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ABSTRACT

Few subsurface geometric configurations héve beeh studied in
electrdmagnetic fnduct%oh prospectihg} In pa}ticu]ar,:geophysitists
have'usually consideredkonly modé}s of the earth which are flat.
and which consist of parallel regions of cohtrasting electrical
conductivity, |

In order tqievé]uate tﬁe eléctrié and.magnet?c field over
subsurface geologic'strucfure, the earth iS’mdde1ed by two conductive
layers which are joined at an irregUlar fnterface. Maxwel]fs»'
equations are then-app]ied to obtain a set of integra] equations
for the electromagnetic field whiéﬁ'are solved by using a perturbation.
technique.

After giving'qonsideration both to generalized resistivity
ranges for rocks of different lithology and age and to geologic
structures which are of particular interest in petroleum and mineral
exploration, horizontal electric field and apparent re;istivity
master curves are calculated. Theée_curyes demonstrate that for a
given subsurface structure and.resistivity contrast, the horizontal
electric field anqmaly ié.greater when the f{rst layer is more
conductive than the second layer than when the seéond layer Is more
conductive than the first layer. When the wavelength of the
electromagnetic field is less than the width of a resistant anticlinal

ridge, the horizontal electric field decreases over the Eidge.
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on the other hand, when thé wavelength is much greater than the
width of ‘a resistant fidgé, the horizontal electric field increases
over that ridge,

f fhe resistivity contrast, electric‘fie}d anomaly, and first-
layer thickness are known, the depth to the crest of an anticlinal
ridge may be_ascertained.. Similarly, overburden thickness
determinations accurate to within 10 % can be made from electric
field anomalies‘provided that the width of thé subsurface

structure is small relative to the depth to the structure.

iv
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INTRODUCT I ON

Changes in the earth's magnetic field which originate above
the earth's surface induce currents which flow beneath the earth's
surface. Similarly, changes in the magnetic fields of controlled
sources which are used by geophysicists in investigating the
electrical properties of the earth's subsurface also induce currents
which flow beneath the earth's surface. In either casé, the induced
currents have an associated magnetic field frequently cglled a
secondary field, which the geophysicist may measure to explore
anomalously conductive or anoma]ous]y resistive regions in the
subsurface. Thus the geophysicist may map Variat?ons in the earth's
electrical properties by measuring changes in the natural electro-
magnetic field or by measuring the distortion caused by the presence
of a conductive earth in an electromagnetic field produced by a
controlled source. Generai]y; the electromagnetic methods of
geological exploration have been used most commonly in mining
exploration, where the objective is to detect an anomaly in the
electromagnetic field strength caused by a conductive ore body.

Only for relatively few configurations has the effect of sub-
surface geometry on the electromagnetic field been studied.
Specifically, only cases of horizontally or vertically divided
regions of contrasting conductivities (i.e., flat-lying geological
horizons or vertical faults: Cagniard (1953), Van'ian (1965), Wait

(1962), Weaver (1963)) have been solved quite generally mathematically.

!
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Recently, Ob;khov (1962, 1965, 1968), Dmitriev (1965, 1969), and
Feinberg (1961) have outlined mathematical approaches for studying
the effect of various types of irregularities in the surface of an
insulating basement on the magnetotelluric field observed at the
earth's surface. Mann (1964) outlines an approach for a basement
surface which is sinusoidal in shape.

In this thesis the effect of an'irregular subsurface horizon
on the e]ectromagnetic field and on the impedance measured at the
earth's surface is investigated. The geometry considered is that
of a conducting halfspace composed of two regions of differing
electrical conductivities; these two layers are joined at a nonplanar
interface. |In particular, the effects of a subsurface anticline
and syncline on the electromagnetic field and measured apparent
resistivity are considered (see Figure 1).

The electromagnetic field is found for two polarizations which
make either the incident magnetic or incident electric field parallel
to the anticlinal ridge or synclinal trough. Formal solutions to
the problem are obtained following procedures suggested by Obukhov
(1962, 1965, 1969), Dmitriev (1965, 1969), Feinberg (1961), and
Mann (1964). Throughout this investigation, the normally incident
wave is assumed to be planar.

In order to evaluate the electric and magnetic field over
subsurface geologic structure, a set of integral equations is
formulated from Maxwell's equations for a rather general shape of

the interface. A solution is found by a perturbation procedure.

Numerical evaluation for the case of magnetic field polarization
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N ¢

NONPLANAR REGION OF
CONTRASTING CONDUCTIVITY

Figure 1
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is performed, and graphs of the electric field and of the
apparent resistivity for various geometries, conductivity contrasts,

and depths to the interface between the two layers are given.
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FORMULATION OF INTEGRAL EQUATIONS

The behavior of an electromagnetic field in any medium is

described by Maxwell's equations,

VOB:O qonoo-n..’oe’(])

V-E = s, /€ P
RMKS - -

vVXH =T, N € )

VX B = =3B/t - v v vm e e ()

F Y
where B is the magnetic induction field in webers per meterz,

-

E is the electric field in volts per meter, is the total charge

Se
density in coulombs per meter3, € is the dielectric constant of
free space (8.854 X 1012 farads per meter),'ﬁ is the magnetic
field intensity in amperes per meter, and j% is the total current
density in amperes per meter2.

In the problem at hand, all media are assumed to be charge-

free; that is, there is no accumulation of free charge or polarization

charge, or

S¢ = Sf + Sp = 0

where s¢ is the free-charge density and s  is the polarization charge

P
density. Thus equation (2) may be rewritten

it

V‘E‘ =0..-..o...-..-(5)

Indeed, Jones (1964) has shown in quite straightforward fashién that
there can be no permanent distribution of free charge in a linear

homogeneous conductor with non-zero conductivity.
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The constitutive equations for the conduction current density
* . 3 » ° ;
J and the magnetic induction field B for an electrically and

magnetically linear isotropic medium are

T =ocFE ... (6)
and
B = nwH NC))

where 0 is the electrical conductivity and r& is the magnetic

permeability. Similarly, the constitutive equation for an electrically

linear isotropic medium expressing the relationship between the

. P -y : oo
electric displacement field D and the electric field E.

IS
fs = €5'Ei

-

In equation (3) J

B )

¢ Tepresents the sum of conduction current density

and displacement current density, that is,

alben

J_ = T + YD /Yy e
Hence equation (3) may be written

vx B = T+ %0 /)¢ )

~

The wave equations satisfied by the electric and magnetic fields

will now be considered. From equation (9),

UxVy H = vxJ + S}"«:VXB

or since
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e 38 /3 = -,u*éﬂl)t

<
X
4y
1
q
<
X
m
i

and .
V)(D = ~é_fAbH/>t}
VxVXH = -pedl )i .
v M Yo oo (Ve
Now

Vx VxH = v(v-H) - vZ@

Use of Gauss'law {equation (1)) and equation (7) yields

o

Vve® = O = V‘r‘ﬁ::f/\v'ﬁ'l'ﬁbv!&

and since Vr\ is zero because homogeneity in }A is assumed,

-

VeH = O

Thus equation (10) may be rewritten

VH = W& b-\:‘{/)t + EM TR (1)
In an exactly analogous manner it can be shown that
PE = pedENe + epVE/NE> . (12)

Since experience has shown that the magnetotelluric field is quasi-
periodic in the frequency range commonly used in electrical prospecting
(Keller and Frischknecht, 1966) and since periodic sources are

generally used in electrical prospecting, the electric and magnetic
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fields may be represented as
-l
- Lwt

M

and .

- - Ttwt

where the subscript h merely denotes a harmonically varying field.

Substitution of the latter two equations into equations (11) and

(12) yield
vzﬁ ’ ( 2 bd
- cw o+ wel\H =
" ) o C . 13)
and
= . . -
V' E - twp(r+riwe)E = © A ¢ 1)
The quantity iwﬁ(cr-!- “w é.\ is designated as the constant
Ua for a fixed angular frequency W, i.e.,
o= lwpl '
= (wpl(e+ lwe) (15)

where ¥ is called the propagation constant for the medium
characterized by \ , € , and &. A solution for equations (13)
and (14) must now be sought which (a) satisfies the appropriate
continuity conditions across the interface shown in Figure 1,
(b) is independent of the x-coordinate, and (c) behaves properly
at infinity.

Case of Magnetic Polarization --- The first case to be considered is

that of ﬁ-polarization. For H-polarization, the direction of the
magnetic field vector in the primary plane wave is taken parallel

to the coordinate axis along which the properties of the medium are
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-
invariant; that is, the incident H field has the form

prsS :.v\ehllht

H = Ho [erQ-Unz\)o‘o]

Note that expression (16) denotes a plane wave propagating in

. . . (186)

o~
the +z direction. Similarly, for E-polarization the incident

B field has the form

incidant

E = Eo\'_ex?(-'uet%\,o‘aj N 4 §2)

Equation (16) implies that it is only necessary to solve equation
(13) for Hx' Then, by application of Ampere's law (equation

(3)), there results

-~ T.01.01 - R
VX H ~ X Y z - aH, *H
2/yx 3/3), 2/v2 'l}' 2 1* ,__)_,x
H, o0 ©

. - -
= (c‘-l-v.wé\(EY ‘LY + El'&.*\
- -~ .

where ]y and ]z represent unit vectors in the y and =z
directions, respectively. Thus it is sufficient, for the case of
‘ﬂ—polarization, to solve equation (13) for Hx only and to derive
Ey and E_, from equation (3). For E-polarization equation (T4)
is solved for Ex , and then Hy and HZ are derived from
equation (4). The solution for H will be presented in some
detail and the observation made that the solution for Ex is
entirely similar.

