude distributions
through an amplitude density across the aperture. These arrays have far eld patterns with
low sidelobes near the main beam and increased sidelobe levels farther from the main beam.
Sparse arrays Il an antenna aperture with elements that are widely separated from each
other in order to reduce the cost but maintain a narrow beamwidth. The de nition of a
sparse array in both the antenna and signal processing literature is vague. For instance,
the IEEE standard de nes a sparse antenna array as [31]: \An array antenna that contains
substantially fewer driven radiating elements than a conventional uniformly spaced array
with the same beamwidth having identical elements. Inter element spacings in the sparse
array can be chosen such that no large grating lobes are formed and sidelobes are reduced.”
On the other hand, mathematics has a di erent de nition: a sparse matrix has most elements
equal to zero [32]. Sparsity of a matrix equals the number of zero valued elements divided
by the total number of elements. The words \fewer" and \most" do not specify a sharp
dividing line between dense and sparsity. It is important to note here that while these two
de nitions of sparsity are di erent, both have been used in designing sparse arrays. For
the latter, compressive sensing (CS) approaches aim at solving a system of linear equations,
forcing the solution to be maximally sparse, namely, to have the minimum number of nonzero
coe cients, with respect to an expansion basis [33]. Accordingly, CS-based methods have
been applied to the synthesis of sparse arrays by properly reformulating the design problem
as a pattern matching one [34]. The problem unknowns are the set of complex (amplitude
and phase) excitation coe cients of the \candidate" array elements, the positions of these

latter obtained through a dense sampling of the array aperture. The CS solution is the sparse
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complex-valued vector of the excitations and the positions of the array elements are obtained
as a byproduct and correspond to the candidate locations having non-null coe cient [34].
CS has been applied to the design of both linear [35], [36] and planar [10], [37] sparse arrays,
considering symmetric [35], [10] as well as asymmetric [36], [37] pattern shapes. The obtained
results have shown achieving up to 40% elements reduction with respect to regular/uniform
array arrangements. It is important to note that CS approaches don't change the de nition
of sparse arrays; but deal with minimizing the number of nonzero coe cients in the system
of equations in designing the array.

With the following de nition of sparsity, based on the IEEE de nition [31], it's added
to the de nition that: a sparse array has an average element spacing greater than If the
array has a uniform square grid of isotropic elements, then grating lobes exist when the main
beam points at broadside. Periodic sparse arrays have grating lobes with the same gain as
the main beam. A random distribution of elements in the sparse array lowers the grating
lobes to a level of the surrounding sidelobes. Low sidelobes are not an option for sparse
arrays.

Figure 3.1 distinguishes between dense and sparse arrays. Given this de nition, previous
research on sparse arrays emphasizes papers that present arrays with an average element
spacing of at least one wavelength. Sparse arrays (by the de nition above) in the literature

generally have random element spacing [38{40].

Figure 3.1 Categories of antenna array grids.
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Sparse arrays are widely used in radio telescopes and MIMO systems, as well as other
sensing systems. The Long Wavelength Array Station 1 (LWAL1) is an aperture synthesis
imaging array (20 to 80 MHz) for radio astronomy [41]. It contains 512 antenna elements
inside an ellipse that has a 100m major axis and a 100m minor axis. To reduce grating
lobes in this sparse array at 80 MHz, the elements are pseudorandomly distributed with a
5m minimum spacing constraint that results in an average element spacing of aboutis
or 1:44 at 80 MHz. The Low Frequency Array (LOFAR) Low Band Antenna (LBA) in the
Square Kilometer Array (SKA) consists of 96 dual polarized crossed dipole active antennas
operating from 30 to 80 MHz [42]. An inner array of 46 randomly spaced dual-polarized
elements have average element spacings betweeh (and 08 within a 30m radius, while
the outer array of 48 randomly spaced dual-polarized elements have average element spacings
between 08 and 17 within an annulus having an inner diameter of 30m and outer diameter
of 85m [43].

Some examples of very sparse radio telescopes include the Very Long Baseline Array
(VLBA) that has 10 parabolic re ectors that are 25m in diameter forming a total collecting
area of 19635n? [44], The Atacama Large Millimeter/submillimeter Array (ALMA) that
has 10 parabolic re ectors that are 12m in diameter forming a total collecting area of 6600
m? [45], and the Very Large Array (VLA) that has 27 parabolic re ectors that are 25m that
extend in a \Y" shape with each arm over 15km long [46].

Microwave imaging experiments were performed using an array aperture of 32(820
mm operating over 17 to 20 GHz [47]. The rst model was a fully-populated planar array of
64 64 elements on a square grid. The second model was a sparse array of randomly placed
elements. Anx-y positioner moved a single antenna to the designated element positions
in the aperture to form the dense and sparse arrays. A compressive sensing algorithm
(average sampling rate that is less than the Nyquist rate) outperformed other reconstruction
algorithms for sparse arrays having 1024, 400, and 160 antennas which correspond to 25%,

10%, and 4% of the elements in the fully populated array.
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Sparse antenna arrays with random element spacing signi cantly improve the sum rate
capacity (maximum aggregation of all the users' data rates) of a MIMO base station antenna
system [48]. The sparse array aperiodicity spreads the grating lobe (GL) energy over all the

lower sidelobes [49].
3.2 Planar Array Theory

Before we move on to discussing the grating lobe issue encountered with large element
spacing and the sampling techniques that will be used throughout this dissertation, we must
rst provide a brief overview of planar array theory.

The array element positions are expressed in the Cartesian coordinate system, where the
(Xn; Yn: Z,) positioning of the n" element as a function of angular coordinates with reference
to the elevation and azimuthal plane is represented ag{sin cos;y ,sin sin;z ,cos ).

