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T-1179 -
ABSTRACT

An eﬁaluation of algorithms for Fourier transformation was
accomplished using a'CDC 8090 and a CDC 6400 computer. Two input
functions were used to help evaluate truncation errors.

Two computers with different lengths of computer word were
used to show the effect of word length on accuracy of calculations.

Definite comparisons can be drawn between the algorithms
to determine which algorithm is the optimum one to use in many specific

cases.
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INTRODUCTION

In many fields of science and engineering the Fourier
transform is a very powerful tool in aﬁalysis: It has become possible
with the modern digital computers of today to calculate the finite
Fourier transform for much of the physical data to be analyzed.

It is the purpose of this thesis to make a time-and-error
comparison of the algorithms for the finite transform. To the knowl-
edge of the author there are basically seven different algorithms
with which to calculate a finité Fourier .transform. All but the
seventh algorithm were run on a CDC 8090 and a CDC 6400. The seventh
algorithm (FT7) was run on a SDS-9300 computer with the results being
cémparable to the previous six.

In the first chapter a brief derivation of the. finite
Fourier traqsform is g;ven. In chapter two a description of tﬁe seven
algorithms is given. Chapter three describes the input functions and
shows some selected output of the algorithms.

-An evaluation of the errors between the algorithms, computers,
and functions is given in chapter four.'

Chapter five gives a summary of the results and lists the

conclusions arrived at by the evaluations.
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DISCRETE FOURIER TRANSFORMS
The Fourier transform of a function x(t) is defined as:
F(w) = f x(t)e 9tae (1-1)
where i = \/~l
w = angular frequency = 27f

f frequency

The inverse of this transform is

x(t) =;1-1T—~f F(w)el®Cdy (1-2)

—C0

In order to handle this integfation on a digital computer,
the finite Fourier transform is incorporated using sampled, truncated
data. To make a discr;te function out of a continuous function, the
continuous data must be "sampled." . An approach to sampling the data
can be accomplished by using the impulse function (Gray, 1965; McNett,

1967).

The impulse or delta function is defined (Papoulis, 1962) as:

o0

f §(t)dt = 1;  6(t) = 0 for t # 0 (1-3)

or by the property
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J/~ §(t) x(t)dt = x(o)
o0
where x(t) is a continuous function. This property states that the inte-
gration of x(t) with 8(t) assigns to the function x(t) the value at x(0).
This function implies then that the delta function is a distribution or
a generalized function. A more precise treatment of the concept of dis-
tributions can be found in (Lee; 1960;_Papoulis;'l962; Lighthill, 1964;
and Zemanian, 1965).

An extension of the aelta function to include all values of t
leads to the following definition

Z; s(t - tn)‘ x(t)dt = x(t ) (1-4)

so that now the integral assigns to the continuous function x(t) the
values at X(tn)' Also, equation (1-4) can be defined over a finite range,

say -M to M.

Let the. function,

_fx(x) ~M<t<M
%, (8) —{0 t<-M, t>M
then
M )
[M §(t - £ ) x(t)de =,/£° 8(t - t )X, (t)dt

or equation (1-4) over the finite range -M to M would be,

M
f §(t - t ) x(v)dt = XM(tn)
M n XM(tn)

Il

x(t ) -M<t <M
n n (1-5).

0 t <=M, t >M
n n

By considering a finite sequence of delta functions (spikes)

a sampling operation is represented and can be defined by
M
S(t) = §(t - t ) (1-6)
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such that there are equally weighted spikes located along the t-axis at
p981t10ns tn. |
If the spikes are located at equal intervals of At, then

t = nAt,; and equation (1-5) becomes’
M : -
SM(t) = _S_ §(t - nAt). (1-6)
Equation (1-6) can be used as a sampling operator. Multiplication of a
continuous function x(t) by this sampling opératof'resu1ts in a sampled

function'xd(t) represented by a sequence of inpulses weighted by the

values of the continuous function at t, = nAt. This sampled sequence is

M

SM(t) x(t) = x(t) Z S(t ~ nAt)
n=-M
or
M
X (t) = ;M x(nAt) §(t - nAt) (1-7)

By substituting equation (1-7), the discrete operator, into

(1-1) for the continuous function, the finite Fourier transform can be

defined
F,(w) =f xd(t)e_iwtdt (1-8)
il re ~iwt
Fa(w) = »Zﬁx(nAt) f §(t - nAt)e "“Cde (1-9)
n:— -0
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From the definition of the delta function it can then be
shown (Papoulis, page 43, 1962) that

M .
Fd(w) = IEL.X(QAt)e_lwnAt (1-10)

n=-M
An important feature of equation (1-10)is that the transform Fd(w)
is periodic.

Let Q = 2n/At

M .
Fd(w + kQ) = :;‘ x(nAt)e_l(w + k@)nit
ety
M . .
- x(nAt)e_lwnAt e ik2mn
=
Since n and k are integers, c=._1k21Tn =1,
. " '
Fd(w + kQ) = x(nAt)enlwnAt, and
n=-M
Fd(w + kQ) = Fd(w).

Hence, the period of the finite Fourier transform is
Q = 2n/At, which is called the angular sampling frequency.
In equation (1-10) the problem of calculating a frequency

function F(w) from the continuous function x(t), is replaced by the
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problem of calculating the periodic function’Fd(m)'from the sequence
x(nAt). If x(t) is not'truncated'by'sampling; the periodic function
is constructed by adding the set of functions F(w + k) for

k =0, il; i2; etc. Therefore the error in approximating F(w) by

Fd(w) in the range -%0<w<k%Q is the sum Qf'the F(u+tk's for k # 0.
2m
At
large so that this error is negligible in the frequency range of

Thus, by choosing At small enough, Q = can be made sufficiently

interest.
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- TRANSFORM ALGORITHMS
Thisvchapter'descriBes seven algorithms to be compared.

The first algorithm (FT1l) is a direct application of the

discrete Fourier transform

L ~inwAt

F_(w) = x(nAt)e (1-10)
d
=2y
. -iy . e
since e = cos y - 1 sin y, (1-10) becomes
M .

Fd(w) = :Z: [x(nAt) [ cos (wnAt) - i sin (wnAt)]]

w=M (2-1)

or to determine the individual coefficients of the expansion, let
X(w) = real part of the transform, and Y(w) = - imaginary part of the

transform. Then (2-1) would become

M
X(w) = x(nAt) cos (wnAt) (2-2)
and
M
CY(w) = ZM x(nAt) sin (wnAt) (2-3)
==

from which the Fourier'spectrum'A(w) can be computed,

AGw) = ‘%/ X2 (w) + Y2 () (2-4)
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and the phase aﬁglé o(w).

