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ABSTRACT

In the field of network theory there exist numerous
algorithms for the solution of all classes of network flow
problems. This.paper presents an additional algorithm, the
Node Chain Algorithm, capable of solving pure minimum cost,
transportation, transhipment and assignment problems that
ariselin mény industries.

Included in this paper is a description of the algo-
rithm, its theoretical basis and a comparison of the algo-
rithm to another prominently used method, the Out-of-Kilter
Algorithm.

The computer program used for the Node Chain Algorithm
is not included in this paper but can be obtained from the
Mineral Economics Department at the Colorado School of
Mines. The program is stored in the Mineral Economics

program library  (MEL), under the name NCA.FOR.
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INTRODUCTION

’

Applications for network flow algorithms can be found
in many aspects of modern society. Most industries face
numerous distribution, transportation, communication and
engineering problems which can be solved in the framework of
network flow models.

Specifically, the mining and petroleum industries face
distributional problems in minimizing the cost of transport-
ing their products to their customers, refineries or mills.
In many cases the formulation of network flow models for
these problems reveals specific lower bounds on flows which
further restrict the problem. For example, pipelines must
maintain a certain minimum flow levels at all times whether
for the transportation of natural gas, oil or water (in the
case of water resources management). In the mining industry
the railroad systems are used extensively by firms to
transport the extracted ores to the firm's customers. In
routing trains one also encounters a lower bound problem in
that an engine will travel with at least some minimum number
of cars resulting in a minimum level of ore to be transport-
ed over each route. Once again the common denominator in

many distribution problems facing the extractive industries
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is that the problems are 1lower bounded by some amount
greater than zero.

Better algorithms for the solution of these problems
are constantly being sought after. Currently in the field
of network flow analysis there does exist an algorithm, the
Out-of-Kilter Algorithm (OKA), which has been applied to
many such problems. This algorithm, developed by Ford and
Fulkerson in the early 1960's, can be used to solve pure
capacitated network flow problems such as minimum cost,
transportation and transshipment problems. Since the
inception of this algorithm no other general method has been
found as useful in the solution of these large distribution
problems.

This paper presents an alternate method, the Node Chain
Algorithm (NCA), for the solution of these problems. The
NCA has one additional characteristics in that is appears to
solve these lower bounded problems more efficiently than the
OKA. This method was originally developed by Drs. W.M.
Raike and R.E.D. Woolsey in the early 1960's. The NCA is a
primal algorithm using the artificial arc method (Jensen and
Barnes, 1980) which insures an initial feasible solution
that is also basic.

This thesis presents the Node Chain Algorithm formally
for the first time since it was first designed. Chapter 1

provides a short review of work done in the area of network
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analysis. Chapter 2 provides an extensive explanation of
the steps of the NCA as well as examples to clarify how the
algorithm works. Chapter 3 shows, via examples that the
theoretical basis for the NCA lies in the generalized upper
bounding method of 1linear programming. In Chapter 4 the
Node Chain and Out~of-Kilter algorithms are compared.
Examined are their differences, similarities and the compu-
tational efficiency of each given different network struc-

tures. Chapter 5 provides a review of the paper.
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CHAPTER 1

NETWORK ANALYSIS: A BACKGROUND

The original basis for network analysis 1lies in a
branch of mathematics called graph theory that evolved with
Leonhard Euler's formulation of the famous Konigsberg bridge
problem in 1736 (Minieka, 1978). In the middle of the
1800's James Clerk Maxwell and Gustav Robert Kirchoff
discovered some basic principles of network analysis appli-
cable to the study of electrical circuits. Network theory
became a convenient tool for 1looking at whole electrical
systems. In the early 1900's, engineers developed network
models for determining the best capacities of telephone
trunk lines and switching centers so as to meet customer
demands (Phillips and Garcia-Diaz, 1981).

During World War II great advances were made in the
mathematical study of large scale systems. Specifically,
Koopmans looked at reducing the overall shipping times as
the shortage of cargo ships during the war constituted a
critical bottleneck (Dantzig, 1963). In 1941, Frank L.
Hitchcock, published his paper, "The Distribution of a
Product from Several Sources to Numerous Localities," in

which he "sketched out the partial theory of a technique
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foreshadowing the simplex method." (Dantzig, 1963) In
1939, L.V. Kantorovich looked at the classical transporta-
tion problem as applied to production planning. Since the
1940's over one thousand papers have been written in the
area of network analysis.

Network analysis can be divided into many different
classes of problems including: pure or generalized prob-
lems, transportation, assignment, transshipment, maximum
flow and minimum cost problems. In the 1950's considerable
work was done in the area of transportation, maximum flow,
assignment and pure minimum cost problems.

In the area of the transportation problem, Dantzig in
1951 looked at an application of the simplex method to these
problems (Jensen & Barnes, 1980). Charnes and Cooper (1954)
developed their "Stepping Stone Method" for the explanation
of linear programming calculations. Ford and Fulkerson, in

their book, Flows in Networks, present a solution method for

the transportation problem that is a generalization of a
procedure developed by Kuhn (1955) for the optimal assign-
ment problem.

Solution methods for pure minimum cost problems appear
in papers by Fu}kerson (1961) and Orden (1956). 1In his 1961
paper, D.R. Fulkerson first presents what is known today as
the Out-of-Kilter algorithm (or OKA). The OKA has become

one of the most widely used algorithms for the solution of
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pure minimum cost flow problems as well as maximal flow,
transportation and transshipment problems.

The applications and problem types discussed above
constitute a class of network problems called pure network
flow problems. The term "pure" means that flow on an arc is
conserved. Another class of problems exists, "the net-
work-with-gains" or "generalized network flow" problem in
which the flow on an arc may increase or decrease. The
treatment of generalized network flow problems can be found
in papers by Hultz, Klingman and Russell (1976), Charnes and
Raike (1965), Balas (1966), and Glover, Hultz, Klingman and
Stutz (1978), to name only a few.

It can be seen after only a cursory review of the work
done in network analysis that the 1list of authors becomes
extensive. For this reason the reader is referred to the
books by Dantzig (1963), Jensen and Barnes (1980) and Ford
and Fulkerson (1962) whe:e the authors provide more complete

descriptions of the work that has occurred over the years.
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CHAPTER 2

THE NODE CHAIN ALGORITHM

2.1 INTRODUCTION

The Node Chain Algorithm (NCA) is a primal algorithm
made up of two initialization steps and five principal steps
in its main loop. The initialization steps establish a
starting basic solution for the given network. The five
principal steps involve for each iteration: pricing out all
nodes and non-basic arcs and determining the entering basic
variable (steps 3 and 4), determining the leaving basic
variable and the amount of flow change (steps 5 and 6),
followed by making the appropriate changes in the network
(step 7).

This chapter first provides some brief definitions for
the terminology used as well as describing the notation
system. Next, each step in the algorithm is explained
followed by three examples to clarify how the algorithm

works.
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2.2 DEFINITIONS, TERMINOLOGY AND NOTATIONS

Definitions and terminology
A network consists of a number of nodes or points
connected by arcs. For the purposes of the Node Chain

Algorithm all networks must have the following characteris-

tics:
a) be a pure network - i.e., a network in which
conservation of flow takes place on all arcs
b) a source and a sink with a return arc from sink to
source
c) each arc is a directed arc
d) each arc has associated with it an upper and lower

bound on flow and a cost (per unit of flow)

Arcs are said to originate at a node i and terminate at

some node j.

Artificial Arcs connect supply nodes to demand nodes.

All artificial arcs will have the following characteristics
- an upper bound of M (where M is some very large number), a
lower bound of zero and a cost per unit of flow equal to M

(where M is also some very large number.

Supply Nodes are used only in initializing the network;

supply nodes are those where the initial flow into the node
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is greater than the initial flow out of the node. (Nodes

with a positive net inflow.)

Demand Nodes are used only in initializing the network;

demand nodes are those where the initial flow into the node
is less than the initial outflow. (Nodes with a negative

net inflow.)

Forward Arcs are those arcs which when followed from

one node to another are followed in the direction of i to j,

the true direction of flow on those arcs.

Backward Arcs are those arcs which when followed from

one node to another are followed in the direction of j to i,

the opposite direction of flow on those arcs.

A Spanning Tree is a tree that contains every node in

the network for a nétwork with "n" nodes a spanning tree

will contain "n" nodes and "n-1" arcs.

Notation

The following notation system will be used throughout.

)
i

i an arc with flow from node i to node j
NI

net inflow at node n where for

NI =i > 0, node n is a supply node

NIn=j < 0, node n is a demand node
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ij

i3

F,.
13
LB,

ij

NP

UB. .
1]

2.3 - THE

10

artificial arc from supply node +NI

to demand node -NIn

cost per unit of flow on Aij' For
each AAij’ Cij = M,

current level of flow on Aij

lower bound on flow for Aij' For each
AAij' LBij =0

non-basic arc prices calculated in Step

4 (PRICE) where Pij = NPj - NPi -
Cij L]

node price calculated in Step 3 - NEWPI
where

NP __. is the price of node i and

NPn=j is the price of node j

upper bound on flow for Aij

The NCA consists of seven steps, two initialization

steps with the remaining five making up the main loop of the

algorithm.

in Section 2.1.

Step 1l: Initialization

These steps are explained below and summarized

Purpose:

To establish the initial flow on all arcs and

create artificial arcs to connect supply nodes to demand

nodes. The steps are as follows:
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a)

b)

c)

d)
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For each arc with Cij > 0, set the initial flow

(Fij) equal to the arc's lower bound (LBij).

For each arc with Cij < 0, set the initial flow

equal to the arc's upper bound (UBij).

For each node determine the algebraic sum of
inflows and outflows. Each node will be either a
supply node (net inflow > 0) or a demand node (net

inflow < 0).

Locate a supply node i. From node i build an
artificial arc (AAij) to a demand node 3j where
the flow on AAij will be equal to:

i) the supply at node i if that supply is

less than or equal to the demand or

ii) the demand at node at j if that demand

is less than the supply.

Continue connecting the current supply node to
demand nodes until all supply at that node is
depleted. Move to the next supply node and
continue connecting supply nodes to demand nodes
in the above manner until all demands are sat-
isfied. If all demands cannot be satisfied by the

supplies the problem is infeasible.
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It is should be noted that a node with a net
inflow of zero is considered a demand node and
will therefore have an artificial arc connected to
it from some supply node. This insures that all
nodes are connected in a spanning tree in the
starting artificial solution. A spanning tree is
maintained at all times by the algorithm. The
arcs comprising the tree will be called "spanning
arcs" and are equivalent in concept to Dbasic

variables in linear programming.

