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ABSTRACT

Few subsurface geometr ic  c o n f ig u r a t io n s  have been s tu d ied  in 

e le c t r o m a g n e t ic  in d u c t io n  p ro s p e c t in g .  In p a r t i c u l a r ,  geo phys ic is ts  

have u s u a l ly  considered o n ly  models o f  the e a r th  which a re  f l a t ,  

and which c o n s is t  o f  p a r a l l e l  regions o f  c o n t r a s t in g  e l e c t r i c a l  

conduct î v i t y ,

In o rder  to  e v a lu a te  the  e l e c t r i c  and magnet ic f i e l d  over  

subsurface  g eo log ic  s t r u c t u r e ,  the  e a r th  is modeled by two conduct ive  

l a y e r s  which a re  j o in e d  a t  an i r r e g u l a r  i n t e r f a c e .  M axw e l l 's  

equat ions are  then a p p l i e d  to o b t a in  a se t  o f  i n t e g r a l  equat ions  

f o r  the  e le c t ro m a g n e t ic  f i e l d  which are  solved by using a p e r t u r b a t io n  

t e c h n iq u e .

A f t e r  g iv in g  c o n s id e r a t io n  both to g e n e r a l i z e d  r e s i s t i v i t y  

ranges f o r  rocks o f  d i f f e r e n t  l i t h o l o g y  and age and to geo log ic  

s t r u c t u r e s  which a re  o f  p a r t i c u l a r  i n t e r e s t  in petro leum and minera l  

e x p l o r a t i o n ,  h o r i z o n t a l  e l e c t r i c  f i e l d  and apparent  r e s i s t i v i t y  

master  curves a re  c a l c u l a t e d .  These curves demonstrate t h a t  f o r  a 

g iven  subsurface  s t r u c t u r e  and r e s i s t i v i t y  c o n t r a s t ,  the  h o r i z o n ta l  

e l e c t r i c  f i e l d  anomaly is g r e a t e r  when the f i r s t  l a y e r  is more 

conduct ive  than the  second la y e r  than when the second l a y e r  is more 

conduct ive  than the f i r s t  l a y e r .  When the wavelength o f  the  

e le c t r o m a g n e t ic  f i e l d  is less than the w idth o f  a r e s i s t a n t  a n t i c l i n a l  

r id g e ,  the h o r i z o n t a l  e l e c t r i c  f i e l d  decreases o v e r  the r id g e ,

i 1 i
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On the  o th e r  hand, when the wavelength is much g r e a t e r  than the

w id th  o f  a r e s i s t a n t  r id g e ,  the h o r i z o n t a l  e l e c t r i c  f i e l d  increases  

ove r  t h a t  r id g e ,

I f  the  r e s i s t i v i t y  c o n t r a s t ,  e l e c t r i c  f i e l d  anomaly, and f i r s t -  

l a y e r  th ickness  a re  known, the  depth to  the  c r e s t  o f  an a n t i c l i n a l  

r id g e  may be a s c e r ta in e d .  S i m i l a r l y ,  overburden th ickness  

d e te rm in a t io n s  a c c u r a te  to w i t h i n  10 % can be made from e l e c t r i c  

f i e l d  anomalies provided t h a t  the w id th  o f  the subsurface  

s t r u c t u r e  is small r e l a t i v e  to the depth to  the s t r u c t u r e .

i v
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INTRODUCTION

Changes in the e a r t h ' s  magnetic  f i e l d  which o r i g i n a t e  above 

the e a r t h ' s  su r fa c e  induce c u r r e n ts  which f lo w  beneath the e a r t h ' s  

s u r f a c e .  S i m i l a r l y ,  changes in the magnetic  f i e l d s  o f  c o n t r o l l e d  

sources which a r e  used by g e o p h y s ic is ts  in i n v e s t i g a t i n g  the  

e l e c t r i c a l  p r o p e r t i e s  o f  the  e a r t h ' s  subsurface a ls o  induce c u r re n ts  

which f lo w  beneath the e a r t h ' s  s u r f a c e .  In e i t h e r  case,  the induced 

c u r r e n ts  have an assoc ia ted  magnetic  f i e l d  f r e q u e n t l y  c a l l e d  a 

secondary f i e l d ,  which the g e o p h y s ic is t  may measure to e x p lo re  

anomalously conduct ive  o r  anomalously r e s i s t i v e  regions in the  

sub sur face .  Thus the g e o p h y s ic is t  may map v a r i a t i o n s  in the e a r t h ' s  

e l e c t r i c a l  p r o p e r t i e s  by measuring changes in the n a tu r a l  e l e c t r o ­

magnetic  f i e l d  o r  by measuring the d i s t o r t i o n  caused by the presence  

o f  a conduct ive  e a r th  in an e le c t r o m a g n e t ic  f i e l d  produced by a 

c o n t r o l l e d  source.  G e n e r a l l y ,  the e le c t r o m a g n e t ic  methods o f  

g e o lo g ic a l  e x p lo r a t i o n  have been used most common î y in mining  

e x p l o r a t i o n ,  where the o b j e c t i v e  is to  d e te c t  an anomaly in the  

e l e c t r o m a g n e t ic  f i e l d  s t re n g th  caused by a conduct ive  o re  body.

Only f o r  r e l a t i v e l y  few c o n f ig u r a t io n s  has the e f f e c t  o f  sub­

s u r fa c e  geometry on the e le c t r o m a g n e t ic  f i e l d  been s tu d ie d .  

S p e c i f i c a l l y ,  o n ly  cases o f  h o r i z o n t a l l y  or  v e r t i c a l l y  d iv id e d  

regions o f  c o n t r a s t in g  c o n d u c t i v i t i e s  ( i . e . ,  f l a t - l y i n g  g e o lo g ic a l  

hor izons  or  v e r t i c a l  f a u l t s :  Cagniard (1 9 5 3 ) ,  Van' ian ( 1 9 6 5 ) ,  Wait

( 1 9 6 2 ) ,  Weaver ( 1963 ) )  have been solved q u i t e  g e n e r a l l y  m a th e m a t ic a l ly .

/
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R e c e n t ly ,  Obukhov (1962 ,  1965, 1968 ) ,  D m i t r i e v  (1 9 6 5 ,  1969 ) ,  and 

Feinberg  (1961)  have o u t l i n e d  mathematical  approaches f o r  studying  

the e f f e c t  o f  va r io u s  types o f  i r r e g u l a r i t i e s  in  th e  s u r face  o f  an 

i n s u l a t i n g  basement on the m a g n e t o t e l l u r i c  f i e l d  observed a t  the  

e a r t h ' s  s u r fa c e .  Mann (1964)  o u t l i n e s  an approach f o r  a basement 

s u r fa c e  which is s in u s o id a l  in shape.

In t h is  th e s is  the e f f e c t  o f  an i r r e g u l a r  sub sur fa ce  hor izon  

on the e le c t r o m a g n e t ic  f i e l d  and on the impedance measured a t  the  

e a r t h ' s  s u r fa c e  is i n v e s t i g a t e d .  The geometry cons idered  is th a t  

o f  a conduct ing ha I fs p a c e  composed o f  two reg ions o f  d i f f e r i n g  

e l e c t r i c a l  conduct i v i t i e s  ; these two layers  a re  j o i n e d  a t  a nonplanar  

i n t e r f a c e .  In p a r t i c u l a r ,  the  e f f e c t s  o f  a sub sur face  a n t i c l i n e  

and s y n c l in e  on the e l e c t r o m a g n e t ic  f i e l d  and measured apparent  

r e s i s t i v i t y  a re  considered (see F ig u re  1 ) .

The e le c t r o m a g n e t ic  f i e l d  is found f o r  two p o l a r i z a t i o n s  which 

make e i t h e r  the in c i d e n t  magnetic  o r  in c id e n t  e l e c t r i c  f i e l d  p a r a l l e l  

to the a n t i c l i n a l  r id g e  or  s y n c l i n a l  t rough.  Formal s o lu t io n s  to  

the problem a r e  o b ta in ed  f o l l o w in g  procedures suggested by Obukhov 

( 1962 , 1965, 1969 ) ,  D m i t r ie v  (1965 ,  1969 ) ,  Fe inberg  ( 1 9 6 1 ) ,  and 

Mann (1 9 6 4 ) .  Throughout t h i s  i n v e s t i g a t i o n ,  the n o rm a l ly  in c id e n t  

wave is assumed to be p l a n a r .

In o rd e r  to e v a lu a te  the e l e c t r i c  and magnet ic  f i e l d  over  

subsurface  g e o lo g ic  s t r u c t u r e ,  a s e t  o f  i n t e g r a l  equ a t io n s  is  

fo rm u la ted  from M a xw e l l 's  equat ions f o r  a r a t h e r  genera l  shape o f  

the  i n t e r f a c e .  A s o l u t io n  is found by a p e r t u r b a t i o n  procedure.  

Numerical e v a lu a t i o n  f o r  the case o f  magnetic  f i e l d  p o l a r i z a t i o n
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is per fo rm ed , and graphs o f  the e l e c t r i c  f i e l d  and o f  the  

apparent  r e s i s t i v i t y  f o r  va r io u s  geom etr ies ,  c o n d u c t i v i t y  c o n t r a s t s , 

and depths to  the i n t e r f a c e  between the two la y e rs  a r e  g iven .
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FORMULATION OF INTEGRAL EQUATIONS

The behav ior  o f  an e le c t r o m a g n e t ic  f i e l d  in any medium is

descr ibed  by M a x w e l l ’ s e q u a t io n s ,

V • B = o   (i)
V  • E = S /  £   (2)

RMKS j .
7  x  H  »  T t  . . . . . . . . . . . . .  ( 3)

V x E = -  'à B /  H .........................................w
j** 2

where B is the magnetic  indu c t io n  f i e l d  in webers per meter  ,
-e.
E is the  e l e c t r i c  f i e l d  in v o l t s  per  m eter ,  is the t o t a l  charge  

d e n s i t y  in coulombs per  m e te r^ , 6 is the d i e l e c t r i c  constant  o f  

f r e e  space ( 8 .8 5 4  X 10 ^  fa rads  per  m e t e r ) ,  H is the magnetic  

f i e l d  i n t e n s i t y  in amperes per  m e t e r , and J t  is the t o t a l  c u r r e n t  

d e n s i ty  in amperes per  meter^ .

In the problem a t  hand, a l l  media a re  assumed to be charge-  

f r e e ;  t h a t  i s ,  th e r e  is no accumulat ion  o f  f r e e  charge or  p o l a r i z a t i o n  

charge,  o r

s*. = s f  + s = 0  t  r p

where s^ is the f r e e - c h a r g e  d e n s i ty  and s^ is the p o l a r i z a t i o n  charge  

d e n s i t y .  Thus equat ion  (2)  may be r e w r i t t e n

V * EL = o ...................................   (5)

Indeed, Jones (1964) has shown in q u i t e  s t r a i g h t f o r w a r d  fash ion  t h a t  

t h e r e  can be no permanent d i s t r i b u t i o n  o f  f r e e  charge in a l i n e a r  

homogeneous conductor  w i t h  non-zero  c o n d u c t i v i t y .

5
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The c o n s t i t u t i v e  equat ions  f o r  the conduct ion c u r r e n t  d e n s i ty
-a* jk
J and the magnetic  in d u c t io n  f i e l d  B f o r  an e l e c t r i c a l l y  and 

m a g n e t ic a l ly  l i n e a r  i s o t r o p i c  medium a re

T = cr E (6)• • » • « • o o • o « a y v  y

and

8  -  JA H     (7 )

where CT is the e l e c t r i c a l  c o n d u c t iv i t y  and p  is the magnetic  

p e r m e a b i l i t y .  S i m i l a r l y ,  the c o n s t i t u t i v e  equat ion  f o r  an e l e c t r i c a l l y  

l i n e a r  i s o t r o p i c  medium express ing  the r e l a t i o n s h i p  between the  

e l e c t r i c  d isp lacem ent  f i e l d  D and the e l e c t r i c  f i e l d  E is

D — £ E.    (8)

In equ at ion  (3) J t  rep resen ts  the sum o f  conduct ion c u r r e n t  d e n s i ty  

and d isp lacem ent  c u r r e n t  d e n s i t y ,  t h a t  i s ,

T  =  T  +  Ï D / ' b - t

Hence equ at ion  (3) may be w r i t t e n

7  x H = J  -h > D  (9)

The wave equat ions s a t i s f i e d  by the e l e c t r i c  and magnetic  f i e l d s  

w i l l  now be cons idered .  From e qu a t ion  ( 9 ) ,

V  X V  X H -  V x J  -h X  V  X D
ô t

or  s in c e



and

V x D  = -  £ /a à H / >-t

V x V K ' H  =  . . . . ( l o )

^  > - f c :

Now

V  x V x H -  V ( v  - H'l -  V2- K .

Use o f  Gauss' law (equat ion  ( 1 ) )  and equat ion  (7)  y i e l d s

V • B ~ O = jA H - âV wH -h

and s î n c e V ^  î s zero  because homogenei ty i n jui is assumed,

t y  .  L i  —  Q
v  ' . Thus equat ion (10) may be r e w r i t t e n

V 2- H  =  i k t r  ï ü h t  +  é j A  H  l ) ) * 1- ( 11)

In an e x a c t ly  analogous manner i t  can be shown t h a t

V2 E  -  |Acr > E l \ ±  +- £|A. ^  E /^ - t 2- . . . . . . (12)

Since exper ience  has shown th a t  the m a g n e t o t e l lu r i c  f i e l d  is q u a s i -  

p e r i o d i c  in the f requency range commonly used in e l e c t r i c a l  p rospect ing  

( K e l l e r  and Fr is c h k n e c h t , 1966) and s ince  p e r io d ic  sources are  

g e n e r a l l y  used in e l e c t r i c a l  p ro s p e c t in g ,  the e l e c t r i c  and magnetic
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f i e l d s  may be represented  as

and

B

where the s u b s c r ip t  h merely  denotes a h a rm o n ic a l ly  v a r y in g  f i e l d .  

