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ABSTRACT

In today’s high performance computing, many Message Passing Interface (MPI) pro-

grams (e.g., ScaLAPACK applications, High Performance Linpack Benchmark (HPL), and

most PDE solvers based on domain decomposition methods) organize their computational

processes as multidimensional Cartesian grids. Applications often need to communicate in

every dimension of the Cartesian grid. While extensive optimizations have been performed

on single dimensional communications such as the standard MPI collective communications,

little work has been done to optimize multidimensional communications. We study the

impact of the MPI process-to-core mapping on the performance of multidimensional MPI

communications on Cartesian grid. While the default process-to-core mappings in today’s

state-of-the-art MPI implementations are often optimal for single dimensional communica-

tions, we show that they are often sub-optimal for multidimensional communications. We

propose an application-level multicore-aware process-to-core re-mapping scheme that is capa-

ble of achieving optimal performance for multidimensional communication operations. The

application-level solution does not require any changes to the MPI’s implementations; the

optimization will occur in the application layer. Experiments demonstrate that a multicore-

aware process-to-core re-mapping scheme improves the performance of multidimensional MPI

communications by up to 80% over the default mapping scheme on the world’s current third

fastest supercomputer, Jaguar, located at the Oak Ridge National Laboratory.
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CHAPTER 1

INTRODUCTION

The Message Passing Interface (MPI ) implementations that many programmers continue

to use were originally not designed to account for the necessity of multi-core architectures.

The preference for the multi-core approach to High-Performance Computing (HPC ) was

essential to surpass the processing limits imposed by the power- and thermic-barriers. As

such, today’s machines are no longer the homogeneous systems for which the MPI processes

were originally developed. Because of the unquenchable demand of computing power from

the domain sciences motivates deployment of ever more powerful HPC systems, multicore

clusters have become the foremost form of HPC systems, and exhibit a rapid increase in the

number of cores per node. The top ranking machine in the latest Top500 list, the Sequoia at

the Department of Energys Lawrence Livermore National Laboratory, uses more than one

and a half a million cores [1, 2]. Processors with 12 cores are available from major vendors

and it is common to have these deployed in multiple socket boards featuring 8 to 48 cores

with network-style interconnection between caches or to the memory banks e.g. Intel QPI

or AMD Hyper-transport (Figure 1.1).

In the last few years, multi-cores nodes have effectively replaced single processor nodes in

almost all commodity hardware based computing clusters due to their low cost and increased

performance [3, 4]. This trend is expected to continue into the future as more cores are added

to individual processors and the price comes down. Unfortunately, optimization methods

for single-core processors do not directly translate to multi-core processors, as multi-core

processors introduce new memory management and communication schemes for the end-

user to deal with [5]. One issue that remains unsolved is how to improve performance for

collective communication routines on multi-core clusters. This is a major issue because the

communication models that underlie most communication routines are no longer completely
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Figure 1.1: An example of an HPC system with racks, blades, nodes and cores

valid. This is due to a large disparity in communication speeds between processes on the

same multi-core node and communication between nodes. This disparity effectively creates

a two-tiered, heterogeneous network topology. Therefore, previous communication routines

that assumed network homogeneity are no longer completely relevant. Further compounding

the issue, many multi-core clusters do not have multiple network connections per node, which

differentiates them from other cluster types such as SMP clusters [5]. In many instances,

all processes on a single multi-core node will share a single network component as their

connection to the network. Obviously, this creates a substantial problem as processes on

the same node may be forced to wait to send or receive messages. The problem is further

complicated by the fact that many of the machines today have multiple processors with

multiple cores on a single node. The way these cores and processors share memory creates a

non-homogeneous (latency and bandwidth is different depending which cores communicate

with each other) communication as far down as the node level.

It has therefore become a critical difference between Inter - (communication between

members in two different groups) and Intra-communications (communication between mem-

bers within the same group) that MPI were not originally designed to handle. This affects

the performance of HPC applications and becomes ever more noticeable as the numbers
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of cores increase. Systems such as Kraken or Jaguar with their hundreds of thousands of

cores would benefit greatly from having their collective communications optimized [6–8]. Re-

cently, the optimization of MPI communications based on multi-core architectures have been

extensively studied [9–11]. While this research has significantly improved the performance

of many MPI operations, most of this research focuses on standard MPI communications

where processes are organized as a one-dimensional array. However, in today’s high per-

formance scientific computing, many MPI programs (e.g., ScaLAPACK applications, High

Performance Linpack Benchmark HPL, and many PDE solvers based on domain decomposi-

tion methods) organize their computational processes as multidimensional process grids [12],

with the communications often being performed in each dimension simultaneously. It’s these

multidimensional communications that have not yet been addressed for optimization.

For example, in the widely used ScaLAPACK matrix-matrix multiplication kernel [13],

computational processes are organized into a two-dimensional process grid. At the kth iter-

ation of the algorithm, the kth row block has to be broadcast to all other processes in the

same column and the kth column block has to be broadcast to all other processes in the

same row (see Figure 1.2). This way to communicate lacks a standard MPI solution and it

is heavily dependent on the hardware topology and overall physical configuration. It is com-

monly accepted that cores, which are physically close to each other in the network grid, have

a shorter communication time. Much time and effort has been spent to ensure that these

neighboring cores communicate well together. However, most of the resulting improvements

have been done assuming that all the involved cores always communicate as a group.

Little-to-no research has been done regarding the overall impact created when different

sub-group configurations need to communicate together. Returning to our ScaLAPACK

example, when the communicator was initialized all the cores were arranged to create a

rank order, but this is often done with little regard to the communication pattern of the

application. Depending on the rank ordering, communication along the row or column is

optimized, but never both at the same time. The lack of optimization regarding these
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Figure 1.2: Example of a 2D communication grid; each process belongs to both a row- and
a column-communicator

multidimensional communications often has a significant impact on the performance of the

whole application.

This dissertation explores the impact of the MPI process-to-core mapping on the per-

formance of communication operations of heterogeneous systems. We will use unmodified

standard MPI communicators, but we will implement application-level redistribution of the

process-to-core ordering to achieve optimal performance. We demonstrate that the de-

fault process-to-core mappings in today’s state-of-the-art MPI implementations provided

by MPI Init() and MPI Cart create() are often sub-optimal for multidimensional commu-

nications. In this study we are only looking at the node architecture because this is the first

step in a larger undertaking. We will not address any system level impact such as closeness

between nodes, amount of switches, or other hardware topology issues; however, the work

will later be extended to address these issues.

1.1 Dissertation Organization and Research Contribution

Chapter 1: (this chapter) gives a short description of the problem and the background

for our research.
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Chapter 2: presents some necessary background information that will be helpful for

the remainder of the dissertation. We also present and discuss some work related to

this research.

Chapter 3: introduces our new and innovated approach to an extended ping-pong

test with the purpose of determining the raw characteristics of the network. We have

extended the standard ping-pong test with two new functions to help give us more

information about the network. These extended tests provide information about the

network characteristics both internally between pairs of cores on the same node, and

externally between pairs of cores on different nodes. The results from these tests

provide the foundation for the other chapters and vital information for the application-

level redistribution of the process-to-core ordering.

Chapter 4: presents our work on re-mapping algorithm on the lowest level, on a

single node. We are implementing and extending work done on non-homogeneous

clusters into working algorithms for a single node using unmodified standard MPI

communicators, but applying a runtime application-level multicore-aware process-to-

core re-mapping scheme that is capable of achieving optimal performance for commu-

nication on binomial trees. The results demonstrate that the default process-to-core

mappings in today’s state-of-the-art MPI implementations provided by MPI Init() and

MPI Cart create() are often sub-optimal.

Chapter 5: introduces a tile-based process-to-core re-mapping that is able to improve

the performance of a d-dimensional broadcast by a factor of Θ(1
d
ck

d−1
d ) over the default

mapping, where c is the number of the network ports per node and k is the number

of the computational cores per node. Multidimensional reduction, scatter and gather

operations are also studied and similar results are obtained. Experimental results,
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as demonstrated on the world’s current sixth fastest supercomputer, Jaguar, at the

Oak Ridge National Laboratory show that the proposed tile-based process-to-core re-

mapping improves the performance of multidimensional communications by up to 80%.

Chapter 6: shows the work on two different implementation of the algorithms to

improve the multidimensional communication. The first application is the Matrix-

Matrix multiplication. We use a standard algorithm with MPI Bcast() and dgemm()

to multiply two large matrices. The changes in the multidimensional communication

improved the performance by as much as 25%. In the second application we introduced

our re-mapping algorithm into a n-body solver. A standard algorithm with an All-to-

All communication and Newton’s Gravitational Force Law to solve the simulation was

used. Our results shows that not all applications, and not type of multidimensional

communications are improved by our re-mapping algorithm.
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CHAPTER 2

BACKGROUND

In this chapter, we present some background information that is necessary for the re-

mainder of the dissertation. We also present and discuss some work related to this research.

2.1 Collective MPI communications

Message Passing Interface (MPI) has, since its completion and introduction in June of

1994, become widely accepted and used as the most common method for programming

distributed-memory Multiple-instruction Multiple-Data (MIMD) systems. MPI is not a new

programing language. It is a collection of functions and macros, or a library that can

be utilized within other programming languages including C, C++, FORTRAN and any

language that is able to interface such libraries, e.g. C#, Java and Python. MPI is portable

and it supports the important aspect scalability through several of its design features [14].

As an illustration, an application can create subgroups of processes that, in turn, allows

collective communication operations to limit their scope to the processes involved [10, 15–

17]. Another technique used is to provide functionality without a computation that scales

as the number of processes. For example, a two-dimensional Cartesian topology can be

subdivided into its one-dimensional rows or columns without explicitly enumerating the

processes [18–20] (see Appendix A.4.2).

MPI also defines a known, minimum behavior of message-passing implementations. This

relieves the programmer from having to worry about certain problems that can arise. One

example is that MPI guarantees that the underlying transmission of messages is reliable.

The user needs not check if a message is received correctly.

Our research focuses on MPI’s ability to create subgroups that allow collective com-

munication operations with limited scope. Our intention is not to make any changes to
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the functionality of MPI, nor to any of its algorithms. We strictly focus on application-

level multicore-aware process-to-core re-mapping schemes that take into account not only

the system hardware-configurations, but also the communications patterns of the processes

involved.

The following is a shorter description of the MPI collective communication. For a more in

depth description see A. The MPI Collective Operations involve communication among all

processes in a process group (which could mean all processes or just a defined subset) and

are often categorized into four different groups [21]:

• All-to-One

• One-to-All

• All-to-All

• Other

All-to-One are the MPI functions where a message is passed from all processes to a single

root. This group contains the functions:

• MPI Gather()

• MPI Gatherv()

• MPI Reduce()

In MPI Gather() each process (root process included) sends the contents of its send buffer

to the root process. The root process receives the messages and stores them in rank order.

MPI Gatherv() extends the functionality of MPI Gather() by allowing a varying count

of data from each process, by implementing the size of each message as an array. This allows

for more flexibility as to where the data is placed on the root.
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MPI Reduce() combines the elements provided in the input buffer of each process in the

group, using some operation, and stores the combined value in an output buffer of the process

with rank root.

One-to-All are the MPI functions where a message is passed from a single process to all the

other processes. This group contains the functions:

• MPI Scatter()

• MPI Scatterv()

• MPI Bcast()

In MPI Bcast() broadcasts a message from the process with rank root to all processes of

the group.

MPI Scatter() is the inverse operation to MPI Gather(), a message from the root is split

into n equal segments, the ith segment is sent to the ith process in the group.

MPI Scatterv() is the inverse operation to MPI Gatherv().

All-to-All are the MPI functions where a message is passed from all processes to all the other

processes. This can be done by a combination of an All-to-One followed by One-to-All. This

group contains the functions:

• MPI Allgather()

• MPI Alltoall()

• MPI Allreduce()

• MPI Reduce scatter()

In MPI Allgather() can be thought of as MPI Gather(), except all processes receive the

result instead of just the root. The jth block of data sent from each process is received by

every process and placed in the jth block of the buffer on each process.
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MPI Alltoall() is an extension of MPI Allgather() to the case where each process

sends distinct data to each of the receivers. The jth block sent from process i is received by

process j and is placed in the ith block of the local buffer.

MPI Allreduce() is the same as MPI Reduce() except that the result appears in the

receive buffer of all the group members.

MPI Reduce scatter() is the same as MPI Allreduce() with the exception that the

buffer is an array, and each element in the array is first reduced before it is scattered to all

the processes.

Other are those MPI functions that do not fit in any of the previous categories. This group

contains the functions:

• MPI Barrier()

• MPI Scan()

MPI Barrier() blocks the caller until all group members have called it. The call returns

at any process only after all group members have entered the call.

MPI Scan() is used to perform a prefix reduction on data distributed across the group.

The operation returns, in the receive buffer of the process with rank i, the reduction of

the values in the send buffers of processes with ranks 0, . . . , i (inclusive). The type of

operations supported, their semantics, and the constraints on send and receive buffers are

as for MPI Reduce().

The Collective communications are often characterized by:

• Involve coordinated communication within a group of processes identified by an MPI

communicator

• Substitute for a more complex sequence of point-to-point calls
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• All routines block until they are locally complete

• Communications may or may not be synchronized (implementation dependent)

In the multidimensional case it means that data is passed either to or from all members

in each dimension (row or column etc.).

2.2 Related work

Much research has already been done with point-to-point communication and many re-

searchers have taken steps to improve individual pieces of the collective communication

process. These improvements include items such as improved memory usage or further opti-

mizing MPI and system level functions. These separate improvements subsequently benefit

our own application-level solution.

2.2.1 Memory Usage

The power- and thermic-barriers may limit processor speed, but improvements regarding

memory will naturally increase the overall performance of the processes. Research such as

this is being conducted to develop a more efficient method of memory usage in the multicore

design in an attempt to further surpass the power- and thermic-barriers and further optimize

the entire system [9, 22, 23]. They have designed four sets of experiments to study: latency

and bandwidth, message distribution, potential bottleneck identification, and scalability

tests.

• Latency and Bandwidth: These are the standard Ping-Pong latency and bandwidth

tests to characterize the three levels of communication in a multi-core cluster: intra-

CMP, inter-CMP, and inter-node communication.

• Message Distribution: This defines the message distribution as a two dimensional met-

ric. One dimension is with respect to the communication channel, i.e. the percentage

of traffic going through intra-CMP, inter-CMP, and inter-node respectively. The other
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dimension is in terms of message size. This experiment is very important because

understanding message distribution facilitates communication middleware developers,

e.g. MPI implementors, to optimize critical communication channels and message size

range for applications. The message distribution is measured in terms of both number

of messages and data volume.

• Potential Bottleneck Identification: In this experiment, they run application level

benchmarks on different configurations, e.g. four processes on the same node, four

processes on two different nodes, and four processes on four different nodes. The

benchmark target is to discover any potential bottlenecks in multi-core cluster and

explore approaches to alleviate or eliminate the bottlenecks. The hope is to provide

insights to application writers on how to optimize algorithms and/or data distribution

for multicore clusters. Chai e.al. have also designed an example to demonstrate the

effect of multi-core aware algorithm.

• Scalability Tests: A set of experiments carried out to study the scalability of multi-core

clusters.

The focus has been to reduce the polling overhead and include information regarding core

topology for better data locality. Improvements to memory usage in the multi-core system

will clearly aid any additional efforts to optimize the system-wide performance, including our

own. In particular, previous research has focused on optimizing memory access and using

overlapping communications between nodes and internally to improve performance which

has some similarities to proposed multi-core optimizations [24, 25]. Zhang et al. proposed

a similar system for mapping processes using topology information for SMP clusters as

well [26]. The most relevant work from the SMP group was done by Tipparaju et al. who

used a nested binomial tree to limit inter-node communications on SMP clusters to one

process per node and then spread information to processes [27]. Tipparaju’s work is of

critical importance to this research and the modified Fastest Edge First (FEF ) heuristic can
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be directly linked back to their work.

UTK has recently presented HierKNEM a kernel-assisted topology-aware collective frame-

work which orchestrates the collaboration between multiple layers of collective algorithms [28].

The resulting scheme enables perfect overlap of intra- and inter-node communications. By

considering three of the most used collective operations (Broadcast, Allgather and Reduc-

tion), they have experimentally shown that 1) the approach is immune to modifications of

the underlying process-core binding; 2) it outperforms state-of-art MPI libraries (Open MPI,

MPICH2 and MVAPICH2) demonstrating up to a 30x speedup for synthetic benchmarks,

and up to a 3x acceleration for a parallel graph application (ASP); 3) it demonstrates a linear

speedup with the increase of the number of cores per node, a paramount requirement for scal-

ability on future many-core hardware. They accomplished this through the benefit from the

overlap in the inter-node communication and careful consideration of the copy-in/copy-out

approach.

2.2.2 Optimizing communication on System level

Innovative Computing Laboratory at the University of Tennessee is working on improving

the method of point-to-point communications in multicore systems such that the process is

structured to take advantage of shared memory structures between cores [29]. Their work is

founded in using the underlying hardware topology to define a parameter set for optimization

tuning at runtime. Their inclusion of topology awareness is intended for the ’message passing

middleware’ so that the system can be optimized without altering the standard programming

model. Such improvements in point-to-point communication complement our own work on

multidimensional communications.

At UIUC, there is work being done by Bhatele et al. to optimize the algorithms used in

the automatic mapping for system-level communication. Through this method they intend

to minimize the contention (collisions due to sharing) across the grid and maximize the

amount of resources that can be shared by the MPIs. They further extend this mapping to

the processes and nodes so that those nodes who communicate amongst each other are in
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closer proximity. Ultimately, they work to balance the overall load of the communications

being performed so that the processes are spread across the entire communication grid, as

evenly as possible. Each smaller group will communicate amongst itself before moving on

to another portion of the system in an effort to avoid bottle-necking the communication

processes [30, 31].

2.2.3 Optimizing the MPI methods

There are other groups who have focused their research on collective communication

algorithms designed with topology awareness. Their methods include two significant advan-

tages for performance improvement [32, 33]. Firstly, the shared memory leveraged towards

exchanging messages within nodes rather than point-to-point calls between nodes, secondly,

that communication stages within the nodes can take advantage of not moving data across

the network and therefore minimize contention [34–37]. Work is also being conducted to pro-

duce tools that will automatically discover the physical network topology and enhance the

manageability of modern IP networks [38–41]. Both the benefit of shared memory within the

nodes and limiting the movement of data across the network help to optimize our application

with its multidimensional collective communication.

Some of the most directly relevant research discusses how a new communication model

is needed for multi-core clusters [42]. Tu et al. continues this discussion showing how a

more formal communication model can be developed to replace logP and others. They go

farther to explain how multi-core clusters differ substantially from SMP clusters and why

it is important to optimize multi-core clusters independently [43, 44]. Both Tu’s group and

Mamidala et al. discuss how architectural designs can have dramatic impacts on the com-

munication speeds of various collective communications [10, 45]. Nishtala and Yelick discuss

an alternative approach to optimizing collective communications on multi-core clusters by

automated tuning based on loosening synchronization requirements [46].
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2.2.4 Multidimensional Communication & MPI

Much of the current work and research regarding the field of MPI is being conducted to

improve the message passing on the two major implementations (MPICH2 [47] and Open

MPI [16, 48]) of the MPI standard. The majority of this work on collective communications

has been geared towards taking advantage of the new parallel architecture and using the

potential for both bi- and multi-directional communications present in modern networks [49–

52]. Their effort is on improving the performance of collective communication operations

in MPICH for clusters connected by switched networks. For each collective operation, they

implement multiple algorithms depending on the message size, with the goal of minimizing

latency for short messages and minimizing bandwidth use for long messages. Thakur et al.

have implemented new algorithms for all MPI collective operations. Performance results on a

Myrinet-connected Linux cluster and an IBM SP indicate that, in all cases, these algorithms

significantly outperform the old algorithms used in MPICH on these type clusters, and in

many cases, they outperform the algorithms used in IBM’s MPI on the SP [51, 53].

This is a very useful improvement since any optimizations done to the MPI implemen-

tations, themselves will have an improvement on our work and our contributions. Even if

this was not an attempt to improve the MPI directly, these algorithms would still be critical

tools for any application-based solution.