In order to simplify many of our calculations for planar arrays, we place the elements in the
xy-plane, meaning that the third coordinatez, cos will be equal to zero for each of our
samples/generated elements within the aperture. For any arbitrary array geometry witN

elements in thexy-plane, the array factor can be represented as

AF(: )= X Wneik[xn sin cos +ypsin sin ] (3.1)
n=1

wherew, is the weight excitation of then" element,k is the wavenumber k =2 = ), and
(Xn;Yn) represent the coordinates of the" element in thexy-plane. For our work, we will
only be considering weight elements that are equal to 1 or 0, meaning that we only consider
element selection or element placement within the aperture. The interested reader is referred
to the following sources for array synthesis techniques that optimize or taper the weights for
an array [50{53]. The meaning behind the array factor is that it is the far- eld radiation
pattern of the antenna array when the elements within the array are replaced with isotropic
point sources (antennas with equal radiation in all directions). The array factor is useful

when we are designing arrays with large amounts of elements because it allows us to closely
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approximate the pattern of the array without modeling it in an EM-solver such as HFSS,
CST, or FEKO. It's not only di cult and time consuming to design large arrays in any of
the mentioned software but large EM-models take up a lot of memory and time for the solver
to run, which is why the array factor is convenient to use. However, some array structures
require for the antenna pattern to be considered in the calculation or modeling process, such
as the cylindrical case which we will see in Chapter 6.

When we plot the radiation pattern of a planar antenna array, we often do so in thev-
space. Theuv-space is used to represent a 3D model/object as a at representation of the
surface. This is the equivalent of us unwrapping thel3 radiation pattern and representing it
as a at surface. We are able to map to thaiv-spacing by substituting in for the directional
cosines as1 =sin cos andv =sin sin . Note that u;v 2 [0; 1] and the visible regionu,

for the radiation pattern is de ned as

ur , P uz+v2 1 (3.2)
3.3 Solution to the Grating Lobe Problem

It's been mentioned previously that the Nyquist Sampling theorem states that the sam-
pling rate Fs must be greater than twice the highest frequency of the signal of interest, or
else we will encounter aliasing within the spectral domain. The concept of grating lobes with
antenna arrays is very similar to Nyquist sampling theory where the rule of thumb is that
uniformly spaced antenna elements must be spaced or else grating lobes will appear in
the radiation pattern. The question that arises is can we translate these non-uniform sam-
pling methods over to antenna array theory to have element spacirg and not encounter
the grating lobe issue? In the eld of signal processing and sparse sampling, we see we can
fully recover signals without aliasing in the frequency domain by using non-uniform sam-
pling methods. Non-uniform sampling is proven to remove the aliased signals that appear
re ected about the limits of the e ective bandwidth in the frequency domain [54{57]. Since

Nyquist sampling and antenna array spacing share many similarities, we hypothesize that
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non-uniform element spacing can be used to break down the grating lobes and preserve the
main beam. We can make a fair assumption about this by comparing the Discrete Fourier
Transform (DFT) for a 1D signal and the array factor equation for a linear array on the
z-axis, where the equation for the DFT is given below

X 1 o

Ck = fed (3.3)

n=0
whereff,gn,7 is a periodic-time signal withN samples in time andg is the k' Fourier
coe cient for all discrete frequenciesk 2 f0;1; ;N 1g. For the linear array case, we
know that in spherical coordinates, thez-component is represented by cos so the array
factor (radiation pattern of an antenna array where the radiation patterns of are elements
are isotropic point sources) for an array on the-axis is given by

1

AF ()= wydmdeos (3.4)

n=0
wherew, corresponds to the complex gain (weight) of the antenna elemeiitrepresents the
wavenumber2-, d is the element spacingN is the total number of array elements, and is
the angular position in the spherical coordinate system and2 [0; ].

By closely inspecting Equations 3.3 and 3.4, we see that they are ultimately the same
equation, where Equation 3.3 is a sum of complex sinusoids that are a function of a frequency
componentk, and Equation 3.4 is also a sum of complex sinusoids but as a function of a
spatial coordinate . The other thing to notice is that both equations are dependent on
samples taken from an evenly spaced grid, where the grid for the DFT is based o of the
n=N term and the grid for the array factor is found by thend term. Since both equations
are the same but represent di erent functions (frequency or spatial domain), we can easily
imply that non-uniform methods can remove the aliasing problem for antenna arrays and
the results in Chapter 4 support this argument. The new question that arises is why do

these methods successfully remove aliased peaks/grating lobes?
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The answer to this question can easily be answered by closely examining the properties
and functionality of the DFT equation. When we obey the Nyquist theorem, we achieve the
largest sampling interval to avoid aliasing, where the sampling interval also happens to be
the reciprocal of the spectral bandwidth. We can picture the sampling frequency as a tunable
knob, where when we uniformly sample exactly at the Nyquist rate for a bandlimited signal,
we will have the bandwidth centered at frequency = 0 and the bandwidth will be in the
interval ! 2 [ ; ], where we will see spectral copies every2 . When we increasd-s, we
can expect for the spectral copies to still appear every2 , with the main copy centered at
I =0, but the e ective bandwidth to appear thinner, in proportion to the spectral interval.

So it's by sampling slower that the bandwidth of the signal will be larger in the interval
[ ; ] It'swhen we sample below the Nyquist rate that the bandwidth of the the spectral
copies will leak into the interval [ ; ] which gives rise to aliases in the spectral domain.

However, when we sample non-uniformly, the Nyquist theorem no longer holds. By using
non-uniform sampling, this allows us to sample at frequency points that are o grid (points
not generated by a set of uniformly sampled points) which breaks the periodicity of the
DFT. The DFT is ultimately comprised of a set of basis vectors of complex sinusoids with
frequencies dependent on the sampling frequency. By sampling o -grid, our Fourier basis
will consist of vectors that may not be within the original set of Fourier vectors, which allows
us in the analysis process, to preserve the spectral features of the original signal and disperse
the energy of the aliased peaks in the spectrum. So by using non-uniform sampling, we can
expect to keep the desired peak but see high side lobe levels within the frequency spectrum.

We see that by sampling o the frequency grid in terms of the DFT translates over
to placing antenna elements in o -grid positions for antenna arrays. A simple illustration
of this idea is shown in Figure 3.2, where the example used in Chapter 1 for a uniformly
spaced planar array in thexy-plane with element spacingl= . We then apply the random
sampling technique to randomly place the 100 elements within the aperture, where the o -

grid sampling is shown to successfully remove the grating lobes that were introduced with
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uniform sampling.

(a) (b)

Figure 3.2 Re-sampled planar array from Chapter 1 using random sampling to remove the
grating lobes from the radiation patter: (a) Element locations of the planar array in the
xy-plane, (b) Radiation pattern of the resulting array in theuv-space. We are able to see
that o -grid/random sampling is successfully able to remove the grating lobes from the
radiation pattern.

