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ABSTRACT

We present three variants of the unit commitment model which determine gen­

erator schedules, associated production and storage quantities, and spinning reserve 

requirements. Our optimization models minimize start-up, fuel, maintenance, and 

shortage costs, and in certain cases, shut-down and emissions costs. Constraint sets 

balance load, control the operation of power generators, renewable generators and 

storage devices, and track reserve requirements. We capture cost functions with 

piecewise-linear constructs.

In Variant 1, we incorporate concave quadratic emissions curves into our model, 

as presented above, which results in a mixed-integer, nonlinear problem. We strengthen 

the formulation via cut addition. We describe an underestimation approach to ob­

tain an initial feasible solution to our model. Finally, we constitute a Benders’ master 

problem from the scheduling variables and a subset of those variables associated with 

the nonlinear constructs; the subproblem contains the storage and reserve requirement 

quantities, and power from generators with linear emissions curves. We demonstrate 

that our strengthening techniques and Benders’ Decomposition approach solve our 

version of the unit commitment model more quickly than standard global optimization 

algorithms. We present numerical results based on a subset of the Colorado power 

system that provide insights regarding storage, renewable generators, and emissions.

Variant 2 relies on our mixed-integer linear variant of the unit commitment 

model, including the flexibility to model either concave or convex piecewise-linear 

heat input curves. We use a data set representing Xcel Energy’s Colorado territory 

with this variant. We implement a sliding time window heuristic to estimate the 

annual cost savings Xcel might capture by reducing the amount of spinning reserves 

it carries on the system. We also evaluate the expected greenhouse gas emissions for



the annual horizon.

Finally, in Variant 3, we introduce a dual-time-index binary variable into Vari­

ant 2, replacing the single-time-index binary variables. This new variable prevents 

generators from contributing generation to the grid until they have reached minimum 

capacity. We also introduce methods to increase tractability of the formulation. We 

compare operating costs over a 48-hour horizon using this variant and Variant 2 to 

determine how precluding generation during ramping changes the total operating cost 

for the Colorado system.
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CHAPTER 1

INTRODUCTION

Regional Transmission Organizations (RTOs) and Independent System Opera­

tors (ISOs) use unit commitment models to determine the optimal generator dispatch 

and transmission of electricity based on anticipated consumer demand. These unit 

commitment models consider a series of complex operating decisions and identify the 

lowest operating cost schedule. Dispatching generators is challenging because the 

power grid requires balance between supply of electricity from utilities and demand 

from customers. The power grid cannot simply discard excess electricity nor can it 

fail to provide customers with power, barring a catastrophic event. Should a failure 

occur, adequate back-up capacity must be immediately available to fill the void.

Specifically, our three variants of the dispatch model determine when generators 

start up, operate and shut down based on start-up costs, maintenance costs, short­

age costs, and a generator’s fuel consumption. The models include fuel consumption 

values determined using piecewise-linear approximations of heat input curves. This 

type of curve relates the level of generation with the level fuel usage required for a 

specific generator. Emissions curves estimate the amount of pollutants emitted based 

on the amount of generation from each generator. Each generator exhibits a variety 

of operating characteristics in addition to its heat input. A generator cannot provide 

electricity to the power grid until it reaches a minimum steady-state operating level 

and each generator cannot provide more electricity than its nameplate capacity. Ad­

ditionally, ramp-up and ramp-down rates restrict changes in a generator’s operating 

level over a given time horizon.

Historically, RTOs and ISOs did not solve their mixed integer unit commitment

L A K E S  U 8 R A R Y  
COLORADO SCHOOL OF MINE 

GOLDEN, CO 80401
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models using traditional branch-and-bound techniques. Instead, Lagrangian Relax­

ation and heuristic techniques provided generator schedules; if a heuristic method 

is employed, the quality of the solution may not be known. Today, many of these 

RTOs and ISOs use mixed integer programming (MIP) branch-and-bound solution 

methods to produce their day-ahead schedules. Solving the problems exactly, or at 

least to a small optimality gap, may provide significant cost savings. The Southwest 

Power Pool reports an estimated annual cost savings of $103 million in 2009 and the 

PJM  (Pennsylvania, New Jersey, Maryland) Interconnection expected savings of $100 

■million in 2006 (O’Neill and Krall, 2011). Thus, improving tractability of the unit 

commitment problem and/or more accurately modeling the power system could yield 

additional cost savings.

Our research contributions include both theoretical and policy work. From the 

theoretical perspective, we develop a new solution methodology for intractable mixed- 

integer, nonlinear (MINLP) unit commitment problems and we reformulate the unit 

commitment problem to more accurately capture generator behavior during the ramp- 

up and ramp-down phases. Our policy work includes assessing the operating cost of 

supplying spinning reserves.

In Chapter 2, we present a hybrid Benders’ Decomposition algorithm for solving 

a mixed-integer, nonlinear (MINLP) unit commitment problem, specifically, a unit 

commitment problem with concave quadratic emissions curves for certain genera­

tors. Because few commercial algorithms can solve MINLPs, we use a small data set 

containing 15 generators. Our hybrid algorithm provides information from piecewise- 

linear underestimators, mathematical cuts, and information from the auxiliary prob­

lems to the traditional Benders’ Decomposition algorithm in an effort to expedite 

convergence. We compare our results to those obtained using one of the industry 

standard MINLP solvers, BARON (Tawarmalani and Sahinidis, 2004). A version of 

this chapter has been revised and resubmitted to Annals of Operations Research.

Chapter 3 addresses the costs associated with the provision of spinning reserves
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(SR). In the case of an unexpected outage, the unit commitment model continues 

to meet demand by relying on spinning reserves to instantaneously satisfy a de­

mand shortfall. The provision of these reserves also has the potential to increase 

the operating costs of the power system. We use a sliding time window heuristic to 

approximate the cost of SR. We solve each 48-hour horizon of a mixed-integer linear 

problem (MILP) variant of the unit commitment model to (near) optimality and fix 

the solution for the first 24 hours. We then move our horizon forward by one day 

and solve using the fixed variable information. We evaluate the cost of SR using a 

data set which characterizes Xcel Energy’s generation system for Colorado in 2005. 

Expected emissions of greenhouse gases are determined a posteriori.

We introduce an alternative formulation of the MILP unit commitment model in 

Chapter 4. We define a new, dual-time-index binary variable to be used in lieu of the 

single-time-index variables used by Baldick (1995), Takriti et al. (2000) and Sioshansi 

et al. (2008). This new variable provides greater detail regarding the ramping status of 

a power generator and prevents it from producing electricity before reaching minimum 

capacity. This additional model fidelity may be of particular importance in sub-hourly 

dispatch scheduling.

Given the complexity of the unit commitment problem, there are many factors 

we omit from the unit commitment model variants we present in this dissertation. 

Specifically, we ignore aspects related to transmission, electricity consumption during 

start up of fossil-fuel generators, and allowances on SO 2 emissions governed under the 

US Environmental Protection Agency’s Acid Rain Program. Historically, these per­

mits traded for approximately $100 to $300 per ton of SO 2 (Burtraw and Szambelan, 

2009).

Chapter 5 concludes with a discussion of additional areas of research on the unit 

commitment problem. We also present a summary of the relevant results and research 

contributions of this dissertation.
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CHAPTER 2

THE UNIT COMMITMENT MODEL WITH CONCAVE EMISSIONS COSTS: A 

HYBRID BENDERS’ DECOMPOSITION WITH NONCONVEX MASTER

PROBLEMS

Power systems deliver electricity to consumers at all times of the day and night. 

A series of complex decisions made by utility operators ensures that customer demand 

for electricity is satisfied. The classical unit commitment model, or generator dispatch 

model, determines when generators start up, operate and shut down to minimize start­

up costs and generator fuel consumption based on a day-ahead scheduling procedure. 

Generator dispatch decisions must consider the power system requirements to balance 

the supply of electricity from utilities and the demand from customers. Each generator 

exhibits a variety of operating characteristics. For example, each generator requires 

a certain amount of fuel input to produce a given level of electricity; while many 

models assume a linear relationship, we model heat input curves as piecewise linear. 

A generator cannot provide electricity to the power system until it reaches a minimum 

steady-state operating level, and each generator cannot provide more electricity than 

its nominal capacity. Additionally, ramp-up and ramp-down rates restrict changes in 

a generator’s operating level over a given time segment.

Regional Transmission Organizations (RTOs) and Independent System Opera­

tors (ISOs) employ unit commitment models, such as the one described above, to 

determine the lowest cost generator commitment and dispatch schedule. Often, these 

organizations optimize their unit commitment models over large regions including 

hundreds, if not thousands of generators. Thus, tractability must be preserved at all 

costs.
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To help mitigate events such as generator failures, our unit commitment model 

attempts to ensure the reliability of the power supply by providing spinning reserves. 

Specifically, we consider secondary, or contingency, spinning reserves (SR), which are 

intended to deliver reserve power in order to bring back the frequency and the inter­

change programs to their target values (Rebours and Kirschen, 2005). We determine 

which power generators and/or the storage device provide spinning reserves in our 

program. However, due to the deterministic nature of our problem, we do not in­

clude spinning reserves in the hourly demand constraint, because we do not consider 

generator failures nor do we dispatch spinning reserves to the power system.

We add renewable energy sources, e.g., solar and wind energy. We also consider 

the use of a electricity storage device, which offers a repository for excess electric­

ity. Drawing electricity from these devices may help to mitigate a power shortage. 

However, storing, and later retrieving, electricity results in significant efficiency losses. 

Storage devices also possess capacity restrictions and other device-specific constraints. 

We consider horizons of up to 24 hours, consistent with day-ahead scheduling.

Our research contributions lie in the following: (i) we formulate a detailed

unit commitment model with storage, renewable sources, piecewise-linear heat input 

curves, and nonlinear emissions {NOx) curves, in addition to other details included 

in classical models; (ii) we present an efficient formulation for this problem in the way 

in which we use mathematical constructs such as cuts; (iii) we suggest a tailored Ben­

ders’ Decomposition formulation whose implementation allows us to solve problem 

instances to near-optimality; and (iv) we present insights gained from a test system 

using our mixed integer nonlinear program.

The remainder of the chapter is organized as follows: In Section 2.1, we provide 

a literature review. We present our version of the unit commitment model in Section 

2.2. In Section 2.3, we describe several improvements applicable to both the monolith 

and to our Benders’ Decomposition procedure. Section 2.4 provides numerical results 

contrasting a naive implementation of the monolith with our suggested improvements,
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including Benders’ Decomposition. We also demonstrate insights gained from our 

problem instances. Section 2.5 concludes the chapter. *

2.1 L iterature R eview

In this section, we review the relevant literature. First, we provide a review of 

Benders’ Decomposition applied to unit commitment models. We then summarize the 

adoption of renewable energy sources and storage devices into the unit commitment 

problem.

2.1.1 C lassical U nit C om m itm ent M odel and Bender’s D ecom position

Mixed integer linear programming-based (MILP) attempts to solve the classical 

deterministic unit commitment model began in the late 1970s (Dillon et al, 1978). 

Lahdelma and Ruuth (1994) propose a Benders’ Decomposition algorithm tailored 

to MILP formulations of the unit commitment problem where two special type of 

constraints are present: (i) bounding of continuous variables via integer variables and 

(ii) logical constraints on ramp up and shut down. Their work is theoretical in nature.

The seminal work of Takriti et al. (2000) incorporates stochastic elements (e.g., 

spot market, fuel price) into the classical unit commitment model to minimize operat­

ing costs. Takriti’s MILP, which includes up to 729 scenarios, relies upon Lagrangian 

Relaxation and Benders’ Decomposition to identify an optimal solution. Moya (2005) 

uses Benders’ Decomposition to decompose an optimal economic dispatch problem 

with spinning reserves and load shedding with transmission. The author does not con­

sider renewables, storage, or piecewise-linear constructs. The master problem is solved 

by dynamic simulation, passing on the dispatch and reserve decisions to the linear 

subproblems. Computational results for a single-period problem with fewer than 10 

generators are reported for a Northern Chilean power system. Lu and Shahidehpour 

(2005) pose a detailed model considering transmission, emissions and fuel blending. 

The authors suggest a Benders’ Decomposition method to solve instances containing
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a few generators and 24 hours. Wu and Shahidehpour (2010) derive special cuts for 

a Benders’ master problem for an MILP formulation of a network-constrained unit 

commitment problem. They compute strong cuts by increasing the density of the sup­

port of the Benders’ cuts. Extensive computational tests are performed on different 

power systems with up to 5663 busses.

Several researchers have applied generalized Benders’ Decomposition to the unit 

commitment model. This technique is applicable when the subproblem is not linear, 

i.e., it is either nonlinear, possesses integer variables, or both. Generalized Benders’ 

can ensure finite convergence of the algorithm to a global optimum if implemented 

correctly. Duran and Grossmann (1986) present a mixed-integer nonlinear program­

ming (MINLP) algorithm based on an outer-approximation solution technique. In this 

instance, the master problem is an MILP and the subproblem is nonlinear program 

(NLP). Interestingly, the authors note that the outer approximation algorithm pro­

vides a tighter lower bound for their minimization problem than the lower bound from 

the generalized Benders’ Decomposition algorithm. Ma and Shahidehpour (1999) use 

generalized Benders’ to solve a unit commitment problem with transmission security 

and voltage constraints for one day using a 36 unit system within the IEEE-118 bus 

network. They also rely upon Lagrangian Relaxation to solve the difficult master 

problems.

Wang et al. (2008) use a security-constrained MINLP unit commitment problem 

to evaluate the impact from uncertain wind power. Separating the MILP master 

problem, i.e., the unit commitment problem, from the remainder of problem allows 

the authors to avoid the concerns regarding global optimality of nonlinear solutions. 

Once the master problem provides a dispatch schedule, feasibility of the solution must 

be verified to ensure adequate system flexibility to manage wind scenarios. Rahimi 

et al. (2009) also present a generalized Benders’ Decomposition approach for the 

unit commitment model. Their master problem is an MILP problem incorporating 

spinning reserve constraints and minimum up and down time constraints while min­



imizing production, shut-down and start-up costs. The subproblems are continuous 

quadratic economic dispatch problems to allocate power generation. Niknam et al. 

(2009) consider transmission and emissions, but omit storage and renewable devices. 

They too suggest a generalized Benders’ Decomposition approach in which the sub­

problem is nonlinear due to cost functions and ramp rate constraints. The authors 

solve 100-generator 24-time period instances and compare costs.

2.1.2 Incorporation o f R enew able G eneration and Storage D evices

Gollmer et al. (2000) incorporate storage into their unit commitment model, 

which lacks some of the operational details of our model yet contains extensions 

such as nonlinear start-up costs and stochastic demand. They propose a Lagrangian 

procedure to solve instances of their problem containing 100 generators and 24 hourly 

time periods. Bouffard and Galiana (2008) consider the effect of incorporating wind 

generation on emissions from a power system. The authors develop a model in which 

demand is met for all wind forecast scenarios, avoiding the need to shed load.

Exarchakos et al. (2009) consider five different storage devices. Using a stochastic 

model, the authors maximize profit, including capital costs. The model determines 

when to use demand-side m anagem ent.(i.e., storing or discharging various storage 

devices) over either a one-day or three-day period to smooth the peaks and valleys 

common in a load curve. We currently model only pumped hydroelectric storage.

See Padhy (2004) for a survey of the literature containing 150 references on 

the unit commitment model; however, the survey emphasizes metaheuristics over 

finitely exact solution approaches. A variety of applied work regarding the impact of 

renewable energy and storage devices also exists; see Sioshansi et al. (2009), Tuohy 

et al. (2008) and Tuohy et al. (2009).
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2.2 M odel

Our unit commitment model minimizes total annual power system costs which in­

clude: fixed start-up and shut-down costs, operation and maintenance costs, variable 

fuel costs, emissions taxes, and the costs of not meeting demand. Utilities currently 

dispatch generators on an hourly or quarter-hourly basis throughout the year. Gen­

erally, utilities wish to run their “base load” generators (typically, coal and nuclear 

plants) continuously and meet variations in demand with “intermediate load” and 

“peaker” natural gas combustion turbine plants. Renewable generators reduce fuel 

use from marginally profitable plants during each time interval. Due to each genera­

to r’s unique ramping characteristics, the decision to dispatch a given generator often 

happens well in advance of an expected change in load.

We incorporate renewable energy sources into the classical unit commitment 

model. Unlike conventional generators, which have a static maximum capacity, re­

newable generators are characterized by time-varying and non-dispatchable output. 

We prevent renewable generators from contributing to operating reserves in our model 

due to their stochastic nature.

For conventional generators, we prohibit instances of overlapping start-up and 

shut-down times, as shown in Figure 2.1. For example, if a conventional generator 

operates between to and t1, it may not also start up in u0, which occurs before to, and 

shut down in v'\ which occurs after t'. Other prohibited instances of (uo,U) include 

starting up in Vq and shutting down in v' when: (i) Vq < to and to < v' < t1] (ii) 

to < Vq < v' < t'\ and (iii) tQ < vq < t' < v'. A conventional generator may start up 

in Vq if either v0 < v' < to or t' < Vq < v'. In other words, the instance (uq, v') could 

either precede or follow (to, t').

Consistent with the classical unit commitment model, our mathematical pro­

gramming model also contains the following types of constraints: load balance (i.e., 

meeting demand requirements) and spinning reserve requirements based on the ca-
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Forbidden
Operation

0 to

y
Generator Operating

J
T

Allowed
Operation v

Figure 2.1. Forbidden and allowable dispatch schedules

pacity of the largest generator operating. The model also contains generator-specific 

constraints including: ramp rate restrictions, minimum and maximum capacity limi­

tations, and minimum up and down times.

Additionally, our model incorporates storage. In most systems, supply and de­

mand must match perfectly, requiring ongoing adjustments to the dispatch schedule. 

