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ABSTRACT

The nonlinearity of seismic full-waveform inversion (FWI) and parameter trade-offs can prevent con-

vergence toward the actual model, especially for elastic anisotropic media. The problems with parameter

updating become particularly severe if ultra-low-frequency seismic data are unavailable and the initial model

is not sufficiently accurate. In this thesis, I develop an efficient FWI framework to incorporate prior geologic

information with the goal of mitigating the issues mentioned above. In addition to deterministic inversion

strategies, I employ stochastic schemes, including Bayesian deep-learning models. I design parallelized algo-

rithms (on both CPU and GPU) to efficiently simulate the wavefield for inversion-gradient computation and

for training machine-learning models.

First, I develop a Bayesian framework for FWI of multicomponent seismic data from isotropic elastic me-

dia and investigate the impact of significantly distorted initial model and of the absence of low frequencies

in the data. The unconstrained FWI algorithm suffers from trade-offs between the model parameters that

substantially distort the inversion results. By stochastically incorporating prior geologic (or facies) informa-

tion into the inversion, it is possible to reduce the trade-offs and produce the high-resolution velocity and,

potentially, density models without using ultra-low frequencies. This methodology is successfully applied to

2D and 3D elastic models.

Next, this technique is extended to transversely isotropic models with a vertical axis of symmetry (VTI

media). An image-guided interpolation algorithm is employed to create the spatial distribution of facies

from sparse borehole locations, some of which may be far from the target reservoir. The facies-constrained

algorithm substantially reduces the nonlinearity of FWI and guides the inversion toward the global minimum

of the objective function for realistic levels of noise in the data. Although including multicomponent data

improves the spatial resolution of the inverted parameters, the facies-based FWI of more common pressure

recordings yields an adequate reconstruction of most VTI parameter fields.

Transverse isotropy adequately describes the elastic properties of unfractured shale formations and finely

layered sequences in typical sedimentary basins. However, the presence of natural fracture sets and/or

non-hydrostatic stresses reduces the medium symmetry to at least orthorhombic. Analyzing the radiation

(scattering) patterns of the parameters of orthorhombic media yields valuable insights into potential trade-offs

and the types of data required for reliable parameter estimation. To evaluate the sensitivity of the objective

function to the model parameters, I derive the Frechet kernels and radiation patterns for arbitrary anisotropic

symmetry by using the Born approximation and asymptotic Green’s functions. Then the radiation patterns

are obtained for perturbations in the parameters of orthorhombic media embedded in a homogeneous VTI
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background. The results of the sensitivity analysis provide valuable insight into elastic FWI for orthorhombic

media.

Then, I implement 3D elastic FWI for orthorhombic media to simultaneously estimate all pertinent

model parameters. Because the locations of the available well logs are sparse, a supervised machine-learning

(ML) technique (Support Vector Machine) is employed to account for lateral heterogeneity in building

the lithologic constraints. The developed algorithm, which operates with wide-azimuth multicomponent

surface data, achieves a much higher spatial resolution than unconstrained FWI, even in the absence of

recorded frequencies below 2 Hz. The method also produces a high-resolution facies model, which should be

instrumental in reservoir characterization. The facies-based FWI is successfully tested on 2D ocean-bottom

data from the North Sea using a tilted transversely isotropic model (TTI). This case study demonstrates the

effectiveness of adequately employed geologic constraints in elastic FWI for anisotropic media.

To automate and improve the process of facies picking, I also develop supervised and semisupervised

Bayesian deep-learning methodologies, which are employed depending on the scope of the labeled data.

The developed networks not only reliably predict facies distribution using seismic reflection data, but also

estimate the corresponding uncertainty. Therefore, these networks provide more consistent and meaningful

information for seismic interpretation than conventional deterministic approaches. The proposed deep-

learning methodologies are applied to field data from the North Sea to demonstrate the generalized-prediction

capabilities of the devised ML model.
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CHAPTER 1

INTRODUCTION

Elastic full-waveform inversion, or FWI (Tarantola, 1984) is an e�ective tool for building high-resolution

velocity models and improving the output from seismic processing work
ows. Therefore, FWI represents a

promising methodology for reservoir characterization, which requires high spatial resolution. Furthermore,

the advent of new computational technologies makes it feasible to apply FWI to subsurface models rep-

resented by accurate physics (Warner et al., 2013; Kamath et al., 2017a; Marjanovi�c et al., 2018). Still,

parameter trade-o�s and the resulting loss of spatial resolution impair the inversion results (e.g., Kamath

and Tsvankin, 2016; Pan et al., 2020). In addition, ultra-low frequencies required by FWI to avoid cycle

skipping and improve convergence can seldom be recorded in surface seismic surveys.

The trade-o�s result from the data residual caused by an error in one physical property or parameter

being attributed to another parameter. This impedes the updating procedure and often leads to geologically

inconsistent features in the inverted models. Analyzing radiation (scattering) patterns of the medium pa-

rameters can yield valuable insights into potential trade-o�s and the types of input data required for reliable

parameter estimation. Such sensitivity analysis is especially valuable for anisotropic media (Alkhalifah and

Plessix, 2014; Alkhalifah, 2016; Kamath and Tsvankin, 2016; Kazei and Alkhalifah, 2019; Singh et al., 2021).

According to the results of sensitivity analysis, multicomponent data generally improve the resolution of

the model parameters (Singh et al., 2018, 2019). However, the signal-to-noise ratio (S/N) on the horizontal

displacement components is often too low for their inclusion in FWI. For low-symmetry anisotropic models,

such as orthorhombic, the radiation patterns of di�erent parameters often overlap, which helps identify

parameter trade-o�s (cross-talk) and devise strategies to mitigate them (Tarantola, 1986; Alkhalifah and

Plessix, 2014). Sensitivity analysis for orthorhombic media is presented in Chapter 4.

When inverting for multiple parameters, choosing an appropriate parameterization is very important

(Kamath et al., 2017a). Here, I use a velocity-based parameterization that is convenient for FWI because

all parameters have the same units and similar magnitudes; this is also true for the inversion gradients.

