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ABSTRACT

The partial differential equation that describes the transport and 

reaction of chemical solutes in porous media was solved using the 

Galerkin finite-element technique. These finite elements were super­

imposed over finite difference cells used to solve the flow equation. 

Both convection and flow due to hydraulic dispersion were considered. 

Linear and hermite cubic approximations (basis functions) provided 

satisfactory results, however the linear functions were found to be 

computationally more efficient for two dimensional problems. Successive 

over relaxation (SCR) and iteration techniques using Tchebyschef poly­

nomials were used to solve the sparce matrices generated using the 

r linear and hermite cubic functions respectively. Comparisons of the 

finite-element methods to the finite difference methods, and with 

analytical results, indicated that a high degree of accuracy may be 

obtained using the method outlined. The technique was applied to a 

field problem involving an aquifer contaminated with chloride, tritium 

and strontium-90.
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I. INTRODUCTION 

A. PURPOSE AND OBJECTIVES OF THE STUDY

It has become evident that our social and economic well being is 

jeopardized by the ever increasing pollution of our water resources.

The hydrologie systems that control these resources do not act as 

separate entities but as vast, complicated, interdependent systems.

At one time the water available in streams and lakes was the primary, 

and in some cases the only, source of quality water available for 

private and industrial purposes. Due to the stresses placed upon this 

water resource, the public has become more aware of the vast amounts of 

high-quality water available underground in aquifers. As more is 

learned about these sources of water, both use and dependence upon 

them has increased. This use has both beneficial and detrimental 

aspects as it includes using the ground-water system for both sources of 

high quality water and as reservoirs to dispose of unwanted aqueous 

wastes. This disposal practice coupled with the stress placed on the 

system and the occasional influx of natural low-quality water has in 

some instances rendered unfit previously useable ground-water supplies.

These problems have been recognized, and as a result state, federal 

and local agencies have enacted laws pertaining to the subsurface dis­

posal of wastes and to the use of ground water. Enforcement of such 

laws and proper planning of ground-water use and subsurface waste dis­

posal practices necessitates a complete understanding of the ground 

water systems and the effects of the chemical and physical stresses
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placed on them. Unfortunately, the movement of water and pollutants 

through aquifers involves a complicated set of physical laws. Various 

public and private agencies have therefore developed techniques to 

compute the effects of various chemical and physical stresses on the 

ground-water system and the resultant change in water quality and 

quantity. The solution procedures for pollution simulation studies are 

termed water-quality models. These techniques include simulation 

models, usually of a determininistic type, that may take the form of 

analytical expressions for simplified cases, or involve the use of 

elaborate computer oriented numerical techniques for the more compli­

cated cases. The complicated nature of the mathematics defining the 

flow of pollutants through aquifer systems requires sophisticated 

numerical techniques to solve the equations. Some of the numerical 

techniques currently available have limited application because of their 

coarseness of approximation to the actual mathematics or are of such 

detail and complexity that they prove deficient when it comes to their 

use and understanding.

This present study developes a numerical model that is rigorous in 

its solution to the equations yet simple enough that it may be used and 

understood by a knowledgeable ground-water hydrologist or engineer. The 

code is proven to be accurate by various checks with known analytical 

solutions when such are available for the simpler situations. The code 

is also compared with results from a previously developed numerical 

technique for more involved systems. The value of this generalized
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numerical scheme is demonstrated by solving a ground-water contamination 

problem. The contamination problem includes the effects of dispersion, 

both transverse and longitudinal, and sink and source terms with rate 

and equilibrium controlled chemical reactions for multidimensional mass 

transport systems.

II. REVIEW OF THE LITERATURE

This section consists of three separate parts that are as follows : 

The development of equations pertaining to the transport of mass, the 

analytical solutions of some of these equations, and the numerical 

solutions of these equations encompassing both finite difference and 

finite element methods. The experimental studies and case histories are 

included within their respective solution techniques. The literature in 

the field of mass transport is great and this review includes only those 

that are specific to this study. The references are limited to the last 

4 or 5 years as the majority of the work previous to this time is well 

documented in these references.

Prior to the last several years the prediction of the quality of 

water during its movement through porous media was limited to laboratory 

studies or to controlled industrial processes. This was due to a lack 

of ability to accurately define multidimensional flow fields, an in­

complete mathematical model of solute transport, inadequate numerical 

schemes to solve the equations and incomplete descriptions of the 

relevent chemical reactions taking place.
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During the last 4 to 5 years, however, models and modeling tech­

niques have developed at an accellerated rate. The usual water-quality 

model development procedure has been to simplify the general multi­

dimensional transient equations describing mass transport and reactions 

to one-dimensional situations that can be simulated by controlled lab­

oratory experiments or can be solved in a closed analytical form. The 

simplifying assumptions are then relaxed and the general model applied 

to more complex situations. Two-dimensional models for solute transport 

without chemical reactions but including terms to describe nonideal 

flow, which we term dispersion, and the existence of sources and sinks 

within the system were then developed. Investigators refined these 

models to include the capability to predict and verify chemical re­

actions for selective field situations. Solution techniques for the 

equations of transport are by necessity elegant and include finite- 

difference methods, method of characteristics and finite-element 

methods, that encompass variational and weighted residual techniques. 

These methods will be reviewed in more detail to provide a proper 

framework for the development of the Galerkin, finite-element techniques.

A. DEVELOPMENT OF THE EQUATIONS

The equations of mass transport with chemical reactions have been 

well documented by physicists, chemists, and chemical engineers as is 

evidenced by the text of Bird, Stewart and Lightfoot, (1966) and Aris,

(1969). Bredehoeft and Finder, (1973) together with Rendell and Sanada,
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(1970) expanded, on these basic equations and coupled them with the 

hydraulic flow equations to present a unified picture of mass transport 

with or without chemical reactions during flow through saturated porous 

media.

The equation of motion for the flow of ground water has been 

derived in considerable detail by a variety of workers. Bredehoeft and 

Finder, (1973) and Longwell, (1966) present rather complete derivations 

of the equation. Bredehoeft and Finder (1973) ground-water flow by 

the following equation:

1. THE FLOW EQUATION

V.

(1)
n
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where

V = vector operator
-3p = fluid density, ML

-  +2  k = intrinsic permeability, L
-1 -1p = dynamic viscosity, ML T

—  - 2  g = gravitational acceleration, LT
3 -1= source (+) or sink (-) L T 

Wi (x,y,z) (xj 'Yj'Zj) 6 (x-x J  (y-ŷ .) (z-z^)
j=l

r = number of sources and sinks
-1 4-2a = compressibility of the medium, M LT 

e = effective porosity of the medium, L°

6 ~ Dirac delta function
-1 23 = compressibility coefficient of the fluid, LM T

3V = reference volume of the fluid, L0
m. = mass of speci i in the reference volume V , M1 o
n = total number of species in the system

Implicit in the derivation of the flow equation is Darcy’s Law, 

which relates specific discharge to hydraulic gradient.

q = - 1  . (Vp - pi) (2)

where q is the specific discharge of the fluid, LT \

The hydraulic flow equation is a mathematical description of the 

hydraulic potential of the aquifer system. Equation 1 can be simplified
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by assuming constant fluid density (Bredehoeft and Finder, (1973), 

and written in two dimensions (areal) as

g Ik = , ah «L ,
& at 3x U xx 3x; 3y V yy 3y;

(3)
W(x,y,t)

where

S = aquifer storage coefficient, L°

h = hydraulic head, L
2 -1T - transmissivity of the aquifer, L T

Equation 2 is a definition of Darcy’s Law for an anisotropic porous 

media. Normally the permeability axis can be orientated in such a 

direction so only the main components of the permeability tensor appear. 

When this is possible and all of the pressure terms appear in the 

hydraulic gradient, specific discharge for flow in the x direction is 

illustrated by.

%c = -kx - B -  <4>

A similar equation may be written for the y-direction. The inter- 

stitual fluid velocity, as will be used in the mass transport equation, 

is defined as the specific discharge divided by porosity and is given by
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- . - - f  $  «

where
-1= interstitual velocity, LT 

e = porosity, L°.

2. THE MASS TRANSPORT EQUATION 

The mass transport equation for solute speci i as given by Bredehoeft 

and Finder (1973) is

epi“ if + ii (epi) = v "p5i'v ei)

- V'p^q +e \  R^^ + W.p* (6)

where
_3p^ = mass per unit volume of speci i, ML

D = hydrodynamic dispersion coefficient, L T2-1

3 - 1R^ = rate of production of speci i in reaction k, ML T 

s = number of reactions taking place in system 

p^* = mass per unit volume of sink or source solution, ML ^

The mass transport equation as given by equation 6 can be simplified
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and written in two dimension, Bredehoeft and Finder, (1973) and by 

Reddell and Sunada, (1970) and is given as equation 7.

where k==1
-3c% = mass concentration of speci i, ML

-1v = interstitial fluid velocity, LT
2 -1D = dispersion coefficient, L T

-3c . = mass concentration of speci in the well, ML wi

This equation is slightly simplified from that given by Bredehoeft and 

Finder (1973), as it assumes that the pressure time derivative in the 

transport equation is small compared to the other terms and may be 

neglected. This is actually a good assumption as steady state flow 

does exist for many problems and for transient conditions this assumption 

introduces little error.

Equations 3, 5 and 7 represent, for isothermal systems, all that is 

necessary to completely define most systems. Equation 3 is usually 

termed the flow equation with hydraulic head calculated as the dependent 

variable for the space and time field of interest. Equation 7, usually
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called the transport equation, is coupled to equation 3 by Darcy’s Law 

(equation 5), which relates ground-water velocity to hydraulic head 

gradient.

The mass transport equation consists of four terms; the mass accumu­

lation term on the lefthand side of the equation and the convection flux, 

the dispersion flux term and the sink/source terms on the righthand side 

of the equation. These terms and the parameters that comprise them will 

be discussed in more detail in section III.

B. ANALYTICAL SOLUTIONS

In many cases equation (7) can be simplified to the point where 

analytical solutions are available. Solutions for some of these simpler 

differential equations representing mass transport are important for 

several reasons. Several of the contamination problems are well repre­

sented by one-dimensional equations and in this case simple analytical 

solutions can be used to predict the extent and concentration of con­

taminations. A second reason is that many complicated multidimensional 

models can be simplified and their accuracy or precision checked with 

the aid of these simple one-dimensional equations.

Perhaps the equation most widely used to analyze the effects of 

convection and dispersion in a porous media is the one-dimensional 

equation with unidirectional flow. This equation results through
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simplification of equation 7 and is presented with boundary conditions 

as given by Ogata and Banks, (1961)

9c 9c , t%92c
ï t = ' v i ; + ^

(8)

c. = cq for x = o, t> o

c - o x-*»00, t> o

c = o  x > o, t = o

These boundary conditions describe the physical situation as illustrated 

in figure 1. A slug of fluid with concentration c^ is injected into

a column at x = 0 and at time = 0. This slug of fluid is then convected

and dispersed in the longitudinal direction. The column is assumed of 

infinite extent and the solution is for the relative concentration of 

the injected fluid at any time t at location x. Ogata and Banks 

solution to this equation is given as follows :

erf c (9)

Equation 9 explains the process of dispersion in a porous media 

when the dispersion coefficient is relatively small and when one is 

interested in concentration profiles in the porous media and not at the 

exist of the column.
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Brenner, (1962) analyzed the same physical situation, however, he 

defined the boundary conditions at the inlet and outlet of the column in 

a more rigorous and specific manner. Brenner assumed the following 

boundary conditions;

D%—  = - v (c - cq) for x = D, t _> 0

—  = 0 for x = L, t > 0o A

which define flux conditions at the inlet and outlet of the column. 

Brenner’s solution is by necessity more complicated and is given for the 

relative concentration at the exit of a column of length L:

k=l (A2 +p2+P) 
where k

T = vt/L 
P = vL/4D
A^ = the positive roots (k = 1, 2, ***) taken in order of increasing 

magnitude of the equation., and where.

Tan 2A = — --  (11)A2-p2

Brenner (1962) included a tabulation of column exit concentrations for 

various Peclet numbers. The tabulation is excellent to check the 

relative concentration exiting from columns in which the flows have large 

dispersion coefficients associated with them.

(10)
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c = cI II I
W / / / / / / X

POROUS
MEDIA

x — 0

x=  L

.0

—  = CONSTANT

'0

0
x/L

Figure 1.— Longitudinal dispersion in a column.
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C. NUMERICAL SOLUTIONS

1. FINITE DIFFERENCE METHODS

Perhaps the simplest numerical technique used to solve both linear 

and nonlinear differential equations describing mass transport is the 

finite difference method. Finite difference techniques however, display 

numerical difficulties when applied to these particular types of equa­

tions. These problems can perhaps best be explained in the context of 

the one-dimensional differential equation as illustrated by Keller

typical finite difference form to this equation, when variables are 

centered in space, can be written as follows :

(1967):

+ 2b(x,t)~ - c(x,t)u + d (x, t ) (12)

u.3
n+1 nu.3 :) » (-;« - v ? )

Ate. u . 3 3 (13)

where
n+ Gu 3

6 = 0 explicit

0 = 1/2 Crank-Nicolson

G= 1 .

X = At/(Ax)2
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These typical finite difference forms result in the following 

system of linear equations

aj v i + Bjuj+1 + Yj v i = sj (14)

that are solved using either iterative or direct matrix techniques.

As with most finite difference equations stable solutions occur only 

with the proper choice of time and space increment sizes.

The following conditions are sufficient to provide stable 

nonoscillatory solutions to equation 13.

1 +0Atc(x,t) > 0 (a)

a(x, t)rAx|b(x,t) | ^0 (b) (15)

l-(l-G) [2Xa(x, t)+Atc(x,t) ] >; 0 (c)

Condition 15a is usually not a problem as values of concentration are 

normally positive. Condition 15b results in numerical oscillation if 

not met and although damped, it may be so large in magnitude to preclude 

adequate numerical values. For fixed values of a and b, condition 15b 

requires a small value of the space increment. Condition 15c is met for 

all fully implicit methods. One must also note that these are "suf­

ficient" and not necessary conditions for stability and in many cases 

when G is equal to 1/2 stable solutions result even if condition 15c is 

not satisfied.
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The conditions where finite-difference solutions can be used to 

solve the differential equations defining mass transport through porous 

media have been identified. However, the technique that gives stable 

solutions may result in an additional error caused by the manner in 

differencing the time and space derivatives. This error is termed a 

numerical diffusion as its form is identical to the second order dif­

fusion term in the equation. For the one-dimensional equation describ­

ing convection-dispersion, Lantz (1970a, 1970b) calculated the magnitude 

of this numerical diffusion term for various types of spatial and time 

increments. Table 1 summarizes the results of Lantz's study. Some 

authors (for example Harlow and Amsden, 1970) reason that the total 

diffusion term in the equation, both real and numerical, must be posi­

tive. Table 1 then indicates that when spatial properties are dif­

ferenced centrally and time is differenced explicitly, the dispersion 

coefficient in the equation must be larger than the numerical diffusion 

term or a negative result appears and unstable solutions result. Table 

1 also shows that a spatial central difference and a time Crank-Nicolson 

difference gives no numerical diffusion error. However, this does not 

rectify the stability condition given in 15b where the choice of a large 

spacial increment may cause oscillation in the computed concentration 

profile. It appears that for all cases small space increments are 

necessary for adequate solutions of equations with small dispersion 

coefficients. This does not normally present a problem for one­

dimensional equations, however, multidimensional equations result in
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large numbers of nodes which produce matrices too large to be solved 

efficiently with present day computers.

Table 1.— Numerical diffusion errors caused by various space and time 

differencing of the convective term in the 1-D mass 

transport equation.

Difference form Error (second order) X

Spacial Time

CD*

CD

BD* Explicit, 6=0

BD

Explicit

Implicit, 9=1

Implicit

(vAx-v2At)/2 

v2At/2 

(vAx+v2At)/2 

v2At/2

BD C-N*,9=1/2 vAx/ 2

CD C-N 0

*BD = Backward difference 

*CD = Central difference 

*C-N = Crank-Nicolson
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Peaceman and Rachford, (1962) presented a finite-difference scheme 

to solve the two-dimensional transport equation. They illustrated the 

oscillation problem, caused by small dispersion coefficients, for the 

one-dimensional case and presented a "transfer of overshoot or under­

shoot" correction technique. Shamir and Harleman, (1967) studied a 

steady state flow situations and solved the mass transport equation in 

terms of streamlines and velocity potentials. Since the velocity is 

parallel to the streamline one-dimensional flow could be assumed and 

dispersion tensor cross product terms omitted. Unfortunately both of 

these approaches have restrictions. The "transfer of overshoot" method 

of Peaceman and Rachford is not rigorous and the use of streamlines 

assumes steady state flow conditions and unrealistic one-dimensional 

flow.

2. METHOD OF CHARACTERISTICS (PARTICLE TRACKING)

Gardner and others, (1964) used a method of characteristics (MOC) 

to solve the mass transport equation. They essentially modified the MOC 

method to include a point tracking technique by which particles were 

given various concentrations and allowed to move with the velocity of 

water to new points for various time increments. Concentrations were 

averaged over the various grid domains and the dispersion process 

calculated by an explicit finite difference method. Reddell and Sunada

(1970) and Bredehoeft and Finder (1973) expanded the one-dimensional
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case of Garner’s to two-dimensions. Finder and Cooper (1970) as well as 

Reddell and Sunada utilized the characteristics method to include 

density dependence and solved a salt water encroachment problem.

The method and the computer program as developed by Bredehoeft and 

Finder has been extensively used within the U.S. Geological Survey to 

solve field problems involving contamination. Several such studies are 

as follows : In Georgia, Bredehoeft and Finder (1973) investigated a

contamination problem where saline water upwelled into a fresh water 

aquifer, and computed the effects of discharge or barrier wells to 

limit this concentration spread. Hughes and Robson (1973) investigated 

contamination from sewage lagoons and industrial cleaning areas and 

.^predicted the results of various ground-water quality containment 

practices. Konikow and Bredehoeft (1974) investigated the effects of 

irrigation and return flow on water quality in the ground-water system 

and in the adjacent river. Perhaps the best documented use of the 

method of characteristics has been the application of Robertson and 

Barraclough (1973) at the National Reactor Testing Station in Idaho 

Falls, Idaho. They modeled the movement of injected pollutants into a 

basaltic aquifer and determined the concentration profile for a period 

of 20 years. Robinson (1974) modified the mass transport equations to 

include the chemical reaction terms that accounted for ion exchange and 

radioactive decay.

These studies demonstrated the worth of the method of character­

istics for modeling two-dimensional mass transport, but they also showed
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it to be cumbersome, expensive and lacking in mathematical rigor.

The method of characteristics is perhaps the best technique for hyper­

bolic equations. The ability to set the dispersion coefficient equal to 

zero and to model pure convective flow is a distinct advantage for this 

method. Most processes do involve nonideal flow, characterized by the 

hydrodynamic dispersion, and simpler numerical techniques should be 

considered.

Finite element methods

Finite element methods involve integration of some function per­

taining to the differential equation over some prescribed element or 

area. Integration methods, relationship between function and differen- 

;-tial equation, and definition of the element over which integration 

proceeds, all serve to characterize different methods. Most textbooks 

separate the finite element technique into variational techniques and 

weighted residual techniques. The variational technique will be dis­

cussed first.

A. VARIATIONAL TECHNIQUES

The use of variational calculus to solve partial differential 

equation that describe transport processes has recently received wide­

spread attention (Forray, 1968 and Schechter, 1967). The coupling of 

finite elements and variational calculus has lead to a numerical tech­

nique that has great promise when the variational calculus principles
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apply. The flow equation (3), has been programmed and solved for some 

time using this method. Remson, Hornberger and Molz’s text (1971) on 

numerical procedures for this type of aquifer equations discusses at 

some length the techniques and previous work done in this field.

Guymon, et al, 1970) perhaps first solved the multidimensional 

convection-diffusion equations using finite-element variational methods. 

Guyman*s work was expanded by Nalluswami (1971) who improved the numeri­

cal techniques, and took into account the tensoral properties of the 

dispersion coefficient. A recent paper by Smith, Farroday and 0*Conner, 

(1973) compares the variational finite-element technique with the soon 

to be discussed Galerkin, finite-element technique. The overall con- 

census of this paper was, unless a definite variational principal exists 

so that the solution procedures would be identical, the Galerkin, finite- 

element technique was superior in its efficiency and accuracy in solving 

the mass transport equation. All variational technique solutions of the 

mass transport equation were for analytical cases with no application 

made to the solution of field problems.

B. WEIGHTED RESIDUAL TECHNIQUES

Weighted residual techniques are defined by the method used to 

weight the residual formed by an approximation to the partial differen­

tial equation and the method used to calculate the coefficients used in 

the approximation. Although there are several weighted residual methods, 

Finlayson and Scriven (1965) found the Galerkin method best for mass
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transport equations. The mathematics associated with the finite element 

use of the Galerkin weighted residual method will be developed in some 

detail in the following section. Price, Cavendish and Varga, (1968) 

first showed the superiority of the Galerkin, finite-element method over 

the standard finite difference method to solve the one-dimensional mass 

transport equation. Cavendish, Price and Varga, (1969) utilized this 

technique to solve nonlinear and multidimensional flow equations. They 

concluded that for linear equations this method was superior to standard 

finite-difference methods.

Pinder (1973) used a Galerkin, finite-element technique with the 

use of isoparametric quadralateral elements to solve a ground-water 

contamination problem on Long Island, New York. In this case, elements 

could take on a variety of configurations and by a mapping procedure be 

reduced to rectangles. The resulting set of linear equations were 

solved by a direct matrix technique. This application did not include 

the introduction of point sources or sinks (as wells) and was conserv­

ative in that chemical reactions involving the solute were absent. This 

technique requires the choice of specific approximating functions some­

what limiting its applicability. The subject of this thesis specifi­

cally arranges the nodes in a rectangular form comparable with finite 

difference techniques. The numerical solution also allows the user to 

choose a variety of approximating functions, and in this aspect gives 

more generality to the method.
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III. THE MASS TRANSPORT EQUATION

The equations that will be used to define the concentrations of 

induced chemical species were presented in chapter II. These equations 

3, 5, 7, are the flow equation, Darcy's Law and the transport equation 

respectively. As mentioned previously the transport equation consists 

of four main terms on the righthand side that account for all changes of 

concentration. These are the velocity or convective flux, the dis­

persive flux, physical sink/source terms and chemical reaction terms. 

These terms and the parameters that make them up will now be discussed 

in more detail.

A. CONVECTIVE AND DISPERSIVE FLUXES

The convective flux is defined as that mass transport caused by the 

velocity field. The divergence in this field (the velocity derivatives) 

is zero in the absence of sink or source terms and is accounted for in 

the mass transport sink terms when present. The velocities are derived 

from the potential (flow) equation using Darcy’s law. The dispersive 

flux term is a tensorial quantity and as such deserves more explanation. 

Scheidegger (1961) and Bear (1972) point out that the dispersion tensor 

should have 81 components for a three dimensional case, but are able 

through the use of symmetry to reduce this number to 32 individual 

components. They are able, for an isotropic media, to reduce the number 

of components of the tensor to nine for a three dimensional case and 

four for the two dimensional case.
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The general form of the dispersion tensor is given by Scheidegger 

(1961) as

Z  aijklVi Y |v|
i=l j=l

for k = 1,2 
1 =  1,2

(16)

where 1 = x 

2 = y

and

aijkl = aL6ij<5kl + 2 (6ikôjm + <Sim6jk(' ) (17)

where 5 = dirac delta function = 1 . i=j
= 0 , ifj

= longitudinal dispersivity, L 

= transverse dispersivity, L

The four dispersion coefficients of two-dimensional flow can now 

be written as

Dxx = “LVx2/IV I + atVy2/ lV l
D =- aLv /|V| + atvx /|V2 ,, „, . 2

yy y

Dxv = DVX  " <“L-aT)vx V I V l

where IV| = + v ^

(18)

ARTHUR LAKES LIBRARY
COLORADO SCHOOL of MINES 

GOLDEN, COLORADO 80401
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B. SINKS AND SOURCES

In the mass transport equation there are a variety of sink and 

source terms that must be considered when solving the equation. The 

most obvious are be inputs or outputs in the system caused by wells 

or leakage through the aquifer. Chemical reactions are another 

means to increase or decrease the concentrations of solute species. 

After discussing point sources two of the most frequently occuring 

reactions will be discussed in detail.

Concentration changes caused by the convective flow of solutes in 

or out of an aquifer can occur through wells or areas normal to the flow 

field. They may be treated identically or by different techniques 

depending on the analysis choice of mathematics. The term representing 

such effects in equation 7 is

where c. is the concentration of the fluid recharging or discharging iw
from the system through the well. This term drops out for a pumping 

well and for a recharging well the effect caused by the term is the 

difference between injection and input concentrations. The dirac delta 

function assures values for the term only at nodal points where wells 

are present.

1. POINT AND DISTRIBUTED TERMS

r
(19)
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2. CHEMICAL REACTIONS

Two principal chemical reactions that often occur in contamination 

problems are equilibrium-controlled ion exchange reactions with a linear 

adsorbtion isotherm and irreversible first order rate reactions. The 

mathematics that describe these reactions are linear and thus allow the 

use of simpler numerical solution techniques. The addition of linear 

terms to a differential equation, in most cases, requires no additional 

mathematical analysis. The use, for example, of a zero order reaction 

would cause no problem in analytical or numerical analysis,

a. Ion exchange

A typical such exchange reaction might be as follows (Bolt, 1967, 

Heif ferich, 1962)

where 1 and 2 are chemical exchanging species 

with a and b valences respectively.

The adsorbed species is given as c and the dissolved species as c. 

The use of a selectivity coefficient may be used to relate the con­

centration of products and reactants at equilibrium:

b Cl + a c2 - a c^ + b c^ (20)

K = <c2)a(cl)b (21)
S (c1 )b (c2)a

where Kg is the ion exchange selectivity coefficient.
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Equation 21, when incorporated into the mass transport equation, 

results in nonlinear terms because of the introduction of more than one 

dependent variable (chemical species) into the equation. One particular 

situation that often occurs results in a simplified equation, and is 

described as follows: when the exchanging ion is very low in con­

centration relative to the other ions, then exchange process will not 

materially effect the concentration of this ion, either in solution or 

adsorbed on the matrix. The adsorbed phase of the major ion is then 

nearly equal to the cation exchange capacity (CEC), and the solution 

phase of the major ion equal to the total concentration (C^). Equation 

21 can then be rewritten as,

k - s (CEC)(c2)a
(22)

or
K (CEC)b 1/a

(23)

where = ion exchange distribution coefficient.

Equation 23 postulates a linear relationship between the adsorbed 

species and the solute species where the slope of the equilibrium ion 

exchange isotherm is the distribution coefficient. Equation 23 thus 

provides the relationship between the adsorbed species and dissolve 

species necessary to solve the mass transport equation.
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b. Rate reactions

The subsurface disposal of radioactive products is an example where 

a first order irreversible rate reaction occurs. This reaction is the 

radioactive decay of the species, adsorbed or in solution. The rate 

constant can be derived in the following manner. The disappearance 

of a species by a first order irreversible reaction is given by the 

equation

- 1where k is the rate constant, T . This equation can be integrated 

with integration limits chosen as the time necessary for the initial 

concentration to decrease by half

V 2 V

i . - j
0

dt (25)

where c = initial concentration, ML ^ o
t^ = half life of species, T 

The equation is integrated and solved for k to obtain

A = k = (26)
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This is one of the few cases where a rate constant can be obtained 

without experimentation.

The chemical reactions terms can now be incorporated into the mass 

transport equation in the following manner: Assume the transport of a

chemical species is disappearing by a first order irreversible rate 

reaction and is being exchanged reversibly by an equilibrium controlled 

process in which the exchange isotherm is linear. The equation describ­

ing this reaction in one dimension is

c = dissolved concentration 

c = adsorbed species concentration 

Equation 23 gives the relationship between c and c and upon differenti­

ation and substituting into equation 27 gives

(27)

where = bulk density of the solid matrix, ML-3

(28)

The retardation factor is defined as

Rf = 1 + Kdpb/e (29)
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Equation 28 is divided by this retardation factor and the dispersion 

coefficient written proportional to a dispersivity term to obtain

t  = f  ë - kc (30)v f

The retardation factor thus retards the flow of the solute species 

creating an average ion velocity term in the equation. This reduced 

velocity is in many cases, the safety factor which prevents excessive 

movement of possibly harmful pollutants.

IV DEVELOPMENT OF THE GALERKIN FINITE ELEMENT TECHNIQUE

The Galerkin technique is one of the weighted residual methods 

discussed in its classical form by numerous authors (Crandall, 1956, 

Snyder, et. al., 1964, Finalyson, 1969 and 1972). It has shown to be 

the most efficient of these methods by Finalyson and Scriven (1965) for 

the solution of mass transport equations. The Galerkin method is an 

old numerical technique, classically used to solve nonlinear differential 

equations not ameanable to analytical techniques. Recent advance in 

computing techniques popularized this particular weighted residual 

method by coupling it with the finite-element technique (See literature 

review section). The theoretical development of the technique by 

Douglas and Dupont (1970) lends strong basis to the use of this 

particular technique for the solution of mass transport equations.
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A. Theory

The principle of the Galerkin finite element method is to first

choose a set of functions discretized in space but continuous in time to

approximate the solution of the differential equation. This set of 

approximating functions contains time dependent coefficients and basis 

functions that are real valued and piecewise continuously differentiable 

over the interval of interest. If L[c(t,x,y,z)] is the differential 

operator this series approximation is written as

Since a finite number of coefficients must be evaluated, an approxi­

mation to the true solution results. This approximation is written
n

where c^ = approximation to the solution for n terms. The closeness of

criteria; 1 . care in chosing proper basis functions ; 2 . the number of 

terms n, in the series and 3. the method used to evaluate the co­

efficients c^. It is this third criteria, that of choosing the best

(31)

i=l

where ĉ  = solution to the differential equation L[c]=0

c^ = coefficient in the approximating function 

v^ = basis functions.

(32)

this approximation, c^, to the real solution, c , depends upon three
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method to evaluate these unknown coefficients, that separates the 

Galerkin method from the other weighted residual methods. Weighted 

residual methods use the concept of a residual, R, in their development. 

This residual is equal to the specific differential equation L[c] and is 

formed by substituting into the differential equation the previously 

mentioned series approximation for the dependent variable thus

where L = the differential operator 

R = the residual

The residual vanishes, or is identically equal to zero for a true 

solution to the equation. In general the ideal approximation will not 

be made, and the residual will not be equal to zero. Galerkin’s contri­

bution to the weighted residual methods is how to weight the residual in 

an optimum manner allowing the approximation to be accurate. Galerkin 

chose this weighting function identical to the approximating functions 

(basis functions) used in the oroginal approximation and set this 

weighted average equal to zero. The weighted average of the residual 

can be defined and set equal to zero as follows

(33)n
L

I Rv (x,y,z)dV 
dv = 0 (34)

1 v, (x,y, z)dV 
dv K

where vk = weighting function

R = residual
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Equation 33 and 34 can be combined to give

v (x,y,z)dV = 0 for (35)
k = 1 ,2 ...,n

When the series approximation, equation 32, is substituted into the 

differential equation L[c]=0 , the approximation may have to be dif­

ferentiated several times as the equation warrents. The differential 

equation may contain second order derivatives and unless the basis 

functions can be differentiated twice, a trivial solution occurs. This 

problem can be rectified by integrating all second derivatives by parts. 

Simple integration by parts is defined for the variables u and v as

b b b

^ udv = uv | - ^ vdu (36)
a a a

This technique can be applied to multiple integrals as well.

After integration of equation 35, a set of n linear differential 

equations with the follow form results:

dci
M  + [B] c± + [X] = 0 (37)

where a » $ and A are coefficient matrices resulting from the Galerkin 
dciintegration and ■ and c^ are column vectors representing the unknown 

coefficients. This set of differential equations is then differences 

with respect to time and the resulting set of linear algebraic equations 

solved by appropriate techniques, some of which will be discussed later.

I1dV

n
ci (t)vi(x,y,z)

i=l
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B. BASIS FUNCTIONS 

Basis functions are usually chosen so that they have analytical 

properties that conform to the equation, boundary conditions or result 

in simplified equations for ease of computation during the analysis 

process. The basis functions are usually defined over a limited number 

of finite elements. That is they have values at element edges or 

intersections (nodes) of 0 or 1 thus ameanable to calculation. They are 

also usually easily integrated by some numerical or analytical tech­

nique. Simple polynomials are good choices. Two common sets of basis 

functions are linear and cubic polynomials.

A linear set of functions for one dimension is described over the

preselected intervals as follows (Price, et. al., 1968 and Doherty,
/

1972).
(x-(i-l)h)/h ; (i-l)h < x <ih

w\(x) =<
for

^((i+l)h-x)/h ; ih x £. (i+Dh

These particular basis functions form roof or shingle type straight-line 

segements over the interval of interest. They are hence given the name 

linear or chapeau basis functions. Figure 2 shows these basis functions 

over one-dimensional elements of length h. At the node points, each 

basis function has a value of one and all other basis functions have a 

value of zero. Each basis function is overlain by the two adjacent 

basis functions. Integration for a node point i is thus required only 

over the area of three basis functions, thus, eliminating integration 

over the entire interval.
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Figure 2.— Plot of Chapeau basis functions with grid spacing h.
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The use of linear functions in one-dimensional problems results in 

a set of linear equations with three unknowns in each equation. The 

matrix associated with these equations is tridiagonal and therefore 

simple computional methods can be used for solution. The method is 

second order accurate-with respect to space, as are space centered 

finite-difference equations, but has been shown (Price, et. al., 1968) 

to offer advantages in the prevention of solution oscillations not 

afforded by finite-difference techniques. Oscillations do occur, 

however, as element intervals become larger. The use of linear functions 

does not allow the user to obtain derivatives of the final solution at 

the node points, since the basis functions are discontinuous at the 

nodes.

