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ABSTRACT

This work demonstrates an efficient algorithm which leverages transitive closure on graphs to

identify symmetry protected subspaces of quantum unitary operators in the σz basis. The

algorithm’s time complexity is linear to the size of the subspace. This subspace constrains states

in quantum time evolution to a smaller subspace. If this subspace is small enough, a classical

computer can complete the quantum simulation task; however, if this subspace has exponential

scaling and is thus infeasible to calculate, a quantum computer is required to complete the same

simulation task. In this regime, the symmetry protected subspace is leveraged to reduce quantum

computation errors with post-selection. To do this, a probabilistic algorithm is presented which

can determine if a measured state is within the subspace in polynomial time. Both algorithms are

benchmarked on three quantum simulations: the Heisenberg XXX Hamiltonian, T2 Quantum

Cellular Automata (QCA), and F4 QCA. QCA simulations are implemented as update rules

which define quantum time evolution. Finally, the paper concludes by implementing post-selection

on a quantum circuit emulator with noise with the three aforementioned simulations.
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CHAPTER 1

INTRODUCTION TO SYMMETRY FOR QUANTUM SYSTEMS

Symmetry is a concept fundamental to physics. Many theories like the standard model, time

crystals [1], condensed matter physics [2], quantum field theory, and topological error

correction [3] are built around conserving or breaking them. Additionally, symmetry is often

useful to discover and leverage in quantum systems, and subfields have emerged which study

quantum symmetry and leverage it to study novel physics [4] [5] [6] [7] [8].

This work addresses two ways in which symmetry has improved modern quantum simulations;

this is by no means a comprehensive list. The algorithms presented later will seek to address both

of these symmetry-provided advantages.

First, symmetry can make quantum simulation with a classical algorithm more feasible

through the construction of a smaller computational basis. Classical algorithms to simulate

quantum mechanics scale exponentially with the number of spins in the system; each additional

spin adds another 2 dimensional degree of freedom, which doubles the computational overhead to

store the wavefunction and perform operations on it. If it is known that the wavefunction only

ever occupies a smaller set of states, which is the case with symmetry, the computational space

can be restricted to this smaller set.

Second, symmetry also improves quantum simulation on a quantum computer with

post-selection. This is a procedure where if a quantum system has a known conserved quantity

that can be evaluated from a single measurement, measurements which violate this conserved

quantity can be removed from the final calculations. In noisy intermediate scale quantum

(NISQ) [9] devices, errors exponentially proliferate and destroy coherent quantum information.

Post-selection offers a way of making this error less destructive by extracting a probability

distribution closer to the ideal one, but is restricted because (1) it cannot detect errors which do

not break the symmetry and (2) if a calculation requires a given number of measurements, and

post-selection removes an exponential number of measurements because they break the symmetry,

then exponentially more measurements are required to reach the same fidelity.
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The advantages of symmetry also come with a large cost. Historically, symmetry must be

intuitively identified or guessed for general unitary operators. If the entirety of the symmetry is

lower order and obvious, such as total spin conservation, this is a trivial task. In general this is

not the case, so this work will present an algorithm which identifies the symmetry protected

subspaces observable in a given basis. It will also present an algorithm which can ascertain with

small uncertainty if two states are within the same subspace.

The subspace finding algorithm begins with a starting state and efficiently finds the set of

states with non-zero amplitude under one step in unitary time evolution. Then, repeat the process

on each found state to find all states with non-zero amplitude under a second step in unitary time

evolution. Repeat until there are no new states discovered; every state seen by this process has a

non-zero probability of appearing as a basis state in the quantum wavefunction. The shared

subspace algorithm works by taking two nodes, the start and measured states, in a graph of all

basis states in a subspace and finding an efficient path between them to assert that they exist in

the same subspace. If there is no path, they do not share the same symmetry protected subspace.

To tell the story, this work applies the algorithm to the simulated quantum dynamics of three

quantum systems. The Heisenberg XXX model
∑

i σ
x
i σ

x
i+1 + σyi σ

y
i+1 + σzi σ

z
i+1, which has total

spin conservation given by the symmetry operator
∑

i σ
z
i ; the T2 Quantum Cellular Automata

(QCA) [10] [11]
∑N−2

i=1 Ĥi
∑

α,β∈{0,1},α+β=1 P̂
α
i−1P̂

β
i+1, which has the more complicated symmetry

operator
∑

i σ
z
i σ

z
i+1; the F4 QCA [11]

∑N−3
i=2 Ĥi

∑
α,β,γ,δ∈{0,1},α+β+δ+γ=2 P̂

α
i−2P̂

β
i−1P̂

γ
i+1P̂

δ
i+2, for

which there was no known symmetry operator.

The symmetry protected subspace finding algorithm in Chapter 2 shows that by restricting to

the σz basis, an automated routine is developed to discover symmetries which are observable in

that basis, and then examines the scaling of these symmetries to define when the algorithm is

classically unmanageable. Post-selection can still be used when the restricted basis is

computationally unfeasible, so Chapter 3 proposes a probabilistic post-selection with the greedy

shared subspace algorithm, and provides numerical analysis of the algorithm’s failure conditions.

Finally, Chapter 4 applies this algorithm to the three relevant quantum models using a classically

simulated quantum circuit with noise.
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CHAPTER 2

AUTOMATED DETECTION OF SYMMETRY PROTECTED SUBSPACES

Quantum symmetries are observations of a conserved quantity, such that a symmetry operator

Ŝ of a unitary Â obeys the equation [
Ŝ, Â

]
|ψ〉 = 0 (2.1)

where |ψ〉 is an eigenvector of Ŝ. Equation 2.1 shows that if |ψ′〉 = Â |ψ〉, where |ψ′〉 is also an

eigenvector of Ŝ, then |ψ〉 and |ψ′〉 will share an eigenvalue, which is the conserved quantity. No

general form to calculate this Ŝ exists and the search space of all possible Ŝ operators is

impossibly large, so it is usually discovered with clever intuition or guessing [12].

