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ABSTRACT

The deep seabed is one of the potentially most rewarding frontiers that challenges 

mankind in its quest for material achievement. Deep-ocean mining promises to make an 

enormous contribution to the world’s resource base once its potential is fully realized. Of 

particular interest are manganese nodules and cobalt rich crust which are deposited over 

and beneath the ocean floor at depths of 800 ~ 6,000-m (Chung and Tsurusaki, 1994). 

Manganese nodules are known to contain high quantities of cobalt, copper, manganese, 

and nickel and possibly molybdenum, titanium and vanadium (Chung and Tsurusaki, 

1994).

Mining either manganese nodules or ocean crust requires a long, slender pipe to 

transport the slurry from the miner on the sea floor to the ship on the ocean surface. In 

order to aid in the design and control of the nodule slurry hoisting system, the pipe 

dynamics of the string must be properly analyzed. Investigation into the torsional effect 

on a 3-D nonlinear, coupled axial, bending and torsional responses on a 4,000-ft pipe 

system was recently investigated by Chung, Cheng, and Huttelmaier (1994). The pipe 

system was subjected to current induced periodic horizontal and vertical motions and 

their analysis resulted in the determination of external shear forces resulting from 

hydrodynamic forces which is believed to be the principal design constraints.

iii



T-4717

The focus of the present research is to determine the magnitude of the shear stress 

which will affect the responses of a 18,000-ft vertical pipe containing a turbulent periodic 

internal pipe flow. The effect of mean flow and external axial shear stress on the 

responses of the pipe system was previously studied with a nonlinear finite element 

method (FEM) code (Chung, Cheng, and Huttelmaier, 1994) for the oscillatory frequency 

of the pipe. The present analysis utilizes the eddy viscosity approach in modeling the 

turbulent flow for oscillating shear stress.

The present analysis clearly illustrates that (i) oscillating velocity is slightly 

influenced by the magnitude of the mean velocity, (ii) both oscillating velocity and shear 

stress are related to the oscillation period and (iii) oscillating velocity is directly related 

to oscillating shear stress.
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GLOSSARY

A 3 oscillating pressure constants

c isentropic speed of sound

C j, Dj boundary condition constants in region j

g acceleration due to gravity

hi. headloss in a pipe

lo modified Bessel function of the first kind of zero order

Ii modified Bessel function of the first kind of first order

j designates either a region boundary or region area

kJ slope factor for the modified viscosity models in region j

K constant used for solving oscillating shear stress

KUj constant used for solving oscillating velocity

Ko modified Bessel function of the second kind of zero order

Ki modified Bessel function of the second kind of first order

L signifies Laplace transform

mj intercept for the modified viscosity model in region j

m subscript denotes mean

n signifies the number of regions in the model
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os subscript denotes oscillating component

p pressure

Q* criterion function representing the square of the error

r radial direction, distance away from pipe center

rj region j boundary

R inside pipe radius

R* dimensionless R used in modified viscosity model 

Re Reynolds number

s parameter of Laplace transformation

st subscript denotes steady component

t time

T period

u velocity in the axial direction

u* friction velocity

v velocity in the radial direction

w velocity in the 0 direction

Um,st mean-steady upward velocity

y distance measured away from the pipe wall

y* dimensionless y distance used in modified viscosity model

xii
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z axial direction

Zj(r) function used for transformation of variables, applicable to region j

Ç eddy viscosity

X friction factor

p fluid density

T shear stress

Tr  Reynolds stress

|ll dynamic viscosity

v kinematic viscosity

Ve modified eddy viscosity

y wave propagation constant

Yr real component of the wave propagation constant

Yi imaginary component of the wave propagation constant

Ysw fluid specific weight

(0 angular frequency

denotes sort-time average value 

1 denotes fluctuating component

xiii
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CHAPTER 1 

INTRODUCTION

1.1 Background

The ocean floor possesses massive deposits of cobalt, manganese and nickel in 

the form of nodules and from the crust surface itself. These minerals are deposited over 

and beneath the ocean floor from depths of 800-6,000-m (Chung and Tsurusaki, 1994). 

The potential for profitable mining of these minerals from the sea floor involves the 

coordination or integration of five distinct systems of operations (Chung and Tsurusaki,

1994):

(1) Exploration survey

(2) Mineral collection (nodule and crust) from the seafloor

(3) Hoisting the aggregate to the mining ship

(4) Transportation to land

(5) Processing onshore or in the ocean

This paper focuses only on the third stage, which is analyzed using both fluid

mechanics and pipe dynamics. The pipe is subjected to numerous external forces 

including external hydrodynamic forces, large-amplitude vertical and horizontal motions, 

vertically varying current flows and a periodic internal flow. The top of the pipe is
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pinned to a ship, incorporating a heave compensator to allow for vertical motion of the 

pipe. The bottom of the pipe is attached to a buffer and other additional equipment. The 

bottom end is considered free and independent of the self-propelled seafloor miner. The 

internal pipe flow for the hydraulic hoist consists of a mixture of nodules or solids, soil 

particles and seawater whose mixture is controlled by a buffer connected to the bottom 

portion of the pipe. In the present example, the flow is considered to be oscillating at the 

axially oscillating frequency of the pipe. The slurry flow is fully turbulent with Reynolds 

numbers in the order of 1.5 x 105 . This oscillating, turbulent pipe flow induces an 

oscillating shear stress on the inside surface of the pipe which can change the dynamic 

response of a marine riser or pipe.

1.2 Previous Work

The majority of the early research conducted on oscillating flow consisted of 

analytical studies of periodic laminar flow conducted by Sexl and Szymanski (1930), 

Uchida (1956) and Rosenhead (1963). Information from these studies were often used 

for early comparative studies of transitional and turbulent flows.

Many of the studies on unsteady transitional flows have been reported mainly by 

bio-fluid mechanics because of its practical application to bio-fluid problems. Because 

of the difficult nature of transitional flow experiments, several studies led to conflicting
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results and did not contribute to the fundamental understanding of unsteady flow 

(Gerrard, 1971).

Several researchers have studied periodic turbulent flow experimentally as well as 

analytically. Some of the earliest studies in this area were conducted by in 1940 by 

Schultz-Grunow (1940) with more recent research conducted by Gerrard (1971), 

Mizushina, Maruyama, and Hirasawa (1975), Ohmi and Usui (1976) and Ramaprian and 

Tu (1982). In all these cases, fully developed turbulent pipe flow was induced by 

superimposing a periodic pulsation on a steady mean flow. The majority of the studies to 

date have been aimed at determining the effect pulsation has on time dependent values 

such as velocity, pressure loss and wall shear stress.

Direct measurements of the above noted properties have been conducted by 

numerous researchers, most notably Laufer (1953) and Nunner (1956). Typically 

m easurem ents are taken using hot-w ire anem om eters, cine-photography or 

electrochemical methods. Analytical models most commonly used to account for the 

presence of turbulence include quasi-turbulent models such as the k- e model which is 

based on energy and the eddy viscosity model which attempts to account for Reynolds 

stresses.
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1.3 Purpose

Potential deep-ocean mining operations require accurate modeling of slurry 

transport from the miner at the seafloor to the ship on the ocean surface in order to 

account for its influence on shear stress. To date, analysis of the coupled axial, bending 

and torsional responses have been investigated by Cheng, Chung, and Huttelmaier (1994) 

with the pipe subject to current induced periodic horizontal and vertical motions and their 

analysis resulted in the determination of external shear forces resulting from 

hydrodynamic forces which is believed to be the principle design constraints.

The focus of the present analysis is to determine the magnitude of the shear stress 

which will affect the responses of a 18,000-ft vertical pipe containing a turbulent periodic 

internal pipe flow. This paper presents the effect of average velocity on the oscillating 

velocity profile and the effect of periodic flow on the shear stress.
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CHAPTER 2 

MODELING OF VISCOSITY

2.1 Laminar and Turbulent Flow Theory

Laminar flow is characterized by fluid particles that flow in parallel layers with 

agitation only in a molecular nature. Particles remain in parallel paths due to the 

dominance of viscous forces. With no mixing between layers, the flow may be 

considered one dimensional in the direction of the pipe axis. The majority of the real 

world applications involve turbulent flow which is characterized by the chaotic, random 

movement of fluid parcels between layers. For these types of flows, inertia forces 

dominate which result in variations in velocity, pressure, shear stress and temperature. 

As figure (2.1) indicates, turbulent velocity has v and w components, normal to the pipe 

axis, with the dominant flow velocity in the z direction (pipe axis).
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Turbulent: V = u i+ vj+ w k

Laminar: V = ui

Time

Figure 2.1 Comparison of Laminar and Turbulent Velocity

2.2 Laminar and Turbulent Shear Stress

Particles in laminar flows are constrained to parallel paths by viscosity. Shearing 

stress for laminar flow is thus a function of viscosity and is expressed in terms of 

viscosity and the velocity gradient:

du
T =  g —

dy
(2.1)

Equation (2.1) is only applicable to Newtonian fluids. Newtonian fluids exhibit a 

linear relationship between the shear stress and strain.
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Turbulent flow is typically described in terms of mean values on which 

fluctuations are superimposed. For instance, turbulent velocity and pressure components 

are expressed as:

u = u + u '

V = v + v ' 

w = w + w '

The overscore denotes the short-time average and the prime denotes the fluctuating 

component.

