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ABSTRACT

I t  i s  n o t  uncommon f o r  many f i r m s  i n  t h e  m i n e r a l  

i n d u s t r y  t o  r u n  l a r g e  l i n e a r  p rogramming c o d e s  o p t i m i z i n g  

r e f i n e r y  p r o d u c t i o n  o r  t r a n s p o r t a t i o n  s c h e d u l i n g  which  

may t a k e  3 °  h o u r s  o r  more o f  c o m p u te r  r u n  t im e*  T h e r e f o r e ,  

t h e y  a r e  a lw a y s  i n t e r e s t e d  i n  new t e c h n i q u e s  which  may 

r e d u c e  t h i s  c o m p u t a t i o n  t im e*  S u r r o g a t e d  l i n e a r  p rogramming 

i s  a  n o n - s i m p l e x  t y p e  o f  l i n e a r  p rogram m ing  w h ich  has  b een  

p ro m oted  t o  be from two t o  t e n  t i m e s  c o m p u t a t i o n a l l y  f a s t e r  

t h a n  t h e  t r a d i t i o n a l  s i m p l e x  method*

The p u r p o s e  o f  t h i s  p a p e r  i s  t h r e e - f o l d :  t o  d e v e l o p

a n d  d i s c u s s  a  s i m p le  i t e r a t i v e  t e c h n i q u e  f o r  u s e  i n  t h e  

s u r r o g a t e d  l i n e a r  p rogram m ing  a l g o r i t h m ;  t o  d i s c o u n t  a l ­

l e g a t i o n s  a b o u t  t h e  c o m p u t a t i o n a l  e f f i c i e n c y  o f  s u r r o g a t e d  

l i n e a r  p rogram m ing ;  a n d  t o  p ro p o s e  a  m ethod o f  c o m b in in g  

s u r r o g a t e d  l i n e a r  p rogram m ing  w i t h  t h e  s i m p le x  m e th o d .

Some p u b l i s h e d  exam ple  p ro b lem s  a r e  s o l v e d  t o  em p h a s ize  

my c o n j e c t u r e s  and some s u g g e s t i o n s  f o r  f u r t h e r  s t u d y  a r e  

made*

a r th u k  l a ® q o® o1AmTneS 

80101
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INTRODUCTION

L i n e a r  program m ing  (LP) has  g a i n e d  w i d e s p r e a d  a p p l i ­

c a t i o n  i n  i n d u s t r i e s  t h r o u g h o u t  t h e  w o r ld  s i n c e  t h e  d e v e l o p ­

ment o f  t h e  8 im p le x  a l g o r i t h m  by George D a n t z i g  i n  19^7 •

Some o f  t h e  a p p l i c a t i o n s  o f  l i n e a r  p rogramming i n  t h e  

m i n e r a l  i n d u s t r y  a r e  d e s c r i b e d  by  Symonds(1999)  and  

H e n d e r s o n ( 1 9 9 8 ) •

I n  t h e  r e a l  w o r ld ,  l i n e a r  program m ing  p ro b le m s  a r e  

a lw a y s  v e r y  l a r g e  and o f t e n  r e q u i r e  immense am ounts  o f  

c o m p u te r  t im e  t o  e x e c u t e • A l th o u g h  r e c e n t  d e v e lo p m e n t s  have  

i n c r e a s e d  l i n e a r  p rogram m ing  e f f i c i e n c y  somewhat ,  Smart  

( I 9 6 0 )  e s t i m a t e d  s o l u t i o n  t im e  on a  UTECOM c o m p u t e r  -  

e q u i v a l e n t  t o  an IBM 701 -  t o  be  20 x n x m m i l l i s e c o n d s  

p e r  p i v o t  where  n  i s  t h e  number o f  p rob lem  v a r i a b l e s  and  m 

i s  t h e  number o f  p ro b lem  c o n s t r a i n t s .  A s m a l l  r e f i n e r y  

p ro b lem  may have 900 v a r i a b l e s  and  200 c o n s t r a i n t s  o r  have  

a n  e s t i m a t e d  s o l u t i o n  t im e  o f  20 X 900 X 2 0 0 /1 0 0 0  = 2000 

s e c o n d s  o r  o v e r  30 m i n u t e s .

T h e r e f o r e ,  s u g g e s t i o n s  f o r  m ethods  o f  r e d u c i n g  l i n e a r  

p rogram m ing  c o m p u t a t i o n  t i m e s  a r e  a lw ay s  welcomed.  Jo h n  

D i t tm a n  an d  Glenn S t a a t s ( 1 9 7 3 b , p . 3 2 7 - 3 3 2 ) r e c e n t l y  pub­

l i s h e d  t h e  r e s u l t s  in  T a b le  1 o b t a i n e d  u s i n g  a  s u r r o g a t e d  

l i n e a r  p rogram m ing  a l g o r i t h m .  These  r e s u l t s  im ply  c o n s i d ­

e r a b l e  t im e  s a v i n g s  by t h i s  n o n - s i m p l e x  t e c h n i q u e  and have  

p rom oted  t h i s  s t u d y .
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S u r r o g a t e d  l i n e a r  p rogramming s o l v e s  a  s e r i e s  o f  one 

c o n s t r a i n t  l i n e a r  programming* p r o b l e m s • The one c o n s t r a i n t  

( s u r r o g a t e  c o n s t r a i n t )  i s  formed by w e i g h t i n g  and summing 

a l l  o f  t h e  o r i g i n a l  p ro b le m  c o n s t r a i n t s  i n  s u c h  a  way t h a t  

a  s o l u t i o n  c l o s e r  t o  o p t i m a l  ( i n f e a s i b l e ,  b e t t e r  t h a n  op­

t i m a l )  i s  o b t a i n e d  a t  e a c h  s t a g e .  F r e d  G lo v e r  (1965)  f i r s t  

i n t r o d u c e d  t h e  i d e a  o f  s u r r o g a t i o n  a s  an a i d  i n  s o l v i n g  i n ­

t e g e r  p rogram m ing  p ro b lem s*

The m os t  i m p o r t a n t  s t e p  in  t h e  s u r r o g a t e d  LP a l g o r i t h m  

i s  c h a n g i n g  t h e  c o n s t r a i n t  w e i g h t s  ( s u r r o g a t e  m u l t i p l i e r s )  

t o  o b t a i n  t h e  b e t t e r  s u r r o g a t e  s o l u t i o n  a t  e a c h  s t a g e *  I  

d i s c o v e r e d  a  r e l a t i v e l y  s i m p l e  m ethod  o f  c h a n g i n g  w e ig h ts  

which  I  d e v e l o p  and  d i s c u s s  in  t h i s  p a p e r .  B a s i c a l l y  i t  

c o n s i s t s  o f  p l u g g i n g  t h e  s u r r o g a t e  s o l u t i o n  b a ck  i n t o  t h e  

o r i g i n a l  c o n s t r a i n t s  and  t h e n  m u l t i p l y i n g  t h e s e  c o n s t r a i n t  

v a l u e s  by  t h e  o l d  c o n s t r a i n t  w e i g h t s  t o  o b t a i n  t h e  new 

we i g h t s .

T h ere  a r e  some p r o b le m s  i n  g e t t i n g  t h e  s u r r o g a t e d  

l i n e a r  p rogram m ing  a l g o r i t h m  t o  c o n v e r g e  t o  t h e  o p t i m a l  

s o l u t i o n *  No p r o o f  o f  c o n v e r g e n c e  h a s  been a t t e m p t e d  

a n d  n e i t h e r  D i t tm a n  (1973&) n o r  D i t tm a n  and S t a a t s  ( 1973d ) 

s u p p l i e s  a l l  o f  t h e  " t r i c k s "  t h e y  u s e d  t o  in d u c e  c o n v e r ­

gence  and o b t a i n  t h e  r e s u l t s  i n  T a b le  1*

B ecause  o f  t h e s e  c o n v e r g e n c e  p ro b le m s ,  t h e  s u r r o g a t e d  

LP a l g o r i t h m  may n o t  p r o v e  t o  be a  v e ry  good a l t e r n a t i v e  

t o  t h e  s i m p l e x  method* F re d  G lo v e r  has  s u g g e s t e d  t h a t
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s u r r o g a t i o n  may p o s s i b l y  be u s e d  t o  m e r e ly  a i d  t h e  s i m p le x  

m ethod  by  d e t e r m i n i n g  w h ich  v a r i a b l e s  w i l l  be b a s i c  a t  

o p t i m a l i t y  and  by d e t e r m i n i n g  t i g h t  an d  l o o s e  c o n s t r a i n t s *  

T h is  s t u d y  exp an ds  on t h e  above  t o p i c s  and  s o l v e s  

some exam ple  p rob lem s  t o  i l l u s t r a t e  t h e  d e s c r i b e d  methods 

an d  s u p p o r t  my o p i n i o n s *  Areas f o r  f u r t h e r  s t u d y  o f  s u r ­

r o g a t i o n  i n  l i n e a r  p rogram m ing  a r e  a l s o  s u g g e s t e d *
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THE SURROGATED LINEAR PROGRAMMING ALGORITHM

S u r r o g a t e d  l i n e a r  p rogramming s o l v e s  l i n e a r  p rogram ­

ming p ro b lem s  b y  c o m b i n i n g  a l l  o f  t h e  l i n e a r  c o n s t r a i n t s  

i n t o  a  s i n g l e  c o n s t r a i n t  and  s o l v i n g  a  s e r i e s  o f  one c o n ­

s t r a i n t  l i n e a r  p rogram m ing  problem s*

Note  t h a t  any n v a r i a b l e ,  m c o n s t r a i n t  l i n e a r  p r o ­

gramming p ro b lem  c a n  be  w r i t t e n  i n  t h e  f o l l o w i n g  form:

s u b j e c t  t o  Sa- i - jX i  ^ b ^  f o r  i = l ,  ***,m
3*1 3 3

X j l O  f o r  J * l ,  • • * , n  

where  b ^ - 1 , - 1 , o r  0 *

The s u r r o g a t e  v e c t o r  i s  d e f i n e d  t o  be  t h e  v e c t o r  o f  

n o r m a l i z e d  c o n s t r a i n t  m u l t i p l i e r s  h * ( h ^ , h 2 , ♦ hm)^

s u c h  t h a t  S h ^ i  and  0 < h i < l  f o r  i « l , . . . , m *  When t h e  
i = l

o r i g i n a l  LP c o n s t r a i n t s  above  a r e  m u l t i p l i e d  by t h i s  s u r ­

r o g a t e  v e c t o r  and  summed, t h e  f o l l o w i n g  one c o n s t r a i n t  

LP prob lem  r e s u l t s :

m axim ize

n
maxim ize

s u b j e c t  t o

0 f o r  3*1
m

where
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The s o l u t i o n  t o  t h e  above one c o n s t r a i n t  LP p rob lem  

i s  t r i v i a l  (See  T a b l e  2 ) .  Hence, t h e  p rob lem  becomes t h a t  

o f  f i n d i n g  t h e  n o r m a l i z e d  s u r r o g a t e  v e c t o r  h *  ( h p h 2 , * * * ,h m) T 

s u c h  t h a t  t h e  s o l u t i o n  t o  t h e  s u r r o g a t e d  LP p ro b lem  i s  

i d e n t i c a l  t o  t h e  s o l u t i o n  t o  t h e  o r i g i n a l  LP problem *

D i t tm a n  (1973a->p*22-26) d i s c u s s e s  t h e  e x i s t e n c e  and  u n i q u e ­

n e s s  o f  t h i s  o p t i m a l  s u r r o g a t e  v e c t o r  i n  d e p th *

The b a s i c  a l g o r i t h m  f o r  f i n d i n g  h* i s  a s  f o l l o w s :

S t e p  1: S e l e c t  a n  i n i t i a l  s u r r o g a t e  v e c t o r  h  = ( h ^ , h 2 , • • • *

s u c h  t h a t  S h 4= 1 and  0 < h ,  ^ 1  f o r  i = l , . . * , m  
i - 1  1

w h ich  has  a  b ou n ded  s u r r o g a t e  s o l u t i o n  found  

f ro m  T a b le  2 *

S t e p  2: P l u g  t h e  s u r r o g a t e d  l i n e a r  p rogramming (SLP) s o l u ­

t i o n  ( o n l y  one  v a r i a b l e ,  x j ,  w i l l  h a v e  a  v a lu e  

o t h e r  t h a n  z e r o )  b a ck  i n t o  t h e  o r i g i n a l  LP c o n ­

s t r a i n t s  and c a l c u l a t e  t h e  l e f t  hand  s i d e s  -

LHS^ = a i j x j ^ o r  

S t e p  >: I f  LP c o n s t r a i n t  i  i s  u n d e r s a t i s f i e d ,  i t  h a s

b e e n  g i v e n  t o o  much w e ig h t  in  t h e  s u r r o g a t e d  c o n ­

s t r a i n t  and i t s  m u l t i p l i e r  h^ s h o u l d  be  r educed*

L ik e w i s e ,  i f  t h e  i ^  LP c o n s t r a i n t  i s  v i o l a t e d ,  t h e  

c o n s t r a i n t  n e e d s  t o  oe made more i n f l u e n t i a l  i n  

t h e  SLP p ro b le m  a n d  i t s  c o r r e s p o n d i n g  m u l t i p l i e r  

s h o u l d  be i n c r e a s e d *  E x a c t l y  s a t i s f i e d  c o n s t r a i n t s 1 

m u l t i p l i e r s  r e m a in  unchanged*  The s u r r o g a t e  v e c t o r  

h  m ust  r e m a in  n o r m a l i z e d .
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S t e p  C a l c u l a t e  t h e  new SLP p ro b lem  s o l u t i o n  u s i n g  T a b l e  2* 

