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ABSTRACT

A bimaterial interface corner is studied with elasticity and boundary element data
to derive the singularity dominated zone and the stress intensity factor. The analytical
portion is solved using the Williams’ approach, including the acquisition of five higher
order terms (four of which are complex in nature). The boundary element data is derived
from a Green’s function formulation where and the interface continuity conditions are
satisfied analytically. Using a local collocation scheme, the stress intensity is determined
using the higher order terms in the expansion of the radial stress equation. The nature of
the singularity dominated zone is discussed and the two-term expansion zone is
determined based on a 2 percent divergence from the 6-term model. Finally, the

importance of the constant-stress term is described.
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CHAPTER 1

INTRODUCTION

1.1 Introduction To Fracture Mechanics

Materials frequently fail. For years, this was accepted as part of life with little
accountability of preventative measures. However, in the 20" Century, as scientists
began to understand failure mechanism better, predictive theories began to arise and
verified experimentally. Most notable is the stress state criterion of failure. This states
that a material will fail in brittle fracture within a region of discontinuity (crack, interface,
notch, etc.) if the stress in this region reaches a critical value (1). The stress state failure

criterion is the foundation of this thesis.

1.2 Linear Elastic Fracture Mechanics

Fracture mechanics is a relatively young field of engineering. Historically, the first
attempt to analyze a crack problem was done in 1913 by C. E. Inglis (2). Inglis solved
the problem of an elliptical hole in a plate under tension using the theory of elasticity.
The energy associated with material fracture was first investigated by A. A. Griffith in
1921 (3), then further developed by Irwin in 1952. Irwin and Kies examined at how
energy was released during crack growth in order to predict a material’s resistance to
crack prdpagation (4). However, a complete evaluation of fracture was not generally
available until the development of linear elastic fracture mechanics (LEFM). One key
contribution in the development of LEFM was the series of papers by M. L. Williams
dealing with the stress and displacement fields near the apex of a wedge (5, 6). In 1952,

Williams first solved the general wedge problem as shown in Figure 1.1. This analysis



was performed for an arbitrary apex angle. However, in 1957, Williams solved the
limiting case where the internal angle approached 360 degrees. This wedge problem

mathematically represents a crack.

&, *+ ©, = Inteal Angle (&)

Figure 1.1: General Wedge Problem.

Williams’ solution for the stresses at the tip of a crack in a linear elastic material was
found to have an inverse square root dependence on the radial distance from the crack tip.
The intensity of this stress singularity forms the basis for the stress-field approach to
fracture used in LEFM. Williams’ solutions for the stresses around a crack tip (as well as

the strains and displacements) are obtained in series form. However, as the crack tip is



approached all terms except for the leading singular term vanish. Therefore, in the near

field of the crack tip, it is the singular term which dominates the stress field.

The LEFM approach to fracture simply states that when the coefficient of the singular
term reaches a critical value the crack will extend. The coefficient of the singular term is
known as the stress intensity factor, and the critical value is known as the fracture
toughness of the material. This simple growth law follows directly from the analysis of
Irwin (4).

1.3 Functionally Graded Materials

‘Engineers are continually designing to optimize the performance of materials. Due to
advances in processing techniques, materials with varying spatial composition can now
be effectively produced. These functionally graded materials (FGMs) exhibit varying
composition gradually or discretely throughout their thickness. When used strategically,
FGMs can optimize performance in many practical materials, such as engine parts,
structures, weldments, and armor (7). FGMs result in a stronger, more efficient use of

materials than even before.

For FGMs to be used to their full potential both the application must be determined and
the mechanism of failure must be found. Unfortunately, even where the application is
well known, there are currently no established guidelines for selecting certain material
combinations in functionally graded materials based on the failure mechanism.
Motivated by this, this thesis will describe the mechanics behind one particular aspect of
FGM failure in a discrete, layered configuration. Here, we focus on the singular stress

field found at the intersection of an interface and a free edge in a layered material.



1.4 Mechanics of Bimaterials

The mechanics of bimaterials has been studied extensively. While many researchers
have made important contributions, for brevity, only a few that were used to aid this
-research will be discussed here. In 1968, Bogy considered two isotropic elastic quarter-
planes bonded together (8). Bogy showed that the stresses at the intersection of the
interface with the free surface of the bimaterial were singular in a manner similar to a
crack. His investigation into the nature of the eigenvalues needed for calculating the state
of stress showed that these could be real or complex (9). A year later, Dundurs discussed
Bogy’s work and showed that only two dimensionless parameters are needed to find the
“eigenfunctions for an interface problem (10). In 1979, Dempsey and Sinclair’s
investigation of the solution to the biharmonic equation extended understanding for

various eigenvalue cases (11).

