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ABSTRACT

The deep seabed is one of the potentially most rewarding frontiers that challenges
mankind in its quest for material achievement. Deep-ocean mining promises to make an
enormous contribution to the world’s resource base once its potential is fully realized. of
particular interest are manganese nodules and cobalt rich crust which are deposited over
and beneath the ocean floor at depths of 800 ~ 6,000-m (Chung and Tsurusaki, 1994).
Manganese nodules are known to contain high quantities of cobalt, copper, manganese,
and niékel and possibly molybdenum, titanium and vanadium (Chung and Tsurusaki,
1994).

Mining either manganese nodules or ocean crust requires a long, slender pipe to
transport the slurry from the miner on the sea floor to the ship on the ocean surface. In
order to aid in the design and control of the nodule slurry hoisting system, the pipe
dynamics of the string must be properly analyzed. Investigation into the torsional effect
on a 3-D nonlinear, coupled axial, bending and torsional responses on a 4,000-ft pipe
system was recently investigated by Chung, Cheng, and Huttelmaier (1994). The pipe
system was subjected to current induced periodic horizontal and vertical motions and
their analysis resulted in the determination of external shear forces resulting from

hydrodynamic forces which is believed to be the principal design constraints.

iii
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The focus of the present research is to determine the magnitude of the shear stress
which will affect the responses of a 18,000-ft vertical pipe containing a turbulent periodic
internal pipe flow. The effect of mean flow and external axial shear stress on the
responses of the pipe system was previously studied with a nonlinear finite element
method (FEM) code (Chung, Cheng, and Huttelmaier, 1994) for the oscillatory frequency
of the pipe. The present analysis utilizes the eddy viscosity approach in modeling the
turbulent flow for oscillating shear stress.

The present analysis clearly illustrates that (i) oscillating velocity is slightly
influenced by the magnitude of the mean velocity, (ii) both oscillating velocity and shear
stress are related to the oscillation period and (iii) oscillating velocity is directly related

to oscillating shear stress.

iv
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GLOSSARY

oscillating pressure constants

i1sentropic speed of sound

boundary condition constants in region j

acceleration due to gravity

headloss in a pipe

modified Bessel function of the first kind of zero order
modified Bessel function of the first kind of first order
designates either a region boundary or region area

‘slope factor for the modified viscosity models in region j
constant used for solving oscillating shear stress

constant used for solving oscillating velocity

modified Bessel function of the second kind of zero order
modified Bessel function of the second kind of first order
signifies Laplace transform

intercept for the modified viscosity model in region j
subscript denotes mean

siggiﬁes the number of regions in the model
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0s subscript denotes oscillating component
p pressure
Q" criterion function representing the square of the error

r radial direction, distance away from pipe center

i region j boundary

R inside pipe radius

R* dimensionless R used in modified viscosity model

Re Reynolds number

S parameter of Laplace transformation
st subscript denotes steady component
t time

T period

u velocity in the axial direction

u”  friction velocity

A velocity in the radial direction

w velocity in the 0 direction

Ums mean-steady upward velocity
y distance measured away from the pipe wall

y dimensionless y distance used in modified viscosity model
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z axial direction

zj(r) function used for transformation of variables, applicable to region j
13 eddy viscosity

A friction factor

p fluid density

T shear stress

TR Reynolds stress

18 dynamic viscosity

v kinematic viscosity

Vg modified eddy viscosity

Y wave propagation constant

TR real component of the wave propagation constant

it imaginary component of the wave propagation constant

Yow fluid specific weight
o angular frequency

denotes sort-time average value

' denotes fluctuating component

Xiii
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CHAPTER 1

INTRODUCTION

1.1 Background

The ocean floor possesses massive deposits of cobalt, manganese and nickel in
the form of nodules and from the crust surface itself. These minerals are deposited over
and beneath the ocean floor from depths of 800~6,000-m (Chung and Tsurusaki, 1994).
The potential for profitable mining of these minerals from the sea floor involves the
coordination or integration of five distinct systems of operations (Chung and Tsurusaki,
1994):
(D .Exploration survey
2) Mineral collection (nodule and crust) from the seafloor
3) Hoisting the aggregate to the mining ship
(C)) Transportation to land
5) Processing onshore or in the ocean

This paper focuses only on the third stage, which is analyzed using both fluid
mechanics and pipe dynamics. The pipe is subjected to numerous extemallforccs
including external hydrodynamic forces, large-amplitude vertical and horizontal motions,

vertically varying current flows and a periodic internal flow. The top of the pipe is
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pinned to a ship, incorporating a heave compensator to allow for vertical motion of the
pipe. The bottom of the pipe is attached to a buffer and other additional equipment. The
bottom end is considered free and independent of the self-propelled seafloor miner. The
internal pipe flow for the hydraulic hoist consists of a mixture of nodules or solids, soil
particles and seawater whose mixture is controlled by a buffer connected to the bottom
portion of the pipe. In the present example, the flow is considered to be oscillating at the
axially oscillating frequency of the pipe. The slurry flow is fully turbulent with Reynolds
numbers in the order of 1.5 x 10°. This oscillating, turbulent pipe flow induces an
oscillating shear stress on the inside surface of the pipe which can change the dynamic

response of a marine riser or pipe.

1.2 Previous Work

The majority of the early research conducted on os;:illating flow consisted of
analytical studies of periodic laminar flow conducted by Sexl and Szymanski (1930),
Uchida (1956) and Rosenhead (1963). Information from these studies were often used
for early comparative studies of transitional and turbulent flows.

Many of the studies on unsteady transitional flows have been reported mainly by
bio-fluid mechanics because of its practical application to bio-fluid problems. Because

of the difficult nature of transitional flow experiments, several studies led to conflicting
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results and did not contribute to the fundamental understanding of unsteady flow
(Gerrard, 1971).

Several researchers have studied periodic turbulent flow experimentally as well as
analytically. Some of the earliest studies in this area were conducted by in 1940 by
Schultz-Grunow (1940) with more recent research conducted by Gerrard (1971),
Mizushina, Maruyama, and Hirasawa (1975), Ohmi and Usui (1976) and Ramaprian and
Tu (1982). In all these cases, fully developed turbulent pipe flow was induced by
superimposing a periodic pulsation on a steady mean flow. The majority of the studies to
date have been aimed at determining the effect pulsation has on time dependent values
such as velocity, pressure loss and wall shear stress.

Direct measurements of the above noted properties have been conducted by
numerous researchers, most notably Laufer (1953) and Nunner (1956). Typically
measurements are taken using hot-wire anemometers, cine-photography or
electrochemical methods. Analytical models most commonly used to account for the

presence of turbulence include quasi-turbulent models such as the k- € model which is

based on energy and the eddy viscosity model which attempts to account for Reynolds

stresses.
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1.3 Purpose

Potential deep-ocean mining operations require accurate modeling of slurry
transport from the miner at the seafloor to the ship on the ocean surface in order to
account for its influence on shear stress. To date, analysis of the coupled axial, bending
and torsional responses have been investigated by Cheng, Chung, and Huttelmaier (1994)
with the pipe subject to current induced periodic horizontal and vertical motions and their
analysis resulted in the determination of external shear forces resulting from
hydrodynamic forces which is believed to be the principle design constraints.

The focus of the present analysis is to determine the magnitude of the shear stress
which will affect the responses of a 18,000-ft vertical pipe containing a turbulent periodic
internal pipe flow. This paper presents the effect of average velocity on the oscillating

velocity profile and the effect of periodic flow on the shear stress.



T-4717 5

CHAPTER 2

MODELING OF VISCOSITY

2.1 Laminar and Turbulent Flow Theory

Laminar flow is characterized by fluid particles that flow in parallel layers with
agitation only in a molecular nature. Particles remain in parallel paths due to the
dominance of viscous forces. With no mixing between layers, the flow may be
considered one dimensional in the direction of the pipe axis. The majority of the real
world applications involve turbulent flow which is characterized by the chaotic, random
movement of fluid parcels between layers. For these types of flows, inertia forces
dominate which result in variations in velocity, pressure, shear stress and temperature.
As figure (2.1) indicates, turbulent velocity has v and w components, normal to the pipe

axis, with the dominant flow velocity in the z direction (pipe axis).
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Turbulent: V=ui +v;+wk

Laminar: V =ui

Time

Figure 2.1 Comparison of Laminar and Turbulent Velocity

2.2 Laminar and Turbulent Shear Stress
Particles in laminar flows are constrained to parallel paths by viscosity. Shearing
stress for laminar flow is thus a function of viscosity and is expressed in terms of

viscosity and the velocity gradient:

’C:”— (21)

Equation (2.1) is only applicable to Newtonian fluids. Newtonian fluids exhibit a

linear relationship between the shear stress and strain.
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Turbulent flow is typically described in terms of mean values on which
fluctuations are superimposed. For instance, turbulent velocity and pressure components

are expressed as:

u=u+u’

V=V+V

w=w+w’

p=p+p’ 2.2)

The overscore denotes the short-time average and the prime denotes the fluctuating
component.

Several experimental and theoretical studies have shown that utilizing u in the
expression for turbulent shear stress (equation 2.1) is not valid (Rouse, 1959). This is due
to the presence of eddies which transport fluid particles between layers resulting in
additional shear stress. For example, the fluctuating velocities, u” and v’, which occur in
the axial (z) and ragiial (r) directions, cause effective shear stress in turbulent flows as

Reynolds stresses:

Tp = —pﬁ'—v_' (2.3)

ARTHUR LAKES LIBRARY
COLORADO SCHOOL OF MINES
GOLDEN, CO 80401
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Reynolds stress can also be expressed in terms of v'w’” and u’w’. Hence for turbulent
flows, the total shear stress may be expressed as the sum of the laminar and Reynolds

shear stresses:

du —
1= ug— pu’v 2.4)

It has been found that Reynolds stress term, —pw, is positive (Yih, 1969) which

indicates that shear stress for turbulent flow is greater than that for laminar flow.