2.2.5 Optimizing multidimensional neighbor communication

Some of our work will partly be an extension of the work done by Chavarria-Miranda,

et al. on tile mapping for multi-dimensional neighbor communication [54]. They propose

a technique to optimize the performance of applications using distributed dense arrays and

characterized by a nearest-neighbor communication profile by exploiting the topology of

SMP clusters. The topological information is used to map array tiles to processors to reduce

network communication and improve utilization of shared memory for inter-process commu-

nication. They demonstrate the potential benefits of using the SMP-aware mapping through
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a simulation, as well as a real application solving a wind-driven ocean circulation model on

an IBM SP (Scalable POWERparallel).

While they worked to improve point-to-point multidimensional communication, we take

this concept even further and extend it to that of collective communications. Clearly, their

initial steps which improved the multidimensional neighbor communications are beneficial

for our own efforts.
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CHAPTER 3

THE EXTENDED PARALLEL PING-PONG TEST

In this chapter we present an innovated approach to an extended ping-pong test with the

purpose of determining the raw characteristics of the network. These extended tests provide

information about the network characteristics both internally between pairs of cores on the

same node, and externally between pairs of cores on different nodes. These tests provide vital

information for the application-level redistribution of the process-to-core ordering, results

that will be used in later chapters.

3.1 Performance Measuring and Benchmarking

An early and often important task is to measure, or benchmark, the performance of the

communication network with either a so called ping-pong communication test or a benchmark

suite [55, 56]. The program measures the time to send messages of different sizes between

two nodes and the program consists of two parallel processes. One process sends messages to

the other process, which receive the messages and immediately sends them back. The first

process measures how much time the message transfer takes, using the MPI timer functions.

Using the Hockney model:

Ti,j(m) = αi,j + βi,jm (3.1)

where Ti,j(m) is the time cost for process i to communicate to process j with a message of

m bytes, α is the initiation cost (latency) and 1/β describes the bandwidth. We are able to

use the ping-pong test as a good way of determining the raw characteristics of the network.

The network characteristics often show that for small messages the latency dominates, while

for large messages the bandwidth is the limiting factor. Table 3.1 shows the ping-pong

results for the local small high performance computing cluster (RA), and Table 3.2 shows

the ping-pong results for the local lab (Alamode).
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Table 3.1: Network Characteristics RA-cluster (InfiniBand Cisco 7024 IB server Switch).

Inter-communication Intra-communication
Message Size RTT Throughput RTT Throughput

1 kB 17.31 µs 118.319 MB/s 10.78 µs 190.043 MB/s
2 kB 22.70 µs 180.461 MB/s 8.82 µs 464.321 MB/s
4 kB 27.23 µs 300.873 MB/s 18.12 µs 452.102 MB/s
8 kB 52.38 µs 312.788 MB/s 22.51 µs 727.961 MB/s
16 kB 77.99 µs 420.174 MB/s 41.13 µs 796.748 MB/s
32 kB 89.67 µs 730.864 MB/s 74.43 µs 880.455 MB/s
64 kB 0.14 ms 949.820 MB/s 0.13 ms 1035.517 MB/s
128 kB 0.24 ms 1092.737 MB/s 0.23 ms 1133.283 MB/s
256 kB 0.46 ms 1136.622 MB/s 0.45 ms 1159.578 MB/s
512 kB 0.86 ms 1214.829 MB/s 0.87 ms 1203.724 MB/s
1 MB 1.72 ms 1222.104 MB/s 1.69 ms 1237.335 MB/s
2 MB 3.52 ms 1190.149 MB/s 3.35 ms 1251.872 MB/s
4 MB 7.86 ms 1067.380 MB/s 6.65 ms 1261.713 MB/s
8 MB 16.41 ms 1022.415 MB/s 13.23 ms 1268.234 MB/s
16 MB 32.61 ms 1028.836 MB/s 26.44 ms 1269.202 MB/s

Table 3.2: Network Characteristics Alamode-lab (Fast Ethernet (1Gbps) switched network
links).

Inter-communication Intra-communication
Message Size RTT Throughput RTT Throughput

1 kB 56.92 µs 34.326 MB/s 4.86 µs 401.878 MB/s
2 kB 75.88 µs 51.466 MB/s 7.62 µs 512.631 MB/s
4 kB .11 ms 69.817 MB/s 12.04 µs 651.042 MB/s
8 kB .19 ms 84.688 MB/s 20.87 µs 747.608 MB/s
16 kB .33 ms 94.468 MB/s 38.42 µs 813.802 MB/s
32 kB .62 ms 100.823 MB/s 82.67 µs 755.744 MB/s
64 kB 1.39 ms 89.612 MB/s 0.13 ms 984.252 MB/s
128 kB 2.35 ms 106.537 MB/s 0.23 ms 1086.957 MB/s
256 kB 4.57 ms 109.299 MB/s 0.45 ms 1106.195 MB/s
512 kB 9.09 ms 109.964 MB/s 0.98 ms 1023.541 MB/s
1 MB 18.04 ms 111.334 MB/s 1.73 ms 1156.069 MB/s
2 MB 35.76 ms 111.659 MB/s 3.74 ms 1069.519 MB/s
4 MB 71.62 ms 111.804 MB/s 8.10 ms 987.654 MB/s
8 MB 143.2 ms 111.907 MB/s 16.03 ms 1002.506 MB/s
16 MB 281.8 ms 111.960 MB/s 31.93 ms 1004.394 MB/s
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The time in the table is the Round Trip Time (RTT); this is the total time including the

latency (time delay in the system) and the transfer time for both sending and receiving the

message. The table also presents the throughput and not bandwidth. Neither system shows

any doubling of RT as m doubles for small messages, an indication that latency dominates

the transfer times for these messages. To find values for the latency (α) and the bandwidth

(1/β), the Least Square Method (LSM) is first implemented to determine α:

slope =

∑‖m‖
i=1 (m−m) · (RTT −RTT )∑‖m‖

i=1 (m−m)2

2 · α = RTT − slope ·m (3.2)

‖m‖ being the number of different message sizes, m the average size of a message and RTT

the average round-trip time. We only want to use message sizes where the latency dominates

the transfer time (m = {1, 2, 4, 8, 16, 32, 64 kB}).

The next step is to determine the bandwidth (1/β). There are two common methods:

either let the bandwidth be the slope of the regression line for the larger message sizes

(m = {128 kB, 256 kB, 512 kB, 1 MB, 2 MB, 4 MB, 8 MB, 16 MB}):

1/β = 2 ·
∑‖m‖

i=1 (m−m) · (RTT −RTT )∑‖m‖
i=1 (m−m)2

(3.3)

or use a message with a size that is less than or equal to the TCP window size (usually 16

MB). A fixed number of messages are then sent, the receiver waits until it has received all

the messages and then sends a response. The bandwidth can then be estimated to:

1/β =
m

RTT/number of messages− α
(3.4)

Both methods are valid and give an accurate value of the bandwidth. The second method

helps determine the maximum sustained data rate that can be achieved at the network level,

and is therefore preferred.

One of the drawbacks on the standard test is that it does not provide any information

regarding the network characteristics when communication between multiple pairs occurs
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simultaneously. The test is normally done by picking a single core from each node and do

latency, bandwidth and bidirectional bandwidth tests between these cores. Sometimes a more

exhaustive test is done by pairing cores on the different nodes and test them sequentially.

We suggest to extend the standard ping-pong test into two steps: first, to test both the

internal and external network characteristics by testing both between pairs of cores on the

same node and between pairs on different nodes. Second, introducing two new functions

that test the latency and the bandwidth between multiple pairs in parallel. The following

list is a suggested outline of a more extensive benchmarking of the network characteristics,

that in our opinion is also more accurate:

• Latency Test

• Bandwidth Test

• Bidirectional Bandwidth Test

• Latency Test Multiple Pairs

• Bandwidth Test Multiple Pairs

3.2 Latency Test

The latency tests (Algorithm 3.1) are carried out using the blocking versions of the MPI

functions (MPI Send() and MPI Recv()). The sender sends a message with a given data size

to the receiver and waits for a reply. The receiver receives the message from the sender and

sends back a reply with the same data size. The reply message could be either a carbon

copy of the received message or predetermined message of a given size to allow it to check for

transmission errors. This ping-pong test is sequentially repeated over all pairs with each pair

performing many iterations of the test (see Table 3.3). Average one-way latency numbers

are obtained for both internal and external communication using Equation 3.2.
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Algorithm 3.1: Parallel Ping-Pong: Latency Test

Input: A Sender and Receiver pair
Output: A vector of transfer times

1 sizemin ← minimum message size
2 sizemax ← maximum message size
3 for i← 0 to number of iterations do
4 for j ← sizemin to sizemax do
5 Create a send buffer of size = j
6 Create a receive buffer of size = j
7 MPI Barrier(mpi communicator)
8 start← Wall Time
9 if Sender then

10 MPI Send(send, . . ., mpi communicator)

11 MPI Recv(receive, . . ., mpi communicator)

12 end
13 else
14 MPI Recv(receive, . . ., mpi communicator)

15 MPI Send(send, . . ., mpi communicator)

16 end
17 stop← Wall Time
18 time← time+ (stop− start)
19 end

20 end
21 MPI Barrier(mpi communicator)
22 Display the vector of transfer times

Table 3.3: Example of a Round-Trip Time Matrix Alamode-lab.

0.000 0.021 0.021 0.026 0.328 0.315 0.291 0.284
0.030 0.000 0.032 0.029 0.305 0.287 0.291 0.317
0.022 0.038 0.000 0.034 0.338 0.292 0.287 0.301
0.028 0.029 0.030 0.000 0.339 0.303 0.282 0.296
0.265 0.224 0.265 0.254 0.000 0.032 0.033 0.032
0.258 0.222 0.264 0.224 0.041 0.000 0.031 0.029
0.263 0.225 0.265 0.224 0.030 0.034 0.000 0.027
0.263 0.225 0.265 0.225 0.038 0.036 0.026 0.000

Message size 16 kB, time (ms)
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3.3 Bandwidth Tests

The objective of the bandwidth tests is to determine the maximum sustained data rate

that can be achieved at the network level. The tests use non-blocking receive version

(MPI Irecv()), but the standard send version (MPI Send()) of MPI functions. The sender

sends a fixed number of back to back messages to the receiver and then waits for a reply.

These messages are less than or equal to window size. The receiver waits to receive all the

messages before sending a reply. This process is repeated for several iterations and the band-

width is calculated based on the elapsed time (from the time sender sends the first message

until the time it receives the reply back from the receiver) and the number of bytes sent by

the sender. The test is once again sequentially repeated over all pairs with each pair per-

forming many iterations of the test (Algorithm 3.2). Average bandwidth values are obtained

for both internal and external communications using either Equation 3.3 or Equation 3.4.

3.4 Bidirectional Bandwidth Test

This test is similar to the bandwidth test, with the objective to measure the maximum

sustainable aggregate bandwidth by two groups. Both the cores of the pair involved send

out a fixed number of back-to-back messages and wait for the reply (Algorithm 3.3). The

test is sequentially repeated over all pairs and with several iterations per pair.

3.5 Latency Test Multiple Pairs

This test is very similar to the single pair latency test, however, at the same instant

multiple pairs are performing the same test simultaneously. The test is done in two different

configurations: 1) External test: this tests the communication between cores on different

nodes, and 2) Internal test: tests the communication between cores on the same node (Fig-

ure 3.1).

The number of pairs are increased incrementally, beginning with a single pair and ending

with all cores involved in the test sending and receiving in parallel.
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Algorithm 3.2: Parallel Ping-Pong: Bandwidth Test

Input: A Sender and Receiver pair
Output: A vector of transfer times

1 size← fixed size less than window size
2 for i← to number of iterations do
3 Create a send buffer of size
4 Create a receive buffer of size
5 MPI Barrier(mpi communicator)
6 MPI Irecv(receive, . . ., mpi communicator, request)

7 if Sender then
8 start← Wall Time
9 for j ← 0 to number of messages do

10 MPI Send(send, . . ., mpi communicator)

11 end
12 MPI Wait(request, status)

13 stop← Wall Time
14 time← time+ (stop− start)
15 end
16 else
17 for j ← 0 to number of messages - 1 do
18 MPI Wait(request, status)

19 MPI Irecv(receive, . . ., mpi communicator, request)

20 end
21 MPI Send(send, . . ., mpi communicator)

22 end

23 end
24 MPI Barrier(mpi communicator)
25 Display the vector of transfer times
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Algorithm 3.3: Parallel Ping-Pong: Bidirectional Bandwidth Test

Input: A Sender and Receiver pair
Output: A vector of transfer times

1 size← fixed size less than window size
2 for i← 0 to number of iterations do
3 Create a send buffer of size
4 Create a receive1 buffer of size
5 Create a receive2 buffer of size
6 MPI Irecv(receive2, . . ., mpi communicator, request1)

7 MPI Barrier(mpi communicator)
8 start← Wall Time
9 for j ← 0 to number of messages do

10 MPI Irecv(receive1, . . ., mpi communicator, request2)

11 MPI Send(send, . . ., mpi communicator)

12 MPI Wait(request2, status)

13 end
14 MPI Send(send, . . ., mpi communicator)

15 MPI Wait(request1, status)

16 stop← Wall Time
17 time← time+ (stop− start)
18 end
19 MPI Barrier(mpi communicator)
20 Display the vector of transfer times

Figure 3.1: Multiple Pairs Parallel Ping-Pong Test with two different nodes each containing
k cores.
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Algorithm 3.4: Parallel Ping-Pong: Latency Test Multiple Pairs

Input: An array of Sender and an array of Receiver
Output: A vector of transfer times

1 sizemin ← minimum message size
2 sizemax ← maximum message size
3 for i← 0 to number of elements in Sender do
4 for j ← 0 to number of iterations do
5 for k ← sizemin to sizemax do

/* Is the core the ith or lower element in either the Send or

Receive array? */

6 if Senderrank ≤ i or Receiverrank ≤ i then
7 Create a send buffer of size = k
8 Create a receive buffer of size = k
9 MPI Barrier(mpi communicator)

10 start← Wall Time
11 if Sender then
12 MPI Send(send, . . ., mpi communicator)

13 MPI Recv(receive, . . ., mpi communicator)

14 end
15 else
16 MPI Recv(receive, . . ., mpi communicator)

17 MPI Send(send, . . ., mpi communicator)

18 end
19 stop← Wall Time
20 time← time+ (stop− start)
21 end

22 end

23 end

24 end
25 MPI Barrier(mpi communicator)
26 Display the vector of transfer times
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3.6 Bandwidth Test Multiple Pairs

The multi-pair bandwidth and message rate test evaluates the aggregate uni-directional

bandwidth and message rate between multiple pairs of processes. Each of the sending pro-

cesses sends a fixed number of messages (the window size) back-to-back to the paired re-

ceiving process before waiting for a reply from the receiver. This process is repeated for

several iterations. The objective of this benchmark is to determine the achieved bandwidth

and message rate from one node to another node with a configurable number of processes

running on each node.

3.7 Evaluation

To get results that would reflect as many possible applications as possible, we used four

different different hardware configurations:

3.7.1 System Specifications

• Alamode Lab a local lab cluster of 23 machines with 2x Dual Core Opteron 2218

2.6GHz, 5.2 GFlops, 8 GB and Open MPI. Fast Ethernet (1Gbps) switched network

links.

• RA a local small high performance computing cluster with Dell Intel quad-core, dual

socket (Clovertown E5355 2.76 GHz, 10.6 GFlops), 16 GB and OpenMPI. Cisco 7024

IB server Switch.

• Jaguar a Cray XT5-HE six-core, dual socket system (AMD 2.6 GHz Istanbul-6, 10.4

GFlops), 16 GB and MPICH2 1.0.6 (MPT 3.1.02). Cray SeaStar2+ router.

• BlueDrop a single node system with an IBM eight-core, quad socket system (Power7

3.5 GHz, 256 GFlops) with 128 GB memory.

Not all systems were used in all the experiments, but the Extended Parallel Ping-Pong

Test was done on all systems. All results except for the BlueDrop are presented here.
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Algorithm 3.5: Parallel Ping-Pong: Bandwidth Test Multiple Pairs

Input: A Sender and Receiver pair
Output: A vector of transfer times

1 size← fixed size less than window size
2 for i← 0 to number of elements in Sender do
3 for j ← 0 to number of iterations do

/* Is the core the ith or lower element in either the Send or

Receive array? */

4 if Senderrank ≤ i or Receiverrank ≤ i then
5 Create a send buffer of size
6 Create a receive buffer of size
7 MPI Barrier(mpi communicator)
8 MPI Irecv(receive, . . ., mpi communicator, request)

9 start← Wall Time
10 if Sender then
11 start← Wall Time
12 for k ← 0 to number of messages do
13 MPI Send(send, . . ., mpi communicator)

14 end
15 MPI Wait(request, status)

16 stop← Wall Time
17 time← time+ (stop− start)
18 end
19 else
20 for k ← 0 to number of messages - 1 do
21 MPI Wait(request, status)

22 MPI Irecv(receive, . . ., mpi communicator, request)

23 end
24 MPI Send(send, . . ., mpi communicator)

25 end

26 end

27 end

28 end
29 MPI Barrier(mpi communicator)
30 Display the vector of transfer times
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BlueDrop is a single node system and the system characteristics will only be presented in

the multiple pair section.

3.7.2 Latency and Bandwidth Tests

The Latency-test on the Alamode slightly lower values than expected for a Fast Ethernet

system; αE = 8.57 µsec and αI = 9.68 µsec (Figure 3.2(a)). The bandwidth for both

internal and external communication was within the expected range; βE = 118.93 MB/sec

and βI = 1046.3 MB/sec (see Figure 3.2(b)).

The external Latency on RA was slightly higher than expected αE = 13.52 µsec, which

is about 10 times the expected value. It could be explained by other network activities, but

it could also have been a bad link (see Figure 3.3(a)). The bandwidth had the expected

results for a 4x IB switch (see Figure 3.3(b)).

The Latency values for Jaguar were within the expected range; αE = 1.33 µsec and

αI = .370 µsec (see Figure 3.4(a)). The bandwidth is the highest of all three systems

(see Figure 3.4(b)).

The results for the linear regressions on all three systems are presented in Table 3.4.

All three systems had double data rate, meaning that the bandwidth doubled during the

Bidirectional -tests.

Table 3.4: The combined results from the Linear Regressions.

System Inter -Communication Intra-Communication
Alamode αE = 8.57 · 10−6 s αI = 9.68 · 10−6 s

1/βE = 118.93 MB/sec 1/βI = 1046.3 MB/sec
RA αE = 13.52 · 10−6 s αI = 4.33 · 10−6 s

1/βE = 1021.3 MB/sec 1/βI = 1271.0 MB/sec
Jaguar αE = 1.33 · 10−6 s αI = 3.70 · 10−7 s

1/βE = 1627.5 MB/sec 1/βI = 2218.8 MB/sec

28



(a) Latency (α) Tests (m = {1, 2, 4, 8, 16, 32, 64 kB})

(b) Bandwidths (1/β) Tests (m = {128 kB, 256 kB, 512 kB, 1 MB, 2 MB, 4 MB, 8 MB, 16 MB})

Figure 3.2: Linear Regression Alamode, both Inter - and Intra-Communication.
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(a) Latency (α) Tests (m = {1, 2, 4, 8, 16, 32, 64 kB})

(b) Bandwidths (1/β) Tests (m = {128 kB, 256 kB, 512 kB, 1 MB, 2 MB, 4 MB, 8 MB, 16 MB})

Figure 3.3: Linear Regression RA, both Inter - and Intra-Communication.
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(a) Latency (α) Tests (m = {1, 2, 4, 8, 16, 32, 64 kB})

(b) Bandwidths (1/β) Tests (m = {128 kB, 256 kB, 512 kB, 1 MB, 2 MB, 4 MB, 8 MB, 16 MB})

Figure 3.4: Linear Regression Jaguar, both Inter - and Intra-Communication.
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3.7.3 Latency and Bandwidth Tests Multiple Pairs

The results from the Round-Trip Time tests show an expected increase in RTT as the

amount of participating pairs increases (see Table 3.5, Table 3.6 and Table 3.7).

