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ABSTRACT

New straightforward algorithms for the symbolic computation of higher-order
symmetries, conservation laws and recursion operators of nonlinear evolution equa-
tions and lattice equations are presented. The scaling properties of the evolution or
lattice equations are used to determine the polynomial form of the symmetries, in-
variarits, and recursion operators. The coefficients of these polynomials can be found
by solving linear systems. The methods apply to polynomial systems of partial dif-
ferential equations of first-order in time and arbitrary order in one space variable.
Likewise, lattices must be of first order in time but may involve arbitrary shifts in
the discretized space variable.

The recursion operator of an equation is the link between the symmetries of
the equation. Therefore, the existence of a recursion operator is important to prove
that the equation has inﬁnitely many symmetries, which is an indicator of complete
integrability. Our algorithm for finding the recursion operators of partial differential
equations uses the knowledge of symmetries and conservation laws in connection with
the scaling properties.

The algorithms for symmetries and conservation laws are implemented in Mathe-
matica and can be used to test the integrability of both nonlinear evolution equations
and semi-discrete lattice equations. With our Integrability Package, higher-order sym-
metries and invariants are obtained for several well-known systems of evolution and
lattice equations. For partial differential equations and lattices with parameters, the
code allows one to determine the conditions on these parameters so that a sequence
of higher-order symmetries or invariants exists. The existence of a sequence of such

symmetries and invariants is a predictor for integrability.
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Chapter 1

INTRODUCTION

A large number of physically important nonlinear models are completely inte-
grable, which means that they are solvable in terms of elementary functions or lin-
earizable via an explicit transformation, or solvable via the Inverse Scattering Tech-
nique (IST) [1]. Integrable continuous or discrete models arise in key branches of
physics including classical, quantum, particle, statistical, and plasma physics. Inte-
grable equations also model wave phenomena in nonlinear optics and the bio-sciences.
Mathematically, nonlinear models involve ordinary or partial differential equations
(ODEs or PDEs), differential-difference equations (DDEs), integral equations, etc.
[11].

Whichever form they come in, completely integrable equations exhibit analytic
properties reflecting their rich mathematical structure. For instance, most completely
integrable PDEs and DDEs possess infinitely many symmetries and conserved quan-
tities (if the model is conservative). Perhaps after a suitable change of variables, the
equations have the Painlevé property, admit Backlund and Darboux transformations,
prolongation structures, or can be written in bi-Hamiltonian form [11].

An indication that certain evolution equations might have remarkable mathe-
matical properties came with the discovery of an infinite number of conservation laws
for the Korteweg-de Vries (KdV) equation, u; = 6uu, +u3,. The conserved quantities
_u and u?, corresponding to conservation of momenfum and energy, respectively, were
long known, and Whitham [70] had found a third one, u® — 1u2, which corresponds

to Boussinesq’s moment of instability. Zabusky and Kruskal found a fourth and fifth.



However, the search for additional conservation laws was halted due to a mistake in
their computations. Miura eventually continued the search and, beyond the missing
sixth, found additional three conservation laws [49]. It became clear that the KdV
equation had an infinite sequence of conservation laws, later proven to be true.

The existence of an infinity of conservation laws was an important link in the
discovery of other special properties of the KdV equation [74]. It led, for example,
to the construction of the Miura transformation, which connects the solutions of the
KdV and modified KdV equations. Consequently, the famous Lax pair was found,
which associates a couple of linear equations to the KdV equation. From that, the
IST for linearization of integrable equations was developed, and it was then shown
that the KdV equation, and many other integrable equations, admit bi-Hamiltonian
structures.

There are several motives to find symmetries and conservation laws explicitly.
The first few conservation laws may have a physical meaning, such as conserved
momentum and energy. Additional ones may facilitate the study of both quantitative
and qualitative properties of solutions [32]. Furthermore, the existence of a sequence
of symmetries and conservation laws predicts integrability. Yet, the nonexistence
of conserved quantities does not preclude integrability. Indeed, integrable equations
could be disguised with a coordinate transformation so that they no longer admit
conservation laws of polynomial type. The same care should be taken in drawing
conclusions about non-integrability based on the lack of higher-order symmetries.
Another compelling argument relates to the numerical solution of PDEs. In numerical
schemes the discrete conserved quantities should remain constant. In particular, the
conservation of a positive definite quadratic quantity may prevent the occurrence of

nonlinear instabilities in the numerical scheme. The use of conservation laws in PDE



solvers has been discussed in [28, 43, 59].

The existence of an infinite hierarchy of symmetries for integrable equations can
be established by explicitly constructing the recursion operator that connects such
symmetries. Finding symmetries and recursion operators for nonlinear models is a
nontrivial task, in particular if attempted with pen and paper. Computer algebra
systems can greatly assist in the search for higher-order symmetries and recursion
operators.

For PDEs, there are fairly complicated algorithms for the computation of sym-
metries and conservation laws. These include the algorithms designed by Bocharov
and co-workers [5], Gerdt and Zharkov [16, 17], Fuchssteiner et al. [14], Sanders and
Wang [55, 56, 57] and Wolf et al. [71]. Several methods to test the integrability
of DDEs and for solving them are also available. Solution methods include symme-
try reduction [45] and solving the spectral problem [44] on the lattice. Adaptations
of the singularity confinement approach [53], the Wahlquist-Estabrook method [7],
and symmetry techniques [6, 46, 63] also allow one to investigate integrability. The"
most comprehensive integrability study of nonlinear DDEs was done by Yamilov and
co-workers (see e.g. [62, 73]). Their papers provide a classification of semi-discrete
equations possessing infinitely many local conservation laws. Using the formal sym-
metry approach, they derive the necessary and sufficient conditions for the existence
of local conservation laws, and provide an algorithm to construct them.

In contrast to these algorithms, in this thesis we present new direct algorithms
that allow one to compute polynomial higher-order symmetries, conservation laws and
recursion operators for polynomial PDEs in 141 dimension and polynomial DDEs
(semi-discrete lattice equations). Our algorithms are fairly straightforward, and can

be implemented in computer algebra languages.



The systems of PDEs or DDEs that our methods cover must be of evolution
type, i.e. first order in (continuous) time. The number of equations and the order of
differentiation (or shift level) in the spatial variable are arbitrary.

We use the dilation invariance of the given system of PDEs or DDEs to determine
the form of the polynomial symmetry, invariant, or the recursion operator. Upon
‘substitution of this form into the defining equation, one has to solve a linear system
for the unknown constant coeflicients of this form. In case the original system contains
free parameters, the eliminant of that linear system will determine the necessary
conditions for the parameters, so that the system admits the postulated generalized
symmetry or invariant. Qur algorithms can thus be used as an integrability test for
classes of PDEs and DDEs involving parameters.

For the PDE case, a slight extension of our algorithms allows one to compute
higher-order symmetries and invariants that ezplicitly depend on the independent
variables. However, in such cases, it is necessary to specify the highest degree of the
independent variables in the generalized symmetry and in the invariant.

Once the generalized symmetries and invariants are explicitly known, it is quite
often possible to find the recursion operator by inspection [10]. If the recursion
operator is hereditary then the equation will possess infinitely many symmetries. If
the operator is hereditary and factorizable then the equation has infinitely many
conserved quantities [11, 15].

For Lagrangian systems the set of higher-order symmetries can be shown to lead
to the set of conservation laws [51, 54]. For equations without Lagrangian struc-
ture there is no universal correspondence between symmetries and conservation laws.
The relationship between symmetries and conservation la,WS, as expressed through

Noether’s theorem, is beyond the scope of this thesis (see [54] for details).



The thesis is organized as follows. In Chapter 2, we give the definitions of a
conservation law, a symmetry, and a recursion operator for a system of PDEs. Also we
describe the dilation invariance, which is the key concept behind our algorithms. We
also state a theorem from calculus of variations about the Euler-Lagrange equations,
which plays a role in our algorithm for conservation laws. Chapter 3 is devoted to
the description of our algorithm for the computation of polynomial type symmetries
of evolution equations. Also we address how to handle symmetries that explicitly
depend on the independent variables, wave equations, and nonuniform systems. In
Chapter 4, we give a brief description of the algorithm to compute conservation
laws of evolution equations. We do not give details of the algorithm, since it was
presented in [18, 19]. A major application of our algorithm deals with systems with
parameters. Our algorithms can be used to find the conditions on the parameters
for the existence of symmetries and invariants. If for some choices of parameters,
the system admits a sequence of symmetries and/or conservation laws, we may have
detected an integrable system. In Chapter 5, we present such analyses and also
we list the results for several other examples. In Chapter 6, our algorithm for the
computation of recursion operators of evolution equa,t.ions is described, followed by
several examples. The algorithm uses the knowledge of symmetries and invariants of
the evolution equations.

In Chapter 7, we turn to the DDE case. The definitions of a symmetry, a conser-
vation law for a system of DDEs are given. Also, we describe the dilation invariance
for DDEs, which is again the key concept behind our algorithms. Further in Chapter
7, we define an equivalence relationship, which is an essential tool for the computa-
’tion of conservation laws. In Chapters 8 and 9, we describe our algorithms for the

computation of symmetries and conservation laws of lattice equations, respectively.



Further in these chapters, we show how to handle nonuniform systems. In Chapter
10, we list our results for some lattice systems.

In Chapter 11, we briefly review the software packages related to the symbolic
computation of higher-order symmetries, conservation laws and recursion operators.
Apart from ours, all the other software works only for PDEs. We are not aware of
any software for DDEs to compute higher-order symmetries and conservation laws.

Conclusions and an overview of future research are given in Chapter 12.

In summary, the original contribution of this thesis is twofold: new algorithms
to test integrability of PDEs and DDEs, and their implementation in Mathematica.

The algorithms are based on a unifying concept which is applicable to both
continuous and semi-discrete equations. Indeed, using the scaling invariance of the
given equations, it is possible to explicitly construct symmetries, conservation laws,
and recursion operators. The knowledge of all three is key for the study of the
integrability of PDEs and DDEs.

In contrast to some of the existing algorithms and programs, ours can handle the
computation of symmetries and conservation laws of parameterized equations, and
systems that lack uniformity of rank. Furthermore, we can compute space and time
dependent symmetries and conservation laws. In particular for systems with param-
eters, the necessary conditions for the existence of conservation laws and symmetries
are automatically generated by our program.

The extension of the algorithms towards symmetries and conservation laws of
DDEs is new. There are no other programs available for DDEs that automate these
computations.

With respect to the implementation, we designed a comprehensive Mathematica

program that automates the symbolic computation of symmetries and conservation



laws of PDEs and DDEs. The algorithm for recursion operators of PDEs is still to
be implemented.
Some of the results of this thesis have already been published [19, 20, 22, 24] in

research journals, or under review [23].



Chapter 2

PDE CASE: DEFINITIONS AND THE KEY CONCEPT

In this chapter, we give the definitions of a conservation law, a symmetry, and a
recursion operator for a system of PDEs. Also we describe dilation invariance, the key
concept behind our algorithms. At the end of the chapter, we introduce a tool from
the calculus of variations, the Euler operator, which is useful for the computation of
conservation laws.

Consider a system of PDEs in the (single) space variable z and time variable ¢,
u; = F(u,uz, uag, ..., Uma), (2.1)

where u and F are vector dynamical variables with the same number of components:
u = (u,u2, o, tn), F = (F1, Fy, ..., F,,) and Uz = u(™ = ‘g:—,}“. The vector function
F is assumed to be polynomial in u, ug, ..., U;ns. There are no restrictions on the order
of the system or its degree of nonlinearity. If PDEs are of second or higher order in
t, we assume that they can be recast in the form (2.1).

For simplicity of notation, unless we deal with a general case, the components of

u will be denoted by u,v, ... (instead of uy, uz, etc.).

2.1 Conservation Law

A conservation law is of the form



which is satisfied for all solutions of (2.1). The functional p is the invariant (conserved
density), J is the associated fluz. In general, both are, functions of z,¢,u, and its
partial derivatives with respect to = [1]. Furthermore, D, denotes the total derivative
with respect to t; D, the total derivative with respect to z. Specifically, p is a local
invariant if p is a local functional of u and its derivatives, i.e. if the value of p at any
z depends only on the values of u in an arbitrary small neighborhood of z. If J is also
local, then (2.2) is a local conservation law. If p is a polynomial in u, its z derivatives,
and in z and t, then p is called a polynomial invariant. If J is also a polynomial, then
(2.2) is called a polynomial conservation law. There is a close relationship between
constants of motion and conservation laws. Indeed, for polynomial-type p and J,

integration of (2.2) yields
+o0
P= / p dr = constant, (2.3)
provided that J vanishes at infinity. For ODEs, the P’s are called constants of motion.

2.2 Symmetry

A vector function G(z,t,u,u,, Uz, ...), with G = (Gq, Ga, ..., Gp), is called a symme-
try of (2.1) if and only if it leaves (2.1) invariant for the replacement u — u + G

within order e. Hence,

Di(u + eG) = F(u + €G) (2.4)

must hold up to order € on the solutions of (2.1). Consequently, G must satisfy the

linearized equation [9, 11]

D.G = F'(u)[G], (2.5)
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where F' is the Fréchet derivative of F, i.e.,

F()(G) = 2-F(u + <Geco (2.6)

In (2.4) and (2.6) we infer that u is replaced by u + €G, and u,; by u,, + ¢D?G.
Symmetries of the form G(z,t,u) are called point symmetries. Symmetries of

the form G(z,t,u,u,,u;) are called classical or Lie-Backlund symmetries, and all

other symmetries involving higher derivatives than the first are; called generalized or

higher-order symmetries [47].

