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ABSTRACT

Emerging quantum simulator technologies provide a new chafige to quantum many
body theory. Quantifying the emergent order in and predictig the dynamics of such com-
plex quantum systems requires a new approach. We develop Is@an approach based on
complex network analysis of quantum mutual information. Fist, we establish the useful-
ness of quantum mutual information complex networks by repducing the phase diagrams
of transverse Ising and Bose-Hubbard models. By quantifyinidpe complexity of quan-
tum cellular automata we then demonstrate the applicabilit of complex network theory to
non-equilibrium quantum dynamics. We conclude with a studyf student collaboration
networks, correlating a student's role in a collaboration etwork with their grades. This
work thus initiates a quantitative theory of quantum compleity and provides a new tool for
physics education research.

We nd that network density, clustering coe cient, disparity, and Pearson R correlation
show systematic nite size scaling towards critical point®f the transverse Ising model and
the Bose-Hubbard model. Using matrix product state methods ware able to simulate
lattices of hundreds of qubits, allowing us to verify the ctical point of the transverse Ising
model to within 0.001% of its known value. Furthermore, we d that complex network
analysis identi es the Berezinskii-Kosterlitz-Thoulescritical point of the Bose-Hubbard to
within 3.6% of its accepted value. Finally, we identify the bondary separating the Mott
Insulator phase from a super uid phase in the Bose-Hubbard rdel by extremizing network
density, clustering coe cient, and disparity.

After studying the static properties of quantum many body sytems, we study the entan-
glement and complexity generated by Hamiltonian based quann cellular automata. In
guantum cellular automata one de nes a set of local rules thaovern the evolution of the

guantum state. A site in a quantum lattice evolves if the setfosites around it are in certain



con gurations. Con gurations are de ned in terms of the nunber of sites in the \alive"
state about a site. We quantify entanglement in terms of theentral bond entropy, and
complexity in terms of persistent uctuations of the centrd bond entropy, complex network
measures of quantum mutual information networks far from thir values for random/well
known guantum states, and robust dynamical features. Thed#amiltonians are a gener-
alization of the Bleh, Calarco, Montangero Hamiltonian. Befre beginning our study of the
entanglement and complexity generated by these Hamiltoniarwe rst perform a conver-
gence analysis of the dynamics of the Bleh, Calarco, Montaerg Hamiltonian using an open
source matrix product state code, Open Source Matrix Produ&tates. We nd that the
Bleh, Calarco, Montangero Hamiltonian rapidly saturates th entanglement cuto of Open
Source Matrix Product States for all initial conditions studied and is thus not a viable nu-
merical method for studying the dynamics of quantum cellufeautomata. We conclude our
convergence study with a case study of an emergent quantuniniiler pattern also observed
in exact simulation and a case study of a nearest neighbor quam cellular automata. We
conclude that while for generic initial conditions Open Saue Matrix Product States is un-
able to meet its internal convergence criteria, for partidar initial conditions and quantum
cellular automata it is able to provide reliable estimates foentanglement and complexity
measures. The failure of OpenMPS to provide reliably convgd quantum states leads us
to study our quantum cellular automata using a Trotter-basd time evolution scheme.

We quantify the entanglement and complexity generated by 18ext-nearest neighbor
guantum cellular automata. We also de ne Goldilocks rulesules that produce activity at
a site if there are exactly the right number of alive sites inlte neighborhood of a site, not too
few, not too many. We identify a Goldilocks rule, rule 4, as t# best complexity-generating
rule out of the 13 rules tested, verifying our hypothesis thanly Goldilocks rules are com-
plexity generating. We also nd that non-Goldilocks rules énd toward thermalization as
quanti ed by reduced uctuations in the central bond entropy. We nd that both highly

entangled quantum states and lowly entangled quantum stagehave complex structure in



their quantum mutual information adjacency matrices.

Finally, in keeping with the strong physics education reseehn focus at the Colorado
School of Mines, we apply complex network analysis to a keyige germane to the student
experience, namely student collaboration networks. We cqmute nodal centrality measures
on the collaboration networks of students enrolled in threapper-division physics courses at
the Colorado School of Mines. These are networks in whichkbetween students indicate
assistance with homework. The courses included in the studye intermediate classical
mechanics, introductory quantum mechanics, and intermealie electromagnetism. We nd
that almost all of the measures considered correlate with alytical homework grades. In
contrast only net out-strength correlates with exam grade. The bene ts of collaboration
do not extend from homework to exams, and students who help neothan they are helped
perform well on exams. Centrality measures between simuftaous collaboration networks
(analytical vs. numerical homework collaboration) compesl of the same students correlate
with each other. Students take on similar roles in response tanalytical vs. numerical
homework assignments.  Changes in collaboration across seters are also considered
as students transition from classical mechanics in the falb quantum mechanics and elec-
tromagnetism in the spring. We nd the most frequent transiton is that students that
help many others and have high grades will continue to help mw others and have high
grades. Students that help few more frequently transitionrém low grades to high grades

than students that help many.
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CHAPTER 1
INTRODUCTION

Complexity is a di cult concept to de ne. There are precise c nitions of complexity.
For example, the authors of [1] adapt concepts from theoretl computer science in order
to provide a de nition of complexity. However, much researcmow advocates identifying
features of complexity rather than trying to provide a singt de nition of the concept. Such
features include systems with a hierarchy of scales like th@od webs of the Coachella Val-
ley [2], in which predator-prey relationships are modeledt anultiple trophic levels. The
interconnections of the internet also have a hierarchicatracture, with a global structure
connecting local networks [3]. Both of these systems cotn®§ many interacting components
that are connected in intricate ways [4]. The interconneatins and interdependencies of such
systems make them very di cult to predict and control, as desribed in [5, 6].

Conventional studies of single particle quantum mechanidgpically assume that only a
few degrees of freedom interact. The success of this assumpfor single particle quantum
systems has made quantum theory one of the most quantitativend predictive theories of
modern science [5]. For example the spectra of the Hydrogeroet can be accurately pre-
dicted by only considering the interaction between a singlelectron and a single proton, in
isolation from the rest of the universe. There have also besnccessful theories of quantum
many body physics, for example Heisenberg models describamgiferromagnetism. Heisen-
berg models describe interacting spins on a lattice in the g¢gence of a magnetic eld. The
spins of the Heisenberg model are all identical two-dimens& quantum systems. However,
generic quantum many body systems may involve the interaciis of many di erent types
of atoms or molecules. There may also be no clear distinctitietween the system and its
environment. Furthermore, the structure of the interactims between particles need not be a

simple lattice and may instead take the form of @omplex network[4, 7]. Already quantum



simulator technologies based on ultracold molecules [8]apped ions [9], and Rydberg gases
[10] have been developed that couple the degrees of freeddrhumdreds of individual quan-
tum systems. As we move towards more and more complex quantuystems, involving a
hierarchy of scales, diverse interacting components, andgtiuctured environment, we expect
to observe long-lived dynamical features, fat-tailed digbutions, and other key identi ers
of complexity [11, 6, 12]. How are we to synthesize and undeastl the data from these
emerging complex quantum systems?

Systems like the food webs of the Coachella Valley and the émhet are often studied
within the eld of complex network theory A network is any system that consists of a col-
lection of individual objects that have connections to eacbther. The individual objects are
termed nodes and nodes are connected bynks. The various species of the Coachella Valley
are the nodes of its corresponding network, and the predatprey relationships are the links
between nodes. The internet can be represented as a netwoykdonsidering individual com-
puters as nodes, and the wires connecting them as links. A fideepresentation of a network
is its adjacency matrix In the adjacency matrix entries are numbered by the nodes ihe
network and weighted according to the links between these des [4]. Complex network
theory quanti es the structure of complex networks via meages on the adjacency matrix.
Complex network measures likaetwork density clustering coe cient, and disparity have al-
lowed researchers to quantify the non-random structure obsial networks and the existence
of backbone structures in chemical reaction networks [134]1 Complex networks have been
studied in the context of quantum systems [15, 16, 17, 18, 19%or instance studies have
been conducted that \rewire" the couplings de ning the BosdHubbard model and the trans-
verse Ising model, structuring the couplings in their Hamitinians assmall world networks
(as social networks are structured), and examining the modations to nite temperature
and mean eld quantum phase diagrams [20, 21, 22]. Our workdases on utilizing and
developing complex network measures as new tools to quaytiie emergence of complexity

in quantum many body systems. We identifyjguantum mutual information as an e ective



choice for the adjacency matrix of our studies. Quantum mual information has been shown
to be a measure of the quantum and classical correlations peat between two subsystems
[23], and is bounded from below by any possible two point cetator [24]. By computing
complex network measures on quantum mutual information nebrks we provide a succinct
description of the structure of correlations in quantum sysms. Furthermore, classical mu-
tual information, the classical analog of quantum mutual iformation, is a well-established
and useful tool in complex network based diagnostics of thedin [25]. Finally, independently
of complex network theory,information theory forms the basis of many quanti cations of
complexity [1, 12, 26].

Information is a measure of the average unexpectedness of measuremettooues. For
instance, if one ips a fair coin, where the probabilities oheads and tails are equal, one is
maximally surprised by the result. Compare this to a biasedoin where the probability of
heads is equal to 0.9, and the probability of tails is equal t0.1. Most ips of this coin will
result in heads, which is the less surprising result, howeveccasionally the result will be
tails, the more surprising result. Another way to state this $ that information quanti es
how much we learn on average by repeated measurements of i@ndevents. The de nition
of information is very general, and so it is applicable to mandi erent systems. Mutual
information is a measure of the correlations between events. It is de ned terms of the
shared information of independent systems. That is, one majompare the measurement
results of simultaneously ipping two coins and nd that the result of one coin tends to
predict the result of the other. Both information and mutualinformation have been used as
complexity measures in classical complex systems, for iaste [27] applies both to quantify
the complexity of classical cellular automata. Mutual infamation has also quanti ed the
correlation between voltages of di erent regions of the bma predicted by simulations as in
[25]. Furthermore information theory has been used to quaifi complexity of arbitrary data,
for instance [26] de nes complexity in terms of an entropy deed over the probability of

an epsilon machine being in a particular causal state. An efisi machine predicts the data



that it will observe in measurement via a model it constructsThis model consists of causal
states and transitions between these causal states. Thertsition between causal states of an
epsilon machine results in the emission of data. This datatise epsilon machine's prediction
of the data it will observe in experiment. Other researcheisave also de ned complexity in

terms of entropies over ensembles of data [12].

Our work does not focus on providing a precise de nition of coplexity, rather we quan-
tify an important aspect of complexity, connectivity, by sudying the structure of quantum
mutual information complex networks. Our complex network ased approach does not de ne
a single scalar measure of complexity, rather di erent conigx network measures characterize
di erent aspects of the structure of correlations of quanton mutual information networks.
Furthermore, by considering all two-point correlations snultaneously one can de ne order
parameters for non-translationally invariant systems, foexample of the kind described in
[28]. This is particularly useful for studying simulationsof quantum dynamics where the
entanglement may become clustered or localized to a partlau region. Complex network
analysis thus gives a more complete description of quantumamy body states than has been
studied previously.

In Chapter 4 we quantify the ability of complex network meastes to detect emergent
phenomena in quantum systems by applying them to reproducéd known quantum phase
diagrams of the transverse Ising and Bose-Hubbard models. \Bphasize that both these
models are studied heavily in quantum simulator experimestand are standard workhorses
of quantum many body physics [29, 8, 9, 30, 31]. Quantum phas@nsitions are collec-
tive phenomena, in which an entire quantum many body groundae undergoes an abrupt
change at a quantum critical point. In classical systems pka transitions are often driven
by temperature. For instance as temperature is increasedeienelts into water and water
evaporates into steam. However quantum phase transitionsag at absolute zero tempera-
ture. Instead of temperature, the phase transition is indwed by magnetic elds or quantum

mechanical tunneling of particles in optical lattices [3233]. The transverse Ising model is



a model of 1-D ferromagnets like CoNi®g [32]. Moreover the emphasis in quantum phase
transitions is on second-order transitions, which exhibi&n abrupt change in the correlation
structure: for instance, a correlation length may divergetaa critical point. The transverse
Ising model consists of interacting spins on a 1-D lattice ithe presence of an external mag-
netic eld. The spins minimize energy by aligning their spia with their nearest neighbors,
thus forming a ferromagnet. However as the external magnetield grows in strength it
tends to align the spins perpendicularly to the axis of magtigation, disordering the spins
with respect to this axis due to the Heisenberg uncertainty pmciple. This disorder results
in a quantum phase transition from a ferromagnet to a quanturparamagnet at a particular
strength of the external eld, with an accompanying changenicorrelation structure [34]. The
Bose-Hubbard model can be realized by atoms trapped in 1-D agal lattices [33]. These
lattices are standing waves of light. The troughs or peaks tifese waves form potential wells
in which atoms are trapped. By tuning the properties of suchattices experimentalists can
change the depth of the potential well allowing atoms to tunel between nearest neighboring
wells [35]. As the particles become more free to move about theD lattice they undergo
a transition to a super uid in which all atoms occupy the sameadelocalized single particle
state [35].

Conventionally quantum phase transitions are studied viaraorder parameter de ned in
terms of local observables, or in terms of long range corretens. Recent work has shown
that entanglement measures like concurrence, von Neumannrepy, and quantum mutual
information can identify quantum phase transitions [36, 3738]. Note that we refer to
guantum mutual information as an entanglement measure siadf the entire system is in
a pure quantum state non-zero quantum mutual information beeen any two subsystems
implies the pure quantum state is entangled. However, this s not necessarily imply
entanglement amongst the subsystems, since quantum mutuaformation quanti es both
guantum and classical correlation amongst subsystems [3Bince entanglement measures

like quantum mutual information are non-local, they charaierize the collective response of



guantum systems to external perturbations. Furthermore, m@anglement measures are not
de ned in terms of any particular observable and so they haveeen used to identify quantum

phase transitions in both transverse Ising and extended Hubld models. However, no work
has yet considered the quantum mutual information betweernlldattice sites simultaneously.

By studying quantum mutual information complex networks wesummarize the collective
and emergent response of quantum many body systems as theydergo quantum phase
transitions.

Having established the ability of complex network measures detect emergent phenom-
ena in quantum many body systems, in Chapter 6 we quantify theomplexity generated by
Hamiltonian-based quantum cellular automata (QCA). These cantum cellular automata
are generalizations of the Bleh, Calarco, and Montangero /1) Hamiltonian introduced in
[40]. Quantum cellular automata are inspired by classicakfiular automata like Conway's
game of life [41], in which simple rules govern the evolutiart a two-dimensional grid of cells.
Considering the possibility that simple quantum-mechanal rules could simulate arbitrary
guantum systems lead Feynman to propose the possibility ofumiversal quantum computer
in [42], initiating the eld of quantum computation. The simple rules of Conway's game of
life give rise to remarkably complex patterns, like blinkex that oscillate at a xed position,
gliders that travel across the grid, and even universal comjers [43]. Besides generating
complexity, classical cellular automata have also been adeoped to model phenomena as
diverse as surface growth, percolation, forest res, Isingpin dynamics, tra c, and strings
[44]. Since simple rules give rise to complex dynamics in feeclassical automata, one may
expect that quantum cellular automata will also give rise tacomplex dynamics. We both
con rm and constrain this expectation in Chapter 6 by identiying multiple rules that give
rise to complexity. Complexity is quanti ed by robust emerg@nt dynamics, quantum states
far from known/random states, and persistent uctuations & the central bond entropy. In
[45], rule 6 (out of 16 reversible nearest-neighbor 1D ru)esas identi ed as the only rule

that generated robust and complex dynamics as we quantify chapter 6. Rule 6 belongs to



a class of rules known a&oldilocks rules Goldilocks rules are rules that produce dynamics
when there are just the right number of sites in the neighbodod of a site, not too few, and
not too many. Extending the work of [45] to Hamiltonian next-rarest neighbor QCA we
hypothesize that only Goldilocks rules will be complexity gnerating. Furthermore, we hy-
pothesize that non-Goldilocks rules tend towards thermalation as quanti ed by reductions
in entropy uctuations. Unlike classical mechanics, in qualmm mechanics entanglement
becomes possible. Therefore in Chapter 6 we also study théat®nship between entangle-
ment and complexity, addressing the question, \Is completyi lowly, highly, or both lowly
and highly entangled?" Such questions of entanglement det@ne the ability to follow the
dynamics of such systems on classical computers: in otherrd® is a quantum computer
required to study quantum cellular automata in no, few, manyor all circumstances? They
also help us to understand how quantum complexity limits tolassical complexity, as there
may be features of quantum complexity that are only presenhihighly entangled systems.
This work will make use of tensor network methods (di erent han complex network
methods) to e ciently simulate on a classical computer the gponentially large Hilbert spaces
that arise in the study of quantum many body systems. Tensoretwork methods rely on the
singular value decomposition as a method of data compression the quantum state [46].
They allow us to nd ground states and time evolved states uret various Hamiltonians for
hundreds of lattice sites. Tensor network methods theref®eigo beyond exact diagonalization
methods which are only capable of simulating approximatetirty qubits due to the memory
required to store the quantum state. Such methods also allder the e cient computation
of local observables and two-point correlators. An importdrdimitation of tensor network
methods is that they are only able to e ciently represent quatum states that obey an
area law. These are quantum states that have entropy of sulségms proportional to the
boundary of those subsystems; in nature, we nd such area lavior instance for black holes,
where entropy is contained on the surface, not in the intenig47]. Since the ground states of

many physical many body Hamiltonians obey an area law [48], veee able to conduct our



study of quantum phase transitions in Chapter 4 using an opesource matrix product state
code, Open Source Matrix Product States (OpenMPS) [49]. Thcode is formulated in terms
of tensor networks and is written and maintained by former ah current group members of
the Carr Theoretical Physics Research Group (CTPRG). Using @nMPS we compute both
local and non-local observables, as well as measures fronargum information theory like
guantum mutual information. Thus OpenMPS enables us to studsystems consisting of
100's of spins and 100's of particles in Chapter 4.

While tensor network methods have been successful in the syuof physically motivated
guantum states, like the ground states of transverse Isinghd Bose-Hubbard Hamiltoni-
ans, before this thesis there have been no systematic comerce studies of the dynamics
generated by Hamiltonian-based quantum cellular automatasing tensor network methods.
Therefore in Chapter 5 we test whether the BCM Hamiltonian (a gantum cellular automata)
can be e ciently simulated using OpenMPS. We demonstrate tat OpenMPS is not capa-
ble of e ciently simulating the dynamics generated by the B Hamiltonian for arbitrary
initial states because for nearly all of the initial conditbns we study the BCM Hamiltonian
generates too much entanglement. Since OpenMPS is not abbedccurately represent these
highly entangled quantum states we study the entanglementydamics of Hamiltonian-based
guantum cellular automata in Chapter 6 using a Trotter-Exattime evolution scheme. We
conclude Chapter 5 with two case studies. In a case study of aamntum blinker pattern
we nd that OpenMPS is able to accurately compute complex netork measures and the
frequency and amplitude of uctuations of the central bond etropy. Although typical initial
conditions result in dynamics too highly entangled for OpeviPS to accurately simulate, this
single exceptional initial condition produces dynamics tt OpenMPS is able to accurately
follow. Next in chapter 5 we perform a case study of a Hamiltonmaversion of rule 6 of [45].
We nd that in contrast to the BCM Hamiltonian, the rule 6 Hamilt onian does not generate
highly entangled states, at least for a single initial conton. These two case studies set

the stage for the more detailed study of Chapter 6 where we qudy the complexity and



entanglement generated by 13 Hamiltonian-based QCA.

Finally, Chapter 7 of this thesis applies complex network thay to student collabora-
tion networks (SCN), as an application of complex network mébds to physics education
research, an important focus of the physics department at ¢hColorado School of Mines and
the CTPRG. Our study of SCN focuses on how the importance of &uslent to the structure
of SCN correlates with a student's performance in coursevkorCorrelating nodal centrality
measures with student grades allows us to evaluate whetheellsconnected students have
good grades, and our attention to homework vs. exam gradesoals us to study how col-
laboration impacts student grades when students are with anwithout their collaborators.
Furthermore, we quantify how students collaboration straggies change between semesters,
and observe how this relates to changes in the grades of stotdebetween semesters. Many
of these ideas seem straightforward, however hardly any Wwadnas been done to understand
the in uence of student collaboration on student grade, werlow of only one prior work [50].
By applying the new tool of complex network theory to studentollaboration networks we
0 er new

By applying complex theory to both static and dynamic quantmm mutual information
networks we provide new tools for the analysis of complex quam systems. Our proof of
principle study of the ground state properties of the transsrse Ising and Bose-Hubbard mod-
els establishes the relevance of complex network theory toajptum systems. By quantifying
the complexity of quantum cellular automata we show that coplex network analysis is also
an e ective approach to analyzing equilibrium quantum dynenics. Our complex network
based approach also allows us to quantify how a student's eoln a student collaboration
network correlates with their grades. While the collaboratin of students on quantum me-
chanics homework seems to have nothing to do with quantum niemics itself, our work
demonstrates that complex network theory presents a commapproach to studying such
disparate systems. Finally, in the appendix we provide a dedtion suggesting a future

direction for research, continuous quantum games of life.



CHAPTER 2
FROM INFORMATION THEORY TO TIME EVOLUTION METHODS:
THEORETICAL TOOLS

In this chapter we introduce the theoretical tools that willbe used in the remaining chap-
ters. We start by de ning the term information within the context of classical information
theory and show how this connects to quantum information thay via von Neumann en-
tropy. We also introduce complex network theory and demonstte how it may used to study
networks of quantum mutual information. Next we provide a bef discussion of quantum
phase transitions and nite size scaling theory. We then prade de nitions of both contin-
uous time Hamiltonian-based quantum cellular automata andiscrete time unitary-based
guantum cellular automata. The chapter concludes by desbing the numerical methods
behind Open Source Matrix Product States and the Suzuki-Ttter expansion used to evolve

Hamiltonian-based quantum cellular automata.
2.1 Classical Information Theory

The information to be gained by performing measurements on a discrete randoariable

X with outcomesx is de ned as [51]

X
S(X) = p(x) log(p(x)): (2.1)

X

S is termed the information or entropy of the corresponding mbability distribution p(x).

Entropy measures how random a probability distribution is.If there are N outcomes of the
random variable X and all are equally likely thenS = log(N) as calculated in Eq. (2.2).
This is the connection of information to the entropy compute in statistical mechanics, where

S = kg log().

N1 .
= 09§ =log(N): (2.2)
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The formula S = kg log() is therefore due to the assumption that every con guration of a
thermodynamic system is equally likely.

Another way to think of information is as the average number ofuestions one must
ask about the outcome of a random variable to uniquely iderfiyi the outcome using the
most e ective line of questioning. If we set the base of the dgarithm to 2 then the unit of
information is bits, and therefore our questions are all yesr no questions. For example,
given two biased coins one may nd that the probability of therst coin landing tails and
the second landing tails igor+ = 0:5. Similarly one may nd that the rst coin lands heads
and the second coin lands heads with probabilitpyy = 0:5, so that pyt = pry = 0:0.
The most e ective question to determine the outcome uniquglis \Did the second coin land
heads?" This will uniquely determine the state of both coinand so one always requires 1
bit to uniquely identify the state of the coins. Computing the entropy we nd that

1 1
S= 25 |Og2 é =1: (23)

The entropy formula identi es the average number of questits one must ask to identify the
outcome of a random variable. Given two random variable¥ and Y, there may be corre-
lations between the measurement outcomes ¥f and the measurement outcomes of. For
instance, in the previous example the outcomes of the two osiare correlated. The coins
always land eitherHH or TT, but never HT or TH. The quantity that quanti es the cor-
relation between the measurement outcomes of two random ialrles ismutual information.