Table 3.5: Latency and Bandwidth Tests Multiple Pairs on Alamode m = 8 MB

Round-Trip Time (msec)
Cores External Internal Cores External
1 ↔ 1 136.9 13.702 3 ↔ 3 257.1
2 ↔ 2 203.3 19.074 4 ↔ 4 334.2

Table 3.6: Latency and Bandwidth Tests Multiple Pairs on RA m = 8 MB

Round-Trip Time (msec)
Cores External Internal Cores External
1 ↔ 1 13.024 12.536 5 ↔ 5 21.842
2 ↔ 2 14.091 22.324 6 ↔ 6 24.909
3 ↔ 3 16.515 29.360 7 ↔ 7 31.290
4 ↔ 4 16.236 41.863 8 ↔ 8 38.273

Table 3.7: Latency and Bandwidth Tests Multiple Pairs on Jaguar m = 8 MB

Round-Trip Time (msec)
Cores External Internal Cores External
1 ↔ 1 9.7116 7.5703 7 ↔ 7 41.201
2 ↔ 2 10.475 12.853 8 ↔ 8 41.650
3 ↔ 3 17.780 13.816 9 ↔ 9 43.057
4 ↔ 4 24.346 14.883 10 ↔ 10 46.910
5 ↔ 5 32.112 18.028 11 ↔ 11 48.103
6 ↔ 6 34.533 17.098 12 ↔ 12 55.741

It is more interesting to look at the results from the tests in terms of the total band-

width (p · m)/RTT ). Looking at the Alamode-lab (see Table 3.8) we can see that the

External Total Bandwidth is slightly increasing as we increase the number of pairs from

one to four (increasing p from two to eight). Internal Total Bandwidth also seems to stay

fairly constant.
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Table 3.8: Total Bandwidth Multiple Pairs on Alamode m = 8 MB

Bandwidth (MB/sec)
Cores External Internal Cores External
1 ↔ 1 122.53 1224.4 3 ↔ 3 165.05
2 ↔ 2 195.73 1759.2 4 ↔ 4 200.82

For the RA-cluster we see a sharp increase in the External Total Bandwidth when

we increase the number of pairs from one to three, and it stays fairly constant after that

(see Table 3.9). Internal Total Bandwidth stay fairly constant. Our interpretation is that

the RA-cluster has three external channels for communication and a single internal channel.

Table 3.9: Total Bandwidth Multiple Pairs on RA m = 8 MB

Bandwidth (MB/sec)
Cores External Internal Cores External
1 ↔ 1 1288.1 1338.3 5 ↔ 5 3840.5
2 ↔ 2 2381.3 1503.1 6 ↔ 6 4041.3
3 ↔ 3 3047.6 1714.3 7 ↔ 7 3753.3
4 ↔ 4 4133.4 1603.1 8 ↔ 8 3506.9

The Jaguar -machine has a sharp increase in the External Total Bandwidth when we

increase the number of pairs from one to two, and it stays fairly constant after that (see Ta-

ble 3.10). Internal Total Bandwidth stay has a constant bandwidth increase as we increase

the number of pairs from one to six (p from two to twelve). Our interpretation is that the

Jaguar -cluster has three external channels for communication and the internal bandwidth

follows a linear regression 1/βI = 1385 + 724 · p/2 MB/s.

The Latency tests showed that all systems have an increase of the latency times in

multi pair compared the single pair, the increase is not on the magnitude of any factor, but

it is still significant. (see Table 3.11). The total bandwidth in cases of a single channel

it was about about 1.5 · single pair bandwidth, and for multiple channels was close to

c · single pair bandwidth.
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Table 3.10: Total Bandwidth Multiple Pairs on Jaguar m = 8 MB

Bandwidth (MB/sec)
Cores External Internal Cores External
1 ↔ 1 1727.5 2216.2 7 ↔ 7 2850.4
2 ↔ 2 3203.4 2610.6 8 ↔ 8 3222.5
3 ↔ 3 2830.8 3642.9 9 ↔ 9 3506.9
4 ↔ 4 2756.5 4509.2 10 ↔ 10 3576.5
5 ↔ 5 2612.3 4653.0 11 ↔ 11 3836.6
6 ↔ 6 2914.9 5887.4 12 ↔ 12 3611.8

Table 3.11: The combined results from the Multiple Pair test.

System Inter -Communication Intra-Communication
Alamode αE = 9.76 · 10−6 s αI = 10.22 · 10−6 s
Total Bandwidth 1/βE = 171.0 MB/sec 1/βI = 1491.8 MB/sec
RA αE = 9.41 · 10−6 s αI = 9.53 · 10−6 s
Total Bandwidth 1/βE = 2712.6 MB/sec 1/βI = 1529.7 MB/sec
Jaguar αE = 2.04 · 10−6 s αI = 4.05 · 10−7 s
Total Bandwidth 1/βE = 2629.5 MB/sec 1/βI = 1385 + 724 · p/2 MB/sec

3.7.4 The BlueDrop System

BlueDrop is not a system, it is a single IBM Power7 node at The National Center

for Supercomputing Applications. It was supposed to be the hardware foundation for the

Blue Waters project, until they changed and decided to use the AMD Opteron 6200 Series

processor instead. The IBM Power7 model 780 has four chips with eight cores per chip for a

total of 32 cores clocked at 4.14 GHz. Further, the Power 7 has an Instruction Sequence Unit

that has the capacity of dispatching six instructions per cycle to more than one queue. Up

to eight instructions per cycle can be issued to the twelve Instruction Execution units. IBM

Power7 also implements what is known as Aggressive Out-of-Order instruction execution to

increase the use of all available execution paths. The theoretical performance for a chip is

265 GFLOPS (4.41 GHz · 8 instructions/cycle · 8 cores/chip).
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The results from BlueDrop show that the 32 cores form two distinct groups of 16 cores.

The difference in bandwidth between communication within a group and between two pro-

cesses in different groups is statistically significant (see Table 3.12).

Table 3.12: RTT for Ping-Pong test on BlueDrop (m = 512 kB).

time (ms)
rank 0 1 2 3 4 5 . . .

0 0.000 0.528 0.299 0.306 0.283 0.455 . . .
1 0.529 0.000 0.505 0.558 0.500 0.365 . . .
2 0.238 0.497 0.000 0.439 0.297 0.455 . . .
3 0.335 0.543 0.351 0.000 0.333 0.513 . . .
5 0.220 0.494 0.311 0.308 0.000 0.458 . . .
5 0.455 0.416 0.461 0.544 0.455 0.000 . . .

. . . . . . . . . . . . . . . . . . . . . . . .

The other important observation is that the RTT stays constant at about 1.5 of the single

pair time during the multi-pair tests (see Table 3.13). This means that the bandwidth for

BlueDrop follows the same linear regression as Jaguar for processes within the same group.

Table 3.13: The RTT for Multi-pair bandwidth test between processes in the same group
(= 512 kB).

time (ms)
Cores Group1 Group2
1 ↔ 1 0.33 0.34
2 ↔ 2 0.44 0.46
3 ↔ 3 0.48 0.42
4 ↔ 4 0.44 0.43
5 ↔ 5 0.42 0.42
6 ↔ 6 0.46 0.43
7 ↔ 7 0.44 0.47
8 ↔ 8 0.45 0.46

The RTT has a slow increase when sending messages in parallel between processes in the

two groups, and there seems to be no distinct number of pairs where there is a rapid increase

as in any of the other systems (see Table 3.14). Notice that it takes twice as long for any
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given pair to exchange their data, but the total amount of data sent in parallel has increased

by a factor of 16 while the RTT has only doubled.

Table 3.14: The RTT for Multi pair bandwidth test between processes in different groups
(= 512 kB).

Cores time (ms) Cores time (ms)
1 ↔ 1 0.50 9 ↔ 9 0.78
2 ↔ 2 0.54 10 ↔ 10 0.43
3 ↔ 3 0.58 11 ↔ 11 0.82
4 ↔ 4 0.56 12 ↔ 12 0.86
5 ↔ 5 0.62 13 ↔ 13 0.92
6 ↔ 6 0.66 14 ↔ 14 0.93
7 ↔ 7 0.74 15 ↔ 15 0.97
8 ↔ 8 0.78 16 ↔ 16 1.14

The combined results for the BlueDrop shows a latency between processes in the same

group to be: αI = 1.14 µs and the bandwidth 1/βI = 3260 MB/s. The latency between

processes in different groups αE = 1.20µs and the bandwidth 1/βE = 1646 MB/s. For the

multiple pair test the average latency was α = 6.71 µs and we can expect each pair to have

an average bandwidth of β = 2510 MB/s.
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CHAPTER 4

SINGLE NODE OPTIMIZATION

In this chapter, we present a re-mapping algorithm for a single node. We are imple-

menting and extending work done on non-homogeneous clusters into working algorithms for

a single node using unmodified standard MPI communicators. We apply our application-

level multicore-aware process-to-core re-mapping scheme at runtime and are able to achieve

optimal performance for communication on binomial trees.

4.1 Communication on Shared Memory Parallel Node

When conducting extended Ping-Pong tests that contain both a One-to-One and Parallel

Ping-Pong Test on many of the modern systems, both expected and surprising results are

revealed. The extended test makes it possible to measure how many messages can be sent

both Externally and Internally in parallel without any significant loss in bandwidth. The

One-to-One extension also makes it possible to tell which cores have close connection to

each other. A noticeable result is that on many of the systems the cores on a single node

can be grouped into at least two distinct groups (Table 4.1), Group 1 = {0, 2, 3, 5} and

Group 2 = {1, 4, 6, 7}. This is not surprising as a node many times consists of two physical

chips on these systems (Figure 4.1).

The results on IBM Power7 (Figure 4.2) is even more pronounced, with almost a doubling

in bandwidth between the groupings (Table 4.2);

G1 = {0, 2, 3, 4, 6, 8, 9, 10, 12, 14, 15, 17, 20, 21, 26, 30}

and

G2 = {1, 5, 7, 11, 13, 16, 18, 19, 22, 23, 24, 25, 27, 28, 29, 31}.

What used to be a common assumption with a single-core solution, that the bandwidth

between cores are equal and that there are sufficient amount of channels between the cores

to send unlimited amount of parallel messages at the same time, is no longer true. Even
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Figure 4.1: Example of a modern multicore node; two AMD Phenom X4 Quad-Core Pro-
cessors.

Table 4.1: An example of a Cost Matrix (round trip travel-times) from the RA supercom-
puting cluster at the School of Mines using 8 cores and a scan size of 16 kB (µs).

0.00 32.74 30.69 30.62 32.42 30.63 32.25 32.79
32.37 0.00 32.97 32.90 30.35 32.56 30.59 30.41
30.60 33.50 0.00 30.67 32.68 30.58 32.52 32.81
30.34 33.37 30.75 0.00 32.73 30.46 32.78 33.01
32.67 30.56 32.81 32.62 0.00 32.91 30.53 30.50
30.61 33.24 30.97 30.67 32.87 0.00 32.76 32.83
32.70 30.51 32.65 32.86 30.62 32.85 0.00 30.49
32.91 30.63 32.87 32.72 30.50 32.97 30.67 0.00

Table 4.2: An example of a Cost Matrix (round trip travel-times) from the Power7 node
using 32 cores and a scan size of 16 kB (µs).

0.000 17.88 9.42 9.89 9.57 18.48 9.64 . . .
17.84 0.000 18.48 18.52 17.90 9.76 18.08 . . .
9.91 18.95 0.000 9.53 9.78 18.42 9.43 . . .
9.46 17.87 9.62 0.000 9.74 17.88 9.63 . . .
9.91 18.32 9.56 9.51 0.000 17.93 9.66 . . .
18.03 9.63 18.11 17.84 18.32 0.000 18.21 . . .
9.67 18.06 9.71 9.43 9.58 18.12 0.000 . . .
. . . . . . . . . . . . . . . . . . . . . . . .
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Figure 4.2: Example of a Power7 Node with four Processors.

communication between cores on the same node has different bandwidth and there are lim-

ited amounts of both internal and external channels on each node. These differences have

an impact on the performance of the collective communication routines and there is room

for improvements if there is some understanding about the hardware where the algorithms

are implemented [57–60]. Our goal is to show an application-layer implementation that op-

timizes the collective communication routines that utilizes binomial tree structures for their

implementations. Examples of communication routines that use this type of structure are:

1) Broadcast with small messages on small grids (small messages are defined during the

installation of the MPI, rpi tcp short sets the threshold for when MPI switches between the

short- and long-message protocol; most systems uses 64 kB as the threshold), and 2) the

Gather and Scatter routines in the MPI-library. We focus on an MPI-implementation on the

application layer because we try to avoid a hybrid solution between openMP and MPI, and

optimized communication on the node-level are in many cases the foundation for optimized

communication on the system level[61–63].
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Bhat et al. shows that the heterogeneous Hockney communication model (Equation 3.1)

can be used to represent point-to-point communications between processes and not only

nodes [64]. In our case, there will be only one MPI process running on each available core

in the node. We use the concept of MPI processes when describing our models instead of

nodes, processors or cores.

The short-message protocol (binomial tree structure) advantage is that it reduces the

amount of transfers per message. The number of steps to transfer a message in a p-process

system is equal to:

steps = dlog2 pe

We can make some general assumptions when we examine this type of communication.

We know that the difference in the binary address between the sender and receiver in the

first step of scatter is a one in the Most Significant Bit (MSB), and the last step a one in

the Least Significant Bit (LSB) of their binary rank (see Appendix). We can also assume

that in each step of the scatter the total amount of data sent will be the same (Figure 4.3

and Table 4.3).

Figure 4.3: Example of a binomial tree, an array of 8 ·m is scattered to eight processes, so
that each process end with a segment of size m.

The example shows how an 8 · m is scattered in three steps to 8 processes. In step 1

(p[0] → p[4]), all the segments (4 ·m) for higher part of the binomial tree (p[4] to p[7]) are sent
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Table 4.3: A message of 8 m is dispersed to eight processes.

Step From → To Message size
1 p[0] → p[4] 4 ·m

2
p[0] → p[2] 2 ·m
p[4] → p[6] 2 ·m

3

p[0] → p[1] m
p[2] → p[3] m
p[4] → p[5] m
p[6] → p[7] m

from p[0] to p[0]. In the second step both p[0] and p[4] sends a message of size 2 · m to p[2]

and p[6] respectively for a total of 2 · 2 ·m. Finally, in the last step all even processes send a

message of size m to all the odd processes. The end result is that in three steps 8 ·m have

been dispersed to eight process by passing 4 ·m in each step.

Algorithm 4.6: Binomial Scatter

Input: a message vector m, a MPI communicator
Output: a completion status

1 levels← dlog2 size of ranke
2 myrank ← process position in rank vector
3 for step← 0 to levels− 1 do
4 offset← 2levels−(step+1)

5 if myrank is congruent to 0 mod 2levels−step and
6 myrank + offset is less than size of rank then
7 send message to myrank + offset
8 end
9 else if myrank is congruent to 0 mod offset then

10 receive message from myrank − offset
11 end

12 end
13 Return Status ← Complete

Assuming a communication model with equal bandwidth between all cores and an un-

limited amount of channels, we can estimate the time it takes to scatter this message to:

(4 ·m+ 2 ·m+m) · β = 7 ·m · β
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(ignoring the latency times). Notice that in the last step we assume that we can send

p/2 messages in parallel, on a Power7 with 32 cores it would mean we would have the ability

to send 16 messages in parallel.

We know from the Extended Parallel Ping-Pong Tests that none of the systems have an

unlimited amount of channels. The fact is that all systems had a significant bandwidth loss

when sending more than two messages in parallel. If we let c be the amount of message

that can be sent simultaneously in parallel we can change our model and estimate the

communication time to:

(4 ·m+ 2 ·m+ 4/c ·m) · β = 8 ·m · β

This does not seem much with an increase of only (m·β), but let us examine what happen

when we increase to 32 cores (see Figure 4.4).

Figure 4.4: Example of a binomial tree, an array of 32 ·m is scattered to thirty two processes,
so that each process end with a segment of size m.

With unlimited amount of channels:

(16 ·m+ 8 ·m+ 4 ·m+ 2 ·m+m) · β = 31 ·m · β

With two channels:

(16 ·m+ 8 ·m+ (4 · 4/c) ·m+ (2 · 8/c) ·m+ (16/c) ·m) · β = 48 ·m · β

This means that on a 32 core node a more accurate communication model for binomial

trees is almost 50% slower than the current model.
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4.2 Fastest Edge First

Our first improvement is to implement the Fastest Edge First (FEF) heuristic to our

multi-core node. To complete the extension of the FEF heuristic, we will modify the het-

erogeneous Hockney model (Equation 3.1) by replacing the β term with a direct network

round trip time (RTT) measurement and assume that all cores have the same initiation

cost removing the α term [64]. Previously, the network latency measurement was a one-way

measurement between nodes, but now a two-way measurement is achieved through the use

of ping-pong between ith and jth nodes with a message of fixed size [65]. The cost matrix

becomes

Ti,j(m) = RTTi,j(m) (4.1)

where Ti,j(m) is the time cost for process i to communicate to process j with a message of

m bytes, RTTi,j(m) is the two way travel time via ping-pong to send a message between

processes i and j.

We start “scanning” the node by playing ping-pong using a message size of 512 bytes.

We continue to iteratively ping-pong between a set of processes until the mean round-trip

time for the two processes converges. We adopted Lawrence and Yuan’s measure, requiring

a 95% confidence interval to include a preset threshold of the mean, which is typically 5%

of the mean [39]. A better and simpler measurement is to require the standard deviation for

the measurements to be below an established threshold. We ensure that a minimum number

of round-trip communications are received before the scanning phase proceeds. Once a

process has completed ping-ponging with another process, it continues until it has scanned all

procceses within its communicator and until all processes have scanned every other process.

No process will communicate with itself. The time cost for this phase is on O(p2), where p

is the number of MPI processes.

The end result of the scanning phase is an p × p communication cost matrix. The cost

matrix is saved and displayed and then used by an adaptive scheduling program that creates
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a binomial tree ordering by searching the cost matrix for the minimum time for a particular

process which corresponds to the fastest edge starting with the root process. As the algorithm

determines an edge, it establishes the parent-child relationship between the selecting process

and the process with the shortest time. The scheduler adds the child to the list of nodes and

continues the process removing that child from the list of available processes. This continues

until all nodes have been selected using the FEF criterion.

In short, this creates a new communicator where all even numbered ranks belong to one

processor and all the odd numbered ranks to the other processor (Algorithm 4.7). Figure 4.5

shows an example of an FEF ordering of eight cores on two processors; the cores marked in

red belong to the first processor and the cores in yellow to the second. The slowest connection

is utilized in the last step of the communication.

Figure 4.5: Example of an FEF ordering with two quad-core processors.

4.3 Channel Aware Ordering

Our main contribution has been the modification of the FEF heuristic to account for

the multi-core network topology. On multi-core nodes, our communication model must

change to reflect the fact that multi-core nodes have a highly heterogeneous, two-tiered

network topology consisting of fast connections between cores on the same processor and

slow connections between cores on different processors on the node [42]. We also assume that

cores on multi-core nodes typically have a limited amount of network connections between
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Algorithm 4.7: Fastest Edge First ordering

Input: A RTT cost matrix, rank of the Root
Output: A rank vector for the processes

1 size = number of processes
2 Create a Rank and Placed vector of size
3 Create a Parent queue
4 Initialize all Rank to 0 and Placed to False
/* Begin by placing the Root and setting the first Rank element to Root

*/

5 Rank [0]← Root and Placed [Root]← True
6 for i← 0 to dlog2 (size)e do

/* If a process is placed make it a parent */

7 for j ← 0 to size do
8 if Placed [j] = True then Enqueue(Parent,i)
9 end

10 while Parent is not empty do
11 j ← Dequeue(Parent)

/* We assume that RTTj,j is set to ∞ */

12 child← j
/* Find a non-placed process with the shortest RTTj,child */

13 for k ← 0 to size do
14 if RTTj,k ≤ RTTj,child and Placed [k] = False then
15 child← k
16

17 end
/* Will the new rank of the child be less than or equal to size?

