
EVALUATION OF THE ALGORITHMS 

USED FOR THE FOURIER TRANSFORM

By

Douglas F . M i l l e r



ProQuest Number: 10781634

All rights reserved

INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a com p le te  manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,

a note will indicate the deletion.

uest
ProQuest 10781634

Published by ProQuest LLC(2018). Copyright of the Dissertation is held by the Author.

All rights reserved.
This work is protected against unauthorized copying under Title 17, United States C ode

Microform Edition © ProQuest LLC.

ProQuest LLC.
789 East Eisenhower Parkway 

P.O. Box 1346 
Ann Arbor, Ml 48106- 1346



T-1179

A T h es is  s u b m it te d  to  th e  F a c u l ty  and th e  Board o f  T ru s te e s  

o f  th e  Colorado S c h o o l ,o f  Mines i n  p a r t i a l  f u l f i l l m e n t  o f  th e  r e q u i r e ­

ments f o r  th e  deg ree  o f  M as te r  o f  S c ie n ce  i n  M ath em atic s .

S igned
Douglas F. M i l l e r

G olden , Colorado

D ate : 3 1969

A
App ro v e d : > n u

A. R. Brown, J r .  V
T h es is  A dv iso r

J0^eph /L ee
o f  D epartm ent o f  

M athem atics

G olden , Colorado

D ate :  S '  , 1969

i i



T-1179

ABSTRACT

An e v a l u a t i o n  o f  a lg o r i th m s  f o r  F o u r i e r  t r a n s f o r m a t io n  was 

accom plished  u s in g  a CDC 8090 and a CDC 6400 com puter. Two in p u t  

f u n c t i o n s  were used  to  h e lp  e v a l u a t e  t r u n c a t i o n  e r r o r s .

Two com puters w i th  d i f f e r e n t  le n g th s  o f  computer word w ere 

used  to  show th e  e f f e c t  o f  word le n g th  on acc u racy  o f  c a l c u l a t i o n s .

D e f i n i t e  com parisons can be  drawn betw een th e  a lg o r i th m s  

to  d e te rm in e  w hich a lg o r i th m  i s  th e  optimum one to  u se  i n  many s p e c i f i c  

c a s e s .

i i i
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INTRODUCTION

In  many f i e l d s  o f  s c i e n c e  and e n g in e e r in g  th e  F o u r i e r  

t r a n s f o r m  i s  a v e ry  p o w erfu l  t o o l  i n  a n a l y s i s .  I t  has become p o s s i b l e  

w i th  th e  modern d i g i t a l  com puters o f  today  to  c a l c u l a t e  th e  f i n i t e  

F o u r i e r  t r a n s fo rm  f o r  much o f  th e  p h y s i c a l  d a t a  to  be a n a ly z e d .

I t  i s  th e  p u rp o se  o f  t h i s  t h e s i s  to  make a t i m e - a n d - e r r o r  

com parison  of th e  a lg o r i th m s  f o r  th e  f i n i t e  t r a n s fo rm .  To th e  knowl­

edge o f  th e  a u th o r  t h e r e  a r e  b a s i c a l l y  seven  d i f f e r e n t  a lg o r i th m s  

w i th  w hich to  c a l c u l a t e  a f i n i t e  F o u r i e r  t r a n s fo rm .  A l l  b u t  th e  

s e v e n th  a lg o r i th m  were run  on a CDC 8090 and a CDC 6400. The s e v e n th  

a lg o r i th m  (FT7) was run  on a SDS-9300 computer w i th  th e  r e s u l t s  b e in g  

com parable  to  th e  p re v io u s  s i x .

In  th e  f i r s t  c h a p te r  a b r i e f  d e r i v a t i o n  o f  th e  f i n i t e  

F o u r i e r  t r a n s fo rm  i s  g iv e n .  In  c h a p te r  two a d e s c r i p t i o n  o f  th e  seven  

a lg o r i th m s  i s  g iv e n .  C h ap te r  t h r e e  d e s c r ib e s  th e  i n p u t  f u n c t io n s  and 

shows some s e l e c t e d  o u tp u t  o f  th e  a lg o r i th m s .

An e v a l u a t i o n  o f  th e  e r r o r s  betw een th e  a lg o r i th m s ,  com pu te rs ,  

and f u n c t io n s  i s  g iv e n  i n  c h a p te r  f o u r .

C h ap te r  f i v e  g iv e s  a summary o f  th e  r e s u l t s  and l i s t s  th e  

c o n c lu s io n s  a r r i v e d  a t  by th e  e v a l u a t i o n s .
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DISCRETE FOURIER TRANSFORMS

The F o u r i e r  t r a n s fo rm  o f  a f u n c t io n  x ( t )  i s  d e f in e d  a s :

/ «>
x ( t ) e  la ) td t  (1 -1 )

— CO

where i  = ^ -1

a) = a n g u la r  f req u en cy  = 27rf 

f  = f requency

The in v e r s e  o f  t h i s  t r a n s fo rm  i s

x ( t )  ==T tT~J F(o))el t0 tdo) (1 -2 )
—CO

In  o r d e r  to  h an d le  t h i s  i n t e g r a t i o n  on a d i g i t a l  com puter, 

th e  f i n i t e  F o u r i e r  t r a n s fo rm  i s  in c o r p o r a t e d  u s in g  sam pled , t r u n c a t e d  

d a t a .  To make a d i s c r e t e  f u n c t io n  o u t  o f  a c o n t in u o u s  f u n c t i o n ,  th e  

co n t in u o u s  d a t a  m ust be " sa m p le d ."  • An approach  to  sam pling  th e  d a t a  

can be accom plished  by u s in g  th e  im pu lse  f u n c t io n  (G ray , 1965; M cNett, 

1967).

The im pu lse  o r  d e l t a  f u n c t i o n  i s  d e f in e d  ( P a p o u l i s ,  1962) as 

f  6 ( t ) d t  = 1; <S(t) = 0 f o r  t  ^ 0 (1 -3 )
— CO

o r  by th e  p r o p e r ty



where x ( t )  i s  a co n t in u o u s  f u n c t i o n .  This  p r o p e r ty  s t a t e s  t h a t  th e  i n t e ­

g r a t i o n  of x ( t )  w i th  5 ( t )  a s s ig n s  to  th e  f u n c t io n  x ( t )  th e  v a lu e  a t  x ( o ) . 

T his  f u n c t io n  im p l ie s  th e n  t h a t  th e  d e l t a  f u n c t i o n  i s  a d i s t r i b u t i o n  o r  

a g e n e r a l i z e d  f u n c t i o n .  A more p r e c i s e  t r e a tm e n t  o f  th e  concep t o f  d i s ­

t r i b u t i o n s  can be found i n  (Lee, 1960; P a p o u l i s ,  1962; L i g h t h i l l ,  1964; 

and Zemanian, 1965).

An e x te n s io n  o f  th e  d e l t a  f u n c t io n  to  in c lu d e  a l l  v a lu e s  o f  t  

l e a d s  to  th e  fo l lo w in g  d e f i n i t i o n

f  6 ( t  -  t  ) x ( t ) d t  = x ( t  ) (1 -4 )
J-a, 11 n

so t h a t  now th e  i n t e g r a l  a s s ig n s  to  th e  c o n tin u o u s  f u n c t io n  x ( t )  the  

v a lu e s  a t  x ( t  ) . A lso ,  e q u a t io n  (1 -4 )  can be d e f in e d  o v e r  a f i n i t e  ra n g e ,  

say  -M to  M.

L et th e  f u n c t i o n ,

X ( t ) = l x ( t )  - M<t<M
M 10  t<-M, t>M

th e n  ^

f  6 ( t  -  t^ )  x ( t ) d t  = f  6 ( t  -  t n )XM( t ) d t
*'—00

o r  e q u a t io n  (1 -4 )  o v e r  th e  f i n i t e  range  -M to  M would b e ,

• M ( X - ^ t  ) = x ( t  ) -M<t 
6 ( t  -  t  ) x ( t ) d t  = J M n n n

<M

M n XM( t  ) = 0 t  <-M, t  >M1 M n n n
(1 -5 )

By c o n s id e r in g  a f i n i t e  sequence  o f  d e l t a  f u n c t io n s  ( s p ik e s )

a sam pling  o p e r a t io n  i s  r e p r e s e n t e d  and can be d e f in e d  by
M
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such  t h a t  t h e r e  a re  e q u a l ly  w e ig h ted  s p ik e s  l o c a te d  a long  th e  t - a x i s  a t

p o s i t i o n s  t  .n

I f  th e  s p ik e s  a r e  lo c a t e d  a t  e q u a l  i n t e r v a l s  o f  A t, th e n  

t  = nA t, and e q u a t io n  (1 -5 )  becomes

E q u a t io n  (1 -6 )  can be used as a sam pling  o p e r a t o r .  M u l t i p l i c a t i o n  o f  a

v a lu e s  o f  th e  co n t in u o u s  f u n c t i o n  a t  t  = nA t. T h is  sam pled sequence  i s

By s u b s t i t u t i n g  e q u a t io n  ( 1 - 7 ) ,  th e  d i s c r e t e  o p e r a t o r ,  i n t o  

(1 -1 )  f o r  th e  c o n tin u o u s  f u n c t i o n ,  th e  f i n i t e  F o u r ie r  t r a n s fo rm  can be 

d e f in e d

M
(1 -6 )

co n t in u o u s  f u n c t io n  x ( t )  by t h i s  sam pling  o p e r a t o r  r e s u l t s  i n  a sam pled

f u n c t i o n  x ^ ( t )  r e p r e s e n t e d  by a sequence  o f  in p u l s e s  w e ig h ted  by th e

M

o r

M
6 ( t  -  nAt) (1-7)

( 1- 8)

M
(1-9)
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From th e  d e f i n i t i o n  of th e  d e l t a  f u n c t i o n  i t  can th e n  be 

shown ( P a p o u l i s ,  page 43, 1962) t h a t

M
F (to) = V  x ( n A t ) e —  (1 -10)

n-”4 l

An im p o r ta n t  f e a t u r e  o f  e q u a t io n  (1 - 1 0 ) i s  t h a t  th e  t r a n s fo rm  F,(to)d

i s  p e r io d ic *

L e t  ft = 2iT/At

M
F ,(w + kft) = x (n A t)e

d rifek

- i( to  + kft)nAt

M , . N -itonAt -ik27rn x (n A t)e  e
n~

S ince  n and k a re  i n t e g e r s ,  e

M
F^ (to + kft) = ^   ̂ x (n A t)e  1Wn , and 

n=-M

F , (to + kft) = F ,  (to) d d

Hence, th e  p e r io d  o f  th e  f i n i t e  F o u r i e r  t r a n s fo rm  i s  

ft = 2iT/At, which i s  c a l l e d  th e  a n g u la r  sam pling  f r e q u e n c y .