Step 2: PREGO

Purpose: To identify artificial arcs that parallel real

arcs and eliminate those artificial arcs. The steps are as

follows:

a)

b)

c)

Locate artificial arcs that parallel real arcs.

Transfer as much flow as possible from the artifi-

cial to the real arc that it parallels.

If the flow on the artificial arc is reduced to
zero the real arc replaces the artificial arc in
the spanning tree and the artificial arc is
removed from the network. The real arc now

becomes a spanning arc to maintain the tree.
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Step 3: NEWPI

Purpose: To assign a price (an) to each node using

the steps outlined below:

a)

b)

Select a starting node and assign it a price of
zero. Follow a spanning arc from the starting
node to any other node. Assign the node reached
(the "terminal" node) the cost of the spanning arc
followed. Do this for all nodes that can be
reached from the starting node by a spanning arc.
For the nodes remaining without prices assigned
in (a) above do the following: for nodes assigned
prices above, continue to follow arcs in the tree
(spanning arcs) and assign all further nodes
reached a price (NP__.). NP__. 1is calculated

n=j n=j
by:

Price of the node reached = price of the node
at the start of the basic arc + cost of the
basic arc or

NPj = NPi + Cij

If the spanning arc followed is a backward
arc then: NPj = NPi - cij’ Continue
this process until all nodes have been

assigned a price.
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Step 4: PRICE

Purpose:

14

To calculate a price (Pij) for each arc not

in the tree and determine which arc will enter the tree from

the set of eligible arcs determined below.

a) For each arc not in the tree calculate a price
Pij’ where:

b) Arcs eligible for entering the tree are determined

using the following guidelines:

i)

ii)

iii)

iv)

if Pij > 0 and Fij < UBij then Aij should be
considered to enter the tree where its flow

will be increased.

if Pij < 0 and Fij > LBij then Aij should be

considered to enter the tree where its flow

will be decreased.

if Pij = 0 then no improvement would result

if Aij were chosen to enter the tree.

if all arcs at their upper bound and all arcs

at their lower bound have Pij > 0 or Pi <0,

j
respectively, then stop.
If no flow remains on the artificial arcs the

solution is optimal. If, however, flow
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remains on these arcs the problem is infea-

sible.

c) From the eligible arcs determined in (b) above the
arc with the highest absolute value for Pij is
chosen as the arc to enter the tree, KOMIN =
Aij.

Step 5: PATHFINDER

Purpose: To link node j to node i of the KOMIN arc by
tracing a path through the current set of spanning arcs.
This path will be referred to as "the circuit" and is

determined as follows:

Starting at node j, of KOMINij, trace a path
through the tree of spanning arcs to node i, of

KOMINij.

Step 6: CHANGER

Purpose: To 'evaluate the arcs in the circuit de-
termined above and select the arc that will leave the tree
(LEAVEij) as well as the amount of flow change (AFLOW) to

take place over the arcs in the circuit.

a) For all forward arcs calculate the maximum amount
of flow change possible on these arcs, (AFA),

where:
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b)

c)

d)

e)

16

AFA = MIN {UBij - Fij}

For all backward arcs calculate the maximum amount
of flow change possible on these arcs, ABA, where:

ABA = MIN {Fij - LBij}

For KOMINij calculate the maximum amount of flow
change possible, AKA, where:
i) AKA = UBij - Fij if KOMINij 1s a
forward arc,
or
ii) AKA = Fij - LBij if KOMINij is a
backward arc,

The amount of flow.change to take place over the
circuit is determined by seleéting the minimum of
AFA, ABA and AKA, or

AFLOW = MIN {AFA, ABA and AKA}

(AFLOW may be equal to zero.)

That arc which determines the amount of AFLOW is
designated the arc to leave the tree, the LEAVE
arc. If the KOMIN arc is also the LEAVE arc the
set of spanning arcs will not change in the

current iteration.
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Step 7: NEWFLOWS

Purpose: To adjust the flows in the circuit upward or

downward by the amount of AFLOW.

a) If AFLOW > 0 then:
i) increase the flow on all forward arcs in

the circuit by AFLOW and

ii) decrease the flow on all backward arcs

in the circuit by AFLOW.

b) If AFLOW = 0, the only change that will occur is
the KOMIN arc will enter and the LEAVE arc will

leave the basis.

c) If the KOMIN arc is the LEAVE arc, the set of
spanning arcs will not change. This eliminates
the need to recalculate node prices so go to Step

4, otherwise go to Step 3.

To summarize the steps just described and to provide a
quick reference guide to the algorithm a summary flowchart

is provided in Figure 2.1 on the following pages.
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Initialization

(a) and (b)

(c)

(a)

PREGO

(a), (b) and (c)

NEWPI

(a) and (b)

PRICE

(a)

(b) (iv)

(b) (iv)

Figure 2.1:

Set the initial flows on all arcs:
if C.. > 0 then F,. = LB..
: ij ij ij
if Cij € 0 then Fij = UBij

Determine supply or demand at each
node by summing all inflows and

L outflows, i

Build the starting artificial basis
by connecting supply nodes to
demand nodes with artificial arcs.

Locate artificial arcs paralleling

real arcs. Transfer as much flow
| as possible from the artificials to
the reals eliminating those artifi-
cials reduced to a flow of zero.

Assign a price (NPn) to each I

node.

Calculate Pi' for each non-spanning
arc where: -J
Pij = NPj - NPy - cij'

il

Determine if all arcs with F.,. =
UB have Pi‘ 2 0 and if arcs V%th
Fyq = LB %ave P < O.

l YES

Determine if all artificial arcs

have flow equal to zero.

18

Summary flowchart of the Steps of the NCA.
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(b) (iv)

(bYand (c)

PATHFINDER

CHANGER

(a) - (e)

NEWFLOWS

(a) and (b)

(c)

(4)

&)

Yes No
STOP STOP
OPTIMAL INFEASIBLE

Select the KOMIN arc from eligible
arcs where:
|

KOMIN = Max IPij

N

Trace a path from the j node to the
i node of the KOMIN arc forming a

circuit.

Calculate AFlow for the circuit
above where:
AFLOW = MIN ({AFA, ABA and
AKA}. !
The LEAVE arc will be the arc
determining the value of AFlow

Change the flow through the circuit
by AFLOW with the KOMIN arc enter-
ing the basis and the LEAVE arc
leaving the basis.

No Yes
GO TO GO TO
NEWPI PRICE

Figure 2.1, continued.

19
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2.5 - EXAMPLES

The following examples are used to illustrate the Node

Chain Algorithm.

1) A small network is solved using detailed expla-
nations and figures at each step.

2) The solution of an infeasible network is attempted
to illustrate the termination of the algorithm
when no feasible solution exists. In addition
this example contains an arc with a negative cost.

3) A larger network is solved using limited expla-

nations and fewer figures.

Example 1

Consider the network shown below in Figure 2.2.

130,30,0,0)

Figure 2.2: Example 1 - Initial network configuration

For all figures the parameters for each arc are listed as

(UB. T LBij, Cij, Fij).
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Initialization:

Initialization of the network requires establishing:
a) initial flows on all arcs (Fij) and
b) calculating the net inflow at each node (NIn).

The results of (a) and (b) above are shown in Figure 2.3.

Nig: -5

(30,300 30) Fa =30

Figure 2.3: Example 1 - Initialization of arc flows
with net inflows (NI) calculated at each
node.

All arc costs are positive; therefore, the starting
flows on:all arcs are equal to their lower bounds. The net
inflows at each node are calculated by summing the total
inflows and then subtracting all outflows. For example, at
node 2, the net inflow = 5 (inflow from Alz) - 6(outflow
from A24) - 4 (outflow from A23) = =5, indicating node 2

is a demand node.
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The final step in initializing the network requires
connecting the supply node(s) (node 1) to the demand node(s)

(nodes 2, 3 and 4) as shown in Figure 2.4.

A4, (M.0.m 10)

Figure 2.4: Example 1 - Artificial arcs added to
balance supplies and demands.
To create the artificial arcs, node 1, which is the
only supply node, is connected to all the other nodes. The
artificial arcs created ~(AA12, AA13, AA14 and AlS)

make up the starting set of spanning arcs.
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PREGO

The network is now evaluated to determine if any of the
artificial arcs parallel the real arcs. For those found,
the maximum amount of flow possible is transferred to the
real arc from its parallel artificial arc removing the
artificial arc if possible. As shown in Figure 2.5 below
AAl2 and AA13 are replaced by A, and Ay with the

real arcs (A12 and AlB) now becoming part of the tree.

Figure 2.5: Example 1 - Results after PREGO.
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NEWPI:

The first step in the main 1loop, NEWPI, requires
calculating node prices (NPn) for each node. Node 1 is
arbitrarily selected as the starting node (see note below)
and the spanning arcs from this node are followed to all
other nodes with the following node prices assigned as shown

in Figure 2.6.

Figure 2.6: Example 1 - Iteration 1; node prices
calculated.

* Note: Any node may be selected as the starting node.
For simplicity and to provide consistency node 1
is selected throughout each example.
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PRICE:

Prices (Pij)’ for arcs not in the tree, are cal-
culated using the node prices calculated above. For example
P24 = NP4 - NP2 - C24 = M-=-5. The results are shown

in Figure 2.7.

Figure 2.7: Example 1 - Iteration 1l; arc price
calculations.

Ay with the maximum price, is selected as the KOMIN arc.

" PATHFINDER :

A circuit from node 4 to node 2 of the KOMIN arc must
be traced through the spanning arcs to determine which arcs
are eligible to leave the arcs. For the current network
this circuit will run from nodes 4 to 1 to 2. The arcs in
the circuit are AR, , (a backward arc), A5 (a forward

arc) and A24 (the KOMIN arc).
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CHANGER:

Given the circuit established above, the LEAVE arc and
the value of AFLOW must be determined. Evaluating the
forward arcs, A, only, AFA = 20 - 10 = 10. Evaluating
the backward arcs, AA14 only, ABA = 4 - 0 = 4, Lastly
looking at the KOMIN arc AKA is calculated AKA = 15 - 6 = 9
(wherevthe KOMIN arc is a forward arc). Therefore, AFlow =

MIN {10, 4, 9} = 4. Arc AA is designated the LEAVE arc

14
as it determined the value of AFLOW.

NEWFLOWS

Given the results of PRICE and CHANGER, the network can
now be changed with Ai4 leaving the tree and the flow
change over the circuit being AFLOW = 4. The results are

shown in Figure 2.8.

