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ABSTRACT

The interpretation of geophysical data plays an importantole in the analysis of potential
eld data in resource exploration industries. Two categoes of interpretation techniques are
discussed in this thesis; boundary detection and geophyadignversion. Fault or boundary
detection is a method to interpret the locations of subsurtae boundaries from measured data,
while inversion is a computationally intensive method thaprovides 3D information about
subsurface structure. My research focuses on these two agp®f interpretation techniques.
First, | develop a method to aid in the interpretation of faults and boundaries from magnetic
data. These processes are traditionally carried out usingster grid and image processing
techniques. Instead, | use unstructured meshes of triangwlfacets that can extract inferred
boundaries using mesh edges. Next, to address the computatibissues of geophysical
inversion, | develop an approach to reduce the number of data a data set. The approach
selects the data points according to a user speci ed proxyrfiss signal content. The approach
is performed in the data domain and requires no modi cationd existing inversion codes.
This technique adds to the existing suite of compressive ission algorithms. Finally, |
develop an algorithm to invert gravity data for an interfacng surface using an unstructured
mesh of triangular facets. A pertinent property of unstruatired meshes is their exibility at
representing oblique, or arbitrarily oriented structures This exibility makes unstructured
meshes an ideal candidate for geometry based interface irsiens. The approaches | have
developed provide a suite of algorithms geared towards |lagcale interpretation of potential

eld data, by using an unstructured representation of both he data and model parameters.
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CHAPTER 1
INTRODUCTION

Airborne gravity and magnetic acquisition systems are routiely collecting high density
data along more closely spaced ight lines. This has led to dsely sampled data sets
containing tens to hundreds of millions of measurements theover large regions of the earth.
Subsequently, the computational costs required to processd interpret these large data
sets have increased dramatically. The interpretation of tge-scale potential- eld data plays
an important role in understanding sub-surface structurefor natural resource industries.
Interpretation of these data can be split into several mainategories: frequency or wavelet
analysis, depth estimation, fault or boundary detection, rad inversion.

Frequency or wavelet analysis provides rugosity and anomngadcale information, allowing
Itering of the data to emphasize the expressions from souss of di erent depths. Depth
estimation is a class of methods that estimate the locationnd depth of potential- eld
sources.

Fault and boundary detection methods infer the location ofubsurface boundaries from
the measured data. The majority of algorithms in the literatire to perform these analy-
ses revolve around techniques from the image processing oamity. Other methods use
derivatives and transforms of the data to make boundary lotans more apparent to the
human eye. The results of these processes are delivered te thterpreter as a 2D image.
Other boundary extraction algorithms iteratively t surfaces to sliding windows of the data
and analyse those locally generated surfaces to extract molaries as a series of points.
These points are then joined in an iterative search fashioro tform line segments. Since
these processes seek to detect arbitrarily oriented boumdss, could we use the exibility of

unstructured meshes to delineate them?



Inversion is a technique that constructs a subsurface phgai property model using mea-
sured geophysical data and has, to date, been applied in dspar district scales, although
several regional-scale applications have been reportecheélsubsurface is typically discretized
using 3D prisms and we invert the measured data to recover thphysical property of each
prism. As the area of data collection increases, so does themher of cells needed to dis-
cretize the subsurface. The increase in model cells coupledh an increasing density of
data collection makes regional scale application di cult vithout multiprocessor computer
clusters, or problem size reduction techniques. Parallgdition of previous codes is an obvi-
ous method to increase the size of the inversion problems bigtdbuting the computational
load to multiple nodes in a computer cluster, thereby disthuting the memory requirements.
Parallelization, however, should not detract from the devepment of algorithms, instead,
they should go hand in hand. Today's reduction techniques f@ greatly reduced the com-
putational costs of inversion, yet the problem can still be nfeasible for regional scale data
sets. One of the last areas of computational cost reduction be fully explored is in the data
domain and is therefore a worthwhile area of research.

Interface inversions are another form of boundary detectip where we seek to recover
an interface, or surface, that separates two media. These theds di er from the previous
paragraph in that the boundary separates two media in 3D. lefrface inversions have been
used to recover the depth to the Moho, the outer surface of sdlodies, and the depth to
basement. The latter application has been heavily develoghen the literature. Sedimen-
tary basins are of particular importance since the sedimemty layers within the basin may
have been deformed and can form hydrocarbon traps. Traditially, the subsurface has
been discretized using prisms, which have advantages in itheomputational e ciency, and
generation of the nite di erence matrices to describe devatives. To date, there has been
little e ort to carry out this type of inversion using unstru ctured meshes that can represent
geometrical features to a high delity. This is surprising @/en that this type of inversion

provides a geometrical boundary that represents arbitrdyi oriented surfaces in 3D.



These aforementioned questions and research topics are whavish to address in my
thesis, by developing three approaches to aid in the intergtation of large-scale potential
eld data. The rst area of research is the incorporation of mstructured meshes of triangular
facets, to aid in geometry based analysis techniques suchnagp based boundary detection.
The second research topic is reduction of the computationabsts of inversion in the data
domain. Finally, the third area is to discretize the subsurfee using triangular facets, in
order to carry out geometry based interface inversions.

In the next chapter, | begin by providing the general framewd for geophysical inversion.
| do so because the formulation for inversion, of one form onather, is used in each chapter of
the thesis. In chapter 3, | address the rst of my research taps where | develop an algorithm
to automatically extract boundaries from magnetic data. Tis algorithm aligns and extracts
the edges in a triangular mesh that approximate boundary lations. The approach aids the
interpretation process by producing line segments correspding to subsurface boundaries,
while maintaining a space lIling mesh over the data area.

To address the computational cost issues of potential- elishversion, | develop the concept
of adaptive downsampling in chapters 4 and 5. Adaptive down s®ling is the placement
of samples, taken from an existing data set, according to amage describing that data's
signal content. In areas of high signal content, more samplare chosen, where as in low
content regions, fewer samples are chosen. | apply the adaptdownsampling algorithm
to measured geophysical data sets to reduce their numberchuhat they may be inverted
rapidly while maintaining the recoverable model structureafter inverting them. In chapter
4, | apply the algorithm to single channel magnetic total- éd anomaly data. In chapter 5,
| extend the method from single to multi channel data and appl the method to gravity
gradient data where each data point can have up to 6 measurems

In chapter 6, | develop an algorithm to invert gravity data torecover an interface in the
subsurface. The problem is discretized using unstructuredeshes of triangular facets, which

are an ideal choice for geometry based interpretation. | demstrate the method using a



salt body example, where we wish to recover the base of thetdabdy given othera priori
information from seismic interpretation.

In appendix A, | provide a simple yet e ective method to speed u the generation of
the sensitivity matrix using 3D interpolation for inversians utilizing rectilinear meshes. This
algorithm is somewhat disjointed from the main theme of thehesis, however its simplicity
and e ectiveness warrant inclusions, hence it is placed imé appendix. This method serves
as an extra tool in the toolbox for improving the computatioml e ciency of potential- eld

inversion.



CHAPTER 2
INVERSION THEORY

In this chapter, | present the theoretical background and &mework for geophysical
inversion. | present this framework here because inversias used in each chapter of the
thesis. The utility of inversion is slightly di erent for each chapter, however, the terminology,
equations, and methods for solving the problem are commonbégin by describing the key
components to the linear inverse problem. | then describe @éhgeneration of the sensitivity
matrix for gravity, gravity gradient and magnetic data. Finaly | nish by describing the
practical application of the algorithm. In chapter 6 | desabe the formulation of a non-linear

inverse problem.
2.1 General Inversion Framework

Inversion is a mathematical technique that constructs a s@oirface property model using
measured geophysical data, with the incorporation of othex priori information if available.
Given a nite number of measured geophysical observatiom§®s = [ d$®s; :::; d3*S]" we wish to
recover a modem = [my;::;;my ] that describes the subsurface. Typically the number of
model parameterdM is larger than the number of dataN and so we have an underdetermined
problem that we must solve. Further more, our measurementseanot perfect and are
contaminated by noise. We therefore require the use of regtikation when we solve for
the modelm, such that we may reproduce the measured data without ovetting them and
hence the noise. Regularization also allows the incorpoi@t of structural or petrophysical
information, making the recovered model more geologicalpfausible.

Following the work of Li & Oldenburg (1996) and Li & Oldenburg(1998), a classical
approach to regularization is through Tikhonov regularizton (Tikhonov & Arsenin, 1977)

where we seek to minimize the following objective function,

mn (m)= g+ m; (2.1)



where 4 is the data mist, ,, is the model objective function, and is the regularization
parameter that determines the balance between the two terms
The data mist measures the di erence between our measuredath and the predicted

data,
a= Wld® f(m)] 5; (2.2)

wheref (m) is the forward modelling operator that generates predictedata from a model
and W 4 is the data weighting matrix to account for errors in the data W 4 is typically
a diagonal matrix whose components are the reciprocal staard deviations for each data
point. The e ect of W 4 provides more weight to the data with lower uncertainties. fl this
thesis, the forward modelling operator involves the disdigation of an integral expression
that relates the subsurface physical properties to their sponse at a set of observation
locations. We may express the forward modelling operatém) in matrix vector from Gm
whereG isanN M sensitivity matrix that relates each discretized model ckto each data
point. The sensitivity matrix will be discussed in greater dtail later in this chapter.

The model objective function is a measure of the structurabenplexity of the model, for

example in a general form,

X
m =  small kKW s(m M ref )kﬁ + ikWimkg; (23)
i=xyy;z

where the rst term is the smallest model term, the second tem contains spatial derivative
constraints, andm e is ana priori constructed reference model. The smallest model term
controls the in uence of the reference model on the recoverenodel. The parameterp varies
between 1 and 2. Wherm = 2, the recovered model tends to be smoother, whilst when= 1
the recovered model tends to be piecewise constant, or "kgt. There has been a lot of
work related to the choice ofp and (Sun & Li, 2014) provides a comprehensive overview of
these methods. The value op is not the focus of this thesis, and is equal to 2 throughout
this thesis. It is through the model objective function thata priori information can be

incorporated into the inversion (Farquharsoret al., 2008).



The matrix Wi;i = X;y;z is an operator that computes the derivatives of the model
in each dimension. For 3D inversion, these matrices computierivatives in the x, y, and z
directions. The adopted co-ordinate system throughout tkithesis is a right hand Cartesian
system where x is Northing, y is Easting, and z is positive vecally down. In 2D, we need
only the operators pertaining to the two directions. The susurface is typically discretized
using two types of meshes. The rst is a rectilinear mesh whalny the subsurface volume is
broken up into juxtaposed prisms. The operators in this scanio are simply nite di erence
operators. The second method of discretization uses unsttured meshes of tetrahedra
(Lelevre & Farquharson, 2013). The generation of the devative operators for this type
of discretization is more complicated than for rectilineameshes. In chapters 4 and 5, and
appendix A the subsurface volume will be discretized using3ectilinear meshes and hence
uses the simpler nite di erence matrices. In chapters 3 and 6 use 2D triangular meshes
to discretize the problem. The gradient operators, therefe, need only operate in the x and
y directions, and | discuss how to generate them for this typef discretization.

To obtain the solution to the objective function given in eqation 2.1, we takes its deriva-

tive with respect to m, set the result to zero, and obtain the following,

(GTWIW G+ WiWm = GTWIWyd+ WIWm; (2.4)
Am = b: (2.5)

whereA = (GTWIW G + WIW,), b= GWWuqd+ WIWm, and WIW,
contains both smallest model and derivative terms from the adel objective function. One
way to solve this system of equations would be to invert the nixax A , however the generation
of A is prohibitive since its size is?M M and M, the number of model cells can easily be in
the tens of millions. The largest component oA is the sensitivity matrix G, which without
compression is of sizBl M and dense. We therefore turn to the method of preconditioned
conjugate gradients (Hestenes & Stiefel, 1952) to solve etjoa 2.4. Conjugate gradients is

an iterative method that only requires that we know the matrk-vector product on the left



hand side of the equation. The matrix-vector multiplicatimn using A is also separable as

shown in algorithm 1.

Algorithm 1 : Compute GTW W 4G + W IW,)m

1 é = W4G
2:y1 = WLWmm
3 X1 = ém

4. Xo = GTX]_

5 Result= x,+ y;

Algorithm 1 indicates that we need not explicitly compute and ®re G'G. Instead
we only need to storeG and perform an in place matrix-transpose-vector operationThis
operation is important, becausé& can require tens of Gb of memory which is far greater than
the RAM of most current personal computers ,and therefore sing GG compounds this
memory requirement. Since the storage @& alone can easily make the inversion unfeasible,
methods have been developed to reduce its size. These methark discussed in chapters 4
and 5 and an approach is presented to reduce the number of dat@t we need in the inverse
procedure while maintaining the recoverable model structe after inversion. In appendix A
a method is presented to reduce the time needed to generate thensitivity matrix.

We may also wish to impose limits on the recovered parametealues using upper and
lower bounds. This can be accomplished using the log barrierethod (Li & Oldenburg,

2000a; Saunders, 1996), and the objective function becomes

mn (m)= 4+ 5 2 In ; (2.6)

whereu and | are upper and lower bounds for each model parameter, andis the log

barrier parameter. Conceptually, the log barrier term resicts the feasible region in which
the inversion can search, and prevents the recovered modarameters from extended past
each bound. By implementing the log barrier method our probm becomes non-linear, and

the method outlined in Li & Oldenburg (2000a) is followed.



A major component of inversion that has yet to be discussed the generation of the

sensitivity matrix G, which is discussed next.
2.2 The Sensitivity Matrix

The sensitivity matrix G is a dense coe cient matrix that describes the geometry of au
discretized subsurface and the physics relating each dista cell (or source) to the measured
observation locations. The physics of the problem will ch@e depending on the data that
we are inverting. | will use gravity as an example where the gvitational potential at the

i observation location due to a volume V is given by
(r)
vir rij

where is the gravitational constant, jr r;jj is the distance from the observation location

Ui = dv; (2.7)

to the volume, and (r) is the density. The gravitational acceleration is the graént of the

potential, hence,

g(ri) = r bk (2.8)

r I
ri . —dV: 2.9
ar) = OF (29)

I
—~
]
~

We may discretize the volume into juxtaposed prisms, and hea the volume integral
becomes a summation over those prisms,

X z I; I
g(ri) = (r)———=
1y

i3
Y ri)

If we assume that the density is constant inside each cell, vget the elements of the

dVf: (2.10)

sensitivity matrix for the three components of gravity as fthows,

Z
I’j I

v i rid

which is used to form the full matrix G for each data pointj, and model cellj. We may

G = dvi; (2.11)

then predict the gravity response at our observation locains by multiplying the sensitivity

matrix by the density in each cell.



Similarly for gravity gradient data, we have that the gravity gradient tensor is the spatial

derivative of the gravitational acceleration and is a tensol = rr  TU (Li, 2015),

2 gy @u eu 3
@ @x@y @x@z
_ Ty — @uU @y @y .
T=n Tu=§ 8y ev ev L, (2.12)
du @U @u
@z@x @z@y @
and
w Z 1
T(r) = (rjyr T dVi; (2.13)

j=1 Vl JrJ riJ

where each element of the 3 3 tensorT s,

X Z @ 1
T (r;) = ri : - dVi; ;. = Xy;z: 2.14
= "gei u W y (2.14)
The entries of the sensitivity matrix correspond to the eleents of the 3 3 matrix,
z 1
Gy° = moTo- - dV; (2.15)
Vj Jrj rIJ

where the sensitivity of the xx component of the gravity grametry data for the j" block

is entry 1,1 in Gi‘fG, and so on for the other components.

Finally for the magnetic problem, the magnetic potential dugo a volume of uniform
magnetization is given by

1 Ly, (2.16)

. = _ r

I 4 jroorij

where we assume that magnetizationyl , is isotropic in the body, demagnetization e ects

are negligible, and there is no remanence (Li & Oldenburg, @0b).

The anomalous magnetic eld is the negative gradient of thegtential r

z
1 1
Ho= — T - MdV: 2.17
SV T Y (217

When there is no self demagnetization or remanence, the matination is parallel and

related to Earth's eldasM = Hg, where is unitless magnetic susceptibility. We therefore
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have,

Z
ER !

H,= : .
a4v Jjrori

HodV: (2.18)

The anomalous magnetic ux densityB , is related to the anomalous eld byB, = H,,

where | is the permeability of free space, and hence,

Z

1
B,= -2 o T . :
a4y jiroorij

HodV; (2.19)

and nally the entries of the sensitivity matrix for three components of magnetic data are

given as

4

1
G=2 T

4 jri rij

HodV; (2.20)

and the projection onto any measurement direction can be adihed by a dot product with

the unit vector specifying that direction. The analytical ®lutions to the above integral
expressions for prisms has been presented by Nagy (1966), r8f&a(1966), Bhattacharyya
(1964), Kunaratnam (1981), Rao & Babu (1991), and Sorokin §61) and Haaz (1953) as
cited by Nagy (1966).

The sensitivity matrix naturally decays with depth or distance. For example, the mag-
netic eld decays as 1/¢ and as such, cells further away from a data location have a sliea
e ect on the solution than cells closer to that location. To ounteract this decay, Li & Old-
enburg (1996) introduce a depth weighting function of the fon w(z) = (z zo)%. Instead,
weighting the sensitivity matrix by distance, or the rows othe matrix itself was developed
by Li & Oldenburg (2000c). The incorporation of the weightig function into the model ob-
jective function prevents the concentration of structuren the recovered model at the surface
of the earth during the inversion.

With the major components of the inversion covered one nal gstion remains. How do
we choose the regularization parameter such that we can obtain a model that minimizes

equation 2.1. Next | discuss three approaches to choosing tiegularization parameter.
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2.3 Determining the regularization parameter

The key component of the inverse formulation above is the relgrization parameter
that determines the balance between the data mist and modebbjective function in
equation 2.1. A large regularization parameter will imposkirge amounts of smoothing in
the recovered model, while a small regularization parameteill allow the recovered model
to tthe data to a higher degree, high enough and it will t the noise. We therefore need to
determine an optimal value for and hence balance the e ect of the two terms on the nal

recovered model.
2.3.1 Discrepancy Principle

Morozov's discrepancy principle tells us that if the noisestimates of the data are known,
we can determine the optimal regularization parameter iteratively such that it satis es
kd®®s Gmk® N 2 (2.21)

in other words, can we determine the regularization paramet that gives us an optimal data

mis t. We can utilize the fact that 4 is a monotonic function of to obtain the optimal

parameter.
Assuming the data errors are constant, (;i =1;N) = , the data mist becomes,
X gobs gpre 2 1 X
¢= = S s et (2.22)
i=1 i=1
1
= - d (2.23)

i.e. 4and 4 are scaled versions of each other by the noise estimate. If agply this to

our objective function equation 2.1 we have

min at  m (2.24)
min gt 2 (2.25)
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By assuming that our errors statistics are that of a 2 distribution with N parameters,
our expected value iN. We can therefore x our target data mist , to the number of
data, and iteratively search for an optimal regularizationparameter that gives us 4 (Li
& Oldenburg, 2003). In the practical application of inversin to eld data sets, however,
we rarely know the statistics of our data errors, which causehe underlying assumptions
of the discrepancy principle to break down. We must thereferchoose other approaches
for estimating the regularization parameter that gives ushe optimal balance between data
mis t and model objective function. Two methods are descried here, they are generalized

cross validation (GCV), and the L-curve criterion.
2.3.2 Generalized Cross Validation

Generalized cross validation (GCV) is based on the leave-eaat principle and is a gen-
eralized form ordinary cross validation (OCV) rst introduced by for linear regression by
Allen (1974) and smoothing splines (Wahba, 1990; Wahba & Wqld975). The OCV esti-
mate provides a means of estimating an optimal regularizai parameter by minimizing the
OCV prediction error,

1 obs pre( k)y2.
N @ a5 (2.26)

i=1

Vo( )=

whered!®" * is the predicted data at the ' observation location, obtained from a recovered
model with the k" observed data point omitted. To computeV,( ) for a single value of ,
we must invert the data N times, each time with a data point removed. This is a huge
operation for even small data sets. There are two major issuevith OCV for practical
purposes. First, if you rotate the observations to a di erenteference frame, you do not get
the same OCV result, and second, it is computationally expsive. To address these issues,
the generalized cross validation method was proposed (Gbolat al., 1979) where the GCV

prediction estimate is now,

X obs prey 2 obs pre
V( )_ (dk dk ) — Nde d k

) oy r(A))? TN tr(A))2 (2.27)
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wheretr () denotes trace and, for our problemA = W 4G(GTW W 4G+ W ]W ) 'GTW],

and,

LK WG(GTW]IW G + WTW ) 1GTW TIW qdobsk.