Then j should have a child */

18 if j + 2dlog2 (size)e−step ≤ size then
19 Placed [child]← True

20 Rank
[
j + 2dlog2 (size)e−step

]
← child

21 end

22 end

23 end
24 Display the Rank vector
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the cores on the node. This means that it is less efficient to have cores on the same processor

communicating with other cores simultaneously as their communications will interfere with

one another. Note that if this assumption is not true, then there exists a better scheduling

algorithm than presented.

Since there is a limited amount of network connection within a node we expect the

communication cost to be higher when we try to push more messages than there are channels

available. To find the amount of network connection we need to extend the ping-pong test.

The first step is to create the cost matrix from the RTT (see Equation 4.1) and the results

from the matrix are then used to create two groups. The statics for the communication times

between members in the same group and between members in different groups are calculated.

A t-test on the hypothesis that:

• Null: There is no significant difference between the means of the two variables.

• Alternate: There is a significant difference between the means of the two variables

In other words, H0 : t1,1 = t1,2 (where t1,1 denotes the average RTT between members

in G1 and t1,2 denotes the average RTT for a message from members in G1 to members in

G2). The test is then verified with H0 : t2,2 = t2,1, and only if both tests reject H0 do we

accept there are two distinct groups.

Example (using values from Table 4.1):

G1 = {0, 2, 3, 5} G2 = {1, 4, 6, 7}

t1,1 = 30.63 s1,1 = 0.152 n= 12

t1,2 = 32.77 s1,2 = 0.167 n= 16

H0 : t1,1 = t1,2 p= 2.5 · 10−23
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t2,2 = 30.53 s2,2 = 0.092 n= 12

t2,1 = 32.83 s2,1 = 0.326 n= 16

H0 : t2,2 = t2,1 p= 4.1 · 10−19

This confirms the first criterion; that we have two groups with different bandwidth be-

tween members within the group and members outside the group. The second criterion

for the Channel Aware Ordering (CAO) is that it should be possible to send two or more

messages in parallel between groups without a significant loss in bandwidth. To test this,

we have to extend the ping-pong to measure RTT for parallel messages (Figure 4.6). This

is done in three steps:

1. Measure the parallel RTT within a single group alone.

2. Measure the parallel RTT within a single group simultaneously within the two groups.

3. Measure the parallel RTT between the two groups.

Figure 4.6: Example of Extended Parallel Ping-Pong Tests, with two quad-core processors.

After determining how many messages can be passed in parallel between the two proces-

sors without any significant loss in bandwidth, the algorithm creates a communicator with

the cores ordered in such a way that messages will cross between the two processors when

the optimum number of parallel messages have been reached. This means that if more than

a single message can be passed without any loss the first step will be communication between
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two cores on the same processor. The next step is to order the process such that we cross the

boundary between the two groups when the number of channels are reached (Algorithm 4.8).

Figure 4.7 shows an example of CAO ordering of two processors with four cores, able to pass

two messages in parallel between the two processors. The red cores belong to processor one

and the yellow to the second processor.

Figure 4.7: Example of an CAO ordering with two quad-core processors.

4.4 Random Ordering

After the adaptive trees are constructed another scheduling program creates a naive bino-

mial tree schedule. The function starts with the root node and creates a random permutation

of a sorted array (Algorithm 4.9). This schedule is used to isolate the effect of the FEF and

CAO heuristic from the effect of using any binomial tree.

4.5 Re-Mapping

Just as MPI methods were developed prior to the introduction of multi-core systems,

so were the methods of organizing their computational processes into multidimensional

grids [21]. Testing has revealed that today’s state-of-the-art MPI implementations are often

sub-optimal for multidimensional communication because the standard mapping MPI Init()

and MPI Cart create() does not take into account how many times a specific message is

passed between different parts of the hardware, nor does it consider how many messages

48



Algorithm 4.8: Channel Aware Ordering ordering

Input: A RTT cost matrix, number of channels and rank of the Root
Output: A rank vector for the processes

1 size = number of processes
2 Create a Rank and Placed vector of size
3 Create a Parent queue
4 Initialize all Rank to 0 and Placed to False
5 Rank [0]← Root and Placed [Root]← True
6 for i← 0 to dlog2 (size)e do
7 for j ← 0 to size do
8 if Placed [j] = True then Enqueue(Parent,i)
9 end

10 while Parent is not empty do
11 j ← Dequeue(Parent)

/* Set the parent to its own child */

12 child = j
13 if i = channels then RTTj,child ← 0
14 else RTTj,child ←∞
15 for k = 0 to size do
16 if i = channels then

/* Find a member from the other group */

17 if RTTj,k ≥ RTTj,child and Placed [k] = False then
18 child← k
19

20 end
21 else

/* Find a non-placed process with the shortest RTTj,child */

22 if RTTj,k ≤ RTTj,child and Placed [k] = False then
23 child← k
24

25 end

26 end

27 if j + 2dlog2 (size)e−step ≤ size then
28 Placed [child]← True

29 Rank
[
j + 2dlog2 (size)e−step

]
← child

30 end

31 end

32 end
33 Display the Rank vector
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Algorithm 4.9: Random ordering

Input: rank of the Root and number of processes
Output: A rank vector for the processes

1 size← number of processes
2 Create a Rank vector of size
/* Initialize all Rank */

3 for i← 0 to size do Rank [i]← i
4 Rank [0]↔ Rank [Root]
5 for i← 1 to size− 1 do
6 rndpos← Random number between i and size
7 Rank [i]↔ Rank [rndpos]

8 end
9 Display the Rank vector

can be passed simultaneously over different hardware connections [49–52, 66]. We still want

to use the MPI methods for message passing without making any changes to the methods

themselves. To solve this we have to find a method that allows us to change the process-

to-core mapping so we can utilize the high performing MPI message passing protocols. We

have developed a method that we call Re-mapping that allows us to do just that.

The MPI Init() creates an automatic mapping from a physical core to a process [16, 47,

48]. In a worst case scenario, this may be a random mapping where we can assume (n · k)!

different permutations, where n is the number of nodes and k the number of cores on each

node. Yet, we know that this is not true and that most implementations of MPI actually

provide for four different rank re-order methods (Figure 4.8):

• Round-robin: Sequential MPI ranks are placed on the next node in the list.

• SMP-style: All cores from all nodes are allocated in a sequential order.

• Folded rank: Similar to the first ordering except that the tasks n + 1 . . . 2n are

mapped to slave cores of nodes n . . . 1.

• Custom ordering: The ordering is specified in a file.

Round-Robin mapping creates a process rank with k chunks, each with n cores from

different nodes arranged after each other. SMP-style mapping produces a process rank with
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Figure 4.8: Example of a Process to Core Mapping, four nodes with four cores each.

n chunks of k cores all from the same node, one after another. Finally, Folded rank mapping

creates a process rank consisting of k chunks with n cores from different nodes similar to the

first one, but the node order is reversed after each chunk.

The MPI Communicator defines the communication domain where it, among other things,

defines the set of processes that can be contacted. Each such process is labeled by a process

rank: a set of integers that can be discovered by MPI Comm rank(). Assuming one process

per physical core, the number of processes will equal p = n · k. The MPI Comm rank() gives

these processes an MPI internal numbering indexing them from 0 to p− 1, where we let p [i]

denote the ith process.

As mentioned before, this mapping from a physical core to a process is done automatically

through the MPI Init() (see Figure 4.8). MPI Init() and MPI Cart create() have typically

been the methods of creating effective mappings, but they do not consider how many times a

single message must make point-to-point calls between nodes or in the single node case how

many point-to-point are made between the different hardware chips on the node. Testing has

since revealed that this lack of consideration indicates that the process-to-core mapping and
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rank ordering created by MPI Init() and MPI Cart create() are many times sub-optimal.

The purpose of our system is to redistribute the processes onto cores in order to achieve

optimal performance for a given algorithm.

Definition 1 Re-Mapping

Let Mi be a vector defined on a given communicator The MPI Communicator s.t. it is a

mapping from the cores given by the rank on that communicator to a different core in a new

rank, where mi indicates the core in the original rank

(a) M1: Round Robin → SMP-Style Re-mapping

(b) Mk: SMP-style → Tiled Rank Re-Mapping

Figure 4.9: Example of two different Re-mappings;n = 4, k = 4

The re-mapping provides us with a method and MPI Comm group(), MPI Group incl()

and MPI Comm create() the tools to create a new MPI communicator, using information

about the underlaying structure of the hardware. We can analyze the rank-ordering and

then re-map the order to better suit our purpose (see Figure 4.9). Figure 4.9(a) shows

an example where re-mapping the given Round Robin ordering into an SMP ordering and

Figure 4.9(b) provides an example of re-mapping an SMP ordering into a custom ordering,
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in this cased called Tiled Rank. By letting our mapping Mi be the ordered input of ranks

for the MPI Group incl() we can create a new group derived from the MPI COMM WORLD

communicator.

This is the function description for MPI Group incl():

The function MPI Group incl() creates a group newgroup that consists of the

p processes in group with ranks rank [0] , . . . ..., [p− 1]; the process with rank i

in newgroup is the process with rank rank [i] in group. Each of the p elements of

ranks must be a valid rank in group and all elements must be distinct, or else the

call is erroneous. If p = 0, then newgroup is MPI GROUP EMPTY. MPI GROUP EMPTY

This function can, for instance, be used to reorder the elements of a group [21].

Let us look at an example: The cost matrix of the RRT from the RA cluster told us

there were two distinct groups within a single node ( Table 4.1). With ranks {0, 2, 3, 5} in

Group1 and ranks {1, 4, 6, 7} in Group2. We cannot exactly determine which core is mapped

to which process but we do have a fairly good picture (Figure 4.10).

Figure 4.10: Example of the rank of single node on the RA cluster, two distinct groups with
four cores in each.

The Fastest Edge First Algorithm (4.7) will return a Rank vector Rank = {0, 1, 3, 4, 2, 6, 5, 7},

(see Figure 4.11(a)). This rank-vector will correspond to our Re-map vector MFFE.

We could also apply the Channel Aware Ordering Algorithm (4.8), that would return

Rank = {0, 3, 1, 6, 2, 5, 4, 7}, (see Figure 4.11(b)). This will correspond to our Re-map

vector MCAO.
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(a) Re-mapping using the Fastest Edge
First Algorithm

(b) Re-mapping using the Channel Aware
Ordering

Figure 4.11: Re-mapping of the original Rank on RA

Algorithm 4.10: Create Communicator

Input: Re-map vector and MPI Communicator
Output: A re-ordered MPI Communicator

1 size← number of processes
/* Access the group from the underlying MPI COMM WORLD */

2 group ← MPI Comm group()
/* Create a newgroup from the group and the Re-map vector */

3 newgroup ← MPI Group incl()
/* Create a new communicator from the newgroup */

4 MPI Communicator ← MPI Comm create()
5 Display and return the new communicator
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Our last step is the create new communicators on the re-map vectors. We can use

these newly created communicators in the standard MPI message passing protocols. With

the advantage that our processes are ranked in a preferable ordering, we can optimize the

message passing without making any changes to any of the standard MPI functions and

protocols.

The groups for the new FFE -communicator will be:

Gred = {0, 2, 4, 6}

and

Gyellow = {1, 3, 5, 7}

when dispersing an 8 ·m message using MPI Scatter() on the FFE -communicator the two

first steps are communication between members of the within the same group (Gred) and the

message will be crossing boundary between the groups in the last step (see Table 4.4 ):

Table 4.4: A message of 8 m, scattered using the FFE -communicator.

Step From → To Group Message size
1 p[0] → p[4] red → red 4 ·m

2
p[0] → p[2] red → red 2 ·m
p[4] → p[6] red → red 2 ·m

3

p[0] → p[1] red → yellow m
p[2] → p[3] red → yellow m
p[4] → p[5] red → yellow m
p[6] → p[7] red → yellow m

and for the new CAO-communicator:

Gred = {0, 1, 4, 5}

and

Gyellow = {2, 3, 6, 7}.

the communication pattern for an 8 ·m message on the CAO-communicator will be (see Ta-

ble 4.5):

We also have the ability to create any ordering we so desire and apply it to test any of

the standard MPI functions and protocols. The Re-mapping algorithm provides us with the
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Table 4.5: A message of 8 m, scattered using the FFE -communicator.

Step From → To Group Message size
1 p[0] → p[4] red → red 4 ·m

2
p[0] → p[2] red → yellow 2 ·m
p[4] → p[6] red → yellow 2 ·m

3

p[0] → p[1] red → red m
p[2] → p[3] yellow → yellow m
p[4] → p[5] red → red m
p[6] → p[7] yellow → yellow m

necessary tool to define an optimization function as:

min
[
T (M0), T (M1), . . . , T (M‖M‖)

]
(4.2)

where T (Mi) is the communication time implemented using the ith mapping.

This re-mapping has to be done every time we run the program; the only things we will

avoid after the first execution are the steps to confirm that we have two distinct groups

and to determine the amount of channels available for parallel communication within and

between the groups. Unlike the case when MPI Init() maps several cores on several nodes

rank list, where we know from which node a specific rank will be mapped, we have no

control over which specific core will be placed at which rank. This means we cannot make

any assumptions in regard to the ordering of cores from different hardware chips within the

same node.

4.6 Evaluation

With the introduction of Re-mapping using FEF and CAO we can conduct tests and

experiments and compare the results to both a randomized binomial tree and the default

implementation provided through the MPI-library. Three different systems were used for

these experiment; RA, Jaguar and BlueDrop (see Chapter 3.7.1 for specifications).
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4.6.1 Theoretical Assumptions

Assuming a system with two quad-core processors, and binomial tree implementation of a

scatter function where each core receives a message of size m. Further, there is a difference in

bandwidth for communication between cores on the same processor (β1) and communication

between cores on different processors (β2). The connection between each processor allows

two messages to be sent in parallel both between cores on the same processor and between

cores located on different processors without any loss in bandwidth. We can estimate the

expected time to scatter the message to (see Table 4.6):

Table 4.6: The cost to scatter a message of size 8m to eight cores in two groups, allowing
two messages to be sent in parallel.

Algorithm Step 1 Step 2 Step 3 Total
Standard Ordering 4mβ2 2mβ1 mβ1 3mβ1 + 4mβ2
FEF 4mβ1 2mβ1 (4/2)mβ2 6mβ1 + 2mβ2
CAO 4mβ1 2mβ2 mβ1 5mβ1 + 2mβ2

The standard ordering assumes that the communicator is arranged in such a way that

all the cores from processor one are first in rank and the cores from the second processor

follows in rank. We can quickly conclude that if it is possible to send two messages in

parallel between the processors the CAO algorithm should be less costly than the FEF, and

if β2 > 1.5 · β1 FEF would be faster than the standard ordering.

4.6.2 Experiments and Results

Our first test was to create the cost matrix to confirm that each system has two groups

with different bandwidth between members within the group and members outside the group

(see Table 4.7).

The results and t-test confirms that all three systems have two distinct groupings and that

there is an opportunity for both FEF and CAO to improve the standard implementation.

The second pre-test was the extended ping-pong test, to verify how many messages can

be sent between the two groups without any loss in bandwidth.
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Table 4.7: Cost Matrix results (round trip travel-times) for all three systems.

System Time (µsec) Stddev (µsec) n
RA
t1,1 30.63 0.152 12
t1,2 32.77 0.167 16
t2,2 30.53 0.092 12
t2,1 32.83 0.326 16
Kraken
t1,1 41.75 0.846 30
t1,2 45.61 0.802 36
t2,2 41.38 0.833 30
t2,1 45.04 0.815 36
BlueDrop
t1,1 35.15 0.347 240
t1,2 59.88 0.711 256
t2,2 34.25 0.352 240
t2,1 56.72 0.541 256

Table 4.8: Extended Ping-Pong results for all three systems.

System Time (MB/sec) Stddev (MB/sec)
RA
1↔ 1 1228 65
2↔ 2 716 52
3↔ 3 544 60
4↔ 4 382 58
Kraken
1↔ 1 2113 59
2↔ 2 1104 63
3↔ 3 987 77
4↔ 4 909 64
5↔ 5 878 58
6↔ 6 880 103
BlueDrop
1↔ 1 2220 72
2↔ 2 2153 87
3↔ 3 1212 68
4↔ 4 1187 76
5↔ 5 1123 62
6↔ 6 1098 69
. . . . . . . . .
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The results from both RA and Kraken (see Table 4.8) show a significant drop in band-

width when trying to pass more than a single message in parallel. It should mention that

the bandwidth is calculated on the slowest message in the group, so in the case of RA, two

messages were passed and the slowest bandwidth was measured at 716 MB/sec. Previous

tests using an averaging method showed less of a drop in the bandwidth at two messages.

Our assumption is that one channel is still able to perform at full capacity. We therefore

decided to include both RA and Kraken in further tests.

We ran four different tests on each system. We first ran a scatter test with a message

size of 10 MB for each core using the default MPI-ordering. Next, a random ordering was

created and a scatter test with the sane message on this communicator was run. These two

tests concluded our baseline data. The third test was our FEF algorithm, and the fourth

the CAO rank; both of these used the same message as the two baseline tests. We ran each

test 20 times on all systems to get a significant sample size (n) for the analysis.

The results from RA shows no significant improvement (see Table 4.9). There is an

increase in communication time when using the random communicator, but it has no statis-

tical significance. The time (10.95 msec) it takes to create the FEF and CAO makes them

even slower than the standard MPI-ordering. The pre-test showed that there is a small,

but still significant, difference in bandwidth when exchanging messages within or between

the processors. This difference is not large enough to have any impact on the FEF or CAO

algorithm. Further, that inability to pass more than a single message in parallel between

the two processors prevented any improvement from the CAO algorithm.

Table 4.9: The results from RA, n = 20 and 10 MB message size.

Communicator Time (msec) Stddev (msec)
Standard Rank 308.62 11.00
Random Rank 313.66 11.16
FEF Rank 308.90 11.53
CAO Rank 308.25 11.22
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Kraken showed a statistically significant improvement between the FEF and CAO algo-

rithm, confirming that it might be beneficiary to consider when to pass the message over the

border between the two processors (see Table 4.10). A noticeable fact is that Kraken is the

only system of the three where the binomial tree is constructed from an amount of cores that

is not a power of two (twelve). The overhead to create the FEF and CAO communicators

are 12 msec so it could therefore be cost-efficient to reorder the communicator even for small

amounts of messages.

Table 4.10: The results from Kraken, n = 20 and 10 MB message size.

Communicator Time (msec) Stddev (msec)
Standard Rank 104.36 5.79
Random Rank 106.80 6.42
FEF Rank 101.22 8.04
CAO Rank 80.94 7.64

Finally, the results from BlueDrop shows that both FEF and CAO are confirmed faster

than the standard implementation, and the difference between them is statistically significant

(see Table 4.11). The noticeable difference between the standard rank and the reordering

confirms it is a good idea to consider reordering if there is a significant amount of messages.

There is a considerable overhead (t = 60.04 msec) so the amount or the size of the messages

have to be large to make it worthwhile to re-order the communicator.

Table 4.11: The results from BlueDrop, n = 20 and 10 MB message size.

Communicator Time (msec) Stddev (msec)
Standard Rank 123.41 3.08
Random Rank 126.11 3.56
FEF Rank 116.10 3.25
CAO Rank 111.76 2.75

We broke down the communication of the BlueDrop into each individual step, to be able

to analyze each step (see Table 4.12). The pre-tests confirmed the existence of two distinct

groupings, and that two messages can be sent in parallel between cores in each group, and
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two messages can be shared simultaneously within each group. If we assume that the average

time for each individual step are independent random variables we are able to make some

statistical analysis of the results.

Table 4.12: The step by step results from BlueDrop, n = 20 and 10 MB message size.

Algorithm/Step Time (msec) Stddev (msec)
Standard Rank
Step 1 92.26 0.48
Step 2 46.39 0.19
Step 3 27.76 0.09
Step 4 14.98 0.43
Step 5 6.29 0.36
Total: 187.68 0.78
FEF
Step 1 50.70 0.55
Step 2 36.76 0.11
Step 3 19.75 0.56
Step 4 14.38 0.41
Step 5 11.51 0.08
Total: 133.10 0.91
CAO
Step 1 50.13 0.59
Step 2 45.53 0.13
Step 3 18.68 0.60
Step 4 10.47 0.27
Step 5 6.43 0.05
Total: 131.24 0.93

Both FEF and CAO are significantly faster than the Standard rank. There is also a

noticeable expected difference between the FEF and CAO in the second and the last step.