I f  t h e  new s e t  o f  m u l t i p l i e r s  r e s u l t s  i n  a  b e t t e r  

s o l u t i o n  ( n e a r e r  o p t i m a l )  and  i s  n o t  w i t h i n  t h e  

s t o p p i n g  c r i t e r i o n ,  go t o  S t e p  2 . I f  a  worse  

s o l u t i o n  i s  o b t a i n e d ,  t h e  m u l t i p l i e r s  have  b e en  

c h a n g e d  t o o  much; so  r e t u r n  t o  S t e p  3 &nd r e d u c e  

t h e  amount o f  change*  I f  t h e  new b e t t e r  s o l u t i o n  

i s  w i t h i n  some t o l e r a n c e  o f  t h e  p r e v i o u s  b e s t ,  

t h e  o p t i m a l  s u r r o g a t e  v e c t o r  h* h a s  b e e n  found*

Stop*

When t h e  o p t i m a l  s u r r o g a t e  v e c t o r  h* i s  f o u n d  by t h e  

above  a l g o r i t h m ,  t h e  o b j e c t i v e  f u n c t i o n  v a l u e  o f  t h e  s u r r o ­

g a t e d  p ro b lem  (Z8 ) i s  e q u a l  t o  t h a t  o f  t h e  o r i g i n a l  p ro b lem  a t  

o p t i m a l i t y *  However,  t h e  o p t i m a l  p ro b lem  v a r i a b l e  v a l u e s  

a r e  u n d e te r m in e d *  D i t tm a n  (1973a-, p* 111-118)  showed t h a t  f o r  

any f e a s i b l e  v e c t o r  o f  s u r r o g a t e  m u l t i p l i e r s  a  f e a s i b l e  s o l ­

u t i o n  t o  t h e  p r o b l e m *8 d u a l  h a v i n g  t h e  same o b j e c t i v e  f u n c ­

t i o n  v a lu e  c a n  be o b t a i n e d  by

wi  s ''Z8 » h i / b 8 f o r  i - 1 , * * . ,m  

where  r e p r e s e n t s  t h e  i **1 d u a l  v a r i a b l e .

T e c h n iq u e s  o f  c h a n g i n g  t h e  s u r r o g a t e  m u l t i p l i e r s  

( S t e p  3 a b o v e )  a r e  d i s c u s s e d  in  more d e t a i l  i n  t h e  e n -  

s u e i n g  m a t e r i a l  a l o n g  w i t h  t h e  a l g o r i t h n f s  d raw backs*

u s
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T a b le  2 .  S o l u t i o n  o f  a  One C o n s t r a i n t  LP P ro b lem

C y t  ““1 $ • • • t  D, 0 j > j *!■»•••»n b s SOLUTION

a l l
n o n n e g a t i v e

a l l
n e g a t i v e

o r
some p o s i t i v e  
some n e g a t i v e

Any
S ig n

Unbounded

iome p o s i t i v e  
jome n e g a t i v e a l l  n e g a t i v e Any

S ig n

seme p o s i t i v e  
some n e g a t i v e

Any
S ig n

Jnbounded u n l e s s  Cj>0 i m p l i e s
8 j> 0 an d  max £ c . / s  . $c . , s i> 0^  

J J J J J J
< m i n

P o s i t  i v  
o r  

Z ero

3 I f  bo unded ,
j r v s k l = k

x i “  LO i ^ k  
where c ^ / s ^ m a x l C j / s ^  ;c^  ,8^70}

N e g a t i v a I f  b o u n d e d ,
.  f b s / 8k i=k 

x i “  L o  i f k .  
where c ^ / s ^ s m i n ^ ^ / s j  ; C j , 8 j<bf

“A l l --------------

n o n n e g a t  i v e  
o r

some p o s i t i v e  
acme n e g a t i v e

a l l  p o s i t i v e P o s i t i v e

.  i=k 
i  CO i^k 

where c ^ / s ^ m a x  £c  j / s ^  ; c ^>0}

a l l
n o n p o s i t i v e

a l l  n e g a t i v e  
o r

some p o s i t i v e  
some n e g a t i v e

N e g a t iv e £ b s / a k i=k 
LO i^k 

where c v / 8v =min ^ c ^ / e ^ ; b , < 0j
*  j  J J j

Zero

x* =  0
any s i g n  

c o m b i n a t i o n P o s i t  iv e

any s i g n  
c o m b in a t  io n

a l l  
pos i t i v e

Zero
N e g a t iv e No F e a s i b l e  S o l u t i o n
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A SIMPLE METHOD OF CHANGING SURROGATE MULTIPLIERS

G iven  a  f e a s i b l e  s u r r o g a t e  v e c t o r  h and  a  SLP p rob lem  

s o l u t i o n  x j ,  I  s u g g e s t  t h e  f o l l o w i n g  method o f  c h a n g i n g  

s u r r o g a t e  m u l t i p l i e r s :

where  L H S ^ s  a r e  c a l c u l a t e d  by p l u g g i n g  x j  i n t o  t h e  o r i g i n a l  

LP p ro b le m  r e f o r m u l a t e d  a s :

Note t h a t  i f  t h e  LHSj  ̂ i s  l e s s  t h a n  1̂  t h e  i ^ h  c o n s t r a i n t  

i s  u n d e r s a t i s f i e d  and  i t s  s u r r o g a t e  m u l t i p l i e r  s h o u l d  be  

r e d u c e d  -  a s  i s  t h e  c a s e  above  when h^ i s  m u l t i p l i e d  by  a  

f r a c t i o n  l e s s  t h a n  1 .  When LHS^ i s  e q u a l  t o  1 ,  t h e  LP 

p ro b lem  c o n s t r a i n t  i s  e x a c t l y  s a t i s f i e d  and  h |  = h f « l  * h ^ # 

F o r  v i o l a t e d  c o n s t r a i n t s ,  LHSj^s w i l l  be  g r e a t e r  t h a n  1 and 

t h e  c o r r e s p o n d i n g  s u r r o g a t e  m u l t i p l i e r s  w i l l  be  i n c r e a s e d *

Theorem: I f  h '  i s  c a l c u l a t e d  by t h e  above  m e th o d ,  i t  w i l l

**i *  h i* f o r  i = l ,  ***,m

m a t  1 m l  a  r» , t  .

be a  n o r m a l i z e d  s u r r o g a t e  v e c t o r *

P r o o f*  R e c a l l  t h e  SLP p ro b lem  d e f i n i t i o n

maximize
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The SLP p ro b lem  s o l u t i o n  i s  x j  = b g / s ^  where  3 i s  

t h e  i n d e x  o f  t h e  o n l y  n o n z e r o  v a r i a b l e .

Now, f ro m  t h e  abo v e  LP p rob lem  r e f o r m u l a t i o n  n o t e

t h a t

LHS^ *  ( * i a i i  + K  ~ b i > / K f o r  

where K = l .

The s u r r o g a t e  v e c t o r  h* i a  t h e n  d e f i n e d  by:  

hj_ s  h^^LHSj^ = h^* ( x ^ a ^ * K - b ^ ) / K  f o r  1= 1 ,

Summing t h e  s u r r o g a t e  m u l t i p l i e r s  o f  h 1: 

h^+hg + •••+■ hjj = h^LHS^+hgLHSg-f . . .  4 h^LHS^

*l/K J^h^xJa^+K-b^+hgCxJagj+K-bgH • + hm(xjam̂4K~bm)j

• 1 /K  [ x ?  ( ^ a 1j + h 2(̂ +  • • •4 hma mj )4K(h1+b2 > i ^ 4 h m) ^
- ( h 1b 1+h2b 2+ .  «>H^ ) m)3

n / i  f o . ,  h- i  -  b , ]

*  I - b s ]

=1/X [ b 8 + t  -  b 8]

= K/K 

= 1 .

Hence,  t h e  c a l c u l a t e d  s u r r o g a t e  v e c t o r  h* i s  in d e e d  

n o r m a l i z e d  an d  t h e  p r o o f  i s  c o m p l e t e .
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Note t h a t  in  th e  above theorem l! remained norm alized  

independent of th e  q u a n t i ty  K* T h e re fo re ,  K can  be in c re a s e d  

i f  n e g a t iv e  LHS^'s a re  incu rred*  Also, l a r g e r  v a lu es  o f  

K r e s u l t  in  sm a lle r  d eg rees  o f  change to  th e  s u r ro g a te  

m u l t ip l i e r s *  Thus, K can  m erely be in c re a se d  to  c a l c u l a t e  

LHS^’s i f  th e  p rev io u s  amount of change was to o  g r e a t  

( r e s u l t e d  in  a  worse o b je c t i v e  fu n c t io n  value or  an un­

bounded s o lu t io n )*

Also n o te  t h a t  th e  s u r ro g a te  m u l t i p l i e r s  w i l l  remain 

no rm alized  independent of t h e i r  o r i g i n a l  sum.

An example problem is  so lv ed  below to  dem onstra te  

th e  above d e s c r ib e d  method*
'ARTHUR LAKES LIBRARY 

M 4 * , Q COLORADO SCHOOL of MINES
Maximize Xj. + 2x2 gOLDEN, COLORADO 80401

s u b je c t  t o  3 * i  f  ^x2 < l

+  2 x2 < 1 .

***** ITERATION 1 *****
Choose an i n i t i a l  s e t  o f  s u r ro g a te  m u l t i p l i e r s  as  h ■ (1 , 1 ) .  
The s u r ro g a te d  problem th e n  becomes:

maximize x^ 4- 2 x2

s u b je c t  to  -t* 6x2 < 2 .

The s u r ro g a te d  s o lu t io n  i s :  x = (0 ,*333) amd * *667* 
Changing th e  s u r ro g a te  m u l t i p l i e r s :

LHSi = 3(0) + M.333) s 1*333 
l h s 2 = M O) + 2 ( . 3 3 3 ) = .667

hi = h i • LH3i = (1)1 .333  “  1.333 
h2 = h2 -LHS2 = (1) .667 = .667 .
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ITERATION 2 • • • * •
The new s e t  o f  s u r ro g a te  m u l t i p l i e r s :  h = (1*333**667)•
The s u r ro g a te d  problem:

s u b j e c t  t o  6 . 6 6 7 + 6 . 667x2 £ 2 .

The s u r ro g a te d  s o lu t io n :  x, s  (0 , *3) and Z8 a  *6 <  *667*
Changing th e  s u r ro g a te  m u l t i p l i e r s :

h i  = hi-LHSi = ( 1 .3 3 3 ) 1 * 2  = 1 . 6  
h2 * h2 *LHS2 = ( . 6 6 7 ) . 6  '* . M

* * * * *  ITERATION 3 • ***♦
The new s e t  o f  s u r r o g a t e  m u l t i p l i e r s :  h = ( 1 . 6 , . M .
The s u r r o g a t e d  p rob lem :

m axim ize  x^  + 2xg

s u b j e c t  t o  6 .Mc1 + 7 * 2 x 2 < 2 .

The s u r r o g a t e d  s o l u t i o n :  x = ( 0 , . 2 7 S )  and  Z8 * * 3 3 6 < * 6 .
C h a n g ing  t h e  s u r r o g a t e  m u l t i p l i e r s :

LHSi * 3 ( 0 )  + M . 2 7 3 )  = 1 .1 1 1  
l h s 2 -  M o )  4- 2 ( . 27s )  -  . 5 3 6

h i  -  h i -L H S i  = ( 1 . 6 ) 1 . 1 1 1  = 1 .7 7 S
i 2  -  h 2 -LHS2 « ( . 4 ) . 5 5 6  * .2 2 2 .

***** ITERATION k  * * * * *

The new s e t  o f  s u r r o g a t e  m u l t i p l i e r s :  h * ( 1 . 7 7 8 * . 2 2 2 ) •
S u r r o g a t e  s o l u t i o n :  x ® (0 ,  . 2 6 5 )  and  Z8 » .529  < * 5 5 6
C a l c u l a t e  new s u r r o g a t e  m u l t i p l i e r s :

h{ = h i*  LHSi = ( 1 . 7 7 8 ) 1 . 0 3 9  = 1 .882
fi2 = h g • LHSg = ( . 2 2 2 ) .3 2 9  = .1 1 3 .