Another basis function commonly used is the hermite cubic function.

It is composed of two cubic polynomials that offer several advantages

not available with the linear function. This particular set of functions

is also defined over two elements (for one-dimensional problems), or

three nodes but has the property that each set is continuous over the

center nodes, thus allowing first derivatives to be computed. One set

has a value of zero at each end point and one at the center. Slopes are

zero at each node point. The second set has values of zero at each

node, slopes of zero at each end point and a slope of unity at the

center node point. These sets of functions are described over the

preselected intervals as follows (Price, et. al. 1968 and Doherty,
1972).
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(-2x + ( 1  + 2i)h)(x-(l-l)h)2 /h3 ; (i-l)h <. x <_ ih

(2x + (l-2i)h)(x-(i+l)h)2/h3 ; ih<_ x <_ (i+l)h
(39)

(x-ih)(x-(i-l)h)2 /h2 

(x-ih)(x-(i+l)h)2 /h2

; (i-l)h < x <_ ih

; ih < x <_ (i+l)h

Figure 3 shows these basis functions over elements of length h.

For a one-dimensional problem each basis function is overlain with 

five adjacent basis functions plus itself. There are six unknown at 

each central nodal point. For one.and multi-dimensional problems a 

price is paid in computational efficiency for the advantage of differenti­

ability at node points and fourth order accuracy. Solution techniques 

to methods utilizing band-solve techniques, sparce matrix techniques or 

iterative methods.

Inspection of figures 2 and 3 and of equation 32 shows that the 

solution at a particular node involves the sum of basis functions times 

the time-dependent coefficient c at that node. This means that the 

solution at that particular point is equal to the value of the time- 

dependent coefficient. The Galerkin, finite-element method does 

however, provide, through equation 32, solutions at any point. Finite- 

dif ference • methods provide .solutions only at nodes and solutions are 

obtained elsewhere by interpolation.

Figures 2 and 3 present basis functions for the one-dimensional 

case. When more than one dimension is required a product of basis
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functions results. The basis function v.(x,y) for two dimensions can be

written as a product of the functions w.(x) and w.(y). The function v,1 3  K.

(x,y) can likewise be written w^(x) w^(y). The Galerkin formulation for 

the solution of an equation in two dimensions would then be written

n m

E E .
i=l j=l

1 3 (y) w^(x)w^(y) dxdy -- 0

for k = 1 ,2 ,...,n 
£ = 1 ,2 ,. .. ,m (40)

This produces n x m equations with n x m unknowns ; however 

no new mathematical procedures are required for solution. For linear 

basis functions nine unknowns are in each equation or row of the matrix 

and for the cubic functions 36 unknowns appear.

C. INTEGRAL EVALUATION

The solution of equation 35 requires that numerous integrals be 

evaluated. These integrals may be composed of simple polynomials and in 

many cases can be evaluated analytically. However, the method is not 

limited to the use of simple polynomials, such as the linear functions, 

but can use more complicated functions such as cubics and quintics. 

Multidimensional equations that result in products of several basis 

functions should also be considered. Such integrations are certainly
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Figure 3.— Plot of cubic basis functions with grid spacing h.
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more tedious and some cases more difficult. In this case, it is 

necessary to resort to numerical integration of the resulting integrals. 

When chapeau basis functions were used for the one dimensional problems 

integration was done explicitly. Gaussian quadrature was used for one­

dimensional problems with cubic basis functions and for all two- 

dimensional problems. Gaussian quadrature gives exact integrations 

for polynomials of degree 2n - 1 when at least n gauss points are used, 

however satisfactory results can be obtained using less gauss points.

As illustrated (IBM, p. 299) Gaussian quadrature formulas can be

used to integrate functions in the following manner : To integrate
b

y = ^ f(x) dx 
a

'Let t = ^ ( a + b l
b—a

, b-a b+awhere x = — • t H  —

then after suitable algebraic manipulation

where coefficients and nodes t^ are given both by the previous 

reference and in more detail by Krylov (1962). For n equals 3 a poly­

nomial of degree 5 can be integrated exactly. For an integration



T-1798 42

interval of 0 to 1 the gauss points are located at 0.113, 0.500 and

0.887.

For two dimensional problems, integration is performed over an 

area. Procedures for integrating multiple integrals are discussed by 

Zienkiewiez (1971, p. 148). Integral products of polynomials of degree 

(2n-l) and 2m-l) require n x m gauss points for exact integration over the 

required region. Gauss point locations for n = 3 and m = 3 over a (0,1)

X (0,1) grid would have 9 locations with respective x and y coordinates 

of 0.113, 0.5 and 0.887. Position dependent variables within the dif­

ferential equation may be evaluated at these gauss points during the 

integration procedure. In most cases these variables are assumed con­

stant within the element and evaluated at its center.

Two dimensional problems with cubic functions result in a sixth 

degree polynomial when no space derivatives appear. A three point 

quadrature formula is usually accurate enough for this term and all 

other terms within the equation with space derivatives are integrated 

exactly. This formula also results in nine points for a two- 

dimensional element which is convenient when space dependent variables 

are important.

D. EQUATION SOLUTION METHODS

It is necessary to select a method to solve the set of linear 

differential equations illustrated by equation 37. This involves two 

distinct steps. The first is to approximate the time derivative.
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This is usually done using finite-difference techniques. The second is 

to solve the set of algebraic equations resulting from the particular 

type of differencing selected. These two steps will be discussed 

separately.

1. TIME DERIVATIVE APPROXIMATIONS.

Rewrite the matrix equation as 
dci[a] + [g] = [a] (43)

and, as illustrated by equation (13), finite-difference the time 

derivative in the following manner

[a] Z + l - Z )  + [g]AtZ+G -.[a)At

where -  n+6 = e ^"+1 + (1_e)^n
1 1  1

The value given to theta depends upon the technique used to increment 

the time value in the equation. When theta is equal to zero an ex­

plicit equation results and when theta is equal to 1/2 an equation 

centered in time results, (sometimes called a Crank-Nichelson equation) 

Finally when theta is equal to one, a fully implicit solution results. 

The most accurate method of time differencing is the Crank-Nichelson 

approach when theta is equal to 1/2. The more stable method of 

finite differencing is when theta is equal to one and the method is 

fully implicit. Although theta can be chosen anywhere between and in­

cluding zero and one, the usual technique is to choose one of the three, 

In this analysis theta was chosen equal to 1/2.
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An alternate way to write the set of algebraic equations resulting 

from finite differencing with respect to time would be the use of the 

"residual" in time method (not to be confused with the use of the 

residual for the weighted residual methods). Here the difference 

(residual) in coefficients between time levels at the new and old time 

level is calculated. This residual in time is defined as

difference between the coefficient values at the initial and later time 

values are small. This technique was not necessary for the problems 

examined and therefore was not used.

A set of algebraic linear equations has now been generated that

2. MATRIX SOLUTION TECHNIQUES

Large systems of linear algebraic equations are normally produced 

by both finite difference and finite element methods. When five point 

finite difference schemes are used for two dimensional problems, the re­

sulting system of equations can be solved by convenient iterative 

methods. Multidimensional finite element programs do not produce simple 

matricies ameanable to such treatment and thus more involved solution 

methods must be used. Two general methods are available; direct methods

—  n 
C i (45)

n+ 1
By use of this equation c is removed from the set of equations and

6c^ is solved for. This technique allows the user more accuracy if the

must be solved for the time dependent coefficients.
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that use a specific number of computational steps and iterative methods 

that converge to the answer as the number of computational steps in­

creases. Direct and iterative method solution technique efficiencies 

and accuracies are improved through scaling. The associated matrix was 

scaled by first dividing each row element by the square root of the 

diagonal element in it's row. Then each column element was divided by 

the square root of the diagonal element whose row number corresponded to 

the column number. This results in a matrix diagonal of all ones. The 

right hand target vector was divided by the square root of the correspond­

ing diagonal element. After computation the computed value was then 

rescaled in the same manner as the right hand target vector yielding the 

..answer.. For steady-state conditions, scaling of the associated matrix 

must only be done once but the right hand side vector changes with each 

time increment and is rescaled each time.

Iteration techniques store only those portions of the matrix with 

values. Remson, et. al., 1971, Smith, 1965 and Carnahan, 1969 give in 

detail iteration methods that solve solutions of systems of linear 

equations. A study of iteration methods brings out some interesting 

facets. One is that the conditions sufficient and sometimes necessary 

for convergence of iteration techniques are not always present for 

matrices developed through Galerkin, finite-element methods. This is 

not necessarily the case for the simpler one dimensional equation, 

but for the more complicated two-dimensional situation the matrix may 

be quite ill conditioned.
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The one dimensional problems using cubic basis functions were able 

to be solved using successive over relaxation (SOR) as was the two 

dimensional equations using linear basis functions. However the matrix 

generated by the use of cubic basis functions for two dimensions was so 

poorly conditioned that the more traditional iterative methods did not 

suffice. The author was fortunate to obtain the results of a then 

unpublished PhD thesis in numerical analysis from the University of 

Illinois Mathematics Department (Manteuffel, pers. comm.) that was able 

to efficiently solve these sets of equations. The thesis has since been 

published (Manteuffel, 1975) and the interested reader is refered to 

the original reference for a complete discussion.

Direct methods, in general, are less susceptible to convergence 

problems caused by ill-defined matrices than are-, iteration methods.

The problems with these methods are that they may be long and tedious 

and sometimes require great storage arrays to produce adequate solutions. 

Typical examples of these methods would be matrix inversion and gaussian 

elimination.

There are instances, however, when sparse matrices lend themselves 

to certain techniques of matrix evaluation. This is when the matrix is 

composed of bands of elements leading down and adjacent to the diagonal. 

It is sometimes possible when this occurs to use specific linear equation 

solution techniques that only use storage of, and computation on, these 

bands of equations. Gaussian elimination is then performed on this 

reconstructed matrix. The Thomas algorithm for a tridiagonal matrix as
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obtained for a one-dimensional problem is an example of this solution 

technique.

The two dimensional system produced by the cubic basis functions 

was solved for small sets of equations using an IBM band solve routine 

DGELB. Manipulation of the associated matrix to conform to the banded 

structure while preserving low storage was somewhat difficult. The 

associated matrix and right hand side vector were scaled by dividing 

each row by its largest absolute value. Columnwise scaling was un­

necessary due to pivoting during the gaussian elimination solution 

procedure. Large systems of equations produced wide bandwidths and 

excessive storage requirements. Therefore this technique was used 

small çr moderate sized programs.

V. APPLICATION OF THE GALERKIN FINITE ELEMENT METHOD TO THE SOLUTION

OF MASS TRANSPORT EQUATIONS

In this section, solution procedures for the mass transport equation 

will be constructed. Analytical solutions for one of the simpler cases 

will be compared with the solutions obtained from the Galerkin finite 

element technique. For more complex multi-dimensional problems the 

finite-element method will be compared with finite difference solutions.

Solution of the mass transport equation involving both hyperbolic and 

parabolic problems will now be discussed in detail. Included will be 

solution techniques for both one- and two-dimensional mass transport 

equations with and without chemical reactions.
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A. ONE DIMENSIONAL SOLUTIONS

An example of a finite-element solution to a one-dimensional mass 

transport equation is given by solving the one dimensional diffusion 

convection equation without chemical reactions.

The x dimension is first divided into n-1 finite elements and n nodes. 

Basis functions are then defined at n nodes that are real valued and 

piecewise continuously differentiable over the interval of interest. 

The residual is formed by substituting this approximation into the 

differential equation for the dependent variable c. Galerkin’s tech­

nique is applied to the residual by multiplying it by the weighting 

functions and integrating it over the interval of interest. The 

following sets of n integral equations with unknowns c(t) and c’(t) 

results.
I. n I. n

(46)

c . (t)w! (x)w. (x)dx
o i=l o i=l

L n (47)

ci(t)w” (x)w^(y)dx = 0 for k = 1 ,2 ,...,n
o i=l

where

superscript prime (i) indicates differentiation and w^ and w^ 

denote the approximating and weighting functions respectively.
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For every weighting function or value of k there exists a linear 

differential equation. Equation 47 thus represents a set of n linear 

differential equations.

The equations that best define the conditions at the boundaries are 

the flux conditions given by Brenner (1962)

In some situations the boundary conditions are irrelevant such as solid 

boundaries where the flow is parallel and the normal velocity component 

zero. Another example is the commonly encountered boundary condition 

where the flow never reaches the boundary.

When it is important to exactly specify boundary conditions, basis 

functions and their respective time dependent coefficients are chosen to 

take on the required characteristics at the boundaries. If for equation 

46, boundary conditions are those given by Brenner, basis functions that 

provide proper solutions at the boundaries must be adaptable to these 

boundary equations. Substitution of the approximation for the dependent 

variable into these boundary equations results in the following:

for x = 0 , t 2  0
(48)

for x = L, t 21 0

for x = 0 (48a)

n and

for x = L (48b)
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Equation 48b requires that the basis functions at x = L have a 

slope equal to zero. Cubic functions automatically have this property, 

however linear functions do not. The n-1 and n linear basis functions 

are therefore modified to give them this property. They are redefined

in the following manner

(x-(n-2 )h)/h 

(nh-x)^/h2

w^(x) = ((x-nh)2-h2 )/h2

; (n-2 )h < x < (n-l)h

; (n-l)h ̂  x nh = 1

; (n-l)h < x < mh = 1

(49)

The defining equation 46 contains second order derivatives. Unless 

the basis functions can be differentiated twice, a trivial solution 

results. This problem is rectified by integrating all second deri­

vatives by parts.

Such integration performed on the last term in equation 47 

results in the following:
L n

-D ^ (t)w_" (x)w^(x) dx = -
o 1=1

n
D Z  fci (t)w‘(x)wk (x) 
1=1

-D
(50)

o ci(t)w^(x)w’(x)dx
i=l

for k = 1 ,2 ,...,n
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After integration by parts the integrand is evaluated at the limits zero

and L . Combining 47, 48, and 50 the following equation is obtained. 
L n L n
^ y ^ c! (t)wi (x)wk (x)dx + C v ^  ̂  ci(t)wî^(x)wk (x)dx 
o i=l o i=l

+

L (51)

1 ^ ( 1 ) - ^  |wk (o) + ^ D ^  (t)wj(x)w^(x)dx = 0
o i— 1 , nfor k = 1 ,2 ,...,n

The next step is to substitute the basis functions into equation 51 and

integrate. This results in a set of linear differential equations.

The coefficient matrix that results from the analytical integration

of the simple one-dimensional example using linear basis functions is 
given below.

1/3 1/6

1/6 1/3 1/6
1/6 1/3 1/6

1/6 8/15 2/15

2/15 8/15

dc^/dt
dc^/dt

.
dCg/dt

I
I

dc ' >/dt n- 1
dc /dt_ n J

+

(52)

(1+a) - (1-a) c. VC1 o
- (l+cx) 2 -(1-a) C 2 0

-(1+a) 2 - (1-a) C3 0
il

• = I
l

- (1+a) 7/3 -(4/3 - a) c - 0n- 1
-(4/3+a)(4/3+a) c„ n _

0

where a =? 2D
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A FINITE DIFFERENCE 

O CHAPEAU BASIS FUNCTIONS
.2 CUBIC BASIS FUNCTIONS

1.1 ANALYTICAL SOLUTION

1.0

.9

Ax = 0.02.8
=  0.002

7

.6
=  0.001.5

.4

.3

.2

1

0

.1
.6 .7 .8 .9.2 3 4 .510

FRACTIONAL DISTANCE x /L

Figure 4,— Comparison of finite difference and finite element 
solutions to the convective-diffusion equation for 
a.Peclet number of .001 and a displaced pore volume 
of 0.5.



RE
LA

TI
VE

 
C

O
N

C
EN

TR
AT

IO
N

 
c/

c0

T-1798 53

^  FINITE DIFFERENCE

CHAPEAU BASIS FUNCTIONS1.2

CUBIC BASIS FUNCTIONS
1.1

ANALYTICAL SOLUTION
1.0

.9

.8
A x 0.02

.7 0.002

.6

.5
0.0001

.4

.3

.2

.1

0

.1

FRACTIONAL DISTANCE x/L

Figure 5.— Comparison of finite difference and finite element 
solutions to the convective-diffusion equation for 
a Peclet number of .0001 and a displaced pore volume 
of 0.5.
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This set of equations is solved using the Crank-Nicholson time 

incrementization. The differential equation describing one-dimensional 

flow through porous medium is difficult to solve numerically for low 

values of the dispersion coefficient. Figures 4 and 5 present numerical 

and analytical solutions respectively, of equation 46 for Peclet (D/vL) 

numbers of 0.001 and 0.0001. This equation was solved using the Galerkin 

finite-element method with both linear and cubic basis functions for 

time steps of 0.002 and a space increment of 0.1. The column length 

and fluid velocity were both 1.0. A space and time centered finite- 

difference technique was used to solve this equation. Severe oscil­

lations of the finite-difference solution results for both Peclet numbers. 

These results demonstrate that sharp fronts, i.e. those with low dis­

persion coefficients, are difficult to model with standard, finite- 

difference methods. Note, however, that for figure 4, Galerkin, finite- 

element techniques using linear and cubic functions closely match the 

analytical solution. For very low values of the dispersion coefficient 

(see figure 5) the chapeau functions produce oscillation.

B. TWO-DIMENSIONAL SOLUTIONS

The advantage of finite-element techniques becomes apparent with 

the solution of the two-dimensional, diffusion-convection equation where 

small dispersion coefficients predominate. There is basically no dif­

ference in the formation of the residual that must be minimized under 

the integral than was done with the one-dimensional transport equation.
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The general transport equation to be solved is equation 7.

As with the one-dimensional equation, second-order differentials 

appear and must be reduced to first order. As shown previously these 

terms appear in the description of the dispersion process and are

h <Dxx B +1? B + k (Dxv B + k (\x If >

This term is differentiated and the residual formed to obtain

3zc 3D
+ xx 3 c

xx 3xz ^ 3x 3x + ^yy 3y^ " 3y 3y "xy 3x3y
3zc 3D

+ TL + D 3 c

3D
+ xy 3c + D 3 c 3D

3x 3y yx 3y3x
yx 3c 
3y 3x

(53)
w^(x)w^(y)dxdy

Reduction to first order is accomplished by integration by parts. Inter- 

gration of this equation can be done in an elegant manner using vector 

calculus as illustrated generally (Wylie, 1966, p. 572) and speci­

fically (Finder et. al., 1973) for the flow equation.

Since this integration may produce terms for inclusion into the 

boundary equations a detailed integration by parts will be performed 

for the first of the integral terms :
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, 92c ,dv = - ^  dx

wk (x) ^ ( y)

therefore

, n 3wkil(x-y) , , . 3Dxx
du = Dx x  8 ^  " + " n (x’y) ^ r

v - f 32 c j 9c 
âx2 = 3x

then the first term of equation 53 becomes

i : i fy L x y xo O O I

oW.
D k£ 9c 3D

+ w. xx 3c
xx 9x 3x k£ 3x 3x dxdy

Performing this integration on all of the second ordered derivatives 

results in the following equation

ft XL.
t, 3c n Sc
xxWk£ 3x xyWk£ 3y dy +

jj DyyWM  If + Dyxwk)l If dx +
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y.L ÎL-S S
yo x0

9c 3wk£ . n 9c Ŵk£ n 9c 9wk£ 9c Ŵk£D —---    + D —  -- + D —--- :--- H Dxx 9x 9x yy 9y 3y xy 9x 9y yx 9x 9x dxdy

(54)
The series approximation for the dependent variable (concentration) for

the two dimensional, mass transport equation is given as
n m

(y)
I -LJ J- J

i=l j=l
(55)

As mentioned previously integration of two-dimensional problems is 

carried out over the element area by mathematical operations at positions 

located at gauss points within the element. When parameters were known 

to change rapidly with position, selected finite elements (in the area 

of rapid change) were subdivided into nine subelements, the centers of 

each closely corresponding to the gauss points. Position dependent 

variables were evaluated for each of these points. This procedure was 

used only for elements using cubic basis function and only for elements 

surrounding nodes that described wells. A complete subdivision of all 

finite elements in this manner was successfully accomplished but deemed 

impractical for large scale problems.

The two-dimensional form of the mass transport equation where the 

chemical reaction terms are assumed to be equilibrium controlled ion 

exchange with a first order irreversible chemical reaction is now 

written.
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n m yT x
^ ^ (t)wi (x)w_. (y)wk (x)w^ (y) + (t) (x)w^ (y)wk (x)w£ (y)

i=l j=l o o

+ v w.(x)w'(y)w (x)w„(y) + D w!(x)w (y)w’(x)wp (y) +y 1 j K. a* X X  1 J K  ^

+ Dyywi(x)w^ (y)wk (x)w^ (y) + (x)w^ (y)wk (x)w^ (y) +

+ Dy^ ( x ) w *  (y)w^(x)w^(y) - §  wi(x)w^ (y)wk (x)w£ (y) +

+ kw^(x)Wj(y)wk (x)w^(y)^| | dxdy +

n m

iJ
1 =1 j=l

(Dxxw^ (x)Wj Cy) + (x)w^ (y))wk (x)w£ (y)
*L

dy +

\ [ (Dyywi(x)wj (y) + Dyxwl (x)wj (y))wrk (x)wji(y)

Jh c Q
+ I I W wk (x)w^(y) dxdy = 0 for k = 1,2JJo o

,n (56)
i = 1 ,2 ,...,m



T-1798 59

Integration of equation 56 produces a set of n x m linear dif­

ferential equations. The integrals are evaluated using Gaussian 

numerical quadrature methods as previously discussed. Each algebraic 

equation will have as many as 9 unknowns for chapeau basis functions and 

36 unknowns for cubic basis functions depending on its type and close­

ness to the boundary. As was the case with the one-dimensional problems 

the basis functions require that the coefficient value c ^  (t) is also 

the value of the variable c^ ^(x,y,t) for linear basis functions and 

where the product of the basis functions equal one for the cubic 

functions.

The matrix differential equation that expresses equation 56 after 

integration can be written

M  dcij + [33 c = [y]
dt J

This equation is then finite differenced with respect to time in 

the Crank-Nicholson manner and the previously mentioned techniques used 

to solve the resulting matrix.

The two-dimensional, finite-element solution was compared to an 

analytical solution as was the one-dimensional case. Unidirectional 

flow in the x or y direction was imposed on the two-dimensional equation 

without sinks, sources or chemical reactions. The breakthrough curves, 

for a problem with boundary conditions similar to those used for the 

one-dimensional equation, were identical to those obtained for the one­

dimensional analytical and numerical solution.
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The finite element programs were also compared with a previously 

developed finite-difference model. The finite difference program has 

been used previously within the U.S. Geological Survey and checked 

extensively with analytical solutions to known problems, with satis­

factory results. A hypothetical waste contamination problem was used 

to demonstrate the compatibility of all three models. Two" finite 

element models, using chapeau and cubic basis functions respectively, 

were used in the simulation study.

The physical system is schematically represented as figure 6 . An 

injection well introduced a conservative solute into an areal flow 

field directed southward and a pumping well intercepting a portion of 

.--'the injected fluid during its travel. Figures 7 and 8 give solute con­

centrations at areal nodal points directly beneath the injection well 

and at the intercepting well as a function of time. The notation 

(refined) for one of the simulations using hermite cubic basis indicates 

more detailed definition of solution parameters at nine gauss points 

within the finite element. Exact comparisons should not be expected, 

however the closeness of values for these widely different types of 

numerical analysis is apparent.
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> i

Figure 6 -A schematic representation of a tüo-dimensionat solute 
transport problem.
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VI. APPLICATION OF THE GALERKIN, FINITE-ELEMENT TECHNIQUE TO

A FIELD PROBLEM:

The Galerkin, finite-element method has been shown in the previous 

chapters to adequately simulate known analytical solutions to mass 

transport equations. In this section the method will be applied to a 

known ground water contamination problem. The area is the Snake River 

plain aquifer at the National Reactor Testing Station in Idaho.

Robertson (1974) modeled the movement of waste through this aquifer 

using finite difference techniques for the flow model and the method of 

characteristics for the solute transport model.

The reason that this particular area was chosen is that excellent 

field data are available and the waste reacts chemically during its 

movement through the aquifer.

A. PROBLEM DESCRIPTION

Robertson, Schoen and Barraclough (1974) give a detailed geographic, 

geologic and hydrologie description of the Snake River aquifer underlying 

the National Reaction Testing Station. The reader interested in such 

details is refered to reports by these authors. This manuscript deals 

with one small part of their work and therefore only an abbreviated 

description of the area and the waste disposal problem will be given 

here.
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The National Reactor Testing Station (NRTS) is located on the Snake

River Plain in southeastern Idaho. This plain is underlain by the Snake

River aquifer, that is made up of numerous basaltic flows and contains a 

vast amount of ground water. This ground water is recharged in the 

higher mountains and flows to the southwest through very hetrogeneous 

basalt discharging through springs into the Snake River. A pictorial 

map depicting the ground-water flow pattern and salient surface features 

is shown in figure 9.

Since 1952 chemical and low level radioactive wastes have been 

disposed of into the ground-water system. These wastes migrate down 

the hydraulic gradient and, unless removed from the aquifer by physical 

■or, .chemical means, discharge into the Snake River. The majority of the 

wastes are injected into the aquifer at two sites; the test reactor area 

(TRA) and the Idaho Chemical Processing Plant (ICPP). Robertson (1975) 

gives the input rate for waste water recharge for these two sites and

these are shown in table 2 .
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EXPLANATION

i 1 NATIONAL REACTOR
  TESTING STATION
-• r* SPRINGS

APPROXIMATE BOUNDRY OF 
   SNAKE RIVER PLAIN

GENERALIZED GROUNDWATER  
FLOW LINEIDAHO

MILES

50  KILOMETRES

NATIONAL 
REACTOR 
TESTING \  
STATION

BOISE

IDAHO
FALLS

-BLACKFOOT

I» 2 V 'S N A K E  RIVER PLAIN'

HAGERMANti ^

...
TWIN FALLS o%

42’

V,: mgure 9.--Map of Idaho showing the location of the URTS9 Thi 
Snake River* Rlain3 and inferred groundwater flow 
lines (From Robertson, 1974).
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Table 2. Input rates and concentrations for waste water recharge 

at NRTS, Idaho

TRA ICPP

Chloride (Cl") 35 mg/1 245 mg/1

Tritium (H3) 300 pCi/ml 800 pCi/1

Strontium-90 (Sr90) 0.0 1.0 pCi/1

Injection rate 1.9 cfs 1.7 cfs

where :

mg/1 is milligrams per litre 

pCi/ml is pico curies per millilitre 

cfs is cubic feet per second.

Figure 10 illustrates the regional ground-water table, May through June 

1965, the location of the waste water recharge sites and the area chosen 

to be modeled for solute transport.

Sampling of the waste products has been accomplished through 

monitor wells drilled down gradient from the injection points. The 

background level for chloride is 10-20 mg/1. The monitoring of tritium 

and strontium is limited by the detection level of the analysis procedure 

which is 2 pCi/ml for tritium and 0.005 pCi/ml for strontium.

Movement of these three products through the ground-water system 

depends on chemical as well as physical factors. The physical factors 

are the previously discussed effects of convective transport and dis­

persive transport, the latter being used to approximate non-ideal flow 

conditions. The chemical factors may include rate reactions and ion
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perhaps be lessened by using fewer number but larger sized elements for 

the cubic equations. The decrease in program sensitivity to parameter 

values such as areal changes in transmissivity and well locations makes 

this adjustment presently unattractive.

The model’s practical use was demonstrated by solving field con­

tamination problem. The concentration profiles of chloride, tritium and 

strontium-90 were simulated and compared to field data. The model 

successfully simulated solute transport for an unreactive conservative 

solute chloride, a solute with a first order irreversible rate reaction, 

radioactive decay and a solute with equilibrium controlled ion exchange.

The program incorporated generalized expressions to treat dis­

persion as a tensor with both longitudinal and transverse components.

Previous studies using finite-difference equations to solve these 

same sets of transport equations show the finite element methods to be 

superior for large grid spacings. For the models presented here the 

linear functions are superior to cubic functions for large two-dimension­

al problems.

As with any numerical technique further study may reveal shortcuts, 

improvements ; etc. to enhance the technique’s features. The most pro­

ductive research in this area would perhaps be a search for more effi­

cient matrix solution techniques for such sparce unsymmetric systems.
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Figure 10.— The regional ground-water tahle3 May through June 1965, 
the location of the waste water recharge sites and the 
modeled area at MTS, Idaho.
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exchange. The former is characterized in this instance by radioactive 

decay of the tritium and the strontium. The latter is characterized 

soley by the strontium where the small chemical concentrations allow the 

assumption of linear adsorption isotherms. Since surface controlled ion 

exchange (as we would expect here) is usually very fast, equilibrium 

conditions are assumed and the previously developed equations covering 

this case apply.

Chloride is a non reactive waste speci that is used to characterize 

the system in terms of the dispersion coefficient. Matching observed 

with numerically derived data allows determination of dispersivity 

constants and gives some check on the accuracy of the determined 

velocities that control the convective transport portion of the trans­

port equation. Using this technique a longitudinal characteristic 

length of 300 feet and a ratio of a^/a^ = one, was chosen for this 

test problem.

The chemical parameters necessary to the solution of the transport 

equation are now discussed. Equation 26 illustrates the first order 

rate constant for radioactive decay to be 0.693/half life. The half 

life of tritium is 12.26 years and for strontium-90 is 28.9 years. The
- 1respective rate constants for tritium and strontium are then 0.0565 yr 

and 0.0240 yr \

Since a linear adsorption, isotherm can be used to characterize the 

exchange process a distribution coefficient is required. The deter­

mination of a distribution coefficient that will apply to field situ­
ations is difficult. Robertson (1974) reports that of the strontium
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injected into the system only 3 percent is present in the aqueous phase. 

The rest is assumed to be adsorbed on the surface of the aquifer matrix. 

This information allows calculation of a term related to the distri­

bution coefficient that can be used to calculate the effect of ion 

exchange. The term K^p^/e in equation 28 can be shown for these cond­

itions to be equal to 0.97/0.03 or 32.33. The retardation factor 

defined by equation 29 is then 33.33. This information can be trans­

lated to mean that the average velocity of the strontium ion is travel­

ing 0.03 times the velocity of the ground water.

Initial conditions for contaminants in the ground water system 

assumed that neither tritium nor strontium were present. As mentioned 

.previously the background level of chloride was assumed to be 10 mg/ 

litre.

B. SIMULATION OF CONTAMINATION CONDITIONS

As illustrated by figure 10 an area of NRTS approximately 8 x 8 

miles was chosen to be modeled for the transport of waste solutes. This 

area was then divided into 20 x 20 finite difference cells. These 

finite difference cells were used to calculate the detailed head distri­

bution using the finite difference approximation to the flow equation.

The finite element net was then overlain on top of the finite difference 

cells with the finite element node falling on the center of the finite 

difference cell. The finite element area then comprised quarter portions 

of four finite difference cells. This program allows the use of existing
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finite difference solutions to the simpler equations that define the 

hydraulic head in the aquifer. The length of the sides of the elements 

and cells was 2100 feet. Figure 11 illustrates the finite difference 

and finite element nodes as used for the NRTS contamination problem.

The boundary conditions for the mass transport problem assume constant 

concentrations as the chemical speci is assumed not to reach the 

boundaries of the modeled area. If this does occur to an appreciable 

extent the modeled area is simply increased to a larger area.

In detail the modeled area contains 4 wells, two discharging 

(pumping) and two recharging waste water.

All finite element simulation studies were done using linear basis 

^functions. Computer runs for identical problems using the cubic basic 

functions took an order of magnitude longer for CPU time. When larger 

size elements were used, to decrease the size of the matrices, the 

necessary detail for problem solution was lost. The use of cubic basis 

functions, is recommended for situations where uniform conditions exist 

throughout the medium. Further research on means to generate more 

detail within the larger cubic finite elements or more rapid solution 

techniques for sparce, poorly conditioned matrices, might allow expanded 

use of this method. Using the input data from table 1 concentration 

maps were generated for chloride, tritium and strontium. These generated 

profiles were compared with field data contoured by Robinson (1974).
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Figure 11.— Location of finite difference cells and finite element 
nodes for the NRTS contamination problem.
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1. CHLORIDE CONTAMINATION SIMULATION

Figure 12 compares the waste chloride plumes for 1968-1969 based on 

well sample data and the finite element model using the linear basis 

functions. Comparisons between field and computer simulations are 

considered good for this type of study. Field generated contours, such

as the 15 mg/litre isochlor were in some cases estimates based on one or

two sample points. The material balance of the simulation study in­

dicated a 8 percent accuracy for this run of length 17.1 years.

2. TRITIUM CONTAMINATION SIMULATION

Figure 13 compares the waste tritium plumes for 1968-1969 based on 

well sample data and the finite element model using the linear basis 

functions. The introduction of an irreversible chemical reaction term 

to account for radioactive decay distinguishes this simulation from the 

chloride. Except for the introduction of this term and the different 

initial and boundary conditions, the mass transport parameters were the 

same. Excellent correlation between the field data contours and finite 

element contours again resulted.

3. STRONTIUM CONTAMINATION SIMULATION

Strontium-90 was only injected into the ICPP disposal well at 

relatively low concentrations. The high degree of ion exchange retards 

the movement of this dangerous radioactive species through the ground­

water system. This chemical reaction adds a term to the equation to
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Figure 12.— Comparison of waste chloride plumes for 1968-1969
based on well sample data, and computer model.
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Figure 13..— Comparison of waste tritium plumes for 1968-1969
based on well sample data and computer model.
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simulate a retarded movement of the ion. Figure 14 compares numerical 

calculated versus field observed data for the strontium contamination 

problem. Although it is difficult to make accurate comparisons for this 

small movement adequate comparisons of the field and computed data 

exist.