Example 2.1 The most famous evolution equation from soliton theory, the KdV
equation [48],
U = 6usy + Usg, (2.7)

is known to have infinitely many polynomial symmetries and conservation laws [10].
The KdV equation is a member of the well-known Lax hierarchy. Each member
of this infinite Lax family corresponds to a symmetry of the KdV equation, and the

first four symmetries are:

CW=vy,, GC® =6uu,+ug, G® =30uu,+20uzus, + 10uuz, + usz,  (2.8)

G™ =140uu, + T0u2 + 280uuzuz, + T0u Uz, + T0UUss + 42ustse + 14utus, + Urg.

The evolution equations u, = G®,i = 1,2,3,..., which are completely integrable,

constitute the Lax hierarchy. Also, the first three conservation laws of (2.7) are

Di(u) — Dy (3u2 + ugm) =0,
2

D, (uz) - D, (4u3 —ul + 2uu2x) =0,
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1
D, (u3 — —2—ui> - D, (§u4 - 6uufc + 3uluy, + %u%m — umU3m) =0. (2.9

The first two express conservation of momentum and energy, respectively. They are
easy to compute by hand. The third one, less obvious and requiring more work,

corresponds to Boussinesq’s moment of instability [49].

2.3 Key Concept: Dilation Invariance

Observe that (2.7), its symmetries (2.8), and its conservation laws (2:9) are all invari-

ant under the dilation (scaling) symmetry
(t,z,u) = (A3, A7z, A%), (2.10)

where ) is an arbitrary parameter. The result of this dimensional analysis of (2.7)
can be stated as follows: u corresponds to two derivatives with respect to z, for
short, u ~ D2. Similarly, D; ~ D2. Scaling invariance, which is a special Lie-point
symmetry, is an intrinsic property of many integrable nonlinear PDEs and DDEs.

As we will show in the coming chapters, our algorithms exploit this scaling
invariance to find symmetries, invariants and recursion operators.

To describe an algorithmic way for determining the scaling invariance, we require
additional definitions. The weight, w, of a variable is by definition equal to the number
of derivatives with respect to = that variable carries. Weights are rational, and weights
of dependent variables are nonnégative. We set w(D,) = 1. In view of (2.10), we
have w(u) = 2 and w(D,) = 3. Consequently, w(z) = —1 and w(t) = —3.

The rank of a monomial is defined as the total weight of the monomial, again

in terms of derivatives with respect to z. Observe that (2.7) is an equation of rank
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5, since all the terms (monomials) have the same rank, namely 5. This property is
called uniformity in rank.

Conversely, requiring uniformity in rank for (2.7) allows one to compute the
weights of the dependent variables by solving a linear system. Indeed, with w(D,) = 1

we have

w(u) + w(Dy) = 2w(w) +.1 = w(u) + 3,

which yields w(u) = 2, w(D;) = 3. Hence, w(t) = —3, which is consistent with (2.10).

2.4 Recursion Operator

A recursion operator [52] for (2.1) is a linear operator @ in the space of differential
functions with the property that whenever G is a symmetry of (2.1), so is G with

G = ®G. For n-component systems, ® is an n X n matrix.

Example 2.2 The recursion operator [52] for the KdV equation is given by
® = D2 + 2u + 2D, uD;! = D? + 4u + 24, D, (2.11)

where D! is the integration operator. This operator is hereditary [15] and connects

the symmetries (2.8) of the KdV equation (2.7).

For example,

du, = (Di + 2u + 2DuD; u, = 6uu, + us,,
®(6uus +uz;) = (D2 + 2u+ 2D,uD;")(6uus + uss)

= 30u’ug + 20uguss + 10uuzs + uss,

and so forth.
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2.5 A Tool: Euler Operator

We introduce a tool from calculus of variations, the Euler operator, which is very
useful for testing if an expression is a total derivative [52], without having to carry
out any integrations by parts. In Chapter 4, we will use this tool for the computation
of conservation laws.

Theorem 2.1 If f = f(2,u1, ., ™, .., Un, .., ul™), then Eu(f) = O, if and only

if f = Da.g, where g = g(z,u1, ey ud™ D, ey um=1)),

In this theorem, for which a proof can be found in [52],

u = (ula ---vun)’ gu(f) = (gw(f))'--,gun(f))’ 0= (O, ...,0),

and

6 d, 8. & 8 LA B
Eu; = 5w E(t_?u_i’) + E(W) 4+ 4+ (=1) @(m)a (2.12)

is the Euler operator (or variational derivative).
To show the usefulness of this operator in verifying if a given function is the

derivative of another function, let us consider an example.

Example 2.3 Suppose that
Fu, o, u" u®) = o (z)u"(z) +2u(z)u" (2 )u®(e) - 3u'(z) u" (2 )u®(z) —u/(z)*u®(z)
is given. We have chosen f so that it is the derivative with respect to z of the function

9(u, v, u", ul) = (@) (2)’ — u'(2)’ul)(e).
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. d X .
Indeed, one can easily verify that f = =7 Now, in order to see that Theorem 2.1 is

indeed true, we explicitly compute all the relevant terms. For this example n = 4;

therefore, we need:

of = 2u"(2)u®(z),

du
% 2—5 = 2" (2)u®(z) - 6u"(z)u®(z) - 6u(z)u®(z)’

—12u'(z)u"(z)u®(z) — 3u'(z)*u®(z),

O = 8eNO(e) - 6 (0 u(e) — 6ul(@Nue)’ + (2l (e)
~12u' (2 )u"(z)u®(z) + 2u(z)u®(z) — 3u'(z)*u®(z),

dz? ai{") = 8u"(2)ul¥() — 36u"(2)"u®(z) — 18u/(2)u®(z)” + 6u/()ul)(=)
—24u'(z)u"(2)ul(z) + 2u(z)u®(z) — 3u'(z)"u)(z),

d::‘l(au(‘i)) —36u"(z)"u®(2)-18u (2 )u® (z) ~24u/ (z)u" (2 )u(2)-3u'(2) u®(z).

Substitution of the right hand sides into

Q_f___ af d3 4

du Bu’ d:l:2 et au”) dz3 ( au(3) ) dz4 ( 0u(4) )

and simplification indeed gives zero.



15

Chapter 3

SYMMETRIES OF EVOLUTION EQUATIONS

In this chapter, we describe our algorithm for the computation of polynomial
symmetries of evolution equations. Also we address how to compute z — ¢ dependent
symmetries, and how to handle wave equations, and nonuniform systems.

Recall that for a system of evolutionary PDEs,
u: = F(u,uz, vy, ..., Upmz), (3.1)

a vector function G(z, t,u, Uz, Usy, ...), with G = (G1, G, ..., G,,), is called a symmetry

of (3.1) if and only if G satisfies the linearized equation [9, 11]
DG = F'(u)[G], (3.2)
where F' is the Fréchet derivative of F, as defined in (2.6).

3.1 Algorithm

To illustrate our algorithm, we consider the KdV equation (2.7) with scaling proper-

ties such that w(u) = 2.

Our algorithm exploits this scaling invariance to find higher-order symmetries.

The algorithm has two steps.
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3.1.1 Step 1: Construct the form of the symmetry

This step involves finding the building blocks (monomials) of a polynomial symmetry
with prescribed rank. All terms in the symmetry must have the same rank. Since we
may introduce parameters with weights (see Section 3.3), the fact that the symmetry
will be a sum of monomials of uniform rank does not necessarily imply that the
symmetry must be uniform in rank with respect to the dependent variables.

As an example, let us compute the form of the symmetry of (2.7) with rank 7.
Start by listing all powers in u with rank 7 or less: £={1,u,u?, u3}. Next, for each
monomial in £, introduce enough z-derivatives, so that each term has exactly rank

7. Thus,
D (u®) = 3u’u,, D3(u?) = 6uzus, + 2uuz,, D3(u)=wus,, D.(1)=0.

Then, gather the resulting (non-zero) terms in a set R = {v?uz, UsUos, UUaz, Uss },
which contains the building blocks of the symmetry. Linear combination of the mono-

mials in R with constant coefficients ¢; gives the form of the symmetry:
G = c1 uuy + o UgUsy + C3 UU3, + C4 Usg. (3.3)

3.1.2 Step 2: Determine the unknown coefficients in the symmetry

We determine the coefficients c; by requiring that (3.2) holds on the solutions of (3.1).
Compute D;G and use (3.1) to remove uy, ¢z, Uszz, etc. For given F, compute the
Fréchet derivative, and in view of (3.2), equate the resulting expressions. Treating
the different monomial terms in u and its z-derivatives as independent, the linear

system for the coeflicients ¢; is readily obtained.
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For (2.7), we perform this computation with F' = 6uu, + uz, and G in (3.3).

Considering as independent all products and powers of u, uz, uzg, ..., in

(12¢; — 18¢2)ulug, + (6c1 — 18c3)uus, + (6c1 — 18¢3)uusuzs + (3c2 — 60cs)ul,

+(8c2 + 3¢z — 90cs )uzztuaz + (3cz — 30cs)uzuss = 0, (3.4)

we obtain the linear system for the coefficients ¢; :
S = {12¢1—18¢c; = 0,6¢1—18¢c3 = 0,3c;—60cs = 0, 3¢y +3c3—90cs = 0,3c3—30cs = 0}.
The solution is 25 = 2 = 33 = c4. Since symmetries can only be determined up

to a multiplicative constant, we choose ¢4 = 1, then ¢; = 30,¢; = 20,¢c3 = 10, and

substitute this into (3.3). Hence,
G = 30uuy + 20U, Uy + 10uus, + uss. (3.5)

Note that u; = G is known as the Lax equation, which is the fifth-order PDE in the

completely integrable KdV hierarchy [42].
Analogously, for (2.7) we computed the (z—t independent) symmetries of rank < 11.

They are:

G =Ug, G® = 6uu, + Usa G® = 30u’u, + 20uzuz; + 10uus, + Usg,

G =140u3u, + 70ui + 280uugusy, + T0Uus, + T0Usz Uy + 42Uz Usy + 14uus, + Urs,

G = 630utu, + 1260uud + 25200 uzus, + 1302uzul, + 420utus, + 966ulus,
+1260utiguse + T56UULUsy + 252Usetsr + 126uus, + 168us us,

+T2uzug,y + 18uur, + ugy. (3.6)



18

These results agree with those listed in the literature (see e.g. [10, 47, 52]).

Remark 3.1 Instead of working with the definition (3.2) of the symmetry, one could

introduce an auxiliary evolution equation,
u, = G(z,t,u,u,, Uz, ...), (3.7)

which defines the flow generated by G and parameterized by the auxiliary time vari-

able 7. The symmetry can then be computed from the compatibility condition of

(3.1) and (3.7):
D,F(u,u,, uzg, ..., Umz) = D:G(z, t, u, Uz, Uzg, ...). (3.8)

One then proceeds as follows: as above, determine the form of the symmetry G
involving the constant coefficients ¢;. Then, compute D;G and use (3.1) to remove
Uy, U, etc. Subsequently, compute D, F and use (3.7) to remove u,, u,,, etc. Finally,
use (3.8) to determine the linear system for the unknown c;. Solve the system and
substitute the result into the form of G.

Applied to (2.7), D:G is computed with G in (3.3). Next, (2.7) is used to elim-
inate all ¢-derivatives of u from the expression of D;G. Then, compute D, F' with F
in the right hand side of (2.7), and eliminate all 7-derivatives through (3.7) after
substitution of (3.3). Finally, expressing that D,F — D,G = 0 leads to (3.4).

Although this procedure [35] circumvents the evaluation of the Fréchet derivative,

it seems more involved than our algorithm which uses the definition (3.2).
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3.2 Symmetries Explicitly Dependent on z and ¢

The KdV equation (2.7) has also polynomial symmetries that ezplicitly depend on =
and ¢. Our algorithm can be used to find these symmetries provided that we specify
the maximum degree in z and ¢.

As an example, we will compute the symmetry of rank 2 for (2.7) that linearly
depends on z and/or t. In other words, the highest degree in z or ¢ in the symmetry
is 1.

We start with the list of monomials in u,z and ¢ of rank 2 or less:
L ={1,u,z,zu, t,tu, tu’}.

Then, for each monomial in £, introduce enough z-derivatives so that each term

exactly has weight 2. Thus,
D.(zu) = u + zu,, D(tu?) = 2tuu,, D3(tu) = tuze, D2(1) = D3(z) = D3(t) = 0.

Gather the non-zero resulting terms in a set R = {u, zu,, tut,, tus, }, which contains
the building blocks of the symmetry. A linear combination of the monomials in R

with constant coefficients c; gives the form of the symmetry:
G =ciu+ cozuy + cztuug + cqtus,. (3.9)

Now, determine the coefficients ¢; through ¢4 by requiring that (3.2) holds on the

solutions of (2.7). After grouping the terms, one gets

(6c1 + 6c2 — c3)uug + (3¢ — 18c‘;)tu§x + (3cz — ca)ugy + (3c3 — 18cq)tuzus, =0,
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which yields

S = {661 + 662 —C3 = 0,3C3 — 1864 = 0,362 — Cq4 = 0} (310)
The solution is 3; = 3c; = 96-" = c4. We choose ¢4 = 1, consequently ¢; = %,cz =
3,3 = 6, and substitute this into (3.9). Hence,
2 1
G = gu + 3 %= + 6tuu, + tuz,. (3.11)

We computed two symmetries of (2.7) that linearly depend on = and t. They are of
rank 0 and 2 :

1 1
G=1+6tu,, and G = §(2u + zuy) + tuy = §(2u + zuy) + t(6uus + usz). (3.12)
Our results agree with those in the literature [47].

