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A BST R A C T

New straightforward algorithms for the symbolic computation of higher-order 

symmetries, conservation laws and recursion operators of nonlinear evolution equa­

tions and lattice equations are presented. The scaling properties of the evolution or 

lattice equations are used to determine the polynomial form of the symmetries, in­

variants, and recursion operators. The coefficients of these polynomials can be found 

by solving linear systems. The methods apply to polynomial systems of partial dif­

ferential equations of first-order in time and arbitrary order in one space variable. 

Likewise, lattices must be of first order in time but may involve arbitrary shifts in 

the discretized space variable.

The recursion operator of an equation is the link between the symmetries of 

the equation. Therefore, the existence of a recursion operator is important to prove 

that the equation has infinitely many symmetries, which is an indicator of complete 

integrability. Our algorithm for finding the recursion operators of partial differential 

equations uses the knowledge of symmetries and conservation laws in connection with 

the scaling properties.

The algorithms for symmetries and conservation laws are implemented in Mathe- 

matica and can be used to test the integrability of both nonlinear evolution equations 

and semi-discrete lattice equations. With our Integrability Package, higher-order sym­

metries and invariants are obtained for several well-known systems of evolution and 

lattice equations. For partial differential equations and lattices with parameters, the 

code allows one to determine the conditions on these parameters so that a sequence 

of higher-order symmetries or invariants exists. The existence of a sequence of such 

symmetries and invariants is a predictor for integrability.
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Chapter 1

IN TR O D U C T IO N

A large number of physically important nonlinear models are completely inte- 

grable, which means that they are solvable in terms of elementary functions or lin- 

earizable via an explicit transformation, or solvable via the Inverse Scattering Tech­

nique (1ST) [1]. Integrable continuous or discrete models arise in key branches of 

physics including classical, quantum, particle, statistical, and plasma physics. Inte­

grable equations also model wave phenomena in nonlinear optics and the bio-sciences. 

Mathematically, nonlinear models involve ordinary or partial differential equations 

(ODEs or PDEs), differential-difference equations (DDEs), integral equations, etc. 

[ii].

Whichever form they come in, completely integrable equations exhibit analytic 

properties reflecting their rich mathematical structure. For instance, most completely 

integrable PDEs and DDEs possess infinitely many symmetries and conserved quan­

tities (if the model is conservative). Perhaps after a suitable change of variables, the 

equations have the Painlevé property, admit Backhand and Darboux transformations, 

prolongation structures, or can be written in bi-Hamiltonian form [11].

An indication that certain evolution equations might have remarkable m athe­

matical properties came with the discovery of an infinite number of conservation laws 

for the Korteweg-de Vries (KdV) equation, ut = 6uux + U3 X. The conserved quantities 

u and it2, corresponding to conservation of momentum and energy, respectively, were 

long known, and Whitham [70] had found a third one, u3 — | u 2, which corresponds 

to Boussinesq’s moment of instability. Zabusky and Kruskal found a fourth and fifth.
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However, the search for additional conservation laws was halted due to a mistake in 

their computations. Miura eventually continued the search and, beyond the missing 

sixth, found additional three conservation laws [49]. It became clear that the KdV 

equation had an infinite sequence of conservation laws, later proven to be true.

The existence of an infinity of conservation laws was an important link in the 

discovery of other special properties of the KdV equation [74]. It led, for example, 

to the construction of the Miura transformation, which connects the solutions of the 

KdV and modified KdV equations. Consequently, the famous Lax pair was found, 

which associates a couple of linear equations to the KdV equation. From that, the 

1ST for linearization of integrable equations was developed, and it was then shown 

that the KdV equation, and many other integrable equations, admit bi-Hamiltonian 

structures.

There are several motives to find symmetries and conservation laws explicitly. 

The first few conservation laws may have a physical meaning, such as conserved 

momentum and energy. Additional ones may facilitate the study of both quantitative 

and qualitative properties of solutions [32]. Furthermore, the existence of a sequence 

of symmetries and conservation laws predicts integrability. Yet, the nonexistence 

of conserved quantities does not preclude integrability. Indeed, integrable equations 

could be disguised with a coordinate transformation so that they no longer admit 

conservation laws of polynomial type. The same care should be taken in drawing 

conclusions about non-integrability based on the lack of higher-order symmetries. 

Another compelling argument relates to the numerical solution of PDEs. In numerical 

schemes the discrete conserved quantities should remain constant. In particular, the 

conservation of a positive definite quadratic quantity may prevent the occurrence of 

nonlinear instabilities in the numerical scheme. The use of conservation laws in PDE
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solvers has been discussed in [28, 43, 59].

The existence of an infinite hierarchy of symmetries for integrable equations can 

be established by explicitly constructing the recursion operator that connects such 

symmetries. Finding symmetries and recursion operators for nonlinear models is a 

nontrivial task, in particular if attempted with pen and paper. Computer algebra 

systems can greatly assist in the search for higher-order symmetries and recursion 

operators.

For PDEs, there are fairly complicated algorithms for the computation of sym­

metries and conservation laws. These include the algorithms designed by Bocharov 

and co-workers [5], Gerdt and Zharkov [16, 17], Fuchssteiner et al. [14], Sanders and 

Wang [55, 56, 57] and Wolf et al. [71]. Several methods to test the integrability 

of DDEs and for solving them are also available. Solution methods include symme­

try reduction [45] and solving the spectral problem [44] on the lattice. Adaptations 

of the singularity confinement approach [53], the Wahlquist-Estabrook method [7], 

and symmetry techniques [6, 46, 63] also allow one to investigate integrability. The 

most comprehensive integrability study of nonlinear DDEs was done by Yamilov and 

co-workers (see e.g. [62, 73]). Their papers provide a classification of semi-discrete 

equations possessing infinitely many local conservation laws. Using the formal sym­

metry approach, they derive the necessary and sufficient conditions for the existence 

of local conservation laws, and provide an algorithm to construct them.

In contrast to these algorithms, in this thesis we present new direct algorithms 

that allow one to compute polynomial higher-order symmetries, conservation laws and 

recursion operators for polynomial PDEs in 1+1 dimension and polynomial DDEs 

(semi-discrete lattice equations). Our algorithms are fairly straightforward, and can 

be implemented in computer algebra languages.
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The systems of PDEs or DDEs that our methods cover must be of evolution 

type, i.e. first order in (continuous) time. The number of equations and the order of 

differentiation (or shift level) in the spatial variable are arbitrary.

We use the dilation invariance of the given system of PDEs or DDEs to determine 

the form of the polynomial symmetry, invariant, or the recursion operator. Upon 

substitution of this form into the defining equation, one has to solve a linear system 

for the unknown constant coefficients of this form. In case the original system contains 

free parameters, the éliminant of that linear system will determine the necessary 

conditions for the parameters, so that the system admits the postulated generalized 

symmetry or invariant. Our algorithms can thus be used as an integrability test for 

classes of PDEs and DDEs involving parameters.

For the PDE case, a slight extension of our algorithms allows one to compute 

higher-order symmetries and invariants that explicitly depend on the independent 

variables. However, in such cases, it is necessary to specify the highest degree of the 

independent variables in the generalized symmetry and in the invariant.

Once the generalized symmetries and invariants are explicitly known, it is quite 

often possible to find the recursion operator by inspection [10]. If the recursion 

operator is hereditary then the equation will possess infinitely many symmetries. If 

the operator is hereditary and factorizable then the equation has infinitely many 

conserved quantities [11, 15].

For Lagrangian systems the set of higher-order symmetries can be shown to lead 

to the set of conservation laws [51, 54]. For equations without Lagrangian struc­

ture there is no universal correspondence between symmetries and conservation laws. 

The relationship between symmetries and conservation laws, as expressed through 

Noether’s theorem, is beyond the scope of this thesis (see [54] for details).
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The thesis is organized as follows. In Chapter 2, we give the definitions of a 

conservation law, a symmetry, and a recursion operator for a system of PDEs. Also we 

describe the dilation invariance, which is the key concept behind our algorithms. We 

also state a theorem from calculus of variations about the Euler-Lagrange equations, 

which plays a role in our algorithm for conservation laws. Chapter 3 is devoted to 

the description of our algorithm for the computation of polynomial type symmetries 

of evolution equations. Also we address how to handle symmetries that explicitly 

depend on the independent variables, wave equations, and nonuniform systems. In 

Chapter 4, we give a brief description of the algorithm to compute conservation 

laws of evolution equations. We do not give details of the algorithm, since it was 

presented in [18, 19]. A major application of our algorithm deals with systems with 

parameters. Our algorithms can be used to find the conditions on the parameters 

for the existence of symmetries and invariants. If for some choices of parameters, 

the system admits a sequence of symmetries and/or conservation laws, we may have 

detected an integrable system. In Chapter 5, we present such analyses and also 

we list the results for several other examples. In Chapter 6, our algorithm for the 

computation of recursion operators of evolution equations is described, followed by 

several examples. The algorithm uses the knowledge of symmetries and invariants of 

the evolution equations.

In Chapter 7, we turn to the DDE case. The definitions of a symmetry, a conser­

vation law for a system of DDEs are given. Also, we describe the dilation invariance 

for DDEs, which is again the key concept behind our algorithms. Further in Chapter 

7, we define an equivalence relationship, which is an essential tool for the computa­

tion of conservation laws. In Chapters 8 and 9, we describe our algorithms for the 

computation of symmetries and conservation laws of lattice equations, respectively.
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Further in these chapters, we show how to handle nonuniform systems. In Chapter 

10, we list our results for some lattice systems.

In Chapter 11, we briefly review the software packages related to the symbolic 

computation of higher-order symmetries, conservation laws and recursion operators. 

Apart from ours, all the other software works only for PDEs. We are not aware of 

any software for DDEs to compute higher-order symmetries and conservation laws.

Conclusions and an overview of future research are given in Chapter 12.

In summary, the original contribution of this thesis is twofold: new algorithms 

to test integrability of PDEs and DDEs, and their implementation in Mathematica.

The algorithms are based on a unifying concept which is applicable to both 

continuous and semi-discrete equations. Indeed, using the scaling invariance of the 

given equations, it is possible to explicitly construct symmetries, conservation laws, 

and recursion operators. The knowledge of all three is key for the study of the 

integrability of PDEs and DDEs.

In contrast to some of the existing algorithms and programs, ours can handle the 

computation of symmetries and conservation laws of parameterized equations, and 

systems that lack uniformity of rank. Furthermore, we can compute space and time 

dependent symmetries and conservation laws. In particular for systems with param­

eters, the necessary conditions for the existence of conservation laws and symmetries 

are automatically generated by our program.

The extension of the algorithms towards symmetries and conservation laws of 

DDEs is new. There are no other programs available for DDEs that automate these 

computations.

With respect to the implementation, we designed a comprehensive Mathematica 

program that automates the symbolic computation of symmetries and conservation
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laws of PDEs and DDEs. The algorithm for recursion operators of PDEs is still to 

be implemented.

Some of the results of this thesis have already been published [19, 20, 22, 24] in 

research journals, or under review [23].
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C h a p te r  2

P D E  CA SE: D E F IN IT IO N S  A N D  T H E  K E Y  C O N C E P T

In this chapter, we give the definitions of a conservation law, a symmetry, and a 

recursion operator for a system of PDEs. Also we describe dilation invariance, the key 

concept behind our algorithms. At the end of the chapter, we introduce a tool from 

the calculus of variations, the Euler operator, which is useful for the computation of 

conservation laws.

Consider a system of PDEs in the (single) space variable x  and time variable £,

u t =  F(u, ux, u 2x ,. umx), (2.1)

where u and F  are vector dynamical variables with the same number of components: 

u  =  (u i,tt2, ...,un), F  =  (F i,F 2 , . . . ,Fn) and umx = u(m) =  The vector function

F  is assumed to be polynomial in u, ux, ..., u mx. There are no restrictions on the order 

of the system or its degree of nonlinearity. If PDEs are of second or higher order in

t, we assume that they can be recast in the form (2.1).

For simplicity of notation, unless we deal with a general case, the components of

u will be denoted by u ,u , ... (instead of ui, u2, etc.).

2.1 C on serv atio n  Law

A conservation law is of the form

Dtp 4- DXJ  =  0, (2 .2)
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which is satisfied for all solutions of (2.1). The functional p is the invariant (conserved 

density), J  is the associated flux. In general, both are, functions of x, t, u, and its 

partial derivatives with respect to x [1]. Furthermore, D* denotes the total derivative 

with respect to t; Dx the total derivative with respect to x. Specifically, p is a local 

invariant if p is a local functional of u and its derivatives, i.e. if the value of p at any 

x depends only on the values of u in an arbitrary small neighborhood of x. If J  is also 

local, then (2.2) is a local conservation law. If p is a polynomial in u, its x derivatives, 

and in x and 2, then p is called a polynomial invariant. If J  is also a polynomial, then 

(2.2) is called a polynomial conservation law. There is a close relationship between 

constants of motion and conservation laws. Indeed, for polynomial-type p and J , 

integration of (2.2) yields

/+oo
p dx = constant, (2.3)

-OO

provided that J  vanishes at infinity. For ODEs, the P ’s are called constants of motion.

2.2 S y m m etry

A vector function G(%, t, u, u z, U2X, •••)> with G =  (Gi, G2 , Gn), is called a symme­

try of (2.1) if and only if it leaves (2.1) invariant for the replacement u —> u +  eG 

within order e. Hence,

Dt(u +  eG) =  F (u  +  eG) (2.4)

must hold up to order e on the solutions of (2.1). Consequently, G must satisfy the 

linearized equation [9, 11]

DtG =  F'(u)[G], (2.5)
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where F z is the Fréchet derivative of F, i.e.,

F'(u)[G] = £ F ( u  + eG)|e=0. (2.6)

In (2.4) and (2.6) we infer that u is replaced by u +  eG, and unx by u nx +  eDJG.

Symmetries of the form G(æ, t, u) are called point symmetries. Symmetries of

the form G(:c, t, u, ux, u t) are called classical or Lie-Backlund symmetries, and all

other symmetries involving higher derivatives than the first are called generalized or 

higher-order symmetries [47].

Exam ple 2.1 The most famous evolution equation from soliton theory, the KdV 

equation [48],

rtf — Quux "b rtgx, (2.7)

is known to have infinitely many polynomial symmetries and conservation laws [10].

The KdV equation is a member of the well-known Lax hierarchy. Each member 

of this infinite Lax family corresponds to a symmetry of the KdV equation, and the 

first four symmetries are:

G(1) =  rtx, = 6uux +  ii3x, =  30u2rtx +  20uxu2x +  10uu3x +  u5x, (2.8)

=  140rt3ux +  70rt3 +  2S0uuxu2x + 70u2tt3x +  7Ou2xu3x +  42rtxu4x +  14uu5x -f u 7x.