In  e q u a t io n  (1-10) th e  problem  o f  c a l c u l a t i n g  a f req u en cy  

f u n c t i o n  F(to) from th e  co n t in u o u s  f u n c t io n  x ( t )  , i s  r e p la c e d  by th e
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prob lem  of c a l c u l a t i n g  th e  p e r i o d i c  f u n c t io n  from th e  sequence

x ( n A t ) . I f  x ( t )  i s  n o t  t r u n c a t e d  by sam p lin g ,  th e  p e r i o d i c  f u n c t io n  

i s  c o n s t r u c t e d  by adding  the  s e t  o f  f u n c t io n s  F(w + kft) f o r  

k = 0 ,  ±l i ±2, e t c .  T h e re fo re  th e  e r r o r  i n  app ro x im atin g  F(oo) by 

F^(w) i n  th e  range i s  th e  sum of th e  F (u )+ k f t ) 's  f o r  k ^ 0.

2 ITThus, by choosing  At s m a l l  enough, Q = —  can be made s u f f i c i e n t l y
At

l a r g e  so t h a t  t h i s  e r r o r  i s  n e g l i g i b l e  i n  th e  f req u en cy  range  of  

i n t e r e s t .
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TRANSFORK ALGORITHMS

This c h a p te r  d e s c r ib e s  seven  a lg o r i th m s  to  be compared.

The f i r s t  a lg o r i th m  (FT1) i s  a d i r e c t  a p p l i c a t i o n  o f  the  

d i s c r e t e  F o u r i e r  t r a n s fo rm

M  * A ,

Fj(co) = y ^  x (n A t)e  lnw (1-10)
n ^ M

s in c e  e ^  = cos y -  i  s i n  y ,  (1 -10)  becomes

F^(rn) = ^  I x(nA t) £ cos (wnAt) -  i  s i n  (oonAt)J
n~-M (2 _x) , J

o r  to  d e te rm in e  th e  i n d i v i d u a l  c o e f f i c i e n t s  o f  th e  e x p a n s io n ,  l e t  

X(m) = r e a l  p a r t  o f  th e  t r a n s f o r m ,  and Y(m) = -  im ag in a ry  p a r t  o f  th e  

t r a n s fo rm .  Then (2 -1 )  would become

M
X(w) = y *  x(nA t) cos (wnAt) (2 -2 )

and

M
Y(w) = y '  x(nA t) s i n  (umAt) (2 -3 )

n M l

from which the  F o u r ie r  sp ec tru m  A(w) can be computed,

A(oj) = J  X2 (w) + Y2 (oo) (2 -4 )
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and th e  phase  ang le  $(.v).

♦ ( a ) -  t a n ' 1 [ -  f g ]  (2 -5 )

I f  t h e r e  a re  a t o t a l  o f  2M + 1 p o in t s  to  d e s c r ib e  th e  f u n c t io n

x ( t )  , (n ran g in g  from M to  -M) , th en  f o r  th e  a lg o r i th m  FT1 t h e r e  w i l l

be 2M summations o v e r  2M m u l t i p l i c a t i o n s  to  d e s c r ib e  each  f re q u e n c y

component o f  th e  r e a l  and im ag in a ry  p a r t s  o f  th e  t r a n s fo rm ;  t h a t  i s ,

8M com puta tions  f o r  each  v a lu e  o f  th e  f re q u e n c y .

The second a lg o r i th m  (FT2) employs an i t e r a t i v e  te c h n iq u e  to

d e te rm in e  th e  s in e  and c o s in e  v a lu e s  o f  e q u a t io n s  (2 -2 )  and ( 2 - 3 ) .  An

i n i t i a l  v a lu e  f o r  th e  s in e  and c o s in e  i s  s e t ;  i f  w = Aw, th e n
1

s i n  0 = s i n  (o^At) and cos 0 = cos (ojjA t). Using th e  r e c u r r e n c e  

r e l a t i o n s

s i n  ( j  + 1)0  = s i n  j 0  cos 0 + cos j 0  s i n  0 (2 -6 )

f o r  j  = 1 ,  2 , . . . , M,

and cos ( j  + 1)0  = cos j0  cos 0 -  s i n  j 0 s i n  0 (2 -7 )

f o r  j  = 0 ,  1 ,  . . . , M,

one can compute

M
X(w) = ^  ^  x(nA t)  cos (wnAt) (2 -8 )

and
M

Y(oj) = x(nAt) s i n  (wnAt) (2 -9 )

u s in g  l i b r a r y  sub-program s f o r  s i n 0  and cos 0 o n ly .
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Once a g a in  t h e r e  w i l l  be 2M summations over  2M m u l t i p l i c a t i o n s ,  b u t  

t h i s  tim e th e  r e c u r r e n c e  fo rm u las  a re  used to  speed up th e  c a l c u l a t i o n .

G. G o e r tz e l  ( G o e r tz e l ,  1958) deve loped  th e  t h i r d  a lg o r i th m  

(F T 3 ) . I n  t h i s  a lg o r i th m  th e  c a l c u l a t i o n  of th e  c o e f f i c i e n t s  o f  th e  

d i s c r e t e  F o u r ie r  t r a n s fo rm  (2 -1 )  i s  accom plished  on a more econom ical 

b a s i s  th a n  e i t h e r  o f  th e  two p re c e d in g  a lg o r i th m s  (FT1) o r  (FT 2).

Once a g a in ,  s t a r t i n g  w i th  th e  sums i n  e q u a t io n s  (2 -2 )  and 

( 2 - 3 ) ,  G o e r tz e l  has  p o in te d  ou t t h a t  one m u l t i p l i c a t i o n  f o r  each  sum­

m a tio n  can  be e l im in a te d  by em ploying th e  folloxving r e c u r s iv e  te c h n iq u e .  

L et U2M+2 = 0 (2-10)

U2M+1 “ 0 <2- U >

and U = (2 cos wAt)U , ,  -  U , „ + x(m) (2 -12)m m+1 m*r2

where m = (2M, 2M -  1, . . . , 1 ) .

I t  has been  shown (Hamming, 1962) how a r e c u r s iv e  te c h ­

n iq u e  f o r  the  t r i g o n o m e t r i c  f u n c t io n s  th rough  th e  use o f  th e  above 

r e l a t i o n s  can reduce  th e  number o f  c a l c u l a t i o n s  f o r  th e  t r a n s f o r m a t io n ,

so t h a t  M
X(oj) = ^  cos (wnAt) (2 -2 )

becomes

and

becomes

X(w) = x (0 )  + (2 cos nu)At)Uj_ -  U2 ; (2-13)

M
Y(w) = \  '  x (nA t)  s i n  (wnAt) (2 -3 )

n ^ M

Y(m) = s i n  (wnAt). (2-14)
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A p ro o f  o f  th e  above can be found i n  (G o e r tz e l ,  1958).

The same r e c u r s i o n  r e l a t i o n  f o r  th e  t r i g o n o m e t r i c  f u n c t io n s  

as used  in  FT2 can be employed h e r e ,  so t h a t  i f

C = cos conAt n

and S = s i n  wnAtn

c C ' -  S. cn+1 1 1 n

S , S„ C. Sn+1 1 1_ n

r e s u l t i n g  i n  a lg o r i th m  FT3 b e in g

X(o>) = x (0 )  + 2C U, -  U0 (2 -15)n ± L

and Y(oj) = S XL.n 1

The number o f  c a l c u l a t i o n s  f o r  t h i s  a lg o r i th m  i s  l e s s  th an  

2M m u l t i p l i c a t i o n s  and 3M a d d i t i o n s  o r  3M m u l t i p l i c a t i o n s  and 2M 

a d d i t i o n s  f o r  each  p a i r  o f  complex p a r t s  p e r  v a lu e  o f  f re q u e n c y .

The f o u r th  a lg o r i th m  (FT4) i s  b a s i c a l l y  th e  same a lg o r i th m  

as (FT1) w i th  th e  e x c e p t io n  t h a t  th e  v a lu e s  o f  th e  s in e  and c o s in e  f o r  

any e x p e c te d  in c re m e n ts  o f  th e  a rgum en ts ,  ncoAt, a r e  c a l c u l a t e d  and 

p la c e d  i n  a  t a b l e  f o r  f u t u r e  r e f e r e n c e .
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I t  i s  obv ious  t h a t  th e  speed  o f  t h i s  a lg o r i th m  a f t e r  th e  

i n i t i a l  c a l c u l a t i o n  i s  dependent on ly  on th e  a c c ess  tim e o f  th e  computer 

b e in g  u sed .  The m a jo r  d is a d v a n ta g e  o f  t h i s  a lg o r i th m  l i e s  i n  th e  l a r g e  

amount o f  com puter memory t h a t  would be r e q u i r e d  to  s t o r e  th e  

t r i g o n o m e t r i c  t a b l e s .

i s  employed i n  th e  f i f t h  a lg o r i th m  (FT 5). T h is  r e c u r s iv e  te c h n iq u e  

i s  as f o l l o w s :

M
and Y(u)) = x(nA t) s i n  (nwAt) (2 -20)

nM tf

Once ag a in  th e  number o f  o p e r a t io n s  a re  2M summations o ver  

2M m u l t i p l i c a t i o n s ,  b u t  th e  speed  comes i n  r e q u i r i n g  on ly  one c a l c u l a ­

t i o n  o f  s i n e  and c o s in e .

The s i x t h  a lg o r i th m  i s  th e  z t r a n s fo rm  (FT 6).