C. SUMMARY AND CONCLUSIONS

The use of Galerkin, finite-elements to solve the partial-differen­

tial equation that describe mass transport was shown to be a feasible 

approach. The use of linear and cubic basis functions, generated 

solutions to the convective-diffusion equation that were more accurate 

and less susceptable to oscillation than finite difference methods.

Large scale two-dimensional problems can be solved with these methods, 

however excessive computer time results with the use of cubic basis 

functions. This is due to the structure of the coefficient matrix 

that represents the system of differential equations that must be 

solved. Linear basis functions form strongly diagonal matrices with no 

more than nine entries per row. Cubic basis functions form matrices 

with weak diagonals and as many as 36 elements per row. The use of SOR 

to solve the matrix formed with linear functions was very efficient.

A more involved iterative technique was necessary to solve the matrix 

generated by the cubic functions. A large sample problem required a 

factor of 10 times longer CPU time to solve the problem using cubic 

functions rather than the linear functions. This time difference can
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Figure 14.— Comparison of waste strontium-90 plumes for 1964
based on well sample data and computer model.
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perhaps be lessened by using fewer number but larger sized elements for 

the cubic equations. The decrease in program sensitivity to parameter 

values such as areal changes in transmissivity and well locations makes 

this adjustment presently unattractive.

The model’s practical use was demonstrated by solving field con­

tamination problem. The concentration profiles of chloride, tritium and 

strontium-90 were simulated and compared to field data. The model 

successfully simulated solute transport for an unreactive conservative 

solute chloride, a solute with a first order irreversible rate reaction, 

radioactive decay and a solute with equilibrium controlled ion exchange.

The program incorporated generalized expressions to treat dis­

persion as a tensor with both longitudinal and transverse components.

Previous studies using finite-difference equations to solve these 

same sets of transport equations show the finite element methods to be 

superior for large grid.spacings. For the models presented here the 

linear functions are superior to cubic functions for large two-dimension­

al problems*. The development of more competitive linear equation 

solution schemes can of course change this.

As with any numerical technique further study may reveal shortcuts, 

improvements; etc. to enhance the technique’s features. The most pro­

ductive research in this area would perhaps be a search for more effi­

cient matrix solution techniques for such sparce unsymmetric systems.



T-1798 80

Appendix A includes a listing of the two finite element programs 

using cubic and linear basis functions. The matrix linear solution code 

TCHEB is documentated by Manteuffel (1975). Table 3 and 4 lists the 

routines for the linear and cubic functions respectively. Table 5 is a 

list of selected program variables. Table 6 provides information for 

the data input format. As with any numerical code of this size a 

complete understanding of the program is prerequisite to efficient use.
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APPENDIX A

Table 3.— List of routines used in Galerkin finite
element program using linear basis functions.

Subroutine

MAING 7 

PARLOD 

ITERAT 

OUTPT

VELYG

TRSTPG

Function

GAUSS5 (in TRSTPG)

FCT (in TRSTPG)

Controls execution

Data input and initialization

Computes head distribution

Prints head distribution and 
computes mass balance for flor 
model

Computes hydraulic gradients, 
velocities and dispersion coeffi­
cients

Computes change in chemical con­
centration, computes mass balance 
and prints concentration.

Numerically integrates double 
integrals for linear basis functions

Calculates the value of linear 
function over an interval

FCTD (in TRSTPG) Calculates the derivative of the 
linear function over an interval
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Table 4.— List of subroutines used in Galerkin finite 
element program using cubic basis functions.

MAING6

PARLOD

ITERAT

OUTPT

VELYG

NODES

TRSPTC

MATCF2

INTEG2

RSIDE. 

DIMEN 

SCALE 

RSCALE

TCHEB

Controls execution

Data input and intialization

Computes head distribution

Prints head distribution and prints 
mass balance for flow model.

Computes hydraulic gradients, 
velocities and dispersion coefficients

Checks to see which nodes have wells 
in them and computes more detailed 
head distribution around these nodes.

Computes change in chemical con­
centration and prints concentration 
at selected intervals.

Calculates the matrix coefficients 
for the set of linear equations.

Calculates the value of the double 
integrates for the cubic basis 
functions.

Calculates the right hand known 
vector coefficients.

Passes dimensions to matrix solution 
subroutines

Performs scaling operation on 
matrices that define linear equations.

Scales matrix that defines right 
hand known vector coefficients and 
unscales solution vector.

Iterative solution technique (see 
Manteuffel-reference)
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Table 5.— Definition of selected program variables 

AAQ = Area of aquifer in model 

ALPHAL = BETA

AOPT = Iteration parameters

AREA = Area of one cell in finite-difference grid 

BETA = Longitudinal dispersivity of porous medium (ALPHAL) 

CMAX = Maximum initial or input concentration to elements 

CONK = A constant concentration for selected nodes (see NODE). 

CSTOR = Solute mass stored in system.

C, CN = Chemical concentration.

CNRECH = Concentration in recharging water 

DDRW = Drawdown

DELS = Change in ground-water storage

DELT = Time increment for solute transport (SEC)

DELQ = Rate of leakage across a confining layer or streambed 

DERH = Change in head with respect to time 

DLTRAT = Ratio of transverse to longitudinal dispersivity 

EPS = Permitted iteration error for SOR solute transport 

FCTR = Multiplication factor

FLMIN = Mass entering modeled area during time step 

FLMOT = Mass leaving modeled area during time step 

GRADX = Hydraulic gradient in x-direction 

GRADY = Hydraulic gradient in y-direction 

FLUX =? Net solute flux through system boundaries
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HC = Head from column computation

HI = Head at end of time step

HMIN = Minimum iteration parameter

HR = Head from row computation

INT = Pumping period number

IPRNT = Print control for hydrographs

ITMAX = Maximum permitted number of iterations

KOUNT = Iteration number

N = Time step number

NCA = Number of aquifer nodes in model

NETFL = Total net solute flux

NI = NX

N J = NJ

NITP = Number of iteration parameters

NMOX = Number of particle movements required to complete time step

NODE = Node identification code for solute transport model

NODEID = Node identification code for flow model

NPMP = Number of pumping periods

NPNT = Number of time steps between printouts for flow model

NREC = Number of pumping wells

NTIM = Number of time steps

NX = Number of nodes in x-direction (NI)

NY = Number of nodes in y-direction (NJ)

PARAM = Iteration parameter
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PERM

PINT

POROS

PMP

PUMP

PYR

QI
QSTR

RCMAS

REG

RECH

S

SLEAK

STORM

SUMIO

SUMT

SYMBOL

THCK

TIM

TIMEX

TIMD

TIMM

Hydraulic conductivity (in ft/sec)

Pumping period in years

Effective porosity (FOR)
3Pumping well output (ft /sec)

3Cumulative net pumpage (ft /sec)

Pumping period in seconds
3Injection well input (ft /sec)

Cumulative change in volume of water in storage 

Mass pumped out or recharged to aquifer

Pumpage array; positive for withdrawal, negative for injection 
(in ft /sec)

Recharge array; negative for recharge, positive for E-T 
(in ft/sec)

Storage coefficient (or specific yield)

Rate of leakage through confining layer or streambed 

Change in total mass in storage (by summation)

Change in total mass in storage (from inflow - outflow)

Total elapsed time (in sec)

Preselected symbols for concentration printout 
(11 required, highest to lowest concentration)

Saturated thickness of aquifer

Length of time step

Time increment between printout for solute model 

Elapsed time in years 

Elapsed time in minutes
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TIMX = Time step multiplier

TINIT = Size of initial time step (in sec)

TITLE = Problem description

TMAX = Maximum time for solute transport run

TMOBS = Elapsed times for observation point records

TMRX = Transmissivity coefficient

TMtvL = Computed heads at observation points

TOL = Convergence criteria (ADIP)

TOTLQ = Cumulative net leakage through confining layer on streambed

VPRM = Leakance factor for confining layer or streambed (vertical 
hydraulic conductivity/thickness)

VX = Velocity in x-direction at à node

VY = Velocity in y-direction at a node

WFAC = Iteration relaxation factor (not used for F.D. model)

WFLUXI = Solute mass injected into system through wells 

WFLUXO = Solute mass leaving system through wells 

WT = Water-table elevation or head in stream or source bed 

XDEL = Grid spacing in x-direction (in ft) (DELX)

YDEL = Grid spacing in y-direction (in ft) (DELY)

XKD = Ion exchange distribution coefficient

XKIN = Kinetic reaction rate constant

XN = Order of reaction rate

XRHO = Soil weight to free volume ratio
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APPENDIX B

e»»»»»»# o e o # ************************
T H I S  PWOGWAM- c' ONTPOLS THF' E X ECUT I ON  

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
SOLl l TE T RANSP ORT , CHE MI CAL  REACTI ON AND D I S P E R S I O N  I N  A POROUS 
Mt UTUM —  NUMERI CAL S O L U T I O N —  F LOW EQUAT I ONS SOLVED BY I ADI  

BY J .  HRE-OfcMOfFT -  1 9 7 3  M O D I F I E D  PY 0 .  DROVE -  1 9 7 f t .  SOLUTE  
TRANSPORT AND REACT I ON EQUATI ON SOLVED BY (jLFWk I N  F I N I T E  ELEMENT  
METHOD US I NG L I N E A R  B A S I S  F UNCT I ONS BY 0 .  GROVE - 1 9 7 6 .

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
DOUBLE P R E C I S I O N  D M I N I . O F X R , DLOG, DABS
REAL » 6 T M R X , V P R M t H I , H R , H C , H E , W I , P E C , RMCH, T I M . A O P T . T I T L E  
REAI.  «BXOE L , YDEl . , S , ARE A , SOM I « RmO . p ARAM, TEST , TOL , P I N T  , H M I N , PYR 
RFIAI. « 8  T I N T  , A l PHA1 , A N I T P , X S M , Y S M

U l M r N S I O N  N O D E ( 1 7 . 2 0 ) , i ) X X ( 1 7 , 2 0 ) , D Y Y ( 1 7 , 2 0 ) , D X Y ( 1 7 , 2 0 ) ,
1 O Y v ( 1 7 , 2 0 ) , 0 1 ( 1 7 . 2 0 ) ,
2  SY MBOL ( 1 1 ) , C ( 1 7 , 2 0 ) , P M P ( 1 7 , 2 0 ) , V X M ( S 0 ) , V X P ( S O ) , V Y M ( S 0 ) ,
3  V Y P ( 5 0 ) , N V E L L ( 1 7 , 2 0 )  , NODE I D ( 1 7 , 2 0 ) ,
4 T h c K ( 1 7 , 2 0 )  , PE RM ( 1 7 , 2 0 )  , T mwL ( 1 7 , 2 0 ) .  T M R X ( 1 7 , 2 0 . 2 )

D I M E N S I O N  VP RM( ] 7  . 2 0 )  . H I ( W , 2 u )  , H R ( 1 7 , 2 0 )  , HC ( 1 7 . 2 0 )  , H K ( I 7 . 2 0 ) ,
1 wl  ( 1 7 , 2 0 ) , R E C ( 1 7 . 2 0 )  , Rf cCH( 1 7 , 2 0 )  , T I m ( 1 0 0 )  , A O P T ( 7 )  , T I T L E  ( 1 0 )  ♦
2 V X ( 1 7 , 2 0 ) , V Y ( 1 7 f 2 0 ) , C N R E C h ( 1 7 , 2 0 ) , V Y X ( 1 7 , 2 0 ) , V X Y ( 1 7 , 2 0 )  

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
LOAD DATA 
NX — J 7 
NY = 20

10 CONT I NUE
CALL PARLOU( NODE f X K D . X K I N , X N . X R H O . D X X , D Y Y . D X Y , D Y X , 0 1 ♦ SYMBOL,

1 DEL T , T M A X , T I M E I  , C . CONK, wF A C , E P S ♦PMP , VX M , V X P , V Y M, V Y P ,
2 N w c L L , N T I M . N P M P . N P N T , N I T P , N , inX , N Y , N P . N R E C , I  N T . N N X . N N Y ,
3 I TMAX , I PRNT ,NOUF„ I D«
4 THCN . P E R M,  TMRX ♦ V P R M , H I ♦Hk , H C «H K , WT, R E C «REC H,
5  1 I»--,A OPT . T I T L E »  XDEL , Y DE L ,  S ,  ARE A,  SUM T .  PHD , PARA. M , T F. S T ,  T OL ,  
ft P I  M l . H M I p . P Y R , V X , V Y . C N ^ E C h . P O R O S . S U M T C H . B E T A , r U ' V . S T O R M . R C M A S ,
7 F L m I N , E L M O T , S U m I O ,  D L T h AT , V Y X , V X Y , I O T L 0 )
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
START COMPUTATI ONS  
COMPUTE NPMP PUMPI NG P E R I OD S  
DO 1 0 0  NI  NT = 1 , NPMP 
I N T = N I N T

COMPUTE N T I M  T I ME  STEPS
0 0  AO N S = 1 , N T I M  
iN = Nc
1 PKki T = 0

C LOAD NEW DELTA T
T 1 N T = S U M T - R Y R * ( I N T - 1 )
T UEf . =DMI NI  ( T I M ( n ) , P Y R - T I N T )
SUMt =SUMT>TDEL  
T I M ( N ) = T D F L  
R EMN= MOD ( N, NP NT )c ***************************************************************

I 20  CONT I NUE
C CUvpUTE HEAD D I S T R I B U T I O N

CALI  I TERa T ( N I  T P , M X , N Y  , I TMA X , THCft , TMRX , VI^RM , HR ♦ HC , HK , W T , RE C ,
I 1 R E C H , T I M . A O P T , X Ü F L , Y D E L , S , A R E A , T O L , T O T L O . N )

30  CONTI NUE
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I F ( p E M N . E V . 0 . 0 ) CALL O U T K T ( N . N X , N Y , T H C K . V P I V m , H I  . HK tWTt 
1 Ht r « AWE : A, S UMr  . 7 U T L O . S )

4 0  CONTI NUE  
50  CONTI NUE

C CUVPUTE'  V E L O C I T Y  ûNO O I S P E R S I u N  C O E F F I C I E N T S
CALL VELYO ( N . N X  . I nY . O X X  « DYY . UXY , ÜYX . PERM « hK . XÜEL t

1 YDFL «VX t VY «POP QS . BE T A. ULT RA T . NOUE. NWEl L « VXY « VY X ,
2 V Y M i V Y P t V X M . V X R )

60  CONTI NUE
C COMPUTE CHANGE I N  CONCENTRAT I UN

CALL I k SPTGTNODE . XKO , X K I N . X in . Xk HC-« i )X X . DY Y « OX Y « OYX « QI  .
1 SYMBOL i OÉLT , T m AX.  T I V'fc I « C . C U I ^  « HtfP « NX « NY . NNX • NN Y « T HCK « PECH «
2 XUE L .  YDEL « VX . V Y « CNRECH . PORUS . y-F A C « E P S . VXM.  v XP , v YM ,  V Y P . NWFLL )

OUTPUT ROU T I N E S  
70 I F  ( S U M T . G E . ( P Y P » I N T ) ) GO TU 9 0  
bO CONTI NUE

SUMMARY OUTPUT  
9 0  CONTI NUE  

I P R n î = 1  
C CALL OUTPT

100  CONT I NUE

STOP
Q * * * * * * *  * * * * * * * * * * * * * *  * * * * * * * * * * * *

ENO
//
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************************************oeo**o*e***e**e************ 
T H I S  SUBROUTINE.  I N P U T S  ANU I N I T I A L I Z E S  DATA

SUh o OU T I NF  PARLODt NOOE , X K O » X K I  i n, X N . X R H O . D X X  « D Y Y t D X Y . D Y X « 0 1 .
1 SYMBOL « D E L T . T M A X . T ! M L I ♦ C . C Ü N K . WF AC, E P S , P N P , VXM, V X P , VYM. V Y P ,
2 I-ia' FLL ♦ NT I M ,  NPMP , NPNT «NI  T P . N . i n X .  NY . N °  « NREC » I  NT , NNX ,  NNY ,
3 I T M A X , I P R N T . N O D E I D ,
4 T h e x , P E R M .  TMRX . V P R M,  H I  . H R ,  HC. HK. v- ' T.  PEC,  RECH,
5 T I> - , a Op T , T I TLF. i XPEL , YDEL , S , AREA « SUMT , RHO , PARAM, T EST , T O L ,
6 P I  N T , H M I N , P Y R , V X , V Y , C N R E C H , P Ü R Ü S , S W I T C H , B E T A , T I MV , S T O R M, R C MA S ,
7 F L n I N , E L M O T  « S U MI O,  D L T P a T . V Y X . V X Y . T O T l O)

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * B 20
DOUPLE P R E C I S I O N  D M I N i , D E X P , DLOG, DABS B 30
REAL « t i T M R X , V P P M . H I , HR , H C . H K , w I , REC«RECH, T I M, AOPT ♦ T I T L E
REAL « 8 XDE L  «Y D E L , S , A R E A . S U M T , R H O , P A R A M . T E S T , T O L , P I N T , H M I N , P Y R B 50
RE A| * 6 F C T R , T  I MX , T I N I T . P IE'S , YNS , XNS , R AT , HMX ,  HM Y 8 60
RE Al * 8 T I N . T , A L P H A 1  , A N I T P 8 70
D I M E N S I O N  NODE ( t - X . N Y )  , DXX ( N X . N Y )  , DYY ( N X . N Y )  , D X Y  ( N X . N Y )  »

1 D Y v ( N X , N Y )  , 0 1  ( N X , N Y )  , SYMBOL ( U )  » C ( N X , N Y ) « P MP ( N X , N Y )  ,
1 VXm ( 5 0 )  «V X P ( 5 0 )  , V Y M ( 5 0 )  , V Y P ( 5 U )  , NWELL( N X , N Y )

D I M E N S I O N  NODE I 0 ( NX ♦ N Y ) « i X O H S ( b ) , I Y 0 B S ( 5 ) « T H C K ( N X , N Y ) *
1 PLC-M ( N X , N Y )  « TM'- L ( 5 , 5 0 )  , TMUbS ( 5 0 )  , TMRX ( N X , N Y , 2 )  ,
2  V P E M ( N X , N Y ) « H I ( N X , N Y ) , H R ( N X , N Y ) , H C ( NX, N Y ) , H K ( N X , N Y ) , W T ( N X , N Y ) ,
3 REY ( N X , N Y )  , R E C H ( N X . N Y )  . T t M ( I O O )  . AOPT( NX)  , T I T L E ( 1 0 )  ,
4  V X ( N X , N Y )  , V Y ( N X , N Y )  , CNRF.CH (NX , NY ) ♦ VYX ( N X . N Y )  , VXY (NX , NY )

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  g 2 3 0
REAn ( 5 , 4 9 0 )  T I T L E  G 2 4 0
WRI TE ( 6 , 5 0 0 )  T I T L E  8  2 5 0
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  g 2 6 0
i n i t i a l i z e  t e s t  a n d  c o n t r o l  v a r i a b l e s  b 270
T E S T = 0 . 0  B 2 8 0
TOTt  0 = 0 . 0  8  2 9 0
S U MT - O . O  B 3 0 0
S U M T C H = 0 . 0  B 3 1 0
I NT = 0 6 3 2 0
I P R niT =0  B 3 3 0
KGEm =1 B 3 4 0
NCA=0 8 3 5 0
N=0  B 3 6 0
I MOV= 0  B 3 7 0
NMOv=0 B 3 8 0
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  g 390
l o a d  c o n t r o l  p a r a m e t e r s  b  a o o
REAn ( 5 , 5 1 0 )  NT I M , N P M P , N X , N Y . N P N T , N I  TP,  I T M A X , N R E C , T M A X i T  

1 I MET , C O N K , w E A C , E P S . T C K , T T T . v , T E  . CON!  , NNODE,  I I X  
READ ( 5 , 5 8 0 )  P I N T , T O L , P O R O S , B E l A , S « T I M X , T I N I T , X D E L , Y DE L t DL T RAT  8 4 3 0

1 * X K D , X K I N , X N , X R H Ü , Ü E L T  8 4 4 0
r e a d  ( 5 , 6 3 0 )  s y m b o l  b 450
PYR = P I  N T*86400 . 0 * 3 6 5 . 2 5  B 4 6 0
N NX = NX - 1  B 4 7 0
NNYrNY-l B 4 8 0

B 5 0 0
WRI TE ( 6 , 5 2 0 )  B 5 1 0
WRI TE ( 6 , 5 3 0 )  N X , N Y , X D E L , Y D E L  B 5 2 0
WRI TE ( 6 , 5 4 0 )  NT I M ,NPMP , P I NT , T I MX, T I N I T , DELT « TMAX,T I ME I  B 5 3 0
WRI TE ( 6 , 5 5 0 )  S . P O R O S , B E T A , D L T R A T , X K D , X K l N , X N , X R H O , E P S , W F A C  8 5 4 0
WRI TE ( 6 , 5 6 0 )  N I Î P , T O L , I T M A X  
WRI TE ( 6 , 5  f U)  NP N T , N R E C
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  g 5 7o
L I S T  T I ME  I NCREMENTS B 5 8 0



T-1798

DO 10 J = 1 , N T I M  
T I M (J )sO « 0 

10 CONTI NUE
TIM(1)sTINIT 
I F  ( S . E O . O . O )  GO TO 30  
DO pO K = <? » N T I M 
T I M ( K ) = T I M X * T I M ( K - 1 )

2 0  CONT I NUE  
GO TO 40  

3 0  T I M ( 1 ) = P Y R
c

40  WRI TE ( 6 , 2 5 0 )
WRI TE ( 6 , 2 6 0 )  T I M

C I N I T I A L I Z E  MATRI CES
DO SO I Y = 1 , N Y  
DO cO I X = 1 , N X  
V R K v CI X , I Y ) = 0 . 0  
P E R w ( i x , l Y ) = 0 . 0  
THCk ( I X ,  I Y ) = 0 . 0  
R E C H ( I X , I Y ) = 0 . 0  
C N R r C H ( I X , l Y ) = 0 . 0  
R E C ( I X , I Y ) = 0 . 0  
N O O r l D  ( I X , I Y ) =0  
TMR ¥ ( I X , I Y , 1 ) = 0 • 0  
T m R v ( I X , I Y , 2 ) = 0 . 0  
H i ( I X ,  I Y ) = 0 . 0  
H R ( I X ,  I Y ) = 0 . 0  
H C ( T X , I Y ) = 0 . 0  
H K ( T X , I Y ) = 0 , 0  
WT ( J X , I  T ) = 0  . 0 
V X ( I X , I Y ) = 0 . 0 ^
V Y ( I X ,  I Y ) = 0 . 0  
V X Y ( I  X * I  Y ) = 0 . 0  
V Y X ( I X , I Y ) = 0 . 0  
D X X ( I X , I Y ) = 0 . 0  
D X Y f I X , I Y ) = 0 . 0  
D Y Y ( I X ,  I Y ) = 0 . 0  
D Y X ( I X , I Y ) = 0 . 0  
Q I ( I X , I Y ) = 0 . 0  
C ( I X » I Y ) = 0 . 0  
P M P ( I X » I Y ) = 0 , 0  

50  CONT I NUE

C REAn PUMPa GE DATA —  ( X - Y  COORDI NATES AND RATE I N  C . F . S . )
C S I G v S    WI THDRAWAL = P U S . t  I N J E C T I O N  = NEG.
C I F  I N J E C T I O N  WELL.  ALSO READ CONCENTRATI ON OF I N J E C T E D  WATER

I F  ( N R E C . L E . 0)  GO TO 1 2 0  
WRI TE ( 6 , 6 1 0 )
DO 1 1 0  1 = 1 , NREC
REAn ( 5 , 4 8 0 )  I x , I Y , F C T R , CNREC
N w E l L  ( I X ,  I Y ) =1
I F  ( F C T R . L T . 0 . 0 )  C N R E C H ( I X , I Y ) = C N R E C  
R E C ( I X , I Y ) = F C T R  
I F  ( F C T R . G T . 0 . 0 )  GO TO 90  
Q I ( I X , I Y ) = - F C T R  
GO 0 100  

9 0  Q I ( I X , I Y ) = 0 . 0  
P M P ( I  X » I  Y ) =FCTR  

1 0 0  WRI TE ( 6 , 6 2 0 )  I X , I Y , R E C ( I X » I Y . )  , CNRECH ( I X  # I Y ) , Q I  ( I X » I Y )
1 1 0  CONT I NUE

99

Fi 590
B 600
B 610
R 620
B 630
8 640
B 650
8 660
8 670
B 680
B 690
B 700
6 710
8 720
8 730
8 740
B 750
B 760
R 770
B 780
B 790
e POO
8 810
B 820
B 030
B 840
B 850
8 860
B 870
B 880
8 890
8 900
B 910
B 920
8 930
B 940
B 950
B 960
B 970
B 980
8 990
eiooo -
81150
81160
81170
81180
81190
81200
81210
81220
81230 
81240 
61250 
B 1260 
81270 
81280 
81290 
81 300 
B1310
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1 2 0  CONTlNUf R1320
C B 1 3 3 0

AkLA=X0EL«Y0EL 81340
C 81350

WRITE (6,460) AREA 81360
WRITE (6,360) B 1370
WRITE (6,370) XDEL 81380
w RIt E (6,370) YDEL 81390
»#»<.»# 6 ##»#»»»»»»■» ««oe» #■«>»# 814 00
REAn TRANSMISSIVITY I-n F r»»2/SEC INTO VPRm M AT RIX 81410
F C T p  = T R A N S M I S S I V I T Y  M U L T I P L I E R  -------> F T t> * 2 / S E C  8 1 4 2 0

8 1 4 3 0
F C T p = I . 0  B 1 4 4 0
I F ( t T T . L T . . 1 E - 1 0 ) G O  TO 1 2 2  
OO 1 2 3  I Y = 1 , NY 
DO 1 2 3  1X = 1 , NX 
V P R v ( I X , I y ) = T T T » F C T R
I F ( t X . E O . 1 . O R . I X . E D . N X ) V P R M ( I X , I  Y ) = 0 . 0  
I F ( I Y . E O . 1 . O R . I Y . E Q . N Y ) V P P M t l X , I Y ) = 0 . 0  

1 2 3  CON I NUE  
GO TO 124  

1 2 2  C ON T I N U E
B 1 4 5 0

DO 1 21  I Y = 1 , N Y  
121 REAn ( 5 , 3 2 0 )  ( VP RM( I X , I Y ) , I X = 1 , N X )

DO I 3 0  1 X =1 » NX B 1 4 7 0
DO 1 3 0  I Y=1 , NY B 1 4 8 0
V P R m ( I X , !  y ) = V P R M( J X , I Y ) » F C T R  8 1 4 9 0
I F  ( I X . E Q . 1 . O R . I X . E O . N X )  V P R M( I X , I Y ) = 0 . 0  8 1 5 0 0
I F  ( I Y . E O . 1 . O R . I Y . E O . N Y )  V P R M( I  X , I Y ) = 0  . 0 8 1 5 1 0

I 3C C ON T I N U E  8 1 5 2 0
1 2 4  C ON T I N U E

8 1 5 3 0
WR I T E  ( 6 , 3 0 0 )  8 1 5 4 0
DO 131 I Y = 1 , NY 

131  WRI T E  ( 6 , 2 9 0 )  ( VP RM<I X , I Y ) , I X = 1 »NX)
e * * * * * * * * * * * * * B 1 5 6 0  
SET UP C O E F F I C I E N T  MATRI X  8 1 5 7 0
A V E o AGE T R A N S M I S S I V I T Y  8 1 5 8 0
BLOCK CENTERED G RI D  8 1 5 9 0
GEOMET RI C MEAN ' 8 1 6 0 0

8 1 6 1 0
P I E < = 3 . 1 4 1 5 9 2 7 * 3 . 1 4 1 5 9 2 7 / 2 . 0  8 1 6 2 0
Y n S=NY«NY 8 1 6 3 0
X N S = N X * N X  8 1 6 4 0
H M l u = 2 . 0  8 1 6 5 0
DO T 4 0  I  Y = 2 »NNY 8 1 6 6 0
DO ] 4 0  I X = 2 , NNX B 1 6 7 0
I F  ( V P R M ( I X , I Y ) . E Q . 0 . 0 )  GO TO 1 4 0  B 1 6 8 0
T M R X ( I X , I Y , 1 ) = ? . 0 * VP RM( I X , 1 Y ) » V P R M  ( I X * ] , I  Y ) / ( VPRM( I X , I Y ) » X D E L * V P R M  8 1 6 9 0  

1 ( I X . l , I Y ) * X D E L )  B l 7 0 0
T M k v ( I X , I Y , 2 ) = 2 . 0 » V P R M ( I X , I Y ) » V P R M ( I X , I Y * 1 ) / ( V P R M ( I X , I Y ) # Y D E L * V P R M  8 1 7 1 0  

1 ( I X , I Y * 1 ) * Y U E L )  B 1 7 2 0
81 7 3 0

ADJ u ST  C O E F F I C I E N T  FOR ANI SOTROPY 8 1 7 4 0
F C T P = 1 . 0  8 1 7 5 0

81 7 6 0
T M R x ( I X ,  I Y , 1 ) = T M R X ( I X , I Y , 1 ) * F C T R  8 1 7 7 0
T M H x ( I X ,  I Y , 2 ) = T M R X ( I X , I Y , 2 ) * F C T R  8 1 7 8 0«««n************************************************************ 81790
COMPUTE MI NI MUM I T E R A T I O N  PARAMETER B 1 8 0 0
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HKl » '  M I NI MUM I T E R A T I O N  PARAMETER

I F  ( I MRX  M X , I Y , 1)  . E Q . 0 . 0 )  GO TO 140  
I F  ( T M R X ( I X t I Y , 2 ) . E O . Ü , 0)  GO Tu 140  
R A T = T y R X ( I X , I  Y , 1 ) » Y 0 E L / ( T MRX ( I  X11Y » 2 ) « X O E L )
H M X r P j E S / ( X N S » ( 1 . 0 * R A T ) ) 
h M Y = P I E S / ( Y N S » ( 1 . 0 * ( 1 . 0 / R A T ) ) )
I F  ( H M X . L T . H M I N )  HMI N=HMX  
I F  ( H M Y . L T . H M I N )  HMI N=HMY

1 4 0  CONTI NUE

WRI TE ( 6 , 2 3 )
WRI TE ( 6 , 2 2 )  ( ( ( T M R X ( I X ,  I Y ,  I L )  , I X = 1 , N X )  , I Y  = 1 , N Y )  , I L = 1 , 2 )e e » ̂■c-» ti v »» 6 »» w  » « e »»»«« o »#»»*»# o o «» o » »##»»#« v e v » o »«»## o ### »
REAO AOUI FER T HI CKNES S  
I F  ( T C K . L T . . 1 E - 1 0 ) GO TO 1 4 3  
DO 1 4 4  I Y = 1 , N Y  
DO 1 4 4  I  X = 1 , MX

1 4 4  T h C K ( I X , l Y ) = T C K  
GO TO 1 4 5

1 4 3  CONTI NUE
DO 141 l Y s l f N Y

141 REAO ( 5 , 3 1 0 )  ( T H C K ( l X e l Y ) , I X = 1 , N X )

1 4 5  CONTI NUE
DÛ V>6 I  X= 1 , NX 
DU 1 4 6  I Y = 1 , N Y
1 F ( T X . E C . I . O R . I Y t F O . l î  T H C K C I X , I Y ) = 0 . 0  
IP ( T X . E O . N X . O R . I Y . E Q . N Y )  T H C K ( I X , I  Y ) = 0 . 0

1 4 6  CONTI NUE  
Wh I t E ( 6 , 2 6 0 )
DO 1 4 2  l Y = l t N Y

1 4 2  W R I t E ( 6 , ? 7 0 )  ( T H C K ( I X , I Y ) , I X = 1 , N X )
e » » « » » # » # » »  oo»» ■» e «•»»»»» o » o •&<»»»»•&»» o » * #  a »#*»» e »»* e #»#»» » »» e »»# »»»
COMPUTE PERMEARI L I . TY FROM T R A N S M I S S I V I T Y  
COUNT NO.  OF CELLS I N  AQUI FER

DO 1 50  I X=1 ,NX 
DO 1 50  I Y = 1 » NY
I F  ( T H C K ( I X , I Y ) . E Q . 0 . 0 )  GO TO 150  
P E R M ( I X , I Y ) = V P R M ( I X , I Y ) / T H C K ( I X , I Y )
N C A r N C A * 1

1 5 0  VPRv ( I X , 1 Y ) = 0 • 0  
AAQ=NCA* AREA

WRI TE ( 6 , 3 8 0 )
DO 151 I Y = 1 , NY

151  WRI TE ( 6 , 4 1 0 )  ( P E R M ( I X , I Y )  , I X  = 1 , N X )
WRI TE ( 6 , 3 9 0 )  N C A , AAO **************************
REAn NODE I D E N T I F I C A T I O N  CARDS ♦ SET V E R T I C A L  P E R M E A B I L I T Y .............
IF ( m N O D E . L T . 1)  GO TO 1 5 3  
DO 1 5 5  I X = 2 , NNX 
N O D F l D ( l X , 2 ) = l

1 5 5  N0(.)f I D  ( I X . N N Y )  =1 
DO 1 5 6  I Y = 2 , N N Y  
N O D E I D ( ? « I Y ) = 1

1 5 6  N u O n I D ( N N X , I Y ) = 1  
GO TO 154"

1 5 3  CONTI NUE
NUDF I D E N T I F I C A T I O N  CODE I 1 = CONSTANT HEAD BOUNDARY

81810  
P I  8 2 0  
B 1 8 3 0  
B 1 8 4 0  
R 1 8 5 0  
Bl 8 6 0  
R 1 8 7 0  
B 1 8 8 0  
R 1 8 9 0  
Bl 9 0 0  
B191 0 
8 1 9 2 0  
B 1 9 3 0  
B 1 9 4 0  
B 1 9 5 0

B 1 9 7 0

8 1 9 8 0

R 2 0 0 0  
6 2 0 1 0  
B2020 
B 2 0 3 0  
B 2 0 4 0  
B 2 0 5 0  
8 2 0 6 0  
B 2 0 7 0  
B 2 0 8 0  
8 2 0 9 0  
B 2 1 0 0  
B? 110 
8 2 1 2 0

8 2 1 4 0
8 2 1 5 0
8 2 1 6 0

B 2 1 7 0
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0 0  1 5 2  I Y = 1 » NY 
1 5 2  H t A n  ( 5 * 4 0 0 )  (NODE I D ( I X * I Y ) * 1 X s l * N X )
1 5 4  CONT I NUE

0 0  1 6 0  1 X = 1 ♦ N X 
0 0  1 6 0  I Y = 1 t NY
IF ( T H C K ( I X , I Y ) . E Q . 0 . 0 )  GO T 0  160  
I F  ( w O O E I O ( I X , I Y ) . G T . 0 )  V P R M ( I X , I Y ) = 1 . 0

1 60  CONT I NUE

WRI TE ( 6 , 3 3 0 )
OO 161 I Y = 1 , N Y

161 WRI TE ( 6 , 3 4 0 )  ( N 0 D E I 0 ( I X ,  I Y )  , I X = 1  , NX)
WRI TE ( 6 , 3 5 0 )
0 0  1 6 2  I Y = 1 , NY

1 6 2  WRI TE ( 6 , 2 9 0 )  ( VP RM( 1 X , I Y ) , I X = 1 , N X ) .