2(w) = tan--1 [; %fﬁ%‘] (2-5)

If there are a total of 2M + 1 points to describe the function
x(t), (n fanging from M to -M), then for the algorithm FT1 there will
be 2M summations over 2M multiplicationé to describe each frequeﬁcy
component of the real and imaginary parts of the transform; that is,

81 computations for each value of the frequency.

The second algorithm (FT2) employs an iterative technique to
determine the sine and cosine values of equétions (2-2) and (2-3). ‘An
initial value for the sine and cosine is set; if wl = Aw, then
sin 6 = sin (w;At) and cos © = cos (wlAt). Using the recurrence

relations
sin (j + 1)6 = sin j6 cos 6 + cos j0 sin 6  (2-6)
for 3 =1, 2, . . . , M,

and cos (j + 1)8 = cos j6 cos 6 - sin j6 sin 8  (2-7)

for 3 =0, 1, . . . , M,

one can compute

M .
X(w) = x(nAt) cos (wnAt) (2-8)
and
N M -
Y(w) = E. (nAt) sin (wnAt) (2-9)
) ps x(n sin (wn

using library sub-programs for sin® and cos 6 only.
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Once again there will bé 2M summations over 2M multiplications, but
this time the recurrence formulas are used to speed up the calculation.
G. Goertzel (Goertzel, 1958) developed the third algorithm °
(FT3). 1In this algorithm the calculation of the coefficients of the
discréte Fourier transform (2-1) is accomplished on a more economical
basis than either of the two preceding algorithms (FT1l) or (FT2).
Once again, startiog with the sums ia equations (2-2) aad
(2-3), Goertzel has pointed out that one multipliéation for each sum-

mation can be eliminated by employing the following recursive technique.

Let Uy = O (2-10)

Uit = © (2-11)

and Um,= (2 cos mAt)Um+1 - Um+2 + x(m) (2-12)
where m=0Q@M, 2M - 1, . . . , 1.

It has been shown (Hamming, 1962) how a recursive tech-

nique for the trigonometric functions through the use of the above

relations can reduce'the number of calculations for the transformation,

so that . M

X(w) = ZM x(nAt) cos (wnAt) (2-2)

n=-

becomes .

X(w) = x(0) + (2 cos nwAt)U; - Up; (2-13)
and M

Y(w) = 5 x(nAt) sin (wnAt) (2-3)
becomes

Y(w) = U, sin (wnAt). (2-14)

1
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A proof of the above can be found in (Goertzel, 1958).
The same recursion relation for the trigonometric functions

as used in FT2 can be employed here, so that if

C = cos wnAt
n

and Sn = sin wnAt

then Cn+l Clj_ S1 Cn
Sn+l Sl Cl Sn

resulting in algorithm FT3 being

X (w) x(0) + 2CnU (2-15)

1~ Y

and Y (w) SnUl.
The number of calculations for this algorithm is less than
M multiplications and 3M additions or 3M multiplications and 2M
additions for each pair of complex parts per value of frequency.
The fourth algorithm (FT4)ris basically the same algorithm
as (FT1) with the exception that the values of the sine and cosine for

ahy expected increments of the arguments, nwAt, are calculated and

placed in a table for future reference.



11

T-1179

It is obvious that the speed of this algorithm after the
initial calculation is dependent only on the access time of the computer
being used. The major disadvantage of this algorithm lies in the large
amount of computer memory that would be required to store the
trigonometric tables.

Another recursive technique for determining sine and cosine
is employed in the fifth algorithm (FT5). This recursive technique

is as follows:

cos (n+1)6 =2 cosbcos n6 - cos (n - 1)6 (2-17)

sin (n + 1)06 = 2 cosBsinnb® - sin (n - 1)6 (2-18)

Therefore, the real and imaginary parts of the transform are

as stated in equations (2-2) and (2-3)

M
X(w) = x(nAt) cos (nwAt) (2-19)
n=-M '
. M
and Y(w) = :E;H_x(nAt) sin (nwAt) (2-20)
e

Once again the number of operations are 2M summations over
2M multiplications, but the speed comes in requiring -only one calcula-
tion of sine and cosine.

The sixth algorithm is the z transform (FT6).



T-1179 .
Let
iwAt
= e
then
M : .
Fd(w) = E‘ x(nAt)e—lnwAt
n:—

becomes

M
x(nAt)z“n

and the algorithm would be as follows.

F 4 (w)

Let
z = Complex value = (x, ¥)
z = [cos (wAt); sin (wAt)]
then M .
X(w) = 'E Real (Z2) x(nAt)
n=_
and M .
Y(w) = Imaginary (Z) x(nAt)
n:_

12

(2-21)

(1-11)

(2-22)

(2-23)

(2-24)

"The total calculétions will be 2M summations over 2M

multiplications, with an increase in speed of calculation coming from

only one calculation of sine and cosine being necessary.

The final algorithm to be compared (FT7) is the Fast Fourier

Transform developed by J. W. Cooley and J. W. Tukey (Cooley and Tukey,

1965). There has been a change in notation for this algorithm as

compared to the previous six algorithms. The author felt this was
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necessary to develop the algorithm in such a manner as to show how
the speedup is accomplished. AMore specifically, if a time sequence
x(t) contains N = M samples, (0, 1, . . . , N), then the aumber of
operations to accomplish the transform using this algorithm is about
2MN = 2N 1og2 N. Let_thé time sequence k(t) be divided into two
functions, a(t) and b(t), each having only half of the total N points.

Also, let a(t) be ccmposed of the even-numbered points, aand b(t) be

composed of the odd-numbered points.

1l

an(t) x(ZnAt) (2-27)

b (t) = x [(2n + 1)at] (2-28)

Corresponding to these two functioas, define two functions

that have Fourier traansforms given by:

N
2 o

E(w) =*§E% an(t)e—lznwAt (2-29)
n=

and

. 1_\2‘:1
O(w)‘= bn(t)e—lznmAt (2-30)

=
The transform for the entire N points in terms of the odd-

and even-numbered points would be,

N

2 . _
Fa) = Z ; [ an(t)e“lz““’At + bn(t)e"l‘*’(2n + l)At]
n=
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or N N-q
2 -i2nwAt | & -iw(2ntl) At
F @) =Y x(2nbt)e” +Z:b x[(2n + 1)ag]e H02"
n=0 n=

resulting in

Ny N,
2 —i2nwAt | -iw & ~i2nAt
Fd(w) = Z x(2nAt)e THURE 4 7Y E x[(Zn + l)At]e-

which in terms of equationé (2-29) and (2-30) would be
F (@) = E(w) + e “0(w).

Therefore it has been demonstrated that the transform of the
time sequence of N points can be computed by reducing the sequence to

two sequences of‘g points. The computation of E(w) and O(w) can be

reduced to the computation of sequences of %-points. These reductions
are possible as long as the number of samplés is di&isible by 2.
(Cochran, Cboley, and others, 1967). There are g-complex multiplica-
tions to go from two-% point analysis to an N point analysis. So that
if N is the Mthvpower of two, N = ZM, then M successive douhlings would
yield the N point analysis. There are two complex additions for each
multiplication and the total calculations for the algorithm are less
than N log, N operatioms, resulting in this algorithm having fewer
multipliéations than any other algorithm.