V()=N :
) N tr(WeG(GTWIW G+ WIW,) IGTW])

(2.28)

The largest operation to be performed in equation 2.28 is tampute the trace of the
matrix on the denominator. A traditional approach to estimding the trace of an implicit
function is a Monte Carlo approach. Hutchinson's trace estiator (Hutchinson, 1990) is one

such method,
tr(A)= z"Az; (2.29)

whereA isanN M symmetric matrix, and z is a random vector with entries that are i.i.d.

Rademacher variables,Rr(z; = 1) =0:5). The GCV function then becomes,

KIL WG(GTWIWG + WIW.) 1GTW]IIW gd%k
N Z7TWG(GTWIW G+ WIW,) IGTWIZ2Z

V()= N2 (2.30)

where Mpyeh = (GTWIW G + WTIW,) 'GT™W [z is a solution to our linear system
of equations but with the observed data replaced by the Radexoher vector. We therefore
obtain myyen Using the conjugate gradient method. The GCV estimator, threfore involves
two solutions to the system of equations for each regularizan parameter . The rst

uses the observed data for the numerator, and the second ugpin for the denominator
(Li & Oldenburg, 2003). The values forV( ) can be examined to nd which gives the
minimum value. Avron & Toledo (2011) provide analysis of di eent trace estimators such
as the Gaussian, Rayleigh-quotient, unit vector, and mixednit vector estimators. Haber &
Oldenburg (2000) presented an approach to use GCV for the stbn of non-linear ill-posed

problems. The approach involves producing a GCV curve for @aiteration of the inversion.
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2.3.3 L-Curve Criterion

The L-Curve approach was developed to observe the balancevimen the data mist
term and model objective term when minimizing the total objetive function in equation 2.1.
Figure 2.1 illustrates the L-curve for three scenarios. Therst, is when the regularization
parameter is large, and more weight is given to the model olsjeve function. The model
objective is small, and the data mist is large since the smdlo model cannot t the signal.
As regularization parameter decreases, we t more and moreyeal, dropping the data mis t
signi cantly but adding small amounts of structure to the malel. On the other hand, when
the regularization parameter is small, more weight is giveto the data mist term. The
model is allowed to contain a lot of structure and will over tthe noise in the data. As the
regularization parameter increases, the model structure decreased with a relatively small
change in the data mis t. The characteristic L-curve shapefdhe Tikhonov curve, discussed
by Hansen (1992) and Lawson & Hanson (1995), provides a meanse&iimate an optimal

regularization parameter at the corner point of the curve.

Pa(k) smooth Model

/

Optimal Model

/ / Overfitting the Noise

D, (1)

Figure 2.1: lllustration of the L-Curve where the data mis t and model objective function
for di erent regularization parameters are plotted againseach other. The plot is usually on
a log-log scale to emphasize the corner point.
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We can numerically determine where the corner point is on thEikhonov curve by com-
puting its curvature. Since 4 and |, are functions of we have the following expression

for the curvature of the L-Curve,

~0 .00 0 .00
d

()= o4 ";%; (2.31)
(T2 + ()2
where = log() and prime denotes di erentiation with respect to . The point of

maximum curvature provides the regularization at the corrreof the L-Curve.
With the general framework of geophysical inversion desced, | can move on to chapter

3, "Automatic boundary extraction from magnetic eld data usng triangular meshes."
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CHAPTER 3
AUTOMATIC BOUNDARY EXTRACTION FROM MAGNETIC FIELD DATA USING
TRIANGULAR MESHES

3.1 Summary

Boundary extraction is a collective term that we use for the @cess of extracting the
locations of faults, lineaments, and lateral boundaries bveeen geological units using geophys-
ical observations such as measurements of the magnetic el@ihe process typically begins
with a pre-processing stage where the data are transformed &€nhance the visual clarity
of pertinent features and hence improve the interpretabtl of the data. The majority of
the existing methods are based on raster grid enhancementhaiques and the boundaries
are extracted as a series of points or line segments. In cadt, we set out a methodology
for boundary extraction from magnetic data in which we reprgent the transformed data as
a surface in 3D using a mesh of triangular facets. After initizing the mesh, we modify
the node locations such that the mesh smoothly representsethransformed data and that
facet edges are aligned with features in the data that appriorate the horizontal locations of
subsurface boundaries. To illustrate our boundary extramn algorithm, we rst apply it to
a synthetic data set and we then apply it to identify bounda®s in a magnetic data set from
the McFaulds Lake area in Ontario, Canada. The extracted baoularies are in agreement
with known boundaries and several of the regions that are cqhetely enclosed by extracted

boundaries coincide with regions of known mineralization.

Chapter has been accepted for publication in Geophysics with Dr. Yaogud.i as a co-author.
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3.2 Introduction

The interpretation of potential eld data plays an important role in many projects that
require an understanding of sub-surface structures. Inf@retation of these data can involve
di erent types of processing such as inversion, spatial fjgency or wavelet analysis, depth
estimation, or structural mapping of faults and boundaries

Inversion is a technique where measured data are used to glera subsurface physical
property model. To date, it has been primarily applied at depsit or district scales, although
several regional-scale applications have been reportecheélTcomputational costs of inversion
are signi cantly higher than for other forms of potential eld data processing. However,
the importance of the computational requirements when deting what processing to apply,
is diminishing as high performance computing resources lbete more generally available.
Spatial frequency or wavelet analysis provides anomaly $eanformation, allowing Itering
of the data to emphasize the expressions from sources thatvbali erent horizontal extents
or occur at di erent depths. Depth estimation methods are usd to determine the location
and depth of potential eld sources.

Fault and boundary detection methods are used to infer the 2Borizontal location of the
edges of those sources. These mapping methods are used sitely in mineral exploration
to identify, for example, structurally controlled areas tlat are prospective for mineraliza-
tion. These methods also play an important role in basin chacterization for oil and gas
exploration. Manual fault and boundary mapping methods haveeen used extensively for
the interpretation of large potential eld data sets, but this approach is often thought to be
subjective and time consuming. To some degree, semi-autdathcomputer-based methods
can be used to alleviate these objections, and this has ledttee development of algorithms
that help to identify faults and edges from potential eld dda. In the following, we will refer
to these fault and boundary features collectively as "bouraties".

Methods to identify boundaries can typically involve the sguential application of two

processes: a boundary enhancement process and a boundatyaetion process. Boundary
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enhancement methods are principally grid-based processaad they are used to enhance
the visual clarity of boundary locations in a data set. Thuron & Brown (1994), Boschetti
et al. (2000), Fedi & Florio (2001), Fedi (2002), and Cooper & Cowar2Q08, 2007) provide
examples of the use of both horizontal and vertical gradiemtto enhance the location of
body edges. Others use the tilt-angle method (Cascoee al., 2012; Fairheadet al., 2011,
Ferreira et al., 2013; Miller & Singh, 1994; Salenet al., 2008; Wijnset al., 2005). Sykes &
Das (2000) use directional lItering via the 2D Radon transfom, while Hornby et al. (1999)
use the wavelet transform. Buckinghanet al. (2003) use content based image retrieval
techniques that analyze the color, texture, shape or spatiatlationships within the image.
More recently, Zhanget al. (2014) couple Gaussian functions and derivatives to enhanc
potential eld data, while Hassan & Yalamanchili (2013) and Hilalgo-Gato & Barbosa (2015)
use the monogenic signal.

A variety of di erent methods have been used to extract vectorepresentations of the
boundaries (e.g., points or line segments) from magnetic tda After applying the pseudo-
gravity transform to magnetic data (Baranov, 1957), Blaksl & Simpson (1986) nd the
locations of maxima in the total horizontal gradient via 1-Dinterpolation. A similar approach
has been used by others with di erent quantities such as thel2local curvature of the total
horizontal gradient of reduced-to-the-pole magnetic dat§Hansen & deRidder, 2006) or
the total gradient of magnetic anomaly data (Roeskt al., 1992). Leeet al. (2012) add
a network-extraction algorithm to this general methodolog to account for noise without
the need for Itering. By applying similar procedures to muiiply upward continued data,
Milligan et al. (2003) and FitzGerald & Paterson (2013) produce a set of pomin 3D that
represent dipping faults. They then t the points with planar surfaces, which may be inserted
into a 3D representation of the subsurface. Tschirhart & Mairs (2015) apply multiple edge
extraction methods to a data set and re ne the set of edges bylscting the edges for
which multiple methods agree. Agarwal & Kanasewich (1971) eshe Fourier transform

and cross correlation to trace lineaments as line segmentkile Zhanget al. (2006) use the
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Radon transform. Phillips et al. (2007) extend an approach similar to that of Blakely &
Simpson (1986) and Hansen & deRidder (2006) by iteratively Boecting recovered points,
thus forming line segments. Trends have also been extracted line segments by use of
the Hough transform (Fitton & Cox, 1998). Techniques such as sletonization and image
entropy from the image processing community have also praved be successful for extracting
line segments (Eaton & Vasudevan, 2004; Holdest al., 2008).

Similar methods of lineament extraction have been appliedtdigital elevation models
(DEMs). Common objectives are to delineate the boundarie$ watersheds or the direction
of drainage. By iteratively tracing the slopes in the DEM g, Douglas (1986) di erentiates
between adjacent basins. Sathyamoorthy (2008) applies Etenization to the DEM, pro-
ducing results that are visually similar to Eaton & Vasudeva (2004). Tribe (1992) grows
the direction of drainage from grid cell to grid cell using s located at the valley head and
valley bottom.

The overwhelming majority of geophysical applications usgrid-based methods to rep-
resent the data for boundary extraction. In many other apptations, however, triangular
meshes have been used to represent the data surface - e.g.stoface topography in the
case of hydrology. These meshes are typically generatedngseither the entire set of grid
cell centers, or from elevation contour lines. Vieurt al. (1988) align the mesh edges such
that they follow stream lines by utilizing the contour linesof the DEM.

As an alternate approach to boundary extraction from an imagef gridded magnetic eld
data, we expand upon the method of Foks & Li (2013) and extradhe boundaries as line
segment vectors from a space- lling mesh of triangular fatse We choose to use triangular
meshes because of their exibility for representing arbiarily oriented features and surfaces
(e.q., Lelevre & Farguharson (2013)). Since we want to exact ridges of arbitrary orientation
from the data, triangular meshes are a natural choice to aahie this. After initializing the
mesh, we align the edges that are in proximity to the ridges vilat maintaining a mesh that

lls the surrounding areas. We then smooth the representain of the ridges by solving a
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two-stage optimization problem. The mesh edges that are cmordant with ridge axes can
be identi ed and extracted, thus allowing us to easily charaerize di erent regions within
the data grid.

Our approach can be applied to gridded magnetic data that havbeen prepared using
many di erent grid-based pre-processing techniques sucls @ahose described above. The
proviso to this statement is that the boundary locations musbe represented as ridges. Our
method could also be applied to multiply upward continued da grids such as that used
by Milligan et al. (2003) or FitzGerald & Paterson (2013) to generate a 3D tetraral
mesh with facets that honor the dipping boundary surfaces. his 3D tetrahedral mesh
would permit us to discretize the fault surfaces and sepamtthem from the surrounding
volume in a single algorithm. This 3D tetrahedral mesh woul@drovide an extra link between
interpretation, modeling and inversion, since the extraetdd boundaries could be used as
constraints in an inversion. Although our focus in this papelis on magnetic data, the
methodology is applicable to gravity and gravity gradient dta. We also note that our
algorithm could be used in other contexts such as the delinemn of watershed boundaries
or drainage networks from digital elevation models.

In this paper, we begin by presenting the synthetic magnetitotal- eld anomaly data
that is used to demonstrate the method. We then describe ourgferred pre-processing step
that ensures that the boundary locations are characterizey ridges in an image. Next, we
present the four stages that make up our boundary extractioalgorithm and demonstrate
its essential components with the synthetic example that veashown previously. To round
out the paper, we apply the method to a eld magnetic data setrbm the McFaulds Lake

area in northwestern Ontario, Canada.
3.3 Method

Our boundary extraction method consists of two equally imptant steps. The rst step
processes the magnetic data to produce an image whose ridgegespond to boundaries.

The second step identi es the boundaries using a space-riy mesh of triangular facets. In
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the description of our method, we will discuss these two stegeparately. For reference, we
provide an overview of the entire boundary extraction methdy which is shown in Algorithm
2. Next, we introduce a synthetic model as an illustration to &lp present the method.
Figure Figure 3.1a shows the synthetic model containing two gtawest trending vertical
dykes and a central block with anomalous magnetization. Weage the southern dyke an
undulating top surface in order to increase the data compléy over that dyke. We forward
modeled total- eld magnetic anomaly data on a 20-m by 20-m gt at a terrain clearance of
1 m using an inducing eld with an inclination of 62, declination of 2 and intensity of
58,200 nT, and then contaminated these data with Gaussian ise with a standard deviation
of 1% of the data range. The magnitude of magnetization for éhtwo dykes was 9.3 A/m
while the central block had a magnetization of 18.5 A/m. FigureFigure 3.1b shows the
synthetic data with anomalies located over the causative lges. We note in particular that
the anomalies are asymmetrical due to the inclination of theaducing eld used in forward
modeling, and that the data above the southern dyke has pattes that mirror the variations

in the depth to the top of the dyke.
3.3.1 Data Processing

We begin our boundary extraction method with the generationf an image from magnetic
data such that boundaries are represented as ridges. By dgithis, we convert the problem of
boundary identi cation to one of identifying the ridges in an image. This image preparation
step is equal in importance to the boundary extraction pross itself.

There are many di erent data transformation methods that cald be applied to the grid-
ded total magnetic intensity data that might be considereddtable to meet the requirement
for the subsurface boundaries to be expressed as ridges ie tirid. Many of these involve
a two-stage process; (1) a transformation that produces amalies centered above a source,
followed by (2) calculation of the total horizontal gradieh (Cordell, 1979). In the following,
we cite a number of the popular methods for part (1) before d&tg out the reasoning for

having a preference for using the magnetic amplitude trarsination.
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Figure 3.1: (a) Perspective view of a synthetic model with a n&ral block and vertical dykes
to the north and south. The southern dyke has an undulating tourface to increase the
complexity of the magnetic data above it. The magnitude of ngnetization for the central
block and dykes is 18.5 A/m and 9.3 A/m respectively (b) Total-eld anomaly data calculated
from the synthetic model in (a) with an inducing eld inclination of -62°, declination of 2
and intensity of 58,200 nT. Gaussian noise with a standard dation of 1% of the data range
were added to the data.
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Algorithm 2 : Method Overview
1. T  Grid the total eld anomaly data

2: |Baj  Calculate the magnetic amplitude of T

3: THD  Calculate the total horizontal derivative of iBaj

4: NTHD Normalize the THD to [0.0 1.0]

5. Optional: Image enhancement to reduce the dynamic range of the NTHD

6: Initialize a lattice of nodes over the NTHD image

7. Align the horizontal locations of the nodes in the initial lattice with ri dges
in the NTHD image

8: RASFM Triangulate the aligned lattice to form a ridge-aligned, space- lling mesh

9: Assign the NTHD image values to the node heights using interpolation

10: Smooth the heights of the mesh nodes using a regularized optimization pro-
cess

11: Calculate the curvature tensor of the mesh at the node locations

12: if Trace of tensor< 0 OR node height< 10% of the maximum node heighthen

reject the node

13: Move the accepted nodes using an iterative non-linear spatial averaging pro-
cess

14: Thin the shifted nodes by moving each to the nearest node in the RASFM

Traditionally, the total horizontal gradient has been appied to pseudo-gravity or reduced-
to-the-pole (RTP) data. The pseudo-gravity transformatim (Baranov, 1957) assumes a linear
relationship between the magnitude of magnetization and dsity to compute a gravity-like
anomaly over the anomalous susceptibilities, thus produngd an anomaly centered above a
causative body. The RTP process (Baranov, 1957) involves aase transform that simulates
data collected at the magnetic pole where the inducing- elis vertical. RTP data contain
anomalies with maxima located over a target and negative sdobes on the anks. A
limitation of RTP data is their dependence on the direction bthe source magnetization
such that features that have signi cant remanence in a dir¢ion that is not parallel to the
inducing eld will produce RTP data where the maxima are no lager directly over the source
and have anomalies with complex form. Furthermore, the RTPperator becomes unbounded
at low latitudes, which causes instabilities in its calcukéon. The pseudo-gravity operator
su ers from the same dependencies as the RTP operator (Bldke1996). Therefore, we

conclude that both of these approaches fail our requiremeat producing simple anomalies
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directly above the source when the magnetization directiois di erent to the inducing eld
direction.

Nabighian (1972) showed that the amplitude of the analytic ghal in 2D is the envelope
of the rst derivatives. He showed that this quantity is independent of inclination which
is in marked contrast to the RTP or pseudo-gravity transformtions. Unfortunately the
corresponding quantity in three dimensions, i.e., the totagradient (Roestet al., 1992), is
weakly dependent on magnetization direction. That said, il dependence is less than is the
case for the RTP operator.

In contrast to the authors noted above, we have a preferenaa fusing the total horizon-
tal derivative applied to magnetic amplitude data as our da processing method. Magnetic
amplitude data produce an approximate envelope to the totakld anomaly data. Their de-
pendence on magnetization direction is weaker still than éhtotal gradient. The amplitude
data produce positive anomalies that are nearly symmetritand approximately centered
anomalies over a target. Negative side lobes are absent, amgit calculation does not de-
pend on knowing the magnetization direction (Stavrev & Genska, 2000). Correspondingly,
amplitude data are better placed to deal with the presence eémanent magnetization which

iIs common in large-scale magnetic data interpretation preg¢ts (Li et al., 2010; Shearer,

2005). The amplitude of the anomalous eld vectojB ,j = P Bi + B + BZ, can be com-
puted in either the Fourier domain (Lourenco & Morrison, 193) or in the space domain
using an equivalent source technique (Dampney, 1969).

The amplitude data for our synthetic model show anomalies ¢ated over each source
(Figure Figure 3.2a), while the total horizontal derivative ¢ the amplitude data, normalized
to the range [0.0 1.0] (Figure Figure 3.2b), have maxima abovihd source edges. Since this
was the characteristic that we required in preparation for @gplying our boundary extraction
methodology, we were able to use this image as the input to thundary extraction algo-
rithm which we describe next. We have found that the transfenation of the normalized

total horizontal derivative of amplitude data has worked egally well with the other data
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sets that we have tested.
3.3.2 Boundary Extraction

Given a pre-processed image of magnetic data that charads boundaries as ridges
and has been normalized to the range [0.0 1.0], we generate esimof nodes that we use
to represent the image as a smooth surface in 3D and from whiake identify ridges. We
determine the node locations by solving an optimization pldem such that these nodes
are aligned with the ridges horizontally (i.e., in plan viewand that the surface provides a
smooth representation of the "height" of the image. To solvéhis problem, we split it into
two separate optimization stages. In the rst stage, we aliga lattice of nodes in the x-y
plane with ridges in the image. We then connect the aligned des using a mesh of triangular
facets and use the mesh to represent the 2D image in 3D. It hasdm our experience that
superior results are obtained when it comes to improving thde nition of the important
ridge axes and reducing the in uence of higher-frequencyateires and noise that may be
present by applying a smoothing pass to the mesh. Finally, weteact mesh edges close to
ridge axes as line segments and simplify them while maintamg the connectivity map of the
space- lling mesh elements between the extracted edges.

The rst stage in our boundary extraction algorithm is the gaeration of a horizontal
lattice of nodes over an image. We want to distribute the latte of nodes such that they
automatically align with ridges in the image. To achieve th§ objective, we implement the
atomic meshing method where an n-dimensional lattice of nes, or atoms, is aligned with
features in an n-dimensional image (Hale, 2006, 2001; Hale & &muel, 2002; Haleet al.,
2004). The desired alignment of nodes is achieved by solviaug optimization problem that
uses the analogy that the nodes on the image are able to move aipd down the slopes of
the image in response to attractive and repulsive forces eten nodes. This formulation
prevents the nodes from getting too close together or too fapart, and thereby produces a

space- lling lattice.
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Figure 3.2: (a) Magnetic amplitude data. (b) An image of the toal horizontal derivative
of amplitude data. These data were used to create a surfaceattcontained peaks directly
above lateral changes in magnetic susceptibility within t& model.
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3.3.3 Initial Lattice

To generate an initial lattice of nodes over an image, we uséte algorithm presented by
Hale (2001) that generates a pseudo-regular lattice via a thece function that determines
the distances between nodes. We generate our distance fumctas an image by non-linearly

mapping the input image,
Dg=( ¢ f)e °n+ (3.1)

whereDj, is an input image normalized to the range [0.0 1.0],. is the coarse distance, ¢

is the ne distance, and determines how quickly the exponential function decays fino the
coarse to the ne distance.D4 controls the distance between nodes when they are placed
over the data area. ; determines how close two nodes can be, whilg determines the
maximum distance between two nodes. They act as upper and Embounds on the inter-
nodal spacing. The inclusion of our input image in the exprs®n for the distance function
ensures that nodes will be closer together in the importanteas, i.e., where there are ridges
in the image, and further apart in the lower amplitude areas tat correspond to featureless
areas in the total horizontal derivative of amplitude data.