Mutual information is de ned as
F(X;Y)=S(Y) S(YjX)=S(X)+ S(Y) S(X;Y): (2.4)

Where S(YjX) is the conditional entropy and is de ned as [51]

S(YiX)= p()S(YjX = x) = P p(yix) log(p(yjx)) : (2.5)

X X y

Wherep(yjx) = B%. The conditional entropy S(YjX ) is the average entropy of the random

variable Y upon reconditioning of its probability distribution on the outcomes ofX. The
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mutual information between two random variables is maximed whenS(YjX) = 0. This
only occurs when each outcome of uniquely identi es the outcome of Y. The mutual
information is minimized whenS(YjX) = S(Y). This only occurs when the outcomes of
do not modify the probability of outcomes ofY. Therefore the mutual information between
two random variables tells us how much measurements on onerighle tell us about the
measurements of another variable. The two coins that alwayand either TT or HH have
1 bit of mutual information. To compute this we must rst compute marginal probability
distributions of each coin. Both coins haver = prr+ pry =0:5, andpy = pyn + pur = 0:5.
If their measurement outcomes are considered independgntlach have entropyS = 1. The

mutual information between the two coins is

L(X;Y) =21+ py prju log(Erjn) + Prjn 10g(PHH) + Pr PrjT 10g(PrjT) + PrjT l09(PHjT)
(2.6)

=1+0+0=1 : 2.7)

Where 0log(0) 0 since lim, ¢xlog(x) = 0. Mutual information quanti es the correlations
between measurement outcomes on two random variables. If yst&m consists of many
random variables with probability distribution px,.x,:x,, then one computes the mutual

information between any two random variables by computinghe marginal probability dis-

tributions py;:x;, Px;,» and px,, and computing Sx;x ;, Sx;, and Sy; .
2.2  Quantum Information Theory

In quantum theory the state of a system is an element of a Hilbespace,j i2H . We
will always assume the Hilbert space can be written as a tensproduct over local Hilbert
spacesH = L, H; each spanned by a basiB; and of dimensiond = dim (H;). These local
basis vectors correspond to the set of measurement outcornaeghe local degrees of freedom.
When d = 2 the local state of sitei is spanned by the state$0i and jli. The statesjOi and

j1i form the standard basis for the local state space of dimensi@,

j i = GojOi + cyjli (2.8)
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Such an object is referred to as a qubit, short for quantum hitThe basis vectors of the full
guantum state are tensor products over the basis vectors did local Hilbert spaces. As in
the classical case we will de ne an entropy that quanti es tb randomness of measurement
outcomes. However in quantum mechanics the state of the systesnquanti ed by a set of

complex probability amplitudesc;, not by a probability distribution,

)QL
ji= G jii : (2.9)

i=1
However for any quantum statg i there is a corresponding density matrix = j ih j2
L(H). The density matrix is a positive semi-de nite operator onthe Hilbert space with

Tr(”) = 1. Thus the density matrix can be written as

X . . .
n= b kih (2.10)
K

P
Where 2 [0;1], and |, « =1. One can interpret | as the probability that the system is
in the statej «i. Interpreting the | as probabilities one de nes the von Neumann entropy

of a density matrix as the entropy of its eigenvalues,

XL
S(M) = klogy () : (2.11)
k=1

Note that for pure states = j ih j, so that S(*) = 0. As in the classical case we want
to quantify the correlations between subsystems of the latle. The state of a subsystem is
computed by computing the partial trace of { tracing out the degrees of freedom outside
of the subsystem. The partial trace is analogous to the clasal procedure of computing a

marginal probability distribution, it is de ned linearlyon L(H = Hy H ),
Trg (jaiihaj j hihbj) = jaihajhajjhi : (2.12)
The subscript on Tr denotes the Hilbert space to be traced outhe resulting operator

jaitha;j 2 H o. The reduced density matrix associated with a single siteis de ned as the

partial trace of ~ over all sites except sita,

N =Trei ™ (2.13)
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Similarly we may compute the state of any two site subsystenyliracing out the degrees of

freedom of all sites except sitesand |,
No=Tr e ™ (2.14)
The single-site von Neumann entropy is denoted as
S = S("); (2.15)
while the two-site von Neumann entropy is denoted as
Sij = S(%): (2.16)
Finally, the reduced density matrix associated with the inteval [1;L=2] is denoted by

Nit=2) = Tr js1= 2 (). We denote the entropy of fi. -=2) by Spond,
Svond = S(M1L=2)) (2.17)

Throughout the remainder of this thesis arS with a subscript indicates the von Neumann
entropy of a subsystem of a quantum lattice and not the clagsl entropy. In Sec. 2.6 we
introduce a rule numbering scheme for the quantum cellulaugomata we de ne and denote
rule numbers by the symbolS; this can always be distinguished from the von Neumann
entropy of a subsystem as it never has a subscript.

The quantum mutual information between any two sites and j is de ned in terms of
the entropies of the individual sites and the entropy of theites jointly. In analogy with Eq.

2.4)
I i = %(S, + Sj Sij) . (218)

The quantum mutual information is bounded from below by all qual time two point cor-
relators de ned on the degrees of freedom of sitésand j [24]. Theseg® correlators are
measures of noise on top of the density measurement of a quantstate. For instance to
measureg® in experimental measurements of matter density of a condexte one subtracts
the local mean density to computeg® = Mh;i h Ajihn;i [52]. In this thesis we multiply

the quantum mutual information between any two sites by 32, so that 0 | 1. An
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interesting subtlety in the de nition of quantum mutual inf ormation is that Eq. (2.4) can be
guantized in more than one way, this has led to the de nition bquantum discord as de ned

in [53].
2.3 Complex Network Theory

A Network a.k.a. Graph is a collection ofnodes and links. A graph G is denoted as

follows
G=fV;Eg: (2.19)

WhereV is the set of nodes andk is the set of links connecting nodes. In the simplest case
a links is not directed, and it connects only two nodes to eadther, we can summarize these

facts for a particular link E; 2 E by the following equation
Ei=(vyvo) = (Vo ve) (2.20)

wherev; and v, are two nodes, that isvy;v, 2 V.

A less abstract description of a network than the set of nodesd links that it consists of
is the adjacency matrix of the graph. For each node in the nebsk there is a corresponding
row in the adjacency matrix, adopting some ordering of the mesv;;v,;::;;v, we de ne
Ay =1if Ex = (vi;vy) 2 E, and Aj = 0 otherwise. Many real world situations can
be described by networks. For example the nodes in a networlinccorrespond to people,
where the links summarize the pattern of friendship betweethem. In Chapter 7 we study
student collaboration networks, where a link correspondse tassistance. If one student assists
another student with homework a link is placed between thesstudents. Note that this is
not a symmetric relation,i helpsj does not implyj helpsi. This is the de ning feature of a
directed network, its connections are asymmetrical. Thef@re, for directed networks one says
that a link goes from node to nodej to indicate the direction of the link. Perhaps each node
in a network represents a state of a situation and each link represents the interconnection of
these states under the Hamiltoniamd of that physical situation. Sometimes it makes sense to

say that a connection is stronger or weaker. For instance t&in friendships may be weaker
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or stronger than others depending on how much two people likach other. To model this we
can introduce a weight to the links representing a friendshi These could be real numbers
between 0 and 1, with O corresponding to two people without aéndship and 1 corresponding
to connection between best friends. The quantum mutual infomation networks de ned in
Sec. 2.4 are of this weighted form. There the weight of a comtien is a summary of
the correlations between two sites. From our analysis of gom mutual information we
would like to determine the location of quantum critical paints and understand whether our
time evolution schemes generate a new physical class of statlisplaying high complexity
and non-random structure. Complex network theory is a natal tool for our study because
researchers have developed quantitative measures like ttestering coe cient to distinguish
between random and non-random networks.

One way to de ne a random network is as follows: take a set of nodes and place a
link between any two of the nodes with probabilityp. The number of connections of a node
is termed the degree of the node and is denoted ky The network resulting from placing
connections will have a Poissonian degree distribution @s! 1 . The degree distribution
of a network ofn nodes is equal to [4]

Zke p(n 1) .

n (2.21)

D = E L p" "
This result helps quantify what researchers mean when thewysthat the connections in a
network are non-random. Often complex networks have more d@s of a higher degree than
would be expected by assuming that connections are formedrandom. For example many
networks have degree distributions that follow a power-lavior large values ofk. However
measures like the clustering coe cient o er a more quantitéive means of quantifying non-
random structure than comparing probability distributions.
An example of the usefulness of scalar measures like the cdustg coe cient is the
development of small world networks by Watts and Strogatz. iey demonstrated that their

small world parameterization of complex networks could elan the high clustering and
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low characteristic path length seen in social networks as ropared to random networks
[13]. To construct a small world network one begins by initizing a network in which c
nearest neighbors are connected. One then rewires connaas$i with a certain probability
by replacing each link with a link connecting two nodes choseuniformly at random [3].
When this probability is equal to zero one recovers the initlacondition of the network,
a state in which c nearest neighbors are connected. As this probability apprdaes 1 the
network becomes a random graph. By using measures like thestering coe cient and
characteristic path length Watts and Strogatz were able to wpntitatively show that many
real world networks have non-random structure. They also émd that this structure held

implications for disease spreading and synchronizationrass nodes [13].
2.4  Quantum Mutual Information Networks

To understand the structure of correlations of quantum manyody ground states we will
study the quantum mutual information between every pair ofdttice sites in 1-D quantum
systems. For the systems under discussion we will always asguthat = j ih j. The
guantum mutual information network | is a subtle quantity to interpret. Let us progress by

looking at examples.
2.4.1 Networks of two spins
The quantum state of two qubits can be written as
j i = CopjO0 + Cp1jOli + C10j10 + Cp1j1di : (2.22)
The most general state that will exhibit no correlation between two sites is
j 1 =(cj0i + cpjli)(dojOi + dypjli) (2.23)

with all ¢;d2 C, and allji2 H . To construct the adjacency matrix describing the correla-
tions between two qubits we will compute the quantum mutualnformation between them.
All states that can be factorized into the form of Eq. (2.23) hee quantum mutual informa-

tion between qubits of zero, that isl j =0 for all i;j . Pure states that can be factorized in
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this way are called product states. All other states are catleentangled. Note that we set
| i =0 by convention, although Eq. (2.18) would resultinl j = §+S; S = §;. Thatis one

learns as much about the state of the universe at positianas one would if they measured
the state of the universe at positioni. In contrast to product states, the spin singlet is a
state of two qubits that features maximal entanglement beteen the two qubits. The spin

singlet is

i i=p=(jol j 10) : (2.24)

il

The density matrix » of the spin singlet is therefore
Ajoih o= %(jojj j 10) (Y h 10) (2.25)
= %(jOJj hOl j 01ih1Qg j 10h0Y + j1Gh10) : (2.26)
The reduced density matrix for the rst spin is
MN=Trip = %(jOi hOjhljjli j Oihljhljjoi j 1ihOjhOjjli + j1lih1jh0jj0i) (2.27)
1
= é(jOI hQj + jlihl)) ; (2.28)
and the reduced density matrix for the second spin is
N=Trimg M= %(jlihlj hOjjOi j 1ihQjh0jjli + jOihljhljj0i + jOihOjhljjli) (2.29)
i
= é(jOI hQj + jlihl)) : (2.30)
Using Eq. (2.18) we nd that | 1, = 1. Before the quantum mutual information is multiplied
by a normalization factor of% the singlet has quantum mutual information equal to 2 bits.
This indicates the non-classical correlation of this quaotn state. Classically the mutual
information between two observed random bits is maximally.1The di erence in quantum

mechanics is that the combination of two subsystems with marally random states does not

result in a maximally random state of the entire system. Forkte spin singlet the quantum
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state of the entire system is a single quantum state with erdpy S(j ih j) = 0. This feature
of quantum mechanics has no classical analogue and is duetamtum entanglement between
the two qubits. Completing the entries for the quantum mutudinformation adjacency matrix
we havel 1, = 1,3 =1 and | ;; = | ;, = 0. Our adjacency matrix for the spin singlet is thus

_ 01 .
= ] 5" (2.31)

We generalize the spin singlet by parameterizing the relag weight betweenjOli and j10i

by and allowing for a relative phase between the two states. The resulting state is
j ()i=cos()joli +sin( )e j10 ; (2.32)
this has reduced density matrices,"= "5, with
A = cos ()?j0ih0j +sin( )?j1ihyj : (2.33)
The resulting von Neumann entropy is equal to
S;= cos()?log cos()®> sin()?log sin()? ; (2.34)

so that the quantum mutual information between two such qults is

0 S
I s, 0 (2.35)
The quantum mutual information between the two qubits is madnized when = =4, where

] (=4)i is the spin singlet state, and is minimized when = 0; =2 where the quantum state
factorizes. In Fig. 2.1 we show how the quantum mutual informi@an between the two qubits
changes as a function of.

In Sec. 2.4 we have studied the quantum mutual information m&orks of simple quantum
states. In Sec. 2.5 we provide a de nition of quantum phaseansitions. In Chapter 3 we
will de ne useful measures on quantum mutual information goplex networks. Finally, in
Chapter 4 we will apply these techniques to nd the critical pints of two quantum many

body Hamiltonians.
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Fig. 2.1: Quantum mutual information between two qubitsThe quantum mutual information
between two qubits is maximized when the statg®1li and j10 are in equal superposition,
and minimized for either state alone.

2.5 Quantum Phase Transitions

A quantum phase transition is a non-analyticity in the groundstate energy of an in -
nite lattice system [34]. Near a quantum phase transition théength scale characterizing

correlations diverges according to a power law as de ned imgE(2.36) [34]
Yoig g (2.36)

where g is some parameter of a model Hamiltonian. For example in theansverse Ising
model an external eld g disorders spins in thez-direction. For small external eld strength
spins spontaneously align along the-direction. For large external eld strengths thez
components of spins become disordered and the ground staitees a paramagnetic phase.
In the disordered phase, correlations decay exponentialig summarized in Eq. (2.37), while

in the ordered phase, the degrees of freedom become corezladcross the entire system [34]

hoj A7z o el i = (2.37)

For g < 1, the divergence in the length scale of correlations at theigntum critical point

of the transverse Ising model gives rise to a non-zero valuean order parameter as de ned
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in Eq. (2.38)
lim b0 7 7,00 = (1 @) (2.38)
While forg > 1, limy,y 1) ¢ £ ,]0i = 0. The transverse Ising quantum phase transition is

a second order phase transition, therefore a divergence wcin the derivative of the order

parameter, as shown in Eq. (2.39)

d. -zz--_d oN1=4 _ g 2\ 3=4.
d_gnl!lin o 4,0 = d_g(l g) = 7(1 9°) : (2.39)
The divergence in the derivative of the in nite range correltions gives rise to a nite size
scaling law [54]. The e ective critical point of a nite sizesystemg.(L) is displaced from

the thermodynamic critical point g. according to the equation
G(L)= g+ AL 7 : (2.40)

In Chapter 4 of this thesis we will apply nite size scaling aalysis to complex network
measures applied to quantum mutual information adjacency atrices of nite systems in
order to estimate the location of quantum critical points intwo model Hamiltonians, the
transverse Ising model and the Bose-Hubbard model. For the BKtransition studied in

Chapter 4 we use the same form for the scaling law
(J=U)¢(L) = (J=U).+ AL ¥ : (2.41)
However the BKT transition \does not yield a singularity in ary derivative of the ther-

modynamic potential at the transition, and therefore is somtimes called an in nite order

transition."[55] Therefore Eq. (2.41) is only an ansatz.
2.6 Quantum Cellular Automata

In this section we de ne two types of quantum cellular automi@, Hamiltonian-based
guantum cellular automata and unitary-based quantum cellar automata. Inspired by Con-
way's game of life Bleh, Montangero, and Calarco created tieCM Hamiltonian shown in

Eqg. (2.42) [40]. A site can either be in the dead staf®i or the alive statejli. If a site has
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two or three neighbors in the alive statgli then this site undergoes evolution according to

the term f§ + &, otherwise the site remains static. The BCM Hamiltonian is deed as

VS
=" B+ NOP+X® (2.42)
i=1
Where I\'I\i(z) Is the projector onto the subspace spanned by states in whiglte i has two
neighbors in the alive state and\’l\i(e‘) is the projector onto the subspace spanned by states in
which site i has three neighbors in the alive state. The neighborhood dfesi of the BCM
Hamiltonian is de ned as all sites within two lattice spacing of sitei, N; f j :0<ji jj

|
29. Note that B;f =oforie j, B)2=()2=0 fhifg=1 andn Bh. The

operators I\'I\i(z) and I\'I\i(3) can be written in terms of number operators as
@) X
N = A HA o ph Gy N o) (2.43)

and

X
l\ll\i(3) = ﬁ (i)ﬁ (i 1)h (i+1)ﬁ (i+2) (244)

where the sums over and denote the sum over all permutations of the site indices and
wherefi;, 4 A;. This amounts to ‘2‘ = 12 terms for l\’l\i(z), and ‘3‘ = 4 terms for I\'l\i(s).

Generalizing the BCM Hamiltonian we study Hamiltonians of théorm

H=X h+® R: (2.45)

We refer toﬁ + ﬁv as the main operator andIQi as the rule operator of our Hamiltonian-
based QCA. The operatorR; de nes the conditions for activity at site i in terms of the
neighborhood of sitei. The neighborhood of sitd is dened asN; f j:0<ji jj rg.
The operatorﬁ + ﬁv de nes the action of the Hamiltonian at sitei. It maps jOi!j 1i and
jlLitj Oi. That is, it swapsjOi with jli and no superposition is induced. In the standard

basisf) + & has matrix representation

h i
ﬁ+ﬁVB‘: (1)(1) : (2.46)
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When the Hamiltonian is exponentiated to form the propagatoﬁ +f){v induces a superposition
of jOi and jli at site i if the conditions of the neighborhood are right as determimkeby the
rule operator. The operatorl‘«)i is the rule operator de ning the conditions for activity at
site .

r

R=" NI (2.47)
i=0

with ¢ 2 f0;1g. The symbolN")" denotes the projector onto the subspace in which site
i hasj neighbors in the alive state. If the number of neighbors oftsii in state j1i is |
then N0 = 4, otherwiseN,")" = 0. The activity of a site is determined only by the total
number of living sites in the neighborhood of that site. I = 0 a site is inactive if there are
exactly| living sites in the neighborhood of sit¢. If ¢, = 1 a site is active if there are exactly
j living sites in the neighborhood of a site. Such rules are dogous to the classical totalistic
automata de ned in [56]. However, the dynamics of our Hamiltaan-based quantum cellular
automata are di erent. Firstly, under continuous time evoluion the main operator induces
local superposition betweenOi and jli. Secondly, as the main operator of site induces
superposition at sitei the rule operators of sited +1 now sees a superposition at site Since
the di erent states composing the superposition will have icerent numbers of living sites
in the neighborhood of sitei + 1, R;.; may determine sitei + 1 to be active in some and
inactive in others.

We enumerate our rules in terms of the binary expansiagy, c, 1:::C:::¢Co Of each rule,

R= ¢2: (2.48)

For instance the BCM Hamiltonian hascy = ¢, = ¢4 = 0 and ¢ = ¢ = 1. Therefore its
binary expansion isc,C3C,¢1Cy = 01100. Its resulting numberisR=12=0 2°+0 2+
1 22+1 2340 2% The quantum state of Hamiltonian-based quantum cellular aomata

evolves according to the Schredinger equation, since our idtonians are time independent

i ()i=e My (0)i: (2.49)
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Unitary-based quantum cellular automata are de ned in a sinf@r way to Hamiltonian-
based quantum cellular automata. In Hamiltonian-based quamm cellular automata we
de ne the conditions for activity at site i in terms of projectors de ned on the neighborhood
of site i. In unitary-based quantum cellular automata we instead dene the conditions
for application of the unitary operator ¥} to site i in terms of projectors de ned on the
neighborhood of sitei. Therefore V), is like the main operator of our Hamiltonian-based
QCA: it performs the action. We will refer to such operators asnain operators in the
context of both Hamiltonian and unitary-based QCA. For neardsneighbor unitary-based
quantum cellular automata the rule de ning the conditions ér application of ¥, can be
encoded into a 2 2 matrix S with elementssy,, 2 f 0; 19 [45]. The operator applied to sites
i 1;i;i +1 to update the state of sitei is

Xt
0s(9); jmihmj, ;O™ j nihnj,, ; (2.50)
m;n =0

whereV™ is either V; or the identity operator as determined bysn,
VM = s+ (1 s (2.51)

Instead of evolving the entire lattice simultaneously, in nitary-based quantum cellular au-
tomata the lattice is evolved by rst evolving all even siteghrough an entire discrete time
step, and then evolving all odd sites through an entire disete time step. This is referred to

as the alternate (ALT) mode of a quantum cellular automata [4b

Y Y Y
j (t+1)i= Os(¥)j ()i Os(Mioc  Os(0)ij (1)i: (2.52)
i2ALT i0062=1 1%2=0

The unitary-based quantum cellular automata we study have @i erent enumeration
scheme than the Hamiltonian-based quantum cellular automat The rule number of a
unitary-based quantum cellular automata is de ned in termsof the matrix elements ofS,

speci cally [45]

S= 31123 + 31022 + 50121 + 30020 . (253)
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In Chapter 6 we will study the equilibrium entanglement progrties of unitary-based QCA.
In contrast to Hamiltonian-based quantum cellular automatawhere the main operator is
B+ B(V for unitary-based quantum cellular automata we will studythe dynamics generated
with ¥, = HpP( ) as the main operator. The operatotlp, denotes the Hadamard gate.
The Hadamard gate mapg0i ! 1=Io 2(jOi + j1i) and mapsjli! 1:p 2(0i j 1i), placing

states in equal superposition. In the standard basip has matrix representation

1 1 1
Ho=ps 1 oy (2.54)

The superposition induced by p highlights an important di erence between Hamiltonian-
based and unitary-based QCA. In Hamiltonian-based QCA the s@pposition results from
continuous time evolution, even for the main operato‘l\q + B{V For unitary-based QCA using
fi + & as the main operator does not result in superposition sinfe+ ' just swapsjoi with

j1li. The resulting time evolution is entirely classical. Ther®re in unitary-based QCA it is
necessary to use operators likdp to induce superposition. The operato®( ) is a phase
shift gate with phase shift . It maps j0i ! j Oi andjli! € jli. Thus P( ) induces a
relative phase betweenOi and jli. The phase shift gate has matrix representation

P()= éé‘? : (2.55)

2.7 OpenMPS vs. Trotter Exact Diagonalization

An arbitrary quantum state can be expressed in terms af complex numbers as described
in Eg. (2.9). A quantum state de ned on a lattice ofL sites generated uniformly random
under the Haar measure will have an average von Neumann entrodyaosubset of sited of
[48]

2jlj L

5 (2.56)

E[S(™)] > jljlog,(d)

wherejl j is the number of sites in subsysterh. This result tells us that a random quantum
state has von Neumann entropy near its maximum value of jlog,(d) for the entropy of

its subsystems ad. ! 1 . Thus asymptotically S(”) /j 1] for random quantum states.
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Such states are highly entangled and are said to obey a volumag. It has been found that
the ground states of many physical Hamiltonians instead safy an area law in the entropy
of subsystems. In one dimension this implies the entropy iggportional to a constant
S(™) /1 O(1) [48]. States satisfying an area law have less entanglambetween subsystems.
This limited entanglement allows these states to be e cierly represented as matrix product

states [48]. The matrix product state (MPS) representatiorof a quantum state is
xd
j wmpsi = Tr Al AL i (2.57)

where Al js a matrix of dimensions k1 and = max, g [49]. Thus the number of
parameters necessary to describe an MPS is approximatéldL ?2), that is polynomial in
the system size instead of exponential. Such states satisfiy area law by construction [48]
assuming is not function of L. The matrices in Eq. (2.57) are computed from singular value
decompositions computed on tensors formed from the coe cits of the quantum state. The

x are the number of singular values that are kept in a singulaalue decomposition. Highly
entangled states require more singular values to be kept inder to accurately represent
them. Since the ground states of many physical Hamiltoniandey an area law, in Chapter
4 we use OpenMPS to variationally nd the ground states of théransverse Ising and Bose-
Hubbard Hamiltonians. To nd the ground state of quantum many dy Hamiltonians
OpenMPS initializes the quantum state to an MPS form. OpenMB then performs a series
of local minimizations of the energy by solving eigenvaluegblems associated to sets o
sites of the matrix product state All:::Al*s 11 [49]. By sweeping over the lattice until the

variance of the energy of the MPS satis es inequality (2.58)

H2 hRi%i< (2.58)
OpenMPS converges to the ground state of quantum many body Hdtanians. In OpenMPS
the number of singular values that are kept in a decompositids determined by two numbers,

and . When the singular value decomposition is computed OpenMP®rtstructs a

vector of singular values~. In determining how many of these to keep OpenMPS assures
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that inequality (2.59) is satis ed

X 2
—_ (2.59)

i=1
Decreasing results in a better characterization of the true quantum stee. However, since

there is no upper bound on the OpenMPS algorithm may increase without limit and run
out of memory. The .« parameter assures that the algorithm will not increase without
limit.

In Chapter 5 we apply one of the latest MPS based time evoluticalgorithms to study the
dynamics of the BCM Hamiltonian, the Zaletel time evolution sheme [57]. The OpenMPS
variational ground state search algorithm and Zaletel timesvolution scheme were imple-
mented by members of the CTPRG and are available at [58]. Theaim limitation of MPS
methods applied to dynamics is that the entanglement of qu&mm many body states evolved
under a global quench of a Hamiltonian parameter increasesdarly in time, implying that
grows exponentially in time [49, 59]. Unlike statics, in dyrmaics there is no area law guaran-
teeing the success of the MPS ansatz. In Chapter 5 we nd thahé entanglement generated
by the BCM Hamiltonian quickly reaches . and OpenMPS is not able to accurately
compute the late-time entanglement properties of quantum amy body states. Therefore in
Chapter 6 we conduct a study of quantum cellular automata genalizations of the BCM
Hamiltonian using a Trotter-based time evolution scheme. Tik scheme uses an exact rep-
resentation of the quantum state. We refer to this code as Tier exact in Chapter 5. This
code was developed by L. Hillberry [45]. While the representah of the quantum state
is exact in the Trotter based code, the propagator is appraxiated via the Suzuki-Trotter

decomposition [60]
(A8) 1= oA =2 th =2y o 13y (2.60)

For a quantum cellular automata in which the neighborhood ofitei is N; f j : 0 <
ji jj rg, the corresponding Suzuki-Trotter decomposition of the ppagator is given by

Eq. (2.63):
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) P
O( t)y=e M t=g i iHit (2.61)
iF’ 0 4P bt
=e ! j=o w0 Hi (2.62)

_'?2 P P V2 p

e i i%r 0= | #; t:2e i jopr0=,0 1|4i t e i i%r 0= | #; t=2+ O( t3)’
j=0 j=0
(2.63)

. . P .
wherer®= 2r +1. Since the operators in the sum i%r 0= | H; are de ned on non-overlapping
sites and since the o site commutation relations are all zerthe exponential of such a term

factorizes exactly

P Y .
el e Hi o e it (2.64)

i%r 0= j

Thus the only error introduced by the Suzuki-Trotter expan®n is O( t3). Finally, in
Chapter 5 we demonstrate the convergence of our Trotter exacode by comparing it to
exact diagonalization (ED) code that computes the propagat O directly. The only error
made by the ED code is due to the nite precision with which thecomputers represent
oating-point numbers. The exact diagonalization code daenot have the additionalO( t2)
of the Trotter-based code. We consider the error made by theCEcode to be negligible

throughout the entire thesis.
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CHAPTER 3
COMPLEX NETWORK MEASURE DEVELOPMENT

In this chapter we provide de nitions of our complex networkmeasures, error analysis
of our network measures, and a study of our complex network asures applied to random

networks, random quantum states, and cluster states.
3.1 De nitions of Complex Network Measures

In this section we provide de nitions of all complex networkmeasures that appear in
this thesis. The complex network measures de ned in this d&mn are: out-strength in-
strength network density disparity, clustering coe cient, local clustering coe cient, Pearson
R similarity, closeness centralityharmonic centrality, and betweenness centrality3, 61, 62].
These are well-established complex network measures whiet review here for the reader's
convenience. The present study uses a mixture of unweighteadaveighted complex network
measures. The use of unweighted complex network measuregtie analysis of our quantum
mutual information networks is formally justi ed by averagng over a hypothetical ensemble
of unweighted networks [63]. We emphasize that although wes die our complex network
measures in terms of quantum mutual information adjacency atrices, they are well de ned
for arbitrary matrices.