L4, 0,M,10)

Figure 2.8: Example 1 - Results of Iteration 1.
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The flow levels above were adjusted upward by AFLOW on
all forward arcs (A12 and A24) and downward on all
backward arcs (AA14). As can be seen, the flow level of

AA is reduced to zero and 1is therefore eliminated from

14
the network entirely.

With the tree having changed the next step requires
repricing all nodes in the network, therefore go to Step 3 -

NEWPI.

NEWPI:
The node prices for the second iteration are shown in

Figure 2.9.

Figure 2.9: Example 1 - Iteration 2; node price
calculations.
Node 1 is selected as the starting node and assigned a
price of 0 (NPl = 0). From node 1 all spanning arcs

leaving this node are followed to their terminal nodes. In
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this case the spanning arcs are A12' Al3 and .AA15 with

NP = C = 4, NP 3 and NP M.

2 12 3 = C13 5 = Cis
Node 4 still remains to have a price assigned to it. This
is done by continuing from node 2, already priced out, along

the last spanning arc A24. NP, = C12 +Chy = 5.

PRICE
With the node prices calculated the non-spanning arcs
can now be priced out remembering that Pij = NPy - NP,

- Ci The results are shown in Figure 2.10.

jo

Figure 2.10: Example 1 - Iteration 2; arc price
calculations.

with

The arc with the maximum Pij value is A45

P45 =M - 7. This arc is chosen as the KOMIN arc.
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PATHFINDER:

A circuit is now traced from node 5 to node 4 of the
KOMIN arc through the spanning arcs. The circuit will be
node 5 to 1 to 2 to 4. The arcs in the circuit are AR, g
(a backward arc), A12~ and A24 (forward arcs) and finally

A45 (the KOMIN arc).

CHANGER:
Evaluating the arcs in the circuit above the following

calculations.

AFA MIN {6, 5} = 5 (from A

24)
ABA = 10, AKA = 15
AFLOW = MIN {5, 10, 15} = 5 (from A24)

The LEAVE arc is now A with AFLOW = 5.

24

NEWFLOWS:

With the following information obtained in the previous
steps: KOMIN = A45, LEAVE = A24 and AFLOW = 5, the
network may now be modified. The results are shown in

Figure 2.11.

Figure 2.11: Example 1 - Results of Iteration 2.
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NEWPI & PRICE:

Starting the third iteration, the nodes and non-span-
ning arcs must be priced out once more as shown in Figure

2.12.

Figure 2.12: Example 1 - Iteration 3; node and arc
since calculations.

The arc chosen as the KOMIN arc is ABS with the maximum

arc price, P35 = M- 9.
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PATHFINDER & CHANGER:

With the KOMIN arc equal to A a circuit is now

357
found starting from node 5 going through the spanning arcs
to node 3. This circuit is: 5 to 1 to 3.

Evaluating the arcs in the circuit:

AFLOW = MIN {4 (for AIB)’ 5 (for AAlS) and 20
(for A35)} = 4
LEAVE = A

13

NEWFLOWS :
The new network can now be established and is shown in

Figure 2.13.

Figure 2.13: Example 1 - Results of Iteration 3.

Since the set of spanning arcs changed, all the nodes must

be priced out once again, therefore return to NEWPI.
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NEWPI & PRICE:

When the nodes and non-spanning arcs are priced out for

the fourth time the results are shown in Figure 2.14.

Figure 2.14: Example 1 - Iteration 4; node and arc
price calculations.

In evaluating the arc prices above, P24 = M - 7 is
the maximum price found. However A24 has F24 = UB24
therefore this arc is not considered eligible to enter the
tree. The same is true for A13 which is also at its upper

bound. The next highest price pertains to Pyy = M - 18,

therefore KOMIN = A23.

PATHFINDER & CHANGER:

In establishing a circuit from node 3 to node 2 a path
is from: 3 to 5 to 1 to 2 is found. Evaluating the arcs in

this circuit the following flow changes are possible:
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AFA

MIN {16, 1} = 1 (for Alz)
ABA = 1 (for AAls) and AKA = l6 *

AFLOW = MIN {1, 1, 16} =1 (for A or AA

12 15)

The tie above 1is broken arbitrarily and arc AR ¢ is

selected as the LEAVE arc.

NEWFLOWS :
The network is again adjusted using the above informa-

tion with the results shown in Figure 2.15.

Figure 2.15: Example 1 - Results of Iteration 4.

All artificial arcs have been reduced to a flow of zero. To

insure that the above figure is the optimal solution one

final iteration is made.
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NEWPI & PRICE:

Pricing out the nodes and non-spanning arcs results in

shown in Figure 2.16.

Figure 2.16: Example 1 - Iteration 5; node and arc
price calculations.

Only 3 non-spanning arcs remain to be evaluated where

A24 and.‘Al3, both at their upper bounds, have a P, >

ij

0 and A34, at its lower bound, has P < 0. It can be

34
concluded that no improvement can be made to the network and

the optimal solution is shown in Figure 2.17.

Figure 2.17: Example 1 - Final Solution.
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Example 2

This example will examine the attempted solution of an
infeasible network. To enhance this illustration and
further illustrate the algorithm's decision rules an arc
with a negative cost per unit flow is included.

A single figure is used for each iteration with each
figure containing the NP and Pij calculations for the
NEWPI and PRICE éteps respectively. A summary of the
results of each subsequent step is also provided at each
iteration. The starting network configuration is shown in

Figure 2.18.

Initialization and PREGO

(30,30,0,0)

Figure 2.18: Example 2 - Initial network
configuration.
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The network is initialized as in the previous examples.
As shown in Figure 2.18, A32 has a cost less than =zero.
The starting flow on Ay, 'is therefore set at its upper
bound or Fy, = UBy, = 8. The results of the Ini-
tialization and PREGO steps are shown in the Figures 2.19

and 2.20.

Figure 2.19: Example 2 - Artificial arcs are
established.

Figure 2.20: Example 2 - Results after PREGO.
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Iteration 1:

Figure 2.21: Example 2, Iteration 1.

PRICE - MAX |P,.|l =P =M- 4
ij 34
KOMIN = A34
PATHFINDER - The circuit = 4 to 1 to 3
CHANGER - AFLOW = MIN {2,18,23} = 2
LEAVE = Al3
NEWFLOWS - The flow over the circuit will change by

2 units and A34 will replace A13 in-

the tree.
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Iteration 2:

38

Figure 2.22: Example 2, Iteration 2.

PRICE

PATHFINDER

CHANGER

NEWFLOWS

MAX lPijl = P12 =M - 8
KOMIN = Al2
(Note that Pl3 = M-4, but since Fl2

= UB,, this arc is not eligible to
enter the tree. As 1in the previous
example, arcs with Fij = UBij will
not be calculated.)

The circuit = 2 to 4 to 1

AFLOW = MIN {1, 16, 6} = 1

LEAVE A

24
A, will enter the tree in place of
A,y with the flow change over the

circuit being 1 unit.
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Iteration 3:

39

Figure 2.23: Example 2, Iteration 3.

PRICE

For A32,

selection

- MAX IPijl = P23 =M - 4
=Py, =4 -M
C = =1; therefore the rules for the

32
of eligible arcs are reversed for this arc

(See Step 4 in Section 2.3) and this arc is considered

ineligible to enter the basis. Therefore,

KOMIN = A

PATHFINDER

CHANGER

NEWFLOWS

23

- The circuit = 3 to 4 to 1 to 2
LEAVE = A23
The flow over the circuit is altered by

12 units with the tree remaining the

same since KOMIN = LEAVE.
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Iteration 4:

40

Figure 2.24: Example 2, Iteration 4.

PRICE

Given that all non-basic arcs are at
their upper bounds and all Pij > 0
(except for A32) we can conclude that
no arcs are eligible to enter the tree.
In addition, an artificial arc (AA14)

remains with F14 > 0. The network is

infeasible; therefore, stop.
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Example 3

To further demonstrate the algorithm, a larger network
is solved below. This example illustrates the following

aspects of the algorithm:

a) the effects of having a flow change of zero over

‘the circuit

b) the effects of an artificial arc with a flow of

zero (Fij = 0) and,

c) the effects of having the KOMIN arc equal the

LEAVE arc.

The format used in Example 2 will be followed in this
example. The starting network configuration is shown in

Figure 2.25.

{10,3,8,0)

(40, 40,0,0)

Figure 2.25: Example 3 - Initial network configura-
tion.
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Iteration O0- Initialization

The network above is initialized by:
a) establishing the starting flows on all arcs,
b) calculating the net inflows (NIn) at each node,

c) creating artificial arcs to connect supply nodes

.to demand nodes and

d) performing the PREGO step.

Figure 2.26: Example 3 - Results after the
Initialization and PREGO steps.
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Iteration 1:

Figure 2.27: Example 3, Iteration 1.

PRICE _ MAX 1Pl =P, =M - 10
KOMIN = A26
PATHFINDER - The circuit = 6 to 1 to 2
CHANGER - AFLOW = MIN {5, 3, 6} = 3
LEAVE = AAlG
NEWFLOWS - Arc A26 will enter the tree, arc -

AA16 will leave the tree and the flow

change over the circuit equals 3.
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Iteration 2:

NF:='?\\.,.°'
10,5,13,8)  Pyp=M-28

Figure 2.28: Example 3, Iteration 2.

PRICE - MAX 1Pyl =Py =M - 15
KOMIN = Ass
PATHFINDER -  The circuit = 5 to 1 to 2

CHANGER - AFLOW MIN {2, 2, 7} = 2

LEAVE = AA15 (selected arbitrarily)

NEWFLOWS - Arc A25 enters and AA15 leaves the

tree with a circuit flow change of 2.
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Iteration 3:

Figure 2.29: Example 3, Iteration 3.

PRICE - MAX lPijl = P37 =M - 16
KOMIN = A37
PATHFINDER - The circuit = 7 to 1 to 3
CHANGER - AFLOW = MIN {15, 0, 10} =0
'LEAVE = AA17
NEWFLOWS - Arc A37 will enter and AA17 will

leave the tree with no flow change over

the circuit.
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Iteration 4:

46

PRICE

PATHFINDER

CHANGER

NEWFLOWS

Figure 2.30: Example 3, Iteration 4.