The evolution equations ut = G ^ \ i  =  1,2 ,3 ,..., which are completely integrable, 

constitute the Lax hierarchy. Also, the first three conservation laws of (2.7) are

Df(u) -  Dx (3u2 +  u2x) =  0, 

Df ^u2̂  — Dx ^4u3 — u2 +  2uu2x) =  0,



11

D* ( u 3 — 2 Ux) ““ “  ^ U V j2x +  3 u 2 U 2 x  +  2 U2 x — =  0. (2.9)

The first two express conservation of momentum and energy, respectively. They are 

easy to compute by hand. The third one, less obvious and requiring more work, 

corresponds to Boussinesq’s moment of instability [49].

2.3 K ey Concept: D ilation Invariance

Observe that (2.7), its symmetries (2.8), and its conservation laws (2.9) are all invari­

ant under the dilation (scaling) symmetry

(Z, z, u) —> (A- 3t, A_1z, A2u), (2.10)

where A is an arbitrary parameter. The result of this dimensional analysis of (2.7) 

can be stated as follows: u corresponds to two derivatives with respect to z, for 

short, u ~ D 2. Similarly, D* ~  D3. Scaling invariance, which is a special Lie-point 

symmetry, is an intrinsic property of many integrable nonlinear PDEs and DDEs.

As we will show in the coming chapters, our algorithms exploit this scaling 

invariance to find symmetries, invariants and recursion operators.

To describe an algorithmic way for determining the scaling invariance, we require 

additional definitions. The weight, w, of a variable is by definition equal to the number 

of derivatives with respect to z that variable carries. Weights are rational, and weights 

of dependent variables are nonnegative. We set u;(Dx) =  1. In view of (2.10), we 

have w(u) = 2 and u>(Dt) =  3. Consequently, w(x) =  —1 and w(t) =  —3.

The rank of a monomial is defined as the total weight of the monomial, again 

in terms of derivatives with respect to z. Observe that (2.7) is an equation of rank
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5, since all the terms (monomials) have the same rank, namely 5. This property is 

called uniformity in rank.

Conversely, requiring uniformity in rank for (2.7) allows one to compute the 

weights of the dependent variables by solving a linear system. Indeed, with u^D*) =  1 

we have

w(u) +  w(Dt) =  2w(u) +  1 =  w(u) +  3, 

which yields w(u) =  2, to(D*) = 3. Hence, w(t) =  —3, which is consistent with (2.10).

2.4 Recursion Operator

A recursion operator [52] for (2.1) is a linear operator $  in the space of differential 

functions with the property that whenever G is a symmetry of (2.1), so is G with 

G =  4>G. For n-component systems, $  is an n x n matrix.

Exam ple 2.2 The recursion operator [52] for the KdV equation is given by

$  =  D* +  2u +  2-QxuQ -1 =  +  4u +  2w=D;\ (2.11)

where D”1 is the integration operator. This operator is hereditary [15] and connects

the symmetries (2.8) of the KdV equation (2.7).

For example,

§ u x =  (DjJ +  2u +  2DxuD~1)ux =  6uux +  u3x,

§(§uux +  u3x) =  (D^ +  2u +  2DxuD™1)(6uux +  u3x)

— 30u ux ~\~ 2QuxU2x ~\~ 10‘iiii3x "f* Ugx,

and so forth.
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2.5 A Tool: E u le r O p e ra to r

We introduce a tool from calculus of variations, the Euler operator, which is very- 

useful for testing if an expression is a total derivative [52], without having to carry

out any integrations by parts. In Chapter 4, we will use this tool for the computation

of conservation laws.

Theorem  2.1 I f  f  = / (x ,u i, ...,t4m\  . . .  ,un, then S n( f )  =  0, i f  and only

if f  = Dxg, where g = g (x ,u u  ...,

In this theorem, for which a proof can be found in [52],

u =  (u i,.. .,u n), £u( /)  =  (£u! 0 =  (0, . . . ,0),

and

is the Euler operator (or variational derivative).

To show the usefulness of this operator in verifying if a given function is the 

derivative of another function, let us consider an example.

E xam ple  2.3 Suppose that

/ (u , u', u" , u ^ )  =  u,(x)u,t(x)2-\-2u(x)ul(x)u^3\ x ) —3ul(x)2un(x)u^3\ x ) —u,(x)3u^4\ x )  

is given. We have chosen f  so that it is the derivative with respect to x of the function

g(u,u' ,u" , u ^ )  = u(x)u"(x)2 — u \ x ) Zu ^ ( x ) .
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Indeed, one can easily verify that /  =  — g. Now, in order to see that Theorem 2.1 is
dx

indeed true, we explicitly compute all the relevant terms. For this example n =  4; 

therefore, we need:

g  = 2 u " ( x ) u « \ x ) ,

= 2u"(x)vf-3\ x )  — 6u"( x )2v,(3\ x ) — 6u '(x )u 3̂\ x )2
dx du*

— 12ui(x )u"(x )vSa\ x ) — 3uz(x)2u^5̂ (x),

= 8u//(æ)u^3̂ (æ) — 6u” (x)2 u^3\ x )  — 6uf (x)u^3\ x ) 2 +  6u,(x)u^4\ x )
dx2 uu"

— 12u'{x )u"{x )v!<a\ x ) +  2t/(æ)u^5̂ (x) — 3uz(x)2u^5̂ (x),

= &u"(x)u(3\ x )  — 36u',(x )2u 3̂\ x ) — 18uz(x)w^3̂ (x)2 +  6î/z(x)u^4̂ (x)
axd au

—24uz(x)uzz(x)u^4̂ (x) +  2u(x )u 5̂\ x ) — 3uz(x)2u^5̂ (x),

^~4 ( ^ ( 4) ) — —36uzz(x)2u^3̂ (x)—18uz(x)u^3̂ (x)2—24uz(x)uzz(x)u^4̂ (x)—3uz(x)2u^5̂ (x).

Substitution of the right hand sides into

du dx du* dx2 dun dx3 du(3) dx4 du(4)

and simplification indeed gives zero.
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Chapter 3

S Y M M E T R IE S  O F E V O L U T IO N  EQ U A T IO N S

In this chapter, we describe our algorithm for the computation of polynomial

symmetries of evolution equations. Also we address how to compute x — t dependent

symmetries, and how to handle wave equations, and nonuniform systems.

Recall that for a system of evolutionary PDEs,

U t = F(u, u x, u 2x , U m x) ,  (3.1)

a vector function G(x, t, u, ux, u 2x ,...), with G =  (Gi, G2, ..., Gn), is called a symmetry 

of (3.1) if and only if G satisfies the linearized equation [9, 11]

DtG = F ,(u)[G], (3.2)

where F z is the Fréchet derivative of F, as defined in (2.6).

3.1 A lgorithm

To illustrate our algorithm, we consider the KdV equation (2.7) with scaling proper­

ties such that w(u) = 2.

Our algorithm exploits this scaling invariance to find higher-order symmetries. 

The algorithm has two steps.
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3.1.1 Step 1: C onstruct the form of the sym m etry

This step involves finding the building blocks (monomials) of a polynomial symmetry 

with prescribed rank. All terms in the symmetry must have the same rank. Since we 

may introduce parameters with weights (see Section 3.3), the fact that the symmetry 

will be a sum of monomials of uniform rank does not necessarily imply that the 

symmetry must be uniform in rank with respect to the dependent variables.

As an example, let us compute the form of the symmetry of (2.7) with rank 7. 

Start by listing all powers in u with rank 7 or less: C = {1, u ,u 2 ,u 3}. Next, for each 

monomial in £ , introduce enough x-derivatives, so that each term has exactly rank 

7. Thus,

Dx(u3) =  3 u 2 u x , D3(u2) =  6 u x u 2x  +  2im3x, D^(u) =  it5x, D%(1) =  0.

Then, gather the resulting (non-zero) terms in a set =  {tt2ux, uxu2x, uu3x, u5x}, 

which contains the building blocks of the symmetry. Linear combination of the mono­

mials in with constant coefficients Q gives the form of the symmetry:

G — C \  XL XLx  d" Cg XLx XJ>2x "4” C3 XLXL^x  d" C4 XLf>x. (3.3)

3.1.2 Step 2: D eterm ine the unknown coefficients in the sym m etry

We determine the coefficients Q by requiring that (3.2) holds on the solutions of (3.1). 

Compute DfG and use (3.1) to remove u t , u tx, u txx, etc. For given F, compute the 

Fréchet derivative, and in view of (3.2), equate the resulting expressions. Treating 

the different monomial terms in u and its x-derivatives as independent, the linear 

system for the coefficients Q is readily obtained.
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For (2.7), we perform this computation with F  = 6 uux +  u^x and G in (3.3). 

Considering as independent all products and powers of u, ux, uxx, ..., in

(12ci -  18c2)u^U2x + (6ci -  l%cz)uu\x + (6ci -  18c3)tmxU3X + (3c2 -  ^ c A)u\x 

+(3c2 +  3c3 — 90c4)w2xW4X d* (3c3 — 3Oc4)^x^ x =  0, (3.4)

we obtain the linear system for the coefficients c; :

S  =  {12ci—18c2 =  0, 6ci—18c3 =  0 ,3c2—60c4 == 0, 3c2 d- 3c3—90c4 — 0 ,3c3—30c4 =  0}. 

The solution is ^  ^  =  c4. Since symmetries can only be determined up

to a multiplicative constant, we choose c4 =  1, then c\ = 30, c2 =  20, c3 =  10, and 

substitute this into (3.3). Hence,

G =  30it2ux +  20uxu2x +  10uu3x +  u5x. (3.5)

Note that ut = G \s known as the Lax equation, which is the fifth-order PDE in the 

completely integrable KdV hierarchy [42].

Analogously, for (2.7) we computed the (x —t independent) symmetries of rank < 11 . 

They are:

G ^  =  ux, G ^  =  6uux +  u 3x, G ^  =  3 0 u 2 u x  +  20uxu 2x +  10uu3x +  u 5x,

=  140u3u x +  7 O u i  +  2 S 0 u u x u 2 x  d- 70u2u3x -f 70u2xu 3x +  42uxu 4x +  14uu5x +  u 7x, 

G^5̂  =  630u4u x +  1260uu3 +  2520tt2u xu 2x -f !3O2uxu ^  +  420u3u 3x +  966u2u 3x 

+ 1260uu2xu 3x d- 756uuxu 4x +  252u3xu4x d- 126u2u 5x +  168u2xu 5x 

-f 72tixU6x d~ 1 S u U j x  T  Ugx . (3.6)
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These results agree with those listed in the literature (see e.g. [10, 47, 52]).

R em a rk  3.1 Instead of working with the definition (3.2) of the symmetry, one could 

introduce an auxiliary evolution equation,

uT =  G (x ,t ,u ,u x,U2x,...)> (3.7)

which defines the flow generated by G and parameterized by the auxiliary time vari­

able r .  The symmetry can then be computed from the compatibility condition of

(3.1) and (3.7):

Dr F(u, Ugr,, U2xj •••> Uma;) — DfG($, tj 11, 11%, U2a:? •••)• (3.8)

One then proceeds as follows: as above, determine the form of the symmetry G 

involving the constant coefficients Q. Then, compute DtG and use (3.1) to remove 

il*, u f%, etc. Subsequently, compute Dr F  and use (3.7) to remove uT, uTX, etc. Finally, 

use (3.8) to determine the linear system for the unknown c*. Solve the system and 

substitute the result into the form of G.

Applied to (2.7), DtG is computed with G in (3.3). Next, (2.7) is used to elim­

inate all t-derivatives of u from the expression of DtG. Then, compute Dr F  with F  

in the right hand side of (2.7), and eliminate all ^--derivatives through (3.7) after 

substitution of (3.3). Finally, expressing that Dt jF — DtG = 0 leads to (3.4).

Although this procedure [35] circumvents the evaluation of the Fréchet derivative, 

it seems more involved than our algorithm which uses the definition (3.2).
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3.2 S y m m etries  E xp lic itly  D ep en d en t on x and  t

The KdV equation (2.7) has also polynomial symmetries that explicitly depend on x 

and t. Our algorithm can be used to find these symmetries provided that we specify 

the maximum degree in x and t.

As an example, we will compute the symmetry of rank 2 for (2.7) that linearly 

depends on x and/or t. In other words, the highest degree in x or t in the symmetry 

is 1.

We start with the list of monomials in u, x and t of rank 2 or less:

C = { l,u , x, xu, t, tu, tu 2}.

Then, for each monomial in £ , introduce enough x-derivatives so that each term 

exactly has weight 2. Thus,

Dx(xu) =  u +  xux, Dx(<tt2) =  2tuux, D^(tu) =  tu3x, D2(l)  =  D^(x) =  D^(t) =  0.

Gather the non-zerq resulting terms in a set =  {u, xux, tuux, tu3X}, which contains 

the building blocks of the symmetry. A linear combination of the monomials in 71 

with constant coefficients Q gives the form of the symmetry:

G = ci u + c2 xux +  c3 tuux +  c4 tuzx- (3.9)

Now, determine the coefficients c\ through c4 by requiring that (3.2) holds on the 

solutions of (2.7). After grouping the terms, one gets

(6ci +  6c2 — cz)uux +  (3c3 — 18c4)tu2X + (3c2 — c4)u3x +  (3c3 — 18c4)tuxu3x =  0,
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which yields

S  =  {6ci +  6c2 — C3 =  0, 3c3 — I8C4 =  0, 3c2 — C4 =  0}. (3.10)

The solution is ^  =  3c2 — — C4. We choose C4 — 1, consequently c% =  | ,  C2 =

eg =  6, and substitute this into (3.9). Hence,

2 1
G = —u +  'zxUx +  6 tuux +  tu3x. (3.11)

We computed two symmetries of (2.7) that linearly depend on x and t. They are of

rank 0 and 2 :

G =  1 +  6tux, and G = ~(2u +  xux) +  tu t =  ~( 2 u +  xux) +  t ( 6 uux +  usx). (3.12) 

Our results agree with those in the literature [47].

3.3 Nonuniform  System s

For scaling invariant equations such as (2.7), it suffices to consider the dilation sym­

metry on the space’of independent and dependent variables. For PDE systems that 

are inhomogeneous under a suitable scaling symmetry, such as the example given 

below, we use the following trick: we introduce one (or more) auxiliary parameter(s) 

with an appropriate scaling. These extra parameters can be viewed as additional 

dependent variables, however, their derivatives are zero. By extending the action of 

the dilation symmetry to the space of independent and dependent variables, including 

the parameters, we are able to apply our algorithm to a larger class of polynomial 

PDE systems.
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3.3.1 Example: Boussinesq Equation

Consider the wave equation,

Utt — U2x +  3uil2x 4" 3lt^ +  OLÛx = 0, (3.13)

(a  constant) which was proposed by Boussinesq to describe surface water waves whose

horizontal scale is much larger than the depth of the water [1].