A nother r e c u r s i v e  te c h n iq u e  f o r  d e te rm in in g  s in e  and c o s in e

cos (n + 1) 0 = 2 cos 0 cos n0 -  cos (n - 1 ) 0  (2 -17)

s i n  (n +  1)0  = 2 cos 0 s i n  n0 -  s i n  (n -  1 )0  (2 -18 )

T h e r e f o r e ,  th e  r e a l  and im ag in a ry  p a r t s  o f  th e  t r a n s f o r m  a re

as s t a t e d  i n  e q u a t io n s  (2 -2 )  and (2 -3 )

M
X(u)) = x(nA t) cos (najAt) (2 -19)
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L e t

th e n

z = e iwAt (2 -21)

M
FjCw) = V  x (n A t)e  lna)At (1 -11)a £^4n=-^M

becomes
M

F^(w) = 'y  ^  x (n A t)z  n (2 -22)

and th e  a lg o r i th m  would be as f o l lo w s .

L e t

z = Complex v a lu e  = (x ,  y)

th en

and

z = [co s  (wAt); s i n  (wAt)J (2 -23)

M
X(m) = V *  R eal (Z)n x(nA t) (2-24)

n ^ M

M
Y(oj) = y  ^  Im aginary  (Z)n x (nA t)

The t o t a l  c a l c u l a t i o n s  w i l l  be 2M summations o v e r  2M 

m u l t i p l i c a t i o n s ,  w i th  an in c r e a s e  i n  speed  o f  c a l c u l a t i o n  coming from 

o n ly  one c a l c u l a t i o n  o f  s i n e  and c o s in e  b e in g  n e c e s s a r y .

The f i n a l  a lg o r i th m  to  be compared (FT7) i s  th e  F a s t  F o u r ie r  

T ransform  deve loped  by J .  W. Cooley and J .  W. Tukey (Cooley and Tukey, 

1965).  There has  been  a change i n  n o t a t i o n  f o r  t h i s  a lg o r i th m  as 

compared to  th e  p re v io u s  s i x  a lg o r i th m s .  The a u th o r  f e l t  t h i s  was
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n e c e s s a ry  to  develop  th e  a lg o r i th m  i n  such a manner as to  show how 

th e  speedup i s  a cco m p lish ed .  More s p e c i f i c a l l y ,  i f  a tim e sequence 

x ( t )  c o n ta in s  N = 2^ sam ples ,  (0 ,  1, . . . , N ), th e n  th e  number o f  

o p e r a t io n s  to  accom plish  th e  t r a n s fo rm  u s in g  t h i s  a lg o r i th m  i s  about 

2MN = 2N log^  N. L e t  th e  tim e sequence x ( t )  be d iv id e d  i n t o  two 

f u n c t i o n s ,  a ( t )  and b ( t ) ,  each  hav in g  o n ly  h a l f  o f  th e  t o t a l  N p o in t s  

A lso ,  l e t  a ( t )  be composed o f  th e  even-numbered p o i n t s ,  and b ( t )  be 

composed o f  th e  odd-numbered p o i n t s .

an ( t )  = x(2nA t) (2-27)

n = 0 ,  1, . . . , |  -  1 

bn ( t )  = x [ ( 2 n  + 1 )A t]  (2-28)

C orrespond ing  to  th e s e  two f u n c t i o n s ,  d e f in e  two fu n c t io n s

t h a t  have F o u r i e r  t r a n s fo rm s  g iv e n  by:

N 
2
— - i

E(w) = V  an(t)e l 2 n “ At (2 -29)

and

2
— ~ i

0 ( M) = V  bn ( t ) e  i2nwAt (2-30)

The t r a n s fo rm  f o r  th e  e n t i r e  N p o in t s  in  term s o f  th e  odd- 

and even-num bered p o in t s  would b e ,

1 1 i
Fd(W) = V  ■['au ( t ) e - 12n“ At + bn ( t ) e - lu (2 n  + 1 )A tJ
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o r  N-jl N~i
2 2

^ V"' ' / o a - i 2 n o ) A t  , T/o • - ,nA4. i  - iw(2n-KL) At
d = /  , x ( 2nAt) e ' + x lC2n + l ) A t j e

n=t) n=0

r e s u l t i n g  i n

1-1 1-1 

F ,(w) = x (2nA t)e  l 2n(oAt -f e x [ ( 2 n  + l ) A tJ e  i 2nAtd n=u n=l

w hich i n  terras o f  e q u a t io n s  (2 -29)  and (2 -30) would be

Fd (w) = E(co) + e _1W0(co).

T h e re fo re  i t  has been  d em o n s tra ted  t h a t  th e  t r a n s fo rm  o f  th e

tim e sequence  o f  N p o in t s  can be computed by red u c in g  th e  sequence  to  

Ntwo sequences  o f  — p o i n t s .  The com puta tion  o f  E(w) and 0(w) can be

Nreduced  to  th e  com pu ta tion  o f  sequences  o f  ^ - p o i n t s .  These r e d u c t io n s

a re  p o s s i b l e  as long  as th e  number o f  sam ples i s  d i v i s i b l e  by 2.

N(C ochran , Cooley , and o t h e r s ,  1967). There a re  — complex m u l t i p l i c a -

Ntx o n s  to  go from two — p o in t  a n a l y s i s  to  an N p o in t  a n a l y s i s .  So t h a t

th  Mi f  N i s  th e  M power o f  two, N = 2 , th en  M s u c c e s s iv e  d o u b lin g s  would

y i e l d  th e  N p o i n t  a n a l y s i s .  There a re  two complex a d d i t i o n s  f o r  each

m u l t i p l i c a t i o n  and th e  t o t a l  c a l c u l a t i o n s  f o r  th e  a lg o r i th m  a re  l e s s

th an  N lo g 2 N o p e r a t i o n s ,  r e s u l t i n g  i n  t h i s  a lg o r i th m  hav ing  few er

m u l t i p l i c a t i o n s  than  any o t h e r  a lg o r i th m .

I t  s h o u ld  be p o in te d  ou t t h a t  N does n o t  n e c e s s a r i l y  have to

be a power o f  tx^o, b u t  can be any com posite  number, such  as

N = r  • r  . . . r  , th e n  m d i f f e r e n t  subsequences  o f  N a re  formed 1 2 m ^
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to  make up th e  t r a n s fo rm ,  y i e l d i n g  an a lg o r i th m  w ith  a t o t a l  number o f

o p e r a t io n s  b e in g  N(r^ + + . . . + rm) . I f  a l l  r^ ( j  = 1, 2, . . , m)

a re  e q u a l ,  th e  t o t a l  number o f  o p e r a t io n s  become rN lo g r  N. Cooley

and Tukey have d e te rm in ed  t h a t  th e  optimum c o n d i t io n s  e x i s t  when

r  ~ 2, 3 ,  o r  4 .

A s im ple  example h e lp s  to  c l a r i f y  t h i s  a lg o r i th m .  Such an 

example can be found in  Cochran (C ochran , Cooley , and O th e r s ,  1967).
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EXPERIMENTAL DATA

T e s t  F u n c t io n s

There w ere two d i f f e r e n t  f u n c t io n s  used  to  t e s t  th e  a lg o ­

r i th m s .  The f i r s t  f u n c t i o n  

F u n c t io n  1 =

f 1 ( t )  = k t T° Q e -Q t f o r  t>0 (3 -1 )

f ( t )  = 0 f o r  t<0

where

k = s c a l e  f a c t o r  which n o rm a l iz e s  f ( t )  to  1 .0

Tq = 20 .0  ( th e  tim e ( t )  a t  which f ( t )  i s  maximum)

Q = .18203921 (a  v a lu e  used to  i n s u r e  convergence

app ro ach in g  ze ro  n e a r  a tim e o f  100 .0 )

were chosen  b e ca u se  o f  th e  sm a l l  e f f e c t  o f  t r u n c a t i o n  i n  th e  range 

c a l c u l a t e d .  F ig u re  3 .1  r e p r e s e n t s  e q u a t io n  ( 3 - 1 ) .
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1.0

f ( t )  = k t T°%  ^

A m plitude

To
Time

F ig u re  3 .1

F u n c t io n  2 =

f , ( t >  = S in c 2 t  - r S i S J ^ l 2 (3 -2 )
Z L TTt J

S ince  f u n c t i o n  2 , e q u a t io n  ( 3 - 2 ) ,  i s  an even f u n c t i o n ,  o n ly  v a lu e s  f o r

t>0 were used  to  c a l c u l a t e  th e  t r a n s fo rm .  F ig u re  3 .2  r e p r e s e n t s

e q u a t io n  ( 3 - 2 ) .  The e r r o r  betw een th e  d i s c r e t e  t r a n s fo rm  and th e

c lo s e d  form t r a n s fo rm  as i l l u s t r a t e d  in  F ig u re  3 .4  r e p r e s e n t s  the

t r u n c a t i o n  e f f e c t s  o f  l i m i t i n g  th e  range  o f  th e  f u n c t i o n ,  from t  = 0

to  t  = M. (M = 129 p o in t s  as s t a t e d  on page 22 and f i g u r e  3 . 4 . )
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A m plitude

0 M-M

F ig u re  3 .2

D ata D isp la y

Two sam ples of th e  t e s t  d a ta  computed t h a t  were p l o t t e d  on 

a Calcomp D i g i t a l  In c re m e n ta l  P l o t t e r  a re  d i s p la y e d  in  f i g u r e s  3 .3  

and 3 .4 .  The p r i n t e d  r e s u l t s  from which th e s e  p l o t s  were made appea r  

in  Appendix B, a long  w i th  th e  in p u t  v a lu e s  f o r  th e  two f u n c t i o n s .

Due to  th e  overabundance o f  d a t a  g a th e re d  f o r  a l l  seven  a lg o r i th m s ,  

and th e  redundancy o f  th e  p l o t s ,  o n ly  two p l o t s  a re  d i s p l a y e d .  The 

p r i n t e d  r e s u l t s  f o r  o n ly  t h r e e  o f  th e  a lg o r i th m s  were chosen  to  be 

l i s t e d  i n  t h i s  t h e s i s :  FT2, FT4, and FT6. These t h r e e  were chosen

b eca u se  th e y  r e p r e s e n t  th e  t h r e e  b a s i c  g ro u p in g s  o f  th e  a lg o r i th m s ,  

e x c lu d in g  th e  f a s t  F o u r i e r  t r a n s f o r m  (FT7).
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The am p li tu d e  axes o f  th e  f i g u r e s  have been  n o rm a l iz e d  to  

one ,  w h ile  th e  phase  axes have been  p l o t t e d  on a s c a l e  o f  f o r

th e  CDC-6400 com puter and a n o rm a l iz e d  s c a l e  o f  — 1—4>—1 f o r  th e  CDC-8090 

com puter.

