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ABSTRACT

The partial differential equation that describes the transport and
reaction of chemical solutes in porous media was solved using the
Galerkin finite—elemeﬁt technique. These finite elements were super-
imposed over finite difference cells used'to solve the flow equation.
Both convection and flow due to hydraulic.dispersion were considered.
Linear and hermite cubic approximations (basis functions) provided
satisfactory results, however the linear functions wereﬂfound to be
computationally more efficient for two dimensional problems. Successive
over relaxation (SOR) and iteration techniques using Tchebyschef poly-
nomials were used to solve the sparce matrices generated using the
. linear and hermite cubic functions resrectively. Compariscns of the
finite-element methods to the finite difference methods, and with
analytical results, indicated that a high degree of accuracy mayibe
obtained using the method outlined. The technique was applied to a
field problem involving anvaquifer contaminated with chloride, tritium

and strontium-90.
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I. INTRODUCTION

A. PURPOSE AND OBJECTIVES OF THE STUDY

It has become evident that our social and economic well being is
jeopardized by the ever increasing pollution of our water resources.
The hydrologic systems that control these. resources do not act as.
separate entities but as vast, complicated, interdependent systems.

A£ one time the water available in streams and lakes was the primary,
and in some cases the only, source of quality water available for
private and industrial purposes. Due to the stresses piaced upon this
water resource, the public has become more aware of the vast amounts of
high-quality water available underground in aquifers. As more is
learned zbout these sources of water, both use and dependence upon

them has increased. This use has both beneficial and detrimenta;
aspects as it includes using the ground-water system for both sources of
high quality water and as reservoirs to dispose of unwanted aqueous
wastes. This disposal practice coupled with the stress placed on the
system and the occasional influx of natural low-quality water has in
some instances rendered unfit previously useable ground-water supplies.

These problems have been recognized, and as a result state, federal
and local agencies have enacted laws pertaining to the subsurface dis-
posal of wastes and to the use of ground water. Enforcement of such
laws and proper planning of gréund—water use and subsurface waste dis-
poéal practices necessitates a complete understanding of the ground

water systems and the effects of the chemical and physical stresses



T-1798 3

placed on them. Unfortunately, the movement of water and pollutants
through aquifers involves a complicated set df physical laws. Various
public and private agencies have therefore developed techniques to
compute the effects of various chemical and physical stresses on the
ground-water system and the resultant change in water quality and
quantity. The solution procedures for pollution simulation studies are
termed water-quality models. These techniques include simulation
models, usually of a determininistic type, that may take the form of
analytical expressions for simplified cases, or involve the use of
elaborate computer oriented numefical techniques for the more compli-
cated cases. The complicated nature of the mathematics defining the
flow of pollutants through aquifer systems requires sophisticated
numerical techniques to solve the equations. Some of the numerical
techniques currently available have.limitéd application because of their
coarseness of approximation to ;he actual mathematics or are of such
detail and complexity that they prove deficient when it comes ‘to their
use and understanding.

fhis present study developes a numerical model that is rigorous in
its solution to the equations yet simple enough that it may be used and
understood by a knowledgeable ground-water hydrologist or engineer., The
code is proven to be accurate by various checks with known analytical
solutions when such are available for the simpler situations. The code
is also compared with results from a previously developed numerical

technique for more involved systems. The value of this generalized
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numerical scheme is demonstrated by solving a ground-water contamination
problem. The contamination problem includes the effects of dispersion,
both transverse and longitudinal, and sink and source terms with rate
and equilibrium controlled chemical reactions for multidimensional mass

transport systems.

II. REVIEW OF THE LITERATURE

This section consists of three separate parts that are as follows:
The development of equations pertaining to the transport of mass, the
analytical solutions of some of these equations, and ;he numerical
solutions of these equations encompassing both finite diffe?ence and
finite element methods. The experimental studies and case histories are
included within their respective solution techniques. The literature in
the field of mass transport is great .and this review includes oniy those
that are specific to this study. The references are limited to the last
4 or 5 years as the majority of the work previous to Lhis time is well
documented in these references.

Prior to the last several years the prediction of the quality of
water during its movement through porous media was limited to laboratory
studies or to controlled industrial processes. This was due to a lack
of ability to accqfately define multidimensional flow fields, an in-
complete mathematical model of solute transport, inadequate numerical
schemes to solve the equaticns and incomplete descriptions of the

relevent chemical reactions taking place.
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During the last 4 to 5 years, however, models and modeling tech-
niques have developed at an accellerated rate. The usual water-quality
model development procedure has been to simplify the general multi-
dimensional transient equations describing mass transport and reactions
to one-dimensional situations that can be simulated by controlled lab-
oratory experiments or can be solved in a closed analytical form. The
simplifying assumptions are then relaxed and the general model applied
to mofe complex situations. Two-dimensional models for solute transport
without chemical reactions but including terms to describe nonideal
flow, which we term dispersion, aﬁd the existence of sources and sinks
within the system were then developed. ’Investigators refined these
models to include the capability té predict and verify chemical re-
actions for selective field situations. Solution techniques for the
equations of transport are by necessity élegant and include finite-
difference methods, method of characteristics and finite-element
methods, that encompass variational and weighted residual techniques.
These methods will be reviewed in more detail to provide a proper

framework for the development of the Galerkin, finite-element techniques.

A. DEVELOPMENT OF THE EQUATIONS

The>equations‘of mass transport with_chemical reactions have been
well documented by physicists, chemists, and chemical engineers as is
evidenced by the text of Bird, Stewart and Lightfoot, (1966) and Aris,

(1969). Bredehoeft and Pinder, (1973) together with Rendell and Sanada,



(1270) expanded on these basic equations and coupled them with the
hydraulic flow equations to present a unified picture of mass transport

with or without chemical reactions during flow through saturated porous

media.

1. THE FLOW EQUATION

The equation of motion for the flow of ground water has been
derived in considerable detail by a variety of workers. ~Bredehoeft and
Pinder, (1973) and Longwell, (1966) present rather complete derivations

of the equation. Bredehoeft and Pinder (1973) ground-water flow by

the following equation:

K oo _ .2 ) 3
v. [p . (Vp pg)]'!- Wl = pa 3t
i=1
(1)
n
op € amj
t e ety ot
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where

V = vector operator

p = fluid density, ML_3
o , o +2
k = intrinsic permeability, L
. e s -1 -1
u = dynamic viscosity, ML T
— . )
g = gravitational acceleration, LT
. 3.-1
Qi = source (+) or sink (~) L°T
T
=§: 8§ (x-x,) (y-y.) (z-z,
wi(x,y,z) Qi(xj’yj’zj) (x xj)(y YJ)(Z.AJ)
j=1
r = number of sources and sinks
e i . -1,,.+2
o = compressibility of the medium, M LT
€ = effective porosity of the medium, L°
§ = Dirac delta function
B = compressibility coefficient of the fluid, LM—lT2
Vo = reference volume of the fluid, L3
m, = mass of speci i in the reference volume Vo’ M
n = total number of speciés in the system

Implicit in the derivation of the flow equation is Darcy's Law,

which relates specific discharge to hydraulic gradient.

q=-="- (Y - pg) 2)

= |=I

where q is the specific discharge of the fluid, LT_l.

The hydraulic flow equation is a mathematical description of the

hydraulic potential of the aquifer system. Equation 1 can be simplified
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by assuming constant fluid density (Bredehoeft and Pinder, (1973),

and written in two dimensions (areal) as

dh, , 9 3h

+ —— —
XX Bx). (Tyy oy

ay )

Sot ==

(3
- W(x,Ya t)

where
S = aquifer storage coefficient, L°
h = hydraulic head, L
. s e e . 2 -1
T = transmissivity of the aquifer, LT

Equation 2 is a definition of Darcy's Law for an anisotropic porous
media. Normally the permeability axis can be orientated in such a
direction so only the main components of the permeability tensor appear.
When this is possible aﬁd all of the pressure terms appear‘in the
hydraulic gradient, specific discharge for flow in the x direction is

illustrated by.

- oh
4y = kx ax (4)

A similar equation may be writtén for the y-direction. The inter-
stitual fluid velocity, as will be used in the mass transport equation,

is defined as the specific discharge divided by porosity and is given by
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b (5)

9x

® |

where
1

<
i

interstitual velocity, LT

™
il

. o
porosity, L .

2. THE MASS TRANSPORT EQUATION
The mass transport equation fbr solute speci i as given by Bredehoeft

and Pinder (1973) is

D . 3 . . = ., N,
€Pi% 3t T g (ePy) T VeeDyV )
s .
= (6)
- + + %
Vopya te Ri ¥ WPt
k=
where
. . -3
p, = mass per unit volume of speci i, ML
D = hydrodynamic dispersion coefficient, LZT-1
Ri = rate of production of speci i in reaction k, lVlL_B’I"-1

s = number of reactions taking place in system

. . . -3
pi* = mass per unit volume of sink or source solution, ML

The mass transport equation as given by equation 6 can be simplified
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and written in two dimension, Bredehoeft and Pinder, (1973) and by

Reddell and Sunada, (1970) and. is given as equation 7.

4]

+ R
ik
where k=1
. .. -3
¢, = mass concentration of speci i, ML
v = interstitial fluid velocity, Lot
. . . 2 -1

D = -dispersion coefficient, LT

c,; = mass concentration of speci in the well, ML‘-3

This equation is slightly simplified from that given by Bredehoeft and
Pinder (1973), as it assumes that the pressure time derivative in the
transport equation is small compared to the othér terms and may be
neglected. This is actually a good assumption as'steady state flow
does exist for many problems and for transient conditions this assumption
introduces little error.

Equations' 3, 5 and 7 represent, for isothermal systems, all that is
necessary to completely define most systems. Equation 3 is usually
termed the flow equation with hydraulic head calculated as the dependent

variable for the space and time field of interest. Equation 7, usually
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called the transport equation, is coupled to equation 3 by Darcy's Law
(equation 5), which relates ground-water velocity to hydraulic head
gradient.

The mass transport equation consists of four terms; the mass accumu-
lation term on the lefthand side of the equation and the convection flux,
the dispersion flux term and the sink/source terms on the righthand side
of the equation. These terms and the parameters that comprise them will

be discussed in more detail in section IIIL,

B. ANALYTICAL SOLUTIONS

In many cases eq;ation (7) can be simplified to the point where
analytical solutions are available. Solutions for some of theseisimpler
differentiél equations representing mass transport are important for
several reasons. Several of the contamination problems are well repre-
sented by one-dimensional equations and in this case simple analytical
solutions can be used to predict the extent and concentration of con-
taminations. A second reason is that many complicated multidimensional
models can be simplified and their accuracy or precision checked with
the aid of these simple one-dimensional equations.

Perhaps the equation most widely used to analyze the effects of
convection and dispersion in a porous media is the one-dimensional

equation with unidirectional flow. This equation results through
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simplification of equation 7 and is presented with boundary conditions

as given by Ogata and Banks, (1961)

dc dc 32¢ (8)
St - v =4
ot V 5x DS;Z

c=c¢ for x=o0, t2Zo

c =0 X, t2 0

c =0 X>o0, t =0

These boundary conditions describe the physical situation as illustrated
in figure 1. A slug of fluid with concentration s is injected into

a column at x = 0 and at time = O. This siug of fluid is then convected
and dispersed in the‘lqngitudinal direction. The column is assumed of
infinite extent and the solution is for the relative concentration of
the injected fluid at any time t at location x. Ogata and Banks

soluticn to this equation is given as follows:

N

C X-vt vx xtvt
—_— = S erfce — \+ exp erfc (9)
. (o) == () == (3

Equation 9 explains the process of dispersion in a porous media
when the dispersion coefficient is relatively small and when one is
interested in concentration profiles in the porous media and not at the

exist of the column.
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Brenner, (1962) analyzed the same physical situation, however, he
defined the boundary conditions at the inlet and outlet of the column in
a more rigorous and specific manner. Brenner assumed the following

boundary conditions;

BC = - =
D§§ =-v (c co) for x =D, t >0
dc 0 for x =L, t >0
Ix 3’ —_

which define flux conditions at the inlet and outlet of the columm.
Brenner's solution is by necessity more complicated and is given for the

relative concentration at the exit of a column of length L:

=€ = exp [P(2-T)] esin Y (—AZkT/P) (10)
+© k=1 (A2 +P24P)
where  k
T = vt/L
P = vL/4D
_ An = the positive roots (k = 1, 2, °°") taken in order of increasing‘

magnitude of the equation., and where,

2\P
A2-p2

Tan 2A = (11)

Brenner (1962) included a tabulation of column exit concentrations for
various Peclet numbers, The tabulation is excellent to check the
relative concentration exiting from columns in which the flows have large

dispersion coefficients associated with them.
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Figure 1.--Longitudinal dispersion in a column.

14
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C. NUMERICAL SOLUTIONS

1. FINITE DIFFERENCE METHODS

Perhaps the simplest numerical technique used to solve both linear
and nonlinear differential equations describing mass transport is the
finite difference method. Finite difference techniques however, display
numerical difficulties when applied to these particular types of equa-
tions. These problems can perhaps best be explained in the context of
the one-dimensional differential equation as illustrated by Keller

(1967):

du 32y Ju N
3t a(x’t)3§7 + 2b(x,t)5§-- c(x,t)u + d(x,t) (12)

«A typical finite difference form to this equation, when variables are

centered in space, can be written as follows:

un+l = u? = Aan+9<%?i§ - 2ur.l+e + u?té) + Axkbn+9 (?n+9 n+9)

j 3 | i -1 417 Y1
- 2ecTTOIHE 4 gt t® (13)
b hj
where
un+~G= @u?+1+ (l—e)u?'

6= 0 explicit
€= 1/2 Crank-Nicolson
€= 1.

A= At/(Ax)2
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These typical finite difference forms result in the following

system of linear equations

n+l n+l + ntl _ gt

o, u, + B,u, .u, = G, 14)
3 Y5-1 BJuJ Y%+ j 4)

that are solved using either iterative or direct matrix techniques.
As with most finite difference equations stable solutions occur only
with the proper choice of time and space increment sizes.

The following conditions are sufficient to provide stable

nonoscillatory solutions to equation 13.

1 +6Atc(x,t) > 0 (a)
alx, 0)~2xlbx, )] >0 (53 (15)
1-(1-8) [2)xa(x,t)+Ate(x,t)] > O (c)

Condition 15a is usuallﬁ'not a problem as values of concentration are
normally positive. <Condition 15b resultsvin numerical oscillaticn if
not met and although damped, it may be so large in magnitude to preclude
adequate numerical values. For fixed values of a and b, condition 15b
requires a small value of the space increment. Condition 15¢ is met for
all fully implicit methods. One must also note that these are "suf-
ficient" and not necessary conditions for stability and in many cases
when 6 is equal to 1/2 stable solutions result even if condition 15c is

not satisfied.
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The conditions where finite-difference solutions can be used to
solve the differential equations defining mass transport through porous
media have been identified. However, the technique that gives stable
solutions may result in an additional error caused by the manner in
differencing the time and space derivatives. This error is termed a
numerical diffusion as its form is identical to the second order dif-
fusion term in the equation. For the ong—dimensional equation describ-
ing convection-dispersion, Lantz (1970a, 1970b) calculated the magnitude
of this numeriﬁal diffusion term for various types of spatial and time
increments. Table 1 summerizes the results of Lantz's study. Some
authors (for example Harlow and Amsden, 1970) reason that the total
diffusion term in the equation, both real and numerical, musf be posi-
tive. Table 1 then indicates that when spatial properties are dif-
ferenced centrally and time is differenced explicitly, the dispersion
coefficient in the equation must be larger than the numerical diffusion
term or a negative result appears and unstable solutions result. Table
1 also shows that a spatial central difference and a time Crank-Nicolson
difference gives no numerical diffusion error. However, this does not
rectify the stability condition given in 15b where the choice of a large
spacial increment may cause oscillation in the computed concentration
profile. It appears that for all cases small space increments are
necessary for adequate solutions of equations with small dispersion
coefficients. This does not normally present a problem for. one-

dimensional equations, however, multidimensional equations result in
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large numbers of nodes which produce matrices too large to be solved

efficiently with present day computers.

Table 1.--Numerical diffusion errors caused by various space and time
differencing of the convective term in the 1-D mass

transport equation.

32¢

Difference form Error (second order) X Fya

Spacial Time
BD* Explicit, 6=0 - (vAx-v2At) /2
CD* Explicit v2At/2
BD Implicit, 6=1 (vBxtv2At) /2
CD Implicit . v2At /2
BD C-N*,0=1/2 vix/2
CD C-N 0
*BD = Backward difference
*CD = Central difference
*#C-N = Crank-Nicolson
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Peaceman and Rachford, (1962) presented a finite-difference scheme
to solve the two-dimensional transport equation. They illustrated the
oscillation prob%gm, caused by small dispersion coefficients, for the
one~dimensional case and presented a "transfer of overshoot or under-
shoot" correction technique. 4Shamir and Harleman, (1967) studied a
steady state flow situations and solved the mass transport equation in
terms of streamlines and velocity potentials. Since the velocity is
parallel to the streamline one~dimensional flow could be assumed and
dispersion tensor cross product terms omitted. Unfoftunately both of
these approaches have restrictions. The "transfer of overshoot" method

of Peaceman and Rachford is not rigorous and the use of streamlines

.. assumes steady state flow conditions and unrealistic one-dimensional

flow.

2. METHOD OF CHARACTERISTICS (PARTICLE TRACKING)

Gardner and others, (1964) used a method of characteristics (MOC)
to solve the mass transport equation. They essentially modified the MOC
method to include a point tracking technique by which particles were
given various concentrations and éllowed to move with the velocity of
water to new points for various time increments. Concentrations were
averaged over the various grid domains and the dispersion process
calculated by an explicit finite difference method. Reddell and Sunada

(1970) and Bredehoeft and Pinder (1973) expanded the one-dimensional
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case of Garner's to two~dimensions. Pinder and Cooper (1970) as well as
Reddell and Sunada utilized the characteristics method to include
density dependence and so}ved a salt water encroachment problem.

The method and the computer program as developed by Bredehoeft and
Pinder has beep extensively used within the U.S. Geological Survey to
‘solve field problems involving contamination. Several such studies are
as follows: In Georgia, Bredehoeft and Pinder (1973) investigated a
contamination problem where saline water upwelled into a fresh water
aquifer, and computed the effects.éf'discharge or barrier wells to
limit this concentration spread. Hdghes and Robson (1973) investigated

contamination from sewage lagoons and industrial cleaning areas and

apredicted the vesults of various ground-water quzlity containment

practicés.’ Konikow and Bredehoeft (1974)'investigated the effects of
irrigation and return flow on water quality in the ground-water system
and in the adjacent river. Perhaps the best documented use of the
method of characteristics has.been the application of Robertson and
Barraglough (1973) at the National Reactor Testing Station in Idaho
Falls, Idaho. They modeled the movement of injected pollutants into a
basaltic aquifer and determined the concentration profile for a period
of 20 years. Robinson (1974) modified the mass transport. equations to
include the chemical reaction terms that accounted for ion exchange and
radioactive decay.

These studies demonstrated the worth of the method of character-

istics for modeling two-dimensional mass transport, but they also showed
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it to be cumbersome, expensive and lacking in mathematical rigor.

The method of characteristics is perhaps the best technique for hyper-
bolic equations. The ability to set the dispersion'coefficient equal to
zero and to model pure convective flow is a distinct advantage for this
method. Most proceéses do involve nonideal flow, characteriéed by the
hydrodynamic dispersion, and simpler numerical techniques should be
considered.

Finite element methods

Finite element methods involvé integration of some function per-
taining to the differential equation over some prescribed element or
area. Integration methods, relationship between function and differen-
©.tial equation, and definition of the element over which integration
proceeds,vall serve to characterize different methods. Most textbooks
separate the finite element technique into variational techniques and
weighted residual techniques. The variational .technique will be dis-

cussed first.

A. VARIATIONAL TECHNIQUES

The use -of variational calculus to solve partial differential
equation that Aescribe transport processes has recently received wide-
spread attention (Forray, 1968 and Schechter, 1967). The coupling of
finite elements and variational calculus has lead to a numerical tech-

nique that has great promise when the variational calculus principles
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apply. The flow equation (3), has been prégrammed and solved for some
time using this method. Remson, Hornberger and Molz's text. (1971) on
numerical procedures for this type of aquifer equations discusses at
some length the techniques and previous work done in this field.

Guymon, et al, 1970) perhaps first solved»the multidimensional
convection-diffusion equations using finite-element variational methods.
Guyman's work was expanded by Nalluswami (1971) who improved the numeri-
cal techniques, and took into account the tensoral propgrties of the
dispersion coefficient. A recent paper by Smith, Farroday and O'Conner,
(1973) compares the variational finite-element technique with the soon

to be discussed Galerkin, finite-element technique. The overall con-

. . . e e . .
. census of thig paper was, unless a definite variational principal exists

so that the solution procedures would be identical, the Galerkin, finite-
element technique was superior in its efficiency and accuracy in'solving
the mass transport equation. All variational technique solutions of the
mass transport equation were for analytical cases with no application

made to the solution of field problems.

B. WEIGHTED RESIDUAL TECHNIQUES

Weighted residual techniques are defined by the méthod used to
weight the residual formed by an approximation to the partial differen-
tial equation and the method ﬁéed to calculate the coefficients used in
the approximation. Although there are several weighted residual methods,

Finlayson and Scriven (1965) found the Galerkin method best for mass
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transport equations. The mathematics associated with the finite element
use of the Galerkin weighted residual method will be developed in some
detail in the following section. Price, Cavendish and Varga, (1968)
first showed the superiority of the Galerkin, finite-element method over
the standard finite difference method to solve the one-dimensional mass
transport equation. Cavendish, Price and Varga, (1969) utilized this
techniqué to solve nonlinear and multidimensional flow equations.. They
concluded that for linear equations this method was superior to standard
finite-difference methods.

Pinder (1973). used a Galerkiﬁ, finite-element technique with the
use of isoparametric quadrélateral elements to solve a ground-water
contamination problem on Long Island, New York. 1In this case, eleménts
could take on a variety of configurations and by a mapping procedure be
reauced to rectangles... The resulting set'of linear equations were
solved by a direct matrix technique. This application did not include
‘the introduction of point sourcés or sinks (as wells) and was conserv-
ative in that chemical reactions involving the solute were absent. This
technique requires the choice of specific approximating functions some-
what limiting its applicability. The subject of this thesis specifi-
cally arranges the nodes in a rectangular form compatable with finite
difference techniques. The numerical solution also allows the user to
choose a variety of approximating functions, and in this aspect gives

more generality to the method.
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IITI. THE MASS TRANSPORT EQUATION

The equations that will be used to define the concentrations of
finducéd chemical species were presented in chapter II. These‘equations
3, 5, 7, are the flow equation, Darcy's Law and the transpért equation
respectively. As méntioned previously the transpprt equation consists
of>four main terms on the righthand side that account for all changes of
concentration. These are the velocity or convective flux, the dis-
persive flux, physical sink/sourcg terms and chemical reaction terms.
These terms and the parameters that make them up will now be discussed

in more detail.

A. CONVECTIVE AND DISPERSIVE FLUXES

The convective flux is defined as that mass transport caused by the
velocity field. -The divergence in this field (the velocity derivatives)
is zero in the absence of sink or source terms and is accounted for in
the mass transport sink terms when presenf. The velocities are derived
from the potential (flow) equation using Darcy's law. The dispersive
flux term is a tensorial quantity and as such deserves more explanation.
Scheidegger (1961) and Bear (1972) point out that the dispersion tensor
should have 81 components for a three dimensional case, but are able
through the use of symmetry to reduce this number to 32 individual
components. They are able, for an isotropi¢ media, to reduce the number
cf components of the tensor to nine for a three dimensional case and

four for the two dimensional case.
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The general form of the dispersion tensor is given by Scheidegger

(1961) as

D (16)

2
Kl = E aijklvivjllvl for k -—_—

i
gy

where 1 = x

and
(aL—aT) _ ‘
S R AT S T <5ik5jm + Gim‘sjk) an

- where § = dirac delta function

. 1, i=3
1]

= 0, i#j

longitudinal dispersivity, L

0y,

ap = transverse dispers,ivity, L

The four dispersion coefficients of two-dimensional flow can now

be written as

2 2
Dxx = opVx /]VI + O‘tvy /lvl
_ 2 2
Dyy = aLvy /|V| + atvx /|V| (18)
D?CY = Dyx = (aL—aT)VXVy/l\’l

where |V‘= v2+v2
X y
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B. 'SINKS AND SOURCES

In the mass transport equation there are a variety of sink and
source terms that must be considered when solving the equation. The
most obvious are be inputs or outputs in the system caused by wells
or leakage through the aquifer. Chemical reactions are another
means to increase or decrease the concentrations of solute species.
After discussing point sources two of the most frequently occuring

reactions will be discussed in detail.

1. POINT AND DISTRIBUTED TERMS

Concentration changes caused by the convective flow of solutes in
or out of an aquifer caﬁ occur through wells or areas normal to the flow
field. Tﬁey may be treated identically or by different techniques
depending on the analysis choice of mathematics. The term representing

such effects in equation .7 is

T
W

(ciw"ci) i= E Qi(xi,yi)(c—ciw)G (x-xiv)(y—yi) (19)

€ i=1

where i is the concentration of the fluid recharging or discharging
from the system through the well. This term drops out for a pumping
well and for a recharging well the effect: caused by the term is the
difference between injection and input concentrations.. The dirac delta
function assures values for the term only at nodal points where wells

are present.
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2. CHEMICAL REACTIONS

Two principal chemical reactions that often occur in contamination
problems are equilibrium-controlled ion exchangevreéctions with ‘a linear
adsorbtion isotherm and .irreversible first order rate reactions. The
mathematics that describe these reactions are linear and thus allow the
use of simpler numerical solution techniques. The addition of linear
terms to a differential equation, in most cases, requires no additional
mathematical analysis. Thé use, for example, of a zero order reaction
would cause no problem in analyticél or numerical analysis.

a. Ton exchange

A typical such exchange reaction might be as follows (Bolt, 1967,
~Helfferich, 1962)

bec, +ac *——=a c. +bec

1 2 2 1 20

where 1 and 2 are chemical_exchangiﬁg species

with a and b valences respectively.

The adsorbed species is given as ¢ and the dissolved species as c.
The use of a selectivity coefficient may be used to relate the con-
centration of products and reactants at equilibrium:
Geptep®

=L o~ (21)
* @p’lep?

K

where KS is the ion exchange selectivity coefficient.
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Equation 21, when incorporated into the mass transport equation,
results in nonlinear terms because of the introduction of more than one
dependent_variable (chemical species) into the equation. One particular
situation that often occurs results in a simplified.equation, and is
described as follows: when the ekchanging ion is very low in con-
centration relétive to the other ions, then exchange‘process will not
materially effect the concentration of this ion, either in solution or
adsorbed 6n the matrix. The adsorbed . phase of the major ion is. then
nearly equal to the cation exchange capacity (CEC), and the solution
phase of the major ion equal to the total concentration (Co). Equation

21 can then be rewritten as,

— b
(e,)¥(c,)

Ty o L~ AY

s = — (22)
(CEC)(cz)
or
Y b cec)® |2
2 (Co)
where K, = ion exchange distribution coefficient.

d

Equation 23 postulates a linear relationship between the adsorbed
species and the solute species wheére the slope of the equilibrium ion
exchange isotherm is the distribution coefficient. Equation 23 thus
providgs the relatiénship between the adsorbed species and dissolve

species necessary to solve the mass transport equation.
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b. Rate reactions

The subsurface disposal of radioactive products is an example where
a first order irreversible rate reaction occurs. This reaction is the
radioactive”decay of the species, adsorbed or in solution. The rate
constant can be derived in the following manner. The disappearance
of a species by a first order irreversible reaction is given by the

equation

— = - ke (24)

-1
‘where k is the rate constant, T ~. This equation can be .integrated
with integration limits chosen as the time necessary for the initial

concentration to decrease by half

co/2 t

X
e ) (25)
c 0]
o
where c_ = initial concentration, M, ”3
ty = half life of species, T

The equation is integrated and solved for k to obtain

(26)
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/
This is one of the few cases where a rate constant can be obtained

without experimentation.

The chemical reactions terms can now be incorpqrated into the mass
transport equation in the following manner: Assume the transport.of a
chemical species is disappearing by a first order irreversible rate
reaction and is being exchanged reversibly by an equilibrium controlled
process in which the exchange isotherm is linear. The equation describ-

ing this reaction in one dimension is

P - 2
9 , b 3¢ _ _ 3¢ e _ cp
3t+ . " v 3x+D——23x k(c+_€_§) 27)

-3
bulk density of the solid matrix, ML ~

where Py =
¢ = dissolved concentration
c = adsorbed species concentration

Equaticn 23 gives the relationship between c and ¢ and upon differenti-

ation and substituting into equation 27'gives

Kp. 2 Kp
dc d’b \_ __ 3¢ e _ d"b (28)
e (1 o2 2ol e (1 +—22)

The retardation factor Rf is defined as

Rf =1+ deb/e (29)
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Equation 28 is divided by this retardation factor and the dispersion

coefficient written proportional to a dispersivity term o to obtain

L
. av 2
d%¢ _ v 3¢ L~ 3% _ 30
-ﬁ‘" - ‘Rv ——3X + '-’“—Rf 3;2‘ . ke _ (30)

The retardation factor thus retards the flow of the solute species
creating an average ion velocity term in the equation. This reduced
velocity is in many cases, the safety factor which prevents excessive

movement of possibly harmful pollutants.