We can see that the random element positions shifts some of the power from the grating
lobes into the rest of the pattern. Note that random element placing is one of the most
current methods that are used for sparsely sampling an aperture but is also very ine cient
when compared to the methods that we propose later in this section and in later chapters of
this dissertation. Since random element placement is used in sparse array design applications,
we will discuss it more in depth for the next section and will compare the results for the
random methods to our newly proposed methods in Chapters 4 and 5. From this section, we
see that in order to break down the grating lobes in the radiation pattern, we need to use
sampling methods that are either random or appear random, so that we can strategically
place elements in 0 -grid locations so that we can not only remove the grating lobes but also
preserve the main beam. The rest of this chapter details methods that can achieve these
desired features and will be the methods used in Chapters 5 and 6 for designing planar and

conformal sparse arrays.
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3.4 Sparse Antenna Arrays Based on Random Techniques

Random methods for sparse array design can be de ned as any method that is dependent
on or uses random variables to place elements within the aperture without any placement
criterion. The last part of the de nition is what distinguishes methods that we consider
to be random compared to Poisson Disk Sampling, which randomly places elements within
the aperture but restrains the elements from being some distancefrom each other. For
all methods in this dissertation, uniform random variables are used to map the elements to
a location within the aperture. Note that by using random sampling or any modi cation
of random sampling as mentioned in this section, the average element spacing will increase
which not only removes grating lobes from the pattern but also results in an average minimum
element spacing close to. Even though the random methods succeed in removing the grating
lobes, there are some signi cant draw backs to using them, which is that the elements tend
to cluster together when there are many sampling points or when the aperture size is small.
Even when the aperture size is large and a few sampling points are generated, there is still
a small probability that points can be generated together that arec = 2 from each other.
This is problematic because we elements that are too close to each other will result in mutual
coupling (energy absorbed by one antenna's receiver when another antenna is close by) or

an unfabricatable array, because the elements may lie on top of each other.
3.4.1 Random Sampling

Random sampling is the most basic random method, which consists of distributing the

elements on a random lattice, which is de ned by

(Xn;¥n) = ( nXmax; nYmax) (3.9)

where |, and , are uniformly distributed random variables between 0 and 1, anl,,x and
Ymax are the maximum lattice size of the aperture irx and y. Random element sampling is

known as a hierarchical sampling method because adding an additional element, does not
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require recalculating the previous element locations, meaning that we can easily generate a
new point in the sequence. From probability theory, we know that the probability distri-
bution function of a a continuous uniform random variableX has an amplitude of;*, as

shown in Figure 3.3.

Figure 3.3 PDFfx (x) of a uniform random variable. Image from [58]

As mentioned before, we do not want for antenna elements to be placed= 2 of each
other because this gives way to mutual coupling and the possibility of an unfabricatable
antenna array. With random techniques, there is no way to ensure this, however, we can
easily determine the probability that an element will fall within a distancer from another
element.

We see, as the example of the with the unit square, that when the number of points starts
to increase, element clustering is encountered more frequently. Will lower sample numbers,
random sampling tends to not utilize the entire area of the aperture and even when there
are a large number of sample points, the aperture still isn't fully utilized, which is depicted
in Figure 3.4, for an original sample set of 50 samples, and then an increase cfabiples
and then 50 more samples added, for a total of 150 samples. In Chapter 4, it will be shown
that random sampling has a high variance for the element distribution, where some average

element spacing can be and < = 2 on the lower end.
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@) (b) ()

Figure 3.4 Distribution of random samples within the unit square for: (a) 50 random
samples, (b) 100 random samples, (c) 150 random samples. The random samples are either
too close together or too far apart from each other, which results in a wasted portion of the
aperture, mutual coupling, and fabrication complications.

3.4.2 Random Sampling with Jitter

A modi cation made to random sampling which is commonly used in image processing

is known as jitter [59]. Jitter adds a small random variation to the element location given

by

(Xn;¥n) = (X0 +  (rmax€0S(2 1)+ nfmax SN2 1)) (3.6)

where k2;y?) are the rectangular lattice,r ma is the maximum distance that the new sample
point moves from the regular lattice, and ,, and , are uniform random variables that are
distributed on the interval [O; 1]. Jitter is great at adding a small variation to the position of
an element on a uniform grid, where the distance that the element can move from its original
position is governed byrax and and the angular variation is determined by cos (2 ,) and
sin(2 ). Whenr . is su ciently large, jitter is approximately equal to random sampling,
since it allows for the elements to deviate greatly from their original positions. Figure 3.5
demonstrates the e ects of jitter with a varying rnax for 100 uniform samples on a square

grid within the unit square.
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@) (b) ()

Figure 3.5 Distribution of samples within the unit square with jitter for a varying r nax:
(@) rmax = :02, (b) rmax = :05, () rmax = :07. We see that as,,x begins to increase, the
amount variation of element results in the distribution appearing like random sampling.

3.4.3 Random Hyperuniform Spatial Arrangements

Another important category of random distributions are random hyperuniform spatial
arrangements which have been observed in di erent physical systems ranging from disordered
ground state to jammed particle packing [60{62]. Hyperuniform systems are exotic states of
matter which exploit designed disorder laying between a crystal and a liquid. A statistically
homogeneous hyperuniform points con guration i-dimensions is one in which the number
variance of N points within a spherical observation window of radiu®k grows more slowly

than RY, i.e.,

N(R) R*Y (3.7)

This is equivalent to having a structure factor that tends to zero as the wavenumber tends to
zero, implying that single scattering of incident radiation at in nite wavelengths is completely
suppressed, i.e., they don't have Bragg peaks. From an array sampling point perspective,
these types of distributions can eliminate grating lobes. Due to the random nature of these
distributions, the discussions on these hyperuniform arrangements will be limited and focus

on LDS techniques, and refer the interested reader to [60{64].
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3.5 Low Discrepancy for Sparse Array Antenna Arrays

The di erence between the uniform element grid and the randomized element grid is
mathematically known as the discrepancy. Using a low discrepancy sequence (LDS) to place
elements in an array aperture ensures that elements do not overlap while keeping a uniform
sampling of the aperture. An LDS produces a random-like equidistribution of elements using
a deterministic generating formula. Equidistributed means that if the aperture is divided
into equal subareas, then the number of elements in all subareas is the same. The aperture
discrepancy approaches zero as the number of elements approaches in nity. Random element
spacing has the highest discrepancy, because large areas of empty space as well as high
densities of elements exist within the aperture. In contrast, elements on a regular grid have
the lowest possible discrepancy. A low discrepancy element distribution appears random,
but the elements also appear to be evenly distributed across the aperture.

