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SUFFICIENT DIMENSION REDUCTION

Regression problem:

Given: N iid samples drawn from π(y,x){[
yi , xT

i

]}
, yi ∈ R, xi ∈ Rm

• often π(y,x) is unknown

Goal: Estimate y|x

Dimension reduction subspace (DRS):

ForA ∈ Rm×n, n ≤ m, a dimension reduction subspace is

SDRS = colspan(A)

provided
y |= x|ATx.

IfA generates a DRS, then

Fy|x(Y ) = Fy|ATx(Y ) for all Y ∈ R.

Inverse Regression: x|y

Sliced Inverse Regression (SIR):

Cov [E [x|y]]

Sliced Average Variance Estimation (SAVE):

E
[
(I − Cov [x|y])2

]

SIR & SAVE ALGORITHMS FOR RIDGE RECOVERY

1. draw xi, i = 1, . . . , N according to ρ(x)
2. evaluate y = f(x) for each xi to obtain{[

yi , xT
i

]}
, i = 1, . . . , N

3. partition the range into R slices,
Jr for r = 1, . . . , R

4. for SIR, compute

D̂SIR =
1

N

R∑
r=1

Nr µ̂(r)µ̂(r)
T

for SAVE, compute

D̂SAVE =
1

N

R∑
r=1

Nr

[
I − Σ̂(r)

]2

RIDGE RECOVERY

Deterministic function:

Given: deterministic function (e.g., computer simulation)

y = f(x), y ∈ R, x ∈ Rm

and input density ρ(x)

• f(x) may be complicated or unknown

Goal: Study f

Ridge subspace:

ForA ∈ Rm×n, n ≤ m, a ridge subspace is

SR = colspan(A)

provided
y = f(x) = g(ATx)

for some g : Rn → R.

Theorem

Suppose that y = f(x) with y ∈ R, x ∈ Rm, and A ∈ Rm×n,
n ≤ m. Then,

y |= x|ATx ⇐⇒ y = g(ATx).

We define the central ridge subspace to be a subspace Sf(x) such that
• Sf(x) is a ridge subspace
• Sf(x) ⊆ SR for any ridge subspace SR

Inverse Image: f−1(y) = {x ∈ Rm|y = f(x)}

Sliced Inverse Regression:

CSIR =

∫
µ(y)µ(y)T dγ(y)

Sliced Average Variance Estimation:

CSAVE =

∫
(I −Σ(y))

2
dγ(y)

If ρ(x) is elliptically symmetric, then

colspan(CSIR) ⊆ Sf(x)

colspan(CSAVE) ⊆ Sf(x)

HARTMANN PROBLEM

Bind = f

([
log(µ) log(ρ) log

(
∂p0

∂x

)
log(η) log(B0)

]T)
Sliced Inverse Regression:

Sliced Average Variance Estimation:
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