Several experimental and theoretical studies have shown that utilizing u in the 

expression for turbulent shear stress (equation 2.1) is not valid (Rouse, 1959). This is due 

to the presence of eddies which transport fluid particles between layers resulting in 

additional shear stress. For example, the fluctuating velocities, u ' and v', which occur in 

the axial (z) and radial (r) directions, cause effective shear stress in turbulent flows as 

Reynolds stresses:

p = p + p ' (2.2)

t r = -p u V ( 2 .3 )

ARTHUR LAKES LIBRARY 
COLORADO SCHOOL OF MINES 
GOLDEN, CO 80401



T-4717 8

Reynolds stress can also be expressed in terms of v'w ' and u'w'. Hence for turbulent 

flows, the total shear stress may be expressed as the sum of the laminar and Reynolds 

shear stresses:

du
T = |U— -  puV  (2.4)

dy

It has been found that Reynolds stress term, -p u V , is positive (Yih, 1969) which 

indicates that shear stress for turbulent flow is greater than that for laminar flow.

2.3 Eddy Viscosity

The turbulent shear expression in equation (2.4) is frequently expressed as:

T = (2.5)dy

where Ç is the eddy viscosity, introduced by Boussinessq (1877). Determining the 

values for eddy viscosity is very difficult, as it is a function of both the flow condition and 

the fluid. Hence, eddy viscosity can change from one turbulent flow to another and can 

also vary based on location within the flow.
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Laufer (1954) and Nunner (1956) and others have measured eddy viscosity across 

pipe and duct for various fluids at different flow conditions. From these data, several 

theories, many of which are empirical, have been proposed to approximate values of Ç . 

Two eddy viscosity distribution models referenced frequently are the Taylor-Prandtl and 

von Kàrmàn models. Hinze (1959) calculated the eddy distribution profiles from data 

collected from both Laufer and Nunner for steady pipe flow.

In a paper dealing with pulsating turbulent pipe flow, Ohmi and Usui (1976) 

implement a modified eddy viscosity, ve, which is defined as the sum of the eddy and 

kinematic viscosities.

Their model utilizes constant eddy viscosity in the core region and linear approximations

assumption in the core region agrees well with Hinze's (1959) study. The core region is 

defined as 0^ r/R < .825, where R is the internal pipe radius, and possesses a modified

VE = S + V (2.6)

of the eddy viscosity data taken by Laufer (1954) in the vicinity of the wall. Their

eddy viscosity equal to 0.07 u* R were u* is the friction velocity:

(2.7)
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X is the friction factor and umst signifies the mean-steady flow. Eddy viscosity near the

wall is modeled by using straight line approximations of Laufer’s measurements. The 

distance y is defined as the distance measured from the pipe wall towards the pipe center 

(i.e. y = R-r). Figure 2.2 shows the straight line approximations used by Ohmi and Usui 

(1976) to approximate Laufer’s modified eddy viscosity measurements.

25
x hauler's Data

20

2-Region Model>
CJ

>

3-Region Model

10 20 30 40 50 600

y* =u*y/v

Figure 2.2 Comparison of Laufer’s Data to Existing Eddy Viscosity Models

Ohmi and Usui (1976) used 2, 3, 4 and 13-region eddy viscosity distribution 

models, but concluded that the 4-region model was satisfactory which is why the 13-
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region model is not included in figure 2.2. Note the number of regions shown in figure

2.2 is one less than the total number used in the approximation since the core region 

counts as one region. For every model, modified eddy viscosity is 0.07 u* R from 0 < r/R 

< .825 which corresponds O ^ y ^ 0.175 R* were R* is defined as:

R" - (2.8)

The y term is the dimensionless distance from the wall and is related to the pipe radius 

and the boundary radii by:

r, y.-
i ml~r ( 2 " 9 )

where rj and yj* are the radius and y* boundary values between the region and the j+ lth 

region.

The equation used by Ohmi and Usui (1976) for the straight-line approximation of 

the modified eddy viscosity in the wall region is given by:

VE-j 1 *—  = k jyj +mj (2.10)
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where the subscript j denotes the quantity in the jth region and the values of kj, mj and yf 

for the 2, 3 and 4-region models are given in tables 2.1-2.3 (Ohmi and Usui, 1976).

Table 2.1

Data for 2-Region Model

y * Region number k i mj
0

1 0.4 1.0
0.175R*

2 0.0 0.07R*+1

Table 2.2

Data for 3-Region Model

y * Region number k i m i
0

1 0.0 1.0
11.5

2 0.4 0.0
0.175R*

3 0.0 0.07R*
R*
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Table 2.3

Data for 4-Region Model

y* Region number kj mi
0

1 0.0 1.0
5.0

2 0.2 0.0
30.0

3 0.4 0.0
0.175R*

4 0.0 0.07R*
R*

2.4 Least Squares Method

Inspection of figure 2.2 indicates that a better approximation to Laufer’s data can 

be determined. In order to accomplish this task, the method of least squares was 

implemented to determine the best fit line representing the modified eddy viscosity data. 

Let X and Y be arbitrary variables with n representing the total number of data points the 

approximation is accounting for:

Y = { y i - y 2 > - - - > y , }  (2 - n )
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Assuming the best fit equation has a quadratic form, the approximation can be expressed

as:

y; = ax^ +bx; +c (i=l,2,...,n) (2.12)

The criterion function represents the square of the error which is the difference between 

the true value of the function and its quadratic approximation.

n 2

Q* = X [y i ~(ax? +hx. +c)] (2.13)
i=l

Minimum error occurs at the optimum values of the parameters a, b and c. Taking 

the derivative of the criterion function with respect to these parameters yields:

^  = 2x?[yi -(ax?-HbXi+c)] = 0
da

d o ;
db

d o ;
dc

= 2xi [yi -  (ax? +hx. +c)] = 0

= 2[yi -(ax ? + b x i +c)] = 0 (2.14)
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Equations (2.14) can then be expressed as:

( £ y  iX j1 ) -  )a -  ( ^ x f  )b -  (£ x ,2 )c = 0
i=l i=l 1=1 1=1

(Xy iXi) - ( X x i ) a - ( X x ? ) b - ( X x i )c=0
i=i i=i i=i i=i

(X y i ) -  ( X x? ) a -  ( X xi )b -  (X l)c  = 0 (2.15)
i=i i=i i=i i=i

Substituting values in for xj and yi from Laufer’s data points, the above equations were

solved for a, b and c. Knowing these values, it was determined that the best-fit line

equation was:

-^- = 0.01y'2 +0.009y‘ +0.768 (2.16)

2.5 Modified Eddy Viscosity Model

Using the best-fit equation of Laufer’s experimental data, a new model was

developed by dividing the wall region into several sections. For the present model, the

wall region was divided into 7 straight-line approximations taking the form of equation
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(2.10). The slope of these lines was obtained by taking the derivative of equation (2.16), 

allowing the determination of slope at any point along the curve to be expressed as:

— = 0.02y' + 0.009 (2.17)
dy

Table 2.4 summarizes the kj (slope) and mj (intercept) terms for the 8-region 

model (recall 0 < y*< 50 is broken into 6 regions with the two remaining regions making 

up the remainder of the pipe radius). Note that kj and mj values were adjusted to ensure 

continuity of viscosity at the region intersection points.
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Table 2.4

Data for 8-Region Model

y* Region number kj mi
0

1 0.0000 1.0000
5.0

2 0.1606 0.2364
10.0

3 0.3054 -1.2914
20.0

4 0.5090 -5.3153
30.0

5 0.7090 -11.3150
40.0

6 0.9090 -19.3150
50.0

7 0.4000 0.0000
0.175R*

8 0.0000 0.07R*
R*
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Figure 2.3 illustrates that the 8-region model approximates the Laufer’s 

measurements better than the 2, 3 or 4-region models used by Ohmi and Usui, 1976.

30
x Laufer’s Data

25

20
>
y

8-Region Model>

30 40 50 600 10 20

y* = u*y/v

Figure 2.3 Comparison of Laufer’s Data to the 8-Region Model

The discontinuity in Figure 2.3 at y *=50 is attributed to the point at y* = 0.175R* being 

fixed which must tie into the region 6 boundary at a fixed point.
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CHAPTER 3

NAVffiR-STOKES EQUATION

3.1 General Formulation for Laminar Flow

The Navier-Stokes equation and the continuity equation provide a complete 

mathematical description of the flow of fluids (Yih, 1969). The Navier-Stokes equations 

are considered to be the governing differential equations of fluid flow. The simplest 

manner to express the Navier-Stokes equations is that, for each element of fluid, the 

inertia forces are balanced by the sum of the pressure force, body force and viscous force. 

The general expression for the Navier-Stokes equation of a Newtonian fluid is:

Because of the cylindrical geometry of a pipe, it is convenient to express both the Navier- 

Stokes and continuity equations in cylindrical coordinates. Figure 3.1 illustrates the pipe 

geometry and flow designations used throughout this thesis.