S u b s t i t u t i o n  o f  the l a t t e r  two equat ions in to  equat ions (11) and

where # is c a l l e d  the p ropagat ion  constant  f o r  the medium 

c h a r a c t e r i z e d  by f *  , £  , and AT. A s o l u t io n  f o r  equat ions  (13)  

and (14) must now be sought which (a) s a t i s f i e s  the a p p r o p r ia t e  

c o n t i n u i t y  c o n d i t io n s  across the i n t e r f a c e  shown in F ig u re  1,

(b) is independent o f  the  x - c o o r d i n a t e ,  and (c) behaves p r o p e r ly  

a t  I n f i n i t y .

Case o f  Magnet ic  P o l a r i z a t i o n  ------  The f i r s t  case to be considered is

t h a t  o f  H - p o l a r i z a t i o n .  For H - p o l a r i z a t i o n , the d i r e c t i o n  o f  the  

magnetic  f i e l d  v e c to r  in the pr im ary  p lane wave is taken p a r a l l e l  

to  the c o o rd in a te  a x is  a long which the p r o p e r t i e s  o f  the medium a re

(12) y i e l d

o (13)

and

o . . (14)

The q u a n t i t y  +  L uj 6.} is des ignated  as the constant

f o r  a f i x e d  a n g u la r  f requency Ul , i . e . .

V * ^  L uu (  fl" -v- L w . . ( 15)
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«e»
i n v a r i a n t ;  t h a t  i s ,  the in c id e n t  H f i e l d  has the form

_■» I  n c. \ A « n 't
H  =  H 0 O t o \  . . . . .  (16)

Note t h a t  express ion  (16) denotes a p lane  wave propagat ing  in 

the +z d i r e c t i o n .  S i m i l a r l y ,  f o r  E - p o l a r i z a t i o n  the in c id e n t

E f i e l d  has the form

L n c tJ e w t :  r  I  - I
E =  e o L e>< p C - ;- ^ ^  ^ 0 ( 0 j   (17)

Equat ion (16)  im p l ies  t h a t  i t  is on ly  necessary to so lve  equat ion

(13) f o r  Then, by a p p l i c a t i o n  o f  Ampere’ s law (equat ion

( 3 ) ) ,  th e re  r e s u l t s

I  H x  o  o  j

=  (< r  + L w e ' i  (  E y l y +  î fc')

where 1 and 1 repres en t  u n i t  v e c to rs  in the y and z y z

d i r e c t i o n s ,  r e s p e c t i v e l y .  Thus i t  is s u f f i c i e n t ,  f o r  the case o f

H -p o la r  i z a t  i o n , to  so lve  equat ion  (13)  f o r  o n ly  and to d e r iv e

Ey and E^ from equ at ion  ( 3 ) •  For E - p o l a r i z a t i o n  equat ion  ( ! 4 )

is solved f o r  E , and then H and H a re  de r ived  from x y z

equ at ion  ( 4 ) .  The s o l u t io n  f o r  w i l l  be presented in some

d e t a i l  and the o b s e rv a t io n  made t h a t  the s o l u t io n  f o r  E isx

e n t i r e l y  s i m i l a r .

I f  the reg ion  2 0 is denoted as reg ion 0 ,  the region

hj + /3 f  (y)  z >  0 as reg ion 1 , and the reg ion  z >  h  ̂ + f t  f  (y)  

as reg ion 2,  where reg ion 0 c on ta ins  a i r  and where regions 1 and
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2 c o n ta in  conduct ive  e a r th  m a t e r i a l ,  the equat ions f o r  in

each reg ion  may be w r i t t e n  as

V * H 0X + - V * H 0X ^ o 

H l x  -  W l x  »  û

v z h lx -  = o

or

V 1 H o k  +  l â  H , ,  =  o  ( l 3 )

V*  H lx -  ^  H , x =  °  . . . .  |20|

V 1 H t x  _  =  O   ( 2 „

where ^  % w  ^  6 , S I iaj f *  <r̂  > and =  l  w  <t^ •

In equat ions (20) and ( 2 1 ) ,  W 6 4.4. <T  ̂ which means th a t  conduct ion  

c u r re n ts  a re  much g r e a t e r  than d isplacements c u r re n ts  in regions  

1 and 2. The parameter  |A w i l l  be assumed to  be equal to  i t s  f r e e  

space v a lu e  in a l l  reg ions .

In o rd er  to so lve  equat ions  ( 1 9 ) ,  ( 2 0 ) ,  and ( 2 1 ) ,  a F o u r ie r  

t rans fo rm  in the y c o o rd in a te  o f  each equat ion is t a k e n , and 

the r e s u l t i n g  d i f f e r e n t i a l  equat ion  is then solved (see Obukhov,

1962, 1965, 1969 and Mann, 1964 ) .  Equations ( 1 9 ) ,  ( 2 0 ) ,  and (21)  

may be w r i t t e n  in or thogona l  C a r te s ia n  coord ina tes  as

i  H oX l \  y *  4- % WOX Î-1" +  i».1 H o x -  O
( 19)

* K . „ / y  +  o  (20 )

à +  H e x  -  0  . . . .  ( 21 )

The F o u r ie r  t ransform  o f  the nth s p a t i a l  d e r i v a t i v e  o f  a f u n c t io n
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f  ( y ,  z)  'wi th respect  to  y is equal to ( -1 %  times the F o u r ie r  

t rans form  o f  f ( y ,  z) w i th  respect  to  y (Papou! i s ,  1962);  hence

where F ( f  , z)  is the F o u r ie r  t ransform  o f  f ( y ,  z)  w i th  respect  

to  y and % is the s p a t i a l  rad ian  wavenumber in the y d i r e c t i o n .  

Hence the f o l l o w in g  t ransformed equations are  obta ined

+ H ex V  +  Â 1 H <ix<ç •= o

-  V  H 1X ( §  ^  H tX  ■=■ o

-  % H a x t *  H = o

o r ,  more s im p ly ,  x

OX ^  1
^  +  ^ l M A o y ( S | ^  -  O  . . . .  (22)

3. t +  Ç * - )  -  °  . . . .  (23)

_  u *  ^  V . N| H i x ( S i „ N „  o   ( W

S o lu t io ns  to equat ions ( 2 2 ) ,  ( 2 3 ) ,  and (24)  a re  e x p o n e n t ia ls ,  t h a t

, s - U 6X  CS =  c v ^

where -  Si" ) “ and c ̂  and c^ are  a r b i t r a r y  constan ts .

S i m i l a r l y ,

~  c a  e  ^ 4

and ^»3k -3^%ÎL
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where ^  = (€  + IS*  ) ^ ,  (Ç l  + V *  and c^ ,  c^, c^, and

are  a r b i t r a r y  con s ta n ts .  (Branches a re  taken such t h a t  ReCSv ) ,

R e ( ^ ) ,  and R e ( ^ )  ^  0 on rea l  a x is  i n £ - p l a n e  f o r  proper  

convergence o f  i n t e g r a l s . )

The s o l u t io n  f o r  ^qx » z ) ' n the upper ha 1fspace co n s is ts  

o f  a pr imary  term ( th e  in c i d e n t  H f i e l d )  and a secondary term 

( th e  H f i e l d  due to the presence o f  the two l a y e r s ) .  Because 

the secondary magnetic  f i e l d  in the upper ha 1fspace ( re g io n  0) 

c o n s is ts  on ly  o f  a r e f l e c t e d  term (energy d i s s i p a t e d  in the - z  

d i r e c t i o n ) ,  the magnetic  f i e l d  in reg ion 0 may be w r i t t e n  as

H  6X ( y , ^  -  H  +  ^ 2 . . . . .  ( 25 )
eo

For convenience,  equat ion  (25)  w i l l  be normal ized by the i n c id e n t

Ox
f i e l d  s t re n g th  Hq and i t  w i l l  be understood h en ce fo r th  t h a t  H

and repres en t  the magnetic  f i e l d  s t r e n g th  components

norm al ized  by in the  upper ha 1f s p a c e , the f i r s t  l a y e r ,  and

the second l a y e r ,  r e s p e c t i v e l y .

The magnetic  f i e l d  in reg ion  1 ( th e  f i r s t  l a y e r )  c o n s is ts  o f  

energy d i s s i p a t e d  in both the +z and - z  d i r e c t i o n s ;  hence the  

f i e l d  p resen t  in the f i r s t  l a y e r  is best w r i t t e n  as

=• ^  e ' * - - - - - ( 26>
— CO

F i n a l l y ,  in the second la y e r  ( re g io n  2) th e re  is on ly  energy  

d i s s i p a t e d  in the +z d i r e c t i o n ;  thus

^  ^  V  «  %V  (27)
— CO
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In the d e r i v a t i o n s  o f  the above s o l u t i o n s ,  the t ransform  

terms have been r e q u i re d  to be bounded in the r e s p e c t iv e  reg ions .  

Uniqueness o f  s o l u t io n  has been descr ibed  by severa l  authors  

in c lu d in g  Sommerfeld (1 9 6 4 ) ,  R e l l i c h  (1 9 4 3 ) ,  Jones ( 1 9 6 4 ) ,  Morse 

and Feshbach (1 9 5 3 ) ,  and S t r a t t o n  ( 1 9 4 1 ) .  The s o l u t io n  in d ic a ted  

in equat ion  (25) s a t i s f i e s  Sommerfeld 's c o n d i t io n  o f  r a d i a t i o n  

(Sommerfeld,  1964, p. 182-200)  and, provided t h i s  s o l u t io n  s a t i s f i e s  

the c o n t i n u i t y  c o n d i t io n s  a t  the s u r fa c e  o f  the e a r t h ,  "we may be 

then convinced t h a t  the unique s o l u t io n  o f  thé mathemat ical  problem 

is i d e n t i c a l  w i t h  the s o l u t i o n  t h a t  is r e a l i z e d  in n a tu re "  (Sommerfeld,  

1964, p. 190 ) .  In l i k e  manner,  provided t h a t  t a n g e n t i a l  boundary  

co n d i t io n s  in E and H a re  s a t i s f i e d  a t  the s u r fa c e  o f  the e a r th  

and a t  z = h  ̂ + /3 f ( y ) ,  uniqueness o f  s o l u t io n  in regions 1 and 

2 (equat ions  (26) and ( 2 7 ) )  is assured ( S t r a t t o n ,  1941, p. 4 8 6 -4 8 8 ) .

The unknown fu n c t io n s  A ( £ ) ,  B ( Ç ) ,  C ( ^ ) ,  and D ( ^ )  a re  to be 

determined by use o f  the boundary c o n d i t io n s .  From equat ions (3)  

and ( 6 ) ,

tu 6 ^^ox^-y /  " i l

E  ob LU 6 ^ ^ 6 X  W  I 1 '1 /

e 7  1^ "ii H X1< ( . y , ^  f - i e

E 2.y ( y i * \ ^  ^2-X

>  t y  I
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Use o f  equations ( 2 5 ) ,  ( 2 6 ) ,  and (27) then y ie ld s

^  - à ï é  ?  a
—  CO

po

v — oD

ZTT ° V  -  co

E a * C y , ^  -  • • • ( 3 3 )

— y O

To f i n d  A, B, C, and D the usual boundary co n d i t io n s  on the  

t a n g e n t ia l  e l e c t r i c  and magnetic  f i e l d s  are  a p p l ie d .  These 

boundary c o n d i t io ns  are

H0x = H1x

E0y = Ely

( 28 )

■ 0 1 ' / »  . . . ( 2 9 )

Ely (y ^ [b (s )  e3^ - C (s)E S^ te %ZAS. . . (30)

-  eO
(31)

zy ( y ^ \  =  - _ L  C 0 ^ ) 4  As. • • • (32)
/  '  Z T T  o  2 -

a t  z = 0    . (34)
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H1x “ H2x

n X Ej = n X E2

a t  z = f  (y )  . . . .  (35 )

where n is the u n i t  normal to the i n t e r f a c e  z = h  ̂ + /3 f ( y ) . 

( A p p l i c a t io n  o f  S t o k e 1s theorem and th e  d ivergence  theorem 

demonstrates t h a t  c o n t i n u i t y  in the t a n g e n t i a l  components o f  H 

im p l ies  c o n t i n u i t y  in the normal component o f  the t o t a l  c u r r e n t  

d e n s i t y .  A s i m i l a r  a p p l i c a t i o n  shows t h a t  c o n t i n u i t y  in the
j*

t a n g e n t i a l  components o f  E im p l ies  c o n t i n u i t y  in  the  normal 

component o f  the magnetic  indu c t io n  f i e l d  B. )  As Kaplan (1952 ,  

p. 100 -  104) shows, the u n i t  normal "n to the  s u r fa c e  between 

the two laye rs  may be expressed as the norm al ized  g r a d i e n t  v e c t o r  

o f  the f u n c t io n

% ly i =■ -  V\x -  /3 -9 ly't

That  i s ,
— V i

A ~  K y  ~  - / J  (36)

S u b s t i t u t i o n  o f  equat ions ( 2 5 ) ,  ( 2 6 ) ,  ( 2 8 ) ,  and (30 )  in to  equat ions

(34)  y i e l d s

~     . . .
(37)' +  . . . .

