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ABSTRACT

This document lays out a new within-host model of acute stage HIV infection. The acute

stage of HIV infection is characterized by a sudden spike of viral load, followed by either

complete clearance of the disease or a low level but persistent chronic infection. Clinical data

suggests that the initial concentration of healthy T-cells and virions is vital to the dynamics of

this early stage, but this is not well modeled by the standard three component model. More

nuanced models have had better success at representing the spread of HIV at all stages, but

include many awkward biological components and are infeasible to fit to actual data. The

model in this document incorporates the homeostatic nature of the immune system to provide

a model for the acute stage of the disease which represents interesting nonlinear dynamics.

Chief among these are bistable equilibria and a Hopf bifurcation within biologically relevant

parameter regimes and dependent on initial conditions of infection. Local stability analysis

of T-cell and virus populations to variation of parameters is also conducted, which leads to

additional complexity in comparison to previous models.
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CHAPTER 1

BACKGROUND

Mathematical models of the within host behavior of Human Immunodeficiency Virus

(HIV) are vitals tools in understanding the disease. Clinical studies are expensive and may

be hampered by the difficulty of taking consistent and frequent samples from patients. While

hypotheses on additional infection factors and treatment methods continue to be made, there

will be a role for predictive mathematical models to simulate the within host viral behavior

and offer predictions on theorized effects.

1.1 Disease Dynamics

Upon infection, HIV free virions infect several common human cells associated with the

immune system - in particular, the CD4+ T-cell. The T-cell is also an important indicator

for HIV behavior and the progression of AIDS [1]. Infected cells replicate and expel many

more HIV virions, which continue the cycle. The increased presence of target cells in the

immune response, and the death of immune cells due to infection, create complicated disease

dynamics which make the disease difficult to eradicate.

The development of an HIV infection within a host can be divided into three stages. For

the first 2 to 10 weeks [2], known as the “acute” stage of the infection, the virion count rapidly

spikes and healthy T-cell counts rapidly decline. This corresponds to “flu-like” symptoms

including fevers, swollen glands, sore throat, rash, and fatigue. The second stage of the

infection maintains relatively stable population values for a long period - typically 8 to 10

years1 [2]. During the final stage of infection, the T-cell count begins to decline precipitously

as the immune system loses its ability to prevent a second rapid growth of HIV virions2.

Once the faltering T-cell count of an infected patient drops below 200 cells/mm3, the patient

1This varies if antiretroviral treatment is used [3–5].
2Along with other pathogens.
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is diagnosed with AIDS.

1.2 The Three Component Model

An early approach to this problem, known as the standard three component model (3CM),

provides a baseline for ODE and PDE model development and has demonstrated relatively

robust fit to known HIV dynamics [6]. This system is reproduced below.

dT

dt
= λ− kTV − dTT

dI

dt
= kTV − dII

dV

dt
= pI − dV V.



























(1.1)

(1.1) models three populations: T, I, and V . T represents the concentration of healthy

CD4+ T-cells, which are produced by the body at some fixed rate λ and die from normal

conditions at a rate dTT . With the presence of virions, a contact term kTV removes T-cells

as they are infected by the presence of free virions. The I population represents infected

T-cells, which are the result of these infections and die at a rate dII. Finally, virions are

produced by a “burst” rate p from infected T-cells, and are cleared at a rate dV V .

Since its first use, the dynamics of this model have been studied [6–8] and extended as

the core of many larger models [2, 4, 9, 10].

1.3 Dynamics of Clinical HIV and the Three Component Model

While very useful, (1.1) does not model all the dynamics of HIV. In particular, both in-

fective and infection-free equilibrium steady states of T, I, and V are globally asymptotically

stable [11, 12] . This means that the the long term behavior of an infection (whether the in-

fection fails or persists) can be determined only by the parameters in the system (production

of T-cells, infection rate, death/clearance rates, and burst rate).

This property is not consistent with recent clinical studies [13–16] which suggest that

other factors have meaningful impacts on the success or failure of an infection. In particular,

the initial conditions (initial viral load and availability of target T-cells) appear to be relevant.

2



Liu et al. [16] and Igarashi et al. [13] studied the effects of inoculum size (changing the

initial conditions of viral load directly) for SIV3 and SHIV4, respectively. Both studies found

that altering the initial viral inoculum changed the dynamics of the disease - for instance,

macaques in Igarashi et al.’s study which were given large SHIV doses experienced irreversible

CD4+ T-cell depletion while those who had smaller injections survived with stable CD4+

T-cell counts and an immune system which was fighting the disease. Similarly, other studies

[14, 15] have observed markedly different results in infection in macaques who had reduced

initial T-cell concentrations (due to depletion of T-cells by monoclonal antibody treatment

before the SHIV inoculum was applied).

These results cannot be described by the three component model, as initial conditions

have no effect on the eventual steady state behavior of an infection. To model these behaviors

in HIV/SHIV/SIV, which are important in understanding the early infection, more factors

must be considered. Some posited factors include cell to cell transmission of virions in

gut associated lymphoid tissue, competition between virions for target cells in the initial

infection, and more elements of the innate immune response to infection [17, 18]

One factor to the pathogenesis of HIV is the immune activation, or homeostatic behavior,

of T-cells [19, 20]. Replenishment of T-cells may provide additional opportunities for local

HIV infection in the acute stage. While replenishment of T-cells based on a logistic growth

term (dependent only on healthy T-cells) has been considered for acute stage models [21],

the proliferation of CD4+ T-cells in response to infection has been determined [19, 22] to be

highly dependent on the viral load as well as T-cell depletion.

Several long term models [2, 10, 23] (see also [24, 25] ) include homeostatic proliferation

among other innovations, but the dynamical effects of the mechanism have not been well

studied and parameters are often difficult to identify [2].

3Simian Immunodeficiency Virus, a close cousin to HIV often used as an analogue in nonhuman studies.
4Simian/Human Immunodeficiency Virus, a chimeral strain of SIV with components of HIV built into it to
provide an even more analogous product for experiments.
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CHAPTER 2

A NEW MODEL FOR THE ACUTE STAGE

A simple model for HIV infection which captures the acute stage of the infection more

precisely than the three component model is desired. In particular, the model should exhibit

dynamics based on initial viral load and T-cell count , with the inclusion of a homeostatic

response term suggested as a potential adaptation.

2.1 Proposed Model

The proposed model follows largely from the three component model (1.1).

dT ∗

dt∗
= λ+

ρ

C + V ∗T
∗V ∗ − kT ∗V ∗ − dTT

∗

dI∗

dt∗
= kT ∗V ∗ − dII

∗

dV ∗

dt∗
= pI∗ − dV V

∗.



























(2.1)

Similarly to the 3CM, T ∗(t) denotes healthy CD4+ T-cells, while I∗(t) represents T-cells

which have been infected and V ∗(t) represents free virions. A starred notation is used here to

differentiate this from the 3CM and from a later dimensionless form which will be analyzed

in more detail.

The parameters λ, k, dT , dI , p, dV represent the same values as in (1.1). A new term,

ρ

C + V ∗T
∗V ∗, (2.2)

has been included to describe the increased production of T-cells in response to the virus

(the homeostatic response suggested by [re-cite the two papers]), and includes two new

parameters, ρ and C.

The parameter ρ represents the maximum growth rate of the homeostatic term. As

V ∗ → ∞, the homeostatic term becomes ≈ ρT ∗, or growth proportional to the product of ρ

and the number of T cells already present. The parameter C is called the“half-velocity” of

4



Table 2.1: Summary of Parameters

Quantity
λ Rate of supply of T-cells
ρ Maximum homeostatic growth rate
C Homeostatic half-velocity
k Infection rate
dT Death rate of uninfected T-cells
dI Death rate of infected T-cells
p Rate of viral production
dV Clearance rate of free virus

growth, as when V ∗ = C, the homeostatic term goes to ρ

2
T ∗, or half of the maximum growth

rate. This parameter dampens the rate of T-cell replenishment relative to viral load. The

parameters of the model are summarized in Table 2.1.

This new model may also be considered in light of the long term model described by

Hadjiandreou et al. in [10]. The model in that paper includes seven populations and twenty-

seven distinct parameters, including the terms of our model. However, a dynamic active

subspace decomposition of the system in [26] found the populations and parameters not

included in (2.1) to have negligible impact during the acute stage of the model.

2.2 Dimensionless Model

The system in (2.1) may be reduced to dimensionless form, bringing the number of

parameters down from eight to five. Ultimately, this dimensionless model is

dT

dt
= R0 +

Rm

1 + βV
TV − TV − T

dI

dt
= α1 (TV − I)

dV

dt
= α2(I − V ),































(2.3)

as derived in Appendix A, with dimensionless populations

T =
pk

dIdV
T ∗, I =

pk

dTdV
I∗, V =

k

dT
V ∗ (and t = dT t

∗) , (2.4)

and new parameters

R0 =
λkp

dTdIdV
, Rm =

ρ

Ck
(2.5)
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and

α1 =
dI

dT
, α2 =

dV

dT
, β =

dT

Ck
. (2.6)

The five new parameters are all positive valued since the original parameters were positive

valued.

2.3 Initial Conditions

For the purposes of the analysis in this paper, standard initial conditions [1, 2, 10] for T-

cell and virion counts were used as summarized in Table 2.2. Dimensionless initial conditions

were constructed using parameter values fitted in Chapter 4.