To apply our algorithm, we must first rewrite (3.13) as a first-order system,

— Ux ? — Ux 3uux otusxi (3.14)

where v is an auxiliary dependent variable. It is easy to verify that the terms ux and 

au^x in the second equation obstruct uniformity in rank. To circumvent the problem 

we introduce an auxiliary parameter (3 with (unknown) weight, and replace (3.14) by

— Ux, ut — (3ux 3uux a u 3æ. (3.15)

As described in Chapter 2, we compute the weights from

w(u) +  iu(Dt) =  iv(-u) +  1,

w(y) +  iy(Dt) =  tu(^) +  w(u) +  1 =  2w{u) +  1 =  tu(u) +  3.

This yields

w(u) =  2, tu(u) =  3, tu(/9) =  2, and iu(Dt) =  —w(i) =  2, (3.16)

and the scaling properties of (3.15) are u ~  /3 ~  Dt ~  D^, v ~  D^. Indeed, (3.15) is
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invariant under the dilation symmetry

(x ,t ,u ,v ,(3)  —» (A_1x, X~2 t } X \  X3 v, X2 /3). (3.17)

Observe that all the monomials in the equations in (3.15) have rank 4 and 5. There­

fore, for any symmetry G of (3.15),

rank(Gg) =  rank(Gi) +  1 =  rank(Gh) +  w(v) — w(u). (3.18)

Let us construct the form of the symmetry G = (Gi, G2 ) with rank(Gi) =  6 and 

rank(G^) =  7. First, list all monomials in u ,v  and /3 of rank 6 (respectively rank 7) 

or less:

Ci = {1, /?, P2, /53, u t (3u, (32u, u2, (3u2, u 3 ,v,/3v, uv, u2},

£ 2  =  {1, /32, (33, u, /3u, / 3 2u ,  u 2, j3u2, u3, u, /3v, (32v, uv,(3uv,u 2v, v2}.

Next, for each monomial in £ 1  and £ 2, introduce the necessary æ-derivatives, so that

each term in £ 1  exactly has rank 6, and each term in £2 has rank 7. Keeping in mind

that ( 3  is constant, and proceeding with the rest of the algorithm, we obtain:

(1) 2G  ̂ — UxV "h UU3. T —
2 2

Gg^ =  (3uux — 3u2ux +  vvx — 6 auxU2 x +  i;ol(3uzx — 3auuzx — - a 2 u 5x. (3.19)

Finally, setting (3 = 1 in (3.19), one obtains a symmetry of (3.14) although initially 

this system was not uniform in rank. We list one more higher-order symmetry of
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(3.14):

G2 — uux ^  '̂ >x ^oluxU2 x H-  ̂ccilqx 2 auuZx 25^" '̂ '̂ >x’
3 2

+  vttx — Zuuxv — - u 2 vx — 2au2 xVx — 3auxv2x — ausxv +  - a v 3x
g

—2auv3x — — a 2 v5 x- (3.20)
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Chapter 4  

IN V A R IA N TS OF EVOLUTION EQUATIONS

In this chapter, we describe the algorithm to compute conservation laws of evo­

lution equations. We will use our tool from calculus of variations, the Euler operator. 

We do not give details of the algorithm here, since it was presented in [18, 19]. 

Recall that for a system of evolutionary PDEs

ut = F(u, U*, u2x ,..., umx), (4.1)

a conservation law is of the form

Dtp +  Dx J  =  0, (4.2)

which is satisfied for all solutions of (4.1). The functional p is the invariant, J  is the 

associated flux.

4.1 Algorithm

To illustrate our algorithm, once again we consider the KdV equation (2.7). Keeping

in mind the scaling properties of (2.7) with w(u) = 2, we now start the description

of our algorithm in two steps.
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4.1.1 Step 1: Construct the form of the invariant

As an example, let us compute the form of the invariant of rank 6. Start by listing 

all powers in u with rank 6 or less: C =  {1, u, u2, u3}. Next, for each monomial in £ , 

introduce the necessary ^-derivatives, so that each term has exactly rank 6. Thus,

D2(tt3) =  uz, T>2x{u2) = 2u2 +  2 u u 2 x , D^(u) =  u4a;, D®(1) =  0.

Then, gather the resulting (non-zero) monomials in A4 =  {u3,u ^ ,u u 2X}. Removing 

the terms that are total derivatives with respect to x  or total derivative up to terms 

kept earlier in A4, results in 1Z = {u3,it3}, which has the building blocks of the 

invariant. Notice that, since uu2x =  (uux)x — u2x, we have removed uu2x from A4. 

Linear combination of the monomials in IZ with constant coefficients c% gives the form 

of the invariant:

p = c \u z + c2 u2x. (4.3)

4.1.2 Step 2: D eterm ine the unknown coefficients in the invariant

We determine the coefficients c; by requiring that (4.2) holds on the solutions of

(4.1). Compute Dtp and use (4.1) to remove u t, utx, utxx, etc. Then apply the Euler 

operator (2.12) and require that the resulting expression vanishes. For our example, 

this means

SuÇDtp) = —18(ci +  2 c 2 >) u x u 2x = 0,

and we obtain the linear system for the coefficients Ci : S  = {ci +  2c  ̂ =  0}. The 

solution is c\ = —2 c2. Since invariants can only be determined up to a multiplicative
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constant, we choose C2 =  1 and so ci =  —2. Substituting this into (4.3) gives

p = —2u3  +  u^. (4.4)

Analogously, we computed more invariants of (2.7). Here, we list the first seven: 

pi = u, p2 — u2, ps = - 2 u 3  +  ul,

P a — 5u4 — I Q u u 2x +  U2x) P §  =  — 14u5 +  70u2 it ̂  — \ 4 : u u \ x  +

/?6 =  42u® — 420u 3u 2 — 35u4 +  126u2U2X +  — 18uugx -j-

/)7 =  —132u7 4" 2310u4u2 +  770uu4 — 024u3u2x — 462uxU2X — 440uu3x

-f 198u2U3X 4" 110,U2x'W’3x — 22uu4X 4~ u,gx. (4.5)

Note that the forms of invariants are not unique. Some of the terms in invariants can 

always be integrated by parts to obtain equivalent forms, modulo total derivatives. 

For example, ps can be replaced by ps =  —2u3 — tm2x, since p3  — p3  = Dx(tmx).

4.2 Invariants Explicitly D ependent on x and t

The KdV equation (2.7) has also a single invariant which explicitly depends on x and

t. Again, our algorithm can be used to find this invariant provided that we specify

the maximum degree in x and t.

Doing so, the single invariant of KdV (2.7) with linear explicit dependency

p = tu 2 4- ^ xu  (4.6)

readily follows. Observe that p is of rank 1.
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4.3 Nonuniform  System s

For systems that are inhomogeneous under a suitable scaling symmetry, we can again 

use our trick, and introduce one (or more) auxiliary parameter(s) with an appropriate 

scaling.

Exam ple 4.1 Working with the Boussineq equation (3.13), rewritten as a first-order 

system (3.14), we were able to compute many invariants. The first four invariants 

are:

A =  *  =  (4.7)
pz = uv, p4 = u 2 — u 3  + v 2 + au^.

Conservation laws play a key role in the study of this wave equation. They can be 

used to prove that solutions are bounded for certain sets of initial conditions [28], or,

conversely, to show that solutions fail to exist after a finite time.
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Chapter 5

PD E  CASE: APPLICATIO NS A N D  EX AM PLES

A major application of our algorithm deals with the investigation of integrability 

of systems with parameters. Our algorithms can be used to find the conditions on the 

parameters so that symmetries and invariants exist. If for some choices of parameters, 

the system admits a sequence of symmetries and/or conservation laws, we may have 

detected an integrable system. In this chapter, we present such analyses and also list 

our results for several other examples. For more examples we refer to [19].

5.1 Fifth-Order K orteweg-de Vries Equations

Consider the parameterized family of fifth-order equations,

ut +  au 2 ux +  fiuxU2x +  'yuusx +  u5x = 0, (5.1)

where a, ( 3 ^  are nonzero constants. Integrable cases of (5.1) are well known in the 

literature [12, 30, 41, 60]. Indeed, for a  =  30,/? =  20,7 =  10, equation (5.1) reduces 

to the Lax equation [42]. The SK equation, due to Sawada and Kotera [61], and 

Dodd and Gibbon [8] is obtained for a  =  5,/3 =  5,7 =  5. The KK equation, due to 

Kaup [39] and Kupershmidt [40], corresponds to a  =  20,/3 =  25,7 =  10. Although 

they only differ by the values of their parameters, the named equations have vastly 

different properties.

The scaling properties of (5.1) are such that w(u) = 2,w(Dt) = 5. Using our 

algorithm, one easily computes the compatibility conditions for the parameters a, (3
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and 7 , so that (5.1) admits a symmetry of fixed rank. The results are:

R an k  3: G =  itx is a symmetry of (5.1) without any conditions on the parameters. 

R an k  5: G = uux +  is a symmetry of (5.1) provided that

a  _  and p  _  27- (5.2)

The Lax equation satisfies (5.2). Since the KdV equation is a member of'Lax hierar­

chy, condition (5.2) comes as no surprise.

R an k  7: Equation (5.1) is of rank 7. The stationary part of (5.1) is the symmetry. 

R an k  9: Three branches emerge:

(i) If condition (5.2) holds then

3 5 3 20 , 5 2 ,5 0  ,3 0
G — U Ux  ~\ U -| U Ux U2x  H u  u 3x H ^ ^ 2 x u Zx H * u x u 4x/y /y <y /ŷ  /ŷ

, 10 50 _  oX
- \ - ^ uu 5x +  Z— (5. 3)

7 77

(ii) If

holds, one has the symmetry

a  =  ^ 7 2, and /5 =  7 (5.4)

3 15 3 45 15 2 225 , 75
G — U /U>X d" ~ Ux d" UUxU2 x d" — ^ ^3x "h . o 'U'ix'U'Zx d" — 3 UxÛ x 47 27 27 47j 2 Y

, 75 , 375 , x
+  47 2t/U5a: +  287s W7x‘ ( ^

The SK equation satisfies the condition (5.4).
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(iii) One has the symmetry

3 75 3 135 15 2 225 525
‘ +  8 j Ux + T ^ UUxU2x + 2 j U u3x + 2 ^ U2xU3x +  g^2

75 375
'U'U'Sx +  —q o ̂ 7z ( /472 2873

provided that

5 ' 7 " 2

which holds for the KK case.

R an k  11: One obtains the symmetry

1 5
a = - 7 2, and /? =  - 7 , (5.7)

G — U Ux 4" UU -)- U ïlx'Ù2x +  0 9 'U,x'U'2 x "h o ^ ^3x d" 0 9 7 7 37  ̂ 37 37j
200 120 400 20 0 800

i 2 ~'U''U,2x'U'3x 4" 2 'U''U,x'U'4x 4" 3 '^3x ,̂4x 4" 2 ̂  ^5x 4~ ^ 3 ̂ '2x^5x

, 800 , 200 , 1000 oX
+ 773 UxU6x +  773 UU7x +  0374 U9x (5-8)

provided that the condition (5.2) for the Lax hierarchy is satisfied.

In summary, our algorithm allows one to filter out all the integrable cases in the 

class (5.1). Alternatively, in [19] we investigated the conditions on the parameters

a ,/?,7 such that (5.1) admits an infinite sequence (perhaps with gaps) of polynomial

conservation laws. The conditions in [19] are exactly the same as the ones above.

5.2 H iro ta -S a tsu m a  System

Hirota and Satsuma [31] proposed a coupled system of KdV equations,

ut = Qotuux 4- 6uux 4- cm3:c, vt =  3uux +  u3x, (5.9)
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where a  is a nonzero parameter. System (5.9) describes the interaction of two long 

waves with different dispersion relations. It is known to be completely integrable 

provided a  =  — The scaling properties of (5.9) are such that w(u) = w(v) = 2. 

System (5.9) is of rank 5. In a search for the symmetry of higher-order, we obtained 

the symmetry of rank 7:

2 2 2 4 2 2 1 2 1
Gi — U Ux — -Uxv — -UVVX +  -UxU2 x — —VxV2x +

1 2 2 2 1 2 2 2 ^
V2 — — Vx — - v  Vx — -U 2XVX — -UxV2x ~ -UV^x ~  — (5.10)

provided that a  =  — | ,  which is the condition for complete integrability of (5.9).

Similarly, as presented in [19], the search for conservation laws leads to the same 

condition on a.

5.3 Nonlinear Schrôdinger Equation

The nonlinear Schrôdinger (NLS) equation [1],

iqt ~  q2x +  2|ç|2ç =  0, (5.11)

arises as an asymptotic limit of a slowly varying dispersive wave envelope in a nonlin­

ear medium, and as such has significant applications in nonlinear optics and plasma 

physics. Together with the ubiquitous KdV equation, the completely integrable NLS 

equation is one of the most studied soliton equations.

In order to compute the symmetries of (5.11), we consider q and q* as independent 

variables and add the complex conjugate equation to (5.11). Absorbing i in the scale 

of t, we get

qt — <?2x +  2ç2ç* =  0, q* +  ç2x — 2ç*2ç =  0. (5.12)
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Since w ( q )  =  tu(ç*), we obtain

iu(g) =  w(g*) =  1, and tu(Dt) =  — = 2.

Hence, the symmetries of ranks (4,4), (5,5), and (6, 6), as computed with our program 

InvariantsSym m etries.m  [21], are:

= —GqÇxÇ* +  93xj =  —699*9* +  93a,,

G ^  = —6 q3 q* 2 +  69^9* +  4:qqxql +  8992x9* +  %q2 q^x ~  94x5 =  <2* ^

= 3092Çx9*2 — 109x29x — 20gz92X9* — 10992x9% — 1099x92x

-10993x9* +  95x, G f  =  (5.13)

For rank 2 through rank 6, we computed the following invariants:

Pi =  qq •> P2 — q qxi

P3 =  q 2q*2 +  9x9%, P4 =  99*29x +  §92x9%,

p5 =  q3q*3 +  ~9*29% + 499*9*9* +  ~929%2 +  -92x92x* (5-14)

The NLS equation has infinitely many invariants and symmetries.