2.3 Eddy Viscosity

The turbulent shear expression in equation (2.4) is frequently expressed as:

= 2.5)

where & is the eddy viscosity, introduced by Boussinessq (1877). Determining the

values for eddy viscosity is very difficulf, as it is a function of both the flow condition and
the fluid. Hence, eddy viscosity can change from one turbulent flow to another and can

also vary based on location within the flow.
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Laufer (1954) and Nunner (1956) and others have measured eddy viscosity across
pipe and duct for various fluids at different flow conditions. From these data, several
theories, many of which are empirical, have been proposed to approximate values of § .
Two eddy viscosity distribution models referenced frequently are the Taylor-Prandtl and
von Karman models. Hinze (1959) calculated the eddy distribution profiles from data
collected from both Laufer and Nunner for steady pipe flow.

In a paper dealing with pulsating turbulent pipe flow, Ohmi and Usui (1976)
implement a modified eddy viscosity, vg, which is defined as the sum of the eddy and

kinematic viscosities.

vg =E+v (2.6)

Their model utilizes constant eddy viscosity in the core region and linear approximations
of the eddy viscosity data taken by Laufer (1954) in the vicinity of the wall. Their
assumption in the core region agrees well with Hinze’s (1959) study. The core region is
defined as 0< r/R £ .825, where R is the internal pipe radius, and possesses a modified

eddy viscosity equal to 0.07 u’ R were u’ is the friction velocity:

U =UnaqfA8 Q.7)
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A is the friction factor and U_, signifies the mean-steady flow. Eddy viscosity near the

mist
wall is modeled by using straight line approximations of Laufer’s measurements. The
distance y is defined as the distance measured from the pipe wall towards the pipe center
(i.e. y =R-r). Figure 2.2 shows the straight line approximations used by Ohmi and Usui
(1976) to approximate Laufer’s modified eddy viscosity measurements.

2571 X

x Laufer's Data

2-Region Model

-

(6]
|
T

4-Region Model

3-Region Model

0 10 20 30 40 50 60
v =u'y/v

Figure 2.2 Comparison of Laufer’s Data to Existing Eddy Viscosity Models

Ohmi and Usui (1976) used 2, 3, 4 and 13-region eddy viscosity distribution

models, but concluded that the 4-region model was satisfactory which is why the 13-
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region model is not included in figure 2.2. Note the number of regions shown in figure
2.2 is one less than the total number used in the approximation since the core region
counts as one region. For every model, modified eddy viscosity is 0.07 u” R from 0 < /R

< .825 which corresponds 0 < y* < 0.175 R* were R* is defined as:

R’—B-*E (2.8)
== i

The y’ term is the dimensionless distance from the wall and is related to the pipe radius

and the boundary radii by:

[l
—
|
=

: (2.9)

x|
=

where r; and yj* are the radius and y* boundary values between the ™ region and the j+1th
region.
The equation used by Ohmi and Usui (1976) for the straight-line approximation of

the modified eddy viscosity in the wall region is given by:

VE,j .
T=kjyj +m; (2.10)
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where the subscript j denotes the quantity in the j® region and the values of kj, mj and y;’

for the 2, 3 and 4-region models are given in tables 2.1~2.3 (Ohmi and Usui, 1976).

Table 2.1

Data for 2-Region Model

y* Region number k; m;
0
1 0.4 1.0
0.175R*
2 0.0 . 0.07R*+1
Table 2.2

Data for 3-Region Model

y* Region number k; m;
0
1 0.0 1.0
11.5
2 0.4 0.0
0.175R*
3 0.0 0.07R*
R*




T-4717

Table 2.3
Data for 4-Region Model
y* Region number k; m;j
0
1 0.0 1.0
5.0
2 0.2 0.0
30.0
3 0.4 0.0
0.175R*
4 0.0 0.07R*
R*

2.4 Least Squares Method

Inspection of figure 2.2 indicates that a better approximation to Laufer’s data can
be determined. In order to accomplish this task, the method of least squares was
implemented to determine the best fit line representing the modified eddy viscosity data.

Let X and Y be arbitrary variables with n representing the total number of data points the

approximation is accounting for:

X={xl,x2,...,xn}

Y={Y1’Y2’-~-’yn}
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Assuming the best fit equation has a quadratic form, the approximation can be expressed

as:
y; =ax} +bx, +c  (i=1,2,...,n) (2.12)

The criterion function represents the square of the error which is the difference between

the true value of the function and its quadratic approximation.

n 2
Q*= D [y; —(ax? +bx; +0)] 2.13)

i=1

Minimum error occurs at the optimum values of the parameters a, b and c. Taking

the derivative of the criterion function with respect to these parameters yields:

*

9Q =2x2[y, - (ax? +bx, +¢)| =0

da

Q" _ 2 -

= =2x, [y, - (ax? +bx, +¢)] =0

°Q =2[y; —(ax? +bx; +¢)] =0 2.14)

dc
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Equations (2.14) can then be expressed as:

(iin?)-(XX? )a—(ixf)b—(ixf )c=0

i=1 i=1 i=1 i=1

(Zyixi)—(EX?)a—(ZXf)b—(Exi =0

i=l i=1 i=1

Oy -Qxba-(Q x,)b—(Q e =0 2.15)

i=1 i=1 i=1 i=1

Substituting values in for x; and y; from Laufer’s data points, the above equations were
solved for a, b and c. Knowing these values, it was determined that the best-fit line

equation was:
VE ) *
" =001y © + 0009y +0.768 (2.16)

2.5 Modified Eddy Viscosity Model
Using the best-fit equation of Laufer’s experimental data, a new model was
developed by dividing the wall region into several sections. For the present model, the

wall region was divided into 7 straight-line approximations taking the form of equation
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(2.10). The slope of these lines was obtained by taking the derivative of equation (2.16),

allowing the determination of slope at any point along the curve to be expressed as:

qYe
2 Y_ =002y +0.009 (2.17)
y

Table 2.4 summarizes the k; (slope) and m; (intercept) terms for the 8-region
model (recall 0 < y*< 50 is broken into 6 regions with the two remaining regions making
up the remainder of the pipe radius). Note that k; and m; values were adjusted to ensure

continuity of viscosity at the region intersection points.
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Table 2.4

Data for 8-Region Model

y* Region number k; m;
0
1 0.0000 1.0000
5.0
2 0.1606 0.2364
10.0
3 0.3054 -1.2914
20.0
4 0.5090 -5.3153
30.0
5 0.7090 -11.3150
40.0
6 0.9090 -19.3150
50.0
, 7 0.4000 0.0000
0.175R*
8 0.0000 0.07R*
R*

17
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Figure 2.3 illustrates that the 8-region model approximates the Laufer’s

measurements better than the 2, 3 or 4-region models used by Ohmi and Usui, 1976.

30 T
x Laufer's Data
25 T
20 T
>
=, 16T
> Sﬂggion Model
10 T
5 —
0 4 + , . i : |
0. 10 20 30 40 50 60
y =u'y/v

Figure 2.3 Comparison of Laufer’s Data to the 8-Region Model

The discontinuity in Figure 2.3 at y*=50 is attributed to the point at y* = 0.175R” being

fixed which must tie into the region 6 boundary at a fixed point.



T-4717 19

CHAPTER 3

NAVIER-STOKES EQUATION

3.1 General Formulation for Laminar Flow

The Navier-Stokes equation and the continuity equation provide a complete
mathematical description of the flow of fluids (Yih, 1969). The Navier-Stokes equations
are considered to be the governing differential equations of fluid flow. The simplest
manner to express the Navier-Stokes equations is that, for each element of fluid, the
inertia forces are balanced by the sum of the pressure force, body force and viscous force.

The general expression for the Navier-Stokes equation of a Newtonian fluid is:

DU, ap ) .
Dt = _axi +pg1 +uV ui (1—19293) (3'1)

Because of the cylindrical geometry of a pipe, it is convenient to express both the Navier-
Stokes and continuity equations in cylindrical coordinates. Figure 3.1 illustrates the pipe

geometry and flow designations used throughout this thesis.
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Z
X =r1
r X2=9
0 X3=12Z
n=Uu=w
:v u3=u,=u

Figure 3.1 Pipe Geometry and Flow Directions

Based on the above notation, equation (3.1) can then be expressed in the radius,

6, and z directions as (Yih, 1969):

Dv w? op . v, 2 aw)

¥ = _C°P Viy——— 2
(Dt r ) 8r+pg'+u( R

Dw vw 1dp 2 20v w

=— + + W Vwt+——~—

(Dt r ) 39 * Pee M( Y rz)

Du dp )

Dt ——az+pgz+uV u (3.2)

where:
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¥ 19 19
Vs —st-—t gty

+r ar+r2 00?  9z*

g=g, =g, =g, 3.3)

The continuity equation for an incompressible fluid in cylindrical coordinates is

expressed as:

ov v low odu
g+‘;+;—a§+-a-z-=0 (3.4)

Flow in the radial and 0 directions is negligible implying that the flow can be

considered in the axial direction for this application. Expanding equation (3.2) for the

axial velocity component, by the use of equation (3.3), yields:

VT roe %oz T TPETH G Trar T 90 T oz '

Equation (3.5) can not be solved directly without several assumptions and

mathematical manipulations. The present assumptions are as follows:

u

az—>0

(1) Flow is fully developed along the axis which implies that
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' d
(2) There is no swirling in the flow, implying that a—; -0

(3) Flow in the axial (u) direction dominates, implying that v — 0

Based on these assumptions, equation (3.5) reduces to:

ou dp d’u 1adu
o o9z PETHGR i BrJ (3-6)
Dividing equation (3.6) by p yields:
du 10p d*’u 10u
o~ paz BT ar T ar) G7)

Equation (3.7) is a commonly used expression for vertical laminar pipe flow and
agrees with equations from several researchers including Hinze (1959) and Gerrard
(1971). Mathematical transformation and the eventual model will be discussed in later

sections.