REAH WATEw- TABLE E L E V A T I O N  
I F ( N N O D E . L î . l )  GO TO 1 67  
R E A P ( 5 , 4 3 0 ) ( W T ( I X , 2 ) , I X = 1 « N X )
REAP-( 5 , 4 3 0 )  < W T ( I X , N N Y )  , I X = 1 , N X )
R E A P ( 5 , 4 3 0 )  ( w T ( 2 , I Y ) , I Y = 1 , N Y )
R E A P ( 5 , a 3 0 )  ( W T ( N N X ,  I Y )  » I Y = 1 , N Y )
GO TO 1 68

1 6 7  CONT I NUE
IF ( v T E . L T . . I E - 1 0 )  GO TO 1 6 5  
1)0 1 6 6  I Y = 1 « N Y 
DO 1 6 6  I X = 1 « NX 

1 6 6  WT ( I X , I Y ) = W T E  
GO TO 1 68  

1 6 5  CUNT I NUE
DO 1 6 3  I Y = 1 « NY

1 6 3  REAP ( 5 , 4 3 0 )  ( WT ( I  X , I Y ) , I X  = 1 , N X )

1 6 8  CONT I NUE
DO 1 6 9  I X = 1 « N X  
DO 1 6 9  I Y = 1 « NY
I F ( T X . E O . 1 . O R . I Y . E 0 . 1)  WT ( I  X , I  Y ) = 0 . 0  
I F ( I X . E 0 . N X . 0 R . I Y . E Q . N Y ) W T ( I X ,  I Y ) = 0 . 0

1 6 9  CONTI NUE  
WRI T E ( 6 , 4 4 0 )
DO 1 6 4  I Y = 1 » NY

1 6 4  WR I t E ( 6 , 4 5 0 )  ( W T ( I X , I Y )  , I X  = 1 , N X )

s e t  i n i t i a l  h e a d
SET HC FOR I N I T I A L  C O N D I T I O N S  
DO 1 7 0  I X = 1 « NX 
0 0  1 7 0  I Y = 1 » NY 
H I ( I X ,  I Y ) = W T ( I X , I Y )
H C ( I X ,  I Y ) = H I  ( I X , I Y )
H R ( T X ,  I Y ) = H I  ( I X , I Y )
H K ( T X , I Y ) = r t I ( I X , I Y )

1 7 0  CON' -1NUE
Wc H E  ( 6 , 3 3 1 ) »#«#»#»###

REAP CHEMI CAL I D  NODES 
DO 171 I Y = 1 « NY

171 REAP ( 5 , 4 2 0 )  ( N O O E ( I X , I Y ) , I X = 1 , N X )
DO 1 7 2  I Y = 1 , NY

1 7 2  WRI TE ( 6 , 3 4 0 )  ( N O D E ( I X , I Y ) , I X = 1 , N X )

B 2 1 9 0
B2200
B2210
B 2 2 2 0
P 2 2 4 0
B 2 2 5 0
P 2 2 6 0

6 2 2 8 0

6 2 3 0 0
6 2 3 1 0

8 2 3 3 0

B 2 3 4 0

8 2 3 6 0
8 2 3 7 0
8 2 3 8 0
B 2 3 9 0
8 2 4 0 0
8 2 4 1 0
8 2 4 2 0
6 2 4 3 0
6 2 4 4 0
8 2 4 5 0

8 2 4 7 0
8 2 4 8 0

8 2 5 1 0
8 2 5 2 0
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kf i An i n  i n i t i a l  c h e m i c a l  c o n c e n t r a t i o n
I F  ( C O M . L T . - . I E - 2 0 )  GO TO 1 7 5  
ÜO I 76  I Y = 1 « N Y  
0 0  î 76  i X r l f N X .

1 7 6  C ( I  X * I  Y ) =CONI  
GO TO 1 77

1 7 5  CONTI NUE
0 0  1 7 3  I Y = 1 « N Y

1 7 3  REAn ( 5 , 4 3 1 )  ( C ( I X , I  Y ) i l X  = 1 «NX)
1 7 7  CONT I NUE  

W R I T E ( 6 , 2 2 0 )
0 0  1 7 4  I Y = 1 , NY

1 7 4  W R I t E ( 6 , 2 2 1 )  ( C ( I  X , I  Y ) , I X = 1 , N X )
CALL O U T P T ( N , M X , N Y , T h C K  , V P R M , h I , H K  , WT « R E Ç « AREA«SUMT « T O T L O , S )

COMPUTE I T E R A T I O N  PARAMETERS
N I T p  NUMRER OF I T E R A T  I ON PARAMETERS .
DO 1 80  I D = 1 , N X  
a OP t < 1 D ) = 0 . 0  

1 8 0  CONT I NUE
A N I t P = N I T P - 1
I F  ( S . E O . O . O )  GO TO 1 9 0
A L P h A ) = D E x P ( D L O G ( 2 . 0 / H M I N ) / A N I T P )
GO TO 2 0 0

1 9 0  A( . Pm A 1 = OE x P (DLOG ( 1 . 0 / H M  I N )  Z A N I  TP>
2 0 0  AOPT ( 1 > =H.v, IN

0 0  P l O  I P = 2 « N I T P  
A O P T ( I P ) = A O P T ( I P - 1 ) «ALPHA 1 

2 1 0  CONTI NUE

W P I t E ( 6 , 2 3 0 )
WRI TE ( 6 , 2 4 0 )  AOPT

RETURN

2 2 0  f o r m a t  ( i H i t S x , » i n i t i a l  c h e m i c a l  c o n c e n t r a t i o n  » / / >
2 2 1  F OR MAT ( 1H , 2 0 F 6 . 0 )
2 3 0  FORvAT ( I h I « 2 0 H 1 T E R A T I O N  PARAMETERS)
2 4 0  FORMAT <3H » 1G2 0 . 6 )
2 5 0  F O k m A Ï  ( I h l , 1 4 H T I M F  I N T E R V A L S )
2 6 0  F Ok m AT ( 3H , 1 0 0 1 2 . 5 )
2 7 0  F Oh v a T ( 3 h . « 2 0 F 5 . 1)
2 8 0  F Ok m AT ( 1 H 1 « 1 7 h AOUI F ER T H I C K N E S S )
2 9 0  FORMAT ( 3 h « 2 0 F 5 • 2 )
3 0 0  FORMAT ( I H I , 3 0 h TRa N S M I S S I V I T Y  MAP ( F T » F T / S E C ) )
3 1 0  FORMAT ( 2 0 G3 . 0 )
3 2 0  FORm AT ( 2 0 0 4 . 1 )
3 3 0  FORMAT ( 1 H 1 , «NODE I D E N T I F I C A T I O N  M A P » / / )
3 31  F o r m a t ( i h i , «Ch e m i c a l  n o d e  i d e n t i f i c a t i o n  m a p » / / )
3 4 0  FORMAT ( 1H , 4 0 1 3 )
3 5 0  FORMAT <I h l , 4 4 H V E R T I C A L  F ERMEABI L I T Y / T H I C K N E S S ( F T / ( F T » S E C ) ) )  
3 6 0  FORMAT ( 1 H0 , 1 2 H X - Y  S P A C I N G)
3 7 0  FOR'- AT ( 3 h  , 1 0 0 1 2 . 5 )
3 8 0  FOR m AT ( I h I , 2 4 h P E RME ABI L T Y  MAP ( F T / S E C ) )
3 9 0  FORMAT ( 1 H 0 , / / / / 1 0 X , « N O .  OF F I N I T E - Ü IF T ERENCE CELLS I N  AQUI FER  

1 « , I 4 / / 1 0 X , 1 AREA OF AQU I F E R  I N  MODEL = » « G 1 2 . 5 , « SO.  F T . » )  
400 F o r m a t  ( 8 o i 1)
410 FORMAT ( 3 8  , 2 0 F 5 . 3 )
4 2 0  FORm AT ( 4 0 1 2 )

P 2 5 3 0

B 2 5 7 0
8 2 5 8 0
8 2 5 9 0
8 2 6 0 0
B 2 6 1 0
6 2 6 2 0
8 2 6 3 0
B 2 6 4 0
8 2 6 5 0
0 2 6 6 0
8 2 6 7 0
B 2 6 8 0
8 2 6 9 0
8 2 7 0 0
8 2 7 1 0
8 2 7 2 0
8 2 7 3 0
8 2 7 4 0
R 2 7 5 0
8 2 7 6 0
B 2 7 7 0
8 2 7 8 0
8 2 7 9 0

8 2 8 1 0
B 2 8 2 0
8 2 8 3 0
8 2 6 4 0
8 2 8 5 0
8 2 8 6 0
8 2 8 7 0
8 2 8 8 0

8 2 9 0 0
8 2 9 1 0

8 2 9 3 0
8 2 9 4 0
8 2 9 5 0
8 2 9 6 0
8 2 9 7 0
8 2 9 8 0
8 2 9 9 0
8 3 0 0 0
B 3 0 1 0
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4 3 0  FOWv AT ( 2 0 G 4 . 0 )  B 3 0 2 0
4 31  F OR MAT ( 2 0 0 4 . 0 )
4 4 0  FORvAT 1HWATER TABLE)  B 3 0 3 0
4 5 0  FORm AT ( I h  , 2 0 F 5 . 0 )  8 3 0 4 0
4 6 0  FOK‘ 'AT ( l H O , 1 0 X t ' A R E A  = ' , 0 1 2 . 4 )  8 3 0 5 0
4 7 0  FORm AT ( 2 1 2 )  8 3 0 6 0
4 6 0  FURm AT ( 2 1 2 , 2 0 8 . 2 )  8 3 0 7 0
4 9 0  FORMAT ( 1 0 A 8 )  8 3 0 8 0
5 0 0  FORm AT ( I h 1 , 1 0 a 8 / / / / )  B 3 0 9 0
5 1 0  F ORm At ( 8 14 , 9 0 5 , u , 3 1 1)
5 2 0  FORv AT ( 1 h 0 « 2 1 x , <1 N P U T D A T  A ' / / / )  8 3 1 1 0
5 3 0  F U k v a T ( l h 0 , 2 3 x , ' G R I D  D E S C R I P T O R S ' / / 1 3 X , ' N X  (NUMBER OF R O WS ) « , 5  8 3 1 2 0

I X , « r ' ,  I 6 / 1 3 X , ' N Y  (NUMBER OF COLUMNS)  = ' , 14 / j 3 X , »XDEL ( X - D I S  8 3 1 3 0
2TANCE I N  F E E T )  = « , F 7 . 1 / 1 3 X , ' YUEL ( Y - D I  ST ANCE I N  F E E T )  = » , F 7 . 1 / /  8 3 1 4 0  
3 )  8 3 1 5 0

5 4 0  FORMAT ( 1 H 0 , 2 1 X , ' T I M E  PARAMETERS' / / 1 2 X , « N T I M  ( MAX.  NO.  OF T I M E  8 3 1 6 0
1 S T r P S )  ' , 7X , «= ' , I 5 / 1 3 X , ' , \ P M P  ( NO.  OF PUMPI NG P E R I O D S )  ' , 7 X , ' =  » 8 3 1 7 0
2 , I b / l 3 X , ' P I N T  ( PUMPI NG PE RI OD I N  Y E A R S ) ' , 6 X . ' = • , r 9 . 1 / 1 1 X , ' T l MX  8 3 1 8 0  
3 ( T I M E  I NCREMENT M U L T I P L I E R )  = ' , F 9 . 2 / 1 3X , ' T I N I T  ( I N I T I A L  T I  8 3 1 9 0
4ME STEP I N  S E C . ) = ' . F e . 0 / 1 3 x , « O E L T ' . a x , ' T I M E  I NCREMENT FOR CHEM 8 3 2 0 0
5 * . 7 y , 1  = 1 , s x , E 9 . 2 / 1 3 X . • TMAX• , 4 X , ' M A X  TI ME FOR CHEM R U N ' , 9 X , '  = « , E 1 4 .  8 3 2 1 0
6 6 X 1 3 X , ' T I M E I « , 3 X , « I NCREMENT BETWEEN CHEM P R I N T  = ' , £ 9 . 2 / / )  8 3 2 2 0

5 5 0  FORMAT ( 1 H Ü , 1 4 X « ' H Y D R O L O G I C  ANU CHEMI CAL PARAMETERS «/ / I 3 X , ' S ' , 7 X , « 6 3 2 3 0
1 ( STr RAGE C O E F F I C I E N T ) • , ? X , ' = • , 5 X , f 9 . 6 / 1 3 X , ' P O R O S  ( E F F E C T I V E  PORO 8 3 2 4 0  
2S1 Tv)  « , 8 X ,  «= • , F 8 . 2 / 1 3 X ,  «L' ETa ( C H A R A C T E R I S T I C  LENGTH)  = « 8 3 2 5 0
3 « F 7 . 1 / 1 3 X , ' D L T P A T  ( R A T I O  OF TRANSVERSE T O ' / 2 1 X , ' L O N G I T U D I N A L  D I S P  8 3 2 6 0  
4 E R S T V I Ï Y )  = ' , F 9 . 2 / 1 3 X , ' x N u * , 5 X .  ' D I S T R I B U T I O N  C O E F F * , I ü a , » = ' , 5 a , F 6 3 2 7 0  
5 9 . 6 / 1 3 X , ' X K I N ' , 4 X , « K I N E T I C  RATE CONSTANT « , 7 X . '  = ' , 5 x , F 9 . 6 / 1 3 X , « X N » , 8 3 2 8 0
66X , 1 ORDER OF R£ A CT I  ON ' , U  X . » = « , 5 X , E 9 . 6 / 1  3 X , ' XRrtu • , 4 X , • SO I I .  WEI GHT 8 3 2 9 0  
7 TO FREE VOL R A T I O  = ' , 5 X , F 9 . 6 / 1 3 X , ' E P S ' , 5 X , ' I TERAT I ON ERROR » ,  13 X , ' =  8 3 3 0 0
6 « , 5 x , E 1 4 . 3 / I 3 X , ' W F A C , 4 X , ' R E L A X A T I O N  COEFE I C I E N T ' , 6 X , '  = ' , 5 X , F 9 . 6 )  B 3 3 1 0

5 6 0  FORvAT ( l h U , 2 1 x « ' E X E C U T I O N  PARAMETERS»/ / 1 3 X , • N I TP ( NO.  OF I T E R A T  8 3 3 2 0
1 I  ON PARAMETERS)  = « , I 4 / 1 3 X , « TOL ( CONVERGENCE C R I T E R I A  -  A D I P )  = B 3 3 3 0
2 ' » F 9 . 4 / 1 3 X * ' U M A X  ( M A X . N O . O F  I T E R A T I O N S  -  A D I P )  = ' , 1 4 / / )

5 7 0  FORMAT ( 1 H 0 . 2 3 X , ' P R O G R A M  OPT I  UNS »/ / 1 3 X , ' NPNT ( P R I N T  CONTROL I N D  B 3 3 7 0  
1 E X ) = ' , 1 4
2 / 1 3 x , «NREC ( N O .  OF PUMPI NG WELLS)  = « , 1 5 / / )

5 8 0  FORMAT ( 1 6 G 5 . 0 )  B 3 4 1 0
5 9 0  FORv AT ( l H - , 1 0 X , ' L O C A T I O N  OF OBSERVATI ON WE L L S ' / / 1 7 X , ' N O . « , 5 X , ' X • ,  8 3 4 2 0

15X * » Y • / )  8 3 4 3 0
6 0 0  FORv AT ( I H  , 1 6 X , I 2 , 5 X , I 2 , 4 X , 1 2 )  8 3 4 4 0
6 1 0  FORvAT ( l H - , l OX « ' L O C A T I O N  OF PUMPI NG WE L L S« / / 1 OX , ' X Y R A T E ( B 3 4 5 0

1 I N  CES)  CONC.  I N J E C T  I O N ( I N  CES)  ' / )  8 3 4 6 0
6 2 0  FORm AT ( I H  , 6 X , 2 I 4 , 3 X , F 7 . 2 , 5 X , F 7 . 1  , 5 X , F 7 . 2 )  B 3 4 7 0
6 3 0  FORm AT ( 1 1 A2 )  8 3 4 8 0

END B 3 4 9 0 -
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T H I S  SUBROUTI NE COMPUTES THE HEAD D I S T R I B U T I O N

SUBROUTI NE I T E R A I { NI  TP » N *  * NY « I T M A X . T H C K , TMRX»V P R M , H R * H C t H K *
1 W T . R E C * R E C H , T I M , A O P T . X D E L . Y D E L f S . A R E A . T O L . T O T L O . N )

DOUBLE P R E C I S I O N  DM I N  1 , D E X P . DL OG. DABS
REAl  « a T M R X . V P R M . H I . H R , h C . n K , * T . R E C . R E C H . T I M , A O P T . T I T L E
H E Al « 8 X Ü E L . YDE L  * S , A R E A . S ' J H T . P h O . P A R A M . T E S T . T O L . P I N T . H M I N . P Y R
REAl.  ^ 8 B .  G.  a . A ,  C.  E . F .  DR,  DC ♦ T BAR,  T MK,  COEE,  b L H ,  RRK,  CHK . Q L . B R H

D I M E N S I O N  T H C K ( N X . N Y )  . T M R X ( N X . N Y , 25 , VP RM( N X . N Y )  «
1 H R ( N X . N Y )  . n C ( M X , M Y )  , H K ( N X . N Y )  , W T  ( N X . N Y )  ♦R E C ( N X . N Y )  »
2 R E C H ( N X . N Y )  , T I M ( 1 0 0 )  . A O P T (7) , w (99) . B (99) , G (99)

KCUm T = 0
COMPUTE ROW AND COLUMN 
CALl  NEW I T E R A T I O N  PARAMETER  

10 REMN = MOD ( k O U N T . M T P )
I F  ( R E M N . E O . 0 )  N T H = 0 .
N T H r N T H * 1 
RARAMr AOPT ( NT H)

ROW COMPUTATI ONS

T E S t = 0 . 0
R H 0 = S / T I M ( N )
b r k = - r h o  
DO so 1 Y = 1 » N Y 
DO ?0 M = 1 , NX 
w ( M ^ = 0 , 0  
6 (M)-0•0 
G ( M ) = 0 . 0  

20  CONT I NUE
DO 3 0  I X = 1 . N X
I F  ( T h C K ( I X ,  I Y ) . E Q . 0 . 0 )  GO TO 3 0  
C 0 E F = V P R M ( 1 X , I Y >
Q L = - V P R M ( I X , I Y ) * W T ( I X , I Y )
A = T m R X ( I X - 1 , I Y , 1 ) / X D E L  
C = T m Rx ( I X , I Y . 1 ) / X D E L  
E = 1 m Rx ( I X , I Y - 1 . 2 ) / Y 0 E L  
F = T m R X ( I X ,  I Y , 2 ) / Y D E L  
T bAp  = A«-C*E ♦ F 
TMK= T8AR»PARAM 
B L H r " A - C ~ P H O " C O E F ~ T M K  
B R H r  E 4 F -  T I' K
DR = p R H « H C ( I X , I Y ) + R R K * H K ( I  X , I  Y ) - E * H C ( I X , I Y - l ) - F » H C ( I X . I Y * ! ) ♦ O L * P E C H  

1 (  I X .  I Y ) * R E C ( I X , I Y ) / A R E A  
W( I y ) =BLH~A»B ( I X - 1  )
B ( I X ) = C / W ( I X )
G ( I X ) = ( D R - A » G ( I X - 1 ) ) / W ( I X )

30  CONT I NUE

BACK S U B S T I T U T I O N  
d o  ; 0 J = 2  » NX 
I J = J " 1 
I S = N X - I J
H R ( T S , I Y ) = G ( I S ) - B ( I S ) * H R ( I S * 1 * I Y )
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C O K = A B S ( H R ( I S » I Y ) - H C ( I S t I Y ) >
40 c on t i n u e -'
5 0  CONT I NUE

COL i.îMN c o m p u t a t i o n s

DO t)0 i x = l  »NX 
DO f O  H = 1 , N Y  
to( M ) =0  . 0 
8 (M >=0.0 

6 0  G ( M ) = 0 . 0
0 0  0 I Y  = 1 » M Y
I F  ( T M C K ( I X f l Y ) . E O . O . O )  GO T 0  70  
C O E F = v P R M ( I X . I Y )
CL = - V P R M ( I X * I Y ) * W T ( I X » I  Y)
A=T> R X ( I X , I Y - 1 , ? ) / Y D E L  
C = T v K X ( I X , I Y . 2 ) / Y D E L  
E = T v R X ( I X - l « I Y , l ) / X D E L  
F = T m . R X ( I X , I Y , 1 ) / X D E L  
T 6AP = A-»C*E + E 
TMK-Thl ARepARAM 
B L h = - A - C - R H 0 ~ C 0 E F - T M K  
6 R H - E + F - T M K
DC=c: RH»HR( I X , I Y ) ♦ R R K » m K ( I X , I Y ) - E * H R ( I X - 1 , I Y ) - F VH R ( I X * 1 , I Y ) > 0 1 ♦RECH  

1 ( I X , 1 Y ) * R E C ( I X , I Y ) / A R E A  
W ( I y ) = 8 L H - A « 8 ( I Y - 1 )
L1 ( I Y )  =C/ W ( I Y )
G ( l Y ) = ( 0 C - A » G ( I Y ~ 1 ) ) / W ( I Y )

7 0  CONTI NUE******eo******************************************************* 
BACk S U B S T I T U T I O N  
0 0  PO J = 2 , NY 
I J =  - 1  
I 8 = N Y - I J
HC < T X ,IB)s G (IB)- B (IB > * H C (I X.IB*1>
C H K = O A B S ( H C ( I X , 18) - H R ( I X , I t i ) )
I F  ( C H K . G T . T 0 L )  T E S T = 1 . 0  

8 0  CONTI NUE  
9 0  CONTI NUE

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
KOUNT=KOUNT* 1

I F  ( T E S T . E O . 0 . 0 )  GO TO 100  
I F  ( K O U N T . G E . I TMAX)  GO TO 100  
GO TO 10
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
SET NEW HEAD HK 

100 DO n o  I  Y = 1 t NY 
0 0  1 10  I  X = 1 , NX 
H R ( T X , I Y ) = H K ( I X , I Y )
H K ( J X , I  Y ) = H C ( I  X t I Y )

COMPUTE LEAKAGE FOR MASS BALANCE  
DEL f> = VPRM ( I X ,  I Y)  »AREA» ( WT ( I X ,  I Y)  - HK ( I X ,  I Y )  )
TOTt  0 = T 0 T L 0 * D E L 0 » T I M ( N )

1 1 0  CONT I NUE  
C

WRI T E ( 6 , 1 2 0 )  N 
wR I t F ( 6 . 1 1 0 )  KOUNT
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c RETURN * * * * * * * * * * * *

1 2 0  FORm AT ( 3 X , 4 H N  = , 1 1 5 )  
1 30  FORm AT ( 3 h  , 2 3 hNUMBER  

ENO

* * * * * * * *

OF I T E R A T I O N S  -

* * * * * * * * * * * * *

, 1 1 5 )
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T HTS s u b r o u t i n e  p r i n t s  T h e  h e a d  D I S T R I B U T I O N  a n d  COMPUTES 
THF MASS BALANCE FOR THE FLOW MODEL

SUBROUTI NE O U T P T ( N * N X , N Y , T H C K , V P R M , H I , H K , W T , R E C , A R E A , SUMT,
1 T O T L Q . S )

e » 0 o » e o e O 0 0 0 0 » # » o 0 e « 0 0 0 e # O 0 » # e # # 0

REAL * 8 T M R X , V P R M , H I , H W , H C , H K . W T , R E C , R E C H , T I M t A O P T , T I T L E  
REAl  « t i X D E L , YÜEL t S , A R E A , S U M T , R H O , P A R A M , T E S T , T O L , P I  N T , H M I N , P Y R

D I M E N S I O N  T H C K ( N X , N Y ) , VPRM( N X , N Y ) , H I ( N X , N Y ) , H K ( N X , N Y ) ,
1 W T ( N X , N Y )  , R E C ( N X , N Y )  , I H ( 9  9 )

T I M m = S U M T / 6 0 , 0  
T I M n = S U M T / ( 8 6 A 0  0 . 0 » 1 5 5 . 2 5 )
WRI T E ( 6 , 1 0 0 )
WRI T E ( 6 , 1 1 0 )  N 
WRI T E ( 6 , 1 2 0 ) SUMT 
WRI TE ( 6 , 1 3 0 )  T I MM  
WRI T E  ( 6 , 1 4 0 )  T I MD  
WRI T E ( 6 , 1 5 0 )
DO ] 0  I Y = I , NY 

10 WRI T E ( 6 , 1 6 0 )  ( H K ( I X , I Y ) , I X = 1 , N X )
I F  ( N . E O . O )  GO TO 90» o » » e 0 » *-e » » » «nnnnnn* e «• » » » » » » 6 « e » « e » o » » » » » « » » » » e » » 0 e e » » » » » e » » o « » » 
WRI T E ( 6 , 1 0 0 )
WRI T E  ( 6 , 1 1 0 )  N 
WRI T E  ( 6 , 1 2 0 ) SUMT 
WRI T E ( 6 , 1 3 0 )  T I MM  
WRI T E  ( 6 , 1 4 0 )  T I MD  
WRI T E ( 6 , 1 5 0 )
DO 30  I Y = 1 , NY  
DO P0 I X = 1 , NX 

. 1 H ( T X ) = h K ( I X , I y )
2 0  CONT I NUE

WRI T E ( 6 , 1 7 0 )  ( I H ( I D ) , I D = 1 , N X )
3 0  C ONT I NUE

0000000000000 0000000000000000000 0 0 000000000000000000000000000000  

COMPUTE WATER BALANCE AND DRAWDOWN

OST o = 0 • 0 
PUMc —0 • 0
T P U ' / = 0 . 0  #
U I N r  0 , 0
O O U T = 0 . 0  
Q N E T - 0 • 0  
D E L ^ - O , 0  
WRI T E ( 6 , 2 6 0 )

DO RO I Y = 1 , N Y  
DO 70  I X - - 1 , N X  
I H ( J X ) = 0 . 0
IF ( T H C K ( I X , I Y ) . E O . O . O )  GO TO 7 0
TRU' -  = REC(  I X ,  I Y )  +TPUM
IF ( VP RM( i x , I Y ) . E O . O . O )  GO TO 6 0
DELO = V P R M ( I X , I Y ) » A R E A o ( W T ( 1 X , I  Y ) - HK ( I X , I Y ) )
I F ( D E L O . G T . 0 . 0 > GO TO 40  
OOUT=OOUT* UELQ  
GO TO 50  

4 0  0  I N  = 01 N*DF"LO
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50  CONTI NUE
ON£ t = ü NET♦OELQ  

6 0  CONTI NUE
D u k v  = H l ( 1 X » I  Y ) - H K ( I  X • I  Y)  
IhlTX) =DÜPW 
QSTn> = USTR + DDRW#AREA#S 

70 c o n t i n u e
WR I t E ( 6 , 2 7 0 )  ( I H ( I X ) , I X = 1

60  CONTI NUE
PUMo=TPUM»SUMT
D E L S = - u S T P / S U M T

NX)

ERRl <6 = P U M P - T 0 T L 0 - 0 S T R
P C 1 E RR= ( E RRMB» 1 0  0 . 0 ) / ( ( P U M P * T O Î L O ) / 2 . 0 )

WRI TE
WRI TE
WRI T E
WRI TE
WRI TE
WRI TE
WRI TE
WRI TE

(6 ,2 2 0) 
( 6 , 2 3 0 )  
(6 ,2 1 0) 
( 6 , 2 4 0 )  
( 6 , ? 5 0 )  
(6 ,1 6 0) 
( 6 , 1 9 0 )  
(6 ,2 0 0)

PUMP
QSTR
TOTLO
E P RP R, P CT E RR  
0 1N , OOUT »QNET 
TPUM 
DELS

90 RETURN  # e # » * * * * * * * * * * * * * * * * * * * * * * * * * *

C . F . S . f / / 1 6 X , '  O I N  
• , 6 1 2 . 5 / )

1 0 0  FORvAT ( 1 H 1 , 23HHEAD D I S T R I B U T I O N  -  ROW)
1 1.0 FGK- ' AT ( 1 X . 23HNUMRFR OF T I m E STEPS = , 1 1 5 )
1 20  FORvAT ( 6 X , I 6 H T I M F ( S E C O N D S )  = , 1 6 1 2 . 5 )
1 3 0  FORvAT ( 8 x , 1 6 H T I M E ( M I N U T E S )  = , 1 E 1 2 . 5 )
1 40  FORv AT ( 8 X , 1 6 H T I M E ( YEARS)  = , 1 E 1 2 . 5 )
1 50  FORvAT ( l H  )
1 60  FORvAT ( 1RO, 2 0 F 5 • 1)
1 7 0  FORvAT ( l H , 4 0 1 3 )
1 8 0  FORvAT ( l H - , 1 9 X ♦ ' MASS B A L A N C E ' / / / 1 8 X , ' RATES I N  

1 = i , 6 1 2 . 5 / 1 S X . ' O O U T  = ' , G 1 2 • 5 / 1 8 X , * ONET =
1 90  FORMAT ( 1 H , 1 7 X , ' T P U M  = « , 6 1 2 . 5 )
2 0 0  FORvAT ( l H  , 1 7 X , ' D E L S  = » , E 1 2 . 5 / )
2 1 0  FORwAT ( 4 X . 2 9 H W A T E P  RELEASE FROM STORAGE = , 1 E 1 2 . 5 )
2 2 0  FORMAT ( I h - , l O X , « CUMULATI VE MASS B A L A N C E ' / / )
2 3 0  FORMAT ( 4 X , 2 9 H C U M U L A T l v E  NET PUMPAGE = , 1 E 1 2 . 5 )
2 4 0  FORMAT ( 4 x , 2 9 H C U M U L A T I V E  NET LEAKAGE = , 1 E 1 2 . 5 )
2 5 0  FORMAT ( 1 H Ü , 8 X , ' Ma SS BALANCE R E S I DUAL  = ' , G 1 2 . 5 / 9 X , ' ERROR  

I R C E m T)  = ' ♦ G 1 2 , 5 )
2 6 0  FORm AT ( 1H1 , 8HDRAWD0WN)
2 7 0  FORm AT ( 3H , 2 0 1 5 )

END

( AS PE
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VgLYG SUBROUTINE

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

THIS SUBRUOTINE CALCULATES VELOCITIES AND DISPERSION
coefficients  over a f i n i t e  element area

SUBROUTINE VELYG( n#NX, NY,DXX, Dï Y , DXY,DYX,PERM,
1 HK,DELX,DELY, VX, vY,PURf)S,ALPHAL,DLTRAT#NODE»NWF.LL,VXY,VYX,
2 VYh,VYP,VXM,VXP)

****#******#******#**********#******************.***********#*****
REAL #6 HX,dELX,DeLY
DIMENSION DXX(NX,mY),DYY(MX,NY)#DXY(NX,NY),DYX(NX,NY),

V NODE(NX,NY) ,PERM( N'X,'<jY) ,HHCNX,N:Y), VX(NX,NY),VY(NX,NY),
2 NWELL( NX,NY) , VXY( NX » N Y) , VYX( NX # NY)# VYM(50),
3 VYP(50),VXM(50),vXp(50)
ALPHAT=ALFHaL*DLTrAT
NNXsNX-l
NNY=NY»1 
DO 20 IX=2,UNX 
DO 20 IY e 2 , NNY 

10 GRADX=((HK(IX+1,IY)+HK(IX+1,IY+1)).(HK(IX,IY)+HK(IX,IY+1)
1 ))/2.

GRADY= ( (HK(IX,IY+1)+HK(IX+1,IY+1)).(HK(IX,IY)+HK(IX+1,
1 I Y ) ) ) / 2 ,

PERKx=(PEpM(lX,lY)+PERM(lX+l,TY)+PERM(IX,IY+l)+PERM(lX+lf 
1 I Y + l ) ) / 4 ,

vxdx# i y )=®pe:rmx* gradx/ cporos#delx)
VY ( IX , IY )s<-PERMx*GRADY/(PüROS*DELX)
VX5=VX(IX,IY)*#2 
VYSsVYCIX, i Y)#*2
V=SORT(VXS>VYS)
DXXCIX,IY)=(aLPhAL#VXS+ALPHAT*VYS)/V 
DYYdX, IY) = C ALPhALaVYS + ALPHAT*VXS)/V 
DXy(lX,IY) = (ALPHAL«8ALPHArr)#VX( IX , lY )*VY( lX , lY ) /V  
DYX(IX,lY)=DXY(iX,IY) .