5.4 Vector M odified K dV Equation

In [68], Verheest investigates the integrability of a vector form of the modified KdV 

equation (vmKdV),

B 1 + ( |B |2B )i  + B 3x =  0, (5.15)
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or component-wise with B =  (u, v),

ut +  3 u 2 u x  + v 2 ux +  2uvvx +  u3x = 0,

vt + 3v2 vx +  u 2 vx +  2uvux +  vZx =  0. (5.16)

W ith our software we computed

pi = u, P2 = v ,  ps = u 2 + v2,

Pi =  l ( u 2 + v2)2 -  (ul + vl),

Ps =  ^x(ti2 + y2) -  l<(u2 +  y2)2 + <(u2 +  y2). (5.17)

Note that the latter invariant depends explicitly on x and t. Verheest [68] has shown

that (5.16) is non-integrable for it lacks a bi-Hamiltonian structure and recursion op­

erator. We were unable to find additional polynomial invariants. Polynomial higher- 

order symmetries for (5.16) do not appear to exist. Our results confirm Verheest’s 

conclusion.

5.5 H eisenberg Spin M odel

The continuous Heisenberg spin system [13] or Landau-Lifshitz equation,

St =  S x AS +  S x £>S, (5.18)

models a continuous anisotropic Heisenberg ferromagnet. It is considered a univer­

sal integrable system since various known integrable PDEs, such as the NLS and 

sine-Gordon equations, can be derived from it. In (5.18), S =  [it, v, w]T with real 

components, A =  V 2 is the Laplacian, D is a diagonal matrix, and cross (x )  is the
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standard cross product of vectors.

Split into components, (5.18) reads

ut = vw2x — wv2x + (P — cl)vw , 

vt =  wu2x — uw2x +  (1 — P)uw,

wt = uv2x — vu2x +  (a  — l)uv. (5.19)

In the following table, we list the invariants for three typical cases; other cases are 

similar.

D =  diag(l, a, (3) 

a ±  0,/3 ^  0

D = diag(l, a , 0) 

a f  0

D = diag(Q, 0,0)

P — U \{  OL — ^

p =  u if /3 =  1 

p — w ii a. = 1  

p = u 2 v 2 + w 2 

p = (I — a )v 2 +  (1 — (3)w2 

+u2x + v 2x + w2x

p = w iî a = 1  

p = u 2 + v 2 + w 2 

p = ( 1  — a)v 2 +  w 2 

+ul  +  u2 +  u;2

p = u

p = V

p = w

p =  it2 +  u2 +  tu2

Invariants for the Heisenberg Spin Model

Note that for all the cases we considered,

p = u 2 + v 2 w 2 = ||S ||2 (5.20)

is constant in time (since J  =  0). Hence, all even powers of ||S || are also invariants, 

but they are dependent on (5.20). Furthermore, the sum of two invariants is an
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invariant. Hence, after adding (5.20) to

p = ( a -  l )v 2 +  (/3 -  l)w 2 -  (u2x +  ^  +  wl), (5.21)

the latter can be replaced by

p = u 2 + a v 2 +  (3w2 — (ul +  +  wl). (5.22)

Note that u2x =  Dx(uux) — UU2 X and recall that invariants are equivalent if they only 

differ by a total x —derivative. So, (5.22) is equivalent with

p =  It2 +  OLV2 +  j3w2 +  uu2x +  VV2X +  u>2x, (5.23)

which can be compactly written as /? =  S • AS + S • DS, where D = diag(l, a, (3). 

Consequently, the Hamiltonian of (5.18)

H  = - l y  S - A S  + S - D S  dx (5.24)

is constant in time. The dot (•) refers to the standard inner product of vectors.
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C h a p te r  6

R E C U R S IO N  O P E R A T O R S  O F E V O L U T IO N  E Q U A T IO N S

In this chapter, we describe a new algorithm for the computation of recursion 

operators of evolution equations. Later, we list our results for several examples. The 

algorithm is based on scaling properties, and also uses knowledge of symmetries and 

invariants of the evolution equations.

Recall that for a system of evolutionary PDEs,

ut =  F(u, u z, u 2x , u mx), (6.1)

a recursion operator is a linear operator $  in the space of differential functions with 

the property that whenever G is a symmetry of (6.1), so is G  with G =  3>G [52]. 

For n-component systems, $  is an n x n matrix.

6.1 A lgorithm

For motivation, we start with two examples. For each, we list the recursion operators 

and make several observations. Later we return to these examples to show how the 

algorithm works.

E x am p le  6.1 The first four symmetries of the KdV equation (2.7) are

G (1) =  u x, =  6tm x +  u 3x, =  30u2u x +  20uxu 2x +  10tm3x +  u 5x,

=  140u3ux +  70u3 +  280tmxu 2x +  70u2u 3x +  70u2xu 3x +  42uxu 4x +  14uu5x +  u 7x,
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and the recursion operator which links these symmetries is

$  =  +  2u -j- 2DzuDz ̂  =  Dz +  4u +  e2ux1Dx ̂ . (6.2)

Recall that w(u) =  2 for (2.7), and u;(Dz) =  —̂ (D " 1) =  1 by definition. Therefore, 

$  in (6.2) has rank 2, which is also the increment in rank, between the consecutive 

symmetries of (2.7), i.e.,

ran k (G ^) — ran k (C ^) =  rank(G^)) — rank(G?̂2̂ ) =  rank(G^)) — rank(G?̂1̂ ) =  2.

Since we are dealing with polynomial symmetries, applied to the right hand side of

(6.1), for any piece of the recursion operator that involves D "1, the integration has 

to be carried out completely. This is clearly true for our example (6.2), since D”1 

applied to the right hand side of (2.7), i.e. D“1(6uuz +  ugz) =  3u2 +  u^z, leaves no 

integrations.

In order to obtain the terms involving D" 1 in the recursion operator, we use 

the knowledge of the invariants of the PDE system. Recall that for (2.7), we have 

p = u^p — u2, p = u 3  — | i i 2, ... Hence, by the conservation law (2.2), we have

Dtu — ut — — DzJ, D*u2 =  2uut = — DzJ, and

Dt(u3 — - u 2) =  Zu2 ut — uxuxt — (Su2 — uxDx)ut =  —Dz J, (6.3)

for some polynomial J ’s. Therefore, D "1, D "1̂ , and D“1(3u2 — uzDz) applied to the 

right hand sides of (2.7) will lead to a polynomial result after integration. However, 

as we will see in the description of the algorithm, the terms involving D”1^ and 

D~1(3u2 — uzDz) will be of no use for this example.
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Exam ple 6.2 Consider the fifth-order Sawada-Kotera equation [8, 61]:

ut = §u2ux +  §uxu 2x +  5uu3x +  n5x, (6.4)

with w(u) =  2. Equation (6.4) belongs to a family that has infinitely many polynomial 

symmetries. Moreover, these symmetries use one of the two distinct “seeds” , namely:

= ux, = bu2ux +  5 u x u 2 x  +  5 u u 3 x  + u5x, (6.5)

i.e., with rank 6i — 3 uses as the seed, and G ^  with rank 6z + 1  uses G ^

as the seed, where z is a positive integer. Hence, the rank of the recursion operator 

should be 6, agreeing with the operator in [58]

$  =  D® + 2uD^ -f- 2DxuD^ -f- D2uD2 -f- 3,uDx'uDx -(- 3uD2tz — 2DxuDxu — 2,v?

+ D ^ D " 1 +  5DxuD2u D ^  +  5u2DxuD”1 +  Dxu D ;X ^  -  2uxDx). (6.6)

Again, let us look at the terms involving D”1 in the recursion operator. Applied to 

the right hand side of (6.4), they all lead to a polynomial, i.e.,

5
D ~1(5tz2u x +  5 u x u 2 x  +  5uu3x +  u 5x) =  - u 3 +  5uu2z +  u i x , (6.7)

Djp (it 2uxDx)(5u u x  -j- 5 z i x u 2 x  -f- 5uu3x H- %zgx) — u  10%/ u x  -j-... 2%/x%/gx.

Once again, we can use the invariants of (6.4) to find the pieces involving D”1. The 

first two invariants of (6.4) [19] are p =  %/, p =  | t /3 — u2. Therefore, we have

Dtu = ut = — DxJ, and
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Dt( - u 3 — u2x) — u2ut — 2uxuxt = (u2 — 2uxDx)ut — — DXJ. (6.8)

Now that we showed where the terms involving D" 1 and D~1(u2 — 2uxDx) in (6.6) 

come from, we can start the description of our 2-step algorithm.

6 .1.1 S tep  1: C o n s tru c t th e  form  of th e  recu rsion  o p e ra to r

By definition, the recursion operator is a linear operator in the space of differential 

functions. Based on the structure of the recursion operators in the previous examples, 

it makes sense to use u , Dx, and pieces involving D "1, as the building blocks.

E x am p le  6.3 We return to the KdV equation (2.7). Since the rank of the symmetries 

in the Lax hierarchy increases by two, the rank of the recursion operator must be two. 

From (6.3), we know that we can use

K =  { D j ' .D j V D ^ S t i 2 -U .D ,)}

as building blocks in addition to u and Dx.

Start by listing all the permutations of of exactly rank 2, for j ,  k nonnegative 

integers: C =  {D2,tt}.

Next, for each element in /C, we introduce possible monomials of u and Dx on the 

left, so that we get a new expression that has exactly rank 2. For instance, for D "1^, 

we can introduce Dx on the left, but then it becomes u, which we have in C. For 

D” 1, we can introduce Dxit and uDx on the left, taking the different permutations. 

But, the latter one also results in u. There is no way of introducing powers of u and 

Dx on the left to D“1(3u2 — uxDx), since it is already of rank 3, and we do not allow 

repetitions of the building blocks involving D" 1 in the same term. Hence, we end up
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with Ai =  {DxuDg1}. The union of C  and Ai is

R =  {DjL^D.uD"1},

which has the building blocks of the recursion operator. Linear combination of the 

monomials in with constant coefficients c* gives the form of the recursion operator:

$  = ci +  c2 u +  c3 DxttD"1. (6.9)

Exam ple 6.4 Let us return to (6.4). We know that the recursion operator must be 

of rank 6. Start with all possible permutations of D£ufc of exactly rank 6:

C  =  {D®, uD^, D,uD2, D l u D l ,  D^D*. D^u, u2D^, uD^uD,, u D ^ , Dxu2Dx, 

DxuDxu,D^ti2,u3}.

From (6.8), we have

>C = {D ;1,D -1(u2 - 2 uxDx)},

apd

M  =  {D^uD-1, uD^uD;1, D*uD2u D ; \  D ^D .tzD ;1, , u2D ,u D ;1,

« D i u 2D ; 1,D x« 3D ; 1,D xu D ; 1( « 2 -  2 « XD X)} .

Then based on all the elements in  =  C [ j M ,  w e  obtain

$ =  ciD® + c2uD^ + csDxuD^ +  c/\J)\ilD2x +  c$T)\uDx +  cgD^u +  cyu^D^ 

+ c 8u D xu D x +  c9uD ^u +  c i0D xu 2D x +  c n D xu D xu  +  c i2D 2u 2 +  c i3u 3
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+ ci4D^tiD™1 + c isu D ^D ™1 +  ciqQxuD2xuD~1 +  ci7T)2xuDxuD~l 

+ci8D ^ 2D" 1 +  d g ^ D .u D " 1 +  C2 ouDxu2'D~l +  c2lDxuzT>-1 

+c22DxttD™1(ti2 -  2uxDz). (6.10)

Now we can start with Step 2 of the algorithm.

6.1.2 Step 2: D eterm ine the unknown coefficients in the operator

We determine the coefficients Q by requiring that

$(?(') =  t =  1,2,3,...,

where s is the number of seeds. Usually, the relations for the first few values of i 

already fix all the unknowns. Therefore, we go up in i as needed.

Exam ple 6.5 For the KdV equation (2.7), requiring $(?(2) =  G^z\  with $  in (6.9), 

results in the linear system

S  =  {ci — 1 =  0 ,18ci +  eg — 20 =  0 ,6ci +  C2 +  c3 — 10 =  0 ,6c2 +  9c3 — 30 =  0}.

The solution is c\ =  l ,c 2 =  c3 =  2. Substituting the solution into (6.9), we obtain 

(6 .2).

E xam ple  6.6 For (6.4), requiring that

G(3) =  $G (i)> and G(4) =  *G (2),
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with $  in (6.10) results in (6.6). Notice that after partial integration (6.6) can be 

also written as [58]

4? =  D® +  6uD^ +  9uxD^ +  9it2D^ +  11u2XDx + lOttg^Dx +  21uuxDx +  4tû

+16z/z/2x + 6w2 +  5w4X +  wxDx1(2w2x +  u 2) +  G ^ D x l , (6.11)

with in (6.5), and observe that

D "1(2u2x +  u2)(5u2ux +  5uxu2x + 5uu3x +  u5x) = u 5 + 5 u 3u 2x + ... +  2u2xU4X. (6.12)

Using an example, we now show how we can generalize the algorithm to systems 

of PDEs.

Exam ple 6.7 Consider the Hirota-Satsuma system (5.9). The right hand side of

(5.9) belong to an infinite family of symmetries if and only if a  =  — | .  The symmetries 

use one of the two seeds, namely:

G (1) =  ( C f ',  G ^ )  with G f) =  uIt = vx, (6.13)

G (2) =  (G52),G^2)) with =  —3uux +  Svv* — 1 «3*, G,2* =  3uvx + v3x. (6.14)

Furthermore, G^2*-1  ̂ with rank Ai — 1 uses as the seed, G^2̂  with rank 4z +  1 

uses G^2) as the seed, where z is a positive integer. Hence, the rank of the recursion

operator $  =
 ̂ $11 $12 ^

is 4, i.e., the ranks of $ jj are all 4.
\ $ 2 1  $ 2 2

Taking a  =  — | ,  the first two invariants of (5.9) are p = u ,p  = | u 2 — v2. Hence,

we have

Dttz = ut = (1,0) • (ut ,vt) =  - D XJ, and
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D t(-tt — v ) = uut — 2vvt = (u, —2v) • (ut, vt) = —DXJ, (6.15)

where dot (•) refers to the standard inner product of vectors. Therefore, we can use

c  = {d ;1a,d ,-1» } ,

where A =

D"1. With

and #  =
u —2v

, as building blocks, in addition to u and

c = {u2r, t,2r, ut,r, D2«r, DxuDxr, uD2r, o 2«r, DxvDzr, rD^r, D^r},

where T =
<X

and

M  =  {D^uD~1A, D^yDj1A, D ^ ^ D "1 A, uDa-uD”1 A, DlctJ2D~1A, yDxvD~1A,

Dxut,D ;2A, uD^vD" 1 A, rD x«D;^A, D^uD"1* ,  Dxt ,D ; '$ } ,  (6.16)

we can obtain the form of the recursion operator $  The linear combinations involve 

the entries of A, #  and F multiplied with different sets of constants Cÿ for each 

appearance. Requiring that =  $ G ^ ) and =  $ G ^ )  gives

$ 1 1  =

$ 1 2  =  

$ 2 1  =

- ( —3u2 — T>2xu — DxuDx — — -D 4 — 2DxuDx1u — D^uD .̂1

- S D ^ D ; 1 +  4Dxu2D“1 +  4uDxuD -1), 

2uv +  Dxu +  2DxuDx + 2uDx +  2DxuD“1u, 

^ (—F xuh)x — uD2 — 2DxuDx1u +  2DxuDx1 +  4DxuuDx1
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-\-2uDxvT)x 1 — 4'uDx‘uDæ 1),

$22 — 2,y2 +  2Dzt/Dx +  2wD2 + +  2DxvDx1v. (6.17)

6.2 Exam ples

In the examples below, we list the recursion operators obtained using our algorithm.