3.3 Nonuniform Systems

For scaling invariant equations such as (2.7), it suffices to consider the dilation sym-
metry on the space'of independent and dependent variables. For PDE systems that
are inhomogeneous under a suitable scaling symmetry, such as the example given
below, we use the following trick: we introduce one (or more) auxiliary parameter(s)
with an appropriate scaling. These extra parameters can be viewed as additional
dependent variables, however, their derivatives are zero. By extending the action of
the dilation symmetfy to the space of independent and dependent variables, including
the parameters, we are able to apply our algorithm to a larger class of polynomial

PDE systems.
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3.3.1 Example: Boussinesq Equation

Consider the wave equation,

U — Ugg + Uy + 3u2 + qug, = 0, (3.13)

(a constant) which was proposed by Boussinesq to describe surface water waves whose
horizontal scale is much larger than the depth of the water [1].

To apply our algorithm, we must first rewrite (3.13) as a first-order system,

Up = Vg, Vg = Uy — JUUL — QU3I,, (3.14)

where v is an auxiliary dependent variable. It is easy to verify that the terms u, and
auz, in the second equation obstruct uniformity in rank. To circumvent the problem

we introduce an auxiliary parameter S with (unknown) weight, and replace (3.14) by

Up = Vg, V= Py — UUy — QUz,. (3.15)

As described in Chapter 2, we compute the weights from

w(u) + w(D¢) = w(v) + 1,

w(v) + w(Dy) = w(B) + w(u) + 1 =2w(u) + 1 = w(u) + 3.

This yields

w(u) =2, w(v) =3, w(B) =2, and w(D;) = —w(t) =2, (3.16)

and the scaling properties of (3.15) are u ~ 8 ~ D, ~ D2, v ~ D3. Indeed, (3.15) is
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invariant under the dilation symmetry
(z,t,u,v,8) = (A Tz, A%, Ay, W3, A2B). (3.17)

Observe that all the monomials in the equations in (3.15) have rank 4 and 5. There-

fore, for any symmetry G of (3.15),
rank(G2) = rank(G1) + 1 = rank(G1) + w(v) — w(uw). (3.18)

Let us construct the form of the symmetry G = (G1,G2) with rank(G;) = 6 and
rank(G3) = 7. First, list all monomials in u,v and 8 of rank 6 (respectively rank 7)

or less:

2 3 2
El = {laﬂ,ﬂ )ﬂ )uaﬁu,ﬁzu,u ,,Bu2,u3,v,ﬁv,uv,'u2},
£2 {1;ﬁ»ﬁ27ﬂ3,uaﬁu)ﬂ2u1u2’ﬂu2’u3av’ﬂv)ﬂzv,dv’ﬂuvauzvavz}'

Next, for each monomial in £; and £,, introduce the necessary z-derivatives, so that
each term in £, exactly has rank 6, and each term in £, has rank 7. Keeping in mind

that 8 is constant, and proceeding with the rest of the algorithm, we obtain:

2
Ggl) = UV + uvg + —3—av3,,,

2 2
Ggl) = Buu, — 3ulug + vup — 6otz Use + ~afus, — Souugg — gazuh. (3.19)

3

Finally, setting 8 = 1 in (3.19), one obtains a symmetry of (3.14) although initially

this system was not uniform in rank. We list one more higher-order symmetry of
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2
UlUg — §u2um + vvy — baugus, + gauh — 2auug, — —a2u5m,

15

3
= UV + VUy — UULV — Euzvz — 20UV — 3QULVoy — QU3 V + gav3z

—2auvzg — Eazvh. (3.20)
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Chapter 4

INVARIANTS OF EVOLUTION EQUATIONS

In this chapter, we describe the algorithm to compute conservation laws of evo-
lution equations. We will use our tool from calculus of variations, the Euler operator.
We do not give details of the algorithm here, since it was presented in [18, 19].

Recall that for a system of evolutionary PDEs
u: = F(u, u,, uys, ..., Upmz), (4.1)
a conservation law is of the form
Dip+D.J =0, (4.2)

which is satisfied for all solutions of (4.1). The functional p is the invariant, J is the

associated fluz.

4.1 Algorithm

To illustrate our algorithm, once again we consider the KdV equation (2.7). Keeping
in mind the scaling properties of (2.7) with w(u) = 2, we now start the description

of our algorithm in two steps.
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4.1.1 Step 1: Construct the form of the invariant

As an example, let us compute the form of the invariant of rank 6. Start by listing
all powers in u with rank 6 or less: £={1,u,u? u3}. Next, for each monomial in £,

introduce the necessary z-derivatives, so that each term has exactly rank 6. Thus,
DO(w?®) = u®, D2(u?) = 2u® + 2uug,, Di(u) = 1w, DE(1)=0.

Then, gather the resulting (non-zero) monomials in M = {u3 u? uu,,}. Removing
the terms that are total derivatives with respect to z or total derivative up to terms
kept earlier in M, results in R = {3 42}, which has the building blocks of the
invariant. Notice that, since uug, = (uuz), — u2, we have removed uu,, from M.
Linear combination of the monomials in R with constant coeflicients ¢; gives the form
of the invariant:

p=crud+cpul (4.3)

z*

4.1.2 Step 2: Determine the unknown coefficients in the invariant

We determine the coefficients ¢; by requiring that (4.2) holds on the solutions of
(4.1). Compute D;p and use (4.1) to remove u;, sz, sz, etc. Then apply the Euler
operator (2.12) and require that the resulting expression vanishes. For our example,

this means

Eu(Dip) = —18(c1 + 2¢2)uguz, = 0,

and we obtain the linear system for the coefficients ¢; : & = {c1 + 2¢c2, = 0}. The

solution is ¢; = —2cy. Since invariants can only be determined up to a multiplicative



26

constant, we choose ¢; = 1 and so ¢; = —2. Substituting this into (4.3) gives

p=—2u*+ul, (4.4)

Analogously, we computed more invariants of (2.7). Here, we list the first seven:

P1

P4

]

P7

— 4,2 — 3 2
U, p2 = U, P3 = —2u + Uz,

5ut — 10uu’ +u3, ps = —14u® + T0u%u? — 1duul, + w2,
4248 — 420uPu? — 35u? + 126uul, + 20ud, — 18uul, + ul
—132u7 + 2310u*u? + 770uu? — 924udu, — 462uu] — 440uud,

+198uul, + 110upul, — 22uul, + ul,. (4.5)

Note that the forms of invariants are not unique. Some of the terms in invariants can

always be integrated by parts to obtain equivalent forms, modulo total derivatives.

For example, p3 can be replaced by p3 = —2u® — uug,, since p3 — p3 = Do(uus).

4.2 Invariants Explicitly Dependent on = and ¢

The KdV equation (2.7) has also a single invariant which ezplicitly depends on z and

t. Again, our algorithm can be used to find this invariant provided that we specify

the maximum degree in z and ¢.

Doing so, the single invariant of KdV (2.7) with linear explicit dependency

1
p=tu+ i (4.6)

readily follows. Observe that p is of rank 1.
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4.3 Nonuniform Systems

For systems that are inhomogeneous under a suitable scaling symmetry, we can again
use our trick, and introduce one (or more) auxiliary parameter(s) with an appropriate

scaling.

Example 4.1 Working with the Boussineq equation (3.13), rewritten as a first-order
system (3.14), we were able to compute many invariants. The first four invariants
are:

P = U, P2 = U,

(4.7)

ps = uv, ps = u?—ud 404 oul

Conservation laws play a key role in the study of this wave equation. They can be
used to prove that solutions are bounded for certain sets of initial conditions [28], or,

conversely, to show that solutions fail to exist after a finite time.
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Chapter 5

PDE CASE: APPLICATIONS AND EXAMPLES

A major application of our algorithm deals with the investigation of integrability
of systems with parameters. Our algorithms can be used to find the conditions on the
parameters so that symmetries and invariants exist. If for some choices of parameters,
the system admits a sequence of symmetries and/or conservation laws, we may have
detected an integrable system. In this chapter, we present such analyses and also list

our results for several other examples. For more examples we refer to [19].

5.1 Fifth-Order Korteweg-de Vries Equations

Consider the parameterized family of fifth-order eqﬁations,
us + oulug + Buguor + Yuuss + Uss = 0, (5.1)

where a, 3,7 are nonzero constants. Integrable cases of (5.1) are well known in the
literature [12, 30, 41, 60]. Indeed, for a = 30,8 = 20, = 10, equation (5.1) reduces
to the Lax equation [42]. The SK equation, due to Sawada and Kotera [61], and
Dodd and Gibbon [8] is obtained for & = 5,8 = 5,7 = 5. The KK equation, due to
Kaup [39] and Kupershmidt [40], corresponds to o = 20,5 = 25,7 = 10. Although
they only differ by the values of their parameters, the named equations have vastly
different properties.

The scaling properties of (5.1) are such that w(u) = 2,w(D;) = 5. Using our

algorithm, one easily computes the compatibility conditions for the parameters «, 3
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and 4, so that (5.1) admits a symmetry of fixed rank. The results are:
Rank 3: G = u, is a symmetry of (5.1) without any conditions on the parameters.

Rank 5: G = wu, + %uh is a symmetry of (5.1) provided that
3 2
a= 57 and 8 = 2. (5.2)

The Lax equation satisfies (5.2). Since the KdV equation is a member of Lax hierar-

chy, condition (5.2) comes as no surprise.

Rank 7: Equation (5.1) is of rank 7. The stationary part of (5.1) is the symmetry.

Rank 9: Three branches emerge:

(i) If condition (5.2) holds then

3 5 5 20 5 , 50 30
G =u Ug + —Uu, + —UUgUgy + —U U3 + "'Eu2:tu3m + _2u:z:u4:z:
Y Y Y Y Y
10 50 A
+;§uu52 + Wuh:- (53)
(ii) If
1
o= g'yz, and f =« (5.4)
holds, one has the symmetry
G 3 +15 3+ 5uu +£§uu +225u‘u +—Z§-uu
= U Ug 47'“';3 2 UUg U2z 9 3z 472 22 U3z 92 z U4z
75 375
— wusy + —— U7y 5.5
+472UU5 + 2873 7 (5.5)

The SK equation satisfies the condition (5.4).
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(iii) One has the symmetry

7% 5 135 15 , 225 525

G = vdu.+ guz + ‘EuuzUZz + ﬂu U3z + 2—72uzzusm + '87.;%“%
75 375
+4—72-'U/‘U,5x + 2_-8’)’3 U7y (56)
provided that
' 1, 5
o = 37 ) and IB - _2"7a (57)
which holds for the KK case.
Rank 11: One obtains the symmetry
2 4 62
G = vlu.+ —Ouui + —Ouzumugm + ——-guzugm + Eu:”uh -+ @uiugx
g g 32 3 32
200 120 400 20 , 800
+_2uu2xu3x + -—2U‘U,,;U4z + _3u3z:u4z + —211, Usg + _'E'U'2:cu51:
v v v Y 3
800 200 1000
+7—73uzu6x + 7_73““7: + 63"}’4 Ugz (58)

provided that the condition (5.2) for the Lax hierarchy is satisfied.

In summary, our algorithm allows one to filter out all the integrable cases in the
class (5.1). Alternatively, in [19] we investigated the conditions on the parameters
a, 8,7 such that (5.1) admits an infinite sequence (perhaps with gaps) of polynomial

conservation laws. The conditions in [19] are exactly the same as the ones above.

5.2 Hirota-Satsuma System

Hirota and Satsuma [31] proposed a coupled system of KdV equations,

ur = 6auu, + 6vvs + oz, v = 3uv, + vag, (5.9)
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where a is a nonzero parameter. System (5.9) describes the interaction of two long
waves with different dispersion relations. It is known to be completely integrable
provided a = —;. The scaling properties of (5.9) are such that w(u) = w(v) = 2.
System (5.9) is of rank 5. In a search for the symmetry of higher-order, we obtained

the symmetry of rank 7:

a w2 2'u. v2 4u'vv + 2u u 2'0 + = 2 + hl
= Uz = UV — JUVVz T JULU2z — JVUzV22 T JUUZr — TVUV3e z
1 3 3 gliatiae T gUatie T gl 30 ¥ ghts
1 2 1 2 2 2
Gz = —guzvm - §v2vm - §u2mvm - guzv&c - guv&t - 15”51‘7 (510)

provided that o = —1, which is the condition for complete integrability of (5.9).
Similarly, as presented in [19], the search for conservation laws leads to the same

condition on o.

5.3 Nonlinear Schrodinger Equation

The nonlinear Schrédinger (NLS) equation [1],
ige — g2z +2lg°g = 0, (5.11)

arises as an asymptotic limit of a slowly varying dispersive wave envelope in a nonlin-
ear medium, and as such has significant applications in nonlinear optics and plasma
physics. Together with the ubiquitous KdV equation, the completely integrable NLS
equation is one of the most studied soliton equations.