20 CONTINUE
OUTPUT VELOCITIES AND DISPERSION COEFFICIENTS 

IF (N.GT.l)  GO TO 90 
WRITE (6,100)
DO 30 IY-1,NY 

30 WRITE (6,110) (Vx ( lX , lY ) , IX 3 l ,N X )
WRITE (6,120)
DO 40 IYal,NY 

40 WRlTp; (6,110) CVYClX, IY ) ,  lXsl,NX)
WRITE(6,130)
DO 50 IYb1 ,NY 

50 WRITE (6,110) (DxX(lX,lY), IX=l#Nx)
WRITE(6,140)
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60

70

80
90C

100
llo
120
130
140
150
160

V e LYG s u b r o u t i n e
DO 60 IY=1,NY
WRITE ( 6 , H o )  (DxYCIX#I Y ) # I X * 1 # N X )
WRITE(6,150)
DO 70 IY=1,NY
WRITE (6,110) (DYY(lX,lY) , IXsl ,NX)
WRITE(6,160)
DO 80 IY=1,NY
WRITE (6, HO) (0YX(IX, IY), IX=1,NX)
CONTINUE

RETURN

FORMAT
FORMAT
FORMAT
FORMAT
format
FORMAT
FORMAT
END

(1H1,12HX VELOCITIES) 
(IH ,12010.3)
(1H1,12HY VELOCITIES) 

DISPERSION(1M1,!DXX 
( I H I , IDXY 
( IHI, IDYY  
( IHI, IDYX

DISPERSION
D I S P E R S I O N
DISPERSION

COEFFICIENTS ! / / )  
COEFFICIENTS I / / )  
COEFFICIENTS I / / )  
COEFFICIENTS I / / )

I
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1 H T S SUBHOUTI NE CAL CULATES THE CHEMI CAL CONCENTRATI ON AT 
THE T I N I T F  ELEMENT MOUES

SUt i DÜUTI NE ' THSPTG( HOOE * X K n » X K l N f AN* XRHO*OXX * n Y V , O X Y « O Y X  * Q I •
1 S Y " b UL  tDF L T ♦ I MAA, T I M E I « C t C O N r , P mP » N X « N Y » N N A * N N Y ♦ THCK«RECH»
? XUEL «YDEL « VX « VY . CNPECH , p Qk ü S « wK AC « EPS « VXM , VXP « V YM ♦ V YP « NWEl. L )

» » « # » # # « « • »
UOU~LE P R E C I S I O N  DMI N1  « UEXP. DLOG «DALtS
HE Al  «H 1 MPX , VPPM , H I  , M k t HC «HK , W ] «HEC. HE CH « T I M « AOPT ♦ T I T l .E 
HEAL » MX DE L « Y D E L • S « A PL A , SUM T . RmO . P A R A M . TEST . T O L «P i N T ♦HMI N «PYR 
HEAL “ Ml  I NT «ALPHA}  , A M U P , O U  F X

D I M E N S I O N  NODE( N X . N Y )  « DXX ( NX »NY)  . D Y Y ( N X . N Y )  « D X Y ( N X . N Y )  «
1 OYX ( N X . N Y )  . 0 1  ( NX. NY ) . SYMBOL ( 1 1 )  . C (NX . f ' Y)  «PMP ( N X . N Y )  »
Z ( HCK ( N X . N Y )  , RECH (NX «N'Y) , VX (NX «NY)  « VY (MX . NY ) «CNPF CH (NX . N Y )

T h e s e  D I ME N S I O N  STATEMENTS MUST PE CHANGED WI TH ARRAY CHANGES 
D I M E N S I O N  1 C ( ? 0 . ^ 0 ) . X U X X ( 3 . 3 , 4 ) » X D Y Y ( 3 . 3 « R ) « X D X Y ( 3 , 3 . ^ ) .

1 XUYX(3«3.R) « x v x (3.3,4) ,X V Y (3.3,^) .A M (3,3,4) .X (^ 0,20 « 3.3) ♦
2 Y ( 2 0 , 2 0 , 3 , 3 )  « X D X X T ( 3 , 3 )  « X D Y Y T ( 3 , 3 )  . X O X Y T ( 3 , 3 )  « X D Y XT ( 3  « 3 )  .
3 XVx I ( 3 » 3 )  « X V Y T ( 3 . 3 )  . A M T ( 3 , 3 )  « K S I O E ( 2 0 . 2 0 )  , O T ( 3 . 3 )  » G G ( 2 0 . 2 0 )

e x t e r n a l  e c t d . f c t
I F ( X K 1 N . L T . 1 . F - 2 0 )  X N = 1 •
X M m =XK Î N / . 3 1 S 5 7 G F 0 8  
C S T n P I  = 0 . 0  
CMA» = 0 . 0  
N I  =\ j X 
NJ ^ NY  
POR^POROS  
D E L y =XOFL  
DEL V=YDEL  
XXX=CONK  
F L U X = 0 . 0  

F I U X I - . 0 . 0
u t = d e l t
NTOT=SO  

h E L ' ' XI  = 0 . 0  
WF Li  )XO = 0 . 0  
C S T n R = 0 . 0  
N N J = N J - 1 
N N 1 r  N I - 1  
N N N I = N N I •  1 
NNN. ) = NN J - }
T I ME= 0 . 0  
T I m p X=T I ME I 
W R I t E ( 6 , 3 4 0 )
In = U
K'F = 1 . ♦XK| ) »XRHO  

Dn 10 J = 2  « NNJ  
DU 10 1 = 2 , NNI
C S T o R I  = C ( I «J ) » ÜE L X » UE L Y -  » I h L K ( I , J ) «POP *  CSTORI  

10 CONTI NUE  
NT OT = 1 0 0

c  c a l c u l a t e  i n t e g r a l  v a l u e s  f u r  l i n e a r  b a s i s  f u n c t i o n s
Un 20  K X = 1 «4 
Dn 20  Jx = 1 , 3  
un  2 0  I x  = I «3  
K = KX
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J s  JX 
I  = I X

X D X y ( I . J f K )  = f i û U S S S ( F C T D . F C T * F C T O t F C T * I • J t K )
X U Y Y t I » J » K )  = GAUSSS( F C T . F C T D t F C T  t F C T D , I t J » K )
X Ü X V ( I f J « K )  = GaUSSS ( FC7D«F CT ,F"CT . F C T O ,  I . J « K )
XDYy ( I ,  J «k  ) =GAl )5SS ( FC I . F C T D i F L T D . F C T . I . J . K )
XVX (J »J»K)  = ( , A I ' S 5 S ( F C T Ü . F C 1  » p c r  «FCTt  I . J t K ) * O f L X  
X V Y ( I » J » K ) = Gf l USSS( FCT , F C T U i F C T  , F C T ♦ I . J . K ) « F E L *
A K U * J * K )  = G A u S b 5 ( F C T » F C T * F C T * F C T * I * J * K )  * n t L X * O E L Y  

2 0  CONTI NUE

SUM THE I NTEGRAL VALUES FOR THE FOUR ELEMENTS

OO 4 0  1=2,NNl 
DO 40  J = 2 , M N J  

0 0  3 0  I m = 1 i 3  
Dn 30  JR = 1 «3
A M T ( I P , J H ) = A M ( IF?, J P , 1 ) ♦ A M ( I b , J H « ? ) * A M ( I h , j m , 3 ) > a M ( I B , J 0 , 4 )
O T ( I B , J P ) = A M T ( I P , J B ) ( I , J ) / ( 1 HCK ( I , J ) « P 0 R 0 S * 4 . )
XHXXT ( I H , JB)  sXÜXX ( I H .  J B ,  1 ) * 'ÜXX ( 1 - 1  , J - l  ) * XÜXX ( I b *  Jft * 2 )  »DXX { I  , J - l  )

1 ♦XDXX ( I p *  J h ,  3 )  * 0 X X  ( 1 - 1  t J> ♦■XDXX ( I H ,  «DXX ( I  • J )
X n Y Y Î ( I h , J p ) = X D Y Y ( I B , J t i , 1 ) * D Y Y ( 1 - 1 , J - l ) ♦ X D Y Y ( I B , J P , 2 ) » D Y Y ( I , J -  

1 I ) ♦ X D Y Y ( I B , J P , 3 ) * D Y Y ( 1 - 1 , J ) ♦ X D Y Y ( I B , J P , 4 ) « D Y Y ( 1 , J)
XnYXT ( I B , J p )  = XUYX ( l’h , JB , 1 ) * 0  T X ( I -  1 ♦ J -  1 ) ♦XÜYX ( 1B*  J 8 « 2 ) «

1 O Y X ( I , J - l ) ♦ X D Y X ( I B , J H , 3 ) « Ù Y X ( I  -  I , J ) ♦
2  X O Y X ( I B » JB * 4 ) «DY X ( I , J )

X n X Y T ( I h , J P ) = X D X Y ( I B , J b , I ) * D X Y ( 1 - 1 , J - 1 ) ♦ X O X Y ( I P , J B , 2 ) » D X Y ( I ,
1 J - l  ) ♦ X I Ï XY  ( I B  -, J g , 3 ) * L) XY ( ! - 1  , J )  ♦ X D X Y  ( Ï R ,  J h , 4 )  «OXY ( I , J )

XVXT ( I B , JH ) = X V X ( I B , JB , 1 ) « V X ( i  -■ 1 , J -  1 ) ♦ X V X ( I R , JB , 2 ) *  VX ( I  , J -  1 > ♦
1 XV'X ( I P ,  J B , 3 )  «VX ( 1 - 1  , J )  ♦XVX ( I d ,  J h , 4  ) »VX ( I , J )

XvYT ( 1 6 , -Jri) = X V Y  { I B ,  J R ,  1)  » V Y  ( 1 - 1  ,  J - l  ) ♦ X V Y  ( I b ,  J P , 2 )  «VY < I  ,  J - l  î  ♦
1 X V Y ( I P , J B , 3 ) « V Y ( 1 - 1 , J ) ♦ X V Y ( I b , J h , 4 ) » V Y ( I , J )

AAA = D E L T / ( 2 . * R F ) « ( XUXX r ( l b , J b )  ♦ X D Y Y T ( I B , J t i ) ♦ X Ü Y X T ( I B ,  J B ) ♦
1 X H X Y T ( l H , J B ) ♦ X V X T ( I B , JK)  ♦ X V Y 1 ( I h , J P ) )

X (  I , J ,  I b ,  JP)  =AMT ( I b .  J b )  ♦ A A A ^ x K l N » D E l . T / 2 . » A M T  ( I B ,  J p )
Y ( I ,  J ,  I B ,  JB)  = AMT ( I B ,  Jt i )  - A . A A - X M M » D E L T / 2 , » A M T  ( 1 8 ,  J P )

30  CONTI NUE  
40  CONTI NUE  
50  CONTI NUE  

NI  T =0
T I M F = T I M E ^ D T
I F  ( T I M E . GT . T MA X )  GO TO 3 3 0

CALCULATE THE RI GHT  HAND S I D E  KNOWN VECTOR

On 6 0  1 = 2 , NNI  
DO «-0 J = 2 ,  NN J
R S I O E ( I , J ) = Y ( I , J , 1 , 1 ) » C ( 1 - 1 , J - l ) ♦ Y ( I , J . 1 , 3 ) « C ( Î - 1 , J ^ 1 ) ♦ Y ( I , J , 3 , 3 ) » 

l C ( I d , J M )  ♦ Y ( ] , J , 2 , 1 ) * C ( I , J - I )  ♦ Y ( I  , J , 3 , 2 ) « C (  1 ♦ 1 ,  J  ) ♦ Y ( I , J , 2 ,
2  3 ) *  C ( I ,
3 J+ 1 ) ♦ Y ( i  , J , 1  , 2 ) * C  ( I -  1 , J )  ♦ Y ( I , J , 2 , 2 ) * C ( I , J M Y ( I , J , 3 , l ) * C ( I d , J
4 - 1 ) ♦ Q I ( I , J ) * n E L T / ( 4 . * P O R Ô S * T H C K ( I , J ) )
S * ( 4 . * C N R E C H ( I , j ) - 2 . » C ( i , J ) )

60  CONTI NUE
C USE SOP P OI NT  I T E R A T I O N  T ECHNI QUE TO SOLVE EQUATI ON

70 RES a 0 . 0  
N I T = N I T ♦1
I F ( N l T . L T . N T O T )  GO TO 90  
WRI T L ( 6 . 6 0 )  NTOT 

60  F ORMAT ( I H , « NUMBER OF I T E R A T I O N S  EXCEEDED » ,  15)
GO TO 330
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9U CONTI NUE
un  2 1 0  j = 2 « N N J  
0 0  2 1 0  1 = 2 , NNl  
KrNOUfc ( I ».J) ♦ 1
GO T O ( 1 DO,  1 1 0 ,  1 2 0 ,  1 3 0 ,  1 4 0 ,  1 5U , 1 hÜ , l ' /O ♦ 1 t i t ) , 1 90  ) «K 

1 0 0  C N = ( - ( X ( 1 , J , 1 , 1 ) » C ( 1 - 1 , J - l 1 * X ( I , J , 2 , 1 ) o C ( I , J - l > ♦ X ( ] ♦ J • 3  , 1)
1» C(  1 * 1  « J - l  ) ♦ X ( I » J » 1 » 2 ) * C ( 1 - 1  , J )  ♦ X ( 1 , J , '3 ,. 2 ) * C ( I * 1 » J )  ♦
2X ( 1 , J , 1 , 3 )  * C ( T - 1 , J * 1 )  ♦.  X ( 1 , J , 2 , 3 ) * C ( I * J * 1 )  ♦ X ( I  , J ,  3 , 3 )  <*C{ I  ♦ 1 , J *  
3 1 ) )  ♦ R S I C L  ( I . J )  ) /  (X ( I , 3 , 2 , 2 )  * 0 1  ( I , J ) »2  . ' >UELT/
4 ( 4 . » E 0 R Ü S »  THCK( I , J )  ) ) *  W E A C- ( W P A C- 1 . ) « C ( I , J )

GO TU 2 0 0  
1 1 0  CN = AMAX1 ( C ( I , J * 1 ) , C0 MK)

CN=CONK 
31 CN = C ( I , J * 2 )

GO TU 2 0 0  
C 3 2  CN = C ( I , J - 2 )

1 2 0  CN = A M A X 1 ( C ( I , J - l ) , CUNK)
C c n = c o n k

GO TO 2 0 0  
C 3 3  CN = C ( l ♦ 2 , J )

1 30  CN  = A M A X 1 ( C ( I * 1 ♦ J ) , C O N K )
C CN=CONK

GO TO 2 0 0  
C 34  CN = C ( I - ? , J )

1 40  CN = AMAX1 ( C O N K t C f 1 - 1  «J ) )
C CN=CONK

GO TO 2 0 0  
1 50  CN = C î 1 ^ 2 , J “ 2 )

GO TO 2 0  0 
1 6 0  CN = 6 0 0 0 .

GO TO 2 0 0  
170  CONT I NUE  

C N = 0 . 0  
GO TO 2 0 0  

180  CONT I NUE
GO TO 100  

1 90  CONT I NUE  
GO TU 2 0 0  

2 0 0  CONT I NUE
0 î F E A = C N - C ( I , J )
H F S = D A B S ( D 1 E F X ) ♦ R E S  
C ( I ♦ J ) = C N  

2 1 0  CONT I NUE
I F ( R E S . G T . E P S )  GO TO 70  

DO 2 2 0  1 = 1 , N I  
0 0  2 2 0  J = 1 , N J  
IC(T,J) = C (I♦J) ♦0.1 

2 2 0  C ONT I NUE  
C rGMPUTF.  MASS BALANCE

DO 2 3 0  1 = 2 , N N I 
OU 2 3 0  J  = ? » NNJ
w F L ! ' X I = O I ( I , J ) « C N P E C H ( I , J ) » U E L T  ♦ WFLUXI  

2 3 0  WP LUXU = PMP ( I , J )  «C ( I , J )  <>UELT ♦ wF l UXU 
C NET FLUX THRUUGH SYSTEM" ROUNDRI ES

E| .UX = 0 .
ÜO ~ 4 0  1 = 3 , NNNI  

J = 2
F| U X = ( C ( I , 2 ) - C ( I . 3 ) ) » D Y Y ( 1  , J ) » T H C K ( I , J ) « P O R / U E L X ^ F L U X  

FLUX = V Y ( I , 2 )  * ( C ( I  , 2 ) )  « ï h C K ( I , J ) « P U R  ♦ FLUX  
J s NNNJ
F| U X = ( C ( I , N N J ) - C ( I , N N N J ) ) * D Y Y ( J , J ) » T H C K ( I , J ) « P O R / D E L X ♦ F L U X
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2 4 0  KLUX = - ( V Y U  t N N N J ) M C ( I t N N J )  > ) " I H C K  ( I  , J )  » POR* FL UX  
UO 2 b 0  J = 3 « N N f U  

1 = 2
F l.UX= ( C ( 2 » J ) ~ C ( 3 « vJ) ) * ÜXX ( I  1 J )  »THCK ( I . J ) e POk / Ot LLX* FLUX  

F LUX = V X ( 2  t J ) » ( C ( 2  » J ) ) « T M C K ( I , J ) * P O y * F L U X  
I = N N N 1
F L U X= (C(NNIvj)- C ( N N N I .J) )»DXX ( I « J )* T H C K(I ,J)« P O R / O E L X ^FLUX 

2 b 0  FLUX = -  ( V X  (NNN I , J )  *  ( C ( NNI  « J )  ) ) »  THCK ( 1 « J ) OR ♦ FLUX 
FLUX I = F L U X « U F | . X # n T * F l . U X l  
I F  ( T I M E . L T . 7 I M F X - T I M F I » . 0 0 0 1 0 )  GO TO SO 
T 1 F F X = T I M E X ♦ T IM K I  
CSTnR = 0 . 0  
DO ?6U 1 = 2 . NNI  
DO pbO  J = ? » NNJ 

2 0 0  CST0W = C S T 0 R * C ( I . J ) ^ D F L X ^ D E L Y ^ T H C K ( I  «J ) » P O R  
f- L N f T  = W F L u X I - w F L U X 0 - C 5 T 0 R * F L U X I * C S T 0 R I  
DAYS = T I M F. /  e 8 G F 0 5 
YEARS = T l N F / . 3 l b b 7 6 E " 0 B
WRI TE ( 6 . 3 / 0 )  W F L U X I . W F L U X O i F L U X I , C S T O P . F L N E T . T I ^ E , DAY S . Y E ARS  

W R I T E ( 6 . 2 7 0 )  N I T  
2 7 0  F ORMAT ( 1 H « 4 X . 1N I T  = ' . I b )

Wk I t E ( 6 . 3 6  0 )
DO ? 6 0  J = 1 . NJ  

2 8 0  Wk I t E ( 6 . 4 1 0 )  ( C ( I . J ) . 1 = 1 . N I )
WRI TE ( 6 , 3 ^ 0 )  
wwI  TE ( 6 . 3 6 0 )
Du ? 9 0  J = 1 . MJ  

2 9 C WRI T E ( 6 , 3 9 0 )  ( I C ( I . J ) . I = 1 . N I )
WRI TE ( 6 . 3 4 0 )
DO 3 0 0  1 = 2 , NNI  
Du 3Ü0  J = ? . N N J  
YYY = C ( I  «J)

3 0 0  CMAX = A M A X 1 ( X X X . C N R F C H ( I . J ) . C M A X . Y Y Y )
I F  ( C M A X . L E . 1 . F - 2 0 )  CMAX= 1 .
DO T l O  J=1 » NJ  
DO 3 1 0  1 = 1 , NI
K = ( y - C ( I . J ) / C M A X ) » 1 0 . *  1 . 0 0 0 0 0 1  

3 1 0  G G ( î i J ) = S Y M t i O L ( K )
DO 3 2 0  J = 1 . NJ  

3 2 0  WRI TE ( ô . u O O )  ( G G ( I . J ) , 1 = 1 . N I )
WRI TE ( 6 , 4 2 0 )
WRI TE ( 6 , 3 4 0 )

Gn TO 50  
3 3 0  CONT I NUE  

STOP

3 4 0  FORMAT ( 1 H 1)
3 5 0  FORMAT ( 1 h . 12 E 1 0 , 3 )
3 6 0  FORMAT ( I n l » 1 5 X . ' MAXI MUM VALUE FOR T I ME I NCREMENT FOR E X P L I C I T  PRO 

I G R A m i / / )
3 7 0  FORMAT ( I h l  , 3 X , '  TOTAL WELL I N P u T  = ' , E 1 4 . 5 / 4 X . • TOTAL WELL OUTPUT = '  

1 « F 1 4 . 5 / 4 X . »  NET 601 INDRY FLUX = ' . E 1 4 . 5 / 4 X  , ' TOTAL  ACCUMULATI ON = « . E l  
2 4 . 5 / 4 X , ' TOTAL NET FLUX = ' , E 1 4 . b / 4 X  . ' T ï ME = ' . E 1 4 . 5 / 4 X , ' DAY S = ' , F 1 4 .  
3 5 /  4 X , ' YEARS = « , E l 4 . b )

3 8 0  F OR"AT ( I M U . S X , ' C H E M I C A L  CONCENTRATI ON ' , / / )
3 9 0  FORMAT ( 1H , 3 2 1 4 )
4 0 0  FORMAT ( l H  . 6 0 A 2 )
4 1 0  FORm AT (1M , 1 2 F 1 0 . 3 )
4 2 0  F OR m AT ( 1H « / / / )

END
F U N C T I O N  GAUSS5 <F C T I , F C T J , F C T K , F C T L , I , J . K >
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0 0  TO ( 1 0 , 2 0 , 3 0 , 4 0 , 5 0 ) ,K 
10 M e l  

N r l
GO 7 0  5 0  

20  M=2
N s l
Go TO 5 0  

30  Mr  1
N = 2
Go 7 0  5 0  

40  Mr  2
N = 2

50  Y= . 2 7 7 7 7 / 8 * ( F C T I ( . 8 8  7 2 ^ 8  3 , 1 , M ) » F C T K ( . R 8 7 2 9 y 3 , ? , M) ♦ F C T I ( . 1 1 2 7 0 1 7 * 1  
1 , M) *  F C 7 K ( . 1 1 2 7 0 1 7 , 2 , M) ) . . 4 ^ 4 4 ^ 4 4 » F C T I  ( . 5 , 1 , M ) * F C T K ( . 5 , 2 , M )

GAUSS5= ( . 2 7 7  7 7 7 0 * ( F C T J  C. 8 6  7 2 9 6 3 ,  J , N ) * F C T L ( . 8 0 7 2 9 0 3 , 2 , M ) * F C T J ( . 1 1 2  
1 7 0 1 7 ,  J , N )  * F C T L  ( . 1 1 2 7 0  1 7 , 2 , n ) ) ♦ . 4u44444<u* f -  CT J ( . 5 ,  J . N )  * F C T L  ( . 5 , 2 , N )  ) 
2 » t

I F ( A B S ( G A U S S 5 ) . L T . 1 . E - 0 5 )  G A U S S 5 = 0 . 0
RLTUBN
E M )
F U N C T I O N  F C T ( Z , I * N 7 J )
GO TO ( 1 0 , 5 0 ) , N t J  

10 GO TO ( 2 0 , 3 0 , 4 0 ) , I 
20  F C T r l , - Z  

GO TO 60  
30  F C T r Z

GO TO 60  
4 0  FCT = 0 . 0  

GO TO 60  
50 GO TO ( 4 0 , 2 0  , 3 0 ) *  I 
60  CONT I NUE  

KFTt j KN  
E M )

f u n c t i o n  f c t d ( Z , i , n i j )
GO T 0 ( 1 0  » G 0 )  , N I J  

10 Go T 0 ( 2 0 , 3 0 , 4 0 )  , I
20  F r  T D = - 1  .

GO TO 60  
3 0  F CT 0  = 1 •

GO 7 0  60  
4 0  F r T P = 0 •

GO TO 60  
5 0  GO 7 0 ( 4 0 , 2 0 , 3 0 ) , 1  
6 0  CONTI NUE  

Nf TURN
E n d
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* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

T HJS ROU T I N E  CONTROLS E X E CUT I ON

SOLUTE T R A N S P OR T , C H E MI C A L  REACTI ON AND D I S P E R S I O N  I N  A POROUS 
MEDI UM —  NUMERI CAL  S O L U T I O N —  FLOW EQUAT I ONS SOLVED BY I A D I  

BY J .  BREOEHOEf T  -  1 9 7 3 , M O D I F I E D  BY D .  GROVE 1 9 7 6 ,
SOLUTE TRANSPORT AND REACTI ON EQUATI ON SOLVED BY GLERKI N  
F I N I T E  ELEMENT METHOD U S I N G  CUBI C F UNCT I ONS  BY D .  GROVE 1 9 7 6 ,

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
DOUPLE P R E C I S I O N  D M I N I , DEXP , DLOG, DABS
REAL * 8 T M R X , V P R M , H I , H R , H C , H K , W T , P E C , R E C H , T I M , A O P T , T I T L E  
REAL « 8 X D E L , Y D E L , S , A R E  A , S U M T ,  R H O , P A R A M , T E S T , T O L , P I  N T , H M I N ,  PYR 
REAL * 8  T I N T  «ALPHA 1 , AN I T P , A S M , Y S M

D I M E N S I O N  N O D E ( 7 , 8 )  , D X X ( 1 1 , 1 2 ) , D Y Y ( 1 1 , 1 2 ) , D X Y ( 1 1 , 1 2 ) , D Y X ( 1 1 , 1 2 )  »
1 0 1 ( I I , 1 2 )  ♦S Y MR OL ( 1 1 )  , C ( 7 . 8 )  , P M P ( ) 1 , 1 2 ) , V X M ( 5 0 ) , V X P ( 5 0 ) , V Y M ( 5 0 )  ,
2 V Y P ( 5 0 ) , N WE L L ( 1 1 , 1 2 ) , NODE I D  ( 1 1 , 1 2 ) ,
3  THCK ( 1 1 ,  12 )  , P E P M ( H , 1 ? )  , TMWL ( 1 1 , 1 2 > , TMRX ( 11 , 1 2  , 2  )

D I M E N S I O N  V P R M( 1 1 , 1 2 )  , H I ( 11  ♦ 12)  , H R ( 1 1 , 1 2 )  , HC ( 1 1 , 1 2 ) , H K ( 1 1 , 1 2 )  ,
1 WT ( 1 1 , 1 2 )  , R E C ( 1 1 , 1 2 )  , RECH ( 1 1 , 1 2 ) , T I M ( 1 0 0 ) , A O P T ( 7 )  , T I T L E ( 1 0 ) ,
2 V X ( 1 1  , 1 2 )  , V Y ( 1 1 , 1 2 )  , CNR E C H ( 1 1 , 1 2 )  * V Y X ( 1 1 , 1 2 )  , VXY ( 1 1 , 1 2 )
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
D I M E N S I O N  N E L ( 8 , 9 > , N E ( 8 , 9 )  , V X S ( 3 , 3 . 8 ) , V Y S ( 3 , 3 , 8 ) ,

1 D X X S ( 3 , 3 , 8 ) , D Y Y S ( 3 , 3 , 8 ) , D X Y S ( 3 , 3 , 8 ) , D Y X S ( 3 , 3 , 8 )
LOAD DATA 
N X - 1 1 
NY = 12  
N G I = N X - 4  
N G J = N Y - 4  
I N X s N G I  
I N Y s N G J  
N G I F = N G I * %
N G J R = N G J * 1 

10 CONT I NUE
CALL P A R L O D ( N O D E , X K D , X K I N , X N , X R H O « D X X , D Y Y , D X Y , D Y X , Q I * SYMBOL»

1 D E L Î , T M A X , T I M E I « C , C O N K , W F A C , E P S , P M P t V X M , V X P , V Y M , V Y P ,
2 NWELL,  N T I M , N P M P , N P N T , N I T P , N , N X , N Y , N P , N R E C  « I  N T , NNX «NNY «
3 I T M A X , I P R N T , N O D E I D ,
4 T H C K , P E R M,  T M R X , V P R M , H I , H R , H C , H K , W T , P E C , R E C H ,

' 5  T I m , A 0 P T ♦ T I T L E , X D E L , Y D E L , S , A R E A , S U M T , R H O , P A R A M , T E S T , T O L ,
6 P I N T , H M I N , P Y R , V X , V Y , C N R E C H , P 0 R 0 S , 5 U M T C H , B E T A , T I M V , S T O R M , RCMAS»
7 F L M l N , F L M O T , S U M I 0 ,  D L TRA T , VYX , V X Y , T OT L Q« I  N X , I N Y , 1 1 X ) 

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
START COMPUTATI ONS  
COMPUTE NPMP PUMPI NG P E R I O D S  
DO 1Û0 N I NT = 1 , NPMP 
I N T = N I N T

C O M P U T E . N T I M  T I M E  STEPS  
0 0  fiO N S = 1 » N T I M  
N=NS  
I P R N T = 0  

C LOAD NEW DELTA T
T 1 N T = S U M T - P Y R » ( I N T - 1 )
T D E l . = D MI N l  ( T I M  ( N )  , P Y R - T I N T )
SUMT =S UMT * T DEL  
T I M ( N ) = T D E L  
REMN-MOD <N, NPNT>C ***************************************************************
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2 0  c o n t i n u e  
c c o m p u t e  h e a d  d i s t r i b u t i o n

CALL I T E R A T ( N I T P , N X , N Y , I T Y A X , T H C K , T M P X , V P R M , H R , H C , H K , W T , R E C ,
1 REc H , T I M , A O P T , X D E L , Y D E L , S , A R E A , T O L , T O T L O , N )

3 0  CONTI NUE
I E ( p E M N . E O . 0 , 0 ) CALL O U T P T ( N , N X , N Y , T HCK, VPRM, H I , HK , WT♦

1 R E C » A R E A , S U M T , T O T L Q , S )
4 0  CONTI NUE  

C S U R D I V I D E  n o d e s  w i t h  w e l l s  i n  t h e m
CALL N O D E S ( N X , M Y , T M R X , R E C H , R E C , T I M , X D E L , Y D E L , T O L t

1 M K , X S M , Y S M , N O D E i P E R M , I T M A X  >A O P T , S , T O T L O , N E L , NE »
2 V X S , V Y S , D X X S , D Y Y S , D X Y S , D Y X S , P u R O S , B E T A , D L T R A T , N G I , N G J , N G I E , N G J E )  

5 0  CONTI NUE
C CALCULATE V E L O C I T I E S  AND D I S P E R S I O N  C O E F F I C I E N T S

CALL V E L Y G ( N , N x , N Y , D X X , D Y Y , D X Y , D Y X , P E P M , H K , X D E L ,
1 YDEL , V X , V Y , P O R O S , B E T A , D L T R A T )

6 0  CONTI NUE  
C CALCULATE CONCENTRATI ONS

CALI  T R S P T C ( N O D E , X K D , X K I N , X N , X R H O , D X X , D Y Y , D X Y , D Y X , 0 1 ,
1 S Y M B O L i D E L T t T M A X , T I M E  I , C , CONK, PMp , N X , N Y , N N X ♦NMY, THCK, REC K,
2  X D E L , Y D E L , V X , V Y , C N R E C H , P 0 R 0 5 , I N X , I N Y , X S M , V X S , V Y S ,
3 D X x S , D Y Y S f D X Y S , O Y X S , N E L ,  I I X , N G I . E , N G J E )

OUTPUT ROUTI NES  
70  I F  ( S U M T . v E . ( P Y R * I N T ) ) GO TO 9 0  
8 0  CONTI NUE ******************************************

s u m m a r y  o u t p u t  
9 0  c o n t i n u e  

i p r n t = i
C CALL OUTPT

1 0 0  c o n t i n u e
Ç  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

STOPc * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
END
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* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

T H I S  SUBROUTI NE I NP UT S  AND I N I T I A L I Z E S  DATA

SUBROUTI NE P A R L O D ( N O D E t X K D t X K I N t X N . X R H O v D X X , D Y Y i D X Y t O Y X , O I ,
1 S Y mB O L » D E L T » T m A X , T I M E I , C * C O N K , W E f i C , F P S * P MP » V X M, V X P » V Y M f V Y P t
2 NWELL*  NT IM » NPMP » N P N T ♦N I  TP » N * NX » NY * NP » N R E C i I N I  NNX »NNY t
3 I t m a x , i p r n t , n o d e i d *
A T H r K , P E R M t  T M R X i V P R M * H I * H R * H C » H K »WT»REC»RECH,
5 T I M « A O P T , T I I L E * X D E L * Y D E L » S * A R E A . 5 U M T » R H O . P A R A M * T F S T * T O L *
6  P l N T , H M l N t P Y R , V X f V Y . C N R E C H . P 0 R 0 S . S U M T C H . 6 E T A , T I M V i S T 0 R M , R C M A S «
7 F L M l N . E L M O T . S U M l O f  D L T R A T » VYX , V X Y . TOTLO» I N X ♦ I NY . 11X ) 

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
DOUPLE P R E C I S I O N  DM I N 1 1D E x P , DLOG, DABS
REAL * 8 T M R X . V P R M . H I * H R . H C * H K  . W T . R E C . R E C H . T I M . A O P T . T I T L E  
REAt. » 8 X 0 E L . Y D E L t S « A R E A . S U M T i R H O . P A R A M , T E S T « T O L . P I N T . H M I N . P Y R  
REAL * 8 F C T R , T I M X , T I N I T , P I E S , Y N S . X N S , R A T , H M X . H M Y  
REAL « 8 T I N T . A L P H A 1 , A N I T P
D I M E N S I O N  N O D E ( I N X , I N Y ) , D X X ( N X , N Y ) , D Y Y ( N X , N Y )  , D X Y ( N X , N Y ) .

