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ABSTRACT

Dynamic programming provides both a theoretical and computational frame-
work for the study of optimizing sequential decision making problems. The dynamic
programming algorithm is a computationally effective means for solving these prob-
lems. However, it has the disadvantage of requiring a complete enumeration of all
potential states in the system. For many problems of interest this is often impractical
and sometimes impossible to implement.

Here we develop algorithms that require holding only a fraction of the total num-
ber of states in computer memory. These algorithms “learn” the optimal sequence of
decisions by repeatedly choosing decision sequences and examining the consequences
of each decision sequence, an iterative generate-and-test type strategy.

An iteration of a generate-and-test type algorithm begins by using a stochastic
mechanism to generate a decision sequence. A testing process then follows, which
makes measurements of the performance of the dynamic system. First, we employ a
Monte Carlo search mechanism to discuss how different test or evaluative information
structures can increase the probability of discovering an optimal decision sequence.
Analysis of the evaluative information structures reveals that the search mechanism
must visit every state on an optimal path. The first evaluative information structures
we examine require that the search visit the states on the optimal path in certain
orders. Then an evaluative information structure that relaxes the need to visit the
states on the optimal path in any order is put forth.

Having analyzed the “test” part of the generate-and-test algorithm, we next

examine a value-based search mechanism that increases the probability of discover-

o ARTHUR LAKES LIBRARY
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ing an optimal decision sequence. Finally, computational experiments confirm that
different evaluative information structures are capable of improving the chance of dis-
covering an optimal decision sequence and show that the value-based search generally

outperforms the Monte Carlo search process.
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Chapter 1
INTRODUCTION

Sequential decision making problems, as the name implies, characterize situa-
tions where decision making occurs in stages. The outcome of each decision may or
may not be totally predictable depending on whether the system under consideration
is deterministic or stochastic. However, we can observe the result of making a decision
before making the next decision. The objective, in these problems, is to find the set
of decisions or a policy that will minimize (maximize) the costs (rewards) associated
with operating the system. A key observation is that we cannot make the decisions
in isolation since we must balance our desire for low (high) present costs (rewards)

against the possibility of high (low) costs (rewards) in the future.

1.1 Dynamic Programming

Dynamic programming, whose formal development is credited to Richard Bell-
man’s work [1], provides a theoretical and computational framework for optimizing
sequential decision making problems. The dynamic programming (DP) algorithm
results from a simple idea, the principle of optimality. The principle of optimality
asserts: An optimal policy has the property that whatever the initial state and the
initial decision are, the remaining decisions must constitute an optimal policy with
regard to the state resulting from the first decision. For the sequential decision mak-
ing problem this means, make the decision that minimizes (maximizes) the sum of

the current stage costs (rewards), and the best cost (reward) that we can expect in
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~the future.

Although the DP algorithm provides significant computational savings as com-
pared with an exhaustive search through all sequences of decisions, it is still compu-
tationally prohibitive on “large” problems. This is because DP requires a complete
enumeration of all the states that the system might enter. To deal with these large
problems, various heuristic procedures have been developed. In large part, the arti-
ficial intelligence and machine learning communities inspire some of the more inter-

esting algorithms.

1.2 Artificial Intelligence and Machine Learning

When the number of states that the dynamic system can enter becomes larger
than can be held effectively in computer memory, we must consider alternatives to the
DP algorithm for optimizing the performance of these systems. Often it is possible
to evaluate the performance of the dynamic system for a given sequence of decisions.
For these types of systems we envision a “learning algorithm” that performs the

optimization task. The basic structure of this type of algorithm is:

1. Using a “search procedure” generate a sequence of decisions and consequently

a sequence of states the algorithm visits.

2. Using a specified objective function, evaluate the performance of the dynamic

system that results from using this decision sequence.

3. If the value of the objective functions meets a stopping criterion, stop; else
store information regarding the performance of this decision sequence, update

the search procedure, and go to step 1.
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Two ideas are key for the algorithms we are considering; the propagation of infor-
mation among states of the dynamic system that allows evaluation of the dynamic
systems performance and a search procedure .that selects decisions at the states of
the dynamic system.

We simulate the evolution of the dynamic system by repeatedly selecting deci-
sions and evaluating the consequences of these decisions. Through these simulations
we gain knowledge of the value of the objective function that can be realized from
various states. Propagation of evaluative information, among the states visited by
the algorithm, provides a mechanism for finding decision sequences leading to better
values of the objective function. The advantage of these algorithms over DP is that
they only require access to a subset of all possible states that the dynamic system
might enter.

A search procedure guides the selection of decisions for the simulations of the
dynamic system. To insure convergence, the search procedure must guarantee that
the probability of selecting any decision at every state is bounded away from zero for
an unbounded number of the algorithm’s iterations. This is a quite general require-
ment. We call algorithms that satisfy this condition, “correct.” Although all correct
algorithms converge, the rate of convergence can be very slow. Information regarding
the underlying application that can be used to direct the search procedure into areas
where we suspect optimality can significantly increase the rate of convergence.

If our search procedures and evaluative information propagation structures lead
to knowledge of decision sequences of increasing value then we can say that algorithm
is learning. The artificial intelligence and machine learning communities call this type

of learning, reinforcement learning [2, 3, 4, 5.

ARTHUR LAKES LIBRARRY
COLORADO SCHOOL QF MINES
GOLDEN, CO 80401
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Generally, reinforcement learning is the process of learning with a critic. We
choose an input, the critic evaluates its performance. Using such a performance
measure, other inputs are selected that might yield higher levels of performance. The
critic, however, provides no information about where these inputs might be found.

The nature of the dynamic system constrains the selection of decisions at each
state during the simulation of the dynamic system. Consequently, the decision making
algorithm cannot select any sequence of decisions. Furthermore, the decision mak-
ing algorithm can only examine the current state and the potential decisions there,
to make the selection of a decision. The decision making algorithm has only local
knowledge of the system dynamics. To accommodate these constraints, the decision

making algorithm has the following behavior.

1. Given some state of the dynamic system the algorithm selects a decision to

execute.

2. Using this decision and the system dynamics, the system evolves to a new state.

This process begins at a given initial state and repeats until the process reaches a
terminal state. Upon termination we evaluate the overall performance of the simula-
tion.

Fundamental to this process is the ability to make an admissible decision at
each state of the dynamic system. We can identify the decision making process each
state uses as a learning automata [6]. These learning automata direct the decision
making process at each state. In a sense the individual learning automata participate

in a cooperative game whose objective is to find the optimal sequence of actions.
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1.3 Examples of Sequential Decision Making Problems

Sequential decision making problems arise in many engineering and economic
applications. We classify these problems by first noting whether the system under
consideration is strictly deterministic or is affected by noise and then has a stochastic
nature. When the state and decision spaces are finite a Markov Decision Process!
results. If these spaces are infinite, the problem is usually referred to as an optimal
control problem. In the latter case, for computational reasons it is often necessary
to discretize the state and/or decision spaces. The algorithms under consideration
apply to Markov Decision Processes with finite state and decision spaces that may
also arise from approximations of more general control problems.

Table (1.1) contains a partial list of applications of sequential decision making

problems.

1.4 Discussion

In this study we develop a theory of evaluative information propagation. We
also discuss necessary conditions that the search procedures must satisfy to insure
convergence. To exemplify the process, the information propagation structures are
combined with search procedures in order to construct specific algorithms for com-

putational experimentation.

For the deterministic problem, a Markov Decision Process is equivalent to the problem of finding
an optimal path in an acyclic graph.
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Table 1.1: Applications of Sequential Decision Making Problems

Deterministic, finite state and decision spaces
1. Production scheduling
2. The traveling salesman problem
3. Setting optimal binary search trees (computer science)
4. Critical path analysis
Deterministic Optimal Control (infinite state spaces)
Aerospace - optimal orbital dynamics
Economics
Control of chemical plants
Engineering
Defense
Stochastic, finite state and decision spaces
Inventory control
Gambling
Control of queues
Cash management (investments)
Capacity expansion
Clinical trials
Project selection
Catalog mailings
9. Forest management
10. Fishery management
11. Scheduling
12.  Water resource management
13. Hotel and airline reservations
14. Location analysis
15. Asset selling
Stochastic Optimal Control (infinite state spaces)
Aerospace
Economics
Engineering
Defense
Preventive maintenance

G LN

P NSO W

O 2N
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Chapter 2
SEQUENTIAL DECISION MAKING PROBLEMS

Sequential decision making problems form a subset of the problems generally
considered in optimal control theory. Optimal control theory concerns itself with the
problem of finding a “control input” that will optimize the performance of a dynamic
system. If the dynamic system operates in continuous time, the control input is a
function defined on some interval of time. A dynamic system that operates on discrete

time steps requires a sequence of control inputs or decisions.

2.1 Ideas from Optimal Control Theory

Several ideas from optimal control theory are useful for describing sequential
decision making problems. Central among these is the state equation description of
dynamic systems. State equations describe the temporal evolution of a dynamic sys-
tem. These equations yield the next state of the dynamic system given the current
state and a selected control. Also important, is the idea of an objective or reward!
functional that is additive over time. This functional is a mapping that takes as input
the state and control sequences and yields a real number that measures the perfor-
mance of the dynamic system. The optimal control or sequential decision making

problem is that of finding a sequence of controls that will maximize this functional.

!The theory discussed here can deal with both rewards and costs. To be more precise, our theory
addresses the problem of finding a maximum of a reward functional, a minimum of a cost functional,
or generally the problem of finding an extreme value for an objective functional. However, the
consistent effort required to avoid the words reward, cost, minimize, and maximize in favor of words
like optimize and extremize, in the name of generality, is furthermost from our objectives. So we
choose to be specific at this point and discuss the problem of maximizing rewards.
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2.1.1 Optimal Control Terminology

o We index discrete time with the variable k.
e N is the horizon of a problem or its temporal duration, k € {0,1,..., N —1}.

e 1 are the state variables for the dynamic system. Each z; summarizes past
information that is relevant for future optimization. The z;’s also describe the
evolution of the dynamic system over time. We write z; € Si to indicate that
the state variable z; can take values in the set S,. These sets form the state

space for the dynamic system.

e The variables u; are the controls that are input or applied to the dynamic
system. Decisions or actions are other words often used for controls. The
decisions take values from some nonempty set that may depend upon the current

state, u; € Uk(l'k) C Cy.

o w; are random disturbances characterized by some probability measure
Py(-|zr,ur) that may explicitly depend upon the current state and selected
control. However w; does not depend upon the values of prior disturbances

Wg_1,...,wy. To denote the set of disturbances we write wy € Dy.

e Difference equations describe the evolution of the dynamic system over time.
We call these equations, state equations. For deterministic dynamic systems

the state equations take the form

Tre1 = filxr, ug) (2.1)
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The dynamics of stochastic systems explicitly depend on a realization of a ran-
dom variable from the disturbance space. Consequently, the state equations are

of the form

Try1 = STk, u, wi) (2.2)

o Associated with the operation of the dynamic system is a set of rewards. At
each time step k the dynamic system generates a reward. For a deterministic
dynamic system the reward may depend on the time step, the state, and the
selected control. We denote this reward as gip(zy,u,). Rewards for stochastic
dynamic systems might also depend on the random disturbances. The reward
here is gi(zk, ur, wi). Also, at the terminal time N the dynamic system produces
a terminal reward that may depend on the terminal state, gy(zx). The total

reward generated by operating the deterministic dynamic system (2.1) using

the control sequence u = (ug,uy,...,uy—-1) is the sum
' N-1
J(zo,u) = gn(zn) + D gz, ur) (2.3)
k=0

Operation of the stochastic dynamic system (2.2) using the control sequence

u = (ug, ¥y, -..,un_1) yields the sum

N-1

gn(zN) + D ge(@r, wge, wy) (2.4)
k=0

Because equation (2.4) depends on the random disturbances wy. it is generally

a random variable and therefore cannot be meaningfully optimized. However



T-4236 10

the expected value of (2.4) can be optimized. So we consider

N-1

J(zg,u) = Elgn(an) + Z 9k(Zk, Upe, Wi )] (2.5)
k=0

where the expected value is taken with respect to the joint distribution of all

the random variables involved, {wy : K =0,1,...,N — 1}.

e The primary objective of optimal control theory is to find a control se-
quence u = (ug,us,-..,uy—1) that maximizes the reward functional. That is,
we seek u* that maximizes the functionals (2.3) or (2.5) over the set of admis-

sible controls subject to the constraints of the system dynamics (2.1) or (2.2).

e Control sequences fall into two different categories; open-loop and feedback
controls. Open-loop controls specify the action to select at each time step.
Feedback controls, on the other hand, depend on both time and the current
state. For deterministic problems, (2.1) and (2.3), one can predict the future
states given the initial state and the sequence of controls. Here, both the optimal
open-loop and optimal feedback controls lead to the same reward. For stochastic
problems, (2.2) and (2.5), feedback controls are essential because it is no longer
possible to predict future states exactly. Therefore the control to be executed at
each time needs to depend on the state we find the dynamic system in currently.
In these cases we seek a control law or policy that dictates the action to perform

from any state the system might enter. We then specify a policy as

T = (#O,ﬂl,.--,ﬂN—l)

where p;. maps states x; into controls, up = p(ay).
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2.1.2 Sequential Decision Making and Other Problems

The problems described above are finite horizon deterministic and stochastic
sequential decision making problems. The solution of these problems is a finite se-
quence of actions, which may depend on the current state, to perform as the dynamic
system evolves in time. As already mentioned, these problems form only a subset
of the problems optimal control theory addresses. Below we briefly contrast aspects
of different types of types of optimal control problems. Fleming and Rishel [7] and
Bertsekas [8] discuss the theoretical apparatus necessary to describe these problems

and their solutions in detail.

Deterministic and Stochastic Problems

The behavior of a deterministic dynamic system follows immediately by spec-
ifying an initial state and a sequence of decisions. To determine its evolution one
simply solves the state equations for the system using the given initial state and a
sequence of decisions. Optimizing a stochastic system also requires the specification
of an initial state. However we cannot determine the evolution of the system through
the state space because of the random disturbances. In this case the sequence of de-
cisions is a sequence of functions, which depend on the states of the dynamic system,

and specify the optimal action to perform at each state of the dynamic system.

Finite and Infinite Horizon Problems

The dynamics of a finite horizon problem terminate at some finite time. Infinite
horizon problems never terminate. Analysis of infinite horizon problems is generally
more sophisticated than finite horizon problems. One reason for this is that infinite

horizon problems introduce all the mathematical problems associated with limits and
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infinite sums.

Discrete and Continuous Time Problems

Discrete time optimal control problems have state equations that are differ-
ence equations and cost functionals that are sums. The solution of the discrete time
problem is in the form of a sequence of decisions. These problems form the class of
problems known as sequential decision making problems. A relatively simple gener-
alization to continuous time results in state equations that are differential equations
and an integral reward functional. The continuous time optimal control problem so-
lution is a function of time that specifies the decision to execute at every instant in

an interval of time.
2.1.3 Solution of Optimal Control Problems

Two theories provide means for solving of optimal control problems, Pontrya-
gin’s maximum principle and Bellman’s dynamic programming.

The Maximum Principle

Pontryagin’s maximum principle offers an analytic method for dealing with finite
horizon optimal control problems. It is developed using the Calculus of Variations and

is analogous to solving a constrained optimization problem using Lagrange multipliers.

Dynamic Programming

Dynamic programming provides the main analytic and algorithmic impetus for
solving finite state space optimal control problems i.e., Markov Decision Processes.

The principle of optimality which states, no matter what state the dynamic system is
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presently in, make the decision which maximizes the sum of the immediate reward and
the reward that can be expected from the state resulting from this decision, shapes
the overall structure of the DP algorithm. We call the result of the maximization,
computed at the states of a dynamic system, the value of the state. The argument
of the maximization is the decision to execute, should the dynamic system evolve
into this state. This maximization naturally proceeds backwards in time starting at
terminal states. To generate a solution, we need to perform this computation at every

state the dynamic system can enter.

2.1.4 Computational Considerations

Before going into the details of the dynamic programming equations we note
that these equations are most often unsolvable analytically. Numerical solution is
therefore the only viable means for finding solutions to many practical problems. To
effect a numerical solution we may need to discretize the state space, decision spaces,
and time in some manner. This being the case, the number of elements in each of
these spaces will be finite. So from now on we will concentrate on problems that
have a finite state space, a finite number of admissible decisions at each state, and a

discrete time structure with a finite horizon.

2.2 Deterministic Problems

If the state space is finite, we can label the states of the dynamic system with
integers. Similarly, we can label the decisions at each state with integers if the number
of decisions is finite. This problem can now be cast into graph theoretic terms. First,
we identify each state as a node in a graph and then the decisions as arcs connecting

the various graph nodes. The graph arcs have lengths that correspond to the reward
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received for making a given decision at a given state. The sequential decision making
problem now corresponds to the problem of finding the longest path in the graph

starting at the initial node and ending at a terminal node.

2.2.1 The Longest Path in a Directed Acyclic Graph Problem

Let S be a finite set of nodes including an initial state sg and a subset of terminal
nodes 0S. Let r;; denote the reward for going from node 7 € S to node j € S (the
length of the arc joining nodes 7 and j), with the understanding that r;; = —oo if
there is no direct connection between ¢ and j. Finally, let r; be the reward associated
with reaching terminal node ¢ € 9S. The problem is to find a path from s¢ to a

terminal node s; € @S that maximizes the total associated reward.

2.2.2 Dynamic Programming Solution

The value function for the problem at hand satisfies the following equations:

J(t) = r;foriedS

J(i) = 1}_1€asx{7‘,-j + J(j)} for i € {S\ 0S} (2.6)

It is easy to see that J(7) is the optimal reward that accumulates along a path
originating at node ¢ and, in particular, J(s¢) is the reward associated with an optimal
solution of the problem. Also, knowledge of the value function provides a means,

through equation (2.6), to compute an optimal path from any nonterminal node 3.
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2.3 Stochastic Problems

Similar to the deterministic problem, we consider the case of finite state and
decision spaces. Again we label the states and decisions with integers. This problem
differs from the deterministic problem only in the fact that, given a decision to execute
at some state, we can only make probabilistic statements about the state into which

the dynamic system evolves.

2.3.1 The Markov Decision Process Problem

Again let S be a finite set of states including an initial state so and a subset of
terminal states 0S. Let g(7, u) denote the expected reward that results from making
decision v when the dynamic system is in any state : € S\ 8S. And finally, let g,(7)
be the terminal reward associated with states : € 9S.

To formalize the probabilistic nature of the system dynamics we define state
transition probabilities p;;(u), which specify the p1‘ol)a5ilit)f of transition from state
¢ to § when decision u is selected. These probabilities must satisfy 0 < p;;(u) < 1 for
all decisions u, and 3 ;¢ pij(u) = 1 for all states ¢ and decisions u. The problem is
to find a policy that will maximize the expected reward of operating the stochastic

dynamic system starting at the initial state sy and terminating in some state ¢ € 0S.

2.3.2 Dynamic Programming Solution

The value function for this stochastic dynamic system satisfies the following

equations:

J(i) = g(i) fori € S
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J(i) = max{g(i,u) + > pij(u)J(4)} for i € {S\ 8S} (2.7)

JES
Here J(¢) has the interpretation of the optimal expected reward when the dy-
namic system originates in state 7. J(sg) is the optimal expected reward associated
with a solution of this problem. Similar to the deterministic problem, equation (2.7)

provides a means to compute the optimal policy from any nonterminal state 7.

2.4 Discussion

The concept of the value at a state is central to the dynamic programming
solution of the sequential decision making problem. It is a mapping from the state
space of the problem into the real numbers. The numerical value it takes is the optimal
reward we can realize (deterministic problems) or expect (stochastic problems) for the
problem originating at the state under consideration.

Dynamic programming quite naturally provides a feedback solution to the se-
quential decision making problem. The argument of the value computation at each
state results in the optimal decision to execute at that state. Otherwise stated, the
computed optimal decision depends on or is a function of the current state.

The drawback of the dynamic programming algorithm is the necessity to com-
pute a value for every state in the problems state space. For moderately sized prob-
lems this is not an issue. However, when the number of states that the dynamic
system might evolve into becomes large, it can become impractical and sometimes
impossible to enumerate and compute values for all possible states. To deal with these
large problems we envision algorithms that need visit only a fraction of the dynamic
system states.

Important computational techniques, which avoid enumeration of every state,
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exist for finding an optimal decision sequence e.g., forward search, Dijkstra’s algo-
rithm, branch and bound, and limited lookahead strategies [8]. These techniques
apply to problems with nonnegative rewards or to problems where information about
the value function is available. The algorithms we will develop in the next chapter,

which use a stochastic search mechanism, apply to more general problems.
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Chapter 3
EVALUATIVE INFORMATION PROPAGATION

Dynamic programming provides an effective means of solving sequential decision
making problems when the dynamic systems states can be held in computer memory.
However, for larger problems it is often impractical and sometimes impossible to
enumerate all the states into which the dynamic system might possibly enter. While
it may not be possible to examine all possible states and decisions, it is quite often
possible to examine the consequences of individual sequences of decisions. This leads
to the generate-and-test idea where a sequence of actions is chosen and we then
evaluate the performance of the dynamic system.

The algorithms we will examine all use this generate-and-test strategy. The
algorithms repeatedly select decision sequences and evaluate the performance of the
dynamic system. By remembering information concerning these sequences we hope to
influence the long term behavior of the decision sequences to yield enough information

about the dynamic system to compute the optimal sequence of decisions.

3.1 Information Propagation and Search Procedures
The iterative algorithms we will develop all have the following structure.

e While (Not Converged)

(1) Run a decision making simulation starting at the given initial state and

ending at a terminal state.
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(a) If a state encountered in the course of simulation has not been visited
on a previous iteration of the algorithm, initialize the search procedure

for this state and select a decision.

(b) If the encountered state has been visited previously, select a decision

using the search procedure for this state.
(2) Evaluate the performance of the decision making episode on this iteration.

(3) If (Converged) STOP, else go to (1).

Using this structure we will examine how the search procedure selects decisions
and consequently directs a search through the state space of the dynamic system.
Central to our discussion will be how states can communicate with other states and
thereby propagate information about the value function.

To implement these algorithms we need to know what it means for the algorithm
to converge. In the process of developing the idea of convergence we will also develop

a stopping criterion for these algorithms.

3.1.1 Convergence of the Algorithms

On every iteration of an algorithm, the search procedure produces a sequence
of states visited beginning with the initial state and terminating at a terminal state.
Associated with this sequence of states there is a real number, a computed value
that measures the current best performance of the dynamic system. We say that our
algorithm converges when the value associated with these sequences approaches the
optimal value of the problem.

Suppose

Sk = {S0ksS1ky-+rSNA}
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is the sequence of states on the kth iteration of the algorithm. (s;, indicates the
selection of state s; on iteration k.) Associated with each visit to state s; on iteration
k is an estimated value, J (six). Generally, these values will depend on estimated
values of other states computed previously.
Let
n
us, = U Si
k=1

be the set of all states visited by the algorithm through iteration n. Then the esti-

mated value for state s;, can be defined as
J(six) = max{r, .+ J(s)} (3.1)
We shall say that the algorithm converges if
klim J(sox) = J(s0)

where J(sg) denotes the optimal value at sp (see Section 2.2.2.) Notice also, that for

the deterministic problem and the update scheme (3.1)
J(s0) > j(s(],kﬂ) > j(soyk) for all k

If US, = S, then the estimated value of the initial state is its value. Clearly then, the
value of the initial state is a least upper bound for the sequence of estimated values
of the initial state. That the sequence of estimated values is nondecreasing, follows
from the definition of the estimated value and the fact that states are never removed

from US,,.
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3.1.2 Stopping Criteria for the Algorithms

When we know the value function at sg i.e., J(sp), a stopping criterion is rel-
atively simple to devise. We continue to iterate until the computed value of the
dynamic system equals the known value of the problem. If the value of the problem
is unknown it can be difficult to decide when to stop the algorithm. Most often we
can only make a statement about the probability that the algorithm has converged.
Depending on the search procedure it is possible to assert two types of probabilistic

statements about convergence of the algorithm.

1. The probability that the algorithm has converged, i.e., J(sox) = J(s0), after a

fixed number of iterations, is greater than some given number.

2. The probability that the algorithm has converged, given that there has been
no improvement in performance of the dynamic system in a fixed number of

iterations, is greater than some given number.

3.1.3 An Example

Figure (3.1) presents an example of the type of graphs we consider for the
deterministic sequential decision making problem. Although not noted on the figure,
we will label the decisions at each node! sequentially with positive integers starting
with the decision with largest immediate reward and ending with smallest immediate
reward. For example, at node 9 the decision with immediate reward 4 is labeled 1.
The decisions with immediate rewards 2 and 1 are labeled 2 and 3, respectively. For

reference, Table (3.1) contains the DP solution for the longest path in graph problem.

Since the nodes in a graph represent the states of a dynamic system, for the deterministic
sequential decision making problem, the terms “state” and “node” are used interchangeably.
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Figure 3.1: Example Graph

Nodes on the optimal path are in bold.

3.2 Monte Carlo Search Algorithm

Perhaps the simplest iterative algorithm for finding an optimal decision sequence

is a Monte Carlo search.