Most other energy-related industries, including oil and natural gas production, have 

flexible operations that can, to some extent, store their products in inventory. Stor­

age provides the flexibility of allowing supply to exceed demand, which means that 

a system supplying energy may produce at its maximum efficiency without adjusting 

generation level to meet demand exactly. In addition, storage allows production to 

fall below demand, and, in such cases, the power stored supplements production. We 

incorporate constraints relating to the storage device as follows: an inventory balance 

constraint ensures that the electricity in storage from one period tb the next reflects 

inflows and outflows in the prior period as well as the prior period’s initial storage 

amount. We also incorporate the storage efficiency loss in the inventory balance con­

straint. Finally, we restrict the overall capacity of the storage device, and flow into 

and out of the device based on the required minimum and maximum flow rates for
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each flow direction.

We incorporate detailed representations of conventional generator characteristics. 

Classical unit commitment models often assume linear relationships between fuel use 

and generation level. However, generators often become less efficient and require more 

fuel at higher levels of operation, reflecting a nonlinear relationship (Gollmer et al, 

2000). Therefore, to include more accurate representations of these conventional 

characteristics, we use piecewise-linear heat input curves for the generators. We 

also model emissions curves as nonlinear constructs (see Figure 2.2). Specifically, 

we approximate the N O x emissions curves from three generators with a constant 

and quadratic term  (with a negative coefficient) for three generators in our data 

set, including two combined cycle units. That is, several natural gas generators 

possess concave emissions curves. We assume that the other generators exhibit linear 

(constant rate) emissions.

2 0 -i / -------------------------------------------------------------------------------------

15 4--------------,------------- ,--------------1------------- !--------------'------------- 1--------------i
0 10 20 30 40 50 60 70

Generation (MWh)

Figure 2.2. Sample quadratic NOx curve

The model we present includes many important aspects of generator commitment 

and dispatch, however, we do not capture all features which impact the generation
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schedule. Specifically, we omit transmission and distribution, similar to other unit 

commitment models including Gollmer et al. (2000) and Sioshansi (2010a). Omitting 

transmission constraints, we may obtain a solution with an undesirable geographic 

distribution of generation. Additionally, we consider N O x emissions but not CO2 or 

SO x in this variant of the unit commitment model. Given that the US Environmental 

Protection Agency’s Acid Rain Program limits the emission of SO 2 , our generator 

dispatch decisions may be skewed toward coal generation.

2.2.1 Generator D ispatch O ptim ization  M odel Form ulation

We now present our monolith model, (P u c p ) -  We use lower case Roman let­

ters to represent parameters, upper case Roman letters in regular font to represent 

variables, and upper case Roman letters in script font to denote sets. We use Greek 

letters to denote dual variable values on relevant constraints, i.e., those constraints 

with non-zero right-hand-side parameters, either in their own right or after binary 

variables are fixed at given values (see §2.3.5). Superscripts provide descriptions for 

various parameters while subscripts on parameters and variables represent indices, 

i.e., elements of a set.

Sets:

• Q: set of generators

• 7Z Ç Q'- set of renewable generators

• C Ç Q: set of conventional generators

• X: set of intervals i for the piecewise-linear approximation of the heat input 

curves

• T : time horizon over which the system is optimized
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Data:

Pnces

• pf: price of fuel for generator g [$/MMBtu]

• psg: price of start up for generator g [$]

• p |: price of shut down for generator g [$]

• p°m: operation and maintenance costs for generator g [$/MWh]

• p: elastic penalty for not meeting demand [$/MWh]

• pnox: tax on N O x emissions from power generators [$/lb]

Supplies and Demands

• cg: minimum hourly generation of conventional generator g [MWh]

• cg: maximum hourly generation of conventional generator g [MWh]

• cg: amount of hourly spinning generation of conventional generator g [MWh]

• cL: maximum hourly generation of renewable generator g in hour t [MWh]

• dt: demand at hour t [MWh]

Generator Rates and Times

• rrg+: ramp-up rate of generator g [MWh/hr]

• rrg~\ ramp-down rate of generator g [MWh/hr]

• rbh ramp-up time required for generator g [hr]

• r*~: ramp-down time required for generator g [hr]

•  minimum up time of generator g before shut down [hr]
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• tg'. minimum down time of generator g before start up [hr]

• sl: percentage efficiency loss from storage

• se: minimum quantity of energy allowed in storage [MWh]

• se: maximum quantity of energy allowed in storage [MWh]

• s?+: minimum flow into storage, i.e., pumping [MWh/hr]

• s f +: maximum flow into storage, i.e., pumping [MWh/hr]

• sf~: minimum flow from storage, i.e., generating [MWh/hr]

• s-f- : maximum flow from storage, i.e., generating [MWh/hr]

and TWercepts /or ConueT Appro^ma^OTi

• m gi\ slope of the linear approximation of the heat input curve for generator g 

in interval i [MMBtu/MWh]

• bg: intercept of the first segment of the linear approximation of the heat input 

curve for generator g [MMBtu]

• kgf length of interval i on the linear approximation of the heat input curve for 

generator g [MWh]

Coejfpc^enls /or Qwadmfzc ApprozmmZion

• aqg\ coefficient of the quadratic term of the approximation of the N O x emissions 

curve for generator g [lb/MWh2]

• alg: coefficient of the linear term of the approximation of the N O x emissions 

curve for generator g [lb/MWh]
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• a^: constant of the approximation of the NO x emissions curve for generator g

C ontinuous D ecision Variables:

• Xgt: electricity production from generator g at time t [MWh]

• Xgt'. spinning reserves provided by generator g at time t [MWh]

• Xgl : spinning reserves required for each generator g at time t [MWh]

• X f :  total spinning reserves required at time t [MWh]

• Fgt: fuel used by generator g at time t [MMBtu]

• Dt'. unmet demand at time t [MWh]

/Storage

• St '- amount of energy in storage at the beginning of time £; Si =  0 [MWh]

• : energy inflow to storage during time t [MWh]

•  energy outflow from storage during time t [MWh]

• Sts~: spinning reserves from storage during time t [MWh]

Piecewise-Linear Approximation

• Lgit- hourly capacity at which generator g is operating on the heat input curve 

at time t in interval i [MWh]

B inary D ecision Variables:

[ib]

0 otherwise

1 if generator g starts up at time t
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• Ygt —

• Ÿgt —

w t-

1 if generator g operates in steady state at time t

0 otherwise

1 if generator g shuts down at time t 

0 otherwise

1 if there is inflow into the storage device at time t

0 otherwise

1 if there is outflow from the storage device at time t 

0 otherwise

Formulation:

( P u c p )  m in  +  £  E p T * *  +
g&C t<E7~ t(E7~ t€ 7 ~

+ £  £  pnox + a% )
g£C  t e r

• £ £ / < > : ,  • £ £ / p : ,
g&C tE l~  g£zC t e T

subject to 

(see §2.2.2)

^ 2  -̂9* "b ^  — S-t~ + Dt = dt V t G 7" (Ait)
geg

X f  > % "

£  x%  + s r  > X f  W E T
g e e

x 9 ! - W « - i  +  W T < £  V g e C j e T ,  t > i  ( \ l g t )

X g ,t -1  — X g t  <  r rg V  g  E: C . t  E  T .  < >  1 (V g t )

(2.1a)

(2.1b)

(2.1c)

(2-ld)

(2-le)



X g t  <  C t f  V # Ç 7£, £ E T  

St =  S t-i +  (1 — sl)S^_1 — 5É_! V t E T , t  > 1

v t e T  

S'- -  ^  +  s r  < S; E T  

s r  +  s r  < v z E T

St > 5" V f E T  

S t < ^  V ^ E T

(see §2.2.2)

Y g t > ÿgt — Y g , t - 1  V p E C,  ̂ E T

— Y g j - i  —  Ÿ g t  V ^ E C, t E T', t > 1
t

< r *  y  9 ^  Si t £ T , t > 1
t , = t - t * - r tg+ - r tg -

t

y i  fgC ^  1 — Ÿgt y  g £ C, t £: T  

(see §2.2.2)

%gt + % J < %  V p E C ^ E T  

^ [  = ^ t  V p E C ^ E T

^ < c ^ t  V ^ E C ^ E T

X g f >  Q g Ÿ g t V # E C, Z E T
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(see §2.2.2)

W+ + Wr < 1  V t e T (2.4)

(see §2.2.2)

57 < s }+W t+ 

5+ > s/+TV(+

5 7  < s^ -w t-  

57 > 5 /-M / 7

V t e T

V t e T

v t e T

V t e T

("it)

("2t)

("St)

(" 4 t)

(2.5a)

(2.5b)

(2.5c)

(2.5b)

(see §2.2.2) 

5 7  =  Lgit
iei

V g e C, t e T

Lgit < kgi V g e C, t e T, t e  T

(2.6a)

{Bait) (2.6b)

(see §2.2.2)

Tgt — ^  ) jt/ty. Lyii 4" bgTgf V g e C. t e T
tel

(see §2.2.2)

( M  (2-7)

X9t, Xg7„ X - ,  X f , f> t, À , Se, S f .S f , S?" > 0 

V g e S ,  g ' e C , t e T ,  i e  I,

Y g ,u Ÿ g,u  Ÿ g 't, W ,+ , b i n a r y  V  </ e  C , t e T

(2.8a)

(2.8b)
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2.2.2 D etailed  M odel D escription

We next give a detailed description of the model formulation. The objective 

function seeks to minimize fuel costs, operating and maintenance costs, penalties 

associated with unmet demand, taxes on emissions of N 0 X from power generators, 

and start-up and shut-down costs. We model the N O x emissions using a quadratic 

approximation, where the quadratic term is either negative or zero, and the linear 

term can assume any value. (Therefore, not all generators have associated with their 

emissions a quadratic function, but if they do, the quadratic assumes a concave form.) 

Additionally, we penalize any failure to meet demand. The following subsections 

detail the constraints. We categorize the constraints not only by their general sense, 

but also by the types of variables they contain. The latter categorization is helpful 

for our Benders’ Decomposition solution procedure (see §2.3.5).

Power G eneration and Storage Constraint (2 .1 a) ensures that load is met using 

generation from conventional and renewable sources and a storage device. If genera­

tors and the storage device cannot provide sufficient generation, the elastic variable 

allows the demand constraint to be violated (and the objective function incurs a 

penalty in this case). We implement a portion of a linear minimum-maximum struc­

ture with constraint (2 .1 b) to identify the largest operating unit in each time period. 

Constraint (2.1c) ensures that sufficient spinning reserves are provided by operating 

generators and/or storage devices. The largest unit dictates the amount of spinning 

reserves that must be available in each time period. Constraints (2 .Id) and (2 . le) 

restrict the rate of change in generation level between any two successive time periods 

to be less than or equal to the ramp-up or ramp-down rate, respectively. The sum of 

the change in generation level from one period to the next and any committed spin­

ning reserves cannot exceed the ramp-up rate. This ensures that if a generator must 

provide reserves in addition to generation, the incremental ramping caused by the 

reserves does not force a generator to exceed its ramp-up rate. Constraint (2.If) lim-
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its the amount of generation provided by renewable generators to a time-dependent 

hourly maximum output. Constraint (2.1g) ensures inventory balance with respect to 

the storage device, including losses incurred by storing power, for each period. Con­

straint (2 .1 h) limits the amount of spinning reserves provided by the storage device 

in any given period to be less than or equal to the amount of electricity flowing into 

the device. We note that the provision of spinning reserves only during inflow to the 

storage device is a simplifying assumption, necessary due to the complexity of the 

model. Constraint (2 .1 i) limits the amount of generation and reserves provided by 

the storage device to the amount of power already stored. Constraints (2.1j) limit the 

amount of outflow from the storage device to the maximum allowable. Constraints 

(2 .1k) and (2 .11) limit the minimum and maximum hourly capacity of the storage 

device, respectively.

G eneration Logic Constraint (2.2a) ensures that the generator has started up in 

at least the same period as steady-state operation occurs. Constraint (2.2b) prohibits 

any steady-state operation after a generator shuts down. Constraint (2 .2 c) enforces 

the minimum up-time requirement for each generator. Constraint (2 .2 d) enforces the 

minimum down-time requirement for each generator.

G eneration Related to Spinning Reserve Logic Constraint (2.3a) limits the 

amount of energy and spinning reserves provided by an operating generator to be no 

more than  the unit’s nominal hourly capacity if it is operating. Constraint (2.3b) 

determines the amount of spinning reserves from each generator in each time period ' 

as a function of the generator’s hourly capacity and whether or not the generator is 

operating. This, in conjunction with constraint (2.1b), forces spinning reserves to be 

greater than or equal to the maximum hourly capacity of the largest unit operating 

for each time period. Constraint (2.3c) limits the amount of spinning reserves a 

generator provides in any period based on its hourly spinning reserve capacity and its 

operating status. Constraint (2.3d) requires a generator to be operating at or above

A R T H U R  L A K E S  L I B R A R Y  
COLORADO SCHOOL OF MINES 

GOLDEN, CO 80401
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its minimum hourly capacity while in steady-state operation.

Storage Logic w ith B inary Variables Constraint (2.4) requires that flow move 

in at most one direction relative to the storage device, i.e., only inflow (pumping) or 

outflow (generation) may occur in each time period.

Storage Logic w ith  M ixed Variables Constraints (2.5a) and (2.5b) provide up­

per and lower bounds on the inflow into the storage device (e.g., when pumping water 

into the storage pond), respectively. Constraint (2.5c) limits the amount of genera­

tion provided by the storage device to be less than or equal to the maximum outflow 

from the storage device. Constraint (2.5d) defines the minimum flow from the storage 

device per period.

Convex Piecew ise A pproxim ations w ith  C ontinuous Variables The follow­

ing set of constraints implements the piecewise-linear, convex approximation with 

respect to the continuous variables only. Constraint (2.6a) links the amount of elec­

tricity production to one or more segments of the curve. Constraint (2 .6 b) defines 

the operating level intervals for each segment. No binary variables are necessary as 

the piecewise-linear approximations are convex.

Convex Piecew ise A pproxim ation  w ith  M ixed Variables The following con­

straints link the continuous variables in §2 .2 . 2  with the binary variables in §2 .2 .2 . 

Constraint (2.7) determines the generator’s fuel use based on the generation level, 

the independent variable, and the slope and intercept of the line segment.

Variable Type The final constraints, (2.8a) and (2.8b), restrict the variables to be 

nonnegative or binary, as appropriate.
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2.3 P roposed  Solution Techniques

Instances of our unit commitment model contain 15 generators, and up to 24 

hourly time periods (corresponding to day-ahead planning). The corresponding prob­

lem sizes tax state-of-the-art commercial optimizers. Therefore, we suggest six tech­

niques to make the model tractable: (i) addition of simple cuts; (ii) addition of cuts' 

based on solutions to auxiliary problems; (in) generation of underestimators; (iv) 

preprocessing; (v) implementation of a Benders’ Decomposition algorithm, including 

(vi) cuts derived from Benders’ solves. We detail each of these techniques here, and 

conclude this section with a summary of how we use our proposed techniques.

2.3.1 Sim ple Cuts

In order to tighten the formulation ( P u c p ) ,  we add cuts. The main purpose of 

these cuts is to strengthen the master problem of the Benders’ Algorithm (see §2.3.5) 

by providing insights into the Benders’ subproblem structure. Saharidis et al. (2011) 

propose a similar idea for fixed-charge network problems. We can derive many cuts 

simply from the structure of formulation. We detail these in this subsection. In the 

following subsection, we describe cuts for which we must solve an auxiliary problem 

to derive.

• For every generator and time period, the number of times a generator has started 

must be greater than or equal to the number of times that the generator has 

shut down:

X IU V  > V g e C , t e T  (2.9)
t'<t t'<t

• Because we assume that the storage device is initially empty, it is impossible to
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withdraw energy from storage in the first time period:

W ï  = 0 (2 .10)

• It is impossible to withdraw energy from storage if no energy is currently stored.

» In order to prevent an excessive number of generators from being turned on in a 

given time period, we limit the sum of the minimum capacities over the horizon 

and the maximum capacities of the renewable generators (a must-take source) 

to be less than or equal to the sum of the total demand and the total minimum 

energy withdrawn from storage.

Letting x f  be the total amount of spinning reserves required at hour t, as 

determined by constraints (2 .1 b) and (2.3b) in ( P u c p ) ,  and letting t0 and t', 

respectively, be the beginning and ending time periods in the horizon under 

consideration (as in §2 .2 ), we have:

t- i
Vf <  T (2 .11)

Y ,  Y< - 9 ^ 9 t + 5 3  5 3  ^  -  5 3  + ~  ^ )  +  5 3  ^/+ ^ + (2 .1 2 )

• Based on the capacity of the storage device and the minimum withdrawal rate, 

for any |_^jr J =  a  time periods, it is only possible to withdraw energy from the
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storage device in a  — 1 time periods.

t+a
Y , W t7 < a - l  V t e T  (2.13)
t'=t

• For each time period, storage must not exceed its upper bound. In the worst 

case, the inflow (less the loss factor) is at a minimum, and the outflow is at 

a maximum. Note that the loss factor is not applied to inflows in the current 

period.

t— 1 

■t'=i
V f < T  (2.14)

• For each time period, storage must not fall below its lower bound. The left 

hand side is computed as in (2.14), but using minimum outflow and maximum 

inflow.

t-i
^ 2 (g /+ ( l  -  ^)W,+ -  ^ - ^ 7 )  +  f
t'=l

W < T (2.15)

• To ensure that there exists adequate generation, we require that the sum of 

the maximum capacity of the conventional generators, the available renewable 

generation, and the minimum flow into storage must meet or exceed the sum of 

the demand and the spinning reserve requirement, less the maximum generation
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that can be withdrawn in any time period from storage.

E 4 %  + E 4 +  £f ~w t+ ^ 4  +  - sl ~ w t-  V t e T  (2.16)

2.3.2 Cuts Based on Auxiliary P roblem  Solves

• We can bound the number of times tha t we can put energy into or withdraw

energy from storage by solving an auxiliary model consisting of maximizing 

either or ^  WE, respectively, subject to all relevant constraints, and

bounding the result from above.