It should be pointed out that N does not necessarily have to
be a power of two, but can be any composite number, such as

N = Ty T, . e s T then m different subsequences of N are formed
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to make up the transform, yielding an algorithm with a total number of

operations being N(rqy + r, + . . . + rp). If allr. (j=1,2, .., m)

2 J

are equal, the total number of operationé become rN logr N. Cooley
and Tukey have determined that the optimum conditions exist when
r =2, 3, or 4.

A simple example helps to clarify this algorithm. Such an

example can be found in Cochran (Cochran, Cooley, and Others, 1967).
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EXPERIMENTAL DATA

Test Functions

There were two different functions used to test the algo-

rithms. The first function

Function 1

£,(t) ketoQ oAt £or 50 (3-1)

f(t) =0 for t<0

where

k = scale factor which normalizes f(t) to 1;0

To = 20.0 (the time (t) at which f(t) is maximum)

Q = .18203921 (a value used to insure convergence

approaching zero near a time of 100.0)

were chosen because of the small effect of truncation in the range

calculated. Figure 3.1 represents equation (3-1).

16
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1.0
£(t) = ke 0%
Amp1li tude
=>
T
o
.Time ’
Figure 3.1
Function 2 =
2
— qinn2. | sin wt] (3-2)
fz(t) Sinc4t [*—75;*—

Since function 2,7equation (3-2), is an even function, only values for
t20 were used to calculate the transform. Figure 3.2 represents
equation (3-2). The error between the discrete transform and the
closed form transform as illustrated in Figure 3.4 represents the
truncation effects of limiting the range of the function, from t = 0

to t = M. (M = 129 points as stated on page 22 and figure 3.4.)
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Amplitude A £(t) = Sinc2t

Figure 3.2

Data Display

Two samples of the test data computed that were plotted on
a Calcomp Digital Incremental Plotter are displayed in figures 3.3
and 3.4. The printed results from which these plots were made appear
in Appendix B, along with the ioput values for the two functioans.
Due to the ovegabundance of data gathered for all seven algorithms,
and the redundancy of the plots, only two plots are displayed. The
printed results for only three of the algorithms were chosen to be
listed in this thesis: FT2, FT4, and FT6. These three were chosen
because they represent tﬁe three basic groupings of the algorithms,

excluding the fast Fourier transform (FT7).



19

"0344 SSIINOISNIWIO

001° 0 L80" 0 5L0° 0 290° 0 050" 0 LED" 0 820' 9 210° 0 000" 0-
! | § | i 1 | ! !
— =3 T —— o
o o
Q [}
) e,
| (»)
(] ™
. . Z
3 Q
o
5 Lo
2 3
|d.
I3 SH
D e e e e e e e e e e —— — —
) c
_IJ LR XY O
RuNw :.44..!.. 3
o b 4:11!1Qt ‘-0
N @D
=} 8
0608-302 taa, .
o 100°=" 0344 30 LNIW3YINI o
3 1°0= *D3Y3 " XoW @
© 621=SIN104 40 "ON ©
[ 1%0-)dX3% L
((D#DL )% ] }%3700S=( L )4~ INOTLINMS ",
2 - Z-14 N1LAO¥ANS " -
S o €€ NO1L o
P Q cJ
= O O



20

oot o

!

£80° ¢
]

SL0° 0
l

¢80° o
!

"03y4 wmuqzowozquo
050" 0 LEO" O

520" 0
1

Z10° 0 000° 0-
i

ISHHJ
003° 0 Qo2: 0~ 003" 0- 000" 1

T-1179
000" 1

002° 0

_ 0805202

- oL RE0S

~

o e o emm e e v eme emme e mmme e emm wan e s e e e e e s e e e i e em | e e e o —_— — — — - —

WH04SNVYL W¥04 Q3S0T9—-—

100°="0344 40 LNIW3¥INI
1°0= 0344 " XBW
B821=SINIOd 40 "ON
¢x#JINIS=ZNO1 LINNS

ANLTIA

cog 0 QoY 0 002:0  -000°0-
JaNLT1dWd

oeg-o

coott



21

T-1179

The amplitude axes of the figures have been normalized>to
one, while the phase axes have been plotted on a scale of -mS¢Sm for
the CDC-6400 computer and a normalized scale of -1£¢S1 for the CDC-8090
computer.

The frequency axes of the figures were plotted in dimension-
less frequency fAt. This is a convenient unit for discrete transforms.

To see this, use equation (2-1).

M
Fd(w) = 2 [x(nAt)[cos'(wnAt) - 1i sin (wnAt)]] (2-1)
n:_
To calculate this discrete transform on the computer, Fd(w) must be
Vcalculated for discrete values of w; therefore, (2-1) would become

M .
:z: {x(nAt)[cos (nkAwAt) - i sin (nkAwAt)]]

n==H (3-3)

Fd(kAw)

k=0,1, . . . , N.
Equation (3;3) is a function of the variable kAwAt. Upon doing the
transform AwAt is fixed and, by specifying either Aw or At, the other

is determined. The maximum N necessary is N = 0.5/AfAt, where

Af =-§%, because the Nyquist frequency (wc) occurs at NAfAt = 0.5 on

the dimensionless scale.

=T -
w, =3¢ = 2 (3-4)
(3-5)

. I
fc(max1mum kAf) = 0
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therefore
NAfAt = 0.5 (3-6)

Trunéation'and Sampling

In order to show the effect that truncation can have on the
result and so that this effect is not misinterpreted to be due strictly
to approximating the transform, the two test functions were calculated
for 81 and 129 points, for each of the seven algorithms.

It was not the intent of this thesis to study the effect of
sampling, therefore, a sampling rate was used that would insure that
the effects of aliasing would not be encountered.

The sampling rate for function 1 is At = 1.0. The sampling
rate for function 2 is At = .05 for a total of 81 points, énd At = .03
for a total of 129 points. The value of N in equation (3-6) for all
examples run is 100.

For function 1

Af

il

.001

At 1.0.

Therefore the aliasing frequency would occur when
N = 0.5/AfAt = 5 x 102.
For function 2

Af

1]

.001

]

At = .05
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Therefore
N = 0.5/AfAt = 1 x 10%
and
Af = .001
At = .03;
therefore

N = 0.5/AfAt = 1.67 x 10%.