IV DEVELOPMENT OF THE GALERKIN FINITE ELEMENT TECHWIQUE

The Galerkin technique is one of the weighted residual methods
discussed in its classical form by numerous authors (Crandall, 1956,
Snyder, et. al., 1964, Finalyson, 1969 and 1972). It has shown to be
the most efficient of these methods by Finalyson and Scriven (1965) for
the solution of mass transport equations. The Galerkin method is an
0ld numerical techniﬁue, classically used to solve nonlinear differential
equationsdnot ameanable to analytical techniques. Recent advance in
computing techniques popularized this particular weighted residual
method by coupling it with the finite-element technique (See literature
review section). The theoretical development .of the technique by
Douglas and Dupont (1970) lends strong basis to the use of this

particular technique for the solution of mass transport equations.
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A. Theory
The principle of the Galerkin finite element method is to first
choose a set of fﬁnctions'discretized in space but continuous in time to
approximate the solution of the differential equation. This set of
approximating functions contains time dependent coefficients and basis
~fgnctions that are real valued and piecewise continuously differentiable
over the interval of'interest. If Li{c(t,x,y,z)] is the differential

operator this series approximation is written as

0

c, (t,x,y,z) = E Ci(t)vi(x,y,Z), (31)

i=1

where ¢, = solution to the differential equation L{c]=0
¢, = coefficient in the approximating function
vi'= basis functions.

Since a finite number of coefficients must be evaluated, an approxi-

mation to the true solution results. This approximation is written

TL

e (t,%,5,2) = Z e, (8) v, (%,y,2) (32)
£y

where c, = approximation to the solution for n terms. The closeness of
this approximation, o to the real solution, ¢ , depends upon three
criteria; 1. care in chosing proper basis functions; 2. the number of
terms n, in the series and 3. the method used to evaluate the co-

efficients cy- It is this third criteria, that of choosing the best
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method to evaluate these unknow; coefficients, that separates the
Galerkin method from the other weighted residual methods. Weighted
residual methods use the concept of a residual, R, in their development.
This residual is equal to the specific differential equation L[c] and is
formed by . substituting into the differential equation the previously

mentioned series approximation for the dependent variable thus

L [cm(t,x,y,z)] ~ L[cn(t,x,y,z)]

n (33)
=L ci(t)vi(x,y,z) = R
i=1
where L = the differential operator
R =

the residual

The residual vanishes, or is identically equal to zero for a true
solution to the equation. In general the ideal approximation will not
be made, and the residual will not be equal to zero. Galerkin's contri-
bution to the weighted residual methods is how to weight the residual in
an optimum manner allowing the approximation to be accurate. Galerkin
chose this weighting function identical to the approximating functions
(basis functions) used in the oroginal approximation and set this
weighted average equal to zero. The weighted average of the residual
can be defined and set equal to zero as follows

S Rv, (x,y,2)dV

dv =0 (34)
dv
where vV = yejghting function
R = reéidual
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Equation 33 and 34 can be combined to give

n
L Z c.(B)v. (x,y,2z)| v, (x,y,2z)dV = 0 for (35)
i i k
k=1,2...,n

av i=1.
When the series approximation, equation 32, is substituted into the
differential equation L{c]=0, the approxiﬁation may have to be dif-
ferentiated several times as the equation warrents. The differential
equation may contain second order derivatives and unless the basis
functions can be differentiated twice, a trivial solutioﬁ occurs. This
problem-can be rectified by intégrating all second derivatives by parts.

Simple integration by parts is defined for the variables u and v as

b b
S udv = uv
a

b
- S vdu (36)
a

This technique can be applied to multiple integrals as well.
After integration of equation 35, a set of n linear differential

equations with the follow form results:

dc,
i -
-— + + =
[e] 3¢ [B) c; + A1 =0 (37)
where g, B and )_are coefficient matrices resulting from the Galerkin
de, :
integration and Ezl and c, are column vectours representing the unknown

coefficients. This set of differential equations is then differences
with respect to time and the resulting set of linear algebraic equations

solved by'appropriate techniques, some of which will be discussed later.
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B. BASIS FUNCTIONS

Basis functions are usually chosen so that they have analytical
properties that conform to the equation, boundary conditions or result
in simplified equations for ease of computation during the analysis
process. The basis functions are usually defined over a limited number
of finite elements. That is they have vaiues at element edges or
intersections (nodes) of 0 or 1 thus ameanable to calculation. They are
also usually easily integrated by some numerical or analytical tech-
nique. Simple polynomials are good choices. Two coﬁmoﬁ sets of basis
functions are linear and cubic polynomials.

A linear set of functions for one dimension is described over the
preseleéted intervals as follows (Price, et. al., 1968 énd Doherty,

1972).

(x-(i-h)/h (i-1)h < x <ih
w, (x) =
+ for

(+D)h-x)/h 3 th< x< @+)n OB

These particular basis functions form roof or shingle type straight-line
segements over the interval of interest. They are hence given the name
linear or chapeau basis functions. TFigure 2 shows these basis functions
over one-dimensional elements of length h. At the node points, each
basis function has a value of one and all other basis functions have a
value of zero. Each basis function is overlain by the two adjacent
basis functions. Integration for a node point i is thus required only
over the area of three basis functions, thus, eliminating integration

over the entire interval.
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Figure 2.--Plot of Chapeau bastis functions with grid spacing h.
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The use of linear functions in one-dimensional problems results in
a set of linear equations with three unknowns in each equation. The
matrix associated with these equations is tridiagonal and therefore
simple computional methods can be used for solution. The method is
second order accurate-with respect to space, as are space centered
finite-difference equations, but has beenishown-(Price, et. al., 1968)
to offer advantages in the prevention of solution oscillations not
afforded by finite-difference techniques. Oscillations do occur,
however, as element intervals become larger. The use of linear functions
does not -allow ;he user to obtain derivatives of the final solution at
the node points, since the basis functions are discontinuous at.the
nodes.

Another basis function commonly used is the hermite cubic functionm.
It is composed of two cubic polynomials that offer several advantages
not available with the linear function. This particular set of functions
is also defined over two elements (for one-dimensional problems), or
three nodes but has the property that each set is continuous over the
center nodes, thus éllowing first derivatives to be computed. One set
has a value of zero at each end point and one at the center. Slopes are
zero at each node point. The second set has values of zero at each
node, slopes of zero at each end point and a slope of unity at the
center node pcint. These sets of functions are described over the

preselected intervals as follows (Price, et. al. 1968 and Doherty,

1972).
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(-2x + (1 + 2i)h) (= (E-1)2/m> 5 (E-1)h < x < 4h

Wy (¥) =
' s 2,3 .
(2x + (1-21i)h) (%= (i+1)h)“/h ; ih < x< (i+D)h
(39)
| (x-ih) (x= (i-1)h) > /h> s (i-1)h < x < ih
w (x) = .
2141 (x-1h) (x= (1+1)h) % /h° 5 ih < x < (i+Dh

Figure 3 shows thesemba;is functigns over elemengs of length h.

For a one-dimensional problem each basis function is overlain with
five adjacent basis functions plus itself. There are six unknown at
each central nodal'point. For one and multi-dimensional problems a
price is paid in computational efficiehcy for the advantage of differenti-
ability at node points and”fourth or&er accuracy. Solution techniques
to methods utilizing band-solve techniques, sparce matrix techniques or
iterative methods.

Inspection of figures 2 and 3 and of'equation 32 shows that the
solution at a particular node involves the‘éum of basis functions times
the time-dependent coefficient ¢ at that node. This means that the
solution at that particular poiht is equal to the value of the time-
dependent coefficient. The Galerkin,'finite-element method does
ﬁowever, provide, through equation 32, solutions at any point. Finite-~
difference.methods provide solutions only at nodes and solutions are
obtained elsewhere by interpolation.

Figures 2 and 3kpresent basis functions for the one-dimensional

case. When more than one dimension is required a product of basis
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functions results. The basis function vi(x,y) for two dimensions can be
written as a product. of the functions wi(x) and wj(y). The function Vi
(x,y) can likewise be written wk(x) wl(y). The Galerkin. formulation for

the solution of an equation in two dimensions would then be written

n m
‘L Z Ecij (t)wi(x)wj 69 wk(X)wz(y) dxdy = 0

i=1 j=1

for k
L =

This produces n x m equations with n x m unknowns; however
no new mathematical procedures are required for solution. For linear
s )
basis functions nine unknowns are in each equation or row of the matrix

and for the cubic functions 36 unknowns appear.

C. INTEGRAL EVALUATION

The solution of equation 35 requires that numerous integrals be
evaluated. These integrals may be composed of simple polynomials and in
many cases can be evaluated analitically. However, thevmethod is not
limited to the use of simple polyﬁomials, such as the linear functions,
but can use more complicated functions such as cubies and quintics.
Multidimensional equations that result in products of several basis

functions should also be considered. Such integrations are certainly
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more tedious and some cases more difficult. In this case, it is
necessary to resort to numerical integration of the resultingAintegrals.
ﬁhen chapeau basis functions were used for the one dimensional proﬂlems
integration was done explicitly. Gaussian quadrature was used for one-
dimensional problems with cubic basis functions -and for all two-
dimensional problems. Gaussian quadrature gives exact integrations
for polynomials of degree 2n - 1 when at least n gauss points are used,
however satisfactory results can be obtained using less gauss points.

As illustrated (IBM, p. 299) Gaussian quadrature formulas can be

used to integrate functions in the following manner: To integrate

. b
y = S f(x) dx
a
let 2%~ (atb)
L 1)
_ b-a b+a
where X = =5 ot + =
then after suitable algebraic manipulation
n n n
A t
- (b _k, _a) K 4 bta
v, = (b-a) — 5 f| (b-a) > + > (42)

where coefficients AE and nodes tE are given both by the previous

reference and in more detail by Krylov (1962). For n equals 3 a poly-

nomial of degree 5 can be integrated exactly. For an integration
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interval of 0 to 1 the gauss points are located at 0.113, 0.500 and
0.887.

For two dimensional problems, integration is performed over an
area. Procedures for integrating multiple integrals are discussed by
Zienkiewiez (1971, p. 148). Integral products of polynomials of degree
(2n-1) and 2m-1) require n x m gauss points for exact integration over the
required region. Gauss point locations for mn = 3 and m = 3 over a (0,1)
X (0,1) grid would have 9 locations with respective x and y coordinates
of 0.113, 0.5 and 0.887. Position dependent variables within ;he dif-
ferential equation may be evaiuated at these gauss poiﬁts during the
integration procedure. In most cases thesé variables are assumed con-
stant within the element and evaluated at its center.

Two dimensional problems with cubic functions result in a sixth
degree polynomial when no space derivatives appear. A three point
quadrature formula is uéually accurate enough for thié.term and all
other terms within the equation with space derivatives are integrated
exactly. This formula also results in nine points for a two-
dimensional- element which is convenient when space dependent variables

are important.

D. EQUATION SOLUTION METHODS

It is necessary to select a method to solve the set of linear
differential equations illustrated by equation 37. This involves two

distinct steps. The first is to approximate the time derivative.
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This is usually doné using finite-difference techmniques. 'Thé'second is
to solve the set of algebraic equations resulting from the particular
type of differencing selected. Theée two steps will be discussed
separately.

1. TIME DERIVATIVE APPROXIMATIONS.

“Rewrite the matrix equation as

dci _
[a] Fra [(B].c, = [a] (43)

and, as illustrated by equation (13), finite-difference the time

derivative in the following manner

‘ —n+l - ‘ ~nt+8 _
[a] g —ci) + [B]Atci = [a]At
_ (44)
where cin+9 =@ E?+l + (1_9)22

The value given to theta depends upon the technique used to increment
the time value in the eduation. When theta is equal to zero an ex-
plicit equation results and when theta is equal to 1/2 an equation
centered in time results, (sometimes called a Crank-Nichelson equation).
Finally when theta is equal to one, a fully implicit solution results.
The most accurate method of time differencing is the Crank-Nichelson
approach when theta is equal to 1/2. The more stable method of

finite differencing is when theta is equal to one and the method is
fully implicit. Although theta can be chosen anywhere between and in-
cluding zero and one, the usual technique is ta choose‘one of the three.

In this analysi$ theta was chosen equal to 1/2.
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An alternate way to write the set of algebraic equations resulting
from finite differencing with respect to time would be the use of the
"residual” in time method (not to be confused with the use of the
residual for the weighted residual methods). Here the difference
(residual) in coefficients‘between time levels at the new and old time

level is calculated. This residual in time is defined as

5, =cl_ogne (45)
i i i
_ntl )
By use of this equation c is removed from the set of equations and

éEi is solved for. This technique allows the user more accuracy if the
difference between the coefficient values at the initial and later time
values are small. This technique was not necessary for the problems
examined and therefore was not used.

A set of aigebraic linear equations has now been generated that

must be solved for the time dependent coefficients.

2, MATRIX SOLUTION TECHNIQUES

iarge systems of linear algebraic equations are normally produced
by both finite difference and finite element methods. When five point
finite difference schemes are used for two dimensional problems, the re-
.sulting System.of equations can be solved.by convenient iterative
methods. Multidimensional finite element programs do not produce simple
matricies ameanable to such treatment and thus more involved solution

methods must be used. Two general methdds are available; direct methods



T-1798 45

that use a specific number of computational stepsland iterative methods
‘that converge to the answer as the number of computational steps in-
creases. Direc£ andwiterafivéwméfhod solution technique efficiencies
and accuracies are improved through scaling. The associated matrix was .
scaled by first dividing each row element by the square root of the
diagonal element in it's row. Then each column element was divided by
the square root of the diagonal element whosé‘row number corresponded to
the column number. This results in a matrix diagonal of all omes. The
right hand target vector was divided by the square root of the correspond-
ing diagonal element. After computation the computed value was then
rescaled in the same manner as the right ﬁand target vector yielding the
agnever. For steady-state conditions, scaling of the asscciated matriz
must only be done once but the right hand side vector changes with each
time increment and is rescaled each time. |
Iteration.techniques store only those portions of the matrix with
values. Remson, et. al., 1971, Smith, 1965 and Carnahan, 1969 give in
detail iteration methods that solve solutions of systems of linear
equations. A study of iteration methods brings out some interesting
facets. One is that the conditions sufficient and sometimes necessary
for convergence of iteration techniques are not always present for
matrices developed through Galerkin, . finite-element methods. This is
not necessarily the case for the simpler one dimensional equation,
but for the more complicated two-dimensional situation the matrik may

be quite ill conditioned.
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The one dimensional problems using cubic basis fungtionsvwere able
to be solved using successivé over relaxation. (SOR) as was the two
dimensional equations using linear basis functions. However the matrix
generated by the use of cubic basis functions for two dimensions was so
poorly conditioned ihat the more traditional iterative methods did not
suffice. The author was fortunate to obtain the results of a then
unpublished PhD thesis in numerical analysis from the University of
Illinois Mathematics Department (Manteuffel, pers. comm.) that was able’
to efficiently solve these sets of'equations,‘ The thesis has since been
published (Manteuffel, 1975),and the interested.reader is refered to
the original reference for é»comp}ete discussion.

sy Dipgyt methods, in general, are less susceptible to convergence
problems caused by ill—defined matrices than are: iteration methods.
The problems with these methods are fhat they may be long and tedious
and sometimes require great storage arrays to produce adequate solutions.
Typical examples of these methods would be matrix inversion and gaussian
elimination.

There are instances, however, when sparse matrices lend themselves
to certainltechuiquéé of matrix evaluation. This is when the matrix is
composed of bands of elements leading down and adjacent to the diagonal.
It is sometimes.possible when this occurs to use specific linear equation
solution techniques that only use storage of, and.computatibnfpn, these
bands vaequations. Gaussian elimination is then performed on this

‘reconstructed matrix. The Thomas algorithm for a tridiagonal matrix as
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obtained for a one-dimensional problem is an example of this solution
tethnique.

The two dimensional system produced by the cubic basis functions
was solved for small sets of equations using an IBﬁ band solve routine
DGELB. Manipulation of the associated matrix to conform to the banded
struéture while preserving>low storage was somewhat difficult. The
associated matrix and right hand side vector were scaled by dividing
each row by its largest absolute wvalue. .Cdlumhwise scaling was un-
necessary due to pivoting during the gaussian elimination solution
procedure. Large systems of equations produced wide baﬁdwidths and
excessive storage requirements. Therefore this technique was used

for emall ¢r modcrate sized pregrams.

V. APPLICATION OF THE GALERKIN FINITE ELEMENT METHOD TO THE SOLUTION

OF MASS TRANSPORT EQUATIONS

In this section, solution procedures for the mass transport equation
will be constructed. Analytical solutions for one of the simpler cases
will be compared with the solutions obtained from the Galerkin finite
element technique. For more complex multi-dimensional problems the
finite~element method will be compared with fini?e difference solutions.

Solution of the mass traiisport equation involving both hyperbolic and
parabolic problems will now be discussea.in detail. Included will be
solution'techniques for both one- and two-dimensional mass transport

equations with and without chemical reactions.
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A. 'ONE DIMENSIONAL SOLUTIONS

An example of a finite-element solution to a one-dimensional mass
transport equation is given by solving the one dimensional. diffusion

convection equation without chemical reactioms.

2 i
L[c]=—g%+v—g§-n—g-;§=o (46)

The x dimension is first divided into n-1 finite elements and n nodes.
Basis funcfions are then defined at n nodes fhat are reai valued and
piecewise continuously differentiable over the interval of interest.
The residual is formed by substituting this approximation into the
differential’equation for the dependent variable ¢. Galerkin's fech—
nique is applied to the residual by multiplying it by the weighting
functions and integrating it over the interval of interest. The -

following sets of n integral equations with unknowns c(t) and c'(t)

results.
vL n L n
5 E ci(t)wi(x)wk(x)dx + Sv E ci(t)wi(x)wk(x)dx
o i=1 ’ o 1i=1

(47)

L n 7
—'S D 'E 'ci(t)w;(x)wk(y)dx =0 for k=1,2,...,n
o i=1

where

- superscript prime (i) indicates differentiation and v, and Wy

denote the approximating and weighting functions réspectively.
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For every weighting function or value of k there exists a linear
differential equation. Equation 47 thus represents a set of n linear
differential equations.

The equations that best define the conditions at the boundaries are

the flux conditions given by Brenner (1962)

ac _
D= = -v(c - co) for x =0, t >0
(48)
de 0 for x=L, t >0
9x -

In some situations the boundary conditions are irrelevant such as solid
boundaries where the;f;ow is parallel and the normal velocity component
zero. Another example is the commonly encountered boundary condition
where the flow never reaches the boundary.

When it is important to exactly specify boundary conditions} basis
functions and their respective time dependent coefficients are chosen to
take on the required characteristics at the boundaries. If for equation
46, boundary conditions are those given by Brenner, basis functions that
provide proper solutions at the boundaries must be adaptable to these
boundary equations. Substitution of the approximation for the dependent

variable into these boundary equations results in the following:

n n

DD ¢ (0w, (0) =-v > [c.(t)w.(o) -c ] for x = 0 (48a)
121 i =1 i i o

n and

:E:: Ci(;)wi(L) =0 for x = L (48b)

i=1
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Equation 48b requires that the basis functions at x = L have a
slope equal to zero. Cubic functions automatically have this property,
however linear functions do not. The n-1 and n linear basis functions
are therefore modified to- give them this property. They are redefined

in the following manner

(x- (n=2)h) /h i (-2)h < x< (@-1)h
w (x) = : :
n-17 (ah-x) 2 /0’ 5 (~1)h < x <nh =1
(49)
w () = (Ge-nh)’=n)/m’ i (1)h <x<mh=1

The defining equation 46 contains second order derivatives. Unless
the basis functions can be differentiated twice, a trivial solution
results. ‘This problem is rectified by integrating all second deri-
vatives by parts.

Such integration performed on the last term in equation 47

results in the following:

L n . n L
—D'S . E ci(t)wi"(x)wk(x)dx = - D E ci(t)wi(x)wk(x)
o i=1 i=1 o
L (50)

_DSZ
' Ci(t)wi(x)wk(x)dx for k = 1,2,...,n

0 4=1
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After integration by parts the integrand is evaluated at the limits zero

and L . Combiﬂing 47, 48, and 50 the following equation is obtained.

L_ n L n
S Zc; (t)wi(x)wk(x)dx + S v Z Ci(t)wi (x)wk(x)dx +
o i=1 o i=1 '
I n (51)

v [Cl(t)-co:]wk(o) + S D E e, ()} (x)wy (x)dx = O

° =1 for k = 1,2,...,n

The next step is to substitute the basis functions into equation 51 and
integrate. This results in a set of linear differential equations.
The coefficient matrix that results from the analytical integration

of the simple one-dimensional example using linear basis functions is

given below.

1/3 1/6 dcl/dt
dczldt
1/6 1/3 1/6 dc3/dt
1/6 1/3 1/6 S
h N\\ \\\ \\\ : +
1/6 8/15 2/15 de_ ./dt
n-1
2/15 8/15 de_/dt
L 4L 1 N (52)

I}
i
J

1

(1+a) -(1-a) c; ve
- (1+a) 2 -(1-a) | <, 0
~(140) 2 -(1-a) e 0
D . i
B A=
-(+a) 7/3 -(4/3 - @) c 4 0
S (4] 3+a) (4] 3H0) . |

L J .. -

where o =22
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FINITE DIFFERENCE

1.2

A
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O cCuUBIC BASIS FUNCTIONS

1.1 | A ~ ANALYTICAL SOLUTION
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o .1 2 3 4 5 6 .7 .8 .9
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Figure 4.--Comparison of finite difference dnd finite element
solutions to the convective-diffusion equation for
a.Peclet number of .001 and a displaced pore volume
of 0.5.
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A FINITE DIFFERENCE

O CHAPEAU BASIS FUNCTIONS

O cuBIC BASIS FUNCTIONS
- -~~~ ANALYTICAL SOLUTION
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O .4}
u
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<
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FRACTIONAL DISTANCE x/L

Figure 5.--Comparison of finite difference and finite element
solutions to the convective-diffusion equation for

a Peclet number of .0001 and a displaced pore volume
of 0.5.
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This set of equations is solved using the Crank-Nicholson time
incrementization. The‘differehtial equation describing one-dimensional
fiow through porous medium is difficult to solve numerically for low
values of the dispersionicoefficient. Figures 4 and 5 present numerical
and analytical solutions respéctively, of equation 46 for Peclet (D/vVL)
nﬁmbers of 0.001 and 0.0001. This eqdatién was solved using the Galerkin
finite-element method with both linear and cubic basis functions for
time steps of 0.002 and a space increment of 0.1. The column length
and fluid velocity were both 1.0. A spéce and time céntéred finite-
difference technique was used to solve this equation. Severe oscil-
lations of the finite-difference solution results for both Peclgt numbers.
These results demonstrgte that sharp fronts, di.e. those with low dis-
persion coefficients, are difficult to model with standard, finite-
difference methods. Note, however, that for figure 4, Galerkin, finite-
element techniques using linear and cubic functions closely match the
analytical solution. For very low values of the dispersion coefficient

(see figure 5) the chapeau functions produce oscillation.

B. TWO-DIMENSIONAL SOLUTIONS

The advantage of finite-element techniques becomes apparent with
the solution of the two-dimensional, diffusion-convection equation where
small dispersion coefficients éredominate. There is basically no dif-
ference in the formation of the residual that must be minimized under

the integral than was done with the one-dimensional transport equaticn.
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The general transport equation to be solved is equation 7.

As with the one-dimensional equation, second-order differentials
appear and must be reduced to first order. As shown previously these
terms appear in the description of the dispersion process and are

9
ox

3¢

Jc ] ‘o¢ 9
| ) 2L
XX 90X

+2 @ +2 o 25

@ X Xy 9y dy  yx 9ox’.

)
+—
) oy ( yy 3y

This term is differentiated and the residual formed to obtain

oD 2 aD 2
32c XX oc 3¢c yy 8¢ 3°c
L —2= = S+ — +
SS [pxx 0x + 3x 0% + I)yy oy dy 9y ny axoy

(53)

aDgz dc 32¢ oD X o¢
Ly & IX € w, (x)w_ (v)dxdy
o0xX dy YX 0yoXxX oy 9 k L

Reduction to first order is accomplished by integration by. parts. Inter-
gration of this equation can be done in an elegant manner using vector
calculus as illustrated generally (Wylie, 1966, p. 572) and speci-
fically (Pinder et. al., 1973) for the flow equation.

Since this integration may produce terms for inclusion into the
boundary equations a detailed integration by parts will be performed

for the first of the integral terms:
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u = Dxxwkl(x’Y) where wkl(x,y)-= wk(x)wl(y)
32¢
dv = %z dx
therefore
o= D Bwkk(x,y) N ( : anx
U T Yxx axZ wkﬂ XYy ox
= __Zazc dx = 3c
v 9x oxX

JL L L %L
S . © e J g S awkk»ac anx ac
5 ' Dxxwkl ox L dy - . Dxx 9xX 5§'+ wkk 3% 9% dxdy

Performing this integration on all of the second ordered derivatives

results in the following equation

YL XL AL YL

Qe o 3¢ : 3¢ . 3¢
s[nxx‘“’kz 3% Dxy"k? 3y ] dy + S [Dyywkz 5y T Dyx¥ie 3x ] dx +
y ’ x X y

(o] (¢} o o
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y X . .
LoL ow ow, W ow
AV s ke o ose Tke o 8e Tke o e T
| oxx ox  9x yy 9y oy Xy. 9X 9y yx 9x ox oxdy
Yy X
o o
' (54)

The series approximation for the dependent variable (concentration) for

the two dimensional, mass transport equation is given as

. " .
cn,m(t,x,y) = E E Cij(t)wi(x)wj(Y) (55)
iTT 571

As mentioned previously integration of two-dimensional problems is
carried out over the element area by mathematical operations at positions
‘located at gauss points within the element. When pérameters were known
to change fapidly with position, selected-finite elements (in.the'area
of rapid change) were subdivided into ‘mine subelements, the centers of
each closely'correspondingAtb the gausé points. Positidn'dependgnt
variablgs:were evaluated for each of these points. This procedure was
used only for elements using cubic basis function and only for elements
surrouﬁding nodes that described wells. A complete subdivision of all
finite elements in this manner was successfully accomplished but deemed
impractical for large scale problems.

The two—dimensional form of the mass transport equation where the
chemical reaction terms are assumed»to be.équilibrium éontrolled ion
exchange with a first order irreversible'chemical reaction is now )

written.
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n m oy, X o |
Z SL{CZ'i_j (t:)wi (X)wj (y)Wk(X)wz (y) + s (t) [VXW'i(X)WJ. (y)wk(X)wz (y)
i=1l j=170 o

+ vywi(x)wé(y)wk(x)wz(y) + Dxxwi(x)wj(y)wi(x)wl(y) +

+ Dyywi(X)wJ! (y)w, (x)wy (v) + nyw]!L(x)wj (y)}rk(X)W,l (y) +
+ Dy GO (7w (v () - 2 wy GOw, (9)w, Gwy () +
+ kwi(#)wj (Y)Wk(x)wg,(y}] § dxdy +

n m

% L
+Z (t) S (Dxxw; (X)wj (y) + nywi (x)w; (y))wk(X)wz (y% dy +
o] O

- — '...

3= =

L L
+ g [( yywl(k)w (y) + Dyxwl(x)w (y)w (x)w ) 1 +
)

v wk(x)w (y) dxdy = 0 for k 320400401 (56)
x 2

P
non

L §L c Q

+
O ™™
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Integration of equation 56 produces a set of n X m linear dif-
-ferential equations. Thg integrals are evaluated using Gaussian
numerical quadrature methods as previously discussed. Each algebraic
equation will have as many as 9 unknowns for chapeau basis functions and
36 unknowns for cubic basis functions depending on its type and close-
ness.to'the boundary. As was the case with the one-dimensional problems
the basis functions require that the coefficient value cij (t) is also
the value of the variable cn’m(x,y,t) for linear basis functions and
where the product of the basis funétions equal one for the cubic

functions.

The matrix differential equation that expresses equation 56 after

ntegration can be written

e

[0] S5 + [81 ¢y, = [¥]
dt

This equation is then finite differenced with respect to time in
the Crank-Nicholson manner and the previously mentioned techniques used
to solve the resulting matrix.

The two-dimensional, finite-element solution was compared to an
analytical solution as was the one-dimensional case. Unidirectional
flow in the x. or y direction was imposed on the two-dimensional equation
without sinks,.sources or chemical reactiohs. The breakthrough curves,
for a problem with boundary conditions similar to those.used for the
one-dimensional equation, were identical to tho;e obtained for the omne-

dimensional analytical and numerical solution.
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The finite element programs were also compared with a previously
developed finite-difference model. The finite difference program has
been used previously within the U;S. Geblogical Survey and checked
extensively with analytical solﬁtions to known problems, with satis—
factory résults. Arhypotheticél waste contamination problem was used
to démonstrape the'compatibility of all three models. Two finite
elementhmodels, using chapeau and cubic basis functions respectively,
were used in the simulation study.