To initialize a lattice of nodes over the distance functionywe begin by placing a parent
node at a random location within the image. We obtain the neast neighbor pixel value
from the distance function to the parent node, and assign thaistance as the parent node's
radius of in uence. For each azimuth angle of 60around the parent node, we place a child
node at a distance equal to the parent's in uence radius. Wehen compare the location
of the child node to the location of any established parent we. If a child node is further
than 80% of any parent node's in uence, we append the child de to a queue. We then
randomly choose a child node from the queue, remove it fromahqueue, and promote it
to being a parent node. The new parent node is assigned its owruence radius. We then
repeat the placement of children nodes for each new parentd®ountil the entire data area

is fully populated or the queue of children nodes is empty. Weote, that when the children
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of the rst parent node are placed, they are all accepted intthe queue since each is outside
80% of the rst parent node's in uence. We chose to use an argbf 60 because a regular
triangular mesh can be composed of equilateral triangles wde internal angles are 60 Since
we change the distances between our nodes, the internal aglill deviate from 60, and
hence we refer to the initial lattice as being "pseudo-reguf".

We could have chosen to use each pixel center as a node in thesmehereby producing a
dense, regularly spaced lattice. However, a spatially vang lattice has two advantages over
a dense, regular lattice in the present context of boundaryxgaction. First, the number
of nodes is reduced and this reduces the computation time whextracting the boundary
locations. Second, by using a mesh that permits irregular @gping of the nodes, we open up
the possibility of adjusting the node locations such that thy align with the ridges in the
image. A regular lattice does not allow for node movement, drwe would no longer be able
to obtain the bene ts in precision that follow when we align he nodes with ridges in the

image.
3.3.4 Horizontal Distribution

Here, we provide a brief overview of the atomic meshing methahd refer the reader
to Hale (2001) for a more comprehensive description. Let theotizontal Cartesian co-
ordinates of a set of nodep = (x;y) be the vectorsx and y of length N where N is
the number of nodes. Letd; = p; p; be the vector that characterizes the horizontal

separation distance and direction between two nodes at |lams (X;;y;) and (X;;y;), and let

ri = kdjik, = P (x;  X)2+(y; VYi)?be the euclidean distance between the two nodes. To
align nodes with ridges in the image, nodes are moved such ttizey minimize the following

objective function,
h=@0 ) A+t (3.2)

where | is the total potential energy de ned as the weighted sum of ammage potential

energy, ,, and an atomic potential energy, ». Is a regularization parameter in the range
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[0.0 1.0] and determines how well the nodes align with ridgesSmall values of create
a regularly spaced lattice with nodes that are not aligned Wi image ridges because the
attractive and repulsive forces are dominant. High values give more weight to the image,
allowing nodes to "roll down" the entire image slopes withdumaintaining a well-behaved
lattice. A mesh can be generated via triangulation of a "welbehaved" lattice such that the
triangular facets have internal angles close to B0 It is preferable to have a well-behaved
lattice when it comes to the practicalities of triangulati,, and their numerical stability
(Shewchuk, 2002b).

The image potential is calculated as a summation of the neateneighbor image values

to each of the node locations,

X
| = Din (Xi; ¥i); (3.3)

i=1
where Di, (Xi; Vi) is the nearest neighbor pixel value from the input image tohte node

location.
The atomic potential energy is the accumulation of the inteatomic potentials calculated

for each node pair,

L XX
AT 5 A(u); (3.4)
i=1 j6i
whereu = -U— s the inter-atomic distance normalized by a nominal distaze and (u) is

dnom
the atomic potential function calculated locally for each ade,

(

153 9 19,,3 5,4 i

(= 26 Utz U M0 U<
A if 3

0 if 5

The atomic meshing procedure can be applied to an image ofhat ridges or troughs.

NIw

(3.5)

For an image of ridges, the nodes tend to move away from the ge crests. If we then
triangulate the lattice, we will have triangular elements hat span a ridge axis. Instead, an
image of troughs will allow nodes to "roll" towards and aligralong the trough axes. Upon

triangulation, the mesh will have edges that are parallel tehese trough axes. Therefore,
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to obtain the desired horizontal distribution of the lattice, we reverse the sign of our input
image, which transforms the peaks in the image to troughs. ©e the lattice is aligned with
these troughs, we revert back to an image of ridges.

In Figure Figure 3.3a, we initialized a lattice of nodes over thdata area using equation
3.1 with parameters ;=40 m, =120 m, =10, and nearest neighbor interpolation for the
assignment of image values to the proposed node locationsefe is a higher density of nodes
in the vicinity of ridges in the image while the featurelessraas contain fewer nodes. Figure
Figure 3.3b shows the lattice of nodes aligned horizontallyitlv ridges in the image using

=0.5 in equation 3.2. We then connected the nodes as a surfagih triangular facets using
Delaunay triangulation (Bernal, 1995; Chew, 1989; Shewdku2002a). Figures Figure 3.3c
and Figure 3.3d provide a close up view of the initial latticefmmodes and horizontally aligned
nodes, respectively, for the region outlined in grey in FigerFigure 3.3a.

The triangulation is represented by two listsv and F. v = fv;;1 i Ng contains
an index list of nodes, andF = ff,;1 k N.g contains a list of the facets, where
f, = (i%;i%;i%) contains indices to the three nodes that de ne the facet andll; is the total
number of facets. If two nodes share an edge, the nodes areaadjpt, whereas two nodes
sharing a facet are neighbors. A facet is incident to a nodethlat node is one of its three
corners, and the set oNF ' incident facets to nodev; is F' (Taubin, 1995). The properties
of adjacency and incidence are used when we identify the nedend edges that represent
the source boundaries.

We now proceed to extract the nodes and mesh edges along tliges from the remainder
of the mesh. To do so, we use the triangulated mesh to represéme 2D image in 3D by
assigning the nearest neighbor image value to each node as tiode height. We note that
other interpolation methods, such as bilinear or bicubic, ay be used but our experience
has been that the computational expense is not warranted. W&an then use the geometry
of the mesh to extract the edges. We note, that the ridge axesrt be disrupted by the

presence of noise and by undulations in height. To obtain th&esired continuity, we apply
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regularized smoothing to the mesh, which we formulate as acead optimization problem.
The approach is data driven and we describe below a robust rhetd for determining the

optimal amount of smoothing.
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Figure 3.3: (a) The lattice of nodes that was initialized ovean image of the normalized
total horizontal derivative. The inter-nodal spacing was dpendent on the magnitude of the
image. (b) The lattice showing nodes and triangular facetsftar being optimally aligned

horizontally with ridges and then meshed using Delaunay &ihgulation. Zoom in views for
the region outlined in grey in (a) for (c) the initial lattice and (d) the horizontally aligned

nodes.
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3.3.5 Vertical Optimization

During the rst stage of our boundary extraction algorithm, we generated a lattice of
nodes and aligned them with ridges in an image. The mesh gesmted from the aligned
lattice was then used to represent the image in 3D. Potentia¢ld data typically contain un-
desirable noise and the e ects of small-scale inhomogemest We therefore apply smoothing
to enhance the components of the image that we consider to khgral in this context.

Given a mesh withN nodes and xed horizontal Cartesian co-ordinateg andy, let z4
be the height of the nodes and let, be a vector of smoothed node heights of length. We

can smooth the mesh by minimizing the following objective fiction,
s=(1 ) 2+ o (3.6)
where , is a height mist function, | is a measure of the surface roughness andis a
smoothing parameter in the range (0.0 1.0). We choosg to be the squared., norm of the
di erence between smoothed and original node heights,
=iz a5 (3.7)
The surface roughness measure,, imposes geometrical constraints on the reconstructed

surface and is expressed as a combination of a smallest antteat term as follows,

Z Z
small = small (z: Zref)dedy; (3.8)
zz" 2 7
_ @; @; ,
flat =  flat @x + @y dxdy; (3.9)
ro= small ¥ flat ; " # (3.10)
Z 7 Z Z @ 2 @ 2
= small (Zr Zyef )dedy + flat @rx + @ry dXdy;(s-ll)

where z,¢; is a reference surface to guide the smoothing, which we dissun more detail
later. The smallest objective function constrains the reewstructed surface, such that it is
close to the reference surface. The attest objective funion constrains the derivatives of

the mesh to be small and locally as at as possible.
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To discretize the attest objective function

late the derivatives using linear interpolation of the noddeights.

through a triangular facet used to expressed as,
Z = ax+ by+ c:

Taking the derivatives ofz, with respect tox andy vyields,
Z Z
(a2 + b)dxdy:

flat =

Since each triangular facet has three nodes with indices;(%

flat and express it in matrix form, we calcu-

Letz (x;y) be the plane

(3.12)

(3.13)

:i%), we have three equa-

tions in the form of equation 3.12 that we solve simultaneolysfor a;b and c. Once we

obtain the expressions fora and b, square them, and sum them as in equation 3.13, we

obtain the following expression,

(X2 X3)?+(y2 VY3)?) 22

a’+ B = 2
N 2((x1 x3)( X2+ x3)+(y1 Y3)( Y2+ V¥3)
Zrlzr2
N 2((x1 X2)(X2 X3)+(yr Y2)(¥2 ys))2r12r3
2 2
L (1 x3)*+ (v y3))zr22
2((x1 x2)(X1 X3)+(y1 Ya2)(y1 Y3))Z
rZZr3
2 2
+ (X1 X2)*+(y1 Y2))Zr23; (3.14)
2 32 k3
ki1 Kiz Kis Z,
=z 7 75 4k ke kes 24295 (3.15)
Ka1 Ks2 Kas Zf3
= ZKTKKkZK, (3.16)
where the denominator, = (Xa(y> Vi) + Xao(y1 VYz)+ Xiu(ya  VY2))?, is twice the signed

area of the triangle in the x-y plane squaredz are the 3 reconstructed node heights for the

k" facet, andK¥ is a 3 3 symmetric coe cient matrix for the k™ facet.

We see that the product of equation 3.15 gives a measure of%

2

2 K
+ @ from

@y

equation 3.9 for the K' facet. To discretize the integral in equation 3.11 we requra
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guadratic function de ned by a global matrix K g that operates on the entire list of recon-
structed node heightsz,. To obtain this matrix we assemble the local matriceX | into K ¢
in the same way by which a sti ness matrix is assembled from dal sti ness matrices in
the nite element method. The global matrix Kg is an N N sparse matrix whose non
zero elements correspond to nodes that are adjacent. The a&lements inK ¢ , therefore,
correspond to nodes in the mesh that do not share a facet andnlce, are not connected by
an edge. For completeness we describe the process of gemgydt ¢ from a triangular mesh

in Algorithm 3.

Algorithm 3 : Compute K ¢ for a triangular mesh

1: Initialize an N N matrix Kg =0

2: forallf 2 Fdo

3: (i%;i%;i%) = indices to the facet's nodes

xk;yk = x,y co-ordinates of the three nodes

Compute K § using Equation 3.14

for m;n=1;3do . Add the elements ofK { to the (i%;ik; i) locations ofK ¢
Ka(ik;ik) = Kg(ik;ik)+ KK(m;n)

N o aa

Multiplication of the global coe cient matrix, K g, by the heights of the mesh nodes gives

a roughness measure for the entire mesh and hence the surf@tgghness measure becomes,
=(z0 Zwet)' (Zr  Zwet)+ 2/ KgzZ: 3.17
r — r ref r ref ) Z KgZr. ( . )

The total objective function is therefore

s=(1 )(Z4 Zr)T(Zd Z,)+ (Zr  Ze )T(Zr Zret ) + Z-rr Kez, (3.18)

To smooth the surface, we take the derivative of equation Blwith respect toz, and
obtain the following sparse linear system of equations thate solve using the preconditioned

conjugate gradient method,
(I+ Ke)zr =(1  )zgt Zet; (3.19)

wherel is identity.
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A small will impose very little smoothing to the mesh, and the resu#tint node heights
will be close to the original node heights. As increases, the inter-nodal tension increases,
additional smoothing is applied to the mesh, and the smoothesurface becomes at. The
choice of reference model is crucial to the behavior of the sathing operation. For exam-
ple, a zero reference model will allow the surface to be smibed but will also reduce the
amplitude of the surface to zero as becomes larger. A reference model of the maximum
node height, will pull the entire surface up to that value as becomes larger. To smooth
the mesh, but also maintain the shape and relative amplitudef the ridges and troughs in
the surface, we considered it logical to use the original nedheights as the reference model.

This leads to our nal system of equations
I+ Kg)zr = zg: (3.20)

Figure Figure 3.4a shows the mesh prior to smoothing while FigarFigure 3.4b shows
the smoothed mesh using a smoothing parameter 0£0.32. We determined the smoothing
parameter using the standard L-curve approach (Hansen, 1992vhereby the maximum
curvature of the L-curve provides us with the optimal smooting parameter. We note that
generalized cross-validation (Goluket al., 1979) is also a suitable method for choosing the
regularization parameter. The smoothing operation lterd the higher frequency content
along the ridges while maintaining the shape of the lower fyj@ency components of the

mesh.
3.3.6 Lineament Extraction

The nal stage in our algorithm involves the identi cation and extraction of the ridge
crests from the normalized total horizontal derivative (ie., the locations interpreted to cor-
respond to the location of source boundaries in the sub-sack). It is important to note
that we maintain an index into the nodes of the mesh that formtte ridge crest lines. This
allows us to turn on or o the display of mesh edges during exdrction and enables us to

retain congruence between the extracted boundaries (ridgeests) and the underlying mesh
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Figure 3.4: After aligning a lattice of nodes horizontally wih the ridges in an image of the
normalized total horizontal derivative of amplitude data,and triangulating the lattice, we
represented the data surface as a 3D height map. (a) Surfaceprnwhere the height of each
node was the value of the nearest neighbor cell in the rectangr gridded data. (b) To
simplify the representation of signal in the image, we apgd smoothing to the mesh.
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structure if we modify one or the other. For example, if we mavthe boundary line seg-
ments, we know how to move the nodes in the mesh structure to m&in consistency with
the boundary lines and vice versa.

To extract the mesh edges that lie along ridge axes, we use atimate of the curvature
of the unstructured mesh. To estimate the curvature, we mustart by computing the rst
derivatives of the mesh at the mesh nodes. Since our mesh es@Ents a height eld, we can

represent it as
F(x;y;z)=z f(x;y)=0: (3.21)
The derivatives can be estimated using the unit normal vectpf of the surface at each

node by

Qf @f'l _ N1 hg
@x @y N3’ Az’

To compute the surface normal at each node location, we coniputhe normalized

1 (3.22)

weighted sum of the normal vectors of the facets incident taaeh node,

P Wi h
fi = —p 2R T (3.23)

fr2Fi Wi,

wherew is the weight given to the K" facet andP « W=1. There are many choices for the
weighting. For example, the simplest scheme would be to wkigeach facet equally. Taubin
(1995) used the area of each facet, Max (1999) opted for wdaigbased on the internal angles
of each facet, and Chen & Wu (2004) used the distance to facetntroids as the weights.
Once we obtain the surface normals at the nodes, we estimateetcurvature of the mesh
at each mesh node using a least squares approach. Followirtgelly (2015), letw; be the
normalized direction vector between two nodes, projectedio the tangent plane,

d

dji (ﬁ\i dji )I"ﬁ\i (3.24)
d

kd?k
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The di erence in the normal vectors betweerv; and v;j is,
dhi = n A (3.26)

For a given nodev;, the vectorsw and dh are computed for each adjacent node and used

to form the matricesW and DN respectively,

w
DN

fwaj:itjwa, ] (3.27)
dhyj:ccjdhy, (3.28)

where N, is the number of adjacent nodes and we omit the subscriptfor simplicity. We

solve the following system of equations to obtain the curvate tensor at the mesh node,
C=DNW T(ww T) % (3.29)

The condition CA = 0 is imposed on the system of equations to make it full rank
and invertible. The principal directions of curvature can le obtained using the eigenvalue
decomposition of the curvature tensor, while the scalar cuature is the trace of the curvature
tensor. Figures Figure 3.5a and Figure 3.5b show the x (eastirg)d y (northing) derivatives
of the triangular mesh, respectively, while Figure Figure 3cdshows the scalar curvature.
Figure Figure 3.5d shows the polarity of the scalar curvaturaeyhich is clearly positive for
the ridges in the mesh.

To extract the mesh edges that lie along the ridge axes, we tremit any edge if either
of its two end nodes have negative scalar curvature or have aight that is less than 10% of
the maximum height. We impose the height restriction to omiedges that are located in the
most featureless areas, but have positive curvature. FiguFegure 3.6a shows the edges that
we identi ed as being located along and adjacent to the ridgein the data. It is apparent
from Figure Figure 3.6a that some degree of cleaning or simmation of the selected nodes

would be bene cial to more precisely represent the ridge @ts. We therefore move each
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Figure 3.5: Mesh geometry computed for each node in a triangulmesh. (a) The derivative
in the easting direction. (b) The derivative in the northing direction. (c) The trace of
the curvature tensor. (d) Saturated color bar from (c) showig only positive and negative
curvatures.
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extracted node to the average location of itself and its adjant nodes,

" #
vt = 1 v+ X vl (3.30)
! NAE +1 ! ) P '

whereNe is the number of adjacent and extracted nodes, and "adjaceértas the meaning
discussed previously. We only move a node if it moves a distanmore than a tolerance

"1yl > . We impose this limitation to minimize shrinkage of node netorks that

VI 1

have already been satisfactorily thinned. We iteratively move the nodes while the maximum
adjustment is greater than a second tolerance such that, max v{*™* v! > 1 i

N. Experience has taught us that good choices for these thredils are =10% of the image
pixel width, and =1% of the image pixel width.

Figure Figure 3.6b shows the e ect of thresholded, iterativeotation averaging of the
nodes shown in Figure Figure 3.6a, with each network of edgesttbe representing their
respective ridges. However, it is evident that the displaceent of nodes has resulted in
stretching of some of the facets adjacent to the ridge crest3o remedy this situation, we
perform a thinning process by choosing the edges in the onigl mesh (Figure Figure 3.3b)
that are "closest" to the extracted edges (Figure Figure 3.6c)We accomplish this by re-
placing each extracted node with the nearest neighbour nadl&om the original mesh. This
restores the surface to a state where it is de ned by a well bated mesh, and leaves us
with the desired narrow representation of the image ridgesWe have described this step
as "thinning" since the nal number of unique node locationswill be less than or equal to
the number initially identi ed as forming the network of ridges. To complete the boundary
extraction phase, we repeat the twin steps of thresholdedierative moving of the nodes
followed by thinning. For our synthetic example, this leave us with the nodes and edges
as shown in Figure Figure 3.6d as a representation of the sigoant ridges, and hence the
signi cant source boundaries.

To summarize our algorithm (algorithm 2), we can thus summaze our algorithm. We

rst compute magnetic amplitude data from the total- eld anomaly data to produce anoma-
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lies centered over each anomalous body. We then calculatee thormalized total horizontal

derivative of the amplitude data to produce ridges that aredcated vertically above the
source for simple geometries. We initialize a pseudo-regulattice of nodes using an estab-
lished method that references the total horizontal derivate. We then perform a two-stage
optimization on the lattice. In the rst stage, we align the lattice of nodes with the ridges
in the total horizontal derivative such that mesh edges areotated along the ridges axes.
We generate a triangular mesh from the lattice of nodes andmeesent the total horizontal

derivative in 3D. In the second optimization stage, we applgmoothing to the mesh in order
to reduce the in uence of higher spatial frequency featuresd noise in the mesh. Once the
mesh has been smoothed, we extract and re ne the location dfet edges in the mesh that
correspond to the ridges in the total horizontal derivativend hence, provide an approximate

representation of the locations of source boundaries in tiseibsurface.

