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ABSTRACT

A two-dimensional plane strain thermomechanical finite
element program was developed to calculate the residual
stresses and distortion generated during quenching of
carburized SAE 4023 and SAE 4620 gear steel. The
incremental elastic-plastic constitutive equation
incorporates the von Mises yield c¢riterion, isotropic
hardening, the Prandtl-Reuss flow rule and considers yield
strength as a function of plastic strain and temperature.
The elastic modulus is also a function of temperature and it
is treated accordingly. The martensitic phase
transformation is the only solid state reaction considered.

The numerical analysis was compared to an experimental
procedure incorporating the Almen strip test. Almen strips
of various thicknesses were carburized on one side only,
quenched to 176°C and air cooled to 25°C. The resulting
radius of curvature was compared to that predicted by the
developed program.

The calculated arc deflection for the 2.03, 2.44 and
3.18 millimeter Almen strip models were of correct direction
(carburized surface convex), order of magnitude and trend
(the 2.03 millimeter Almen strip model deflected the most;
the 3.18 millimeter model the least), but the results did

not agree with the experimental results.
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Discrepancies can be attributed to insufficiently
refined constitutive modeling techniques and the
constitutive data used for the SAE 4023 and SAE 4620 alloy
steels.

An initial sensitivity study was performed on a limited
number of input parameters. The variables having the
greatest influence on distortion and the residual stress

profile are the martensite start temperature and the elastic

modulus.
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1.0 INTRODUCTION

This study, sponsored by the Advanced Steel Processing
and Producté Research Center at the Colorado School of
Mines, was initiated to provide a better understanding of
the distortion phenomenon currently seen in the industrial
manufacturing of forged, carburized and heat treated steel.
To more fully quantify the sources of these distortions, a
finite element program, CSMCARB, was developed to more fully
characterize the distortion produced by the quench that
follows carburizing.

An experimental procedure, using a simple geometry
which produced measurable distortion, enabled a direct
comparison with the numerical results.

This study provides an alternative approach in
distortion prediction to those used by previous authors
(1,2,3,4). The derivation and implementation of an
incremental elastic-plastic constitutive equation used in

this study is also different then that used in the past.

1.1 Motivation

The motivation for this work is the need in the heat
treatment industry for an accurate numerical method to
determine the residual stress distribution and geometric
distortion in carburized and quenched steel gears. This

numerical method could improve industrial practices by
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minimizing or eliminating final grinding operations, press
quench techniques or compensated gear design. The result
would be a lower priced, higher quality steel gear

component.

1.2 Distortion

Distortion in carburized and quenched alloy steel parts
is caused by the development of residual stress and local
plasticity (1,2,3,4,5,6,7). The severity of residual
stresses depend on the suppressed strains associated with
thermal and phase induced dilatation. Residual stresses
often exceed the hot yield strength of the alloy. Local
plastic flow can result in a macroscopic dimensional
changes, commonly referred to as distortion.

Three specific types of distortion can occur during the
manufacturing of carburized steel gears. Unwinding is
observed in heat treated helical gears where the helix angle
of the gear teeth decreases (i.e. the face of the gear tooth
tends to become parallel with the gear's axis). Involute
distortion is said to occur when the involute of the gear
tooth changes shape, creating mesh misalignment which
produces excess vibration and noise. "Potato-chipping" also
can occur when the entire gear becomes warped in its plane

of rotation (8).
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1.3 Review of Residual Stress

The carburizing process used to surface harden steel
requires heating the steel to a temperature above the A,
temperature. While at this temperature, the steel is
exposed to a carbon rich atmosphere, thus increasing the
steel's surface carbon concentration (9). The steel is
subsequently quenched to ambient temperatures. 1In such heat
treatments, the transformation of the austenite phase into
decomposition phases (ferrite, carbide, pearlite, bainite,
and/or martensite) is accompanied by a volumetric swelling
of the steel (10). The increased carbon in the surface
layer lowers the martensite start (M ) temperature; thus it
delays the transformation of the case austenite to a lower
temperature and a correspondingly later time ihan the
transformation of the austenite in the core (11). This time
lag creates varying magnitudes of restricted internal
strains resulting in the generation of residual compressive
stress at the surface of the component.

Other scurces of residual stress exist. Any material
with substantial thickness will generate residual stress due
to differential temperatures. This is particularly true for
steels with a relatively low thermal conductivity and
temperature dependent yield strength. This thermal stress
will combine with that created by phase transformations

(10).
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The following sections describe the residual stress
formation in a cylindrical steel geometry due to thermal
contraction only and a martensitic phase transformation in a
case carburized steel. Additional discussion of residual
stress development due to thermal and phase transformation
strains can be found in a variety of texts and papers

(7,10,11,12,13,14).

1.3.1 Residual Stress Generation due to Thermal Contraction
in a Homogeneous Steel Cylinder

The development of residual stress due to cooling of a
steel cylindrical sample with no phase transformation is
illustrated in Figure 1.1 (10). The normal temperature-time
cooling curves for the surface and core of the cylinder are
illustrated in the upper left figure. The surface cooling
rate is much greater than the core cooling rate. 1Initially
the cylinder is at a uniform temperature (label A). Since
the surface of the cylinder cools faster than the core, it
will tend to underéo its normal thermal shrinkage at a
faster rate than the core (label B). The hotter (and
therefore relatively larger) core of the bar will not permit
the outer surface to undergo the contraction which it would
see as a free body. Consequently, tensile stress is
generated in the axial and circumferential directions of the
cooling surface. This stress is shown as curve (a).

However, since this contraction is occurring at an elevated
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Figure 1.1 Development of residual stress in a cylindrical
specimen due to cooling only with no phase
transformation (longitudinal stress shown)
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temperature where the yield strength of the material is
low, a high stress intensity will not develop. A lower
level of stress, shown on curve (b), will be present.

The magnitude of the longitudinal stress can induce
plastic flow of both the core and center (shortening of the
core, lengthening of the center). As cooling continues, the
warmer core of the cylinder cools and undergoes its normal
contraction but will meet resistance to this contraction
from the rigid outer shell (label C). Consequently, the
core remains longer than if its contraction were uninhibited
by the rigid outer surface and is therefore in a state of
residual tension. The outer surface is shorter than as it
would be as a free body, because of the tension that the
core shrinkage induces. Hence, when the entire body has
reached room temperature, the surface is in a state of
residual compression and core is in a state of residual

tension (label D).

1.3.2 Residual Stress Generation due to a Martensitic Phase
Transformation in a Case Carburized Steel Cylinder

The development of residual stress due to a martensitic
phase transformation in a carburized steel cylinder is
illustrated in Figure 1.2 (10). Residual stress development
in case-carburized steel differs from that in a homogeneous
material because of the suppressed M, temperature at the

surface. Due to the lower carbon level, the core material
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Residual stress generation due to a martensitic
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Figure 1.2
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transforms first and the transformation region moves from
the core toward the surface. In illustration (a), the steel
cylinder is at a uniform high temperature and is uniformly
austenite. 1In illustration (b), the material in the core
has undergone a martensitic transformation and corresponding
volume expansion producing tensile stress at the surface and
compressive stress in the core. The phase transformation
and corresponding expansion moves from the core toward the
surface as given by the varying M, temperature. The amount
of dilatational expansion also increases with increasing
carbon content. 1In illustration (c¢), the remaining
austenite at the surface transforms to martensite but its
corresponding volume expansion is inhibited by an already
rigid martensitic core resulting in a high surface

compressive stress and a tensile core stress.

1.4 Literature Review

A historical account of analytical and numerical work
performed in the area of quenched carburized steel and other
alloys prior to 1977 can be found in Burnett (1). Dougherty
(4) and Fletcher (7) also discuss various results in the
numericél modeling of quenched carburized steel. Selected
descriptions of work most influential to this study are

discussed below.
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Burnett (1) developed a one-dimensional axisymmetric
finite element model to calculate the transient generation
of residual stress in 0.5 inch diameter SAE 8620 steel
cylinders subject to water and oil quenching. Dilatometric
data was obtained for various carbon concentrations and
temperatures; these data were used in the finite element
model, thus combining the thermal and phase transformation
strains. The phase transformation was assumed to be
martensitic only. The historical thermal behavior was
determined from experimental quench tests. Mechanical
testing yielded the elastic modulus, the yield strength and
strain hardening behavior for the SAE 86XX alloy steel
family at elevated temperatures, ranging from 25°C to 927°C.
The elastic-plastic constitutive formulation used by Burnett
included the von Mises' yield criterion, isotropic hardening
and the Prandtl-Reuss flow rule. He also considered yield
strength as a function of plastic strain and temperature.
The maximum compressive stress was found at about the 0.50%
carbon level. Calculated residual stress levels agreed with
x-ray diffraction measurements.

Hildenwall (2) and Sjostrom (3) studied the residual
stress development in rectangular and cylindrical steel
geometries subject to oil and water quenching. A variety of
alloys were studied. All possible transformation products

(i.e. ferrite, pearlite, bainite, martensite and cementite)
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were considered. Jominy tests were performed and the
results used to numerically model the isothermal and
continuous cooling temperature behavior of various alloys.
These results were then used to calculate the relative
amounts of diffusion controlled transformation products
(i.e. ferrite, pearlite, bainite and cementite).

Hildenwall's (2) constitutive equation incorporated the
von Mises' yield criterion assuming isotropic hardening,
Prandtl-Reuss flow rule and normality rule. Thermal
properties were curve-fit from literature data and
experimental quench testing. Mechanical property
relationships for elastic modulus, the yield strength and
the strain hardening behavior as a function of temperature,
carbon content and phase were obtained from literature data
and experimental testing. Volumetric weighing was used to
determine the overall thermal and mechanical behavior of a
volume of steel containing more than one phase.

Sjostrom's (3) constitutive equation also incorporated
the von Mises' yield criterion. Kinematic and mixed
hardening behavior were also considered. A discussion of
transformation plasticity and a comparison of results are
also given. Numerical results by Hildenwall and Sjostrom

generally agreed with x-ray diffraction measurements.
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Studies by Fujio and others (15,16) modeled the
distortion and residual stresses in case carburized S45C and
SCM21 steel cylinders and spur gears. Thermal, phase
transformation, and mechanical properties were determined
using experimental testing. Fujio, Aida and Akizono (15)
considered a gear geometry with a sufficiently large face
width that heat loss was assumed to be in the plane
perpendicular to the gear axis only (the face width was
greater than the tip cylinder diameter). Although this
assumption reduced the thermal and stress analyses to a two-
dimensional plane strain problem, the resulting geometry was
unrealistic. Numerical and experimental tooth profiles and
involute distortions were discussed. 1In the large face
width gear models, the tip cylinder diametef decreased and
the involute shape increased after case hardening. Some of
the modeled and experimentally measured distortion, however,
could be attributed to the large face width geometry.