If the region 2 < 0 is denoted as region O, the region

hy +f f(y)  z > 0 as region 1, and the region z> h, + A f(y)

as region 2, where region 0 contains air and where regions 1 and
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2 contain conductive earth material, the equations for H

in
each region may be written as
2
2 . -
v }*\x - Lwp, }\‘x o}
.\72. H?_x - (.wr\ra. HZ—X = 0
or
.. (19)
2 z = O
v H\x - 3 H\X (20)
2 2 -
VEH,, - %; W = © Ce e (2n)

2 2 . - - s
where L =W M €, 'K‘ = tw ®m U"‘ , and Kz. - CwA O"’z, .
In equatioﬁs (20) and (21), weé £&L &  yhich means that conduction

currents are much greater than displacements currents in regions

1 and 2. The parameter ® will be assumed to be equal to its free

space value in all regions.

In order to solve equations (19), (20), and (21), a Fourier
tranéform in the y coordinate of each equation is taken, and
the resulting differential equation is then solved (see Obukhov,
1962, 1965, 1969 and Mann, 1964). Equations (19), (20), and’(Zl)

may be written in orthogonal Cartesian coordinates as

szox I\yz' +E1Hox132.z' + 0 H =0
ox . (19)

TH  ayr + YH 3 -2 Y o

X ... . (20)

)

¥ H Dyt v B H e - H,y= 9 . ... @)

The Fourier transform of the nth spatial derivative of a function
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£f(y, z) with respect to y is equal to (-i§)" times the Fourier

transform of f(y, 2z) with respect to y (Papouiis, 1962); hence

4 ) "F(y‘i\ll - - %1 F(%)i\

where F(% , z) is the Fourier transform of fly, z) .wi’th réspect

to y and $ is the spatial radian wavenumber in the y direction.

Hence the fo]iowmg transformed equatlon:. are obtained

—8 WL (5,2) + YH_ (s 4 LT H ox 8,8V = O
- ST H (g 3\ + ¥ H ,(5,2) 132 -¥X H (§,2)= O

= € H 503 2 R, (5 R\ - v H (5,0 =

or, more simply, ~
¥ Wy (€,2)
o - (R - 2\ H = © (22)
Ly H (5 2)
. i — < -
R, (5,2 - |
—— * A — 2 2 = O
v (. + g*YH_, (g,2) c e . (2)
Solutions to equations (22), (23), and (24) are eiponentials, that
. . 3=z -~y =
S M8 = et e d
vhere ,5°= (g"-,!;f‘)i’ and < and <, are arbitrary constants.
Simﬂar‘zy,

3z 3=

~ — t >
H . (5,2) Cy © T ocs®

Ry (g,2)

'H
n

(%]
44
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where ﬁ\ = (S" +‘6‘z )%, ,3L= ’(§z+ 3: )J" and €35 €4 Co and g
are arbitrary constants. (Branches are taken such that Rebﬁ; ),
Re( 3\ ), and Re(ﬁa) 2 0 on real axis in§-plane for proper
convergence of integrals.)

The solution for Hox(y, z) in the upper halfspace consists
of a primary term (the incident -F field) and a secondary term
(the -ﬁ field due to the presence of the two layers). Because
the secondary magnetic field in the upper halfspace (region 0)
consists only of a reflected term (energy dissipated in the -z

direction), the magnetic field in region 0 may be written as

Hox (Y)z\ =

ik c 32 i
0® *+ He SA(g\e“ie. ie .. .. (25)
2n S

For convenience, equation (25) will be normalized by the incident

field strength Ho and it will be understood henceforth that Ho ’
X

Hlx’ and H2x

normalized by Ho in the upper halfspace, the first layer, and

represent the magnetic field strength components

the second layer, respectively.
The magnetic field in region 1 (the first layer) consists of
energy dissipated in both the +z and -z directions; hence the

field present in the first layer is best written as

oo
3 - M) 18
Rl = fT‘&Y_B(‘%\e‘E-\- C.Lg\e.b"‘e & ... (26)

Finally, in the second layer (region 2) there is only energy
dissipated in the +z direction; thus

T .. (27)

o
H?.X (Y’%\ - A g DU‘;\ g‘&z% e"?’y Ag
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In the.derivations of the above solutions, the transform
terms have been required to be bounded in the respective regions.
Uniqueness of solution has been described by several authors
including Sommerfeld (1964), Rellich (1943), Jones (1964), Morse
and Feshbach (1953), and Stratton (1941). The solution indicated
in equation (25) satisfies Sommerfeld's condition of radiation
(Sommerfeld, 1964, p. 182~200) and, provided this solution satisfies
the continuity conditions at the surface of the earth, ''we may be
then convinced .that the unique solution of thé mathematical problem
is identical with the solution that is realized in nature'" (Sommerfeld,
1964, p. 190). In like manner, provided that tangential boundary
conditions in E and.ﬁ are satisfied at the surface of the earth
and at z = h]-+/3f(y), uniqueness of solution in regions 1 and
2 (equations (26) and (27)} is assured (Stratton, 1941, p. 486-488).
The unknown functions A(§), B(§), C(§), and D(E) are to be

determined by use of the boundary conditions. From equationsl(3)

and (6),

E ()'\2\ = -Cé_ B""ox&‘l\%-\/)a

Py
an(y‘a\ = 'f-z BHM{(Y,?:\I}):

m

<

®
I

‘—c—i }H\x(Y)i\l}%

£l = 7 » Rty =)y
Ez.f (y,2y = _;: }H?-X(Y‘z\l}a

&
Ez.a()'sz\ = _—%‘:z. }Hzx(‘/\i\’))’
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Use of ‘equations (25), (26), and (27) then yields

_..,e,_ k= oo

_ ' M i
7(‘/\%\ we © —{;r;e—gwA(g\S AT
_ c dz <§
Egaln® = z—;;&.gwp‘(g\ge e"7ds
By (yy» = el [3(3 c(s)é'&\ﬂs\f’ag, .

EE‘%:(Y\ZA =

[}

E - -1 Ny Tz Sy
2.)! ()' \%\ EA SwD (s) ’sz. < < <

EZE(Y;E\ =

2 &, g Ds)s 2 STds

To find A, B, C, and D the usual boundary conditions on the
tangential electric and magnetic fields are applied. These

boundary conditions are

€ gt ey
- e

14

- - (29)

(30)

(31)

. (32)

. (33)



1x = Moy
at z = h1 4-[3 fly) . . . . (35)
. - - R
n X E1 = n X E2
where ?

is the unit normal to the interface

= h] +f3 f(y)..

(Application of Stoke's theorem and the divergence theorem

demonstrates that continuity in the tangential components of H

implies continuity in the normal component of the total current
density.

A similar application shows that continuity in the

oy
tangential components of E

implies continuity in the normal
-t
component of the magnetic induction field 8.)

As Kaplan (1952,
p. 100 - 104) shows, the unit normal N to the surface between
the two layers may be expressed as the normalized gradient vector

of the function

qly,®) T 2 -k

- 3 £C(y)
That is,

e

N~ (O,n )“2\

2ydf\2
(o,-n dfplay 1)t (;;;\1 . 38)
Substitution of equations (25), (26),

(28), and (30) into equations
(34) yields

V¥ “S AGS\ e vés = Iw gﬂ@(ﬁ\-\-dﬁi&e“’éi

N
“k
w e

= i, Sfeo-ely s

(38)
If use is made of the identity (Papoulis, 1962, p. 37)

e 2y $(E)

where e

denotes the Fourier transform, and if Fourier

transforms of both sides of equations (37) and (38) are taken, the
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following algebraic equations in B(%) and C( §) result,

2w §Cg)y + Aey = BGE) + c(s)

ke amS) — ig yqy8, = B - cesl) 3

or

B(S) = Llams)i- f‘:—?s\ « Ae\ - i—‘%—ﬁ
w ey

- (39)
Cle) =+ anS(i\Q&-%\ + Acs) (\ L NS
weS, Lu€=§)‘

Similarly, substitution of equations (26), (27), (30), (31), (32),

and (33) into equations (35) yields

_ @ 3. [h, +BFGY
= {pEe™ ’

- o0

efi’&‘;
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a7
. o0
i
T A Bad b, s e et Rl g iy
- ha ~

3_“ c. S&(B(g\ A [}\ B#Lyﬂ C(.g\ E,I&[h +ﬁ$(y\]‘l& ..Eydg

Z'rru‘ - o

g D(g\g e AN VARG Lgy&g

0
+ nNa

-3, REGY (8
s, D 0@y, ST RRL for

- 0

The latter two equations may be simplified to yield

o\ _
Tr [‘ - (ﬁ;e\ L-l M eﬁ“\ﬂ)’\.%_ “\] +(%,-6\"l]g““~ NAAANE

+ "'Z_“ g A(g\\l(‘ + G.& \e.\ \Q_&&\-FLY\

LN&

+ (\__ 0‘,8\6 \\ "B&‘-PLY\}&L

. (1)

‘and
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e {n Y_‘ B (“/awe\‘ﬂ M o T