In lieu of the statement above, an alternative interpretation of symmetry must be used. For

post-selection and reduced basis construction, it is useful to have all eigenvectors of Ŝ which share

an eigenvalue, without knowing the underlying conserved quantity. These degenerate eigenvectors

of Ŝ can be described by the defining the notion of a symmetry protected subspace.

Given a subspace F spanned by a subset of the basis vectors of an orthonormal basis U , define

the projector onto the basis F

P̂F =
∑
j∈F
|j〉 〈j| (2.2)

F is a symmetry protected subspace for Â iff

[P̂F , Â] = 0 (2.3)

Which means that for |ψ′〉 = Â |ψ〉, if |ψ〉 can be decomposed into a linear combination of basis

vector in F , |ψ′〉 can as well. Every basis vector |u〉 of U will have a corresponding F , even if it is

the only vector in that symmetry protected subspace; the total set of symmetry protected

subspaces F spans U . This chapter describes how to find both the total set of F and individual F

for a given time evolution unitary. Sections 2.1-2.3 detail how to find these subspaces by

leveraging transitive closure and kronecker products if U is taken to be the σz basis, while Section

2.4 examines the post-selection and reduced simulation basis applications of the algorithm, and

how they can perform in the use cases of the three considered models; Heisenberg XXX, T2 QCA,

F4 QCA.
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2.1 A Graph Approach to Unitary Operators

Choose an orthonormal basis U with basis vectors {|u〉}. If a unitary operator is applied once

to a basis vector |u〉, giving |ψ〉 = Â |u〉, then |ψ〉 has a basis vector decomposition

|ψ〉 =
∑
u′∈U

αu′
∣∣u′〉 (2.4)

With this single time step and decomposition for each |u〉 ∈ U , an unweighted directed graph D

of the Hamiltonian can be described. The nodes in the graph are given by basis states {|u〉}, and

an edge |u〉 → |u′〉 exists if αu′ 6= 0. For the current work, this graph does not need to formally

implement any quantum dynamics, just if a state-to-state transition exists, and can thus have

unweighted edges. An example of such a graph for a fractional iSWAP unitary operator

iSWAP(θ) =


1 0 0 0
0 cos(θ) i sin(θ) 0
0 i sin(θ) cos(θ) 0
0 0 0 1

 (2.5)

and implemented as iSWAP=
∑N−2

i=0 iSWAPi,i+1 can be seen in Figure 2.1.a. DiSWAP has directed

edges between each basis states which move to each other under one step in unitary time

evolution.

(a) (b)

Figure 2.1 (a) The unitary operator graph DiSWAP of a fractional iSWAP network of 4 spins.
Nodes are basis states of the σz basis, and edges represent a non-zero probability of transition in
a single step of unitary time evolution. (b) The cluster graph GiSWAP of the iSWAP network in
(a) Each edge indicates that states can see each other at some point in unitary time evolution.
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By adopting this graph structure, the matrix-vector multiplication operations can be left

behind in favor of graph and set operations.

2.1.1 Defining Subspaces with Transitive Closure

Edges in D have the transitive property, which arises from a transitive property in unitary

time evolution: if 〈b| Â |a〉 6= 0, and 〈c| Â |b〉 6= 0, then 〈c| ÂÂ |a〉 6= 0. This transitive property

exists because the amplitudes of each edge were dropped, which means destructive interference on

any basis state is no longer possible. This transitive property is established for all states in basis

U for the unitary operator. The transitive closure of D is taken, which creates a new graph G,

where an edge |u〉 → |u′〉 exists in G iff there is some path in D which connects the two nodes. In

the language of unitary time evolution, an edge in G indicates

|u〉 →
∣∣u′〉 ∈ G⇒ ∃ t s.t. 〈u′∣∣ [Â]t |u〉 6= 0 (2.6)

The transitive closure of the iSWAP graph in Figure 2.1.a can be seen in Figure 2.1.b on Page 4.

Notice how each between state of a complete subgraph of GiSWAP, total spin is conserved.

Unitary time evolution follows time-reversal symmetry, so each edge in D is bidirectional and

D can always be practically considered undirected. The transitive closure of an undirected graph

is a cluster graph, so G is a cluster graph. Cluster graphs are the disjoint union of complete

graphs. Each node in a given complete graph can only transition to other nodes in the same

complete graph, and each node is a basis vector, so this cluster graph which was built by Â

construction satisfies Equation 2.3 if each complete graph is a symmetry protected subspace F .

All-to-all connectivity is always implied in the transitive closure of an undirected graph;

therefore, each complete sub-graph of G can be considered a set of basis vectors, so each complete

sub-graph forms a symmetry protected subspace F , and G is the total set of subspaces.

G = {F1, F2, . . . FM} (2.7)

These symmetry protected subspaces are O(2N ) to articulate for a unitary of N spins in

Hilbert space H2N with a breadth first search to find the transitive closure. While the exponential

scaling of Hilbert space is always a limit for computation, this demonstrates that segregating the

states which given unitary Â acts on is linear to the number of states for a given graph D of a

unitary operator.
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Properly implemented, only one node from each F will start the breadth first search. Efficient

breadth first search is linear in the number of nodes plus number of edges. The number of basis

vector to basis vector transitions grows linearly with the number of basis vectors, because

unitarys for quantum simulation are generally very sparse, so the number of edges grows linearly

with the number of nodes. Therefore, if an efficient record of searched nodes is kept with hashing,

G is O(2N ) to compute for N spins.

2.2 Union of Subspaces of Local Operators to Create a Global Subspace

The method outlined in Section 2.1 gives an algorithm which can find every symmetry

protected subspace for the graph DÂ of some unitary operator Â in time linear to the size of the

Hilbert subspace the operator lives in. However, constructing the graph DÂ is classically

intractable if Â is an interaction of many spins, because edges are discovered with matrix-vector

multiplication. So an alternative approach must be taken to leverage transitive closure on basis

vectors and form the total set of symmetry protected subspaces.