3.2.1 Description of the Algorithm

For the Monte Carlo search algorithm (MC algorithm), the process by which a
decision is made at any state is uniformly random. For example, at node 0 in the

graph in Figure (3.1) the algorithm selects each decision with probability 1/2. Also,
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Table 3.1: Dynamic Programming Solution of the Example Graph

Node i | Value J(i) | Decision | Value Computation
0 10 2 max{2 + J(1),1 + J(2)}
1 7 2 max{2 + J(3),1 + J(4)}
2 9 1 max{3 + J(4),2 + J(5)}
3 4 1 max{2 + J(6),1 + J(7)}
4 6 1 max{4 + J(6),2 + J(7),1 4+ J(8)}
5 5 lor3 |max{3+ J(7),2+ J(8),1+ J(9)}
6 2 1 max{2 + J(10),1 + J(11)}
7 2 1 max{2 + J(11),1 + J(12)}
8 2 1 max{2 + J(11),1 + J(12)}
9 4 1 max{4 + J(12),2 + ](13),1+J(14)}
10 0 - 0
11 0 - 0
12 0 - 0
13 0 0
14 0 0

since there are 3 potential decisions at node 4, the algorithm selects between each
of these decisions with probability 1/3. The algorithm repeatedly chooses random
sequences of decisions and evaluates their performance.

The MC algorithm operates using the following scheme:
(1) Choose a random decision sequence.

(2) Evaluate the performance of the decision sequence i.e., the value of the reward

function.

(3) If the performance of the current decision sequence exceeds the performance of

previous decision sequences, save it as the best decision sequence found so far.

(4) If (Converged) STOP, else go to (1).
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Table 3.2: Decision Probabilities for the Monte Carlo Solution of the Example Graph

Probability of making
Node ¢ | Value J(:) | Decision | the optimal decision
0 10 2 1/2
2 9 1 1/2
4 6 1 1/3
6 2 1 1/2
10 0 - -

Clearly, for the MC algorithm to converge it must randomly select an optimal
sequence of decisions on some iteration. Suppose there are n; admissible decisions at
state s} on the optimal path. The probability of making a correct decision here is at
least 1/n;. (There may be more than one optimal decision.) Since the selection of
each decision is independent of the other decisions and there are only a finite number

of decisions

.. 1 1 1
Pr{Selecting an optimal decision sequence} > — - —-...-
o m ny-1

>0

Consequently, when the state and decision spaces are finite, the probability of selecting

an optimal decision sequence is strictly greater than zero.

3.2.2 Solution of the Example Graph

The longest path in the graph depicted in Figure (3.1) sequentially visits the
nodes {0,2,4,6,10}. Table (3.2) shows the probabilities of making the optimal de-
cision at each of these nodes. The probability of finding the optimal sequence of

decisions is the product of these quantities i.e., it is equal to 1/24.
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3.2.3 Convergence Analysis

Convergence of the MC algorithm follows from one of the Borel-Cantelli lemmas,
which Feller [9] proves.
Lemma (Borel-Cantelli): Let A; be an infinite sequence of mutually independent
events. Further let a; = Pr{A;}. If ; a; diverges, then with probability one infinitely

many A; occur.

If there is more than one optimal sequence of decisions, the probability of find-
ing one of them is greater than the case where only one optimal decision sequence
exists. Since the probability of encountering an optimal decision sequence is smallest
when the sequence is unique this analysis concerns it, without loss of generality. Let
Ai, As, ... be an infinite sequence of trials of a Bernoulli random variable where suc-
cess is defined as selection of the optimal decision sequence and failure as the selection

of any other decision sequence. Also, let

p = Pr{A; is a success}

Since each selection of a decision sequence is independent of the previous sequence
and p > 0, which implies 3°; p diverges, the Borel-Cantelli lemma applies. Therefore,
with probability one, infinitely many of the A; result in success. This means that, in
the limit, the MC algorithm will select the optimal decision sequence infinitely often.

If the optimal value of the problem is known and we are only searching for
the optimal path, we clearly know when to stop iterating, upon finding a decision
sequence with the known optimal value. If the optimal value is unknown, however,

all we can do is determine the probability of convergence in any given number of
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iterations.
Again, let p > 0 be the probability of selecting the optimal sequence of decisions.
Let A;, Ao, ... be an infinite sequence of trials of a Bernoulli random variable with

probability of success p and define A; = 1 for success and A; = 0 for failure. Then

PI‘{A1=1} = p
PI‘{A1=1UA2=1} = 1—Pr{A1=OﬂA2=0}

= 1-(1-p)y

Pr{A;=1UA;=1U---UA, =1} = 1-Pr{4,=0NnA=0Nn---NA, =0}

= 1-(1-p)"

These results can be generalized into the following theorem.

Theorem 3.1: Given € > 0 there exists NV such that for alln > N

Pr{4i=1}>1-c¢

=1

Proof: Let N be the smallest integer greater than log_, €. Then for any n > N,

Pr{OAizl}>Pr{Lj\in=1}=1—(l—p)N>1~—e

i=1 =1

The theorem above can be used to compute the number of iterations necessary
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to find the optimal sequence of decisions with any given probability.

3.3 Monte Carlo Search Algorithm with Estimated Value Information

Propagation

The Monte Carlo search algorithm discussed in the previous section provides a
simple means for finding an optimal decision sequence. However, when the size of the
problem increases, the probability of making all the correct choices on any particular
iteration can become very small.

To improve the odds of finding the optimal solution we will next consider an
algorithm that chooses decisions randomly but saves information about states visited
on previous iterations. To implement this procedure we envision a list that will contain
the states that have been visited on past iterations of the algorithm. (Obviously, this
will be a list that increases in length as the number of iterations of the algorithm
increases.) Associated with each state in the list will be a number, the current
estimated value of the state.

Definition 3.2: Let S; C S be the subset of states visited on the kth iteration of
the algorithm. Denote the terminal state encountered on this iteration as sy . Then

we define the estimated value of state ¢ € S;, as

J@) = rifori=syy

J(7)

jrél&s}'i{’l‘ij + J(5)} for i € S\ {snx}
]

Note that the computation of an estimated value depends on the estimated

value of descendent states. Naturally, this computation proceeds from a terminal
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state back towards the initial state similar to the dynamic programming algorithm.

3.3.1 Description of the Algorithm

The Monte Carlo search algorithm with estimated value information propaga-

tion (MC-EV algorithm) works according to the following scheme:

e Initialize a NULL list of states.

(1) Choose a random decision sequence and generate the corresponding tra-

jectory of states.
(2) Add any state on the trajectory not yet on the list of states to that list.

(3) Compute the estimated value of each state on the current trajectory i.e.,

compute J(i) for each i € Sy according to Definition 3.2.

(4) If (Converged) STOP, else go to (1).

The next sections presents the analysis of the MC-EV algorithm.

3.3.2 Properties of Estimated Values

For the states visited on the current iteration, estimated values have the inter-
pretation of the optimal reward that can be received by making previously explored
decisions. This is in contrast to the actual value, which is the optimal reward that
can be received when considering all decision sequences.

The following lemma states the relationship of estimated values and actual
values at all states.

Lemma 3.3: For all statesz € S
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Proof: Suppose it was not so. Then J(i) > J(i) for some i € S. This would imply
that there exists a path from state 7 to a terminal state that resulted in a reward
larger then the value of state, J(¢). But this contradicts the definition of the value of

a state.
[ ]

Proposition 3.4: For any state ¢ € S\ 95 suppose that the decision to go to state

m is the best decision found so far, that is
m = argmax{r;; + J(j)}
j

Then if the estimated value and actual value are equal at state 7 i.e., J(i) = J(4), the
estimated value and actual value are equal at state m, J(m) = J(m).

Proof: Since m is the argument of the estimated value computation we have
j(Z) =Tim + J_(an)

and then

J(i) = rim + J(m)

From lemma 3.3 we have J(m) < J(m). Therefore
J(1) < Tim + J(m)
Using the definition of the value of state ¢

max{ri; + J(j)} < rim + J(m)

ARTHUR LAKES LIBRARY
COLORADO SCHOOL QF MINES
GOLDEN, CO 80401
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This maximization is achieved by selecting j = m and cannot be larger for any other

J € S. Therefore the decision to go to state m at state 7 is optimal. And then
J(2) = rim + J(m)

Therefore J(m) = J(m).
L

Proposition 3.5: Suppose that at some state m € (S — sg) the estimated value and
actual value are equal i.e., J(m) = J(m), and the optimal decision at some state
¢ € S is to go to state m,

m = argmax{r;; + J(j)}
J

Then J(i) = J(i).

Proof: Since the optimal decision at state i is to go to state m we have
J(i) = rim + J(m)

and then

J(7) =Tim + j("n)

From lemma 3.3 we have J(i) < J(i). Therefore using the definition of estimated
value we have

max{r;; + J(j)} < rim + J(m)
j

This maximization is achieved by selecting j = m and cannot be larger for any other

Jj€S. So

J(7) = Tim + J_(TI'L)
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Figure 3.2: Internodal Graph Connections and Estimated Value Computations

And consequently J(i) = J(7).
|

Propositions 3.4 and 3.5 state the necessary conditions for propagation of value
information among the states. Consider states ¢ and m depicted in Figure (3.2).
Proposition 3.4 states that if the estimated value and actual value are equal at i
and if the decision to go to m is the best decision found so far, then the estimated
value and value at m are equal. This implies the argument of the estimated value
computation is the optimal decision. The repeated use of this proposition at states
descendent from ¢ yields the optimal decision sequence from 1.

The necessary conditions for the estimated value of a state to be equal to its
value are given in Proposition 3.5. Again consider Figure (3.2). Proposition 3.5
implies that if the estimated value of m equals its value and the optimal decision at i
is to go to m, then the estimated value of ¢ equals its value. This proposition shows
that the estimated value at a state will equal its value only when the estimated value
of the destination state on the optimal path equals its value.

To compute the value of state ¢, using dynamic programming, the values of all

descendent states must be known. Proposition 3.5 relaxes this condition by saying
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that in order to know the value of 7, we need only know the value of the state that

results by making the optimal decision.

3.3.3 Solution of the Example Graph

To demonstrate the features of the MC-EV algorithm, consider the graph in
Figure (3.1) copied here in Figure (3.3). Note that by using the optimal sequence
of decisions, the system visits the nodes {0,2,4,6,10}. Now suppose that three

iterations of the algorithm resulted in the following trajectories,
1. {0,1,3,6,10}
2. {0,1,4,6,11}
3. {0,2,4,8,11}

Table (3.3) shows the computation of the estimated values, J(i), at the nodes visited
on each iteration. The actual value of the node, J(7), is also listed for reference.

On the first iteration the terminal node visited is 10. Using definition 3.2 we
know its estimated value is the terminal reward associated with this node, 0. Node
10 and its estimated value, 0, are now added to the list of states. We next advance to
the immediately previous node, 6. Here the estimated value is max{2+ J(10)}. Since
node 10 is in the list of states, we retrieve its estimated value. The maximization
does not include node 11 since it has not been visited. Therefore, the estimated
value of node 6 is 2. This computational process continues until the initial node is
encountered.

Proposition 3.5 stated sufficient conditions for the value at a prior state to equal
the actual value of the state. The consequences of this proposition can be seen in

Table (3.3). On the first iteration we know that the estimated value of node 10
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k=0 k=1 k=2 k=3 k=4
0 1 3 6
2 2 2 2 o 10
1 1 1 1
4

Figure 3.3: Example Graph for the MC-EV Algorithm

is equal to its value. Since the optimal decision at node 6 is to go to node 10, the
estimated value at node 6 is equal to its value. Similarly, on the second iteration since
the estimated value and value at node 6 are equal and the optimal decision at node 4
is to go to node 6, the estimated value at node 4 is equal to its value. Finally, on the
third iteration, the estimated values at nodes 0 and 2 are equal to their respective
values because of Proposition 3.5.

If the value of the problem is known and the estimated value of the initial state
equals this value, Proposition 3.4 then applies and we can find the optimal decision
sequence. For example, since the value of the longest path in the example graph is

10, after the third iteration we have enough information to find the optimal decision
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Table 3.3: Information Propagation via Estimated Values for the Example Graph

Iteration | Node i | J(i) | J(i) | J(:) Computation

1
10 0 0 10
6 2 2 | max{2+ J(10)}
3 4 4 | max{2+ J(6)}
1 7 6 | max{2+ J(3)}
0 10 | 8 | max{2+ J(1)}

2
11 0 0 (O
6 2 2 | max{2+ J(10),1+ J(11)}
4 6 6 | max{4 + J(6)}
1 7 7 | max{2+ J(3),1 + J(4)}
0 10 | 9 | max{2+ J(1)}

3
11 0 0 |0
8 2 2 | max{2 + J(11)}
4 6 6 | max{4+ J(6),1+ J(8)}
2 9 9 | max{3+ J(4)}
0 10 | 10 | max{2+ J(1),1+ J(2)}

sequence. The decision sequence is the argument of the estimated value computation
at each node starting at the initial node.

In contrast to the dynamic programming solution of the example graph, it is
not necessary to enumerate all possible states in the graph and compute their values.
Note also that the optimal sequence of states was never selected on any iteration,
as was necessary using the Monte Carlo search algorithm. Information computed

previously leads to convergence of the algorithm on the third iteration.

3.3.4 Information Propagation

This algorithm remembers information from previous iterations by using the list

of states. For instance, on iteration 2 at node 1 the maximization needs estimated
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values from both nodes 3 and 4. Node 4 was visited on this iteration and consequently
is in the list of states. Node 3 was not visited on this iteration. However, it was visited
on the first iteration so it has an estimated value in the list of states.

The estimated value computation also propagates information between states.
This occurs because the estimated value computation at any state directly depends
on its descendent states estimated values. Estimated value information propagates

from the terminal states back toward the initial state.

3.3.5 Convergence Analysis

If the optimal value of the problem is known, this algorithm stops on the it-
eration when the estimated value at the initial state equals the known value. As
a consequence of Proposition 3.5, the algorithm has propagated enough information
from the terminal states to the initial state so that the estimated value and value of
the initial state are equal. Proposition 3.4 then provides a procedure for finding the
optimal decision sequence.

Similar to the MC algorithm, if the optimal value is unknown then we can only
make probabilistic statements about whether the algorithm has found an optimal
sequence of decisions. Without knowing the underlying graph topology, imposed by
the system dynamics, it is difficult to compute the probability of having found an
optimal decision sequence. The MC algorithm requires that we know the number of
decisions at each state on the optimal path to compute the probability of selecting an
optimal decision sequence. T he MC-EV requires more knowledge for the computation
of this probability.

Consider the eight possible sequences of events that would lead to convergence

of the MC-EV algorithm for the problem of Figure (3.3) shown in Table (3.4). The
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dashes in the table mean select any admissible state at that point on the state tra-
jectory. The first event in the table, selection of the optimal sequence of decisions
on some iteration ¢ of the algorithm, is the only case listed where the MC algorithm
successfully finds the optimal sequence of decisions. However, the MC-EV algorithm
succeeds in computing the correct value of the initial state upon the occurrence of any
of the eight events. Clearly then, the number of ways for finding an optimal decision
sequence is larger using the MC-EV algorithm. Since the probability of any event
of the type 1-8 is greater then zero, it is more likely that the MC-EV algorithm will
have found an optimal decision sequence in a fixed number of iterations than the MC
algorithm.

Again, without loss of generality, suppose the optimal sequence of decisions is
unique. Let {s},s],...,sn} be the optimal sequence of states. Define s;; to be the

event of selecting state s, on iteration . Now consider

- * % *
Pl{so,iov S0 ’SN,iN}

If ip =11 = ... =1y, then this is the probability of selecting the optimal sequence of
decisions at some iteration of the algorithm. If this occurs, both the MC algorithm
and the MC-EV algorithm converge. If ig > 73 > ... > iy then, as a consequence
of Proposition 3.5, the estimated value of the initial state will equal the value of the
initial state.

Theorem 3.6: Suppose there exists a set of n + 1 partially optimal sequences of

states of the following type where n > 1:

(1) {805 815+ Sku» Sk g1se--» SN}
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Table 3.4: Convergent Sequences of Events for the MC-EV Algorithm in the Exam-
ple Graph

1. {0,2,4,6,10} on any iteration, say ¢

2. {0,—,4,6,10} on iteration ¢; and
{0,2,—,~,—} on iteration iy where i1 < iy

3. {0,—,—,6,10} on iteration %; and
{0,2,4,—,—} on iteration i, where i; < iy

4. {0,—,—,—,10} on iteration 7; and
{0,2,4,6,—} on iteration iy where i; < 75

5. {0,—,—,6,10} on iteration ¢; and
{0,—,4,—, -} on iteration ¢, and
{0,2,—,—, —} on iteration i3 where #; < iy < i3

6. {0,—,—,—,10} on iteration ¢; and
{0,—,4,6,—} on iteration iy and

{0,2,—,—,—} on iteration i3 where i; < iy < 73
7. {0,—,—,—,10} on iteration 7; and

{0,—,—,6,—} on iteration i, and

{0,2,4,—,—} on iteration i3 where #; < iy < i3

8. {0,-,—,—,10} on iteration ¢; and
{0,—,—,6,—} on iteration i and
{0,—,4,~, -} on iteration 3 and
{0,2,—,~, =} on iteration iy where i; < iy < i3 < 14

(2) {86815+ 28kuc1r Sk 141025k, > Skntls-- -, SN}
()
(n) {80,810y Skyy SF, 410+ Shys Skodlr -+ -1 SN}

(n+l) {56,...,5,’;},5k1+1,...,8N}

where 0 < k; < ky < ... <k, < N. That is to say, the first sequence is optimal from

state s; ., to state s}, the second sequence is optimal from s; _ ., to s , and so on
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until the n+ 1 sequence, which is optimal from sj to si, (the initial state, sg is always
on the optimal path.) Then the probability of finding the optimal decision sequence
in a fixed number of iterations of the MC-EV algorithm exceeds the probability of
finding the optimal decision sequence using the MC algorithm for the same number
of iterations.?

Proof: The MC algorithm only converges when the optimal sequence of states
{s4,s1,...,s~} is selected on some iteration. The repeated application of Propo-
sition 3.5 in this case implies that the estimated value of the initial state sg is equal
to its value and then Proposition 3.4 can be used to find the optimal path. Therefore
the MC-EV algorithm also converges for this sequence.

Now we need only show that there exists some other sequence of state sequences,
which can occur with positive probability, that then leads to convergence of the MC-
EV algorithm. The existence of these sequences is asserted in the hypothesis of the
theorem. Since there are only a finite number of states, each of these sequences has a
probability of being selected that is bounded away from zero. If on some iteration a
sequence of type 1 in the list occurs, then application of Proposition 3.5 implies that
the estimated value at state s; ., is equal to its value. If on a subsequent iteration a
sequence of type 2 occurs, then again application of Proposition 3.5 implies that the
estimated value at the state s; _ , is equal to its value. Continuing this process we
see that on the last sequence the estimated value of state sg is equal to its value and
the algorithm converges.

Since this sequence of events occurs with positive probability, for a fixed number

2The structure of the sequences, hypothesized to exist by this theorem, imply that the graph is
not a tree. If the graph were a tree, then in order for the search process to visit the optimal terminal
state it must traverse all other states on the optimal trajectory. To achieve a strict inequality for
the probabilities, at least two paths from a state on the optimal trajectory to another state on the
optimal trajectory must exist, one optimal the other not.
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of iterations of each algorithm the probability of convergence of the MC-EV algorithm

exceeds the convergence probability of the MC algorithm.

3.4 Monte Carlo Search with Estimated and Target Value Information

Propagation

The reason for the slow convergence for the MC algorithm is the low probability
associated with the restrictive event of choosing an optimal sequence. The MC-EV
algorithm did not increase the probability of choosing the optimal sequence. The
information propagation structure enables us to enlarge the set of decision sequences
that lead to discovery of an optimal sequence.

In this section, we consider another algorithm that allows us to further enlarge
the set of events that leads to discovery of an optimal sequence. This is accomplished
by associating another piece of information with each state on the list of states. This
information will be referred to as the target value of a state.

Definition 3.7: Again, let S;. C S be the subset of states visited on the kth iteration
of the algorithm. Then, given J(sg), the value of the initial state. The target value
for any state 1 € S is

J@) = min{-rj+ J(5)} for i € S\ {s0}

JEUS,
J() = J(sp) for i = s

Target values depend on the value of the initial state. In contrast to estimated

values, the target value computation proceeds forward in time to the terminal state
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encountered on the current iteration. Since this computation depends on knowing
the value of the initial state, this algorithm will only be applicable to the problem
of finding an optimal path when we know the value of the problem and are only

searching for an optimal decision sequence.

3.4.1 Description of the Algorithm

The Monte Carlo search algorithm with target and estimated value information

propagation (MC-TEV algorithm) is:
e Initialize a NULL list of states.

(1) Choose a random decision sequence.

(2) If a state visited using this decision sequence is not on the list of states,

add it to the list.

(3) Compute the estimated value of each state on the current trajectory i.e.,

compute J(i) for each i € S; according to Definition 3.2.

4) Compute the target value of each state visited on the current trajectory
p g

i.e., compute J(i) for each i € Sj, according to Definition 3.7.

(5) If (Converged) STOP, else go to (1).

It is easy to see that the target value of a state is always greater than or equal
to its actual value (Lemma 3.8.) Further, the target value of a state can only equal
its value if the state is on the optimal trajectory. A proposition, developed in the
next section, will give the necessary conditions for the target value at a state to equal
its actual value. Since the target value is greater than or equal to the value at a

state and the estimated value at a state is less than or equal to this value, we will
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know the actual value of this state when the target value equals the estimated value.
(Proposition 3.4, discussed previously, provides a means to find the optimal decision
sequence from this state onward. A similar proposition (3.12) provides a method to
find the optimal decision sequence from the state with known value backward to the
initial state.) This algorithm converges when, on some iteration, the target value and

estimated value are equal at a state visited on the current simulation.

3.4.2 Properties of Target Values

The target value of the initial state equals its value. Its interpretation at other
states is, that it equals the reward needed from this state onward if this state is on the
optimal path. If all paths from the initial state to a given state have been traversed,
then the target value for this state is the initial value minus the length of the longest
path to this state. This is the value that needs to be realized starting at this state, if
this state is on the optimal path.

The relationship of target values and actual values is captured in the following
lemma.

Lemma 3.8: For all states7 € S

-~

J(1) = J(1)

Proof: Suppose it is not so. Then there exists a state s; such that J(s;) < J(s;).

Hence, there is a path from sg to s; for which

j=1
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and as a result

J(SO) < J(sz) + Z TSj_l,Sj
j=1

This implies, however, the existence of a decision sequence of larger value then the

value of the initial state which contradicts the definition of J(sg).

Proposition 3.9: For any state s; € 5,
J(s0) = J(s:)

is the length of the longest path found, from the initial state sy to the state s;.
Proof: Let S; be the set of states for which r,,_,, is finite, that is, the set of states

that are accessible from s;_; € S;_;. Consider

J(SO) - j(sl) J(SO) - lnei;.l{_'rsosl + j(SO)}

T'sos;

This is obviously the maximum length between state sy and any state s; € S;. Now
suppose that J(sq) — J(si—,) is the longest path between state s, and any state

si—1 € S;_1. Consider

J(so) = J(si) = J(so)— min {—r,_s + j(si_l)}

8i—1€S5i—3

~

J(so)+ max {rs,_,s — J(si=1)}

8i-1€9i-1

~

max {7‘85—181' + ’](80) - J(si-l)}

$i—1€S5i-1
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This is just the dynamic programming equation for the longest path from state s; to

state sg. And now the result of the proposition holds by induction.
‘ |

Proposition 3.10: For any state s; € S,

if and only if s; € S is on the optimal path.

Proof: Suppose s; is on the longest path. As a consequence of the principle optimal-
ity, the longest path from sg to a terminal state sy is the sum of the longest path from
s; to sy and the longest path from s¢ to s;. Using proposition 3.9 and the definition

of value at a state we have
J(so) = J(si) + J(so) — J(s:)
and then
J(si) = J(s:)
Now suppose that J(s;) = J(s;). Then

J(s0) = J(s:) + J(s0) — J(5i)

and the longest path from sy to sy is composed of the longest paths from s; to sy

and from sg to s;. Thus, by principle of optimality, s; must be on the optimal path.

|

The next proposition defines a more general stopping criterion for the MC-TEV
algorithm.

ARTHUR LAKES LIBRARY

COLORADO SCHOQL
GOLDEN, CO 8Qdq OF MINES
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Proposition 3.11: For any state : € S, if
J(i) = J(i)

then
J(i) = J(i) = J(3)

Proof: The result immediately follows from lemmas 3.3 and 3.8.
|

The procedure for moving from the state where convergence of the algorithm
occurred backward along the optimal path arises from the next proposition.

Proposition 3.12: For any state m € (S — so) and i € S, if J(m) = J(m) and
i = argmin{—r;m, + J(§)}
3

then J(3) = J(3).

Proof: Since ¢ is the argument of the target value computation we have
J(m) = —rim + J(i)

then, using proposition 3.11,
J(m) = —rim + J(0)

and rearranging terms

~

J(1) = Tim + J(m)
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From lemma 3.8 we have J(i) < J(i). Therefore
J(@) < rim + J(m)
Using the definition of the value of state ¢
mjax{rij + J(j)} < rim + J(m)

This maximization is achieved by selecting j = m and cannot be larger for any other
j € S. Then
J(1) = rim + J(m)

~

And consequently J(i) = J(7).
[

The final proposition describes the necessary conditions for propagation of tar-
get value information along the optimal path.
Proposition 3.13: For any state i € S\ 95, suppose that the target value and actual
value are equal i.e., J(i) = J(i), and the optimal decision at state 7 is to go to state
meS

m = argmax{r;; + J(j)}

then J(m) = J(m).