The advent of robust computer simulations, such as finite element methods and boundary
element methods, brought about practical solutions to problems where a rigorous solution
‘was unobtainable. For example, in 1994, Ding and Kumosa used the finite element
method and a finite element iterative method to determine the singular stress field of an
adhesively bonded joint and investigated the plastic zone (12). In 1998, Labossiere,
Dunn, and Cunningham used the path independent H-integral to calculate the mixed
mode stress intensities in a glass/silicon interface (13). Then, in 2000 Reedy showed the
validity of the stress function approach for a steel/epoxy and aluminum/epoxy (14).
Finally, in 2002, Akisanya and Meng investigated the validity and limitations of using a
stress intensity factor to determine failure by looking at experimental results for

aluminum/epoxy/aluminum and brass/solder/brass joints (15)



1.5 The Singularity Dominated Zone

The region surrounding-a crack tip, or an interface-free edge intersection, where the
stresses are dominated by the singular term in the stress field expansion, is called the
Singularity Dominated Zone (SDZ). As one moves away from the source of the
Singularity, eventually the higher-order terms contribute in a significant way to the
stresses and can no longer be ignored. In crack problems, the stress intensity factor, K,
completely describes the state of stress inside the SDZ. For free-edge problems, the free-
edge stress intensity factor, Kr, completely describes the state of stress in the SDZ.
Therefore, for either crack or free-edge problems, knowledge of the extent of the SDZ is

essential for fracture analysis.

To obtain the size and shape of the SDZ, the singular stress solution must be compared to
a full-field solution obtained either experimentally (photoelasticity, moiré, etc.) or
numerically (finite or boundary element methods). By comparing the singular solution
with the full-field solution, the size and shape of the SDZ can be determined. Few
examples of this type of calculation can be found in the literature. The only known
calculation of this type concerned the extent of the SDZ in chevron notched fracture
specimens (16). In this study, the SDZ was determined based on a comparison of the
singular field and full-field photoelastic data using 2% to 10% differences in the

Cartesian stresses.

1.6 Overview of the Thesis

As discussed in the previous sections, a stress singularity exists where the interface of a
bimaterial intersects the free surface. This stress singularity will influence the initiation
and growth of a crack positioned near this singularity. The goal of this thesis is to

determine the extent of the SDZ in a specific copper-tungsten composite currently being



used in fracture studies. Knowledge of the SDZ will then provide guidance as to whether
the free-edge singularity is affecting the initiation and growth of a crack located near the

free edge.

The overview of this thesis is as follows. In Chapter 2, the full details of the elastic
analysis for the free-edge stresses are presented. The details of the eigenvalue problem
are shown and numerical results given for the copper-tungsten composite. Furthermore,
particular details are given for complex eigenvalues as well as the case of degenerate

eigenvalues.

In Chapter 3, results of a boundary element analysis of the copper-tungsten bimaterial are
presented, as well as some details concerning the particular boundary element code used
here. Numerical results for the stress field near the free-edge singularity are given, and
the details of the local collocation approach to determining the stress field parameters
presented. The chapter concludes with some ge;neral comments on the numerical aspects

of determining the SDZ.

Numerical results are presented in Chapter 4 for the SDZ in the copper-tungsten
composite. Convergence plots are presented showing the results of the local collocation,
and SDZ sizes based on several approaches are given. This chapter concludes with a
discussion of the major points of the results and some suggestions for future research.

Chapter 5 points out the most important conclusions that are drawn from the thesis.



CHAPTER 2

ELASTIC ANAYLSIS FOR STRESSES AND DISPLACEMENTS

2.1 Introduction To Elastic Analysis

The problem of interest is a bimaterial bonded together. The geometry is shown in
Figure 2.1 below. The materials are assumed to be isotropic and behave linear

elasﬁcally. Out-of-plane strains are assumed to be zero yielding plane-strain conditions.

external tractions
@ Ey
= 1 Tuterface
o
2 B,
g-;g K
V3

111171

external tractions

Figure 2.1: The General Bimaterial Problem.



The upper material has a modulus of elasticity is 160MPa with a Poisson’s ratio of .330.
The lower material has a modulus of elasticity of 190MPa with a Poisson’s ratio of .286.
This results in Dundur parameters of 8 equal to -.003395 and o equal to .070825. These
values were obtained experimentally for an upper material composition of 80% Copper
and 20% Tungsten and a lower material of 40%Copper and 60% Tungsten. Furthermore,

the external tractions are 1000Pa.