The out-strengthof a node is the sum of its outgoing connections to other nodeStrength

is de ned as
hS
SiOUt = I ij - (31)

A node can have high out-strength if it has connections to magnother nodes, or if it has
strong connections to only a few other nodes. In Chapter 7 nesl with connections to
many other nodes correspond to students that collaborate thimany other students. Nodes

with strong connections to only a few other nodes corresporad students that collaborate
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frequently with only a few other students. Then-strength is similarly de ned and quanti es
the importance of a node by the number of incoming connectiss" = P J.Lzl I JT

Network densityis the fraction of links that exist in a network compared to tke total
number possible in a network withL nodes. In the case of weighted networks network
density measures not the density of connections, but the aege strength of connection. For
guantum mutual information adjacency matrices, the averagquantum mutual over all two

sites is equal to the network density

1 S

1) i =1
Network density has been shown to correlate with robustnestfood-webs to random removal
of species [2] In a network in which most of the connections that can exist @ exist
the removal of any given link becomes less important. In outwuly of quantum mutual
information networks network density measures the averadevel of correlation between
sites.

The disparity of a node's connections is a measure of the non-uniformitytbe connection
strengths. If a node has a single strong connection with altreer connections being much

weaker, then that node has high disparity. If the connectiostrengths of a node are all of

approximately equal strength, then that node has a low dispiy. Disparity is de ned as

P
S » jL:]_(lij)zl
Y, szl(lij) =P, 2 (3.3)

! | o
j=1
We de ne the disparity of a network to be the average of dispdy over all nodes in the

network

1%
L

i=1

Y = Y;: (3.4)

Observe that if the mutual information between lattice sitg adopts a constant valué ; = a,

that Y, = a?(L 1)=&(L 1)*> = 1=(L 1). If a node has relatively uniform weights

1Reference [2] uses the term connectance in place of density.
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across its neighbors the disparity between nodes will be apgimately 1=(L 1). On the
other hand, if a particular | j takes on a dominant valueb, thenY;  k?=I¥ = 1. Disparity
has been used to study metabolic networks in Escherichia icah these metabolic networks
a weighted link Wj is placed between a metabolite and a chemical reactior) if metabolite

i is produced by reactionj. The weight of the link W; is the mass of the metabolite that
is produced by the chemical reaction [14]. Disparity enablbdese researchers to distinguish
between two di erent forms of organization of the metabolimetwork and allowed them to
quantify the presence of a backbone structure in which eachetabolite has a dominant
source reaction. In Chapter 7 we refer to the disparity of a mie as itsout-disparity, since in
that chapter we are studying directed networks. The out-dgarity of a node's connections
is a measure of the non-uniformity of the outgoing connectiostrengths. Nodes with high
out-disparity correspond to students that collaborate wih certain students much more often
than they collaborate with other students. Nodes with low disarity correspond to students
that collaborate equally with all students that they collalorate with. The network measure
in-disparity measures the non-uniformity of the incoming connection singths. To compute
Y." one makes the substitution ' I T in Eq. (7.6).

The clustering coe cient is a measure of the transitivity of connections. That is, the
likelihood that a is connected toc, given that a is connected tob and b is connected toc.
The clustering coe cient is de ned as
L TE’( r_ 3) :

igi =1 [l 2]ij

The clustering coe cient C is 3 times the ratio of triangles (three mutually connected ex-

C (3.5)

tices) to connected triples in an unweighted network. The gétering coe cient has been
used in studies of social networks. In that context a link\; between two noded and |
corresponds to a social relationship between two people. drefore in social networks clus-
tering measures the probability that the friend of a friends also a friend [4]. It has been

found that social networks and many real world networks haviarger clustering coe cients

31



than random networks.
The local clustering coe cient is also a measure of the transitivity of connections. How-
ever unlike the clustering coe cient the local clustering oe cient quanti es the transitivity

of connections of individual nodes. The local clustering eeient is de ned as

c p . (3.6)
i6ik6i | j ik

That is, one divides the total number of triangles nodeis in by the total number of connected
triples centered on node.

Pearson R similarity is a measure of how similar two nodes in a network are. We also
refer to this measure as the Pearson correlation coe cientni Chapter 4. It is a linear
correlation computed on the link weights of the two nodeisand j . A large value for Pearson
R similarity means that two nodes share many of the same nelgbrs, and with approximately
equal connection strengths. The Pearson R similarity betwe two nodes is de ned as

P . :
_ ey (L hl Al)ﬁ(ljk hl ;i) .
i e (i hl ii)z\4 Tl (g hl iy

In previous studies this quantity has been used to study theirsilarity of connections in

Fij (37)

unweighted networks [3], in our study we compute the Pearsdr similarity R to quantify
the similarity of connection strengths of two sites on a quaam lattice. In Chapter 4 we

compute
R ri=pu=041: (3.8)

to study the quantum phase transitions of the transverse Isg and Bose-Hubbard models.

In Chapter 7 we study weighted directed networks that summée the patterns of collab-
oration between students in three physics courses. To anatythese networks we introduce
three additional network quantities implemented in Network [62], closeness centrality, har-
monic centrality, and betweenness centrality.

Closeness centralityis a measure of how close a node is on average to other nodesnwhe

one must travel along directed links in the direction of theihk. The closeness centrality of
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nodeu is de ned as

X
(W)= =7 A (3.9)

v6u

where d(u; V) is the shortest path distance betweerv and u, n is the number of nodes
reachable fromu, and jAj is the number of nodes in the network [62, 64].

For unweighted networks the distance between two nodes issthumber of links separating
the two nodes. In a weighted network one can also associate iat@nce between any pair
of nearest neighbor nodes. For our analysis we will de ne théistance between nearest
neighborsi andj to be the inverse of the weight connecting them=ly; . One then computes
the distance between any two nodes by summing over the inversdge weights of the links
separating the two nodes. In the context of social networkgloseness centrality can be
thought of as a measure of independence as described in [@4iis is because a node with a
large closeness centrality does not have to rely on other remdto transmit messages across
the network [64].

As an example of a shortest path between two nodes consider {h&ths in the network
shown in Fig. 3.1, where links are labeled by their correspangd distances. In traveling from
node 1 to node 4 in Fig. 3.1, if one travels along the path from de 1 to node 2, from node 2
to node 3, and from node 3 to node 4, one will have traveled a w@isce of 3. Similarly along
the path from 1 to 6, and from 6 to 4 one travels a distance of 3. Mever, along the path
from 1 to 5 and from 5 to 4 one travels a distance of 4. So thereeatwo distinct shortest
paths from node 1 to node 4.

Harmonic centrality is also a measure of how close a node is to other nodes in thevoek
when one must travel along directed links in the direction dhe link. The harmonic centrality

of nodeu is de ned as

1

TOT @

(3.10)

whered(v; u) is the shortest path distance between nodesand u [62, 65]. A quantity termed

the e ciency of a network was the inspiration for the de nition of harmonic centrality [65].
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Fig. 3.1: Directed network illustrating concept of multiple shortest pathsMultiple shortest
paths connect nodes 1 and 4. Links are labeled by their weigl#nd nodes are given an
integer label to distinguish them from other nodes. The lenly of a path connecting two
nodes is the sum of the weights of the links connecting themIdSeness centrality, harmonic
centrality, and betweenness centrality all quantify the irportance of a node via its shortest
paths to other nodes.

The e ciency of a network has been used to characterize non mdom structure and fault
tolerance in the neural network of C. elegans and transpottan networks [66].

Betweenness centralityis measure of how important a node is as a go-between for mes-
sage transmission between nodes in a network, assuming tiarmation travels along the

shortest path connecting two nodes [3]. The betweenness trality of node u is de ned as

X “ti
CB(U) - (S,tJU)_

s;t2Vv (S; t)

where (s;tjv) is the number of shortest paths between nodesand t that pass through

(3.11)

nodeu and where (s;t) is the number of shortest paths between nodesandt [62, 67]. For
example (1;4j6) = 1 in Fig. 3.1 because there is exactly one shortest path frol to 4 that
passes through node 6. While(1;4) = 2 since there are two distinct shortest paths between
nodes 1 and 4. Betweenness centrality has been used to studyworks of Im actors, where
a connection between two nodes in a network corresponds tootactors appearing in a Im
together [3]. In Chapter 7 betweenness centrality is a measuof the importance of each

student to information transfer throughout the network.
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3.2 Error Analysis of Network Measures

The mathematical de nitions of our network measures lead tsome di culties in imple-
menting them numerically as described in the following pagaaph.

The value of disparity is not singly de ned about the zero netork. This can be seen
by the following argument. Given a constant numbea and a quantum mutual information

adjacency matrix| the value of disparity does not change upoa multiplying 1,

P L 2 P L 2
- (@) =1 (L)
(al Ij )2 = PJ Ll 5 = PJ Ll 5 (312)
j=1 aIij j:llij

1 %
(as)® .,

As we makea smaller we can change it continuously to zero. Given two diett quantum
mutual information adjacency matriced ; and | , they may have di erent values for network
disparity, say y; and y,. If we now consider the above procedure of continuously vamg
a to zero for each of these matrices we see that this makes distyamultiply de ned for
the adjacency matrix consisting of all zeros, this is the aagency matrix for a network
consisting of all nodes disconnected from each other. Sirdisparity is multi-valued about
the zero network we impose a lower bound on our quantum mutuaiformation adjacency
matrices; for our studies we have chosen this to be = 10 . If a link is found to have
quantum mutual information less than 104 it is set equal to 10 4. In Fig. 3.2 we display
the results of a simulation with disparity computed using derent values of |. The details
of the simulations are unimportant; the important point is that disparity converges to a
well de ned value as |, approaches 10%. Finally, in our numerical implementation a small
imaginary part 10 % is added to the denominator of disparity before taking the & part

of the resulting division.

3.3 Network Measures Applied to Random Networks and Random Quantum
States

In order to understand what our measures are telling us abotite structure of complex

networks we applied our measures to random adjacency maggwith L nodes forl 2 [3; 20].
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Fig. 3.2: Convergence of disparity as a function of; . Horizontal axis is time,t. Disparity
converges to the curve with, = 10 # as we decrease . Our lower bound on quantum
mutual information makes disparity single valued about thezero network. The curves for
, < 10 ° overlap with the curve with | =10 * so we do not show them.

36



To generate a random adjacency matrix we generate{ L) =2 numbers uniformly sampled
from the interval [0; 1). We then set the matrix elementd j; with j >i to these values. Next
we then set the matrix elementsl ; with j < i equal to the elements withj > i since
our networks are undirected. Random numbers are generateding the NumPy function
random.rand [68]. In Fig. 3.3 we see that the clustering coe cient asymptically approaches

C = 0:5 as we increasé.. Similarly for network density we nd that as L is increased,

o
>

o
w

Network Measures

o
(N

o
[N

0.0

Fig. 3.3: Network measures applied to random adjacency matriceBhe clustering coe cient
asymptotically approachesC = 0:5 asL is increased, and has smaller uctuations. Network
density approachedD = 0:5 asL is increased, consistent with Eq. (3.13). Random adja-
cency matrices minimize disparity ag. is increased. We t the curve% to Y, the t has
normalized sum of squared residuals 8° =4 10 3. The scaling of disparity demonstrates
that random adjacency matrices tend to minimize disparity.

network density approache®P = 0:5 as shown in Fig. 3.3 and the standard deviation of the
data tends towards zero as shown in Fig. 3.4. Disparity dispia much di erent behavior than
the clustering coe cient and network density. We remind thereader that the minimum value
of disparity is L—ll It appears that random networks minimize disparity sincen Fig. 3.3 we

observe that disparity appears to decay approximately a@z—i The observation that random
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Fig. 3.4: Fluctuations of network density applied to random adjacency matriae§'he stan-

dard deviation of network density decays as a function df accordingto p = £ .

networks haveY ﬁ can be understood from observing that networks witly 1 must
have nodes that have only one or a few strong connections. $ope 09< |; 1, with all
other connections < |;  0:1. The probability of these connection strengths for a sing|
node is (%O)L. For the entire network of L nodes the probability of them allhaving a large
value for disparity is then (lio)Lz. We can understand both the variance and the mean of
network density from the following derivation. We choose aardering of the links so that we
may replacel j with x; and we note that there areN = LZTL links, all being independent

random variables. The average network density of random adjency matrices is
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D)= D@{)P()l = I | dl (3.13)
0 o L(L 1) i5j>i J i;j>i J
1 Z1 Zaiy W
= W Xi dx; (314)
0 0 =1 =1
1 Z, Z, W
= —N D Xe dx (3.15)
N 0 0 =1
Z, Z, W
= iN o 1 dx; (3.16)
N o 0 2,
1
= - 3.17
5 (3.17)
Performing a similar calculation for the evaluation ofD (1 )% we get
1 1 1
2% - T4 - = .
hD (1)< 276z [ (3.18)

This accounts for why the network density is always ne%' and for why the variance decreases
as a function ofL. We observe that since¥ 1=L 1) for random networks

Y

o (3.19)

D

We con rm this in Fig. 3.5.

For comparison to random networks we also applied our netwomeasures to 100 random
guantum states for system size& 2 [3;10] as shown in Fig. 3.6. A random quantum
state of L qubits is generated by generating'2complex numbers with real and imaginary
parts distributed according the normal distribution. Randm numbers are generated with
the numpy function random.randn [68]. We observe that network density and clustering
coe cient behave very di erently than for random adjacency matrices. Network density
decays as a function of system size for random quantum statekile it is constant for random
adjacency matrices. One explanation for this decay is thaigsi cant levels of correlation
for average quantum states only exist for higher level cotetions than can be observed with
| . Similarly clustering also decays as a function of systenzsi generic quantum states have

low transitivity of connections. Finally, we observe that dsparity decays aﬁ for random
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Fig. 3.5: Relation between disparity and variance of network density for random adjacency
matrices. The average disparity of random networks normalized by sysh size is propor-
tional to the variance of network density. A line of best tisshownY=6L = 1:21 3 with an
R?2=4 10°.
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Fig. 3.6: Network measures applied to adjacency matrices of random quantum statNet-
work density, clustering coe cient, and disparity all decg as a function ofL. Disparity is
t by the curve % with R? = 10 2, while network density and the clustering coe cient are
tby3 2! withR?2=2 10 3%andR?=10 ? respectively. These estimates allow us to

distinguish random quantum states from non-random quanturstates in Chapter 6.

41



adjacency matrices and random quantum states. This tells ubhat networks from random
adjacency matrices and random quantum states tend to have ifilorm connection strengths.
From inequality (2.56) we can estimate the average mutual formation between any two

sites on a lattice ofL qubits as

2 L 4 L

1 1 2 2
lyj = E(Si +S5  §5) > 2 log,(2) —5 2log,(2) + =2'L:  (3.20)

Since network density is equal to the average quantum mutuailformation between all two
sites in the lattice, we t network density with functions of the form a2 -. We nd that
network density is well tby 3 2 ‘ as shown in Fig. 3.6. Since the clustering coe cient is
equal to network density within error for large system sizese use the same t to estimate the
clustering coe cient of networks of random quantum states.Using these ts we are able to
estimate the value of our complex network measures for arkaty system sizes. In Chapter 6
this allows us to quantify non-random structure in the quantm mutual information networks
generated by Hamiltonian-based quantum cellular automata.

In Chapter 6 we also compare the quantum states generated byrdQCA to well known
guantum states like thejWi state, thejGHZ i state, and a cluster statgCi. Cluster states
are also known as graph states as they can be described by tidkd of a graph. A node in
the graph corresponds to the degrees of freedom of a certate.sTo prepare a cluster state
one initializes the quantum state to an equal superpositioof all states in the standard basis,

= 1:p 2L j++ :+i. One then applies a controlled phase gate between each pdirsites
in the lattice with an link in the corresponding graph. We chose to compare the quantum
states generated by our quantum cellular automata to the cler state corresponding to
a network in which all nearest neighbors are connected. Senthe controlled phase gate
between sites 1 and 2 performs the mappinti-i ! ( 1)'*'2jii,i [69] in the standard basis

we can express the cluster state as
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Xty

jCi = 91: ()50 i (3.21)
2- i1;i =0 j=1

Computing the quantum mutual information adjacency matries ofjCi for L 2 [2;8] we nd
that for L 4 the entries of the adjacency matrix aré 1, = I, = 1 3 =1 1= % with
all other entries being zero. This corresponds to the netwowith a link between sites 1 and
2, and a link between sited. 1 andL. The quantum mutual information network of the

cluster state has

2
D—m,C—O,andY—4—L. (3.22)

There are only ever two links, so the network becomes more sg@as system size is increased.
Furthermore the links are always intransitive since therera no closed loops of length three.
The nodes at the boundaries have a single dominant connectito their nearest neighbor,
and all other nodes have zero disparity, resulting in dispdy decaying as EL instead of
1=(L 1) as for random quantum states. We also veri ed our calculain of the quantum
mutual information adjacency matrices of the cluster statdoy comparing to numerics as
shown in Fig. 3.7. We observe that the quantum mutual informabn adjacency matrices of

jCi are very similar to those of
j i=joi =2t pl—é(jOO' j 12) joi ©2*t (3.23)
a spin singlet centered on a lattice of qubits. In [45] it was found that the network density,

clustering coe cient, and disparity of the network of the spn singlet centered on a lattice

of L qubits

2
D—m,C—O,andY—Z—L. (324)

43



1.0

e ¢ D
e o C
0.8 Yl
o
5 0.6
2]
@
3]
=
-
5 0.4}
=
(3]
p
0.2} ]
o.o\t\r\f\t\:ﬁ
4 5 6 7 8 9 10

Fig. 3.7: Network measures applied to adjacency matrices of cluster statBkimerical calcu-
lations of complex network measures computed on quantum nual information matrices of
a cluster state are compared to analytic prediction. Unlike radom quantum states, density
of the cluster state decays algebraically and the clustegrcoe cient is always exactly zero.
Finally disparity scales as %L for cluster states instead of # L. 1) as observed for random
guantum states.
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L. Hillberry also derived formulas for the network density, kustering coe cient, and disparity

of

A A o\ L=2 .

jSi = pﬁ(JOJJ j 10) ; (3.25)
an array of singlets. The quantum mutual information adjacecy matrices of the singlet

array, jSi, have

D:Lil;C:O;andel: (3.26)

It was also shown in [45] that thggGHZ i state,
jGHZi = 191—é joi t+ijui b (3.27)
has quantum mutual information adjacency matrices with

;andyY = i: (3.28)

D =
L 1

.C=

NI =
NI =

Finally, by deriving the constant quantum mutual information adjacency matrix of thejWi

state
JWi = p—t(jlo.::0| +j01Q::0i + 1+ j0:::07) ; (3.29)

it was shown in [45] that the network density, clustering coeient, and disparity of these

networks are

D:IW;C:IW;andY:Lil (3.30)

where | W = L+ llog,(L) + S2log(L 2) E-ltlog(L 1). We have also computed the
central bond entropy, Syong, OfjCi,j 1, JGHZI1, andjWi. We have found that they all have
Svond = 1 independent of system size. The singlet array he8,ong = 1 for L 2 f 10,14, 18
and Spong =0 for L 2 f 12 16;20g. This is because fot. 2 f 10; 14; 18g sitesL.=2 andL=2+1

are completely entangled while fot. 2 f 12, 16, 20g sitesL=2 andL=2 + 1 are not entangled.
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In Chapter 6 this analysis allows us to di erentiate the staés produced by our QCA from

these well-known states.
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CHAPTER 4
COMPLEX NETWORK ANALYSIS OF QUANTUM PHASE TRANSITIONS

In this chapter we apply the complex network measures deveked in Chapter 3 to study
guantum phase transitions in two models of quantum many bodyhysics, the transverse Ising
and Bose-Hubbard models. We nd that network density, clusteng coe cient, disparity,
and Pearson R correlation all show systematic nite-size aling towards the critical points
of these two models. Furthermore, we identify the boundaryeparating the Mott Insulator
phase from the super uid phase in the Bose-Hubbard model by teemization of network
density, clustering coe cient, and disparity. By successflly identifying phase transitions in
models of distinct many body physics we show that complex mebrk measures are able to
detect emergent phenomena in quantum many body systems. Fbe phase transitions we
consider we nd that our complex network measures are low ime phase, higher in the other
phase, and intermediate at the quantum critical points of bih models. This is similar to
the intermediate values of complex network measures obseavin Chapter 6 where we nd
that quantum cellular automata generate quantum states wit complex network measures
intermediate between random states and well characterizepuantum states. Intermediate
values are one of our quanti cations of complexity, so thatni some sense quantum critical
points have the highest complexity of all static ground stas explored in the quantum phase
diagrams of these systems.

While complex networks have appeared in the context of quantu systems in previous
work [18, 70] our development of quantum mutual informatiomomplex network analysis is
an innovation. The authors of [18] provide a new theoreticadcheme for the distribution
and transmission of quantum entanglement. The authors of Qf develop a transmission
scheme for photons in cavities. Our complex network apprdags di erent. We focus on

guantifying the structure of quantum mutual information neworks. We thereby provide a
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new tool to analyze data from the networked quantum systemsgposed in [70]. While both
transverse Ising and Hubbard phase diagrams have been undewst with more standard
approaches, we chose to study these models as a proof of ppiecfor quantum mutual
information complex network analysis. We emphasize that iemerging quantum simulator
technologies identifying the relevant order parameter mape nontrivial. However, since
guantum mutual information is bounded from below by all posble two point correlations it
will always identify the relevant correlations in such sygms [24]. Furthermore, such systems
may break translation invariance as described in [28]. Thefore the correlations in these
systems will likely not exhibit simple monotonic decay. Intie absence of monotonic decay
of correlations there is no clear correlation length de nig the system. Instead the order of
such systems may be characterized by patterns of two pointrcelations. We propose that
complex network measures are an ideal tool to quantify the fiarned correlations that will

be observed in quantum simulators.
4.1 Transverse Ising and Bose-Hubbard Quantum Many-Body Hamiltonians

The Hamiltonian of the transverse Ising model is de ned as

X1 S
W= 3 A~ Jg N (4.1)

!
h ) i=1 i=1
|
where "~ M =20 i ~.. The rst term of the Hamiltonian is the coupling between

J
nearest neighbors on the lattice. Fod > 0 the spins interact ferromagnetically, minimizing
energy by aligning with each other. We sed = 1 in our study. The second term models
an external magnetic eld in the x direction. The parameterg controls the strength of an
external magnetic eld that the spins align with asg 1. For small values of the external
magnetic eld strength spins align in their ground state. Fo nite systems the ground state
respects theZ, symmetry of the model forming a GHZ-like state as depicted in §i 4.1.

The external eld disorders spins in thez direction and induces a quantum phase transition

from a ferromagnetic phase to a paramagnetic phase at the twal point g. = 1 in the
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thermodynamic limit [34].

x Ferromagnetic - GHZ Critical Paramagnetic

Fig. 4.1: Sketch of mutual information complex networkA chain of L quantum bits (qubits)
in a sinusoidal potential, for the transverse Ising modelhe \fruit- y* of quantum many
body physics. (a) Links originating from site 3 (red,l ) and site 6 (black, | ¢ ) for the
mutual information complex network| j , corresponding to phases and critical point in (b).
In this weighted complex network, the height of the links in or sketch denotes their relative
strength; note descending vertical axes from left to rightThe entire complex network is far
too dense to depict, so we show just two representative sitefh) Sketch of ferromagnetic
phase (left), critical point (center), and paramagnetic phse (right). The sinusoidal potential
corresponds to an optical lattice for ultracold atoms or mekules. In the ferromagnetic case,
the dashed line indicates a superposition between tl#® symmetric states all spin-up and
all spin-down.