3.2 Formulation for Turbulent Flow
Turbulent flow is characterized by the presence of eddies which transport fluid

particles between layers causing fluctuations in velocity and pressure. Equation (2.2)
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indicates that turbulent velocity and pressure is expressed as the sum of the short-time
averaged component and the fluctuating term. Equation (3.7) is applicable to laminar
flow and turbulent flows but needs to be modified in order to illustrate the effect
turbulent motions have on mean motion. Hence, the velocity and pressure terms in
equation (3.7) need to be replaced with the turbulent (instantaneous) velocity and pressure
expressions from equation (2.2) an then incorporated into an averaging technique.

Hinze (1959) indicated that if the turbulent flow is quasi-steady, then averaging
with respect to time would be applicable and, if the turbulent flow is homogeneous, then
averaging with respect to space would be appropriate. However, in this application the
turbulent flow is neither homogenous or steady, so utilizing either method would not be
correct. Hinze (1959) implements an ensemble-mean method which involves taking the
average over a large number of experiments that have the same initial and boundary
conditions (Hinze, 1959). He utilizes the following rules based on A =A+a and
B=B+b where the overscore denotes the average and-the lower case letters represent
fluctuating components:

Rule 1: ;=O,E=O

Rule 2: X=X+a=i+;
Rule 3: ﬁ=ﬁ=ﬁ

Rule 4: AB=(A+a)(B+b)=AB+ab
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Examining figure 3.2, it is apparent that the distributions are equally distributed

on either side of the average which aids in proving the first of Hinze’s rules.

\: A
K \

‘Time

C.‘\l
]
(=

Figure 3.2 Graph of Fluctuating Velocity

Now lets apply Hinze’s rules for ensemble-averaging to come up with an
expression for the Navier-Stokes equation for turbulent flow. Starting with the Navier-

Stokes equation (3.2) for flow in the z direction:

Du dp )
D _—az+pgz+uV u (3.8)
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Du N Du :
The pa term represents the inertia force where Dt 1s a substantial derivative of the

velocity consisting of local and convective terms. The inertia force is expressed as:

V—+——+uT (3.9

Du _E)_u Ju wou du
Dt at or rdod oz
Using the viscous force term from equation (3.6) along with equations (3.8) and (3.9) the

Navier-Stokes equation for the flow in the z direction can be expressed as:

— 4 V—t——+ =——+pg+Y —+—— (3.10)

du oJu wou E)u -dp - o’u 10u
3 "or ro8 “oz) oz or’ ror

Lets now apply Hinze’s ensemble-mean averaging rules to the left hand side of

equation (3.10). Substituting instantaneous values of velocities in terms of their short-

time averages and fluctuating components (equation 2.2) as well as implementing Hinze’s

rule 2 yields:

Du_ -, du+uw) d(u+u)
th—(p+p) % +(p+p)(V+V) o
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- (w+w)olu+uv) - - Au+v)
+(p+p) - =5 +(p+p)(u+u)T (3.11)
Applying Hinze’s rules 1 ~ 4 and rearranging the equation yields:
Pﬁ— §E+—a_a+.—wl.a_§+_£ + '..a_u’.+X:au,+ ’au,
Dt Mot ‘or roe "oz N\ o r a8 . oz
+ ’_u_.’+ ’V’_a_a__,__ ’_u,.+ N '__’.+ ’_w_’._a_a..*__;_ ’Q.ll:
P TP TP TPV o TP e T T P e
wouw —odu - _ou  ou
P r ae+pu£+up az+p“ 0z 3.12)

For an incompressible flow, such as seawater in the present case, density is

considered to be constant which implies that the fluctuating component, p’, goes to zero.

For now, density will simply be referred to as E With p’ =0, this eliminates the last ten

terms from equation (3.12):

— =~ Tu

V8r+r86 0z

(3.13)

Rll_ iﬁ_+—ia.+iia_+-i;— + 'au, W’ au’ 'au,
Dt Not or ro8 oz
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Now lets apply Hinze’s averaging rules to the right hand side of equation (3.10)
and express instantaneous pressure and velocity as the sum of the average and fluctuating
components as before. After considerable arrangement and using the fact that u’=0and

f)_’ =0 from rule 1, the equation simplifies to:

a(‘+ )+(_+p )g+u(a2(ﬁ+u')+:a(ﬁ+u'))

or’ or
B f2i)
The Navier-Stokes equation can now be expressed as:
& —§3+z§+;@)
ot or r do® oz
——%§+Bg+ 3—;£+-1-%)— v'—aaEr:+wT’aalg+u’E;;,J (3.15)

Equation (3.4) can be expressed as:
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v,y 1ow au)_ 3.16

“arrrae dz ) G-10)
or

v uv uodw du

ut—+—+———+u—=0 (3.17)

Substitution of instantaneous values of velocity and pressure into equation (3.17) and

application of Hinze’s averaging rules yields:

v w udw du_ -, 0(+V) (+u)(v+v)
u8r+r+r89 “az‘(“ v) or * r
+(u+u)8(w+w’)+(a+u,)a(u+u)=0 (3.18)
r 20 0z

Applying Hinze’s rule 3 to equation (3.18) results in:

il av’+—E—;+u’v'+—E——E-)§—+EQYV—’+_—a—a—+ L (3.19)
or or r r ro® r 06 "az “az' )

Rouse (1959) expressed equation (3.16) as:
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BT )
or r 06 az
which implies that the remaining portion of equation (3.19) is:
u,av’ u’v’+_u_’aw’ ,E)u’_o
or r r 08 oz
or
,av’+u'v’+11_'aw’+ ,ou’ -0 (3.20)
"or T r Troe Vel )

+V—+—tu— [=-— —+-=

du —du wou —du| 9dp —  (d%u ldu
ot or r do az

_6(V,au+wau ,0u”  ,ov' uv' udw 'a“) (3.21)

T T T T Y

Rouse (1958) also indicated that one can apply the product rule to the turbulent

terms. In other words:
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—a‘u’_\"—u’£+ ,_8_1_1_’ .l_i( 7 ')_ ,av’+ ,au'+u'V’

o Vo ar Crear VTN TV Ty
10— wow wou’

roe " " r 98 r o8

I R S AL

2" Tt T e T (3.22)

Substitution of equation (3.22 ) into equation (3.21) gives us:

du —du wdu —du| I — [0'u 1du
ot Vor roe oz oz PTMarT TTror

{li( ’ r)+_:_[_i( Vs, ? +__?_ /2} 323)
ArarVtY T rae VT G-

The u’v’, u'w’, and u’u’ terms are Reynolds stresses which are a result of the stress
created in turbulent flow by the mixing of fluid particles between layers. Equation (3.23)

matches the equation used by Hinze. Under the same assumptions as listed in section 3.1

for laminar flow:

ou ou -
5;-—)0, 56—)0’ v—0
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Equation (3.23) can be expressed as:

As noted in section 3.1, swirl is assumed to be negligible in the present analysis which

implies that w=0and w=0. Also, for the present analysis it is assumed that the flow
a 22 .

was fully developed so the a—u term approaches zero. Equation (3.24) can then be
vA

expressed as:

—du_ dp - (d’u 1lou ;{18 __]
at——az+pg+u(ar2+rar)— rar(ruv) ©.25)

Dividing equation (3.25) by B yields our final expression for the Navier-Stokes equation

for vertical turbulent flow:

du 1dp ?%’u 1ou| 19, —
at‘"ﬁafg* ar2+rar)—rar(ruv) (3.26)



T-4717 32

Equation (3.26) matches the expression used by Ohmi and Usui (1976) except for the
body force term which they did not include because their pipe has horizontal. Equation

(3.26) is the basis of further modeling of oscillating velocity and shear stress.
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CHAPTER 4

MODELING OSCILLATING VELOCITY

4.1 Expression for Oscillating Velocity

In chapter 2, eddy stress was introduced in order to relate turbulent shear stress to

the velocity gradient (equation 2.5):

ou
4.1)

Likewise, the concept of modified eddy viscosity, as shown by Ohmi and Usui, 1976, was

also introduced:

vy =E+V 4.2)
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'€ is actually the steady eddy viscosity component. The oscillating eddy viscosity term,
A&, was not used by Ohmi and Usui (1976) because they concluded that the oscillating
term is insignificant at high frequencies due to the inertia dominance.