KOMIN = A58

The circuit = 8 to 1 to 2 to 5

AFLOW MIN {0, 20, 10} =0

LEAVE A

12
As in the previous iteration, no flow
change takes place; however, arc ASB

will enter the tree in place of AlZ‘
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Iteration 5:

NP1= M-n
10,3, 8, 8)

Figure 2.31: Example 3, Iteration 5.

PRICE - MAX |Pij| = P78 =M - 23
KOMIN = A78
(Note that P12 = M - 19, but since this arc is

already at its upper bound it is not eligible to enter

the tree. 1In the figures that follow, arc prices will

not be calculated for arcs with Fij = UBij.)
PATHFINDER - The circuit = 8 to 1 to 3 to 7
CHANGER - AFLOW = MIN {10, 20, 5} =5
LEAVE = A78
NEWFLOWS - " With KOMIN = LEAVE the set of spanning

arcs remains unchanged. The flow over

the circuit is altered by 5 units.
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Iteration 6:

NPt =M-12 NP'=M"4
10,3, 8,5)

Figure 2.32: Example 3, Iteration 6.

PRICE - MAX lPijl = P35 =M - 25
KOMIN = A35
PATHFINDER - The circuit = 5 to 8 to 1 to 3
CHANGER - AFLOW = MIN {10, 15, 10} = 10
LEAVE = A35 (selected arbitrarily)
NEWFLOWS - As in the previous iteration LEAVE =

KOMIN therefore the set of spanning arcs
remains the same with the flow change

over the circuit being 10.
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Iteration 7:

(15,5,12,5) Pesz-3

Figure 2.33: Example 3, Iteration 7.

PRICE - MAX [Pyl =Py = M - 28
KOMIN = A36
PATHFINDER - The circuit = 6 to 2 to 5 to 8 to 1 to 3
CHANGER - AFLOW = MIN {0, 3, 15} = 0
LEAVE = A58
NEWFLOWS _ Arc A36 will enter and Agg will

leave the tree with no flow change

taking place.
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Iteration 8:

Pa® M-

(15,5,12,5) fyq

1 )
NPz >
3 6\: “)

Figure 2.34: Example 3, Iteration 8.

PRICE - MAX lPijl = P68 =M- 31

KOMIN = A68

The circuit = 8 to 1 to 3 to 6

PATHFINDER -
CHANGER - AFLOW = MIN {0, 5, 10} =0
LEAVE = A12
NEWFLOWS - The flow will remain unchanged over the

circulit with A68 replacing A12 in

the tree.
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Iteration 9:

PRICE

PATHFINDER

CHANGER

NEWFLOWS

Figure 2.35: Example 3, Iteration 9.

- MAX lPljl = P46 =M - 34

KOMIN = A46
- The circuit = 6 to 8 to 1 to 4
- AFLOW = = §

LEAVE = AA18

- Arc Bye will replace AR g in the
tree with a flow change of 5 units over

the circuit.
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Iteration 10:

{0,385}

Figure 2.36: Example 3, Final Solution.

If the remaining non-spanning arcs were priced out in
Figure 2.36 it would be seen that their arc prices (Pij's)
would all be greater than zero. Given that each arc is also
at its upper bound none would be eligible to enter the tree.
In addition, since all the artificial arcs have been elim-

inated from the network we can conclude that the solution is

optimal; therefore stop.
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CHAPTER 3

THE NCA AND GENERALIZED UPPER BOUNDING

3.1 INTRODUCTION

The steps of the NCA, as described in the previous
chapter, can be shown to be equivalent to the generalized
upper bounding (GUB) method in 1linear programming. This
chapter will show, by example, how these two methods com-
pare.

To the reader unfamiliar with the GUB method, a short
explanation is provided in Appendix A. For a more detailed
discussion of GUB theory, the reader is referred to Dantzig-

(1963) .

To demonstrate the equivalency of the NCA to the GUB
method, examples 1 and 2 from Chapter 2 will be used. (The
solution of example 3 can be found in Appendix B.) Each
network is formulated as a linear programming problem and
solved using the GUB method. Following the solution of each

is a comparison of the results and the methods.
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3.2 EXAMPLE 1

Consider again the network shown in Figure 1.

problem can be reformulated as a linear programming problem

in the following way.

MIN Z: where 2 =
4X12 + 3x13 + 8x23 + x24 + 6X34 + 6X35 + 2X45, (1)
subject to flow conservation requirements:
X1, + X5 = 30 (2)
%12 - X3 7 Xy = 0@
X13 + X3 - X33 7 X35 = 0
X204 * X34 - X5 = 0 (3
Xi5 + X4s = 30 (6)
and subject to arc capacities:
< < < <
5 Xl2 < 20 0 < X34 < 30
< < < <
4 X3 10 10 X35 30
< < A
4 < X554 30 10 < X45 < 25
< <
6 Xo4 15
where each Xij represents an arc, Aij'
To facilitate the solution of the above problem, each
X.. 1s converted so that it has a lower bound of zero and

1]

This
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an upper bound of one. This is accomplished by using

equation (7) as follows.

- X.. -
13 _ 1J 13 (7)

The problem is now reformulated by substituting each
/
ij
(2) is eliminated from the reformulation as it is a linear

X into equations (1) and (3) through (6). (Constraint

combination of (3) through (6) and is therefore redundant.)

The resulting problem is

MIN Z: where zZ =

60X7, + 18X{; + 208Xy + 9X), + 180X5, + 120Xjg + 30Xjg + 150,
Subject to:
15%], 26X54 = 9XJ, =5
6X13 + 26x'23 30x5, - 2oxgs =2
9x'24 + 3oxg4 - 15X} =4
2ox’35 + 15x35 = 10.

The next step is to convert the reformulated problem
into a standard form. This is done by adding artificial
variables to each constraint wusing the Big M Methed as -
explained by Hillier and Lieberman (1974). The problem in

standard form is shown in Table 3.1.
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By adding the linear combinations of rows through 4,
each multiplied by a "-M," to row (0) the Ai (basic
variable) coefficients are reduced to zero. The results are
shown in Table 3.2.

To aid in the comparison of the NCA to the GUB method,
an additional preliminary step is taken to establish the
same starting basic solution*. This step consists of bring-
ing into the basis those variables brought in in the PREGO
step, variables X12 and X13 (See figures 2.3 and‘ 2.4).
The starting basic solution from which the GUB method
proceeds is shown in Table 3.3

In Table 3.3 an additional row, row (5), has been
included. The entries in this row reflect the results of

dividing each Cij in row (0), by the appropriate (UB,. -

1]
LBij) value for each variable or
C.. C..
o= = (8)
UBij- LBij

The Eij entries in row (5) are then used to determine the
entering basic variable as follows: for those xij with
Cij < 0 in row (0) select as the incoming basic variable
that variable with the maximum Eij value in row (5).

* Note: . The spanning tree and spanning arcs are equivalent

to the basis and basic variables respectively.
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Iteration 1:

only the variables X54, x34 and ng are eligible
candidates to enter the basis. Table 3.3 shows X§4 is
selected as the entering basic variable with the max Cij
value of M - 5.

To determine the leaving basic variable the coeffi-
cients of Xé4 in Table 3.3 must be evaluated (excluding
row (5) to determine the maximum feasible value of X§4

such that the current basic variables do not exceed their

< < .
bounds (0 € Xij 1)

Row Basic Var. Max Feasible Value of X§4
r g
0 A X24 €1
’ < = 4
1 X12 X24 10/9 or 1 5/15 + 9/15X24
*3 A X/ < 4/9

3 24

TABLE 3.3a: Example 1 - Evaluation of X., Coefficients
to determine the leaving baSic variable

The minimum value above, pertaining to A3, is the maximum
feasible value of X£4. A; is therefore selected as the
leaving basic variable. The appropriate pivot operation is

made with the results shown in Table 3.4.
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Iteration 2:

Table 3.4 shows that XZS is selected as the entering

basic variable from the set of eligible variables, ng and

XZS. Evaluating the Xas coefficients we get the results

shown in Table 3.4a.

Row Basic Var. Max Feasible Value of XZS

¢ <

0 yA X45 <1

’ 4 < = 4
1 x45 X45 6/15 or 1 9/15 + X45
* ’ ¢ < = /
3 X24 X45 5/15 or 1 4/9 + 15/9x45

¢ g

4 A4 X45 < 10/15

Table 3.4a: Example 1 - Evaluation of XZ Coefficients

to determine the leaving bas?c variable
The leaving basic variable will be Y,, as X§4 (with
a negative XZS coefficient) determined the maximum feasi-
ble value of X,. with ¥/

45 45
x§4, (1 -Y,,), replaces Xé4 in row (3) and Y,,

< 5/15. The complement of

becomes the leaving basic variable. Table 3.5 shows the

results of these operations.
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Iteration 3:

Table 3.5 shows that ng

basic variable from the set of eligible variables X§4 and

will be the next entering

xgs. Evaluating the ng coefficients we get the results

shown in Table 3.5a.

Row Basic Vvar. Max Feasible Value of X%S
¢ <
0 Z X35 <1
TIPS = Y
*2 X13 X35 € 4/20 or 1 2/6 + 20/6X35
‘<
4 A4 X35 5/20

Table 3.5a: Example 1 - Evaluation of the X{
L. 35
Coefficients

The leaving basic variable will be Y,; as Xi3 (with a
negative ng coefficient) determined the maximum feasible
4 4 O - .
value of X5c. X3 1is replaced by (1 Yl3) in row (2)
then the pivot step takes place on the leaving basic vari-

able Yl3' Table 3.6 reflects these results.
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Iteration 4:

Row (0) in Table 3.6 reveals that only x§3 is eligi-
ble to be an entering basic variable. Evaluating the X§3

coefficients we get the results in Table 3.6a.

ROW Basic Var. Max Feasible Value of X513
0 2 xf23 <1
*] Xiz xéB < 1/26 or 1 = 14/15 + 26/15X’23
2 X4 X5, < 16/26 or 1 = 4/20 + 26/20X),
*4 A, x§3 < 1/26

Table 3.6a: Example 1 - Evaluation of the X23 Coefficients

. . / -
A tie exists between X12 (or 1 le) and A4 as the
leaving basic variable. To minimize the number of compu-
tations needed A4 is selected. See Table 3.7 for the

results.
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Iteration 5:

When the coefficients in row (0) are evaluated it can
be seen that no eligible variables remain to enter the
basis. In addition, since all the artificial variables have
been driven out of the basis, one can conclude the solution
shown in Table 3.7 is optimal with Z = 285. The solution

variables are

/ —_ / —

le =1 X34 =0

X/ = /=
13 1 X35 5/20
’ = / =

X23 1/26 X45 5/15
/ _

Converting the Xij's to their appropriate Xij values one

will get
Xy9 = 20 X34 =0
X3 = 10 X35 = 15
X23 =5 X45 = 15
X = 15

24
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3.3 - EXAMPLE 1: COMPARISON OF RESULTS

Comparing the solution values of the Xij's on the
previous page to the Fij's in Figure 2.17, one sees that
tﬁe same values result. A closer look at the intermediate
results of both methods shows a similar correspondence. For
example, the arc prices (Pij's) calculated in Step 4 of
the NCA are equivalent to the values calculated in row (5)
of the tables for the GUB method. A comparison of Fig-
ures 2.7, 2.10, 2.12, 2.14 and 2.16 to Tables 3.3 through
3.7 illustrates this.

