
 

 

 

 

 

 

PARTS-BASED GEOPHYSICAL INVERSION WITH APPLICATION TO WATER FLOODING  

INTERFACE DETECTION AND GEOLOGICAL FACIES  DETECTION  

 

 

 

 

 

 

 

by  

Junwei Zhang 



ii  

 

 

A thesis submitted to the Faculty and the Board of Trustees of the Colorado School of 

Mines in partial fulfillment of the requirements for the degree of Doctor of Philosophy 

(Geophysical Engineering). 

 

 

 

   Golden, Colorado 

 

   Date____________ 

        Signed:_________________ 

          Junwei Zhang 

 

        Signed:_________________ 

                  Dr. André Revil 

    

 

Golden, Colorado 

   Date____________ 

 

 

 

        Signed:_________________ 

         Dr. Terence K. Young  

    Professor and Head  

    Department of Geophysics 



iii  

ABSTRACT 

I built parts-based and manifold based mathematical learning model for the geophysical 

inverse problem and I applied this approach to two problems. One is related to the detection of 

the oil-water encroachment front during the water flooding of an oil reservoir. In this application, 

I propose a new 4D inversion approach based on the Gauss-Newton approach to invert time-

lapse cross-well resistance data. The goal of this study is to image the position of the oil-water 

encroachment front in a heterogeneous clayey sand reservoir. This approach is based on 

explicitly connecting the change of resistivity to the petrophysical properties controlling the 

position of the front (porosity and permeability) and to the saturation of the water phase through 

a petrophysical resistivity model accounting for bulk and surface conductivity contributions and 

saturation.  The distributions of the permeability and porosity are also inverted using the time-

lapse resistivity data in order to better reconstruct the position of the oil water encroachment 

front.  In our synthetic test case, we get a better position of the front with the by-products of 

porosity and permeability inferences near the flow trajectory and close to the wells.  The 

numerical simulations show that the position of the front is recovered well but the distribution of 

the recovered porosity and permeability is only fair. A comparison with a commercial code based 

on a classical Gauss-Newton approach with no information provided by the two-phase flow 

model fails to recover the position of the front.  The new approach could be also used for the 

time-lapse monitoring of various processes in both geothermal fields and oil and gas reservoirs 

using a combination of geophysical methods. A paper has been published in Geophysical Journal 

International on this topic and I am the first author of this paper. 

The second application is related to the detection of geological facies boundaries and 

their deforation to satisfy to geophysica data and prior distributions. We pose the geophysical 

inverse problem in terms of Gaussian random fields with mean functions controlled by 

petrophysical relationships and covariance functions controlled by a prior geological cross-

section, including the definition of spatial boundaries for the geological facies. The petrophysical 

relationship problem is formulated as a regression problem upon each facies. The inversion is 

performed in a Bayesian framework. We demonstrate the usefulness of this strategy using a first 

synthetic case study, performing a joint inversion of gravity and galvanometric resistivity data 
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with the stations all located at the ground surface. The joint inversion is used to recover the 

density and resistivity distributions of the subsurface. In a second step, we consider the 

possibility that the facies boundaries are deformable and their shapes are inverted as well. We use 

the level set approach to deform the facies boundaries preserving prior topological properties of 

the facies throughout the inversion. With the additional help of prior facies petrophysical 

relationships, topological characteristic of each facies, we make posterior inference about 

multiple geophysical tomograms based on their corresponding geophysical data misfits. The 

result of the inversion technique is encouraging when applied to a second synthetic case study, 

showing that we can recover the heterogeneities inside the facies, the mean values for the 

petrophysical properties, and, to some extent, the facies boundaries. A paper has been submitted 

to Geophysics on this topic and I am the first author of this paper.  

During this thesis, I also worked on the time lapse inversion problem of gravity data in 

collaboration with Marios Karaoulis and a paper was published in Geophysical Journal 

international on this topic. I also worked on the time-lapse inversion of cross-well geophysical 

data (seismic and resistivity) using both a structural approach named the cross-gradient approach 

and a petrophysical approach. A paper was published in Geophysics on this topic.  
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CHAPTER 1  
 

INTRODUCTION  
 

This work is dealing with the development of new inversion algorithm of geophysical 

data. We will briefly introduce the mathematical concept we are using in section  1.1 and two 

major application fields in section  1.2 and section 1.3.  

 
 1.1  Parts based learning and Manifold based learning 

 
When building a mathematical model for a given set of data, there are always important 

constraints like Akaike information criterion (AIC) (Akaike, 1998) to balance the size and 

complexity of model space. In the realm of geophysical inversion, there are two very distinct sets 

of techniques both respect the AIC measure in their own way. One type of approach called 

Tikhonov regularization (e.g., Tikhonov, 1943; Tikhonov and Arsenin, 1977) tries to solve for 

fully heterogeneous cells each with individual petrophysical properties regularized by stationary 

and isotropic correlations. For this type of approach, we have to sacrifice the complexity of 

model space for the size of unknown variables. Otherwise loss of computational speed and 

uniqueness (e.g., Mao et al., 2013) could be expected. Another set of methods with much 

complex model but very small variable size is however also possible. For example, explicit 

solution (usually in a quite complex expression) of geophysical or hydrological equations in 

homogeneous media could give rise to homogeneous model inversion for essential properties 

(e.g., Vasco, 2011).  If explicit solutions do not exist, stochastical inversion could also help us to 

explore a small sized but complex variable space (e.g., Jardani and Revil, 2009).  It is also very 

clear that for most partial differential equations (PDEs), explicit solution for heterogeneous 

media simply do not exist and exploring a huge and complex variable space may well go beyond 

the limit of state-of-art stochastical inversion capability. 

But is this model space complexity vs model space size problem really a holistic binary 

choice we could do nothing about? In the principle of parts based representation (Lee and Seung, 

1999), a new middle ground solution is proposed in that the large and complex world is actually 

built upon simplistic parts. Indeed, in most of geoscience problems, we are mostly interested 
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about how subsurface are stitched together by multiple zones each with geostatistical description 

of petrophysical properties taken as simple as possible. In this thesis, we will separate the whole 

geoscience model space into (1) the geometrical partition model space and (2) the parts-based 

petrophysical model space. We will see that the geometrical partition model, in the cell-based 

Eulerian framework (e.g., level set approach by Osher and Sethian, 1988), we use for multiple 

problems, is theoretically a much easier problem than the Tikhonov regularization approach 

while fixing the petrophysical parts.  And the parts based petrophysical property related problem 

is reduced to assumption taken by various authors in terms of explicit petrophysical model (e.g., 

Jougnot et al., 2010, Revil, 2013), explicit hydrological model (Vasco, 2011) while fixing the 

geometrical parts. This separation of geometrical model and petrophysical model, allowing 

arbitrary parts interface, is a much better approximation to a lot of geophysical problems without 

much loss of computational speed and solution uniqueness. Note that although a fully 

heterogeneous or even fully non-stationary anisotropic approach has been recently proposed, the 

so-called image-guided inversion (e.g., Zhou et al., 2014) to attempt a holistic stochastical 

solution of both large and complex model space, I think it requires a much stronger knowledge in 

terms of background image and could be theoretically challenging when both geometrical and 

petrophysical properties are not fully known.  

In modern mathematics, solution space for non-stationary heterogeneous anisotropic 

partial differential equations (PDE) is mostly represented as a manifold (e.g., Besse, 2007).  A 

manifold is a topological space that resembles our familiar solvable Euclidean space near each 

local point. The study of topological structure in the solution space derived from such non-

stationary PDE is considered especially important (e.g., Zeeman, 1967). While without directly 

jumping into the fully non-stationary case because of the aforementioned parts-based principle, 

our piece-wise stationary or piece-wise homogeneous work in this thesis shall still preserve the 

topological properties among multiple parts implicitly in water flooding interface problem and 

explicitly in facies detection problem using (Bogovic et al 2013). The geoscience expertise is 

actually quite capable in providing us with such topological properties regularizing how multiple 

parts connect to each other. For example, in the water-flooding problem, the spatial sequence of 

multiple phases (e.g., oil, water, gas) in reservoir is considered common sense prior knowledge. 

This sequence property is certainly preserved though continuous deformation each phase area 

governed by multi-phase flow equation. Another geoscience example of topological properties 
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would constitute a whole field of study in the name of Sequential Stratigraphy. The prior 

geologic expertise should give very little clue about the exact shape of facies faraway from 

outcrops and boreholes. But the assumption of paleo-environment, paleo-current and paleo-

climate could really tell us the topological properties of stratigraphic certainty (for instance 

Dufour et al., 2002).  Geologically constraining the model space through the relatively loose 

topology preserving constraints is therefore more meaningful than constraining nothing (e.g., 

Tikhonov, 1943) or over-constraining in a holistic non-stationary stochastical fashion (Zhou et 

al., 2014). Note that although topological constraints seem quite loose and flexible, it is not a 

trivial thing to preserve it in geophysical inversion. Without explicitly enforcing the topological 

constraints, even the most restrictive image-guided non-stationary constrains could easily break 

certain basic geologic common sense in complex subsurface scenario. 

 
 1.2  Geophysical inverse problem for water flooding interface detection 

 
The early detection of the oil-water encroachment front is of prime interest during the 

water flooding of an oil reservoir to maximize the production of oil and to avoid the oil-water 

encroachment front to come too close to production wells.  In this thesis, we propose three 4D 

inversion approach based on the Gauss-Newton method to invert (1) cross-well DC resistivity 

data in (Zhang and Revil 2015), (2) cross-well DC resistivity seismic joint data set in (Karaoulis 

et al., 2012) and (3) gravity data in (Karaoulis et al., 2014). All three studies contribute to image 

the position of the oil-water encroachment front in a heterogeneous clayey sand reservoir and to 

the general parts-based learning approach this thesis advocates.  The inversion technique 

reported in Zhang and Revil (2015) is especially tailored for water flooding interface detection 

problem with the help of explicit approximated solution of two-phase flow equation (Vasco 2010 

and Vasco et al. 2014).  

In a second study of (Karaoulis et al., 2012) and third study (Karaoulis et al., 2014) we 

proposed a general time-lapse joint inversion method with water flooding interface detection 

only as one of its application area. I mainly contribute to the water flooding forward modeling 

and geothermal forward modeling to test these two new general time-lapse joint inversion 

methods. In the following subsection I will briefly introduce the main idea of the first study and 

the water flooding parts of the second and third studies. 
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 1.2.1  Cross-well DC resistivity data inversion tailored for water flooding 
interface detection 

 
This study is based on explicitly connecting the change of resistivity to the petrophysical 

properties (porosity and permeability) controlling the position of the front through a streamline 

two-phase flow model (Vasco 2010 and Vasco et al. 2014) and a petrophysical resistivity model 

accounting for bulk and surface conductivity contributions and saturation (Jougnot et al., 2010; 

Revil, 2013).The distributions of the permeability and porosity are derived from a petrophysical 

model developed by Revil and Cathles (1999). The parameters of this model are also inverted 

using the time-lapse resistivity data in order to better reconstruct the position of the oil water 

encroachment front. In our synthetic test case, we get a better position of the front with the by-

products of porosity and permeability inferences near the flow trajectory and close to the wells.  

The numerical simulations show that the position of the front is recovered well but the 

distribution of the recovered porosity and permeability is only fair. A comparison with a 

commercial code based on a classical Gauss-Newton approach with no information provided by 

the two-phase flow model fails to recover the position of the front. The new approach could be 

used for the time-lapse monitoring of various processes in both geothermal fields and oil and gas 

reservoirs using a combination of geophysical methods.  

 
 1.2.2  General 4D time-lapse cross-well DC resistivity and seismic joint 

inversion for water flooding interface detection 
 
In this study, general time-lapse inverse problem with active time constraint (developed 

by Kim et al., 2009 and Karaoulis et al., 2011a, b) for cross-well DC resistivity and seismic joint 

data are proposed. The Structural Cross-Gradient (SCG) joint inversion approach (see Gallardo 

and Meju, 2003, Linde et al., 2006, 2008) and the Cross-Petrophysical (CP) approach (e.g., 

Hertrich and Yaramanci, 2002; Rabaute et al., 2003; Kowalsky et al., 2006; Woodruff et al., 

2010) are used to link these two types of data set in a time lapse framework for the joint 

inversion of geophysical data. 

In terms of the application to water flooding interface detection problem, we have 

evaluated the joint time-lapse inversion of DC resistivity and seismic data from a synthetic cross-

well tomography test, which can be used to improve the monitoring of a target changing position 

and shape over time. This was done by generating a sequence of snapshots showing a target 
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moving between two wells inside a homogeneous background. The SCG and CP approaches 

improves the localization of the areas characterized by a gradient in the resistivity and seismic 

velocities or simultaneous changes in the material properties, as well as takes advantage of the 

different and complementary sensitivities of the DC resistivity and seismic problems. We show 

that the joint time-lapse inversion of the resistivity and seismic data improves the image of the 

target for cross-well tomography by comparison with independent inversion of the geophysical 

data. 

 
 1.2.3  General 4D time-lapse gravity data inversion for water flooding 

interface detection 
 
In this study, we have developed a new time-lapse approach with active time constraint to 

invert 4D gravity data.  This approach adds time constraints to the model and reduces inversion 

artifacts as long as the noise present in the data is not correlated over time.  The method has been 

applied to three different problems to test its efficiency.   

For the water flooding interface detection problem, a numerical application with same 

assumption as (Karaoulis et al., 2012) discussed in previous subsection is considered to the case 

of the water flooding of a reservoir.  In this case, we showed that the time-lapse inversion of the 

borehole gravity data can be used to recover the position of the oil water encroachment front.  

 
 1.3  Geophysical inverse problem for geological facies detection 

 
The importance of facies has been recognized in the literature for both the inversion of 

combined hydrogeological and geophysical data (e.g., Cardiff and Kitadinis, 2009) and the 

inversion of various geophysical datasets (Bosch, 1999; Bosch et al., 2001, 2004; Grana et al., 

2012; Guillen et al., 2007). The goal of our paper is to present such parts based facies approach 

upon multiple geophysical datasets while respect certain topological constraints.  

In the first case, we explore a facies-wise stationary assumption to invert gravity and 

galvanometric resistivity data joint dataset. The facies boundary is moved by the multi-object 

topology-preserving level set algorithm of  (Bogovic et al 2013). The within facies stationary 

heterogeneity is also considered with additional constraint of density-DC resistivity petro-

physical clustering model similar to Sun and Li (2012). The inversion is performed in a Bayesian 

framework. We demonstrate the usefulness of this strategy using two synthetic case studies, 
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performing a joint inversion to recover the density and resistivity distributions of the subsurface. 

With the additional help of prior facies petrophysical relationships, topological characteristic of 

each facies, we make posterior inference about multiple geophysical tomograms based on their 

corresponding geophysical data misfits. The result of the inversion technique is encouraging 

when applied to two synthetic case studies, showing that we can recover the heterogeneities 

inside the facies, the clustered mean curve for the petrophysical relationships, and, to some 

extent, the facies boundaries. 
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CHAPTER 2  
 

CROSS-WELL DC RESISTIVITY DATA INVERSION TAILORED  
FOR WATER FLOODING INTERFACE DETECTION  

Reproduced with permission from publication in Geophysical Journal International,  

Junwei Zhang1, André Revil2, 

 
 2.1    Abstract 

 
Water flooding is a common secondary oil recovery process in which water is injected 

into the reservoir through injection wells in order to push the oil into a set of production wells.  

Predicting and monitoring the location of the saturation front is an important task to prevent 

early water breakthrough and to increase vertical displacement efficiency in an intelligent well 

design (Jackson et al., 2005).  Several geophysical methods like seismic and self-potential have 

been applied to enhance the accuracy and uniqueness of flood front prediction (Jaafar et al., 

2009, Lumley et al., 2001).  Karaoulis et al. (2012) proposed recently a joint inversion approach 

of resistivity and seismic data to retrieve the position of the saturation front and various 

strategies have been developed recently for the joint inversion of geophysical datasets (see for 

instance Linde et al., 2006, 2008, Jardani et al., 2013, and Moorkamp et al., 2011). 

In the two last decades, time-lapse resistivity has been applied to a number of problems in 

Earth geosciences and medical imaging.  Examples include the remediation of contaminant 

plumes (Johnson et al., 2010), hydrothermal processes (Legaz et al., 2009), and salt tracer tests 

(Müller et al., 2010), just to cite few examples.  Traditionally, resistivity and time-lapse 

resistivity are performed, and the resulting tomograms are then interpreted for properties of 

interest such as temperature, salinity, or saturation through petrophysical transforms (e.g., Naudet 

et al., 2004; Nguyen et al., 2009; Robert et al., 2012). Various spatiotemporal regularization 

approaches have been proposed in the literature (see Johnson et al., 2010 for a discussion of  
1(Department of Geophysics, Colorado School of Mines, Golden, CO 80401, 
USA.arevil@mines.edu), 2(Department of Geophysics, Colorado School of Mines, Golden, CO 
80401, USA; ISTerre, CNRS, UMR CNRS 5275, Université Savoie Mont-Blanc, F-73376 cedex, 
Le Bourget du Lac, France) 

mailto:USA.arevil@mines.edu),
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regularization in space and LaBreque & Yang, 2001;Miller et al., 2008, Kim et al., 2009, 

Karaoulis et al., 2011a, b for time-lapse regularization schemes). Pollock & Cirpka (2012) 

developed recently a fully coupled approach of time-lapse resistivity for salt tracer tests in the 

realm of hydrogeophysics (see also Kowalsky et al., 2006 and Jardani et al., 2013).  

Incorporating additional physics of a given process can help to reduce the non-uniqueness of the 

inverse problem. This requires however to bridge the gap between (reactive) transport modeling 

and geophysica observable by putting the petropysics upfront and not merely downfront as done 

too often in geophysics. 

We develop below a new approach in which we couple directly the two-phase flow 

modeling of the water flooding of the reservoir to the cross-well time-lapse resistivity data. The 

resulting 4D inversion algorithm is based on the Gauss-Newton algorithm with Tikhonov 

regularization directly applied on the stochastically generated permeability and porosity 

distributions using a petrophysical electrical conductivity model valid for shaly sands. 

 
 2.2    Inversion in a Bayesian Framework 

 
We consider a 3D heterogeneous reservoir in which two wells are located.  The oil 

reservoir will initially be mostly saturated by oil.  Water will then be injected in a well (injector) 

and oil pumped in a second well (producer).  The oil water encroachment front during water 

flooding is described by a jump in water saturation.  Our approach will be based on maximizing 

the posterior estimation of water saturation based on the apparent resistivity data.  Our primary 

goal is to choose the prior information of water saturation with the help of a streamline two-

phase flow model, combined with a petrophysical model for the conductivity saturation 

relationship.  Below, we are dealing with multivariate random variables or a random vector of 

the form 1( ,..., )TNX X X�  whose components are scalar-valued random variables. The 

probability density function of a random vector is defined as the joint probability density of its 

entries: 1( ) ( ,..., )Np X p X X� , which gives rise to a probability measure on NR  with the Borel 

algebra as a special case of the �V-algebra (the Borel algebra on X is the smallest �1-algebra 

containing all open sets, e.g., Weisstein, 2013).   
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 2.2.1  MAP model 
 
We assume that the L× W×H sized oil reservoir can be described by a 3-D grid composed 

of Ncell = NL× NW×NH cells. A total of L bipole-bipole DC electrical resistivity measurements, 

over NH electrodes located in each of the Producer and the Injector wells, are simulated.  These 

measurements are repeated for a set of NT snapshots (T time length).  We use below the 

maximum a posteriori (MAP) estimation process to determine the form of the objective function 

to minimize by maximizing the posterior probability density function related to the permeability 

and porosity distributions given the electrical potential measurements in the two wells.  In other 

words, we want to maximize the following probability density: 

1 1
1

( | ,..., ) ( ( | ) ( | )) ( ,..., | ) ( )
T

T T

N

N t t t t N
t

p V V p V p S p S S p�N �V �V �N �N
� 

�v �–  
(2.1) 

where �N (in m2) denote the heterogeneous intrinsic permeability distribution of the reservoir 

(Ncell sized random vector), tS  (dimensionless) denotes the saturation of the wetting phase 

namely water at time step t (Ncell sized random vector for each snapshot), t�V  (in S m-1) denotes 

the electrical conductivity distribution at the time step t (Ncell sized random vector), tV  denotes 

the electrical potential measurements at time step t (L sized random vector expressed in Volts, 

V). In the following, we will note �W (in s) as the the arrival time of water front (Ncell sized random 

vector).  The electrical conductivity model will be related to the permeability in section  2.4 

below.  

Note that previous work on time-lapse electrical resistivity tomography (e.g., LaBreque 

& Yang, 2001; Karaoulis et al., 2011a, b) could also be formulated using a MAP estimator by 

maximizing the probability density associated with saturation given a set of electrical potential 

measurements. This approach yields 

�> �@

1 1 1
1

1
1

1/2
1

( ,..., | ,..., ) ( ( | ) ( | )) ( ,..., )

1 1
( | ) ( | ) exp ,...,

2(2 )

T

T T T

T

TT cell

T

N

N N t t t t N
t

N

t t t t NN N
t

N

p S S V V p V p S p S S

S

p V p S S S

S

�V �V

�V �V
�S

� 

��

� 

�v

�ª �º�ª �º
�« �»�« �»�ª �º�v �� �6�« �»�« �»�¬ �¼�6 �« �»�« �»

�¬ �¼�¬ �¼

�–

�– ��

 

(2.2) 
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The main difference between the approach underlined by Eq. (2.2) and the approach 

developed below is that 1( ,..., )
TNp S S  is changed into 1( ,..., | ) ( )

TNp S S p�N �N in the approach we 

plan to follow below. The classical approach simply assumes 1( ,..., )
TNp S S  is described by a 

Gaussian distribution with a simple spatial-temporal covariance structure �6.  Our method, on the 

other hand, computes 1( ,..., )
TNp S S  with the help of two-phase flow model (in 1( ,..., | )

TNp S S �N ) 

and some petrophysical models for the permeability prior distribution (i.e.,  the probabilities 

( )p k  associated with the permeability models).  Therefore, our approach incorporates more 

information into the inversion of the apparent resistivity data.  This additional information is 

used to reduce the non-uniqueness of the inverse problem, especially far from the electrodes. 

Another difference is that our approach reduces the unknown variables by NT as only the 

porosity and permeability are inverted.  Indeed, the NT time-steps of water saturations are 

generated from the inverted distributions of the porosity and the permeability using the two-

phase flow model. Given probability distributions for the permeability, we can compute the 

probability density associated with the saturation.  Using the probability density for the 

saturation, we can build the probability density for the electrical conductivity. Finally, we can 

compute the probability density for the electrical potential measurements. This sequential 

Bayesian technique is at the heart of our approach.   