The present model is very closely based on the model used by Ohmi and Usui

(1976) which expresses the Reynolds stress in terms of eddy viscosity:
v’ §a 4.3)
u'v' =-p&— .
p P o

Using p instead of E from this point on and substituting equation (4.3) into the Navier-

Stokes expression at the conclusion of chapter 3 (equation 3.26) gives:

du_ 1% . [%u 13u 92_u ¥du Edu
or? rar arar rar

or

u_ 19p du Ju( 8 (v+§)
(v+§)+ar (ar+——r 4.4)
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Assuming kinematic viscosity, v, is homogeneous throughout the flow and that
modified viscosity, Vg, is independent of z, substitution of equation (4.2) into equation

(4.4) yields:

4.5)

du__10p,, 9%, u(dvs Vs
or\ dr r

Short-time average values of 5 and u havea long-time and an oscillating
component due to pulsation. Gravity, g, has only a long-time component. Long-time
average values are denoted using a subscript ta and oscillating components are shown

with an os subscript as follows:

P=P. +Pur

u= u, +u, (4.6)

where:
P = long-time average pressure
Pos = oscillating pressure

u. = long-time average velocity in the axial (z) direction

Uos = oscillating velocity in the axial (z) direction
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Substitution of equations (4.6) into equation (4.5) yields:

aum +auos ___l_apla +a2umv auta (dVE VE)
or ot pa o Earlar v
1dp, o°u ou (dvE VE)
——Ft—V == +— 4.7
p oz or’ Vet e Ty “47)

The long-time average components of equation (4.7) were verified in equation (3.7)

except for the l58—(r;'—11-;) term which was introduced through Hinze’s averaging
ror

procedure which is not applicable to long-time average flow. Hence, the oscillating

components must hold true:

auos =_lapos _’_a2uasv +auos (dVE +y_£) (4 8)

ot poz o F orldr r

Equation (4.8) is a second-order differential equation which can not be solved
directly. Hence, we must transform the equation into a form that can be evaluated. First
let us apply a Laplace transformation to equation (4.8). We start by defining L(f), the

Laplace transform of f(t), as (Boas, 1983):
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L() = | £(t)e*dt 4.9)

Likewise, the Laplace transformation of a first-order differential equation y(t) is

expressed as:
L(y’)= ]y’(t)e'“ dt (4.10)
0

Integrating equation (4.10), using integration by parts with dv=y’(t)dt and u=e™,

yields:

L(y’)=yleo)e™ - y(0)e” — (—s)]y(t)e““dt

L(y’)=sL(y)- y(0) 4.11)

Hence, the Laplace transformation of the velocity component with respect to time with

zero initial values yields:

du
5;) s (4.12)

|
[}

os
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where s is the parameter of the Laplace transformation and the » signifies the transform
(Ohmi and Usui, 1976). Since the remaining terms of equation (4.8) are independent of

time, their Laplace transforms are expressed as:

op |_ 9. du | od, 9’u| 9’4,
L[az)_ dz ’ ar)— or ’ ,{arz ~ or? (4.13)

Equation (4.8) can now be expressed as:

A~ 2 A -~
ﬁass=—lap” +Vg 0 u;s +au“ N +V—E-
p oz or or \ dr r
or -
A 2~ ~
R U | NP (dVE +‘—’E—) 4.14)
 ps dz s or or \ dr r

Lets now designate the right hand side of equation (4.14) as V, the equation can

be expressed as:

i§ =V-— (4.15)
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where:

2»\ ~
V=l VEE) um_*_au,,s av g Ve
or? or \ dr r

Assuming the pressure gradient is constant and independent of the radius, the first and

second derivatives of equation (4.15) are:

d, oV . o’d, 9’V
or  or an

or? o

4.16)

Substitution of equations (4.16) into the right hand side of equation (4.14) gives:

1| 9%V aV(dvE VE)
= — VE_T+— + —
s or or \_ dr r

or

2
a_‘i+i‘i(i"_@_+"_ff)_sv=o @4.17)

To further simplify equation (4.17), a transformation variables, z; (r), is introduced. For

the modified eddy viscosity regions with k; = 0, (refer to tables 2.1~2.4 in chapter 2) the

function z;(r) is expressed as (Ohmi and Usui, 1976):
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z,(t)=r /i 4.18)

The subscript j denotes the quantities in the j™ region. For regions where k ;#0:

2
2;() =1 JsVe, (4.19)

J

The term u’ is the friction velocity (Ohmi and Usui, 1976):

u = Em,s,\/% (4.20)

Gm,st signifies mean-steady velocity and A the friction factor. Using equations (2.8) ~

(2.10), the transformation is conducted as follows:

1.k. #0

dz;(r) _dz;(r)avs; s [-ijR'J s (VR') @4.21)

dr dvg, dr Ve ku'{ R T ve \u'R

]
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*

VR
Ohmi and Usui (1976) indicate [ R ]= 1, so equation (4.21) simplifies to:
u

dzj(r)__ Ky
dr Vg

4.22)

The second derivative of z,(r) with respect to r is:

dr? dr

'2,(r) 1[5’1@]-4'\{3 O+f[ VEJ%[%JH 423)

Using equations (2.8)~ (2.10), modified eddy viscosity in region j is expressed as:

vg; =k, u'R-k;u'r+my (4.24)
or
avg; .
—=—k.u 4.25
dr ! (425)

Substitution of equation (4.25) into equation (4.23) yields:
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d*z;(r) B —\/;kju*

5 : (4.26)
2(v E,j)2
Continuing with the transformation using equations (4.22) and (4.26):
dz .
vV _ v z,(r)=_ oV [ s @27
or dz;(r) dr oz;(r)\ Vs,
aZv_g(gz)_g ov_dy,())__av_d'z,(), a%v (dz, ()Y
or* or\or) orl|oz;(r) dr oz;(r) dr? azjz(r) dr
a2v  av | skut | 9w [
5 =—a ol R (4.28)
r z;(r) 2(VE,j)E 0z, (r)\Ve,;

Looking at the modified eddy viscosity derivative:

zjz(r)kau'2 =4svg .
d 2 2 _ d
-(;(zj (r)kj uq)_-(-l_r_(“st’j)

d .
2z ()z() 2" 4s—-—d’:"
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_2k2 *2 2‘ - I'S_=4 dvE,j
ju (kju .‘/SVE,] \]VVE'], S P

—4kju's _ avg

4s dr
avyg; .
- ~=—k,u (4.29)

Substitution of equations (4.27)~ (4.29) into equation (4.17) for k ; # 0 yields:

[ N
LV (s ) eV | Vsku }_ v [ ku*+—§-}sv—0
E,j
s o'V i \/;kju‘ Vs ——k.u*+——-(ijy‘+mjv) -sV=0
azj(r)Z azj (r) -2 E.j aZJ (r) VVE i 7 r
s ’v.__ 9V _J;k,-u' L9V [s 2k.u._(kj”*R+me) —sV=0
. azj(r)z azj(r) _2 R; E.j aZ] (r)\IVE,] / r

[ . [kuR+myv ]
In their paper, Ohmi and Usui (1976) indicate that the term tzkju o —— J

can be approximated by k u”. This simplifies the above equation to:
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9’V oV (—'\/gkju‘ ‘\/gkju' ]
-sV=0

S + + 4.30
oz;(1)*  0z;()| 2 vy, Ve, (430
The transformation term, z(r), for k i # 0 in equation (4.19) is;
z.(r)= 2 1/sv or ku' = 2ySVe.
i _kj.u‘ B it z,(r)
Equation (4.30) simplifies to:
82V+aV[—S+28]VO
S -sV=
dz,(r)* 9z;(r)[ z;(r)  z(r)
2’V s oV
+ -svV=0
Sazj(r)2 2,(0) 0z,(r)
9’V 1 oV
V=0 (4.31)

aZj(r)2 * Zj(I') aZj(I') -

Modified eddy viscosity in this region is constant and is expressed using equation

(2.10) as:
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Vg,; =m;V (4.32)

SO

avy
—=0 4.33
dar (4.33)

Using equations (4.18) and (4.33), the transformation is conducted as:

v _ v _dz(r)_ av [ @38
or odz;(r) dr az,.(r)\]vE,,. '

Y _D(00) 2 o i) v d'n0), o (a0
o o) or\at) e ) a0 ar e ()

9’V 9*V | s
ol azjz () (VE,j ] 4.35)

Looking at the modified eddy viscosity derivative:

z;”(r)vg; =1’s
d d
— (2" (W es)=70)

av g dz; (r)

2rs

'j 2(r)+22 (")VEJ
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avg; , s
— 2z 2 (r)=2rs=2v, .| —|=0
pay (r)=2rs E’]r[VE,,-
av . .
2 -0 (4.36)
dr

Substitution of equations (4.34)~ (4.36) into equation (4.17) for k ; = 0 yields:

*V [ s ov z,(0)( v,
Vg . H 0+— |-sV=0
Ei azj(r)z Ve, ) oz,(r) r r )8

\

vV [ s | ov z®O s

| n —sV=0
VE:J aZJ-(I')z VE,J aZJ(I') _r \Zj(r)Z) °
OV _ LV s veo
9z,(n)* " 9z;(0) 2;(r) "
0’V 1 oV
Vo 4.37)

oz,(r)’ * z,(r) 9z;(r)

Equation (4.37) is identical to the equation used by Ohmi and Usui (1976) and is equal to

equation (4.31) for k; #0.