To illustrate further similarities, consider again
Figure 2.10 and Table 3.4 shown again on the following
pages. In both cases A45 or Xzs is selected as the
entering basic arc or variable. Looking at the coefficients

for X/_. in rows (1) - (4) it can be seen that:

45

’
45

; ; s ’
basic variables (arcs) XlZ’ X24 and A4.

(a) The non-zero coefficients for X pertain to the
This is the same set of arcs in the circuit for

the PATHFINDER step of the NCA.

(b) The signs of the XZS coefficients indicate the
type of arc the basic variables correspond to;

that is, a backward or forward arc by
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Figure 2.10:

Example 1 - Iteration 2; arc price

calculations.

70
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(i) a coefficient less than 2zero indicates a

forward arc over which flow will increase,

and

(ii) a coefficient greater than zero indicates a

backward arc over which flow will decrease.

(c) Evaluating each basic variable to determine the
leaving basic variable is equivalent to Step 6,
CHANGER, in the NCA. For example, in CHANGER the

following values were calculated:

AFA

{6 (for Alz) or 5 (for A24)} = 5

ABA 10 AKA = 15 *AFLOW = 5

In the GUB method the following was calculated:

Row 1: (Xiz) - XZS < 6/15 or converting to

'X45 terms X45 < 6
. / / < £
*Row 3: (x24) > x45 5/15 or x45 5

Row 4: (A <> X4 < 10/15 or X45 < 10

4) a5 S

Row O: (Xﬁs) ->x£5 < 1 or X5 < 15

The calculations for rows (1) and (3) are the AFA

values, row (4) = ABA and row (0) = AKA.
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To summarize, each step of the NCA can be tied to the

values in the simplex tableus

(a) The Cij's in row 0 When reduced to Cij values

correspond to Pij's calculated in PRICE.

(b) The non-zero coefficients for the incoming vari-
able correspond to the arcs (variables) in the
circuit in the PATHFINDER step with the signs of

the coefficients indicating the arcs' direction.

(c) The steps for determining the 1leaving basic

variable are equivalent to the CHANGER step.

It should be noted that these direct correspondences
can be found only when the same starting basic solution is
used. For this example we made an extra initialization step
in the GUB method equivalent to the PREGO step in the NCA to

establish this starting basic solution.
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3.4 - EXAMPLE 2
Example 2 from Chapter 2 will be considered next (see
Figure 2.17). This problem can be formulated as a linear

programming problem as follows:

MIN Z: where 2 =

2X + 3X + X + 6x24 - X + x34 (9)

12 13 23 32

Subject to the flow conservation requirements:

X1, + Xy5 = 30 (10)
X15 - X33 T Xpq *t X35 = 0 al
X153 *+ Xp5 - Xy, + Xgy = 0 (12)

Xy4 + Xy, = 30 (13)

and subject to the arc capacities:

4 <%y, <20 1< X, <10
< < < <

3 < X5 <10 2 < X5, <8
< < < <

3 < Xy, <15 3 < X5, < 26,

(Equation (10) is excluded from further consideration as it

is redundant.)

Converting the xij's into ng variables with lower
bounds of zero and upper bounds of one by equation (7) the

problem becomes
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MIN Z: where 2 =

32X12 + 21x13 + 12x23 + 54X24 - 6x32 + 23X34,
Subject to
16X12 - 12X23 - 9x24 + 6X32 = =2
7Xl3 + 12X23 - 6x32 - 23X34 = -1
9x24 + 23x34 = 26.

Adding the artificial variables to the constraints yields
the problem shown in Table 3.8.

As in the previous example, to demonstrate the eguiva-
lence of the two methods tﬁe same starting basic solution
must be established. Given that this problem has an arc
with a negative cost (X32), this variable is put at its
upper bound in the starting solution. This is done by
substituting (1 =- Y32) into the x32 column. Table 3.9
shows the results of this operation as well as that of
reducing the Cij values for the artificial variables to
zero.

An additional preliminary step, PREGO, is needed to
achieve the same starting basic solution as is shown in
Figure 2.20. This requires bringing X13 and Xo4 into the

basis which is shown in Table 3.10.
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Basic EQ. Coefficient of Right
7/ / / ’ 4 A s'd
Var. No. b4 x{z x13 X23 x24 x32 x34 Al 52 3 ide
2 o -1 32 21 12 54 -6 23 M M M -27
Al 1 [} 16 o] ~-12 -9 6 [¢] 1 [¢] 0 -2
A2 2 [¢] 0 7 12 [¢] -6 =23 0 1 [¢] -1
A3 3 o] [o] 4] 0 9 0 23 o] 0 1 26

TABLE 3.8: Example 2 - Initial formulation

Basic Eq. Coefficient of Right
’ 7z ’ / ’ i
Var. No. Z x12 X13 x23 x24 Y32 )(34 Al A2 A3 Side
4 0 -1 16M+32 -7M+21 -24M+12 -18M+54 -12M+6 23 0 [} 0 -39M-21
Al 1 0 -16 (4] 12 9 6 [} 1 o] 0 8
Az 2 0 0 7 12 0 6 =23 o] 1 0 5
A3 3 0 [¢] [o] o] 9 0 23 (o] 0 1 26

TABLE 3.9: Example 2 - The problem in standard form with
X32 at its upper bound

Basic Eq. ' Coefficient of Right

var. No 2 xiz x13 x33 x34 Ya, x34 Ay A, A, sidé

z 0 -1 -16M+128 o] 12M-84 ¢} 6M-48 =23M+92 2M-6 M-3 0 -18M-84

x;A 1 0o -16/9 0 12/9 1 6/9 0 1/9 0 0 8/9
Bi3 2 o o 1 12/7 o] 6/7 -23/7 0 1/7 0 v 5/7 ]

A3 3 0 16 0 =12 0 -6 23 -1 0 1 18

Ei 5 4 - M-8 0 M-7 0 M-8 M-4 - - - -

TABLE 3.10: Example 2 - Results after bringing X
X24 into the basis

13 and .
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Iteration 1:

An examination of the the row (4) entries in Table 3.10
reveals that X§4, with the largest Cij value, 1is the
entering basic variable. The coefficients of X§4 reveals
that xi3 will leave the basis at its upper bound and

become Yl3‘ Table 3.11 contains the results of the pivot

operation.
Basic Eq. Coefficient of Right
’ ’ 4 A A sid
Var. No. z xiz Y13 x23 xu Y32 xu Al 2 3 ide
4 0o -1 -1l6M+128 7M-28 -48 0 ) -24 0 2M-6 1 o} -16M-92
X£4 1 0 -16/9 o] 12/9 1 6/9 0 1/9 0 o] 8/9
x;M 2 0 0 7/23 -12/23 0 ~6/23 1 0 -1/23 0 2/23
A3 3 [} 16 -7 o [} 0 0 -1 1 1 16
.. 4 - M-8 M-4 4 0 4q 0 - - - -
i3

TABLE 3.11: Example 2 - Results of Iteration 1
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Iteration 2:

Examining the 1row (0) coefficients in Table 3.1l1
it can be seen that Xiz is the entering basic variable.
Evaluating the Xiz coefficients we see that Xa4 will
leave the basis at its upper bound and become Y24. The

results are shown in Table 3.12.

Basic EqQ. Coefficient of Right
var. No. xiz ¥y, X3 You Yy, x’34 A ’ A, a, Side
2z 0 -1 0 ™-28 ~12M+48 9M-T72 -6M+24 0 M+2 » 1 0 -15M-100
x'12 1 (o} 1 0 -12/16 9/16 -6/16 o} -1/16 0 (¢} 1/16
x;m 2 [} o 7/23 -12/23 0 -6/23 1 [} -1/23 0 2/23
AJ 3 0 o] -7 12 -9 6 o] [v] 1 1 15
Cij 4 - 0 M-4 M-4 M-8 M-4

TABLE 3.12: Example 2 - Results of Iteration 2



T-2714 79

Iteration 3:

The next entering basic variable will be X§3.

Evaluating the coefficients for X§3 we see that Y will

23
be the 1leaving basic variable as X§3 is driven to its
upper bound.
The results in Table 3.13 indicate that no additional
variables are candidates to enter the basis. 1In addition,

the artificial wvariable, A3, remains in the basis

indicating the problem is infeasible.

Basic Eq. Coefficient of Right
’ ’‘ ]

var. No. ¥4 x12 YIJ Y23 )(24 y32 )(34 Al A2 }\3 Side

Z o] -1 0 TM-28 12M-48 9M~-72 -6M+24 0 M+2 1 0 ~3M-148

Xiz 1 0 1 0 12/16 9/16 -6/16 [¢] -1/16 o] 0 13/6

x34 2 [} o] 7/23 12/23 o) -6/23 1 o] -1/23 o] 14/23

A 3 [} 0 -7 -12 -9 6 [¢] [¢] 1 M 3

TABLE 3.13: Example 2 - Results pf Iteration 3
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3.5 - EXAMPLE 2: COMPARISON OF RESULTS

As with Example 1 in 3.4, the same similarities between
the two methods can be found and will not be repeated. One
aspect of this example should be examined, however. The NCA
in its initialization step sets flow levels on those arcs
with a negative cost per unit of flow at their upper bounds.
Secondly, the PREGO step brings into the basis arcs A24

and A If these two principles of the NCA had not been

13-
applied when establishing a starting basic solution in the
GUB method the direct similarities do not exist as clearly.
The resulting answer, i.e., the problem is infeasible,

however remains the same.
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CHAPTER 4

A COMPARISON OF THE NODE CHAIN AND
OUT OF-KILTER ALGORITHMS

4.1 INTRODUCTION

Where Chapter 3 examined the equivalent of the NCA to
the GUB method in linear programming this chapter will look
at the NCA as it compares to another network flow algorithm,
the Out-of-Kilter Algorithm (OKA), in terms of computational
efficiency. The OKA is currently one of the most widely
used algorithms for the solution of a wide variety of
network flow problems. As the NCA will also solve the same
types of problems the OKA was considered a good basis for
comparison of the NCA from a network flow standpoint.