T E‘ N (&_;_e\/z ,ek‘r‘ iy ﬁt‘{:(y\} ¥

- la R | |
3’ g A(‘%\i[\ + G 1 i, BhEGy
) Lweﬁ\ '
+ - &, ~hd, -RY £C N
[ ey e 'V e T Y\wsg gYAg

- [' - o 'So —L\‘S‘\ e':-f?::s"\eﬁlky\ LE
t.w'é&‘ le’
= —in g (enwy %N SN F ey
0_2.. - 0O
+n, & C —h L
T Sm Dlg) y, &M% TRMFL Gi8y yg
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For convenience the following notation will be adopted

A = 0“/0'2_ '
P = ( | + G}S% eﬁ“gl
Lwe \ )

14

(Q - 0‘13% -'kl:}i
(‘ m‘» = )
R # n\il - (T‘/Lwe\"_z e_k‘r‘

S 2l v (o feogi] oh
)

so that equations (41) and (42) may be rewritten in the following
manner :

- £(
RAWEN g BB

+ L g A(g\K_P@{’"&\RY‘

Y + Q,éﬂs‘ﬂﬂ 8 4
[ 2]
- S D (g) ék"&’- e.a'sz»ﬂ)’\ e‘gy dg . (43)

and

19
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- \

- vn

L\ AP e 4 g RN € oy

2 -

- n ~
2 _gwA(i\\-_P MBFGN Q BN Fp § STy

= - iny) Swg D(g\e'k‘&‘ & BN, £y o5 Le

a2 0 Dy s, SN oBNER By (41
- 00 ) : * .

Equations (43) and (h4) are simultaneous integral equations of
the first kind for A(E) and D(%) (Hildebrand, 1965, p. 222 -

223).

Case of Electric Polarization --- When the incident wave is given

by equation (17), a similar procedure may be used to formulate
a set of integral equations; that is, the counterpart of equation

(25) for the case of electric polarization'is

-Lﬂa.z E 2o ¥ o
Eoe lyy2) = E e LA TR CRNT

Again, for convenience, normalization by’ E0 will be assumed

and it will be understood hencefeorth that on, Elx’ and'E?_x represent
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normalized electric field components. Thus

Euh® = £ Ee*me"* N A T

sz(%ﬂ - fZ'Tﬂ S D (s) e'&"-E RAAT- - o,
From equations (4) end (7),
Hc k\/]z\ = - ? EOY- LY,)%‘/ =
Y Lwp
- L - E,y [
Hoa (‘/)i\ - twWwp ? TN 4
Hiy 4y = - C'};'{« YE, Ly,2) /3e
- \ 2E, L (
Hl (7‘%’\ LW Hx Y)i\/})
_ - e [y
Hz.y (yy2y = Lwp =D -
!
How () = ;’;\ VE L a2 [y

Use of equations (45), (L6), and (47) in the latter expressions for the

magnetic field yields
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22
Hoylrie) = f‘} ek 2w “g NE)S, Sy,
Hbaky\z\ = Zﬂwr\gg A gy &0 &5 as c .. (89)
By = A S Tars 80 - ady Siseom
Rialyy®) = T“"t* S [8 &\ & SE WY ‘;\‘ée. ds..(51)
sz(‘h“-\ = ;; o % D) Y, & N2 e s
H"'—*QY‘%\ - w K —Sw D (‘é’\ s e}g}ii. .. (53)

* * * * . . )
To find A", B, C, and Du, the continuity conditions on the

electric and magnetic fields must again be applied. These boundary

conditions are

Eov = EW?{ sk 2 = O
®H.. = F\‘y

oy . (5h)

E\y

Ea.x
. L yYesz=h +paem
n X H = wnxH .. . (55)

\ A
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Substitution of equations (45), (46), (48), and (50) into equations

(40) yields
e WKMo g = S (g ede\e¥ e, |
£ LSy pad

By taking Fourier transforms of both sides of equations (56) and

(57), B*(S_;) and C*(%) may be found. 1I.e.,
: %
25} + AN(EY = 8¥(s)y & (&)
b 2w $ s .

L ¥ = 8 Tk, _ %
™ ST RGeS, -;_;[e &) - )|

Thus

. (58)

(s = S law SG,\(\“ + K\ (“"%;ﬂ ,

C(i\ Ensci\(w-—-—\ + A5 U_Fﬂ. |

. . (59)
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Similarly, substitution into equation (55) of equations (46), (47),

(50), (51), (52), and (53) leads to the following two equations
[ -]
h € - H
C[B* sy @M ARl wigy e The AFGY H7yq
- o

-3 L +ﬂ'¢(y“ LQYAg

00

= § o's)e

——’-'—— \ (B¢ SUNTAFIL | rg g M(’“}% Sng

SN WK o

_in &‘.B (g\,&[_k m({\ C-*(g\Eb'\[_k‘-'b-B-FLy\]]l}\eigyég

mwp

- h pad -3 WrBFG) s

Z-T‘UJ'& - 00

+ th, -3, Th +BFCN

57 4ag

oiocg\h

or, by substituting equations (58) and (59),

E{%[&w&(ﬁ\(\— &) + NG ‘&\ (s* *‘t\ Chi+ el

: (8 32) *Th,+ ALY
+ L et (e e.g:».\ r K- i} it S5l

} . &Y d§

g o* €\ < -% W, /3:3',_43&)'\ elgy A¢
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and
oQ

oo 3 {£lems@t- iy 4 e (2| & sy

Zﬂwr\
(_mSLg\(u-si\,, Ay (1= \-3 S S R I|
tes e'%Y 4g

o

- in, N i‘: arsean (1 - cL\ G ée.“ SN [ ereg)

2T WK ~oo
‘-Lz(gni;(e\(w%\ AT (- 2 \] & This a0

15 - (g4 322 <*rds

X ~h S - Y
¥ o R 3, Fiy) < eSy ig

. cQ
n - - .
4+ L, S 3 Ck‘&‘ eﬁ&"c(y\e gyA§

The latter two equations may be simplified to yield

wli-( (ee\] o hisy EB* fy w1 (s g v oBT R

4+ L S)I\ (§\‘; \*_3 ;\ ﬁ'F(Y\ A}} -
+ (\- _\ ‘J;(’]efg’clg
< oe © St ARG ey dg .. . (60)

and
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-~ un, {“E - (Lﬁé\va_‘l ek,x\ eﬂn“-‘:(y\

- .“.Y‘ ste I;’l E‘\\U‘ e-.-ﬂ ‘6\4:(7\"% ,“
[+

+ Ry g A*(g\&(\ + éso_\ ek\h‘ eﬂ:&\'c(z‘\- (‘- %&\;\"\&\e’:ﬁb\#ty\} -
-00 \ .

.geYig
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- ”“% A (g\&(\-\— _3_ WY, /33‘4'0_,} (‘_,%’\_\Ek\s\éfss\uyf&’

. :5’\ e.LgY d€

= YgD (€1 & SERFY ¢ Sy ¢

+ Lng g D (<) Szé Wy, e’ﬁﬁa@ty\ e't-gy A€ 6N
—~ 00

For ease of notation the following definitions are made

(1 + 8,08 e

*
14

3,

&t & (1= A0y e

el - (Rye] S
twetay ~h¥%

™ Y__l + ( —-;:;\ le

77*
1l4

"
14

With the above definitions equations (60) and (61) may be rewritten
as
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R:}- Q-BK\'FL)!\ o* e-_'B X\ £

o0
- ~AN, F Sy
£ g Gt T SN L g ST St
- 0>

Sfa_ e-.-fg ,SZ;F (y\ ej‘-zylg

C h
= ( oy e™ .. (62)

— 00

- €D
"h;ER* QBK\'F(\/\ _ S*’Q_B\G\ ‘/’-Xx\
m .
N _ 83
= C A%sy e SAFN | SAKFN g Y LS
-— oo

- D= ai NG \:_P* SLAIFO Q< B'&\{:Lﬂ'& N ¥ ds
2 =

I N v
Wy Le/s.&‘,_ﬁty\g

o Sy -
ny __S” D LS e e 45

e“_k‘“b" SRR

00
oy b
+ gy ( 0T, < Tds (g

- ©D

Again, equations (62) and (63) are simultaneous integral equations
of the first kind (Hildebrand, 1965) for A (€) and D (S) .
The problem now consists in finding solutions for A(%) and
A*(€), for if A(S) and A*("S) are known, then the solutions
for the electromagnetic field in this problem are known for both

electric and magnetic polarization and a given interface z = h; + 3 f(y).
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SOLUTION OF THE INTEGRAL EQUATIONS

Exact solutions of the equations of physics, such as equations
(43), (44), (62), and (63) may be obtained for only a limited
class of problems. For example, if the equation is the scalar
Helmholtz equation, the method of separation.of variables can
be used in only 11 coordinate systéms (Morse and Feshbach, 1953).
If the surface upon which boundary'conditions are to be satisfied
is not one of these coordinate surfaces, or if the boundary
conditions are not the simple Dirichlet or Neumann types, the
method of separation fails. As Morse and Feshbach (1953) indicate,
a similar situation exists if an integral equation formulation
is employed. Indeed, even for the problems which can be solved
exactly, it may be more convenient to employ appro#imate methods,
for the evaluation of the exact solution may be much too complicated.
Deviations from exactly soluble situations are referred to as
perturbations. Perturbation techniques are well described in the
literature (see Morse and Feshbach, 1953, p. 999 - 1106) and will
only be reviewed briefly here.