 
 2.2.2    Permeability prior distributions  
 
In order to define a heterogeneous siliciclastic reservoir, we use the petrophysical model 

of Revil & Cathles (1999), which is valid for clay sand mixtures.  This model is a mixture model 

that can be used to compute the porosity and the permeability given a random distribution for the 

clay content. We define the clay volume fraction v�M ���G�L�P�H�Q�V�L�R�Q�O�H�V�V���������”��v�M �”�����������7�K�H��

permeability is described by 

6
(1 )sd v sh

sd
sd

�I �M �I
�N �N

�I
�� ���§ �·� �¨ �¸

�© �¹
 

(2.3) 
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where sd�I  denotes the porosity of the clean sand end-member (dimensionless) and sh�I  denotes 

the porosity of the shale end-member (dimensionless). sd�N  denotes the permeability of the clean-

sand end-member (taken equal to 1 mD = 10-15 m2).  The spatial distribution of the volumetric 

clay content of the sand clay mixture, 0 1v�M�d �d , is assumed to be obtained through a stationary 

Gaussian process with an anisotropic exponential semi-variogram model:  

�� ��1( ) 1 exp Diag( )�J ��� �� ��h r h  (2.4) 

 
where h  denotes the distance between locations and range vector r  usually estimated from well 

log data.  The derived N N�u covariance matrix given by, 

�� ���� ��2 1(1 ) exp Diag( )ij sh i j�I ��� �� �� ��r x x�6  (2.5) 

In equation (2.5), ix  denotes the spatial coordinate vector for the i-th cell.  The prior 

distribution of the permeability �N is based on the change of variables,   

5
6

1 1
6 6

1

3/2

6 ( ) ( )1
( ) exp

2 2 2(2 )

Tsd

sd sd sd sh sd sh
sd sd

sd sd

k
p

�I �N
�N �I �I �I �I�N �N

�N �I �I
�N �N�S

��

��

�§ �·�� �­ �½�ª �º �ª �º�¨ �¸ �° �°�� ���§ �· �§ �·�© �¹ �« �» �« �»�® �¾� �� �� ���¨ �¸ �¨ �¸�« �» �« �»�° �°�© �¹ �© �¹�¬ �¼ �¬ �¼�¯ �¿
�6

�6
 

(2.6) 

 
We approximate equation (2.6) by the following probability density, 

�> �@ �> �@�^ �`1

3/2

1 1
( ) exp

2(2 )

T
p �N �N �N �N �N

�S
���| �� �� ���6

�6
 

(2.7) 

where �> �@6( ) / (2 )sd sd sh sh�N �N �I �I �I� �� . Note that equation (2.6) has the same mode as equation (2.7), 

and the covariance structures of the two probability densities are very close to each other.  

 
 2.3    Streamline two-phase flow model 

 
The water encroachment is governed by the two-phase flow model which is highly non-

linear with respect to saturation. In addition, the flooding time is usually long in duration.  There 

are efforts to approximate this system by means of a streamline asymptotic technique as done for 

instance by Vasco (2010) and Vasco et al. (2014).  In the inversion process, we use the full non-
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linear two-phase flow model to calibrate the streamline approximation parameters at each Gauss-

newton update step.  The two-phase flow governing equations are described for instance in 

Peaceman (2000). The explicit streamline approximation can be found in Vasco (2014) and is 

used to compute the Jacobian matrix.  

 
 2.3.1  Incompressible Two-phase flow model 
 
We describe now the modeling of water flooding in the heterogeneous aquifer realized by 

the mixture model developed in the previous section.  We consider clayey sand / sandstone 

(Figure 2.2) with oil being the non-wetting pore fluid phase and water being the wetting pore 

fluid phase. Such type of mixes is known to accurately describe a number of siliclastic 

formations as discussed by Revil et al. (2002). The incompressible two-phase flow field 

equations ignoring gravity effect are (Peaceman, 2000): 

( ) ( ) ( )rw w w

w

S S
p

t
�N �N �I�U

�P
�§ �· �w

�’ �˜ �’ � �¨ �¸ �w�© �¹

x
 

(2.8) 

 

( ) ( ) ( )rn n w

n

S S
p

t
�N �N �I�U

�P
�§ �· �w

�’ �˜ �’ � ���¨ �¸ �w�© �¹

x
 

(2.9) 

where S denotes the wetting phase saturation (dimensionless), p  the fluid pressure (in Pa), w�U  

and n�U denote the densities (in kg m-3) of the wetting and non-wetting phases, w�P  and n�P  

denote the two dynamic fluid viscosities (in Pa s) of the wetting and non-wetting phases, �I  

(dimensionless) denotes the porosity of the reservoir.  We use two vertical wells, one water 

injection well with controlled flow rate ,w injq  (m3 s-1) and one production well with flow 

controlled by the bottom-hole pressure ,w prdp  (Pa).  

We use a Corey type model for the relative permeabilities (Corey, 1954).  Therefore, the 

dimensionless expressions of the relative permeabilities ( )rw S�N  and ( )rn S�N  for the wetting and 

non-wetting phases are: 
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2

*

*

0

( ) 1
1

1

wr

wr
rw rw wr or

or wr

rw or

S S

S S
S S S S

S S

S S

�N �N

�N

�d�­
�°

�§ �·���°
� �� �d ���® �¨ �¸�� ���© �¹�°

�° �! ���¯

 

(2.10) 

 

2

*

*

0, 1

1
( ) , 1 1

1

, 1 1

nr

nr
rn rn nr wr

nr wr

rn wr

S S

S S
S S S S

S S

S S

�N �N

�N

�� �d�­
�°

�§ �·�� ���°
� �� �� �d ���® �¨ �¸�� ���© �¹�°

�° �� �! ���¯

 

(2.11) 

 
where wrS  and nrS  are irreducible / residual saturation of the wetting and non-wetting phases, 

and *
rw�N  and *

rn�N  denote the end points relative permeability (dimensionless) of the wetting and 

non-wetting phases. All the petrophysical properties that are used for the simulations are reported 

in Table 2.. We simulate this type of two-phase flow model by MATLAB Reservoir Simulation 

Toolbox (Lie et al., 1999).  

 
 2.3.2  Streamline two-phase flow model approximations 
 
The set of equations given in the previous section is non-linear in the two unknown 

temporal-spatial function ( , )p tx  and ( , )S tx  (fluid pressure and saturation). Intuitively, we 

think saturation is changing according to a logistic function based on the arrival time of water 

front, 

�� ��
1

1 exp( )
nr wr

wr

S S
S S

t�D �W
�� ��

� ��
�� �� ��

 
(2.12) 

where the front shape parameter �Dis estimated by comparing with MATLAB Reservoir 

Simulation Toolbox simulation results as briefly discussed bove. 

Using an asymptotic technique, we follow the streamline-based approach developed 

recently by Vasco et al. (2014) to approximate this system of non-linear equations. Arrival time 

solutions ( )x�W  to equations (2.8) and (2.9) can be approximated by,  
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( )
( )

( ) ( )
n

s
rn

dr
x S p

�I�P
�W

�N �N
� �³xx  

(2.13) 

where ( )sx  is geodesic connecting point x  to injection well locations. We get ( )sx  by the 

performing the shortest path algorithm (Dijkstra, 1959) on a weighted graph spanned by the 

natural 6-connected neighborhood 3D edges with slowness / [ ( ) ( ) ]n rnx S p�I�P �N �N  as weightings. 

Mean saturation and mean fluid pressure are calculated as 

1

1
( ) ( , )

TN

tT

S x S x t
N � 

� �¦  
(2.14) 

 

1

1
( ) ( , )

TN

tT

p x p x t
N � 

� �¦  
(2.15) 

 
where ( , )S x t  and ( , )p x t are obtained from the incompressible two-phase flow standard 

reservoir simulator based on current permeability estimate. 

The likelihood of saturation for the T snapshots is defined as: 

�� ��1
1

ˆ( ,..., | ( )) ( )
T

T

N

N t t
t

p S S x S S�N �G �N
� 

�v ���–  
(2.16) 

 

( )

1ˆ ( )

1 exp( )
( ) ( )

nr wr
t wr

n

s
rn

S S
S S

t t dr
x S p

�N
�I�P

�D
�N �N

�� ��
� ��

�§ �·
�¨ �¸�� �� �' ��
�¨ �¸
�© �¹

�³x

 
(2.17) 

where �G denotes the Dirac distribution.  Note that we may have other choices of the 

likelihood function (e.g., Gaussian distribution with spatial temporal prior covariance) but the 

Dirac distribution is numerically simpler to compute. 
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 2.4    DC resistivity 
 
We will now describe the geophysical model used for this study. 

 
 2.4.1  Petrophysical conductivity transform 
 
In isothermal conditions, electrical conductivity depends on saturation, salinity, clay 

content and clay mineralogy, and porosity (Waxman & Smits, 1968; Revil et al., 1998).  In this 

section, we consider clayey sands or clayey sandstones that are water-wet. The electrical 

conductivity �V (in S m-1) of the porous material as a function of the water saturation can be 

written using the following petrophysical transform based on the work of Waxman and Smits 

(1968) (see also Jougnot et al., 2010; Revil, 2013), 

1 1 CECˆ( ) n
w g Sf S S

F S
�I

�V �V �U �E
�I

�ª �� �º�§ �·� � ���« �»�¨ �¸
�© �¹�¬ �¼

 
(2.18) 

where S denotes water saturation, n is called the saturation exponent (Archie, 1942), F 

(dimensionless) denotes the formation factor mF �I ���  (Archie, 1942), m (>1, dimensionless) is 

called the porosity exponent, w�V  denotes the conductivity of the pore water (in S m-1), S�E  

denotes the apparent mobility of the cations within the electrical double layer that are responsible 

for surface conductivity (m2V -1s-1), and CEC (C kg-1) denotes the Cation Exchange Capacity of 

the material. The CEC denotes the total amount of exchangeable charge located on the mineral 

surface and that need to be compensated in then Stern and diffuse layers around the grains. This 

quantity serves as a proxy to describe the properties of the electrical double layer (see Leroy & 

Revil, 2009). The saturation dependence in equation (18) is consistent with the volume averaging 

approach developed by Revil (2013) and discussed in details in Revil et al. (2014). The 

normalized CEC per unit pore volume (in C m-3) is written as (1 )CEC/V gQ �U �I �I� �� . 

The likelihood of the electrical conductivity is therefore defined as:  

ˆ( | ) ( )t t tp S f S�V �G �V�ª �º�v ���¬ �¼ 
(2.19) 

 

where �G denotes the Dirac (delta) function and ˆ ( )tf S  is defined by Eq. (2.18) above. Here 

again, other choices of the likelihood function are possible (e.g., Gaussian distribution with 
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spatial prior covariance) but the use of the Dirac function is numerically simpler to compute and 

this is why we use this choice in the inverse modeling approach developed below. 

In the following, we also assume that the injected water is at the same salinity as the 

connate water so changes in electrical conductivity are driven by changes in saturation only. In 

reality, a change in resistivity could be driven both by changes in salinity and saturation and the 

approach developed below will need to be extended.  

 
 2.4.2  Electrical Potential model 
 
The 3-D potential field due to a known DC current injection I (in Ampères, A) is related 

to the conductivity structure via a 3D Poisson equation for the electric potential (e.g., Johnson et 

al., 2010), 

�> �@( ) ( ) = ( )
S

V I�V �G���’ �˜ �’ ��x x x x  (2.20) 

where the point 
S

x  denotes a source current injection point where a current of magnitude I (in A) 

is injected (I > 0) or retrieved (I <0).  In Eq. (20), the electric potential V (in V) is the electrical 

potential field in the space domain ( V� ���’E  represents the quasi-static electrical field in V m-1, 

( 0�’ �u � E  in the low-frequency limit of the Maxwell equations), ( ) 1/ ( )�V �U� x x  denotes the 

electrical conductivity of the porous sediment (in S m-1), ( )�Ux  denotes its resistivity (in Ohm 

m), and �G represents the delta function.  By expressing Eq. (2.20) using the finite volume 

approach, we have, 

�> �@( )n ln lnS �V�˜ �˜ �˜ � D G u q  (2.21) 

where lnu and lnq  are each 1cellN �u  and represent an electrical potential vector and source vector 

at l–th measurement and time t, respectively.  The matrices D and G  denote the divergence and 

gradient operator matrix written in finite difference, respectively.  The matrix ( )tS �V  denotes the 

diagonal matrix with conductivity at flow time t as the diagonal elements.  The electrical 

potential at the l-th measurement at snapshot T at cell i, ilTV , can be expressed as: 

1ˆ ( ( ) )ilt i lt i t ltV I I S �V ��� �˜ � �˜ �˜ �˜ �˜u D G q  (2.22) 

where iI is a 1 cellN�u vector with one in the location of i-th electrodes and zero elsewhere. Here 

we use RESINVM3D as the implementation of both forward and inverse electrical potential 
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model. We also considered boundary condition corrections already implemented in 

RESINVM3D for better modeling effects outside region of interest. 

 The likelihood of electrical potential is therefore defined as: 

2

3/2

ˆ ( )1 1
( | ) exp

2(2 )
t t t

t t L M
VV

V V
p V

�V
�V

�V�S �V �u

�§ �·���¨ �¸� ���¨ �¸
�© �¹

 
(2.23) 

where the 1L �u vector ˆ ( )t tV �V  is defined by Eq. (2.22), and V�V  denotes the uniform measurement 

error variance estimated from the recorded data. 

 
 2.5    Gauss-Newton method for the MAP estimator 

 
 2.5.1  Posterior probability density 
 
Based on Eqs. (2.7), (2.16), (2.19), and (2.23), we can express the probability density of 

1( | ,..., )Tp V V�N  as, 

�`
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�> �@ �> �@�`
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(2.24) 

  
 2.5.2  Gauss-Newton Method 
 
Maximizing Eq. (2.24) is equivalent to minimizing  

�> �@ �> �@
2

1

1

ˆ ˆˆ( ) ( ( ( )))
TN

T

V t t t
t

G V V f S�N �V �N �N �N �N �N��

� 

� �� �� �� ���¦ �6  
(2.25) 

The first term of G is the data misfit and the latter two terms are spatial regularization functions 

for �N. We consider ˆˆ ˆˆ( ) ( ( ( )))t t tG V f S�N �N� .  According to the Gauss-Newton algorithm, the 

variables could be updated as:  



18 

�� ��
1 1

11 1

ˆ ( )

ˆ ( )
T T

k k T T

N N

V G

V G

�N

�N �N

�N

���� ��

�ª �º��
�« �»

� �� �� �« �»
�« �»

���« �»�¬ �¼

�� �� ���6J J J  

(2.26) 

where J denotes the Jacobian matrix for the electrical conductivity problem with respect to the 

porosity and permeability.  The matrix J is defined as:  

1
ˆ

ˆ
TN

G

G

�N

�N

�ª �º�w
�« �»

�w�« �»
�« �»
�« �»
�w�« �»

�« �»�w�¬ �¼

��J =  

(2.27) 

The sensitivity of the i-th electrode-node in l-th measured at flow time t corresponding to the 

change of permeability at j-th cell �� ��ˆ /ilt jG k�w �w  could be expressed as: 

ˆˆ ˆˆ
ilt ilt kt kt

kj kt kt j

G V f S
k S k�V

�w �w �w �w
� 

�w �w �w �w�¦  
(2.28) 

respectively.  According to Eq. (2.18), the derivative ˆ /kt ktf S�w �w  is explicitly given by,  

1
2

ˆ
n nkt V V

kt w S kt Sm m
kt k kt k kt
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(2.29) 

The derivative ˆ /kt jS �N�w �w  is calculated by differentiating Eq. (2.17) as 
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(2.30) 

 
where the geodesics iPT is shortest path connecting the injection wells injWell  and cell i.   
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The derivative ˆ /ilt ktV �V�w �w  is calculated by assuming electrical potential lTu  of Eq. (2.21) is also 

a function of the conductivity model, and taking the derivatives of Eq. (2.21) with respect to jT�V

we obtain: 

(( ( ) ) ( ))
0T lT T

jT

S �V �V
�V

�w �˜ �˜ �˜
� 

�w
D G u

 
(2.31) 

So the derivative of the potential vector could be expressed as: 

�> �@1 ( )
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�V �V
���w �w
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�w �w

u
D G D G u  

(2.32) 

Finally, the sensitivity of the i-th electro-node in the l-th measurement at time t corresponding to 

the change of conductivity at j-th cell, /ilT jTV �V�w �w , can be expressed as: 

1 1( ) ( )
( ( ) ) ( ( ) )ilt lT t t

i i t t lt
jt jt jt

V u S
I I S S
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�V �V
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� �˜ � �˜ �˜ �˜ �˜ �˜ �˜ �˜ �˜ �˜
�w �w �w

D G D G D G q  
(2.33) 

where iI  denotes a 1 N�u vector with one in the location of i-th electrodes and zero elsewhere. 

Rather than explicitly calculating the inverse of the Eqs. (2.26) and (2.33), we use the 

preconditioned conjugate gradient algorithm to solve it as a linear equation for each data misfit 

vector and current source vector. The flow chart for the inversion of the electrical potential data 

is shown in Figure 2.1. 

 
 2.6    Application to a Synthetic Example 

 
Table 2.1. Definition and value of the parameters used for the simulation. 
 

Name Variable (unit) Value 

Reservoir size 

Reservoir cell size 

Number of Reservoir cells  

Total number of cells 

Time length 

Time step 

Number of Time steps 

Semi-variogram ranges 

L× W×H (m) 

�' x×�' y ×�' z (m) 

NL× NW×NH (-) 

Ncell 

T (days) 

�' t (days) 

NT 

r (m) 

150 × 150 ×200 

10 × 10 ×10 

15 × 15 ×20  

4500 

170  

11 

15 

[30 60 30] 
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 Table 2.1. Definition and value of the parameters used for the simulation, continued. 
 

Oil viscosity  

Water viscosity 

Oil density 

Water density 

Grain density 

Water residual saturation,  

        Oil residual saturation after water flooding 

End points Water relative permeability  

End points Oil relative permeability 

Pressure producing wells 

Rate water injection well 

Clean sand end-member porosity 

Shale end-member porosity 

Clean sand end-member permeability 

Cementation exponent 

Conductivity of the pore water 

Mobility of the cations  

Excess of charge per unit pore volume 

Saturation exponent 

Logistic shape coefficient 

Arrival time adjustment coefficient 
            Potential measurement error variance 

n�P  (Pa s) 

w�P  (Pa s) 

n�U (kg m-3) 

w�U  (kg m-3) 

g�U  (kg m-3) 

wrS  (-) 

orS  (-) 
*
rwk  (-) 

*
rok  (-) 

,w prdp  (Pa) 

,w injq  (m3 s-1) 

sd�I  (-) 

sh�I  (-) 

sdk  (mD) 

m (-) 

w�V  (S m-1) 

S�E  ( m2V-1s-1) 

CEC (C kg-1) 

n (-) 

�D(-) 

a (-) 
           V�V (V) 

10×10-3  

1×10-3 

700 

1000 

2650 

0.25 

0.3 

1 

1 

1×105 

1.1574×10-5 

0.4 

0.6 

2000 

1.83 

1.0 

5.2×10-8 

4000  

2.00 

7.9578×10-7 

0.7961 
            0.001 

 

We implemented a Matlab-based Gauss-Newton solver with conjugate gradient algorithm 

to update the resistivity model.  A Bayesian prior with more weighting emphasis placed on the 

cross-borehole plane is used for the spatial regularization function.  We assume that borehole 

logs are also used to constrain permeability (see for instance Rabaute et al., 2003) and so these 

two parameters are perfectly constrained along the two wells.  We first test our algorithm on a 

synthetic fixed impulse variation dataset to ensure that everything works, and we then apply the 

time-lapse algorithm to a water-flood and secondary oil recovery experiment in which water is 

injected in one well and the oil is produced in a second well (dipole test configuration for which 
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the external boundary conditions have a much smaller effect on the flow field than for a single 

pumping test). 

We generated the reservoir porosity and permeability using the petrophysical model of 

Revil & Cathles (1999) for clay sand mixes (see Figure 2.2).  The heterogeneous and isotropic 

spatial distribution of the volumetric clay content of the sand clay mixture, v�M, is generated with 

the SGeMS library (see Stanford University, Stanford Geostatistical Earth Modeling Software, 

http://sgems.sourceforge.net/). We used the following semi-variogram:  

2 2 2

2 2 2
( , , ) 1 exp 3

30 60 30
x y z

x y z�J
�ª �º�§ �·

� �� �� �� ���¨ �¸�« �»
�© �¹�¬ �¼

 
(2.34) 

We create a 150 m 150 m 200 m�u �u  reservoir (grid size 10 m 10 m 10 m�u �u ) based on this 

method. The true permeability distribution as well as the inverted permeability distribution are 

shown in Figure 2.3. The producer and two injector wells are located on each corner of the block 

shown in Figure 2.3.  

Our forward modeling approach is based on TOUGH2 (Pruess et al., 1999). It is used to 

the two-phase flow problem over 170 days and to model the saturation front propagation during 

this time interval. Then, we pick T = 15 snapshots (11 days between snapshots) for which 

resistivity synthetic acquisitions are simulated. Note that the length of simulation is kept before 

breakthrough to make the two-phase flow equation valid through the entire process. We consider 

18 electrodes with a 10 m electrode spacing located in both the injection well and two production 

wells (54 electrodes in total).  We simulate 1,420 bipole-bipole measurements for each of the 15 

time steps.  The true saturation and resistivity distributions for the 5 out of 15 snapshots are 

shown in Figure 2.4 and Figure 2.5, respectively.   

We invert the 3D distribution of the permeability and porosity based on the 

1420 15 21,300�u �  electrical potential measurements. These measurements have been 

contaminated with an additive white Gaussian noise of homogeneous variance equal to 1 mV.  

The inverted permeability distribution between the two wells is shown in Figure 2.3. The 

inverted distribution of the porosity and permeability can be used to compute the distribution of 

the saturation for each snapshot and the distribution of the resistivity can then be inferred from 

the calculated saturation and porosity distributions. A comparison between the true and inverted 

http://sgems.sourceforge.net/).
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saturation distributions can be found in Figure 2.4 while a comparison between the true and 

inverted resistivity distributions can be found in Figure 2.5. 

The data misfit is calculated by, 

2

, ,
2

, ,

ˆ( ( ))
Data misfit

ilt ilti l t

ilti l t

V G

V

�N��
� 

�¦
�¦

 
(2.35) 

where iltV is electrical potential measured at l–th measurement, i-th electrode and time t, and 

where �N denote the inverted permeability and porosity distributions for the recovered model.  

Figure 6 shows the 8 iterations where our algorithm has converged. The decrease in the root 

mean square error is smaller than 88%.  

From these results, we can see that the position of the saturation front is well-recovered.  

Its dynamics can therefore be monitored using cross-well resistivity tomography and the 

approach developed above.  That said, the permeability distributions are not very well recovered, 

showing that the sensitivity of resistivity to saturation is higher than to porosity and permeability.  

In Figure 2.5, we compare the results from the true resistivity distribution with the results 

of a commercial software (RES3DINV) and our inversion algorithm. The classical approach 

based on smoothness-constrained least-squares inversion technique (Sasaki, 1994; Loke & 

Barker, 1996) and has been recently used for various hydrogeophysical problems (Dahlin et al., 

2002; Rucker et al., 2010). RES3DINV is able to see where the lowest and highest resistivity 

structures are located but no more. For a cross-well tomography, this approach is not able to 

locate the oil water encroachment front. This is showing how incorporating additional 

information in the inverse problem regarding the two phase flow problem strongly reduces the 

non-uniqueness of the inverse problem and offers a breakthrough with respect to conventional 

methods such as the classical Gauss-Newton inversion with isotropic smoothness. 