Additionally, the velocities often have a similar spatial distribution, so a single migrated section can be

used to implement image-guided interpolation. Parameter trade-o�s can also be reduced by Newton-based

optimization methods that use the inverse Hessian matrix (Operto et al., 2013; Pan et al., 2016). Such

techniques, however, are computationally expensive and often ine�ective in multiparameter anisotropic FWI,

which is typically characterized by a highly multimodal objective function.
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Because FWI is a local optimization algorithm, it is highly sensitive to the choice of an initial model, which

needs to be su�ciently close to the actual model. Due to the inherent nonlinearity of FWI, the objective

function usually contains local minima, which can prevent convergence towards the actual parameters. Hence,

elastic FWI often fails if the initial model does not lie in the \basin of convergence" near the global minimum

of the objective function. Inversion for ultra-low frequencies (0{2 Hz) can yield an adequate background

model to avoid cycle-skipping and improve convergence, but such frequencies are seldom acquired in typical

seismic surveys.

To avoid cycle-skipping, Li and Demanet (2016) propose to simulate the ultra-low-frequency data by

extrapolating seismic records, which helps FWI build kinematically accurate initial background models.

Likewise, Wu et al. (2014) obtain the long-wavelength information about the model by employing a \de-

modulation" operator, which is then used for high-frequency FWI updates.

Recently, it has been proposed to use so-called \optimal transport" objective functions to mitigate cycle

skipping in FWI and improve parameter updating (M�etivier et al., 2018; Sun and Alkhalifah, 2019). Such

methods increase the convexity of the objective function, even for signi�cant time shifts between the recorded

and modeled data. However, the optimal-transport approach still relies on an accurate initial model to

resolve the deeper part of the section. In addition, the high computational cost of this methodology makes

its application problematic for 3D �eld data sets. Wave-equation-based migration velocity analysis is another

computationally expensive method that could improve the accuracy of the velocity model and, therefore,

suppress cycle skipping in FWI (Sun and Alkhalifah, 2018; Li et al., 2019a, 2019b).

Even an optimal parameterization and accurate initial model are generally insu�cient to eliminate pa-

rameter trade-o�s in FWI for anisotropic media. Therefore, it is essential to impose constraints on model

updating using, for example, prior lithologic information about the subsurface (Guitton et al., 2012; As-

naashari et al., 2013; Zhang et al., 2018). Whereas lithologic (facies) information can be obtained from well

logs, the sparseness of borehole locations makes it di�cult to account for realistic lateral heterogeneity, as

discussed in Chapters 2 and 3.

To incorporate facies-based lithologic constraints into FWI, one has to obtain the spatial distribution

of the facies (Zhang et al., 2017). For example, Kamath et al. (2017) use the results of conventional FWI

(at the �rst inversion stage) to build the facies model by utilizing available well logs. Each grid point in

the model is assigned to one of the facies depending on the match between the synthetic and actual facies

distribution, thereby yielding constraints for the second inversion stage. Zhang et al. (2017) determine the

spatial distribution of the facies by calculating at each grid point the maximum posterior probability of all

inverted parameters and for all facies in the prior model. Both techniques operate with relatively simple

layered media that have mild lateral heterogeneity. Because Kamath et al. (2017) employ information from a
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single borehole, the wrong facies can be assigned to certain grid points if the model is structurally complicated

with pronounced lateral velocity gradients. For the same reason, the inversion results of Zhang et al. (2017)

include artifacts (e.g., edge e�ects). Zhang and Alkhalifah (2019, 2020) apply a deep neural network (DNN)

to constrain the inversion work
ow by generating the spatial distribution of prior information represented

by geologic facies. They build the initial model by training the network on the parameters obtained by

unconstrained FWI to identify the relationships between these parameters and borehole data.

In this thesis (Chapters 2 and 3), I develop an FWI algorithm that includes facies information as a

regularization term in the objective function for a range of elastic background models (i.e., isotropic and

anisotropic). That term is updated during the inversion by evaluating the models obtained at the previous

inversion stage. Later in the thesis (Chapter 5 and 7) I employ machine learning to automate the FWI

work
ow and make it more e�cient. The algorithm also produces a high-resolution facies model, which

could be instrumental in reservoir characterization.

In Chapter 2, I present an e�cient methodology for incorporating rock-physics constraints into FWI

for both isotropic and anisotropic models. The constraints (or the con�dence model) that contain facies

information are computed using the Bayesian framework by utilizing sparse borehole data. The facies-

based FWI is able to mitigate parameter trade-o�s that hamper conventional inversion and produce a

high-resolution model without ultra-low frequencies in the data. This work was published in The Leading

Edge (Singh et al, 2018).

The facies-based FWI methodology is extended to transversely isotropic media with a vertical symmetry

axis (VTI) in Chapter 3. The algorithm is applied to the 2D VTI Marmousi model with two di�erent initial

parameter �elds that provide a good approximation for the re
ection traveltimes. I carry out the inversion

using simulated geophone (multicomponent) data, as well as hydrophone (pressure) recordings. Comparison

with conventional (unconstrained) FWI demonstrates the bene�ts of facies-based constraints in increasing

parameter resolution in the presence of realistic noise in the data. This work was published inGeophysics

(Singh et al, 2020b).

Application of elastic FWI to orthorhombic models, which are typical for many subsurface formations, is

highly challenging due to the large computational cost of the inversion and parameter trade-o�s. In Chapter

4, I analyze radiation (scattering) patterns of the medium parameters, which yields valuable insights into the

parameter trade-o�s in orthorhombic media and the types of data required for reliable parameter estimation.

The radiation patterns are evaluated for an orthorhombic perturbation embedded in a background VTI

medium. This analysis includes a perturbation in density - a parameter that is seldom updated in existing

FWI algorithms. This work is in print in the Journal of Seismic Exploration (Singh and Tsvankin, 2022).
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The results of sensitivity analysis presented in Chapter 4 are helpful in properly implementing elastic

FWI for orthorhombic media, as discussed in Chapter 5. The facies-based FWI discussed in Chapter 3

is enhanced by incorporating machine learning (ML) through a supervised ML technique (Support Vector

Machine or SVM). Application to the orthorhombic overthrust model demonstrates the bene�ts of the

lithologic constraints in mitigating the inversion nonlinearity and increasing the resolution of most estimated

parameters. The machine-learning algorithm incorporated into the FWI framework also generates a high-

resolution facies model suitable for reservoir characterization. This work was published inGeophysics(Singh

et al, 2021a).