Fujio, Aida, Aratake and Hosoi (16) considered SCM21 steel
gears of varying face width that were case-hardened. Three-
dimensional thermal analyses were performed. Tip cylinder
diameter and involute distortions were significantly
influenced by the ratio of tip cylinder diameter to face

width.
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Dougherty (4) performed two-dimensional axisymmetric
thermomechanical finite element analyses using ABAQUS on
86XX alloy steel hollow cylinder models. The mechanical
property data used was similar to that used in Burnett (1).
The heat treatment process selected consisted of carburizing
followed by a double quench. A visco-plastic constitutive
model within ABAQUS was used so high temperature creep could
also be considered. Sensitivity study results were
discussed. The strains associated with the martensitic
transformation, creep and the mechanical property data have
the most significant effect on distortion and the residual

stress state.
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2.0 MODELING PROCEDURE USING THE FINITE ELEMENT METHOD

The finite element method is used in this study to
numerically determine the distortion and residual stresses
generated in carburized SAE 4023 and SAE 4620 alloy steel
subject to an o0il quench. A custom thermomechanical finite
element program, CSMCARB, was written in FORTRAN to perform
the analyses.

CSMCARB uses an implicit integration scheme, similar to
the Wilson-8 Method, to represent the thermal transients
induced by quenching. CSMCARB then computes the transient
mechanical response using an incremental elastic-plastic

stress analysis.

2.1 Review of Thermomechanical Coupling

A breakdown of the physical interactions between phase,
temperature and stress must be understood to model
accurately a thermomechanical process. Figure 2.1 (17)
illustrates all coupling paths that should be considered to
model completely the gquench process. Process 1 (phase
transformation) represents the effect of temperature on the
ferritic, pearlitic, bainitic and martensitic phase
transformations in alloy steel. Process 2 (latent heat)
represents the endothermic and exothermic effects of various
phase transformations, and their contribution to the thermal

behavior.
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Figure 2.1 Schematic illustrating the interactions for a
thermomechanical analysis with phase
transformation (17).
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Process 3 (thermal stress variation of mechanical parameter)
represents the dilatometric thermal strain associated with
change in temperature and the material's coefficient of
thermal expansion. Process 4 (transformation stress and
plasticity) represents the dilatometric strain associated
with various phase transformations. Process 5 (heat
generation due to deformation) represents heat generation
due to large deformations. Process 6 (mechanical induced
transformation - kinetic modification) represents variations
in phase transformations due to the current stress state in

the material.

2.3 Model Material Assumptions
Certain assumptions must be made to model the physical
behavior of the steel used for this study. These

assumptions are given as follows:
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(1) Homogeneous The model material is assumed to be
homogeneous. Microscopic properties including prior
austenite grain size, lathe, plate and mixed martensite
microstructures and inclusion effects are neglected.

(2) Isotropic The model material is assumed to be
isotropic. Anisotropy due to rolling, forging, casting
or other forming operations is neglected. Strength
differential effects in martensite are neglected (i.e.
the initial yield strength in tension and compression
are equal).

(3) Compatible The model continuum is assumed to be
compatible. Any development of cracks due to gquenching
is neglected.

(4) Non-Viscous The material is assumed to behave
independently of strain rate. All strain and stress
variations act instantaneously.

(5) Linear Elastic / Linear Strain Hardening The material
is assumed to behave as a linear elastic continuum.
The material is also assumed to be represented by a
linear strain hardening model, using a constant tangent
modulus, E..

2.4 Thermomechanical Coupling Assumptions

For this study, three of the six coupling paths
discussed in section 2.1 are neglected. The latent heat due
to the exothermic martensitic phase transformation is
neglected (Process 2, Figure 2.1). The latent heat of
transformation has the primary effect of altering the time-
temperature behavior of the thermal analysis. Since this
study éssumes a diffusionless (time-independent) martensitic
transformation only, it is reasonable to assume that
altering the time-temperature history will not significantly

affect the results.
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The mechanical heat generation due to deformation is
neglected (Process 5, Figure 2.1). This study assumes
materiai nonlinearity only (small strains and small
deformations). Therefore, the heat generated mechanically
is assumed to be negligible.

Modification of the phase transformation behavior due
to the present state of stress is also neglected (Process 6,
Figure 2.1). While it is reasonable to assume that the
state of stress will either enhance or suppress the
martensitic phase transformation (and associated volume
expansion), constitutive data supporting such a model are
not available. Hence, interaction between phase

transformations and current stress is ignored.

2.5 Thermal Analysis and Input Properties

CSMCARB performs a one-dimensional transient thermal
analysis using the f6-method, derived in Appendix A.
Convective heat loss surface boundary conditions are
employed. The thermal analysis iterates to determine the
time increment necessary for a specified maximum temperature
difference, AT.

This analysis incorporates conductivity, specific heat
and density as a function of temperature, carbon content,
and phase using the cubic relationships presented in (2). A

surface convection coefficient, hc, is modeled as a function
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of temperature for steel, quenched in oil. This convection
term is also assumed to follow the results presented in
(18). These nonlinear thermal properties are also defined

in Appendix B.

2.6 Thermal and Phase Transformation Strains

The volumetric fraction of phases present are
calculated using Andrew's linear equation (19) and the
exponential relationship given by Koistinen and Marburger
(20). Only the martensitic phase transformation is
considered. Hence, the volumetric fractions thus computed
are used to estimate the incremental and total thermal and
phase transformation strains. The thermal and phase
transformation strains are incrementally applied per load
step.

The incremental thermal strains, indicated as {Ase}

® indicates thermal strain and the column vector

(where ¢
contains the strains in the X, Y, and Z directions), are
calculated using the coefficient of thermal expansion, «,
and an incremental change in temperature. This relationship
is commonly used in engineering analyses and is presented in
Appendix C. A coefficient of thermal expansion as a

function of temperature and carbon content is also

incorporated (2).
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The incremental transformation strains, {Ae?} (where &°
indicates phase transformation strain and the column vector
contains the strains in the X, ¥, and Z directions),
associated with the formation of martensite, were calculated
using a quadratic equation fit to experimental values
presented by Hildenwall (2).

Andrew's linear equation (19), Koistinen and
Marburger's relationship for the formation of martensite
(20), the relationship for the nonlinear coefficient of
thermal expansion, a, and the phase transformation strains
associated with the ferritic, pearlitic, bainitic and
martensitic transformations incorporated in CSMCARB are also

given in Appendix B.

2.7 Elastic-Plastic Stress Analysis

CSMCARB performs a 2-D elastic-plastic finite element
analysis using an eight-node isoparametric element. A
review of continuum and finite element theory applied to
elastic-plastic analyses can be found in (21,22,23,24,25).
The primary nodal variables are carbon concentration,
temperature and displacement. All strain and stress
calculations are performed at integration points using two
point Gauss-Legendre quadrature numerical integration

(21,26).
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2.7.1 Elastic-Plastic Constitutive Equation

An incremental elastic-plastic constitutive equation
was derived for this analysis. Yield strength, Sy, is
assumed to be a function of plastic strain, &, and
temperature, T. The elastic modulus is also considered to
be dependent on temperature. Derivation of the constitutive

relationship is given in Appendix C.

2.7.2 Mechanical Input Data

CSMCARB uses the data for elastic modulus as a function
of temperature and phase determined by Burnett (1). CSMCARB
uses the data for yield strength and strain hardening
behavior as a function of temperature, carbon content, and
phase given in Hildenwall (2). Poisson's ratio, v, is
assumed to be a constant value of 0.30. The mechanical
property data incorporated in CSMCARB are also given in

Appendix B.
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2.7.3 sStiffness Matrix and Iteration Scheme

CSMCARB uses an elastic stiffness matrix to achieve
traction equilibrium (21). The elastic stiffness matrix
assured numerical stability and proper plastic-to-elastic
transitional behavior. The stiffness matrix was reformed at
the beginning of each load step to model increased stiffness
with reduced temperature, hence allowing monotonic

convergence to equilibrium conditions.

2.7.4 Verification of the Elastic-Plastic Stress Analysis

A rigorous verification procedure was performed using
CSMCARB. Selected verification problems used to determine
the viability of the constitutive equation and the

implementation are presented in Appendix D.
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For this study, a simple plane strain geometry

NUMERICAL AND EXPERIMENTAL PROCEDURE

represented a modified version of the Almen strip.

data used in CSMCARB depict the same physical response as

the experimental samples discussed in section 3.2.

This study considers SAE 4023 and SAE 4620 alloy

steels, commonly used in carburized gear applications (8).

Input

22

The nominal compositions of these alloys are listed in Table

3.1.
Table 3.1
Alloy Steel Composition
Average of Ladle Values (wt. %)
Alloy C Mn P S Si Ni Mo
SAE 4023 | 0.23 | 0.80 | 0.04 | 0.04 | 0.275 0.25
SAE 4620 | 0.20 | 0.55 | 0.04 | 0.04 | 0.275 1.825 | 0.25
Numerically, the only effect the alloying additions have on

this analysis is to modify the martensite start temperature,

M , and, therefore, alter the phase transformation analysis,

discussed in section 2.4.2.
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3.1 Input Data Used in CSMCARB

Figure 3.1 illustrates schematically the time-
temperature history of the carburizing and quench process.
CSMCARB initially determines the carbon profile through the
Almen strip thickness, depicted in Figure 3.1 as path A-B,
by converting experimentally measured microhardness profiles
to nodal carbon values. CSMCARB then performs a one-
dimensional transient thermal analysis followed by an
incremental elastic-plastic stress analysis for a two stage
quench process (o0il quench and air cool), depicted as path
B-C-D'. This numerically represents the same quench process
as that seen by the experimental samples at Chrysler Motor
Corporation's Kokomo transmission plant. (The experimental
samples were also subjected to a 1.0 hour, 204°C temper,
depicted by path C-D, which is beyond the scope of this

study.) These input data are also presented in Table 3.2.

Table 3.2
Two Stage Quench Process

Temperature Range Quenchant Quenchant Temperature "
177°C < T < 871°C 0il 177°C
25°C < T < 177°C air 25°C
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Figure 3.1 Schematic illustrating the time-temperature
history of the experimental alloy steel

samples.
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3.1.1 Finite Element Mesh

The Almen strip is modeled using eight-noded
isoparametric elements, each containing four Gauss
integration points. Eight-noded isoparametric elements were
chosen to improve accuracy while keeping the mesh relatively
coarse. This led to improved accuracy (21,26). Figure 3.2
illustrates the finite element mesh used in this study. The
model consists of 10 rows by 10 columns of length 0.5 L and
thickness H (where L and H are the dimensions of the
experimental Almen strips given in Table 3.4). The
direction of carburizing is also indicated. It is only
necessary to model one-half the length of the Almen strip
due to symmetry. The element mesh and maximum temperature
increment necessary for this analysis is discussed further

in sections 3.1.3 and 4.0.

3.1.2 Carbon Profile Determination

Carbon profiles were calculated from experimental
measurements. Microhardness traverses across the thickness
of each of the five Almen geometries of SAE 4023 and SAE
4620 were performed. The results were then curve-fit using
data regression to fourth order polynomial equations.
Hardness (in HRC) as a function of depth was then converted
to carbon concentration (in weight percent carbon) as a

function of depth using the relationship presented in (27)
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for hardness as a function of carbon concentration for 400°F
tempered martensite. Results of this method are presented
in section 4.1.

