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ABSTRACT

| built partsbased and manifold based mathematical learning model for the geophysical
inverse problenand | applied this approachtwo problems One isrelated to the detection of
the oil-water encroachment froduring the water flooding of amil reservoir In this application,
| proposea new 4D inversion approach based on the Ghlesgon approach to invetime-
lapsecrosswell resistance data. The goal of this study is to image the position of-thatei
encroachment front in a hetgraneous clayey sand reservdihis approach is based on
explicitly connecting the change of resistivity to the petrophysical properties controlling the
position of the front (porosity and permeability) and to the saturation of the water phase through
a petophysical resistivity model accounting for bulk and surface conductivity contributions and
saturation. The distributions of the permeability and porosity are also inverted using the time
lapse resistivity data in order to better reconstruct the positidre il water encroachment
front. In our synthetic test case, we get a better position of the front with-predycts of
porosity and permeability inferences near the flow trajectory and close to the wells. The
numerical simulations show that thesgi@n of the front is recovered well but the distribution of
the recovered porosity and permeability is only fair. A comparison with a commercial code based
on a classical Gauggewton approach with no information provided by the-ptase flow
model faik to recover the position of the front. The new approach cowdtsbased for the
time-lapse monitoring of various processes in both geothermal fields and oil and gas reservoirs
using a combination of geophysical methdslpaper has been published ied@physical Journal
International on this topic and | am the first author of this paper.

The second application is related to the detection of geological facies boundaries and
their deforation to satisfy to geophysica data and prior distributiwesose lie geophysical
inverse problem in terms of Gaussian random fields with mean functions controlled by
petrgohysical relationshipand covariance functions controlled by a pgeolagical cross
section, including the definition of spatial boundaries forgbelogical facies. The petrbysical
relationshipproblemis formulated as a regression problem upon each facies. The inversion is
performed in a Bayesian framewokke demonstrate the usefulness of this strategy using a first

synthetic case study, perfoirrg a joint inversion of gravity and galvanometric resistivity data



with the stations all located at the ground surface. The joint inversion is used to recover the
density and resistivity distributions of the subsurface. In a second step, we consider the
possibility that the facies boundaries are deformable and their shapes are inverted as well. We use
the level set approach to deform the facies boundaries preserving prior topological properties of
the facies throughout the inversion. With the additiond béprior facies petrophysical
relationships, topological characteristic of each facies, we make posterior inference about
multiple geophysical tomograms based on their corresponding geophysical data misfits. The
result of the inversion technique is encaging when applied to a second synthetic case study,
showing that we can recover the heterogeneities inside the facies, the mean values for the
petrophysical properties, and, to some extent, the facies boundgveser has been submitted

to Geophysicon this topic and | am the first author of this paper.

During this thesis, | also worked on the time lapse inversion problem of gravity data in
collaboration with Marios Karaoulis and a paper was published in Geophysical Journal
international on this tap. | also worked on the timkiapse inversion of crossell geophysical
data (seismic and resistivity) using both a structural approach named thgraaisst approach

and a petrophysical approach. A paper was published in Geophysics on this topic.
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CHAPTER 1

INTRODUCTION

This work is dealing with the development of new inversion algorithm of geophysical
data.We will briefly introduce the mathematical concept we are using in sedtiband two
major application fields in sectiofh.2 and sectiorl..3.

1.1 Parts based learning andvianifold basedlearning

When building a mathematical modet a given set of dajahere are always important
constraints likeAkaike informationcriterion(AIC) (Akaike, 1998)o balancehesize and
complexity of modespace In the realm of geophysical inversion, thare two very distincset
of technique®oth respect the AIC measure in their own wagetype of approachkalled
Tikhonov regularizatioife.g., Tikhonov, 1943; Tikhonov and Arsenin, 1977) tries to solve for
fully heterogeneous cells each with individual petrophysical properties regularized by stationary
and isotropiccorrelationsFor thistype of approachwe have tosacrificethe complexity of
model space for theize of unknown variable®therwiseloss ofcomputational speed and
uniqueness (e.g., Mao et al., 20£8)ld be expectednotherset of methodsvith much
complex model but very small variable sigdhowever also possibl&or exampleexplicit
solution(usually in a quite complex expressiaf)geophysicabr hydrologicalkequatiorsin
homogeneous med@uldgive rise tohomogeneoumodelinversionfor essential properties
(e.g.,Vasco, 201} If explicit solutiors donot exist, stochasticainversion could also help us to
exploreasmall sizedout complexvariable spacée.g., Jardani and Revil, 2009}.is also very
clear that for mogpartial differentialequatiors (PDES) explicit solutionfor heterogeneous
mediasimply do not exist and exploring a huge and complex variable space may well go beyond
thelimit of stateof-art stochasticainversioncapability

But isthis modelspacecomplexity vs modespacesize problem really &olistic binary
choicewe could do nothing aboutfa the principle of parts based representation (Lee and Seung,
1999),a new middle ground solution is proposed in thatdlhge andcomplex world isactually
built upon simplistic partdndeed,n most of geosciere problems, we are mostly interested
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about howsubsurfacarestitched together byultiple zones each witheostatistical description
of petrophysical propertigakenas simple as possibl this thesis,we will separate the whole
geoscience model spainto (1) the geometricphrtition model spacand (2) thegartsbased
petrophysical modedpace We will seethat the geometricgartitionmode] in thecell-based
Eulerianframework(e.g.,level set approach ysherand Sethian1988, we use for multiple
problemsis theoretically a much easier problem thanTi&onov regularizatiompproach
while fixing the petrophysical partAnd the parts basguetrophysicaproperty related problem
is reduced t@ssumptiortaken by various autine in terms oexplicit petrophysical modgk.g.,
Jougnot et al., 201®Revil, 2013, explicit hydrological modelV{asco, 201} while fixing the
geometricaparts.This separationf geometrical model angetrophysicamodel,allowing
arbitraryparts inteface is a muchoetter approximation ta lot ofgeophysicaproblemswithout
much loss of computational speed and solution uniqueNes$s.thatalthough dully
heterogeneousr even fully norstationary anisotropic approabhs beemecentlyproposedthe
so-calledimageguided inversiorfe.g, Zhou et al., 2014fo attempt a holististochastical
solution of both large and complex modphce | think it requires a much stronger knowledge in
terms of background image and could be theoretichiilengng when both geometrical and
petrophysical properties are not fully known.

In modernmathematicssolutionspace fomnon-stationaryheterogeneous anisotropic
partial differential equationd®DE)is mostlyrepresentedsa manifold (e.g.,Besse, 2007)A
manifold is a topological space that resembleifamiliar solvableEuclidean space near each
local point. The study of topoloigal structuran the solution spaceerived from such nen
stationary PDEs considerecspecially importante.g.,Zeeman, 196). While without directly
jumping into the fully norstationary casbecause of thaforementionegartsbased principle,
our piecewise stationary or piee&ise homogeneouwork in this thesis shatitill preserveahe
topologicalproperties among multiple paitaplicitly in water flooding interface problem and
explicitly in facies detection problem usifogovic et al 2013)The geosciencexpertises
actually quite capable in providing us with suopologicalpropertieseguhbrizing how multiple
partsconnectto each otherFor example, in the watéilooding problem, the spatial sequence of
multiple phases (e.g., oil, water, gasjeservoiris considered common sense prior knowledge.
This sequencpropertyis certainly preseedthoughcontinuousdeformation each phaseea
governed by multphase flow equation. Another geoscience examplepaflogicalproperties
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would constitute a whole field of study in thameof Sequenal StratigraphyThe prior
geologic expertise shtligive very little clue about the exact shapdaaiesfaraway from
outcrogs and borehole But theassumption of paleenvironment, palegurrentand palee
climatecouldreallytell us the topologicgbropertiesof stratigraphiccertainty(for instance
Dufouret al., 2002 Geologically constraining the model spabeough the relatively loose
topology preserving constraintstherefore more meaningful thaanstrainingnhothing(e.g.,
Tikhonov, 1943 or overconstraining in dolistic non-stationarystochasticafashion(Zhou et
al., 2014) Note thatalthoughtopological constraints seequite loose andlexible, it is not a
trivial thing to preserve it in geophysiaalersion Without explicitly enforcingthe topological
constraints, even the most restretimageguidednonstationaryconstrains could easily break
certain basic geologic common sense in complex subsistacario

1.2 Geophysical inverse problem fowater flooding interface detection

The arly detection of the civater encroachment front is of prime interest during the
water flooding of an oil reservoir to maximize the production of oil and to avoid theatelr
encroachment front to come too close to production wéllshis thesis, w proposethree4D
inversion approach based on the Ganegtonmethodto invert(1) crosswell DC resistivity
datain (ZhangandRevil 2015, (2) crosswell DC resistivity seismigoint dataset in(Karaoulis
et al., 202) and (3) gravity data i(Karaoulis et al., 2014All three studiescontributeto image
the position of the oilvater encroachment front in a heterogeneous clayey sand resemdao
the general partbased learning approach this thesis advocdihe inversiortechnique
repotedin ZhangandRevil (20195 is especiallytailoredfor water flooding interface detection
problem with the help of explicit approximated solution of {ph@ase flow equation/asco 2010
and Vasceet al 20149.

In asecond study ofKaraoulis et al., 2() and third studyKaraoulis et al., 2014)e
proposed a generairte-lapse joint inversiomethod withwater flooding interface detection
only as one of its application area. | mainbntribute tahewater floodingforward modeling
and geothermal forwdrmodelingto test these two new generahé-lapse joint inversion
methods. In the following subsection | will briefly introduce the main idea of the first study and
the water flooding parts of the second and third studies.



1.2.1 Crosswell DC resistivity data inversion tailored for water flooding
interface detection

This studyis based on explicitly connecting the change of resistivity to the petrophysical
propertiegporosity and permeabilityjontrolling the position of the front throughstaeamline
two-phase flow mode{Vasco 201@Gnd Vasceet al 2014 and apetrophysical resistivity model
accounting for bulk and surface conductivity contributions and satur@oagnot et al., 2010;
Revil, 2013.The distributions of the permeability and porositgdeived froma petrophysical
model developed bRRevil andCathles(1999. Theparametersf this modekre also inverted
using the timdapse resistivity data in order to better reconstruct the position of the oil water
encroachment front. In our synthetistease, we get a better position of the front with the by
products of porosity and permeability inferences near the flow trajectory and close to the wells.
The numerical simulations show that the position of the front is recovered well but the
distribution of the recovered porosity and permeability is only fair. A comparison with a
commercial code based on a classical Gieston approach with no information provided by
the twophase flow model fails to recover the position of the front. The new appcoathbe
used for the timdapse monitoring of various processes in both geothermal fields and oil and gas
reservoirs using a combination of geophysical methods.

1.2.2 General 4D timelapsecrosswell DC resistivity and seismic joint
inversion for water flooding interface detection

In this study generatime-lapseinverseproblemwith active time constraint (developed
by Kim et al., 200%andKaraoulis et al., 2011a) lbor crosswell DC resistivity and seismic joint
data are proposed@he Structural CresGradient (SCG) joint inversion approa@ee Gallardo
and Meju, 2003, Linde et al., 2006, 20@8) the Cros®etrophysical (CP) approafh.g.,
Hertrich and Yaramanci, 2002; Rabaute et al., 2003; Kowalsky et al., 2006; Woodruff et al.,
2010)are usedd link these two types of data set in a time lapse framefeotke joint
inversion of geophysical data

In terms of the application teater flooding interface detectigmnoblem we have
evaluated the joint tim&pse inversion of DC resistivity asg@ismic datdrom a synthetic cross
well tomography test, which can be used to improve the monitoring of a target changing position

and shape over time. This was done by generating a sequence of snapshots showing a target
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moving between two wells insideh@mogeneous background. The SCG and CP approaches
improves the localization of the areas characterized by a gradient in the resistivity and seismic
velocities or simultaneous changes in the material properties, as well as takes advantage of the
different and complementary sensitivities of the DC resistivity and seismic problems. We show
that the joint timdapse inversion of the resistivity and seismic data improves the image of the
target for crossvell tomographyby comparison with independent inversidritee geophysical

data

1.2.3  General 4D timelapsegravity data inversion for water flooding
interface detection

In this study, v have developed a new tifapse approachith active time constraird
invert 4D gravity data. This approach adds touastraints to the model and reduces inversion
artifacts as long as the noise present in the data is not correlated over time. The method has been
applied to three different problems to test its efficy.

For thewater flooding interface detectigmoblem, anumerical applicatiomith same
assumptioras(Karaoulis et al., 2() discussedn previous subsectios considered to the case
of the water flooding of a reservoir. In this case, we showed that thdafose inversion of the
borehole gravity dta can be used to recover the position of the oil water encroachment front

1.3 Geophysical inverse problem for geological faciedetection

The importance of facies has been recognized in the literature for both the inversion of
combined hydrogeological drgeophysical data (e.g., Cardiff and Kitadinis, 2009) and the
inversion of various geophysical datasets (Bosch, 1999; Bosch et al., 2001, 2004; Grana et al.,
2012; Guillen et al., 2007). The goal of our paper is to present such parts based facies approach
upon multiple geophysical datasetkile respect certain topological constraints

In the first case, we explore a faciwse stationary assumption to invgravity and
galvanometric resistivity dafaint datasetThe facies boundary is moved by the muolbject
topologypreserving level set algorithm of (Bogovic et al 2013). The within facies stationary
heterogeneity is also considered with additional constraint of ddD€itsesistivity petre
physical clusteringnodel similar to Sun and Li (2012)he inversion is performed in a Bayesian

framework. We demonstrate the usefulness of this strategy using two synthetic case studies,
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performing a joint inversion to recover the density and resistivity distributiong cltbsurface.

With the additional help of prior facies petrophysical relationships, topological characteristic of
each facies, we make posterior inference about multiple geophysical tomograms based on their
corresponding geophysical data misfits. The tesiuhe inversion technique is encouraging

when applied to two synthetic case studies, showing that we can recover the heterogeneities
inside the facies, the clustered mean curve for the petrophysical relationships, and, to some

extent, the facies boundes.



CHAPTER 2

CROSSWELL DC RESISTIVITY DATA INVERSION TAILORED
FOR WATER FLOODING INTERFACE DETECTION

Reproduced witlpermission fronpublicationin Geophysical Journal International,

Junwei Zhany André Revil?,

2.1 Abstract

Water flooding is a commogecondary oil recovery process in which water is injected
into the reservoir through injection wells in order to push the oil into a set of production wells.
Predicting and monitoring the location of the saturation front is an important task to prevent
ealy water breakthrough and to increase vertical displacement efficiency in an intelligent well
design Jacksoret al,, 2005. Several geophysical methods like seismic andetntial have
been applied to enhance the accuracy and uniqueness of flob@rediction(Jaafaret al,,

2009, Lumleyet al, 2001) Karaouliset al.(2012) proposed recently a joint inversion approach
of resistivity and seismic data to retrieve the position of the saturation front and various
strategies have been developed ntlgdfor the joint inversion of geophysical datasets (see for
instance Lindeet al,, 2006, 2008, Jardani et al., 2013, and Moorkatrgd., 2011).

In the two last decades, tirtepse resistivity has been applied to a number of problems in
Earth geosciencemnd medical imagingExamples include the remediation of contaminant
plumes (Johnsoet al, 2010), hydrothermal processes (Legaal., 2009), and salt tracer tests
(Muller et al,, 2010, just to cite few examplesTraditionally, resistivity and timéapse
resistivity are performed, and the resulting tomograms are then interpreted for properties of
interest such as temperature, salinity, or saturation through petrophysical transforms (e.g., Naudet
et al, 2004; Ngyenet al, 2009; Roberetal., 2012). Various spatiotemporal regularization

approaches have been proposed in the literature (see JatradoR010 for a discussion of

(Department of Geophysics, Colorado School of Mines, Golden, CO 80401,
USA.arevil@mines.ed), {Department of Geophysics, Colorado School of Mines, Golden, CO
80401, USA; ISTerre, CNRS, UMR CNRS 5275, Université Savoie ¥taric, F73376 cedex,
Le Bourget du Lac, France)


mailto:USA.arevil@mines.edu),

regularization in space ah@Breque & Yang2001Miller et al, 2008, Kimet al, 2009,
Karaouliset al, 2011a, b for timdapse regularization schemeBollock & Cirpka (2012)
developed recently a fully coupled approach of tlapese resistivity for salt tracer tests in the
realm of hydrogeophysics (see alsowalskyet al, 2006 and Jardaet al., 2013.
Incorporating additional physics of a given process can help to reduce th@igaeness of the
inverse problem. This requires however to bridge the gap between (reactive) transport modeling
and geophysica observable by putting the petropysics upfront and not merely downfront as done
too often in geophysics.

We develop below a new approach in whichagaple directly the twgphase flow
modeling of the water flooding of the reservoir to the cresh time-lapse resistivity data. The
resulting 4D inversion algorithm is based on the Gamston algorithm with Tikhonov
regularization directly applied dhe stochastically generated permeability and porosity
distributions using a petrophysical electrical conductivity model valid for shaly sands.

2.2 Inversion in a Bayesian Framework

We consider a 3D heterogeneous reservoir in which two wells are loddteail
reservoir will initially be mostly saturated by oil. Water will then be injected in a well (imjecto
and oil pumped in a second well (producerhe oilwater encroachment front during water
flooding isdescribed by jump inwater saturationOur approach will be based on maximizing
the posterior estimatioof water saturation based on tygparent resistivitgata. Our primary
goalis tochoo® the prior information of water saturation with the hela streamlingwo-
phase flow modecombned with apetrophysical model for the conductivity saturation

relationship Below, we are dealing witmultivariate random variables or a random vector of
the form X (X,,..., X, )’ whose components are scavaiued random variablesh&
probability density function of a random vecteidefined as the joint probability density of its
entries:p(X)  p(X,..., X, ), whichgives rise to a probability measure B with theBorel

algebraas a special case of théalgebra (the Borel algebra otis the smallesttalgebra

containing all open sets,g.,Weisstein, 2013).



2.2.1 MAP model

We asssumethatthe Lx WxH sized oil reservoican be described by al3grid composed
of Nee = NLX NwxNy cells. A total ofL bipole-bipole DC electrical resistivity measurements,
over Ny electrodes located in each of the Producer and the Injector wells, are simulated. These
measurements are repeahfer a set oNrsnapshotsT time length). We use below the
maximum a posteriorMAP) estimaton process to determine the form of the objective function
to minimize bymaximizing theposterior probability density function related to the permeability
ard porosity distributions given the electrical potential measurements in the two wells. In other

words, we want to maximize the following probability density:

Nr (2.1
PNV .M )V — (P | Vp( WS) HS.. @ | M
t1l
where A (in n?) denote the heterogeneous intrinsic permeability distribution of the reservoir

(Ncen sizedrandomvector) § (dimensionlessdenotes theaturatiorof the wetting phase
namely wateat time stef (Ncen Sizedrandomvector for each snapshot)/ (in S m") denotes
the electricatonductivity distributioratthetime stept (Ncen Sizedrandomvector),V, denotes

the electrical potential measuremeatsime step (L sizedrandomvector expressei Volts,
V). In the following, we will note fin s) as the the arrival time of water frgNLe sizedrandom
vector). The electrical conductivity model will be related to the permeabiligettion 2.4
below.

Note that previousvork on timelapse electrical redisity tomography(e.g.,LaBreque
& Yang, 2001; Karaouligt al, 2011a, bcould also be formulateasinga MAP estimatorby
maximizing the probability density associated with saturation given a set of electrical potential
measurements. This approach yields

Ny 2.2
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The maindifference beveenthe gpproach underlined by ER.2) and the approach
developed below is thap(S, ..., § ) is changed intop(S,..., & | ) | ) in the approach we

plan to follow below Theclassical approacsimply assume9(S, ..., R, ) is described by

Gaussiardistribution with asimplespatiattemporalcovariance structureé. Our method, on the

other hand, compusep(S, ..., § ) with the help of twephase flow model (ip(S,.... K | N)

andsomepetrophysical modelfor the permeabilityrior distribution (e., the probabilities

p(k) associated with the permeability model¥herefore, our approach incorporates more

information into thenversion of the apparent resistivity data. This additional information is
used to reduce the namiqueness of the inverse problem, especially far from the electrodes.
Another difference ishat our approach reductdse unknownvariables byNt asonly the
porosity and permeabilitgreinverted Indeed, thé\t time-steps of water saturations are
generated frorthe inverted distributions of the porosapdthe permeabilityusingthe two-
phase flow modelGiven probability distributions for the permeability, we can compute the
probability density associated with the saturation. Using the probability density for the
saturation, we can build the probability density for the electrical conductivity. Finallgan
compute the probability density for the electrical potential measurements. This sequential
Bayesian technique is at the heart of our approach.