Specifically, we can impose the following bounds:

Wf+ < maximum number of times energy can be put into storage (2.17)
ter

W f  < maximum number of times energy can be withdrawn
ter

from storage (2.18)

• In order to determine the minimum up time for all generators in the system, we 

solve ( P u c p )  with the following modification: we replace the objective function 

as given in §2.2.1 with the expression If we minimize this sum, then

we obtain a minimum amount of up time, which we use on the right-hand-side 

of (2.19); if we maximize this sum, then we obtain a maximum amount of up 

time, which we use on the right-hand-side of (2 .2 0 ).
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y y  Ygt > minimum up time
g(zC tÇzT

(2.19)

y y  y y  ÿ^t < maximum up time 
g e e  t e T

(2 .20)

Because deriving the cuts in this section requires only the solution of (small) 

mixed integer linear programs, we can obtain the relevant right hand sides in a matter 

of seconds.

2.3 .3  U nderestim ators

The relaxation of nonlinear terms using piecewise linear functions is a standard 

technique to enable the solution of global optimization problems. Our minimization 

problem possesses concave (i.e., nonconvex) objective function terms. By substituting 

piecewise linear functions for these nonconvex cost functions, we obtain an MILP 

problem. We seek piecewise linear functions which possess the same value as or a lower 

value, than each point in the domain of the original function. Such underestimator 

functions, when replacing nonconvex terms and when employed together with the 

remainder of the original (convex) problem, yield an optimal objective function value 

th a t provides a valid lower bound on the optimal objective function value of the 

original MINLP.

For our problem instances, piecewise linear functions with one or two. segments 

produce good approximations of the concave cost functions. A one-segment underes­

tim ator is a linear function underestimating the concave cost function. A two-segment 

underestimator introduces a breakpoint in the middle of the support interval of the 

concave function. Thus, the two segment model yields a piecewise linear function em­
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ploying two linear functions which are joined at the breakpoint, and underestimates 

the concave cost function.

2.3.4 Preprocessing

In our preprocessing phase, we employ the following ideas:

Underestim ators: Because our problem is an MINLP in which the only non- 

linearities consist of concave objective function terms, replacing these terms with 

underestimators transforms the problem into an MILP which has the same feasible 

region as the original MINLP. The relationship between the MINLP and the MILP 

is based on the following three characteristics: (i) any solution of the MILP, when 

evaluated in the objective function of the MINLP, yields an upper bound on the ob­

jective function of the MINLP; (ii) the optimal objective function value of the MILP 

yields a lower bound on the MINLP (see §2.3.3); and (hi) for any feasible solution of 

the MILP, the variables contained in the master problem can be used to generate a 

valid Benders’ (optimality) cut by solving a Benders’ subproblem, an LP.

Nonlinear programs: The binary portion of the solution obtained from the 

underestimator model can be fixed in the original model. This yields an NLP with 

continuous variables associated with the concave generators. The optimal objective 

function value produces an upper bound on the optimal solution of the monolith 

which is at least as strong as that obtained from the underestimator model.

Fixed generation: We exploit the best upper bound obtained at any point in 

the preprocessing as follows: For each generator, solve two MILP models (incorpo­

rating the underestimators for the concave cost terms), where exactly one generator 

is either turned off for the entire horizon or turned on at least once. For the case 

in which the generator is turned off, if the optimal objective function value is worse 

than the best upper bound, then this particular generator must be on in any optimal 

monolith solution, and we can add a constraint forcing the generator to be turned on 

at least once during the horizon. Conversely, when forcing a generator to be turned on
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at least once, if the resulting optimal objective function value is worse than the best 

upper bound, then this particular generator cannot be used in any optimal solution 

of the monolith. Thus, we can add a constraint forcing this particular generated to 

be turned off, e.g., we can remove the generator from the model.

The algorithm terminates in preprocessing when .the lower and upper bounds are 

within a specified tolerance.

2.3.5 B en d ers’ D ecom position

Benders’ Decomposition divides the monolith into two parts, a master problem 

and a subproblem. The master problem determines the values for the continuous 

generation and fuel use variables for the generators with the concave emissions profiles, 

the binary variables which control the start-up and shut-down times and steady- 

state operation of the conventional generators, and the logic governing the intake

and outflow of the storage device. The subproblem determines the values of the

remaining variables, generally, the storage of electricity, the spinning reserves, the 

generation and fuel use of generators with linear emissions profiles, and the unmet 

demand. We begin this subsection with a description of both the master problem and 

the subproblem. We then briefly discuss the implementation of our algorithm using 

these two problems. A more detailed explanation of the algorithm appears in §2.3.7.

Let us define the following notation in conjunction with the Benders’ Decompo­

sition procedure:

•  k: current iteration number

•  77: master problem Benders’ cut variable

• G'■ power generators with concave quadratic approximation NO x emissions

curves

• C\ the set of extreme point vectors I at the kth Benders’ iteration (associated 

with the primal problem for the case in which the primal subproblem is feasible).
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Note that we use a superscript index here to differentiate the iteration number 

from the indices associated with the monolith.

~ w =  1, . . . ,  4; \ lwgt, w = 1 , . . . ,  3 (see §2.2.2)

-  w =  1, . . . ,  4 (see §2.2.2)

-  w =  1, . . . ,  4 (see §2.2.2)

-  (see §2.2.2 and §2.2.2)

•  A4: the set of extreme ray vectors m  at the kth Benders’ iteration (associated 

with the dual problem for the case in which the primal subproblem is infeasible) ; 

these are vectors and are subscripted (and decorated) in the same way as the 

duals given in the monolith, (Pucp), but are also underlined. (Again, we use 

a superscript index here to differentiate the iteration number from the indices 

associated with the monolith.)

-  Aiuu w =  1,..  •, 4; 4.Wgfi w — 1, • • •, 3 (see §2.2.2)

" /Cgf w =  1 , . . . , 4  (see §2.2.2)

-  Æ , w =  1, . . . ,  4 (see §2.2.2)

-  2%; (see §2.2.2 and §2.2.2)

Note that at any given iteration fc, there exists either a set of extreme point 

vectors I or a set of extreme ray vectors m, but not both.

The Unit Commitment Master Problem (MPucp) of the Benders’ Decomposition 

scheme is defined as:

(mpucp) min r)+ J 2 Y , p s9Yst + 2 3 +  T T d - O t
g(zC teT gEC teT geQ teT

+ E  E d m^ «  + E E p"°x ( d N « + +  » % )  (2-21)
geQ teT geQteT
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subject to

^ > X /  Xl t  i d t  ~  X  ■' X  A2*S/ -  -  X  ^l5*r5+
tÇ:T y g^Q J  teT geC\Q,teT

"  X  +  X
geQ,teT ■ geQ,teT

+ X  X3gt^gt ~ X  + X  (2.22a)
gen,teT teT teT

+ X  (5< Â ) +  X  ( 55 ^ t _  x gt)
9€C\S,(eT gEQ,teT

+ ^ 2  /^gt^gYgt +  X  lAgtcgŸgt ~ X / ^Agt^g^gt (2.22b)
geC,teT geC ,teT geC\Q,teT

+ E  -  5 3  ^ (I /+ M/+
feT teT

+ 5 3  4 ^ "  T ” -  5 2  vïtâS~w t~ (2.22c)
teT teT

+ 5 2  ^ « 4  + 52  v z e z :  (2 .2 2 d)
gec\Q,iex,teT geC\Q,teT

0 ^  X - 5  I ^  ~  X  ^  I +  X ^  ~  X  ^l9tr9+
te T  y  p e S  y teT geC\Q,teT

-  X  (r 9+ -  X 9t +  ^ , t - l )
geG,tET

+  X  X  A ^ - x m ' + X ^
geQ,teT gen,teT teT teT

+  X  H l^ t ( C5 ^ )  +  X  iS 'g t ( C5 ^  “  ^ g t )
gec\Q ,teT  g eg ,teT

+  X  X  X
gec,teT gec,teT geC\Q,teT

+ 5 3  4 ^ + T +  -  5 3 ^ £ /+ t
teT teT

+ 5 3 ^ s- / - w t-  -  5 3  4 / - t
te T  te T

+ 52 C-4 + 52 2̂ 6g4t Vme-M (2.23)
g€C\Q, iei, teT geC\Q, teT
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constraints in §2.2.2 : (2.le) for g e Q ,  t e T  (2.24)

constraints in §2.2.2 : (2.2a) — (2.2d) for g EC, t e T  (2.25)

constraints in §2.2.2 : (2.3d) for g e Q ,  t e T  (2.26)

constraints in §2.2.2 : (2.4) for t e T  (2.27)

constraints in §2.2.2 : (2.6a) — (2 .66) for g e Q ,  i e i ,  t e T  (2.28)

constraints in §2.2.2 : (2.7) for g e Q, t e T  (2.29)

WT binary V </ € C; Z E T; (2.30)

free, (2.31)

where the first set of constraints constitutes the objective function cuts ((2.22a)- 

(2.22d)) and the second set, (2.23), the feasibility cuts. The first set of terms in the

first constraint, (2.22a), represents the product of the right-hand-side constants, if

nonzero, the associated master problem variables, X gt, g e  Q, of  the constraints in 

§2.2.2, and the corresponding dual variable values; the second set of terms in the

first constraint, (2.22b), represents the product of the right-hand-side constants, if

nonzero, the associated master problem variables X gt, g e Q  and Ygt, g e G, of the 

constraints in (§2.2.2), and the corresponding dual variable values; the third set of 

terms in the first constraint, (2.22c), represents the product of the right hand side 

containing the master problem variables W f  and W f  and their associated coefficients 

(§2.2.2), and the corresponding dual variable values; the fourth set of terms in the 

first constraint, (2.22d), represents the product of the right hand side containing 

the master problem variables, Ygt, and their associated coefficients (§2.2.2), and the 

corresponding dual variable values. Constraints (2.23), the feasibility cuts, possess 

the. same right-hand-side terms as the optimality cuts, except the dual multipliers are 

extreme rays instead.

For given continuous X gtl FgU Lgit (g E Q ,i e I , t  e T)  and binary Ygt, ŸgU 

Ÿgt, Wt+ , and W f (g e G,t e T )  variables, the (primal) Benders’ subproblems are
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derived by fixing these variables of problem ( P u c p )  to the values xkgt, fgt , lkgit, ykt , ygtl 

ÿgv wt + i and wk~, resulting in:

( S P u c p ) ( 4 o 4 , ^ , 2 / ^ & ^ ^ ^ ^ r )  :

min E E d ^ ‘+ E  Pr^' + E ^ '
gec\g teT gec\Q,teT teT

subject to

constraints in §2.2.2: (2.1a), (2.Id), (2.le) for g G C\Q, t e T ]  (2.16), (2.1c),

(2.1#) — (2.1/) for # E C, / E (2.1 / )  for g E 7̂ -, / E

constraints in §2.2.2 with variables fixed to x kgt, y kt \

(2.3a), (2.36), (2.3c) for # E C,t E T; (2.3d) for # E C\Q ,t E T  

constraints in §2.2.2 with variables fixed to w k+, wk~ : (2.5a) — (2.5d) for £ E T

constraints in §2.2.2 : (2.6a) — (2.66) for g E C \Q ,t  E T

constraints in §2.2.2 with variables fixed to y kt : (2.7) for g E C \Q ,i E %, £ E T

X J ,  X f , Fg,, A ,  S f , s r ,  s r  >  0

V # E C, g E C\Q, g' E {C\Q} U 77., £ E T-, £ E X

Note that constraints in the monolith are not included in the Benders’ subprob­

lem because they contain only binary variables and/or those continuous variables 

relegated to the master problem and, as such, are already satisfied by the solution of 

the Benders’ master problem.

Given ( M P u c p )  and ( S P u c p ) ,  we initially select values for our binary variables 

and those variables associated with generation from the units with concave emis­

sions from solving the underestimator problem (see §2.3.3). We obtain values for the

continuous variables (except those associated with generation from the units with 

concave emissions) and collect the dual variable values (or, in the case of an infeasible 

subproblem, the unbounded rays) from the dual subproblem. We use this informa­

tion to construct an optimality cut or feasibility cuts, which we add to the master
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problem. We then resolve the master problem to obtain new values for the binary 

variables, which we pass to the subproblem as parameters. We repeat the process 

until the objective function values from the two problems converge. The Benders’ 

Decomposition procedure for ( P u c p ) follows:

1. Initialize: Let k = 0; initialize the sets C and At. GoTo 2.

2. Solve (MPucp): Obtain the solution, { ^ ,

g' E Q, g £ G, t £ T , z G X for the master problem variables, and real number

gk1 i.e., the value of the cut at the kth iteration. GoTo 3.

3. Check for optim ality if the subproblem  in the previous iteration  was

feasible: If

y  >  T  +  E  < w > t + E ^ ‘
g(E.C ,t£.'T g e C , t € T  ttET

+  e  pnox { < x 9t+ a9x * + y b i )
g& C ,tE T

+  +  ~  e;
g e e  t e T  g e e  t e T

e a small tolerance, then stop; otherwise GoTo 4.

4. Solve (S P u c p )(^ /t ,/g 'tt^ o 2 /g u % ,^ ,^ ,^ t" )  (p' G Q, p G t G T, z G

X) and derive cuts. There are two cases:

(a) The subproblem is feasible (and bounded - it is bounded if the monolith 

is bounded). Obtain the dual multipliers from the subproblem .at the kth 

iteration from the constraints on the primal subproblem. Add an objective 

function cut, i.e., a constraint of the form (2.22a)-(2.22d), to (MPUCp) by 

increasing set C correspondingly. GoTo 5.
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(b) The subproblem is (primal) infeasible, i.e., dual unbounded. Take the ex­

treme ray from the dual subproblem. Add a, feasibility cut, i.e., a constraint 

of the form (2.23), to  (MPucp) by increasing set M. correspondingly.

5. Increase iteration counter k\ k <— k + 1. GoTo 2.

2.3.6 Benders’ Cuts

We employ four types of cuts in some form of the Benders’ master problem:

• In the M INLP M aster Problem : The objective function value of ( M P u c p ) 

must be greater than or equal to the minimum of the current lower bound from 

the mixed integer nonlinear program, typically obtained from the underestima­

tors.

• In the RM INLP M aster Problem : The objective function value of ( M P u c p ) 

must be greater than or equal to the product of a scale factor (typically, 75%), 

and the minimum of the current lower bound from the relaxed mixed integer 

nonlinear program and th a t obtained from the underestimators.

We apply this 75% reduction to the right-hand-side because we are using MI­

NOS, a local solver, to solve the relaxed mixed integer nonlinear programs. 

Often, the local solver cannot find a good local minimum. But because the 

termination criterion for the relaxed solves before starting the mixed integer 

nonlinear programming solves is tha t the gap between the most recent master 

problem objective function value and subproblem value are close, were we to 

supply the master problem with a good lower bound in the first iteration, no 

Benders’ iterations would occur. This might appear to be an advantage in the 

short run, but, in the long run, we are unable to exploit solving the relaxed 

problems to eliminate some of the solution space. By reducing the right hand



35

side by an arbitrary factor, we generally force Benders’ iterations in the relaxed 

problem, thereby reducing the solution space with these easier solves.

• In th e R M IN L P and M INLP M aster Problems: The objective func­

tion value of (MPucp) must be less than or equal to the tightest upper bound 

obtained from the subproblem.

• In the R M IN L P and M INLP M aster Problems: We use CPLEX’s solu­

tion pool to initially collect multiple underestimator problem solutions. We take 

each master problem solution, fix it in the subproblem, and obtain a set of duals 

so that we can add as many optimality cuts to the problem as underestimator 

problem solutions we generate.

2.3.7 Summary: A  H ybrid Benders’ D ecom position Algorithm

We implement our algorithm using the techniques in §2.3.1-§2.3.6 as follows:

1: G enerate the M odel:

Strengthen the original model formulation (see §2.2.1) with the cuts established 

in §2.3.1 and §2.3.2. GoTo 2.

2. Preprocessing:

(1) Use the preprocessing steps as described in §2.3.4 to obtain an initial lower 

bound (LB) and an initial upper bound (UB) on the optimal objective 

function value of the monolith. Collect $ (e.g., 10) solutions from the 

underestimator model using the CPLEX solution pool within a pool gap 

of 'ijj (e.g., 10-5). Obtain t? Benders’ optimality cuts by solving t? LP 

subproblems.
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(2) If (UB — L B ) / L B  < £ (e.g., 0.001), then stop; otherwise GoTo 3.

3. B enders’ Applied to the R elaxed M aster Problem:

(1) Solve the RMINLP master problem using a local solver (e.g., Minos) to 

obtain an objective function value z r m i n l p -

(2 ) Generate a feasibility cut or an optimality cut by solving the Benders’ 

subproblem (an LP) using the solution obtained in (1) yielding objective 

function value Z g U B .

(3) If ( z g U B  -  z r m i n l p ) / z r m i n l p  <  £ ,  then GoTo 4; otherwise Return To 3.

4. Benders’ Applied to the M aster Problem :

(1) Solve the MINLP master problem using a local solver (e.g., AlphaECP).

(2 ) Pass the solution obtained in (1) to a global solver (e.g., BARON), and

solve the MINLP master problem to a gap of uj (e.g., 0.0005). Let the 

lower bound of the MINLP master problem be z mi n l p -

(3) If zminlp is larger then current lower bound, then update LB.

(4) Generate a feasibility or an optimality cut by solving the Benders’ subprob­

lem (an LP) using the solution obtained in (2).

(5) If Z g U B  is lower than the current upper bound, then update UB.

(6) If (UB — L B ) / L B  < e, then stop; otherwise Return To 4.
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2.4 C om putational R esults: Solution Tim e Comparisons and Test Sys­

tem  R esults

We model our hybrid algorithm in GAMS (Brooke et al. (1988), Bussieck and 

Meeraus (2004)), Version 23.7.3, and employ the following solvers: Minos, Version 

5.51 (Murtagh et al. (2011)), BARON 9.3.1 (Tawarmalani and Sahinidis (2004)), 

CPLEX 12.3 (IBM (2011)), and AlphaECP 2.04.02 (Westerlund and Lastusilta (2011)). 

We run our computational tests on a Sun X5675 server with Intel Xeon processors 

and 48 GB RAM.

