
STATISTICAL MODELING OF

PHOTOVOLTAIC DEVICE

PERFORMANCE

by

Brian Zaharatos



A thesis submitted to the Faculty and the Board of Trustees of the Colorado School of

Mines in partial fulfillment of the requirements for the degree of PhD (Applied Mathematics

and Statistics).

Golden, Colorado

Date

Signed:
Brian Zaharatos

Signed:
Dr. Luis Tenorio

Thesis Advisor

Signed:
Dr. Paul Constantine

Thesis Advisor

Golden, Colorado

Date

Signed:
Dr. Willy Hereman

Professor and Applied Mathematics and Statistics Department Head
Department of Applied Mathematics and Statistics

ii



ABSTRACT

Accurate performance modeling of photovoltaic (PV) devices is important for increasing

the usage, reliability, and bankability of solar energy. For example, performance modeling

of PV devices can help reduce costs and spur deployment by giving confidence to system

engineers, customers, lenders, and investors. The performance of a PV device is typically

determined by measuring its current-voltage (I-V ) characteristics. These measurements,

along with a performance model such as the single-diode model, are used to estimate impor-

tant device performance parameters such as the maximum power output under a range of

operating conditions. Many possible approaches to estimating these parameters have been

explored in the PV literature. However, to the best of our knowledge, a statistical approach

to PV performance modeling using measured I-V characteristics and the single-diode model

has not yet been studied. In this thesis, we study several aspects of parameter estimation

for the single-diode model, often within a statistical framework, in order to provide more

reliable estimates of PV performance parameters.
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eigenvector of Ĉ. The plot on the right shows the components of the
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CHAPTER 1

INTRODUCTION

The most common way of converting energy from the sun into electricity is through the

use of photovoltaic (PV) cells. PV cells are most often constructed of semi-conductors, such

as crystalline silicon or thin film materials (e.g., cadmium telluride (CdTe), copper indium

gallium selenide (CIGS) and amorphous silicon (a-Si)), which absorb radiation from the sun

and emit electrons to be harnessed as usable electricity. Instantaneous electrical power and

total energy yield are key performance metrics for PV. Because the electrical yield from a

single PV cell is insufficient for many purposes, many cells are usually wired together in series

and packaged into modules that are suitable for outdoor use. Modules themselves may be

arranged in larger circuits to make an array. Fundamentally, a PV power system encompasses

a durable electro-optical device and an electrical and mechanical support structure.

PV devices have many advantages over other forms of energy production technologies.

For example, solar energy is indefinitely renewable; that is, the potential for solar energy

conversion exists as long as light from the sun reaches the Earth’s surface. PV devices are

also one of the most environmentally sustainable energy sources, since, compared to fossil

fuels, they contribute negligibly to the greenhouse effect, pollution, and climate change.1

Finally, the cost associated with solar energy is rapidly declining; some analysts predict

that the cost of solar energy will be competitive with traditional energy sources by 2025 [2].

Good characterization of PV device performance helps reduce costs and spur deployment by

giving confidence to system engineers, customers, lenders, and investors. In order to keep

solar energy competitive, new and better ways of characterizing performance are necessary.

1This claim is thought to be true even when considering the mining of materials needed for PV devices; see
[1].
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1.1 Background and Literature Review

The performance of a PV device is determined by measuring its current-voltage (I-V)

characteristics (to be defined in Section 1.1.1) and using those measurements to estimate key

performance parameters, such as the maximum power output of the device. Temperature

and spectral irradiance are key environmental factors that affect device performance. To

standardize performance comparisons, one often attempts to collect the I-V data at standard

reporting conditions (SRC), defined as a standard spectral irradiance of 1000 W/m2—under

the standard spectrum defined in ASTM G173-03 [3]—and a temperature of 25◦C. However,

even in controlled laboratory conditions, achieving SRC is difficult. Frequently, the lamp

used to simulate the spectral irradiance deviates slightly from 1000 W/m2; further, the

irradiance and temperature is measured with noise. Thus, a model of PV performance that

takes into account these (and other) fluctuations in irradiance and temperature conditions,

along with measurement noise, is desirable.

Using I-V data, one can characterize performance at and away from SRC by developing

a mathematical model of the PV device. The selection of a PV performance model and its

calibration from data are nontrivial. A performance model should (1) be sufficiently good

representation of a wide range of PV devices; (2) be simple enough to allow for tractable

estimation of the model and performance parameters; (3) make accurate predictions at a

number of operating conditions (e.g., irradiance and temperature); (4) allow for statistical

modeling of data measured with noise to quantify uncertainty in parameter estimates; and

(5) have desirable statistical properties, such as parameter identifiability—i.e., two distinct

values in the parameter space should not yield the same distribution of observables—and

parameter estimability—i.e., estimation techniques, such as maximum likelihood estimation,

should yield unique parameter estimates. In order to gain a better understanding of PV

characterization and performance models that may satisfy (1)—(5), we review some basic

PV physics.
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1.1.1 PV Physics

When photons from a light source (e.g., the sun or a lamp) hit the photo-active material

of a PV cell, electrons are “knocked loose” and guided to form an electric current and a

voltage. A current is the amount of charge passing through a given point per unit time;

voltage is the potential difference between two points, i.e., voltage describes the potential

for current to flow between these two points. The materials used to create a PV device have

particular resistances—physical characteristics that resist the flow of electrons.

IL

IL

ID

RS

I

VRPI

PV device boundary

Figure 1.1: The light falling on the PV device, the photocurrent, IL, enters the PV device,
and flows in different directions: the current flowing through the diode is denoted ID; other
current flows through the parallel resistor,RP; and through the series resistor, RS.

Conventional PV cells operate as a diode. A diode allows current to pass in one forward

direction, but not in the reverse direction (like a “one-way valve”). When light falls on the

PV cell, current is generated by the diode. The I-V characteristics are determined by this

diode and by the resistances of the semiconductor materials and other components.

The circuit diagram in Figure 1.1 gives a visual representation of these I-V characteristics.

The light falling on the PV device generates a photocurrent, IL, which flows in different di-

rections: some flows through the diode, denoted ID; some flows through the parallel resistor,

denoted IP (in Figure 1.1, the parallel resistance itself is denoted RP); and the remaining

current passes through the series resistor, denoted IS (similarly, in Figure 1.1, the series

resistance is denoted RS). By Kirchhoff’s law [4], the current output is equal to the (signed)

sum of photocurrent, diode current, and parallel resistor current:

I = IL − ID − IP. (1.1)
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The Shockley diode equation [5] is often used to describe the flow of current through the

diode in equation (1.1):

ID = IS

(
e
V+IRS
NSnVth − 1

)
,

where Vth := kB T/q and:

IS diode reverse saturation current (A)

NS # of cells connected in series (unit-less)

n ideality factor (unit-less)

RS device-level series resistance (Ω)

kB Boltzmann constant (1.3806504× 10−23 J/K)

q electron charge (1.602176487× 1019 C)

T junction temperature (K).

The current flowing through the parallel resistor can be described as

IP =
V + IRS

RP

,

where RP is the parallel (shunt) resistance of device, measured in Ohms (Ω). Finally, putting

these components together yields:

I = IL − IS

(
e
V+IRS
NSnVth − 1

)
︸ ︷︷ ︸

ID

− V + IRS

RP︸ ︷︷ ︸
IP

. (1.2)

In general, the values IL, IS, n, RS, and RP in equation (1.2) are properties of the specific

device and are generally functions of temperature (T ) and irradiance (E). They are described

by the following auxiliary equations:
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IL = ψIL(T,E;θIL)

IS = ψIS(T,E;θIS)

n = ψn(T,E;θn)

RS = ψRS
(T,E;θRS

)

RP = ψRP
(T,E;θRP

).

The vectors θIL ,θIS ,θn,θRS
, and θRP

represent parameters specific to the particular choice

of auxiliary equation, and often include parameter values at SRC. For example, θRP
may

include the component RP0 , the parallel resistance of the device when measured at SRC

conditions. There is no consensus on the choice of auxiliary equations; they can be different

for different device types, or they may correspond to a greater modeling simplification than

another. In this dissertation, we develop a simple set of auxiliary equations that describes

the I-V characteristics at T = T0 = 25◦C and E close to 1000 W/m2.

1.1.2 Parameter Estimation

In single-diode parameter estimation problems, we are generally interested in estimating

the model parameters θ = (IL0 , IS0 , n0, RS0 , RP0). From these parameters, we can estimate

the key performance parameters: the short circuit current, ISC, the open circuit voltage,

VOC, and the maximum power output, Pmax.2 Each of these quantities is a parameter in the

statistical sense, meaning that, neglecting changes that occur over time (e.g., degradation),

each is a fixed quantity that cannot be directly measured.

There are many possible approaches to estimating the parameters of the single-diode

model. The authors of [6] and [7] provide an overview of estimation techniques found in the

PV literature. Broadly, these techniques fall into two categories: approaches that use limited

data, for example, approximations of ISC and VOC at SRC (such approximations are often

used because they are readily given by the PV device’s manufacturer) and approaches that

2Note that in some cases, we estimate the short circuit current, ISC0
, directly, rather than IL0

.
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use data from a full range I-V curve. In order to have a sufficiently large set of equations

from which to estimate the parameters, approaches in the former category (e.g., [8], [9],

[10]) use information contained on a PV manufacturer’s datasheet. Approaches in the latter

category (e.g., [11], [12], [13]) have a system of nonlinear equations as large as the sample

size of the I-V data. Both approaches use either deterministic iterative root finding or

optimization methods—e.g., using Newton’s method [9], genetic algorithms [14], particle

swarm optimization [15], or sequential techniques [6]—to solve for the parameters.

To the best of our knowledge and based on the reviews in [6] and [7], statistical approaches

to estimation of model parameters from noisy measurement data would be novel in the field

of PV characterization and would provide important advantages over the current practices.

First, statistical approaches to parameter estimation allow us to quantify our uncertainty in

the estimates—using a statistical model for measurement noise in the data—by reporting

either confidence intervals (under the frequentist paradigm) or credible intervals (under the

Bayesian paradigm).

Statistical methods may also provide a “standard” parameter estimation method for PV

performance. The authors of [6] write that “without a standard method for estimating model

parameters, different modelers may obtain different model parameter values even when the

parameter values are derived from a common set of measurements.” To some degree, non-

uniqueness is to be expected; for example, for a fixed sample size, well-defined maximum

likelihood and method of moments estimators can yield different values. However, it is

desirable to know whether any particular method yields a unique answer. Non-uniqueness

of an estimator may be due to the underlying structure of the model (what we call non-

identifiability in Chapter 4) or may be an artifact of the estimation method; for example,

MLEs are not guaranteed to be unique. In this dissertation, when considering models and

performance estimates, we pay special attention to the uniqueness of the maximum likelihood

estimator. Specifically, for each model, we study the uniqueness of the MLE for θ and the key

performance parameters (Pmax, ISC, and VOC); uniqueness of the MLE is desirable because
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it (a) implies that the model is free from structural issues and (b) it may circumvent the

worries in [6] by providing a standard method for single-diode model parameter estimation

within the PV community.

1.2 Chapter Outline

In this dissertation, we study two variations of the single-diode model that are believed

to satisfy the properties (1)—(5) listed in Section 1.1 to different degrees. We choose vari-

ations of the single-diode model described in Section 1.1.1 because these models are often

thought to strike a reasonable balance between simplicity, mathematical tractability, and

descriptive power. To the best of our knowledge, the literature on single-diode model pa-

rameter estimation does not include a sensitivity analysis of any of the objective functions

(i.e., the functions to be minimized) that are used in parameter estimation. Such analyses

are important because they help us understand the way that the output of the objective

function changes with changes in inputs and whether the parameter estimation problem is

well-posed. Further, in the case of ill-posedness, the sensitivity analysis may suggest poten-

tial regularization methods. In Chapter 2, we conduct sensitivity analyses on an objective

function constructed using a version of the single-diode model that often arises in parameter

estimation problems. The goal of this chapter is to gain insight into the structure of this

function so that one could construct a more efficient estimation procedure.

In Chapter 3 and Chapter 4 we consider a set of auxiliary equations of the single-diode

model that are thought to accurately describe the I-V performance of a large set of PV devices

at a fixed temperature of 25◦C and at irradiance conditions near 1000 W/m2. After describing

this model, we set out to derive estimates for the model and key performance parameters.

The latter are functions of the model parameters. Specifically, we use maximum likelihood

estimation (MLE) and Bayesian inference to derive estimates of all of the parameters in

question. Because single-diode models are nonlinear and their parameter space is of several

dimensions, it is not at all clear whether the model parameters are identifiable or estimable.

These properties are important for making statistical inference. For example, if a model’s
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parameters are not identifiable, then two (or more) distinct values in the parameter space

will generate the same data distribution. In such a case, parameter estimation is not well-

defined because it’s not clear which of the two values in the parameter space actually did

generate the data. For this reason, we attempt to learn about the estimability, and to some

extent, the identifiability of the model parameters using the method known as data cloning

[16]. After exploring these properties, and after exploring some merits and drawbacks of the

data cloning algorithm, we calculate estimates of the parameters with quantified uncertainty.

In Chapter 5, in collaboration with Paul Constantine, we conduct a sensitivity analysis

of the function f(x) = Pmax, where the vector x is made up of the five single-diode model

parameters described in Chapter 3. In particular, the goal of this work is to determine

which input components of f(x) have the most impact on changes in the output quantity

Pmax. Knowing which inputs have the most impact on the output is useful because one

can then construct a lower dimensional function that approximates f(x) = Pmax. Such

an approximation may render estimates of Pmax more tractable as it would decrease the

dimensionality of the problem. Alternatively, this analysis may suggest how precisely the

input parameters must be specified to ensure accurate predictions of Pmax.
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CHAPTER 2

SENSITIVITY ANALYSIS OF THE SINGLE DIODE MODEL

Abstract

The five parameter single-diode model is often used to characterize the electrical performance

of photovoltaic (PV) devices. However, calibrating the single-diode model often presents

challenges. Calibration involves the minimization of a five-dimensional, nonlinear objective

function, and effectively searching a five-dimensional parameter space for a global minimum

can be difficult and costly. Consequently, one might like to know whether dimension reduc-

tion is possible. In this paper, we attempt to advance PV calibration efforts by studying an

objective function that is minimized in single-diode model calibration problems. Specifically,

we study whether this objective function admits an active subspace. Discovering an active

subspace can be helpful because it points to the important directions in the parameter space

that yield the greatest change in the objective function.

2.1 Introduction

Good characterization of photovoltaic (PV) device performance helps reduce costs and

spur deployment by giving confidence to system engineers, customers, lenders, and investors.

In order to keep solar energy competitive, new and better ways of characterizing performance

are necessary. A typical characterization process involves taking current-voltage (I-V) mea-

surement data from a particular device, and using a mathematical model to infer particular

model and performance parameters for the device. For example, for the commonly used

single-diode performance model (e.g., [17], [18]), model parameters may include series and

parallel resistances (RS and RP, respectively); device performance parameters include the

maximum power output, Pmax, the short circuit current, ISC, and the open circuit voltage

VOC. Using a mathematical relationship, such as the single-diode model, to infer the value
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of a set of parameters is often called the calibration problem or the parameter estimation

problem.

In general, calibrating a mathematical model reduces to minimizing an objective function

over a parameter space. One often assumes that there exists a mathematical relationship—

called the mathematical model—between measured data and the true, unobserved, and un-

known model parameters. The mathematical model, f , relates the measured data, d—which

may or may not be measured with noise—to the model parameters, θ. That is, given the

true parameters, θ∗, and noise free measurements,

f(d;θ∗) = 0.

One hopes to recover a good estimate of θ∗, denoted θ̂, by minimizing ‖f‖2 over the param-

eter space Θ:

θ̂ = arg min
θ∈Θ

‖f(d;θ)‖2 = arg min
θ∈Θ

log(‖f(d;θ)‖2)︸ ︷︷ ︸
Φ(θ)

= arg min
θ∈Θ

Φ(θ).

In cases where f is nonlinear and θ is in many dimensions, computing θ̂ can be difficult.

Consequently, one might like to know whether dimension reduction is possible. Dimension

reduction is important because it allows one to work in a space with a lower number of

variables, which (ideally) reduces complexity and computation time. One type of dimension

reduction, called subset dimension reduction, occurs when one discovers that there is a subset

of the components of θ that contribute most to changes in the objective function, Φ(θ).

When this type of dimension reduction is not possible—that is, when Φ(θ) depends on each

component of θ—it is still reasonable to ask whether Φ(θ) depends on a particular linear

combination of the components of θ [19]. This linear combination approach, called subspace

dimension reduction, generalizes the subset approach; one can think of subspace dimension

reduction as the linear combination that assigns a weight of one to “important” components,

10



and a weight of zero to all others [20].

In this paper, we attempt to advance PV parameter estimation efforts by studying an

objective function that is often minimized in single-diode model calibration problems. To

the best of our knowledge, no sensitivity analysis or dimension reduction techniques have

been applied in this context. In particular, in Sections 2.2 and 2.3, we describe two methods

for analyzing the sensitivity of an objective function Φ(θ): the Morris one-at-a-time method

and the active subspace method. In Section 2.4 we construct an objective function from a

typical single-diode model found in the PV literature. Then, in Section 2.5, we apply the

methods in Sections 2.2 and 2.3 to the objective function described in Section 2.4.

2.2 Morris One-at-a-Time Method

Before using an optimization procedure (e.g., nonlinear least squares) on an objective

function Φ(θ), with a high dimensional input space, it is important to understand how the

output of Φ(θ) changes with respect to changes in its input, θ; that is, it is important to

study the sensitivity of Φ(θ) to changes in θ. The Morris’s one-at-a-time (OAT) method is

one method for studying such changes. OAT falls in the class of subset dimension reduction

techniques because OAT is designed to identify a subset of the components of θ that cause

the most changes in Φ(θ).