It should be noted that several attempts were made to
simulate the carburizing process numerically. The methods
used included a one-dimensional forward explicit finite
difference scheme, a one-dimensional Crank-Nicholson finite
element scheme and a one-dimensional finite element scheme
incorporating the 6-method. The Crank-Nicholson and 6-
method finite element schemes oscillated numerically unless
a sufficiently refined mesh is employed (100 or more node
points). This is primarily due to the magnitude of carbon
diffusivity in the stiffness matrix (on the order of 107°
m?’/sec) and the assumption that the surface carbon
concentration instantaneously is that of saturated carbon in
austenite. The carbon profile results using the forward
explicit finite difference scheme did not agree with the
experimental microhardness profiles (using the conversion
method described above). This was primarily due to a lack
of input information, specifically, the surface carbon
concentration at the various carburizing temperatures. The
surface carbon concentration cannot be assumed constant for
the carburizing stage. Furnace geometry, gas atmosphere,
the amount of steel in the furnace, and carbon accumulation

on the component surface must be considered to calculate
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properly the transient surface carbon concentration during

the carburizing stage.

3.1.3 Spatial and Temperature Convergence Study

A study was performed to determine the necessary
refinement of spatial mesh necessary for numerical
convergence of the elastic-plastic stress analysis. Figure
3.3 illustrates the deflection history of the 2.03
millimeter Almen strip model using spatial meshes of 6x6,
8x8, 10x10 and 12x12 elements with a maximum temperature
increment of -2.5°C. Positive deflection is defined as a
convex curvature of the high carbon side of the Almen strip
model. Figqure 3.4 illustrates the resulting axial stress
(t,,) distribution for the 2.03 millimeter Almen strip model
for the various indicated meshes at 25°C. Stress in tension
is depicted as positive.

A study was performed to determine the maximum
temperature difference, AT, necessary for numerical
convergence of the elastic-plastic stress analysis. Figure
3.5 illustrates the deflection history of the 2.03
millimeter Almen strip model using a spatial mesh of 5x5
elements and maximum temperature increments, AT, of
-5.0°C, -2.5°C, -1.0°C and -0.5°C. Figure 3.6 illustrates
the resulting axial stress (t ) distribution for the 2.03

millimeter Almen strip model using a spatial mesh of 5x5
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Figure 3.3 Deflection history for the 2.03 millimeter
Almen strip model using spatial meshes of 6x6,
8x8, 10x10 and 12x12 elements. The maximum
temperature increment is -2.5°C. The analysis
begins at 871°C and continues to 25°C.
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strip model using a spatial mesh of 5Xx5
elements. Maximum temperature increments, AT,
of -5.0°C, -2.5°C, -1.0°C and -0.5°C are shown.
The analysis begins at 871°C and continues to
25°C.
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elements at 25°C for the various temperature differences,
AT. Based on the results of the spatial and maximum
temperature convergence studies, a spatial mesh of 10x10
elements and maximum temperature difference, AT, of -1.0°C
is sufficient for proper numerical convergence of the

elastic-plastic stress analysis.

3.2 Verification Procedure - The Modified Almen Strip Test
The Almen strip test is commonly used as a calibration
test in the shot peening industry to determine the impact
energy (peening intensity) of the shot stream. The Almen
strip test, developed by J.0. Almen of General Motors
Research Laboratories, incorporates SAE 1070 spring steel
specimens of varied thickness, as illustrated in Figure 3.7
(28)} The Almen strip, while held to a fixture, is
subjected to a shot stream on one side only (a). Relieving
the resulting compressive residual stress on the shot peened
surface (caused by the applied cold work during the process)
results in a measurable arc deflection with the shot peened
surface convex when viewed from above (b). This deflection

can then be related to residual stress depth and magnitude

(c) -
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In this study, a modified Almen strip test was
performed where thin strips of SAE 4023 and SAE 4620 alloy
steel were carburized on one side only and quenched.
Variations in thermal and mechanical properties over the
thickness due to a carbon gradient produced an arc
deflection similar to the shot peen test with the high
carbon surface convex. This was primarily due to a higher

volume expansion for the high carbon martensite.

3.2.1 As-Received Material

As received material consisted of SAE 4023 and SAE 4620
50.8 millimeter nominal diameter bar stock sent from
Chrysler Motors Corporation's Kokomo transmission plant.
Microscopy indicated a ferritic—pearlitic microstructure
with average as-received hardness indicated in Table 3.3.
Hardness traverses across the bar diameter did not
significantly vary indicating that the bar stock reduction

was sufficient to eliminate any material anisotropy.
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Table 3.3
As-Received Hardness

Alloy HRB
SAE 4023 81.8
SAE 4023 84.1 *
SAE 4620 85.4
SAE 4620 88.5 *

* Diamond Pyramid - VHN - HRB

3.2.2 Almen Strip Preparation and Testing
Almen strips of SAE 4023 and SAE 4620 alloy steel were
milled and precision ground to five thicknesses, as

indicated in Table 3.4.
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Table 3.4
Geometry of Experimental Almen Strips
Alloy -—Length, L * | Width, W * | Thickness, H *%*

SAE 4023 100 mm 20 mm 1.30 mm
SAE 4620 100 mm 20 mm 1.30 mm
SAE 4023 100 mm 20 mm 1.85 mm
SAE 4620 100 mm 20 mm 1.85 mm
SAE 4023 100 mm 20 mm 2.03 mm
SAE 4620 100 mm 20 mm 2.03 mm
SAE 4023 100 mm 20 mm 2.44 mm
SAE 4620 100 mm 20 mm 2.44 mm
SAE 4023 100 mm 20 mm 3.18 mm
SAE 4620 100 mm 20 mm 3.18 mm

* Nominal

** + 0.025 mm

Two samples of each alloy and thickness were prepared for a
total of 20 Almen strips. To minimize any residual stresses
due to machining, the Almen strips were stress relieved for
one hour at 500°C (9).

Carbon diffusion into the steel sample from one side
only was achieved by taping one side of the Almen strips
with standard black electrical tape, then plating the
samples with 0.050 millimeters * 0.025 millimeters of
copper. Ajax Custom Plating, Englewood, CO, performed the
plating using an acid copper plating procedure. The

diffusivity of carbon in copper at the carburizing
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temperatures of interest is negligible compared to the
diffusivity of carbon in austenitic steel, therefore, the
copper plating is essentially a diffusion barrier. The
samples were then sent to Tony Freda, Product Engineer at
Chrysler Motors Corporation's Kokomo Transmission Plant,
where they underwent a 3 stage, 10.8 hour carburizing
process followed by an oil quench, temper and air cool, as

described in section 3.1.

38
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4.0 EXPERIMENTAL AND NUMERICAL RESULTS

A comparison of experimental to numerical results is
presented in the following sections. Numerical results were
obtained using an element mesh consisting of 10 rows by 10

columns using a maximum temperature increment of -1.0°C.

4.1 Microhardness, Carbon and M, Profiles

Microhardness measurements across the thickness of each
Almen strip was obtained using the diamond pyramid
indentation method. These data were then curve-fit to
fourth order polynomial equations using data regression.
Figures 4.1-4.5 illustrate the measured and curve-fit
microhardness traverses for the various thicknesses of SAE
4023 Almen strips. Similar microhardness profiles were
obtained for the SAE 4620 Almen strips.

Carbon profiles for the five thicknesses of each alloy
were calculated using the method described in section 3.1.2.
Figures 4.6-4.10 illustrate the calculated carbon profiles
for the various thicknesses of SAE 4023 Almen strips.
Similar carbon profiles were obtained for the SAE 4620 Almen

strips.
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Figure 4.1 Experimental microhardness profile for the 1.30

millimeter SAE 4023 Almen strip.
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Figure 4.2 Experimental microhardness profile for the 1.85
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Figure 4.3 Experimental microhardness profile for the 2.03

millimeter SAE 4023 Almen strip.
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The corresponding profiles for martensite start
temperature, M, were determined using Andrew's linear
equation (19). Figures 4.11-4.15 illustrate the calculated
M, profiles for the various thicknesses of SAE 4023 Almen
strips. Similar M, profiles were obtained for the SAE 4620
Almen strips.

The calculated M, profiles determine the transient
formation of martensite, as explained in section 2.4.2.
Figures 4.16-4.20 illustrate the calculated percentage of
martensite through the various thicknesses of SAE 4023 Almen

strips at 25°C.

4.2 Experimental and Numerical Deflection Results

The experimental Almen strips were measured to
determine the maximum arc deflection resulting from the
carburizing and quench processes. Figures 4.21 and 4.22
illustrate the deflected shape of the SAE 4023 Almen strips.
Table 4.1 indicates the final measured arc deflection for

the twenty Almen strips tested.
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Figure 4.16 Calculated percentage of martensite as a
function of thickness for the 1.30 millimeter
Almen strip of SAE 4023 alloy steel at 25°C.
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Figure 4.21
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Deflected shape of the SAE 4023 Almen strips
after being carburized and quenched. The
various thicknesses are indicated. The
carburized surface 1is convex.
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Figure 4.22 Deflected shape of the SAE 4023 Almen strips
after being carburized and gquenched. The
carburized surface 1is convex.
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Table 4.1
Experimental Arc Deflection Results at 25°C
Sample Alloy Thickness, H * | Arc Deflection
#1 SAE 4023 1.30 mm 7.54 mm
#2 SAE 4023 1.30 mm 7.52 mm
#3 SAE 4620 1.30 mm 7.19 mm
#4 SAE 4620 1.30 mm 0 mm **
#5 SAE 4023 1.85 mm 5.03 mm
#6 SAE 4023 1.85 mm 5.36 mm
#7 SAE 4620 1.85 mm 5.18 mm
#8 SAE 4620 1.85 mm 0 mm **
#9 SAE 4023 2.03 mm 0 mm **
#10 SAE 4023 2.03 mm 4.24 mm
#11 SAE 4620 2.03 mm 4.25 mm
#12 SAE 4620 2.03 mm 4.50 mm
#13 SAE 4023 2.44 mm 2.39 mm
#14 SAE 4023 2.44 mm 2.39 mm
#15 SAE 4620 2.44 mm 2.99 mm
#16 SAE 4620 2.44 mm 2.92 mm
#17 SAE 4023 3.18 mm 1.02 mm
#18 SAE 4023 3.18 mm 1.02 mm
#19 SAE 4620 3.18 mm 1.12 mm
#20 SAE 4620 3.18 mm 1.14 mm
* + 0.025 mm before plating
* * contfol strip - plated both sides

From the results given in Table 4.1, the difference in
deflection response due to alloying additions is negligible.
Therefore, additional discussion will concentrate on the SAE

4023 alloy steel results only.
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Figure 4.23 illustrates the calculated deflection
history of the various thicknesses of SAE 4023 Almen strips.
Table 4.2 indicates the final average arc deflections of the
experimental Almen strips and the calculated arc deflection

using CSMCARB.