In the framework of network flow analysis two aspects
of each algorithm are examined. First, the similarities and
differences between the two algorithms are discussed.
Secondly, the computational efficiency of each is compared
in terms of execution time and number of iterations required

to solve various sets of network.

4.2 THE SIMILARITIES
A convenient similarity between the two algorithms is
that they both require the same network structures for their

solution processes. Both algorithms require a pure network
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configuration with directed and capacitated arcs. This
provides a sound basis for comparing the two methods.

Both algorithms will solve a wide variety of
capacitated network problems: transportation, minimum cost,
assignment, maximum flow, transshipment and shortest path.
In all cases tested the results obtained from both methods
were identical‘ for total network cost (if any) and arc
flows.

Both the NCA and OKA require only a knowledge of simple
algebra to learn and the same basic notational conventions

are used.

4.3 THE DIFFERENCES

A key difference found in the two algorithms 1lies in
the steps of each algorithm. The OKA uses complicated
decision rules and tables to determine what arcs are to be
evaluated and how much flow change is to take place over
specific sets of arcs. The NCA, on the other hand, follows
a few simple decision rules which can be more easily taught
and summarized.

An obvious difference in the two is that the NCA is a
primal whereas the OKA is a dual algorithm. The NCA main-
tains primal feésibility at all times by the inclusion of
artificial arcs (variables) and by another important step in

the initialization step of the NCA all arc flows are set at
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their lower bounds (upper bounds) when the arc cost is
positive (zero or negative). This means that if a large
proportion of arcs in the network have positive lower bounds
the NCA will begin with a solution much closer to optimality
than the OKA. In general, the OKA begins with all arc flows
equal to zero regardless of the lower bound constraints on

those arcs.

4.4 COMPUTATIONAL COMPARISONS

In order to study the computational efficiency of the
two algorithms two types of data were selected for
comparison. The first, the number of iterations and the
second, CPU seconds required for each case run. The cases
were run on the DEC-1091 at the Colorado School of Mines
using a library program for the OKA and a modified version
of the original NCA program written by Drs. Raike and
Woolsey.

Two categories of test runs were made for each algo-
rithm. The first consisted of sets of problems where all
the arc lower bounds were equal to zero. In the second
category lower bounds greater than zero were included for
the same basic network configurations used in the first.

In each category three sets of problems were run with
the density of the networks increasing from set 1 to 3.

Each set consists of ten individual cases. Set 1 is made up
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of networks with an arc to node ratio of two (number of

arcs/number of nodes = 2). In set 2 the ratio is three

(arcs/nodes 3) and in set 3 the ratio is four

(arcs/nodes 4) . For each set the number of nodes ranges
from ten to one hundred with the number of arcs varying
based on the particular set in question.

The test cases were created using a network generating
program, NETGEN, provided by Dr. Fred Glover (University of
Colorado, Boulder). This program allowed for the creation
of random network problems given the appropriate inputs
(parameters). To maintain consistency, the only parameters
varied in each case were the number of nodes and arcs. The
bounds on arc capacities and costs were held constant as
well as total network supply. In each case a single source
and sink were used with no transshipment sources or sinks.
(A set of transshipment and transportation problems were run
with no significant difference in results. The results from
these runs are therefore excluded from the analysis that
follows.)

The OKA and NCA programs regquire the same data input

format; therefore, a single file from NETGEN was used to run

both programs.
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Iterations

For the NCA an iteration is defined as one pass from
Step 3 (NEWPI) through Step 7 (NEWFLOWS). For the OKA the
number of iterations included the sum of nonbreakthrough and
breakthrough iterations as recorded in the output from the
program. To compare the results of each case run, a ratio
of the number of iterations taken is formed with the number
for the NCA over the number for the OKA (NCA/OKA). The
results for all three sets in each category are shown in
figures 4.1 and 4.2. (Refer to Appendix C for tables
containing detailed results of all cases.)

Figure 4.1 reflects the results for category 1 where
the arc lower bounds are held at zero. %igure 4.2 shows the
results for category 2 where positive lower bounds are used.
It can be seen in figure 4.2 that the addition of positive
lower bounds makes the Node Chain Algorithm the more
efficient method, providing the OKA program begins with zero
starting flows on all arcs regardless of the arc lower
bounds.

An additional observation can be made by looking at
tables C-1, C-3 and C-5 in Appendix C. The number of
iterations required by the NCA program, when the arc lower
bounds are zero, are approximately equal to the number of

nodes.
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Comparison of the number of iterations when all
lower bounds are zero.
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(line b), and 4 (line ¢))
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Comparison of the number of iterations
when positive lower bounds exist.

(for arc to node ratios of 2 (line a), 3
(line b), and 4 (line c))
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Execution Time

'For each case run the CPU seconds (execution time)
required for each method were recorded. A ratio of the NCA
time to the OKA time was formed for each case and used as a
basis of comparison. Figures 4.3 and 4.4 reflect these
results for the two categories.

The results in figure 4.3 reveal that the NCA program
took on the average approximately 2.3 times longer to run
than the OKA program for the cases run. Looking at the
positions of the three curves one can see that as the
network density increases the realtive difference in
execution time decreases.

The results in figure 4.4 show a marked shift downward
in the curves for all three sets of case runs. The same
trend found in figure 4.3 can be seen that as the network
density increases the relative differences in execution
times decrease. With the addition of lower bounds the NCA
program took an average of 1.78 times as long to run as the
OKA program, a substantial decrease.

It must be noted, in defense of the Node Chain Algo-
rithm, that the program used is a relatively new unrefined
and untested program from the standpoint of computing
efficiency. The Out-of-Kilter program on the other hand has
been subjected to many years of refinements in an effort to

reduce execution times and costs.
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4,5 SUMMARY

From an iterative standpoint the NCA appears to be a
better solution method when positive lower bounds are
present. The results obtained in examining execution times
were not as positive in favor of the NCA but as noted
previously, the NCA program is new and unrefined.

It would seem, given the necessary computational
refinements program and using capacitated networks with
lower bounds, the Node Chain Algorithm could be more

effective solution method than Out-of-Kilter.
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CHAPTER 5

SUMMARY

The Node Chain Algorithm has been presented in this
paper. Chapter 2 pupvided an explanation of the method,
each step and supporting examples. From the summary
provided in Figure 2.1 we can see the simplicity of the
algorithm to be one of its great advantages.

In Chapter 3 the theoretical basis for the NCa
algorithm was presented. It was shown that the steps of the
NCA are analogous to the generalized upper bounding theory
of 1linear programming. To show this correspondence the
three examples from Chapter 2 were solved (Example 3 in
Appendix B) using the GUB method. Given that the same
starting basic feasible solution is established at the
outset, the two methods were shown to be equivalent. Aas
network theory has its basis in linear programming theory,
this could provide a useful tool for teaching both the NCA
and the GUB method in the classroom.

Chapter 4 analyzed the similarities and differences
between the Out-of-Kilter Algorithm and the NCA. Both
algorithms require the same network structure and will solve
the same types of network problems. The NCA however is a

simpler algorithm than the OKA in that it does involve the
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complicated set of decision rules the OKA does.
When the efficiencies of each method are evaluated, two
results§are noted:
(1) As the density of the network increased, the rate
of increase in execution time for the NCA was
slower than for the OKA, and
(2) Based on the iterations counted per run the NCA
appears to be a better solution method for
problems with a high proportion of arcs with
positive lower bounds.
The assertion made in (2) above is based on
(a) The computational experience gained to date.
(b) The assumption that the OKA begins with only
zero starting flows on all arcs, and

(c) The belief that the average execution time
for the NCA program can be markedly improved
as has the OKA program over the years with
the proper computational refinements.

As many minerals and petroleum related problems are
ones where lower bounds prevail the NCA may prove to be
useful tool to the firms of these industries. In order to
impréve its usefulness however, further research in the area
of list processing methods should be pursued to improve the
execution time of the NCA program and make it more cost

effective.
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APPENDIX A

THE GENERALIZED UPPER BOUNDING TECHNIQUE

(The explanation that follows is due to material
provided by Dr. C.E. Lienert, Colorado School of Mines.)
If a linear programming problem has many of its vari-

ables subject to upper bound constraints of the form

X. < U,
J J

then it may be useful to use the following modification of
the simplex algorithm, called the generalized upper bound
(GUB) technique, in which the upper bound constraints do not
appear explicitly in the tableaus.

When applying the GUB method, the entering basic
variable (Xj) is chosen in the usual manner as with the
simplex algorithm. The difference between the two lies in
the selection of leaving basic variable.

When determining the leaving basic variable, one must
calculate the "maximum feasible value of X2" according to

the following rules:

(a) For row (0), the maximum feasible value of the
entering variable (Xj) is simply its wupper

bound.
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(b) For each row in which the coefficient of X. is

]
positive, we form the usual ratio of bi/aij to
find out the maximum amount by which X. can be

J
increased without violating the nonnegativity

constraint on the basic variable in row (i).

(c) For each row in which the coefficient of Xj is
negative, we must determine the amount by which
xj can be increased without violating the upper
bound constraint (if any) on the basic variable in

this row.

To determine the leaving basic variable we select the
minimum value of (a), (b) and (c) calculated above. This is
the maximum feasible value the entering basic variable
(xj) may take on without violating the bounds on the
current basic variables. Once the leaving variable has been

determined, three cases must be considered:

Case 1I: The minimum value of X. is associated with
J

row (0) or (a) above. If so, we define a new

variable Yj as such that Xj = Uj -

Yj. (Xj and Yj are called complemen-
tary decision variables.) The leaving basic
variable is now Yj' In the Xj column we

substitute (Uj - Yj) in place of Xj'
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This will cause a change in the signs in the Xj column and

the right hand side values of the tableau only.

Case II: The minimum value of X. is associated with
J

a row in which the coefficient of X. is
J

positive. This is a "normal" situation in
which the simplex algorithm can be applied
directly and the leaving basic variable is

the basic variable currently in that row.

Case III: The minimum value of X. is associated with
J

a row in which the coefficient of X. is
J

negative. Suppose Xi is the current basic
variable in this row. We replace X; by
Ui - Yi and select Yi as the 1leaving
basic variable.