“A. -  ±_ C A fr- \
40 e aTX vo<i

I f  use is made o f  the i d e n t i t y  (P a p o u l is ,  1962, p.  37)

l — ■*- 2  TV S

where denotes the F o u r ie r  t ra n s fo rm ,  and i f  F o u r ie r

t ransforms o f  both s ides o f  equat ions (37) and ( 3 8 ) a re  t a k e n , the
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f o l l o w in g  a l g e b r a i c  equat ions in B( % )  and C( S  ) r e s u l t ,

z j k  S +  A -  6  U )  ■+• c- C-S)

=  [ _ B ( s )  -  c c ^

a m  = 4 nS(4 ' -  â f» ) + A litV -
(39)

C ( ^  = (40)

S i m i l a r l y ,  s u b s t i t u t i o n  o f  equat ions  ( 2 6 ) ,  ( 2 7 ) ,  ( 3 0 ) ,  ( 3 1 ) ,  ( 3 2 ) ,  

and (33) i n to  equat ions (35)  y i e l d s

^  W w  + c w  ^ ' ^ ' 4  ‘ s^ «
oo —

— eO
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L r\ 00

N  w

a t x

:  - i ü .  ^  D ( % \ %  e - V k . t B t t y v l  ^ ï y .
2. tx cr^ — oo 

h 60
^ e C Ç y i e

^  °"2_ — 60 ®- S

The l a t t e r  two equations may be s i m p l i f i e d  to  y i e l d

^ [ '  -  ( M ' i  eR,,fl,V  < ' > ( 5 r « î Vl« l"r ' = | Î W
oo

A(^\V (  ̂ +■ gv̂ o  ̂ eSi \̂
LujfeS,— oo

oo

=  ^  Ù L % \  e ' k ' ^  e. i % n %
9 t • \ 4 I /— co

and
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L UJ É.

oo

r y \  3  e.w ' ^
00 C U /é â ’^

f \  60

^  5 -  [ L 1 +  3 ^ ]  e 1" » .  e a » . ^
C W é ^ J

-  [ i  -  S A " !  . - 1'. » .  IS
ûtu€r V™1 ^  A%

OO

i * ' f  = L  ^  5  0  u n  e ^ y  i ç

°1  - 00

oo
■** n x CT,

fc V  ^  D C ^  ^  e 1' ' ^  & 8 & J : i y V ^ S x ^

. . .  (42)

Or
C. —» oo



T -1 3 0 7  19

For convenience the f o l lo w in g  n o ta t io n  w i l l  be adopted

*  "  t r \ / 'r z .  ,

x r a j  e »

Q  =  ( i  -  < r , > 6 \  - k , > ,

[ '  -  («•,R  = TT

S =  TT [ l  4- ( a i  / L v u ^ v a  r k,Y,e 1 1

so t h a t  equat ions ( 4 l )  and (42) may be r e w r i t t e n  in the f o l l o w in g

manner :

co

+  t  ^  m % \ \ p
— on -1DO

co

=  S D  U )  e ; ? i' J s .  . . .  ( 1 3 ,
— OO

ana
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[ R  -  s e ' / î v

~ Û r  1 a C ^ [ p  e'3^  + a  e SAi f ty'5] ç e LÇ/ <iç 

’  ^  j v ^ l r  -  Q e-'3 » .-f < X '> ,e ‘ ç»jç
OO

=  -  ^ x ' X  s  ç  D U \  e  h ' ^  e a & * * t y  e L € y A%
-  OO 

00

+  N  D < ^ \  \  e ' ^ A  e- / 3 ^ ( y \  {2(i()

Equations (43) and (44) a re  simultaneous i n t e g r a l  equat ions o f  

the f i r s t  kind f o r  A (Ç ) and D (% ) (H i ld e b r a n d ,  19,65, p. 222 -  

223) .

Case o f  E l e c t r i c  P o l a r i z a t i o n   When the in c id e n t  wave is g iven

by e qu a t ion  ( 1 7 ) ,  a s i m i l a r  procedure may be used to fo rm u la te  

a se t  o f  in te g r a l  e q u a t io n s ;  t h a t  i s ,  the  c o u n te rp a r t  o f  equat ion  

(25) f o r  the case o f  e l e c t r i c  p o l a r i z a t i o n  is

E,x = E. Ç A *^  =»•* . . . ,l5,
2. TV -  eo

Again ,  f o r  convenience,  n o r m a l i z a t io n  by Eq w i l l  be assumed 

and i t  w i l l  be understood h e n c e fo r th  t h a t  ^qx > ^ i x » anc* ^2x represent
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normal ized q l e c t r i c  f i e l d  components. Thus

S  D * ( s l  ^  e ^ i S  ' ' • <* 7>
-  CO

From equations (4) and ( 7 ) ,

i y  ^ E oy
7  V V J  ^

H (.v, E) -  r  % E , *  ly
1 0 t   ̂ 1 I  w

14 . v (y , E) = -  r1— > E,-y t y , i W
1 /  vu3 j<

H Cy-.*^ =  -4— > E , x (y I  ^ u
15b '  V

=  "  n r , .  > E “ <' y ' 1 '

^ £ t *  (-y i * 1) / ^
^  z LUO JA.

Use o f  equations ( 4 5 ) ,  ( 4 6 ) ,  and (47) In the l a t t e r  expressions f o r  the  

magnetic  f i e l d  y i e l d s
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=  - i -  r  g  ^  V  i f  - - - ( 49)
Z t t  U) |A. •J

I — CO

H 7 ^ ' a’1 = ^  5 .  t * C5'  e V  •

- -  - i _ ^  . . (52 )

oo

"  2̂  X  £S‘* s ‘  . .  <»>I — oO

JU Vv y- »t.
To f in d  A", B , C , and D ' ,  the  c o n t i n u i t y  c o n d i t io n s  on the  

e l e c t r i c  and magnetic  f i e l d s  must aga in  be a p p l i e d .  These boundary 

condi t io n s  a r e

E OV = E ' x 1  ^  a ^ o

H oy -  H ,y J • • • (54)

^ V X  ~  E 2.X
-  _  L «.-fc k x + fi ÇCyl

I x X  V l .  — TxxV\  * • • •  (55)
1 2e
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S u b s t i t u t i o n  o f  equat ions ( 4 5 ) ,  ( 4 6 ) ,  ( 4 8 ) ,  and (50) in to  equat ions  

(40)  y i e l d s

à  ^  . . (56)

oe oO

—» OO

By ta k in g  F o u r ie r  t ransforms o f  both sides o f  equat ions (56) and 

( 5 7 ) ,  B ' ( % )  and C ' ( S ) may be found. I . e . ,

2.TT S C s ' t  -h  -  8  *  +  C - ^ C ç N

T T 4 4 "  -  4 r  -  '±

Thus

^ 2-TCSCsŜ -  -t- Av*(s\(\ +
. (58)
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S i m i l a r l y ,  s u b s t i t u t i o n  in to  equat ion  (55)  o f  equat ions ( 4 6 ) ,  (47)

( 5 0 ) ,  ( 51 ) ,  ( 5 2 ) ,  and (53) leads to the f o l l o w in g  two equations

[ b * u \  c * w  eL S y j S

oc
IX

2- — ^  [ B W W ' W t ) A V
2 IT w  *1 _*o

00
-

Z-Ttvu |A
^ \ b * C S \ ^ LVv‘ + / ^ 1^ -  C ( ^ ë ^ L k ' + / î ^ t y Ü > ^ ^ yAg

h L _  ^  D* U X
2.TT U> |A. _  00

+  i ^ _  ^  e l Ç y à %
i T t  vo^. - o o

o r ,  by s u b s t i t u t i n g  equat ions (58)  and ( 5 9 ) ,

V  A*

=  S D *  i % \  e 4 %
—  00
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and
oo

 ̂ " -  yp' ' !  +  *  ^ 2  e ’El4r * '  ^ * ü v ^ / î - î t - y ^
~"00 x a

+  -k +  a \ ^ ( x -  ^ - \ \
\ NJ * *••

\  '  % e L s /  A Ç

2^ ;  5 « l «  [ 5 TtSCçN ( v -  +  (C<,% \ { \  *  ^ - > j \  ^  / l LVxt* ^ l y i

^"*1; +  A * ( < ^  (1  ~  ^ V'^  t k ^ A - P l y y ^
x

"^  •  U l +  ï ^ V ' 1 ^ S y < i x  

2 ^ 5  D ' l t t . - ^ . - ^ s . ^ U

*  _  CO
U l \ a

Z*VX UI ^  J
OO

The l a t t e r  two equat ions may be s i m p l i f i e d  to  y i e l d

t t [ _ 1 -  ( ^ X ' ^  e 1'"8' +  n ^ i  4- ( ^ Y S

+  ^  A *< ^ X _ (  I +  ev,âx ë 4

'  +  ( v - X ) ë v A  £ * * > * » ]  * r A%

=  C  . . . (601

and
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-  - n r ^ - *  ë Vx'V'

.  s v Sy a%

• > xelSU ç  

vxy ^  0 * U X  ê k ^  e  A ^ r '  % e ^ U s
— co

_ OO

For ease o f  n o t a t io n  the f o l l o w in g  d e f i n i t i o n s  a re  made

p‘  Ê  (.1 -t X l S ^ e 1" 6 '

Q *  t  (. I ~  X  I e - ' ' ' A '

R -  t  -  ( . T f V ' " !

S‘  t  -n Ï . I  ♦ (. eA,X'

With the above d e f i n i t i o n s  equat ions (60)  and (61)  may be r e w r i t t e n  

as
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R »  ^  ^  s *  Y V- F C ^

+  i  C /i,‘ - c ^ T p ' t ^ f w *  a *  « S ) , A s
PÔ

-  £  t ^ u ï  - K K t ^  ^ r L %  (62)

— oo

- " • L
f * '  < /*  -  !

oO
— C ^  y 

2_
V  , * ■

— CO

-  ^
Z. — CO

— 1 *  y  ^
7  -  «

+  ^  C
— oo

- / J ^ - P C y N  L ^ y  1 
e. G. % e d-s

(63)

Aga in ,  equat ions (62)  and (63)  a re  s imultaneous i n t e g r a l  equat ions  

o f  the f i r s t  kind (H i ld e b r a n d ,  1965) f o r  A ( Ç ) and D ( Ç  ) .

The problem now co n s is ts  in f i n d i n g  s o lu t io n s  f o r  A ( % )  and 

A“ ( § )  , f o r  i f  A ( S ) and A“ ( ^ ) a re  known, then the s o lu t io n s  

f o r  the e le c t r o m a g n e t ic  f i e l d  in t h is  problem are  known f o r  both 

e l e c t r i c  and magnetic  p o l a r i z a t i o n  and a given i n t e r f a c e  z = h-| + ft> f  (y)  .
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SOLUTION OF THE INTEGRAL EQUATIONS

Exact  s o lu t io n s  o f  the equat ions  o f  p h ys ics ,  such as equat ions  

( 4 3 ) ,  ( 4 4 ) ,  ( 62 ) ,  and (63) may be ob ta ined  f o r  on ly  a l im i t e d  

c lass  o f  problems. For example, i f  the equ at ion  is the s c a la r  

Helm holtz  e q u a t io n ,  the method o f  s e p a r a t io n  o f  v a r i a b l e s  can 

be used in o n ly  11 c o o rd in a te  systems (Morse and Feshbach, 1953 ) .

I f  the  s u r fa c e  upon which boundary c o n d i t io n s  a re  to be s a t i s f i e d  

is not one o f  these c o o rd in a te  s u r f a c e s , or  i f  the  boundary  

c o n d i t io n s  a re  not  the s imple  D i r i chi e t  or  Neumann types ,  the  

method o f  s e p a r a t io n  f a i l s .  As Morse and Feshbach ( 1953) i n d i c a t e ,  

a s i m i l a r  s i t u a t i o n  e x i s t s  i f  an i n t e g r a l  equat ion  fo r m u la t io n  

is employed. Indeed, even f o r  the problems which can be solved  

e x a c t l y ,  i t  may be more convenient  to  employ approximate  methods,  

f o r  the e v a lu a t i o n  o f  the  exact  s o l u t i o n  may be much too com pl ica ted .  

D e v ia t io n s  from e x a c t ly  s o lu b le  s i t u a t i o n s  are  r e f e r r e d  to  as 

p e r t u r b a t i o n s .  P e r t u r b a t i o n  techniques a re  w e l l  descr ibed in the  

l i t e r a t u r e  (see Morse and Feshbach, 1953, p. 999 -  1 106) and w i l l  

on ly  be reviewed b r i e f l y  here .

P e r t u r b a t i o n  methods are  p a r t i c u l a r l y  a p p r o p r ia t e  whenever the  

problem under c o n s id e r a t io n  c l o s e l y  resembles one which is e x a c t l y  

s o l v a b le .  The methods presume t h a t  one may change from the  

e x a c t ly  s o lv a b le  s i t u a t i o n  to the problem under c o n s id e r a t io n  

in a gradual  f a s h io n .  The l a t t e r  s ta tem ent  is u s u a l l y  expressed

28
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a n a l y t i c a l l y  by r e q u i r in g  t h a t  the p e r t u r b a t io n  be a continuous  

fu n c t io n  o f  a parameter  ^3 , which measures the  s t re n g th  o f  the  

p e r t u r b a t i o n .  As Morse and Feshbach (1953 ,  P* 1001) i n d i c a t e ,  

when using p e r t u r b a t i o n  techniques to  o b ta in  the boundary c o n d i t io n s  

f o r  the p e r t u r b a t i o n ,  one u s u a l l y  expands in power s e r ie s  w i th  

respect  to f t  the  unperturbed boundary c o n d i t io n s  and neg lec ts  

terms o f  o rd e r  or h ig h e r  in the equat ions so o b ta in e d .

As Morse and Feshbach (1953)  f u r t h e r  i n d i c a t e ,  a p e r t u r b a t io n  

technique may in v o lv e  d e v ia t io n s  in the boundary s u r f a c e ( s )  or  

boundary c o n d i t io n s  (o r  both)  from the e x a c t ly  s o lu b le  form.

For the present  problem a p e r t u r b a t io n  method as descr ibed  by 

Obukhov (1965 ,  1969 ) ,  D m i t r i e v  ( 1 9 6 9 ) ,  Davydov ( 1 9 6 8 ) ,  Feinberg  

( 1 9 6 1 ) ,  and Mann (1964)  w i l l  be used.