2.2.2 Permeability prior distributions

In order to define a heterogeneous siliciclastic reservoir, wehageetrophysical model
of Revil & Cathles (1999), which is valid for clay sand mixtures. This model is a mixture model
that can be used to compute the porosity and the permeability given a random distribution for the
clay content. We define the clay vole fracton;/ GLPHQVLR QQOHVV7KH

permeability is described by

6 2.3
©

/sd >
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where /[, denotes the porosity of the clean sand-emnber (dimensionless) ang, denotes
the porosity of the shale emdember (dimensionless)y, denotes the permeability of the clean
sand ed-member (taken equal to 1 mD =fan?). The spatial distribution of the volumetric
clay content of the sand clay mixtui@,d A/ d, isassumed to bebtained througla stationary

Gaussiarprocess witlan anisotropi@xponentiasemivariogrammodel

Jh) 1 exp | Diagt )| (2.4)

where h denoteghe distance between locations and ravegtor r usually estimated fromwell

log data The derivedN uN covariance matrigiven by,
6 (1 L) exp H Diag( )* x; X, H (2.5)

In equation(2.5), x, denoteshe spatiatoordinatevector for the-th cell. The prior

distribution ofthe permeability A is based orthe change of variables

5 2.6

& §A/ g . a 1 5 a 1 ¥ ( )
p(N 6ksd @Nd ’1exp®l «sé §_N & (lsd /sh) »61 !< __§_N6 ' (/sd /SQ

(2 ~S)3/2\/ﬁ s 2 (_(I @)Iyd 51 2 ?_74 &ﬂ @ s 1 2 :
We approximatequation(2.6) by the following probability density,

1 I 1 s ‘ (2.7)
p(N | ———exp' =>N"@®6'> N@
(2 33/2\/H 2

where NV N( 4 J/2 ) ®. Note that equatio(®.6) has the same mode as equafii),

and the covariance structures of the two probability densities are very close to each other.

2.3 Streamline two-phase flow model

The water encroachment is governed by the pivase flow model which is highly nen
linear with respect to saturation. In addition, the flooding time is usually long in duratiore Ther
are efforts to approximate this system by means of a streamline asigrtgatbnique as done for
instance by Vasco (2010) and Vastal (2014). In the inversion process, we use the full non
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linear twophase flow model to calibrate the streamline approximation parameters at each Gauss
newton update step. The typbase flov governing equations are described for instance in
Peaceman (2000). The explicit streamline approximation can be found in Vasco (2014) and is

used to compute the Jacobian matrix.

2.3.1 Incompressible Twaphase flow model

We describe now the modeling of watleoding in theheterogeneous aquifer realized by
the mixture model developed in the previous section. We consider clayey sand / sandstone
(Figure 2.2) with oil being the no+wetting pore fluid phase and water being the wetting pore
fluid phase. Such type of mixes is known to accurately describe a number of siliclastic
formations as discussed by Resfilal (2002). The incompressible tvphase flowfield
equations ignoring gravity effect are (Peaceman, 2000):

, - 8NX) MS) P W (§) (2.8)
© R 1 W

, - 8NX) MS) P W [§) (2.9)
© R *1 w

whereSdenotes the wetting phase saturation (dimensionl@ssie fluid pressure (in Pa){/

and (/ denote the densities (in kg ¥nof the wetting and newetting phases,?, and £
denote the two dynamic fluid viscosities (in Pa s) of the wetting andvetting phases,/
(dimensionlessdenotes the porosity tiie reservoir. We use two vertical wells, one water
injection well with controlled flow rate,, ;,; (m® s) and one production well with flow
controlled by the bottorhole pressurep,, .4 (Pa).

We use a Corey typmodel for the relative permeabilities (Corey, 1954). Therefore, the

dimensionless expressions of the relative permeabilijgsS) and A/ (S) for the wetting and

nonwetting phases are:

12



- 0 Sds, (2.10)
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whereS,, and S, are irreducible / residual saturation of the wetting andwetting phases,

and N, and N, denote the end points relative permeability (dimensionless) of the wetting and
nonwetting phases. All the petrophysical properties that are used for the simulations are reported
in Table2.. We simulate this type of twphase flow model by MATLAB Reservoir Simulation
Toolbox (Lieet al, 1999).

2.3.2 Streamline two-phase flow model approximations

The set of equations given in the previous section islinear in the two unknown
temporalspatialfunction p(x,t) and S(x, t) (fluid pressure and saturation). Intuitively, we
think saturation is changing according to a logistic function based on the arrival time of water
front,

1 Snr %/r (212)
1 exp( Dt Wy

s s,

where the front shape parametsis estimated by comparing with MATLAB Reservoir
Simulation Toolbox simulation results as briefly discussed bove.

Using an asymptotic technique, we follow the streardtiased approach developed
recently by Vasco et al. (2014) to approximate this system ofimear equations. Arrival time

solutions %) to equationg2.8) and(2.9) can be approximated by,
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where x(s) is geodesiconnecting pointx to injection well locations. We get(s) by the

(2.13)

%) dr

performing the shortest path algorithBijkstra, 1959) on a weighted graph spanned by the

natural 6connected neighborhood 3D edges with slownegS[ (%) AS ‘_pﬂ as weightings.

Mean saturation and mean fluid pressure are calculated as

— l Ny (214)
SO -} 90
— Ny (2.15
p(¥ N%le(“)

where S( x 1) and p(x, t)are obtained from the@compressible twgphase flow standard

reservoir simulator based on current permeability estimate.

The likelihood of saturation for thEsnapshots is defineas:

N, . (2.16)

S, ] MRV — GS )/

sy s : 1S, S | (217)
1 exp( Dt't IR dr )

3 ——
0 NX) NS B
where C denotes th®irac distribution Note that we may have othehoices of the

likelihood function (e.g.Gaussian distribution with spati@mporalprior covariancé butthe

Dirac distributionis numerically simpler to compute.
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2.4 DC resistivity

We will now describehe geophysical model used for this study.

2.4.1 Pdrophysical conductivity transform

In isothermal conditions, electrical conductivity depends on saturation, salinity, clay
content and clay mineralogy, and porosity (Waxman & Smits, 1968; &ealil 1998). In this
section, we consider clayey sands or clayey sandstones that arevetatEhe electrical
conductivity V(in S m*) of the porous material as a function of the water saturation can be
written using the following petrophysical transforaskd on the work of Waxman and Smits
(1968) (see also Jougnetal, 2010; Revil, 2013),

n a . C 2.18
v i L.y B EEC (219
F 3 o/ v S

whereS denotesvater saturatiom is called the saturation exponent (Archie, 1942),
(dimensionless) denotes the formation falF /™ (Archie, 1942)m (>1, dimensionless) is

called the porosity exponenty denotes the conductivity of the pore water (in'§,m&

denotes the apparent mobility of the cations within the electrical double layer that are responsible
for surface conductivity (Av*s™), and CEC (C kg™) denotes the Cation Exchange Capacity of

the material. The CEC denotes the total amount of exchangeable charge located on the mineral
surface and that need to be compensated in then Stern and diffuse layers around the grains. This
guantity serves as@oxy to describe the properties of the electrical double layer (see Leroy &
Revil, 2009). The saturation dependence in equation (18) is consistent with the volume averaging
approach developed by Revil (2013) and discussed in details indRaVi(2014) The

normalized CEC per unit pore volume (in Cis written asQ, {1 YCEC/ .

The likelihood ofthe electricatonductivity isthereforedefined as:

pYIS)v & VIS (2.19

where C denotes th®irac (delta)function and f (S) is definedby Eg.(2.18) above Here

again,other choices of the likelihood functi@ne possiblée.g, Gaussian distribution with
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spatial priorcovariancég butthe use of the Dirafunction is numerically simpleotcomputeand
this is why we use this choice in the inverse modeling approach developed below

In the following, we also assume that the injected water is at the same salinity as the
connate water so changes in electrical conductivity are driven by charggaration only. In
reality, a change in resistivity could be driven both by changes in salinity and saturation and the
approach developed below will need to be extended.

2.4.2 Electrical Potential model

The 3D potential field due to a known DC currenjectionl (in Amperes, A) is related
to the conductivity structure via a 3D Poisson equation for the electric potential (e.g., Johnson et
al., 2010),

TTUX) V(X)) =l G&ox) (2.20)
where the poiniX_ denotes a source current injection point where a current of maghitundé)
is injected [ > 0) or retrievedI(<0). In Eqg. (20), the electric potent¥in V) is the electrical
potential field in the space domaiE ( 'V represents the quasiatic electrical field in V i,
(' UE 0 inthe lowfrequency limit of the Maxwell equations){x) 1/ (X) denotes the
electrical conductivity of the porous sediment (in §mifx) denotes its resistivity (in Ohm

m), and ¢ represents the delta function. By expressing(Eg&0) using the finite volume

approach, we haye

DS(W) G 4 g, (2.21)
whereu,, and q,, are eachN_, UL and represent an electrical potential vector and source vector

atl-th measurement and tilherespectively The matricedD and G denote the dergence and

gradient operator matrix written in finite difference, respectively. The m&(riX) denotes the

diagonal matrix with conductivity at flow timeas the diagonal elements. The electrical

potential at thé-th measuremerat snapshot at celli,V,; , can be expressed as:

\7i|t LU L (DSIY)G)' q (222)

where |, is al uN_, vector with one in the location oth electrodes and zero elsewhere. Here

cell

we useRESINVM3D as the implementation of both forward and inverse electrical potential
16



model. We also considered boundary condition corrections already implemented in
RESINVM3D for better modeling effects outsidegion of interest.
The likelihood of electrical potential ikereforedefined as:

8 - 2 (2.23
1 > 1V, V
p(\/t | \t/) exp.. — t—t(\t/)

(233/2\/ \V(LM E@Z v

where theL ulvector\Z( V) is definedby Eq. (2.22), and \ denoteshe uniform measurement

error variance estimated frotine recordediata.

2.5 GaussNewton method for the MAP estimator
2.5.1 Posterior probability density

Based orkEgs.(2.7), (2.16), (2.19), and(2.23), we can express the probability density of
P(NV,,... 4 ) as,

T

P(NV,,.. )V — 3 8@8Xp

/\1 to .
exp E>N_I@61> N Qv

;
Ty
expe —

o 2

. (2.24)

\6 \4 Q ( t‘/uz Oly?t \/Af ($ )01/4a $§I Ats( )o

2

R ®
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2.5.2 GaussNewton Method
Maximizing Eq. (2.24) is equivalent to minimizing

G(N N:T yﬂvt V(F(S( )»ﬂz > NOs > —@ (2.25)

The first ternof G is the data misfit and the latter two terms spatial regularization functions

for A. We considerét(/\y \Z(f(é( 7)) . Accordingto the GaussNewtonalgorithm the

variables could be updated as:
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whereJ denotes the Jacobian matrix for the electrical conductivity problem with respect to the

porosity and permeability. The matdxs defined as:

a ng ' (2.27)
L —

« WV
J =«

« A

«MBy,.
&
- WV

Thesensitivity of thd-th electrodenode in {th measured at flow timecorresponding to the

change opermeabilityat j-th cell \ém /" kv could be expressed as:

N

VB, | “’4{ ,f\(tw $t ' (2.28)
W bW SyoK
respectively. According to Eq2.18), the derivative \f(n/ 8y, is explicitly given by,
£ n .8 O ° n o a A (2.29
S =S W ”5& »m % QEQ%
B, = S Vil e
The derivative \EKt/ W is calculated by differentiating E(R.17) as
- § . (2.30)
0 /P \ 1P

D1 S, §, exp( Dtt | ==
o N NSIR

SN ) o

&, ; T
® § :

wy e 1 exp( Dt't | IR )
; o kN MSIR| L
- 0 I *PT,

where the geodesidBT; is shortest path connecting the injection w¥lisl|; and celli.
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The derivative \)\?iIt |\, is calculatedby assuning electricalpotential U; of Eq.(2.21) is also

a function of the conductivity model, and taking the derivatives ofZE2(l) with respect to V;

we obtain:

WD S(Y) 8 U1 W) (231
i/

Sothe derivative of the potential vector could be expressed as:

W, (2.32)

WV

iT

B(Y) -
P S(¥) G @D =1 Gy,
’ W

Finally, the sensitivity of theth electrenode in the-th measurement at tinteeoresponding to

the change of conductivity ath cell, Wj; / ;. , can be expressed as:

w A vesivere Fleosyota P

wioo W

where |, denotes d uN vector with one in the location ot electrodes and zero elsewhere.

Rather than explicithgalculatingthe inverseof the Eqgs.(2.26) and(2.33), we use the
preconditioned conjugate gradiexigorithmto solve it as atiear equation for each data misfit
vector and current source vectdhe flow chart for the inversion of the electrical potential data

is shown inFigure 2.1.

2.6 Application to a Synthetic Example

Table 2.1. Definition and value of the parameters used for the simulation.

Name Variable(unit) Value

Reservoir size Lx WxH (m) 150 x 150 x200
Reservoir cell size "xx 'y x'z(m) 10 x 10 x10
Number of Reservoir cells NLx NwxNgy (-) 15 x 15 x20
Total number otells Neell 4500

Time length T (days) 170

Time step 't (days) 11

Number of Time steps Nr 15
Semivariogram ranges r (m) [30 60 30]
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Table 2.1. Definition and value of the parameters used for the simulatmmtinued

QOil viscosity P (Pas) 10x10°
Water viscosity P (Pas) 1x10°
Oil density Y (kg ni®) 700
Water density (kg m°) 1000
Grain density Yy (kg m®) 2650
Water residuasaturation, Sur () 0.25
Oil residualsaturation after water flooding S, () 0.3
End points Water relative permeability K. () 1
End points QOil relative permeability K., () 1
Pressure producing wells Pu,pra (PQ) 1x10
Rate water injection well Gy (M SY) 1.1574x10
Clean sand enrthember porosity Iy () 0.4
Shale eneémember porosity Iy, (=) 0.6
Clean sand enthember permeability k, (mD) 2000
Cementation exponent m(-) 1.83
Conductivity ofthe pore water V (S it 1.0
Mobility of the cations E (nPVish 5.2x10°
Excess of charge per unit pore volume CEC (C kg% 4000
Saturation exponent n(-) 2.00
Logistic shape coefficient D(-) 7.9578x10
Arrival time adjustment coefficient a(-) 0.7961
Potential neasurement error variance Y (V) 0.001

We implemented a Matlabased Gausklewton solver with conjugate gradient algorithm
to update the resistivity model. A Bayesian prior with more weighting emphasis placed on the
crossborehole plane is used for the spatial regularization function. Wenagsat borehole
logs are also used to constrain permeability (see for instance Rabaute et al., 2003) and so these
two parameters are perfectly constrained along the two wells. We first test our algorithm on a
synthetic fixed impulse variation dataseettsure that everything works, and we then apply the
time-lapse algorithm to a watéiood and secondary oil recovery experiment in which water is
injected in one well and the olil is produced in a second well (dipole test configuration for which
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the externbboundary conditions have a much smaller effect on the flow field than for a single
pumping test).

We generated the reservoir porosity and permeability using the petrophysical model of
Revil & Cathles (1999) for clay sand mixes ($&gure 2.2). The heterogeneous and isotropic

spatial distribution of the volumetric clay content of the sand clay mixtltes generated with

the SGeMS library (see Stanford University, Stanford Geostatistical Earth Modeling Software,

http://sgems.sourceforge.netVe used the following sermvariogram:

- (2.39)
Axy.2) 1 exp« 305 SF 36

We create 450 mul1l50 mu 200 r reservoir (grid siz&d0 mulO m ulO n) based on this

method. The true permeability distribution as well as the inverted permeability distribution are
shown inFigure2.3. The producer and two injector wells are located on each corner of the block
shown inFigure2.3.

Our forward modeling approach is based on TBH2 (Prueset al, 1999. It is used to
the twoephase flow problem over 170 days and to model the saturation front propagation during
this time interval. Then, we pick= 15 snapshots (11 days between snapshots) for which
resistivity synthetic acquisitions are simulated. Note that the length of simulation is kept before
breakthrough to make the tvahase flow equation valid through the entire process. We consider
18 ele¢rodes with a 10 m electrode spacing located in both the injection well and two production
wells (54 electrodes in total). We simulate 1,420 bitypele measurements for each of the 15
time steps. The true saturation and resistivity distributiondé®btout of 15 snapshots are
shown inFigure2.4 andFigure2.5, respectively.

We invert the 3D distribution of the permeability and porosity based on the

1420ul5 21,30 electrical potential measurements. These measurements have been

contaminated with an additive white Gaussian noideoafogeneous variance equal to 1 mV.

The inverted permeability distribution between the two wells is showigire2.3. The

inverted distribution othe porosity and permeability can be used to compute the distribution of
the saturation for each snapshot and the distribution of the resistivity can then be inferred from

the calculated saturation and porosity distributions. A comparison between thadrimerted
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saturation distributions can be foundrigure2.4 while a comparison between the true and
inverted resistivity distributions can be foundrigure2.5.

The data misfit is calculated by,
: ilt (\/ilt Cﬁlt ( IV)Z (235)

| 2
| ilt ilt

Data misfit

whereV,, is electrical potential measuredlath measurementi;th electrode and time and

where A denote the inverted permeability and porosity distributions for the recovered model.
Figure 6 shows the 8 iterations where our algorithm has convérgediecrease in the root
mean square ar is smaller than 88%.
From these results, we can see that the position of the saturation frontiecogtred.
Its dynamics can therefore be monitored using evesresistivity tomography and the
approach developed above. That said, the perhtgabstributions are not very well recovered,
showing that the sensitivity of resistivity to saturation is higher than to porosity and permeabilit
In Figure2.5, we compare the results from the true resistivity distribution with the results
of a commercial software (RES3DINV) and our inversion algorithm. The classical approach
based osmoothnesgorstrained leassquares inversion technique (Sasaki, 19%9ke &
Barker, 199% and has been recently used for various hydrogeophysical problems (&eddljn
2002; Ruckeet al, 2010).RES3DINV is able to see where the lowest and highest resistivity
structures are located but no moFer a crossvell tomography, this approadhnot able to
locate the oil water encroachment front. This is showing how incorporating additional
information in the inverse problem regarding the two phase flow problem stnaagices the
nonruniqueness of the inverse problem and offers a breakthrough with respect to conventional
methods such as the classical Galewiton inversion with isotropic smoothness.

2.7 Discussion

The approach developed above can easily be adapted to other geophysical methods
including timelapse seismic, gravity, seismoelectric, and-petential data. All these methods
have shown some sensivity to the detection of saturation fronts (e.g., Jatktpa005;

Karaouliset al.2014; Revil et al., 2014a). Since all these methods have distinct sensitivity maps
with respect to the distribution of the heterogeneities, they would probably increase a lot the
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resolution of the final permeability tomogram addition, we can use a geophysical method that
is directly sensivite to the permeability distribution, namely spectral induced polarization.
Indeed, it has been shown recently that spectral induced polarization can be used to determine
the pore sizeidtribution (Revilet al, 2014b) and permeability (Binlest al, 20105; Revil &

Florsch, 2010; Revil, 2012; Rewt al, 2012; Revil, 2013). This approach could be also
combined with the imagguided inversion technique recently introduced by Zéioal. (2014),

which consists in introducing structural constraints in the inverse problem, in order to improve

the resolution of the method with respect to permeability inversion.

Initilize permeability Eesistivity tomography by
by SGeMS (Eq. 7) reconditioned CG (Eq. 3_3}

~
Saturation Jacobian calculation

step? - by shortest path (Eq. 30) D

MEST two-phase flow
gmulamr (Egs 8, 9) ]
Gauss-Newton update fo-rj
i < | permeability (Eq. 26)
lectrical conductivity
(Eqs 18)

esistivity tomography

Last time

Biconjuguate gradient
Eqs 22)

!

Figure 2.1. Flow chart used for the inversion process. This chart shows tih@aporosity, the
permeability and the saturation are used to update the electrical conductivity model.
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Clean sand Pure shale
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Figure 2.2. Sard clay mixture model used to build the heterogeneous reservoir. The clayey sand
domain is characterized by clay contents ranging from zero to the porosity of theatebhand
member. The clayey sand domain is used to determine the porosity and thebpitynoéahe
heterogeneous reservoir in our simulations.