The difference in the fourth step is hard to explain, and it has an impact on the overall

performance.
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CHAPTER 5

MULTI-DIMENSIONAL MPI COMMUNICATIONS

In this chapter we introduce an algorithm to improve the multidimensional communica-

tion time by as much as Θ(1
d
ck

d−1
d ) over the default mapping, where c is the number of the

network ports per node and k is the number of the computational cores per node and d the

number of dimensions in the process-grid.

What do we mean by multidimensional communication? The simple answer is: the type of

communication where the processes communicate with the processes around them, or with all

the processes that are located along the same axis (dimension). This sort of communication

means that the processes have to be organized into a multidimensional process grid. The

user usually does this by either invoking the MPI Cart create(), or by simply defining a set

amount of rows (r) and columns (c), and then letting myrow = myrank/c and mycolumn =

myrank/r, etc. Independent of what method the user applied, each process now has a rank,

row, column etc. where no two processes share the same parameter value. We can now

define a process by either its rank or by its location in the defined process grid, and there is

a subsequent correlation between the rank and position [67].

The multidimensional communication between the processes can be point-to-point or

collective. In the point-to-point method each process sends and receives messages from its

neighbor around it (above, below, right, left, et cetera). In the collective communication the

application uses operations such as All-to-All, All-to-One or One-to-All, to pass the data.

5.1 Background

Many applications already organize their processes in multidimensional Cartesian grids

wherein communications often need to be performed in each dimension simultaneously. This

is the basis for multidimensional communication. This is uniquely different from standard

MPI operations which are optimized in regards to a single axis of the complete Cartesian
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grid (see Figure 5.1). The multidimensional communication employs all the available axes

of the Cartesian grid simultaneously, as opposed to utilizing only a single axis. In addition

to this, the messages being passed along these multiple axes will not necessarily contain

the same information. Thus, multidimensional communication must account for all these

variables and continue to perform efficiently during each step of the process.

Figure 5.1: An example of a 3 dimensional process grid.

For example, at every iteration in Matrix-Matrix Multiplication sub-matrices are

broadcast simultaneously along both the rows and the columns. This is a good repre-

sentation of 2D MPI Bcast(), the relevant section with respect to multidimensional com-

munication is shown in the source code below Figure 5.2. This operation is defined by

first creating two communicators (row and column), by using either MPI Comm split() or

MPI Cart create(). In the next step, a message (not necessarily the same message) is then

passed by using MPI Bcast(). The message is then broadcast along both the row and column
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during each iteration. Neither the Cartesian grid nor the row and column communicators

are changed once they have been created.

/* Create the row communicator */
MPI Comm split(world comm, my row,

myproc, my row comm);
/* Create the column communicator */
MPI Comm split(world comm, my col,

myproc, my col comm);
. . .

/* Broadcast the row message */
MPI Bcast(row message, size,

MPI TYPE, root, my row comm);
/* Broadcast the column message */
MPI Bcast(col message, size,

MPI TYPE, root, my col comm);

Figure 5.2: Example of 2D MPI Bcast(), two sequential broadcasts using two different com-
municators.

By this definition, if the dimensions of the process grid would be three then the mul-

tidimensional communication would be denoted 3D MPI Bcast(). Further, this definition

is not limited to MPI Bcast() operations; the latter part can be used to denote what MPI

operation is being employed. For example, using gather or scatter over a three dimensional

grid would be called 3D MPI Gather() or 3D MPI Scatter().

There are several reasons why it is important to consider the dimensionality of under-

laying Cartesian grid. First, to be as efficient as possible when we create a parallel code we

often try to arrange our process-grid so it matches the structure and dimension of the data.

For example when we try to solve a Partial Differential Equation (PDE) of 1000× 1000 grid

elements on 100 processes. We could arrange the processes such that each process handles

ten rows of grid-elements, or we let each process handle a block of 100 × 100 grid-elements

(see Figure 5.3).
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(a) Grid decomposed in one dimen-
sion, 10000 grid elements per process.
Each process sends 2 · 1000 messages
each iteration.

(b) Grid decomposed in two di-
mensions, 10000 grid elements per
process. Each process sends 4 ·100
messages each iteration.

Figure 5.3: An example of a PDE: 1000x1000 grid-elements solved on 100 processes.

If we elect to use the first arrangement, the amount of messages passes in each step of

the calculation will amount to (Figure 5.3(a)):

2 · 1000 messages/process

While if we would arrange the processes to better reflect the dimensional structure of our

data, the amount of messages passed each step would be (Figure 5.3(b)):

4 · 100 messages/process

Both of these estimations are only considering the messages passed in the interior of the

grid.

Second, these types of communication operations are not found within the standard MPI

library. Thus, they have been neglected in terms of optimization tuning in regards to the

needs of modern applications. This means that the performance of these combined MPI

functions are often sub-optimal in multi-dimensional scenarios, especially when compared to

their effectiveness along a single axis. The purpose of this part of the research is to address

this oversight by focusing the efforts on multidimensional Collective communications. We

will use common operations (such as the standard MPI) as tools for an application-level

solution and focus on creating communicators that will optimize the combined operations.
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To be able to analyze the system we will use a simple model for the parallel computing,

with the following assumptions:

• Indexing: Assuming one process per physical core, the parallel architecture consists of

n nodes with k cores per node, giving a total of n · k computational processors. With

physical cores indexed and named, it is possible to obtain part of this information

using MPI Get processor name(). The MPI Comm rank() assigns the processes a MPI

internal numbering, indexed from 0 to p−1, where p[i] denotes the ith process.

• Logically fully connected: Any process can send directly to any other process where

a communication network provides automatic routing.

• Locality: The communication between two processes are described by their relative

location. If p[i] and p[j] are located on the same node, the communication will be

denoted Internal and I will be used as the subscript (intra-communication). If p[i]

and p[j] are located on different nodes the communication will be denoted External

and E will be used as the subscript (inter-communication). Example:

– Internal latency: αI

– External latency: αE

– Internal bandwidth: 1/βI

– External bandwidth: 1/βE

• Cost of communication: The cost of sending a message of size m between process

p[i] and p[j] will be modeled by Ti,j(m) = α+m ·β, in the absence of network conflicts.

Here α denotes the message startup time, β the data transmission time, where 1
β

is the

network bandwidth.

We assume that the Internal communication between processes are all equal.
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T0,1(m) = T0,2(m) = . . . = T0,k−1(m)

Tik,ik+1(m) = Tik,ik+2(m) = . . . = Tik,k(i+1)−1(m)

T0,1(m) = Tk(n−1),nk−1(m)

Further, we will also assume that External communication between nodes are equal.

T0,k(m) = T0,k+1(m) = . . . = T0,2k−1(m)

T1,k(m) = T1,k+1(m) = . . . = T1,2k−1(m)

. . . . . .

Tik,k(n−1)(m) = Tik,k(n−1)+1(m) = . . . = Tik,nk−1(m)

. . . . . .

T0,k = T1,k(m) = . . . = Tk(n−1)−1,nk−1(m)

• Cost of computation: The cost required to perform an arithmetic operation will be

denoted by γ. We assume a homogeneous cluster and claim that γp[i]s = γp[j]s.

5.2 Tiling

Most often, an application will perform very well along a single axis of the Cartesian

grid, but once it attempts to work and communicate along a secondary (or even third) axis

the application’s efficiency suffers notably. This is due to the fact that shared memory is

leveraged towards exchanging messages within nodes rather than making point-to-point calls

between the nodes. The communication stages within the nodes then take advantage of not

moving data across the network and therefore minimizing contention. The grids in Figure 5.4

though small, show that if the processes are arranged in a Round-Robin fashion each node of

cores (boxes of the same color) would have 4 Inter -communications (communication between

different nodes) along the x-axis and 3 Intra-communications (communication within the

same node) along the y-axis (Figure 5.4(a)). If the processes would be arranged according to

SMP-style the communication in each step would instead be 3 Intra-communications along

the x-axis and 4 Inter -communications along the y-axis (Figure 5.4(b)).
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(a) 2D Grid using Round-Robin. (b) 2D Grid using SMP-Style

Figure 5.4: An example of the Inter vs. Intra Communication on small grids using four
nodes with four cores each.

In this case the total communication cost is independent of the algorithm used to arrange

the processes into rank during the initialization of the MPI, but on larger grids this is not

the case necessarily. We propose using a tiling method to optimize the overall performance

of the application rather than only its operations in a single direction. This tiling method

would ensure that the total amount of Inter -communications over the complete grid would

be kept to a minimum.

Instead of viewing the rank as an array of processes, the processes on each node should

be viewed and interpreted as a tile (see Figure 5.5). The shape of these tiles is dependent

not only on the type of communication but also on the size and shape of the grid in which

the communication will occur as well as the size and distribution of the different messages.

The goal is to develop an algorithm that automatically re-maps the processes and provide an

optimal communicator once given the information regarding both the size and structure of

the grid and the number of processes involved. The implementation automatically determines

the number of cores per node and finds an optimal shape for a single tile.

68



(a) 2D Communication using SMP-style:
Total 13 inter-node messages.

(b) Tiled 2D Communication:
Total 7 inter-node messages.

(c) 3D Communication using SMP-style:
Total 25 inter-node messages.

(d) Tiled 3D Communication:
Total 16 inter-node messages.

Figure 5.5: An example of inter-node messages on a twelve core node using different tiles.

5.2.1 Node mapping

To enable us to find the best mapping and tiling for our purpose, we need to know on

which node a given process is located. We will therefore introduce Node Mapping . First,

create a list of all possible nodes by the use of MPI Get processor name(). Second, from

this list assign an integer node= 0 . . . n to each process depending on which physical node

it is located. Third, create a vector N s.t. ni is the integer for the node that process pi is

located on.

Definition 2 Node Map Let, fi,d(Nj) denote the number of outgoing communications from

node i over the dth-dimension in mapping Mj:

fi,d(Nj) =

(n·k)−1∑
m=0

am where am

{
0 if nm = nm+1

1 if nm = i 6= ndm+1

(5.1)

if nm, nm+1 are in same dimension d

Example: Two different mappings of four nodes (n = 4) each with four cores (k =

4) for a total of 16 processes (p = 16) (see Figure 5.6). In the standard mapping (Mstd

see Figure 5.6(a)) none of the processes communicate with any other node when the message

is passed along the x-axis (d1), but for the y-axis (d2) all processes in three nodes n = {0, 1, 2}
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has to be pass the message to another node. In the tiled mapping (Mtiled see Figure 5.6(b))

there are two by two external communications in the x-axis (d1) and four in the y-axis (d2).

(a) Standard Mapping (Mstd) (b) Tiled Mapping (Mtiled)

Figure 5.6: Example of a 2D mappings with n = 4 and k = 4.

fi,1(Nstd) = {0, 0, 0, 0} fi,1(Ntiled) = {2, 0, 2, 0}
fi,2(Nstd) = {4, 4, 4, 0} fi,2(Ntiled) = {2, 2, 0, 0}

5.3 Theoretical Analysis

We will analyze the Multi-dimensional MPI Communication based on two different algo-

rithms; the Pipeline algorithm and the Binomial Tree algorithm. Before we can do that we

need to define some variables which help us to describe the multidimensional communication.

Let:

• d be the number of dimensions

• m the size of the message

• s size of a message segment

• ki the number of cores per node in the ith dimension

such that k =
∏d

i=1 ki
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• ni the number of nodes in the ith dimension

such that n =
∏d

i=1 ni

• pi the number of processes in the ith dimension

such that p =
∏d

i=1 pi

5.3.1 Multi-Dimensional MPI Communication Based on Pipeline Algorithm

Since many of the current applications perform their computations with data that is sent

between the computational processes by means of collective communications; it is evident

that optimizing the multidimensional grids and how they are employed is paramount to the

overall effectiveness of the processes. To show how different algorithms create different maps,

we will begin by using the pipeline communication as an example. MPICH2 and OpenMPI

are two major implementations of the MPI standard. Both methods divide large messages

into smaller fragments in order to establish a pipeline [68, 69]. Our assumption is that the

communication typically uses larger message sizes. Therefore, we implement a chain-pipeline

encoding algorithm as described by Chen and Dongarra [70]:

In p-processor system, where p = n · k and n denotes the number of nodes and k the

amount of cores per node, first, organize everything as a chain (Figure 5.7). Second, divide

the data on each process into many small pieces, δ segments all of size s such that m = δ · s.

The jth segment of m[i] is denoted as m[i][j]. Third, calculate:

p−1∑
i=0

m[i]

in a pipeline fashion by calculating

p−1∑
i=0

m[i] =

p−1∑
i=0

δ−1∑
j=0

m[i][j]

The chain-pipelined encoding can be modeled by Tstep = α + β · s + γ · s. There are

n · k processors in our communication group and therefore n · k − 1 steps before the last

process receives the first segment. There are δ− 1 segments left to deliver after the pipeline
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Figure 5.7: Reduction function using the Pipeline Algorithm

is established, and therefore δ − 1 steps before the last process receives the last segment.

The number of steps to encode and deliver δ segments in a n · k processor communication

group is (n · k − 1) + (δ − 1), thus the total time becomes:

Ttot(m) = [(n · k − 1) + (δ − 1)] (α + β · s+ γs)

=
(
n · k − 2 +

m

s

)
(α + β · s+ γs) (5.2)

5.3.2 Two-Dimensional Case

The obvious solution in a one dimensional pipeline is to string the nodes one after an-

other. However, it does tell us that that MPI Init() and MPI Cart create() in the cases of

Round-robin and Folded rank create a non-optimal solution.

Many of today’s applications demand the programmer to arrange the processes in a

matrix and perform collective reduction communication over both the rows and the columns

(Figure 5.8).

Let the n · k processes be arrange in a p1 × p2 matrix such that p = n · k = p1 · p2, and

k|p. Further, let each process have a message of size m = δ · s, where δ is the the amount of

segments of size s the message is divided into. Let this message be pipelined both along the
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Figure 5.8: Matrix reduction in 2 dimensions

rows and the columns, and let the total time be:

Ttot = max [T (rowi)] +max [T (columni)]

There are p1 processes in each row. Each row will therefore complete q1 − 1 steps before

the last process of that row has received the first segment of the message and there are δ− 1

segments left to deliver. Assuming that αE = αI and the time to perform the calculation on

s is equal to γ · s on all processes. We can use Equation 5.2 to estimate the total time for

the pipeline over each row for some mapping Mj as:

Trow(Mj) =
(
p1 − 2 +

m

s

)
(α + γs) + Tsend

Each column will complete p2−1 steps before the last process of that column has received

the first segment of the message and there are δ − 1 segments left to deliver. Making the

same assumption regarding α and γ as in the rows. The total time for the pipeline over each

column for some mapping Mj using Equation 5.2 is estimated to:

Tcolumn(Mj) =
(
p2 − 2 +

m

s

)
(α + γs) + Tsend

by adding two results together we get:
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Ttot(Mj) =
(
p1 − 2 +

m

s

)
(α + γs) + Tsend

+
(
p2 − 2 +

m

s

)
(α + γs) + Tsend (5.3)

=

(
(p1 + p2)− 4 +

2m

s

)
(α + γs) + Tsend

Let:

E = max [f0,1(Nj), f1,1(Nj), . . . , fn−1,1(Nj)]

+ max [f0,2(Nj), f1,2(Nj), . . . , fn−1,2(Nj)]

Where fi,d(Nj) is defined by Definition 5.1. It is important to notice that the length of

any single pipeline is only the number of rows or columns (Figure 5.6). The communica-

tion will be parallel and highly dependent on the number of channels available for external

communication. We can therefore set Tsend equal to:

Tsend(Mj) =

(
(p1 + p2)− 4 +

2m

s

)
[

E

(p1 + p2)
· βE
c

+
(p1 + p2)− E

(p1 + p2)
· βI
]
s

using this result in Equation 5.3 results in the following total time:

Ttot(Mj) =

(
(p1 + p2)− 4 +

2m

s

)(
α + γs+

s

[
E

(p1 + p2)
· βE
c

+
(p1 + p2)− E

(p1 + p2)
· βI
])

Our optimal solution can be defined by the same optimization function (Equation 4.2)

as for the single node case:

min
[
T (M0), T (M1), . . . , T (M‖M‖)

]
If we claim that βE � βI , we can conjecture that this solution will be found in a mapping

Mj s.t. we have Emin. In other words, to conduct a matrix-reduction as fast as possible

we need to create a communicator such that the number of External communication links
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from each node is equal to or less than the amount of channels available.

A node with 8 cores could for example be arranged as a 1 × 8 tile, 2 × 4 tile, 4 × 2 tile

or 8 × 1 tile, with the numbers of External links equal to 9, 6, 6 and 9. In this case it is

easy to conjecture that either a 2× 4 or 4× 2 tiling would provide an optimal solution. In a

node with 12 cores we have even more options, tiles of size: 1× 12, 2× 6, 3× 4, 4× 3, 6× 2,

12× 1 are possible, with the numbers of External links equal to 13, 8, 7, 7, 8 and 12.

It is relatively easy to find an optimal solution in these small cases but what happens

when the number of cores k per node reaches 128 or above? What if the size of our matrix is

in the range of 1000s of rows by 1000s of columns? We need a way to automatically calculate

an optimal solution.

Let:

A denote the set of all positive divisors of p1

B denote the set of all positive divisors of k

qi =

{
bi + k

bi
if bi ∈ A and k

bi
|p2

∞ else

Find the min[q0, q1, . . . , q‖q‖] and let k1 = bi and k2 = k
bi

for the bi associated with this

min.

This algorithm will find a solution. Depending on the process-grid layout it might not be

an optimal solution, but as it is required that k|p, the algorithm will at least find the trivial

solutions (k1 = 1, k2 = k or k1 = k, k2 = 1).

Now create a rank -vector such that each node ni is arranged as k1 × k2 tile. Given this

rank -vector and Definition 5.1 we know that:

E = max [f0,1(Nj), f1,1(Nj), . . . , fn−1,1(Nj)]

+ max [f0,2(Nj), f0,2(Nj), . . . , fn−1,2(Nj)]

= k1 + k2

using the fact that E ≤ c our optimal solution becomes:

75



Algorithm 5.11: Automatically find a 2D tile layout

Input: The number if cores in a node k and number of processes in each dimension
p1, p2

Output: Number of cores in each dimension
1 B← all positive divisors of k
2 min←∞
3 for i← 0 to number of elements in B do
4 if bi|p1 and k

bi
|p2 then

5 sum← bi + k
bi

6 if sum < min then
7 k1 ← bi
8 min← sum

9 end

10 end

11 end

12 k2 ← k
k1

13 Display k1 and k2

Algorithm 5.12: Create a tiling of a 2D process-grid

Input: The dimensions of the core k, k2, number of processes in each dimension
p1, p2 and a SMP-ordered rank vector rank

Output: A tiled rank vector rank
1 k ← k1 · k2
2 for r ← 0 to p2 do
3 for c← 0 to p1 do
4 if k1|c then
5 i← (r%k2) · k1 + br/k2c · (p1 · k2) + bc/k1c · k
6 end
7 else
8 i← i+ 1
9 end

10 rankr·p1+c ← i

11 end

12 end
13 Display rank
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Ttot(Mj) =
(

(p1 + p2)− 4 +
m

s

)(
α + γs+

s

[
k1 + k2

(p1 + p2)
· βE
c

+
(p1 + p2)− (k1 + k2)

(p1 + p2)
· βI
])

=

(
(p1 + p2)− 4 +

2,

s

)(
α + γs+

s

[
βE

p1 + p2
+

(p1 + p2)− c
(p1 + p2)

· βI
])

(5.4)

We can use this result to make a rough estimate regarding performance improvement

as the number of cores per node increases. Assuming the time for communication will be

dominant over the setup and computational times, also assume that βE � βI (βI = 0) then:

Ttot(Mj) =

(
(p1 + p2)− 4 +

2m

s

)
s

[
k1 + k2

(p1 + p2)
· βE
c

]

Θ =

(
(p1 + p2)− 4 + 2m

s

) (
s
[
k1+k2
(p1+p2)

· βE
1

])
(
(p1 + p2)− 4 + 2m

s

) (
s
[
k′1+k

′
2

(p1+p2)
· βE
c

]) (5.5)

= c · k1 + k2
k′1 + k′2

What values can k1 + k2 take? We know improvement is related to the ratio between the

largest and smallest value for the periphery where the area is given by the number of cores k

on the node. The largest possible value is therefore k1 +k2 = k+ 1 and the smallest possible

would be a perfect square k′1 + k′2 =
√
k +
√
k. Our upper bound becomes:

Θ = c · k + 1

2 ·
√
k
≈ 1

2
· c ·
√
k

5.3.3 d-Dimensional Matrix Arrays

We extend it to a d-dimensional matrix, by letting the n · k processes be arranged in

a p1 × p2 . . . × pd matrix such that p = n · k = p1 · p2 . . . · pd. Further, let each process

have a message of size m = δ · s, where δ such message is simultaneously pipelined in every

dimension the total time can be estimated to the sum of the slowest throughput in each

dimension:
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Ttot = max [T (d[1]i)] +max [T (d[2]i)] . . .max [T (d[d]i)]

There are pi (i = 1 . . . d) processes in each dimension. Each dimension will therefore

complete pi−1 steps before the last process of that dimension has received the first segment

of the message and there are δ− 1 segments left to deliver. The estimated total time for the

pipeline over each dimension will equal (Equation 5.2):

Ti(Mj) =
(
pi − 2 +

m

s

)
(α + γs) + Tsend

adding the d-dimensions together yields:

Ttot(Mj) =
d∑
i=1

(
pi − 2 +

m

s

)
(α + γs) + Tsend

=

(
d∑
i=1

pi − 6 +
3m

s

)
(α + γs) + Tsend (5.6)

As in the 2D-case the length of any single pipeline is equal in length to any single row in

each dimension (see Equation 5.4). Looking at a single dimension (j) we can see that there

is a total of pj communicators of length
∏d

i=1
i 6=j

pi, and the Tsend is therefore equal to:

Tsend(Mj) =

(
d∑
i=1

pi − 2d+
dm

s

)

s

 E∑d
i=1

∏d
j=1

j 6=i
pj
· βE
c

+

∑d
i=1

∏d
j=1

j 6=i
kj − E∑d

i=1

∏d
j=1

j 6=i
pj

· βI

 (5.7)

where c denotes the number of messages that can be sent in parallel without reduction in

performance, but what is E? E describes just as in the 2D-case the amount of External

messages over all dimensions. Using Definition 5.1 we can define E as:

E = max [f0,1(Nj), f1,1(Nj), . . . , fn−1,1(Nj)] + . . .