To illustrate the somewhat complicated decision rules

discussed above consider the following example.

MAX Z = X, + 3X, - 2X

1 2 3’

Subject to:
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The initial simplex tableau is set up in the usual

manner except that the upper bound constraints are not

included.
Basic
Var. A Xl X2 X3 X4 X5 RHS
2 1 -1 -3 2 0 0 0
X4 0 0 1 -2 1 0 1
X5 0 2 1 2 0 1 8

TABLE A-1 Original Simplex Tableau

The entering basic variable, selected in the usual
manner, will be X2' Now we must determine the maximum
feasible value of X, according to the rules previously

discussed.
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Max. Feasible

Row value of X2 Rule

0 x2 < 3 (a)
<

*] X2 1 (b)

The minimum value above corresponds to x4 in row (l1). As
this is an example of Case II, we pivot on X4 in row (1)

in a standard simplex operation. The new tableau is

Basic
Var. A Xl X2 X3 X4 X5 RHS
Z 1 -1 0 -4 3 0 3
X2 0 0 1 -2 1 0 1
X5 0 2 0 4 -1 1 7

TABLE A-2 Results of Iteration 1

The entering basic variable will now be X5, Again we
compute the maximum feasible value of the entering basic

variable, now X3.
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Max. Feasible

Row Value of x2 Rule
<

0 X3 2 (a)
<

*] X3 1 (c)

2 x3 < 7/4 (b)

The minimum value above corresponds to X, in row (1)
(calculated by U, = 1 + 2X3 or 3 = 1 + 2X3 therefore

Xy = 1). The coefficient of Xy in row (1) is negative;
therefore, Case III applies and Y2 becomes the leaving
basic variable.

The first step is to replace X, in row (1) by (3 -

Y2) to get the following tableau.

Basic

Var. Z xl X2 X3 X4 X5 RHS
Z 1 -1 0 -4 3 0 3

Y2 0 0 1 2 -1 0 2

X5 0 2 0 4 -1 1 7

TABLE A-3. Iteration 2 - (3—Y2) Substituted for X2
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The leaving basic variable is now Y, and the next
step is to perform the usual Gauss-Jordan technique result-

ing in the following:

Basic

var. Z Xl X2 X3 X4 X5 RHS
A 1 -1 2 0 1 0 7

X3 0 0 1/2 1 =1/2 0 1

X5 0 2 -2 0 1 1 3

TABLE A-4. Results of Iteration 2.

The entering Dbasic variable will now be Xl‘

Computing the maximum feasible value of X, we get:

Max. Feasible

Row Value of Xl Rule
<

*Q X, 1 (a)

l - ——

2 X, < 3/2 (b)

The minimum value above corresponds to row (0) and

Case I applies 1in this instance therefore Yl
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becomes the leaving basic variable. Xy is replaced by

(1 - Yl) in the Xl column resulting in

Basic

var. A Yl Yz X3 X4 X5 RHS
Z 1 1l 2 0 1 0 8

X3 0 0 1/2 1 -1/2 0 1

x5 0 -2 -2 0 1 1 1

TABLE A-5. Results of Iteration 3 and the Final Tableau.

No variables remain that may enter the Dbasis;
therefore, we may conclude the results in Table A-4 are

optimal with the following solution values:

X, =1, X2 = 3, X, =1and Z = 8
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APPENDIX B

EXAMPLE 3 SOLUTION USING THE
GUB METHOD

The network shown in Figure 2.25 (page 41) can be
formulated as a linear program with each variable having
it's bounds converted to a lower bound 6f zero and an upper
bound of 1 as shown in Table B-1l.

The firsty step is to bring the variables X12' X13

and X in the basis as in the PREGO step. Following this

14
the Cij coefficients in row 0 for Ay through A, are
reduced to zero to establish the starting basic solution.
These two steps are shown in Tables B-2 and B-3.

On each table, beginning with B-3 through B-11, the
entering and leaving variables are enclosed in the boxes. A
single vertical box indicates the entering basic variable is

also the leaving basic variable as it is driven to its upper

bound.



105

T-2714

uoT3jeTnUWIO] TeT3TUI - ¢ ardwexqg

$T-9 JTdYL

0z § ot o ©o ©0 o o o0 o o o 0 0 0 L v
0 s o o s o of o o0 o o0 o ) 0 0 9 ty
€ 0 o1- o 0 9 0 st o 9 ) ) ) ) ) s Zy
z o6 o or- 0o o o0 o ot o Lt o ) 0 0 v Ty
0 0 ) ) - 9- 0 ) 0 0 0 ot 0 ) 0 £ YTy
0 o 0 0 0 0 o1- §T- 01- o 0 0 st ) 0 ¢ Ty
0 o 6 ©o o0 o ©0 o o0 9 (- o 0 S 0 1 Ty
oEb- € 0zl Ob 3 09 03 SET OI1 8T 95  o0zT  0ST  S¢ - o z
apts Bly B9y 8Sx Lby  9by  LEy 9y Sty 9%y S WL, B, Il 4 “oN “aep
b 3O 3uaTdT3I330D b3 oysed




106

T-2714

Nmﬂmmn 3yl ojut jybnoaq aae
4

("Ix pue +tTx +Cly) do3s opmua - ¢ ordwexa :z-g aTavs:
oz 1 o 0 s ot of o o ) 0 o 0 0 0 0 0 0 L Yy
0o o 0 0 s o0 o6 § o ot 0 0 0 0 0 6 o o 9 v
£ o t o o o0-0 o 9 0 st 0 9 0 0 o o o s %y
z o 0o 1 o o0 o- 0 o0 0 0 ot 0 ¢ 0 o o o ¥ Yy
o o 6 o ©o o0 0  OI/s-01/9- © 0 0 0 0 1 o o o & YTy
0o o o o o o o0 o o ST/01- S1/St-  SU/01- 0 0 ) 1T o o ¢ I
0o o 0o 0o o o o o o 0 0 0 s/9-  s/t- o o 1 o 1 I«
ocp- W W W SE o0z Ob sz zEv 09T 8T o1z 09 sor 0 6 o 1- o z
aprs v Ge Ty BLy B9y By LBy Oy ey 9% x 9x S " Yx Ux oz ocon cae
b 3JO UarodT33aon) b3 oyseg




107

T
019z 03 padnpax s, 'Y 103 sanfea W - ¢ ordwexy te-9 dI9vYL

- - - - - ( T v stH 2z-H 9T-W 61-H - OT-H  ST-W o o o - 8 ‘%
oz 1 0 0 0 s 0T 0T o 0 0 0 0 0 o o 0 0o 0 ¢ by
o 0o 1 0 0 s 0 0 s 0 ot 0 0 0 o © 6 0 0o 9 v
€ 0 0 T 0 0 O0T- 0 O 9 0 ST 0 9 ) 6 0 0o 0 s 2"
z 06 0 0 T 0 0 oI- 0 0 0 0 ot 0 L o 0o 0 0 ¥ Yy
) 6 06 0 0 0 0 0 Ot o1/9- 0 0 0 0 0 T o o o ¢ '
0 00 0 06 0 0 0 o 0 st/ot-  T- SU/0T- 0 0 o 1t 0o o z I
0 0O 0 0 0 o0 o 0 0 1} 0 0 0 5/9- s/t- o 0 T o 1 ~mx
OEP-HSZ- 0 0 O O G O0ZT Ob GZT+WS-  ZET+4WO-  OOT+HOT- GBZ+WST- OTZHWOT- O9+H9- GSOT+WL- 0 O O T- O 2
apts fy by Ty Ty 8Ly B89, 8S, Lby by Loy %k Sty 9y S%x Vix Hlx Elx 2 con  -aea
ybty 3O 3UdTOTIFA0D *b3g oyseq

T~2714



108

T uoT3eIa3I JO s3Tnsay - ¢ otduwexy

‘-9 TI4dVYL

- - - L W v SZ-W 2T 9T-W 6  Tz-W o [stw Jo o o - &
oz o o s ot ot o 0 0 o o o o o o o o ¢ ™
0 o o s o °o s 0 ot o o o |o o o o o 9 %
9/t 9/t o o 9/1- 0 o 1 o 9/sT 0 T o o o o o s %%
[ o 1 o o o1- o 0 0 o ot o e o o o o v %
° o o o o 0 ous-  ou/9- o o o o |o 1t o o o ¢ "I
0 o o o o o o 0 SU/01-  1-  st/ot1- o o o 1 o o z I
S/€ s/t o ] s/1- o o s/9 0 s/st o ] s/L- o o0 T 0 T lx
09v-WZZ- OT-H O  SE  OZZ+WOT- O  SZI#WS- ZL  O9T+WOT- SET  OTZ+WOT- O [SOT#HL-f 0 © 0 T- © z
p1S v T By 99y 8% ¥ Py L i x5 Vix tx Yk z con caea
Wb 30 3uaroT3320) ‘by oyseg

T-2714



109

T-2714

Z uUoT3eIa3I JO s3Tnsay - ¢ a@7dwexdm :G-9 ITAVL

- - - - L ZT-W 61-W SZ-W (49 91-W 6 9 0 (4] 1] 1] 0 - 8 HAD
ﬁ 0z 1 o o s ot ot 0 0 0 0 o o o 0 o0 o0 0

(] 0 o 0 S- 0 0 S 1] ot (4] V] [¢] V] 1] (4] 1] V] 9 m‘
EY 9/t o0 .0 9/1- o0 0 1 o 9/sT o Tt o o o o o s %
e 0 0 tt o 0 L/01- 0 0 0 0 ot o t o o o o v %«
0 0 o o o o ) ot/s-  ou/e- o 0 0 o o 1t o o o € "
0 0 o o o o 0 0 0 st/0t1- |- swot- 0 o o 1 o o ¢z %
) 0 $/1- &/1- 0  s/ot s/01 0 s/9- |o s/s1- s/01- o o o o 1t o 1 i
06¥-HOZ-0 OT-R ST-W SE  OZZ+HOT- O6T4HOT- SZT+HS- Z¢ | 09T+WOT-] SET 09 o 0o o o0 o0 1- O z
d;yPIS v< N‘ A‘ Qm% wa QMK hwx wwx hm\x On\x MW% Omx mmx v,mx MMX s 2z "ON ‘1A
by 3O uaTd73390D ‘b oysva