The Hamiltonian of the Bose-Hubbard model is de ned as
X1 1 X VS
He= J  ®bh. + 6.+ SU i 1) A ; (4.2)
i i=1 i=1 i=1
h i
where f§;f/ = ; are bosonic annihilation and creation operators and; = §fi. The
Bose-Hubbard Hamiltonian is a model for ultracold atoms in optal lattices. The rst term
of the Hamiltonian models the tunneling of atoms between neazst neighbor wells of the
optical lattice. The parameterJ sets the energy gained by atoms when they tunnel between
sites of the lattice. The second term models the interactiobetween particles occupying
the same well. The parametet > 0 sets the strength of the repulsive on-site interaction
felt by atoms occupying the same site. When the normalized taeling J=U is large, atoms
are free to tunnel between nearest neighbor sites and theylaealize across the lattice as
a super uid (SF). When J=U is small the atoms become localized so that there are a well

de ned number of particles on each site and the atoms enteréhMott insulator (MI) phase.
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The nal term of the Bose-Hubbard model is a chemical potentldaerm. The parameter
sets the energy to add a patrticle to the lattice. We study the &se-Hubbard model in the
canonical ensemble, for which the total number of particlean the lattice is xed. Therefore,
the third term of our Hamiltonian is a constant energy shift. The term in Fig. 4.3(a) and
(c) is calculated from the di erence in the ground state engy between simulations that
have N particles and simulations that haveN +1 particles, (N)= E(N +1) E(N). The
Mott insulator phase is characterized by an integer densiti=L. For small values ofJ=U
the energy required to add a particle or hole to the Mott ins@tor is large, characterizing the
gapped nature of the Mott phase. ad=U increases this gap closes forming the boundaries
of the Mott insulator phase in the (=U;J=U) plane. There are multiple Mott lobes in the
phase diagram of the Bose-Hubbard model, each characterizeyl its density. We study
the boundaries of the Mott lobe with unit lling N=L = 1. There are two kinds of phase
transitions of the Bose-Hubbard model. There is a mean eld @itse transition in which the
system transitions from integer to non-integer density ag enters the super uid phase, this
is known as the commensurate to incommensurate phase trdimi. There is also a BKT
transition in which the system transitions from the Mott inaulator phase to the super uid
phase at constant densityN=L = 1. The best estimate of the BKT transition point is
currently (J=U). = 0:305 [71]. The authors of [71] compute this estimate via a st
ansatz for the single particle gap. They identify the critial point (J=U). as the point for

which the rescaled gaps of all system sizes intersect.

4.2 Complex Network Analysis of Transverse Ising and Bose Hubbard Gro und
States

We begin our analysis by computing the ground states of theansverse Ising and Bose-
Hubbard models using OpenMPS. We set,.x = 2000 and =10 '2. The energy variance of
our ground states always satis es inequality (2.58) with, = L 10 8. In order to accurately
converge our quantum ground states we have assured that indjty (2.58) is satis ed for

<  max- Since OpenMPS is a variational algorithm, if two states havnearly degenerate
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energy levels the algorithm may converge to a superpositi@af these states, resulting in
incorrect quantum mutual information networks. In the transverse Ising model the rst
excited state is nearly degenerate with the ground state fay < 1. We therefore add a
perturbative parity eld, Qi Af, to the transverse Ising model in order to separate these
two energy levels [72]. This term commutes with the Hamiltoan, and since the ground
state of the transverse Ising model is not degenerate it doast modify the ground state.
In our numerical simulations of the Bose-Hubbard model we alv up to 5 particles on
site, truncating the local dimension tod = 6. We chosed = 6 as in [73] it is noted that
simulations with d = 8 do not produce visible changes in entanglement measuresmputed
on the ground state of the Bose-Hubbard model for simulationsith 0 < N=L < 2:5. For

the transverse Ising model we compute the ground states fa2Bpoints evenly spaced in the

interval g 2 [0; 2], for system sizes

L 2 f 20,40, 60; 80,100 140 16Q 200 240 280 320 360 500y

We then compute network density, clustering coe cient, diparity, and Pearson R correlation
on the quantum mutual information adjacency matrices of e&cof these quantum states as
de ned in Egs. (3.2), (3.5), (7.6), and (3.7) in Chapter 3. Fothe Bose-Hubbard model at
unit lling we compute these network measures at 81 points ewnly spaced in the interval

J=U 2 [0; 0:4] for system sizes

L 21 1418 22 26;30; 34, 38,42, 46,60; 70, 80; 90, 100 110 120 130 140 15Qy

to study the BKT phase transition. We present these resultsni Fig. 4.2. To study the
commensurate to incommensurate phase transition of the Basiubbard model we compute
the ground states of a lattice of lengthL = 42 for a total number of particlesN 2 [0; 63]
and for 81 points evenly spaced in the interval=U 2 [0;0:4]. For each value ofl=U we

compute (N) for all N 2 [0;63]. We then compute network density, clustering coe cient
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and disparity for all values of g=U; =U).

In the traditionally ordered (ferromagnetic) phase of the tansverse Ising model corre-
lations span the entire lattice as the system is in a many bodsuperposition of all spin
up and all spin down. If a measurement is made on any qubit of ¢hlattice it collapses
the quantum state of the entire system, determining the stat of every other qubit in the
lattice. This is an indication of the fragility of such states [74]. Since any two qubits in the
lattice have become correlated in such a state all qubits havarge quantum mutual infor-
mation with all other qubits. Speci cally, for the GHZ state |; = 0:5 between all qubits.
For such networks all connections that can exist do exist, rkang the network density large
in the ferromagnetic phase. Clustering behaves similarly thetwork density except that it
develops a local minimum near the critical point of the transsrse Ising model. This local
minimum is due to the average number of connected triples tgrararily growing faster than
the transverse magnetic eld strength for the average numbef triangles. Physically this
could be because the length scale of correlations has becasdong as one lattice spacing
but not two, resulting in a period of rapid increase in quantm mutual information between
nearest neighbors relative to second nearest neighbors. dantrast with network density
and clustering, disparity asymptotically approachesLL1 in the ferromagnetic phase and is
thus governed by the size of the system. Disparity increases the paramagnetic regime
where correlations decay exponentially. This is due to sgrbecoming more correlated with
their nearest neighbor relative to other qubits in the netwrtk. The Pearson correlation be-
tween the middle lattice sites,R, develops a non-analyticity nealg = 1 as the system size
is increased, evidenced by the cusp developing in Fig. 4.2. &itatively, R is low in both
the ferromagnetic phase and paramagnetic phase due to thdlapse of the data onto single
points in the | %;i;l Ly plane wheng 1 and wheng & 2. In contrast near criticality
the weights display an approximately linear relationshipln this way R measures non-trivial
correlation that occurs near criticality. In the ferromagretic phase the network is completely

connected. In the paramagnetic phase the network is compddy unconnected. Both net-
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works are trivial to describe. In the paramagnetic phase tie is negligible quantum mutual
information between sites that are not nearest neighborsn lthe ferromagnetic phase there
is the other extreme; a completely connected network in sonsense dual to the paramag-
netic network. Near criticality the pattern of connections ontains more structure than it
does on either side of the critical point. Disparity and derity both appear to approach
limiting curves as we increase our system size. Normalizingch quantity results in a set of
normalized curves ¥ and D) whose intersections approachy, = 1 according to a power law
as shown in Table 4.1. To normalize network density we dividé by its value at g = 0 for
L =500. In contrast, for disparity we divide it by its value at g =2 for L = 500.

The Bose-Hubbard model at unit lling displays similar behaior in network density,
clustering coe cient and disparity as is seen in the transuese Ising model. By increasing
the strength of the normalized tunnelingJ=U the system transitions from a phase with low
network density to a phase with high network density as the syem enters the super uid
phase. In the super uid phase particles all occupy the samen-local single particle state,
and the system is spatially entangled. The quantum mutual fiormation between lattice sites
may be due to the density-density correlations between pactes in di erent lattice sites. In-
terestingly, as system size is increased the network degsitf the super uid phase decreases,
in contrast to the entangled phase of the transverse Ising el where, for increasing sys-
tem size, the network density increases. This may be due toegldi erent statistics of the
noise in these two models: as described in [52] the statistiof atomic noise measurements
determines whether they are observable in macroscopic sysis. From the Pearson R cor-
relation we can also see that the networks of the super uid ithe Bose-Hubbard model are
structured di erently than the networks of the GHZ-like states in the ferromagnetic phase
of the transverse Ising model. In the ferromagnetic phase tfe transverse Ising model the
guantum mutual information between any two qubits approacks the same constant value;
in contrast the quantum mutual information between any two gbits decays as a function of

separation distance in the super uid phase of the Bose-Hublthmodel.
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Fig. 4.2: Complex network measures on the mutual informationa) Transverse quantum
Ising model describing quantum spins (qubits). The clusterg coe cient C (red) and density
D (dashed black) serve as order parameters for the ferromatingphase. The disparityy
(dot-dashed blue) identi es the short range correlationsfahe paramagnetic ground state.
The Pearson correlation coe cientR (dotted green) develops a cusp near the critical point
g. = 1, identifying a structured nature to correlations near citicality. (b) Bose Hubbard
model describing massive particles for commensurate lagi lling, with BKT crossover
occurring inthelimit L 1 at a ratio of tunneling J to interaction U of (J=U)gkt = 0:305;
for smaller system sizes, the e ective critical point [73]an be as small asJ=U)gxr ' 0:2.
The density and clustering coe cient grow as spatial correltions develop in the super uid
phase. The disparity is high in the Mott insulator phase whex correlations are short-ranged.
Critical/crossover behavior is most evident in derivative of these measures, see Fig. 4.3 and
Table 4.1. Note: all network measures have been self-normaatlil to unity for display on a
single plot.
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4.3 Finite Size Scaling

In order to estimate the location of the critical point of thetransverse Ising model and
the BKT transition point of the Bose-Hubbard model we performnite size scaling analysis.
We de ne the positions of the e ective critical points g.(L) and (J=U).(L) for these two
models as points of maximum rst and second derivative of owwmomplex network measures.
By tracking these e ective critical points as a function of gstem size we are able to ex-
trapolate to the thermodynamic critical point. We also trak other features of our complex
network measures like the maximum of the Pearson R correlati and the local minima of
the clustering coe cient shown in Fig. 4.2. For each system e we interpolate the data
shown in Fig. 4.2 with 8" order polynomials using the scipy functionnterpolate.splrep
[75]. We locate the position of maximum absolute value of thest and second derivative of
clustering coe cient, network density, and disparity by sanpling this polynomial at 10000
times the resolution of the original data and selecting thealue of the control parameter ¢
for transverse Ising andJ=U for Bose-Hubbard) that maximizes the absolute value of the
rst or second derivative. Some measures have multiple mama in the absolute value of
their rst and second derivatives. To uniquely de ne the maxmum we track we also impose

the following conditions:

d?D d32C

d_gz;d_gz > 0; (4.3)

dC d?R

d_gd_gz < 0; (4.4)
2 2 2
dD;dC;dC;dY;dR >0 (4.5)

d(J=U)?2" d(J=V) d(J=U)?" d(J=U)2" d(J=U)
and
d?R
FREN)E < 0: (4.6)

Even with these conditions imposed the maxima are not uniglyede ned for the rst and

second derivatives of the clustering coe cient of the Bosetubbard model at unit lling. We
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therefore also impose the conditionJEU)(L) > 0:15 for the clustering coe cient of the
Bose-Hubbard model at unit lling. The inequality (J=U).(L) > 0:15 assures that we do not
track a maximum at J=U 0:12 in the derivative of the clustering coe cient.

All estimates of critical points included in Table 4.1 are magl by tting the e ective
critical points as a function of system size to power laws di¢ form de ned in Egs. (2.40) and
(2.41) using the SciPy functionoptimize.curve _fit [75]. ThepO argument of this module
allows one to specify initial values for the parameters to bé to. For the Bose-Hubbard
model at unit lling the initial estimates of (J=U)., A, and 1= %are set to 0.272, -0.211, and
1.67 respectively. We use these initial values for all estates of the BKT critical point. We
nd that our complex network analysis estimates the critich point of the transverse Ising
model to within 0.01% of its known valueg. = 1. Furthermore, we are able to estimate the
position of the BKT transition to within 3.6% of its acceptedvalue ofJ=U = 0:305 with just
150 lattice sites.

By extremizing network density, clustering coe cient, anddisparity on a lattice of 42 sites
as a function of each value ofJ=U) we estimate the boundaries of the Mott lobe as shown
in Fig. 4.3. Minimization of density results in similar estinates as maximization of disparity.
However, minimization of the clustering coe cient leads to kghtly worse estimates as shown

in Fig. 4.3. Note that we extremize the data above and below the &tk lobe separately.

4.4 Conclusions

In conclusion, we have shown that complex network measuraslbon taking the quantum
mutual information as a weighted adjacency matrix reliablyestimate quantum critical points
for well-known quantum-many body models, in particular thetransverse Ising and Bose-
Hubbard models. These models include three classes of phasmditions, Z,, mean eld
super uid/Mott insulator, and a BKT crossover; in each casewe obtain rapidly converging
accuracy for critical point values. Our work sets the stageof application of a new set
of quantum measures to provide insight into the complexity foquantum systems where

traditional correlation measures are at best weakly appkble. In Chapters 5 and 6 we will
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Fig. 4.3: Finite-size scaling for the Bose-Hubbard model and transverse Ising modgd)
BHM quantum phase diagram for xedL = 42 showing super uid and Mott Insulating
phases with mean eld phase transition along the Mott lobe aha BKT transition at its
tip. (b) BHM BKT transition at unit lling. Scaling in 1 =L places the critical point at
(J=U)gkr = 0:316 (clustering, solid red), 284 (disparity, blue dot-dashed) and 282 (den-
sity, black dashed), respectively. Compare to the best vaduo date [76, 71] of (BO5, or the
Luttinger liquid prediction of 0:328. (c) Approaching the BHM mean eld super uid/Mott
insulator transition for xed (J=U) = 0:1. Maximum disparity (blue circles), minimum clus-
tering (red plus signs), and minimum density (black star) sale towards the commensurate-
incommensurate phase boundary and lie closely on top of eatheay. (d) Scaling of multiple
measures and their derivatives for the TIM, see also Tablel4.
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Table 4.1: Quantitative nite-size scaling analysis of quantum critical points.Estimates for
the critical point g. and (J=U)gkr and scaling exponents;
Bose Hubbard models, respectively, based on three complexwark measures on the mutual
information. We include in our analysis rst and second devatives (FD, SD) since bare
measures are often insu cient, an e ect well-known from ongoint entanglement measures
like von Neumann entropy. We also note three other features: ehlocal minima (LM)

in the clustering coe cient C, the local maximum in Pearson R correlation (LMA), and
an intriguing point where normalized disparity is equal to ormalized density f = D).

Entries are left blank where no signi cant feature appearsithe complex network curves.
Our complex network measures clearly perform as well or bettthan standard measures,
particularly for the still improving estimates for the BHM BKT point [76].

O for the transverse Ising and

Fit Parameter | Network Density D Disparity Y Clustering Coe cient C Pearson CorrelationR Y=D
FD SD FD SD LM FD SD LMA FD SD
1:.001 1:.001 1:.001 0:999 | 099 1:.001 1.001 1.02 1:.007 | 1.002
G 0:001 0001| 0002 0001 0001 0001 0001 0:001 0:.001| 0:.001
1.07 1.02 1.2 1.03 0:36 1:.09 1.05 1.76 1.82 0.65
0:01 0:03 0:05 0:02 0:01 0:01 0:02 0:16 Q:15 0:01
_ 0:281 0:282 | 0:146 0:284 | 0:2/5 0316 0278 | 01291 0199 0:272
(I=U)exr 0001 0001| 0001 0001 0001 0001 0001 006 0001 0:002
0 2:27 2:58 0:933 2:88 0.79 1:69 2:.07 156 1:25 2:3
0:06 0:04 0:02 0:17 0:03 0:01 0:07 0:06 0:01 0:1

apply our new methods to study the dynamics of quantum cellat automata [40, 77].
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CHAPTER 5
CONVERGENCE OF QUANTUM CELLULAR AUTOMATA

In Chapter 4 we implemented network-based complexity mea®ms successfully in Open-
MPS simulations of quantum phase transitions. We now turn tguantum cellular automata
and far-from-equilibrium quantum many-body dynamics, andxamine the applicability of
powerful OpenMPS codes to this new context, in particular tthe network-based complexity
measures introduced in Chapter 3 and applied in Chapter 4. 8gi cally, we will evaluate
matrix product state code as a means of evolving quantum s&g under the BCM Hamil-
tonian and a Hamiltonian motivated by rule 6 of [45]. We nd tha OpenMPS simulations
of hundreds of random Fock states and local defect initial nditions abruptly reach the
entanglement cuto imposed by convergence parametery.x. This abrupt saturation of

implies that OpenMPS is not a viable numerical method to stugl the dynamics of the
BCM Hamiltonian for most initial conditions. We also performa case study of the quantum
blinker reported in [40]. Despite using one of the latest fors of time evolution available for
OpenMPS methods [57] we are unable to reproduce the quanturiinker under the initial
conditions speci ed in [40]. We nd that this initial condition instead rapidly equilibrates
to a highly entangled quantum state. However, under a di erenchoice of initial condition
we nd that OpenMPS is able to reproduce a quantum blinker pdern observed in exact
simulation. For this single exceptional initial conditionOpenMPS is able to accurately com-
pute several measures of complexity. We conclude the chapby studying the evolution of
a single initial condition under the rule 6 Hamiltonian. We nd it produces lowly entan-
gled dynamics for this initial condition. This suggests OpeMPS may be able to e ciently

simulate the dynamics of the rule 6 Hamiltonian.

59



5.1 OpenMPS Convergence Analysis of BCM Hamiltonian

In contrast to the many and well-known studies [78, 79, 80, 882, 83, 84, 85] of the
dynamics of quantum quenches, in which the initial conditio is a ground state, we instead
study the evolution of various non-stationary initial condgtions under the BCM Hamiltonian
de ned in Eg. (2.42). We begin our analysis of this Hamiltonia by performing a scaling
study in the convergence parameter nox. As described in Chapter 2, is the number of
singular values that are kept in the singular value decompitien of a quantum state. As
such, is a measure of the many body entanglement of a quantum stat®atrix product
state methods can simulate larger lattices than can be sinaied using exact diagonalization
because physically relevant quantum states often have sirgr values that decay exponen-
tially quickly [46]. This approach results in an optimized dw-dimensional representation in
Hilbert space which is only polynomial, rather than exponeidl in the system size, e ec-
tively circumventing quantum blow-up. Therefore in simuling quantum states with matrix
product state methods one may keep a small number of singulealues and still achieve a
useful representation of the quantum state. In simulating wantum many body dynamics
OpenMPS increases in order to satisfy inequality (2.59) until = .. In inequality
(2.59), determines how many singular values are kept by OpenMPS asifpas <  nax.
Once nax IS reached we no longer have a converged estimate of the quentstate. How-
ever, one may compute the Schmidt errots of a simulation in order to estimate the error
made by OpenMPS. The Schmidt error is the sum of the singulaales that are neglected
by OpenMPS during a simulation. We nd that after saturation of o the Schmidt error
is approximately constant for a few units of time before ragly increasing. By performing
analyses of , and we are able to quantify how many lattice sites our Hamiltonians able
to reliably evolve and under what choice of initial conditia.

To assess the performance of OpenMPS we selected two kindsnitfal conditions to

evolve under the BCM Hamiltonian, defect initial conditionsand random Fock state initial
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conditions. Defect initial conditions are de ned as
.o .~ L n... on.~ L n
ji=j0 2 "jn o 2 7 (5.1)

for L even and

L @n+l) | oq4] - L (@nHD)
2

j 1 =)0 2L jOi (5.2)
for L odd. That is, for an even number of sites one initializes theugntum state with the 2n
most central qubits in thejli state, and all other qubits are initialized to thejOi state, while
for an odd number of sites the 2+ 1 most central qubits are initialized to thejli state while
all others are initialized to the jOi state. The de nition of defect initial conditions assures
they are left-right symmetric. Random Fock state initial coditions are generated using the
NumPy random number generatorandom.rand [68]. Each sitei is initialized to the state
j1i with probability p, and is initialized to the statejOi with probability 1  p, resulting in
L local statesj ;i fori 2 [1;L]. We then form the tensor product of thesd. states to form
a random Fock state
ji= joil (5.3)
i=1

The simulations we are capable of running using OpenMPS musave reasonable values for

because simulation time scales 2 as shown in Fig. 5.1. The simulations of Fig. 5.1 have
nal time t; =10:0 and time step t=0:1.

Running simulations with o« = 320 we found that for local defect initial conditions
with1l n 12 all simulations reach nax Within 7 units of time, as shown in Fig. 5.2. Since
all terms in our Hamiltonian are of order 1, the natural time sale for interaction within a
single neighborhood is 1 unit of time.

Even with .« = 320 imposed these simulations take more than 96 hours to ruor
t = 8. If we did not impose this limitation on  simulations would take even longer to
complete. In Chapter 6, where we turn to Trotter-based time wlution, we will nd that

lattices of 20 qubits typically require at least 50 units ofitne to reach a central bond entropy
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Fig. 5.1: Scaling of OpenMPS simulation time with convergence parameter Here we show
that for 26 qubits simulation time scales as %54
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Fig. 5.2: Saturation of o for local defect initial conditions. All local defect initial condi-
tionswithl n 12 reach i = 320 within 7 units of time when evolved under the BCM
Hamiltonian and some take as little as 3 to 4 time units.
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that is nearly constant. Since reaching this constant valuakes longer for larger systems it is
clear that OpenMPS is not a viable numerical method to simuta generic initial conditions
over the relevant times scales of QCA.

We also studied the e ect of the convergence parameter on the time to reachy.x. As
expected increasing increases the amount of time to reachy,« for random initial conditions

with p=0:6 as shown in Fig. 5.3. We chooge= 0:6 to avoid the extremesop=0andp=1
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Fig. 5.3: Dependence of on for random initial conditions. Simulations with smaller
values of are more accurate. However these simulations also requirersmtime to simulate
due to larger . Simulations with increased to 10 have large errors in network measures
computed on the quantum mutual information complex network.

as well as half lling at p = 0:5, which sometimes has special properties in quantum many
body models, e.g. the Fermi Hubbard Hamiltonian [34]. We als@at-checked other values
besidesp = 0:6 and found similar results. These simulations have,.x = 80. Increasing
could allow simulations to be run more quickly, and thus mak®penMPS a viable numerical
procedure. However, we nd that increasing results in large errors of complex network
measures as shown in Fig. 5.3.

We have also included a study of the time to reachn, for random Fock state initial

conditions with p 2 [0:2; 0:3; 0:4; 0:5; 0:6; 0:7; 0:8; 0:9] and as a function of the initial lling
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P
factor =(1=L) iL=1 h;(0)i. We display our results in Fig. 5.4 and Fig. 5.5. Both Fig. 5.4
and Fig. 5.5(a) demonstrate that for intermediate values ofhe Iling factor the time to

reach nax IS reduced. Interestingly, for local defect initial condibns we nd that the time

4.0

1.5¢ | , } ¢ }

1.0

02 03 04 05 06 07 08 09
Probability of Placing jLi

Fig. 5.4: ax Saturation time of random Fock state initial conditions.Random Fock states
with an intermediate value of the probability of placingjli at any particular site reach
earlier.

to reach ,ax changes linearly with density, with a slope that is di erentabove and below
some critical lling factor. For small values ofp there is an increase in the variance of the
time to reach ox. We believe this is due to the proximity ofjli states to the boundaries
of the lattice. In order to test whether the proximity of j1i states to the boundaries changes
the time to reach ,x we ran simulations with the defect displaced from the centesf the

lattice by j sites,
ji=joi 7 "ijgi *joi = "™ (5.4)
For small values of the displacement we found that the time toeach .« is not modi ed

as shown in Fig. 5.5(b). For larger values of the displacemente found that the time to
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reach nax increases rapidly, accounting for the variance of the data iFig. 5.4. If the sites

initialized in the j1i state happen to be near a boundary then simulation time is ineased.
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Fig. 5.5: max saturation time of local defect initial conditions and displaced local defect initial
conditions. A critical lling factor minimizes the time to reach .. Small displacements
of local defect initial conditions do not modify the time to each .. Large displacements
place j1i states near the boundaries of the lattice and the time to rehc . iNncreases
rapidly.

Because we cannot provide converged estimates of the quantatate after saturation of
max We will conduct the analysis of Chapter 6 using a Trotter-basl time evolution scheme
written by L. E. Hillberry [45]. This code uses a second ordemn3uki-Trotter decomposition
to perform time evolution on the exact quantum state, and theefore entanglement does not
e ect simulation time. The main source of error in this codes due to the non-commutativity
of operators in the Suzuki-Trotter decomposition, which ggroximates the matrix exponen-
tial of a sum of operators in terms of a product of exponentiglof operators as described in
Chapter 2. To establish the accuracy of the Trotter exact cadwe compare our Trotter-based
simulations to simulations performed using exact diagonaation. As noted in Chapter 2
Sec. 2.7, exact diagonalization still contains numericatrer due to the nite precision with
which the computer represents oating-point numbers. Thes simulations havet; = 0:1,

and t =0:1=2¢ for k 2 [1;8]. We de ne the error of our Trotter-based simulations for a
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time step of t as the maximum di erence in the 2-norm between the state pragted using
Trotter-based simulation and exact simulation over the eite simulation time, that is

1; e =MaX]i] Oigoner; « 1 (Diep; 2 (5.5)
Two versions of the Trotter-based code were implemented, gnsmetric and an asymmetric
version. In the symmetric version the decomposition of the atrix exponential results in
an error that should be proportional to t2. In the asymmetric version the decomposition
of the matrix exponential should result in an error that is poportional to t. We conrm
the scaling behavior of the error of both the asymmetric andysimetric time evolution

schemes in Fig. 5.6. Fitting the error data on a log-log scale wed that the asymmetric
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Fig. 5.6: Error of Trotter time evolution schemes. The error of our Trotter-based time
evolution scheme is proportional to t? for the symmetric scheme and t for the asymmetric
scheme. The slope of the asymmetric t is 0.952 with a sum of sayed residuals of 6 10 8.
The slope of the symmetric tis 1.952 with a sum of squared riemials of 4 10 *2.

time evolution scheme has; . /

"1; ¢ / t1:952.