(i=l,2,3) ( 3 . 1 )
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r-*-

xi = r  
X2 = 0 
x3 = z
Ui = Ur = V 
U2 = ue = W 
U3 = uz = u

Figure 3.1 Pipe Geometry and Flow Directions

Based on the above notation, equation (3.1) can then be expressed in the radius, 

0, and z directions as (Yih, 1969):

^Dv w2^
Dt

fDw
V d T

+ ■

/

vw

dp
= ~ d r + P g r+ ^

f
V 2V - - 4 r -

2 dw
r 2 r 2 d0

r ;
1 dp

"™7de+pge+tlf v v + 4 ^ - 4 '
r dr r2y

Du dp ,
p D r = ~ d 7 + p g z + p V  u

( 3 . 2 )

where:

D d d w d d
—  = — + v — + —— + u — 
Dt dt dr r d0 dz
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V2 = — r +
1 3  1 3:

■ + +■
3r r dr r2 302 dz

g = gr =ge =g; (3.3)

The continuity equation for an incompressible fluid in cylindrical coordinates is 

expressed as:

dv v 1 dw du
d r + 7 +7 d ë + d r °

(3.4)

Flow in the radial and 0 directions is negligible implying that the flow can be 

considered in the axial direction for this application. Expanding equation (3.2) for the 

axial velocity component, by the use of equation (3.3), yields:

du du w du du
d r+ V dT+7 d 0 +U d^

dp
= - ^ +Pg + H

^d2u 1 du 1 d2u d2u
+-

ydr2 r dr r2 d02 dz2 y
(3.5)

Equation (3.5) can not be solved directly without several assumptions and 

mathematical manipulations. The present assumptions are as follows:

du
(1) Flow is fully developed along the axis which implies that —  —> 0
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du
(2) There is no swirling in the flow, implying that —  —> 0

<70

(3) Flow in the axial (u) direction dominates, implying that v —> 0 

Based on these assumptions, equation (3.5) reduces to:

du dp
p dT= ~ d r p8+ W

d2u 1 du 
+ —

dr2 r dr
(3.6)

Dividing equation (3.6) by p yields:

du
dT

1 dp 
p dz

+ g+v
d2u 1 du

+ —
dr2 r dr

(3.7)

Equation (3.7) is a commonly used expression for vertical laminar pipe flow and 

agrees with equations from several researchers including Hinze (1959) and Gerrard 

(1971). Mathematical transformation and the eventual model will be discussed in later

sections.

3.2 Formulation for Turbulent Flow

Turbulent flow is characterized by the presence of eddies which transport fluid 

particles between layers causing fluctuations in velocity and pressure. Equation (2.2)
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indicates that turbulent velocity and pressure is expressed as the sum of the short-time 

averaged component and the fluctuating term. Equation (3.7) is applicable to laminar 

flow and turbulent flows but needs to be modified in order to illustrate the effect 

turbulent motions have on mean motion. Hence, the velocity and pressure terms in 

equation (3.7) need to be replaced with the turbulent (instantaneous) velocity and pressure 

expressions from equation (2.2) an then incorporated into an averaging technique.

Hinze (1959) indicated that if the turbulent flow is quasi-steady, then averaging 

with respect to time would be applicable and, if the turbulent flow is homogeneous, then 

averaging with respect to space would be appropriate. However, in this application the 

turbulent flow is neither homogenous or steady, so utilizing either method would not be 

correct. Hinze (1959) implements an ensemble-mean method which involves taking the 

average over a large number of experiments that have the same initial and boundary 

conditions (Hinze, 1959). He utilizes the following rules based on A = A + a and 

B = B+b where the overscore denotes the average and the lower case letters represent 

fluctuating components:

Rule 1 : a = 0, b = 0

Rule 2: A = A + a = A +a

Rule 3: AB = AB = AB

Rule 4: AB = (A + a)(B+b) = AB+ab
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Examining figure 3.2, it is apparent that the distributions are equally distributed 

on either side of the average which aids in proving the first of Hinze’s rules.

u ' = 0

Time

Figure 3.2 Graph of Fluctuating Velocity

Now lets apply Hinze’s rules for ensemble-averaging to come up with an 

expression for the Navier-Stokes equation for turbulent flow. Starting with the Navier- 

Stokes equation (3.2) for flow in the z direction:

p — =  ^ + p g z + n V 2 u  ( 3 .8 )
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Du Du
The p—-  term represents the inertia force where —  is a substantial derivative of the

Dt Dt

velocity consisting of local and convective terms. The inertia force is expressed as:

Du
p3 r =A

du du w du du
— + v — + —— + u —  
dt dr r d0 dz (3.9)

Using the viscous force term from equation (3.6) along with equations (3.8) and (3.9) the 

Navier-Stokes equation for the flow in the z direction can be expressed as:

du du w du du
—  +  V — 4------— +  U —
dt dr r d0 dz

-dp
1 7 + PS + M

l 2u 1 du
+ - •

dr r dr
(3.10)

Lets now apply Hinze’s ensemble-mean averaging rules to the left hand side of 

equation (3.10). Substituting instantaneous values of velocities in terms of their short- 

time averages and fluctuating components (equation 2.2) as well as implementing Hinze's 

rule 2 yields:
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/-  x (w + w') d(u + u') x/-  x d(u + u')
(3.11)

Applying Hinze’s rules 1 - 4  and rearranging the equation yields:

Du - 3u -d u  w du — du 
— + y— + —— + u—  dt dr r d0 dz + P

du' w ' du' du'
V i r + T d ë +U dT

du' ——du -  du' , du' w 'du w du'
+ p i r + p v d7+ v p " d r+ p v "d r+ p T ¥ + 7 p d ë

+p'
w ' du' du -  du' du'
r ae +  p V ^ + u p ' i r + p V a z

(3.12)

For an incompressible flow, such as seawater in the present case, density is 

considered to be constant which implies that the fluctuating component, p', goes to zero.

For now, density will simply be referred to as p. With p' = 0, this eliminates the last ten 

terms from equation (3.12):

Du -
P7 T =P

/ - — x
du -  du w du — du
—  +  V — + ----— +  U —
dt dr r d0 dz

du' w 'd u ' du' 
+ d v “r +  rrr + u ■

dr r d0 dz
(3.13)
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Now lets apply Hinze’s averaging rules to the right hand side of equation (3.10) 

and express instantaneous pressure and velocity as the sum of the average and fluctuating 

components as before. After considerable arrangement and using the fact that u ' = 0 and 

p ' = 0 from rule 1, the equation simplifies to:

d(i> + p ') r

dp -  
- ^ + p g + n

fd
+ p ' )g + P

X

d2ü 1 du
dr2 + r 9 r j

AXd2(u + uz) \ d^u + u")

dr: + r dr

(3.14)

The Navier-Stokes equation can now be expressed as:

^du -  du w du — du ̂
- r -+ v — H %T+u —

vdt dr r d0 dzy

dp - V u  J_duX
vdr2 + r dr y- P

du' w 'd u ' du'
v dT + T d ë + u  d l y

(3.15)

Equation (3.4) can be expressed as:



Substitution of instantaneous values of velocity and pressure into equation (3.17) and 

application of Hinze’s averaging rules yields:

dv uv u dw du -  d(v + v') (u + uO(v + v')  
u _ — _j. —  + — — 4- u — = (u + u )----   +

dr r d0 dz dr

(u + u') d(w +wO -  d(u + u')
— 5 r " + ( u + u ) ^ ^ " =0

Applying Hinze’s rule 3 to equation (3.18) results in:

-  dv dv' uv u v
u — + u '-r—I-------1----

dr dr r r
u dw u ' dw' -  du du'

+ 7 d ë + 7 " d i + u d r u ' i r =0

(3.18)

(3.19)

Rouse (1959) expressed equation (3.16) as:
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- f a ;  ;  la w
Xdr + r + r 96 + dz y

= 0

which implies that the remaining portion of equation (3.19) is:

9v' u 'v '  u '9 w ' 9u'
u —  + ------+  ^7 - + u —  = 0

dr r r 96 dz

or

dv' u 'v ' u ' dw' du
u —  + -----+ -----— + u  —
 ̂ dr r r 96 dz y

=  0

Now subtracting equation (3.20) from the right hand side of equation (3.15):

^du — du w du — du ̂  
— + v — + —— +u —  

^dt dr r 96 dzy
dp — 

= - ^ +Pg+ ^
^d2ü i d û x

4---
dr r dr

-P
, du' w ' du' ,d u ' , dv' u 'v ' u 'd w ' zdu7\

2k + u  "T“ + u  ~^~ + 'dr r 96 dz dr r
+ u

r 96 dz

(3.20)

(3.21)

Rouse (1958) also indicated that one can apply the product rule to the turbulent 

terms. In other words:



Substitution of equation (3.22 ) into equation (3.21) gives us:

du — du w du — du 
- + v — H— — + u -  

dt dr r d0 dz
dp - Zd2u

i = - - +fig+^
1 du 

drr + r dr J

- ^ | ( ru 'v ') + ̂ ( ^  + £ u /2 (3.23)

The u V , u zw ', and u 'u ' terms are Reynolds stresses which are a result of the stress 

created in turbulent flow by the mixing of fluid particles between layers. Equation (3.23) 

matches the equation used by Hinze. Under the same assumptions as listed in section 3.1 

for laminar flow:



Equation (3.23) can be expressed as:

-  du dp -
p a r _ a r +fig+w

d2 U 1 du
d ^ + 7 d 7 -p

I d /  — 7—A  , 1 o  d  —

7 d 7 ( r u v ) + 7 d ë ^ ) + d ^ u
1 d d -77" (3.24)