+ max [f0,d(Nj), f0,d(Nj), . . . , fn−1,d(Nj)]
(5.8)
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Applying the three Equations 5.6, 5.7 and 5.8 total time over the d-dimensions becomes:

Ttot(Mj) =

(
d∑
i=1

pi − 2d+
dm

s

)(
α + γσ

+ σ

 E∑d
i=1

∏d
j=1

j 6=i
pj
· βE
c

+

∑d
i=1

∏d
j=1

j 6=i
pj − E∑d

i=1

∏d
j=1

j 6=i
pj

· βI


The optimal solution will be found by minimizing the ratio between the d-dimensional

hypervolume of the nodes

d∏
i=1

ki

and the d-dimensional hyper-surface-area of the nodes

d∑
i=1

d∏
j=1

j 6=i

kj

Using Equation 5.5 we conclude that the communication improvement from an optimally

tiled mapping over the default mapping is on the order of:

Θ

(
c · (d− 1)k + 1

d · (k1/d)d−1

)
= Θ

(
d− 1

d
· c · k1/d

)
It should be noted that when k1/d < 2 we achieve no further improvements aside from

optimizing the tiling for (d−1)-dimensional communication.

5.3.4 Multi-Dimensional MPI Communications Based on Binomial Tree Algo-
rithm

Pipelined communication is just one method among many MPI communicators. Many

of the others are built upon the binomial tree (Figure 5.9), wherein the default rank used

with any collective communicator in dimensions higher than one would use only External

communication in every dimension but one. We also know from the structure of the binomial

tree communicator that the first step in gather (or last step in scatter), represents half of
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Figure 5.9: Example of a 2D binomial tree communication grid, each process belongs to both
a row- and column-communicator

the point-to-point communication (Figure 5.10).

Figure 5.10: Example of a non-tiled 2D binomial tree communication grid. Black arrows
show Internal communication and red arrows External communication

We would expect major improvements if it was possible to ensure that this first (or last

step) was Internal communication on all nodes. We would then cut the external communi-

cation by as much as 50% (Figure 5.11).

Admittedly, by re-arranging the nodes so they have at least two cores in each dimension,

we would most likely increase the amount of External communication in the other dimensions,

but we would still achieve an improvement if the total increase is smaller than 50%.

80



Figure 5.11: Example of a tiled 2D binomial tree communication grid. Black arrows show
Internal communication and red arrows External communication

To analyze this problem we first define ki as ki = qi · 2ri , where ri is an integer and qi an

odd integer. By definition will k equal:

k =
d∏
i=1

ki =
d∏
i=1

qi · 2ri

The communication time for the binomial tree over a homogeneous network is defined

as:

T = (α + β ·m) dlog2 pe

In a multicore architecture we distinguish between Internal and External communication.

The time through a single dimensional communication will therefore be defined by:

T = (α + βE ·m) · (dlog2 n · ke − r) + (α + βI ·m) · r

where k = q · 2r is the number of cores in each of the n nodes.

When we extend this to d-dimension, we will assume that all communication in each

dimension is in parallel. We therefore have to adjust the equation to reflect not only the size

of the node in ith direction, but also account for the number of channels available. Let the

communication time in the ith dimension Ti be defined as:⌈
ki
Ai
· 1

c

⌉{
(α + β ·m) · (dlog2 pie − ri) + (α + βI ·m) · ri

}
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Where pi is number of processes in the ith dimension, k the number of cores and Ai is

the hyper-surface-area in the ith-dimension of the body created by the k cores.

The total time is defined as the summation over all dimensions.

T =
d∑
i=1

Ti =
d∑
i=1

 ki∏d
j=1

j 6=i
kj
· 1

c

{
(α + β ·m) · (dlog2 pie − ri) + (α + βI ·m) · ri

}
The objective function minki,ri{T}, to minimize T through ki and ri

5.4 Evaluation

A series of tests were conducted to perform the evaluation. The first test was the Extended

Parallel Ping-Pong Test (See Chapter 3), designed to evaluate the difference between Internal

and External throughput. The main tests were conducted after that on multi-dimensional

grids. All these tests compared the default MPI communicator, using SMP-style mapping,

against an optimized Tiled communicator, using the following communication patterns:

• 3D Broadcast (based on pipeline)

• 2D Broadcast (based on pipeline)

• 2D Broadcast (based on binomial tree)

• 2D Gather

• 2D Scatter

Three different systems were used for these experiment; Alamode, RA and Jaguar (see

Chapter 3.7.1 for specifications). Our purpose is not to compare the systems against each

other, but to compare the implementations of tiled communicator versus the standard com-

municator. The message size m is therefore not kept constant between the different systems,

but have been chosen depending on the bandwidth 1/β and the latency α for each system.
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5.4.1 Alamode Results

On this system we expected a significant part of the performance improvement to be

contributed from the fact that the difference between Internal and External communication

have a magnitude close to a factor of 10. The standard rank created by MPI Init() and

MPI Cart create() is SMP-style.

Assume that the majority of the total time can be contributed to the sending, and not

the setup or calculation, βE � βI and Θ defined by Equation 5.5 we can then derive our

performance improvement as:

Θ =

(
(p1 + p2)− 4 + 2m

s

) (
s
[
k1+k2
(p1+p2)

· βE
c

])
(
(p1 + p2)− 4 + 2m

s

) (
s
[
k′1+k

′
2

(p1+p2)
· βE
c

])
=

k1 + k2
k′1 + k′2

=
1 + 4

2 + 2
= 1.2

The improvement for the functions built on the binomial trees (MPI Sctr() and Bino-

mial Broadcast) achieve more than 30% improvement which is expected (see Figure 5.12

and Figure 5.14(c)).

Figure 5.12: Two Dimensional MPI Sctr() on the Alamode System(m = 8 MB).

The MPI Gthr(), show less of improvement than the scatter function, but the improvement

is still a 25% and within the expected values (see Figure 5.13).
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Figure 5.13: Two Dimensional MPI Gthr() on the Alamode System(m = 8 MB).

Finally the broadcast tests show the expected improvement for all three types (see Fig-

ure 5.14). We do have a slightly better improvement when using MPI Bcast() than we would

have expected (see Figure 5.14(a)). This is consistent over all tests, it is also on the on

the standard MPI broadcast function, we will therefore attribute this slightly higher than

expected improvement to dynamic adaptations in the MPI function itself.

5.4.2 RA Results

In the two dimensional communication the system has more cores per node and should

therefore allow for tiles that grant more Internal communication in the two dimensional

grid. Assuming perfect Internal communication (βI = 0) and Θ defined by Equation 5.5 we

can make a rough estimate regarding performance increase:

Θ =
k1 + k2
k′1 + k′2

=
1 + 8

2 + 4
= 1.5

This is the upper bound of what we can expect from re-mapping 8 processors. We know

that the difference between Internal and External communication are not as significant and

thus, we should not expect to see values close to this limit (Figure 5.15, Figure 5.16 and

Figure 5.17). The standard rank created by MPI Init() and MPI Cart create() is SMP-

style.
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(a) Two Dimensional MPI Bcast()

(b) Two Dimensional Broadcast Using Pipeline Algorithm

(c) Two Dimensional Broadcast Using Binomial Tree Algorithm

Figure 5.14: Broadcast Functions on the Alamode System (m = 8 MB).
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(a) Two Dimensional MPI Bcast()

(b) Two Dimensional Broadcast Using Pipeline Algorithm

(c) Two Dimensional Broadcast Using Binomial Tree Algorithm

Figure 5.15: Broadcast Functions on the RA Cluster (m = 16 MB).
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Figure 5.16: Two Dimensional MPI Sctr() on the RA Cluster (m = 16 MB).

Figure 5.17: Two Dimensional MPI Gthr() on the RA Cluster (m = 16 MB).
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A more accurate estimate of the improvement would be to assume that the majority

of the total time can be contributed to the sending and not setup or calculation. Letting

βE ≈ 1271·βI
1021

we can get a rough but more accurate estimate of the improvement:

Θ ≈

(
s
[
k1+k2
(p1+p2)

· βI ·1280
c·1020 + (p1+p2)−(k1+k2)

(p1+p2)
· βI
])

(
s
[
k′1+k

′
2

(p1+p2)
· βI ·1280
c·1020 +

(p1+p2)−(k′1+k′2)
(p1+p2)

· βI
])

≈
(k1 + k2) + 32

51
((p1 + p2)− (k1 + k2))

(k′1 + k′2) + 32
51

((p1 + p2)− (k′1 + k′2))

≈ (1 + 8) + .63 · ((14 + 16 + 20)/3− 9)

(2 + 4) + .63 · (17− 6)
= 1.18

This low estimate is very close to our experimental results. The improvement based on

the broadcast functions are about 10-15% and for the functions with underlaying binomial

trees the improvement is more than 50%.

5.4.3 Jaguar Results

For the two dimensional case we once again estimate the upper bound for the performance

improvement to:

Θ =
k1 + k2
k′1 + k′2

=
1 + 12

3 + 4
= 1.86

Once again we let the standard rank created by MPI Init() and MPI Cart create()

be SMP-style. This time a significant part of the performance improvement should be

contributed to the number of cores per node. We are allowed to create tiles that have almost

an optimal ratio between area and perimeter (Figure 5.18, Figure 5.19 and Figure 5.20).

There is a noticeable change in throughput between p = 10, 000 and p = 20, 000 cores

(see Figure 5.21). This change is attributed to switch level topologies; the request changes

from a large to a very large job and it has to be queued much longer before executing, and

most likely been assigned resources with a physical locality close to each other. It should

also be noticed that MPI Bcast() do not scale linearly. The experiments confirms βE � βI

shown by the fact the performance improvement is close to the estimated upper bound.
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(a) Two Dimensional MPI Bcast()

(b) Two Dimensional Broadcast Using Pipeline Algorithm

(c) Two Dimensional Broadcast Using Binomial Tree Algorithm

Figure 5.18: Broadcast Functions on the Jaguar Cluster (m = 64 MB).
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Figure 5.19: Two Dimensional MPI Sctr() on the Jaguar Cluster (m = 64 MB).

Figure 5.20: Two Dimensional MPI Gthr() on the Jaguar Cluster (m = 64 MB).

Figure 5.21: Throughput values for MPI Bcst() on the Jaguar Cluster (m = 64 MB).
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5.4.4 Combined Tables for the Two-Dimensional Results on all Systems

Table 5.2, Table 5.3 and Table 5.4 show the combined results for all the two-dimensional

tests. The combined results verify that there is significant improvement to tile the nodes

when using many of the collective communication models.

5.4.5 Three-Dimensional Results on RA and Jaguar

The 3D tests used a Broadcast function based on pipeline and were only conducted on

RA and Jaguar (see Table 5.1). We excluded Alamode because the four cores do not allow

any re-configuration in a three dimensional tile. There was only one efficient way to tile the

cores on RA when using the 3D model, a (2 × 2 × 2) block. For Jaguar the only efficient

tile was a 2× 2× 3 block configuration. This means that the upper-bound estimate for RA

would be:

Θ =
2 · k + 1

BA
=

2 · 8 + 1

4 + 4 + 4
= 1.42

while the same bound on Jaguar would be be:

Θ =
2 · k + 1

BA
=

2 · 12 + 1

4 + 6 + 6
= 1.56

The average improvement on RA was only 10% which can most likely be contributed to

the relatively small grids and the fact that both the External and Internal bandwidths were

very similar. Yet, the average improvement on Jaguar was 33%. As opposed to RA, there

was a significant difference in the External and Internal bandwidths of Jaguar and the size

of the grids were also much larger.

5.4.6 Re-mapping Overhead

We have shown that the tiling technique improves the performance of many of the collec-

tive communication functions, however, the tiling technique itself introduces overhead. The

overhead for creating the tiled process-to-core mapping will be evaluated in this subsection.
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Table 5.1: MPI Bcast() Tests on RA and Jaguar Implementing Three-Dimensional Commu-
nication Grids (16 MB message size).

Communicator
Grid Size Standard Tiled
RA Time (msec) stddev Time (msec) stddev
p = 48 705.29 10.91 653.04 9.76
p = 64 1160.92 13.54 1116.57 10.21
p = 96 1923.85 15.82 1708.53 14.74

Jaguar Time (msec) stddev Time (msec) stddev
p = 1728 633.23 4.46 556.78 4.38
p = 5832 831.88 7.86 612.77 6.52
p = 13824 1034.24 8.73 728.01 6.45
p = 27000 1149.27 7.31 876.16 7.98
p = 46656 1382.14 9.98 981.49 10.04

The overhead operation consists of five steps: memory allocation of the necessary arrays,

sort the rank array, find common divisors between process grid size and node size, re-arrange

rank array, and finally create and distribute the communicators. The sorting function is

of the order O(p log p) where p is the number of processes. Finding the common divisors

is done in O(
√
k · √p), where k is the number of cores on a single node. The re-arranging

rank array has O(p) time complexity. The sorting step dominates total overhead operation,

which means that as long as the time complexity of the application is of an order that is

greater than a sorting function, the overhead will decrease with an increase of processes.

Tests shows that the total overhead introduced by our application-level process-to-core

re-mapping are about 10% on small grids and less than 1% for the larger grids (see Table 6.2).

From the results we can conclude that much of the overhead time is a result of latency time

spent in the creation and distribution of the different communicators.
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Table 5.2: Two Dimensional Tests on Alamode (8 MB Message Size).

Time (msec)
Communicator p = 16 stddev p = 36 stddev p = 48 stddev Θ
2D MPI Bcast std rank 505.9 6.8 1040 9.7 1052 10.2
2D MPI Bcast tiled rank 443.3 5.8 714.4 8.2 853.9 7.9 1.35
2D Pipeline Bcast std rank 634.4 6.8 1371 12.5 1504 18.7
2D pipeline Bcast tiled rank 513.6 6.2 1103 12.8 1215 10.4 1.24
2D Binom Bcast std rank 621.7 5.4 1048 9.9 1105 11.4
2D Binom Bcast tiled rank 334.5 5.2 861.4 9.7 933.7 8.7 1.30
2D MPI Gather std rank 298.0 4.3 409.0 5.2 470.7 5.2
2D MPI Gather tiled rank 164.0 4.4 362.7 4.3 421.8 4.3 1.24
2D MPI Scatter std rank 240.5 4.4 314.2 4.3 324.1 4.4
2D MPI Scatter tiled rank 148.0 3.4 221.1 3.8 269.1 3.7 1.37
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Table 5.3: Two Dimensional Tests on RA (16 MB Message Size).

Time (msec)
Communicator p = 48 stddev p = 64 stddev p = 94 stddev Θ
2D MPI Bcast std rank 288.5 4.4 279.2 4.8 281.7 6.2
2D MPI Bcast tiled rank 250.0 4.5 256.7 4.7 265.2 3.8 1.10
2D Pipeline Bcast std rank 315.4 5.2 324.8 5.1 343.6 6.3
2D pipeline Bcast tiled rank 238.2 5.3 268.2 4.8 291.3 5.8 1.17
2D Binom Bcast std rank 342.1 6.2 368.4 5.8 392.6 5.7
2D Binom Bcast tiled rank 297.6 5.6 342.4 5.8 338.7 5.2 1.13
2D MPI Gather std rank 599.2 7.2 651.5 6.9 667.0 7.2
2D MPI Gather tiled rank 353.7 6.1 380.2 6.2 396.1 7.1 1.69
2D MPI Scatter std rank 856.9 10.2 879.5 9.6 909.7 10.3
2D MPI Scatter tiled rank 564.2 6.2 582.9 5.8 590.3 6.1 1.53
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Table 5.4: Two Dimensional Tests on Jaguar (64 MB Message Size).

Time (msec)
Communicator p = 20000 stddev p = 30000 stddev p = 40000 stddev Θ
2D MPI Bcast std rank 512.5 6.2 551.5 6.8 598.5 6.8
2D MPI Bcast tiled rank 332.8 5.1 335.6 5.4 344.8 6.2 1.64
2D Pipeline Bcast std rank 535.3 6.7 586.4 7.3 718.9 10.5
2D pipeline Bcast tiled rank 385.1 5.7 471.6 7.1 458.9 6.9 1.40
2D Binom Bcast std rank 703.9 8.3 759.4 8.4 979.8 10.5
2D Binom Bcast tiled rank 408.7 5.4 495.8 6.8 548.6 8.9 1.68
2D MPI Gather std rank 1808 10.5 1989 15.8 2375 17.8
2D MPI Gather tiled rank 960.5 10.6 1260 10.8 1325 18.7 1.88
2D MPI Scatter std rank 1703 10.4 1862 12.3 2093 18.4
2D MPI Scatter tiled rank 1028 10.4 1032 11.6 1161 12.6 1.76
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CHAPTER 6

APPLICATION IMPLEMENTATION

In this chapter, we present the implementation of the algorithms to improve the multi-

dimensional communication. We work with two common applications; the Matrix-Matrix

multiplication and the N -body application.

6.1 Matrix-Matrix Multiplication

Matrix-Matrix multiplication has application within several areas such as game theory,

text and data mining, encryption, graphics, graph and quantum theory [71–76]. The Basic

Linear Algebra Subprograms (BLAS ) define a set of fundamental operations on vectors and

matrices which can be used to create optimized higher-level linear algebra functionality [77–

79]. There are three levels of BLAS operations:

• Level 1: Vector operations such as y = αx + y, this includes vector norm functions

and scalar dot products for example.

• Level 2: Matrix-Vector operations such as y = αAx + y,

• Level 3: Matrix-Matrix operations such as C = αAB + C

BLAS is frequently used in HPC (High Performance Computing), highly optimized im-

plementations of the BLAS interface have been developed both Intel (the Intel Math Kernel

Library, Intel MKL) and AMD (the AMD Core Math Library, ACML), as well other authors;

Eigen BLAS, Goto BLAS and OpenBLAS to mention some.