Case o f  Magnet ic  P o l a r i z a t i o n  The p e r t u r b a t io n  parameter  0> in

the above development has u n i t s  o f  d is ta n c e .  When (3 / £  «  1, where 

06 is an a p p r o p r ia t e  l i n e a r  d imension,  a p e r t u r b a t io n  procedure  

w i t h  as the small  parameter  may be used. That  i s ,  the  f o l l o w in g  s e r ie s  

expansions a re  v a l i d  f o r  1 :

A C S l  =  +* /3 +  /2X A aCS'l .  . . . ( 6 * 0
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S i m i l a r l y ,  from equat ion  ( 3 6 ) ,

*Vy ~  -  ( I  ( i - f  U y V O  ^  / a

or

* \ y  " A  ( i f  / i 1 U - t  U y Ÿ  *■ . . .  . . . .  (66)

and

v' *  ~  ( — / I 1 +  . . «
. . (67)

/ I X  ,  ,
e  =  i + z a x + x ^  X  +■ . . .
In equ at ion  ( 6 8 ) ,  the symbol OC stands f o r  any q u a n t i t y  

appear ing  in the exponent . I f  equat ions  ( 6 4 ) ,  ( 6 5 ) ,  ( 6 6 ) ,  

( 6 7 ) ,  and (68)  a r e  s u b s t i t u te d  i n t o  equat ions  (43) and (44)  

and i f  terms o f  the second o rd e r  and h igher  a re  neg lec ted  In 

the  s u b s t i t u t i o n ,  th e re  r e s u l t s

R  -v* /3 f  4- S  — /3 *8̂  - f

(68)

60

" 1 L D «( Ç U ^  ^ C^ U ' ^ L '  ~  ^  . . . (69)

o
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and

“ +- — S -  zi tŝ -f

^  ^  T ÿ  ^ t i \ S t y ^ +  Q ^ - / i 5 - x* ( . ÿ î ^ f  e Çy4 %

“  t  ^  1 0Ĉ  ^ * N c%̂ . pl ' Q ^ l - * V w S \ > , 6 ^

-  i .X / î  ^£ 1 %  +  A 0 V̂ i Vx -  / j  2 ,^ c y ^  e ^ y A%

-  ^  %m \ ? . « \  +  ' [ l - ^ ' ^ - f  C y ^ e 5 y i ç

—  °  . . . .  (70)

Equations (69) and (70)  may be r e w r i t t e n  as

R  +  s  +  +  i ; C  A 0( % ^ + q 1
— oo

+  4  ■*<■/* S  D *  -  f t SyA s  +  & \
—  OO -  6 0

^  —  oo — CO

+  ( 5 - P ^  ^  D 0( . ^  * y A% -  /S ^ o , ^ ë ' ' ' ^ e LSyi g
— OO — OO

+ zf fly') ^ *'''**■ et?y AS
— CO
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( R - S \  -  V ^ /3  *  A r  ÿ
/ — OQ

4- L / f  & f
2. dy

/  — OO

60

^  / ^ U U p - Q ^ Ç

+  h ?  r y V ' C % U P  +  Q ^ ^ 7<1Ç +  " f  fC y^  W s X C P - Q X ^ Ç e ^ A ç

OO oo

" t  V o ^ \ ( p - Q . W e i y ^  -  V 0< . s U P * < * \ ^ V S y A *i
— oO  — <X>

OO gO

* *  4 '  ^  A v .^ M P -  Q .^ \ ^ Sy<Ls
—  oo 2 -0 °

CO L & * Ç 60 tv
-  LX/3 A£ ^ ^ ^ M 4- ^D0Cç\^e. x ê %B=

dy ~ oo dy _

-  LXfl Af C D,l^\«- ' e ^ yA% +- L \l? fl^A f e'^yj.ç
i y  - o o  1 a y - «  *

- x Ç  0 (l^ \ â W,^ e  i y <i% +  D 0u \ ^  e . ^
— m 3  - « °

-  X / 5 ^  0 ^ ^ ë k , 'î > l e %>'A S
_  oO -  OO

-  o
........................(72 )
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I f |  in the above two equations^ second o rd er  terms a re  neg lec ted  

and the terms are  fa c t o r e d  accord ing to the v a r io u s  powers o f  ^3 

by which they a re  m u l t i p l i e d  and the c o e f f i c i e n t s  o f  each power 

o f  f i  a re  se t  equal to  ze ro ,  the f o l lo w in g  simultaneous in te g r a l  

equat ions f o r  A q ,  Dq, , and r e s u l t ,  which a re  somewhat

e a s i e r  to  so lve  than equat ions (43) and ( 4 4 ) .

i :  S  -  S,

— — (  R. +  S )

— pa — oo

. . . (73)

\  f ( y *  u -  s )  + -  ÿ y ' 1 S  ( p -  q .^  > x £ % r l %

—  OO

”  - i  S  A . C s N  ( P - v ^  ^  0 ^  e * ' V * f A ?  . (7A)
- 0 0  1

2» -.po

—  _  Y x (  R  -  s )

OO % • • (75)

-  K *  •PCy') ( R - h S )  v  k  ^  (  P +  e.^

-  ^  A . C s )  ( p  4 .  a )  ^  e . ^ 7 <LS -  i L  C 0  S k , ^ ç * 5 y A %

"■ l 7 - ~

*  ’ ’a *

=  i .  ^  A +  x S  6 . '^ %
2_  ̂ — 00
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Equat ions ( 7 3 ) ,  ( 7 4 ) ,  ( 7 5 ) ,  and (76)  a r e  in the standard form o f  

F o u r ie r  in v e rs io n  and may be solved by t a k in g  the F o u r ie r  t rans fo rm

equat ions  (73) and (75) can be found and then s u b s t i t u t e d  in to  

equat ions  (74) and (76) to  de term ine  A  ̂ and . Then the  

s o lu t io n s  to  equat ions ( 2 5 ) ,  ( 2 6 ) ,  ( 2 7 ) ,  ( 2 8 ) ,  ( 2 9 ) ,  ( 3 0 ) ,  ( 3 1 ) ,  

( 3 2 ) ,  and (33)  w i l l  be com ple te ly  s p e c i f i e d  f o r  an a r b i t r a r y  

i n t e r f a c è  between the f i r s t  and second l a y e r .  Upon F o u r ie r  

t ra n s f o r m a t io n  o f  both s ides o f  equat ions  (73) and ( 7 5 ) ,  th e re  

r e s u l t s

o f  both s ides o f  the equ a t io n s .  F i r s t  o f  a l l ,  Aq and in

and

or
k  &

tv (a )  P X  2. tc'A 0 o e. 1 * * =

tt

Thus

- Z  -V

( p -t q v ! . . (77)
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and

d  l % \  =  -  Y t ( p - v a U R - s > \

ê 1' '  ^  (  P -  û ,\ +  (  P +• 0-V^ • • • (78)

S u b s t i t u t i o n  o f  equat ions  (77)  and ( 78 ) i n to  equat ion  (74) y i e l d s .

a f t e r  some a l g e b r a i c  m a n ip u la t io n ,

A VC ^  I P  +  R ' I  -  2 - D \ C ^  e

-  A - v t F O & U S r t V ^ C x - ^

^ X ^ c e a\ x ( . K x) r ^  ( T b ^ s v < V ( , V \ xv ^  +  x ' /z " \ s \ A k ( k xY xX ^  C o S » s k ( . K xv ^ Y ^
. . . (79)

where F ( ^ ) is the F o u r ie r  t rans fo rm  o f  f ( y ) . S i m i l a r l y ,  a f t e r  

s u b s t i t u t i o n  o f  equat ions  (77) and ( 78 ) i n t o  e qu a t ion  ( 7 6 ) ,  one 

obta  i ns

A X s )  ( P - gV | > .  +  a . > p  C * \  ^  -  o
v ' 1 . . .  (80)

So lv in g  f o r  D j ( % )  in e qu a t ion  (80)  y i e l d s

DVC ^  -  -  M ! l l x " ( p - a )  ^  • • • (S ’ )
2 . X \

Now, s u b s t i t u t i o n  o f  eq u a t io n  (81)  in to  e qu a t ion  (79) g ives  the  

f o l l o w i n g  s o l u t io n  f o r  ( % ) :

C S r f e V ^  c ^ - ^ ____________

| ^ ^ X [ ] t e s l \ l k xYx\  +- ( Z u 6 ) 1~s '[^ ^ \ ^ \ \ \  i.

. . . ( 82 )
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Equat ion (82)  may be put in s l i g h t l y  d i f f e r e n t  form, t h a t  i s ,  

i f  the f o l l o w in g  d e f i n i t i o n s  a re  made,

6  è  +  - t - 5 ,  ( P - G Ü  12-

— s iinV  ^ V \ +  X  *" C6*-V\ C X

-  > / * ■ $ « A ( w vV i  -v c . c X

and

^  â 4K ________ X ~ \
l x Y ' ‘  z ,  -  v ' -

then

A ,U \  =  [ f C ^  e ^ / z n G ^ x l A X

Thus, from equat ions  ( 8 l ) ,  ( 7 7 ) ,  and ( 7 8 ) ,  i t  may be w r i t t e n

D tU \  = -  [_F(.sX /AttG \  (P -Q ^  K

A6Cs )  =  -  ^ Cç) /G ^ ë 1' 1

D6Cs\ =• [sC sV a^ ^ tP -G ^R t-S ) -Y ^ p + a ^ a -s Q

• (83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)
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With equat ions ( 87 ) through ( 9 0 ) ,  the e le c t r o m a g n e t ic  f i e l d  f o r  

the case o f  magnet ic  p o l a r i z a t i o n  is com ple te ly  s p e c i f i e d .

Case o f  E l e c t r i c  P o l a r i z a t i o n  -  -  -  An e x a c t ly  analogous procedure  

may be used f o r  the case o f  e l e c t r i c  p o l a r i z a t i o n ,  i . e . ,

A*U\ = A *U \ + /3 AtU\ -i- (91)

D* u 1» -  D* ^ -t- . . .  • ■ • • (92)

A f t e r  s u b s t i t u t i n g  equat ions ( 9 1 ) ,  ( 9 2 ) ,  ( 6 6 ) ,  ( 6 7 ) ,  and (68)

in to  equat ions  ( 62 ) and ( 6 3 ) and a f t e r  n e g le c t in g  terms o f  the  

second o rd e r  and h ig h e r ,  th e r e  r e s u l t s

R* 0  + Æ + S* _̂t -  /J Tfx-Ç (.y^

—  ^  [ D ; +  /3 D * ( < ^ e  1 f t

-  V t f  [ 1+

+ ^  %  5,J-A o + ^ e ÇyAg

~ t  -v (3 A* -  dT

i £  ^  [ c ^ C ^  + /3  D v*"(.<5i ~
/  -oo

( 9 4 )
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Equat ions (93) and (9*0  may be r e w r i t t e n  as

R* + S* + f  <y\ -v cf) eiÇyA%
« . CO

*  C  A t ( ^ U * ' - Q * ' ) S . v * ' 5^
— CQ

*  2 . ^
^  —  CO

-  oo

— OO

+  a  -p ^  s  ° r  ^  \  * u ' ^ ec%
—  60

- f t  Î

-  o
(95)
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( . R . * - ( R *  - v  s * )

+  ^  S  b * i < \  { ? * + c ? )  I  ^ ^
^  d y  w6o

+  C  U \  (P *--  Q .*) ^ yA%
a  7 & y  - o o  0

+  A*  ^  k * ^ ? * *  C f \ % * %yl %
^  dy _ —co

oo

+  i g  ^  A * « \ ^ - o r ) > xç ^ yAE,
2. d y  —. oo —»— oo —oo

OO oo

^  - f S A ^ H P ^ s n V ^ k
— OO — 60

-  ^ - F t y X  ?  ( ? \ K  s * YH  ~
2- - 1  d /  —oo

60
+ L / 3 ^ 4 £  ^  0 ^ \ £  ' "-I e $1,A% -

A y  -o o  A y  A .  'L/  ' ' OQ d y

+  ^  D *C S X  e -^ A s  ~  |  D 0\ s X \ € k ' ^ e ' ' i / A%
dy — oo -  co

+  /3 f ly X  % O *  (.SX X & e %>,A% _  D*(çX
— 60 — OO

+  A "  - F ^  C <  ( A \  ^
— 6 0

~ o
(96)
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I f  In the above two equat ions second o rder  terms a re  neg lec ted  

and I f  the  terms a r e  f a c t o r e d  accord ing  to the v a r io u s  powers o f  

/3 by which they a r e  m u l t i p l i e d  and the c o e f f i c i e n t s  o f  each power 

o f  fc a r e  s e t  equal to z e ro ,  the f o l l o w in g  s imultaneous in t e g r a l
ÿf ïV

equat ions f o r  , D^' ', Aj , and Dj r e s u l t ,  which a re  e a s ie r  to

so lve  than equat ions (62)  and (63)•

a A*(%\ I p * +  o!  ̂ ^ 0 * t . < \ ê k ' ^ e S y A%
— 60  *■* 6 0  3 • \  v  /  /

= -  C R* v £,*\
00

+ fi-y'» S (P *- Q*) 3
* •  ~  0 0  oo

+  • • • (98)

+ Ç  D *C <\ ê W' ^  eL5>,A% 
— 60

i  • • - . (99)
-  v t

— 6 0  — 6 0

- ^ f < - r U a * + +  4  x  ^
*• /  -  e»

+ f  Y  D* ~  C A* Cç\ (. P*- Q.^ >  x 6 S  yjL%

— 6 0  *

— 6 0  — OO

Equations ( 9 7 ) ,  ( 9 8 ) ,  ( 9 9 ) ,  and (100)  a re  In the standard form o f  

the F o u r ie r  in v e rs io n  and may be solved by ta k in g  the F o u r ie r  

t rans fo rm  o f  both s ides  o f  the e q u a t io n s .  F i r s t  o f  a l l ,  A q  and
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D- in equat ions (97) and (99) may be found and then s u b s t i t u t e d
JU

i n t o  equat ions (98)  and (100)  to d e te rm in e  ' and .