Table 4.2
Average Experimental and Calculated Arc Deflection
Results at 25°C

Thickness, H *l_—_kverage Arc Arc Deflection
Deflection (CSMCARB)
(experimental)
1.30 mm 7.42 mm -1.22 mm
1.85 mm 5.19 mm 1.09 mm
2.03 mm 4.39 mm 1.77 mm
2.44 mm 2.67 mm 1.24 mm
3.18 mm 1.07 mm 1.15 mm
* + 0.025 mm before plating

The maximum arc deflection for each alloy and thickness
of Almen strips were measured using cord lengths of 31.75,
50.8, 76.2, and 101.6 millimeters. The corresponding radius
of curvature for each of the samples was then calculated,
assuming a circumferential deflected shape. This method is
presented in Appendix E. The calculated quenched shape
using CSMCARB yielded a radius of curvature in a similar

manner.
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Figure 4.24 illustrates the average radius of curvature for
the five thicknesses of experimental Almen strips and the
calculated radius of curvature using CSMCARB for the SAE
4023 alloy. No substantial differences in deflection were
observed between the SAE 4023 and SAE 4620 alloy steel

samples.

4.3 Experimental and Numerical Residual Stress Profiles

CSMCARB was used to calculate the residual stress
profiles through the various thicknesses of Almen strips.
All stress distributions presented are for the calculated
stress with a resultant acting in the X-coordinate
direction, t,  (parallel to the model length). Note that
the axial stress, t_, is not necessarily zero at the
material surface. The stress distribution in the Y-
coordinate direction (the Almen thickness direction), Tyt
and the shear stress, T.ys wWere negligible compared to the
axial stress, t_,. Figures 4.25-4.29 illustrate the

residual stress profiles through the model thickness for the

five thicknesses of SAE 4023 Almen strip models at 25°C.
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Figure 4.25 Calculated residual stress profile through the
model thickness for the 1.30 millimeter SAE

4023 Almen strip model at 25°C.
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4023 Almen strip model at 25°C.
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Residual stress measurements were performed by the
Eaton Corporation using SAE 4023 2.44 millimeter and SAE
4620 3.18 millimeter Almen strips. These data were then
compared to the calculated stress profile using CSMCARB.
Figures 4.30 and 4.31 illustrate the calculated residual
stress profiles and experimental x-ray diffraction
measurements for the SAE 4023 2.44 millimeter and SAE 4620
3.18 millimeter Almen strips, respectively. Agreement
between the calculated residual stress profiles and
experimentally measured results was not achieved. Further

discussion is given in section 6.0.
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Figure 4.30 Calculated residual stress profile through the
model thickness and experimental x-ray
diffraction measurements for the SAE 4023 2.44
millimeter Almen strip.
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5.0 INPUT DATA SENSITIVITY STUDY USING CSMCARB

A sensitivity study was performed using CSMCARB to
determine which input data most influence the resulting
deflection and residual stress profile in the Almen strip
model. The martensite start temperature, elastic modulus
and yield strength were varied for the quench analysis of
the 2.03 millimeter SAE 4023 Almen strip model. Each
variable was independently increased by 20% and decreased by
20% to determine the sensitivity of the particular variable

to deflection and residual stress results.

5.1 Martensitic Start Temperature Sensitivity

The martensite start temperature was varied
independently of all other input data by multiplying the
calculated M, temperature by 0.8 and 1.2. Hildenwall
observed that the calculated M, temperature varied by as
much as 20% from the experimentally determined M,
temperature in carburized steel (2). Figures 5.1 and 5.2
illustrate the deflection histories and residual stress
distributions at 25°C, respectively, for the 2.03 millimeter
Almen strip model with a 20% increase and 20% decrease of
the M  temperature. Table 5.1 lists the calculated arc

deflections at 25°C and percent change in arc deflection.



T-3932 77

4.0 T r r . ' ' - . -
increasing time during quench
2.0F _
E
£
= 0.0F -
c
-
-
o
:—2.0- -
03]
a
-4.0F increase Ms by 20X
: decrease Ms by 20% 7
_6_0 1 1 Il 1 1 ¥ L 1 -

0 100 200 300 400 500 600 700 800 300 1000
Temperature ( C)

Figure 5.1 Deflection history for the 2.03 millimeter SAE
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Table 5.1
M, Sensitivity Analysis - Arc Deflection
Sensitivity Arc Percent Change
Analysis Deflection in Deflection
Increase the M 2.22 mm +24.0%
temperature by 20%
no adjustment of 1.79 mm -
the M _temperature
Decrease the M, 1.10 mm -38.5%
temperature by 20%

Table 5.2 lists the maximum calculated compressive residual
stress at 25°C and percent change in maximum compressive

residual stress.

Table 5.2
M, Sensitivity Analysis - Residual Stress
Sensitivity Maximum Calculated Percent Change
Analysis Compressive in Residual
Residual Stress Stress
Increase the M, -358 MPa +24.7%
temperature by 20%
no adjustment of -287 MPa -
the M temperature
Decrease the M, -199 MPa -30.7%
temperature by 20%

From these results it is concluded that the M,

temperature has a significant effect on both the deflection
and residual stress results for the 2.03 millimeter SAE 4023

Almen strip model.
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5.2 Elastic Modulus Sensitivity

The elastic modulus, E, was varied independently of all
other input data. It was reported by Larson (29) that the
elastic modulus data experimentally measured by Burnett (1)
and subsequently used by Hildenwall, Sjostrom and Dougherty
(2,3,4) could be substantially in error. Figures 5.3 and
5.4 illustrate the deflection histories and residual stress
distributions at 25°C, respectively, for the 2.03 millimeter
Almen strip model with a 20% increase and 20% decrease of
the elastic modulus, E. Table 5.3 lists the calculated arc

deflections at 25°C and percent change in arc deflection.

Table 5.3
Elastic Modulus Sensitivity Analysis - Arc Deflection

Sensitivity Analysis Arc Percent Change
Deflection in Deflection

Increase the elastic 2.21 mm +23.4%
modulus, E, by 20%

no adjustment of the 1.79 mm -
elastic modulus, E

Decrease the elastic 1.26 mm -29.6%
modulus, E, by 20%

Table 5.4 lists the maximum calculated compressive residual
stress at 25°C and percent change in maximum compressive

residual stress.
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Figure 5.3 Deflection history for the 2.03 millimeter SAE
4023 Almen strip models with a 20% increase and
20% decrease of the elastic modulus, E. The
analysis begins at 871°C and continues to 25°C.
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Table 5.4
Elastic Modulus Sensitivity Analysis - Residual Stress
Sensitivity Analysis | Maximum Calculated Percent Change
Compressive in Residual
Residual Stress Stress
Increase the elastic -376 MPa +31.0%
modulus, E, by 20%
no adjustment of the -287 MPa -
elastic modulus
Decrease the elastic -199 MPa -30.7%
modulus, E, by 20%

From these results it is concluded that the elastic
modulus, E, has a significant effect on the deflection and
residual stress results for the 2.03 millimeter SAE 4023

Almen strip model.

5.3 Yield Strength Sensitivity

The yield strength, Sy, was varied independently of all
other input data. Figures 5.5 and 5.6 illustrate the
deflection histories and residual stress distributions at
25°C, respectively, for the 2.03 millimeter Almen strip
model with a 20% increase and 20% decrease of the yield
strength, Sy. Table 5.5 lists the calculated arc

deflections at 25°C and percent change in arc deflection.
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Table 5.5
Yield Strength Sensitivity Analysis - Arc Deflection

Sensitivity Analysis Arc Percent Change
Deflection in Deflection

Increase the yield 1.64 mm -8.4%
strength, S, by 20%

no adjustment of the 1.79 mm -
yield strength, S

Decrease the yield 1.95 mm +8.9%
strength, S, by 20%

Table 5.6 lists the maximum calculated compressive residual
stress at 25°C and percent change in maximum compressive

residual stress.

Table 5.6
Yield Strength Sensitivity Analysis - Residual Stress
Sensitivity Analysis | Maximum Calculated Percent Change
Compressive in Residual
Residual Stress Stress
Increase the yield -281 MPa -2.1%
strength, S, by 20%
no adjustment of the -287 MPa -
yield strength, S
Decrease the yield -294 MPa +2.4%
strength, S, by 20%

From these results it is concluded that the yield
strength, Sy, has a moderate effect on the deflection
results but not a significant effect on the residual stress

results for the 2.03 millimeter SAE 4023 Almen strip model.
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6.0 DISCUSSION

A discussion of the experimental and numerical results

presented in section 4.0 is given in the following sections.

6.1 Calculated Deflection History Explanation

The following explanation describes the physical
response of the Almen strip model during the quench
analysis. Figure 6.1 depicts the finite element model used
in this study. Figure 6.2 shows the deflection history for
the 2.03 millimeter SAE 4023 Almen strip and four indicated
temperatures, A, B, C, and D. Figure 6.3 schematically
illustrates the relative strain distributions through the
model thickness at temperatures A, B, C, and D. This
description ignores the different cooling rates associated
with quenching in oil and air cooling.

At the beginning of the quench analysis (temperature A
in Figures 6.2 and 6.3), the model contracts symmetrically
and elastically about its centerline due to induced thermal
strain from a symmetric temperature profile. A symmetric
residual stress profile also develops due to differential
cooling between the model surface and centerline. The model
transitions to plastic behavior after a 5°C to 15°C
temperature decrease due the residual stress state exceeding

the hot yield strength of the material (the elastic-plastic
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transition is also symmetric, beginning at the surface and
moving toward the model centerline). The model continues to
contract axially until the temperature reaches the M,
temperature of the low carbon surface, indicated as
temperature B in Figures 6.2 and 6.3.

At temperature B, the low carbon austenite at the upper
surface of the Almen strip begins to transform to martensite
(associated with this is a positive induced phase
transformation strain). By superimposing a extensional
phase strain on the contracted thermal strain, the low
carbon surface of the Almen strip model transitions from
plastic to elastic behavior. This relief of residual stress
on the low carbon surface (and associated plastic-to-elastic
transifion) redistributes the existing symmetric stress
profile to an unsymmetrical stress profile (about the model
centerline). The martensitic expansion also forces the
Almen strip model to deflect in a negative direction (low
carbon surface convex). The martensitic phase
transformation continues and moves across the model
thickness from the low carbon surface, toward the high
carbon surface. The amount of strain associated with the
martensitic transformation also increases as the carbon

level increases (shown in Figure 2.2).
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At temperature C in Figures 6.2 and 6.3, the
martensitic transformation has moved from the low carbon
surface to some point below the centerline of the Almen
strip model. A maximum negative deflection is reached where
the expansion strains associated with phase transformation
of the higher carbon martensite below the centerline balance
the phase transformation strains of the lower carbon
martensite above the centerline.

As the temperature decreases and the higher carbon
austenite begins to transform, the model begins to deflect
in a positive direction. The phase transformation (and
associated plastic-to-elastic transition) continues until
the high carbon M  temperature is reached. The analysis
continues elastically until the final ambient temperature,
indicated as temperature D in Figures 6.2 and 6.3. The
result is a net positive deflection of the Almen strip model

(high carbon surface convex).

6.2 Microhardness, Carbon, and M, Profiles

The conversion of microhardness data to a calculated
carbon profile discussed in section 4.1 was the most
accurate method available for determining the carbon
distributions for the geometries studied. Possible sources
of error exist, however. The conversion of microhardness

measurements to HRC may be one such source. The calculated
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carbon profiles presented in section 4.1 show the correct
trends. They are of reasonable magnitude, but are most
likely underestimated. Chrysler (8) has experimentally
determined that the final surface carbon content for the SAE
4023 and SAE 4620 alloys should be about 0.86 weight percent
carbon for the carburizing process numerically and
experimentally considered in this study.