To implement OAT, we assume that the inputs of Φ(θ) come from a hypercube, [−1, 1]N ,

and we divide this input space into a p-level grid, where each input, θi takes on values in the

set

Ωi = {−1,
3− p
p− 1

,
5− p
p− 1

, ..., 1}.

The author of [21], [22] defines the elementary effects attributed to the ith input to be

di(θ) =
Φ(θ1, θ2, ..., θi−1, θi + ∆, θi+1, ..., θN)− Φ(θ1, θ2, ..., θN)

∆
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where i ∈ {1, ..., N}, ∆ is a predetermined multiple of p/(p − 1), and θ ∈ Ω, except that

θi ≤ 1−∆. If one randomly samples3 θ ∈ Ω and computes di, then di is a random quantity

with a probability distribution. The author of [22] shows that the moments of the distribution

di ∼ Fi provide information about the importance of θi with respect to the output of Φ(θ).

Particularly, a large absolute measure of central tendency (first moment) provides evidence

that θi has an important global influence on the output of Φ(θ); a large measure of spread

(second moment) provides evidence that there are interactions among inputs. To estimate

the moments of Fi, one computes di(θ) many times for random draws of θ and use sample

statistics

µ̂di =
1

K

K∑
k=1

dik , (2.1)

and

σ̂2
di

=
1

K − 1

K∑
k=1

(dik − µ̂di)2, (2.2)

as estimates of the true mean, µdi , and variance, σ2
di

, of di ∼ Fi. It has been proposed in

[23] that one use µ̂∗di , defined as an estimate of the mean of the distribution, Gi, of |di|. The

estimator µ̂∗di is thought to be a better estimate of the importance of θi because when the

distribution Fi contains both positive and negative elements, some important effects cancel

each other out when computing µ̂di ; such canceling results in a low mean when, in fact, the

corresponding effect might be important (i.e., computing µ̂di can lead to a type II error with

respect to the importance of the input θi). In Section 2.4, we apply the OAT method to an

objective function derived from the single-diode model in Section 2.4.

3Sampling can be done in different ways. For the results obtained in Section 2.5, the MATLAB function
morris sa used Latin hypercube sampling.
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2.3 Active Subspace Methods

Active subspace methods differ from OAT in important ways. For one, active subspaces

are best categorized as subspace rather than subset dimension reduction techniques. In

subspace dimension reduction, one seeks to find a linear combination of the parameters that

accounts for most of the change in Φ(θ). If an active subspace exists, one may then exploit

this structure to more efficiently optimize Φ(θ).

We begin defining the active subspace of the model Φ(θ) by defining a matrix, C, as

the average—with respect to the weight function ρ(θ)—of the outer product of the gradient,

∇θΦ = [∂Φ/∂θ1, ..., ∂Φ/∂θN ]T with itself:

C =

∫
Θ

(∇θΦ)(∇θΦ)Tρ(θ)dθ. (2.3)

For the purposes of this application, the function Φ(θ) is an objective function of some

optimization problem, and, in particular, in Section 2.5, it will be an objective function

constructed from the single-diode model. In general, one can define the active subspace

for a generic differentiable and Lipschitz continuous4 function that takes a vector of inputs

and yields a scalar output [24]. If one interprets the weight function ρ(θ) as a probability

density function for θ, then ∇θΦ can be interpreted as a random vector, and consequently,

C can be interpreted as the uncentered covariance matrix of the gradient [20]. However, such

interpretations are mainly used to help gain some intuition. Strictly speaking, the function

under investigation (and its partial derivatives) is a scalar function of a fixed (nonrandom)

vector. C is N ×N , is symmetric and positive semidefinite, and thus has a real eigenvalue

decomposition,

C = WΛW T , (2.4)

4This condition ensures that the norm of the gradient is bounded [20].
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where Λ = diag(λ1, λ2, ..., λN), λ1 ≥ λ2 ≥ ... ≥ λN ≥ 0, and where W is the N ×N orthogo-

nal matrix whose columns {w1,w2, ...,wN} are the normalized eigenvectors of C. The eigen-

vectors {w1,w2, ...,wN} can often be separated into two sets: one set, W1 = [w1, ...,wn],

whose corresponding eigenvalues are ‘large’, and another set, W2 = [wn+1, ...,wN ], whose

corresponding eigenvalues are ‘small’, with 1 ≤ n ≤ N . The active subspace is defined

as the span of the column vectors in W1. The active variable is defined as y = wT
1 θ for all

θ ∈ Θ.

The term ‘active subspace’ has been adopted from from Russis 2010 Ph.D. dissertation

[25]. Lemma 2.2 in [19] helps justify this this terminology. In words, the lemma states that

Φ(θ) changes more, on average (with respect to the weight function ρ(θ)), when components

of θ are perturbed along the directions of W1 than along directions of W2.

Discovering an active subspace can be helpful because it points to the ‘important’ di-

rections in the parameter space that yield the greatest change in Φ(θ). Unimportant

directions—directions that yield little change in Φ(θ)—provide evidence that many values of

θ ∈ [−1, 1]N nearly minimize Φ(θ). Once an active subspace is determined, one may exploit

the active subspace to improve or accelerate the optimization method [20].

2.3.1 Estimating An Active Subspace

An active subspace, if one exists, is a property of a function. Its existence is not known

a priori; rather, an active subspace must be estimated using computer simulations. In

this section we describe a Monte Carlo method used to search for and estimate an active

subspace.5 The algorithm used is as follows [24]:

1. Draw M samples θj from the weight function ρ(θ); often, ρ(θ) is set to a joint uniform

distribution on [−1, 1]N .

5Strictly speaking, active subspace methods are applied to a deterministic function of deterministic inputs.
Using Monte Carlo to estimate C requires random draws of θ from ρ(θ). Because of this, it is tempting
to apply some sort of probabilistic interpretation to active subspace methods. Such interpretations are not
necessary; theoretically, one could circumvent random sampling in order to estimate C using quadrature
(however, such methods are difficult in high dimensions).
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2. Compute ∇θΦj = ∇θΦ(θj).

3. Approximate

C ≈ Ĉ =
1

M

M∑
j=1

(∇θΦj)(∇θΦj)
T . (2.5)

4. Compute the real eigenvalue decomposition Ĉ = Ŵ Λ̂Ŵ T .

The resulting matrices Ĉ, Λ̂, and Ŵ are estimates of the true matrices C, Λ, and

W , respectively. This eigendecomposition contains the eigenvectors used to construct the

estimate of the active variable, ŷ = ŵT
1 θ.

2.3.2 Assessing the Variability of the Eigenvalues of Ĉ

Once estimators are obtained, it is desirable to know how much variability exists in the

computation of Λ̂ and Ŵ . Large variability in Λ̂ and Ŵ would imply that the computational

procedure has not converged. Here, we describe a method from [20] to assess the variability

in the estimation procedure of λ̂i, i.e., the eigenvalues of Ĉ and diagonal elements of Λ̂.6

1. Begin with the previously computed quantities ∇θΦj, Λ̂, and Ŵ , for j ∈ {1, ...,M}.

2. Choose the number of bootstrap evaluations, Mb. Let i ∈ {1, ...,Mb}:

(a) Draw a sample of size M , say, {j1, ..., jM}, from {1, ...,M} with replacement.

(b) Compute the bootstrap replicate:

Ĉi

∗
=

1

M

M∑
k=1

(∇θΦjk)(∇θΦjk)
T . (2.6)

(c) Compute the eigendecomposition

Ĉi

∗
= Ŵ ∗

i Λ̂∗iŴ
∗T
i (2.7)

6We note that this method does not make any claims about the bias of the estimation procedure. Such
claims are currently under investigation.
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3. Each Λ̂∗i and Ŵ ∗
i are estimators of Λ and W , respectively. Thus, both Λ̂∗i and Ŵ ∗

i

have a distribution, and we can calculate the 2.5 and 97.5 percentiles of the distributions

to obtain a 95% “bootstrap interval” for λi and the entries of W1.

The resulting 95% bootstrap intervals can be used to provide evidence of gaps in the

estimated eigenvalues. That is, a gap present between intervals for eigenvalues λ̂i and λ̂i+1

provides evidence that the same gap exists among the true eigenvalues λi and λi+1

2.4 The Single Diode Model

In this paper, we focus on objective functions constructed from the PV single-diode

model described in [26]. We choose the single-diode model as a performance model because

we believe that, for a wide range of PV devices, it allows for a good compromise between

accuracy and simplicity [27]. The following single-diode lumped-parameter equivalent-circuit

model adequately describes the I-V performance of many series-wired photovoltaic (PV)

devices:

I = IL − IS

(
e
V+IRS
NSnVth − 1

)
− V + IRS

RP

, (2.8)

where the thermal voltage is Vth := kB T/q, and:

I device terminal current (A)

V device terminal voltage (V)

IL photocurrent (A)

IS diode reverse saturation current of device (A)

NS number of cells connected in series (unit-less)

n ideality factor of device (unit-less)

RS series resistance of device (Ω)

RP parallel (shunt) resistance of device (Ω)

kB Boltzmann constant (1.3806504× 10−23 J/K)

T junction temperature of device (K)

q electron charge (1.602176487× 1019 C).
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The values IL, IS, n, RS, and RP in equation (5.9) are, in general, functions of the

operating conditions temperature (T ) and effective irradiance (E). These functions—often

called auxiliary equations— describe the way in which these values change as T and E

deviate from standard reporting conditions (SRC), defined as T0 = 25◦ C and an irradiance

of 1000 W/m2 under the standard spectrum defined in ASTM G173-03 [3]. If operating

conditions are well-controlled, as is sometimes the case in a characterization laboratory

setting, then the identify auxiliary equations are thought to be reasonable: IL = IL0 , IS =

IS0 , n = n0, RS = RS0 , RP = RP0 . Here, the −0 notation represents the quantity at SRC. For

notational convenience, we let x = (IL0 , IS0 , n0, RS0 , RP0) and refer to x as the parameters

of the single-diode model with identity auxiliary equations. The authors of [28] and [29]

describe other auxiliary equations that contain different parameters and that are thought to

be reasonable when T and E deviate from their values at SRC.

Table 2.1: Two different parameter spaces are used in the Active Subspace analysis.

parameter Θnarrow Θwide

x1 [1/12, 0.5] [1/12, 12]
x2 [10-11, 10-7] [10-13, 10-5]
x3 [1.4, 1.7] [1, 2]
x4 [0, 1] [0, 1]
x5 [50, 5000] [1, 5× 104]

In this work, for i ∈ {1, ..., 5}, we define the parameter space of x as

X = {(x1,x2, ...,x5)| xi ∈ Xi}. (2.9)

where Xi ⊆ R. In this work, we repeat our analyses on two distinct parameter spaces. The

first parameter space is comprised of a device specific range for each parameter, and we

denote Θnarrow. In this case, the range for each parameter is small. The second parameter

space captures a large number of devices (e.g., all devices in [17]), and is denoted by denoted

Θwide. In this case, the range for each parameter is large. Table 2.1 gives both parameter

spaces used in these analyses. We choose two different parameter spaces to show that the
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choice of parameter space can affect the results of the sensitivity analysis.7

For computational reasons, we conduct our sensitivity analyses in a normalized region

of the parameter space. Specifically, we work in log space for x2 and use the domains in

Table 2.1 to normalize x to the hypercube [−1, 1]5. The normalized parameters, θ ∈ Θ, are

defined as:

θi = 2

(
xi − Ai
Bi − Ai

)
− 1, i ∈ {1, 3, 4, 5}, (2.10)

θ2 = 2

(
log(x2)− log(A2)

log(B2)− log(A2)

)
− 1, (2.11)

where Ai and Bi are the lower and upper bounds, respectively, of the domain of the device

specific or general parameter space for xi, i ∈ {1, ..., 5}.

At this point, we are in the position to derive the objective function using the identity

auxiliary equations. Specifically, (2.8) implies that

IL − IS

(
e
V+IRS
NSnVth − 1

)
− V + IRS

RP

− I = 0. (2.12)

Thus, given K measurements of I and V and i ∈ {1, ..., K}, the calibration problem amounts

to choosing θ̂ such that

θ̂ = arg min
θ∈Θ

[
log

( K∑
i=1

φi(θ)2

)]
, (2.13)

where φi(θ) is the lefthand side of (2.12) normalized to take inputs θ ∈ [−1, 1]5, and with

I → Ii and V → Vi. We wish to study the behavior of the function

Φ(θ) = log

( K∑
i=1

φi(θ)2

)
. (2.14)

It is important to understand the behavior of Φ(θ). The success of the minimization al-

gorithm depends on whether there is a unique minimizer, the shape of Φ(θ) around the

minimum(s), and whether Φ(θ) has local minima. The sensitivity analyses described in

7We note that the active subspace analysis is also sensitive to the choice of ρ(θ).
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Section 2.2 and Section 2.3 will be applied in the following sections to help address these

issues.

2.5 Sensitivity Analysis of the Single-Diode Model Objective Functions

In this section, we apply the Morris one-at-a-time method described in Section 2.2 and

the active subspace estimation method described in Section 2.3 to the objective function in

equation (2.14).

2.5.1 Morris One-At-a-Time

As described in Section 2.2, an estimate of the mean of the distribution of the ith ele-

mentary effect, |di| ∼ Gi, reveals information about the importance of θi. To implement the

OAT method, we use the MATLAB function morris ma.m and specify the parameters p = 100

and ∆ = 0.5. Table 2.2 shows the results of this analysis. We note that, for θnarrow, this

method suggests that θ1 has the most influence on Φ(θ). For θwide, we see that θ1 has the

largest effect, but that θ2 and θ3 also seem to have an effect on Φ(θ). We now turn to the

method of active subspaces to generalize these results from a subset dimension reduction

analysis to a subspace dimension reduction analysis.

2.5.2 Active Subspaces

To estimate the active subspace, we draw M = 105 independent realizations of θ from a

uniform distribution on [−1, 1]5 and compute Ĉ ≈ C. Note that, in order to evaluate Ĉ, we

must evaluate the gradient of Φ(θ).8 To do so, we must shift and scale (and transformed by

the exponential for IS) to the original domain so that evaluations of the single-diode model

makes sense. We repeat the active subspace analysis twice, shifting and scaling using both

Θnarrow and Θwide.

8The gradient was calculated analytically, rather than approximated with, for example, finite differences.
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Table 2.2: µ̂∗di is an estimate of the mean of the distribution of the absolute value of the ith

elementary effect. A larger value of µ̂∗di suggests that θi has more influence on the output
Φ(θ). We note that, for θnarrow, this method suggests that θ1 has the most influence on Φ(θ).
For θwide, we see that θ1 has the largest effect, but that θ2 and θ3 also seem to have an effect
on Φ(θ).

parameter µ̂∗di (θnarrow) µ̂∗di (θwide)

θ1 1.50 4.81
θ2 0.18 2.7
θ3 6.47× 10−2 2.66
θ4 3.59× 10−2 0.23
θ5 5.19× 10−4 6.79× 10−5

Narrow Ranges When using Θnarrow, we find some evidence for the existence of a two-

dimensional active subspace. Such evidence is visualized, in part, by constructing sufficient

summary plots—plots of proposed active variable(s), y = wT
1 θ, against corresponding values

of Φ(θ). Figure 2.1 shows one and two dimensional sufficient summary plots for realizations

of Φ(θ). Specifically, we choose M = 105 random draws of θ, use these draws to compute

y and Φ(θ), and then plot the pairs (y,Φ(θ)). In the one-dimensional sufficient summary

plot, we see that a rough trend is present in the samples of Φ(θ) when viewed from the

angles defined by the eigenvector w1. Evidence for the existence of a two-dimensional active

subspace is contained in the two-dimensional sufficient summary plot—the plot on the right

in Figure 2.1. In this plot we see that larger values of the second active variable correspond

to smaller values of Φ(θ). Figure 2.3 shows a plot of a measure of separation

γk =
λ̂k − λ̂k+1

λ̂1

. (2.15)

Here, we see a large gap between the first two eigenvalues, but also a gap between the second

and third eigenvalues.

Table 2.3 shows the 95% bootstrap confidence intervals for λ̂i described in Section 2.3.

Figure 2.2 shows a plot of the components of the first (left) and second (right) eigenvectors

of Ĉ with M = 105 samples of the gradient. The shaded region shows the 95% bootstrap
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Figure 2.1: The plot on the left is a visualization of the M = 105 realizations of Φ(θ)
with inputs projected using the one-dimensional active subspace. The plot on the right is
a visualization of the M = 105 realizations of Φ(θ) with inputs projected using the two-
dimensional active subspace. In both cases, the active subspace analysis was conducted
using the narrow ranges in Table 2.1. Note that there is a rough relationship between the
first active variable and Φ(θ). However, the second active variable also plays an important
role in changes in Φ(θ). Higher values of the second active variable correspond to lower
values of Φ(θ). These plots provide evidence for the existence of a two-dimensional active
subspace.

region for the eigenvector components. The narrow shaded regions suggest that there is

low variability in the estimator Ĉ. These values can be used as measures of sensitivity of

the output of Φ(θ) with respect to the input variables θ, whose names are given along the

horizontal axis of the figures.

Table 2.3: 95% bootstrap confidence intervals for λ̂i calculated using Θnarrow. The narrow
ranges provide evidence that there is low variability in λ̂i.