The physical system is schematically represented as figure 6. An
injection well introduced a conservative'sqlute into an areal flow
field directed soﬁthward and a pumping well intercepting a portion of

sethe injected fluid during dits travel. TFigures 7 and 8 give soclute con-
centrations at areal nodal points directly beneath the injection well
and at_the intercepting well as a function of time. The notation
(refined) for one of thé simulations using hermite cubic basis indicates
more detailed définition of solution paréﬁeters at nine gauss points
within the finite element. Exact comparisons should not be expected,
however the closeness of values for these widely different types of

numerical analysis is apparent.
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Figure 6.--A schematic representation of a two-dimensional solute
transport problem.
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'VI. APPLICATION OF THE GALERKIN, FINITE-ELEMENT TECHNIQUE TO

A FIELD PROBLEM:

The Galerkin, finite-element method has been shown in the previous
chapters to adequately simulate known analytical solutions to mass
transport eéuations. In this section the mefhod will be applied to a
known ground water contamination problem. The area is the Snake River
plain aquifer at the National Reactor Testing Station in Idaho.
Robertson (1974) modeled the movement of waste through this aquifer
using finite difference techniques for the flow modgl and the method of
characteristics for the solute transport model.

The reason that this particular area was chosen is that excellent
field data are available and the waste reacts chemically during its

movement through the aquifer.

A. PROBLEM DESCRIPTION

Robertson, Schoen and Barraclough (1974) give a detailed geographic,
geologic and hydrologic description of the Snake River aquifer_underlYing
the National Reaction Testing Station. The reader interested in such
details is refered to reports by these authors. This manuscript deals
with one small part of their work and therefore only an abbreviated
description of the area and the waste disposal problem will be given

here.



The National Reactor Testing Station (NRTS) is located on the Snake
River Plain in southeastern Idaho. This plain is underlain by the Snake
River aquifer, that is made up of numerous basaltic flows and ;ontains a
vast amouqt of ground water. This ground water is recharged in the
higher mountains and flows to the southwest through very hetrogeneous
basalt discharging through springs into the Snake River. A pictorial
mép depicting the ground-water flow pattern and salient surface features
is shown in figure 9.

Since 1952 chemical and low level radioactive wastes have been
disposed of into the gréund—water system., These wastes migrate down
the hydraulic gradient . and, unless removed from the aquifer by physical
.or, chemical means, discharge intc the Snake River. The majority of the
wastes are injected into the aquifer at two sites; the test reactor area
(TRA) and the Idaho Chemical Processing Plant (ICPP). Robertson~(1975)
gives the input rate for waste water recharge for these two sites and

these are shown in table 2.
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Table 2. Input rates and concentrations for waste water recharge

at NRTS, Idaho

TRA - Icep
Chloride (C1') 35 mg/1 245 mg/1
Tritium (H3) 300 pCi/ml 800 pCi/l
‘Strontium-90 (Srgo) 0.0 1.0 pCi/1
Injection rate 1.9 cfs 1.7 cfs

where:
mg/l is milligrams per litre
pCi/ml is pico curies per millilitre

cfs is cubic feet per second.

Figure 10 illustrates the regional ground-water table, May through June
1965, the location of the waste water recharge sites and the area chosen
to be modeled for solute transport.

Sampling of the waste products has been accomplished through
monitor wells drilled down gradient from the injection points. The
background level for chloride is 10-20 mg/l. The monitoring of tritium
andkstrontium is limited by the detection level of the analyéis procedure
which is 2 pCi/ml for tritium and 0.005 pCi/ml for strontium.

Movement of these three products through the ground-water system
depends on chemical as well as physical factors. The physical factors
are the previously discussed effects of convective traﬁspsrt and dis-
persive transport, the latter being used to approkimate non-ideal flow

conditions. The chemical factors may inciude rate reactions and ion
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perhaps be lessened by using fewer number but larger sized elements for
the cubic eduations. The decrease in program sensitivity to parameter
values such as areal changes in transmissivity and well locations makes
this adjustment presently unattractive.

The model's practical use was demonstrated'by solving field con-
tamination problem. The concentration profiles éf chloride, tritium and
strontium-90 were simulated and compared to field data. The model
successfully simulated solute transport for an unreactive conservative
solute chloride, a solute with a first order irreversible rate reactioen,
radioactive decay and a solute'wiﬁh equilibrium controlled ion exchange.

The programAincorporaﬁed generalized expréssions to treat dis-
persion as a tensor with both longitudinal and transverse components.

Previous studies using finite-difference equations to solve these
same sets of transport equations show the‘finite element methods to be
superior for large grid spacings. For the.models presented here the
linear functions are superior tb cubic functions for large two~dimension-
al problems.

'As with any numerical technique further study may reveal shortcuts,
improvements; etc. to enhance the technique's féatures. The most pro-
ductive research in this area would perhaps be a search for more effi-

cient matrix solution techniques for such sparce unsymmetric systems.
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exchange. The former is characterized in this instance by radioactive
decay of the tritium and the strontium. The latter is characterized

" soley by the strontium where the small chemical concentrations allow the -
assumption of linear adsorption isotherms. Since surface controlled ion
exchange (as we would expect here) is usually very fast, equilibrium
conditions are assumed and the previouslyideveloped equations covering
this case apply.

Chloride is a non reactive waste speci that is used to characterize
the system in terms of the dispersion coefficient. Matching observed
with numerically derived data allows determination of dispersivity
constants and gives some check on the accuracy of the determined
‘velocities that control the éonvective transport portion of the-trans—
bort equation. Using this technique a longitudinal characteristic
length of 300 feet and a ratio of aL/ar = one, was chosen for this
test problem.

The chemical parameters necessary to the solution of the transport
equation are mnow discussed. Equation 26 illustrates the first order
rate constant for radioactive decay to be 0.693/half life. The half
life of tritium is 12.26 years and for strontium-90 is 28.9 years. The
respective rate constants for tritium and strontium are then 0.0565 yr—l
and 0.0240 yr I,

Since a linear adsorption. isotherm can be used to characterize the
exchange process a distribution coefficient is required. The deter-

mination of a distribution coefficient that will apply to field situ-

ations is difficult. Robertson (1974) reports that of the strontium
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injected into the system only 3 percent is present in the aqueous phase.
The rest is assumed to be adsorbed on the surface of the aquifer matrix.
Thié information allows calculation of a term related to the distri-
bution coefficient that can be used to calculate the effect of ion

exchange. The term K /e in equation 28 can be shown for these cond-

ab
itiong to be equal to 0.97/0.03 or 32.33.. The retardation factor
defined by equation 29 is then 33.33. This information can be trans-—
lated to mean that the average velocity of the strontium ion is travel-
ing 0.03 times the velocity of the ground water.

Initial conditions for contaminants in the ground water system
assumed that neither tritium nor strontium were present. As mentioned

~previously the background level of chloride was assumed to be 10 mg/

litre.

B. SIMULATION OF CONTAMINATION CONDITIONS

As illustrated by figure 10 an area of NRTS approximately 8 x 8
miles was chosen to be modeled for the transport of waste solutes. This
area was then divided into 20 x 20 finite difference cells. These
finite difference cells were used to calculate the detailed head distri-
bution using the finite difference approximation to the flow equation.
The finite element net was then overlain on top of the finite difference
cells with the finite element ﬂode falling on the center of the finite
difference cell. The finite element area then comprised quarter portions

of four finite difference cells. This program allows the use of existing
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finite difference solutions to the simpler equations that define the
hydraulic head in the aquifer. The length of the sides of the elements
and cells was 2100 feet. Figure 11 illustrates the finite difference
and finite element nodes as used for the NRTS contamination problem.
The boundary conditions for the mass transport problem assume constant
concentrations as the chemical speci is assumed not to reach the
boundaries of the modeled area. If this does occur to an appreciable
extent the modeled area is simply increased to a larger area.

In detail the modeled area cqﬁtains 4 wells, two discharging
(pumping) and two recharging waste water.

All finite element simulation studies were done using linear basis

wedunctions,  Compnter rims for identical preoblems vsing the cubic basic

functions took an order of magnitude longgr for CPU time. Whenllarger
size elements were used, to decrease the size of the maﬁrices, the
necessary detail for problem solution was lost. The use of cubic basis
functions, is recommended for situations where uniform conditions exist
throughout the medium. Further research on means to generate more
‘detail within the larger cubic finite elements or more rapid solution
techniques for sparce, poorly conditioned matrices, might allow expanded
use of this method. Using the input data from table 1 concentration
maps were generated for e¢hloride, tritium and strontium. These generated

profiles were compared with field data contoured by Robinson (1974).
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1. CHLORIDE CONTAMINATION SIMULATION

Figure 12 compares the waste chloride plumes for 1968-1969 based on
well saﬁple data and the finite element model using the linear basis
functions. Comparisons bétween field and computer simulations are
considered good for this type of study. Field generated contours, such
as the 15 mg/litre isochlor were in some éaseg estimates based on one or
two sample points. The material balance of the simulation study in-

dicated a 8 percent accuracy for this run of length 17.1 years.

2. TRITIUM CONTAMINATION SIMULATION

Figure 13 compares the waste tritium plumes for. 1968-1969 based on
well sample data and the finite element model using the linear basis
functions. The introduction of an irreversible chemical reaction term
to account for radioactive decay disginguishes this simulation from the
chloride. Except for the introduction of this term and the different
initial and boundary conditions, the mass transport parameters were the
same. Excellent correlation between the field data contours and finite

element contours again resulted.

3. STRONTIUM CONTAMINATION. SIMULATION

Strontium-90 was only injected into the ICPP disposal well at
relatively low concentrations. The high degree of ion exchange retards
the movement of this dangerous radiocactive species through. the ground-

water system. This chemical reaction adds a term to the equation to
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simulate a retarded movement of the ion. Figure 14 compares numerical
calculated versus field observed data for the strontium contamination
problem. Although it is difficult to make accurate comparisons for this
small movement adequate comparisons of the field and computed data
exist. |

C.  SUMMARY AND CONCLUSIONS

The use of Galerkin, finite—elements to solve the partial-differen-
tial equation that aescribe mass transport was shown to be a feasible
approach. The use of linear and cubic basis functions, generaﬁed
solutions to the convective-diffusion equation that were more accurate
and less susceptable to oscillation than finite difference methods.
‘Large scale two-dimensional problems can be solved with these methods,
however excessive computer time results with the use of cubic basis
functions. This is due to the structure of the coefficient matrix
that represents the system of differential equations that must be
solved. Linear basis functions form strongly diagonal matrices with no
more than nine entries per row. Cubic basis functions form matrices
with weak diagonals and as many as 36 elements per row. The use of SOR
to solve the matrix formed with linear functions was very efficient.

A more involved iterative technique was unecessary to solve the matrix
generated by the cubic functions.. A large sample problem required a
factor of 10 times longer CPU éime to solve ‘the préblem using cubic

functions rather than the linear functions. This time difference can
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_perhaps be lessened by using fewer.number.but larger sized elements for
the cubic equations. The decrease in program sensitivity to parameter
values such as areal changes in transmissivity and well locations makes
this adjustment presently unattractive.

The model's practical use waé demonstrated by solving field con-
tamination problem. The concentration profiles of chloride, tritium and
strontium-90 were simulated and compared»;o field data. The model
successfully simulated solute transport for an unreactive conservative
solute chloride, a solute with a first ofder ifreversible rateAreaction,
radioactive decay and a solute with equilibrium controlled ion exchange.

The program incorporated generalized épressions to treat dis-
persion as a tensor with both longitudinal and transverse components.

Previous studies using'finite;difference equations to solve these
same sets of transport equations show the finite element methods to be
superior for large grid spacings. For the models presented here the
linear functions are superior to cubic functions for large two-dimension-
al problems. The development of more competitive linear equation
solution schemes can of course change this.

As with any numerical technique further study may reveal shortcuts,
improvements; etc. to enhance the technique's features. The most pro-
ductive research in this area would perhaps be a search for more effi-

cient matrix solution.techniques for such sparce unsymmetric systems.
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Appendix A includes a listing of the two finite element programs
using cubic and linear basis functions. The matrix linear solution code
TCHEB is documentated by Manteuffel (1975). Table 3 and 4 lists - the
routines for the linear and cubic functions respectively. Table 5 is a
list of selected prbgram variables. Table 6 provides information for
the data input format. As with any numerical code of this size a

complete understanding of the program is prerequisite to efficient use.
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APPENDIX A

Table 3.--List of routines used in Galerkin finite

element program using linear basis. functions.

Subroutine

MAING 7 Controls execution

PARLOD Data. input and initialization

ITERAT Computes head distribution

OUTPT Prints head distribution and
computes mass balance for flor
mode1.

VELYG Computes hydraulic gradients,
velocities and dispersion coeffi-
cients

TRSTPG Computes change in chemical con-
centration, computes mass balance
and prints concentration.

Function

GAUSS5 (in TRSTPG) Numerically integrates double
integrals for linear basis functions

FCT (in TRSTPG) Calculates the value of linear
function over an interval

FCTD (in TRSTPG) Calculates the derivative of the

linear function over. an interval
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MAING6
PARLOD
ITERAT

OUTPT -

VELYG

NODES

TRSPTC

MATCF2

INTEG2

RSIDE .

DIMEN

SCALE

RSCALE

TCHEB

88

Table 4.--List of subroutines used in Galerkin finite

element program using cubic basis functions.

Controls execution
Data input and intialization
Computes head distribution

Prints head distribution and prints
mass balance for flow model.

Computes hydraulic gradients,
velocities and dispersion coefficients

Checks to see which nodes have wells
in them and computes more detailed
head distribution around these nodes.

Computes change in chemical con-
centration and prints concentration
at selected intervals.

Calculates the matrix coefficients
for the set of linear equations.

Calculates the value of the double
integrates for the cubic basis
functions.

Calculates the right hand known
vector coefficients.

Passes dimensions to matrix solution
subroutines "

Performs scaling operation on
matrices that define linear equations.

Scales matrix that defines right
hand known vector coefficients and
unscales solution vector.

Iterative solution technique (see
Manteuffel-reference)
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Table 5.--Definition of selected program variables

-AAQ = Area of aquifer in model

ALPHAL = BETA

AOPT = Iteration parametérs

AREA = Area of one cell in finite-difference g;id

BETA = Longitudinal dispersivity of porous medium (ALPHAL)
CMAX = Maximum initial or input concentration to elements
CONK = A constant concentration for selected nodes (see NODE).
CSTOR = Solute mass stored in system.

C, CN = Chemical concentration.

CNRECH = Concentration in recharging water

DDRW . = Drawdown

DELS = Change in ground-water storage

DELT = Time increment for solute transpért (SEC)

DELQ = Rate of leakage across a confining layer or streambed
DERH = Change in head with respect to time

DLTRAT = Ratio of transverse to.longitudinal dispersivity
EPS = Permitted iteration error fér SOR solute transport
FCTR = Multiplication factor

FLMIN = Mass entering modeledAarea during time step

FLMOT = Mass leaving modeled area during time step

GRADX = Hydraulic gradient in x-direction

GRADY - = Hydraulic gradient in y-direction

FLUX

Net solute flux through system boundaries
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HC

HI
HMIN
HR
INT
IPRNT
ITMAX

KOUNT

NCA
NETFL
NT

NI
NITP
NMOX
NODE
NODEID
NPMP
NPNT .
NREC
NTIM
NX

NY

PARAM

Head from column computation

Head at end of time step

Minimum iteration parameter

Head from row computation

Pumping pefiod number

Print control for hydrographs

Maximum permitted number of iterations

Iteration number

Time step

Number

Total net

NX
NJ

Number

of

of

number
aquifer nodes in model

solute flux

iteration parameters

90

Number of particle movements required to complete time step

Node identification code for solute transport model

Node identification code for flow modei

Number

Number

Number

Number

Number

Number

of

of

of

of

of

of

Iteration

pumping periods

time steps between printouts for flow model
pumping wells

time stéps

nodes in x-direction (NI)

nodes in y-direction (NJ)

parameter
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PERM-
PINT
POROS
PMP
PUMP
PYR
QI
QSTR

RCMAS

REC

RECH

SLEAK
STORM
SUMIO
SUMT

SYMBOL

THCK
TIM
TIMEL
TIMD

TIMM

I

"
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Hydraulic conductivity (in ft/sec)

Pumping period in years

Effective porosity (POR)

Pumping well output (ft3/sec)

Cumulativelnet pumpage (ft3/sec)

Pumping period in seconds

Injection well input (ft3/sec)

Cumulative change in volume of water in storage
Mass pumped 6ut or recharéed to aquifer

Pumpage array; positive for withdrawal, negative for injection
(in ft7/sec)

Recharge array; negative for recharge, positive for E-T
(in fit/sec)

Storage coefficient (or specific yield)

Rate of leakage through confining layer or streambed
Change in total mass in storage (by summation)

Change in total mass in storage ffrom inflow - outflow)
Total elapsed time (in sec)

Preselected symbols for concentration printout
(11 required, highest to lowest concentration)

Saturated thickness of aquifer

Length of time step

Time incremént between printout for solute model
Elapsed time in years

Elapsed time in minutes
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TIMX
TINIT
TITLE
TMAX
TMOBS
TMRX
TMWL
TOL
TOTLQ

VPRM

VX

VY
WFAC
WFLUXTI
WFLUXO
WT
XDEL
YDEL
XKD
XKIN
XN

XRHO

1]
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Time step multiplier

Size of initial time step (in sec)

Problem description

Maximum time for solute transport run

Elapsed times for observation point records

Traﬁsmissivity coefficient

Computed heads at observation points

Convergence criteria (ADIP)

Cumulative net leakage thfough confining layer on streambed

Leakance factor for confining layer or streambed (vertical

‘hydraulic conductivity/thickness)

Velocity in x-direction at a node

Vglocity in y—direétion at a node

Iteration relaxation factor (not used for F.D. model)
Solute mass injected into system through wells

Solute mass leaving syétem through wells

Water-table élevatioﬁ or head in stream or source bed
Grid spacing in k;direction (in ft) (DELX)
Grid-spacing in y-direction (in ft) (DELY)

Ion exchange distribution coefficient

Kinetic reactioﬁ rate constant |

Ofder of reaction rate

Soil weight to free volume ratio
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APPENDIX B
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THIS PROGKAM CONTROLS THF EXECUTION
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SOLUTE TRANSPORT +CHFMICAL PEACTION AND DISPERSION IN a4 PORCUS
MELTUM == NUMERICAL SOLUTITON== FLOW FCUATIONS SOLVED BY 1aDI!
BY Je BREDEHOFFT -~ 1973 MOOIFLED RY 0. GROVE = 197A, SOLUTE
TKANSPORT AND REACTION EQUATION SOLVED SBY GLFRRKIN FINITE FLEMENT
METHOD USING LINEAR BASIS FUNCTIONS BY U. GROVE ~1976.

EO R T 2R TR - N TN - SN JNEE - NN LR - TN - BT BRI B 2R R - TR BN - JNE - JNNE- SN - SR - R - SRR TR - ST BN - Y - S - 3
COURLE PRFCISION DMIN]+DEXF «DLUGLDABS .

REAL ®#8TMRX g VPRMyHT sHRK e HC oM oW T o PECYRFCHs TIMepAUPTSTITLE

WE A °8XDFL.YDFI9§vAQEAvSUHIvPHO.PARAM.TtblaTOLvPINTQHMINopYR
RE&AL ©8 TINTCALPHALSANITRP1ASMsYSM

DIMFNSION NODE (17420) oDXX(17920) a0YY(YT7020) 4sDXY(]17920)
1 OYY(17420)0QI(17420)
2 SY\BUL(II)oC(]7v?0)vPMP(lI~20)‘VXM(HO)9VXP(50)0VYM(50)l
3 vYR(S0) oNvELL (17420) «NCGDFTNO(L17420)
G4 THOK(17420) sPFRM(17420) o TMWL (L7420} e TNRX(1742042)
DIMENSTON VPRM({)17420) oRI(1/7920) orik (17420) 9HC(17420) sHK(1T7420),
1 vilT(17420) sREC(17470) oRECH(1To20) o TIMI100) sAOPT(Y) s TITLE(CLO) »
Z VX(1T7e20)oVY (17020) eCNKECH(17420) o VYX{(17420) VXY (1T7920) )
B LG RO BB R BB O U R R AU IR OB OC PR ORLRRRVLEBIRURRBDBPLDBORISOEBRIDR
LCGAn DATA
Nx=317
HY=20
COMT INIIF »
CaLp PARLCD(NODE o XKN e XKIMs XANs XRHUsDXX e DYY e DXY 9 DYX QI 9 SYMBOL o
DEL T o TMAX e TIME L v CoeCONKeWFACIEPSsPMPyVXMeVXP sVYMeVYPy :
FwELLy NTIMeNPMP ¢NPNT oNITPoNenNK oMY gNP o NREC ) INT 9o NNXoNNY »
ITTMAX s TFRET ¢ NODEID
THOR PERMy TMRXYVPRMoH] sHr yHC oy HK g TOREC o RECH,
TInve AOPT o TITLF o XANEL s YDEL «SsAREA¢SUMT ¢ IPHU s PARAM e TEST» TOL »
PIMT eHMINSPYR¢VA s VY e CNMECH I PUROS ySUMTCHISETA 3 TIMV s STORMyRCMAS
FUMINGFLMOTySUMIOS DLTRATWVYXsVXYLT0TLR)
BOB U R RGO DI RSB IR DU B U PN IR C DL BBV IR B RO VB OO R R B RBEBORT OB
STARPT COMPUTATIONS
COMPUTE NPMP PUMPING PERIODS
DO 100 NINT=1.NPMP
INT=NINT

~ TN WN -~

COMPUTE NTIM TIME STEPS

00 80 NS=1eNTIM

N=N<&

IPRNT=0

LOAN NEW PELTA T

TINT=SUMT=PYR® (INT=1)

TOEL =DMINT(TIM{MN) PYR-TINT)

SUMT=SUMT «TDEL

TIMIN)=TODFL

REMN=MOD (MeNPNT)

L-E-RIR-R-2- 22 RTRE-2-2-FR-E- XXX R-R-F-F-F-2- 2 X -X-F-2-X-F-L-RIEF-XF-R-X-X-R-R-F-R-FULRIEPIL-R-X-XR-F-X- 2P
CONTINUE

CUVPUTE HEAD DISTRIRUTION

CALL TTERATUINITRsMXyNY s ITMAX e THOR ¢ TMRX e VPRM g HR o HC sHK ¢y WT g REC
1L RECHsTIMGAOPT ¢ XOFLsYDEL ¢ SyAKREASTOLsTUTLQWN)

COUNTINUE
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/7

IF (PEMNLEQs0,0)CALL OUTPT(NGNXyNY s THCK ¢ VPRMgHI sHK 9 WT s
1 KECOAREAZSUMT (TOUTLOS)
40 CONTINUE
50 CONTINUE
CUYPUTE VELOCTITY aND DISPERSIUN COEFFICIENTS
CALL VELYG(INGNX oY eDXXsUYYsDXY sUYX oPERMeRK ¢ XDEL o
1 YOFL oVX VY sPOSOS o RETASDLTRAT ¢ NODE oNWEL LI VXY eVYXy
2 VYMaVYP sV XMyvxP)
60 CONTINUE .
COVPUTE CHANGE IN CUNCFNTHATIUN .
CALL TRSPTOG(NONE s XKD g XKIN e XiNe ARHU A DXX 4 DY Y 9 DXY e NYX QT
] SYVBOLWDELT e TH2AX e TIMET ¢ CoaCUNK aPMH oNX MY g NNXoNNY s THCK s RECH ¢
2 XUFLOYDEL o VX o VT s CHNRECHFORUS e vFLCeEPSe VXM VXPaVYMeVYP o NWELL)
PR R R G R G S R T R R R R R R 2 R T R R R L RN PR RRTL PR PR LR R 2
OLTPUT RUOUTINES
70 IF (SUMTGE« (PYR®INT)) GO TU 90
80 CUNTINUE '
LT R XL E-X-2-2-F-2- T R--2-2- - X-2-X-2-2-2-2-F-2-L-2-2-2-2-L-X-2-%-2-F-X-2-X-L-2-2-%.2-3-X-¥-X-3
SUMMARY OUTPUT
G0 CONTINUE
IFRNT =1
car L QUTPT v

100 CONTINUE

GUBPIEINHBCR DR BCVIBOROIORBUNRGTREOEILRI VORI DIRNBOREPHOOUSIROOBESSY
sTop :

-2 2R N2 T T TENC NN R JEE- B BN R B R R IR JNE T DN N JEEJNE BN N AR K
END

97
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2R X-2-2-A-X-1 20X-X-2°2°2 2 2-2-2°2-2-2-2-X-L-X-L-L 2-L-X-T-L-L-X-2-2-X-2-2-2-2-2-F-2-L-X-X-2-2-X-X-2-3-X-2-%-F-X - X-3-%-2

THIS SUEROUTINE INPUTS ANMD INITIALIZES DATA

o000

SUKCOUT INF PARLOD(NODEyXKDoXKIN-KN}XPHOcDXXnDYYvDXYnDYXoQTv

1 SYMBOLSDELT e TMAX G TIME T sCoCONKgWFACIFEPS 9 PMP e VXMgVXPoaVYMeVYPy
‘2 MwELLs NTIM,NPMP,NPNT.NITPQNtNX,HYQVQoNREC’INT;NNX,NNY!
3 ITMAXSsIPKNTWNOREID,
4 THCR GPERMy TMRX 9 VPHMyHT sHRyHC o HK yWT s RECWRECH,y
S TIreiOPT o TITLEWXNEL o YREL +SoAREA«SUMT o cHO9PARAMWTEST 9 TOL »
6 PINToHAINGPYR (VX G VY s CHNRECH PURUS ¢ SUMTCHIBETAS TIMV s STORMyRCMAS,
T FLMINGFLMOTWSUMIOY DLTRPATHVYX VXYL TOTLQ)
c - T TR TR I IR R CREE RS- - S IR N AR IR IR BRI R I R 20
DCURLE PRECISION DMIN1DEXP»OLUGDABS B 30
REAL #8TMRAGVPRMIHT gHR o HC g HK 94T 9y RECIRECH s TIMoAOPT o TITLE
REAL tBXOEL«YDFL o SsAREA«SUMT gRHO¢PARAM G TEST s TCL9PINTsHMIN,PYR B8 SO
REAL “BFCTRGTIMXsTINIToPIESyYNSs XNSFAT y HMX g HMY B 60
REAI “BTINT 9 ALPHRAL 4ANITP 8 70
DIMENSTION NODE (HXeMNY) sDXXINXsNYY s DYY(NXaNY) sDXY (NXsNY) »
1 DYVUNXeNY)Y sQI(NXeMNY) s SYMROL(11) 9CINXsNY) sPMP (NXsNY) o
1 OVEM(S0) s VXP (S0} s VYM(S0) ¢ VYF (50) ¢ NWELL (NX9NY) :
DIMFNSION NODETID(NXsNY) « IXOBS(9) o I1Y0DS(S) s THCK (NXsNY)
1 FEOMINXGNY) ¢ TMuL (5450) s THOBS(S50) s TMFX(NXeNYs2) y
2 VPEMINXSMY) gHT INXeNY) o HRINXoNY ) ¢ HCINXyNY) o HK (NXoNY) s WT (INXyNY) o
3 RECINXeNY) sRECHINX «MY) s TIM(100) o 80PTI(MX) o TITLE(10)
4 VA (NXaNY) g VY INX9INY) g CANRECH INXoNY) s VY X (NXeNY) g VXY (NX9NY)
c X2 FR-2-X-X-X-2R-X-Z-E-PIR-E-R-F-X- 22X 2-E-FRE-EL-L 2 E-2-X-B-F-X-BIR-E- TR B2 - F-X-R-2-X-X-X-X-2-X-X - X-FX-] B 230
-~ REAN (54490) TITLE B 4%
wHITE (6+,500) TITLE 8 250
C XX XN R L R-X-R-R -2 R-E- R R-2--R R R-RE-R-X-X-2- 2 L2 2-R-X-X--X-X-X-B-2-2-2-X-2-F-X L RIX.L-X-X- XL X-E-X-2-2-2-2- X 22 R 260
Cc INITIALIZE TEST AND CONTROL VARIABLES B 270
TEST=0.0 B 280
TOTI 0=0.0 8 290
SUMY=0,0 8 300
SUMTCH=0.0 B 310
InNT=0 B8 320
IPKNT=0 B 330
KGEN=] B 340
NCA=0 B 350
N=0 B 360
IMOy=0 B 370
NMOv=0 8 380
(of SGRGAVOERBLUR NN IR RO BRSRND USRI ORRRRRCORERLUHBROTIRRDLAV IR BB OOGSSSY B 390
c LOAD CONTROL PARAMETERS ' B 400
: REAN (59510) NTIMeNPMPoNXyNY oNPNT NITPITIMAX¢NREC TMAXsT
1IMEY s CONK g WFAC EPSeTCK e TTTowTE o CONT s NNODES I I X
READ (5¢580) PIMT«TOLsPOROSHYBETA»S«TIMXyTINIT+XDEL s YDEL9DLTRAT 8 630
1o AR o XKING XN XRHOZDELT ‘ R 440
READP (5+630) Sy~BOL B 650
PYR=PINT®86400,0%365,25 B 460
NNX=tNX=1 R 470
NNY=NY~1 B 480
C B 500
WRITE (64520) B S10
WRITE (64530) NXeNYsXDEL2YOEL . B 520
WHITE (64540) NTIMaNPMPsPINT o TIMXyTINITyDELT s THAXTIMEL 8 530
WHITE (64550) SePOROSIBETASDLTRKAT s XKDy XKIN XNy XRHO$EPSsWFAC B 540