19952 while the symmetric time evolution scheme has
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asymmetric time evolution scheme we use the symmetric timgaution scheme throughout

the case studies in the sections below and in Chapter 6.
5.2 Blinker Case Study

In [40] an emergent quantum blinker pattern was reported inhie dynamics generated by
the BCM Hamiltonian simulated on a lattice of 32 qubits with .x =30 and t = 0:01.
Such patterns are one of our criteria for complexity. Therefe the ability of the BCM
Hamiltonian to generate such an emergent feature suggestatit may support other complex
patterns and thus be useful as a complexity generating Hanoltian. In gure 2 of [40] the
initial condition of the quantum blinker pattern is reported as \four alive sites separated by
two dead ones". We take this to mean the initial conditionOi xS j 110011 j O E
In Figure 2 of [40] the resulting dynamics show localized oations of hh;i over the rst 30
units of time evolution, and a blinker pattern in the discreized expectation valueoh;i +0:5c.
In gure 3 of [40] this pattern is described as oscillation beveen j11011 and jOO000. In
Fig. 5.7 we display the results of our OpenMPS simulations fdhis initial condition over

100 units of time with ,,.x =32 and t = 0:1. We do not observe localized oscillations

100 1.0 100 1.0
09 09

80 0:8 80 08
07 0:7'8

06 60 065

— O:SE" — 05+
04 40 Odg

03 0:32

0:2 20 0:2

01 01

5 10 15 20 25 o0 050 15 20 25 o0

Site Site

Fig. 5.7: OpenMPS simulation of BCM blinker initial condition. We do not observe localized
oscillations of ;i or bm;i + 0:5c.

in M;i or the pattern described in the discretized expectation vaé. There appears to be
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a transient oscillation betweenj0110 and j100i for 20 < t < 40, however this does not
correspond to the pattern described in [40]. While the BCM pagr uses a smaller time step
we note that the pattern they describe in their paper has a pa&rd of approximately 10 units
of time, so that we should be able to observe the dynamics witht = 0:1. Also note that our
simulations of the BCM blinker initial condition are left-right symmetric for t < 40, while
the data shown in Figure 2 of [40] is clearly not left right symmetric for t > 10. Furthermore,
we have also con rmed that this pattern does not appear in Titber-based simulations of 20
qubits.

Although we do not observe a blinker pattern for the initial codition considered in
the BCM paper, we have found that the initial conditionjOi E2 j 101 | Oi “2° does
produce a quantum blinker pattern that is also observed in et simulations. We refer to
this initial condition as the blinker initial condition. Despite the abrupt saturation of ax
we have observed that OpenMPS is able to simulate particulabservables for the quantum

blinker with limited ax as shown in Fig. 5.8 forL = 20, ty = 100, and t = 0:1. We

1.0 100 1.0
0:9 0:9
0:8 80 0:8
07 07
0:6 60 0.6
O:SE" — O:SE"
04 40 04
03 03
0:2 20 0:2
01 01
0 5 0 15 20 ° 0 5 10 15 20 °
Site Site
(a) =128 (b) =16

Fig. 5.8: OpenMPS simulation of a quantum blinker.OpenMPS is able to simulate the
blinker initial condition with = 128. Decreasing to 16 leads to a damping of oscillations
and a delocalization of the blinker pattern. The blinker is herefore not a mean- eld object,
its dynamics are fundamentally entangled.

performed these simulations for 5« 2 f 16; 32 64; 128). However, we only display results for
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max 2 T16;,128). We hypothesize that the blinker can be simulated in OpenMP$8ecause
it is a small compact object, soliton-like. However, it is noa mean- eld type object since it

is clearly unstable as we reduce. It is a fundamentally entangled robust emergent feature.
In Fig. 5.9 we show the complex network measures and the centtzond entropy of
OpenMPS simulations of the quantum blinker with o 2 f 16,32 64; 128 and a Trotter-

based simulation. In contrast to most initial conditions, he central bond entropy of the
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Fig. 5.9: Complexity and entanglement measures for OpenMPS simulations of blink&pen-

MPS is able to accurately converge complex network measutesthe values computed by a
Trotter-based simulation. OpenMPS is also able to reprodeche uctuations of the central

bond entropy despite saturating.

blinker increases logarithmically with time in Trotter-based simulations as we will nd in

Chapter 6. The small value of the central bond entropy of the limker initial condition
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implies the eigenvalues of {} -5 decay more quickly as a function of eigen index than the
eigenvalues of other initial conditions. This is because g¢hentropy measures the uniformity
of the eigenvalues of the reduced density matrix. For exanglhighly entangled states have
nearly maximal central bond entropy since the eigenvalues the reduced density matrix
are all approximately equal. The logarithmically slow incease in the central bond entropy
observed in Trotter exact simulations of the blinker initid condition thus suggests that it may
be possible to simulate this initial condition accurately wer longer simulation times than
generic initial conditions. In Fig. 5.10 we demonstrate thaDpenMPS calculations ofn;i,
C, D, Y, and Syong converge to the values computed using our Trotter-based tamnevolution
scheme as nux is increased. The error in each measure is de ne as the abseldi erence in
the measure between OpenMPS and Trotter-based simulationSince OpenMPS simulations
always underestimate the entanglement of the quantum statée error in the central bond
entropy does not signi cantly decrease asnmax IS increased.

Interestingly the dominant frequencies and scale of uctu@ns of the central bond en-
tropy are the same for exact simulations and OpenMPS simuiahs as shown in Fig. 5.11. To
compute s, ., we rstidentify the dominant frequency f, of the oscillations of the central
bond entropy for the blinker initial condition simulated usng Trotter exact code. We then
de ne the period of oscillation of the blinker asT = 1=f,. We then compute the standard
deviation of the central bond entropy fort T <t%<t fort 2 [T;t;] for Trotter exact and
OpenMPS simulations. This de nition di ers from the de nit ion of uctuations in Chapter
6, however both de nitions predict persistent uctuationsof the central bond entropy for the
blinker initial condition. In Chapter 6 we argue that persisent uctuations of the central
bond entropy and complex network measures far from known/nalom states are quanti ers
of complexity. Therefore, for the blinker initial condition OpenMPS accurately computes
the complexity of the quantum many body dynamics, but is not ble to accurately compute

the entanglement of the quantum many body dynamics.
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Fig. 5.10: Error of complexity, entanglement, and local measures for OpenMPS simulations
of blinker. As is increased the absolute di erence between complexity neaes computed
by OpenMPS and Trotter-based code is reduced. OpenMPS siratibns of the local observ-
ablem;i also converge to Trotter-based simulations as,ayx IS increased. The error irth;i is
computed by averaging over the absolute error at each site h& error in Syong iS NOt signi -
cantly reduced by increased nax. Although OpenMPS is able to converge local observables
and complex network measures it does not provide reliabletiesates of entanglement

71



10° : : 0.6

— Trotter Exact — Trotter Exact
— MPS =128 — MPS =128

0.0 0.1 0.2 0.3 : 20 40 60 80 100
f t

Fig. 5.11: Power spectrum and uctuations of blinker initial condition simulated with Open-
MPS and Trotter-based codeThe dominant frequencies of the blinker initial condition snu-
lated with OpenMPS and Trotter exact code are the same despiOpenMPS not accurately
computing the central bond entropy. OpenMPS is able to compa the complexity of the
guantum many body dynamics despite being unable to computtsientanglement.

5.3 Rule 6 Case Study

In Fig. 5.10 we found that OpenMPS can reliably compute meases of complexity for
the blinker initial condition. However, it is not able to accuately compute the amount of
entanglement generated by the BCM Hamiltonian. An interestig question is therefore, does
a quantum game of life Hamiltonian exist for which OpenMPS iskde to reliably compute
both the entanglement and the complexity generated? We instgate this question by
studying the evolution of the blinker initial condition for L = 20, t; = 100, and t =0:1
under another quantum cellular automata Hamiltonian, the rie 6 Hamiltonian. Rule 6 is

simpler than the BCM Hamiltonian: the rule 6 Hamiltonian is de ned as

B = * B+ O (5.6)

That is, if a site has exactly one neighbor in the alive statehen this site undergoes evolution
according to the term f + ﬁ’ , otherwise the site remains static. Although we use the same
rule operators in our Hamiltonian version of rule 6, we use thmain operatorﬁ + B{V instead

of the Hp P( ) used for unitary-based QCA. In Fig. 5.12 we nd that rule 6 prodices solitons
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that re ect from the boundaries of the lattice several timesluring the simulation. In Fig. 5.13
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Fig. 5.12: Spacetime plot ofth;i for OpenMPS simulation of rule 6 Rule 6 produces ex-
citations that travel to the boundaries of the lattice and then induce oscillations near the
boundaries. The existence of localized traveling solutisrsuggests the rule 6 Hamiltonian
may be a complexity generating Hamiltonian. We hypothesizdat only Goldilocks rules are
complexity generating.

and Fig. 5.14 we nd that OpenMPS is able to reliably compute th central bond entropy
and complex network measures of quantum mutual informationetworks. This suggests
that some quantum cellular automata can be simulated with OgnMPS while others can not.
However, it would be necessary to perform simulations over mamore initial conditions
before concluding that the rule 6 Hamiltonian can be simulate with OpenMPS. In this
chapter we have studied two forms of convergence of our OpeRBI simulations. We found
that OpenMPS is not able to compute converged estimates of gutum states for any of the
initial conditions or Hamiltonians studied according to theinternal convergence parameters
max and . However, for particular observables computed on the blinkeitial condition we
found that OpenMPS is able to reliably converge to the resudtof our Trotter-based evolution
scheme. Finally, there is a third form of convergence that wibe left to a future researcher,

evaluating the sensitivity of OpenMPS to perturbations in he de nition of quantum cellular
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Fig. 5.13: Entanglement and complexity measures of OpenMPS simulation of rule @pen-
MPS is able to accurately compute both the entanglement andomplexity of a quantum
state evolved under the rule 6 Hamiltonian. That is, OpenMPS aurately computes the
central bond entropy and complex network measures of quamumutual information com-
plex networks when compared to a Trotter-based simulation.
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Fig. 5.14: Error of complexity measures and entanglement measures for OpenMPS simulation

of rule 6. Error in the complex network measures and the central bond &opy for an
OpenMPS simulation of an initial condition evolved under tle rule 6 Hamiltonian.
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automata, for instance multiplying the rule operators by na binary coe cients. In Chapter
6 we will investigate the possibility that some quantum celilar automata can be simulated
with OpenMPS by studying the entanglement and complexity geerated by 13 quantum

cellular automata for 13 initial conditions with Trotter-based time evolution.
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CHAPTER 6
COMPLEX DYNAMICS OF QUANTUM CELLULAR AUTOMATA

In this chapter we will study the question \is complexity typically lowly, highly, or both
lowly and highly entangled?" and quantify a new physical cks of states that are produced
by our time evolution schemes displaying high complexity ahnon-random structure. We
also evaluate a set of hypotheses concerni@pldilocks rules Intuitively these are rules
that produce activity if there are just the right number of stes in the alive state in the
neighborhood of a particular site, not too few, and not too m@. For nearest-neighbor
unitary-based quantum cellular automata there is only one @dilocks rule: ruleS = 6 of
[45]. In [45] ruleS = 6 was found to be the only rule that produced robust and compk
dynamics. In our study of next-nearest-neighbor Hamiltonizs we focus on quantifying
the set of complexity generating rules as quanti ed by persient entropy uctuations with
many frequencies, robust dynamical features, and intermiede values of complex network
measures applied to quantum mutual information networks. Btivated by the ndings of [45]
we hypothesize that only Goldilocks rules will be complexitgenerating. Furthermore, we
hypothesize that non-Goldilocks rules tend toward therma&ation as quanti ed by reductions
in entropy uctuations.

We start by introducing our measures of entanglement and cqiexity. We then study
the dynamics of local observables and identify an emergentantum blinker pattern in the
dynamics of ;i for multiple rules. By performing Fourier analysis of netwik density,
clustering coe cient, disparity, and the central bond entropy we quantify the complexity
of our dynamics in terms of the number of peaks above a red meithreshold. Next we
study the complexity and entanglement generated by our ruteat late times by studying
late-time averages of the central bond entropy, uctuatios in the central bond entropy, and

complex network measures. We conclude with a case study o€tlong time evolution of a
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guantum blinker pattern observed in rule 12. We study how theattern responds to a linear

perturbation and we study the entanglement interactions ofwo blinker initial conditions.
6.1 Rules, Initial Conditions, and Measures

In this section we de ne the set of rules and initial conditias that we will study in the rest
of the chapter. In this chapter we study next-nearest neigldy (r = 2) Hamiltonian-based

guantum cellular automata, speci cally rules

R2f23,4,6,7,10, 12 14, 15,17, 21; 23,28

where R is de ned in Eq. (2.48) and the general form ofR; is de ned in Eq. (2.47) in

Chapter 2. Here we summarize the operators these rules cop@sd to

R=N", R=2; (6.1)
R=N2+N", R=3; (6.2)
R=N®,6 R=4 (6.3)
R=N"+N®, R=6; (6.4)
R=N2+NP+N® R=7; (6.5)
R =N®+N® R=10; (6.6)
R=N®+X® R=12; (6.7)
R=N"+X?+NK® R=14; (6.8)
R=N?+X8O+K@+N® R=15; (6.9)
R=N?+8® R=17; (6.10)
R=N?+xK®+N®  R=21; (6.11)
R=N?+x8O+ K@+ R=23; (6.12)
R=N®+8®+N® R=28: (6.13)

Since the Hamiltonian-based QCA we study in this chapter arellar = 2 (next-nearest-
neighbor) we Writel\'l\i(j) instead ofNi(j);2 as written in Eq. (2.47) in Chapter 2. A Goldilocks

rule is de ned as a rule which produces activity if the numbepf sites in the statejli is
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within an interval not including the maximum possible numbe of living sites, 2, or the
least possible number of living sites, 0. Thus, of the rulesevstudy, rules 2, 4, 6, 12, and 14
are Goldilocks rules, while rules 3, 7, 10, 15, 17, 21, 23, a8l are non-Goldilocks rules. In
Fig. 6.1 we provide sketches of the rule operators de ned in Eq(6.1)-(6.13) to illustrate

the di erence between Goldilocks and non-Goldilocks rules

_iRZZ _iR:4 _iR:6
0O 1 2 3 4 00 1 3 4 0O 1 2 3 4
n n
R=14 | __ALR:7 |
J_I_L «
0]
01 2 3 4 01 2 3 4
n n
_1R=15 _1R=21 |
« «
00 1 2 3 4 4 00 1 2 3 4
n n

n
_iR=28
@
00 1 2 3 4
n

Fig. 6.1: Sketch of Goldilocks and Non-Goldilocks RulesGoldilocks rules are rules that
produce activity if there are just the right number of neighlors in the alive state,jli, not
too few and not too many. A horizontal line att from n to n + 1 indicates that a rule
produces activity if there are exactlyn neighbors in the alive statejli. A horizontal line

at 0 from n to n + 1 indicates that a rule does not produce activity if there ae exactlyn
neighbors in the alive statejli. Rules 2, 4, 6, 12, and 14 are Goldilocks rules. Rules 3, 7,
10, 15, 17, 21, 23, and 28 are non-Goldilocks rules.

For most of this chapter we study the properties of next-neast-neighbor Hamiltonian-
based QCA. However, in Sec. 6.5 we perform a follow up study ofetimearest-neighbor
unitary-based QCA de ned in [45] for rulesS 2 f 1;2; 6;9;10; 14g. The rule number, S, for

these nearest-neighbor unitary-based quantum cellular tumata is de ned in Eq. (2.53) in
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Chapter 2. While [45] studied bond entropy uctuations for narest-neighbor unitary-based
QCA, we study the scaling of the central bond entropy as a funicin of system size.
For our study of next-nearest-neighbor Hamiltonian-based Q€and our study of nearest-

neighbor unitary-based QCA we perform simulations for theoflowing initial conditions:

jBi =j0:::102::0i ; (6.14)
jD,i = j0:::011Q::0i ; (6.15)
jDsi = j0:::01110:0i ; (6.16)
jTii = j0::011011Q:0i ; (6.17)
jToi = j0:::01100110:0i ; (6.18)
jTai = j0:::011000110:0i ; (6.19)
jT4i = j0:::0110000110:0i ; (6.20)
j.i=joi B2t pl—z(jOO' +j12) joi ©* 1t (6.21)
i i=joi =2 pl—é(joa i 15) joi B2y (6.22)
iSi = pﬁgon i 10) -2 (6.23)
jrai ; (6.24)
jRai ; (6.25)
iCi : (6.26)

The state jBi is the blinker initial condition, jD;i is a local defect initial condition with i
states in the alive statejli, jT;i is the two defect initial condition with defects separated
by i sites,j i are Bell states,|Si is an array of spin singletsjrji is a random quantum
state with normally distributed complex coe cients and random seedi, jR;i is a random
Fock state with probability of placing jli at any site ofp = 0:5 and random seed, and jCi
is a cluster state with links between nearest neighbors ondHattice [69]. Although initial
condition jSi is an eigenstate of rule 17 we have decided to include it in ostudy as it is
one of the only initial conditions with non-trivial entanglement structure, and it is not a

stationary state of any other rule we consider.
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We quantify the amount of entanglement in simulations by the&entral bond entropySyong
de ned in Eqg. (2.17) of Chapter 2. This quantity is similar tothe parameter of Chapter
5, for highly entangled simulationsS,,,q  10g,( ). In Sec. 6.7 we studyS,,nq NOrmalized
to its maximum value of Sy.x = L=2. We quantify the complexity of our simulations by
persistent uctuations of the central bond entropy as well & complex network measures far
from their values for random/well known states. Fluctuatios of the central bond entropy

are de ned as the di erence in the central bond entropy betwen timest andt n t
S(t)n = Shond(t)  Spona(t N t): (6.27)

In Sec. 6.2 we study] S;j averaged over groups of = 20 time steps. We have also
considered averages with =5; 10 however we nd the same trends as for = 20. Analyses
of ] S,j for n 2 [2;5] make similar predictions for the complexity of dynamicssg S;j in
Sec. 6.4. Therefore we refer to S; as S in this chapter. All simulations have a time step
of t=0:1and nal time of t; = 100 except for the long time simulation of the quantum
blinker, which hast; = 1000. We have assured the convergence of late-time avermage the
time step t by comparing to simulations with t = 0:1=2° as described in Sec. 6.4. All
measures are computed at each time step. In Sec. 6.4 we coneplatte-time averages of
all quantities, and denote the average by a bar over the measu Late-time averages of a
measure are computed by averaging over the lasi; values of that measure for a simulation
in order to discard transients. We have sell; = 100 throughout our study, however we have
also assured the convergence of our resultshiy by comparing to analyses withN; = 500

as described in Sec. 6.4. We study lattices of lengths2 f 10,12, 14; 16, 18; 20g.
6.2 Dynamics of Local Observables and Entanglement

In Fig. 6.2 and Fig. 6.3 we provide spacetime plots of the expation value of the number
operator, ;i, and the single site von Neumann entropy5. In each plot we show the
dynamics of initial condition jBi evolved under rules 2, 3, 4, 12, 17, and 23. In these

spacetime plots the vertical axis is timé and the horizontal axis is sitei of our lattice. We
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do not observe robust dynamical features in"Yi = iy i or *i = H) + i that are not
already present in the dynamics offy;i. Although, interestingly only the cluster state initial
condition produces dynamics if**i for our Hamiltonians. The dynamics of local observables
can identify localized solutions like the quantum blinker atterns shown in Fig. 6.2(c), (d),
and (f). These quantum blinker patterns are examples of theobust dynamical features we
expect to nd in complexity generating rules. Such localizk solutions often correspond to
simulations that are less highly entangled than simulationsithout localized solutions. While
the blinker structures of rules 12 and 28 are well localizechd have a well de ned period, the
oscillations of rule 4 appear to have additional frequenae Rule 2 thermalizes to a state with
a Gaussian pro le inm;i, while rule 3 thermalizes to a state with constantn;i throughout
the lattice except near the boundaries. Rule 17 produces pglendently oscillating patterns
along the boundaries of the lattice, separated by 7 non-evaig sites. In Fig. 6.3(c) we nd
that the rule 4 blinker has highly dynamic entanglement of te von Neumann entropy. This
contrasts with the blinkers of rules 12 and 28 which have emtglement that slowly di uses
to the boundaries of the lattice. The boundaries of the di usg entanglement can also be
observed in the spacetime plots difi;i suggesting that the local observablén;i correlates
with S;. We also nd that the von Neumann entropy of rule 2 equilibrate to a similar
pattern as h;i, with entanglement in the center of the lattice and less entgylement at
the boundaries. Similarly,S; of rule 3 is lower wheren;i equilibrates to lower values, and
higher where it equilibrates to higher values. This relatimship between a local observable
and an entanglement measure is reminiscent of the relatioretween number uctuations
and von Neumann entropy derived in [86]. The spacetime plot ofile 17 shows that the
non-dynamical sites have no entanglement with other sitesnplying that rule 17 produces
spatially factorized dynamics.

We have identi ed di erent behaviors of the late-time cental bond entropy as a function
of system size, initial condition, and rule number. For somsimulations the central bond

entropy approaches a constant value nedr=2 asL is increased. These simulations have
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Fig. 6.2: Spacetime plots oM;i for quantum cellular automata evolution of initial condition
jBi. Rules 4, 12, and 28 have blinker-like patterns. Rule 2 therrdizes to a state with a
Gaussian pro le in h;i. Rule 3 thermalizes to constantm;i throughout the lattice except
for sites near the boundaries. Rule 17 produces two indepemtl oscillating patterns.
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Fig. 6.3: Spacetime plots ofS; for quantum cellular automata evolution of initial condition
jBi. Entanglement propagates at di erent rates for the blinker suctures of rules 4, 12, and
28. Rule 17 produces spatially factorized dynamics. Plotseaasymmetric due to the lattice
having an even number of sites.
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small uctuations of the central bond entropy as shown for rles 3 and 15 in Fig. 6.4.
In other simulations the central bond entropy approaches aoostant value less thanL=2
with larger uctuations in the central bond entropy as shownfor rules 2, 12, and 28 in
Fig. 6.4. The quantum blinker patterns of rules 12 and 28 haveohd entropy that grows
very slowly. However, the average value of the central bond tevpy keeps increasing for
the entire simulation as shown in Fig. 6.4. Finally, rule 4 progces dynamics whose average
value does not increase as a function af for certain initial conditions. These simulations
have large uctuations of the central bond entropy. We showraexample in Fig. 6.4. Rule
17 often produces dynamics that spatially factorize and havzero central bond entropy.
However for initial condition jCi we have found that rule 17 generates dynamics that appear
to obey an area law. That is,Spong IS independent of system size and we do not observe
localized solutions in local observables like;i for initial condition jCi evolved under the
rule 17 Hamiltonian.

In Fig. 6.5 we present the results of computing S(t)j averaged over = 20 time steps
for all initial conditions in Egs. (6.14)-(6.26), all rulesin Egs. (6.1)-(6.13), andL 2 f 10; 20g.
For L = 10 it is di cult to di erentiate rules that have persistent uctuations of the central
bond entropy, however forL = 20 there are clear di erences. The set of initial conditios
with averagej Sj 10 “for the entire simulation correspond to the random initial ondition
jrsi. Certain rules have uctuations that approach levels constent with this random initial
condition, while other rules have uctuations well above Vmes consistent with the random
initial condition. While Fig. 6.5 displays the uctuations of the central bond entropy for
all rules we also provided plots for rules 4 and 7 alone in Fig.6§a) and (b) respectively.
Unlike the Goldilocks rule 4, the non-Goldilocks rule 7 hasgi cantly reduced uctuations
of the central bond entropy for all initial conditions. Mostrule 7 simulations approach levels
consistent with the random initial condition, jrzi. We say that rules with uctuations above
levels consistent with the random initial condition have pesistent uctuations of the central

bond entropy. In Sec. 6.4 we quantify this notion more pre@dy.
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Fig. 6.4: Bond entropy time series for quantum cellular automata evolution of initial condi-
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dependent onL. Rules producing a blinker-like pattern inhf;i have oscillations inSygng.
Rule 4 produces dynamics db,ong that uctuate at a constant independent of L.
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Fig. 6.5: Fluctuations of the central bond entropy for quantum cellular automata for all
initial conditions and all rules. Lines are color coded by rule. The simulations with initial
uctuations of the central bond entropy at 10 4 are simulations with a random initial
condition jrzi. Many rules have a drastic reduction in uctuations of the cetral bond
entropy as uctuations approach levels consistent with a raom initial condition. Other
rules maintain uctuations of the central bond entropy for the entire simulation.
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Fig. 6.6: Fluctuations of the central bond entropy for rules 4 and 7 for all initial conditions.
The Goldilocks rule 4 maintains uctuations at the level of D 2 over the entire simulation

for most initial conditions. In contrast, the non-Goldiloks rule 7 has signi cantly reduced
uctuations of the central bond entropy, thermalizing towads a state consistent with the

random initial condition jri.