Exam ple 6.8 Burgers Equation

The Burgers equation is given by

ut = uux +  u2x, (6.18)

and based on our algorithm the recursion operator for (6.18) is

$  =  Dx +  ^D xuDx\

which agrees with the result in [58].

Exam ple 6.9 M odified K dV (M K dV) Equation

For the MKdV equation [1],

ut = 6 u 2u x + u3x, (6.19)

the recursion operator is

$  =  D2 + 4DxuD "1u.

Exam ple 6.10 Potential K dV (PK dV ) Equation

The PKdV equation is

ut = ul  + u3x, (6.20)
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and its recursion operator [58] is

$  == — -u D x +  -D xu + -Dg.^uxDx.

Exam ple 6.11 K aup-K upershm idt Equation

The Kaup-Kupershmidt [39] equation,

ut =  20u2ux +  25uxu2x + 10uu3x +  u5x, (6.21)

has the recursion operator [58]:

$  =  D® + uDi +  DxuD^ +  2D2uD2 +  3D^uDx +  3 D ^  -  3u2D2 -  3uDxuDx 

+51uD2u -  29DxuDxu +  2D^uD; 1 -  30uD ^D "1 +  50DxuD2uD^1 

+ 8u2DxuD~1 +  16uDxu2D~1 + 2DxuD“1(4u2 — uxDx).

Exam ple 6.12 Potential Sawada-Kotera Equation

The potential Sawada-Kotera equation,

5
Ut — "h u$x, (6.22)

has the recursion operator [58] :

^  =  D® -  6uD^ +  7DxuD^ -  D2uD^ -  D ^ D X +  Di> +  5u2D^

—7uDxuD^ +  4uD^uDx — 5uD^u +  2DxuDxuD2 — 4DxuD2uDx

+ 5DI uD^« -  +  y « 2Dx«D3 -  ^ 2D2uDx + 5«2D3u
2 20 5

+ -u D xuDxuDx — —uDxuD2u +  -D xuDxuDxu
O u O
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+  gDz 1(4-i/^Dx — 9u2XDx — \%uxU2x&2x +  6^3x0 ^)

+D xuDz :1('u^Dx — 2u2XD2x).

Exam ple 6.13 Potential K aup-K upershm idt Equation

The potential Kaup-Kupershmidt equation,

20 3 15 2
y>t — g ^ x H- 2 ^ 2x "h lOuxu^x -f- ugx, (6.23)

has the recursion operator [58]:

*  =  Dz — 3uDz +  2DxuDz — DzuDz +  DzuDx +  2Dzu +  l l u 2Dz

+2uDxuDz — 45uDzuDz +  28uDzuDx — 5uDztt +  32DxuDxuD

—28DxuDzuDx -  10DxuDzu + -  ^ u 3D3x +  ^ ^ D xuD^

— ̂ u 2DzuDx + 40u2Dzu +  -^uD xuDxuDx  ^ u D xuD2u

+ — DxuDxuDxu +  —Dx 1(32uzDx — 18u2xDx — 36uxit2XDx +  3u3XDx).

Exam ple 6.14 Boussinesq Equation

For the Boussinesq equation [52, p. 460]

_ 8 1
Ut — ^x; Vt — qUUx gU3x, (6.24)

the recursion operator is

$  =

3(f +  2Dxt;D”1)

Dx +  3Dx(Dxu +  uDx)

 ̂ +2u(Dx +  4u) +  2(4Dxu +  Dx)uDx1

3( D : + w  +  D x« D ; ' )  X

3(2v +  DIyD1, *)
(6.25)
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C h a p te r  7

D D E  CA SE: D E F IN IT IO N S  A N D  T H E  K E Y  C O N C E P T

In this chapter, we give the definitions of a symmetry and a conservation law for 

a system of DDEs. Also, we describe the dilation invariance for DDEs, which is the 

key concept behind our algorithms. Later in the chapter we define an equivalence 

relationship, which will be used for the computation of conservation laws.

Consider a system of DDEs,

ün — F(..., Un_i, Un, U.n_|_ j ,...), (7.1)

where the equations are continuous in time, and discretized in the (single) space 

variable. As before, un and F are vector dynamical variables with any number of 

components, and F is assumed to be a polynomial with constant coefficients. There 

are no restrictions on the level of the shifts or the degree of nonlinearity. If DDEs are 

of second or higher order in Z, they must be recast in the form (7.1).

For notational simplicity, the components of u n will be denoted by un,v n, etc., 

and we use 7^, Fg,... to denote the components of F.

7.1 S y m m etry

A vector function G(..., un_i, un, un+i , ...) is called a symmetry of (7.1) if the infinites­

imal transformation

Un  ̂ Un eG(..., Un_i, Un, Un-|_i j •••) (7.2)
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leaves (7.1) invariant within order e. Consequently, G must satisfy the linearized 

equation [9, 11]

DtG =  F '(u n)[G], (7.3)

where F z is the Fréchet derivative of F, defined as

F'(u„)[G] =  £ f (u„ +  eG)|e=0. (7.4)

Of course, (7.2) means that u n+*. is replaced by un+fc +  eG|n^ n+fc. For compactness 

of notation, in (7.3) and (7.4) we used F /(un) instead of F /(..., un_i, un, un+i , ...).

7.2 Conservation Law

For (7.1), we define a local conservation law by

Pn — Jn Jn+1 ; (7.5)

where pn is the invariant (conserved density) and Jn is the associated flux. Both 

functionals are assumed to be polynomials in u n and its shifts. Also, (7.5) is satisfied 

on solutions of (7.1). Obviously,

= ^2  pn = X X ^  “  Jn+l), (7.6)
n n n

and the telescopic series J2n(Jn ~  Jn+i) vanishes for a bounded periodic lattice or a 

bounded lattice resting at infinity. In that case, Pn is constant in time. So, we 

have a conserved quantity.
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Exam ple 7.1 Consider the one-dimensional lattice [25, 67]

i/n =  exp (yn_i -  yn) -  exp (yn -  y„+1), (7.7)

due to Toda. In (7.7), yn is the displacement from equilibrium of the nth  particle with 

unit mass under an exponential decaying interaction force between nearest neighbors. 

W ith the change of variables,

Un = ÿ n , Vn = 6Xp (yn ~  t/n+i), (7.8)

the Toda lattice (7.7) can be written in polynomial form

ùn — vn- i  ’Vn? ûn — un{\Ln 'un^_i). (7.9)

System (7.9) is completely integrable. The first two invariant-flux pairs

^  =  wn, =  Vn-1, and pW =  \u 2n +  vn, J^2) =  unun_i, (7.10)

can be easily computed by hand. Moreover, one higher-order symmetry of (7.9) is:

G\ = Vn{xLn -f* ) Un_i(un_i -\-Un)} Ct2 — ^îi(^’n+l ^n) d" ̂ n(^n+l ^n—1 )• (7.11)

7.3 K ey Concept: D ilation Invariance

Recall that scaling invariance, which results from a special Lie-point symmetry, is an 

intrinsic property of many integrable nonlinear PDEs and DDEs. Indeed, observe 

that (7.9), and the couples p £ \  and p ^ \ J ^  in (7.10) (after inserting them in
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(7.5)), and (7.11) are all invariant under the dilation symmetry

( t,u n,v„) -> ( \ - h , \ u n, \ 2vn), (7.12)

where A is an arbitrary parameter. Stated differently, un corresponds to one derivative 

with respect to t; denoted by un ~  Similarly, vn ~

Analogous to the PDE case, we will exploit this scaling invariance to find sym­

metries and invariants.

For an algorithmic determination of dilation invariance, let us give a couple of 

definitions. In contrast to the PDE case, we have to define the weight, w, of variables 

in terms of the number of derivatives with respect to t, and we set ty (^ ) =  1. Weights 

of dependent variables are nonnegative, rational, and independent of n. In view of 

(7.12), we have w(un) =  1, and w(vn) = 2.

The rank of a monomial is defined as the total weight of the monomial, again 

in terms of derivatives with respect to t. Observe that in the first equation of (7.9), 

all the monomials have the same rank, namely 2, and in the second equation, all the 

terms have rank 3.

Conversely, requiring uniformity in rank for each equation in (7.9) allows one to 

compute the weights of the dependent variables. Indeed,

W ( u n ) +  1 =  W ( v n ) ,  W ( v n ) +  1 =  w ( U n )  4- w(Un),

yields w(un) = 1, w(vn) = 2, which is consistent with (7.12).
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7.4 E quivalence C rite rio n

We introduce a few concepts that will be used in our algorithm for conservation laws. 

Let U denote the sh if t -u p  operator, defined on functions of the dependent variables. 

Its inverse, D  = [7-1, is the sh i f t -d o w n  operator. Both are defined on the set of 

all monomials in un and its shifts. If m is such a monomial then D m  = m |n_>n_i 

and Um = m |n^ n+i. For example, Dun+2Vn = Un+ivn- i  and C/un_2un_i =  un_iun. 

It is easy to verify that compositions of D  and U define an equ iva len ce  r e la t io n  on 

monomials. Simply stated, all shifted monomials are e q u iva len t ,  e.g. un_iun+i =  

Un+2fn+4 =  This equivalence relation holds for any function of the depen­

dent variables, but for the construction of conserved invariants we will apply it only 

to monomials.

In the algorithm, we will use the following equivalence  c r i te r io n :  if two monomials 

mi and m 2 are equivalent, mi =  m 2, then mi =  m 2 +  [M n — M n+ \ \  for some 

polynomial M n that depends on un and its shifts. For example, un_2un =  un_iun+i 

since un_2u„ =  un_iun+i +  [un_2un -  un_iun+i] =  un_iun+i +  [M n — Mn+1], with 

Afn —- 'U'n—2'U'ri'

The m a i n  representative of an equivalence class is the monomial of that class 

with n  as lo w e s t  label on u  (or v ) .  For example, u nu n+2 is the main representative of 

the class with elements un_iun+i ,u n+iu n+3, etc. Lexicographical ordering is used to 

resolve conflicts. For example, u nv n+2 (not un_2un) is the main representative in the 

class with elements un_3un_ i,u n+2un+4, etc.
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C h a p te r  8 

S Y M M E T R IE S  O F L A TT IC ES

In this chapter, we describe our algorithm for the computation of symmetries of 

lattice equations. The algorithm is first illustrated on a scaling invariant example. 

Later in the chapter, we show how to handle nonuniform systems.

Recall that for a system of DDEs,

Ûn — F(..., Un—1 j Un, Un-f-l i •••)) (8.1)

a vector function G(..., u n_i, un, un+i , ...) is called a symmetry of (8.1) if G satisfies 

the linearized equation [9, 11]

D,G =  F '(u n)[G], (8.2)

where F z is the Fréchet derivative (7.4) of F.

8.1 A lgo rithm

As the leading example, we consider the Toda lattice (7.9) with scaling properties 

such that w(un) =  1 and w{vn) =  2. Our 2-step algorithm exploits this scaling 

property to find symmetries.
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8.1.1 Step 1: C onstruct the form of the sym m etry

As an example, we compute the form of the symmetry (Gi, G2 ) of rank (3,4). Start 

by listing all monomials in un and vn of ranks 3 and 4, or less:

C ,\  =  { l4 n , u n , U n Vn , U n , u n } , £ 2  {V r v  ^ n V n i  U n i  Ujn V m  ^ n i  Vn , Un } .

Next, for each monomial in C\ and C2 , introduce the necessary t-derivatives, so that 

each term has exactly rank 3 and 4, respectively. At the same time, use (7.9) to 

remove all t —derivatives. Doing so, based on C\, we obtain

^ ô K )  =  U n ,  ^ ô K ^ n )  =  U n Vn ,

—  (u^) =  2 u n Ù n  = 2unun_i -  2 u n V n j  ^ ( u n) = v n = UnVn -  Un+iVn,

d2 z x _  d z • \ _  d z \ _  ,^ 2  ( ^ n )  — ^ j ( ^ n ) — - j ^ ( U n - l  ~  Vn ) — Un_iUn_i — U n Vn - \  — U n Vn  +  U n + i V n .

Gather the resulting terms in a set: TZ\ = {u^,un_iun_ i,u nun_i, tznun,u n+iun}. Sim­

ilarly, based on the monomials in £ 2, we get

n 2 = 'U'n—l'Un-11 '^n—l' ‘̂nVn—11 ^n^n-l j un -2'yn—17 ^n—11 UnVn)

^n^n+l^nj ^n—l^nj ^n^n+l }•

Linear combination of the monomials in IZi and 7̂ 2 with constant coefficients C{ gives 

the explicit form of the symmetry:

G \  — C\ U n  "b C2 U n —\ V n —\  -j-  C3 ZLn Vn —i  C4 U n Vn  "b C5 lLn + \ V n )
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G"2 — c6 "4" £7 V̂i—l^n—1 4" Cg'ltn_i'ltn'ün_i -j- Cg ÎZn'Un_i 4~ -̂10 ^n—2^n—1

+  Cll ^n—1 4" ^12 'U'nVn 4~ 1̂3 ^n^n+l^n 4~ C14 4* Ci5 ‘Un—l^n

4-Ci6 "Vn 4" C17 VnVn+i. (8.3)

8.1.2 Step 2: D eterm ine the unknown coefficients in the sym m etry

To determine the coefficients Q, we require that (8.2) holds on any solution of (8.1). 

Compute DtG and use (8.1) to remove all ûn_i, ûn, iin+i, etc. Compute the Fréchet 

derivative (7.4) and, in view of (8.2), equate the resulting expressions. Considering

as independent all the monomials in un and their shifts, we obtain the linear system

for the coefficients Q.