As noted in section 3.1, swirl is assumed to be negligible in the present analysis which 

implies that w = 0 and w ' = 0. Also, for the present analysis it is assumed that the flow

d —was fully developed so the — u/2 term approaches zero. Equation (3.24) can then be
dz

expressed as:

— du dp —
p d r ' d 7 + fig + w

—\
Zd2u 1 du

+  —
dr2 r dr -  P - ~ ( r u V )  

_r dr
(3.25)

Dividing equation (3.25) by p yields our final expression for the Navier-Stokes equation

for vertical turbulent flow:
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Equation (3.26) matches the expression used by Ohmi and Usui (1976) except for the 

body force term which they did not include because their pipe has horizontal. Equation 

(3.26) is the basis of further modeling of oscillating velocity and shear stress.
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CHAPTER 4 

MODELING OSCILLATING VELOCITY

4.1 Expression for Oscillating Velocity

In chapter 2, eddy stress was introduced in order to relate turbulent shear stress to 

the velocity gradient (equation 2.5):

du
T=!>

In cylindrical coordinates the above equation is expressed as:

x = (4.1)

Likewise, the concept of modified eddy viscosity, as shown by Ohmi and Usui, 1976, was 

also introduced:

vE=S+v (4.2)



Ç is actually the steady eddy viscosity component. The oscillating eddy viscosity term, 

AÇ, was not used by Ohmi and Usui (1976) because they concluded that the oscillating 

term is insignificant at high frequencies due to the inertia dominance.

The present model is very closely based on the model used by Ohmi and Usui 

(1976) which expresses the Reynolds stress in terms of eddy viscosity:

pu V  = -pÇ—  (4.3)

Using p instead of p from this point on and substituting equation (4.3) into the Navier- 

Stokes expression at the conclusion of chapter 3 (equation 3.26) gives:
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Assuming kinematic viscosity, v, is homogeneous throughout the flow and that 

modified viscosity, Ve, is independent of z, substitution of equation (4.2) into equation 

(4.4) yields:

d u  1 d p  d 2u
3 7 -  3 —+ 2 + 3 -dt p dz dr 2 VE +

d u
57

d v , Ve 
r

(4.5)

Short-time average values of p and u have a long-time and an oscillating 

component due to pulsation. Gravity, g, has only a long-time component. Long-time 

average values are denoted using a subscript ta and oscillating components are shown 

with an os subscript as follows:

P = P t a + P <

u = u ta+ u os (4.6)

where:

pta = long-time average pressure 

Pos = oscillating pressure

Uta = long-time average velocity in the axial (z) direction 

Uos = oscillating velocity in the axial (z) direction
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Substitution of equations (4.6) into equation (4.5) yields:

dMto + dw(
dt dt

1 dP,g 
p dz + 8 , ,+'

d 2M,
dr

V F +•
du t
dr

dv
■ + —  

dr r

1 ^Pos . d 2u du.

p dz dr 2 VE + ' dr
d v  E- , V  E 1------
dr r

(4.7)

The long-time average components of equation (4.7) were verified in equation (3.7)

except for the —— (tmV) term which was introduced through Hinze’s averaging 
r dr x 1

procedure which is not applicable to long-time average flow. Hence, the oscillating 

components must hold true:

du.

dt p dz dr 2 V E+-
du.
dr

d v  e | v  E

dr r
(4.8)

Equation (4.8) is a second-order differential equation which can not be solved 

directly. Hence, we must transform the equation into a form that can be evaluated. First 

let us apply a Laplace transformation to equation (4.8). We start by defining L(f), the 

Laplace transform of f(t), as (Boas, 1983):
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L(f) = Jf(t)e"s,dt (4.9)

Likewise, the Laplace transformation of a first-order differential equation y'(t) is 

expressed as:

L (y ')= ïy '(t)e  stdt (4.10)

Integrating equation (4.10), using integration by parts with dv = y'(t)dt and u = e st, 

yields:

L ( y ' )  =  y(oo)e -  y(0)e° -  (-s)Jy(t)e stdt
o

L(y') = sL(y)-y(0) (4.11)

Hence, the Laplace transformation of the velocity component with respect to time with 

zero initial values yields:

vd t v
= u_s (4.12)
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where s is the parameter of the Laplace transformation and the A signifies the transform 

(Ohmi and Usui, 1976). Since the remaining terms of equation (4.8) are independent of 

time, their Laplace transforms are expressed as:

fd p ) dp.s
T

rdu" o
s

II fd 2u )ldzJdz ’ l*Jdr 1W )

32Û
dr-

(4.13)

Equation (4.8) can now be expressed as:

or

u„s  = - 1 dp os 
p dz

a%■+v
r. f dv \

dr
■ + —

dr r j

+ '
a 2a aa
dr

^ dv  e v E
dr

+
dr r j

(4.14)

Lets now designate the right hand side of equation (4.14) as V, the equation can 

be expressed as:

<4,5>
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where:

V  = -
s

v
d 2^

d r 2 dr
d v E
dr

Assuming the pressure gradient is constant and independent of the radius, the first and 

second derivatives of equation (4.15) are:

& L a v   ̂ a 'tL  a 'v
and

dr dr dr2 dr
(4.16)

Substitution of equations (4.16) into the right hand side of equation (4.14) gives:

V = a2y ay
E d r 2 dr

d V  E , V  E

dr r

or

a2y ay
E  -v 2 +-

d r2 dr
d v E ,
dr r

s V  = 0 (4.17)

To further simplify equation (4.17), a transformation variables, zj (r), is introduced. For 

the modified eddy viscosity regions with kj = 0, (refer to tables 2.1-2.4 in chapter 2) the 

function z j (r) is expressed as (Ohmi and Usui, 1976):
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zj (r) = r
V E.j

(4.18)

The subscript j denotes the quantities in the j* region. For regions where kj #0 :

zi ( r )= ï ï ÿ V ^ 7 (4.19)

The term u is the friction velocity (Ohmi and Usui, 1976):

U — Um,st — (4.20)

u m,st signifies mean-steady velocity and X the friction factor. Using equations (2.8)

(2.10), the transformation is conducted as follows:

1. k, * 0

dZj(r) _ d?,j (r) dv E j _  V s ' - v k j R ' N
- l S

f v R 1 )

dr d v EJ dr «  J "  K , [ u ’R ,
(4.21)
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Ohmi and Usui (1976) indicate
zvR*a

VU R y
= 1, so equation (4.21) simplifies to:

dZj(r)
dr E, j

The second derivative of Zj(r) with respect to r is:

d 2Zj(r) d d
' I s  'dr2 dr dr dr

O+Vs
1 _i 
2 V e j  2

dv E, j

dr / j
E J

Using equations (2.8)- (2.10), modified eddy viscosity in region j is expressed as:

vE = k .u*R -  k ,u *r+ m,v
J J J

or

(4.22)

(4.23)

(4.24)

(4.25)

Substitution of equation (4.25) into equation (4.23) yields:
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d 2Zj( r )  -yfskjU2(v Jdr'

Continuing with the transformation using equations (4.22) and (4.26):

a y  dy  &;('") ay
dz,(r) dr d z j ( r ) V v EJ

d 2y  _ d fdvn _ d  ̂ d V  d Z j ( r y

dr2 dr V dr j dr l d2j(r ) dr  J

A

a 2y
dr2

av p

1

a2y /  X J
d z j i r )

1
to tq i

' */(«■)

Looking at the modified eddy viscosity derivative:

z /( r )k .2u "2 =4svEj

d  / 9 / \ ,  9 *o\ ûf(z/(r)fc.2« '2) = — (4^V£j.)

= 4 , ^ ^
dr dr

( 4 .2 6 )

( 4 .2 7 )

( 4 .2 8 )
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d \  E j

As dr

dv

5 r = ^ “ ‘
(4.29)

Substitution of equations (4.27)- (4.29) into equation (4.17) for kj ^ 0 yields:

a2v /
s

BZj(r)' , V E,j

a2y dy

dV
- v

dZy(r) 2 ^ ; ( r )

d 2v  dy

E 9Zj(r)

'JskjU*

VskjU* 9V s
dZjCr) V vEj

X
—k . u + -sV  = 0

/

dz,(r ) 2 ^ j ( r ) [ 2 ^ Z

2-y/v77

^fsk-u*

-  "  r , (v*;.y +'MjV) 
KU  t

dZi( r ) i v E,j '  r
- j y = o

+
( k M  R  + mjV)

2 k iU K ' ’ '
dZ i ( r ) y v EJ r

— s V  = 0

In their paper, Ohmi and Usui (1976) indicate that the term 2 k,u*
^k,u*R + m,v^

y-i

can be approximated by kjU*. This simplifies the above equation to:
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32v  av
S dZj(r)2 + dzj(r)

-Vskj.u* Vskju’

2VVe'J VVE'i
-sV  = 0

y

The transformation term, Zj(r), for kj * 0  in equation (4.19) is;

:-( r )= ï ÿ V svE>j or kjU =
. 2 V^VE,j

:j(r)

Equation (4.30) simplifies to:

d2V dV 
s-— Trr+

dZj (r ) 2 aZj (r) |_Zj(r)  Zj(r)_

-s  2 s
— sV = 0

d2V s dv  „  „ 
s — r  H —r-  — sV = 0

d Z j ( r ) 2 Z j (r )  d Z j(r )

d2V 1 dV
+   , , - V  =  0

dZj(r) 2 Zj(r) dZj(r)