True permeability Inverted permeability
Injector - o well#2

20 .
15

10]

Permeability (mD)

PI(.'.lle.CE:I well #1

Figure 2.3. Permeability distribution used for the reservoir modeling and inverted permeability
distribution. The producing wellsre located on two leftand side corners of the block while the
injector is located on the rigtand side of the block. The computation is based on the algorithm
described in Figure 1 and the petrophysical model forsdangd mixtures described in Figu2.
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Figure 2.4. Comparison between the true saturation distribution and the inverted saturation
distribution. Note that the position of the front is pretty wetdlovered through the inss@on of
the voltages.
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Figure 2.5. Comparison between the true resistivity model, the result from RES3DINV, and the
approach developed in the present papefime series of the true resistivity distribution for the

5 snapshotd. Inverted resistivity from the approach derived in the main ®&Xime series of

the inverted resistivity distribution for the 5 snapshots from the commercial software
RESS3DINV.
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Figure 2.6. Data model misfit error versus the iteration number (see equ@iBhg)). The
algorithm stops when the difference between two iterations is below a specified value.
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CHAPTER 3

GENERAL 4D TIME -LAPSE CROSSWELL DC RESISTIVITY AND SEISMIC
JOINT INVERSION FOR WATER FLOODIN G INTERFACE DETECTION

Reproduceavith permission fronpublicationin Geophysics, vol. 77, issue 4, p. D141

Marios Karaouli§, André Revil *?, Junwei Zhanty D. Dale Werkem#a

3.1 Abstract

The timelapse joint inversion of geophysical data is required to solve a number of
problems such as the management of oil and gas resetheisequestration of carbon dioxide,
the leakage of water in earth dams and embankments through internal drios@mediation,
the production of geothermal reservoirs, and the monitoring of active faults and volcanoes
(Lazaratos and Marion, 1997; McKenetaal., 2001; Kowalsky et al., 200&jp-Franklinet al.,
2007a, b; Miller et al., 2008; Doetch et, 010;Ayeni and Biondi, 2010;iang et al., 2011).

Two types of strategies can be used in the joint inversion problem of geophysical data.
Historically, the first strategy has been based on petrophysical models (Cross Petrophysical CP
based approach) connecting geophysical methods (e.g., Hertrich anciver,a2002; Rabaute
et al., 2003; Kowalsky et al., 2006; Woodruff et al., 2010). The second approach, developed more
recently, is based on the use of structural similarities between the physical properties and is
called the Structural CrosSradient (SCGapproach (see Gallardo and Meju, 2003, Linde et al.,
2006, 2008).

Several strategies are also possible for the-lapse inversion of geophysical datasets
(Vesnaver et al., 2003)he approach of separately inverting different time snapshots and
comparig the results does not work in most cases because of the contamination of the inverted
models by the data noisBequential timdapse inversion is generakyccessful (e.g., Day

Lewis et al., 2002MartinezPagéan et al2010; Karaoulis et al., 2011apWwever, the result is
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highly sensitive to the inversion of the first snapshot of the specific physical process under study
Errors made in the first tomogram gamopagate through the sequence of inverted tomograms
and tle resulting artifacts can be substantial.

The ActiveTime-Constrained (ATC) approach of Kim and Karaoulis (Kim et al., 2009;
Karaoulis et al., 2011a, b) offers an alternative and reliable approach to simultaneously invert a
complete timdapse geophysicalataset using a tirAeased regularization term into a
generalized cost function to minimize.

Until recently, very few timdapse joint inversions of geophysical data have been
published. A timdapse joint inversion algorithm of electrical direct curr@€) resistivity and
georadar data has been developed by Doetch(@04l0). Their time lapse inversion is based on
the difference in the inverted results (see LaBrecque and Yang, 2001). That is, this approach
minimizes the inverted results differencehwespect to a background model separately at each
time step. In our approach, time is introduced to the systeraram@mpasses all the models
investigated during the entire monitoring peridtierefore in our case, the cost function of the
problem contms a data misfit term corresponding to the entire dataset (i.e., the set of snapshots
over the monitored period of time and the different geophysical methods).

In the present work, we combine the SCG or CP inversion approaches and the ATC time
lapse invesion to invert crosfiole synthetic data. We then discuss the advantages in combining
these two approaches together, with a focus for the monitoring of partial saturation changes for

the secondary recovery problem within oil reservoirs.

3.2 Description of the Geophysical Methods
3.2.1 Governing Equations for the DC conductivity problem

In this section, we describe the modeling of the electrical voltage potential, given the
resistivity subsurface structure. Thé3potential field due to a known DC currenteajion is
related to the conductivity structure via a 3D Poisson equation for the electrical potential

FI-TETL,UNTEL LY = ATFI)ALEL)ANFY (3.1
wherethe pointS(xs, s, Z) denotes a source current injection point where a current of magnitude
| (in A) is injected [>0) or retrieved|(<0). In equatior{3.1), the electrical potentiaf (in V) is

the electrical potential field in the space dom&re(- ' V represents the quastatic electrical
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fieldinV m* 1y, 2) =1/ k y, 2) denotes té electrical conductivity (in S ), (Henotes
the resistivity in ohm m, andvepresents the delta function.

Dey and Morisson (1979) showed that equaBidncan be efficiently solved in the 2.5D
domain using a Fourier transform. The forward and inverse Fexog@ne transforms for the
electrical potential are defined as:

T (3.2)
1, G,V e= £ &7, Yeos( G ) @

L

2 (3.3)
&( 7, l,\)=—éi &1, G, Veos( G V) (G
Z

respectively, and wheltlg denotes the waveumber. Applying the forward transform to equation

1, we obtain the solution for the 2.5D transformed electric potential

.. .. (
Fil- (0, )T&I, G, Va+ CEE,Y) &1, G, Ve =§/(1 FT)ANFN) (B9

Using a 2.5D approximation, the geology is described in 2D but the algorithm considers the flux
and potential computations in all three dimensions without having to explicitly model the
electrical conductivity problem in 3D. EquatiB@ can be solved with the finite element method
(FEM). The mesh will be based on unstructured triangular elements, where resistivity is assumed
constant in each element, and the electrical potential values vary linearly withialeaemt.
The solution from the FEM provides the electrical potential at each node of the triangles, which
can be transformed into an apparent resistivity.

We discuss nowhe calculation of the Jacobian matipdike within any inversion
algorithm making se of gradient information, the partial derivatives with respect to the model
parameters, the smlled sensitivities, must be known. In the resistivity case, these derivatives

are of the following formJ; W/ / W, whereV; denotes the elécal potential on the node

of the domain, andi/denotes the resistivity of thel cell. A very efficient and therefore
common approach to compute sensitivities in resistivity and electromagnetic inversion problems
at the receivers is based on thmg@iple of reciprocity (see for details Tripp et al., 1984). This

requires that each electrode acts as a source and a receiver, but since the forward problem has to
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be solved for each electrode anyway, sensitivities can be obtained with little extradeffort
elegant way of deriving an appropriate sensitivity expression via reciprocity starts directly from
the linear FEM equations (see Rodi, 1976; Oristaglio and Worthington, 1980 for further details).

The sensitivity!lﬁ?‘, corresponding to a pential §;zat a node due to a source at notle
0

can be represented as a superposition of potergiglsriginated from “fictitious” sources at the
nodesm of thej-th domain element (Sasaki, 1989). Using the principle or reciprocity, the values
8a can be expressed via electrical potentilsat the nodes due to a currerl at nodei.

The yields:

C E\'\ (35)

C& oo, e
a =]

Ea'\ Eé,\

wherethe double sum is made over all nodeandn of the respective elements, arg
denotes then{, r)-th of the finite element matrix. The notatier, , denotes thenf, ) element
of the matrix( - 55+ G- 69+ WhereK; andK; denote the finitelement matrices, that depend

only on the nodal coordinates and element shape. The explicit form of those matrices can be
found in Tsourlos (1995).

3.2.2 Governing equations for the seismic problem

We describe now the forward problem to model the propagation of the seismic wave in an
elastic materialT he subsurface is discretized on a grid of nodes. A value of the slowness
(inverse of the velocity) is assigned to each node. To calculate the imza®df seismic waves

from seismic source to receivers, we solve the Eikonal equation,

'T(x .2 $xvy2 (36)
with the fast marching method (e.§ethian and Popovici, 199Bawlinson and Sambridge,
2005;Hassouna and Farag, 200lh equatior.6, T denotes the travel time field asds the
slowness (inverse of the velocity). In equat®®, the term] 1T| can be approximated by a
secondorder finitedifference scheme to increase the accuracy of the forward modeling
algorithm. The explicit form of this scheme is presented by Hassouna and Farag (2007) and
Kroon (2011). This yields,
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max@®, T ,D,*T,0f maxQ T R °T,0) & (3.7)

whereD'gV@ndD;}’,are the standard backward and forward finite difference operators,

respectively, at location,(j) on the grid. The secormtder backward and forward finite

difference approximations of a grid between the two wells is given by,

876: 36\'\ F467’E,\+ 676,\ (38)
¢ 277

g2¢ = F36'\ FA€ge + €ge- (3.9)
L 2/

along thex-axis, respectively. Similar equations can be written along-thés. By substituting

Equations3.8 and3.9 into equatior8.7, we get

€ 3 (3.10)
| max(=—(€FE€),0)°6=tf
X 24
A&
€. = min |4 E‘?E,‘ F E‘?f,‘ 4€‘>E,‘ F €\>(,‘F (311)
- 3 ’ 3
€ = min |4 E‘,‘?E F E\"?( 46,‘>E F 6'\>€[ (312)
¢ 3 ’ 3

Sensitivities for the seismic velocities are described by the Fresnel raypath approach
based on the numerical approach developed/iianabeet al. (1999) Between the source point
S(xs, ¥s) and receiveR located in a medium, we add the traveltimes from pdiotall noded?
on the grid {(sp and the traveltimes from poiRtto all node<d” on the grid {rp). For each node
on the grid, subtracting the traveltime from souste receivelP tsg yields the residual#. The
Fresnel zone raypath is defined as thesisdace with all residualé less than half a periddIn

other words, the Fresnel zone rayipis G t, 1/(2f) wheref is the main

tRP t SR
frequency of the seismic source, which is taken as the peak frequency of the Fourier transform of
the signals recorded at each receiver. By accounting for the time the wave propagation is affected
by heterogeneities proximal to the ray palte $parseness of the ray distribution is reduced.
Watanabeet al. (1999) proposed a numerical definition of Fresnel volumes, characterized by a
weighting functionw, that depends linearly on the delay of the seismic waves expressed as,
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1 2f ®if0  tG1/2f (3.13
t=tw+ty Ftyw<1/(2f) w % ¢ Gt/ 21

The Jacobian matriX contains the derivatives of travel times with respect to the
slowness values of the grid. Therefore each elemedf of W /% shows the difference in

travel time % gwhen slowness in nodeas changed by’s;, These partial derivatives are given by

the following equation

ay _ X FL \N-I LR (314)
W T e g D
ay _ FL r|1 (315)
T Ay ey D{kllwﬂ

where thew; represent the weight of the parametersrepresents the total length of the Ry

anda denotes the total weight for all parameters when th&iigycalculated.

3.2.3 Comparison of the sensitivities for a crossvell problem

We considerwo boreholes A and B separated by a distance of 50 meter in depth (see
Figure 3.1). In both boreholes, we consider that the electrodes for the resistivity problem have a
takeout of 4 metersHigure 3.1a). On borehole A, we consider a seismic source every 4 meters
and in borehole B, a set of geophones every 4 mdtgysré 3.1d). The position of the sensors
is shown in the two boreholeskingure 3.1a, d, g.

We compute the sensitivity for the resistivity asgismic problems for the three models.
Model 1 corresponds to a homogeneous earth (resistivity 100 Ohm m and velocity 1 km/s). Note
that seismicrelocities can easily be below 1 km/s in unsaturated granular media (Rubino et al.,
2011). As expected, resigty shows higher sensitivity in the areas close to the electrodes while
seismic shows a higher sensitivity in the center part of the model where the density of rays is
higher. Therefore, as already reported in the literature (@aflardo and Meju, 20Q4the
resistivity and seismic problems display complementary sensitivities.

In Models 2 and 3 (seegure 3.1d to Figure 3.1i), we introduce a layer with properties
different from the background. If we introduce a layer with a higher resistivity than the
background, the sensitivity this part of the model is lower than for the homogeneous case
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because the current is flowing around this layer. If we introduce a higher velocity layer, with
respect to the velocity of the background, the sensitivity in this layer of the seismic method
bemmes higher than in the homogenous case (since the waves corresponding to the first arrivals
are traveling through this layer). This exercise demonstrates that the resistivity and seismic
methods are sensitive to different properties changes and a jmngion is always beneficial

because the spatial distribution of the sensitivities of these methods is complementary to each
other. In the following section "Joint Inversion Strategies”, we discuss both the strucctural cross
gradient and the crogmetrophygical approaches to perform the joint inversion. The choice of

these methods will be discussed further below.

3.3Joint Inversion Strategies

Below we present two strategies to perform joint inversion of two geophysical datasets.
These two approaches have méeoadly discussed in the recent literature (see recently
Moorkamp et al., 2011). However, we will use these approaches in-tapsesense,
investigating a cdocated change in petrophysical properties, or their gradient, such as that
associated witla change of saturation. Whatever the choice of the joint inversion approach, the
joint time-lapse equation presented in the next secflamé-lapse crosgradient joint

inversion' will be identical.

3.3.1 The Structural Cross-Gradient (SCG) Approach

Gallardoand Meju (2003, 2004)roposed a structural joint inversion approach to connect
the property of two physical parameters in the joint inversion of two geophysical datasets. The
assumption underlying this approach is that the physical parameters of tindaszdoshould
share the same structural similarity at the same position. This approach can be used especially
when there is no general relationship between the magnitudes of the physical properties
themselves (e.gMoorkamp et al., 2011)sallardo and Mej (2003, 2004) thate changes can
be represented mathematically by the vector field of the -gnaskict of the gradient of the two
physical parameters (or in the present case the gradients of the change of the physical
parameters), which is then usedtald the relationship between these two models parameters.
The crosgyradient inversion scheme therefore looks for finding a general structural similarity
between different petrophysical properties (or change in petrophysical properties) provided by
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different geophysical methods (e.g., the resistivity and the seismic velocity in the present case).
This method has been successfully used in several studies for both 2D and 3D problems (e.g.,
Gallardo et al., 2005 ryggvason and Linde, 200Binde et al., 2006Fregoso and Gallardo,
2010. In the present work, we use thevBve velocity and D@esistivity data but the approach
can be developed for any type of geophysical data including potential field data (Gallardo, 2007;
Gallardo and Meju, @11; Gallardo et al., 20)1

The SCG cost function proposed by Gallardo and Meju (2003, 2004) is written as,

(1,L9=T1:7,4Y) % T1.,07,4Y (3.16)

wherem. andmsdenote the resistivity and velocity distributions, respectively (defined
here in 3D),” m; and ' ms denote the gradients of the resistivity and velocity, respectively, and
"x" denotes the crogsroduct operator between two vectors. In the following, weidena
discrete representation of the gradient to avoid the divergence of the gradient operator-for piece
wise continuous materials. The cragadient approach does not need discontinuities of the
physical properties as such. This is an advantage dppi®ach, which permits the application
of the technique on smoothed models of common use in geophydesresistivity and seismic
models share the same discontinuity, the SCG cost funetignl) VY is equal to zero. Based on
equation 16, the inveien is therefore seeking to minimize the crpssduct of the resistivity
gradient and the-Rave velocity gradient. For the tint@pse inversion described below, the
inversion will seek to minimize the crepsoduct of the gradient of the resistivity cigarand the
gradient of the velocity change. We will justify this approach below directly from the
petrophysics.

In this work, a 2.5 model is assumeq (lenotes the strike direction perpendicular to
the two wells). In this case, Gallardo and Meju (208wed that the norm ofcan be
expressed as,

(3.17)

MY ,21,2\“5('5 Fla)+t 1la(lgFlg+ 1a(lgF 1g)

where the first subscriptor s denotes the cell of the resistivity or velocity model respectively

and the second subscrptb or r shows the center, bottom or right of each cell of the respective
model (sed-igure 3.2), and (x and (z denote the horizontal and weal dimensions of each cell.
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3.3.1 The CrossPetrophysical (CP) Approach

There are other joint inversion algorithms that have been developed to account for two
types of geophysical data. One approach is to use theoretical or empirical relationships between
two petrophysical properties involved in the two geophysical methodse(ipresent case,
resistivity and velocity, Lee, 2002; Finsterle and Kowalsky 268@6yalskyet al., 2006;

Colombo et al., 2007; Jegdtulcsar etal., 2009).

To include the term corresponding to the chedationship into the inversion, we used
the CP cost function.

= [t Fdiag(") ({1 (3.18)

C

wherel is theLxL identity matrix C refers to the number of cells), ané aLxL diagonal

matrix that expresses the relationships between the two properties, the sulawgptefers to
resistivity and seismic, respectively, amngandms areLx1 vectorscorresponding to resistivity

and seismic velocity data, respectively. The ciuestsophysical relationship between the

physical parameters can be determined throughdspendent empirical relationships (based on
laboratory data or downhole measuremeaotsjrough theoretical petrophysical models obtained

by upscaling local equations using the same texture (e.g., Revil and Linde, 2006). The CP
approach will be used below in a tifflapse sense and not in an absolute sense, as is used in most
of the previos works.

3.3.2 Combined Approaches

The SCG approach can be used to derived gbgsical properties (e.g., Linde et al.,
2006) and alternatively the Gpproach could be used to determine the degree of structural
similarity in a timelapse problem to deternarfor instance a saturation front. While not
therefore the two previous methods by adding the regularization terms for both the SCG and CP
approaches to the global cost function to minimize? This can be done, but however, in such a
case, there are two rdgtization parameters to determine. This may complicate the problem.
Such a combined approach will be investigated in more details within a future work.
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3.4 Time-lapse crossgradient joint inversion

We present now the joint ATC algorithm developed by Kimd Karaoulis Kim et al.,
2009; Karaoulis et al., 2011a,. @)he rationale for a croggadient timelapse approach can be
discussed for a change of the water saturation over time. For example, dusisgqD€stration
or water flooding, a change of wasaturation yields a change of resistivity (e.g., Archie, 1942;
Waxman and Smits, 1968; Revil et al., 1998; Revil et al., 2011) and a change iwéake P
velocity (e.g., White, 1975; Rubino et al., 2011). Therefore areas associated with a change in the
water saturation correspond to areas associated with a collocated change in both the DC
resistivity and the seismic velocity. In some sense, the use of thegcanlsnt approach is
therefore even more justified for tink@pse problems than for static prefvs. This idea is
discussed further below in the section entitled "Rational for the structural joint inversion applied
to time-lapse problem ".

In our joint 4ADATC approach, the subsurface is defined as a sfpaeemodel, which
encompasses all space misd#uring the entire monitoring period. In the same manner, the
entire monitoring data are defined using 4D coordinates (3 space dimensions plus time).
Therefore the 4D subsurface mod¢lis sparsely sampled at some-gadected time&and is

Xs
expressed a= e-iX = [X, ,X.]",where, = [, a0 duis the reference resistivity and
X,

velocity space model for th® time step and is the numbeof monitoring times. The data misfit

vector is defined in the spatiene domain by the following function,
e=D G(X*Y) D G(X* dx) (3.19

In equation 19the vectorD Beorresponds to the data vector defined in the 4D coordinate

ds
system (3 space coordinates and timeldoy[d,, ,d] B= e-i, where Sy= [ Ss¢Sdu

r

denotes the data from the resistivity and seismic surveys at timie SteptermG kaodenotes

the forward modeling response for the resistiviby(K;)) and velocity G,(Xs)) expressed as,

Gy(X,) (3.20)

S g, (x)
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anddX =[dX,, ,dX,]" is the model perturbation vector for both resistivity and velocity, i.e.

dX = X** X, where the superscrigtdenotes the iteration number.

Having defined both the data and the model using the 4 coordinates mentioned above, the
modified 4D-ATC algorithm will adopt two regularizations in the time and space domains to
stabilize the inversion, as well as an additional regularization for thenemision problem. The
objective functiors can be expressed by (Zhang et al., 2005; Kim et al., 2009),

G=le'd® & D gC= 'e’e!t+ 12+ =, (3.21)
where and +are the two regularization functions for space and timegatehotes the cross
gradient function (equatio®16 for theSCG approaghor alternatively the cros®lationship
function (equation 18 for the Gipproach). The model parameterization will be in log space for
the resistivity (log Ohm m) and linear space for velocities (expressed in km/s), such that both
petrophysical properties will be on the same order of magnitude. The funcisomsed for
smoohness regularization in space and expressed as a second order differential operator applied
to the model perturbation vector. The functi®is used as a smoothness regularization term in
time and it is expressed as a first order differential operatbetsegacgime model. The two
parameters and . are the Lagrangian multipliers for controlling the two regularizations terms
and the paramete&denotes the Lagrangian multiplier for controlling the crgeglient or
crosspetrophysical functions. In oupproach, the spae#omain Lagrangian is expressed as a
diagonal matrix&(Yi et al, 2003) and the timdomain Lagrangian is expressed as a diagonal
matrix &(Karaoulis et al., 2011a, b).