Perturbation methods are particularly appropriate whenever the
problem under consideration closely resembles one which is exactly
solvable. The methods presume that one may change from the
exactly solvable situation to the problem under consideration

in a gradual fashion. The latter statement is usually expressed

28
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analytically by requiring that the perturbation be a continuous
function of a parameter ‘3 , which measures the strength of the
perturbation. As Morse and Feshbach (1953, p. 1001) indicate,

when using perturbation techniques to obtain the boundary conditions
for the perturbation, one usually expands in power series with
respect to ﬁ the unperturbed boundary conditions and neglects

terms of order 3 2 or higher in the equations so obtained.

As Morse and Feshbach (1953) further indicate, a perturbation
technique may involve deviations in the boundary surface(s) or
boundary conditions (or both) from the exactly soluble form.

For the present problem a perturbation method as described by
Obukhov (1965, 1969), Dmitriev (1969), Davydov (1968), Feinberg
(1961), and Mann (1964) will be used.

Case of Magnetic Polarization --- The perturbaticn parameter(3 in

the above development has units of distance. When ﬁ/i L1, where
£ is an appropriate linear dimension, a perturbation procedure

withlg as the small parameter may be used. That is, the following series

expansions are valid for ﬁ/i<4 1 :

AY = A(S) + RA(SY+ B ALY+l .. (ed)

D(e) = D(S) +BD(g) +4* D8\ *eee. . . (65)
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Similarly, from equation (36),

4 -V
ny = -3 (A'F'AY\’V_‘ * Bz({:/\z} :
or

ny T AQERN-L AW ol e

and

- - 2 LA
Ny, = |\ in (A#i&y\ * o.. e

AX 22
e = 1+ AX +1a4"° X"+ .., N (5:)

In equation (68), the symbol X stands for any quantity
appearing in the exponent. |If equations (64), (65), (66),
(67), and (68) are substituted into equations (43) and (4k4)
and if terms of the second order and higher are neglected in

the substitution, there results

R[_\ +/5~5‘+‘LY\] + SY_%-/B‘«‘-FU,“

*1 8 Ta@ v na@lelivaneg]+ al-ay el £

o0 ) .
’..S,ioo(gxa- A D\@{?—k‘ L-nye ‘ﬁl\“‘gy‘lg -+ - (69)

- o
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L ¥

and
- %, {RK_\ 5t - ST-AsfGt

+ if % i(."o“\ *AA \(s'\'_\&PQ* AYXFG\+ Qli-B% £cplks €¥lig

-1 j{” Ta )+ AAG{PTI+ 8 a5y - Q- A3 FGI e s

- A g iﬁ {o sy + Bo\cﬂé“‘b‘ﬁ_\- AY S| &V s

[
- g”(_ootg\ + BD\(EKX,SIE‘A"S‘ D-a8 £ e ds
— O i .. .. (70)

Equations (69) and (70) may be rewritten as
- \ c LEy
R +S + Ay fn(R-8) ~+ -,Z& Ao(%\&-i-Q}e, 3
- 0o
A c _ LE x LE
+ < ﬂy\_gm A (S) e Q-}?f\e Ids +%§”A‘(%\\-f+dle. g
+ if_z s § A G\[P-al W, e - D (5\ Shte FEygg
ry -ha, ¢ oo .
s af {0, 4, ENTEH Y - p (g g e Tedire
-0 —%
A\

oo QD SV, & e ye
* A | D8V ¥ e e
- 00

— O coee . (1)
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=%, (R=S\ =23 () (R +S) +—-;—7&A s\(Prq)Ee

LATAE ¢ - :
vy I S A2\ (P-Q) 3, 5 & TVde

Q

£ Sy LB‘FL\A
T& A\ (P+Qlge Hg + £y FgA(g\(WQ\%geg‘fég

+
N]“

-1 CA@\(P-a\y &¥74s - 25 &A FGICRTAN T

-
T LS T LS
[ % rA a -
-8 (Aie-qy e s - %Fty\SA\(ﬁ\U’*Q\&\ <>lig

\&a. i.% [ -] _ . .
- LAR&f gD e ge g + LARSFAF %Doﬂg\ﬁ ek‘s"g R/t

Y

. - H x -h\ T
- NBYE S g\ e | g e Tds + OSRGOS (o™ *gellg
&y S \ \ 2

dy S

~ -h 5‘,_ S ry -h 5‘; i8Sy
-2{ o018, e+ 2 Fnylgnboﬁg\.%:e RICTNIRP Y

¢ b, S 3 MY, (S
- o0 — %

= O
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Ify, in the above two equations, second order terms are neglected

)
and the terms are factored according to the various powers of {3
by which they are multiplied and the coefficients of each power

of /3 are set equal to zero, the following simultaneous integral
_equations for Ag,

Ai’ and D result, which are somewhat

DO’ 1

easier to solve than equations (43) and (44).
pay S jad “h.J, S

+ S Ao(‘a\(?-\»o.\& ’ds - o\ e "&"e. 4Ly
— o8 L od

= — (R+8) - (73)

¥, R (R=-8) + "(Y‘SA(%\(P a\&ﬂ&s

&, S D, ¥, shk R AT
-4 %: (52 &&5; + gi Qg\.—k‘Si'ngl
=3 A S (Pra) e _”D\ e e Q% (7
\52, Lgy
A (S (P-Q) Y e Tds + xSD V4, e i<

'c/“t

L
z

= - K\ (R-S)
| ‘ - ey U9

L IS' S
- £ S A, (5) avw\&‘- 74% -ﬂ.w\* go (s) e s

Y, L
R S D, C‘?\ﬁz M

S A G (P-Q)¥EThs + xSDLs;\A;;e. B
L. (76)
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Equations (73), (74), (75), and (76) are in the standard form of
Fourier inversion and may be solved by taking the Fourier transform
of both sides of thg equations. First of éll, Ap and D0 in
equations (73) and (75) can be found and then substituted into
equations (74) and (76) to determine A] and D,. Then the
solutions to equations (25), (26), (27), (28), (29), (30), (31),
(32), and (33) will be completely specified for an arbitrary
interface between the fjrst and second layer. Upon Fourier
transformation of both sides of equations (73) and (75), there

results

Y
A (P+Q) - 2w D e TF = —2mEEV (R« S)

and

mAEY(P-Q)d, + 2mA DUS) S}_;"\Sa = -2 §&)y, (R-S)

or

e
wA ) (P+aYr), —2wn Docs\,ﬁge‘“‘ * = —2way, 565 (R+S)

“k\Bi.
w A5\ (P- Q) ,}\ + 2T Doﬁi\sae = —2am SG;\B‘(,R- )

Thus
_29,(;\(2\32_(&*-3\ + K\(R*S—\}
[_,5\(?—&\ +7\32_(P+- Q\l NN C2)

A=
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and
sca [y, (P-Q)(R+s) - ¥, (P+QI(R-SY)
eM¥% [}, (P-q) +nY, (P+QY) .. (78)

D3\ =

Substitution of equations (77) and (78) into equation (74) yields,

after some algebraic manipulation,

i,
AG)(P+Q) —20(Y e

= 4y FEU(FE)* (-0

{_\E.os\'\(k  (SNead ] + N Tewh o+ (Bl osh(h o\ §
. . (79

where F(%) is the Fourier transform of f(y). Similarly, after
substitution of equations (77) and (78) into equation (76), one

obtains

o8
A ) (P-QVY, + 22D (i\ek Y, = O

. (80)
Solving for D{(8) in equation (80) yields
h
- =~ AGYe''®,
D& = \ (P-Q\ ,Sr‘ ... (81)

2xd,

Now, substitution of equation (81) into equation (79) gives the

following solution for A](i):

A (g\ — 4-‘6‘7\13 F(=x)\ (5" e (A—=1)
[{x\}osw\ )+ (SV2ha8) + 172 Tsinhthr) + (5 Veash(h N
. [_x 3-?- (p'l'-Q\ + }\(P—Qﬂ ... (82)




T-1307 36

Equation (82) may be put in slightly different form, that is,

if the following definitions are made,

G 2 e—k‘&‘ E_XSZ_(P-\-Q\ +~5\ (P—Q\l [2

. (83)
2,2 sih(h) + W edh (hywy .
Zz. e 7\”&3'\\\\(\;\\\!\\ * cof\'\(‘l\\r\\ (85)
and
2 4wy, -\
twé \\Va Y]
(._B__f.\’ z_‘ - ZL A= .. . (86)
then
~h
A = [FG) €M 2w B N, @
Thus, from equations (81), (77), and (78), it may be written
D%\ = “[F(i\ [awG) (p-a) K A
. . . (88)
o “h A v

D,(s\ = (551 /2] |3 (P-Q)(R+S) — 5 (Pra\(R-ST) )
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With equations (87) through (90), the electromagnetic field for

the case of magnetic polarization is completely specified.