(4.30)

(4.31)

2. kj = 0

Modified eddy viscosity in this region is constant and is expressed using equation 

(2 .1 0 ) as:
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SO

vEfj = m . v

dv
E J

dr
=  0

(4.32)

(4.33)

Using equations (4.18) and (4.33), the transformation is conducted as:

dv dv dZj(r ) dv  r r ~
dr dz; (r ) dr d z1( r ) ] l v Ej

(4.34)

d 2V _  d _ d dv dV d 2z,(r) d 2V r ^ « Y
d r 2 dr Id r  J dr dz j ( ')  d r 2 hd z /( r ) I J

d2V d2V
dr2 dz.2 (r)

/  \

^ve,j ;
(4.35)

Looking at the modified eddy viscosity derivative:

z/ W ve,,- = r 2s

dr dr

~ ^ L z i 2 (r )+ 2 z i (r V £ J = 2rs
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dv 2

dr
Z j  (r) = 2 r s - 2 v  E jV

(
s

=  0

dv £.7
dr

=  0 (4.36)

Substitution of equations (4.34)~ (4.36) into equation (4.17) for kj = 0 yields:

V E,j

V E,j

a 2v
f  >

s dV  Zj(r)
0 + ^

I  r

(  \  
rs

dZj(r ) 2 vVE.i ;

r \  
s

+ a z j ( r )  r 

dV  Zj(r)

9Zj (r) 2 , v E.j ; + dZj(r) r ^ j ( r ) 2 J

-sV  = 0

-sV  = 0

d2V dV s n
•S + — 7 T  7T —sV = 0

c)Zj(r)2 dZjW Zj(r)

y v  + - L ^ - v . o
dZj(r) 2 Zj(r) Bzj(r)

(4.37)

Equation (4.37) is identical to the equation used by Ohmi and Usui (1976) and is equal to 

equation (4.31) for kj *0 .

Equation (4.37) is a homogeneous differential equation with a solution involving 

a modified Bessel function of the first and second kinds of zero order (Boas, 1983). The
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general homogenous solution for V is a linear combination of these modified Bessel 

functions (Kreyszig, 1988) and is expressed as:

where lo is a modified Bessel function of the first kind of zero order, Ko is a modified 

Bessel function of the second kind of zero order, and Cj and Dj are integration constants.

Assuming a fully developed flow with a constant pressure gradient, substitution of 

equation (4.38) into equation (4.15) yields a solution for the oscillating velocity in terms 

of the oscillating pressure gradient:

4.2 Boundary Conditions

Solving equation (4.39) for oscillating velocity in region j requires solving for the 

constants Cj and D j. These constants are solved using 4 boundary conditions. Figure 4.1 

below is a schematic of a 2 -region model, which will aid in expressing the boundary 

conditions.

(4.38)

(4.39)
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Region 1

Region 2

Figure 4.1 Schematic of 2-Region Model

The first boundary condition is no slip at the wall, implying that the oscillating 

velocity is assumed to be zero. Setting equation (4.39) equal to zero yields:

= { c / o  [z, (r)] + [zj (r)] pj dz
(4.40)

d p jos
The oscillating pressure gradient, —, is constant. Hence, for equation (4.40) to be

dz

equal to zero, the following must equal zero:

C,Io[z,(r)] + D jK ob(r)] -1== 0 (4.41)
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The transformation variable, z j, is a function of the radial location. At the wall j= l and 

the radius is ri =R, so equation (4.41) can be expressed as:

C ,Io[z/R)] + D ,K jz /R )]- l= = 0  (4.42)

The second boundary condition is that the velocity must be continuous (equal) at 

the region boundaries. Referring to figure 4.1, the velocity at the boundary T\ relative to 

region 1 must equal the velocity at boundary r% relative to region 2. Assuming the 

pressure gradient terms are also equal at the region boundaries, the second boundary 

condition can also be expressed as:

ui(ri ) = ui«(ri)

C i I o [ z , ( r i ) ]  +  D j K o K ( r ) ) ]  = Cj+1I„[zJ.+1(rj)] + D j+1K 0[zJ>1(rJ.)] (4.43)

The third boundary condition is that the shear stress at the boundary points also be 

continuous. For Newtonian fluids such as water in the present case, the shear stress is 

generally expressed as:
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du
x = (I—  (4.44)

For the oscillating shear stress in region j, equation (4.44) is expressed as:

Taking the derivative of the oscillating velocity with respect to the radius requires 

knowing the derivatives of the modified Bessel functions of the first and second kinds of 

zero order. Using the technique outlined by Boas (1983) and the chain rule, the 

derivatives were determined to be:

-^-[lo(x)] = lXx) and -“ [K0 (x)] = -Kj(x) (4.46)

where 1% is a modified Bessel function of the first kind of first order and Ki is a modified 

Bessel function of the second kind of first order.

Using equations (4.46), the derivative of the oscillating velocity with respect to 

the radius is:
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-  K 7» k  (r) ] + kdr

/  j" X

pj dr *  y

c?r pj dz
(4.47)

As noted earlier, the pressure gradient is assumed to be constant, independent of the 

radius. Because it is constant, the subscript j will not be included from this point on.

Since ■— 
or dz j

-  0, equation (4.47) can be expressed as:

dr
(4.48)

Equations (4.45) and (4.48) allows us to express oscillating shear as:

(4.49)

For regions where the modified eddy viscosity is constant (kj=0):
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dz i ( ri )or
dr Vv E, j

For regions where the modified eddy viscosity is not constant (kj^O):

zi(ri ) = r 7 7 V ^ T  °rk jU 1  -  dr  p EJ

Hence, for regions where kj=0, the oscillating shear in region j can be expressed as:

t  =  lV r.j , r z. M r ,  „  r z \ll dp
} ,O S

For regions where kj^O, the oscillating shear in region j is expressed as:

j,os - { c / . k  W ]- DAb,  ('" )]}^ L (4.51)

The third boundary condition is expressed as:
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Ti(rj) = 'ci*i(rj) (4-52)

For the cases in which kj * 0 or kj = 0 in both the and j+ lth regions, equation

(4.52) is expressed as:

V^7{cAk(rJ]-DjK,[z,(rJ]}

= V'7j+T{<-. i+i i [z j+i (rj )]-  ® tu [z j+i (rj )]} (4.53)

For cases in which kj=0 in the f 1 region and with kj*0 in the j+1th region, equation

(4.52) is expressed as:

V ^ K 4 z ,W ]-D ,K ,[z ,.(rJ]}

-  _ V v e .w  {<- ' j + i ^ i [ Z j+i ( r j ) ] _  D i + i ^ i [ z i+ | ( r j ) ] }  ( 4 5 4 )

If the j* region has kj^O and the j+ i*11 region has kj=0, the boundary condition would be 

similar to equation (4.54) but with the negative sign on the left hand side instead of the 

right hand side.
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Referring to figure 2.3, modified eddy viscosity is continuous at all the boundary 

points, y \  except for at the boundary between region 6 and region 7 (y* = 50). For this

point, ^/vE 6(r6) * ^/vE 7 (r6) , so these terms can not be eliminated from equation (4.53).

Equations (4.53) and (4.54) match the equation used by Ohmi and Usui (1976) except the 

authors use a plus/minus sign in front of the right hand side equation. It is noted that the 

positive sign is taken for j=2, ...,n-2 for the 4 and 13-region models. This is simply a 

shorthand notation and agrees with the present expressions.

The fourth boundary condition is that the velocity must be finite at the centerline 

of the pipe. The boundary condition is used to ensure that the problem remains bounded. 

The second and third boundary conditions (continuity of velocity and shear stress) are 

applicable to the region boundaries and thus have n-1 equations each where n = number 

of regions. Along with the first boundary condition, there are a total of 2n-1 equations. 

For the problem to be bounded, there must be 2n-l variables and known terms. This 

implies that the variables must be Q (j =l,2,...,n) and D j (j=l,2,...n-l) or restated:

D , = 0 (4.55)
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CHAPTER 5

DETERMINATION OF OSCILLATING SHEAR STRESS

5.1 Expression for Oscillating Pressure

Equation (4.45) expressed oscillating shear stress as:

Where the oscillating velocity in region j was determined to be:

Hence, in order to determine the oscillating shear stress, an expression for the oscillating 

pressure gradient is needed.

The equation of continuity for a compressible fluid in the cylindrical coordinates 

(Rouse, 1959) is:
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-^ -+  div(utlp) = 0 (5.1)

where:

Dp dp dp w dp dp
——  = —  + v —  + --------+  u —
Dt dt dr r d6  dz

\ I 5(pvr) 1 d(pw) d(pu) diV(UaP) = _ ^  + _ _ _  + _ _ (5.2)

For an incompressible fluid, p is considered constant with regards to r, z and 0. 

Allowing density to remain as a function of time, the equation of continuity can then be 

expressed as:

dp
dt + P

1 d(vr) 1 dw du------------ _j_---------- _j_ —
_r dr r d0  dz.

=  0

or simply

dp f dv v 1 dw du
dT+fi d r + 7 + 7 d 0  + dIJ

= 0 (5.3)
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Assuming the flow in the 0 direction to be negligible, the equation of continuity can be 

expressed as:

dp fdv v du
d [ 4"ptdir+ 7 + dI.