Using a combination of the structuralersion and ATC inversion, our inversion
algorithm favors updated models that fulfill three critetiptbey should be smooth in the space
domain, (2) they should be smooth in the time domain, and (3) they should show structural
similarities in both rastivities and velocities (SCG approach) or similarities in the change of the
petrophysical properties (CP appraoach). In other words, the inversion seeks to findtarspace
smooth model where similar changes are observed from both resistivity ana skasmiThe

objective functiorG to minimize is given by:

G=led® (GdXT7( WX MX dX) | AM(X< oX) (322)

G= le’e!lf+ 12+ =,
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Minimizing G with respect to the model perturbation vector yields the following normal
equations (Kim et g12009):

Xkt xk dXx (3.23
Tr AT AA 1 p VR 24
dX=j'j] CT/C MTAM §TDT M AMX *'d¥= (0+ (3.24)
GY &+ ' < " )Y HIICIKRT B «M’AMX),
\
here,
p €
p€=« i
p £
sch, - (F & (3.26)
p€-: 1 SOl,,;M(,F S‘TM. J
FELT“X(, L) x T35, L)Y
for the SCG approach and
SL‘l,,‘m( F S‘& (327)
p€-: 1 SOl,,;M(,F S‘TM. J

FCU(,- FQE() )

for the CP approaclidenotes the joint sensitivity matrix. This matrix is expressed as a block
diagonal matrixJ<where,

v (3.28

VRN | UV

CULyv
This equation involves the cregsadient term and+.and  \k«genote fpxL) and @zxL)
matrices corresponding to the Jacobians for the resistivity and velocity models, respectively at
iterationk at time step i. Whilev_ (Lx2L matrix) involves the partial derivatives of the veator
defined by equation 16. The paramdtatenotes th@umber of cells. The parametexrsandn,
denote the number of measurements for the resistivity and seismic data for each time step,

respectively. The explicit form of_can be found in Gallardo and Meju (2004). The magkix
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denotes thdifferential operator in the spaceordinates whilé/ denotes the differential
operator in the time domain.

For the CPA approach, the form of the sensitivity matrix is given by

. \ (3.29
=1 Vi (
C 1< FCL@E() L
Finally, note the model parameterization is in log space for resistivities (log Ohm m), and

linear for velocities (expressed in km/s), so both of them are in the same order of magnitude.

3.5Rational for the structural joint inversion applied to time-lapse problems
3.5.1 General Formulation

We have hypothesized that the model changes are structurally coupled for the electrical
conductivity and the #vave seismic velocity. Nowwe explain some mechanisms for this to
happen within a real field scenario. We consider clayey sand or a clayetosenthat is water
wet. The conductivityVof the porous material as a function of the water saturation can be

written as (e.g., Jougnot et al., 2010)

1 .8 A (3.30)
R A
wheren is the saturation exponent (Archie, 1948),denotes the water saturatio®, (=1 for
watersaturated porous materialg)(dimensionless) denotes the formation factor, which is
related to the connesd porosity / (dimensionless) by Archie's laF /™ (Archie, 1942)m

(>1, dimensionless) is called the cementation expon&htlenotes the conductivity of the pore
water (in S rif), & denotes the mobility of the cations of the electrical diffuse layer and
responsible for surface conductivity, a@ denotes the excess of charge of the electrical diffuse
layer per unit pore volume. The temperature dependente electrical conductivity can be

approximated byWT) W) 1 BT T) , where 0, | 0.023°C". The conductivity of the

pore is proportional to the total dissolved solids (TDS) of the pore water (the conversion factor
depends othe chemical composition of the pore water and can be in the range @%3t a
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typical conversion at 25°C is (TDS) in ppm = Conductivity in uS/cm x 0.67 (see

http://www.stevenswater.com/water_quality _sensors/conductivity_info.htm).
For timelapse prolems characterized by a change of saturagigra change in porosity

/, a change in temperatufeand a change in pore water conductivity (corrected for
temperature), the change in the gradient of the conductivity betwedmi@scharacterized by

a change in the water saturation is given by,

W (3.31)

o, 1 ©W:1 OTw!? D8

(TD9)

andwhere the derivatives of the conductivity with respect to the different&agbles are given
by,

W - n_., (3.32
o8, 1F " "

W/ LMty (3.33)
s L

sW - (3.34)
oF 1 UTo) &

§ W .067_, (3.35)
@wDS °t F

We turn now our attention to the seismigvBve problem. Assuming that the viscous
coupling between the pore water and the solid phase can be neglected, the velocity of the P
waves, are approximated by the Béassmanmequations Gassmann, 1951)

. (3.36)
vz 3
P U

where the bulk density{in kg m?) and the undrained bulk modulifs (in Pa) are defined by,

ua yu | (337
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K (K, K,) K. (K, K, (3.39)
K@ 1 K, IK) K

whereKy andG denote the drained modulus and the shear modulus of the skeleton (both
independent on the water saturation and in Pa)Kadénotes the bulk modulus of the solid

phase. In unsaturated conditions, we consider that the density of the poré/fflarl the bulk

modulus of the pore flui; are related to the properties of the gas (subscript g) and water
(subscript w) by the following relationships (Teja and Rice, 1981)

U 1s) s (3.39)
i 1_§N S (3.40
K, K, K,

The change in the gradient of the velocity can be therefore written as,

v, §w_p ’.SN % ’ L@v = _\@W DS (3.4
o, °1 oW 1 ©Tw!? D 1
The seismic velocity dependence on the salinity (last term of eqibhis pretty
small (see Wyllie et al., 1956, thé&igure3.3). This effect corresponds to osmotic effects
responsible for chemiosmotic poroelastic changes (e.g., Revil 2007). It can be generally
negdected except in shales.

3.5.2 Monitoring the Secondary Recovery of Oil

If the porosity change is of poroelastic nature and therefore relatively small, the gradient
change in the conductivity can be approximated by,

sw (342)
©&, ’1%

In other words, changes in saturation and temperature are potentially more important than

"V

changes in porosity in terms of controlling the change in the gradient of the electrical
conductivity.
The term associated with changes in temperature is vanishingly small in

thermoporoelasticity (it can computed from the formulation given by McTigue, 1986 for
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instance) except in the case of heavy hydrocarbons (Martinez et al., this issue). In porgelasticit
the term related to change in porosity (generally through a change in the effective stress) is
expected to be also pretty small by comparison with the first term. For clayey sandstone, Han et
al. (1986) found the following correlation between thed&vevelocity, the porosity, and the
volumetric clay conten€ "C” Vp (km/s) = 5.59 6.93 /- 2.18C. This means that a

change of 1% in porosity can be responsible for a change of approximately7@mthe P

wave velocity. Conversely, a changkesaturation is responsible for a strong change on-the P

wave velocity (see Figurg3a). Therefore,

sW. . (3.43)

,V _._p1
| o8, 1

which explains why 4D seismic imaging is efficient in monitoring the production of oil and gas
reservoirs. Also, it is known that the saturation dependence ofwavy® velocity tends to be
larger for soft (low velocity) rocks like clayey sandstones. Forebersdary recovery of oil by
water flooding, the effect of saturation dominates the response fortlagd velocity and the
resistivity (see the amplitude of the changes in FiguBdor the Berea sandstone). In this

situation, the crosproduct = Wi "V, will be equal to zero. Both tHeCG and CP approaches

are expected to work.

3.5.3 SteamAssisted Production of Heavy Oil

The insitu production of heavy oil in sands consists of many diffedemtitniques, of
which Steam Assisted Gravity Drainage (SAGD) and the Cyclic Steam Stimulation (CSS) are
common. These techniques involved an increase of the temperature, an increase of the TDS of
the pore water (by dissolution of some minerals), and a ehafngaturation of oil. Martinez et
al. (this issue) are showing the effect of temperature on both the electrical conductivity and the
seismic velocities. The crogsoduct of the gradient of the change of the conductivity by the
gradient of the change tie seismic velocity is given by:

) ) 3.44
ey, SWOEY, o swo B (349

P OV *pgy °1 TS g w1
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The temperature and TDS gradients are expected to be, at first approximation, colinear with the
change of saturation (from the produced area to the undisturbed reservoir) and therefore, here
again, the crosproduct of the gradient of the conductivity charby the gradient of the velocity
change is expected to be minimum. B@G and CP approacheposed above are expected to
work because a relationship between the velocity and resistivibcated changes associated

with a change in the saturation.

3.5.4 CO; Sequestration and Gas Hydrates

In the case of C&sequestration, Myer (2001) has measured substantial change in both
resistivity and Rwave velocity in the laboratory in the presence of Qfrease over 100 and
10%, respectively) for the Berea sama&. The presence of G@ therefore expected to create
co-located gradients in both the electrical conductivity and the¥e velocity and ctocated
changes in the electrical conductivity and thed¥ve velocity. Therefore both the SCG and CP
approachse are expected to work as well. The same would apply for the production of gas
hydrates as the presence of gas hydrates has both a strong signature on both the seismic velocity

and the electrical resistivity (Guerin et al., 2006).

3.1 Time-Lapse Jointinversion: Numerical Experiments
3.1.1 Synthetic Problem Test

We test now our joint timéapse inversion algorithm on a simple tita@se problem.
Figure 3.4a shows a set of 3 snapshots for a moving and deforming target between two wells.
We show inFigure 3.4b, the changes between snapshots 2 and 1 and between the snapshots 3
and 1. The properties of the heterogeneity and background are similar to the test discussed above.
Like in the previous synthetic case, we use a bipglele array for te DC resistivity (P1 and
C1 electrodes in borehole A, P2 and C2 electrode in borehole B) with a total of 1100
measurements. The synthetic data are contaminated with a 3% noise level.

Figure 3.5, Figure 3.6, andFigure 3.7 show the results for independent inversion, time
lapse inversion, and cregsadient timelapse joint inversion, respectively. The blue colors
indicate an increase in the resistivity or seismic velocity while the red colorate@iclecrease.

The three types of inversion reach a data RMS error around 3% at the 5th iteration, which

corresponds to the noise level added to the data (Fi8ishows that the data misfit function
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converges very quickly in two iterations). In each case, the domain where there is a true change
of the resistivity and seismic velocity is shown by the plain line. We see on this example that the
crossgradient timelapse joint inversion improve the resubf the inversion in the sense that

there are much less spatial artifacts in the tomograms shavigure 3.7 as compared with the
tomograms showm Figure 3.5 andFigure 3.6. For the joint iversion, the test results seems to
show only a modest improvement: the seismic tomograms seems to get rid of the background
noise. Indeed the seismic and resistivity background noises are spatially dissimilar and therefore
filtered out by the joint inversn.

Figure 3.9 shows the model RMS error, that is, the difference between the synthetic and
inversion models, by using independent inversion andoihetjme-lapse inversion. Besides the
smaller inversion artifacts, there is a clear improvement in the model RMS error for both
resistivities and velocities models with the tiapse joint inversion as compared with the
independent inversions. Note thdth the timelapse joint inversion, the recovered change in
resistivity is on the order &5 Ohm m while the true change is on the order of 90 Oh¥ivem.
cannot however increase further the number of iterations without fitting the noise. This explains
the large model RMS error in the resistivity inversion as compared to the model RMS error for
the velocity inversion as the relative change of velocigmsller.Figure 3.10 shows the
residuals after the 5 iteration, for both apparent resistivities and travel times. These resaduals a
very small withrespect to the absolute values of the appas=mtivities and travel times.

3.1.2 Value of the Lagrange Parameters

We first discuss the effect of the temporal changes into the inversion scheme. The
temporal changes are controlled by the marikarge vales of the temporal Lagrange
parameter result in unnecessary smoothness over time suppressing real changes in the sequence
of tomograms. At the opposite, small values of the temporal Lagrange parameter may produce
inversion artifactsldeally, entries of ta matrixA associated with areas characterized by
significant changes in the petrophysical properties must be assigned low time regularization
values. At the oppositentries of the matriA associated with areas characterizecomall
changes in the pe&tphysical properties must be assigned high time regularization velgase
3.11displays the time related Lagrange distribution of the sequence of models. Because this
model has three timsteps, only two figures are shown. They corresponds to changes from time
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step 1 to time step 2 and changes from time step 2 to time step 3edbelaracterized by low
values of the time Lagrange parameters are in good agreement with areas characterized by a
strong change in the modeled changes of the petrophysical propertiegy(see3.4).

3.1.3 Values of the Regularization Parameters

In our algorithm, there are three regularization parameters affecting the final tomogram,
which include one for the spatial regularization, one for the-tapee regularization, and the last
one for the joint inversion. Each of the regularization terms is controlled by its corresponding
Lagrange parameters ., and & By assigning different weights to each of these parameters, we
can favor some characteristicistioe tomogram. For instance, if we assume that we suspect no
great structural connection between resistivities and velocities, the operator can perform the
inversion with a small value of If large temporal changes are expected, the operator can assign
small values to the matri. It is not possible to suggest a global pattern for each individual
case: this pattern should be adjusted based on the experience.

3.1.4 Distribution of the Cross-Gradient function

We address now the effect of the crgsadient function on the inversion algorithm. To
illustrate our point, we consider the previous synthetic problem where the resistivity and velocity
distributions piecewise constants. Large values of the computesgremient values are

observed at the boundaries of the models as expecteHigsee 3.12).

3.1.5 Application to Water Flooding for Oil Reservoir Production

We apply now the timéapse joint inversion algorithm to a wafé@od experiment and
secondary oil recovery in which water is injected in one well and the oil is produced in a second
well. The governing equations, petrophysical relationships for thevee[armeability and
capillary pressure are described in Appendix A. The reservoir is simulated with a stochastic
random generator using the petrophysical model described in Revil and Cathes (1999).

Once the saturations are computed at each time stegmmute the velocity and the
resistivity from the water saturation using the properties showigure 3.3. Figure 3.13 shows
the porosity and permeability model. The evolution of the saturation over time is shown in

Figure 3.14. Figure 3.15Illustrates the relationship between velocity and resistivity when a
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change in saturation occurs. The resultBigtire 3.14 andFigure 3.15 are combined together to
compute the simulated resistivities and velocities for a 6-sitep nodels Figure 3.16). The
bipole-bipole resistivity and seismic sources and receivers arrays are similar to those described in
the previous synthetiapblem Figure 3.4). Similar random noise was added to the synthetic

data. In this type of model, which is characterized by a relatively sharp chahge

petrophyscal properties, we favored the&pproach for the joint inversion instead of the SCG
approachThe inverted results are shownFigure 3.17a (iteration 7, data RMS error of 3%.).

The evolution of the data error is showrFigure 3.17b., and the algorithm converged in few
iterations.

Once the resistivity and the velocity have been jointly inverted over the complete
sequence of snapshots, we can see if we can recoversitierpof the saturation front from the
inverted data. We use the second Archie's law (showigure 3.3b) to compute the saturation
from the inveréd resistivity resulting from the tirdapse joint inversion. The result is shown in
Figure 3.18a. A contour line for a function of two variables is a curve connecting points where
the function has the same specified constant value. The gradient of the function is always
perpendicular to the contour lines. When the lines are close together theushaghithe
gradient is large and the variation is steep. We develop a simple algorithm to locate the position
of the oil/water interface by looking at the contour line perpendicular to the steepest gradient in
the saturation. The result is showrFigure 3.18b and compared to the true position of the
interface. From this figure, it is clear that the kinetics and position of the oil/water intexface i
pretty well recovered by our tiapse joint inversion algorithm.
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Figure 3.1. Sensitivity analysis for D@esistivity and seismic velocities data. Each method
shows different sensitivities in different areas of the space comprised between the twbheells.
upper boundary is considered to be the air/ground interface.
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Figure 3.2. A 2.5 D grid used to model the resistivity and velocity of subsurfacerfesponds
to the strike direction). The crogsadient is defined with a three cell grid, at each position,

following the approach developed Ballardo and Meju (2003, 2004)
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Figure 3.3. Influence of water saturation on seismiewBve velocity and resistivity index
(resistivity at a given saturation divided by the resistivity at saturation in the water Ehdse).
wave velocity (data from Wyllie et al., 1956). Resistivity index Ri = Ws,=1)/ {s,) | s»"; data
from JunZhi and Lile, 1990).
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True time-lapse problem

a. Spatial distribution evolution over time
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Figure 3.4. A benchmark of the joint inversion schemaeEvolution of abody of resistiviy 100
Ohm m and velocity 2 km/s movingsidean homogeneousarth with a backgroungesistivity

of 10 Ohm m anda backgroundrelocity of 1 km/s. b. Differences between the three snapshots
(T2-T1) and (T3T1).
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Independent Inversion

a. Resistivity T2 = T1 b. Resistivity T3 = T1
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Figure 3.5. Independent inversiom. andb. Independent inversion of the resistivity and display

of the resistivity changes between time T2 and time T1 (a) and between time T3 and time T2 (b)
at iteration 5c¢. andd. Same For the seismic data. The thin black line denotes the true position of
the change (seféigure 3.4).
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2D+time Inversion
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Figure 3.6. Independent timéapse inversiona. andb. Independent timéapse inversion of the
resistivity and display of the resistivity changes between time T2 and time T1 (a) and between
time T3 and time T2 (b) at iteration &.andd. Same For the seismic data. The thin black line
denotes the true position of the change Sgare 3.4).

53



2D+time Joint Inversion
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Figure 3.7. Joint timelapse inversiona. andb. Time-lapse joint inversion of the resistivity and
seismic data and display of the resistivity changes between time T2 and time T1 (a) and between
time T3 and time T2 (b) at iteration &.andd. Same for the seismic data. The thin black line
denotes thérue position of the change (segure 3.4).
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Data misfit function (time-lapse joint inversion)
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Figure 3.8. Evolution of the datanisfit error with the number of iteration for the joint tifapse
inversion problem (the inversion is started with a homogeneous model distribution).
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Figure 3.9. Time steps'model%RMS error' for the resistivity (left) and velocities (right) when
using independent inversion (blue line) and the joint dapse algorithm (red line). In all time
stepmodek (T1, T2, and T3)the model RMSerroris significant lowerfor the timelapse joint
inversion approachrhis means that the tirlapse joint inversion is better reproducing the true

model changes.
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Figure 3.10. Data residuals for apparent resistivities (left) and travel time (right), for the
synthetic model shown dfigure 3.4.
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Figure 3.11. Distribution of the timeelated Lagrange parameter. Low values of the Lagrange
parameter indicate areas where tiralated changes are expected.

57



Structural Cross-Gradient (SCG) function
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Figure 3.12. The crosgradient function for the synthetic model. Large values indicate areas
with high structural similarity between the resistivity and seismic model, which are expected at
the boundary of the pieagise constant models shavin Figure 3.4.
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Figure 3.13. Porosity and permeability fields of a sandstone reservoir between two wells for the
flood simulation numerical test.
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Figure 3.14. Six snapshots showing the evolution of the oil satomabiver time in a 150 +thick
oil reservoir. The initial oil saturation in the reservoir is 0.75. Oil is considered to be the non
wetting phase.
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Velocity versus resistivity for change in the water saturation

2.75 T . . T . ' : : :
270 Berea Sandstone

2.65F

2.60F

Velocity (in km/s)

™)

n

n
T

2.45
5 10 15 20 25 30 35 40 45 50 55

Resistivity (in Ohm m)

Figure 3.15. The relationship between is8vity and velocity for changes in the water
saturation. This relationship is determined from the data showigume 3.3.
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Figure 3.16. Simulated 6 timestep resistivity and velocity model, using data from Figur€13
to T6 corresponds to the six snapshots shoviigare 3.14.
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a. Result of the inversion (iteration 7, RMS 3%)
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Figure 3.17. The inverted timelapse resistivities and velocities model, using theb&&ed
approach. T1 to T6 corresponds to the six snapshots shdvguire 3.14.

63



a. Reconstructed water saturation, s,
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Figure 3.18. Position of the water frona. Reconstruction of the saturation from the inverted
resistivity.b. Reconstructed and true positions of the oil/water front moving inside the reservoir.
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CHAPTER 4

GENERAL 4D TIME -LAPSE GRAVITY DATA INVERSION
FOR WATER FLOODING INTERFACE DETECTION

Reproducedvith permission fronpublicationin Geophysical Journdhternational
Marios Karaouli§l), André Revil (1,2), Burke J. Minsle{3),
Micol Todesc@4), Junwei Zhand(), D. Dale Werkemgb)
4.1 Abstract

The main problemvith the deterministic inversion gieophysical data providing a
stable solutiorio the inverse problem (often-flosed and underdeterminedile, atthe same
time, beingable to image the actual geological structunethe evolution of dynamic parameters
over time (e.g., salinity, saturation, and wettabilitlr) the case of graty data,the inverse
problem is highlynon-unique as in all potential field problemd herefore, onstrainsare
necessaryo stabilize the inversioof the gravity data (e.gQldenburg, 1974; Pedersen, 1977
Boulanger & Chouteau, 2001). Suambnstrains include geologically and physically meaningful
regularizers, which are used to decrease or remove themgueness of the inverse problem
(Tikhonov & Arsenin, 1977).