WRITE (£9560) NITP+TOLsITMAX
WRITE (69570) NPHNTIWNREC
(of PROQBEVUBGEB ORI DR BUBODIVORRREUEROTROTORICRBERTAABEIRRBGBRIERRSRO B 870

C LIST TIME INCREMEMTS: B 580



T-1798 99

DO 10 JU=1,NTIM R 590
TIM(J)=0.0 B 600
10 CONTINUE 8 610
TIri¢l)=TINIT 8 /20
IF (S.EQ.0.0) GO TO 30 B 630
D0 P20 K=2,NTIM B 640
TIM(K)=TIMX#TIM(K=1) B 650
20 CONTINUE ‘B 660
GO 10 «0 R 670
30 TIM(1)=PYR B 680
C B 690
40 wRITE (€+250) B 700
WRITE (64260) TIM B8 710
C DR BUBEROOVEPIRERUBILBRDIBRORRADORPSCBBBELERRSETOBBERIBRREDEDONS R 720
C INITIALIZE MATRICES ‘ 8 730
DO 50 IY=],NY 8 740
DO =0 IX=)9NX 8 750
VPR (IXs1Y)=040 B 760
PERM(IXsIY)=0,40 R 770
THCY (IXs1Y)=0,.0 B 780
RECH(IXyIY)=0.0 8 790
CNRFCH(IXy1Y)=0.0 8 800
REC(IXe1Y)=0,0 8 R10-
NOUFID(IX, 1Y) =0 B 820
TMRY (ITXs1Ys1)=0.0 B 830
TMRY (IXeIY2)=0,0 B 840
HI(1XyIY)=0.0 B 850
HR{InsI1V)=0,0 8 860
HC(TXs1Y)=0,0 B R&70
HK{TX41Y)=0,0 B 280
WT(TXeIY)=0,0 B 890
VX{TXsIY)=0,0- B 900
VY(1XsIY)=0,.0 B 910
VXY (IXsIY)=0,0 B 920
VYX(IXs1Y)=0.0 B 930
ODXX(IXxseIY)=040 g8 940
DXY (IXsIY)=0,0 B 950
DYY(IXsIY)=0.0 8 860
DYX(IXsIY)=0.0 B 970
QICIXs1Y)¥=0,0 B 980
C(IxsIY)=0,0
- PMP(IXelY)=0.0 8 990
50 CONTINUE . B1000 -
C 22 XS RE-2-2-X-2-2- 22 2-X-2-2-2-2-% E-X-2-2-F-F-2-2-L-2-L-F-F-2 5 XX-2-1-L-2-2-3-2-2-2:-2:3-X-X-2-.2-3-2-2-X-2-X-2-7-2-3-2 - 81150
(o READ PUMPAGE DATA == (X-Y COORDINATES AND RATE IN CoF ¢Se) B1160
Cc SIGNS ===~ WITHDRAWAL = POS.} INJECTION = NEG. B1170
[+ 1IF TNJECTION WELLe ALSO READ CONCENTRATION OF INJECTED WATER B1180
IF (NREC.LE.0) GO TO 120 81190
WRITE (645610} Rr1200
DO 110 1=1+NREC R1210
REAN (54480) IxeIYsFCTRyCNREC Bl1220
NwELL(IXsIY)=]
IF (FCTR,LTe040) CNRECH(IXs1Y)=CNREC B1230
REC(IXglY)=FCTR g1240
IF (FCTR.GT.0.0) GO TO 90 B1250
QI(IXeIY)==FCTIR B1260
GO O 100 B1270
90 QI{YXsIY)=0.0 R1280
PMP(IXeIY)=FCIR 81290
100 WwRITE (64620) IXeIYSREC(IXeIY) sCNRECHIIXIY)9QI(IXeIY) 81300

110 CONTINUE 81310
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o NeNaXel

OOOO0OO0O

[eXe

120

123
1ee

121

i3¢
124

131

100

CONT INUF
[T FR XL RE-T- 2L PR RFFRLL-X LT R-2-R-2-2-0--F. 222 0F. 2 F 2.2 F-F-. ¥ F-F-XTRF-F.2°F.3

AREASXDEL#YDEL

WRITE (64,460) AREA

WRITE (64360)

WRITE (64370) xDEL

wHITE (64370) YDEL _

L-X- R FR-F.R-X-R. P XIE-F . FURE-F. . X-RIRCE-2-R-R-X-2-R 23X E-R-X X R RLE E-X-R-R L. R-R-ROR R X-X-E-R-E-X-2-X-F-2-X-X-%. ¥ ¥
REAN TRANSHMISSIVITY [In FT#22/SEC INTO VPRM MATRIX

FCTP = TRANSMISSIVITY MULTIPLIER «w==> FT##2/SEC

FCTn=1.0

lr‘TTT'LT.olE"IO)GQ TO 122

00 123 1Y=1lsNY

DO 123 1X=19NX

VPRM(IXWIYV)=TTT®FCTR

JF (TR EU. 1 eORGIXeEQeNX)VPRM(IX9IY)=0,0
IF(IYEQe)«ORGIYSEN, NY)VPPW(XXcIY) 0.0
CON INUE

GO 70 124

CCNTINUE

DO 121 1v=14NY

REAN (S54320) (VPRM(IXsIY)sIX=]19eNX)

DG 13C¢ 1X=1y9NX .

DO 130 Iv=1,.NY

VPRMIIXeIY)=VPRM(TIX IYY®FCTR

IF (1XeEQel1eORGIXLEQJNX) VPRM(IXsIY)=0,0
IF (IYeFEQ 1 0RJIYLEQaNY) VPRM(IXy1Y)=0,0
CONTINUE

CONTINUE

WRITE (6+300)

DO 131 IY=1l.NY

WRITE (64290) (VPRM(IX4TY)sIX=14NX)
00#59999##096bo#@##bé&GQQQQﬂﬁﬂ@ﬁQﬁQﬁGQQQGQO#O§¢§§D§§§6§§§§§99§§5
SET UP COEFFICIENT MATRIX :

AVEDAGE TRANSMISSIVITY

BLORK CENTERED GRID

GEOMETRIC MEAN

PIEg= 3.1415927*301415927/2 0

YNS=NY&NY

ANS=NYX#NX

HMIN=2,40

DO v40 IY=2sNNY

DO 140 IX=24NNX

IF (VPRM(IXs1Y).EQ.0.,0) GO TO 140

TMRY (IXeIY 1) =2, 04VPRM(IXs1Y)BVPRM(IX+1 1Y)/ (VPRM(IXsIY)®XDEL+VPRM
1(IXelaIY)eXDEL)Y

Trky (IXsIYe2) =2, 0“VPQH(XX’IY)°VPRM(IX IY+1) /(VPRM(IXsIY)#YDEL +VPRM
1(IX.1Y+1)2YDEL)

ADJIST COEFFICIENT FOR ANTSOTROPY
FCTr=1,0

TMRY (IXeIYe1)=TMRX(IX 1Yy 1)®FCTR
TMRX(IXsTY92)=TMRX (IX91Y+2)#FCTR
BB AR RSB OR B RN DRV RO B R LR UIRB IR BOLTIBOORBVOEITRRBBOBONGIBORRORY

COMPUTE MINIMUM ITERATION PARAMETER

R1320
81330
81340
R1350
81360
B1370
81380
B1390
B1400

‘R1410

81420
81430
Bl440

B1450

B1470
B1480O
1490
81500
P1510
B1520

81530
B1S40

B1S60
81570
B1%80
81590
B1600
B1610
81620
B1630
B1640
B1650
B1660
B1670
B1680
B1690
B1700
B171¢
B1720
B1730
B1740
B1750
B1760
B1770
R1780
B1790
81800
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C HMIn MINIMUN ITERATION PARAMETER B181l0
C R1B20
IF (TMRX(IXs1Y41).EQ.0.0) GO TO 140 B1830

IF (TMRX{IXe1Y,2).EQ0.0,0) GO Tu 140 Bl1a40
RAT=THMRX{IXsIY, 1) 2YDEL/(TMKX(IXsIYs2)#XDEL) B1850
HaX=PJES/ (XNS® (140+RAT)) B1860
HEY=PIES/ (YNS®(1,0+(1.0/KRAT))) R1870

IF (HMXeLToHMIN) HMIN=HMX ' 81880

IF (HMY.LT.HMIN) HMIH=HMY R1890

140 CONTINUE R1900

c B1910
C wRITE (6423) 81920
C wRITE (6422) (((TMRX(IXoIYsIL) 9IXzloNX) s 1Y=1eNY)sIl=142) B1930
c XX 38 R EE-F-RTR R R R RIRTRE R RV PR Y- R 2R R-2-2- X X.2-X-F-XIR-R-XTR-F - LR-FIX-FUE-F. X R F-X-R XX 2R3 81940
C REAN AQUIFER THICKNESS B1950

IF(TCKeLT,e1E-10)G0 TO 143
DO 144 JY=1laNY
DO 144 IXx=1,yNX
144 THCK(IXs1Y)=TCK
GO T0 145 )
143 COnTINUE
DO 141 1Y=1,4NY
141 READ (5+310) (THCK{IXsIY) s IX=19NX)
C 81970
145 CONTINUE '
D0 146 IX=1y4NX
DU 146 1Y=1,4NY
IF (71X, E0. 1,08, 1Y, F0.1} THCK(IX, I
: TF CTXGEQNXGORGIYGEGGNY)  THCK(IX
146 CONTINUE )
wWHITE (64260) 81980
DO 142 1Y=1,4NY
142 wWKITE (64270) (THCK(IXeIY)eIX=1oNX)

v
1
’

(o} PGB RBRRBRDLRHIRLLVIBBBBLDOBIRIDLORGIROVRABOOBRELBBBOOIRBBENIRY R2000

Cc COMPUTE PERMEARILITY FROM THRANSMISSIVITY B2010

C COUMT NOo OF CELLS IN AQUIFER g2020

C B2039

DO 150 IX=14NX 82040

DO 150 IYy=14NY : 82050

IF (THCK({IXsIY).EQ.,0,0) GO TO 150 82060

PERM(IXyIY)=VPRMIIXsIY)/THCK(IX0]IY) B2070

NCA=NCA+1 B2080

150 VPRv(IXs1Y)=0.0 82090

AAQ=NCA®AREA 82100

C B2110
WRITE (64380) 82120

DO 151 1v=1sNY
151 wikITE (64410) (PERM(IXsIY)1IX=]1yNX)

WRITE (5+390) NCAsAAQ B2140
[ GG I RSB ERR G E RE B RO R BB DR AR R IRV O VORI DO ORI UBRUDBERRLILIDEBORSDES B2150
C RE AN NODE I10ENTIFICATION CARDS ¢ SET VERTICAL PERMEABILITYesose 82160

IF (MNODELLTL1) GO TO 153
DO 155 IXx=2sNNX
NODFID(IX,2) =1
155 NODEID(IXoNNY) =1
DO 156 1Y=2yNNY
NODFID(241Y) =1
156 NUDFID(NNXy1Y)=1
GO TO 154
153 CONTINUE
NODF IDENTIFICATION CODE? 1 = CONSTANT HEAD BOUNDARY 82170

12
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DO 152 IY=1,NY
152 KEAN (5:400) (NODEID(IXs1Y) s IX=14NX) '

154 CONTINUE
DG 160 Ix=loNX B2190
U0 160 1Y=1,4NY Rre200
IF (THCK(IX.1Y).EQ.0.0) GO YO 160 B2210
IF (NODEIDCIXsIY)CTL0) VPKM(IXs1Y)=1,0 Bg2220
160 CONTINUE Br2240
C 82250
WRITE (6,330) 82260

GO 161 1Y=1.NY .
161 wRITE (6,340) (NODEIOD(IXeoIY) o IX=19NX) :
VRITE (6,350) B2280
U0 162 1Y=14NY
162 wikITE (64250) (VPRM{IXeIY) o IX=19NX) |
C P Y T 2 TR T R T 2R R 2R R IR R R R LT R 2-°8- 20 8 -2 -2 82300
C REAN WATER-TABLE ELEVATION . . Rr2310.
IF(WNODE,(LTe1l) GO TO 167
KEAP(54430) (WT(IXe2) e IXz)eNX)
REAN(S¢430) (WT(TXeNNY) 9 IX=19NX)
KEAN(54430) (T (291Y) s 1Y=14NY)
REAN(S54430) (WT(NNX»IY) s IY=1yNY)
GV T0 168
167 CONTINUE
IF(wTE.LT,41E~10) GO TO 165
DU 166 1Y=1,NY
DO 166 IX=1¢NX
166 WT(TX,1Y)=WTE
GO 7O 168
165 CUNTINUE
DO 163 1Y=14NY
163 READ (54430) (WT{IXeIY)oIX=1yNX)
Cc ‘ 82330
168 CONTINUE
DO 169 IX=]1¢NX
DO 169 1Y=14¢NY -
IF(IXQEOQNXCOR.IY.EQ-NY)WT(IXOIY):OQO
169 CONTINUE :
WRITE (6,440) R2340
DO 1664 IY=14NY
164 WRITE (64450) (WY (IXeIY)alIX=19NX)

Cc BB DR LI BR DO RO R B G EGRG IR ORI RV BB OIRNGUB OB L AL ORLBOOIORBIDDIRING R2360
C SET INITIAL HEAD R2370
C SET HC FOR INITIAL CONDITIONS B2380
DO 170 IX=1leNX 82390

00 170 1Y=1lsNY 82&00.
HICIXsIY)=WT{IXs1Y) B2410

HCCT X IY)=HI(IXsIY) B2420
HROTXeIY)=HI(IXs1Y) B2430

HECT X 1Y) =nI(IXsIY) B26440

170 CON~INUE 82450

WelT1E (6¢331) :

C HRORE LR R ORORRER L BRSPS DRTRROIRBLDVCRRRBRRBBDEDRRBRDRBDIRDROORUER R2470
C KEAN CHEMICAL 10 NODES 82480

DO 171 IY=14NY
171 READ (5+420) (NODE(IXy1Y)o1X=19sNX)
DU 172 IY=1leNY
172 WRITE (64340) (NODE(IXaIY)oIX=14NX)
) B2510

Cc GRGHBRERORRORQURLOHCEUDIBBRBBBIRICHDOORBBRBB RGBS RENDBRROREDRBOBGOE R2520
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176
178

173
177

174

180

190

200

220
221
230
2490
259
260
270
280

- 290

300
310
320
33¢
331
340
3590
360
370
380
390

400
410
420

103

KEAN IN INITIAL CHEMICAL CONCENTRATION
1IF(CONTL.LTe=e1F=20) GO TO 175

DG 176 1Y=1sNY

DO 176 IX=1ly9NX

C(Ixs1Y)=CONI

GL TO 177

CONTINUE

00 173 1Y=14NY

FEAN (Ss421) (CLIXaIY)sIX=1oNX)

CONT INUE

WR1TE(64220)

DG 176 1Y=lyNY

WKITE (h4221) (CUIX9IY)oIX=Y9nNX) :
CALL QUTPT(NINXsNY s TRCKyVAIRMyHT s MK s WT ¢RECYAREASSUMT s TOTLGS)
LR XX 2R 2R LN LR RTR-RR-RRE-2- X R R R R R R R R R R R R R R R - R RV R R X
COMPUTE ITERATION PARAMETEKRS

NITe NUMREK OF ITERATION PARAMETERS |
DO 180 ID=1sNX

ACPT(ID) =040

CONTINUE

AN]TP=NITP~-1

IF (S.ER.0.0) GO TO 190
ALFRA)=DEXP(DLOG(2.0/HMIN) ZANITP)

60 Y0 200
ALPHALI=DEXP(DLOG(1.,0/HMIN) Z/ANITP)
AGPT (1) =HMIN

00 210 IP=2sNITP

AOPT(IP)Y=A0PT(IP=1) #ALPHA]

CONTINUE

WRITE (6.230)
WRITE (64240) AOPT

RETURN :
P I S R R E R R R R

FORMAT (1K1+sSX4,'INITIAL CHEMICAL CONCENTRATION 1//)
FURMAT(1H +20F6.0)
FOKVAT (1H1 20HITERATION PARAMETERS)
FORMAT (3K 31G20.6)
FORMAY (IK1914HTIME INTERVALS)
FOrvAT (3H 910G12+5)
FORVAT (3H . 220FS.1)
FORMAT (1H1417HAQVUIFER THICKNESS)
FOK:AT (3K 1 20FS,.2)
FORMAT (1H1 9 30HTRANSMISSIVITY MAP (FT#FT/SEC))
FORMAT (206G3.0)
FORMAT (20G4.1)
FORMAT (1R1INODE IDENTIFICATIUN MAPY//)
FORMAT(1Hl s 'CHEMICAL NODb 10ENTIFICATION MAP'//)
FORMAT (1R 44013)
FURMAT (1h1446HVERTICAL PERMEABILITY/THICKNESS(FT/(FTHSEC)))

FORMAT (1R0912H X=Y SPACING)

FOK.AT (3K 110612.5)
FURMAT (1m1,26KPERMEABILTY MAP (FT/SEC))
FOURMAT (1m0+////710Xs N0, OF FINITE~DIFFERENCE CELLS IN AQUIFER =

1'0]1a//710Xe'AREA OF AQUIFER IN MODEL = '9Gl245¢ SQe FTet)

FORMAT (80I1)
FORMAT (3K 120FS5,3)
FORMAT (4012)

B?S%O

82570
82580
B2590
B2600
B2610
82620
Be630
B26490
B2650
B2660
B2670
B2680
R2690
B2700
B2710
B2720
B2730
B2740
R2750
B2760
B2770
B2780
B2790

BR28}10
B28&20
B2830
82840
B28S0
82860
82870
82880

82900
82910

82930
82940
B2550
82960
B2370
B82980
B2990
83009
B3010
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.

430 FORVAT (20G4.0) ) 83020
431 FORMAT(20G4.0) o
440 FOR™AT (1H1s11HWATER TABLE) B3030
450 FORMAT (1h 920F5.0) 83040
460 FORMAT (1H0910Xs"AREA = 1,G12.4) 83050
470 FORVAT (212) R3060
660 FORMAT (212+426G8.2) B3070
490 FUKMAT (10AR) B3080
500 FUK~AT (1Hls10AR///7) B3050
510 FORMAT(8I6+965,09311) )
520 FORVAT (1HOs2lxs'] NP U T O AT A/ B3110
530 FURMAT (1h0+23X9'GRID DESCHIPTORSY//13X,y *NX (NUMBER OF ROWS) 'S5 RB3120
1Xe'=416/13Xy'NY (NUMBER OF COLUMNS) = 1,16/]3Xy'XDEL  (X=DIS B3130
2TANCE: IN FEET) = t4F741/13Xe'YUEL (Y-DISTANCE IN FEET) = V4F7,1// R3140
3) ’ 83150

540 FONRMAT (1HOs21Xs *TIME PAPAMETEHS'/I]éX,' NTIM (MAX. NO. OF TIME B3160
1 STEPS) V4 7Xy = '3 15/13Xs tniPMP (NO« OF PUMPING PERIODS) 147Xyt = ¢ B3170
2+16/13Xs 'PINT (PUMPING PLRIOU IiN YEARS) "46Xe'='4Ff9,1/11Xs? TIMX RB3180

3 (TIME INCREMENT MULTIPLIER) T VWF9.2/13Xs'TINIT  (INITIAL TI B83190
aME STEP IN SEC,) SUeFE,O/13X9tDELTY X 'TIME INCREMENT FOR CHEM 'B3200
SV eTXYet=1 85X ED,2/13X et THAXY 44Xt MAX TIME FOR CHE™M RUN' 9 OXyt'=t,FEl4, B3210
66/13X Y TIMET Y 43X 9 VINCKEMENT BETWEEN CHEM PRINT =t4£9,2//) B3220

S5C¢ FORMAT (1HO914Xe "HYDROLOGIC AND CHEMICAL PARAMETEWS'//13Xs'SV 47Xyt B3230
1(STCRAGE COEFFICIENT)Y 'y 7Xa 1=t 45XeHG,6/13X4POROS (EFFECTIVE PORD  B3240

2S1TY) 1 yBX, 1=  14FB,2/13X,1:ETA (CHARACTERISTIC LENGTH) = 1 B3250
3¢F7,1/13%,'DLTRAT  (KATIO OF TRANSVERSE TO'/21X, 'LUNGITUDINAL DISP £3260
GERSTVITY) = 1,F9,2/13A¢ ' xR0 95K 1DISTHIBUTION CUEFFi9l0Ryi=7s5XeF #3270

SGs0 /13X eV XKINY gO4X g *KINETIC KATE CONSTANT Y a7Xe1=1,SX0F9,6/13Xy XNy B3280
66X s tORNDER OF R ACTIONT 411X e t=135(4FG 6/13R9 P XRAUY 44Xy 1SOIL. WEIGHT B3290
TTO FREE VOL RATIO =t'45XsF3,6/13Xy'EPSTySXeVITERATION ERROR*y13Xs*'= 83300
. Bt eSXIEL1G.3/13X P WFACH 44Xy *HELAXATION COEFFICIENTY 46X e t=135X4F9,6) B3310
560 FOR“AT (1hUs21xs YEXECUTION PARAMETERS'//13X4'NITP (NOs OF ITERAT B3320
110N PARAMETERS) = t4214/13X,¢T0L (CONVERGENCE CRITERIA - ADIP) = B3330

2 '"WFF,4/13XeVITHAX  (MAX KOWOF ITERATIONS = ADIP) = v,14//)
570 FOR“AT (1H0+123Xy '"PROGKAM GOPTIUNS?//13Xs 'NPNT (PRINT CONTROL IND B3370

1EX) = Yy]4
2/13x 9 *NREC (NOe OF PUMPING WELLS) = Y1577}
S80 FORHAT (16G5.0) 83410
S90 FORMAT (1H=y10Xe 'ILOCATION OF OBSERVATION WELLS!//17XstNOs8sSXyt1X?y B3420
15Xy1Y?/) B3430

6G0 FORMAT (1H ¢16xXsI245X91244X4912) : B3440
610 FORVAT (lH=+10Xs*LOCATION CF  PUMPING "WELLS'//10Xet*X Y RATE( B3450

1IN CFS) CONC, INJECTION(IN CFS) '/) B3460
6§20 FORMAT (1H 96X 4216433 XeFT.245X0F74195X4FT7e2) B3470
630 FORNMAT (11A2) B3480

END 83490~



T-1798

onoo

OO0

OO

10

20

30

105

BUpOHBBRERRPOBOBBR RSN COOOONODEBUOERREGRBOBEOBREBORONROBREGRRES

THIS SUBROUTINE COMPUTES THE HEAD DISTRIBUTION

SUBBOUTINE TTERAT(MITPyMAONY s ITMAX e THCK « TMRX ¢ VPRMyHR ¢ HCyHK
1 T REC'RECHy TIMyAQOPT 9 XDEL o YOEL 9SS+ AREAWTOLsTOTLCWN)

- 2- 22 -2-X-F-FXE-TLFELE-E L0222 X 4-2-2-2- L X2-2-2-2-2- 2L R-2-2-2-X 202 8-2-0-2-8-2-2-X-2-2- 2 L-X %3

pUURLE FRECISION DMIN1+DEXPDLIGDABS

FEA] QE8TMPEXgYPRMIHI yHIKeFEComA gnT o RECIRECH s TIMsADPTHTITLE

KEAL ®8XDFLsYDEL ISy AREAGSUMT g i) PARAMSTEST s TOLIPINT 9o RMINSPYR
KEAL %8B yGonrsAsCIEoF ¢URsDC o TBAKy THKyCOEF stilLHyRK s CHK y QL o BRH

QQQQQQ&*%&GQ&QQQQO&Obodé#9*####0&096&&#9#Qﬁbﬁu%&ﬁé#o##%%#éﬁﬂ#b“@
DIMENSION THCK (NXyNY) s TMRXINXeiNY s 2 g VEPRM(NXyNYY s

1 B (NXeMY) snCUINXaNY) s HKINX oY) oW T (MXeNY) ¢ REC(NXoNY) o
2 RECHINXgNY) »TIME100) sAOPT(T7) 9w (99) +B(99)+6(99)

KCuUnT=0 .

COMDUTE ROw AND. COLUMN

CALL NEW ITERATION PAKAMETER

REMM=NMOD(KCUNT 4 NITP)

IF (REMNIEQOO) NTH:O,

NTH=NTH+]

PARAM=AOPT (NTH)

PR ROV B IOV BIREREINIBERTRICRTTIECVLOBEOPUCSQCLOERDEHOEIQGIRIFROSDIIDY
RUW COMPUTATIONS

TEST=0.0

RRO=S/TIM(N)

BRK==RHO

DO 50 1Y=1eNY

DO 20 M=]1,4NX

w(Mi=0.0

B(i4)y=0.0

G(M)y=0.0

CONTINUE

DO 20 IX=1eNX ‘
1IF (THCK{IXyIY).EQ.0.0) GO TO 30
COEE=VPRM(1Xy1Y)

QL= VPRM(IXyIY)*WT(IXs1Y)
A=TMRX(IX~-141Y,41)/XDEL
C=TuRX(IXsIYy1)/XDEL
E=TmRkX(IX4IY=142)/7YDEL
FaTrRX(IXs1Y92)/YDEL
ToApP=A+C+E+F
TMR=TEAR®PARAM
BLHz=A=C~FHO=COEF~TMK
BrHzE+F~-TMK

OR=ZRRHFHC (IX s 1Y) 4RRKUHK (IX 9 [Y) =E¥HC(IX 9 1Y=1)=FeHC(IXs1Y+1) +QOL+RECH

l(lkolY)fRﬁC(ngIY)/ﬂREﬂ
W(lx)=BlLH~-ARRB(IX~])
B(Ix)=C/w(1IX)
G(Ix)={DR=-A¥G(IX=1))/W(IX)
CONTINUE

HACK SURSTITUTION

DO 50 J=24NX

1y=y-1

1S=nx=1J ; :
HK(1Ss 1Y) =G (IS)=B(ISIUHR(ISe141Y)
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(s NgXeXse]

oo

40
50

60

7¢

80
90

CHK=AKRS(HR(ISsIY)~HC(ISsIY))
CUNTINUE i
CONTINUE

LY LE-EEL-L- L2202 -2 22 AL R-2-2-R-3- 22022 8- 2- -2 2-X-2-3-2-1 -]

COLuMN COMPUTATIONS

DO 60 IXx=]1sNX

DO €0 M=]4NY

W{M)=0,0

8(MY=0.0

G(M)=000

OO 0 lY=)WNY

IF (THCK(IXsIY)EQ.0.0) GO TO 70
COEF=VvPRM(IXs1Y)
CL==VFRM(IXyIY)®WT(IXs]1Y)
A=ToRX(IXyIY=1,2) 7YDNEL
C=TrRX(IX,IYs2)/7YDEL
E=TvRX(IX=-1s1Y,1)/XBEL
F=TerRX(IXy1Yel)/7XDEL
TEARZA+C+E+F
TMK=THBAR®*PARAM
BLh=z=A<C~RHO=COEF~TMK
BRA=E +F =THmK

106

DC=ERHIRR (TXs 1Y) +RRKEHK(IX0 1Y) =ESHR(IX=13IY)=F#HR(IX+1,]1Y)+QL+RECH

JOIXJIY)eREC(IXGIY)/ZAREA

WlIV) =BLH-A#B(1Y~1)

BLIY)=C/W (1Y)

G(IY)=(DC-A#G(IY=1))/W(IY)

CONTINUE

[ 2-2-FRIFEEEXT-EEFE-X-2-2-22E-2-2-2.2° 2 2-2-R-2T3-2-2-2-2-2-2-2-2-X-2-2-X-2-2-2-2-2-2-2-2-2-2-2 . X-X-2-5-2-2-%-2-
BACx SUBSTITUTION ’
DO g0 J=2,4NY

1u= =1}

1B=rY~1J

HC(1 Xy IR)=G(IB)=B(IR)PHC({IXsIB+]1)
CHRK=DABS(HC(IX,IB)=HR(IXyIB))

IF (CHK.GT.TOL) TEST=1.0

CONTINVE

CONTINUE

. (22 -2 3.2 FE-LL - 2-2-0- 2.5 -0 -X-2-2-2-2-2-2-2-2-2-2-2-3-2'2-2-L-1-2-2-L- 23X -2 L0202 252 X

100

110

KOUNT=KOUNT+1

IF (TEST.EQ.0.,0) GO TO 100

1f (KOUNT.GE.ITMAX) GO TO 100

Gu 10 10

X2 FR-Z-2R-2-FE-X-X-2-FR-L- 0. 2-F.2-2-X'3-%.2-X-X-F-X R-L-2-F-2-X.-2-X-X-2-X-X-X-R-2-X-X-2-F-2-3-2-2-3-2-3-X-X-2-X:X-%-F-X
SET NEW HEAD HK