An N -spin unitary operator can be expressed in the form below, where each ÂLi is an operator

on a few spins L starting with spin i,

ÂN =

N−1∑
i=0

ciÂ
L
i (2.8)

where ci is a complex coefficient and not all Âi are equivalent. Formally, each L is then dependent

on i. Notationally this is too cluttered and the examined models are all spatially homogenous, so

L is left uniform. Each coefficient ci can be dropped, as the algorithm is only interested in

possible states, not their actual probability. If ÂN can be expressed such that each ÂLi is

efficiently computable, the total set of symmetry protected subspaces GLi of each ÂLi can be

computed through the same transitive closure process detailed in Section 2.1.1, yielding a list of

cluster graphs which are not disjoint from each other G′ = {GL0 , . . . GLN−1}. By leveraging the

transitive property of unitary operators again, the transitive closure of G′ will yield the total set

of symmetry protected subspaces G.

This process is notationally dense and verbose, so to keep the algorithm more tangible an

example of this process for a fractional iSWAP operator is worked along with the explanation, by

taking it from a single operator on 2 spins to a chain of 3 operators on 4 spins. This example

6



starts with the smallest computable G2 for a single iSWAP operator:

Fα ={|00〉}
Fβ ={|10〉 , |01〉}
Fγ ={|11〉}

Each GLi ∈ G′ has a corresponding set of local symmetry protected subspaces

GLi = {FLi,0, FLi,1 . . . FLi,M}. This is formed through a kronecker product scaling function, defined in

Section 2.2.1, on the group GL. In the iSWAP chain, GL0 gives every possible interchange of basis

states under action of iSWAP0,1:

GL0 = {
FL0,β,0 = {|1000〉 , |0100〉},
FL0,β,1 = {|1001〉 , |0101〉},
FL0,β,2 = {|1010〉 , |0110〉},
FL0,β,3 = {|1011〉 , |0111〉}
}

Each FLi,j is a complete graph and the jth local symmetry protected subspace of the local

operator acting on spin i, and all GLi are the local total sets of subspaces; a subspace in this GLi is

every interaction between basis states under evolution of only ÂLi . Notationally, j is a tuple with

the elements α, β for the Fα ∈ GL and the βth local subspace corresponding to it. If there are N

local total sets of subspaces which each have 2N vectors, some local symmetry protected subspace

FLi,j ∈ GLi will share each vector with another local subspace with every other local total set. To

take a local symmetry FLi,j and make it global, recursively merge it with all other local symmetries

it shares a vector with, as demonstrated with the iSWAP example in Figure 2.2 on Page 8. Each

local subspace only allows the interchange of a few basis states, but these basis states are shared

with other local subspaces of other local operators. By following a path through local subspaces

which share basis states, a full subspace is created through transitive closure.
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Figure 2.2 Each local subspace for each local operator in the iSWAP chain. Non-disjoint
subspaces are merged to create global ones.

As stated above and shown in Figure 2.2 with the iSWAP example, if each GLi is a collection

of local symmetry protected subspaces {FLi,j} the global symmetry protected subspaces will be

given by

Fk = ∪{FLi,j ∪ FLi′,j′ |
∣∣FLi,j ∩ FLi′,j′∣∣ 6= 0} (2.9)

which is the union of all FLi,j which are not disjoint. If two sets FLi,j and FLi′,j′ are not disjoint, then

there exists a path from each |u〉 ∈ FLi,j to each |u′〉 ∈ FLi′,j′ , and its transitive closure is FLi,j ∪FLi′,j′ .

Therefore, if a unitary operator can be decomposed into local operators ÂLi , such that each ÂLi

has a computable symmetry subspace structure, the total set of symmetry protected subspaces G

is computable by following the transitive closure of symmetry protected subspaces of ÂLi .

G = {Fk} (2.10)

The finer details of this process are given in Sections 2.2.1 - 2.2.2.

2.2.1 The Kronecker Product Scaling Function

A crux of the algorithmic process of closing local subspaces is scaling a local operator to act

on a single spin in a global spin system. Take an operator ÂL acting on a local set of L spins such

that ÂL has dimension 2L. This operator is acting on spins [0, L− 1]. To get ÂL to act on spins

[i, i+ L− 1] in a larger system of N spins, a scaling function f of the kronecker product with the

identity is defined for matrices, where f(ÂL, i) = ÂLi . This is given below by
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f(ÂL, i) := I2i ⊗ ÂL ⊗ I2N−L−i (2.11)

Scaling function f preserves all relationships between basis vectors given by Equation 2.4, but

scales the basis vectors to a higher dimensional subspace of Hilbert space. This transitive closure

of a graph approach is built around the interaction of subspaces, so it is imperative to understand

the way f acts on vectors. Define ÂL to act on basis vectors in UL ∈ H2L such that∑
|u′〉∈U α|u′〉 |u′〉 = ÂL |u〉. The operator ÂLi characterizes dynamics around spin i in H2N , and is

given by f(ÂL, i) = ÂLi . If the σz basis is the basis of choice, the relationships defined in Equation

2.4 are re-written in the higher dimensional space as∑
|u′N〉∈UN

α|u′N〉
∣∣u′N〉 = ÂLi |uN 〉 , (2.12)

|uN 〉 = |a〉 ⊗ |uL〉 ⊗ |b〉 , |a〉 ∈ Col(I2i), |b〉 ∈ Col(I2N−L−i) (2.13)

This is a notationally dense formalism, so back to the iSWAP example. iSWAP shows that

|01〉 ↔ |10〉, irrespective of the dimension of the system it sits in. To make iSWAP an operator

that acts on spin i in a larger system of spins, it must also encode the identity on all other spins

6= i, i+ 1. This is what 2.13 does. Repeat for every spin in the system, and a set of local symmetry

protected subspaces is defined. Figure 2.3 on Page 10 works through this for the iSWAP acting on

spins 1 and 2. Notice how the scaling preserves the exchange of states |01〉 ↔ |10〉 in the middle

two spins while accounting for all permutations of how the identity acts on spins 0 and 3.