Inversionschemes of gravity data fall undere categoriesas detailed below

(1) The first type assumes known densities for the different lithologies or geological units
in the subsurface (e.g., from borehole data). In this case, the inversion is perforaesdify i
the location of the boundaries between pietge constant density units (S8edersen, 1977;
Chai& Hinze 1988; Reame& Ferguson 1989; Barbosa al, 1999). While this approach may
be applied to cases where enough prior information is avail&lgestill highly norunique and
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maylead to large discrepancies between the inverted and true magpesiadly with complex
geology The opposite approachwhich the boundaries are known and the density of each unit
is inverted can be also developed using stochastic techniques.

(2) A second approach is basedthe deterministic inversionf the density distribution
usingTikhonov regularization (Tikhono& Arsenin, 1977) with smoothness as a regularizer (Li
& Oldenburg, 1998)In this case, the inverse modabksfor the smoothest asity modekhat
also satisfieshe data There are many ways to choose the optimal value for the toéfde
parametershat balanceéhe two contributiongdata misfit and regularizem the cost function to
minimize. Although this approach is able toentfor the density distribution, the nature of the
algorithm makes the models unfocused (smoothedpardresultin many cases, geologically
unrealistic. One way taeducethis problem is however to minimize the objective functiwith
the L1 nornrather tharusingthe typical L2 norm.

(3) In the third approach, the density distribution is inverted through an image focusing
method. This approach is also based on Tikhonov regularizationtbua regularizer thageeks
to compacsome characteristiexd the sourcgif such characteristics are required by the
underlying physics of the problenTheimage focusingpproactwas first introduced by Lagt
Kubik (1983), and latensedby Portianguin& Zhdanov (1999) for other potential field
problems. As discussed by Zhdanov (2009), this approach solvié tnsity distribution
while preserving at the same time sharp boundaries.

(4) An alternative approach to keep sharp boundaries is the hinamngion approach of
Krahenbuhl& Li (2006, 2009, 2012). In this approach, the density distribution is allowed to take
only discree values thereforereducing the nowniquenes®f the inverse problemwWhile this
approach can be used in special cases galt dome imagingand is a blend of approaches 1
and 2 abovgit cannot be generalized any density modeThe density distribution of the Earth
is not either smooth or taking discrete values.

(5) Finally, stochastic approaches have also beeropeap(e.g., Shamispoat al, 2010)
to invert gravity data. In these approaches, the problem is parameterized with a small number of
model parameters so Marlov chain Monte Carlo sampler can be used to sample their posterior
probability density.

The recentevelopment ofiltra-sensitive gravity metersvith micro-Gal accuracy, see
Scintrex, 2006) make tirAapse gravity an interesting approach to monitor changes in density in
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the subsurface (Davis et al, 2007, Ferguson el al., 2@(&§)lications includelie monitoring of
volcanic activity and geothermal fields (e.g., Battagtial, 2008; Vigourowet al, 2008),
pumping tests and ground water storage and recovery (Cegahll] 2006, Davist al., 2008),
and gas production or storage (Eiletral,, 2008, Gasperikov& Hoversten, 2008; Alnest al,
2011). Note that the classical methods developed to interpret, correct, and invert static gravity
gravity data(for instance regional trend removal, $&ettingset al, 2008; Glegolat al, 2008)
are natually accounted for in timéapse processing since they are not changing over time.

In this paper, we propose a combinatadrfl) the L1-norm (2) an imagdocusing
algorithm and (3)the Active Time Constrain (ATC) algorithdeveloped recently bigaraoudis
et al.(2011a, b for resistivity induced polarizatiorand seismic datand here applied for the
first time to the inversion of tim@pse gravity dataln our approachbelow the density
distributionis modeled as a continuous functmirspace and timellowing the preservation of
relatively sharglensitycontrasts in both time and spackhe ATC algorithmncorporats a
time-based regularizer into a generalized cost functigraducean optimalset of gravity
snapshots.

4.2 Forward modeling

Any variation of densityn the subsurface producasmall variation on the gravitfield
g= FIi7(in ms?, U being the gravitational potentigigtential energy per unit mass,m’s?).
The vertical component of the gravity field is usuallgasuredtthe surfacef the Earth or in

boreholes.The gravitational potential obeys a Poisson equation

T€7(2) = F4&)(2) (4.1)

whereG = 6.67300 x 18" m® kg™ s? denotes the universal gravitational constarmtenotes a
position in the Euclidian spacand ! denotes thenassdensity (in kg m®). Equation 1 can be
solved numerically In the following, we uséor instance the finite elemepackageComsol
Multiphysics 4.3 to solv&q. @.1) (see alsdButler & Sinha, 2012 This package allows the
discretization otomplex interfacesuch agopographyimported from higkresolution digital
elevation maps.

To benchmark Comsultiphysics 4.3in 3D, we simulated the gravityefd of a sphere

of radius 1 kn with a density contrast aii'=100 kg m™ with respect to the background material.
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The center of the sphere svibcated 2 km below th&at ground sirface. The domain of intest
was meshed with tetrahedral prisms of maximum vertex height 500 m, with a total of 200,000
elementsThe boundariesereextended to 70 km to avoid edge effecdscomparison between
the analytical model of Telford et al. (1990) and our forwarcheical model (which takes about
2 minutego solveon a regular desktop machine) show an RMS difference smaller th&mo2%
shown here) Fora 2D benchmark testve simulatedh filled circle of radius 1 and a density
contrast of 100 kgn™. The dmainof interest isl5x15 km and the boundaries are extended to
140 kmto avoid edge effect$n each case, we obtained a very good agreement between the
numerical solution and the analytical solution, less than 0.2% (not shown Rerejard

calculationdor these cases require less than 1 miouta desktogomputer

4.3 Inversion
4.3.1 Calculation of the Kernel Matrix

We subdivide the subsurfacearM cells, while we consider the number of gravity
stations adN (M>>N). Calculation of the kernel matrix requires finding the effect of e |
modelcell atthe ith measurement statiom hevertical -component) of the gravity fieldt
stationi is related to the kernel and the density at ced;jpy the system oftiear equations,

A (4.2)

(= 1 -uév

‘e
The matrix - i genoteghe kernel matrix.In order to calculate the kernel matrix, weeComsol
Multiphysics 4.3 wheresequentiallyfor each cell of the domain, we assgnunit densityand
calculate the resmse (Green functiorgt the stations where the gravity measurements are
performed That said, the Kernelan be computed from efficiently invoking reciprocity and
putting unt sources at the receiver locations. That way, we need o(idstead o)
simulations to compute the matrix;.y In vector notationsye end up having a systeshN

equations,

s= wl (4.3
whereG is alengthN vector containing th&l gravity measurementk is a matrix of size

[NxM], and ! is a vector ofengthM, containing thenassdensity of the cells.
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4.3.2 Inversion strategies

Equation4.3 is not stabl@and cannot be solved directigcause the kernel is rank
deficient Variousinversion techniques can be applied to stabilize the inversion. In this werk
usethree algorithmsa classical least square invers&cheme, an L1 norm schenf@(quharson
& Oldenburg, 1998 andthe compact gravity inversiqifollowing the idea ot.ast& Kubik,

1983 for gravity andMinsley et al, 2007 for seHpotential). If we consider a cost function
P*(“) to minimize

2 ()= 10"+ () (4.4)
where 3 “) is the misfit functiordefined as thdifference betweetheobserved and predicted
dataaccording to a givep-norm Ly:

T(“)="!sFwl!; (4.5)
In equatior.4, (“ ) denotes stabilizing functional and is theregularization parameter used
to balance the effect of the two terigpearing in the cost function
In the compact source inversion, we seek to &mtbdel witha minimumsupporting
volume(in 3D) or surface (in 2Dyf anomalouglensity. As shown by Last and Kubik (1983)
and modified by Minsley et al (2007) to incorpraensitivityweighting, the stabiting

functional is expressed as,

" (46
(“)= i—ée?E_*_ ™

where x denotes the domain of interest (either 2D or,2Dyk is the iteration number. Equation
(4.6) is an iterative solution and at each iteration the functg{ngldecreases the area of the
density model with respect to the density distribution obtained at the previous iteration. - In time
lapse problem, Eq4(6) is applied to the density relative to a reference model and neasa
many values of the anomalous density changes going to zero (not the density itself). For the first
iteration, where initial model is zero, we setl. Equation 6 is thereforgsed tominimizethe
number ofcells characterized by amomalous densgsin the timelapse problem.

In the L1 norm the following equation can be used as the stabilizing functional
(Farguharson and Oldenburg, 1998
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((“) = (ITE 5 ¢+ 1)YE (4.7)
where denotes a small number close to zero. The use of this pargetieles stability when
the model or model gradienta®se tozero. Equation 4.7) isusedto minimize the number of
nonzero gradients the timelapse problem, and like the compact source, solution found after
some iterations For every next iteration, the functional considers the model from the previous
iteration. For the first iteration, we setl. Zhdanov& Tolstaya(2004) andrarquharson&
Oldenburg(1998) discussed the rolethie parameter. Rall valuesof this parametemay
introduce instability while large valu@siply thatthe algorithm acts as a weighted minimum
length constrain.

Minimizing equatiord.7 and applying a depth weighting functiaalgebraicallysimilar
to solvethe following equation,

a1?l .o _ S (4.8)
O A[EY = 130
G TET=

Once the weightedensitymodelhave been obtainedie can recover the unscaled density
model using the following transform,

= 170g! (4.9)
L= ding- 91290\ (419
= diag” =

whereandJ denotes theensitivity weightvectorintroduced tcscale the solutiofe.g.,Minsley
et al, 2007or seltpotential problemsand "diag" refers to a diagonal matri&n efficient way

to calculate theensitivityweighting vector igo use the following relationship,

; (4.11)

v= diag©f -3%
N4
where"diag" refers to a diagonal matrix populated with zeros in theliafjonal cells.
Minimization of Eq. 4.4) using the L1 norm is algebraicallymilar by solvingiteratively the
following system of equations
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a2t 4.12
o e g= S (412
Lf« 3~ L
whereR denotesa diagonal matrix with an entry for differences between adjacent model

parameters in all directions

4= ((fEo)f+ 197 (4.13)
For the first iteration it is convenient to use a linear constr&ir u The number of iteratian
is reached when changes to the model become sufficiently small @&F é°?°! < Ywhere H
is a small number specified by the usgr, denotes thérst order derivativeor gradient)
Another possibility is to use the L2 smooth solution of the inverse problem which can be
obtained in one iteration (no iteration associated with cotnpas) by using the following

minimum norm support function

(1)='f.EL (4.14)
In this casgthe operator can be eithg¢r. = +(zero order derivativep first order derivative
(gradientoperato), or asecond order derivatigaplacian). The choice of the operator is based
on the desired characterts of the source we expect to recover. Moreover, following Minsley
et al (2007), we can include treensitivityweighting funcion in the systenof equations to
minimize:

'V\j”l[El]: 'S, (4.15)

Lt L
where vis defined byEqg. (4.11). Once the weighted model is calculatids unscaledusing
E= v UEY
Minsley (2007) discussed the role of multiple regularization paramefersa set ofU

values (UD[107581079), we plot ' B “) ! versus! ©@“) ! using the values ofldefined
form the eigenvalues of the inverse matrikhis curve exhibits the classicaldurve shape. For
one individual l-curve . is selectedrom the maximum curvature of the curve (found by fitting
the points with a spline). This point corresponds to a {odidealueof . minimizing both terms
of the cost functiomptimally. The choice of the optimal set of parameters depends on the choice
of algorithm (compacinversion, use of the La@r L1 norm) and the desired characteristics of the

model
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4.3.3 Time-lapseinversion

The 4D model described by Kiet al (2009) defines the subsurface as a combined
spacetime modekhatencompasses all space models duangntire monitoring periodThe
entire monitoring datetis defined as a data vector in the sptioee domain as well.The
spacetime model is assumed to change continuously along theatiisewhich allows the
change of the subsurface material property distribution during the measurement of the
geophysical data set.

Since both the data and the model are defined using-Spaeeoordinates, the 4BTC
algorithm is able to adopt regularization in both time and space to stabilize the inversion.
Consequently, the objective functicPto be minimized by the inversigrocess can be
expressed as (Kimt al, 2009),

2y = 1)+ =(*)+ (0(*) (4.16)

The function® “) is used for flatness regularization in time, andrégularization
parameter controkthisregularizatiorover time This function is expressed as a first order
differential operator to theBme-model vector itsel{expressed as the matf@}. This is based on
the quiterealistic assumption that the change ofdkasityin the time domain is small compared
to thechange in thepace domaittypically few hundred of kg Mversus 2000 to 3000 kgh
andthatthe basic subsurface structure would remain the same throughout the entire monitoring
period. The timedomain tradeoff parameter is expressed either as a constant valuas a
diagonal matriA (Karaouliset al, 2011a)based oravailablea-prior information. For
simplicity, in this work we will assume a constant numba#finimizing the objedt/e function
corresponding to Eq4(16), with respect to the model perturbation vector yields the following

normal equations

a U s( (4.17)

213

——0 .
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7 . C (4.18)

U al g?U EB Sy,
Uf § ~;J?U U e"'Ai = "Sg

] E U

Ul

ETSANN si (4.19)

T

Equation 4.17) corresponds to the normal equation with thenb2n, Eq. 4.18) forthe
compact source form, and E4.X9) for the Ltnorm. Note that Eqs.4.17) through 4.19) solve
for the scaled density model, and fimal solution needs therefore to be unscaled. Inthese
equationst denoteghe number of different timsteps datal ,, ~, and s is the compact, L-1
normand data of the time stép It is important to note thahe kernel matriX remains the
same for all the time step¥Ve chose the value of thagameter, from the analysis performed
in Karaouliset al (2011a), to be in the rangéJD[ U 10, J. In the nextfew sections, we will
show three exampleequiring the adaption of éhalgorithm and provide guidelines for using the

algorithm

4.4 \Water flooding of an oil reservoir

We now apply the timdéapseinversion algorithm to a watdlood experiment and
secondary oil recovery in which water is injected in one well and the oil is produced in a second
well (Figures4.1 and4.2). The governing petrophysical relationships for the relative
permeability and capillary pressuaee described in Karaoulet al (2012 and shown irfFigure
4.1 a and 1bThe reservoir is simulated with a stochastic random generator using the
petrophysical model described in Re&ilCathles (1999).This model is based on a sand clay
mixture in which the clay content is used as the random variable. The model specifedaghe
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of the porosity of the clean sand and the properties of the clay aggregate. The two boreholes,
located 47.5 m apart, corresponds to a water injector and n oil producer. The reservoirys initiall
mostly oil saturated.

Thewatersaturations are cqmtedfor 6 snapshots regularly distributed over time (c) and
result from two phase modeling (see Karaoetial, 2012 for further details).Then,we
computel the density contragtom the saturation considering that the density ofnhterphase
is 1000 kg m3 and adensity for oil of 870 kg r8. Such density distribution is determinfeaf
each of the sisnapshot¢Figure 4.2). Thechange in the vertical component of the gravity field
was calculateavithin the two wells, the injector and the produdég(re 4.2a). Measurement
stations are considered every meter, while the length of the borehole was considered to be 187.5
m. Thecomputed changes of thecordedz-component of the gravity field on the rangef 20-

Gal (seeFigure 4.4), while thesensitivityof modern gravity meters on the order of 3Gal
(for the Scintrex CG for instance the readiagolution is 3 Gal and the field repeatability is
usually less than 5Gal). Random erras with a maximum amplitude of Galwereaddedto
the syntheticdata.

Because the changé the density distributiohereis spatially smooth (at each time

step).the inverse problem could not be solved with the compact source inversion. Indeed, there
are density changes for the portion of the reservoir comprised between the injector and the oll
water encroachment front. Therefore, we will use the L1 and L2 namtki$ example with no
compaction for the density model or for the density perturbations. This model represents a rather
simple geometry, a large area where the water is traveling, and a background density contrast of
zero (no change in density). The hdrm scheme (not shown here) appears to be very unstable,
with many inversion artifacts. The result of the inversion with the L2 norm is shokigure
4.3. To determine the position of the front, we use the same approach as in Karaoulis et al.
(2012). A contour line for a function of two variablés 2) is a curve connecting points where
thefunction has the same specified constattie When the lines are close to each other the
magnitude of the gradient is large and the variation is steep. We develop a simple algorithm to
locate the position of the oil/watencroachment frority looking a the steepest gradient in the
density Figure 4.3 shows that the density contrast at thenmker encroachment front is also

well resolved.

74



4.5Monitoring of hydrothermal activity

We present now an application to the gravity signals associated wétturbed
hydrothermal fieldusing the simulation published by Todesco (2009e model describes a
hydrothermal system fed by a magmaiairce ofwater vapor and carbon dioxidleigure 4.5).

The numerical simulations are performed with the geothermal simulator TOUGH2 used to solve
the coupledlbw of heat and mukphase, multcomponent fluids through porous media (Pruess
et al, 1999). The simulation considered here was with the purpos¢o investigate the effects

of a system unrest during which the magmatic source discharges higher saofdluintds with a
larger fraction of carbon dioxide (Todesco 2008he simulation starts from steady state
conditions, corresponding to a lotgrm (thousands of years) activity of the magmatic source.
During this time, the source dischargeshivi theliquid-saturated rock89 kgs™ of hot water
vapor and carbon dioxide, with a @8,0 weight ratio of 0.42.The injected fluids form a wide,
two-phase plume that extend and widens toward the surfidoen, a 8-month long urest is
simulated by increasg thedischarge rate to 140 kgasd the CQ@H,O weight ratio to 0.98.
Afterwards, the source returns to its initial activity, to simulate the relaxation of the system aft
the unrest.The enthalpy of the injected fluids does not change during the entiulation and
corresponds to a fluid temperature of 33%0°C, depending on the system pressiitee
simulated unrest has a significant effect on phase distribution: as a larger amount of hot fluids
enter the system, the twahase plume expands, sm§ outwards the boundary with the colder,
the liquid-saturated regionWithin the plume, the overpressure due to the larger injection rate
causes the condensation of some fraction of water vapor, whitxsteng fluids (liquid in
particular) are pusd upwards and outwards a result, the distribution of the fluid density
evolves through time, with larger changes focused along the margins of théas® plume
(Figure 4.68). The simulated density changes are of the order of a hundmed kg hese

density changes generateasurable gravity changes at the sur{aé® to-150 Rsal) and along
the two wells Figure 4.6b). The changes the vertical component of the gravity field are
sampledat 2715 points along tlgroundsurfaceand the two wellgor each considered time

frame

For the inversion of these gravity data, the subsurface was discretized into 25x25 cells
resulting in a total of 5520 celldzigure 4.7 shows he modeled changes (at 5 thskeps) and
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the inversion results using the L1 tifaose algorithm after 4 iteration$Ve tested40 iterations,
and we found that the minimum of the model norm weashedafter 10 iterationsKigure 4.8).

For this model, the compact source inversion should not be used if we believe that the
source is hotompact by nature (if the flow watanneled by faults, the situation would be
different). The use of the L2 norm allowssto identify the position of the densithanges quite
well, but it alsogenerates density artifacts in soareaof the model Figure 4.8a). It is
important to note that these artifacts appear to be smooEigdre 4.9 shows the modelRMS
and the norm of differenddough a number of iterationBhe minimum of the difference was
observed athe 4™ iteration(stopping criteridor the inversion) Further iteration do not improve
significantly the model RMSThe L1 scheme is forcing the solution to be sharp, and as it seems,
eliminates the artifactgssociated with the use tbie L2 norm.

4.6 M onitoring the roof collapse of a mine

Gravity can be also used to monitor the density change associated vgthdhal
collapse of the roof of galleries and caves. The following example considers a set of 6 layers
(Figure 4.10) with densities varying from 120@ m* up to 1750 kg ii. In this model, we
introduce a 4 m cavity at an initial depth of 78 m. Through the collapse of the roof, the cavity
moved upward toward the surface over time. We only consider two snapshots in this experiment.
In the second sipshot, the cavity is located at a depth of 74 m and the total mass of the area
remains constant. In this case study, the simulated gravity responses for the case without any
cavity (background gravity field), the case corresponding to the cavity at &8dnthe case
corresponding to the cavity at 74 m are showhigure 4.10.