***** ITERATION 3 *****
S u r r o g a t e  m u l t i p l i e r s :  h m ( 1 . 3 8 2 , . 1 1 3 ) •
S u r r o g a t e  s o l u t i o n :  x * ( 0 , . 2 5 S )  and  Z8 » .31 3  < * 5 2 9
C a l c u l a t e  t h e  new s u r r o g a t e  v e c t o r :

maximize x^ 2 x2

h 2 « h2 *LHS2 * ( .1 1 8 ) .5 1 3
h i  -  h i-L H S i * ( 1 .8 8 2 ) 1 .0 }  * 1 .9 5 9  
ho -  h o • LHSo « ( .1 1 8 ) .5 1 5  = .0 6 1
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***** ITERATION 6 
S u r r o g a t e  m u l t i p l i e r s :  h ■ ( 1 * S S 2 , . 1 1 8 ) .
S u r r o g a t e  s o l u t i o n :  x ■ (0 ,  .25*0 and  Z g  ■ . 5 0 S < . 5 1 5
C a l c u l a t e  t h e  new s u r r o g a t e  v e c t o r :

h{ *  hj*LHSi = ( 1 . 9 3 9 ) 1 . 0 1 5  » 1 .9 6 9  
-  hg.LHSg »  ( . 0 6 l ) . 5 0 S  ' = . 0 3 1 .

* •* •*  ITERATION 7 *****
S u r r o g a t e  m u l t i p l i e r s :  h = (1* 969**031)•
S u r r o g a t e  s o l u t i o n :  x « (0 ,  .2 5 2 )  an d  Z Q » . 5 0 4  < * 5 0 8 .

Note  t h a t  t h i s  s u r r o g a t e  v e c t o r  p r o d u c e s  a  b e t t e r  

v a l u e  o f  Z8 b u t  t h a t  i t  i s  l e s s  t h a n  1$  b e t t e r  t h a n  t h e  

l a s t  v a l u e  o b t a i n e d ,  w h ich  i n  t h i s  c a s e  i s  a  s u i t a b l e  

s t o p p i n g  c r i t e r i o n *  Hence ,  t h i s  i t e r a t i o n  e s t a b l i s h e s  t h e  

o p t i m a l  s o l u t i o n  t o  t h e  LP p rob lem  (Z = * 5 0 ) .

The o p t i m a l  s o l u t i o n  t o  t h e  d u a l  p ro b lem  c a n  be  gen­

e r a t e d  by

W1 58 z s h l / b 8 * * 5 0 ( l * 9 6 9 ) / 2 *  * 0*5* 

and  w2 * z s b2 / b s * * 5 0 ( . Q 6 l ) / 2 *  * 0 . 0 .

I n  t h i s  p ro b lem  t h e  o p t i m a l  s u r r o g a t e  s o l u t i o n  

x  * ( 0 , . 2 5 )  i s  a l s o  c o n v e n i e n t l y  a  f e a s i b l e  s o l u t i o n  t o  

t h e  o r i g i n a l  LP p r o b l e m .  T h is  w i l l  o c c u r  o n l y  when t h e  

o r i g i n a l  p r o b le m  h a s  o n l y  one n o n z e r o  v a r i a b l e  i n  i t s  

s o l u t i o n .

T h i s  p r o p o s e d  t e c h n i q u e  o f  c h a n g i n g  t h e  s u r r o g a t e  

m u l t i p l i e r s  h a s  two m ain  a d v a n t a g e s .  F i r s t ,  i t  i s  q u ic k  

a n d  s t r a i g h t f o r w a r d  a n d  h a s  many b u i l t - i n  c h a r a c t e r i s t i c s  

t h a t  o t h e r  c h a n g e  t e c h n i q u e s  must  be  m o d i f i e d  t o  i n c l u d e .
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F o r  ex am p le ,  t h e  amount o f  ch an g e  i n  m u l t i p l i e r s  i s  a u t o ­

m a t i c a l l y  w e i g h t e d  by t h e  s i z e  o f  e a c h  m u l t i p l i e r  (hj^ = 

hj^LHS^) a n d  n e g a t i v e  l e f t  hand s i d e s  a r e  e a s i l y  t a k e n  

c a r e  o f  by  i n c r e a s i n g  t h e  c o n s t a n t  K. The o t h e r  a d v an ­

t a g e  o f  t h i s  p r o p o s e d  t e c h n i q u e  l i e s  i n  t h e  a b i l i t y  t o  

m a n i p u l a t e  t h i s  c o n s t a n t  K. T h a t  i s ,  K v a l u e s  c a n  be k e p t  

s u f f i c i e n t l y  l a r g e  t o  i n s u r e  s m a l l  b u t  s u c c e s s i v e l y  b e t t e r  

s u r r o g a t e  s o l u t i o n s  a n d  p r e v i o u s  s e t s  o f  s u r r o g a t e  m u l t i ­

p l i e r s  a r e  e a s i l y  g e n e r a t e d  by  s a v i n g  t h e i r  a s s o c i a t e d  

c o n s t a n t  K.

T h e re  a r e  two m ain  d i s a d v a n t a g e s  t o  t h i s  t e c h n i q u e  

a l s o *  The i n i t i a l  b o u n d e d  s u r r o g a t e  v e c t o r  must  have  a l l  

n o n - z e r o  s u r r o g a t e  m u l t i p l i e r s  o r  t h e  m u l t i p l i e r s  c a n  

n e v e r  c h a n g e  from z e r o  by t h e  above  t e c h n i q u e .  A l lo w in g  

m u l t i p l i e r s  t o  be  z e r o  i s  o f t e n  c o n v e n i e n t  i n  o b t a i n i n g  

a  b ounded  s u r r o g a t e  s o l u t i o n .  The o t h e r  d i s a d v a n t a g e  o f  

t h i s  m ethod  i s  t h a t  i t  d o e s  n o t  i n d i c a t e  a  " s t e a d y  s t a t e "  

p r o c e d u r e .  D i t tm a n  (A p p en d ix )  b a s e s  h i s  c h a n g e s  on a  com­

p o s i t e  o f  p a s t  l e f t  hand  s i d e s  w h ich  forms h i s  " s t e a d y  

s t a t e "  p r o c e d u r e  an d  i n c r e a s e s  h i s  r a t e  o f  c o n v e r g e n c e  

s i g n i f i c a n t l y .
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CONVERGENCE LIMITATIONS OF SURROGATED LINEAR PROGRAMMING

The s u r r o g a t e d  l i n e a r  program m ing  a l g o r i t h m  a p p r o a c h e s  

t h e  o p t i m a l  s u r r o g a t e  v e c t o r  h* v e r y  r a p i d l y  w i t h  t h e  f i r s t  

few c h a n g e s  o f  s u r r o g a t e  m u l t i p l i e r s .  However, c o n v e r g e n c e  

t h e n  becomes d r a s t i c a l l y  s l o w .

One c a u s e  o f  t h i s  s lo w e d  c o n v e r g e n c e  i s  o b v i o u s .  As 

t h e  s u r r o g a t e  v e c t o r  h a p p r o a c h e s  h^ s m a l l e r  c h a n g e s  must 

b e  made i n  h an d  r e s u l t i n g  b e t t e r  o b j e c t i v e  f u n c t i o n  v a l u e s  

a r e  c l o s e r  t o g e t h e r .  The s t o p p i n g  c r i t e r i o n  o f  t h e  s u r r o ­

g a t e d  a l g o r i t h m  h e l p s  a v o i d  t h i s  p ro b le m  b u t  a l s o  i n d u c e s  

e r r o r .

A m a j o r  h a l t  in  t h e  r a t e  o f  c o n v e r g e n c e  o c c u r s  when 

t h e  s u r r o g a t e  m u l t i p l i e r s  a r e  c h a n g e d  t o o  much ( S t e p  *4- o f  

t h e  a l g o r i t h m ) .  D e c r e a s i n g  t h e  amount  o f  c h a n g e  n e e d e d  t o  

o b t a i n  a  b e t t e r  s o l u t i o n  u s u a l l y  t a k e s  s e v e r a l  i t e r a t i o n s  

a n d  i t  i s .  a l m o s t  a s s u r e d  t h a t  t h e  n e x t  change  o f  m u l t i ­

p l i e r s  w i l l  a l s o  be  t o o  g r e a t .  By m a n i p u l a t i n g  t h e  v a r i a b l e  

K i n  t h e  p r e v i o u s l y  p r o p o s e d  c h a n g e  t e c h n i q u e ,  i t  js p o s ­

s i b l e  t o  k e e p  h c h a n g e s  s m a l l  enough t o  o b t a i n  a o e t t e r  

s o l u t i o n  most  o f  t h e  t i m e .  However, f o r  t h e  r e a s o n s  d e s ­

c r i b e d  b e lo w ,  t h i s  i s  v e ry  se ldom  h e l p f u l .

The n o n - z e r o  v a r i a b l e  in  t h e  s u r r o g a t e  s o l u t i o n  may 

a l t e r n a t e  be tw een  s e v e r a l  d i f f e r e n t  v a r i a b l e s  and  e a c h  may 

i n d i c a t e  an  e n t i r e l y  d i f f e r e n t  d i r e c t i o n  o f  c h a n g e  f o r  h .
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O b v io u s ly  a  s u f f i c i e n t l y  s m a l l  m u l t i p l i e r  c h a n g e  c a n  a lw ay s  

be  made t h a t  must  r e s u l t  i n  a  b e t t e r  s o l u t i o n *  However, 

a n y t h i n g  b u t  a  v e ry  s m a l l  change  may c a u s e  a n o t h e r  v a r i a b l e  

t o  become t h e  n o n - z e r o  v a r i a b l e  i n  t h e  s u r r o g a t e  s o l u t i o n *  

When t h i s  o c c u r s  a  w orse  s o l u t i o n  w i l l  o f t e n  r e s u l t  ( t h e  

c h a n g e  was n o t  i n  t h e  c o r r e c t  d i r e c t i o n  f o r  t h e  new v a r i a b l e  

b a s i s ) *  Hence,  t h e  a l g o r i t h m  may c o n v e r g e  t o  a  s u b o p t i m a l  

s o l u t i o n *

A n o th e r  p rob lem  w h ic h  h i n d e r s  c o n v e r g e n c e  i s  t h a t  o f  

u n b o u n d e d n e ss *  Once a  bounded  s u r r o g a t e  v e c t o r  i s  found  

i t  i s  p o s s i b l e  t o  c h a n g e  t h e  s u r r o g a t e  m u l t i p l i e r s  i n  s u c h
i

a  way t h a t  t h e  new h w i l l  be u n b o u n d e d .  When t h i s  i s  d o n e ,  

h has  b e en  c h a n g e d  t o o  much and c o n v e r g e n c e  i s  s lo w e d  a s  

d e s c r i b e d  above* I t  i s  a l s o  p o s s i b l e  t h a t  p ro b le m  c o e f ­

f i c i e n t s  c a n  a r i s e  s u c h  t h a t  u n b o u n d e d n ess  i n t e r f e r e s  w i t h  

t h e  s e a r c h  f o r  t h e  o p t i m a l  s u r r o g a t e  v e c t o r  a n d  a  s u b o p t i m a l  

s o l u t i o n  o c c u r s .

A f t e r  t h e  s u r r o g a t e d  LP a l g o r i t h m  o b t a i n s  i t s  b e s t  

p o s s i b l e  s o l u t i o n ,  t h e r e  a r e  many s p e c i a l  c a s e s  -  D i t tm a n  

( 1973a - , p . 86- 1 0 6 ) -  t h a t  must  be c h e c k e d  t o  i n s u r e  t h e  b e s t  

p o s s i b l e  s o l u t i o n  has  b e e n  found*

R e g a r d l e s s  o f  t h e s e  c o n v e r g e n c e  p r o b le m s ,  J o h n  D i t tm a n  

and Glenn S t a a t s  ( 1 9 7 3 b , p . 3 2 7 -3 3 2 )  have p lu g g e d  s u r r o g a t e d  

l i n e a r  p rogram m ing  a s  b e i n g  c o m p u t a t i o n a l l y  f a s t e r  t h a n  t h e  

s i m p le x  m e th o d .  I  programmed t h e i r  a l g o r i t h m  (A ppendix)
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i n c l u d i n g  some " t r i c k s "  t h a t  t h e y  d o n ' t  m e n t io n  b u t  t h a t  

a r e  o b v i o u s l y  n e e d e d .  I  a l s o  programmed my p r e v i o u s l y  

d e s c r i b e d  c h an g e  t e c h n i q u e  (A ppend ix )  t o  i t e r a t e  o n l y  w h i l e  

c o n v e r g e n c e  i s  r a p i d .  T hese  c o d e s ,  a l o n g  w i t h  a  s i m p le x  

a l g o r i t h m ,  were u s e d  t o  s o l v e  a  s e t  o f  t e s t  p ro b le m s  

( T a b le  3 )*

C om par ing  my s h o r t e n e d  a l g o r i t h m  r e s u l t s  w i t h  t h o s e  

o f  t h e  D i t t m a n - S t a a t s  c o d e  shows how t h e  c u r v e  o f  o b j e c t i v e  

f u n c t i o n  v a l u e s  f l a t t e n s  o u t  a f t e r  t h e  f i r s t  few  i t e r a t i o n s .