1 D Y x ( N X , N Y )  , Q I  ( N X , N Y ) , SYMBOL ( 1 1 ) ,  C ( I N X , I N Y ) , P M P ( N X , N Y ) .
2 V X M ( S O ) , V X P ( S O ) , V Y M ( 5 0 ) , V Y P ( 5 0 ) , NWELL( N X , N Y )

D I M E N S I O N  NODE I D ( N X , N Y ) , T H C K ( N X , N Y )  ,
1 P E R M ( N X , N Y )  , T M W L ( 5 , 5 0 )  , T M R X ( N X , N Y , 2 )  ,
2  V P P M ( N X , N Y ) , H I ( N X , N Y ) . H R ( N X . N Y ) , H C ( N X , N Y ) , H K ( N X , N Y ) . W T ( N X i N Y ) *
3 R E C ( N X « N Y )  , R E C H ( N X , N Y )  , T I M ( 1 0 0 )  , AOPT( NX)  , T I T L E ( 1 0 )  ,
4  V X ( N X , N Y ) , V Y ( N X , N Y ) , C N R E C H ( N X , N Y ) , V Y X ( N X , N Y ) , V X Y ( N X , N Y )  

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
REAn ( 5 . 8 3 0 )  T I T L E
WRI TE ( 6 , 8 4 0 )  T I T L E  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
I N I T I A L I Z E  TEST AND CONTROL VARI ABLES  
T E S T = 0 . 0  
T O T ( . O = 0 , 0  
SUMt = 0 . 0  
SUMt C H = 0 , 0  
I N T  = 0 
I P R N T = 0  
NCA=0  
N = 0
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
LOAD CONTROL PARAMETERS
READ ( 5 , 8 5 0 )  N T I M , N P M P , N X , N Y , N P N T , N I T P , I T M A X , N R E C , T M A X , T  

1 1 ME I » CONK » W'F AC » EPS » TCK , TTT , W T E , C 0 N I  , NNODE,  I I X  
READ ( 5 , 9 2 0 )  p i n t , t o l , p o r o s , b e t a , s , t i m x , t i n i t . x d e l , y d e l »d l t r a t  

1 , x k d , x k i n , x n , x r h o , d e l t  
r e a d  ( 5 , 9 7 0 )  SYMBOL 
P Y R = P I N T * 8 6 4  0 0 . 0 * 3 6 5 . 2 5  
N N X r N X - l  
N N Y = N Y - 1

WRI TE
WRI TE
w r i t e
WRI TE
w r i t e
w r i t e

( 6 , 8 6 0 )
( 6 , 8 7 0 )
( 6 , 8 8 0 )
( 6 , 8 9 0 )
( 6 , 9 0 0 )
( 6 , 9 1 0 )

10

N X , N Y , X D E L , Y D E L
NT I M , NPMP, P I  N T , T I  MX, T 1N I T , 0 E L T , TMAX, T I  ME I  
S . P O R O S . B E T A , D L T R A T , X K D , X K l N , X N , X R H O , E P S , W F A C  
N 1 T P . T O L , I T M A X  
N PNT. NRE C

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
L I S T  T I M E  I NCREMENTS
DO 10 J = 1 , N T I M
T 1 M ( J > = 0 . 0
CONT I NUE
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I F  ( S . E Q . 0 . 0 )  GO TO 3 0  
DO ?0 K = 2 , N T I M  
T I K . ( K ) = T I M X » T I M ( K - U  

2 0  CONT I NUE  
GO TO 4 0  

3 0  T I H ( 1 ) = P Y R

4 0  WRI T E  ( 6 , 5 7 0 )
WRI T E  ( 6 , 5 8 0 )  T I M

I N I T I A L I Z E  MAT RI CE S  
DO FO I Y = 1 , NY 
0 0  5 0  I X = 1 , NX 
V P R m ( I X , I Y ) = 0 . 0  
P E « M ( I X , I y ) = 0 . 0  
THC k ( I X . I Y ) = 0 . 0  
R E C H d X ,  I Y )  = 0 . 0  
CN R F C H ( I X , I Y ) = 0 . 0  
R E C ( I X , I Y ) = 0 . 0  
NODE1 0 ( I X , I Y ) = 0  
T M R x ( I X * I Y »  1 ) = 0 . 0  
T M K x ( I X , I Y * 2 ) = 0 . 0  
M I ( I X , I Y ) = 0 . 0  
H R ( l X * I Y ) r 0 . 0  
H C < ! X , I Y ) r 0 . 0  
h K ( T X , I Y ) = 0 . 0  
W T i l X , I Y ) = 0 . 0  
V X ( | X t I Y ) = 0 . 0  
V Y ( I X , Ï Y ) = 0 . 0  
V X Y ( I X * I Y ) = 0 . 0  
V Y X ( I X , I Y ) = 0 . 0  
D X X ( I X » l Y ) = 0 . 0  
D X Y ( I X * I Y ) = 0 , 0  
D Y Y ( I X * l Y ) = 0 , 0  
D Y X ( I X , I Y ) = 0 , 0  
0 1 ( I  X » I  Y ) =0  » 0 
P M P ( I X , I  Y ) = 0 . 0  

5 0  CONT I NUE
DO 6 0  I X = 1 * I N X  
DO 6 0  I Y = 1 « I N Y 

6 0  C ( I  X • I Y ) = 0 . 0 »«»»»«»»»»
r e a d  PUMPa GE D a t a  —  ( X - Y  COORDI NATES AND RATE I N  C . E . S . )
S I G N S  --------- WI THDRAWAL = P O S . ;  I N J E C T I O N  = NEG.
I F  I N J E C T I O N  WELL,  ALSO READ CONCENTRATI ON OF I N J E C T E D  WATER 
I F  ( N R E C . L E . O )  GO TO 1 0 0  
WRI T E ( 6 , 9 5 0 )
DO 9 0  1 = 1 , NREC
READ ( 5 , 8 2 0 )  I X , I Y ♦ F C T R , CNREC 
N W E l L ( I X , I Y ) = I
I F  ( F C T R . L T . 0 . 0 )  C N R E C H ( I X , I Y ) = C N R E C  
R E C ( I X , I Y ) = F C T R  
I F  ( F C T R . G T . 0 . 0 )  GO TO 7 0  
0 1 ( I X , I Y ) = ~ F C T R  
GO TO 8 0  

7 0  Q I ( I X , I Y ) = 0 . 0  
P M P ( I X , I Y ) = F C T R  

8 0  WRI T E ( 6 , 9 6 0 )  I X , I Y , R E C ( I X , I Y ) , C N R E C H ( I X t l Y ) , Q I ( I X . I Y )
9 0  CONTI NUE  

1 0 0  CONT I NUE
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ç *********************************************o******************
A R £ a = XDE L» YDE L

C
WRI T E ( 6 , 8 0 0 )  AREA 
WRI T E ( 6 , 6 9 0 )
WRI T E  ( 6 , 7 0 0 )  XDEL  
WRI T E ( 6 , 7 0 0 )  YDEL  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
READ T R A N S M I S S I V I T Y  I N  F T * * 2 / S E C  I NTO VPRM MATRI X  
FCTR = T R A N S M I S S I V I T Y  M U L T I P L I E R  -------> F T » * 2 / S E C

F C T R = I , 0
I F ( T T T . L T , . 1 E - 1 0 ) G O  TO 1 20  
DO 1 1 0  I Y = 1 , N Y  
DO 1 1 0  I X = 1 , N X  
VPRm ( I X . I Y > = T T T » F C T R
I F ( I X . E O . 1 . O R . I X , E Q . N X ) V P R M ( I X , I Y ) = 0 . 0  
I F ( î Y . E O . 1 . O R . I Y . E O . N Y ) V P R M ( I X , I Y ) =0 . 0  

1 1 0  CONT I NUE  
GO TO 1 50  

1 2 0  CONT I NUE

DO 1 3 0  I Y = 1 , N Y  
1 3 0  READ ( 5 , 6 4 0 )  ( V P R M ( I X , I Y ) , I X = 1 , N X )

DO 1 4 0  I X = 1 , NX 
DO 1 4 0  I Y = 1 , NY
V P R M ( I X , I Y ) = V P R M ( I X , I Y ) » F C T R  
I F  ( I X . E O . 1 . O R . I X . E G . N X )  V P R M( I X , 1 Y ) = 0 . 0  
I F  ( I Y . E Q . 1 . O R . I Y . E O . N Y )  V P R M( I X , I Y ) = 0 . 0  

1 4 0  CONT I NUE  
1 5 0  CONT I NUE

WRI T E ( 6 , 6 2 0 )
DO 1 6 0  I Y = I , NY 

1 6 0  WRI T E  ( 6 , 6 1 0 )  ( V P R M ( I X , I Y )  , I X  = 1 , N X )
* * 6 y » * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
SET UP C O E F F I C I E N T  MAT RI X  
AVERAGE T R A N S M I S S I V I T Y  
BLOf.K CENTERED GR I D  
GEOMETRI C MEAN

P I E s = 3 . 1 4 1 5 9 2 7 * 3 . 1 4 1 5 9 2 7 / 2 , 0  
Y NS = NY* NY  
X N S = N X * N X  
H M I m = ? , 0  
DO 1 7 0  I Y = 2 , N N Y  
DO 1 7 0  I X = 2 , NNX
I F  ( V P R M ( I X , I Y ) . E O . O . O )  GO TO 170
T M R x ( I X , I Y s 1 ) = 2 . 0 * V P R M ( I X , I Y ) * V P R M ( I X * 1 , 1 Y ) / ( VPRM( I X , I Y ) # X D E L * V P R M  

1 ( I X * 1 , I Y ) » X 0 E L )
T M R X ( I X , I Y , 2 ) = 2 . 0 e V P R M ( l X , I Y ) * V P R M ( I X , I Y * l ) / ( V P R M ( l X , I Y ) » Y D E L * V P R M  

1 ( I X , l Y * l ) » Y D E L )

ADJUST C O E F F I C I E N T  FOR ANI SOTROPY  
F C T R = 1 , 0

T M R X ( I X , I  Ye 1 ) = T M R X ( I X , I  Y , 1 > #FCTR  
T M R X ( I X , I Y t 2 ) = T M R X ( I X , I Y , 2 ) » F C T R  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
COMPUTE MI N I MU M I T E R A T I O N  PARAMETER 
H M l N  M I N I MU M  I T E R A T I O N  PARAMETER
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IF ( T M R X ( Ï X , I Y , 1 ) . E Q . 0 . 0 )  GO TO 1 70
IF ( T M R X ( % X , I Y , 2 ) . E O . O . O )  GO TO 1 70
RAT = T MR X ( I X  » I Y f 1 ) » Y O E L / ( T M k X ( I X t I Y t 2 ) » X D E L )
H M X s P I E S / ( X N S » ( ] . 0 * R A T ) )
H M Y r P I E S / t Y f N S ^  ( 1 , 0 >  ( 1 . 0 / R A T )  ) )
IF ( H M X . L T . H M I N )  HMI N=HMX
IF ( H M Y . L T . H M I N )  HMI N=HMY

1 7 0  CONT I NUE

WRI TE ( 6 . 2 3 )
WRI TE ( 6 , 2 2 )  ( ( ( T M R X ( I X , I  Y , I L ) , I X  = 1 , N X )  , I Y = 1 , N Y )  , I L  = 1 , 2 )

READ AQUI F ER T HI CKNESS  
I F ( T C K . L T . . 1 E - 1 0 ) G O  TO 1 9 0  
0 0  1 8 0  Ï Y r l , N Y  
DO 1 8 0  I X = 1 , N X  

1 8 0  T H C K ( I X , I Y ) = T C K  
GO TO 2 1 0  

1 9 0  CONTI NUE
DO 2 0 0  I Y = 1 , N Y  

2 0 0  READ ( 5 , 6 3 0 )  ( T H C K ( I X , I Y ) , I X = 1 , NX)

2 1 0  CONT I NUE
DO 2 2 0  I X = 1 , NX 
DO 2 2 0  I Y = 1 , N Y
I F d X . E O . J  . O R . I Y . E Q . l )  THCK ( I X ,  I Y )  = 0 . 0  
I F ( ï X . E Q . N X . O R . I Y . E G . N Y )  T H C K î 1 X , I Y ) = C . G 

2 2 0  CONT I NUE
WRI TE ( 6 , 6 0 0 )
DO 2 3 0  I Y = 1 » NY 

2 3 0  WRI TE ( 6 , 5 9 0 )  ( T H C K ( I X , I  Y)  , I X = 1 , N X )

COMPUTE P E R M E A B I L I T Y  FROM T R A N S M I S S I V I T Y
c o u n t  n o ,  OF c e l l s  i n  a q u i f e r

DO 2 4 0  I X = 1 » NX 
DO ? 4 0  I Y =  i , NY
I F  ( T H C K ( I X , I Y ) . E O . O . O )  GO TO 2 4 0  
PERm ( I X , I Y ) = V P R M ( I X , I Y ) / T H C K ( I X , I Y )
NCA=NCA+1  

2 4 0  VPRm ( I X ,  I Y ) = 0 . 0  
AAQ=NCA* AREA

WRI TE ( 6 , 7 1 0 )
DO 2 5 0  I Y = 1 , NY 

2 5 0  WRI TE ( 6 , 7 4 0 )  ( P E R M ( I X , I Y ) , I X = 1 , N X )
WRI TE ( 6 , 7 2 0 )  NCA. AAQ

REAP NODE I D E N T I F I C A T I O N  CARDS ♦ SET V E R T I C A L  P E R M E A B I L I T Y . , , . .  
I F ( N N O D E . L T . 1 )  GO TO 2 8 0  
DO 2 6 0  I X - 2 , N N X  
NODE I D ( I X , 2 ) = 1  

2 6 0  N O D F I D ( I X . N N Y ) a l  
DO 2 7 0  I Y  = 2 »NNY 
N O D E l D ( 2 , I Y ) =1 

2 7 0  N 0 D E I D ( N N X , I Y ) = 1  
GO TO 3 0 0  

2 8 0  CONTI NUE
C NODE I D E N T I F I C A T I O N  CODE!  1 = CONSTANT HEAD BOUNDARY

DO 2 9 0  I Y = 1 , NY
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2 9 0  REAH ( 5 . 7 3 0 )  ( N O D E I D ( I X . I Y ) » 1 X = 1 » N X )
3 0 0  CONT I NUE

DO 3 1 0  I X = 1 . NX 
DO 3 1 0  l Y a l ' . N Y
I F  ( T H C K ( I X , I Y ) . E O . O . O )  GO TO 3 1 0  
I F  ( N O D E I D U X . I Y )  . G T . 0 )  VPRM < I X , I Y ) = 1 .  0 

3 1 0  CONTI NUE

WRI T E  ( 6 , 6 5 0 )
DO 3 2 0  I Y = 1 , N Y  

3 2 0  WRI T E  ( 6 , 6 7 0 )  ( N O D E I D ( I X , I Y )  , I X  = 1 , NX)
WRI T E ( 6 , 6 8 0 )
DO 3 3 0  I Y = 1 , N Y  

3 3 0  WRI T E  ( 6 , 6 1 0 )  ( V P RM( I X , I Y ) » I X = 1 , N X )* * * * * * * * * * * * * * * * ********************* 
r e a d  w a t e r - t a b l e  e l e v a t i o n
I F ( N N O D E . L T . 1 )  GO TO 3 4 0  
r e a d ( 5 . 7 6 0 )  ( W T ( I X , 2 )  , I X = 1 , N X )
R E A D ( 5 , 7 6 0 )  ( W T ( I X , N N Y )  , I X  = 1 , N X )
R E A D ( 5 , 7 6 0 )  ( W T ( 2 ,  I Y )  , I Y = 1  , N Y )
R E A D ( 5 , 7 6 0 ) ( W T ( N N X , I Y ) , I Y = 1 , N Y )
GO TO 3 8 0  

3 4 0  CONT I NUE
I F ( W T E . L T . . 1 E - 1 0 )  GO TO 3 6 0  
DO 3 5 0  I Y = 1 , N Y  
DO 3 5 0  I X = 1 , NX 

3 5 0  W T < I X , I Y ) = W T E  
GO TO 3 8 0  

3 6 0  CONT I NUE
DO 3 7 0  I Y = 1 , NY 

3 7 0  READ ( 5 , 7 6 0 )  ( W T ( I X  * I Y ) , I X = 1 , NX)

3 8 0  CONT I NUE
DO 3 9 0  I X = 1 » NX 
DO 3 9 0  I Y = 1 , N Y
I F  ( I X . E O .  I .  OR.  I  Y. ' ÈO.  1)  WT ( I  X , I Y )  =0  • 0 
I F ( I X . E Q . N X . O R . I Y . E O . N Y ) W T ( I X . I Y ) = 0 . 0  

3 9 0  CONT I NUE
WRI T E ( 6 , 7 8 0 )
DO 4 0 0  I Y = 1 » NY 

4 0 0  WRI T E ( 6 , 7 9 0 )  ( W T ( I X  , I Y )  , I X  = 1 , N X )
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
SET I N I T I A L  HEAD
SET HC FOR I N I T I A L  C O N D I T I O N S
DO 4 1 0  I X = 1 . N X
DO 4 1 0  I Y = 1 , NY
H I ( T X , I Y ) = W T ( I x , l Y )
H C ( I  X , I Y ) = H I ( I X , I Y )
H R < I X , I Y ) = H I ( I X . I Y )
H K ( I X , I Y ) = H I ( I X . I Y )

4 1 0  CONT I NUE
WP I T E ( 6 , 6 6 0 )

* * * * * * * * * * * * * * 0 * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  * * * * * * * * * * * * * * * * * * * * * *
READ CHEMI CAL I D  NODES 
DO 4 2 0  I Y = 1 , I NY  

4 2 0  READ ( 5 , 7 5 0 )  ( N O D E ( I X , I Y ) , I X = 1 , I N X )
DO 4 3 0  I Y = 1 , I NY  

4 3 0  WRI T E ( 6 , 6 7 0 )  ( N O D E ( I  X , I Y ) , I X  = 1 , I N X )

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
r e a d  i n  i n i t i a l  c h e m i c a l  c o n c e n t r a t i o n
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I F ( c O N I . L T . - . 1 E - 2 0 )  GO TO 4 5 0  
0 0  4 4 0  I Y = 1 , I N Y  
0 0  4 4 0  I X = 1 , I NX  

4 4 0  C ( I  X * I  Y ) = C O N I  
GO TO 4 7 0  

4 5 0  CONT I NUE
0 0  4 6 0  Ï Y = 1 . I NY  

4 6 0  READ ( 5 . 7 7 0 )  ( C ( I  X . I Y ) »  I X = 1 . 1 N X )
4 7 0  CONT I NUE

W R I T E ( 6 , 5 3 0 )
0 0  4 8 0  I Y = 1 , I NY  

4 8 0  WRI T E ( 6 , 5 4 0 )  ( C ( I X , I Y ) , I X = 1 , I N X )
CALL O U T P T ( N , N X , N Y , T H C K , V P R M , HI  , H K , WT, R E C , AREA, SUMT, T O T L O , S)  *******0*0*0* * * * * * * * * * * * * * * * * * * * 0**0***0**00*****
COMPUTE I T E R A T I O N  PARAMETERS  
N I  TP NUMBER OF I T E R A T I O N  PARAMETERS  
DO 4 9 0  1 0 = 1 , NX 
A O P T ( I D ) = 0 . 0  

4 9 0  CONT I NUE
a n i t p = n i t p - i
I F  ( S . E O . O . O )  GO TO 5 0 0  
A L P h A 1 = D E x P ( D L O G ( 2 . 0 / H M I N ) / A N I T P )
6 0  TO 5 1 0

5 0 0  A L P H A 1 = D E X P ( D L 0 G ( 1 , 0 / H M I N ) / A N I T P )
5 1 0  A O P T ( l ) = H M l N

DO 5 2 0  I P = 2 , N I T P
A O P T ( I P ) = A O P T ( I P - 1 ) «ALPHA 1

5 2 0  CONT I NUE

WRI T E ( 6 , 5 5 0 )
WRI TE ( 6 * 5 6 0 )  AOPT

RETURN
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

5 3 0  FORMAT ( 1 H 1 , 5 X , • I N I T I A L  CHE MI CAL  CONCENTRATI ON » / / )
5 4 0  F OR MAT ( 1 H , 2 0 F 6 . 0 )
5 5 0  FORMAT ( 1 H 1 , 2 0 H I T E R A T I O N  PARAMETERS)
5 6 0  FORMAT ( 3H , 1 0 2 0 . 6 )
5 7 0  FORMAT ( 1H 1 » 14 H T I ME I N T E R V A L S )
5 8 0  FORMAT ( 3H , 1 0 6 1 2 . 5 )
5 9 0  FORMAT ( 3H , 2 0 F 5 .  1)
6 0 0  FORMAT ( 1 H 1 , 1 7 H AÜUI F E R T H I C K N E S S )
6 1 0  FORMAT ( 3H , 2 0 F 5 . 2 )
6 2 0  FORMAT ( 1 H 1 , 3 0 H T R A N S M I S S I V I T Y  MAP ( F T » F T / S E C ) )
6 3 0  FORMAT ( 2 0 0 3 . 0 )
6 4 0  FORMAT ( 2 0 0 4 . 1 )
6 5 0  FORMAT ( i H l , «NODE I D E N T I F I C A T I O N  M A P * / / )
6 6 0  F o R M A T U H l , «CHEMI CAL NODE I D E N T I F I C A T I O N  M A P * / / )
6 7 0  FORMAT ( 1H , 4 0 1 3 )
6 8 0  FORMAT ( 1 H 1 , 4 4 H V E R T I C A L  P F R M E A B î L I T Y / T H ! CK N E S S ( F T / ( F T « S E C ) )>
6 9 0  FORMAT ( 1 H 0 , 1 2 H  X - Y  SP ACI NG)
7 0 0  FORMAT ( 3H , 1 0 0 1 2 . 5 )
7 1 0  FORMAT ( 1 H 1 , 2 4 h P E R ME A 8 I L T Y  MAP ( F T / S E C ) )
7 2 0  FORMAT ( 1 H O . / / / / 1 0 X , » N 0 .  OF F I N I  T E - D I F F E R E N C E  CELLS I N  AQUI F ER = 

1 ' » I 4 / / 1 0 X , ' AREA OF AQUI FER I N  MODEL = * , 6 1 2 . 5 , '  SQ.  F T . » )
7 3 0  FORMAT ( 8 0 1 1 )
7 4 0  FORMAT ( 3H , 2 0 F 5 . 3 )
7 5 0  FORMAT ( 4 0 1 2 )
7 6 0  FORMAT ( 2 0 0 4 . 0 )
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7 7 0  F O K V A T ( 2 0 G 4 . 0 )
7 8 0  FORMAT ( i H l , 1 1HWATER TABLE)
7 9 0  FORMAT ( 1H i 2 0 F 5 . 0 )
6 0 0  FORMAT ( 1H0 1 1 O X ♦ ' AREA = ' , G 1 2 . 4 )
6 1 0  FORMAT ( 2 1 2 )
8 2 0  FORMAT ( 2 1 2 , 2 0 8 . 2 )
8 3 0  FORMAT ( 1 0 A 8 )
8 4 0  FORMAT ( I H l , 1 0 a 8 / / / / >
8 5 0  F OR MAT ( 8 1 4 , 9 0 5 . 0 , 3 1 1 )
8 6 0  FORMAT ( 1 h O , 2 1 X « , I  N P U T D A T  A ' / / / )
6 7 0  FORMAT ( 1 H 0 , 2 3 x . ' G R I D  DESCRI PTORS ' / / 1 3 X , ' NX (NUMBER OF ROWS ) « , 5  

I X , « = ' , I 6 / 1 3 X , ' N Y  (NUMBER OF COLUMNS)  = » ,  1 4 / 1 3 X , ' XDEL ( X - D I S
2TANCE I N  F E E T )  = » , F 7 . 1 / 1 3 X , » YDEL ( Y - D I S T A N C E  I N  F E E T )  = ' , F 7 . 1 / /  
3 )

8 8 0  FORMAT ( 1 H 0 , 2 1 X , ' T I M E  PARAMETERS« / / 12 X , '  NT I M ( MAX.  NO,  OF T I ME  
1 S T E P S ) » , 7 X , • =  » , I 5 / 1 3 X , ' N P M P  ( NO.  OF PUMPI NG P E R I O D S ) ' , 7 X , • 
2 , I 6 / 1 3 X , ' P I N T  ( PUMPI NG PE RI OD I N  YEARS) ' ♦ 6 X , ' = ' , F 9 . 1 / 1 1 X ♦ '  T I MX
3 ( T I M E  I NCREMENT M U L T I P L I E R )  = « . F 9 . 2 / 1 3 X , • T I N I T ( I N I T I A L  T I
4ME STEP I N S E C . )  = « , F 8 . 0 / 1 3 X , ' D E L T ' , 4 X , « T IME I NCREMENT FOR CHEM
5» , 7 X ,  i = i , S X , E 9 . 2 / 1 3 X , i T M A X i , 4 X , ' M A X  T I ME FOR CHEM RUN » , 9 X ♦•  = ' , E 1 4 .  
6 6 / 1 3 X , « T I M E I ' , 3 X , ' I NCREMENT BETWEEN CHEM PR I N T  = ' , E 9 . 2 / / >

8 9 0  FORMAT ( 1 H 0 , 1 4 X , ' H Y D R O L O G I C  AND CHEMI CAL P ARAMETERS' / / 1 3 X , « S ' , 7 X , » 
1 (STORAGE C O E F F I C I E N T ) i , 7 X , ' = ' , 5 X , F 9 . 6 / 1 3 X , i P O R O S  ( E F F E C T I V E  PORO 
2 S I T Y )  ' , 8 X , «= « , F 8 . 2 / 1 3 X , i B E T A  ( C H A R A C T E R I S T I C  LENGTH)  = »
3 , F 7 . 1 / 1 3 X , « D E T R A T  ( R A T I O  OF TRANSVERSE T O • / 2 1 X , ' LONG I T U D I N A L  O I S P  
4 E R S I V I T Y )  = i . F 9 . 2 / 1 3 X , ' X K D ' , 5 X , ' D I S T R I B U T I O N  C O E F F « , 1 OX, '  = ' , 5 X , F 
5 9 . 6 / 1 3 X , ' X K I N ' , 4 X , « K I N E T I C  RATE C O N S T A N T ' , 7 X , '  = ' , 5 X , F 9 . 6 / 1 3 X , »XN ' , 
6 6 % ; ' ORDER OF R E A C T I O N * , 1 1 % , ' = « : 5 % , F 9 . 6 / 1 3 X , ' X R H O * ; 4 X , ' S O I L  WEIGHT  
7 1 0  FREE VOL R A T I O  = ' , B X , F 9 . 6 / 1 3 X , ' E P S ' . 5 X , ' I T E R A T I O N  ERROR' , 1 3 X , « = 
8 i , 5 x , E 1 4 , 3 / 1 3X « ' WFAC' , 4 X , ' R E L A X A T I O N  C O E F F I C I E N T ' , 6 X ♦ « = ' , 5 X , F 9 . 6 )  

9C0 FORMAT < 1 H 0 , 2 1 X - . ' E X E C U T I O N  P A R A M E T E R S ' / / 1 3 X ,  ' N I T P  ( MO.  OF I TERAT
1 I  ON PARAMETERS)  = ' , I 4 / 1 3 X , ' TOL (CONVERGENCE C R I T E R I A  -  A D I P )  =
2 » , F 9 . 4 / 1 3 X , ' U M A X  ( MA X . N O . OF  I T E R A T I O N S  -  A D I P )  = ' « 1 4 / / )

9 1 0  FORMAT ( 1 H 0 , 2 3 X , ' P R O G R A M  OPT I O N S « / / 13 X , ' NPNT ( P R I N T  CONTROL I NO
1 E X ) = « , 1 4
2 / 1 3x  « ' NREC ( NO.  OF PUMPI NG WELLS)  = ' , 1 5 / / )

9 2 0  FORMAT ( 1 6 G 5 . 0 )
9 3 0  FORMAT ( 1 H - , 1 0 X , ' L O C A T I O N  OF OBSERVATI ON WELLS «/ / I 7 X , « N O , ♦ ♦ 5 X , « X » , 

15X,iY•/)
9 4 0  FORMAT ( I K  , 1 6 X , I 2 , 5 X ,  I 2 , 4 X , 12 )
9 5 0  FORMAT ( 1 H - , 1 0 X , ' L O C A T I O N  OF PUMPI NG W E L L S » / / 1 0 X , » X Y R A T E ( 

- 1 I N  CES)  CONC.  I N J E C T I O N ( I N CFS)  ' / )
9 6 0  FORMAT ( 1H , 6 X , 2 I 4 , 3 X , F 7 . 2 , 5 X , F 7 . 1 , 5 X , F 7 . 2 )
9 7 0  FORMAT ( 1 1 A 2 )

END
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* * * * * * * * * * * * 0* * * 0* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

T H I S  SUBROUTI NE CALCULATES V E L O C I T I E S  AND  D I S P E R S I O N  C O E F F I C I E N T S  
OVPR a F I N I T E  ELEMENT AREA FOR CUBI C B A S I S  FUNCTI OND

SUBROUTI NE V E L Y G ( N , N X , N Y , D X X , D Y Y , D X Y , D Y X , P E R M , .
1 H K , D E L X , D E L Y , V X , V Y , P O R O S , A L P H A L , D L T R A T )

o**************************************************************** 
REAL » 8  H K , D E L X , D E L Y
D I M E N S I O N  D X X { N X , N Y ) , Ü Y Y ( N X , N Y ) , D X Y ( N X , N Y ) , D Y X ( N X , N Y ) ,

1 P F R M ( N X , N Y > , H K ( N X . N Y ) , v x ( N X , N Y ) , V Y ( N X , N Y )
AL P h AT=AL PHAL»DL TRAT  
N N X = N X - l  

Nm Y= N Y - 1  
DO ?0 I X = 2 , NNX 
DO ?0 I Y  = 2 , NNY 

1 0  G P A D X = ( ( H K ( I X * 1 , I Y ) * H K ( I X * 1 , I Y * 1 ) ) - ( H K ( I X , I Y ) ♦ H K ( I X , I  Y * 1)
1 ))/2 ,

OPADY-  ( ( H K ( I X , I Y * 1 ) *  H K ( I X * 1 » I Y ♦ ! ) ) “ ( H K ( I X , I Y ) ♦ H K ( I X ♦1 *
1 I Y ) ) ) / 2 .

P E R M X = ( P E R M ( I X , I Y ) * P E R M ( I X * 1 , I Y ) ♦ P ERM( I X , I  Y * I ) * P E R M ( I X * 1 »
1 I Y * 1 ) ) / 4 .