00 110 IY=leNY

00 110 IX=1laNX

HK{TXIY)=HK(IXo1Y)

HX(TXeIY)=HC({IXeslY)

COMBUTE LEAKAGE FOR MASS RALANCE
DELNSVPRM(IX 1Y) #AREA® (WT(IXy]1V)=HK(IXs]IY))
TOTL Q=TOTLQ+DELO*TIM(N)

CONTINUE

WRITE (64120) N
WwRITF (Ae130) KOUNT
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RETURN
PR AN I N IR I R R A 2R B R R 2R R AR A

OO0 O

120 FOKMAT (3Xe4HN = 4,115)
130 FORMAT (3h 2 23HNUMBER OF ITERATIONS = #115)
END
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L X-FXR-2-2 N2 22 2-2X-2-2- 2823 TR LR L2222 - 22 R -R-2 8. - R-X-2-2-X-X 3

THTS SURROUTIME PRINTS THE HE4D DISTRIBUTION AND COMPUTES
THE MASS BALANCE FOK THE FLOW MOLEL

SUBEOUTINE OUTPT (NJNXaNY, THCK s VPRM o HI s HK s WT o REC Y AREA y SUMT

1 TOTLQYS) .

@ & & 0 F & Hop 0 8 # H b o U B DB S H UK G S b8 HBE BB
REAL #BTMRXsVPRMyHI yHK yHC oHK o w Ty REC s RECH s TIMy LOPT 4 TITLE '
REAI ®HXDEL s YOEL S+ AREAsSUMT yRHO o F ARAMy TEST TOLFINT s HMINSPYR

DIMFNSION THCK(NXgNY) s VPRM(NXgNY) ¢ HI (NX9NY) s HK {NXsNY)
1 WT(NXeNY) sREC(NXWNY) 3 IH(99)

TIMMv=SUMT /60,0 )

TIMD=SUMT/(86400.0%155,25)

WrRITE (64100)

WRITE (64110) N

WRIYE (64120)SUMT

WRITE (64130) TIMM

WKITE (64140) TIMD

WRITE (64150)

DO 10 lY=1sNY )

wKRITE (A4160) (HK (IXa 1Y) 9 IX=19NX)

IF- (N.,EQ.0) GO TO 90 .
[-X-X-FR-X-F-X-R-FX-F-2-X F-RL-FIX-E- X2 2-F-2-2-X-X-F-F-X-X-X:-¥-2-F-X-X-2-XX-X-F.X-F-X-F-F-X-F-F-3-2-X-FL-EX-F-2-X-¥.
WITE (64100)

WHITE (64110) N

WRITE (6,4120)SuymT

whITE (55120) TIMM

WRITE (64140) TIMD

WRITE (64+150)

DO 20 TY=]eNY

DO 20 IXx=1¢NX

TH(IXY=HK(IXs 1Y)

CONTINUE

WRITE (64170) (IMH(ID)41ID=1yNX)

CONTINUE :

-2 2 FE-2.X-2-2- 2 X-2 X R-F-R- 22X LIX-R-FIR.2-2-2-F-2- -2 RIR-X-¥-2-L- L-X-X-X-B-2-X-2-X-.2. - X-F-2-F-X-2-X-X-X-X-F-X X ¥

COMBUTE WATER BALANCE AND ODRAWOUWN

QSTe=0,0

PuUME=0,0

TPUL=0,0 ¢
QIN:0.0

QOUT=0.0

ANET=040

DEL~=0,0

WRITE (64260)

0O R0 1Y=1,NY

DO 70 IX=1¢NX

IH{1X)=0,0 . .
IF (THCK(IXsIY).EQ.0.0) GO TO 70
TRPUM=REC(IXs 1Y) eTPUM

IF (VPRM({IXy1Y).EQ.0.0) GO TO 60
DELOSVPRMIIXeIY)PAREA® (VT (IXeJY)=HK (IXs1Y))
IF (DELQ.GTL0.0) GO TO 40
QOUT=QO0UT+DELQ

60 70 S0

OIN=0QIN+DFLQ
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50 CONTINUE
ONET=ONET+0ELQ

60 COUNTINUE
DURV=HI(IX s 1Y) =HK(IXeIY)
Ih{TX)=DLPw
QSTR=QSTR+DDRWSAREA®RS

70 CONTINUE )
WRITE (64270) (IH(IX)IX=14NX)

80 CUNTINUE
PUMD=TPUM4SUMT
DELS==GUSTR/SUMT

ERRB=PUMP-TOTLO=-QSTR
PCIERR=(ERRMB®100.,0)/ ((FUMP+TOTLO)/2.0)

WRITE (6,220)

WRITE (6,230) PUMP

WRITE (6+4210) QSTR

WRITE (64240) TOTLQ

WITE (64250) ERRMB4PCTERR
WHITE (64180) QINyQOUTHGNET
wKITE (64190) TPUM

wKITE (64200) DELS

90 RETURN . .
LR K R R - R S IR R B - N B SR A A

[eXeXo N o]

100 FORVAT (1K1923HHEAD DISTRIZUTION - ROW)
110 FCR»“AT (1Xx«23HNUMRFR OF TIME STERPS = +115)

120 FORMAT (8x916HTIME (SECONDS) = 41CG12,5)
130 FORMAT (8x)y 16HTIME (MINUTES) = 91E12.5!)
140 FORVAT (Bxs16HTIME (YEARS) = 41E12.5)

150 FORMAT (1H )

160 FORMAY (1H0420FSel)

170 FORMAT (1K 44013)

180 FORMAT (lh=e19X ¢ "MASS BALANCE'///18X9s'RATES IN CeF+S54'//716Xe" QIN
Tl = 1 ,012.5/18XeQ0UT = 14Gl2.5/18Xe'GNET = '4G1l2.5/)

190 FORMAT 1k o17Xs'TRPUM = 140612.5)

200 FORMAT - {1H 917X 'DELS =  9E12.5/)

210 FORMAT (4XxXe29HWATER RELEASE FROM STORAGE = 41£12.5)

220 FORMAT (lhi=e10xs "CUMULATIVE MASS BALANCE'//)

" 230 FORMAT (4X+29HCUMULATIVE NET  PUMPAGE = 4,1£12.5)

240 FORMAT (4X 29HCUMULATIVE NET LEAKAGE = y1E£12.5)

250 FURMAT (1HODe8X, 'MASS BALANCE RESIDUAL = %46G12.5/9Xy'ERROR (AS PE
1RCENT) = 1,612.9)

260 FORMAT (1H19BHDRAWDOWN)
270 FORHAT (3H 12015)
END
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VELYG SUBRUUTINE
c Y Y Yy o T R T Y Y Y Y Y Ty T Ty Y Y e R TR Y Y 222 R )
C : '
Cc THIS SUBRUUTINE cALCULATES VELOCITIES AND DISPERSION
C COEFFICIENTS OUVER A FINITE ELEMENT AREA
C

aQch

SUBROUTINE VELYG(N,NX,NY,DXX,DYY,DXY,DYX,PERM,
1 KK, DELX)DELY,»VX,vY, PURUb'ALPhAL DLTRAT,NDODE ) NWELL, VXY YYX,
2 VYM‘VYP,VXf,pr)

(X222 PR LSS PR PRSI 2RISR Z RS S XSS L AL S XL

REAL #8 HX,pELX,DrLY A
DIMENSIUN DXXCNK)NY)Y,DYY(NX,NY) DOXY(HNX,NY),DYX(NX,NY),
§ NODE(NX¢NY),PERM(NY,NY) pHR(IX,NYY, VXINX)NY) pVY(NX)NY),
2 NWELL(UNX,yNY) ) VXY (X KY) s VYX(NK)NY),VYM(50),
3 VYP(S50),VXM(50),yXp(50)
ALPHAT=ALPHAL®DLTRAT
NNXSNXe{
NNY=kYel
DO 20 IXa2,uuX
DO 20 IY = 9,NNY
10 GRADX=((HK(IX41,IY)+HK(IX41,IY+1))=(HKCIX,IY)+HK(IX,IY+1)
1 )2,
GRADY- COHKCIX, TY+1) +HKCIXe1,1Y41)) o (HK(IX, IY)+HK(IX4+1,
1 1Y)N))r2,
' FERMX= (”th(lxe!Y)+VEPH(lX+1 TYY+PERM(IX,IY+1)4PERM(IXN+Y,
1 IY+3))/4,
VX(IX)1Y)=oPERMX*GRADX/ (POROS#DELYX)
VY(IX,IY)z=PERMY®GRADY/ (PUROS#DELX)
VXS=VX(IX,IY)*%p
VYS=VY(IX,1Y)#%)
V=SQRT(VXS+VYS) .
DXX(IXsIY)=(ALPHAL#VXS*ALPHAT#VYS)/V
DYY(IX,IY)=(ALPHAL#VYS+ALPHAT®VXS)/V
DXY(IXsIY)=(ALPHAL®ALPHAT) #VX(IX IY)#VY(IX,1Y)yV
DYX(IX,IY)=DXY(1X,1Y)
20 CONTINUE
OUTPUT VELOCCITIERS AND DISPERSION COEFFICIENTS
IF (N,GT,1) GU TO 99
WRITE (6,100)
DO 30 IY=1i,NY
30 WRITE (6¢110) (VX(IXp1Y)sIXm1,NX)
WRITE (6,120)
DO 40 IY=i,NY
40 WRITE (6,410) (VY(IX,IY),1X31,MX)
WRITE(6,130)
DO 50 I¥ml,NY
50 WRITE (6,810) (DxX(IX,I1Y),IX=1,NX)
WRITE(6,140) :
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VELYG SUBROUTINE

DO 60 IYR1,NY .

60 WRITE (6s110) (DXY(IX,IY),IX=geNX)
WRITE(6,150)
DO 70 IY=1,NY

70 WRITE (6,110) (DYY(IX,IY),IX=1,NX)
WRITE(6,160) :
PO 80 IY¥=1,NY A

80 WRITE (6, 110) (DYXCIX,I1Y),I¥X=1,NX)

90 CONTINUE

(o I I I T I I T T L T L T TR R O TR P g e e T s

RETURN .

100 FORMAT (1H{,12HX VELOCITIES)

110 FORMAT (1H ,12G10),3)

120 FORMAT (31HY{,12HY VvELOCITIES)

130 FORMAT (1Hi,!DXX DISPERSION COEFFICIENTS t/7)
140 FORMAT (1H{,!DXY DJISPERSION COFFFICIFENTS 1/7)
150 FORMAT (3HY,!DYY DISPEKSION COEFFICIENTS 1//)
160 FORMAT (3Hi,'DYX DISPERSIUN COEFFICLENTS 1//)

END
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THTS SUBROUTINE CALCULATES THE CHEMICAL CONCENTRATION AT
THE FINITE ELEMENT MODES

SUBCOUTINE TRSPTIG(HODE ¢ XKD ¢ XK INs ANy XRHO 9 UXX o DYY 4 DXY s DYX QT s
1 SY“BULDFLT 9 THMAXSTIMET sCoCONR oPMP ¢ MX oNY s NNMX s NNMY s THCK ¢ RECH
2 XOFLyYDEL sVXaVY s CNPECHsPORUS s WHACIEPSo VXM VXP e VYMyVYP o NVELL)

1}“gﬂﬁﬂ”b(ld’###&ﬂﬁ#o“*oﬁvﬁﬁﬁﬁﬁﬁﬁoﬁﬂﬁ'
LOURLE PRECISTON DMINT «OEXPyDLOGD2BS

HEAL #BIMDX g VPPMaHT oMHr ¢ HC o MR oW T o KECoRECH e TIMo 8 URTSTITLE

KEAL #HADEL o YDFL e SeAREA«SUMT 410 e PAKAM G TEST o TOLWFINT 9y HMIN,ZPYR
REAL “BTIMNTOALPHAY ANTTPLDIFFX -

DIMFNSTON NODE (MXeNY) s DXXINXsNY) «CYY (MNXaNY) gDXY (NXoNY) o

1 OYYINXaNY) o QI (RNXaNY) ¢ SYMBOL (11) e CUNX oY) «PMP(NXWNY)

2 THORINXgNY) gRECHINX ¢NY) ¢ VX INAeNY) « VY (MR MY) o Cinket CHINXINY)
BT B R REB R DRL R LD PP I VOO RO R B R UL RO ROBDOC OB RRE LD TR VBV B RO COBOBROUBDS
THESE DIMENSION STATEMENTS MUST RE CHANGED wlTH ARRAY CHANGES

DIMENSTON JC(20+20) o XUXX(3¢3434) 9 XUYY(30304) o XUXY(3e304)y

] XDYX(393¢4) o XVX{230304) eXVY(30396)eAM(343404)aX(204209343)

2 Y(204200393) o XDXXT (343} aXUYYT (34319 XNXYT(343)eXDYXT(3e3)

3 XVYT(393) e XVYT(343)9AMT(393)9RSIVE(20420)40QT(342)96G(20420)
ExTERMAL FCTIDWFCT

lF (XKINoLT.l-F-eO) XN=1.
XRINM=XKIN/4315576FN8
CSTNRL = 0,44
Criay=0,0
N]=NvX
NJ=NY
PUK=POROS
LELY=XDFL
DELY=YDEL
XXX =CONK
FLUX=0,0
Fruxi=0,0
uT=DELT
NTYOT=50
WFLIXI=0,0
WFLUX0=0,0
CSTNR=0,0
NNJ=NJ=-1
NNI=NI=-1
NNNT=NNT -]
NN J=NNJD =]
TIMF=0.,0
TIMEX=TIME]
wikITE. (64340)
=0
RF =1, ¢ XKDa#XRHO
UNn 10 J=2yNNJ
DU 10 I=2.NNI :
CSTNARI = CUI o JYHUELXHDELY:- #TH(K (I yJ)#POR + CSTORY
CNANT INUE
NTOT=100
CrLCULATE INTEGRAL VALUES FUR LINEAR HAS]S FUNCTIONS
Un 20 KX=1l44
LN 20 JUx=1+3
SUN 20 Ix=143
K=RKX
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J=JX

I=1x
XOXX (Tsdek) GAUSSS(FCTDFCToFCTUWFCT eI vJeK)
XYY (Lsdek) } GAUSSS(FCTWFCTDsFCTAFCTDeIvJeK)
KODXY(Lodek) = GaUSSHSUFCTOeFCToFCToFCTNeledek)
XOYY (1 ook ) =GCAUSSS(FCIFCTOsFCTOFCT ol 9vJeK)
AVX(TeJsK) = GAUSSHIFCTOGFTToFCToFCTel o JeK)FDELX
CAVY (1 eJsK) = GAUSSS(FCTsFCTUIFCToFCTaloeJsK)S*DELX
AM AT sJsK) = GAUSSS(FCT9FCTsFCT9FCTeloJeK) #NELXEDELY

0 CONY INUE -

SUM THE INTEGRAL VALUES FOW THE FOUR ELEMENTS

oOCco

00 40 I=2.NNI1
DO 60 J=2NNJ
TN 30 Ii=1,3
DO 30 Jr=143 :
AMT(IRy JH) =AMIIR ¢ JR e 1) +AM(Ib s JB 4 2) ¢+ AM (TR e JR 3+ AM( IR JB 4 4)
C QY (IByJRIZAMT (TR GUBIEPMP (T2 U}/ (THCK (T 9 J) #POROS®G,)
ADAXTOIF 2 UR) =XUXX (THOJR G ) #UAX (T=1ad=1) +XDXX {1 e JRe2) #DXX (] 4 J=1)
1 #XOXX{IaJR e 3)#NXX (I~ J) ¢ XOAX (IR JE &) HOXX (T o))
XOYYT(Ihedtt) =XOYY (18eJB8e 1) ¥0YY (I=14Jd=1)+XDYY(1R¢JB+2)#DYY (] ,J=~

1 Iy +xDYY(IBeJR«3VEDYY (I=19 ) +XDYY (IBeJRe4)ODYY (T4 )
XNYXT(IHeJdB)=XOYX (T adBe ) #DYX(I=14d=1) ¢XDYX(1BeJR42) ®

1 DYX(Tsd=1) ¢XDYX (IR UBeII¥OYX(I=]10d) e

2 ADYX(IBeJBsy &)Y *DYR(] D)

XOXYTUIRsJE) =XOXY (B eJBs 1) ROXY (1=19J=1) ¢ XDXY (1R 4 JRe2)EDXY (1,
JelyeXDYYLIR; I DV EOXY (T=1 o JY+XDXY (TR SR $GIENXY (o)
XUXT(IB&JB) =X VX(TE IS o D) ¥VX (1 =1aJd=1) ¢ XVR(IBsJEe ) &VX(T9J=1i¢
1 XUA(IR g JRe3) VX (T=lad) eXVA(IBeJbed)#VX(]ed)
XVYT(iB(JB7=XVY(;39Jva)”VY(i-i|J—})*XVY(IH'JH-Z)*VY(XyJﬂ})&
1 XVUY(IBeJB3e¢3)#VY(T=1J) +XV¥Y (IseJbet)2VY (1yJ)
AAA=DELT/Z (2 #RFI%(XUXXT(IBoUB) + XOYYT(IByJB) + XDYXT(IBJB) ¢
1 XDXYTUIReJB) «XVXTUIRBeJH) +XVY T (TR sJR))
X(lodsltssdB) =AMT(IB+UB) ¢+AAASXKIN®DELT/2.2AMT (154 JR)
Y(lsdsIRWUB)=AMT (IB 4 JB) =AAA-AKN®DELT/2,%aMT (1B JR)
30 CONTINUE
40 CONTINUE
50 CONTINUE
NIT =0
TIHMF=TIME«DT
IF(TIMEL.GT.TMAX) GO TO 330

P

Cc
Cc CALCULATE THE RIGHY HAND SIDOE KNOWN VECTOR
Cc
UN 60 I=2sNNJ
DO «0 U = 24NNy
RSINE(TIvJISY (T odolal)C{I=2ad=1)eY(1eJele3)0C (T=1eJel)+Y(TeJs3:3)%
1C(Talodel) ¢ Y(I0da20l)®C(TIod=1) + Y(IeJe342)8C(1+1ed) ¢ Y(I9Js2s
2 3) % C(]»
3J¢]1) ¢ Y(T9Jela2)8CHI=10d) ¢ Y(19Je2¢2)9C Lo ) +Y(I0oJe391)8C(1e)od
4 =1 )+QYI (1 eN)EPELT/Z (4,.¥POROSHTHCK (T4J))
S# (4 MCNRECH(T0J) =24%C(14J))
60 COUNTINUE
C UGE SOR POINT ITERATION TECHNIQUE TO SOLVE EQUATION
70 RES = 0.0
NIT=NIT+]

IF (MIT,LT.NTOT) GO TO 90
WKITE (6480) NTOT

BO FORMAT(IH ¢¢ NUMBER OF ITFRATIONS EXCEEDED',IS)
GO TO 330
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(o N o TN » NN ¢ | O O 00

90 CONTINUE
pn 210 J=24NNJ
DO 210 1=2.NN1
K=MNODE (1 eJ)+1]
GO TO(INUe11001200130016091509160017001804190) 4K
100 CHE (= (X (Legdolal)2CtI=lod=1)+X{IaJe2el)2C(LeJ=1) + X{(JoJe341l)
18 C(leled=1) + X(TeJdsle2) C(I=10J) 4 X(ladede2) #C(IelyJ)
2X(1eJds193) ¢CUT=1odsl) * X(192e2e3)8C(Tad+1l) ¢ X(I9eJs393)%C(1el9Je
31)) + RSICEA(Fey) ) Z(K(Toda2e2) ¢RI (Loa )2 #DFELT/
4 (6, 2FUROSBTHCK (1o U) ) ) #WwFAC~(WFAC=]14)%C(1yJ)
GO T0O 2060
110 € = AMAXLI(C(I9J+)1) sCONK)
CN=CONK
31 CN =C(1yJ+2)
GO 1O 200
32 CN =C{l+J4=2)
120 CN = AMAX]{(C(T1+J=1)+CUNK)
CN=CONK )
60 10 200
33 CH =C(1+24+J)
130 CN = AMAXYI(C(]*14+J)sCONK)
' CN=CONK
GO Y0 200
346 CN =C(1=2+J)
140 Cn = AMAXI(CONKC(I=14J))
cN=CONK
GO 70 200

150 Civ =C{1:24d=2)

oL TO 2060
160 CN =8000,
60 YO 200
170 CONTINUE
Chn=040
6H TO 200
180 CONTINUE
Go YO 100
190 CONT INUFE
G6n TO 200

200 CONTINUE

DIFFXx=CN=C(I,J)
KFS=DABS(DIFFX) +RES
. CtleJ)=CN
210 CANT INUE
IF(RES.GTLEPS) 60 TO 70
0O 220 I=}1 NI
00 220 J=14NJ
ICITed) = C(ley) +0.1
220 CONTINUF
rGMPUTE MASS BALANCE
DO 230 [=2+NNI
SU0 230 J=2+NNY -
WELEXTI=Q [ (T o NI RCNRECH (T «JYRDELT ¢ wFLUXY
230 WELUXKUSPME(T+ ) oC(TvJ)YDELT + wFLUXO
WET FLUX THROUGH SYSTEM ROUNDKIES
FIVUX:Ot
DO =40 I=3sNNNT
J=2
FELUXS(C(] 42)=C(Te3))¥DYY (] oJ)*THCK (1 +J) ¥POR/DELX¢FLUX
FLUY = VY (]+2) #(C(I+2)) #THCK(I4J)®PUR « FLUX
=NNNJ
F[UX:(C(I'NNJ)~C(I-NNNJ))GDYY(IvJ)?THCK(I9J)“POR/DELX¢FLUX
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240 FLUX = =~(VY (I snNNNJ)E(C(IsNNU)) I HTHCKI{T 9J) #PORSFLUX
DO 250 J=3.NNHY
=2
FLUXS(Ct23J) =C 3a NI HUXX (T s J)FTHCR (T «J) #POR/DELX*FLUX
FLUX = VX(2¢J)® (C(2sJ)) ®THCK (L oJ)¥POR+FLUX
I =NNN1T
FLUXS(CIMNNT o J) =C(NNNT o)) ROXA(T « J)#THCK (] 3 J) “POR/ZDELX ¢FLUX
250 FLUY = =(VXINNNT oI #( CINMTOJ)) DOTHCK (1o J) “FORSFLUX
FLUX] = FLUXYOFLXeNTFLUXT
I tTIME LT TIMEX=TIME %, 00010) GO TG SO
TIMFA=TIMEX¢TIMEI
CSTNR=0,0
DO 260 I=gWNNI
DO 260 J=2+NNJ
260 CSTOR= C<1OR‘C(IvJ)“ﬁFLX"DtLY°THCK(IoJ)“POR
FUNFT=wFLUX]=WwFLUXO=- CJ1UR0FLUXI‘CQTORI
DAY = TIME/.BEUS
YEARS = TIME/.31557€6E08
WRITE: (64370) WFLUXToWFLUXOsFLUXT « CSTOP'FLNEToTlMEoDAYQcYEAQQ
WPITE(64270) NIT
270 FORMAT(1H oGXo'NIT = 9,]15)
WRITE (64380)
VO 280 J=1+NJ
280 WRITE (64410) (C(IeJ)slI=1en])
wik]TE (64340)
WRITE (643480)
LU P90 J=1MNJ
o0 wRITE (533900 (IC{Ied)sI=leND)
whITE (6¢340)
DO 300 I=24NN]T
bu 200 J=2eiiNJ
YYY=C(I+J)
300 CHMAY = AMAX1(XXXeCNRECH(I+J) sCHAX,YYY)
1F {CMAX.LE.].F-ZO) CMAX=1,
DO 210 J=1NJ
pU VO I=1+N] )
K= (1=C(1yJ)/CMAX)#10.+41,000001
310 6G(T9J)=SYHHOL (K)
DO 320 J=1+NJ
320 WrITE (645400) (GG(Isd)sI=19NI1)
WRITE (64420)
WKITE (64340)
Gn 1O S0
330 CONTINUE
STOP ‘

340 FORMAT (1HI1)

350 FORMAT (1k +12F10,3)

360 FOURMAT (1rle15xs *MAXIMUM VALUE FOR TIME INCREMENT FOR EXPLICIT PRO
16RAMY /)

370 FURMAT (113X TOTAL WELL INPUT =14E14,5/4X«TOTAL WELL OUTPUT =t
LeFlaoS/Z6Xe P HET BOUNDRY FLUX =04E14.,574X ' TOTALL ACCUMULATION = t4E1
C6eS/74XyTTOTAL NET FLUX =04E14845/7aX¢'TIME =040 14,5/4X4'DAYS =t,F 6,
357 X' YEAKS =t eEl4,5) ’

380 FORCAT (1HUSXe"CHEMICAL CONCENTRATION '4//)

390 FOURMAT (1R 43214)

400 FURMAT (1H +604a2)

G410 FORMAT (lk 412F10.3)

420 FURMAT (1K o/77)

END :
FUNCTION GAUSSS (FCTIFCTJUeFCTRKSFCTLoToeJoK)
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10
20
30

40

GO TO (10420430440450) oK

M=1
Nzl
GO 10 50
M=2
=1
Go YO So
M=1
Nze
Gn 10 50
M=2
N=2

116

S0 Y= J2TTTT78% (FCTI(WBAT29KIs1sM) #FCTK(LRET29EI P eM) ¢FCTI (112701701

FoMISFCTR(,1127017424M))4,4044044008FCTTI( 53] yM)BFCTK(,5929M)

GAUSSS= (27777782 (FCTU(RBTL9834JsNI¥FCTL (JRBRETZIHI$24N)sFCTU(4112

170170 JoN)RFCTL (e 112701740200N) ) ¢04046460484%FCTU(4S50JeN)HFCTLaSe2eN))

2%y

IF (ABS(GALSSS) (LT 1.E=05)

KE

TUKN

END

FUNPFTION FCT(Z41oNTY)

GO TO (J0450) 9NTJY
10 GO YO (20430440) 1
20 FCT=1,-7
GO 70 60
30 FC1=2
GO 70 60
G0 FCT=0.0
6V 10 60
S0 GO TO (60.20530) 91
60 CUNTINUE

RE

TURN

[ 0D

10
20

30
40

Su
60

FUNCTION FCTID(ZyIeNIJ)

GO TO(10+50) yN[Y
Gn TO(20930+60) 41
F(‘TD='1 ')

Gn 10 60

FCTu=lo

GO 10 60

FeiD=0.