In order to compute the symmetries of (5.11), we consider g and ¢* as independent
variables and add the complex conjugate equation to (5.11). Absorbing 7 in the scale
of t, we get

gt — 2 +2¢°¢" =0, ¢ +a5,—2¢""¢=0. (5.12)



Since w(g) = w(q*), we obtain

w(g) =w(¢*)=1, and w(D:)=—w(t)=2.
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Hence, the symmetries of ranks (4, 4), (5, 5), and (6, 6), as computed with our program

InvariantsSymmetries.m [21], are:

GV = 690" + g GF) =GV = —69g°q} + g3,

G = —6¢°¢"? +6¢2¢" + 499-q] + 8992.9" + 200}, — qaey G =

G = 306%¢2¢"" — 10¢,2¢} — 209:9204" — 1094200} — 109423,
—109¢32¢" + g5z G5 = G},

For rank 2 through rank 6, we computed the following invariants:

*

pr = qq, P2 = ¢z,

P = 4’9"+ ¢4}, P = 49°°¢ + 392063,
*2 2 2 %2

1 * * 1 1 *
ps = ¢°¢°+ 39 % + 4997 q-q, + 39 4 + 592820

The NLS equation has infinitely many invariants and symmetries.

5.4 Vector Modified KdV Equation

G*(2)

(5.13)

(5.14)

In [68], Verheest investigates the integrability of a vector form of the modified KdV

equation (vinKdV),
Bt + (IBlzB)m + B3:z = 01

(5.15)
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or component-wise with B = (u, v),

us + 3ulug + viug + 2uvvg + ug, = 0,

v + 3020, + v, + 2uvug + vag = 0. (5.16)
With our software we computed

pr = u, pp=v, pz=u’+v’
1
po = (W +07) - (ug + ),

1 1
Ps = gm(u:" + '1)2) — §t(U2 + '02)2 + t(u: + U:) (517)

Note that the latter invariant depends explicitly on z and t. Verheest [68] has shown
that (5.16) is non-integrable for it lacks a bi-Hamiltonian structure and recursion op-
erator. We were unable to find additional polynomial invariants. Polynomial higher-
order symmetries for (5.16) do not appear to exist. Our results confirm Verheest’s

conclusion.

5.5 Heisenberg Spin Model

The continuous Heisenberg spin system [13] or Landau-Lifshitz equation,
S: =S x AS+ S x DS, (5.18)

models a continuous anisotropic Heisenberg ferromagnet. It is considered a univer-
sal integrable system since various known integrable PDEs, such as the NLS and
sine-Gordon equations, can be derived from it. In (5.18), S = [u,v,w]T with real

components, A = V? is the Laplacian, D is a diagonal matrix, and cross (x) is the
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standard cross product of vectors.

Split into components, (5.18) reads

U = VW — WU + (B — a)vw,
V¢ = Wugy — uWay + (1 — Buw,
Wi = UV — VU2z + (a — 1)uv. (5.19)

In the following table, we list the invariants for three typical cases; other cases are

similar.

D = diag(1, e, ) D = diag(1,a,0) | D = diag(0,0,0)
a#0,6#0 a#0

p=uifa=p p=wifa=1 p=1u
p=vifg=1 p=u?+ v+ w? p=v
p=wifa=1 p=(1—-a)i+w?|p=w
p=u?+v?+w? +ul+vl+wl | p=ul+0P 4w’
p=(1-a)p’+(1-pBuw p=ul+vl+wl

+ul + 02+ w?

Invariants for the Heisenberg Spin Model
Note that for all the cases we considered,
p=ul+v2+w?=||S|? (5.20)

is constant in time (since J = 0). Hence, all even powers of ||S|| are also invariants,

but they are dependent on (5.20). Furthermore, the sum of two invariants is an
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invariant. Hence, after adding (5.20) to
p= (=107 + (8 — 1w’ — (u + o] +w3), (5.21)
the latter can be replaced by
p=ul+ av? + Buw? — (vl + v2 + w?). (5.22)

Note that u2 = D,(uuz) — uus, and recall that invariants are equivalent if they only

differ by a total z—derivative. So, (5.22) is equivalent with
p = u? + av? + Bw? + uuy, + Vo + Wog, (5.23)

which can be compactly written as p = S- AS + S - DS, where D = diag(1, o, ).

Consequently, the Hamiltonian of (5.18)
H=—%/S-AS+S~DS de (5.24)

is constant in time. The dot (-) refers to the standard inner product of vectors.
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Chapter 6

RECURSION OPERATORS OF EVOLUTION EQUATIONS

In this chapter, we describe a new algorithm for the computation of recursion
operators of evolution equations. Later, we list our results for several examples. The
algorithm is based on scaling properties, and also uses knowledge of symmetries and
invariants of the evolution equations.

Recall that for a system of evolutionary PDEs,
u; = F(u, u;, uys, ..., Ume), (6.1)

a recursion operator is a linear operator ® in the space of differential functions with
the property that whenever G is a symmetry of (6.1), so is G with G = &G [52].

For n-component systems, ® is an n X n matrix.

6.1 Algorithm

For motivation, we start with two examples. For each, we list the recursion operators
and make several observations. Later we return to these examples to show how the

algorithm works.

Example 6.1 The first four symmetries of the KdV equation (2.7) are

GV =u,, GC? =6uu, +us,, GO =30u’u, +20uzus, + 10uus, + us,,

G =140ulu, + T0ud + 280uuzus, + T0uuz, + T0usuz, + 42uzus, + lduus, + urs,
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and the recursion operator which links these symmetries is
& = D2 4 2u + 2D,uD;? = D2 + 4u + 2u,D;1. (6.2)

Recall that w(u) = 2 for (2.7), and w(D,) = —w(D;') = 1 by definition. Therefore,
® in (6.2) has rank 2, which is also the increment in rank, between the consecutive

symmetries of (2.7), i.e.,
rank(G®) — rank(G®) = rank(G®) — rank(G®) = rank(G®) — rank(GV) = 2.

Since we are dealing with polynomial symmetries, applied to the right hand side of
(6.1), for any piece of the recursion operator that involves D71, the integration has
to be carried out completely. This is clearly true for our example (6.2), since D!
applied to the right hand side of (2.7), i.e. D;!(6uus + uzz) = 3u® + ug,, leaves no
integrations.

In order to obtain the terms involving D7! in the recursion operator, we use
the knowledge of the invariants of the PDE system. Recall that for (2.7), we have

p=u,p=u?p=1ud—1ul ... Hence, by the conservation law (2.2), we have

Dy =u, = =D_J, D;u? = 2uu, = —D_J, and

D,(u® - %ui) = 3uluy — upuge = (3u? — uzDg)uy = —DgJ, (6.3)

for some polynomial J’s. Therefore, D7, D7, and D;!(3u® — u.D,) applied to the
right hand sides of (2.7) will lead to a polynomial result after integration. However,
as we will see in the description of the algorithm, the terms involving D;'u and

D;!(3u? — u,D.) will be of no use for this example.
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Example 6.2 Consider the fifth-order Sawada-Kotera equation [8, 61]:
uy = 5u’ty + Suguse + Suugs + Uss, (6.4)

with w(u) = 2. Equation (6.4) belongs to a family that has infinitely many polynomial

symmetries. Moreover, these symmetries use one of the two distinct “seeds”, namely:
GY = y,, G® = 5uuy + Sugugg + Suusz, + Usg, (6.5)

i.e., G®-1) with rank 6; — 3 uses G(!) as the seed, and G**) with rank 67 + 1 uses G
as the seed, where 7 is a positive integer. Hence, the rank of the recursion operator

should be 6, agreeing with the operator in [58]

® = D8+ 2uD?+2D,uD3 4 D2uD? + 3uD,uD, + 3uD%u — 2D uD,u — 2u3

+D%uD;! 4 5D, uD2uD;! + 5u’D,uD;! + D,uD; (v? — 2u,D;).  (6.6)

Again, let us look at the terms involving D! in the recursion operator. Applied to

the right hand side of (6.4), they all lead to a polynomial, i.e.,

5
D1 (5uu, + Buguge + Suugs + Usg) = §u3 + Butizg + Uag, (6.7)
D7 (u? — 2u, D, )(5uluy + Bugus, + Suuze + uss) = u® — 10w’ + ... — 2u us,.

Once again, we can use the invariants of (6.4) to find the pieces involving D;!. The

first two invariants of (6.4) [19] are p = u, p = ju® — u2. Therefore, we have

Diu = u; = —D_J, and
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Dt(%u3 - Uz) = Uzut — 2UpUgy = (u2 - 2uz:Dx)ut = —DgJ. (68)

Now that we showed where the terms involving D! and D;!(u? — 2u,D.) in (6.6)

come from, we can start the description of our 2-step algorithm.

6.1.1 Step 1: Construct the form of the recursion operator

By definition, the recursion operator is a linear operator in the space of differential
functions. Based on the structure of the recursion operators in the previous examples,

it makes sense to use u, D, and pieces involving D!, as the building blocks.

Example 6.3 We return to the KdV equation (2.7). Since the rank of the symmetries
in the Lax hierarchy increases by two, the rank of the recursion operator must be two.

From (6.3), we know that we can use
K ={D;},D;'u,D;'(3u? — u,D.)}

as building blocks in addition to u and D,.

Start by listing all the permutations of D u* of exactly rank 2, for j, k nonnegative
integers: £ = {D?2,u}.

Next, for each element in K, we introduce possible monomials of u and D, on the
left, so that we get a new expression that has exactly rank 2. For instance, for D 1u,
we can introduce D, on the left, but then it becomes u, which we have in £. For
D;1, we can introduce D u and uD, on the left, taking the different permutations.
But, the latter one also results in u. There is no way of introducing powers of v and

D, on the left to D;?(3u? — u,D,), since it is already of rank 3, and we do not allow

repetitions of the building blocks involving D! in the same term. Hence, we end up
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with M = {D,uD;'}. The union of £ and M is
R = {D;,u,D;uD"},

which has the building blocks of the recursion operator. Linear combination of the

monomials in R with constant coefficients ¢; gives the form of the recursion operator:
®=c¢; D +cyu+c3DuDt (6.9)

Example 6.4 Let us return to (6.4). We know that the recursion operator must be

of rank 6. Start with all possible permutations of D} u* of exactly rank 6:

£ = {D%uD? D,uD3 D2uD?, D3uD,, Diu, u?D?, uD,uD,, uD2u, D,u’D,,

2,2 .3
D uD,u, Diu* u°}.

From (6.8), we have

K ={D;',D;*(v* — 2u,D.)},

and

M = {D%uD;!,uD3uD;!,D,uD2uD!, D2uD,uD Y, D3u?D !, u2D,uD?,

uD,uD;t, Du®D;?, DyuD;  (u? — 2u,.D,)}.
Then based on all the elements in R = £L|J M, we obtain

® = ¢;D%+ couD? + ¢3DouD? 4 ¢4D2uD? + ¢sD3uD, + csDiu + cru’D?2

+cguDguD, + CQUD:U + c10Dzu?D, + 11D uDu + clzDiuz + c13u®
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+¢14D2uD;? + c15uD3uD;! + 16D uD2uD ! + ¢;7D2uD,uD;?
+c18D2u2D;1 + clgu"’D,,.uD;1 + czoquu2D;l + cmDmusD;1

+022DzuD;1(u2 - 2u,D,). (6.10)
Now we can start with Step 2 of the algorithm.

6.1.2 Step 2: Determine the unknown coefficients in the operator

We determine the coefficients ¢; by requiring that
G0 = G+ =1,2,3,...,

where s is the number of seeds. Usually, the relations for the first few values of <

already fix all the unknowns. Therefore, we go up in ¢ as needed.

Example 6.5 For the KdV equation (2.7), requiring ®G® = G, with & in (6.9),

results in the linear system
S = {Cl -1 :0,1801 +C3—20 =0,661 +C2+63—10 =0,662+963—30 :0}

The solution is ¢; = 1,¢; = c3 = 2. Substituting the solution into (6.9), we obtain

(6.2).

Example 6.6 For (6.4), requiring that

G® =oG"Y, and GW=oG?,
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with @ in (6.10) results in (6.6). Notice that after partial integration (6.6) can be

also written as [58]

® = D&+ 6uD:+ 9u,D? + 9u’D2 + 11ug, D2 + 10u3, D, + 21luu,D, + 4u°

+16uuge + 6u2 + bugy + uz D7 (2uz, + u?) + GODZ?, (6.11)
with G® in (6.5), and observe that
D1 (2uze + u2)(5ulty + Sugtiay + BSutizs + ss) = u® + 5ulug + ... + 2uspuas. (6.12)

Using an example, we now show how we can generalize the algorithm to systems

of PDEs.