Eigenvalue Lower 95% limit Upper 95% limit

λ̂1 19.24 22.54

λ̂2 0.79 0.98

λ̂3 0.17 0.36

λ̂4 4.84× 10−2 8.24× 10−2

λ̂5 0 0

Wide Ranges. When shifting and scaling with respect to Θwide, we find that the conclusions

of the active subspace are similar. With these ranges, we find some evidence of a two-
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Figure 2.2: Here, the active subspace analysis was conducted using the narrow ranges in
Table 2.1. The plot on the left shows the components of the first eigenvector of Ĉ. The plot
on the right shows the components of the second eigenvector of Ĉ. Each were computed
with M = 105 samples of the gradient. In both plots, the shaded region represents the
95% bootstrap region for the eigenvector components. The narrow shaded regions suggest
that there is low variability in the estimator Ĉ. These values can be used as measures of
sensitivity of the output of Φ(θ) with respect to the input variables θ, whose names are
given along the horizontal axis of the figures.

dimensional active subspace. Again, this evidence comes in the form of sufficient summary

plots. Figure 2.4 shows one and two dimensional sufficient summary plots for M = 105

realizations of Φ(θ). In the one-dimensional sufficient summary plot, we see that a trend is

present in the samples of Φ(θ) when viewed from the angles defined by the eigenvector w1.

However, in the plot on the right in Figure 2.4, we see some change in Φ(θ) as a function of

the second active variable (as well as the first active variable). This points to the existence

of a two-dimensional active subspace.

Table 2.4 shows the 95% bootstrap confidence intervals for λ̂i described in Section 2.3.

The order-of-magnitude gaps between the ranges provide confidence in the dominance of the

active subspace. Figure 2.5 shows a plot of the components of the first (left) and second

(right) eigenvectors of Ĉ with M = 105 samples of the gradient. The shaded region shows the

95% bootstrap region for the eigenvector components. The narrow shaded regions suggest

that there is low variability in the estimator Ĉ. These values can be used as measures of

sensitivity of the output of Φ(θ) with respect to the input variables θ, whose names are
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Figure 2.3: A plot of a measure separation between eigenvalues. Along the horizontal axis,
‘1’ corresponds to the gap between the first and second eigenvalue, ‘2’ corresponds to a gap
between the second and third eigenvalue, and so on.
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Figure 2.4: The plot on the left is a visualization of the M = 105 realizations of Φ(θ)
with inputs projected using the one-dimensional active subspace. The plot on the right is
a visualization of the M = 105 realizations of Φ(θ) with inputs projected using the two-
dimensional active subspace. In both cases, the active subspace analysis was conducted
using the wide ranges in Table 2.1.
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Figure 2.5: Here, the active subspace analysis was conducted using the wide ranges in
Table 2.1. The plot on the left shows the components of the first eigenvector of Ĉ. The plot
on the right shows the components of the second eigenvector of Ĉ. Each were computed
with M = 105 samples of the gradient. In both cases, the variation in the estimators for the
components of the eigenvectors is negligible.

given along the horizontal axis of the figures.

Table 2.4: 95% bootstrap confidence intervals for λ̂i calculated using Θwide.

Eigenvalue Lower 95% limit Upper 95% limit

λ̂1 310.00 475.81

λ̂2 35.90 40.33

λ̂3 0.13 1.09

λ̂4 1.21× 10−3 0.14

λ̂5 0 0

2.6 Discussion and Conclusions

In this paper, we use two sensitivity measures to show that a popular objective function

constructed from the PV single-diode mode has low-dimensional structure that can be ex-

ploited when performing calibration. In particular, evidence for the existence of an active

subspace in the objective function Φ(θ) can be exploited in a number of ways, many of which

are current topics of active subspace research. Here, we outline one possible way that one

could exploit the active subspace for more efficient optimization. We focus on the analysis

using Θnarrow but note that the obvious extension applies to Θwide.
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Recall that the plot on the right in Figure 2.1 suggests the existence of a two-dimensional

active subspace. One could use this fact to find a reasonable starting value for the nonlinear

optimization routine used in calibrating the PV single-diode model. Such a starting value can

be important because bad starting values often mislead practitioners about the true global

minimum of their objective function—i.e., a bad starting value can cause an optimization

routine to settle into a local minimum. To use active subspaces to find a starting value of

an optimization routine, we consider the following prodecure:

1. Find an approximation of Φ(θ) using the active subspace; perhaps by using some nicely

behaved surface:

Φ(θ) ≈ g(W T
1 θ︸ ︷︷ ︸
y

) = g(y). (2.16)

2. Use g to find the value y∗ that (approximately) minimizes Φ(θ).

3. Find a value of θ that corresponds to y∗. That is, solve

w11 θ̂1 +w12 θ̂2 +w13 θ̂3 +w14 θ̂4 +w15 θ̂5 = y∗, (2.17)

w21 θ̂1 +w22 θ̂2 +w23 θ̂3 +w24 θ̂4 +w25 θ̂5 = y∗, (2.18)

such that θ̂1, θ̂2..., θ̂5 ∈ [−1, 1], for θ0.

4. Use θ0 as a starting value in the optimization routine using Φ(θ) as the objective

function.
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CHAPTER 3

ON THE ESTIMABILITY OF THE PV SINGLE-DIODE MODEL PARAMETERS

Sections 3.1 through 3.8 comprise of a paper to be published in the Conference on Data

Analysis special edition of Statistical Analysis and Data Mining

Brian Zaharatos9, Mark Campanelli10, Luis Tenorio11

Abstract

The single-diode model is a widely used representation of the electrical performance of a

photovoltaic (PV) device. This model relates the PV device’s terminal current and voltage

at a given irradiance and temperature. In order to obtain reasonable estimates of single-diode

model parameters given noisy data, one ought to be able to characterize the estimability of

the model parameters. Here, we look to an established method called data cloning to check

for evidence of inestimability.

3.1 Introduction

Characterizing the performance of photovoltaic (PV) devices is important for the reduc-

tion of greenhouse gas emissions and for the growth of the PV industry. The performance

of a PV device (a cell, module, or array) is determined by measuring its current-voltage

(I-V) characteristics and using these measurements to estimate key performance parameters:

short circuit current (ISC), open circuit voltage (VOC), and maximum power output (Pmax).

One method used to characterize PV performance using I-V data involves the development

of a mathematical model of the PV device. In this case, one distinguishes between the

model parameters of the underlying mathematical model and the resulting key performance

parameters that are computed using the model.

9Primary Researcher and Author
10National Renewable Energy Lab
11Department of Applied Mathematics and Statistics, Colorado School of Mines
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The choice of a PV performance model is nontrivial. A performance model should (1)

be an accurate representation of a wide range of PV devices; (2) be simple enough to allow

for tractable estimation of the model and performance parameters; (3) take into account

some fluctuations in measurement conditions (e.g., irradiance and temperature); (4) allow

for statistical modeling of data measured with noise; and, finally, (5) the model should have

desirable statistical properties, such as parameter identifiability—i.e., two distinct values in

the parameter space should not yield the same likelihood—and parameter estimability—i.e.,

estimation techniques, such as maximum likelihood estimation, should yield unique answers.

In this paper, we develop a model that is believed to satisfy (1)—(4) and assess whether it

meets the estimability condition in (5). In particular, in Section 3.2 we focus on a formulation

of the single-diode model that allows for modeling irradiance values that deviate slightly

around the nominal irradiance value of 1000W/m2, with temperature fixed at 25◦C. In

Section 3.4, we describe a statistical formulation of the single-diode model that quantifies

uncertainty in the model parameters due to noise in the irradiance data. In Section 3.5 we

explore the identifiability and estimability of the model and key performance parameters.

Finally, in cases where there is no evidence of non-identifiability or inestimability, we estimate

all parameters and quantify the uncertainty using maximum likelihood methods.

3.2 The Single Diode Model

The PV literature describes several models for PV performance, including double-and

triple-diode models. However, for a wide range of PV devices, the single-diode model al-

lows for a good compromise between accuracy and simplicity [27]. The following single-

diode lumped-parameter equivalent-circuit model—similar to models used in [18] and [17]—

adequately describes the I-V performance of many series-wired photovoltaic (PV) devices:

I = IL − IS

(
e

V+IRS
NSnVth(T ) − 1

)
− V + IRS

RP

, (3.1)

where the thermal voltage as a function of temperature is Vth(T ) := kB T/q, and
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I device terminal current (A)

V device terminal voltage (V)

IL photocurrent (A)

IS diode reverse saturation current of device (A)

NS number of cells connected in series (unit-less)

n ideality factor of device (unit-less)

RS series resistance of device (Ω)

RP parallel (shunt) resistance of device (Ω)

kB Boltzmann constant (1.3806504× 10−23 J/K)

T junction temperature of device (K)

q electron charge (1.602176487× 1019 C).

In general, IL, IS, n, RS, and RP, can depend on temperature, irradiance, or terminal

voltage, but here, we assume that these parameters depend on irradiance and temperature

only. Typically in the PV literature, auxiliary equations are given that describe how each

device parameter varies with temperature and irradiance from the reference value defined at

standard reporting conditions (SRC) (e.g., [28]). Measurements in a calibration laboratory

can usually be made with a fixed temperature, T , which is kept as close as possible to the

SRC temperature of T0 = 25◦C. Furthermore, solar simulators are set to have a nominal

irradiance as close as possible to the SRC irradiance of 1000 W/m2 under the standard

spectrum defined in ASTM G173-03 [3]. The variability in the irradiance is typically less

than a few percent. Consequently, we assume that the dependence of IS, n, RS, and RP on

temperature or irradiance can be appropriately neglected. Thus, the auxiliary equations for

these parameters are given by IS = IS0 , n = n0, RS = RS0 , and RP = RP0 where the −0

notation refers to the value at SRC. However, the dependence of IL on irradiance is not

negligible. Thus, IL is [29]

IL := E ISC0 + IS0

(
e

E ISC0
RS0

NSn0Vth(T0) − 1

)
+
E ISC0RS0

RP0

. (3.2)

28



In equation (5.10), the effective irradiance ratio E is a unitless measure of the “effective”

irradiance illuminating the device relative to the SRC irradiance. With T = T0, E is defined

as the ratio of the device’s short-circuit current at the prevailing irradiance, ISC, to the

device’s short-circuit current at SRC, ISC0 :

E =
ISC

ISC0

. (3.3)

Because of temporal variability in many illumination sources, E is typically measured si-

multaneously with each measured I-V point using a separate calibrated reference device.

From [30], it follows that

ISC

ISC0

=
MISC,R

ISC,R0

, (3.4)

where ISC,R is the short-circuit current of a reference device at the prevailing irradiance

and ISC,R0
is the short-circuit current of the reference device at SRC (typically a calibration

value). In this work, we do not consider additional uncertainty due to the spectral correction

factor M12 or ISC,R0
. Measurements of E have random noise—which arises from the term

ISC,R—whose characteristic is particular to the placement of the reference device and to the

spatio-temporal uniformity of irradiance of the measurement testbed.

Auxiliary equation (5.10) describes IL as a function of E and the model parameters.

This equation is derived by setting V = 0 and I = ISC in (5.9) and using the definition of

E to solve for IL. The model parameters, which correspond to reference values at SRC, are

denoted by the vector θ = (ISC0 , IS0 , n0, RS0 , RP0).

3.3 Estimating the Parameters of the Single-Diode Model

There are many possible approaches to estimating the parameters of the single-diode

model. In [6] and [7], the authors provide an overview of estimation techniques found in the

PV literature. Broadly, these techniques fall into two categories: approaches that use limited

12The computation of M requires additional information about the quantum efficiencies of the devices and
the spectral irradiance of the light source.
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data, for example, approximations of ISC and VOC at SRC (such approximations are often

used because they are readily given by the PV device’s manufacturer) and approaches that

use data from a full range I-V curve. In order to have a sufficiently large set of equations

from which to estimate the parameters, approaches in the former category (e.g., [8], [9],

[10]) use information contained on a PV manufacturer’s datasheet. Approaches in the latter

category (e.g., [11], [12], [13]) have a system of nonlinear equations as large as the sample

size of the I-V data. Both approaches use either deterministic iterative root finding or

optimization methods—e.g., using Newton’s method [9], genetic algorithms [14], particle

swarm optimization [15], or sequential techniques [6]—to solve for the parameters.

In general, there is no standard parameter estimation method. The authors of [6] write

that “without a standard method for estimating model parameters, different modelers may

obtain different model parameter values even when the parameter values are derived from a

common set of measurements.” In one sense, for a particular data set, the non-uniqueness

of a parameter estimate to be expected; for example, for a fixed sample size, well-defined

maximum likelihood and method of moments estimators can yield different estimates. How-

ever, it is desirable to know whether any particular estimator (e.g., the maximum likelihood

estimator (MLE)) yields a unique answer. Non-uniqueness of an estimator may be due to

the underlying structure of the model (what we call non-identifiability below) or may be an

artifact of the estimation method; for example, MLEs are not guaranteed to be unique.

In the remaining sections, we develop a statistical model for the I-V-E data and explore

potential sources of non-uniqueness. Specifically, we study the uniqueness of the MLE for

θ and the key performance parameters, Pmax0 and VOC0 ; global uniqueness of the MLE

is desirable because it (a) implies that the model is free from structural issues and (b) it

may circumvent the worries in [6] by providing a standard method for single-diode model

parameter estimation within the PV community. Further, using a statistical model allows

for a natural way to quantify the uncertainty in the model parameters due to measurement

error.
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3.4 Statistical Model

For i ∈ {1, ..., 5}, we define the parameter space of θ as Θ = {(θ1, θ2, ..., θ5)| θi ∈ Θi},

where Θ1 = [1/12, 12], Θ2 = [10e − 13, 10e − 6], Θ3 = [1, 2], Θ4 = [0, 100], Θ5 = [1, 5e4].

We chose Θ to include all devices in the California Energy Commission’s database [17].

Given θ ∈ Θ ⊂ R5, (I, V, E) triplets are thought to be a solution surface to the single-

diode model forward problem defined by (5.9)-(5.10). This surface implicitly defines three

functions: I = gI(V,E;θ), V = gV (I, E;θ), and E = gE(I, V ;θ). The Lambert W-function

can be employed for the efficient computation of any of these three functions [31]. To solve

the inverse problem—estimating θ given discrete points on the (I, V, E) surface—we first

note that in many measurement contexts, the measurement noise for I and V is small as

compared to the measurement noise in E. Consequently, here we specify a noise model for

E and assume that measurements of I and V are exact. Because E is always positive, we

assume that measurements Ei are log-normally distributed with homoscedastic noise. That

is, for N points along an I-V curve, and for i ∈ {1, ..., N}, the observable Ei is modeled by

the random variable13

Ei ∼ lognormal

(
log(gE(Ii, Vi;θ)), σ2

E

)
.

For convenience, we work in the log space of E. The likelihood function for log(E) is

L(θ| log(E)) =
(
2π σ2

E

)−N/2
exp

(
−
∑N

i=1 (log(Ei)− log(gE(Ii, Vi;θ)))2

2σ2
E

)
. (3.5)

We denote an MLE of θ as θ̂ML and observe that the MLE depends on the assumed statistical

model. As noted in Section 3.3, the goal of this work is to study whether θ is estimable and

identifiable.

13Note that, since the variance encountered in the data is known to be small, the mean and median of the
distribution will be very close.
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3.5 Estimability and Identifiability

In general, given data X with a likelihood L(θ|x), the model parameter θ is said to be

identifiable if, for all θ2,θ1 ∈ Θ, L(θ2|x) = L(θ1|x) for almost all x implies that θ2 = θ1.

Otherwise, θ is non-identifiable. Consider the following examples. For each example, we let

i ∈ {1, 2, ..., n}.

1. Let Xi ∼ N (θ, 1). The unknown parameter θ is identifiable.

2. Let Xi ∼ U(θ − 1, θ + 1). The unknown parameter θ is identifiable.

3. Let Yi ∼ N (f(xi; θ1, θ2), 1) where f(xi; θ1, θ2) = exp(θ1 θ2 xi). Neither θ1 nor θ2 is

identifiable; however, the product θ1 θ2 is identifiable.

4. Let Xi ∼ N (|θ|, 1). The unknown parameter θ is not identifiable because for θ1 = −θ2,

L(θ2, σ
2|x) = L(θ1, σ

2|x).

Parameter identifiability is important in practice because non-identifiable models admit

multiple parameter sets that explain the data equally well; in the absence of independent a

priori knowledge, there is no way of knowing which parameter set generated the data.

Model parameters θ are said to be estimable if an MLE exists and

{θ ∈ Θ : L(θ | x) = L(θ̂ML | x)} = {θ̂ML }.

That is, θ is estimable if the MLE is unique. Otherwise, θ is said to be inestimable. We

consider, again, Examples 1–4:

1. Let Xi ∼ N (θ, 1). The unknown parameter θ is estimable.

2. Let Xi ∼ U(θ − 1, θ+1). The unknown parameter θ is inestimable because any value

in the interval [max{x} − 1,min{x}+ 1] maximizes the model’s likelihood function.

3. Let Yi ∼ N (f(xi; θ1, θ2), 1) where f(xi; θ1, θ2) = exp(θ1 θ2 xi). Neither θ1 nor θ2 is

estimable; however, the product θ = θ1 θ2 is estimable.

32



4. Let Xi ∼ N (|θ|, 1). The unknown parameter θ is inestimable because both θ̂ML and

−θ̂ML maximize the likelihood function.

Parameter estimability is important because inestimable models may yield disagreements

between maximum likelihood estimates computed by different optimization methods using

the same data. The method of data cloning—developed in [32], described in Section 3.6, and

implemented in Section 3.7—has been used to diagnose inestimability.