6o 70 60

GO TO(40920430) 1
CONT INUE

KFE TURN

EnD

GAUSSS5=0.0
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c LR B 2R IR BN SR B I IR I R IR B R K IR R R Y NI AR B B R

c

C THIS ROUTINE CONTROLS EXECUTION

c

o 'SOLUTE TRANSPORTCHEMICAL REACTION AND DISPERSION IN A POROUS

c MEOIUM «= NUMERICAL SOLUTION== FLOW EQUATIONS SOLVED BY JADI

c By Je BREDEHOEFT = 1973,MODIFIED BY D. GROVE 1976,

c SOLUTE  TRANSPORT AND REACTION EQUATION SOLVED BY GLERKIN

c FINITE ELEMENT METHOD USING CUBIC FUNCTIOMS BY D. GROVE 1976,

c .

c CEEEE SR IR IR TR RE TS TR I SR IR R I IR BN I S
DOuURLE PRECISION DMIN]1+DEXPsDLOGDABS
REAL #8TMRXsVPRMyHI ¢HRYHC oMKy WT ¢ RECIRECHITIMsAOPT,,TITLE
REAL #BXDELsYDEL sSeAREA«SUMT ¢RHOWPARAMS TEST o TOLWPINToHMINSPYR
REAL #8 TINT ALPHAL ANITP¢XSMyYSM

C

DIMENSION NODE (798) +OXX(11912)9DYY(11412)eDXY(11412)9DYX(11412)
1 QIeY1012)+SYMBOL (1)) 9oC{T748)sPMP(11412) s VXM(S0)sVXP(S0)sVYM(SO),
2 VYP(S0) ¢ NWELL (11+12) ¢NODEID(11912) '
3 THCK(11¢12) 2PERPM(11912) o THMWL(L11912)y TMRX(1141242)
DIMFNSION VPRM(11912)9HI(1)1¢12)9HR{)11+12)4HC(11412)eHK(11,412),
1 WT(11012)9REC(11412) sRECH(I1412)+TIM(100) AOPT(T7T)sTITLEC(IO)
2 VX(11s12)Y9VY(1112)9yCNRECH(I1912)eVYX(11912)9VXY(11012)
c B DR R RN G R LT B R R ROUERROOROVET OOV BB RORT VOGP RORBIRIRDIDEBSY
DIMENSION NEL(R¢9) «NE(Be9) ¢ VXS(3¢345)4VYS(343¢8)
1 DXXS(34348)9DYYS(3e3+8)+DXYS(39398)+s0YXS5(3493,8)
C LOAD DATA
NA=11
NY=12
NGI=NX=4
NGJI=NY=4
INX=NGI
INY=NGJ
NGIF=NGI ¢}
NGJE=NGJI+]
10 CONTINUE o
CALy PARLOD (NODE ¢ XKD s XKINs XN o XRHO ¢ NXXsDYYsDXYsDYX 9 QI s SYMBOL
DELTaTMAX 4 TIMEI 9CoCONKaWFACIEPSIPMPyVXMIVXP s VYMVYPy
NWELLs NTIMyNPMP ¢NPNT sNITPoNyNXyNY ¢NPosNRECy INT ¢NNX9NNY
ITMAXyIPRNT «NODEID
THCKsPERMy TMRX s VPRMyHI ¢HRyHC o HK s WTyRECsRECH,
TIMsAOPT 3 TITLE o+ XDEL 9 YOEL 9 SeAREASUMT ¢ RHOWPARAMyTEST#TOL Y
PINTsHMINIPYR VX VY 4sCNRECHsPOROS SUMTCHIBETAWTIMV,STORM,RCMASy
FLMINGFLMOTySUMIOy DLTRATSVYXsVXY s TOTLOw INX s INYIIX)
LT T 2-2-F X R -RIRE-F R 2 R- 2 X-2-F-2-F- 208 X3 - X F-2 22222222 ETRTTILE-2- 22X 2-2-2-2.2-8. 73
START COMPUTATIONS
COMPUTE NPMP PUMPING PERIODS
DO 100 NINT=1y4NPMP
INT=NINT

NS WN e~

OO0

C COMPUTE NTIM TIME STEPS
GO a0 NS=1sNTIM
N=NS
IPRNT=0
Cc LOAD NEW DELTA T
TINT=SUMT-PYR® (INT=1)
TOEL =DMINI (TIM(N) PYR=TINT)
SUMT=SUMT+TDEL
TIM(N)Y=TOEL
REMN=MOD (N+NPNT)
C HROPOBERERLCCDR PRIV VORGDOOIRBBGBBRDODROBRBEOIROERORORIRHLROND
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20 CONTINUE
COMPUTE HEAD DISTRIBUTION
CALL ITERAT(NITPosNXsNYsITMAXITHCK ¢ TMRX ¢ VPRMyHRyHCsHK s WT sREC
1 RECHsTIMyAOPT  XDEL yYOEL ySeAREAYTOL s TOTLQN)
30 CONTINUE
IF(PEMNLEQe0+0) CALL OUTPT(NyNXgNY s THCK s VPRMyHI yHKyWT
1 KECIAREASUMT,TOTLQsS)
40 CONTINUE )
SURDIVIDE NODES WITH WELLS IN THEM
CALL NODES({NXsNYs TMRXeRECHIREC«TIMyXDEL s YDELTOL »
1 MK G XSMIYSMsNODE vPERMyITMAX 3 AOPT 9 SeTOTLOINEL 9NE »
2 VXSsVYSeDXXSIDYYS+DXYSeDYXSsPUROS«BETASDLTRATINGI +NGJIINGIE ¢NGJE)
50 CONYINUE
CA1 CULATE VELOCITIES AND DISPERSION COEFFICIENTS
Call VELYG(NyNXINYsDXXsDYYsOXYsOYXsPERMeHK ¢ XDEL 3
1] YDELsVXsVYyPOROCSIBETA+DLTRAT)
60 CONTINUE
CALCULATE CONCENTRATIONS
CALL TRSPTC(NONE s XKD e XKIN e XNy XRHO s DXXoeDYY sDXY 9DYX9Q1 s
1 SYMBOLsDELTsTMAXyTIMET ¢CoCONK sPMP ¢yNX¢NY.sNNXyNNY s THCK9RECH
2 XDFELsYDELWVXoVYICNRECHIPORUSYINXs INY s XSMyVXS4VYSs
3 DXXSeDYYSIDXYSIOYXSeNELyIIXsNGIE +NGJE)
222222222 E-XE X222 2222220222222 -2 2:2 22 -2y 2N XX X2
OUTPUT ROUTINES
70 IF (SUMT.GE. (PYR®INT)) GO TO 90
80 CONTINUE
L2 2-FR-2 X E-X'R-X- 2. 2-2-%.2- - 3-2-2-X-X-2-¥.X-2-2.X-F-2-2-X-X-3-2-¥-X-X-X-X-¥-2-2-2-X-X-X-¥- X -X.X-3-2-2-X-X-X-2-.%-%-3
- SUMMARKY CUTPUT
90 CONTINUE
IPRNT=1
CALL OUTPT
100 CONTINUE .
L-X- 2 FXE-T-2-F-2-2-3-2-X-X.F¥.2-F.2-2-2-2-X-2-2- F-X-2-2-2-2-2-X-¥-3-X-¥- X-¥ X-X.-X-2--X-2.X 2 F.-¥-R-2.3.%.-¥-X-2-%-X-¥-%-%.%.3

SToP
A AR B IR RN N I R I R T TN AR SN RN G

ENOD
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223 2-2- 322 23222 2-2-2-2 X2 X-2-X-2-X--X-2-3-2-2-2-2-L-2 2.4-2-2-X2-2-2-X ¥ 2-X-2-2-2-X-2-%-2-2-2-X-2-2-2-2.3

THIS SUBROUTINE INPUTS AND INITIALIZES DATA.

coon

SUBROUTINE PARLOD (NODE + XKD 9 XKIN# XN ¢ XRHOsDXX¢DYYsDXYsDYX QI
SYMBOL sDELT o THMAX s TIMETI 3 CoCONK gy WF ACIEPS9yPMP ¢ VXMsVXP e VYMyVYP,
NWFLLs NTIMsNPMP ¢NPNT, NITP!N;NXbNYvNPoNRECQINT'NNXQNNYO

ITMAX s IFPRNT 3NODEID
THAK yPERMy TMRX s VPRMyHI ¢y KRy HCyHK s WT yRECYRECH,
TIMeAOPT 4y TITLE ¢+ XDEL o YDEL S AREASSUMT ¢ RHOJPARAMSTEST» TOL»
PIMTsHMINIPYR VX sVYyCNRECHIPOROS +SUMTCHIBETA,TIMY 3 STORMIRCMAS
FLMINGFLMOTsSUMIOs DLTRATsVYXs VXY TOTLOWINXsINYyIIX)
C P S S S S S SR - SRS SRS RS S S S-S S S-S SR S S SO S S
DOURLE PRECISION DMIN14DEXP,OLOGDABS
REAL #8TMRXyVPRMyHI sHRsHC e HK e W Ty RECIyRECHY TIMsAOPT,,TITLE
REAL ¢BXDELIYDFL9S+AREASSUMT 9 RHO g PARAMyTEST o TOLsPINT sHMINSPYR
REAL ©8FCTRsTIMXsTINITWPIESsYNSsXNSyRAT ¢HMX yHMY
REAL ®8TINTALPHATANITP
DIMENSION NODE (INXoINY)Y sDXX(NXONY) yDYY (NXeNY) 9DXY (NX9NY)y
1 DYy (NXeNY) sQI(NXoeMNY) o SYMROL (11) ¢CUINXQINY) ¢PMP(NX9NY) s
2 VYXM(S0) s VXP(S50) s VYM(S50) 9 VYP(50) o NWELL (NXyNY)
DIMFNSION NODEID(NXeNY) s THCK(NXgNY) s
1 PERMINXsNY) s TMWL (54502 s TMRX(NX¢NY»2)y
2 VPPMINXoNY) ¢HI (INXoNY) s HRINXaNY ) 9 HC(NXoNY) yHK (NXoNY) s WT (NX9NY) o
3 RECINXaNY) sRECH(NXoNY) o TIM(100) s AOPTINX) s TITLE(10) s
4 VX(NXsNY) s VY (NXsNY) s CNRECH(NXoNY) s VYX (NXsNY) g VXY (NXsNY)
c L Y Ly L X R X R R R R TR TR R R g Y O N 2 )
REAN (S+830) TITLE
WRITE (64840) TITLE
c PY Y PR TR TR PP E R TR EREY PR L T T L FF LT L TTR LR LY P L LR
¢ INITIALIZE TEST AND CONTROL VARTARLES
TEST=0.0
TO0T(Q=0,0
SUMT=0,.,0
SUMTCH=0.0
INT=0
IPRNT=0
NCA=0
N=0
c D P I TSR TRy PR TR R g Ry g Y Y Y Y I 2 TR Ty
C LOAD CONTROL PARAMETERS
READ (S9850) NTIMeNPMP ¢NXoNYsNPNTyNITP3ITMAXINREC» TMAX T
LIMET s CONK G WFACEPSyTCKoTTTo+WTESCONTyNNODEIIX
READN (5+9920) PINT,TOLsPORQOSIBETAySsTIMXyTINIT«XDELyYDEL +DLTRAT
T e XKD o XKING XN XRHO(DELT
READ (5,970) SymBOL
PYR=PINT#86400,0%365,.,25
NNX=NX=1
NNY=NY=1

N DN -

WRITE (64860) \
. WRITE (69870) NXeNY+XDEL »YDEL
WRITE (6+4880) NTIMiNPMP¢PINT ¢ TIMXsTINITWOELT o TMAX s TIME]
WRITE (6+890) S<POROS+BETAJDLTRATIXKDsXKINsXNeXRHOWEPS»WFAC
WRITE (6+4900) NITP»TOLsITMAX
WHITE (64910) NPNTWNREC
c - X-2-F%-2-F-2-%- F.L- XX X-FX.L-FIE-X-F-XX-2-F-¥.X-F-2-2-X-2-2-F-X.2.X 2-¥-X-X-¥-¥F-2. 229 L.X- 3-2-X.X-X-X-X-2-¥ 2 2-3-X-X-%-3
C LIST TIME INCREMEMTS
DO 10 U=l ¢NTIM
TIM(J)=0,0
10 CONTINUE
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30

40

S0

60
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B0 WRITE (64960) IXeIYyREC(IXsIY)sCNRECH(IX91Y)sQI(IX»IY)

90

TIM(1)=TINIT

IF (S.£Q.,0.0) GO TO 30
DO 20 K=2,NTIM
TIM(KY=TIMX4TIM(K=]1)
CONTINUE

GO 10 40

TIM(1)=PYR

WRITE (6+570)
WRITE (6,580) TIM _

120

VDELRHEVBRITVOOORORBRRBPRICRICRIROIODRECERROCRBLORODLRERDIDARRNOIRIEDR

INITIALIZE MATRICES
DO 80 1Y=1.NY

00 50 IX=]sNX
VPRM(IX+IY)=0.0
PERM(IXyIY)=0,.0
FTHCK(IXeIY)=0,0
RECH(IXsIY)=04.0
CNRFCHEIXy1Y)=0,0
REC(IXs1Y)=0,0
NODFID(IX,1Y) =0
TMRX (IXs1Ys1)=0.0
TMRX(IXs1Ye2)=0,.0
HI(IXs1Y)=0,0
HR(IXs1Y)=0.0
HC(1Xs1Y)=0,0

CHK(TXsIY)=0,0

WT{lXs1Yi=0,0
VX(IXsIY)=0,0
VY(IXe1IV)}=0,0
VXY (IXe1Y)=060
VYX{IXe1Y)=0.0
DXX(IXs1Y)=0.0
DXY (IXelY)=040
DYY(IXelY)=0.0
DYX(IXs1Y1=04.0
QI(1XeIV)=0,0
PMP (IX+1Y)=2040
CONTINUE

DO 60 IX=1yINX
DO &0 IY=1sINY
ClIxelY)=0,0

06#QGOQQ#G9#669QOQ#éﬁb96QQQOQGGGGGGQQDQGOQGQGﬁﬁﬁﬁﬂﬁbﬁﬁﬂﬁééﬁﬂoﬂi’

READ PUMPAGE DATA == (X=Y COORDINATES AND RATE IN CoFo+Se?
SIGNS ===~ WITHDRAWAL = POS.3% INJECTION = NEG.
IF INJECTION WELLs ALSO READ CONCENTRATION OF INJECTED WATER

IF (NREC.LE.O0) GO TO 100

WRITE (64950)

00 90 I=1,NREC

READ (5+820) IXslY,FCTRyCNREC
NWELL(IX,1Y)=1 :

IF (FCTR,LT.0.0) CNRECH(IXs»I1Y)=CNREC
REC(IXsIY)=FCTR

IF (FCTR.GT.0.0) GO TO 70
QI(1Xs1IY)=~FCTR

GO 70 80

QI(1XeIY)=0.0

PMP (IXe1Y)=FCTR .

CONTINUE

100 CONTINUE
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(o GO QO RIPRICO R B PERORNRLEDEOENERBIDRRBCALRODEOONOVDIDORRODORORBEREDRDY

AREA=XDEL2YDEL

WRITE (64800) ‘AREA

WRITE (6,690)

WRITE (6,700) XxOEL

WRITE (64700) YDEL

- X-FR-X-R-2-2.FX--F-F-F-2- % F-FIX.X-F.-F.9.¥.2. X 2-X°X.2.2.2.8-2-3.2.2.X-2.2- 2. - - ¥ . 2-2.2- - 3-X-X- - X-2-X-2-F.2. ¥ %%
READ TRANSMISSIVITY IN FT#22/SEC IMTO VPRM MATRIX

FCTR = TRANSMISSIVITY MULTIPLIER ===> FTe62/SEC

OO0

FCTr=1,0
IF(TTT.LT,.1E=10)GO TO 120
DO 110 Iv=lyNY
DO 110 IX=14NX
VPRM{IX«IY)=TTT#FCTR
IF(IXOEQ.)QORQIXOEQ.NX)VPRM(IX,IY)=OQO
IF(!YQEQ.!.OR.IY.EQ.NY)VPRM([X’IY)=0.0
110 CONTINUE :
GO 70 150
120 CONTINUE

DO 130 Iv=1,NY
130 READ (5,640) (VPRM{IX,1Y)sIX=1sNX)
DO 140 IX=1,NX
DO 140 IY=1,NY ,
VPRM(IXs 1Y) =VPRM(TX 1Y) ®FCTR
IF (TReETe1eCRIIXGEQINX) VPRMIIN,1YY=0,0
IF (IY,EQ.1,0R,IY,EQ.NY) VPRM(IXyIY)=0,0
140 CONTINUE
150 CUNTINUE

WRITE (64620)
DO 160 IY=1,NY
160 WRITE (64610) (VPRM(UIXsIY)sIX=14NX)

C Q#DQQQ669&469655%66&&“9##9§§§§#659QGQGG#OQQQDOOG&Q*GO“#G&GQQOQQG
(o SET UP COEFFICIENT MATRIX
C AVERAGE YKANSMISSIVITY
C BLOCK CENTERED GRID
Cc GEOMETRIC MEAN
C
PIES=3.,141502743,1415927/2.0
YNS=NY#NY
XNS=NX#NX
HMIN=2,0
00 170 TY=2y)NNY
DO 170 IX=2sNNX .
IF (VPRM(IXs1Y)4EQ.0.,0) GO TO 170
THRX(IXsIYs1)=2,02VPRM(IXsIY)®VPRM(IX*Ys1Y)/Z(VPRM(IXs1IY)®#XDEL+VPRM
1(IXels1Y)2XDEL)
TMRY (IXeIY12)=2,08VPRM(IXsIY)FVPRM(IXsIY®1)/Z{VPRM(IXyIY)®#YDEL+VPRM
1(IX,1Yel)2YDEL)
C
(of ADJUST COEFFICIENT FOR ANISOTROPY
FCTR=1,0
C
TMRY (IXsTY 1) STMRX(IXsIYs1)®FCTR
THMRX (IXs1Y92)=THMRX (IXs1Y42) ¢FCTR
c 09%&“009660G“QGQ“QQQ“Q#G#GQ&%GﬁOQQG90“}0#9#99#0&09###““*“ﬂQQ“QGO
[ COMPUTE MINIMUM ITERATION PARAMETER
C HMIN MINIMUN ITERATION PARAMETER
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IF (TMRX(IX,1Y,1),E0,0,0) GO TO 170

IF (TMRX(IX+1Y42)4EQ.0.0) GU TO 170

RAT = TNRX(IX»IY,J)”YDFL/(TMRX(IXoIYvZ)“XOEL’
HMX=PTES/ (XNS¥ (] ¢ 0+RAT))

HMY=PIES/ (YNSY (1404 (] O/RAT)))

IF (HMXoLTeHMIN) HMIN=HMX

IF (HMY . LToHMIN) HMIN=HMY

CONTINUE

WRITE (64923)

WRITE (6422) (((TMRX(IXsIYoIL) 9sIX=1oNX)o1Y=19NY)eIL=142}
D T L L L L R T g Y R I
READ AQUIFER THICKNESS

IF(TCKeLT,e1E-10)G0 TO 190

DO 180 1Y=14NY

DO 180 IX=1yNX

THCK(IX«I1Y)=TCK

GO 10 210

CONTINUE

DO 200 IY=1yNY :

READ (59630) (THCK(IXsIY)9IX=1sNX)

CONTYINUE
DO 220 IX=1lsNX
DO 220 IY=1sNY

IF(IXeEQs]40RLIYWEQel) THCK{IXyIY)=0,0
XF(;X.EC.NX.CR,IY.ECH&Y) HCK(;X’{Y;:GQG
CONTINUE

WRITE (64600)
00 230 1Y=1sNY
WHRITE (69590) (THCK(IX9I1Y)sIX=14NX)

R 2T L2 L2 LR -0 222222 XX 22 22 2-2-2-22-2-2-2-2-2-2-2:2-2-2-X-2.2-X-2-2-2-

COMPUTE PERMEABILITY FKOM TRANSMISSIVITY
COUNT NO, OF CELLS IN AQUIFER

00 260 Ix=1l,NX

DO 240 IY=1sNY

IF (THCK(IXs1Y)EQ.0.0) GO TO 240
PERM(IXsIY)=VPRM(IXeIY)/THCK(IXsIY)
NCA=NCA+]

VPRM(IXs1Y)=0.0

AAQ=NCA®AREA

WRITE (64710)

DO 7250 IY=1yNY

WRITE (€4740) (PERM(IXsIY)slIX= I.Nx)

WRITE (64720) NCAsAAQ

[ - X XE-F X X-F-R-E-R-F-RFE-E-R-F-F-2F-F .- E.2-L-X.X-F-F-2-F-R-F. 2. -2 F.F-2- L2 ¥ F ¥ 2-¥.2.2-2.2-F. 2 X 2.9.2..F-F.7. N
REAN NODE IDENTIFICATICON CaARDS ¢ SET VERTICAL PERMEABILITYseeee
IF (NNODE.LT.1) GO TO 280

DO 260 IX=2yNNX

NODEID(IXs2) =1

NODFID (IXyNNY) =1

DO 270 1Y=2yNNY

NODFID(2+1Y) =1

NODEID(NNXyIY) =1

GO 70 300

CONTINUE

NOOF IDENTIFICATION CODEt 1 = CONSTANT HEAD BOUNDARY

DO 290 IY=lsNY
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400

410

420
430

123

REAN (5+¢730) (NODEID(IXsIY)s1X=14NX)
CONTIMUE A

“DO 310 IX=14NX

DO 310 1Y=14NY

1IF (THCK{IX,1Y),EQ.0.0) GO TO 310

IF (NODEID(IXe1Y) o GT40) VPRM(IXsIY)=1,0
CONTINUE :

WRITE (64650)

DO 220 1Y=1lsNY

WRITE (64670) (NODEID(IXsIY)}yIX=14¢NX)
WRITE (64680)

DO 330 IY=1l4NY

WHRITE (64610) (VPRM(IXsIY)sIX=14NX)
R L L R R Y P S T R P T T T T2 T T2 ST TR T T TN
READ WATER=-TABLE ELEVATION :
IF(NNODE.LTs1) GO TO 340

READ(S+760) (WT(IX42) s IX=19NX)
READ(S760) (WT(IXGNNY) 9 IX=14NX)
REAND(S9760) (WT(291Y) s 1YS14NY)
READ(S+760) (WT(NNXsIY)oIY=]19oNY)

GO 10 380

CONTINUE

IF(WTE.LT,+1E~10) GO TO 360

DO 350 IY=14yNY

DO 350 IX=1eNX

WTCIXsIY)=WTE

GO 1O 380

CONTINUE

DO 370 IY=1yNY .

REAR 15;760) (WTLIX:IY)sIX=1NX)

CONTINUE
D0 390 IX=14NX
DO 390 1Y=1yNY )
IF(IX.EQ-I.ORQIY‘EQ.l) WT(IXeIY)=0,0
IF(IXQEOCNXCORUIY'EQQNY)WT(IX'IY)=°.°
CONTINUE
WRITE (6,4780)
DO 400 1Y=14NY
WRITE (64790) (WY (IXs1Y)eIX=19NX)
R Y PR PR TS TR P T T ETTE LT LT T LTI L LT LT T2-3-T ¥
SET INITIAL HEAD .
SET HC FOR INITIAL CONDITIONS
DO 410 IXx=14¢NX ’
DO 410 1Y=1¢NY
HIC(IXsIY)=WY(IXe1Y)
HC(TXyIY)=HI(IXs1IY)
HROIXeIY)=HI(IXs 1Y)
HRK{TXeIY)=RI(IXyIY)
CONTINUE

WPOITE (64660)
BREG E U B R R I IR DR RGN L OO RBRR DR EOROPRRORBBEIOIRISABGEENOIORRGDROBBD
READ CHEMICAL ID NODES
DO 420 IY=1sINY
REAN (S54+750) (NODE(IX21Y) 9o IX=19INX)
DO 430 IY=1,yINY
WRITE (6+4670) (NODE(IXelY)sIX=1yINX)

VU BRI EOT VIRV COBORBBRBRUTNOTOIORRVOR RGBT RDITRIEBRRHORERRIORE -

READ IN INITIAL CHEMICAL CONCENTRATION
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IF(CONI.LT.~.1E~20) GO TO 450

00 444
DO 440

1Y=14¢INY
IX=19INX

C(IxsIY)=CONI
GO 70 47¢
CONTINUE

DO w60

READ (5.770)

IY=1¢INY

CONTINUE
WRITE(64530)

DO 480 Iv=1l,yINY
(6+540)

WRITE

(COIXelY)slX=19INX)

(COIXsIY) o IX=13INX)

CALL OUTPT (NsNXyNY s THCKsVPRMoHI sHK oW T4 REC 1 AREASUMTTOTLQS)

- 2-X-FX-E-E-RE-FRXRL-EX-X-2-F-2- LRS- E-4-L L2222 L2222 -2 LR 2- 24 - X-2 2 X-2-8-% -]

COMPUTE ITERATION PARAMETERS

NITP NUMBER OF ITERATION PARAMETERS

DO 490

I10=1yNX

AOPT(ID)=0.0

CONTINUE

ANITP=NITP=-1

IF (S+EQ.0.0) GO TO 500
ALPHA1=CEXP(DLOG(2.0/HMIN) Z/ANITP)
GO 70 510
ALPHAI=DEXP(DLOG(]1,0/HMIN) ZANITP)
AGPT(1)=HMIN

DO 520

IP=2oNITP

AOPT (IP)=AOPT (IP=1) #ALPHAL
CONTINLIE

WRITE (6+550) -
WRITE (6,560) AOPT

RETURN

@ % & # B B & NGB BE DR N B L EO RSN DN NSRS s

FORMAT (1H145X, *INITIAL CHEMICAL CONCENTRATION 1//)

FORMAT(IH 320F6,0)

FORMAT (1H1,20HITERATION PARAMETERS)

FORMAT (3H  11G20.6)

FORMAT (1H1+14HTIME INTERVALS)

FORMAT (3H  +10G12.5)

FORMAT (3n  920FS,1)

FORMAT (1H1s17HAQUIFER THICKNESS)

FORMAT (3H  120F5,2)

FORMAT (1H1+30HTRANSMISSIVITY MAP (FT®FT/SEC))

FORMAT (20G3.0)

FORMAT (20G441)

FORMAT (1H1s'NODE IDENTIFICATION MAPt//)
FORMAT (1H1 4 *CHEMICAL NODE IDENTIFICATION MAP'//)

FORMAT (1M +4013) ,

FORMAT (1H1y46HVERTICAL PERMEABILITY/THICKNESS(FT/(FT4SEC)))

FORMAT (1HOy12H X=Y SPACING)

FORMAT (3H  410G12,5) -

FORMAT (1H1+26HPERMEABILTY MAP (FT/SEC))

FORMAT (1HO04////10Xst'NO, OF FINITE-DIFFERENCE CELLS IN AQUIFER

11414//710X,'AREA OF AQUIFER IN MODEL = 14612.59' SQ¢ FT,¥)

FORMAT (8011)

FORMAT (3H  420FS.3)

FORMAT (4012)

FORMAT (20G440)

3
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770 FORMAT(20G4,0) :

780 FORMAT (1H1911HWATER TABLE)

790 FORMAT (1H »20F5.0)

80O FORMAT (1HUs10Xs'AREA = 1,G12,4)
810 FORMAT (212)

820 FORMAT (212426842)

830 FORMAT (10A8)

840 FORMAT (1HLs10A8////)

850 FORMAT (814+965,0+311)

660 FORMAT (1HO421Xet'I NP U T D AT AW/
870 FORMAT (1H0+23X+'GRID DESCRIPTORS1//13Xs'NX (NUMBER OF ROWS) 1.5
1Xe¥=V,16/13Xy'NY (NUMBER OF COLUMNS) = t,14/13X9'XDEL (X~DIS

2TANCE IN FEET) = v oF7.1/713Xs'YDEL (Y-DISTANCE IN FEET) = V4F7.1//
3)

880 FORMAT (1HOs21Xs'TIME PARAMETERS//12Xs!' NTIM (MAX, NO, OF TIME
] STEPS) 1 47Xetz= ¥, 15/13Xy 'NPMP (NO. OF PUMPING PERIODS) 197X,yt= 0
23s16/13XePINT (PUMPING PERIOD IN YEARS) ' 46Xy '=1,4FO,1/11Xs" TIMX
3 (TIME INCREMENT MULTIPLIER) = VeF9¢2/13XoTINIT (INITIAL TI
eME STEP IN SEC,) =1 F8,0/13Xy'DELT Y y4Xy ' TIME INCREMENT FOR CHEM
Ste7Xxet=VySXeEF,2/13Xe VIMAX Y 36X o tMAX TIME FOR CHEM RUN'9OXet=?,El4,
66/13Xy " TIMELT 43Xs ? INCREMENT BETWEEMN CHEM PRINT =1,E9,2//)

890 FORMAT (1HO9164X s "HYDROLOGIC AND CHEMICAL PARAMETERSY//13XetS8 47Xy
J(STORAGE COEFFICIENT) "4 7Xs?=145XsF3.6/13Xs?'POROS (EFFECTIVE PORO

2SITY) ve8Xet=  +4F8.,2/13Xy'BETA (CHARACTERISTIC LENGTH) = ¢
34FT,1713X,'DLTRAT (RATIO OF TRANSVERSE TO!'/21Xs'LONGITUDINAL DISP
GERSIVITY) = 1,F9,2/13Xs XKD 95Xy 'DISTRIBUTION COEFF T 410Xe =t 45X oF

59¢6/13X e tXKINV J4X 4 'KINETIC RATE CONSTANT Y 4 7Xe'=t 95X eFF,6/13Xet XN,
EEX;1ORDER OF RUACTIONt ;11X 4= .5Y F0 , &/13X 1 XRHOY ;4X VSOOI WETGHT
770 FREE VOL RATIO =945XeF9.6/13XstEPSYSXy ' 1TERATION ERRORY 13Xy t=
BY4SXIELG,3/13X " WFACY y&X oV KELAXATION COEFFICIENT 46X 9151 35X4F9,6)
Q00 FOMMAT (1H0,21X: VEXECUTION PARAMETERS /13X INITP (MO, OF ITERAT
110N PARAMFTERS) = '4]4/13Xy?'TOL ({CONVERGENCE CRITERIA = ADIP) =
2 V9F9,4/713X4'ITMAX (MAX NO.OF ITERATIONS = ADIP) = V',14//)
910 FORMAT (1HO0923X e+ 'PROGRAM OPTIONS*//13X s 'NPNT (PRINT CONTROL IND
1EX) = V414
2/13x% s 'NREC (NO+ OF PUMPING WELLS) = 4,157/}

920 FORMAT (16G5,0) .

930 FORMAT (l1H~«10Xs'"LOCATION OF OBSERVATION WELLS'//17XstNO,t¢5SXe0X1,
15XerY?/) i '

960 FORMAT (1M 316XsI12¢5X91244X412)

950 FORMAY {(lH=~310Xs'LOCATION OF PUMPING WELLS'//10Xe?X Y RATE(
1IN CFS) CONC, INJUECTION(IN CFS) '/)

Q60 FORMAT (1H +6X421493XeF74295X9F7e135XsFT742)

970 FORMAT (11A2) :
END
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900GQQQQ6§#QOQOQGDQQGGQQDOGQQQ“é@ﬂ@“b§§§069@&6&9”60##0#9#6&”0“

THTS SUBROUTINE CALCULATES VELOCITIES AND DISPERSION COEFFICIENTS
OVFR A FINITE ELEMENT AREA FOR CUBIC BASIS FUNCTIOMD

SUBROUTINE VELYG(NJNXINYsDXXsDYYsDXYsDYX9PERM,.
HK 4 DELXsDELY 2 VX9 VY3sPOROS+ALPHAL yDLTRAT)

12X 2-2- LR 22-2-2-2-2-2-2-2-2--2 2-2-2-2- 22X X-2-X-2- 2222222222202 Ra2yyysEX2 2]

REAL ¢8 HKsDELXDELY
DIMFNSION DXX{NXINY) ¢DYY(MXoNY) sDXY(NXoNY) sDYX(NXsNY) o
PFRM(NX,NY)OHK(NX'NY)9VX(NX7NY)9VY(NX;NY)
ALPHAT=ALPHAL#DLTRAT
NNX=NX=1
NNY=NY=]
DO 20 IX=2y9NNX
DO 20 1Y = 24NNY
GRADX= ((HK(IX*XOIY)OHK(IX*ltIYOI))‘(HK(IX!IY)‘PK(IX!IY’])

Yy/2. .
GRADY= ((HK(IXoIY®l)eHK(IXeloIYa1))=(HK(IXoIY)eHK(IX¢]y
Ivy))izz.