 
 2.7    Discussion 

 
The approach developed above can easily be adapted to other geophysical methods 

including time-lapse seismic, gravity, seismoelectric, and self-potential data. All these methods 

have shown some sensivity to the detection of saturation fronts (e.g., Jackson et al., 2005; 

Karaoulis et al. 2014; Revil et al., 2014a). Since all these methods have distinct sensitivity maps 

with respect to the distribution of the heterogeneities, they would probably increase a lot the 
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resolution of the final permeability tomogram. In addition, we can use a geophysical method that 

is directly sensivite to the permeability distribution, namely spectral induced polarization. 

Indeed, it has been shown recently that spectral induced polarization can be used to determine 

the pore size distribution (Revil et al., 2014b) and permeability (Binley et al., 20105; Revil & 

Florsch, 2010; Revil, 2012; Revil et al., 2012; Revil, 2013). This approach could be also 

combined with the image-guided inversion technique recently introduced by Zhou et al. (2014), 

which consists in introducing structural constraints in the inverse problem, in order to improve 

the resolution of the method with respect to permeability inversion.  

 

 

Figure 2.1. Flow chart used for the inversion process. This chart shows how  the porosity, the 
permeability and the saturation are used to update the electrical conductivity model.  
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Figure 2.2. Sand clay mixture model used to build the heterogeneous reservoir. The clayey sand 
domain is characterized by clay contents ranging from zero to the porosity of the clean-sand end-
member. The clayey sand domain is used to determine the porosity and the permeability of the 
heterogeneous reservoir in our simulations.   

 

 

Figure 2.3. Permeability distribution used for the reservoir modeling and inverted permeability 
distribution. The producing wells are located on two left-hand side corners of the block while the 
injector is located on the right-hand side of the block. The computation is based on the algorithm 
described in Figure 1 and the petrophysical model for clay-sand mixtures described in Figure 2.  



25 

 

 

Figure 2.4. Comparison between the true saturation distribution and the inverted saturation 
distribution. Note that the position of the front is pretty well-recovered through the inversion of 
the voltages.  
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Figure 2.5. Comparison between the true resistivity model, the result from RES3DINV, and the 
approach developed in the present paper. a. Time series of the true resistivity distribution for the 
5 snapshots. b. Inverted resistivity from the approach derived in the main text. c Time series of 
the inverted resistivity distribution for the 5 snapshots from the commercial software 
RES3DINV.  
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Figure 2.6. Data model misfit error versus the iteration number (see equation (2.35)). The 
algorithm stops when the difference between two iterations is below a specified value.  
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CHAPTER 3  
 

GENERAL 4D TIME -LAPSE CROSS-WELL DC RESISTIVITY AND SEISMIC  
JOINT INVERSION FOR WATER FLOODIN G INTERFACE DETECTION  

Reproduced with permission from publication in Geophysics, vol. 77, issue 4, p. D141  

Marios Karaoulis1, André Revil 1,2, Junwei Zhang1, D. Dale Werkema3 

 
 3.1    Abstract 

 
The time-lapse joint inversion of geophysical data is required to solve a number of 

problems such as the management of oil and gas reservoirs, the sequestration of carbon dioxide, 

the leakage of water in earth dams and embankments through internal erosion, bioremediation, 

the production of geothermal reservoirs, and the monitoring of active faults and volcanoes 

(Lazaratos and Marion, 1997; McKenna et al., 2001; Kowalsky et al., 2006; Ajo-Franklin et al., 

2007a, b; Miller et al., 2008; Doetch et al., 2010; Ayeni and Biondi, 2010; Liang et al., 2011). 00 

Two types of strategies can be used in the joint inversion problem of geophysical data. 

Historically, the first strategy has been based on petrophysical models (Cross Petrophysical CP-

based approach) connecting geophysical methods (e.g., Hertrich and Yaramanci, 2002; Rabaute 

et al., 2003; Kowalsky et al., 2006; Woodruff et al., 2010). The second approach, developed more 

recently, is based on the use of structural similarities between the physical properties and is 

called the Structural Cross-Gradient (SCG) approach (see Gallardo and Meju, 2003, Linde et al., 

2006, 2008).  

Several strategies are also possible for the time-lapse inversion of geophysical datasets 

(Vesnaver et al., 2003). The approach of separately inverting different time snapshots and 

comparing the results does not work in most cases because of the contamination of the inverted 

models by the data noise. Sequential time-lapse inversion is generally successful (e.g., Day-

Lewis et al., 2002; Martínez-Pagán et al., 2010; Karaoulis et al., 2011a); however, the result is  
1(Department of Geophysics, Colorado School of Mines, Golden, CO 80401, 
USA.arevil@mines.edu),  
2(ISTerre, CNRS, UMR CNRS 5275, Université Savoie Mont-Blanc, F-73376 cedex, Le Bourget 
du Lac, France) 
3(U.S. EPA, ORD, NERL, ESD, CMB, Las Vegas, Nevada, USA .) 

mailto:USA.arevil@mines.edu),
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highly sensitive to the inversion of the first snapshot of the specific physical process under study. 

Errors made in the first tomogram can propagate through the sequence of inverted tomograms 

and the resulting artifacts can be substantial. 

The Active Time-Constrained (ATC) approach of Kim and Karaoulis (Kim et al., 2009; 

Karaoulis et al., 2011a, b) offers an alternative and reliable approach to simultaneously invert a 

complete time-lapse geophysical dataset using a time-based regularization term into a 

generalized cost function to minimize.  

Until recently, very few time-lapse joint inversions of geophysical data have been 

published. A time-lapse joint inversion algorithm of electrical direct current (DC) resistivity and 

georadar data has been developed by Doetch et al. (2010). Their time lapse inversion is based on 

the difference in the inverted results (see LaBrecque and Yang, 2001). That is, this approach 

minimizes the inverted results differences with respect to a background model separately at each 

time step. In our approach, time is introduced to the system and encompasses all the models 

investigated during the entire monitoring period. Therefore in our case, the cost function of the 

problem contains a data misfit term corresponding to the entire dataset (i.e., the set of snapshots 

over the monitored period of time and the different geophysical methods).  

In the present work, we combine the SCG or CP inversion approaches and the ATC time-

lapse inversion to invert cross-hole synthetic data.  We then discuss the advantages in combining 

these two approaches together, with a focus for the monitoring of partial saturation changes for 

the secondary recovery problem within oil reservoirs.  

 
 3.2    Description of the Geophysical Methods 

 
 3.2.1  Governing Equations for the DC conductivity problem 
 
In this section, we describe the modeling of the electrical voltage potential, given the 

resistivity subsurface structure. The 3-D potential field due to a known DC current injection is 

related to the conductivity structure via a 3D Poisson equation for the electrical potential 


F�Ï · [ �ê(�T,�U, �V)�Ï�8(�T,�U, �V)] = �Ç�A(�T
F �T�q) �A(�U
F �U�q) �A(�V
F �V�q) (3.1) 

where the point S(xs, ys, zs) denotes a source current injection point where a current of magnitude 

I (in A) is injected (I>0) or retrieved (I <0). In equation (3.1), the electrical potential V (in V) is 

the electrical potential field in the space domain (E = -�’ V represents the quasi-static electrical 
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field in V m-1�������1��x, y, z) = 1/ �U(x, y, z) denotes the electrical conductivity (in S m-1), �U denotes 

the resistivity in ohm m, and �A represents the delta function.  

Dey and Morisson (1979) showed that equation 3.1 can be efficiently solved in the 2.5D 

domain using a Fourier transform. The forward and inverse Fourier-cosine transforms for the 

electrical potential are defined as:  

�8
è
k�T, �G�ì , �V
o= 
± �8(�T,�U, �V)cos��( �G�ì

�¶

�4

�U)�@�U 
(3.2) 

 

�8(�T, �U,�V) =
2
�è


± �8
è
k�T,�G�ì , �V
ocos��( �G�ì

�¶

�4

�U)�@�G�ì  
(3.3) 

respectively, and where ky denotes the wave-number. Applying the forward transform to equation 

1, we obtain the solution for the 2.5D transformed electric potential 


F�Ï · 
c�ê(�T, �V)�Ï�8
è
k�T, �G�ì , �V
o
g��+ ���G�ì�6�ê(�T, �V)�8
è
k�T, �G�ì , �V
o��=
�Ç
2

�A(�T
F �T�q) �A(�V
F�V�q) 
(3.4) 

 
Using a 2.5D approximation, the geology is described in 2D but the algorithm considers the flux 

and potential computations in all three dimensions without having to explicitly model the 

electrical conductivity problem in 3D. Equation 3.4 can be solved with the finite element method 

(FEM). The mesh will be based on unstructured triangular elements, where resistivity is assumed 

constant in each element, and the electrical potential values vary linearly within each element. 

The solution from the FEM provides the electrical potential at each node of the triangles, which 

can be transformed into an apparent resistivity. 

We discuss now the calculation of the Jacobian matrix J. Like within any inversion 

algorithm making use of gradient information, the partial derivatives with respect to the model 

parameters, the so-called sensitivities, must be known. In the resistivity case, these derivatives 

are of the following form /ij i jJ V �U� �w �w , where Vi denotes the electrical potential on the node i 

of the domain, and �Uj denotes the resistivity of the j-th cell. A very efficient and therefore 

common approach to compute sensitivities in resistivity and electromagnetic inversion problems 

at the receivers is based on the principle of reciprocity (see for details Tripp et al., 1984). This 

requires that each electrode acts as a source and a receiver, but since the forward problem has to 



31 

be solved for each electrode anyway, sensitivities can be obtained with little extra effort. An 

elegant way of deriving an appropriate sensitivity expression via reciprocity starts directly from 

the linear FEM equations (see Rodi, 1976; Oristaglio and Worthington, 1980 for further details). 

The sensitivity 
�! �Ï �Ô,�×

�! �� �Õ
 , corresponding to a potential �8�Ü,�ß at a node i due to a source at node l, 

can be represented as a superposition of potentials �8�Ü,�à  originated from “fictitious” sources at the 

nodes m of the j-th domain element (Sasaki, 1989). Using the principle or reciprocity, the values 

�8�Ü,�à  can be expressed via electrical potentials �8�à ,�Ü at the nodes m due to a current I i at node i. 

The yields: 

�ò�8�Ü,�ß
�ò�ê�Ý

= 
F��
1
�+�Ü


Í 
Í �=�Ý�Ø�Ù

�á�à

�8�à ,�Ü�8�á,�ß 
(3.5) 

where the double sum is made over all nodes m and n of the respective elements, and �=�Ý�Ø�Ù
 

denotes the (m, n)-th of the finite element matrix. The notation �=�Ý�Ø�Ù
 denotes the (m, n) element 

of the matrix (�-�5�Õ+ �G�ì�6�-�6�Õ), where K1 and K2 denote the finite element matrices, that depend 

only on the nodal coordinates and element shape. The explicit form of those matrices can be 

found in Tsourlos (1995). 

 
 3.2.2  Governing equations for the seismic problem 
 
We describe now the forward problem to model the propagation of the seismic wave in an 

elastic material. The subsurface is discretized on a grid of nodes. A value of the slowness 

(inverse of the velocity) is assigned to each node. To calculate the travel times of seismic waves 

from seismic source to receivers, we solve the Eikonal equation, 

 

( , , ) ( , , )T x y z s x y z�’ �  (3.6) 

with the fast marching method (e.g., Sethian and Popovici, 1999; Rawlinson and Sambridge, 

2005; Hassouna and Farag, 2007). In equation 3.6, T denotes the travel time field and s is the 

slowness (inverse of the velocity). In equation 3.6, the term |�ÏT| can be approximated by a 

second-order finite-difference scheme to increase the accuracy of the forward modeling 

algorithm. The explicit form of this scheme is presented by Hassouna and Farag (2007) and 

Kroon (2011). This yields, 
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2 2 2max( , ,0) max( , ,0)x x z z

ij ij ij ij ijD T D T D T D T S�� �� �� ���� �  (3.7) 

where D�g�h
-�v and D�g�h

�>�v are the standard backward and forward finite difference operators, 

respectively, at location (i, j) on the grid. The second-order backward and forward finite 

difference approximations of a grid between the two wells is given by, 

�&�Ü�Ý
�?�ë =

3�6�Ü,�Ý
F4�6�Ü�?�5,�Ý+ �6�Ü�?�6,�Ý
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(3.8) 
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(3.9) 

along the x-axis, respectively. Similar equations can be written along the z-axis.  By substituting 

Equations 3.8 and 3.9 into equation 3.7, we get 
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(3.12) 

Sensitivities for the seismic velocities are described by the Fresnel raypath approach 

based on the numerical approach developed by Watanabe et al. (1999). Between the source point 

S(xS, yS) and receiver R located in a medium, we add the traveltimes from point S to all nodes P 

on the grid (tSP) and the traveltimes from point R to all nodes P on the grid (tRP). For each node 

on the grid, subtracting the traveltime from source S to receiver P tSR, yields the residuals �/t. The 

Fresnel zone raypath is defined as the iso-surface with all residuals �/t less than half a period f. In 

other words, the Fresnel zone raypath is 1/ (2 )SP RP SRt t t t f�G � �� �� ��  where, f is the main 

frequency of the seismic source, which is taken as the peak frequency of the Fourier transform of 

the signals recorded at each receiver. By accounting for the time the wave propagation is affected 

by heterogeneities proximal to the ray path, the sparseness of the ray distribution is reduced. 

Watanabe et al. (1999) proposed a numerical definition of Fresnel volumes, characterized by a 

weighting function, w, that depends linearly on the delay of the seismic waves expressed as, 
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The Jacobian matrix J contains the derivatives of travel times with respect to the 

slowness values of the grid. Therefore each element of /ij i jJ T S� �w �w shows the difference in 

travel time �¼T�g when slowness in node j is changed by �¼S�h. These partial derivatives are given by 

the following equation 
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where the wj represent the weight of the parameters, L�T�_
 represents the total length of the ray Pi, 

and a denotes the total weight for all parameters when the ray Pi is calculated.  

 
 3.2.3  Comparison of the sensitivities for a cross-well problem 
 
We consider two boreholes A and B separated by a distance of 50 meter in depth (see 

Figure 3.1). In both boreholes, we consider that the electrodes for the resistivity problem have a 

take-out of 4 meters (Figure 3.1a). On borehole A, we consider a seismic source every 4 meters 

and in borehole B, a set of geophones every 4 meters (Figure 3.1d). The position of the sensors 

is shown in the two boreholes in Figure 3.1a, d, g. 

We compute the sensitivity for the resistivity and seismic problems for the three models. 

Model 1 corresponds to a homogeneous earth (resistivity 100 Ohm m and velocity 1 km/s). Note 

that seismic velocities can easily be below 1 km/s in unsaturated granular media (Rubino et al., 

2011). As expected, resistivity shows higher sensitivity in the areas close to the electrodes while 

seismic shows a higher sensitivity in the center part of the model where the density of rays is 

higher. Therefore, as already reported in the literature (e.g., Gallardo and Meju, 2004), the 

resistivity and seismic problems display complementary sensitivities.  

In Models 2 and 3 (see Figure 3.1d to Figure 3.1i), we introduce a layer with properties 

different from the background. If we introduce a layer with a higher resistivity than the 

background, the sensitivity in this part of the model is lower than for the homogeneous case 
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because the current is flowing around this layer. If we introduce a higher velocity layer, with 

respect to the velocity of the background, the sensitivity in this layer of the seismic method 

becomes higher than in the homogenous case (since the waves corresponding to the first arrivals 

are traveling through this layer). This exercise demonstrates that the resistivity and seismic 

methods are sensitive to different properties changes and a joint inversion is always beneficial 

because the spatial distribution of the sensitivities of these methods is complementary to each 

other. In the following section "Joint Inversion Strategies", we discuss both the strucctural cross-

gradient and the cross-petrophysical approaches to perform the joint inversion. The choice of 

these methods will be discussed further below. 

 
 3.3  Joint Inversion Strategies 

 
Below we present two strategies to perform joint inversion of two geophysical datasets. 

These two approaches have been broadly discussed in the recent literature (see recently 

Moorkamp et al., 2011).  However, we will use these approaches in a time-lapse sense, 

investigating a co-located change in petrophysical properties, or their gradient, such as that 

associated with a change of saturation. Whatever the choice of the joint inversion approach, the 

joint time-lapse equation presented in the next section "Time-lapse cross-gradient joint 

inversion" will be identical. 

 
 3.3.1  The Structural Cross-Gradient (SCG) Approach  
 
Gallardo and Meju (2003, 2004) proposed a structural joint inversion approach to connect 

the property of two physical parameters in the joint inversion of two geophysical datasets. The 

assumption underlying this approach is that the physical parameters of the subsurface should 

share the same structural similarity at the same position. This approach can be used especially 

when there is no general relationship between the magnitudes of the physical properties 

themselves (e.g., Moorkamp et al., 2011). Gallardo and Meju (2003, 2004) that the changes can 

be represented mathematically by the vector field of the cross-product of the gradient of the two 

physical parameters (or in the present case the gradients of the change of the physical 

parameters), which is then used to build the relationship between these two models parameters. 

The cross-gradient inversion scheme therefore looks for finding a general structural similarity 

between different petrophysical properties (or change in petrophysical properties) provided by 
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different geophysical methods (e.g., the resistivity and the seismic velocity in the present case). 

This method has been successfully used in several studies for both 2D and 3D problems (e.g., 

Gallardo et al., 2005; Tryggvason and Linde, 2006; Linde et al., 2006; Fregoso and Gallardo, 

2010). In the present work, we use the P-wave velocity and DC-resistivity data but the approach 

can be developed for any type of geophysical data including potential field data (Gallardo, 2007; 

Gallardo and Meju, 2011; Gallardo et al., 2011).   

The SCG cost function proposed by Gallardo and Meju (2003, 2004) is written as, 

�—(�T,�U, �V) = ���Ï�I �å( �T, �U,�V) ��× ���Ï�I �æ( �T, �U,�V)  (3.16) 

where mr  and ms denote the resistivity and velocity distributions, respectively (defined 

here in 3D), �’ mr  and �’ ms denote the gradients of the resistivity and velocity, respectively, and 

"×" denotes the cross-product operator between two vectors. In the following, we consider a 

discrete representation of the gradient to avoid the divergence of the gradient operator for piece-

wise continuous materials. The cross-gradient approach does not need discontinuities of the 

physical properties as such. This is an advantage of this approach, which permits the application 

of the technique on smoothed models of common use in geophysics. If the resistivity and seismic 

models share the same discontinuity, the SCG cost function �—(�T, �U,�V) is equal to zero. Based on 

equation 16, the inversion is therefore seeking to minimize the cross-product of the resistivity 

gradient and the P-wave velocity gradient. For the time-lapse inversion described below, the 

inversion will seek to minimize the cross-product of the gradient of the resistivity change and the 

gradient of the velocity change. We will justify this approach below directly from the 

petrophysics.  

In this work, a 2.5-D model is assumed (y denotes the strike direction perpendicular to 

the two wells). In this case, Gallardo and Meju (2004) showed that the norm of �—����can be 

expressed as,  

�M(�T,�V) ��
4

�Â�T�Â�V
(�I �å�Ö( �I �å�Ö
F���I �å�Ö) + ���I �å�å( �I �æ�Ö
F���I �æ�Õ) + ���I �å�Õ( �I �æ�å
F���I �æ�Ö)) 

(3.17) 

where the first subscript r or s denotes the cell of the resistivity or velocity model respectively 

and the second subscript c, b or r shows the center, bottom or right of each cell of the respective 

model (see Figure 3.2), and �ûx and �ûz denote the horizontal and vertical dimensions of each cell.  
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 3.3.1  The Cross-Petrophysical (CP) Approach 
 
There are other joint inversion algorithms that have been developed to account for two 

types of geophysical data. One approach is to use theoretical or empirical relationships between 

two petrophysical properties involved in the two geophysical methods (in the present case, 

resistivity and velocity, Lee, 2002; Finsterle and Kowalsky 2006, Kowalsky et al., 2006; 

Colombo et al., 2007; Jegen-Kulcsar et al., 2009).   

 

To include the term corresponding to the cross-relationship into the inversion, we used 

the CP cost function.  

�—= [�u 
Fdiag(�˜) �Û�u] �B
�“ �å
�“ �æ

�C (3.18) 

 

where I  is the L×L identity matrix (L refers to the number of cells), and r is a L×L diagonal 

matrix that expresses the relationships between the two properties, the subscript r and s refers to 

resistivity and seismic, respectively, and mr and ms are L×1 vectors corresponding to resistivity 

and seismic velocity data, respectively. The cross-petrophysical relationship between the 

physical parameters can be determined through site-dependent empirical relationships (based on 

laboratory data or downhole measurements) or through theoretical petrophysical models obtained 

by upscaling local equations using the same texture (e.g., Revil and Linde, 2006). The CP 

approach will be used below in a time-lapse sense and not in an absolute sense, as is used in most 

of the previous works. 

 
 3.3.2  Combined Approaches 
 
The SCG approach can be used to derived cross-physical properties (e.g., Linde et al., 

2006) and alternatively the CP-approach could be used to determine the degree of structural 

similarity in a time-lapse problem to determine for instance a saturation front. While not 

therefore the two previous methods by adding the regularization terms for both the SCG and CP 

approaches to the global cost function to minimize? This can be done, but however, in such a 

case, there are two regularization parameters to determine. This may complicate the problem. 

Such a combined approach will be investigated in more details within a future work. 
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 3.4    Time-lapse cross-gradient joint inversion 
 
We present now the joint ATC algorithm developed by Kim and Karaoulis (Kim et al., 

2009; Karaoulis et al., 2011a, b). The rationale for a cross-gradient time-lapse approach can be 

discussed for a change of the water saturation over time.  For example, during CO2 sequestration 

or water flooding, a change of water saturation yields a change of resistivity (e.g., Archie, 1942; 

Waxman and Smits, 1968; Revil et al., 1998; Revil et al., 2011) and a change in the P-wave 

velocity (e.g., White, 1975; Rubino et al., 2011). Therefore areas associated with a change in the 

water saturation correspond to areas associated with a collocated change in both the DC 

resistivity and the seismic velocity. In some sense, the use of the cross-gradient approach is 

therefore even more justified for time-lapse problems than for static problems. This idea is 

discussed further below in the section entitled "Rational for the structural joint inversion applied 

to time-lapse problem ".  

In our joint 4D-ATC approach, the subsurface is defined as a space-time model, which 

encompasses all space models during the entire monitoring period. In the same manner, the 

entire monitoring data are defined using 4D coordinates (3 space dimensions plus time). 

Therefore the 4D subsurface model ��X  is sparsely sampled at some pre-selected times and is 

expressed as X
á= 
e
X�5
�­

X�r


i
1[ , , ]T

t
�� ��X = X X , where �„ �Ü= [�„ �å�Ü���„ �æ�Ü] �� is the reference resistivity and 

velocity space model for the ith time step and t is the number of monitoring times. The data misfit 

vector is defined in the space-time domain by the following function,  

1ˆ ˆ( ) ( )k kG G d���� � �� ���� �� ��e = D X D X X  (3.19) 

In equation 19, the vector D̂ D
ácorresponds to the data vector defined in the 4D coordinate 

system (3 space coordinates and time) by 
1

ˆ [ , , ]T
t��D = d d D
á= 
e

d�5
�­

d�r


i, where �Š�Ü= [�Š�å�Ü���Š�æ�Ü] 

denotes the data from the resistivity and seismic surveys at time step i. The term G
kX
á
o denotes 

the forward modeling response for the resistivity (G1(Xr)) and velocity (G2(Xs)) expressed as, 

1

2

( )
( )

( )
rk

s

G X
G

G X
�ª �º

� �« �»
�¬ �¼

��X  
(3.20) 
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and 1[ , , ]T
td d d�� ��X = X X  is the model perturbation vector for both resistivity and velocity, i.e. 