None o f  t h e  D i t tm a n  exam ple  p ro b lem s  t a k e  more t h a n  

t h r e e  p i v o t s  by t h e  s i m p l e x  m e th o d .  M oreover ,  f o u r  o f  t h e  

sam ple  p ro b le m s  t a k e  o n ly  one p i v o t  t o  o p t i m a l i t y .  D i t tm a n  

a n d  S t a a t s  c l a i m  c o n s i d e r a b l e  t im e  s a v i n g s  by  s u r r o g a t i o n  

o v e r  s i m p l e x  i n  e a c h  o f  t h e s e  p ro b lem s  (See T a b l e  l ) .  They 

c l a i m  s u r r o g a t e d  LP i s  3*5 t im e s  f a s t e r  t h a n  s i m p l e x i n g  i n  

exam ple  1 ,  an d  c l a i m  t h a t  i t  t a k e s  ^ . 5 6  CPU s e c o n d s  on an  

IBM 370 f o r  one p i v o t  on t h e  e x a m p l e ' s  2 X 9  m a t r i x .  T h is  

c o m p u t a t i o n  t im e  and s i m p l e x  c o m p u t a t i o n  t im e s  p u b l i s h e d  

f o r  t h e  o t h e r  example  p ro b le m s  seem e x c e p t i o n a l l y  l a r g e .  

D i t tm a n  and S t a a t s  u s e d  a  l a r g e  m a t h e m a t i c a l  p rogramming 

s y s te m  p a c k a g e  (MPS/36 O) t o  o b t a i n  t h e  s im p le x  s o l u t i o n s  

w h ich  may h ave  r e s u l t e d  i n  a d d i t i o n a l  l o a d i n g  t i m e s  a n d / o r  

e x e c u t i o n  t i m e s  f o r  c o m p u t a t i o n s  u n r e l a t e d  t o  t h e  a c t u a l  

s i m p l e x i n g .

akthur
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The s m a l l  s i m p le x  LP p rogram  (A ppendix)  u s e d  t o  p r o ­

d u c e  t h e  f i g u r e s  i n  T a b l e  3 s o l v e d  t h e  exam ple  p rob lem s  

o f  D i t tm a n  and  S t a a t s  f a s t e r  t h a n  t h e  s u r r o g a t e d  LP a l g o ­

r i t h m  i n  most  c a s e s *  S o l u t i o n s  t o  t h e  o t h e r  p u b l i s h e d  

sam ple  p ro b le m s  i n  T a b le  3 h e a v i l y  f a v o r  t h e  s i m p l e x  m ethod  

f o r  c o m p u t a t i o n a l  s p e e d  a n d  a c c u r a c y *
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COMBINING SURROGATION WITH SIMPLEX

S u r r o g a t e d  l i n e a r  p rogramming has  been  p r o p o s e d  a s  

an  a l t e r n a t i v e  t o  t h e  s i m p l e x  LP a l g o r i t h m *  I  d o u b t  

t h a t  t h i s  w i l l  e v e r  o c c u r *  C on v e rg en c e  l i m i t a t i o n s  and 

in d u c e d  e r r o r s  i n  p ro b le m  s o l u t i o n s  a r e  s e v e r e  p ro b lem s  

o f  t h e  s u r r o g a t e d  a l g o r i t h m *  Even i f  t h e s e  p ro b lem s  a r e  

overcome by  d e v e l o p i n g  o r  im p ro v in g  on i t e r a t i v e  m u l t i p l i e r  

c h an g e  t e c h n i q u e s  l i k e  t h e  one p r o p o s e d  i n  t h i s  p a p e r ,  I  

d o n f t  t h i n k  s u r r o g a t e d  LP c an  r e p l a c e  t h e  s i m p l e x  method*

The s i m p l e x  t a b l e a u  h a s  t o o  much t o  o f f e r *  S e n s i t i v i t y  

a n a l y s i s ,  d e t e r m i n i n g  a l t e r n a t e  o p t i m a l  s o l u t i o n s ,  r e c o g ­

n i z i n g  i n f e a s i b l e  p ro b lem  f o r m u l a t i o n s ,  and p r i m a l - d u a l  

r e l a t i o n s h i p s  a r e  o n l y  a  few a r e a s  where s i m p l e x  f a r  o u t ­

d i s t a n c e s  s u r r o g a t e d  LP*

I t  m ig h t  be  p o s s i b l e  t o  combine  s u r r o g a t e d  LP w i t h  

t h e  8 im p le x  m e th o d ,  u s i n g  t h e  a d v a n t a g e s  o f  b o t h  t e c h n i q u e s *  

S u r r o g a t e d  LP o f t e n  t e n d s  t o  d r i v e  t h e  s u r r o g a t e  m u l t i p l i e r s  

o f  l o o s e  o r  n o n - b i n d i n g  c o n s t r a i n t s  t o  z e r o  v e r y  q u i c k l y *  

A lso ,  s u r r o g a t e  m u l t i p l i e r s  o f  t h e  m ost  b i n d i n g  c o n s t r a i n t s  

o f t e n  become l a r g e  v e ry  q u i c k l y .  I f  a  few s u r r o g a t e  i t e r ­

a t i o n s  were r u n  b e f o r e  s t a r t i n g  t o  s i m p l e x ,  a l l  Of t h e  

d e t e r m i n e d  l o o s e  c o n s t r a i n t s  c o u l d  be e l i m i n a t e d  from t h e  

p ro b le m ;  which  may e l i m i n a t e  some e x t r e m e  p o i n t s  on t h e  

c o n v e x  r e g i o n  t o  be  e x am in ed  by t h e  s i m p le x  method*
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C o n s t r a i n t s  d e t e r m i n e d  t o  be t i g h t  a t  o p t i m a l i t y  would have  

s l a c k  v a r i a b l e s  w i t h  v a l u e  z e r o .  These  c o n s t r a i n t s  c a n  be  

v iew ed  a s  p o s s i b l e  p i v o t  rows f o r  new b a s i c  v a r i a b l e s *  By 

p i v o t i n g  s e v e r a l  v a r i a b l e s  i n t o  t h e s e  d e s i g n a t e d  rows a t  

once  i t  m ig h t  be p o s s i b l e  t o  s k i p  o v e r  t h e  c o n v e x  r e g i o n  

a n d  hence  s k i p  s e v e r a l  e x t r e m e  p o i n t s  t h e  s i m p l e x  method 

would n o r m a l l y  e x a m in e .  The v a r i a b l e s  t o  be  p i v o t e d  i n t o  

t h e s e  t i g h t  c o n s t r a i n t s  m igh t  be d e t e r m i n e d  a s  t h o s e  v a r ­

i a b l e s  t h a t  have  c o e f f i c i e n t s  n e a r e s t  t o  b e i n g  z e r o  i n  an  

u p d a t e d  s u r r o g a t e  o b j e c t i v e  f u n c t i o n *  T ha t  i s ,  a s  e a c h  

s u r r o g a t e  one c o n s t r a i n t  LP p ro b lem  i s  s o l v e d ,  t h e  r e s u l t a n t  

n o n - z e r o  ( b a s i c )  v a r i a b l e ' s  c o e f f i c i e n t  i n  row z e r o  ( t h e  

u p d a t e d  o b j e c t i v e  f u n c t i o n )  i s  e l i m i n a t e d *  N ote  t h a t  t h i s  

u p d a t e d  o b j e c t i v e  f u n c t i o n  i s  i n  no way u s e d  i n  t h e  s u r r o ­

g a t e d  LP p r o c e s s  i t s e l f *

I  u s e d  t h e  p rog ram  w i t h  my s u r r o g a t i o n  t e c h n i q u e  t o  

d e t e r m i n e  t h e  l o o s e  c o n s t r a i n t s ,  p o t e n t i a l  p i v o t  rows 

( t i g h t  c o n s t r a i n t s ) ,  a n d  p o t e n t i a l  p i v o t  v a r i a b l e s  ( b a s i c  

v a r i a b l e s )  f o r  t h e  p r e v i o u s  example  p r o b le m s .  R e s u l t s  

a p p e a r  i n  T a b le  4 .  R e c a l l  t h a t  t h i s  p rogram  o n l y  i t e r a t e s  

w h i l e  c o n v e r g e n c e  i s  r a p i d  in  t h e  f i r s t  few i t e r a t i o n s .

The i n i t i a l  s u r r o g a t e  m u l t i p l i e r s  were a l l  1 and  a  c o n s t r a i n t  

was d e t e r m i n e d  l o o s e  i f  i t s  c o r r e s p o n d i n g  m u l t i p l i e r  was 

l e s s  t h a n  0 . 5  and t i g h t  i f  i t s  c o r r e s p o n d i n g  m u l t i p l i e r  

was g r e a t e r  t h a n  1 .5«  The number o f  p o t e n t i a l  p i v o t  v a r i a b l e s  

was d e t e r m i n e d  by t h e  number o f  p o t e n t i a l  p i v o t  rows o r  t i g h t  

c o n s t r a i n t s •
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The s u r r o g a t i o n  t e c h n i q u e  v e r y  a c c u r a t e l y  p i c k e d  t h e  

o p t i m a l  b a s i c  v a r i a b l e s  and  t h e  b i n d i n g  and n o n - b i n d i n g  

c o n s t r a i n t s  f o r  a l l  o f  t h e  D i t tm a n  example  p rob lem s*

However, i t  d i d n * t  do a s  w e l l  on t h e  o t h e r  exam ples*  

I m p l i c a t i o n s  o f  t h e  s u r r o g a t e  t e c h n i q u e  c a n  o b v i o u s l y  be  

e x p e c t e d  t o  be more a c c u r a t e  when t h e  s u r r o g a t e  p r o c e d u r e  

r e s u l t s  i n  a  s o l u t i o n  t h a t  i s  c l o s e  t o  t h e  o p t i m a l  one*

The D i t tm a n  p ro b lem s  a l l  h ad  l o o s e  c o n s t r a i n t s  t h a t  were 

e x t r e m e l y  l o o s e  and t i g h t  c o n s t r a i n t s  t h a t  were  g e n e r a l l y  

b i n d i n g *  These  t y p e s  o f  p ro b lem s  a r e  e s p e c i a l l y  c o n d u c i v e  

t o  e u r r o g a t i o n *  P ro b lem s  w i t h  many t i g h t  o r  n e a r l y  t i g h t  

c o n s t r a i n t s  a r e  g e n e r a l l y  d i f f i c u l t  f o r  t h e  s u r r o g a t e  a l ­

g o r i t h m  s i n c e  i t  c a n * t  d e c i d e  which  c o n s t r a i n t s  a r e  most  

b i n d i n g  and  c h a n g e s  d i r e c t i o n s  o f  c o n v e rg e n c e *  The u p d a t e d  

s u r r o g a t e  o b j e c t i v e  f u n c t i o n  worked  w e l l  i n  p i c k i n g  t h e  

b a s i c  v a r i a b l e s  in  a l l  o f  th e  exam ple  prob lem s*

T h ere  a r e  some p r o b le m s  in  c o m b in in g  t h e s e  r e s u l t s  w i t h  

t h e  s i m p l e x  method* The m a jo r  p ro b lem  l i e s  i n  p i v o t i n g  

s e v e r a l  v a r i a b l e s  i n t o  t h e  s i m p l e x  t a b l e a u  a t  once*  I t  i s  

p o s s i b l e  t o  g e n e r a t e  t a b l e a u s  w i t h  n e g a t i v e  r i g h t - h a n d  

s i d e s  ( i n f e a s i b l e ) ,  t a b l e a u s  w i t h  n e g a t i v e  r i g h t - h a n d  s i d e s  

a n d  n e g a t i v e  row z e r o  c o e f f i c i e n t s  b o t h ,  t a b l e a u s  w i t h  a l l  

p o s i t i v e  r i g h t - h a n d  s i d e s  and  a l l  p o s i t i v e  row z e r o  c o e f ­

f i c i e n t s  w i t h  a  n o n - o p t i m a l  o b j e c t i v e  f u n c t i o n  v a l u e ,  e t c *  

Some g e n e r a l  g u id e  r u l e s  c a n  be s e t  u p  t o  a v o i d  t h e s e

ARTHUR LAKES LIBRAR^ f S  
COLORADO SCHOOL oi MINES 

GOLDEN, COLORADO 80401
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m u l t i p l e  p i v o t  p ro b lem s  b u t  i n c o r p o r a t i n g  them i n  a  s i m p le x  

c o d e  i s  a  p ro b lem  in  i t s e l f .  Even i f  s u r r o g a t i n g  i s  i n s t r u ­

m e n t a l  i n  a v o i d i n g  some e x t r e m e  p o i n t s  on t h e  c o n v e x  r e g i o n ,  

t h e  t im e  u s e d  f o r  s u r r o g a t i n g ,  m u l t i p l e  p i v o t i n g ,  and  e l i m i ­

n a t i n g  c o n s t r a i n t s  must  oe j u s t i f i e d  by t h e  r e d u c e d  s i m p l e x i n g  

t i m e .
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CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY

The m ethod  I  have d e s c r i b e d  f o r  c h a n g i n g  t h e  s u r r o g a t e  

m u l t i p l i e r s  may p rove  v e r y  u s e f u l .  I t  m igh t  be  a p p l i e d  t o  

s u r r o g a t i o n  t e c h n i q u e s  now b e i n g  u s e d  i n  a r e a s  o f  mathema­

t i c a l  p rogram m ing  o u t s i d e  LP s u c h  a s  i n t e g e r ,  g e o m e t r i c ,  

o r  q u a d r a t i c  p rog ram m ing .  I t  i s  v e ry  q u ic k  and s i m p le  

f o r  u s e  when o n l y  a  few s u r r o g a t e  i t e r a t i o n s  a r e  r e q u i r e d  

( d e t e r m i n i n g  l o o s e  c o n s t r a i n t s ,  c o m b in in g  s u r r o g a t i o n  w i t h  

a n o t h e r  t e c h n i q u e ,  e t c . )  I f  c o n v e r g e n c e  i n  s o l v i n g  LP 

p ro b le m s  by s u r r o g a t i o n  a l o n e  c a n  be improved -  a s  y e t  

c o n v e r g e n c e  b y  any t e c h n i q u e  c a n n o t  be p ro v en  -  i t  may e v en  

be u s e f u l  a s  an a l t e r n a t i v e  t o  t h e  s i m p le x  m e th o d .