A new set of basis vectors can be established with

UN = {|uN 〉} = {|a〉 ⊗ |u〉 ⊗ |b〉 : |u〉 ∈ UL, |a〉 ∈ Col(I2i), |b〉 ∈ Col(I2N−L−i)} (2.14)

Because each permutation of |a〉 , |u〉 , |b〉 is unique, each vector |uN 〉 ∈ UN is also unique, so

Dim(UN ) = 2N and UN can span H2N . Each |uN 〉 can be decomposed into a unique |a〉 , |uL〉 , |b〉

where fv(|a〉 , |uL〉 , |b〉) = |uN 〉. From Equation 2.13 this is

fv(|a〉 , |u〉 , |b〉) := |a〉 ⊗ |uL〉 ⊗ |b〉 (2.15)

and fv is a true function which has a one-to-one mapping between H2L and H2N .
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Figure 2.3 The vector scaling function in Equation 2.15 acting on the operator staring at spin
i = 1.

2.2.2 Scaling Local Subspaces

The scaling function for vectors can be applied to sets of symmetry protected subspaces for a

local operator AL to define the set in a larger system of spins. Equation 2.13 shows that f

preserves transitivity, and Equation 2.14 shows that f creates unique basis vectors in UN .

Therefore, to modify the GL of AL to describe GLi for ÂLi , for each FLj ∈ GL apply the same fv

for vectors. This generates a new GLi , which has corresponding local symmetry protected

subspaces {FLi,j,ab}. Each FLj is a collection of basis vectors, and so can be scaled with fv. Each

FLj is scaled explicitly with the formula

FLi,j,ab = {{fv(|a〉 , |u〉 , |b〉) : |u〉 ∈ FLj } : |a〉 ∈ Col(I2i), |b〉 ∈ Col(I2N−L−i)} (2.16)

which creates 2N−L local subspaces for each FLj . These are the local total subspaces for each

operator in the system, and by repeating the scaling function for every operator G′ mentioned in

Section 2.2 a collection of subspaces is form which can be transitively closed.

For the iSWAP example, this is shown in Figure 2.3. FL1,β,1 is the result of 2.16 with |a〉 = |0〉

and |b〉 = |1〉, FL1,β,2 is the result with |a〉 = |1〉, |b〉 = |0〉, and so on.

10



Once this total set of local symmetry protected subspaces is created, it can be transitively

closed with the procedure mentioned in Section 2.2 and illustrated in Figure 2.2 on the previous

page.

2.3 Subspace of a Single State

It is often useful to know the symmetry protected subspace F|u〉 of a single state |u〉; this is the

case for both post-selection and reduced basis construction. F|u〉 is the transitive closure of state

|u〉 under the unitary Â, but the unitary is sizeable and cannot be efficiently computed or evolved

with. By borrowing methods developed in Sections 2.2 - 2.2.2, this subspace will be shown to be

O(N × |F|u〉|) to compute. The exact algorithm in pseudocode is given below, and the arguments

for each step will follow.

Algorithm 1 Subspace of a single state

F ← ∅ // the actual subspace
F ′ ← {|u〉} // the new transitions
F ′′ ← ∅ // transitions from new transitions
while F ′ 6= ∅ do

for |a〉 ∈ F ′ do
F ← |a〉
T 1
|a〉 // all states possible under a single time step of the unitary from |a〉

for |a′〉 ∈ T 1
|a〉 do

if |a′〉 /∈ F then
F ′′ ← |a′〉

end if
end for

end for
F ′ ← ∅
F ′ ← F ′′

F ′′ ← ∅
end while

The single state |u〉 has a set of states which are possible transitions under one discrete time

step of the unitary; call this set T 1
|u〉. This set is difficult (but not impossible) to compute exactly

because it requires a step of unitary time evolution. However, by taking |u〉 backwards through

the kronecker scaling function for each operator ÂLi in Â =
∑
ÂLi , |u〉 can check its possible

transitions under that just the operator at i, and scale the states of its transitions back to the

larger system. This gives the set of states which |u〉 can transition to under one time step of the

unitary Â. Define this set as T 1
|u〉. The formation of this set is shown by the iSWAP example in
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Figure 2.4.

Figure 2.4 Given a state |1010〉, reverse the scaling for each local unitary, identify local
transitions, and scale local transitions back to the larger system. Orange is the starting state,
green is a state which a transition exists to, in the smaller basis.

Each state |t〉 ∈ T 1
|u〉 has its own transitions which are one discrete time step away. Let the set

T 2
|u〉 be each of these transitions two steps away, or T 2

|u〉 = T 1
|u〉 ∪ {T

1
|t〉 : |t〉 ∈ T 1

|u〉}. This defines the

recursion relation in Equation 2.19 and is illustrated in Figure 2.5 on the next page.

T 2
|u〉 = T 1

|u〉 ∪ {T
1
|t〉 : |t〉 ∈ T 1

|u〉} (2.17)

... (2.18)

T i|u〉 = T i−1|u〉 ∪ {T
1
|t〉 : |t〉 ∈ T i−1|u〉 } (2.19)

with the stop condition that T i+1
|u〉 = T i|u〉 ⇔ T i|u〉 = F|u〉; when no new transitions are discovered,

then the full symmetry protected subspace is known. This has time complexity O(N × |F|u〉|);

each T 1
|t〉 is calculated by finding each local symmetry protected subspace of |t〉, which is O(N),

and T 1
|t〉 needs to be calculated at most 1 time for each |t〉 ∈ F|u〉, giving O(N × |F|u〉|).

With the process for computing the full subspace in hand, the next few paragraphs are

centered around the inverse scaling function and how it is used to find states a single step away.

Recall that the basis U has been chosen as the σz basis. In this basis, each basis vector has an

equivalent natural number representation which is the index of its single 1 value, also known as its

binary index, which lets an inverse of fv be easily computed. Under the hood, a kronecker

product of a vector with the identity can be represented as changing the indices of the vector.