Then the s o lu t io n s  to equat ions  ( 4 5 ) ,  ( 4 6 ) ,  ( 4 7 ) ,  ( 4 8 ) ,  ( 4 9 ) ,  ( 5 0 ) ,

( 51 ) ,  ( 5 2 ) ,  and (53) w i l l  be com ple te ly  s p e c i f i e d  f o r  an i n t e r f a c e  

o f  a r b i t r a r y  shape between the f i r s t  and second la y e r s .  F o u r i e r  

t ra n s f o r m a t io n  o f  both s ides o f  equat ions  (97) and (99)  y i e l d s

tr A*(.<\ (.p% a*\ -  a™ o*« \  2.-r S(ç\ (.r* * .

and

IT A* L P*- + z-rt o: C<\ ' *•■=. -i-trS (r* -  S *)

or

TT '  ( .« .* >  S * )

Tt A* (p*- Qk*) z-tt D *c s \ ■=-2tt Tt (<R*- S .*)

Thus

A # ( ^  ~  [ ^ ( P * -  Q . ^  +  \  C P *  *  Q * S \  • • • • ( ' o i )

and

#  _  & c y \ > , c e n  -  »vc r * -  s ^ ç p ^  ^

o (Ç  ~  ~  • • ( , 0 2 )

S u b s t i t u t i o n  o f  equat ions  (101)  and (102)  in to  equat ion  (98)  y i e l d s ,  

a f t e r  some a l g e b r a i c  m a n ip u la t io n ,
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-  \  ( P * *  Q .* )  +  2. o *  ■=.
. . . . (10 3 )

S i m i l a r l y ,  s u b s t i t u t i o n  o f  equat ions (101)  and (102)  in to  equat ion  

(100)  y i e l d s

A* W I  P*- Q.n 4- a O , " X « f V' A l

=  4 - V *  F  CS\ ( . -K ^  -  _______________

( x / l LsinVx (k.-e.X* ^o»Vx(kX\ +
(104)

where F(% ) is the F o u r ie r  t rans fo rm  o f  f ( y ) . “ (% ) may

r e a d i l y  be found from equat ion  (1 0 3 ) :

D * U X  =  ( p * + a w)  * } ' ' * * ■  I ? .
. (105)

Now, s u b s t i t u t i o n  o f  equat ion  (105)  i n t o  equat ion  (104)  y i e l d s  

the f o l l o w in g  s o l u t i o n  f o r  A " ( Ç ) :

C( tosV(V\

+ > ! / i s ih U (u lï xx +  ^ c s V t w . i ^ X ^ / p * -  <ÿ*-\ a * -Y l> V z

. , o . (106)

Equat ion (106)  may be put i n to  s l i g h t l y  d i f f e r e n t  form,  t h a t  i s ,  

i f  the  f o l l o w in g  a d d i t i o n a l  d e f i n i t i o n  is made,

G* â  ë k ,X L X  ( P * -  GL*'* + \ ( P * 4 . 0 . ^ / z . . . . (107)
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then

( i

( i

=  - l !  F ( . ç X è k X  1 $  I  z - t x G *  . . . .

Thus, from equat ions ( 1 0 5 ) ,  ( 1 0 1 ) ,  and ( 1 0 2 ) ,

D * U \  -  -  < - k  FUX "R. Q.WX / V n G *

«•Vv &

* o  V S ' ~   Q * -----------------------------------------------  . . . .

D * ( ^  _  s ^ H P ^  o T t - v / P * - s ^ u ? * ^ o .* )1  ()

6 z G *

With equat ions  (108)  th ru  ( 1 1 1 ) ,  the  e le c t r o m a g n e t ic  f i e l d  f o r  the  

case o f  e l e c t r i c  f i e l d  p o l a r i z a t i o n  is com ple te ly  s p e c i f i e d .

(1
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Thus f a r  the development has been q u i t e  general  w i t h  respect  

to  the shape o f  the i n t e r f a c e  assumed, and the e le c t r o m a g n e t ic  

f i e l d  can be found t h a t  is  ass o c ia te d  w i th  any i n t e r f a c e  w i t h  a 

small  p e r t u r b â t  ion.  I t  is the purpose o f  t h is  i n v e s t i g a t i o n  

to  study the e f f e c t  o f  subsurface g eo lo g ic  s t r u c t u r e  f o r  H -  

f i e l d  p o l a r i z a t i o n ,  s ince  t h i s  is one l i m i t i n g  case where the ' 

c u r r e n t  d e n s i t y  Is p e r p e n d ic u la r  to  the s t r i k e  l i n e  o f  the  

subsurface  s t r u c t u r e .  The e le c t r o m a g n e t ic  f i e l d  a t  the  s u r face  

o f  the e a r t h  (z  = 0) is t h a t  which is o f  con cern . Thus the f o l lo w in g  

s i m p l i f i c a t i o n  o f  the f i e l d  components can be made f o r  the case 

o f  magnetic  p o l a r i z a t i o n .  I . e . ,

— 0O

E «z - z b r .
— 00

. . . . (112)

(113)

iTTU»fe _ 60
(114)

where A ( S  ) is g iven by equat ion  ( 6 4 ) .  In p r a c t i c e  the g e o p h y s ic is t  

u s u a l l y  measures only the h o r i z o n t a l  e l e c t r i c  and magnetic  f i e l d s .  

Normal ly  a grounded w i r e ,  s h o r t  r e l a t i v e  to the wavelength o f  the  

f i e l d ,  is used in measuring the e l e c t r i c  f i e l d  in the e a r t h .

44
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M agnet ic  f i e l d  components may be measured w i th  a magnetometer .

More commonly, however , the magnetic  f i e l d  components are  measured 

w i t h  in d u c t io n  c o i l s ,  which d e te c t  the t  i me-ra te  o f  change o f  the  

magnetic  in d u c t io n .  By the use o f  Faraday 's  law and S t o k e 1s 

theorem the f o l l o w in g  express ion  is d e r iv e d

EMF = -  n A >  B /

where n is the number o f  turns in the induct io n  c o i l  and A

is the c r o s s - s e c t io n a l  area o f  the c o i l .  I f  the f i e l d  is harmonic,  

the d e r i v a t i v e  in the above express ion  may be rep laced  by a 

m u l t i p l y i n g  term,  i tu :

EMF = - i w n A ^ H  . . .  (115)

where H in equat ion  (115)  is t h a t  magnetic  f i e l d  component

which is p e r p e n d ic u la r  to  the p lane  o f  the c o i l .  Thus, a v o l t a g e  is

measured, r a t h e r  than a magnetic  f i e l d  component.

F o u r ie r  In v e rs io n  - - - I n  the e v a lu a t i o n  o f  the h o r i z o n t a l  f i e l d  

components, Hqx and E^ , in equat ions  (112) and (113)  i t  is  

observed t h a t  the e s s e n t ia l  numerical  problem is th a t  o f  inverse  

F o u r ie r  t r a n s f o r m a t io n .  F i r s t ,  a complex f u n c t io n  o f  s p a t i a l  

f re quenc y ,  which depends on the e l e c t r i c a l  c h a r a c t e r i s t i c s  o f  the  

tw o - la y e r e d  e a r th  and on the n a tu re  o f  the i n t e r f a c e  between the  

l a y e r s ,  is generated f o r  each case o f  i n t e r e s t .  This  complex 

f u n c t io n  is then in v e r te d  to de term ine  the anomalous e lec t ro m ag n e t Î c 

f i e l d  caused by the presence o f  subsurface  geo lo g ic  s t r u c t u r e .
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Because o f  the lack  o f  both even symmetry o f  the rea l  p a r ts  o f  

the complex f u n c t io n  to be in v e r te d  and odd symmetry o f  the  

imaginary pa r ts  o f  the complex f u n c t io n  to be i n v e r t e d ,  the  

i n v e r t e d  f u n c t io n  is a complex fu n c t io n  o f  y , possessing both an 

a m pl i tude  and phase f a c t o r  ( P a p o u l is ,  1962, p. 11 ) .  Fur therm ore ,  

because a f i n i t e  number o f  sampled va lues  o f  the f u n c t io n  to be 

in v e r te d  are  used, a few words might  be sa id  about the r e l a t i o n s h i p  

between the t ru e  in v e r te d  continuous f u n c t io n  and the d i g i t a l  

in v e r te d  f u n c t io n .

Since the e f f e c t s  o f  sampling a r e  w e l 1-documented and discussed  

in depth e lsewhere (P a p o u l is ,  1962; B racew e l1, 1965î G ra y , 1967)> 

they w i l l  only  be reviewed here .  In g e n e r a l ,  the  complex f u n c t io n  

o f  s p a t i a l  f requency to be in v e r te d  f o r  each case o f  i n t e r e s t  in 

the problem a t  hand may be represented  by W ( ^ )  and i t s  continuous  

inverse  by w ( y ) .  In p r a c t i c e ,  a f i n i t e  number N o f  e q u a l l y -  

spaced d i g i t i z e d  values o f  W ( ^ )  a re  i n v e r t e d ;  these  va lues  

may be represented  as the f o l l o w i n g  s e r i e s  w i th  the D i r a c  comb 

f u n c t io n ,  .

YV I n  a s ) S (.% -  v\

M
=  w c ï ï Z . . . ( 116)

y\ -

T ransform ing  equat ion  (116)  y i e l d s  the f o l l o w in g  e q u a t io n

S \h  y A s /z . • • ( U 7 )
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Equat ion (117)  imp l ies  t h a t  the inverse  F o u r ie r  t ransform  o f  

the d i s c r e t e  fu n c t io n  ( S ) c o n s is t in g  of  a f i n i t e  number of  

equ i spaced sample va lues  W ( n A ^ ) ,  n = -N ,  . . . , 0,  . . . , N , 

of  the continuous fu n c t io n  W(%, ) is the con vo lu t io n  o f  the  

inverse  t rans fo rm  o f  the continuous f u n c t io n  w i th  the p e r i o d i c  

F o u r ie r  s e r i e s  k e r n e l .  Of course ,

I iw \ W  j ^ y >\  =  vv
W '*'► 00

Q u a l i t a t i v e l y  th e re  are  two e f f e c t s  on the in v e r te d  d i g i t a l

f u n c t i o n ,  w ^ ( y ) .  A smearing e f f e c t  due to t r u n c a t io n  is produced,

and s ince  the F o u r ie r  -  s e r ie s  kerne l  is p e r i o d i c ,  the ou tput

o f  i t s  c o n v o lu t io n  w i t h  the a n a l y t i c  continuous in v e r te d  fu n c t io n

w(y) is a p e r i o d i c  f u n c t io n .  Because the e l e c t r i c  and magnetic

f i e l d s  on the s u r fa c e  o f  the e a r th  a re  w e l l -behav ed  fu n c t io n s

and f a i r l y  smooth, the f i r s t  e f f e c t  is s m a l l .  However, an i n e v i t a b l e

consequence o f  sampling a fu n c t io n  W ( § )  a t  equ Î spaced i n t e r v a l s

is an " a l i a s i n g "  o f  w , (y)  about y> = TT /  AS*- In t h is  contex ta N

the term a l i a s  is used to i n d ic a t e  a confus ion o f  Wy(y) va lues  

a t  yN = T T  / & %  o

A F o r t ra n  IV program f o r  the Standard 1C — 4000 computer was 

w r i t t e n  f o r  the in ve rse  F o u r ie r  t r a n s f o r m a t io n .  In o rd er  to t e s t  

the program, the inverse  F o u r ie r  t ransforms o f  two fu n c t io n s  whose 

inverse  F o u r ie r  t ransforms a re  w e l 1-known were d i g i t a l l y  computed ; 

t h a t  i s ,  the inve rse  F o u r ie r  t ransforms o f  the f o l l o w in g  fu n c t io n s  

were c a l c u l a t e d :

i — i s VSc. N \s \ ^  %

1 0  ) ( 118)
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and •

r —  — %  /  4* c<

=  - ' 1 ^  e  . . .

The fu n c t io n s  expressed by equat ions (118) and (119) are  well-known  

in the theory o f  the F o u r ie r  i n t e g r a l .  The fu n c t io n  g iven by 

equat ion  (118)  is a t r i a n g u l a r  pu lse  in the s p a t i a l  frequency  

domain whose a n a l y t i c  inverse  F o u r ie r  t ransform is g iven by 

(Papou 1 î s , 1962 , p. 21 -  2 2 ) ,

W, U ï < = >  w,(y\ = . . . 020)

For convenience, 5 ^  was chosen to  be 2TT so t h a t  =• 5 ^
2

reduces to a s in e  f u n c t io n  whose values are  ta b u la te d  by

Bracewel 1 (19&5, p. 3 6 8 - 3 7 2 ) .  The F o u r ie r  t ransform  p a i r  ^  \

is i l l u s t r a t e d  in F igure  3•

WAVE-NUMBER DOMAIN SPACE DOMAIN

rS y

F o u r i e r  Transform o f  S i nc% Function  

F ig u re  2
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The a n a l y t i c a l  inverse  and d i g i t a l  inverse  are  compared in Tab le  1.

T a b le  1. Comparison o f  A n a l y t i c  and D i g i t a l  Inverse  F o u r ie r  Transform

o f  W1 ( Ç )

y s in c 2 (y )
( A f t e r  Bracew e l1, 1965)

w1 (y)  
(computed)

0 . 0 0 1 .000 1 .000

0 . 50 0 . 4 0 5 0 ,414

1.00 0 .000 0 .0 0 0

1.50 0 .045 0 . 0 55

2 . 00 0 .0 0 0 0 .000

2 . 50 0 . 016 0 .029

3 . 00 0 .0 0 0 0 .000

In the above t e s t  case N = 7 and = 1 . 042 .  The e f f e c t s  o f

sampling become more n o t i c e a b l e  as y approaches the va 1 ue TT /  .

The fu n c t io n  g iven by equat ion  (119)  is c a l l e d  a Gaussian 

fu n c t io n  whose inverse  is g iven by (P a p o u l is ,  19&2, p. 2 5 ) ,

-  < r K y \  ( , 2 , )

For c o n v e n i e n c e ,^  was chosen to be equal to TT s ince  values o f  

e x p ( -  TT y 2 ) a re  ta b u la te d  by B racew e l1 (19&5, p • 368 -  372 ) .

The F o u r ie r  t ra ns fo rm  p a i r  w^(y)  is i l l u s t r a t e d

in F ig u re  4.
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WAVE-NUMBER DOMAIN SPACE DOMAIN

( H 2T T

F o u r ie r  Transform o f  Gaussian Function  

F igure  3

The a n a l y t i c a l  inve rse  and the computed d i g i t a l  inverse  a re  

compared in Tab le  2.