3.4 Application to eld data

To illustrate the real-world performance of the algorithm,we now present an example
of its application to a eld magnetic data set from the McFautls Lake area, Ontario. The
McFaulds Lake area is in north-west Ontario, approximatelypO km east of Webequie. The
region is host to the "Ring of Fire", a westward-concave Arche@agreenstone belt composed
of ma c and felsic metavolcanics, pyroclastics and ultrama intrusions that host contact-
type Cu-Ni-PGE and chromite deposits (Ontario Geological Suey and Geological Survey
of Canada, 2011). In 2011, approximately 20,000 line kilotees of airborne gravity gradient
and magnetic data were collected along northwest-south¢aight lines spaced 250 m apart
with a nominal terrain clearance of 100 m. Control lines werewn perpendicular to the ight
line direction at a spacing of 2.5 km and also along the survepundaries (Ontario Geological
Survey and Geological Survey of Canada, 2011). We extractad0-km by 30-km subset and
gridded the total- eld magnetic anomaly data with 75 m by 75 mcells (Figure Figure 3.7a).
The ambient magnetic eld at the time of the survey had an in¢ghation of approximately 77

and declination 8°. The anomalies in the total- eld data have a typical dipolarcharacter,
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Figure 3.6: Series of normalized total horizontal derivaterzimages overlain with a represen-
tation of the nodes and triangular facets showing the proce®f cleaning and simpli cation
that we applied to the triangulated surface. (a) Nodes and tangular facets extracted from
the mesh with positive scalar curvature at the nodes. (b) Todyin to reduce the span of
some of the extracted triangular facets, we moved the locah of each node to the average
location of itself and its adjacent nodes. (c) By moving the ades, some of the facets were
substantially elongated. We therefore chose the nodes inetloriginal unshifted mesh that
were closest to the extracted mesh edges in (b). (d) The nak&racted edges after applying
a nal averaging algorithm.
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while the anomalies in the amplitude data (Figure Figure 3.7bare simple positive features.
The normalized total horizontal derivative of the amplituce data (Figure Figure 3.7c) has
a large dynamic range and hence, it can be dicult to display ad appreciate features
with widely varying amplitude. In contrast, the normalizedtotal horizontal derivative of
amplitude data for our synthetic example had a much smalleryshamic range, and hence,
we did not encounter any display issues. Since dynamic ranigsues are common with real-
world magnetic data sets, many di erent methods of dynamicange compression have been
used to ameliorate it. We describe below the image enhancermtechnique that we applied
to this eld example.

To enhance weak features in an image, we adopted a two step eggeh that is similar
to the automatic gain control function described by Rajagogan & Milligan (1995). First,
we applied a smoothing lIter to the input image. We then diviced the input image by its

smoothed version,

(3.31)

where Dg is the enhanced imageDi, is the input image andD s is a smoothed version of
the input image. To smooth the input image, we chose to apply moving average lter, but
any low pass lter could have been used. This Iter reduced t amplitude and broadened
features in the image. When used as speci ed in equation 3.31,served to reduce the
dynamic range of features in the input image. Figure Figure 3a8shows our enhanced
image using an 11 point 2D moving average window. To reduceetlenhancement of the low
amplitude noise, we introduced an extra control parameter,

Din

De =
E DS+

: (3.32)

where is a scalar value chosen by the interpreter. Figure Figure 3.8hows the moving
average enhanced image with=0.01. This had the desired e ect, with the intermediate
to high amplitude features being enhanced without increasy the prominence of the lowest

amplitude features. As the value of approaches zero, a higher proportion of small amplitude
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Figure 3.7: (a) McFaulds Lake area magnetic total- eld anomlg data collected along
northwest-southeast ight lines spaced 250 m apart and grited with cells 75-m by 75-
m. The ambient magnetic eld had an inclination of 77 and a declination of 8°. (b)

Magnetic amplitude data calculated from the total- eld ananaly data. (c) Normalized total
horizontal derivative of amplitude data.
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features are enhanced. Asincreases, the e ect of including the denominator term dinmishes
and the enhanced image becomes more like the input image. Tetermine an appropriate
value for , we rst determined a suitable window size for the smoothingperator using
=0. We then increased until we were on the cusp of producing a result that enhanced
features that we considered to be noise in this context. As vaitmany other smoothing and
signal/noise separation operations, the process was sutijee, but the addition of provided
a simple method to allow the interpreter to control the enhacement process and to make it
repeatable.

We used the data shown in Figure Figure 3.8b as the input to our ladary extraction
algorithm. The extracted boundaries are shown overlain onnaimage of the normalized
enhanced total horizontal derivative in Figure Figure 3.9a.n Figure Figure 3.9b, we have
overlain the boundaries on the total- eld anomaly data. We hve also shown the locations of
known mineral deposits in the region. The extracted boundes that form closed loops have
been manually lled with colour to highlight them. We see a hgh degree of correlation be-
tween the mineral deposit locations and some of the areas ersgd by extracted boundaries.
Since these are contact-type mineral deposits that occur arethe lower contact or margin
of ma c to ultrama c layered intrusions (Zientek, 2012), wewould suggest that some of the

areas enclosed by extracted boundaries correspond to irgrons of this type.
3.5 Conclusion

We have developed a method to extract in vector form the howntal location of rock
property boundaries from magnetic eld data using a spacelling mesh of triangular facets.
Although we applied the method to magnetic data, we note that would be straight forward
to extend the application of this methodology to other potetial eld data, such as gravity
or gravity gradient data.

In the data processing phase, we rst converted total- eld mgnetic data to magnetic am-
plitude data and hence, largely removed the dependence ottmagnetic total eld anomaly

shapes on the direction of magnetization of the source. Weeth computed the normalized
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Figure 3.8: Image of the enhanced normalized total horizontderivative. Enhancement was
achieved by dividing the original image by its smoothed veim. (a) Smoothing performed
using a 2D 11 point moving average lter. (b) Smoothing perfoned using the same lter in
panel (a) after adding a scalar value of 0.01 to the smoothechage prior to division.
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Figure 3.9: (a) Automatically extracted boundaries (black hes) overlain on an image of the
normalized enhanced total horizontal derivative. (b) Areashat were enclosed by extracted
boundaries that are shown in (a) were manually lled with redto highlight these regions.
The background image is the total- eld anomaly data and thetars show the locations of
contact-type Ni-Cu-PGE and chromite deposits.
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total horizontal derivative to generate an image that chareterized subsurface boundaries as
ridges. A ltering process to compress the dynamic range arid suppress the low amplitude
noise features was then applied to the grid.

This range compressed image was used as the input to the rst four stages in the
boundary extraction phase. In the rst stage, we generated kttice of nodes, edges and
triangular facets over the data area. In the second stage,dlinorizontal locations of the nodes
were adjusted such that edges that were in proximity to ridgein the image were aligned with
these ridges. Next, we applied smoothing to the height of theesh nodes before extracting
the mesh edges that were considered to be coincident or insggroximity to the plan view
location of subsurface boundaries. The algorithm was conded by re ning the horizontal
location of the extracted subset of nodes to provide thin repsentations of the boundaries.

We illustrated the method with a synthetic magnetic total- eld example, and then applied
it to a eld magnetic example from the McFaulds Lake area, Ordrio. In this example, we
noted that there was a correlation between the locations ohkwn Ni-Cu-PGE and chromite
mineralization and some of the extracted boundaries. We grred from this observation that
these particular boundaries correspond to the margins of ¢hlayered ma c to ultramac
intrusions and thus, that the remaining boundaries were pepective for hosting similar

mineralization.
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CHAPTER 4
ADAPTIVE SAMPLING OF POTENTIAL-FIELD DATA: A DIRECT APPROACH TO
COMPRESSIVE INVERSION

4.1 Summary

Compressive inversion utilizes computational algorithmihat decrease the time and stor-
age needs of a traditional inverse problem. Most compressiapproaches focus on the model
domain and other than traditional down sampling, very few fous on the data domain for
potential- eld applications. To further the compression n the data domain, a direct and
practical approach to the adaptive down-sampling of poterdl- eld data for large inversion
problems has been developed. The approach is formulated tgrs cantly reduce the quan-
tity of data in relatively smooth or quiet regions of the dataset, while preserving the signal
anomalies that contain the relevant target information. Two major bene ts arise from this
form of compressive inversion. First, because the approacbntpresses the problem in the
data domain, it can be applied immediately without the additon of, or modi cation to,
existing inversion software. Second, as most industry sefire utilize some form of model
or sensitivity compression, the addition of this adaptive d@ta sampling creates a complete
compressive inversion methodology whereby the reductioh@mputational cost is achieved
simultaneously in both the model and data domains. We demanate the method with a
synthetic magnetic data set and two large eld magnetic dataets, however the method is
also applicable to other data type. Our results show that theelevant model information is

maintained after inversion despite using 1-5% of the numbef data.

Chapter has been published in Geophysics (Foket al., 2014) with Dr. Yaoguo Li and Dr. Richard Krahen-
buhl as co-authors. The DOI ishttp://dx.doi.org/10.1190/ge02013-0087.1
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4.2 Introduction

Inversion is a mathematical technique that automatically enstructs a subsurface prop-
erty model using measured geophysical data, along with thecorporation of a priori infor-
mation as available. The models are recovered such that theiredicted data adequately
reproduce the measured data within an error tolerance, whithe shapes of recovered sources
are regulated such that mathematical solutions that are sticturally implausible are ignored.
When applied to potential- eld data, there are four categors of inversion formulations. The
rst category is surface inversion such as the works of (BqttL960; Pilkington & Crossley,
1986; Pustisek, 1990; Silva & Hohmann, 1983). These methoggpitally de ne a physi-
cal property, such as density, and seek to recover the boumas of units as a sequence of
sparse nodes, or an interfacing surface. Surface inversimnmulations provide a natural
collaborative interpretation tool, for example, with seimic methods. The second category
contains bound constrained cell-based generalized 3D irsiens, where the physical prop-
erty distribution must be solved for (Lelevre & Oldenburg, 2009; Li & Oldenburg, 1996,
1998; Portniaguine & Zhdanov, 2002). These methods are higlvaluable for most practical
problems where little a priori information is known in advage, such as in virgin exploration
regions. This approach also allows the easy incorporatiori geological constraints (Far-
guharsonet al.,, 2008; Lane & Guillen, 2005; McGaughey & Milkereit, 2007; Wiams &
Dipple, 2007; Williamset al., 2004). The third category are cell-based inversions with ed
physical property values (Camachet al., 2000; Guillenet al., 2004; Krahenbuhl & Li, 2006;
Uieda & Barbosa, 2012). These methods assume known physicadgerties, similar to the
condition of interface inversions, and solve for 3D structal distributions with the added
strength of a cell-based generalized inversion. The fourtategory is a hybrid approach that
simultaneously recovers the boundaries and physical prapevalues using an unstructured
mesh that approximates geologic units (Fullagaet al., 2000)

Each of these inversion techniques can su er from memory litations and large process-

ing times as new sensor technologies and acquisition platfs continue to collect dense data
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sets over large exploration regions. This problem is furtheompounded by the necessary
increase in model parameters as data sets continue to growivéh this obstacle, it is of no
surprise that the topic of compressive inversion continués remain an important area of re-
search. As the size of an inverse problem increases, more cotatoon time and memory are
needed, especially for the calculation and storage of thensdivity matrix. E orts have been
made to reduce these requirements in four distinct areas: élforward modeling algorithm,
matrix storage, the number of model parameters , and the number of dataN .

Forward modeling requires the use of large and dense send#yi matrices that are cum-
bersome and expensive to store. To speed up forward modejiRikington (1997) utilizes
the 2-D fast Fourier transform and convolution theorem whé Caratori et al. (2009) present
methods using the 3-D fast Fourier transform. Coet al. (2010) only calculate model re-
sponses within a footprint of the data location, which speadup calculation of the sensitivity
matrix and also makes it sparse. The sensitivity matrix hasden compressed by using the
wavelet transform with orthonormal compactly supported weelets (Daviset al., 2011; Li &
Oldenburg, 2003) and e ectively represents the dense matrin sparse format, thus reducing
storage needs. These methods act upon either the forward netidg algorithm or the storage
of the sensitivity matrix. The number of model parameterd can also be reduced, Ascher
& Haber (2001) use mesh re nement to reduc® while Davis et al. (2011) use quadtree
mesh discretization, for equivalent source processing, il data adaptively constructs a
mesh based on anomaly resolution. The quadtree extensionttwee dimensions, octree, has
also been used in geophysical forward modeling and inversi@avis & Li, 2013; Haber &
Heldmann, 2007; Habeet al., 2007).

To date, most of the advances in the compressive inversionpdtential eld data focus
on the model domain and little e ort has been devoted to comgssion of the remaining
component of the inverse problem, the data. Inversion of arg large scale data sets is
di cult without utilizing multiprocessor computer cluste rs. An alternative approach is to

down sample the data and reduce their number such that they oabe inverted on single
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workstations where multicore processors are now standardr even faster on multinode
systems. Traditionally, when potential eld data require eduction prior to inversion, they
are down sampled in regular intervals which is typically péormed by keeping one in every
few data points. This can have the undesired result of eithaversampling smooth regions
of the eld, under sampling highly variable regions, or both Aliasing may occur if data
are sampled below the Nyquist frequency or wavenumber, whighespecially important for
Fourier domain processing. In a non-traditional aspect, &Ww novel approaches have been
developed for adaptive data reduction. For example, Herrmaret al. (2009) use compressive
sensing to reduce the sampling rate of data while still recexing the full wave eld during full-
waveform simulation. In potential elds, Mendonca & Silva (994) iteratively add data points
from a data set to a smaller subset and solve for an equivalesturce layer. Data are then
forward modeled to the original locations and the data pointvith the largest error is added
to the subset. This is repeated until the total error falls blew a speci ed threshold. They
then use the subset to more quickly generate an equivalenusoe layer for gridding purposes.
As an alternative approach we present a method to adaptivelyample potential- eld data
that remains in the data domain as a fast and direct approaclotcompressive inversion. The
approach greatly reduces the number of data and thus reducé initial computation time
and storage costs of the sensitivity matrix and speeds up anversion algorithm, without
ever changing the algorithm itself. The adaptive samplingtategy selectively samples the
observational data, according to the complexity of the dataariation, such that the number
of data used in the inversion is minimized while the inform&n content is maintained.

In this paper we rst provide a brief background on the inver®n method implemented for
this study. We do so for completeness and to provide a contextowever our data adaptive
down sampling is applicable to most inversion methods. Nextye present the adaptive data
sampling algorithm and illustrate its application to synthetic total- eld magnetic anomaly
data. Within this section we diverge slightly to establish a hseline error threshold as a guide

for practical use. This threshold is then used to apply the ntleod to two large scale magnetic
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eld data sets to demonstrate both the applicability and sckbility of the algorithm. We

show that our down-sampling algorithm can signi cantly redice the number of data in
relatively smooth or quiet regions while preserving the sighanomalies containing relevant
target information. Thus speeding up an inversion, reducgnits memory requirements and

can make previously impractical problems more practical.
4.3 Inversion Method

Multiple methods have been established that solve for the lssurface physical properties
through geophysical inversion. To demonstrate inversioresults following data adaptive
sampling, we assume the approach based on Tikhonov regutation (Tikhonov & Arsenin,
1977).

In this approach, we have a linear integral expression forri@ard modeling that, when

discretized can be expressed as,
Gm = d; (4.1)

where d are the observed datam is the subsurface model to be solved for an@, the
sensitivity matrix, describes the e ect of each model paragter in m on each data point in
d. The sensitivity matrix is dense and has the dimensions data by M model parameters.
To solve via Tikhonov regularization, the inverse problemsi formulated as the following
minimization,

mn = 4+ (4.2)

where 4 is the data mist, |, is the model objective function and is the regularization
parameter. The data mist determines how well the predicteddata t the observed data

and is de ned as
a= kWgy(d Gm)K?; (4.3)

whereW 4 is the data weighting matrix whose diagonal components arée reciprocal stan-

dard deviations for each data point.
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The model objective function describes the model structurdor example the level of

smoothness by using model derivatives. In matrix notation
m = KWmn(m Mg )k2 ; (4.4)

wherem,¢ is a reference model, if available, anWV ., is a model weighting matrix. The
regularization parameter determines the balance between data t and model smoothness
If the statistical nature of the noise in the data is Gaussianthen the data mist is chi-
squared in nature and has an expected value equal to the numloé data N . In this case,
is chosen such that the data mis t equals the number of data.

The minimization of equation 4.2 involves the solution of ta following basic matrix

equation,
(GTWIW G+ WIW,)m=G WIWsd+ WIW,me: (4.5)

It is also common to incorporate other forms of a priori infonation by imposing additional
constraints in the inversion process. The inclusion of sudvonstraints will lead to addi-
tional terms or the incorporation of information to existing terms (Li & Oldenburg, 2003;
Portniaguine & Zhdanov, 2002). Since the number of data isteh large, calculating the
dense matrixG and solving the system in equation 4.5 are two major compuianal loads
of the inversion process. These can lead to large procesdinges, or even exceed a work-
station's memory limits, which are the underlying problemsve address here by adaptively

down sampling the data.
4.4 Methodology

Airborne data generally contain a signi cantly ner sampling distance along the ight
lines than in the cross line direction, which leads to data dandancy. Down sampling of
large ight line data sets is a commonly used practice to speeup data processing and
inversion. Traditional down sampling occurs along ight lires or if the data are gridded,
will remain on that grid by keeping one in every few data poir The result is that data

redundancy often remains since no information about the sigl is used during traditional
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down sampling. The chosen samples may under sample highlyighie anomalies and over
sample smooth anomalies in the data. Therefore an importagbal of down sampling should
be maintaining information content and shape while still rducing the number of data. To
achieve this goal, we rst select an appropriate proxy for té signal and using that proxy,
calculate a sampling distance image. We then adaptively sate such that more data are
selected in areas where the proxy has a large magnitude, amedd data are selected in the
low magnitude areas. The nal selection of data samples isrci@d out systematically with

a quantitative criterion, that we de ne as a reconstructionerror.
4.4.1 Data Adaptive Down Sampling

To present our method, we rst introduce a synthetic examplehat will be used for
illustration. The example will also be used to establish a gable error level for the adaptive
down sampling algorithm. Figure 4.1a shows a model with two amalies of susceptibilities
0.03 and 0.05 SI. 9025 total- eld magnetic anomaly data arerfivard modeled to a 50-m by
50-m grid at 80-m elevation with an inclination of 65 and declination of 28. The data are
then contaminated with 7-nT Gaussian noise. Figure 4.1b shewhe synthetic data with

two clear anomalies present. These are the data that we wilke to demonstrate.
4.4.2 Selecting a Proxy and Calculating the Sampling Distance Image

For our adaptive sampling technique we rst calculate a proxof the data in Figure 4.1b
such that areas that need to be sampled nely are of higher magude. Example proxies
include absolute value, derivatives of the data, curvatureor more elaborate quantities can
be used, such as image entropy (Holdeat al., 2008). In this paper we use the absolute value
of the data as a rst order proxy for signal content. The proxyis then normalized to the
range [00 10] and a sampling distance image is created by non-linearlyapping the proxy
via

Ds=( ¢ )e P+ (4.6)
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whereD,, is the proxy, . is the coarse sampling distance,; is the ne sampling distance
and determines how quickly the exponential function decays fno the coarse to the ne
sampling distance. Ds is the sampling distance image which determines how far apar
samples will be placed over the data area. 1 determines how close two samples can be
while . determines the farthest distance between two samples. Theyt as upper and
lower bounds on the inter-sample spacing. Equation 4.6 e teely represents proxy values
of 1.0 by ; and values of 0.0 by .. The proportion of higher values that are represented
by : is determined by . Figure 4.2a illustrates the non-linear mapping function fothree
decay parameter values () over an input range [0 1], with a ne sampling distance 1 = 50
m and coarse sampling distance. = 200 m. Figure 4.2a illustrates that as the decay
parameter increases, a larger proportion of higher input values are mped to the ne
sampling distance. Figure 4.2b shows a sampling distance igesafter applying equation 4.6
to the absolute value of Figure 4.1b using = 10:0. The highs in the proxy become the
ne sampling distance while the lows become the coarse sampgl distance. Nodes can now
be distributed over the data area whose inter-nodal distaes depend on the value of the

sampling distance.
4.4.3 Choosing the Down Sampled Data

To distribute nodes we have taken inspiration from an initialattice algorithm of Hale
(2001) who developed the atomic meshing method that automeally aligned a lattice of
atoms or nodes with a seismic image. First, we place a parentd®in the center of the data
area and assign it the nearest value from the sampling disteen image. Second, we place
children nodes every 6Daround the parent node at that distance. If a child node is not
within 80% of a parent node's assigned distance, we add thaldmode to the list of parent
nodes. Similar to Hale (2001) we have found that an 80% tolerealevel yields samples that
are consistent with the sampling distance image. This itetiae process is then repeated until
the data area is fully populated. At this point, we then treatthe node locations as sample

indicators, and we move the nodes to the nearest data point.hlis, samples are located at
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the data locations and take their value. As an example, Figure 2t shows the locations of
4617 samples usings =50 m, =200 mand =10:0 from the synthetic data. Di erent
combinations of ¢, .and in equation 4.6 will down sample the data with varying degree
of success. If the samples can reproduce the observed dated eeduce the number of data,
then the down sampling is successful. Therefore, to detemsi how well a set of samples
reproduce the original data, we need to establish a means oéasuring their reconstruction

error.
4.4.4 Calculating the Reconstruction Error

To de ne a reconstruction error from down sampled data, we 1eS° be the grid data
of sizeNy x Ny, and let S' be a reconstruction ofS° following down sampling, gridded
to the same locations ofS° via interpolation. We use a relative I3 norm as a measure
for our reconstruction error, Rg, such that it quanti es the similarity between S° and its
reconstruction S',

kS Sk,

Re = isok,

(4.7)

The reconstruction error will decrease as the reconstructedata S" better represents the
gridded observed dataS°. If the reconstructed data are calculated by gridding the aap-
tively down sampled data, the error tells us how much informen content that particular

down sampling scheme maintains. The reconstruction erroa be calculated for a variety
of schemes where each down sampling has a di erent combimetiof non-linear mapping
parameters ;, .and from equation 4.6.