Table 2.2: Initial Conditions

Quantity Population Initial Value

Uninfected CD4+ T-cells
T ∗ 1000 mm−3

T = pk
dIdV

T ∗ 1.52

Infected CD4+ T-cells
I∗ 0 mm−3

I = pk
dT dV

I∗ 0

HIV virions
V ∗ 10−3 mm−3

V = k
dT

V ∗ 4.78× 10−4
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CHAPTER 3

IDENTIFIABILITY OF PARAMETERS

The models (2.1) or (2.3) can provide useful and adaptable simulations of HIV patho-

genesis only if the parameters involved can be discerned from data. This discernibility of

parameters - called identifiability - is twofold; the structure of the model may permit only

certain parameters to be uniquely determined with available information, and the noise in

clinical data may obscure even theoretically identifiable parameters. The structural relation-

ship between desired parameters and the information necessary to identify them can inform

the adaptation of the model equations and fitted parameters found in this paper. This rela-

tionship, along with the practical considerations of how sensitive individual parameters are

to data noise, may also inform clinical experiment design. In this chapter we will evaluate

both elements of identifiability for the models presented.

3.1 Definitions

In its most generic form, the problem of identifiability may be defined as follows:

Definition 3.1. A system with unknown parameters θ is identifiable (that is, it has iden-

tifiable unknown parameters) if θ can be uniquely determined from given system input and

measurable system output.

For a more precise definition, consider a general dynamical system with parameters θ,

observable outputs y, and system inputs (such as known parameters) u as follows:

∑

θ

:







∂x

∂t
= f(t, x, θ, u), x(0, x, θ, u) = x0,

y = h(t, x, θ, u)
(3.1)

where for the model in this document, x = [T, I, V ]T (or [T ∗, I∗, V ∗]T ), and thus f is the

model in (2.1) or (2.3). In general, x, θ, and u may all depend on time. In the models

considered in this paper, there is no time dependence in parameters.
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The final equation, y = h(t, x, θ, u), represents the observable variables, or output, of

the system. The models in this paper have three components, T (t), I(t), V (t), and it is

theoretically possible to fit parameters based on measurements of any combination of these

values. This is further practical when the model is compared to other models which also

generate simulations for those three populations, as is performed in Chapter 4. However,

clinical data does not often measure all three populations at corresponding time points;

parameters identifiable using only one measurement are thus more useful for further study.

Furthermore, it is uncommon to differentiate between healthy and infected T-cell counts

(providing merely a total count of T-cells in a system, effectively T + I in the models in this

paper) [27], although some methods have been made to do so [7]. Virion counts, however,

are commonly reported with a good degree of accuracy [7], and thus we wish to consider the

conditions if only V is used as an observable output.

To be able to determine θ, x0 must be some initial condition of the three populations which

is “interesting” - in that it must be such that y will vary based on θ. For instance, in (2.1)

an initial condition with no infection would produce results independent of all parameters

but growth and death rate of T-cells. Initial conditions in this paper will follow fixed initial

conditions given in Table 2.2 based on previous literature [1], which show interesting output.

The inputs u must also be chosen for similar properties, which are summarized in [28–30],

but are of less concern for the models in this paper. Sets of fixed system inputs (including

initial conditions) which provide these “interesting” results are termed “admissible”.

Given these admissible inputs, Ljung and Glad [30] develop a more sophisticated defini-

tion of identifiability.

Definition 3.2. A system Σθ is said to be globally identifiable if for any admissible input

u and any two parameter vectors θ1, θ2 in the parameter space, y(t, x, θ1, u) = y(t, x, θ2, u)

holds if and only if θ1 = θ2.

8



The requirements of 3.2 are difficult to prove in practice for nonlinear systems5. Therefore

Ljung and Glad also developed the following definition, sacrificing global assertions to provide

a definition more pliable in practice.

Definition 3.3. A system Σθ is said to be locally identifiable at some point θ∗ in the param-

eter space if, for any θ1, θ2 within an open neighborhood of θ∗, y(t, x, θ1, u) = y(t, x, θ2, u)

holds if and only if θ1 = θ2.

Xia and Moog [34] present a further extension via the Implicit Function Theorem, which

will prove useful for development of identifiability metrics. There are many other extensions

and definitions of identifiability, which are reviewed in [33]. In particular, Tunali and Tarn

[35] provide a formal basis for development of definitions of identifiability.

Definition 3.4. Given q unknown parameters, d system output variables, and p known

parameters and system inputs, let Φ : Rd+p+q → Rq denote a function of those variables

and their derivatives:

Φ = Φ

(

θ, u,
∂

∂t
u, . . . ,

∂k

∂tk
u, y,

∂

∂t
y, . . . ,

∂k

∂tk
y

)

where k ∈ Z
+. Assume Φ has continuous partial derivatives with respect to θ. The system

Σθ is said to be locally identifiable at some parameter values θ∗ if there exists time t∗ > 0

such that at that point
∣

∣

∣

∣

∂Φ

∂θ
(θ∗)

∣

∣

∣

∣

6= 0

and

Φ(θ∗) = 0.

Intuitively, the Taylor expansion of Φ at θ∗ is such that

Φ(θ) ≈ Φ(θ∗) + (θ − θ∗)
∂Φ

∂θ
(θ∗).

5Certain methods have been developed for linear systems, see [31, 32]. Extensions to nonlinear systems exist
but have limited uses for non-trivial models such as the model in this paper [33].
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With Φ(θ∗) = 0 and invertible ∂Φ
∂θ
(θ∗), θ can be solved uniquely.

For methods such as those based on 3.4, it is occasionally necessary to specify parameter

values θ∗ around which we establish local identifiability. For this we have selected fitted

parameters. The values we have chosen, and the methods used to obtain these, are detailed

in Chapter 4. For now, it suffices that these values are fixed parameter values within relevant

regions of the parameter space.

3.2 Structural Identifiability

From Definition 3.4 a method for determining the structural soundness of parameter

identifiability can be developed simply by finding an applicable Φ. This was originally

proposed by Xia and Moog [34], but Wu et al. [36] developed this technique further6.

To begin, we must eliminate “unmeasurable” state populations T and I (equivalently

T ∗, I∗ in the original model) such that we have an equation for measurable output y (in

this case V or V ∗, as well as their time derivatives - which may be found numerically from

measurements). Specifically, we construct trivially

φi(V, Vt, Vtt, Vttt, θ, ti) = Vttt(θ)− f(V, Vt, Vtt, θ, ti) = 0 (3.2)

where f(V, Vt, Vtt, θ, ti) = Vttt(θ), as calculated at a time point ti, is constructed from the

model ((2.1) or (2.3)) as demonstrated later in this section. If we let

Φ =











φ1

φ2
...
φq











, (3.3)

it is trivial that Φ(θ∗) = 0. Thus by Definition 3.4 we need to only find points t1, . . . , tq

such that
∣

∣

∂Φ
∂θ
(θ∗)

∣

∣ 6= 0 (or, equivalently, that the matrix is of full rank - the rank may be

approximated numerically) to demonstrate local identifiability.

As a downside of local identifiability, we may only determine that the parameters are

identifiable near fitted values θ∗. As an ad hoc method, we will consider the rank of matrices

6In particular, they bypassed a limitation in Xia and Moog’s method which required very high derivatives
of y to be considered for high dimensioned parameter spaces.
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Φ at varying time points and at discrete parameter values around θ∗ as proposed by [36].

3.2.1 Structural Identifiability for the Original Model

The identifiability of (2.1), the new model presented in this document, will be considered

following the method described above. First, Φ is constructed as in (3.3) with

Φ(θ) =











φ1

φ2
...
φ8











=











V ∗
t∗t∗t∗(θ)− f(V ∗, V ∗

t∗ , V
∗
t∗t∗ , θ, t1)

V ∗
t∗t∗t∗(θ)− f(V ∗, V ∗

t∗ , V
∗
t∗t∗ , θ, t2)

...
V ∗
t∗t∗t∗(θ)− f(V ∗, V ∗

t∗ , V
∗
t∗t∗ , θ, t8)











, (3.4)

where (as derived in Appendix B.1),

V ∗
t∗t∗t∗(θ) = pkλV ∗ + dI(dI + dV )(V

∗
t∗ + dV V

∗) + d2V V
∗
t∗

+

[

V ∗
t∗t∗

V ∗ + (dI + dV )

(

V ∗
t∗

V ∗ + dV

)

− d2V

]

[(

ρ

C + V ∗ − k

)

V ∗2 + V ∗
t∗ − (dT + dI + dV )V

∗
]

.

(3.5)

Given (3.4) the elements of the matrix

∂Φ

∂θ
=





























∂φ1

∂λ

∂φ1

∂ρ

∂φ1

∂C

∂φ1

∂k

∂φ1

∂dT

∂φ1

∂dI

∂φ1

∂dV

∂φ1

∂p
∂φ2

∂λ

∂φ2

∂ρ

∂φ2

∂C

∂φ2

∂k

∂φ2

∂dT

∂φ2

∂dI

∂φ2

∂dV

∂φ2

∂p
∂φ3

∂λ

∂φ3

∂ρ

∂φ3

∂C

∂φ3

∂k

∂φ3

∂dT

∂φ3

∂dI

∂φ3

∂dV

∂φ3

∂p
∂φ4

∂λ

∂φ4

∂ρ

∂φ4

∂C

∂φ4

∂k

∂φ4

∂dT

∂φ4

∂dI

∂φ4

∂dV

∂φ4

∂p
∂φ5

∂λ

∂φ5

∂ρ

∂φ5

∂C

∂φ5

∂k

∂φ5

∂dT

∂φ5

∂dI

∂φ5

∂dV

∂φ5

∂p
∂φ6

∂λ

∂φ6

∂ρ

∂φ6

∂C

∂φ6

∂k

∂φ6

∂dT

∂φ6

∂dI

∂φ6

∂dV

∂φ6

∂p
∂φ7

∂λ

∂φ7

∂ρ

∂φ7

∂C

∂φ7

∂k

∂φ7

∂dT

∂φ7

∂dI

∂φ7

∂dV

∂φ7

∂p
∂φ8

∂λ

∂φ8

∂ρ

∂φ8

∂C

∂φ8

∂k

∂φ8

∂dT

∂φ8

∂dI

∂φ8

∂dV

∂φ8

∂p





























(3.6)

can be constructed symbolically using Mathematica. The rank of (3.6) at fitted parameter

values and time points can then be calculated numerically. The fitted values θ∗ were taken

as fitted in Chapter 4. Virus load values V were taken from simulations of the long term

model in [10] sampled for each day within the early stages of HIV infection. ∂Φ
∂θ

matrices

were formed with t1, . . . , t8 taken as eight sequential days with V ∗ derivatives calculated by

central difference formulas.
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The number of matrices ∂Φ
∂θ

of rank n were calculated across permutations of each pa-

rameter value (168 permutations, each varying an individual parameter up to 50% from its

fitted value) and are displayed in Figure 3.2. There were no ∂Φ
∂θ

found across any parameter

permutations which had full rank, and thus we are unable to use Definition 3.4 to establish

local identifiability for the new model with all parameters unknown during the acute stage

of HIV infection.