T a b le  2.  Comparison o f  A n a l y t i c  and D i g i t a l  Inverse  F o u r ie r  Transform

o f  W2 ( g )

y exp (-TT y^)
( A f t e r  B racew e l1 , 1965)

w (y)
(computed)

0 . 0 0 1 .000 0 . 9 94

0 . 5 0 0 . 45 6 0.461

1 .00 0 . 043 0 . 0 4 2

1 . 5 0 0.001 0 .0 0 0

2 . 0 0 0 .0 0 0 0 . 002
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In the  above t e s t  case N = 7 and AÇ = 1 ,042  , Both the e f f e c t s  

o f  sampling and t r u n c a t io n  become more n o t ic e a b le  as y approaches  

the  v a lu e  TT/ ,  but because the  second f u n c t io n  is smoother than 

the  f i r s t ,  the  e f f e c t s  a re  l e s s .  Th is  f a c t  imp l ies  t h a t  the method 

w i l l  work b e t t e r  f o r  smooth geo m e tr ies ,  which is what would be 

e x p e c te d .

Asymptot ic  Behavior  f o r  Low Frequencies -  -  -  In o rd e r  to  ga in  

some in s ig h t  in to  the  e f f e c t  o f  subsurface  s t r u c t u r e  on the  

e l e c t r o m a g n e t ic  f i e l d  a t  the  s u r fa c e  o f  the e a r t h ,  an a n t i c l i n a l  

r id g e  and a s y n c l i n a l  t rough on the  second la y e r  a re  con s id ered .

The r id g e  might w e l l  be considered to be a basement r id g e  und er ly ing  

sediments .  Or the g eo lo g ic  s e c t io n  may be viewed as t h a t  o f  a loca l  

t h in n in g  o r  th ic k e n in g  o f  the f i r s t  l a y e r .

The study o f  such s t r u c t u r e s  is important  in the g e o lo g ic  

i n t e r p r e t a t i o n  o f  e l e c t r o m a g n e t ic  f i e l d  d a ta .  Such a study should  

enable  one to determ ine  the  e f f e c t  o f  t e r r a i n  on e le c t r o m a g n e t ic  

f i e l d  d a t a .  I t  may a ls o  be o f  use in searching f o r  subsurface  

a n t i c l i n a l  s t r u c t u r e s  and s t r a t i g r a p h i e  t raps  in petro leum e x p l o r a t i o n  

(o r  d i k e - l i k e  f e a t u r e s  in m inera l  e x p l o r a t i o n ) , and f o r  g iven  

r e s i s t i v i t y  c o n t r a s t s ,  such a study may he lp  in the  d e t e r m in a t io n  

o f  the geometry o f  a bur ied  a n t i c l i n a l  r id g e  o r  s y n c l in a l  t r o u g h ,

G e n e r a l l y ,  the term wavenumber is o f te n  used to  express  

r e l a t i o n s h i p s  between e f f e c t i v e  depths o f  p e n e t r a t i o n ,  r e s i s t i v i t y ,  

and frequency o f  the  f i e l d  ( K e l l e r ,  19 6 6 ) .  In a conduct ive  medium 

th e  wavenumber I f , n e g le c t in g  d isp lacem ent  c u r r e n t s ,  is
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so t h a t  In a medium having c o n d u c t iv i t y  ,

\  +  i  =  g ,  +  t  g ,

where 2 is the rea l  p a r t  o f  the rad ian  wavelength.

The f u n c t io n a l  dependence o f  waves t r a v e l i n g  in the +z d i r e c t i o n
-  z

is  e x p o n e n t i a l ,  i . e . ,  e . Thus

e 1 2  =  1 (  " - F T * =

Then the s k in  d e p t h , t h a t  i s ,  the d is ta n c e  w i t h i n  the conduct ing

medium a t  which the  ampl itudes o f  the e l e c t r i c  and magnet ic f i e l d  

vec to rs  a re  equal to 1 /e  = 0 .3679  o f  t h e i r  r e s p e c t iv e  va lues a t  

the  s u r f a c e ,  is

a /  \  Vs. /
SKIN DEPTH X  UJ ̂  or ) ~  1 /  R e   ̂ (T »  i v e

At  the sk in  depth the phase lags one rad ian  f o r  a p lane wave in a

un i form  e a r t h .  S ince the va lue  o f  the skin  depth g ives an e f f e c t i v e

depth o f  p e n e t r a t i o n  f o r  the g e o p h y s ic is t 's  purposes, i t  is 

i n t e r e s t i n g  to  know i t s  o rder  or  magnitude and in subsequent  

computat ions the  sk in  depth w i l l  o f te n  be r e f e r r e d  to .

Because the  magnetic  p e r m e a b i l i t y  o f  almost  a l l  rocks is very

n e a r ly  th a t  o f  f r e e  space, the wavenumber Y  v a r i e s  o n ly  w i th  the  

r e s i s t i v i t y  o f  a medium and w i th  the f requency o f  the f i e l d .  Curves 

e x h i b i t i n g  th e  r e l a t i o n s h i p  between wavenumber, c o n d u c t i v i t y ,  and 

f requency a r e  g iven  in F igure  4.

In  any t h e o r e t i c a l  i n v e s t i g a t i o n  where numerical  e v a lu a t io n s  

a re  performed,  i t  is important  to examine, i f  p o s s ib le ,  l i m i t i n g  

c o n d i t io n s .  An examinat ion  o f  the asymptot ic  behav ior  o f  the f i e l d s  

provides a check on the numerical  computat ions.
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0 .001

FIGURE 4. ( A f t e r  K e l l e r  and Fr i sch knech t , 1966 )

Wavenumbers as a fu n c t io n  of  frequency and c o n d u c t iv i t y  

f o r  cases in which d isp lacement  cur ren ts  can be ne g le c te d .  A 

sca le  fo r  co n v e r t in g  wavenumbers to rad ian  wavelengths or  sk in  

depths is shown to the r i g h t .

RE
AL

 
W

AV
EL

EN
GT

H 
(S

KI
N 

DE
PT

H)
, 

IN 
KI

LO
M

ET
ER

S



T-1307 54

Several  researchers  have s tu d ied  the l i m i t i n g  zero  f requency  

( d i r e c t  c u r r e n t )  case o f  the problem a t  hand, in c lu d in g  Berd i chevsk i y

( 1 9 6 5 ) ,  Neyman and K a lan ta rov  ( 1 9 4 8 ) ,  Smirnov ( 1 9 4 8 ) ,  Sheynmann 

(1941 ,  1958 ) ,  Kunetz and Chastenet  deGery ( 1 9 5 6 ) ,  Utzman and F a i r e  

( 1 9 5 7 ) ,  and Roy (1 9 6 3 ) -  A l l  o f  the above i n v e s t i g a t o r s  considered  

on ly  a p e r f e c t l y  i n s u l a t i n g  basement and made use o f  a Schwarz-  

C h r î s t o f f e l  t ra n s fo r m a t io n  to s i m p l i f y  boundary c o n d i t io n s  f o r  

the  d i r e c t  c u r r e n t  case.  B erd ich evsk iy  (1965) descr ibes  the  

t ra n s fo r m a t io n s  used f o r  a h y p e r b o l ic  a n t i c l i n e ,  a v e r t i c a l  s tep  

in the basement,  and a v e r t i c a l - s i d e d  i n s u l a t i n g  s lab  in the basement. 

Recent ly  Roy ( 1969) considered the d i r e c t  c u r r e n t  case o f  a t r i a n g u l a r ­

shaped r id g e  on a p e r f e c t l y  i n s u l a t i n g  basement (see F ig u re  5 ) •

Since a t r i a n g l e  has a F o u r ie r  t ra ns fo rm  (see F igure  2 ) ,  the  

e l e c t r o m a g n e t ic  f i e l d  over a bur ied  t r  i angu1 ar -shaped r id g e  may 

be computed using the mathematical  procedure o u t l in e d  above.

A F o r t r a n  IV program was w r i t t e n  by the author  f o r  the Standard  

Computer C o rp o ra t io n  IC-4000 computer in o rd er  to e v a lu a te  the  

h o r i z o n t a l  components o f  the e l e c t r i c  f i e l d  ( Eq^ ) over  a b u r ied  t r i a n g u l a i — 

shaped a n t i c l i n a l  r id g e .  In o rd e r  to  check the numerical  

computations o f  the normal ized h o r i z o n t a l  component of  the e l e c t r i c  

f i e l d  ( I n  t h is  con tex t  the f i e l d  va lues  w i th  subsurface s t r u c t u r e  

present  w i l l  be normal ized w i th  respec t  to the f i e l d  values when 

no subsurface  s t r u c t u r e  is p r e s e n t ) , the  low-frequency behav ior  was 

examined and compared w i th  Roy's computations f o r  a given t r i a n g u l a r ­

shaped r id g e .  In o rd er  to s im u la te  1ow-frequency behavior  the r a t i o  

o f  the rea l  p a r t  o f  the rad ian  wavelength in the f i r s t  la y e r
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to the f i r s t - l a y e r  th ickness  ( l /h ^ G  ) was chosen to be equal to 

100; t h i s  r a t i o  corresponds f o r  a f i r s t - l a y e r  r e s i s t i v i t y  o f  100 

ohm-meters and f o r  a f i r s t - l a y e r  th ickness  o f  100 meters to a 

f requency £  o f  0 .253  H e r t z .  In o rder  to s im u la te  a p e r f e c t l y  

i n s u l a t i n g  basement, a r e s i s t i v i t y  c o n t r a s t  j >z . l j>\ was chosen to  

be equal to 10^. F i n a l l y ,  the geometry f o r  the computed t r i a n g u l a i — 

shaped r id g e  was chosen so as to c o in c id e  w i th  the t r iangu1 ar -shaped  

r id g e  used by Roy. Three t e s t  cases were run and the r e s u l t s  a re  

in d ic a t e d  in F ig u re  6.  F igure  6 i l l u s t r a t e s  c lo se  agreement between 

Roy's r e s u l t s  and computations f o r  the h o r i z o n t a l  component o f  the  

e l e c t r i c  f i e l d  a t  low f r e q u e n c ie s .  The f a c t  t h a t  the r a t e  o f  decay 

f o r  the c a l c u l a t e d  anomaly is s l i g h t l y  less than t h a t  determined by 

Roy is due to  a l i a s i n g .  I t  is a ls o  seen th a t  the e f f e c t  o f  

second and h ig h e r  o rd e r  terms is not n e g l i g i b l e  when the h e ig h t  o f  

the  r id g e  becomes g r e a t e r  than o n e - h a l f  the f i r s t  l a y e r  th ic k n e s s .

A F o r t ra n  IV program was a ls o  w r i t t e n  f o r  the Standard Computer 

C o rp o ra t io n  IC -  4000 computer to e v a lu a te  the h o r i z o n t a l  components 

o f  the magnetic  f i e l d  (Hqx ) a t  the  s u r fa c e  over a bur ied  t r i a n g u l a r ­

shaped r id g e .  There a r e  two approaches th a t  might be taken in 

checking the computations f o r  the h o r i z o n t a l  magnetic  f i e l d .  One 

approach would be to use Ampere's law, which r e l a t e s  the c u r r e n t  

d e n s i t y  to  the magnetic  f i e l d .  With  t h is  approach the magnetic  

f i e l d  component H a t  some depth z in the f i r s t  l a y e r  (g iven by 

equat ion  (26) ) and the e l e c t r i c  f i e l d  components and E in

the f i r s t  l a y e r  would have to be computed. Knowledge o f  the
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e l e c t r i c  f i e l d  components w i l l  y i e l d  the c u r r e n t  d e n s i t y ,  given the  

l a y e r  r e s i s t i v i t y .  Th is  c u r r e n t  d e n s i ty  can then be compared to

Another  approach f o r  the present  problem would be to compute the  

s u r fa c e  impedance. The s u r fa c e  impedance is d e f in e d  as the r a t i o  

o f  the orthogonal  f i e l d  components, i . e . .

d i f f e r e n c e  between the magnetic  and e l e c t r i c  f i e l d  i n t e n s i t i e s

given f requency ,  the apparent  r e s i s t i v i t y  can be computed. Grant  

and West ( 1 9 6 5 ) ,  Cagniard ( 1 9 5 3 ) ,  and K e l l e r  and Fr i schknecht

(1966)  g ive  the f o l l o w in g  d e f i n in g  equat ion  f o r  apparent  r e s i s t i v i t y  

measured w i th  the m a g n e t o - t e l l u r i c  method:

Roy ( 1969) has t a b u la te d  apparent  r e s i s t i v i t y  va lues  over a bur ied  

t r i a n g u la r - s h a p e d  r id g e  f o r  the d i r e c t  c u r r e n t  case.  The same 

th re e  t e s t  cases t h a t  were computed f o r  the h o r i z o n t a l  e l e c t r i c  

f i e l d  f o r  low- f requency  beh av io r  were used to e v a lu a te  apparent  

r e s i s t i v i t y  curves over  a b ur ied  t r  i angu1 ar -shaped a n t i c l i n a l  

r id g e .  These r e s u l t s  a re  compared w i th  Roy's in F ig u re  7.  Again ,  

F ig u re  7 demonstrates c lose  agreement.