Example 6.7 Consider the Hirota-Satsuma system (5.9). The right hand side of
(5.9) belong to an infinite family of symmetriesif and only if o = — % The symmetries

use one of the two seeds, namely:

G0 = (6,6 with ¢V =u,, G =, (6.13)

1
G®@ :'(ng), ng)) with ng) = —3uu, + 6vv, — U3z ng) = 3uv, + vz, (6.14)

Furthermore, G(#-1) with rank 4: — 1 uses G() as the seed, G(*) with rank 4¢ + 1

uses G(® as the seed, where 7 is a positive integer. Hence, the rank of the recursion

®,;, P10\
operator ® = is 4, i.e., the ranks of ®,; are all 4.
Py B
Taking a = —1, the first two invariants of (5.9) are p = u, p = 3u®? — v*. Hence,
we have

Dtu = U = (1,0) : (ut,vt) = "'D:,;J, and
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1
Dt(-2—u2 —v?) = wu, — 2vv, = (u, —20) - (ug,v¢) = =D J, (6.15)
where dot (-) refers to the standard inner product of vectors. Therefore, we can use

K = {D;A,D;'¥},

10 u —2v .
where A = and ¥ = , as building blocks, in addition to u and
10 u —2v

D-!. With

L= {uzl‘, v’T, wvl, D2uT, D,uD, T, uD2, D24 T, DszzI‘,vDiI‘,D;I’} ,

11
where I' = and
11

M = {D3uD;'A,D3vD;'A,D,u’D'A,uD,uD; A, D,v*D; A, vD,vD A,

D,uvD;'A,uD,vD;*A,vD,uD;'A,D,uD;'¥,D,vD; ¥}, (6.16)

we can obtain the form of the recursion operator ®. The linear combinations involve
the entries of A, ¥ and I' multiplied with different sets of constants ¢;; for each

appearance. Requiring that G® = #G(1) and G® = &G gives

1 1
&, = 5(—3u2 — D2y — DuD, — uD? — 5D;t — 2D, uD;'u — D3uD?
—3D,u’D;! + 4D,v°D;! + 4vD,vD;),
®, = 2uv+ D2y 4 2D,0D, + 2vD2 + 2D, uD ',

1
&, = 5(—Dszz —vD?2 — 2D,vD;'u + 2D3vD; ! + 4D, uvD;?
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+2uD,vD;! — 4vD,uD?),
®y; = 2v®+2D,uD, + 2uD2 + D2 + 2D, vD 1v. (6.17)
6.2 Examples

In the examples below, we list the recursion operators obtained using our algorithm.

Example 6.8 Burgers Equation

The Burgers equation is given by
Ug = UUg + Uz, (6.18)
and based on our algorithm the recursion operator for (6.18) is
1 -1
@ = D, + ;D.uD’,

which agrees with the result in [58].

Example 6.9 Modified KdV (MKdV) Equation

For the MKdV equation [1],
us = 6ulug + usg, (6.19)

the recursion operator is

® = D? 4 4D, uD;u.

Example 6.10 Potential KAV (PKdV) Equation

The PKdV equation is
U = ul + ugq, (6.20)
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and its recursion operator [58] is

2 2 2 ,
®=D2 - guDz + 3Dou + §D;1uzDz.

Example 6.11 Kaup-Kupershniidt Equation

The Kaup-Kupershmidt [39] equation,
up = 20u%ug + 25uzuos + 10uuss + Uss, (6.21)
has the recursion operator [58]:

$ = D¢+ uD?+ D,uD3+2D2uD? + 3D3uD, + 3D%u — 3u?D2 — 3uD,uD,
+51uD2u — 29D, uD u + 2D3uD;? — 30uD3uD;! + 50D, uD2uD?

+8u?D, uD;! + 16uD,u?D;! + 2D, uD;'(4u? — u,D,).

Example 6.12 Potential Sawada-Kotera Equation

The potential Sawada-Kotera equation,

5
U = guz + 5uzuzs + Usz, (6.22)

has the recursion operator [58]:

& = D®—6uD5 + 7D,uD? — D2uD? — DiuD, + D3u + 5u°D2
—TuD,uD3 + 4uD3uD, — 5uD%u + 2D, uD,uD2 — 4D, uD2uD,,

+5DuD3u — gu?’Di + 1—3?1

2
+§uDzuD,qu — %uDzuDiu + gDmuDzuDzu

u*DyuD? — %uzDiqu + 5u?D3y
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1
+§D;l(4u;°;Dac — 9u? D, — 18uzu2.D2 + 6us,D3)

+D,uD; (42D, — 2u,,D2).

Example 6.13 Potential Kaup-Kupershmidt Equation

The potential Kaup-Kupershmidt equation,

20 15
Uy =. "3—’1112 + ?ugx + 10'11«3'“33; + Usg, (623)

has the recursion operator [58]:

& = D& —3uDS +2D,uD? — DZuD2 + D2uD, + 2D3u + 11u*D?

+2uD,uD? — 45uD2uD? + 28uD3uD, — 5uD%u + 32D, uD,uD?

6?3—4u3D2 + }%uzDzuDi

3
1 1
u2Diqu + 40u2D2u + -3ﬁuD¢uDzuDz — —?—quuDiu

—28D,uD?uD, — 10D, uD3u + 15D2uD2u —

_%

3

4 1
+—§quququu + gD;1(32UiDz ~ 18u? D, — 36uu,DZ + 3uz,D3).

Example 6.14 Boussinesq Equation

For the Boussinesq equation [52, p. 460]

Up = Vg, Vg = guux + %u;;x, (6.24)
the recursion operator is
3(v + 2D,vD;?) 3(DZ + v + D,uDt)
® =| D!+ 3D,(D,u+uD,) 320 + DDzl | (6.25)

+2u(D2 + 4u) + 2(4D,u + D?)uD;?
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Chapter 7

DDE CASE: DEFINITIONS AND THE KEY CONCEPT

In this chapter, we give the definitions of a symmetry and a conservation law for
a system of DDEs. Also, we describe the dilation invariance for DDEs, which is the
key concept behind our algorithms. Later in the chapter we define an equivalence
relationship, which will be used for the computation of conservation laws.

Consider a system of DDEs,
u, = F(...,up 1,0, 0041, ...), (7.1)

where the equations are continuous in time, and discretized in the (single) space
variable. As before, u, and F are vector dynamical variables with any number of
components, and F is assumed to be a polynomial with constant coefficients. There
are no restrictions on the level of the shifts or the degree of nonlinearity. If DDEs are
of second or higher order in ¢, they must be recast in the form (7.1).

' For notational simplicity, the components of u,, will be denoted by u,,v,, etc.,

and we use Fi, F, ... to denote the components of F.

7.1 Symmetry

A vector function G(...,Up_1, Up, Upn41,...) is called a symmetry of (7.1) if the infinites-

imal transformation

u, — u, + €G(...,Up_1,Upn, Upy1,...) (7.2)
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leaves (7.1) invariant within order e. Consequently, G must satisfy the linearized
eqﬁa,tion [9, 11]
D;G = F'(u,)[G], (7.3)

where F' is the Fréchet derivative of F, defined as
, 0
F'(u,)[G] = 5—€-F(un + €G)|e=0- (7.4)

Of course, (7.2) means that U, is replaced by unix + €Gjrnik. For compactness

of notation, in (7.3) and (7.4) we used F'(u,) instead of F'(...,upn_1, Un, Uny1,...).

7.2 Conservation Law

For (7.1), we define a local conservation law by
pn =Jn— Jn+la (7'5)

where p, is the invariant (conserved density) and J, is the associated flur. Both
functionals are assumed to be polynomials in u, and its shifts. Also, (7.5) is satisfied
on solutions of (7.1). Obviously,

%an = pn = S = ), (7.6)

n

and the telescopic series Y, (J, — Jn+1) vanishes for a bounded periodic lattice or a
bounded lattice resting at infinity. In that case, Y, pn is constant in time. So, we

have a conserved quantity.
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Example 7.1 Consider the one-dimensional lattice [25, 67]

Jn = €XP (Yn-1 — Yn) — €XP (Yn — Yn+1), (7.7)

due to Toda. In (7.7), y, is the displacement from equilibrium of the nth particle with
unit mass under an exponential decaying interaction force between nearest neighbors.

With the change of variables,

Un = Yn, Un = €XP (Yn — Yn+1), (7.8)
the Toda lattice (7.7) can be written in polynomial form
Up = Up_i — Un, Up = Un(Up — Unt1)- (7.9)
System (7.9) is completely integrable. The first two invariant-flux pairs
(1) = y,,, J,(ll) = vp_1, and pg) = %ui + Vp, J,(;") = UpUn_1, (7.10)

n

can be easily computed by hand. Moreover, one higher-order symmetry of (7.9) is:
Gl = vn(un+un+1)_vn—l(un—l +un), GZ = vn(ui.{.l _ui)+vn(vn+1 —vn—l)- (711)

7.3 Key Concept: Dilation Invariance

Recall that scaling invariance, which results from a special Lie-point symmetry, is an
intrinsic property of many integrable nonlinear PDEs and DDEs. Indeed, observe

that (7.9), and the couples p), J(V) and p(, J(¥ in (7.10) (after inserting them in
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(7.5)), and (7.11) are all invariant under the dilation symmetry
(t, Uny Un) = (A7, Aup, A%0,), (7.12)

where ) is an arbitrary parameter. Stated differently, u,, corresponds to one derivative
with respect to t; denoted by u, ~ ad;. Similarly, v, ~ f;;.

Analogous to the PDE case, we will exploit this scaling invariance to find sym-
metries and invariants.

For an algorithmic determination of dilation invariance, let us give a couple of
definitions. In contrast to the PDE case, we have to define the weight, w, of variables
in terms of the number of derivatives with respect to ¢, and we set w(3) = 1. Weights
of dependent variables are nonnegative, rational, and independent of n. In view of
(7.12), we have w(u,) = 1, and w(v,) = 2.

The rank of a monomial is defined as the total weight of the monomial, again
in terms of derivatives with respect to ¢t. Observe that in the first equation of (7.9),
all the monomials have the same rank, namely 2, and in the second equation, all the
terms have rank 3.

Conversely, requiring uniformity in rank for each equation in (7.9) allows one to

compute the weights of the dependent variables. Indeed,
w(ug) + 1=w(v,), w(va)+1=w(u,) + w(v,),

yields w(u,) = 1, w(v,) = 2, which is consistent with (7.12).
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7.4 Equivalence Criterion

We introduce a few concepts that will be used in our algorithm for conservation laws.
Let U denote the shift-up operator, defined on functions of the dependent variables.
Its inverse, D = U™!, is the shift-down operator. Both are defined on the set of
all monomials in u,, and its shifts. If m is such a monomial then Dm = m|n_n-1
and Um = m|non41. For example, Dupiovy = Uny1Vn-1 and Utp_2Un-1 = Un—1Un.
It is easy to verify that compositions of D and U define an equivalence rélation on
monomials. Simply stated, all shifted monomials are equivalent, e.g. Un—1Un41 =
Un42Untd = Un—_3Un-1. Lhis equivalence relation holds for any function of the depen-
dent variables, but for the construction of conserved invariants we will apply it only
to monormials.

In the algorithm, we will use the following equivalence criterion: if two monomials
my and m, are equivalent, m; = my, then m; = my + [M, — M,1] for some
polynomial M, that depends on u, and its shifts. For example, up_2un = Up—1Uns1
SINCE Un_2Un = Un—1Unt1 + [Un—2Un — Up—1Unt1] = Un—1Un41 + [Mn — Myuq1], with
M, = Up_oUn.

The main representative of an equivalence class is the monomial of that class
with n as lowest label on u (or v). For example, unt,42 is the main representative of
the class with elements up_1Unt1, Unt1Unts, etc. Lexicographical ordering is used to
resolve conflicts. For example, upvns2 (not up_2vy,) is the main representative in the

class with elements u,_3Vn_1, Unt2VUnt4, €tc.
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Chapter 8

SYMMETRIES OF LATTICES

In this chapter, we describe our algorithm for the computation of symmetries of
lattice equations. The algorithm is first illustrated on a scaling invariant example.
Later in the chapter, we show how to handle nonuniform systefns.

Recall that for a system of DDEs,
u, = F(...,up_1,0,, Up41,..0), (8.1)

a vector function G(...,Un_1,Upn, Unt1,...) is called a symmetry of (8.1) if G satisfies

the linearized equation [9, 11]
D:G = F'(u,)[G], (8.2)
where F’ is the Fréchet derivative (7.4) of F.

8.1 Algorithm

As the leading example, we consider the Toda lattice (7.9) with scaling properties
such that w(u,) = 1 and w(v,) = 2. Our 2-step algorithm exploits this scaling

property to find symmetries.
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8.1.1 Step 1: Construct the form of the symmetry

As an example, we compute the form of the symmetry (G1, G2) of rank (3,4). Start

by listing all monomials in u, and v, of ranks 3 and 4, or less:

= {ud, U2, UnVn, Un, v}, L2 = {ud ud,v2v,, 42, upvp, Un, v2, v, }.
Next, for each monomial in £; and £, introduce the necessary t-derivatives. so that
each term has exactly rank 3 and 4, respectively. At the same time, use (7.9) to

remove all t—derivatives. Doing so, based on £;, we obtain

0
to (u3) = m(unvn) = UnUn,
d d
E(uf‘) = QUnly = 2UpUp_1 — 2UnUnp, " —(Vn) = Un = UnVUn — Un41Vn,
d

w(un) = a(un) = E(vn—l - vn) = Un-1Un—-1 — UnUn-1 — UpUn + Un41Vn.

Gather the resulting terms in a set: Ry = {ui, Un—1Un—1, UnUn—1, UnUn, Un4+1VUn }. Sim-

ilarly, based on the monomials in £;, we get

2 2 2
{un, Up_1Un—1, Un-1UnVUn—1, UpUn—1, Un-2Un—-1,V,_1, U, VUn,

2 2
UnUn41Vn, Uy 11 Yn) Un1Vn, Uy UnUntl }

Linear combination of the monomials in R; and R, with constant coefficients c; gives

the explicit form of the symmetry:

3
Gi = au,+c2Un-1Vn-1+ C3UnVUn-1+ C4UnVn + C5 Unt1Vn,
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‘ 4 2 : 2
Gy = ¢ U, + C7U, _1VUn_1 + C8Un_1UnVn-1 + Co U, Un_1 + €10 Un—2Vn—1
2 2 2
+€11Vp_1 + C12 Uy Un + €13 UnUn41Vn + C14 Upy1Un + €15 Un—1Vn

Fe16 V2 + 17 UnUny. (8.3)

8.1.2 Step 2: Determine the unknown coefficients in the symmetry

To determine the coeflicients ¢;, we require that (8.2) holds on any solution of (8.1).
Compute D;G and use (8.1) to remove all @1, Uy, Upt1, etc. Compute the Fréchet
derivative (7.4) and, in view of (8.2), equate the resulting expressions. Considering
as independent all the monomials in u, and their shifts, we obtain the linear system

for the coeflicients c;.