The calculated M, profiles presented in section 4.1
also show the correct trends and are of reasonable
magnitude. The sensitivity study considering the M,
temperature discussed in section 5.1 indicated that
relatively small variations of the M  temperature produce
large variations in deflection and residual stresses. This
is due to the path dependency of the elastic-plastic stress
analysis. The time (or temperature) when the steel begins
to transform to martensite has a significant effect on the

final deflection and stress results.

6.3 Phase Transformation Analysis

The relationships incorporated in CSMCARB to determine
the start temperature, rate of transformation and magnitude
of dilatational phase strain is the most accurate data
available. The phase transformation strain input data
discussed in section 2.6, accurately represents the physical

response of the SAE 4023 and SAE 4620 alloys. These data
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were measured experimentally by Hildenwall (2) for a variety
of alloys. Koistinen and Marburger's (20) relationship for
the rate of the martensitic transformation is also the most

accurate method available.

6.4 Mechanical Property Data

The relationships for the elastic modulus, yield
strength, and strain hardening behavior incorporated in
CSMCARB are the most accurate high temperature mechanical
data available. Larson (29), however, believes that these
data are inaccurate for the SAE 4023 and SAE 4620 alloys and
that further studies can significantly improve the accuracy
of the data presented in Hildenwall (2) to fit a greater

variety of steel alloys.

6.5 Arc Deflection Results

The calculated arc deflections presented in Figure 4.23
and Table 4.2 are substantially different from the
experimentally measured results. The intermediate
calculated deflection results show the proper trends,
however. The 1.30 millimeter Almen model yielded a negative
deflection and the 3.18 millimeter model yielded the

smallest positive deflection.
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The 1.30 millimeter Almen strip model did not yield the
largest positive deflection, as experimentally observed.
Possible sources of error include the experimentally
determined carbon profile (which subsequently yields an
inaccurate M_ temperature which, in turn, alters the phase
transformation behavior), the rate of transformation and
magnitude of transformation strain, and the strain hardening
behavior (which produces too great of an intermediate
negative deflection) and transition plasticity (3,7,30).
Transition plasticity is numerically simulated by
decreasing the material's yield strength during the phase
transformation. This yield strength decrease would
significantly alter the stress generation and amount of
plastic flow and, therefore, significantly affect the final
deflection.

The final calculated arc deflection results for the
2.03, 2.44 and 3.18 millimeter Almen models also show the
correct deflection trend. The larger the model thickness,
the smaller the positive arc deflection.

The sensitivity study presented in section 5.0 showed
that errors in selected input data used in this study can
have a significant effect on the final calculated arc
deflection results. The sensitivity study performed on the
martensitic start temperature, for example, showed that a

20% variation in the calculated M, temperature using
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Andrew's linear equation can have a 38% variation associated
with the final calculated arc deflection. This is due to
the geometry selected for this study. The Almen strip
geometry amplifies the distortion predicted by the elastic-
plastic analysis. Hence, the geometry provides an excellent
means for testing the adequacy of the constitutive model.
The discrepancy in deflection results can also be attributed
to one of (or combinations of) the numerical simplifying

assumptions and input data.

6.6 Calculated Residual Stress Profiles

The calculated residual stress profiles shown in
Figures 4.25-4.29 yielded reasonable results.

The residual stress profile for the 1.30 millimeter
Almen model is shown in Figure 4.25. The calculated stress
distribution yielded a tensile surface stress and centerline
compressive stress. This distribution is opposite to what
is physically expected. The large intermediate negative
displacement and final negative displacement, discussed in
section 6.5, is also unreasonable. Since the deflection
results for the 1.30 millimeter Almen strip model were not
physically reasonable, it is concluded that the predicted
residual stress distribution will also be unreasonable.

The residual stress profiles for the other four

thicknesses of Almen models that produced positive final
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deflections are shown in Figures 4.26-4.29. These residual
stress profiles are of reasonable magnitude and trend. The
highest compressive residual stress is near the high carbon
surface, as expected.

The calculated residual stress results for the 2.44
millimeter and 3.18 millimeter models did not, however,
agree with the x-ray diffraction measurements performed by
the Eaton Corporation. Eaton's measurements included a
Moore-Evens relaxation correction. The final calculated
positive deflection for the 2.44 millimeter Almen model was
underestimated. Therefore the calculated residual stress
profile should be overestimated when compared to the
experimental measurements. The final calculated deflection
for the 3.18 millimeter Almen model, however, was within 8%
of the experimental result.

There are numerous possibilities to explain the
discrepancy between the calculated and measured stress
results. The constitutive data are probably not accurate
for the alloys considered in this study. Specifically, the
input data associated with the phase transformation are
probably not accurate for the alloys and heat treatment
process considered in this study. These data include the M,
temperature profile (determined from the carbon profile),
the rate of transformation and the magnitude of

transformation strain. Error associated with the strain
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hardening behavior can also significantly affect the amount
of plastic flow and, therefore, effect the calculated stress
distribution. Neglecting transition plasticity can also
significantly affect the calculated stress results. The
relative amounts of martensite and retained austenite are
considered using volumetric fractions only. Significant
differences in stress can exist between the martensitic and

austenitic microstructures.
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7.0 CONCLUDING REMARKS

As an initial attempt to simulate numerically the
distortion and residual stress development in carburized and
quenched steel geometries, this study provided a great deal
of interesting information. Following are various
conclusions based on the results presented in sections 4.0

and 5.0 of this study.

7.1 Application of the Finite Element Method to Thermal-
Elastic-Plastic Analyses

Based on the verification and quench analysis results
presented, the numerical approach considered is not a viable
method to determine the distortion and residual stress
generated during quenching. The constitutive equation
incorporated in the finite element program, CSMCARB, is
sufficiently rigorous to simulate a variety of one-
dimensional and two-dimensional verification problems
proving that the derivation and implementation of the
elastic-plastic constitutive equation in CSMCARB is correct.
The material data, however, are not sufficiently accurate to
yield reasonable results for the Almen strip analysis and,
therefore, the effort and expense of FEM analyses is not

justified.
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7.2 Carbon Profile Determination

The method of determining the carbon profiles through
the thickness of the Almen strip models was the most
accurate available. Further investigation in this area

could improve the accuracy of the analysis, however.

7.3 Simplifying Assumptions and Input Data

The simplifying assumptions and input data obtained
from the literature discussed in sections 2.3, 2.4, 2.5, 2.6
and 2.7.2 were necessary to provide a reasonable scope to
this study.

The simplifications for model material and
thermomechanical coupling paths discussed in sections 2.3
and 2.4 provide a possible source of error. Further
investigation is needed in these areas.

The only significant thermal property that requires
further investigation for the geometries discussed in this
study is the convection coefficient. The time-temperature
history for the Almen strip models is controlled by the rate
of convective heat loss.

The most gquestionable input data used in this study are
the mechanical property data discussed in section 2.7.2.
Accurate high temperature mechanical property data are not
readily available in the literature. Future investigations

in this area could provide significantly better numerical
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modeling results.

Experimental studies should be initiated to provide
better thermal, phase transformation, and mechanical input
data for incorporation into numerical programs, such as
CSMCARB. Once proper correlation is achieved between
experimental and numerical results, the numerical methods

can be expanded to include more complex geometries.
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8.0 SUGGESTIONS FOR FUTURE WORK

Based on the results of this study, the following
suggestions are presented to aid future investigators
considering a study in analysis of carburized and gquenched

steel geometries.

8.1 Numerical Considerations

To simulate numerically the distortion and residual
stress development of more complicated geometries including
analyses of gear tooth involute shapes, CSMCARB must be
modified to permit axisymmetric analyses. This will also
add the ability to compare results of CSMCARB to the results
obtained from numerical and experimental studies found in
the literature.

Kinematic hardening and anisotropy due to prior forming
operations (i.e. rolling, forging, etc.) should also be

investigated.

8.2 Thermomechanical Coupling

This study considered three of the six coupling paths
discussed in section 2.1. The paths not considered for this
study should be investigated to determine whether the
simplifying assumptions considered ih this study were

justified.
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8.3 Carbon Profile and Phase Transformation Analysis

A more accurate numerical determination of the carbon
profile is recommended. Suggestions include considering the
diffusivity of carbon in austenite as a function of alloy
additions (29) and incorporating a gas atmosphere analysis
(31,32,33) into the thermomechanical analysis.

Experimental dilatometric testing should be performed
for the alloy of interest and various carbon levels to
determine directly the thermal and phase transformation
strains on cooling.

This study considered the diffusionless martensitic
transformation only. For geometries that experience slower
cooling rates, CSMCARB should be modified to permit
transformations to all product phases (i.e. ferrite,

pearlite, bainite, martensite and cementite).

8.4 High Temperature Mechanical Properties

Further investigation is needed to determine reliable
high temperature mechanical properties for incorporation
into CSMCARB. Specifically, high temperature tensile or
compressive testing should be performed to determine better
relationships for elastic modulus, yield strength and strain
hardening behavior for a variety of carburizing grade alloys

as a function of temperature, carbon content and phase.
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APPENDIX A Derivation of an Implicit Integration Scheme to
Determine the Transient Temperature
Distribution During Quenching
The f§-method was derived specifically for this work to
numerically determine the transient temperature distribution
during quenching. This derivation assumes flux (first
derivative with respect to time) varies linearly from time t
to time t+60At, where 621.0. For unconditional stability, it
has been shown for similar derivations that 6#21.37, and thus
a value of 0=1.40 is commonly used (21).

The differential equation representing the transient

temperature distribution during quenching is given by:

dT d oT
- o =0 (A.1)
Jt ax( ax)
where
T = temperature
a =k / (p c,) = thermal diffusivity
K = conductivity
p = density
c, = specific heat
t = time
X = position

The finite element formulation for the equations of
equilibrium governing the linear dynamic response of a
system of finite elements is explained in Bathe (21). This

derivation will explain the integration scheme only.
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For this derivation, a generic second order transient

partial differential equation is considered, given by:

JA d [~ OA
- D =0 (A.2)
Jt ax( ax)
where
A = primary variable valid over the domain (0,L)
D = diffusivity
t = time
X = position

The equilibrium equation is given by:

[c1{A} + [K]{a} = {R} (A.3)

where
[C] is the damping matrix

[K] is the stiffness matrix
{R} is the flux vector

The unknown variables, {A} and {A}, in equation (A.3)
cannot be found simultaneously. An integration scheme is
necessary to find a relationship for {A} as a function of
{A}. This is accomplished using the f-method, described

below.
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Let t denote the increase in time, where 6s<t<6At; then

for the time interval t to t+0At, it is assumed that:

{(A%7} = (A7} + Z{A®9 A%} (A.4)

Integrating (A.4), one obtains:

(At} = A%} + TAt) + _D_{A0At_At) (3.5)

Evaluating (A.5) at time t+0At (i.e. T = QAt) yields:

{Ac*08t} = (At} + BAL{AT} + SAL(AEOAt_At} (a6

Expanding and rearranging (A.6) yields:

{at+0at} _ {at} — QAt{At}+ %{A"}

_ OAt {At+0At }
2

(A.7)

Solving (A.7) for A“®& in yields:

A t+0AtY) _ 2 + _ 2 _ At A
{A } = -ezg{za\.t oAt} m{J.I!Lt} 2{A*} + {A*} (a.8)
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Equation (A.8) can be simplified to:

(Asoat) - 2 {ae-0ac _at} _ (it} (3.9)

To obtain the solution for A and A at time t+At, the
equilibrium equation (A.3), is evaluated at time t+0At.