For these data, we remove the background densities (model with no ,cavit\gearch
only for the cavity location (density contrast) using the residual gravity anomaly. Additionally, a
random noise of 2Gal was added to the residual dakagure 4.11 shows the inversion results
when using both the L1 and L2 inversion schenfesexpected, the L2 inversion scheme
indicates an extended area for the cavity location, allowing the exact location to be rebavered
with significant uncertainty The L1 inversion, after 7 iterations identifies a more compact
shape, but still not exactly on the modeled cavity locatleurther iterations do not improve the
final image i.e. solution is not compacting furtheBoth schemes, fahis type of problem seem

to be insufficient.
76



When the expected change has a minimum area in 2D or a minimum volume in 3D, a
compact source inversion proves to be a better apprdaghre 4.12 shows the application of
the timelapse compact source to this model, where the cavity moved 4 meters towards the
surface. As expected, the first iteratiofigure 4.12a) shows an extended area that is minimized
by further iterationsKigure 4.12b). After 8 iterations [Figure 4.12c andFigure 4.12d), the
algorithm was able to recover the exact location of the cavity for both the considered cases (74
and 78 meters depthAdditional iterations do not further compact the solutiémaly, Figure

4.12e shows the difference between the two time sf@psjding alocationfor the cavity.

c. Saturation snapshots
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Figure 4.1. Model used to compute the gravithanges associated with the migration of an oil
water encroachment front between two wells. Well A denotes the injector (in which water is
infiltrated in the reservoir) and Well B denotes the producer in which oil is produced. a. Porosity
of the reserwir. b. Permeability of the reservoir. c. Saturation changes showing the evolution of
the oil water encroachment front over time. T1 to T6 denote the six snapshots considered in this
study.
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a) Geometry
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Figure 4.2. Distribution of the change of the bulk density with respect to the reference snapshot
(prior the injection of the water in Well Aja. Geometry of the reservoir and position of the two
wells for the water flooding and the pumgiof the oil. b. Changes in the bulk density for 6
shapshots during the evolution of thewdter encroachment front.
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Figure 4.3. Results from the Lhorm inversion to recover thaensity distribution. The position
of the water front is determined from the steepest gradient in the recovered density model. The
inverted front is compared with the real position of the oil water encroachment front.
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Time-Lapse gravity changes
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Figure 4.4. Simulated vertical component of gravity changes in the two wells arising from the
migration of the o#water encroachment front.
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Figure 4.5. Hydrothermal system fed by a magmatic source of water vapor and carbon dioxide.
The numerical simulations, performed with the geothermal simulator TOUGH2, shows a rising
plume of CQ. The measurements of the vertical component of the gravity field are performed in
two wells and at the ground surface every two metditse black star indicates the location of
the fluid source. The enthalpy of the injected fluids is 33RgkJand 2700kJ kg™ for CO; and

water, respectively. Symbols are as follows:/, rock porosity; k, rock permeability; U

backgroundrock density;C, rock specific heatK, rockthermal conductivityand P, T refer to
the fluid pressure and temperature
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a) Sequence of snapshots
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Figure 4.6. Gravity change associated with a rising plumeSnapshots of density changés.
Simulated (noise free) changes in the vertical component of the gravity field along the ground
surface and within the two wells (Wells 1 and 2 showifigure 4.5). TO corresponds to the
reference state and T1 to T5 corresponds to the 5 snapshots (1, 4, 8, 12, 32 months) used to
perform the timdapse gravity inversion.
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Figure 4.7. Time-lapse inversion of thé snapshots for the hydrothermal model (with the L1
scheme) and comparison with the true density changes. Prior the inversion, the true data shown
in Figure 4.6 were contaminated with 5% Gaussian noise.
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Figure 4.8. Result of the inversion for the geothermal systamnversion resultsvith the L2
norm.b. Inversion resultsvith the L1 norm at four different iterations.
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Figure 4.9. Model RMS error and norm of difference models for different iteration numbers.
Minimum on the difference of theadels was observed after 4 iterations (stopping criteria).
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Figure 4.10. Mine roof collapse. The lower part of the figure shows that the cavity is located at
depth-78 m (snapshot T1) te/4 m (snapshot T2). The upper part of the figure shows the
corresponding vertical component of the gravity data at the ground surface.
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Figure 4.11. Result of the inversion for the roof collapse modelnversion resultsvith the L1
norm.b. Inversion resultsvith the L2 norm.
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Figure 4.12. Result of the compact source inversian.First iteration (snapshot T1)b. Third
iterations (snapshot T1¢, Result at the eighth iteration for snapshot T1 (final inverted model).
d. Result of the inversion after 8tterations for snapshot T2. Difference between the density
changes for snapshots T1 and T2 (final models).
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CHAPTER 5

GEOLOGIC FACIES -WISE STATIONARY JOINT INVERSION
FOR DC RESISTIVITY AND GRAVITY DATA

Reproduceavith permissionfronGeophysics (2015)

JunweizZhand, André Revil®

5.1 Abstract

In the realm of deterministic inversion of geophysical data, the inverse solution is
generally norunique when we use a célhsed approach to describe the heterogeneities in the
subsurface (e.g., Mao et al., 2013). To reduce thisumigqueness, recent pqpaches have been
developed in using multiple geophysical datasets especially when their sensitivity maps are
complementary to each other (e.g., Gallaiggado et al., 2003; Tiberi et al., 2003; Buland and
Kolbjomsen, 2012). Various structural approachave been developed for the joint inversion of
geophysical data (e.g., Zhang and Morgan, 1996; Haber and Oldenburg, 1997). For instance, one
of these approaches, called the crgisdient method, was introduced by Gallardo and Meju
(2003, 2004, 2007) argeneralized to timéapse problems by Karaoulis et al. (2012). In this
approach, the croggoduct of the gradients in the distribution of the model parameters (for
instance the crogzroduct between the gradients of density and resistivity) is mininbized
obtain better tomograms reinforcing structural discontinuities. This-graskent approach can
also be used, postversion, to develop fiekbased petrophysical relationships between different
petrophysical properties for a given set of geologicakfa(e.qg., Linde et al., 2006).

The coupling between geophysical methods can also be performed directly through
petrophysical models (Hertrich and Yaramanci, 2002; Woodruff et al., 20h@rtunately,
“universal” petrophysical relationships may not be valid for any lithology, and we are still

looking for a unified petrophysical framework to connect a broad range of petrophysical data

(Department of Geophysics, Colorado School of Mineddén, CO 80401,
USA.arevil@mines.edy

?(Department of Geophysics, Colorado School of Mines, Golden, CO 80401, USA; ISTerre,
CNRS, UMR CNRS 5275, Université Savoie Mdlanc, F73376 cedex, Le Bourget du Lac,
France)
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together. For instandde permeabily and porosity model developed by Revil and Cathles

(1999) is only valid for claysand

mixtures, as long as the clays are not structural clays or laminated clays in the formation. Revil
(2013a, b) developed petrophysical models for complex conductmatyate different for

various lithologies (e.g., clean sands versus clayey sands and sandstones), and can be used to
distinguish between surface and bulk conductivity. Doetsch et al. (2010) performed a post
inversion clustering of the petrophysical progerton the tomograms obtained by inverting
multiple geophysical datasets using the cigrsglient approach. Sun and Li (2012) introduced a
petrophysical clustering process to supervise the geophysical deterministic inversion of various
geophysical dataset$his clustering approach is employed during the inversion process of the
geophysical data. If we go one step further, the lithological memberships found by this type of
clustering algorithm may also be subjected to geological structures like faultscaasl This
geological information may be known, to some extent, by available geological expertise in the
form of a prior geological crossection (e.g., Zhou et al., 2014) and topological constraints
dictated by the geology, and the deformation of thdoggeal units plus the displacement along
tectonic features such as faults. We therefore realize that (1) the lithological features (dssociate
with distinct petrophysical relationships), and (2) the lithological memberships (i.e., the facies
controlled bythe geological crossection), are essentially two complementary ingredients to
combine with the geophysical data. A facies is a sedimentary rock unit defined by specific
physical and chemical characteristics and formed under certain conditions of gatlonen

(Kraft, 1971). Supervising a clustering algorithm (for the petrophysical properties) with a
geological crossection could further reduce the roniqueness of the geophysical joint

inversion problem. The boundary between two facies is indeed(bftémot necessarily)

associated with jumps in the petrophysical properties.

The importance of facies has been recognized in the literature for both the inversion of
combined hydrogeological and geophysical data (e.g., Cardiff and Kitadinis, 2009) and the
inversion of various geophysical datasets (Bosch, 1999; Bosch et al., 2001, 2004; Guillen et al.,
2007; Grana et al., 2012). The goal of our paper is to present a combined approach using a facies
approach and a petrophysical clustering approach. Weppily dhis new approach to the 2D
joint inversion of resistivity and gravity data on two synthetic case studies comprising four

90



distinct geological facies, each with its own field of heterogeneity and petrophysical
relationships between the properties déinst.

We will first consider that the position of the facies is deterministically known to test the
clustering and joint inversion approach under this simplistic assumption. Then, we will relax this
assumption by developing an approach allowing the$asoundaries to be deformed duirg the
inversion of the geophysical data. Facies boundaries can be deformed using two different
approaches, which are based on the choice of the reference coordinate system in a way that is
analogous to the Lagrangian anddftian frameworks used to describe the mechanical
deformation of a continuous medium. The first approach is known as the active contour model.
Here, control points defining the parametric segmentation of the contour of an object (a facies in
our case) arexplicitly tracked over time in a Lagrangian framework (e.g., Kass et al., 1988).

Luo (2010) and Oliveira et al. (2011) used parametric deformable polygonal/prismatic boundary
models to decompose geological models and fit gravity anomalies. Bosch (1) sah et al.
(2001) used multiple sets of Lagrangian control points to represent multiple zones of different
lithotypes.

Another set of approaches used to deform the facies bounadaries were introduced by
Sethian (2003) and Osher and Fedkiw (2003). Thesgparametric methods correspond to an
Eulerian extension of the active contour model with the help of thedevdlinctions. The nen
parametric level set method requires much less assumptions about the shape of the facies than
the parametric Lagrangiaapproach discussed above. The facies boundary could move more
freely in such Eulerian framework and can avoid the type of unexpected irregularities and local
minimal convergence generated by the maade control points used in Lagragian techniques. A
fadeswise constant level set method (e.g., Cardiff and Kitanidis, 2009) also called a potential
field variant of the level set method (Calcagno et al., 2008) can be used for facies detection and
deformation. To our knowledge, this will be the first timet th&ulerian facies boundary
approach and inner facies heterogeneities model are used together for inverting multiple
geophysical datasets.

Topology preserving (Han et al 2003) and mabject topology preserving (Bogovic et
al 2013) properties are also proposed to respect topological properties of initial segmentation
during the levebket evolution process. For instance, one of such topaloigvariant property is
called the EulerPoincaré characteristic, which was initially introduced for polyhedra. It is a
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number that describes a topological space's shape or structure regardless of the way it is
deformed. The theory of stratigraphic gepjacould provide certain information about sequence
and order of rock units based on the assumption of provenance, transport agent, depositional
setting, tectonic setting (including displacement along tectonic features), and diagenesis
(Prothero and SchwaB004). This ordered information of rock units itself, with boundary
positions subjected to deformation, is most suitable to be expressed as topological constraints,
which should be always obeyed during the inversion process. Mallet (2002) proposed for
instance a geomodeling approach to the unified modeling of the topology, geometry, and physical
properties of geological objects. The topology constraints would also significantly reduce the
nonruniqueness reported in stochastical facies inversion algor{geasGrana et al., 2012). To

our knowledge, this is also the first time that these approaches are used in concert with the
inversion of geophysical data by imposing the topological constraint of a provided geological

crosssection.

5.2 Theory with fixed facies boundaries and faulting

A geophysical tomogram, obtained from the inversion of geophysical data, is an image of
the subsurface (therefore incorporating structural information) and describing the spatial
variation of physical properties. The first element to consider is the egpagisn of the
heterogeneity prevailing in the subsurface and the type of geostatistical descriptors required to
describe this heterogeneity. For instance a geological-sezt®n can be described by a set of
facies with locally, inside each facies, tieterogeneity obeying a serariogram. The second
point to consider is the petrophysical properties, in other words the values of the physical
properties and more specifically the connection between petrophysical properties determined
from different geopysical datasets.

We believe that to obtain realistic tomograms, two distinct elements should be
considered: (1) a set of petrophysical relationships valid for each geological facies and (2) a
classification of facies and their structures (Figure 1).fiatrgoal is to design an algorithm that
could connect a geological cressction to a petrophysical clustering approach. Regarding the
partsbased representation (Lee and Seung, 1999), our algorithm could also be seen as a
recognition effort in geoscieedo emphasis that tlgeostatistical random fieid neither
completely stationargor completelynonstationary but is instead composed of distinctive rock
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parts (facies) each having their ostationarycharacteristics. This approach is expected tp hel

to reduce the neaniqueness of the clustering approach meaningfulsense, and could help

the joint inversion of different geophysical datasets if the geological-sez$®n manages to
converge toward a more correct result. In this section, wadssribat the geological cross

section is given through prior information, and we will not discuss the impact of the uncertainty
of the facies boundaries and faults on the final tomograms. We also assume both the
petrophysical model parameters and the gfatistical semvariograms parameters are constant

within each faciefrom our facieswise stationary principle

5.2.1 Electrical resistivity and gravity inversion

Galvanometric resistivity consists in the injection and retrieval of an electrical current in
the conductive Earth using electrodes located at the ground surface and/or in boreholes. The
associated electrical field is measured using voltage electrodes, also located at the ground surface
or in boreholes. These data can be inverted to obtain a riggigsimogram of the subsurface. In
the last two decades, galvanometric electrical resistivity tomography has been applied to a
number of problems in geosciences and medical imaging including the remediation of
contaminant plumes (Johnson et al., 2010)ydtyebrmal processes (Legaz et al., 2009), and salt
tracer tests (Muller et al., 2010) just to cite a few applications. Various spatiotemporal
regularization approaches for the electrical resistivity problem have been proposed in the
literature. For instarecJohnson et al. (2010) discussed various spatial regularizers while other
authors (LaBrecque and Yang, 2001; Miller et al., 2008; Kim et al., 2009; and Karaalljs et
2012) have discussed various strategies to performléipse inversion including the
development of regulrization startegies with respect to time as done for space. Pollock and
Cirpka (2012) recently proposed a fully coupled approach oflampee resistivity for salt tracer
tests applications in hydrogeophysics. Various forms of-tilypled timelapse inversion
algorithms have also been developed by Kowalsky et al. (2006), Laloy et al. (2012), and Jardani
et al. (2013), among others, for various applications in hydrogeophysics.

Gravity data correspond to the measurement of the vecbcaponent of the
gravitational field at the ground surface of the Earth, sometimes in boreholes. The sensitivity of

existing instrumentation (for instance the G@utograv Gravity Meter) is arourid @ Gall
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(http://www.scintrexltd.com/documents/G&BrochureRevl1.pdf, which implies that very

precise gravity measurements can be performed at small scales as well as in boreholes. These
data can be inverted to recover the density distribution of the $abs{e.g., Luo, 2010,

Krahenbuhl and Li, 2012, Karaoulis et al. 120. Various types of regularization and prior
information can be added to the inverse problem, like for the resistivity problem, to obtain a
density tomogram of the subsurface. As a recent example, Airy isostatic equilibrium can be used
to regularize thénverse problem of largscale gravity data to image the Moho (Salem et al.,
2014). An important issue for gravity data (like for any type of potential fields), is the strong
nonuniqgueness of the inverse problem, especially in presence of noisy dagdute this non
uniqueness, various researchers have also proposed to combine gravity data with other
geophysical data in formulating joint inversion algorithms. For instance, Moorkamp et al. (2011)
performed recently a joint inversion of gravity with seisihata while Martelet et al. (2013)

inverted jointly gravity and aeromagnetic data. Gravity and DC resistivity are expected to have
different sensitivity maps to the heterogeneous distribution of the petrophysical properties of the

subsurface, and themformation content is therefore complimentary.

5.2.2 Combining petrophysical and geological crossection information

Ouir first task is to express the geological cresstion in a proper mathematical
framework (Figures.2). As noted recently by Zhou et al. (2014), the geophysical inversion could
be guided by local tensor field based covariance deriged & geological crossection. The
well-established Tikhonov regularization (e.g., Tikhonov, 1943; Tikhonov and ArSE3i7)
can be understood as the realization of a homogeneousagagram based model covariance
approach. Instead of using this classical approach, we also have argindeg inversion
model (Zhou et al., 2014) allowing the model covariance matoibe learned or imposed from
a geological crossection (or a realization of a geological crgsstion in a stochastic
framework). The imagguided inversion method was originally designed to extract structural
information from a seismic or georadar naiged section, since these images have high
resolutions that exhibit a lot of structural details (Ma et al., 2012). The idea of the gmdge
inversion proposed by Ma et al. (2012) and later by Zhou et al. (2014) is to extract the structural
informationcontained in the geological cressction, and to impose this structural information
to the model covariance matrix in smoothing in preferential directions at different locations. This
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approach is therefore more general than the classical Tithonov iiegtiter in which an

isotropic and spatially invariant smoothing is applied (or applying the same smoothing in the
vertical and horizontal directions for the entire tomogram, see discussion in Lelieévre and
Farquharson, 2013).

Table 5.1. List of Symbols

Functional Vector Description
Notation Notation,size
K Number of facies
N Number of cells
M 2 Number of geophysical tomograms
o X L, N ul k-th facies level set
u, X u,,N u k-th facies membershipls |,
L, x Facies assignment function
L, X Adjacent facies assignment function
E k-th facies homogenious petrophysical parameter
XD (x, E) X P(E),N ul | k-th facies ith tomogranpetrophysical model
m® x m, N u k-th facies RF for -th geophysicsGRF F " (&), 6,
9" x g, N u k-th facies deviation m," F® E
T, r™ ,r™ | k-th tensor direction and correlation lengths
T.,2u2 k-th facies homogenious tensor
G A Matérn covariance shape parameter
Ne Number offaults
a;,2ul J-th fault line end point
b,,2ul J-th fault line end point
d, J-th fault displacement
6 X,y 6 ,N uN k-th facies Matérn covariance
I Xy /. N uN k-th facies Matérn Erecision
6 X,y 6,N uN Model covarianceKz: diag u, 6 diagu,
I Xy / ,N uN Model precision =I diag u, /,diagu,
m? x m® N ul Density tomograrh=! diag u, m®,
mY N ul Density mean
6" ,N N Tiknohovbased model covariance
N® Number of gravity measurements
D® N® ul | Measured gravity¥ @(m®)
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Table 5.1. List of SymbolsContinued

Jo Gravity Jacobian=V® / mf”
cw® Gravity measurementovariance

p(D® |m®) 2D Gravity likelihood Model

m® x m® N u Resistivity tomogram:: diag u, m®,

m® N ul Resistivity mean

6% ,N WN Tiknohowbased model covariance
N @ Number of ERT measurements

D® N® u Measured apparent resistivity? (m ¥)
J@ ERT Jacobian=v® / mf?
c® ERT measurements covariance

p(D® |m®) 2D ERT likelihood Model

p(m® |u,) Prior model with fixed facies boundaries

p(m®;i 1,...M) | Prior model with movable facies boundaries

We use a paitbased representation approach (Lee and Seung, 1999) in which the
structural information is neither completely stationary (as in Tikhonov regularization) nor
completely norstationary as in the image guided inversion (Zhou et al., 2014).dds
heterogeneities is constrained into a set of regions associated with facies such as defined from
the geological crossection (Figure 1). Inside each facies, heterogeneity is controlled by
stationary random fields with homogeneous tensor field.g@ssibility could be to use spatially
varying nonstationary random fields but such fields are unfortunately not described by the
mathematical properties of the Matérn covariance approach used below (see Whittle, 1954). The
facieswise stationary approaatill be used to express local heterogeneities in the facies rather
than to use constant petrophysical properties as done for instance by Jardani and Revil (2009).
After the introduction of a new faciegise stationary covariance approach, we will comtine i
with petrophysical relationships to help the joint inversion of geophysical data.