T h is  s t u d y  shows s u r r o g a t e d  l i n e a r  program m ing  t o  be  

i n f e r i o r  t o  t h e  s i m p l e x  m e th o d .  The c o m p u t a t i o n  t im e s  

p u b l i s h e d  by D i t tm a n  a r e  somewhat m i s l e a d i n g  and I  s u g g e s t  

t h a t  a  more r e p r e s e n t a t i v e  t e s t  b e  made on some r e a l  p r o b l e m s ,  

o r  a t  l e a s t  on some r e a l - s i z e d  p r o b l e m s .

S u r r o g a t e d  LP c a n  som etim es  t e l l  some v a l u a b l e  t h i n g s  

a b o u t  t h e  o p t i m a l  LP s o l u t i o n .  The a c t u a l  e f f i c i e n c y  o f  

c o m b in in g  t h e  s u r r o g a t i o n  and  s i m p l e x  methods n e e d s  t o  be 

t e s t e d  by  i n c o r p o r a t i n g  t h e  s u r r o g a t e  LP a l g o r i t h m  i n  a  

s i m p l e x  c o d e  which  u s e s  i t s  i n f o r m a t i o n  and c o m p a r in g  i t  

t o  t h e  r e g u l a r  s i m p le x  m e thod .

I  b e l i e v e  t h a t  s u r r o g a t e d  LP w i l l  n e v e r  become an 

e f f i c i e n t  a l t e r n a t i v e  t o  t h e  s i m p l e x  a l g o r i t h m  f o r  s o l v i n g
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t h e  g e n e r a l  l i n e a r  p rog ram m ing  p rob lem * I t s  f u t u r e  l i e s  

i n  s o l v i n g  s p e c i a l  t y p e s  o f  LP p ro b lem s  t h a t  a r e  e s p e c i a l l y  

a d a p t i v e  t o  s u r r o g a t i o n ,  r e l a t i n g  t h e  s u r r o g a t i o n  r e s u l t s  

t o  t h e  s i m p l e x  t a b l e a u ,  o r  u s i n g  s u r r o g a t e  r e s u l t s  t o  o b t a i n  

o n l y  c e r t a i n  i n f o r m a t i o n  a b o u t  t h e  problem* I  s u g g e s t  

r e s e a r c h  i n  a l l  o f  t h e s e  a r e a s  b e f o r e  any more s t u d y  on 

c o n v e r g e n c e  i s  done*
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ITERATIVE PROCEDURE OF DITTMAN AND STAATS

T h is  p r o c e d u r e  i s  b a s e d  on a  d i f f e r e n c e  q u a n t i t y  d ^ .  

When t h e  s u r r o g a t e d  s o l u t i o n  (x ^ )  h a s  b e en  d e t e r m i n e d  f o r  

some h ,  t h e  v a r i a b l e  i s  p lu g g e d  back  i n t o  t h e  o r i g i n a l  LP 

c o n s t r a i n t s  and l e f t  h a n d  s i d e s  (LHS^) a r e  c a l c u l a t e d  a s  

s t a t e d  e a r l i e r .  Then a  d^  c o r r e s p o n d i n g  t o  e a c h  c o n s t r a i n t  

i  i s  d e t e r m i n e d  by

I t  c a n  b e  shown t h a t  a l l  d^  w i l l  be  z e r o  o r  some w i l l  

be  p o s i t i v e  and  some n e g a t i v e  f o r  e a c h  SLP s o l u t i o n .  I f  

i s  n e g a t i v e ,  t h e  c o n s t r a i n t  i  i s  u n d e r s a t i s f i e d  a n d  i t s  

c o r r e s p o n d i n g  m u l t i p l i e r  s h o u l d  be r e d u c e d  w h e re a s  a  p o s i ­

t i v e  d^  i n d i c a t e s  a  v i o l a t e d  c o n s t r a i n t  and  a  h^  t h a t  n e e d s  

t o  be i n c r e a s e d .

The new s u r r o g a t e  v e c t o r  h '  i s  t h e n  c a l c u l a t e d  a s  

f o l l o w s :

where  Sn d e n o t e s  t h e  s e t  o f  u n d e r s a t i s f i e d  o r  e x a c t l y  

s a t i s f i e d  c o n s t r a i n t  i n d i c e s  and Sp d e n o t e s  t h e  s e t  o f  

i n d i c e s  o f  v i o l a t e d  c o n s t r a i n t s .  QO i s  an a r b i t r a r i l y

d^  — LHS^ — b i •

^ i  -  d^QO/ Z  
i e S n

h* + diQO/ Z d a

h A -  d i Q O / Z i d j  f o r  i f e S n
i e S n

h i  +  d^QO/ Z d 1 f o r  i e S p

c h o s e n  q u a n t i t y ,  b u t  i s  g e n e r a l l y  Z  L j / 2 *
i c S n
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T h is  m ethod  i n s u r e s  t h a t  s u c c e e d i n g  s u r r o g a t e  v e c t o r s  

rem a in  n o r m a l i z e d .  I f  a  new SLP s o l u t i o n  i s  worse  t h a n  

one p r e v i o u s l y  o b t a i n e d  o r  u n bo u nd ed ,  Q.0 i s  r e d u c e d  and 

E  i s  r e c a l c u l a t e d  r e s u l t i n g  in  a  s m a l l e r  c h a n g e  i n  t h e  

s u r r o g a t e  m u l t i p l i e r s .

Note t h a t  a l t h o u g h  t h e  abo ve  t e c h n i q u e  m a i n t a i n s
m

i t  may be  p o s s i b l e  f o r  some hj^ t o  be n e g a t i v e ;  

which  i s  n o t  a l l o w e d .  T h is  c a n  be r e m e d ie d  by r e d u c i n g  

QO, b u t  i f  some h i# i ^ S n i s  e x t r e m e l y  s m a l l  w i t h  d i  r e l ­

a t i v e l y  l a r g e  t h e  o v e r a l l  chang e  o f  t h e  s u r r o g a t e  v e c t o r  

may be s u f f i c i e n t l y  s m a l l  t o  c o n v e r g e  t o  a  s u b o p t i m a l  

s o l u t i o n .  I t  i s  s u g g e s t e d  t h a t  t h i s  be r e m e d ie d  by a l l o w i n g  

t h e  h^  w h ic h  r e s u l t s  i n  a  n e g a t i v e  h^ t o  be r e d u c e d  t o  a n  

a r b i t r a r y  p o s i t i v e  v a lu e  a s  h ^ / ^ .  T h is  r e q u i r e s  t h a t  QO 

be  c h a n g e d  t o  2  b [  -  2  b i  when c a l c u l a t i n g  f o r  i €S_
i* S n i £ S n

1
i n  o r d e r  t h a t  t h e  s u r r o g a t e  v e c t o r  h rem a in s  n o r m a l i z e d .

The a bo v e  c h a n g e  t e c h n i q u e  d o e s n f t  t a k e  i n t o  a c c o u n t  

t h e  r e l a t i v e  s i z e  o f  t h e  s u r r o g a t e  m u l t i p l i e r s .  S in c e  i t  

i s  a p p e a l i n g  t o  do s o ,  t h e  d^  q u a n t i t i e s  c an  be  w e ig h te d  

by a l l o w i n g

d inew “  h i d i  f o r  1 - 1 , . . . . m .

The above m ethod  r e m a in s  u n c h a n g e d  e x c e p t  da »s a r e  u s e dAnew
in  th e  p l a c e  o f  t h e  d ^ ' s .
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U s in g  r u n n i n g  sums o f  t h e  c a l c u l a t e d  d^*s  a t  e a c h  

s t a g e  i s  u s e d  f o r  b e t t e r  c o n v e r g e n c e *  When u s i n g  r u n n i n g  

sums i t  i s  p o s s i b l e  a  b e t t e r  s o l u t i o n  c a n n o t  be fo u n d  f o r  

a  g i v e n  s e t  o f  d ^ » a # When t h i s  o c c u r s ,  t h e  l a s t  d^  i s  

a d d e d  a g a i n  t o  t h e  r u n n i n g  sum u n t i l  a  b e t t e r  s o l u t i o n  i s  

found*
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C DITTMAN * STAATS SURROGATED .LINEAR PROGRAMMING METHOD
C
5

a#*# #4t#« ####**#####
DIMENSION C<5 0 ) i AS130)

COMMON UhS!100>»W.D<100) .B<1>00) ,U( i 0 0 , 2 ) , A < 1 0 0 . 5 0 )
COMMON K , L . I S E T » Z i OBJi Av G»tM I N , w M j N , l y B L «NQADJ,NODI,

1 Q0,Dl»O2,M,BS,tURNCEiJCMNGEi IUNBj SBS,INEG
DOUBLE PRECISION FMTG(3)  • FMTB (3)
REAL' LHS 

100 F0RMAT<2G)
101 FORMAT < 3A10)
102 , FORMATOSH )
C##«»####*»*#««#«»»#»*»#«* *##««#«##««*»#*«
c
C - * *  PROBLEM * *
C MAXIMIZE!
C C ! l >«X< l>  * C<2)*X<2> * , , .  + :CfN)*X(N)
C SUBJECT TO!
C A ( l , l ) * X ( i )  * A < 1 , 2  > *X (:2 > + * A (1 ,N)»X(N)  ,LE.  B I D
C A( 2 , 1 ) «X!1 )  * A (2>2)  **X (2 )  + . . .  A< 2 ,N)«X<N) , L E .  B<2)

C A ( M , l ) « X ( i )  * A<M,2) * X <2 ) *  , , .  ♦ .A (N , N) «X t N) ,LE.  B(M)C
C # *  DATA »«
C RECORD 1! PROBLEM IDENTIFICATION
C RECORD 21 NUMBER OF PRIMAL V8LS, NUMBER OF PRIMAL CONSTRAINTS
C RECORD 31 NONZERO NUMBER IF INTITAL SURROGATE VECTOR INPUT
C RECORD A! FORMAT FOR OBJ 'FUNCTION AND CONSTRAINTS
C RECORD 5! FORMAT FOR RHS
C RECORD 6i I N I T I A L  SURROGATE VECTOR (ONLY IF INPUT)
C RECORD 7* OBJ FUNCTION COEFFICIENTS C<J>’ S
C RECORD 8! RHS OF CONSTRAINTS B<J) 'SC RECORD 9* !  COEFFICIENTS OF .CONSTRAINTS A ( I , J ) ' S
CC*«« # * # » * * # * # » « * » » « * # * * « « ■ * * * » « •» #  »* *###««#«#«##«»«»*#«»<»»*  « « « « * * *  *« * # » » »  

READ( 5<102)WRITE<6#102)
REACTS,100! N,M
READ(5. 100) INPUT
READ<5>101) ( F M T C t I ) , 1=1, 3)
RE AD < 5 >101) (FMTB( I ) , I =1, 3)
I P < INRUT,NE','0) READiS.FMTB) <u< I i l !  > I s l i M )
REA0<5,FMTC) <C( J > , J = 1, N)
READ<5,FMTB) <B! I ) , I e l , M)
DO 2 1=1, M 

2 READ(5,FMTC) ( A11i J ) , J=1i N )
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C FORM NORMALIZED PROBLEM AND IN IT IAL IZE  V8LS 
C

DO 3 1 * 1 . m
I F ( B < I ) . E Q . 0 . ) GO TO 3 
DO 4 J s l . N

4 A U , J ) . s A ( l , j ) / A 8 S < B U > )
B ( 1 ) s B ( I ! / A B S ( B (  I ) )

3 CONTINUE
OBj= i .E35 
ISETsO 
NQADJ*0 
IUNB=0 
5 CHNGES0 
AVG=l .E35 
IT E R-0 
K«1 
1=2

C IN IT IAL IZE  SURROGATE MULTIPLIERS
c

I F ( i n p u t .NE','0) GO TO 500 
DO 5 I s l . M  
0 (1 5 *0 *

5 U ! I i K ) * t ,

C FORM SURROGATE CONSTRAINT 
C
500 INe0

JXs0 
BSs0,
DO 50 J n . N  

50 AS( J ) s 0 ,
00 6 J = i . N  
DO 6 I = 1.H

6 A S { J  5* A S ( J ) *  U ! I i K I « A ( I , J )
DO 7 I s l >  M

7 BSsSS *  B ( I ) #U( I >K)
Ce***««««
C SOLVE THE SURROGATED PROBLEM 
C

IPA80 
JNA = 0 
IPC»0 
INCS0 
AMAX*0,
AMIN=1. E35 
DO 200 J s l . N  
I F <C( J 5) 2 2 l . 2 2 2 . 2 2 2  

221 INC*>*1
I F ( AS( J ! . GE. 0 • )  GO TO 220 
INAA-1
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IF !C<J) /AS<J> .GE.AMlN!  GO TO 200 
AMINsCtJl / 'ASCJ)
1 N = J
GO TO 200 