The examples above suggest a relationship between identifiability and estimability. The

model in Example 1 is an instance of the general claim that estimability implies local identi-

fiability [33].14 This claim is true because identifiability is typically assumed in the definition

of the maximum likelihood estimator. If a parameter is estimable, then it has a (unique)

MLE, and thus must be locally identifiable by assumption. The model in Example 2 shows

that a model may be identifiable but inestimable. However, evidence of inestimability could

be an indication of underlying (local) non-identifiability.

In the remainder of this paper, we study the estimability of θ in equation (4.4). Evidence

that θ is estimable is also evidence that θ is locally identifiable; evidence that θ is inestimable

may suggest that θ is non-identifiable, but we note that some methods may be used to study

identifiability more directly (e.g., [34]).

3.6 Data Cloning—Theory

Data cloning was first developed in [16] in the context of maximum likelihood estimation

for hierarchical models. Then, it was shown in [32] that data cloning can be used to diagnose

inestimability. Data cloning uses tools from the Bayesian framework, such as Markov chain

Monte Carlo (MCMC) methods, but it does not require any adherence to the assumptions of

Bayesian inference (e.g., a Bayesian interpretation of probability or the modeling of param-

eters as random variables). To implement data cloning, one develops a Bayesian model for

the problem at hand and uses MCMC to compute MLEs or assess estimability. Specifically,

14A parameter θ∗ ∈ Θ is locally identifiable if there exists a neighborhood N around θ∗ such that, for all
θ ∈ N, L(θ∗|x) = L(θ|x) for almost all x implies that θ∗ = θ [34].
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the motivation for data cloning is a thought experiment: suppose that, by coincidence, one

observed k independent identical samples of size n:

xnk = (x1, ..., xn, ..., x1, ..., xn)︸ ︷︷ ︸
k independent repeats

.

The resulting likelihood function is Lk(θ|xnk) = [L(θ|x)]k. For π(θ), any proper prior

density for θ, the kth posterior distribution is defined as

πk(θ|x) ∝ Lk(θ|xnk)π(θ).

Properties of the kth posterior distribution are used to diagnose estimability. If θ is estimable

then for sufficiently large k, πk(θ|x) is nearly degenerate around θ̂ML with covariance matrix

approximately equal to (1/k) I(θ̂ML)−1 [32], where I(θ̂ML) is the Fisher information matrix

evaluated at θ̂ML, and is defined as

I(θ̂ML) = E
[
− ∂2

∂θ2
log(L(θ|x))

]∣∣∣∣
θ=θ̂ML

. (3.6)

So, as k → ∞, if the variance of the kth marginal posterior πk(θi|x) does not converge to

zero, then θi is inestimable, which, in turn, may be and indication of non-identifiability.

3.7 Numerical Experiments

In this section we use ten synthetic (I,V,E) data sets and one real data set to gain insight

into local estimability of the statistical model described in Section 3.4. First, in Section 3.7.1,

we consider the synthetic data sets, each of which has N = 50 points. Then, in Section 3.7.2,

we repeat the analysis on a real data set from a 4cm2 mono-crystalline silicon (mono-Si) PV

cell. Note that for computational reasons, when running simulations, we work in log space

for θ2 and use the domains in Section 3.4 to normalize θ to the hypercube [−1, 1]5. The

normalized parameters, θ∗, are defined as:
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θ∗i = 2

(
θi − Ai
Bi − Ai

)
− 1, i ∈ {1, 3, 4, 5},

θ∗2 = 2

(
log(θ2)− log(A2)

log(B2)− log(A2)

)
− 1,

whereAi andBi are the lower and upper bounds, respectively, of the domain of θi, i ∈ {1, ..., 5}.

Table 3.1: A table showing the true values of the parameters for each of the ten synthetic
data sets used in Section 3.7.1.

θ1 = ISC0 , θ2 = IS0 , θ3 = n0, θ4 = RS0 , θ5 = RP0

θ1 0.11979 2.2e -8 1.50 0.3336 187.5
θ2 0.15000 1.00e -10 1.30 0.5000 300.0
θ3 0.50000 1.94e-09 1.023 0.09400 15.7
θ4 1.22000 1.43e -12 1.24 0.1000 1.0e4
θ5 9.00000 1.93e -10 1.00 0.01000 430.0
θ6 0.087000 1e -7 1.60 0.4000 96.0
θ7 2.60760 3.33e-7 1.80 0.08470 1.7e4
θ8 4.17600 1.16e-09 1.19 0.07160 250.3
θ9 0.68340 1.61e-10 1.40 0.2130 83.3
θ10 3.22100 3.42e-7 1.75 0.1000 1.0e4

3.7.1 Synthetic Data

Table 3.2 shows the parameters used to generate the synthetic data sets. These pa-

rameters are chosen to be typical of a variety of cells measured at a PV characterization

laboratory. The synthetic data sets were generated in the following way:

1. Fix θ = θi.

2. Find appropriate (I, V ) points corresponding to θ at a light level 1000 W/m2, by:

a. Setting Etrue = 150×1;

b. Calculating VOC (V when I = 0) at Etrue: VOC = gV (I = 0, Etrue = 1;θ);

c. Creating an evenly spaced grid of N = 50 voltages from 0 to VOC;
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d. Using the grid of voltages, Vsyn, the light level Etrue to solve for Isyn:

Isyn = gI(Vsyn,Etrue;θ);

3. Model the measurement noise using a log-normal distribution:

log
(
Esyni

)
= log

(
gE(Isyni , Vsyni ;θ)

)
+ εi, where εi ∼ N (0, 10−6).

We note that this procedure leads to a well-defined forward model, i.e., Etruei = gE(Isyni , Vsyni ;θ)

for i ∈ {1, ..., N}. Figure 3.1 shows plots of these synthetic data sets.
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Figure 3.1: Synthetic data sets generated from the single-diode model with noise in
E = 150×1. The parameters used to generate these curves are given in Table 3.1. For
each data set, σ2

E = 10−6.

For each synthetic data set, we perform data cloning for k ∈ {1, 10, 20, 30, ..., 70} to test

for inestimability. For the kth iteration, we use the likelihood function defined in equation

(4.4) with k repeats of (Isyni , Vsyni , Esyni). Note that equation (4.4) takes σ2
E as an input.

In most realistic settings, practitioners won’t know σ2
E. Thus, in MCMC evaluations of the

likelihood, we use the estimator

σ̂2
E =

1

N − 5

N∑
i=1

(
log(Ei)− log(gE(Ii, Vi; θ̂)

)2

,
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where θ̂ is calculated in MATLAB using lsqnonlin’s trust-region-reflective algorithm. We

repeat the data cloning diagnostic for three distinct prior distributions for normalized pa-

rameters θ∗i : a uniform distribution on [−1, 1]; a normal distribution centered at zero and

truncated over [−1, 1]; and a normal distribution centered at θ̂ and truncated over [−1, 1].

Choosing different priors strengthens the evidence found in the data cloning diagnostics [35].

All Markov chains used in data cloning were constructed using the Delayed Rejection Adap-

tive Metropolis (DRAM) algorithm in the MCMC toolbox for MATLAB [36].
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Figure 3.2: The plot on the left shows shows the variance of the marginal posterior distri-
bution for θ1 and the corresponding key performance parameters PMAX0 = PMAX0(θ) and
VOC0 = VOC0(θ). The variances decay at a rate of 1/k giving no evidence of inestimability.
The plot on the right shows the variance of the marginal posterior distribution for θ4 and
the corresponding key performance parameters PMAX0 = PMAX0(θ) and VOC0 = VOC0(θ).
We see that the variance of θ5 = RP0 does not decay at a rate of 1/k, giving evidence of
inestimability.

Estimability and Identifiability Results. The results of the data cloning diagnostics

can be categorized into two classes. The first class consists of synthetic data sets for which

there is no evidence of inestimability for any of the model parameters. For data sets in this

class—those generated by θ1, θ2, θ3, θ6, θ9—the variances of the marginal posterior for each
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model parameter decreases at a rate of 1/k. Figure 4.1 (left) shows a standardized variance

plot for θ1. The standardized variance is defined as the variance of the kth marginal posterior

divided by the variance of the 1st marginal posterior (the standardized variance is used for

visualization purposes). Figure 3.3 shows an estimate of the kth posterior distribution for the

model parameter RP0 , πk(RP0|E), for k = 1 and k = 70. Here, we see that as k grows, the

variance decreases and the distribution centers on θ̂. This analysis provides strong evidence

that the trust region algorithm converged to the MLE, i.e., θ̂ = θ̂ML.
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Figure 3.3: Histograms of πk(RP0 |E) for k = 1 and k = 70 using the synthetic data generated
by θ1. After cloning, the variance of the distribution becomes small and the mean of the
distributions is the MLE (shown with a vertical line).

The second class consists of synthetic data sets for which there is evidence of inestimability

for RP0 . For data sets in this class—data sets generated by θ4, θ5, θ7, θ8, and θ10—as k

increases, the variance of πk(RP0|E) does not decay at a rate of 1/k. Figure 4.1 (right)

provides a visualization of this fact using a standardized variance plot for θ4. Figure 3.4 shows

an estimate of πk(RP0|E) for k = 1 and k = 70. Here, we do not see a decaying variance

as k grows. Figure 3.5 shows a plot of values of RP0 in the support of π70(RP0 |E) against

the log(L(θ|E)) with all other model parameters fixed. We see that for these values of RP0 ,

there is very little difference in log(L(θ|E)). This plot indicates that a maximum is attained
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Figure 3.4: Histograms of πk(RP0 |E) for k = 1 and k = 70 using the synthetic data generated
by θ4. After cloning, the variance of the distribution does not become small. The vertical
line denotes the MLE found by MATLAB’s lsqnonlin function.

near the boundary and that many values in the domain nearly maximize log(L(θ|E)).

For all synthetic data sets, Markov chains for the key performance parameters PMAX0 =

PMAX0(θ) and VOC0 = VOC0(θ) were calculated.15 The variances of the marginal posterior

distributions of these parameters decay at a rate of 1/k in both classes. That is, even though

there is evidence that, in some regions of the parameter space, RP0 is inestimable, there is

no evidence that PMAX0 = PMAX0(θ) or VOC0 = VOC0(θ) is inestimable.

3.7.2 PVM 101 Data

PVM 101 is a 4 cm2 mono-Si PV cell manufactured by PV Measurements, Inc. We

chose the PVM 101 cell to check for evidence of inestimability because the key performance

parameters of this cell are thought to be well known. The data used in this analysis consist

15Note that for E = 1 and for a fixed θ,

PMAX0
(θ) = max

V,I
V I = max

V
V gI(V,E;θ),

where gI(V,E;θ) is equation (5.9) solved for I.
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Figure 3.5: A plot of values of RP0 in the support of π70(RP0|E) against the log(L(θ|E))
with all other model parameters fixed.

of 97 I-V-E points measured at NREL’s Measurements and Characterization Group. We

repeat the analysis from Section 3.7.1 with these data for k ∈ {1, 10, 20, 30, ..., 70}, using the

same likelihood and prior distributions described in Section 3.7.1.16 Figure 3.6 shows plots

of the standardized variances of the marginal posterior distributions for the model and key

performance parameters against the number of clones k. We see that the variances decay

to zero at the rate of 1/k. This analysis provides no evidence of inestimability and thus,

no evidence of non-identifiability. Further, for each of the three prior distributions used in

the data cloning diagnostic and for i ∈ {1, ..., 5}, the mean of πk(θi|E) converges to the

same value (shown in Table 3.3). Thus, given the modeling assumptions—e.g., that the

single-diode model is a reasonable representation of the performance of the PVM 101, that

the noise in E is truly iid log-normal—we believe that this analysis shows that maximum

likelihood estimation performs well as a method for estimating model and key performance

parameters of PVM 101.

16Note that, as with the synthetic data, we use σ̂2
E in MCMC evaluations of the likelihood.
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Table 3.2: A table showing the true values of the parameters for each of the ten synthetic
data sets used in Section 3.7.1.

θ′ θ′1 θ̂′ML 95% Confidence Interval % error

θ1 = ISC0 0.11979 0.11974 (0.11966, 0.11982) 0.03930
θ2 = IS0 2.20× 10−8 2.21× 10−8 (1.82× 10−8, 2.60× 10−8) 0.16
θ3 = n0 1.500 1.500 (1.483, 1.517) 0.0146
θ4 = RS0 0.3336 0.3337 (0.3279, 0.3395) 0.3660
θ5 = RP0 187.5 194.0 (180.0 208.0) 3.4
Pmax0 0.050060 0.050059 (0.050029, 0.050090) 0.00399
VOC0 0.59678 0.59682 (0.59676, 0.59688) 0.0073
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Figure 3.6: A plot of the standardized variance of the marginal posterior distribution for the
PVM101 model and key performance parameters. We see that the variance decay at a rate
of 1/k giving no evidence of inestimability.
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Table 3.3: A table comparing θ̂ML with values found in a controlled laboratory setting.
θ̂ML was obtained using MATLAB’s lsqnonlin function and verified using data cloning
(k = 70). Also shown are the 95% confidence intervals and the percent error from θ′lab (when
applicable).

θ′ θ′lab θ̂′ML 95% Confidence Interval % error

θ1 = ISC0 0.113800 0.1138800 (0.113836, 0.113930) 0.07
θ2 = IS0 — 5.27e-10 (4.72e-10, 5.81e-10) —
θ3 = n0 — 1.087 (1.081, 1.093) —
θ4 = RS0 — 0.03026 (0.02878, 0.03174) —
θ5 = RP0 — 905.4 (732.6, 1078.20 —
Pmax0 0.048310 0.048380 (0.048343, 0.048413) 0.15
VOC0 0.5366 0.5357 (0.5356, 0.5357) 0.17

3.8 Conclusions and Future Work

The approach to single-diode parameter estimation adopted here models measurement

noise in the data using a statistical framework. This framework is desirable for at least two

reasons. First, through data cloning, the statistical framework provides a way to check for

evidence that the model and key performance parameters are inestimable or non-identifiable.

In regions of the parameter space where there is no evidence of inestimability or non-

identifiability, the statistical framework may help overcome worries in the PV literature

about the non-uniqueness of single-diode model parameter estimates; if the MLE is unique,

then maximum likelihood estimation may work well as a PV industry standard for mea-

suring device performance. In regions of the parameter space where there is evidence of

inestimability in the model parameters, the statistical framework indicates that the key per-

formance parameters are, nevertheless, estimable. Second, if the parameters are estimable,

the statistical approach outlined here can easily quantify the uncertainty in the parameter

estimates—tracing it back to the noise in the data—using confidence intervals.

The present work can be improved upon and expanded in several ways. For one, the

assumed log-normal noise model for E should be validated. Second, the given modeling

procedure can be generalized to a double-diode or triple diode-model and can be expanded
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to account for variations in temperature and larger variations in the irradiance. These

expansions are nontrivial because they would introduce, and thus require the estimation of,

several new parameters. Third, the data cloning diagnostic can be used to evaluate whether

formulating the single-diode model in terms of conductance (1/RP), rather than RP, would

eliminate estimability issues. Such a reformulation may be more numerically stable than

the widely used single-diode model formulation that has been investigated in this paper.

Fourth, the statistical model can be generalized to account for measurement noise in I and

V. Finally, it would be useful to consider uncertainty caused by model discrepancy in the

current and future models.

3.9 Methodological Investigations

In section 3.5, we defined identifiability and estimability, and gave examples of models

that exhibit these properties. In this section, we expand on that analysis to show how data

cloning works on a few simple problems. Such simple problems give insight into the cloning

method. In Section 3.9.1, we look at estimating the mean of a normal distribution. Then,

in Sections 3.9.2 and 3.9.3, we look at two non-identifiable models—a normal model with

µ = |θ| and a nonlinear model that includes the product of two parameters—to show how

inestimability can be diagnosed with data cloning; these models also provide an opportunity

to show how, in some cases, data cloning may fail to diagnose inestimability.

3.9.1 Normal Mean

Consider the data set X = (X1, ..., XN) where Xi
iid∼ N (θ, 1). We know analytically that

θ is both identifiable and estimable. It is identifiable because any change in θ will result in

a change in the center of the probability distribution; the model is estimable because

θ̂ML = X̄ =
1

N

N∑
i=1

Xi
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yields a unique answer. The data cloning diagnostic provides results consistent with these

facts. Figure 3.7 shows the variance of the marginal posterior distribution for θ, πk(θ|x),

with Xi
iid∼ N (4, 1), N = 30, and the prior on θ defined as θ ∼ N (3, 1). We see that the

standardized variance decreases at a rate of 1/k giving no evidence of inestimability. Fig-

ure 3.8 shows a histogram of π1(θ|x) and π40(θ|x). After cloning, the mass of the distribution

accumulates around θ̂ML ≈ 4.375.
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Figure 3.7: A plot of the standardized variance of the marginal posterior distribution for θ,
πk(θ|x). The variance decreases at a rate of 1/k giving no evidence of inestimability.

3.9.2 Absolute Value of Normal Mean

Consider the data set X = (X1, ..., XN) where Xi
iid∼ N (|θ|, σ2). We noted above that

the model parameter θ is non-identifiable because for θ2 = a 6= 0 and θ1 = −a, L(θ2, σ
2|x) =

L(θ1, σ
2|x). The parameter θ is also inestimable because, if θ̂ maximizes the likelihood then

so does −θ̂. Thus, in this case, data cloning ought provide evidence of inestimability, (and

non-identifiability). However, in some cases, we see that data cloning may fail to provide

such evidence. Below, we look at two such cases. But first, we look at a case where data

cloning correctly diagnoses inestimability.
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Figure 3.8: Histograms of π1(θ|x) and π40(θ|x) for Xi
iid∼ N (4, 1), N = 30, and θ ∼ N (3, 1).