Many matrices Φ that were generated were found to have rank = 7, which could suggest

that a reduced dimension Φ could be formed whose Jacobian matrix would have full rank, but

these only comprised about half of the generated matrices at the exact fitted θ∗ parameter

values. Even more matrices could meet our criteria if we relaxed it to rank ≥ 6. In both

situations, though, there were still permutations of individual parameters less than 50%

where no time points could be found such that ∂Φ
∂θ

had a rank ≥ 6.

A further reduction of our criteria to finding matrices ∂Φ
∂θ

with rank ≥ 5 is robust across

the permutations we simulated, again suggesting that a model with only five parameters7

might be more suitable. Matrices of ranks ≥ 4, 3, 2, 1 all were slightly more easily found in

the permutations we calculated. These results are summarized in Figure 3.1, which shows

the worst case scenario for each rank requirement.

The structural identifiability analysis of (2.1) does not assure local identifiability of the

eight unknown parameters. However, results suggest that a similarly structured system with

only five parameters may be well identifiable.

3.2.2 Structural Identifiability for the Dimensionless Model

The dimensionless version of the new acute stage model, (2.3), has only five unknown

parameters, R0, Rm, β, α1, α2. Structural identifiability analysis can be carried out similarly

7Either by considering some parameters to be known based on previous literature, or by combining param-
eters.
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Figure 3.1: Each parameter in θ∗ was varied individually ±50%, and the ranks of the identi-
fiability matrices ∂Φ

∂θ
(t) were calculated at 93 sequential time points within the first 100 days.

The minimum number of matrices with rank ≥ x for values x of interest was calculated for
each percent permutation (a breakdown by parameter is given in Figure 3.2).

as above. The vector function of Φ(θ) may be constructed as

Φ =











φ1

φ2
...
φ5











=











Vttt(θ)− f(V, Vt, Vtt, θ, t1)
Vttt(θ)− f(V, Vt, Vtt, θ, t2)

...
Vttt(θ)− f(V, Vt, Vtt, θ, t5)











, (3.7)

where

Vttt(θ) = α1α2R0V +

(

Rm

1 + βV
− 1

)

(Vtt + α1Vt + α2Vt + α1α2V )V

+ (Vt − V − (α1 + α2)V ) (Vtt + α1Vt + α2Vt + α1α2V )
1

V

+ α1α2(α1 + α2)

(

1

α2

Vt + V

)

+ α2
2Vt

(3.8)
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Figure 3.2: The ranks of the identifiability matrices ∂Φ
∂θ

constructed at 93 sequential time
points within an early HIV infection for a variety of permutations of θ∗ (each plot shows
one parameter varied ±50% while all other parameters are held constant at θ∗ values). The
number of time points where the rank was at least 7 (red x’s), 6 (magenta triangles), 5 (blue
dots), and 4 (green circles) are graphed over the permutations. The points where rank was
greater than 1, 2, and 3 were also graphed and are identical to 4. No matrices were found
with rank = 8.

14



(derived in Appendix B.2). As before, the (now smaller) Jacobian matrix

∂Φ

∂θ
=















∂φ1

∂R0

∂φ1

∂Rm

∂φ1

∂β

∂φ1

∂α1

∂φ1

∂α2
∂φ2

∂R0

∂φ2

∂Rm

∂φ2

∂β

∂φ2

∂α1

∂φ2

∂α2
∂φ3

∂R0

∂φ3

∂Rm

∂φ3

∂β

∂φ3

∂α1

∂φ3

∂α2
∂φ4

∂R0

∂φ4

∂Rm

∂φ4

∂β

∂φ4

∂α1

∂φ4

∂α2
∂φ5

∂R0

∂φ5

∂Rm

∂φ5

∂β

∂φ5

∂α1

∂φ5

∂α2















(3.9)

may be constructed and calculated at various time points (again with data taken from a

simulation of the long term model in [10] for the same times). Permutations of θ∗ were made

for each parameter: R0 (Figure 3.4), Rm (Figure 3.3), β (Figure 3.5), α1 (Figure 3.6), α2

(Figure 3.7). In all parameter regimes studied, many matrices ∂Φ
∂θ
(t) could be found with full

rank8. The exact fitted θ∗ values in particular display clear local parameter identifiability

across many times of data measurement, with a minimum of 8 measurements of viral load

required9.

8Although all became singular at the end of the times studied - suggesting that other parameters have
increased relevance as the infection leaves the acute stage.

9V and derivatives must be calculated at five separate time points, which for the central difference formulas
requires 8 time points.
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Figure 3.3: Rank of the identifiability matrix ∂Φ
∂θ

calculated for sequential time points and θ values with Rm varied ±50% from
its base fitted value (all other dimensionless parameters held to fitted values). Green circles indicate points where ∂Φ

∂θ
was full

rank, while red crosses denote points where ∂Φ
∂θ

was not full rank.
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Figure 3.4: Rank of the identifiability matrix ∂Φ
∂θ

calculated for sequential time points and θ values with R0 varied ±50% from
its base fitted value (all other dimensionless parameters held to fitted values). Green circles indicate points where ∂Φ

∂θ
was full

rank, while red crosses denote points where ∂Φ
∂θ

was not full rank.
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Figure 3.5: Rank of the identifiability matrix ∂Φ
∂θ

calculated for sequential time points and θ values with β varied ±50% from
its base fitted value (all other dimensionless parameters held to fitted values). Green circles indicate points where ∂Φ

∂θ
was full

rank, while red crosses denote points where ∂Φ
∂θ

was not full rank.
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Figure 3.6: Rank of the identifiability matrix ∂Φ
∂θ

calculated for sequential time points and θ values with α1 varied ±50% from
its base fitted value (all other dimensionless parameters held to fitted values). Green circles indicate points where ∂Φ

∂θ
was full

rank, while red crosses denote points where ∂Φ
∂θ

was not full rank.
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Figure 3.7: Rank of the identifiability matrix ∂Φ
∂θ

calculated for sequential time points and θ values with α2 varied ±50% from
its base fitted value (all other dimensionless parameters held to fitted values). Green circles indicate points where ∂Φ

∂θ
was full

rank, while red crosses denote points where ∂Φ
∂θ

was not full rank.



3.3 Practical Identifiability

Structural identifiability analysis provides a theoretical assurance that parameter values

can be identified from observed values of viral load. However, real world data will always

contain some kind of error - in clinical measurements, usually large errors. Even a model such

as (2.3), where structural identifiability analysis suggests that parameters can be uniquely

identified, may have unreliable parameter estimates due to errors in data.

3.3.1 Monte Carlo Analysis

To determine the practical identifiability - that is, the closeness of parameters to true

values given uncertain data - we will turn to Monte Carlo simulations. Consider as an

extension to (3.1) the following general dynamical system design which models “real world”

measurements of observable data ỹ as follows:

∑

θ

:















∂x

∂t
= f(t, x, θ, u), x(0, x, θ, u) = x0,

y = h(t, x, θ, u)

ỹ = h(t, x, θ, u) + ǫ(t),

(3.10)

where ǫ(t) is some unbiased (mean 0) measurement error. A Monte Carlo analysis simulates

randomly generated ǫ(t) perturbations and aggregates the response (parameter values) from

these changes.

3.3.2 Implementation

We assume ǫ(t) to be an unbiased random variable distributed as Normal(0, δ). Sim-

ulated measurements were made at parameter values θ∗ in Table 4.2 using Matlab’s built

in ode15s solver for stiff equations. Ninety-five measurements were taken, corresponding to

the number of measurements and times used in parameter fitting in Chapter 4.

“Noise levels” of δ = 0, 5, 10, 15, 20, 25, and 30 percent of the true value were induced on

the simulated measurements according to the model (3.10). To evaluate the performance

of our parameter fitting, we use the average relative estimation errors (AREs) for each
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parameter defined as

AREδ,k =
1

N

N
∑

j=1

|θ∗ − θ̂δ,k,j|
|θ∗| · 100%, (3.11)

where θ̂δ,k,j is the estimate of the k-th parameter of θ∗ from the j-th permutation of type

δ, and N is the number of simulated noisy measurement sets. We applied the parameter

fitting techniques discussed in the next chapter to simulations of 1000 distinct simulated

noisy measurement sets for each δ noise level, and the results are summarized in Table 3.1.

We see very contained relative errors, with only β’s error rising high above δ% of the true

value - perhaps because β is very small and computational errors can occasionally occur.

Even β maintains relatively low errors throughout the simulations, even for very noisy data,

and the other parameters have even lower deviation.
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Table 3.1: Calculated ARE of each parameter in three runs with N = 1000.