In Chapter 6, I apply to ocean-bottom data (a 2D line from Volve �eld in the North Sea) a modi�ed

version of the FWI algorithm developed in Chapter 3. For this �eld-data application, the algorithm is

generalized for TI media with a tilted symmetry axis (TTI). I also implement a global correlation-based

objective function (Choi and Alkhalifah, 2012), which is more suitable for �eld data than the conventional

l2-norm. In addition to the velocity �elds, the algorithm reconstructs the 2D density �eld - a crucial physical

property in reservoir characterization. Density is updated independently of the other parameters with the

corresponding inversion gradient. Although such tests as "blind well comparisons" are helpful in evaluating

the accuracy of the inverted density �eld, in this study the estimated density could be compared only with the

data from the available wells used for building the lithologic constraints. Comparison with the conventional

(unconstrained) FWI demonstrates the ability of the lithologic information to substantially improve the

parameter-estimation results, especially in the reservoir region. This work was published inGeophysical

Prospecting (Singh et al, 2021b).

To automate the process of building the spatial distribution of facies, Chapter 7 presents a Bayesian

architecture-based deep-learning model, which is implemented depending on the scope of the labeled data.

The proposed approach uses probabilistic convolutional layers that can measure errors in the weight space.

This results in statistically justi�ed uncertainty quanti�cation at the cost of at least doubling the number of

trainable parameters and increasing the convergence time and sensitivity to hyperparameter optimization.

This methodology is applied to publicly available �eld data from the North Sea. The consistency of the results

con�rms the generalization capabilities of our employed models. This work was published inInterpretation

(Singh et al., 2021c).

Finally, I present conclusions and outline recommendations for future work in Chapter 8.
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CHAPTER 2

BAYESIAN FRAMEWORK FOR ELASTIC FULL-WAVEFORM INVERSION WITH FACIES

INFORMATION

A paper published in The Leading Edge1.

Sagar Singh2, Ilya Tsvankin 2, and Ehsan Zabihi Naeini 3

Conventional reservoir-characterization techniques utilize amplitude-variation-with-o�set (AVO) analy-

sis to invert for the elastic parameters or directly for the physical properties of reservoirs. However, the

quality of AVO inversion is degraded by errors in the velocity model, inaccurate amplitudes, and structural

complexity. Whereas full-waveform inversion (FWI) potentially represents a much more powerful tool for

reservoir characterization. FWI strongly relies on the accuracy of the initial model and su�ers from parame-

ters trade-o�s. Here, we use a probabilistic Bayesian framework to supplement data �tting with rock-physics

constraints based on geological facies obtained from borehole information (well logs). The advantages of the

facies-based FWI are demonstrated on a structurally complex isotropic elastic model and on a 3D layered

VTI (transversely isotropic with a vertical symmetry axis) medium. In particular, the tests show that our

algorithm can operate without ultra-low-frequency data required by conventional FWI and reduce cross-talk

between the medium parameters.

2.1 Introduction

Amplitude-variation-with-o�set (AVO) analysis remains the most common tool for estimation of reser-

voir properties from seismic data (Buland and Omre, 2003; Col�eou et al. 2005; Saussas and Sams, 2012;

Grana, 2016; Zabihi Naeini and Exley, 2017). Elastic parameters or reservoir properties can be evaluated

by deterministic or stochastic inversion of the AVO response (e.g., Russell, 1988). Conventional algorithms

usually generate a reservoir model by iteratively reducing the di�erence between migrated data and synthetic

traces generated using petroelastic information. Saussas and Sams (2012) employ geologic facies to constrain

this inversion work
ow, which yields a more plausible reservoir description. However, as discussed by Zabihi

Naeini et al. (2016), the AVO-based approach su�ers from such inherent problems as high sensitivity to ve-

locity errors and distortions due to model complexity. Also, AVO analysis operates only with the amplitudes

of re
ected waves.

1Reprinted with permission of The Leading Edge, 37(12), 924-931.
2Center for Wave Phenomena, Colorado School of Mines
3Earth Science Analytics, London, UK
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FWI has been successfully used for building high-resolution velocity models that improve seismic im-

ages (Tarantola, 1984; Virieux and Operto, 2009) and could be applied to characterization of petroleum

reservoirs (Zabihi Naeini et al., 2016). However, computational demands for large-scale implementation

of such a method are yet to be evaluated. Despite the potential advantages of FWI over conventional

reservoir-characterization methods, waveform inversion involves a number of challenges. In the absence of

low frequencies in the recorded data, FWI often fails to converge to the global minimum if the initial model

is not su�ciently accurate. Parameter trade-o�s, even in a purely isotropic acoustic medium, can lead to

substantial parameter distortions (Operto et al., 2013; Alkhalifah and Plessix, 2014; Oh and Alkhalifah,

2016). One option to reduce such trade-o�s without relying on ultra-low frequencies is to supplement the

FWI work
ow with prior model constraints based on geological facies (commonly derived from well-logs).

To incorporate facies-based rock-physics constraints, one has to know the spatial distribution of the facies.

Attempts to make FWI more robust by including a facies distribution have shown some promise (Zhang et

al., 2017). In particular, Kamath et al. (2017) use a two-stage process to incorporate facies information

into FWI. The results of the conventional FWI (�rst inversion stage) are employed to build the facies which

are compared to the prior facies model obtained from a well log. Each grid point in the model is assigned

to one of the facies depending on the match between the synthetic and actual facies distribution, thereby

yielding constraints for the second inversion stage. Zhang et al. (2017) determine the spatial distribution

of the facies by calculating at each grid point the maximum posterior probability of the inverted parameter

for all facies in the prior model. Both techniques operate with relatively simple layered media with mild

lateral heterogeneity. Because Kamath et al. (2017) incorporate information from a single borehole, the

wrong facies can be assigned to certain grid points if the model is structurally complicated with pronounced

lateral gradients. For the same reason, the inversion results of Zhang et al. (2017) include artifacts (e.g.,

edge e�ects).

To make the facies analysis more robust, Zhang et al. (2018) employ P-wave radiation patterns to

determine the subsurface regions where each parameter is well constrained by the recorded data. When

calculating the facies map, a more signi�cant weight is assigned to the parameter which has a smaller

uncertainty, which yields a modi�ed map. Although this technique enhances resolution for structurally

complicated media, it relies on the high accuracy of the initial model.