Proof: Since the optimal decision at state ¢ is to go to state m

J(2) = rim + J(m)
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then

~

J(t) = rim + J(m)

and rearranging terms results in
J(m) = —rim + J(m)

From lemma 3.8 we have J(m) < J(m). Therefore using the definition of target value

we have

Injin{_rjm +J(5)} = —rim + J (1)

This minimization is achieved by selecting 7 = m and cannot be smaller for any other
7 € S. Then
j(m) = —Tim + j(7)

And consequently J(m) = J(m).
L

Propositions 3.12 and 3.13 are analogous to Propositions 3.4 and 3.5. Propo-
sition 3.4 stated the necessary conditions for finding the optimal decision at a given
state in terms of estimated values. Likewise, Proposition 3.12 provides a means for
finding the optimal decision leading to a state when target values are considered.
Consider states ¢ and m in Figure (3.4). Proposition 3.12 states that if the target
value and estimated value of state m are equal and if ¢ is the argument of the tar-
get value computation, then the target value at ¢ equals its value. This implies the
decision to go from ¢ to m is optimal. Similar to Proposition 3.4, which provides a
procedure from moving from m to a terminal state on an optimal path, Proposition

3.12 supplies a procedure for moving from m along an optimal path to the initial
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Figure 3.4: Internodal Graph Connections and Target Value Computations

state.

Proposition 3.13 states the conditions which must occur for the target value to
equal its value. If, at ¢ in the graph depicted in Figure (3.4), the target value equals
the value of this state and if the optimal decision at ¢ is to go to m, then the target
value of m equals its value. This implies that the target value at a descendent state
can only equal the value of that state if the target value of the ancestral state equals

its value.

3.4.3 Solution of the Example Graph

In this section we apply the MC-TEV algorithm to the graph shown in Fig-
ure (3.1) copied in Figure (3.5) for ease of reference. Consider two potential iterations

of the algorithm that result in the following trajectories,
1. {0,2,4,8,12}
2. {0,1,4,6,10}

Table (3.5) gives the computations leading to target values for the nodes visited on

each iteration. The actual value and estimated value are also listed for reference.
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Figure 3.5: Example Graph for the MC-TEV Algorithm

Note that these computations proceed from the known value of the initial node and
terminate when a terminal node is encountered.

Consider node 4 on iteration 1. The target vélue for this node is min{ —3+.J(2)}.
Since node 1 has not been encountered previously, it is not considered. Node 2 has
been visited and has a target value of 9. Therefore the result of the minimization is
6.

Now consider node 4 on iteration 2. Now both node 1 and 2 have been previously
visited. They have target values of 8 and 9, respectively. Nonetheless the result of
the minimization remains the same, 6. However here the target value equals the

estimated value. This is sufficient to imply convergence of our algorithm. The target



T-4236 49

Table 3.5: Information Propagation via Estimated and Target Values for the Exam-
ple Graph

Iteration | Node : | J(7) I J(3) | J(7) | J(i) Computation
1
0 10 6 10 | 10
2 9 | 5 | 9 |min{-1+ J(0)}
4 6 2 6 | min{-3+ J(2)}
8 2 1 5 | min{—1+ J(4)}
12 0 | 0 | 4 |min{-1+ J(8)}
2
0 10 9 10 | 10
1 7 7 8 | min{—2+ J(0)}
4 6 6 6 | min{—1+J(1),-3+ J(2)}
6 2 | 2 | 2 |min{-44J4)}
10 0 | 0| 0 [min{-2+J(6)}

values have propagated information on the value of intermediate nodes on the optimal

path.

3.4.4 Information Propagation

Similar to the MC-EV algorithm, the MC-TEV algorithm remembers informa-
tion from previous iterations of the algorithm. The target value at node 4 on iteration
2 requires information on the target value at nodes 1 and 2. Node 1 was visited on
the second iteration so its target value is accessible. Node 2 was visited previously,
therefore it has an accessible target value stored in the list of states.

The dependency of the target value computation on ancestral states, starting
with the initial state, shows that the target value computation is propagating infor-
mation forward in time. Target values and estimated values are two computational

structures that simultaneously allow for information to propagate both forward and
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backward. Whereas, using the MC-EV algorithm it was necessary for the estimated
value information to propagate backward to the initial state, the target value compu-
tation allows for information to be propagated forward and compared with estimated

values to determine if enough information has been computed to solve the problem.

3.4.5 Convergence Analysis

The MC-TEV algorithm is applicable to only those problems where the value
of the optimal path is known, the actual path is unknown. This algorithm converges
when the target value and estimated value of a state are equal. This is because of
Proposition 3.11, which implies these values must equal the actual value of that state.
This state must then be on optimal path as a consequence of Proposition 3.10. The
repeated use of Propositions 3.4 and 3.12 provide the mechanisms for finding the
optimal path from the state where equality of the target value and estimated value
occurred.

From the discussion of the proposed solution of the example graph in the previ-
ous section, we see that there are more ways for the MC-TEV algorithm to converge
than the MC-EV algorithm. The two iterations, sufficient for convergence of the MC-
TEV algorithm, are clearly insufficient for convergence of either the MC algorithm or
the MC-EV algorithm. The MC-TEV algorithm has again enlarged the set of events
that lead to discovery of an optimal decision sequence.

As before, assume that the optimal decision sequence is unique and let
{s5,5%,...,s¥} be the optimal state trajectory. Let s.; be the selection of state

Sk on iteration ¢ of the algorithm. Again consider

* * *
Pr{so’io, 8Tipree s sN‘iN}
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As was argued previously, this is the probability of discovery of the optimal decision
sequence of the algorithm in question, under specified restrictions on the i;’s. For the

MC-TEYV algorithm these restrictions take the form of one of the following conditions:
l.in<...<qy
2.iy<...<frand ;3 <...<igforke{2,...,.N -1}
3. 1 <...<iy

These relations determine the order for finding states on the optimal trajectory.
Case 1 says that discovery of s must occur before sj_;, and so on until finding
s1. The order of discovery of states on the optimal trajectory for case 3 is the reverse
of case 1. Finding state s} must happen before finding s; until the final discovery of
sy. For case 2, discovery of states on the optimal trajectory occurs simultaneously
starting at both the initial state and the optimal terminal state. Discovery of state
sy followed by finding s} _; and so on until finding state sj, happens at the same
time as the discovery of states s] followed by s; and finally encountering state sj.

For case 1, the algorithm converges because the target value of the initial state
(the value of the problem) and its estimated value are equal. In essence the propaga-
tion of useful target value information did not occur. Note that this is the condition
for convergence of the MC-EV algorithm. Case 3 corresponds to the opposite cir-
cumstance. The algorithm propagates the target value to the terminal state on the
optimal path. In this case useful estimated value information propagation did not
occur. Case 2 is the most likely circumstance. Here both the target and estimated
values propagate to some intermediate state on the optimal path.

We will say that the algorithm has visited the optimal states in reverse order if

the case 1 inequality is satisfied. Both the MC-TEV and MC-EV algorithms converge
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then. If case 3 occurs, the optimal states were visited in forward order. For case 2, the
states on partially optimal trajectories were visited in both forward and reverse order.
For cases 2 and 3 the MC-TEV algorithm converges, but the MC-EV algorithm fails
to converge.

In the next theorem we formalize these results and show that the MC-TEV has
a larger probability of convergence in any fixed number of iterations then the MC-EV
algorithm. As a consequence of Theorem 3.6 it also is more likely to have converged
in a fixed number of iterations then the MC algorithm.
Theorem 3.14: Suppose there exists a set of n + 1 partially optimal sequences® of

the following type where n > 1:

(1) {53,31,...,sk",s,’:”l,...,s’jv}

(2) {80,51s- -y Skuc1sShy_ 141025k s Skudlo-- -, SN}
()

(1) {50,851, Skys Skyg1r-++25%s Skatls-- -2 SN}

(n+1) {85, -5k, s Skit1r-- SN}

where 0 < k; < k9 < ... < k, < N. Then the probability of finding the optimal
decision sequence in a fixed number of iterations of the MC-TEV algorithm exceeds
the probability of finding the optimal decision sequence using the MC-EV algorithm
for the same number of iterations.

Proof: As a consequence of Proposition 3.5 the MC-EV algorithm converges only

3See the footnote following Theorem 3.6.
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when the states on the optimal trajectory are visited in reverse order. In this case,
the MC-TEV algorithm also converges because the estimated value, target value, and
actual value of the initial state are all equal.

We need now only show that there exists some other sequence of state sequences
that then leads to convergence of the MC-TEV algorithm but does not lead to con-
vergence of the MC-EV algorithm. Again, the existence of these sequences is asserted
in the hypothesis of the theorem. If a sequence of type 2 follows a type 1 sequence,
as a consequence of proposition 3.5, estimated values equal actual values beginning
at some intermediate state, s _ ., through the optimal terminal state, s} . Concur-
rently, if a sequence of type n follows the selection of a type n+ 1 sequence, the target
values on the optimal path beginning with the initial state through some interme-
diate state, sj,, will equal their actual values as a consequence of Proposition 3.13.
Continuing this process we find that at some intermediate state on the optimal tra-
jectory the target value and estimated values are equal. Proposition 3.11 then implies
that the estimated value, target value, and actual value are all equal. The MC-TEV
algorithm has then converged and Propositions 3.4 and 3.12 provide a means to find
the optimal decision sequence. In this case the MC-EV algorithm fails to converge
since the estimated value of the initial state does not equal its value (Proposition 3.5
was not satisfied at the initial state.)

Since this sequence of events occurs with positive probability; in a fixed number
of iterations, the probability of convergence of the Monte Carlo search algorithm
with target and estimated value information propagation exceeds the probability of
convergence of the Monte Carlo search algorithm with estimated value information

propagation in the same number of iterations.
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3.5 Monte Carlo Search with Complete Estimated Value Information

Propagation

Convergence of the three algorithms, discussed previously, occurs because the
search procedure visits states on the optimal trajectory in certain orders. For the
MC algorithm all states on the optimal trajectory must be selected on some iteration
of the algorithm. Adding the computation of estimated values to the MC algorithm
allows us to relax this condition so that the algorithm need only visit the states on
the optimal trajectory in reverse order. When we add target value information to
the MC-EV algorithm we are able to further relax the conditions on the order of
visiting the states on the optimal trajectory. Here the algorithm can visit the states
on the optimal trajectory in both the forward and reverse orders and then have these
two partially optimal trajectories meet at some intermediate state on the optimal
trajectory.

A natural question to ask at this point is: Can we devise an algorithm that
imposes no constraints on the order of visiting the states on the optimal trajectory?
The answer to this question is yes. To see what is necessary for such an algorithm
again consider the example graph in Figure (3.1). Recall that the optimal sequence of
nodes is {0,2,4,6,10}. Consider what happens when the MC-EV algorithms search

procedure selects the following two trajectories.
1. {0,2,4,7,11}
2. {0,1,4,6,10}

Figure (3.6) depicts these trajectories over the pertinent part of the graph in Fig-
ure (3.1). (The second path is shown using a slightly thicker line than the first path.)

Table (3.6) shows the estimated values of the states visited on these two paths.
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Figure 3.6: Complete Estimated Values for the Example Graph

Table 3.6: Estimated Values for the Example Algorithm Iterations in the Example
Graph

Iteration | Node i | J(i) || Iteration | Node i | J(i)
1 2
0 8 0 8
2 7 1 7
4 4 4 6
7 2 6 2
11 0 10 0

The first iteration visits the nodes {0,2,4} on the optimal path. However,
the estimated values of these nodes are not equal to the values of these nodes since
the descendent nodes on the optimal path, {6,10}, have not yet been visited. On
the second iteration, the estimated values of nodes {4,6,10} now equal their actual
values. However, since node {2} was not visited on this iteration, the estimated value
of both nodes {2} and {0} do not equal their values. For the MC-EV algorithm to
converge, the search procedure must again visit node {2}. If the MC-EV algorithm
had recomputed the estimated value of node {2}, J(2) = 3 + J(4), on the second

iteration, the estimated value computation of the initial node would have equaled its
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value and then the algorithm would have converged.

This suggests an algorithm where we compute the estimated value of every
state that has been visited on every iteration of the algorithm. We call this process
complete estimated value information propagation and the computed values of the
states, complete estimated values.

Definition 3.15: Let S, C S be the subset of states visited on the kth iteration of
the algorithm. Further, let US) be the set of all states visited through iteration k of
the algorithm. Denote the set of terminal states encountered through iteration k of

the algorithm 0 U Si. We then define complete estimated values as

J@) = riforiedUS;
J(i) = max{r; +J(j)} for i € US, \ dU S
JEUS,
[

The difference between complete estimated values and estimated values is the set
of states for which estimated values are computed. The estimated value computation
occurs only for those states visited on the current iteration. Complete estimated
values are computed for every state that has been visited on any iteration.

3.5.1 Description of the Algorithm

The Monte Carlo search algorithm with complete estimated value information

propagation (MC-CEV algorithm) is:
o Initialize a NULL list of states.

(1) Choose a random decision sequence.
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(2) If a state visited using this decision sequence is not in the list of states,

add it to the list.

(3) Compute the complete estimated value of every state in the list of states

using Definition 3.15.

(4) If (Converged) STOP, else go to (1).

Complete estimated values share the same properties as estimated values. Here
again, the complete estimated value of a state is always less than or equal to the
actual value of the state (Lemma 3.3 applies.) If we know the value of the problem,
then we can say the algorithm has converged when the complete estimated value of
the initial state equals this value (we then use Proposition 3.4 to find the optimal
decision sequence.) Similar to the MC-EV algorithm, if the value of the problem
is unknown we can only make a probabilistic statement about convergence of the
algorithm. The complete estimated value merely expands the domain of the estimated
value computations to include all the states visited on any iteration instead of only
the states visited on the current iteration.

The complete estimated value computation, described in Definition 3.15, ap-
pears to be quite similar to the DP algorithm’s computation of the actual values of
states. The primary difference lies in the fact that we compute complete estimated
values on only a subset US,,, of the entire state space S, where US,, includes states
previously visited by the algorithm. In effect, complete estimated values are the ac-
tual values for the sequential decision making subproblem defined on US,. In other
words, we propose to perform dynamic programming over the part of the state space
already held in computer memory. The solution of this subproblem finds the optimal

decision sequence among all valid sequences in US,,.
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3.5.2 Solution of the Example Graph

To see how the MC-CEV algorithm works, again consider the example graph in
Figure (3.1) again reproduced in Figure (3.7) for convenient reference. Suppose that

three iterations of the search procedure results in the trajectories:
1. {0,1,4,7,11}
2. {0,2,5,9,14}
3. {0,1,3,6,10}

Table (3.7) contains the actual, estimated, and target values of the nodes the algo-
rithm visits using these trajectories (nodes on the optimal trajectory are in bold.) If
we examine the sequence of estimated values at the initial node we see that it never
equals the actual value of the initial node on any iteration. Therefore the MC-EV
algorithm fails to converge after iterating through these three trajectories. Also, the
estimated value and target values are never equal at any state on any iteration of
the algorithm. So the MC-TEV algorithm does not converge after these iterations.
The reason for the failure of both these algorithms is that the nodes on the optimal
trajectory have not been visited in an order that would lead to convergence of either
algorithm. Note however, all the nodes on the optimal trajectory have been visited
on some iteration of the algorithm.

Table (3.8) shows the computations for the complete estimated values of the
nodes encountered from the three given trajectories (nodes on the optimal trajectory
are again in bold.) Since we must perform this computation at all nodes visited on
the current and previous iterations of the algorithm, the number of computations

increases as new nodes are added to the current list of states. In this case, on the first
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k=0 k=1 k=2 k=3 k=4
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Figure 3.7: Example Graph for the MC-CEV Algorithm
iteration the MC-CEV algorithm computes complete estimated values at the nodes
us; ={0,1,4,7,11}

The second iteration results in complete estimated values for the nodes in the set

us, = {0,1,4,7,11}U {0,2,5,9,14}

= {0,1,2,4,5,7,9,11, 14}
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Table 3.7: Actual, Estimated, and Target Values for the Example Algorithm Itera-
tions in the Example Graph

Iteration | Node i | J(i) | J(i) | J(3)
1
0 10 7 10
1 7 5 8
4 6 4 7
7 2 2 5
11 0 0 3
2
0 10 8 10
2 9 7 9
) 5} ) 7
9 4 1 6
14 0 0 )
3
0 10 8 10
1 7 6 8
3 4 4 6
6 2 2 4
10 0 0 2

On the third iteration complete estimated values are computed for all nodes in

uS; = {0,1,4,7,11}uU{0,2,5,9,14} U {0,1,3,6,10}

= {0,1,2,3,4,5,6,7,9,10,11, 14}

Let S* = {0,2,4,6,10} be the set of nodes on the optimal trajectory, then the fol-

lowing relations hold among these sets

S* ¢ US] and S* ¢ U52 but S* C USg
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When the current subproblem contains the nodes in the optimal trajectory, the MC-
CEV algorithm converges.

The benefit of the MC-CEV algorithm is that we no longer have constraints
on the order that the algorithm must visit the states on the optimal trajectory. The
cost is added computation on each iteration of the algorithm. Generally, however, the
additional cost is not prohibitive. These value computations are relatively inexpensive

since these states are already in computer memory.

3.5.3 Convergence Analysis

The MC-CEV algorithm removes the necessity of visiting the states on the
optimal trajectory in any particular order. The algorithm requires only that each
state on the optimal trajectory be visited at least once.

Proposition 3.16: Suppose that

US, = {s5,87,---, Sy}

that is the list of states contains only the states on an optimal trajectory. Then the
complete estimated value of the initial state equals the actual value of the initial

state,

J(s0) = T (s0)

Proof: The result follows immediately from the repeated application of Proposition

3.5 to each state beginning with sy _; and ending with sj.
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Table 3.8: Complete Estimated Values for the Example Algorithm Iterations in the
Example Graph

Iteration | Node i | J(i) | J(i) | J(i) Computation

1
0 10 7 | max{2+ J(1)}
1 7 5 | max{l+ J(4)}
4 6 4 | max{4+ J(7)}
7 2 2 | max{2+ J(11)}
11 0 0 |0

2
0 | 10| 8 |max{2+J(1),1+J(2)}
1 7 5 | max{l+ J(4)}
2 9 7 |max{3+J(4),2+ J(5)}
4 6 4 | max{2+J(7)}
5 5 5 |max{3+ J(7),1+J(9)}
7 2 max{2 + J(14)}
9 4 1 | max{1+7(14)}
11 0 0 |0
14 0 0 (0

3
0 | 10 | 10 |max{2+J(1),14+J(2)}
1 7 7 |max{2+4+J(3),14+T(4)}

9 9 |max{3+J(4),2+ J(5)}

3 4 4 |max{2+J(6),14+TJ(7)}
4 6 6 | max{4+ J(6),2+ J(7)}
5 5 5 | max{3+J(7),1+7(9)}
6 2 2 | max{2+ J(10),1 + J(11)}
7 2 max{2 + J(11)}
9 4 1 | max{l+J(14)}
10 0 0 (0
11 0 0 |0
14 0 0 [0

ARTHUR LAKES LIBRARY
€OLORADO SCHOOL OF MINES
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Proposition 3.17: Suppose that

US, = {sg,87,--.,Sy} U{s;: for some s; € S}

that is the list of states contains the states on an optimal trajectory and some other

states in the state space. Then

J(s0) = T(s0)

which is to say, the complete estimated value equals the value of the problem.
Proof: By selecting the optimal states we see that J(sg) cannot be less then J(s)

or

J(s0) = J(s0)

Now if J(so) > J(so) there would exist some sequence of states that would lead to
a larger value then an optimal sequence. But this cannot be true. Therefore the

proposition holds.
.

If all the states on an optimal trajectory are not in the list of states, the complete
estimated value will be less than the value of the problem.
Proposition 3.18: Suppose that the optimal sequence of states is unique. Further

suppose

US, = {sg,87,...,sy} U {s;: for some s; € S} \ {s}: for some s} € S}

or the set of states does not contain all the states on the optimal trajectory but may
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contain states not on the optimal trajectory. Then

J(s0) < J(s0)

or the complete estimated value of the initial state is less then the value of the
problem.

Proof: J(sq¢) cannot be greater then J(sy) because this would imply the existence
of a sequence with value larger then the value of the problem which cannot be true.
Also, J(so) cannot equal J(so) since this would imply the existence of a sequence
with equal value to the value of the problem or an optimal sequence. Therefore J(s¢)

must be strictly less than J(s).
|

Using this algorithm we become more concerned with search procedures that
are more likely to encounter states on the optimal trajectory. We no longer need be
concerned with the order that the algorithm visits the states on the optimal trajectory.
Theorem 3.19: Suppose there exists a set of n + 1 partially optimal sequences? of

states of the following type where n > 2:

(1) {86,815+ 1 8k0» Sk 410 - -1 5N}
(2) {50)81)- -+ 8kucsShy_411- s Sk 1Skatls- -, SN}

)

4Similar to Theorems 3.6 and 3.14, these sequences imply that the graph in question is not a
tree. To insure strict inequality it is now necessary for there to be at least two states on the optimal
trajectory from which it is possible to select paths that are not optimal but eventually return to the
optimal path.
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(n) {50,851y Ski>Skyg1r- -1 5kar Skatls- -+ SN}

(n+1) {86+ Sk,»Ski41r-- 1SN}

Then the probability of finding the optimal decision sequence in a fixed number of
iterations of the MC-CEV algorithm exceeds the probability of finding the optimal
decision sequence using the MC-TEV algorithm for the same number of iterations.
Proof: Similar to the proofs of Theorems 3.6 and 3.14 we will show that the MC-CEV
algorithm converges whenever the MC-TEV algorithm does. Then we will produce a
sequence of state sequences where the MC-TEV algorithm fails to converge but the
MC-CEV algorithm does converge.

As was argued before, the MC-TEV algorithm converges whenever the itera-
tion indices for the states on the optimal trajectory, sj ; satisfy one of the following

conditions.

2.iy<...<i@pand 3 <...<idpforke{2,...,N -1}

3.0 < ... <iy

For each of these conditions the MC-CEV algorithm converges as a consequence of
Proposition 3.17, all the states in the optimal trajectory are on the list of states.
The existence of a set of sequences where the MC-CEV algorithm converges but
the MC-TEV algorithm fails to converge is asserted in the hypothesis of the theorem.
Since the probability of selecting these sequences in an order for which the MC-TEV

algorithm fails to converge is strictly greater than zero, the probability of finding the
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optimal trajectory using the MC-CEV algorithm exceeds the probability of finding

the optimal trajectory with the MC-TEV algorithm in any fixed number of iterations.
.

3.6 Discussion

In this chapter we have considered in detail the “test” part of the generate-and-
test algorithms for deterministic sequential decision making problems. So that we
could carefully consider this part of the algorithm, the “generate” part of the algo-
rithm was quite simple, a Monte Carlo search. We found that by using information
structures that propagate value information among the states of the dynamic system
we were able to increase the probability of convergence of our algorithm when run for
a fixed number of iterations. Quantification of the increase in probability is difficult
because of its dependency on the underlying graph topology imposed by the dynamics
of the system.

All of the algorithms require the search procedure to visit states on an optimal
trajectory. The differing algorithms imposed different constraints on the order in
which the states could be visited. However, all the algorithms require visitation of
every state on an optimal trajectory. Therefore, in order to increase the probability
of convergence of the algorithm in a fixed number of iterations we must next exam-
ine search processes that increase the probability of visiting states on the optimal
trajectory.

The four algorithms, presented here, require differing computational efforts.
Each algorithm uses a Monte Carlo search process to generate a simulation of the
dynamic system. The MC algorithm needs only evaluate the length of this path and

compare it to the length of the longest path found up to the current iteration of the
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algorithm. The MC-EV algorithm requires a list of states visited on all iterations of
the algorithm. Then we need to perform maximizations at each state in the current
simulation. These maximizations use value information stored in the list of states.

The MC-TEV requires the same list of states and the same maximization pro-
cess. Additional computation is introduced through the computation of target values.
Here a minimization over all states leading to the state under consideration must be
performed. Typically, we cannot examine a state and find out what other states might
lead to it. (The Markov property of the problems considered implies that knowledge
of how we got to a state need not be known. The description of each state is to
contain all the information necessary for optimization from this state forward.) To
implement the target value computation we examine the list of states and select those
states that immediately precede the state under consideration. For these states only,
the target value minimization is performed.

The MC-CEV algorithm also requires a list of states. For this algorithm, how-
ever, instead of performing the estimated value computation for only the states visited
during the current simulation we have to recompute estimated values for every state
in the list of states. Therefore, the computational burden of performing the estimated
value maximization increases with every iteration of the algorithm (assuming at least
one new state is added on every iteration.) However, we do not need to compute
target values using this algorithm. Since complete estimated values are computed for
each state in the list of states we may envision an algorithm that runs more then
one simulation of the dynamic system before computation of the complete estimated

values. We might structure this algorithm like this:

o Initialize a NULL list of states.

e Set £k =1.
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(1) Choose n, random decision sequence(s).

(2) If a state visited using these decision sequences is not in the list of states,

add it to the list.
(3) Compute the complete estimated value of every state in the list of states.

(4) If (Converged) STOP, else set k «— k + 1 and go to (1).

where the n, are positive integers dictating how many simulations to run on each

iteration of the algorithm.
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Chapter 4
THE VALUE-BASED SEARCH PROCEDURE

The Monte Carlo search procedure, discussed in Chapter 3, provides a simple
mechanism for selecting decisions at states of the dynamic system. It led to four

computational algorithms based on differing methods of information propagation,
1. No information propagation
2. Estimated value int"ormation propagation
3. Target and estimated value information propagation
4. Complete estimated value information propagation

Here we will discuss a value-based search algorithm that Tolwinski and Under-
wood [10] use for estimating the optimal evolution of an open pit mine. The search
procedure they use attempts to direct decision making into areas of the state space

where large rewards might be found.

4.1 Description of the Value-Based Search Procedure

The value-based search procedure selects decisions at the nodes of a graph by
examining three attributes of the potential decisions. It considers the best decision
found so far, the least explored decision, and the best unexplored decision.

Consider the ith node in the graph. Suppose there are k decisions. With each

decision at this node associate three numbers, the immediate reward, the number of



Table 4.1: Data used in the Value-Based Search Procedure

Number of times
the decision has | Estimated Value
Decision | Reward been tried at Destination
1 T n V1
2 To 2] V2
3 T3 ng V3
k’ Tk ng Vi

70

times the decision has been made previously, and the estimated value at the node
resulting from this decision. Table (4.1) shows the structure of this data.