We can observe the behavior of the error as increases by xing the ne and coarse
sampling distances. Figure 4.3 presents the reconstructienror and number of samples for
the synthetic example with { = 50 m and . = 200 m. We see in Figure 4.3 smaller
reconstruction errors for higher values as expected, consequently, the reconstruction arro
decreases as the number of nal samples increases. In otherds, the more aggressive the

reduction in the number of data, the larger the reconstructin error. The more conservative
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Figure 4.1: (a) Synthetic model, with L shaped and cuboidal lahes of magnetic susceptibil-
ities 0.03 and 0.05 respectively, used to forward model (b)25 total- eld magnetic anomaly
data on a 50-m by 50-m grid at 80-m elevation. The inclinatiois 65° and the declination

is 25.
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Figure 4.2: (a) Non-linear mapping function with 3 exponenéil decays. As increases,
a larger proportion of higher input values are mapped to 50 m.(b) Sampling distance
image calculated by non-linearly mapping the normalized ablute data value using a decay
parameter of 10.0 (c) 4617 data adaptively selected samplesng a decay parameter of 10.0.
In all panels, the ne sampling distance is 50 m and the coarsampling distance is 200 m.
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the down sampling, the smaller the error. This raises one majuestion that we seek to
answer, which error level is suitable? For demonstration pposes we establish the error level
through an approach of cross-validation. We do this to estéibh a baseline error threshold
for the algorithm, so that it may be used for any practical aplication. This is discussed

next.
4.4.5 Establishing a Suitable Error Threshold via Cross-validation

To establish a baseline error threshold we rst need a means tmeasure the amount
of signal that a recovered model, constructed using down splad data, retained from the
observed data. We do so via cross-validation and simply foawd model the response from
the recovered model at the observed data locations. We thealculate the normalized data
mis t,

KW 4(d® 'S
(o] o]

whereW 4 is the data weighting matrix whose diagonal components arée reciprocal stan-
dard deviations for each data point.d® are theN, observed dataG is the sensitivity matrix
and mg is the model that is recovered using down sampled data. If thecovered model
retains the signal in the observed data, then the normalizedata mis t should be approx-
imately 1:0 and hence the associated reconstruction error is a suitalevel. To determine
an appropriate level for most practical applications, we wert 12 sets of down sampled data
using ¢ =50 m, =200 m and varying levels of . For each set of samples, we invert them
such that their mis ts are equal to the number of samples in th set and we cross-validate
each recovered model with the observed 9025 data by calcidgtthe normalized data mis ts.
Figure 4.4 presents a chart with normalized data mis ts plottd against reconstruction error.
The number of samples are included to show that, as we increathe number of samples,
the reconstruction error decreases, and so does the norpedl data mis t. The normalized
data mist becomes 10 when the reconstruction error falls below:075. We establish this

level of Q075 as the error threshold for practical application. Thusmultiple inversions are
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not necessary for practical problems and we can invert a siaglown sampled data set whose
reconstruction error is below @75. In our experiments we have found that this threshold
is a good upper limit for many data sets we have worked with, e@ver we acknowledge
that every data set is di erent. For illustration, Figure 4.5 shows two inversion results, the
rst is from an inversion using all 9025 data points while thesecond is from a set of 7060
samples, which is 78% of the observed data. The reconstractierror for the set of samples
is 0073 and corresponds to the point in Figure 4.4 at which the nomtized data mis t falls
to 1:0. This means the set of samples no longer undert the data antence, adequately
retain the signal after inversion. To obtain a measure of sitarity between the recovered
models we calculate a relative Lnorm between the two recovered models of0B19. We will
now apply the adaptive down sampling algorithm to two largescale eld magnetic data sets

with di erent anomaly complexities.
4.5 Demonstration

To extend the method to ight line data, we use interpolationto provide accompanying
data in grid format. The approach then follows the methodolgy section using the gridded
data to calculate the sampling distance image and identifyasple indicators, however, sam-
ples can now be selected from both the original ight line dat and the gridded data. To
approximate the elevation at each grid point, we use the sanwgerpolation scheme to also
grid the elevation of the observed data. In this paper we useimmum curvature with a
grid spacing no less than a quarter line spacing. The nal gemated down sampled data will
therefore contain a combination of data points at either theight line or gridded locations.
A logical starting set of down sampling parameters is to set; to the grid spacing, and .
to the ight line spacing. The ne sampling distance is set tothe grid spacing because a
smaller distance would introduce extra errors through intpolation. The coarse sampling
distance is set to the ight line spacing to retain data poins from the raw ight line data. To
calculate the reconstruction error, we interpolate the sapfes to the same grid as the gridded

data. We choose a set of samples whose reconstruction ersobelow 0075. Then, we nd
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Figure 4.3: Reconstruction error (diamonds) and number of agtively down sampled data
(circles) for di erent decay parameter values used in the aghtive down sampling algorithm
applied to the synthetic example. The ne sampling distances xed to 50 m and the course
sampling distance is xed to 200 m.
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Figure 4.4: For each reconstruction error, the associated wlo sampled data are inverted
and the recovered model is used to predict total- eld resp@es at the original data locations.
The data mis t between the predicted and observed data, noralized by the total number
of data, is calculated to determine the level of reconstruicin that no longer under- ts the

original data.
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Figure 4.5: (a) Recovered model after inverting 9025 synthettotal- eld magnetic anomaly
data. (b) Despite a reduction by 22% of the 9025 data, the reeered model after invert-
ing the 7060 adaptively selected data shows that model stiuce is retained. Magnetic
susceptibilities below 0.01 are omitted.
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a single optimum model for that set of samples and cross-wddite the recovered model with
the observed ight line data. For the rst eld example we also invert the total ight line
data set to compare and contrast the recovered models. We uke second eld example to

illustrate the scalability of this algorithm.

45.1 Field data set-1

The rst airborne magnetic data set was collected along easiest ight lines spaced 200 m
apart with a 7-m inline data separation. The 182,264 data spaan area of approximately 20
km by 12.5 km. Figure 4.6a shows the total- eld magnetic anonhg which has an inclination
of 79 and declination of 12. The data show an isolated central anomaly and a horseshoe
shaped western anomaly that may or may not be connected at dbp We grid the data to 50-
m by 50-m using minimum curvature and then apply the adaptivelown sampling algorithm.
We down sample the data using a ne sampling distance of 50 mparse sampling distance
of 200 m and a decay parameter of®to produce a sample set whose reconstruction error is
0:0041. Figure 4.6b shows the nal 10113 samples and we obsehat the higher amplitude
positive and negative areas are sampled more nely than theabkground as desired. The
samples are next inverted using a mesh with 3,287,440 100-ubic cells. For comparison,
we also invert the observed ight line data. Figure 4.7 showsmo recovered models with
magnetic susceptibilities plotted on a logarithmic scalew to the hugely disparate magnitude
of anomalies. Susceptibilities below 0.012 S| have been oyed and the depth slice is at 800
m. Figure 4.7a was obtained using all 182,264 ight line datana Figure 4.7b was obtained
using 10113 data. We see a high degree of similarity betwedre two models despite using
only 5.55% of the number of data. The relative L norm of the recovered model using the
samples is D817, which is very close to the relative Lnorm for the model in Figure 4.5b. To
cross-validate the model we forward model the response aetli86,264 ight line locations
and calculate a normalized data mis t of 101 as shown in Table 4.1. The relative Lerror
shows similar model recovery to the synthetic example whildne normalized data mis t

indicates that we have retained the signal in the data.
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Figure 4.6: (a) Data set one - 182,264 airborne total- eld dat collected along east-west
ight lines spaced 200 m apart. (b) 10113 data adaptively setted samples of data set one.

68



Figure 4.7: Recovered models for the rst eld example usinga) 182,264 ight line data and
(b) 10113 adaptively selected samples, the depth slice is&0 m, the cuto susceptibility
is 0.012. The mesh contains 3,287,440 100-m cubic cells. Thenber of samples used
in the compressive inversion is 5.55% of the observed 182,2@ht line data. Units are
dimensionless magnetic susceptibility (SI) and are plotteon a logarithmic scale.
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45.2 Field data set-2

The second airborne magnetic data set was acquired in 2005da2006 by the Alaska
Department of Natural Resources, Division of Geological arfdeophysical Surveys (DGGS).
The whole survey covers nearly 8000 Kfrof airborne electromagnetic and total- eld data
along the Alaskan Highway Corridor (Burnset al., 2006). The approximately 7.5 million
data were collected along northwest-southeast trendingght lines spaced 400 m apart with
east-west tie lines and lines along the boundaries of the gay area. A subset of 1,387,389
data points spanning 57 km by 27 km was extracted for this styd Figure 4.8a shows the
total- eld magnetic anomaly of the subset with an inclinaton of 77 and declination of 22.
There are two main regions of higher amplitudes and higherfquencies to the northwest and
south. A larger, lower frequency anomaly is to the southeaand smaller isolated anomalies
are scattered throughout the region. The anomalies are thght to originate from the granitic
basement, which has in areas been metamorphosed to amphitesl that do not have a
recognizable magnetic response (Dusel-Bacenal., 1993; Regeet al., 2008). We adaptively
down sample the data using our algorithm after we grid them usy minimum curvature at
a quarter line spacing. A ne sampling distance of 100 m, cosg sampling distance of 400
m and decay parameter of ® produce 19,136 samples whose reconstruction error 1843,
which is below our established threshold. Figure 4.8b showset 19,136 sample locations,
which is 1.39% of the number of ight line data. The higher frquency, higher amplitude
and isolated anomalies produce nely spaced samples to repent their respective anomaly
shapes. The samples are inverted using a mesh containingd8,576 200-m cubic cells. The
recovered model is presented in Figure 4.9a and is displayesing a cuto susceptibility of
0.032 Sl to illustrate that the broad and isolated anomalielsave been recovered. Figure 4.9b-
¢ contain two depth slices at 1500 m and 3000 m respectivelyhdse depth slices illustrate
that within the recovered broad targets lie smaller, highesusceptibility targets that match
features in the data. To cross-validate the model we forwarthodel the response at the

1,387,389 ight line locations and calculate a normalizedadla mist of 1:03 as shown in
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Table 4.1. The cross-validation again indicates that we hawetained the signal in the data.

Figure 4.8: (a) Data set two - 1,387,389 airborne total- eld dta collected along north-south
ight lines spaced 400 m apart. (b) 19,136 data adaptively setted samples of data set two.

45.3 Discussion

The success of adaptively down sampling a data set ultimayetiepends on factors such
as line spacing, station spacing, spectral content of the @& and whether anomalies are
isolated or continuous. Isolated anomalies will allow moraggressive down sampling since

fewer samples are needed to characterize the signal. Highbriable anomalies need more
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Figure 4.9: (a) Volume rendered compressive magnetic inviens of data set two using 19,136
samples from total- eld anomaly data, susceptibilities a cuto at 0.032. Horizontal slices
at depths (b) 1500 m and (c) 3000 m show the inner anomaly strtuce. Units are in dimen-
sionless magnetic susceptibility (SI). The 19,136 samplased in the compressive inversion
is 1.38% of the original 1,387,389 data.
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nely spaced samples to accurately represent their behaviand hence a higher percentage
of the total number of data will be needed. In the synthetic exmple we see successful down
sampling only when we use 78% of the data. This occurs becatise majority of the data
area is occupied by signal, according to our proxy of absotutvalue, and there is relatively
little background response that can be sampled sparsely. tontrast, the two eld exam-
ples have a much larger proportion of their data areas occpi by a background response,
hence they can be down sampled more aggressively. We essdiadd an upper limit of 0075
to the reconstruction error by using the synthetic examplerad applied this upper limit to
down sample the two eld examples. In the rst eld example, ve calculated a small recon-
struction error because the data are smooth. Hence, smootrgata will naturally produce
smaller reconstruction errors since we need not reconsttubeir lower noise characteristics.
The eld examples have shown that we can use just 1 5% of the number of data without
signi cant loss of information content, and that the nal inverted models using down sam-
pled data still recover all important features in the model.For both the synthetic and rst
eld examples, we have performed inversions using all the sdrved data and a down sampled
data set. Both models for each example are in excellent agment and retain the signal in
their respective observed data. In order to quantitativelyassess the adaptive down sampling
method we adopt a cross-validation approach. We forward mebthe predicted data at the
observed data locations using the recovered models genedafrom a down sampled data
set. The data mis t normalized by the total number of data is hen calculated to determine
how closely the observed data are t. A normalized data mis tgreater than 10 indicates
that the signal in the observed data is not fully recovered ahis under t. Table 4.1 provides
the normalized data mis ts for data predicted at the observe data locations for both eld
examples. The results show that the data forward modeled ah¢ observed data locations
produce normalized mis ts that are close to 1.0, indicatinghat the models recovered after
signi cant down sampling are adequately reproducing the ginal in the original data. There-

fore, despite large reductions in the number of data, we do hlmse signi cant amounts of
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information, provided the reconstruction error is below aertain threshold. Correspondingly,
the recovered model for the down sampled data has a high dglito the model that would

have been recovered from the full data set, as illustrated thithe rst eld example.

Table 4.1: For each data set, we adaptively down sample thailiata and invert the set of
samples. The recovered models are used to forward model tlesponse at the ight line
locations. The data mis t normalized by the number of ight line data is calculated. The
normalized data mis ts are close to D, indicating no signi cant loss of information despite
down sampling. The percentages correspond to the amount ansples compared to the
number of ight line data.

Data Set | Mist | % of Observed Data
Field Set-1| 1.01 5.55%
Field Set-2| 1.03 1.38%

4.6 Conclusion

We have presented a direct approach to compressive inversioy data adaptively down-
sampling potential- eld data to reduce the computational ost of inversion and increase the
size of solvable problems. The adaptive down sampling can tlsen to minimize the num-
ber of data while maintaining information content in the dat set. The fast and e cient
selection of down sampling parameters, coupled with zerdenference with existing inversion
codes, means that this method can be seamlessly incorpothiato current potential- eld
inversion schemes. The amount of compression from this teafue is comparable to the
advances in adaptive quadtree/octree mesh discretizaticand wavelet compression. Com-
bined with octree mesh discretization and wavelet compress techniques, the data adaptive
sampling leads to an additional level of total e ciency for te practical inversion of large
potential- eld data-sets.

The technique has been illustrated using magnetic total-ld anomaly data, both syn-
thetic and eld. However it can easily be applied to gravity, nltiple-component gravity
gradiometry, magnetic gradient and magnetic amplitude dat Inversion of adaptively down

sampled airborne electromagnetic data is well within the sepe of this research. Application
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to compress non potential- eld data may also be viable.
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CHAPTER 5
COMPRESSIVE INVERSION OF GRAVITY GRADIENT DATA USING ADAPTIVE
SAMPLING

5.1 Summary

We expand data adaptive downsampling of potential- eld dat from single component to
multi-component data by developing a method to adaptively dwnsample gravity gradient
data, to increase the computational e ciency of inversionwhile retaining the structure in the
recovered model. The approach furthers the collection of opressive inversion techniques
by selecting data from each component according to its signeontent. We investigate
two approaches to achieve this objective. The rst approacbdownsamples each component
independently such that samples from one component may not lxolocated with samples
from another component. The second approach uses a commoixyr for signal in the
gravity gradient tensor, to downsample all components to #gisame locations. For a synthetic
example, we observe similar results in the recovered invemnmodel for both approaches, with
each reducing the number of data to approximately 20%. We alsapply our algorithm to
a eld gravity gradient example from McFaulds Lake, Ontario Our results show that we

maintain the major model structure after inversion, despé using 11.4% of the data.
5.2 Introduction

3D potential- eld inversion is known to be a computationaly intensive task. The size of
the problem is directly related to the total number of data, ad model parameters. Even for
a single channel data set, such as total eld anomaly data, arge number of data can quickly
make their inversion unfeasible due to both the computationme and memory requirements.
For multiple component gravity gradient data these costs & compounded by the number
of measured components. Di erent gravity gradient systemsieasure di erent components

of the gravity gradient tensor. A Full Tensor Gradiometry (FTG) system measures six
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components of the tensor, while the Falcon system measurest ,, and = 0:5( x

yy)- The Falcon system therefore has twice the number of data @va single channel data
set, while an FTG system has six times the number of data. We thefore seek to reduce the
number of data by downsampling the multi component gravity adient data, and thereby
reducing both the computation time and memory requirementsf their inversion.

Downsampling data is a commonly used method to make procegsand inversion faster.
Traditionally, data are arbitrarily downsampled by taking one in every few data points along
the ight lines, or on a grid. The inherent disadvantage of taditional down sampling is
the undersampling of highly variable anomalies, and the ossampling of smooth anoma-
lies. Mendonca & Silva (1994) used an iterative equivalenbsrce technique to downsample
potential- eld data by adding data points with the highest prediction error. Foks et al.
(2014) presented a method that chooses samples from magodbttal eld anomaly data
according to a proxy of their signal content. In areas wheréé signal is high, nely spaced
samples are placed. In quiet regions of the data, sparselyaspd samples are placed. The
number of data is reduced, and inversion of the downsample€td set retains the recoverable
structure in the inverse model. For each set of samples, a oestruction error is computed
that gives a measure of how well the set of samples reconstauthe data.

In this paper, we further develop the method of Fok®t al. (2014) for single channel
data to the more challenging problem of multi-component graty gradient data. We apply
adaptive sampling to the components of the gravity gradiertensor to investigate whether we
can reduce the total number of data, while retaining structte in the inversion. We rst we
introduce a synthetic gravity gradient example for demonsation purposes. We downsample
the gravity gradient data using two di erent approaches. Tl rst approach downsamples
each component independently according to each componergignal content. This approach
produces samples from each component of the data that are mat-located with samples from
the other components. The second approach uses an invariaftthe gravity gradient tensor

as a proxy for the signal in all the components. The samples this second approach are
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co-located. After inverting each set of samples, we comparteetrecovered models with the
recovered model generated by inverting the full data set. Fatly, we apply the method to a

eld gravity gradient survey from McFaulds Lake, Ontario, Canada.
5.3 Methodology

To begin, we introduce a synthetic FTG example using a simplddrk model. Figure 5.1
shows gravity gradient data on a 25 m by 25 m grid at 60-m elevah generated from a 300-
m cubic block with a density contrast of 2.4 g/cc. We added Gasian noise with a mean
of zero and standard deviation of 1 E® to the synthetic data.To downsample the gravity
gradient data, we use two approaches. The rst approach dowamples each component
individually according to the signal in that component. By his, we create a separate set
of samples for each component, where the co-ordinates of g@mples may be di erent for
each component. In the second approach we maintain co-loicat of the samples for all
components by choosing samples according to an invarianttbe tensor.

Adaptive sampling uses a proxy for signal content to place sghes over the data area.
The proxy is a user speci ed image of the data. For example, kpet al. (2014) showed that
the absolute value of the data was suitable when downsampdimagnetic total eld anomaly
data. Other proxies might include rst or second derivative, or any other transform or
derivative the user deems suitable. The proxy is non-lindgrmapped to a sampling distance

using
Ds=( ¢ f)e Do+ fi (5.1)

whereD,, is the proxy, . is the coarse sampling distance,; is the ne sampling distance,
and determines how quickly the exponential function decays fno the coarse to the ne
sampling distance. HereD g is the sampling distance image which determines how far apar
samples will be placed over the data area. ; determines how close two samples can be
whereas . determines the farthest distance between two samples. As ataenple, Figure 5.2

shows the distance image for the absolute value of each comewt of the synthetic data.
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The ne sampling distance is 50 m, the coarse sampling distem is 200 m and the decay
parameter is 10. Areas of positive and negative values of thatd would be sampled more
nely than the surrounding background response.

To measure the success of the down sampling, we measure thierdsetween the original
grid and a grid, reconstructed using the set of samples. Hemge use minimum curvature
interpolation with tension to reconstruct the gridded, andwe compute the reconstruction
error between the grids. We de ne the reconstruction errorsing two measures applied to
the di erence between original and reconstructed grids, S = S° S'. The rst is the
maximum absolute di erence between the gridded data and renstructed grid, while the

second is the standard deviation of that di erence grid,

R = Sky ; (5.2)

Re = " ——= (S 93 (5.3)

whereN is the number of grid cells, and S is the mean of the di erence grid. These error
measures allows us to downsample each component such thagithreconstruction error is
within their estimated noise level. The rst measure identes the largest deviation in the
reconstructed grid, which may identify outliers. The secahmeasure gives a better statistical

understanding of the behaviour of the reconstruction.
5.3.1 Independent down sampling of each component

Our rst approach for down sampling gravity gradient data isto apply the adaptive down
sampling algorithm of Fokset al. (2014) to each component separately. Figure 5.3 shows
each component with its respective set of samples. Each sésamples was generated using
the absolute value of the data and by searching for the decaggameter that produces a set
of samples withRt ~ 2:5 B® which is within 2.5 standard deviations of the estimate noise
level of the data. Table 5.1 shows the number of samples andwoeastruction errors for each

set of samples in Figure 5.3. There is variation in the numbersince the adaptive sampling
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Figure 5.1: Gravity gradient tensor computed from a small blck with a density contrast of
2.4 g/cc. The block is a 300-m cubic block with a top located &@t50 m depth. The data are
located at 60 m altitude on a 50 m by 50 m grid.