Considering all facies present in the model should provide higher resolution compared to that for a single-

facies relationship between the elastic parameters for the entire section (Kemper and Gunning, 2014; Zabihi

Naeini and Exley, 2017). After constructing the initial (prior) facies model, we use a probabilistic approach

based on the Bayesian framework to estimate the \con�dence model" that contains the spatial distribution of

the facies. The con�dence model is updated at each iteration and employed as a constraint in the inversion
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work
ow. The update depends on the distribution of the elastic parameters after the previous iteration.

Implementing this technique for structurally complex models is not straightforward. Building a su�ciently

accurate a priori parameter distribution requires dense well coverage to properly account for lateral hetero-

geneity. To obtain the prior model for strongly heterogeneous media (e.g., the isotropic Marmousi model

below), we use multiple well logs, but they are still sparsely distributed in space. Therefore, our algorithm

employs image-guided interpolation (Hale, 2010) to reconstruct the model parameters between the available

boreholes. Because the 3D elastic VTI medium used in another example below has a simpler structure, the

prior model for it is built by a technique similar to that of Kamath et al. (2017).

After describing the method, we apply it to the isotropic and VTI models mentioned above. The tests

show that facies-based constraints can help recover a high-resolution model in the absence of ultra-low

frequencies in the seismic data. Additionally, the initial model can signi�cantly di�er from the actual

parameter distribution.

Figure 2.1 Flowchart for reservoir-oriented FWI with facies-based constraints (adapted from Zabihi Naeini
et al., 2016).

2.2 Theory

FWI is an iterative data-�tting technique that typically requires constraints to resolve the model param-

eters. Our objective function E(m) is based on the approach described by Zabihi Naeini et al. (2016), who

discuss application of FWI as a reservoir-characterization tool (Figure 2.1):

E(m) = E d (m) + � Eprior (m); (2.1)
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where

Ed (m) = jjW d (dsim � dobs)jj2;

Eprior (m) = jjW m (m miv � m c)jj2:

The term Ed (m) represents the standard data-mis�t l2-norm, where dobs is the recorded seismic data,

dsim is the synthetic data. The scaling matricesW d and W m are designed to make the data-�tting and

prior-model terms dimensionless. The term� Eprior (m) incorporates a priori rock-physics constraints based

on the geologic facies; the vectorm c represents the con�dence model updated at each iteration,m inv is the

inverted model, and � is a scaling factor.

Probabilistic approach based on the Bayesian framework is used to estimate the a priori spatial distribu-

tion of the facies. We compute the posterior probability of the facies as follows:

P(fjm) =
P(f) � P(mjf)R

P(f)P(mjf)
; (2.2)

Where f is the a priori facies vector, P(mjf) is the likelihood function, and m represents the model

obtained by the conventional FWI. A Gaussian distribution is used to describe the uncertainty in the model

space (Tarantola, 1984):

P(mjf) = exp[ � 
 (m � f) � (m � f)]; (2.3)

where 
 is the resolution parameter of the con�dence model. The posterior probability is computed for

each facies at all grid points of the model. e facies with the maximum posterior probability at a certain grid

point determines the corresponding value in the con�dence model.

The gradient of the data mis�t with respect to the model parameters is obtained from the adjoint-state

method (Plessix, 2006; Kamath and Tsvankin, 2016). For the isotropic Marmousi model below, iterative

parameter updating is carried out with a multiscale approach using the bounded, low-memory Broyden-

Fletcher-Goldfarb-Shanno algorithm of Byrd et al. (1995). For the 3D VTI example, the model is updated

with the nonlinear conjugate-gradient algorithm (Hager and Zhang, 2006).

Accounting for lateral heterogeneity becomes highly challenging for complicated models such as Mar-

mousi. Therefore, as mentioned earlier, in the elastic isotropic example we use multiple wells and build the

prior model with image-guided interpolation based on the conventional reverse time migration (RTM) image,

which is updated for each frequency band.
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2.3 Numerical examples

2.3.1 Isotropic Marmousi model

The algorithm is �rst tested on the elastic isotropic Marmousi model (Martin et al., 2006), which is 10

km wide and 3.48 km thick (Figure 2.2(a), (c), and (e)). The modeling operator uses an 8th -order �nite-

di�erence scheme with PML boundary conditions to solve the elastic wave equation. The data are generated

by 100 shots and recorded by 400 receivers, which are evenly distributed along the line and placed 40 m and

80 m, respectively, beneath the surface. The input data are the vertical and horizontal particle velocities.

The medium is parameterized by the P-wave (VP ) and S-wave (VS) velocities and density (� ). The algorithm

is designed to invert for all three parameters using the inversion gradients presented by K•ohn et al. (2012).

(a) (b)

(c) (d)

(e) (f)

Figure 2.2 Parameters of the Marmousi model: (a) P-wave velocity (VP ), (c) S-wave velocity (VS), and (e)
density (� ). Initial models of (b) VP , (d) VS, and (f) � .

First, we conduct this test using a relatively accurate initial model obtained by smoothing the actual

parameter distributions with a Gaussian function (Figure 2.2(b), (d), and (f)). The smoothing is designed

to preserve the long-wavelength components of the actual model. Still, conventional (unconstrained) FWI
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requires low frequencies (down to 2 Hz) to reconstruct the medium parameters. We apply conventional FWI

assuming that frequencies below 4 Hz are unavailable, which is usually the case in practice; the inversion

operates with four frequency bands (4-6 Hz, 4-10 Hz, 4-14 Hz, 4-20 Hz). We follow the gradient precon-

ditioning scheme described by Plessix and Mulder (2004) which compensates for amplitude decay due to

geometric spreading. That allows us to de�neW d in equation 2.1 as an identity matrix. The �nal inverted

models (Figure 2.3(a), (c), and (e)) and parameter pro�les (Figure 2.4) reveal the problems caused by the

absence of low frequencies. The velocitiesVP and VS are distorted in the deeper part of the section, and

errors in VS are visible even up shallow. The estimated density also signi�cantly deviates from the actual

model.

(a) (b)

(c) (d)

(e) (f)

Figure 2.3 Results of the conventional FWI: (a) VP , (c) VS, and (e) � . The results of the facies-based FWI:
(b) VP , (d) VS, and (f) � . The frequency range for the inversion is 4-20 Hz.

To �nd out whether information about facies can compensate for the lack of low frequencies, we apply

our facies-constrained algorithm for the same frequency range starting at 4 Hz. Rock-physics constraints are

incorporated into the inversion work
ow using the vertical parameter pro�les \well log") at several locations
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along the line (Figure 2.5). The facies information for the well logs is obtained from Martin et al. (2006).