The f req u en cy  axes of. th e  f i g u r e s  were p l o t t e d  i n  d im en s io n -  

l e s s  f req u en cy  fA t .  This  i s  a c o n v en ien t  u n i t  f o r  d i s c r e t e  t r a n s f o r m s .  

To se e  t h i s ,  use e q u a t io n  (2—1 ) .

m r  i
Fd (w) = ^  x(nA t )£ c o s  (wnAt) -  i  s i n  (wnAt)] (2 -1 )  

n--M -*

To c a l c u l a t e  t h i s  d i s c r e t e  t r a n s fo rm  on the  com puter, F^(w) must be

c a l c u l a t e d  f o r  d i s c r e t e  v a lu e s  o f  w; t h e r e f o r e ,  (2 -1 )  would become

F^(kAw) = £ x (n A t)£ c o s  (nkAwAt) -  i  s i n  (nkAwAt)jJ

n=_M (3 -3 )

k = 0 ,  1 , . . . , N.

E q u a t io n  (3 -3 )  i s  a  f u n c t io n  o f  th e  v a r i a b l e  kAwAt. Upon do ing  th e

t r a n s f o r m  AwAt i s  f i x e d  and, by s p e c i f y i n g  e i t h e r  Aw o r  A t, th e  o t h e r

i s  d e te rm in e d .  The maximum N n e c e s s a r y  i s  N = 0 .5 /A fA t ,  where

Af = b eca u se  th e  N y q u is t  f re q u e n c y  ( ^ c) o cc u rs  a t  NAfAt = 0 .5  on

th e  d im e n s io n le s s  s c a l e .

w = = 2Trf (3 -4 )c At c

f c (maximum kAf) = ~~~ (3 -5 )
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t h e r e f o r e

NAfAt = 0 .5  (3 -6 )

T ru n c a t io n  and Sampling

In  o rd e r  to  show th e  e f f e c t  t h a t  t r u n c a t i o n  can have on the  

r e s u l t  and so t h a t  t h i s  e f f e c t  i s  n o t  m i s i n t e r p r e t e d  to  be due s t r i c t l y  

to  a p p ro x im a tin g  th e  t r a n s f o r m ,  th e  two t e s t  f u n c t io n s  were c a l c u l a t e d  

f o r  81 and 129 p o i n t s ,  f o r  each o f  th e  seven  a lg o r i th m s .

I t  was n o t  th e  i n t e n t  o f  t h i s  t h e s i s  to  s tu d y  th e  e f f e c t  o f  

s a m p l in g ,  t h e r e f o r e ,  a sam pling  r a t e  was used  t h a t  would i n s u r e  t h a t  

th e  e f f e c t s  o f  a l i a s i n g  would n o t  be e n c o u n te re d .

The sam pling  r a t e  f o r  f u n c t i o n  1 i s  At = 1 .0 .  The sam pling  

r a t e  f o r  f u n c t io n  2 i s  At = .05 f o r  a t o t a l  o f  81 p o i n t s ,  and At = .03 

f o r  a t o t a l  of 129 p o i n t s .  The v a lu e  o f  N in  e q u a t io n  (3 -6 )  f o r  a l l  

exam ples run  i s  100.

For f u n c t i o n  1

Af = .001 

At = 1 .0 .

T h e re fo re  th e  a l i a s i n g  f requency  would o ccu r  when 

N = 0 . 5/AfAt = 5 x TO2 .

For f u n c t i o n  2

Af = .001 

At = .05
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T h e re fo re

N = 0 . 5/AfAt = 1 x 10^

and

Af = .001 

At = .0 3 ,  

t h e r e f o r e

N = 0 . 5/Af At = 1 .6 7  x 10**\

I t  sh o u ld  be p o in te d  o u t  t h a t  f o r  th e  t r a n s f o r m a t io n s  a c ­

com plished  in  t h i s  t h e s i s ,  th e re  would be two ty p e s  o f  t r u n c a t i o n  

b eca u se  of th e  f i n i t e  F o u r i e r  t r a n s fo rm .  The f i r s t  would be t r u n c a t i o n  

due to  th e  ap p ro x im a tio n  of th e  t r a n s fo rm  o r  th e  s h r in k in g  o f  th e  domain 

o f  th e  f u n c t i o n .  The second ty p e  o f  t r u n c a t i o n  would be due to  th e  

sam pling  o f  th e  f u n c t i o n  i n  th e  domain d e s c r ib e d .  A more e x a c t in g  

t r e a tm e n t  o f  sam pling  can be found in  B racew ell  (B ra c e w e l l ,  1965) and 

P a p o u l i s  ( P a p o u l i s ,  1962).
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ERROR COMPARISON

This c h a p te r  i s  an e v a l u a t i o n  o f  th e  e r r o r  o f  th e  a lg o r i th m .  

S ince  a l l  th e  a lg o r i th m s  a re  d i s c r e t e  c a l c u l a t i o n s  on a com puter ,  t h e r e  

i s  n o t  o n ly  a p o s s i b l e  e r r o r  due to  th e  i n d i v i d u a l  a lg o r i th m  in v o lv e d ,  

b u t  a l s o  t h e r e  can be e r r o r  due to  th e  c o n f ig u r a t i o n  o f  th e  computing 

machine used  and th e  i n t e r n a l  s u b r o u t in e s  o f  th e  sy stem  t h a t  a r e  

n e c e s s a r i l y  used  by the  a lg o r i th m s .  These would in c lu d e  th e  t r i g o n o ­

m e t r i c  f u n c t io n  and complex a r i t h m e t i c  t h a t  a re  a v a i l a b l e  on most 

l i b r a r y  system s o f  a com puter.

A pproxim ation  E r r o r

The d i s c r e t e  F o u r i e r  T ransform  (1 -11) i s  a r e s u l t  o f  th e  

F o u r i e r  S e r i e s .

A . °°̂
x ( t )  = ~  + y   ̂(a^ cos k t  + b^  s i n  k t )  (4 -1 )

To make t h i s  s e r i e s  d i s c r e t e ,  c o n s id e r  th e  fo l lo w in g  s e t  o f  2N 

f u n c t i o n s ,  1 , cos t ,  . . . , cos N t;  s i n  t ,  s i n  2 t ,  . . . , s i n  ( N - l ) t .  

I t  can be shown (Hamming, 1962; R a l s to n ,  1965, L anczos , 1956) t h a t  

th e s e  f u n c t io n s  a re  o r th o g o n a l  o v e r  th e  d i s c r e t e  s e t  o f  p o in t s  t^  = tt̂ -, 

i  = 0 ,  . . . , 2N -  1.

The o r t h o g o n a l i t y  r e l a t i o n s  a r e ,
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( 0 i f  k  ^ m 
■\N i f  k = m ? 0

0 (4 -2 )

( 0 i f  k ^  i
<N i f  k  = m ^ 0 ,  N, . . .  .
( 2N i f  k = m = 0 ,  N, . . .

By u s in g  2N f u n c t io n s  an e x a c t  f i t  can be made on th e  2N

p o i n t s .  But one re a s o n  why F o u r i e r  a n a l y s i s  i s  such  a p o w e rfu l  t o o l

i s  th e  f a c t  t h a t  i t  accom plishes  a sm oothing i n  th e  whole re g io n  and 

by u s in g  a l l  2N fu n c t io n s  t h i s  i s  n o t  accom plished .  T h e re fo re ,  an 

ap p ro x im a tio n  o f  th e  f u n c t io n  x ( t )  i s  made by u s in g  M<N-1 te rm s .  Then 

e q u a t io n  (4 -1 )  becomes

cos — k t  + b. s i n  — k t )  (4 -3 )
N k N

Then th e  and a r e  d e te rm in e d  so t h a t  th e  sum o f  th e  s q u a re s

o f  th e  d i f f e r e n c e s  betw een th e  f u n c t i o n  and th e  approx im ated  f u n c t io n  

i s  a minimum,

[ x ( t )  -  x ^ ( t ) ] 2 = minimum (4 -4 )

I t  i s  t h e r e f o r e  e v i d e n t  t h a t  a g e n e r a l  e r r o r  f o r  a l l  th e  

a lg o r i th m s  i s  a f u n c t i o n  o f  th e  number M o f  harm onics  c a l c u l a t e d .  A

y t >  -■ + (<

s I T .  . I Ts m  ^  k t  s m  mt

b l
TT .  TTs m  jj- k t  cos mt

2N-1
TT .  . TTcos — k t  cos — mt 
N N
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p o i n t  to  be c o n s id e re d  i n  d e te rm in in g  M i s  t h a t ,  due to  sam pling  a t  

even i n t e r v a l s ,  no frequency  g r e a t e r  than  the  N y q u is t  f req u en cy  can 

be c a l c u l a t e d .  T h e re fo re ,  the  l a r g e s t  v a lu e  o f  H needed to  be con­

s i d e r e d  can be d e te rm in e d  as fo l lo w s :

N = number o f  p o i n t s  o f  th e  f u n c t io n  x ( t )  a v a i l a b l e  

mc = N y q u is t  f req u en cy  

At = sam pling  i n t e r v a l

= 2tto) t  (4 -5 )
N c

M = 2a) N = 2m nAt (4 -6 )c c

t  = 0 ,  A t, . . . , nAt

T h is  v a lu e  o f  M i s  n o t  n e c e s s a r i l y  the one to  use  b e ca u se  n-M i s  a

f u n c t i o n  o f  the  sm ooth ing . T ha t i s ,  from (4 -6 )

M ■ • ,
n = 2o) At (4 -7 )11 c

L e t th e  r e c i p r o c a l  o f  (4 -7 )  be a sm ooth ing  p a ra m e te r  p .

p = 1 /2  m At (4 -8 )c

and in  o r d e r  t o  smooth

p > 1. (4 -9 )

A lg o r i th m  E r r o r

The a lg o r i th m s  can b a s i c a l l y  be p u t  i n t o  fo u r  g roups f o r
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e r r o r  a n a l y s i s .  The f i r s t  g ro u p ,  c o n s i s t i n g  o f  FT1 and FT4, w i l l  have 

an e r r o r  t h a t  i s  a f u n c t i o n  o f  th e  i n h e r e n t  e r r o r  i n  th e  computing 

sys tem  used p lu s  th e  ap p ro x im a tio n  e r r o r  m en tioned  above. T h is  e r r o r  

a l s o  in c lu d e s  e r r o r  due to  methods used  to  c a l c u l a t e  th e  t r i g o n o m e t r i c  

f u n c t i o n s .  The computing system  e r r o r s  a re  covered  i n  th e  n e x t  s e c t i o n  

o f  t h i s  c h a p te r .  L e t  t h i s  e r r o r  be r e p r e s e n t e d  by E^. S ince  t h e r e  i s  

a t o t a l  o f  8N c a l c u l a t i o n s  f o r  each  f re q u e n c y  f o r  th e s e  two a lg o r i th m s ,  

th e  t o t a l  e r r o r  p o s s i b l e  would be 8NE^.