It should be pointed out that for the transformations ac-
complished in this thesis; thére‘WOuld be two types of truncation
because of the finite Fourier transform. The first would be truncation
due to the approximation of the transform or the shrinking of the domain
of the function. The second type of truncation would be due to the
sampling of the function in the domain described. A more exécting
treatment of sampling can be found in Bracewell (Bracewell, 1965) and

Papoulis (Papoulis, 1962).
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ERROR COMPARISON

This chapter is an evaluation of the error of the algorithm.
Since all the algorithms are discrete calculations on a computer, there
is not only a possible error due to the individual algorithm involved,
but also there can be error due to the configuration of the computing
machine used and the internal subroutines of the system that are
necessarily used by the algorithms. These would include the trigono-
metric function and complex arithmetic that are available on most
library systems of a computer.

Approximation Error

The discrete Fourier Transform (1-11) is a result of the

Fourier Series.

. A ©
x(t) = 7f-+ E;;(ak cos kt + bk sin kt) (4-1)

To make this series discrete, consider the following set of 2N
functions, 1, cos t, . . . , cos Nt; sin t, sin 2t, . . . , sin (N-1)t.
It can be shown (Hamming, 1962; Ralston, 1965, Lanczos, 1956) that

2 [

these functions are orthogonal over the discrete set of pointsvti =7
i=0,...,2N-1.

The orthogonality relations are,
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2N-1
:E; - .om _ J0ifk#m
2 sin kt sin N ot = '{N ifk=m#0
1 T T
sin [y kt cos ymt = 0 (4-2)
t=
2M-1 g . 0 ifk #m
cos — kt cos — mt = 3N ifk=m#0, N, ...
= N N 2N if k=m=0, N, . ..

By using 2N functions an exact fit can be made on the 2N
points. But one reason why Fourier analysis is such a powerful tool
'is the fact that it accomplishes a smoothing in the whole region and
by using all 2N functions this is not accomplished. Therefore, an
approximation of the function x(t) is made by using M<N-1 terms. Then

equation (4-1) becomes

'(t)—f—°—+ 3 ( Tt +b in ~ kt) (4-3)
XM =3 ;;; ak cos N Xk sin N

Then the ak's and b, 's are determined so that the sum of the squares

k
of the differences between the function and the appfoximated'function

is a minimum,
[x(t) - x,()]? = minimm (4t

It is therefore evident that a general error for all the

algorithms is a function of the number M of harmonics calculated. A
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poiﬁt to be considered in determining M is that, due to sampling at
even intervals, no frequency greater than the Nyquist frequency can
be calculated. Therefore, the largest value of M needed to be con-

sidered can be determined as follows:

number of points of the function x(t) available

N =
w, = Nyquist frequency
At = sampling interval
Mt - 2nw t (4-5)
N c
M= 2w N = 20w nAt (4-6)
c c

This value of M is not necessarily the one to use because n<M is a

function of the smoothing. Thatvis, from (4-6)
M
— ZwCAt 4-7)

Let the reciprocal of (4—7) be a smoothing parameter p.
p=1/2 wcAt (4-8)
and in order to smooth -

p 2 1. (4-9)

- Algorithm Error

The algorithms can basically be put into four groups for

26
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error analysis. The-first group, consisting of FT1l and FT4, will have
an error that is a function of the inherent error in the computing
system used plus the approximation error mentioned above. This error
also includes error due to‘methéds used to calculate the trigonometric
functions. The computing system errors are covered in tﬁe next‘sectiqn
of this chapter. Let this error be represented by El' Since there is
a total of 8N calculations for each frequency for these two algorithms,
the total error possible would be 8NE1.

‘The second group consists of the iterative algorithms, FT2,
FT3, and FT5. Algorithms FT2 and FT5 have 8N calculations, but they
have only one initial calculation of the trigonometric functions sine
and cosine. Therefore, the error for this group E2 is different from
the preceding group, and the total error for FT2 and FT5 will be 8NE,
for each value frequency. FT3 has only 6N calculations with only one
calculation for the trigonometric functions sine and cosine; therefére,
the total error for FT3 would be 6NE2'f6r each value of frequency.

The third group includes the algorithm FT6 which has a total
number of 2N calculations for the complex pair for each value of
frequency. The error involved.here is a function of the computer
systems.routine‘for comp lex afithmetic. The total error for the
algorithm would then be 2NEg.

The last group contains the Fast Fourier Transform FT7 and

will have an error E, log N.
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Machine Error

The machines used to calculate data for this thesis were the
Control Data Corporation 8090 and the Control Data Corporation 6400.
The test data.for.the Cooley - Tukey algorithm, FT7, was run on a
Scientific Data System 9300 computer. The three machines were used to
get a comparison of the effect of word length on the calculations.

The CDC 8090 has a 27-bit mantissa that results in 8 signifi-
cant figures. Accuracy should be placed at 7 figures because of the
effect of round-off. The CDC 8090 does a truncation of least signifi-
cant figures in all arithmetic operations therefore reéulting in the
last digit (8th) being questionable.

The CDC 6400 has an effective 48-bit mantissa for its 60-bit
word resulting in about 14 significant digits. This computer hés the
capability of rounding off the least significant digit, thereby giving
a more consistent accuracy at the 14th digit.

The accuracy of the library functions for calculating the
sine, cosine, square root, etc., on the CDC 8090 is within the 7-digit
accuracy of the computatioms.

The accuracy of the library functions on the CDC 6400,
including the above-mentioned subroutines plus the subroutines to do
complex arithmetic, is well within the 1l4-digit accuracy of the

computations.
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RESULTS AND CONCLUSIONS

In this chapter the results and conclusions of the experi-
mental runs are evalﬁated; The speed of the algorithms involvéd is a
function of the speed of the computer usédl Therefore, a relative
speed comparison between the algorithms which will apply generally to
any machine is given here.

By comparing the results between the algorithms, the effects
due to word lengths of the computers and the effects of truncation'
of the input data can be analyzed:

Finally, the evaluation of the comparisons of times and
errors leads to conclusions to suggest which algorithm should be used
when.

Time Results

The time results can be placed into groups just as the error
results in the previous chapters were.

The first group which includes algorithms FT1 and FT4 is
twice as slow as the second group which includes the algorithms FT2,
FT3, FT5, and FT6. The seventh algorithm, FT7, is the fastest of all
of the algorithms tested.

It shoﬁld be pointed out here that relative speeds between
any two algorithms can be increased by the proper use of computer

"hardware." An example of this is one in which algorithm FT1, using
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a convolver apparatus (hardware designed for very rapid multiplication
and addition), can approach the speed of algorithm FT7 for smaller
numbers of total points evaluated;

A comparative table for the algorithms FT1 through FT6 on
the CDC 8090 and CDC 6400 computers is given in the following table.