Because the model is strongly heterogeneous, multiple well logs are required to produce a su�ciently detailed

con�dence model, which is created by image-guided interpolation. The high accuracy of the image obtained

by conventional RTM makes it possible to de�ne W m in equation 2.1 as an identity matrix (as mentioned

above, W d is an identity matrix as well). In our implementation, the prior-model term in equation 2.1 is

scaled by the factor � . For each inversion stage,� is gradually reduced with iterations, which improves

convergence toward the actual model. Values of� for �eld-data application should depend on the accuracy

of the prior model and data quality.

(a) (b)

Figure 2.4 Vertical parameter pro�les at x = 6 km: the actual (blue line), initial (black), and inverted
(orange) parameters. The inversion is carried out by (a) conventional FWI and (b) facies-based FWI.

Figure 2.5 Locations of the well logs (red triangles) used for image-guided interpolation.

The con�dence models for all parameters are computed from the facies data using the Bayesian framework

discussed above. The facies-based algorithm increases the spatial resolution (Figure 2.3(b), (d), and (f)) and

estimates the model parameters with much higher accuracy than conventional FWI (Figure 2.4).
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Next, we create initial parameter distributions which deviate further from the actual model compared

with the previous test. The initial 1D model is generated from well-log data at location x = 0.8 km with

mild smoothing in the vertical direction (Figure 2.6(a)-(c)). This time, we assume that the lowest available

frequency is 2 Hz rather than 4 Hz. Using the same frequency range as in the previous test (starting at 4

Hz) does not produce satisfactory results even with the facies-based constraints because the initial model is

strongly distorted.

(a)

(b)

(c)

Figure 2.6 Initial parameters for the model in Figure 2.2(a,c,d): (a) VP , (b) VS, and (c) � .

The conventional FWI is applied with a multiscale approach for the following frequency bands: 2-5 Hz, 2-

8 Hz, 2-13 Hz and 2-20 Hz. The �nal inverted models for the new initial model and set of frequency bands are

shown in Figure 2.7(a), (c), and (e) and the vertical parameter pro�les in Figure 2.8. Similar to the previous

example, conventional FWI produces large errors in all three parameters, especially at depth. Supplementing

the inversion work
ow with facies-based constraints substantially improves the results (Figure 2.7(b), (d),

and (f)). The superior performance of the facies-based FWI is particularly visible in the parameter pro�les

(Figure 2.8).
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(a) (b)

(c) (d)

(e) (f)

Figure 2.7 Inversion results for the initial model in Figure 6.2. Conventional FWI: (a) VP , (c) VS, and (e) � .
Facies-based FWI: (b) VP , (d) VS, and (f) � . The frequency range is 2-20 Hz.

(a) (b)

Figure 2.8 Vertical pro�les at x = 6 km: the actual (blue line), initial (black), and inverted (orange)
parameters. The inversion is carried out by (a) conventional FWI and (b) facies-based FWI with the initial
model from Figure 6. The frequency range is 2{20 Hz.
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2.3.2 VTI model

The proposed technique was extended to VTI media parameterized by the P-wave and S-wave vertical

velocities (W P0 and W S0), the P-wave normal-moveout and horizontal velocities (W nmo ;P and W hor ;P ) and

the SH-wave horizontal velocity (W hor ;SH ) (Kamath and Tsvankin, 2016). Here, we present the results of

an initial test for a relatively simple 3D elastic VTI medium composed of coarse horizontal layers (Figure

2.9(a)). To simulate the wave�eld, we extend to TI media a time-domain 3D elastic isotropic �nite-di�erence

modeling code, SOFI3D (Bohlen, 2002). Synthetic data are generated for a total of 100 sources and 2916

receivers, which are evenly distributed over the surface at a depth of 10 m and 20 m, respectively. The density

is kept constant throughout the model and is assumed known. The initial models represent smoothed versions

of the actual parameter distributions that preserve the long-wavelength model components (Figure 2.9(b)).

(a) (b)

(c) (d)

Figure 2.9 Actual (a) and initial (b) P-wave vertical velocity ( VP) ) of a 3D elastic VTI model. The inverted
VP0 obtained by (c) conventional FWI and (d) facies-based FWI.

We adapt and generalize for 3D the 2D time-domain inversion gradients for the above parameteriza-

tion from Kamath and Tsvankin (2016). To optimize memory usage, the gradients are computed from the

frequency-domain forward and adjoint wave�eld for several discrete frequencies. The discrete Fourier trans-

form is applied to obtain the monochromatic wave�elds for both forward and adjoint propagation. These
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wave�elds are then cross-correlated and summed over all available discrete frequencies. Therefore, no storage

of the time-domain wave�elds at di�erent time steps is required.

The conventional (unconstrained) inversion is applied with a multiscale approach using eight frequency

bands in the range 4-20 Hz (the frequency increment is 0.3 Hz). Despite the simplicity of the structural

model, the conventional method fails to produce a noticeable improvement in the resolution of the inverted

parameters (Figure 2.9(c) and Figure 2.10). In contrast, the facies-based constraints result in proper param-

eter updates and help guide the algorithm toward the actual model (Figure 2.9(d) and Figure 2.10).

2.4 Conclusions

We presented an e�cient methodology for incorporating rock-physics constraints into the FWI work
ow.

A con�dence model with the facies information, computed using the Bayesian framework, helps resolve the

medium parameters with high spatial resolution. Synthetic tests on elastic isotropic and anisotropic models

demonstrate the advantages of the facies-based FWI over the conventional algorithm and its potential as

a reservoir-characterization tool. For the isotropic Marmousi model the facies information was obtained

from multiple well logs sparsely located in space. This information was employed in combination with

image-guided interpolation to create the prior parameter distributions. The generated con�dence model is

updated at each iteration and used as a constraint in the FWI work
ow. The algorithm was tested with

two di�erent frequency bands. For relatively accurate initial parameter distributions, the lowest frequency

was set to 4 Hz, whereas for a more distorted initial model the lower bound of the frequency range was

reduced to 2 Hz. The methodology was also extended to transversely isotropic media and applied to a 3D

elastic VTI model parameterized by �ve velocities and density. In both tests, the facies-based FWI was able

to mitigate parameter trade-o�s that hamper conventional inversion and produce a high-resolution model

without ultra-low frequencies in the data.