The second group c o n s i s t s  o f  th e  i t e r a t i v e  a lg o r i th m s ,  FT2, 

FT3, and FT5. A lgo rithm s  FT2 and FT5 have 8N c a l c u l a t i o n s ,  b u t  they  

have on ly  one i n i t i a l  c a l c u l a t i o n  o f  th e  t r i g o n o m e t r i c  f u n c t io n s  s in e  

and c o s in e .  T h e r e f o re ,  th e  e r r o r  f o r  t h i s  group E£ i s  d i f f e r e n t  from 

th e  p re c e d in g  g ro u p , and th e  t o t a l  e r r o r  f o r  FT2 and FT5 w i l l  be 8NE2 

f o r  each  v a lu e  f re q u e n c y .  FT3 has  on ly  6N c a l c u l a t i o n s  w i th  on ly  one 

c a l c u l a t i o n  f o r  th e  t r i g o n o m e t r i c  f u n c t io n s  s in e  and c o s in e ;  t h e r e f o r e ,  

th e  t o t a l  e r r o r  f o r  FT3 would be 6NE£ f o r  each  v a lu e  o f  f re q u e n c y .

The t h i r d  group in c lu d e s  th e  a lg o r i th m  FT6 which has  a t o t a l  

number of 2N c a l c u l a t i o n s  f o r  th e  complex p a i r  f o r  each  v a lu e  o f  

f r e q u e n c y .  The e r r o r  in v o lv e d  h e re  i s  a f u n c t i o n  o f  th e  computer 

system s r o u t i n e  f o r  complex a r i t h m e t i c .  The t o t a l  e r r o r  f o r  th e  

a lg o r i th m  would th e n  be 2NE^.'

The l a s t  group c o n ta in s  th e  F a s t  F o u r i e r  T ransfo rm  FT7 and 

w i l l  have an e r r o r  E^ log  N.
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Machine E r r o r

The m achines used  to  c a l c u l a t e  d a t a  f o r  t h i s  t h e s i s  were th e  

C o n tro l  B a ta  C o rp o ra t io n  8090 and th e  C o n tro l  D ata  C o rp o ra t io n  6400.

The t e s t  d a t a . f o r  th e  Cooley -  Tukey a lg o r i th m ,  FT7, was run  on a 

S c i e n t i f i c  D ata  System 9300 com puter. The th r e e  m achines were used  to  

g e t  a com parison o f  th e  e f f e c t  o f  word le n g th  on th e  c a l c u l a t i o n s .

The CDC 8090 has  a 2 7 - b i t  m a n t i s s a  t h a t  r e s u l t s  i n  8 s i g n i f i ­

c a n t  f i g u r e s .  A ccuracy sh o u ld  be p la c e d  a t  7 f i g u r e s  b ecau se  o f  th e  

e f f e c t  o f  r o u n d - o f f .  The CDC 8090 does a t r u n c a t i o n  o f  l e a s t  s i g n i f i ­

c a n t  f i g u r e s  i n  a l l  a r i t h m e t i c  o p e r a t io n s  t h e r e f o r e  r e s u l t i n g  i n  th e  

l a s t  d i g i t  (8 th )  b e in g  q u e s t i o n a b le .

The CDC 6400 has  an e f f e c t i v e  4 8 - b i t  m a n t i s s a  f o r  i t s  6 0 - b i t

word r e s u l t i n g  i n  about 14 s i g n i f i c a n t  d i g i t s .  This  com puter has  th e

c a p a b i l i t y  o f  round ing  o f f  th e  l e a s t  s i g n i f i c a n t  d i g i t ,  th e re b y  g iv in g

a more c o n s i s t e n t  acc u racy  a t  th e  1 4 th  d i g i t .

The acc u racy  o f  th e  l i b r a r y  fu n c t io n s  f o r  c a l c u l a t i n g  the  

s i n e ,  c o s in e ,  s q u a re  r o o t ,  e t c . ,  on th e  CDC 8090 i s  w i th i n  th e  7 - d i g i t  

a cc u racy  o f  th e  co m p u ta tio n s .

The accu racy  o f  th e  l i b r a r y  f u n c t io n s  on th e  CDC 6400, 

i n c lu d in g  th e  above-m entioned  s u b r o u t in e s  p lu s  th e  s u b r o u t in e s  to  do 

complex a r i t h m e t i c ,  i s  w e l l  w i th i n  th e  1 4 - d i g i t  accu racy  o f  th e  

c o m p u ta t io n s .
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RESULTS AND CONCLUSIONS

In  t h i s  c h a p te r  th e  r e s u l t s  and c o n c lu s io n s  o f  th e  e x p e r i ­

m e n ta l  runs  a re  e v a l u a te d .  The speed  o f  th e  a lg o r i th m s  in v o lv e d  i s  a 

f u n c t i o n  o f  th e  speed  o f  th e  com puter u sed .  T h e re fo re ,  a r e l a t i v e  

speed  com parison betw een th e  a lg o r i th m s  which w i l l  app ly  g e n e r a l l y  to  

any machine i s  g iv e n  h e r e .

By comparing th e  r e s u l t s  betw een th e  a lg o r i th m s ,  th e  e f f e c t s  

due to  word le n g th s  o f  th e  com puters and the  e f f e c t s  o f  t r u n c a t i o n  

o f  th e  i n p u t  d a ta  can be a n a ly z e d .

F i n a l l y ,  th e  e v a l u a t i o n  o f  th e  com parisons o f  tim es  and 

e r r o r s  le a d s  to  c o n c lu s io n s  to  s u g g e s t  which a lg o r i th m  sh o u ld  be used  

when.

Time R e s u l t s

The tim e r e s u l t s  can be p la c e d  i n t o  g roups j u s t  as th e  e r r o r  

r e s u l t s  i n  th e  p re v io u s  c h a p te r s  w e re .

The f i r s t  group which in c lu d e s  a lg o r i th m s  FT1 and FT4 i s  

tw ic e  as slow  as th e  second  group which in c lu d e s  th e  a lg o r i th m s  FT2, 

FT3, FT5, and FT6. The s e v e n th  a lg o r i th m ,  FT7, i s  th e  f a s t e s t  o f  a l l  

o f  th e  a lg o r i th m s  t e s t e d .

I t  s h o u ld  be p o in t e d  o u t  h e r e  t h a t  r e l a t i v e  sp eed s  betw een 

any two a lg o r i th m s  can be in c r e a s e d  by th e  p r o p e r  use  o f  com puter 

" h a rd w a re ."  An example o f  t h i s  i s  one in  which a lg o r i th m  FT1, u s in g
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a co n v o lv e r  a p p a ra tu s  (hardw are d es ig n ed  f o r  ve ry  r a p id  m u l t i p l i c a t i o n  

and a d d i t i o n ) ,  can approach  th e  speed  o f  a lg o r i th m  FT7 f o r  s m a l l e r  

numbers o f  t o t a l  p o in t s  e v a lu a te d .

A com para tive  t a b l e  f o r  th e  a lg o r i th m s  FT1 th ro u g h  FT6 on 

th e  CDC 8090 and CDC 6400 com puters i s  g iv e n  i n  th e  fo l lo w in g  t a b l e .

ALGORITHMAL TIME COMPARISONS 
ON THE CDC 8090 AND CDC 6400

(Time i n  M inu tes)

ALGORITHM CDC 8090 CDC 6400

FT1 1 0 .8  0 .067

FT2 4 .5  0 .034

FT3 3 .6  0 .032

FT4 1 0 .8  0 .068

FT5 4 .5  0 .034

FT6 ----- 0 .0  34

FT6 cou ld  n o t  be run on th e  CDC 8090 due to  the  la c k  o f  

complex a r i t h m e t i c  c a p a b i l i t i e s  o f  t h a t  m achine.

A tim e com parison of FT7 and FT1 has  been  run on th e  SDS 9300 

by W. T. P r e s c o t t  ( P r e s c o t t ,  1967) w i th  th e  fo l lo w in g  r e s u l t s  as shown. 

The a lg o r i th m  FT1 was programmed i n  two d i f f e r e n t  ways: 1) f ix e d

p o i n t  a r i t h m e t i c  i n  which a co n v o lv e r  u n i t  was em ployed, and 2) f l o a t i n g  

p o i n t  a r i t h m e t i c ,  w i th o u t  the  use  o f  th e  co n v o lv e r  u n i t .
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Time i n  Seconds

T o t a l  Number o f  F ixed  P o in t  F lo a t in g  P o in t
;s A nalyzed (Convolver Used) (C onvolver Not Used) FT 7

64 0 .1 8 0 .32 0 .1 0

128 0 .4 8 1 .12 0 .2 3

256 1.42 4 .28 0.52

512 4.72 16 .63 1 .10

1,024 16.40 65.55 2 .3 8

2 ,048 61 .53 260.37 5 .1 3

E r r o r  R e s u l t s

The d a t a  c a l c u l a t e d  i n  a l l  o f  th e  a lg o r i th m s  was o u tp u t  i n  

r e a l  and im ag in a ry  v a lu e s  and a m p litu d e  and p h a s e .  The am p li tu d e  v a lu e s  

were n o rm a l iz e d  to  1 .0 ;  t h e r e f o r e ,  an i n d i c a t i o n  o f  accu racy  i s  the  

com parison i n  dec im al p la c e s  betw een the  a lg o r i th m s .