Discrepancy theory has its origin in a paper by H. Weyl on the uniform distribution
of sequences [65]. Dierent LDSs have been introduced from the early 1960s, including
the Hammersley point set [66], the Sobol sequence [67], the Faure sequence [68], and the
Niederreiter sequence [69]. LDSs nd their rst applications in the 1990s for numerical
analysis and integration for numerical simulation, in the elds of computer graphics [48],
computational physics [70], and nance engineering [71]. The application of LDS to the
generation of sample points for Monte Carlo sampling (i.e., the quasi-Monte Carlo approach)
is theoretically superior to a standard Monte Carlo technique.

The rst paper to apply an LDS (Hammersley sequence) to element spacing explored
sparse aperiodic spacing on a spherical array [72].The advantages of LDS for sparse phased
array design demonstrated that the Hammersley sequence maintains the large separation
between the elements, while reducing the grating lobes compared to element spacings derived
from random, pseudo-random, and uniform plus jitter sequences [73].

In this dissertation we use low discrepancy sequences to distribute elements in a sparse

planar array aperture while maintaining the following properties:

66



" Su cient elements to achieve a desired gain
" Aperture size is large enough to achieve the desired beamwidth

Elements have a minimum separation distance, so they can physically t into the

aperture and mutual coupling is not a problem
" No GLs present at maximum scan angles

" The average element spacing is greater than
3.5.1 Low Discrepancy Sampling Approaches

A Low discrepancy sequence (LDS) is a set of points positioned on a surface that lIs the
aperture/area more uniformly than an equal set of uncorrelated random points [74]. This
is done by reducing gaps between sample points but also increasing the distance between
points enough so that they don't cluster. The di erence between LDS and uniform random
numbers and quasi random sequences is that for uniform random numbers onl)Q each
trial has the same probability of generating points on equal sub-intervals. For this example,
take [0, 1=2) and [1=2;1), where it is possible forN trials to all lie on the rst half of the
interval and for the point (N + 1) to fall within the other two halves with equal probability
of 1=2. For quasi-random sequences, points are generated in a correlated manner, where the
next point in the sequence has previous knowledge of all previous points before it. This is
useful because it allows for certain constraints to be applied to the point sequence, such as a
a low-discrepancy requirement. LDS like quasi-random sequences, partitions an interval into
a grid and the sequence dances around the mid-point of the grid to ensure that the interval
is populated as uniformly as possible, and by keeping the points well enough away from each
other, which uniform random sampling fails to do. Figure 3.6 shows the points on the-
plane of a unit square for the case of uniform, random, and LDS Poisson disk distributions.

From this gure, we can see how random sampling leaves large gaps between elements and
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also has some areas where points are too close to each other, compared to the LDS method

that separates the points well enough to avoid clustering and Il in unpopulated gaps.

@) (b) ()

Figure 3.6 A generic representation of the position of points on a unit-square with

di erent distributions: (a) Uniform, (b) random, (c) LDS Poisson disk. The total number
of elements is equal in all three cases but note that the LDS method lls the space more
uniformly while avoiding too close spacings.

3.5.2 Hammersley Sampling

Before discussing Hammersley sampling, the representation of an integer in a prime base
must be revisited. Any positive integer can be represented by a prime base as
b(n)
n= a/(nb (3.8)
k=0
whereb s the prime base in which numben is representeda(n) is an integer in [Qb 1],
and L(n) is the lowest integer value that allows expressing the integer in baseb as the
summation ofL(n) + 1 terms.
It's important when discussing LDSs, to explain the van der Corput sequence, which is
what these LDSs, which is what several of these LDSs are based on. The van der Corput se-
guence was rst published by Dutch mathematician, van der Corput in 1935. This sequence

is only de ned for the unitinterval 1 =[0; 1], however, the interval can be scaled for applica-
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tions where the length of the interval is greater than one, and even to di erent dimensions,
such as the unit square and the unit cube. This is achieved by using a uniform sequence for
one coordinate and the van der Corput sequence for another, or by using multiple van der
Corput sequences with di erent prime bases for each coordinate. These methods are known
as Hammersley and Halton sampling and will be discussed later in this section. The van der
Corput sequence is expressed as

b(n)

(n)= a(mb** (3.9)

k=0
In order to explain the nature of the van der Corput sequence, the uniform set of samples
must be given as an example. For a set of uniform samples with= 16, the sample set can
be written asS = fi=16] 0 i< 169, which evenly spaces the 16 points oh at intervals
of length 1=16. The van der Corput sequence populates the unit interval, like the uniform
example, except it does it by reversing the bits in the binary decimal representation of the

uniform sequence, as demonstrated in Table 3.1.

Table 3.1 van der Corput Sequence Derivation

Uniform Sequence Reverse Binary Binary Reverse van der Corput

|

1 0 .0000 .0000 0

2 1/16 .0001 .1000 1/2

3 1/8 .0010 .0100 1/4

4 3/16 .0011 .1100 3/4

5 1/4 .0100 .0010 1/8

6 5/16 .0101 .1010 5/8

7 3/8 .0110 .0110 3/8

8 7/16 0111 1110 7/8

9 1/2 .1000 .0001 1/16
10 9/16 1001 1001 9/16
11 5/8 .1010 .0101 5/16
12 11/16 1011 1101 13/16
13 3/4 .1100 .0011 3/16
14 13/16 1101 1011 11/16
15 7/8 1110 .0111 7/16
16 15/16 1111 1111 15/16
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Equation 3.6 and 3.7 when written out, show the calculation for each point in the sequence

in the example above with a base of 2:

n=1:1 2°=1; x;= 2(1):%

0O 1 1
=2 14 0=2- = = 4+ _-="C
n=2:1 240 =2, %= Q)= 5+ ;=]

1 1 3
n=3:1 2'+1 =11 x3= (3= 5+ ;=

0O 0 1 1

= : 2+ 1+ 0 — : = = -+ —4+ —= — .
n=4:1 2240 240 2=100; xs= (4= 5+ 5+ 5= 3 (3.10)

Hammersley sampling is accomplished for a 2D space by mapping ttxeoordinate to a
uniform sequence 1{=N), where N is the total number of points andn is the n' point in
the sequence, and then mapping thg-coordinate to the van der Corput sequence for some
prime baseb. The n™ Hammersley sample can be found by the following

n
(niyn) = &5 b(M) i n=0;12 N 1 (3.11)
Hammersley sampling is not hierarchical due to th@=N term in Equation 3.9, because
adding an additional element, does require recalculating the previous element locations. In

Figure 3.7, we see a sample set of 500 Hammersley samples for 3 di erent prime bases.