This allows the vector scaling function fv in Equation 2.15 to be written as Equation 2.20, where
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(a) The single transitions from a, T 1
a (b) The single transitions of each state in T 1

a

(c) The double transitions of a, T 2
a , which is the

union of all states in T 1
b , T

1
c , T

1
d

Figure 2.5 The figure shows how given a which can transition to b, c, d in one time step, a
recursive process can be followed to get states reachable in more and more time steps.

|a〉 , |b〉 , |uL〉 have been exchanged for a, b, uL ∈ N.

fN(a, uL, b) := 2N−L−iuL + 2N−ia+ b (2.20)

Section 2.2.1 shows that each fN(a, uL, b) has a unique result. To get the single transitions T 1
u

from u, for each operator ALi which has a complete cluster graph GLi find the inverse of fN, which

is given by
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uL = b2L+i−Nu− 2Lb2i−Nucc (2.21)

a = b2i−Nuc (2.22)

b = u− 2N−L−iuL − 2N−ia (2.23)

For each spin site in the unitary, there is a subspace uL ∈ FLuL , FLuL ∈ G
L given by the single

operator AL at i. This subspace FLuL can be scaled with the a, b found by Equation 2.21, giving

the local subspace FLi,u in the system of N spins. Equation 2.20 can be re-written as

fu′(u, uL, u
′
L) := u+ 2N−L−i(u′L − uL) (2.24)

and applied to each item in FLuL such that

FLi,u = {fu′(u, uL, u′L) : u′L ∈ FLu } (2.25)

which is repeated to find FLi,u for each spin site. Because u is in each local symmetry space of each

FLi,u, the union of each of these operators gives T 1
u . Formally;

T 1
u = ∪{FLi,u : i ∈ [0, N − 1]} (2.26)

T 1
u is O(N) to compute. With an efficient way to find single discrete time step transitions

from u in hand, a symmetry protected subspace of u can be formed using the recursion relation in

Equation 2.19. One iteration of Equation 2.19 can be seen in Figure 2.5 on Page 13.

Once the stop condition T i+1
u = T iu is reached, every |u′〉 ∈ T iu only has transitions to other

vectors already present in Tu; therefore, Tu has been transitively closed and is the symmetry

protected subspace of |u〉, F|u〉.

2.4 Usage and Limits

While a pseudo-analytical approach for all symmetry which can be observed in a given basis is

interesting in its own right, the aims of this algorithm are more practical in nature, and as such

its limits are characterized. As mentioned in Chapter 1, this work uses the Heisenberg XXX, T2

Quantum Cellular Automata, and F4 Quantum Cellular Automata models to characterize how

symmetry protected subspaces form and scale. Refer to Figure 2.6 on the next page to see group

sizes at each number of spins. For the studied models, the maximum subspace size was

asymptotically limited by 2N−L, where L is the number of spins interacting in the local operators
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in Equation 2.8.

(a) (b)

(c)

Figure 2.6 Subspace sizes for (a) Heisenberg XXX (b) T2 QCA (c) F4 QCA.

To do post-selection of a circuit starting in state |u〉, F|u〉 must be computed. For each

measurement |u′〉, check if |u′〉 is in F|u〉. This check is efficient, because F|u〉 can be stored with

hashing or binary trees. As seen in Figure 2.6, |F|u〉| grows with O(2N−L) in the worst case.

Therefore, for quantum algorithms simulating many spins, an alternative approximate

post-selection is suggested in Chapter 3.

This procedure can be used for reduced basis creation if |H2N | is too large but |F|u〉| is

tractable at the target number of spins. Figure 2.6 shows that if there is a reduced basis, it can

extend classical simulation L spins beyond the current limit.
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2.5 Future Work

The automated procedure used in this chapter leverages many assumptions, such as removing

amplitudes from a basis vector decomposition and restricting to the σz basis. This algorithm

would need to be modified to account for non-σz basis symmetries, which could be essential for

some post-selection applications where an alternate basis is used for measurement or where a

symmetry only exists in an alternate basis.
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CHAPTER 3

POST-SELECTION IN LARGE SYMMETRY PROTECTED SUBSPACES

Post-selection is a method for error mitigation which can identify when a specific measurement

of a quantum computer can only be the result of error [13] [10]. It relies on observing a conserved

quantity across time evolution, which is implemented through a symmetry operator Ŝ which

commutes with the unitary evolution operator Â such that [S, Â] = 0. As described in Chapter 2,

these symmetry operators are difficult to discover. Through the use of symmetry protected

subspaces defined in the aforementioned chapter, a subspace of basis states F ⊆ H2N can be

defined where the unitary time evolution of a state which starts in the subspace F will always live

within F .

Forming a subspace is only the first problem; as discussed in Section 2.4, the worst case for

subspace size |F | is O(2N−L), which is intractable to compute even with a near-linear algorithm

for large numbers of spins. This post-selection process offers a bit of hope; the entire subspace is

not necessarily needed, just a way of validating if a given measurement exists in the subspace as

the starting state.

This chapter focus on addressing the question: given two states, do they exist in the same

symmetry protected subspace? Section 3.1 discusses the pathfinding approach to verifying a

measurement, and Section 3.2 discusses how greedy algorithms can give a probabilistic argument

for solving the pathfinding problem, and when that argument fails. For verification, three unitary

operators; Heisenberg XXX, T2 Quantum Cellular Automata, and F4 QCA, are used and their

conditions for failure discussed in 3.2.2.

3.1 Post-selection as a Pathfinding Problem

Post-selection can be stated as a pathfinding problem; if two states are in the same subspace,

then there has to be a path of basis vectors connecting the two states by the transitivity relation

discussed in Section 2.1.1. Therefore, if some path R(|a〉 , |b〉) can be discovered, where |a〉 is the

start state and |b〉 is the measurement, it is proven that 〈b| [Â]t |a〉 6= 0 for some t. Given the full

subspace F , which can be interpreted as a complete graph, this path has length 1 and is trivial to

compute. In the case where F is too large, the pathfinding question becomes more nuanced.
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Recall from Section 2.3 that the single time step transitions from a single state |a〉 are given

by T 1
|a〉, which is O(N) to compute. Define a graph P which has edges |a〉 → |a′〉 , |a′〉 ∈ T 1

|a〉. P

will never be fully computed; instead of computing all of P , edges in P are found from the current

node with this function. With a given state |a〉, P can be queried to find every edge from that

state by computing T 1
|a〉. If T 1

|a〉 is used to find the transitive closure of P , P ≡ F .