=  0 (5.4)

The isentropic speed of sound, c, is expressed as (Ohmi and Usui, 1976):

dp
dp

= c (5.5)

Integration of equation (5.5) yields:

p = c p (5.6)

So the derivative of density with respect to time yields:

dp
dt

1 dp
:2 dt (5.7)

substitution of equation (5.7) into equation (5.4) results in:
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dp 2 f  dv v du
d t = “c ü dr+ 7 + dI  (5'8)

In Chapter 3, instantaneous values of velocity and pressure components were 

expressed as the sum of the short-time average component and the turbulent fluctuating 

components:

P = P + P '  

u = u + u '

v = v + v z (5.9)

Substitution of equations (5.9) into equation (5.8) and using Hinze’s ensemble averaging 

rule 3 (Chapter 3) yields:

d(p + P') 2 d(v+v') (v+v') d(u + u')
^ ~ = - c — c p r ~ ~ c p - d T -

^(p + P^ dfv + v') (v + vz) d(u + u')

_ ^ r _ = ' c 2 p — ^ — c2 p — ^— c 2 p — a T "  (5 1 0 )
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Hinze’s first rule (Chapter 3) indicates that p', v', uz —> 0 and rule 3 indicates that p = p 

(etc.) so equation (5.10) becomes:

^dv v du^
dT+ 7 + dI (5.11)

Average values of p, v and u have both a long-time and oscillating component 

due to the pulsation (Ohmi and Usui, 1976). As with Chapter 4, subscripts ta and os are 

used to designate these components:

P = P t a + P <

v = vta+ v os

u = u ta+ u os (5.12)

Substitution of equations (5.12) into equation (5.11) yields:

d/>,„ , dp„ _ _2J d v , a , v,„ d«M
 1— - —  =  —C P — -----1---------r — —

dt ot \  or r dz
\ c2pf ^  + ̂ + < '

dr r dz\
(5.13)
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The long-time average components of the above equation were verified in equation (5.8) 

which indicates that the oscillating components hold true:

dp0.
dt

r
= -c  p

V

dv,, , v„  , duos
— -----1-------- r — —
or r dz

(5.14)

Now taking the cross-sectional average of the right hand side of equation (5.14):

Ave(RHS) =_ - c  p fV  dv. du.
teR 2 Jo + ̂  + . 

dr r dz
2 %rdr (5.15)

y

The above integral can be broken up into 3 separate integrals:

Integrating the first integral, using integration by parts with dv = —r 25- and u = r, yields:
dr

- 2 c 21 

R 2
[Rv01( R ) - 0 - J ov„dr
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Assuming oscillating velocity is zero at the wall, this integral simplifies to:

2 c2p rR
R l v“ dr

which cancels with the second integral. Hence, the cross-sectional average of the 

expression is the third integral:

The 1 fR \Jouos 27trdr term is by definition the cross-sectional average of uos which will
JtR Jo

denoted as u m,os • Hence the cross-sectional average is:

=  - c ^ p .dU- ^ . .

dt dz
(5.17)

Application of a Laplace transform of the above equation yields:
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PoS= - — (5.18) s dz

In Chapter 3, the Navier-Stokes equation for turbulent flow was expressed as:

du
dT

1 dp f d 2u 1 duX
— — — V ~}~—■—
p dz I dr2 r dr

or

d u
~dt

1 dp_ 

p dz

- Zd 2« 1 d u '+v
dr2 r dr

d u ' v '  u ' v '
dr

(5.19)

Using equation (5.12), the w and /? terms can be expressed in terms of long-time 

and oscillating components. As with equation (4.7), the long-time average components 

are verified in equation (3.7), except for the Reynolds stress terms which don’t apply to 

long-time average flow which implies:

du.

dt
1 dPos
p dz

•+v
r d 2u os 1 du, 

d r 2 dr
d u V

dr
u 'v ' (5.20)

At the wall kj = 0 and Ve  = v . Using equations (4.2) and (4.3) and assuming a 

homogeneous kinematic viscosity, equation (5.20) reduces to:
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du.

dt
1 dp„
p dz

•+v
d 2u.

dr
V 9»o, 
r dr

Taking the cross-sectional average of the right hand side of equation (5.21):

Ave(RHS) = —^  fR | + v ^ L+ - ^ ) 2 i t r d r  
v J tcR2 •,0 V P dz dr2 r dr J

The above integral can be broken up into 3 separate integrals:

Integrating the second integral, using integration by parts with dv = ~ ^ L and u=

2 v — 0  —fR3" “ dr
R 2 . U r  J r= R '° dr

(5.21)

(5.22)

(5.23)

r, yields:

Simplifying and combining with the third integral yields:



T-4717 64

2 v f  du„ )  2 v rR du 2 v fR du 2 v f  du ^
R dr R2Jo dz R dr

(5.24)
V /  r= R

The first integral can be expressed as:

1 fRdp,
tcR 0 dz

2nrdr
y

The
1 todp, 'i

ttR 0 dz
27trdr

y
term is by definition the cross-sectional average of dp,

dz

Because the oscillating pressure gradient is not a function of r, Ohmi and Usui (1976) 

designate the left hand side of equation (5.21) in terms of um,os • Hence the cross- 

sectional average is:

du.
dt

1 dP«.+ 2yfdu,
ps dz R V. dr Jr=R (5.25)

Taking the Laplace transform of the above equation using zero initial values results in:

1 dPc, . 2v+
ps dz R X j  r=R
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or

u =  —  +
p-y dz R s y  dr ) r=R

(5.26)

Cross-sectional averaging and differentiation of equation (5.26) with respect to z yields:

1 , 2 vj/_ zdÛ ^
dz p5 ûfz Rs dz V 7r=«

(5.27)

where ûm os designates the mean oscillating velocity. From Chapter 4, the oscillating 

velocity in region j in terms of the pressure gradient was expressed as:

_ L 4 L
pa dz

Taking the derivative of the above equation for the oscillating velocity with respect to the 

radius yields:
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+ i  <“ *>

Since the pressure gradient, , is constant with respect to the radius and Ve = v at r
dz

R, equation (5.28) can be expressed as:

= è f c ,A h  k  (r ) ] ^ l %  (5.29)dr p5 L J dr  L 1 dr \ dz

dZjW I s
From Chapter 4, the value of —- —  is ± I depending on kj=0 and kj^O,

vVe'J

respectively. The 2-regipn model is the only model with kj^O at the wall, so we will use 

the (+) sign for the derivative. Equation (5.29) can then be expressed as:

^  = (5 3 0 )

Earlier in the chapter the oscillating pressure was determined to be:
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a _ _ f p ^
P  O S ,J dz

or

dw. - P o s S

dz c2p
(5.31)

Substitution of equations (5.30) and (5.31) into equation (5.27) yields:

-Poss - 1  1 I s 2v d 2p
c p pj dz p j v v  d z 4

or

1 d 2p c

pi dz I _ i v  tZj ^  ̂  [Zy * P- = 0c2p

or

dz'
(5.32)

Equation (5.32) can be expressed as:
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d  Po,- y 2p m = 0  (5.33)
dz‘

where y is the wave propagation constant (Ohmi and Usui, 1976):

y=  ,    (5.34)

For the 2-region model, equation (5.34) would be expressed as:

Y= j (5.35)

f !

Equation (5.33) is a homogeneous differential equation with a solution of:

p os = Ae72 + Be_YZ (5.36)

where A and B are constants determined from pressure data.
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5.2 Expression for Oscillating Shear Stress

The pressure gradient of equation (5.36) is:

^ = y ( A e ' n - B e ^ )  
dz

(5.37)

Substitution of equation (5.37) into equation (4.39) gives the following equation for 

oscillating velocity:

This equation agrees with the expression used by Ohmi and Usui (1976). Also note the 

difference between z and zj. The zj term represents a transformation of variable term for 

region j and is a function of r (refer to equations 4.18 and 4.19). The z term itself 

represents the axial direction since the marine riser for this analysis is considered to be in 

a vertical configuration.

Developing an expression for oscillating shear stress at the wall requires taking 

the derivative of oscillating velocity with respect to r (refer to equation 4.45). For the 3, 4 

and 8 -region models, the transformation variable, zj , for kj= 0  (applicable to the wall 

region) is:

(5.38)
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z,(r) = r
V E,j

SO
dZj
dr A/vE,j

(5.39)

Using equations (5.38) and (5.39), the derivative of oscillating velocity is:

% 21=i (Ae" “ Be‘r2){c 'I'[z '(r)] _ D 'Kitz ' V E,j
(5.40)

Hence, the oscillating shear stress in region j is expressed as:

dû .
T j,os -  P V E,j

J.os

dr

= (pVE^ J ^ (Ae" - B e -H c ,! ,[Zj(r)]- DjK,[z.(r)]} 

W  -  B e ^ ){ c ,I ,[z /r)]  -  D,.K,[z/r)]}

(5.41)

(5.42)

The wall shear stress (j=l) with ri = R and Ve ,i = v from equation (5.42) is expressed as:

=  Y ^ (A e - (5.43)
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CHAPTER 6

MODEL OF OSCILLATING VELOCITY AND SHEAR 

STRESS INSIDE A VERTICAL RISER

6 .1 Application Background and Parameters

In deep-ocean mining applications, the manganese nodules or crust located at 

depths of 800-6,000-m, will be transported in a slurry flow from the miner on the 

seafloor to the ship on the ocean surface as illustrated in figure 6 .1.