This is given by:

[C1{A®*9At} ;+ [K]{at+0At} - {Rt+0At} (A.10)

By substituting the relationship for A®*®°¢ jin (A.9) into

(A.10), the new equilibrium equation is given by:

[Cl{ 2 {at0ac At} (A%}

(A.11)
+ [K]{At-i-ﬂAt} = {Rt+BAt}
Rearranging (A.11) yields:
2 [cl{as0at} 4+ [K]{at+0at}
. (A.12)
= {Re04¢} + 2-[cl{a*} + [c1{a®}
Rewriting (A.12) yields the following equation:
{2_[c]+[K]}{at+ac}
fax (A.13)

= {Rt+0At} e—izfﬂ {at} + [c1{A*t}
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An effective stiffness matrix and effective flux vector can

be defined by:

[K] =(—3—[c] + [K])

0At
(A.14)

{Rt+0At} - {Rt+0At}, - [c1{at} + [c]{A%}

By substituting the effective matrices given in (A.14) into

(A.13), a simplified relationship results, given by:

[R1{at+0At} = {R} (A.15)

A®%¢ jis found by inverting the effective stiffness matrix in
(A.15). At can then be found by using equation (A.9).
Finally, A®™2® and A®™® are found using the following

equations:

{at+at} = {at} + AL{At) + ALATOAC A%} (a.16)

{(AFA%} = (A%} + L{A®04c A%} (A.17)
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APPENDIX B Thermal, Phase and Mechanical Properties
Incorporated in CSMCARB.
Following is the thermal, phase transformation and

mechanical input data relationships incorporated in CSMCARB.

1. Relative Phases and Volumetric Weighing

The relative volumetric amounts of austenite and
martensite are calculated using the same notation as
Hildenwall and Sjostrom (2,3). The sum of the individual
volumetric fractions of austenite and product phases is one.

This relationship is given as:

where

is the volumetric fraction of the ith phase

<
-

austenite
ferrite
pearlite
bainite
martensite
cementite

oo
AU, WN -

< < <G

For this study, the martensitic transformation is the only

phase transformation considered. Therefore, Vor Vir Vy, and

vV, are zero.
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2. Thermal Conductivity

The thermal conductivity as a function of temperature
and phase for the SAE 4023 and SAE 4620 alloys is assumed to
follow the relationship given in Hildenwall (2). This

relationship is given by:

6
K=Y v (K +K; 3 T+K; T2 +K, ; T°) . )
= . ’ ’ ’ mOC

where T is the temperature in degrees C and K,, X,, K, and K,

for each phase is given in Table B.1l.

Table B.1
Coefficients for Thermal Conductivity
phase K, K, K, K,
(x 10%) | (x 10%) | (x 109)
1 14.60 13.56 0 0
2 59.00 -22.22 0 0
3 38.40 22.40 -78.86 36.38
4 33.55 48.55 -179.6 116.5
5 25.10 2.778 0 0
6 0 0 0 0

Figure B.1l illustrates the thermal conductivity, K, as a
function of temperature for a 0.23 weight percent SAE 4023
alloy steel transforming from austenite to martensite

(M, = 415°C) beginning at 871°C and continuing to 25°C.
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3. Specific Heat

Specific heat as a function of temperature and phase
for the SAE 4023 and SAE 4620 alloys is assumed to follow
the relationship presented in Hildenwall (2). This

relationship is given by:

6
J
Cp = 121"1 (Cpg, 1 +CPy,1 T +Cp,, s T2 +Cp, 3 T?) (Kgoc)

where T is the temperature in degrees C and Cp,, Cp,, Cp, and

Cp, for each phase is given in Table B.2.

Table B.2
Coefficients for Specific Heat

phase Cp, Cp, Cp, Cp,
(x 10°) (x 109)

1 375 0.333 0 0
2 445 0.8073 -1.993 2.572
3 445 0.8073 -1.993 2.572
4 443 0.8073 -1.993 2.572
5 448 0.8073 -1.993 2.572

6 0 0 0 0

Figure B.2 illustrates the specific heat, Cp, as a function
of temperature for a 0.23 weight percent SAE 4023 alloy
steel transforming from austenite to martensite (M, = 415°C)

beginning at 871°C and continuing to 25°C.
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4. Density

The steel density as a function of temperature, carbon
content, and phase for the SAE 4023 and SAE 4620 alloys is

assumed to follow the relationship presented in Hildenwall

(2). This relationship is given by:
6
p = Ev Po,1+P1,1C+P,, 1 C? Kg
=1 (1 + 3Te) m3

where T is the temperature in degrees C, o is the
coefficient of thermal expansion (section 6.) and C is the
carbon concentration in weight percent and p,, p,, and p, for

each phase is given in Table B.3.

Table B.3
Coefficients for Density
— e
phase [ Py P
1 8056 0 0
2 7860 0 0
3 7860 46 -0.27
4 7860 39.9 -0.113 It
5 7860 -64.4 0.528 "
6 7860 0 0 "

Figure B.3 shows steel density, p, as a function of
temperature for a 0.23 weight percent SAE 4023 alloy steel
transforming from austenite to martensite (M, = 415°C)

beginning at 871°C and continuing to 25°C.
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5. Convective Heat Loss Coefficient

The convective heat loss coefficient for SAE 4023 and
SAE 4620 alloy steel'immersed in oil over the temperature
range 176°C < T < 871°C is assumed to follow the
relationship presented in Price and Fletcher (18). Figure
B.4 shows the convective heat loss coefficient, hc, as a
function of temperature. Table B.4 lists specific values
for the convective heat loss coefficient, h_ , as a function
of temperature. Linear interpolation was used for

temperatures between the tabulated values.

, Table B.4
Convection Coefficient Data
Temperature h_

(°C) W/m?K
100 320

300 520

430 2000
480 2000
540 520

800 820
1000 820 |

The convective heat loss coefficient for steel in air for
the temperature range 25°C < T < 176°C was assumed to be a
constant of 300 W/m?K. This coefficient must be altered to
a more accurate value when transformation to intermediate

phases is considered.
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T-3932 122

6. Coefficient of Thermal Expansion

The coefficient of thermal expansion for the SAE 4023
and SAE 4620 alloy steels is assumed to follow the
relationship presented in Hildenwall (2). This relationship

is given by:

a = (a, +a,C) + (a,+a,C)T + ¢, T2 (°C™?)

where T is the temperature in degrees C, C is the carbon

concentration in weight percent and a, a,, &, a, and « for

the various phases is given in Table B.5.

Table B.5 :
Coefficients for the Coefficient of Thermal Expansion

ll phase a, a, - a, a, a,

(x 10°9) (x 10%) | (x 1I0%) | (x 109) (x 10%?)
1 22.38 0 0 0 0

2 13.0 -4.3 5.8 2.8 -2.05

3 13.0 -4.3 5.8 2.8 -2.05

4 13.0 -4.3 5.8 2.8 -2.05

u 5 13.0 -4.3 5.8 2.8 -2.05

6 13.0 -4.3 5.8 2.8 -2.05

Figure B.5 shows the coefficient of thermal expansion, a, as
a function of temperature and carbon content for ferrite,

pearlite, bainite, martensite and cementite.
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7. Andrew's Linear Equation

Andrew's linear equation (19) is used in this study to
determine the martensite start temperature, M_, for the SAE
4023 and SAE 4620 alloys during the quench. This
relationship is given by:

M_, = 539 - 423C - 30.4Mn
-12.1Cr - 17.7N1i - 7.5Mo (°C)

where C is the carbon concentration in weight percent and
Mn, Cr, Ni, and Mo are the concentrations of the other
appropriate alloying additions in weight percent. Figure
B.6 shows the inverse relationship using Andrew's linear
equation between the M  temperature and carbon

concentration.
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4023 and SAE 4620 alloy steels using Andrew's
linear equation.
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8. Koistinen and Marburger's Relationship for the
Formation of Martensite

Koistinen and Marburger's relationship (20) is
incorporated in CSMCARB to determine the relative volumetric
fractions of austenite and martensite as a function of

temperature. This relationship is given by:

V5 =1 - e—0.0ll(M.—T) M. <T

vV, =1 -V, ~V; -V, — Vg — Vg

where T is the temperature in degrees C and v, represents
the volumetric fraction of the ith phase, as described in
section 1. Figure B.7 shows the volume fraction of
martensite formed as a function of temperature for steels of

0.20, 0.50 and 0.80 weight percent carbon.
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9. Phase Transformation Strain

The linear dilatometric strains associated with the

martensitic transformation of the SAE 4023 and SAE 4620

alloy steels are assumed to follow the experimental data

presented in Hildenwall (2).

various carbon concentrations are given in Table B.6.

128

These experimental values for

Table
Linear Dilatometric
with Transformation to

B.s
Strain Associated
the Indicated Phases

phase | 0.18 w/o C | 0.39 w/o 0.58 w/oC| 0.74 w/o C
1 0 0 0 0
2 0.00802 0.00741 0.00706 0.00689
3 0.00802 0.00741 0.00706 0.00689
4 0.00971 0.00812 0.00706 0.00755
5 0.00823 0.00860 0.01057 0.00979
6 0 0 0 0

CSMCARB interpolated between carbon concentrations using a

second order equation curve-fit to the data presented in

Table B.6.

function of carbon concentration for the ferritic,

pearlitic,

Figure B.8 shows the transformation strain as a

bainitic and martensitic phase transformations.

Figure B.9 shows the calculated linear dilatometric strain

as a function of temperature for 0.20 and 0.80 weight

percent carbon SAE 4620 alloy steels cooled from 871°C to

25°C.
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10. Elastic Modulus

The elastic modulus as a function of temperature and
phase for the SAE 4023 and SAE 4620 alloys is assumed to
follow the relationship determined by Burnett (1) and given

in Hildenwall (2). This relationship is given by:

6
E =Y v, (B, +E T+E, ,T?+E, ,T?) (MPa)
i=1

where T is the temperature in degrees C and E , E,, E, and E,
for each phase is given in Table B.7.
Table B.7
Coefficients for Elastic Modulus
phase E, E, (x Ef03) (x Efos)
1 198500 -44.62 -90.90 -2.059
2 214500 -30.97 -92.08 -2.797
3 214500 -30.97 -92.08 -2.797
4 214500 -30.97 -92.08 -2.797
5 214500 -30.97 -92.08 -2.797
6 214500 -30.97 | -92.08 -2.797

Figure B.10 illustrates the elastic modulus, E, as a
function of temperature for a 0.23 weight percent SAE 4023
alloy steel transforming from austenite to martensite

(M, = 415°C) beginning at 871°C and continuing to 25°C.
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10. Yield Strength

The yield strength as a function of temperature, carbon
content, and phase for the SAE 4023 and SAE 4620 alloys is
assumed to follow the relationship given in Hildenwall (2).