There are several steps in finding the singularity dominated zone. First, the stresses and
displacements are determined using either a Green’s function or the Williams approach.
Both of these approaches rely on a separation of variables solution method. In the case of
the Green’s function calculation, the displaéement field is assumed to be a product of a
‘radial term with an unknown function of . In the case of Williams’ analysis, the Airy

stress function is also assumed in a separated form, i.e.,

¢=r*"1 1) 2.1)

The continuity conditions for displacement and traction across the interface, along with
the boundary conditions, result in an eigenvalue problem. The eigenvalues (1) are found
through the solution of either an 8™ order or 4™ order polynomial depénding on the
analysis method chosen. Based on these eigenvalues, the unknown function f{4), is found
by solving the governing partial differential equation. The stress and displacement fields
are now computed in both portions of the bimaterial. It should be noted that there is an
infinite number of eigenvalues, so the resulting stress and displacement fields are written
in series form summing over all eigenvalues. Each term in the series contains constants,

which must be determined from the far-field loading.



Next, a boundary element method (BEM) program is used to find stress and displacement
values near the free-edge singularity zone. With this data, a linear least-square fit is
performed on the analytical stress and displacement fields in order to approximate the
unknown constants appearing in these expressions. A convergence plot of the coefficient
of the leading singular term versus the total number of terms used in the series is used to
verify the leading term value. Finally, given the leading term, a singular parameter
model (one-term expansion) is produced and the SDZ is found by comparing the singular
term model to a twenty-term expansion. Similarly, the 2-parameter zone is found
comparing the 2-term expansion to the twenty-term expansion. The twenty-term
expansion is assumed to approximate the full-field solution. The SDZ is defined in this

thesis as the zone where the difference in these calculations is 2%.

2.2 Stress And Displacement Calculations — Williams Approach

In finding the stresses and displacements, two techniques are implemented. The first
method is the Williams approach based on an Airy stress function and the second
approach is using a Green’s function. In both cases, a general 4 is assumed (no value was
assjgned to A). Both results satisfy the equilibrium and constitutive requirements.
Furthermore, when the boundary conditions and displacement continuities are enforced to
solve the eigenvalue problem, both methods yield identical results for the leading
eigenvalue. However, due to the simplicity of the Williams approach, the stresses and

displacements in this thesis are found using this method.

The Williams approach of determining stresses and displacements is based on linear
elasticity theory. Because of this, several steps must be taken to ensure a correct solution.

Namely, continuity, equilibrium, and constitutive relationships must be satisfied.



We begin with the Airy Stress Function of the form given in eq. (2.1), where f(8) is

determined from the biharmonic equation solution which ensures compatibility. In polar

coordinates, the biharmonic equation is

2 2 2
v4¢=(a—+li+—1—i— (—‘9—+-1~a 1 )¢ 0 (2.2)
4

Substituting eq. (2.1) in (2.2) yields an ordinary differential equation for f{6),

d2
de’

(o +(A -1

2.3)

A general solution of equation (2.3) for f(6) is

F(0) = Asin((A +1)8) + Beos (A +1)0) + Csin(A—1)0) + Dcos(A-1)8) (2.4

The stresses can now be computed from the definition of the stresses in terms of the Airy

stress function.

1 6% 104
_ L1a¢ 2.5
T r2 86* ror 2-5)
32¢
0'96 ='5;'2— (26)
o op
= 2.7
% =5 700’ @7

10



Substituting equations (2.1) and (2.4) in equations (2.5)-(2.7) yields the polar stresses

o, =r* " [A(=A-DAsin(A +1)8)+B(-A—1)Acos (A +1)0) +
C (=2 +3)Asin((A—1)0) + D (-4 +3)Acos (A -1)6)] - (2.8)

G = P [A(A+DAsin((A+1)8)+B(A+1)Acos (A +1)6)
+C(A+DAsin((A-1)8) + D (A +1)Acos (A -1)0)] 2.9)

0,y = r 1 [A(=A~1)Acos (A +1)0)+B(A+1)Asin((1 +1)6)
+C (=2 +1)Acos (1-1)8) + D (A -1 Asin((A-1)0)] (2.10)

Now that the polar stresses have been formed, the strains are calculated by Hooke’s Law,

8rr = (O-rr—VO.PH) (2'11)
1
Egp =—(Ogg—V O, (2.12)
E
£ —la (2.13)
re G ré .