On th e  CDC 8090 the  e r r o r  betw een a lg o r i th m s  i s  i n  th e  s i x t h  

dec im al p l a c e .  E r r o r  due to  t r u n c a t i o n  o f  f u n c t io n  1 i s  i n  the  t h i r d  

dec im al p l a c e ,  w h i le  e r r o r  due to  t r u n c a t i o n  o f  f u n c t i o n  2 i s  i n  th e  

f i r s t  dec im a l p l a c e .

On th e  CDC 6400 th e  e r r o r  betw een a lg o r i th m s  i s  beyond th e  

e i g h t  d ec im al p la c e s  p r i n t e d  o u t .  The e r r o r  due to  t r u n c a t i o n  o f  

f u n c t i o n  1 i s  i n  th e  t h i r d  dec im al p l a c e .  The e r r o r  due to  t r u n c a t i o n  

o f  f u n c t i o n  2 i s  i n  th e  f i r s t  d ec im al p l a c e .

The e f f e c t  o f  word l e n g th  o f  com puters would be i n d i c a t e d  by 

th e  d is c re p a n c y  o f  o u tp u t  d a t a  betw een  th e  two m a ch in es .  I t  was
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o bse rved  t h a t  th e  e r r o r  betw een th e  two m achines was in  th e  s ev en th  

s i g n i f i c a n t  f ig u r e  due to  th e  ac c u ra c y  o f  th e  CDC 8090, which has  a 

ro u n d o ff  e r r o r  i n  th e  e ig h th  s i g n i f i c a n t  f i g u r e .

C o n c lu s io n s

Because o f  th e  advances b e in g  made in  th e  f i e l d  of d i g i t a l  

com puters  today  and e s p e c i a l l y  th e  e v e r - i n c r e a s i n g  s i z e  o f  th e  memories 

o f  th e s e  m ach ines ,  th e  em phasis o f  t h i s  t h e s i s  has  been  on tim e of 

e x e c u t io n  and e r r o r s  betw een th e  s t a t e d  a lg o r i th m s .

The e r r o r s  due to  t r u n c a t i o n  have been  p o in te d  ou t and a re  

in d e p en d en t of th e  i n d i v i d u a l  a lg o r i th m s .  A l l  a lg o r i th m s  ag ree  to  

w i t h i n  8 d i g i t s ,  t h e r e f o r e ,  th e  o n ly  b a s i s  f o r  com parison  i s  in  r e l a t i v e  

tim e of e x e c u t io n  w i th  th e  fo l lo w in g  o rd e r  i n d i c a t i n g  th e  p r e f e r e n c e  o f  

th e  a lg o r i th m s :  FT7, FT3, FT6, FT2 and FT5, FT1, and FT4.
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APPENDIX I  

FORTRAN PROGRAMS

The fo l lo w in g  i s  a l i s t  o f  the  F o r t r a n  program s f o r  th e  

a lg o r i th m s .  The a lg o r i th m s  FT1 th rough  FT5 were w r i t t e n  i n  F o r t r a n  I I  

which cou ld  be run on e i t h e r  th e  CDC 8090 o r  th e  CDC 6400. FT6 was 

n e c e s s a r i l y  r e q u i r e d  to  be w r i t t e n  i n  F o r t r a n  IV and , t h e r e f o r e ,  was 

run  on ly  on th e  CDC 6400. A lg o r i th m  FT7 was w r i t t e n  i n  F o r t r a n  IV and 

i s  th e  program  FORT as l i s t e d  in  th e  IBM SHARE program .

In  each case  o n ly  th e  s u b r o u t in e s  f o r  c a l c u l a t i n g  th e  r e a l  

and im ag in a ry  v a lu e s  o f  th e  t r a n s fo rm  a re  g iv e n .  The am p li tu d e  and 

phase  v a lu e s  were c a l c u l a t e d  in  a s u b r o u t in e  l a b e l e d  MOPH which i s  th e  

l a s t  s u b r o u t in e  l i s t e d .
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SUBROUTINE FT1 (X, Y, NXY, AA, NA, DELFT, FTMAX) 
DIMENSION X (1 4 5 ) , Y (145) ,  AA(401)
NXY = (FTMAX/DELFT)+ 1 .0  
AN=NA
DO 20 1=1, 145
x( i )  = 0

20 Y (I)  = 0
ANUM = 6.28318530*DELFT

c
c FREQ. LOOP
c

DO 1 J = l ,  NXY 
F J= J-1
ANUM1=FJ*ANUM

c
c TIME LOOP
c

DO 1 K=l, NA 
FK=K-1
X(J)=AA(K)*COS(ANUM1*FK)+X(J )
Y(J)=-(AA(K)*SIN(ANUM1*FK))+Y(J)

1 CONTINUE 
RETURN 
END
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SUBROUTINE FT2 (X, Y, NXY, AA, NA, DELFT, FTMAX) 
DIMENSION X (1 4 5 ) , Y (145),  AA(401)
NXY = (FTMAX/DELFT)+l.0 
ANUM = 6.28318530*DELFT 
X(1)=AA(1)
Y(1)=0

c
c FREQ. LOOP 
c

DO 1 J = l ,  NXY 
X(J)=AA(1)
Y (J )= 0 .0 
F J= J-1
S1=SINF(ANUM*FJ)
Cl=COSF(ANUM*FJ)
C2=C1
S2=S1

c
c TIME LOOP 
c

DO 1 K=2, NA 
X(J)=X(J)+AA(K)*C2 
Y(J)=-AA(K)*S2+Y(J)
S 3= S 2 *C1+C2 *S1 
C3=C2*C1-S2*S1 
S2=S3 
C2=C3 

1 CONTINUE 
RETURN 
END
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SUBROUTINE FT3 (X, Y, NXY, AA, NA, DELFT, FTMAX) 
DIMENSION X (1 4 5 ) , Y (1 4 5 ) ,  AA(401)
DOUBLE PRECISION ARGI
NXY=(FTMAX/DELFT)+1.0
INC=-1
A1=AA(1)
DO 20 1=1, 145 
X (I )= 0 .0  

20 Y (I )= 0 .0
ARGI=6.283185307179586476925287DO*DBLE(DELFT)
C= COS (ARGI)
S=SIN(ARGI)
C l=1.0
S1=0.0

c
c FREQ.LOOP
c

DO 2 N =l, NXY
U1=0.0
U2=0.0
S CALE= 2.*C1

c
c TIME LOOP
c

DO 1 1=2, NA 
NAl=NA+2 
K=NA1-I 
BA=AA(K)
UO=BA+SCALE*UI-U2
U2=U1

1 U1=U0 
X(N)=A1+C1*U1-U2 
Y(N)=-S1*U1 
Q=C*C1-S*S1 
S1=C*S14-S*C1 
C1=Q

2 CONTINUE 
RETURN 
END
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SUBROUTINE FT4 (X, Y, C, S, NXY, AA, NA, DELFT, FTMAX) 
DIMENSION X (145 ) ,  Y (1 4 5 ) , C (1 4 5 ) , S (1 4 5 ) ,  AA(145)
NXY=(FTMAX/DELFT)+1.0 
DO 20 1=1,145 
X (I)= 0  
Y (I)= 0  
C ( I )= 0 .0  

20 S ( I ) = 0 .0
ANUM=6.283185 30*DELFT 
DO 1 J=1,NXY 
AJ=J-1
ANUM1=ANUM*AJ 
DO 1 K=1,NA 
AK=K-1
C ( J ) =COSF ( ANUM1 *AK)
S( J ) = SINF(ANUM1*AK)
X(J)=AA(K)*C(J)+X(J)
Y (J)= -(A A (K )*S(J))+Y (J)

1 CONTINUE 
RETURN 
END
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SUBROUTINE FT5 (X, Y, NXY, AA, NA, DELFT, FTMAX) 
DIMENSION X (145) , Y (1 4 5 ) , AA(401)
DOUBLE PRECISION ANUM, ARG 
NXY=(FTMAX/DELFT)+ 1 .0  
X (1)=0 .0  
DO 20 1=1 ,NA 

20 X(1)=X(1)+AA(I)
Y (1)=0 .0
ANUM=6 .2  83185 30 717 9 5 86 4 7 6 9 2 5 2 8 7DQ*DBLE(DELFT)

c
c FREQ.LOOP 
c

ARG=0.0
DO 2 J=2,NXY
X (J)= 0 .0
Y (J )= 0 .0
ARG=ARG+ANUM
CSAVE=SNGL(DCOS(ARG))
S S AVE= SNGL(DSIN(ARG))
Cl=2,*CSAVE
C 2 - 1 . 0
S2=0.0

c
c TIME LOOP 
c

DO I  K=1,NA 
X(J)=AA(K)*C2+X(J)
Y(J)=Y(J)+(AA(K) *S2)
CAVE=C2
SAVE=S2
C2=C2*C1-CSAVE
S2=S2*C1-SSAVE
CSAVE=CAVE
SSAVE=SAVE

1 CONTINUE
2 CONTINUE 

RETURN 
END



o 
o
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SUBROUTINE FT6 (X, Y, NXY, AA, NA, DELFT, FTMAX) 
DIMENSION X (1 4 5 ) , Y (1 4 5 ) , AA(145)
TYPE COMPLEX Z, ZO, Z l ,  Z2, Z4, ZERO, ZREF 
DOUBLE PRECISION ’TWOPI, ARG 
DATA (ZER0=(0. , 0 . ) ) ,  ( Z 0 = ( 1 . , 0 . ) )
DATA (TWOPI=6.28318530717986476925287DO)
NXY=(FTMAX/DELFT)+1.0 
ARG=-(TWOPI*DBLE(DELFT))
Z 4= CMPLX(SINGL( DCOS(ARG)) , SNGL(DSIN(ARG)) )  