ALGORITHMAL TIME COMPARISONS
ON THE CDC 8090 AND CDC 6400

(Time in Minutes)

ALGORITHM CDCMSO9O 'CDC'64OO
FT1 10.8 0.067
FT2 4.5 0.034
FT3 3.6 0.032
FT4 10.8 0.068
FT5 4.5 0.034
FT6 - 0.034

9

?T6‘could not be run on the CDC 8090 due to the lack of
complex arithmetic capabilities of that machine.

A time comparison of FT7 and FT1 has been run on the SDS 9300
by W. T. Prescott (Prescott, 1967) with the following results as shown.
The algorithm FT1 was programmed in two different ways: 1) fixed
point arithmetic in which a convolver unit was employed, and 2) floating

point arithmetic, without the use of the convolver unit.



31 -

T-1179

Time in Seconds

Total Number of Fixed Point Floating Point
Points Analyzed (Convolver Used) (Convolver Not Used) FT7

64 0.18 0.32 0.10
128 0.48 1.12 0.23
256 1.42 4.28 0.52
512 4,72 16.63 1.10

1,024 16.40 65.55 2.38
2,048 61.53 260.37 5.13

Error Results

The data calculated in all of the algorithms was output in
real and‘imaginary values and amplitude and phase. The amplitude values
were normalized to 1.0; therefore, an indication of accuracy is the
comparison in decimal places between the algorithms.

On the CDC 8090 the error between algorithms is in the sixth
decimal place. Error due to truncation of function 1 is in the third
decimal place, while error due to truﬂcation of function 2 is in the
first decimal place.

On the CDC 6400 the error between algorithms is beyond the
eight decimal pléces printed out. The error due to truncation of
function 1 is in the fhird decimal place.. The error due to truncation
of function 2_is.in the first decimal place.

The effect of word length of computers would be indicated by

the discrepancy of output data between the two machines. It was
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observed that the error between the two machines was in the seventh
significant figure due to the accuracy of the CDC 8090, which has a

roundoff error in the eighth significant figure.

Conclusions

Because of the advaaces being made in the field of digital
computers today and especially the ever-increasing size of the memories
of these machines, the emphasis 6f this thesis has been on time of
execution and errors between the stated algorithms.

The errors due to truncation have been pointed out and are
independent of the individual algorithms. All algorithms agree to
within 8 digits, therefore, the only basis for comparison is in relative
time of execution with the following order indicating the preference of

the algorithms: FT7, ¥T3, FT6, FT2 and FI5, FT1l, and FT4.
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APPENDIX I

FORTRAN PROGRAMS

The following is a list of the Fortran programs for the
algorithms. The algorithms FT1 through FT5 were written in Fortran II
which could be run on either the CDC 8090 or the CDC 6400. FT6 was
necessafily required to be written in Fortran IV and, therefore, was‘
run only on the CDC 6400. Algorithm FT7 was written in Fortran IV and
is the program FORT as listed in the IBM SHARE program.

In each case only the subroutines for calculating the real
and imaginary values of tﬁe transform are given. The amplitude and
phase values were calculéted in a subroutine labeled MOPH which is the

last subroutine listed.
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SUBROUTINE FT1 (X, Y, NXY, AA, NA, DELFT, FTMAX)
DIMENSION X(145), Y(145), AA(401) ‘
NXY = (FTMAX/DELFT)+1.0
AN=NA
DO 20 I=1, 145
X(I) =0
20 Y(I) = 0
ANUM = 6.28318530*DELFT

¢  FREQ. LOOP

DO 1 J=1, NXY
FJ=J-1
ANUM1=FJ *ANUM

¢  TIME LOOP

DO 1 K=1, NA

FK=K-1

X (J)=AA(K) *COS (ANUM1*FK)+X (J)

Y (J)=- (AA(K) *SIN(ANUMI*FK))+Y(J)
1 CONTINUE

RETURN

END

34
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SUBROUTINE FT2 (X, Y, NXY, AA, NA, DELFT, FIMAX)
DIMENSION X(145), Y(l45), AA(401)

NXY = (FTMAX/DELFT)+1.0

ANUM = 6.28318530%DELFT

X(1)=AA(1)

Y(1)=0

¢  FREQ. LOOP

DO 1 J=1, NXY
X(J)=AA(L)
Y(J)=0.0

FJ=J-1

S1=SINF (ANUM*FJ)
C1=COSF (ANUM*FJ)
c2=Cl

S2=51

c TIME LOOP

DO 1 K=2, NA
X(J)=X(J)+AA(K) *C2
Y (J)=-AA(K) #S2+Y (J)
$3=52*C1+C24S1
C3=C2%C1-82%S1
$2=83
C2=C3

1 CONTINUE
RETURN
END
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SUBROUTINE FT3 (X, Y, NXY, AA, NA, DELFT, FTMAX)
DIMENSION X(145), Y(145), AA(401)
DOUBLE PRECISION ARGI
NXY= (FTMAX/DELFT)+1.0
INC=-1
Al=AA(1)
DO 20 I=1, 145
X(I)=0.0
20 Y(I)=0.0
ARGI=6.283185307179586476925287D0*DBLE (DELFT)
C=COS (ARGI)
S=SIN (ARGI)
€1=1.0
$1=0.0

[¢]

FREQ.LOOP

DO 2 N=1, NXY
U1=0.0
U2=0.0
SCALE= 2.*Cl

c TIME LOOP

DO 1 I=2, NA
NA1=NA+2
K=NA1-I
BA=AA(K)
U0=BA+SCALE#UI~U2
U2=U1

1 U1=U0
X(N)=A1+C1*U1-U2
Y (N)=-S1*Ul
Q=C*C1-S*S1
S1=C*S1+S*Cl
C1=Q

2 CONTINUE
RETURN
END
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SUBROUTINE FT4 (X, Y, C, S, NXY, AA, NA, DELFT, FIMAX)
DIMENSION X(145), Y(145), C(145), S(145), AA(145)
NXY= (FTMAX/DELFT)+1.0
DO 20 I=1,145
X(1)=0
Y(1)=0
C(1)=0.0
20 S(I)=0.0
ANUM=6 . 28318530*DELFT
DO 1 J=1,NXY
AJ=J-1
ANUM1=ANUM*AJ
DO 1 K=1,NA
AR=K-1
C(J)=COSF (ANUMI *AK)
S (J)=SINF (ANUML*AK)
X (J)=AA(K) *C(J)+X(J)
Y (3)=-(AA(K) *S(J))+Y(J)
1 CONTINUE
RETURN
END
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SUBROUTINE FT5 (X, Y, NXY, AA, NA, DELFT, FTMAX)
DIMENSION X(145), Y(145), AA(401)
DOUBLE PRECISION ANUM, ARG
NXY= (FTMAX/DELFT)+1.0
X(1)=0.0
DO 20 I=1,NA
20 X(1)=X(1)+AA(I)
Y(1)=0.0
ANUM=6.283185307179586476925287D0*DBLE (DELFT)