Noise level Calculated ARE in % of fitted value

in % α1 α2 β R0 Rm

0 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

5 4.8005 6.0582 12.5769 3.6297 6.4289

4.3554 5.8046 13.1881 3.3613 6.6926

4.4490 5.3150 12.2454 3.1385 5.9202

10 7.1496 9.0907 21.7611 4.6066 8.4026

5.8308 7.1703 20.8216 3.5397 7.3585

7.1058 8.9146 23.8912 4.5128 8.4712

15 7.8809 9.3328 27.1338 4.5874 9.6498

9.3504 10.4798 32.6442 5.5766 10.3923

9.3229 10.3582 33.1444 5.4067 9.3203

20 9.5430 11.0961 31.0491 5.2002 11.1074

11.0737 13.7954 41.0838 6.1813 11.4793

12.4870 13.8694 32.9027 7.1412 11.8228

25 14.1531 12.3354 33.7762 7.9352 10.0483

12.9709 12.6091 38.9126 7.0192 11.4005

14.8077 14.4585 41.0376 7.7873 12.4892

30 14.3195 11.4976 33.9532 7.4094 13.4699

16.1003 19.9675 57.1663 8.1883 11.1422

13.5140 14.9765 39.8089 7.5268 11.9256
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CHAPTER 4

PARAMETER FITTING

For the purposes of this paper, the unknown parameters of (2.1) were estimated using a

constrained least squares minimization common in HIV studies [2, 10]. Values had previously

been estimated for the 3CM for p, k, dT , dI , and dV [1]. Similar parameters to all eight were

fitted in [10] but these values proved to be very sensitive to changes in data [2]. For the new

model presented in this paper, we consider all parameters of (2.1) as unknown due to new

interactions of parameters and an increased focus in fitting the model to the acute stage of

infection in particular.

Several sources of patient data were considered to fit the simulation against, however

results with known times in the acute stage of infection were sparse in each set. In the end,

data was taken from simulating the model in [10] over the acute stage of infection at initial

conditions T ∗
0 = 1000, I∗0 = 0, V ∗

0 = 1 × 10−3, where the model of [10] closely fit to the

author’s clinical data.

4.1 Fitting Methods

Parameter estimation was run using Matlab’s constrained nonlinear solver, which utilizes

the Nelder-Mead Simplex method, using a squared error between data and simulated results

as the value to minimize. To bound the parameters, conditions were set as noted in Table 4.1,

from values around those found in [2, 10].

4.2 Results

Parameter estimates are summarized in Table 4.2. Dimensionless parameters - for which

our identifiability analysis provides more concrete assurances (around these fitted values) -

are calculated based on fitted original parameter values. Figure 4.1 shows simulations run

with these parameters against the acute stage of the full model in [10].
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Table 4.1: Bounds for Parameter Search

Quantity Range Units

λ Rate of supply of T-cells 8− 12 mm−3 day−1

ρ Maximum homeostatic growth rate > 0 day−1

C Homeostatic half-velocity > 0 copies mm−3

k Infection rate 3− 6 ×10−3 mm3 day−1

dT Death rate of uninfected T-cells 7− 11 ×10−3 day−1

dI Death rate of infected T-cells 9− 700 ×10−3 day−1

p Rate of viral production 2− 8 ×10−1 virions per cell day−1

dV Clearance rate of free virus 2− 3 day−1
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Figure 4.1: A representative simulation of (2.1) with parameter values given in Table 4.2,
and a comparison with the full three-stage model in [10] - T-cell count (left) and viral load
(right).
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Table 4.2: Fitted Values for Original and Dimensionless Parameters

Quantity Fitted Value

Original Parameters

λ Rate of supply of T-cells 10.14 mm−3 day−1

ρ Maximum homeostatic growth rate 0.22 day−1

C Homeostatic half-velocity 49.70 copies mm−3

k Infection rate 4.78× 10−3 mm3 day−1

dT Death rate of uninfected T-cells 0.01 day−1

dI Death rate of infected T-cells 0.70 day−1

p Rate of viral production 0.53 virions per cell day−1

dV Clearance rate of free virus 2.38 day−1

Dimensionless Parameters

R0 = λkp
dT dIdV

1.53

Rm = ρ
Ck

0.923

α1 = dI

dT

70

α2 = dV

dT

238

β = dT

Ck
0.042
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CHAPTER 5

MODEL DYNAMICS

Steady states - solutions where the model populations may tend towards - are developed

for the new model. The existence of these solutions and the conditions for which an infection

will tend towards particular long term behaviors are of qualitative interest for disease models.

Analysis of stability properties (with special interest into regions of bistability) and the

sensitivity of equilibria follow.

5.1 Steady States

A steady state to the system in (2.3) must satisfy

R0 +
Rm

1 + βV
TV − TV − T = 0

α1 (TV − I) = 0

α2(I − V ) = 0.



















(5.1)

The following theorem summarizes the steady states of the system. A proof for this

theorem is included in Appendix C.1.

Theorem 5.1. The only solutions of (5.1) and thus the time-independent (steady state)

solutions of (2.3) are, in the form (T, I, V )T ,

Eu =























R0

0

0























E+
i
=























1

−b+
√
b2−4ac
2a

−b+
√
b2−4ac
2a























E−
i
=























1

−b−
√
b2−4ac
2a

−b−
√
b2−4ac
2a























where

a = β, b = 1−Rm + β(1−R0), c = 1−R0.
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Since Eu represents a solution where virion and infected cell counts are both nonexistant,

it represents a non-infective steady state where the virus is fully cleared from the body. In

both E+
i and E−

i , the viral load and infected cell populations are nonzero, representing a

continuing infection in the host. Let us further define

I
+
= V

+
=

−b+
√
b2 − 4ac

2a
, I

−
= V

−
=

−b−
√
b2 − 4ac

2a
(5.2)

to denote the infected cell and virion populations in the infective steady states E+
i , E

−
i .

5.2 Stability Analysis

This section will focus on analyzing the existence and local stability of the steady states

Eu, E
+
i , E

−
i . In a model for an infectious disease is it often vital to understand what condi-

tions can lead to differing steady states - in particular, between the uninfective (such as Eu)

and infective (E+
i , E

−
i ).

To begin, we must note that I
±
, V

±
may yield biologically unreasonable results. Since

these values represent steady state populations of infected T-cells and virions, respectively,

their values must be real and nonnegative. It is clear (as R0 is nonnegative and real by

construction) that Eu’s populations are constantly real and nonnegative10 and thus not of

concern.

For any of the I, V populations to be real valued, b2 − 4ac ≥ 0 must hold. Equivalently,

Theorem 5.2. The populations I
±
(equivalently V

±
) are real valued if

R0 ≥ 1− 1

β

(

1−
√

Rm

)2

.

A proof of Theorem 5.2 is included in Appendix C.2. To also ensure that the results are

nonnegative, we must impose additional restrictions.

10As R0 is formed by multiplication and division of real and nonnegative parameters, and the infected and
virion populations are zero.
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Theorem 5.3. The populations I
+
, V

+
will be nonnegative if either

R0 > 1 +
1

β
(1−Rm)

or

1 < R0 ≤ 1 +
1

β
(1−Rm),

while the populations I
−
, V

−
will be nonnegative if

1 +
1

β
(1−Rm) < R0 < 1.

A proof of the conditions given in Theorem 5.3 is included in Appendix C.3. With these

conditions combined with that of Theorem 5.2 we ensure biologically reasonable (in that

they are not negative or complex valued) equilibria for the E+
i and E−

i steady states (as the

T-cell population is trivially reasonable). These conditions are dependent on β,R0, and Rm.

A plot at fixed11 β is given in Figure 5.1.

With known conditions for the existence of relevant steady states, we may consider their

local stability conditions.

Theorem 5.4. The infection-free equilibrium Eu is locally asymptotically stable if R0 < 1

and unstable if R0 > 1.

Given V
+
as defined in (5.2), a function of β,R0, and Rm, the equilibrium E+

i is locally

asymptotically stable if

α1α2

1 + βV
+

[

β(V
+
)2 +R0 − 1

]

< (α1 + α2)R0(α1 + α2 +R0), (5.3)

and unstable if the condition is not satisfied.

The equilibrium E−
i is unstable for all parameter values at which its solution is biologically

reasonable (given by Theorem 5.3). If R0 < 1 then the infection-free equilibrium Eu is locally

asymptotically stable, whereas if R0 > 1 then it is unstable.

11We are particularly interested in the R parameters, as explained in Appendix D.
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Figure 5.1: Regions of existence (i.e. real and positive values) for the uninfected steady
state, Eu, and infected steady states, E+

i and E−
i in the RmR0 plane.

A proof of Theorem 5.4 is given in Appendix C.4. These parameter regimes for Eu and

E+
i stability (as E−

i has uninteresting stability) are graphically summarized in Figure 5.2 over

R0, Rm variation, with all other parameters fixed to the fitted values in Table 4.2. Again,

while the conditions depend on more variables, R0 and Rm are particularly interesting,

as noted in Appendix D. For the parameters from Chapter 412, these are fitted at R0 =

1.53, Rm = 0.923 - which lie in the stability region of E+
i .

5.2.1 Region of Bistability

Both infective E+
i and uninfective Eu equilibria are locally stable within one region of

parameter values (the overlapping region in Figure 5.2). It is thus possible, and we suspect

from our intuition from clinical studies, that differing initial conditions may lead to differing

infection outcomes with the same parameter values. Figure 5.3 demonstrates that this is

indeed the case. Simulations differing only by changes to initial T-cell count (top row) or

virion count (bottom row) show distinct results.

12Which were fitted from a model displaying a persistent viral infection.
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Figure 5.2: Regions of stability in the RmR0 plane when α1, α2, β are fixed to the values in
Table 4.2.

The initial conditions at which each steady state is achieved vary within the bistable

region, as shown in Figure 5.4. In this figure the initial conditions are fixed to a value at

which some parameter values yield uninfective (green circle) results and some give infective

(red cross) results.