1k kd �� ���� �� ��X = X X , where the superscript k denotes the iteration number.  

Having defined both the data and the model using the 4 coordinates mentioned above, the 

modified 4D-ATC algorithm will adopt two regularizations in the time and space domains to 

stabilize the inversion, as well as an additional regularization for the joint inversion problem. The 

objective function G can be expressed by (Zhang et al., 2005; Kim et al., 2009), 

2
�� �< �� �* ��TG q�O �D �Z= e e G= �!e�Xe�!�6+ �I�2 + �=��, (3.21) 

where ����and �+��are the two regularization functions for space and time and q denotes the cross 

gradient function (equation 3.16 for the SCG approach) or alternatively the cross-relationship 

function (equation 18 for the CP approach). The model parameterization will be in log space for 

the resistivity (log Ohm m) and linear space for velocities (expressed in km/s), such that both 

petrophysical properties will be on the same order of magnitude. The function ����is used for 

smoothness regularization in space and expressed as a second order differential operator applied 

to the model perturbation vector. The function �+��is used as a smoothness regularization term in 

time and it is expressed as a first order differential operator to the space-time model. The two 

parameters �� and �. are the Lagrangian multipliers for controlling the two regularizations terms 

and the parameter �& denotes the Lagrangian multiplier for controlling the cross-gradient or 

cross-petrophysical functions. In our approach, the space-domain Lagrangian is expressed as a 

diagonal matrix �&
á (Yi et al., 2003) and the time-domain Lagrangian is expressed as a diagonal 

matrix A
á (Karaoulis et al., 2011a, b). 

Using a combination of the structural inversion and ATC inversion, our inversion 

algorithm favors updated models that fulfill three criteria (1) they should be smooth in the space 

domain, (2) they should be smooth in the time domain, and (3) they should show structural 

similarities in both resistivities and velocities (SCG approach) or similarities in the change of the 

petrophysical properties (CP appraoach). In other words, the inversion seeks to find a space-time 

smooth model where similar changes are observed from both resistivity and seismic data. The 

objective function G to minimize is given by: 

�^ �`2 2 2ˆ ˆ ˆ( ) ( ) ( ) ( )
TT T k kG d d d d�� �w �w �� �� ��= e e X X M X X AM X X�/

G= �!e�Xe�!�6+ �I�2 + �=��.                  

(3.22) 
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Minimizing G with respect to the model perturbation vector yields the following normal 

equations (Kim et al., 2009): 

 1k k d�� � ���� �� ��X X X  (3.23) 

 �� �� �� ��
1ˆ ˆ ˆ ˆ ˆˆT T T T T kd

��
�ª �º�� �� ���¬ �¼�� ��X = j j C C M AM j DT M AMX�/ dX
á= (J���XJ��+

C
à�X�&
áC
à+ �' �‹ ���' ) -�5(J���X
kG
kX
á�i 
o-D
á
o-M�XAMX
á�i ),                              

(3.24) 
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for the SCG approach and  
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f

�s
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(3.27) 

for the CP approach. J�� denotes the joint sensitivity matrix. This matrix is expressed as a block 

diagonal matrix J�� where, 

�v�• = 
f

�v�˜�•
�‘ ����������
Ù


Ù�������������v�™�•
�‘

�Ó�Û�v�—�•
�‘


j 

(3.28) 

This equation involves the cross-gradient term and �v�˜�•
�‘  and ���������v�™�•

�‘  denote (n1×L) and (n2×L) 

matrices corresponding to the Jacobians for the resistivity and velocity models, respectively at 

iteration k at time step i. While �v�—�•
�‘  (L×2L matrix) involves the partial derivatives of the vector q 

defined by equation 16. The parameter L denotes the number of cells. The parameters n1 and n2 

denote the number of measurements for the resistivity and seismic data for each time step, 

respectively. The explicit form of �v�—�•
�‘  can be found in Gallardo and Meju (2004). The matrix C
à 
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denotes the differential operator in the space coordinates while M denotes the differential 

operator in the time domain.  

For the CPA approach, the form of the sensitivity matrix is given by 

�v�• = �N
�v�˜�•

�‘ ���� 
Ù


Ù �v�™�•
�‘ ����

�Ó�Û�© ����������������
F�Ó�Û�@�E�=�C(�˜) �Û�u

�O 

(3.29) 

Finally, note the model parameterization is in log space for resistivities (log Ohm m), and 

linear for velocities (expressed in km/s), so both of them are in the same order of magnitude. 

 
 3.5  Rational for the structural joint inversion applied to time-lapse problems 

 
 3.5.1  General Formulation 
 
We have hypothesized that the model changes are structurally coupled for the electrical 

conductivity and the P-wave seismic velocity.   Nowwe explain some mechanisms for this to 

happen within a real field scenario. We consider clayey sand or a clayey sandstone that is water-

wet. The conductivity �V of the porous material as a function of the water saturation can be 

written as (e.g., Jougnot et al., 2010) 

1 n V
w w S n

w

Q
s

F s
�V �V �E

�§ �·
� ���¨ �¸

�© �¹
 

(3.30) 

where n is the saturation exponent (Archie, 1942), ws  denotes the water saturation (ws  =1 for 

water-saturated porous materials), F (dimensionless) denotes the formation factor, which is 

related to the connected porosity �I (dimensionless) by Archie's law mF �I ���  (Archie, 1942), m 

(>1, dimensionless) is called the cementation exponent, w�V  denotes the conductivity of the pore 

water (in S m-1), S�E  denotes the mobility of the cations of the electrical diffuse layer and 

responsible for surface conductivity, and VQ  denotes the excess of charge of the electrical diffuse 

layer per unit pore volume. The temperature dependence of the electrical conductivity can be 

approximated by �� ��0 0( ) ( ) 1 ( )T T T T�V�V �V �D� �� �� , where �V�D
 
�| 0.023°C-1. The conductivity of the 

pore is proportional to the total dissolved solids (TDS) of the pore water (the conversion factor 

depends on the chemical composition of the pore water and can be in the range 0.54 – 0.96; a 
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typical conversion at 25°C is (TDS) in ppm = Conductivity in µS/cm × 0.67 (see 

http://www.stevenswater.com/water_quality_sensors/conductivity_info.htm).  

For time-lapse problems characterized by a change of saturation ws , a change in porosity 

�I, a change in temperature T, and a change in pore water conductivity (corrected for 

temperature), the change in the gradient of the conductivity between two times characterized by 

a change in the water saturation is given by, 

(TDS)
TDSw

w

s T
s T
�V �V �V �V

�V �I
�I

�w �w �w �w�§ �· �§ �· �§ �· �§ �·�’ � �’ �� �’ �� �’ �� �’�¨ �¸ �¨ �¸�¨ �¸�¨ �¸�w �w �w �w�© �¹ �© �¹�© �¹�© �¹
 

(3.31) 

and where the derivatives of the conductivity with respect to the different key-variables are given 

by, 
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(3.32) 
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(3.35) 

We turn now our attention to the seismic P-wave problem. Assuming that the viscous 

coupling between the pore water and the solid phase can be neglected, the velocity of the P-

waves, are approximated by the Biot-Gassmann equations (Gassmann, 1951), 

2

4
3u

p

G
K

V
�U

��
�  

(3.36) 

where the bulk density �U (in kg m-3) and the undrained bulk modulus Ku (in Pa) are defined by, 

(1 ) s f�U �I �U �I�U� �� ��  (3.37) 

http://www.stevenswater.com/water_quality_sensors/conductivity_info.htm).
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(3.38) 

where Kfr and G denote the drained modulus and the shear modulus of the skeleton (both 

independent on the water saturation and in Pa), and Ks denotes the bulk modulus of the solid 

phase. In unsaturated conditions, we consider that the density of the pore fluid f�U  and the bulk 

modulus of the pore fluid Kf are related to the properties of the gas (subscript g) and water 

(subscript w) by the following relationships (Teja and Rice, 1981) 

(1 )f w g w ws s�U �U �U� �� ��  (3.39) 

11 w w

f g w

s s
K K K

��
� ��  

(3.40) 

The change in the gradient of the velocity can be therefore written as, 
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(3.41) 

The seismic velocity dependence on the salinity (last term of equation 3.41) is pretty 

small (see Wyllie et al., 1956, their Figure 3.3). This effect corresponds to osmotic effects 

responsible for chemio-osmotic poroelastic changes (e.g., Revil 2007). It can be generally 

neglected except in shales. 

 
 3.5.2  Monitoring the Secondary Recovery of Oil 
 
If the porosity change is of poroelastic nature and therefore relatively small, the gradient 

change in the conductivity can be approximated by, 

w
w

s
s
�V

�V
�w�§ �·�’ �| �’�¨ �¸�w�© �¹

 
(3.42) 

In other words, changes in saturation and temperature are potentially more important than 

changes in porosity in terms of controlling the change in the gradient of the electrical 

conductivity. 

The term associated with changes in temperature is vanishingly small in 

thermoporoelasticity (it can computed from the formulation given by McTigue, 1986 for 
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instance) except in the case of heavy hydrocarbons (Martinez et al., this issue). In poroelasticity, 

the term related to change in porosity (generally through a change in the effective stress) is 

expected to be also pretty small by comparison with the first term. For clayey sandstone, Han et 

al. (1986) found the following correlation between the P-wave velocity, the porosity, and the 

volumetric clay content C �����”��C �”��������������VP (km/s) = 5.59 - 6.93 �I - 2.18 C. This means that a 

change of 1% in porosity can be responsible for a change of approximately 70 m s-1 for the P-

wave velocity. Conversely, a change of saturation is responsible for a strong change on the P-

wave velocity (see Figure 3.3a). Therefore, 

p
p w
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�’ �| �’�¨ �¸�w�© �¹

 
(3.43) 

which explains why 4D seismic imaging is efficient in monitoring the production of oil and gas 

reservoirs. Also, it is known that the saturation dependence of the P-wave velocity tends to be 

larger for soft (low velocity) rocks like clayey sandstones. For the secondary recovery of oil by 

water flooding, the effect of saturation dominates the response for the P-wave velocity and the 

resistivity (see the amplitude of the changes in Figure 3.3 for the Berea sandstone). In this 

situation, the cross-product pV�V�’ �u�’  will be equal to zero. Both the SCG and CP approaches 

are expected to work.  

 
 3.5.3  Steam-Assisted Production of Heavy Oil 
 
The in-situ production of heavy oil in sands consists of many different techniques, of 

which Steam Assisted Gravity Drainage (SAGD) and the Cyclic Steam Stimulation (CSS) are 

common. These techniques involved an increase of the temperature, an increase of the TDS of 

the pore water (by dissolution of some minerals), and a change of saturation of oil. Martinez et 

al. (this issue) are showing the effect of temperature on both the electrical conductivity and the 

seismic velocities. The cross-product of the gradient of the change of the conductivity by the 

gradient of the change of the seismic velocity is given by: 

�� �� �� ��TDS
TDS

p p
p w w

w w

V V
V T s s

T s s
�V �V

�V
�w �w�§ �· �§ �·�w �w�§ �· �§ �·�’ �u�’ � �’ �u�’ �� �’ �u�’�¨ �¸ �¨ �¸�¨ �¸ �¨ �¸�w �w �w �w�© �¹ �© �¹�© �¹ �© �¹

 
(3.44) 
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The temperature and TDS gradients are expected to be, at first approximation, colinear with the 

change of saturation (from the produced area to the undisturbed reservoir) and therefore, here 

again, the cross-product of the gradient of the conductivity change by the gradient of the velocity 

change is expected to be minimum. The SCG and CP approaches proposed above are expected to 

work because a relationship between the velocity and resistivity co-located changes associated 

with a change in the saturation. 

 
 3.5.4  CO2 Sequestration and Gas Hydrates 
 
In the case of CO2 sequestration, Myer (2001) has measured substantial change in both 

resistivity and P-wave velocity in the laboratory in the presence of CO2 (increase over 100 and 

10%, respectively) for the Berea sandstone. The presence of CO2 is therefore expected to create 

co-located gradients in both the electrical conductivity and the P-wave velocity and co-located 

changes in the electrical conductivity and the P-wave velocity. Therefore both the SCG and CP 

approaches are expected to work as well. The same would apply for the production of gas 

hydrates as the presence of gas hydrates has both a strong signature on both the seismic velocity 

and the electrical resistivity (Guerin et al., 2006).  

 
 3.1    Time-Lapse Joint Inversion: Numerical Experiments 

 
 3.1.1  Synthetic Problem Test 
 
We test now our joint time-lapse inversion algorithm on a simple time-lapse problem. 

Figure 3.4a shows a set of 3 snapshots for a moving and deforming target between two wells. 

We show in Figure 3.4b, the changes between snapshots 2 and 1 and between the snapshots 3 

and 1. The properties of the heterogeneity and background are similar to the test discussed above. 

Like in the previous synthetic case, we use a bipole-bipole array for the DC resistivity (P1 and 

C1 electrodes in borehole A, P2 and C2 electrode in borehole B) with a total of 1100 

measurements. The synthetic data are contaminated with a 3% noise level. 

Figure 3.5, Figure 3.6, and Figure 3.7 show the results for independent inversion, time-

lapse inversion, and cross-gradient time-lapse joint inversion, respectively. The blue colors 

indicate an increase in the resistivity or seismic velocity while the red colors indicate a decrease. 

The three types of inversion reach a data RMS error around 3% at the 5th iteration, which 

corresponds to the noise level added to the data (Figure 3.8 shows that the data misfit function 
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converges very quickly in two iterations). In each case, the domain where there is a true change 

of the resistivity and seismic velocity is shown by the plain line. We see on this example that the 

cross-gradient time-lapse joint inversion improve the results of the inversion in the sense that 

there are much less spatial artifacts in the tomograms shown in Figure 3.7 as compared with the 

tomograms shown in Figure 3.5 and Figure 3.6. For the joint inversion, the test results seems to 

show only a modest improvement: the seismic tomograms seems to get rid of the background 

noise. Indeed the seismic and resistivity background noises are spatially dissimilar and therefore 

filtered out by the joint inversion. 

Figure 3.9 shows the model RMS error, that is, the difference between the synthetic and 

inversion models, by using independent inversion and the joint time-lapse inversion. Besides the 

smaller inversion artifacts, there is a clear improvement in the model RMS error for both 

resistivities and velocities models with the time-lapse joint inversion as compared with the 

independent inversions. Note that with the time-lapse joint inversion, the recovered change in 

resistivity is on the order of 25 Ohm m while the true change is on the order of 90 Ohm m. We 

cannot however increase further the number of iterations without fitting the noise. This explains 

the large model RMS error in the resistivity inversion as compared to the model RMS error for 

the velocity inversion as the relative change of velocity is smaller. Figure 3.10 shows the 

residuals after the 5 iteration, for both apparent resistivities and travel times. These residuals are 

very small with respect to the absolute values of the apparent resistivities and travel times. 

 
 3.1.2  Value of the Lagrange Parameters 
 
We first discuss the effect of the temporal changes into the inversion scheme. The 

temporal changes are controlled by the matrix A. Large values of the temporal Lagrange 

parameter result in unnecessary smoothness over time suppressing real changes in the sequence 

of tomograms. At the opposite, small values of the temporal Lagrange parameter may produce 

inversion artifacts. Ideally, entries of the matrix A associated with areas characterized by 

significant changes in the petrophysical properties must be assigned low time regularization 

values. At the opposite, entries of the matrix A associated with areas characterized by small 

changes in the petrophysical properties must be assigned high time regularization values. Figure 

3.11 displays the time related Lagrange distribution of the sequence of models. Because this 

model has three time-steps, only two figures are shown. They corresponds to changes from time 



46 

step 1 to time step 2 and changes from time step 2 to time step 3. The areas characterized by low 

values of the time Lagrange parameters are in good agreement with areas characterized by a 

strong change in the modeled changes of the petrophysical properties (see Figure 3.4). 

 
 3.1.3  Values of the Regularization Parameters 
 
In our algorithm, there are three regularization parameters affecting the final tomogram, 

which include one for the spatial regularization, one for the time-lapse regularization, and the last 

one for the joint inversion. Each of the regularization terms is controlled by its corresponding 

Lagrange parameters ��, �., and �&. By assigning different weights to each of these parameters, we 

can favor some characteristics of the tomogram. For instance, if we assume that we suspect no 

great structural connection between resistivities and velocities, the operator can perform the 

inversion with a small value of �&. If large temporal changes are expected, the operator can assign 

small values to the matrix A. It is not possible to suggest a global pattern for each individual 

case: this pattern should be adjusted based on the experience.   

 

 3.1.4  Distribution of the Cross-Gradient function 
 
We address now the effect of the cross-gradient function on the inversion algorithm. To 

illustrate our point, we consider the previous synthetic problem where the resistivity and velocity 

distributions piecewise constants. Large values of the computed cross-gradient values are 

observed at the boundaries of the models as expected (see Figure 3.12). 

 
 3.1.5  Application to Water Flooding for Oil Reservoir Production 
 
We apply now the time-lapse joint inversion algorithm to a water-flood experiment and 

secondary oil recovery in which water is injected in one well and the oil is produced in a second 

well. The governing equations, petrophysical relationships for the relative permeability and 

capillary pressure are described in Appendix A. The reservoir is simulated with a stochastic 

random generator using the petrophysical model described in Revil and Cathes (1999).  

Once the saturations are computed at each time step, we compute the velocity and the 

resistivity from the water saturation using the properties shown in Figure 3.3. Figure 3.13 shows 

the porosity and permeability model. The evolution of the saturation over time is shown in 

Figure 3.14. Figure 3.15 illustrates the relationship between velocity and resistivity when a 
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change in saturation occurs. The results of Figure 3.14 and Figure 3.15 are combined together to 

compute the simulated resistivities and velocities for a 6 time-step models (Figure 3.16). The 

bipole-bipole resistivity and seismic sources and receivers arrays are similar to those described in 

the previous synthetic problem (Figure 3.4). Similar random noise was added to the synthetic 

data.  In this type of model, which is characterized by a relatively sharp change in the 

petrophyscal properties, we favored the CP-approach for the joint inversion instead of the SCG 

approach. The inverted results are shown in Figure 3.17a (iteration 7, data RMS error of 3%.). 

The evolution of the data error is shown in Figure 3.17b., and the algorithm converged in few 

iterations. 

Once the resistivity and the velocity have been jointly inverted over the complete 

sequence of snapshots, we can see if we can recover the position of the saturation front from the 

inverted data. We use the second Archie's law (shown in Figure 3.3b) to compute the saturation 

from the inverted resistivity resulting from the time-lapse joint inversion. The result is shown in 

Figure 3.18a. A contour line for a function of two variables is a curve connecting points where 

the function has the same specified constant value. The gradient of the function is always 

perpendicular to the contour lines. When the lines are close together the magnitude of the 

gradient is large and the variation is steep. We develop a simple algorithm to locate the position 

of the oil/water interface by looking at the contour line perpendicular to the steepest gradient in 

the saturation. The result is shown in Figure 3.18b and compared to the true position of the 

interface. From this figure, it is clear that the kinetics and position of the oil/water interface is 

pretty well recovered by our time-lapse joint inversion algorithm.  
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Figure 3.1.  Sensitivity analysis for DC-resistivity and seismic velocities data. Each method 
shows different sensitivities in different areas of the space comprised between the two wells. The 
upper boundary is considered to be the air/ground interface.  
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Figure 3.2. A 2.5 D grid used to model the resistivity and velocity of subsurface (y corresponds 
to the strike direction). The cross-gradient is defined with a three cell grid, at each position, 
following the approach developed by Gallardo and Meju (2003, 2004).   
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Figure 3.3. Influence of water saturation on seismic P-wave velocity and resistivity index 
(resistivity at a given saturation divided by the resistivity at saturation in the water phase). a. P-
wave velocity (data from Wyllie et al., 1956). b. Resistivity index (Ri = �V(sw=1)/�V(sw)�| sw

-n; data 
from Jun-Zhi and Lile, 1990).  
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Figure 3.4. A benchmark of the joint inversion scheme. a. Evolution of a body of resistivity 100 
Ohm m and velocity 2 km/s moving inside an homogeneous earth with a background resistivity 
of 10 Ohm m and a background velocity of 1 km/s. b. Differences between the three snapshots 
(T2 - T1) and (T3-T1).  
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Figure 3.5. Independent inversion. a. and b. Independent inversion of the resistivity and display 
of the resistivity changes between time T2 and time T1 (a) and between time T3 and time T2 (b) 
at iteration 5. c. and d. Same For the seismic data. The thin black line denotes the true position of 
the change (see Figure 3.4).  
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Figure 3.6. Independent time-lapse inversion. a. and b. Independent time-lapse inversion of the 
resistivity and display of the resistivity changes between time T2 and time T1 (a) and between 
time T3 and time T2 (b) at iteration 5. c. and d. Same For the seismic data. The thin black line 
denotes the true position of the change (see Figure 3.4).  
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Figure 3.7. Joint time-lapse inversion. a. and b. Time-lapse joint inversion of the resistivity and 
seismic data and display of the resistivity changes between time T2 and time T1 (a) and between 
time T3 and time T2 (b) at iteration 5. c. and d. Same for the seismic data. The thin black line 
denotes the true position of the change (see Figure 3.4).  
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Figure 3.8. Evolution of the data misfit error with the number of iteration for the joint time-lapse 
inversion problem (the inversion is started with a homogeneous model distribution).  
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Figure 3.9. Time steps "model %RMS error" for the resistivity (left) and velocities (right) when 
using independent inversion (blue line) and the joint time-lapse algorithm (red line). In all time 
step models (T1, T2, and T3), the model RMS error is significant lower for the time-lapse joint 
inversion approach. This means that the time-lapse joint inversion is better reproducing the true 
model changes.  