0

FREQ. LOOP

ARG=0.0

DO 2 J=2,NXY
X(J3)=0.0

¥(J3)=0.0
ARG=ARG+ANUM
CSAVE=SNGL (DCOS (ARG) )
SSAVE=SNGL(DSIN(ARG))
C1=2,%*CSAVE

c2-1.0

$2=0.0

c TIME LOOP

DO I K=1,NA
X(J)=AA(K) *C2+X(J)
Y(JI)=Y(JI)+(AA(K)*S2)
CAVE=C2
SAVE=S2
C2=C2%*C1~-CSAVE
S$2=52*C1-SSAVE
CSAVE=CAVE
SSAVE=SAVE
CONTINUE
2 CONTINUE

RETURN

END

=
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SUBRROUTINE FT6 (X, Y, NXY, AA, NA, DELFT, FIMAX)
DIMENSION X(145), Y(145), AA(145)

TYPE COMPLEX Z, 20, 21, 22, Z4, ZERO, ZREF
DOUBLE PRECISION TWOPI, ARG

DATA (ZER0=(0.,0.)), (Z0=(1.,0.))

DATA (TWOPI=6.28318530717986476925287D0)
NXY=(FTMAX/DELFT)+1.0

ARG=- (TWOPI*DBLE (DELFT))

Z4=CMPLX (SINGL(DCOS (ARG) ) , SNGL (DSIN(ARG)))

¢ FREQUENCY LOOP

72=20
DO 1 IZ=1,NXY
71=20
Z=ZERO

¢ TIME LOOP

DO=2 IS=1,NA
2=7+Z1*AA(IS)

2 71=71%72
22=22%Z4
X(IZ)=REAL(Z)
Y (12)=AIMAG(Z)

1 CONTINUE
RETURN
END
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N =

SUBROUTINE MOPH (X, Y, NXY, DELFT, PQWMAX, NA)
DIMENSION X(145), Y(145) '
POWMAX=0 :

DO 2 N=1, NXY

VALUE1=X (N) #X (N)+Y (N) *Y (N)

IF (POWMAX-VALUE1)1,2,2

POWMAX=VALUE1

CONTINUE

LIST TRANSFORM VALUES

VALUE 1=SQRTF (POWMAX)

VALUE2=1./VALUE1

PRINT 4, NA

FORMAT (1HI, 13X, 34HFOURIER TRANSFORM OF A SEQUENCE

OF, 14, 1X,.19HEQUISPACED IMPULSES / 14X, 37HREAL

AND IMAGINARY VALUES ARE LISTED./

.1HO, 5X, 10HFREQ*DELFT, 8X, 4HREAL, 10X, 9HIMAGINARY,
8X, 7HMODULUS, 10X, 5HPHASE, )

FREQ=-DELFT

DO 114 K=1,NXY

POWER=X (K) *X (K)+Y (K) *Y (K)

VALUE1=SQRTF (POWER)

VALUE1=VALUE]*VALUE2

COMPUTATION OF PHASE

1Go=1
IF(X(K))216,210,214
IF(Y(K))212,211,213
PHASE=0

GO TO 215

PHASE=~.5

GO TO 215
PHASE=.5

GO TO 215

IG0=2
ARG=Y (K) /X(K)

40
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SUBROUTINE MOPH (CONTINUED)

PHASE=. 318309 8*ATAN (ARG)
GO TO (215,217),IGO

217 IF(Y(K))218,219,220

220 PHASE=1.+PHASE
GO TO 215

218 PHASE=PHASE-1.

GO TO 215

219 IF(X(K)225,211,211

225 PHASE=1.

215 REAL=X(K)*VALUE1l
AMAG=Y (K) #*VALUE1
FREQ=FREQ+DELFT
PRINT 6, FREQ, REAL, AMAG, VALUEl, PHASE

6 FORMAT (1HO, 5(F13.8, 3X,))

114 CONTINUE
RETURN
END

41
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APPENDIX II

DATA SAMPLES

As stated previously due to the abundance of repetitive values
calculated for all the algorithms, only four of the algorithms are
‘listed in table form here. The other algorithms not listed give
identical values for the particular function transformed.

The tables listed in this appendix point out the results
érrived at in the section, Results-and Conclusions. Also listed in

this section are the time values for the two input functions.

42
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5
10
15
20
25
30
35
40
45
50
55
60
65

0

75
80
85
90
95
100
105
110
115
120
125

.09860
.49499
.87180

.99999

.90684
.70880
.49999
.32719
.20218
.11941
.06799
.03756
.02023
.01066
.00551
.00280
.00140
.00069
.00034
.00016
.00007
.00003
.00001
0.0
0.0

TIME VALUES. - FUNCTION 1

81 AND 129 POINTS

1 2

.00058 .00605
.15963 .23324
.58377 .66798
.91919 .95544
.99560 .98307
.87194 .83388
.66575 .62295
.46180 .42532
.29839 .27154
.18257 .16458
.10698 .09570
.06051 .05380
.03325 .02940
.01782 .01569
.00935 .00820
.00482 .00421
.00244 .00213
.00122 .00106
.00660 .00052
.00029 .00025
.00014 .00012
.00006 .00005
.00003 .00002
.00001. .00001
0.0 0.0
0.0 0.0

TABLE IT -1

FUNCTION 1 = ktloQe QT
DELTA T = 1.0

3
.02209
.31614
.74519
.98067
.96341
.79350
.58083
.39068
.24659
.14812
.08550
.04778
.02598
.01380
.00719
.00368
.00185
.00092
.00045
.00022
.00010
.00005
.00002
.00001
0.0
0.0

_4_
.05249
.40463
.81355
.99530
.93761
.75158
.53975
.35796
.22350
.13309
.07629
.04238
.02293
.01213
.00630
.00321
.00161
.00080
.00039
.00019
.00009
.00004
.00002

0.0

0.0

0.0
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TIME VALUES - FUNCTION 2

81 POINTS
0 .05 .10 .15 .20
0.0 1.000000 .991802 .967531 .928135 . 875140
0.25 .810569 . 736840 .656638 .572787 . 488107
0.50 .405285 .326749 254572 .190386 .135338
0.75° .090063 .054696 .028904 .011945 .001727
1.00 .000000 .002249 .007996 .015791 .024309
1.25 .032423 .039240 .044136 .046758 047011
1.50 .045032 041141 .035799 .029546 .022947
1.75 .016542 .010804 .006102 .002680 -.000652
2.00 .000000 .000590 .002194 .004518 .007233
2.25 .010007 .012536 .C14566 .015911 .016467
2.50 .016211 .015201 .013557 .011454 .009097
2.75 .006699 .004465 .002571 .001150 .000285
3.00. .000000 .000267 .001007 .002105 .003419
3.25 .004796 .006090 .007168 .007928 .008304
3.50 .008271 .007843 .007071 .006038 .004844
3.75 .003603 .002424 .001409 .000636 .000159