To further investigate the impact of initial conditions, (R0, Rm) points were chosen

throughout the bistable region as shown in Figure 5.5 (α1, α2, β were fixed to fitted val-

ues). Simulations were run over a wide spectrum of varying initial viral loads and T-cell

counts, shown in Figure 5.6 and Figure 5.7. Figure 5.6 demonstrates the sensitivity of each

equilibria to the initial conditions. Initial T-cell counts and viral load were originally fixed

to the E+
i equilibrium, where they would heavily weight the long term behavior to continue

in this steady state13, then varied across a small range of nearby values. Both changes to

13The initial infected cell count was still kept at zero for most simulations, so the system was not in exact
equilibrium. In most sampled points this was an irrelevant difference and the central point of the corre-
sponding plot in Figure 5.6 shows the understandable infected result, but in areas with particularly small
basins of E+

i attraction an I0 value greater than one (although not the equilibrium) was needed to show
any basin as noted in the figure.
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viral load and T-cell count demonstrably impact the success or failure of an infection, with

bands of initial T-cell counts (modified more subtly by initial viral load) which form a “sweet

spot” for persistent infections to occur. Notably, those values with lower R0 (lower) and Rm

(leftward) values, closer to the b2 − 4ac = 0 curve, show a much smaller basin of attraction

to the infective state E+
i (unsurprisingly, this was the region in Figure 5.4 where the fixed

initial conditions resulted in uninfective outcomes).

The same experiments at the same (R0, Rm) points, were carried out for initial T-cell

counts and viral loads centered around the standard values T0 = 1.52, V0 = 4.78×10−3 taken

from literature, around which we might expect a typical infection (as considered by many

models) to occur. This regime of initial conditions was further from the basins of attraction

for the infective steady state, but results only ±20% away still showed results which tended

toward E+
i . Actual infections could fall within a wide range of actual results.

It is also important to note that while the baseline fitted parameters (see Table 4.2)

fall above R0 = 1, and thus outside of the bistable region, there can be wide variance in

parameter values between individuals. For example, the infection rate k has been reported

to be as small as 10−6 in [2] or as large as 10−2 in [10]. Variation of this parameter alone

could vary Rm or R0 within the range 10−2−102, providing a wide array of possible dynamics

as shown by this model.
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Figure 5.3: Changes in initial data, T0 (top) and V0 (bottom), yields changes in stability
within the bistable parameter region - T-cell count (left) and viral load (right). Within the
top simulations, the parameters are fixed to Rm = 1.3 and R0 = 0.87, while in the bottom
simulations they are Rm = 1.4 and R0 = 0.7. Recall that the equilibrium viral load for Eu

is zero, and note that V (t) is represented on a log scale.
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Figure 5.4: Simulation results for Rm, R0 values within the bistable region. A simulation
was conducted at each point in the displayed parameter space with initial conditions T0 =

1.02, I0 = 0, V0 =
1
2
V

+
, where V

+
is the equilibrium viral load of the E+

i infective equilibrium
evaluated at (Rm, R0). Green dots indicate solutions which tend toward the uninfective
steady state Eu, while red crosses indicate solutions tending to E+

i , the infected steady
state, for long times.
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Figure 5.5: The dependence of equilibria on initial values of healthy T-cells and the ini-
tial viral load at arbitrary points in the RmR0 plane. Corresponding results are shown in
Figure 5.6 and Figure 5.7.
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Figure 5.6: Basins of attraction within the bistable region with varied Rm, R0 values (sum-
marized in Figure 5.5). The central point of each plot is chosen with initial T-cell counts
and viral load set to the E+

i infective equilibrium. Initial infected T-cell counts are 0 in
all but (f), which is given a small initial I value to bring out its small basin of attraction.
From there, simulations are run with points taken at even intervals up to ±20% of this
value, except for plot (f) which varies only ±10%, again due to its small basin of attraction.
Simulations where the solution experimentally tended to Eu are marked with green circles
and those where the solution tended to E+

i are marked by red crosses.

36



1.2 1.3 1.4 1.5 1.6 1.7 1.8

Initial T-cell count (nondimensionalized)

3.8

4

4.2

4.4

4.6

4.8

5

5.2

5.4

5.6

5.8

In
iti

al
 V

iri
on

 c
ou

nt
 (

no
nd

im
en

si
on

al
iz

ed
)

×10-3

(a) Rm = 1.2, R0 = 0.9

1.2 1.3 1.4 1.5 1.6 1.7 1.8

Initial T-cell count (nondimensionalized)

3.8

4

4.2

4.4

4.6

4.8

5

5.2

5.4

5.6

5.8

In
iti

al
 V

iri
on

 c
ou

nt
 (

no
nd

im
en

si
on

al
iz

ed
)

×10-3

(b) Rm = 1.35, R0 = 0.9

1.2 1.3 1.4 1.5 1.6 1.7 1.8

Initial T-cell count (nondimensionalized)

3.8

4

4.2

4.4

4.6

4.8

5

5.2

5.4

5.6

5.8

In
iti

al
 V

iri
on

 c
ou

nt
 (

no
nd

im
en

si
on

al
iz

ed
)

×10-3

(c) Rm = 1.5, R0 = 0.9

1.2 1.3 1.4 1.5 1.6 1.7 1.8

Initial T-cell count (nondimensionalized)

3.8

4

4.2

4.4

4.6

4.8

5

5.2

5.4

5.6

5.8

In
iti

al
 V

iri
on

 c
ou

nt
 (

no
nd

im
en

si
on

al
iz

ed
)

×10-3

(d) Rm = 1.35, R0 = 0.55

1.2 1.3 1.4 1.5 1.6 1.7 1.8

Initial T-cell count (nondimensionalized)

3.8

4

4.2

4.4

4.6

4.8

5

5.2

5.4

5.6

5.8

In
iti

al
 V

iri
on

 c
ou

nt
 (

no
nd

im
en

si
on

al
iz

ed
)

×10-3

(e) Rm = 1.5, R0 = 0.55

1.2 1.3 1.4 1.5 1.6 1.7 1.8

Initial T-cell count (nondimensionalized)

3.8

4

4.2

4.4

4.6

4.8

5

5.2

5.4

5.6

5.8

In
iti

al
 V

iri
on

 c
ou

nt
 (

no
nd

im
en

si
on

al
iz

ed
)

×10-3

(f) Rm = 1.45, R0 = 0.2

Figure 5.7: Basins of attraction within the bistable region with varied Rm, R0 values
(summarized in Figure 5.5). The central point of each plot marks the initial conditions
T0 = 1.52, V0 = 4.78 × 10−3, the standard initial conditions (dimensionless) given in Ta-
ble 4.2. From there, simulations are run with (T0, V0) points taken at even intervals up to
±20% of this value. For all plots, I0 = 0. Simulations where the solution experimentally
tended to Eu are marked with green circles and those where the solution tended to E+

i are
marked by red crosses.
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5.2.2 Hopf Bifurcation

There is also a region in Figure 5.2 where neither uninfective nor infective steady states

are locally stable. In this section we will demonstrate that a Hopf bifurcation occurs at the

boundary of this domain, using Rm as a bifurcation parameter. In particular we will show

that

Theorem 5.5. For R0 > 1, a Hopf bifurcation occurs at the critical value Rm = R∗
m. As

the value Rm crosses R∗
m, the equilibrium point E+

i becomes unstable and a stable limit cycle

branches from the equilibrium.

Proof. Note that the Jacobian of the system (2.3) at E+
i is

∇f(E+
i ) =























−R0 0 Rm

(1+βV
+
)2
− 1

α1V
+ −α1 α1

0 α2 −α2























where V
+
= V

+
(Rm) is the viral population14 (equivalently, the infected T-cell population)

at the steady state E+
i given in 5.1, and as shown in C.4 the characteristic polynomial of

∇f(E+
i ) is

η3 + d2η
2 + d1η + d0(Rm) = 0 (5.4)

where d1, d2 > 0 and d0(Rm) > 0 within the region of existence of E+
i . Since d0, d1, d2 > 0 in

the region of existence for E+
i , any real root of (5.4) must be negative. Furthermore, by the

Fundamental Theorem of Algebra, the polynomial (which is degree three) will have exactly

three roots. Thus the roots of (5.4) must be composed of either three negative real roots or

14Recall that this steady state variable came from the quadratic equation

β(V
+
)2 + [β(1−R0) + 1−Rm]V

+
+ 1−R0 = 0

and thus does vary with Rm (consider all other parameters fixed).
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one negative real root with two complex conjugate roots. Define

D2(Rm) = d1d2 − d0(Rm)

- the second Hurwitz determinant of (5.4). Let R∗
m denote, for any particular R0, the value

of Rm such that D2(R
∗
m) = 0. Then at R∗

m we have

d0(R
∗
m) = d1d2

and thus (5.4) may be rewritten as

η3 + d2η
2 + d1η + d1d2 = 0 ⇐⇒ (η2 + d1)(η + d2) = 0. (5.5)

The roots of (5.5) are

η1 = −d2 = −(α1 + α2 +R0)

η2 = i
√

d1 = i
√

(α1 + α2)R0

η3 = −i
√

d1 = −i
√

(α1 + α2)R0.

(5.6)

In order to show the existence of a Hopf bifurcation it remains only to show the transver-

sality condition, that
dη2

dRm

(R∗
m) 6= 0. Using the characteristic polynomial (5.4) evaluated at

η2(Rm), we take the Rm-derivative to find

dη2

dRm

[

3η22 + 2d2η2 + d1
]

+ d′0(Rm) = 0

or equivalently

dη2

dRm

(Rm) = − d′0(Rm)

3η22 + 2d2η2 + d1
.

Evaluating the derivative at Rm = R∗
m and substituting the known root of η2(R

∗
m) from (5.6)

this becomes

dη2

dRm

(R∗
m) =

−d′0(R
∗
m)

−2d1 + 2id2
√
d1

.
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Thus, multiplying by the conjugate in the denominator and taking the real part, we find

Re

(

dη2

dRm

(R∗
m)

)

=
d′0(R

∗
m)

2[d1 + d22]
.

From this, it follows that Re

(

dη2
dRm

(R∗
m)

)

6= 0 if and only if d′0(R
∗
m) 6= 0. Using (C.7), we

compute this term as

d′0(Rm) =
β

1 + βV
+

[

−d0(Rm) + 2α1α2V
+
] dV

+

dRm

.