B U F F E R

MINER
S E A F L O O R

Figure 6 .1 Schematic of the Hoisting System
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For the present model, however, the internal flow is analyzed only as seawater with the 

intention of determining a simplified fundamental understanding of the effects of 

oscillating shear stress on the marine riser or pipe.

In the present application, seawater is transported through a 20 inch outer 

diameter (.6354 in thickness) commercial steel pipe with an upward mean-steady velocity 

of u m ,st = 10 ft/s (Cheng, Chung and Huttelmaier, 1994). Based on a kinematic viscosity 

of 1 x 10'5 ft2/s, the flow has a Reynolds number (Re) of 1.56 x 106 and is considered to 

be fully turbulent. Based on this Reynolds number, the friction factor was determined to 

be X=0.013. The top of the pipe is pinned to the ship, incorporating a heave compensator 

to compensate for the ship motions induced by the surface waves. The period of these 

oscillations can range from T = 3.1 to 11.90 s, which are common for Sea State 5 (Chung, 

1993). The bottom of the pipe is attached to a buffer and is considered free and 

independent of the self-propelled seafloor miner.

6.2 Determination of C j and D j :

Solving equations (5.38) and (5.43) for oscillating velocity and shear stress in 

region j requires solving for constants Cj and Dj. Applying the boundary conditions 

outlined in section 4.2, the equations for the 8 -region model are expressed as:

For r = R with boundary condition (4.42):
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CJo[zi(R)] + D,Ko[zXR)] = l (6.1)

For r = rj ( j = 1,2,...,7) with boundary condition (4.43):

C jl o [z j ( r j )] +  D  j K 0 [zj (r j )] C ^ I o f z ^ j ^ . ) ]  D ^ j K o f z ^ j ^ . ) ] - 0  (6.2)

For r = r i , r? with boundary condition (4.54):

^ E , j  ( r j )  { c  j 1 1 [ z j ( r j ) ]  D  j K i [ z j ( r j ) ] }

+ ' j V E ,j+ l(r j )  { C  j+11 1 [  z  j+1 ( r j )_

For r = r2,..., r6 with boundary condition (4.53):

' \ /V E,j ( r j )  { C  j 1 1 [ Z j ( r j ) ]  D j K l [ Z j ( r j ) ] }

” ^ /V E,j+l ( r j ) { C j+l I i [ Z j+1 ( r j ) _ Di. 1K1[zi+1(rj )]} = 0 (6.4)

For r = 0 with boundary condition (4.55):
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D g =  0  (6 .5 )

The viscosity portions of equations (6.3) and (6.4) are equal for every region boundary in 

the 8 -region model except for at the boundary between region 6 and region 7 (y* = 50) 

where the viscosity is not continuous (refer to figure 2.3). For the 8 -region model, 

equations (6.1) -  (6.4) can be expressed in matrix form as:

Bessel -

Functions Unknown Known

Of Zj
* C ,,D , = RHSj ’ j

terms _ values _
terms

where the “Bessel Function” matrix is 15 x 15 and both the “ C j ,D j”  and the “ R H S  

values” matrices are 1 x 1 5  each. For the 8 -region model, equation (6 .6 ) can be 

expressed in detail as:
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I o z , ( R ) K o [ z , ( R ) ]
1—

1

z l ( r l ) . K „ z i ( r i ) .
0

0

0

0

0

0

0  0

- l o K W ]  - K o [ z 2 ( r i ) ]  
I 0[z2(r2)] K0 [z2 (r2 )]

0

0

0

0

0

-K ,[z ,W ] I, -K ,
0 0 I, Z2 (r2 )] -K , z2 (r2).
0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 .
0

- l o K W ]
^ [ z s h ) ]

0
0
0

0
0

- i i K W ]
ï i k k ) ]

o
o
o
0

0 .
0

0

0

0

0

0 .

" C , " ‘ f

D , 0

c 2 0

D 2 0

C , 0

D 3 0

C 4 0

D 4 = 0

C 5 0

D 5 0

C 6 0

D 6 0

C 7 0

D 7 0

C 8 - - 0.

( 6 .7 )

The values of zj ( r j ,  where a  = j-1, j for j >1 and a  = j for j= l, are determined 

using equations (4.18) and (4.19) depending if kj = 0 or kj * 0 in region j. In either case, 

the value of Vej was determined using equation (2 .1 0 ) with values of kj and nq from the 

8 -region model listed in table 2.4. Equation (6.7) can be solved for Q  ( j = 1,2,...,8 ) and 

Dj ( j = 1,2,...,7) using either linear algebraic techniques or software packages. MathCad, 

is used for the present analysis.
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6.3 Determination of A and B:

Constants A and B were determined using experimental pressure data from Ohmi, 

Usui, Tanaka and Toyama (1976). Their data consisted of oscillating pressure readings 

for both air and water at two stations separated by a distance L. Application of these 

pressure conditions to equation (5.36) yields:

where y is determined using equation (5.34) and values of Ci and D i .

The experimental setup for water measurements used by the authors consisted of 

79.0- mm I.D. horizontal brass pipe connected in series to pumps, head tanks and 

reservoirs. Their pressure measurement apparatus consisted of a strain-gauge-type

at z = 0: p os(z = 0 )=A +B

at z = L: p os(z = L) = AeYL + Be yL (6.8)

A and B can be expressed from (6 .8 ) as:

. (P2 -P ,e"7L)
A =  . i l , . - * ™

(6.9)
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pressure transducer connected to a dynamic strain meter with the output voltage recorded 

on a photo oscillograph. This setup is identical to the setup used by Ohmi, Usui, Fukawa 

and Hirasaki in an earlier paper on laminar flow (1976). The distance used by the authors 

between both the air and water pressure readings was L=3 m and their pressure readings 

were recorded in mm Ag which has a density of 10,500 kg/m3 (Lynch, 1974). In their 

paper they included the oscillating pressure graphs and a table of A and B values for 

several air tests but included only one graph of oscillating pressure for water.

Prior to determining values of A and B for the water test case, their values of A 

and B for the air tests were checked to ensure that the present calculation method and 

values for y were correct. The present calculation of A and B for in kg/m2 for air agreed 

with the authors’ values, when their A and B values are multiplied by g=9.81 m/s2. Their 

error involved an error in conversion between mass and force.

For their single turbulent water flow test, the pressure readings taken from the 

horizontal pipe setup at z = 0 was recorded as Pi = 2375 mm Ag and at z = 3m the 

pressure was P2 = 1000 mm Ag. The pressure difference is a measure of the headloss, hi,, 

due to friction. For the present application, it was necessary to modify the pressure 

readings to account for the body force associated with the vertical flow of a marine riser. 

Figure 6.2 illustrates both the experimental setup used by Ohmi, Usui, Tanaka and 

Toyama (1976) as well as the deep-ocean mining marine riser.
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P2

Figure 6.2 Pipe Orientation of Horizontal Pipe and Vertical Marine Riser

The pressure drop, AP, term reflects the effect of body force and headloss, h i ,

due to friction, and is expressed as:

AP = L7sw + h L (6 .10)

where ysw designates the specific weight of seawater which is equal to 64.0 lb/ft3 or 

10,055.5 N/m3. Hence, using L = 3m as the distance between pressure readings Pi and 

Pi, the pressure drop due to body force is calculated as:

Lysw = (3m) *
N N

10,055.5—r  =30,166.5—r
m m

(6 . 11)
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Converting Pi and from mm Ag into N/m2 gives us:

Pl = 2 .3 7 5 m * f B 5 » g
I m j

9.81mA
s2 J = 244,636.9

m

P0 = 1.00m * ^10,500kgN
k m3 j

f 9.81mA
s2 J = 103,005.0 N

m
(6.12)

The difference between Pi and P2 is the headloss, h i,, which has a value of 141,631.9 

N
nr

Hence, the total pressure drop value from equation (6.10) is expressed as:

AP = L7 1W + hL

or

N NAP = 30,166.5— +141,631.88—  = 171,798.4 N
m m m

N N
Hence, the pressure reading at the top is P% = 103,005.00 —-  and Pi = 274,803.4 —j- at

m m

the bottom.

Based on the parameters of Ohmi, Usui, Tanaka and Toyama (1976) (Re=74,100, 

(0=1.0 Hz), constants Ci and Di were determined and used with equation (6.9) to solve
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for A and B. Based on these values, A and B were determined as |A| = 667,570J  N/m2 

(13,940.58 lb/ft2) and |B| = 667,864.8 N/m2 (13,946.73 lb/ft2).