Since the number of decisions, k, is finite, the decisions can be ordered so that
Ty 2> r9 > ... 2> 1. If the node has not been visited previously, then n; = 0 for
J=1,2,...,k and v; is undefined.

Let S be the set of decisions at node ¢,

S=1{1,2,....k}

Then define S,4, a subset of S where the associated number of times the decision has

been tried is greater then zero,

Sold = {] n; > 0}

and Spew, the complement of S,4, the set of decisions that have not been tried,

Snew = {j : nj =0}
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The value-based search selects between the best decision found so far; say * € Sou4,
the least explored decision y € S 4, and the best unexplored decision z € Spey-

The best decision z found so far is
z = argmax{r; + v; : j € Sya}
j

The number of times this decision has been tried is n;. The decision that has been
least explored is

y = argmin{n; : j € Sya}
]

It has been explored n, times. The best unexplored decision is
z=min{j : j € Snew}
J

which is a consequence of the ordering of the decisions.
The value-based search uses a stochastic mechanism to choose one of these three

potential decisions. The procedure by which it selects a decision is
1. Select z, the best decision found so far, with probability

1
(1+(n. ny))P=

else select decision y, the least explored decision in S,4. Call the resulting

decision, v.
2. If Spew is empty, then

(a) the value-based search chooses decision v and goes to Step 3.
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If Spew 1s not empty, then

(b) the value-based search selects decision v with probability

1
(1 4+ ny)ps

otherwise it selects decision z in the set S,.,. Then it removes z from

Shew, places it in S,4, and goes to Step 3.
3. Increment the number of time the resulting decision has been tried.
4. Make the selected decision and go to the next node in the graph.

The parameters p, and p, are real numbers, strictly greater than zero, that deter-
mine the rate at which the value-based search explores rarely explored or unexplored
decisions.

Initially, before any decision has been tried, Syq = @. In this case z = y =
z =1 and n, = ny = 0. Then the value-based search explores decision r = 1 with

probability equal to one since

and
S
(1+0)rs

Decision 1 then moves from S, t0 Soig.

The next time this state is encountered S,y = {1} and z = y = 1. The

value-based search then selects decision x with probability equal to one and y with
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probability equal to zero since

1
1+ (1-1) =1

Then it selects z with probability

1 1

(14+ 1)y 2Py

and otherwise selects decision z € Sjew-

4.2 Proof that the Value-Based Search is Correct

To show that the value-based search procedure is correct, we must show that
the probability of selecting any decision at every state is bounded away from zero for
an unbounded number of iterations of the algorithm. To do this we will first show
that the probability of selecting a decision from S, is bounded away from zero.
Consequently, in the limit, every decision from Sy, will be selected with probability
one. Spe, almost surely becomes an empty set. Next we consider the probability of
selecting the least explored decision. We will show that the probability of selecting
this decision is also bounded away from zero. Then, in the limit, the least explored
decision will be explored until it ceases to have this property with probability one.
Consequently, the number of times every decision at all states in the graph is chosen
tends to infinity as the number of iterations of the algorithm increases.
Proposition 4.1: Let n, be the number of times the value-based search visits state
s € S. Then

lim S, =0
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Proof: Let r denote the number of elements in Sye,. Suppose that there exists an
m > 0 such that 7 > m for all visits to the state s. This implies that there is an
iteration N such that for all n, > N the probability of selecting a decision from Spey

is zero for all subsequent iterations. Consequently, for ny > N

1

0=1- ———
(1 + ny)Po

Then n, = 0. However, from the definition n, > 0. Consequently, m = 0 and

Snew — 0 as n, tends to infinity.
|

Proposition 4.2: Let n, be the number of times the value-based search visits state
s € S. Then

lim n, = o0
Ngs—00

Proof: By definition

ny = min{n; : ¢ € Sya}

Suppose that there exists a positive integer A such that n, < M. This implies that
on some iteration, IV, the probability of exploring decision z, the best decision found

so far, must equal one for all subsequent iterations. In other words, for ny, > N

1
(1 + ('le - ny))pz

1=

which implies n, = n,. This cannot be true since, with probability one, n, is incre-
menting by one with each visit to state s. Consequently, n, becomes unbounded as

ng — 00.
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When the number of times a state is visited tends to infinity, the value-based
search explores each decision at that state infinitely often. Since the initial node is
visited on every iteration, all children of the initial state are visited infinitely often.
Similarly, all children of these child nodes are visited infinitely often. Inductively,
it follows that the value-based search explores each decision at every node infinitely
often.

The reason correct search algorithms can guarantee finding optimal decision
sequences follows immediately from this inductive argument. In passing to the limit,
all correct searches are exhaustive i.e., all correct search algorithms eventually select

every path in the graph, including the optimal path.

4.3 Discussion

The decision sequence that results from selecting decisions with largest imme-
diate reward we call the myopic decision sequence. It is relatively simple to discover
the myopic path and compute the accumulated reward along this path. Any practical
search procedure should lead to discovery of decision sequences with at least the value
of the myopic path. The value-based search selects this path on the first iteration
of the algorithm and then begins to explore away from this decision sequence. The
search parameters p, and p, determine the “rate” of new exploration. For larger
values of p,, the probability of selecting an unexplored decision increases over the
selection of either the best decision found so far or the least explored decision. Sim-
ilarly, for larger values of p, the probability of selecting the least explored decision
increases over the best decision found so far. Small values of p, and p, reflect a
conservative search scheme while larger values direct the search to explore away from

the best decision, already found, far more often.
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While an algorithm iterates, using the value-based search, a change in the esti-
mated value of the initial state reflects a change in the best decision found so far at
some state on the best path found. If the estimated value does not change, on some
iteration, the value-based search did not find a better path then the current best path.
If the algorithm continues to iterate with no improvement to the estimated value of
the initial state, then the probability of the best path found being the optimal path
increases. However, if the estimated value of the initial state increases, then a better
path has been found and paths around it must be again be adequately explored to

insure that the new path is probably the best.



T-4236 77

Chapter 5
COMPUTATIONAL EXPERIMENTS

To exemplify the search procedures and evaluative information propagation
structures, we will consider seven graph examples. These graphs were created usihg
random mechanisms for the selection of an exponentially growing number of nodes
at a time step, the number of arcs emanating from a node, and the length of the arcs
from the nodes. The graph examples have one initial node, at time k¥ = 0, and no
arcs leave the terminal nodes, at k = V.

Seven algorithms comprise the computational experiments. The Monte Carlo
search with the differing information propagation structures constitute the first four
algorithms. Using the value-based search with the evaluative information propagation
structures gives the last three of these algorithms.

The data recorded, during these tests, include the number of iterations before
the algorithm discovers an optimal decision sequence and the number of nodes the
algorithm did not visit in the process of finding the optimal decision sequence. Be-
cause these algorithms were designed to overcome the need to consider all nodes in
the graph, the estimated value of the initial node, after the algorithm visits a frac-
tion of the nodes in the graph, is also noted by these tests. The iteration count
where this occurs is also recorded. Since the search mechanism of the algorithms is
stochastic, each algorithm was repeatedly run to compare each algorithm’s expected

performance.
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Table 5.1: Graph Examples

Graph Number

Name Description Appendix | of Nodes | Horizon
Example Graph | Small example graph A 45 10
T1 Tall graph example C 1156 75
T2 Tall graph example E 1123 75
T3 Tall graph example G 28671 100
W1 Wide graph example I 1409 15
W2 Wide graph example K 1315 15
W3 Wide graph example M 26140 20

5.1 The Graph Examples

The seven graph examples can be classified into three categories, one small
graph example, three tall graphs, and three wide graphs. The small graph contains
45 nodes spread over a time horizon of ten. For the tall graphs, the number of nodes
per time step grows relatively slowly and the graphs have a large horizon. The number
of nodes per time step grows more rapidly in the wide graphs and their horizon is
correspondingly smaller so that graphs have essentially the same number of nodes.

The topological properties of these graphs along with the myopic and optimal
paths through them are given in the appendices. Table (5.1) lists the names of seven
graphs along with the appendix where more information about the graph can be

found. Also, the total number of nodes in the graph and its horizon is listed.

5.2 The Algorithms

Table (5.2) contains acronyms for the different algorithms that we will test.
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Table 5.2: Algorithm Acronyms

Acronym | Algorithm

MC Monte Carlo search

MC-EV Monte Carlo search with estimated values

MC-TEV | Monte Carlo search with target and estimated values
MC-CEV | Monte Carlo search with complete estimated values
VB-EV Value-based search with estimated values

VB-TEV | Value-based search with target and estimated values
VB-CEV | Value-based search with complete estimated values

5.3 The Types of Computational Experiments

Table (5.3) contains the acronyms that denote the four different analyses of the
results from the computational experiments. To generate meaningful statistics, each
experiment has 80 data points. The fraction of graph nodes visited for the third and
fourth experiments is 25% for the tall graphs and 10% for the wide graphs. (The
small example graph was not included in this test. One iteration of any algorithm

visits over 20% of the graphs nodes in this graph.)

5.4 Computational Experiments on the Example Graphs

The statistics resulting from the computational experiments are extensive. Ac-
cordingly, the complete set of statistics can be found in the appendices. Table (5.4)

references the appropriate appendix to each example graph.

5.4.1 The Small Example Graph

Along the optimal path, in the small example graph, there is one decision at

node 0, one decision at node 1, three decisions at node 2, two decisions at node 3,
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Table 5.3: Statistics Generated from the Computational Experiments

Acronym for | Acronym for the

the Mean Standard Deviation | Experiment

MN-IC SD-IC The iteration count when the algorithm
converged

MN-NNV SD-NNV The number of graph nodes not visited
by the algorithm when the algorithm
converged

MN-EV SD-EV The estimated value of the initial node

after the algorithm visits a specified
fraction of the graph nodes

MN-ITR SD-ITR The number of iterations that occur
when algorithm visits the specified frac-
tion of the graph nodes

three decisions at node 9, three decisions at node 13, three decisions at node 15, four
decisions at node 21, five decisions at node 23, and three decisions at node 31. The
probability of finding the optimal decision sequence, using the MC algorithm, is the
reciprocal of the product of the number of decisions at each state on the optimal

trajectory, 1/9720. As an example, suppose we wish to be assured of a 99% chance

Table 5.4: Statistical Data for the Graph Examples

Graph Name | Appendix
Example Graph
T1
T2
T3
W1
W2
W3

Zowmmow
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of finding the optimal decision sequence, then using Theorem 3.1, the MC algorithm

must be iterated at least

log(l—l/9720) 0.01 = 44760

times. Referring to Table (B.1) in the appendix, the MC algorithm requires on average
5960.64 iterations to find the optimal trajectory. Using this number in conjunction
with Theorem 3.1 allows us to find the probability of finding the optimal decision

sequence in this number of iterations by solving

log(l—-]/9720) ¢ = 5960.64

for 1 — €. This is approximately .458421. In other words, if the algorithm iterates
5960.64 times, the probability of having found the optimal decision sequence is about
46%.

Adding the evaluative information propagation structures to the MC algorithm

1 as is ev-

greatly enhances the probability of finding an optimal decision sequence,
idenced in Table (B.1). Instead of almost 6000 iterations to find the optimal de-
cision sequence, these algorithms converge in less then 30 iterations. The MC-EV
algorithm converges on average in 26.45 iterations, the MC-TEV algorithm in 17.18
iterations, and the MC-CEV algorithm in 12.53 iterations. These average iteration

counts demonstrate the consequences of Theorems 3.6, 3.14, and 3.19, which state

that the probability of convergence increases by using the MC-EV algorithm instead

1For this analysis, we are assuming that the average number of iterations needed to find the
optimal decision sequence reflects the probability of finding an optimal decision sequence in a fixed
number of iterations. Strictly speaking, each algorithm should be run for a fixed number of iterations
and the number of times each algorithm converges counted to compute a statistical point estimate
for the probability of convergence in that number of iterations. However, the average number of
iterations needed for the algorithm to converge is a more intuitive concept and the probabilistic
statements of convergence in a fixed number of iterations can be seen using this statistic.
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of the MC algorithm, and by using the MC-TEV algorithm instead of the MC-EV
algorithm, and finally by using the MC-CEV algorithm instead of the MC-TEV al-
gorithm.

The value-based search is capable of finding an optimal decision sequence in
fewer iterations than the Monte Carlo decision search (compare Table (B.2) with
Table (B.1).) Poor selection of the parameters p, and p, can degrade the performance
of the algorithm. Generally, however, the value-based search outperforms the Monte-
Carlo search by a factor of between two and three.

Both the Monte-Carlo search and the value-based search algorithms must visit
a large fraction of the states before finding an optimal decision sequence. Comparing
the average number of states not visited in Table (B.1) and Table (B.4) shows that
by adding the differing evaluative information propagation structures, the algorithm
needs to visit fewer states before finding the optimal decision sequence. The value-
based search also visits less states then the Monte Carlo search before discovering the

optimal decision sequence.

5.4.2 The Tall Graph (T1) Example

The effects of Theorems 3.6, 3.14, and 3.19 are again seen in the average number
of iterations each algorithm requires before finding the optimal decision sequence, as
shown in Table (D.1). Similar to the small graph example, each algorithm visits a
large fraction of states before discovering an optimal decision sequence. The differing
algorithms distinguish themselves more for this graph then the small example graph.
Convergence occurs on average in 1151.91 iterations versus 190.29 iterations when
comparing the MC-EV and MC-CEV algorithms, respectively. Also for the MC-EV

and MC-CEV algorithms, on average 8.00 states are not visited versus 71.31 states
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not visited, respectively. About a sixfold increase in performance results from using
the MC-CEV algorithm instead of the MC-EV algorithm for this graph.

The value-based search outperforms the Monte Carlo search by a factor of
around two, when using better parameters. Again it is possible for it to perform
more poorly then the Monte Carlo search. However, for most parameter choices the
value-based search does better than the Monte Carlo search and for the best param-
eter choices it converges twice as quickly as the Monte Carlo search.

In contrast to the small graph example, the addition of target value information
to estimated value information did not reduce the need to visit states when using the
value-based search (see Table (D.4).) The use of complete estimated values substan-
tially increases the number of states not visited, by around a factor of ten. In any
case, however, the algorithms must visit 90% or more of the states before discovery
of the optimal decision sequence.

Although all these algorithms converge, the computational effort and memory
requirements for these algorithms can be extensive. Instead of finding the optimal
decision sequence, a more modest goal is to find a decision sequence that results in
a larger reward than the reward associated with the easily found myopic decision
sequence. For this graph, if myopic decisions are made a reward of 159.67 results. On
the iteration when the MC-CEV algorithm first exceed visiting 25% of the states in
this graph the average reward is 172.65. The optimal decision sequence results in a
reward of 296.63. Using the value-based search process achieves rewards greater than
240 after visiting 25% of the states in the graph (see Table (D.6).) These rewards can
be realized in as few as six iterations of the algorithm. In this case the value-based
search provides a better starting decision sequence, the myopic decision sequence,

than a random decision sequence resulting from the Monte Carlo search procedure.
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5.4.3 The Tall Graph (T2) Example

The convergence analysis for graph T2 shows that graph T1 is not anomalous.
The consequences of Theorems 3.6, 3.14, and 3.19 are again seen in Tables (F.1)
and (F.2). Using the value-based search results in quicker convergence, for reasonable
parameter choices. The algorithms still visit a large fraction of the states before
finding the optimal decision sequence. In contrast to graph T1, the value of the
best path found in graph T2, after examining 25% of the states, shows a smaller

improvement over the value of the myopic decision sequence.

5.4.4 The Tall Graph (T3) Example

Graph T3 has nearly 30 times as many nodes as those in graphs T1 and T2.
Because of the size of this graph, only the algorithms that use complete estimated
values and the tests that visited a fraction on the nodes were performed. The myopic
decision sequence has value 284.07 and the optimal decision sequence, value 497.87.
The MC-CEV algorithm finds a decision sequence with value 434.03 after examining
25% of the states. The value-based search performs better and finds paths with values
greater than 480 (see Tables (H.1) and (H.2).) Both find these paths in less than 200

iterations.

5.4.5 The Wide Graph (W1) Example

The effects of Theorems 3.6, 3.14, and 3.19 are again evident in the average
number of iterations each algorithm requires before finding the optimal decision se-
quence, as noted in Table (J.1). Although these algorithms still visit a large fraction
of the states, upon discovery of the optimal decision sequence a larger fraction of the

states have not been visited for this graph topology.
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The value-based search outperforms the Monte Carlo search by a factor of five
or six, when using better parameters (see Table(J.2).) This is a substantial increase
over the graphs with the tall topologies where the increase was about a factor of two.

The addition of target value information to estimated value information reduces
the need to visit states, when using the value-based search (see Table (J.4).) The use
of complete estimated values, in contrast to the tall graphs, adds little to the number
of states not visited. The VB-TEV and VB-CEV algorithms visit about 1/3 of the
states before discovery of the optimal decision sequence, an improvement over the tall
graph examples which visit 90% of the states before converging.

For this graph, myopic decision making results in a reward of 47.76. When the
MC-CEV algoritl;m visits more then 10% of the states in this graph, the average
reward is 50.66. The optimal decision sequence results in a reward of 72.25. The
value-based search process achieves rewards greater than 62 (see Table (J.6).) These

rewards are realized in as few as 15 iterations of the algorithm.

5.4.6 The Wide Graph (W2) Example

The computational experiments for graph W2 are similar to W1. The conver-
gence analysis for graph W2 shows that graph W1 is not anomalous. The conse-
quences of Theorems 3.6, 3.14, and 3.19 are again seen in Tables (L.1) and (L.2).
Using the value-based search results in quicker convergence, for any reasonable pa-
rameter choice. In contrast to graph W1, the VB-CEV algorithm visits fewer states

then the VB-TEV algorithm (see Table (L.4).)



T-4236 86

5.4.7 The Wide Graph (W3) Example

Graph W3 has about 20 times as many nodes as those in graph examples W1
and W2. The myopic decision sequence has value 59.35 and the optimal decision
sequence, value 94.30. The MC-CEV algorithm finds a decision sequence with value
75.56 after examining 10% of the states. The value-based search performs better and
finds paths with values greater than 87 (see Tables (N.1) and (N.2).) These decision

sequences are found in about 300 iterations of the algorithm.

5.5 The Value-Based Search Parameters, p, and p,

As noted in the previous discussion, the value-based search is generally able to
find the optimal decision sequence in fewer iterations than the Monte-Carlo search.
Examination of the data in the appendices also indicates that certain values of the
search parameters, p, and p,, can again increase the overall performance of the value-
based search.

Better performance of the value-based search tends to occur for larger values
of p,. Consequently, selection of an unexplored decision at a state occurs more fre-
quently. With some exceptions (see graph W2) increases in performance occur for
larger values of p,, also. Larger values of p, tend to keep the decisions in the set Sy
explored equally often. (If n, = n,, then decision « is explored with probability one.
However when n, > n,, decision y is explored more frequently with increasing values
of p,.)

As might be expected, when using complete estimated values, the performance
of the value-based search is relatively insensitive to the parameter p, and more sen-

sitive to p,. This is because an algorithm that uses complete estimated values finds
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a decision sequence with larger value only by adding new states to the current sub-
problem.

The minimum number of iterations needed to find an optimal decision sequence
generally occurs for parameters on the edge of the parameter space presented in the
appendices. An examination of this data shows a rapid improvement in performance
when going from the smallest parameter values to somewhat larger values. The
increase in performance then begins to slow as the parameters are increased further.
Examination of data using larger values of the parameters, values larger than those
shown in the appendices, suggests this trend continues for further increases of the
parameter values.

Perhaps the search that would result by letting the parameter values go to infin-
ity would minimize the mean number of iterations. This new search would necessarily
add states to the list of states visited most quickly, possibly exhausting computer

memory. However this has not been verified by computational experiments.

5.6 Discussion

These examples demonstrate that it is possible to discover an optimal decision
sequence using a generate-and-test type algorithm. Only a fraction of the nodes
in the graph need be visited before discovering an optimal decision sequence. For
extremely large problems this may still be impractical or impossible. Consequently
for these large problems, the modest goal of finding a decision sequence better than
the myopic decision sequence is more realistic.

The statistical analysis of the computational experiments suggest that is it pos-
sible to significantly increase the rate of convergence by adding appropriate evaluative

information propagation schemes. Adding the value-based search heuristic again in-

ARTHUR LAKES LIBRARY
COLORADO SCHOOL OF MINES
GOLDEN, CO 80401 —
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creases the rate of convergence. Practical success, in using algorithms of this type,
probably occurs most frequently by adding problem specific search heuristics that
direct the search procedure into areas of the state space where optimality is thought

to occur.
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Chapter 6
CONCLUSIONS

6.1 Using Information

The four methods for remembering value information from one iteration to
another, no value information (except path length), estimated values, target and es-
timated values, and complete estimated values have a demonstrable effect on the rate
of convergence of these algorithms. Our analysis reveals that this occurs because each
of these evaluative information structures requires the search process, used by these
algorithms, to visit states on the optimal trajectory in certain orders. Using only
path length information in searching for an optimal decision sequence constrains the
search process to find the complete optimal trajectory on a single iteration. Transi-
tioning through the use of estimated values, target and estimated values, to complete
estimated values allows us to completely relax this constraint to the point where the
order of visiting the states on the optimal trajectory is immaterial.

For algorithms that attempt to optimize the performance of a dynamic system
using a generate-and-test type strategy we conclude: Appropriate use of the infor-
mation collected from simulations of a dynamic system can significantly increase the

probability of finding an optimal decision sequence.
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6.2 Directions for Future Research.

6.2.1 Forgetting Information

The list of states these algorithms use to compute value information steadily
increases in size. However, each algorithm need access only those states on an optimal
trajectory to find an optimal decision sequence (obviously.) Other states have no
import on the computation of estimated, target, or complete estimated values for the
states on the optimal trajectory. With this in mind, at some point it may be possible
to remove states from the list of states and thereby forget their values. For large
problems, that may exhaust computer memory, this mechanism may provide a means

to hold only the “important states” in computer memory.

6.2.2 Stochastic Estimation for the Markov Decision Problem

Using the notation from Chapter 2, the value function for the Markov Decision

Problem satisfies

J(6) = gi)forieds

J0) = max{g(i,u) + 3 pi(u)J () for i € S\ 98 (6.)

j€S
whereas the value function for the longest path in an acyclic graph satisfies
J(i) = riforiedS

J(i) = rgleeg‘x{rij + J(7)} fori e S\ aS (6.2)
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For a generate-and-test type algorithm it was possible to use (6.2) to define estimated
values. The estimated value computation always determines a current value for J(i)
having current values of J(j). Therefore estimated values are always well defined
quantities.

Computing an estimated value in a similar way, for the Markov Decision Prob-
lem, introduces the difficulty that, for a given simulation only one realization of
the stochastic disturbance occurs, however, the value computation requires a sum-
mation (6.1) over the values of all states resulting from every possible stochastic
disturbance. For these other states, current estimated values may not exist.

In the deterministic case, convergence of the estimated value for a state to its
value occurs because the sequence of estimated values is monotonically nondecreasing
and has a least upper bound equal to the value of the state. For the Markov Decision
Problem, if an arbitrary value is assigned to the states not yet visited during a simu-
lation, to compute the summation in (6.1), the sequence of estimated values loses the
property of being monotonic. Consequently, devising a convergent process becomes
more difficult.

For these problems, an update rule of the following form has been suggested (2, 5]

for all nonterminal states (at terminal states J,41(-) is the terminal reward),

Jnr1(2) = Ju(7) + a[mi?,x{g(*i,u) + > pii(w)1u(5)} = Ja(3)] (6.3)

j€S
where 0 < a < 1 and n is the number of times state ¢ has been visited. For this update
scheme to work, all Jy(-) must be assigned finite values e.g., Jo(i) =0, Vi € S.

Using (6.3) to define a sequence of estimated values for the states in a Markov

Decision Problem and then examining its convergence properties, both theoretically
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and computationally might provide a means to develop a theory similar to the one

developed here, for the Markov Decision Problem.

6.2.3 Increasing the Probability of Finding Optimal States

The concept of complete estimated values allows us to focus the search mech-
anism on the process of discovering states on an optimal trajectory. The search
process need not concern itself with having to visit optimal states in certain orders.
Search processes that direct themselves into areas of the state space where optimal-
ity is thought to occur, now become more capable of increasing the probability of
discovering an optimal decision sequence.

The Monte Carlo search is essentially oblivious to the nature of the problem at
hand. It merely selects decisions randomly. The value-based search directs decision
selection using the myopic path as a starting point. If optimality is “far from” the
myopic path, convergence may be quite slow.

For problems with an underlying physical nature, it may be possible to appeal
to this physical nature to devise problem specific search heuristics. By using the
physical nature of the problem, it may be possible to design problem specific search
algorithms that, in some sense, adequately sample different areas of the state space

while searching for optimal states.
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Appendix A
SMALL GRAPH EXAMPLE

A.1 The Small Graph’s Topology

e Time horizon: 10

Number of nodes: 45

Total number of arcs: 121

Number of different paths: 8883
— Table (A.1) shows the distribution of nodes in the graph.

The number of arcs from each node is a random integer from the set {2, 3,4, 5}.

(Terminal nodes have no arcs.)

o Arc lengths are drawn randomly from a uniform probability distribution on
[0,1]. With probability 1/10, the length of the arc is multiplied by 10. This

provides a mechanism to place isolated large rewards in the graph.

A.2 Paths in the Example Graph

e The myopic path through the graph is in Table (A.2).
— Its value is 6.55.
e Table (A.3) contains the optimal path through this graph.