 

 

Figure 3.10. Data residuals for apparent resistivities (left) and travel time (right), for the 
synthetic model shown on Figure 3.4.  
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Figure 3.11. Distribution of the time-related Lagrange parameter. Low values of the Lagrange 
parameter indicate areas where time-related changes are expected.  
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Figure 3.12. The cross-gradient function for the synthetic model. Large values indicate areas 
with high structural similarity between the resistivity and seismic model, which are expected at 
the boundary of the piece-wise constant models shown in Figure 3.4.  
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Figure 3.13. Porosity and permeability fields of a sandstone reservoir between two wells for the 
flood simulation numerical test.  
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Figure 3.14. Six snapshots showing the evolution of the oil saturation over time in a 150 m-thick 
oil reservoir. The initial oil saturation in the reservoir is 0.75. Oil is considered to be the non-
wetting phase.  
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Figure 3.15. The relationship between resistivity and velocity for changes in the water 
saturation. This relationship is determined from the data shown in Figure 3.3.  
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Figure 3.16. Simulated 6 time-step resistivity and velocity model, using data from Figure 3. T1 
to T6 corresponds to the six snapshots shown in Figure 3.14.  
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Figure 3.17. The inverted time-lapse resistivities and velocities model, using the CP-based 
approach. T1 to T6 corresponds to the six snapshots shown in Figure 3.14.  
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Figure 3.18. Position of the water front. a. Reconstruction of the saturation from the inverted 
resistivity. b. Reconstructed and true positions of the oil/water front moving inside the reservoir.  
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CHAPTER 4  
 

GENERAL 4D TIME -LAPSE GRAVITY DATA INVERSION  
FOR WATER FLOODING INTERFACE DETECTION  

Reproduced with permission from publication in Geophysical Journal International  

Marios Karaoulis(1), André Revil (1,2), Burke J. Minsley(3), 

Micol Todesco(4), Junwei Zhang(1), D. Dale Werkema(5) 

 4.1    Abstract 
 
The main problem with the deterministic inversion of geophysical data is providing a 

stable solution to the inverse problem (often ill-posed and underdetermined) while, at the same 

time, being able to image the actual geological structures or the evolution of dynamic parameters 

over time (e.g., salinity, saturation, and wettability).  In the case of gravity data, the inverse 

problem is highly non-unique, as in all potential field problems.  Therefore, constrains are 

necessary to stabilize the inversion of the gravity data (e.g., Oldenburg, 1974; Pedersen, 1977; 

Boulanger & Chouteau, 2001).  Such constrains include geologically and physically meaningful 

regularizers, which are used to decrease or remove the non-uniqueness of the inverse problem 

(Tikhonov & Arsenin, 1977).  00 

Inversion schemes of gravity data fall under five categories, as detailed below. 

(1) The first type assumes known densities for the different lithologies or geological units 

in the subsurface (e.g., from borehole data).  In this case, the inversion is performed to identify 

the location of the boundaries between piece-wise constant density units (see Pedersen, 1977; 

Chai & Hinze 1988; Reamer & Ferguson 1989; Barbosa et al., 1999).  While this approach may 

be applied to cases where enough prior information is available, it is still highly non-unique and  

1(Department of Geophysics, Colorado School of Mines, Golden, CO 80401, 
USA.arevil@mines.edu), 2(ISTerre, CNRS, UMR CNRS 5275, Université Savoie Mont-Blanc, 
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Bologna, Italy) 
5(U.S. EPA, ORD, NERL, ESD, CMB, Las Vegas, Nevada, USA .) 
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may lead to large discrepancies between the inverted and true models, especially with complex 

geology. The opposite approach in which the boundaries are known and the density of each unit 

is inverted can be also developed using stochastic techniques. 

 (2) A second approach is based on the deterministic inversion of the density distribution 

using Tikhonov regularization (Tikhonov & Arsenin, 1977) with smoothness as a regularizer (Li 

& Oldenburg, 1998).  In this case, the inverse model looks for the smoothest density model that 

also satisfies the data.  There are many ways to choose the optimal value for the trade-off 

parameters that balance the two contributions (data misfit and regularizer) in the cost function to 

minimize. Although this approach is able to invert for the density distribution, the nature of the 

algorithm makes the models unfocused (smoothed) and as a result, in many cases, geologically 

unrealistic.  One way to reduce this problem is however to minimize the objective function, with 

the L1 norm rather than using the typical L2 norm. 

(3) In the third approach, the density distribution is inverted through an image focusing 

method.  This approach is also based on Tikhonov regularization but with a regularizer that seeks 

to compact some characteristics of the source, if such characteristics are required by the 

underlying physics of the problem.  The image focusing approach was first introduced by Last & 

Kubik (1983), and later used by Portianguine & Zhdanov (1999) for other potential field 

problems. As discussed by Zhdanov (2009), this approach solves for the density distribution, 

while preserving at the same time sharp boundaries.   

(4) An alternative approach to keep sharp boundaries is the binary inversion approach of 

Krahenbuhl & Li (2006, 2009, 2012). In this approach, the density distribution is allowed to take 

only discrete values, therefore reducing the non-uniqueness of the inverse problem.  While this 

approach can be used in special cases (i.e., salt dome imaging) and is a blend of approaches 1 

and 2 above, it cannot be generalized to any density model. The density distribution of the Earth 

is not either smooth or taking discrete values.  

(5) Finally, stochastic approaches have also been proposed (e.g., Shamispour et al, 2010) 

to invert gravity data. In these approaches, the problem is parameterized with a small number of 

model parameters so Marlov chain Monte Carlo sampler can be used to sample their posterior 

probability density.  

The recent development of ultra-sensitive gravity meters (with micro-Gal accuracy, see 

Scintrex, 2006) make time-lapse gravity an interesting approach to monitor changes in density in 
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the subsurface (Davis et al, 2007, Ferguson el al., 2008).  Applications include the monitoring of 

volcanic activity and geothermal fields (e.g., Battaglia et al., 2008; Vigouroux et al., 2008), 

pumping tests and ground water storage and recovery (Cogbill et al., 2006, Davis et al., 2008), 

and gas production or storage (Eiken et al., 2008, Gasperikova & Hoversten, 2008; Alnes et al., 

2011).  Note that the classical methods developed to interpret, correct, and invert static gravity 

gravity data (for instance regional trend removal, see Gettings et al., 2008; Glegola et al., 2008) 

are naturally accounted for in time-lapse processing since they are not changing over time.  

In this paper, we propose a combination of (1) the L1-norm, (2) an image-focusing 

algorithm, and (3) the Active Time Constrain (ATC) algorithm developed recently by Karaoulis 

et al. (2011a, b) for resistivity, induced polarization, and seismic data and here applied for the 

first time to the inversion of time-lapse gravity data.  In our approach below, the density 

distribution is modeled as a continuous function of space and time, allowing the preservation of 

relatively sharp density contrasts in both time and space.  The ATC algorithm incorporates a 

time-based regularizer into a generalized cost function to produce an optimal set of gravity 

snapshots. 

 
 4.2    Forward modeling 

 
Any variation of density in the subsurface produces a small variation on the gravity field 

g = 
F�Ï�7 (in m s-2), U being the gravitational potential (potential energy per unit mass, in m2 s-2).  

The vertical component of the gravity field is usually measured at the surface of the Earth or in 

boreholes.  The gravitational potential obeys a Poisson equation 

�Ï �6�7(�ž) = 
F4�è�)�é(�ž) (4.1) 

 
where G = 6.67300 × 10-11 m3 kg-1 s-2 denotes the universal gravitational constant, x denotes a 

position in the Euclidian space, and �!��denotes the mass density (in kg m-3).  Equation 1 can be 

solved numerically.  In the following, we use for instance the finite element package Comsol 

Multiphysics 4.3 to solve Eq. (4.1) (see also Butler & Sinha, 2012).  This package allows the 

discretization of complex interfaces such as topography imported from high-resolution digital 

elevation maps.  

To benchmark Comsol Multiphysics 4.3 in 3D, we simulated the gravity field of a sphere 

of radius 1 km with a density contrast of �û�!=100 kg m-3 with respect to the background material. 



68 

The center of the sphere was located 2 km below the flat ground surface.  The domain of interest 

was meshed with tetrahedral prisms of maximum vertex height 500 m, with a total of 200,000 

elements. The boundaries were extended to 70 km to avoid edge effects.  A comparison between 

the analytical model of Telford et al. (1990) and our forward numerical model (which takes about 

2 minutes to solve on a regular desktop machine) show an RMS difference smaller than 2% (not 

shown here).  For a 2D benchmark test, we simulated a filled circle of radius 1 km and a density 

contrast of 100 kg m-3.  The domain of interest is 15x15 km and the boundaries are extended to 

140 km to avoid edge effects. In each case, we obtained a very good agreement between the 

numerical solution and the analytical solution, less than 0.2% (not shown here).  Forward 

calculations for these cases require less than 1 minute on a desktop computer.  

 
 4.3  Inversion 

 
 4.3.1  Calculation of the Kernel Matrix  
 
We subdivide the subsurface into M cells, while we consider the number of gravity 

stations as N (M>>N).  Calculation of the kernel matrix requires finding the effect of the j-th 

model cell at the i-th measurement station.  The vertical (z-component) of the gravity field at 

station i is related to the kernel and the density at cell j, �é�Ý, by the system of linear equations,  

�C�Ü= 
Í �-�Ü�Ý�é�Ý

�Æ

�Ý�@�5

 
(4.2) 

The matrix �-�Ü�Ý denotes the kernel matrix.  In order to calculate the kernel matrix, we use Comsol 

Multiphysics 4.3, where sequentially, for each cell of the domain, we assign a unit density, and 

calculate the response (Green function) at the stations where the gravity measurements are 

performed.  That said, the Kernel can be computed from efficiently by invoking reciprocity and 

putting unit sources at the receiver locations.  That way, we need to do N (instead of M) 

simulations to compute the matrix �-�Ü�Ý.  In vector notations, we end up having a system of N 

equations, 

�s = �w�Ë (4.3) 

where G is a length-N vector containing the N gravity measurements, K is a matrix of size 

[NxM], and �! is a vector of length-M, containing the mass density of the cells. 
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 4.3.2  Inversion strategies 
 
Equation 4.3 is not stable and cannot be solved directly because the kernel is rank 

deficient.  Various inversion techniques can be applied to stabilize the inversion. In this work, we 

use three algorithms; a classical least square inversion scheme, an L1 norm scheme (Farquharson 

& Oldenburg, 1998), and the compact gravity inversion (following the idea of Last & Kubik, 

1983, for gravity and Minsley et al., 2007 for self-potential).  If we consider a cost function 

Pa(�“ ) to minimize 

�2�� ( �“ ) = �î ( �“ ) + �Ù�O(�“ ) (4.4) 

where �3(�“ ) is the misfit function defined as the difference between the observed and predicted 

data according to a given p-norm Lp: 

�î ( �“ ) = �!�s 
F�w�Ë�!�ã (4.5) 

In equation 4.4, s(�“ ) denotes a stabilizing functional and �.��is the regularization parameter used 

to balance the effect of the two terms appearing in the cost function. 

In the compact source inversion, we seek to find a model with a minimum supporting 

volume (in 3D) or surface (in 2D) of anomalous density.  As shown by Last and Kubik (1983) 

and modified by Minsley et al (2007) to incorporate sensitivity weighting, the stabilizing 

functional is expressed as, 

�O(�“ ) = 
±
�Ë�6

�é�� �?�5
�6 + �¼�6

��

 
(4.6) 

where �× denotes the domain of interest (either 2D or 3D), and k is the iteration number. Equation 

(4.6) is an iterative solution and at each iteration the functional s(m) decreases the area of the 

density model with respect to the density distribution obtained at the previous iteration.  In time-

lapse problem, Eq. (4.6) is applied to the density relative to a reference model and we want as 

many values of the anomalous density changes going to zero (not the density itself).  For the first 

iteration, where initial model is zero, we set ��=1.  Equation 6 is therefore used to minimize the 

number of cells characterized by an anomalous densities in the time-lapse problem. 

In the L1 norm the following equation can be used as the stabilizing functional 

(Farquharson and Oldenburg, 1998),  
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�O(�“ ) = (|�Ï
É�‘ �?
Ú| �6+ �Ú�6) �5/ �6 (4.7) 

where �� denotes a small number close to zero. The use of this parameter provides stability when 

the model or model gradient is close to zero.  Equation (4.7) is used to minimize the number of 

non-zero gradients in the time-lapse problem, and like the compact source, solution found after 

some iterations For every next iteration, the functional considers the model from the previous 

iteration. For the first iteration, we set ��=1.  Zhdanov & Tolstaya (2004) and Farquharson & 

Oldenburg (1998) discussed the role of the ����parameter.  Small values of this parameter may 

introduce instability while large values imply that the algorithm acts as a weighted minimum 

length constrain.   

Minimizing equation 4.7 and applying a depth weighting function is algebraically similar 

to solve the following equation, 


d�ª �¹ �?
Ú

�Ù�u

h[�Ë�Û] = �B�s


Ù
�C (4.8) 

 
Once the weighted density model have been obtained, we can recover the unscaled density 

model using the following transform,  

�Ë= �¹ �?
Ú�Ë�Û (4.9) 

�¹ = diag
¨
diag(�v
Û)

�é�Þ�?�5
�6 + �¼�6 

(4.10) 

where and J denotes the sensitivity weight vector introduced to scale the solution (e.g., Minsley 

et al, 2007 for self-potential problems) and "diag" refers to a diagonal matrix.  An efficient way 

to calculate the sensitivity-weighting vector is to use the following relationship, 

�v= diag
©
Í �-�Ü�Ý
�6

�Ç

�Ü�@�5

 

(4.11) 

where "diag" refers to a diagonal matrix populated with zeros in the off-diagonal cells.  

Minimization of Eq. (4.4) using the L1 norm is algebraically similar by solving iteratively the 

following system of equations 
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�H
�ª �v�?
Ú

�Ù�ƒ �“ �¾�~
�I[ �Ë�Û] = �B�s


Ù
�C 

(4.12) 

where R denotes a diagonal matrix with an entry for differences between adjacent model 

parameters in all directions 

�4�Ü�Ü= ((�ƒ �“ �Ë�‘ �?
Ú) �Ü
�6+ �Ú�6) �?�5 (4.13) 

For the first iteration it is convenient to use a linear constrain �~
Ù= �u.  The number of iterations 

is reached when changes to the model become sufficiently small (i.e., �!�é�Þ 
F�é�Þ�?�5�! < �Ý, where �H 

is a small number specified by the user, �ƒ �“  denotes the first order derivative or gradient)  

Another possibility is to use the L2 smooth solution of the inverse problem which can be 

obtained in one iteration (no iteration associated with compactness) by using the following 

minimum norm support function 

�O(�I ) = �!�ƒ �“ �Ë�!�6
�6 (4.14) 

In this case, the operator can be either �ƒ �“ = �÷ (zero order derivative), a first order derivative 

(gradient operator), or a second order derivative (Laplacian).  The choice of the operator is based 

on the desired characteristics of the source we expect to recover.  Moreover, following Minsley 

et al. (2007), we can include the sensitivity-weighting function in the system of equations to 

minimize: 


d�w�v�?
Ú

�Ù�u

h[�Ë�Û] = �B�s


Ù
�C (4.15) 

where �v is defined by Eq. (4.11).  Once the weighted model is calculated, it is unscaled using 

�Ë= �v�?
Ú�Ë�Û.  

Minsley (2007) discussed the role of multiple regularization parameters.  For a set of �Ú 

values (�Ú�Ð[10�?�5�8,10�?�5]), we plot �!�Ð(�“ ) �!�� versus �!�O(�“ ) �!�� using the values of �Ù defined 

form the eigenvalues of the inverse matrix.  This curve exhibits the classical L-curve shape.  For 

one individual L-curve, �. is selected from the maximum curvature of the curve (found by fitting 

the points with a spline).  This point corresponds to a trade-off value of �. minimizing both terms 

of the cost function optimally.  The choice of the optimal set of parameters depends on the choice 

of algorithm (compact inversion, use of the L2 or L1 norm) and the desired characteristics of the 

model  
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 4.3.3  Time-lapse inversion 
 
The 4D model described by Kim et al. (2009) defines the subsurface as a combined 

space-time model that encompasses all space models during an entire monitoring period.  The 

entire monitoring dataset is defined as a data vector in the space-time domain as well.  The 

space-time model is assumed to change continuously along the time-axis, which allows the 

change of the subsurface material property distribution during the measurement of the 

geophysical data set.  

Since both the data and the model are defined using space-time coordinates, the 4D-ATC 

algorithm is able to adopt regularization in both time and space to stabilize the inversion.  

Consequently, the objective function �2�Ô to be minimized by the inversion process can be 

expressed as (Kim et al., 2009), 

�2�Ô( �“ ) = �î ( �“ ) + �=�O(�“ ) + �Û�O�ñ( �“ ) (4.16) 

 
The function �O�ñ( �“ ) is used for flatness regularization in time, and the regularization 

parameter ����controls this regularization over time.  This function is expressed as a first order 

differential operator to the time-model vector itself (expressed as the matrix C). This is based on 

the quite realistic assumption that the change of the density in the time domain is small compared 

to the change in the space domain (typically few hundred of kg m-3 versus 2000 to 3000 kg m-3) 

and that the basic subsurface structure would remain the same throughout the entire monitoring 

period.  The time-domain trade-off parameter is expressed either as a constant value ����or as a 

diagonal matrix A (Karaoulis et al., 2011a), based on available a-prior information. For 

simplicity, in this work, we will assume a constant number.  Minimizing the objective function 

corresponding to Eq. (4.16), with respect to the model perturbation vector yields the following 

normal equations:  
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(4.19) 

Equation (4.17) corresponds to the normal equation with the L2-norm, Eq. (4.18) for the 

compact source form, and Eq. (4.19) for the L1-norm.  Note that Eqs. (4.17) through (4.19) solve 

for the scaled density model, and the final solution needs therefore to be unscaled.  In these 

equations, t denotes the number of different time-steps data, �¹ �’,���~�’, and �s�’ is the compact, L1-

norm and data of the time step l.  It is important to note that the kernel matrix K remains the 

same for all the time steps.  We chose the value of the parameter ��, from the analysis performed 

in Karaoulis et al. (2011a), to be in the range �Û�Ð[�Ù/ 10,�Ù].  In the next few sections, we will 

show three examples requiring the adaption of the algorithm and provide guidelines for using the 

algorithm.  

 
 4.4  Water flooding of an oil reservoir 

 
We now apply the time-lapse inversion algorithm to a water-flood experiment and 

secondary oil recovery in which water is injected in one well and the oil is produced in a second 

well (Figures 4.1 and 4.2).  The governing petrophysical relationships for the relative 

permeability and capillary pressure are described in Karaoulis et al. (2012) and shown in Figure 

4.1 a and 1b. The reservoir is simulated with a stochastic random generator using the 

petrophysical model described in Revil & Cathles (1999).  This model is based on a sand clay 

mixture in which the clay content is used as the random variable.  The model specifies the value 
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of the porosity of the clean sand and the properties of the clay aggregate.  The two boreholes, 

located 47.5 m apart, corresponds to a water injector and n oil producer.  The reservoir is initially 

mostly oil saturated.  

The water saturations are computed for 6 snapshots regularly distributed over time (c) and 

result from two phase modeling (see Karaoulis et al., 2012, for further details).  Then, we 

computed the density contrast from the saturation considering that the density of the water phase 

is 1000 kg m-3 and a density for oil of 870 kg m-3. Such density distribution is determined for 

each of the six snapshots (Figure 4.2). The change in the vertical component of the gravity field 

was calculated within the two wells, the injector and the producer (Figure 4.2a).  Measurement 

stations are considered every meter, while the length of the borehole was considered to be 187.5 

m.  The computed changes of the recorded z-component of the gravity field is on the range of 20-

��������Gal (see Figure 4.4), while the sensitivity of modern gravity meters is on the order of 3 ��Gal 

(for the Scintrex CG for instance the reading resolution is 3 ��Gal and the field repeatability is 

usually less than 5 ��Gal).  Random errors with a maximum amplitude of ������Gal were added to 

the synthetic data.  

Because the change of the density distribution here is spatially smooth (at each time 

step), the inverse problem could not be solved with the compact source inversion. Indeed, there 

are density changes for the portion of the reservoir comprised between the injector and the oil 

water encroachment front. Therefore, we will use the L1 and L2 norms for this example with no 

compaction for the density model or for the density perturbations.  This model represents a rather 

simple geometry, a large area where the water is traveling, and a background density contrast of 

zero (no change in density).  The L1 norm scheme (not shown here) appears to be very unstable, 

with many inversion artifacts.  The result of the inversion with the L2 norm is shown in Figure 

4.3.  To determine the position of the front, we use the same approach as in Karaoulis et al. 

(2012).  A contour line for a function of two variables (x, z) is a curve connecting points where 

the function has the same specified constant value. When the lines are close to each other the 

magnitude of the gradient is large and the variation is steep. We develop a simple algorithm to 

locate the position of the oil/water encroachment front by looking at the steepest gradient in the 

density. Figure 4.3 shows that the density contrast at the oil-water encroachment front is also 

well resolved. 
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 4.5  Monitoring of hydrothermal activity   
 
We present now an application to the gravity signals associated with a perturbed 

hydrothermal field using the simulation published by Todesco (2009).  The model describes a 

hydrothermal system fed by a magmatic source of water vapor and carbon dioxide (Figure 4.5).  

The numerical simulations are performed with the geothermal simulator TOUGH2 used to solve 

the coupled flow of heat and multi-phase, multi-component fluids through porous media (Pruess 

et al., 1999).  The simulation considered here was run with the purpose to investigate the effects 

of a system unrest during which the magmatic source discharges higher amounts of fluids with a 

larger fraction of carbon dioxide (Todesco 2009).  The simulation starts from steady state 

conditions, corresponding to a long-term (thousands of years) activity of the magmatic source. 

During this time, the source discharges within the liquid-saturated rocks 39 kg s-1 of hot water 

vapor and carbon dioxide, with a CO2/H2O weight ratio of 0.42.  The injected fluids form a wide, 

two-phase plume that extend and widens toward the surface.  Then, an 8-month long unrest is 

simulated by increasing the discharge rate to 140 kg/s and the CO2/H2O weight ratio to 0.98.  

Afterwards, the source returns to its initial activity, to simulate the relaxation of the system after 

the unrest.  The enthalpy of the injected fluids does not change during the entire simulation and 

corresponds to a fluid temperature of 330°-350°C, depending on the system pressure.  The 

simulated unrest has a significant effect on phase distribution: as a larger amount of hot fluids 

enter the system, the two-phase plume expands, shifting outwards the boundary with the colder, 

the liquid-saturated region.  Within the plume, the overpressure due to the larger injection rate 

causes the condensation of some fraction of water vapor, while pre-existing fluids (liquid in 

particular) are pushed upwards and outward.  As a result, the distribution of the fluid density 

evolves through time, with larger changes focused along the margins of the two-phase plume 

(Figure 4.6a).  The simulated density changes are of the order of a hundred kg m-3.  These 

density changes generate measurable gravity changes at the surface (+50 to -150 �PGal) and along 

the two wells (Figure 4.6b).  The changes in the vertical component of the gravity field are 

sampled at 2715 points along the ground surface and the two wells for each considered time 

frame.   

For the inversion of these gravity data, the subsurface was discretized into 25x25 cells 

resulting in a total of 5520 cells.  Figure 4.7 shows the modeled changes (at 5 time-steps) and 



76 

the inversion results using the L1 time-lapse algorithm after 4 iterations.  We tested 40 iterations, 

and we found that the minimum of the model norm was reached after 10 iterations (Figure 4.8).   

For this model, the compact source inversion should not be used if we believe that the 

source is not compact by nature (if the flow was channeled by faults, the situation would be 

different).  The use of the L2 norm allows us to identify the position of the density changes quite 

well, but it also generates density artifacts in some areas of the model (Figure 4.8a).  It is 

important to note that these artifacts appear to be smoothed.  Figure 4.9 shows the model RMS 

and the norm of difference though a number of iterations. The minimum of the difference was 

observed at the 4th iteration (stopping criteria for the inversion). Further iteration do not improve 

significantly the model RMS. The L1 scheme is forcing the solution to be sharp, and as it seems, 

eliminates the artifacts associated with the use of the L2 norm. 