The General Matrix Multiply (GEMM) is a BLAS subroutine which performs Matrix-

Matrix multiplication. This includes the dgemm() which is the function for double precision.

The GEMM calculates the new value of matrix C based on the matrix-product of matrices

A and B, and the old value of matrix C
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C← αAB + βC

here α and β are scalar coefficients and not Latency and bandwidth. GEMM is an important

building block of other numeric software and it is also an important building block for calls

to GEMM for larger matrices. By decomposing one or both of the input matrices into block

matrices, GEMM can be used repeatedly on the smaller blocks to build up a result for the

full matrix. This is the application we will implement [71, 71, 72, 77].

Figure 6.1: Matrix-Matrix Multiplication with a one dimension decomposition of matrices
A, B and C

Assume that A, B and C are dense matrices of size
√
m · p, so that each process p holds

a block of size m from each matrix. The first step is to decompose the matrices (A, B and

C). Let us first consider a one dimensional (columnwise) decomposition. Figure 6.1 shows

a one dimension decomposition of the Matrix-Matrix multiplication. The blocks of matrices

A, B and C associated with a single process are marked in red; during the computation

this process requires not only access to the red blocks but also the complete matrix A, here

shaded gray. As seen each process holds the corresponding columns from A, B and C. The

parallel algorithm assigns each process the task of all computations associated with its Ci,j,

as each process needs all of A to compute its Ci,j, m amount of data is required from each

of the p− 1 other process in each step, giving us a communication cost of:
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Tmm−mult1d = (p− 1) (α + β ·m)

≈ p · (α + βm)

where α is system latency and 1/β is the bandwidth. Each process makes O(m3/2 · √p)

computations, if m ≈ p (meaning each process holds a single element) the algorithm will

have to transfer one word of data for computational step, which means we cannot expect

the one dimension decomposition to be efficient until each process holds a significant size of

elements and computation is much larger than the time to transfer m.

Figure 6.2: Matrix-Matrix Multiplication with a two dimension decomposition of matrices
A, B and C (Fox’s Algorithm).

Let us now consider a two dimensional decomposition [14, 80, 81]. Figure 6.2 shows an

example of the Matrix-Matrix multiplication decomposed in two dimensions, a parallel im-

plementation of Fox’s Algorithm. The blocks of matrices A, B and C associated with a single

process are marked in red, during the computation this process requires the corresponding

rows and columns of matrix A and B, marked in gray. The parallel algorithm assigns each

process the task of all computations associated with its Ci,j, as each process needs the entire

row Ai and column Bj to compute its Ci,j. The amount of data is significantly less than in

the one-dimensional decomposition O(m/
√
p), and the cost for communications becomes:
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Tmm−mult2d = (
√
p− 1)

(
log2 p

2
+ 1

)
(α + βm)

≈
√
p log2 p

2
(α + β ·m)

Algorithm 6.13: Parallel Matrix-Matrix Multiplication based on two-dimensional de-
composition of a square Matrix

Input: Local sub-matrix A and B
Output: Local sub-matrix C

1 B′ ← B
2 row ← number of rows in process grid
3 column← number of columns in process grid
4 my rank ← local position in the row-communicator
5 for i← 1 to column do
6 root← (i+ j) mod column

/* If the process is the current root, broadcast local sub-matrix A

to rest of row */

7 if my rank is equal to root then
8 MPI Bcast(A, . . . , root, row)
9 A′ ← A

10 end
/* If not receive, temp sub-matrix A from root */

11 else
12 MPI Bcast(A′, . . . , root, row)
13 end

/* Rotate the sub-matrix B′ */

14 MPI Send(B′,. . . , neighbor above)
15 MPI Recv(B′,. . . , neighbor below)

/* Multiply the sub-matrices and accumulate in C */

16 C← C+ dgemm(A′,B′)

17 end
18 MPI Barrier(mpi communicator)
19 Collect C in root

Our implementation uses a standard algorithm with MPI Bcast() and dgemm() to multiply

two large matrices (see Figure 6.3). It is easy to evaluate this implementation because each

step in the multiplication has two distinctive sub-steps; a communication-step (Figure 6.3(a)

and Figure 6.3(b)) followed by a calculation-step (Figure 6.3(c)). We first distribute the two

matrices, of type double, as sub-matrices on a process grid. Then perform the multiplication
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(a) Step 1: Broadcast the sub-matrix of A to processes in the same row

(b) Step 2: Send the sub-matrix B′ to neighbor above

(c) Step 3: Accumulate A′ ·B′ into C

Figure 6.3: Example of one step in of the Parallel Matrix-Matrix multiplication Algorithm.
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by broadcasting the sub-matrices and then uses dgemm(). By fixing the sub-matrix dimension

for all tests to a large size A × A, setting the relationship between the global matrix and

processors to p · A2 each dgemm() will have the same size as only the number of calls will

increase as the size of the global matrix increases. Furthermore, the size of the broadcast will

stay constant while the number of calls and the number of members in the communicator

will change as the number of processes increase or decrease.

6.1.1 Results

The tests were conducted on the Alamode, RA and Jaguar systems. We fixed the sub-

matrix dimension to 2048×2048, setting the relation between the global matrix and processes

to p · 20482.

Table 6.1: Matrix-Matrix Multiplication, 2048× 2048 sub-matrix size

Communicator
Standard Tiled

Grid Size Comm. Calc. Comm Calc.
Alamode
p = 16 5.807 s 16.77 s 4.911 s 16.86 s
p = 36 10.20 s 23.66 s 8.736 s 23.72 s
p = 64 14.51 s 33.72 s 13.11 s 33.56 s
RA
p = 16 1.559 s 7.634 s 1.073 s 7.666 s
p = 64 3.797 s 15.15 s 2.314 s 15.14 s
p = 144 6.008 s 22.63 s 3.588 s 22.67 s
Jaguar
p = 5184 117.8 s 134.9 s 54.83 s 135.2 s
p = 9216 135.8 s 179.9 s 74.75 s 180.3 s
p = 20736 271.7 s 269.7 s 122.5 s 270.3 s

The results confirm that our implementation does not have any impact on the time taken

by the calculation step (Table 6.1). They also confirm that there is indeed an improvement

in the communication step.

The tests on Alamode showed that calculation-communication ratio was about 7:3. The

overall improvement was around 5%, with an improvement in communication of 15% (Ta-
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ble 6.1).

The ratio between calculation and computation on RA was close to 4:1. The overall

improvement was around 8−10%, with an improvement in communication of 40% (Table 6.1).

The calculation-communication ratio on Jaguar was 1:1. There was a 25% overall im-

provement. The improvement of the communication step alone, was 50% (Table 6.1).

The decreased time for communication, overall, had a positive impact on the complete

function. The subsequent improvements were within the expected ranges.

6.1.2 Overhead

These experiments also provided us with the opportunity to measure the Re-mapping

overhead against an algorithm that is performing some extensive calculation between each

communication step. As described in 5.4.6, the overhead consists of five steps: memory al-

location of the necessary arrays, sort the rank array, find common divisors between process

grid size and node size, re-arrange rank array, and finally create and distribute the commu-

nicators. Where the most of the time is latency time spent in the creation and distribution

of the different communicators.

Table 6.2: Tiling function overhead with Matrix-Matrix Multiplication

Grid Size Overhead Total time
Alamode
p = 16 2.02 s 23.79 s
p = 36 2.12 s 34.58 s
p = 64 2.86 s 49.53 s
RA
p = 16 2.02 s 10.75 s
p = 64 2.07 s 19.52 s
p = 144 2.32 s 288.58 s
Jaguar
p = 5184 2.06 s 193.0 s
p = 9216 2.16 s 258.2 s
p = 20736 2.51 s 397.4 s
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There is a less than 10% overhead for small grids, which is a significant amount, but

for larger grids p > 4096 the overhead is just 1% which at times is less than the standard

deviation for the total run time.

6.2 The N -body Problem

A large number of physical systems can be studied by simulating the interactions between

the particles constituting the system. In a typical system each particle influences every other

particle, often based on an inverse square law such as Newton’s law of universal gravitation

or Coulomb’s law of electrostatic interaction. Examples of physical systems and simulation

that uses the N -body Problem can be found in astrophysics, molecular dynamics and fluid

dynamics; the interaction even has applications with robotics and swarm control [14, 19, 82].

Since the simulation involves following the trajectories of motion of a collection of N particles,

the problem is termed the N -body problem. Apart from traditional applications in the

study of physical systems, some problems in numerical complex analysis and elliptic partial

differential equations can also be solved using this approach. Applications of the problem

are also found in computer graphics (radiosity methods), where the attempts are to create

images by computing the equilibrium distribution of light for complex scene geometries.

It is not possible to solve the equations of motion for a collection of four or more particles

in closed form, so iterative methods have been developed to solve (simulate) the N -body

problem. These methods compute the force on each particle (body) at each discrete time

interval. This information is then used to update the position and velocity of each particle.

A straightforward computation of the forces requires O(N2) work per iteration. The rapid

growth with N effectively limits the number of particles that can be simulated by this

method.

Several approaches have been used to reduce the complexity per iteration. Some of the

techniques include transforming the problem to a position-velocity phase space, imposing

a grid on the system of particles and computing cell-cell interactions. Another recent ap-

proach is a new class of particle simulation methods that have emerged to solve the N -body
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problem. These methods are characterized by an organization of the particles into a hier-

archy of clusters, starting from a cluster containing all the particles to clusters containing

the individual particles. These methods are usually referred to as hierarchical methods or

tree methods. Even though these new methods scale well and some are solid, our focus is

on parallel algorithms and channel communication. For this reason will our implementation

be a simple straightforward parallelization of the sequential algorithm where computation is

performed on every pair of objects, with an O(N2) time-complexity.

Suppose we are trying to simulate the motion of N -bodies of varying mass, location

and velocities. During each iteration of our algorithm we will need to compute the new

position and velocity vector of each particle (body), given the positions and masses of all

other particles (see Figure 6.4).

Figure 6.4: N -body problem with four particles, each particle exerting a gravitational on all
other particles. The future position of each particle will be determined by the sum of all
forces acting on it.

Applying Newton’s law of universal gravitation we can determine the gravitational pull

between each particle pair:

Fi,j = G
mi ·mj

|ri,j|2
ri,j
|ri,j|
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In Newton’s law of universal gravitation Fi,j is the force vector between the two masses

(mi,mj), ri,j is the displacement vector between the center of the two masses and |ri,j| the

magnitude (distance) between them. When considering the whole system of N -particles

interacting and applying the second law of motion provides us with the following system of

equations:

F1 = F1,2 + F1,3 + · · ·+ F1,N = m1 · a1

F2 = F2,1 + F2,3 + · · ·+ F2,N = m2 · a2

... =
...

Fi = Fi,1 + Fi,2 + · · ·+ Fi,N = mi · ai
... =

...

FN = FN,1 + FN,2 + · · ·+ FN,N−1 = mN · aN

Focusing on the ith equation using both the definition of acceleration and the equation

for Newton’s law of universal gravitation we arrive at the following equation for the forces

under mutual gravitation:

mi · ai = G
N∑
j=1

j 6=i

mi ·mj

|ri,j|2
ri,j
|ri,j|

Finally for 1 ≤ i ≤ N , divide sides by mi (assuming mass for each particle is constant

during the simulation) we get the following system of N second order autonomous vector

differential equations:

ai = G
N∑
j=1

j 6=i

mj

|ri,j|2
ri,j
|ri,j|

We are not interested in solving the system, but to implement it to recalculate the position

and velocity for each particle in each discrete time-step. We have one task per particle, and

in order for this task to compute the new location and velocity for the particle, it must know

the mass and location of all other particles. Let N be the number of particles, and p the

number of processes. It does not matter which particle is assigned to which process (as all
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processes need to know the location of each particle in order to finish their computations),

so we can simply divide the tasks (particles) evenly on all ps, with each process having N/p

particles.

6.2.1 Communication

The MPI Gather() function collects all datasets distributed among all members in the

group (communicator) into a single process (see Figure 6.5). This solves only half our

problem, as we want all the process to have all the data. We could run gather and let all

processes be root. We could also gather all the data into a single process and then broadcast

the concatenated vector to all process. This is close to what an MPI Allgather(), a function

where every process in the group at the end of communication step has a copy of the entire

data set (see Figure 6.6).

Figure 6.5: The MPI Gather() communication concatenates all the data into a single process.

Figure 6.6: The MPI Allgather() communication concatenates all the data on all processes.

In our case we like to update the location (as we assume mass of each particle is constant

during the whole simulation it can be distributed at the beginning of the simulation) of

every particle in every step (see Algorithm 6.14). There are several ways we could do this;
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Algorithm 6.14: Parallel N -body Algorithm

Input: A vector of the current state of all local particles
Output: A vector of the final state of all particles

1 time← amount of discrete time-steps
2 p← number of processes
3 N ← number of particles
4 local n← N/p
/* Create a vector with the local state (Position, Velocity and Force)

of all local particles. */

5 local state← the state of all local particles
/* Create a vector with the masses of all particles. */

6 mass← the mass of all particles
7 for step← to time do
8 t← step ·∆t
9 MPI Allgather(position, local position, . . . , communicator) /* Create a vector

with the masses of all particles. */

10 for local particle← 0 to local n do
/* Update the state (Force, Position and Velocity) of each local

particle. */

11 Update Local Particle(local state, mass, position)

12 end

13 end
14 MPI Allgather(state, local state, . . . , communicator)
15 Display the final state for all particles
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two were mentioned above. Another approach is to create a channel between every pair

of processes (see Figure 6.7(a)). At each step of the communication each process sends its

vector to another task. After p−1 communication steps will each process have the positions

of all the other particles, and is ready to begin the calculation. A faster way to accomplish

communication would be to allow each process to receive on one channel and send on another.

Assume we have two processes; in step one they exchange the information and we are done.

What if there are more processes? In step one let all even process exchange their data with

the next higher rank. Process p[0] and p[1] will both have all the data for both their own

particles and their neighbors; p[2] and p[3] will have their own and their neighbors data. If

process p[0] exchanges the accumulated data with p[2] and p[1] exchanges its accumulated

data with p[3], all processes will have all the data. The process communication graph in

Figure 6.7(b) shows an example of a hypercube network, a common implementation of All-

to-All data exchange. Each communication operation requires log2 p communication steps.

In the first the message will have the size of m = N/p, in the second 2m = 2N/p etc.

(a) MPI Allgather() through all pair
exchange.

(b) MPI Allgather() through hyper-
cube exchange.

Figure 6.7: Two different implementations of MPI Allgather() communication.

Using the Hockney Model (see Equation 3.1) we are able to estimate the communication

time for each iteration to:
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T (m) =

log2 p∑
i=1

(
α + 2i−1 ·m · β

)
= α log2 p+ (p− 1) ·m · β

Each process is responsible for performing the update of the state (Position, velocity and

force) on m = N/p particles, assuming the time necessary to perform these calculations is

γ. The total execution time per iteration then becomes:

T (m) = α log2 p+m · ((p− 1) · β + γ)

6.2.2 Results

Even if the data is multi-dimensional (the state of a particle is described by its three

dimensional location, and its velocity vector), the communication is single dimensional. We

will therefore implement the Channel Aware communication and compare the results against

the results from the standard MPI implementation.

The tests were conducted on the new Alamode-lab, and the RA systems. We fixed

the number of particles per core to 250, setting the relation between the global data and

processors to N = p · 250. Further, we fixed the number of discrete time steps to 1000 and

the ∆t to 0.01 s.

We had to use the new Alamode-lab as the machines from the old lab had been disbursed

to users all around the campus. We tried to locate 16 of the old machines and get permission

to use them (to have 64 cores), but we noticed during the initial testing that the external

bandwidth was erratic, due to the fact it is shared network. We had to abandon that idea

and to use the machines in the new lab. The new system created some new problems. The

machines are Intel i7 processors, each has four physical cores, but they also implements In-

tel’s Hyper-Threading Technology with two threads per core. Even though Hyper-Threading

increases the performance (with as much as 15-30% compared to non-threaded processor by

Intel’s claim [83]), it does increase cache thrashing. The Hyper-Threading can be disabled in

the BIOS, but this is not a possible solution when running tests on the machines in the lab.

We only compare results against each other within the system, but we still like to minimize
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the impact from threading. We therefore decided to run the tests during hours when the

resources in the lab have a low utilization. Further, we requested all the resources on a

machine, but only utilized 4 cores for the tests. Even though this is no guarantee for not

allocating Hyper-Threaded cores instead of physical cores, intial testing showed benckmark

peak performance with this set-up.

The network characteristics on the new machines were similar to the characteristics on

the old machines (βE ≈ 120 MB/s and βI ≈ 1100 MB/s).

Table 6.3: Results from the N -body tests, N/p = 250 time steps = 1000 and ∆t = 0.01

Communicator
Standard Channel Aware

Grid Size Comm. Calc. Comm Calc.
Alamode
p = 16 0.883 s 15.08 s 0.864 s 15.02 s
p = 36 1.926 s 23.18 s 1.932 s 23.54 s
p = 64 3.384 s 45.35 s 3.346 s 43.57 s
RA
p = 16 0.264 s 16.91 s 0.271 s 16.73 s
p = 64 0.953 s 21.54 s 0.946 s 22.18 s
p = 144 3.101 s 312.4 s 3.062 s 314.6 s

Once again our implementation has no impact on the time taken by the calculation step

(Table 6.3). They also show that there is no improvement in the communication step.

The tests on Alamode showed that calculation-communication ratio was about 12:1. Any

change in performance was within the range of a statistical error σ ≈ 1.00 s (Table 6.3).

The ratio between calculation and computation on RA was close to 20:1. The overall

improvement had no statistical significance σ ≈ 0.80 s (Table 6.3).

The results and the experiments prove that there are both communication patterns and

agglomeration patterns that our algorithm is unable to improve, even though we take the

hardware topology into account.
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CHAPTER 7

CONCLUSION

This chapter summarizes the dissertation and describes future research directions and

opportunities.

7.1 Summary

This dissertation made four contributions which include:

1. The design and implementation of an Extended Ping-Pong Test. This is a bench-

mark that is more accurate than the current one and provides information about the

network characteristics both internally between pairs of cores on the same node, and

externally between pairs of cores on different nodes; which to our knowledge has not

been performed by any current benchmark.

2. The development of a re-mapping algorithm for single node. We extended the work

done on non-homogeneous clusters and implemented it into working algorithms for

a single node using unmodified standard MPI communicators. When we apply our

application-level multicore-aware process-to-core re-mapping scheme at runtime, we

are able to show better performance than the current algorithms for communication

on binomial trees.

3. The development of an algorithm to improve the multidimensional communication time

by as much as Θ(1
d
ck

d−1
d ) over the default mapping. Our tiling algorithm automatically

creates and re-maps the communicators to better arrange the cores in the process grid

such that the amount of External (Inter) communication from each node is minimized.

4. The implementation of the tiling and re-mapping algorithm in two commonly used

applications. We showed that our algorithms have the ability to improve the run-

time of a parallel implementation of Matrix-Matrix Multiplication. We did this using
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our tiling algorithm and the standard functions and libraries in MPI and BLAS. We

also implemented our work in an N -body application. Our work showed that there

are applications where our algorithms have no impact on the run-times. The N -

body application uses All-to-All communication but both the tiling and channel aware

communication algorithms have little or no impact on that type of communication.

7.2 Future Work

From the results of our research we can expect that as the number of cores continue to

increase, the benefits of optimizing these multidimensional protocols through utilization of

the binomial tree function and topology awareness will only continue to increase as well. It

is necessary that MPI implementations keep up with the advances of the hardware so that

the effectiveness of the processors, as a whole, may be retained and continually improved.

It is also important to pay attention to the non-standard forms of communication. As

the results have thus far proved favorable, we plan on extending these methods to the

differences in External communication due to system topology, to include testing of other

Multi-dimensional MPI communications. Further, we would like to extend this the idea

and implementation of the multidimensional collective communication into the area of fault

tolerance and diskless-checkpointing. The idea behind these methods of fault tolerance is

to keep data on dedicated processes, where the checkpointing is done through reduction

function and often over several dimensions [70, 84–89]. It seems our algorithm will have an

impact on the performance of the checkpointing algorithms.