Asymptotic  Behavtor f a r  from Subsurface Geologic  S t r u c t u r e  -  -  -

t h a t  ob ta ined  merely  by computing H and H .
Ox 1 x

(As K e l l e r  and Fr i schknecht  (1966)  i n d i c a t e ,  th e re  is a 45 phase

over  a uni form e a r t h . )  I f  the  su r fa c e  impedance is known f o r  a

( 122 )

At d is tances  la rg e  r e l a t i v e  to the f i r s t - l a y e r  th ickness  and r e l a t i v e
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to the h o r i z o n t a l  e x te n t  o f  the a n t i c l i n a l  r id g e  or  t rough,  very  

l i t t l e  in f lu e n c e  should be exe r ted  on the e le c t r o m a g n e t ic  f i e l d  a t  

the e a r t h ' s  s u r fa c e  due to the presence o f  the subsurface geo log ic  

s t r u c t u r e .  This s ta tem ent  is borne out  by F igures 6 and 7»

A perhaps more r e a l i s t i c  r e p r e s e n t a t io n  o f  an a n t i c l i n a l  r id g e  

in c r o s s -s e c t io n  is t h a t  p o r t rayed  by a Gaussian curve ,  t h a t  i s ,  

an a n t i c l i n a l  r id g e  on the second conduct ing l a y e r  may be s im ula ted  

as a Gaussian curve in c r o s s -s e c t io n a l  v iew .  In r e fe r e n c e  to  

F ig u re  1,

f  (y)  = -e~°^ ^  . . . . . . .  (123)
a n t i  d i n e

so t h a t  the F o u r ie r  t ransform  o f  f ( y )  is

f ( y )  < = >  F ( % )  = -  e,  ^  / ' 4 ‘ el‘

or

F U T T j )  = -  V r M ' ^

where Ç is the wavenumber in radians per m eter ,  and £  is s p a t i a l  

f requency in cyc les per  meter .  In a s i m i l a r  manner a s y n c l in a l  

i n t e r f a c e  may be s im u la ted  in c r o s s -s e c t io n  by the  f u n c t io n

f  ( y )
sync 1ine

Indeed, f a r  from a subsurface  a n t i c l i n a l  r id g e  or  s y n c l in a l  

trough apparent  r e s i s t i v i t y  curves should be independent o f  the  

presence o f  the s t r u c t u r e  f o r  any f requency and any r e s i s t i v i t y
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c o n t r a s t  between the two l a y e r s .  Apparent r e s i s t i v i t y  curves were  

c a l c u l a t e d  over an a n t i c l i n a l  r id g e  f o r  va r ious  r a t i o s  o f  rad ian  

wavelength  to  f i r s t - l a y e r  t h ic k n e s s ,  f o r  h  ̂ -  500 m, /3 /h ^  = 0 . 1 0 ,  

y / h ]  = 40,  y e = 25 m (y e is d e f in e d  as the d is t a n c e  by which the  

Gaussian s im u la t io n  o f  an a n t i c l i n e  f a l l s  to  1 /e  = 0 .3679  o f  i t s  

peak v a l u e ) ,  and fo r  va r io u s  r e s i s t i v i t y  c o n t r a s t s . These curves  

a r e  p l o t t e d  in F igure  8.  As F ig u re  8 i l l u s t r a t e s ,  the apparent  

r e s i s t i v i t y  curves f a r  from the subsur face  a n t i c l i n a l  r id g e  

reduce to t w o - l a y e r  r e s i s t i v i t y  curves f o r  a f l a t  e a r th  ( K e l l e r  and 

F r i s c h k n e c h t , 1966; Yungul ,  1561) .

Asym pto t ic  Behavior  f o r  Homogeneous Ha I fs p a c e  -  -  -  A f i n a l  check 

which can be made on the numerical  e v a lu a t io n s  is to  l e t  the  

r e s i s t i v i t y  c o n t r a s t  be equal to  one; in such a case the c a l c u l a t e d  

apparent  r e s i s t i v i t y  should always be equal to  the  t ru e  r e s i s t i v i t y  

o f  the f i r s t  l a y e r  reg ard less  o f  the  r a t i o  o f  the rad ian  wavelength

to  the f i r s t - l a y e r  th ic k n e s s .  A number o f  va lues  f o r  Eq^ and

Hqx and the apparent  r e s i s t i v i t y  g iven  by e qu a t ion  (122)  were 

c a l c u l a t e d  f o r  va r io u s  r a t i o s  o f  the ra d ia n  wavelength to the

f i r s t - l a y e r  th ickness  ( 1 /h j  ) and a r e  g iven in Tab le  3*

Tab le  3 i n d ic a te s  t h a t  the c a l c u l a t e d  r e s u l t s  f o r  the e l e c t r i c  and 

magnetic  f i e l d s  y i e l d  apparent  r e s i s t i v i t i e s  f o r  a homogeneous 

ha 1fspace which a re  in e r r o r  by less than 0 .003  %.

R e so lu t io n  o f  P e r t u r b a t i o n  Technique - - - I t  has a l r e a d y  been 

observed (see F ig u re  6) t h a t  when the magnitude o f  the p e r t u r b a t io n
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RATIO OF RADIAN WAVELENGTH TO FIRST-
LAYER THICKNESS, 1 /h.G,

'  ? 1 1

h( = 5 0 0  m ye = 2 5 m /3 =

Y = 2 0 ,0 0 0  m F ig u r e  8
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Tab le  3• Comparison o f  C a lc u la t e d  Apparent  
R e s i s t i v i t y  w i t h  True R e s i s t i v i t y  
o f  a Homogeneous H a l fspac e  f o r  
Various Values o f  1/h^G. (True  
R e s i s t i v i t y  = 1000 ohm-meters)

, / h , G, J V
(ohm-meters)

E r r o r
(%)

0. 100 1000.0195 0 .002

0 .500 1000.0217 0 .002

0 .8 0 0 1000.0203 0 .002

1 .000 1000.0181 0 .0 0 2

10.000 1000.0341 0 .003
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on the second la y e r  is g r e a t e r  than o n e - h a l f  the f i r s t - l a y e r  

th ic k n e s s ,  the peak anomalous e l e c t r i c  f i e l d  va lue  may be in 

e r r o r  by as much as 10 %. In such cases,  second and h ig h er  o rd er  

terms become more im p o r tan t .  In o rd e r  to  o b ta in  g r e a t e r  accuracy  

in t h e o r e t i c a l  curve -m atch ing  h igher  o rder  terms may be kept  

in express ions ( 6 4 ) ,  ( 6 5 ) ,  ( 6 6 ) ,  ( 6 7 ) ,  and ( 6 8 ) .  The second 

o rd er  term ( ^ ) f o r  magnetic  p o l a r i z a t i o n  has been determined to  

be

A j s ' t  =  (  *  M ^ ^  ^ U , ______________________ ____________________

~ V  F C ^  ^  F U \

. F * ■  u

_ ç x  i V i ______________________________________________TV *

l jT |x ^ - » s k (V 1Y1xl 4- (t^/ vvJfe'v,I>;AV\(.kx1S^-t-'AZ,"l?'“ ^x +• \

.  F C ^  *  L u » U > 1  ^

>, C 'A - \ H  « V  ’vv) ^ ___________________________________________________ * 1  .

m  [x V « s V ( .W xV ^  +  t ' - ,  * - ( s / ^ feXî^ »sV (V vxV ^ \  S

(12lt )



where

U  \  ^ z . ^ (  P -  _________

L x ^ V p -v q .x  a- 5 t (  p -  <aS 3

U ^ ( % \  =  r u \ C p - a \

[ > \ c p +. q .X +  Â X ( P - Q \ 1

^ ( 5 )  -  M  ( P - O A

U ^ ( ç \  =  f ^ ^ z .  ( . P ^ - Q . X ________

b < X  ( .p - t - a x  -v 

U s ( ^  .  F u U P + a x

ûC\ ^  ^  C P - < ^ V \

and *H* denotes c o n v o lu t io n .
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NUMERICAL EXAMPLES FOR H-FiELD POLARIZATION

In o rder  to i l l u s t r a t e  the p e r t u r b in g  e f f e c t  o f  subsurface  

g e o lo g ic  s t r u c t u r e  on t w o - l a y e r  m a g n e t o - t e l l u r i c  curves and in 

ord e r  to  p ro v id e  a b e t t e r  understand ing  o f  e l e c t r i c  f i e l d  anomalies  

caused by subsurface g e o lo g ic  s t r u c t u r e ,  severa l  examples have 

been e v a lu a te d .  In choosing the examples to be s t u d ie d ,  c o n s id e r a t io n  

was g iven  to g e n e r a l i z e d  r e s i s t i v i t y  ranges f o r  rocks o f  d i f f e r e n t  

l i t h o l o g y  and age (See Tab le  4 ) .

As K e l l e r  and F r ischkn ech t  (1966 ,  p. 39) i n d i c a t e ,  conduct ion  

in n e a r - s u r f a c e  rocks is a lmost  e n t i r e l y  through the w a t e r -  

f i l l i n g  pore spaces in rocks. Conduction through m inera l  g r a i n s ,  

however,  is important  a t  depth w i t h i n  the e a r t h , where pore  

s t r u c t u r e s  in the rock a r e  c losed by overburden p ressure .

As T ab le  4 p u r p o r ts ,  th e r e  e x i s t s  an i n d i r e c t  r e l a t i o n s h i p  

between r e s i s t i v i t y  and l i t h o l o g y  or  geo lo g ic  age in watei— 

b ea r ing  rocks,  s ince  these two f a c t o r s  tend to co n t ro l  the p o r o s i t y  

or  w a te r  s to rage  c a p a c i ty  o f  a rock.  In Tab le  4 the v e r t i c a l  

columns a re  arranged in a g e n e r a l l y  decreas ing o rd er  o f  p o r o s i t y  

from l e f t  to  r i g h t .  As K e l l e r  (1966)  i n d ic a t e s ,  th e r e  a re  many 

except ions  to  the ranges l i s t e d  in the t a b l e ,  e s p e c i a l l y  i f  

metamorphism has decreased the p o r o s i t y  o f  norm al ly  porous rocks  

or i f  conduct ive  m in era ls  occur  in high enough c o n c e n t ra t io n s  

to  lower the r e s i s t i v i t y  o f  o th e rw is e  r e s i s t a n t  rocks.

66
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in the numerical  e v a lu a t i o n  o f  type cases which a re  o f

p a r t i c u l a r  i n t e r e s t  in petro leum and minera l  e x p l o r a t i o n ,  severa l

d e s c r i p t i v e  parameters o f  the geo log ic  s e c t io n  must be s p e c i f i e d .

These parameters a r e  the th ickness  h  ̂ o f  the f i r s t  l a y e r ,  the

r a t i o  l / h |  If^ o f  the  rad ian  wavelength to  the f i r s t - l a y e r

t h ic k n e s s ,  the r a t i o  /3 /h^ o f  the maximum magnitude o f  the

p e r t u r b a t io n  on the  second la y e r  to  the f i r s t - l a y e r  t h ic k n e s s ,

the  r e l a t i o n s h i p  o f  the "w id th "  o f  the s t r u c t u r e  r e l a t i v e  to the

f i r s t - l a y e r  th ickness  ( 2 Ye/ h j  ) ,  and the r e s i s t i v i t y  c o n t r a s t

between the  f i r s t  and second l a y e r s .  The r a t i o  o f  the

rad ian  wavelength to  the f i r s t - l a y e r  th ic kn ess  g ives  an e f f e c t i v e

depth o f  p e n e t r a t i o n  f o r  any tucj p r o d u c t , Because the a n t i c l i n a l

r id g e  (o r  s y n c l i n a l  t rough)  is s im ula ted  in c r o s s -s e c t io n  by

a Gauss ian-shaped curve ,  i t  is convenient  to se t  oC in  equat ion
o

( 123) equal to 1 /y^  so t h a t  a measure is ob ta ined  on the  

d is t a n c e  y a t  which the h e ig h t  o f  the a n t i c l i n e  f a l l s  to  

1 / e  = 0 .3679  o f  i t s  maximum d e v ia t i o n  from the depth h ^ , This  

d is t a n c e  is denoted by y^ .  Knowledge o f  y -  g ives a w idth  

parameter  2ye f o r  the s t r u c t u r a l  r i s e  (or t rough)  on the  second 

1a y e r .

E l e c t r i c  F i e l d  Master  Curves f o r  A n t i c l i n e  versus S ync l ine  -  -  -  

Figures 9 ,  10,  11, and 12 i l l u s t r a t e  the normal ized h o r i z o n t a l  

e l e c t r i c  f i e l d  anomalies over  an a n t i c l i n a l  r id g e  and s y n c l in a l  

t rough o f  the same geometry a t  a depth h  ̂ o f  500 m and f o r  

T / h j T f j  = 1 .0 0 .  (Normal ized phase va lues  are  always g iven in f r a c t i o n s  

o f  TT r a d i a n s . )  Severa l  r e s i s t i v i t y  c o n t ra s ts  a r e  p o r t r a y e d .
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As one might e x p e c t , the h o r i z o n t a l  e l e c t r i c  f i e l d  increases over  

a bur ied  r e s i s t i v e  r id g e  whereas i t  decreases over a bur ied  

conduct ive  r id g e .  The converse is t ru e  in the case o f  a bur ied  

s y n c l in a l  trough.  I t  should be noted t h a t  the e l e c t r i c  f i e l d  

anomalies are  not symmetric f o r  in ve r ted  r e s i s t i v i t y  con t ra s ts  

given the same s t r u c t u r e .  For a g iven subsurface s t r u c t u r e ,  the  

e l e c t r i c  f i e l d  anomaly is g r e a t e r  when the f i r s t  l a y e r  is more 

conduct ive  than the second la y e r  than when the second la y e r  

is more conduct ive  than the f i r s t  l a y e r .

E l e c t r i c  F ie ld  Master  Curves f o r  A n t i c l i n e  f o r  Vary ing /3 - - - 
Figures 13, 14, 15, and 16 i l l u s t r a t e  the r e l a t i v e  s e n s i t i v i t y  

o f  the h o r i z o n t a l  e l e c t r i c  f i e l d  anomaly over  an a n t i c l i n a l  

r id g e  to changes in the he ig h t  f i  o f  t h a t  r id ge  f o r  va r ious  

r e s i s t i v i t y  c o n t r a s t s .  I t  is observed th a t  the h o r i z o n t a l  

e l e c t r i c  f i e l d  component anomaly is more s e n s i t i v e  fo r  a given  

increase  (o r  decrease)  in the r e l a t i v e  he igh t  o f  the r id g e  

f o r  l a r g e r  r e s i s t i v i t y  c o n t r a s t s .