There are O(N) edges given by |a〉 in T 1
|a〉 from a node |a〉; if there are O(2N−L) nodes in P ,

then P is densely connected and the path between two nodes is O(N) edges [14]. This is

supported by the idea that one state is O(N) time steps from another in quantum time evolution.

Therefore, each pair of nodes in P is connected by a path with O(N) edges. If the path

R(|a〉 , |b〉) is known, the time complexity of traversing it is O(N2).

In general, the path R is not known, and finding it for two arbitrary states would require a

brute force search of the entire P ; this is the same time cost as just computing the subspace,

which is unfeasible. But if R starting at |a〉 can be predicted, it is O(N2) to verify that b lies at

the end of it. This is done by evaluating the current set of next edges in the graph P and deciding

which one to take for each node in the path. Section 3.2 examines how to walk across P , starting

at |a〉, by only predicting the next step in the sequence.

3.2 Greedy Algorithm for Post-selection

To traverse from |a〉 to a measured state |b〉 by taking path R through graph P and keeping

|R| � |P |, R must traverse a linear number of nodes in P . This can be done if the next step in R

is always known, which is achieved by using a greedy algorithm with the story that follows.

Use a greedy algorithm that intelligently guesses which edge to take towards |b〉 from the

current |c〉 on the path R(|a〉 , |b〉). If it is used to predict a path R(|a〉 , |b〉) it needs to have a

stopping condition; otherwise, the entire graph P will be explored in the case where R(|a〉 , |b〉)

does not exist. With a greedy algorithm, if |c〉 is the current node in the path R(|a〉 , |b〉) with

known neighbors given by T 1
c , then the next node |c′〉 ∈ T 1

|c〉 is taken iff |c′〉 is closer to |b〉 than |c〉

is, by some distance metric. If there are no moves from |c〉 which bring the path closer to |b〉, then

it is assumed that no path exists and |b〉 is not in the same subspace as |a〉.

Now a distance metric must be established. If the distance metric can quantify how close two

states are from each other in unitary time evolution, the path is certain to verify.
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It proves useful to use the binary index, with |a〉 → a, |b〉 → b, of each state to define the

distance metric with old-fashioned subtraction. First, note that a small natural number distance

between a, b does not imply that |a〉 , |b〉 are close to each other in unitary time evolution. This

means that just moving from a to b with natural number distances may lead to false negatives in

the case where the next greedy move is the lowest natural number distance but not closest in time

evolution. Instead, choose a node which a and b should always find with reasonable probability in

a greedy pathfinding algorithm; if there are two paths R(a, c), and R(b, c) in an undirected graph,

then there must be a path R(a, b).

It is numerically shown that the absolute minimum or maximum of the binary indexes of the

nodes in P almost always lies at the end of the greedy minimum/maximum finding algorithm,

and can thus verify the existence of a path. The following details are all given in terms of a

minimum, but are the same for a maximum. The greedy algorithm to find the minimum node

from a is defined by the recursion relation

a1 = min(T 1
a ) (3.1)

ai = min(T 1
ai−1) (3.2)

and is halted by the condition ai+1 = ai. Define the minimum node found by this algorithm to be

amin. After computing R(a, amin) and R(b, bmin), if amin ≡ bmin then there exists a path from a to

b, and thus b ∈ Fa and will not be thrown out by post-selection. If there are no false minima in a

graph P , this algorithm will always ascertain if a, b live within the same symmetry protected

subspace in O(N2) and is no longer approximate. If there are false minima which are not escaped

by the method described in Section 3.2.1, post-selection has a chance of throwing out

measurements in which no error occurred. This is destructive for an ideal quantum computer, as

measurements which had no noise could still be discarded, which would act as a source of

systematic noise for an ideal computation. However, this approximate post-selection scheme may

still be valuable in the NISQ era, which is a question that will be explored further in Section 4.3.1.

3.2.1 Attempt to Escape False Minima

There is one small addition to the approximate post-selection algorithm which can

significantly increase the chances of finding the true minimum of on a greedy path in P ; by
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considering T q+1
a , where q ≥ 1 but is still small, the path R(a, amin) has a chance of finding a

better minimum. This can be implemented in two ways. The first is to take the recursive process

for building on T 1
a defined in Equation 2.17, and repeat it q times with ai = min(T q+1

ai−1). The

second is to use a larger cluster graph GL+q by using the graph building process described in

Section 2.2 for each spin in the simulation. This work uses the second approach, but either

achieves the same result. q adds an exponential scaling to the next-edges part of the algorithm, so

it must be kept small as to not negatively impact performance.

3.2.2 Frequency of Failure and Failure Conditions

A numerical analysis of the three models: Heisenberg XXX, T2 QCA, and F4 QCA is done to

identify when the approximate post-selection procedure can fail. As discussed in Section 3.2, false

minima can be potentially dangerous for the application of post-selection. Define a rough

subspace as one that has at least one false minimum. Up to N = 17, the total symmetry structure

of each model is computed. Define the quantity
∑
|Fr| to be the sum of the sizes of all rough

subspaces; if approximate post-selection always works,
∑
|Fr| = 0

For the Heisenberg XXX model no rough subspaces were found, so approximate post-selection

is equivalent to post-selection.

For the T2 Quantum Cellular Automata, rough subspaces only exist at q = 0. Otherwise, no

rough subspaces were found. This behavior is shown in Figure 3.1 on Page 21, where q > 0 is

essential to avoiding false minima. This plot shows that for q = 1, approximate post-selection is

equivalent to post-selection.

For the F4 QCA, things get more interesting. Like the T2 QCA, q = 0 causes the rough

subspaces to dominate the graph structure. However, unlike T2, all computed q values just cause

marginal improvements but never cause
∑
|Fr| to truly reach zero. See Figure 3.2 on Page 21.