— Its value is 29.14.
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Table A.1: Topological Structure of the Small Example Graph

Time Index | Node Indexes | Number of Nodes
0-0
1-1
2-2
3-5
6-9

10-14

15-17

18-21

22-26

27-37

38-44

St WO Ot b QO = = =
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Table A.2: The Myopic Path through the Small Example Graph

Time | Node | Decision | Value
0 0 1 6.648365
1 1 1 6.566820
2 2 1 5.567156
3 3 1 3.982025
4 9 1 3.426801
5 10 1 2.906217
6 16 1 2.132511
7 21 1 1.764519
8 22 1 1.056520
9 27 1 0.255776
10 44 - 0.000000

Table A.3: The Optimal Path through the Small Example Graph

Time | Node | Decision Value
0 0 1 29.138735
1 1 1 29.057190
2 2 1 28.057526
3 3 1 26.472395
4 9 3 25.917171
5 13 1 25.846766
6 15 1 19.605120
7 21 2 11.022095
8 23 1 10.423322
9 31 1 0.982727
10 40 - 0.000000

97
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Appendix B
SMALL GRAPH COMPUTATIONAL TESTS

e 6.55 is the length of the myopic path through the graph.

e 29.14 is the length of the longest path through the graph.

Table B.1; Monte Carlo Search Tests

Algorithm | MN-IC | SD-IC | MN-NNV | SD-NNV
MC 5960.64 | 10025.66

MC-EV 26.45 13.33 4.65 3.58
MC-TEV 17.18 9.73 6.54 3.56
MC-CEV 12.53 6.81 8.28 4.88

98
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Table B.2: Value-Based Search Tests (MN-IC)

Algorithm: VB-EV, Test: MN-IC
px

01 03 05 07 09 11 13 15 17 19
0.1 | 3751 2999 27.71 27.73 31.73
0.3 | 21.38 1869 1861 1855 17.48 1943 17.39
0.5 | 2040 15.07 13.04 1493 14.82 14.80 1455 13.85
07 | 1921 13.70 13.21 14.06 1335 13.71 1247 12.90
py | 0.9 [ 1812 1228 1144 1311 1204 1220 1054 12.00 1218 12.07

11 11.99 11.21 11.82 10.64 1093 11.39 10.66 11.06 10.34
1.3 11.68 10.75 11.70 10.30 10.78 10.41 9.85 10.54

1.5 10.66 10.38 10.36 9.62 1046 9.81

1.7 9.68 9.75 9.51

1.9 10.00 9.35

Algorithm: VB-TEV, Test: MN-IC
px

01 03 05 07 09 11 13 15 17 19
0.1 | 2031 2005 20.34 22.60 22.35
03 | 11.88 10.72 11.05 11.81 11.82 1294 11.80
05| 11.06 965 934 932 994 1046 9.60 9.2
07| 857 769 868 864 871 878 7.94 8.00
py |09 | 919 779 721 722 715 740 804 730 800 6.76

1.1 6.24 6.41 6.17 7.06 6.64 7.56 6.94 7.50 7.12
1.3 6.95 6.90 6.50 6.29 6.11 6.53 6.75 7.26

1.5 6.16 6.17 6.10 5.99 5.96  6.22

1.7 5.88 5.96 6.30

1.9 5.50 5.84

Algorithm: VB-CEV, Test: MN-IC
pX

01 03 05 07 09 11 i3 15 17 19
0.1 | 1755 1693 21.64 22.85 22.76
03| 853 9.80 1090 11.84 11.68 11.05 11.38
05| 738 731 788 834 7.96 821 9.56 8.54
0.7 | 585 569 68 7.6 769 7.66 751 7.86
py | 09 | 546 611 611 634 611 649 635 7.05 691 6.97

1.1 5.24 5.09 5.46 5.71 5.89 6.04 634 6.65 6.17
1.3 5.25 5.31 5.67 5.26 5.75 6.08 6.19 6.01

1.5 4.78 5.42 5.51 4.88 539 494

1.7 5.12 5.12 5.29

1.9 4.89 4.41
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Table B.3: Value-Based Search Tests (SD-IC)

Algorithm: VB-EV, Test: SD-IC

px
0.1 03 0.5 0.7 09 1.1 13 15 1.7 19
01 | 3647 1441 14.73 14.28 17.25
0311039 1146 829 934 862 9041 84l
05| 9.06 608 48 713 670 6.19 7.09 7.23
07| 898 560 598 7.22 761 679 528 576
py | 09| 816 688 461 733 420 635 535 557 524 587
1.1 4.09 469 487 491 527 587 440 520 4.03
1.3 382 3.69 581 444 528 403 479 535
1.5 513 420 486 3.62 554 4.72
1.7 3.66 3.65 4.21
1.9 417  3.07
Algorithm: VB-TEV, Test: SD-IC
px
0.1 0.3 05 0.7 09 11 13 15 17 19
01 | 1284 12.70 14.08 1365 12.53
03| 801 631 642 668 609 637 7.27
05| 763 463 483 525 572 537 489 5.21
07| 572 457 444 411 508 432 412 4.10
py | 09| 718 461 290 3.4 362 3.84 428 384 421 3.28
1.1 301 252 314 376 347 3.70 320 3.88 3.52
1.3 3926 330 291 293 281 289 299 3.33
1.5 212 229 262 237 234 268
1.7 271 249  2.90
1.9 1.96 244
Algorithm: VB-CEV, Test: SD-IC
pX
01 03 05 0.7 09 1.1 13 15 1.7 19
0.1 | 1075 8.04 1491 13.73 12.40
03] 360 511 568 811 732 655 6.32
05| 376 328 369 467 457 426 533 4.60
07| 1.98 241 337 364 340 380 3.65 3.90
py | 09 235 292 303 302 259 300 3.06 3.13 344 3.30
1.1 172 179 235 254 246 270 3.23 349 271
1.3 212 193 276 230 266 294 292 283
1.5 203 231 270 196 258 1.97
1.7 223 269 2.33
1.9 181  1.56
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Algorithm: VB-EV, Test: MN-NNV
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Table B.4: Value-Based Search Tests (MN-NNV)

px
01 03 05 07 09 11 13 15 17 19
0.1 | 1099 1089 11.55 11.25 10.86
03] 991 1031 930 921 1010 832 10.01
05| 772 861 990 871 847 868 947 10.8
0.7 | 646 807 818 7.91 894 7.97 841 84l
py {09 | 610 834 864 779 741 847 1007 818 7.90 8.44
1.1 715 791  7.62 846 859 829 836 857 8.46
1.3 709 744 741 795 799 7.85 9.04 8.12
1.5 753 794 741 819 799 843
1.7 745 761 8.09
1.9 6.90  7.30
Algorithm: VB-TEV, Test: MN-NNV
px
01 03 05 07 09 11 13 15 17 19
0.1 | 1564 1536 15.75 14.10 13.53
03 | 1555 16.00 1520 14.09 14.46 12.96 14.44
0.5 | 13.90 13.95 13.94 1466 14.01 12.60 13.61 14.24
0.7 | 1493 1507 13.46 13.09 13.74 1343 14.50 14.90
py | 0.9 | 13.79 1456 14.05 14.49 1489 1459 13.74 14.71 1349 1511
1.1 1564 14.85 1574 14.16 15.00 13.03 14.05 13.70 13.89
1.3 13.56 13.40 14.28 14.60 1504 14.21 13.85 12.57
1.5 1389 14.03 14.51 1446 14.55 14.05
1.7 1488 1430 13.66
1.9 14.80  14.24
Algorithm: VB-CEV, Test: MN-NNV
pPX
01 03 05 07 09 11 13 15 17 19
01| 1744 1659 1543 14.15 13.91
0.3 | 18.00 16.81 1529 14.96 1520 1497 1481
05| 1774 17.27 1631 1574 1626 1562 13.99 15.29
0.7 | 18.07 1838 16.11 1595 1430 14.96 1516 15.09
py | 0.9 | 1835 1657 17.05 16.31 1640 1549 1595 14.56 1529 14.94
1.1 17.66 17.79 17.09 1670 16.25 16.02 1584 15.03 15.85
1.3 17.38 16.68 16.55 17.04 1612 1556 1501 1545
1.5 17.86 16.23 16.38 17.55 16.66 17.24
1.7 16.77 17.09 16.36
1.9 16.98  18.30
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Table B.5: Value-Based Search Tests (SD-NNV)
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Algorithm: VB-EV, Test: SD-NNV
px
01 03 05 07 09 11 13 15 17 19
0.1 | 5.56 520 599 585 6.8
03 | 577 557 535 514 607 491 581
05| 466 4.06 481 526 4.8 449 6.01 6.60
0.7 | 340 354 452 404 573 471 429 4.51
py | 09 | 340 393 483 4.09 3.7 449 504 421 420 4.51
1.1 360 4.04 438 463 4.72 444 450 4.89 4.02
1.3 361 342 3.66 349 379 3.36 424 4.22
1.5 323 4.63 341 345 428 3.75
1.7 324 316 3.72
1.9 3.08  3.04
Algorithm: VB-TEV, Test: SD-NNV
px
0.1 03 05 07 09 11 13 15 17 19
01| 521 658 6.6 662 655
03| 705 6.13 669 646 672 6.62 7.30
05| 647 6.10 642 6.62 721 676 6.07 6.72
07634 602 626 626 646 653 6.68 6.69
py | 09 | 645 6.67 58 615 7.21 660 695 6.99 697 6.35
1.1 633 598 653 653 652 638 6.16 6.58 6.37
1.3 6.66 578 6.0 596 653 649 562 6.19
1.5 544 545 556 578 5.86 5.67
1.7 570 6.00 5.65
1.9 553  5.56
Algorithm: VB-CEV, Test: SD-NNV
px
01 03 05 07 09 11 13 15 17 19
0.1 | 530 491 7.27 692 684
03 | 455 545 552 6.75 699 642 6.58
05491 554 569 666 648 6.12 6.80 6.36
0.7 | 443 439 558 600 6.18 659 629 6.74
py | 09 | 470 555 587 626 563 572 6.17 598 646 6.61
1.1 396 4.89 544 583 580 580 672 692 598
1.3 473 476 545 567 592 693 645 6.31
1.5 501 568 534 494 583 577
1.7 572 598 5.56
1.9 489  4.59
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Appendix C
TALL GRAPH (T1) EXAMPLE

C.1 Graph T1’s Topology

e Time horizon: 75

Number of nodes: 1156

Total number of arcs: 6353

Number of different paths: =~ 1.87 x 10%7

— Table (C.1) shows the distribution of nodes in the graph.

The number of arcs from each node is a random integer from the set {2,...,10}.

(Terminal nodes have no arcs.)

e Arc lengths are drawn randomly from a uniform probability distribution on
[0,1]. With probability 1/10, the length of the arc is multiplied by 10. This

provides a mechanism to place isolated large rewards in the graph.

C.2 Paths in Graph T1

e The myopic path through the graph is in Table (C.2).
— Its value is 159.67.
o Table (C.3) contains the optimal path through this graph.

— Its value is 296.63.
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Table C.1: Graph T1’s Topological Structure

Time Node Number Time Node Number
Index | Indexes | of Nodes Index | Indexes of Nodes

0 0-0 1 38 160-165 6
1 1-1 1 39 166-178 13
2 2-3 2 40 179-188 10
3 4-4 1 41 189-198 10
4 5-6 2 42 199-208 10
5 7-7 1 43 209-221 13
6 8-8 1 44 222-229 8
7 9-11 3 45 230-239 10
8 12-12 1 46 240-255 16
9 13-14 2 47 256-266 11
10 15-17 3 48 267-282 16
11 18-20 3 49 283-292 10
12 21-22 2 50 293-307 15
13 23-26 4 51 308-326 19
14 27-30 4 52 327-340 14
15 31-32 2 53 341-357 17
16 33-35 3 54 358-380 23
17 36-38 3 55 381-402 22
18 39-41 3 56 403-430 28
19 42-44 3 57 431-445 15
20 45-49 5 58 446-475 30
21 50-54 5 59 476-505 30
22 55-60 6 60 506-524 19
23 61-64 4 61 525-545 21
24 65-67 3 62 546-568 23
25 68-71 4 63 569-604 36
26 72-77 6 64 605-626 22
27 78-81 4 65 627-671 45
28 82-87 6 66 672-700 29
29 88-91 4 67 701-741 41
30 92-96 5 68 742-789 48
31 97-104 8 69 790-822 33
32 105-113 9 70 823-876 54
33 114-121 8 71 877-920 44
34 122-127 6 72 921-960 40
35 128-138 11 73 961-1025 65
36 139-149 11 74 1026-1092 67
37 150-159 10 75 1093-1155 63
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Table C.2: The Myopic Path through Graph T1

Time | Node | Decision Value Time { Node | Decision | Value
0 0 1 159.6742 38 161 1 98.5877
1 1 1 159.6572 39 178 1 94.5798
2 2 1 159.2108 40 186 1 92.6595
3 4 1 158.5154 41 193 1 91.6649
4 5 1 153.0627 42 199 1 90.9458
5 7 1 152.5022 43 219 1 83.8853
6 8 1 152.2178 44 228 1 82.9486
7 10 1 151.3093 45 237 1 75.0303
8 12 1 150.3579 46 248 1 68.8887
9 13 1 149.3636 47 260 1 67.7253
10 17 1 148.1530 48 281 1 66.7576
11 18 1 147.2529 49 288 1 65.7927
12 21 1 146.3415 50 307 1 64.9269
13 24 1 145.3668 51 311 1 57.7627
14 28 1 143.4981 52 337 1 56.9487
15 31 1 142.9962 53 353 1 56.7990
16 35 1 140.6799 54 360 1 55.8364
17 38 1 136.3783 55 398 1 52.2718
18 39 1 135.5521 56 417 1 46.1819
19 42 1 134.6691 57 437 1 45.2623
20 47 1 133.9538 58 466 1 44.4376

21 52 1 133.0029 59 484 1 34.8359
22 55 1 132.1069 60 512 1 33.8483
23 63 1 131.2100 61 532 1 32.8761
24 66 1 130.5244 62 549 1 30.7331
25 68 1 129.6110 63 596 1 29.7414
26 77 1 128.6979 64 606 1 28.5003
27 79 1 124.1003 65 639 1 27.5535
28 87 1 123.2044 66 689 1 24.7748
29 89 1 122.2149 67 739 1 23.9565
30 93 1 121.2563 68 744 1 23.0008
31 103 1 114.6222 69 802 1 22.0335
32 107 1 113.7913 70 837 1 20.2842
33 115 1 103.8841 71 911 1 14.7945
34 124 1 102.9518 72 946 1 13.8469
35 128 1 102.0174 73 974 1 4.0587
36 142 1 101.1669 74 1044 1 2.4339
37 153 1 100.5220 75 1153 - 0.0000
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Table C.3: The Optimal Path through Graph T1

Time | Node | Decision Value Time | Node | Decision Value
0 0 1 296.6302 38 163 1 201.6697
1 1 1 296.6132 39 167 1 195.0249
2 2 1 296.1668 40 188 1 189.5395
3 4 1 295.4714 41 191 9 183.3327
4 5 1 290.0187 42 202 1 183.3157
5 7 1 289.4582 43 221 2 175.6455
6 8 1 289.1738 44 228 1 169.6358
7 10 1 288.2653 45 237 1 161.7174
8 12 1 287.3139 46 248 4 155.5759
9 13 1 286.3196 47 257 1 155.0867
10 17 3 285.1090 48 277 2 145.6470
11 19 1 284.5154 49 292 1 145.1394
12 22 4 275.8945 50 295 8 136.2231
13 24 1 275.7371 51 325 1 136.0966
14 28 2 273.8684 52 330 2 128.5610
15 32 1 273.4601 53 354 1 127.6191
16 33 1 267.2108 54 375 1 117.8382
17 38 2 266.6895 55 384 1 108.4632
18 41 1 266.2030 56 405 2 -107.5872
19 43 1 264.3640 57 438 1 103.4162

20 49 1 263.5692 58 453 1 94.1899
21 50 1 262.8498 59 497 1 93.2914
22 59 1 255.4048 60 511 4 84.9562
23 61 1 251.9083 61 534 1 84.6743
24 65 1 251.0746 62 547 1 76.8176
25 68 1 250.2681 63 594 1 69.6727
26 77 1 249.3550 64 618 1 62.8386
27 79 5 244.7574 65 632 4 57.5367
28 84 1 244.3882 66 679 1 56.7482
29 88 1 237.8068 67 736 1 48.7090
30 93 1 236.8694 68 785 1 40.1544
31 103 1 230.2353 69 810 6 34.0647
32 107 1 229.4044 70 850 3 33.6096
33 115 3 219.4971 71 889 1 32.7418
34 123 3 218.6942 72 947 2 23.5887
35 137 1 218.0644 73 976 1 15.8635
36 141 1 210.6160 74 1041 1 7.6925

37 154 2 202.5588 75 1155 - 0.0000
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Appendix D
TALL GRAPH (T1) COMPUTATIONAL EXPERIMENTS

e 159.67 is the length of the myopic path through the graph.

o 296.63 is the length of the longest path through the graph.

Table D.1: Monte Carlo Search Tests

Algorithm | MN-IC | SD-IC | MN-NNV | SD-NNV
MC-EV 1155.91 | 239.62 8.00 1.15
MC-TEV 607.95 | 149.59 13.21 4.23
MC-CEV 190.29 89.78 71.31 41.52
Algorithm | MN-EV | SD-EV | MN-ITR | SD-ITR
MC-CEV 172.65 11.35 6.00 0.00
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Table D.2: Value-Based Search Tests (MN-IC)

Algorithm: VB-EV, Test: MN-IC
pX

0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9
0.1 [ 9147.01 1734.86 1211.50 1010.46 952.73
0.3 | 7054.75 1420.00 1030.24 869.48 799.50 751.99 726.76
0.5 | 4163.93 137231 976.09 865.59 76245 712.83 666.84 641.10
0.7 | 8170.76 1316.33  938.08 835.14 742,50 690.27 646.64 622.64
py | 0.9 | 5718.11 1304.22 979.71 811.02 728.39 683.80 630.88 588.35 578.60 556.76

1.1 1333.83  921.96 799.09 71745 674.94 597.76 603.88 566.52 $556.24
1.3 1389.01  957.95 795.11  712.21 665.73 637.77 590.74 565.29

1.5 917.58 781.94 709.15 644.10 629.96 572.34

1.7 709.99 641.40 613.64

1.9 695.67 643.00

Algorithm: VB-TEV, Test: MN-IC
pX
0.1 0.3 0.5 0.7 0.9 1.1 1.3 15 1.7 1.9
0.1 | 194384 762.14 59455 570.56 511.96
0.3 | 1556.28 618.33 498.48 438.90 409.39 380.05 380.99
0.5 | 1448.55 634.36 47041 424.94 392.12 376.59 361.55 346.39
0.7 | 1624.64 573.76 439.74 420.59 381.57 366.88 343.59 330.36
py | 0.9 | 1551.99 558.10 463.02 399.56 38294 357.24 33523 323.05 310.79 302.98

1.1 639.77 463.99 409.02 368.61 346.26 335.79 320.62 307.04 305.07
1.3 578.06 460.80 412.24 368.06 351.55 337.74 319.43 312.62

1.5 465.06 386.81 373.88 349.20 323.75 307.95

1.7 370.14  345.40 339.56

1.9 358.84  338.05

Algorithm: VB-CEV, Test: MN-IC
px
0.1 0.3 05 0.7 0.9 1.1 13 15 17 19
0.1 | 44394 28519 258.73 245.09 243.75
0.3 | 236.06 169.70 14454 136.44 133.43 12339 137.32
0.5 | 185.97 131.15 120.78 107.28 109.11 105.66 107.75 107.35
07 | 160.90 117.97 104.81 103.64 96.79 9397 87.76  94.22
py | 0.9 | 149.72 109.33 101.08 9526 89.31  90.58 81.67 86.15 84.66 88.00

1.1 105.70  97.61 91.31 90.36 82.15 83.96 84.12 80.80  81.54
1.3 97.99 88.12 85.85 85.64 82.22 81.79 82.53 78.28

1.5 87.20 85.89 80.39 81.70 78.51 78.90

1.7 81.42 79.88 78.84

1.9 81.51 79.20
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Table D.3: Value-Based Search Tests (SD-IC)

Algorithm: VB-EV, Test: SD-IC
px

0.1 03 05 0.7 0.9 11 13 15 17 19
0.1 | 8676.38 644.88 303.17 184.00 171.94
0.3 | 7658.15 566.29 275.63 164.48 152.77 127.09 113.61
0.5 | 764516 486.47 245.19 164.20 131.32 123.52 92.90  100.86
0.7 | 720556 486.34 236.98 163.50 136.72 103.81 106.87 107.23
py | 0.9 | 8738.06 409.01 214.61 177.02 12560 119.61 10667 95.44 82.85 68.33
1.1 522.06 227.70 159.83 134.74 92.53 97.65 8213 82.64 82.61

1.3 509.46 219.16 162.26 126.64 104.17 108.21 104.28 92.67
1.5 224.78 161.81 124.81  90.05 88.42 86.19

1.7 135.66 107.73  92.07

1.9 121.51 94.22

Algorithm: VB-TEV, Test: SD-IC
px

0.1 0.3 0.5 0.7 09 11 13 15 17 19
0.1 | 1547.17 315.36 165.15 13145 83.24
0.3 | 1404.15 244.62 131.32 100.76 7521 60.57 55.39
0.5 | 1261.88 25223 124.79 8641 70.28 59.22 54.43 46.26
0.7 | 1312.79 244.99 104.29 96.13 74.33 56.67 53.31 52.02
py | 09 | 1344.97 174.32 10744 7559 63.53 66.33 5555 4849 45.89 4431

1.1 185.74 120.65 83.04 70.94 6093 56.03 50.86 46.36 47.43
1.3 194.10 11784 83.92 73.22 5820 50.88 49.98 351.78

1.5 112,77 8091 66.88 57.05 53.81 46.40

1.7 62.20 59.37 52.61

1.9 73.07  59.80

Algorithm: VB-CEV, Test: SD-IC
px

0.1 03 05 07 09 11 13 15 17 19
0.1 | 146.25 87.92 69.56 76.19 70.23
0.3 | 75.09 46.57 33.51 3514 3530 32.92 32.02
05 | 56.08 34.27 31.39 23.79 20.69 2459 27.13 25.03
0.7 | 50.78 27.68 23.37 23.61 21.09 22.57 18.05 20.43
py | 0.9 | 4583 26.14 24.69 22.65 20.04 17.63 16.61 19.20 19.56 20.18

11 25.63 19.73 17.61 1821 18.65 17.75 16.23 18.00 15.21
1.3 21.67 19.10 1620 15.09 1548 1574 15.00 17.60
1.5 1741 1522 1417 1371 13.63 14.75
1.7 16.72 1444  14.09
1.9 14.60  15.57
ARTHUR LAKES LIBRARY
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Table D.4: Value-Based Search Tests (MN-NNV)

Algorithm: VB-EV, Test: MN-NNV

110

px
01 03 05 07 08 11 13 15 17 19
0.1 ]800 730 7.70 7.71 7.95
03| 709 701 703 7.04 7.04 7.04 7.08
05| 700 700 703 7.00 7.0 7.00 7.00 7.04
07| 704 700 701 7.00 7.00 7.0 7.00 7.00
py | 09| 7.00 7.00 700 7.00 7.00 7.00 7.00 7.00 7.00 7.00
1.1 700 7.00 7.00 7.01 7.00 7.00 7.00 7.0 7.00
1.3 7.00 700 7.00 7.00 7.0 7.00 7.00 7.00
1.5 700 7.00 7.00 7.00 7.0 7.00
1.7 7.00 7.00 7.00
1.9 7.00__ 7.00
Algorithm: VB-TEV, Test: MN-NNV
px
01 03 05 07 09 1.1 13 15 17 19
01| 1854 1771 1949 18.02 19.80
03| 1496 9.60 866 9.89 897 9.80 9.46
05| 972 775 742 756 764 7.70 7.83 7.70
07| 830 801 738 729 744 726 7.33 7.58
py | 09| 831 724 708 711 715 7.6 728 730 7.34 7.34
1.1 712 709 7.06 7.06 7.5 7.08 7.6 7.12 7.25
1.3 717 703 7.03 708 7.09 705 7.5 7.2
1.5 701 703 701 7.01 7.08 7.05
1.7 700 701 7.0l
1.9 7.00 7.0
Algorithm: VB-CEV, Test: MN-NNV
px
0.1 0.3 0.5 0.7 0.9 1.1 1.3 15 1.7 19
01 | 8854 110.03 112.38 122.09 11891
03 | 8490 9691 110.67 120.19 12141 13670 112.42
05| 7614 9624 10256 11819 110.50 118.86 115.56 113.33
0.7 | 75.59 84.97 97.79  97.41 107.78 11522 126.89 111.26
py | 0.9 | 67.76 81.36  89.29  97.67 105.51 100.20 121.40 110.35 113.22 105.61
1.1 7539 7895 86.33 8858 108.74 101.88 99.16 110.03 102.96
1.3 76.99  88.80 89.08 87.76  94.21  96.05 91.59  106.62
1.5 8208 79.67 90.70  84.97 9409  93.65
1.7 85.50  87.35  87.34
1.9 78.97  84.00
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Table D.5: Value-Based Search Tests (SD-NNV)
Algorithm: VB-EV, Test: SD-NNV
pX
01 03 05 07 09 11 13 15 17 19
01 445 085 157 1.30 1.6
03| 048 011 016 019 019 019 027
05| 011 000 016 000 000 000 000 025
0.7 | 025 000 011 000 000 000 000 0.00
py | 09 [ 0.00 000 000 000 000 000 000 000 0.00 0.00
1.1 0.00 000 000 011 000 000 000 0.00 0.00
1.3 0.00 0.0 000 000 000 0.00 000 0.00
1.5 0.00 0.00 000 000 000 0.00
1.7 ' 0.00 0.0 0.00
1.9 0.00  0.00
Algorithm: VB-TEV, Test: SD-NNV
px
0103 05 07 09 11 13 15 17 19
01 [ 1840 14.10 1363 11.56 9.14
03 | 1414 642 276 415 235 257 281
05| 690 172 076 090 127 118 L11 107
07| 435 392 08 064 1.08 059 063 0.91
py | 09 | 481 083 031 032 036 037 084 068 084 0.62
1.1 091 033 024 024 051 027 043 043 058
1.3 135 016 016 035 036 027 039 0.70
1.5 011 016 011 0.1 027 0.22
1.7 0.00 0.1 0.11
1.9 0.00 0.1
Algorithm: VB-CEV, Test: SD-NNV
px
01 __ 03 05 709 1113 15 17 19
01 | 51.74 56.15 49.99 6020 58.73
0.3 | 46.15 5149 46.83 50.64 58.05 59.69 52.64
0.5 | 38.96 46.04 54.15 5101 40.02 53.16 51.85 49.87
0.7 | 4445 41.65 46.57 4631 4599 5501 5111 50.64
py | 0.9 | 3881 42.82 4720 5336 5274 43.30 46.81 4941 51.84 53.06
1.1 4242 4343 4288 4432 53.75 50.09 4536 53.16 44.08
13 46.86 50.42 4336 41.14 44.68 46.31 40.09 57.09
1.5 4821 3951 4011 39.28 40.09 43.13
1.7 48.75 4548 46.92
1.9 4317 47.47
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Table D.6: Value-Based Search Tests (MN-EV)
Algorithm: VB-CEV, Test: MN-EV
px
0.1 0.3 0.5 0.7 09 11 15 17 19
0.1 | 235.80 235.76 23640 23439 234.07
0.3 | 237.20 23594 236.65 236.55 23643 237.75 236.07
0.5 | 236.35 237.12 23816 23825 237.31 236.29 237.57 237.16
0.7 | 237.32 237.10 23616 23601 237.38 237.53 236.97 236.50
py | 0.9 | 23852 236.62 236.67 237.44 237.55 237.01 236.60 237.13 236.44 237.73
1.1 238.99 238.67 238.78 237.76 237.82 238.24 238.20 237.58 237.07
1.3 238.69 238.99 240.28 24147 240.26 237.34 23892 239.80
1.5 240.10 240.96 239.73 240.48 239.70 240.26
1.7 240.73  242.25 240.75
1.9 242.00  242.84
Table D.7: Value-Based Search Tests (SD-EV)
Algorithm: VB-CEV, Test: SD-EV
px
0103 05 07 09 11 13 15 17 19
01| 851 663 851 834 7.49
0.3 | 823 806 7.89 849 696 7.52 8.14
05| 760 917 851 851 874 7.15 7.80 8.26
0.7 | 738 841 956 9.04 7.62 936 9.71 8.4
py | 09| 631 7.73 840 838 6.93 835 827 782 729 817
1.1 793 841 821 7.34 741 686 7.68 7.23 7.83
1.3 732 687 735 7.84 652 6.03 635 5.96
1.5 579 694 601 594 654 6.36
1.7 586 625 6.63
1.9 6.25  7.43
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Table D.8: Value-Based Search Tests (MN-ITR)