 
 4.6  Monitoring the roof collapse of a mine  

 

Gravity can be also used to monitor the density change associated with the gradual 

collapse of the roof of galleries and caves.  The following example considers a set of 6 layers 

(Figure 4.10) with densities varying from 1200 kg m-3 up to 1750 kg m-3.  In this model, we 

introduce a 4 m cavity at an initial depth of 78 m.  Through the collapse of the roof, the cavity 

moved upward toward the surface over time.  We only consider two snapshots in this experiment.  

In the second snapshot, the cavity is located at a depth of 74 m and the total mass of the area 

remains constant.  In this case study, the simulated gravity responses for the case without any 

cavity (background gravity field), the case corresponding to the cavity at 78 m, and the case 

corresponding to the cavity at 74 m are shown in Figure 4.10.  

For these data, we remove the background densities (model with no cavity), and search 

only for the cavity location (density contrast) using the residual gravity anomaly.  Additionally, a 

random noise of 2 ��Gal was added to the residual data.  Figure 4.11 shows the inversion results 

when using both the L1 and L2 inversion schemes.  As expected, the L2 inversion scheme 

indicates an extended area for the cavity location, allowing the exact location to be recovered but 

with significant uncertainty.  The L1 inversion, after 7 iterations identifies a more compact 

shape, but still not exactly on the modeled cavity location.  Further iterations do not improve the 

final image, i.e. solution is not compacting further.  Both schemes, for this type of problem seem 

to be insufficient.    
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When the expected change has a minimum area in 2D or a minimum volume in 3D, a 

compact source inversion proves to be a better approach.  Figure 4.12 shows the application of 

the time-lapse compact source to this model, where the cavity moved 4 meters towards the 

surface.  As expected, the first iteration (Figure 4.12a) shows an extended area that is minimized 

by further iterations (Figure 4.12b).  After 8 iterations (Figure 4.12c and Figure 4.12d), the 

algorithm was able to recover the exact location of the cavity for both the considered cases (74 

and 78 meters depth).  Additional iterations do not further compact the solution.  Finally, Figure 

4.12e shows the difference between the two time steps, providing a location for the cavity. 

 
Figure 4.1. Model used to compute the gravity changes associated with the migration of an oil 
water encroachment front between two wells.  Well A denotes the injector (in which water is 
infiltrated in the reservoir) and Well B denotes the producer in which oil is produced.  a. Porosity 
of the reservoir.  b. Permeability of the reservoir.  c. Saturation changes showing the evolution of 
the oil water encroachment front over time.  T1 to T6 denote the six snapshots considered in this 
study.  
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Figure 4.2. Distribution of the change of the bulk density with respect to the reference snapshot 
(prior the injection of the water in Well A).  a. Geometry of the reservoir and position of the two 
wells for the water flooding and the pumping of the oil.  b. Changes in the bulk density for 6 
snapshots during the evolution of the oil-water encroachment front.  
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Figure 4.3. Results from the L2-norm inversion to recover the density distribution.  The position 
of the water front is determined from the steepest gradient in the recovered density model.  The 
inverted front is compared with the real position of the oil water encroachment front.  
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Figure 4.4. Simulated vertical component of gravity changes in the two wells arising from the 
migration of the oil-water encroachment front.  
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Figure 4.5. Hydrothermal system fed by a magmatic source of water vapor and carbon dioxide.  
The numerical simulations, performed with the geothermal simulator TOUGH2, shows a rising 
plume of CO2. The measurements of the vertical component of the gravity field are performed in 
two wells and at the ground surface every two meters.  The black star indicates the location of 
the fluid source. The enthalpy of the injected fluids is 330 kJ kg-1 and 2700 kJ kg-1 for CO2 and 
water, respectively.  Symbols are as follows: �I, rock porosity; k, rock permeability; �U, 
background rock density; C, rock specific heat; K, rock thermal conductivity, and P, T refer to 
the fluid pressure and temperature.  
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Figure 4.6. Gravity change associated with a rising plume. a. Snapshots of density changes. b. 
Simulated (noise free) changes in the vertical component of the gravity field along the ground 
surface and within the two wells (Wells 1 and 2 shown in Figure 4.5). T0 corresponds to the 
reference state and T1 to T5 corresponds to the 5 snapshots (1, 4, 8, 12, 32 months) used to 
perform the time-lapse gravity inversion.  
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Figure 4.7. Time-lapse inversion of the 5 snapshots for the hydrothermal model (with the L1 
scheme) and comparison with the true density changes. Prior the inversion, the true data shown 
in Figure 4.6 were contaminated with 5% Gaussian noise.  
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Figure 4.8. Result of the inversion for the geothermal system. a. Inversion results with the L2 
norm. b. Inversion results with the L1 norm at four different iterations.  
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Figure 4.9. Model RMS error and norm of difference models for different iteration numbers. 
Minimum on the difference of the models was observed after 4 iterations (stopping criteria).  
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Figure 4.10. Mine roof collapse.  The lower part of the figure shows that the cavity is located at 
depth -78 m (snapshot T1) to -74 m (snapshot T2).  The upper part of the figure shows the 
corresponding vertical component of the gravity data at the ground surface.  
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Figure 4.11. Result of the inversion for the roof collapse model. a. Inversion results with the L1 
norm. b. Inversion results with the L2 norm.  
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Figure 4.12. Result of the compact source inversion.  a. First iteration (snapshot T1).  b. Third 
iterations (snapshot T1), c. Result at the eighth iteration for snapshot T1 (final inverted model).  
d. Result of the inversion after 8th iterations for snapshot T2. e. Difference between the density 
changes for snapshots T1 and T2 (final models).  
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CHAPTER 5  
 

GEOLOGIC FACIES -WISE STATIONARY JOINT INVERSION  
FOR DC RESISTIVITY AND GRAVITY DATA  

Reproduced with permissionfrom Geophysics (2015),  

Junwei Zhang1, André Revil2 

 
 5.1    Abstract 

 
In the realm of deterministic inversion of geophysical data, the inverse solution is 

generally non-unique when we use a cell-based approach to describe the heterogeneities in the 

subsurface (e.g., Mao et al., 2013). To reduce this non-uniqueness, recent approaches have been 

developed in using multiple geophysical datasets especially when their sensitivity maps are 

complementary to each other (e.g., Gallardo-Delgado et al., 2003; Tiberi et al., 2003; Buland and 

Kolbjomsen, 2012). Various structural approaches have been developed for the joint inversion of 

geophysical data (e.g., Zhang and Morgan, 1996; Haber and Oldenburg, 1997). For instance, one 

of these approaches, called the cross-gradient method, was introduced by Gallardo and Meju 

(2003, 2004, 2007) and generalized to time-lapse problems by Karaoulis et al. (2012). In this 

approach, the cross-product of the gradients in the distribution of the model parameters (for 

instance the cross-product between the gradients of density and resistivity) is minimized to 

obtain better tomograms reinforcing structural discontinuities. This cross-gradient approach can 

also be used, post-inversion, to develop field-based petrophysical relationships between different 

petrophysical properties for a given set of geological facies (e.g., Linde et al., 2006). 00 

The coupling between geophysical methods can also be performed directly through 

petrophysical models (Hertrich and Yaramanci, 2002; Woodruff et al., 2010). Unfortunately, 

“universal” petrophysical relationships may not be valid for any lithology, and we are still 

looking for a unified petrophysical framework to connect a broad range of petrophysical data  
1(Department of Geophysics, Colorado School of Mines, Golden, CO 80401, 
USA.arevil@mines.edu),  
2(Department of Geophysics, Colorado School of Mines, Golden, CO 80401, USA; ISTerre, 
CNRS, UMR CNRS 5275, Université Savoie Mont-Blanc, F-73376 cedex, Le Bourget du Lac, 
France) 
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together. For instance,the permeability and porosity model developed by Revil and Cathles 

(1999) is only valid for clay-sand 

mixtures, as long as the clays are not structural clays or laminated clays in the formation. Revil 

(2013a, b) developed petrophysical models for complex conductivity that are different for 

various lithologies (e.g., clean sands versus clayey sands and sandstones), and can be used to 

distinguish between surface and bulk conductivity. Doetsch et al. (2010) performed a post-

inversion clustering of the petrophysical properties on the tomograms obtained by inverting 

multiple geophysical datasets using the cross-gradient approach. Sun and Li (2012) introduced a 

petrophysical clustering process to supervise the geophysical deterministic inversion of various 

geophysical datasets. This clustering approach is employed during the inversion process of the 

geophysical data. If we go one step further, the lithological memberships found by this type of 

clustering algorithm may also be subjected to geological structures like faults and facies. This 

geological information may be known, to some extent, by available geological expertise in the 

form of a prior geological cross-section (e.g., Zhou et al., 2014) and topological constraints 

dictated by the geology, and the deformation of the geological units plus the displacement along 

tectonic features such as faults. We therefore realize that (1) the lithological features (associated 

with distinct petrophysical relationships), and (2) the lithological memberships (i.e., the facies 

controlled by the geological cross-section), are essentially two complementary ingredients to 

combine with the geophysical data. A facies is a sedimentary rock unit defined by specific 

physical and chemical characteristics and formed under certain conditions of sedimentation 

(Kraft, 1971). Supervising a clustering algorithm (for the petrophysical properties) with a 

geological cross-section could further reduce the non-uniqueness of the geophysical joint 

inversion problem. The boundary between two facies is indeed often (but not necessarily) 

associated with jumps in the petrophysical properties.  

The importance of facies has been recognized in the literature for both the inversion of 

combined hydrogeological and geophysical data (e.g., Cardiff and Kitadinis, 2009) and the 

inversion of various geophysical datasets (Bosch, 1999; Bosch et al., 2001, 2004; Guillen et al., 

2007; Grana et al., 2012). The goal of our paper is to present a combined approach using a facies 

approach and a petrophysical clustering approach. We will apply this new approach to the 2D 

joint inversion of resistivity and gravity data on two synthetic case studies comprising four 
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distinct geological facies, each with its own field of heterogeneity and petrophysical 

relationships between the properties of interest.  

We will first consider that the position of the facies is deterministically known to test the 

clustering and joint inversion approach under this simplistic assumption. Then, we will relax this 

assumption by developing an approach allowing the facies boundaries to be deformed duirg the 

inversion of the geophysical data. Facies boundaries can be deformed using two different 

approaches, which are based on the choice of the reference coordinate system in a way that is 

analogous to the Lagrangian and Eulerian frameworks used to describe the mechanical 

deformation of a continuous medium. The first approach is known as the active contour model. 

Here, control points defining the parametric segmentation of the contour of an object (a facies in 

our case) are explicitly tracked over time in a Lagrangian framework (e.g., Kass et al., 1988). 

Luo (2010) and Oliveira et al. (2011) used parametric deformable polygonal/prismatic boundary 

models to decompose geological models and fit gravity anomalies. Bosch (1999) and Bosch et al. 

(2001) used multiple sets of Lagrangian control points to represent multiple zones of different 

lithotypes.  

Another set of approaches used to deform the facies bounadaries were introduced by 

Sethian (2003) and Osher and Fedkiw (2003). These non-parametric methods correspond to an 

Eulerian extension of the active contour model with the help of the level-set functions. The non-

parametric level set method requires much less assumptions about the shape of the facies than 

the parametric Lagrangian approach discussed above. The facies boundary could move more 

freely in such Eulerian framework and can avoid the type of unexpected irregularities and local 

minimal convergence generated by the man-made control points used in Lagragian techniques. A 

facies-wise constant level set method (e.g., Cardiff and Kitanidis, 2009) also called a potential-

field variant of the level set method (Calcagno et al., 2008) can be used for facies detection and 

deformation. To our knowledge, this will be the first time that a Eulerian facies boundary 

approach and inner facies heterogeneities model are used together for inverting multiple 

geophysical datasets. 

Topology preserving (Han et al 2003) and multi-object topology preserving (Bogovic et 

al 2013) properties are also proposed to respect topological properties of initial segmentation 

during the level-set evolution process. For instance, one of such topological invariant property is 

called the Euler–Poincaré characteristic, which was initially introduced for polyhedra. It is a 
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number that describes a topological space's shape or structure regardless of the way it is 

deformed. The theory of stratigraphic geology could provide certain information about sequence 

and order of rock units based on the assumption of provenance, transport agent, depositional 

setting, tectonic setting (including displacement along tectonic features), and diagenesis 

(Prothero and Schwab, 2004). This ordered information of rock units itself, with boundary 

positions subjected to deformation, is most suitable to be expressed as topological constraints, 

which should be always obeyed during the inversion process. Mallet (2002) proposed for 

instance a geomodeling approach to the unified modeling of the topology, geometry, and physical 

properties of geological objects. The topology constraints would also significantly reduce the 

non-uniqueness reported in stochastical facies inversion algorithms (see Grana et al., 2012). To 

our knowledge, this is also the first time that these approaches are used in concert with the 

inversion of geophysical data by imposing the topological constraint of a provided geological 

cross-section. 

 
 5.2  Theory with fixed facies boundaries and faulting 

 
A geophysical tomogram, obtained from the inversion of geophysical data, is an image of 

the subsurface (therefore incorporating structural information) and describing the spatial 

variation of physical properties. The first element to consider is the representation of the 

heterogeneity prevailing in the subsurface and the type of geostatistical descriptors required to 

describe this heterogeneity. For instance a geological cross-section can be described by a set of 

facies with locally, inside each facies, the heterogeneity obeying a semi-variogram. The second 

point to consider is the petrophysical properties, in other words the values of the physical 

properties and more specifically the connection between petrophysical properties determined 

from different geophysical datasets.  

We believe that to obtain realistic tomograms, two distinct elements should be 

considered: (1) a set of petrophysical relationships valid for each geological facies and (2) a 

classification of facies and their structures (Figure 1). Our first goal is to design an algorithm that 

could connect a geological cross-section to a petrophysical clustering approach. Regarding the 

parts-based representation (Lee and Seung, 1999), our algorithm could also be seen as a 

recognition effort in geoscience to emphasis that the geostatistical random field is neither 

completely stationary nor completely non-stationary, but is instead composed of distinctive rock 
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parts (facies) each having their own stationary characteristics. This approach is expected to help 

to reduce the non-uniqueness of the clustering approach in a meaningful sense, and could help 

the joint inversion of different geophysical datasets if the geological cross-section manages to 

converge toward a more correct result. In this section, we consider that the geological cross-

section is given through prior information, and we will not discuss the impact of the uncertainty 

of the facies boundaries and faults on the final tomograms. We also assume both the 

petrophysical model parameters and the geo-statistical semi-variograms parameters are constant 

within each facies from our facies-wise stationary principle 

 
 5.2.1  Electrical resistivity and gravity inversion 
 
Galvanometric resistivity consists in the injection and retrieval of an electrical current in 

the conductive Earth using electrodes located at the ground surface and/or in boreholes. The 

associated electrical field is measured using voltage electrodes, also located at the ground surface 

or in boreholes. These data can be inverted to obtain a resistivity tomogram of the subsurface. In 

the last two decades, galvanometric electrical resistivity tomography has been applied to a 

number of problems in geosciences and medical imaging including the remediation of 

contaminant plumes (Johnson et al., 2010), hydrothermal processes (Legaz et al., 2009), and salt 

tracer tests (Müller et al., 2010) just to cite a few applications. Various spatiotemporal 

regularization approaches for the electrical resistivity problem have been proposed in the 

literature. For instance Johnson et al. (2010) discussed various spatial regularizers while other 

authors (LaBrecque and Yang, 2001; Miller et al., 2008; Kim et al., 2009; and Karaoulis et al., 

2012) have discussed various strategies to perform time-lapse inversion including the 

development of regulrization startegies with respect to time as done for space. Pollock and 

Cirpka (2012) recently proposed a fully coupled approach of time-lapse resistivity for salt tracer 

tests applications in hydrogeophysics. Various forms of fully-coupled time-lapse inversion 

algorithms have also been developed by Kowalsky et al. (2006), Laloy et al. (2012), and Jardani 

et al. (2013), among others, for various applications in hydrogeophysics. 

Gravity data correspond to the measurement of the vertical component of the 

gravitational field at the ground surface of the Earth, sometimes in boreholes. The sensitivity of 

existing instrumentation (for instance the CG-5 Autograv Gravity Meter) is around 1 �Ø Gal 
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(http://www.scintrexltd.com/documents/CG-5BrochureRev1.pdf) , which implies that very 

precise gravity measurements can be performed at small scales as well as in boreholes. These 

data can be inverted to recover the density distribution of the subsurface (e.g., Luo, 2010, 

Krahenbuhl and Li, 2012, Karaoulis et al., 2014). Various types of regularization and prior 

information can be added to the inverse problem, like for the resistivity problem, to obtain a 

density tomogram of the subsurface. As a recent example, Airy isostatic equilibrium can be used 

to regularize the inverse problem of large-scale gravity data to image the Moho (Salem et al., 

2014). An important issue for gravity data (like for any type of potential fields), is the strong 

non-uniqueness of the inverse problem, especially in presence of noisy data. To reduce this non-

uniqueness, various researchers have also proposed to combine gravity data with other 

geophysical data in formulating joint inversion algorithms. For instance, Moorkamp et al. (2011) 

performed recently a joint inversion of gravity with seismic data while Martelet et al. (2013) 

inverted jointly gravity and aeromagnetic data. Gravity and DC resistivity are expected to have 

different sensitivity maps to the heterogeneous distribution of the petrophysical properties of the 

subsurface, and their information content is therefore complimentary. 

 
 5.2.2  Combining petrophysical and geological cross-section information  
 
Our first task is to express the geological cross-section in a proper mathematical 

framework (Figure 5.2). As noted recently by Zhou et al. (2014), the geophysical inversion could 

be guided by local tensor field based covariance derived from a geological cross-section.  The 

well-established Tikhonov regularization (e.g., Tikhonov, 1943; Tikhonov and Arsenin, 1977) 

can be understood as the realization of a homogeneous semi-variogram based model covariance 

approach. Instead of using this classical approach, we also have an image-guided inversion 

model (Zhou et al., 2014) allowing the model covariance matrix   to be learned or imposed from 

a geological cross-section (or a realization of a geological cross-section in a stochastic 

framework). The image-guided inversion method was originally designed to extract structural 

information from a seismic or georadar migrated section, since these images have high 

resolutions that exhibit a lot of structural details (Ma et al., 2012). The idea of the image-guided 

inversion proposed by Ma et al. (2012) and later by Zhou et al. (2014) is to extract the structural 

information contained in the geological cross-section, and to impose this structural information 

to the model covariance matrix in smoothing in preferential directions at different locations. This 

http://www.scintrexltd.com/documents/CG-5BrochureRev1.pdf)
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approach is therefore more general than the classical Tithonov regularization in which an 

isotropic and spatially invariant smoothing is applied (or applying the same smoothing in the 

vertical and horizontal directions for the entire tomogram, see discussion in Lelièvre and 

Farquharson, 2013).  
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Table 5.1. List of Symbols, Continued 
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(1) (1)( | )p D m  
(2)m , 1N �u  
(2)m , 1N �u  

(2) ,N N�6 �u  
(2)N  

(2)D (2), 1N �u  
(2)J  
(2)C  

(2) (2)( | )p D m  
( )( | )i

kp m u  
( )( ; 1,..., )ip i M� m  

Gravity Jacobian= (1) (1)/�w �wV m  

Gravity measurements covariance 

2D Gravity likelihood Model 

Resistivity  tomogram = �� �� (2)
k k

k

diag�¦ u m  

Resistivity  mean 

Tiknohov-based model covariance 

Number of ERT  measurements 

Measured apparent resistivity(2) (2)( )V m  

ERT Jacobian= (2) (2)/�w �wV m  

ERT measurements covariance 

2D ERT likelihood Model 

Prior model with fixed facies boundaries 
Prior model with movable facies boundaries 

 

We use a part-based representation approach (Lee and Seung, 1999) in which the 

structural information is neither completely stationary (as in Tikhonov regularization) nor 

completely non-stationary as in the image guided inversion (Zhou et al., 2014). Most of the 

heterogeneities is constrained into a set of regions associated with facies such as defined from 

the geological cross-section (Figure 1). Inside each facies, heterogeneity is controlled by 

stationary random fields with homogeneous tensor field. One possibility could be to use spatially 

varying non-stationary random fields but such fields are unfortunately not described by the 

mathematical properties of the Matérn covariance approach used below (see Whittle, 1954). The 

facies-wise stationary approach will be used to express local heterogeneities in the facies rather 

than to use constant petrophysical properties as done for instance by Jardani and Revil (2009). 

After the introduction of a new facies-wise stationary covariance approach, we will combine it 

with petrophysical relationships to help the joint inversion of geophysical data.  

The description of the forward algorithms used in this paper to model the gravity and 

resistivity distribution can be found in Zhou et al. (2014) and Karaoulis et al (2014) and 

references therein. They will be summarized below, and these algorithms have been 

benchmarked against analytical solution to test the accuracy of the numerical techniques.  



97 

In the following, we will assume that the subsurface is composed of K-distinct facies. In 

the context of the joint inversion of DC (Direct Current)-resistivity and gravity data, the model of 

Sun and Li (2012) can be formulated as the minimization of the following objective function:  

 

�^

�� �� �� �� �� �� �� ��
�� �� �� �� �� �� ��

�� ���� ��

(1) (2)

(1) (1) (1) (1) 1 (1) (1) (1) (1) (1) 1 (1) (1)
2

(2) (2) (2) (2) 1 (2) (2) (2) (2) (2) 1 (2) (2)
1

2
(1) (2)

1

, , , arg min

( ) ( )

( ) ( )

diag ( , )

k k

T T

T T

K

k k k
k

X

�U

�V

�E

�D

�D

�O �E

�� ��

�� ��

� 

�ª �º� �¬ �¼

�� �� �� �� �6 �� ��

�� �� �� �� �6 ��

�½
�� �� �¾

�¿
�¦

m m

D V m C D V m m m m m

D V m C D V m m m m m

m m

u

u

 

(5.1) 

where all symbols we used in this paper are summarized in Table 5.1. The data vectors  and   

denote the gravity observation and electrical potentials vectors, respectively,   and   denote the 

data measurement covariance matrices for the two types of measurements (gravity and 

conductivity), and   and   denotes the gravity and conductivity forward modeling operators,   and   

the mass density and electrical conductivity model vectors describing the two tomograms of 

electrical conductivity or mass density,   and   the prior mean mass density and electrical 

conductivity of the subsurface (considered to be homogeneous in this work),   and   are 

Tikhonov-based model covariance matrices,   is the k-the petrophysical model parameter, and   is 

a categorical (0-1) membership indicator for each facies. This indicator is equal to 1 if the cell 

belongs to k-th facies shown in the geological cross-section. The parameters  ,  , and  denote the 

weighting regularization parameters for the different terms involved in the objective function to 

be minimized.   denotes the k-th petrophysical model (corresponding to the k-th lithology 

category) that connects   and  . More generally, if we have  types of geophysical methods,   is 

denoted as the shorthand of the k-th facies and i-th petrophysical function that also takes   

tomogram values as predictor variables: 

�� �� �� �� �� �� �� �� �� ���� ��( ) ( ) (1) ( 1) ( 1) ( ), ,..., , ,..., ,i i i i M
k k k k k k k kX X m m m m�� ��� x x x x x�E �E  (5.2) 

Inserting our block diagonal covariance approach, which is controlled by the facies, our method 

can be formulated as: 
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�� �� �� �� �� ���^
�� �� �� �� �� ��

�� �� �� ��

�� �� �� �� �� �� �� �� �`

( )

1(1) (1) (1) (2) (1) (1) (1)

1(2) (2) (2) (2) (2) (2) (2)

( ) ( )

1

1

( ) ( )

1

, arg min

( ) ( )

( ) ( )

diag

diag diag diag

i
k

T

T

K Ti i
k k k

k

K
i i

k k k k k k
k

�E

�O

��

��
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��

� 

�ª �º� �¬ �¼

�� ��

�� �� ��

�ª �º�� ���¬ �¼

�­ �½
�ª �º���ª �º�® �¾�¬ �¼ �¬ �¼

�¯ �¿

�¦

�¦

m

D V m C D V m

D V m C D V m

u m X

u u u m X

�E

�E�6

 

(5.3) 

We also replace the Tikhonov based model covariance (1)�6  and (2)�6  in equation 5.2 with the 

facies-based model covariance 

�� �� �� ���� ��
1

diag diag
K

k k k
k� 

� �¦ u u�6 �6  
(5.4) 

The facies membership ku  is inferred directly from the geological cross-section (assumed to be 

perfectly known in this section, this assumption being relaxed below) and k�6  is a homogeneous 

Matérn-based model covariance class defined later. This class of fucntions offers an alternative 

to the use of semi-variograms as correlograms. In this way, we combine the mean-based 

petrophysical relationship and covariance-based geological cross-section information together in 

a unified approach. In the next section, we express the inverse problem in a Bayesian framework. 