Now, using (C.8) we compute dV
+

dRm
so that

2βV
dV

+

dRm

− V
+
+ [β(1−R0) + 1−Rm]

dV
+

dRm

= 0,

and after some algebra and use of (C.8), this implies

dV
+

dRm

=
V

+

2βV
+
+ β(1−R0) + 1−Rm

=
(V

+
)2

β(V
+
)2 +R0 − 1

.

Since V
+
> 0 for R0 > 1, we conclude that this term is strictly positive. Finally, a brief

computation using (C.7) shows that the remaining term in d′0(Rm) satisfies

−d0(Rm) + 2α1α2V
+
=

α1α2V
+

1 + βV
+ [Rm + 1 + β(R0 − 1)] .

Since R0 > 1 and V
+
> 0, this term is strictly positive, as well. Hence, we find d′0(R

∗
m) 6=

0.

These results are illustrated at a particular R0 value in Figure 5.8. To demonstrate these

qualitative results numerically, Figure 5.9, Figure 5.10, and Figure 5.11 show the transition

into Hopf bifurcation by transition of Rm. In each, R0 is fixed at a > 1 value (for these plots,

R0 = 1.5). Figure 5.9 shows the dynamics while the value of Rm is still within the E+
i stable
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Figure 5.8: Real and imaginary parts of eigenvalues η2 and η3 as functions of the bifurcation
parameter Rm. These curves cross the imaginary axis at Rm = R∗

m ≈ 1.68 when using
parameter values from Table 4.2.

region. The complex eigenvalues of the Jacobian matrix evaluated at E+
i have negative real

part, and the system correspondingly spirals towards the E+
i equilibrium. In Figure 5.10, Rm

is increased such that Rm ≈ R∗
m (numerically approximated), and a periodic orbit appears.

To make this clearer, Rm is increased further to be fully in the region of instability in

Figure 5.11 and a clear periodic orbit is seen.

5.3 Sensitivity

One final property to analyze is the sensitivity of the steady states to changes in param-

eters. By taking the partial derivatives of the Eu and E+
i equilibria from 5.1 with respect

to β,R0, and Rm (the equilibria are independent of α1, α2 and thus not sensitive), we can

determine how much these equilibria vary based on parameters. Numerical results around

the fitted parameters are given in Table 5.1 - showing relatively robust, or stable, equilibrium

values. A visual depiction of the E+
i equilibrium variation is shown in Figure 5.12.
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Figure 5.9: Simulation of the dimensionless system for Rm = 1.5 and R0 = 1.5. As shown
above, the parameter location is in the light red region (see Figure 5.2). Hence, associated
complex eigenvalues of the system linearized about E+

i are of the form α ± iβ where α <

0, yielding a stable steady state. Green and red horizontal lines indicate corresponding
population values of the E+

i and Eu steady states, respectively.
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Figure 5.10: Simulation of the dimensionless system for Rm = 1.75 and R0 = 1.5. The
parameter location is at the border of the light red and white regions (see Figure 5.2).
Hence associated complex eigenvalues of the system linearized about E+

i are of the form
±iβ, signaling a transition in the asymptotic behavior of solutions and the emergence of a
stable orbit.
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Figure 5.11: Simulation of the dimensionless system for Rm = 1.8 and R0 = 1.5. The
parameter location now lies within the white region (see Figure 5.2). Associated complex
eigenvalues of the system linearized about E+

i are of the form α ± iβ with α > 0 yielding
instability of this equilibrium and, as displayed by the phase portrait, a periodic solution.
With initial conditions taken near the bifurcation, clear oscillations appear corresponding to
a stable periodic orbit.
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Figure 5.12: The results of several simulations with individually varied parameter values for
α1 (α2 is equivalent - note that there is no variation in results despite the parameter change
as expected), β, R0, and Rm demonstrate the variations in simulated results ±50% around
the fitted parameter values of Table 4.2. A red line indicates the simulation for the exact
fitted parameters.
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Table 5.1: Local Sensitivity of Steady States

E+
i E−

i

T I V T I V

β 0 1.284 1.284 0 -0.937 -0.937
R0 0 0.049 0.049 0 0.002 0.002
Rm 0 0.268 0.268 0 0.386 0.386
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CHAPTER 6

CONCLUSION

This thesis has presented a new model for the acute stage of HIV infection which incor-

porates homeostatic T-cell replenishment. The standard three component model for HIV

features globally stable infected and infection-free steady states, but clinical studies suggest

that the long time behavior of an infection could be markedly changed by other factors,

such as initial conditions. The model presented in this paper features a bistable region in

which both infected and uninfected steady states are only locally stable. While variation of

T-cell count has a more dramatic influence on the long time behavior (as seen in Figure 5.6),

variations in both initial T-cell count and viral load within this region can change the long

time behavior of the disease. Consistent with the behaviors noted in [14, 15], a decrease in

the concentration of the virus target (T-cells) may lead to a transition from uninfected to

chronically infected long time behavior. Depending on other conditions, [figure reference]

shows that increases to the T-cell population may either promote or inhibit a long term

infection. This change in simulated infection dynamics occurs because of the homeostatic

addition to the model. This highlights the importance of the homeostatic nature of the

T-cell population, which increases growth in an attempt to combat the HIV infection, and

its entanglement with the dynamics of HIV.

There is also a region of parameter values wherein a Hopf bifurcation arises and solutions

to the model switch to forming oscillatory long term behavior. This mimics observed “viral

blip” behavior in some patients undergoing antiretroviral therepy (see [8]). This model

would suggest these blips arise upon small changes to β,R0, and Rm, moving from E+
i -

stable regimes into the region where the this oscillatory long term behavior is seen. It may

be that this behavior can be extended (as this behavior applies outside of the acute stage

of HIV and likely dependent on other factors) to explain the nature of these viral blips and
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the interactions of antiretroviral therapy which are causing them.

Further extensions to this model may attempt to describe further stages of an HIV in-

fection, extending to a larger model (similar to [10]). These larger models will use a higher

number of parameters and interactions, which may make it more difficult to design exper-

iments and identify parameters, although knowledge of the reduced model’s dynamics and

parameters may provide a better understanding of the fuller system. The model may also be

extended to design experiments and parameter fitting techniques to more confidently deter-

mine particular parameters in this relatively simple model. Identifiability may be considered

with certain parameters (which vary less and are better studied) considered to be known,

allowing for less established parameter values to be experimentally fit.
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APPENDIX A - MODEL NONDIMENSIONALIZATION

The nondimensionalization of (2.1) follows a standard nondimensionalization procedure.

The model is reproduced below for convenience:

dT ∗

dt∗
= λ+

ρ

C + V ∗T
∗V ∗ − kT ∗V ∗ − dTT

∗

dI∗

dt∗
= kT ∗V ∗ − dII

∗

dV ∗

dt∗
= pI∗ − dV V

∗.



























(A.1)

We define new populations:

T =
T ∗

Tc

, I =
I∗

Ic
, V =

V ∗

Vc

and time dimension t = t∗

tc
, where Tc, Ic, Vc, tc are constants to be determined. The time

derivatives of the populations follow by the chain rule.

dT

dt
=

dT ∗

dt∗
tc

Tc

,
dI

dt
=

dI∗

dt∗
tc

Ic
,

dV

dt
=

dV ∗

dt∗
tc

Vc

These new values added into the dimensionalized system (A.1) yields:

dT

dt
=

λtc

Tc

− ρtcVc

C + VcV
TV − ktcVcTV − dT tcT

dI

dt
=

ktcTcVc

Ic
TV − dItcI

dV

dt
=

ptcIc

Vc

I − dV tcV































(A.2)

It is clear that the choices tc =
1

dT
, tc =

1

dI
, tc =

1

dV
will all serve to reduce the system. The

choice of tc =
1

dT
is used in this derivation arbitrarily. Use of the other valid time constants

will produce similar results. With that choice, the population constants follow as:

Tc =
dIdV

pk
, Ic =

dTdV

pk
, Vc =

dT

k
.
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The use of these values eliminates populations in the system of (A.2).

dT

dt
=

λpk

dIdT
− ρ

kC + dTV
TV − TV − T

dI

dt
=

dI

dT
TV − dI

dT
I

dV

dt
=

dV

dT
I − dV

dT
V































(A.3)

Selecting α1 = dI
dT
, α2 = dV

dT
provides dimensionless parameters for the second and third

equations. The parameter R0 = λpk

dIdT
is also trivial. A selection of Rm = ρ

Ck
then can be

substituted to give

dT

dt
= R0 −

Rm

1 + dT
Ck

TV
TV − TV − T,

which can then be reduced further by substituting β = dT
Ck

. The resulting dimensionless

system is:

dT

dt
= R0 +

Rm

1 + βV
TV − TV − T

dI

dt
= α1(TV − I)

dV

dt
= α2(I − V ),

which is the system given in (2.3), with parameters α1, α2, β, R0, Rm as given in 2.5 and

(2.6).
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APPENDIX B - DERIVATIONS FOR STRUCTURAL IDENTIFIABILITY

Derivations of Vttt and V ∗
t∗t∗t∗ as needed for structural identifiability construction are

included below.

B.1 Derivation of V ∗
t∗t∗t∗

In this appendix the equation (3.5) is derived. The system of (2.1) is reproduced below

for convenience:

T ∗
t∗ = λ+

ρ

C + V ∗T
∗V ∗ − kT ∗V ∗ − dTT

∗

I∗t∗ = kT ∗V ∗ − dII
∗

V ∗
t∗ = pI∗ − dV V

∗.















(B.1)

In order to remove the I∗ and T ∗ dependence of the system, equations for I∗ and T ∗ that

depend only on V ∗ and its derivatives must be derived. From the equation for V ∗
t∗ , we derive

the following equation.