The National Renewable Energy Laboratory (NREL) provided the generator 

and load data for the Colorado power system from the Grid View database, and also 

provided all available continuous monitoring emission system (GEMS) data for the 

Colorado generators (US Environmental Protection Agency, 2005). We include a sub­

set of these generators in operation during the year 2005 in our analysis. Specifically, 

we include 15 generators of which 14 are gas (two of these comprise a combined cycle 

unit), and one is a coal generator. The minimum capacity for a single power unit 

is 2.6 MW and the maximum capacity for a single unit is 178.3 MW. There is no 

minimum capacity for the renewable generators; the winter, spring, summer, and fall 

peak levels for a single renewable generator are 23.5 MW, 23.7 MW, 11.0 MW, and

19.7 MW, respectively. The to tal installed capacity for the gas units is 522.5 MW, 

while that of the coal unit is 178.3 MW. The available hourly renewable generation 

ranges between 43 MW and 81.6 MW. We scale several parameters, including de­

mand, available renewable capacity, and the size and flow rates of the storage device 

to coordinate with our subset of generators. We assume the storage device can hold 

50 MWh of energy and has a capacity rating of 12 MWh. We modify certain parame­

ters which NREL deemed to be unreasonable, e.g., minimum down times longer than 

48 hours are reduced to 24 hours. We also use the GEMS data to develop our own 

piecewise-linear heat rate curves and nonlinear N O x  emissions curves.
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For the combined cycle units in the system, we identify the gas turbines and 

the steam turbines. In order to model these units accurately, we include each gas 

turbine in the data set as well as a combined gas and steam turbine. To develop the 

combined gas and steam turbine’s operating characteristics, we allocate the steam 

turbine’s operating characteristics and costs across the gas turbines based on each 

gas turbine’s relative maximum capacities. For example, assuming a combined cycle 

unit with three gas turbines, each with a maximum capacity of 150 MW, and a 

steam turbine with a maximum capacity of 300 MW, we increase each gas turbine’s 

maximum capacity by 100 MW to 250 MW. For the combined gas and steam units, 

we use the steam turbine’s maximum ramp-up, minimum up and ramp-down times, 

which are the more conservative of the two.

We differentiate instances by altering the time horizon and season; specifically, we 

solve 12-, 18-, and 24-hour models for each of four seasons (winter, spring, summer, 

and fall). Our 15-generator, 12-hour problem instances contain 3,826 constraints, 

2,185 variables (including 804 binaries), and 16,468 nonzeros in the matrix of left- 

hand-side coefficients. The corresponding 18-hour problem instances contain 5,757 

constraints, 3,277 variables, of which 1,206 are binary, and 28,207 nonzeros. The 

24-hour instances possess 7,690 constraints, 4,369 variables, including 1,608 binaries, 

and 41,822 nonzeros.

We run computational tests with two goals: (i) we demonstrate the strength of 

our solution techniques described in §2.3, and (ii) we show how our model provides 

insight into the operation of a real-world power system. Specifically, regarding (i), we 

show how each of the procedures, as appropriate, outlined in §2.3 affects convergence 

and solution time of our Benders’ procedure relative to solving the monolith. Then, 

regarding (ii), we measure the extent to which the storage device is used and the 

contribution of renewables to the system. We assess the emissions differences when 

measured with constant, versus quadratic, curves.
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2.4.1 Solution  Tim e C om parisons

While the cuts described in §2.3.1 and §2.3.2 do not yield tighter lower bounds, 

they greatly reduce solution time for the Benders’ procedure. For example, the 12- 

hour winter season instance, with the cuts, requires 172 iterations to converge; without 

the cuts, the same instance requires 189 iterations for convergence. The 12-hour fall 

season instance requires 177 Benders’ iterations (including 137 relaxed MINLP solves) 

with the cuts; without the cuts, the procedure runs for more than 3,400 iterations 

without improving the objective for more than 2,200 iterations and without ever 

commencing MINLP solves.

In the 12-hour winter season model, we generate six feasibility cuts. Similarly, 

for our 12-hour fall season model, only 23 cuts are feasibility cuts. The incorporation 

of an elasticized demand constraint and valid inequalities significantly reduces the 

likelihood of generating solutions from the Benders’ master problem which result in 

infeasible subproblems. If we chose not to include these features in our model, we 

would consider implementing an approach such as the maximum feasible subprob­

lem, presented in Saharidis and 1er ap et r it on (2010), to try to increase the chance of 

generating solutions which are feasible for the Benders’ subproblem.

We solve each of twelve instances using the formulation given in §2.2 with the cuts 

described in the first two subsections of §2.3. We employ the one- and two-segment 

underestimators separately, and compare the root relaxation value against that of the 

mixed integer nonlinear program (see Table 2.1). We provide the monolith the same 

benefit with respect to cuts, with the exception of fixed generation (see §2.3.4) which 

requires bounds to determine which generators should be fixed on or off.

The percent difference between the root relaxation of the mixed integer nonlinear 

program with the nonlinear curves approximated with one- and two-segment under­

estimators is about the same and ranges between 0% and 3% relative to the optimal 

solution. That is, these underestimators yield tight lower bounds. On the other hand, 

the percent difference between the root relaxation of the mixed integer nonlinear pro­
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gram as given in (Pucp) and the optimal solution ranges between 25% and over 100%. 

In other words, these nonlinear programming bounds are substantially weaker than 

those obtained from their piecewise linear counterparts.

Table 2.1. Numerical results for the tightened formulation: Comparison of the mono­
lith and the one- and two-segment Benders’ approximations root relaxations

Percent difference between root node and optimal solution
Two-segment One-segment Monolith

underestimator underestimator
Winter-12 3.16 2.28 104.89
Spring-12 0.69 0.59 53.18

Summer-12 1.52 1.39 24.98
Fall-12 1.60 0.40 48.29

Winter-18 2.63 2.04 87.28
Spring-18 2.12 2.04 56.55

Summer-18 1.55 1.43 36.69
Fall-18 2.08 1.07 55.26

Winter-24 2.13 1.28 50.44
Spring-24 1.55 1.46 52.29

Summer-24 1.94 1.94 27.86
Fall-24 1.47 1.47 43.63

The Benders’ Decomposition procedure (see Table 2.2) follows the algorithm 

described in §2.3.7. To expedite solutions for 24-hour time horizon model instances, 

we implement cut aging, i.e., we do not consider Benders’ master problem cuts that 

have not been active for 120 iterations. We initially solve relaxed mixed integer 

nonlinear programming problems (RMINLPs), i.e., nonlinear programming problems, 

corresponding to the master problem until the objectives from the RMINLP master 

problem and the subproblem are within 0.1% for the 12-hour models or within 0.15% 

for the 18- and 24-hour models. At that point, we solve mixed integer nonlinear 

programming problems representing the master problem for the remainder of the run. 

W ithin each iteration, we solve the mixed integer nonlinear programming problems 

to within 0.05%. For each MINLP master problem, we provide an initial solution, if 

any is found within 500 seconds, from the local solver AlphaECP.
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The piecewise-linear methodologies perform well relative to the implementation 

of the mixed integer nonlinear monolith, both in terms of solution quality, if applica­

ble, and in terms of solution time. In particular, the two-segment Benders’ method 

significantly outperforms implementation of the monolith, and is also substantially 

superior to the one-segment Benders’ method in seven of the twelve instances. In 

the other five instances, the solutions lie close to the end points of the N O x curves, 

allowing a one-segment underestimator to adequately approximate the curve. How­

ever,' the performance gains from fewer binaries in the one-segment Benders’ model 

versus the two-segment model are small enough th a t the two-segment Benders would 

still be a safe implementation choice.

Table 2.2. Numerical results for Benders: Comparison of the monolith solution time 
and quality against th a t of using the one- and two-segment Benders’ approximations. 
We state the gap relative to the optimal objective function value, which the two- 
segment Benders’ procedure provides.

Horizon Two-seg. Benders One-seg. Benders Monolith
length [h] Obj. Solution Gap% Solution Gap% Solution

and season time time time
W inter-12 189,355 7 0.09 12,505 0 761
Spring-12 256,971 7 0.02 8 0 482

Summer-12 418,142 13 0.01 10 0 1235
Fall-12 265,659 7 0.10 1,447 0 121

W inter-18 311,546 42 0.34 b 14.33 b

Spring-18 397,084 79 0.15 b 7.55 b

Summer-18 497,987 37 0.17 b 2.61 20,933*)
Fall-18 392,357 17 0.09 14 9.78 b

Winter-24 486,413 635 0.38 b 15.71 p

Spring-24 482,222 183 0.19 b 8.92 b

Summer-24 632,311 107 0.02 63 7.33 b

Fall-24 513,736 85 0.14 33 N/A b

b: Timed out after 10 hours 
b Out of memory 
Solution times in seconds
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2.4.2 Test System  R esults

We show in Figure 2.3 the extent to which the storage device is used over a 

24-hour time horizon and each season for which we obtain solutions. The storage 

device is used extensively in the representative fall day and to a much lesser extent in 

the corresponding spring and summer days. In all cases but the winter day, storage 

capacity falls to zero during some hour(s) in the middle of the day.

Winter - - - - - -  Spring — — ' Summer - - - - - -  Fall

50  - -

^ 30 "

Sc

8
—X

10 - -

Time [hours]

Figure 2.3. Storage values over a 24-hour time period for each of the four seasons. 
Note th a t the storage device is not usable until time period 2.

We present in Figure 2.4 the renewable energy scheduled for the a 24-hour time 

horizon and the four seasons. We note that no curtailment of renewable energy 

occurs in these four windows, and even during the spring peak, all renewable energy 

was consumed.

We compare the N O x emissions predicted using the concave quadratic curves, 

i.e., for the generators in set Q, to constant emissions rates. Using the four 24-hour 

horizon models, we find that a constant N O x emissions rate (rather than  a quadratic
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Figure 2.4. Renewable energy used over a 24-hour horizon for each of the four seasons.

curve) results in an average overestimation in emissions on the order of 1.9%. For all 

four models considered, the discrepancy in emissions between the constant rate and 

quadratic approximations ranges from -0.7% to 4.7%.

2.5 Conclusion

We present a mixed-integer nonlinear program th a t minimizes fixed and variable 

costs of operation, emissions costs, and penalty costs for failure to meet demand. 

We incorporate not only standard constraints regarding the operation of the genera­

tors, but also details such as renewable generators, storage devices, piecewise linear 

heat input curves, and nonlinear emissions curves. Because the model instances we 

test exhaust the capabilities of state-of-the-art mixed integer nonlinear solvers, we 

implement several enhancements to increase model tractability and computationally 

demonstrate their usefulness.

Our enhancements allow us to quickly solve otherwise intractable mixed-integer 

nonlinear programs to near optimality, or in many cases, to optimality. Our results
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demonstrate th a t the hybrid algorithm with two-segment piecewise linear underes­

tim a te s  converges in seconds compared to some monolithic models which do not 

achieve the required gap after 10 hours. Thus, this hybrid Benders’ Decomposition 

algorithm offers the opportunity for RTOs and ISOs to introduce nonlinear constructs 

into their unit commitment models while maintaining tractability.
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CHAPTER 3

THE COST OF PROVIDING SPINNING RESERVES

Utilities must generate enough electricity to meet customer demand. This presents 

a challenge, as utilities must anticipate quickly changing consumer needs, while en­

suring that power plants operate within specifications. The unit commitment model 

provides utilities with a lowest cost schedule to meet their anticipated customer de­

mand without violating the operational limits of their power plants. The typical 

unit commitment model also ensures adequate spinning, or contingency, reserves are 

always available in case of an unexpected generator failure. Spinning reserves (SR) 

are present as excess online, or spinning, capacity which allows a power system to 

respond to uncertain failures almost instantaneously. Local regulatory agencies, such 

as an Independent System Operator (ISO), usually establish the required level of SR. 

In the absence of SR, some customers would experience curtailment of power for a 

short period of time.

The unit commitment model typically contains three distinct single-time-index 

binary variables which indicate whether a generator starts up, shuts down or operates 

in steady state in a given time period. Furthermore, the model also incorporates 

continuous variables which describe how the generators in steady-state operation 

meet demand and spinning reserve requirements. We provide a unit commitment 

model containing these features, as well as renewable energy sources and a storage 

device. Specifically, we include wind turbines and a pumped hydro storage device in 

our system. Our storage device not only acts as a repository for excess electricity, 

but it also has the capability of providing spinning reserves. As with any storage 

device, significant efficiency losses occur. The storage device has capacity and flow
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rate limits which must be observed. The addition of renewables and storage in our 

unit commitment model results in a more accurate representation of Xcel’s power 

system in Colorado.

Our research contributions lie in the following: (i) we formulate a unit commit­

ment model which includes features such as storage, renewable sources, and piece wise- 

linear convex or concave heat input curves, in addition to other details included in 

published models; (ii) we implement a sliding time window heuristic to obtain feasible 

generator dispatch schedules of reasonable quality for up to five different SR require­

ments for an annual planning horizon; (in) we evaluate the short-term (monthly) cost 

savings achieved by reducing the required level of spinning reserves for a system with 

storage; (iv) we estimate annual cost savings which might be achieved by reducing 

SR; and (v) we present expected emissions of CO2 , NOx and SO2 for these annual 

schedules, which are determined a posteriori.

The remainder of the chapter is organized as follows: In Section 3.1, we provide 

a literature review. In Section 3.2, we present our version of the unit commitment 

model. In Section 3.3, we describe opportunities to tighten the formulation and in­

troduce our sliding time window heuristic. In Section 3.4, we contrast operating costs 

with and without the spinning reserve requirements enforced. Section 3.5 concludes 

the chapter.

3.1 Literature R eview

In this section, we provide a review of relevant literature. We first discuss typical 

unit commitment models used today, including their size and techniques for solving 

such problems. Additionally, we discuss how storage devices have been used in other 

published models. We then review heuristic methods for solving unit commitment 

models for longer horizons, e.g., a year. Finally, we summarize research into demand 

response and the costs associated with providing SR.
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3.1.1 Typical U nit Com m itm ent M odel

The first attempts to solve mixed integer linear programming (MILP)-based de­

terministic unit commitment problems date back to the late 1970s and consider fewer 

than 20 generators dispatched over a 24 hour horizon (Dillon et a/., 1978). Baldick 

(1995) presents a unit commitment problem with typical generator constraints, e.g., 

capacity, ramp rates, and up- and down-time constraints, as well as line flow and 

voltage constraints. In order to solve a small problem with 10 generators over a 24 

hour horizon, the author relies upon Lagrangian Relaxation. A comparison of us­

ing Lagrangian Relaxation to solving the monolith outright with branch-and-bound 

appears in Li and Shahidehpour (2005).

Since these early attempts to solve the unit commitment problem, the model has 

been applied to many different research questions. Sioshansi et al. (2008) compare 

welfare transfers between consumers and producers based on solutions obtained using 

Lagrangian Relaxation versus solving the monolith directly. The authors study the 

ISO New England, which consists of 276 generators. The authors incorporate a 

time horizon of 24 hours, constant marginal costs, and omit transmission in order 

to develop a tractable MILP. The results of this practical application dwarf most 

published results, which focus on test systems.

In practice, branch-and-bound solution techniques applied to MILP unit com­

mitment models are still considered a “new” methodology. O’Neill and Krall (2011) 

survey six Regional Transmission Organizations (RTOs) and/or ISOs regarding their 

use of day-ahead unit commitment models. Based on the responses, the majority of 

the organizations uses or is currently evaluating MILP-based models. Of the organi­

zations that responded, the look-ahead time frame may be as long as four hours with 

quarter-hour model fidelity. The only organization to report an optimization gap 

for their unit commitment model optimization, the California ISO (CAISO), recently 

increased the quality of their solution from 0.5% to 0.05%. However, it is unclear 

from the report if these organizations develop their own unit commitment models or
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purchase commercial software from vendors such as Ventyx (Ventyx, 2011), Power Op­

timisation (Power Optimisation, 2011), Plexos (Energy Exemplar, 2011), and Nexant 

(Nexant, 2011). These software packages offer a variety of features including generator 

operating constraints, pumped storage device constraints, and transmission (Power 

Optimisation, 2011). Some software also considers more sophisticated features such 

as buying and selling power to and from the grid (Nexant, 2011) and decision analysis 

tools (Ventyx, 2011).

3.1.2 Incorporation o f Storage D evices

Several authors have incorporated aspects of renewable generation and/or stor­

age devices into their unit commitment models to assess the economic implications 

of these devices, including Gollmer et al. (2000). Sioshansi et al. (2009) evaluate the 

ability of storage devices to decrease arbitrage opportunities in electricity markets 

from 2002 to 2007 by smoothing, or shifting, load. The model consists of a linear 

program (LP) which is solved in successive two-week intervals. The model character­

izes a generic storage device, constraining its operation based on its efficiency, storage 

capacity and ability to generate power.

Additionally, Denholm and Sioshansi (Forthcoming) propose two MILPs to mea­

sure the benefits and costs of co-locating wind farms and compressed air energy stor­

age (CAES) devices. The authors consider the transmission infrastructure required 

to transport the energy from a wind farm in a rural area to an urban center. See 

Sioshansi (2010b) for a comprehensive summary of relevant literature regarding stor­

age devices and their economic implications on power systems.

3.1.3 H euristics for C reating Long-Term Generation Schedules

To better understand the impact of storage and renewable generation on power 

systems, heuristics are often employed to provide an estimate of the benefits of these 

technologies. Tuohy et al (2007) determine how operating costs change as reserve
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requirements fall due to the benefit of better wind forecasts. The authors compare the 

results they obtain from their own unit commitment and generator dispatch model 

to an industry standard “rounded relaxation” heuristic solution obtained using the 

Plexos software (Energy Exemplar, 2011). The authors use a rolling horizon method, 

which varies from one hour to 24 hours, to quantify these operating costs.

Sioshansi and Short (2009) model the Electricity Reliability Council of Texas 

(ERGOT) system with high wind penetration using a combination of two models: a 

day-ahead unit commitment model and a real-time dispatch model. The day-ahead 

model, with hourly fidelity, is solved repeatedly to develop a commitment schedule 

for 165 days. The real-time dispatch model then uses 15-minute time steps to dis­

patch the selected generators to meet demand. Sioshansi (2010a) models the ERGOT 

system, including wind generation and a storage device, using a more sophisticated, 

48-hour unit commitment model. Both generator commitment and dispatch are de­

termined for the two-day horizon. The generators’ states at the end of the horizon are 

passed to the next 48-hour unit commitment model to ensure a feasible schedule. An 

hourly dispatch model then determines the generation level for each unit. Given that 

the system consists of 375 generators, commitment decisions are made in three-hour 

increments to improve model tractability.