6.4 Modeling Oscillating Velocity due to Pipe Flow

Using the 8 -region model boundary values from section 2.5, as well as the 

application parameters outlined in section 6.1, values of Cj and Dj were determined which 

were used in calculating the wave propagation constant, y. Table 6.1 shows values of the

propagation constant, y , for periods within Sea State 5 criteria (Chung, 1993) at Um,st =

10  ft/s:

Table 6.1

Values of y for T =3-12 s at u m,st = 10 ft/s

Period (s) Wave Propagation Constant, y , (ft*1)
3.0 3.5023* 10*6 + 4.3431*10"4 i
4.0 3.4034* 10"6 + 3.2647*10" i
5.0 3.3352*10"6 + 2.6174*10"" i
6 .0 3.2848*10" + 2.1859*10"" i
7.0 3.2458*10" + 1.8775*10"" i
8 .0 3.2147*10" + 1.6462*10"" i
9.0 3.1892*10" + 1.4662*10"" i
1 0 .0 3.1680*10" + 1.3222*10" i
1 1 .0 3.1500*10" + 1.2043*10" i
1 2 .0 3.1346*10" + 1.1060*10"" i
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As table 6.1 indicates, the y term is complex (due to s=ico) and can be expressed

as:

yz=y Rz+iyIz (6.13)

where subscripts R and I signify the real and imaginary parts of y and z is positive upward

along the pipe. For the present study, z varies from 0-18,000 ft. Substitution of equation

(6.13) into equation (5.38) results in:

ÛJ|0S = KUj(YR +iYI)[Ae(ï,+i,,,z-B e _(''R+iï,)z] (6.14)

where KUj is a constant within region j and equals:

1 pa

An expanded form of (6.14) is:

ûjos = KU^Yr + iYi){AeT‘z[cos(Y,z) + i sin(Y,z)]
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-B e ^ [cos^ jz) -  isin^jz)]} (6.16)

The real part of (6.16) is of interest to the present application:

ûj.R.» = KUJ.[yRAeÏ112 co^Yjz) -  yIAeï' z sin(y,z)

-y  RBe~'iRl cos(y /z ) -y  ,Be~yKl sin(y / z)] (6.17)

The oscillating velocity, ûj(R,os , across a pipe for mean-steady velocities um,st = 1, 

5, 10 and 20 ft/s calculated at periods T =5 and 6  s at z = 100 ft is shown in Figure 6.3. 

Examples of oscillating velocity for u m,st = 1, 5, 10 and 20 ft/s as a function of z are 

shown in Figures 6 .4-6.6 . The figures illustrate that oscillating velocity is not related to 

the mean flow. In addition, Figures 6.3 and 6.4 show that the oscillating velocity is 

influenced by the oscillation period. The magnitude of the oscillating velocities at T = 5 s 

is larger than at T = 6 s. Absolute values of K U j where used for the graphs.
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m .st -  ^

'm .st =  ^  

m , s t =  I 0 f t / S  

'm .st =  2 0  f t / s

6 s

T  =  5 s

10

Figure 6.3 Oscillating Velocity Across a Pipe due to Oscillating Water Flow at u m,st = 1, 
5, 10 and 20 ft/s at T = 5 and 6  s.
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3 4-1 0 1 224 3
Oscillating Velocity, ûj R os , (ft/s)

Figure 6.4 Oscillating Velocity as a Function of z at um,st = 10 ft/s at T =5 and 6 s
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20000

1 8 0 0 0  -

1 6 0 0 0  -

1 4 0 0 0  -

12000  -

10000  -

8 0 0 0  -

6 0 0 0  -

4 0 0 0  -

2000  -

43 0 1 2 34 2 1
Oscillating Velocity, ûjR os , (ft/s)

Figure 6.5 Oscillating Velocity as a Function of z at um.st = 1, 5,10 and 20 ft/s at T = 5 s. 
Legend as in Figure 6.3.
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20000

1 8 0 0 0  -

1 6 0 0 0  -

1 4 0 0 0  -

12000  -

N10000  -  

8
55 8 0 0 0  -
Q

6 0 0 0  -

4 0 0 0  -

2000  -

13 2 1 0 34 2
Oscillating Velocity, ûjRos , (ft/s)

Figure 6 .6  Oscillating Velocity as a Function of z at u m,st = 1, 5,10 and 20 ft/s at T = 6 s. 
Legend as in Figure 6.3.
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6.5 Modeling Oscillating Shear Stress due to Pipe Flow

Using the values of |a | ,  |b |, and C j , Dj and y obtained from oscillating velocity 

calculations, equation (5.43) was solved for the oscillating shear stress. Using equation

(6.13), the oscillating wall shear stress can be expressed as:

V o .  =  k (Y r + iY i ){ A e ïlZ [co s( Y, z ) + i  s in (  Y, z)]

- B e " ’,,,z [c o s (7 , z) -  i s in (  y ,  z )]}  (6 .1 8 )

The real part of equation (6.18) is expressed as:

V .w .o , = K [Y RA e 7*z co s(Y I z ) - Y IA e 1,'z s i n ^ z )

- Y RB e " 1,,z cos(y i z ) - y , B e - '1'2s in (Y iz )] (6 .1 9 )

where K is a constant at mean-steady velocity and is a function of period:

K = ,jï C.I, - D .K ,R
v * * y

(6.20)
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Table 6.2 shows values of the propagation constant, y , for periods T =3-12 s at 

Um,st = 10  ft/s:

Table 6.2

Values of K for T =3-12 s at u m,st = 10 ft/s

Period (s) K (ft) K (ft)
3.0 0.00619 - 0.006191 0.00876
4.0 0.00797 - 0.007971 0.01127
5.0 0.00970 - 0.009701 0.01372
6 .0 0.01138-0.01138i 0.01610
7.0 0.01305 - 0.013051 0.01845
8 .0 0.01467 - 0.014671 0.02075
9.0 0.01628 - 0.016281 0.02302
1 0 .0 0.01785 - 0.017851 0.02525
1 1 .0 0.01941 - 0.019411 0.02745
1 2 .0 0.02094 - 0.020941 0.02962

Using values of yi and y& from Table 6.1, |K| values from Table 6.2 and values of 

| A| and |B| from section 6.3, equation (6.20) was plotted for periods T = 5 s and T = 6  s at 

mean-steady velocities um,st = 1, 5, 10 and 20 ft/s and is shown in Figures 6.7 and 6 .8 . 

These graphs illustrate that oscillating shear stress is larger at T = 5 s (co = 1.2566 rad/s) 

than at T = 6 s (co = 1.0472 rad/s). This was also true for oscillating velocity, so increased
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oscillating velocity yields increasing shear stress. Absolute values of K were used for the 

graphs.
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Figure 6.7 Oscillating Shear Stress as a Function of z at u m,st = 1,5, 10 and 20 ft/s at T =
5 s. Legend as in Figure 6.3.
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0.15

0.10  -

0.05 - = 5 ft/sm.st

0.00

-0.05 -

- 0.10  -

-0.15 -

- 0.20
2.0 3.00.0 1.0 4.0 5.0

Figure 6.8 Oscillating Shear Stress as a Function of z at u m,st = 1,5, 10 and 20 ft/s at T =
6 s. Legend as in Figure 6.3.



T-4717 92

6.6 Case Study

For a 20-inch outer diameter commercial steel pipe transporting oscillating 

turbulent seawater with a mean-steady vertical velocity of um,st = 10 ft/s at a period T = 5 

s, the wave propagation constant, y , equals:

y = 3.34 *l(T6+ 2.62*10^

Using the pressure constants A  and B  determined in section 6.3 and values of C j and D j  

from the boundary conditions, Figures 6.4 and 6.5 illustrate that the magnitude of the 

oscillating velocity at z = 18,000 ft is approximately 3 ft/s.

From Table 6.2, the magnitude of the shear stress constant is |K| = 0.1372. Using 

the imaginary component of the wave propagation constant as 2.62 x 10*4 and z = 18,000 

ft, the j i  z value for Figure 6.7 is 4.72 which indicates an oscillating shear stress of 0.11 

lb/ft2.

Based on an 18.73-inch inside diameter, the internal perimeter is 4.90 ft. At a 

length of 18,000, the expected oscillating shear force is approximately 9709 lb. The pipe 

cross-sectional area is 0.27 ft2, implying that the approximate shear (axial) stresses are 

36,130 lb/ft2 (251.1 psi).
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6.7 Conclusions

Potential deep-ocean mining operations require accurate modeling of upward 

vertical slurry transport from the miner at the seafloor to the ship on the ocean surface in 

order to account for its influence on shear stress. The seawater in the present model is 

both periodic and turbulent, inducing shear stress on the inside surface of the pipe which 

can influence the response of the pipe.

The present analysis of upward vertical flows of water clearly illustrates that (i) 

oscillating velocity is slightly influenced by the magnitude of the mean velocity, (ii) both 

oscillating velocity and shear stress are related to the oscillation period and (iii) 

oscillating velocity is directly related to oscillating shear stress.

6 .8  Recommendations

Analyzing the magnitude of the shear (axial) stress, one may interpret that the 

internal oscillating shear stress due to oscillating flow could be a minor factor in the 

design of a marine riser for deep-ocean mining applications. However, a comprehensive 

understanding of the internal oscillating shear stress effect can only be determined after 

the results of the shear force are incorporated into the nonlinear three-dimensional (3-D) 

finite element code, such as the one developed by Chung, Cheng and Huttelmaier (1994). 

Their code can provide a comprehensive analysis of the axial deformation of the 

oscillating pipe, when the analysis includes both axial shear forces resulting from external



T-4717 94

hydrodynamic forces and the shear forces due to the present oscillating internal flow. 

Such an analysis is critical in order to accurately predict the responses of the marine riser 

for future deep-ocean operations.
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