I∗ =
1

p
V ∗
t∗ +

dV

p
V ∗ (B.2)

The derivation of T ∗ relies on the second derivative of V ∗,

V ∗
t∗t∗ = pI∗t∗ − dV V

∗
t∗ .

The equations for I∗t∗ , V
∗
t∗ come from (B.1), producing

V ∗
t∗t∗ = pkT ∗V ∗ − p(dI + dV )I

∗ + d2V V
∗. (B.3)

Solving for T ∗:

T ∗ =
1

pkV ∗ (V
∗
t∗t∗ + p(dI + dV )I

∗)− d2V
pk

Substituting in (B.2) gives:

T ∗ =
1

pkV ∗ (V
∗
t∗t∗ + (dI + dV )(V

∗
t∗ + dV V

∗))− d2V
pk

(B.4)
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(B.3) can be derived a third time, producing

V ∗
t∗t∗t∗ = pk(T ∗

t∗V
∗ + T ∗V ∗

t∗)− p(dI + dV )I
∗
t∗ + d2V V

∗
t∗

= pkT ∗
t∗V

∗ + pkT ∗V ∗
t∗ − p(dI + dV )I

∗
t∗ + d2V V

∗
t∗

With substitutions of T ∗
t∗ and I∗t∗ from (B.1),

V ∗
t∗t∗t∗ = pkλV ∗ +

pkρ

C + V ∗T
∗V ∗2 − pk2T ∗V ∗2 − pkdTT

∗V ∗

+ pkT ∗V ∗
t∗ − pk(dI + dV )T

∗V ∗ − pdI(dI + dV )I
∗ + d2V V

∗
t∗ .

Substituting I∗ from (B.2) is simple.

V ∗
t∗t∗t∗ = pkλV ∗ +

pkρ

C + V ∗T
∗V ∗2 − pk2T ∗V ∗2 − pkdTT

∗V ∗

+ pkT ∗V ∗
t∗ − pk(dI + dV )T

∗V ∗ + dI(dI + dV )(V
∗
t∗ + dV V

∗) + d2V V
∗
t∗ .

To replace T ∗, we first separate it as follows:

V ∗
t∗t∗t∗ = pkλV ∗ + dI(dI + dV )(V

∗
t∗ + dV V

∗) + d2V V
∗
t∗

+ T ∗
[

pkρ

C + V ∗V
∗2 − pk2V ∗2 − pkdTV

∗ + pkV ∗
t∗ − pk(dI + dV )V

∗
]

= pkλV ∗ + dI(dI + dV )(V
∗
t∗ + dV V

∗) + d2V V
∗
t∗

+ T ∗pk

[(

ρ

C + V ∗ − k

)

V ∗2 + V ∗
t∗ − (dT + dI + dV )V

∗
]

.

This allows for a simple introduction of B.4, giving us our final equation

V ∗
t∗t∗t∗ = pkλV ∗ + dI(dI + dV )(V

∗
t∗ + dV V

∗) + d2V V
∗
t∗

+

[

V ∗
t∗t∗

V ∗ + (dI + dV )

(

V ∗
t∗

V ∗ + dV

)

− d2V

]

[(

ρ

C + V ∗ − k

)

V ∗2 + V ∗
t∗ − (dT + dI + dV )V

∗
]

.

(B.5)
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B.2 Derivation of Vttt

In this appendix the equation 3.8 is derived. The dimensionless system of (2.3) is repro-

duced below for convenience:

Tt = R0 +
Rm

1 + βV
TV − TV − T

It = α1 (TV − I)

Vt = α2(I − V ).



















(B.6)

The following logic will adhere closely to Appendix B.1, although the details of the steps

are different. From the equation for Vt in (B.6) the following equation for I, in terms of V

and its derivatives, may be derived as

I =
1

α2

Vt + V. (B.7)

The derivation of T is more involved. Vtt is derived trivially as

Vtt = α2(It − Vt).

Substitution of It and Vt from (B.6) gives the following.

Vtt = α2(α1(TV − I)− α2(I − V )) = α1α2TV − α2(α1 + α2)I + α2
2V (B.8)

Solving for T and substituting I from (B.7) finally returns the following.

T =
1

α1α2V

(

Vtt + α2(α1 + α2)I − α2
2V

)

=
1

α1α2V

(

Vtt + α2(α1 + α2)

(

1

α2

Vt + V

)

− α2
2V

)

=
1

α1α2V

(

Vtt + α1Vt + α2Vt + α1α2V + α2
2V − α2

2V
)

=
1

α1α2V
(Vtt + α1Vt + α2Vt + α1α2V )

(B.9)

From (B.8) the third derivative is as follows.

Vttt = α1α2(TtV + TVt)− α2(α1 + α2)It + α2
2Vt (B.10)

An application of (B.6) for Tt and It gives:
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Vttt = α1α2

(

R0V +
Rm

1 + βV
TV 2 − TV 2 − TV + VtT

)

− α1α2(α1 + α2) (TV − I) + α2
2Vt

= α1α2R0V + α1α2

(

Rm

1 + βV
− 1

)

TV 2 + α1α2 (Vt − V − (α1 + α2)V )T

+ α1α2(α1 + α2)I + α2
2Vt.

Substituting in I from (B.7) is simple, and we find

Vttt = α1α2R0V + α1α2

(

Rm

1 + βV
− 1

)

TV 2 + α1α2 (Vt − V − (α1 + α2)V )T

+ α1α2(α1 + α2)

(

1

α2

Vt + V

)

+ α2
2Vt.

The substitution of T from (B.9) is not so simple, but results in

Vttt = α1α2R0V +

(

Rm

1 + βV
− 1

)

(Vtt + α1Vt + α2Vt + α1α2V )V

+ (Vt − V − (α1 + α2)V ) (Vtt + α1Vt + α2Vt + α1α2V )
1

V

+ α1α2(α1 + α2)

(

1

α2

Vt + V

)

+ α2
2Vt.

(B.11)

The final equation (3.8) follows from (B.11) by distribution:

Vttt = α1α2R0V +

(

Rm

1 + βV
− 1

)

(Vtt + α1Vt + α2Vt + α1α2V )V

+

(

Vt

V
− 1− α1 − α2

)

(Vtt + α1Vt + α2Vt + α1α2V )

+ α1(α1 + α2)Vt + α1α2(α1 + α2)V + α2
2Vt.

58



APPENDIX C - PROOFS RELATED TO STEADY STATES

This appendix contains proofs related to the steady state equilibria of the dimensionless

model.

C.1 Derivation of Steady State Equilibria

This appendix will cover the proof of Theorem 5.1 by deriving the steady state equilibria

for (2.3).

Proof. As noted in the theorem, a steady state solution must satisfy the following system.

R0 +
Rm

1 + βV
TV − TV − T = 0

α1 (TV − I) = 0

α2(I − V ) = 0



















(C.1)

To satisfy the third equation, clearly I = V . Substituting this into the second equation

yields

V (T − 1) = 0.

There are thus two, and only two, cases - either V = I = 0, or V = I 6= 0.

Case I: V = I = 0. In this case, from the first equation of (C.1) R0 − T = 0 and thus

T = R0. Thus T = R0, I = 0, V = 0 is a solution.

Case II: V = I 6= 0. In this case, from the second equation of (C.1), αV (T − 1) = 0 and

thus T = 1. This may be substituted into the first equation to give

R0 +
RmV

1 + βV
− V − 1 = 0.

It follows that

(R0 − 1)(1 + βV ) +RmV − V (1 + βV ) = 0,
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and by distribution and collection of like terms

(R0 − 1) + [β(R0 − 1) +Rm − 1]V − βV 2 = 0.

Setting a = β, b = 1−Rm + β(1−R0), c = 1−R0 produces

−c− bV − aV 2 = 0 or aV 2 + bV + c = 0.

By the quadratic formula,

I = V =
−b±

√
b2 − 4ac

2a
.

Thus T = 1, I = V = −b±
√
b2−4ac
2a

(with a, b, c defined as above) are solutions.

C.2 Proof of Real-Valued Conditions for Steady States

In this appendix, we present a proof for Theorem 5.2, that the condition

R0 ≥ 1− 1

β

(

1−
√

Rm

)2

guarantees that the steady state populations I
±
, V

±
are real valued.

Proof. Recall that (for a, b, c as given in Theorem 5.1)

I
+
= V

+
=

−b+
√
b2 − 4ac

2a
, I

−
= V

−
=

−b−
√
b2 − 4ac

2a
.

It follows that the populations will be real-valued if b2 − 4ac ≥ 0. Substituting in a, b, and

c values returns

(1−Rm + β(1−R0))
2 − 4α(1−R0) ≥ 0.
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This can be expanded to

(1−Rm)
2 + 2β(1−R0)(1−Rm) + β2(1−R0)

2 − 4β(1−R0) ≥ 0.

This simplifies to

(1−Rm)
2 − 2β(1−R0)(2− (1−Rm)) + β2(1−R0)

2 ≥ 0,

and then to

(1−Rm)
2 − 2β(1−R0)(1 +Rm) + β2(1−R0)

2 ≥ 0,

which can be factored into

[β(1−R0)− (1 +
√

Rm)
2][β(1−R0)− (1−

√

Rm)
2] ≥ 0.

Since Rm is nonnegative, clearly (1 +
√
Rm)

2 ≥ (1−
√
Rm)

2. Thus either

β(1−R0)− (1 +
√

Rm)
2 ≤ 0 or [β(1−R0)− (1−

√

Rm)
2 ≥ 0

must hold for b2 − 4ac ≥ 0. These can be simplified to

R0 ≥ 1− 1

β

(

1−
√

Rm

)2

or R0 ≤ 1− 1

β

(

1 +
√

Rm

)2

.