Applied to (7.9) with (8.3), we obtain the solution

Cl — Cg — — Cg — Cg — Cio — Cn =  Ci 3 — Ciq — 0,

— C2 =  — C3 = C4 =  C5 =  —C12 =  Ci4 =  —C15 =  C17. (8.4)

Therefore, with the choice C17 =  1, the symmetry is 

G\ — Un(ttn 4~ ̂ n+l ) ^n—1 (^n—1 4“ t£n), G2 — ^^(^n+l ̂ n) 4~ '̂ n('̂ ,n+l ^n—1 )• (8.5)

It is easy to produce new completely integrable DDEs based on these symmetries.

For instance, the DDE system

Ùn — G \  =  Vn(lLn 4“ 'U'n+1 ) ^n—l(^n—1 4~ ^n)5

Vn — G2 — ^n(^n+l ^n) 4~ ^(^n+ l ^n—1 )•

is also completely integrable.
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Exam ple 8.1 To illustrate the effectiveness of our algorithm to filter out integrable 

cases among systems of DDEs with parameters, consider a parameterized version of 

the Toda lattice,

u n  =  Oi V n - 1  -  V n , V n  =  V n  ( 0  Un  -  U„+1), (8.6)

where a  and 0  are n o n z e r o  constants. In [53], it was shown that (8.6) is completely 

integrable if and only if a  =  /? =  1.

Using our algorithm, one can easily compute the c o m p a t ib i l i t y  c o n d i t io n s  for a  

and /?, so that (8.6) admits a polynomial symmetry, say, of rank (3,4). The steps are 

the same as for (7.9). However, the linear system for the c* is parameterized by a  and

0  and must be analyzed carefully. This analysis leads to the condition a. = 0  = 1.

For a  =  /? =  1, (8.6) coincides with (7.9), for which we computed symmetries 

with ranks (4,5) and (5,6). They are:

G i — U n v n  ~h U n lLn + \V n  d~ U n ^ V n  ~h Un  4* V nU n+ 1 U n _ ^ y n ^ \  Vjn —\V ,n V n —\

— U^Vn-l — Un_2Un_i —

Ĝ2  ̂ — ^n+l^n 4" 2un+iUnUn+i 4" "̂ n+2^n^n+l U>nVn 4~ Un^ V n

Ufi—\vn—\vn 2unvn- \v n unvn, (8.7)

 ̂ — unvn 4” unun+\vn 4~ unun_̂ iVn 4~ un^ v n 4~ ‘2unvn 4~ 2tin^.iun

4-UnUnU„+i 4~ 2 u n + i V n V n + i  4~ ‘̂ n+2^n^n+l Un _ ^ y n -. \  'lLn _ ] l L n V n —\

- U n_iU^Un_i -  u zn v n - i  -  Un_2 Un_2Un_i -  2un_ iun_2un_i 

U n V n —2 V n —\  2'Lin_ i Un_j ‘2 lLn V n _Y  ,

G"2  ̂ — Un_j_j'Un Unvn Un_^Vn—iVn 2un_iUnUn_iUn 3unUn_iUn

-Un_2Un_lUn -  V ^ V n  -  2u2nv l  4- 2ul+1v l -  Un-l^n +  3u^+1UnUn+i
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+  2 u n + i U n + 2 t W i + l  +  U 2n + 2 Vn Vn + 1  +  V 2n Vn + i  +  y n ^ +1 +  y n V n + l^ n + 2 .  ( 8 . 8 )

8.2 Nonuniform  System s

As in the PDE case, for scaling invariant systems such as (7.9), it suffices to consider 

the scaling symmetry on the space of independent and dependent variables. For 

systems that are not scaling invariant, such as the example given below, we use our 

trick: introduce one (or more) auxiliary parameter(s), and treat them as dependent 

variables with the appropriate scaling.

8.2.1 Ablowitz-Ladik D iscretization of the NLS Equation

In [3, 4], Ablowitz and Ladik studied some of the properties of the following integrable 

discretization of the NLS equation:

1 V>n — Un-(-l 2un Un—l lb 'tfcn 'l£n ('l£n -|-i 'Un_i ), (8.9)

where u* is the complex conjugate of un. We continue with the plus sign; the other 

case would be treated analogously. Instead of splitting un into its real and imaginary 

parts, we treat un and vn =  u* as independent variables and augment (8.9) with its 

complex conjugate equation. Absorbing i into the scale on t, we get

Ùn — tln+l 2un -p ^n—1 "t" '̂ ,n^n('^n+l "b ^n—1)>

Vn — (un _̂i 2vn "b l) ^n'Vn( ,̂n+l "b ^n—1 )• (8.10)

Since vn = u*, we have w(vn) = w(un). Neither of the equations in (8.10) is uniform 

in rank. To circumvent this problem, we introduce an auxiliary parameter a  with
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weight, and replace (8.10) by

'Lin — ^(^n+l 2tZn d" ^n—1 ) "h '^n^n('^n+l "b ^n—1 )?

= —̂ (^n+l — 2yn +  ^n-l) — unvn{yn+l +  ^n-l)- (8.11)

Uniformity in rank requires that

w ( u n) +  1 =  iy(a) +  w ( u n) =  2 w { u n ) +  w { v n ) =  3u;(un), 

w ( v n ) +  1 =  ry(a) +  w { v n )  = 2iu(un) +  w ( u n ) =  3 w ( v n ),

which yields w(un) = w(vn) = ty(a) =  1, or, ^  ~  ^  ~  ck ~

Recall that the ‘uniformity in rank’ requirement is essential for the first step of 

the algorithm. However, after step 1, we may set a  =  1. The computations now 

proceed as in the previous example. We searched for symmetries of (8.10) of ranks

(2,2) through (7/2, 7/2), and found symmetries of ranks (5/2,5/2) and (7/2, 7/2). 

To save space, we only list the symmetries of rank (5/2,5/2) :

 ̂ — ^n+2 'U'n'U'n+1 ^n—1 ^’n+l^n ^,n^n+2̂ n ^n^ri+l^n—l^n

t/n‘Un_|_i'Un ^n+l'^n+2̂ n+l '^n^,n+l^,n+2̂ n,̂ n+l ?

G"2  ̂ — Un_2 4" ^n—l^n—2̂ n—1 4” ^n^n—1 4~ ^n^n—2̂ n 4” "^n+l^n—l^n

4-'Un_i'linUn_2Un_i'l7n 4~ ^n^n—l^n 4~ ^n^n+l^n—l^nj (8.12)

(jj  ̂ — Un—2 'U'n—2'U'n—l ^n—1 2̂ n^n ^n—2^n—l^n^n—l^n

^n—l^n^n ^n—l^n^n+l ^n—l^ n^n^n+l )

( j2  ̂ — ^n—l^n^n+l 4~ ^n—l^,n^n^n+l 4" 4“ ^n^^n+l

4~̂ 71+2 4” '̂ •nViyVn-\-2 4~ ^n+l^n+1 ̂ n+2 4~ '^n^’n+l'^n^n+l'^n+2• (8.13)
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C h a p te r  9 

IN V A R IA N T S  O F L A TT IC ES

In this chapter, we describe our algorithm for the computation of conservation 

laws of lattice equations. The algorithm is illustrated with an example. Also, the 

usefulness of the equivalence relation that we introduced in Chapter 7 becomes clear 

here.

Recall that for a system of DDEs,

û„ — F(..., u n_i, un, un-}-i,...), (9.1)

a local conservation law is of the form

pn = J n ~  Jn+1, (9.2)

where pn is the invariant and Jn is the associated flux. Our algorithm is currently 

designed for pn = Jn_p — Jn+i with p = 0. Modifications would be needed if p =  1 

were used.

9.1 A lgo rithm

To illustrate the algorithm, once again, we consider the Toda lattice (7.9). Keeping

in mind that w(un) = 1 and tu(un) =  2, we now start the description of our algorithm.
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9.1.1 Step 1: Construct the form of the invariant

As an example, let us compute the form of the invariant of rank 3. List all monomials 

in un and vn of rank 3 or less: Q == {tt^, unun, un, un}.

Next, for each monomial in Ç, introduce the necessary <-derivatives, so that each 

term has exactly weight 3. Thus, using (7.9),

3\ 3 ,^ 0  ( u n )  — u n i  (Unyn) — Un Vnj

— 2uniln — 2unVn- i  2unVn, d t ^ n  ̂ — — ^‘nVn ^n+l^nj

d2 / . d  . _ d
^ 2  (^n) — — ^n) — ^n-l^n-l ~  Wn^n-1 ~  +  ^n+l^n-

Gather the resulting terms in a set =  {u^,unu„_i, unu„, un_iun_i, un+iun}. Identify 

members that belong to the same equivalence classes and replace them by the main 

representatives. For example, since unun_i =  un+iun the latter is replaced by unun_i. 

Doing so, 77 is replaced by Z =  {u^, unun_i, unun}, which contains the building blocks 

of the invariant. Linear combination of the monomials in Z with constant coefficients 

Ci gives the form of the invariant:

Pn — 'U'n "f" Cg 'U'n'Vn—1 T C3 Un Vn . (9.3)

9.1.2 Step 2: D eterm ine the unknown coefficients in the invariant

We determine the coefficients ci through C3 by requiring that (9.2) holds. During this 

step, we also compute the unknown flux Jn.

Compute pn using (9.3). Then use (7.9) to remove ùn,vn, etc. After grouping
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the terms

f>n =  ( 3 c i  — C2 )u'llVn _ \  +  ( e g  — 3 C i ) l i ^ ü n  +  ( e g  — C2 ) v n- i V n

JcC’2'U‘n - l U n Vn - . i  +  — C3UnUn+iVn — (9.4)

Use the equivalence criterion to modify pn. For instance, replace un_iunun_i by 

^n^n+i^n+I^n-i^n^n-i—̂ n^n+i^n]- The goal is to introduce the main representatives. 

Therefore,

Pn = (3ci -  c2)ujv„_i +  (c3 -  3ci)u^un (9.5)

+  (c3 — C2)unUn+i +  [(eg — C2)u„-i'Un ~  ( 3̂ — C 2)v n Vn +i]  

-\-C2UnUn+iVn ■f" [c2'Un_iltn'Un_2. C2'ltnUn_]-i'Un]

+  +  [c2^n-l — C2 Vn] ~  c 3 u nu n + l^ n  ~  c 3 Vn" (9.6)

Next, group the terms outside of the square brackets and move the pairs inside the

square brackets to the bottom. Rearrange the latter terms so that they match the

pattern [Jn — Jn+i]. Hence,

Pn =  ( 3 d  -  C2 ) u ^ n _ 1 +  ( c 3 -  3 c i ) u j u n

-f-(cg — C2)unUn+i +  (c2 — Cg)unUn+iUn +  (c2 — Cg)u^

+  [ { (C 3 -  C2 ) u n _ i U n +  C2U n _ i U n Un _ i  +  C2v l l_ 1 }

- { ( C g  -  C2 ) u n Un + i  +  C2Un U n + 1 Vn  +  C2 t £ } ] .  (9.7)

The terms inside the square brackets determine:

Jn — (d  2̂)1̂71—l^n "f" C2‘Un_i'UnUn_i -j- 2̂̂ 71—I" (9.8)
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The terms outside the square brackets must all vanish, yielding

S  =  {3ci — C2 =  0, C3 — 3ci =  0, C2 — C3 =  0}. (9.9)

The solution is 3ci =  C2 =  C3. Since invariants can only be determined up to a 

multiplicative constant, we choose ci =  | ,  so, C2 = C3 =  1, and substitute this into

(9.3) and (9.8). Hence,

Pn — 3 "t" 'Wn('Un_i -f* ^n)) Jn — ^n—l^n^n—1 "t" ■

Analogously, we computed invariants of rank < 5 for (7.9). They are:

Pn  ̂ =  u ni p\i  ̂ =  2Un Vn’ Pn  ̂ =  3Un d" ^n(yn - l  +  v n), (9 .10 )

P ^  =  |^ n  +  U n ( Vn - l  +  Vn )  +  U n U n + i V n  +  +  Vn^n+l, ( 9 1 1 )

Pn  ̂ — 5^n d” ^ n ( ^ _ 1 d~ ^n) d~ ^n^n+l^n(^n d~ ^n+1 )

d-^n^n—1 (^n—2 d~ ^n—1 d~ ^n) d~ ^n^n(^n—1 d“ d~ ^n+1 )• (9 .12 )

Ignoring irrelevant shifts in n, these invariants agree with the results in [25].

Exam ple 9.1 Consider the parameterized Toda lattice (8.6). In [53] it was shown 

that (8.6) is completely integrable if a = j3 = 1.

Using our algorithm, we search for the conditions on a  and /3, so that (8.6) 

admits a polynomial invariant of, say, rank 3. The steps are the same as for (7.9). 

However, (9.9) must be replaced by

S  = {3q:ci — c2 = 0, ( 3 c 3  — 3ci = 0, ac3 — c2 =  0, (3c2 — c3 =  0, ac2 — c3 =  0}.
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A non-trivial solution 3ci =  02 = 03 will exist if and only if a  =  /? =  1.

Analogously, (8.6) has invariant =  un of rank 1 if a  =  1, and invariant 

+  vn of rank 2 if a/? =  1. Only when a  =  /? =  1 will (8.6) have invariants 

of rank >  3.

9.2 Nonuniform  System s

For nonuniform systems, we introduce auxiliary parameters with weights.

Exam ple 9.2 Working with the discretization of the NLS equation (8.9) written as

(8.10), we were able to compute the invariants. Here are some of them:

Pro  ̂ =  C\UnVn—\ "f* C2'lLnVn^.\, (9.13)

Pn  ̂ — -̂1 ( 2^n^n—1 d” V,nUn+iVn—iVn -f- UnVn—2̂)

^2(^^n^n+l d~ V,nUn^.\Vn^.iVn .̂2 d~ ^n^n+z)? (9*14)

Pn  ̂ 1 d" ^n^n+l^n—l^n(^n‘̂ n—1 d~ ^n+l^n d~ ^n4-2̂ n-(-l )

d" VjnVn—\{v>nVn—2 d™ ^n+l^n—1 ) d~ V>nVn{v>n-\-\Vn—2 d~ ^,n+2^n—1 ) d~ ^n^n—3 ] 

d" 2̂ [g^n^n+l d" ^n^n+l^n+1 ̂ n+2('Un'Vn+1 d~ '^n+l^n+2 d“ ^n+2^fi+3)

d~ 'W,n ,̂n+2(^n^n+1 d~^n+l 7̂1+2) d~ V>nVn-{-3(^n+1 ̂ n+l d"'̂ ,n+2̂ ,n+2 ) d~^n^n+s] • (9.15)

Our results confirm those in [3]. Also, if defined on an infinite interval, (8.9) admits 

infinitely many independent conserved densities [3]. Although it is a constant of 

motion, we cannot find the Hamiltonian of (8.9),

H  =  - ; X K K _1 +  Un+1) -  21n(l +  un< ) ] ,  (9.16)

for it has a logarithmic term [2].
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Chapter 10 

D D E CASE: EXAM PLES

In this chapter, we list symmetries and invariants for some lattice systems.