TABLE II - 2

FUNCTION 2 = SINCZ

DELTA T - .05
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TIME VALUES - FUNCTION 2

129 POINTS
0 .03 .06 .09 .12
0 1.000000 .997043 .988212 .97634 .953515
.15 .928135 .897851 .863080 .824298 .782031
.30 . 736840 .689316 .640068 .589712 .538859
.45 .488107 .438028 .389163 . 342008 .297013
.60 .254572 .215017 .178618 .145579 .116037
.75 ©.090063 .067666 .048790 .033327 .021114
.90 .011945 .005575 .001727 .000102 .000384
1.05 .002249 .005372 .009436 .014134 .019079
1.20 .024309 .029289 .033914 .038014 .041455
1.35 .044136 .045994 .046997 047147 .046473
1.50 .045032 .042900 .040172 .036958 .033375
1.65 .029546 .025592 .021634 .017784 014144
1.80 .010804  .007840 .005309 .003255 .001700
1.95 .000652 .000102 .000025 .000382 .001125
2.10 .002194 .003522 .005040 .008353 .010007
2.25 .010007 .011572 .012989 .014210 .015193
2.40 .015911 .016342 .016480 .016326 .015892
2.55 .015201 .014280 .013167 .011902 .010530
2.70 .009097 .007649 .006233  .004890 .003658
2.85 -.002571 .001655 .000931 .000412 .000102
3.00 .000000 .000098 .000380 .000826 .001411
3.15 .002105 .002877 .003694 .004523 .005332
3.30 .006090 .006770 .007348 .007805 .008127
3.45 .008304 .008333 .008216 .007958 .007572
3.60 .007071 .005805 .005090 .004347  .003603
3.75 .003603 .002881 .002205 .001595
TABLE II - 3

FUNCTION 2 = SINC2

DELTA T = .03



FT5

.99999999
.95307827
.77114838
.57620626
.40523218
.27544260
.18411898
.12418566
.08430790
.05770942
.04088958
.02884608
.02090451
.01565712
.01135235
.00889722
.00675607

.00513657

.00430325
.00315050
.00270905

T-1179
AMPLITUDE VALUES FUNCTION 1 81 POINTS
CDC 8090
DELTA FREQ. FT2 FT4
0.000 .99999999 .99999999
0.005 .95307677 .95307671
0.010 . 77114865 . 77114865
0.015 .57620717 .57620726
0.020 . 40523255 .40523250
©0.025 .27544226 .27544230
06.030 .18411894 .18411893
0.035 .12418553 .12418553
0.040 .08430793 .08430792
0.045 .05770939 .05770939
0.050 .04088957 .04088957
0.055 .02884608 .02884608
0.060 .02090451 .02090450
0.065 .01565712 .01565712
0.070 .01135236 .01135236
0.075 .06889723 .00889723
0.080 .00675607 .00675607
0.085 .00513657 .00513656
0.090 .00430326 .00430326
0.095 .00315050 .00315049
0.100 +.00270905 .00270906
TABLE II - 4

FUNCTION 1 = ke 9% QT
MAXIMUM FREQUENCY = 0.10

INCREMENT OF FREQUENCY = 0.005
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AMPLITUDE VALUES FUNCTION 1 129 POINTS

DELTA FREQ.

0.000
0.005
1 0.010
0.015
0.020
0.025
0.030
0.035
0.040
0.045
0.050
0.055
0.060
0.065
0.070
0.075
0.080
0.085
0.090
0.095
0.100

CDC 8090
- FT2 FT4
.99999999 .99999999
.93419012 .93419006
. 77016979 . 77016979
.57636335 .57636344
. 40485689 .40485684
.27491556 .27491561
.18440353 .18440353
.12392210 .12392210
.08412949 .08412948
.05795680 .05795680
.04059855 .04059855
.02892965 .02892566
.02097001 .020970060
.01544616 .01544616
.01155379 .01155379
.00876631 .00879932
.00674294 .00674294
.00524863 .00524863
.00413340 .00413340
.00328906 .00328905
.00264272 .00264273
TABLE II - 5

FUNCTION 1 = kt 0Q QT

MAXIMUM FREQUENCY = 0.10
INCREMENT OF FREQUENCY = 0.005

FT5

.99999999
.93419163
.77016953
.47636243
.40485651
.27491591
.18550357
.12392223
.08412946
.05795683
.04059857
.02892966
.02097001
.01544616

.01155379 |

.00876631
.00674294
.00524863
.00413339
.00328906
.00264272
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AMPLITUDE VALUES FUNCTION 2 81 POINTS
CDC 8090
DELTA FREQ. FT2 FT4

0.000 1.00000000 1.00000000

- 0.005 .95681238 .95681235
0.010 .88582081 .88582081
0.015 .83930908 .83930910
0.020 .78873912 .78873911
0.025 .73896874 .73896874
0.030 .69560773 .69560770
0.035 64164650 64164649
0.040 .59122757 .59122757
0.045 .52871854 .52871853
0.050 43167441 43167441
0.055 .34654176 34654174
0.060 .30384995 .30384995
0.065 .27251323 .27251323
0.070 24684257 24684257
0.075 .22801608 .22801608
0.080 .21059930 .21059930
0.085 .19693648 .19693647
0.090 .18475212 .18475213
0.095 .17397784 .17397784
0.100 .16493717

.16493717

TABLE II - 6

2

FUNCTION 2 = SINC

MAXIMUM FREQUENCY = 0.10
INCREMENT OF FREQUENCY = 0.005

FT5

1.00000000

.95681266
. 88582079
. 83930887
. 78873885
. 73896909
.69560781
64164666
.59122748
.52871860
.43167451
. 34654180
.30384993
.27251323
.24684255
.22801609
.21059926
.19693645
.18475209
.17397780
.16493714
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1.00000000

.90615996
.83267167
. 73955115
.66352898
.57923901
.43964813
.32063180
.26746346
.23156246
.20408393
.18283141
.16708726
.15258878
.14119292
.13140192

.12305524 -

.11531687
.10913358
.10300869

T-1179
AMPLITUDE VALUES FUNCTION 2 129 PQINTS
CbC 8090
DELTA FREQ. FT2 FT4
0.000 1.00000000 1.00000000
0.005 .90615937 .90615936
0.010 .82367167 .82367167
0.015 . 73955156 .73955159
- 0.020 .66352948 .66352945
0.025 .57923848 .57923853
0.030 .43964796 .42964794
0.035 .32063166 .32063167
0.040 .26746351 .26746352
0.045 .23156242 .23156243
0.050 .20408390 .20408390
0.055 .18283140 .18283139
0.060 .16708726 .16708728
0.065 .15258878 .15258880
0.070 .14119292 .14119291
0.075 .13140194 .13140194
0.080 .12305525 .12305525
0.085 .11531689 .11531688
0.090 .10913360 .10913361
0.095 .10300871 .10300871
0.100 .09813238 .09813239