Sioshansi and Miller (Forthcoming) construct a unit commitment model which 

incorporates the use of plug-in hybrid electric vehicles. The authors solve the model 

repeatedly, overlapping 48-hour horizons in order to assess the impacts of plug-in 

hybrid electric vehicles on emissions from power generation in Texas. The window 

has a 24-hour overlap; thus, the generators’ states at the end of the first 24 hours 

become fixed for the next window, and the process repeats for one year. This model 

focuses on power generators and plug-in hybrid electric vehicles only. It does not 

consider renewable energy sources or storage devices. Sioshansi et al. (2010) perform 

a similar analysis on the impact of plug-in hybrid electric vehicles for the Ohio region.
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Weber et al. (2009) present' the National Renewable Energy Laboratory’s (NREL) 

Wind Integration in Liberalized Markets (WILMAR) model, an MILP. The model 

also contains the WILMAR Scenario Tree Tool to incorporate uncertainty in wind 

generation and load. The WILMAR code possesses a rolling, or sliding, time horizon 

to allow forecasts of wind and load to be updated as better information becomes 

available. The initial three hours of the horizon are treated deterministically: time 

horizons for stochastic optimization vary between 12 and 36 hours. Tuohy et al. (2008) 

and Tuohy et al. (2009) evaluate the WILMAR stochastic unit commitment problem 

after introducing uncertain wind generation into the system. An MILP version of 

the WILMAR model provides the schedule and economic dispatch of the generators. 

The three-stage WILMAR Scenario Tree Tool characterizes the stochastic wind and 

load parameters. The authors solve the problem repeatedly, moving forward in time 

in three-hour increments until they obtain a schedule for the entire year. In Tuohy 

and O’Malley (2009), the authors use the WILMAR model with the Scenario Tree 

Tool to determine the benefits of pumped storage devices on systems with high lev­

els of wind generation. A sliding time window heuristic, rolling forward every three 

hours, determines the commitment and, dispatch schedule, taking into consideration 

the availability of the pumped storage device.

3.1.4 D em and R esponse and Spinning Reserves

The unit commitment model typically provides information about spinning re­

serves as well as generator dispatch. Recent emphasis on incorporating demand re­

sponse into the power system increases the complexity of the traditional unit com­

mitment model. Each industry has its own definition of “demand response.” In eco­

nomics, demand response may refer to how consumers alter their behavior based on 

electricity rates, such as Californians did in response to the 2000-2001 energy crisis 

(Reiss and White, 2003). In the context of our work, demand response refers to load 

shedding, particularly of customers who have expressed a willingness to have their
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demand curtailed for short periods of time.

Martins et al. (1996) develop a multiple-objective linear program to minimize 

a generator expansion budget, environmental costs and environmental impact from 

SO2 and N 0X emissions while meeting load over a multi-year horizon. The authors 

consider load shedding as an alternative to SR when developing the capital budget. 

Because such considerations are the primary focus of their work, the annual time hori­

zon of the budget optimization model differs from a typical hourly dispatch model. 

Luo et al. (1998) also develop an MILP to minimize the net cost of shedding load from 

the perspective of a large industrial customer. This load-side strategy allows the cus­

tomer to reduce or increase its power consumption using a “control event” algorithm. 

The authors also consider the customer’s production targets when determining load 

shedding and restoration.

More recently, Bouffard et al. (2005a) and Bouffard et al. (2005b) expand the 

electrical engineering definition of demand response in evaluating power systems by 

reducing operating reserves. Reduction of operating reserves could result in load 

shedding in the event of a generator or line failure. The authors also quantify the 

amount of excess reserves within a power system using a stochastic model of a sim­

ple three-generator, three-line, and three-bus system operating over a four-hour time 

horizon. Binary variables with a single time index represent whether the generator 

operates in a given time period. The model maximizes social welfare in light of pos­

sible failures of both generators and lines. While load shedding results in a penalty 

to the objective function, the model does not explicitly limit total shed load. The 

authors also exclude non-spinning reserves, i.e., reserves offered by non-operational 

generators, owing to intractability of larger-scale models.

Ortega-Vazquez et al. (2006) present a stochastic unit commitment model which 

provides a time-varying optimal level of SR, noting that traditional models generally 

overcompensate for potential outages. The authors incorporate the cost of shedding 

load into the objective function and maximize social welfare. Additionally, this re­
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search incorporates a piecewise-linear approximation of expected energy not supplied 

(EENS). The piecewise approximation has limitations, particularly due to convexity 

of the EENS frontier. However, since the approximation tends to overestimate the 

EENS, the unit commitment model solution may provide more SR than necessary.

Madaeni and Sioshansi (Forthcoming) compare cost savings of two models: a 

stochastic unit commitment model incorporating a three-stage wind availability sce­

nario tree and a unit commitment model with demand response and real-time pricing. 

The models predict cost savings for ERGOT, which has significant wind generation. 

The results indicate tha t a unit commitment model with real-time pricing offers the 

potential for greater cost savings than a stochastic unit commitment model consid­

ering uncertain wind demand. If implemented together, the total costs savings from 

both real-time pricing and stochastic wind forecasts are less than the additive savings 

from the two independent features.

3.2 M odel

The unit commitment model we present minimizes total operating costs for a 

power system including: fixed start-up costs, fuel and maintenance costs, and the 

costs of not meeting demand. Our system includes “base load” coal units as well as 

“intermediate” combined cycle units and “peaker” natural gas units. We assume that 

utilities dispatch these generators on an hourly basis throughout the year. Because we 

consider a system with a high penetration of coal generation, we anticipate a solution 

in which the base load units operate steadily throughout the year, with intermediate 

and peaker units providing supplemental generation during high demand hours.

Our model contains typical constraints found in unit commitment models, both 

for the power system as a whole and for the individual generators. Load must be bal­

anced, i.e., we must meet demand, and we have to provide adequate spinning reserves, 

which must be equal to the maximum capacity of the largest generator operating at 

a given time. For the generators, we limit their operation based on ramp rate, mini-
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mum and maximum capacity, and minimum up and down times. Unit commitment 

models typically use a linear approximation to describe the relationship between fuel 

use and generation level. However, some generators operate more efficiently at levels 

below their maximum capacity, resulting in a nonlinear relationship between genera­

tion and fuel consumption (Gollmer et a/., 2000). Therefore, to include more accurate 

representations of these conventional characteristics, we use piecewise-linear approxi­

mations of each generator’s heat input curve. Each conventional generator possesses 

a unique heat input curve, which we approximate with between one and four linear 

intervals depending on the convexity or concavity of the curve.

We specify a slope for each segment for all of the piecewise-linear approximations, 

regardless of convexity. For the convex approximations, we also define the length, 

or amount of generation, modeled in each interval, as well as the first segment’s 

intercept. The concave piecewise-linear approximations are more complex, because 

we must specify the intercept for each segment, define the lower and upper bounds 

on each interval, and ensure that a generator operates in at most one segment at a 

time.

We embellish the typical unit commitment model by including generation from 

wind energy sources and energy storage using a pumped hydro device. Renewable gen­

erators operate very differently than conventional generators because their maximum 

output in a given time period varies as a function of the amount of wind available at 

any time. Due to this variability, renewable generators are unsuitable for contributing 

to spinning reserves. We include a pumped hydro storage device which is capable of 

supplying power when needed, typically during peak periods, and storing power when 

there is an excess due to low demand. The storage device may also provide spinning 

reserves, if necessary. Limitations on the device’s operation include: minimum and 

maximum capacity of the device, limitations on the flow into and out of the device, 

as well as inventory balance. All power stored in the pumped hydro device is subject 

to efficiency losses.

A R T H U R  L A K E S  L IB R A R Y  
COLORADO SCHOOL OF MINES 

GOLDEN, CO 80401
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Although we consider many aspects related to generator commitment and dis­

patch, our model cannot include all features which impact the generation schedule. 

We do not consider transmission. Thus, our solution could concentrate generation 

in a region without adequate transmission capacity, making the generation sched­

ule infeasible upon implementation. We also do not incorporate the impacts of the 

SO 2 cap-and-trade system in place under the US Environmental Protection Agency’s 

Acid Rain Program, which may make coal generators appear more cost effective in 

our analysis. We also assume constant coal and natural gas prices throughout the 

year. Finally, we assume th a t load and the maximum available renewable generation 

are known with certainty because we model our system deterministically.

3.2.1 Generator D ispatch  O ptim ization M odel Formulation

We now present our model, ( P u c p ) -  We use lower case Roman letters to repre­

sent parameters, upper case Roman letters in regular font to represent variables, and 

upper case Roman letters in script font to denote sets. Superscripts provide descrip­

tions for various parameters while subscripts on parameters and variables represent 

indices, i.e., elements of a set. A mixed-integer nonlinear variant of this model ap­

pears in Van Dinter et al. (2011b).

Sets:

• Q\ set of generators

• Ç t/: set of renewable generators

• C Ç Q: set of conventional generators

• C Ç Q: set of conventional generators with concave piecewise-linear heat input 

curves
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• C Ç set of conventional generators with convex piecewise-linear heat input 

curves

• Z: set of intervals i for the piecewise-linear approximation of the heat input 

curves

• T : time horizon over which the system is optimized

Data: 

Pnces

• price of fuel for conventional generator g [$/MMBtu]

• psg: price of start up for conventional generator g [$]

• p0gm: operation and maintenance costs for conventional generator g [$/MWh]

• p: elastic penalty for not meeting demand [$/MWh]

Supplies and Demands

• cg: minimum hourly generation of conventional generator g [MWh]

• cg: maximum hourly generation of conventional generator g [MWh]

• csg\ amount of hourly spinning generation of conventional generator g [MWh]

• cL: maximum hourly generation of renewable generator g in hour t [MWh]

• dt: demand at hour t [MWh]

Generator Rates and Times

• rrg+: ramp-up rate of generator g [MWh/hr]

• rrg~\ ramp-down rate of generator g [MWh/hr]

• rg+: ramp-up time required for generator g [hr]
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• r*- : ramp-down time required for generator g [hr]

• minimum up time of generator g before shut down [hr]

• tg: minimum down time of generator g before start up [hr]

• s1-. percentage efficiency loss from storage

• se: minimum quantity of energy allowed in storage [MWh]

• se\ maximum quantity of energy allowed in storage [MWh]

• s^+: minimum flow into storage, i.e., pumping [MWh/hr]

• s^+: maximum flow into storage, i.e., pumping [MWh/hr]

• sj~\ minimum flow from storage, i.e., generating [MWh/hr]

• sf~: maximum flow from storage, i.e., generating [MWh/hr]

• rrigi. slope of the linear approximation of the heat input curve for generator g 

in interval i [MMBtu/MWh]

• bgi : intercept of interval i of the concave linear approximation of the heat input 

curve for generator g [MMBtu]

• bg: intercept of the first segment of the convex linear approximation of the heat 

input curve for generator g [MMBtu]

• kgi\ length of interval i on the concave linear approximation of the heat input 

curve for generator g [MWh]

• kgf. breakpoint of interval i on the convex linear approximation of the heat 

input curve for generator g [MWh]
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C ontinuous D ecision  Variables:

•  X gt: electricity production from generator g at time t [MWh]

• Xgf : spinning reserves provided by generator g at time t [MWh]

• Xg^: spinning reserves required for each generator g at time t [MWh]

•  X f :  total spinning reserves required at time t [MWh]

• Fgt: fuel used by generator g at time t [MMBtu]

• Dt: unmet demand at time t [MWh]

b'torupe

• Sg. amount of energy in storage at the beginning of time t; Si = 0  [MWh]

• St+ : energy inflow to storage by the end of time t [MWh]

• S*T: energy outflow from storage by the end of time t [MWh]

• Sf~: spinning reserves from storage by the end of time t [MWh]

Piecewise-Linear Approximation

• Lgit \ hourly capacity at which generator g is operating on the heat input curve 

at time t in interval i [MWh]

Binary D ecision Variables:

0  otherwise

1 if generator g starts up at time t

0  otherwise

1 if generator g operates in steady state at time t
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1 if generator q shuts down at time t
• r,« =

I 0  otherwise

dorage

{ 1 if there is inflow into the storage device at time t 

0  otherwise

I 1 if there is outflow from the storage device at time t
• W f = {

I 0  otherwise

{ 1 if generator g operates in interval i of the heat input curve at time t 

0  otherwise

Formulation:

( P u c p ) m in  +  +  E ^ ‘
g(zC t£ T  <?€C tç 'j ' t e T

+ E E ^
g ee  t e T

subject to

(see §3.2.2)

^   ̂Xgt St — Ŝ ~ +  Df — dt V t E T" (3.1a)
gep

V p E C , t G T  (3.1b)

^ W 7  + s r > x f  w e r  (3.ic)
pec

V 9 E C , t € T ,  t> l  (3.1d)

X g,t-i ~ Xgt < Tg V g € C,t £. t  > 1 (3.le)

V p E ^ t E T  (3.1f)

St — St-i  +  (1 — sl)S^_l — 5't _ 1 V t E T , t > 1 (3.1g)
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Sst -  < S+ + {sf -Wt- -  Sf) Vt e r  (3.1h)

5 f -  St+ + s r  < St ' i t e T  (3-li)

s r  + s r < s f - y t e r  (3-ij)

S t > s e y  t e T  (3.1k)

St < T  V t e T  . (3.11)

(see §3.2.2)

Ygt Ygt — Ÿgj-i V g e C,t € T  (3.2a)

Ygt > Ygit- i  — Ÿgt V g e C, t € T , t > I (3.2b)
t

' y   ̂ Y g t ' ^ Y g t \ f  g E C, t e T ,  t >  1 (3.2c)

t

Ygt' < 1  — Ygt y-g E C, t E T  (3.2d)

(see §3.2.2)

Xgt +  Xgt < CgŸgt y  g E  C,t E T  (3.3a)

^  =  %  (3.3b)

V p E C , Z E T  (3.3c)

Xgt >  y  g E C,t E T  (3.3d)

(see §3.2.2)

< 1 W E T (3.4)
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(see §3.2.2)

S+ < V t G T  (3.5a)

S+ > V f G T  (3.5b)

V ^ G T  (3.5c)

ST > V t G T  (3.5d)

(see §3.2.2)

X gt = y ' ]  Lgit V ^ G C, t £ T  (3.6a)
lEl

Lgit ^  kgi V y G C, z G X, t G T- (3.6b)

(see §3.2.2)

Fgt = VlgiLgit +  kgŸgt V ^ G C, t  G T  (3.7)
16%

(see §3.2.2)

Xgt — y y  X^t V p G C, t E T  (3.8)
i E /

(see §3.2.2)

y y  < 1  V ^ G C, f G X (3.9)
ZE%
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(sec §3.2.2)

Fgt — Jÿ^ j (mgiLgit +  bgiZgit) V g e  C, t E T  (3.10a)
iez

kg,i-iZgit < Lgit V p G C, i E T, i > l , t  E T  (3.10b)

Lgit X: kgiZgit V g E  C, i E X, t E F  (3.10c)

(see §3.2.2)

A , s r ,  s r  > o

V g E G, g' E C, t E F i i EX ,  (3.11a)

y^, ÿ^t, W,-, binary V  ̂ e  C, ^  G C, 2 G  ̂ G T  (3.11b)

3.2.2 D eta iled  M odel D escription

We next give a detailed description of the model formulation. The objective 

function seeks to minimize fuel costs, operating and maintenance costs, penalties 

associated with unmet demand, and start-up costs. The following subsections detail 

the constraints. We categorize the constraints not only by their general sense, but 

also by the types of variables they contain.

Power G eneration and Storage Constraint (3.1a) ensures that load is met using 

generation from conventional and renewable sources and a storage device. If genera­

tors and the storage device cannot provide sufficient generation, the elastic variable 

allows the demand constraint to be violated (and the objective function incurs a 

penalty in this case). We implement a portion of a linear minimum-maximum struc­

ture with constraint (3.1b) to identify the largest operating unit in each time period. 

Constraint (3.1c) ensures th a t sufficient spinning reserves are provided by operating
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generators and/or storage devices. The largest unit dictates the amount of spinning 

reserves that must be available in each time period. Constraints (3.Id) and (3.le) 

restrict the rate of change in generation level between any two successive time periods 

to be less than or equal to the ramp-up or ramp-down rate, respectively. The sum 

of the change in generation level from one period to the next and any generator’s 

committed spinning reserves cannot exceed that un it’s ramp-up rate. This ensures 

th a t if a generator must provide reserves in addition to generation, the incremental 

ramping caused by the reserves does not force a generator to exceed its ramp-up rate. 

Constraint (3.If) limits the amount of generation provided by renewable generators 

to  a time-dependent hourly maximum output. Constraint (3.1g) ensures inventory 

balance with respect to the storage device, including losses incurred by storing power, 

for each period. Constraint (3.1h) limits the amount of spinning reserves provided by 

the storage device in any given period to be less than or equal to either (i) the amount 

of electricity flowing into the device if there is flow in during a given period or (ii) 

the difference between the maximum flow out of the device and the actual flow out if 

there is flow out during a given period. Constraint (3.1i) limits the amount of gen­

eration and reserves provided by the storage device to the amount of power already 

stored. Constraints (3.1j) limit the amount of outflow from the storage device to the 

maximum allowable. Constraints (3.1k) and (3.11) limit the minimum and maximum 

hourly capacity of the storage device, respectively.

Generation Logic Constraint (3.2a) ensures that the generator has started up in 

at least the same period as steady-state operation occurs. Constraint (3.2b) pro­

hibits any steady-state operation after a generator shuts down. See Figure 3.1 for a 

graphical representation of these constraints. Additionally, constraint (3.2c) enforces 

the minimum up-time requirement for each generator. Constraint (3.2 d) enforces the 

minimum down-time requirement for each generator.
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Figure 3.1. For conventional generators, we prohibit instances of overlapping start-up 
and shut-down times. For example, if a conventional generator operates between to 
and t', it may not also start up in u0, which occurs before t0, and shut down in %/, 
which occurs after t ' . Other prohibited instances of (v0, v') include starting up in u0 

and shutting down in v' when: (i) u0 < t 0 and t 0 < u' < f ;  (ii) t0 < v0 < v' < t'; 
and (hi) to < v0 < t' < v'. A  conventional generator may start up in v0 if either 
vq < v1 < t0 or t' < vo < V. In other words, the instance (%,?/) could either precede 
or follow (t0, tz).