After cloning, the mass of the distribution accumulates around θ̂ML = 4.375.

Correct Diagnosis. Consider Xi
iid∼ N (| − 4|, 1), N = 30 and θ ∼ N (0, 2). Figure 3.9

shows a plot of the variance of the posterior distribution for θ and the curve 1/k. Using

the Metropolis-Hastings MCMC algorithm with 3 × 105 samples and k = 40 clones, we see

that the variance of the posterior of θ does not decrease at the rate of 1/k. Figure 3.10

shows histograms for of π1(θ|x) and π40(θ|x); we note that the mass of π40(θ|x) accumulates

around θ ≈ ±4. These figures provide evidence of inestimability in θ.

Choice of Prior. The first case of the failure of the data cloning diagnostic is related to the

choice of the prior distribution. With respect to using data cloning as a method for calculat-

ing MLEs, the authors of [32] write that “as long as the prior distribution is not degenerate

and the model satisfies some regularity conditions, the results do not depend on the choice

of the prior distribution. Nevertheless, a prior that has large probability mass near the true

MLE requires fewer clones to achieve the desired accuracy.” Although in theory, any proper

prior distribution ought to suffice in the data cloning algorithm, in practice, when using data

cloning to diagnose inestimability, certain priors will lead practitioners astray. For example,

consider again Xi
iid∼ N (| − 4|, 1), N = 30 and θ ∼ N (5, 1). Because the prior distribution

has mass concentrated near one of the two possible values for θ but quite far from the other,

most reasonable attempts at data cloning will conclude that there is no evidence of ines-
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Figure 3.9: A plot of the standardized variance of the marginal posterior distribution for θ,

πk(θ|X) with Xi
iid∼ N (|−4|, 1) and θ ∼ N (0, 2). We see that the variance does not decrease

at a rate of 1/k giving evidence of inestimability.
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Figure 3.10: Histograms of π1(θ|x) and π40(θ|x) for Xi
iid∼ N (| − 4|, 1), N = 30, and

θ ∼ N (0, 2). After cloning, the mass of the distribution accumulates around θ ≈ ±4.
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timability in θ. Using Metropolis-Hastings MCMC with 3× 105 samples and k = 40 clones,

we see that, in Figure 3.11, the variance decreases at a rate of 1/k giving no evidence of

inestimability. Figure 3.12 shows histograms of π1(θ|x) and π40(θ|x) for this model. We see

that the mass of the distribution concentrates around θ ≈ 3.8. These results are mislead-

ing because θ is inestimable and non-identifiable. An example such as this one serves as a

warning about the use of data cloning. In particular, one should be careful in selecting a

prior distribution because, in practice, the wrong prior may affect the reliability of the results.
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Figure 3.11: A plot of the standardized variance of the marginal posterior distribution for

θ, πk(θ|X) with Xi
iid∼ N (| − 4|, 1) and θ ∼ N (5, 1). We see that the variance decreases at

a rate of 1/k giving no evidence of inestimability even though θ is, in fact, inestimable (and
non-identifiable).

Choice of MCMC Algorithm. We now look at a second case, which shows that the

choice of MCMC algorithm affects the data cloning results. Note above that, when data

cloning correctly diagnosed inestimability for the model parameter θ in Xi
iid∼ N (| − 4|, 1),

Metropolis-Hastistings was used to estimate the posterior distributions πk(θ|x). When re-

peating data cloning on the same model using the DRAM algorithm, we see that data

cloning fails to diagnose inestimability. Figure 3.13 shows a plot of the standardized vari-
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Figure 3.12: Histograms of π1(θ|x) and π40(θ|x) for Xi
iid∼ N (| − 4|, 1), N = 30, and

θ ∼ N (5, 1). After cloning, the mass of the distribution accumulates around θ ≈ 3.8
rather than θ ≈ ±3.8.

ance of the marginal posterior distribution. Unlike the case where πk(θ|X) was estimated

using Metropolis-Hastings, here, the variance decreases at a rate of 1/k giving no evidence

of inestimability in θ. However, the model is inestimable (and non-identifiable). Figure 3.14

shows the corresponding histogram. A reason for the failure may be due to the fact that the

DRAM algorithm adapts the proposal covariance after every M samples. Thus, DRAM is

likely exploring the peak closest to the prior, adapting the proposal covariance matrix to be

smaller, and then never (or very rarely) jumping far enough to get out of that peak.

3.9.3 Multiplication of Parameters

In this section, we consider the model

Yi = eθ1θ2xi + εi, (3.7)

where εi ∼ N (0, 1) and i ∈ {1, ..., N}, i.e., Yi ∼ N (eθ1θ2xi , 1). The parameters θ1 and θ2

in this model are non-identifiable and inestimable. To see this fact, we note that there are

infinitely many values such that θ1θ2 = b, b ∈ R. However, we note that the product θ1θ2 is

identifiable and estimable. In some cases, data cloning will diagnose the inestimability in θ1

and θ2, but in other cases, it will not. We consider each case in turn.
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Figure 3.13: A plot of the standardized variance of the marginal posterior distribution for θ,

πk(θ|X) with Xi
iid∼ N (| − 4|, 1) and θ ∼ N (0, 2). In this case, πk(θ|X) was estimated using

the DRAM algorithm. We see that, unlike when πk(θ|X) was estimated using Metropolis-
Hastings, the variance decreases at a rate of 1/k giving no evidence of inestimability in θ.
However, θ is inestimable (and non-identifiable).
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Figure 3.14: Histograms of π1(θ|x) and π40(θ|x) for Xi
iid∼ N (| − 4|, 1), N = 30, and

θ ∼ N (2, 1) calculated using the DRAM algorithm. After cloning, the mass of the distri-
bution accumulates around θ ≈ 4 rather than θ ≈ ±4.
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Correct Diagnosis To show that data cloning can work to diagnose inestimability, we let

Yi ∼ N (eθ1θ2xi , 1), where θ1 = 2, θ2 = 3, and i ∈ {1, ..., 30}, θ1 ∼ N (2, 1), and θ2 ∼ N (3, 1).

We find that the standardized variance of the marginal posterior distribution for θ1 and θ2,

πk(θ,θ2|Y ), does not decrease at a rate of 1/k, which yields the desired result, that θ1 and θ2

are inestimable. However, the standardized variance of the marginal posterior distribution

for the product θ1θ2 does decrease at rate 1/k. Figure 3.15 and Figure 3.16 show these

results.
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Figure 3.15: A plot of the standardized variance of the marginal posterior distribution for
θ1, θ2, and the product θ1θ2. The data cloning diagnostic finds evidence of inestimability for
θ1 and θ2 but not for the product θ1θ2 (the standardized variance for the product follows the
1/k curve). These results are in accord with what we know to be true of the parameters.

Incorrect Diagnosis As with the model in Section 3.9.2, it is possible to choose prior distri-

butions such that data cloning yields undesirable results. For such an example, suppose that

Yi ∼ N (eθ1θ2xi , 1), where θ1 = 2, θ2 = 3, N = 30, and θ1 ∼ N (2, 10) and θ2 ∼ N (3, 0.001).

In this case, we see that the standardized variance of the marginal posterior distribution for

θ1 decreases at rate 1/k giving no evidence of inestimability when, in fact, θ1 is inestimable

(Figure 3.17). Figure 3.18 shows the corresponding histograms.
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Figure 3.16: Histograms of πk(θ1|x) for k ∈ {1, 40} and Yi ∼ N (eθ1θ2xi , 1), where θ1 = 2,
θ2 = 3, and N = 30. Here, θ1 ∼ N (2, 1) and θ2 ∼ N (3, 1).
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Figure 3.17: A plot of the standardized variance of the marginal posterior distribution for
θ1, θ2, and the product θ1θ2 with priors θ1 ∼ N (2, 10) and θ2 ∼ N (3, 0.001). The data
cloning diagnostic finds no evidence of inestimability for θ1 even though θ1 is inestimable.
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Figure 3.18: Histograms of πk(θ1|x) for k ∈ {1, 40} and Yi ∼ N (eθ1θ2xi , 1), where θ1 = 2,
θ2 = 3, and N = 30. Here, θ1 ∼ N (2, 10) and θ2 ∼ N (3, 0.001). We see that, in using
these prior distributions, data cloning finds no evidence of inestimability for θ1 even though
θ1 is inestimable.
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CHAPTER 4

LIKELIHOOD METHODS FOR SINGLE DIODE MODEL PARAMETER ESTIMATION

FROM NOISY I-V CURVE DATA

Sections 4.1 through 4.7 comprise a paper featured in the proceedings of the 40th IEEE

Photovoltaics Specialists Conference (PVSC)

Brian Zaharatos17, Mark Campanelli18, Clifford Hansen19, Keith Emery20, Luis Tenorio21

Abstract

Characterizing photovoltaic (PV) device performance is important for the growth of the PV

industry. Performance is often characterized by a set of key parameters for the PV device in

question: open-circuit voltage, short-circuit current, and maximum power. For a wide range

of devices, the key performance parameters are a function of the parameters of a single

diode circuit model. In this paper, we developed a statistical model for current-voltage-

irradiance data of a PV device using a five-parameter single diode model. The goal was to

estimate the single diode model parameters and key performance parameters with quantified

uncertainty. Specifically, we found maximum likelihood estimates, quantified uncertainty

via confidence intervals for the model and key performance parameters, and explored two

important statistical properties of this model—identifiability and estimability.

4.1 Introduction

Decreasing the amount of risk taken on by investors, producers, and consumers encour-

ages the growth of the photovoltaics (PV) industry. To decrease risk, PV manufacturers

measure the performance of PV cells and modules, and use these performance characteriza-

tions to categorize devices, improve processes, and calibrate predictive models. Performance

17Primary researcher and author
18National Renewable Energy Lab
19Sandia National Laboratories
20National Renewable Energy Lab
21Department of Applied Mathematics and Statistics, Colorado School of Mines
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is often characterized by a set of key performance parameters: open-circuit voltage (VOC),

short-circuit current (ISC), and maximum power (Pmax). While PV manufacturers are often

able to estimate these values with quantified uncertainty at standard reporting conditions

(abbreviated SRC and defined at a standard spectral irradiance, 1000 W/m2, and 25◦C),

characterizing performance away from SRC is more challenging. Yet, such characterizations

are important because PV devices operate at a wide range of conditions.

One method used to characterize performance away from SRC involves the development

of a mathematical model of the PV device. Such models require calibration through parame-

ter estimation from data such as current-voltage (I-V) curve measurements. These parameter

estimations can be difficult for numerous reasons. In some cases only limited data are avail-

able, and computational algorithms for parameter estimation may have convergence issues,

produce non-physical values, and/or be highly sensitive to the limited data (for example,

see [9]). Consequently, addressing and quantifying the uncertainty in estimated parameters

is becoming more widely recognized [6].

In this paper, we present a single diode model that describes the PV performance of a wide

range of devices at irradiance values that deviate slightly around the nominal SRC irradiance

value, with the temperature fixed at 25◦C (Section 4.2). Although these conditions are typical

of a calibration laboratory, the methodology is extendable to diode models parametrized for a

wide operating range of irradiance and temperature. Obtaining estimates of the single diode

model parameters given I-V curve data is desirable because from these estimates one can

estimate the key performance parameters. Our formulation of the single diode model includes

a statistical model that accounts for measurement noise in irradiance and thus is amenable

to model parameter estimation using maximum likelihood estimation (MLE) techniques.

To that end, the likelihood function for the single diode model is defined, incorporating

a noise model for the points in one or more measured I-V curves (Section 4.4). Then,

assuming that the model is estimable—i.e., assuming that there is a unique maximum of the

likelihood function—we calculated MLEs of the single diode model parameters and the key
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performance parameters ISC, Pmax, and VOC for a synthetic data set (Section 4.5). Finally, we

use a statistical method called data cloning to explore whether the model is in fact estimable

(Section 4.6).

4.2 Single Diode Model

For non-negative terminal voltages, the following single-diode lumped-parameter equivalent-

circuit model adequately describes the I-V performance of many series-wired photovoltaic (PV)

devices near a nominal irradiance and at a fixed temperature:

I = IL − IS

(
e
V+IRS
NSnVth − 1

)
− V + IRS

RP

, (4.1)

where the thermal voltage is Vth := kB T/q, and

I device terminal current (A)

V device terminal voltage (V)

IL photocurrent (A)

IS diode reverse saturation current of device (A)

NS number of cells connected in series (unit-less)

n ideality factor of device (unit-less)

RS series resistance of device (Ω)

RP parallel (shunt) resistance of device (Ω)

kB Boltzmann constant (1.3806504× 10−23 J/K)

T junction temperature of device (K)

q electron charge (1.602176487× 1019 C).

In general, the five parameters, IL, IS, n, RS, and RP, can depend on temperature, irra-

diance, or terminal voltage. Here, we will assume that there is no dependence upon terminal
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voltage. Thus, auxiliary equations are given that define how each device parameter varies

with temperature and irradiance from a reference value defined at SRC. Since measurements

in a calibration laboratory are made with a fixed temperature, T = T0 = 25◦C and an

irradiance near 1 sun, we assume that the dependence of n,RS, and RP on temperature or

irradiance is negligible. Thus, the auxiliary equations for these parameters are given by

n = n0,

RS = RS0 ,

RP = RP0 ,

where

n0 diode ideality factor at SRC

RS0 series resistance at SRC

RP0 parallel resistance at SRC.

For T = T0 = 25◦C = 298.15 K, the photocurrent IL is given by the auxiliary equation

IL := E ISC0 + IS0

(
e
E ISC0

RS0
NSn0Vth0 − 1

)
+
E ISC0RS0

RP0

. (4.2)

The effective irradiance ratio E is a unit-less measure of the “effective” irradiance illuminat-

ing the device relative to 1 sun at SRC. E is defined as the ratio of the device’s short-circuit

current at the prevailing irradiance, ISC, to the device’s short-circuit current at SRC, ISC0 .

This ratio is readily derived by measuring the short-circuit current of a calibrated refer-

ence device that is spectrally matched to the device and having the same angular response.

E’s measurement has random noise whose characteristic is particular to the measurement

testbed.

If the reference device is not spectrally matched, then from the definition of the unit-

less spectral correction factor M [30], which compensates for spectral response differences

between the device and the reference device, it follows that
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E :=
ISC

ISC0

=
MISC,R

ISC,R0

(4.3)

where ISC,R is the reference device’s short-circuit current at the prevailing irradiance and

ISC,R0
is the reference device’s short-circuit current at SRC (typically a calibration value).

The computation of M requires additional information about the quantum efficiencies of

the devices and the spectral irradiance of the light source. In this work, we do not consider

additional uncertainty due to M and ISC,R0
.

Auxiliary equation (5.10) describes the device’s photocurrent generation as a function of

E and the model parameters. This equation is derived by setting V = 0 and I = ISC in (5.9),

using definition (4.3) to substitute ISC = E ISC0 , and then solving for IL. We choose to infer

the short-circuit current at SRC, ISC0 , instead of the photocurrent at SRC, IL0 , because

ISC0 is typically of primary interest for performance evaluation. IL0 can be derived directly

from ISC0 using (5.10) with E = 1. Altogether, the model parameters, which correspond to

reference values at SRC, are denoted by the vector θ = (ISC0 , IS0 , n0, RS0 , RP0).

Our initial investigation into likelihood methods for inferring the five single diode model

parameters concerned I-V curve measurements taken very close to “1-sun equivalent” irra-

diance in well-controlled laboratory conditions, i.e., E ≈ 1 and T = T0. Thus, we did not

consider the effects that large variations in temperature or irradiance have on several of the

model parameters. For example, IS0 or RP0 would typically change if SRC were defined at

a different temperature or irradiance, respectively. Including these dependencies typically

requires additional equations auxiliary to (5.9) that capture the deviation of the diode model

parameters from their SRC values as temperature and irradiance change [28]. Extra aux-

iliary equations typically introduce additional model parameters that likely depend upon

the PV material system. Such model extensions and comparisons are a subject of current

investigation.
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4.3 Solving the Single Diode Model

Given θ in the parameter space Θ ⊂ R5, solutions to the single diode model (5.9) define

a performance surface in (V, I, E)-space. This surface implicitly defines three functions:

I = gI(V,E;θ), V = gV (I, E;θ), and E = gE(V, I;θ). The Lambert W function can be

employed for the efficient computation of any of these three functions [31]. The PV LIB

Toolbox [37] for MATLAB [38] provides vectorized computation of Lambert W via the

function wapr vec. Computation of I-V curves in the first quadrant is verified against an

explicit computational scheme using junction voltages (detailed in [39]), over a very large

parameter space for θ and for a range of practical values for NS. This verification ensures

that the computational algorithms operate correctly for a wide variety of PV devices.

Table 4.1: A table comparing the true values of θ with θ̂ML. θ̂ML was obtained using
MATLAB’s mle function. Also shown for θ̂ML are the 95% confidence intervals and the
percent error from θ′true.

.