This relationship is given by:

6
Sy = Y vi(8y,,3+8y,, 1 T+8y, s T>+8y,,,T?) (MPa)
=

where T is the temperature in degrees C and Sy,, Sy,, Sy, and

Sy, for each phase is given in Table B.8.

Table B.8
Coefficients for Yield Strength
phase carbon Sy, Sy, Sy, Sy,
content (x 10°%) (x 10%)
1 - 43.9 0.29 -589.0 276.4
2 - 395 -0.43 0 0
3 - 461 -0.23 0 0
4 0.0 480 -0.5 0 0
0.4 890 -0.5 0 0
0.8 1300 -0.5 0 0
1.2 1300 -0.5 0 0
5 0.0 300 -0.5 0 0
0.4 400 -0.5 0 0
0.8 400 -0.5 0 0
1.2 400 -0.5 0 0
6 - 500 0 0 0
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Linear interpolation was used between the tabulated carbon
concentrations. Figure B.1ll1l shows the yield strength, S, s
as a function of temperature for a 0.23 w/o SAE 4023 steel

transforming from austenite to martensite (M, = 415°C).
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Figure B.1ll Yield strength, S, as a function of
temperature for a 0.23 weight percent SAE 4023
alloy steel transforming from austenite to
martensite (M, = 415°C) beginning at 871°C and
continuing to 25°.
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10. The Stress at Four Percent Strain, the Strain Hardening
Coefficient and the Tangent Modulus

The strain ﬁardening behavior as a function of
temperature, carbon content and phase for the SAE 4023 and
SAE 4620 alloys is assumed to follow the relationship given
in Hildenwall (2). The relationship for stress at four

percent strain is given by:

6
S4 = Y v, (84, ,+S4, ,T+84, ;T>+84, ,T) (MPa)
i=1

where T is the temperature in degrees C and S4,, S4,, S4, and

S4, for each phaSe is given in Table B.9.

Table B.9

Coefficients for Stress at Four Percent Strain

phase carbon sS4, S4, sS4, sS4,
content (x 10%) (x 10°)

1 - 166 0.25 -614 240

2 - 395 -0.032 0 0
3 - 488 4,32 -11440 7200

4 0.0 500 -0.5 0 0

0.4 1250 -0.5 0 0

0.8 2050 -0.5 0 0

1.2 2050 -0.5 0 0

5 0.0 3100 -0.1 0 0

0.4 6980 -0.1 0 0

0.8 7080 -0.1 0 0

1.2 7080 -0.1 0 0

6 - 1000 0 0 0
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Linear interpolation was used between the tabulated carbon
concentrations. The elastic modulus, E, yield strength, Sy,
and stress at four percent strain, S4, are then used to
solve for the strain hardening coefficient, H. This

relationship is given as:

E(S4 - S
0.04E - S4

The tangent modulus, ET, is then determined using the

following relationship:

HE

m g (MPa)

ET =

Figure B.12 shows the stress-strain behavior for a 0.23 w/o
SAE 4023 steel transforming from austenite to martensite (M,

= 415°C) at the various indicated temperatures.
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APPENDIX C Derivation of An Elastic-Plastic Constitutive
Equation with Temperature Effect'

1. Yield Criterion

The von Mises' yield criterion, assuming isotropic
hardening, is incorporated in this analysis. Figure C.1
(21) illustrates geometrically the yield criterion, assuming
isotropic hardening and a simple constant tangent modulus,
E,. The yield cylinder shown is oriented such that its axis
is at equal angles to the (o0,,0,,0,) coordinate system. The
cylinder axis therefore represents the hydrostatic component
of the stress state. A stress state within the cylinder
represents elastic behavior and yielding begins when the
stress state reaches the surface of the cylinder. Isotropic
hardening allows the radius of the cylinder to vary with
effective plastic strain and temperature but does not allow

the cylinder axis to vary. Further explanation can be found

in (21,24,25,34).

! The derivation and implimentation of the elastic-plastic
constitutive equation used in this study was a joint effort
of Dr. M. Henriksen and D.B. Larson.
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Figure C.1 The von Mises' yield criterion, assuming

isotropic hardening, represented geometrically
by the yield cylinder (21).

140
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The yield surface can be defined numerically using a

function, F, given as:

2 2 s~
F = XsNs} - is5(8,T) =3, - 3S;(&,T) (c.1)
where
F = function that describes the yield surface
$<s>{s} = J, = second deviatoric stress invariant
S, = yield stress
e = effective plastic strain
T = temperature

The second deviatoric stress invariant for two-dimensional

plane strain conditions is defined as:

HsMs} =7, = St —Tyy) 2 + (1, 7,,) 2

(C.2)
+ (“:zz_"'-:m)z:l + T!ZEY
The effective plastic strain, é, is defined as:
& = \/%{ (811’1-)2+ (€§L)2+ (Egn) 2} (C.3)

where the strains in (C.3) are the principle strains.
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2. Flow Rule

The Prandtl-Reuss flow rule incorporates a constant of
proportionality, A, that relates the deviatoric stress
components to the incremental plastic strain components.

This is given as:

{Ae®t} = ).{-g—f-} - a{s} (C.4)

where

{Ae**} = incremental plastic strain components
A constant of proportionality (to be determined)

F = yield function
T = stress
{s} = deviatoric stress components

3. Consistency Rule

During plastic deformation, the yield function, F, is
zero. Therefore the total derivative of the yield function
must also be zero. The consistency rule, given as the total

derivative of the yield function, F, is given by:

AF =0 =(sXAt} - 25, (HAE+BAT) (C.5)

where H and B are defined as:

gs, B - a8, (C.6)

"= 3% o7
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4. Strain Decomposition

The incremental kinematic strain, {Ae*}, can be written
as the sum of the elastic, plastic, thermal and phase

transformation incremental strains, as follows:

{AeX} = {Ae=} + {Aeft} + {Ae%)} + {Aet} (C.7)

The incremental thermal strains, {Ase}, from time t to time
t+At are given by the coefficient of thermal expansion, «,
and the incremental change in temperature. This

relationship is given by:

4 0 4
A% at+AtTt+At _ atT £)
A 8 t+Atmt+At _ ,tmt
{Ae®} = « €W> _ e T «"T , (C.8)
A&, o
Aee at+AtTt+At _ atT t,
ZZ

The incremental phase transformation strains, {Ae?}, from

-

time t to time t+At are determined using experimental data

given in Appendix B. This relationship is given by:

(A P ~
Aen re¢t+At _ e‘bt
A L4 ¢t+At _ ¢|:
A&, o
A egz ked’tnAt: _ C‘bt‘
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5. Elastic Constitutive Relationship

The elastic constitutive relationship for a system
where the elastic modulus, E(T), is a function of
temperature, T, is given by:

{Att*At} = [D]I{Aet} + [D]{e™" +Ae™}

3E (C.10)
[D] = FL [D] AT

where {&®*} is the historical elastic strain (i.e. the total

elastic strain at time t).
The elastic plane strain constitutive matrix, [D], is

defined as:

[ v
1 (1-v) 0
_ E(1-v) v 1 0 Cc.11
(D] (1+v) (1-2v) | (1-v) ( )
(1-2v)
0 0 2(1-v) |

where

E = f(T)
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6. Derivation of the Elastic Constitutive Equation

For an elastic system (i.e. Ase®™ and & are zero)
undergoing a temperature change, AT, from time t to time

t+At, the new incremental stress, {At}, is given by:

{At} = [DI{AeF-Ac®-Ae?}
+ [D1{AeX-Ae? - Aet} (C.12)
+ [D]1{ex" - -e*}

By defining a new constitutive matrix, [D'], and historical

elastic strain, {&®*}, as follows:

[D*] = [D] + [D]
(C.13)

{efr’} = {e*" - €% -e®"}

The elastic constitutive equation in (C.12) can be rewritten

as:

{At}=[D"1{Ae"-Ae®-Ae?}+ [D]{e="} (C.14)
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7. Deviation of the Elastic-Plastic Constitutive Egquation

For an elastic-plastic system undergoing a temperature
change, AT, from time t to time t+At, the new incremental

stress, {At}, is given by:

{At} = [D*]1{A&¥ - Aet - Aec® - Act}
+ [D1{eE®}

(C.15)

During plastic flow, the yield function, F, is zero. The

consistency rule, (C.5), and (C.15) can be written as:

(sHAz} = 25 (HAE + BAT)
= (s)[D*1{Ae¥ - Ae®t - Ae® - Aet} (C.16)
+ (s)[D]{ex"}

The plastic work in the system, incorporating the flow rule

in (C.4), can be written as:

(tXAer} = A{c)s} = s, A& (C.17)

From (C.17), the constant of proportionality, A, and the
incremental plastic strain, {Ae®™}, can be found as:
L - 8,A%
(S){‘t}
S_AE
{Aeft} = A{s} = X
(SR‘E}

ARTHUR LAKES LIBRAMY
COLOR&RDO SCHOOL of MINES
GOLDEf, COLORADO BG401

(C.18)
{s}
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Equations (C.16) and (C.18) can be combined to yield the

following relationship:

~ ., (s)[D*1{s} - -
%SYHA3+ ST S, A& = I's A&

= (s)[D"1{Ae"-Aec® - Aec?} (C.19)
- 25 PAT + (s)[Dl{e™}

where I' is defined as:

(s)[D*1{s} (C.20)
(st}

' =|2H+
3

Equation (C.19) can now be written as follows:

S,A& = % ({(s)[D*]1{Ae"- Ae’ - Aet}
(C.21)
- 2g BAT + (s)[B1{e=})

The effective incremental plastic strain can then be found

using the following equation:

AE = r; ({s)[D*1{AeF - Aec® - Ae?}
y (C.22)

- 23, BAT + (s)[Dl{e=*})
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The incremental plastic strain, {Ae®}, is then found by
first solving for A, as described in (C.18). By
substituting the resulting incremental plastic strain,
{Ae**}, into (C.15) the following relationship for

incremental stress, {Atr}, is obtained:

{A<} = [D*]1{Ae"-Ae-Act}

[D*1{sKs)[D*] AR _
] {Ae - Ae® - Ae?}

2 [p*1{sls,B
(st}

. [ ey _ [D*1{sKs)[D] .
[D1{e""} OO {eEr"}

+ (C.23)
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By defining the following three new terms:

=, _ . [D*1{s}s)I[D*]
[D] = [D"] (s <]
2[p*1{sls P
_ 3 y
@) = 2oy (c.24)
=, _ cz. _ [D*1{sKs)[D]
[D] = [D] s <]

the elastic-plastic constitutive equation in (C.23) can be

expressed as:

{At} = [DI{AeS-Ae®-Act}
+ {G}AT + [D]{e*}

(C.25)

The equation expressed in (C.25) is unlike that of previous
investigators (1,2,3). It allows for varying elastic
modulus with temperature, proper elastic-plastic and
plastic-elastic transitional behavior with changing
temperature, and plastic creep due to a decrease in yield
strength which is useful when considering transformation

plasticity (7,30).
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APPENDIX D Verification Problems using CSMCARB

Numerous verification problems were developed to
determine the viability of the constitutive equation used in
this analysis. Verifications were performed using one-
dimensional plane stress axial and cantilever load models
consisting of four 8-noded isoparametric elements and a two-
dimensional plane strain thick wall pressure vessel model
consisting of twelve 8-noded isoparametric elements. Figure
D.1 illustrates the axial load model used. The cantilever
model is identical to that illustrated in Figure D.1l except
loading is distributed over the right end nodes in the
negative Y direction. Figure D.2 illustrates the thick wall
pressure vessel model (24). Following are descriptions of

selected verification problems performed.
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Figure D.1 Schematic illustrating the axial load model

used to verify the constitutive equation in
CSMCARB.
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Figure D.2 Schematic illustrating the thick wall pressure

vessel model used to verify the constitutive
equation in CSMCARB (24).
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VERIFICATION PROBLEM #1

Description:
One-dimensional plane stress elastic analysis
with external tensile load. The temperature is
held constant at zero.
E = 10 x 10°
E, = n/a
s, = 10 x 10° (constant)
v = 0.30
a =20
Results:
P T T, e, x 103
> 4 XX
2000 0 2000 0.2
4000 0 4000 0.4
6000 0 6000 0.6
8000 0 8000 0.8
Discussion:

The calculated results using CSMCARB agree with
the closed-form solutions for axial stress and
strain to 12 significant digits. A stress-
strain diagram and the applied loads for
verification problem #1 is illustrated in
Figure D.3.
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Stress-strain diagram and the applied loads for
verification problem #1.