The description of the forward algorithms used in this paper to model the gravity and
resistivity distribution can be found in Zhou et al. (2014) and Karaoulis et al)(20d4
references therein. They will be summarized below, and these algorithms have been
benchmarked against analytical solution to test the accuracy of the numerical techniques.
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In the following, we will assume that the subsurface is composeedidtiha facies. In
the context of the joint inversion of DC (Direct Currergistivity and gravity data, the model of
Sun and Li (2012) can be formulated as the minimization of the following objective function:

M@ m@ u,, £ %,argmin’ (5.1)
1 1 N T A~A@Q 1L 1 1 1 ) =@ 1 1) = (1

DY VOmM®) 'cOIp® vOm® pm® goie m®gmo

D@ V@ (m®) TC(2> 'D® vOmM® pm®m @7 6,'m®@m

ol [diag u, m® x, @, g[ %
k'L ¢

where all symbols we used in this paper are summarized in FdblEhe data vectors and

denote the gravity observation and electrical potentials vectors, respectively, and denote the
data measurement covariance matrices for the two types of measurements (gravity and
conductivity), and and denotes the grasityl conductivity forward modeling operators, and
the mass density and electrical conductivity model vectors describing the two tomograms of
electrical conductivity or mass density, and the prior mean mass density and electrical
conductivity of thesubsurface (considered to be homogeneous in this work), and are
Tikhonowbased model covariance matrices, is thieekpetrophysical model parameter, and is
a categorical (@) membership indicator for each facies. This indicator is equal tiné dell
belongs to kh facies shown in the geological cresection. The parameters , , and denote the
weighting regularization parameters for the different terms involved in the objective function to
be minimized. denotes thetlk petrophysical modé€corresponding to the-th lithology

category) that connects and . More generally, if we have types of geophysical methods, is
denoted as the shorthand of ththKacies and-th petrophysical function that also takes

tomogram values as predicteariables:

X% E X0 mPx,..m?x mx ... x E (5.2)
Inserting our block diagonal covariance approach, which is controlled by the facies, our method
can be formulated as:
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ﬁm(i), 5 01/4arg min (53)
/\D(1> VO(m®) T c®@ ‘Do oy O @)
D@ vOm®@) ' c@ ' p@ v @m @)

K . .
O: giagu, m® X0 E B1/4

k1
K . I ) \
® d#iagu, Gdiagu, %zidiagu, m® X0 E 9
k1 é

We also replace theikhonovbased model covariancé” and 6 in equatiorb.2 with the

faciesbased model covariance

K 5.4
6 : diag u, 6diagu, (54)

k1
The facies membershfﬂ* is inferred directly from the geological cressction (assumed to be

perfectly known in this section, this assumption being relaxed below)aamsia homogeneous
Matérnbased model covariance class defined later. This classmtfdos offers an alternative

to the use of semiariograms as correlograms. In this way, we combine the -inesed
petrophysical relationship and covariatii@sed geological crosection information together in

a unified approachn the next section, wexpress the inverse problem in a Bayesian framework.

5.2.3 Bayesian inference framework

We use two geophysical methods (M., 2 in this paper). The quantity™ represents
the number of surface gravity measurements forming the data \RCtdwertical component of

the acceleration of the gravity measured at a sst'btations). We notdl® the number of

surface electrical apparent igt&ity measurements forming the data vedi? and based on

two current electrodes A and B and two voltage electrodes M ande\2D subsurface is
discretized intoN cells, each characterized by a dendistribution m® and an electrical
conductivity distributionm® . Using Bayes theorem and the probabilistic independence of the
different geophysical measuremerite prdability of a given distribution of densitj®

electrical conductivitym® , and petrophysical parameteg)( given the observed gravity and
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apparent resistivity dateD® and D®) and the facies membership obtained from geological
crosssection (,,k 1,...,K) is:
pm®, £i 1,.Mk 1.K P2y, 1.Mk 1.K (5.5

M

—p(DY M) pMm®,..m™ |, ,..u, )

il

M K _
—pD®| | diagu, m pm®,..m" b u)

i1 k1

wherem® x denote the #h facies random fields for thethi geophysical tomograms,

andK denotes the number of facies indicated bygéelogical crossection.

The probability,

pm® Eii 1,.Mk 1.K PPy i 1L,.MKk 1.K (5.6)
denotes the probability of the posterior distributidigeophysical tomograms and petrophysical
parameters given thgeophysical data and geological crgsstionwe intend to maximize. The

probability p(m®,...m™ |u,,...u, )denotes the probability of the prior model that connects
the facies in the geological cressctionwith the petrophysicatelationshipsThe parametersg

denotes the parameter for theh petrophysical model ang(D® |[m®) and p(D® |m®)

denote likelihood probabilities for electrical potentials and gravity, respectively. These
probabilities will be described in details in the following two subsections.

5.2.3.1 2D Gravity likelihood Model p(D® |m®)

The gavity problemis simply governed by the Newton’s gi@ional law.According to
Newton's law of universal gravitation, the vertical component of gravity fialdhadbservation

locationr, is due to mass over the entitemain(e.g., Mantovani et al., 2008hamsipouet al.,

2011)

DP(i)= g,Jn“)(r)z—Z'sdv, i 1,..,NO® (5.7)
r i
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where J 6.672ul10" N nf /kg is Newton’s gravitational constant, describes the vector
position of thesource element domainV , zis vertical coordinate component of r;is thei-

th gravity measurement coordinate,is the vertical component of thth gravity measurement
locations and N the number of gravity stationghe field D®(r,) denoteshe resulting gravity

observation valuéusually in Gal= 10 *m s?). Equation5.7 can also be writteim a vector

form as:
DY  JOm® (5.8)
where m® is vectorof the mass density in the cells while the operdfarhas the form

‘](l)ij 'JSV m(l)(r)ﬁdv (5-9)
i rr,

Here, "V, is the volume withirthej-th cell. Note that weemployadditional cells with

homogeneoudensity on the subsurface boundaryrd? , in order toremove the edge effect of
gravity observations. The density can be typically comprised between 1008 (fgrra cave
filled with water) to values close to the mass density of the minerals (for instance 2650dg m
pure silica) A discusson of the parameters affecting the mass density is discussed in Appendix
A

We use a model weighting that could emphasize more structure thelsurface In
other words, the density model is scaled accordimgtb : m® with the scalingpperator
given by

-m? | (5.10)

o [N®
1 @ 2
I,
o\ j'1
o

L
0 i Zj
where D denotes a small number close to z&ke invertm®™ , which is thertransfornedback

to m™ in order to show the final density tomogram at a given iterafibe.likelihood of gravity

field vertical component is therefore defined as:
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p(D(l) |m(1)) 1 exp§ E DO® VO mo T C(l) 1 DW v Om® (5-11)
(29"[cw| ©2

where C® denotes the measurement error variance estimated from the recorded data and,

VOmM®) {JGmM® (5.12

5.2.3.2 2D ERT likelihood Model p(D® |m®)

The electrical potential field due to a known DC current injedtisirelated to the

conductivity structure via a Poisson equation for the electrical poteitigl

IO UX) B Gx X)) (513
where X denotes a source current injection point with magnity@eA) (I > 0 when the current

is injected in the ground arick O when the current is retrieved from the grounthe electric

potential v(x) (in V) is the electrical potential field existing in the conductive space domain (

, . . . . . (2) .
E V represents the quastatic electrical field in V m), m™=(x) denotes the electrical

conductivity (in S nt), and &x) represents the delta function. The rigpaindside of equation
5.13 means that the source/sink terms (depenaiinghethel is positive or negative) is
spatially localized at current electrodes A and B.

By expressing equatidhl13 using the finite difference approach, we have the matrix

form,

B'SM?)G Y, g (519
whereV, and g, are bothN Ul vector representing an electrical potential and source dt-the

measurement respectively. We also define thied divergence operator matricesteérms of
the finite difference:

G, (5.15)
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andit’s matrix transpoe’ = 457 G,’ 'and whereG is the partial derivative in the

direction, G, is the partial derivative in thedirection.The matrix,

- ) ( (5.16)
sm@) | (90 0
- 0 diagfn®)
denoteghe diagonal matrix with conductivity as the diagonal elements. We also implemented
some harmonic average considerations shown in detail for instaRa#ligecky et al. (2006)

The electrical potential at theh measurement from cellv

., can be expssed as:

v, (m?) 1V | (G'SMm®)G) 'q (517
where |, is a 1xN vector with one in the location oth electrodes and zero elsewhere. The
N, Ul data measurement vectoniéVf ‘v, ( V.

The likelihood of the electrical potential measurement is therefore defined as:

p(D(Z)lm(Z)) 1 exp§ } D@ V(z)m(Z))T C(z) 1 D®@ v (2)(_n (2)) : (5-18)

29"[c?| ©2

where C® denotes the measurement error estimated from the recorded data.

Note that electrical conductivity (or resistivity) is known to vary over orders of
magnitude and is a positive quantitherefore, we will consider the logarithmtbe electrical
conductivity as model parameté&iectrical conductivity or resistivity depends also on various
properties such as temperature, salinity, partial saturation and porosity, and clay content and clay
mineralogy through the cation exchange cépge.g., Revil, 2013a). In Appendix A, we show

how we can forge relationships between the electrical conductivity and the mass density.

5.2.4 Multi -faciesprior model p(m®,..m™ |u, ,..u,

There are geological (e.g., Reading, 2009) and petrophysical (e.g., Revil, 2013a, b)
evidences for faciebased representations for the inversion model. The key idea cbpadd
representatiofseeLeeandSeung, 1999 also that the whole model isdeal upon multiple
parts each with simple features. This relationship could usually be represented amgatue
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matrix multiplication relationship. In the geosciences, we could assume afacigs
decomposition according to:

_ K . 5.19
m® ldiag u, m® withi 1,...M (519
| k k
k1

wherem © are the kth facies random fields for theh geophysical tomograms. The multi
facies decomposition of model covariance is likewise formulated as eqGatioie use the

Matérn covariance (Whittle, 1954) to chaeatte thestationaryrandom fieldm ® x in

equatiors.19 in each faciek as an alternative to the use of sesariograms. In the 2D case,

consideringx and y to be two arftrary points inside the study domain, tdatérn covaiance is

initially proposedas:

§acosT sinJ®™ 0 °eos, T sin, T¢ (5.20)
oasinT cos T 3o r™ sk, 7 cos, T:

k

|Tk|% N T, 1/1JTk|711 m®x FYx, E ~GRFO, G (5.21)

where T is local tensor field direction and™, , r™, are major and minor local correlation
lengths, T, is the corresponding faciegise tensor. The Gaussian Random Field (GRF)

GRF 0,Gx y isthe additive white noise, antds a smoothness parameter. From equation

5.23, we cauld see this random field is controlled by a deterministic diffusion type partial
differential equation (PDE) with the addition of stochastic white noise. We could equivalently

representm® x as a full GRRquipped with a Madrn family covariance function:

m® x ~GRF X" x,E ,6 xy (5.22

where

(5.23)

Q Q
6 XY flo NX y@r'x y@k, {x y@,.'x y@
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according to the solution secondorderhomogeneoustochastic difference equatidi23 (see
Whittle, 1954. The precision matrix used latter in the desired nriatties prior model

/. 6 couldbe written as:

2 T 1 e 2
o T8 &TST)6 BT - (529
@Dy T.@G2)ywm ¢ (5.25)

ST o T (22)

To introduce additional comgxity into the geological crossectionwe include faults in
our covariance model as is described in equation B3 of AppendWhBn he covariance matrix
is computed like this, it does not necessary follow the stationary condition propo@&titiie,
1954 andcould even ba&orinvertible. For inversion purpose, we could use the algorithm of
Higham(1988) to find the closest SRBymmetric Positive Definitepnatrix from 6. This
algorithm is solving:

6 argming. g5 6 6, (5.26)

whereSPDrepresents the linear vector space for all SPD matrix @igda known matrix. After
this step, we could find the SPD matréclosest to 6in the sense offebenius normThe
precision matrix/ in this case is computed numerically froéhrather than using any analytic
expression likeequationb.25. If the real world domain size is too large, we suggest using a
coarse model space and interpolation into finer grid aftes B2 matrix approximation and
numerical matrix inversion.

In order tosimplify our notations, we define the local petrophysical deviations as:
9 m® X0 E (5.27)

the multi-faciesprior modelis therefore defined as:

p(m®,..m™ ju,,..u, ) (5.28)
— ————exp” =g,""diag u, [/ diag u, g
i1k11/(2$N|/k| ©2™ ©or <
Intuitively, equation$.4 and5.20 could lead to a matrix multiplication type relationship
similar to that used in the paftgised representation approach. An example of what we mean by
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partsbased representation is explained in Figute Similarly to the language used for parts

based representations, wevbaepresented the geophysical tomograms in terms of distinctive

parts (the facies), each equipped with correlograms and petrophysical relationships. As explain in
the introduction, we believe that this decompositon is meaningful for two reasons: (1) both
correlogram parameters and petrophysical properties have recorded geomorphological histories,
so they are likely correlated and homogeneous within the facies. (2) Partitioning of the
subsurface of the Earth into distinctive parts, each with a simple gpeipdrties and

characteristics, helps us to better understand the geological processes and include this

information into the final tomograms.

5.2.5 MAP (Maximum a posterior) Solution

If we substitute equatiors11 and5.18 into equatiorb.28, we have the posterior

probability density

pm®, E5i ,.Mk L.KDPYy i 1L.Mk 1.K (5.29)
! 1 %(') o 81 gi |
——————expD” VO Il diagH |, m"
i1 (2 SN(l) ‘C(I)‘ © @Il K k 511
K
c ! .%(i) vo 3i dagH | m0®
© @\ 11

MoK 1 ex §1 T

i_l k_14/(23N|/k| p©Egk

Theobjective functioris:

diagu, /, diagu, g"

21

Lm® E£i 1.Mk 1.K (5.30)
logpMm,”, £;i L,.Mk L.KDPy,i; LMk 1K )

.
M K ..
b0 v diagu, m0 0 BY VO 1 diagu, m,0
i © @1 11 © G ’
M
9

K
_ lli g,""diag u, /, diagu, g

1

where (Cis a regularization parameter that can be determined by single variable optimization.

The minimization of the functio. m,®, £;i 1,..M k 1,..K is performecby alternating
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the optimization ofm, @ (facieswise Gaussiewton step) andg (nonlinear regression step).

This alternative kind of iterative procedure restricts minimizations over the individual subsets of
variables. Many algorithms like the-leans clustering or the expectation maximization relies
on such optimization strategies (e.g., Neal and Hinton, 19%®)local and global convergence
condition and rate of convergence is investigated in Bezdek and Hathaway (2003). We present

these two steps in the two following sections.

5.2.5.1 Facieswise Gaussnewton step

The joint inversion step minimizes equati®B0 by setting £ as constant. Equatidn31

below maximizeam ;i 1,..M k 1,..K separately:
mo moO @0 (5.3
where the perturbatior@, " is given by

. . . . 1 5.32
@ I co L0 I (5.32

“§0k9k(i) 307 o %0 VO §| diag u, m !

© © @l *11
This followed approachs similar to what is performed in a standard Bayesian linear regression
with known model mean and covariance.

The Jacobian matrig® has already been defined in equaio® The Jacobian matrix

J? is computed as:

w(m®) W| Y (5.33
wn® e.,m,(z) 03/4

w';(m(Z))

#(G"sm?)6) 1 2N g g gm®) g q

where |, denotes aN-vedor with one in the location ofth electrodes and zero elsewhere.
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5.2.5.2 Non-linear regression step

Norlinear regression step minimizes equata0 by settingm,* as constant.

Equation5.30 in this case could be rewritten as:

M K i i T _ i : (5.39)
:I; m® X E dagu, /,diagu, m» X0 E

1

i1

The estimation of petrophysical model paramefgiis thus obtained through the

iterative solution of a standard generalized nonlinear least squares problem. We perform this

update for each of facies with smaller matrixes and vectors:

. S ® g’ 0 o) | | (5.35)
Fop N K N X kET/kmk‘” X"

E - :
© V\E Vf >1

E

Based on the linearity of the petrophysical mo¥gl’ E , a McMC (Markov chain
Monte Carlo Sampler) algorithm instead of a least squares approach could also be used to
estimate the petrophysical model parame@rand to fully explore the posterior probability

densities of the model parameters. In this stuagypwnly test the least square approach, which
has the advantage of being much faster. The iteration process corresponding to B@ation

ends when a specified convergence criterion is reached.

5.3 Theory with moveable facies boundaries

In the previous section, we have kept the facies boundaries as constant. In this section, we
consider the possibility to deform the facies boundaries from a prior geological model during the
inversion of the geophysical data. To dowe,use topological constraints pertaining to the
geological crossection. These topological constraints should be dictated by geological expertise
and geological rues (Mallet, 2002). For instance, the number of facies and the stratigraphic
sequence of faes can be used to provide fundamental rules regarding the way the boundaries
between the facies should be moved. We use a level set propagation approach to perform this
task (e.g., Paragios and Deriche, 2000). The main difference with previous mbdeltiet

faciesmembershipu, is no longer constant and is relatecevolving level set functions
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u H I (5.36)
whereH X is a Heaviside function/ X is a inverse signed distance level set function. The

geophysical likelihood, posterior, and objective funcfmmulations are similar to the previous
fixed boundary scenario. We will now focus migion the prior model and additional level set
function updating step.

5.3.1 Multi -facies topology preserving movable boundary prior model
p(m®,...,m™))

In order to utilize the mukobject topology preserving algorithfBogovicet al2013)
we adopt most of their level setlated definition. We define the facies assignment of poihy

the label functioh, x , and the adjacent facies assignmenit by .
X, L, x kif [ x O (5.37)

L, x argmin, ./ X (5.39)

X J

The multi-facies topology preserving movable boundamgr modelis therefore defined as:
p(m®,...m™Y) pm O, 1, E;i 1,.Mk 1.K (5.39

p(m®,...m™)) M_ K_ 1 (540

i1k1,/(23N|/k|
§1

exp©§gk“”diag H I [/diag HI, g0

K
! exp§£36klx " Ixdx

129" ©2

where major difference with equatiér28 is the second term derived fraso-area formula

where the length (or area if 3D) of the zero level sef of is givenby 3G ,/x |* ,/x |dx

as in Evangt al.(1991). This term regularizes the facies boundaries. In the following solution
section, we will derive a level set evolution equation that moves initial facies boundiaedde
from a geological crossection map into a new boundary based on the maximum a posterior
method with equation#as prior probability. We do this by formulating this level set evolution

equation into the exact same format as the roblgct topologypreserving segmentation
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method (Bogoviet al.,2013)problem. This is performed so that the digital topology of initial

faciesfrom geological crossection maps preserved.

5.3.2 Topology preserving faciesegmentation step

TheFréchetderivative ofL in equations.30 with respect to/ x 1 in thedirection

h x , which is denoted byl [ x ,h x , can becomputed as

M _ _ _ (I 541
dL 2/ x ,hx °1/4'23'§J(') x, T cO TDY vOmo o g, x, § R D (5.41)
L o = Ya © wn® ¥
: N _§’ 4 X :
'm? x G Ix Px k B GX ' X hx &
: X 571
where
mi x Wlox(i) X lex(i) X (5.42

and where the label functiorlg x andL, x are defined in equatioh37 and5.38. We have

the first term derived from theverse problemBke in Santosg1996, and the second term is
from thezero level seturve length. A more detailed derivation for #réchetderivative ofthe
second term could be foundhtanet al. 003)

From the definition of inner product, we could deducestkepest descent direatiand

arrive at following level set evolution equation.

. §i y T cO ! DO yO MmO (5.43
X,t oM ! N )
v G Ixt @ 27 N-SON Sm® x
W g,k A ‘5 9"
°- © © W ’1 51
8 xt
e
é) (( X,t| ,z

where /, X,t is a timeevolved version of level setgsied distance function for the-th facies

or segmentation at a pseutime stept. Thisequationwill evolve segmentation from initial

estimate [ X,0 to / x,t . We could rescale this evolution equation by replacing the factor
G /xt by|' [ xt]|asinZhao et al109§. This leads to:
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(5.44)

FkR X : 2 J(') X, C(i) D(I) V(l) r.n(|) (545)
il
0 . .
a, x T§i L g 'm” x
k © wn® ¥
pf’ X F (5.46)

where FkR X denotes the magnitude of region expansiontractionforce to fit the geophysical

data, whilel:kB x forces a flat boundary (smaller curvature). Téwel set evolution equation

5.40 is similar tothe multiobject topology preservingegmentation method developed recently
by Bogovic et al. Z013) By specifying the two forces into this image segmentation code, we can
deform the facies boundaries with the help of bottaihcrosssection map topology and

geophysical data driving force.

5.4Numerical Results
5.4.1 Fixed faciesboundaries case study

We run a stochastically generated synthetic example to test our theory. The true density
and resistivity distributions are shownRkigure5.3 and we listall the parameters used in the
simple synthetic example fable5.2. To compute this synthetic,edrawthe geologial cross
section boundaries, x (k 1,...,4) as shown in Figur6.4. All the values used in our model
are listed in Tabl&.2.