Frequency Sounding E l e c t r i c  F i e l d  Master  Curves f o r  A n t i c l i n e  and 

S y n c l î ne -  -  -  F igures 17, 18, 19, and 20 p o r t r a y  the e f f e c t  

o f  changing the r a t i o  o f  the rad ian  wavelength in the f i r s t  

l a y e r  to the f i r s t - l a y e r  th ickness f o r  var ious  r e s i s t i v i t y  

co n t r a s ts  over an a n t i c l i n a l  r id g e .  For a given f i r s t - l a y e r  

e l e c t r i c a l  c o n d u c t iv i t y  CTj, f i r s t - l a y e r  th ickness h ^ , and 

r a t i o  o f  f i r s t - l a y e r  rea l  rad ian  wavelength to f i r s t - l a y e r  th ickness  

1/h jG , the frequency o f  the f i e l d  is determined.  I t  is i n t e r e s t i n g  

to  note th a t  when the rad ian  wavelength in the f i r s t  l a y e r
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i s less than the " e f f e c t i v e  w id th "  2 y , the e l e c t r i c  f i e l d
e

decreases over a r e s i s t a n t  a n t i c l i n a l  r id g e .  When the  re a l  rad ian

wavelength in the f i r s t  l a y e r  1/G^ is l a r g e r  than the  e f f e c t i v e

w id th  2 y , however, the e l e c t r i c  f i e l d  increases over  a 
e

r e s i s t a n t  a n t i c l i n a l  r id g e ,  approach i ng u n i fo rm ly  the  d i r e c t  

c u r r e n t  anomaly as 1/h^G^ > >  1 , On the o t h e r  hand, the  

e l e c t r i c  f i e l d  increases over a bur ied  conduct ive  r id g e  when 

1 /2 y eGj ^  1 whereas the e l e c t r i c  f i e l d  decreases over  a bur ied  

conduct ive  r id g e  when l / 2 y ^  Gj >  1 . An in c re a s in g  e l e c t r i c  

f i e l d  over  a b ur ied  conduct ive  r id g e  when 1/2y^G^ ^  1 and 

a decreas ing  e l e c t r i c  f i e l d  over a b ur ied  r e s i s t i v e  r id g e  when 

l / 2 y eGj ^  1 seems due to an in ter ference.phenom enon s i m i l a r  

to t h a t  over  a tw o - la y e r e d  f l a t  e a r t h .

F igures  21,  22 ,  23,  and 24 i l l u s t r a t e  the e f f e c t  o f  changing  

the  r a t i o  o f  the rea l  rad ian  wavelength in the f i r s t  l a y e r  to  the  

f i r s t - l a y e r  th ickness f o r  va r ious  r e s i s t i v i t y  c o n t r a s t s  over a 

s y n c l in a l  t rough.  A very  i n t e r e s t i n g  f e a t u r e  in F igures  21 and 

22 is t h a t  the e l e c t r i c  f i e l d  increases over a s y n c l i n a l  trough  

when 1/hjG^ ^  .8  , decreases when .8  ^  1/h^G^ 1 . 0 ,  and

again  increases when 1 /h jG 1 f o r  the case where the f i r s t

l a y e r  is more con duct ive  than the second l a y e r .  On the  o th e r  

hand, when the f i r s t  l a y e r  is much less conduct ive  than the second 

(see F igures  23 and 24) the e l e c t r i c  f i e l d  over a s y n c l i n a l  trough  

decreases when 0 ^  l / h ^ G ^ ^  . 5 , increases when . 5 4L 1/h^Gj ^  1 ,

and aga in  decreases f o r  1 1/ hj Gj
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Thus a double i n t e r f e r e n c e  phenomenon not c h a r a c t e r i s t i c  o f  a 

f requency sounding over an a n t i c l i n a l  r id g e  is ‘a pp aren t .

Apparent  R e s i s t i v i t y  Master  Curves -  -  -  F igure  25 compares 

m a g n e t o - t e l l u r i c  apparent  r e s i s t i v i t y  curves f o r  a tw o - la y e re d  e a r t h  

f o r  the case where no subsurface  s t r u c t u r e  is  p rese n t  and f o r  

the case where an a n t i c l i n a l  r id g e  is p resen t  on the  second l a y e r .  

The o f f s e t  d is ta n c e  is ze ro ,  t h a t  i s ,  the c a l c u l a t e d  apparent  

r e s i s t i v i t i e s  re p re s e n t  what would be measured d i r e c t l y  over  

the a x i a l  p lane  o f  the r id g e  i f  the orthogonal  e l e c t r i c  and 

magnetic  f i e l d  components were measured f o r  v a r io u s  to and equat ion  

(122)  were used. I t  becomes apparent  t h a t  the d i f f e r e n c e s  in 

apparent  r e s i s t i v i t y  curves a r e  s u b t le  and^at b e s t ,  would be 

somewhat d i f f i c u l t  to a s c e r t a i n  in the f i e l d  in sea rch ing  

f o r  subsurface  a n t i c l i n e s .  As in the case o f  h o r i z o n t a l  e l e c t r i c  

f i e l d  anomalies the apparent  r e s i s t i v i t y  curves a r e  d i s t o r t e d  

in a nonsymmetri c fash io n  f o r  in v e r te d  r e s i s t i v i t y  c o n t r a s t s .  The

h ig h er  f requency range when an a n t i c l i n a l  r id g e  is p r e s e n t ,  and 

the  in crease  in apparent  r e s i s t i v i t y  due to the presence o f  the  

a n t i c l i n a l  r id g e  is g r e a t e r  when the second la y e r  is more 

r e s i s t i v e  than the f i r s t  l a y e r  than the decrease in apparent  r e s i s t i v i t y

F ig u re  26 i l l u s t r a t e s  m agne to - te l  1u r î c apparent  r e s i s t i v i t y  

curves f o r  a tw o - la y e r e d  e a r t h  f o r  the case where no subsurface

1 a re  s h i f t e d  toward the

when the second la y e r  is more con duct ive  than the f i r s t  l a y e r .
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s t r u c t u r e  is p resen t  and f o r  the case where a s y n c l in a l  trough  

is p resen t  on the second l a y e r .  A ga in ,  the p e r tu r b in g  e f f e c t  

o f  the s y n c l i n a l  trough is more r e a d i l y  apparent  in e l e c t r i c  

f i e l d  master  curves .  An i n t e r e s t i n g  double  i n t e r f e r e n c e  phenomenon 

is apparent  when the r a t i o  o f  the ra d ia n  wavelength ( 1/Y^ ) 

to the f i r s t - l a y e r  th ickness  app ro x im ate ly  equals u n i t y .  The 

apparent  r e s i s t i v i t y  curves are  a ls o  d i s t o r t e d  in a nonsymmetri c 

fash ion  f o r  in v e r te d  r e s i s t i v i t y  c o n t r a s t s .  In t h is  case,  however, 

the i n t e r s e c t i o n  p o in ts  a long = 3 a re  s h i f t e d  toward the

lower f requency range w i t h  the presence o f  a s y n c l i n a l  trough  

(o r  w i t h  l a t e r a l  th ic k e n in g  o f  the f i r s t  l a y e r ) .  The decrease  

in apparent  r e s i s t i v i t y  due to a l a t e r a l  t h ic k e n in g  o f  the f i r s t  

l a y e r  is g r e a t e r  when the f i r s t  l a y e r  is more conduct ive  than 

the second l a y e r  than the increase  in apparent  r e s i s t i v i t y  

when the f i r s t  l a y e r  is more r e s i s t i v e  than the second l a y e r .

Master  Curves f o r  Depth to  Subsurface Ridge -  -  -  One o f  the  

o b j e c t i v e s  o f  t h is  study is to  i n v e s t i g a t e  the n a tu re  o f  the  

e l e c t r i c  f i e l d  and apparent  r e s i s t i v i t y  anomalies over a g iven  

bur ied  a n t i c l i n e  or s y n c l i n e ,  d e p ic t i n g  the magnitude o f  the  

anomalies f o r  va r ious  geometr ies  and f o r  va r ious  r e s i s t i v i t y  

c o n t r a s t s .  Such an i n v e s t i g a t i o n  should serve  as a guide f o r  

both q u a l i t a t i v e  and q u a n t i t a t i v e  i n t e r p r e t a t i o n  in e le c t ro m a g n e t ic  

in d u c t io n  p ro s p e c t in g .

The inve rse  problem is a ls o  im p or tan t ;  t h a t  i s ,  g iven e l e c t r i c  

f i e l d  and apparent  r e s i s t i v i t y  anom al ies ,  to o b ta in  in fo rm at io n
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about the subsurface g eo lo g ic  s t r u c t u r e .  One parameter f r e q u e n t l y  

sought in geophysical  p rosp ect ing  is the depth to  the top o f  

a bur ied  s t r u c t u r e .  Many researchers  have discussed the same 

problem in g r a v i t y  and magnetic  p r o s p e c t in g ,  in c lu d in g  Bott  

and Smith ( 1 9 5 8 ) ,  Morse (19& 9 ) ,  S m e l l ie  ( 1 9 6 7 ) ,  Henderson and 

Z i e t z  ( 1 9 4 8 ) ,  V a c q u ie r , Steen 1 and , and Henderson ( 1 9 5 1 ) ,  and 

P eters  (1 9 4 9 ) •

I f  the r e s i s t i v i t y  c o n t r a s t ,  e l e c t r i c  f i e l d  anomaly, and 

f i r s t - l a y e r  th ickness are  known, the depth to  the c r e s t  o f  an 

a n t i c l i n a l  r id g e  may be determined in e le c t r o m a g n e t ic  induct io n  

p r o s p e c t in g .  Th is  d e te rm in a t io n  is d i ag ramat i c a 11 y p or t rayed  

in F igure  27- The r e s i s t i v i t y  c o n t r a s t  and f i r s t -

l a y e r  th ickness  h  ̂ may be o b ta in e d  by standard g a lv a n ic  or  e l e c t r o ­

magnetic  induct io n  techniques where E / E n = 1 ( K e l l e r  and
m a x  U

F r i schknech t , 1966) .  Then, given the peak anomaly, i t  is an 

easy m a t te r  to  determine  /3 , the h e ig h t  o f  the bur ied  r id g e .

The depth to  the top o f  the b ur ied  r id g e  is then equal to h  ̂ -  J Z .

Master  Curves f o r  Overburden Thickness D e te rm ina t ion  -  -  ~

Another  important  parameter  f r e q u e n t l y  sought is overburden  

th ic k n e s s .  (See F igure  28.)  I f  is des ignated as the h o r i z o n t a l

d is ta n c e  by which the e l e c t r i c  f i e l d  anomaly over a bur ied  r idge  

(o r  t rough)  decays to o n e - h a l f  o f  i t s  peak va lue  and i f  some co n tro l  

on the r a t i o  2 Ye/h^ is ob ta ined  by frequency sounding (see  

Figures  17 “ 2 4 ) ,  an e s t im a te  o f  the overburden th ickness  h  ̂

may be o b t a in e d .  I t  is observed t h a t  knowledge o f  the e f f e c t i v e



T - 1307

A N T I C L I N E  
1 / h r  = 1.00

1.1 0 -
o

X  1 .0 0  
o

E

0.20.1 0 .4

P  /  h 1

F igu re  27



T - 1307

A N T I C L I N E4 0 0 -

4 0 0

( m )h

Figure  28



T-1307 94

w id th  2 ye becomes less important  p rov ided  t h a t  2 y^/h^  

is less than u n i t y .  In such a case,  overburden th ickness  

d e te rm in a t io n s  w i l l  be in e r r o r  by less than 15 % provided  

t h a t  the depth to  the top o f  the s t r u c t u r e  is less than 500 

meters .  Curves such as those shown in F ig u re  28 may a ls o  be 

used to determ ine  the e f f e c t i v e  w id th  o f  an anoma1 y-produc i ng 

g e o lo g ic  s t r u c t u r e  given an e s t im a te  o f  the overburden th ic k n e s s .
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CONCLUSIONS

Use o f  F o u r ie r  t r a n s fo r m a t io n  and a p e r t u r b a t io n  technique  

presents  a powerful method f o r  s o lv in g  problems in e le c t r o m a g n e t ic  

in d u c t io n  p ro sp ec t in g .  D i r e c t  a p p l i c a t i o n  o f  F o u r i e r  t ra n s fo rm a t io n  

coupled w i t h  a p e r t u r b a t io n  o f  the boundary c o n d i t io n s  in t h is  

i n v e s t i g a t i o n  has led to  a f o r m u la t io n  o f  the e le c t r o m a g n e t ic  

f i e l d  f o r  a tw o - la y e re d  e a r th  w i t h  an i n t e r f a c e  having small  

p e r t u r b a t io n s  o f  a r b i t r a r y  shape. Although t h i s  research  has 

con cen tra ted  on subsurface g e o lo g ic  s t r u c t u r e ,  the same approach 

might be used f o r  mapping s u r fa c e  t e r r a i n  w i th  e le c t r o m a g n e t ic  

i n d u c t iv e  methods. The ex tens ion  f o r  geo log ic  model ing purposes 

to  a m u l t i - l a y e r e d  e a r th  w i th  a r b i t r a r y  i n t e r f a c e s  between the  

la y e rs  is s t r a i g h t f o r w a r d .  In a d d i t i o n ,  a s i m i l a r  approach  

may be used f o r  d i p o l e  e x c i t a t i o n .

Both the e l e c t r i c  f i e l d  master  curves and the apparent  

r e s i s t i v i t y  master  curves which have been presented should prove  

to  be o f  g r e a t  u t i l i t y  in i n t e r p r e t a t i o n  o f  subsurface  g e o log ic  

s t r u c t u r e .  E l e c t r i c  f i e l d  master  curves lend themselves more 

r e a d i l y  to  q u a n t i t a t i v e  i n t e r p r e t a t i o n .  With the a id  o f  the
X

master  c u r v e s , numerous in fe re nces  can be made w i t h  regard to  

r e s i s t i v i t y  c o n t r a s t s ,  the geometry o f  the subsurface  geo lo g ic  

s t r u c t u r e ,  the depth o f  b u r i a l  o f  the s t r u c t u r e ,  and the  

overburden th ic k n e s s .
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