80



Figure 5.2: Sampling distance images for each gravity gradtecomponent using a ne
sampling distance of 50 m, coarse sampling distance of 200 nd @ decay parameter of 10.
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procedure is randomly generated.

Figure 5.3: Adaptively placed samples for each component, baget of samples was placed
according to the absolute value of the underlying image. Theample locations are di erent
in each image.

The total number of adaptively placed samples is 14495, whigs just 24.16% of the full
data set. This reduction in the number of data directly trantates to a reduction in the
memory requirements of the sensitivity matrix. The full matix requires 4 Gb of memory,
while the downsampled data require just 1 Gb. Similarly, thegime needed to generate

the matrix, was approximately 4 times less. Once we downsatapeach component, we
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Table 5.1: Resulting down sampling statistics for the indegndently sampled gravity gradient
data. The ne sampling distance was 50 m and the coarse distamwas 200 m.

Component | Decay Parameter| # of Samples | R: (E®) | Rg (BE®)
X 65.0 2367 2.441 0.34
Xy 20.0 2244 2.394 0.41
xz 80.0 2532 2.434 0.40
vy 75.0 2582 2.277 0.379
vz 80.0 2443 2.013 0.371
2z 160.0 2327 2.096 0.387

concatenate the samples into a single data vector, such thdtey may be inverted. Since
we know the statistics of the noise added to this data, we intethem using the discrepancy
principle such that the data mis t is equal to the total numbe of data. The nal recovered
model is shown in Figure 5.4 with a second model generated byerting the full data set.
We see that we have retained the structure in the inverse mdd#espite using 24.16% of the

data.

Figure 5.4: (a) Inversion of 14495 independently downsamglgravity gradient components.
(b) Inversion of the full data set with 60000 data points.

83



5.3.2 Down sampling using an invariant of the tensor

As an alternative to down sampling each component according its signal content, we

may use a common proxy for the signal for all components. Thegxy may be the magnitude

of the vertical components of the tensorD, = P w2t .t 7, oraninvariant may be
used. Pedersen & Rasmussen (1990) computed the invariantghe gravity gradient tensor
to highlight strike direction or the locations of large volune sources. Murphy & Brewster
(2007) use variants for structural mapping. Carlost al. (2013) provide an excellent review of
the di erent tensor invariants and how to compute them. Theyalso show numerous examples
where di erent components of the tensor are combined that ghlight di erent aspects of the

gravity gradient data. The three invariants of the gravity gadient tensor, are as follows,

x3
lo = trace( )= i O (5.4)
i=1
i = ot gy ot ooz ok x g (5.5)
2 = JJ= w(y 2z 32)"' xy( yz xz xy zz)t x( xy yz xz yy): (5.6)

Figure 5.5 shows ; and |, for the synthetic data, the lower two images show the logatim
of the absolute value of the invariantsjogo(jl1j) and logio(jl2j). To downsample the data
we use invariantl, as the proxy for signal in the gravity gradient data. Figure % shows the
adaptively chosen samples using a distance image generatisthg the invariant 1,. Notice
that the placement of the samples does not depend on each cament's signal, but rather
on the invariant image. To determine the decay parameter,, for down sampling, we rst
downsampled the xy component of the tensor untiRt 2.5 Ee. The co-ordinates of the
1914 samples are then used as the sample locations of the r@ing components, and hence
produces co-located samples from the components of the giagradient tensor. Table 5.2
shows the reconstruction error per component.

Figure 5.7 shows the recovered model, using the discrepanaynpiple. We again see

good recovery of the block that is comparable to both the invsion using the full data set,
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Figure 5.5: Top: First and second invariants of the gravity grdient tensor. Bottom: Log to
base 10 of the absolute value of the invariants in the top row.
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Figure 5.6: Adaptively downsampled gravity gradient data usig the second invariant as a
proxy for signal content. The sample locations are the same €ach image.
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Table 5.2: Resulting down sampling statistics for the gratj gradient data downsampled
using one of its invariants as a proxy for signal content. Thene sampling distance was 50
m and the coarse distance was 200 m. The decay parameter andnber of samples are
equal for each component at 20 and 1914 respectively.

Component| R (B®) | Rz (E®)
- 2.465 0.436
Xy 2.067 0.432
xz 4.053 0.478
vy 3.276 | 0.439
vz 2.926 | 0.437
2z 3.119 0.461

and the independently downsampled approach. In this exanglwe have adaptively sampled
each component and obtain 19.14% of the total number of datgiving 1914 data points per
component after downsampling. Again we see similar reduati® in both computation time

and storage requirements.

Figure 5.7: (a) Inversion of 11484 adaptively downsampled ayity gradient components
where samples were placed using an invariant of the tensoh) (nversion of the full data set
with 60000 data points.
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5.4 Application to a eld example

We now apply adaptive down sampling to a eld gravity gradiehdata set from McFaulds
Lake, Ontario, Canada. The survey lines were own 250 m apadn a bearing of 13%and
control lines were own with a spacing of 2.5 km at 45 The draped survey had a nhominal
terrain clearance of 100 m. The survey was own early in 201In@ both magnetic and
gravity gradient data were collected (Ontario Geological 8vey and Geological Survey of
Canada, 2011). Figure 5.8 shows a subset of the measureg and , gravity gradient
components. The data area covers 15 km by 15 km and contains5BB5 data locations,
giving 291,070 total data. We downsample each component aegtely such that Rg is well
within their estimated noise level of approximately 5 E®. he noise estimate was obtained
using equivalent source processing (Dampney, 1969), andsimilar to what was reported
by Martinez (2015) and Li (2001). Figure 5.9 shows each set ainsples overlain on their
respective data. The ,, component was downsampled to 11778 samples with 2954 sasiple
taken from the ight line data, and 8727 samples from the grided ight line data. The
component was down sampled to 12490 samples with 3097 ightd data and 9308 samples
from the gridded data. The components were downsampled tosju8.1% and 8.6% of the
number of data locations in the full data set. We summarize #se results in Table 5.3.
Figure 5.10a and Figure 5.10b show the di erence between theidged ight line data and
the grids reconstructed using the set of samples for each quunent. There is no apparent

structure in the reconstruction residual maps.

Table 5.3: Resulting down sampling statistics for the McFdds Lake gravity gradient data
downsampled using the signal in each component. The ne sahlmg distance was 75 m and
the coarse distance was 250 m.

Component | Decay Parameter| # of Samples | Rt (E®) | Rz (E®)
Xy 10.0 11778 19.708 | 2.190
v 10.0 12490 19.384 | 2.081
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Figure 5.8: ,, and , for the McFaulds Lake area, Ontario, Canada. The survey liise
were own at 250 m apart on a bearing of 135and control lines were own with a spacing
of 2.5 km at 4%. The draped survey had a nominal terrain clearance of 100 m.

Figure 5.9: McFaulds Lake gravity gradient data with adaptiely placed samples overlain.
The samples were generated according to the signal in the igga The Xy component contains
11778 samples, while the uv component contains 12490 saraple
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Figure 5.10: Reconstruction di erence grids for the samplegdravity gradient components.
After a set of samples is chosen over each component, they aiddged to the same dimensions
as the gridded ight line data for comparison.

We inverted the downsampled data to recover a 3D density caast model using 3,512,320
cells with a core region of 75-m cubic cells. For comparisor walso inverted the entire data
set with 290,070 data points using the same mesh. The nal mered models with a cuto
of 0.33 g/cc are shown in Figure 5.11 with an elongated nortlosth trending anomaly that
bends slightly to the east on the southern end, as can be searthe data. The full inversion
took 21.6 hours to generate its 43.7 Gb sensitivity matrix wh 250x wavelet compression,
and 60 hours to complete 10 inversions each with a di erent gelarization parameter. The
sensitivity matrix for the reduced data set took just 1.75 hors to generate its 3.66 Gb
matrix, again with 250x wavelet compression. The inversisnwith the same regularization
parameters, took 5.55 hours to complete. The computationnties are associated with an
Intel(R) Xeon(R) CPU E5-2670 with 16 threads on 2.60 GHz procssrs. The reductions in
time and memory are directly proportional to the reductionm the number of data, i.e.12.5x
reduction. Figure 5.12a and Figure 5.12b show a horizontal @i at 1600 m depth through
the 3D models for comparison while Figure 5.12c to Figure 5.12thow cross sections at

Northings of 582.5 km. Figure 5.13a to Figure 5.13d show crosstsens at Northings 582.8
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km, and 583 km respectively.

Figure 5.11: Recovered inverse model from a) the full set of12070 data and b) 24086
adaptively placed samples from McFaulds Lake gravity gragint data. The model contains
3,512,320 cells with a core region of 75 m cubic cells, withdar padding cells on the outer
edges of the mesh.

In each of the cross sections and horizontal slices we seelsimecovery of the anomalous
body. In the 3D volume rendered image, we also see good recpwd the anomalous body
despite the reduction in the number of data. We can observe Wwowell the predicted data
t the observed data for each example in two ways. The rst is gatially as a map of
the data residual, while the second is via histograms of theegiduals. In Figure 5.14 to
Figure 5.15 the residual maps and histograms are shown for thdl data set inversion and
the inversion of adaptively placed samples. Figure 5.16 sh&wvo more residual maps and
histograms for this data, the residual maps show the di eraze between the observed ight
line data, and the data predicted at those locations using a @ael recovered from adaptive
sampling inversion. These residual maps are to serve as assrvalidation step, to show that
the recoverable signal is maintained in the inversion, degp the reduction in the number
of data. Figure 5.16 shows that there is still some structureemaining in the residuals,
particularly in the uv component along the edges of the anortyaand data area. To check

that the asymmetry in Figure 5.16 is not introduced by the samlps chosen from the grid,

91



Figure 5.12: Horizontal slice at 1600 m depth for the recoveredodels of (a) the full data
set and (b) the adaptive samples. Vertical slice at 5825000 North for the recovered models
of (c) the full data set and (d) the adaptive samples.
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Figure 5.13: Vertical slice at 5828000 m North for the recovetenodels of (a) the full data
set and (b) the adaptive samples. Vertical slice at 5831000 North for the recovered models
of (c) the full data set and (d) the adaptive samples.
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we can observe the residuals in the down sampled data set aetlocations pertaining to the
samples chosen from the ight line, and gridded data. Figure.57 shows the locations of
the chosen ight line and grid points for the xy component, ad the histograms associated
with the residuals at those locations. Figure 5.18 shows tharse for the uv components.
There is little to no asymmetry in these four histograms, indating that it manifests in the
cross-validation step only, and is not introduced in the sapiing and inversion steps. These
inversion results appear to have, and indeed do have, siniliecovery of the structure. In
fact, if these models were handed to an interpreter and askedhich one came from the full
or down sampled data, they might be hard pressed to know exct The cross validation
results, however, indicate that the model from down sampledata is not maintaining the

signal content in the ight line data, due to the structure in the residual.

5.4.1 Second Pass Down Sampling

It is important to note, at this point, that the residual stru cture was not apparent until
the nal stage of cross validation, which involves a singleofward model of the data at
the ight line locations. The entire process of down sampliop the data, computing the
reconstruction residuals, and inverting the set of samplegave no indication of possible
residual structure. This emphasizes that while developingn adaptive sampling algorithm
to a speci c problem, cross validation must be carried out. fere is a second reason as to
why cross validation is important. It allows re nement of the proxy for signal content and
calibrate the process, and perhaps revisit the assumptiotizat were made when choosing
the original proxy. In our case here, the original assumptm that sampling the highs and
lows in the data should be sampled more nely, is not quite cogct, and we should revise
our down sampling methodology for gravity gradient data.

The structure in the residual is in the form of two linear feaires oriented roughly
northwest-southeast. These features lie along the anks tiie anomalies in the data, where
the highs transition to lows. Figure 5.19a and Figure 5.19b siahe total horizontal deriva-

tive of each gravity gradient component with highs in each iage that correspond to the
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Figure 5.14: (a) Data Residual for the XY component of the full afa set with 145535
observation locations and (b) the histogram of the XY residda. (c) Data Residual for the
UV component of the full data set and (d) the histogram of the UV esiduals.
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Figure 5.15: (a) Data Residual for the XY component of the downasnpled data set with
and (b) the histogram of the XY residuals. (c) Data Residual fothe UV component of the
down sampled data set and (d) the histogram of the UV residuals
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Figure 5.16: After inverted the down sampled data set and obtaing the recovered model,
the data are predicted at the original 145535 ight line locaons. (a) Data Residual for the
XY component and (b) the histogram of the XY residuals. (c) DataResidual for the UV
component and (d) the histogram of the UV residuals.
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Figure 5.17: (a) Chosen ight line locations displayed by ble points, and chosen grid points
by red points in the XY component of the down sampled data set. lle histograms of the
data residuals corresponding to these two sample sets ar@wh in (a) and (b).
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Figure 5.18: (a) Chosen ight line locations displayed by ble points, and chosen grid points
by red points in the UV component of the down sampled data set. he histograms of the
data residuals corresponding to these two sample sets ar@wh in (a) and (b).
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residual structure location in Figure 5.16. These images cé® used as proxies for a second
pass of down sampling. Figure 5.19c and Figure 5.19d show thdraxsamples generated
using the total horizontal derivatives of each component. Ae XY component has had 3985
samples added while the UV component has had 5303 samples addene addition of sam-
ples has increased their number to 33374, which is 11.4% oé ttotal amount. The new set
of samples were inverted, and the recovered model cross daled with the original ight
line data. Figure 5.20 shows the recovered model with the imggon of the full data set in
light grey for comparison. The cross validation residualsra shown in Figure 5.21 which
show far less structure in the residuals, and hence we areing the original ight line more
successfully with the addition of the extra samples. The reeered models from the full and

down sampled data show good similarity.
5.5 Conclusions

We have expanded the method of data adaptive downsamplingnaulticomponent gravity
gradient data to reduce their number, which in turn reduceshe computational costs of
inversion. Each component of the data can be downsampled amgkendently, or a common
proxy for signal content may be used. For a synthetic exampleve showed reductions in
the number of data of up to four times, while maintaining the ecoverable structure in their
geophysical inversion. Our eld example showed reductiod®wn to 11.4% of the data, which
greatly reduces both the computation time and memory requements of inversion, making
the problem feasible on a single machine. An initial reductioto 8% provided insight into
the down sampling algorithm applied to gravity gradient daa. In particular, it highlighted
two key insights. First, the inversion using the initial set 6 samples was a good rst pass
inversion to obtain an approximate 3D subsurface model. Sew, to be absolutely sure
the inversion is maintaining the signal in the original dataa cross validation step must be
performed. When we compared the inversion results for the fidnd adaptively sampled
eld data sets, we retained the pertinent structure in the reovered model, however some

remaining structure in the data residuals after the crossalidation procedure led us to re ne
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Figure 5.19: (a) Total horizontal derivative of the XY componat. (b) Total horizontal
derivative of the UV component. Extra samples have been appded to the rst set for each
component using the total horizontal derivatives as the pry.
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Figure 5.20: Recovered model using 33374 total samples frone txy and uv components.
The recovered model using the full data set is shown in greyrfoomparison.

102



Figure 5.21: After inverted the second down sampled data setc@mbtaining the recovered
model, the data are predicted at the original 145535 ight hie locations. (a) Data Residual
for the XY component and (b) the histogram of the XY residuals. €) Data Residual for the
UV component and (d) the histogram of the UV residuals.
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the algorithm. After adding samples to the existing set usinthe total horizontal derivative
of each component, we obtained a more reliable inversion,dareproduction of the ight line
data. It would be interesting to see how the dual down samplgapproach behaves on a new
data set, and whether next time, only a single pass is needeldereby re ning the algorithm

and its use.
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CHAPTER 6
INTERFACE INVERSION USING TRIANGULAR FACETS

6.1 Summary

Interface inversions are a specic application of inversénéory to recover the boundary
between two units of di erent physical properties. Applied 6 the gravity example, the
interface de nes the boundary between two contrasting deites. Recovery of the base of salt
is a well established procedure by inverting gravity, graty gradiometry, or magnetic data.
Typically the region is represented using 3-D juxtaposed seal prisms on a rectilinear mesh
whose depth extents de ne the depth to the base of salt. Instd we propose to discretize the
surface using an unstructured mesh with triangular base ehents. This formulation reduces
the problem size of the interface inversion and has the exiity to accurately represent
any a priori known structural information. We discuss the forward modeig algorithm,
our new discretization of the model objective function, andlustrate the performance using
a synthetic salt example. We compare the results with the tditional rectilinear mesh

approach and show a good comparison between the recoveredleis of the two approaches.
6.2 Introduction

Geophysical inversion is a technique that automatically emtructs a subsurface property
or geometry model using measured geophysical data. The mizdare recovered such that
their calculated, or predicted, data reproduce the measutalata to within their noise level,
while maintaining structural simplicity. One particular category of geophysical inversion is
the surface inversion where the physical property, for exaite density, is prescribed and
we aim to recover the boundaries of units or bounding surfexe There are many areas
of application for an interface type inversion in the geoplsical literature. For example,
Oldenburg (1974) invert 1D gravity pro les to recover the Mdorovct discontinuity between

the Earth's crust and mantle.
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One major area of application is sedimentary basin analysig particular, the depth
at which the sediments end, and basement begins. Sedimemtdrasins are of particular
importance since the sedimentary layers within the basin mpehave been deformed and can
form hydrocarbon traps. The depth to basement is used to helpterpret the maximal
extent of the basin material and infer a possible thermal higry necessary for hydrocarbon
generation. Peters (1949) discuss various methods to inpeet magnetic data with the
speci ¢ application to the depth to igneous basement rockBott (1960) recover the depth
to basement using an iterative procedure and stacked in rgt slabs. Silva & Hohmann
(1983) randomly assign values to parameters such as depttdahickness, and observe which
sets of parameters produce the best estimated data mist. Hir approach is applied to
magnetic data. Pilkington & Crossley (1986) also use a tri@nd-error approach to invert for
the magnetic basement by testing di erent combinations ofdyer depth and magnetization.
Kieniewicz & Luyendyk (1986) invert gravity data and Pusti€k (1990) invert magnetic
data for basement topography using a Fourier domain approactGallardo & Meju (2003)
illustrate the inversion of both gravity and magnetic data b recover the depth to basement,
they also allow both the top and bottom surfaces of the sedimeto vary, and they show a
nice correlation between the top surface and bathymetry. &u& Li (2014) present gravity
inversion for the depth to basement, however they implemeain adaptive L, norm to recover
both smoothly varying basement topography and the sharp disntinuities associated with
faulting. Salemet al. (2014) invert magnetic data that have been transformed usinthe
pseudogravity transformation and apply their algorithm tothe Stord Basin in the northern
North Sea. Barboseet al. (1997) invert gravity data for the thickness of rectilinearcolumns
in 3D by implementing an L, norm measure for the model structure, while Barboset al.
(1999a) use an L norm, weighted L, norm, logarithmic barrier constraints to limit the
thickness, anda priori known thickness to guide the inversion as a reference moddlhis
combination allows for better recovery of faults. Barbosat al. (1999b) discretize the basin

region into prisms where the value of each prism is between ansity contrast indicating
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sediment, or null, indicating basement. They impose limit®n the values of the density
contrast by imposing ana priori assumed density contrast pro les. Martinset al. (2010)

extend this line of work and constrain their basement inveien using measurements from
boreholes that intersect the basement. Martingt al. (2011) and Limaet al. (2011) present
a two part series using total variation regularization (Acar& Vogel, 1994).

Interface inversions have also been used to the recover theubdary of salt bodies that
have risen up through the surrounding sediments. Since shks a lower density than the sur-
rounding sediments, it typically produces a negative gratyi anomaly which can be inverted.
Salt makes imaging using seismic methods di cult and the usef gravity helps to de-risk
the interpretation of regions containing salt, by increasig the con dence in its boundaries.
Areas of salt intrusion are economically important, becausgalt has the ability to create
hydrocarbon traps. Typically, somea priori information and structural constraints, such
as the top of salt, are provided by seismic interpretation ahincorporated into the inver-
sion. Talwani & Kessinger (1995) present a method to recovdre base of salt from gravity
data by iteratively adjusting the depths of 3-D columns. 3-Dprisms have also been used
to jointly invert gravity, magnetic and gravity gradient data (Jorgensen & Kisabeth, 2000;
Routh et al., 2001). In his masters thesis, Cheng (2003) carries out ex$gve analysis to
address the errors associated with the base of salt inversiosing gravity data. Barnes &
Barraud (2012) present a surface inversion using the totaakiation regularization and apply
it to gravity gradient data in order to de ne salt anks. Krah enbuhl & Li (2006) use a binary
formulation that characterizes the discretized subsurfacas either zero for sediment, or one
for salt. Silva Diaset al. (2011) use 3-D gravity inversion and an iteratively re ned rash.
These two approaches may be used for multiple interfering amalous bodies.