θ′ θ′true parameter domain θ̂′ML 95% Confidence Interval % error

θ1 = ISC0 0.11979 (1/12, 12) 0.11974 (0.11966, 0.11982) 0.0393
θ2 = IS0 2.2× 10−8 (10−12, 10−5) 2.2061× 10−8 (1.815× 10−8, 2.595× 10−8) 0.1602
θ3 = n0 1.5 (1, 2) 1.5003 (1.483, 1.517) 0.0146
θ4 = RS0 0.3336 (0.1, 10) 0.33370 (0.3279, 0.3395) 0.3660
θ5 = RP0 187.5 (50, 5000) 194.02 (180.01 207.97) 3.416
VOC0 0.59678 — 0.59682 (0.59676, 0.59688) 0.0073
Pmax0 0.05006 — 0.050059 (0.050029, 0.050090) 0.00399
σ2
E 1× 10−6 — 8.3903× 10−7 (5.101× 10−7, 1.168× 10−6) 16.10

4.4 The Likelihood Function

In defining a likelihood function, we first make our assumptions explicit. First, we assume

that the single diode model (5.9)–(5.10) is a sufficiently accurate representation of the PV

device’s performance at fixed temperature near 1 sun.22 Second, we must specify a noise

model for the observables. We assume that the noise in the measurement of V and I is

22Uncertainty caused by so-called model discrepancy is not considered here but will be assessed in future
work.
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negligible as compared to the measurement noise in E (this is a reasonable assumption in

many measurement contexts). Consequently, given a value for θ, we consider an observed

effective irradiance value to be generated by the single diode model (5.9)–(5.10) through the

corresponding function gE(V, I;θ) but measured with noise. We assume the noise in observed

E values is normally distributed. That is, for a sample of size N data points measured along

an I-V curve, and for n = 1, ..., N , the statistical model for the value of the nth observable

En is given by the normal random variable

En = gE(Vn, In;θ) + εn,

where the additive noise εn is assumed to be independent and identically distributed (i.i.d.)

normally with zero mean and variance σ2
E, i.e., εn ∼ N (0, σ2

E). From these assumptions, we

can define the likelihood function, explore the estimability and identifiability of the model,

and obtain the MLE.

In defining the likelihood, we note that, for n = 1, ..., N , the nth measured effective

irradiance value is determined by the given statistical model, and is thus a realization of the

random variable, En, which has a normal distribution

En ∼ N
(
gE(Vn, In;θ), σ2

E

)
.

The likelihood function is defined by fixing the data to actual observed values, denoted

E = E = (E1, ..., EN), and interpreting the joint probability density function (pdf) as a

function of θ and σ2
E. Since the data are assumed i.i.d., the likelihood function for the data

is

L(θ|E) =
(
2 π σ2

E

)−N/2
e
−

∑N
n=1(En−gE(Vn,In;θ))2

2σ2
E . (4.4)

4.5 Maximum Likelihood Estimation

Given observed data E, an MLE of the model parameters θ, denoted θ̂ML, is a value in

the parameter space Θ that maximizes the likelihood function L(θ|E):
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θ̂ML = argmax
θ∈Θ

L(θ|E).

Along with finding an MLE for θ, we are also interested in finding an MLE for the key

performance parameters at SRC: VOC0 , ISC0 and Pmax0 . For convenience, we define θ′ :=

(ISC0 , IS0 , n0, RS0 , RP0 , VOC0 , Pmax0 , σ
2
E)—which differs from θ by the inclusion of VOC0 , Pmax0 ,

and σ2
E—and denote the MLE of θ′ as θ̂′ML. Because we are assuming normal i.i.d. noise

in our data, we note that the MLE of θ is equivalent to the nonlinear least squares estimate

of θ. This is true because maximizing (4.4) with respect to θ is equivalent to minimizing∑N
i=1 (En − gE(Vn, In;θ))2 with respect to θ. In addition, maximum likelihood estimation

provides a method for quantifying our uncertainty in both θ and θ′.

An MLE is not guaranteed to exist nor is an MLE guaranteed to be unique if it does

exist. For a more thorough understanding of the statistical model, the likelihood function,

and the MLE, two properties of the given model must be satisfied: parameter identifiability

and parameter estimability. The model parameters are identifiable if, for all θ2,θ1 ∈ Θ,

L(θ2|E) = L(θ1|E) almost everywhere implies that θ2 = θ1. The model parameters are

estimable if

{θ ∈ Θ : L(θ|E) = L(θ̂ML|E)} = {θ̂ML}.

That is, the model parameters are estimable if an MLE exists and is unique. Often, estimates

of parameters are calculated under the assumption that the model is estimable. In this

section, we assume that the model is estimable (and thus, identifiable) and calculate MLEs for

the parameters. Then, in Section 4.6 we use an exploratory method called data cloning [32]

to gather evidence about the estimability of θ′.

The basic procedure for finding MLEs of θ is the same as for finding MLEs of simpler

problems: one uses an optimization technique to maximize the likelihood function. In simple

cases such as estimating the mean and variance of data known to be from a normal distri-
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bution or in linear regression, one can find the MLE of the parameters by taking partial

derivatives of the log likelihood function with respect to the parameters, setting those par-

tial derivatives equal to zero, and solving the resulting system of equations over a particular

domain. Since equation (4.4) is nonlinear and of higher dimension, we use MATLAB’s mle

function to estimate θ and then use the corresponding functions of θ̂ML to estimate the key

performance parameters.

To test this method, we simulated N = 50 data points, equally spaced in voltage, ac-

cording to En ∼ N (gE(Vn, In;θ), σ2
E), with

θtrue = (0.119788, 2.200× 10−8, 1.5, 0.3325, 187.5)

and σ2
E = 10−6. Table 4.1 shows the MLEs for θ′ along with the domains over which the

likelihood function was maximized. These domains are thought to be reasonable in many

measurement scenarios.
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Figure 4.1: Plots of the variance of the kth marginal distributions, πk(θi|E), against the
number of clones (k = 1, 40, 80, 120, 160) are shown to diagnose estimability (standard space
on the left and log space on the right). We notice that the marginal variances for the model
and performance parameters decay to zero at a rate of 1/k, giving evidence of estimability
and thus, identifiability.
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Interval estimates quantify the uncertainty in point estimates by reporting a range of

values that is likely to cover the true parameter θ′. Confidence intervals are typically used

with the MLE. In this case we use the (1−α)×100% confidence interval for the ith parameter

estimate, derived from the asymptotic distribution of θ̂′ML [40] using

θ̂′MLi ± zα/2
√

[I(θ̂′ML)−1]ii, (4.5)

where zα/2 is the α/2 quantile for the normal distribution and [I(θ′)−1]ii is the ith diagonal

entry of the inverse of the Fisher information matrix, which is defined as

I(θ̂ML) = E
[
− ∂2

∂θ2
log(L(θ|E))

]∣∣∣∣
θ=θ̂ML

. (4.6)

Informally, the Fisher information matrix evaluated at the MLE measures the curvature

of the likelihood function around the MLE. We estimate the inverse Fisher information

matrix using MATLAB’s nlinfit function. For the synthetic data described in this section,

equation (4.5) was used to calculate the 95% confidence intervals in Table 4.1 (zα/2 = 1.96).

4.6 Estimability and Identifiability: An Exploratory Analysis

Recall that, in Section 4.5, we assumed that the model was estimable to find MLEs of the

parameters. In this section, we use an exploratory technique called data cloning to assess

the estimability and identifiability of the model. These properties are important in practice

because unidentifiable models admit multiple parameter sets that explain the data equally

well. This situation could lead to confusion from (potentially large) disagreements between

parameter estimates computed by different methods using the same data. We note that es-

timability is a stronger condition than identifiablity: if model parameters are estimable then

they are identifiable. Thus, evidence of estimability is evidence of identifiability. In general,

assessing the identifiability and estimability of a statistical model with several parameters is

difficult. Data cloning provides a way to gather evidence about the estimability of a set of

model parameters.
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4.6.1 Data Cloning: Theory

Data cloning utilizes some tools in the Bayesian statistical framework, such as Markov

chain Monte Carlo (MCMC) methods, to assess estimability.23 The motivation for data

cloning is a thought experiment: suppose that, by coincidence, one observed k independent

identical samples of size N : ENk = (E1, ..., EN , ..., E1, ..., EN)︸ ︷︷ ︸
k independent repeats

. The resulting likelihood

function would be

Lk(θ|ENk) = [L(θ|E)]k.

Bayes’ theorem states that the posterior probability (belief) distribution for θ conditioned

uponE is proportional to the likelihood function times a prior probability (belief) distribution

for θ. That is, π(θ|E) ∝ L(θ|E)π(θ). For k ∈ N, applying Bayes’ theorem to Lk(θ|ENk)

yields the “kth posterior” distribution

πk(θ|E) ∝ Lk(θ|E)π(θ), (4.7)

where π(θ) is any reasonable prior on θ. The study of this posterior distribution, as k →∞,

yields the estimability and MLE results. If θ is estimable, then for sufficiently large k,

πk(θ|E) is nearly degenerate around θ̂ML with covariance matrix approximately equal to

1
k
I(θ̂ML)−1 [32]. So, as k → ∞, if the variance of the marginal posterior πk(θ

′
i|E) does

not converge to zero, then θ′i is inestimable, and thus, nonidentifiable. Further, if θ′i is

inestimable, then, as k increases, πk(θ
′
i|E) converges to a truncated distribution over the

space of inestimable parameter values.

4.6.2 Data Cloning: Results Using Synthetic Data

Numerical experiments were conducted to check the identifiability and estimability of θ.

We used the simulated data described in Section 4.5 for these experiments. Data cloning

23Note that there are important philosophical differences in the frequentist statistical paradigm, under which
MLE falls, and the Bayesian statistical paradigm, where Bayesian inference is performed. Data cloning itself
does not require that one adhere to Bayesian assumptions (e.g., the Bayesian interpretation of probability).
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Figure 4.2: . Histograms of the kth marginal posteriors πk(ISC0|E) (left), πk(Pmax0|E) (cen-
ter), and πk(VOC0|E) (right) for k = 1 and k = 160. We notice that after cloning, the
variance of the distributions becomes small and the mean of the distributions is the MLE
(shown with a vertical line).
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was performed using the DRAM algorithm in the MCMC toolbox [36] for MATLAB. For the

prior, π(θ), we chose a uniform distribution over physically reasonable values (these values

correspond to the MLE domains for θ and are given in Table 4.1).Figure 4.1 shows plots (in

standard and log space) of the standardized variance of the marginal posterior distributions of

the model and performance parameters against the number of clones (k = 1, 40, 80, 120, 160),

along with the curve 1/k—the expected decay rate if the parameters were estimable.24 We

see that the model and performance parameters decay to zero at a rate of 1/k, giving evidence

of estimability and thus, identifiability.Figure 4.2 and Figure 4.3 show histograms of the key

performance parameters and model parameters for k = 1 and k = 160. We see that in each

case the variance has been greatly reduced and that the distributions become centered at

the MLEs found in Section 4.5, Table 4.1.25 It follows from this analysis that the estimates

of all parameters are meaningful because we have strong evidence of identifiability. Finally,

we note that the k = 1 case gives a Bayesian uncertainty from the variance of the posterior

distribution for θ′.

4.7 Conclusions and Future Work

The likelihood approach to single diode parameter estimation adopted here uses statistical

modeling to account for measurement noise in the data. This approach is more useful

than some other deterministic single diode model parameter estimation techniques, such as

nonlinear least squares, because the MLE approach easily quantifies the uncertainty in the

parameter estimates—tracing it back to the noise in the data—using confidence intervals.

Using data cloning, we see that the key performance parameters are indeed estimable, and

MLEs with confidence intervals can be calculated with relative ease.

There are several ways that the present work can be improved upon and expanded. For

one, the assumed normal noise model for E should be validated. Second, the coverage of the

24The standardized variance is equal to the variance of the kth posterior divided by the variance of the 1st

posterior.
25We note that, as data cloning theory suggests, for k = 160, k times the covariance matrix of πk(θ|E)

is approximately equal to the estimate of the inverse of the Fisher information matrix obtained from
MATLAB’s nlinfit function in Section 4.5.
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Figure 4.3: Histograms of the kth marginal posterior distributions of θ =
(ISC0 , IS0 , n0, RS0 , RP0) and σ2

E for k = 1 (first and third row) and k = 160 (second and
fourth row). We notice that after cloning, the variance of the distributions becomes small
and the mean of the distributions is the MLE (shown with a vertical line).66



confidence interval in (4.5) should be assessed through simulations to see how it compares to

the claimed coverage of 95% (significant discrepancies would be due to a small sample size).

Third, our formulation of the single diode model can be expanded to account for variations

in temperature and larger variations in the irradiance. This expansion is nontrivial because

it would introduce, and thus require the estimation of, several new parameters, and because

measurements of the junction temperature may have significant systematic and random error.

Fourth, the statistical model can be generalized to account for measurement noise in I and

V. Finally, it would be useful to consider uncertainty caused by model discrepancy in the

current model and future models.

4.8 Extensions of the PVSC Paper

Here, I will address some of the “future work” items outlined in the conclusion of this

paper. In particular, I address the true coverage of the asymptotic confidence intervals

described in equation (4.5), check the sensitivity of the MLE to the starting values of the

optimization algorithm, and use Bayesian inference to estimate model and performance pa-

rameters.

4.8.1 True Coverage

In this section, we examine how the true coverage of the asymptotic confidence intervals

given in equation (5) compares to the claimed 95% coverage. Specifically, we conduct a

parametric bootstrap simulation study using the synthetic data described in the paper above.

Recall that, for n ∈ {1, 2, ...N} and for fixed (In, Vn, θ), En was given by En = gE(In, Vn;θ)+

ε, where ε ∼ N (0, σ2
E). For the parametric bootstrap, we

• Sample ε̂ ∼ N (0, σ̂2
E), where σ̂2

E is the MLE of σ2
E.

• Compute E? = gE(I,V ; θ̂ML) + ε̂.

• Perform data cloning, with k = 70. θ̂? denotes the model parameter vector at each

step of the Markov chain.
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• Compute P̂ ?
max, Î?SC, and V̂ ?

OC, the key performance parameters at each step of the

Markov chain (creating a posterior distribution for each).

• Compute I(θ̂′
?
)−1 = k×Cov(πk(θ̂′

?
|E?)), where θ̂′

?
is the mean of the joint posterior

distribution (including model and key performance parameters).

• Compute

Î?i = θ̂′
?

i ± zα/2
√

[I(θ̂′
?
)−1]ii, i ∈ {1, ...8}. (4.8)

• Repeat B = 400 times.

• Calculate the ratio of times that Î?i covers θ′i.

Table 4.2: Estimates of the true coverage of each θ′i

.

θ′ θ′true coverage mean length
θ′1 = ISC0 0.11979 92.8± 0.026 1.4× 10−4

θ′2 = IS0 2.2× 10−8 92.8± 0.026 6.8× 10−9

θ′3 = n0 1.5 92.5± 0.026 0.026
θ′4 = RS0 0.3336 91.5± 0.028 0.01
θ′5 = RP0 187.5 92.5± 0.026 24.5
θ′6 = VOC0 0.59678 92.5± 0.026 1.2× 10−4

θ′7 = Pmax0 0.05006 93.5± 0.025 5.9× 10−5

θ′8 = σ2
E 10−6 100± 0.007 6.6× 10−7

Table 4.3 shows the results of this coverage analysis. We see that the estimated coverage

for the model and key performance parameters is lower but close to the claimed coverage,

which is evidence that the confidence interval formula is reasonable for this synthetic data

set. The confidence interval used in Table 4.3 is the Agresti-Coull confidence intervals for

proportions:

p̂± zα/2

√
p̃(1− p̃)

b̃
, (4.9)

where

b̃ = b+ z2
α/2,
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p̃ =
b

b̃
p̂+

z2
α/2

2b̃
,

and where b the number of bootstrap simulations. This interval is thought to yield better

estimates of the true coverage [41].

4.8.2 Bayesian Inversion

In this section, we use the mean and quantiles of π(θi|E) as point and interval estimates

of θi, respectively. We note that using the data cloning diagnostic from above, the estimates

here are identical to πk(θi|E) where k = 1. We denote the mean of π(θi|E) as θBi . Table 4.3

summarizes the results of the Bayesian inversion. Figure 4.4 and Figure 4.5 show histograms

for π(θi|E). Figure 4.6 shows histograms of the posterior distributions of Pmax and VOC

Table 4.3: A table comparing the true values of θ with θB. θB was obtained using MATLAB’s
mcmcrun function. Also shown for θB are the 95% credible intervals and the percent error
from θ′true.

.

θ′ θ′true π(θ) θ′B 95% Credible Interval

θ1 = ISC0 0.119788 U(1/12, 12) 0.119694 (0.119591, 0.119791)
θ2 = IS0 2.2× 10−8 U(10−13, 10−6) 2.098× 10−8 (1.626× 10−8, 2.616× 10−8)
θ3 = n0 1.5 U(1, 2) 1.495 (1.471, 1.516)
θ4 = RS0 0.3336 U(0, 100) 0.33352 (0.3260, 0.3413)
θ5 = RP0 187.5 U(1, 50000) 195.01 (178.17 215.18)
VOC0 0.59678 — 0.59673 (0.59665, 0.59682)
Pmax0 0.05006 — 0.050059 (0.050032, 0.050121)

69



θ
1
 = I

SC

0.11950 0.11955 0.11960 0.11965 0.11970 0.11975 0.11980 0.11985

F
re

q
u
e
n
c
y

0

500

1000

1500

2000

2500

3000

3500

θ
2
 = I

S
×10

-8
1.5 2 2.5 3

F
re

q
u
e
n
c
y

0

500

1000

1500

2000

2500

3000

Figure 4.4: A histogram for π(θi|E) for i ∈ {1, 2}. The short vertical lines represent the
lower and upper bounds of the 95% credible interval. The tall vertical lines represents the
mean of π(θi|E).
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CHAPTER 5

DISCOVERING AN ACTIVE SUBSPACE IN A SINGLE-DIODE SOLAR CELL MODEL

A paper to be published in the Conference on Data Analysis special edition of Statistical

Analysis and Data Mining

Paul Constantine26, Brian Zaharatos27, Mark Campanelli28

Abstract

Predictions from science and engineering models depend on the values of the model’s input

parameters. As the number of parameters increases, algorithmic parameter studies like op-

timization or uncertainty quantification require many more model evaluations. One way to

combat this curse of dimensionality is to seek an alternative parameterization with fewer vari-

ables that produces comparable predictions. The active subspace is a low-dimensional linear

subspace defined by important directions in the model’s input space; input perturbations

along these directions change the model’s prediction more, on average, than perturbations

orthogonal to the important directions. We describe a method for checking if a model ad-

mits an exploitable active subspace, and we apply this method to a single-diode solar cell

model with five input parameters. We find that the maximum power of the solar cell has a

dominant one-dimensional active subspace, which enables us to perform thorough parameter

studies in one dimension instead of five.