Equation (4.37) is a homogeneous differential equation with a solution involving

a modified Bessel function of the first and second kinds of zero order (Boas, 1983). The
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general homogenous solution for V is a linear combination of these modified Bessel

functions (Kreyszig, 1988) and is expressed as:

V=CJ,[z,)]+DK,[z;,)] (4.38)

where Ij is a modified Bessel function of the first kind of zero ordér, Ko is a modified

Bessel function of the second kind of zero order, and C; and D; are integration constants.
Assuming a fully developed flow with a constant pressure gradient, substitution of

equation (4.38) into equation (4.15) yields a solution for the oscillating velocity in terms

of the oscillating pressure gradient:

1 p]os

o5 dz (4.39)

_{c L[z; ("] + D;K,[z;(r)] - 1}

4.2 Boundary Conditions

Solving equation (4.39) for oscillating velocity in region j requires solving for the
constants Cj and D;. These constants are solved using 4 boundary conditions. Figure 4.1
below is a schematic of a 2-region model, which will aid in expressing the boundary

conditions.
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Region 1

Region 2

rl

Figure 4.1 Schematic of 2-Region Model

The first boundary condition is no slip at the wall, implying that the oscillating

velocity is assumed to be zero. Setting equation (4.39) equal to zero yields:

_1_ dijj.os

os dz =0 (4.40)

Ujos = {leo[zj(r)]+DiKo [Zi (r)]—l

A

j.os

Z

The oscillating pressure gradient, , is constant. Hence, for equation (4.40) to be

equal to zero, the following must equal zero:

C,L[z,(0)]+ D,K,[z,(0)] -1=0 (4.41)
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The transformation variable, z; , is a function of the radial location. At the wall j=1 and

the radius is 11 =R, so equation (4.41) can be expressed as:
C,L[z,(R)]+D K,[z;R)]-1=0 (4.42)

The second boundary condition is that the velocity must be continuous (equal) at
the region boundaries. Referring to figure 4.1, the velocity at the boundary r; relative to
region 1 must equal the velocity at boundary r; relative to region 2. Assuming the
pressure gradient terms are also equal at the region boundaries, the second boundary

condition can also be expressed as:

uj(rj) =Uu (rj)

leo[zj(rj)]+DjK0[ ] ul 0[ z,\r ] e [Jﬂ ] (4.43)

The third boundary condition is that the shear stress at the boundary points also be
continuous. For Newtonian fluids such as water in the present case, the shear stress is

generally expressed as:

ARTHUR LAKES LIBRARY

COLORADO S
GOLDEN, €0 gy MINES
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T=p— (4.44)

For the oscillating shear stress in region j, equation (4.44) is expressed as:

N »
Ties THT T TPV T, (4.45)

Taking the derivative of the oscillating velocity with respect to the radius requires
knowing the derivatives of the modified Bessel functions of the first and second kinds of
zero order. Using the technique outlined by Boas (1983) and the chain rule, the

derivatives were determined to be:
d d
-d;[l0 ®)]=L,(x) and = [K,(®]=-K,®) (4.46)

where I, is a modified Bessel function of the first kind of first order and K; is a modified
Bessel function of the second kind of first order.
Using equations (4.46), the derivative of the oscillating velbcity with respect to

the radius is:
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a”, o AP ; o
{615, O+ D, 5, ()] l}psar( dz)
dz).(r) dz;(r) 1 dp;,
+{c,-11[z,-(r)] 2= DK [, ()] }E - @47)

As noted earlier, the pressure gradient is assumed to be constant, independent of the

radius. Because it is constant, the subscript j will not be included from this point on.

dp.
Since -g——(%} =0, equation (4.47) can be expressed as:
r z

~

e { L[z (0] “ (’) jKl[zj(r)]dZ”(r)}id’; = (4.48)

or dr |ps dz

Equations (4.45) and (4.48) allows us to express oscillating shear as:

dr dz

el e 190 - bl (0] S 49

For regions where the modified eddy viscosity is constant (k;=0):
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z\r;) =1, |— or =

For regions where the modified eddy viscosity is not constant (k;20):

Hence, for regions where k;=0, the oscillating shear in region j can be expressed as:

I e 0 e G (4.50)

For regions where k;#0, the oscillating shear in region j is expressed as:

0 =0 O] D,k [ O 2 @51

The third boundary condition is expressed as:
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"j(fj) =Tin (r,-) 4.52)

For the cases in which k; # 0 or k; = 0 in both the i™ and j+1™ regions, equation

(4.52) is expressed as:

\/;’E_,j{cjll [zj(rj )]_DJ‘KI [zj(rj')]}
= w/VB—m {C sl [Zj+1 (rj )] —D;uK, [Zj+1 (rj )]} (4.53)

For cases in which k;=0 in the i® region and with k0 in the j+1™ region, equation

(4.52) is expressed as:

\/;’E_,j{cjll [zj(rj)]—DjK, [zj(rj)]}
= ‘\/‘E {lel[zm (ri )] - DjuK, [Zj+1 (rj )]} (4.54)

If the j® region has k0 and the j+1® region has k;=0, the boundary condition would be
similar to equation (4.54) but with the negative sign on the left hand side instead of the

right hand side.
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Referring to figure 2.3, modified eddy viscosity is continuous at all the boundary

points, y*, except for at the boundary between region 6 and region 7 (y* = 50). For this

point, \/VE,e (rs) # \/VE;, (r6) , so these terms can not be eliminated from equation (4.53).

Equations (4.53) and (4.54) match the equation used by Ohmi and Usui (1976) except the
authors use a plus/minus sign in front of the right hand side equation. It is noted that the
positive sign is taken for j=2, ...,n-2 for the 4 and 13-region models. This is simply a
shorthand notation and agrees with the present expressions.

The fourth boundary condition is that the velocity must be finite at the centerline
of the pipe. The boundary condition is used to ensure that the problem remains bounded.
The second and third boundary conditions (continuity of velocity and shear stress) are
applicable to the region boundaries and thus have n-1 equations each where n = number
of regions. Along with the first boundary condition, there are a total of 2n-1 equations.
For the problem to be bounded, there must be 2n-1 variables and known terms. This

implies that the variables must be C; (j =1,2,...,n) and D; (j=1,2,...n-1) or restated:

D =0 (4.55)



T-4717 55

CHAPTER 5

DETERMINATION OF OSCILLATING SHEAR STRESS

5.1 Expression for Oscillating Pressure

Equation (4.45) expressed oscillating shear stress as:

_ o, _ ai;
Tj,os - ,J' ar - pVE,j ar

Where the oscillating velocity in region j was determined to be:

U 0e = [CJ'IO (zj )+D;Ko(z;)- 1]—_

Hence, in order to determine the oscillating shear stress, an expression for the oscillating
pressure gradient is needed.
The equation of continuity for a compressible fluid in the cylindrical coordinates

(Rouse, 1959) is:
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D
—P+ div(u,p)=0 5.1)

where:

Dp_op dp wop Op
Dt ot or roae oz

. _19(pvr)  13(pw) = 9(pu)
dlv(uap)—r v e R (5.2)

For an incompressible fluid, p is considered constant with regards to r, z and 6.

Allowing density to remain as a function of time, the equation of continuity can then be

expressed as:

ot ror ro® ozl

or simply

(5.3)

—+f Tttt

op |ov v 1low au]
ot or r radd oz
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Assuming the flow in the 0 direction to be negligible, the equation of continuity can be

expressed as:

§_g+ ov v+8u 0 54
ot or r 0z) -4

The isentropic speed of sound, c, is expressed as (Ohmi and Usui, 1976):

dop |, :

- (5.5)
Integration of equation (5.5) yields:

p=c’p (5.6)
So the derivative of density with respect to time yields:

ap 1 dp

L ©-7

substitution of equation (5.7) into equation (5.4) results in:
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—+—+= (5.8)

ip___cz dv v du
ot or r oz

In Chapter 3, instantaneous values of velocity and pressure components were

expressed as the sum of the short-time average component and the turbulent fluctuating

components:
p=p+p’
u =H+u'
v=v+v’ (5.9)

Substitution of equations (5.9) into equation (5.8) and using Hinze’s ensemble averaging

rule 3 (Chapter 3) yields:

ot Py TP TP,
a(P; v =_C2pa(vz; v) e ‘”;V' _Czpa(uazu') (5.10)
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Hinze’s first rule (Chapter 3) indicates that p_', v_’,;’ — 0 and rule 3 indicates that ;= P

(etc.) so equation (5.10) becomes:

o ,[ov v au
- + 5.11

a - “Rary az) 61D

Average values of E,-\; and u have both a long-time and oscillating component

due to the pulsation (Ohmi and Usui, 1976). As with Chapter 4, subscripts ta and os are

used to designate these components:

p = pta +pos
v=v, +V,,
u=u, +u, (5.12)

Substitution of equations (5.12) into equation (5.11) yields:

op,, Op , (Ov, Vv, Ou, , (ov,, v, Ou
e Tos = — —= 4+ 2+ = 5.13
ot ot ¢ p( or r oz ) P or r 0z ©.15)
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The long-time average components of the above equation were verified in equation (5.8)

which indicates that the oscillating components hold true:

op , (ov,, v, Ou
o __ 2 (Wor , Vor , Olos 5.14
ot ¢ p( or * r oz ) A9

Now taking the cross-sectional average of the right hand side of equation (5.14):

2
Ave(RHS) = n;f [ (a—;;‘i+zr9-s-+%1;°s-)2nrdr (5.15)

The above integral can be broken up into 3 separate integrals:

—2° P j PVes rdr— _2" P j jo e ) urdr (5.16)

nR2 0z

Integrating the first integral, using integration by parts with dv = A =T, yields:

-2¢? R
= P I:Rvos (R)-0- jovosdr]
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Assuming oscillating velocity is zero at the wall, this integral simplifies to:

2¢%p
R2

R
jovosdr

which cancels with the second integral. Hence, the cross-sectional average of the

expression is the third integral:

c’p (rou,, o ( 1
- anz j —== 2qurdr = —czp—(

R
b "o > nszuOSZerr

0

The ( 11{2 J::;OS 2mdr) term is by definition the cross-sectional average of u,s which will
T

denoted as um,os . Hence the cross-sectional average is:

ap 0s 2 du m,0s
= —C 4
ot P dz

(5.17)