PERMX=(PERM(IXsIY)+PERM(IX+14]Y)+PERM(IXsIY+))+PERM(IX+]1,
Ivel))/a, .
VX (IXsIY)==PERMX#GRADX/ (POROSH#DELX)
VX(71Xs1Y)=0,0
VY(IKOXY)=-PFRMX¢GRADY/(POROS“DELX)
ViS=VX{IXsy1V) 22
VYS=VY (I XeIY)a#2
V=SQRT(VXS+VYS)
DXX(IXoIY)=(ALPHAL#VXS+ALPHAT®#VYS) /Y
DYY(IXeIY)=(ALPHAL®VYS+ALPHAT®*VXS)/V
DxY(IXs1Y)=(ALPHAL~ ALPHAT)“VX(IX‘IY)*VY(IXQIY)/V
DYX(IXsIY)=DXY(IXs1Y)
CONTINUE
QuUTPUT VFLOCITIES AND DISPERSION COEFFICIENTS
IF (N.GT.1) GO TO 90
WRITE (64+100)
D0 30 Iv=1sNY
WRITE (64110) (VX(IXsIY) 9 IX=19NX)
wWRITE (6,120)
DO 40 1Y=1,9NY
WRITE (64110) (VY (IX9oIY)sIX=19NX)
WRITE(64+130)
D0 S50 Iv=1yNY .
WRITE (64+110) (DXX(IXeIY)9oIX=]1oNX)
WRITE(64+140)
00 60 Iv=1.NY
WRITE (64110) (OXY(IX9IY)sIX=]19NX)
WRITE(6+150)
DO 70 IY=1lyNY .
WRITE (649110) (OYY(IXsIY)sIXz=1oNX)
KRITE(64160)
DO 80 -Ivy=1eNY
WRITE (64 110) (DYX(IXeIY)eIX=1oNX)
CONTINUE
““QGQQ§Q“d@@o“#ﬁQﬁﬁﬁ“ﬂ@”ﬁGQo”QQﬂQQQQGQQQ““QQ#“QQQG““QQ“Q“““#‘QQ”

RETURN

FORMAT (1H1912HX VELOCITIES)
FORMAT (1H 912610,3)
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120 FORMAT (1H1+12HY VELOCITIES)

130
140
150
160

FORMATY
FORMAT
FORMATY
FORMAT
END

(1K1 'DXxX

(1Hlg0xY.

A1H1s'DYY
(1HY s 'DYX

DISPERSIUN
ODISPERSION
DISPERSION
DISPERSION

COEFFICIENTS
CUEFFICIENTS
COEFFICIENTS
COEFFICIENTS

17/}
t7/7)
v77)
t//)

127
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QOB BBRQODRVROBRROLODBRREIRRCOVRLIDEILBTRRRDBOORRRGDONNRDUBEINY

TH1S SUBPROGRAM SUBDIVIDES THE FINITE ELEMENTS AROUND
SELECTED WELLS FOR MORE REFINED VELOCITY DISTRIBUTIONS
SUBROUT INE NnDES(Nx.NY.TMRX.RECH,REC'TIM.xDEL,YDEL-TOL-

HK s XSMy YSMyNODE s PERMy I TMAX s AOPT s Soa TOTLQoNEL yNE
VXS»VYS.nxxsoDYYs,DXYs.DYxs.PORos.ALPHAL.DLTRA|.NGIoNGJ,NGIE.

NGJE)

Wy -~

CHH RO RBE R RR RGP RB D EORBPI BT RRVTDROROPRCORRRRERERDIOURIOORRODIBLE S

REA|L #BTMRXsHK,REC+RECHsTIMIAOPT+SsTOL o« XDEL 9 YDEL
DOURLE PRECISION TMRXNsVPRMN KR sHC 1w TNsRECNIRECHN ¢ AREA
1 s XSMyYSM4HN
DIMENSION THCKN(949) sHR(9¢9) sHC(9¢9) s AOPT(T7) s NE(NGIEWNGJIE) »
1 NEL INGIE ¢NGJUE) ¢yDXXN(949) ¢OYYN(9¢G) sDXYN(F49) yDYXN(F¢9)
DIMFNSION HK(NXyNY) sWTIN(94G) s TMRXN(G¢G+2) y VPRMN(G99) 9 TMRX(NX
] NY2) sRECHINX ¢NY) sRECINXeNY) sHN (9¢9) ¢ NODE (NGI «NGJ) +PERMN(949)
2 sPERM(NX NY) sRECN(9¢9) s TIM(100) 4 RECHN(9+9)
DIMENSION VXN(949) ¢ VYN(G49) s VXS5 (343¢8) ¢DXXS(393:¢8)sDYYS(3+3,48
1 )onXYS(3,4398)¢DYXS(393¢8)9VYS(34348) )
XSM=XDEL /3,
YSM=YDEL/3.
FX=yDEL/XSM
FY=YDEL/YSM
FiI AG THE ELEMENTS THAT AR& SUBDIVIDED
WRITE(6+10) NXWNY
FORVMAT(IH s ¢NODEL215)
DO 20 IXx=1eNGI
DO 20 1Y=1sNGJ
:F\wvuc(AAle;.wE $) GO 70 20
NE(IXs 1Y) =1
NE(IXelsIYV)=]
NE(IXyIYel)=1
NE(TX+lsIY*]1)=1
CONTINUE
RFNUMRER THE FINITE ELEMENTS TO CORRESPOND TO THE NW NODE
NN=n
DO 230 IX=1sNGIE
DO 30 1Y=1yNGJUE
NEL(IXo1Y)=0
IF(NE(IXs]Y)WsEQ.0) GO TO 30
NN=NN+1
NEL (IXsIY)=NN
CUNTINUE
CHECK TO SEE IF ANY NODFES HAVE WELLS IN THEM AND COMPUTE
NFW REFINED VELOCITY OISTRIBUTION AROUND THE NODE,.:
DO 320 IX=14NGI
DO 320 1Y=14NGy
IF (NODE(IX91Y) NE.9) GO TO 320
IW=1X+2
JW=1Ye2
INITIALIZE ALL VARIABLES
DO 40 I=1'9
DO 40 J=1,9
VXN(TsJ) =040
VYN{IsJ)=0.0
WIN(I+J)=0.0
TMRYN(I+Us1)=0,0
RECN(]+Ji=0.0
VPRMN(I¢J)=0.0
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TMRXN(I+J,2)=0,0
PERMN(I+J)=0,0
RECHN(1+U)=0,0
THCkN(]+J)=0,0

40 HN(T19vJ)=0,0
RECN(545)=REC({IWsJW)
DO 50 1=2,8 '
DO &0 U=2,8

S0 THCKkN(I.J)=1,
ARE A=XSM#YSM

C CALCULATE NEW HEADS FOR OUTSIDOE EDGE NODES BY LINEAR INTERPOLATION

WIN(242)=HK (IW=19yJW=1)
WIN(Bs2)=HK(TWs1lyJW=1)
WIN(542) =K (IW,JW=1)
WIN(2¢5)=HK(IW=19JW)
WIN(BsS)=HK(1W+1 9 JW)
WIN(298)sHK(IW=19UW+1)
WIN(8y8)=HK(IWe1lrJW+])
WIN(S598)=nK (IW,JWel)
A6=24/3, '

A3=)e/3.
DIF=WTIN(2,2) =W TN(542)
WIN(342)=A6%DIF«aTN(Sy2)
¥IN(492)=A32DIF+4TNI(S5,2)
DIF=WTIN(5,2)=WTN(BR,2)
WIN(642)=A6%DIF+WTN(842)
WINIT,2)=A3%DIFswTNIR,2)
DIF=WTIN(Z242)=WTN(2+5)
WIN(2e3)=A6#DIF+WTN(295)
RWIN{295 1 =a320IF+WTN{2vS)
DIF=WTN(8,42)~WIN(845)
WIN(B93)=pA62DIF+WTN(8+5)
WIN(Bs4)=A3%DIF+WTIN(845S)
DIF=WIN(2,45)~WTN(2,8)
WIN(216)=A64DIF+WTN(2,8)
WIN(2s7)=A3%DIF+wTN(2,48)
DIF=WTN(845)=WTN(8,8)
WIN(8¢H6)=Ab6%D]F+WTN(8,98)
WIN(By7)=A3%DIF+WTN(84+8)
DIF=WIN(2+8)=WTIN(548)
WTIN(398B)=462DIF+WTN(S+8)
WTIN(48)=A3¢DIF+WTN(S,8)
DIF:NTN(S'S)-WTN(BQB)
WIN(6s8)=A6*DIF+WTN(B,8)
WIN(7e8)=A34DIF+WTN(8,8)

C CALCULATE PARAMETERS FOR NEW NODAL SYSTEM
C

00 60 I=1,5

DO K0 J=1,+5

PERMN (1 9J) =PERM (Iw=104JW=1)
TMRXN(I9Jy 1) =TMRX(IW=19sJW=1y1)#FX
60 TMRXN(IsJy2)=TMRX{IW=]19JW=142)#FY
DO 70 1=6,4,9 :
DO 70 J=1,5
PERMN(I +J) =PERM(IWyJW=1)
TMRXN(ToJs 1) STMRX (TWoJW=141)®FX
T0 TMRXN(IsJs2)=TMRX(IWeJW=]142) #FY
DO RO I=1,5
DO RO J=6.9
PERMN(I9J)=PERM(IW=19JW=1)
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000

TMRXN(T oo 1) =TMRX (IW=14JWs1) OF X
B0 TMRXN(14J42)=TMRX(IW=19JWs2)°FY
DO 0 I=6v9
DO 90 J=6,9
PERMN(T9J) =PERM(IWyJW)
TMRXN(IoJel)=TMRX(IWoJWe1)9F X
90 TMRXN(I9J92)=TMRX(IWeJW2) ¥FY
DO 100 I=2.8
VPREN(Is2) =1,
100 VPRuN(I+8)=1,
00 110 J=2+8
VPRMN(29U) =1,
110 VPRMN(89J) =1,

WRITE(6:120) TweJWyXSMsYSM

120 FORMAT(1H14+'COMPUTED VALUES FOR NOOE"I3v'o"I3/lOXe'XSM =
1 Glneb/10XstYSM = 14G10,4//)
WRITE(6+130) WTN

130 FORWMAT(1HO+SXy t INITIAL WATER TABLE CONDS*9//(9G14,5))

WRITE(64140) PERMN
140 FORMAT(1HO+SXy tPERMN VALUES'//(9GIQ 5))
DO 150 J=1:+9
150 WRITE(6+160) (TMRAN(IsJol)sI=149)
160 FORMAT(1IH019614.5)
WRITE(69170) VPRMN
170 FUKUAT(IHO-SXo'VPRMN'//(9GI4 5))
DO 180 I=1.9
D0 180 J=1+6S
THROTvJ)=WTIN(I o)
HC(T+J)=WTN(I s )
160 bBN(Todl=wTN{TvJ) -
CALCULATE THE NEW HEAD DISTRIBUTION

190 FORMAT(1H ¢ 'NODEZ2',215)
CALL ITERAT(79999¢ITMAXy THCKN 9 TMRXN, .
1 VPRMNyHRHCsyHNsWTNy RECN’PECHN!TIM’AOPTOXSM YSMyS¢AREASTOLs TOTLQ
2 1)
200 FORMAT(1H +'NODE3',215)
CALCULATE VELOCITIES AND DISPERSION COEFFICIENTS AT THE
NEW SUBSPACES
CALL VELYG(13G¢9+DXXNIDYYNIOXYNYDYXNJPERMN KN,y
1 XSMpYSMs VXN VYNsPOROSsALPHALYOLTRAT)

WRITE(6+4210) NXoNY
210 FORVAT(1H o+ *NODE4?,215)

RFNUMBER THE VELOCITY AND DISPERSION COEFFICIENTS TO
CORRESPOND TO THE FINITE ELEMENTSO

DO 280 NQ=146

Il=0

JJd=0 i .

GO 10 (220+9230,240,250) sNQ

1220 [S=2

1€=4
JS=2
JE=4
K=NFL(IW=2yJW¥=2)
60 Y0 260
230 1S=5
l€=7
JS=2
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240

250

260

270
280

290

300
~310
320

330
340

JE=4
KeNFL(IW=]19JW=2)
GO 70 260

1S=2

1E=¢

JS=g

JE=7

K=NFL(IW=24JW~1)

GO TO 260

1S=5 :

1E=7

JS=§

JE=7

K=NEL (IW=]sJW=1)

GO T0 2560

CONTINUE

DO 270 I=ISyIE

1I=11+1

JJu=n

DO 270 J=JSsJE

NNENNED

VXSUITeJJeKI=VXN(TSJ)

VYS(IT9JJeK)I=VYNITWJ)

DXXS(IT1sJJsK) =DXXN(T s )

DYYS(I1eJUsK)=DYYN(]IsJ)

DXYS{ITsJJeK)=DXYNI(I¢J)

DYXS{ITsJJsK)=DYXN(I )

COMTINUE :

CONTINUE
SET THE CLD COMPUTED NODES EQUAL YO THE NEW SMALLER COMPUTED
NODES . ,

HK(IWyJW) =HN(5,5)
PRINT NEW HEAD VALUES AROUND NODE

WRITE(64290) IwyJWeHN

FORMAT (1HO+YNEW HEAD VALUES FOR NODE t41341,1,13//7(9G14,5))
PRPINT THE NEW VELOCITY AND DISPERSION COEFFICIENTS FOR
THE FINITE ELEMENTS

DO 300 K=144 )

WRITE(64310) ((VXS(TsJsK) sI=193)9J=1,3)

WRITE(6+4310) ((DXXS(T9JsK)»I=193)9J=1:3)

WRITE(64310) ((DYYS(IsJsK)eI=1+3)9J=1,3)

WRITE(S54310) ((DXYS{IsJsK)s1=193)ed=1,3)

WRITE(69310) ((VYS(IeJsK)sI=103)0d=1,+3)

CONTINUE .

FORMAT(1H0+3G14,5)

CONTINUE

WRITE(64330) NXyNY

FORMAT(1IH +'NODEG6',4215)

CONTINUE

RETURN

END

131



T-1798

OO0

o0

[eX o}

W

'

10

20

fophnttdooondpatsotttionaiitOnsORtBRESRECORRIODROEBDROBOOONY

THIS SUBROUTINE CALCULATES THE CHANGES IN CONCENTRATION
USING THF GALERKIN FINITE ELEMENT TECHNIQUE WITH CURIC

BASIS FUNCTIONS.

SUBROUTINE TRSPTC(NODE s XKD ¢ XKINsXNeXRHO«OXX9sDYYsDXYsDYX QI
1 SYMBOLDELT o TMAXGTIMETI ¢CoCONK9PMP oNXgNY sNNX¢NNY 3y THCKyRECH

2 XDFL,YDELOVXQVY’CNRECHQPOROSOINK)INY,XSHQVXSvVYSQ
3 DXXSsDYYSsDXYSsDYXSINELeTIXeNGIEWNGJIE)
- SR -JNE- TR- - S S YR 2K 2T T - I Y- SN - SN - SN SN - JENE TN - SN - N S-SR TEE 2N R R B DY - BRI -
DOURLE PRECISION YYsRyXeA

" DOURLE PRECISINN DMIN1+DEXP+DLOG.DABS
REAL %8 RECHyXDEL s YDEL 9 XSMyDELXsDELY

DIMENSION NODE (INXsINY) yDXX (NXoNY) sDYY (NXINY) yDXY (NX9NY) »
1 DYXINXoNY) s QI (NXeNY) s SYMBOL(11) o COINXsINY) oPMP (NXINY) o
2 THOK(NX9NY) sRECH (NXoNY) o VX (NXgNY) .o VY (NX3INY) ¢ CNRECH (NX o NY)
D L L L L L L Ry R g Y Y L Y R A E e TL
THESE DIMENSION STATEMENTS MUST BE CHANGED WITH ARRAY CHANGES
DIMENSION B(224)+18(

20420) sR(224) 4YY(2066) ¢ A

1 X( 12934224)1Y(22446,6)

1

1
&

(224) »

132

99&9“&&%’#660666466&#500§9§G¢§§6§6DQ#&QQ#&Q#G“QQGQG%#QﬁO&Q&QQ

DIMENSION AM(6¢6929294) s XOXX(696529214) s XDYY(6965921204) 9
XDXY (6164232¢4) s XDYX(636121294) s XVX{696929204) 9 XVY(616929204)

ODIMENSION AMT(évé)cXDXXT(&pﬁ)qXDYYT(6p6),XDXYT(6v6)

s XOYXT (L6 o XVXT(E5E
DIMENSION VXS(39398)QVYS(3¢3|8)00XXS(39308)’0YYS(393|8’9

YsXVYT 656}

1 0XYS(3v3od)90YXS(3|308)yNEL(NGIE'NGJE)

[KEal SC Nl IV 3 A [ X1 =
"r\L'L\UYAUI v

FORMAT(1H +2014)
NGJ=INY
NGI=INX
NI=NX
NJ=NY
POR=POROS
CELx=XDEL
DELY=YDEL
TIMFP=0,.

TIME=0.
N=0
KIKy= aéNGlﬁNGJ
Yl=1+KIKJ
Y2=Y1+KIKY
Y3=y2+KIKY
Y4=v3+KIKY
YS=v4e+KIKY
YO=yS5+4RKIKY
NIJ=2¢NGJ
NII=2%NGI
DO 20 INI=1,KIKJ
R(INI)=0,
A(INIY=0,
DO 20 K=146
00 20 L=1,6
Y(IMI'K'L)=OOO
DO 30 INI=1+KIKJ
DO 30 K=1,3
00 30 I=1,12

30 X(I,KyINI)=0,00
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40

50

60

70

(9]

90

100

110
120
130
140
150
160
170

133

CALCULATE MATRIX CCEFFICIENTS FOR EACH NOOE
CONTINUE

CALL MATCF2(NGIINGJsKIKIpAMe XOXX 9 XDYY g XDXY 9 XDYX s XVX 9 XVY s DXX9DYYy
1 DXYsDYXoVXyVY o XY NODEGDELTsQI s THCKsPOROS NI NIy DELx,xsw VXS,

2 VYSsDXXS4DYYSyOXYS+DYXSeNEL sNGIE yNGJE)

CONTINUE

PASS DIMENSIONS TO SUBPOUTINES

CALL DIMEN(NGI|NGY)

SCALE THE ASSOCIATED MATRIX
CALL SCALE(XyYY1))

WRITE(6470)

CONTINUE

WRITE(6+70)
N=Ne+1

TIME=TIMESDELT

JIF(TIME,GT.TMAX) GO TO 140

WRITE(6+70)

FORMAT (1H1)

CaALCULATE THE RIGHT SIDE OF THE COEFF MATRIX

CALL RSIDE(NGI JNGJUyNXaNY s KIKJIIsNODE +R9A9Y+QI s CNRECH
1 DELT+POROSs THCK)

SCALE THE RSIDE OF THE MATRIX

CALL RSCALE(RsYY (1)) .

SOLVE THE SYSTEM OF LINEAR EQUATIONS

CALL TCHEB(XaAGReYY (Y1) oYY (Y2) s YY(Y3)sYY(YL)
1 YY(Y5)aYY(YE) 41eD=1920910092,3941.596,511X)

UNSCALE THE SOLUTICN RESULTS

CALL RSCALE(AsYY (1))

!-‘:éc-’.*’::e:.‘."2’.".!;;at‘#&‘!-'.':*:‘.."}beb'}i‘éﬁ*}ét‘&éﬂé&ﬁ'}‘}ﬁ'}’}b’:ﬂ{.‘ﬂ‘éé##%ﬁﬁﬁ b XX
FORMAT(1H +12E1144)
TIMEP = TIMEP+DELT
IF(TIMEP,LT.TIMEI) GO TO 130
TIMEP=0.0
WRITE(6+170) N.TIME
WRITE(6+70)
LJ=0
DO 100 J=13NGJ
DO 100 L=1,2
L= Je+l
LL=n
D0 a0 I=]1,NGI
DO 90 K=1,2
LL=tL+l
INI=(]~1)eNGJ#4+(J=1) 24+ (L=]1)22 ¢K
B(LL)Y=A(IND)
IB(LLYyLI)=B(LL) ¢+e]
CONTINUE
IF(L.EQ:2) GO TO 100
hRITE(6.80)(B<LL).LL 19NI1s2)
CONTINUL
WRITE(6,70)
DO 110 JU=1eN1J,2
WRITE(6+120) (IB(LLJ) +LL=1sNITo2)
FORMAT (1H 43214)

G0 YO0 60
CONTINUE
CONTINUE’
FORMAT(IH +11E1244)
FORMAT(1H 94X9tN = "9]5/ SXe'TIME = ',E10,37/)
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ﬁbﬁGﬂboﬁﬂbﬂﬁﬁﬂdG#Q&ﬂﬁ¢9§#66§§90°Q§099§§§QQGQOQO6&000”6&9’#“060

THIS SUBROUTINE CALCULATES THE MATRIX COEFFICIENTS FOR CuBIC
FINITE E{LEMENT SYSTEMS,

SUBROUTINE MATCF2(NGI¢sNGJIeKIKJsAMeXDXX9XDYY XDX*qXDYXoXVXcXVY,

1 DXX9DYYsDXYsDYX VX eVY 0 XaYsNODEsDELT 90T s THCK9POFISHINI sNUIDELX

2 XS aVXSeVYSsDXXSyDYYSeDXYSsDYASINEL +NGIE «NGUE)

(X3 X-X-2-2- 282 2-2 02202 0222222 X-X-2-2-2-2-2-2-2-2-2--2-2:2-2-2-X-2-X-2-L°X-%-X-2-X-X-22-%-F-2° X3

DOURLE PRECISION DELX9XSMyX
DIMENSION VXS(3+3+48)sVYS{3s3+8)9DXXS(3+3¢8)sDYYS(34398)

1 DXYS(3s3,48)sDYXS(3+3+8) sNELINGIEWNGJIE)

DIMENSION AM(6,4,692¢294) 9 XDXX (616424 254) s XDYY(666429204)
XOXY(6964282¢4) s XDYX(606H5929294) s XVX(696923294) 9XVY (6536929294)
DXX (NI oNJ) eDYY (NI oNJ) sDXY (NI oNJ) ¢DYX(NTINJ) o
VX (NI sNJ) s VY (NI sMNI) s AMT (646) ¢ XOXXT(6+6) s XDYYT(646) 1+ XDXYT(6H46)
XOYXT(696) 1 XVXT(606) 9 XVYT(696) o X(12939KIKI) 9 Y(KIKJIe6596)

NONE (NGI ¢NGJ) y QI (NI yNJ) y THCK (NI yNJ)
INT=0

DO 210 IKKKI=1,NGI

DO 210 IKKKJ=1,NGJ

KKK1=IKKKI]

KKK J=IKKKJ

DO 210 IL=1,2

N & WN -~

DO 210 1K=1s2

10

4y

30

40

S0

L=IL

K=1K

INI=INT+1
K(_Unnclvvwv.quJ)sl
GO TO(10’20930,40o50'60o70'80|9091091909180)oKK
CONTINUE

IF (KKKJ.EQs1) GO 7O 60
IF (KKKJSEQ.NGJ) GO TO 80
IF(kKKI+EQe.l) GO TO 90
IF(KKKI+EQ.NGI) GO TO 70
1S=y

1E=¢

Js=1

JE=R

GO 70 100

1S=3

l1€=6

JS=3

JE=6

GO 710 100

Is=1

IE=q4

JS5=13

JE=6

GO 70 120

1s=1

1E=4

JS=1

JE=4

GO 70 100

15=3

ICET S

JS=1y

JE=4
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c

a0

aon

60

70

80

90

100

110

120

130
140
150

160

GO 70 100
1S=1
1€=6
J5=3
JE=6
GO 710 100
1S=1
1E=4
JS=1)
JE=6
GO 70 100
1S=1
1E=6
JS=1
JE=a4
GO 10 100
18=3
1E=6
Js=1
JE=&
GO 10 100
CONTINUE
EVALUATE THE INTEGRALS BY GAUSSIAN QUADRATURE
CALL INTEGZ2(AMeXDXXyXDYY e XDXY ¥ XDYXeXVXy
1 XVYINITsNJINGT oNGIyKRKT ¢ KKKJIsDXXsOYY9DXYIDYXsVX VYKol 1 VXS
2 VYSIDXXSyDYYS4OXYSsDYXSyNEL s XSMeDELX+NODE yNGIE s NGJE)
CONTINUE
00 32¢ I=1:¢
D0 120 J=JSyJE
AMT.(14J)=040
XCXxT{i1.4=0,¢0
XDYYT(I+J)=0,0
XDXyYT(1+4J)=0.0
XDYXT(I+4J)=0.0
XVXT{19J)=0,0
XVYT(I9Jd)=0,0
CONTINUE
SUm UP THE INTEGRAL VALUES FOR THE FOUR FINITE ELEMENTS
SURRQUNDING THE NODE,
DO 150 I=1Syl1E
DO 150 JU=JSH»JE
DO 140 N=]44
AMT ([ o) =aMT (1 4J) +AM(T s JsKeL 9N)
XOXXT(I o) =XOXXT (T eJ) *«XOXX{ToJeKyLsN)
XDYYT(1ad)=XDYYT (T aJ) ¢ XOYY(LoJeKoL sN)
XOXYT(Iod)=XDXYT(ToJ)+XDXY (I oJeKysL ¢N)
XOYXTATI o) =XDYXT(T o) ¢ XDYX (I 0JaKsbL oN)
XVXT{I s J)=XVXT (Tod) eXVYX{TyJsKel eN)
XVYTAI s J)=XVYT (T ed) +XVY (19 JsKelLsN)

WRITE (6,811 ToJy AMT (1o ) o XDXXT (I +J) e XDYYT(T19d) s XDXYT(I9J)y

T XNYXTUIoJ) o XUXT (T d) o XVYT (I sd)

FORMAT(IH $213,7E10.3)

CONTINUE

CONTINUE

KEORDER THE MATRIX COEFFICIENTS SO THEY CAN BE USED BY
TCHEB AND PERFORM CRANK~NICOLSON TIME INCREMENTIZATION
ON THEM

CONTINUE

IA==1

118=0

DO 170 KKK=1,3

136
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170

180
190
200

216

137

JAS1A«2

118=1]B+2

00 170 J=JSyJE

DO 170 I=1A,11I8

IC=118/2

JC=(J=1)82+1=~118+2 A
AAA=DELT/2.8 (XDXXT(19J) +XDYYT{
1 IvJ)*XDXYT(IvJ)*XDYXT(IvJ)OXVXT(IQJ)*XVYT(IOJ))
X{JCyICsINI)=AMT (1,49J) +AAA
YUINToT o) =AMT (19J) ~AAA
CONTINUE

IF(OI (KKK]I+24KKKJ+2) LELDe) GO TO 210
IF(KeEQe2,0RL,FEQ.2) GO TO 210

XASNI(KKKT+2 1 KKKJ+2) #DELT/ (2. #THCK (KKK +21KKKJ+2) #PCROS)
Y(INToK42,L¢2)=Y(INT9sK+2+L+2)~XA
X(5,2¢INIY=X(S542¢INI)+XA
GO 70 210
CONTINUVE

IF(KeEQs2.0R,L,EQ,2) GO TO 10

DO 200 KX=193

DO 200 J=1+12

X{JKXsINII=0,D0

J=ha (L=1)92+K

X(J.29INI)=1,D0

CONTINUE

RETURN

END
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GQ#OGQGOQ#OQQ»DQQQOQG#OGO#D##GQﬁhﬂ@“hﬁéﬁ##é“#&ﬂ&OGOQQG“G%QI

THIS SUBPOUTINE CALCULATES THE DOUBLE INTEGRALS FOR THE GALERKIN
FIMITE ELEMENTS FOR THE CUuBIC FUNCTIONS,

[eXeNoNeXe]

SUBROUTINE INTEGZ (AMyXDXX 9 XOYY 9 XDXY s XDYX s XVX 9 XVY NI ¢NJeNGI NG
] KKKIgKKKJsDXXsDYYoDXYsDYXoVXaVY s Kal sVXSoVYSeOXXSsDYYSIDXYSy
2 DYXSeNEL ¢ XSMy XDEL ¢« NODE yNGIE ¢ NGUE)

22 2-22-2-2-2-2-2-2-2-2°%-2-2-3-2-2-3-%-2-2-2-2-2-2-X-2-2.2 2.3 X 1222222222222 2-22-2-F-2:2-%-2.