6.3 Fourier Analysis

In his Master's thesis L. Hillberry introduced frequency anlgsis of complex network
measures to characterize entanglement dynamics [45]. Hentled signi cant peaks by
computing a 95% con dence red noise spectrum and nding peskn the power spectra of
complex network measures that are above this red noise speat [45]. Qualitatively, red
noise is noise that has a power spectrum that decreases agtiency is increased. In contrast
to white noise, which is uncorrelated in time, red noise is gelated in time. Such power
spectra are often observed in time series of complex systefias example precipitation totals
from Earth's atmosphere and solar ares from the Sun [87, 88Red noise can be generated
from white noise from the rst order linear Markov processc(t) = rx(t t) + y(t) where
y(t) is a white noise term added to the signal at each time step [B7This is essentially a
random walk parameterized by the redness parameter If r = 0 the signal at time t does
not depend on the signal at timet t and the signal is white noise. Ag is increased the

signal at time t does depend on the signal at timé  t and so the signal will be correlated
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in time. The power spectrum of this model of red noise is [87]

— 1 r2 .
"1 2rcos(2f t)+r2°

F, (6.28)

The autocorrelation coe cient between timest andt  t is equal to the red noise parameter
for this model of red noise [87]. Therefore, under the null ppthesis that the time series of
our measures are due to such a red noise process we computeatitecorrelation coe cient
between timest and t t for each time series to estimate its redness parameter. We
then construct a normalized red noise spectruiii, =jF,j to compare to the normalized power
spectrum of the time seried==jF . The norm of a power spectrum is de ned as the sum of
the power spectrum over all frequencies. Next we multiply thie, derived for each time series
by 2=15:991 for the 3 distribution with p = 0:05. This sets a 95% con dence level that
peaks found above the red noise spectrum are not due to randamstuations. The peaks of
our spectra that are above their 95% con dence level red neishreshold we deem signi cant.
Our criterion for a signi cant peak in the power spectra of a raasure is that it have a greater
amplitude than the power spectrum of its corresponding redamse signal. From analyses of
power spectra for di erent system sizes we have found that ¢hpower spectra for smaller
system sizes tend to be less smooth. The power spectra fogkarsystem sizes typically have
the same set of important frequencies as smaller system siZeowever some peaks disappear
as the system size is increased. We interpret such disappegrpeaks to represent nite-size
e ects and therefore to be less universal than persistent gks. Scaling studies up from
L = 10 reveal that the number of signi cant peaks decreases agstem size is increased for
all rules. In Fig. 6.7 we provide an example of our red noise dysis for rules 14 and 21.
Rule 14 has hardly any signi cant peaks for any measure whitele 21 has many signi cant
peaks. The peaks of rule 21 above the 95% con dence level reaise threshold shown in
Fig. 6.7(b) indicate that its dynamics are not consistent wit the red noise null hypothesis.
In our summary plots of the signi cant frequencies of our r@s we only include peaks

for L = 20, as much of the data forL < 20 is redundant and exhibits nite size e ects.
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Fig. 6.7: Power spectra of the central bond entropy for evolution of initial conditiofBi
evolved under rules 14 and 21 on a lattice of 20 qubit®5% con dence level red noise
threshold is indicated by a blue dashed line. The power speatof the central bond entropy
are indicated by black circles. Lines are a guide to the eyeh& peaks of rule 21 above this
threshold indicate its dynamics are not consistent with redoise. In contrast rule 14 has no
peaks above the red noise threshold indicating that its dymaics may be consistent with red
noise.

Many peaks are common amongst our various complex network aseres. In Fig. 6.8(a)
we plot the frequency of signi cant peaks of the central bon@ntropy, complex network
measures, and the local observabhé -, ;i for all initial conditions. In Fig. 6.8(a) we nd
that clustering and density often have peaks at the same fregncies suggesting they identify
similar processes in the dynamics of our networks. Disparialso has similar frequencies for
many of its important peaks, however disparity also has mangeaks at higher frequencies
than either clustering or density for many rules. In Fig. 6.8f) we nd that rules 10, 17,
and 21 have many signi cant peaks for all measures. We remiride reader that all rules
are depicted in Fig. 6.1. Rules 2, 3, 4, 6, and 23 also have mamgnscant peaks in the
power spectra of complex network measures. Finally, rules 2, 6, 10, 17, and 21 produce
more signi cant peaks in the power spectra db,ong than all other rules. Despite the abrupt
thermalization of rule 21 observed in Fig. 6.5, this rule pragtes more signi cant peaks in

the power spectrum of the central bond entropy than all otherules. That is, despite the
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Fig. 6.8: Signi cant peaks in the power spectra of the central bond entropy, complex network
measures, andn -, i for all initial conditions and all rules. (a) The frequencies of peaks
above a red noise spectrum at a 95% con dence level. Di ereniles produce quantitatively

di erent dynamics in all measures as evidenced by the di er¢ frequencies of signi cant
peaks for di erent rules. (b) Rules 10, 17, and 21 produce mgaipeaks above the red noise
threshold for all measures. This indicates the dynamics dfi¢se rules are not consistent with
red noise. Rules 2, 3, 4, 6 and 23 also have many signi cant geaor complex network
measures. Rules 2, 4, 6, 10, 17, and 21 produce more signitga@aks in the power spectra
of Spong than all other rules. 91



reduced amplitude of uctuations of the central bond entrop for rule 21, the amplitude of
the peaks in its power spectra are often above the red noisedbhold. Rule 10, which also
thermalizes, has nearly as many signi cant peaks as rule 2All other rules have less than 10
signi cant peaks in the power spectra of the central bond endpy. The signi cant number of
peaks in the power spectra of rule 17 appears to be due to the splfactorization of rule 17
dynamics for many initial conditions. The spatial factoriation produces isolated networks
that evolve independently of each other and thus do not intégre with each other. The
signi cant number of peaks in the power spectra of rule 21 ami erent. Rule 21 dynamics
of complex network measures do not exhibit coherent osctilans, they rapidly equilibrate.
The power spectra of rule 21 are more irregular. One explamat for this is that the system
equilibrates so quickly that it is generating white noise aequilibrium. This would also
explain why rules 10 and 21 have signi cant peaks at highereiguencies than most other
rules. Although our red noise analysis allows us to di ererdie our dynamics from red noise,
it does not quantify the complexity of dynamics as signi cahpeaks may be due to e ects
of the kind observed in the dynamics of rules 10, 17, and 21. fine next section we study

the complexity and entanglement generated by our QCA at latémes.
6.4 Late-Time Complexity and Entanglement

In order to understand whether our time evolution schemes gerate a new physical
class of states displaying high complexity and non-randontrgcture we study the late-time
averages of the central bond entropy and complex network nsaes applied to quantum
mutual information networks. In Chapter 3 we studied the quatum mutual information
networks of random quantum states and found C 3 2',andY ZEL. These
formulas allow us to estimate the value of network densityjJustering coe cient, and disparity
for arbitrary system sizes. To compute late-time averagesevaverage over the last 100 time

steps. In Chapter 3 we also found that the central bond entrags of the well characterized

entangled states we consider are always equal to 1.
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In Fig. 6.9 and Fig. 6.10 we display the late-time averages of mcomplex network mea-
sures for all initial conditions, all system sizes, and alutes as de ned in Sec. 6.1. The error
bars of the data shown in Fig. 6.9 and Fig. 6.10 are always at l¢ase order of magnitude
less than the value of the late-time average. In Fig. 6.11 weusly the same data. Instead
of averaging the data we now compute histograms. In Fig. 6.9,d=i6.10, and Fig. 6.11
we demonstrate that almost all of the quantum states produdeby all of our Hamiltonians
have network density, clustering coe cient, and disparityabove levels consistent with ran-
dom quantum states. We also nd that the quantum states prodced by our Hamiltonians
are typically highly entangled, with central bond entropy mar its maximum. This implies
that these states are not like the well characterized entategl states we have considered, the
JGHZi, jWi, and |Ci states, since they have central bond entropy equal to 1 indepdent
of system size. Furthermore, the complex network measuredstioe quantum states produced
by our automata are not consistent with well known quantum sites. The values of complex
network measures computed on well known quantum state arstid in Egs. (3.22), (3.24),
(3.26), (3.28), and (3.30). The cluster state, the singlegnd the singlet array all haveC = 0,
while the jWi and JGHZ i states haveY that consistent with random states. In Fig. 6.10
we note that Goldilocks rules 2 and 4 generate particularlyashse and clustered networks for
many initial conditions. However, we also nd that the non-Gddilocks rule 17 also produces
highly dense and clustered networks for many initial conditns. The outlying data for rule
15 in the C-D plane of Fig. 6.10 may be due tgSi being a near eigenstate of the correspond-
ing Hamiltonian. Inspection of the time series foySi evolved under the rule 15 Hamiltonian
reveals that the clustering changes by less than 210 # over the entire simulation. Similarly
the network density and disparity of this initial condition are near their initial values of
D=1=L 1)andY =1 as described in Eqg. (3.26) in Chapter 3. Finally, we do not sw
outlying data with C 10 16 as these points are due to the singlet array being an eigertsta
of the rule 17 Hamiltonian. We also exclude a data point witts,ong  0:4. This data point

is due to a simulation in which rule 17 produces entangled dgmics between sites 9 and
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Fig. 6.9: Late-time averages of complex network measures and the central bond entropy for
all system sizes, all initial conditions and all rules color coded by system siPeediction for
random states of all measures for a lattice &f = 10 (L = 20) sites are indicated by a dashed
(dot-dashed) line. Network density, clustering coe cient,and disparity are far from values
consistent with random/well known quantum states. Largerdttices have less clustered and
less dense networks. Most simulations are highly entanglatllate times with central bond

entropy comparable random quantum states.
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Fig. 6.10: Late-time values of complex network measures and central bond entropy for all
system sizes, all initial conditions and all rules color coded by rul@rediction for random
states of all measures for a lattice df = 10 (L = 20) sites are indicated by a dashed (dot-
dashed) line. All rules have complex network measures far fin¢heir values for random/well
known quantum states. The spatially factorized dynamics afile 17 produce highly clustered
states for most states. Rules 2, 3, and 4 produce highly derss® clustered quantum states.
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Fig. 6.11: Histograms of complex network measures and central bond entropy for all system
sizes, all initial conditions and all rules over the last 100 time steps of evolutidArediction

for random states of all measures for a lattice df = 10 (L = 20) sites are indicated by a
dashed (dot-dashed) line. Almost all simulations equilibta to values of complex network
measures above values consistent with random states. Thesates are also often highly
entangled as quanti ed by the central bond entropy.
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10 on a lattice of 18 qubits. In summary, all rules produce gatum states with complex
network measures far from the their values for random/weknown quantum states.

In Chapter 5 we determined that matrix product state methodswere not capable of
e ciently simulating the dynamics of the BCM Hamiltonian because the BCM Hamiltonian
produces too much entanglement and.« is saturated within the rst 7 units of simulation
time. We then performed a case study of a nearest-neighbor Hitanian motivated by rule
S = 6 of [45]. This case study suggested that it may be possible simulate certain QCA
using OpenMPS. To understand which QCA can be simulated by @@MPS and to quantify
the entanglement generated by our Hamiltonians we study thealing properties of the late-
time central bond entropy Spong. In Fig. 6.12 we displaySyong(L) for all rules (Egs. (6.1)-

(6.13)). Lines connect simulations of the same initial corttbn. Most Hamiltonians produce

Fig. 6.12: Scaling of Spong for quantum cellular automata for all system sizes, all initial
conditions and all rules. Our Hamiltonian-based QCA typically generate highly entanigd
guantum states since late-time central bond entropy increas linearly with system size.
However, the exceptional rule 4 produces simulations witBy,,q independent ofL for 5
initial conditions. Rule 17 produces simulations withS,.,y independent ofL for initial
condition jCi. Thus rules 4 and 17 are candidates for simulation in OpenMPS
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late-time bond entropy near the maximum possible value &f=2 for many initial conditions.
Rules 2, 3, and 4 have late-time bond entropy that increaseméarly but with a smaller
slope than for many other rules. Rules 12 and 28 also have peuiar initial conditions for
which Spong increases more slowly. These appear to correspond to sintislas with blinker-
like structures, for which the central bond entropy increass slowly as a function of time.
Finally, we nd that the Goldilocks rule 4, produces dynamicswith Syong independent of
system size for ve initial conditions: jBi, jD»i, jDsi, j +i, andj i. Interestingly, rule
17, which produces spatially factorized dynamics for manyo€k state initial conditions, has
dynamics that appear to obey an area law for the cluster statmitial condition. This is
particularly interesting since rule 17 is the opposite of a @dilocks rule: it produces activity
only when the number of states in the alive state is O or 4. Thesaillating line for rule 17 is
due tojSi being an eigenstate of the rule 17 Hamiltonian.

To demonstrate the convergence of our late-time averages w@mpare a subset of our
simulations to the same simulations with t = 0:1=23. Speci cally we evolve initial condi-
tions fj Bi ;jDyi ;jDal ;jTqi ;jTal ;jTai ;jTal ;) «1;) 1;jSig with the BCM Hamiltonian for
system sized 2 f 10,12, 14;16g. We denote the absolute di erence compared to simulations
with t =0:1=2% as". The late-time averages of simulations with t = 0:1=2° are computed
by averaging over the same set of time steps as simulationglwi t =0:1. We nd that the
error in late-time averages is always at least an order of maigude smaller than the late-time
average itself as shown in Fig. 6.13. Furthermore, we nd thaimulations of larger lattices
typically have smaller errors suggesting that the resultf lattices of 18 and 20 qubits also
have late-time errors at least one order of magnitude smalléhan late-time averages. Fi-
nally, we also studied the e ect of increasin@\; on our late-time averages. We have assured
that the late-time averages of all measures are within a famt of 5 of the average computed
with N =100 for Ny 2 f 20Q 30Q 40Q 500g.

We also conducted a principal component analysis of our colap network measures over

the last 100 time steps for all simulations, we list the prinpal components in Egs. (6.29)-
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Fig. 6.13: Error of late-time entanglement and complexity measures for rule 12 evolution of
10 initial conditions. The error in late-time values of clustering, network densjt disparity,
and the central bond entropy are at least one order of magnitke smaller than the late-time
averages for all simulations.The solid lin€, = Syng, and the dashed line," = %Sbond, are

plotted to guide the eye.
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(6.31). In our principle component analysis we normalize ¢helements of the covariance
matrix by the variances of the individual measures. We nd that the rst and second
principle components of our data set weight network densitgnd disparity approximately
equally while clustering is less highly weighted. The thirgbrinciple component lies almost
entirely along the clustering axis. The normalized covanmee is greatest along/; and v;,.
Therefore an ideal set of variables distinguishing di erdrgquantum states in terms of complex

network measures would lie nearly parallel to th®-Y plane.

vi= 0684 037C 0:624y (6.29)
V, =0:724D  0:24C  0:642 (6.30)
v3= 0:0879 +0:891C 0:455y (6.31)
6.5 Late-Time Entanglement of Unitary-Based Quantum Cellular Autom ata

In contrast to the studies of Sec. 6.4, in this section we wilitudy nearest-neighbor
unitary-based quantum cellular automata. These automatara evolved in discrete time as
de ned in Eq. (2.52) in Chapter 2. In order to quantify the simlarities between continuous
time Hamiltonian-based QCA and discrete time unitary-base@CA we perform a scaling
of the central bond entropy for unitary-based QCA as shown ifrig. 6.14. Instead of the
main operator beingf) + & as in Sec. 6.4, here the main operator By P( ). Where Hp,
is the Hadamard gate and®( ). Unitary-based QCA have an additional parameter in the
main operator controlling the dynamics of the simulationsthe phase gate angle. The
phase gate angle allows unitary-based QCA to introduce pleso the quantum state over
time evolution. Therefore in Fig. 6.14 we also study the e ecdf on the late-time central
bond entropy. In [45] ruleS = 6 was identi ed as generating the most complex and robust
dynamics of all the automata studied. The dynamics were statl to be complex because
they exhibited persistent uctuations of the central bond atropy and robust because these

uctuations were not sensitive to changes in phase gate aegl45]. We nd that rule S =6
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(@ S=1 (b) S=2

(c)S=6 d) S=9

(e) S=10 (f) S=14

Fig. 6.14: Scaling of Syong for unitary-based QCA for all initial conditions. Rules S 2
f6;9; 14g were identi ed as complexity generating in [45]. We nd thatrules 2, 6, and 10
generateSyo,q that is independent ofL. Thus rules 2, 6, and 10 are candidates for simulation
with tensor network methods. The erratic lines in (a), (c), ad (e) are from initial condition
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produces dynamics withSonq independent ofL for many initial conditions independent of
phase gate angle as shown in Fig. 6.12. Rule= 2, which was not found to have persistent
bond entropy uctuations in [45], also produces dynamics Wi Spong independent ofL for
certain initial conditions. The amount of entanglement iswnable by the phase gate angle as
shown in Fig. 6.14(b). RuleS = 1 produces a set of very lowly entangled simulations with
constant Syong as a function ofL, however most simulations have late-time central bond
entropy that increases linearly with system size. AlthoughulesS =9 and S = 14 were also
identi ed as complexity generating it was found that the uctuations of the central bond
entropy of these rules was drastically reduced by small chges in the phase gate angle [45].
We nd that both of these rules haveS,onq that increases linearly withL. We also found
that the slope of Speng (L )is signi cantly increased for simulations with non-zero pase gate

angle for ruleS = 9.

6.6 Persistent Entropy Fluctuations of Hamiltonian-Based Quantum Ce llular
Automata

We now return to our study of Hamiltonian-based QCA, studying uctuations of the
central bond entropy at late times for the rules de ned in Egs (6.1)-(6.13). To quantify
persistent uctuations of the central bond entropy we evole a random quantum statejrsi,
under all 13 of our Hamiltonians. We then compute the level ofuctuations of the central
bond entropy at late times for each of these simulations. Weompute the average level of
uctuations for the random initial condition ~ S(jrsi) at late times by averaging over the
S of each of our Hamiltonians for initial conditionjrsi. We also compute the standard
deviation of the late-time averages ( S(jrsi)). We de ne any simulation with late-time
average uctuations of the central bond entropy greater tha S(jrsi) + ( S(jrsi)) as
displaying persistent uctuations of the central bond entopy. In Fig. 6.15(a) we plot the
level of late-time uctuations for each of our simulations bnon-random initial conditions
organized by rule. From Fig. 6.15(a) we can see that there arevd types of rules, rules

that generate late-time average uctuations of the centrabond entropy that span orders
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(@) (b)

Fig. 6.15: Fluctuations of the central bond entropy at late times for a lattice of 20 qubits.
(a) The dashed line corresponds to S for initial condition jrsi averaged over all rules plus
one standard deviation. Simulations with S above this line exhibit persistent uctuations
of the central bond entropy (b) Count of the number of simuldabns with uctuations above
levels consistent with initial conditionjrzi for each rule. Rules 2, 3, 4, 10, 12, 21, and 28
have persistent uctuations of the central bond entropy fomlmost all initial conditions. This
indicates these rules may be complexity generating.

of magnitude with S > 10 3 for at least one simulation (rules 2, 4, 12, 17, and 28) and
rules that do not (rules 3, 6, 7, 10, 14, 15, 21, and 23). Intestingly, this is not the same
as the set of rules that consistently generate dynamics almievels consistent with random
guantum states. In Fig. 6.15(b) we count the number of simulains displaying persistent
uctuations of the central bond entropy for each rule. Rule, 3, 4, 10, 12, 21, and 28
generate dynamics above levels consistent with random quam states for nearly all initial
conditions. Goldilocks rules 2 and 4 are particularly notdb for producing dynamics with
uctuations above 10 2 for many initial conditions. Because the dynamics of rule 1@ften
spatially factorize it usually has uctuations below levet consistent with random quantum
states. However rule 17 is still notable in terms of uctuatias of the central bond entropy;
speci cally it generates persistent uctuations of the cetmal bond entropy for the cluster
state initial condition. In summary, we nd that both Goldil ocks and non-Goldilocks rules

produce simulations with persistent entropy uctuations.We also nd that both Goldilocks
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rules and non-Goldilocks rules produce entropy uctuatios at late times that span orders
of magnitude over di erent initial conditions. Finally, we nd that Goldilocks rules 2 and
4 produce more dynamic entanglement in simulations than atither rules as quanti ed by

uctuations of the central bond entropy greater than 102 for many simulations.
6.7 Blinker Case Study

In Sec. 6.2 we found that rules 4, 12, and 28 produce a quanturfinker pattern for
initial condition jBi. This initial condition displayed persistent uctuations in bond entropy
for all three rules, indicating that their dynamics exhibita robust dynamical feature. In that
section we also noted that the blinker initial condition dog not approach a constant value
of the central bond entropy for rules 12 and 28 witlh =20 and t; = 100. Its average value
continued to grow during the entire simulation. In this sedbn we show that the blinker initial
condition evolved under rule 12 displays long term logarithic growth of the central bond
entropy, we study how the dynamics of the blinker responds tperturbing potential, and we
study the late-time central bond entropy as a function of thelistance between two blinkers.
To assess whether the central bond entropy saturates overcassible time scales we simulated
the blinker initial condition with t; = 1000. The blinker initial condition clearly displays
long term logarithmic growth of the central bond entropy asisown in Fig. 6.16, logarithmic
growth of the central bond entropy is also found in models of amy-body localization [89].

To assess the response of the blinker pattern to a perturbimgptential we add a linear
perturbation to the rule 12 Hamiltonian,

H°=a ni: (6.32)

i=1
In Fig. 6.17(a) we show that as the slope of the perturbing potéial is increased the bond

entropy transitions between coherent oscillations and spfe uctuations. A certain value
of the perturbing slope appears to maximiz&,onq. We con rm this in Fig. 6.17(b). The
late-time bond entropy is maximized for a value of the pertdoing slopea 0:2 for all system

sizes. The value of the perturbing slope that maximizes thestral bond entropy decreases
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Fig. 6.16: Long time simulation of the quantum blinker of rule 12.Initial condition |Bi
displays long term logarithmic growth of the central bond emopy. This is di erent than all
other simulations, which either equilibrate to a constant alue of the central bond entropy
within the rst 100 units of time or uctuate about a constant value of the central bond

entropy.
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Fig. 6.17: Response of the quantum blinker evolved under rule 12 on a lattice of 20 qubits to a
perturbing potential. (a) The unperturbed blinker displays coherent oscillatiosin the bond
entropy. For small values of the perturbation gradient the lnker initial condition no longer
displays coherent oscillations and saturates to a higher bd entropy. (b) The late-time
bond entropy is maximized for a value of the perturbing slop@&l1. a. 0:2. Increasing the
slope past this point leads to an abrupt decrease in the latane bond entropy and a return

to coherent oscillations in the bond entropy. As system sizs increased the value of the
perturbing eld maximizing the late-time bond entropy deceases. The subsequent decrease
of Spong @s a function ofa is also more sudden for larger system sizes.
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as a function of system size, however the maximum value of tkentral bond entropy also
approaches the value of the unperturbed blinker. After this sximum is reachedSpong
rapidly decreases as a function of the perturbing slope. Thaecrease inSyong iS More
abrupt for larger system sizes. However, Fig. 6.16 suggestatttthese results would likely
change substantially for longer simulation times, at leadbr simulations exhibiting coherent
dynamics in Syong-

Because we found that the entanglement properties of a siagblinker can be tuned via
its interaction with an external perturbation we also studythe interactions between two

blinkers in Fig. 6.18. Two blinker initial conditions are dened as
j::010% j Oi " j 1010Q:i : (6.33)

That is, two blinkers are separated byn sites in the dead statejOi. Two blinker initial

(@) (b)

Fig. 6.18: Late-time Entanglement and disparity of two blinker initial conditions evolved
under rule 12 on a lattice of 20 qubits(a) The amount of entanglement can be tuned by
the initial condition, for blinkers separated by three site Spoq is greater than 9, however for
blinkers separated by 10 sites th8,.ng is reduced to 7. (b)Y quickly approaches a constant
value as the distance between two blinkers becomes greatiean 6 sites and blinkers become
well localized.

conditions do not display uctuations in the central bond etropy. Instead the central bond

entropy saturates near its maximum value when blinkers areeparated by only three sites
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and near 0.7 when blinkers are separated by 10 sites. Unlikagle blinker initial conditions,
two blinker initial conditions saturate to a constant bond atropy for t < 100. We found that
the late-time average values of network density, clustegncoe cient, and disparity are not
consistent with random quantum states for any distance bew®en two blinkers. Inspection
of the space-time plots of two blinker initial conditions (@t shown) reveals that blinkers
stabilize into independently oscillating patterns when gmrated by 5 or more sites. This
together with the results onY shown in Fig. 6.18 demonstrate that the e ective size of
blinkers is about 7 sites.