Application of a Laplace transform of the above equation yields:
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2p da
Py = P (5.18)
s dz
In Chapter 3, the Navier-Stokes equation for turbulent flow was expressed as:
u__1dp, fo% 19u) 19 o
ot pdz or> ror) ror
or
- - 2%, 19% = Tz
a_u=_i§£ d ;¢ 10u) Juv’ u'v (5.19)
ot p dz or®* ror or r

'Using equation (5.12), the u and ; terms can be expressed in terms of long-time
and oscillating components. As with equation (4.7), the long-time average components

are verified in equation (3.7), except for the Reynolds stress terms which don’t apply to

long-timeé average flow which implies:

auos _ _ldpas +V u2os +l uos _au \4 _ uv (520)
or r or

- or r

ot p dz

At the wall k; = 0 and vg =v. Using equations (4.2) and (4.3) and assuming a

homogeneous kinematic viscosity, equation (5.20) reduces to:
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auos 1 dpos a2u0$ V auos

o p d o’ 1 or ©.21)
Taking the cross-sectional average of the right hand side of equation (5.21):
Ave(RHS) = ?:'1'117 A [_-i dg; +v a;:;s +% agrf’s J2n:rdr (5.22)
The above integral can be broken up into 3 separate integrals:
p;éz j:d?pzeizmdr +-§-‘§ OR a;:;s rdr +% j:a—;‘fdr (5.23)

2
os

or

Integrating the second integral, using integration by parts with dv = and u=r, yields:

2v du R Ju
ZVIR[ B | - [ Berg
Rz[ ( or ),=R J:’ or r]

Simplifying and combining with the third integral yields:
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2v(du, 2v (Rou,, 2v (rOu 2v(du,
— - | =Sdr+— | —Sdr=—| ==
R\ or /_;, R*% oz R*J0 0z R R

- (5.24)

The first integral can be expressed as:

The ! J'R%Zn:rdr term is by definition the cross-sectional avera f 9P,
nmR> % dz y 8¢ T4z

Because the oscillating pressure gradient is not a function of r, Ohmi and Usui (1976)
designate the left hand side of equation (5.21) in terms of umes . Hence the cross-

sectional average is:

aumyos 1 dp,, ZV(auos)
— +_ —_—
r=R

ot ps dz R\ or (5.25)

Taking the Laplace transform of the above equation using zero initial values results in:

. 1 dp,,  2v (3%]
U,§=—— +—
ps dz R\ or ) _,
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or

i, =L P +2—"(a”“) (5.26)
ps dz  Rs\ or ),

Cross-sectional averaging and differentiation of equation (5.26) with respect to z yields:

9i 25 i
o _ 1 d°P,y (2vd (3%) (5.27)
R

z ps dz*  Rsdz\ or

where #,,,, designates the mean oscillating velocity. From Chapter 4, the oscillating

velocity in region j in terms of the pressure gradient was expressed as:

i, = {leo [zj (r)]+ DK, [zj (r)]— 1}51;%

Taking the derivative of the above equation for the oscillating velocity with respect to the

radius yields:

e el O Dk O] 2 22)

psa—r. dz
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el (-0, 2

dr

dp
o 5.2
} dz (5.28)

A

R, equation (5.28) can be expressed as:

A

ou

P L {c =

Kz ()] dz"(r)}% (5.29)

dar dz

oz (r) ’
From Chapter 4, the value of E;r is £ V—S- depending on k=0 and k;»0,
Ej

respectively. The 2-region model is the only model with k;#0 at the wall, so we will use

the (+) sign for the derivative. Equation (5.29) can then be expressed as:

Dier ‘/: {Cinlz, )] DK [z, ()]} == Doy (5.30)

Earlier in the chapter the oscillating pressure was determined to be:
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. c’p di,,
Pos = _LP
s dz
or
dﬁm os _ﬁ A}
— === 5.31
dz c’p (>.31)
Substitution of equations (5.30) and (5.31) into equation (5.27) yields:
—ﬁoss__ldzﬁa: 1 s 2v dzﬁos
e v = O L0
or
1d*p, 5 2V 5 .
o5 d (I_J;E{C"Il [z;(®)]- D,k [Zj(R)]})'%pm =0
or
S2
25 2
d P - =0 (5.32)

2 | - b,
N T

Equation (5.32) can be expressed as:
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where 7 is the wave propagation constant (Ohmi and Usui, 1976):

S

Y= < (5.34)
2 |v
J - EJ;{CIII [Zl (R)] -D,K, [Zl (R)]}
For the 2-region model, equation (5.34) would be expressed as:
5
y= < (5.35)
2 |v
\/1 + E\/;{Clll [Zl (R)] —-D,K, [Zl (R)]}
Equation (5.33) is a homogeneous differential equation with a solution of:
P, =Ae”+Be™ (5.36) -

where A and B are constants determined from pressure data.
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5.2 Expression for Oscillating Shear Stress
The pressure gradient of equation (5.36) is:

if;_s —y(Ae™ - Be ) (5.37)

Substitution of equation (5.37) into equation (4.39) gives the following equation for

oscillating velocity:

1,0

i = %(Ae” ~Be){C;1,[z;(0]+ D K, [2;(0] -1} (5.38)

This equation agrees with the expression used by Ohmi and Usui (1976). Also note the
difference between z and z;. The z; term represents a transformation of variable term for
region j and is a function of r (refer to equations 4.18 and 4.19). The z term itself |
represents the axial direction since the marine riser for this analysis is considered to be in
a vertical configuration.

Developing an expression for oscillating shear stress at the wall requires taking
the derivative of oscillating velocity with respect to r (refer to equation 4.45). For the 3, 4
and 8-region models, the transformation variable, z; , for k;=0 (applicable to the wall

region) is:
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oz,
z,(r)=r S SO —o = (5.39)
. \) Vg or \}VEJ

Using equations (5.38) and (5.39), the derivative of oscillating velocity is:

di

% =L (Ae™ —Be ) 1,[2,()] - D K, [z, ()]} ‘/%— (5.40)

Ps

Hence, the oscillating shear stress in region j is expressed as:

ou .
Tios = PVE,; l;iios (5.41)
Tios =(""EJ)%\/%(AG” - Be‘”){CjII [Zj(r)] -DiK, [Zj(r)]}

Tios = y\/vi?(Ae*‘ - Be""){c pe [zj(r)] -D J.Kl[z].(r)]} (5.42)

The wall shear stress (j=1) with r; =R and vg,; = v from equation (5.42) is expressed as:

Toos = 'y\/g(Ae“ -Be™” {rclll(k\/% ]— DIKI(R\/% ]] (5.43)
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CHAPTER 6
MODEL OF OSCILLATING VELOCITY AND SHEAR

STRESS INSIDE A VERTICAL RISER

6.1 Application Background and Parameters

In deep-ocean mining applications, the manganese nodules or crust located at
depths of 800~6,000-m, will be transported in a slurry flow from the miner on the

seafloor to the ship on the ocean surface as illustrated in figure 6.1.

!

— - - e - -
- N e e m m e e~ =T

f BUFFER

MINER £
00, SEAFLOOR

N2 NN\ @\

Figure 6.1 Schematic of the Hoisting System
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For the present model, however, the internal flow is analyzed only as seawater with the
intention of determining a simplified fundamental understanding of the effects of
oscillating shear stress on the marine riser or pipe.

In the present application, seawater is transported through a 20 inch outer
diameter (.6354 in thickness) commercial steel pipe with an upward mean-steady velocity
of Ume = 10 ft/s (Cheng, Chung and Huttelmaier, 1994). Based on a kinematic viscosity
of 1 x 107 ft2/s, the flow has a Reynolds number (Re) of 1.56 x 10° and is considered to
be fully turbulent. Based on this Reynolds number, the friction factor was determined to
be A=0.013. The top of the pipe is pinned to the ship, incorporating a heave compensator
to compensate for the ship motions induced by the surface waves. The period of these
oscillations can range from T = 3.1 to 11.90 s, which are common for Sea State 5 (Chung,
1993). The bottom of the pipe is attached to a buffer and is considered free and

independent of the self-propelled seafloor miner.