TABLE II - 7

2

FUNCTION 2 = SINC

MAXIMUM FREQUENCY = 0.10
INCREMENT OF FREQUENCY = 0.005

.09813236
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AMPLITUDE VALUES FﬁNCTION 1 81 POINTS

CDC_6400
DELTA FREQ. FT2 FT4 FT5 FT6
0.000  1.00000000  1.00000000  1.00000000  1.00000000
0.005 .93507674 .93507674 .93507674 .93507674
0.010 .77114867 .77114867 77114867 .77114867
0.015 .57620724 .57620724 .57620724 .57620724
0.020 .40523251 .40523251 .40523251 .40523251
0.025 .27544320 27544230 27544230 27544230
0.030 .18411893 .18411893 .18411893 .18411893
0.035 .12418552 .12418552 .12418552 .12418552
0.040 .08430792 .08430792 .08430792 .08430792
0.045 .05770939 .05770939 .05770939 .05770939
0.050 .04088957 .04088957 .04088957 .04088957
0.055 .  .02884607 .02884607 .02884607 .02884607
0.060 .02090451 .02090451 .02090451 .02090451
0.065 .01565712 .01565712 .01565712 .01565712
0.070 .01135235 1.01135235 .01135235 .01135235
0.075 .00889723 .00889723 .00889723 .00889723
0.080 .00675607 .00675607 .00575607 .00675607
0.085 .00513657 .00513657 .00513657 .00513657
0.090 .00430326 .00430326 .00430326 .00430326
0.095 .00315050 .00315050 .00315050 .00315050
0.100 .00270906 .00260906 .00270906 .00270906
TABLE II - 8

FUNCTION 1 = kt10QQt

MAXIMUM FREQUENCY = 0.10
'INCREMENT OF FREQUENCY = 0.005



T-1179 -

AMPLITUDE VALUES FUNCTION 1 129 POINTS

CDC_ 6400
DELTA FREQ. FT2 FT4 _FT5 _ FT6
0.000°  1.00000000  1.00000000  1.00000000  1.00000000
0.005 93419010 .93419010 .93419010 .93419010
0.010 .77016983 .77016983 .77016983 .77016983
0.015 .57637343 .57636343 57636343 .57636343
0.020 40485686 . 40485686 40485686 .40485686
0.025 .27491561 .27491561 .27491561 .27491561
0.030 .18440352 .11440352 .18440352 .18440352
0.035 .12392209 .12392209 .12392209 .12392209
0.040 .08412948 .08412948 .08412948 .08412948
0.045 .05795680 .05795680 .057956 80 .05795680
0.050 .04059856 .04059856 .04059856 .04059856
© 0.055 .02892965 .02892965 .02892965 .02802065
0.060 .02097001 ..02097001 .02097001 .02097001
0.065 .01544616 .01544616 .01544616 .01544616
0.070 .01155379 .01155379 .01155379 .01155379
0.075  .00876631 .00876631 .00876631 .00876631
0.080 .00674294 .00674294 .00674294 .00674294
0.085 .00524863 .00524863 .00524863 .00524863
0.090 .00413340 .00413340 .00413340 .00413340
0.095 .00328906 .00328906 .00328906 .00328906
0.100 .00264272 .00264272 .00264272 .00264272
TABLE II - 9

FUNCTION 1 = kt 0% Qf

MAXIMUM FREQUENCY = 0.10
INCREMENT OF FREQUENCY = 0.005



AMPLITUDE VALUES FUNCTION 2. 81 POINTS

T-1179
DELTA FREQ. FT2
0.000 1.00000000
0.005 .95681237
0.010 .88582083
0.015 . 83930913
0.020 . 78873913
0.025 .73896879
0.030 .69650770
0.035 64164647
0.040 .59122755
0.045 .52871850
0.050 43167441
0.055 . 34654174
0.060 .30384995
0.065 .27251324
0.070 .24684257
0.075 .22801608
0.080 .21059929
0.085 .19693648
0.090 .18475213
0.095 .17397784
0.100 .16493717

CDC 6400

FT4

1.00000000
.95681237
. 88582083
.83930913
. 78873913
. 73896879
.69560770
64164647
.59122755
.52871850
.43167441
. 34654174
. 30384995
.27251324
.24684257
.22801608
.21059929
.19693648
.18475213
.17397784
.16493717

TABLE II - 10

FT5

1.00000000
.95681237
. 88582083
.83930913
. 78873913
. 73896879
.69560770
.64164647
.59122755
.52871850
.43167441
. 34654174

©.30384995
.27251324
.24684257
.22801608
.21059929
.19693648
.18475213
.17397784
.16493717

2

FUNCTION 2 = SINC

MAXTIMUM FREQUENCY = 0.10
‘INCREMENT OF FREQUENCY = 0.005

FT6

1.00000000
.95681237
. 88582083
.83930913
.78873913
.73896879
.69560770
64164647
.59122755
.52871850
.43167441
. 34654174
. 30384995
.27251324
.24684257
.22801608
.21059929
.19693648

.18475213"

.17397784
.16493717
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AMPLITUDE VALUES FUNCTION 2 . 129 POINTS

CDC 6400
DELTA FREQ. FT2 FT4 FT5 FT6
0.000 1.00000000 1.00000000 1.00000000 1.00000000
0.005 .90615928 .90615928 .90615928 .90615928
0.010 .82367160 .82367160 .82367160 . 82367160
0.015 73955153 .73955153 .73955153 . 73955153
0.020 .66352939 .66352939 .66352939 .66352939
0.025 - .57923847 .57923847 .57923847 .57923847
0.030 .43964788 .43964788 .43964788 .43964788
0.035 .32063163 .32063163 .32063162 .32063162
0.040 .26746351 .26746351 .26746351 .26746351
0.045 .23156240 .23156240 .23156240 .23156240
0.050 .20408388 .20408388 .20408388 .20408388
'0.055 .18282138 .18283138 .18283138 .18283138
0.060 .16708726 .16708726 .16708726 .16708726
0.065 .15258878 .15258878 -.15258878 .15258878
0.070 .14119292 .14119292 .14119292 .14119292
0.075 .13140193 .13140193 .13140193 .13140193
0.080 .12305525 .12305525 .12305525 .12305525
G.085 .11531688 .11531688 .11531688 .11531688
0.090 .10913359 .10913359 .10913359 .10913359
0.095 .10300876C .10300870 .10300870 .10300870
0.100 .09813238 .09813238 .09813238

.09813238

FUNCTION 2 = SINC

TABLE II - 11

2

MAXIMUM FREQUENCY = 0.10
INCREMENT OF FREQUENCY =

0.005
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