These prior methods operate either in 2D to invert for a proe, or in 3D using rectilinear
meshes which have an associated ease of use in both the evalnaf potential- eld data and
the imposition of model constraints. Since the cell faces m@ctilinear meshes cannot dip, any

arbitrarily oriented surface will be represented by a stamase-like approximation. Rapidly
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changing and steeply dipping surfaces require a large numioésmaller cells at the interfacing
surface in order to increase the accuracy of their represatibn. This limitation leads to the
natural question, can we instead turn to unstructured meslsewhose base elements consist
of triangular facets?

Unstructured meshes have recently increased in popularitinse the faces of the mesh can
dip arbitrarily, which can provide an accurate representadbn of a known surface or bound-
ary. As such, a dipping surface may be represented by feweramgular elements in contrast
to rectilinear meshes which are limited in the ability to repesent non-orthogonal geometry
Rckeret al. (2006). Lelevre et al. (2011) present the inversion of rst-arrival times, Lelevre
et al. (2012a) present a cross-hole tomography example, and keglie et al. (2012b) present
3-D inversion applied to a mineral exploration example, allsing unstructured meshes. Their
unstructured meshes are able to represeat priori known surfaces with cell faces parallel
to those surfaces. Lelevre & Farquharson (2013) discuske complications associated with
unstructured meshes, in particular, the generation of thepatial gradient matrix, the com-
ponent in an inversion that imposes atness or smoothness the model. They identify that
an undesirable patchwork e ect may be produced in a recovetenverse model and show
how to correctly generate the spatial gradient matrices tovaid this e ect.

In the following sections, we begin by describing our methotbgy for inverting gravity
data to recover an interface between densities in the subfare. We formulate the problem
using unstructured meshes of triangular facets. We then alypthe method to a base of salt

example.
6.3 Method

Interface inversions typically discretize a volume of theubsurface using juxtaposed
prisms, where the top and bottom of those prisms quantify théhickness of the volume
at each prisms location. Gravity data do not increase linebr with an increasing thickness
and this necessitates a non-linear inverse formulation tecover either the top or bottom

surface. In this section we rst an outline for non-linear imersion. We then describe our
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method of discretizing the upper and lower surfaces of a 3D dy and how we forward
model gravity data from that body. We then describe the genation of the model weighting

component of the inverse problem.
6.3.1 Non-linear inversion

To develop the inversion algorithm, we follow the methododgy outlined in Oldenburg &
Li (2005), and choose the approach based on Tikhonov regukation (Tikhonov & Arsenin,

1977) that minimizes the following objective function,
= gt ms (61)

where g is the data mist, ., is the model objective function and is the regularization
parameter. The data mist determines how well the predicteddata t the observed data

and is de ned as

0= kWa(d f(m)k?; (6.2)
whereW 4 is the data weighting matrix whose diagonal components aréeé reciprocal stan-
dard deviations for each data point.f (m) is the forward modeling of the predicted data

from the modelm.

The model objective function ,, measures the model structure,
m = KW n(m M K2 (6.3)
wherem e is a reference model antlV ,, is a model weighting matrix, which we discuss in

the next section.

The objective function in equation 6.1 is therefore,
= kWgq(d fMm)K+ kWn(m  me )k (6.4)

Since the gravity response at the surface is non-linearlylaged to the base of salt depth,

the minimization of equation 6.4 is also non-linear. To sodvthis problem we must expand
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equation 6.4 using a Taylor series and obtain the solution ing an iterative method so that,
1
(m“+ m)=( m+g" m+ 5 m'H m+ H:O:T:; (6.5)

whereg = r ( m) is the gradient of the objective function,

_@m.
andH =rr ( m)is the Hessian,
S _@(m),
Hj = @mam (6.7)

If we take take the derivative of equation 6.5 with respect tom and set the result equal

to zero, we obtain
Hm= g; (6.8)

and the model is updated once we ndm usingmk*! = mX+ m,

To apply this to our problem in equation 6.4 we obtain the fobbwing for the gradientg,
gm)= JTWJIW4d® f(m)]+ W]IWnL(m me); (6.9)

whereJ is a function of m called the sensitivity matrix, which we will describe at theend
of the next section. The elements al describe how the data at location changes due to a
unit change in thej ™ model parameter.

We obtain the expression for the Hessian by di erentiating agation 6.9 with respect to

m to obtain,

(r )TW Jwgd®s f(m)+JI"™Wiwad+ wliw, (6.10)

H
A JTWIwgd+ WIw; (6.11)

where we neglect the computationally expensive higher orderms in equation 6.10 and use
the approximate HessiarA in equation 6.11. Including these results into equation 6.8e

get,
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Q"WIWgI+ WIW,) m= (6.12)
ITW W g[dobs  F(MO)]  WIW om0 mie);

wherek is the index for the current iteration, and we solve for the péurbation to the model
m.
To bound the depths of the recovered surface we impose logfamic barrier constraints
(Li & Oldenburg, 2000a). These constraints prevent the suate from becoming higher or
lower than two separately speci ed model bounds, these mayelobtained froma priori

information. Hence, the objective function is updated to cdain,

(6.13)

where the nal term is the logarithmic barrier function and is the log barrier parameter.

Our linear system of equations becomes

QTWiWd+ WIWL+ X 2+ Y ) m= (6.14)
JTWJWd(dobs f(m(k))) WLWm(m(k) mref)+
X e Y le

whereX = diagfm; |;g,Y = diagfu; m;g, ande= f1;::;1g.

To obtain the optimal model, we generate an L-curve (Hansen932) by obtaining the
solution to the non-linear problem using di erent values of . For each solution, the regular-
ization parameter is held xed, rather than changing dynangally (Oldenburg & Li, 2005).
Haber & Oldenburg (2000) present an approach for applying geralized cross validation to

a non-linear inversion, they demonstrate their approach i an interface inversion.
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6.3.2 Forward Modelling and the Sensitivity Matrix

In this paper we use a triangular mesh representation to distize an interfacing surface,
where the nodes of the triangular mesh de ne the depth to theusface. The triangulation is
represented by two listsy andF. v = fv;;1 i Nvg contains an index list of nodes, and
F=ff;1 k N;gcontains a list of the facets, wherd, = (i¥;i%;iX) contains indices to
the three nodes that de ne the facet and\; is the total number of facets. If two nodes share
an edge, the nodes are adjacent, denoteél A facet is incident to a node if that node is one
of its three corners, and the set oRF ' incident facets to nodev; is F' (Taubin, 1995). The
properties of adjacency will be used when we develop the régization term for inversion.

To represent a 3D body using top and bottom surfaces we rst asme that each surface
is discretized using nodes with the same horizontal locatis. The volume can then be
de ned by juxtaposed vertical triangular prisms, each withtwo potentially oblique triangular
facets at the top and bottom and three vertical rectangles. Wmay now forward model the
gravity data from our discretized volume, and we turn to metbds developed for arbitrarily
oriented polyhedra. The solution to the integral expressis for arbitrary polyhedra has
been presented many times, each with di ering computationaomplexities, (Barnett, 1976;
Okabe, 1979; Plou, 1976; Pohanka, 1988; Talwani & Ewing, 59). Here we follow the
method described by Barnett (1976) who provide a concise aedsy to follow method.

The total gravitational potential due to a volumeV that has uniform density
Z
U = - -dV; (6.15)
vl Ti

where is the gravitational constant,r r; is the distance from the observation location to

the volume, and (r) is the density. The gravitational eld is the negative gradent of the
potential, the components of which are obtained by the dot duct with a measurement

direction j, hence,
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I
e

s] (6.16)

dv: (6.17)

= r " .
J v jirori

We can use the divergence theorem to convert equation 6.17oim surface integral,

Z Z i n
sir i

whereS is the surface of the body anah is the outward-directed unit normal vector to the

9i = ds; (6.18)

elementdS. If the surface of the body is split into multiple triangular facets, we get the

response for a single facet at a single data location, as
9= ] N (6.19)

and for all the facets in the mesh,

X
g = jomili; (6.20)
i
wheren; is the normal vector for the " facet, and

Z 7
1

Si jr rij

for which Barnett (1976) provides the analytical solution.

ds; (6.21)

If we assume that our entire body has a constant contrastingedsity with the surround-
ing sediments, we need only compute the response from the ep@nd lower triangulated
surfaces. If the depths of the two surfaces at the outer mostiges of the mesh are not equal,
we must also forward model the response from each verticatt@ngular facet that charac-
terizes the bodies surface. The most commonly measured cament of gravity, however, is
the vertical component. Since vertical facets have zero pmse to the vertical component
of the gravitational eld, we can omit them when forward mod#ing this data. In fact, any
facet that is parallel to the measurement direction will hag zero response, and facets that
have an equal density on either side cancel out and we can ortiem also. Numerous rela-

tionships between density and depth have been establishédr example linear (Athy, 1930;
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Radhakrishna Murthy & Bhaskara Rao, 1979), quadratic (Rao1986), exponential (Chai
& Hinze, 1988; Cordell, 1973; GRANSER, 1987), parabolic (Ra al., 1993), hyperbolic
(Rao et al., 1994), and polynomial (Guspi, 1990). We can incorporate ¢ise density depth
functions into the forward modelling.

Let's assume that the top surface is xed, and we wish to invefor the bottom surface.
The sensitivity matrix J relates each data point, to each perturbed node in the bottom
surface. To accomplish this, we iteratively perturb each e in the bottom surface, while
keeping the other nodes in the bottom surface unperturbed. &\tompute the change in the
data due to the newly dipping triangles connected the perttred node. We repeat this for
each node in the surface. Algorithm 4 presents the method ofrmaputing the sensitivity

matrix,

Algorithm 4 : Compute J for a triangulated surface

1: Initialize the Nv Nv matrix J

2: for all v; 2 vdo

3 Perturb the height of v; by a small amount z

4 for all f , 2 FI do

5 for all d°Ps2 d°"s do

6: gzo=equation 6.19 for the unperturbed facetfy
.

8

gz.=equation 6.19 for the perturbed facet f
Jyy = 941 %o
. z

6.3.3 Model smoothing

Lelevre & Farguharson (2013) present an extensive discsisn on the model weighting
component for unstructured meshes in both 2-D and 3-D. Themethod solves small linear
systems of equations for each mesh cell using various conaltions of adjacent cells. Using
their solved system, they then construct gradient operatsrfor the unstructured mesh. Each
small linear system of equations is constructed using lineiaterpolation through cell centers.
In our formulation of the model objective, we adopt a slighyl di erent representation to
Lelevre & Farquharson (2013) in that our model parameterdie on the vertices rather than

at the triangular cell centers.

114



We de ne the model objective function ,, as a combination of a smallest and attest

term,

Z Z zz" ) Nid

D= (M M )XY+ @n @ " axdy; (6.22)

—_—  +
@x @y
where m is the depth of the vertices of lengthNv, and m is a reference model that

containsa priori information such as an interpreted surface surface.

We can discretize the integral and take the squares as follsw
m=Im Mg "WIWm me]+ mTKem; (6.23)

whereW s is a diagonal weighting matrix whose elements are ttPearea of the 1-ring neigh-

bourhood of each node (illustrated in Figure 6.1).

Figure 6.1: 1-ring neighbourhood around vertex. The incident triangles F' are denoted
with index k, and adjacent nodesv' are denoted with indexj. The area of the 1-ring
neighbourhood is simply the area of the incident triangles.

To discretize the attest model term, we calculate the deriatives using linear interpola-
tion of the model parameters. Since our model is de ned by theeight of the mesh nodes,

we have the following equation for a plane through a triangat facet,

m = ax + by+ c: (6.24)
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Taking the derivatives ofm with respect to x and y yields,
Z Z

flat = (a® + b)dxdy: (6.25)
Since each triangular facet has three nodes with indices;(%; i%), we have three equa-
tions in the form of equation 6.24 that we solve simultaneolysfor a;b and c. Once we

obtain the expressions foa and b and square them we obtain the following expressions,

a? = (Y2 Ya)Pmi+2(yr ya)( Yo+ Ya)mima+2(y;  Y2)(Y2 Ys)Mims
+ (y1 Ya)’m3 2(y1 Y2)(Y1  Ya)moma+ (Y1 Y2)’ms3; (6.26)
and
b2 = (X2 X3)’mZ+2(xy X3)( Xz Xa)Mimy+2(X; X2)(X2 Xz)Mimsz
+ (X1 Xs)zzrzz 2(Xp  X2)(X1  Xg)momgz + (X1 Xz)zmgi (6.27)

Combining equations 6.26 and 6.27, we obtain

@+ ) = (X2 X3)*+(y2 Y3))z4
+ 2((x1 x3)( X2 Xa)+ (Y1 Ya)( Y2+ ¥3))Zizr2
+ 2((x1 xX2)(X2 X3)*+(yr VY2)(Y2 V¥3))Zrizs
+ ((x1 xa)*+(y1 Y3)9)Z,
2((x1 x2)(x1 X3)*+(yr Y2)(Y1 V¥3)Zr2Z3
+ (X1 X2)*+(y1 5 ¥2))2fs; 37 3 (6.28)
K1z ki Kiz mi{
a?+ 1 = mk mk m§ 4 ky koy kas O4mkS; (6.29)
Kai Ksz Kas m'é
a?+ 1 = mKTKEmK, (6.30)

where the denominator = (X3(y> VY1) + Xo(y1  VY3) + Xi(ys  V¥2))?, mX are the 3 node

heights for the K" facet, andK¥ is a 3 3 symmetric coe cient matrix for the k™ facet.
We see that the product of equation 6.29 gives a measure of%i : + %; : for the

ki facet. To discretize the attest model term we require a quadtic function de ned by

a global matrix K g that operates on the entire list of model parametersn. To obtain this
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matrix we assemble the local matrice& | into K in the same way by which a sti ness
matrix is assembled from local sti ness matrices in the niteelement method. The global
matrix Kg isanN N sparse matrix whose non zero elements correspond to nodestth
are adjacent. The zero elements iK ¢ , therefore, correspond to nodes in the mesh that do
not share a facet and hence, are not connected by an edge. Fompleteness we describe
the process of generatingl g from a triangular mesh in Algorithm 5. Weights can be incor-
porated at this stage to account for the non-uniformly sizethcets in an irregular triangular
mesh. Reuteret al. (2009) presented a nice overview of di erent weighting schees for tri-
angular meshes. They apply the weights when generating thealace-Beltrami operator
for unstructured triangular meshes with application to shpe analysis and segmentation of
di erentiable manifolds. The simplest scheme would be to wght each facet equally, which
we do here. Meanwhile, Taubin (1995) used the area of eachdadviax (1999) opted for
weights based on the internal angles of each facet, and ChenM& (2004) used the distance

to facet centroids as the weights.

Algorithm 5 : Compute K ¢ for a triangular mesh

1: Initialize an N N matrix Kg =0

2: forallf 2 Fdo

3: (i%;i%;i%) = indices to the facet's nodes

xK;yX = x,y co-ordinates of the three nodes

Compute K £ using Equation 3.14

for m;n=1;3do . Add the elements ofK { to the (i%;ik; i) locations ofK g
Ka(ik;i¥) = Kg(ik;i%) + KK(m;n)

No gk

To illustrate our method we now turn to a synthetic example ugsg the vertical component

of grauvity.
6.4 Demonstration

To illustrate the method we rst generate the top and bottom sirfaces of a synthetic salt
body model shown in Figure 6.2. Figure 6.2a shows a triangularesh with 4700 vertices
whose depths characterize the top of salt ( Figure 6.2b) and $& of salt ( Figure 6.2c).

These two surfaces are de ned by the same vertex locationsietrefore each triangle in the
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two surfaces bound a vertically oriented triangular prism.The option to have horizontally
colocated nodes has a practical convenience if the densityntrast changes vertically with
depth, since it allows for easy discretization of each prisnif the density contrast is assumed
constant, then arbitrary triangulations may be used for edcsurface. We assume a depth-
density contrast pro le shown in Figure 6.3a that increases i depth and does not vary
horizontally. This pro le simulates the contrasting dendly of the salt and the background
sediments. The density of the background sediments increaswith depth due to compaction,
hence the contrast becomes increasingly negative with dapfior a constant salt density of
2.17 glen?,

To forward model the data, we used a dense discretization die each prism vertically
and use the given density contrast from the depth-density prle. We forward model the
data in Figure 6.3b to a 250-m by 250-m grid at 0 m elevation andntaminate them with
0.1 mGal Gaussian noise. To invert the data, we assume that Wwave been provided with a
surface representing the top of salt (Figure 6.2b). We alsosagne that part of the base of salt
is known, which is used as a reference model in the inversion (Figure 6.4a). These two
types of constraints have been commonly used in base of sak@rsion algorithms. In order
to nd the optimal model, we carry out multiple inversions usng di erent regularization
parameters to generate an L-curve. The L-curve allows us teermine which recovered
model has minimum structure while adequately tting the oberved data to within their
error level. Figure 6.4b shows the recovered base of salt wsthe with a semi-transparent
gray surface representing the true base of salt. Figure 6.608Vs the di erence between the
recovered and true base of salt. The recovered model is smwotthan the true model due
to the inherent smoothing nature of theL, Norm measure of the model objective function.
The recovered base of salt is used to predict the data in Figuée5a, the di erence between
the observed and predicted data is presented in Figure 6.5bcdahighlights that the signal,

not the noise is reproduced after the inversion.
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Figure 6.2: (a) Unstructured mesh with 4700 vertices used topeesent the two surfaces in
(b) Top of a salt body and (c) Base of the salt body.
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Figure 6.3: (a) Depth-Density contrast pro le used to simulée the compaction of sediments
with depth as a linear trend. (b) Vertical component of grauy data forward modelled from
two surface de ning the top and base of a salt body, with a deitg contrast with depth in

(a).
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Figure 6.4: (a) Reference model truncated at 3000 m depth usedinvert gravity data and
(b) The recovered model. The true base of salt is shown in setransparent gray.
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Figure 6.5: (a) Predicted data after inverting for the base o$alt using gravity data. (b)
Di erence between predicted and observed data.
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Figure 6.6: Di erence between true base of salt and recoverbdse of salt.

To compare our inversion results we recovered the base oftsading rectilinear meshes
of 3D prisms and the same measures. Figure 6.7a show the reoedemodel using a mesh
containing 41000 cells while Figure 6.7b shows the recovemaddel using just 1305 cells.
Figure 6.8a shows again our recovered model using an unstwred mesh containing 4458
mesh nodes. In Figure 6.8b we show the recovered surface ugumg 410 mesh nodes.
The results are similar between each of the four examples, ialn is expected given the L
measures used in the model objective functions, indicatirtgat the triangular mesh based
surface inversion is performing as expected. We note, howevthat the the maximum
recoverable depth using triangular meshes was 4.1 km, whi 200 m deeper than the

rectilinear examples that reached 3.9 km.
6.5 Conclusion

We have presented a method to invert gravity data for a surfacdiscretized using an

unstructured mesh of triangular facets. Unstructured meslseimpose additional complexi-
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Figure 6.7: Recovered Model using rectilinear meshes with) @1000 cells and (b) 1305 cells.
The depth extent of each recovered model is approximately93km.
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Figure 6.8: Recovered Model using unstructured meshes with) (4458 nodes and (b) 410
nodes. The depth extent of each recovered model is approxielg 4.1 km.
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ties over rectilinear meshes in their construction and bodkeeping, however, their exibility
naturally allows for more accurate incorporation of anya priori known seismic surfaces or
other structural information into an inversion. Steeply dpping surfaces may be represented
by a few dipping triangular facets. Our synthetic example siws a good comparison between
inversions using the traditional rectilinear mesh approdicand our new triangular mesh ap-
proaches. We do note slightly deeper recovery of the depthtert using triangular facets.
We presented this method using a base of salt example, howetree method is applicable to
the recovery of basement depth. The approach can be applied thagnetic data, or multi-
component gravity and gravity gradient data. Extraa priori information may incorporated,
such as petrophysical constraints, and interface depth cstnaints from borehole measure-
ments. The use of di erent model objective functionals thatllow the recovery of fault-like

features are well within the scope of this research.
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CHAPTER 7
CONCLUSION

| have developed numerically e cient techniques to aid in tle interpretation of large-scale
potential eld data, using an unstructured representationof both the data and model pa-
rameters. The work presented here pertains to two areas ofenpretation: fault or boundary
detection, and geophysical inversion.