110

T-2714

€ UOT3LISIT JO S3ITNSaY - ¢ ofduwexy :9-g ATAVL
- - - - £2-H 2z-n 61-W 6 2t 0 6 9 o 0o o 0o o - 8 %
0z 0 0 0 S o1 ot 0 0 0o o 0 0o 0 0 0 0 0 ¢ ..<
0 o/t o 0 o1/s- © 0 o1/s 0 1 o 0 0 0o 0o o o o o ‘%
9/t 0 9/t o 0 a/o0t- 0 0 1 0 951 o 1T o 0o o o o s %%
] o 0 vt o o L/01- 0 0 0 o (0t 0 1 0 0 o o » S
0 0 ) 0 0 ) 0 01/s- 01/9- 0 o 0 0 0 T 0 o o0 ¢
1] st/T o 4] S1/5~ 0 0 sI/s 0 o 1I- §ti/01- 0 0 O I o0 O
_ 0 0 $/1-  §/1- 0 s/01 s/01 0 S/9- 0 &/s1- s/01- 0 0 0 ©o 1 0 I
06b-HOZ~ 91-W Ol-KH ST-W STT4HG- OZZ+WOT- O06T+WOT~- 114 ZL [4] GET 09 () 0 4] 0 [o] I- O z
ep¥s v W W 8 8% B%x Sk T U xSk % S Mk Tk Tz on cam
Wby 3o 3usToY3380D “ba oysva




111

p UOTIEISII JO s3ITNSaY - ¢ o7dwexdy :,.-g ITIVL

- - - - - fz-W | € o 6 - 0 8Z-H 5z-M 0 0 0 0 6l-W - 8 5
& 1 o t 1 s 0 0 o 9 0 st ot 0 0 0 0 & 0o ¢ *v
0 0 ou/T o© o ot/s- o 0 ou/s o 1T o 0 o 0o 0o 0 o o 9 Ley
9/t o o 9/1 o 0 9/01- 0 © 1 0 9/st 0 T 0 0o 0 o o s 9y
L/e 0o o /- o (] t/ot o o L/9- 0 t/S1- 4] o 1T o o 0 0 4 mmx
0 o o 0 o o 0 0o o1/s- O1/9- 0 O 0 0 0 1T 0 o 0o ¢ YTy
0 o s/t o o |sws- |o 0 sus o 0 T1- S;/0T- o0 0 0 T o o z K
0 o 0o  o1/1- ot/1-|o 1 1T o o1/9- 0 oOr/s1-  1- 0 0 0 o oS o0 1 85x
06b-HOZ- 0 9T-W 6 b STT+Ns- | O€ 0 SP 9BT+HI- O OZP+HST- OSZHHOT- © O O O  G6-H§ T- O z
apts v fv W Ty |8 B9 By by 9% Lox Sty %% ST Mx flx iz con cawa
by . 3o 3uaT273330D *ba oyseq

T-2714



112

G uoT3leiazl jo siTnsay - ¢ oa1dwexd :g-g FTAVIL

- - = - - gW £ 0 6 TE-H 0 8z-W Sz-H o o o o e-w - 8 '
st T o 1 1 s o o0 0o 9 0 st ot o 0 o0 o s o ¢ Yy
ot/s 0 O/T 0 o0 o0/S O 0 OIS 0 1 o o o 0 o o o o 9 i
9/¢ 0o 0 91 o o 9/01-0 0 1 o 9/s1 0 1T o o o o o s %
L/e 0 o L/t~ 0 0 t/0T 0 O L/9- 0 L/ST- 0 0o 1 (] 0 0 0 v mmx
0 o 0o o o o 0 o0 ous-ot/e- 0 o0 0 6 0 Tt 0 o o ¢ "
S1/s 0O S/t 0 o0 SU/S 0 0 SI/S 0 o 1- st/o1- o o o T o o ¢z i
0 0 0  OI/I- O1/1- © T 1 o ow9e- o oust- |t- o o o o ows o 1 S
S09-HST- O OT-W 6 b  SUI4WS OE O Sp  OBT+HI- O OZV+HST- | OSZ#HOT-| 0 O © ©0 S6-HS T- O z
apTs V< m< N< .n‘ whh QMX me hwx WWX hmx Onxx A mm% Om* mmx QM% m.m% NHV 2z “ON “°Iwp
bR 3o JuatdY3390D *bg oyseg

T-2714



113

T-2714

9 uoT3eId3I 3O SINSAY - ¢ oTdwexy :6-g ITHVL

- - - - - W € 0 6  TE-W o lez-w Sz-H 0 0 0 0 6I-W - 8 iy
st 1 0o 1 1 G-+ o0 o0 0o 9 o |st o1- oo o o s 0 ¢ Yy
o1/s o Oo1I/T © 0 o1/s 0 0 01/S O T o (1] o o 0 [ 0 0 9 »mx
9/¢ o o 9/1 o 0 9/0T1- 0 © 1 o Josst 0 T o 0o o o o s Ry
Lz 0o 0 -0 o /ot o o  i/9- o {u/st- | o o 1T o o o o v %
o o 0o o o o 0 o0 ows-o01/9- o o o o 0o T 0 o o ¢ YTy
0 0 SU/1-0 0 SsI/s- 0 O SU/S-0 o |t si/o1- o0 0 o0 T 0 o z L
[o 0 0  oI/T OU/T o - 1 0  ou9 o lot/st 1- 0 0 0 0 oS- 0 1
G68-WS- O 9T-W 6 b STT4HS- OE O Sb 98T+~ O Jozp+HST-| 0sz-WOT © 0 ©0 ©0 S6-HS T- © z
op1s % fy Ty T, 8L 83 85 v ob ee for, se, R A T T,
b JO JUaTDT3330D -bg oyseg




114

L UOT3eI®d3I JO s3Tnsay - ¢ a7dwexy :07-9 FIAVL

- - - - - ez-n | te-w 8z-H 6 € 0 0 ¢ 0 0 0 o 6 - 8 '
s 1T o 0 0 5- ot ot- 0 0 o o o 0 0 o0 o o 0o ¢ Yy
o1/s 0o o/t o 0 ol/s 0 0 o1/s 0 T o o 0 0 0o o0 o o 9 Loy
Y o o ) 9/1- o 0 9/01 0 o o0 o0 90t T 0 0o o0 95 o s
Lz 0 o 0 T oo ) /0t 0 6 o0 o0 to1- 0 T 0 0 s- o v Sy,
0 0o o0 ) 0 ) ) 0 o1/5- 01/9-0 0 0 0o 0 1 0 o o ¢ "
0 0 SU/T- SsU/1- SU/1- su/s-  |st/ot- | st1/ot-  SU/s- S1/9-0 o0 0O o 0 0 T siU/s o0 ¢ QL
0 o o ST ST o st/ot- | svot o st/ 0 1 s1/01-0 o0 o0 o si/s- o ot
§58-WS- O OT-H 6T-H  bZ-W STTI-WS |OTe+WOT-| OBz-WOT S¢ 8T 0 ©O of o 0 0 0 sv T- o0 z
op1S % E %y 1, e 09, 8s, Ly, 9y L 9K ST 9T, ST WL CL TN, gy .ze

by 3O 3UaYdTIFA0D *ba otseg

T-2714



115

g8 UOT3RI93I JO S3TNSaY - ¢ oa7dwexy :17-d FIAVI

- - - - - 8 0 ¢ ov-n  [vew 0o o ¢ o 0 0 TE-H 22-W - 8 9y
Hw 1t 1 1 0 0o o S 9 o 0 o o o o sI- s- o ¢ e<_
ou/s 0 ot o o oi/s o 0o ot/s o Tt o o 0o 0 o o 0 0o 9 Loy
9/¢ o o 0 9/1- 0 0 9/01 o 0 0 0o 90l T 0 o0 0O 9/s 0 s 9y
e o o 0 1 0 o /ot o 0 0 0 t/o1- 0 T o0 o ts- o v %
) 0o o 0 o o o o ous- |otve- |o o o o0 T o 0 0o ¢ YTy
0 0 ou/1- ov1- ou/1-o0u/s-1T1 1- OI/s- |ot/9- (o o o 0 o o oust o1/s o 89
0 0 sSUI- o 0 s1/s-0 0  st/s- o 0 1 svot- 0 0 o0 1 0 o 1, x
sse-Ws- 0 <l 2t L ov 0 of ooz+Ws- |vozews-|o o o 0 0 O GOb-WST OTI-Ws T- O z
op1S b fy %y Ty 8L B9 8S by o, LEy 9 ST 97, ST, W, €T, ety 2 con -xen
ubmy JO JUaT31JFa0) ‘b3 oysed

T-2714



116

nearqel Teutq syl pue
6 UOT3®Id33I JO s3Tnsday - ¢ a1dwexy :z1-g9 IATIVL

T-2714

9/s 9/t 9/t 9T 9T o 0o o 9/s 1 0 0 o o0 0 9/5T- 9/5- o0 ¢ 9y
o1/s o o/t 0 ) ov/s o o o/s o 1 0 o o o o 0 o 9 tex
9/t 0 0 0 9/1- © o 9/t o 0 0 9/01 T 0 o0 o 9/s o s Ry
e 0 0 0 /1o o (/o1 o 0 0 tot- o 1T o o t/s- o ¥ 52y
o01/s 01/ 01/T Ou/T Ool/T © o o 0 0 0 0 o o T ou/st- Ol/s- 0 € YTy
o1/s oI/t o 0 0 or/s- 1 T1- 0 0 ) 0 o 0 0 o 0 0o ¢ 8%
0 0 SU/T- o 0 SU/s- 0 0 S1/s- 0 0 SI/01- 0 0 o0 T 0 o 1 9y
sz01- VE-W  OT-W  2Z-W  (Z-W Ob 0o ot o€ 0 0 og o o o st 09 - o z
ap1s Yy v 2y Ty Bly B9y 8BS by 9y LE, 9%y SE 9y STy iy €1, e, z  coN -awa
IYbTY 3O U8TOTIIe0D *b3g oysed




T-2714 117

Looking at the results shown in B-12, we see the

following:
X'12 =1 or X0 =10
X'13 =1 or x13 = 20
x'14 = 5/10 or X4 = 10
X'yg = 2/7 or Xo5 = 5
X'26 = 3/6 or Xp6 = 5
x'35 =1 or X35 = 15
x'36 =0 or X36 = 0
X'37 = 5/10 or X37 = 5
X'46 = 5/6 or X4 = 5
X'47 =0 or Xpq = 5
X'gg =1 or Xgg = 20
X'68 = 5/10 or Xeg = 10
X'78 =1 or X,g = 10

with 2 = 1025
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APPENDIX C

Computational Results of Test Cases Run
Comparing the NCA to the OKA Programs
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