 
 5.2.3  Bayesian inference framework 
 
We use two geophysical methods (i.e., 2M �  in this paper). The quantity N(1) represents 

the number of surface gravity measurements forming the data vector (1)D  (vertical component of 

the acceleration of the gravity measured at a set of N(1)-stations). We note N(2) the number of 

surface electrical apparent resistivity measurements forming the data vector (2)D  and based on 

two current electrodes A and B and two voltage electrodes M and N. The 2D subsurface is 

discretized into N  cells, each characterized by a density distribution (1)m  and an electrical 

conductivity distribution (2)m . Using Bayes theorem and the probabilistic independence of the 

different geophysical measurements, the probability of a given distribution of density (1)m , 

electrical conductivity (2)m , and petrophysical parameter (�Ek), given the observed gravity and 
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apparent resistivity data ((1)D  and (2)D ) and the facies membership obtained from geological 

cross-section ( , 1,...,k k K� u ) is: 

�� ��

( ) ( )

( ) ( ) (1) ( )
1

1

( ) ( ) (1) ( )
1

11

( , ; 1,..., , 1,..., | , ; 1,..., , 1,..., )

( | ) ( ,..., | ,..., )

( | diag ) ( ,..., | ,..., )

i i
k k k

M
i i M

K
i

M K
i i M

k k K
ki

p i M k K i M k K

p p

p p

�E

� 

� � 

� � � � 

� 

� 

�–

�¦�–

m D u

D m m m u u

D u m m m u u

 

(5.5) 

where �� ��( )i
km x  denote the k-th facies random fields for the i-th geophysical tomograms, 

and K denotes the number of facies indicated by the geological cross-section. 

The probability, 

( ) ( )( , ; 1,..., , 1,..., | , ; 1,..., , 1,..., )i i
k k kp i M k K i M k K�E � � � � m D u  (5.6) 

denotes the probability of the posterior distribution of geophysical tomograms and petrophysical 

parameters given the geophysical data and geological cross-section we intend to maximize. The 

probability (1) ( )
1( , ..., | ,..., )M

Kp m m u u  denotes the probability of the prior model that connects 

the facies in the geological cross-section with the petrophysical relationships. The parameters  

denotes the parameter for the k-th petrophysical model and (1) (1)( | )p D m  and (2) (2)( | )p D m  

denote likelihood probabilities for electrical potentials and gravity, respectively. These 

probabilities will be described in details in the following two subsections. 

 
 5.2.3.1  2D Gravity likelihood Model (1) (1)( | )p D m   

 
The gravity problem is simply governed by the Newton’s gravitational law. According to 

Newton's law of universal gravitation, the vertical component of gravity field at i-th observation 

location  is due to mass over the entire domain (e.g., Mantovani et al., 2008; Shamsipour et al., 

2011). 

(1) (1) (1)
3( )= ( ) , 1,...,i

V
i

z z
D i m dv i N�J

��
�� � 

���³ r
r r

 
(5.7) 

k�E

ir
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where  is Newton’s gravitational constant,  describes the vector 

position of the source element in domain , is vertical coordinate component of , is the i-

th gravity measurement coordinate,  is the vertical component of the i-th gravity measurement 

locations, and (1)N  the number of gravity stations. The field (1)( )iD r  denotes the resulting gravity 

observation value (usually in ��Gal = 410�� m s-2). Equation 5.7 can also be written in a vector 

form as:  

(1) (1) (1)� D J m  (5.8) 

where (1)m is vector of the mass density in the cells while the operator (1)J  has the form: 

(1) (1)
3( )

j

i
ij V

i

z z
dv�J

�'

��
� ��

���³J m r
r r

 
(5.9) 

Here, jV�' is the volume within the j-th cell. Note that we employ additional cells with 

homogeneous density on the subsurface boundary of (1)m , in order to remove the edge effect of 

gravity observations. The density can be typically comprised between 1000 kg m-3 (for a cave 

filled with water) to values close to the mass density of the minerals (for instance 2650 kg m-3 for 

pure silica). A discussion of the parameters affecting the mass density is discussed in Appendix 

A. 

We use a model weighting that could emphasize more structure below the surface. In 

other words, the density model is scaled according to (1) (1)� �:m m��  with the scaling operator 

given by 

(1)

2 2

(1) 2

1

0

i

N

ij ij
j

m
i j

i j

�D

� 

�­ ��
� �°

�°�: � �®
�°
�° �z�¯

�¦ J  

(5.10) 

where �D denotes a small number close to zero. We invert (1)m�� , which is then transformed back 

to (1)m  in order to show the final density tomogram at a given iteration. The likelihood of gravity 

field vertical component is therefore defined as:  

11 2 26.672 10 N m / kg�J ��� �u r

V z r ir

iz
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�� ���� �� �� �� �� ���� ��(1)

1(1) (1) (1) (1) (1) (1) (1) (1) (1)

(1)

1 1
( | ) exp

2(2 )

T

N
p

�S

���§ �·� �� �� ���¨ �¸
�© �¹

D m D V m C D V m
C

 
(5.11) 

where (1)C  denotes the measurement error variance estimated from the recorded data and, 

(1) (1) (1) (1)( ) �{V m J m  (5.12) 

 
 5.2.3.2  2D ERT likelihood Model (2) (2)( | )p D m  

 
The electrical potential field due to a known DC current injection I is related to the 

conductivity structure via a Poisson equation for the electrical potential , 

(2)( ) ( ) = ( )
S

m v I�G�ª �º���’ �˜ �’ ���¬ �¼x x x x  (5.13) 

where denotes a source current injection point with magnitude I (in A) (I > 0 when the current 

is injected in the ground and I < 0 when the current is retrieved from the ground).  The electric 

potential  (in V) is the electrical potential field existing in the conductive space domain (

v� ���’E  represents the quasi-static electrical field in V m-1), 
(2)( )m x  denotes the electrical 

conductivity (in S m-1), and ( )�Gx  represents the delta function. The right-hand-side of equation 

5.13 means that the source/sink terms (depending on whether I is positive or negative) is 

spatially localized at current electrodes A and B.  

By expressing equation 5.13 using the finite difference approach, we have the matrix 

form,  

(2)( )T
l lS�ª �º � �¬ �¼mG G V q  (5.14) 

where and are both  vector representing an electrical potential and source at the –th 

measurement respectively. We also define the 2N ×N divergence operator matrices in terms of 

the finite difference:  

1

2

�ª �º
�« �»
�¬ �¼

G
G =

G
 

(5.15) 

( )v x

S
x

( )v x

lV lq 1N�u l
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and it ’s matrix transpose 1 2
T T T�ª �º�¬ �¼G = G G  and where 1G  is the partial derivative in the x-

direction, 2G  is the partial derivative in the z-direction. The matrix, 

(2)
(2)

(2)

diag( ) 0
( )

0 diag( )
S

�ª �º
�| �« �»

�¬ �¼

m
m

m
 

(5.16) 

denotes the diagonal matrix with conductivity as the diagonal elements. We also implemented 

some harmonic average considerations shown in detail for instance in Pidlisecky et al. (2006). 

The electrical potential at the l-th measurement from cell i, , can be expressed as: 

(2) (2) 1( ) ( ( ) )T
il i l i lv I I S ��� � m mV G G q  (5.17) 

where iI  is a 1× N vector with one in the location of i-th electrodes and zero elsewhere. The 

1
obs

N �uV  data measurement vector is �^ �`( ) ( )ilv�V �V� v . 

The likelihood of the electrical potential measurement is therefore defined as:  

�� �� �� �� �� ��
(2 )

1(2) (2) (2) (2) (2) (2) (2) (2) (2)

(2)

1 1
( | ) exp ( ) ( )

2(2 )

T

N
p

�S

���§ �·� �� �� ���¨ �¸
�© �¹

D m D V m C D V m
C

 
(5.18) 

where (2)C  denotes the measurement error estimated from the recorded data.  

Note that electrical conductivity (or resistivity) is known to vary over orders of 

magnitude and is a positive quantity. Therefore, we will consider the logarithm of the electrical 

conductivity as model parameter. Electrical conductivity or resistivity depends also on various 

properties such as temperature, salinity, partial saturation and porosity, and clay content and clay 

mineralogy through the cation exchange capacity (e.g., Revil, 2013a). In Appendix A, we show 

how we can forge relationships between the electrical conductivity and the mass density.   

 
 5.2.4  Multi -facies prior model (1) ( )

1( ,..., | ,..., )M
Kp m m u u  

 
There are geological (e.g., Reading, 2009) and petrophysical (e.g., Revil, 2013a, b) 

evidences for facies-based representations for the inversion model. The key idea of parts-based 

representation (see Lee and Seung, 1999) is also that the whole model is based upon multiple 

parts each with simple features. This relationship could usually be represented as a non-negative 

ilv
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matrix multiplication relationship. In the geosciences, we could assume a multi-facies 

decomposition according to: 

�� ��( ) ( )

1

, with 1,...,
K

i i
k k

k

diag i M
� 

� � �¦m u m  
(5.19) 

where ( )i
km  are the k-th facies random fields for the i-th geophysical tomograms. The multi-

facies decomposition of model covariance is likewise formulated as equation 5.4. We use the 

Matérn covariance (Whittle, 1954) to characterize the stationary random field �� ��( )i
km x  in 

equation 5.19 in each facies k as an alternative to the use of semi-variograms. In the 2D case, 

considering x and y to be two arbitrary points inside the study domain, the Matérn covariance is 

initially proposed as: 

 
max

min

cos sin cos sin0

sin cos sin cos0
k k k kk

k
k k k kk

r

r

�T �T �T �T

�T �T �T �T

�§ �·���ª �º�ª �º �ª �º
� �¨ �¸�« �»�« �» �« �»�¨ �¸���¬ �¼ �¬ �¼�¬ �¼�© �¹

T   
(5.20) 

 

�� �� �� ���� �� �� ���� ��
1 112 ( ) ( )4 4 , ~ 0,

v i i
k k k k k km F GRF�N �G

���� ���ª �º�� �’ �˜ �˜ �’ �� ���¬ �¼T T T x x x y�E  
(5.21) 

where k�T  is local tensor field direction and max
kr , min

kr  are major and minor local correlation 

lengths, kT  is the corresponding facies-wise tensor. The Gaussian Random Field (GRF) 

�� ���� ��GRF 0,�G ��x y  is the additive white noise, and v is a smoothness parameter. From equation 

5.23, we could see this random field is controlled by a deterministic diffusion type partial 

differential equation (PDE) with the addition of stochastic white noise. We could equivalently 

represent �� ��( )i
km x  as a full GRF equipped with a Matérn family covariance function:   

�� �� �� �� �� ���� ��( ) ( )~ GRF , , ,i i
k k k km X �6x x x y�E  (5.22) 

 

where   

�� ��
�� ��

�> �@ �> �@�� �� �> �@ �> �@�� ��
1

1 12
,

T T

k k kK
�Q�Q

�Q�N �N
�Q

��
�� ���6 � �� �� �� ��

�*
x y x y T x y x y T x y  

(5.23) 
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according to the solution of second-order homogeneous stochastic difference equation 5.23 (see 

Whittle, 1954). The precision matrix used latter in the desired multi-facies prior model 

1
k k

�� � �6�/ could be written as: 

1 11
24 4

0( )
v

T
k k k kS�N

���� ���ª �º�ª �º� �� �¬ �¼�¬ �¼T T TI G G�/  
(5.24) 

0

(1,1) (1,2)
( )

(2,1) (2,2)
k M M k M M

k
k M M k M M

S �u �u

�u �u

�ª �º
� �« �»

�¬ �¼

T T
T

T T

I I

I I
 

(5.25) 

To introduce additional complexity into the geological cross-section, we include faults in 

our covariance model as is described in equation B3 of Appendix B. When the covariance matrix 

is computed like this, it does not necessary follow the stationary condition proposed by (Whittle, 

1954) and could even be non-invertible. For inversion purpose, we could use the algorithm of 

Higham (1988) to find the closest SPD (Symmetric Positive Definite) matrix from�6. This 

algorithm is solving:  

'' arg min '
k SPD fro�6 �•�6 � �6 �� �6  (5.26) 

where SPD represents the linear vector space for all SPD matrix and �6 is a known matrix. After 

this step, we could find the SPD matrix '�6 closest to �6in the sense of Frobenius norm. The 

precision matrix �/ in this case is computed numerically from '�6  rather than using any analytic 

expression like equation 5.25. If the real world domain size is too large, we suggest using a 

coarse model space and interpolation into finer grid after the SPD matrix approximation and 

numerical matrix inversion.  

In order to simplify our notations, we define the local petrophysical deviations as: 

�� ��( ) ( ) ( )i i i
k k k k� ��g m X �E  (5.27) 

the multi-facies prior model is therefore defined as:  
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g u u g�/
�/

 

(5.28) 

Intuitively, equations 5.4 and 5.20 could lead to a matrix multiplication type relationship 

similar to that used in the parts-based representation approach. An example of what we mean by 
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parts-based representation is explained in Figure 5.1. Similarly to the language used for parts-

based representations, we have represented the geophysical tomograms in terms of distinctive 

parts (the facies), each equipped with correlograms and petrophysical relationships. As explain in 

the introduction, we believe that this decompositon is meaningful for two reasons: (1) both 

correlogram parameters and petrophysical properties have recorded geomorphological histories, 

so they are likely correlated and homogeneous within the facies. (2) Partitioning of the 

subsurface of the Earth into distinctive parts, each with a simple set of properties and 

characteristics, helps us to better understand the geological processes and include this 

information into the final tomograms.  

 
 5.2.5  MAP (Maximum a posterior) Solution 
 
If we substitute equations 5.11 and 5.18 into equation 5.28, we have the posterior 

probability density: 
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(5.29) 

The objective function is:  
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(5.30) 

where �O is a regularization parameter that can be determined by single variable optimization. 

The minimization of the function �� ��( ) , ; 1,..., , 1,...,i
k kL i M k K�E � � m  is performed by alternating 
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the optimization of ( )i
km  (facies-wise Gauss-newton step) and k�E  (non-linear regression step). 

This alternative kind of iterative procedure restricts minimizations over the individual subsets of 

variables. Many algorithms like the K-means clustering or the expectation maximization relies 

on such optimization strategies (e.g., Neal and Hinton, 1998). The local and global convergence 

condition and rate of convergence is investigated in Bezdek and Hathaway (2003). We present 

these two steps in the two following sections.  

 
 5.2.5.1  Facies-wise Gauss-newton step   

 
The joint inversion step minimizes equation 5.30 by setting k�E as constant. Equation 5.31 

below maximizes ( ) ; 1,..., , 1,...,i
k i M k K� � m  separately: 

( ) ( ) ( )ˆ i i i
k k k�G� ��m m m  (5.31) 

where the perturbation ( )i
k�Gm is given by 

�� ���� ��
�� �� �� ��
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1
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(5.32) 

This followed approach is similar to what is performed in a standard Bayesian linear regression 

with known model mean and covariance. 

The Jacobian matrix (1)J  has already been defined in equation 5.9. The Jacobian matrix 

(2)J  is computed as: 

(2)
(2)

(2) (2)

(2)
(2) 1 (2) 1
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(5.33) 

where iI  denotes a N-vector with one in the location of i-th electrodes and zero elsewhere. 
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 5.2.5.2  Non-linear regression step  
 
Non-linear regression step minimizes equation 5.30 by setting ( )i

km as constant.  

Equation 5.30 in this case could be rewritten as: 

�� ���� �� �� �� �� �� �� ���� ��( ) ( ) ( ) ( )

1 1

diag diag
M K Ti i i i

k k k k k k k k k
i k� � 

�‚ � �� ���¦ �¦ m X u u m X�E �E�/  
(5.34) 

The estimation of petrophysical model parameter k�E  is thus obtained through the 

iterative solution of a standard generalized nonlinear least squares problem. We perform this 

update for each of facies with smaller matrixes and vectors:  

�� �� �� �� �� �� �� ���� ��
1

( ) ( ) ( )
( ) ( )ˆ

T Ti i i
k k k k k k i i

k k k k k k k
k k k

��
�§ �·�w �w �w
�¨ �¸� �� ��
�¨ �¸�w �w �w�© �¹

X X X
m X�/ �/

�E �E �E
�E �E �E

�E �E �E

 

(5.35) 

Based on the linearity of the petrophysical model �� ��( )i
k kX �E , a McMC (Markov chain 

Monte Carlo Sampler) algorithm instead of a least squares approach could also be used to 

estimate the petrophysical model parameter , and to fully explore the posterior probability 

densities of the model parameters. In this study, we only test the least square approach, which 

has the advantage of being much faster. The iteration process corresponding to equation 5.35 

ends when a specified convergence criterion is reached.  

 
 5.3    Theory with moveable facies boundaries 

 
In the previous section, we have kept the facies boundaries as constant. In this section, we 

consider the possibility to deform the facies boundaries from a prior geological model during the 

inversion of the geophysical data. To do so, we use topological constraints pertaining to the 

geological cross-section. These topological constraints should be dictated by geological expertise 

and geological rues (Mallet, 2002). For instance, the number of facies and the stratigraphic 

sequence of facies can be used to provide fundamental rules regarding the way the boundaries 

between the facies should be moved. We use a level set propagation approach to perform this 

task (e.g., Paragios and Deriche, 2000). The main difference with previous model is that the 

facies membership ku  is no longer constant and is related to evolving level set functions: 

ˆ
k�E
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�� ��k kH� u �I  (5.36) 

where �� ��H x  is a Heaviside function. �� ��k�I x  is a inverse signed distance level set function. The 

geophysical likelihood, posterior, and objective function formulations are similar to the previous 

fixed boundary scenario. We will now focus mainly on the prior model and additional level set 

function updating step. 

 
 5.3.1  Multi -facies topology preserving movable boundary prior model 

(1) ( )( ,..., )Mp m m  
 
In order to utilize the multi-object topology preserving algorithm (Bogovic et al 2013), 

we adopt most of their level set-related definition. We define the facies assignment of point x  by 

the label function �� ��0L x , and the adjacent facies assignment by�� ��1L x .  

�� �� �� ��0, if 0kL k �I�� � ��x x x  (5.37) 

�� �� �� �� �� ��
01 arg min jj LL �I�z� xx x  (5.38) 

The multi-facies topology preserving movable boundary prior model is therefore defined as:  

(1) ( ) ( )( ,..., ) ( , , ; 1,..., , 1,..., )M i
k k kp p i M k K�E� � � m m m �I  (5.39) 
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x x x

�/

�I �/ �I  

(5.40) 

where major difference with equation 5.28 is the second term derived from co-area formula 

where the length (or area if 3D) of the zero level set of �� ��k�I x  is given by �� ���� �� �� ��k k d�G �I �I
�:

�’�³ x x x  

as in Evans et al. (1991).  This term regularizes the facies boundaries. In the following solution 

section, we will derive a level set evolution equation that moves initial facies boundary derived 

from a geological cross-section map into a new boundary based on the maximum a posterior 

method with equation 47 as prior probability. We do this by formulating this level set evolution 

equation into the exact same format as the multi-object topology preserving segmentation 
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method (Bogovic et al., 2013) problem.  This is performed so that the digital topology of initial 

facies from geological cross-section map is preserved. 

 
 5.3.2  Topology preserving facies segmentation step 
 
The Fréchet derivative of L  in equation 5.30 with respect to �� ��k�I x † in the direction 

�� ��h x , which is denoted by �� �� �� ���� ��,kdL h�I x x , can be computed as: 

�� �� �� �� �� �� �� �� �� �� �� ��
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(5.41) 

where 

�� �� �� �� �� �� �� �� �� ��
0 1

( ) ( ) ( )i i i
L Lm m m�' � ��x xx x x  (5.42) 

and where the label functions �� ��0L x and �� ��1L x  are defined in equation 5.37 and 5.38. We have 

the first term derived from the inverse problems like in Santosa (1996), and the second term is 

from the zero level set curve length. A more detailed derivation for the Fréchet derivative of the 

second term could be found in Han et al. (2003). 

From the definition of inner product, we could deduce the steepest descent direction and 

arrive at following level set evolution equation. 
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�/  

(5.43) 

where �� ��,k t�I x is a time-evolved version of level set signed distance function for the k -th facies 

or segmentation at a pseudo-time step t. This equation will evolve segmentation from initial 

estimate �� ��,0k�I x  to �� ��,k t�I x . We could rescale this evolution equation by replacing the factor 

�� ���� ��,k t�G �I x  by �� ��,k t�I�’ x  as in Zhao et al. (1996). This leads to: 
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(5.45) 

�� ��B
k �P� xF  (5.46) 

where �� ��R
k xF  denotes the magnitude of  region expansion/contraction force to fit the geophysical 

data, while �� ��B
k xF  forces a flat boundary (smaller curvature). The level set evolution equation 

5.40 is similar to the multi-object topology preserving segmentation method developed recently 

by Bogovic et al. (2013). By specifying the two forces into this image segmentation code, we can 

deform the facies boundaries with the help of both initial cross-section map topology and 

geophysical data driving force. 

 
 5.4  Numerical Results 

 
 5.4.1  Fixed facies boundaries case study 
 
We run a stochastically generated synthetic example to test our theory. The true density 

and resistivity distributions are shown in Figure 5.3 and we list all the parameters used in the 

simple synthetic example in Table 5.2. To compute this synthetic, we draw the geological cross-

section boundaries  ( ) as shown in Figure 5.4. All the values used in our model 

are listed in Table 5.2.  