Fault and boundary detection methods traditionally implenent image processing tech-
niques to visually enhance properties of the data that repsents subsurface boundaries as
ridges in an image. Only a handful of algorithms then attempto extract those ridges as a
series of line segments, by iteratively connecting pointéomg the ridge crests. These methods
serve well as a visual aid for boundary detection, howevegreying out further analysis with
these boundaries as modelling constraints would be di cultl therefore utilise the exibility
of triangular meshes to infer the locations of subsurface twadaries as a series of line seg-
ments, while discretizing the surrounding data area to pragde a means for future analyses.
The triangular meshes provide a missing connection betweeterpretation, modelling and
inversion, and the extracted boundaries could be used as stmints in an inversion. My
approach takes inspiration from the seismic processing andmputer graphics communities
in order to handle and manipulate the triangular meshes. To ynknowledge, this is the rst
application of these types of meshes to this form of interptagion.

Geophysical inversion of regional scale gravity and magmnedata is becoming more dif-
cult due to rapid increases in both data collection and the sea of data coverage. Many
methods and algorithms exist in the model domain to reduce ¢hcomputational cost of in-
version. These algorithms use compression techniques tduee the size of the system to be
solved, or minimise the number of model cells to discretizéd subsurface. There are very

few reduction algorithms in the data domain, and is therefer an area of research that is

127



worth visiting. | therefore developed a method to adaptivgl choose samples from a data
set according to a proxy for the signal content in that data. Te results have shown that
the number of data can be reduced while maintaining the recesable structure after their
inversion. First, | developed the approach for single compent data, and then extended
its application to multi-component data sets. The approachs applied prior to inversion,
and hence no changes to existing inversion codes are neagsskhis algorithm adds to the
repertoire of computational cost reduction algorithms anallows for the inversion of larger
data sets.

Lastly, a subclass of geophysical inversion is an interfagesersion, where we want to
recover the interface between two physical properties. Inopential elds, these inversion
types have mainly been used to recover the depth to basemeat,the outer surface to a salt
body. Traditionally, these approaches discretize the inteace using prisms. Since this type of
inversion recovers a geometrical surface in 3D, | have intigated an approach that instead
discretizes the interface using triangular meshes. The nuajaddition of this work is not
only the new discretization method, but the development ofhie spatial derivative matrices
required for regularization. The algorithm adds to the verylimited number of interface

inversions using this type of discretization.
7.1 Future Research Directions

In the following I highlight some key areas of extension angaglication for the algorithms
developed in this thesis.

In chapter 3, | developed an approach to infer the locationsf subsurface boundaries
from measured magnetic total eld anomaly data. In a singlelgorithm, the approach dis-
cretizes the data area using triangular facets, the edgeswfich are aligned with subsurface
boundaries. | believe the work in this chapter may be applietb elds outside of potential
eld interpretation, or used to bridge the gap between bounary detection and inversion, for

example,
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Boundary extraction algorithm applied to water shed identication

Used to discretize an area, and then input to an inversion ugrtriangular facets, with

edges aligned with potential structurally pertinent featues

In chapter 4, | presented an approach to selectively choosatd points from an existing
data set in order to reduce the computational costs of invem). To name a few areas of

further research and extension of the method:

Investigate the down sampling of other data types, e.g. togoaphy
Develop the method further for full tensor gravity gradientdata
Use a statistical approach to optimally choose samples

Down sample along the ight lines in 1D rather than in 2D

Application of the concept to higher dimensional data

In chapter 6, an interface inversion was developed where tiserface to be recovered
was discretized using triangular meshes. The exibility ofinstructured meshes to represent
geometrical information such as priori known structures was a key reason to deviate from
the traditionally used rectilinear meshes. To highlight sme ideas that arise from this line

of research:

Implement di erent model norms to better recover faults
Joint inversion using magnetic, gravity gradiometry

Implement 2D and 3D fractal space lling curves (for exampl@& Sierpinski curve) to

utilize matrix compression algorithms

Finally, in appendix A, | presented a simple and e ective way tspeed up the generation
of the sensitivity matrix, the most computationally demandng component to inversion. |
applied the approach to the vertical component of gravity, bt the approach can easily be

extended to the x and y components of gravity, and gravity gidient data.
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APPENDIX - FAST COMPUTATION OF THE SENSITIVITY FOR ARBITRARILY
LOCATED POTENTIAL-FIELD DATA USING 3-D INTERPOLATION OF
PRE-CALCULATED SENSITIVITIES.

A.l  Summary

| develop a method to interpolate the rows of a sensitivity max for use with 3-
dimensional potential- eld inversion. The method explois the redundancy in the behaviour
of the sensitivity matrix by pre-computing the response fom set of control points. Using
that set of sensitivity responses, we can interpolate thenoif any arbitrary data point. We
discuss the improvement to the computational costs as wels dhe accuracy and e ects on
the inverse model. We show that we can achieve 10 times spegd while introducing only
1.8% error into the sensitivity matrix. The e ects on the reovered inverse model are neg-
ligible. This simple yet e ective method adds to the increasg suite of computational cost

reduction algorithms for large scale inversions.
A.2 Introduction

Geophysical inversion is a mathematical technique that cstructs a subsurface property
model using measured geophysical data. The models are rezed such that their predicted
data reproduce the measured data to within their error level The recovered sources are
constrained such that solutions are ignored if they do not nka structural sense. In the case
of a rectilinear generalized 3-dimensional inversion, wésdretize the subsurface volume into
cubes. The recovered inverse model represents the physioadperties of those cubes, for
example density or magnetic susceptibility. The most compationally intensive component
of this type of inversion is the sensitivity matrix (G) which relates each model cell, to
each observation location, using an expression that desms the physics of the problem.
Hence, given a data set withN data, and a discretized subsurface wittM model cells,

we need to generate a sensitivity matrix withN rows and M columns. AsN and M
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become large, both the computation time and the storage of éhsensitivity matrix become
prohibitively large. To speed up the forward modeling opet®n for inversion Pilkington
(1997) use the Fourier transform and convolution theorem tealculate the response for
each datum (Blakely, 1996; Parker, 1973). The Fourier trafem approach, while quick,
comes with its own limitations on observation locations andubsurface discretization and
cannot be used for arbitrarily sized cells or arbitrarily loated observations. To reduce the
storage costs of5, we may apply the wavelet transform which represents the dsa matrix
in sparse format by winnowing small amplitude wavelet coe @nts (Davis & Li, 2011; Li &
Oldenburg, 2003). In order to apply wavelet compression thé sensitivity matrix, we must
rst calculate its rows in dense format. For a single data patk, this requiresM evaluations
of a kernel function. Typically, the kernel function requies many evaluations of higher
cost computer operations such as arctangents and logaritsm For a xed mesh, and two
observation locations that are close, their sensitivitieare almost identical. This similarity
can be exploited in order to reduce redundancy in their comgation. To do so, we turn to
interpolation by rst computing the sensitivity response br a set of chosen sample locations.
These sample locations vary in height and horizontal locath and are chosen such that their
responses characterize the range of responses for a givérosebservation locations. Once
we generate the set of known responses, we may interpolaterifor an arbitrary observation
location. Since interpolation uses low cost operations suas multiplication and addition,
we reduce the high cost operations of the kernel function tow cost interpolation. We will
analyze three aspects of our interpolation method. The rsis the amount of speed up of the
interpolation approach over the full computation of the matix. The second is the accuracy
of the interpolated rows of the sensitivity matrix over the @ll calculation, while the third is
the e ect on the recovered model when using a sensitivity max generated by interpolation.
We begin by describing the process of generating the senstfi matrix in full, and

illustrate where the redundancy in its computation lies. Wehen carry out the computational

analysis described above. The algorithm is illustrated usjy a synthetic vertical component
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of gravity example.
A.3 Method

Given a 3D regular rectilinear mesh that discretizes the sshrface intoM, My, M,
cubes and a data set withN observation locations, we may compute the sensitivity mait

as follows

Gij = @gr?f i=1;:5N;) =100 M; (A.1)
whered are theN data points, m are theM model cells whereM = M;MyM, and G;; is
the e ect of the jth model cell on the ith data point. The ith row of G describes the e ects
of the model cells on the ith datum. Each row of the matrix is terefore an 3D distribution
of sensitivity values, referred to as a sensitivity volumeln the vertical component of gravity

problem we compute the sensitivities using the following lume integral for each cell

Z
Z Z

v irp i

where is the gravitational constant andjr r;j is the distance from the ' observation

Gi;j = dVJ ; (AZ)

to the j™ cell in the 3D model. The analytical solution of equation A.2 antains multiple
arctangents, logarithms and squareroots, see Nagy (1966haBna (1966), Bhattacharyya
(1964), Kunaratnam (1981), and Rao & Babu (1991) for di erenanalytical solutions for a
right rectangular prism. These operations are costly comped to simple multiplications and
additions. Figure A.la presents the radially symmetric sersiity volume for a data point
located at 0-m elevation and centered above the mesh. The me®ontains 26 26 26 50-m
cubic cells. Figure A.1b shows the sensitivity volume for a datpoint shifted horizontally by
150 m east and 150 m north. Since the two data points are locdtat the same elevation, we
see that the sensitivity volume is simply translated, and c#ered on the new data location.
Figure A.1c shows the response when we move the observatioratam 100-m higher. The
response for the higher elevation is di erent due to the incesed amount of decay in the

gravity eld with respect to the xed mesh. In this case, we m& simply shift the sensitivity
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volume up by two cells, since 100-m higher is exactly two ceHicknesses above the mesh.
If the vertical shift is not exactly an integer multiple of the cell thickness, then we cannot
simply shift the volume vertically.

The behavior of the sensitivity volume depends on the locatn of the current data point,
if the mesh is held xed. The sensitivity values are radiallysymmetric around the column in
the mesh that lies beneath the observation location. This &onn of cells, will be referred to
as the containing column. Therefore, for any data point in ta set, we rst nd its containing
column. We then assign a radially symmetric sensitivity vaime to the mesh that is centered
at the containing column. For a data set with equally spacedbservation locations at the
same height, assignment of the sensitivity volume is trivia We simply translate a single
pre-computed volume for each new data point. Data points, ever, may be arbitrarily
located in 3D space, hence as their location changes withpest to their containing column,
their sensitivity responses will di er accordingly. Theréore, we state that the values in
the sensitivity volume depend on the position of a data pointelative to the corners of
its containing column. We can calculate the sensitivity vaimes for a pre-de ned set of
observation locations whose horizontal extent is the widtbf a cell and vertical extent is the
elevation range of the data set. Our set of sensitivity voluas will characterize the variability
of the sensitivity values for any observation location in audata set. At this point we also
note that we take advantage of the radial symmetry of the graty sensitivities. This allows
us to compute only a quadrant of the response, which we can thenirror against the x and
y axes when we assign the sensitivities to a new data point. &ssign the sensitivity volume

to a new, arbitrarily located data point, we turn to 3-dimengonal interpolation.
A.3.1 Interpolation

Interpolation is a mathematical method to construct a new Ve within the range of a
discrete set of known values. Given eight known values in 3tkensions we wish to interpo-
late their values to a new location with co-ordinatesXy; Yo; Zo) within the range of known

values. Figure A.2a shows eight known samples g de ning the corners of a cube. To
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Figure A.1: Volumes of sensitivity values for observation lations at (a) (500,500,0) m (b)
(650,650,0) m and (c) (500,500,100) m
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interpolate their values at the new location Xo; Yo; Z,) We rst calculate the interpolation
weights. These weights are dependent on the interpolatiocleeme used. We now brie y

review two interpolation schemes, nearest neighbour andlinear.
A.3.2 Nearest Neighbour Interpolation

Nearest neighbour interpolation is one of the simplest intpolation schemes. Given a set
of control points, we simply chose the control point that is losest to our new observation
location. This yields a piece-wise constant interpolant @t is quick to implement. Since
our control points and observation locations are in 3-dimaipnal space, we simply calculate
the euclidean distance between the new location and the cowitpoints, and nd the control
point with the minimum distance. The interpolated value is hen the value at the chosen

control point.
A.3.3 Trilinear Interpolation

Figure A.2 shows eight points that de ne a cube, in the centersia new observation
location. We wish to compute the value at the new location fra the eight corner points of
the cube. Trilinear interpolation calculates the interpchtion weights using the normalized
volumes of eight partitions of the cube.

Let Vr be the total volume of the cube de ned by the eight points
Vr=(x2 X2 Y)(z2 z): (A.3)

The eight interpolation weights are calculated as follows
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Figure A.2: Schematic for trilinear interpolation.
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(XZ Xo)(YZ yo)(zo Zl)

Wq = Vs (A4)

W, = (X2 XO)(yO\/T yi)(Zzo 1) (A.5)

W3 = (Xo Xl)(yZVT yo)(zo Zl) (A.6)

Wy = (Xo X1)(Yo YiI)(Zo z) (A7)
Vr

W = (XZ Xo)(yZ yO)(Zz Zo) (A.8)
Vr

W = (X2 X)(Yo Yi)Zz2 Z) (A.9)
Vr

Wy = (Xo  X)(Y2 YNz Zo) (A.10)
Vr

W = (Xo X1)(Yo YiI)(Z2 Z) (A.11)
Vr

where each weight corresponds to the partitioned volume opgite their associated corner
point.
To calculate the value at the new observation location, weraply multiply each corner

value by their associated weight,
So = W1S1 + W2S, + W3Sz + WsSs + Ws5Ss + WgSg + W7S7 + WgSg! (A.12)

A simple method to perform trilinear interpolation is by peforming three sequential

linear interpolations over each dimension.
A.3.4 Application to the Sensitivity Matrix

To apply interpolation to the generation of the sensitivitymatrix, we rst de ne the set
of eight control points in Figure A.3a. Horizontally the pointsare located at the corners
of a containing column. The lowest four points, are locatedt ahe lowest elevation in the
data set, while the highest four points are located at the higest elevation in the data set.
We compute the sensitivity volumes for all eight points. Foa new observation location, we

calculate the interpolation weights using the new observiain location with respect to our
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control points. We then multiply the eight sensitivity volumes by the computed weights.
However, we have found that eight control points is not su ciet enough to capture the
behavior of the sensitivity with a changing observation hght. We therefore discretize the
horizontal extent of the containing column and elevation nage with more points as shown
in Figure A.3b, which illustrates this with 5 points in each dinension, hence 125 control
points. Therefore, before we interpolate the sensitivity atrix for our input observed data,
we pre-compute 125 3D volumes of sensitivity responses. Shaesponses are then used in

the interpolation.

Figure A.3: (a) eight point discretization of the elevation rage of an input data set and the
space above a cell (b) Same space as in (a) but discretizedhaM25 points.

When we generate our control sensitivity volumes, we do so farbase mesh that is the
same size as our input mesh, we place our 125 control pointaé the south-west most cell
in the base mesh, and compute the response of the upper rightaglrant. This means, we

compute only a quarter of the radial response shown in Figure AA. This ensures that for
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any given observation location, we may simply mirror the gqudrant about the x and y axes
and interpolate the values from our base sensitivity volunse

After pre-computing the sensitivity volumes for our controlpoints, we use a three step
approach to interpolate the sensitivity volume for an arbitary observation location. We
rst identify the containing column in the input mesh for the observation location. We
then move the south-west corner of our base mesh horizonyatb the containing cell. The
arbitrary observation location is now located within the rage of our control points. For
the second step, we compute the interpolation weights for ¢hobservation location with
respect to our control points. Next, we simply apply the intgpolation weights to the pre-
computed sensitivity volumes, and assign the interpolatedolume to the appropriate cells
in the input mesh. This generates each row of the sensitivitpatrix via interpolation rather
than directly evaluating the analytical solution of the kenel function in equation A.2. We
will now analyze three computational aspects of our interpated sensitivity method. The
rst is the computation time and achievable speed up. The sead is the accuracy of the
interpolation over the full analytical evaluation and the third is the e ect on the recovered

inverse model.
A.4 Computational Analysis

The rst aspect of computational analysis we will considersithe computation time. We
will time two sections of the interpolated sensitivity codgthe rst is the time to initialize
the sensitivity volumes for our control points. The secondsithe time to interpolate the
entire sensitivity matrix. These two times will be comparedo the full analytical evaluation
of the sensitivity matrix. We will run a set of simulations usng di erent numbers of mesh
cells and data points. The data sets will increase from 500 8600 points in increments
of 500 points and our mesh cells will begin at 60 cells in eaciménsion, increasing to
120 cells in each dimension. Our simulations are carried ousing 125 control points and
nearest neighbour interpolation. Figure A.4a shows the timeotcompute the analytical

sensitivity matrix for the simulations. As the number of dataand mesh cells increase, so
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too does the analytical computation time. The total time in his case was 220 seconds.
Figure A.4b shows the initialization time for the interpolaton method and Figure A.4c
shows the time to interpolate the sensitivity matrix. Sincethe number of control points
is the same for each simulation, the initialization time ol increases with an increasing
mesh size. The interpolation time behaves similarly to thenalytical evaluation time but
the amount of time taken to interpolate is approximately 10imes faster than the analytical
method. The computation times are associated with an IntdR) Xeon(R) CPU E5-2670
with 16 threads on 2.60 GHz processors. Figure A.4d shows the abspeed up of the
algorithm, which compares the sum of the initialization tine and interpolation time to the
analytical evaluation. The algorithm was up to 7 times fastefor 3500 data points, using 125
control points. The interpolation of the sensitivity matrix alone was 9.5 times faster than
the analytical evaluation as shown in Figure A.4e which is alnsb an order of magnitude.
To analyze the error in our interpolation, we rst generatedl25 sensitivity volumes using
our control points. For new observation locations betweeruo control points, we compared
the interpolated sensitivities to the analytical computaton. We use a relativeL; norm as

our error measure

Interp G Analytical

— 1.
E =100 kG Analytical K, ' (A.13)

Figure A.5a shows the relative error in the sensitivities foranstant elevation observation
locations. We see that we incur zero error, when our obseri@t location is exactly at a
control point location, as expected. As our observation lotian moves between our control
points, we begin to incur error due to the interpolation. Themaximum error we see here
is 1.5% over the analytical evaluation. Since eld data arearely collected at a constant
altitude, we should analyse the error for changing observan heights, to do so we calculated
the sensitivity matrix for observation locations with the devation shown in Figure A.5b. The
elevation starts at 2 m in the south west and rises to 128 m in ¢hnorth east. Since our

control points discretize the range of our observation elations, our 5 equally spaced control
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Figure A.4: (a) Time to compute analytical sensitivity matrix (b) Time to initialize 125
control sensitivity volumes (c) Time to interpolate the senitivity matrix (d) Total speed
up of the interpolated method over the analytical method (eBpeed up of the interpolated
matrix only. Each is for di erent combinations of the numberof data and mesh cells. Figures
D and E are plotted on the same colour scale to indicate the darm nature of the speed up
for the interpolated sensitivity matrix.
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points will be located at 2 m, 33.5 m, 65 m, 96.5 m, and 128 m vidlly. Figure A.5c

shows the relativel ; error for the variable elevation observation points. We sethe same
behavior in the error as with our constant elevation contropoints, however there is more
error incurred for the lower elevation data points. This ewr is due to the more variable
gravity eld at lower elevation than at higher elevations aml leads us to the conclusion that
regular discretization vertically does not capture the dexy of the eld at low elevations. To

increase the accuracy for lower elevation observations wautd irregularly space the control
points vertically, such that the discretization increasewith height. Since the sensitivity

values for the vertical component of gravity decays asé; relation, we could use a similar
behaviour to guide the placement of our control points.

The nal aspect of our analysis is the e ect of our interpolagéd sensitivity matrix on
the recovered inverse model. Figure A.6a shows the verticalngponent of gravity data for
a simple block model, we added Gaussian noise to simulate enfect data. Figure A.6b
and Figure A.6¢c show the recovered inverse models using the lgtiaal and interpolated
sensitivity matrices respectively. It is apparent that degite introducing a maxium error of

1.5% into the sensitivity matrix the inversion results are emarkably similar.
A.5 Conclusion

We have developed a simple yet e ective method to speed up thgeneration of a rectilin-
ear based sensitivity matrix for use with inversion. Our métod pre-computes characteristic
responses of the sensitivity matrix using an analytical saion and then interpolates them
for arbitrarily located data points. For our small examplesn this paper we achieved 7 to 10
times speed up, which is scalable with respect to the numbef d@ata points. For data sets
with many millions of data points, we would expect a dramaticecrease in the computation

time.
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Figure A.5: (a) Relative L error between the analytically computed and interpolatedaws
of G for constant elevation observation locations between 25ntool points. (b) Elevation of
the observations in (c). (c) Relativel ; error for observations with elevations in (b). Control

points are located where there is zero error.
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Figure A.6: (a) Vertical component of gravity for a simple blok model with Gaussian noise
added. (b) Recovered inverse model using the analytical s#ivity matrix. (c) Recovered
Inverse model using the interpolated sensitivity matrix usig 125 control points and nearest
neighbour interpolation.
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