Case of Electric Polarization - - - An exactly analogous procedure

may be used for the case of electric polarization, i.e.,

¥
A¥\ = AT\ + AATGY + AT AY @ ),

DY = D, (g + ADN(E) + A*D¥(\ 4 e - - - - (92)

After substituting equations (91), (92), (66), (67), and (68)

into equations (62) and (63) and after neglecting terms of the

second order and higher, there results

R“ [\ *+ ﬁ\‘F(y{X + S* L‘ - /3"6\# (Y—\X
S [aren A*(ﬂ{"*ﬁ-*m s+ Q@ -rsfp) €
= gb @+ A M e py s

- v\{&* \:w m\ﬂ\ﬁ}\ - s*E-—ﬁt\*@LﬁX\
—5’ i*; S V_A (€} + RA ({}{P D+adsp|+QTi-pd #(y‘&%e as

"i' D\ €\ + 3 A} ({l{_P L+rd S - 1-RY s(A}be,

= iR A&‘F [_D (%',\-t-/sD (g} e hy “Y__\ Ay -Fty\ g e.,g7A§
! -

. (9h)
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Equations (93) and (94) may be rewritten as

o0
R* + 8% + % B F(n(R¥-s* + L S Ao(g\(P* Q*)e*ds

M AN W R O PN e

o0
* -’:—_ S A¥s)y (p% e Q*) e ds

+ S AXE)(P¥- a8, o574

BT
<
- o*e) e 587 e

n G-F(y\S O* (g1 &, &M e ¥V4s

-A E D, () eh Y

l"\‘& LSy
+ A £ G & D (ﬁ\:&' e e 7dg

= © . (95)
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~%, (R*=8™)  — g2ae(n (R + 8%
c0 . :

— L’}_%“A’:@\wna*\%e“’ 48

* '?6 SN AR N A¥ (5) (P*- @) 4§ «Vus

7—&

¥ ‘:@ AR (P a5 e g

)' [
+ c-EI_S s}f. S Py, gelg -1 SA () (P oy, ¥
AN WO -y PR TR g A*E\(P%- V8 e s

- [3 “ iy & Al *g\ (" a) N7 S ig —LB&F &D (€\e R g d g

0 Wy .
+ ;_/f‘.c(y\é_ﬁ S D:(g\,&ze. Vg g"&&; -ip A*SD (g\e_ Wy SR
&7 - y_

32. < - <
RTRIORES i S DX Y, & e Sy — § Drig\d, &MY ig
Y - - o0

~W 3‘1 A o - U
+ 3£y S DI\, e M Te Tde ARG &ze"“s*»eghka
- 00 - 0B

S RN

-

L\ '&Z. ‘-%Y &%

= O



T-1307 ko

If in the above two equations second order terms are neglected
and if the terms are factored according to the various powers of
8 by which they are multiplied and the coefficients of each power
of [ are set equal to zero, the following simultaneous integral
equations for AO*’ DO*’ A]*, and D]* resuTt, which are easier to
solve than equations-(62) and (63).

%SNA:(Q\\P**- QY eSrag - S g e e¥ie
= = (R¥ + ")

. (97)

¥, F\ (R*¥-g%) + ﬂ*/\ S A (g\(P Q*\& $74e

Ny, oo '
* -cc\,\g D, 8\, & hde g7.=\§ ==L SA (g\\?"’a»Q*\eg’Ai .. (98)

-‘;S (‘e\KP -~ Q% Y, e + &D (e W el . . . . (99)

= —¥, (R¥-s¥)

-%% <+ [YR Sy
(R sy + L -;-S Ar) (P Q5 e 7as

- £ °§A*(§\(P*+ Q*\&z e.“’AE, - ._J_f_ °§D*(‘5.\ é-k\&t.ge.q_g)’Ag
z R \ &y-eoo . . . . (100)

-h ¢ g
+ J‘Ly\g D:: (VX e e &SNs = = C AT (P a*y ¥, o Ng
- 00 - 00
S D2\ y " Sy
- oD &
Equations (97), (98), (99), and (100) are in the standard form of

the Fourier inversion and may be solved by taking the Fourier

transform of both sides of the equations. First of all, Ao* and
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%
Dy in equations (97) and (99) may be found and then substituted

o
"

into equations (98) and (100) to determine A;" and D]*,
Then the solutions to equations (45), (46), (47), (48), (49), (50),
(51), (52), and (53) will be completely specified for an interface

of arbitrary shape between the first and second layers. Fourier

transformation of both sides of equations (97) and (99) yields

T A:(i\ (P*+ Q™) - 2w 0: (=) Ek"&‘ = 2w§g\ (R¥+ s*)

and
N
™AL ) (P*- G\ 8, + 2SRV Y, & TR o S s\ (RP- s

or
w ALV (Preah Y, - 2npfa e 3, 5(2) (R*+ s*)

~h
w A () (P*-a¥) J, *¥ew D, (€) ¥, & o J— ¥, $(%) (R*%- s*)

Thus
A* (€ _ 251 (3, (R*5%) + %, (R¥-5*)
e T YT W
and
0¥ a = 5 (VL3 (R*+ SV (PE A~ 1 (RES™\(p*s &)
o T T MRy (Praa®) 4y (er-arl) - 02

Substitution of equations (101) and (102) into equation (98) yields,

after some algebraic manipulation,
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AP & zorin R = o

. (103)

Similarly, substitution of equations (101) and (102) into equation

(100) yields
AXs\( P¥- @) 3y, + 2 D5\ .&,_J“‘&’-

= 437 F(s\ (iwela)'> (7("1_¢ N2\

{7\ z."_s‘“\\ (k‘,‘\ ste\‘lzcosk(k‘a\-kp Eos\\(k g\\ + (t \u SN\.\\\‘\\K-}X
. (104)

where F(§ ) is the Fourier transform of f(y). 01*(€,) may

readily be found from equation (103):

»% * * * k\&l
D, (g = A (5\(PT+Q") e™™2 [2 . (105)

Now, substitution of equation (105) into equation (104) yields
the following solution for * ('-:)
AMs) = St J Fs) (m )
{ u:—-:f'\ Iztsm\\“\\‘c‘\il-?\ &os\r\(\\\‘c‘ik
NG sit\\\(\u‘r\\ - gos\‘(k\t‘\xw‘(P*_ QV'\*'/&L(P*&- Q.*“‘;\Vz

. (106)

Equation (106) may be put into slightly different form, that is,

if the following additional definition is made,

k)‘
G 2 l‘.o& (P*- Q) + 3, (p*+ N\VFY ... . (107)
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then

* ~h e T *
AfeY = —Lh e eV R [ 2wG
Thus, from equations (105), (101), and (102),

DX(e) = -tk FEYVR (P*'+a*) [4nG"

~h A
A:(i;\ - -S(i\*e Ve (R S*) « 3, (R*+ S*“

a8, (R (%= @)= 5, (R S¥\(P*+ @)
2 G* S

D:(g\ - S(

With equations (108) thru (111), the electromagnetic field for

case of electric field polarization is completely specified.

L3

. (108)

. (109)

. (110)

. (111)

the
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E g
TESTS ON NUMERICAL EVALUATION FOR H - FIELD POLARIZATION

Thus far the development has been qu%te general with respect
to the shape of the interface assumed, and the electromagnetic
field can be found that is associated with any interface with a
small perturbation.« It is the purpose of this investigation
to study the effect of subsurface geologic structure for H -
field polarization, since this is one limiting case where the
current density is perpendicular to the strike line of the
subsurface structure. The electromagnetic field at the surface
of the earth (z = 0) is that which is of concern. Thus the following
simplification of the field components can be made for the case

of magnetic polarization. l.e.,

Hoy(rho) = 1+ & & AS) e 3745 L (12)

Eqy ly,0V= —k _ &M&;\.& ¥es

wé z.*n &

EozkY\o\ = g As\s Q:-EYAQ coe.. (1l

Tvu)e - 00

where A(S§ ) is given by equation (64). |In practice the geophysicist
usually measures only the horizontal electric and magnetic fields.
Normally a grounded wire, short relative to the wavelength of the

field, is used in measuring the electric field in the earth.

Ly
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Magnetic field components may be measured with a magnetometer.
More commonly, however, the magnetic field components are measured
with induction coils, which detect the time-rate of change of the
magnetic induction. By the use of Faraday's law and Stoke's

theorem the following expression is derived
EMF = - nA 88 [3t

where n is the number of turns in the induction coil and A
is the cross-sectional area of the coil. |If the field is harmonic,
the derivative in the above expression may be replaced by a

multiplying term, iWw :
EMF = -iwnApH . . . (115)

where H in equation (115) is that magnetic field component
which is perpendicular to the plane of the coil. Thus, a voltage is
measured, rather than a magnetic field component.

Fourier lnversion - - - In the evaluation of the horizontal field

components, Hg, and EOy’ in equations (112) and (113) it is
observed that the essential numerical problem is that of inverse
Fourier transformation. First, a complex function of spatial
frequency, which depends on the electrical characteristics of the
two-layered earth and on the nature of the interface between the
layers, is generated for each case of interest. This complex

function is then inverted to determine the anomalous electromagnetic

field caused by the presence of subsurface geologic structure.
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Because of the lack of both even symmetry of the real parts of
the complex function to be inverted and odd symmetry of the
imaginary parts of the complex function to be inverted, the
inverted function is a complex function of vy, possessing both an
amplitude and phase factor (Papoulis, 1962, p. 11). Furthermore,
because a finite number of sampled values of the function to be
inverted are used, a few words might be said about the relationship
between the true inverted continuous function and the digital
inverted function.