V X ( I X , I Y ) = - P E R M X » G R A D X / ( P 0 R 0 S * D E L X )
V X ( t X , I Y ) = 0 . 0

VY ( I X ,  I Y )  = - PF. RMX»GRADY/  ( POROS»DELX)
V x S - V X ( I X , I Y ) » - 2  
V y S = V Y ( I X , I Y ) » » 2  
V = S Q R T ( V X S > V y S)
D x X ( I X , I Y ) = ( A L P H A L » V X S > A L P H A T » V Y S ) / V
D y Y ( I X , I Y ) = ( A L P H A L * V Y S » A L P H A T * V X S ) / V
D x Y ( I X , I Y ) = ( A L P H A L - A L P H A T > » V X ( I X , I Y ) » V Y ( I X , I Y ) / V
D y X ( I X , I Y ) = D X Y ( I X , I Y )

2 0  CONT I NUE
OUTPUT V E L O C I T I E S  AND D I S P E R S I O N  C O E F F I C I E N T S  

I F  ( N . G T . l )  GO TO 90  
WRI TE ( 6 , 1 0 0 )
DO 3 0  I Y = 1 , N Y  

3 0  WRI TE ( 6 , 1 1 0 )  ( V X ( I X , I Y ) , 1 X = 1 , N X )
WRI TE ( 6 , 1 2 0 )
0 0  4 0  I Y = 1 , N Y

4 0  WRI T E ( 6 , 1 1 0 )  ( V Y ( I X , I Y ) , I X = 1 , N X )
W R I T E ( 6 , 1 3 0 )
0 0  5 0  I Y = 1 , N Y

5 0  WRI TE ( 6 , 1 1 0 )  ( D X X ( I X , I Y ) , I X = 1 , N X >
WRI  TE < 6 , 1 4 0 )
DO 6 0  I Y = 1 , N Y  

6 0  WRI T E ( 6 , 1 1 0 )  ( D X Y ( I X , I Y ) , I X = 1 * N X )
W R I T E ( 6 , 1 5 0 )
DO 70  I Y = 1 » N Y  

7 0  WRI TE ( 6 , 1 1 0 )  ( D Y Y ( I X , I Y ) , I X = 1 , N X )
W R I T E ( 6 , 1 6 0 )
DO 80  I Y = 1 , N Y  

8 0  WRI TE ( 6 ,  1 1 0 )  ( D Y X ( I X , I Y ) , I X = 1 , N X >
9 0  CONTI NUE

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
RETURN

1 0 0  FORMAT ( 1H 1 , 1 2HX V E L O C I T I E S )
1 1 0  FORMAT ( 1H , 1 2 G 1 0 . 3 )
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1 20 f o r m a t ( I H 1 «
130 f o r m a t ( 1H 1 ,
1 40 FORMAT ( I H l ,
1 50 FORMAT ( I H l  ,
1 60 FORMAT ( 1 K l  t

END

12HY V E L O C I T I E S )  
• DXX D I S P E R S I O N  
' DX Y D I S P E R S I O N  
' D Y Y  D I S P E R S I O N  
' DY X D I S P E R S I O N

C O E F F I C I E N T S  ' / / >  
C O E F F I C I E N T S  ' / / )  
C O E F F I C I E N T S  ' / / )  
C O E F F I C I E N T S  ' / / )
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T H I S  SUBPROGRAM S U B D I V I D E S  THE F I N I T E  ELEMENTS AROUND 
SELECTED WELLS FOR MORE R E F I N E D  V E L OCI T Y  D I S T R I B U T I O N S

Su b r o u t i n e  n o d e s ( n x ^n y » t m r x , r e c h , r e c , t i m , x d e l . y d e l » t o l i
1 H K , X S M , Y S M , N O D E , P E R M , I T M A X , A O P T , S , T O T L Q , N E L , NE,
2  V X S » V Y S , D X X S , D Y Y S , D X Y S , D Y X S , P O R O S , A L P H A L , D L T R A | - , N G I , N G J , N G I E ,
3  N G j E )

a * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

REAt * 8 T M R X , H K , R E C , R E C H , T I M , A O P T , S , T O L , X D E L , Y D E L  
DOUnLE P R E C I S I O N  T MRX N, VPRMN, H R , H C , WTN, REC N, RECHN, AREA

1 , x s m , y s m , h n
D I M F N S I O N  T H C K N ( 9 , 9 ) , H R ( 9 , 9 ) , H C ( 9 , 9 ) * A O P T ( 7 ) , N E ( N G I E , NGJ E ) ,

1 NEL ( N G I E , N G J E ) , D X X N ( 9 , 9 ) , D Y Y N ( 9 , 9 ) , D X Y N ( 9 , 9 ) , D Y X N ( 9 , 9 )  
D I M E N S I O N  H K ( N X , N Y ) , WT N( 9 , 9 ) , T MRX N( 9 , 9 , 2 ) , V P R M N ( 9 , 9 ) , T MR X ( N X ,

1 N Y ,  2 ) , R E C H ( N X , N Y )  , R E C ( N X , N Y )  , M N ( 9 , 9 ) , NOD E ( N G I ♦N G J ) , P E R M N ( 9 , 9 )
2  , P e ^ M ( N X , N Y ) , R E C N ( 9 , 9 ) , T I M < } 0 0 > , R E C H N ( 9 , 9 )

D I M F N S I O N  V X N ( 9 , 9 ) , V Y N ( 9 , 9 ) , V X S ( 3 , 3 , 8 ) , D X X S ( 3 , 3 , 8 ) , D Y Y S ( 3 , 3 , 8
1 ) , D X Y S ( 3 , 3 , 8 ) , D Y X S ( 3 , 3 , 8 ) , V Y S ( 3 , 3 , 8 )

X S M r X D E L / 3 .
Y S M = Y D E L / 3 .
F X = y DEL / XSM
f y - y d e l z y s m

f l a g  t h e  e l e m e n t s  t h a t  a r e  s u b d i v i d e d
W R I T E ( 6 , 1 0 )  N X , N Y  

10 FORMAT ( 1 H , «NOOE1 ' , 2 1 5 )
DO ?0 1 X = 1 , N G I  
DO ?0 I Y = 1 , N G J
I F ( N O D E ( I X , I  Y ) , N E . 9 )  GO TO 2 0  
N E ( I X , I Y ) = 1  
N E ( I X * 1 , I Y ) = 1  
N E ( I X , I Y * 1 ) = 1  
N E ( I X * 1 , I Y * 1 ) = 1  

2 0  CONTI NUE
RFNUMBER THE F I N I T E  ELEMENTS TO CORRESPOND TO THE NW NODE . 

n n = o
DO 3 0  I X = 1 , N G I E  
DO 30 I Y = 1 , N G J E  
NEL ( I X  , I Y ) = 0
I F ( N E ( l X t l Y ) . E Q . O )  GO TO 30  
NN= n N * I  
N E L ( I X , I Y ) - NN  

3 0  c o n t i n u e
c h e c k  t o  s e e  i f  a n y  n o d e s  h a v e  w e l l s  i n  t h e m  a n d  c o m p u t e
NEW R E F I NE D V E L O C I T Y  D I S T R I B U T I O N  AROUND THE NODE.

DO 3 2 0  I X = 1 , N G I  
DO 3 2 0  I Y = l , N G j
I F ( N O D E ( I X , I Y ) . N E . 9 )  GO TO 3 2 0  
I W = I X * 2  
J W = I Y * 2

C I N I T I A L I Z E  ALL V A R I A B L E S
DO 4 0  1 = 1 , 9  
DO 4 0  J - I , 9  
V X N ( I , J ) = 0 • 0  
V Y N ( I , J ) = 0 . 0  
W T N ( I , J ) = 0 . 0  
T M R / N ( I , U , 1 ) = 0 . 0  
R E C N ( I , J ) - 0 , O 
V P R M N ( I , J ) = 0 . 0
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T M R x N U  , J t2) =0.0 
P E R m N ( I , J ) = 0 . 0  
R Ë C h N (1iJ)=0.0 
TKCkN ( 1 1 J ) = 0 . 0 

40 HN(ItJ)=0.0
R E C N ( 5 » 5 ) = R E C ( 1 W « J W )
DO FO 1 = 2 , 8  
DO 50 J = 2 , 8  

5 0  T H C k N ( I , J ) = 1 .
ARE a = XS M» y SM

c a l c u l a t e  n e w  h e a d s  f o r  o u t s i d e  e d g e  n o d e s  b y  l i n e a r  i n t e r p o l a t i o n

WT N ( 2 , 2 ) = H K ( i w - l , J W « 1 ) 
wT N ( 8 , 2 ) = H K ( I W * I  
W T N ( 5 , 2 ) = h K ( I t f , J W - l )
W T N ( 2 , 5 ) = H K ( I W - 1 i J W)
W T N ( B , 5 ) = H K ( I W * 1 » J W )
WT N ( 2 , 8 ) = h K ( I W - 1 t J W * 1 )
WT N( 8 , 8 ) = H K ( I W * 1 , J W * 1 )
WT N( 5 , 8 ) = H K ( I W , J W * 1 )
A 6 = 2 • / 3 ,
A 3 = ) , / 3 ,
D I F = W T N ( 2 , 2 ) - W T N ( 5 , 2 )
W T N ( 3 , 2 ) = A 6 » D I F * W T N ( 5 , 2 )
WT N ( 4 , 2 ) = A 3 » D l F * w T N ( 5 , 2 )
D I F = W T N ( 5 , 2 ) ~ WT N ( 8 , 2 )
W T N ( 6 , 2 ) = A 6 * D I F * W T N < 8 , 2 )
W T N ( 7 , 2 ) - A 3 * D I F * W T N ( B , 2 )
D I F = W T N ( 2 , 2 ) - W T N ( 2 , 5 )
k T N ( 2 , 3 ) = A 6 » D l F * W T N ( 2 » 5 )
WTN( 2 , 4 ) = A 3 » D I F - W T N ( 2 , 5 )
0 I F = W T N ( 8 , 2 ) - W T N ( 8 , 5 )
WT N ( 8 , 3 ) = A 6 » D I F * W T N ( 8 , 5 )
W T N ( 8 , 4 ) = A 3 » D I F * W T N ( 8 , 5 )
D I F = W T N ( 2 , 5 > - W T N ( 2 , 8 )
WTN ( 2 , 6 )  = A 6 » D I F * W ' T N ( 2 » 8 )
W T N ( 2 , 7 ) = A 3 # D I F * W T N ( 2 , 8 )
D I F = W T N ( 8 , 5 ) - W T N ( 8 , 8 )
WT N ( 8 , 6 ) = A 6 « 0 I F * W T N ( 8 , 8 )
W T N ( 8 , 7 ) = a 3 » D I F * W T N < 8 , 8 )
D I F = W T N ( 2 , 8 ) « W T N ( 5 , 8 )
W T N ( 3 , 8 ) = A 6 » D I F * W T N ( 5 , 8 )
WT N( 4 , 8 ) = A 3 * D I F + W T N ( 5 , 8 )
D I F = W T N ( 5 , 8 ) - W T N ( 8 , 8 >
W T N ( 6 , 8 ) = A 6 * D I F + W T N ( 8 , 8 )
WT N ( 7 , 8 ) = A 3 * D I F + W T N ( 8 , 8 )

c a l c u l a t e  p a r a m e t e r s  f o p  n e w  n o d a l  s y s t e m

DO 6 0  1 = 1 , 5  
DO 60 J = 1 ,5
P E R M N ( I , J ) = P E R M ( I W - 1 , J W - 1 )
T M R x N d  , J ,  1 ) =TMRX ( I W - 1  ,  J W - ! ,  1)  » F X  

60  T M R x N ( I , J , 2 ) = T M R X ( I W - 1 «J W - 1 , 2 ) * F Y  
DO 7 0  1 = 6 , 9  
DO 70  J = 1 , 5
P E R M N d  , J )  =PERM< I W ,  J W - 1 )
T M R x N ( I ♦J , 1 ) =  Tm P X ( I W , J W - 1 , 1 ) OFX 

70  T M R x N ( I , J , 2 ) = T M R X ( I W , J W - 1 , 2 ) » FY  
DO 8 0  1 = 1 , 5  
DO 80  J = 6  « 9
P E R MN ( I , J ) = P E R M ( I W - 1 , J W - 1 )
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T M R x N U  , J ,  1)  = T M R X ( I W - 1  , J W , 1 )  »FX  
80  T M R x N ( I  «J , 2 ) = T M R X  < I W - 1 t J W * 2 ) * F Y  

0 0  Q0 1 = 6 , 9  
0 0  9 0  J = 6 , 9  
PER m N ( I , J ) = P E R M ( I W , J W )
T K R x N ( I , J , 1 ) = T m R X ( I W , J W , 1 ) « F X  

9 0  T M f t x N d  , J , 2 ) s T m R X (  I W , J W * 2 ) * F Y  
00 100 1= 2,8 
VPRm N ( î , 2 ) = 1 •

1 0 0  VPR mN ( I » 8 ) = 1 ,
0 0  1 10  J = 2 , 0  
VPRm N ( 2 , J ) = 1 ,

110  VP k m N (8,J ) = 1 •
W R I T E ( 6 , 1 2 0 )  I W , J W , X S M , Y S M  

120  F ORMAT ( I H l , «COMPUTED VALUES FOR NOOE* ♦ I 3 , » , » ♦ I 3 / 1 OX , * XSM = * ,  
1 G 1 0 . A / 1 0 X , « Y S M  = • , G 1 0 . 4 / / )

W R I T E ( 6 , 1 3 0 )  WTN 
1 3 0  F O R M A T ( I H O i S X , « I N I T I A L  WATER TABLE CONOS * , / / ( 9 6 1 A , 5 ) )

W R I T E ( 6 , 1 4 0 )  PERMN  
1 4 0  F OR MAT (1 HO »5 X , «PERMN V A L U E S » / / ( 9 G 1 4 . 5 ) )

0 0  1 50  J = 1 , 9  
1 5 0  W R I T E ( 6 , 1 6 0 ) ( T M R X N ( I , J , 1 ) , 1 = 1 , 9 )
1 6 0  F O R v A T ( 1 H 0 , 9 G 1 4 . 5 )

W R I T E ( 6 , 1 7 0 )  VPRMN 
1 70  F OR MAT (1 H O t S X , » VPRMN * / / ( 9 G ] 4 , 5 ) )

0 0  1 80  1 = 1 , 9  
0 0  180  J = 1 , 9  
H R ( I , J ) = W T N ( I , j )
H C d ,  J ) = W T N ( I , J )

1 6 0  H N i 1 , J ) = W T N ( I , J )
c a l c u l a t e  t h e  n e w  h e a d  d i s t r i b u t i o n

190 F ORMAT(1H ,«NOOE2•,215)
CALL ITERAT(7,9,9,ITMAX,THCKN,TMRXN,

1 V P R M N , H R , H C , H N , W T N , R E C N , R E C H N , T I M , A O P T , X S M , Y S M , S , A R E A , T O L $ T O T L Q
2 « 1 )

200 FORMAT(1H ,«N0DE3*,215)
c a l c u l a t e  v e l o c i t i e s  a n d  d i s p e r s i o n  c o e f f i c i e n t s  a t  t h e
NEW SUBSPACES 

CALL VELYG(1,9,9,DXXN,DYYN,DXYN,DYXN,PERMN,HN,
1 XSM,YSM,VXN,VYN,P0R0S«ALPHAL«0LTRAT)
WRITE(6,210) NX,NY 

210 FORvAT(1H ,«N00E4»,215)
RENUMBER THE VELOCITY AND DISPERSION COEFFICIENTS TO 
CORRESPOND TO THE FINITE ELEMENTS.

DO 280 NQ=1,4
I 1 = 0
JJ=0
GO TO (220,230,240,250),NQ 

220 IS=2 
I E=4 
JS=2
JE=4
K=NpL(IW-2,JW-2)
GO TO 260 

230 1S=5 
IE = 7 
JS=2
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J E= A
K=NFL  ( I  W- V ,  J W - 2 )
GO t O 2 6 0  

2 4 0  I S = ?
I E = &
J S = 5
J E = 7
K = N F L ( I W - 2 i j w ~ l  )
GO TO 2 6 0  

2 5 0  I S = S  
I E  = 7  
JS=5 
JE = 7
K = N F L ( I W - 1 , J W - 1 )
GO TO 2 6 0  

2 6 0  CONT I NUE
DO 2 7 0  I = I S , I E  
I I  = U * 1  VU—^
DO 2 7 0  J s j S t U E

v x s d i  » J U , K ) = v x N ( r , j )
V Y S d l f  J J . K ) = V Y N ( I , J )
D X X S d l  « J J i K ) = D X X N ( I  t J î  
O Y Y S t I I r J J i K ) = D Ÿ Y N ( I f J )
D X Y s d  I  i J J . K )  =DXYN ( I « J )
D Y X 5 ( I I « J J , K ) = D Y X N ( I t J )

2 7 0  c o n t i n u e  
2 6 0  CONT I NUE

SET THE OLD COMPUTED NODES EQUAL TO THE NEW SMALLER COMPUTED 
NODES  

H K ( I W , J W ) = H N ( 5 , 5 )
P P l N T  NEW HEAD VALUES AROUND NODE 

W R I T E ( 6 , 2 9 0 )  IW » J W, HN 
2 9 0  F O R M A T ( I H O i « N E W HEAD VALUES FOR NODE « , 1 3 , • , « , 1 3 / / ( 9 G 1 4 . 5 ) ) 

P R I N T  THE NEW V E L O C I T Y  AND D I S P E R S I O N  C O E F F I C I E N T S  FOR
THE f i n i t e  e l e m e n t s

DO 3 0 0  K = 1 , 4
W R I T E ( 6 , 3 1 0 )  ( ( V X S ( I , J » K ) , 1  = 1 , 3 )  , J = 1 , 3 )
W R I T E ( 6 , 3 1 0 )  ( ( D X X S ( I » J » K )  , 1  = 1 , 3 )  , J = 1 , 3 )
W R I T E ( 6 , 3 1 0 ) ( ( D Y Y S ( I , J , K ) , 1 = 1 , 3 ) , J = 1 , 3 )
WRITE(6,310)(( Q X Y S(I,J , K ) ,1=1,3),J=1,3)
W R I T E ( 6 , 3 1 0 )  ( ( V Y S ( I , J , K )  , 1  = 1 , 3 )  • J = 1 , 3 )

3 0 0  CONT I NUE
3 1 0  FORm A T ( l H 0 « 3 G l 4 e 5 )
3 2 0  CONTI NUE

WRITE(6,330) Nx,NY 
3 3 0  F OR MAT ( 1 H , « N O D E S ' , 2 I 5 )
3 4 0  CONT I NUE  

RETURN  
END
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******************************0*******************************

THIS SUBROUTINE CALCULATES THE CHANGES IN CONCENTRATION 
USING THF GALERXIN FINITE ELEMENT TECHNIQUE WITH CUBIC 
BASIS FUNCTIONS.

s u b r o u t i n e  TRSPTC<NODE.XKD«XKIN.XN.XRHO.OXX.OYY,DXY,DYX,01,
1 SYwSOL,DELT,TMAX,TIMEI,C,CONK,PMP,NX,NY,NNX,NNY,THCK,RECH,
2 X D F L i YDEL, VX, VY, CMRECH«POk O S , I N X , I N Y , X S M , V X S , V Y S ,
3 DXXS,DYYS,DXYS,DYXS,NEL,IIX,NGIE,NGJE) 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
DOUBLE PRECISION YY,R,X,A
DOUBLE PRECISION DMIN1,DEXP,DLOG,DABS
REAL »8 RECH,XDEL,YDEL,XSM,DELX,DELY
DIMENSION NODE(INX, INY) ,DXX(NX,NY) ,DYY(NX,NY) ,DXY(NX,NY),
1 DYX(NX,NY),01(NX.NY) .SYMBOL ( 11 ) , C ( I NX,I NY) ,PMP(NX.NY) ,
2 THCK(NX,NY) ,RECH(NX,NY) ,VX(NX,NY) , VY (NX,NY) « CNRECH(NX.NY)

t h e s e  d i m e n s i o n  s t a t e m e n t s  "m u s t  be c h a n g e d  w i t h  a r r a y  c h a n g e s
DIMENSION 8(224),IB( 20,20),R(224)♦YY(2066),A (224),
1 X( 12,3,224),Y(224,6,6)

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
DIMENSION AM(6,6,2,2,4),XDXX(6,6,2,2,4),XOYY(6,6,2,2,4),
1 XDx Y (6,6,2,2,4) ,XDY X(6,6,2,2,4) ,XVX(8,6,2,2,4),XVY(6,6,2,2,4) 
DIMENSION AMT(6,6) ,XDXXT(6,6) ,XDYYT(6,6) ♦XDXYT(6,6)
1 1 XDYXT ( 6 t 6 Î ,XVXT (6,6) ,XVYT (6-, 6)
DIMENSION VXS(3,3,8),VYS(3,3,8),OXXS(3,3,8),DYYS(3,3,8),
1 OXy S (3,3,8) ,OYXS(3,3,8 > ,NEL(NGIE,NGJE)
WRItEIv .IO) NEL 

10 FORMAT(1H ,2014)
NGJ-INY
NGIxlNX
N I  = NX
NJ=MY
POR=POROS
CELx=XDEL
DELY-YDEL
TIMf P=0.
TIME=0.
N=0
KIKj=4*NGI*NGJ
Y1=]+KIKJ
Y2=Y1+KIKJ
Y3=y 2*KIKJ
Y4=y 3*KIKJ
Y5=y 4.KIKJ
Y6=y 5*4»KIKJ
NIJ=2*NGJ
NII=2*NGI
DO p O IN1=1,KlKJ
R (INI)-0.
A ( IM I ) = 0 »
DO ?0 K-1,6 
DO ?0 L=l,6 

20 Y ( I mI ,K,L)=0.0 
DO 30 INI=1,KIKJ 
DO 30 K=l,3 
DO 30 1=1,12 

30 X(I,K,INI)=O.DO
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c calculate matrix coefficients for each node
40 CONTINUE

CALL MATCF2(NGItNGJ.KIKJ,AMtXOXX.XDYYtXDXY,XDYX«XVXtXVYtDXXfDYY»
1 UXY*DYX,VX,VY,X,Y,NODE,DELT,QI,THCK,POROS,NI,NJ,DELX,XSM,VXS,
2 VYS♦DXXS•DYYS♦DXYStOYXS•NELtNG IE iNGJE)

50 CONTINUE
C PASS DIMENSIONS TO SUBROUTINES

CALL OIMEN(NGI,NGJ)
C SCALE THE ASSOCIATED MATRIX

CALL SCALE(X,YY(1))
WRI TE(6 * 70)

60 CONTINUE 
WRITE(6»70)
N=N * 1
TIMF=TIME+DELT 
IF(TlME.GT.TMAX) GO TO 140 
WRITE(6t 70)

70 FORMAT(IHl)
c C a l c u l a t e  t h e  r i g h t  s i d e  o f  t h e  c o e f f  m a t r i x

CALL RSIDE(NGI,NGJ,NX.NY»KIKJ,NOOE♦R»A»Y»QIfCNRECH,
1 DELT.POROS,THCK)

C SCALE THE RSIDE OF THE MATRIX
CALL RSCALE(RtYY(1))

C SOLVE The SYSTEM OF LINEAR EQUATIONS '
CALI TCHEB(X.A.R.YY(Y1) .YY(Y2) ,YY(Y3).YY(Y4)♦
1 YY(Y5) iYY(Y6) ,1.D-l,20,10 0,2.39,1.596,1IX)
UNsCALE the SOLUTION RESULTS 

CALL RSCALE(A,YY(1))

80 FORMAT(1H ,12Ell.4)
TIMER = TIMEP+OELT 
IF (TIMEP.LT.TIMED GO TO 130
t i m e p =o .o
WRItE(6.170) N,TIME 
WRITE(6,70)LJ=0
DO 100 J=1,NGJ 
DO 100 L=l,2 
LJ=l J*1
LL=0
DO QO 1=1,NGI 
DO 90 K=1,2 
LL=LL+1
INI=(I-1)«NGJ«4*(J-1)*4+(L-1)*2 +K 
B(LL)=A(INI)
IB(LL,LJ)=B(LL)♦.!

90 CONTINUE
IF(L.EQ.2) GO TO 100 
WRITE(6,80)(B(LL),LL=1,NII,2)

100 CONTINUE
WRITE(6,70)
DO 110 J=1,NIJ,2 

110 WRITE(6,120) (IB(LL * J),LL=1,NII,2)
120 FORMAT(1H ,3214)
130 GO TO 60 
140 CONTINUE 
150 CONTINUE'
160 FORMAT(1H ,11E12.4)
170 FORMAT(1H ,4X,iN = •,15/ 5X,'TIME = *,E10.3//)
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STOP
END



o o 
o n 
o

T-1798 135

e************************************************** ***********

THIS SUBROUTINE CALCULATES THE MATRIX COEFFICIENTS FOR CUBIC 
FINITE ELEMENT SYSTEMS.

SUBROUTINE MATCF2( N G I . N G J «K I K J , AM. XDXX. XDYY« XDXY♦ XOYXt XVX. XVYi
1 D X X t D Y Y . D X Y . D Y X f V X . V Y . X . Y . N O D t « D E L T . O I , THCK, POhOS, N I , N J , O E L X ,
2 XSl< tVXStVYS♦DXXS.DYYS.OXYSsDYXS.NEL«NGIE.NGJE)C

i ç  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C

DOUBLE PRECISION DELX.XSM.X
DIMENSION VXS(3«3,8).VYS(3.3.8).DXXS(3.3.8)iDYYS(3.3.8)♦
1 DXy S (3 »3.8) .OYXS(3.3.8).NEL(NGIE.NGJE)
DIMENSION AM(6,6.2.2.4).XDXX(6,6,2,2,4).XDYY(8.8.2.2.4),
1 X D x Y(6.6,2»2.4). X D Y X(6,6.2,2.4),XVX(6.6.2.2.4).XVY(6,6,2.2,4).
2 D X X(NI.NJ). D Y Y(NI.NJ), D X Y(NI.NJ), D Y X(NI,NJ),
3 VX(NI,NJ),VY(NI,NJ).AMT(6,6),XDXXT(6.6).XDYYT(6.6).XDXYT(6.6),
4 XDYXT(6,6),XVXT(6,6),XVYT(6,6),X(12,3.KIKJ).Y(KIKJ.6,6),
5 NOnE(NGI,NGJ),01(NI,NJ>,THCK(NI,NJ)

INI =0
DO ?10 IKKKI = 1iNGI 
DO ?I0 IKKKJ=1,NGJ 
KKKI=IKKKI 
KKKJ=IKKKJ 
DO ?10 IL=1,2 
DO 210 IK=1.2 
L-lL 
k = ik
IN I = INI♦1
KX = n0DE (KKKI ; K|<K J) * 1
GO 10(10,20,30,40,50,60,70.80,90,10,190,180),KK 

10 CONTINUE
IF(KKKJ.EO.1) GO TO 60 
IF(KKKJ.EG.NGJ) GO TO 80 
IF(kKKI.EO.I) GO TO 90 
IF(KKKI.E0.NGI) GO TO 70

100

IS=1
IE=6
JS = 1
JE-6
GO TO

20 15 = 3
I E = 6
JS-3
JE = 6
GO TO

30 IS=1
IE = 4
JS = 3
JE-6
GO TO

40 I S-1
IE = 4
JS-l
JE-4
GO TO

50 IS = 3
IL'= 6
JS = 1
JE-4

100

100

100
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GO TO 100
60 IS= 1

I E =6
JS =3
JE =6
GO TO 100

70 IS =1
I E =4
JS= 1JE= 6
GO TO 100

80 15 =1
IE =6
JS = 1
JE =4
GO TO 100

90 15 =3
IE= 6
JS= 1
JE= F
GO TO 100

100 c o n t i n u e
C EVALUATE THE I NT EGRAL S BY GAUSSI AN QUADRATURE

CALL I N T E G 2 ( A M t X D X X , X D Y Y «XDXY t X D Y X t X V X t
1 X V Y » N I « N J » N G I « N G J » K K K I , K K K J , D X X , DYY , DXY ♦D Y X »V X , V Y , K , L ♦ V X S »
2 V Y p «D X X S , D Y Y S «D X Y S , D Y X S ♦N E L i X S M . D E L X , N O D E , N G I E » N G J E )

1 1 0  CONTI NUE
DO ; 2 C  1 = 1 ; 6
0 0  120  J = J S , JE 
A M T ( I , J ) = 0 , 0  
x c x x t  : : , j j = o . c  
X D Y Y T ( I , J ) = 0 , 0  
X O X v T ( I , J ) = 0 , 0  
X D Y x T ( I , J ) = 0 . 0  
X V X T < 1 » J ) = 0 , 0  
X V Y T ( I  »J ) = 0 , 0

1 2 0  CONTI NUE
s u m  UP T h e  I NTEGRAL VALUES FOR THE FOUR F I N I T E  ELEMENTS  
SURROUNDI NG THE NODE,

DO I SO I = I S ♦ I E  
DO 150  J = J S , JE 
DO 140  N = 1 , 4
A M T ( I ♦J ) = AMT ( I , J > ♦ A M ( I , J , K » L » N )
X D X X T ( I , J ) = X D X X T ( I , J ) ♦ X D X X ( I  » J » K , L * N )
X D Y x T ( I , J ) = X D Y Y T ( I  «J ) ♦ X O Y Y ( I , J , K , L » N )
X D X Y T ( I , J ) = X D X y T ( I , J ) ♦ X D X Y ( I » J » K , L  »N>
X D Y X T ( I  » J)= X D Y X T ( I  «J ) ♦ X O Y X ( I  * J * K * L * N )
X V X T ( I , J ) = X V X T ( I , J ) ♦ X V X ( I , J , K , L « N )
X V Y T ( I , J ) = X V Y T ( I , J ) ♦ X V Y ( I , J , K , L » N )

W R I T E ( 6 , 8 1 1 ) I , J , A M T ( I , J )  , X D X X T ( I , J ) , X D Y Y T ( 1 , J ) « XDXYT ( I  »J ) »
1 X D Y X T ( I , J ) , X V X T ( I , J ) , X V Y T ( I * J )

1 3 0  FORMAT( 1 H , 2 I 3 , 7 E 1 0 , 3 )
1 40  CONTI NUE  
1 5 0  CONTI NUE

REORDER THE MAT RI X  C O E F F I C I E N T S  SO THEY CAN BE USED BY 
T C h EB AND PERFORM CR A N K - N I  COLSON T I ME I N C R E M E N T I 2 A T I O N  
ON THEM 

1 6 0  CONTI NUE  
I  A = - 1 
I 1 B = 0
DO 170  K K K = 1 , 3
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I A - l A + 2  
1 1 8 = 1 1 8 + 2  
DO 1 70  J = J S , J E  
DO 1 70  I = I A , I I 0  
I C = 1 1 8 / 2
J C = ( J - 1 ) » 2 + I - I I B * 2  '
A A A = D E L T / 2 . « ( X Q X X T (  I  »J ) + X D Y Y T (

1 I t J ) ♦ X D X Y l ( I t J ) + X D Y X T ( I t J ) + X V X T  ( I  . J ) + X V Y T ( I t J ) )
X ( J C * I C * I N I ) = A M T ( I t J ) ♦ AAA 
Y ( l M l t I t J ) = A M T ( I t J ) ~ A A A  

170  CONTI NUE
i r t O l ( K K K I + 2 t K K K J + 2 ) . L E . O . )  GO TO 2 1 0  
I F ( k . E Q • ? »OR. L , E Q . 2 )  GO TO 2 1 0
X A = O l ( K K K l + 2 t K K K J * 2 ) » O E L T / ( 2 , o T H C K  ( K K K I + 2 i K K K J  + 2 ) «POROS)  
Y ( l N l t K + 2 , L + 2 ) = Y ( I N I t K + 2 , L + 2 ) - X A  
X ( 5 f 2 t I N I ) = X ( 5 , 2 t I N I ) + X A  
GO TO 2 1 0  

1 80  CONTI NUE
I F ( K . E 0 . 2 . 0 R , L . E Q . 2 )  GO TO 10  

190  DO 2 0 0  KX = 1 1 3
DO 2 0 0  J = 1 t 12  

2 0 0  X ( J « K X t I N I ) = 0 . O 0  
J = 4 + ( L - l ) * 2 + K  
X ( J , 2 t I N I ) = l . D 0  

2 1 0  CONTI NUE  
RETURN 
END
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*******************************0*************
THTS SUBROUTI NE CALCULATES THE DOUBLE I NTEGRALS FOR THE GAUEPKI N  
F I N I T E  ELEMENTS FOR THE CUBI C F U N C T I O N S .

SUBROUTINE I NTEG2( AM«XDXX»XDYYt XDXYf XDYX>XVXt XVv i N l t N J « N G I t NGJ«
1 KKKI «KKKJ«DXX, DYY. DXY»DYX « V X t V Y « K t L i V X S f V Y S . D X X S »DYYStÜXYSf
2 DY XS « N E L . X S M, XDEL « NODE » NGI E t N G J E )

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

DOUBLE P R E C I S I O N  XSM, XDEL
D I M E N S I O N  A H ( 6 , 6 , 2 , 2 , 4 ) , X D X X ( 6 , 6 , 2 , 2 , 4 )  , X D Y Y ( 6 ♦ 6 , 2 » 2 i 4 ) ,

1 X D x Y ( 6 , 6 , 2 , 2 , 4 ) , XDYX( 6 , 6 , 2 , 2 , 4 ) , XVX( 6 , 6 , 2 , 2 , 4 ) , XVY( 6 , 6 , 2 , 2 , 4 )  
DI MENSI ON D X X ( N i » M J ) , D Y Y ( N I , N J ) , D X Y ( N I , N J ) » O Y X ( N I , N J ) ,

1 V X ( N I , N J ) , V Y ( N l , N J )  , V X S ( 3 , 3 , B ) , V Y S ( 3 , 3 , 8 ) , D X X S ( 3 , 3 , 8 ) ,
2  DYYS ( 3 , 3 , 8 )  ,  DXYS ( 3 ,  3 ,  8 )  , DYXS ( 3 , 3 , 8 )  ,NE.L ( N G I E  «NGJE ) , NODE ( NGI  , N G J )  

COMMON H , I  CH 
EXTERNAL F C T , F C T D  
H=XOEL

c c a l c u l a t e  i n t e g r a l  v a l u e s
DO i O M = 1 , 4
DO 10 1 = 1 , 6
DO 10 J = 1 , 6
AM( J  t J t K i L i M ) r o . O
X D X X ( I , J , K , L , M ) = 0 . 0
X D Y Y ( I , J , K , L » M ) = 0 . 0
XDXY 11 «J , K « L « M ) = 0 . 0
X D Y X ( I , J « K « L » M ) = 0 . 0
X V X ( I , J , K , L , M ) = 0 . 0
X V Y ( I , J , K , L , M ) = 0 . 0

10 c o n t i n u e
C CALCULATE I NT EGRAL  VALUES

DO 1 0 0  ME = 1 »4  
KK = 0 
M=ME
GO T O ( 2 0 , 3 0 , 4 0 , S 0 ) , M  

20  CONT I NUE  
I A = K K K I  
J A= KKKJ  
K K = N E L ( I A , J A >
I  S= 1 
I E = 4  
J S= 1  
J E = 4
I F ( K K . G T . O )  GO TO 80  
GO TO 60  

30  CONT I NUE  
I A = K K K I * 1  
J A= KKKJ  
KK=nEL(IA,JA)
1 5 = 3 
IE-6 
J S - l  
J E = 4
I F  ( K K . G T . O )  GO TO 80  
GO TO 60  

4 0  CONTI NUE  
I A = K K K I
j a =k k k j *i
k k =n e l (Ia ,j a )
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IS=i 
IE=4 
JS=3 
JE = A
IF(KK.GT.O) 60 TO 80 
GO TO 60 

50 c o n t i n u e  
i a =k k k i * i 
j a =k k k j * i 
KK= n E L (IA,JA)
IS = 3 
IE = 6 
JS=3 
JE=6
IF(KK.GT.O) GO TO 80 

60 CONTINUE
USF THIS INTEGRATION PROCEDURE IF THE PARAMETER IS 
TAKEN AS THAT AT THE CENTER OF THE NODE.

JA=JA+1 
I A-I A * 1 
H-XpEL
DO 70 IIE=IS,IE 
1 = 1 IE
DO 70 JJE=JStJE 
J--JJE
A M ( i ,J,K,l.,M)=GAUS5(FCT,FCT,FCT,FCT,I,J,K,L,M)
X D X X (IiJ » KiL»M)=GAUS5(FCTD.FCT,FCTD,FCT,I,J,K,L,M)*DXX(TA,JA) 
X D Y Y (I,J,K,L,M)=GAUS5(FCT,FCTD,FCT,FCTD,I,J*K,L,H)*DYY(IA,JA) 
XD XY(I♦J»K $U.M)=GAUSS(FCTD.FCTiFCT.FCTDiI »J.K.L.M)«DXY(IA.JA) 
XDYX <1*J»K*L«M)=GAUS5(FCT.FCTD.FCTD.FCT.I.J.K.L.M)«DYX(IA.JA) 
X V X (I .JtK.L.M)=GAUS5(FCTD.rCT.FCT.FCT.I«J.K.L.M)u V X (I A * J A ) 

■XVY(I *J»K,L*M)=GAUS5(FCTfFCTD.FCT ,FCT,I,J,K,L,M)*VY(IA,JA)
70 CONTINUE 

GO TO 100 
80 CONTINUE

USF THIS INTEGRATION PROCEDURE IF PARAMETER VALUES 
AT EACH GAUSS POINT ARE USED.