We have 5 × 5 figures of function �� ��,i�6 x y  where  are points all around the domain 

shown in Figure 5.5. Then the true electrical conductivity distribution is stochastically sampled 

from a Gaussian random field: 

�� �� �� �� �� ��(2) (2)~ Gaussian , ,k k
k

u m
�§ �·

�6�¨ �¸
�© �¹
�¦m x x x y  

(5.47) 

�� ��ku x 1,...,4k � 

ix
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where (2)
km  are some constant electrical conductivity values. The true electrical resistivity 

distribution is plotted in Figure 5.3a.  

The electrical conductivity and density are loosely connected through Archie’s law 

(which relates the formation factor entering the electrical conductivity petrophysical model to 

porosity). That said, other parameters can complicate the relationship between the electrical 

conductivity and the density such as the effect of surface conductivity due to the electrical double 

layer coating the surface of the grains (Revil, 2013a, b). To our knowledge, there is no direct 

effort in literature to build analytic functions to describe the highly case-dependent relationships 

such as this (the situation is different for time-lapse problems, as discussed in detail by Karaoulis 

et al., 2012). Without loss of generality, we use the following four arbitrary nonlinear functions 

as petrophysical relationships for synthetic examples and apply to them to four facies: 

�� ��(2)
1(1) (2)

1 1 1 1
1

log
( , )X �E

�E
� � 

m
m m  

(5.48) 

�� ��
(1) (2) 2

2 2 2 2 (2)
2

( , )
log

X
�E

�E� � m m
m

 
(5.49) 

�� ��
(1) (2) 3

3 3 3 3 (2)
3

( , )
log

X
�E

�E� � m m
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(5.50) 
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4(1) (2)

4 4 4 4
4
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�E
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m m  

(5.51) 

�� ��(2) 1 (1) (1)
1 1 1 1 1 1( , ) expX �E �E��� � m m m  (5.52) 

(2) 1 (1) 2
2 2 2 2 (1)
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( , ) expX
�E

�E�� �§ �·
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�© �¹
m m
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(5.53) 

(2) 1 (1) 3
3 3 3 3 (1)

3

( , ) expX
�E

�E�� �§ �·
� � �¨ �¸

�© �¹
m m

m
 

(5.54) 

�� ��(1) 1 (2) (2)
4 4 4 4 4 4( , ) expX �E �E��� � m m m  (5.55) 
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where the true values of the 4 petrophysical model parameters,  are given in Table 5.2. 

The true density distribution is then calculated as: 

(1) 1 (2)

1

( , )
K

k k k
k

�E��

� 

� �¦m X m  
(5.56) 

In reality, we suggest using well-logging data to fit some smooth non-parametric function 

form (e.g., B-spline or polynomial or some fuzzy geostatistical relationships) in order to 

represent the relationship between each lithotype in the study domain (see for instance Rabaute 

et al., 2003). In Appendix A, we discuss the type of relationship that could be designed through 

petrophysics. The true density distribution is plotted in Figure 5.3b and true petrophysical 

scatter-plots between the conductivity and the mass density for each facies will be shown later. 

A Matlab-based Gauss-Newton solver with conjugate gradient algorithm is implemented 

for the 2D ERT problem. We consider 58 surface electrodes spanning over 1140 m and we 

simulate 141 Wenner-alpha measurements. The distance between two electrodes is 20 meters 

similar to the study of Revil et al. (2010). The pseudosection of apparent resistivity is shown in 

Figure 5.6. In addition to the resistivity data, we simulated gravity measurements at 60 stations 

regularly spaced along the ground surface (Figure 5.7). 

The result of the inversion of the density and resistivity at the third iteration is shown in 

Figure 5.8. The estimation of parameters  for the four different facies is shown in Table 

5.2 and in Figure 5.9. The observed (true) and simulated pseudo-sections are shown in Figure 5.6 

while the observed (true) and simulated gravity data are shown in Figure 5.7. In our Gauss-

Newton Bayesian framework, the final tomograms result from the weighting between the gravity 

and DC-resistivity information according to (1) the data covariance matrices 
(1)C  , 

(2)C  

(accounting for the data uncertainties) (2) the Jacobian matrices 
(1)J and 

(2)J  (accounting for data 

sensitivities), and (3) the petrophysical relationships kX  affecting the values and distribution of 

the petrophysical properties. Equation 5.32 determines how these informations affect the 

inversion process based on the maximum a posterior principle. 

 

 

 

1 4,...,�E �E

1 4,...,�E �E
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Figure 5.10 shows the evolution of the data misfit defined as (e.g., Zhou et al., 2014), 

�� �� �� ���� ��
�� �� �� ��

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( )
( )

( ) ( )
Ti i i i i i

Ti i

i
i

DRMS
N

�� ��

� 

D V m D V m

D D
 

(5.57) 

The iterative process stops when the difference of data misfit between two consecutive 

iterations is smaller than a threshold value. In our case, the inversion has stopped at the third 

iteration (Figure 5.10). 

Our results are quite satisfactory: we have been able to converge quickly to a distribution 

of density and resistivity that are remarkably close to the true distributions. Since we assume the 

form of the petrophysical function in terms of mean function and geological cross-section 

(actually covariance function) is known, the inversion could recover distribution of the resistivity 

at depth under the supervision of these two functions. The geological structure like fault and 

lithology parts could be recovered completely thanks to the known covariance function �� ��,�6 x y

containing geological information. In our approach, unknown parameters inside each 

petrophysical model are identified simultaneously.  

 
 5.4.2  Moveable facies boundaries case study 
 
We run a second synthetic example stochastically, in order to test the second approach 

developed above with moveable boundaries. The true density distributions (1)m and true 

resistivity distribution (2)m  shown in Figures 5.11a and 5.11b are sampled from the following 

Gaussian random field:  

�� �� �� ��( ) ( ) (1) ( 1) ( 1) ( ),..., , ,..., ,i i i i M
k k k k k k k k

�� ��� X X m m m m�E �E  (5.58) 

�� ���� ��( ) ( )~ Gaussian ,i i
k k k km X �6�E  (5.59) 

�� ��( ) ( )diagi i
k k

k

H� �ª �º�¬ �¼�¦m m�I  (5.60) 

The true position of the facies boundaries (1 to 4) is shown in Figure 5.11c. The model is 

chosen to have a certain level of complexity with some discontinuous facies and some facies 

contacts with weak jumps in some of the petrophysical properties.  
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The covariance function,  

�� �� �� ��diag diagk k k
k

H H�6 � �ª �º �ª �º�¬ �¼ �¬ �¼�¦ �I �6 �I  (5.61) 

is shown in Figure 5.12. We have 5 × 5 figures of function �� ��,i�6 x y  where  are points all 

around the domain. Without loss of generality, we use the following four arbitrary nonlinear 

functions as petrophysical relationships for synthetic examples, and apply them to 1,..., 4k K� �  

facies:  

�� ��(1) (1) (2) (2)
1 1 1 1 1 1( , ) log�E �E� � m X m m  (5.62) 

�� ��(1) (1) (2) (2)
2 2 2 2 2 2( , )  log�E �E� � m X m m  (5.63) 

�� ��(1) (1) (2) (2)
3 3 3 3 3 3( , ) log�E �E� � m X m m  (5.64) 

�� ��(1) (1) (2) (2)
4 4 4 4 4 4( , ) log�E �E� � m X m m  (5.65) 
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(5.69) 

The true values of the four petrophysical model parameters,  are given in Table 

5.3. A Matlab-based Gauss-Newton solver with conjugate gradient algorithm is again 

implemented for the 2D ERT problem. Multi-object topology preserving segmentation method 

(Bogovic, et al 2013) is used for updating facies boundaries while preserving topology. We 

consider 70 surface electrodes spanning over 1200 m.  We then simulate 240 Wenner-alpha 

ix

1 4,...,�E �E
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measurements(2)D . In addition to the resistivity data, we simulated gravity measurements (1)D  at 

70 stations regularly spaced along the ground surface. 

 

Table 5.3. Definition and value of the parameters used for the second synthetic example. 

 

Figure 5.13 shows the evolution of the data misfit with the number of iterations defined 

using equation 65 (we pushed the inversion to 5 iterations). Again, the inversion stops when the 

difference of data misfit between two consecutive iterations is smaller than a threshold value. In 

our case, the inversion has stopped at the fourth iteration. The pseudosection of apparent 

resistivity and the inverted one are favorably compared in Figure 5.14. Figure 5.15 shows a 

comparison with the data (with noise) and the inverted gravity date after convergence of the 

model.  The weighting between the gravity and DC resistivity information remains the same than 

in the previous case study. 

The result of the time evolution of the inverted density (1)m  and resistivity (2)m  is shown 

in Figure 5.16 for five iterations when convergence is reached. Indeed, we can see that the 

tomograms obtained at iterations 4 and 5 are very similar. The estimation of parameters  

for the four different facies is reported in Table 5.3. Figure 5.17 shows, for each of the four 

facies, a comparison between the true and inverted (at iteration five) values of the petrophysical 

properties (log of the resistivity and mass density). We see that the inversion leads to realistic 

values of the petrophysical properties. This is further shown in Figure 5.18, where we plot the 

1 4,...,�E �E

Name Variable (unit) True Value Estimated Value 

Domain size 

Number of Domain cells  

Total number of cells  

number of electrical measurements 

number of gravity measurements 

Petrophysical model  parameter 1 

Petrophysical model  parameter 2 

Petrophysical model  parameter 3 

Petrophysical model parameter 4 

L× W (m) 
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N(-) 

N(2) (-) 

N(1)(-) 

(-) 

(-) 

(-) 
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2800 
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70 

-290 

-300 

-350 

-270 

- 

- 

- 

- 

- 

-290.2 

-300.2 

-350.4 

-269.8 

1�E

2�E

3�E

4�E
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petrophysical relationship between the resistivity and the mass density for each facies. Finally, 

Figure 5.19 provides a side-by-side comparison between the true density and resistivity 

tomograms and the results of the inversion. The density and resistivity structures are relatively 

well-recovered except below 200 m. Figure 5.18 also shows a comparison between the true 

position of the facies boundaries and the inverted positions. We see that the positions of the 

facies boundaries are well-recovered, except below 200 m for which resistivity and density 

would lack sensitivity to resolve the position of the facies boundaries.  

 
 5.5  Appendix A 

 
We discuss here the relationship between density and resistivity from a petrophysical 

standpoint. In saturated conditions, the mass density can be express as, 

                           1 ( )S S wm �U �I �U �U� �� �� ,        (5.A1) 

where S�U  and w�U  denotes the mass of the solid grains (e.g., silica) and fluid. Therefore, we 

expect 1S wm�U �U�d �d , the first bound is reached for materials with no porosity, while the second 

one is reached for a cave filled with water. The resistivity of a porous rock in saturated 

conditions is given by (assuming a cementation exponent of 2 and using the model of Revil, 

2013a, b), 

                           2
2 S wm �I�V �I �V� �� ,         (5.A2) 

where S�V  and w�V  denote the electrical conductivity of the solid grains (due to their 

cation exchange capacity) and the electrical conductivity of the pore fluid, respectively. From 

Equation (5.A1), the porosity is related to the mass density as 1( ) / ( )S S wm�I �U �U �U� �� �� , which 

can be in turn used in equation (5.A2) to find the following relationship between the mass 

density and the resistivity: 

                           1 1
2

S S
S w

S w S w

m m
m

�U �U
�V �V

�U �U �U �U

�ª �º�§ �· �§ �·�� ��
� ���« �»�¨ �¸ �¨ �¸�� ���© �¹ �© �¹�¬ �¼

.       (5.A3) 

Since both the quantities w�U  and w�V are usually independently known, Eq. (5.A3) can be 

used to define a petrophysical relationship, for a given facies, cbetween the electrical 

conductivity and the density. For a given facies, one can think that the values of S�U  and S�V  

could be known or determined. Also since equation (5.A3) is quadratic, it can be easily inverted 
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to find a relationship between 1m  as a function of 2m  rather than between 2m  as a function of 

1m . 

 
 5.6  Appendix B 

 
We add additional complexity to the Matérn covariance model (equation 5.23) by adding 

faulting mechanisms. This is done by constructing a displacement vector field on the baseline 

covariance function. Assume geologist prior expertise gives us faults represented by non-

intersecting line segment  and fault dips are calculated by: 

,     (5.B1) 

where ,  are x-direction component of the i-th fault line end points, ,  are y-

direction component of the i-th fault line end points. The fault displacement vector field is: 

  (5.B2) 

where  is the displacement distance for the i-th fault line and is Heaviside step 

function. This function  is constructed so that it is 0 when the line segment does not 

intersect , and “×” denotes the cross-product between vectors. 

The covariance function under the influence of the faults is: 

�� �� �� �� �� �� �� ���� ��, ( ) ( ), ( ) ( )k k k
k

�6 � �� �6 �� �� ���¦x y u x j x x j x y j y u y j y ,  (5.B3) 

where �� ��,k�6 x y is the un-faulted baseline covariance matrix in the form of equation 5.23. 
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Table 5.2. Definition and value of the parameters used in the first synthetic example. The semi-
variograms used is given by equations 56 and 63. 
 

 

Name Variable (unit) True Value Estimated 

Value 

Domain size 

Number of Domain cells  

Total number of cells 

Number of electrical measurements 

Number of gravity measurements 

Part 1 variogram major range  

Part 2 variogram major range  

Part 3 variogram major range  

Part 4 variogram major range  

Part 1 variogram minor range  

Part 2 variogram minor range  

Part 3 variogram minor range  

Part 4 variogram minor range  

Part 1 variogram dip angle  

Part 2 variogram  dip angle 

Part 3 variogram  dip angle 

Part 4 variogram  dip angle 

Number of faults 

Fault line end point  

Fault line end point  

Fault displacement  

Petrophysical parameter Facies 1  

Petrophysical parameter Facies 2  

Petrophysical parameter Facies 3  

Petrophysical parameter Facies 4 

 

L× W (m) 

NL× NW (-) 

N(-) 

(-) 

(-) 

(m) 

(m) 

(m) 

(m) 

(m) 

(m) 

(m) 

(m) 

(rad) 

(rad) 

(rad) 

(rad) 

 

(m) 

(m) 

(m) 

(-) 

(-) 

(-) 

(-) 

1200 × 300 

60 × 30 

1800 

141 

60 

80 

80 

320 

32 

50 

50 

50 

20 

-0.1571 

0.1571 

0 

0.7854 

1 

[20 0] 

[35 30] 

5 

-390 

-8000 

-8050 

    -380 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

        -371.9 

      -7445.1 

      -8030.4 

        -380.8 

obs
NV

obs
Ng

max
1r

max
2r

max
3r

max
4r

min
1r

min
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min
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1�T
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3�T

4�T

FN
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1�E

2�E

3�E

4�E



119 

 

 
 

Figure 5.1. Description of the philosophy used in the present work. Our analysis is based on the 
idea that the true distribution of petrophysical properties can be obtained by combining a 
description of the facies (4 categorical variables) and the petrophysics (petrophysical relationship 
and semi-variogram information). Following the idea of parts-based representation introduced by 
Lee and Seung (1999), we have represented the tomograms in terms of distinctive parts each 
characterized with homogeneous features. This decomposition is meaningful. Indeed both semi-
variogram parameters and petrophysical properties code the geomorphological history of the 
formations. They are likely correlated and homogeneous within certain facies. In addition, the 
partition of the subsurface into facies, each with a simple set of petrophysical relationships, is 
consistent with the geology (sedimentation, diagenesis, and tectonic forces affecting these 
facies).  
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Figure 5.2. General sketch in the way the information is used to determine the geophysical 
tomograms in the first part of the work. The input data corresponds to a set of geophysical 
datasets with different sensitivity to the heterogeneity of the subsurface. We use prior 
information in the form of a geologicl cross-section (used to define the different facies) and 
petrophysical relationships between the different properties. These petrophysical relationships 
can be obtained in the laboratory or by cross-plotting downhole measurements in a well crossing 
the different facies.  
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Figure 5.3. True resistivity and mass density distribution used in the first synthetic model. The 
model comprises four heterogeneous facies and one fault. Note the jumps in the petrophysical 
properties at the boundaries between the facies.  

 

 
Figure 5.4. Description of the four facies used in the first synthetic model and coded by different 
colors. In our analysis, we assume that the position of the facies is known in a deterministic 
sense.  
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Figure 5.5. Comparison between true apparent electrical resistivity pseudo-section resistivity 
observations (in �
 ·m) and simulated pseudo-section (in �
 ·m). We consider 58 surface electrodes 
and we simulate 141 Wenner-alpha measurements. The data have been contaminated with a noise 
(independent Gaussian distribution with a variance being 5% of the variance on the true 
logarithm of the apparent resistivity distribution).  
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Figure 5.6. Normalized covariance function �� ��,i�6 x y  used in equation 31. This is 5 × 5 figures 

of function covariance function �� ��,i�6 x y . In each figure, we take , 1,...,5 5 25i i � �u � x  evenly 

from the 2D domain and set it fixed, y is allowed to change over the 2D domain so it generate a 
covariance configuration around ix .The covariance function �� ��,�6 x y  characterizes information 

like partition and faulting, information present in the geological cross-section.  
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Figure 5.7. Comparison between true gravity observations and simulated data. There are 60 
stations regularly spaced along the ground surface Note that the difference between observed and 
modeled gravity data is above the detection limit of existing gravimeters (1 micro Gal). The true 
data have been contaminated noise characterized by an independent Gaussian distribution with a 
variance being 5% of the variance on the true values of the vertical component of the 
acceleration of the gravity at the ground surface.  
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Figure 5.8.  Final tomograms. a. Electrical resistivity tomography. Because we assume the form 
of the petrophysical function in terms of mean function and geological cross-section (i.e., 
covariance function) are known, the inversion could recover distribution of the resistivity at 
depth under the supervision of these two functions. The geological structure like fault (here the 
plain line) and geological facies could be recovered completely thanks to the known covariance 
function �� ��,�6 x y containing geological information. b. Density tomography (kg m-3). Note that 

the petrophysical information is quite well recovered inside each geological facies and that some 
of the local heterogeneities inside a given facies are also found in the tomogram.  
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Figure 5.9.  Petrophysical relationships. This graph is a scatter plot between electrical resistivity 
(in �
���P���� �D�O�R�Q�J�� �W�K�H��x-axis) and the mass density (in kg m-3 along the y-axis) for all true (blue 
filled circles) and inverted (red circles) models for the four facies.  
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Figure 5.10. Plot of data misfit versus the number of iterations for the first numerical case study. 
The inversion converges at the third iteration.  
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Figure 5.11. True resistivity and mass density distributions used in the second synthetic model. 
This model comprises four heterogeneous facies and one fault like the first synthetic model. Note 
that the transition from one facies to the other is not necessarily sharp. a. True distribution of the 
resistivity. b. True distribution of the mass density. c. True distribution of the facies.  
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Figure 5.12. Final normalized covariance function�� ��,i�6 x y  at iteration 4. This is 5 × 5 figures of 

function covariance function �� ��,i�6 x y . In each figure, we take , 1,...,5 5 25i i � �u � x  evenly from 

the 2D domain and set it fixed, y is allowed to change over the 2D domain so it generates a 

covariance configuration around ix .The covariance function �� ��,�6 x y  characterizes information 

like partition and faulting, information that is present in the facies segmentation obtained at each 
iteration.  
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Figure 5.13. Plot of data misfit versus the number of iterations. The inversion converges at the 
fifth iteration.  
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Figure 5.14. Comparison between true apparent electrical resistivity pseudo-section resistivity 
observations (in �
���P�� and simulated pseudo-section (in �
���P��. We consider 70 surface electrodes 
and we simulate 240 Wenner-alpha measurements.  
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Figure 5.15. Comparison between true gravity observations and simulated data for the second 
synthetic case study. There are 70 stations regularly spaced along the ground surface Note that 
the difference between observed and modeled gravity data is above the detection limit of existing 
gravimeters (1 microGal).  
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Figure 5.16.  Iterations of the tomograms (iteration 1 to 5). a. Electrical resistivity tomograms. 
b. Density tomograms. c. Facies segmentation and reconstruction. The numbers of the right-hand 
side corresponds to the iteration number in the inversion process.  
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Figure 5.17.  Comparison between the inverted values of the petrophysical parameters for the 
four facies at the fourth iteration. a. Resistivity distributions. We plot the log of the resistivity in 
Ohm m b. Density distributions in kg m-3.  
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Figure 5.18.  Comparison between the inverted values of the petrophysical parameters for the 
four facies at the fourth iteration and the true petrophysical relationships used in the modeling 
approach.  
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Figure 5.19. Side-by-side comparison between the inverted and true models in terms of 

resistivity, density, and facies distributions. The result of the inversion is shown at the fourth 

iteration. 
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CHAPTER 6  
 

CONCLUSIONS 

In this thesis, I have developed or helped to develop various strategy to invert time laspse 

geophysical data and various types of geophysical data together. The classical Tikhonov 

regularization with smoothness as a regularization tool cannot be used to model the variability in 

petrophysical parameters can be described through a series of jumps at the contacts between 

segmentation contact and simple geostatistical within the segmentation themselves.  We have 

also developed a novel 4D inversion approach to better image the position of the oil/water 

encroachment front in a heterogeneous siliciclastic reservoir by combining an approximated 

version of two-phase flow model with the electric resistivity tomography.  The two-phase flow 

model gives us a better weight of the time-lapse electric resistivity tomography data over the 

time and spatial domains.  The new approach predicts the position of the encroachment front, and 

also gives an inference, to some degree, of the permeability of the reservoir.  The present work 

could be further improved by combining different types of geophysical measurements (especially 

electromagnetic, seismoelectric, self-potential and gravity data) to perform a joint inversion of 

these data with reservoir data inside the Bayesian framework introduced in this paper.  The same 

type of approach could be used in geothermal systems to monitor change in saturation and 

temperature or for the sequestration of CO2 in sedimentary or basaltic formations. Our model 

currently works for (1) shallow reservoir or light oil, (2) stable injection influx (3) small 

reservoir pressure and temperature change case (4) negligible capillary pressure. We plan to relax 

these assumptions and to apply our model to field data in future works. 

In the second example, we have considered the case of a geophysical inversion guided by 

incorrect geological cross-section map. The variability in petrophysical parameters can be 

described through a series of jumps at the contacts between geological facies and simple 

geostatistical models with a given stationary variogram model or VTI model within the facies 

themselves. We think that the topological properties (e.g., the existence of faults, the number of 

connected components of same lithology, the number of anomaly inside each layer) of geological 

cross-section map give much more intrinsic information than the local details in the same map. 

We propagated incorrect multi-facies geological cross-section boundaries into correct ones while 
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keeping the intrinsic topological properties invariant. The main driving force of such propagation 

is (1) the geophysical data themselves, (2) the petrophysical discrepancies, and (3) the semi-

variogram information. The full governing equations of such multi-facies level-set propagation 

have been derived from a slightly different prior probability function as defined for the fixed 

facies boundary case.  

In terms of application of our approach into real world data, we could anticipate 

following difficulties. (1) Geological facies model could violate the stationary principle since 

smoothed maturity or grain size change could be very common for a lot of sedimentological 

environments. This violates the piece-wise stationary and would result in computational 

slowdown during both Gauss-newton step and level-set step. (2) A smaller sized geophysical data 

set could usually lead to over-fitting because of the complexity and flexibility of this model.  
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