Since the effects of sampling are well-documented and discussed
in depth elsewhere (Papoulis, 1962; Bracewell, 1965; Gray, 1967),
they will only be reviewed here. In general, the complex function S (g;-—
of spatial frequency to be inverted for each case of interest in
the problem at hand may be represented by W(%) and its continuous
inverse by w(y ). In practice, a finite number N of equally-
spaced digitized values of W(E) are inverted; these values
may be represented as the following series with the Dirac comb

function,

N
Waﬂi\ = 2 W (nasg) (g =-nas)
=-N

W (nag) §(g - nasg)

N
= Wis) Z“ch"“‘g\ ... (116)

Transforming equation (116) yields the following equation

sim(N+%VyAs

Wy (\l\ = wiy) ¥ (117)

S\n yA.S’/Z_
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Equation (117) implies that the inverse Fourier transform of
the discrete function wd(g) consisting of a finite number of
equispaced sample values W(hAg), n=-N, . . . , 0, . .. , N,
of the continuous function W(Z) 1is the convolution of the
inverse transform of the continuous function with the periodic
Fourier series kernel. Of course,

N~ o

Qualitatively there are two effects on the inverted digital
function, wd(y). A smearing effect due to truncation is produced,
and since the Fourier - series kernel is periodic, the output
of its convolution with the analytic continuous inverted function
w(ly) is a periodic function. Because the electric and magnetic
fields on the surface of the earth are well-behaved functions
and fairly smooth, the first effect is small. However, an inevitable
consequence of sampling a function W(E) at equispaced intervals
is an ""aliasing'' of wd(y) about: Yy = TT/AS.. In this context
the term alias is used to indicate a confusion of wd(y) values
at yN==TT/lL§ .

A Fortran IV program for the Standard IC — 4000 computer was
written for the inverse Fourier transformation. |In order to test
the program, the inverse Fourier transforms of two Funé&ions whose
inverse Fourier transforms are well-known were digitally computed;
that is, the inverse Fourier transforms of the following functions
were calculated:

| - \‘5\/‘5';\ g\ <5 _
W, () =

© ) 7 ic_ . .. (118)
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and-
/4
— IIT_..
Wz,(‘g\ - < € ... (119)

The functions ekpressed by equations (118) and (119) are well-known
in the theory of the Fourier integral. The function given by
equation (118) is a tffangu]ar pulse in the spatial frequency
domain whose analytic inverse Fourier transform is given by

(Papoulis, 1962, p. 21 - 22),

2 5o
W - 2. s\n — y .
\ (5 —— W\(y\ —— Y:: - . . . (120)

. v 2 -
For convenience,gg was chosen to be 2T so that w\(y\ = Sin _ﬁy{’““tzyz’

reduces to a sinc2 function whose values are tabulated by
Bracewell (1965, p. 368-372). The Fourier transform pair \ﬁJ\(g\'§$>VJg(y\

is illustrated in Figure 3.

WAVE-NUMBER DOMAIN SPACE DOMAIN

w, (v)
W, (g) VY

-2w 2w’ -3 -2 -\

‘\  — ‘\A
> e T Y

Fourier Transform of Sincz Function

Figure 2
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The analytical inverse and digital inverse are compared in Table 1.

Table 1. Comparison of Analytic and Digital Inverse Fourier Transform
of w1(§ )
y sinc2(y) w1(y)
(After Bracewell, 1965) (computed)

0.00 1.000 1.000

0.50 0.405 0414

1.00 0.000 0.000

1.50 0.045 0.055

2.00 0.000 0.000

2.50 0.016 0.029

3.00 0.000 0.000

In the above test case N =7 and A§ = 1.042. The effects of

sampling become more noticeable as y approaches the value TW/AS
The function given by equation (119) is called a Gaussian

function whose inverse is given by (Papoulis, 1962, p. 25),

_.agyz'

W,(8) & w,(j) = e L 2

For convenience, { was chosen to be equal to TV since values of
exp(~ TV yz) are tabulated by Bracewell (1965, p. 368 - 372).
The Fourier transform pair W,(g) &> wz(y) is illustrated

in Figure L.
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WAVE-NUMBER DOMAIN SPACE DOMAIN

W, (8)
|

w, (y)

} g }
- VYaw 'Vzﬁ‘ -\/Nzw Wz

Fourier Transform of Gaussian Function

Figure 3

The analytical inverse and the computed digital inverse are

compared in Table 2.

Table 2. Comparison of Analytic and Digital Inverse Fourier Transform

of wz(g)
y exp (- y2) w, (y)
(After Bracewell, 1965) (comButed)
0.00 1.000 0.994
0.50 0.456 0.461
1.00 0.043 0.042
1.50 0.001 0.000
2.00 0.000 0.002
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In the above test case N =7 and Lg = 1,042 . Both the effects
of sampling and truncation become»more noticeable as 9 approaches
the value W/A€ , but because the second function is smoother than
the first, the effects are less. This fact implies that the method
will work better,fbr smooth‘gebmetries, which is what wouid be

expected.

Asymptotic Behavior for Low Frequencies - - - In order to gain

some insight into the effect of subsurface structure on the
glectromagnetic field at the surface of the earth, an anticlinal
‘ridge and a synclinal trough on the second layer are considered.
The ridge ﬁight we!l‘be considered to be a basement ridge underlying
sediments. Or the géo]ogic section may be VEeQed as fhat of a local
thinning or thickening of the first layer,
The study of such structures is important'ih the geologic
interpretation of electromagnetic field data. Such a study should
" enable one to determine the effect of terrain on electromagnetic
field data. It may also be of use in searching for subsurface
anticiinal stfuctures and stratigfaphic,traps in‘petroleum_exp¥oration
(or dike~-like features in mineral exploration), énd for giVeﬁ
resistivity contrasts, such a study may help in the determination
of the geometry of a buried anticlinal ridge or synélina] trough.
GeneraIly, the term wavenumber Is often used to express -
relationships between effective depths of penetration, resistivity,
and frequency of the field (Keller, 1966). in a conductive medium

the wavenumber %, neglecting displacement currents, is

¥ o= (twpe)® = ()R (wpm)e

&
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so that in a medium having conductivity 6},

’6‘ - (‘u_,_g_o.\)\lz + L(w-g—v\\‘h - G\ . ;‘.G‘

’ Va . : .
where',G1 = QM?NQ{z\ is the real part of the radian wavelength.

The functional dependence of waves traveling in the +z direction

° . * » —x Z
is exponential, i.e., e . Thus
- = {wma\V2 i [ w e\

Then the skin depth, that is, the distance within the conducting
medium at which the amp]ifudes of the electric and magnetic field
vectors are equal to 1/e = 0.3679 of théir respective values at

‘the surface, is

114

r R V2
z : —_ = |
SKIN DEPTH (w;«c’\ [Re () | TP we

At the skin depﬁh the phase lags one radian for a plane wave in a
unifdrm earth. Since the value of the skin depth gives an effective
depth of penetration for the geophysicist's purposes, it is
interesting to know its order or magnitude and in subsequent
computations the skin depth will often bé referred to.

Because the magnetic permeability of almost all rocks is very
nearIy ﬁhat of free space, the wavenuﬁber % varies only with the
reéistivity of a medium and with the frequency of the field. Curves
exhibiting the relationship between wavenumber, conductivity, and
frequeﬁéy‘are given invagure L,

In any tﬁeoreticéT investigation where numerita] eya]uations
are performed, it is important to examine, if possible, limiting
conditions. An examination of - the ‘asymptotic behavior of the fields

provides a check on the numerical computations.



REAL PART OF WAVENUMBER, PER METER

T-1307 53

10 N

10

REAL WAVELENGTH (SKIN DEPTH), IN KILOMETERS

10 /
/
10k / / -000\ 100

0 .00l 0.0l 0.l 1
FREQUENCY, HZ

FIGURE 4. (After Keller and Frischknecht, 1966)

Wavenumbers as a function of frequency and conductivity
for cases in which displacement currents can be neglected. A
scale for converting wavenumbers to radian wavelengths or skin

depths is shown to the right.
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Several researchers have studied the limiting zero freguency
(direct current) case of the problem at hand, including Berdichevskiy
(1965), Neyman and Kalantarov (1948), Smirnov (1948), Sheynmann
(1941, 1958), Kunetz and Chastenet deGery (1956), Utzman and Faire
(1957), and Roy (1969). All of the above investigators considered
only a perfectly insulating basement and made use of a Schwarz-
Christoffel transformation to simplify boundary conditions for
the direct current case. Berdichevskiy (1965) describes the
transformations used for a hyperbolic anticline, a vertical step
in the basement, and a vertical-sided insulating slab in the basement.
Recently Roy (1969) considered the direct current case of a triangular-
shaped ridge on a perfectly insulating basement (see Figure 5).

Since a triangle has a Fourier transform (see Figure 2), the
electromagnetic field over a buried triangular-shaped ridge may
be computed using the mathematical procedure outlined above.