G eneration R elated  to Spinning R eserve Logic Constraint (3.3a) limits the 

amount of energy and spinning reserves provided by an operating generator to be no 

more than the u n it’s nominal hourly capacity if it is operating. Constraint (3.3b) 

determines the amount of spinning reserves from each generator in each time period 

as a function of the generator’s hourly capacity and whether or not the generator is 

operating. This, in conjunction with constraint (3.1b), forces spinning reserves to be 

greater than or equal to the maximum hourly capacity of the largest unit operating 

for each .time period. Constraint (3.3c) limits the amount of spinning reserves a 

generator provides in any period based on its hourly spinning reserve capacity and its 

operating status. Constraint (3.3d) requires a generator to be operating at or above 

its minimum hourly capacity while in steady-state operation.
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Storage Logic w ith Binary Variables Constraint (3.4) requires tha t flow move 

in at most one direction relative to the storage device, i.e., only inflow (pumping) or 

outflow (generation) may occur in each time period.

Storage Logic w ith M ixed Variables Constraints (3.5a) and (3.5b) provide up­

per and lower bounds, respectively, on the inflow into the storage device (e.g., when 

pumping water into the storage pond). Constraint (3.5c) limits the amount of gener­

ation provided by the storage device to be less than or equal to the maximum outflow 

from the storage device. Constraint (3.5d) defines the minimum flow from the storage 

device per period.

C onvex Piecew ise Approxim ations w ith Continuous Variables The follow­

ing set of constraints implements the piecewise-linear, convex approximation with 

respect to the continuous variables only. Constraint (3.6a) links the amount of gen­

eration to one or more specific segments of the curve. Constraint (3.6b) defines the 

operating level intervals for each segment. No binary segment indicator variables are 

necessary for these convex piecewise-linear approximations.

C onvex Piecew ise Approxim ation w ith  M ixed Variables The following con­

straints link the convex continuous variables in §3.2.2 with the convex binary variables 

in §3.2.2. Constraint (3.7) determines the generator’s fuel use based on the generation 

level, the independent variable, and the slope and intercept of the line segment.

Concave Piecew ise Approxim ations with Continuous Variables The fol­

lowing set of constraints implements the concave piecewise-linear approximation with 

respect to the continuous variables only. Constraint (3.8) links the amount of gener­

ation to a specific segment of the curve.
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Concave P iecew ise A pproxim ation w ith  B inary Variables Constraint (3.9) 

limits the generator to being in at most one segment of the concave heat input curve 

in any time period.

Concave P iecew ise A pproxim ation w ith  M ixed Variables The following con­

straints link the concave continuous variables in §3.2.2 with the concave binary vari­

ables in §3.2.2. Constraint (3.10a) determines the generator’s fuel use based on the 

generation level, the independent variable, and the slope and intercept of the line 

segment. Constraints (3.10b) and (3.10c) define the operating level intervals for each 

segment using a binary variable.

Variable Type The final constraints, (3.11a) and (3.11b), restrict the variables to 

be nonnegative or binary, as appropriate.

3.3 Proposed Solution Techniques

While utilities wish to generate yearly generator dispatch schedules, annual unit 

commitment models with hourly or sub-hourly dispatch schedules may be intractable. 

For example, a variant of the unit commitment is NP-hard (Tseng, 1996). Our 

empirical results in §3.4 concur with this finding. To improve solution time and 

increase the size of models we can solve, we eliminate unnecessary variables and 

constraints and implement a cut related to the concave piecewise-linear heat input 

curves. We also identify ways to reduce computational overhead through modeling 

language usage. Finally, we must employ a sliding time window heuristic to obtain an 

annual schedule. This heuristic technique allows us to decompose the annual model 

into smaller horizons which we later concatenate to yield an annual schedule.
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3.3.1 Variable and Constraint Elim ination

While we prefer to incorporate the additional detail of piecewise-linear heat in­

put curves, their presence, particularly for concave piecewise-linear curves, further 

complicates the unit commitment model because these curves require binary vari­

ables. Thus, we choose to not only define binary variables for the generators in C, 

but also to use power sets to generate binaries corresponding to the specific number 

of intervals each generator with a concave heat input curve possesses. We use the 

following notation:

• J \  set of breakpoints j  for piecewise-linear approximations of heat input curves

• Z Ç Jk  set of intervals i (consisting of the total number of breakpoints j )  for 

piecewise-linear approximations of heat input curves

•  A { J ) \  set of generators with \ J \  breakpoints, i.e., breakpoints 1, 2 , . . . ,  \ J \ .

Thus, while set X may contain elements 1 through 4, if generator g ’s concave 

heat input curve only has two segments, we only define Zgit and Zg2t-

To expedite model generation, we define the following parameter-dependent sets,

i.e., sets whose elements depend on data, to eliminate unnecessary constraints:

•  T : Intervals of time during which a generator is in a specific operating state, 

e.g., either in steady-state operation (including ramp up, steady state and ramp 

down) or shut down:

— Ta X T '.  An interval of the time horizon in which conventional generators 

operate in steady-state, i.e., not ramping up or down. For example, for a 

generator operating at hour t  in the interval [t0, f]:

f >  Zo +  rg+, Z <  2' -  r*-, f  >  Zo +  +  g; +  r^-

— T b  X T :  An interval of the time horizon that defines the longest possible 

duration of steady-state operation:
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1 +  M -}

Then, we employ these sets to  eliminate irrelevant constraints and streamline 

summations in the formulation, e.g.:

^  ] X gt St — 5+ +  Dt — dt V £ <E Tg
gee

3.3.2 Cuts

We know that for each operating generator with a concave heat input curve, 

it must operate in one interval on its heat input curve. Conversely, for each non­

operating generator, it cannot be operating anywhere on its heat input curve. From 

this information, we derive the following cut:

Z g i t  —  Ÿ g t  V j E J7, p  E A (77) n  C, t  E T .

3.3.3 M odeling Language Im plem entation

We use a modeling language (AMPL, 2009) both to write our problem instances 

and to implement the sliding time window heuristic algorithm. Therefore, we must 

utilize memory-saving constructs to the extent possible. Specifically, we: (i) define 

subsets over time periods a priori, rather than computing the elements in the set on 

each occurrence, e.g., subsets Ta and 7s (see §3.3.1); (ii) eliminate some constraint 

qualifiers by including the qualification in the set, e.g., defining sets of feasible pairs 

of to and £' for each generator; (iii) and streamline expressions containing multiple 

terms with similar summations.

L A K E $  L IB R A R Y  
COLORADO SCHOOL OF MINES 

GOLDEN, CO 80401
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3.3.4 Sliding T im e W indow  Heuristic

A sliding time window heuristic, also known as a fix-and-relax technique (Pochet 

and Wolsey, 2006), provides us with a feasible annual schedule for the system by 

decomposing the annual horizon into two-day intervals. This heuristic method is 

based on the idea of fixing some binary variable values while allowing others to remain 

unfixed in a given model instance. For each iteration of this heuristic, we divide our 

model into (i) an interval over which the model is solved, i.e., 48 hours; and (ii) a 

shorter window in which the variables are fixed at their optimal values (with respect 

to the iteration), i.e., 24 hours. Once we fix values for the binary variables in the 

first time window, e.g., the first 24 hours, we move forward in time and optimize over 

the second interval, i.e., we perform the second iteration. This iteration provides us 

with the binary variable values for the second time window, which we then fix. We 

terminate the procedure after having solved the model for the last interval in the 

horizon. Feasibility of the generator schedule is guaranteed because constraint (3.1a) 

permits a demand shortfall, and we have installed capacity in excess of the sum of 

the peak demand and spinning reserves.

Let r  be the first time period of any given time window, and f  be the last time 

period in the window. We introduce the following subsets of the set of conventional 

generators, C, within the set of generators, G'

• C: generators in steady state at the beginning of current window, regardless of 

up time requirements

• C: generators which are in steady state but have not completed their minimum 

up time requirement at the beginning of the current window

• C: generators which have not completed their minimum down time at the be­

ginning of the current window

We introduce the following additional parameters with respect to a current time
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window

• hg, g £ C: hours of steady-state operation which must be completed at the 

beginning of the current window

• hg,g E C: hours of minimum down time which must be completed at the 

beginning of the current window

We modify the objective to avoid incurring start-up costs from generators already 

in operation:

(P u c p ) mill +  +  (3-12)
q (zC tÇi'T g€C teT-

+  1 2  1 2  P % +  1 2  P 9 Y 9Z
gEC t & T B t > r  gEC \C'

We add the following constraints:

1: If a generator has not met its minimum up time requirement, it must continue 

to operate for at least the remaining required minimum up time:

Ÿ g t  = 1 Vp E C, t E 3 t  <. T_ h g  (3.13)

We depict this new constraint in Figure 3.2. We identify our starting time as 

t0, which occurs in the previous window. In this example, the generator has not 

completed its total ramp up, minimum up time and ramp down prior to the end 

of the horizon. The end of the horizon is indicated by the dotted vertical line. 

Thus, we must enforce constraint (3.13) to ensure that the generator completes 

the ramping and up time requirements in the current window. After this point, 

any time f  represents an acceptable shut down time.

2. If a generator shuts down prior to the beginning of the current window, but has 

not completed its required minimum down time, it must continue to be shut 

down for the remaining minimum down time:



Figure 3.2. Generator in steady state at the beginning of the current window

Fyt — 0  W g Çi C . t  Çî T  3 t < t + hg (3.14)

In Figure 3.3. the generator has only completed a portion of its minimum down­

time requirement, gj, in the previous horizon. We denote the end of the prior 

horizon and the beginning of the current horizon with a dotted vertical line. In 

the current horizon, hg of down time must still be enforced. The first acceptable 

start-up time for this generator occurs at to-

In addition to the new constraints, we modify two existing constraints to main­

tain feasibility from one window to another. We fix the continuous variables asso­

ciated with the power generation and quantity in storage in the period prior to the 

current window to  ensure th a t ramp rates for power units are not violated and that 

the storage values are consistent with storage levels in the current interval. In our 

implementation, each interval contains 48 time periods, and each window contains 24 

time periods.
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h.

Figure 3.3. Generator in minimum down time at the beginning of the current window

3.4 Com putational Results

Our data represents Xcel Energy’s Colorado power system. We present results of 

estimated annual costs for five levels of spinning reserves, ranging from 0 % to 1 0 0 % 

of the mandated amount, using our sliding time window heuristic for this data set. 

Additionally, we compute expected emissions based on the schedules we obtain.

3.4.1 D ata

We implement our sliding time window heuristic using a portion of the Grid View 

database provided by the National Renewable Energy Laboratory (NREL). Specifi­

cally, our data set contains generator and load information representing the Colorado 

power system in 2005. We use fuel consumption and emissions data from the US Envi­

ronmental Protection Agency’s continuous monitoring emission system (GEMS) data 

(US Environmental Protection Agency, 2005) to develop our own piecewise-linear 

heat input curves. We include all power generators in operation during the year 2005 

in our analysis. Specifically, we include 83 power generators: 59 of these are gas-fired



72

plants and 24 of these are coal-fired plants. We also include eight renewable gener­

ators. See Table 3.1 for a summary of generator and storage device capacities. The 

total installed capacity for the gas units is 3892.9 MW, while the total for the coal 

units is 4422.4 MW. The governing authority has specified that the Colorado power 

system must provide 177 MWh of spinning reserve, regardless of which generators 

operate. Thus, our implementation varies slightly from the formulation presented 

in §3.2.1 in that we do not use the minimum-maximum construct, which appears in 

constraints (3.1b) and (3.3b), to determine the largest unit operating in a given hour.

We modify certain parameters which NREL deems to be unreasonable. In partic­

ular, for any generator with a combined ramp-up, minimum up time and ramp-down 

time exceeding 24 hours, we reduce the minimum up time such that the combined 

time totals 24 hours. Similarly, we reduce any minimum down times that exceed one 

day to 24 hours.

Table 3.1. Summary of data: Generator statistics

Characteristic Minimum Maximum
Power Generator with Smallest Minimum Capacity 
Power Generator with Largest Maximum Capacity 
Aggregate Hourly Available Renewable Capacity 

Pumped Hydro Storage Device Capacity

2.6 MW 
149.46 MW 

39 MW
0 MWh

10 MW 
498.2 MW 
1020 MW 
975 MWh

We also model combined cycle units with significant detail. Using the GridView 

data, we identify the type of component: gas turbine or steam turbine. Each gas 

turbine may operate in single cycle mode according to the parameters specified in the 

data set. We also allow these gas turbines to have the option of operating in combined 

cycle mode. We generate the combined cycle mode data by evenly allocating the steam 

turbine’s characteristics and costs across all of the gas turbines in the combined cycle 

unit. For a three-gas-turbine (150 MW capacity each), one-steam-turbine system 

(300 MW capacity), we increase each gas turbine’s maximum capacity by 100 MW to
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250 MW when it operates in combined cycle mode. Additionally, we use the steam 

turbine’s maximum ramp-up, minimum up and ramp-down times for combined cycle 

operation, which are more conservative than the corresponding values for the single 

cycle mode data.

GTl Capacity 
150 MW Simple Gycle, 
50 MW Combined Cycle

GT2 Capacity 
150 MW Simple Cycle, 

250 MW Combined Cycle

GT3 Capacity 
150 MW Simple Cycle, 

250 MW Combined Cycle

ST
(300 MW, allocated

to the three GTs)

Figure 3.4. Allocation of steam turbine (ST) to gas turbines (GTs) to derive combined 
cycle unit capacities

3.4.2 Numerical R esults for a C oal-Dom inated D ata  Set

We use AMPL version 20090327 (AMPL, 2009) and CPLEX version 12.1 (IBM, 

2 0 1 0 ) to generate our annual dispatch schedule and annual operating cost estimates. 

We determine emissions after identifying the optimal dispatch schedule for the 48- 

hour horizon, i.e., we do not penalize emissions in the optimization model. Each 

48-hour instance contains approximately 32,000 variables, 13,000 of them binary, and

40,000 constraints. We attem pt to solve each horizon to optimality. We enforce a
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1,000 second time limit to ensure that if an optimal solution cannot be identified 

quickly, we maintain a reasonable solution time for the heuristic. Of the five annual 

scenarios solved, at most 39 instances failed to converge within the 1,000 seconds, 

and the largest gap remaining after the time limit is 0.07%. We stress that while we 

solve each window to (near) optimality, the annual costs and emissions we describe 

in this section are only an estimate of the actual results that could be obtained with 

this system. For each horizon solved, the model contains only data corresponding 

to that single 48-hour horizon. Thus, an optimal schedule for a single window could 

result in a poor schedule for a subsequent window.

In Table 3.2, we present the annual start-up, operating and maintenance, and 

fuel costs obtained for our Colorado system considering five levels of spinning reserves 

ranging from 0% to 100% of the mandated amount. Comparing the 0% SR and 100% 

SR cases, significantly higher start-up costs, on the order of 5.5%, occur when the 

mandated spinning reserves must be provided. Enforcing the spinning reserve re­

quirement also results in approximately 0.7% higher maintenance costs. Fuel costs 

vary by only 0.1% between the two extreme cases of 0% and 100% SR. The results 

show that total operating costs decrease by approximately 0.6% as the spinning re­

serve requirement declines from the mandated 100% case to 0% case. We also include 

Figure 3.5, which graphically demonstrates the cost savings presented in Table 3.2.

Table 3.2. Comparison of annual costs of providing varying levels of spinning reserves

0% SR 25% SR 50% SR 75% SR 100% SR
Start-up 68,285,316 69,134,256 69,580,486 71,076,528 72,049,564
O&M 68,295,400 68,440,600 68,437,300 68,663,900 68,762,800
Fuel 681,855,000 681,970,000 682,187,000 682,273,000 682,611,000
Total 818,435,716 819,544,856 820,204,786 822,013,428 823,423,364
All costs in US dollars
O&M refers to operating and maintenance

We compute the amount of CO 2 , N O x and SOx emitted based on the annual



75

« 830 - s
0.6% cost savings

094 SR 25% SR 50% SR 75% SR 100% SR

Figure 3.5. Total costs for five spinning reserve scenarios.

schedules obtained for each level of spinning reserves. The results in Table 3.3 indi­

cate th a t all three types of greenhouse gas emissions increase as the spinning reserve 

requirement decreases. For CO 2 emissions, this result is intuitive because the major­

ity of our generators has convex piecewise-linear heat input curves. Thus, the higher 

the generation level, the more fuel consumed and the more CO 2 emitted.

We also see the mix of fuel shift away from gas units as we change the level of 

spinning reserves, which explains the increase in N O x and S 0 2- The mix of gen­

eration shifts from 94.6% coal and 5.4% gas, when 177 MWh of SR are provided, 

to 94.9% coal and 5.1% gas, when the reserve requirement is eliminated. Figure 3.6 

shows the increase in CO 2 emissions due to a decrease in the spinning reserve require­

ment. Similarly, Figure 3.7 shows the increase in N O x and SO x emissions for the five 

spinning reserve scenarios.