6.2 Determination of Cj and D; :
Solving equations (5.38) and (5.43) for oscillating velocity and shear stress in
region j requires solving for constants C; and D;. Applying the boundary conditions

outlined in section 4.2, the equations for the 8-region model are expressed as:

For r = R with boundary condition (4.42):
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C,I,[z,(R)]+D,K,[z,(R)] =1 (6.1)
Forr =r;(j = 1,2,...,7) with boundary condition (4.43):

CL[z,(t;)]+ DKo [2;(1;)] = C o[ 250 ()]~ D s Ko [ 25 (5, )] = 0 6.2)

For r =r;, r7 with boundary condition (4.54):

ve, (e [z,(n)]-D K [2(5)]}
+,/vm( ){CJHI[ M(rj)]-DmKl[zj+l(rj)]}=0 6.3)

Forr =r;,..., I with boundary condition (4.53):

J\:J(—{CI[ ]—DjKl[zj(rj)]}
~Velr ){CJHI[ ()]—DHK;[ZJ-H(IJ-)]}=O 6.4)

For r =0 with boundary condition (4.55):
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Dg=0 (6.5)

The viscosity portions of equations (6.3) and (6.4) are equal for every region boundary in
the 8-region model except for at the boundary between region 6 and region 7 (y =50)
where the viscosity is not continuous (refer to figure 2.3). For the 8-region model,

equations (6.1) ~ (6.4) can be expressed in matrix form as:

Bessel
. Unknown Known
Functions Jdc b RHS 6.6
terms values
terms

where the “Bessel Function” matrix is 15 x 15 and both the “C; ,D;” and the “RHS
values” matrices are 1 x 15 each. For the 8-region model, equation (6.6) can be

expressed in detail as:
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1,[2,R)] K, [z,(R)] 0 0 0. o0

0fc,1 [1]

IO[Zl(rl)] KO[Zl(rl)] _Io[zz(rl)] _KO[Z2(r1)] 0 0 0 D, 0
0 0 Io[zz(rz)] Ko[zz(rz)] _Io[zs(rz)] C, 0

0 0 0 0 I,[2,(x,)] D, 10

0 0 0 0 0 0 .[Cs] |0

0 0 0 0 0 0 o|Dy{ !0

0 0 0 0 0 0 0/{C,| |0

0 0 0 0 0 0 0/D,|=]0
Il[Zl(rl)] _Kl[zl(rl)] II[ZZ(rl)] _Kl[z2(rl)] 0 0. 0|Cs 0
0 0 Il[zz(rz)] _Kl[zz(rz)] _Il[za(rz)] 0| Ds 0

0 0 0 0 L[z,(s)] . . |Ce [

0 0 0 0 0 o .|Psl |0

0 0 0 0 0 0o 0olC {0
0 0 0 0 0 o ofP7| |9
Lo 0 0 0 0 0o ofCsd LOJ
6.7)

The values of z; (r,), where o = j-1, j for j >1 and o =j for j=1, are determined
using equations (4.18) and (4.19) depending if k; = 0 or k; # 0 in region j. In either case,
the value of vg; was determined using equation (2.10) with values of k; and m; from the

8-region model listed in table 2.4. Equation (6.7) can be solved for C; (j = 1,2,...,8) and
D; (j = 1,2,...,7) using either linear algebraic techniques or software packages. MathCad,

is used for the present analysis.
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6.3 Determination of A and B:

Constants A and B were determined using experimental pressure data from Ohmi,
Usui, Tanaka and Toyama (1976). Their data consisted of oscillating pressure readings
for both air and water at two stations separated by a distance L. Application of these

pressure conditions to equation (5.36) yields:

atz=0: p (z=0)=A+B

atz=L: P (z=L)=Ac™+Be™ 6.8)

A and B can be expressed from (6.8) as:

(P, -Pe™™)
A= er
(Pe™ -P,)
— )

where 7 is determined using equation (5.34) and values of C; and D; .
The experimental setup for water measurements used by the authors consisted of
79.0- mm L.D. horizontal brass pipe connected in series to pumps, head tanks and

reservoirs. Their pressure measurement apparatus consisted of a strain-gauge-type
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pressure transduce; connected to a dynamic strain meter with the output voltage recorded
on a photo oscillograph. This setup is identical to the setup used by Ohmi, Usui, Fukawa
and Hirasaki in an earlier paper on laminar flow (1976). The distance used by the authors
between both the air and water pressure readings was L=3 m and their pressure readings
were recorded in mm Ag which has a density of 10,500 kg/m3 (Lynch, 1974). In their
paper they included the oscillating pressure graphs and a table of A and B values for
several air tests but included only one graph of oscillating pressure for water.

Prior to determining values of A and B for the water test case, their values of A
and B for the air tests were checked to ensure that the present calculation method and

values for y were correct. The present calculation of A and B for in kg/m2 for air agreed

with the authors’ values, when their A and B values are multiplied by g=9.81 m/s>. Their
error involved an error in conversion between mass and force.

For their single turbulent water flow test, the pressure readings taken from the
horizontal pipe setup at z = 0 was recorded as P; = 2375 mm Ag and at z = 3m the
pressure was P, = 1000 mm Ag. The pressure difference is a measure of the headloss, hy,
due to friction. For the present application, it was necessary to modify the pressure
readings to account for the body force associated with the vertical flow of a marine riser.
Figure 6.2 illustrates both the experimental setup used by Ohmi, Usui, Tanaka and

Toyama (1976) as well as the deep-ocean mining marine riser.
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P,

g

p, D

P, .
Figure 6.2 Pipe Orientation of Horizontal Pipe and Vertical Marine Riser

The pressure drop, AP, term reflects the effcctvof body force and headloss, hr ,

due to friction, and is expressed as:
AP=Ly, +h (6.10)
where Y. designates the specific weight of seawater which is equal to 64.0 1b/ft° or

10,055.5 N/m>. Hence, using L = 3m as the distance between pressure readings P; and

P,, the pressure drop due to body force is calculated as:

N N
Ly,, =(3m) *(10,0555;;): 30,16655 (6.11)
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Converting P; and P, from mm Ag into N/m? gives us:

B, = 2375m* [ 10,5030kg) . ( 938 21m) - 244,6369 %
m S m
P, = 1L00m * (10’5 O?kg) * (9'8?“) = 103,0050— 6.12)
m S m

The difference between Py and P, is the headloss, hy , which has a value of 141,631.9

N
peeX Hence, the total pressure drop value from equation (6.10) is expressed as:

AP=L1xy,, +h
or

AP = 30,1665£2+ 141,631.8812 = 171,798.4—1%-
 m m m

N N
Hence, the pressure reading at the top is P, = 103,005.00 ey and P; =274,803.4 ey at

the bottom.

Based on the parameters of Ohmi, Usui, Tanaka and Toyama (1976) (Re=74,100,

w=1.0 Hz), constants C; and D; were determined and used with equation (6.9) to solve
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for A and B. Based on these values, A and B were determined as |A] = 667,570.5 N/m?

(13,940.58 1b/ft?) and |B| = 667,864.8 N/m? (13,946.73 Ib/ft?).

6.4 Modeling Oscillating Velocity due to Pipe Flow
Using the 8-region model boundary values from section 2.5, as well as the
application parameters outlined in section 6.1, values of C; and D; were determined which

were used in calculating the wave propagation constant, y. Table 6.1 shows values of the
propagation constant, ¥, for periods within Sea State 5 criteria (Chung, 1993) at Gm,st =

10 ft/s:

Table 6.1

Values of yfor T =3~12 s at ﬁm,ﬂ =10 ft/s

Period (s) Wave Propagation Constant, 7y, (ft‘l)
3.0 3.5023*10° +4.3431*10° 1
4.0 3.4034*10° +3.2647*%10™ i
5.0 3.3352*%10° +2.6174*107 i
6.0 3.2848*10° +2.1859*10™ i
7.0 3.2458*10° +1.8775*10* 1
8.0 3.2147*%10° + 1.6462*10 i
9.0 3.1892*10° + 1.4662*107* 1
10.0 3.1680*10° +1.3222*101
11.0 3.1500%10°° +1.2043*10™ i
12.0 3.1346*10° +1.1060*10™ i
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As table 6.1 indicates, the 7y term is complex (due to s=iw) and can be expressed

YZ="Ygr2z+iY,Z

(6.13)

where subscripts R and I signify the real and imaginary parts of 'y and z is positive upward

along the pipe. For the present study, z varies from 0-18,000 ft. Substitution of equation

(6.13) into equation (5.38) results in:
ﬁj,os = KU]('YR +i»YI)[Ae(YR+i’Y] )Z _ Be—(yk.ﬁyl )z]

where KU; is a constant within region j and equals:.

KU, = {C""’[z"">]+szfo[z,-<r>]-}}

An expanded form of (6.14) is:

a o = KUJ.('YR + i'yl){Ae“’[cos(‘ylz) + isin('ylz)]

(6.14)

(6.15)
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—Be™"**[cos(v,2) — isin(v,2)] ] (6.16)

The real part of (6.16) is of interest to the present application:

ﬁj,R,os = KU,'['YRIA“’*hz COS(YIZ) - Y,Ae™ Sin('YIZ)

—y xBe "% cos(y ,z)-7v ;Be " **sin(y ,z)] 6.17)

The oscillating velocity, Gjr,0s ,across a pipe for mean-steady velocities Em,st =1,
5, 10 and 20 ft/s calculated at periods T =5 and 6 s at z = 100 ft is shown in Figure 6.3.
Examples of oscillating velocity for Gm,st =1, 5, 10 and 20 ft/s as a function of z are
shown in Figures 6.4~6.6. The figures illustrate that oscillating velocity is not related to

the mean flow. In addition, Figures 6.3 and 6.4 show that the oscillating velocity is
influenced by the oscillation period. The magnitude of the oscillating velocities at T=5s

is larger than at T = 6 s. Absolute values of KU; where used for the graphs.
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Oscillating Velocity, G5, » (ft/s)

r/R

Figure 6.3 Oscillating Velocity Across a Pipe due to Oscillating Water Flow at Em,st =1,
5,10and 20 ft/sat T=5 and 6 s.
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4 3 2 4 0 2 3 4
Oscillating Velocity, G (ft/s)

j.Ros ?