Algorithm: VB-CEV, Test: MN-ITR
px
01 03 05 07 09 11 13 15 1.7 19
0.1 | 12.35 1235 1210 1204 11.96
03| 791 796 807 799 801 803 T7.88
05| 704 692 699 696 7.04 699 7.04 7.04
07 | 639 647 647 656 642 647 639 6.41
py | 09 | 612 615 608 611 614 6.10 6.4 6.08 6.06 6.09

11 6.00 6.00 6.00 6.01 6.01 6.00 6.03 6.00 6.00
1.3 6.00 6.00 6.00 6.00 6.00 6.00 6.00 6.00

1.5 6.00 6.00 6.00 6.00 6.00 6.00

1.7 6.00 6.00 6.00

1.9 6.00 5.99

Table D.9: Value-Based Search Tests (SD-ITR)

Algorithm: VB-CEV, Test: SD-ITR
px
01 03 05 07 09 11 13 15 17 19
0.1 | 121 1.1 1.6 1.07 1.00
03| 058 058 055 049 056 0.57 0.56
05| 046 038 030 043 034 041 043 0.30
0.7 | 049 050 050 050 050 050 049 0.50
py | 09| 033 036 027 032 035 030 035 027 024 028

1.1 0.00 0.00 0.00 0.11 0.11 000 0.16 0.00 0.00
1.3 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

1.5 0.00 0.00 0.00 0.00 0.00 0.00

1.7 0.00 0.00 0.00

1.9 0.00 0.11
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Appendix E
TALL GRAPH (T2) EXAMPLE

E.1 Graph T2’s Topology

e Time horizon: 75
e Number of nodes: 1123
e Total number of arcs: 6113
o Number of different paths: ~ 2.45 x 106
— Table (E.1) shows the distribution of nodes in the graph.

e The number of arcs from each node is a random integer from the set {2,...,10}.

(Terminal nodes have no arcs.)

e Arc lengths are drawn randomly from a uniform probability distribution on
[0,1]. With probability 1/10, the length of the arc is multiplied by 10. This

provides a mechanism to place isolated large rewards in the graph.

E.2 Paths in Graph T2

e The myopic path through the graph is in Table (E.2).
— Its value is 210.08.
e Table (E.3) contains the optimal path through this graph.

— Its value is 334.33.
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Table E.1: Graph T2’s Topological Structure

Time Node Number Time Node Number
Index | Indexes | of Nodes Index | Indexes of Nodes

0 0-0 1 38 148-159 12
1 1-1 1 39 160-165 6

2 2-3 2 40 166-173 8

3 4-4 1 41 174-185 12
4 5-6 2 42 186-192 7

5 7-7 1 43 193-208 16
6 8-10 3 44 209-219 11
7 11-11 1 45 220-231 12
8 12-13 2 46 232-240 9

9 14-15 2 47 241-255 15
10 16-18 3 48 256-265 10
11 19-20 2 49 266-276 11
12 21-22 2 50 277-291 15
13 23-24 2 51 292-314 23
14 25-26 2 52 315-331 17
15 27-28 2 53 332-351 20
16 29-32 4 54 352-364 13
17 33-34 2 55 365-381 17
18 35-36 2 56 382-396 15
19 37-39 3 57 397-420 24
20 40-43 4 58 421-447 27
21 44-47 4 59 448-479 32
22 48-50 3 60 480-513 34
23 51-55 5 61 514-538 25
24 56-61 6 62 539-574 36
25 62-64 3 63 575-598 24
26 65-70 6 64 599-627 29
27 71-77 7 65 628-665 38
28 78-82 5 66 666-704 39
29 83-88 6 67 705-737 33
30 89-93 5 68 738-790 53
31 94-102 9 69 791-824 34
32 103-109 7 70 825-874 50
33 110-114 5 71 875-921 47
34 115-122 8 72 922-967 46
35 123-132 10 73 968-1026 59
36 133-138 6 74 1027-1073 47
37 139-147 9 75 1074-1122 49
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Table E.2: The Myopic Path through Graph T2

Time | Node | Decision Value Time | Node | Decision Value
0 0 1 210.0816 38 152 1 119.0604
1 1 1 209.2275 39 160 1 118.0763
2 3 1 199.7757 40 167 1 117.2653
3 4 1 199.0192 41 180 1 108.7949
4 6 1 198.2702 42 188 1 107.8283
5 7 1 197.8909 43 198 1 106.8926
6 10 1 197.0146 44 213 1 106.2054
7 11 1 196.9377 45 228 1 105.3717
8 13 1 196.1078 46 232 1 105.1456
9 14 1 195.3994 47 249 1 104.2535
10 18 1 194.0178 48 260 1 96.0556
11 20 1 187.8345 49 276 1 90.5275
12 22 1 187.6246 50 281 1 86.5506
13 24 1 187.0323 51 303 1 80.5223
14 25 1 182.8889 52 330 1 - 79.0873
15 28 1 173.7708 53 351 1 78.1548
16 30 1 172.9617 54 363 1 77.1708
17 34 1 172.0015 55 380 1 76.2439
18 36 1 171.6347 56 384 1 75.2794
19 39 1 171.1503 57 413 1 74.4322

20 42 1 161.8006 58 436 1 66.7788
21 44 1 161.2368 59 465 1 61.2769
22 48 1 160.5456 60 506 1 60.3785
23 54 1 159.6181 61 536 1 59.4970
24 58 1 158.8905 62 558 1 50.5432
25 62 1 158.2082 63 591 1 40.6857
26 66 1 155.3956 64 626 1 33.2621
27 76 1 152.8595 65 642 1 30.6555
28 79 1 146.9111 66 671 1 29.7898
29 88 1 143.7677 67 712 1 28.8249
30 89 1 142.9727 68 784 1 27.9240
31 98 1 136.8278 69 818 1 20.8532
32 103 1 136.1310 70 864 1 11.3098
33 114 1 135.1360 71 917 1 10.5798
34 122 1 130.5591 72 958 1 3.6554

35 126 1 126.9277 73 975 1 1.7725

36 135 1 126.1588 74 1038 1 0.8079

37 142 1 119.9342 75 1099 - 0.0000
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Table E.3: The Optimal Graph T2

Time | Node | Decision Value Time | Node | Decision Value
i} 0 1 334.3291 38 154 1 201.3372
1 1 1 333.4750 39 165 8 194.2245
2 3 1 324.0231 40 166 1 194.1686
3 4 2 323.2667 41 178 1 184.5379
4 5 1 322.5395 42 186 7 176.0189
5 7 3 321.6114 43 200 1 175.5383
6 9 1 321.3582 44 215 2 170.1133
7 11 2 320.6555 45 223 3 162.6622
8 12 1 320.3701 46 240 1 161.8798
9 14 1 313.1733 47 255 1 152.5817
10 18 1 311.7917 .48 264 1 144.6881
11 20 1 305.6084 49 272 1 137.6081
12 22 1 305.3984 50 289 4 132.0376
13 24 1 304.8062 51 314 1 131.4690
14 25 1 300.6627 52 326 2 123.4509
15 28 3 291.5447 53 333 1 122.8505
16 29 1 291.0098 54 364 3 114.0200
17 34 2 281.5970 55 371 1 113.3747
18 35 2 281.2913 56 391 1 106.7265
19 39 1 280.5884 57 402 1 97.9396

20 42 1 271.2387 58 443 4 89.5806
21 44 1 270.6750 59 450 1 88.8542
22 48 3 269.9837 60 494 7 79.3712
23 53 1 269.1031 61 535 1 78.8413
24 57 3 263.6098 62 557 1 69.8393
25 62 1 263.5759 63 594 1 60.7747
26 66 1 260.7633 64 621 1 57.0633
27 76 5 258.2272 65 645 1 48.3155
28 82 1 258.1742 66 679 3 47.4450
29 87 1 250.2973 67 718 1 46.8212
30 92 5 242.6753 68 758 1 37.5045
31 96 1 242.0300 69 812 2 28.0480
32 108 2 232.1905 70 839 1 27.1771
33 113 1 227.3515 71 899 2 21.5516
34 121 3 221.9677 72 936 3 16.2353
35 132 1 221.3336 73 1009 1 15.5351
36 133 3 211.5716 74 1069 1 6.1690
37 140 1 210.8715 75 1083 - 0.0000
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Appendix F
TALL GRAPH (T2) COMPUTATIONAL EXPERIMENTS

e 210.08 is the length of the myopic path through the graph.

e 334.33 is the length of the longest path through the graph.

Table F.1: Monte Carlo Search Tests

Algorithm | MN-IC | SD-IC | MN-NNV | SD-NNV
MC-EV 1120.91 | 229.66 6.15 1.54
MC-TEV 548.79 | 125.79 11.65 4.49
MC-CEV 204.84 | 151.82 67.11 47.53
Algorithm | MN-EV | SD-EV | MN-ITR | SD-ITR
MC-CEV 218.41 13.36 9.99 0.11
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Table F.2: Value-Based Search Tests (MN-IC)
Algorithm: VB-EV, Test: MN-IC
px
0.1 03 05 0.7 0.9 11 i3 15 1.7 1.9
0.1 | 383844 1192.17 998.15 930.08 905.80
0.3 | 4436.57 1227.01 921.40 832.81 767.20 753.30 715.46
0.5 | 5049.50 1181.49 850.75 786.33 716.04 714.41 679.34 649.74
0.7 | 4644.70 113561 874.71 760.05 717.04 686.05 631.64 613.12
py | 0.9 | 4930.94 1197.97 85240 758.12 708.48 669.11 657.56 611.35 578.41  592.27
11 115551 862.33 739.64 707.16 65585 641.14 593.73 574.15 575.64
1.3 1169.40 838.06 765.70 679.41 670.39 630.91 606.65  590.66
1.5 862.62 753.12 697.10 640.89 620.44 599.33
1.7 686.67 669.91 609.38
1.9 689.56  632.76
Algorithm: VB-TEV, Test: MN-IC
px
0.1 03 05 0.7 0.9 1.1 13 5 17 19
0.1 | 1397.35 73400 54526 550.27 520.15
0.3 | 1362.51 62550 484.46 444.34 41535 401.82 382.51
0.5 | 1477.06 609.04 487.59 423.69 405.05 373.77 368.50 343.02
0.7 | 1506.26 562.95 468.25 416.54 374.45 370.74 363.21 343.85
py | 0.9 | 1358.58 618.10 469.75 411.04 369.64 356.10 343.01 337.51 324.20 319.99
1.1 587.01 473.24 403.02 364.07 350.56 335.10 325.12 316.99  314.96
1.3 605.75 465.65 406.84 368.20 339.07 328.96 316.20 811.02
1.5 46149 40441 367.20 353.73 334.15 325.48
1.7 365.60 351.49 331.95
1.9 364.46  347.18
Algorithm: VB-CEV, Test: MN-IC
px
0.1 0.3 05 0.7 0.9 T 13 15 17 19
0.1 | 364.19 264.41 24246 232.01 236.78
0.3 | 205.72 153.60 140.07 140.03 141.59 129.30 132.74
0.5 | 146.68 118.54 111.72 101.33 10534 104.29 98.08 104.04
0.7 | 114.66 94.54 9511 89.75 8812 87.54 87.28  92.61
py | 0.9 | 99.91 8149 86.10 80.79 7842 8291 8291 7744 7492 8156
1.1 7514 79.80  74.00 73.39 70.84 7560 7540 69.58 71.53
1.3 67.56  67.12  69.33  67.24  69.61 6814 64.34 6842
1.5 67.46  63.12 ' 61.14 66.25 66.05  64.17
1.7 59.31 64.30  64.61
1.9 60.46  60.49
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Table F.3: Value-Based Search Tests (SD-IC)

Algorithm: VB-EV, Test: SD-IC

120

px
0.1 0.3 05 0.7 0.9 1.1 13 15 17 19
0.1 | 5130.97 391.37 190.01 163.00 151.38
0.3 | 3853.75 42542 189.54 159.63 132.22 105.67 97.80
0.5 | 5142.83 359.54 150.11 143.66 131.01 119.57 9853 104.78
0.7 | 4356.51 358.39 192.34 137.78 111.95 101.08 90.92  80.65
py | 0.9 | 4203.78 397.91 16232 137.51 102.70 87.57 10581 8871 83.22 78.44
1.1 342.40 161.09 11246 113.65 94.80 93.70  87.14 8471 90.72
1.3 397.40 148.88 11401 99.27 9741 87.94  91.93  94.46
1.5 163.16 125.03 117.80 96.19  97.31  94.99
1.7 94.71 10039  98.10
1.9 11435 87.21
Algorithm: VB-TEV, Test: SD-IC
px
0.1 03 05 07 09 11 13 15 17 19
0.1 | 1192.17 29553 138.73 121.27 87.82
0.3 | 1058.54 204.05 116.45 82.59 69.50 72.04 71.97
0.5 | 1516.24 194.07 101.12 65.26 67.26 61.49 61.28 59.19
07 | 117557 20525 101.91 7835 66.28 6261 58.11 52.46
py | 0.9 | 1101.35 204.50 100.89 84.55 6351 64.67 62.14 5529 53.26 46.03
1.1 171.56  107.12  73.19  67.10 55.84 49.98 52.92 5246 43.08
1.3 155.12 114.94 88.00 68.61 60.04 64.89 49.39 55.28
1.5 96.91  68.21 61.24 60.69 62.36 46.43
1.7 58.85 6539 54.40
1.9 65.60  60.69
Algorithm: VB-CEV, Test: SD-IC
px
0.1 03 05 07 09 11 13 15 17 19
0.1 | 191.20 105.06 72.11 84.92 89.22
03| 9134 6501 5516 5042 46.53 43.73 49.37
0.5 | 7062 4220 3851 3603 3846 33.24 3215 32.56
0.7 | 4976  32.62 3585 28.71 34.26 26.11 32.48 31.40
py | 0.9 | 43.36  31.39 31.23 28.00 2542 27.02 2526 28.02 24.06 26.16
1.1 2728  24.59 2561 2072 21.87 24.97 2526 22.25 24.83
1.3 24.95 2445 2328 1801 2339 19.69 19.76 19.88
1.5 23.03 2001 17.01 2289 1929 21.06
1.7 18.12  21.23  19.40
1.9 18.64  14.94
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Table F.4: Value-Based Search Tests (MN-NNV)

Algorithm: VB-EV, Test: MN-NNV
px
01 03 05 07 09 11 13 15 17 19
0.1 | 497 474 459 459 4.59
0.3 | 428 4.00 4.00 4.01 4.03 4.03 4.00
05| 401 400 400 4.00 400 400 4.00 4.00
0.7 | 405 4.00 4.00 4.00 4.00 4.00 4.00 4.00
py | 0.9 | 403 400 400 4.00 4.00 4.00 4.00 400 4.00 4.00

1.1 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00
13 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00

1.5 4.00 4.00 4.00 4.00 4.00 4.00

1.7 4.00 4.00 4.00

1.9 4.00 4.00

Algorithm: VB-TEV, Test: MN-NNV
px
0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9
0.1 | 1882 11.59 13.78 1232 12.18
0.3 | 9.97 5.14 5.21 5.10 520 5.55 5.64
05| 7.04 4.26 4.34 4.29 435 436 444 4.53
0.7 | 5.89 4.34 4.11 4.14 4.06 410 4.12 4.12
py { 0.9 | 4.95 4.22 4.04 4.03 4.06 4.09 4.14 4.11 4.08 4.19

1.1 4.06 4.03 4.05 4.06 4.03 4.03 4.04 4.04 4.05
1.3 4.21 4.15 4.00 4.03 4.03 4.04 4.01 4.05

1.5 4.03 4.00 4.00 4.01 4.00 4.00

1.7 4.01 4.00 4.03

1.9 4.00 4.00

Algorithm: VB-CEV, Test: MN-NNV
px
0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9
0.1 | 104.35 106.41 103.40 116.44 111.84
0.3 88.47 104.31 111.12 104.04 95.90 113.76  107.36
0.5 { 97.51 97.72 102.25 118.28 110.58 109.26 121.28 104.42
0.7 | 110.29 114.15 110.75 112,85 120.85 114.36 121.56 106.12
py | 0.9 | 112.14 131.24 11031 119.61 121.19 109.29 106.20 128.56 130.16 111.08

1.1 130.55 106.56 124.03 120.24 12936 117.34 116.58 135.15 130.05
13 142.28 139.78 128.19 12549 126.83 125.84 139.06 121.10
1.5 127.20 138.89 141.57 131.59 123.67 133.70

1.7 143.30 128.15 123.03
1.9 . 135.79 127.70




T-4236

122

Table F.5: Value-Based Search Tests (SD-NNV)

Algorithm: VB-EV, Test: SD-NNV
px
01 03 05 07 09 11 13 15 17 19
0.1 | 231 1.83 108 1.18 035
03 {124 000 000 011 016 0.16 0.00
05| 011 000 000 000 000 000 0.00 0.00
0.7 | 031 000 000 000 000 000 0.00 0.00
py [ 09 {022 000 000 000 000 000 000 0.00 0.00 0.00
1.1 0.00 0.00 000 000 000 000 0.00 000 0.0
1.3 0.00 000 000 0.0 000 000 0.00 0.00
1.5 0.00 0.00 000 000 0.00 0.00
1.7 0.00 0.00 0.00
1.9 0.00__ 0.00
Algorithm: VB-TEV, Test: SD-NNV
pX
01 03 05 07 08 11 13 15 1.7 19
0.1 | 2009 10.76 9.76 7.94 6.66
03 | 1417 223 240 1.64 139 223 229
05| 733 079 119 064 083 075 069 115
07| 618 115 053 044 029 038 051 0.37
py | 09| 215 1.06 025 016 024 028 061 036 027 0.66
1.1 037 016 022 029 0.6 016 019 019 022
1.3 149 114 000 0.16 016 0.19 0.1 045
1.5 0.16 0.00 000 0.1 0.00 0.00
1.7 0.11  0.00 0.22
1.9 0.00 _ 0.00
Algorithm: VB-CEV, Test: SD-NNV
pXx
01 03 05 07 09 11 13 15 17 19
0.1 | 77.564 6158 59.02 7453 73.39
0.3 | 61.96 70.55 73.77 69.89 61.84 7550 69.25
0.5 | 67.34 62.60 64.56 71.29 70.98 7228 74.99 57.25
0.7 | 7144 68.03 74.63 66.90 71.48 66.64 74.57 72.81
py | 0.9 | 66.35 8347 7111 7191 70.17 70.14 6177 79.72 7492 78.33
1.1 7777 66.67 7563 73.58 7322 77.09 73.18 79.74 84.16
1.3 75.29 75.19 7338 67.27 79.06 7596 72.77 68.31
1.5 7347 7064 6820 8294 68.84 T71.08
1.7 69.94 76.61 68.59
1.9 70.80  63.30
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Table F.6: Value-Based Search Tests (MN-EV)
Algorithm: VB-CEV, Test: MN-EV
px__
0.1 03 05 0.7 0.9 11 i3 5 1.7 1.9
01 | 263.82 262.20 26451 261.42 263.56
0.3 | 264.53 267.16 266.06 267.79 26544 266.93 266.57
0.5 | 268.80 269.72 269.18 268.80 269.13 267.23 266.13 269.77
0.7 | 267.86 269.20 269.23 268.73 267.43 270.20 270.22 269.90
py | 0.9 | 267.87 269.28 269.30 268.11 267.94 267.13 269.27 269.62 268.33 269.33
1.1 269.86 269.22 270.15 26833 270.94 269.11 269.93 270.31 269.14
1.3 270.66 269.28 269.48 269.89 270.15 270.92 270.22 271.38
1.5 269.76 272.02 271.59 271.83 270.65 270.06
1.7 271.93 272.25 273.08
1.9 271.74  271.71
Table F.7: Value-Based Search Tests (SD-EV)
Algorithm: VB-CEV, Test: SD-EV
px
0103 05 07 09 L1 13 15 17 19
01 | 941 855 9.4 B804 7.44
03978 827 894 927 763 823 913
0.5 (814 992 924 973 837 804 819 827
0.7 | 814 888 965 7.65 7.92 880 926 8.19
py | 0.9 | 885 10.38 7.30 7.88 840 7.92 899 881 812 942
1.1 864 811 7.94 802 7.13 7.09 804 624 7.51
1.3 765 7.79 818 846 7.33 800 8.00 854
15 689 6.72 6.68 7.10 7.91 7.86
1.7 6.85 6.67 6.64
1.9 740 6.55
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Table F.8: Value-Based Search Tests (MN-ITR)

Algorithm: VB-CEV, Test: MN-ITR

px
01 03 05 07 09 11 _ 13 15 17 19
01 | 12.76 1261 1266 12.54 12.35
03| 810 811 811 825 826 821 819
05) 706 708 7.4 702 711 7.0 7.2 7.09
0.7| 660 659 660 6.65 661 6.69 6.69 6.64
py [0.9] 612 615 619 610 620 610 622 620 621 6.26
1.1 600 600 605 601 603 603 6.03 600 6.1
1.3 6.00 600 600 601 6.00 6.00 6.00 6.00 -
1.5 600 6.00 600 600 6.00 6.00
1.7 6.00 6.00 6.00
1.9 6.00 _ 6.00
Table F.9: Value-Based Search Tests (SD-ITR)
Algorithm: VB-CEV, Test: SD-ITR
px
0103 05 07 09 11 13 15 17 19
01 | 111 093 104 118 1.8
03059 067 050 054 063 057 058
05|043 035 035 037 032 041 037 033
0.7 | 049 050 049 048 049 047 047 0.8
py | 09 (033 036 039 030 040 030 042 040 041 0.44
1.1 0.00 0.00 022 011 016 0.6 016 0.00 0.11
1.3 0.00 0.00 000 011 000 000 0.00 0.00
1.5 0.00 0.00 000 0.00 000 0.00
1.7 0.00 0.00 0.00
1.9 0.00 _ 0.00
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Appendix G
TALL GRAPH (T3) EXAMPLE

G.1 Graph T3’s Topology

e Time horizon: 100
e Number of nodes: 28671
e Total number of arcs: 162447
o Number of different paths: ~ 2.45 x 108°
— Table (G.1) shows the distribution of nodes in the graph.

o The number of arcs from each node is a random integer from the set {2,...,10}.

(Terminal nodes have no arcs.)

e Arc lengths are drawn randomly from a uniform probability distribution on
[0,1]. With probability 1/10, the length of the arc is multiplied by 10. This

provides a mechanism to place isolated large rewards in the graph.

G.2 Paths in Graph T3
e The myopic path through the graph is in Table (G.2).
— Its value is 284.07.

e Table (G.3) contains the optimal path through this graph.