Current hardware and software can solve the linear programming (LP) relaxation 

of the annual model (see Table 3.4). We use these results to evaluate the quality of



Table 3.3. Comparison of annual emissions resulting from varying levels of spinning 
reserves

0% SR 25% SR 50% SR 75% SR 100% SR
30,019,450 29,994,900 29,996,200 29,960,000 29,943,100

103,045,000 102,957,000 102,982,000 102,779,000 102,618,000
94,673,600 94,578,000 94,580,700 94,426,400 94,300,200

CO2 emissions in tons, N O x and SO x in pounds

30,030 -
30.020 -
3 0 .0 1 0

30,000
29,990
29,980
29,970
29,960
29.950 -
29.940 -
29.930

0% 203Ô 40% 60% 80%
Percentage of Spinning Reserves Provided

100%

Figure 3.6. CO 2 emissions for five spinning reserve scenarios.
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5z;
103,100
103,050
103.000
102,950
102,900
102,850
1 0 2 ,8 0 0

102,750
1 0 2 ,7 0 0

102,650
102,600
102,550 94,

20% 40% 60% 80% 100%
Percentage of Spinning Reserves Provided

H

Figure 3.7. N O x and SOx emissions for five spinning reserve scenarios.

the solutions obtained from our sliding time window heuristic. The lower bounds 

(LP relaxation objective function, values) for both the 0% SR and 100% SR cases 

are approximately 9% below the annual costs for the same cases obtained using our 

sliding time window heuristic. Based on these results, the solutions obtained by our 

hueristic are within 9% of optimality.

Table 3.4. Estimation of annual costs of providing varying levels of spinning reserves: 
LP relaxation

0% SR 100% SR
Start-up 2,638,880 3,229,320
O&M 69,720,900 70,129,700
Fuel 67,9715,000 680,409,000
Total 752,074,780 753,768,020
All costs in US dollars
O&M refers to operating and maintenance
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All annual figures result from the implementation of our sliding time window 

heuristic, which is not an exact solution technique. Thus, while we demonstrate 

potential cost savings and emissions increases from a reduction in spinning reserves, 

we cannot conclusively state that these results would be achieved with the reduction 

of the spinning reserve requirement. To provide an exact amount of cost savings, the 

model would need to be solved to optimality for the entire year. However, current 

hardware and software cannot solve such an instance of our problem, but it can solve 

one month models to a gap of approximately 0.05% or better. We present the cost 

savings and emissions results obtained for a single month using the coal-dominated 

data set in Tables 3.5 and 3.6.

Table 3.5. Comparison of monthly costs of providing varying levels of spinning re­
serves

0% SR 100% SR
Start-up 374,804 457,717
O&M 4,983,830 5,021,270
Fuel 52,925,300 53,036,700
Total 58,283,934 58,515,687
M IP Gap 0.010% 0.035%
All costs in US dollars
O&M refers to operating and maintenance

Table 3.6. Comparison of monthly emissions resulting from varying levels of spinning 
reserves

0% SR 100% SR
CO2 2,401,950 2,392,890
N O , 8,263,000 8,226,330
s o . 7,676,150 7,626,050
CO 2 emissions in tons 
N O x and SOx in pounds
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Based on these monthly results, we conclusively show that cost savings on the 

order of 0.35% can be achieved for our data set. We also demonstrate that greenhouse 

gas emissions will increase by approximately: 0.4% for CO2 , 0.5% for N O x, and 0.7% 

' for SO x.

3.4.3 N um erical R esults for a G as-Dom inated D ata Set

In order to provide further insights regarding the operating costs and emissions 

resulting from spinning reserves, we create a gas-dominated system and determine an 

• annual commitment and dispatch schedule using our sliding time window heuristic. 

We derive the data from our original data set, removing the majority of the coal-fired 

generators and duplicating gas generators to achieve approximately the same installed 

capacity for the to tal system. The new data set contains 75 gas-fired generators and 

four coal-fired units. Total installed capacity of the gas-fired units is 6,603.0 MW and 

total installed capacity for the coal-fired generators is 736.2 MW. A summary of the 

data set appears in Table 3.7. We make no other modifications to the data set used 

in §3.4.2. See §3.4.1 for the full description of the original data set.

Table 3.7. Summary of data: Generator statistics

Characteristic Minimum Maximum
Power Generator with Smallest Minimum Capacity 
Power Generator with Largest Maximum Capacity 
Aggregate Hourly Available Renewable Capacity 

Pumped Hydro Storage Device Capacity

2.6 MW 
123 MW 
39 MW
0 MWh

10 MW 
410 MW 

1020 MW 
975 MWh

We solve each 48-hour window to an optimality gap of at least 0.05%. Based on 

the results in Table 3.8, cost savings on the order of 0.5% may still be achievable. 

Similar to the coal-dominated findings, start-up cost savings are significant due to the 

need for online quick-response units in the 100% SR case. These results are consistent 

with those for the coal-dominated system.
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The impact of SR on greenhouse gas emissions for the gas-dominated system is 

not as clear. N O x emissions increase as spinning reserves decline from the 1 0 0 % SR 

case to the 0 % SR case, while C 0 2 and SO x emissions remain relatively constant. 

The relatively constant fuel mix for the 0% and 100% SR scenarios support this 

ambiguous result. The percentage of generation from gas units for the 0% SR case is 

78.36% and the generation from gas units is 78.35% for the 100% SR case. Table 3.9 

shows the estimated annual emissions for the gas-dominated data set.

3.5 Conclusion

We present a mixed-integer linear program tha t minimizes fixed and variable 

costs of operation, and penalty costs for failure to meet demand. We incorporate not 

only standard constraints regarding the operation of the generators, but also details 

such as renewable generators, storage devices, and piecewise-linear convex and/or 

concave heat input curves. We implement several enhancements to increase model 

tract ability and demonstrate their usefulness via computational results performed on 

a real data set for the Colorado region.

For a coal-dominated power system, our results demonstrate tha t reducing the 

spinning reserve requirement likely leads to a reduction in total annual operating 

costs. However, annual greenhouse gas emissions may increase because the use of

Table 3.8. Comparison of annual costs of providing varying levels of spinning reserves: 
Gas-dominated data set

0% SR 25% SR 50% SR 75% SR 100% SR
Start-up 330,700 331,619 334,823 335,327 337,889
O&M 182,609 182,588 182,505 182,371 182,268
Fuel 812,737 812,825 812,345 812,895 812,877
Total 1,326,046 1,327,032 1,329,673 1,330,593 1,333,034
All costs in thousands of US dollars 
O&M refers to operating and maintenance

ARTHUR l4 K C 3 U 9 R 4 R y  
COLORADO SCHOOL OF MINES 

GOLDEN, CO 80401
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Tablé 3.9. Comparison of annual emissions resulting from varying levels of spinning 
reserves: Gas-dominated data set

0% SR 25% SR 50% SR 75% SR 100% SR
C02 16,485,100 16,485,850 16,478,750 16,486,350 16,486,550
N O , 40,727,100 40,727,900 40,734,100 40,711,900 40,720,600
% 27,071,300 27,070,800 27,072,700 27,069,000 27,076,300
C 0 2 emissions in tons, N O x and SOx in pounds

gas turbines may decline as quick-response capacity is no longer needed to provide 

reserves. On a monthly basis, we show that eliminating the spinning reserve require­

ment for Xcel’s Colorado territory will lead to a cost reduction of approximately 0.4% 

for a single month. We also confirm that greenhouse gas emissions will increase over 

this horizon if spinning reserves are not provided.

Using a manually generated, gas-dominated system, we observe that cost savings 

may still be achieved by lowering the spinning reserve requirement. However, the 

change in emissions due to the decrease in spinning reserves is ambiguous. More 

analysis using data from an actual gas-dominated system should be performed to 

verify these results.
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CHAPTER 4

COMPARISON OF SINGLE- AND DUAL-TIME-INDEX VARIABLES USING

THE UNIT COMMITMENT MODEL

The typical unit commitment model utilizes single-time-index binary variables, 

e.g., Ygt, which assume a value of one if we start generator g in period t, zero otherwise 

(Sioshansi et al, 2008). Using this variable definition, three distinct types of binary 

variables, each representing a different operating state, i.e., start up, steady state 

and shut down, must be defined to approximate the operation of generators within 

an actual power system. The single-time index formulation in the current literature 

has a shortcoming; it fails to preclude generation during ramp-up and ramp-down 

periods. Modification of this formulation through the introduction of lagged steady- 

state binary variables might preclude generation during ramp periods. However, 

discussion of such an idea does not appear to exist.

For small gas units which ramp up to minimum capacity in fewer than 10 minutes, 

these ramp times may be trivial and thus, the overstatement of generation might be 

minimal. However, large combined cycle and coal units could require two to three 

hours to ramp up to minimum capacity (Harvey, 2010). Our particular data  set, 

which characterizes Xcel Energy’s Colorado territory, contains ramp times ranging 

from nearly instantaneous to 45 minutes. Considering the sum of the minimum up, 

minimum down, ramp up, and ramp down times, a large coal generator could cycle, 

i.e., start up and shut down, 2 1  times per month. Thus, a unit commitment model 

for a system of coal and/or combined cycle units, especially with sub-hourly fidelity, 

could significantly overstate the amount of available generation by using the single­

time-index formulation without a lag parameter.
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We address this lack of accuracy regarding generation during ramp up or ramp 

down using a dual-time-index formulation. We use a single binary variable to control 

both the start up and shut down of a generator, as well as to determine the initial 

ramp-up and final ramp-down periods. This variable, Y ^ / , assumes a value of one if 

we start generator g in period to and shut generator g down in period t', zero otherwise. 

The dual time indices allow us to define the acceptable time horizons over which a 

generator may operate. Specifically, the interval between to and t' must be long 

enough to allow for ramp up, minimum up time and ramp down. A single-time-index 

formulation cannot incorporate all of this information into the variables; constraints 

must be implemented to ensure tha t ramp up, minimum up time and ramp down are 

satisfied. We will compare bur dual-time-index formulation to two single-time-index 

formulations: (i) we will consider only the minimum up time requirement for each 

generator and ignore initial ramp-up and final ramp-down times and (ii) we will add 

the initial ramp-up and final ramp-down times to the minimum up time requirement, 

forcing the generator to remain on for a longer period of time than in (i). We note 

tha t the second formulation still does not preclude generation in the ramp-up and 

ramp-down periods.

The dual-time-index formulation, in addition to precluding generation during 

ramping, also enables us to determine a generator’s state at any time t. If generator0  

g starts in it must ramp up for a predetermined period of time until it reaches 

minimum capacity, at which time it may begin providing electricity to the grid. Simi­

larly, if generator g shuts down in £', we can determine exactly when it began to ramp 

down and stopped generating. W ith this information, we can preclude any generation 

in periods of ramping and ensure th a t the minimum up time requirement is satisfied.

A significant drawback of the dual-time-index formulation, from an operational 

perspective, is tha t the t f subscript forces all generators that start up in the horizon 

to also shut down. Conversely, the single-time-index formulation, as presented in 

the literature and in our formulation in Chapter 3, does not require shut down of



any operating generator near the end of the horizon. Thus, the dual-time-index 

formulation may need to start up additional generators at the end of the horizon to 

meet load as steady-state generators begin to ramp down. This requirement, in turn, 

may increase the objective function value of the dual-time-index formulation. The 

only way to mitigate the shut-down requirement would be to extend the time horizon 

by the maximum amount of ramp-down time, considering all of the generators in the 

system. However, increasing the horizon may unnecessarily increase problem size by 

adding more dual-time-index binary variables and constraints.

The remainder of the chapter is organized as follows: In Section 4.1, we provide 

a literature review. In Section 4.2, we present the relevant single- and dual-time- 

index variable definitions and the constraints which control the generator commitment 

decision, e.g., start up, shut down, steady-state operation, and minimum up and 

down time. In Section 4.3, we describe opportunities to eliminate variables from 

the monolith as well as opportunities to sparsify two dense constraints. In Section 

4.4, we discuss numerical results contrasting operating costs using the two different 

formulations. Section 4.5 concludes the chapter.

4.1 Literature R eview

All literature we review regarding the unit commitment model contains only 

single-time-index binary variables. Baldick (1995) presents a unit commitment prob­

lem which uses a single-time-index binary variable to indicate if the unit is online. 

Gollmer et al. (2000) similarly use one single-time-index binary variable to determine 

if a generator operates in time t. Sioshansi et al. (2008) use three single-time-index 

binary variables to indicate if the generator starts up, operates in steady state, or 

shuts down in period t. The authors typically do not disclose whether the minimum 

up time requirements include ramp-up and ramp-down times. Additional summaries 

of unit commitment models appear in §2.1 and §3.1.

Applications of dual-time-index variables generally appear outside of the unit



commitment literature. Brown et al. (1991) develop a mixed-integer linear program 

(MILP) to determine the optimal schedule to procure and update the US Army’s 

helicopter fleet. The authors use a dual-time-index binary indicator variable to de­

termine if a production line is opened at the beginning of year t0 and closed at the 

end of year t ' . The linking of the opening and closing of a line lends itself to the 

dual-time-index formulation because there must be continuous use of the line while 

open, and the sequencing of a particular line may depend on other actions determined 

by the model. Brown et al. (2003) present an MILP which selects which space and 

launch systems the US Air Force Space Command should purchase, and determines 

when to launch the systems. The dual-time-index variables are based on predeter­

mined pairs of starting and ending years which result from the life expectancy of each 

system. Castro and Grossmann (2005) use a dual-time-index variable definition for a 

continuous-time MILP characterizing a multistage production plant. To simplify the 

problem, the authors assume a limited amount of time that may elapse between the 

starting time, £, and the ending time t ' .

4.2 Form ulations

We compare a single-time-index formulation described in Chapter 3 with a dual- 

time-index formulation. For the dual-time-index formulation, we use a similar objec­

tive function, minimizing total system costs, the same continuous variables, and the 

same types of constraints as the mixed-integer linear unit commitment formulation. 

As necessary, we replace the single-time-index binary variables with the dual-time- 

index variable. A version of the dual-time-index formulation appears in Van Dinter 

(2010). We do not include transnlission dr emissions in either optimization model.

We present the relevant sets and parameters required for both of the formulations. 

Sets:

•  C\ set of conventional generators
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•  7 ~: time horizon over which the system is optimized 

G enerator-Specific Parameters:

•  r j+ : ramp-up rate of generator g [MWh/hr]

•  Tg~: ramp-down rate of generator g [MWh/hr]

•  r j+ : ramp-up time required for generator g [hr]

•  r*~: ramp-down time required for generator g [hr]

• tg\ minimum up time of generator g before shut down [hr]

• tg'. minimum down time of generator g before start up [hr]

We first describe the typical formulation, i.e., the single-time-index variable 

method, as described in Chapter 3, and we subsequently present our alternative 

dual-time-index formulation.

4.2.1 Single-Tim e-Index Binary Decision Variables and G eneration Logic

0  otherwise

1 if generator g starts up at time t

0  otherwise

1 if generator g operates in steady state at time t

0  otherwise

1 if generator g shuts down at time t

Ygt ^  Ygt — Y g j - i  Ÿ  g £  C , t  £  1~
Ygt > Y g ,t- i ~ Y gt V g £  C , t  £  T ,  t  >  1

Y l t '= t - t^ - r tg+ - r tg~ ^9t' — Ygt V g £ t  £ Y ,  t > 1

Y?t'=t-t* Ygt' — Ygt y  g £ C, t £ T

g t  —  1  g t (4.1)

(4.2)

(4.3)

(4.4)
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Constraint (4.1) ensures that the generator has started up in at least the same 

period as steady-state operation occurs. Constraint (4.2) prohibits any steady-state 

operation after a generator shuts down. Constraint (4.3) enforces the minimum up 

time requirement for each generator. Constraint (4.4) enforces the minimum down 

time requirement for each generator.

4.2.2 D ual-T im e-Index B inary D ecision Variables and Generation Logic

1 if generator q starts up at time t 0 and shuts down at time t'
•  >w - =  .

I 0  otherwise

In addition to the dual-time-index variable definition, we must also constrain 

the scheduling of generators to preclude overlapping intervals of operation and ensure 

that the minimum up time and minimum down time requirements are satisfied. If we 

do not carefully define the feasible combinations of to and f ,  we could generate \C\ x 

\T\ x \T\ dual-time-index variables. We describe the tightening of the combinations 

of to and t' in §4.3.1 to generate the fewest variables possible.

4.3 Solution Techniques

We employ two techniques to improve model tract ability. First, we use a concise 

variable definition and eliminate unnecessary variables and constraints, reducing the 

problem size. We then use variable substitution to sparsify certain dense constraints.

4.3.1 Variable and C onstraint E lim ination

We undertake several steps to eliminate unnecessary instances of Ygtot>. We rely 

on the mathematical definition of variable Ygt0t' to eliminate infeasible combinations 

of conventional generator start-up and shut-down times. For example, consider gen­

erator g starting in hour £0. Generator g has a ramp-up time of r*+ hours and a 

ramp-down time of r*-  hours. Additionally, generator g cannot shut down unless it 

has operated for at least hours. Therefore, generator g cannot shut down until at
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least r 1̂  + f^ + rt~ hours since its start up. This information allows us to eliminate all 

binary variables for generator g with combinations of (t0, t') shorter than this mini­

mum operating horizon, implicitly implementing the minimum up time requirement. 

Additionally, we can incorporate the minimum down time requirement by restricting 

the instances of u0 and v' to occur after the minimum down time is satisfied.

To capture this variable elimination, we define the following parameter-dependent 

sets, i.e., sets whose elements depend on data:

• T : Intervals of time during which a generator is in a specific operating state, 

e.g., either operating (including ramp up, steady state and ramp down) or shut 

down:

— 71 Ç T: Intervals of the time horizon in which a generator g can only be 

in one state at one time, e.g., for a generator that operates in the interval 

[to, t '}, it cannot operate in any of the following Vi intervals:

* Vi: +  r^-, to < %o < ^

* +  ^  +  %o < Zo, 4  < %/ <  t'

* ?/ > uo +  +  g  +  fo < 4 , ^  ^

* 14: u' > %o + r*+ + Sf + fgA > ô, ?/ < f

— T-a Ç T: An interval of the time horizon in which a generator g can operate 

given that it has previously operated in the interval [t0, t'], and has met its 

minimum down time requirement, e.g., for a generator operating in [to, t'] 

followed by [u0, v'\. '

f  >  Zo +  T  t^ +  %o > f  4  f  +  t^ +

Then, we employ these sets to eliminate irrelevant constraints and streamline 

summations in the formulation, e.g.:

Y g t 0t> +  ^2 5 3  — 1 V p G C, to, t' G 71 H ?2
v0eTi v' gTi
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4.3.2 Constraint Sparsification

The dual-time-index variable definition results in very dense rows. We therefore 

formulate these constraints as follows (Leyffer, 2 0 1 0 ). Considering constraint 4.5:

In Table 4.1, we summarize the reduction in problem size, particularly in the 

number of nonzeros, after sparsifying the dense constraints in the dual-time-index 

formulation. Reducing the number of nonzeros in the problem can significantly im­

prove model tract ability, as m atrix computations are less onerous. Note that we need 

not enforce integrality on variable Ygt because (4.6) does so implicitly.