5.1 Introduction

Science and engineering simulations often contain several input parameters—e.g., phys-

ical constants, boundary conditions, or geometry descriptions. When presented with such

26Development of active subspace methods. Department of Applied Mathematics and Statistics, Colorado
School of Mines

27Development of PV application.
28Development of PV application. National Renewable Energy Lab
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parameterized simulations, the scientist naturally wonders how the simulated predictions de-

pend on the input parameters. Which parameters, when perturbed, create the largest change

in predictions? How precisely must the parameters be specified to ensure accurate predic-

tions? And what is the effect of imprecisely prescribed input parameters on the predictions?

If the goal is to maximize or minimize a predicted quantity, which combinations of param-

eters correspond to larger or smaller values of the prediction? In a similar vein, one may

ask which parameter values correspond to predictions outside a safe region of operation—or

which parameter values yield predictions that are consistent with a set of observations.

Many scientists rely on intuition about the physical system to answer these questions.

But intuition becomes less trustworthy as the simulations become more complex, e.g., when

they include several interacting physical components. Algorithms for optimization, uncer-

tainty quantification, and model calibration become more attractive as model complexity

increases. If an algorithm can easily interface with the simulation—e.g., by automatically

evaluating predictions given values for the inputs—then applying the algorithm to the sim-

ulation becomes relatively easy.

The number of times the algorithm needs to evaluate a prediction increases—sometimes

extremely rapidly—as the number of inputs increases. The situation is worse if each evalua-

tion requires significant computational resources. For example, finding the global minimum

of a complicated prediction depending on 100 inputs is not tractable if available resources

permit only ten model evaluations. In practice, the scientist may choose only the most

important parameters to vary so the study fits within the computational budget. Alter-

natively, one may seek a low-dimensional description of the prediction as a function of the

input parameters. If such a description is sufficiently accurate, then studies like optimiza-

tion or calibration can work in the space of fewer variables—potentially allowing the desired

parameter studies within the given budget.

The active subspace is a low-dimensional linear subspace defined by important directions

in the model’s input space; input perturbations along these directions change the model’s
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prediction more, on average, than perturbations orthogonal to the important directions. Not

all models have an active subspace. Some model’s predictions respond significantly to input

perturbations along all directions. However, if a model does admit an active subspace, then

one can exploit it to perform parameter studies in the coordinates of the subspace—i.e., the

active variables—which are linear combinations of normalized versions of the model’s input

parameters. Therefore, it can be very advantageous to discover that a model admits an

active subspace.

Active subspaces have been studied in a variety of contexts under different names. Cook’s

excellent text Regression Graphics [42] reviews and develops statistical methods for dimen-

sion reduction in the context of regression surfaces, and it contains references to the major

works in the statistics literature. What we call the active subspace is a type of dimension-

reduction subspace in Cook’s parlance [42, Chapter 6]—though we are working with noiseless

computer simulations in contrast to general regression surfaces. Russi’s 2010 Ph.D. disser-

tation uses the phrase active subspace in a way comparable to our use [25]. He exploits

the active subspace to construct quadratic surrogate models for uncertainty quantification

in chemical kinetics models. Our prior work develops a theoretical framework for active

subspaces including applications to kriging response surfaces [19]. We have applied these

methods to several models in aerospace engineering [43, 44, 45]. Abdel-Khalik has applied

similar methods in nuclear engineering applications [46].

In this paper, we describe how to test a model for an active subspace, and we apply

this test to the maximum power from a single-diode model of a photovoltaic solar cell with

five input parameters. In Section 5.2, we generically describe the active subspace and how

to search for it. We then describe the single-diode model, its input parameters, and its

predicted performance parameters (i.e., model outputs) in Section 5.3. We apply the tests

for the active subspace to the model’s maximum power in Section 5.4 and show that a

dominant one-dimensional active subspace is present in the five-dimensional space of input

parameters. We conclude in Sections 5.5 and 5.6 with a discussion of how one may exploit
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the low-dimension of the active subpace to further study the parameter dependence in the

single-diode model’s maximum power.

5.2 Active subspaces

We consider a generic multivariate function f = f(x), where x represents the inputs of the

model, and f represents a specific scalar performance parameter that the model predicts. Let

X = [−1, 1]m be the domain with x ∈ X , and let ρ : X → R+ be a bounded and continuous

weight function on X ; we assume ρ is normalized to integrate to 1. Assume f is diffen-

tiable and absolutely continuous, and denote the gradient ∇xf(x) = [∂f/∂x1, . . . , ∂f/∂xm]T

oriented as a column vector.

Consider the following matrix C defined as

C =

∫
X

(∇xf)(∇xf)T ρ dx. (5.1)

In the context of dimension reduction for regression functions, Samarov calls this matrix an

average derivative functional [47]. Note that we are not studying regression functions, per

se. Instead, f represents a noiseless, parameterized computer simulation. The matrix C is

symmetric and positive semi-definite, so it admits a real eigenvalue decomposition

C = WΛW T , Λ = diag(λ1, . . . , λm), λ1 ≥ · · · ≥ λm ≥ 0. (5.2)

We can partition the eigenvectors,

W =
[
W1 W2

]
, Λ =

[
Λ1

Λ2

]
, (5.3)

where W1 contains the first n eigenvectors, and Λ1 contains the n largest eigenvalues. We

use the two sets of eigenvectors to create new sets of variables y = W T
1 x and z = W T

2 x. We

call the subspace defined by W1 the active subspace, and we call the variables y the active

variables ; the term active subspace methods for this type of analysis was first used in Russi’s

2010 Ph.D. dissertation [25]. The following two lemmas justify these labels.

Lemma 5.1 The mean-squared directional derivative of f with respect to the eigenvector wi

is equal to the corresponding eigenvalue,
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∫
X

(
(∇xf)Twi

)2
ρ dx = λi. (5.4)

Lemma 5.2 The mean-squared gradients of f with respect to the coordinates y and z satisfy∫
X

(∇yf)T (∇yf) ρ dx = λ1 + · · ·+ λn,∫
X

(∇zf)T (∇zf) ρ dx = λn+1 + · · ·+ λm.

(5.5)

The proofs of these lemmas can be found in our prior work [19]. In words, they mean that

f changes more, on average, when its inputs are perturbed along the directions W1 than

along the directions W2; the eigenvalues quantify precisely how much more. If an eigen-

value is exactly zero, then f(x) is constant along the direction defined by the corresponding

eigenvector over all of X .

To gain some intuition, consider the extreme case where all eigenvalues are precisely zero

except λ1. Then f(x) = g(wT
1 x), where w1 is the first column ofW , and g is a function of one

variable. In many applications, the smaller eigenvalues are not precisely zero, but they may

be much (e.g., orders of magnitude) smaller so that f(x) may be reasonably approximated

by a function of n < m linear combinations of x.

If a given model f admits such structure, then certain operations—e.g., response surface

modeling or optimization—become much less expensive. In particular, these operations can

be performed in the n-dimensional space of the active variables y instead of the full m-

dimensional space. It is therefore extremely valuable to determine if f admits an active

subspace. This analysis assumes that the weight function ρ on the domain X is given. The

computed quantities (like W and Λ) will change if a different ρ is given.

5.2.1 Identifying an active subspace

To identify the active subspace, we must approximate the matrix C from (5.1). Since C

is the mean of the outer product of the gradient, we can approximate it with simple Monte

Carlo. One could achieve a more accurate approximation of C and its eigendecomposition

with an integration rule that is more accurate than simple Monte Carlo. However, if m is
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greater than two or three, then tensor product constructions of accurate univariate numerical

integration rules (e.g., Gaussian quadrature) require too many evaluations of the gradient

to be practical—especially if the gradient is expensive to compute. The simple Monte Carlo

proceeds as follows. Draw xi independently according to ρ with i = 1, . . . ,M . Then

C ≈ Ĉ =
1

M

M∑
i=1

∇xf(xi)∇xf(xi)
T = Ŵ Λ̂Ŵ T . (5.6)

We use the eigenvalues of the approximation Ĉ as evidence of an active subspace. In partic-

ular, a large gap in the eigenvalues indicates a separation between the corresponding active

and inactive subspaces defined by Ŵ1 and Ŵ2, respectively. The qualification large depends

on the application. For example, a good low-dimensional approximation of f over its entire

domain may need a much larger separation than a good approximation of the bounds or the

average of f .

Other eigenvalue-based dimension reduction schemes (e.g., principal component analysis)

use heuristics based on the magnitude of the eigenvalues, such as choosing the dimension

of the subspace such that the ratio
∑n

i=1 λi/
∑m

i=1 λi is larger than some threshold. For

active subspaces, such heuristics are not well-justified. We are not interested in capturing

the gradient’s variance; we want to identify directions along which the function changes the

most. In our recent work, we show that the distance between the n-dimensional subspace

defined byW1 and its approximation defined by Ŵ1 is inversely proportional to λn+1−λn [24].

Therefore, the quality of the finite-sample subspace approximation depends more on the gap

between the eigenvalues than their magnitude.

5.2.2 Bootstrap to estimate variability

If a gap is present in the approximate eigenvalues Λ̂, one may naturally ask if a comparable

gap is present in the true eigenvalues Λ. To address this question, we use nonparametric

bootstrap. The bootstrap is most appropriate when the simulation is expensive, and the

number M of gradient evaluations is constrained by a computational budget. For j =

1, . . . ,M ′, let πj = [πj1, . . . , π
j
M ] be an M -vector of integers drawn uniformly at random
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between 1 and M . The jth bootstrap replicate of Ĉ is computed as

Ĉj =
1

M

M∑
i=1

∇xf(xπji
)∇xf(xπji

)T = Ŵ jΛ̂j
(
Ŵ j

)T
. (5.7)

The collection of eigenvectors Λ̂j yields a bootstrap distribution for the eigenvalues, which

can be used to estimate boostrap intervals. Note that these intervals are not true confidence

intervals, since the estimates are biased. However, this bias decreases as M increases; see [48,

Section 7.2] and [49, Chapter 3] for related discussions of the bias in bootstrap estimates for

principal components. Nevertheless, we use the 99% bootstrap intervals as evidence of gaps

in the estimated eigenvalues.

We can also use the bootstrap replicates to estimate the error in the estimated subspace.

Partition the eigenvectors from the bootstrap replicate as in (5.3). Define

ej = ‖Ŵ1Ŵ
T
1 − (Ŵ j

1 )(Ŵ j
1 )T‖2 = ‖Ŵ T

1 Ŵ
j
2 ‖, (5.8)

which is the distance between the subspace defined by Ŵ1 and bootstrap replicate Ŵ j
1 [50].

The mean and 99% bootstrap intervals of the set {ej} quantify the varibility in the estimated

active subspace.

Our current research efforts are focused on rigorously justified, computable metrics for

determining the relationship between the approximate eigenpairs Λ̂, Ŵ and the true eigen-

pairs Λ, W . Our recent paper applies non-asymptotic random matrix theory to characterize

the error in these approximations [24].

5.2.3 Visualization with the active subspace

Scatter plots are a common way to visualize data sets in search of a trend. Unfortunately,

visualization tools can only display scalar responses f as a function of at most two variables.

When the response depends on more than two variables, one can plot responses versus each

variable or each pair of variables.

Using the vectors defining the active subspace, we can create scatter plots based on the

active variables, which often show discernible trends that can be exploited in further studies
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(e.g., building response surfaces or optimization). This idea is described in detail in the

texts on regression graphics [42], where such plots are called sufficient summary plots. For

example, suppose we have noticed a large gap between the first and second eigenvalue. We

can confirm the presence of the active subspace by first sampling xi from ρ as in (5.6),

computing fi = f(xi) (often computed along with the gradients in (5.6)), and plotting the

pairs (wT
1 xi, fi)—where w1 is the first column of W . If a tight, univariate trend is visibly

present, then this verifies the active subspace. Figure 5.4 in Section 5.4 shows these scatter

plots for the single-diode model.

These sufficient summary plots can also be used to examine the variability in the vectors

defining the active subspace. In particular, we can use the bootstrap replicates Ŵ j from

(5.7). The first eigenvector from each can be used to create pairs for the scatter plot. Plotting

all pairs together creates clusters in the scatter plot that can indicate the spread around a

trend. We create these visualizations for the predicted performance parameter from the

single-diode model in Section 5.4.

5.2.4 Gradient approximation

Often the gradient∇xf is not available or is too complicated to compute. To approximate

partial derivatives, one builds a model of f(x) that is easily differentiable, e.g., a polynomial

model. A first-order finite difference approximation of the partial derivative with respect

to xi at x computes the slope of the plane that interpolates f at x and x + εei, where

ei is a vector of zeros with a one in the ith component. When the variables are properly

normalized, a reasonable choice for ε to approximate the derivative and avoid round-off issues

is the square root of machine precision [51, Section 8.1].

If the simulation output is well-behaved as a function of the variables x, then finite

difference approximations of gradients can be used as a substitute for the true gradient.

Each finite difference approximation requires m + 1 evaluations of f , so the number of

evaluations to compute Ĉ is M(m + 1). Therefore, finite differences are most appropriate

when the following are satisfied:
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• the simulation output behaves well as a function of the parameters, i.e., there is no

noise due to limited iterations of a nonlinear solver or large changes of the function on

scales smaller than the finite difference step size,

• the simulation completes in a short enough time on available computing resources to

permit M(m+ 1) evaluations.

Both of these conditions are satisfied for the performance parameter of interest from the

single-diode model as a function of its input parameters. Therefore, we use finite differences

in place of the true gradient to search for an active subspace.

If these conditions are not satisfied, then one must pursue other options for estimating

the gradients. One idea is to use local linear models within a budget-constrained set of runs.

In short, assume one has B pairs (xj, f(xj)). Given a point x in the parameter space, select

M points in {xj} near x, fit a linear model to the selected pairs, and estimate the gradient

as the gradient of the linear model. M must be large enough and the points must be chosen

to enable fitting the linear model. We have used this approach in practice, but we are still

analyzing its properties. The advantage over finite differences is that it is robust to noise

in {fj} when the number of points used to fit the linear model is greater than the number

of variables (M > m + 1). However, if the points {xj} are not sufficiently dense in the

parameter space, then the gradient estimates can be very poor, which lead to poor estimates

of the eigenvalues and eigenvectors. We continue to analyze this approach.

5.3 A single-diode solar cell model

In this section we introduce the single-diode solar cell model, the input parameters,

and the predicted quantity of interest. Over the past decade, a growing demand for clean

energy has caused rapid growth in the photovoltaic (PV) industry. The overall health of the

industry depends on proper characterization of the risks associated with a PV system. One

can characterize such risks using a mathematical model to describe the performance of the PV

device, such as a single-diode lumped-parameter equivalent-circuit model defined in Section
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5.3.1. For many series-wired PV devices, the single-diode model accurately describes the

device’s current-voltage (I-V ) characteristics at given irradiance and temperature conditions.

The single-diode model contains several input parameters that must be estimated—e.g., with

methods in [11] or [8]—to properly pose the model. With the inputs fixed, practitioners can

estimate the key performance parameters, such as the maximum power output Pmax and

energy conversion efficiency η.

Estimating the model’s input parameters presents challenges. For example, many single-

diode model parameter estimation methods have been proposed in the PV literature, and it

is not always clear if any particular estimation yields a unique result [6]. Further, since each

key performance parameter is a function of the model parameters, errors in estimating the

latter will cause issues in estimating the former.

Given these issues, it is desirable to know how the variability or uncertainty in each of

the input parameters affects variability in the outputs. In particular, it would be useful

to know whether the model admits an active subspace. If an active subspace is present,

then estimation of the performance parameters is greatly simplified. For example, rather

than conducting current-voltage measurements in a way that yields accurate estimates of

all model parameters, practitioners could instead focus on measurements that accurately

estimate parameters in the active subspace.

5.3.1 Calculating the key performance parameters

The single-diode model describes a relationship between the current (I) and voltage (V )

in the single diode. There are multiple variants of the single-diode model, each of which has

accompanying auxiliary equations that describe how components depend on irradiance and

temperature. In this work, we use the auxiliary equations derived in [29]; see [28] for an

example of others. These relationships are defined in the following equations.

I = IL − IS

(
exp

(
V + I RS

NS nVth

)
− 1

)
− V + I RS

RP

. (5.9)
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NS is the number of cells connected in series, which we set to 1. The thermal voltage Vth is

a given, fixed constant for fixed temperature T = 25◦C. An auxiliary equation defines the

photocurrent IL as

IL = ISC + IL

(
exp

(
ISCRS

NS nVth

)
− 1

)
+
ISCRS

RP

. (5.10)

The remaining terms are input parameters to the single-diode model; their names, units,

and ranges are given in Table 5.1. The ranges correspond to typical 2cm2 crystalline silicon

PV cells.

Table 5.1: The ranges of the input parameters for the single-diode model in (5.9) and (5.10).
These ranges correspond to typical 2cm2 crystalline silicon PV cells.