— Its value is 497.87.
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Table G.1: Graph T3’s Topological Structure

Time Node Number Time Node Number
Index | Indexes | of Nodes || Index Indexes of Nodes

0 0-0 1 51 721-766 46

1 1-1 1 52 767-828 62
2 2-2 1 53 829-908 80
3 3-3 1 54 909-996 88
4 4-4 1 55 997-1089 93
5 5-5 1 56 1090-1188 99
6 6-8 3 57 1189-1288 100
7 9-11 3 58 1289-1374 86
8 12-13 2 59 1375-1469 95
9 14-15 2 60 1470-1599 130
10 16-17 2 61 1600-1729 130
11 18-21 4 62 1730-1889 160
12 22-23 2 63 1890-2051 162
13 24-26 3 64 2052-2213 162
14 27-31 5 65 2214-2331 118
15 32-34 3 66 2332-2512 181
16 35-40 6 67 2513-2737 1225
17 41-46 6 68 2738-2887 150
18 47-49 3 69 2888-3058 171
19 50-54 5 70 3059-3257 199
20 55-58 4 71 3258-3458 201
21 59-63 5 72 3459-3756 298
22 64-68 5 73 3757-4077 321
23 69-78 10 74 4078-4279 202
24 79-87 9 75 4280-4583 304
25 88-96 9 76 4584-4908 325
26 97-104 8 77 4909-5395 487
27 105-112 8 78 5396-5661 266
28 113-125 13 79 5662-5990 329
29 126-135 10 80 5991-6389 399
30 136-149 14 81 6390-6806 417
31 150-163 14 82 6807-7323 517
32 164-180 17 83 7324-7975 652
33 181-190 10 84 7976-8393 418
34 191-202 12 85 8394-8929 536
35 203-216 14 86 8930-9833 904
36 217-234 18 87 9834-10754 921
37 235-248 14 88 10755-11704 950
38 249-275 27 89 11705-12640 936
39 276-293 18 90 12641-13367 727
40 294-322 29 91 13368-14566 1199
41 323-355 33 92 14567-15909 1343
42 356-388 33 93 15910-17403 1494
43 389-427 39 94 17404-18542 1139
44 428-449 22 95 18543-20211 1669
45 450-478 29 96 20212-21922 1711
46 479-523 45 97 21923-23498 1576
47 524-574 51 98 23499-25589 2091
48 575-629 55 99 25590-27137 1548
49 630-661 32 100 27138-28670 1533
50 662-720 59
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Table G.2: The Myopic Path through Graph T3

Time | Node | Decision Value Time | Node | Decision Value
0 0 1 284.0708 50 665 1 162.9858
1 1 1 283.4280 51 753 1 162.0556
2 2 1 282.8277 52 827 1 161.2122
3 3 1 279.0354 53 884 1 160.2337
4 4 1 278.4634 54 934 1 155.2504
5 5 1 278.1216 55 1012 1 154.5313
6 8 1 277.3171 56 1168 1 153.7810
7 9 1 274.4151 57 1209 1 153.0157
8 13 1 273.9332 58 1357 1 148.3436
9 14 1 273.5353 59 1412 1 147.4169
10 16 1 269.4370 60 1470 1 144.3336
11 21 1 268.8016 61 1621 1 140.4715
12 22 1 265.2086 62 1776 1 139.4795
13 25 1 262.4592 63 2014 1 138.6042
14 27 1 261.6501 64 2179 1 131.7931
15 32 1 260.7850 65 2261 1 124.0582
16 37 1 251.3795 66 2422 1 117.1082
17 41 1 241.4543 67 2722 1 114.6319
18 49 1 240.7277 68 2829 1 113.6254
19 50 1 239.8929 69 2969 1 112.8681

20 55 1 239.2050 70 3257 1 110.6238
21 60 1 238.8196 71 3278 1 110.1296
22 65 1 237.8709 72 3602 1 109.1581
23 73 1 234.2355 73 4025 1 100.2082
24 80 1 224.6240 74 4118 1 99.2863
25 95 1 221.8175 75 4448 1 90.9084
26 104 1 217.3179 76 4878 1 90.0171
27 107 1 216.4182 77 5053 1 84.5072
28 122 1 215.4451 78 5646 1 75.7481
29 129 1 214.5619 79 5984 1 74.7527
30 147 1 214.0077 80 6059 1 66.7404
31 160 1 213.1073 81 6708 1 60.2238
32 172 1 207.1616 82 7315 1 56.4212
33 188 1 198.8386 83 7371 1 55.4565
34 191 1 197.8549 84 8073 1 45.8407
35 215 1 194.9413 85 8824 1 43.3403
36 227 1 194.1848 86 9686 1 42.4812
37 238 1 193.3983 87 10258 1 33.4063
38 272 1 192.4030 88 11191 1 32.4162
39 279 1 189.9145 89 12109 1 29.6577
40 314 1 189.4295 90 13177 1 27.6694
41 351 1 188.4390 91 14148 1 19.0952
42 373 1 178.7006 92 15571 1 18.1394
43 417 1 173.5649 93 16222 1 12.9400
44 430 1 172.5970 94 17501 1 7.3206
45 463 1 167.2727 95 19976 1 6.4230
46 482 1 166.3206 96 21057 1 5.6243
47 530 1 165.3733 97 22544 1 4.9077
48 586 1 164.4656 98 23619 1 1.6438
49 631 1 163.6746 99 26633 1 0.9341
100 27902 1 0.0000
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Table G.3: The Optimal Path through Graph T3

Time | Node | Decision Value Time | Node | Decision Value
-0 0 1 497.8750 50 679 1 292.1498
1 1 1 497.2321 51 729 1 287.5506
2 2 1 496.6318 52 818 1 282.4965
3 3 1 492.8396 53 851 1 277.1240
4 4 1 492.2675 54 974 1 268.8999
5 5 2 491.9258 55 1022 1 263.9052
6 6 1 491.4499 56 1144 1 254.0593
7 11 2 482.6624 57 1247 1 244.3584
8 12 1 482.3868 58 1360 1 243.6982
9 14 1 472.6127 59 1448 1 236.5792
10 16 1 468.5143 60 1495 2 228.5589
11 21 1 467.8790 61 1714 1 227.8201
12 22 3 464.2860 62 1833 1 221.4963
13 26 1 464.2839 63 1946 1 212.6435
14 29 3 455.0551 64 2143 6 203.6219
15 32 1 454.9059 65 2314 1 203.3286
16 37 1 445.5004 66 2458 1 196.2971
17 41 1 435.5752 67 2537 1 195.4062
18 49 2 434.8486 68 2884 7 185.9482
19 51 1 434.1850 69 2902 2 185.6070
20 56 3 433.2639 70 3070 1 176.6455
21 62 1 432.6903 71 3288 1 168.0701
22 64 1 425.1507 72 3616 1 159.5890
23 69 1 419.7743 73 4037 1 152.0348
24 81 1 415.9399 74 4199 5 151.1363
25 96 2 413.3354 75 4307 4 150.9826
26 104 4 405.9158 76 4858 1 150.2645
27 111 1 405.2157 77 5350 3 140.6487
28 118 1 395.6115 78 5524 2 140.4315
29 129 1 388.2459 79 5915 1 132.4686
30 147 1 387.6917 30 6001 1 122.9791
31 160 1 386.7913 81 6771 1 115.4518
32 172 1 380.8457 82 7213 1 106.7168
33 188 1 . 372.5227 83 7708 1 97.9836
34 191 5 371.5390 84 8247 1 96.6148
35 207 1 371.2159 85 8504 4 86.6368
36 218 2 361.8636 86 9682 4 86.2290
37 241 1 355.2630 87 10054 1 85.8763
38 271 3 345.4046 88 11667 1 76.1216
39 286 7 344.7056 89 12327 1 67.4022
40 317 1 344.2171 90 12903 7 66.4046
41 341 1 337.3523 91 14363 1 66.0790
42 373 2 329.0937 92 14942 1 58.8168
43 397 1 325.2154 93 17379 1 49.2752
44 442 2 320.0938 94 18258 1 41.9727
45 469 1 319.7730 95 18937 1 36.7879
46 503 4 310.0037 96 21470 1 28.7448
47 545 1 309.4582 97 22447 4 18.8943
48 595 1 299.9389 98 24194 1 18.8031

49 644 2 292.9306 99 25677 1 9.7696

100 - 1 0.0000
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Appendix H
TALL GRAPH (T3) COMPUTATIONAL EXPERIMENTS

o 284.07 is the length of the myopic path through the graph.

e 497.87 is the length of the longest path through the graph.

Table H.1: Monte Carlo Search Tests

| Algorithm [ MN-EV [ SD-EV [ MN-ITR [ SD-ITR
| MC-CEV 434.03 5.77 193.89 1.29
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Table H.2: Value-Based Search Tests (MN-EV)

Algorithm: VB-CEV, Test: MN-EV
px
0.1 03 05 0.7 0.9 1 1.3 5 1.7 1.9
0.1 | 480.87 480.51 480.56 479.87 479.67
0.3 | 481.34 480.71 480.64 480.38 480.63 480.09 479.76
0.5 | 481.58 480.91 480.90 480.85 481.22 481.17 481.05 480.14
0.7 | 481.38 481.64 481.20 480.97 480.96 481.00 480.46 480.56
09 | 481.90 481.35 481.22 481.18 481.39 481.16 480.92 481.38 481.32 480.67

1.1 481.65 481.27 481.22 480.78 480.93 481.08 481.34 481.31 481.06
1.3 481.79 481.82 481.12 481.54 481.17 481.45 48147 481.04

1.5 481.40 481.04 481.95 481.39 481.20 481.53

1.7 481.13 482.03 481.52

1.9 481.84 481.36

Table H.3: Value-Based Search Tests (SD-EV)

Algorithm: VB-CEV, Test: SD-EV
pXx
01 03 05 07 09 11 13 15 1.7 19
0.1 | 226 2.67 3.03 313 3.1
0.3 | 259 253 269 273 245 292 274
05| 231 259 266 252 266 287 248 2.66
07| 259 268 3.06 259 2385 254 273 291
09 | 240 283 306 277 297 272 263 276 263 321

1.1 247 2589 256 261 311 272 255 3.01 347
1.3 281 3.15 258 275 293 284 289 242

1.5 291 3.20 234 262 3.04 296

1.7 2.84 254 244

1.9 2.69 2.57
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Table H.4: Value-Based Search Tests (MN-ITR)

Algorithm: VB-CEV, Test: MN-ITR

px
0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9
0.1 | 433.12 411.82 408.11 404.62 405.01
0.3 | 269.30 261.23 259.26 259.19 258.57 257.86 258.01
0.5 | 228.54 223.94 22239 221.78 221.65 221.89 221.29 221.57
0.7 | 210.50 206.36 205.49 205.03 204.99 205.06 204.69 204.40
0.9 | 199.69 196.41 195.66 195.36 195.03 194.90 195.01 194.99 194.84 194.88
1.1 189.80 189.12 188.94 189.22 188.69 188.95 188.86 188.81 188.75
1.3 185.57 184.91 184.79 18456 184.47 184.59 184.41 184.54
1.5 181.81 181.80 181.41 181.53 181.28 181.30
1.7 179.14 179.04 179.06
1.9 177.31 177.32

Table H.5: Value-Based Search Tests (SD-ITR)

Algorithm: VB-CEV, Test: SD-ITR
px
01__03 05 07 09 11 13 15 17 19
0.1 | 953 634 8.16 832 687
0.3 {373 359 336 3.12 3.08 392 326
05| 271 265 234 246 237 250 232 1.98
07 [ 201 162 148 192 189 179 156 1.64
09 | 169 135 142 154 133 137 132 135 146 148

1.1 124 130 1.28 125 1.11 124 130 124 1.08
1.3 1.20 122 119 099 122 1.01 0.98 1.10

1.5 089 095 082 1.02 094 1.05

1.7 099 0.89 0.74

1.9 0.85 0.90
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Appendix 1
WIDE GRAPH (W1) EXAMPLE

I.1 Graph W1’s Topology
o Time horizon: 15
e Number of nodes: 1409
e Total number of arcs: 5338
e Number of different paths: =~ 9.76 x 10°

~ Table (I.1) shows the distribution of nodes in the graph.

The number of arcs from each node is a random integer from the set {2,...,10}.

(Terminal nodes have no arcs.)

e Arc lengths are drawn randomly from a uniform probability distribution on
[0,1]. With probability 1/10, the length of the arc is multiplied by 10. This

provides a mechanism to place isolated large rewards in the graph.

1.2 Paths in Graph W1

e The myopic path through the graph is in Table (I1.2).
— Its value is 47.76.
o Table (1.3) contains the optimal path through this graph.

— Its value is 72.25.
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Table 1.1: Graph W1's Topological Structure

Time Index | Node Indexes | Number of Nodes

0 0-0 1

1 1-1 1

2 2-3 2

3 4-8 5

4 9-11 3

5 12-17 6

6 18-27 10
7 28-44 17
8 45-78 34
9 79-124 46
10 125-191 67
11 192-287 96
12 288-441 154
13 442-584 143
14 585-901 317
15 902-1408 507
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Table I.2: The Myopic Path through Graph W1

Time | Node | Decision Value

0 0 1 47.759697
1 1 1 47.117405
2 3 1 38.411083
3 6 1 37.840477
4 10 1 36.906704
5 14 1 32.510818
6 18 1 31.576832
7 32 1 27.476669
8 50 1 22.478653
9 124 1 21.635031
10 148 1 20.655691
11 273 1 13.099613
12 384 1 10.517137
13 495 1 9.785456

14 693 1 1.139256

15 1055 - 0.000000

Table 1.3: The Optimal Path through Graph W1

Time | Node | Decision Value

0 0 1 72.254898
1 1 1 71.612602
2 3 2 62.906281
3 7 1 62.662468
4 10 6 56.054905
5 15 1 55.936859
6 24 1 47.209785
7 32 1 39.556355
8 50 6 34.558338
9 82 1 34.377548
10 141 3 28.010775
11 259 1 27.351818
12 365 1 17.578876
13 477 1 9.632466

14 826 1 8.676107

15 1059 - 0.000000
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Appendix J
WIDE GRAPH (W1) COMPUTATIONAL EXPERIMENTS

e 47.76 is the length of the myopic path through the graph.

e 72.25 is the length of the longest path through the graph.

Table J.1: Monte Carlo Search Tests

Algorithm | MN-IC | SD-IC | MN-NNV | SD-NNV
MC-EV 726.60 | 354.90 338.55 124.90
MC-TEV 442.90 | 235.44 471.69 151.26
MC-CEV 315.06 | 184.15 587.06 178.04
Algorithm | MN-EV | SD-EV | MN-ITR | SD-ITR
MC-CEV 50.66 4.93 15.26 0.63
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Table J.2: Value-Based Search Tests (MN-IC)

Algorithm: VB-EV, Test: MN-IC
px

0.1 0.3 0.5 0.7 09 1.1 13 15 1.7 1.9
0.1 | 866.38 509.93 472.75 363.90 469.59
0.3 | 478.27 287.89 263.20 303.64 27449 263.10  251.00
0.5 | 344.26 24654 259.51 23212 193.81 219.55 214.05 218.07
0.7 | 375.96 213.06 188.14 190.07 168.50 182.44 17893 193.15
py | 0.9 | 342.09 21526 187.94 17543 177.22 17545 188.05 197.32 158.44 18225

1.1 178.89 189.31 187.00 166.74 157.05 158.40 156.36 183.07 148.64
1.3 190.25 181.89 160.78 163.40 142.60 17246 156.09 148.75

1.5 165.61 173.09 158.85 162.00 149.35 170.21

1.7 144.47 149.65 152.22

1.9 156.32 140.85

Algorithm: VB-TEV, Test: MN-IC
px

0.1 0.3 05 0.7 0.9 11 13 5 17 19
0.1 | 309.98 21257 26093 278.19 260.19
03 | 181.18 107.36 119.15 135.90 127.45 134.79 144.29
05| 10339 8594 97.38 103.66 111.50 124.44 119.76 104.49
0.7 | 89.09 81.33 8271 100.78 94.20 96.69  97.05 102.25
py | 09| 7931 6433 7042 87.90 94.16 78.00 9553 9751 99.85 91.92

1.1 63.39 76.84 70.17 81.50 79.11 78.69 84.59  75.22 99.62
1.3 64.60 79.14 77.38 69.70 73.61 79.28 80.34 86.42

1.5 66.34 79.95 73.05 72.81 73.54 69.35

1.7 64.86 60.35 86.86

1.9 73.72 66.31

Algorithm: VB-CEV, Test: MN-IC
pXx
0.1 0.3 0.5 0.7 0.9 1.1 13 15 17 19
0.1 | 27931 187.18 215.05 248.78 256.43
0.3 | 10584 101.94 120.00 124.00 122.97 130.19 139.51
05| 93.00 8411 8214 77.66 94.46 101.04 86.97 117.74
0.7 | 8208 68.15 71.99 79.78 7401 7555 86.91  89.66
py [ 09 | 60.61 5539 58.84 73.72 61.70 7146 6847 7081 78.04 83.95

1.1 58.55 61.11 61.46 64.17 70.20 62.77 72.16 67.83 64.79
1.3 56.50 51.52 66.19 58.99 57.55 55.61 59.80 62.62

1.5 51.24 51.65 54.17 62.74 54.77 56.59

1.7 54.30 49.52 57.65

1.9 51.10 50.19
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Table J.3: Value-Based Search Tests (SD-IC)
Algorithm: VB-EV, Test: SD-IC
px
0.1 0.3 05 0.7 0.9 1.1 13 15 17 19
0.1 | 802.67 384.16 206.08 216.00 244.86
0.3 | 425.67 188.27 168.51 182.63 144.22 139.99 140.03
0.5 | 329.01 17713 16834 127.20 109.41 114.57 113.87 117.16
0.7 | 29812 15491 114.02 108.16 79.06 98.28 9158 112.08
py | 0.9 | 375.04 14150 92.12 108.43 110.65 102.96 106.12 99.89 87.28 101.87
1.1 10002 94.86 10127 94.00 91.97 8522 91.36 98.73 84.64
1.3¢ 10342 97.75  89.51 8587 83.77 8830 8559  80.06
1.5 96.37 91.25 7566 91.89  71.85  90.37
1.7 : 66.87  84.65  81.67
1.9 84.45  76.44
Algorithm: VB-TEV, Test: SD-IC
pX
0.1 0.3 05 0.7 0.9 11 13 15 17 19
01 | 240.55 167.67 173.30 194.93 157.48
03 | 163.16 81.18 8208 84.30 8543 104.54 9583
05| 7819 5499 76.96 7334 76.11 86.58 79.64 73.98
0.7 | 69.65 59.51 51.99 69.61 73.80 69.72 66.76 60.14
py | 09 | 66.19 4382 4369 5875 69.34 5535 56.82 71.16 66.42 54.97
1.1 40.46  53.98 47.23 4886  52.78 46.22 50.85 47.95 70.26
1.3 52.04 5224 4327 4624 6449 59.71 52.20 61.09
1.5 39.97 5047 43.58 54.04 5513 45.05
1.7 4443 3536  62.59
1.9 51.98  45.79
Algorithm: VB-CEV, Test: SD-IC
pXx
0.1 03 05 0.7 09 11 13 15 17 19
0.1 | 212.59 136.66 149.99 153.21 166.64
03 | 66.16 7342 7288 8263 81.39 76.04 83.19
05 | 64.97 5647 47.42 5451 6477 63.48 61.51 66.95
0.7 | 57.02 49.42 4942 4873 5262 4438 59.16 54.31
py | 0.9 | 39.65 20.63 38.38 4458 4064 47.88 30.72 4201 49.52 49.98
1.1 37.02  42.30  38.93  42.00 4647 40.18 43.44 37.36 40.87
1.3 30.73 3101 3973 3615 34.56 36.62 37.60 38.49
1.5 31.80 2254 3074 3651 31.53  39.00
1.7 3489 27.12  36.34
1.9 26.90  27.60
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Table J.4: Value-Based Search Tests (MN-NNV)
Algorithm: VB-EV, Test: MN-NNV
px
0.1 0.3 05 0.7 0.9 11 1.3 15 1.7 1.9
01 | 72944 78344 77144 836.20 748.60
0.3 | 733.01 761.50 774.16 722.27 743.33 754.76 771.96
0.5 | 754.49 745.20 709.79 727.42 785.89 737.33 748.14 740.67
0.7 | 665.20 750.73 763.29 753.20 779.85 760.70 761.75 749.75
py | 0.9 | 69434 70171 717.66 757.49 753.73 751.73 724.94 701.75 781.76 734.46
1.1 736.27 69635 702.23 743.34 768.76 756.71 766.23 707.04 782.66
1.3 699.19 697.58 738.55 732.89 783.84 713.49 750.06 766.56
1.5 725.46 701.00 723.01 729.71 746.59 707.62
1.7 748.26  747.60 738.12
1.9 722.20  756.84
Algorithm: VB-TEV, Test: MN-NNV
px
0.1 0.3 0.5 0.7 0.9 11 13 15 17 1.9
0.1 | 954.35 100502 944.75  923.74  931.14
0.3 | 955.04 1034.51 1000.02 958.67  978.00  974.58  947.12
0.5 | 1015.69 1031.84 100551 981.36  960.14 93585 940.61 977.89
0.7 | 1022.38 1021.99 1007.11 959.11  981.54  972.71 968.45 944.64
py | 0.9 | 1034.94 1052.97 1029.29 975.44  960.85 1006.41 944.16 951.48 939.95 951.89
1.1 1047.29 1002.15 1019.98 975.35 989.74 981.54 96277 996.29 924.88
1.3 1038.84 978.02  976.83 1010.04 1007.71 981.41 969.40  957.06
1.5 1014.92 967.54  987.00  996.09 993.39 1003.21
1.7 1016.05 1030.95 944.26
1.9 982.90  1008.70
Algorithm: VB-CEV, Test: MN-NNV
px
0.1 03 05 0.7 0.9 11 1.3 15 1.7 1.9
0.1 | 97451 1029.75 980.41  944.59  943.04
0.3 | 1045.12 1041.60 991.51  987.01 99149  968.01  951.23
0.5 | 1032.04 1039.16 1031.61 1052.47 1004.08 984.46 1024.08 939.67
0.7 | 1037.51 1061.92 1042.86 1013.85 1037.92 1026.84 997.98  981.40
py | 0.9 | 1079.44 1080.26 1071.58 1016.09 1059.51 1025.88 1030.10 1023.06 1000.77  980.45
1.1 1064.72 1054.28 1049.21 1041.19 1018.19 1043.33 1007.39 1019.65 1035.60
1.3 1059.42 1080.28 1020.06 1048.69 1054.54 1065.12 1046.60 1034.89
1.5 1078.31 1066.71 1061.91 1026.17 1058.75 1056.56
1.7 1060.56 1077.12  1045.42
1.9 1066.12  1070.28
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Table J.5: Value-Based Search Tests (SD-NNV)

Algorithm: VB-EV, Test: SD-NNV

139

px
0.1 0.3 05 0.7 0.9 1.1 13 1.5 L7 1.9
0.1 | 284.11 250.33 21644 189.76 193.04
0.3 | 309.67 218.63 201.54 211.35 189.92 186.25 192.38
0.5 | 290.78 230.16 220.92 197.94 183.89 177.49 188.27 195.80
0.7 | 202.27 232.36 19614 190.11 16641 176.08 180.88 216.11
py | 0.9 | 311.81 210.23 165.06 203.60 207.27 199.07 208.24 198.38 187.63 199.08
1.1 203.59 184.89 190.85 190.91 19258 180.60 190.08 201.95 189.12
1.3 211.65 179.27 17647 189.00 179.36 198.72 194.67 190.84
1.5 192.64 187.37 174.63 204.96 172.54 207.83
1.7 163.97 198.66 196.01
1.9 194.53  179.67
Algorithm: VB-TEV, Test: SD-NNV
px
0.1 03 05 0.7 0.9 11 i3 5 1.7 1.9
0.1 | 185.22 172.82 188.77 199.81 180.93
0.3 | 203.74 16572 165.92 167.52 165.30 198.45 190.96
0.5 | 161.01 146.34 183.03 169.47 186.82 200.57 191.20 183.95
0.7 | 161.80 167.87 154.53 181.84 194.59 18645 187.04 170.77
py | 0.9 | 162.03 126.63 150.21 178.53 200.80 173.27 174.09 201.25 19599 168.96
1.1 136.90 177.93 154.64 161.88 17541 15691 167.19 15853 198.69
1.3 152.42 170.94 14598 158.39 189.73 191.50 171.57 201.21
1.5 141.76  170.69 157.28 17242 179.44 157.46
1.7 150.01 136.64 205.38
1.9 181.53 _ 160.99
Algorithm: VB-CEV, Test: SD-NNV
px
0.1 03 05 0.7 0.9 11 1.3 15 1.7 1.9
0.1 | 17333 165.32 173.33 17746 19543
0.3 | 133.58 155.03 157.05 177.60 173.43 164.56 174.49
0.5 | 153.09 162.46 136.28 158.89 168.05 172.99 167.94 178.59
0.7 | 159.74 155.01 157.55 151.41 165.92 147.95 186.48 171.40
py | 0.9 | 137.94 111.21 136.19 153.92 141.67 165.15 14554 148.85 170.08 168.57
1.1 138.81 154.88 144.33 158.81 166.66 149.05 154.88 139.87 155.39
1.3 122.24 121.18 147.53 138.37 137.67 146.96 154.69 150.00
1.5 131.96 100.99 125.88 14599 127.63 152.84
1.7 14272 116.98 148.30
1.9 119.18  119.78
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Table J.6: Value-Based Search Tests (MN-EV)

Algorithm: VB-CEV, Test: MN-EV
pX
0.1 05 07 09 11 13 15 17 19
0.1 | 6203 6257 62.33 62.26 62.07
0.3 | 63.49 63.34 63.24 63.50 62.55 64.26 63.16
05 | 63.93 63.33 63.68 6343 63.61 63.97 63.06 63.37
0.7 [ 6430 6394 63.38 63.12 63.67 63.39 63.25 63.51
py | 0.9 | 64.01 63.83 63.50 63.47 64.02 63.18 63.52 63.75 63.63 63.51
1.1 63.62 63.66 6321 63.60 63.28 63.40 63.58 63.27 63.44
1.3 63.78 63.54 63.61 63.59 6343 6325 63.60 63.66
1.5 63.80 6325 63.31 6341 63.03 63.29
1.7 63.27 63.31 63.19
1.9 63.28  63.17
Table J.7: Value-Based Search Tests (SD-EV)
Algorithm: VB-CEV, Test: SD-EV
pX
01 03 05 07 09 11 13 15 17 19
01| 434 428 380 356 347
0.3 [ 408 341 3.16 288 264 3.53 3.10
05| 289 269 264 277 249 254 212 247
07 | 280 3.06 297 220 3.00 1.85 217 2.24
py | 09 | 215 239 248 223 242 177 242 230 232 240
1.1 218 210 130 209 141 155 216 146 1.85
1.3 149 201 1.68 159 193 189 1.92 218
15 225 172 155 178 121 119
1.7 146 133 1.8
1.9 134 0.64
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Table J.8: Value-Based Search Tests (MN-ITR)

Algorithm: VB-CEV, Test: MN-ITR
pX

01 03 05 07 09 11 13 15 17 19
01 | 3521 3506 34.05 3501 34.80
03 | 21.84 21.39 21.64 21.85 2148 21.36 21.62
05 | 1829 1829 1832 1839 1831 1825 1854 18.55
0.7 | 17.39 1674 1681 1691 17.02 17.27 16.74 17.12
py | 09| 1634 1619 1615 1626 16.23 16.23 1638 1629 16.23 16.10

1.1 15.94 15.60 1560 15.68 15.82 15.79 15.70 15.74 15.82
1.3 1547 1547 1544 15,51 15.50 15.29 15.50 15.46

1.5 15.18 1524 15.19 15.24 15.15 15.28

1.7 15.09 15.07 15.06

1.9 14.99  14.97

Table J.9: Value-Based Search Tests (SD-ITR)

Algorithm: VB-CEV, Test: SD-ITR
px
01__ 03 05 07 09 11 13 15 1.7 19
0.1 | 431 391 452 387 454
03192 197 201 200 203 236 1.59
05| 144 128 1.21 1.29 154 143 142 140
07100 126 093 1.14 116 114 1.18 097
py | 09 | 087 1.07 098 088 087 1.11 091 102 111 1.21

1.1 0.70 0.84 065 091 067 061 074 0.71 0.71
1.3 0.55 0.66 0.67 062 0.76 0.78 0.73 0.78

1.5 0.52 0.66 096 0.53 0.51 048

1.7 0.53 0.65 0.49

1.9 0.46 0.32
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Appendix K
WIDE GRAPH (W2) EXAMPLE

K.1 Graph W2’s Topology

e Time horizon: 15
¢ Number of nodes: 1315
e Total number of arcs: 8869
o Number of different paths: ~ 1.73 x 10'3
— Table (K.1) shows the distribution of nodes in the graph.