In addition to the numerical statistics, Figure 4.1 illustrates the difference in 

density of the A  matrix, i.e., the m atrix of left-hand-side constraint coefficients, with 

and without the sparse constraints for a similar instance of the model we describe 

in this chapter. Both with the denser and with the sparser constraints, many rows 

contain between zero and fifty non-zero coefficients, and are therefore not reported 

here due to the scale of the histogram. Both formulations contain approximately 

the same number of constraints with up to 300 non-zeros. The difference in sparsity

Ygt0t' +  ^ 2  5 3  1 V g E C , to, t' E 7i n  72 (4.5)
v0€Ti v 'eT i

we define a new decision variable:

0  otherwise

1 if generator g starts up in time t

and replace (4.5) with the following two constraints:

t 'e f i

Ygt +  ^ 3  ^ 9*0tz — 1 y  g £ C, t  E T , to E Ti, t o  t (4.7)
t 'eT i
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Table 4.1. Comparison dual-time-index problem statistics, 83 generators and 48-hour 
horizon

Sparse Dense
C onstraints 101,299 155,759
Continuous Variables 31,444 17,805
B inary Variables 69,855 76,323
N onzeros 3,806,588 56;165,500
Sparse: (4.6) and (4.7) 
Dense: (4.5)

I I.0 30 100 200 % 0 .300 330 400 430 500 600 050 TOO T50 W  '850 000

NWbmr of NAWowm

Figure 4.1. Histogram of sparsified and dense formulations.
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between formulations starts to become clear for the occurrences of between 350 and 

450 non-zeros per constraint. After this point, the dense formulation contains an 

astronomical number of constraints with nonzero entries relative to the sparse formu­

lation. In other words, while the sparse formulation contains almost no constraints 

with more than 500 non-zeros, the dense formulation contains tens of thousands of 

such constraints.

4.4 Comparison of Formulations and N um erical R esults

First, we present a summary of the data  we use to obtain our numerical results. 

Using this data, which corresponds to Xcel’s Colorado region in 2005, we compare 

several variants of single- and dual-time-index formulations. We primarily focus on 

differences in problem size, model tract ability, and objective function value.

4.4.1 D ata

We use generator and hourly load data  provided by the National Renewable 

Energy Laboratory (NREL). The data, obtained from the Grid View database, repre­

sents the Colorado power system in 2005. We use the US Environmental Protection 

Agency’s continuous monitoring emission system (CEMS) data (US Environmental 

Protection Agency, 2005) to develop our own piecewise-linear heat input curves. We 

include all generators operating during the year 2005 in our data set. In particular, 

we include 59 gas-fired plants, 24 coal-fired plants and eight renewable generators in 

our data set. Table 4.2 contains a summary of generator and storage device capaci­

ties. The total installed power capacity is 8,315.3 MW. The installed capacity of coal 

units is 4422.4 MW, while the total for the gas units is 3892.9 MW.

We modify certain parameters based on recommendations from NREL. For ex­

ample, if a generator has a combined ramp-up time, minimum up time and ramp-down 

time of 24 hours or more, we shorten the minimum up time requirement such that 

the combined time totals 24 hours. Similarly, any minimum down times longer than
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one day are shortened to 24 hours. We do not modify any ramp rates and we note 

th a t the longest ramp time is 45 minutes.

Table 4.2. Summary of data: Generator statistics

Characteristic Min Capacity Max Capacity
Power Generator with Smallest Minimum Capacity 
Power Generator with Largest Maximum Capacity 
Aggregate Hourly Available Renewable Capacity 

Pumped Hydro Storage Device Capacity

2.6 MW
149.46 MW 

39 MW 
0 MWh

10 MW 
498.2 MW 
1020 MW 
975 MWh

We incorporated detailed operation of combined cycle units in our model. We 

first determine the type of combined cycle component: gas turbine or steam turbine. 

All gas turbines may operate in single cycle mode, adhering to the parameters speci­

fied in the data set. Alternatively, these gas turbines may operate in combined cycle 

mode. We evenly allocate the steam turbine’s operating characteristics and costs 

across all of the gas turbines in the combined cycle unit to determine the maximum 

capacity of each gas turbine operating in combined cycle mode. For a 3 x 1 system 

with three 150-MW gas turbines and one 300-MW steam turbine, we increase each 

gas turbine’s maximum capacity by 100 MW to 250 MW when it operates in com­

bined cycle mode. We use the more conservative steam turbine data for maximum 

ramp-up, minimum up and ramp-down times for combined cycle operation.

4.4 .2  N um erical R esults

We are able to solve instances with our monolith to a reasonable gap of 0.05% 

or less using AMPL (AMPL, 2009) and CPLEX (IBM, 2010), by including the en­

hancements mentioned in §4.3.1 and §4.3.2. Our results represent a system of about 

85 generators and 120 time periods.



93

4.4.3 Sparsification Impact on D ual-T im e-Index Form ulation

We solve two instances of the dual-time-index formulation to evaluate the en­

hancements described in the first two subsections of §4.3. Note that for all results 

in this section, the objective function values from the optimized models are given 

in millions of $US. The first row of the second and third columns of Table 4.3 re­

ports objective function values of the integer program of the sparsified model after 

it reaches a 0.0% gap. The third row of Table 4.3 shows the solution time benefits 

of using constraints (4.6) and (4.7), rather than the originally formulated constraint 

(4.5). Although the smallest instance shows a small reduction in solution time from 

the sparse constraints, the 48-hour sparsified formulation demonstrates a significant 

improvement. We obtain an optimal solution using the sparse formulation in fewer 

than 500 seconds versus a solution within 0.05% of optimality within a time limit of 

3,600 seconds using the dense formulation.

Table 4.3. Dual-time-index formulation with and without sparsification

Sparse D ense
24 hours 48 hours 24 hours 48 hours

Objective Function 1,841,523 4,028,698 1,841,523 4,028,801
Final M IP gap 0.00% 0.00. 0.00% 0.05%
CPLEX tim e [sec.] 3 476 12 b

b exceeded 3,600 second time limit

Based on the results in Table 4.3, we conclude that the sparsified dual-time-index 

model performs better than the dense formulation. Thus, we only use the sparsified 

model in our subsequent analyses between the dual- and single-time-index models.

4.4.4 Comparison of Single- and D ual-T im e Index Formulations

We compare the sizes of the three types of problems: the single-time-index for­

mulation with and without incorporating the. ramp-up and ramp-down times into
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the minimum up time requirement as well as the dual-time-index formulation. We 

summarize this information in Table 4.4. In general, the two single-time-index mod­

els yield similar problem sizes in terms of the number of variables and constraints, 

with the only difference occurring in the number of nonzeros. However, the size of 

the dual-time-index model is vastly different from the single-time-index models. The 

dual-time-index model has more than twice as many constraints as the single-time- 

index models and has roughly seven times as many binary variables. The number of 

nonzeros is significantly higher, with the sparsified model having 3.8 million nonzeros 

compared to roughly 170,000 nonzeros in the single-time-index models. Thus, even 

though we have sparsified the dual-time-index formulation, it is still significantly more 

dense than  the single-time-index formulation.

Table 4.4. Comparison of single- and dual-time-index problem statistics, 48-hour 
horizon

Case A Case B Case C
Constraints 40,185 40,185 101,299
Continuous Variables 18,555 18,555 31,444
Binary Variables 12,814 12,814 69,855
N onzeros 167,871 174,660 3,806,588
Case A: Single time index, ramp times ignored 
Case B: Single time index, ramp times times added to 
minimum up time requirement
Case C: Dual time index, dense constraints sparsified

In Table 4.5, we present the objective function values for the two single-time- 

index instances as well as the dual-time-index model with sparsification. We find 

tha t the dual-time-index objective function value is approximately 0.6% higher than 

the objective function values provided by the single-time-index models. Because all 

generators must shut down by the end of the horizon and generation is precluded 

during ramp up and ramp down, extra generators may need to start up both early 

and late in the horizon to avoid demand shortfalls. The start up of these additional
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units likely contributes to the higher objective function value.

Table 4.5. Comparison of single- and dual-time-index objective function values, 48- 
hour horizon

Case A Case B Case C
O bjective Function 4,003,433 4,004,621 4,028,698
CPLEX tim e [sec ] 4,772 4,210 476
Case A: Single time index, ramp times ignored 
Case B: Single time index, ramp times times added to 
minimum up time requirement
Case C: Dual time index, dense constraints reformulated 
All instances solved to optimality

Despite a denser A  matrix shown in Table 4.4, the dual-time-index model solves 

significantly faster than the single-time-index models (see Table 4.5). We attribute our 

ability to solve the dual-time-index instances not just to  the enhancements we describe 

in §4.3.1, but also to our dual time-indexed variable, which has the advantages over 

the traditional single time-indexed variable of: (i) enabling CPLEX to conduct its 

probing (fixing variable values a priori) and branching routines more efficiently, and 

(ii) reducing the number of necessary constraints, specifically, those linking the start­

up and shut-down binary variables, which, in turn, helps to expedite solving linear 

programming problems at the nodes, especially when complexity necessitates the 

presence of other constraints, e.g., those controlling the piecewise-linear functions 

(Klotz, 2009).

4.4.5 Forcing Shut Down in the Single-T im e-Index Form ulations

One significant difference between the single- and dual-time-index formulations 

exists. The dual-time-index formulation implicitly assumes that all generators will 

shut down at the end of the horizon. The single-time-index formulation, as presented 

in Chapter 3, does not contain the same assumption. In order to make the models



96

comparable with respect to this issue, we incorporate a constraint into the single-time- 

index formulation which forces all generators to shut down by the end of the horizon. 

We find th a t even with this additional constraint, the single-time-index formulation 

understates the total system costs for a 48-hour horizon (see Table 4.6) due to our 

inability to preclude generation during ramp up and ramp down.

Table 4.6. Comparison of single- and dual-time-index objective function values and 
forcing shut down, 48-hour horizon

II Case A  I Case B I Case C
O bjective Function 4,004,621 4,010,871 4,028,698
Case A: Single time index, ramp times times added to 
minimum up time requirement
Case B: Single time index, ramp times times added to 
minimum up time requirement and shut down forced 
Case C: Dual time index, dense constraints reformulated 
All instances solved to optimality

4.5 C onclusions

We introduce a dual-time-index variable definition based on the typical unit 

commitment model’s single-time-index variable definition. The variable incorporates 

important details regarding the operational behavior of power generators, specifically, 

precluding generation during ramp-up and ramp-down times. This level of modeling 

precision typically does not appear in the current unit commitment literature. The 

dual-time-index formulation allows the user to determine the times at which a gen­

erator completes ramp up to minimum capacity or begins ramp down. We present 

computational results of the two formulations, using our own unit commitment mod­

els described in Van Dinter et al. (2011a) and Van Dinter (2010).

We note one obvious drawback of using the dual-time-index variable: all gen­

erators must shut down by the end of the horizon. While we have modified the
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single-time-index formulation to more closely resemble the dual-time-index formula­

tion by implementing a constraint to force all generators to shut down at the end of 

the horizon, the formulations are not identical in terms of precluding generation dur­

ing ramping. A single-time-index formulation with lag variables and/or parameters 

to preclude generation during ramping should be compared to the dual-time-index 

formulation to confirm our results.



CHAPTER 5

CONCLUSIONS

We conclude this dissertation with a discussion of our contributions and oppor­

tunities for additional research. Specifically, in §5.1, we provide a thorough list of 

our results and research contributions. In §5.2, we briefly summarize a few of the 

opportunities to extend the research presented in this dissertation.

5.1 Research C ontributions

This dissertation addresses variants of the unit commitment problem. First, we 

present a hybrid Benders’ Decomposition algorithm designed to solve mixed-integer, 

nonlinear versions of this problem. We use piecewise-linear underestimators to estab­

lish strong bounds on the problem and use information from auxiliary problems to 

determine a priori which generators must start or must remain off during the time 

horizon. To supplement the basic Benders’ Decomposition algorithm, we develop a 

series of cuts which supplies useful information regarding the storage device and the 

generation required to meet demand.

We implement a sliding time window heuristic to quantify the operating costs 

of providing spinning reserves for Xcel’s Colorado territory. For our particular data 

set, we find a potential annual cost savings of approximately 0.6%. Interestingly, we 

find that as reserves are eliminated from the system, the fuel mix shifts slightly away 

from gas and towards coal generation, resulting in higher greenhouse gas emissions.

Finally, we introduce an alternative formulation for the unit commitment prob­

lem which offers greater accuracy by prohibiting generation during ramp-up and 

ramp-down periods. We present preliminary results comparing our dual-time-index
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formulation to the single-time-index formulation used by Sioshansi et al. (2008) and 

others. Based on these results, the dual-time-index formulation solves in a shorter 

period of time than the single-time-index formulation. Additionally, the single-time- 

index formulation appears to understate operating costs slightly by allowing genera­

tors to produce electricity before they reach minimum capacity.

5.2 Possib le Research Extensions

• In Chapter 2, we use piecewise-linear underestimators to provide a lower bound 

on the problem. Incorporating piecewise-linear overestimators would likely pro­

vide valuable information to the Benders’ master problem and could facilitate 

convergence.

• In Chapter 3, incorporating the cuts derived in Chapter 2 may yield faster 

solution times, reducing the total solution time required for the sliding time 

window heuristic and allowing optimal solutions to be obtained at all iterations. 

Furthermore, solving single instances with longer time horizons to optimality 

would provide additional support, for our results regarding costs and emissions.

• In Chapter 4, comparing the two formulations on different data sets, e.g., ones 

tha t include longer ramp times or have sub-hourly dispatch fidelity, may provide 

greater insight into the differences in solution quality and accuracy. Addition­

ally, column generation may improve tract ability, given the large number of 

variables in the problem relative to the number of constraints.
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APPENDIX 

C O N T E N T S OF CD-ROM  

List o f G A M S and A M PL data files

In this appendix, we list all of the data files which are contained on the CD-ROM 

in the pocket of this dissertation. In general, we list the files containing sets first, 

and then list the files containing parameters. We list the parameter files according to 

order in which the parameters appear in the formulation in §2.2 and §3.2. If the file 

contains more than one parameter, the order the file is based on the initial appearance 

of the first parameter. These files are text files which can be opened using a basic 

text editor program on a Windows, Mac, or UNIX platform.

The GAMS directory contains the following files:

•  sampleDataSetsConvexExtra.dat: All data sets

•  sampleDataParamConvexExtranewQ4.dat: All parameter values, except de­

mand and maximum renewable energy

• dem andl.dat through demand20.dat: Scenarios of demand and maximum re­

newable energy data.

•  underestimator-1 seg.dat and underestimator-2seg.dat: Data for the one-segment 

and two-segment underestimators, respectively

The AMPL-Coal directory contains the following files related to the coal-dominated 

data set:

• PSCO_generator_sets_710slide.dat: Sets of generators
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• PSCO_fuel_curves_610slide.dat: Sets of power generators determined by number 

of breakpoints in heat input curves

• PSCO_combinedcyclev3.dat: Combined cycle sets

• PSCO_fuel_sets_610slide.dat: Fuel type consumed by power generator

• PSCO_Psets.dat: Sets of generators in a given state at beginning of horizon

• PSCO_emissions_setsslide.dat: Set of .power generators for which US Environ­

mental Protection Agency emissions data exist

• PSCO_fuel_fcype_610slide.dat: Fuel price for power generators

• PSCO_su_610slide.dat: Power generator start-up costs

• PSCO_omslide.dat: Power generator operating and maintenance costs

• PSCO_min_max_cap_610slide.dat: Power generator minimum and maximum ca­

pacities

• PSCO_mxr_710.dat: Renewable generator maximum generation

• PSCO_load.dat: Hourly load data

• PSCO_rur_rdr_610slide.dat: Power generator ramp-up and ramp-down rates

• PSCO_r_s_211slide.dat: Power generator ramp-up and ramp-down times

• PSCO_ut_dt_610slide.dat: Power generator up and down times

• PSCO_storage.dat: Storage .device parameters

• PSCO_b_610slide.dat: Power generator fuel consumption at minimum capacity

• PSCO_k_m_610slide.dat: Power generator slope and intercept data

• PSCO_emissions_rates_610slide.dat: Power generator emission rates



107

The AMPL-Gas directory contains the following files related to the gas-dominated 

data set:

• PSCO_generator_sets_710slide.dat: Sets of generators

• PSCO_fuel_curves_610slide.dat: Sets of power generators determined by number 

of breakpoints in heat input curves

• PSCO_combinedcyclev3.dat: Combined cycle sets

• PSCO_fuel_sets_610slide.dat: Fuel type consumed by power generator

• PSCO_Psets.dat: Sets of generators in a given state at beginning of horizon

• PSCO_emissions_setsslide.dat: Set of power generators for which US Environ­

mental Protection Agency emissions data exist

• PSCO_fuel_type_610slide.dat: Fuel price for power generators

• PSCO_su_610slide.dat: Power generator start-up costs

• PSCO_omslide.dat: Power generator operating and maintenance costs

• PSCO_min_max_cap_610slide.dat: Power generator minimum and maximum ca­

pacities

• PSCO_mxr_710.dat: Renewable generator maximum generation

• PSCO_load.dat: Hourly load data

• PSCO_rur_rdr_610slide.dat: Power generator ramp-up and ramp-down rates

• PSCO_r_s_211slide.dat: Power generator ramp-up and ramp-down times

• PSCO_ut_dt_610slide.dat: Power generator up and down times

• PSCO_storage.dat: Storage device parameters



PSCO_b_610slide.dat: Power generator fuel consumption at minimum capacity 

PSCO_k_m_610slide.dat: Power generator slope and intercept data 

PSCO_emissions_rates_610slide.dat: Power generator emission rates