2.5 Acknowledgments

We thank the members of the A(anisotropy)-Team at the Center for Wave Phenomena (CWP) for useful

discussions. This work was supported by the Consortium Project on Seismic Inverse Methods for Complex

Structures at the Center for Wave Phenomena (CWP) and competitive research funding from the King

Abdullah University of Science and Technology (KAUST).

15



(a)

(b)

Figure 2.10 Vertical pro�les at location x = y = 1 km: the actual (blue line), initial (black), and inverted
(orange) parameters. The inversion is carried out by conventional FWI (top row) and facies-based FWI
(bottom row). The frequency range is 4-20 Hz.
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CHAPTER 3

FULL-WAVEFORM INVERSION WITH BOREHOLE CONSTRAINTS FOR ELASTIC VTI MEDIA

A paper published in Geophysics1.

Sagar Singh2, Ilya Tsvankin 2, and Ehsan Zabihi Naeini 3

The nonlinearity of full-waveform inversion (FWI) and parameter trade-o�s can prevent convergence

toward the actual model, especially for elastic anisotropic media. The problems with parameter updating

become particularly severe if ultra-low-frequency seismic data are unavailable and the initial model is not

su�ciently accurate. We propose a robust way to constrain the inversion work
ow using borehole information

obtained from well logs. These constraints are included in the form of rock-physics relationships for di�erent

geologic facies (e.g., shale, sand, salt, limestone). We develop a multiscale FWI algorithm for transversely

isotropic media with a vertical symmetry axis (VTI media) that incorporates facies information through

a regularization term in the objective function. That term is updated during the inversion by employing

the models obtained at the previous inversion stage. To account for lateral heterogeneity between sparse

borehole locations, we employ an image-guided smoothing algorithm. Numerical testing for structurally

complex anisotropic media demonstrates that the facies-based constraints may ensure the convergence of the

objective function towards the global minimum in the absence of ultra-low-frequency data and for simple

(even 1D) initial models. We test the algorithm on both clean data and on surface records contaminated by

Gaussian noise. The algorithm also produces a high-resolution facies model, which should be instrumental

in reservoir characterization.

3.1 Introduction

Full-waveform inversion (FWI) has been successfully applied to isotropic and anisotropic acoustic media

(Tarantola, 1984; Virieux and Operto, 2009; Biondi and Almomin, 2014; Wang and Tsvankin, 2018). How-

ever, extension of FWI to more realistic elastic (especially anisotropic) models without properly constraining

the inversion entails serious complications, such as trade-o�s between the model parameters (Plessix and

Cao, 2011; Kamath and Tsvankin, 2016; Wu and Alkhalifah, 2016) and signi�cantly increased computational

cost. The advent of computational technology makes application of FWI to such models feasible (Warner et

al., 2013; Marjanoví c et al., 2018; Kamath et al., 2017a) but parameter trade-o�s and the resulting loss of

spatial resolution impair the inversion results (Pan et al., 2020; Kamath and Tsvankin, 2016). Also, ultra-low

1Reprinted with permission of Geophysics, 85(6), R553-R563.
2Center for Wave Phenomena, Colorado School of Mines
3Earth Science Analytics, London, UK
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frequencies required by FWI to avoid cycle-skipping and improve convergence can seldom be recorded in

surface seismic surveys.

Hence, elastic FWI often fails if the initial model does not lie in the \basin of convergence" near the

global minimum of the objective function. Multicomponent data generally improve the resolution of the

model parameters, especially for anisotropic media (Singh et al., 2018, 2019). However, the signal-to-noise

ratio on the horizontal displacement components is often too low for their inclusion in FWI.

Therefore, it is essential to employ the best model parameterization for the problem at hand (Kamath et

al., 2017a). Parameter trade-o�s can also be reduced by Newton-based optimization methods that utilize the

inverse Hessian matrix (Operto et al., 2013; Pan et al., 2016). Such techniques, however, are computationally

expensive and could be ine�ective in multiparameter anisotropic FWI, which is typically characterized by a

highly multimodal objective function.

Among common approaches to stabilize model updating are regularization of the inversion procedure

and preconditioning of the inversion gradient (Alkhalifah et al., 2018; Tikhonov and Arsenin, 1977; Guitton,

2011; Loris et al., 2010). These techniques speed up the convergence of model updating but they require an

accurate initial model, and the regularized objective function has to operate with smoothed input data.

Recently, it has been proposed to employ so-called \optimal transport" objective functions to mitigate

cycle-skipping in FWI (e.g., M�etivier et al., 2018; Sun and Alkhalifah, 2019). Such methods increase the

convexity of the objective function even in the presence of signi�cant time shifts between the recorded and

modeled data. However, the optimal-transport approach usually relies on a highly accurate initial model to

resolve the deeper part of the section. Also, the signi�cant computational cost of this methodology makes

its application problematic for 3D �eld data sets. Wave-equation-based migration velocity analysis (MVA)

is another method that could be e�ective in improving the accuracy of the velocity model and, therefore,

suppressing cycle-skipping in FWI (Sun and Alkhalifah, 2018; Li et al., 2019a,b).

The accuracy and spatial resolution of FWI can be increased by incorporating prior information about the

subsurface as a constraint in model updating (e.g., Guitton et al.,, 2012; Asnaashari et al., 2013). Whereas

such prior information can be obtained from well logs, the sparseness of borehole locations makes it di�cult

to account for realistic lateral heterogeneity. Kemper and Gunning (2014) and Zabihi Naeini and Exley

(2017) propose a framework for AVO (amplitude-variation-with-o�set) analysis which employs rock-physics

relationships for each facies to increase the accuracy of parameter estimation. A similar methodology for

FWI, presented by Kamath et al. (2017b) and Zhang et al. (2018), has produced promising results (Zhang

et al., 2017; Singh et al., 2018). However, because Kamath et al. (2017b) incorporate information from a

single borehole, an incorrect facies can be assigned to certain grid points for structurally complicated models

with pronounced lateral gradients. The same issue leads to artifacts (e.g., edge distortions) in the inversion
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results of Zhang et al. (2017, 2018).

Singh et al. (2018) propose an image-guided interpolation technique to build a prior con�dence model

that accounts for lateral heterogeneity. A Bayesian framework is then used to update that con�dence model

at each iteration. The results of Singh et al. (2018) show that facies-based constraints can guide FWI

towards the global minimum, even if the initial model is substantially distorted.