We haveb x 5 figuresof function 6 x;,y wherex; are points all around the domain

shown in Figuré.5. Then the true electrical conductivity distribution is stochastically sampled

from a Gaussian random field:

5.4
m® x ~Gaussian§: u x m? 6xy (549
O
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where M ® are some constant electrical conductivity valdd® trueelectricalresistivity

distributionis plotted in Figureb.3a.

Theelectrical conductivity and density are loosely connected through Archie’s law
(which relates the formation factor entering the electrical conductivity petrophysical model to
porosity). That said, other parameters can complicate the relationship betevedscthcal
conductivity and the density such as the effect of surface conductivity due to the electrical double
layer coating the surface of the grains (Revil, 2013a, b). To our knowledge, there is no direct
effort in literature to build analytic functis to describe the highly cadependent relationships
such as this (the situation is different for ttlapse problems, as discussed in detail by Karaoulis
et al., 2012). Without loss of generalitye use thdollowing four arbitrary nonlinear functions
as petrophysicaklaionships for synthetic examples and apply to them to four facies:

log m® (5.48)
m(l)l Xl(m(Z)l’ @ g 5 1
5.49
m(l)z Xz(m(2)27@ —gz ( )
log m®,
5.50
m(l)s Xs(m(Z)ai E) —15_2 ( )
log m®,
log m® (5.51)
m(l)4 X4(m(2)4,5) 9—54
m?, X, (m®, £ exp A?, (5.52
8 (5.53
m(2)2 X2 1(m (1)2’ g) exp @]g .
2
§ (5.59)
Mm@ X, (m®, E) exp- g |
3
m®, X,(m?, ) exp @, (559
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wherethe true values of the 4 petrophysical model parametérs,, fare given in Tabl®.2.

The true density distribution is then calculated as:

M@ *E X, (Mm@ £ (5.56)
k1

In reality, we suggest using wddlgging data to fit some smooth nparametric function
form (e.g., Bspline or polynomial or some fuzzy geostatistical relationships) in order to
represent the relationship between each lithotype in the study domafar(setance Rabaute
et al., 2003). In Appendix A, we discuss the type of relationship that could be designed through
petrophysicsThe truedensitydistribution isplotted in Figureb.3b and tue petrophysical
scatterplotsbetween the conductivity and the mass density for each facies will be shown later

A Matlab-based Gausllewton solver with conjugate gradiefgarithm isimplemented
for the 2D ERT problem. ¥consider 8 surface electrodes spanning ovedQIm and we
simulate 141 Wennealpha measurements. The distance betwwerelectrodes is @ meters
similar to the study of Revil et al. (2010). The pseudosection of apparent resistivity is shown in
Figure5.6. In addition to the resistivity data, ésimulatedgravity measuremesat 60 stations
regularly spaced along the grouswuface(Figure5.7).

The result of the inversion of the density and resistivity at the third iterstishown in

Figure5.8. The estimation of parameter@"" Ffor the four different facies is shown Trable
5.2 and in Figuré.9. The observed (true) and simulated psesgitiions are shown in Figubes
while the observed (trueggnd simulatedgravity data are shown in Figurg7. In our Gauss
Newton Bagsian framework, the final tomograms result from the weighting between the gravity

and DGresistivity information according to (1) the data covariance matriees, C*

(accounting for the data uncertainti€8) the Jacobian matrices’ and 3 (accounting for data

sensitivities), and (3) the petrophysical relationst?l(psaffecting the values and distribution of
the petrophysical propertie€Equation 5.32 determines how these informations affect the

inversion process based on the maximum a posterior principle.
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Figure5.10 showsthe evolution of thedata misfitdefined age.g., Zhou et al., 2014),

D® V(i>(m(i>)T DO vOmb) (5.57)
D® T Do
i)
DRMS NI

The iterative process stops when the difference of data misfit between two consecutive
iterations is smaller tmaa threshold value. In our case, the inversion has stopped at the third
iteration (Figures.10).

Our results are quite satisfactory: we have been able to converge quickly to a distribution
of density and resistivity that are remarkably close to the true distributions. Since we assume the
form of the petrophysical function in terms of mean functiongewlogical crossection
(actually covariance function) is known, the inversion could recoiggribution of the resistivity
at depthunder the supervision of these two functions. The geological structure like fault and

lithology parts could be recoveredmpletely thanks to the known covariance functiémx,y

containing geological information. In our approach, unknown parameters inside each

petrophysical modedre identified simultaneously

5.4.2 Moveablefaciesboundaries case study

We run a second synthetic example stochastically, in order to test the second approach
developed above with moveable boundaries. The true density distribmf8asd true

resistivity distributionm® shown inFigures5.11a ands.11b are sampled from the following
Gaussian random field:

X0 E XOm®. .mPmiY. . mW E (5.598)
m,” ~ Gaussianx,” E 6, (5.59)
m® :diag":l,-l L %0 (5.60)

k
The true position of the facies boundaries (1 to 4) is shown in Figlte. The model is
chosen to have a certain level of complexity with some discontinuous facies and some facies

contacts with weak jumps in sometbe petrophysical properties.
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The covariance function,
6 i diagdH | 9%, diag A _ | (5.61)

is shown in Figur®.12. We havés x 5 figuresof function 6 x;,y where x; are points alll

around the domainWVithout loss of generalityye use thdollowing four arbitrary nonlinear

functions as petrophysicedlaionships for synthetic examples, and apply therk tdl,...,.K 4

facies:
m® X®m® E fogm @ (5.62
m® X,°m,? E) Elogm ,® (5.63
m® X.9m,? £ fgm 2 (5.64)
m® X,°m,? E) fogm @ (5.65)

) ) @ 1(1) (5.66)
m, X1 (m1 1@ exp -

m.@ @(m O 2(1) (5.67)
2 X,7(m,”, E) exp- =
@ (5.68)

@) (2) @ S
mj X3 (m3 1@ eXp@ :

(2 (2 @ 4(1) (5.69
m, x4 (m4 15) expé .

The true values of the four petrophysical model parametgrs,, fare given in Table

5.3. AMatlab-based Gaushllewton solver with conjugate gradiemg@rithm is again
implementedor the 2D ERT problem. Miti-object topology preservingegmentation method
(Bogovic, et al 2013is used for updating facies boundaries while preserving topology. W
consider70 surface electrodes spanning over @20 We then simulate 240 Wennralpha
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measuremen®® . In addition to the resistivity data,esimulatedgravity measuremestD® at

70 stations regularly spad along the grounsurface

Table 5.3. Definition and value of the parameters used fors#®ond synthetic example

Name Variable (unit) | TrueValue Estimatedvalue
Domain size Lx W(m) 1200 x 300 -
Number of Domain cells NLx Nw (-) 70 x40 -
Total numbeiof cells N(-) 2800 -
number of electrical measurements N®@ (-) 240 -
number of gravity measurements N®() 70 -
Petrophysical model parameter 1 E(-) -290 -290.2
Petrophysical model parameter 2 E(-) -300 -300.2
Petrophysical model parameter 3 E(-) -350 -350.4
Petrophysical model parameter 4 E(-) -270 -269.8

Figure5.13 showsthe evolution of thedata misfitwith the number of iteratiordefined
using equatio®5 (we pushed the inversion to 5 iterations). Again, the inversion stops when the
difference of data misfit between two consecutive iterations is smaller than a threshold value. In
our case, the inversion has stopped at the fourth iteration. The psewdoséapparent
resistivity and the inverted one are favorably compared in Fiylie Figure5.15 shows a
comparison with the data (with noise) and the inverted gravity da&tecaftvergence of the
model The weighting between the gravity and DC resistivity information remains the same than
in the previous case study.

The result of the time evolution of the inverted density and resistivitym® is shown
in Figure5.16 for five iterations when convergence is reachsdeed, we can see that the
tomograms obtained at iterations 4 and 5 are very similar. The estimation of parafeters
for the four different facies is reportedTiable5.3. Figure5.17 shows, for each of the four
facies, a comparison between the true and inverted (at iteration five) vathespetrophysical
properties (log of the resistivity and mass density). We see that the inversion leads to realistic
values of the petrophysical properties. This is further shown in Figli8e where we plot the
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petiophysical relationship between the resistivity and the mass density for each facies. Finally,
Figure5.19 provides a sidby-side comparison between the true density and resistivity
tomograms and the results of theersion. The density and resistivity structures are relatively
well-recovered except below 200 m. Fighr&8 also shows a comparison between the true
position of the facies boundaries and the inverted positionse®hat the positions of the

facies boundaries are we#covered, except below 200 m for which resistivity and density
would lack sensitivity to resolve the posn of the facies boundaries.

5.5Appendix A

We discuss here the relationship between deasitiyresistivity from a petrophysical
standpoint. In saturated conditions, the mass density can be express as,

m ¢ (U ) (5.A1)
where  and (/ denotes the mass of the solid grains (e.g., silica) and fluid. Therefore, we
expect 4 dm d (, the first bound is reached for materials with no porosity, while the second
one is reached for a cave filled with wafEhe resistivity of a porous rock in saturated
conditions is given by (assuming a cementation exponent of 2 and using the model of Revil,
2013a, b),

m /v 1y, (5.A2)

where | and V/ denote the electrical conductivity of the solid grains (due to their
cation exchange capacity) and the electrical conductivity of the pore fluid, respectively. From
Equation §.A1), the porosity is related to the mass densityag & m)/( ¥ )L, which

can be in turn used in equatidnA?2) to find the following relationship between the mass
density andhe resistivity:

Sym S, SUm o’ (5A3)
o ¥ eV WUn

Since both the quantities/ and V are usually independently knowéq. 6.A3) can be

m,

used to define a petrophysical relationship, for a given facies, cbetween the electrical

conductivity and the density. For a given facies, one can think that the valugsaotl £
could be known or determined. Also since equati®AJ) is quadratic, it can be easily inverted
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to find a relationship betweem, as a function ofm, rather than betweem, as a function of

m.

5.6 Appendix B

We add additional complexity to the Matérn covariance model (equaf8h by adding
faulting mechanisms. This is done by constructing a displacement vector field on the baseline

covariance function. Assume geologist prior expertise giveld faults represented by nen

intersecting line segmert | b i 1,...N. and fault dips are calculatéy:

M arctan"§a2i—b2' | 1,..Ng, (5.B1)
i b]i *1

wherea,;, b, are xdirection component of theth fault line end pointsa,,, b, arey-

direction component of theth fault line end points. The fault displacement vector field is:

ig”{ &os(M) ©
BE LY Sin(m

H x aub g y g uh a 054y

j(x) j}-( a, x uy x b, x uy x

(5.82)

whered, is the displacement distance for tiith fault line andH x is Heaviside step

function. This function is constructed so that it is O when the line segameéntb. does not

interseck | y, and“x” denotes the crogzoduct betweemectors.

The covariance function under the influence of the faults is:

6 X,y uo X Jx) §x jK)y J1¥)uy JY) . (5.B3)

!

where 6 X,y is the unfaulted baseline covariance matrix in the form of equéeiiaa.
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Table 5.2. Definition and value of the parameters ugethe first synthetic exampld@he semi
variograms used is givdyy equation$6 and63.

Name Variable(unit) TrueValue Estimated
Value
Domain size Lx W (m) 1200 x 300 -
Number of Domain cells NLx Nw (-) 60 x 30 -
Total number of cells N(-) 1800 -
Number of electrical measurements Ny, () 141 -
Number of gravity measurements N, () 60 -
Part 1 variogranmajorrange rme (m) 80 -
Part 2 variogranmajorrange rm, (m) 80 -
Part 3 variogranmajorrange rm, (m) 320 -
Part 4 variogranmajorrange rm, (m) 32 -
Part 1 variogranminor range r™ (m) 50 -
Part 2 variogranminor range r™ (m) 50 -
Part 3 variogranminor range r™".(m) 50 -
Part 4 variogranminor range rm, (m) 20 -
Part 1 variogram dip angle T(rad) -0.1571 -
Part 2 variogram dip angle T (rad) 0.1571 -
Part 3 variogram dip angle T (rad) 0 -
Part 4 variogram dipngle T (rad) 0.7854 -
Number of faults \ 1 -
Fault line end point a,(m) [200] -
Fault line end point b, (m) [35 30] -
Fault displacement d, (m) 5 -
Petrophysical parameter Facies|1 E(-) -390 -371.9
Petrophysical parameter Facies|2 E(-) -8000 -7445.1
Petrophysical parameter Facies|3 E() -8050 -8030.4
Petrophysical parameter Facies|4 E() -380 -380.8
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Figure 5.1. Description of the philosophy used in the present work. Our analysis is based on the
idea that the true distribution of petrophysical properties can be obtained by combining a
description of the facies @ategorical variablgsand the petrophysics (pepiaysical relationship

and semiariograminformation). Following the idea of parbmsed representation introduced by

Lee and Seung1999) we have represented the tomograms in terms of distinctive parts each
characterized with homogeneous features. Téguohposition is meaningful. Indeed both semi
variogram parameters and petrophysical properties code the geomorphological history of the
formations. They are likely correlated and homogeneous within certain facies. In addition, the
partition of the subsuré& into facies, each with a simple set of petrophysical relationships, is
consistent with the geology (sedimentation, diagenesis, and tectonic forces affecting these
facies).
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Figure 5.2. General sketch in the way the information is used to determine the geophysical
tomograms in the first part of the work. The input data corresponds to a set of geophysical
datasets with different sensitivity to the heterogeneity of the subsurface. Weriaose p
information in the form of a geologicl cresection (used to define the different facies) and
petrophysical relationships between the different properties. These petrophysical relationships
can be obtained in the laboratory or by crpkgting downlole measurements in a well crossing

the different facies.
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Figure 5.3. True resistivity and mass density distribution used in the first synthetic nideel.
model comprises four heterogeneous facies and one fault. Note the jumps in the petrophysical
properties at the boundaries between the facies.

Figure 5.4. Description of the four facies used in the first synthetic model and coded by different
colors. In our analysis, we assume that the position of the facies is known in a deterministic
sense.
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Figure 5.5. Comparisorbetweertrue apparent electrical resistivity pseudectionresistivity
observationgin -m) and simulategbseudesection {n -m). We consideb8 surface electrodes
and we simulate 141 Wennalpha measurementshe data havbeen contaminated with a noise
(independent Gaussian distribution with a variance being 5% of the variance on the true
logarithm of the apparent resistivity distribution).
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Figure 5.6. Normdized covariance functioré x,,y used in equation13 This is 5 x 5 figures
of function covariance functioré x,,y . In each figure, we takg,i 1,....5u5 25evenly

from the 2D domain and set it fixedl,is allowed to change over the 2D domain so it generate a
covariance configuration around.The covariance functioré x,y characterizes information

like partition and faulting, informatn present in the geological cressction.
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Figure 5.7. Comparisonbetweentrue gravity observations and simulated dathere are 60
stations regularly spaced along the grosadaceNote that the difference between observed and
modeled gravity data is above the detection limit of existing gravimeters (1 micro Gal). The true
data have been contaminated noise characterized by an independent Gaussian distribution with a
variance being % of the variance on the true values of the vertical component of the

acceleration of the gravity at the ground surface.
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Figure 5.8. Final tomogramsa. Electrical resistivitytomographyBecause we assume the form

of the petrophysical function in terms of mean function and geological-seatisn (i.e.,
covariance function) are known, the inversion could recalgribution of the resistivity at
depthunder the supervision of these two functions. The geological structure like fault (here the
plain line) and geological facies could be recovered completely thanks to the known covariance

function 6 x,y containing geological informatiorb. Density tomographykg m*). Note that

the petrophysical information is quite well recovered inside each geological facies and that some
of the local heterogeneities inside a given facies are also found in the tomogram.
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Figure 5.9. PetrghysicalrelationshipsThis graph is acatter plot between electrical resistivity
(in P D OR Qhxi¥) End the mass density (in ky® along they-axis) for all true (blue
filled circles)and inverted (red circles) models for the four facies
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Figure 5.10. Plot of data misfitversus the number of iterations for the first numerical case study.
The inversiorconverges athethird iteration.
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Figure 5.11. True resistivity and mass density distributions used in the second synthetic model.
This model comprises four heterogeneous facies and one fault like tisyfilseétic model. Note

that the transition from one facies to the other is not necessarily shdrpe distribution of the
resistivity.b. True distribution of the mass density.True distribution of the facies.
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Figure 5.12. Final normalized covariance functigx;,y at iteration 4Thisis 5 x 5 figuresof

function covariance functioré x,,y . In each figure, we take,i 1,...,5u5 25evenly from
the 2D domain and set it fixeg,is allowed to change over the 2D domain so it generates a
covariance configuration around.The covariance functioré x,y characterizes information

like partition and faulting, information that is present in the facies segmentation obtained at each
iteration.
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Figure 5.13. Plot of data misfitversus the number of iterations. The inverssonverges athe
fifth iteration.
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Figure 5.14. Comparisonbetweentrue apparent electrical resistivity pseudectionresistivity
observationgin P and simulateghseudesection{n P . We consider 7@urface electrodes
and we simulate 240 Wennralpha measurements
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Figure 5.15. Comparisonbetweentrue gravity observationand simulated datfor the second
synthetic case studyrhere are 70 stations regularly spaced along the grsuridceNote that
the difference between observed and modeled gravity data is above the detection limit of existing

gravimeters (1 microGal).
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Figure 5.16. Iterations of the tomograms (iteration 1 to &)Electrical resistivitytomograms
b. Density tomogramsc. Facies segmentation and reconstruction. The numbers of thdaigtt
side corresponds to the iteration number in the inversion process.
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Figure 5.17. Comparison between the inverted values of the petrophysical parameters for the
four facies at the fourth iteratioa. Resistivity distributions. We plot the log of the resistivity in
Ohm mb. Density distributions in kg
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Figure 5.18. Comparison between the inverted values of the petrophysical parameters for the
four facies at the fourth iteration and the true petrophysical relationships used in the modeling
approach.
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Figure 5.19. Sideby-side comparison between the inverted and true models in terms of
resistivity, density, and facies distributions. The result of the inversion is shown at the fourth

iteration.
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CHAPTER 6

CONCLUSIONS

In this thesis, | have developed or helped to develop various strategy to invert time laspse
geophysical data and various types of geophysical data together. The classical Tikhonov
regularization with smoothness as a regularization tool cdrenosed to model thariability in
petrophysical parameters can be described through a series of jumps at the loetwaen
segmentation contaand simple geostatisticalithin the segmentatiothemselvesWe have
alsodeveloped a novel 4D inversi@pproach to better image the position of the oil/water
encroachment front in a heterogeneous siliciclastic reservoir by combining an approximated
version of twephase flow model with the electric resistivity tomography. Thephase flow
model gives us hetter weight of the tim&pse electric resistivity tomography data over the
time and spatial domains. The new approach predicts the position of the encroachment front, and
also gives an inference, to some degree, of the permeability of the res&€hepresent work
could be further improved by combining different types of geophysical measurements (especially
electromagnetic, seismoelectric, sptftential and gravity data) to perform a joint inversion of
these data with reservoir data inside the Bayeframework introduced in this paper. The same
type of approach could be used in geothermal systems to monitor change in saturation and
temperature or for the sequestration of CO2 in sedimentary or basaltic formations. Our model
currently works for (1shallow reservoir or light oil, (2) stable injection influx (3) small
reservoir pressure and temperature change case (4) negligible capillary pressure. We plan to relax
these assumptions and to apply our model to field data in future works.

In the secon@xample, v have considered the case geaphysical inversion guided by
incorrect geological crossection mapThe variability in petrophysical parameters can be
described through a series of jumps at the cosib@ttveen geological facies and simple
geostatistical models with a givestationarywariogrammodel or VTI model withirthe facies
themselvesWe think that the topological properties (e.g., the existence of faults, the number of
connected components of same lithology, the number of anomalg ieach layer) of geological
crosssection map give much more intrinsic information than the local details in the same map.

We propagated incorrect mufacies geological crossection boundaries into correct ones while
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keeping the intrinsic topologicat@perties invariant. The main driving force of such propagation
is (1) the geophysical data themselves, (2) the petrophysical discrepancies, and (3)-the semi
variogram information. The full governing equations of such rfadiieslevel setpropagation

hawe been derived from a slightly different prior probability function as defined for the fixed
facies boundary case.

In terms of application of our approach into real world data, we could anticipate
following difficulties. (1) Geological facies model coulalate the stationary principle since
smoothedmnaturityor grain size change could be very comrfmmalot of sedimentological
environmentsThis violateshe piecewise stationary and would result in computational
slowdown during both Gausgwton ste@nd levelsetstep (2) A smaller sized geophysical data

set could usually lead to ovétting because of the complexity and flexibility of this model.
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