(s XoXg]

DOUaLE PRECISION XSMy XDEL
DIMENSION AM(b,ﬁ!Zv?vQ)vXDXX(6s692'204)OXDYY(60602'?'4)0
1 XDXY(6364320204) s XDYX(606029206) e XVX(696924208) 9 XVY(636929244)
DIMENSION DXX(NIsMNJI) sDYYINToNJI) DXV (NI «NJI) 3DYX(NT9NI) »
1 VX(NIoNJ)YsVYINToNJI) sVXS(3¢398)9VYS(34348)49DXXS(3;348)
2 DYY5(31308)9DXYS(393;8)QDYXS(303'8)vNEL(NGIEoNGJE)9NODE(NGIONGJ)
COMMON H,y ICH
EXTERNAL FCT4FCTD
H=XDEL
Cc CALCULATE  INTEGRAL VALUES
DO 10 M=1,4
00 10 I=1,6
DO 10 J=1,6
AM(TeJsKelLeM)=0,0
XOXx(IeJoKsbl9yM}=0,0
XDYY(TeJrsKelLoM)=0,0
XOXY(IsJdsKebL eM)=0,0
XDYx(IoJeKeLsM)=0,0
XVX(IsJsKelLoM) =040
XVY (LoJsKyLyM)=0,0
10 CONTINUE
Cc CALCULATE INTEGRAL VALUES
DO 100 ME=ls6
KK=0
M=Mp
GO 70(20+30440,50) M
20 CONTINUE
IA=KKKI
JA=KKKJ
KK=NEL (TA,JA)
1S=1
I1E=4
JS=1
JE=4
IF(KK.GT.0) GO TO 80
GO 710 60
30 CONTINUE
JTA=KKK] ¢]
JA=KKKJ
KK= NEL(IA,JA)
15=3
lE=g
JS=1
JE=4
IF(KK.GT,0) GO TO 80
GO Y0 60
40 CONTYINUE
JA=KKK]
JA=KKKJ+]1
KK=NEL (A, JA)
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1S=1
1E=4
Js=3
JE=6
IF{kK.,GT.0) GO YO 80
GO 70 60
50 CONTIMNUE
1A=KKKI+1
Ja=kKKJ+1
KK=NEL (TA,JA)
1S=3
1E=¢
Js=3
JE=6
1F(KK.GT,0) GO 71O 80
60 CONTINUE
USF THIS INTEGRATION PROCEDURE IF THE PARAMETER IS
TAKEN AS THAT AT THE CENTER OF THE NODE.
JA= JA+]
IA=1Al
H=XpEL
DO 70 1IE=1SyIE
I=]11E
DO 70 JJE=JSy»JE
J=JJt
AM(ToJsKel aM) =GAUSS(FCT«FCTsFCToFCTelsJeKyl sM)

XOXX (T 9JsKsLoM) =GAUSS(FCTDsFCTsFCTNFCToIsJoKoLaM) #DXX(TApJA)

XODYY (1 oaJoKsL oM) =GAUSS(FCT«FCTOWFCToFCTDylsJeKsl oM} #DYY(1A45JA)
XDXY {1l edsKslL oMY=GAUSSH(FCTDsFCT9FCToFCTD I sJdaKel aM)®#DXY (1A9JA)
XDYX (19JdsKoLoM)=GAUSSIFCT«FCTDsFCTDsFCT oI ovJsKyLoM)CDYX(IA»JA)
XVX(LoeJsKelLoM)=GAUSS(FCTOD4rCToFCToFCToTodsKelyM)BVX(IAWJA)
XVY (TsJsKybloM) = GAUSS(FCT,FLTDvFCT.FCT’IvJoK'LoM)“VY(IAoJA)
70 CONTINUE
GO 70 100
80 CONTINUE
USE THIS INTEGRATION PROCEOURE IF PARAHETER VALUES
AT EACH GAUSS POINT ARE USED.
DG 90 IIE=1SyIE
I=11€
DO 90’ JIE=JSJE
J=JJE
H=XDEL
AM{T s JsKsL sM) =GAUSS(FCTsFCT+FCT+FCTeloJoKsL oM)
XDXX (T oJaKoL ¢yMy=GAUSSOD(FCTD+FCToFCTDFCT ol s JoKsL aMyDXXS9KK)
XOYY (I oJsKeL sM)=GAUSSD(FCTyFCTODSFCTHFCTDsloJoKsL «MyDYYSyKK)
XOXY (T e J9Kol oM} =GAUSSO(FCTDsFCToFCT4FCTOsl o JoKaelL sMsDXYSsKK)
XOYXCTIoJsKolL oMy =GAUSSO(FCTsFCTOWFCTDSFCT ol s JoKsL oMyDYXSoKK)
XVX(1oJeKogL eM)=GAUSSD(FCTDWFCTHFCToFCToIoJsKsL e+MiVXSeKK)
XVY (LaJrKoebl oM) =GAUSSD(FCTFCTOsFCT9FCToloJeKoL sMsVYSeKK)
. ICH=1+JeM
90 CONTINUE
100 CONTINUE
RETURN
END
oaquaoooacccﬁooaoaoao&oooo&ououoaaqoﬁéknoﬁbabooc&oanoe#oo#
THIS FUNCTION CALCULATES THE VALUE OF THE CUBIC
POL YNOMIAL OVER THE INTERVAL.

FUNCTION FCT(Z,IJsN)
COMMON Hy ICH
10 GO 7O (20480420+80)sN
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20
30

40
50
60
70
80
90

(s XeNo Ko Xy

OOO00

GO TO(30940+50,60470470),1J
FCT=l,2, °Z“Z°Z/(H°H°H)-3.°Z“Z/(H“H)

‘60 10 90

FCT=2%(H=7)%(H=2)/(H®H)

GO 70 90
FCT==2,2202%2/ (H¥HEH) +3,92¢7/ (H#H)
GO 710 90
FCT=2%2®(Z2=H)/ (H®H)

GO 70 90

FCT=0,0

GO 70 90

GO TO(70970:30,40,50, 60):IJ
CONTINUE

RETURN

END

QQQGQQﬁﬂ#ﬁﬂ&ﬁo&%##“&#bbbh&#ﬂ@##ﬂ&#ﬂﬂéﬁﬁ@bﬂb##ﬁ#ék##&ﬂé

THIS FUNCTION CALCULATES THE DERIVATIVE OF THE CuBIC
POLYNOMIAL.,

FUNCTION FCTD(ZsIJyN)
COMMON Hy JICH

GO TO(20480+420,80) ¢N

GO T0(305460350460470470)491J
FCTIN=6.%2/(H¢H)®(Z/H=~14)

GO 70 90
FCIN=]1,=4,%72/He3.%72%2/ (H#H)
GG 70 50
FCTIn=6¢*Z/{H¥H)®(=Z/H+1.)
GO0 70 90

rrTn 7/uor1 "’7’“"2 )

GO 10 90

FCTN=0,0

G0 +0 90

GO T0 (70'70’30940v50060) 1J
CONTINUE

RETURN

END '

(2322222222222 2-2-2-2-2 02 R 2-2-2-2-22-2-2-2-02-2-2-2-X-X-X.2-F-2-X3-X-2-%-X2222)

THIS FUNCTION PERFORMS GAUSSIAN QUADRATURE OVER
THF ELEMENT,

FUNCTION GAUSS(FCTIoFCTJ FCTKeFCTLsIvJeKoL oN)

COMMON M,y ICH

KN=2+K

LN=2+¢

AS.S%H

Bz=H

1=N

IF(MeEQe2 ,ORM,EQe3)M=Me]

C=,3872383%8

K=o 2TTTTTR¥(FCTI(A+Co ], N)“FCTK(A#C'KN N)’FCTI(A CrloN)®

). FCTYK(A=CsKNsN))

X=Bo(X+,46460640400FCTI(AToN)RFCTK(AJKN4N))
Y=o277TTT82(FCTU(ACCyJsM) 4FCTL(A+CHLNIM)+FCTI(A=CoIsM) &

1 FCTL{A=C(LNsM))

c
10

Y288 (Y*a44040804048FCTJ(AyJIMISFCTL(AWLNIM))

GAUSS=X¥Y
WRITE(6,888) I+JsKsLsNyHsGAUSS
FORMAT (1H +512,2E1043)
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IF(J.EQ,2) STOP
CONTINUE
RETURN
END

ROPDEPDORLOVUBBRBLCROVER/ODIUDROORBRBORLBIRDRBBDIBORLTLPREOOBGG

THIS FUNCTION PERFORMS GAUSSIAN QUADRATURE OVER THE ELEMENT
WITH PARAMETER EVALUATION AT THE GAUSS POINTS.

FUNCTION GAUSSD(FCTIZWFCTJUsFCTKyFCTLsIvJaKsLsN9ePARKK)
DIMENSION PAR(39348) .
COMMON H
KN=2+K
LN=2+L
=e5%H
B=H
M=N
IF (M-EQ.Z.OR.M.EQ.J) M=M§l
=¢3872983¢8
X3=FCTI(A«CoyIsN)IRFCTK(A+CyKNyN)
XE=FCTI(A T oN) #FCTK(AsKNyN) )
X1=FCTI(A=CyIyN)®#FCTK(A-CsKNN)
YI=FCTU(A-CoJsM)¥FCTL (A=CoLNM)
Y2=FCTJ (A JsMI#FCTL{AYLN M)
Y3=FCTJU(A+CoJsMIHFCTL(A*CyLNgM)
A1=,2777778
A3=,2777778
AZ=, 4440004
B2=,6444444
B3=,2777778
1= 2777778
GAUGRSD=BSR® (A1 #B12X1#Y1®PAR (141 9KK) +222B1#X2#Y]®PAR(2y] +KK)

1 A1 RX32Y]OPAR (391 9KK) +A18B228X]19Y2%PAR(1924KK)

2 +A2%R2UX2VY2UPAR(242+KK) ¢A3RE2#X3EY29PAR (392 ¢KK) »
3 AleB32X1eY3%PAR(193sKK) +A2#B32X22Y32PAR(293+KK) +A34B3#X3#Y3*
4 PAR(3434KK)) '

10 CONTINUE
20 FORMAT (1H +'PAR1', (3E12,.4))

RETURN
END
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PRARRBRROVCOBDRIRORNGBRNVDERIVERODIBOBRNBTORERGORERDRUOEVBOOBOND

THIS SUBROUTINE CALCULATES THE KNOWN RIGHT HAND

SInE VECTOR.

SUBPOUTINE QSIDE(NGI'NGJvNXoNYoKlKJoNODEsR.AtYwOI'CNRECHO

1 DELYsPOROS THCK)

-2 TR XR-2- -T2 2202202222222 TR R R R XX 2

DOURLE PRECISION AyR

142

DIMFNSION A(KIKJ) yR(KIKJI) s Y (KIKJ9656) s QI INXsNY) 9 CNRECH(NX¢NY)

1 THCK(NXyNY) s NODE(NGI yNGJ}

INI=O

DO 150 I=1sNGI
DO 150 J=]NGJ
KK=NODE(I4J) ¢l
DO 150 L=1s2
DO 150 K=1s2
INI=INIe}
R(iMI})=0,0

GO TO (104204304¢40450960470980+990410513041460) 4KK
TrIS IS A CENTER NODE

CONTINUE
IF(J.EQ.1) GO TO 60
ISTART=1
1SToP=6
JSTarRT=1
JSToP=6
GO 10 100
THIS IS A Nw NODE
ISTART=3 ’
ISToP=6
JSTART=3
JSTOP=6
GO Y0 100
THIS IS A NE NODE
ISTART=1
1STnP=4
JSTART=3
JSTnP=6
GO 70 100
THIS IS A SE NODE
ISTART=1 .
ISToP=4
JSTART=1
JSToP=4
60 70 100
" THIS IS A SW NODE
ISTART=3
ISToP=6
JSTART=1
JSToP=4
GO 1O 100
THESE ARE N NODES
ISTART=]
1SToP=6
JSTART=3
JSToP=6
GO 710 100
" THESE ARE E NODES
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70

80

.90

100

110

120

130

140

150
160

ISTART=]
1sToP=4
JSTART=1
JSToP=6
60. 70 100

THESE ARE S NODES
ISTART=1 ’
1STnP=6
JSTART=1
JSToP=4
GO 1O 106

THESE ARE W NOODES.
ISTART=3
1STnP=6
JSTART=1
JSTOP=6
GO 10 100
CONTINUE
DO 3120 II=ISTARTISTOP
ICAL=I¢(1]-1)/2~1
11P=]
IF(1]l/72%2,EQ.11) 11IP=2
DO 110 JJU=JSTART,,JSTOP
JCAp =Ue (UJ=-1) 721
JIP=1
IF(JJ/72%2,EQ.JJ)YJIP=2
TIN= (ICAL-1) #NGUP 4+ (UCAL=1) 24+ (JIP=]1)02¢]]IP
RUITHNII=RIINIIAAITINY Y LINT ST UU)
CONTINUE
CONYINUE
IF{nlils24042) LELL.C GC TC 1S
IF(KsEQe2,0RsL,EQG,2) GO TO 150
R{INII=R(INI) ¢CNRECH(1+424J¢2)*QI(1+42¢J+2)*DELT/(POROS®
1 THeK(1+24J+2))

R(INI)=CNRECH(1+24J+2)%DELT
60 70 150 ’
CONTINUE
R(IN1)=0.,D0
GO 10 150
CONTINUE
IF(KeEQs2,0R.L,EQ,2)G0 TO 60
ROINII=100.
CONTINUE
CONTINUE
RETURN
END

]
~
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SUBROUTINE DIMEN(NNCyNNR)

[ 2 2 2224 ooqo&a‘»oa9999;.#905#9«9«éooh#vaauoanqou FRLQeBONORBERED

C THIS SUBROUTINE SETS THE DEMINSION PARAMETERS: THAT ARE ¢
C PASSED IN COMMON /DIMCOM/ Ne¢NCyNRyNR4, “
C N IS THE NUMBER OF UNKNOWNS @
c NC THE NUMEER OF COLUMNS o
C NR THE NUMBER OF ROWS *
C&oopoéoppauooaocaobpeaoaa&auao»oéocﬁoooogbogcbnobgoaaonuodo

IMPLICIT REAL®R(A-H»0-2)
COMMON /D IMCOM/ NoNCvNRgNR4
COMVON /AREAL/ NI4ND

NC= NNC

NR=NNR

N = 4#NRANC N
NKk& = 4*NR

RETURN

END

SUBROUTINE SCALE(A.D)
(oﬁoeooq&aonaoaoonna¢oo»uocaaoaqo906nao0¢§&¢&9§¢§¢¢¢§¢§909¢n»99
c THIS SUBROUTINE SCALES THE MATRIX A BY A DIAGONAL TRANS- &
C FORMATION, THE SCALED MATRIX IS DAD WHERE D IS A DIAGONAL #
c MATRIY AND D(I1) = 1/SGRT( DIAG OF A). IF ANY DIAGONAL o
C ELEMENT OF A IS NOT POSITIVEs THEN AN ERROR MESSAGE IS o
c PRINMTED QUT AND DI(I) IS SET EQUAL TO 1, b
CH e BB e Lt s DI BRI OO E BB O R PO R AR L ROUBHILOORIRINICORDOREDIDY

IMPLICIT REAL®B(A=H»0=~2)

COM: TN 'C:‘!CCM/ N

B

sNCSNRSNRG

DIMENSION A(12439N)eD(N)

INDICIES? IC IS THE COLUMN
IR IS THE ROW
IU IS THE UNKOWN
SET DIMENSION PARAMETERS
NCl = NC - 1
NR1 = NR = 1
SCALE?! PART [
INITIALYIZE 1
=0
IC = 1
IR =)
DO 40 IU=ly4
=]+
J= MOD((I~1)y4)+S
IF(A(J9241)eGTo0,D0) GO TO 10
Go T0 30
Cc THENS
10 D(X)-l/DSQRT(A(JyE'l))
DO 20 K=2+3

DO 20 KK=5,12
A(KKsKyeI)=A (KKK I)#D (1)
20 CONT INUE
G0 YO 40 '
C ELSE! PRINT WARNING

144
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30 WRITE(6,540) I+1A(Jr2yI)

D(I)=1.DO
c
40 CONTINUE
C .
DO 90 1R=2,NR1
DO 80 Ju=1y4
I=1+] ‘
J= MOD({(I=1),4)4S
IF(A(J91291)+GT.0,D0) GO TO 50
Go 10 70
Cc THEN?S
S0 D(I)=1/0SORT (A(Jy29IM)
Do 60 K=23
DO 60 KK=1.12
A(KKsKsI)=A(KKyKeI)*#D(])
60 CONTINUE -
GO TO 80 )
C ELSEt PRINT WARNING
70 WRITE(6,540) 1sAa(Js2s1)
D(l)=1.00
C
80 CONTINUE
C
S0 CONTINUE
C
: IR = NR
DO 130 Ty=l.4
I=1~1
J= MOD((I-1)44) 5 .
IFLA{J92911e5T7T40400) GO 7O 100
6o 70 120
c THEN?

100 D(I)=1/DSQRT (A(Js2+1))
00 110 k=243
DO 110 KK=1+8
© A(KKeKeI)=A(KKsKy1)#D(I)
110 CONTINUE

G0 10 130
C ELSE! PRINT WARNING
120 WRITE(64540) 1vA(Je2y])
D(I)=IDDO
Cc
130 CONTINUE
C
Cc .
DO 270 IC=2sNC1
IR =}
00 170 Iu=ls4
I=1+1
J= MOD((I=1)44)+S 4
IF(A(J9241)eGT40,D0) GO TO 140
Gn TO 160
C THEN1

160 D(I)=1/DSQRT (A(Js291))
Dn 150 K=1,+3
DO 150 KK=5412
AKK K1) =A (KKK 1) D (])
150 CONTINUE
Go 10 170
c ELSES PRINT WARNING
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o0 O 0

160

170

180

190

200

210

220

230

260

250

260
270

280

290

WRITE(64540) I+A(Jr2y])
D(l)=1,D0

CONTINUE

DO 220 IR=24NR1
DO 210 Iu=ls0 .
I=1¢}
J= MOD((I=1),44)+5
IF(A(J9291)eGT40.00) GO TO 180
60 TO 200
THEN?
D(1Y=1/DSQRT (A(Js241))
DO 190 K=1+3
DO 190 KK=1»12
ACKK oKy IV SA(KK K [} 4D (1)
CONTINUE
Go TO 210
ELSEt PRINT WARNING
WRITE(6,540) IrA(Jr2s1)
D(I’=1.DO

CONTINUE
CONTINUE

IR = NR
D0 260 IU=1+4
I=1+1
J= MOD((I=1)44)+S
IF (800424 1Y.GT.0,00) GO TO 230
Go TO 250 .
THEN:
D(I)=1/DSQRT(A(J9291))
DO 240 K=143
DO 240 KK=1+8
b(KKQKyI)'—'A(KK,K'I)”D(I)
CONTINUE
Go T0 260
ELSE! PRINT WARNING
WRITE(6,540) I1A(Je2y1)
DtlY=1.D0

CONTINUE
CONTINUE

IC=NC
IR=1
DO 310 Iu=ls&
I=1e¢]
J= MOD((1=1)44) 5
IF(A(J92s1)eGT40.,D00) GO TO 280
Go TO 300
THENY
D(1)=1/DSORT(A(Js29 1))
D0 290 K=142
DO 290 KK=5412
A(KK Ky I} =A(KK Ky 1) ®#0(1)
CONTINUE
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Go T0 310
C ELLSE: PRINT WARNING
300 WRITE(6,540) 1+A(Jr2s1)
D(l)=1.D0

310 CONTINUE

00 360 IR=2,NR1
DO 350 lu=l,4
I=le}
J= MOD((I~1)44)+5
IF(A(J929])eGTa0.D00) GO TO 320
GO TO 340
c THEN?
- 320 OtIV=1/D0SQRT(A(Js291))
DO 330 K=142
DO 330 KK=1y12
AKKIK s I)=A (KKK 1) 9D ()
330 CONTINUE

GO TO 350
c ELSE! PRINT WARNING
340 WRITE(6,540) 1sA(Js2s1)
D¢l)=1.0D0
C
350 CONTINUE
Cc
360 CONTINUE
C
IR=NR
DO 400 ju=l+4
I=1+)
J= MOD((I<1)44) ¢S
IF(A(Js291)+GT.0,D0) GO TO 370
Go 10 390
Cc THEN?

370 D(I)=1/DSQRT (A(Js2s1))

Do 380 K=1y2

DO 3280 KK=1+8
ALKK Ko 1) =A(KK Ko 1) #D (1)

380 CONTINUE

6o Y0 400

Cc ELSE: PRINT WARNING

390 WRITE(64540) I+A(Je291)

D(I)=1,D0

400 CONTINUE

SCALE! PART 11

OOOO0OO0 O

INITIALIZE POINTER
: IP=0
' 1PD=~4

o

IC =1

i IR =)

’ DO 410 Iu=ls4

g 1A=1P+IU

| D0 410 J=2,3
JD=1PDe (J=2) 8NRG
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410

420
430

440

o0

450

460
470

DO 410 1=5,12
10=4D+1
A(I,JsTA)Y=A(T4Js1A)®D(ID)
CONTINUE o

DO 430 IR=2,NR1
IPp=1P
IP=IP+4
00 420 Ilu=lyo
I1A=1pP+1U
DO 420 J=2+3
JN=IPD+ (U-2)#NR4
Do 420 1=ls12
ID=UD+1
AlTlsJelA)=A(T9JsIA)®#D(ID)
CONTINUE

CONTINUE

IR = NR

1Pp=1IP
IP=IPs&
00 440 lu=l+4

1A=]IpP+IU

DO 440 J=2+3
JN=1PD+ (J=2) 2#NR4
DO 440 1=1.+8

10=40¢1

AlI4JsTA)=ALT»JeIR)®D(ID)
CONTINUE .

DO 490 IC=24NC)
IR =1}
1Pp=1P
IP=1P+4
DO 450 Iu=ls4 -
1Aa=]pPe U
DO 450 J=1+3
JN=1PD+ (J=2) #NR4
Dn 450 1=5,12
ID=yD+1
Al JsIAY=A(T0JyTA)®D(ID)
CONT INUE

D0 470 IR=2,NRl
IPD=IP
IP=1Ps4
D0 460 [u=l,4
IA=]IPe]IU
DO 460 J=1+3
JD=1PD+ (J=2) 2NR4
Do 460 1=1y12
ID=uDe1
AllyJelA)Y=A(1sJyIA)Y®D(ID)
CONTINUE

CONTINUE

IR = NR
IPp=1P
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IP=1P+u

DO 480 Iu=l+4
1A=1IpP+]VU
DO 480 U=1,+3

JD=IPDe (J=2) 4NRG

Do 480 1=1,8
- ID=uD+1 :

AllyJdyIAY=A(19J9IA)=D(ID)
480 CONMTINUE ‘

490 CONTINUE

(o
C
IC = NC
IR =
1Pn=1P
1P=1P+4
DO S00 Ilu=ls4
1A=IP+1U

DO 500 J=1+2
JD=]PD+ (J~2) #NR&
Do 500 1=5,12
I0=00+1
Al JsIA)=A(T14JyIA)#D(ID)
500 CONTINUE

DO S20 IR=24NR}
1Pn=1P
I1P=1Pe+4
00 S10 Iu=ls4
1A=1F+1U
DO S10 J=142
JD=1IPD+ (J~2) #NR&G
Do 510 1=1y12
10=0D+1 )
AT oJryIAY=A(T2JsJA)2D(ID)
S10 CONTINUE

s20 CONTINUE

IR = NR
1Pp=1P
IP=1P+4
DO S30 Iu=l+4
IA=IP+IU
DO 530 J=142
JN=IPD+ (J=2) #NR4
DO 530 1=1,8
I0=uD+1
AlloJsIA)=A(T4Js1A)®D(ID)
530 CONTINUE
C
C

540 FORMAT('0 WARMINGS THE'4ISy!'TH DIAGONAL ELEMENT OF THE

1 MATRIX IS*tsD12e459%< 01)

RETURN
END .
SUBROUTINE RSCALE(X.D)

CoateaoeepsdaddtodtdNasttaaRddieoddIsT/4BOIRULRBCRLBJRLBABNDEINDND

C THIS SUBROUTINE RESCALES THE VECTOR X, RETURNING THE PRODUCT #®
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C OF THE DIAGONAL MATRIX DeX,

cb“ﬁﬁ##ﬁﬁQ60Gﬂbo06904#QQﬁhﬂﬂﬂoﬂbﬁéﬁé@ﬁﬁ#ﬂ#“ﬁﬂﬁ#“#ﬂ#éﬂé9000”96“6#“

CIMPYICIT REAL#8(A=H»0=2)
COMMON /DIMCOM/ N,yNCsNRsNRG
DIMENSION X(N) 4D(N)

DO 10 1I=1,4N
X(I} = DUI)®X(])
10 CONTINUE :

RETURN
END
SUBPOUTINE MATMUL {AsXsY)

150

C#Dﬂé#ﬁéQoObGﬁ#éb##*#6#@6#%##646##G#%G##90##@*#%##0&%#60#6&&9#005#5

C
C

THIS SUBROUTINE PREFORMS THE MATRIX VECTOR MULTIPLICATION:
AX = ¥, wHERE A IS A NXN MATRIX BNO X -AND Y ARE VECTORS.

L]
L 4

CHOEooebdaditdeaRoRRpBBLORLERLRRCRIRRPRIDRERBLDOERRBRLGGRIRRBOOERBRGLD

OOOOOO

(2 K¢l

IMPLICIT REAL®8(A~H,0-2)
.COMMON /DIMCOM/ NyNCINRINR4G
OIMENSION A(1243+N) sX(NR4sNCI Y (N}

BFGING IC IS THE COLUMN
IR 1S THE ROW
1U IS THE UNKOWN

INITIALIZE Y
DO 10 I=14N
- Y€1) = 0,000
10 CONTINUE

=
¢D

Y D&RAMFTFRQ

ot st

1
INITIALIZE POINTERS
1C2 = IC - 2
IPY = =4
IPy = 0
IR =
DO 20 IU=1+4
1Y=IpYelIu
DO 20 J=2,3
Jx=1C2+J
Do 20 1=5,12
IX=1PX+1
YOIV)=Y(IYY AT o JsIY)RX(IX9JX)
20 CONTINUE

DO 30 IR=2,NR}
IPXx=IPXe4
IPY=1PYeqy
DO 30 Iu=1l44

1Y=IPY+IU
DO 30 J=2,3
Jx=I1C2+y
Do 30 I=1y12
IX=IPXel
Y IYIEY(IY) (T ede IY)ﬁxtlx.Jx)
30 CONTINUE
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OO0 00

o0 600 O

IR = NR
IPX=1PXxe+s4
IPY=IPY+4
DO 40 Iu=l,4
IY=1PY+1U
DO 40 J=2,3
J¥=1C2+y
DO 40 I=1,8
IX=]1PX+1
YOIY)SYLTIY)SA(T oo IY)EX(IXyJX)
40 CONTINUE )

D0 /0 IC=2sNCl

INITIALIZE POINTERS
- ICz2=]C=2
IPx==¢

IR =1
IPY=1IPY+4
DO S0 1U=1,s4
IY=1pYelU
DO 50 J=1,3
Jx=1C2+y
Do 50 I=5,12
IX=iPXel )
YUIVISYC(YIY)+A(Tede 1Y) *X {1 X0 uX)
50 CONTINUE E

DO 60 IR=2,NR}
IPx=[PX+4 .
IPY=1PY+4
DO 60 Iu=l.4

1Y=IPY+1lU
DO 60 J=1,3
Ix=1C2+J
Do 60 I=1,12
IX=IPX+]
YOIY)=Y(TIY)4AUT o JoIY)RX(IX9JdX)
60 CONTINUE

IR = NR
IPx=1PX+4
IPY=1IPY+4
DO 70 Iu=ls0
1Y=1IPY+IU
DO 70 J=1,3
Jx=1C2+J
Do 70 I=1,8
IX=1PX+1 :
YCIVISY(TIY)+A(TadeIY)®X(IXyIX)
70 CONTINUE

80 CONTINUE

IC = NC
INITIALIZE POINTER

151
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IPx==4
IC2=1C~2

IR = 1
1PY=1PY+4
DO 90 1U=ly6
1v=1PY¢lU
DO 90 J=1,2
Jx=1C2+¢y -
Do 90 I=5,12
IX=1pXel :
YOIY)=Y(IY) AT o JelY) X (IXyIX)
90 CONTINUE

00 100 IR=2,yNR1
IPx=]PXedt
1PY=]IPY+s
DO 100 lu=ls4

1Y=1PY+IU
DO 100 JU=]1+2
Jx=1C2¢y
00 100 I=1s12
IX=1PXel
YOIYI=Y(IY) ¢A(T o delY) #X(IX0JX) ~
100 CONTINUE

IR=NR
IPv=1PXast
IPY=IPYe+4
DO 110 lu=ls¢
Iv=IpY+1Uy
DO 110 J=1,2
Jx=1C2+y
DO 110 1=148
IX=1PXe] ‘
YOIY)SY(IY)+ALT o Ja IY)#X(IXyJX)
110 CONTINUE
C
RETURN
END