A Fortran IV program was written by the author for the Standard
Computer Corporation 1C-4000 computer in order to evaluate the
horizontal components of the electric field (Eoy) over a buried triangular-
shaped anticlinal ridge. In order to check the numerical
computations of the normalized horizontal component of the electric
field (In this context the field values with subsurface structure
present will be normalized with respect to the field values when
no subsurface structure is present), the low-frequency behavior was
examined and compared with Roy's computations for a given triangular-
shaped ridge. |In order to simulate low-frequency behavior the ratio

of the real part of the radian wavelength in the first layer
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to the first-layer thickness (I/h]G]) was chosen to be equal to

100; this ratio corresponds for a first-layer resistivity of 100
ohm-meters and for a first-layer thickness of 100 meters to a
frequency j:of 0.253 Hertz. |In order to simulate a perfectly
insulating basement, a resistivity contrast ~F3(P‘ was chosen to
be equal to 106. Finally, the geometry for the computed triangular-
shaped ridge was chosen so as to coincide with the triangular-shaped
ridge used by Roy. Three test cases were run and the results are
indicated in Figure 6. Figure 6 illustrates close agreement between
Roy's results and computations for the horizontal component of the
electric field at low frequenqies. The fact that the rate of decay
for the calculated anomaly is slightly less than that determined by
Roy is due to aliasing. It is also seen that the effect of

second and higher order terms is not negligible when the height of
tﬁe ridge becomes greater than one-half the first layer thickness.

A Fortran IV program was also written for the Standard Computer
Corporation IC - L0OOO computer to evaluate the horizontal components
of the magnetic field (Hox) at the surface over a buried triangular-
shaped ridge. There are two approaches that might be taken in
checking the computations for the horizontal magnetic field. One
approach would be to use Ampere's law, which relates the current
density to the magnetic field. With this approach the magnetic
field component H at some depth z in the first layer (given by

1x

equation (26)) and the electric field components E12 and E]y in

the first layer would have to be computed. Knowledge of the
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electric field components will yield the current density, given the
layer resistivity. This current density can then be compared to
that obtained merely by computing H and H_ .

0x 1x
Another approach for the present problem would be to compute the

surface impedance. The surface impedance is defined as the ratio

of the orthogonal field components, i.e.,

]
(As Keller and Frischknecht (1966) indicate, there is a 45 phase

i

o]

difference between the magnetic and electric field intensities

over a uniform earth.) If the surface impedance is known for a
given frequency, the apparent resistivity can be computed. Grant
and West (1965), Cagniard (1953), and Keller and Frischknecht

(1966) give the following defining equation for appareﬁt resistivity

measured with the magneto-telluric method:

E Z
- A L4
f&'—“’f“(“‘ox\ ce e e e (122)

Roy (1969) has tabulated apparent resistivity values over a buried

triangular-shaped ridge for the direct current case. The same

" three test cases that were computed for the horizontal electric
field for low-frequency behavior were used to evaluate apparent
resistivity curves over a buried triangular-shaped anticlinal
ridge. These results are compared with Roy's in Figure 7. Again,

Figure 7 demonstrates close agreement.

Asymptotic Behavior far from Subsurface Geologic Structure - - -

At distances large relative to the first-layer thickness and relative
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to the horizontal extent of the anticlinal ridge or trough, very
little influence should be exerted on the electromagnetic field at
the earth's surface due to the presence of the subsurface geologic
structure, This statement is borne out by Figures 6 and 7.

A perhaps more realistic representation of an anticlinal ridge
in cross-section is that portrayed by a Gaussian curve, that is,
an anticlinal ridge on the second conducting layer may be simulated
as a Gaussian curve in cross-sectional view. In reference to
Figure 1,

%K 2
ey

f (y) = (123)

anticline

so that the Fourier transform of f(y) is
\y “§1/4-%
fly) <> F(§) = - (w/a) > e

or
2 ¢2

! -n* S/

Fenf) = - (mwia)'/* e

where g is the wavenumber in radians per meter, and;f is spatial

frequency in cycles per meter. 1In a similar manner a synclinal

interface may be simulated in cross-section by the function

™~

)
£ (y) = e %Y

syncline

Indeed, far from a subsurface anticlinal ridge or synclinal
trough apparent resistivity curves should be independent of the

presence of the structure for any frequency and any resistivity
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contrast between the two layers, Apparent resistivity curves were
calculated over an anticlinal ridge for various ratios of radian
wavelength to first-layer thickness, for h] = 500 m, /R/h] = 0.10,
y/h] = 40, ye = 25 m (ye is defined as the distance by which the
Gaussian simulation of an anticline falls to 1/e = 0.3679 of its
peak value), and for various resistivity contrasts. These curves
are plotted in Figure 8. As Figure 8 illustrates, the apparent
resistivity curves far from the subsurface anticlinal ridge

reduce to two-layer resistivity curves for a flat earth (Keller and

Frischknecht, 1966; Yungul, 1961).

Asymptotic Behavior for Homogeneous Halfspace - - - A final check

which can be made on the numerical evé]uations is to let the
resistivity contrast be equal to one; in such a case the calculated
apparent resistivity should always be equal to the true resistivity
of the first layer regardless of the ratio of the radian wavelength
to the first-layer thickness. A number of values for EOy and

H and the apparent resistivity given by equation (122) were

0ox
calculated for various ratios of the radian wavelength to the
first-layer thickness ( 1/hy Gﬁ) and are given in Table 3.

Table 3 indicates that the calculated results for the electric and

magnetic fields yield appafent resistivities for a homogeneous

halfspace which are in error by less than 0.003 %.

Resolution of Perturbation Technique - - - It has already been

observed (see Figure 6) that when the magnitude of the perturbation
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Table 3. Comparison of Calculated Apparent
Resistivity with True Resistivity
of a Homogeneous Halfspace for
Various Values of (True
Resistivity = 1000 ohm-meters)

l/hlG] Sa Error
(ohm-meters) (%)
0.100 1000.0195 0.002
0.500 1000.0217 0.002
0.800 1000.0203 0.002
1.000 1000.0181 0.002
10.000 1000.0341 0.003

63
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on the second layer is greater than one-half the first-layer
thickness, the peak anomalous electric field value may be in
error by as much as 10 %. In such cases, second and higher order
terms become more important. In order to obtain greater accuracy
in theoretical curve-matching higher order terms may be kept
in expressions (64), (65), (66), (67), and (68). The second

order term Az(gr) for magnetic polarization has been determined to

be

Az(g\ S NCYNY 2 ¥y - r%‘ NGRS A | \
-"“onsk (\V\‘K‘\ + (%e\ 2s-'\\'\\r\Uf\-\\’ AL R Y sinh(h AL G?G ;\/:.“\‘“\\\‘:\X

} F(g) ¥ Flg)

(B, % (et (o el 3 -
A\ {XE»S‘\U\ \\'\\ + (07w e\"zsin\(\ (k \\'\\ + 7:/1 Si\r\‘«u\\r\\'\" (T\IC‘“&\VIWS\'\ N \K&-'g

. Fls)y » U, (8

- & A-D) (5 Biwel? ¥ 1 .
W{?\[&cs\;\(k‘\‘-\\ + (gl iw G\V"s'\w\r\d‘\r\ﬁ*xh sinh Uh v + (c'\'liwe\\",_,gl\u\\x\-\l‘k

CEGY % WL+ Ui

- AW (o iw e\‘h‘ ¥y ‘g °
T {XLms\f\(\v\ \r\\ %+ (d“ /Lwé\\/"s >'m\\ (W \‘C,S&*‘ )lh"_s‘\v\\c\ Ur\\r‘\ + (ﬂ“\l vy e\‘,?'c os\l\(\\\’ﬁ ;\X&

. %‘g ’F(‘E\} ¥ Y_UBL‘é\ ¥ Usiﬁﬁ

. (124)
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where

LY, FC -
Us) = % <\ (p- Q)

D levaq) + 8 (p-aV)

U, () = S ¥ Fes\ (e-a)

hY, (peq) + 3, (p-aY)

M€ Fls) (p-q)

U, (g} =
A, e+ + § (p-aY)
2 +
U, g = H 3, B (pva)

\-_7\5.2- (P+Q\ + 3\(?" Q\__\

=C 1%
Us(g\: 'S'z_;’ <) (P+ Q)

Try, (e Q) + Y (p-al]

and ¥ denotes convolution.

. {125)

. (126)

. (127)

- . (128)

. (129)

65



T-1307

-
NUMERICAL EXAMPLES FOR H-FIELD POLARIZATION

In order to illustrate the perturbing effect of subsurface
geologic structure on two-layer magneto-telluric curves and in
order to provide a better understanding of electric field anomalies
caused by subsurface geologic structure, several examples have
been evaluated. |In choosing the examples to be studied, consideration
was given to generalized resistivity ranges for rocks of different
lithology and age (See Table 4).

As Keller and Frischknecht (1966, p. 39) indicate, conduction
in near-surface rocks is almost entirely through the water-
filling pore spaces in rocks. Conduction through mineral grains,
however, is important at depth within the earth, where pore
structures in the rock are closed by overburden pressure.

As Table 4 purports, there exists an indirect relationship
between resistivity and lithology or geologic age in water-
bearing rocks, since these two factors tend to control the porosity
or water storage capacity of a rock. In Table 4 the vertical
columns are arranged in a generally decreasing order of porosity
from left to right. As Keller (1966) indicates, there are many
exceptions to the ranges listed in the table, especially if
metamorphism has decreased the porosity of normally porous rocks
or if conductive minerals occur in high enough concentrations

to lower the resistivity of otherwise resistant rocks.

66
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In the numerical evaluation of type cases which are of
particular interest in petroleum and mineral exp]oration, several
descriptive parameters of the geo?ogic'section_must be specified.