Further improvement in the resolution of elastic FWI can be achieved by incorporating constraints that

include all available facies. These facies (e.g., shale, sand, limestone, salt, etc.) can be identi�ed at bore-

hole locations from rock-physics relationships for the elastic parameters. The spatial distribution of these

constraints can be built by image-guided interpolation that accounts for lateral heterogeneity (Zabihi Naeini

and Hale, 2015). Although facies-based constraints are obtained from prior facies information, they can be

updated using the inverted model parameters.

Here, we develop a multiscale FWI algorithm for VTI media that includes facies information as a regular-

ization term in the objective function. That term is updated during the inversion by evaluating the models

obtained at the previous inversion stage. The estimates of the spatial facies distribution typically improve

as the inversion progresses, which results in more accurate model constraints.

We start by discussing the conventional FWI work
ow for elastic VTI media and the main issues that

can cause deterioration of the inversion results. Then we outline an e�cient approach to constructing

facies-based model constraints from available rock-physics relationships. The algorithm is applied to the

2D VTI Marmousi model with two di�erent initial parameter �elds that provide a good approximation

for the re
ection traveltimes. We carry out the inversion using geophone (multicomponent) data as well

as hydrophone (pressure) recordings. Comparison with conventional (unconstrained) FWI demonstrates

the bene�ts of facies-based constraints in suppressing the inversion nonlinearity and increasing parameter

resolution.

3.2 Waveform inversion for VTI media

Conventional FWI algorithms employ the least-squares objective functionEd (m) to minimize the mis�t

between the simulated and observed seismic data:

Ed (m) = jjW d (dsim � dobs)jj2; (3.1)

where dobs denotes the recorded data,dsim is the data simulated for a certain trial model, and W d is a

data-weighting operator designed to make the objective function dimensionless.
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Multiparameter models generally make the inverse problem more nonlinear and may increase the number

of local minima of the objective function. In that case, the initial model has to lie in the immediate vicinity

(basin of convergence) of the global minimum. Then the inversion can be implemented via an e�cient local

gradient-based approach:

m i +1 = m i + � i P i ; (3.2)

where m i is the model-parameter vector at the i th iteration, � i is the step length, and P i is the direction

of the model updating. Below we supplement the conventional objective function in equation 3.1 with

facies-based constraints.

To model seismic data for VTI media, we use the elastic wave equation:
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where u is the displacement �eld, � is the density, F is the body force per unit volume andcijkl (i; j; k; l =

1; 2; 3) are the sti�ness coe�cients; summation over repeated indices is implied. The pressure data can be

simulated by summation of the diagonal components of the stress tensor. The gradient of the objective

function with respect to the model parameters is computed from the adjoint-state method (e.g., Kamath

and Tsvankin, 2016):

@Ed (m)
@m

= �
h@dsim

@m

i
W T

d W d (dobs � dsim ); (3.4)

the subscript \ T" denotes the transpose.

The relationships between the sti�ness coe�cients and VTI parameters, as well as the exact expressions

for the FWI gradient can be found in Appendix A. For the numerical examples below, iterative parameter

updating is carried out with a multiscale approach using the nonlinear conjugate-gradient algorithm (e.g.,

Hager and Zhang, 2006).

3.3 Facies-based constraints as a regularization term

We supplement the conventional data-�tting objective function Ed (m) in equation 3.1 with facies-based

constraints as follows:

E(m) = Ed (m) + � E f (m) ; (3.5)
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E f (m) = jjW m (m inv � m f )jj2: (3.6)

Here, the vector m f represents the facies-based constraints,m inv is the inverted model, � is a scaling

factor, and W m is a diagonal scaling matrix designed to make the facies-based term dimensionless and to

assign larger weights to data around borehole locations, where accurate lithologic information is available.

The gradient of the objective function in equation 3.5 can be found as follows:

@E(m)
@m

= �
h@dsim

@m

i
W T

d W d (dobs � dsim ) + � W T
m W m (m inv � m f ); (3.7)

the �rst term on the right-hand side of equation 3.7 corresponds to the derivative of equation 3.6 with respect

to the model vector.

The prior rock-physics constraints in the term Ef (m) are supposed to be based on the identi�ed geologic

facies, which are typically determined by an interpreter using indirect measurements (e.g., well logs). The

facies-based term is similar to that in Singh et al. (2018), where the initial constraints are obtained from

image-guided interpolation (Zabihi Naeini and Hale, 2015). After identifying facies at the available borehole

locations, the borehole data are used to determine the elastic properties for each facies (herein referred to

as \depth trends").

Interpolation or extrapolation of sparse well-log data may not properly account for substantial lateral

heterogeneity. The realizations (f realize ) of di�erent lithologic facies (such as shale, sand, lime, etc.) are

obtained by employing the facies relationships (p) combined with the model (m) computed by image-guided

interpolation:

f x
realize = F (m)jpx ; (3.8)

where x is the facies number, which ranges from one toN (N corresponds to the total number of identi�ed

facies), andF is a function that generates the elastic model by applying the identi�ed facies relationshipsp.

The facies classi�cation is based on the realization that provides the best match with the grid-point (i; j )

value in the interpolated model:

facies(i; j ) := min
x =1 ;2:::N

f f x
realize (i; j ) � m(i; j )g: (3.9)

Equation 3.9 produces an integer between 1 toN that identi�es the facies present at a certain grid point.

Then the best-matched elastic property (mf ) is assigned using the depth trends (DT ) for that facies:
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mf (i; j ) := min
n =1 :::k

f minv (i; j ) � DT (n)jfacies ( i;j ) g; (3.10)

where k is total number of the parameter values inDT that corresponds to a certain facies.

Because the constraints depend on the parameters estimated at each inversion stage along with the facies

identi�ed in the well-logs, the facies-based updates are in
uenced by the inversion results. Therefore, we

refer to these constraints as \facies-based models." Hence, the FWI work
ow is constrained by the rock-

physics relationships for each individual facies. In addition to the estimated parameters (m inv ), the algorithm

produces the �nal facies-based models (m f ), which could be e�ciently used in reservoir characterization.

3.4 Synthetic test on VTI Marmousi model

We test the proposed methodology on the modi�ed 2D elastic VTI Marmousi model (Martin et al., 2006).