DO PO IIE=IS,IE 
1 = 1 IE
DO qO JJE=JS,JE
J=JjE
H=X d £L
AM(ItJ^K.LtM)=GAUS5(FCT.FCT«FCT.FCTtI.J iK.L iM)
X D X X (I .J.K.L,M)=GAUS5D(FCTDfFCT.FCTD.FCT»I,J.K.L.M.DXXStKK) 
X D Y Y (I .J.K.L.M)=GAUS5D(FCT.FCTD.FCT.FCTD.I.J.K.L.M.DYYS.KK) 
XDXY(I.J.K.L.M)=GAUS5D(FCTD.FCT.FCT.FCTD.I »J.K.L.M.DXYS.KK) 
X D Y X (I.J.K.L.M)=GAUS5D(FCT,FCTU.FCTD.FCT.I.J.K.L.M.DYXS.KK) 
XVX(I »J.K.L.M)=GAUS5D(FCTD,FCT,FCT.FCT,I,J.K.L.M,VXS,KK)
X V Y( I ♦J.K.L.M)=GAUS5D(FCT.FCTD.FCT.FCT.I.J.K.L.M.VYS.KK) 
ICH=I»J+M 

90 CONTINUE 
100 CONTINUE 

RETURN 
END

THJS FUNCTION CALCULATES THE VALUE OF THE CUBIC 
POLYNOMIAL OVER THE INTERVAL.

FUNCTION FCT(Z.IJ.N)
COMMON H.ICH 

10 GO TO (20,80.20,80).N
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2 0  GO 7 0 ( 3 0 , 4 0 , 5 0 , 6 0 , 7 0 , 7 0 ) , I J  
3 0  F C T e l , > 2 . » Z » Z » Z / - 3 , * Z * Z / ( H » H )

GO t O  90  
4 0  F C 7 = Z » ( H - Z ) » ( H - Z ) / ( H # H )

GO 7 0  90
5 0  F C T = - 2 , * Z e Z * Z / ( H * H * H ) + 3 . * Z * Z / ( H * H )

GO 7 0  90  
6 0  F C T = Z » Z » ( Z - H ) / ( H » H )

GO 7 0  90  
7 0  F C T = 0 . 0  

GO 7 0  90  
8 0  GO 7 0 ( 7 0 , 7 0 , 3 0 , 4 0 , 5 0 , 6 0 ) ' , I J  
9 0  CON7 I NUE  

RETURN  
END
* * * * * * * * * * * * * * * * * * * * * * * * * * *

T H I S  F UNCTI ON CALCULATES THE D E R I V A T I V E  OF THE CUBI C
p o l y n o m i a l .

FUNCTION FCTD(Z« U i N )
COMMON H , I CH  

10 GO 7 0 ( 2 0 , 8 0 , 2 0 , 8 0 ) , N  
2 0  GO 7 0 ( 3 0 , 4 0 , 5 0 , 6 0 , 7 0 , 7 0 ) , I J  
30  F C T O = 6 . * Z / ( H « H ) » ( Z / H - l . )

GO TO 90  
4 0  F C T n = l , - 4 . * Z / H + 3 . * Z * Z / ( H * H )

GO TO 90  
5 0  FCTr' = f e . » Z / ( H » H ) » ( - Z / H * l  . )

GO TO 90  
6 0  F CTf î ” Z / H *  { 3  * * Z / H - 2 ' .  )

GO TO 90  
7 0  F C T O = 0 . 0  

GO t O 90  
80  GO TO ( 7 0 , 7 0 , 3 0 , 4 0 , 5 0 , 6 0 ) , I J  
9 0  CONT I NUE  

RETURN  
END
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

T H I S  F UNCTI ON PERFORMS GAUSS I AN QUADRATURE OVER 
THF ELEMENT.

F UNCT I ON G A U S S ( F C T I , F C T J , F C T K , F C T L , I , J , K , L , N )
COMMON H,ICH 
KN=2+K
L N = 2 * L  
A = . 5 * H  
B=H  
M=N
I F ( M . E Q . 2 . 0 R . M . E Q . 3 ) M = M + 1  
C=.3 8 7 2 9 8 3 * 8
X = , 2 7 7 7 7 7 8 » ( F C T I ( A ♦ C , I , N ) » F C T K ( A * C , K N , N > » F C T I ( A - C , I , N ) *

1 F C T K ( A - C , K N , N ) )
X = B * ( X * . 4 4 4 4 4 4 4 4 4 * F C T I ( A , I , N ) » F C T K ( A , K N , N ) )
Y = . 2 7 7 7 7 7 8 * ( F C T J ( A * C , J , M ) » F C T L ( A * C , L N , M ) ♦ F C T J t A - C , J , M ) »

1 F C T L ( A - C , L N , M ) )
Y = R * ( Y * . 4 4 4 4 4 4 4 4 4 » F C T J ( A , J , M ) * F C T L ( A , L N , M) )
GAUS5 = X»*Y

C W R I T E ( 6 , 8 8 8 )  I , J , K , L , N , H , G A U S S
10 F OR MAT ( 1 H , 5 1 2 , 2 E 1 0 * 3 )
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C I F ( J . E 0 . 2 >  s t o p
c o n t i n u e
RETURN 
END

* * * * * * * * * *

THTS F UNCTI ON PERFORMS G A US S I AN QUADRATURE OVER THE ELEMENT  
WI T H p a r a m e t e r  EV ALUA T I ON AT THE GAUSS P O I N T S .

F UNCTI ON G A U S 5 0 ( E C T I « F C T J i F C T K . F C T L t I f J » K , L t N , P A R . K K )  
D I M E N S I O N  P A R ( 3 i 3 . 8 )
COMMON H 
K N = ? * K  
L N = ? * L  
A = . 5 * H  
B=H 
M=N
I F ( M . E Q . 2 . 0 R . M , E Q . 3 >  M=M+1  
C - . 3 8 7 2 9 8 3 * 8
X 3 = F C T I ( A + C . I , N ) * F C T K ( A + C , K N , N )
X 2 - F C T I ( A , I , N ) * F C T K ( A , K N , N )
X l = r C T I ( A - C . I , N ) « F C T K ( A - C . K N t N )
Y 1 = F C T J ( A - C , J , M ) * F C T L ( A - C t L N » M )
Y 2 = F C T J ( A , J , M ) * F C T L ( A , L N , M )
Y 3 = F C T J ( A + C , J , M ) * F C T L ( A + C , L N , M )
A l = . 2 7 7 7 7 7 8  
A 3 = . 2 7 7 7 7 7 8  
A ? = , 6 4 4 6 6 6 4  
B 2 = . 4 4 4 4 4 4 4  
B 3 = . 2 7 7 7 7 7 8  
9 1~ ,2777178
G A U S 5 D = B * P » ( A l » 8 1 e X l » Y l » P A R ( 1 t 1 ♦ K K ) ♦ A 2 » 8 1 » X 2 » Y I « P A R ( 2 > 1 . KK)

1 ♦ A 3 e B l * X 3 » Y l « P A R ( 3 . 1 . K K ) ♦ A 1 « 8 2 » X 1 » Y 2 « P A R ( 1 » 2»KK)
2  ♦ A 2 » B 2 » X 2 » Y 2 « P A R ( 2 . 2 t K K ) ♦ A 3 « b 2 * X 3 * Y 2 * P A R ( 3 * 2 * K K ) ♦
3 A 1 # B 3 » X 1 » Y 3 » P A R (1 « 3 1 KK) ♦ A 2 » B 3 » X 2 « Y 3 » P A R ( 2 . 3  «K K ) ♦ A 3 « B 3 » X 3 » Y 3 «
4 P A R ( 3 . 3 , K K ) )

10 CONTI NUE
2 0  F ORMAT ( 1 H , • PARI  * » ( 3 E 1 2 . 4 ) )

RETURN 
END
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o*** * * * * * * * * * * * * * * *

T H I S  SUBROUTI NE CALCULATES THE KNOWN RI GHT  HAND 
S I D E  VECTOR.

SUBROUTI NE R S I D E ( NGI  * NGJ * NX » NY » K I KJ » NODEi R » A t Y » Q I , CNRECH,
1 D E L T , P O R O S , T H C K )

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

DOUBLE P R E C I S I O N  A , R
D I M F N S I O N  A ( K I K J ) , R ( K I K J ) , Y ( K I K J , 6 , 6 ) , 0 I ( N X , N Y ) , CNRECH( N X ♦N Y ) ,  

1 T H C K ( N X , N Y ) , N O D E ( N G I , N G J )
1 N I = 0
DO ] 5 0  1 = 1 , NGI  
DO 1 5 0  J = 1 , NGJ  
K K = N O D E ( I , J ) ♦ !
DO 1 5 0  L = 1 , 2  
DO 1 5 0  K - I , 2  
I N I = I N I * 1  
R ( I m I ) = 0 , 0
GO TO ( 1 0 , 2 0 , 3 0 , 4 0 , 5 0 , 6 0 , 7 0 , 8 0 , 9 0 , 1 0 , 1 3 0 , 1 4 0 ) , KK

c t h i s  i s  a c e n t e r  n o d e
10 CONT I NUE

I F ( J . E Q . 1 )  GO TO 6 0
I S T a RT=1
Î S T O P - G
U S T a RT=1
J S T o P = 6
GO TO 100

c t h i s  i s  a nw n o d e
20  I S T a R T = 3 

I  S T 0 P = 6  
J ST  ART=3  
U S T o P = 6  
GO TO 100

c t h i s  i s  a n e  n o d e
3 0  I S T a RT=1  

I S T o P = 4  
J S T a R T = 3 
J S T n P = 6  
GO TO 100

c t h i s  i s  a s e  n o d e
4 0  I S T a R T = 1 

I S T n P = 4  
J S T a R T = 1 
O S T o P - 4  
GO TO 100

c t h i s  i s  a sw n o d e
5 0  I S T a RT = 3  

I S T 0 P = 6
j s t a r t = i
J S T o P - 4  
GO TO 1 0 0

c t h e s e  a r e  n n o d e s
6 0  I S T a RT=1  

1 S T 0 P = 6  
J S T a R T = 3  
J S T o P = 6  
GO TO 1 0 0

c t h e s e  a r e  e n o d e s
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7 0  I S T a RT=1  
I S T O P = A  
J S T a R T = 1 
J S T o P - 6  
6 0  TO 100  

C THESE ARE S NODES
6 0  I S T A « T = 1  

ISToP=6 
J S T f R T = l  
J S T P P = 4  
GO TO 100

c t h e s e  a r é  w n o d e s
9 0  I  ST AR f =3  

1 S T 0 P = 6  
J S T a R T = 1 
J S T p P - 6  
GO TO 100

1 0 0  c o n t i n u e
DO 1 2 0  I I = I S T A R T » I S T O P
I C A L = I * ( I I - l ) / 2 - l
I l P c l "
I F ( 1 1 / 2 * 2 , E Ü . I I )  I  I P - 2  
DO H O  JJ=JSTARTf JSTOP 
JCA|  = J > ( J J - 1 ) / 2 - l  
U I P = 1
I F ( J J / 2 * 2 , E G , J J ) J I P = 2
I I N = ( I C A L - 1 ) * N G J * 4 + ( J C A L - 1 ) * 4 » ( J I P - 1 ) * 2 + I I P  
R ; i N l ) = R C l N I i  t A i I I N ) * Y ( I N I î I I î J J î 

1 10  CONT I NUE  
120  CONT I NUE

I F ( û l Î I * 2 , J * 2 ) « L E . 0 . C Î  GO TO 150  
I F ( K . E Q . 2 . 0 R . L . E Q . 2 )  GO TO 150
R ( I N I ) = R ( I N I ) + C N R E C H ( 1 + 2 , J + 2 ) * Q I ( I + 2 . J + 2 ) * D E L T / ( P O R O S *  

1 T H p K ( I + 2 , J + 2 ) )
C R ( I N I ) = C N R E C H ( I + 2 « J + 2 ) «DELT

GO TO 150  
1 3 0  CONT I NUE

R ( I N I ) = 0 , 0 0  
GO TO 150  

140  CONTI NUE
I F ( K . E Q . 2 , 0 R . L . E Q . 2 ) G 0  TO 6 0  
R ( I N I ) = 1 0 0 .

150  CONT I NUE  
1 6 0  CONT I NUE  

RETURN  
END
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SUBROUTINE OIMEN(NNCtNNR)» eeo eo»»»»»»e »»#«■#»■»»e»#ov#»»eo#e»»»o»»»»tf»o«eeoo
t h i s  s u b r o u t i n e  s e t s  t h e  o e m i n s i o n  p a r a m e t e r s  t h a t  a r e  *
PASSED I N  COMMON / D I M C O M /  N , N C , N R , N R 4 .  *

N I S  THE NUMBER OF UNKNOWNS «
NC THE NUMBER OF COLUMNS »
NR THE NUMBER OF ROWS »

#oeeee»oe»»o»««eaee»««»e#«»ue»eee»e« e»»»»#e««oe##»###«#»»«e
I M P L I C I T  R E A L * 8 ( A - H , 0 - Z )
COMMON / D I M C O M /  N , N C , N R , N R 4  
COMMON / A R E A ! /  N I  «ND

NC= NNC 
NR- NNR
N = 4 * N R * N C  N
NR4  = 4»NR  
N I  = N 
ND = 3 6

RETURN
END
SUBROUTINE SCALE(A«D)******** a*****************************************************

T H I S  SUBROUTI NE SCALES THE MAT RI X  A BY A DI AGONAL T R A N S -  *  
F OR MA T I O N .  THE SCALED MATRI X I S  DAD WHERE D I S  A DI AGONAL  » 
MA T R I X  AND D d )  = 1 / S GRT <  DTAG OF A ) .  I F  ANY DI AGONAL »
ELEMENT OF a I S  MOT P O S I T I V E ,  THEN AN ERROR MESSAGE I S  « 
P R I N T E D  CUT AND D ( I ) I S  SET EGUAL TO 1 .  *

* * * * * * * * ^ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
I M P L I C I T  R E A L » B ( A - H , 0 - Z )
CCMvON / D I M C O M /  N * N C ; N R ; N R 4  
D I M E N S I O N  A ( 1 2 , 3 , N > , D ( N )

i N O I C I E S t  I C  I S  THE COLUMN
I R  I S  THE ROW

' I U  I S  THE UNKOWN

s e t  d i m e n s i o n  p a r a m e t e r s
NCI = NC - 1 
NR1 -  NR -  1

SCALE:  PART I

i n i t i a l i z e  i  
i = o

c
I C  s  1

I R  = 1 
DO 4 0  I U - I , 4  

1 = 1 + 1
J-  MOD( ( 1 - 1 > , 4 ) + 5  
I F ( A ( J , 2 , I ) . G T . O . D O )  GO TO 10  

GO TO 30  C t h e n :
10  D ( I ) = 1 / D S Q R T ( A ( J , 2 , I > )

DO 20 K=2,3
DO 20  K K = 5 , 1 2  

A ( K K , K , I ) = A ( K K , K , I ) » 0 ( I )
2 0  CONT I NUE  

GO TO 40C E L S E :  P R I N T  WARNI NG

144
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3 0

C
4 0

C

c
50

6 0

C
70

C
80

C
9 0

C

C
100

no
c

120
C

1 30

C
140

150

C
i

145

W R I T E ( 6 , 5 4 0 )  I  i A ( J , 2 , I )
D ( I ) = 1 . D 0

C O NT I NUE

DO 9 0  I R = 2 , N R l  
0 0  8 0  I U =1 »4  

1 = 1*1
J =  M O D ( ( 1 - 1 ) , 4 ) + 5  
I F ( A ( J , 2 « 1 ) . G T . O . D O )  GO TO 5 0  

GO TO 70
t h e n :

D ( I ) = 1 / D S Q R T ( A ( J , 2 1 1 ) )
DO 6 0  K = 2 » 3

DO 6 0  K K = i , 1 2  
A ( K K , K , I ) = A ( K K , K , I ) » D ( I )

C ONT I NUE  
GO TO 8 0

E L S E :  P R I N T  WARNI NG 
W P I T E ( 6 , 5 4 0 >  I  » A ( J ♦ 2 , I )
D(I)=1,00

C ONT I NUE

CONT I NUE

I R  = NR 
DO 1 3 0  T U = 1 . 4  

1 = 1*1
J =  MOD( ( 1 - 1 ) , 4 ) * 5  
I F ( A ( J , 2 , I ) . G T . O . D O )  GO TO 1 00  

GO TO 120
t h e n :

D ( I )  = 1 / DS QRT  ( A ( J t 2 » D )
DO 1 1 0  K = 2 , 3

DO 1 10  KK = 1 , 8  
A ( K K , K , I ) = A ( K K , K , I ) » D ( I )

CONT I NUE  
GO TO 1 3 0

E L S E :  P R I N T  WARNI NG 
WRI  T E ( 6 , 5 4  0 )  I  » A ( J » 2 , 1 )
D ( I ) = 1 . D 0

CO NT I NUE

DO 2 7 0  I C = 2 , N C 1  
I R  = 1 

DO 1 7 0  I U = 1 »4  
1 = 1*1
J =  MOO( ( 1 - 1 ) , 4 ) * 5  
I F ( A ( J » 2 t l ) . G T . O . D O )  GO TO 1 4 0  

GO TO 160
T HEN:

D ( I  ) = 1 / D S Q R T ( A ( J , 2  * I ) )
DO 1 5 0  K = 1 «3

DO 150  KK = 5 i  12  
A ( K K , K , 1 ) = A ( K K , K * I ) 0 D ( I )

c o n t i n u e
GO TO 1 70

E L S E :  P R I N T  WARNI NG
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1 6 0

C
1 70

C

C
1 8 0

1 9 0

C
200

C
210

C
220

C

C
2 3 0

2 4 0

C
2 5 0

C
2 6 0

C
2 7 0

C
2 8 0

290

WP I T E  ( 6 15 4 0 )  I » A ( J t 2 » n  
' D ( I ) = 1 . D 0

C ON T I N U E

DO 2 2 0  I R = 2 , N R 1  
DO 2 1 0  I U ~ 1 » 4 

1 = 1 + 1
J =  M O D ( ( 1 - 1 ) « 4 ) + 5  
I F ( A ( J t 2 « I ) . G T . O . D O )  GO TO 1 8 0  

GO TO 2 0 0
THEN:

D ( I )  = l / D S O R T ( A ( J ♦ 2 • I ) )
DO 1 9 0  K = l » 3

DO 1 90  K K - - 1 . 1 2  
A ( K K , K , I ) = À ( K K , K , I ) « 0 ( I )

CONT I NUE  
GO TO 2 1 0

e l s e : p r i n t  w a r n i n g
WRI  T E ( 6 . 5 4 0 )  I , A ( J , 2 , I )
D ( I ) = 1 . DO

CONT I NUE

c o n t i n u e

IR = NR 
DO 2 6 0  I U = 1 , 4  

1 = 1 + 1
J-  MOD( ( 1 - 1 ) . 4 ) + 5  
I F  (A ( . . h2». I > . G T . O . D O )  GO TO 2 3 0  

GO TO 2 5 0
THEN:

D ( I )  = 1 / D S Q R T ( A ( J , 2 , D )
DO 2 4 0  K = 1 13

DO 2 4 0  KK = 1 t"8 
& ( K K t K ,  I ) = A ( K K . K t I ) # D ( I )

CONT I NUE  
GO TO 2 6 0

E L S E !  P R I N T  WARNI NG 
W R I T E ( 6 , 5 4 0 )  I , A ( J , 2 , I )
D ( I ) = 1 , DO

C O NT I NUE

c o n t i n u e

I  c = n c  
I R =  1 

DO 3 1 0  I U = 1 , 4  
1 = 1 + 1
J =  MOD( ( 1 - 1 ) , 4 ) + 5  
I F ( A ( J , 2 , I ) . G T . O . D O )  GO TO 2 8 0  

GO TO 3 0 0
t h e n :

D ( I ) = 1 / D S Q R T ( A ( J , 2 * I ) )
DO 2 9 0  K = 1 , 2

DO 2 9 0  K K = 5 ♦ 1 2  
A ( K K , K , I ) = A ( K K , K , I ) » D ( I )

CONTINUE
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C
3 0 0

C
3 1 0

C

C
3 2 0

3 3 0

C
3 4 0

C
3 5 0

C
3 6 0

C

C
3 7 0

3 8 0

C
3 9 0

C
4 0 0

C

I
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GO TO 310
E L S E :  P R I N T  WARNI NG  

W P l T E ( 6 , 5 4 0 )  I , A ( J , 2 , I )
D ( I ) = 1 . D 0

CONTI NUE

0 0  3 6 0  I R = 2 » N R 1  
0 0  3 5 0  I U = 1 » 4

1 = 1*1
J =  M O D ( ( 1 - 1 ) , 4 ) * 5  
i F ( A ( J * 2 * I ) . G T . O . D O )  GO TO 3 2 0  

GO TO 3 4 0
t h e n :D < n = l / 0 S Q R T ( A ( J , 2 , m  

DO 3 3 0  K = l , 2
DO 3 3 0  K K - 1 » 12 

A ( K K . K , I ) = A ( K K . K * I ) * D ( I )
CONTI NUE  
GO TO 3 5 0

E L S E !  P R I N T  WARNI NG 
W R I T E ( 6 , 5 4 0 )  I  , A ( J , 2 , I )D(I)=1.00

CONTI NUE

CONTI NUE

1 R=NR
DO 4 0 0  I U = 1 * 4  

1 = 1*1
J =  MOD( ( 1 - 1 ) , 4 ) * 5  
I F ( A < J , 2 , 1 ) . G T . O . D O )  GO TO 3 7 0  

GO TO 3 9 0
THEN:

0 ( I ) = 1 / D S Q R T ( A ( J , 2 « I ) )
DO 3 8 0  K = 1 , 2

DO 3 8 0  KK=1 , 8  
A ( K K , K , I ) = A ( K K , K , I ) « D ( I >

CONTI NUE  
GO TO 4 0 0

E L S E :  P R I N T  WARNI NG  
W R I T E ( 6 , 5 4 0 )  I , A ( J , 2 ♦ I )
D ( I ) = 1 .DO

CONTI NUE

s c a l e : p a r t  i i

i n i t i a l i z e  p o i n t e r  
I  p = o
l P D = - 4

1C = 1
I R  = 1 

DO 4 1 0  I U = 1 , 4  
I A = I P * I U  
DO 4 1 0  J  = 2 » 3 

J D = 1 P D * ( J - 2 ) «NR4
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4 1 0
C

4 2 0
C

4 3 0
C

4 4 0

4 5 0
C

4 6 0
C

470
C

0 0  4 1 0  1 = 5 , 1 2  
I D = J D * I
A ( I , J , I A ) = A ( I , J , I A ) » 0 ( I D )

c o n t i n u e

DO 4 3 0  I R = 2 « N R 1
i p o = i p
I P = I P * 4  
0 0  4 2 0  I U - l , 4  

I A = I P * I U  
DO 4 2 0  J = 2 , 3  

J D = I P D * ( J - 2 ) O N R 4  
DO 4 2 0  1 = 1 , 1 2  

I D = J D + I
A ( I , J , I A ) = A ( I , J , I A ) » D ( I D )  

C ONT I NUE

CONTI NUE

I R  = NR
i p d = i p
I P = I P * 4  
0 0  4 4 0  l u = l * 4  

I A = I P * I U  
DO 4 4 0  3 = 2 , 3  

J n = I P D * ( J " 2 ) « N R 4  
DO 4 4 0  1 = 1 , 8  

I D = J D * I
A ( I , J , I A ) = A ( I , J , I A ) » D ( I D )

C ONT I NUE

DO 4 9 0  I C = 2 , N C 1  
I R  = 1

ipd=ip
I P = I P + 4  
DO 4 5 0  I U = 1 , 4  

I A = I P♦ I U 
DO 4 5 0  J = 1 , 3  

J n = I P D + ( J - 2 ) * N R 4  
DO 4 5 0  1 = 5 , 1 2  

10=JD*I
A ( I , J , I A ) = A ( I , J , I A ) » D ( I D )

C ONT I NUE

DO 4 7 0  I R = 2 , N R 1
i p d = i p
I P = I P * 4  
DO 4 6 0  I U = 1 , 4  

I A = I P * I U  
DO 4 6 0  J = 1 , 3  

J D = I P O * ( J - 2 ) * N R 4  
DO 4 6 0  1 = 1 , 1 2  

I D = J D + I
A ( I , J , I A ) = A ( I , J , I A ) * D ( I D )

C O NT I NUE

CONT I NUE

I R  = NR 
I P O - I P
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I P = I P * 4  
DO 4 8 0  l u = l « 4  

I A = I P + I U  
DO 4 8 0  J = l , 3  

J D = I P D * ( J - 2 ) » N R 4  
DO 4 8 0  1 = 1 , 8  

I D = J D + I
A ( I , J , I A ) = A ( I , J , I A ) » D ( I D >  

4 8 0  CONT I NUE
C

4 9 0  CONT I NUE

I C  = NC
I R  = 1 

i P n = i P  
1 P = I P * 4  
DO 5 0 0  I U - l , 4  

I A = I P * I U  
DO 5 0 0  J = 1 , 2  

J D = I P D > ( J - 2 ) « N R 4  
DO 5 0 0  1 = 5 , 1 2  

I D = J D + I
A ( I , J , I A ) = A ( I , J , I A ) » D ( I D >  

5 0 0  c o n t i n u e

DO 5 2 0  I R = 2 , N R 1  
î  P?}= I P 
I P = I P * 4  
DO 5 1 0  I U = 1 * 4  

IA = IP » IU 
DO 5 1 0  J s l t Z  

J D = I P D * ( J - 2 ) « N R 4  
DO 5 1 0  1 = 1 , 1 2  

I D = J D + I
A ( I , J , I A ) = A ( I , J , I A ) » D ( I D )  

5 1 0  CONT I NUE

5 2 0  CONT I NUE

I R  = NR 
I P O = I P  
I P = I P + 4  
DO 5 3 0  I U - l ^4  

I A = I P * I U  
DO 5 3 0  J = 1 , 2  

J O = I P D * ( J - 2 ) « N R 4  
DO 5 3 0  1 = 1 , 8  

I D  = j O I
A ( I , J , I A ) = A ( I , J , I A ) » D ( I 0 )  

5 3 0  CONTI NUE

5 4 0  FORMAT C O  WARNI NG:  T H E » , 1 5 , «TH DI AGONAL ELEMENT OF THE
1 m a t r i x  i s « , 012 . 5 , » <  o »)

C
RETURN
END
SUBROUTI NE RSCa L E ( X , D )

C T H I S  SUBROUTI NE RESCALES THE VECTOR X ,  RET URNI NG THE PRODUCT #
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C OF THE DI AGONAL MATRI X D » X .

i M P l l C I T  P E A L « 8 ( A - H » 0 - Z )
COm m ON / D I M C O M /  N , N C , N R , N R 4  
D I M E N S I O N  X ( N ) , D ( N )

DO î 0 1 = 1 «N
X ( I )  = D ( I ) ° X ( I )

1 0  c o n t i n u e

RETURN  
END
s u b r o u t i n e  M A T M U L ( A , X . Y Î  

c t h i s  s u b r o u t i n e  p r e f o r m s  t h e  m a t r i x  v e c t o r  m u l t i p l i c a t i o n :  »
c  AX = Y , WHERE A I s  A NXN MAT RI X  AND X AND Y ARE VECTORS.  ** * * * * * * * * * * * * * *  

I M P L I C I T  R E A L * 8 ( A - H , 0 - Z )
COMMON / D I M C O M /  N , N C , N R , N R 4  
D I M E N S I O N  A ( 1 2 » 3 * N > , X ( N R 4 , N C ) » Y ( N )

b e g i n : i c  i s  t h e  c o l u m n
I R  I S  THE ROW 
I U  I S  THE UNKOWN

i n i t i a l i z e  y
DO 10 1 = 1 , N 

y  m  = o .  0D0
10 c o n t i n u e

S e t  D I M E N S I O N  PARAMETERS 
NCI  = NC -  1 
NR 1 = NR -  1

C
I C  = 1

C I N I T I A L I Z E  P OI N T E R S
I C 2  = I C  -  2 

I P X  = - 4
I  Py  = 0

C
I R  = 1

DO 20  I U = 1 , 4  
1 Y = I P Y + I U  
DO 20  J = 2 , 3  

J X = I C 2 > J  
DO 2 0  1 = 5 , 1 2  

I X = I P X + I
Y ( I Y ) = Y ( I Y > * A ( I , J , I Y ) » X ( 1 X , J X )

2 0  CONT I NUE
c

DO 30  I R = 2 , N R I  
I P x = I P X + 4  
I P y = I P Y * 4  
DO 3 0  I U = 1 , 4  

I Y = I P Y + I U  
DO 30 J  = 2 ,  3 

J X = I C 2 + J  
DO 30  1 = 1 , 1 2  

I X = I P X * I
Y ( I Y ) = Y ( I Y ) ♦ A ( I , J , I Y ) * X ( I X , J X )

3 0  CONT I NUE
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I R  = NR 
I P X = I P X * 4  
I P Y = I P Y * 4  
DO 4 0  I U = 1 »4 

I Y = I P Y * I U  
DO 4 0  J = 2 , 3  

J y = I C 2 + J  
Dn 4 0  1 = 1 * 8  

I X = I P X * I
Y ( I Y ) = Y ( I Y ) * A ( I  * J * I Y ) » X ( I X , J X )  

4 0  CONT I NUE

DO PO I C = 2 * N C 1

I N I T I A L I Z E  P OI N T E R S  
I C ? = I C - 2  
l P X = - 4

I R  = 1 
I P y = I P Y * 4  
DO 5 0  I U = 1 * 4  

I Y = I P Y * I U  
DO 5 0  J = 1 ,3 

J X = I C 2 * J  
DO 5 0  1 = 5 * 1 2

I X  = I P X M
Y C 1 Y i = Y t 1 Y)  * A ( I  * J *  I Y )  <»X ( I X .  JX)  

5 0  CONTI NUE

DO 6 0  I R = 2 , N R 1  
I P X = I P X * 4  
I P Y = I P Y + 4  
DO 6 0  I U = 1 » 4  

I Y = I P Y + I U  
DO 6 0  J = 1 ,3 

J X = 1 C 2 + J  
Do 6 0  1 = 1 * 1 2

I X = I P X + I
Y ( I Y ) = Y ( I Y ) * A ( I « J . I Y ) » X ( I X * J X )  

6 0  CONTI NUE

I R  = NR 
I P X = I P X * 4  
I P Y = I P Y + 4  
DO 70 I U = 1 * 4  

I Y = I P Y * I U  
DO 70  J=1,3 

J X = I C 2 * J  
Do 70  1 = 1 . 8

I X = I P X + I
Y ( I Y ) = Y ( I Y ) * A ( I * J . I Y ) » X ( I X , J X )  

7 0  CONT I NUE

6 0  c o n t i n u e

I C  = NC

I N I T I A L I Z E  P OI N T E R
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I P X = - 4
I C ? = I C - 2

C
I R  = 1 

1 P y = I P Y * 4 
DO 9 0  I U = 1 , 4  

I  Y = I P Y * I U  
DO 90  J = l , 2  

J X = I C 2 * J  
DO 90  1 = 5 , 1 2  

I X = I P X * I
Y ( I Y ) = Y ( I Y )  ♦ A ( I , J , I Y ) » X ( I X , J X )  

9 0  CONTI NUE
c

DO 1 00  I R = 2 , N R 1  
1 P X = I P X > 4  
I P Y = I P Y * 4  
DO 100  I U = 1 , 4  

I Y = I P Y * I U  
DO 1 00  J = 1 «2  

J X - I C 2 * J  
DO 1 00  1 = 1 , 1 2

I X = I P X * I
Y ( I Y ) = Y ( I Y ) * A ( I , J , I Y ) flX ( I X , J X )  ' 

1 0 0  CONTI NUE
c

I  R=NR 
I P Y =.I PX * 4  
1 P Y = I P Y * 4  
DO 110  I U = 1 , 4  

1 Y = I P Y * I U  
DO 110  J = 1 , 2  

J X = I C 2 * J  
DO 110 1 = 1 , 3

I X = I P X * I
Y ( I Y ) = Y ( I Y ) * A ( I , J , I Y ) » X ( 1 X , J X )  

1 1 0  CONTI NUE
C

RETURN
END