220 !PA=i
GO TO 200

222 t P C n
I F ! AS( J ) . I E , 0 . )  GO TO 223 
JPA*1
lF<C<J>/AStJ>.LE.AMAX)  GO TO 200 
AMAX=C( J ) / A S( J )
I X = J 

200 CONTINUE
I A- IPA * INA 
JCsJPC * INC
IF( IC,LT.0,ANO.BS,GT,0. ) GO TO 3,4 
I F ( I C ,I T .0,A N D ,I A .L T «1.A N D , BS . EG 10,) GO TO 1 4  
IF CI A , G T .0.A N D .B S .E ® •0•) GO TO 14 I F ( I A . G T . 0 , A N D . BS.LT.0.> GO TO 15 
IF(AMIN.GE.AMAX) GO TO 224

223 K=3=L
IFC1TER.EO.0) GO TO 123 
IUNB’ 1 
GO TO 300 

123 WRITE(6 (104 )
104 FORKATdsX,'UNBOUNDED IN IT IAL  SURROGATE VECTOR'i 

STOP'
14 0=0,

IVBL=1 
H - 0 ,
GO TO 225

15 WRITE!6»105>
105 FQRMATU5X,'SURROGATE PROBLEM HAS NO FEASIBLE SOLN’ 3 

STOP
224 IVBL= IN 

IP (B S ,G E ,0 . )  IVBL= IX 
W=BS/AS<IVBL)
H=W*C(IVBL)

2?5 ! TFR = I TER -+ 4
IF 11 TER• GT.500)  GO TO 998 

C wRITE( 61 100 0 ) B, IVBL
1000 FORMAT(El2,5 , ' X ( ' » I 2 , ' ) ' )

C CALCULATE NEW SURROGATE MULTIPLIERS 
C
300 NOAOJ=NOADU*l 

CALL CHANGE
I F ( ICHNGE.GT.0) GO TO 997 
K = L
GO TO 500



C OUTPUT RESULTS 
C
990 WRITE t 6 f 1 0 9 ) ITER
109 F0RMAT(15X, 'NO CONVERGENCE I N ' , 14 , 11TERATIQNS’ )

GO TO 999 
997 WR1 TE ( 6 1 H 7  )

WRITE( 6 , 1 1 3 )  ITER,2 
WRITE(6 ,1 1 2 )  ( ( I »U ( J , K) ) ,  I s i , M)
WR rTE( 6 ,1 17 )

117 FQRMAT(1X,70(1H»))
113 FORMATUX, 'OPTIMALITY ESTABLISHED AT ITERATION' ,14 ,

15X. *OBJ FUNCTIONS’ ,Ei2,5/ /10X, ' .SURROGATE MULTIPLIERS' ) 
112 FORMAT! / ,3 (5X, 'U< M 2 , '  > * ' , F 1 0 , 7 ) )
999 STOP 

END
C
0
c
c s u b r o u t i n e  change

COMMON L H S ( i 0 0 ) , W , D ( i B 0 ) , B ( 1 0 0 ) , U ( 1 0 0 , 2 ) , A ( 1 0 0 , 50) 
COMMON K , L , I  SET,2 , OBJ,AVG,I  MIN,WHIM, IVBL, NOADJ, NOQI,

1 Q0,D1,O2,M,8S,TIRNCE,JCHNGE,IUNB.SBS,INEG
REAL LHS
I F ( NOADJ, L T . 15 > GO TO 403 
GO TO 399

404 DO 402 I s i . M
402 0( 1 ) = 0 ( I )  *  LHS( I ) •* 1,

K = 3-L
ISET=0 
AVGS1.E35 
GO TO 303

403 IREP=0
IF ( IUNB.EQ.0 )  GO TO 405 
80 ;O 0 / 2 ,
IUN8=0 
GO TO 311

405 I F t l S E T . E Q . i )  GO TO 400 
I F ( 2 , L T , 0 8 J > GO TO 300 
ISETs i

400 K»3*L 
IF(H.GT.AVG) GO TO 401 
IF( INEG,GT.0)AVG=2
IMIN=IVBL 
WMJN»W 
SBS5BS 
Q0SQ0/2 ,
IF(Z.GT,QBJV0R. ICHNG£.EQ. -1)  .GQ TO 311 
K = L
GO TO 300

401 ISETk0
ICHNGE*0
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2 = AVG 
IVBL? IMIN 
WsWMIN 
BSfSBS
Q0 =O0#2 »
IREPsl  
GO TO 311 

-410 J ReP = 0
K*L

300 !F(ABS(08J^H)  .GE.TLRNCE) GO 'TO '>301 
1F ( ISET, EQ.0 )  GO TO -$99 
IFSH.EQ.OBJ) GO TO 399 
ICHNGE?’* !
K = 3-L  
GO TO 311 

399 NOOI=NOOI*1
I F ( NOD I . GE•10)  1CMNGE=1 
IF( ICHNGE.LE.0)  GO TO 404 
RETURN

301 OBJS2
TIRNCE = A8S< ,'001»O8U)
NOD I *0 
JSET=0 
AV5S1.E35 
00 302 1=1 .M
LHS 41) = A ( i . IVBL) #W + 1, .* ! g ( ! )

302 D( I )  = 0 ( 1 )  + LHS ( I ) «■ 1,
L"3=K

303 NOAOJS0 
00 = 0 ,
01=0,
02*0 ,
DO 309 I s i , M  
I F ( D ! I > !  30 3 .308 .307

308 Q0=Q0 + U ( I , K ) / 2 .
01*01 *0 ( I ! <*U <! < K)
GO TO 309

307 02=02 * 0 ( I ) * U ( I . K )
309 CONTINUE
311 00 312 1 * 1 , M

I F <D( I ) )  32 0 ,330 ,310  
320 U( I <I ) * U < I , K) -  0 ( I ) =U( J «K) «O0/D1 

GO TO 312 
330 U ( I »I > =U( I < K >

GO TO 312
310 U ( I , L ! =U( I , K) * 0 ( I ) « U ( I , K) * 0 0 / 0 2
312 CONTINUE 

JNEG*l
00 314 1 = 1, M 
I F ( U( I , L )> 32 3 .323 ,314  

323 U ( I , l ) = U ( I . K ) / 4 ,
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INEG=-1 
314 CONTINUE

IT CINEG.GT.0) GO TO 316 
QSUM=0.
00 317 I *31 * H
IT < D ( I ) )  31 81 3 l 7 , 3 i ?

318 QSUM=QSUM * y l l . K l  -  U U , I« )
317 CONTINUE

DO 319 1 = 1 , H 
I F < 0 ( I ) >319,319,329 

329 U ( I , L ) =UCI• K) * D( I>»U( I ,K)«GSUM/02
319 CONTINUE
316 I F <IR EP.EO . l )  GO TO 410 

RETURN 
END
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C SIMPLEX METHOD (GIVEN A BASIC ‘FEASIBLE SOLUTION)
0
c

##***###'#*###*** #*#*###**##*#»•#*##*####«*###*#*#**#**####<»#*###
DIMENSION A(50> 50 > , IB(50>
DOUBLE PRECISION f MTA( 3 > , f MTB!3>
READ(5>100) N,M

100 F0RMAT(2G!
READ(5,10U ( F M T A ( I ) , 1=1,31 
Re AO(5»101) (fMTB! I ! > I s i , 3 )

101 FORMAT(3A10)
00 1 i R l . M

1 READ(5 «FMTA) ( A ( I . J ) . J  = i » M  
REAO(S-FMTB) ( I B ( I ) i I =1>M)
NPIVOT=0

11 AmIN=1. E35 
00 2 v/®l i N
IF ( A ! 1 . J ) . G E . A M I N )  GO TO '2 
AMIN = A(1 ,  J >
IPCRJ

2 CONTINUE
I F ( A M I N , G £ , 0 . ) GO TO 99 
AM IN = 1 . E35 
DO 3 I * 2 ,  M
i f ( a ( i i i p c ) V i e . 0 . )  go t o  3
I F ( A U , N ) / A ( I , I P C > . G E . A M I N )  .go t o  3 
A M I N = A ( I , N ) / A ( I f I P C >
SPRs I rtCRjS^rfS

3 CONTINUE
IB ( I PR > ? I P C i l  0- ( ^ VqC^o0}^ 0  ^
00 10 I *1 f M ^ ^ ° r O V 0 ?l̂
I F H . E Q . I P R )  GO TO 10 C O ^ r t f . ^ 0
FMULTs - A U . I P O / ' A U P R f IPC) go^
00 9 J=1,N

9 A ! I . J > 3 A U P R , v!)*FMULT + A( j , !U)
10 CONTINUE 

FMULT=1 . / A (  I-PR. I PC)
00 12 J = 1 ,N

12 A( IPR,U!=A( IPR,J ) *FMULT 
NPIVQT=NPIVOT + 1
GO TO 11 

99 WRITE( 6 , 102)  NP J VOT
102 FQRMAT(1X,1S(1H*)  , ’ OPTIMALITY ESTABLISHED AFTER’ , 1 3 , ’ PIVOTS’ , 

115 ! 1H » ) !
WR J TE(6 f 103) A ( 1 ,N)

103 FORMAT(lx, ’ OBJECT IVE FUNCTION s ’ fF 2 0 , 5)
WRITE(6 ,1 0 4 )
W RIT E f 6 f 10 5> U  8 U  >, A < I , N > , I * 1,  M >

104 FORMATdX, ’ BASIC VARIABLES AT OPTIMALITY! ' )
105 FORMAT ( 5X, ' X ( '  . 12 , * ) = ’ ,F15, '5)
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c proposed method o f  chang ing  t he  s u r r o g a t e  MULTIPLIERS 
0 
c

DIMENSION CC50) ,AS!5 0 ) , LHS( 1 0 0 ) i B ( 1 0 0 ) . U( 1 0 0 , 2 ) , A ( 100.50)  
DIMENSION UPOBU<50)
DOUBLE PRECISION FMTC( 3 ) , FMTB!3>
REAL LHS 

100 FORMAT(2G)
101 FORMAT < 3 A10 j
102 FORMAT( 55H )

READ(5 ,1 0 2 )
WRJ TE < 6 ,102 )
READ(5*100> N»M 
READ! 5 ,100 )  INPUT 
READ(5,101) (FMTC11) ,1  = 1 , 3 )
READ( S>101) CFM TBU ) ,1=1,3)
IF< INPUT , NE.0) READt5,FMTB) (U ( 111 S, I = 1 >M)
READSS.FMTc ) (C < J ) , J = 1 ,N )
READ(5,FMTB) C B U J . J s l . M )
DO 2 1=1 ,M

2 READ(5,FMTC) ( A( I >J ) , U=1. N)

C FORM NORMALIZED PROBLEM AND IN IT IAL IZE  VBLS 
C

DO 3 1=1 ,M
I F ( B ( I ) , E Q . 0 . )  GO TO 3 
00 4 J = l ,  N 
UPOBj fJ )=C(J)

4 A ( I ( J ) = A ( I , J ! / A B S ( B S I ) )
B( I ) =S<I ) /ABS<B< I )>

3 CONTINUE 
ISe T=0 
AV0=1. E35 
0BJ=1,E35 
JTER=0 
K=1

C IN IT IAL IZE  SURROGATE MULTIPLIERS
c

IF<INPUT.NEV0> GO TO 500
DO 5 I s1# M

5 U C1 1 K) * 1 »

C FORM SURROGATE CONSTRAINT 
C
500 IN«0 

IX«0

DO 50 U * l ,N
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30 AS(U) =0 ,
00 6 0=1>N
p0 6 I ^ 1 * M

6 As<J>a?As(-J) * (j n  # K) #A (I r J )
DO 7 N l i H

7 BSsBS ♦ 8 ( I ) #U( 11K>

C SOLVE THE SURROGATED PROBLEM 
C

JPA»0
INA = 0
1 P C a 0 
!NCS0 
AMAX=0,
AM INsj, »ES5
DO 200 U h * N
IF {C £ J ) I 2 2 i . 222*222

221 INOsol
I F ( AS( J ) . GE.0 .  > GO TO 220.
INA*-1
I F ( C ( J ) / A S ( j )  .GE.AMIN) GO TtO 200 
AM IN = C <J ) / A S ( J )
I N~ J
GO TO 200 

220 IPA*1
GO TO 200

222 JPC*1
J F < AS £ J ) ,  l _ E 0,  ) GO TO 223 
I PA*1
I F ( C ( J ) /A S ( J ) . L E .A M A X !  GO TO 200 
AMAX=C<J)/AS<J>
IX «u 

200 CONTINUE
I A = 1PA ♦ INA 
j gsJ PC + INC
I F ( I C , L T , 0 , aND ,BS ,G T ,0 . ) 00 TO 14
I F ( IC .LT .0 .ANO.  l A . t T , l . A N O , B S . E C , 0 t } GO TO 14 
I F ( I A . G T , 0 . aNO.BS .EQ,0 . ! GO TO 14 
IF £IA .G T . B . A N O. B S .U T . 0 . > GO TO 15 
IF (AMIN.GE, aMAX) GO to 224