Figure 6.4 Oscillating Velocity as a Function of z at u mst = 10ft/satT=5and 6 s

84
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20000
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16000 -

14000 -

12000 -

10000 -

8000
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6000 -
4000

2000 -

Oscillating Velocity, ;g - (ft/s)

Figure 6.5 Oscillating Velocity as a Function of z at Em,s. =1,5,10and 20 ft/sat T =5 s.
Legend as in Figure 6.3.
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20000
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16000 -

14000 -

12000 A

10000

8000 -
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6000 -

4000 -

2000 A

Oscillating Velocity, ;5. , (ft/s)

Figure 6.6 Oscillating Velocity as a Function of z at Gm,st =1,5,10and 20 ft/sat T =6 s.
Legend as in Figure 6.3.
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~ 6.5 Modeling Oscillating Shear Stress due to Pipe Flow

Using the values of |A], |8, and C;, D; and 7y obtained from oscillating velocity

calculations, equation (5.43) was solved for the oscillating shear stress. Using equation

(6.13), the oscillating wall shear stress can be expressed as:

Twos = K('YR +iy, ){Ae T [COS('YI Z) +1i Sin(YI Z)]

—Be ™" [cos('ylz) -i sin('ylz)]} (6.18)
The real part of equation (6.18) is expressed as:

TRowos — K['YRACVRZ COS(’YIZ)—YIACYRZ Sin('YIZ)

—ygBe " cos(y,z) - y,Be "**sin(y, z)] (6.19)

where K is a constant at mean-steady velocity and is a function of period:

ceflealefLon(ef]
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Table 6.2 shows values of the propagation constant, ¥, for periods T =3~12 s at

Umge = 10 ft/s:
Table 6.2
Values of K for T =3~12 s at Gm,st =10 ft/s

Period (s) K (ft) K| (f)
3.0 0.00619 - 0.00619i 0.00876
4.0 0.00797 - 0.00797i 0.01127
5.0 0.00970 - 0.00970i 0.01372
6.0 0.01138 - 0.01138i 0.01610
7.0 0.01305 - 0.01305i 0.01845
8.0 0.01467 - 0.01467i 0.02075
9.0 0.01628 - 0.01628i ~0.02302
10.0 0.01785 - 0.01785i 0.02525
11.0 0.01941 - 0.01941i 0.02745
12.0 0.02094 - 0.02094i 0.02962

Using values of y; and yg from Table 6.1, |K| values from Table 6.2 and values of
|A| and |B| from section 6.3, equation (6.20) was plotted for periods T=5sand T=6s at
mean-steady velocities Ume = 1, 5, 10 and 20 ft/s and is shown in Figures 6.7 and 6.8.
These graphs illustrate that oscillating shear stress is larger at T=5s (@ = 1.2566 rad/s)

than at T = 6 s (w = 1.0472 rad/s). This was also true for oscillating velocity, so increased
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oscillating velocity yields increasing shear stress. Absolute values of K were used for the

graphs.
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Figure 6.7 Oscillating Shear Stress as a Function of z at Ume=1,5,10and 20 f/s at T =
5s. Legend as in Figure 6.3.
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Figure 6.8 Oscillating Shear Stress as a Function of z at Uma=1,5,10and 20 fs at T =
6 s. Legend as in Figure 6.3.
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6.6 Case Study
For a 20-inch outer diameter commercial steel pipe transporting oscillating
turbulent seawater with a mean-steady vertical velocity of Ums =10 ft/sata period T =5

s, the wave propagation constant, Y , equals:

v =334*10"° +2.62*107*i

Using the pressure constants A and B determined in section 6.3 and values of C; and D;
from the boundary conditions, Figures 6.4 and 6.5 illustrate that the magnitude of the
oscillating velocity at z = 18,000 ft is approximately 3 ft/s.

From Table 6.2, the magnitude of the shear stress constant is [K| = 0.1372. Using
the imaginary component of the wave propagation constant as 2.62 x 10 and z = 18,000
ft, the y; z value for Figure 6.7 is 4.72 which indicates an oscillating shear stress of 0.11
Ib/fE.

Based on an 18.73-inch inside diameter, the internal perimeter is 4.90 ft. Ata
length of 18,000, the expected oscillating shear force is approximately 9709 1b. The pipe
cross-sectional area is 0.27 ft?, implying that the approximate shear (axial) stresses are

36,130 Ib/ft® (251.1 psi).
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6.7 Conclusions

Potential deep-ocean mining operations require accurate modeling of upward
vertical slurry transport from the miner at the seafloor to the ship on the ocean surface in
order to account for its influence on shear stress. The seawater in the present model is
both periodic and turbulent, inducing shear stress on the inside surface of the pipe which
can influence the response of the pipe.

The present analysis of upward vertical flows of water clearly illustrates that (i)
oscillating velocity is slightly influenced by the magnitude of the mean velocity, (ii) both
oscillating velocity and shear stress are related to the oscillation period and (iii)

oscillating velocity is directly related to oscillating shear stress.

6.8 Recommendations

Analyzing the magnitude of the shear (axial) stress, one may interpret that the
internal oscillating shear stress due to oscillating flow could be a minor factor in the
design of a marine riser for deep-ocean mining applications. However, a comprehensive
understanding of the internal oscillating shear stress effect can only be determined after
the results of the shear force are incorporated into the nonlinear three-dimensional (3-D)
finite element code, such as the one developed by Chung, Cheng and Huttelmaier (1994).
Their code can provide a comprehensive analysis of the axial deformation of the

oscillating pipe, when the analysis includes both axial shear forces resulting from external



T-4717 - 94

Id

hydrodynamic forces and the shear forces due to the present oscillating internal flow.
Such an analysis is critical in order to accurately predict the responses of the marine riser

for future deep-ocean operations.



T-4717

10.

95

REFERENCES

Boas, Mary L. 1983. Mathematical Methods in the Physical Sciences. Toronto:
John Wiley and Sons: 635-646.

Boas, Mary L. 1983. Mathematical Methods in the Physical Sciences . Toronto:
John Wiley and Sons: 514-518.

Chung, Jin S. 1993. A Guide to Sea States . Introduction to Offshore
Technology, Lecture Notes at the Colorado School of Mines. 29-30.

Chung, Jin S., Bao-rong Cheng, H.P. Huttelmaier 1994. Three-Dimensional
Coupled Responses of a Vertical Deep-Ocean Pipe: Part I. Excitation at Pipe
Top and External Torsion. Proceedings of the Fourth International Offshore and
Polar Engineering Conference. 4: 320-330.

Chung, Jin S., Bao-rong Cheng, H.P. Huttelmaier 1994. Three-Dimensional
Coupled Responses of a Vertical Deep-Ocean Pipe: Part II. Excitation at Pipe
Top and External Torsion. Proceedings of the Fourth International Offshore and
Polar Engineering Conference. 4: 331-339.

Chung, Jin S. and Katsuya Tsurusaki. 1994. Advance in Deep-Ocean Mining

Systems Research. Proceedings of the Fourth International Offshore and Polar
Engineering Conference . 1: 19-31.

Gerrard, J. H. 1971. An experimental Investigation of Pulsating Turbulent Water
Flow in a Tube. Journal of Fluid Mechanics. 46: 43-45.

Hinze, J. O. 1959. Turbulence an Introduction to its Mechanism and Theory.
New York: McGraw-Hill: 1-7.

Hinze, J. O. 1959. Turbulence an Introduction to its Mechanism and Theory.
New York: McGraw-Hill: 12-25.

Kreyszig, Erwin. 1988. Advanced Engineering Mathematics. Toronto: John
Wiley and Sons: 205-218.




T-4717 96

A

11.  Laufer, John. 1953. The Structure of Turbulence in Fully Developed Pipe Flow.
National Advisory Committee for Aeronautics. No. 2954: 6-11.

12.  Laufer, John. 1954. Flow Measurements of Turbulent Air Pipe Flow. National
Advisory Committee for Aeronautics Technical Report. No. 1174: 417.

13. Lynch, Charles T. 1974. CRC Materials Science and Engineering Handbook.
Boca Raton: CRC Press: S10-11.

14.  Ohmi, Munekazu. and Tateo Usui. 1975. On the Pulsating Flow in a Pipe with
the Consideration of Compressibility (Report 5, Pressure in Turbulent Flows,
Axial Distribution of the Centerline Velocity - Experimental) Transactions of

the Japanese Society of Mechanical Engineers. (in Japanese) 14 (352): 3542-
3552.

15. Ohmi, Munekazu., Tateo Usui, Michio Fukawa and Shuichi Hirasaki. 1976.
Pressure and Velocity Distributions in Pulsating Laminar Pipe Flow.

Bulletin of the Japanese Society of Mechanical Engineers. 19 (129): 298-306.

16. Ohmi, Munekazu. and Tateo Usui. 1976. Pressure and Velocity Distributions in
Pulsating Turbulent Pipe Flow: Part 1 Theoretical Treatments. Bulletin of the

Japanese Society of Mechanical Engineers. 19 (129): 307-313.

17.  Ohmi, Munekazu., Tateo Usui, Osami Tanaka and Masao Toyama. 1976.
Pressure and Velocity Distributions in Pulsating Turbulent Pipe Flow: Part 2

Experimental Investigations. Bulletin of the Japanese Society of Mechanical
Engineers. 19 (134): 951-957.

18.  Ramaprian, B. R. and Shuen-Wei Tu. 1982. Study of Periodic Turbulent Pipe
Flow. Iowa Institute of Hydraulic Research. 238: 6-12.

19.  Rouse, Hunter. 1959. Advanced Mechanics of Fluids. New York: John Wiley
and Sons: 32-36.

20.  Rouse, Hunter. 1959. Advanced Mechanics of Fluids. New York: John Wiley
and Sons: 267-270.

21. Yih, Chia-Shun. 1969. Fluid Mechanics . New York: McGraw-Hill: 301-303.

22. Yih, Chia-Shun. 1969. Fluid Mechanics . New York: McGraw-Hill: 536-544.