Notice that while
∑
|Fr| decreases as q increases, the quantity never truly reaches zero. This

means that approximate post-selection will always have a chance of removing ideal states in this

model; while some subspaces of this model have no false minima, it is impossible to know if a

given state a is in such a subspace without computing a full Fa. Fortunately, false minima are

apparent at small N , so trivial numerical work can show if false minima can be expected for a

given quantum algorithm.
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Figure 3.1 The portion of nodes in P which exist in a rough subspace and thus can take a greedy
path to a false minimum, for the T2 QCA. Notice how for q = 1, this quantity drops to zero and
remains there.

Figure 3.2 The portion of nodes in P which exist in a rough subspace and thus can take a greedy
path to a false minimum, for the F4 QCA. For the limits this verification was carried to,

∑
|Fr|

drops with increasing q but never truly reaches zero.
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It is also possible that approximate post-selection creates a more intelligible result than a noisy

circuit without it, despite potentially loosing results in which no errors occurred. Additionally,

nodes which live in a rough subspace may still share a greedy minimum at smaller times, and thus

coincidentally still have a path. However, this claim is still not analytically strong, and as such

the only way to be really sure is to test, which is done for the same three models in Chapter 4.
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CHAPTER 4

DEMONSTRATION OF POST-SELECTION

Simulations of the Heisenberg XXX Hamiltonian, T2 Quantum Cellular Automata [10], and

F4 Quantum Cellular Automata [11] are performed in this chapter to benchmark how each

algorithm can perform with post-selection implemented. These simulations are all a type of

discrete time evolution on conditions seen in literature.

This chapter will use the Kullback-Leibler divergence function to quantify a given

measurement distribution’s divergence from the ideal quantum computation, followed by a

description of how the ideal versus error simulations were performed. Each model will present its

own simulation conditions. The data shows that post-selection raises the noise floor such that a

computation with noise is guaranteed to remain closer to an ideal computation. There is also an

examination of how approximate post-selection works in a subspace which is known to have false

minima. Finally, a conclusion about post-selection, its use cases, and a discussion about its time

complexity implications is given.

4.1 Methods for Demonstration

In quantum simulations, each time step has a corresponding sequence of measurements from

which a probability distribution of states in the σz basis is formed. Once errors proliferate, this

distribution becomes uniform random noise, given by Equation 4.1.

urn =
1

2N

2N∑
i=0

|i〉 (4.1)

Kullback-Leibler divergence is a function given by Equation 4.2 that quantifies the difference

between a probability distribution P and a reference probability distribution Q.

DKL(P,Q) :=
∑
x∈X

P (x) log

(
P (x)

Qx

)
(4.2)

|ψideal(t)|2 is the probability distribution of the noise-free quantum simulation at time t, and

|ψnoise(t)|2 is the probability distribution at the same time with noise. Define the function in

Equation 4.3 which will smoothly decay from 1 to 0 as the simulation decays to uniform random

noise [15].
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D(|ψnoise|2, |ψideal|2) := 1−DKL(|ψnoise|2, |ψideal|2)/DKL(urn, |ψideal|2) (4.3)

If post-selection is applied to a state which has decayed to uniform random noise, the relative

probability distribution of states in the subspace F will remain uniformly random; the projector

P̂F applied to urn and renormalized gives the definition of a uniform random subspace.

urs =
1

|F |
∑
j∈F
|j〉 (4.4)

Each simulation verifies that the post-selected probability distribution converges to urs, because

D of the post-selected distribution converges to Durs of the uniform random subspace urs at

sufficiently many measurements. Note that urs does not provide a solid noise floor, just a general

trend that the simulation will converge to. Thus, small shifts in the D divergence from Durs, as

seen in the following sections, are not surprising.

4.1.1 Methods

Data was collected with classical simulation of a quantum computer 10,000 measurements per

time step. Error channels are defined by hand as the following; after every discrete step in the

time evolution, apply the operator σx on each qubit with probability p followed by the operator

σy with the same probability p. The total per qubit time step error, the probability of any σx, σy

error on a single qubit after each Trotter step, is then given by the binomial distribution∑2
i=1

(
2
i

)
pi(1− p)2−i.

4.2 Known Symmetry Operator

This section computes D for each model, which had previously known symmetries.

4.2.1 Heisenberg XXX Hamiltonian

The Heisenberg XXX Hamiltonian is given by

H =

N−2∑
i=0

σxi σ
x
i+1 + σyi σ

y
i+1 + σzi σ

z
i+1 (4.5)

and initialized in the state |ψ(0)〉 = |101010101010101〉. This model has symmetry Ŝ =
∑N

i=0 σ
z
i ,

which is well-studied and intuitive. The evolution unitary for it is defined as Â = eiHdt. Results

can be seen in Figure 4.1 on the next page; post-selection keeps the noisy data coherent for a
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longer time. Figure 2.6 on Page 15 shows that the Heisenberg subspaces are fairly large; therefore,

the urs of Heisenberg is very close to urn.

Figure 4.1 Divergence of Heisenberg XXX to uniform random noise.

4.2.2 T2 Quantum Cellular Automata

The T2 QCA applies a Hadamard gate Ĥi to a qubit if exactly one of its neighbors is in the

|1〉 state. It is given by

Â =

N−2∑
i=1

Ĥi

∑
α,β∈{0,1},α+β=1

P̂αi−1P̂
β
i+1 (4.6)

and initialized in |ψ(0)〉 = |000000010000000〉. This model has symmetry Ŝ =
∑N−1

i=0 σzi σ
z
i+1.

Results can be seen in Figure 4.2 on the next page. Figure 2.6 on Page 15 shows that this model

has a lower cap to its subspace size, so its uniform subspace noise is further from uniform random

noise and closer to the ideal measurement distribution.

Additionally, time evolution of this model computes the 〈ni〉, or the average number of times a

|1〉i appears at a given qubit i. As this is a trivial expectation value to implement with σz

measurement, it is included here in Figure 4.3 on Page 26 to characterize post-selection more.