In this chapter we have studied the 13 Hamiltonian-based quam cellular automata de-
ned in Egs. (6.1)-(6.13). From our di erent lines of analyss we nd that rule 4 best meets
our de nition of a complexity generating rule. It consistetly produces persistent uctuations
of the central bond entropy, has many signi cant peaks in thgpower spectra of the central
bond entropy, has complex network measures far from their lvges for random/well-known
guantum states, and exhibits a robust dynamical feature, # quantum blinker. We have
thus veri ed the hypothesis that only Goldilocks rules are eamplexity generating. Further-
more, we found that the 6 of the 8 non-Goldilocks rules studiehave signi cantly reduced
uctuations of the central bond entropy. This con rms our hypothesis that non-Goldilocks
rules tend toward thermalization. Finally, our of the scalig properties ofSyonq revealed
that Hamiltonian-based QCA typically generate highly entantpd quantum states. However
we also found exceptional initial conditions for which bothGoldilocks and non-Goldilocks
rules generateSyo,q that is independent of system size. In our study of neareseighbor
unitary-based QCA in Sec. 6.5 we also found that both the Galdcks rule S = 6 and the
non-Goldilocks rulesS = 2; 10 generateSyonq that is independent of system size. Combina-
tions of initial condition and rule that produce lowly entargled dynamics at late-times are

candidates for simulation with OpenMPS.
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CHAPTER 7
CORRELATION BETWEEN STUDENT COLLABORATION NETWORK
CENTRALITY AND ACADEMIC PERFORMANCE

In this chapter we present our complex network analysis ofteilent collaboration networks
of upper-division physics students enrolled at the ColoradSchool of Mines. This work was

done in collaboration with Ariel Bridgmer?, David Schmidt®, and Pat Kohl*.
7.1 Introduction

Physics education research has enjoyed a great deal of sssdr identifying and clarifying
misconceptions about physics concepts, developing prablsolving methods, and structuring
the knowledge that is taught to students [90, 91, 92, 93, 94]|Such studies have allowed
researchers to make quantitative statements about studesitmisconceptions, in contrast to
traditional physics education that relied on anecdotal irdrmation [91]. A powerful tool
for analysis in the social sciences is complex network thgd®5, 4]. Surprisingly, this tool
has almost entirely been overlooked in education resear@6[ 50]. Using complex network
theory we study how the collaboration of students evolves tveeen semesters, and how nodal
centrality measures correlate with homework vs. exam grasle Furthermore, we compute
the di erences in correlation strengths between our meases, allowing us to quantify which
measures are telling us the most about student grades. Finallve also compare the network
centrality of students between the collaboration network®f di erent types of homework
assignments within a single course, allowing us to assess gimilarity of roles adopted by
students in response to di erent assignments.

Complex network measures provide succinct summaries of theder present in complex

networks. Often such measures are aggregate summaries @f éimtire structure of a network

2Secondary researcher and Secondary author
3Secondary researcher and Secondary Author
4Secondary author
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and are useful because the structure of connectivity can @emine the e ciency of processes
taking place on the network as observed in social, neural,mmunication, and transportation
networks [4, 66]. Furthermore, the nodal centrality meases we review in section 7.4 tell
us how well connected students are in the context of their hawork collaboration networks
[67, 64]. A simple measure of how well connected a node is i€apsulated by theout-
strength of a node. Out-strength is simply the number of other studesta students helps
with homework, and is thus a natural measure of the in uencefstudent in a collaboration
network. Parallel to out-strength isin-strength, the number of students that help a particular
student with homework. While out-strength can be thought of a a coarse measure of the
in uence of a student on the collaboration network, in-stragth is a measure of how a student
gathers information from di erent parts of the network. A mae sophisticated measure of
how well connected a node is isloseness centrality which measures the average distance
of a student to all other students in the network. Thus, clogseess centrality is a more
re ned measure of how widely a student collaborates acrosket network, and measures a
student's access to the reasoning of others. In contrast tétoseness centralitybetweenness
centrality quanti es the importance of a student by their ability to cortrol information
ow between other students, and not by their ability to in uence the network directly. The
variety of complex network measures we consider provide ugwdi erent perspectives of the
students forming our collaboration networks. The correlan of each measure with student
grade indicates that a distinct form of optimal collaboraton is linked to higher grades. The
aggregate correlation of our measures with student gradegwides a clear picture of how
strongly and in what manner collaboration is central to the @ucational process.

We note only two previous studies utilizing complex networbased methods in education
research [96, 50], despite the thousands of applicationglie areas of the physical, biological,
and social sciences [4]. In the rst, the epistemic framewoof students is analyzed [96]. In
the second, a preliminary baseline is established in intradtory physics courses in Denmark:

collaboration amongst the general student population engad in such courses correlates with
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their grades. In contrast, our study focuses on the discipk speci c population endemic to
upper division physics courses [50]. Using a wide variety admplex network measures we
obtain detailed information about the role of di erent collaboration strategies in problem
sets, exams, and student performance trajectories over #n As social relationships are
integral to student collaboration, we encourage more regeh to be done on the collaborative
networks at other universities. This will provide additioral context for such studies and help
us identify what forms of collaboration are universal prediors of grades, and which measures
are particular to certain networks.

At the most basic level we are trying to address the questiorDo well-connected stu-
dents have good grades? Perhaps students with access to teasoning of many of their
peers are better equipped to complete homework assignmertisit then again it may be
that excessive participation in a collaboration network aa sti e the ability of a student to
perform well on their own work. It seems intuitive that colldoration should improve student
performance on homework, but will the bene ts of collaborabn extend to exams, where a
student does not have access to their collaborators? Finallyow stable are these measures
in di erent contexts? That is, do students tend to take on di erent roles in response to
di erent types of assignments? Are student's collaboratiorstrategies static? Maybe they
are formed in response to a student's performance, or mayletcollaboration network of a

student facilitates improvements in grades.
7.2 Data Collection

The Colorado School of Mines (Mines) is a public research warsity in Golden, Colorado.
The university, which has close to six thousand undergradteand graduate students, focuses
on engineering and the applied sciences. Additionally, it mne of very few institutions that
awards more than 50 Physics Bachelors per year, and has agma fty ve such degrees
between 2012 and 2014, placing it in the top ten of all Ph.D. gnting departments in the
U.S. [97]. The physics department has research focus areasandensed matter, subatomic,

optical, renewable energy, theoretical, and computatioh@hysics.
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The data for our networks was collected over two semestersalF2012 and Spring 2013.
Students in their junior year in engineering physics take atsical mechanics during the Fall
semester and both quantum mechanics and electromagnetismridg the Spring semester.
The course in classical mechanics covers Lagrangian and Héonian mechanics. The course
in quantum mechanics introduces the formalism of quantum mkanics, the solutions of a
particle in a box, scattering from a potential well, etc.. Wesummarize the course information
for the three courses in Fig. Fig. 7.1. Prior to their junior yeaat Mines, physics majors are
encouraged to collaborate in a physics studio setting, a §ag in which students work in
groups of three to complete homework-like assignments arabs. Additionally, the summer
before their junior year Mines physics majors participateni a physics eld session in which
groups of ten students move between sections on computinggcuum systems, machining,
and lasers. In all of these sections students are encouradedcollaborate, and in some of
them students are split into groups of three to complete aggiments. Thus collaboration is

a strong part of Mines' lower-division program already, ands strongly encouraged.

Fig. 7.1: Course information for classical mechanics, quantum mechanics, and electromag-

netism. Lines connecting two courses indicate the number of studentommon to both
courses. There were 67 students enrolled in all three cowgse
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There were two forms of data collection: paper forms duringalt 2012 and electronic
spreadsheets during Spring 2013. In the paper form of datalleation students were pro-
vided with a form for each assignment in which they were to liny students they helped
or received help from for each assigned problem. In the elextic form of data collection,
students provided the same data by entering the names of thesollaborators into ques-
tion/answer boxes on Blackboard [98]. In both cases, studsnwere required to complete
the surveys described above in order to receive credit foregin homework assignments. This
policy incentivized survey completion and ensured a neartgomplete set of data. Student
names were then immediately replaced with a set of randomlgigerated three letter codes
to anonymize the data prior to analysis.

The data from the surveys above was compared with student gtes in the three courses.
The course in classical mechanics had ten analytical homeawassignments, ve numerical
homework assignments, and three written exams. For numesicassignments, students were
asked to simulate various physical scenarios using Mathetnca. For the course in classical
mechanics, we computed three measures of a student's perfance: the sum of their ana-
lytical homework grades, the sum of their numerical homewoigrades, and the sum of their
exam grades. For the course in quantum mechanics we measuaestudent's performance
by the sum of their homework grades and the sum of their examagtes, and for the course
in electromagnetism, we measured a student's performancg the sum of their homework
grades and the sum of their exam grades. It is important to netthat in classical mechanics
the teaching assistants grade exams with subsequent reviéy the instructor. In quan-
tum mechanics and electromagnetism the instructors gradedl exams themselves. Finally,
the instructors of quantum mechanics and classical mechasiboth applied curves to exam

grades, while the instructor of electromagnetism did not.

7.3 Methodology for Converting Data into Networks

From the data collected in the surveys above we constructedrected networks for each

homework assignment using the following procedure. A netvkois a collection of nodes and
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links. Nodes are any object that can be connected to any othebject by some relation.
Links are the connections between nodes. In our networks,des correspond to students, and
a link corresponds to providing or receiving assistance. Nothat this is not a symmetric
relation, asi helpsj does not implyj helpsi. This is the de ning feature of a directed
network; its connections are asymmetrical. For directed heorks, one says that a link goes
from nodei to nodej to indicate the direction of the link. For the k" network a link is
placed from node to nodej if and only if (i ) student i helped studentj with homework

assignmentk. Summarizing our network in terms of the entries of an adjaocey matrix,

« _ 1i student i helped studentj with homework assignmenk (7.1)
! 0 otherwise. '

However, we found that it was necessary to resolve discrepaacin the reports provided
by students. For example, studeni may claim that they helped studentj, but student j's
survey indicates that they did not receive help from student. These discrepancies may be
due to forgetfulness or con icting perceptions of intera@bns. To resolve the discrepancies in
student reports, we employed &Maximal discrepancy resolving technique [99, 100]. Applying
an element wise logical OR to the adjacency matrices arrived from each student's survey to
arrive at a nal network. That is, every reported interaction is considered to have happened
even if one student does not report it. Discrepancies can ocdn either direction of an
interaction, and Aj; is resolved separately fromA;; . Other discrepancy sorting cases were
investigated but yielded quite sparse adjacency matrice89, 100]. For each course, we then
compute a weighted adjacency matrix by summing the adjacepeatrices corresponding to
the homework assignments in that course,

New
Aj = Al (7.2)
k=1
Where Ny is the number of homework assignments in the relevant coursdhus if two

studentsi andj collaborated frequently on homework assignments they wilave a heavily

weighted connection in one of the weighted networks depidtén Fig. Fig. 7.2. In Fig. Fig. 7.2
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nodes are indicated by circles and the links connecting nadare indicated by the arrows be-
tween nodes. The direction of the arrow indicates the direcin of assistance. For the course
in classical mechanics, we also construct networks for themerical homework assignments
and the analytical homework assignments separately. Thisqredure results in two networks
for the course in classical mechanics: a network construdt'om the collaboration networks
on analytical assignmentsA$M and a network constructed from the collaboration networks
on numerical assignment&$™. We denote the network for the course in quantum mechanics

by ARM and the network for the course in electromagnetism astM .
7.4 Complex Network Analysis

Using NetworkX network analysis software [62], as well as somieour own independently
developed network analysis code, we study the networks delsed in the previous section by
computing various nodal centrality measures and other mea®s of the structure of a node's
connections. We then compute the correlation between theseasures and di erent estima-
tors of student performance. Nodal centrality measures aregasures of a node's importance
to the structure of the network. As they are quantitative measres of each student's role
in the collaboration network, nodal centrality measures ar ideal for our study. Our selec-
tion of standard complex network measures includes out-stigth, in-strength, out-disparity,
in-disparity, local clustering, closeness centrality, hanonic centrality, and betweenness cen-
trality. The local clustering coe cient is only de ned on undirected networks. Before com-
puting the local clustering coe cient we rst convert our directed networks into undirected
networks as such thatAi"reced = max (Aj ; Aj).

The out-strength of a node is the sum of its outgoing connections to other nodasd is

de ned as

X
sttt = Aij . (7.3)

A node can have high out-strength if it has outgoing conneactns to many other nodes, or if

it has strong connections to only a few other nodes. Statedgly, students who help many
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(a) Classical Mechanics Analytical As{b) Classical Mechanics Numerical As-
signments Network signments Network

(c) Quantum Mechanics Assignment¢d) Electromagnetism Assignments
Network Network

Fig. 7.2: Student collaboration networks for three upper level physics cours8sudent collab-
oration networks constructed from surveys given to studestin three upper-division courses,
classical mechanics, quantum mechanics, and electromaigm. Nodes correspond to stu-
dents and the direction of each arrow indicates the directioof assistance on homework
assignments. The color of a node indicates the grade of a stmtlon homework assignments.
Although we do not normalize grades in our analysis we presagades as a percentage here
to illustrate multiple courses simultaneously.
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of their peers and students who frequently help a smaller set peers both can have a high
out-strength. The in-strength is similarly de ned and distinguishes a node by the number

of incoming connections

i T

n — .

S = Aij ;
j=1

or the number of instances in which a student received help. a\also study thenet out-

(7.4)

strength

ghet = gout - gin (7.5)

Students with high net out-strength correspond to studentshat help many other students
but are not helped by many students.

The out-disparity of a node's connections is a measure of the non-uniformity tife
outgoing connection strengths. If a node has a single strongnnection in addition to other,
much weaker connections, the node has high out-disparityf the connection strengths of a
node are all approximately equal strength, then it has a lowut-disparity. Out-disparity is

de ned as [61, 14]

P
out 1 2 _ J!_:l (Aij )2 .
i out)2 (Aij )" = P 2" (7.6)
(Si ) i=1 L A
1= j=1 MNij

Nodes with high disparity correspond to students that collabrate with certain nearest neigh-
bors much more often than they collaborate with other neareseighbors. Nodes with low
disparity correspond to students that collaborate equallyith all students that they collabo-
rate with. Analogously, in-disparity measures the non-uniformity of the incoming connection

strengths. To computeY;" one makes the substitutionA ! AT in Eq. (7.6), resulting in

in 1 X AT 2 — i=1 A'J . (7 7)
B T S |
1 j=1 i=1 AI]

The Local Clustering Coe cient is a measure of the transitivity of connections of indi-

vidual nodes, that is, the likelihood thata is connected toc, given that a is connected tob
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and b is connected toc. The local clustering coe cient is de ned as

C:_ D [A3]ii .
j6ik6i Aij Aik

(7.8)

One divides the total number of triangles in which nodé is a vertex by the total number
of connected triples centered on node Nodes with low local clustering correspond to
students whose collaborators do not tend to collaborate viiteach other. Nodes with high
local clustering correspond to students whose collaborasofrequently collaborate with each
other, such as in tight-knit study groups.

In a weighted network one can de ne a distance between any paif nearest-neighbor
nodes. For our analysis, we de ne the distance between nestreeighborsi andj to be the
inverse of the weight connecting them

Dy = % (7.9)
If nodesi andj are not directly connected by a link thenDj; = 1 . This de nition of the
distance between nearest-neighbor nodes is then used to mke the shortest-path distance
between any two nodesl; . A path connecting nodei to nodej is a sequence of links along
which one may walk to traverse the network from nodé to nodej when one walks along
links in the direction of the link. The shortest-path distarce between two nodes is the sum

of the nearest-neighbor weight®; along the shortest path connecting two nodes, that is,

X
dij = min Dy ; (710)
P (kk)2P

whereP is a path connecting node to nodej.

Closeness centralityis a measure of how close a node is on average to other nodesnwhe
one must travel along directed links in the direction of theihk. Closeness centrality is
de ned as

c_n 1p1 . 7.11
“TIA 1 a4 (74

wheren is the number of nodes reachable from nodeand jAj is the number of nodes in the

network de ned by the adjacency matrixA[62, 64]. Reachable means that one can travel
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from nodei to nodej by walking along links in the direction of the link. Any nodes hat are
not reachable from nodda are neglected in the sum of Eg. (7.11). In the context of sotia
networks, closeness centrality can be thought of as a measwf independence as described
in [64]. This is because a node with a large closeness ceitiraloes not have to rely on other
nodes to transmit messages across the network [64]. In thentaxt of student collaboration
networks closeness centrality is a measure of both the freecy with which a student assists
others and how widely a student collaborates.

Harmonic centrality is also a measure of how close a node is to other nodes in thevoek
when one must travel along directed links in the direction afhe link. Harmonic centrality

is de ned as
G = — (7.12)

whered(i;] ) is the shortest path distance from nodeto j [62, 65]. Harmonic centrality has a
similar de nition to closeness centrality, both being de red in terms of the inverse distances
between nodes. The intuition for the two measures is the samé&lodes that are close to
other nodes are more central as measured by closeness cétyrand harmonic centrality.
However, when computing harmonic centrality, if nod¢ is not reachable from node, the
distance between the two nodes is sett) = 1 . The corresponding term in the sum is then
set to zero, ¥d; = 1=1 0. This may be preferable to the procedure used to calculate
closeness centrality as this procedure has been shown taaauce a bias towards nodes in
small components [65].

Betweenness centralitys measure of how important a node is as a go-between for mggsa
transmission between nodes in a network, assuming that imfoation travels along paths of
shortest distance[3]. Betweenness centrality is de ned as
ez ki),

pov 6K

where (j; kji) is the number of shortest paths from nodg¢ to nodek that pass through node

(7.13)

i and where (j; k) is the number of shortest paths from nodg¢ to nodek [62, 67]. Nodes with
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high betweenness centrality correspond to students with ghmost control over information
transfer throughout the network. Therefore, the weight of lie links in our networks do not
modify betweenness centrality directly, but only indiredly through the path lengths they

contribute to.
7.5 Results

We now correlate each measure with students' homework assigent or exam scores.
Note that before computing correlations we rst drop from ourdata set any students that
missed an exam, did not submit a numerical assignment, or digot submit more than
2 analytical homework assignments. Such students typicalcorrespond to students that
dropped the course. In Fig. Fig. 7.3 we display the results of élse calculations.

The error bars of our measures indicate a 95% con dence lewld are calculated via
bootstrap resampling with 10,000 resamplings of each cdaton coe cient [105]. Most
measures correlate with analytical homework grades at abidihe same level to within error
for all courses as shown in Fig. Fig. 7.3. One consequence o$ tisi that both out-strength
and in-strength have statistically compatible correlatias with homework grades. Therefore,
getting and receiving help both correlate with improved pdormance equally well within our
measurement resolution. While many measures correlate wittomework grades, in both
guantum mechanics and electromagnetism we nd that only theet out-strength correlates
with exam grades. Thus collaborative bene ts to grades appeto be limited to homework.
The exception is that students that help more frequently tha they are helped perform well
on exams. While most measures correlate with grades, thereeamportant exceptions. For
example, in-disparity does not correlate with analytical bmework grades for any of our
courses. Thus receiving assistance from a subset of yourawbrators more frequently than
others does not improve your grades. This adds nuance to therelations of closeness
centrality, harmonic centrality, and out and in strength with analytical homework grade
which all suggest the maxim: collaborate widely and collalbate often. We also nd that

betweenness centrality has weaker correlations with anéilyal homework grades than many
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(a) Classical Mechanics Analytical Network (b) Classical Mechanics Numerical Network

(c) Quantum Mechanics Network (d) Electromagnetism Network

Fig. 7.3: Correlation of nodal centrality measures with student grades in three upper level
physics courses. Correlation of complex network measures with student gradefor three
courses: classical mechanics, quantum mechanics, and ted@sagnetism. Correlations are
shown with 95% con dence intervals as 95% con dence intergare the standard for statis-
tical quantities in social network analysis [101, 102, 10304]. Measures whose con dence
intervals do not overlap with zero are considered to corrélawith student grade. Most com-
plex network measures correlate equally well with homewordtades within their con dence
intervals. In both quantum mechanics and electromagnetisnonly the net out-strength cor-
relates with exam grades. Students that help more than theyr@ helped perform better on
exams.
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other measures. In contrast to other nodal centrality meases, betweenness is a more passive
measure of the importance of a node to the network. That is, @&glent has high betweenness
centrality from their ability to control the ow of informat ion between other students. This
suggests that students that are more actively engaged in treollaborative process achieve
higher grades. In contrast, students that are not actively eeking out their collaboration
with other students, and mostly function as a go-between, Winot achieve higher grades.

Going beyond cases of non-correlation, we also quantify tlieéerences in the correla-
tion of out-strength with the correlations of clustering ce cient for both analytical and
numerical assignments in classical mechanics. Of the artadgl network centrality mea-
sures, clustering coe cient seems to correlate best with atytical homework grades. While
amongst numerical network centrality measures, out-strgith correlates well with numerical
homework grades. However, we nd the di erences in the coragion of out-strength and
clustering coe cient in both the numerical and the analytical cases are statistically com-
patible with zero. So, while it is tempting to draw further canclusions from the di erences
in correlation between network measure, we nd that these dirences are not statistically
signi cant.

In our study, we have two simultaneous networks composed dfet same students: the
analytical and numerical networks for classical mechanicdVe take advantage of this by
correlating the centrality measures between the two netwks, student to student. This
allows us to quantify the stability of the roles taken by stuénts in response to di erent
types of homework assignments. We nd that essentially allentrality measures correlate
between the two types of network. Thus the students engagew one collaboration network
tend to be the same students that are engaged in another cditzration network, independent
of assignment type.

Finally, in Fig. Fig. 7.4 we summarize the performance trajectaes of students in both
grades and collaboration strategy, speci cally betweenw and high grades, and low and

high out-strength between the Fall and Spring semesters, @vwhat is for most participants
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their junior year. A student with high out-strength (gradeg is taken as at or above the
median out-strength (grades). Students with low out-stregth (grades) are students below
the median. For our study this results in slightly more studets with high out-strength
(grades) than low out-strength (grades). This allows us toeparate each course into four
groups: group | has high grades and high out-strength; group has high grades but low
out-strength; group Ill has low grades and low out-strengthand group IV has low grades
but high out-strength. We study the transitions of studentsbetween these groups from fall
2012 enrollment in classical mechanics to spring 2013 in @temagnetism and quantum
mechanics. We compute transitions for both analytical homeork grades and exam grades.
We emphasize that the diagrams describing the transition telectromagnetism only per-
tain to the students enrolled in both electromagnetism andlassical mechanics. Similarly
the diagrams describing the transition from classical meahics to quantum mechanics only
pertain to the students enrolled in both classical mecharscand quantum mechanics. First,
we note that groups | and Ill, computed for analytical gradesstart with more students than
groups Il and IV. For example, group | starts with 17 studentsdr the network pertaining
to students in common with electromagnetism and 15 studentsr quantum mechanics. In
comparison, group IV starts with only 10 students in electimagnetism and 8 students in
guantum mechanics. This reinforces our ndings that out-s&ngth correlates with student
homework grade. These groups also exhibit the most commomiisition we observe, namely
students who help many others and have high grades will comtie to help many other and
have high grades in future semesters. For example, 15 of thé dtudents that start with
high grades and high out-strength in classical mechanics miain both in their transition
to electromagnetism, we highlight this dominant transitim by a blue arrow in Fig. 7.4(a).
Depressingly, we also nd that students who do not help manytbers and have low home-
work grades often maintain low homework grades and still hefew in future semesters. We
highlight the self-transitions of groups | and Ill in other dagrams as they are consistently

greater than the self transitions observed in groups Il andvl For example, 9 of the 13
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students that start in group Il in classical mechanics rema in this group in quantum me-
chanics. Next, for exams, we observe that while many studerggart in groups | and Il in
classical mechanics, 15 for students in common with eleatnagnetism and 17 for students in
commmon with quantum, 8 transition away in students' trandion to electromagnetism and
9 transition away in quantum mechanics. This contrasts wittithe transitions for analytical
assignments where 15 of the 18 students in group | remain thém transition to electro-
magnetism and 12 of the 15 students in group | remain their irheir transition to quantum
mechanics. helping to explain the di erences in the level @brrelations observed in classical
mechanics vs. quantum mechanics and electromagnetism.

Finally, considering the four transition networks in aggregte, the most consistent transi-
tion we observe between groups is the transition between ggs 11l and 1. When base-lined
against the transition from IV to I, we nd that students more often make the transition from
[l to 1. We highlight this nding by the blue coloring of the arrows from groups Il to Il in
our diagrams. For example, in transitioning from classicahechanics to electromagnetism,
7 students transition from group Il to group II, while only 2 students transition from group
IV to group |. Consistently helping few others seems to fadite the transition from low to
high grades between semesters, as opposed to helping mamers when one has low grades.
Combining this result with the consistent self-transitiors of group | suggests that those we
help provide us with an inertia: helping many others when onkas high grades results in
one maintaining high grades. Helping few others when one hasvl grades allows one to
make the transition to high grades. Such conclusions are preinary due to the statistics,
< 18 for groups I-IV. The trajectory of collaboration strategypresents an excellent avenue
of future research to further re ne our results. Additonally the variable group size across
groups makes it di cult to establish meanigful baselines foour transitions.