By its construction, realistically β << 1. This makes the second condition force R0 < 0

which is an irrelevant parameter value. Thus, the only condition with relevant parameter

values is

R0 ≥ 1− 1

β

(

1−
√

Rm

)2

.
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C.3 Proof of Nonnegativity Conditions for Steady States

In this section we present a proof for Theorem 5.3, where we noted conditions for the

populations I
±
, V

±
to be nonnegative. For E+

i , the conditions are

R0 > 1 +
1

β
(1−R−m) or 1 < R0 ≤ 1 +

1

β
(1−Rm),

while for E−
i a single condition suffices:

1 +
1

β
(1−Rm) < R0 < 1.

Proof. We consider two cases: where b < 0 and where b ≥ 0.15

Case 1. If b < 0, then clearly −b +
√
b2 − 4ac > 0 and thus I

+
, V

+
, the two populations

of interest of E+
i , are positive. Meanwhile, −b −

√
b2 − 4ac will be greater than zero

only if |
√
b2 − 4ac| < |b|. To enforce this condition we must require ac > 0, or by

substitution β(1 − R0) > 0, which implies R0 < 1. By the construction of b, this

condition b < 0 is equivalently

R0 > 1 +
1

β
(1−Rm).

Case 2. If b ≥ 0, then trivially −b −
√
b2 − 4ac is negative (when enforcing real valued

results for an existent solution) and thus E−
i again fails to have positive real valued

populations I
−
, V

−
. −b +

√
b2 − 4ac is positive iff |

√
b2 − 4ac| > |b|, which requires

that ac < 0 (equivalently, R0 > 1). By the construction of b, this condition b ≥ 0 is

equivalently

R0 ≤ 1 +
1

β
(1−Rm).

15b is defined as in Theorem 5.1.

62



Thus we have established conditions for the positivity of E+
i and E−

i populations, just as

summarized in Theorem 5.3.

C.4 Proof for Conditions of Stability of Steady States

In this appendix, the characteristic polynomials of the Jacobian of the dimensionless

model at each steady state are determined, and Theorem 5.4 is proven.

If we define x = (T, I, V )T , and f(x) =
(

dT
dt
, dI
dt
, dV

dt

)T
, then by (2.3):

f(x) =







R0 +
(

Rm

1+βV
− 1

)

TV − T

α1(TV − I)
α2(I − V )






, (C.2)

and thus

∇f(x) =







− 1
1+βV

[βV 2 + (1 + β −Rm)V + 1] 0
[

Rm

(1+βV )2
− 1

]

T

α1V −α1 α1T

0 α2 −α2






. (C.3)

C.4.1 Conditions for the Uninfective Steady State

We evaluate (C.3) at the uninfective steady state Eu to find

∇f(Eu) =





−1 0 (Rm − 1)R0

0 −α1 α1R0

0 α2 −α2



 . (C.4)

With this we can prove the assertions about the uninfective steady state in 5.4.

Proof. Consider the eigenvalues of (C.4). The first, η1 = −1, is a clear eigenvalue (and

clearly has negative real part). The other eigenvalues η2, η3 are given by the two roots of the

quadratic

η2 + (α1 + α2)η + α1α2(1−R0) = 0.

By the Routh-Hurwitz criterion, the latter eigenvalues both have negative real part if and

only if (1 − R0) > 0 or equivalently R0 < 1. Hence, by the Hartman-Grobman theorem Eu

is locally asymptotically stable if R0 < 1, and unstable if R0 > 1.
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C.4.2 Conditions for the Infective Steady States

We evaluate (C.3) at the infective steady states E+
i , E

−
i to find

∇f(E±
i ) =







−R0 0 Rm

(1+βV
±
)2
− 1

α1V
± −α1 α1

0 α2 −α2






, (C.5)

where V
±
are as defined in 5.2. The associated characteristic polynomial is

η3 + d2η
2 + d1η + d0 = 0 (C.6)

with coefficients

d0 =
α1α2V

±

(1 + βV
±
)2

[

−Rm + (1 + βV
±
)2
]

,

d1 = (α1 + α2)R0,

d2 = α1 + α2 +R0.























(C.7)

Since α1, α2, R0 are real positive parameters, d1, d2 trivially satisfy the Routh-Hurwitz cri-

teria. To prove stability for either steady state, we must show that d0 is positive and that

D2 := d1d2 − d0 > 0. As we will prove below, these conditions are violated for E−
i in every

parameter regime that guarantees relevant equilibrium values, and are satisfied for E+
i given

the conditions stated in Theorem 5.4. We will begin by proving a lemma.

Lemma C.1. Within the region of existence of E+
i , we have

β(V
+
)2 +R0 − 1 > 0.

Proof. (of Lemma C.1) First, note that if R0 > 1, then the inequality is trivially satisfied

since V
+
> 0. By Theorem 5.3, the only other region where E+

i is positive and real valued

is where R0 > 1 + 1
β
(1−Rm).

With the notation given in Theorem 5.1, we have

a(V
+
)2 + bV

+
+ c = 0
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where a = β, b = β(1−R0)+1−Rm, and c = 1−R0. In this notation, R0 > 1+ 1
β
(1−Rm) is

exactly b < 0. Of course, in the region of existence of E+
i , we also have V

+
> 0. Additionally,

notice that the inequality β(V
+
)2 +R0 − 1 > 0 is equivalent to a(V

+
)2 − c > 0, or using the

above quadratic, −bV
+ − 2c > 0. Since b < 0, this is further equivalent to the inequality

V
+
>

2c

−b
,

and we will focus on proving this condition.

Now, for b < 0 we consider differing cases depending upon the sign of c. If c ≤ 0, then

V
+
> 0 ≥ 2c

−b

and the condition is satisfied. Alternatively, if c > 0 then writing the root of interest, namely

V
+
= −b+

√
b2−4ac
2a

, and multiplying by the conjugate of the numerator, we find

V =
2c

−b−
√
b2 − 4ac

>
2c

−b

because b < 0, c > 0, and b2 − 4ac > 0. Hence, the condition is satisfied in both cases, and

the proof is complete.

With Lemma C.1 proven, we can turn to showing that the Routh-Hurwitz criteria (d0 > 0

and D2 := d1d2 − d0 > 0) are satisfied for E+
i given the conditions stated in Theorem 5.4

and violated for E−
i in every parameter regime that guarantees relevant equilibrium values.

Proof. Recall (as derived in Appendix C.1) that V
±
is given by the quadratic

β
(

V
±
)2

+ [β(1−R0) + 1−Rm]V
±
+ 1−R0 = 0. (C.8)

It follows that d0 may be rewritten as

d0 =
α1α2

1 + βV
±

[

β(V
±
)2 +R0 − 1

]

.
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Therefore the condition that d0 > 0 is equivalently

α1α2

1 + βV
±

[

β(V
±
)2 +R0 − 1

]

> 0.

Since α1α2

1+βV
± , this will hold when βV

±
+ R0 − 1 > 0. By Lemma C.1 this holds for the E+

i

equilibrium.

The condition D2 > 0 is

(α1 + α2)R0(α1 + α2 +R0)−
α1α2

1 + βV +

[

βV
2

+ +R0 − 1
]

> 0,

or equivalently,

α1α2

1 + βV +

[

βV
2

+ +R0 − 1
]

< (α1 + α2)R0(α1 + α2 +R0),

which is the condition given in Theorem 5.4.

Meanwhile, for E−
i , we must show that the conditions which assure V

−
to be positive

violate the Routh-Hurwitz criteria. To satisfy the first condition, d0 > 0,

α1α2

1 + βV
−

[

β(V
−
)2 +R0 − 1

]

> 0.

Since we require V
−
> 0 for relevant results, and parameters also are nonnegative, this is

equivalent to the condition that

β(V
−
)2 +R0 − 1 > 0. (C.9)

Now, from (5.2) we have

V
−
=

−b−
√
b2 − 4ac

2a
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and thus (by multiplication by the conjugate of the numerator)

V
−
=

2c

−b+
√
b2 − 4ac

.

Assuming that b < 0, c > 0, b2−4ac ≥ 0 - conditions which are required for V
−
to be positive

and real valued (as proven in Appendices C.2, C.3),

V
−
=

2c

−b+
√
b2 − 4ac

≤ −2c

b
,

which is equivalently bV
−
+c ≥ −c, or (by substitution of the equations for a, b, c in Theorem

5.1):

[β(1−R0) + 1−Rm]V
−
+ 1−R0 ≥ −(1−R0).

By (C.8), this is equivalently

−β(V
−
)2 ≥ −(1−R0),

which implies that

β(V
−
)2 +R0 − 1 > 0.

This condition thus directly contradicts (C.9), and thus the condition d0 > 0 for E−
i . This

implies instability of E−
i .
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APPENDIX D - WHY ARE SOME VARIABLES MORE INTERESTING?

In many of the plots and analysis of the steady state conditions, the variables R0, Rm are

varied and plotted. However, (2.3) has five parameters, each of which may play a role in the

dynamics. While a study of any parameters may be interesting, the values of R0 and Rm

are of particular focus. R0 represents the standard basic reproduction number (the same as

in the standard 3CM - and with much of the same behavior), while Rm modifies this with a

new condition based on both parameters in the homeostatic term (ρ and C). Unsurprisingly,

both have major roles in the existence and stability of the steady states of (2.3)

In contrast, α1 and α2 represent ratios of death rates, which are better established pa-

rameters and do not involve the new terms in (2.1). β is of some more interest, as it also

shows up in the conditions for both existence and stability of the steady states of (2.3). The

small size and low variation of β makes it of less interest than R0 and Rm, however, and

many plots omit a β axis in order to be more readable. Some of the effects of β on existence

and stability regions are shown in Figure D.1, and demonstrate its non-negligible but less

interesting impacts on steady state behavior. In particular, variation of β adjusts the size

and width of the bistable region, but does not qualitatively change the regions of stability

of the two equilibria.
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Figure D.1: Changes to positivity (left) and stability (right) of equilibria given differing
values of β (where β̄ is the fitted value for β in Table 4.2).
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