FREQUENCY LOOP 

Z2=ZO
DO 1 IZ=1,NXY 
Z1=Z0 
Z=ZERO

c TIME LOOP 
c

DO=2 IS=1,NA 
Z=Z+Zl*AA(IS)

2 Z1=Z1*Z2 
Z2=Z2*Z4 
X(IZ)=REAL(Z)
Y( IZ )=AIMAG( Z)

1 CONTINUE 
RETURN 
END
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SUBROUTINE MOPH (X, Y, NXY, DELFT, PQWMAX, NA) 
DIMENSION X (145), Y(145)
POWMAX-O . ’
DO 2 N =l, NXY
VALUE1=X(N)*X(N)+Y(N)*Y(N)
IF (POWMAX-VALUE1) 1 ,2 ,2

1 P0WMAX=VALUE1
2 CONTINUE

c
c LIST TRANSFORM VALUES

VALUE1=SQRTF(POWMAX)
VALUE2=1./VALUE1 
PRINT 4, NA

4 FORMAT (1HI, 13X, 34HFOURIER TRANSFORM OF A SEQUENCE 
OF, 14 , I X , . 19HEQUISPACED IMPULSES /  14X, 37HREAL 
AND IMAGINARY VALUES ARE LISTED./
. 1KO, 5X, 10HFREQ*DELFT, 8X, 4HREAL, 10X, 9HIMAGINARY, 
8X, 7HMODULUS, 10X, 5HPHASE, )
FREQ=-DELFT 
DO 114 K=1,NXY 
POWER=X(K) *X(K)+Y (K) *Y'(K)
VALUE1=SQRTF(POWER)
VALUE1=VALUE1*VALUE2

c
c COMPUTATION OF PHASE 
c

IGO=l
IF (X (K ))2 1 6 ,2 1 0 ,2 1 4

210 IF (Y (K ))2 1 2 ,2 1 1 ,2 1 3
211 PHASE=0 

GO TO 215
212 PHASE=-.5 

GO TO 215
213 PHASE=.5 

GO TO 215
216 IGO=2
214 ARG=Y(K)/X(K)
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SUBROUTINE MOPH (CONTINUED)

FHASE=.3183098*ATAN(ARG)
GO TO ( 2 1 5 ,2 1 7 ) ,IGO

217 IF (Y (K ))2 1 8 ,2 1 9 ,2 2 0  
220 PHASE*l.+PHASE

GO TO 215
218 PHASE=PHASE-1.

GO TO 215
219 IF (X (K )225 ,211 ,211  
225 PHASE*1.
215 REAL=X(K)*VALUE1 

AMAG=Y(K)*VALUEI 
FREQ=FREQ+DELFT
PRINT 6 ,  FREQ, REAL, AMAG, VALUEl, PHASE 

6 FORMAT ( IHO, 5 (F 1 3 .8 ,  3X ,))
114 CONTINUE 

RETURN 
END
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APPENDIX I I  

DATA SAMPLES

As s t a t e d  p r e v io u s l y  due to  th e  abundance o f  r e p e t i t i v e  v a lu e s  

c a l c u l a t e d  f o r  a l l  th e  a l g o r i th m s ,  o n ly  fo u r  o f  th e  a lg o r i th m s  a re  

l i s t e d  i n  t a b l e  form h e r e .  The o th e r  a lg o r i th m s  n o t  l i s t e d  g iv e  

i d e n t i c a l  v a lu e s  f o r  th e  p a r t i c u l a r  f u n c t io n  t r a n s fo rm e d .

The t a b l e s  l i s t e d  in  t h i s  append ix  p o in t  o u t  th e  r e s u l t s  

a r r i v e d  a t  i n  th e  s e c t i o n ,  R e s u l t s  and C o n c lu s io n s .  A lso l i s t e d  i n  

t h i s  s e c t i o n  a re  th e  tim e v a lu e s  f o r  th e  two in p u t  f u n c t i o n s .
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TIME VALUES -  FUNCTION 1 

81 AND'129 POINTS

0 1 2 3 4

0 0 .00058 .00605 .02209 .05249
5 .09860 .15963 .23324 .31614 .40463

10 .49499 .58377 .66798 .74519 .81355
15 .87180 .91919 .95544 .98067 .99530
20 .99999 .99560 .98307 .96341 .93761
25 .90684 .87194 .83388 .79350 .75158
30 .70880 .66575 .62295 .58083 .53975
35 .49999 .46180 .42532 .39068 .35796
40 .32719 .29839 .27154 .24659 .22350
45 .20218 .18257 .16458 .14812 .13309
50 .11941 .10698 .09570 .08550 .07629
55 .06799 .06051 .05380 .04778 .04238
60 .03756 .03325 .02940 .02598 .02293
65 .02023 .01782 .01569 .01380 .01213
70 .01066 .00935 .00820 .00719 .00630
75 .00551 .00482 .00421 .00368 .00321
80 .00280 .00244 .00213 .00185 .00161
85 .00140 .00122 .00106 .00092 .00080
90 .00069 .00060 .00052 .00045 .00039
95 .00034 .00029 .00025 .00022 .00019

100 .00016 .00014 .00012 .00010 .00009
105 .00007 .00006 .00005 .00005 .00004
110 .00003 .00003 .00002 .00002 .00002
115 .00001 .00001. .00001 .00001 0 .0
120 0 .0 0 .0 0 .0 0 .0 0 .0
125 0 .0 0 .0 0 .0 0 .0 0 .0

TABLE I I  -  1

FUNCTION 1 = k t T° Qe " QT 

DELTA T = 1 .0
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TIME VALUES -  FUNCTION 2 

81 POINTS

0 .05 .10 .15 .20

0 .0 1.000000 .991802 .967531 .928135 .875140
0 .25 .810569 .736840 .656638 .572787 .488107
0 .50 .405285 .326749 .254572 .190386 .135338
0 .75 .090063 .054696 .028904 .011945 .001727
1.00 .000000 .002249 .007996 .015 791 .024309
1.25 .032423 .039240 .044136 .046758 .047011
1 .50 .045032 .041141 .035799 .029546 .022947
1.75 .016542 .010804 .006102 .002680 .000652
2 .00 .000000 .000590 .002194 .004518 .007233
2.25 .010007 .012536 .014566 .015911 .016467
2.50 .016211 .015201 .013557 .011454 .009097
2.75 .006699 .004465 .002571 .001150 .000285
3 .00 .000000 .000267 .001007 .002105 .003419
3.25 .004796 .006090 .007168 .007928 .008304
3.50 .008271 .007843 .007071 .006038 .004844
3.75 .003603 .002424 .001409 .000636 .000159

TABLE I I -  2

FUNCTION 2 = SINC2

DELTA T - .05
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TIME VALUES -  FUNCTION 2 

129 POINTS

0 .03 .06 .09 .12

0 1.000000 .997043 .988212 .97634 .953515
.15 .928135 .897851 .863080 .824298 .782031
.30 .736840 .689316 .640068 .589712 .538859
.45 .488107 .438028 .389163 .342008 .297013
.60 .254572 .215017 .178618 .1455 79 .116037
.75 .090063 .067666 .048790 .033327 .021114
.90 .011945 .005575 .001727 .000102 .000384

1.05 .002249 .005372 .009436 .014134 .019079
1.20 .024309 .029289 .033914 .038014 .041455
1.35 .044136 .045994 .046997 .047147 .046473
1 .50 .045032 .042900 .040172 .036958 .033375
1 .65 .029546 .025592 .021634 .017784 .014144
1.80 .010804 .007840 .005309 .003255 .001700
1.95 .000652 .000102 .000025 .000382 .001125
2 .10 .002194 .003522 .005040 .008353 .010007
2 .25 .010007 .0115 72 .012989 .014210 .015193
2 .40 .015911 .016342 .016480 .016326 .015892
2.55 .015201 .014280 .013167 .011902 .010530
2 .70 .009097 .007649 .006233 .004890 .003658
2.85 .002571 .001655 .000931 .000412 .000102
3.00 .000000 .000098 .000380 .000826 .001411
3.15 .002105 .002877 .,003694 .004523 .005332
3.30 .006090 .006770 .007348 .007805 .008127
3.45 .008304 .008333 .008216 .007958 .007572
3.60 .007071 .005805 .005090 .004347 .003603
3.75 .003603 .002881 .002205 .001595

TABLE I I  -  3

FUNCTION 2 = SINC2 

DELTA T = .03
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AMPLITUDE VALUES FUNCTION 1 81 POINTS

CDC 8090

DELTA FREQ. FT2 FT4

0.000  ' .99999999 .99999999
0.005 .95307677 .95307671
0 .010 .77114865 .77114865
0.015 .57620717 .57620726
0.020 .40523255 .40523250
0.025 .27544226 .27544230
0 .030 .18411894 .18411893
0.035 .12418553 .12418553
0.040 .08430793 .08430792
0 .045 .05770939 .05770939
0 .050 .04088957 .04088957
0.055 .02884608 .02884608
0.060 .02090451 .02090450
0 .065 .01565 712 .01565712
0 .070 .01135236 .01135236
0.075 .00889723 .00889723
0 .080 .00675607 .00675607
0.085 .00513657 .00513656
0 .090 .00430326 .00430326
0 .095 .00315050 .00315049
0 .100 .00270905 .00270906

FT5

,99999999
,95307827
.77114838
,57620626
,40523218
,27544260
,18411898
.12418566
,08430790
.05770942
,04088958
,02884608
,02090451
,01565.712
,01135235
,00889722
,00675607
,0051365?
,00430325
,00315050
,00270905

TABLE I I  -  4

FUNCTION 1 = k t ToQe~QT

MAXIMUM FREQUENCY = 0 . 1 0

INCREMENT OF FREQUENCY = 0 .005
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AMPLITUDE VALUES FUNCTION 1 129 POINTS