T-3932

155

VERIFICATION PROBLEM #2

Description:
One-dimensional plane stress elastic analysis
with varying elastic modulus and temperature.
An external load is incrementally applied, then
held constant while the temperature is varied.
E = (10 x 10%) (1 - 0.2T)
E, = n/a
S, = 10 x 10? (constant)
v. = 0.30
a=1x 107
Results:
P T T, e x 10°
2000 0 2000 0.2
4000 0 4000 .
6000 0 6000 .
8000 0 8000 .
8000 1 8000 .
8000 1 8000 0.8
8000 -1 8000 -0.333
8000 0 8000 0.8
Discussion:

The combination of varying elastic modulus and
thermal strain due to the temperature change
produced the correct change in the elastic
strain. The calculated results using CSMCARB
agree with the closed-form solutions to 12
significant digits. A stress-strain diagram
and the applied loads for verification problem
#2 is illustrated in Figure D.4.
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Figure D.4 Stress-strain diagram and the applied loads for
verification problem #2.
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VERIFICATION PROBLEM #3

Description:
One-dimensional plane stress elastic-plastic
analysis with axial load. The temperature is
held constant at zero. External load is
applied near the yield point.
E 10 x 10°
E,.=1x 10°
S, = 10 x 10° (constant)
v = 0.30
a =20
Results:
P T T, e x 10°
8000 0 8000 0.8
10000.001 0 10000.001 1.001
11000 0 11000 2.0
14000 0 14000 5.0
Discussion:

Load exactly yield produces a point of
numerical instability. Therefore a load
slightly higher than the yield strength is
applied. The calculated solutions using
CSMCARB agree with the closed-form solutions
for axial stress and strain to 4 significant
digits. A stress-strain diagram and the
applied loads for verification problem #3 is
illustrated in Figure D.5.
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Stress-strain diagram and the applied loads
verification problem #3.
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VERIFICATION PROBLEM #4

Description:
One-dimensional plane stress elastic-plastic
analysis with axial load. The temperature is
held constant at zero. Loading is applied such
that the stress state jumps over the yield
strength.
E = 10 x 10°
ET=lx106
S, = 10 x 10° (constant)
v = 0.30
a =20
Results:
P T T, e x 10°
8000 0 8000 0.8 "
11000 0 11000 2.0
| 14000 0 14000 5.0
Discussion:

The correct elastic-to-plastic transitional
behavior is observed. The calculated results
using CSMCARB agree with the closed-form
solutions for axial stress and strain to 4
significant digits. A stress-strain diagram
and the applied loads for verification problem
#4 is illustrated in Figure D.6.
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Figure D.6 Stress-strain diagram and the applied loads for
verification problem #4.
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VERIFICATION PROBLEM #5

Description:
One-dimensional plane stress elastic-plastic
analysis with axial load. The temperature is
held constant at zero. Applied loads are the
same as problem #4. The load is removed to
check permanent plastic strain.
E = 10 x 10°
E, = 1 x 10°
s, = 10 x 10° (constant)
vi = 0.30
a =20
Results:
P T T, e, x 10°
8000 0 8000 0.8
11000 0 11000 2.0
14000 0 14000 5.0
0 0 0 .

Discussion:

CSMCARB correctly calculated the permanent
plastic strain at loads of 14000 and 0. The
calculated results using CSMCARB agree with the
closed-form solutions for axial stress and
strain to 4 significant digits. A stress-
strain diagram and the applied loads for
verification problem #5 is illustrated in
Figure D.7.
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Figure D.7 Stress-strain diagram and the applied loads
verification problem #5.
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VERIFICATION PROBLEM #6

Description:
One-dimensional plane stress elastic-plastic
analysis with axial load. The temperature is
increased (decrease Sy) and the model is
allowed to plastically '"creep'", then unload.
The thermal expansion due to temperature
increase is ignored.
E = 10 x 10°
ET=1x106
S, = (10 x 10°)(1 - 0.2T)
v = 0.30
a =20
Results:
P T T, e x 10°
8000 0 8000 0.8
11000 0 11000 2.0
14000 0 14000 5.0
14000 1 14000 6.8
0 1 0 5.4
Discussion:

Changing S, by 20% in one step produces
numerical instability. Intermediate load steps
are therefore needed for numerical stability
during '"creep" (i.e. T=0.1], T=0.2, etc.). The
calculated results using CSMCARB agree with the
closed-form solutions for axial stress and
strain to 4 significant digits. A stress-
strain diagram and the applied loads for
verification problem #6 is illustrated in
Figure D.8.
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Figure D.8 Stress-strain diagram and the applied loads for
verification problem #6.
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VERIFICATION PROBLEM #7

Description:

Results:

One-dimensional plane stress elastic-plastic
analysis with axial load. The temperature is
decreased (increase S ) while holding the load
constant and the model is allowed to transition
to an elastic state. The load is then
increased and the model is allowed to re-
transition to plastic behavior. The
contraction due to the temperature decrease is
included.

E = 10 x 10°

E, = 1 x 10°

s, = (10 x 10%)(1 - 0.2T)
vi= 0.30

a =2 x 1073

P T T, £, X 103
6000 1 6000 0.6
11000 1 11000 3.8
11000 0 11000 1.8
14000 0 14000 3.0

Discussion:

CSMCARB properly transitions from plastic to
elastic behavior with decrease in temperature.
Proper plastic strain is maintained with change
in temperature. The combination of external
and thermal loading is correct. The calculated
results using CSMCARB agree with the closed-
form solutions for axial stress and strain to 4
significant digits. A stress-strain diagram
and the applied loads for verification problem
#7 is illustrated in Figure D.9.
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Figure D.9 Stress-strain diagram and the applied loads for
verification problem #7.
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VERIFICATION PROBLEM #8

Description:
One-dimensional plane stress elastic-plastic
analysis with axial load. The temperature is
increased (decrease Sy) and the model is
allowed to plastically 'creep". The expansion
due to the temperature increase is included.
E = 10 x 10°
E, = 1 x 10°
S, = (10 x 10%)(1 - 0.2T)
v = 0.30
a =2 x 10°?
Results:
P T T, e x 10°
8000 0 8000 0.8
11000 0 11000 2.0
11000 1 11000 5.8
14000 1 14000 .8
Discussion:

Changing Sz by 20% 1in one step produces
numerical instability. Intermediate load steps
are needed for numerical stability during
"creep" (i.e. T=0.1, T=0.2, etc.). Free
thermal expansion due to temperature increase
produces additional strain but does not alter
the stress state. The calculated results using
CSMCARB agree with the closed-form solutions
for axial stress and strain to 4 significant
digits. A stress-strain diagram and the
applied loads for verification problem #8 is
illustrated in Figure D.10.
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VERIFICATION PROBLEM #9

Description:
One-dimensional plane stress elastic-plastic
analysis with cantilever loading. The
temperature is held constant at zero. The load
is increased until the cantilever beam model
begins to yield.
E = 10 x 10°
E, = 1 x 10°
s, = 10 x 10°
v = 0.30
Results:
P End Displacement End Displacement
(closed-form) (CSMCARB)
-50 -0.02 -0.0201
-100 -0.04 -0.0403
-150 -0.06 -0.0605
-200 -0.08 -0.0807
-250 -0.10 -0.1181
(yvielded)
Discussion:

The end displacement results using CSMCARB
agree with the closed-form solution for
cantilever displacement to within 1% (within
the elastic range).
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VERIFICATION PROBLEM #10
Description:
Two-dimensional plane strain elastic-plastic
analysis using the thick wall pressure vessel
model in Figure D.2 (24). The internal
pressure is incrementally increased to a
maximum of 1.8 MPa.
E = 2.1 GPa
E, = 0 (perfectly plastic)
S, = 2.4 MPa
v = 0.30
Displacement Results:
— —_— —— _——T——|
Pressure, p | Radial Displacement | Radial Displacement of
of Inner Face (24) Inner Face (CSMCARB)
(MPa) (mm) (mm)
0.8 0.07 0.073
1.0 0.09 0.091
1.2 0.11 0.112
1.4 0.14 0.140
1.6 0.18 0.183
1.8 N 0.26 0.263
Discussion:

The displacement results given in the above
table agree with the closed-form and calculated
displacement results given in (24).
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The stress results in the following table are
for elements 2,5,8 and 11 through the cylinder
thickness at a pressure of 1.4 MPa.

Element | Gauss oy (24) o, (CSMCARB)

Number Point (MPa) (MPa)
2 5 1.4994 1.49
2 6 1.7838 1.77
5 17 1.8011 1.81
5 18 1.5890 1.60
8 29 1.4381 1.44
8 30 1.2478 1.26
11 41 1.1464 1.15
11 42 1.0360 1.04

Discussion:

The hoop stress distribution calculated using
CSMCARB agrees with the distribution presented
in (24).
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APPENDIX E Calculation of the Almen Strip Radius of
Curvature

The radius of curvature for the modified Almen strip is
calculated using Figure E.1l and trigonometry. The two
variables of cord length, C, and arc deflection, A, fix the
geometry of the specimen. Distance L is found using the

relationship:

L=\JA2+ (g)2 (E.1)

The angle, a, is found using the relationship:

a = arctan——A—

c (E.2)
(3)

The angle, B, is then found using the relationship:

B=90°-a (E.3)
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Figure E.1

Schematic representing the radius of curvature
for the Almen strip.



T-3932 174

The angle, y, is found using the relationship:

y = 180° - 2§ (E.4)

By the law of sines, the radius of curvature can then be

found using the relationship:

R = _LEEEU1LI, (E.5)
(siny)