223 IF ( IT E R .N E .0 )  GO To 501 
WRITE!6 >130)

130 FORMATdSX,'UNBOUNDED INIT IAL SURROGATE VECTOr ' I  
STOP

14 2 *0 .
IVBL=1
W = 0 ,
GO TO 225

15 WRITE£6.105)
105 F0RMATU5X.'SURROGATE PROBLEM HAS NO FEASIBLE SQLN') 

STOP



224 JVBL= IN
IF(BS.GE,0,) IVBL11X 
W=BS/AS<IVBL)
2 = W*C ( IVBL! 

225 !TER=ITER * 1
IF(I TER.GT.200) GO TO 998 

C WRITE(6,1000) 2.IVBL
1000 FQRHAT<El2.5«•X C'>12.')')
c CALCULATE NEW SURROGATE MULTIPLIERS 
C

I F ( ISET.GT.0 ! GO TO 301 
I F ( Z . L T . 0 8 J )  GO TO 5 5 0

501 ISET= ISET * 1 
KsS^L
IFsZ.GT.AVG.'OR. ISET .ST , 5 0 ) GO TO >502 
AVG = 2 
IVAR=IV8 L 
RK2*RKi  * 2.
GO TO 59i

502 Z=AVG 
RK2»RKl 2.
DO 503 1=1 ,M

503 L H S ( I ) 5 ( L H S ( I ) ~ 1 , ) « R K 1 / R K 2•+ 1,
DO 504 Is1,H

504 U ( I , L ) - U ( I , k ) * L H S ( I )
K = L
GO TO 900

550 IF(ABStOBJ-Z) .LT.TLRNCE) GO TO 997 
OB J = 2 
RATIO = UPOBvI ( I V B L ) F aS( IVBL)
DO 551 J = 1> N

551 UPOBJiJ)=UPOBJ!J) - AS < J )oRAT TO 
TLRNCE = ABS{','001*OBv)!
RKlsl,
DO 562 1=1, M

562 LHSU>=A< I, IV8L)*W + %, - B!I)
L = 3^K
DO 563 1=1,M

563 IF(LHS(I).LE,0•) GO TO 570
564 DO 565 I=1„M
565 U<IiL)=UCI.K)»LHS<I)

K=L
GO TO 500 

570 AMIN=0.
DO 577 J = 1 , M 

577 I F I L H S t I ) . L T . A M I N )  AMIN=LHS(I)  
RK2 =IFIX(- ,AMIN)  * 2,

591 DO 598 1 = 1,M
598 LHS( I )= (LHS ( I> ~1 , )« RK1 /RK 2  + 1 , 

RKt=RK2
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GO TO 564

C OUTPUT RESULTS c
998 WRiTE(6 i i 09 ) ITER 

GO TO 999 
900 00 901 J * i . N
9 0 j  AS( J > *0 .

DO 902 U - l . N
00 90g 1 * 1 , M

902 AS( J ) *AS( J ) * U ( I » K ! » A ( I , U!
IVBL=IVAR 

997 WRITE( 6 , i i ? )
WR X TE 16 * 113) I TER»2
WR i TE < 6 , 1 1 2 ) ( ( 1 , U ! I , K ) ) , J q l .M )
RATlOsUPOBJI IVBL) /AS( IVBL)
DO 950 J = 1 ,NI 

950 UPOBU<J) = ABS(UPOBU(J) -  a S U H R A T IO )
DO 960 J a l . N  

AM IN = 1 . E35 
DO 955 J J » i N
IF (UP O BJ( JJ ) , GE.AMIN) GO TO '955 
AM IN = UPQ8U! JJ >
10 •• uu 

955 CONTINUE 
LHS( J ) a 10 

960 UPOBJ ( ID > bt' , 'E35
JXs0 
B < l ) s 0 ,
L*3sK
U( 1 , L ) ®0.
1 Ys0
DO 995 1 * 1 , M
I F ( U ( I , K > . L E . l . S )  GO TO 994
IXsIX+1
B ( I X ) s I

994 IF ( U < I , K) ,GE. • 5 )  GO TO 995 
i y=j  y* i
U < IY, L! ? 1

995 CONTINUE 
INDX=MIN0(IX,N)
WR X TE 16 » 1 1 4  J
WRlTE(6 ,1 18 )  ( U ( 1 » L ! > I= 1 » IY )
WRITE < 6 ,115 )
WRITE( 6 ,1 1 8 )  ( B U ) , I  = 1 , IX>
WRITE( 6 >1 1 6 )
WRITE( 6 ,1 1 8 )  <LHS<J ! , J = l , IN O X )
WRITE<6,117)

109 FORMAT( 15X, ' NO CONVERGENCE IN >,14,  ’ ITERATIONS' )
117 FORMAT(IX,70<1H»))
113 FORMATdX, 'OPTIMALITY ESTABLISHED AT ITERATIOn ' , 1 4 ,
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l S X . 'O BJ  FUNCTIONS' ,EtZ.5/ / i0X, 'SURROGATE HUtTxPLIERS'> 
112 FORMAT! / ,3(5X, 'U< M 2 >  ' > » ' » FIB * 7 > >
114 FORMAT! / / '  LOOSE CONSTRAINTS! ' )
115 FORMAT! / / '  TIGHT CONSTRAINTS!' )
116 FORMAT!/ /*  ORDERED CANOIOATES FOR BASIC VARIABLES! ' )
118 FORMAT( 20F3. 0 , / )
999 STOP

END
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DITTHAM EXAMPLE PROBLEM \
2.9
0
' 2 0  
'90 
1 > *2
i . i . i i i . i . i i ,  i . i » £
3,4
5.6
3.7
8.9
4,3
9 .8
9 .1
1 . 1
2 .10
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DITTMAN EXAMPLE PROBLEM 2 
3)14
0
<3G)
(14G>
1 L51
1 1 1
1 2 1
2 3
4 1 6
3 1 4
9 1 3
3 i 6 1
4 # 1 3
1 6 . 1 4 . 1 5
10 .1 2 .1 6
3 6 . 1 4 . 8
1 7 . 4 . 3
5 , 1 , 6
4 . 6 . 8
1 . 2 . 3



T - 17 2 5 46

D1TTMAN example PROBLEM 5
7,4

<7G>
! 4G >

3»— 2 * 3« 5 a 1 # 6 f 1 

*?2^ ~3 #3 a5# "*1p6»6
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DITTMAN EXAMPLE PROBLEM 6
5 , 4  
1
<5G)
<4G>
1 . 7 5 * , 2 5 ; , 2 5 , 1 . 7 5
5 . 6 . 7 . 8 . 1
1 . 1  , 1 # 1 
6 , 6 * 1 , 1 , 6  
X, 4 , » 7 , X,1 
5,  3,  - 4 ,  *-3, 2 
3 , 1 * 1 , 2 , 3
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OITTMAN EXAMPLE PROBLEM %l
2 12
0
C20>
C2G)
7 f 6
i f i  
1 * 6
5 . 1
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PITTMAN EXAMPLE PROBLEM 13
4 t 4
0
C 4G)
<4G)
& # 2 1 3 1 *-■ 1 
i »i  a i  p 1 
i  12 »l  * 1 
4 , 3 , 4 * 2
® A 1 f 3 1 1
4 # 2 # 3 a 1
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OITTMAN EXAMPLE PROBLEM i 5
7 ,3
0
< 7 0
<3G)
1 , 2 , 3 , 4 , 5 , 6 , 7
1 , 1 , 1
3 . 2 . 4 . 1 . 5 . 1 .6
4 , 3 , 1 , 5 , 6 , 6 ,1
5 . 5 . 1 . 4 . 1 . 1 .7
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OITTMAN EXAMPLE PROBLEM 19
7 ,7
0
<7G) 
(70)
4 * 1 1 4 # 1 4 1 4
1 1 x > i  # % .1 1 X
3 -f % t 2 # X 1 6 X
2 , 2 ,1 ,3 - X 1 7
5 * 1 , 3 , 4 t 6 7
X ? 1 7 1 , X l X X
2,2,2>.2 2 2 2
3 , 3 , 3 , 3 3 3 3
4 # 4 i 4 # 4 4 4 4
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0 ITTMAN EXAMPLE PROBLEM 20
3 , 7  
0
< 3 0
< 7 G)
i
X

X
% i

% 4 3
5 2 3
a X
4 3 1
i 6 4
7 S i
2 3 2
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SYMONDS FUEL OIL BLENDING PROB LE^ -Pa GE A (EX.*)
3,3
0
(3G>
( 3 G )
5 j 4 # 3 
0 , 0 ,1000
10002 , i 0 0 0 1 , ~ , 0002 
. 0 0 01 # . 0 0 0 1 , - , 0 0 0 3  
1 , 1 ,0
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5YM0ND3 RUNNING PLAN PROBLEM-PiGE 12
5 , 3
0
(56)
<8G>
1 0 0 , 2 0 0 . 1 5 0 , 2 5 0 , 7 0  
1 0 0 , 1 0 0 , 2 0 0 # 1 0 0 ,  J .70>85. 20?  85
1 , 0 , 0 , 0 1 0  
0 , 1 , 0 , 0 1 0  
® 9 0 , 1 * 1 * 0 
0 , 0 , 0 , 0 , 1  
» 6 , * 5 , * 4 , * 4 , , 3  
• 2 j * 2 i , 3 , « 1 , * 3  
0 , 0 , 0 1 , 2 , 0  
*1#•2 # , 2 , *  2 , * 3
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SVMOMOS BLENDING AVIATION GASOl I:NE-PAGE 18 (EX , 3 )
8 , 1 0
0
( 8G!
(10GI
0 , 2 , 1 , 3 , 2 , 4 , 3 , 5  
20 00 , 2 0 0 0 , 1000 , 1000 , 1000 , 1 0 0 0 , 0 , 0 , 0 ,0  
1 , 0 , 1 , 0 , 1 , 0 , 1 ,0  
0 , 1 , 0 , 1 , 0 , 1 , 0 ,1
1 , 1 , 0 , 0 , 0 , 0 , 0 , 0  
0 , 0 , 1 , 1 , 0 , 0 , 0 , 0  
0 . 0 , 0 , 0 , 1 . 1 , 0 , 0  
0 , 0 , 0 , 0 , 0 , 0 , 1 , 1  
* . 00 02 , 0 , - . 0001 , 0 , 0 , 0 , . 0001 ,0  
- . 0 0 0 5 , 0 , - . 0 0 0 3 , 0 , . 0 0 0 3 , 0 , , 000 1 ,0  
0 , - , 0 0 0 1 , 0 ,  . 0 0 0 1 , 0 , . 0 0 0 3 , 0 , . 0 0 0 5  
0 , - . 0 0 0 1 , 0 , 0 , 0 , . 0 0 0 3 , 0 , . 0 0 0 2
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MILUEfMJEBERMAN MANUFACTURING ■FR0B1»EMhPAGE (EX, i ) 
3 , 4
0
«3C)
<4G)
2 0 16 * 8
2 0 0 * 1 0 0 , 5 0 , 2 0
8 , 2*3
4 , 3 , 0
2 , 0 , 1
0 .0 , 1
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H IU I E R - U E B E R H aN PRODUCT MIX PRGBIEM-PAGE 131 ( EX«2>
12 .10
0
112G >
< 10G>
2 . 5 . - . 5 . 1 . 5 .  . 5 . 1 . 5 > “  1 . 5 .  . 5 . “ . 5 .  > 9 , - 2 , 5 , 5  > -1•5
3 0 0 0 . 2 0 0 0 . 4 0 0 0 * 1 0 0 0 . 0 . 0 . 0 . 0 1 0 . 0
1 , 0 . 0 . 0 . 1 . 0 , 0 . 0 . 1 , 0 . 0 , 0
0 . 1 ,  0 , 0 . 0 , 1 . 0 , 0 ,  S ' , 1 , 0 , 0
0 , 0 , 1 , 0 , 0 , 0 , 1 , 0 , 0 , 0 , 1 , 0  
0 , 0 . 0 , 1 , 0 , 0 . 0 , 1 , 0 , 0 , 0 , 1
, 0 0 0 0 7 , - . 0 0 0 0 3 , “ . 0 0 0 0 3 , “ . 0 0 0 0 3 , 0 , 0 . 0 , 0 , 0 , 0 , 0 , 0  
. 0 0 0 0 4 . - . 0 0 0 0 6 , . 0 0 0 0 4 , . 0 0 0 0 4 , 0 , 0 , 0 , 0 , 0 . 0 , 0 , 0  
- . 0 0 0 0 5 , - , 0 0 0 0 5 . . 0 0 0 0 5 , - . 0 0 0 0 5 . 0 . 0 . 0 , - 0 i 0 , 0 , 0 , 0  
0 , 0 , 0 , 0 , . 0 0 0 0 5 , - . 0 0 0 0 5 , - . 0 0 0 0 5 , - . 0 0 0 0 5 , 0 , 0 , 0 , 0  
0 , 0 , 0 , 0 ,  . 0 0 0 0 1 , - . 0 0 0 0 9 ,  .00001,  . 0 0 00 1 , 0 , 0 ,0 . - 0  
0 , 0 , 0 , 0 , 0 . 0 , 0 , 0 , . 0 0 0 0 3 , - . 0 0 0 0 7 , - . 0 0 0 0 7 , - . 0 0 0 0 7
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HILUE*"L !EBERMaN FARM OPERATIQN-FAGE *34 (E X .3) 
9 , 13
0
i 9 0  
<136)
4 0 0 400 400 3 0 0 , 3 0 0 , 3 0 0 , 1 0 0 * 1 0 0 , 1 0 0
4 0 0 600 300 1 5 0 0 , 2 0 0 0 , 9 0 0 , 7 0 0 , 8 0 0 , 3 0 0 , 0 , 0 , 0 , 0
1 . 0 0 , 1 0 , 0 1 , 0 , 0
0 . 1 0 , 0 1 , 0 0 , 1 , 0
0 , 0 1 , 0 0 , 1 0 , 0 , 1
5 , 0 0 , 4 0 , 0 3 , 0 , 0
0 , 5 0 , 0 4 , 0 0 , 3 , 0
0 , 0 5 , 0 0 , 4 0 , 0 , 3
1 , 1 1 , 0 0 , 0 0 , 0 , 0
0 , 0 0 , 1 1 , 1 0 , 0 , 0
0 , 0 0 , 0 0 , 0 1 , 1 , 1
1003# 0 0 2 , 0 ,  , 0 0 3 , - . 0 0 2 , 0 ,  . 0 0 3 , - . 0 0 2 , 0
* . 0 0 3 ,  , 0 0 2 , 0 , 0 0 3 ,  . 0 0 2 , 0 , * * 0 0 3 ,  .-002#0 
0 , . 0 0 1 , - . 0 0 2 , 0 , * 0 0 1 , « «0021 0 , , 001 * ** ,-002 
0 . - . 0 0 1 , . 0 02 ,0  , - . 0 0 1 , . 0 0 2 , 0 , - . 0 0 1 , ,002
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DAN0 INVENTORY PROBLEM-PaGE 57 
8 ,13  
1
!8G>
(13 G 5
, 5 , . 5 , , 5 , , 5 , 1 , 2 5 , i . 2 5 , 1 . 2 5 , 1 . 2 5 , 1 . 2 5 , 1 , 2 5 , 1 , 3 5 , 1 , 2 5 , 1 , 0  
6 3 , 6 5 , 6 2 . 6 4 , 6 1 , 6 3 , 6 0 , 6 2 , 7 6 . 6 9 , 7 5 . 6 8 , 7 4 . 6 7 , 7 3 . 6 6
- 7 1 2 , - 1 2 9 0 , - 1 8 3 7 , - 3 0 5 3 ,  3053-550 .  5',-550. 5, 550 .5 ,  550,  5, 453 ,453 ,  453,  453 
- 1 , 0 , 0 , 0 , - 1 , 0 , 0 , 0
" 1 f - 1 0* 0 * * 1  * - 1
- I f - 1 *1 * 0 *—1 *
- i f - 1 - 1  * - 1 , - 4 ,
i l l 1 1 ,  i * 1 * 1 * 1
1* 0 0 0* 0 * 0 * 0 * 0
0 , 1 0 0* 0 * 0 * 0 * 0
0* 0 1 0* 0 * 0 , 0 * 0
0 * 0 0 1*0 * 0 * 0 * 0
0* 0 0 0*1 * 0 * 0 * 0
0* 0 0 0* 0 * 1 * 0 * 0
0* 0 0 0* 0 * 0 * 1 * 00* 0 0 0* 0 * 0 * 0 * 1
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CHARNESSCOQPER MACHINE l»OADING-PAGE gg ( E X . i !
21 .15
0
(11G/10G!
( 10G/5C)
8 0 , 7 6 , 7 0 . 7 7 , 7 6 . 1 5 , 6 5 , 3 , 7 9 . 1 1 , 1 1 9 . 4 9 , 8 9 , 0 9 , 7 3 . : 3 , 1 1 6 , 3 . 9 1 . 4 9 , 1 0 2 . 1 1  
6 4 ,1 4 ,  54 ,1 3 ,  6 2 ,9 8 ,  64 .14 ,  86 .25 ,  4 5 .5 7 ,  29 . -03,39.  87 , 42, 05,  38.  23
6 8 6 4 , 6 8 6 4 ,6 8 6 4 , 6 8 6 4 ,6 8 6 4 .1 26 15 1 .1 1 71 4 ,1 1 46 3 ,1 07 76 ,5 67 9
3 4 10 ,2 83 4 ,1 1 0 9 , 9 4 8 ,1 4 4
. 5 3 4 . 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0
8 08 • 448 , 8 , 0 , *427,