@) (b) ()

Figure 3.7 A geometric representation of the position of Hammersley points on a
unit-square with di erent bases: (a)b=2, (b) b=3, (c) b=5
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What's noticed is that as we increase the prime bask the points begin to form in
a correlated/linear manner, which is due to the hierarchical term. We see that from the
nature of Hammersley sampling, this undesired feature is inevitable but it can be postponed
for higher bases. In Figure 3.8, we see the sample distribution of Hammersley points, for
various sample set sizes. This is an important observation to make because in a later chapter,
we see that the less Hammersley samples we take, the worse the performance for sparse array
applications. This can be conclude from the hierarchical term combined with a sparse ruler
that is too sparse. The van der Corput sequence for a given base is a sequence that is xed,
where then™ point for a sample set ofN; = 200 will be the same as that ofN, = 300,
wheren < N ;. This can almost be viewed as another form of aliasing, where when the
sample set is small, the van der Corput samples will be su ciently far from one another so
the Hammersley points will start to wrap around the unit square in a linear fashion. Take
for example the rst three samples of the van der Corput sequence for bases 2 and b= 3,
whereb, = f1=2; 1=4; 3=4g and b; = f0; 1=3;2=3g. The rst three samples are spaced by
from the nearest sample point while thdy point sets are spaced=3 from the nearest point,

which is greater than theh, point set.

@) (b) ()

Figure 3.8 A geometric representation of the position of Hammersley points on a
unit-square forb= 3 and varying sample set sizedl: (a) N = 256, (b) N =400, (c)
N =576

71



3.5.3 Halton Sampling

Halton sampling replaces then=N term in the Hammersley sampling by another van der
Corput sequence with a di erent base. By doing this, we are available to avoid the aliasing
feature that is encountered with Hammersley sampling. This allows us to go up to higher
base values and not have the points align in a highly correlated manner. However, we do
notice that for higher base values, we see wider gaps in the sample placements and point
clustering, like in random sampling. Then point in a Halton sequence can be represented

as

(Xn;¥n) = m(N); (M) ; n=0;3,2 ;N 1 (3.12)

where b, and b, are the two di erent prime basis. Note that Halton sampling is hierar-
chical, meaning that a new point in the sequence can easily be calculated without having
to recalculate all of the previous points in the sequence, since tineN term is replaced
with another van der Corput sequence. In order for Halton sampling to work properly, the
two van der Corput sequences used must be two di erent prime bases. Like Hammersley
sampling, Halton sampling is also de ned for the unit interval and can be extended to any
dimensions, where thes-dimensional sequence is de ned for any unit hypercube as 1.
For the 2D case, the rst dimension typically is represented by a van der Corput sequence
with b, = 2 and the second dimension by a second van der Corput sequence With= 3.
Any s-dimensional case following the 2D case would just use t88 prime number as the
base.

Even though Halton sampling xes the correlated point problem, as shown with Ham-
mersley sampling, similar problems are encountered when the prime base is large. Such as
when the 23" and 26" prime bases are used (which correspond to 97 and 101 respectively),
the points once again form in a correlated manner and it takes a longer amount of time to
populate the unit square. It will be shown in a later chapter, which bases and above result

in a point set of correlated samples and for how many points as well.
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In Figure 3.9, we are able to see how a second van der Corput sequence xes the correlated
point issue. The image displays the geometric distributions for two separate cases, the rst
is when the x-component is mapped to a van der Corput sequence with a base value of 2
and the base value for they-component is slowly increased. The second case is when the
x-component has a base value of 3 and thecomponent is once again increased. We are
able to see that Halton sequences with relatively small bases result in a point distribution
where the samples aren't placed too far from one another but are also placed far enough to
prevent clustering. However, when bigger base values are used, such as in Figures (e) and
(f), the points starts to form clusters, where groups of samples are relatively far from one

another and the samples within the group are all closely spaced together.

(@) (b) ()

(d) (e) )

Figure 3.9 A geometric representation of the position of Halton points on a unit-square
with dierent bases: ()b, =2; b, =3, (b) by =2; b, =5,(c) b =2; b, =7 (d)
bh=3; =5 () b=3;=7() h=3; =11
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3.5.4 Sobol Sampling Sampling

One of the most common low-discrepancy sequences is known as the Sobol sequence. The
Sobol sequence is commonly used for Monte Carlo simulation methods in nance [75] and in
the eld of scienti c computing [76]. Out of all the sampling sequences used in this research,
the Sobol sequence is the most complex and loosely de ned, since many of the variables that
are used in a Sobol sequence are determined by the user. The motivation we nd for the
construction of the Sobol sequence is similar to Halton and Hammersley sampling, where we
want to generate a set of point§ ny;n,;  ;nyg that aren't spaced too close together, for
somes-dimensional hypercubd ° = [0; 1]°. The measure used to signify the spacing between
the points is the discrepancy, which measures the deviation of a point set from a uniform
distribution. So say we have a point sefny; ny; 'nnyg 21 % and asubsetB | S, where
we can then de ne a counting functionSy (B) as the number of points in the sequence that
fall into the subsetn; 2 B. For every point in the sample setfny;ny; ;Nng 21 % let By,

be ans-dimensional region where

Bx =[0;n1) [O;ny) [0; ns) (3.13)

which has volumeny; ny; ; Ns. The discrepancy of the point set can then be de ned as

Dn(fniinz; inng) =sup jSy(Bn) NV (ninz  ng)j (3.14)

n2| s

where V() represents the volume of ny;ny;  ;nyg. Note that a point set that is well
spaced will have a low discrepancy, since it slightly deviates from a uniform point set.