This example is useful, because it shows that post-selection can establish dynamics of a

simulation which would have been otherwise hidden; the periodicity seen in the ideal example is

invisible in the noisy data but appears in the post-selected data.
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Figure 4.2 Divergence of T2 QCA. This model has a smaller |F|ψ(0)〉|, which gives a higher
uniform subspace noise.

(a) (b)

Figure 4.3 Dynamics of T2 QCA. Per qubit time step error (a)= 0.0199 (b) = 0.0975.

4.3 Unknown Symmetry Operator - F4 Quantum Cellular Automata

This section computes D for an operator with no known Ŝ, which has symmetry protected

subspaces discovered by this algorithm.

The F4 QCA applies a Hadamard gate on a qubit if exactly two of its neighbors and

next-nearest neighbors are in the |1〉 state. It is given by

Â =
N−3∑
i=2

Ĥi

∑
α,β,γ,δ∈{0,1},α+β+δ+γ=2

P̂αi−2P̂
β
i−1P̂

γ
i+1P̂

δ
i+2 (4.7)

and initialized in |ψ(0)〉 = |000000101000000〉. This start state lives in a subspace with no false

minima, so post-selection is not approximate despite this system being covered mostly by rough
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subspaces as seen in Figure 3.2 on Page 21. No Ŝ is previously known for this operator. However,

this operator does have symmetry protected subspaces, discovered by the current work. Its

post-selected D is given in Figure 4.4, with the standard convergence to urs observed.

Figure 4.4 Divergence of F4 QCA. This unitary has no known analytical symmetries.

The 〈ni〉 for each qubit, just as measured with the T2 QCA, is calculated and shown in

Figure 4.5 on Page 28. Here, post-selection does not help observe nuanced properties of the

unitary time evolution; this particular QCA is valuable because of the ‘blinking’ of the occupancy

of qubit 7 in time. At one time step, it has 〈n7〉 ≈ 0, and the next it has 〈n7〉 ≈ 1/2. The

subspace has no time dependence, so post-selection will accept states with either feature

(provided they are in the subspace) regardless of time step. Because the circuit is overcome with

noise and many errors will remain within the subspace, some errors will emphasize the feature

opposite the current value of 〈n7〉 and the more nuanced observation is lost. Post-selection does

maintain qualitative properties which are less nuanced; qubits 6 and 8 should remain in 〈ni〉 ≈ 1

throughout the time evolution. This property is lost in the noisy time evolutions, but recovered at

least in part with post-selection on the lower and higher error simulations.

Note that without the procedure developed in this paper, this data would remain in the noisy

plots of time evolution.
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(a) (b)

Figure 4.5 Dynamics of F4 QCA. Per qubit time step error (a) = 0.0199 (b) = 0.0975.

4.3.1 Subspace With Local Minima

Section 3.2.2 mentions that the F4 QCA has states which lie within the failure conditions for

approximate post-selection. This section identifies a starting state whose subspace is a previously

defined rocky subspace. This is the initial state |ψ(0)〉 = |101010111011111〉, and post-selection is

run with various q as defined in Section 3.2.1. In the studied system of 15 qubits, L+ q is close to

N when q = 7, which implies that the q used for GL+q is causing the precomputed total subspace

to converge to the total subspace. In practice, the maximum computable q is likely not as close to

the number of qubits.

This set of divergences is given for low per qubit time step error in Figure 4.6 and high in

Figure 4.7 on Page 29. Finally, Figure 4.8 on Page 30 shows the D of using an approximate

post-selection on a noise-free circuit. As can be seen in the figures, post-selection never gets worse

than noisy data. On top of this, it is only destructive to an ideal wavefunction at larger t. Likely,

this is because nodes which are close to the starting state in the graph P share an approximate

minimum, so only a small set of transitions from the starting state are accepted.

As seen in the plots, only in the worst case scenario noise and with small q is approximate

post-selection is worse than raw data. As such, the developed method for approximate

post-selection is useful in all cases studied here.
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(a) (b)

(c) (d)

Figure 4.6 Approximate post-selection for per qubit time step error = 0.0199.

(a) (b)

(c) (d)

Figure 4.7 Approximate post-selection for per qubit time step error = 0.0975.

29



(a) (b)

(c) (d)

Figure 4.8 The divergence from using approximate post-selection on the ideal state.

4.4 Discussion and Conclusions

Post-selection has some nuances to its application which should be analyzed. Some quantum

simulations involve analysis on the final probability distribution, such as to compute expectation

values. As shown in this chapter, even without increasing the number of measurements

post-selection achieves a probability distribution significantly closer to the ideal one, and is

therefore extremely useful when a simulation can implement it. However, many quantum

algorithms require a certain number of measurements to achieve a desired fidelity; post-selection

then adds an exponential number of measurements to achieve the same fidelity. Future work

could explore the true time complexity bound of this statement and analyze how much worse the

fidelity is if not every error is replaced with a new measurement.

Symmetry protected subspaces have many applications to quantum information, which future

work could explore. In quantum optimizers, initial states are chosen to either limit or maximize

the simulations search space; if the symmetry structure of a system is known, these states can be

chosen more intentionally, which could improve optimizer performance [16]. Because this

algorithm can identify if there exists symmetry in a given basis, a basis can be chosen which has
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symmetry apparent from this algorithm. This would allow either smaller, more efficient

simulations or for post-selection. This algorithm can also discover symmetry which was not

already known; if this is the case with any fundamental model, it could imply the existence of

unknown properties in that model.

This work presented an algorithm to compute the symmetry protected subspace, which a

starting state remains in under unitary time evolution. These subspaces likely have interesting

implications for quantum systems where they were previously hidden. Using this algorithm,

symmetry was discovered in the F4 QCA, a quantum system which previously had no known

symmetry. Because the full subspace of a state is linear in the size of the subspace, which scales

exponentially, an approximate algorithm for post-selection algorithm was presented and its

conditions for failure shown. Finally, this approximate algorithm was used to post-select emulated

quantum simulation data with error, which demonstrated that even approximate post-selection

leads to a probability distribution closer to the ideal simulation.
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