, 4 8 0 ;
0 * 0 , ♦ 4 9 6  , *

0 *511*0 , 0 , 0 , 0 , 0 , 8 * , 473
0 07 0 ,0* 0, 0* 0 , 0 *0, 0
0 0# . 471 , 0 , 0 , 3, , 4 1 5 , 0 , 0 * 0 * , 4
i 376* 0*0 *0 » 4436, 0, 0 , 0 i 0 , 0
0 0 , 0 * , 501 ,0 0 , 8 , » 4 6 9 , 0 , 0 * 0
0 0 , 0 *0, 0* 0, ♦456 ,0 , 0 , 0
0 0 , 0 , 0 , »246 10 , 0 , 0 , * 2 4 5 , 8 * 0
0 , 1 8 3 , 0 * , 236 *0, 0 , 0 * . 2 4 8 , 0 , 0
1 1 , 1 , 1 , 1* 8, 0 , 0 , 0, 0 , 0
i 0 , 0 *0, 0, 0* 8 *0, 0, 0
0 0 , 0 , 8 , 0* 1, 1 , 1 , 1* 0 , 8
0 0 , 0 *0* 0, 0* 0 , 0 , 0, 0
0 0 , 8 * 0 , 0, 0, 0 , 0 , 0 , 1 , 1
0 0 , i *0* 0, 8, 0 *0* 0* 0
0 0 , 0 *0* 0, 0, 0 *0, 0, 0*0
1 1 , 0 #0* 0* 0, 0 *0, 0, 0
0 0 , 0 *0* 0* 0, 0 , 0 , 0, 0*0
0 0 , 1 *1, 0, 0* 0 *0, 0, 0
0 0 , 8 *0, 0, 0, 0 ,0* 0, 0 , 0
0 0 , 8 *0, 1* 0, 0 * i , 0, 0
0 0 , 0 *0, 0* 0, 0 *0, 0, 0 , 8
0 0 , 0 *0* 0, 1* 1 , 0 , 0, 0
0 0 , 0 , 0, 0, 0, 0 *0, 0 , 0 , 0
0 0 , 0 *8* 0, 0, 0 *1* 0, 0
0 0 , 0 *0, 0* 0, 0 *0, 0 , 0 , 0
0 0 , 0 *0, 0, 0, 0 , 8 , 1 , 0
0 0 , 0 *0, 8* 0, 0 *0, 0. 0 , 0
0 0 , 0 *0* 0* 0, 0 *0, 0, 1
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CHARNES&COOPER b l e n d i n g  HODEL'-PAGE 552 (EX ,2) 
8 , 8
0
(8G)
(88)
, 9 , , 9 , , 9 , , 9 , 1 , 5 , 1 . 5 , 1 , 5 , 1 , 5
01 0 , 0 , 0 3800 ,265 2 ,40 81 . 130 0
m 00016 - . 0 0 0 0 2 , . 0 0 0 0 4 , - . 0 0 0 1 7 , 0 , 0 , 0 , 0
#* 00002 . 0 0 0 0 1 , - . 0 0 0 0 3 , . 0 0 0 1 3 , 0 , 0 , ' 0 , 0
0, 0 , 0 , 0 - . 0 0 0 0 7 . . 0 0 0 0 7 , . 0 0 0 1 3 , - . 0 0 0 0 8
0, 0 , 0 , 0 - . 0 0 0 0 2 , . 0 0 0 0 1 , - . 0 0 0 0 3 , . 0 0 0 1 3
1, 0 , 0 , 0 1 , 0 . 0 , 0
0, 1 , 0 , 0 0 , 1 , 0 , 0
0 ( 0 , 1 , 0 0 , 0 , 1 , 0
0, 0 , 0 , 1 0 , 0 , 0 , 1



T- 1725 62

CHARNES4C00PER FOUR’-FIELO PIPEl  16'ER'PaGE 588 (EX.3 !
16 .24
0
C16G)
(12G/12G)
.80 ,  . 76 ,  , 7 2 . . 6 5 . . 7 6 . , 7 2 . , 6 8 . . 6 0 . . 7 2 . , 6 7 , , 6 0 . . 5 0 . . 6 0 , . 5 8 , . 5 6 . . 5 4  
9 0 0 , 9 0 0 , 9 0 0 , 9 0 0 , 1 2 0 0 , 1 2 0 0 , 1 2 0 0 , 1 3 0 e , 1300 ,1300 .1200 .1300  
18 00 . 18 0 0 , 18 00 ,1 80 0 , 2 77 0 0 , 11 10 0 .3 3 00 0 .4 8 33 0 0 , 20 00 0 .2 0 00 0 ,2 0 00 0 .2 00 00  
. 0 1 6 7 7 . 0 , 0 . 0 , 0 , 0 . 0 . 0 , 0 , 0 , 0 . 0 , 0 . 0 , 0 , 0
100057$ . 01677, 0 , 0 , 0 , 0 , 0 , 0 , 0 * 0 , 0 , 0 1 0 , 0 , 0 , 0
* 00033# .00057, , 0 1 6 7 7 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , > 0 , 0 , 0 , 0 , 0 , 0
*00023? »00033, , 0 0 0 ^ 7 , . 0 1 6 7 7 , 0 , 0 , 0 , * 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0
0 * 0 , 0 , 0 # . 0 4 6 8 7 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 * 0 , 0
0 , 0 , 0 , 0 , . 0 0 2 3 8 , . 0 4 6 8 7 , 0 , 0 , 0 , 0 , 0 , 0 , - 0 , 0 , 0 , 0
0 , 0 , 0 , 0 , . 0 0 0 9 6 * . 0 0 2 3 8 , . 0 4 6 8 7 , 0 , 0 , 0 * 0 , 0 , 0 , 0 , 0 , 0
0 1 0 *0 ,0 , * 0 0 0 9 1 , . 0 0 0 9 6 , , 0 0 2 3 8 , , 0 4 6 8 7 , 0 , $ , 0 * 0 * 0 * 0 , 0 , 0
0 , 0 , 0 , 0 , 0 , 0 0, 0 , . 1 6 4 7 7 , 0 , 0 ,  0 , 0 , 0 , '  0,s0
0 * 0 , 0 1 0 , 0 , 0 0, 0 , . 0 0 6 2 6 , , 1 6 4 7 7 , 0 , 0 , > 0 , 0 , 0 , 0
0 , 0 , 0 , 0 , 0 , 0 0, 0 , . 0 0 3 5 8 , . 0 0 6 2 6 , . 1 6 4 7 7 , 0 1 0 , 0 * 0 , 0
0 , 0 , 0 1 0 , 0 , 0 0, 0 , . 0 0 2 7 7 , . 0 0 3 5 8 , . 0 0 6 2 6 , . 1 6 4 7 7 , 0 , 0 , 0 , 0
0 1 0 , 0 , 0 , 0 , 0 0, 0 , 0 , 0 , 0 , 0 , . 0 0 1 5 1 3 , 0 r t , 0
0 * 0 , 0 , 0 , 0 1 0 0, 0 , 0 , 0 , 0 , 0 , . 0 0 0 4 7 8 , . 0 0 1 5 1 3 , 0 , 0
0 , i , 0 , 0 , 0 , 0 0, 0 , 0 * 0 , 0 , 0 , . 0 0 0 2 7 7 , . 0 0 0 4 7 8 , , 0 0 1 5 1 3 , 0
0 , 0 , 0 # 0 , 0 , 0 0, 0 , 0 , 0 ,  0 , 0 ,  .000161,  *>000277, ,000478,  4 001513
1 , 1 , 1 , 1 , 0 , 0 0, 0 , 0 * 0 , 0 , 0 , § i 0 , 0 ,0
0 , 0 , 0 , 0 , 1 , 1 1, 1 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0
0 , 0 , 0 , 0 1 0 , 0 0, 0 , 1 . 1 , 1 , 1 , 0 , 0 , 0 , 0
0 , 0 , 0 , 0 1 0 , 0 0, 0 , 0 , 0 , 0 , 0 , 1 , 1 , 1 , 1
X , 0 , 0 , 0 , 1 , 0 0, 0 , 1 , 0 , 0 , 0 , 1 , 0 , 0 , 0
0 , 1 , 0 , 0 , 0 , 1 0, 0 , 0 , 1 , 0 , 0 , 0 , 1 , 0 , 0
0 , 0 , 1 , 0 , 0 , 0 1, 0 , 0 , 0 , 1 , 0 , 0 , 0 , 1 , 0
0 , ' 0 , 0 , 1 , 0 , 0 0, 1 , 0 . 0 , 0 , 1 , 0 , - 0 , 0 , 1