In order to construct a Sobol sequence in one dimension, the following process is used,
where our intended goal is to achieve a sequenioe;; n; :Nng, 0<n; < 1, and has low
discrepancy overl . We then de ne a set of direction numbers/y; vs; where eachv; is a

binary fraction and can be expressed as
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Vi = 0:Vj1ViaVi3 (3.15)

andv; is the j™ bit following the decimal point of vi. The directional numbers can also be

represented as

m.
Vi = 7.' (3.16)

wherem; is an odd integer < m; < 2'. The directional numbers are obtained from primitive

polynomials with binary coe cients f0; 1g, where these primitive polynomials are found in

the eld Z,. These primitive polynomials have the following form

P x%+ax® '+ +a4 x+1 (3.17)

wherea = 0 or 1 and P represents the primitive polynomial of degreel. Note that in
order for P to be a primitive polynomial, the constant termay must be equal to 1 and the
polynomial can be chosen by the user, thus explaining why the Sobol sequence is loosely

de ned. Shown below in Table 2 are the rst 6 directional numbers.

Table 3.2 First 6 directional numbers

m Vi
0.1
0.11

|

1 1

2 3

3 7 0.111
4 5

5 7

6

0.0101
0.111
43 0.101011

Once a primitive polynomial is chosen by the user, the coe cients from the polynomial

can be used to continuously de ne the nexv; by

Vi= a1 @V o ag 1Vi g1 Via [V ¢=29; i>d (3.18)
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where denotes the bitwise xor operation and the bits of the nal termv; 4 are shifted to

the right by d positions. This also allows us to further de ne then; as

m =2aim; 1 2%a,m; » 29 tag 1M g1 2'Mi g M g (3.19)

For any primitive polynomial of degreed, the values ofm; are up to the user to decide upon
as long as eaclmn; is odd andm; < 2'. For example, the values ofn; in Table 2 were chosen

from the following primitive polynomial

X3+ x+1 (3.20)

and this results in the following form for Equation 3.20

m; =4mi 2 8mi 3 m; s (321)

For the Sobol sequence, there are several fast algorithms that are used to construct a
Sobol sequence. The resulting sequence is ultimately determined by the users starting value
and values for the directional number. For a simple Sobol sequence algorithm, we randomly
choose an integer and for this example, say we choose2. This integer marks the starting
point of our process and we will increase the value by 1 to nd the next point in the sequence.
What we then do next is compute the gray code representatioB(i) of the integer value,

which is found by the following

h:i

GGi)=i int 'é (3.22)

where int[] is the largest integer inferior or equal ta=2. For our example ofi = 2, the gray

code representation is equal to

G@2)=2 1 (3.23)

and in its binary form we get
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G(2)=10 01=11 (3.24)

where 11 in binary base 2 is 3.
The next step in the process is to determine our directional numbers. From the above

list of candidate directional numbers, we will use the three following values

vi=0:1
v, =0:11
vz =0:111 (3.25)

In order to generate the rst point n for the Sobol sequencé&(n), we then xor the
directional numbers, scaled by the the associated bits of the gray code representation of the
integeri, where the least signi cant bit is associated with the rst directional number. Since
we have three directional numbersG(i) for i = 2 represented by three bits is 011, so we see
that we only xor the rst and second directional numbers, resulting in the rst value for our

Sobol sequence

S(1)=0:10 0:11 =0:01 (3.26)

which has a decimal value of @5. We then increasa by one to get the next point in
the sequence, such as for the fourth point in the sequence 5, we see thatS(4) can be

expressed as

S4)=1 01 0 011 1 0112=01 O O0111=0011 (3.27)

The example presented is the one of the simplest cases for constructing a Sobol sequence,
where the simplest case would be to start at = 1 instead of choosingi randomly. There
are more sophisticated and complex algorithms used to construct a Sobol sequence, where

in [77], the user has the ability to generate their own directional numbers and choose the
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starting value in the sequence (either randomly or saying that they want to skip the rst
1000 values foi) and decide how many integer values that they want to increaseby to get
the next point in the sequence.

Sobol sampling is a hierarchical sampling method, since the next point in the sequence is
not dependent on any of the previous points, so we can easily generate a new point without
having to recalculate all previous points before it. For Sobol sampling in higher dimensions,
we map di erent Sobol sequences to each of the dimensional coordinates. So say for the
2D case, we would map a Sobol sequerf8gn) to the x-coordinate and then map a second
Sobol sequencé&,(n) with a di erent starting value and values of i to the y-coordinate.
This is similar to Halton sampling. Another option is to turn Sobol sampling into a non-
hierarchical sampling method and to map a uniform sequence to tikecoordinate and map a
Sobol sequenc&,;(n) to the y-coordinate, which is similar to Hammersley sampling. Figure
3.10 displays a sample set of Sobol samples on the unit square, using two di erent Sobol

sequences for th& and y coordinates.

Figure 3.10 A geometric representation of Sobol points on a unit-square
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3.5.5 Poisson Disk Sampling

The nal LDS sampling method used for this work is Poisson disk sampling. Poisson
disk sampling is similar to the random methods discussed in the earlier section, particularly
sampling with uniform random variables. The concept of Poisson disk sampling is that a
sample is mapped to soms-dimensional spaced, particularlyl $ by using uniform random
variables. Where Poisson disk sampling di ers from random sampling is that a criterion is
placed on each sample, where each sample must be a distané®m each of the previously
generated samples. By placing this restraint on each of the generated points, it is inherently
surrounding each of the points with a circular disk with radius, where each disk must be
disk free of all the other disks.

This constraint xes the two problems voiced for the random sampling methods. The rst
being that random sampling places elements too close to each other, which in the terms of
array design, can result in high levels of mutual coupling or even an unfabricatable antenna
array, since elements may be placed on top of each other. This also helps out when the
physical size of the antenna is large, where if we know that the elements must be some
distance d apart, we can easily utilize the Poisson disk sampling algorithm to place the
elementsd < r apart from one another.