Applied to (7.9) with (8.3), we obtain the solution

Cp=cg=Cr=cCg=0Cy=2Cp=2C11 = C13= 16 =0,

TG T TR T =0 2= = G5 = ar. (84)
Therefore, with the choice ¢;7 = 1, the symmetry is
Cl == Un(un+un+1) _vn—l(un—l +un)a G2 = v,,(ui_,_l —’U,i) +vn(vn+1 _'Un~1)- (85)

It is easy to produce new completely integrable DDEs based on these symmetries.

For instance, the DDE system

an = Gl = vn(un + un+1) - vn—l(un—l + un),

Un = Gz =vn(Unyy = Up) + Va(Vnp1 — Vn-1).

is also completely integrable.
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Example 8.1 To illustrate the effectiveness of our algorithm to filter out integrable
cases among systems of DDEs with parameters, consider a parameterized version of

the Toda lattice,

i"n = Q0 Up_1 — VUn, 'i)n = Un (,B Up — un+1)a (86)

where a and 8 are nonzero constants. In [53], it was shown that (8.6) is completely
integrable if and only if a = 8 = 1. |
Using our algorithm, one can easily compute the compatibility conditions for o
and B, so that (8.6) admits a polynomial symmetry, say, of rank (3,4). The steps are
the same as for (7.9). However, the linear system for the ¢; is parameterized by « and
B and must be analyzed carefully. This analysis leads to the condition o = § = 1.
For a = B = 1, (8.6) coincides with (7.9), for which we computed symmetries

with ranks (4,5) and (5,6). They are:

1 2 2 2 2
Gg ) = U,Un + UnUn4+1Un + Uypt1Un + Un + UnUn4l — Uy _1Un-1 — Un-1UnUn-1

2 2
—U,VUn-1 — Un—2VUn—-1 — Uy _1,

1 2 3 3
G = Un4192 4 2Unt19aVn41 + Unt2UnVntr — UV + Ud 08
2
—Up_1Vp_1Up — 2UpUp—1Vn — UnUj, (8.7)
2 3 2 2 3 2 2
Gg ) — UpUp + UpUnt1VUn + UnlUp 1Vn + Upp1Vn + 2UnVy, + 2Unta1 v,

3 2

+unvnvn+1 + 2u'n+1"-)-n."-’n+1 + Un42UnVUntl — Up_1Un-1 — U, _1UnVUn—1
2 3 2
—Un-1U,Un-1 — U, Un—1 — Un_2Un—2Un-1 — 2Un-1VUn—2Un-1
2 2
—UnpUn—2Un_1 — 2Un_1V;_1 — 2UnV,_1,
() _ 4 4 2 2
Gy’ = Upy1Un — UpUn — Uy _1Vn—1Vn — 2Un—1UnVUn-1Vn — 3UpVUn—1Un

n

2 2,2 2 2 2 2
—Upn—2Vn_1Vn — Uy, _1VUn — 2Up V), + 2Up 1V, — Un_1Vy, + 3Up 41 UnUny1
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2 - 2 2
+2un+lun+2vnvn+1 + Un+2'0n'0n+1 + UV Vn+1 + 'vnvn+1 + vnvn+1vn+2° (88)

8.2 Nonuniform Systems

As in the PDE case, for scaling invariant systems such as (7.9), it suffices to consider
the scaling symmetry on the space of independent and dependent variables. For
systems that are not scaling invariant, such as the example given below, we use our
trick: introduce one (or more) auxiliary parameter(s), and treat them as dependent

variables with the appropriate scaling.

8.2.1 Ablowitz-Ladik Discretization of the NLS Equation

In [3, 4], Ablowitz and Ladik studied some of the properties of the following integrable

discretization of the NLS equation:
1 Un = Uns1 — 2Un + Un—1 T WS UL (Uny1 + Un-1), (8.9)

where u? is the complex conjugate of u,. We continue with the plus sign; the other
case would be treated analogously. Instead of splitting u,, into its real and imaginary
parts, we treat u, and v, = u’ as independent variables and augment (8.9) with its

complex conjugate equation. Absorbing ¢ into the scale on ¢, we get

'&'n = Up4l — 2Up + Up_1 + unvn(un+1 + un—l)y

Un = —(Unt1 — 2Un + Vno1) — UnUn(Vnt1 + Vno1). (8.10)

Since v, = u}, we have w(v,) = w(uy,). Neither of the equations in (8.10) is uniform

in rank. To circumvent this problem, we introduce an auxiliary parameter o with
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weight, and replace (8.10) by

Uy = a(un+1 — 2u, + un-1) + Un'Un(’Um+1 + un—1),

i)n = _a(vn+1 - 2v, + vn—l) - unvn(vn+1 + 'Un—l)- (811)
Uniformity in rank requires that

w(u,) +1 = w(a) + w(u,) = 2w(un) + w(ve) = 3w(u,),

w(vn) +1 = w(a) + w(v,) = 2w(ve) + w(un) = 3w(vy,),

which yields w(un) = w(vy) = 3, w(a) =1, 01, u2 ~ v ~a~ .

Recall that the ‘uniformity in rank’ requirement is essential for the first step of
the algorithm. However, after step 1, we may set « = 1. The computations now
proceed as in the previous example. We searched for symmetries of (8.10) of ranks
(2,2) through (7/2,7/2), and found symmetries of ranks (5/2,5/2) and (7/2,7/2).

To save space, we only list the symmetries of rank (5/2,5/2) :

1 2 2
Gg ) = TUn42 — UnUn41Un-1 — Upy1Un — UnUnt2Un — UpUny1Un—1Un

2 2
—UnUpy1Vy — Unp1Ung2Ungl — UnlUnt1Unt2UnVUngd,

1 2
Gg ) = Up-2 + Un-1Un-2Un-1+ UnUp_q + UnVn—2Un + Unt1Vn-1Vn
2,2 2
+Un—1UnVn_2Vn_1Vn + U,V _1Vn + UnUnt1Vn-1V;, (8.12)
G(2) — 2
1 = —Up-2 — Up-2Un_-1VUn-1 Up_1Un — Un-2UnUp — Upn2Un-1UnVUn—-1Un

2 2 2
—un_lunvn — Up-1UnpUnt1 — un—lunvnvn+1,

2 2 2 2 2
Gg ) = Un—1UnVUntl T Un-1UnVpUntl + UnVp 1 + UpVUnVUp

FVnt2 + UnVUnVUnt2 + Unt1Unt1Unt2 T UnUnt1UnVUnt1Un42- (813)
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Chapter 9

INVARIANTS OF LATTICES

In this chapter, we describe our algorithm for the computation of conservation
laws ‘of lattice equations. The algorithm is illustrated with an example. Also, the
usefulness of the equivalence relation that we introduced in Chapter 7 becomes clear

here.

Recall that for a system of DDEs,
u, = F(..,up_1,Up, Upy1,...), (9.1)

a local conservation law is of the form
Pr = Jn — Jnt1, (9.2)

where p,, is the invariant and J, is the associated flur. Our algorithm is currently
designed for p, = Ju—p — Jn41 with p = 0. Modifications would be needed if p = 1

were used.

9.1 Algorithm

To illustrate the algorithm, once again, we consider the Toda lattice (7.9). Keeping

in mind that w(u,) = 1 and w(v,) = 2, we now start the description of our algorithm.
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9.1.1 Step 1: Construct the form of the invariant

As an example, let us compute the form of the invariant of rank 3. List all monomials
in u, and v, of rank 3 or less: G = {u3, 42, u,Vn, Un, v, }.
Next, for each monomial in G, introduce the necessary ¢t-derivatives, so that each

term has exactly weight 3. Thus, using (7.9),

dO dO

aﬁ(ui) - Ui, m(unvn) = UnUn,

d(z) Uty = 2Unv 22U, d(v) Dy = ULV v
F\Uy ) = LURUR = nUn-1 — nUn, T \Un) = Un = UpUp — Un n,
dt n 1 dt Un+1
d? d,. d

W(un) = a(un) = a(vn—l - vn) = Up-1Un-1 — UnUn—1 — UnUn + Uni1Vn.

Gather the resulting terms in a set H = {ui, UnUn—1, UnUn, Un—1Un—1, Un4+1Vn }. Identify
members that belong to the same equivalence classes and replace them by the main
representatives. For example, since u,vn_1 = up4+1vn the latter is replaced by u,v,—1.
Doing so, H is replaced by Z = {3, un¥n_1, unva}, which contains the building blocks
of the invariant. Linear combination of the monomials in 7 with constant coefficients

¢; gives the form of the invariant:
Pn = C1US + C2UnUn_1 + C3 Un¥n. (9.3)

9.1.2 Step 2: Determine the unknown coeflicients in the invariant

We determine the coefficients c; through c3 by requiring that (9.2) holds. During this
step, we also compute the unknown flux J,.

Compute p, using (9.3). Then use (7.9) to remove %n, v, etc. After grouping
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the terms

pn = (31— C2)“i”n-1 + (cs — 3c1 )Uivn + (c3 — €2)VUn-1vn

2 2
+CoUn_1UnVUn_1 + C2V;_; — C3UnUn41VUpn — C3VS. (9.4)

Use the equivalence criterion to modify p,. For instance, replace un_junvn_1 by
UnUns1Vn+[Un—1UnVUn—1—UnUnt+1Vn]. The goal is to introduce the main representatives.

Therefore,

pn = (3c1 — ea)ulva1 + (c3 — 3er)ulv, (9.5)
+(C3 - Cz)vnvn+1 + [(03 - 62)vn_1vn - (C3 — c2)vnvn+1]
+CoUnUn41Vn + [C2UR-1UnVn—1 — C2URUn41Vn]

+cpv2 4 [cav?_) — cavE] — CaURUR§1Un — CaV2. (9.6)

Next, group the terms outside of the square brackets and move the pairs inside the
square brackets to the bottom. Rearrange the latter terms so that they match the

pattern [J, — Jnt1]. Hence,

pn = (31 —c )Uivn—l + (s — 3c1)uf;vn
+(c3 = €2)Unns1 + (€2 = €3)UnUnt1vn + (c2 — €3)07

+[{(03 — €2)Un—1Un + CoUn_1UnVn_1 + szi_l}

—{(c3 — €2)UnVnt1 + C2URUR41Vn + cv2}). (9.7)
The terms inside the square brackets determine:

Jn = (€3 — €2)Un—1Vn + C2UR_1UnVn_1 + czv,zl_l. (9.8)
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The terms outside the square brackets must all vanish, yielding
S = {361 — Cy = 0,C3 —-3c = 0,C2 —C3 = 0} (99)

The solution is 3¢; = ¢2 = c3. Since invariants can only be determined up to a
multiplicative constant, we choose ¢; = %, so, ¢ = ¢z = 1, and substitute this into

(9.3) and (9.8). Hence,
Pn = %Ui + Un('Un—l + ’Un), Jn = Un-1UnVn_1 + '0121—1‘

Analogously, we computed invariants of rank < 5 for (7.9). They are:

PV =, PP =3ul s, o =3 Fun(vai o), (9.10)

Sf‘) = %ui + ui(vn_l + V) + UnUnt1Vn + %vi + VUnUng1, (9.11)
Psls) = %‘Uz + ui(vn—l + vn) + unun+lvn(un + un+1)
+unvn—l(vn—2 + VUn-1 + vn) + unvn(vn—l + vn + vn-{-l)- (912)

Ignoring irrelevant shifts in n, these invariants agree with the results in [25]).

Example 9.1 Consider the parameterized Toda lattice (8.6). In [53] it was shown
that (8.6) is completely integrable if a = 8 = 1.

Using our algorithm, we search for the conditions on a and 3, so that (8.6)
admits a polynomial invariant of, say, rank 3. The steps are the same as for (7.9).

However, (9.9) must be replaced by

S={3cx01 —C2:0,ﬂ03—361 =0,a03-—02 =0,,BC2—C3=0,aC2—C3—_"0},
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A non-trivial solution 3¢; = ¢; = c¢3 will exist if and only if « = 8 = 1.
Analogously, (8.6) has invariant p(!) = u, of rank 1 if @ = 1, and invariant
p® = u? + v, of rank 2 if a8 = 1. Only when o = 8 =1 will (8.6) have invariants

of rank > 3.

9.2 Nonuniform Systems

For nonuniform systems, we introduce auxiliary parameters with weights.