We also plan to streamline the tiling capabilities and take advantage of algorithms and

methods in other areas. Our goal is the creation of a highly usable application level interface

which bridges the gap between standard MPI implementations and every-day application to

increase efficiency of HPC systems and take full advantage of the modern hardware advances.
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reduction and scan with only two trees. In Recent Advances in Parallel Virtual Ma-
chine and Message Passing Interface, 14th European PVM/MPI User’s Group Meeting,
(PVM/MPI’07), Sep. 30 – Oct. 3, Paris, France, volume 4757, pages 17–26. LNCS,
2007.

117



[53] Rajeev Thakur and William Gropp. Improving the performance of collective opera-
tions in MPICH. In Jack Dongarra, Domenico Laforenza, and Salvatore Orlando, edi-
tors, PVM/MPI, volume 2840 of Lecture Notes in Computer Science, pages 257–267.
Springer, 2003.
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APPENDIX - DESCRIPTION OF MPI-FUNCTIONS

MPI is a portable message-passing system designed to function on a variety of different

parallel computers. The strength of MPI lays in its language-independent communications

protocol which allows for both point-to-point and collective communication. It provides a

simple, easy-to-use interface for the basic user making high-performance message-passing

operations available on advanced machines [14, 16, 18–21, 47, 48, 90].

A.1 Point-to-Point Communication

The most basic communication mechanism of MPI is the transmission of data between

a pair of processes, one side sending, the other, receiving. MPI provides both blocking and

non-blocking send and receive functions [14, 18–21].

A.1.1 Blocking Communication

MPI SEND() makes a standard blocking send. The send buffer is a count of consecutive

entries of the type indicated by the datatype beginning with the entry defined by buf. These

types are MPI datatypes but have a corresponding type in the host language (Fortran or C).

The count is allowed to be zero, meaning an empty message. The comm argument defines

which communicator should be used to send the message. The dest specifies which process

within the communicator is the intended receiver.
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MPI SEND(buf, count, datatype, dest, tag, comm)

IN buf address for the first element in send buffer

IN count number of elements in the send buffer

IN datatype the type of each element (see Table A.1)

IN dest the rank of the receiver

IN tag a message tag

IN comm the communicator

Table A.1: The basic MPI datatypes and the corresponding C types.

MPI datatype C datatype
MPI CHAR signed char
MPI SHORT signed short int
MPI INT signed int
MPI LONG signed long int
MPI UNSIGNED CHAR unsigned char
MPI UNSIGNED SHORT unsigned short int
MPI UNSIGNED unsigned int
MPI UNSIGNED LONG unsigned long int
MPI FLOAT float
MPI DOUBLE double
MPI LONG DOUBLE long double
MPI BYTE

MPI PACKED

Note: the datatypes MPI BYTE and MPI PACKED have no corresponding type in any of

the host languages (Fortran or C see Table A.1). A value of type MPI BYTE consists of a

byte (8 binary digits). A byte is uninterpreted and is different from a character. Different

machines may have different representations for characters, or may use more than one byte to

represent characters. On the other hand, a byte has the same binary value on all machines.

MPI PACKED is a derived datatype in short it allows the user to “send” a message into a

memory buffer and then transmit this buffer to the receiving machines buffer.
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The communicator is an object that defines the communication domain. A communica-

tion domain allows processes in a group to communicate with each other, or to communicate

with processes in another group. Processes in a group are ordered and identified by their

rank, grouped together in a rank vector. Processes may participate in several communica-

tion domains; distinct communication domains can have partially or completely overlapping

groups of processes. Each communication domain supports a disjoint stream of communi-

cations. Thus, a process may be able to communicate with another process via two distinct

communication domains, using two distinct communicators. The same process may be iden-

tified by a different rank in the two domains; communications in the two domains do not

interfere [14, 18–21].

MPI RECV() makes a standard blocking receive. The receive buffer is a storage of count

consecutive entries of the type indicated by the datatype. A message can be received if its

source, tag and comm values matches those of the message. It is possible to accept messages

from any sender through the wildcard MPI ANY SOURCE, a receiver can also accept messages

with any tag, using the wildcard MPI ANY TAG.

MPI RECV(buf, count, datatype, source, tag, comm, status)

OUT buf address for the first element in receive buffer

IN count upper limit of the amount of elements to receive

IN datatype the type of each element

IN source the rank of the sender

IN tag a message tag

IN comm the communicator

OUT status the return status

It should be noted that there is no wildcard for the communicator (comm). It is important

to remember that the receive call does not specify the size of the incoming message (only an

upper limit) and as the use of wildcard is allowed, there is a need to hold some status values.
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These values are returned and stored in the status argument, and includes information about

the source and tag as well as the count.

The send-receive operation combines, in one call, the blocking sending of one message

to a destination and the blocking receiving of another message from a source. The source

and destination can but do not need to be the same. This is a useful function when two

processes need to exchange data between them, or when a chain of processes need to shift

data between them (see Algorithm 6.13).

MPI SENDRECV(sendbuf, sendcount, sendtype, dest, sendtag, recvbuf, recvcount, recvtype,

source, recvtag, comm, status)

IN sendbuf address for the first element in send buffer

IN sendcount number of elements in the send buffer

IN sendtype the type of each send element

IN dest the rank of the receiver

IN sendtag the send message tag

OUT recvbuf address for the first element in receive buffer

IN recvcount upper limit of the amount of elements to receive

IN recvtype the type of each receive element

IN source the rank of the sender

IN recvtag a message receive tag

IN comm the communicator

OUT status the return status

A.2 Non-blocking Communication

The performance of a parallel execution can improve on many systems as they allow

overlapping communication and computation. This can be done by threading, allowing one

thread to execute while another waits for the communication to complete. Another way to

perform this, which often has better performance, is the use of non-blocking communication.
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We initiate a send, but we do not wait for the receiver to acknowledge it has received; we

instead return later and verify that the data has been copied out of the send buffer. We can do

same with receive; we start a receive, but if we don’t need the data we continue our execution

and we later return and check if the data is stored in the receive buffer. Non-blocking send

and receive can be done even if there is a matching receive or not. The blocking and non-

blocking functions are compatible with each other, so a non-blocking send can be matched

with a blocking receive, etc. The non-blocking communication utilizes request objects to

identify the communication functions and to link the begin operation with the complete

operation [14, 18–21].

MPI ISEND(buf, count, datatype, dest, tag, comm, request)

IN buf address for the first element in send buffer

IN count number of elements in the send buffer

IN datatype the type of each element

IN dest the rank of the receiver

IN tag a message tag

IN comm the communicator

OUT request the request handler

It is important that the sender does not access any part of the send buffer after the

non-blocking send operation has begun until the request announces a complete send.

Just as we cannot allow the sender to access the send buffer until the request announces

that the send is complete, we cannot allow the receiver to access the receive buffer until the

request announces the receive is complete.
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MPI IRECV(buf, count, datatype, source, tag, comm, request)

OUT buf address for the first element in receive buffer

IN count upper limit of the amount of elements to receive

IN datatype the type of each element

IN source the rank of the sender

IN tag a message tag

IN comm the communicator

OUT request the request handler

So how do we know if the nonblocking operation is complete? We use the MPI WAIT

and MPI TEST functions. The completion of a send indicates that the sender once again has

access to the send buffer, and the completion of a receive indicates that the receive buffer is

updated.

MPI WAIT will return a call when the operation associated with the request is completed.

MPI WAIT(request, status)

INOUT request the request handler

OUT status the return status

MPI TEST sets the flag to true if the operation associated with the request is completed.

In both the MPI WAIT and MPI TEST will status hold information regarding the completed

operation.

MPI TEST(request, flag, status)

INOUT request the request handler

OUT flag non-zero if operation is complete

OUT status the return status
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A.3 Collective Communications

The MPI collective communications transmit data among all processes in a group specified

by the communicator. A collective communication is done by having all processes in the

group call the communication routine. The transmission is synchronized by the barrier

without passing data [14, 18, 19, 21]. The following collective communication functions are

part of MPI:

• Barrier a synchronization across all processes in a group.

• Global Communication such as:

– Broadcast from one to all processes in a group.

– Gather data from all to a single process in a group.

– Scatter data from one to all processes in a group.

– Allgather share all data between all processes in a group

• Global Reduction operations such as sum, max, min, etc. This includes functions such

as:

– Reduce from all to a single process in a group.

– Allreduce from all to one and scattered to all.

– Scan the data of all processes in a group

A.3.1 All-To-One Communication

MPI GATHER all processes in comm sends their send buffer to root (note: by definition root

sends to itself). Root collects all the data and store them in rank order (see Figure A.1). Note

that the receive buffer is ignored by all processes but root ; this does not necessarily mean

that the local system allows that there is no receive buffer allocated for non-root processes.

MPI GATHER(sendbuf, sendcount, sendtype, recvbuf, recvcount, recvtype, root, comm)

IN sendbuf address for the first element in send buffer
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IN sendcount number of elements in the send buffer

IN sendtype the type of each send element

OUT recvbuf address for the first element in receive buffer

IN recvcount upper limit of the amount of elements to receive

IN recvtype the type of each receive element

IN root the rank of the ooot process

IN comm the communicator

Figure A.1: Example of MPI GATHER() all processes send data to root. Each row of boxes
represents data locations in one process.

MPI REDUCE combines the operands stored in the memory location referenced by sendbuf

using the op. Note that both the sendbuf and the recvbuf refer to count memory locations

of type datatype (see Figure A.2). The function has to be called by all processes in the

communicator and the arguments have to be the same in all processes.
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MPI REDUCE(sendbuf, recvbuf, count, datatype, op, root, comm)

IN sendbuf address of send buffer

OUT recvbuf address of the receive buffer

IN count number of elements in the send buffer

IN datatype the type of the send element

IN op the reduction operation (see Table A.2)

IN root rank of the root process

IN comm the communicator

Table A.2: The basic reduction operation that are predefined in MPI.

Name Meaning
MPI MAX Maximum
MPI MIN Minimum
MPI SUM Sum
MPI PROD Product
MPI LAND Logical AND
MPI BAND Bitwise AND

MPI LOR Logical OR
MPI BOR Bitwise OR

MPI LXOR Logical Exclusive OR

MPI BXOR Bitwise OR

MPI MAXLOC Maximum and the location
MPI MINLOC Minimum and the location

Figure A.2: Example of MPI REDUCE() the combined results are stored in root. Each row of
boxes represents data locations in one process.
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A.3.2 One-To-All Communication

MPI SCATTER the root process sends the send buffer to all the processes in comm (note:

by definition root sends to itself). This can be viewed as if the message is split into p equal

segments and the i-th segment is sent to the ith process in the communicator (see Figure A.3).

Note that the send buffer is ignored by all processes but root ; this does not mean that the

local system allows that there is no send buffer allocated for non-root processes.

MPI SCATTER(sendbuf, sendcount, sendtype, recvbuf, recvcount, recvtype, root, comm)

IN sendbuf address for the first element in send buffer

IN sendcount number of elements in the send buffer

IN sendtype the type of each send element

OUT recvbuf address for the first element in receive buffer

IN recvcount upper limit of the amount of elements to receive

IN recvtype the type of each receive element

IN root the rank of the ooot process

IN comm the communicator

Figure A.3: Example of MPI SCATTER() root sends data to all other processes. Each row of
boxes represents data locations in one process.

MPI BCAST a message is broadcast from the process with the root rank to all processes in

the communicator. The argument root has to be identical on all processes, and the comm
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represent a valid communicator. When the function returns the contents of root ’s buffer is

copied to all processes (see Figure A.4)

MPI BCAST(buf, count, datatype, root, comm)

INOUT buf address for the first element in the buffer

IN count upper limit of the amount of elements to receive

IN datatype the type of each element

IN root the rank of the root process

IN comm the communicator

Figure A.4: Example of MPI BCAST() p[0] broadcast a message to all processes in the group.
Each row of boxes represents data locations in one process.

A.3.3 All-To-All Communication

MPI ALLGATHER is an MPI GATHER with the difference that all processes, not only root,

receive the result. The i block of data sent from each process is collected by each process

and placed in the ith block of the receive buffer (see Figure A.5). To visualize it assume that

each process makes p calls to MPI GATHER with root = 0, 1, . . . , p− 1.
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MPI ALLGATHER(sendbuf, sendcount, sendtype, recvbuf, recvcount, recvtype, comm)

IN sendbuf address for the first element in send buffer

IN sendcount number of elements in the send buffer

IN sendtype the type of each send element

OUT recvbuf address for the first element in receive buffer

IN recvcount upper limit of the amount of elements to receive

IN recvtype the type of each receive element

IN comm the communicator

Figure A.5: Example of MPI ALLGATHER() all processes receives the concatenated data. Each
row of boxes represents data locations in one process.

MPI ALLTOALL(sendbuf, sendcount, sendtype, recvbuf, recvcount, recvtype, comm)

IN sendbuf address for the first element in send buffer

IN sendcount number of elements in the send buffer

IN sendtype the type of each send element

OUT recvbuf address for the first element in receive buffer

IN recvcount upper limit of the amount of elements to receive

IN recvtype the type of each receive element

IN comm the communicator
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MPI ALLTOALL is a collective communication operation in which all processes send a dis-

tinct collection of data to every other process. Its effect on process i is to send sendcount

elements of sendtype to every process (including self). The first block of sendcount goes

to process 0, the second to process 1, etc. Process i will also receive recvcount elements of

recvtype from every process (see Figure A.6).

Figure A.6: Example of MPI ALLTOALL() all processes a segement of the data from all other.
Each row of boxes represents data locations in one process.

MPI ALLREDUCE is essentially the same as MPI REDUCE, with the difference that the result

of the reduction is returned to processes in the communicator and therefore there is no need

to define a root (see Figure A.7).

MPI ALLREDUCE(sendbuf, recvbuf, count, datatype, op, comm)

IN sendbuf address of send buffer

OUT recvbuf address of the receive buffer

IN count number of elements in the send buffer

IN datatype the type of the send element

IN op the reduction operation (see Table A.2)

IN comm the communicator

MPI REDUCE SCATTER produces results as if the function first executes an element reduc-

tion on the vector count =
∑

i recvcounts[i] in sendbuf. After that the resulting vector of

results split into p segments where the ith segment holding recvcounts[i] elements is sent

and stored in the ith process recvbuf (see Figure A.8).
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Figure A.7: Example of MPI ALLREDUCE() the combined results are stored in all processes.
Each row of boxes represents data locations in one process.

MPI REDUCE SCATTER(sendbuf, recvbuf, recvcounts, datatype, op, comm)

IN sendbuf address of send buffer

OUT recvbuf address of the receive buffer

IN recvcounts[ ] integer array of number of elements in the receive buffer

IN datatype the type of the send element

IN op the reduction operation (see Table A.2)

IN comm the communicator

Figure A.8: Example of MPI REDUCE SCATTER() the combined results of each processor’s
sendbuf using op. Scatter the result across all processes in comm. Each row of boxes
represents data locations in one process.

A.3.4 Other

MPI Barrier is the simplest of all collective communicators; it blocks the caller until

all processes in the communicator have called it. This efficiently synchronizes all processes
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within a communicator.

MPI Barrier(comm)

IN comm the communicator

MPI SCAN conducts a parallel prefix operation; on each process i in comm. The result is

stored by combining the sendbuf on all processes with rank less than i using op (see Fig-

ure A.9).

MPI SCAN(sendbuf, recvbuf, count, datatype, op, comm)

IN sendbuf address of send buffer

OUT recvbuf address of the receive buffer

IN counts number of elements in the send buffer

IN datatype the type of the send element

IN op the reduction operation (see Table A.2)

IN comm the communicator

Figure A.9: Example of MPI SCAN() a prefix reduction is performed on all data distributed
across the communicator. Each row of boxes represents data locations in one process.

A.4 MPI Groups and Communicators

MPI provides the user with the ability to divide up the processes into different groups.

This is a powerful tool; it not only allows the programmer to create subsets of processes that

work different tasks within an application. It also enables applications to have collective
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communication work on subsets processes. Even if we do not need independent subsets

performing different tasks within our application, we might still want the collective operations

to work on subsets. It is often desirable to limit the amount of data shared and transfered,

as this allows for better scaling [14, 18, 19, 21]. We utilized this opportunity when we

created row and column communicators in the Matrix-Matrix Multiplication in 6.1; only

those processes in the same row shared the information in the MPI BCAST().

A.4.1 Groups

To enable us to divide the process into different groups, we need some tools. First, we

need to define what a group is and how we distinguish it. This is the definition of a group

from MPI: The Complete Reference:

A group is an ordered set of process identifiers (henceforth processes); pro-

cesses are implementation-dependent objects. Each process in a group is associ-

ated with an integer rank. Ranks are contiguous and start from zero. Groups are

represented by opaque group objects, and hence cannot be directly transferred

from one process to another [21].

Second, we need to be able to manipulate the groups, most important we need the ability

to create new groups from existing groups. Before we can create new groups we need a base

case as MPI does not provide a mechanism to build a group from scratch, but only from

other, previously defined groups. The base group, upon which all other groups are defined,

is the group associated with the initial communicator MPI COMM WORLD. We can from this

communicator define our base group with the MPI COMM GROUP function.

MPI COMM GROUP(comm, group)

IN comm communicator

OUT group the group corresponding to the comm
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We can now build new groups; these groups can be empty, proper subgroups or the

complete original group. This is done by MPI GROUP INCL or MPI GROUP EXCL

MPI GROUP INCL(group, n, ranks, newgroup)

IN group the group from which new group is created

IN n the size of the rank array

IN ranks ranks of the processes that are in the new group

OUT newgroup the new group created

MPI GROUP EXCL(group, n, ranks, newgroup)

IN group the group from which new group is created

IN n elements in rank

IN ranks ranks of the processes NOT in the new group

OUT newgroup the new group created

MPI has several other functions defined for group operations, but these three are the

most commonly used and they provide the basic functionality to create new groups.

A.4.2 Communicators

The new groups become the basis for the new communicators. The definition of a com-

municator from MPI: The Complete Reference is:

A communicator is an opaque object with a number of attributes, together

with simple rules that govern its creation, use and destruction. The commu-

nicator specifies a communication domain which can be used for point-to-point

communications [21].

There are two important communicator constructors: MPI COMM CREATE and

MPI COMM SPLIT. The MPI COMM CREATE creates a new communicator from group, no at-

tributes from the original communicator are propagated to the new communicator.
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MPI COMM CREATE(comm, group, newcomm)

IN comm the communicator making the call

IN group the group from which to create newcomm

OUT newcomm the new communicator

The MPI COMM SPLIT partitions the group that is associated with the original communi-

cator into disjoint subgroups. A new communication domain is created for each subgroup

and a handle to the representative communicator is returned in newcomm.

MPI COMM CREATE(comm, group, newcomm)

IN comm the communicator making the call

IN color the control for subset assignment

IN key the rank assignment

OUT newcomm the new communicator

An example of MPI COMM SPLIT call will be the creation of the row communicator. We let

p1 define how many processes are in each row of the process grid, and let p2 be the number

of processes in each column. We then assign each process an integer column that defines

what column the process belongs to (p mod p2). Next we let each process be assigned a row

that describes what row the process belongs to (row = p/p2). We then call:

MPI COMM SPLIT( MPI COMM WORLD, row, column, rowcomm);

This creates p1 amount of rowcomm each with p2 elements and where the rank in each

rowcomm is defined by column.

Example: assume we have 12 processes, we want to arrange them into four columns

p2 = 12/4 = 3 and three rows p1 = 12/3 = 4 (see Table A.3).

If we call MPI COMM SPLIT with row as the color and column as key the function will create

three new communicators: row0 = {a, b, c, d}, row1 = {e, f, g, h} and row2 = {i, j, k,m}.

On the other hand if we call MPI COMM SPLIT with column as the color and row as key
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Table A.3: Example of the arguments for a MPI COMM SPLIT call on twelve elements.

process a b c d e f g h i j k m
rank 0 1 2 3 4 5 6 7 8 9 10 11
row 0 0 0 0 1 1 1 1 2 2 2 2

column 0 1 2 3 0 1 2 3 0 1 2 3

the function will create four new communicators: column0 = {a, e, i}, column1 = {b, f, j},

column2 = {e, g, k} and column3 = {d, h,m}. As can be seen this is a very powerful tool.
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