The elastic wave equation 3.3 is solved using a fourth-order �nite-di�erence algorithm on a staggered grid

with CPML (convolutional perfectly matched layers) boundary conditions on the sides of the model and a

free surface on top. The medium is parameterized by the P- and S-wave vertical velocities (VP0 and VS0) and

the P-wave horizontal and normal-moveout velocities (Vhor ;P and Vnmo ;P ). These four parameters control

the signatures of the in-plane polarized P- and SV-waves in VTI media.

The advantages of this parameterization in mitigating the parameter trade-o�s are discussed by Kamath

et al. (2017a). In addition, all parameters have the same units and, typically, a similar spatial structure.

Therefore, a single migrated section can be used for image-guided interpolation. Also, the inversion gradients

for all parameters are expected to have comparable magnitudes. The horizontal and NMO velocities can be

expressed through the Thomsen parameters� and � as (Tsvankin, 2012):

Vhor ;P = VP0
p

1 + 2� ;

Vnmo ;P = VP0
p

1 + 2� :
(3.11)

For our version of the Marmousi model, we de�ne the anisotropy coe�cients through the density as

follows: � = 0 :25� � 0:3 and � = 0 :125� � 0:1 (Duan and Sava, 2016). (Note that in general the density and

anisotropy coe�cients may not be related. The anisotropy parameters can potentially serve as additional

facies indicators for �ne-tuning the facies classi�cation and rock-physics relationships.) The section is overlaid

by a 460 m-thick water layer (Figure 3.1a, 3.1d, 3.1g, 3.1j, and 3.1m). To illustrate the strength of anisotropy

for this model, Figure 3.2 shows Thomsen's anisotropy coe�cients� and � .

We generate both pressure data that simulate hydrophone recordings and multicomponent data that

could be acquired on the sea
oor. The wave�eld is excited by 116 shots and recorded by 400 receivers

evenly distributed along the line and placed 40 m and 460 m, respectively, beneath the surface. The receiver
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locations are the same for both hydrophone and geophone data. The source represents a point explosion;

the source signal is a Ricker wavelet with a central frequency of 10 Hz.

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n) (o)

Figure 3.1 Parameters of the VTI Marmousi model: (a) the P-wave vertical velocity (VP0 ), (d) the S-wave
vertical velocity ( VS0), (g) the P-wave horizontal velocity ( Vhor ;P ), (j) the P-wave normal-moveout velocity
(Vnmo ;P ), and (m) the density ( � ). The corresponding 1D initial models of (b) VP0 , (e) VS0, (h) Vhor ;P , (k)
Vnmo ;P , and (n) � and 2D smoothed initial models of (c)VP0 , (f) VS0, (i) Vhor ;P , (l) Vnmo ;P , and (o) � .

The source wavelet and recorded data are �ltered (using the selected frequency range, see below) prior

to the inversion. To improve the convergence of the optimization method and avoid local minima of the

objective function, the amplitude decay with depth due to geometric spreading and multiple re
ections in the

overburden needs to be compensated for. We precondition the gradients using the inverse Hessian matrix,

which is obtained by the zero-lag correlation of the magnitude of the forward wave�eld with an approximate
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receiver Green's function (Plessix and Mulder, 2004). This procedure eliminates the need for additional data

weighting, so each element ofW d in equation 3.1 is set to unity (note that the units of W d are 1/dim( d)).

The algorithm is designed to estimate all �ve pertinent medium parameters (VP0 , VS0, Vhor ;P , Vnmo ;P , and � )

simultaneously using the inversion gradients listed in Appendix A. The low frequencies in the 0-2 Hz range,

which can seldom be acquired in the �eld, are �ltered out from the observed data.

(a) (b)

Figure 3.2 Thomsen's anisotropy coe�cients of the Marmousi model: (a) � and (b) � .

Figure 3.3 Vertical pro�les of the VTI parameters at x = 6 km. The actual parameters are marked by the
blue lines and the corresponding initial parameters (the initial model is 1D) used for FWI are in black.
The red and yellow lines mark the inversion results for pressure data obtained by the unconstrained and
facies-based FWI, respectively.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n) (o)

Figure 3.4 Results of the conventional FWI of pressure data using the 1D initial model in Figures 1 and 2:
(a) VP0 , (d) VS0, (g) Vhor ;P , (j) Vnmo ;P , and (m) � . The corresponding results of the facies-based FWI: (b)
VP0 , (e) VS0, (h) Vhor ;P , (k) Vnmo ;P , and (n) � . The results of the facies-based FWI using multicomponent
data: (c) VP0 , (f) VS0, (i) Vhor ;P , (l) Vnmo ;P , and (o) � . The frequency range for the inversion is 2{20 Hz.
Areas of major improvements achieved by the facies-based FWI are marked by ellipses.

3.4.1 Inversion with 1D initial model

First, we use a 1D initial model (Figure 3.1b, 3.1e, 3.1h, 3.1k, and 3.1n) obtained at one of the bore-

hole locations (x=1.2 km). Figure 3.3 displays vertical pro�les that illustrate the deviations of the initial

parameters from the actual values and the inversion results obtained by both conventional FWI and our

algorithm.
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Figure 3.5 Interpolated density model obtained using borehole data at the two locations marked by the
vertical lines (x = 1.2 km and 8.4 km).

The output of FWI without facies-based constraints is shown in Figure 3.4 [a, d, g, j, and m]; the inversion

was performed for pressure (hydrophone) data from all shots in four frequency bands (2{3 Hz, 2{5 Hz, 2{10

Hz, 2{20 Hz). Whereas the estimates of the vertical velocities (VP0 and VS0) and the P-wave horizontal

velocity (Vhor ;P ) are su�ciently accurate at least in the upper part of the section ( z < 1.5 km), the P-wave

NMO velocity and density are strongly distorted even up shallow. The errors in the model parameters

increase with depth due to the absence of low frequencies, inaccurate initial model, and parameter trade-o�s

(Figure 3.3). For example, on the left side (x < 3 km) of the section the re
ector positions are inaccurate

and the shape of the salt intrusion is distorted (2.8< z < 3.2 km).

(a) (b)

Figure 3.6 Facies relationships at the borehole locations. The cross-plots of (a) [VP0 , VS0] and (b) [V P0 , � ].
The [VP0 , � ] cross-plot is used to assign the facies at each grid point because the curves for di�erent facies
on plot (b) dot not overlap.
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