Parameter Name Lower bound Upper bound Units

ISC short-circuit current 0.05989 0.23958 amps
IS diode reverse saturation current 2.2e-11 2.2e-7 amps
n ideality factor 1 2 unit-less
RS series resistance 0.16625 0.66500 ohms
RP parallel (shunt) resistance 93.75 375.00 ohms

Given a device and I-V data, one can estimate precise values for the input parameters

(ISC, IS, n, RS, RP); see [11, 8, 29]. With these values fixed, one can compute the maximum

power of the device as

Pmax = maximum
I,V

I V, (5.11)

where current I and voltage V are constrained by (5.9) and (5.10). Changing the inputs

(ISC, IS, n, RS, RP) changes the nonlinear constraints in the optimization (5.11), thus chang-

ing Pmax. Therefore, we can write

Pmax = Pmax(ISC, IS, n, RS, RP). (5.12)

We use MATLAB to solve the optimization (5.11) subject to the constraints (5.9) and (5.10).

Figure 5.1 shows ten I-V curves with the single-diode model parameters chosen uniformly at

random from the ranges in Table 5.1. The black dots show the values of Imax and Vmax that

produce Pmax. A wrapper function computes Pmax as a function of the input parameters.
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Requests for the MATLAB code may be sent to the third author Campanelli.
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Figure 5.1: Ten current-voltage curves with parameters chosen uniformly at random from
the ranges in Table 5.1. The black circles plot the location of Pmax = ImaxVmax.

5.4 An active subspace in the single-diode model

We apply the techniques from Section 5.2 to search for an active subspace of the Pmax

performance parameter as a function of the parameters defined in Table 5.1. Note that a

different performance parameter (e.g., efficiency) would require an independent and iden-

tical analysis. The relationship between the respective active subspaces depends on the

relationship between the performance parameters and their inputs. In some cases, the active

subspaces might be similar; in other cases, they may differ substantially.

The MATLAB scripts for generating the figures in this section can be found at https:

//bitbucket.org/paulcon/active-subspaces-in-a-single-diode-model. To generate

the figures and results, we evaluated the model (m + 1)M = 6000 times, which took ap-

proximately three minutes on a MacBook Air. A more expensive model would permit fewer

evaluations, and we would choose M differently—or perhaps choose a different method.
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5.4.1 Normalizing the input parameters

We first normalize the domain of Pmax to the hypercube; denote the normalized variables

by x = [x1, x2, x3, x4, x5]T . The variable IS varies over several orders of magnitude, and

preliminary tests show that Pmax changes rapidly near smaller values of IS. To address this,

we work with log(IS). The range of log(IS) is bounded below by -24.54 and above by -15.32.

Let L(·) and U(·) return the upper and lower bounds, respectively, of the argument. We

define the normalized input parameters as

x1 = 2

(
ISC − L(ISC)

U(ISC)− L(ISC)

)
− 1

x2 = 2

(
log(IS)− L(log(IS))

U(log(IS))− L(log(IS))

)
− 1

x3 = 2

(
n− L(n)

U(n)− L(n)

)
− 1

x4 = 2

(
RS − L(RS)

U(RS)− L(RS)

)
− 1

x5 = 2

(
RP − L(RP)

U(RP)− L(RP)

)
− 1

(5.13)

Then x ∈ [−1, 1]5 and has no units. Note that this map is invertible. In other words, given

a value x ∈ [−1, 1]5, one can shift and scale the components of x—and transform the second

component with the exponential—to produce a valid input for the single-diode model. We

take the weight function ρ in (5.1) to be a constant 2−5 inside [−1, 1] and zero elsewhere.

One can interpret this weight function as a uniform probability density on the space of input

parameters.

Proper scaling is important. The results of the active subspaces analysis are not scale

invariant, so the scientist must carefully choose input parameter bounds that are appropriate

for the application. Changing the bounds can change the results—sometimes dramatically.

For example, the quantity of interest may be irregular and badly behaved over a wide range

of inputs. But reducing the range of interest might focus on a small region in the parameter

space where f is smooth—even nearly linear. A linear function has a one-dimensional active

subspace. Thus, loosely speaking, if the range of parameters is sufficiently small, then the
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active subspace will be nearly one-dimensional for continuous and differentiable quantities

of interest.

5.4.2 Estimating the eigenvalues and eigenvectors

We choose M = 1000 points xi uniformly at random from [−1, 1]5, and for each xi we

compute both Pmax and a first-order finite difference approximation of the gradient. We use

a finite difference step size of 10−6 in the normalized domain, which was small enough to

ensure that gradient approximation errors were substantially smaller than the variance due

to random sampling.

To study variability in the computed components of Ĉ from (5.6), we use the bootstrap

described in Section 5.2.2 with M ′ = 1000 bootstrap replicates. The 99% boostrap intervals

for the eigenvalue estimates are shown in Figure 5.2(a). The tight bootstrap ranges suggest

there is little eigenvalue variability in the bootstrapped data set. There is a gap of nearly an

order of magnitude between both the first and second and the second and third eigenvalues.

This suggests a very dominant one-dimensional active subspace. Figure 5.2(b) shows the

estimated error in the approximated subspace using (5.8). Note that this error is actually

the cosine of the principal angle between the subspaces, so it is bounded above by 1.

Figure 5.3 displays the components of the first and second eigenvectors of Ĉ computed

with M = 1000 samples—along with the M ′ = 1000 bootstrap replicates. They are nor-

malized so that the first component is positive. The small ranges suggest that the one- and

two-dimensional active subspaces are stable within the gradient samples.

5.4.3 Identifying the active subspace

The order-of-magnitude gap between the first and second eigenvalues suggests a dominant

one-dimensional active subspace. Recall that gaps between eigenvalues are more important

than the magnitudes of the eigenvalues. Figure 5.4(a) plots 100 values of Pmax against a linear

combination of the corresponding normalized inputs; the weights of the linear combination

are the components of the first eigenvector ŵ1 from (5.6). Figure 5.4(a) is a one-dimensional
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Figure 5.2: The left figure shows the eigenvalues of the matrix Ĉ from (5.6) with M = 1000
samples and their bootstrap ranges with M ′ = 1000 boostrap replicates. The right figure
shows the mean and ranges of the bootstrap estimates of the subspace error (see (5.8)) with
M ′ = 1000 bootstrap replicates.

sufficient summary plot, as described in [42]. The plot shows a potentially exploitable low-

dimensional relationship between the input parameters and the quantity of interest, Pmax.

Figure 5.4(b) shows the two-dimensional sufficient summary plot. The grayscale corre-

sponds to the value of Pmax. The black dot in the center of each cluster has a horizontal and

vertical location determined by linear combinations of Pmax’s corresponding input param-

eters; the weights of the linear combination are the eigenvectors ŵ1 and ŵ2, respectively.

Each cluster corresponds to the value of Pmax with horizontal and vertical position deter-

mined by 20 bootstrap replicates of ŵ1 and ŵ2. The relatively small spread in the clusters

indicates that the estimated subspace is stable.

In Figure 5.4(b), note that Pmax increases primarily as a function of the first active vari-

able. This provides more evidence of the dominance of the one-dimensional active subspace.
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Figure 5.3: These figures show the components of the first (left) and second (right) eigen-
vectors of Ĉ with M = 1000 gradient samples. The grey shaded region superimposes the
M ′ = 1000 bootstrap replicates of the eigenvector components; the tight ranges suggests
stability in the gradient samples. These values can be used as measures of sensitivity of Pmax

with respect to the input variables in the model, whose names are given along the horizontal
axis of the figures. See Table 5.1 for a description of the variables.

5.4.4 Eigenvectors for sensitivity analysis

The eigenvector components connect the active subspace to the (normalized) variables in

the model; Figure 5.3 includes the corresponding labels in the horizontal axis. The magni-

tudes of the eigenvector components can be used as measures of relative sensitivity for each

of the parameters in the model. A large absolute value of the eigenvector component implies

that this variable is important in defining the direction along which input perturbations

produce the most change, on average, in Pmax. The components corresponding the parallel

resistance RP and series resistance RS are close to zero, which implies that (normalized)

changes in RP and RS do not change Pmax as much as changes in the other parameters.

We compare the components of ŵ1, which defines the dominant one-dimensional active

subspace, to the Sobol’ first-order sensitivity indices and total sensitivity indices. We im-
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Figure 5.4: One-dimensional (left) and two-dimensional sufficient summary plots of 100 real-
izations of Pmax using ŵ1 (left) and both ŵ1, ŵ2 (right). The clusters of points on the right
correspond to 20 bootstrap replicates of ŵ1 and ŵ2. The strong trend in Figure 5.4(a) is veri-
fied by looking at the variation along Active Variable 1 (the horizontal axis) in Figure 5.4(b),
and the combination of these provide evidence of a one-dimensional active subspace.

plemented the method to estimate these indices from Sudret [52] using a tensor product

Gaussian quadrature rule with 32768 points in 5 dimensions. Table 5.2 displays the eigen-

vector components and the Sobol’ indices.

Table 5.2: The components of the eigenvector ŵ1, the Sobol’ first-order indices, and the
Sobol’ total sensitivity indices for the single-diode model parameters. The metrics provide
same ranking of importance for the parameters.

Parameter ŵ1 Sobol’ first-order index Sobol’ total sens. index
ISC 0.77 0.56 0.61
IS -0.42 0.17 0.19
n 0.47 0.21 0.25
RS -0.09 0.01 0.01
RP 0.02 0.00 0.00

There are several things to note in Table 5.2. First, the importance ranking from the

Sobol’ indices and the ranking from the eigenvector component magnitudes are the same.

However, the signs of eigenvector components indicate whether Pmax will increase or decrease,
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on average, with changes in the corresponding parameter. (Eigenvectors are unique up to

a sign, so these signs should be considered relative to one another.) There is no such

interpretation in the Sobol’ indices. In other words, the eigenvector components provide

more information about the relationship between the corresponding parameters and Pmax.

The numeric values are difficult to compare, since they are normalized differently. The

Sobol’ indices are divided by the estimated total variance in Pmax, whereas the eigenvector

components are normalized to have Euclidean norm equal to 1. In this case, they are the

same order of magnitude.

We emphasize the different interpretations of these numbers. The eigenvector ŵ1 is a

single direction in the input space. Input perturbations along this direction change Pmax

more, on average, than perturbations orthogonal to this direction. The Sobol’ indices indi-

cate the proportion of Pmax’s total variance attributable to the factors of a variance-based

decomposition of Pmax. In terms of dimension reduction, one might (i) use the Sobol’ indices

to conclude that only three of the five parameters were important and (ii) approximate Pmax

as a function of those three parameters. In contrast, the active subspace is used to approx-

imate Pmax as with a univariate function of a linear combination of all five parameters. In

other words, the variance-based approach reduces the dimension from 5 to 3, and the active

subspace approach reduces the dimension from 5 to 1.

There are other challenges facing the active subspace style of dimension that do not affect

the variance-based approach. The variance-based approach uses a subset of the model’s

parameters—as opposed to a subspace. Fixing a subset of parameters at nominal values

and allowing the others to vary is relatively straighforward. Exploiting one important linear

combination of the normalized parameters is not as straightforward. In the next section we

discuss some possibilities for exploiting the active subspace.

5.4.5 Interpreting the sensitivity analyses

We can interpret the consistent importance rankings in the sensitivity metrics in terms of

the physics of the single-diode model. First, Pmax = ImaxVmax, where (Imax, Vmax) is the point
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on the I-V curve that maximizes (5.11). Imax typically scales linearly with ISC. The voltage

at I = 0—denoted Voc for voltage at open circuit—typically scales logarithmically with ISC.

Vmax behaves like Voc. Thus, increases in ISC affect Imax linearly and Vmax logarithmically,

which changes Pmax as the product of a linear term and a logarithmic term. Since ISC affects

both Imax and Vmax, it is natural for it to be the driving parameter in Pmax.

Recall that these sensitivity analyses are not scale invariant; the input parameter ranges

and the weight function affect the results. The ranges for n and IS are at about their maxi-

mum extent for a crystalline silicon PV cell, while the ranges for RS and RP are somewhat

restricted. All of these parameters affect the shape and/or onset of the knee of the I-V

curve, which determines the location of (Vmax, Imax) and, thus, Pmax. Here RS and RP are

relatively unimportant because their ranges are relatively smaller than the ranges for n and

IS.

5.5 Using the active variables

The estimated eigenvalues in Figure 5.2(a) and the plots in Figure 5.4(a) and Figure 5.4(b)

provide strong evidence for the presence of a dominant one-dimensional active subspace in

the Pmax performance parameter computed from the single-diode model as a function of the

model’s five input parameters. The natural question is how one can exploit the dimension

reduction afforded by the active subspace. There are five types of studies that benefit greatly

from fewer input parameters. To keep the scope of this paper limited, we do not address the

details of any of these studies, and we prefer to reserve them for future exploration.

Visualization. The active subspace enables one to view the model output’s dependence on

its inputs with standard computer graphics tools when the active subspace is not more than

two-dimensional. Sufficient summary plots, such as those in s Figure 5.4(a) and Figure 5.4(b)

can provide insights to modelers seeking to improve their models.

Optimization. Suppose one wanted to maximize Pmax over the input variables. The plot

in Figure 5.4 shows a monotonic trend in the univariate function of the first active variable.

For such functions, maximization is trivial; simply make the first active variable ŵT
1 x as
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large as possible subject to the constraints x ∈ [−1, 1]m. In general, a five-dimensional

global optimization where the input/output relationship is not well-understood is a difficult

problem. For the Pmax output from the single-diode model, the active subspace provides a

way to discover the location of the global optimum with ease.

Response surfaces. If the single-diode model were expensive to evaluate, then one may

wish to construct a response surface that approximates the map from inputs to outputs. A

one-dimensional active subspace allows one to build a response surface on only the active

variable instead of the five model input parameters. Constructing a response surface in one

variable is certainly preferred to constructing one in five variables. Real-time control systems

such as maximum power point trackers might benefit from the characterization of a simple,

low-dimensional response surface. In addition, the visualization tools give one confidence

that the response is sufficiently smooth with respect to the active variable to permit an

accurate response surface.

Averages. One may wish to compute an average of Pmax over all five input variables. Since

the average of Pmax over its inputs is the same as the average of the conditional expectation

given the active variable, we need only to approximate a marginal density of the active

variable to compute the average. We are working on the specifics of this idea, but the goal

would be to transform a five-dimensional integral into a one-dimensional integral requiring

many fewer evaluations of Pmax.

Design. Suppose a modeler wanted to design a solar cell with Pmax in a specified range

and sought an appropriate range of values for the model inputs. A one-dimensional active

subspace makes this query much easier—especially if Pmax is monotonic with respect to the

active variable as in Figure 5.4(b).

5.6 Conclusions

We have discussed methods for discovering the directions in a model’s input space that

change the model’s prediction the most, on average. The active subspace is the span of

these directions. For global sensitivity analysis, the active subspace offers an alternative to
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variance decomposition techniques such as Sobol’ indices. We have applied this procedure

to a single-diode solar cell model with key performance parameter Pmax, and we discovered

a dominant one-dimensional active subspace. We offered several possible ways to exploit the

knowledge of this low-dimensional parametric dependence to gain greater insight into the

model.
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CHAPTER 6

CONCLUSIONS

The research presented in this thesis has been driven by the belief that, in addition

to being personally fulfilling, ones work ought to foster some ends that are important to

the global community. PV performance modeling plays a modest but important role in

furthering our ability to increase the proportion of solar energy in our energy portfolio. A

higher proportion of solar energy in our energy portfolio is important if one is concerned

with meeting future energy needs and reducing or reversing the effects of climate change.

This thesis contributes to PV performance modeling in at least two ways. First, the work

in Chapter 2 suggests that, in estimating the single-diode model parameters and other key

performance parameters, one could rely on and exploit a low dimensional structure for more

reliable estimates. That is, the five-dimensional optimization problem constructed from the

single-diode model in Chapter 2 may be reducible to one (or perhaps two) dimensions. Such

dimension reductions could be helpful for increasing accuracy in new or currently available

PV modeling software packages, such as PVsyst [18].

Second, PV devices are typically rated by manufactures at SRC (1000 W/m2 under the

standard spectrum defined in ASTM G173-03 [3] and T = 25◦ C); but in the field, PV

devices operate at a range of temperature, irradiance, and spectra. The framework provided

in this thesis can be thought of as making some important initial steps in constructing

estimation procedures that allow for ratings away from SRC. For example, the single-diode

model auxiliary equations described in Chapter 3 and Chapter 4 model PV performance

at operating conditions that deviate slightly from an irradiance of 1000 W/m2. Further,

through statistical techniques, we are able to model the noise in the data to quantify the

uncertainty in parameter estimates. Such techniques can be extended to other models, such

as the Desoto model [28], which describes PV performance at a wider range of operating
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conditions.

There is quite a bit of potential for future work in the areas of dimension reduction and

statistical modeling of PV device performance. First, further advancements in active sub-

space research will suggest more ways that the low dimensional structure in the constructed

objective function can be exploited to further PV performance parameter estimation meth-

ods. Second, the active subspace analysis conducted in Chapter 2 could be repeated on

different choices for objective functions. Such choices could come from different sets of

single-diode model auxiliary equations or from different loss functions (e.g., the loss func-

tions described in Chapter 3 and Chapter 4).

Third, we note that the statistical methods used in Chapter 3 and Chapter 4, and in

particular, the assumed normal noise model for E, are in need of validation. Because the

single-diode model is nonlinear in its parameters, validation of the noise model for E is

nontrivial, but the methods in [53] may be of use. Fourth, the statistical model can be

generalized to account for measurement noise in I and V . Finally, it would be useful to

consider uncertainty caused by model discrepancy in the current model and future models.
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