Example 9.2 Working with the discretization of the NLS equation (8.9) written as

(8.10), we were able to compute the invariants. Here are some of them:

1
g) = ClUnVUn—_1 + CoUnUny1, (9.13)
2 1,2,2
PSL) = c1(3UpVp_1 + UnUn41Vn-1Vn + UnUn—2)
1..2,..2 9 14
+ c2(§un'vn+1 + UnUn41VUnt1Vnt2 + un'vn+2), ( . )
3 1,33
p® = a[udvd ) + UnUnt1Vno19n(UnUno1 + Unt1Vn + Unt2Uni1)

unvn—l(unvn—Z + un+lvn—1) + unvn(un+lvn—2 + un+2vn-—1) + unvn—3]

1,33
C2[§unvn+1 + unun+1vn+1vn+2(unvn+1 + Un41Uny2 + un+2vn+3)

+ o+ o+

unvn+2(unvn+1 + un-’i-l 'Un+2) + unvn+3(un+1 Un+1 + Un42Uny2 ) + unvn+3] . (9 15)

Our results confirm those in [3]. Also, if defined on an infinite interval, (8.9) admits
infinitely many independent conserved densities [3]. Although it is a constant of

motion, we cannot find the Hamiltonian of (8.9),
H = i 3 [ (tno1 + ) — 21n(1 + wnul)], (9.16)

for it has a logarithmic term [2].
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Chapter 10

DDE CASE: EXAMPLES

In this chapter, we list symmetries and invariants for some lattice systems.

10.1 Discretizations of the KdV Equation

Consider the following integrable discretization of the KdV equation:

Up = Up (Un41 — Un-1), (10.1)

which is also known as the Kac-Van Moerbeke equation or a special form of the

Volterra system. It arises in the study of Langmuir oscillations in plasmas and in

population dynamics [1, 38, 69].

Notice that (10.1) is invariant under the scaling symmetry (¢,u,) — (A7'¢, Aun).

We computed the symmetries of (10.1) with ranks 3 through 5. They are:

G
G

G®)

unun+1(un + Un41 + un+2) - un—luﬂ(un——Z + Up-1 + 'U'n), (102)
3 2.2 3 2 2
UpUngl F 2Up Uy g + UnUpyg + UpUnp1Ung2 + 2Unly, 1 Ung2
2 2
+unun+lun+2 F UnUn41Un42Unt3 — Un-3Un—2Un—1Up — Uy, _oUn—1Un
2 3 2 3
—2Up_oUs _Up — U _1Up — Up—2Un—1U; — Un-1U, (10.3)
4 2,2 3.2 2. 3 4 3
UpUnt1 + Un-1UpUpy1 + 3unun+1 + 3unun+1 + UnUpt1 + UpUn41Ung2

2,2 3 2 2 2 2
+4unu’n+1u‘n+2 + 3u"nun+1un+2 + UpUnt+1Upnyo + 3uﬂun+1un+2

3 2 2
+unun+1un+2 + U, Un+1Un42Unt3 + 2unun+1un+2un+3 (104)
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2
FUnUnt1Unt2Up i3 T UnUnt1Unt2Un+3Unts — Un—4Un—3Un—2Un—1Un
2 2 3
—Up_3Un—2Un—1Un — 2Un_3Uy_oUn_1Un — Up_oUn_1Un

2 2,2 3 4
—2Up_3Up_2U,_1Un — U, _oUp_Up — FUn_2Up_1Un — Up_1Un

2 2 2 2 .2 3 .2
—Up_3Un—2Un—1Uj, — Un-2U, U, — dUup_ou, ju, — 3u,_1u,

3 2 .3 4_ .2 2
—UpgUn_1U) — U2 _ UL — Up_1U;, — UL U Unt. (10.5)

Ignoring a trivial misprint in [47], Mikhailov et al. listed the symmetry é(l).

Analogously, for (10.1) we computed the invariants of rank < 5:

PP = u, PP = Ul + untny, (10.6)
psla) = %ui + UnUnt1(Un + Unt1 + Uni2), (10.7)
@ = T+ uiungy + Julul )+ untd  (Ungr + Unga)
FUnUni1Un+2(Un + Unt1 + Unt2 + Unts), (10.8)
O = Jud + ununga (v + S ) + 2uhud 4 (un + Unta)

2 2
FUnUng1Unt2(Uy + UnUng2 + Ung1Uns3) + SUnUp 1 Uny2
2
(un + Un+1 + un+2) + unun+1un+2(un+2 + un+3)

FUnUni1 un+2un+3(un + Uny1 + Ung2 + Ungs + un+4)- (109)

We also computed invariants for the following completely integrable discretiza-
tion [66]
2

Up = (1 + %un) l:‘;’(un+2 - un—-Z) - (un+1 - un—l) + 11_2['”3,4_1 - Un_1+

un+1(un + un+2) - un—l(un + un—2)]]a (1010)

of the KdV equation u; + uu, + uz, = 0.
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To make (10.10) uniform in rank, we introduce auxiliary parameters o and 3

with weight, and replace (10.10) by

Un = (a+ 3un) [ﬂ[%(un+z = Un—2) = (Unt1 — Un-1)] + Slud; —ul_+

un+1(un + un+2) - un—-l(un + un—2)] ’ (1011)

2

2 ~a?~ %~ & We computed the invariants of rank 1 and 2 which, upon

then, u

decomposition in independent pieces, yield

pgll) = Up, pff) = un(%un + Unt1), (10.12)
¥ = un(%ui + UnUng1 + Ul yg + 6Untz + Unt1Unia). (10.13)

Two more independent invariants for rank g were computed.

10.2 Extended Lotka-Volterra Equation

Itoh [37] studied the following extended version of the Lotka-Volterra equation (10.1),

k-1
Up = Z(un_, — Uptr )Un. (10.14)

r=1

For k = 2, (10.14) is (10.1), for which we listed its symmetries and invariants in the

previous section.

For (10.14), we computed 5 invariants and 2 higher-order symmetries for k = 3

through £ = 5. Hereis a pa,rtié,l list of our results:



Case 1: £t =3

Invariants:

1

pL = Un, p2 = —U + Un(Uns1 + Uni2),
1
ps = gui + U:(Unﬂ + Unt2) + Un(Unt1 + un+2)2

FUn(Unt1Unts + Unt2Unt3 + Unt2Unta).

Higher-order symmetry:

G = ul(Uni1 + Unt2 — Un—2 — Un—1)
+Un[(Uns1 + Unt2)’ — (Unc2 + tn-1)’]
+uUn [un+lun+3 + Un4+2Un43 + Un42Unitq

_(un—-4u’n—2 + Up-3Un—2 + un—3un—1)]°

Case 2: k=4
Invariants:
1,
P1 = Un, p2= U, + un(un+1 + Upy2 + un+3)7
1
pa = gt tn(tint + Ungs + nys) + Un(tnt1 + Ungz + tnys)’

+un(un+1un+4 + Unt2Untd + Unt3Untd + Unt2Unys

+un+3un+5 + un+3un+6)-

Higher-order symmetry:
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(10.15)

(10.16)

(10.17)

(10.18)

(10.19)

G = Un[Unt1Unts + UnioUnis + Unt3Unid + Unt2Ungs + Uni3Unts + Uni3Unis
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‘_(un—ﬁun—3 + Un_5Un-3 + Un—4Un-3 + Un-5Un—2 — Un—qUn_2 + Un_4Un_1 )]
+un [(un+1 + Unt2 + un+3)2 — Un(Un-3 + Un—2 + Un—l)Z]

+u.,21[un+l + Un42 + Up43 — (un—3 + Un-2 + un—l)]' (1020)
The integrability and other properties of (10.14) are discussed in [33].

10.3 A Discretized Modified KdV (MKdV) Equation

In [1], we found the following integrable discretization of the MKdV equation:
U = (1 + ©2)(Ung1 — Un-1)- (10.21)

We computed four invariants of (10.21). The first three are:

P,(-,,l) = UnplUnp4l, (2) = %unun+1 + unuﬂ+2(1 + un+1)7 (1022)
PS.?) = uiu +1 + unun+lun+2(un + un+2)(1 + u’n+1)

Fuuntinta(1 4 uby1 (1 + unys). (10.23)

10.4 Self-Dual Network Equations

The integrable nonlinear self-dual network equations [1, 62] can be written as:
tn = (1 + u2)(vn — vai1), O = (1 4+ 02)(Ung1 — Un). (10.24)
We computed the first four invariants of (10.24). The first three are

A = wva_y + U, (10.25)
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P = Lul(vZ_) 4 02) + Untnpr(l + 02) + va(uivact + Vny1), (10.26)
p® = L33, 4 03) + vnttns1(UnVnot + Uns10n + upvn)(L + 02)

+unvn—2(1 + 'U,,Zl__l) + unvn-lvn(vn—l + vn)(]- + ui)

Fnnsr (1 +ul 1) (1 +02). (10.27)

10.5 Generalized Toda Lattices

The integrable relativistic Toda lattice [50] is given as:
'il'n = Un ('Un-!-l — Un + Untl — un—l)y F{)n = Un (un - un-l)- (1028)

We computed the first five invariants of (10.28). Here we list only the first three:

P = Un+Vn,  p2=2(ul +02) + Un(Uns1 + Vn + Vni1), (10.29)
pP3 = %(ui =+ ’Ug) + ui(un-i-l + vn + vn+1) =+ un[(un+1 + vn+1)2
+un+1un+2 + Un+1Un + Un4+1Un42 + VUnUn41 + vi] (1030)

Also the first two sjrmmetries are:

Ggl) = Un(Un41l — Un—1 + Vn41 — ¥n), G(21)=vn(u,, — Un-1), (10.31)
G = ul(Unt1— Un-14 Vnt1 = Vn)+ Un[(Uns1 + Unp1)? = (Uno1 + vn)?

FUnt1(Unt2 + Vnt2) — Un-1(Un-2 + Vn-1)], (10.32)
GP = v2(un — Un-1) + V(¥ — Up_1Un_2 — UE_) + UnUnp1

—Unp—-1Vn—-1 + unv,H.l). (1033)
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In [64], the integrability of the chain
i = Gnyre@rtie) — 2ntimwn) _ g e(nmun)  (2nmun), (10.34)

which is related to the relativistic Toda lattice has been studied. With the change of

variables, Un = ¥n, Un = €XP (Yns1 — Yn), lattice (10.34) can be written as
'dn = vn(un+1 - vn) - 'vn—l(un-—l - vn—l)) '[)n = vn(un+1 - un)- (1035)

Here, u, ~ v, ~ -c%. We computed a couple of symmetries for (10.35). One of them

reads:

2 2 2
Gl = U,_1Un-1 +t Up_1UnUn—1 + Un—2Vn_2Upn_1 — Vp—2Un-1 — Zun—lvn_l
2 3 2 2 2
~UnpVp_q + V) — UnUn41Un — Uy 1Vn + UnVy, + 2Uni1v,
—v3 — v +v v2
(2 Un42UnUnt1 n¥nt1y
2 2 2 2 2
G2 = UpUn — Up 1Vn + Un_1Vn_1Vn — Vp,_1Vn — UnV,, + Unt1V,

~Up42VUnUnt1 + Un”721+1- (10.36)

Also, we computed five invariants for (10.35). The first three are:

Y I} (1037)
¥ = %(ui + 203) = ua (V2 + v2) + Untny1Vn. (10.38)

In [65], Suris also investigated the integrability of

Yn = y'n [exp (yn+1 - yn) — €Xp (yn - yn—l)] ) (1039)
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which is closely related to the classical Toda lattice (7.7). The same change of vari-

ables as for (10.34) allows one to rewrite (10.39) as
Up = Un(Un — Un-1), Un = Un(Unt1 — Un). (10.40)

Again, u, ~ v, ~ %, and we have computed three symmetries. Two of them are:

1 2 2 2 2

G = wlvn + Unng1Vn + UnV) = Un_1Un¥n_1 — UlU_1 — unvl_,
1 2 2 2 2

Gg ) — U 11Vn + Ung1V) + Unt1VnVnsl — UpVUn — UnUn_1Vp — Uy, (10.41)
2 3 2 2 2,2 2 3

Gg ) = UpUn + UnUnp1Vn + Unlyp1Vn + 2005 + 2UpUn 1), + UnV,

2 2 3
+unun+1v‘nvn+1 — Up_1UnUn-1 — Un-1U,Un-1 — U Un-1

2 2.2 3
—Up—1UnUn—2Un—1 — 2Un—_1UnV_; — 2USV;_; — UnU_q, (10.42)
G2 — 3 3 — 92 _ 2 — 9uly?
5. = Uni1Un — UpUp — Un—1UnUn—1Un — 2UpUn_1VUn — UnVUj_1Vn — 2U,V;

2 2 2 3 3 2
+2un+1vn — UnUn-1Vp — Un¥, + Un+1Vp, + 2un+1vnvn+l

+un+1un+2vnvn+1 + un+1v72;vn+1 + un+lvnvz+1- (1043)
Also the first four invariants of (10.40) are

P = un+o, PP = J(ul + 07) + un(vn-1 + vn), (10.44)
® = 2(ud 4 v3) +ul(vao1 +va) + Un(vi_1 +03) + Un¥n(Vn-1 + Unt1),(10.45)
¢ = Jun +vn) + uh (Va1 + vn) + un(vig +03) + Jun(vi_y +v7)

FUnUnt1Un(Un + Unt1) + 2UnVn(UnVn_1 + Unt1Vn)

+unvn—1vn(vn—1 + 'Un) + unun+1vn(vn-1 + 'Un+1)- (1046)
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10.6 Generalized Lattices
Shabat and Yamilov [62] studied the following integrable Volterra lattice:

Up = Un(VUnt1 — Un), Un = Un(Un — Un—1). (10.47)
With our program, we computed the first four invariants for this system:

PS;I) = Un + Un, 512) = %(ui +92) + Un(vn + ¥ny1), (10.48)
P = i Av)un(vnt o) Fun(vr 00 )+ nns1 (Uns1 +on), (10.49)
P = (up +03) +ui(n + vnga) + Jun (vl +v241)
+un(v] + V341) + 2UnVns1 (Un + Uni1)
+unun+lvn+1(un + Un+1 + Un + 'Un+2) + UnVUnVUnt1 (vn + vn+1)- (1050)
In [62], the following Hamiltonian lattice is also studied:
Up = Upny1 + uivn, Vp = —VUp_1 — UnV2. (10.51)

n

Four invariants of (10.51) are:

PS) = UnpUn, sz) = %ui'vi + UnVUn-1, (1052)
Psls) = %uivg + unvn(unvn—l + un+lvn)'+ UnUn-2, (1053)
ps:l) = %uivi + Uivi(unvn—l + un+lvn) + %“12;”12;—1 + UnVn-3

+unvn(unvn—2 + 2'u'ﬂ+1'v1'l,—1 + Unt2¥n + ui+1vnvn+1)‘ (1054)
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Chapter 11

SOFTWARE PACKAGES

We briefly review the software packages related to the symbolic computation
of higher-order symmetries and conservation laws. In the first section, we describe
the features, scope and limitations of our package. In the second section, we talk
about other software packages. Apart from ours, we are not aware of any software to

compute higher-order symmetries and conservation laws for DDEs.