These parameters are the thickness h., of the first layer, the

1
ratio 1/h1‘3’1 of the radian wavelength to the first-layer
thickness, thé ratio (§/h1 of the'maximgm-mggﬁitude of the

perturbation on the second layer to the first-layer thickness,
the reiationshfp of the.”width“ of the structure relative to the
first-layer thickness (2 yé/h] ), and the'resistivity contrast

‘Pz[f‘ betwaen the first and second layers..»The ratio of the
radian wavelength tb the first-layer thickness gives an effective
'depth of penetration for any ana product, Because the anticlinal
ridge (or synclinal;trodgh) is simulated in cross-section by
a Gaussian-shaped curve, it is convenient to se;_@ in equation
(123) equal to 1/ye2 so that a measure is ob§ained on the
distance y at which the height of the~anticTine’fal]s fo

1/e = 0.3679 of its maximum deviation from the depth h This.

1'
distance is denoted by ye. Knowledge of yé gives a width
parameter 2y, for the structural rise (or trough) on the second

layer.

"Electric Field Master Curves for Anticline versus Syncline - - -

Figures 9, 10, 11, and 12 illustrate the normalized horizontal
electric field anomalies err an anticlinal ridge and synclinal
trough.of the same geometry at a depth h1 of 500 m and for

1/h1'5‘1 = 1.00. (Normalized phase values are always given in fractions

of T radians,) Several resistivity contrasts are portrayed,
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As one might expect, the horizontal electric field increases over
a buried resistive ridge whereas it decreases over a buried
conductive ridge. The converse is true in the case of a buried
synclinal trough. It should be noted that the electric field
anomalies are not symmetric for inverted resistivity contrasts
given the same structure. For a given subsurface structure, the
electric field anomaly is greater when the first layer is more
conductive than the sgcond layer than when the second layer

is more conductive than the first layer.

Electric Field Master Curves for Anticline for Varyingrﬁa- - -

Figures 13, 14, 15, and 16 illustrate the relative sensitivity
of the horizontal electric field anomaly over an anticlinal

ridge to changes in the height[3 of that ridge for various

resistivity contrasts. It is observed that the horizontal

electric field component anomaly is more sensitive for a given
increase (or decrease) in the relative height of the ridge

for larger resistivity contrasts.

Frequency Sounding Electric Field Master Curves for Anticline and

Syncline - - - Figures 17, 18, 19, and 20 portray the effect

of changing the ratio of the radian wavelength in the first

layer to the first-layer thickness for various resistivity

contrasts over an anticlinal ridge. For a given first-layer
electrical conductivity G}, first-layer thickness h1, and

ratio of first-layer real radian wavelength to first-layer thickness

]/hIGl’ the frequency of the field is determined. It is interesting

to note that when the radian wavelength in the first layer
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is less than the "‘effective width'" 2 ye , the electric field
decreases over a resistant anticlinal ridge. When the real radian
wavelength in the first layer 1/G] is larger than the effective
width 2 ye , however, the electric field increases over a
resistant anticlinal ridge, approaching uniformly the direct
current anomaly as 1/h]G] >> 1 . On the other hand, the
electric field increases over a buried conductive ridge when
1/2y361 < 1 whereas the electric field decreases over a buried
conductive ridge when 1/2ye G, 2 1 . An increasing electric
field over a buried conductive ridge when 1/2y Gy < 1 and

a decreasing electric field over a buried resistive ridge when
1/2yeG1 £ 1 seems due to an interference. phenomenon similar

to that over a two-layered flat earth.

Figures 21, 22, 23, and 24 illustrate the effect of changing
the ratio of the real radian wavelength in the first layer to the
first-layer thickness for Various resistivity contrasts over a
synclinal trough. A very interesting feature in Figures 21 and
22 is that the e]ecfric field increases over a synclinal trough
when l/h]G] < .8, decreases when .8 & 1/h]G] £ 1.0, and
again increases when ]/h1G1>7 1 for the case where the first
layer is more conductive than the second layer. On the other
hand, when the first layer is much Ies; conductive than the second
(see Figures 23 and 24) the electric field over a synclinal trough

decreases when 0 & l/h]G]< .5 , increases when .5 & 1/h;G, £ 1,

and again decreases for 14X l/h]G]
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Thus a double interference phenomenon not characteristic of a

frequency sounding over an anticlinal ridge is ‘apparent.

Apparent Resistivity Master Curves - - = Figure 25 compares

magneto-telluric apparent resistivity curves for a two-layered earth

for the case where no subsurface structure is present and for

the case where an anticlinal ridge is present on the second layer.

The offset dist;nce is zero, that is, the calculated apparent

resistivitie§ representvwhat would be measured directly over

the axial plane of the ridge if the orthogonal electric and

magnetic field components were measured for various W and equation

(122) were used. |t becomes apparent that the differences in

apparent resistivity curves are subtle and,at best, would be

somewhat difficult to ascertain in the field in searching

for subsurface anticlines. As in the case of horizontal electric

field anomalies the apparent resistivity curves are distorted

in a nonsymmetric fashion for inverted resistivity contrasts. The

intersection points along fo,/f‘ = 1 are shifted toward the

higher frequency range when an anticlinal ridge is present, and

the increase in apparent resistivity due to the presence of the

anticlinal ridge is greater when the second layer is more

resistive than the first layer than the decrease in apparent resistivity

when the second layer is more conductive than the first layer.
Figure 26 illustrates magnefo-telluric apparent resistivity

curves for a two-layered earth for the case where no subsurface
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strycture is present and for the case where a synclinal trough

is present on the second layer. Again, the perturbing effect

of the synclinal trough is more readily apparent in electric

field master curves. An interesting double interference phenomenon
is apparent when the ratio of the radian wavelength (I/U])

to the first-{ayer thickness approximately‘equals unity. The
apparent resistivity curves are also distorted in a nonsymmetric
fashion for inverted resistivity contrasts. In this case, however,
the intersection points along J%! { = 1 are shifted toward the
lower frequency range with the presence of a synclinal trough

(or with lateral thickening of the first layer). The decrease

in apparent resistivity due to a lateral thickening of the first
layer is greater whén the first layer is more conductive than

the second layer than the increase in apparent resistivity

when the first layer is more resistive than the second layer.

Master Curves for Depth to Subsurface Ridge - - - One of the

objectives of this study is to investigate the nature of the
electric field and apparent resistivity anomalies over a given
buried anticline or syncline, depicting the magnitude of the
anomalies for various geometries and for various resistivity
contrasts. Such an investigation should serve as a guide for
both qualitative and quantitative interpretation in electromagnetic
induction prospecting.

The inverse problem is also important; that is, given electric

field and apparent resistivity anomalies, to obtain information
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about the subsurface geologic structure. One parameter frequently
sought in geophysical prospecting is the depth to the top of

a buried sgructure. Many researchers have discussed the same
problem in gravity and magnetic prospecting, including Bott

and Smith (1958), Morse (1969), Smellie (1967), Henderson and

Zietz (1948), VYacquier, Steenland, and Henderson (1951), and

Peters (1949).

If the resistivity contrast, electric field anomaly, and
first-layer thickness are known, the depth to the crest of an
anticlinal ridge may be determined in electromagnetic induction
prospecting. This determination is diagramatically portrayed
in Figure 27. The resistivity contrast JOZIJD‘ and first-
layer thickness hl may be obtained by standard galvanic or electro-
magnetic induction techniques where Emax/EO = 1 (Keller and
Frischknecht, 1966). Then, given the peak anomaly, it is an
easy matter to determine /3 , the height of the buried ridge.

The depth to the top of the buried ridge is then equal to h] - j3aA

Master Curves for Overburden Thickness Determination - - =

Another important parameter frequently sought is overburden
thickness. (See Figure 28) I f. Y% is designated as the horizontal
distance by which the electric field anomaly over a buried ridge

(or trough) decays to one-half of its peak value and if some control
on the ratio 2 yé/h] is obtained by frequency sounding (see
Figures 17 - 24); an estimate of the overburden thickness h,

may be obtained. It is observed that knowledge of the effective
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width 2 Ye becomes less important provided that 2 ye/h1

is less than unity. In such a case, overburden thickness
determinatio&s will be in error by less than 15 % providéd
that the depth to the top of the structure is less than 500
meters. Curves such as those shown in Figure 28 may also be
used to determine the effective width of an anomaly-producing

geologic structure given an estimate of the overburden thickness.
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CONCLUSIONS

Use of Fourier transformation and a perturbation technique
presents a powerful method for solving problems in electromagnetic
induction prospecting. Direct application of Fourier transformation
coupled with a perturbation of the boundary conditions in this
investigation has led to a formulation of the electromagnetic
field for a two-layered earth with an interface having small
perturbations of arbitrary shape. Although this research has
concentrated on subsurface geologic structure, the same approaﬁh
might be used for mapping surface terrain with electromagnetic
inductive methods. The extension for geologic modeling purposes
to a mu]ti-]ayered earth with arbitrary interfaces between the
layers is straightforward. |In addition, a similar approach
may be used for dipole excitation.

Both the electric field master curves and the apparent
resistivity master curves which have been presented should prove
to be of great utility in interpretation of subsurface geologic
structure. Electric field master curves lend themselves more
readily to quant{tative interpretation. With the aid of the
master curves, numerous inferences can be made with re;ard to
resistivity contrasts, the geometry of the subsurface geologic
structure, the depth of burial of the structure, and the

overburden thickness.
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