10.1 D iscretizations of the K dV Equation

Consider the following integrable discretization of the KdV equation:

Un — Un (ttn+1 (10.1)

which is also known as the Kac-Van Moerbeke equation or a special form of the 

Volt erra system. It arises in the study of Langmuir oscillations in plasmas and in 

population dynamics [1, 38, 69].

Notice that (10.1) is invariant under the scaling symmetry (t, un) —» (A- 1t, Xun). 

We computed the symmetries of (10.1) with ranks 3 through 5. They are:

 ̂ — lZrnt4n-|-i(tttt "f" ^n+l b  ^n+2) Un—\\Ln(\Ln-.2 b  ^n—1 b  ^n)? (10.2)

Ĝ ~  ̂ "  UnUn .̂i b  b  UnUn_i_2 b  UnUn+iUn+2 b  2llnUn_i_}Un+2

b Un'lLn-\.\'lLnjr2 b  Un'lLnjr\'lLnjr2Un-\-Z ^n—S^n—2 '̂n—1 Un_2Un—\Un

2'Un_2'Un_j'lin Un_^Un Un—2Un—lUn ‘Un_i'Un, (10.3)

) =  UnUn+i b  Un—iUnUn+i b  ^ u n U n + l  "b ^ Un U n + l  "b UnUn^  b  '^n'W’n+l‘̂ n+2

b4unlin^.jlin -̂2 b  3unUn _̂iUn+2 "b UnUn+iUn_̂2 b  3unUn_(_2'u,n+2 

-\-lLnUn+i'Un_̂2 b  UnUn+iUn .̂2Un-\-3 "b 2linlin_|_j'lin .̂2'Un .̂3 (10.4)



64

~|-ünÎZn-|.i'l£n-|_2'Wn-|-3 '^n^n+l'^n.+2^n+3'^,n+4 ^n—4^n—S^n—2^n—l^n

^n_3^n—2^’n—l^n 2’Un_3'Un_2'l/n—l^n ^,n_2 '̂n—l^n

2ttn—3^n—2”̂ n_i^n 3'Un_2'lin_iWn 3un_2ttn_jlin

u n —3u n —2u n —l u n ^n—2'^n—l^n 4'ltn_2'Un_iUn 3 u n _ ^ U n

-U n_2Un_iW® -  3 ^ _ ! <  -  Un_iU* -  (10.5)

Ignoring a trivial misprint in [47], Mikhailov et al. listed the sym m etry G^1). 

Analogously, for (10.1) we computed the invariants of rank <  5:

Pn^  =  Un, } +  Un Un + 1 , (10.6)

Pn  ̂ — 3^n "f* ^n^n+l (^n 4" ^n+l 4" '^n+2 )) (10.7)

— 4 Un +  ^n^n+l +  f^n^n+l 4" UnU^+1(un+i 4" Un+2)

4~rtn'liyi-|-i'ltn-|.2(^n 4~ î^n+l 4~ ^n+2 4~ ^n+s)) (10.8)

Pn  ̂ =  5 Un 4" wnwn+l(wn 4~ ^n+l) 4~ <̂Un Un + l { U n 4~ ^n+l)

4-'Un ,̂n+l^n+2(^n 4“ 'U,n^n+2 4~ ^n+l^n+s) 4" 3'ltn'Z/n_|_2̂ 71+2 

(^n 4~ ^n+l 4* '̂ ’n+2 ) 4~ ^n+1 ̂ ,n+ 2 ( ̂ 'n+ 2 4~ ^n+s)

-|-'Un‘lZ.n-(-ittn-|.2'̂ ’n+3(^n 4” ^n+l 4~ ‘̂ n+2 4~ ^n+3 4~ '^n+4)* (10.9)

We also computed invariants for the following completely integrable discretiza­

tion [66]

Ùn =  ( 1 4 -  \ u n) l ( u n + 2 — U n - 2 ) — (Un+l — ^ n - l )  4" ^ [ ^ n + l  “  Un - 1  +

^n+l(^,n 4~ ^n+2 ) ^n—l(^n 4~ ttn—2 )] (10.10)

of the KdV equation 4~ u u x 4~ u^x =  0.
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To make (10.10) uniform in rank, we introduce auxiliary parameters a  and (3 

with weight, and replace (10.10) by

( a  +  |^ n )  ( 3 [ \ { u n + 2  —  Wn-2 ) — (^n+l — Un—1 )] +  ^ [^ n + 1  — Un - 1  +  

^n+l(^n “H ^n+2) ^n—l(^n “f” ^n—2)] ; (10.11)

then, ~  a 2 ~  (32 ~  We computed the invariants of rank |  and |  which, upon 

decomposition in independent pieces, yield

.a )  =  u  „(2) =  , , aPn -  ^ (ô ^ n  +  ^ n + l ) ,  (10.12)

=  ^Ti(g^3 +  UnUn+i +  ^n+1 +  6ltn+2 +  Un+iUn+2). (10.13)

Two more independent invariants for rank |  were computed.

10.2 E xtended Lotka-Volterra Equation

It oh [37] studied the following extended version of the Lotka-Volterra equation (10.1),

fc-i
Ùn — ^ ]Ç'U'n—r ^n+r)^n* (10.14)

r=l

For k = 2, (10.14) is (10.1), for which we listed its symmetries and invariants in the 

previous section.

For (10.14), we computed 5 invariants and 2 higher-order symmetries for k = 3 

through k = 5. Here is a partial list of our results:
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C ase 1: k = 3 

Invariants:

Un, p 2 =  +  U n (u n + 1 +  U n+2),

- u j  +  U (̂txn+1 +  Un+2 ) +  un(un+i +  ^71+2 )2 

-l-'Un('lin -̂l'lin-|-3 ~i~ 'lin-)-2̂ ,n+3 ~i~ ^n+2^n+4)*

Higher-order symmetry:

G = It2 (Un+l +  1tn+2 — Un—2 ~  Wn- l)

+^n[(Wn+l +  Un+2)2 — ( u n—2 +  Un_ i ) 2] 

"hUn [Un+1 Un+3 "t" Un+2Un+3 "t" Un+2Un+4 

(Un—4^n—2 4" Un—3Un—2 4~ Un—3Un—1 )] •

Case 2: A: =  4 

Invariants:

/>1 —  Un, p 2 —  - U 2 +  Un(un + 1 +  U n + 2 +  ̂ n+s)?

Z?3 =  ~^n  4" Wn(Wn+l 4" Un + 2  4~ Un+3 ) 4~ Un(un +1  4" Un + 2  +  Un+3 )' 

4-Un(un+lUn+4 4~ Un+2Un+4 "4* ^n+3^,n+4 4~ Un+2Un+5 

4~Un+3Un+5 4~ Un+sUn+s)-

Higher-order symmetry:

(10.15)

(10.16)

(10.17)

(10.18) 

(10.19)

G — Un[Un+lUn+4 4~ Un+2U’n+4 4~ Un+3Un+4 4~ Un+2Un+5 4~ Un+3Un+5 4~ Un+3Un+6
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(t^n—G^n—S "i~ 'U'n—5'Un—3 “I” ^n—4 ,̂n—3 4" ^n—S^n—2 "̂ n—4^n—2 4~ '̂ •n—4'̂ ’n—l )] 

+Un[(u„+i +  Un+2 +  "Un+s)2 — Un(^n-3 + Wn-2 +  ^ n -l)2]

+ ^ 2 [^n+l +  wn+2 +  wn+3 — (n n-3 +  un-2  +  Wn_ i)] . (10 .20 )

The integrability and other properties of (10.14) are discussed in [33].

10.3 A D iscretized M odified KdV (M K dV) Equation

In [1], we found the following integrable discretization of the MKdV equation:

û„ =  (1 +  u l)(u n+i -  un_i). (10.21)

We computed four invariants of (10.21). The first three are:

Pn  ̂ =  unun+l ) Pn  ̂ =  2UnUn+l 4" ^ ^ + 2 (1  4~ 'W'n+l)) (10.22)

Pn  ̂ =  3UnUn+l 4~ unun+lun+2(un 4~ ‘Un+2)(l 4~ un+i)

4-unun+ 3 (l 4- %2+ i ) ( l  4- %2+2)- (10 .23 )

10.4 Self-Dual Network Equations

The integrable nonlinear self-dual network equations [1, 62] can be written as:

ün =  (1 4- u l)(vn -  un_i), ûn =  (1 +  u^)(un+i -  un). (10.24)

We computed the first four invariants of (10.24). The first three are

Pn  ̂ =  U'nVn—l 4~ ^nVni (10 .25 )
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,(2) =  lw2f„2n(Vn-l +  V n) + w n^n+l(l + V n ) + Vn(unVn_i +  ^n+l), (10.26)

/̂ n  ̂ — 3^n(^n—1 ^n) ^n^n+l(^n^n—1 4" ^n+l^n 4~ '̂ n̂ Jn)( 1 4" ^n)

4-Wn'yn-2(l 4~ %n_i) 4~ UnVn-lVn(vn- i  4~ ^n)(l 4" U^)

-\-unVn+i( l  4-'wJ+1)(l 4" %n). (10.27)

10.5 G eneralized To da Lattices

The integrable relativistic Toda lattice [50] is given as:

Ùn — Un (^n+l 4~ ^n+l 'U'n—1 )•> (^n ^n—1 )■ (10.28)

We computed the first five invariants of (10.28). Here we list only the first three:

Pi — 'U'n 4" P2 — 2 (^n 4" ^n) 4~ ^«(^n+l 4” 4" ^n+l)) (10.29)

P3 = | ( un 4-^n) 4” W^(un+i 4-fn 4" Vn+i) 4-^n[(wn+l 4- ^n+l)2

4-Un+l'lin+2 4" U n + i V n  4" ttn+lVn+2 4" ^n^n+l 4" V̂ ]. (10.30)

Also the first two symmetries are:

G \   ̂ — ^,n(^,n+l ^n—1 4~ ^n+l ^n)? G 2 —^n(^n ̂ n—1 )5 (10.31)

Gj  ̂ — 'lin('Un .̂i tin_i 4“ ^n+l ^n) 4" ^nK^n+l 4~ ^n+l ) (^n—1 4* ^n)

4-wn+i(un+2 4- Un+2 ) — u>n- \(u n-2 4- un_i)], (10.32)

G 2 —- Un(un U'n—1 ) 4~ Un('lin Un—iUn—2 U’n—l 4" Untin_|.i

— •U„-il?n_i +  UnUn+i). (10.33)
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In [64], the integrability of the chain

Vn =  ÿn+ie(2/n+1-yn) -  e2(yri+1_yn) -  (10.34)

which is related to the relativistic Toda lattice has been studied. With the change of

variables, un =  ÿn, un =  exp (yn+i ~  2/n), lattice (10.34) can be written as

Un — ^n(^n+l ^n) ^n—l(^n—1 ^n—l)j — ^n(^n+l ^n) • (10.35)

Here, un ~  vn ~  We computed a couple of symmetries for (10.35). One of them 

reads:

G"1 — l^n—1 *f" 'U'n—l'U'nVn—l “t~ ^n—2^n—2^n—1 2^n~l 2'Un_iUn_j

— ̂ n^n-1 +  Vn-l — '^n'Un+l^n “  V?n+lVn +  UnU2 + 2un+iU2 

~ Vn ~  un+2VnVn+\ +  ^n^n+l?

G 2 — UnVn T  ^ n —l ^ n —l ^ n  ^ n —l ^ n  T  ^ n + l ^ n

-U n+2VnUn+i +  Un^n+V (10.36)

Also, we computed five invariants for (10.35). The first three are:

Pn^ = Un -  Vn, = Uh ~  (10.37)

= | ( Wn + 2t;n) ~  Wn(^n-l +  V2) +  UnUn+1Un. (10.38)

In [65], Suris also investigated the integrability of

yn = ÿn [exp (yn+i -- Vn) ~  exp {yn -  t/n -i)], (10.39)
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which is closely related to the classical Toda lattice (7.7). The same change of vari­

ables as for (10.34) allows one to rewrite (10.39) as

Ùn — 'U'niVn ^n—1 ) ? — ^n(^n-|-l ^n)* (10.40)

Again, un ~  vn ~  and we have computed three symmetries. Two of them are:

 ̂ — UnVn -f- Vn -f- UnVn Un—iUnVn^i UnVn—i unvn_^,

Ĝ2  ̂ 4" ^n+l^n 4" ^n+l^n^n+l '̂ “nVn—l'^n j (10.41)

G \   ̂ — 'U'-nVn 4" U n U n + i Vn  4" U n U n ^_^Vn  4" 2 l t n ‘Vn  4" ‘̂ 'U'n'U'n+lVn  4~ 'U‘n Vn

4-w„-un+iunu„+i Un_^UnVn—\ Un- i U nVn- i  u nv n- i  

^n—l^n^n—2^n—1 2un_iltnVn_j 1 ^n^n—1» (10.42)

Ĝ 2) =  u^+1un -  -  un_iunun_iun -  2 u l v n- 1v n -

4~2'Un _̂j'Un UnVn—iVn UnVn 4~ ^n+l^n 4“ 2tin_|_j'UnUn .̂i

4~̂ n-t-1 ̂ n+2 ^n-\-1 4" '^n+l'^n'^n+l 4~ ^n+1 ̂ n^n+l ' (10.43)

Also the first four invariants of (10.40) are

) =  un 4- Vn, pw  = \{u 2n 4- vl)  4- wn(un_i 4- Vn), (10.44)

/°n} =  | ( wn 4- V®) 4- ul{yn- i  +  vn) +  +  v^) + unun(un_i 4" un+i ),(10.45)

Z>L4) =  I K  4- u j) 4- U nK -1 4- Vn) 4- Un( ^ _ 1 +  „3) +  | ^ ( ^ 2 +  yT)

-\-UnUn+iVn(Un 4~ Vyi-j-i) 4” 2'UnUn('UnUn_i 4~ V.n-|-i'Un)

-f’V'nVn—1 Vn(uTl_i 4~ Vn) 4~ V.n'Url-)-i'Un(un_i 4~ Vn+1 )• (10.46)
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10.6 G eneralized Lattices

Shabat and Yamilov [62] studied the following integrable Volterra lattice:

îln — ^,n(‘̂ n+l ^n)) ^n—1 ) • (10.47)

W ith our program, we computed the first four invariants for this system:

Pn^ — Un  + vn, Pn^ =  \{ Un +  Vn) +  Un(vn +  ^n+l), (10.48)

Pn^ "  3 (^n + yn) +  Un(Vn +  ̂ n+1 ) +  'un( ̂  +  Vn+1 ) +  ̂ n^n+l (^n+1 +  Vn), (10.49)

Pn  ̂ =  \{Un +  Vn) +  Un(yn +  %n+l) +  |^ n (Vn +  ^n+l)

"h^n(^M +  ^n+l) +  2unUn+i(un +  Un+i)

■fi'LLnZLn^.\Vn .̂i (v>n "f" t&n-f-l "f" Vn 4" Un+2) *4* VnVnVn .̂ \ (un ~h Un^_i). (10.50)

In [62], the following Hamiltonian lattice is also studied:

Ùn — U’n+l 4~ UnUn, Ûn — Un_i Un Vn . (10.51)

Four invariants of (10.51) are:

UnUn, Pn} =  i%n%n + UnUn_i, (10.52)

|^ n Vn +  UnUn(unUn_i +  Un+iUn) + UnUn_2, (10.53)

i^n^n +  ulvKunVn-i +  Un+iUn) +  +  UnUn_3

4“U,nUn(unUn_2 4* 2un+iUn_i 4~ Un+2Un 4~ U'n+l^wUn+l)• (10.54)

Pn =

p L3) =

,(4) _
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C h a p te r  11 

SO F T W A R E  PA C K A G ES

We briefly review the software packages related to the symbolic computation 

of higher-order symmetries and conservation laws. In the first section, we describe 

the features, scope and limitations of our package. In the second section, we talk 

about other software packages. Apart from ours, we are not aware of any software to 

compute higher-order symmetries and conservation laws for DDEs.