11.1 The Integrability Package

We now briefly describe the use of our Integrability Package, which has the code for
the computation of higher-order symmetries and invariants based on the algorithms
described in this thesis. The program does not yet compute the recursion operators.
The Integrability Package is written in Mathematica [72] syntax. Users are assumed
to have access to Mathematica 3.0. All the necessary files are available in MathSource
[21] .including on-line help, documentation, and built-in examples. The corresponding
files should be put in the appropriate places on your platform. Detailed instructions

are given in the documentation. After launching Mathematica, type
In[1] := <<Integrability‘

to read in the code. Doing so, you will get the following statement:
Loading init.m for Integrability from AddOns.

For the purpose of symmetry computations, the functions PDESymmetries and

DDESymmetries, and for the computation of invariants, the functions PDEIn-
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variants and DDEInvariants are available.
Working with (5.12) as an example, the first two lines define the system (r = ¢*),

whereas the third line will produce the three symmetries listed in (5.13):

In[2]:= pdei:= D[q[x,t],t] - DIqlx,t],{x,2}] +
2%qx,t] "2*r[x,t] == 0;

In[3]:= pde2:= D[r[x,t],t] + D[r[x,t],{x,2}] -
2*r[x,t] "2*q[x,t] == 0;

In[4] := PDESymmetries[{pdel,pde2},{q,r},{x,t},{4,6},

WeightRules->{Weight[q]->Weight[r]}]
Help about the functions and their options is obtained by typing

In[5]:= ??DDESymmetries

DDESymmetries[eqn, u, {n, t}, R, opts] finds the symmetry with rank
R of a differential-difference equation for the function u.
DDESymmetries[{eqnl, eqn2, ...}, {ui, u2, ...}, {n, t}, R, opts]
finds the symmetry of a system of differential-difference
equations, where R is the rank of the first equation in the
desired symmetry. DDESymmetries[{eqni, eqn2, ...},
{ut, u2, ...}, {n, t}, {Rmax}, opts] finds the symmetries with
rank 0 through Rmax. DDESymmetries[{egni, eqn2, ...},
{ut, u2, ...}, {n, t}, {Rmin, Rmax}, opts] finds the symmetries
with rank Rmin through Rmax. n is understood as the discrete

space variable and t as the time variable.
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Attributes[DDESymmetries] = {Protected, ReadProtected}

Options [DDESymmetries] =
{WeightedParameters -> {}, WeightRules -> {},

MaxExplicitDependency -> 0, UndeterminedCoefficients -> C}
and

In[6]:= ??WeightedParaméters

WeightedParameters is an option that determines the parameters with
weight. If WeightedParaI;xeters -> {p1, p2, ...},
then pl, p2, .... are considered as constant parameters with

weight. The default is WeightedParameters -> {}.

Attributes[WeightedParameters] = {Protected}

The option WeightedParameters is useful when working with systems that lack
uniformity in rank. In such cases, the code tries to resolve the problem of lack of
uniformity, and prints appropriate messages. If the code cannot automatically resolve
the problem it suggests the use of the WeightedParameters option. Therefore, one
should not use the option WeightedParameters unless it is explicitly suggested. For
further descriptions of the functions and their options, we refer to the documentation
in [21].

Our program can handle systems of evolutionary PDEs and systems of first order
DDEs, that are polynomial in the dependent variables. For PDEs and DDEs, only
two independent variables are allowed. In the latter case, one of the independent vari-
ables is discretized. No terms in the equations shduld have coefficients that ezplicitly

depend on the independent variables. In contrast to the PDE case, the program only
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computes polynomial invariants and symmetries in the dependent variables and their
shifts, without explicit dependencies on the independent variables. For PDEs, the
MaxExplicitDependency option allows one to compute invariants or symmetries
that explicitly depend on the independent variables. |

Theoretically, there is no limit on the number of equations. In practice, for large
systems, the computations may take a long time or require a lot of memory. The
computational speed depends primarily on the amount of memory.

By design, the program constructs only symmetries and invariants that are uni-
form in rank. The uniform rank assumption for the monomials in symmetries and
invariants allows one to compute independent invariants and symmetries piece by
piece, without having to split linear combinations. Due to the superposition principle,
a linear combination of invariants or symmetries of unequal rank is still an invariant
or a symmetry. This situation arises frequently when parameters with weight are
introduced in the system.

The input systems may have one or more parameters, which are assumed to
be nonzero. If a system has parameters, the program will attempt to compute the
compatibility conditions for these parameters such thét symmetries or invariants (of
a given rank) exist. The assﬁmption that all parameters in the given system must
be nonzero is necessary. Indeed, as a result of setting parameters to zero in a given
system of equations, the scaling properties might change, which is the basis for our
algorithms.

In general, the compatibility conditions for the parameters could be highly non-
linear, and there is no general algorithm to solve them. The program automatically
generates the compatibility conditions, and solves them for parameters that occur

linearly. Grobner basis techniques could be used to reduce complicated nonlinear
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systems into equivalent, yet simpler, non-linear systems.

| The assumption that the systems are uniform in rank is not very restrictive. If
the uniformity condition is violated, parameters with weights can be introduced. This
also allows for some flexibility in the form of the symmetries and invariants. Although
built up with terms that are uniform in rank, they do not have to be uniform in rank
with respect to the dependent variables alone.

For systems with free weights, the user can fix these free weights by using the
option WeightRules. Negative weights for the dependent variables are not allowed.
Zero weights are allowed, but at least one of the dependent variables must have
positive weight.

Our program is a tool in the search of the first few conservation laws and sym-
metries. An existence proof (showing that there are indeed infinitely many) must
be done analytically. If our program succeeds in finding a large set of independent
conservation laws or symmetries, there is a good chance that the system has infinitely
many. For instance, if the number of conservation laws is 3 or less, most likely the

system is not integrable, at least not in that coordinate representation.

11.2 Other Software Packages

This section gives a review of other software for the computation of higher-order
symmetries and invariants.

Higher-order symmetries can be computed with prolongation methods and nu-
merous software packages are available that can aid in the tedious computations
inherent to such methods. An extensive review of software for Lie symmetry compu-
tations, including generalized symmetries, can be found in {26, 27]. With prolongation

methods, one generates, subsequently reduces and then solves a determining system
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of linear homogeneous partial differential equations for the unknown higher-order
symmetry. In many cases, due to the length and complexity of that system, the gen-
eral solution is out of reach and one resorts to making a polynomial ansatz for the
symmetry.

Although restricted to polynomial higher-order symmetries and invariants, we
believe that the methods presented in this thesis are much more straightforward.
Furthermore, they do not require the application of prolongation methods or Lie
algebraic techniques.

To avoid repeating the surveys [26, 27] here, we restrict our discussion to symbolic
packages that allow one to compute generalized symmetries of PDEs, as they were
defined in Chapter 2. We are not aware of software for DDEs to calculate symmetries
and conservation laws.

Based on the alternative strategy discussed in Remark 2.1 and dilation invari-
ance, Ito’s programs in REDUCE [34, 35, 36] compute polynomial higher-order sym-
metries and invariants for systems of evolution equations that are uniform in rank
(no weighted parameters can be introduced). Ito’s programs cannot be used to com-
pute symmetries and invariants that explicitly depend on the independent variables.
For systems with or without parameters, Ito’s programs give the same results as our
program. However, Ito’s programs do not properly handle systems with parame-
ters. The programs stop after generating the necessary conditions on the parameters,
which must be analyzed separately. Such analyses revealed that the conditions do not
always lead to an invariant or a symmetry. Indeed, in solving for the undetermined
coefficients, Ito considers all possible branches in the solution, irrespective of whether
or not these branches lead to an invariant or a symmetry.

In [14], Fuchssteiner et al. present an algorithm to compute higher-order sym-
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metries of evolution equations. Their algorithm is based on Lie algebraic techniques
and uses commutator algebra on the Lie algebra of vector fields. Their approach is
different from the usual prolongation method in that no determining equations are
solved. Instead, all necessary generators of the finitely generated Virasoro algebra
are computed from one given element by direct Lie algebra methods. Their code is
available in MuPAD.

The REDUCE progra,mAFS for “formal symmetries” was written by Gerdt and
Zharkov [17]. The code FS can be applied to polynomial nonlinear PDEs of evolution
type which are linear with respect to the highest-order spatial derivatives and with
non-degenerated, diagonal coefficient matrix for the highest derivatives. F'S computes
higher-order symmetries and conservation laws of polynomial type. The algorithm
in FS requires that the evolution equations are of order two or higher in the spatial
variable. However, this approach does not require that the evolution equations are
uniform in rank. With FS one cannot compute symmetries that depend explicitly on
the independent variables. Applied to equations with parameters, F.S computes the
conditions on the parameters using the symmetry approach.

The PC package DELiA for Differential Equations with Lie Approach, written in
Turbo PASCAL by Bocharov [5] and co-workers, is a commercial computer algebra
system for investigating differential equations using Lie’s approach. The program
deals with higher-order symmetries, conservation laws, integrability and equivalence
problems. It has a special routine for systems of evolution equations. The program re-
quires the presence of second or higher-order spatial derivative terms in all equations.
For systems with parameters, DEL:A does not automatically compute the invariants
or symmetries corresponding to the (necessary) conditions on the parameters. One

has to use DELiA’s integrability test first, which determines conditions based on



79

the existence of formal symmetries. Since these integrability conditions are neither
necessary nor sufficient for the existence of invariants, one must further analyze the
conditions manually. Once the parameters are fixed, one can compute t;he invariants
and symmetries.

Sanders and Wang [55, 56, 57, 58] have Maple and FORM software that aids in
the computation of conservation laws and recursion operators. Their approach is more
abstract and relies on the implicit function theorem. They use concepts from operator
theory (kernels and images). In fact, they use an extension of the total derivative
operator to a Heisenberg algebra which allows them to invert the total derivative on
its image. In contrast to our algorithm, their code makes no assumptions about the
form of the conservation law.

Wolf et al. [71] have a package in REDUCE for the computation of conservation
laws. There is no limitation on the number of independent variables in his package.
The approach uses Wolf’s program CRACK for solving overdetermined systems of
PDEs. See [26] for a review of CRACK and for additional references to Wolf’s work.
Wolf’s algorithm is particularly efficient for showing the non-existence of conservation
laws of high order. In contrast to our program, it also allows one to compute non-
polynomial conservation laws.

Finally, Hickman [29] at the University of Canterbury, Christchurch, New Zealand,
has implemented a slight variation of our algorithm in Maple. Instead of computing
the differential monomials in the invariant by repeated differentiation, Hickman uses

a tree structure combining the appropriately weighted building blocks.
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Chapter 12

CONCLUSIONS

We have presented new direct algorithms to compute polynomial higher-order
symmetries, and conservation laws of polynomial systems of evolution and lattice
equations. These algorithms are based on the dilation invariance of the given equa-
tions. For systems that arise from a variational principle, conservation laws follow
from higher-order symmetries (Noether’s theorem) and vice versa. Currently, in our
algorithms we are not exploiting such connections.

Based on the knowledge of scaling properties, symmetries and conservation laws,
we also presented a new algorithm to find recursion operators for systems of nonlinear
PDEs.

The algorithms for symmetries and conservation laws are implemented in Mathe-
matica. Hence, we offer the scientific community an integrated Mathematica package
which is available in MathSource [21] to carry out the tedious calculations of gener-
alized symmetries and conservation laws.

For PDEs and DDEs with parameters, the software automatically determines
the conditions on these parameters so that a sequence of polynomial symmetries or
invariants exists. The existence of a large number of symmetries and invariants is an
indicator of integrability. Therefore, by generating the conditions, one can analyze
classes of parameterized PDEs or DDEs, and filter out the candidates for complete
integrability.

Furthermore, some of the results of this thesis have already been published [19,

20, 22, 24] in research journals, or under review [23].
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In the future, we will investigate generalizations of our methods to PDEs and
DDEs in multiple space dimensions. We will also study the potential use of Lie-point
symmetries other than dilation symmetries. We hope to extend the algorithms to
non-polynomial equations, symmetries, conservation laws, and equations with mixed
derivatives. The definition of a conservation law for DDEs (hence the algorithm) is
based on the forward difference discretization of the first derivative. Modifications
for the central difference scheme will be investigated. The implementation of the
algorithm for recursion operators of PDEs (and integrating it into the Integrability
Package), and possible extensions towards finding the recursion operators of DDEs

are also for future work.
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