¢ The number of arcs from each node is a random integer from the set {2, ...,20}.

(Terminal nodes have no arcs.)

e Arc lengths are drawn randomly from a uniform probability distribution on
[0,1]. With probability 1/10, the length of the arc is multiplied by 10. This

provides a mechanism to place isolated large rewards in the graph.

K.2 Paths in Graph W2
e The myopic path through the graph is in Table (I<.2).
— Its value is 57.30.

e Table (K.3) contains the optimal path through this graph.

— Its value is 81.75.
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Table K.1: Graph W2’s Topological Structure

Time Index | Node Indexes | Number of Nodes

0 0-0 1

1 1-2 2

2 3-5 3

3 6-10 5

4 11-14 4

5 15-24 10
6 25-35 11
7 36-56 21
8 57-90 34
9 91-122 32
10 123-188 66
11 189-254 66
12 255-379 125
13 380-587 208
14 588-812 225
15 813-1314 502
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Table K.2: The Myopic Path through Graph W2

Time | Node | Decision Value

0 0 1 57.301491
1 1 1 56.804649
2 4 1 55.922054
3 6 1 54.970058
4 13 1 54.277622
5 23 1 51.107971
6 30 1 50.467541
7 38 1 43.823051
8 65 1 41.778313
9 117 1 35.130772
10 160 1 25.262001
11 235 1 17.108982
12 327 1 11.331218
13 438 1 5.485092

14 810 1 0.978118

15 1259 - 0.000000

Table K.3: The Optimal Path through Graph W2

Time | Node | Decision Value
0 0 2 81.753738
1 2 1 81.487068
2 4 5 78.235016
3 8 1 78.219543
4 11 2 71.409035
5 18 2 66.938683
6 34 1 61.387062
7 41 1 52.262943
8 66 19 44.351631
9 117 1 44.307381
10 160 2 34.438610
11 251 1 29.644154
12 285 3 21.081575
13 525 2 17.572252
14 602 1 9.983520
15 820 - 0.000000

ARTHUR LAKES LIBRARY
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GOLGEN, CO 80401
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Appendix L
WIDE GRAPH (W2) COMPUTATIONAL EXPERIMENTS

e 57.30 is the length of the myopic path through the graph.

e 81.75 is the length of the longest path through the graph.

Table L.1: Monte Carlo Search Tests

Algorithm | MN-IC | SD-IC | MN-NNV | SD-NNV
MC-EV 622.46 | 251.50 267.30 109.77
MC-TEV 364.05 | 158.88 416.36 128.30
MC-CEV 223.45| 118.48 580.88 158.34
Algorithm | MN-EV | SD-EV | MN-ITR | SD-ITR
MC-CEV 52.20 5.50 13.26 0.52
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Table L.2: Value-Based Search Tests (MN-IC)
Algorithm: VB-EV, Test: MN-IC
px
0.1 0.3 05 0.7 0.9 1 13 15 1.7 1.9
0.1 | 826.26 434.34 426.85 43511 401.70
0.3 | 560.65 364.26 296.84 324.46 344.94 330.38 271.85
0.5 | 564.10 280.21 262.73 25547 261.98 250.74 266.34 251.53
0.7 | 510.90 324.07 268.02 294.89 233.34 244.96 265.98 271.55
py | 0.9 | 509.69 279.55 270.01 263.70 262.26 249.97 266.55 254.81 23550 227.86
1.1 276.00 288.26 278.56 232.88 244.71 226.35 256.91 234.01 251.61
1.3 286.41 24043 248.68 268.19 246.07 232.79 253.50 227.62
1.5 247.12 224.06 279.84 23529 259.07 230.38
1.7 24347 253.32 265.54
1.9 263.71  240.10
Algorithm: VB-TEV, Test: MN-IC
px
0.1 0.3 05 0.7 0.9 1 13 15 17 1.9
0.1 | 157.18 20022 211.80 238.50 221.04
0.3 | 105.11 103.54 132.78 163.97 181.36 167.88 176.69
0.5 | 88.90 85.51 120.47 141.10 154.93 153.29 147.64 150.91
0.7 | 79.69 9167 10521 107.64 127.51 11911 130.65 162.70
py | 0.9 | 14962 109.50 121.08 110.22 11846 127.89 13538 125.94 130.56 134.30
1.1 103.56 11149 111.46 12538 11146 133.64 130.66 117.42 137.53
1.3 10634 10512 11049 117.58 123.21 139.97 12341 120.56
1.5 106.97 108.97 108.19 109.86 119.66 135.54
1.7 118.25 121.61 124.66
1.9 113.60 118.83
Algorithm: VB-CEV, Test: MN-IC
px
0.1 03 05 0.7 09 i1 13 15 17 19
0.1 | 97.24 10554 111.62 134.30 134.75
03 | 52.31 59.74 57.88 7297 6441 7334 77.84
05 | 43.55 47.41 4867 5167 5781 5479 59.60 61.65
0.7 | 40.02 41.09 40.81 4525 42.12 4849 4546 48.86
py | 0.9 | 36.35 37.59  47.55 44.15 4345 43.84 46.50 47.24 43.71 46.91
1.1 39.44  43.58 42.86 4027 41.56 43.44 41.98 43.31 44.23
1.3 39.27  38.89  41.15  40.83 44.60 4325 44.95 43.46
1.5 43.09  40.65 4056 41.66 41.33 39.36
1.7 4285 39.23 40.25
1.9 39.17  41.12
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Table L.3: Value-Based Search Tests (SD-IC)

Test: SD-IC

147

_Algorithm: VB-EV,

px
0.1 0.3 0.5 0.7 0.9 11 13 15 17 1.9
0.1 | 142085 379.08 425.72 232.28 195.02
0.3 { 964.51 243.74 138.53 181.34 25251 233.23 148.09
05| 921.55 207.53 135.81 146.18 12555 119.45 132.91 107.94
0.7 | 797.07 184.53 136.02 158.79 100.42 133.39 170.39 173.51
py | 0.9 | 74868 15277 136.31 153.19 154.24 100.26 147.26 106.61 116.58  87.86
1.1 130.50 117.30 124.29 86.92 104.11 84.34 115.73 105.99 139.84
1.3 17547 99.15 110.14 123.30 102.50 98.95 125.46 105.45
1.5 102.77 81.72 13449 109.11 134.84 113.29
1.7 145.11 112.31  130.35
1.9 110.38  106.23
Algorithm: VB-TEV, Test: SD-IC
pX
0.1 0.3 05 0.7 09 11 13 15 17 19
0.1 | 126.62 181.74 207.90 239.71 143.73
0.3 | 163.13 70.80 154.14 141.06 107.64 94.55 135.26
0.5 | 137.66 66.38 80.32 15515 109.74 109.99 102.39 89.49
0.7 | 56.84 7170 7228 7641 7596 G67.88 68.83 117.77
py | 09 | 156.64 81.40 99.94 8210 91.13  90.38 8879  71.55 7348 77.57
1.1 8123 6699 59.58 64.35 61.80 87.48  83.02 6848 81.47
1.3 58.08 59.81 4926 53.88  70.62 8248 7223 7561
1.5 4719 4890 51.91 54.12  66.10  93.77
1.7 71.32  66.46  70.38
1.9 75.58  57.48
Algorithm: VB-CEV, Test: SD-IC
px
0.1 03 05 0.7 0.9 ! 1.3 15 17 1.9
01 | 39.50 63.46 59.65 82.06 94.73
0.3 | 15.08 3693 26.01 41.87 38.57 39.65 48.95
0.5 | 15.25 19.06 22.92 2541 3234 3238 29.00 32.87
0.7 | 14.37 14.81 1855 21.19 1899 2549 21.59 24.92
py | 0.9 | 1342 1320 22.33 2231 21.68 17.98 19.87 20.77 18.99 19.88
1.1 1456 17.90 2005 1572 1545 2161 19.11 17.47 21.92
1.3 1743 1645 17.37 14.85 19.83 1804 20.39 21.13
15 16.12 16.02 . 15.47 16.86 1552 13.31
1.7 15.61 13.43 14.18
1.9 1451 18.04
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Table L.4: Value-Based Search Tests (MN-NNV)
Algorithm: VB-EV, Test: MN-NNV
px

0.1 0.3 0.5 0.7 0.9 1.1 1.3 15 1.7 1.9
0.1 | 769.20 755.84 727.69 686.70 699.94
0.3 | 720.74 613.21 63531 602.80 600.86 601.39 647.77
0.5 | 666.50 628.73 601.44 602.36 587.74 597.80 574.73 591.64
0.7 | 609.30 500.91 539.24 499.09 574.96 563.65 543.59 540.36
py | 0.9 | 580.39 512,69 506.12 51516 508.52 510.12 503.95 503.76 538.75 541.42
1.1 473.96 446.12 451.09 510.99 498.88 520.95 479.20 518.98 498.51
1.3 467.99 489.18 478.07 449.60 476.55 500.12 473.80 511.11
1.5 465.06 494.09 419.80 487.43 457.29 494.73
1.7 47298 441.35 435.84
1.9 411.56  455.70
Algorithm: VB-TEV, Test: MN-NNV
pX
0.1 0.3 05 0.7 0.9 1.1 13 5 1.7 1.9
0.1 | 988.25 929.70 905.00 870.83 871.80
0.3 | 966.33 934.46 898.48 832.86 788.95 797.95 796.50
0.5 | 956.62 931.33 844.27 830.52 780.24 768.99 782.35 771.02
0.7 | 928.45 887.24 851.76 846.83 787.16 804.76 775.00 718.58
py | 0.9 | 789.61 824.06 802.12 81627 800.60 771.29 74251 764.35 750.70 742.26
1.1 824.74 78716 784.69 74277 784.89 737.02 739.26 771.75 720.84
1.3 787.36 791.21 764.91 74571 737.39 698.08 743.00 752.85
1.5 764.92 760.38 765.74 761.17 735.92 710.16
1.7 735.60 721.17  714.00
1.9 747.35  716.92
Algorithm: VB-CEV, Test: MN-NNV
pX -
0.1 0.3 0.5 0.7 0.9 1 1.3 15 1.7 1.9
0.1 | 1051.65 1029.97 1011.80 984.25  982.94
0.3 | 1051.06 1033.01 1033.45 993.99 1017.74 990.65  980.96
0.5 | 1050.49 1033.36 1030.25 1017.88 999.79 1009.59 992.31  985.95
0.7 | 1042.99 1037.95 1042.45 1022.85 1036.14 1011.23 1023.04 1010.83
py | 09 | 1051.33 1043.30 1002.44 1016.98 1019.96 1015.34 1005.25 1002.21 1017.29 1002.56
1.1 1026.21 1008.49 1013.17 1023.06 1017.40 1009.92 1017.39 1008.76 1007.67
1.3 1024.89 1024.25 1013.70 1013.62 998.54 1002.95 996.84  1005.66
1.5 997.14  1010.55 1010.21 1006.69 1005.99 1015.99
1.7 995.59  1012.58 1008.06
1.9 1011.25  1004.49




T-4236
Table L.5: Value-Based Search Tests (SD-NNV)
Algorithm: VB-EV, Test: SD-NNV
px
0.1 03 05 0.7 0.9 1.1 13 15 1.7 1.9
0.1 | 316.564 259.40 190.16 180.06 146.71
0.3 | 333.76 255.93 179.38 181.18 211.36 169.11 153.20
0.5 | 345.53 269.57 194.27 171.61 17213 153.71 131.06 143.40
0.7 | 324.18 23423 178.75 15336 158.21 155.55 167.36 185.20
py | 0.9 | 327.51 218.66 201.57 189.67 158.34 139.14 172.79 14254 154.92 148.51
1.1 176.20 179.83 149.68 140.98 161.26 147.08 149.93 168.87 166.56
1.3 225.55 158.57 166.48 164.42 160.79 17645 173.07 169.17
1.5 159.33 143.69 161.19 179.50 188.38 174.42
1.7 17237 161.30  199.10
1.9 139.58  169.80
Algorithm: VB-TEV, Test: SD-NNV
px
0.1 0.3 05 0.7 0.9 11 13 5 17 19
01 | 136.64 173.19 16620 16550 149.44
0.3 | 15413 141.47 189.78 194.88 182.09 160.67 186.80
0.5 | 165.02 151.86 172.92 217.99 207.01 170.99 180.57 170.08
0.7 | 15472 166.97 186.38 194.66 186.66 164.37 17220 204.46
py | 0.9 | 23845 199.33 217.10 19510 211.11 20593 173.38 192.32 184.72 177.66
1.1 193.30 17143 177.59 174.59 184.72 210.19 199.26 199.97 195.76
1.3 167.44 17561 155.86 167.15 177.83 187.30 196.59 203.58
1.5 148.03 15636 176.41 174.77 179.97 210.28
1.7 184.55 173.65 178.38
1.9 195.17  160.06
Algorithm: VB-CEV, Test: SD-NNV
px
01 03 05 07 09 1.1 13 5 17 19
0.1 | 61.05 9502 9240 11639 127.23
03 | 4965 9310 7621 10515 99.26 100.73 105.26
05 | 57.29 6833 84.79 87.16 102.31 10359 95.59  105.81
0.7 | 59.48 65.69 7587 8430 8180 96.33  85.60  96.08
py | 0.9 [ 6295 6328 9158 9334 90.76 81.56 8545 85.86 81.07 87.25
11 67.31 7867 85.09 74.92 7266 94.46 86.20 79.70 98.83
1.3 81.81 78.26 8269 7230 89.50 81.28  90.80 95.11
1.5 7475 7694  73.89 8321 7476  65.54
1.7 75.56  66.73  70.20
1.9 72.04  87.12
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Table L.6: Value-Based Search Tests (MN-EV)
Algorithm: VB-CEV, Test: MN-EV
pX
01 03 05 07 09 11 13 15 17 19
0.1 | 7311 73.76 73.77 73.34 72.60
03| 7270 73.60 72.69 73.31 7381 7361 74.01
05 | 7213 7272 73.7 7291 7322 7415 73.88 73.19
0.7 | 72.57 73.17 7299 73.11 7362 7397 7335 73.89
py | 0.9 | 7232 7257 73.5 73.08 72.89 73.64 73.61 73.77 7291 73.63
1.1 72.65 73.10 72.90 73.34 7337 73.11 73.63 7247 73.22
1.3 71.57 73.07 73.06 7294 7278 7261 7299 73.32
1.5 7217 7256 7251 72.57 7292 72.99
1.7 72.79 7317 72,97
1.9 72.41  72.72
Table L.7: Value-Based Search Tests (SD-EV)
Algorithm: VB-CEV, Test: SD-EV
pX
01 03 05 07 09 11 13 15 17 19
0.1 | 331 345 4.00 3.5 3.30
0.3 | 286 339 295 354 326 3.08 3.28
05| 276 354 338 301 340 332 341 3.09
0.7 | 289 330 294 350 307 3.69 3.24 3.40
py | 09 | 271 312 3.07 333 286 334 327 327 297 294
1.1 296 3.08 325 3.9 3.00 3.00 322 279 3.5
1.3 243 332 320 3.06 265 287 272 335
1.5 292 298 299 298 292 3.06
1.7 292 311 2386
1.9 2.90  2.67
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Table L.8: Value-Based Search Tests (MN-ITR)

Algorithm: VB-CEV, Test: MN-ITR

px
01 03 05 07 09 11 13 15 17 19
0.1 | 33.04 3079 3043 3034 30.05
03 | 19.09 19.23 1859 18.70 1859 1885 18.88
0.5 | 16.00 16.29 16.09 1589 1590 1580 1594 15.79
0.7 | 1503 1476 15.05 14.78 14.86 14.69 14.71 14.79
py | 0.9 {1424 1425 1410 1409 14.22 1410 14.07 1411 1405 13.90
1.1 13.93 1368 13.80 13.68 13.85 13.64 13.55 13.64 13.62
1.3 1341 1346 13.38 13.38 1331 1344 1336 1347
15 1322 1318 1321 1318 13.14 13.12
1.7 13.05 13.05 13.11
1.9 12.96  12.99
Table L.9: Value-Based Search Tests (SD-ITR)
Algorithm: VB-CEV, Test: SD-ITR
px
01__03 05 07 08 11 13 15 17 19
01489 342 371 379 385
03218 183 153 1.79 193 1.68 1.79
05121 1.27 142 121 132 118 107 125
0.7 | 1.12 080 1.02 091 099 098 077 0.85
py | 09| 068 074 079 078 062 085 076 084 069 0.72
1.1 0.79 063 0.64 063 066 058 059 0.60 0.60
1.3 063 057 049 051 052 050 058 0.59
1.5 050 0.50 052 041 044 0.40
1.7 0.35 039 0.50
1.9 034 044

151



T-4236 152

Appendix M
WIDE GRAPH (W3) EXAMPLE

M.1 Graph W3’s Topology

e Time horizon: 20
e Number of nodes: 26140
e Total number of arcs: 99315
e Number of different paths: ~ 7.37 x 10*3
— Table (M.1) shows the distribution of nodes in the graph.

e The number of arcs from each node is a random integer from the set {2,...,20}.

(Terminal nodes have no arcs.)

o Arc lengths are drawn randomly from a uniform probability distribution on
[0,1). With probability 1/10, the length of the arc is multiplied by 10. This

provides a mechanism to place isolated large rewards in the graph.

M.2 Paths in Graph W3
e The myopic path through the graph is in Table (M.2).
— Its value is 59.35.

e Table (M.3) contains the optimal path through this graph.

— Tts value 1s 94.30.
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Table M.1: Graph W3’s Topological Structure

Time Index | Node Indexes | Number of Nodes

0 0-0 1

1 1-1 1

2 2-4 3

3 5-7 3

4 8-15 8

5 16-22 7

6 23-32 10
7 33-66 34
8 67-113 47
9 114-176 63
10 177-304 128
11 305-441 137
12 442-682 241
13 683-1131 449
14 1132-1941 810
15 1942-3046 1105
16 3047-4721 1675
17 4722-7239 2518
18. 7240-11643 4404
19 11644-16512 4869
20 16513-26139 9627
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Table M.2: The Myopic Path through Graph W3

Time | Node | Decision Value

0 0 1 59.347881
1 1 1 58.684532
2 4 1 57.908386
3 5 1 56.959167
4 10 1 55.998535
5 20 1 50.012024
6 23 1 49.126682
7 41 1 48.279854
8 75 1 40.906582
9 140 1 39.909054
10 270 1 32.639545
11 387 1 31.724142
12 622 1 30.929867
13 835 1 22.353556
14 1901 1 21.548264
15 2658 1 20.911556
16 4040 1 20.022156
17 5933 1 19.076235
18 7615 1 9.323435

19 11866 1 0.949767

20 22421 - 0.000000
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Table M.3: The Optimal Path through Graph W3

Time | Node | Decision Value

0 0 1 94.296928
1 1 1 93.633575
2 4 1 92.857430
3 5 1 91.908211
4 10 1 90.947578
5 20 8 84.961067
6 30 1 84.507866
7 45 6 75.042244
8 98 1 74.887207
9 154 2 66.535515
10 274 1 65.651604
11 355 1 55.808163
12 540 1 45.957703
13 712 2 44.971802
14 1612 1 36.187660
15 2233 2 27.977264
16 3619 2 27.008881
17 6714 1 19.353312
18 8316 1 18.290352
19 15751 1 9.572130
20 24847 - 0.000000
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Appendix N
WIDE GRAPH (W3) COMPUTATIONAL EXPERIMENTS

e 59.35 is the length of the myopic path through the graph.

o 94.30 is the length of the longest path through the graph.

Table N.1: Monte Carlo Search Tests

Algorithm | MN-EV | SD-EV | MN-ITR | SD-ITR
MC-CEV 75.56 3.97 305.19 3.17
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Table N.2: Value-Based Search Tests (MN-EV)

Algorithm: VB-CEV, Test: MN-EV

pX
01 03 05 07 09 11 13 15 17 19
0.1 | 88.85 8811 87.83 88.18 87.89
0.3 | 89.07 8805 88.13 88.30 8820 87.86 87.90
05 | 89.13 8836 88.09 8811 87.71 87.99 88.31 87.75
07 | 89.13 8827 87.63 88.13 8321 8815 88.02 87.89
09 | 88.91 8827 88.16 87.88 83.01 87.83 88.06 88.11 87.99 87.98
1.1 88.13 88.14 88.09 88.28 87.99 87.86 8847 87.78 88.51
1.3 88.18 88.10 88.23 87.94 8822 88.26 87.93 87.89
1.5 88.08 88.14 88.30 88.00 88.17 83.06
1.7 87.88 88.06 88.50
1.9 87.95 87.88
Table N.3: Value-Based Search Tests (SD-EV)
Algorithm: VB-CEV, Test: SD-EV
pXx
01 03 05 07 09 11 13 15 17 19
01093 131 1.10 151 138
03| 145 096 137 1.62 1.67 126 1.31
05| 150 1.64 120 141 089 122 158 1.05
07 | 1.50 142 090 1.36 138 142 127 126
09133 143 141 113 147 1.08 148 151 134 138
1.1 124 138 141 173 134 113 170 114 190
1.3 114 131 145 120 151 170 115 1.1
1.5 125 145 156 132 141 129
1.7 1.32 140 1.91
1.9 120 1.16
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Table N.4: Value-Based Search Tests (MN-ITR)

Algorithm: VB-CEV, Test: MN-ITR
pXx
0.1 03 05 0.7 09 11 13 15 1.7 1.9
0.1 | 783.04 69681 687.84 679.77 681.25
0.3 | 470.25 432.77 421.68 418.73 416.26 420.09 419.35
05 | 395.36 364.11 360.51 357.74 357.90 356.43 354.34 355.24
0.7 | 358.50 334.54 331.02 320.05 328.15 327.64 327.79 327.40
0.9 | 340.66 31690 314.57 31339 311.93 311.73 311.99 311.23 311.31 309.68
1.1 307.80 303.76 303.68 299.82 300.81 301.84 300.99 300.71 299.21
1.3 300.93 297.02 296.09 295.68 29336 292.89 294.75 294.39
1.5 202.71 291.24 29045 288.41 290.34 289.75 '
1.7 286.29 286.84 283.01
1.9 283.71  283.52
Table N.5: Value-Based Search Tests (SD-ITR)
Algorithm: VB-CEV, Test: SD-ITR
px
01 03 05 07 09 11 13 15 17 19
01 | 21.66 2687 22.11 29.88 17.00
0.3 | 2053 1025 1837 23.72 3057 18.63 9.72
0.5 | 806 1241 631 682 511 549 1553 5.92
0.7 | 17.23 447 572 392 464 467 390 533
0.9 | 493 1402 434 326 1030 358 356 4.25 3.78 7.79
1.1 342 281 320 1405 731 297 824 4.65 11.90
1.3 272 618 266 239 13.54 1389 232 249
1.5 239 211 310 1626 206 217
1.7 732 330 15.66
1.9 6.16  3.38
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