The other issue concerning random methods that is xed with Poisson disk sampling is
that the samples are placed more uniformly around the aperture. With a large value for
we are able to space out the samples more and Il in the gaps that random sampling fails to
do. As seen in Figure 3.11, each of the samples has a disk associated with it and with a large
disk, the samples look more uniform and reduce the amount of unused spaced in the area
that we are sampling in. This ultimately lowers the discrepancy of the point set and explains
why we refer to Poisson disk sampling as an LDS instead of a random method. However,
what we notice is that when the radius of the disk is small (close to zero), we converge to
random sampling using uniform random variables and when the radius is su ciently large,

we struggle with convergence of the Poisson disk algorithm. Reason being is that since the
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points are randomly placed within the sampling domain, the probability of a new point
falling within the disk of another point is much higher, since the probability can be found
by the sum of the areas/volumes of the disks divided by the area/volume of the sampling
domain. We see that this not only happens when we have a large value fobut also when

we have a dense sampling set (large values of poilg.

Figure 3.11 Poisson disk sampling within a square area. For a sample to be valid, it must
be "disk free" of another sample. Image from [78]

An issue with Poisson disk sampling that isn't encountered with any of the previously
mentioned sampling methods is that Poisson disk sampling is computationally heavy. For
random sampling, points are generated in an instant by a uniform random variable. For
Hammersley and Halton sampling, points are generated by a series of computations of the
van der Corput sequence for a given base and points in Sobol sampling are generated by a
series of xor operations. When it comes to Poisson disk sampling, we are randomly generating
a point and having to check to make sure that the euclidean distance between the new point
is greater thanr for every previously generated point. When the rst couple points are
generated, the computations will be few. However, when we are dealing with large sample
sets, say 500< N, then we will have to compute many euclidean distances each point

iteration. And if the newly generated point violates the disk criterion, then the calculated
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euclidean distances for that point are futile and a new point must be generated and the
process must restart. This happens frequently when we have a langand are approaching
the desired amount of samples in the set, since the probability of a newly generated point
being in a disk free space is much lower.

Note that the sampling is known as maximal if no more points can be added to the
distribution. This method for generating points is inherently bias-free, since every point has
a equal chance of being selected as the next point in the sequence. Ultimately, this says
that the probability of the next generated point being inside any disk-free subdomain is
proportional to the subdomain's area, as mentioned previously. It will be shown in the next
chapter, that this method is one of the superior methods mentioned in this chapter despite
being one of the more computationally heavy methods. One of the main bene ts to using
this method is that we are guaranteed to have a minimum spacing between two elements
where with random, Hammersley, Halton, and Sobol sampling, we can elemests of each
other. Large element spacing is necessary for sparse arrays because it not only allows us to
sparsely populate an array aperture, but it also can be used to remove the grating lobe issue,
as mentioned with the uniformly sampled case.

In more proper mathematical terms, we can derive three given properties regarding Pois-
son disk sampling. The rst being that Poisson disk sampling produces a set of points,
X = fnjg, from a given domain,D, in an s-dimensional space, that are tightly-packed, but
no closer than a speci ed minimum distance. Here N is the number of elements in the
array. The samples are at least a minimum distance apart, satisfying an empty disk criterion,

i.e.

8ni;n; 2 X; ni & nj tknig nmk r (3.28)

The second property is the maximal condition, which requires that the disks are simultane-
ously closely packed together, in the sense that the sample disks cover the whole domain.

Mathematically this is given by
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8n2D; 9n;2 X :kn nk<r (3.29)

The Poisson distribution also possesses bias-free property which means that the expected
number of sample points inside any sub-domain is proportional to the area of the sub-domain.
This is achieved by ensuring that the probability of selecting a point for the next sample is
equal to the probability of selecting any other point, provided these points are not already

inside some prior sample's disk, i.e.

Area()

8n|2X,8 DP(n|2): W([))
|

(3.30)

Multiple algorithms have been developed to implement this technique, and the reader is
referred to [79], [80] for detailed surveys of implementing Poisson sampling methods. Fi-
nally, note that since Poisson disk sampling requires the computation of euclidean distances
between the new point and all the previous point, Poisson disk sampling is considered to be
a non-hierarchical sampling method, since calculation of a new point is dependent on the

points previously generated.

Figure 3.12 A geometric representation of the position of Poisson disk points on a
unit-square
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3.6 Application of LDS Sampling for Sparse Array Design

The mathematical formulation for LDS sampling was presented in this chapter. An LDS
produces a random-like equidistribution of elements using a deterministic generating formula.
This non-uniform sampling technique breaks the periodicity of the array and as a result it's
expected that the grating lobe issues associated with sparse arrays can be removed by using
any of the mentioned LDS sampling methods. The results in the next and remaining chapters
will prove that the hypothesis in this chapter is true and grating lobes will be removed from
the radiation pattern of the antenna array. Other metrics are also given to show that these
methods can sustain an average minimum element spacig and maintain a relatively low
sidelobe level. These methods will be used for and work on planar and conformal surface for

various aperture shapes and steering angles as well.
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CHAPTER 4
SPARSE PLANAR ARRAYS

Sparse arrays have grating lobes in the far eld pattern due to the large spacing of
elements residing in a rectangular or triangular grid. Random element spacing removes
the grating lobes but produces large variations in element density across the aperture. In
fact, some areas are so dense that the elements will overlap. This chapt@troduces a
low discrepancy sequence (LDS) for generating the element spacing in sparse planar arrays.
This nonrandom alternative nds an element layout that reduces the grating lobes while
maintaining and keeping the elements far enough apart for practical construction. A mathe-
matical formulation is presented for implementing LDS for sparse planar arrays, along with
numerical results on their performance. It's shown that LDS sparse arrays with an average
element spacing larger than one wavelength can signi cantly reduce the number of elements,
maintain acceptable element spacing, and remove the grating lobes. Numerical results are
presented for sparse LDS arrays with 86% less elements than a fully populated array on a

square grid.
4.1 Sampling Points on a Planar Aperture

Assume a uniformly weightedN -element planar array lies in thex y plane bounded by

0 X XmaxandO Yy VYmax. The array factor is given by

o
AF (u;V) = g IKDmu*ynv] (4.1)
n=1
wherek =2 = |, is the wavelength, &n;Yy,) is the location of elementn, and are the

elevation and azimuth angle respectively, and = sin cos , v =sin sin . Note that for

a planar array, regular sampling takes the form of a rectangular lattice, triangular lattice,

1This work is in collaboration with Nicola Anselmi, Paolo Rocca, and Randy Haupt [81]

84



or concentric ring array [66]. In this chapter, the rectangular lattice serves as the reference,

where the grating lobes for a rectangular lattice appear at

Un = Us+ m=d, form=0; 1, 2;:::
Vn = Vst n=dy forn=0; 1, 2::: (4.2)

whereus and vs are the main beam location in the sine space.
4.2 Sparse Planar Phased Array Antennas

In this section, the example used is a planar 32 32 aperture with 576 elements. Note
that a fully populated array with =2 element spacing with this aperture size would require
4096 elements, so this sparse array removes 86% of the elements. With a uniform grid, the

average element spacing of this sparse array is4.
4.2.1 Element Distributions on the aperture

Examples of element distributions for uniform, random, and multiple LDS methods ap-

pear in Figure 4.1.