CDC 8090

DELTA FREQ. FT2 FT4 FT 5

0 .000 .99999999 .99999999 .99999999
0 .005 .93419012 .93419006 .93419163
0.010 .77016979 .77016979 .77016953
0.015 .5 7636335 .57636344 .47636243
0.020 .40485689 .40485684 .40485651
0.025 .27491556 .27491561 .27491591
0 .030 .18440353 .18440353 .18550357
0.035 .12392210 .12392210 .12392223
0 .040 .08412949 .08412948 .08412946
0.045 .05795680 .05795680 .05795683
0.050 .04059855 .04059855 .04059857
0.055 .02892965 .02892966 .02892966
0.060 .02097001 .02097000 .02097001
0.065 .01544616 .01544616 .01544616
0 .070 .01155379 .01155379 .01155379
0.075 .00876631 .00879932 .00876631
0.080 .00674294 .00674294 .00674294
0.085 .00524863 .00524863 .00524863
0.090 .00413340 .00413340 .00413339
0.095 .00328906 .00328905 .00328906
0 .100 .00264272 .00264273 .00264272

TABLE I I  -  5

FUNCTION 1 = ktT° V QT
MAXIMUM FREQUENCY = 0 . 1 0  

INCREMENT OF FREQUENCY = 0 .005
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AMPLITUDE VALUES FUNCTION 2 ,81 POINTS 

CDC 8090

DELTA FREQ. FT2 FT 4 FT5

0.000 1.00000000 1.00000000 1.00000000
0 .005 .95681238 .95681235 .95681266
0 .010 .88582081 .88582081 .88582079
0 .015 .83930908 .83930910 .83930887
0 .020 .78873912 .78873911 .78873885
0 .025 .73896874 .73896874 .73896909
0 .030 .69560773 .69560770 .69560781
0 .035 .64164650 .64164649 .64164666
0.040 .59122757 .59122757 .59122748
0 .045 .52871854 .52871853 .52871860
0.050 .43167441 .43167441 .43167451
0.055 .34654176 .34654174 .34654180
0 .060 .30384995 .30384995 .30384993
0 .065 .27251323 .27251323 .27251323
0 .070 .24684257 .24684257 .24684255
0 .075 .22801608 .22801608 .22801609
0 .080 .21059930 .21059930 .21059926
0 .085 .19693648 .19693647 .19693645
0 .090 .18475212 .18475213 .18475209
0 .095 .17397784 .17397784 .17397780
0 .100 .16493717 .16493717 .16493714

TABLE I I  -  6

FUNCTION 2 = SINC2

MAXIMUM FREQUENCY = 0 . 1 0

INCREMENT OF FREQUENCY = 0 .005
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AMPLITUDE VALUES FUNCTION 2 129 POINTS

CDG 8090

DELTA FREO. FT2 FT4 FT5

0 .000 1.00000000 1.00000000 1.00000000
0 .005 .90615937 .90615936 .90615996
0 .010 .82367167 .82367167 .83267167
0.015 .73955156 .73955159 .73955115
0.020 .66352948 .66352945 .66352898
0.025 .57923848 .57923853 .57923901
0 .030 .43964796 .42964794 .43964813
0.035 .32063166 .32063167 .32063180
0 .040 .26746351 .26746352 .26746346
0.045 .23156242 .23156243 .23156246
0 .050 .20408390 .20408390 .20408393
0.055 .18283140 .18283139 .18283141
0 .060 .16708726 .16708728 .16708726
0.065 .15258878 .15258880 .15258878
0 .070 .14119292 .14119291 .14119292
0.075 .13140194 .13140194 .13140192
0 .080 .12305525 .12305525 .12305524
0.085 .11531689 .11531688 .11531687
0 .090 .10913360 .10913361 .10913358
0 .095 .10300871 .10300871 .10300869
0 .100 .09813238 .09813239 .09813236

TABLE I I  -  7

FUNCTION 2 = SINC2

MAXIMUM FREQUENCY = 0 ,1 0

INCREMENT OF FREQUENCY = 0 .005
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AMPLITUDE VALUES FUNCTION 1 81 POINTS

CDC 6400

DELTA FREQ. FT2 FT4 FT5 FT6

0.000 1.00000000 1.00000000 1.00000000 1.00000000
0 .005 .93507674 .93507674 .93507674 .93507674
0.010 .77114867 .77114867 .77114867 .77114867
0.015 .57620724 .57620724 .57620724 .57620724
0 .020 .40523251 .40523251 .40523251 .40523251
0.025 .27544320 .27544230 .27544230 .27544230
0.030 .18411893 .18411893 .18411893 .18411893
0.035 .12418552 .12418552 .12418552 .12418552
0.040 .08430792 .08430792 .08430792 .08430792
0.045 .05770939 .05770939 .05770939 .05770939
0.050 .04088957 , .04088957 .04088957 .04088957
0.055 .02884607 .02884607 .02884607 .02884607
0.060 .02090451 .02090451 .02090451 .02090451
0.065 .01565712 .01565712 .01565712 .01565712
0 .070 .01135235 .01135235 .01135235 .01135235
0.075 .00889723 .00889723 .00889723 .00889723
0 .080 .00675607 .00675607 .00675607 .00675607
0 .085 .00513657 .00513657 .00513657 .00513657
0 .090 .00430326 .00430326 .00430326 .00430326
0.095 .00315050 .00315050 .00315050 .00315050
0.100 .00270906 .00260906 .00270906 .00270906

TABLE I I  -  8

FUNCTION 1 = k t T° C*e“(*t

MAXIMUM FREQUENCY = 0 . 1 0

INCREMENT OF FREQUENCY = 0 .005



51

T-1179

AMPLITUDE VALUES FUNCTION 1 129 POINTS

,TA FREQ. FT2

CDC 6400 

FT 4 FT5 FT6

0.000 1.00000000 1.00000000 1.00000000 1.00000000
0 .005 .93419010 .93419010 .93419010 .93419010
0 .010 .77016983 .77016983 .77016983 .77016983
0 .015 .57637343 .57636343 .57636343 .57636343
0 .020 .40485686 .40485686 .40485686 .40485686
0 .025 .27491561 .27491561 .27491561 .27491561
0.030 .18440352 .11440352 .18440352 .18440352
0 .035 .12392209 .12392209 .12392209 .12392209
0 .040 .08412948 .08412948 .08412948 .08412948
0.045 .05795680 .05795680 .05795680 .05795680
0 .050 .04059856 .04059856 .04059856 .04059856
0.055 .02892965 .02892965 .02892965 .02802065
0 .060 .02097001 .02097001 .02097001 .02097001
0 .065 .01544616 .01544616 .01544616 .01544616
0 .070 .01155379 .01155379 .01155379 .01155379
0 .075 .00876631 .00876631 .00876631 .00876631
0 .080 .00674294 .00674294 .00674294 .00674294
0 .085 .00524863 .00524863 .00524863 .00524863
0 .090 .00413340 .00413340 .00413340 .00413340
0 .095 .00328906 .00328906 .00328906 .00328906
0.100 .00264272 .00264272 .00264272 .00264272

TABLE I I  -  9

FUNCTION 1 = k t T°^e~ <̂ t

MAXIMUM FREQUENCY = 0 .1 0

INCREMENT OF FREQUENCY = 0 .005
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AMPLITUDE VALUES FUNCTION 2 81 POINTS

CDC 6400

DELTA FREQ. FT2 FT 4 FT 5 FT6

0.000 1.00000000 1.00000000 1.00000000 1.00000000
0 .005 .95681237 .95681237 .95681237 .95681237
0.010 .88582083 .88582083 .88582083 .88582083
0 .015 .83930913 .83930913 .83930913 .83930913
0.020 .78873913 .78873913 .78873913 .78873913
0.025 .73896879 .73896879 .73896879 .73896879
0 .030 .69650770 .69560770 .69560770 .69560770
0.035 .64164647 .64164647 .64164647 .64164647
0.040 .59122755 .59122755 .59122755 .59122755
0 .045 .52871850 .52871850 .52871850 .52871850
0.050 .43167441 .43167441 .43167441 .43167441
0.055 .34654174 .34654174 .34654174 .34654174
0.060 .30384995 .30384995 .30384995 .30384995
0.065 .27251324 .27251324 .27251324 .27251324
0.070 .24684257 .24684257 .24684257 .24684257
0 .075 .22801608 .22801608 .22801608 .22801608
0 .0  80 .21059929 .21059929 .21059929 .21059929
0 .085 .19693648 .19693648 .19693648 .19693648
0.090 .18475213 .18475213 .18475213 .18475213
0.095 .17397784 .17397784 .17397784 .17397784
0 .100 .16493717 .16493717 .16493717 .16493717

TABLE I I  -  10

FUNCTION 2 = SINC2

MAXIMUM FREQUENCY = 0 .1 0

INCREMENT OF FREQUENCY = 0 .005
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AMPLITUDE VALUES FUNCTION 2 129 POINTS

CDC 6400

DELTA FREQ. FT2 FT4 FT5 FT6

0 .000 1.00000000 1.00000000 1.00000000 1.00000000
0.005 .90615928 .90615928 .90615928 .90615928
0 .010 .82367160 .82367160 .82367160 .82367160
0 .015 .73955153 .73955153 .73955153 .73955153
0 .020 .66352939 .66352939 .66352939 .66352939
0.025 .57923847 .57923847 .57923847 .57923847
0 .030 .43964788 .43964788 .43964788 .43964788
0,035 .32063163 .32063163 .32063162 .32063162
0 .040 .26746351 .26746351 .26746351 .26746351
0.045 .23156240 .23156240 .23156240 .23156240
0 .050 .20408388 .20408388 .20408388 .20408388
0.055 .18283138 .18283138 .18283138 .18283138
0 .060 .16708726 .16708726 .16708726 .16708726
0.065 .15258878 .15258878 .15258878 .15258878
0 .070 .14119292 .14119292 .14119292 .14119292
0.075 .13140193 .13140193 .13140193 .13140193
0 .080 .12305525 .12305525 .12305525 .12305525
0 .085 .11531688 .11531688 .11531688 .11531688
0 .090 .10913359 .10913359 .10913359 .10913359
0.095 .10300870 .10300870 .10300870 .10300870
0 .100 .09813238 .09813238 .09813238 .09813238

TABLE I I  -  11

FUNCTION 2 = SINC2

MAXIMUM FREQUENCY = 0 . 1 0

INCREMENT OF FREQUENCY = 0 .005
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