11.1 T h e  In teg rab ility  Package

We now briefly describe the use of our Integrability Package, which has the code for 

the computation of higher-order symmetries and invariants based on the algorithms 

described in this thesis. The program does not yet compute the recursion operators. 

The Integrability Package is written in Mathematica [72] syntax. Users are assumed 

to have access to Mathematica 3.0. All the necessary files are available in MathSource

[21] including on-line help, documentation, and built-in examples. The corresponding 

files should be put in the appropriate places on your platform. Detailed instructions 

are given in the documentation. After launching Mathematicay type

In[l] := «Integrability(

to read in the code. Doing so, you will get the following statement:

Loading init.m for Integrability from AddOns.

For the purpose of symmetry computations, the functions P D E S y m m etrie s  and 

D D E S y m m etries , and for the computation of invariants, the functions P D E In -
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variants and DDEInvariants are available.

Working with (5.12) as an example, the first two lines define the system (r =  q*),

whereas the third line will produce the three symmetries listed in (5.13):

In[2]:= pdel:= D[q[x,t],t] - D[q[x,t],{x,2>] +

2*q[x,t]~2*r [x,t] == 0;

In[3]:= pde2:= D[r[x,t],t] + D[r[x,t],{x,2>] - 

2*r[x,t]~2*q[x,t] == 0;

In[4]:= PDESymmetries[{pdel,pde2>,{q,r},{x,t>,{4,6}, 

WeightRules->{Weight[q]->Weight[r] }]

Help about the functions and their options is obtained by typing

In[5]:= ??DDESymmetries
DDESymmetries[eqn, u, {n, t}, R, opts] finds the symmetry with rank 

R of a differential-difference equation for the function u . 
DDESymmetries[{eqnl, eqn2, {ul, u2, {n, t}, R, opts]

finds the symmetry of a system of differential-difference 

equations, where R is the rank of the first equation in the 
desired symmetry. DDESymmetries [{eqnl, eqn.2,
{ul, u2, {n, t}, {Rmax}, opts] finds the symmetries with

rank 0 through Rmax. DDESymmetries[{eqnl, eqn2, ...},

{ul, u2, ...}, {n, t>, {Rmin, Rmax}, opts] finds the symmetries 

with rank Rmin through Rmax. n is understood as the discrete 

space variable and t as the time variable.
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Attributes[DDESymmetries] = {Protected, ReadProtected}

Options[DDESymmetries] =

{WeightedParameters -> {}, WeightRules -> {},

MaxExplicitDependency -> 0, UndeterminedCoefficients -> C>

and

In[6]:= ??WeightedParameters

WeightedParameters is an option that determines the parameters with 

weight. If WeightedParameters -> {pi, p2,
then pi, p2, .... are considered as constant parameters with 
weight. The default is WeightedParameters -> {}.

Attributes[WeightedParameters] = {Protected}

The option W eig h ted P aram e te rs  is useful when working with systems that lack 

uniformity in rank. In such cases, the code tries to resolve the problem of lack of 

uniformity, and prints appropriate messages. If the code cannot automatically resolve 

the problem it suggests the use of the W eig h ted P aram e te rs  option. Therefore, one 

should not use the option W eig h ted P aram ete rs  unless it is explicitly suggested. For 

further descriptions of the functions and their options, we refer to the documentation 

in [21].

Our program can handle systems of evolutionary PDEs and systems of first order 

DDEs, that are polynomial in the dependent variables. For PDEs and DDEs, only 

two independent variables are allowed. In the latter case, one of the independent vari­

ables is discretized. No terms in the equations should have coefficients that explicitly 

depend on the independent variables. In contrast to the PDE case, the program only
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computes polynomial invariants and symmetries in the dependent variables and their 

shifts, without explicit dependencies on the independent variables. For PDEs, the 

M ax E x p lic itD ep en d en cy  option allows one to compute invariants or symmetries 

that explicitly depend on the independent variables.

Theoretically, there is no limit on the number of equations. In practice, for large 

systems, the computations may take a long time or require a lot of memory. The 

computational speed depends primarily on the amount of memory.

By design, the program constructs only symmetries and invariants that are uni­

form in rank. The uniform rank assumption for the monomials in symmetries and 

invariants allows one to compute independent invariants and symmetries piece by 

piece, without having to split linear combinations. Due to the superposition principle, 

a linear combination of invariants or symmetries of unequal rank is still an invariant 

or a symmetry. This situation arises frequently when parameters with weight are 

introduced in the system.

The input systems may have one or more parameters, which are assumed to 

be nonzero. If a system has parameters, the program will attem pt to compute the 

compatibility conditions for these parameters such that symmetries or invariants (of 

a given rank) exist. The assumption that all parameters in the given system must 

be nonzero is necessary. Indeed, as a result of setting parameters to zero in a given 

system of equations, the scaling properties might change, which is the basis for our 

algorithms.

In general, the compatibility conditions for the parameters could be highly non­

linear, and there is no general algorithm to solve them. The program automatically 

generates the compatibility conditions, and solves them for parameters that occur 

linearly. Grôbner basis techniques could be used to reduce complicated nonlinear
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systems into equivalent, yet simpler, non-linear systems.

The assumption that the systems are uniform in rank is not very restrictive. If 

the uniformity condition is violated, parameters with weights can be introduced. This 

also allows for some flexibility in the form of the symmetries and invariants. Although 

built up with terms that are uniform in rank, they do not have to be uniform in rank 

with respect to the dependent variables alone.

For systems with free weights, the user can fix these free weights by using the 

option W eightR ules. Negative weights for the dependent variables are not allowed. 

Zero weights are allowed, but at least one of the dependent variables must have 

positive weight.

Our program is a tool in the search of the first few conservation laws and sym­

metries. An existence proof (showing that there are indeed infinitely many) must 

be done analytically. If our program succeeds in finding a large set of independent 

conservation laws or symmetries, there is a good chance that the system has infinitely 

many. For instance, if the number of conservation laws is 3 or less, most likely the 

system is not integrable, at least not in that coordinate representation.

11.2 O th e r  Softw are Packages

This section gives a review of other software for the computation of higher-order 

symmetries and invariants.

Higher-order symmetries can be computed with prolongation methods and nu­

merous software packages are available that can aid in the tedious computations 

inherent to such methods. An extensive review of software for Lie symmetry compu­

tations, including generalized symmetries, can be found in [26, 27]. W ith prolongation 

methods, one generates, subsequently reduces and then solves a determining system
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of linear homogeneous partial differential equations for the unknown higher-order 

symmetry. In many cases, due to the length and complexity of that system, the gen­

eral solution is out of reach and one resorts to making a polynomial ansatz for the 

symmetry.

Although restricted to polynomial higher-order symmetries and invariants, we 

believe that the methods presented in this thesis are much more straightforward. 

Furthermore, they do not require the application of prolongation methods or Lie 

algebraic techniques.

To avoid repeating the surveys [26, 27] here, we restrict our discussion to symbolic 

packages that allow one to compute generalized symmetries of PDEs, as they were 

defined in Chapter 2. We are not aware of software for DDEs to calculate symmetries 

and conservation laws.

Based on the alternative strategy discussed in Remark 2.1 and dilation invari­

ance, Ito’s programs in REDUCE [34, 35, 36] compute polynomial higher-order sym­

metries and invariants for systems of evolution equations that are uniform in rank 

(no weighted parameters can be introduced). Ito’s programs cannot be used to com­

pute symmetries and invariants that explicitly depend on the independent variables. 

For systems with or without parameters, Ito’s programs give the same results as our 

program. However, Ito’s programs do not properly handle systems with parame­

ters. The programs stop after generating the necessary conditions on the parameters, 

which must be analyzed separately. Such analyses revealed that the conditions do not 

always lead to an invariant or a symmetry. Indeed, in solving for the undetermined 

coefficients, Ito considers all possible branches in the solution, irrespective of whether 

or not these branches lead to an invariant or a symmetry.

In [14], Fuchssteiner et al. present an algorithm to compute higher-order sym-
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metrics of evolution equations. Their algorithm is based on Lie algebraic techniques 

and uses commutator algebra on the Lie algebra of vector fields. Their approach is 

different from the usual prolongation method in that no determining equations are 

solved. Instead, all necessary generators of the finitely generated Virasoro algebra 

are computed from one given element by direct Lie algebra methods. Their code is 

available in MuPAD.

The REDUCE program FS for “formal symmetries” was written bÿ Gerdt and 

Zharkov [17]. The code FS can be applied to polynomial nonlinear PDEs of evolution 

type which are linear with respect to the highest-order spatial derivatives and with 

non-degenerated, diagonal coefficient matrix for the highest derivatives. FS computes 

higher-order symmetries and conservation laws of polynomial type. The algorithm 

in FS  requires that the evolution equations are of order two or higher in the spatial 

variable. However, this approach does not require that the evolution equations are 

uniform in rank. With FS one cannot compute symmetries that depend explicitly on 

the independent variables. Applied to equations with parameters, FS  computes the 

conditions on the parameters using the symmetry approach.

The PC package DELiA for Differential Equations with Lie Approach, written in 

Turbo PASCAL by Bocharov [5] and co-workers, is a commercial computer algebra 

system for investigating differential equations using Lie’s approach. The program 

deals with higher-order symmetries, conservation laws, integrability and equivalence 

problems. It has a special routine for systems of evolution equations. The program re­

quires the presence of second or higher-order spatial derivative terms in all equations. 

For systems with parameters, DELiA does not automatically compute the invariants 

or symmetries corresponding to the (necessary) conditions on the parameters. One 

has to use DELiA's integrability test first, which determines conditions based on
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the existence of formal symmetries. Since these integrability conditions are neither 

necessary nor sufficient for the existence of invariants, one must further analyze the 

conditions manually. Once the parameters are fixed, one can compute the invariants 

and symmetries.

Sanders and Wang [55, 56, 57, 58] have Maple and FORM software that aids in 

the computation of conservation laws and recursion operators. Their approach is more 

abstract and relies on the implicit function theorem. They use concepts from operator 

theory (kernels and images). In fact, they use an extension of the total derivative 

operator to a Heisenberg algebra which allows them to invert the total derivative on 

its image. In contrast to our algorithm, their code makes no assumptions about the 

form of the conservation law.

Wolf et ai. [71] have a package in REDUCE for the computation of conservation 

laws. There is no limitation on the number of independent variables in his package. 

The approach uses Wolf’s program CRACK  for solving overdetermined systems of 

PDEs. See [26] for a review of CRACK  and for additional references to Wolf’s work. 

Wolf’s algorithm is particularly efficient for showing the non-existence of conservation 

laws of high order. In contrast to our program, it also allows one to compute non­

polynomial conservation laws.

Finally, Hickman [29] at the University of Canterbury, Christchurch, New Zealand, 

has implemented a slight variation of our algorithm in Maple. Instead of computing 

the differential monomials in the invariant by repeated differentiation, Hickman uses 

a tree structure combining the appropriately weighted building blocks.
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Chapter 12 

CONCLUSIONS

We have presented new direct algorithms to compute polynomial higher-order 

symmetries, and conservation laws of polynomial systems of evolution and lattice 

equations. These algorithms are based on the dilation invariance of the given equa­

tions. For systems that arise from a variational principle, conservation laws follow 

from higher-order symmetries (Noether’s theorem) and vice versa. Currently, in our 

algorithms we are not exploiting such connections.

Based on the knowledge of scaling properties, symmetries and conservation laws, 

we also presented a new algorithm to find recursion operators for systems of nonlinear 

PDEs.

The algorithms for symmetries and conservation laws are implemented in Mathe­

matica. Hence, we offer the scientific community an integrated Mathematica package 

which is available in MathSource [21] to carry out the tedious calculations of gener­

alized symmetries and conservation laws.

For PDEs and DDEs with parameters, the software automatically determines 

the conditions on these parameters so that a sequence of polynomial symmetries or 

invariants exists. The existence of a large number of symmetries and invariants is an 

indicator of integrability. Therefore, by generating the conditions, one can analyze 

classes of parameterized PDEs or DDEs, and filter out the candidates for complete 

integrability.

Furthermore, some of the results of this thesis have already been published [19, 

20, 22, 24] in research journals, or under review [23].
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In the future, we will investigate generalizations of our methods to PDEs and 

DDEs in multiple space dimensions. We will also study the potential use of Lie-point 

symmetries other than dilation symmetries. We hope to extend the algorithms to 

non-polynomial equations, symmetries, conservation laws, and equations with mixed 

derivatives. The definition of a conservation law for DDEs (hence the algorithm) is 

based on the forward difference discretization of the first derivative. Modifications 

for the central difference scheme will be investigated. The implementation of the 

algorithm for recursion operators of PDEs (and integrating it into the Integrability 

Package), and possible extensions towards finding the recursion operators of DDEs 

are also for future work.
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