@) (b) ()

Figure 4.1 Position of elements on the aperture with di erent distributions: (a) uniform,

(b) random, (c) random with jitter, (d) Hammersley (base 2), () Hammersley (base 3), (f)
Hammersley (base 5), (g) Hammersley (base 7), (h) Halton (bases 2, 3), (i) Halton (bases
2, 5), (j) Halton (bases 2, 7), (k) Halton (bases 3, 5), (I) Halton (bases 3, 7), (m) Halton
(bases 5, 7),(n) Sobol, (0) Poisson disk.
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Figure 4.1 Continued

(d) (e) ()
) (h) (i)
) (k) o

86



Figure 4.1 Continued
(m) (n) (o)

The LDS element placements in Figure 4.1 (d) to (0) do not correspond to a periodic
grid. Neither are they random. In comparison of the techniques, higher order Hammersley
methods, Figure 4.1 (f) and (g) with prime bases of 5 and 7 have shades of a periodic
placement that potentially raise the peak sidelobe levels. This will be discussed further
in the next section. Other LDS methods however appear more random and are suitable
candidates for sparse arrays. Provided are some metrics on the element distributions.

As discussed earlier, from a practical fabrication perspective, it's needed that the elements
are distributed on the aperture in a manner that the physical antenna elements do not touch.
Bar plots in Figure 4.2 show the number of elements that fall within a minimum range of
element spacing for the di erent distributions. As expected, for the uniform case, Figure 4.2
(a), all elements have the same minimum separation between them. The random distribution,
Figure 4.2 (b), on the other hand almost produces a Gaussian-like distribution of elements
but has several elements that are placed too close to each other. Random distribution
with jitter, Figure 4.2 (c), has a similar Gaussian-like distribution, but provides a slightly
larger minimum element spacing. The distribution however looks too regular. Hammersley
distributions, Figure 4.2 (d) to (g), place many of the elements at a certain minimum spacing,
which avoids the issue with minimum element spacing, but the distributions appear more

periodic. This is primarily due to the hierarchical problem with this sampling method.
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Halton samplings, Figure 4.2 (h) to (m), avoid both issues, i.e., too close placement of
elements and a periodic distribution, although it appears that the performance improves as
the base prime numbers are picked further away from each other, e.g., 2 and 7. Sobol and
Poisson samplings also show a Gaussian distribution of elements and avoid small element
spacings. Notably, the Poisson distribution here was set to half the element spacing of the
uniform array, i.e., 4=6, and it can be seen that the minimum element spacing is exactly
4 =6 as designed. Note that Halton, Sobol, and Poisson distributions provide a non-uniform

and well distributed placement of the elements, while avoiding small element distances.

@) (b) ()

(d) (e) ()

Figure 4.2 Bar plot of minimum element spacings with di erent distributions: (a) uniform,
(b) random, (c) random with jitter, (d) Hammersley (base 2), (e) Hammersley (base 3), (f)
Hammersley (base 5), (g) Hammersley (base 7), (h) Halton (bases 2, 3), (i) Halton (bases
2, 5), (j) Halton (bases 2, 7), (k) Halton (bases 3, 5), (I) Halton (bases 3, 7), (m) Halton
(bases 5, 7), (n) Sobol, (0) Poisson disk.
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Figure 4.2 Continued

9) (h) 0)
0) (k) ()
(m) (n) (0)
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4.3 Radiation Patterns of the Sparse Phased Arrays

The complete far- eld radiation pattern of an antenna array with identical elements is

given by

X .
F(uv)= E(uv)  age JKbowrn (4.3)
n=1

where E (u; v) is the element pattern in theu-v space, the summation represents the array
factor, and F (u; v) is the far- eld radiation pattern of the antenna array. In this expression,
a, is the element weight, and the other terms are as de ned in [29]. Note that the elements
considered have unity amplitude and zero phase, sg = 1. The elements are also isotropic,
SOE(u;v) = 1.

The radiation patterns of the arrays in theuv-space are computed using Equation 4.3
and are given in Figure 4.3. In these graphs the visible region is a circle wﬁm 1.
It can be seen that the uniform case has the worst performance and four grating lobes with
sidelobe level of O dB appear in the visible space. Random sampling completely removes
the grating lobes, however as seen in the previous section, it places many elements too close
together. Random sampling with jitter reduces the grating lobes but cannot break the grat-
ing lobes completely because its element spacing is too regular. On the other hand, all LDS
methods are e ective in reducing the SLLs while maintaining low discrepancy. In compar-
ison between these methods, Hammersley sampling has the poorest performance due to its
hierarchical problem. For Hammersley sampling, performance degrades as the prime base
number is increased. Halton sampling on the other hand shows a much better performance,
and all 6 cases studied here show that they can break the grating lobes. Due to its binary
implementation, Sobol sampling shows a similar performance to Hammersley sampling with
a prime base of 2. Poisson sampling appears to outperform all other LDS methods as well
as the random distribution. The 2Duv-graphs in Figure 4.3, allow one to visually compare

the radiation performance of all the sampling techniques, however, for better comparison, a
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guantitative analysis is also provided in the next section.

@) (b) ()

(d) (e) )

) (h) (i)

Figure 4.3 Normalized power patterns of the antenna arrays with di erent element
distributions in the uv-space: (a) uniform, (b) random, (c) random with jitter, (d)
Hammersley (base 2), () Hammersley (base 3), (f) Hammersley (base 5), (g) Hammersley
(base 7), (h) Halton (bases 2, 3), (i) Halton (bases 2, 5), (j) Halton (bases 2, 7), (k) Halton
(bases 3, 5), (I) Halton (bases 3, 7), (m) Halton (bases 5, 7), (n) Sobol, (0) Poisson disk.
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