For each of the networks studied in Fig. Fig. 7.3 we also compuat@rincipal components
of our network measures and correlated these with studentagtes. However, we found that

these did not correlate any better with student grade than th out-strength centrality. It
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(a) Electromagnetism Analytical (b) Quantum Mechanics Analytical

(c) Electromagnetism Exam (d) Quantum Mechanics Exam

Fig. 7.4: Changes in student grade and collaboration between semest8tsidents in classical
mechanics fall into four groups: group | has high grades andgh out-strength; group Il has

high grades but low out-strength; group Ill has low grades ahlow out-strength; and group
IV has low grades and high out-strength. Arrows are transitios between groups from Fall
2012 to Spring 2013. Numbers indicate how many students trsition between groups.
Transitions of only 1 or 2 students have dashed arrows. Moduslents start in groups | and

l11, and remain there between semesters. We emphasize théf sensitions of these groups
by blue coloring because they always occur more often thanettself transitions of groups
Il and IV. We highlight the fact that students consistently transition from low out-strength

to high grades at constant out-strength more often than stughts with high out-strength

by blue arrows from Ill to Il in each diagram. Improved gradeslo not require changes to
collaboration strategies.
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is important to note that although network centrality measues correlate well with student
grade this does not imply that the role students play in collaoration networks causes stu-
dents to have higher grades. For example, it is not clear if lpgng many other students
improves a student's grades, or if students who get good gesdare more likely to be asked

for or o er their assistance.
7.6 Conclusion

We nd that while many nodal centrality measures correlate \th student grades, not
all do. The general picture painted by harmonic centralitycloseness centrality, and in/out
strength is that is is important to collaborate widely, and b collaborate often. The non-
correlation of disparity and betweenness centrality addsuance to our understanding of
student collaboration networks. A student must be activelyengaged with the collaboration
network in order to see bene ts to their grades, and not justesve as a go-between for
homework help. Our study of the grade and out-strength trarson of students between
semesters suggests there may be an inertia inherent in halpiother students: those who
help many and have high grades maintain high grades. In coast, if a student has low
grades, it is more bene cial to consistently help few others order to transition to high
grades. However, the transitions often only consist of a fewudents, and so these results
could be due to uctuations. The most clear trend in our datas that while many nodal
centrality measures correlate well with homework gradeshé¢ bene ts of collaboration do
not extend to exams. In both quantum mechanics and electromgaetism we nd the only
measure that correlates with exam grades is the net out-strgth of a student. Students
who help more than they are helped do well on exams. Overalljroanalysis suggests that
students should be encouraged to actively collaborate witbther students on homework

assignments, and not passively occupy a position in the neivk.
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CHAPTER 8
SUMMARY AND OUTLOOK

In this chapter we summarize the results of our studies of coectivity in quantum phase
transitions, quantum cellular automata, and student colloration networks. We also discuss
future research directions for each. Our work has taken a trstep towards establishing a
guantitative theory of quantum complexity. Via complex netvork analysis of quantum mu-
tual information we were able to reproduce known propertied quantum statics, quantify the
complexity of quantum cellular automata, and identify the omplexity-generating Goldilocks
rule 4. Such analysis goes beyond near-equilibrium quantudgnamics by identifying robust
dynamical features like the quantum blinker. Our analysisfastudent collaboration networks
revealed that some of the same network measures capable @niifying emergent features
in quantum systems when applied to quantum mutual informatin networks also correlate
with student grade when applied to student collaboration nevorks. Overall, our work on
guantum complexity not only provides a new theoretical toofor fundamental physics, but

also acts as a bridge between fundamental physics and comxpsystems research.

8.1 Connectivity in Quantum Phase Transitions, Quantum Cellular Automat a,
and Student Collaboration Networks

In Chapter 4 we studied three quantum phase transitions, iskifying critical points and
boundaries via complex network analysis of quantum mutuahformation complex networks.
We found that the ferromagnetic phase is characterized by weorks with high network
density, high clustering, and low disparity. In the paramagetic phase, as the ground state
approaches a product state, we found that disparity increas while network density and
clustering decrease. At the critical point of the transvewrs Ising model and the Berezinskii-
Kosterlitz-Thouless (BKT) transition point of the Bose-Hulbbard model we found that our

complex network measures took on intermediate values be®vethe extremes of either phase.
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This suggests that quantum mutual information networks arenost complex near criticality as
the ground states of either model are well characterized ihé strong and weak coupling limits
(9;(J=U) 1,andg;(J=U) 1). We found that the rst derivative, second derivative, arl
other features, of network density, clustering coe cientdisparity, and Pearson R correlation
show systematic nite size scaling towards the critical paots of the transverse Ising and Bose-
Hubbard models. Using Open Source Matrix Product States (Op#PS) [49] we were able
to simulate lattices of hundreds of qubits, allowing us to vdy the critical point of the
transverse Ising model to within 0.001% of its known value. uhermore, we found that
complex network analysis could identify the Berezinskii-&sterlitz-Thouless critical point of
the Bose-Hubbard to within 3.6% of its accepted value. Finallyve found that by extremizing
complex network quantities we could identify the Mott lobe gparating the Mott Insulator
phase from a super uid phase in the Bose-Hubbard model. Thisasa proof of principle study
guantifying the ability of complex network analysis of quatum mutual information networks
to reproduce known quantum statics. Our complex network appach performs better than
methods based on the Bethe ansatz [106], the Luttinger liqguparameter [107], delity [108],
and 3rd order perturbation theory [109]. Thus Chapter 4 was atep in developing tools
that go beyond the analysis of the near-equilibrium quantundynamics of the Kibble-Zurek
mechanism [110]. In Chapters 5 and 6 we applied these toolsrton-equilibrium quantum
dynamics.

In Chapter 5 we performed a convergence study of the quantumamy body dynamics
generated by the Bleh, Calarco, Montangero (BCM) Hamiltonia. We evolved hundreds of
random Fock state initial conditions and local-defect inil conditions under this Hamil-
tonian using one of the latest time evolution methods for Op@MPS [57]. We found that
OpenMPS was not able to compute converged estimates of quamt states for any of the
initial conditions studied according to the internal convegence parameters n.x and . We
found that nax Was quickly saturated for all simulations due to the rapid gneth of entangle-

ment, even for lattices with as few as 26 qubits. Since afteatsration of ,ox We no longer
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have a converged estimate of the quantum state this represenhe failure of OpenMPS to
accurately simulate the dynamics of the BCM Hamiltonian. We lao studied the e ect of less
stringent convergence criteria on the saturation of 5« by increasing . We found that while
increasing does lead to simulations that do not saturate ,,x the OpenMPS estimates of
complex network quantities become unreliable. After our cerrgence study of the BCM
Hamiltonian we compared our simulation results to the simuteons reported in the paper
de ning the BCM Hamiltonian [40]. Speci cally, in [40] a quarium blinker pattern was re-
ported in the dynamics ofm;i. Such emergent features are important because they indieat
that the BCM Hamiltonian can generate complex dynamics. We tmd that our simula-
tion results do not agree with the results reported in [40];p&ci cally, we did not observe a
guantum blinker pattern for the initial condition speci ed in [40]. We noted that while the
blinker initial condition speci ed in [40] is symmetric, the resulting dynamics of the gure
in [40] are asymmetric. This contrasts with our results thamaintain left-right symmetry
over much longer time scales. We then simulated the BCM bliek initial condition using
a Trotter-based time evolution method on a lattice of 20 quits and still did not observe a
guantum blinker pattern. We concluded that the original BCMpaper is in error, the initial
condition speci ed in [40] does not produce a quantum blinke Although this initial con-
dition does not produce a quantum blinker, the qualitative dea in [40] is correct: we did
nd an initial condition that does and termed it the blinker initial condition, jBi. For the
blinker initial condition we found that OpenMPS is able to rdiably converge network den-
sity, clustering coe cient, and disparity to the results of our Trotter-based evolution scheme.
However, OpenMPS was unable to converge the central bond ey of that blinker initial
condition. Despite OpenMPS not accurately converging theeatral bond entropy of the
blinker initial condition it did accurately compute the ampitude and frequency of uctu-
ations of the central bond entropy. This suggested that Op&APS is able to compute the
complexity of quantum many body dynamics of local objectske blinkers, but not the en-

tanglement. Finally, we performed a case study of a Hamiltomamotivated by rule 6 of [45].
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We found that OpenMPS was able to accurately compute both theentral bond entropy and
complex network measures for the blinker initial conditiorevolved under this Hamiltonian.
The results on the blinker initial condition evolved under he BCM Hamiltonian and the
rule 6 Hamiltonian suggest that the dynamics of a few Hamiltoan-based quantum cellular
automata (QCA) can be e ciently simulated with OpenMPS while the dynamics of most
others cannot. Hamiltonian-based QCA that generate too muckntanglement cannot be
e ciently simulated in OpenMPS because they abruptly satuate ,ax. These results thus
motivated the scaling study of the late-time entanglement qperties of Hamiltonian-based
QCA performed in Chapter 6.

In Chapter 6 we studied the entanglement and complexity gereged by 13 Hamiltonian-
based quantum cellular automata de ned in (6.1)-(6.13) wit b + b as the main operator. We
guanti ed the complexity of their dynamics in terms of persstent uctuations of the central
bond entropy, network measures far from their values for raom/well known quantum states,
and signi cant peaks in the power spectra of the central bondntropy. We found that rules
4, 12, and 28 exhibit robust dynamical features in the dynarms ofm;i, speci cally quantum
blinkers. The quantum blinker of rule 4 can be considered rabt if one considers rules 12
and 28 as perturbations of this rule, since the blinker patte still appears in the dynamics
of these rules. Next we found that rules 10, 17, and 21 producetany peaks above the
red noise threshold for all measures. We also noted that rsl, 3, 4, 6, and 23 produced
many signi cant peaks for complex network measures. We fodrthat rules 2, 4, 6, 10, 17,
and 21 produced more signi cant peaks in the central bond emaipy than all other rules.
Interestingly rules 12 and 28 do not have many signi cant péa& in the the power spectra
of entanglement or complexity measures. This may be due todlexact periodicity of the
blinker dominating the power spectrum. As discussed in [874uch exact periodicities can
reduce the e ectiveness of the red noise t at other frequeres. We found that rules 2, 4,
10, 12, 21, and 28 produce persistent uctuations in the cenal bond entropy for almost all

initial conditions as quanti ed by the number of simulatiors with uctuations above levels
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consistent with a random initial condition. Rules 2 and 4 prduced particularly persistent
uctuations of the central bond entropy, with Spong 10 2 for many initial conditions. We
found that our Hamiltonian-based QCA typically generate higly entangled quantum states
with quantum mutual information networks that are not structured like random or well-
characterized quantum states. However, the Goldilocks ruke and non-Goldilocks rule 17
had exceptions to this typical behavior. Both rules generatl quantum states with late-time
central bond entropy independent of system size for at leashe initial condition. From
all of these di erent analyses it became clear that rule 4 beset all of our criteria for a
complexity generating rule. We illustrate which criteria ér complexity each rule meet in the

Venn diagram presented in Fig. 8.1. This rule exhibited a rolst dynamical feature, had

Fig. 8.1: Criteria for complexity generating rules. All rules generate quantum states with
complex network measures far from their values for random gntum states. Rule 4 best
meets the three other criteria for a complexity generatingute. It has a robust dynamical
feature, persistent entropy uctuations, and these entrop uctuations have many signi cant
frequencies.

persistent uctuations in the central bond entropy, and hadmany signi cant peaks in the
power spectra of the central bond entropy. Since rule 4 is a #docks rule we con rmed that
only Goldilocks rules are complexity generating for the itial conditions we have studied.
Furthermore, of the 8 non-Goldilocks rules we have studiedewnd that 6 of them, rules 3,
7, 10, 15, 21, and 23, display signi cantly reduced uctuatins of the central bond entropy

for all initial conditions. Therefore, our hypothesis on no-Goldilocks rules also appears to
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be correct: non-Goldilocks rules tend toward thermalizatin.

While almost all of the quantum states generated by our autonta have are highly
entangled, for a few initial conditions rules 4 and 17 gendealowly entangled quantum states.
These states were lowly entangled but still had complex strcture in their quantum mutual
information networks. We found that the highly entangled shtes generically produced by
our automata also had complex network structure. While we havvery little data for lowly
entangled quantum states, it appears that a feature of clasal complexity, complex network
structure, may exist in quantum systems across a range of anglement. By quantifying
the relationship between complexity and entanglement we gim to understand what forms
of quantum complexity are accessible by classical simulati methods like tensor networks
and what forms are only accessible with a quantum computerir8e our Hamiltonian-based
QCA typically generate highly entangled quantum states, nmgi Hamiltonian-based quantum
cellular automata can not be simulated with Open Source Matt Product States for the
initial conditions we have studied and would require a quaotn computer to simulate them.

We concluded Chapter 6 with a case study of the emergent quant blinker pattern
of rule 12. Our case study of the quantum blinker pattern rexaed that the entanglement
produced by quantum cellular automata can be tuned by the gb@ of a linear perturbation.
We also found that the late-time bond entropy is maximized foa particular value of the
perturbing slope and that this value decreases as a functi@mf system size. We studied
two blinker initial conditions and found that we could tune the level of entanglement and
complexity of our simulations via the initial distance between blinkers and determined the
e ective size of blinkers to be about 7 sites.

In Chapter 7 we studied the homework collaboration networksf students enrolled in
three courses at the Colorado School of Mines: classical maics, quantum mechanics, and
electromagnetism. We began our complex network analysis bgrrelating nodal measures
with homework and exam grades and found that most nodal cemlity measures correlate

with students homework grades in these three courses. Megesllike out-strength, close-
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ness centrality, and harmonic centrality quanti ed the imprtance of collaborating widely
and collaborating often on homework. Students that did so diwell on homework. Not
all measures we studied correlated with grades. The lack adreelation of betweenness cen-
trality and in-disparity helped us understand the importarce of being actively engaged in
the collaboration network. It is not enough to simply occupyan important position in the
collaboration network; successful students actively calborate widely across the collabo-
ration network. Interestingly, we found that the bene ts cdlaboration brings to student
grades on homework assignments do not transfer to exams, wheatudents do not have
their collaborators available to them. The only measure thave found correlates with exam
grades in electromagnetism and quantum mechanics was otresgth. Students who help
more than they are helped perform well on exams. Comparingegmetworks formed from
the collaboration of students on di erent types of homeworkassignments we found most
measures correlate student to student between such netwerkThis suggests that students
adopt similar collaboration strategies in response to dirent types of assignments. Finally,
our analysis of the change in student collaboration stratégs between semesters drew more
limited conclusions, due to the sparse statistics of our datset, once divided into groups of
high and low grades and high and low out-strength. Our most dain nding is that stu-
dents who help many others and have high grades will tend tormue to help many others
and have high grades. Similarly, those who have low gradesdawho help few others will
continue to in future semesters. In summary, our analysis sfudent collaboration networks
suggests students should actively collaborate with othetuglents on homework assignments
instead of passively occupying a position in the network.

In Chapter 7 we correlated nodal centrality measures comped on student collaboration
networks with student course performance for students enled in three courses: classical
mechanics, quantum mechanics, and electromagnetism. Waurfid that out-strength was
consistently the best performing network measure, corrélag best with student grades in

all 3 courses. Students who collaborate widely have higharades. We also found that both
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the in-strength and local clustering coe cient correlate vell with student grades in all three
courses. We nd that although harmonic centrality and closeess centrality have very similar
de nitions, only closeness centrality correlates well wht student grades on numerical assign-
ments and therefore suggest that the local clustering coeient is the more reliable meaure,
even though closeness centrality sometimes outperformsetlocal clustering coe cient. We
also correlated student grades with principal components our complex network measures,
however we found that these did not correlate as well with stient grades as out-strength.
Finally, while our analysis does not imply that the collaborons of a student cause them
to have higher grades, we have demonstrated that collaborai is an important part of the
educational process. Course designers may consider comidgcsurveys of student program-
ming experience in physics courses emphasizing numericathods. Instructors could then
consult with students with prior programming experience tdearn about and clarify the mis-
conceptions of other students. Instructors can also emphzes our results on clustering in the
syllabi of their courses, encouraging students to join cathoration groups, as we have shown
that being in a clustered region of student collaboration neorks correlates with having

good grades.

8.2 Future Work: Complex Networks in Quantum Information, Quantum Man y
Body Dynamics, and Student Collaboration Networks

In this section we o er directions for future research for gantum mutual information
complex networks, quantum cellular automata, and studentatlaboration networks. Our
proposed directions for future research of quantum mutuahiormation complex networks
explore the interface between complex network analysis aiggiantum information. In con-
trast, our future research directions for quantum cellulaautomata are focused on addressing
the limitations of our study in chapter 6. Finally, our future research directions for student
collaboration networks focus on extending the analysis ofh@pter 7 with the existing data.

Future work studying quantum mutual information complex néworks may consider us-

ing the measures de ned in [111]. That work quanti es the imprtance of various weighted
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network motifs that may be appear in weighted networks. A dection for future research on
guantum mutual information networks is to study the space othree qubit quantum states.
According to [112] almost all tripartite pure states are unigely determined by their two site
reduced density matrices. May complex network measures afaptum mutual information
networks o er a useful parameterization of this space? As isoted in [113], three qubits
can be entangled in two di erent ways. Can these di erent tyges of entanglement be distin-
guished via complex network analysis of quantum mutual infmation networks? Finally, in
connection with quantum information theory it is interestng to observe that cluster states
are parameterized by networks. Is there a simple connectibetween the network structure
de ning a cluster state and the network structure induced ints entanglement?

While we have con rmed that rule 4 best meets our criteria for @omplexity generating
rule other rules might have been classi ed as complexity gerating if more initial condi-
tions were considered. For instance rule 21 meets all theteria for a complexity generating
rule except that it does not exhibit a robust dynamical featte. Therefore a future research
direction is to gather more statistics by studying many morenitial conditions than the 13
considered in Chapter 6. This is a generic feature of complsystems: they have astro-
nomically large probability spaces only a small fraction of/hich is ever explored. This work
considered many di erent classes of initial conditions: radom Fock states, local defects, sin-
glets, singlet arrays, and cluster states. The cluster s&@atevolved under rule 17 was notable
for producing Spong independent of system size with no obvious localization agecing in
any local observable. In contrast to all other initial condions studied this initial condition
has equal probability of being in any state of the measuremiebasis. Using such states as
initial conditions may produce less biased results in the damics of such automata since
cluster states will not produce factorized dynamics for anyule. Since cluster states are
known to have similar entanglement properties as the eigdates of quantum many body

Hamiltonians [114] they may be more natural states to study usy OpenMPS.
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In our study of the uctuations of the central bond entropy at late times we quanti ed
the uctuations of a typical random quantum state by averagng over the late-time uctu-
ations produced by each of our Hamiltonians for a single ranahoinitial condition. A more
thorough study may consider averaging over the late-time ctuations produced by many
random initial conditions. In our study of late-time valuesof complex network measures we
quanti ed randomness in terms of the values of our measuresmaputed on random quan-
tum states. However, there are other de nitions of randomnss For instance, instead of
generating random quantum states by generating random coeients, one could evolve each
initial condition under a set of random Hermitian operators a the main operator of a QCA.
Therefore a future study may consider quantifying randomrss by replacing thef) + ‘r}v term
in our quantum cellular automata with a random Hermitian opeator. Another direction to
consider for future research is to evaluate the sensitivitgf OpenMPS to perturbations in
the de nition of quantum cellular automata, for instance mutiplying the rule operators by
non-binary coe cients.

In our Fourier analysis we found that rules with exact perioities like the quantum
blinker have power spectra that are dominated by a single fjgency, impairing the e ec-
tiveness of the red noise t. In [87] a \pre-whitening" procdure is mentioned as a means of
addressing such dominant frequencies of power spectra. Eg work may consider employ-
ing such a procedure to improve the quality of the red-noisenalysis of QCA. Finally, even
in simulations without dominant frequencies the simulatio may be generating white noise.
Thus another important procedure to implement is to test simlations against a white noise
null hypothesis.

Finally, the long term logarithmic growth of the central bondentropy establishes a con-
nection between Hamiltonian-based quantum cellular autonteaand many body localization
[89]. We only observed long-term logarithmic growth of theemtral bond entropy for the
blinker initial condition evolved under the rule 12 Hamiltonan. This suggests that many

body localization may be rare for Hamiltonian-based QCA. A futre study could explore the
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conditions under which many body localization occurs in Hanmidnian-based QCA. That is,
what combination of rules and initial conditions gives riseo many body localization? The
blinker like structures we observe are not likely due to thentegrability of our systems as
they do not have any obvious conserved quantities. Howeveuntdire studies may consider
studying the integrability of quantum cellular automata.

In Chapter 7 we analyzed weighted networks that summarizedh¢ collaboration of stu-
dents over an entire semester of homework assignments. Wevénalata for each homework
assignment individually. Therefore one future directiondr research is to study how students
collaboration habits evolve between assignments and setees. Do students choose their
collaborators based on course performance? Another directifor study is to quantify the
correlation between student course performance and the fmmance of their closest peers,

that is, do collaborators of students that perform well alstend to perform well as quanti ed

by student grades?
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APPENDIX - CONTINUUM QUANTUM CELLULAR AUTOMATA

Directly below we place a derivation that allows us to rewrg the BCM Hamiltonian in
terms of the activity term  fj + B{V , and sums of powers of the total number of sites in the
alive state in the neighborhood of site, T; i i2n, M- WhereN; i 21 1i+1i+29.
The BCM Hamiltonian is de ned as,

B = X B+ NO@+nN@ (A1)
i=3
Where I\’l\i(z) is the projection operator onto the subspace spanned by nueibeigen-states in
which sitei has two living neighbors. This is all permutations of 1 zi | G 21 ] G i
JLivai) Lisai ] iss.yi. Where we permute the placement of the living sites in order tiveat

each site symmetrically. SimilarlyN i(?’)

Is the projection operator onto the subspace spanned
by number eigen-states in which sité has three living neighbors. This is a projection on to
the space spanned by all permutations of 1, gi ] O 2 | L 10 ] Livaij Lol | pieaygl-

Note that site i is purposefuly not included in the above tensor products. BXcitly,

X
N = A oA o enn (A.2)

and
@) X
I\/I\i = A (i)ﬁ @i 1)ﬁ (i+1)ﬁ (i+2) - (A3)

The sums over and denote the sum over all permutations of the site indices andhere

4

fi=1 . Thisamountsto ;

=12 terms for @, and ¢ =4 terms for N®. 1 observe
the remaining classical possibilities are zero, one, andufgparticles in the subset of sites

i 251 Li+1;i+2, sothat we may express the identity operator as
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4= MO 4 NO 4 4O+ 4O 4 4@
I | | | |
) KOO =1 (19O + RO 4 @)
=1 (A oA 1A A + A oA AL Ao+

Ai 20 1A R + 8 oA (A Ri) Ay oA 1AL AL

(A.4)
(A.5)

(A.6)
(A.7)

Rewriting this solely in terms of ther* operators and noting that [f}; f;] = O results in,

X X X X X

M@+ O = Ah 2 ANy + 205 o0 1A Aiso

k<j j2N; <k k<j j2N;i
Observing that? = f; leads to the following equation
(A +Mj)% = M2+ 200 + M2 = h; + 200 +

This equation generalizes to
|

X % X X X X X X
A = nZ +2 Ah; = A +2 AkA; :
j2N; J2N; k<j j2N; j2N; k<j j2N;
This implies
2 1, 3
X X 1, X X
hkhj = 54 hj ﬁ15 .
k<j j2N;j j2N; j2N;
Furthermore, since
1, 2 1, ! 3
X X X X X
ﬁj =4 nj + 2 hkﬁj ﬁjos
j 2N i 2N; k<j j2N; j 2N;
J XJ X XJ X J
=4 hkﬁj +6 ﬁ|ﬁkhj :
k<j j2N; I<k K<j j2N;
We have
2 |, 1, 3
X X X 1. X X X
AN = 64 A 3 A +2 NS
I<k k<j j2N; j2N; j 2N; j2N;

Finally, a similar calculations lead to the following equabn
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(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)



X X X X

hmmhkhj = (A15)
m<l I<k k<j j2N; 2 ! \ | . ! , 3
1. X X X X
=4 A 6 n +11 A 6 o
24 _ . .
i2N; i2N; j2N; i2N;
(A.16)
We de ne
X
Ti A ; (A.17)
J2N;
X X
D}, AN, ; (A.18)
k<j j2N;
X X X
D3 ARk (A.19)
I<k k<j j2N;
and
X X X X
DI4 ﬁmhmkﬁj . (AZO)
m<l I<k k<j j2N;
We can write a succint set of formulas
i — 1 -ﬁ2 -f .
D, = > i i (A.21)
R C R DS
Dz=¢ T sli+2ti (A.22)
; 1
Dy = 2, T4 ef3+1112 6f) (A.23)
This allows us to rewrite the quantum game of life Hamiltoniaras
1X?2 29., 5.5 lag
B=z B+ sfi+ =2 3+ o1 (A.24)
3 3 4 2 4
1 X2
= b+ 5 1 4 1 11 (A.25)
i=3
This Hamiltonian naturally suggests the following generaed form
X 2
B = B+ f(f): (A.26)

i=3
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as well as a simpli cation of the Hamiltonian that is more trueto the game of life, namely the
polynomial t(1 t)(4 t). This rule treats a total number of particles equal to 2 di eently

than it treats a total number of particles equal to 3. This maybe one direction for future
study. The operatorsT; only have integer eigenvalues, 2 f 0; 1; 2; 3; 4g. However in Fig. A.1

we plot continuous polynomials as this suggests another dation for future study, continuous
QCA. One may consider writing down a set of non-linear Schraer type equations in a
mean eld approximation. The functionf described in Fig. A.1 refers to the polynomial of

Equation (A.24).

Fig. A.1: Polynomial of quantum game of life rule.The operator T has strictly integer
eigenvalues, all of which are smaller than ve. None-the-lgsthe quantum game of life
Hamiltonian references outside of this interval implicitlyin its de nition, since we see that
one term in the Hamiltonian is of the form {fi  5).
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