where E is the modulus of elasticity, v is the Poisson’s ratio, and G is the shear modulus
defined as

G= E
2(1+v)

(2.14)

11



To use egs. (2.11)-(2.13) in plane strain conditions, an effective modulus and Poisson’s

ratio are defined as

. E
E'=—s (2.15)
v‘=1~l_/—; (2.16)

The displacements are calculated knowing the strains through the strain displacement

equations,
Oou
g, =— 2.17
.= @.17)
1ov u
Egp =——+— 2.18
“ roo r ( )
_lou ov v (2.19)

where u and v are the radial and angular displacements, respectively. Integrating and

solving for the displacements yields

12



u= e, dr = ; ((11 4 ;[A(sin((/1+1)6’+/15in((ﬂ+1)9))+

B(cos(A+1)@+ Acos (A +1)8))+ C(-3sin((A -1)6 +
4vsin((A -1)0)+ Asin((A —1)8)) + D(-3cos (L —-1) 8 +

4vcos((A -1)8)) 1+ g,(0) (2.20)

V= I(r Eop —u)i@ = ﬂlE+L)[A((l +v)(-A—-Dcos((1+1)8)) +
B(sin((A+1)0)+ Asin(A+1)0))+ C(A+v)(-3+4v—-A)cos(A-1)9)) +
D(3sin((A —+1) 8 — 4vsin((1 - 1)@ + Asin((1 —1) 9))]+ jgl (0)do+g,(r) (2.21)

The functions g,(6) and g,(r) appearing in equations (2.20) and eq. (2.21) are equal td
zero. This can be verified as follows. First, take the displacement field in equations
(2.20) and (2.21) and recalculate the strains using equations (2.17)-(2.19). Next,
calculate the shear strain directly from equations (2.10) and (2.13). Comparing the shear
strain determined from the integrated displacements with the shear strain determined

directly from the shear stress we see that g,(6) and g,(r) must be zero for the shear

strain relations to agree.

2.3 Eigenvalues

For the analytical solution presented in the previous section to be valid, it must satisfy the
boundary conditions on the free surfaces and conditions of displacement and traction
continuity across the interface. For the geometry of interest shown in Figure 2.1, the
external tractions are zero on the free-edge surface; therefore, the shear and hoop stresses

must be zero along the free edge for both the upper and lower materials:

13



0,5(r,%) =0
O';‘ﬁ(r:%) = 0
Gfg(r,-%) =0

0oy () =0 (2.22)

where the superscript represent the upper material (1) or the lower material (2). Across

the interface, the displacements and tractions must be continuous,

04 (7,0) = 02y (7,0)
0,(r,0) = 02,(r,0)

u' (r,0) = u*(r,0)

v'(r,0) =v'(r,0) (2.23)

Substituting the stresses given by egs. (2.8)-(2.10) and the displacements given by eqgs.
(2.20) and (2.21) in egs. (2.22) and (2.23) yields the following linear system

AM)x=0 (2.24)
where
x={4" B ¢ D' 4 B C* D} (2.25)
and the 8x8 matrix A()) is formed from the stress and displacement expressions

evaluated at the locations prescribedvin equations (2.22) and (2.23). For the solution of
€q. (2.24) to be nontrivial, the determinant of A(L) must equal zero. The resulting eighth

14



order polynomial equation yields the eigenvalues, A. However, the determinant equation

derived by Martin (17) is used here.

Martin developed the Green’s function for the problem shown in Figure 2.1. In elasticity,
a Green’s function gives a solution for the displacement field in a solid subjected to a
point load. Green’s functions play a critical role in bbundary element methods (18) as
will be discussed in Chapter 4 of this thesis. Here, our interest in the Green’s function
determined by Martin is focused on the polynomial obtained for the eigenvalue

calculation that is simpler to that obtained by Williams, yet yields identical results.
Martin reduced the order of the determinant equation by applying the boundary

conditions before forming the determinant; therefore, his matrix equation is less complex.

Martin’s analysis leads to a 4x4 linear system with the determinant of the matrix given by
AQ) = (B2 -DS* +1+222 (@ -B)B) SZ + 2 (W (o —B) —a?) (2.26)
where S = — sin(%n?») , the Dundurs parameters (9) are

_ Tk =)=k, —1)

p= Tk, +1)+(k, +1)

a_l"(k1+1)—(k2+1)

_ (2.27)
'k, +1)+(k, +1)

and I, k; and k, are defined as

15



_E,(1+v))

T E(1+v,)
k, =3-4v,
k, =3-4v, (2.28)

Further discussion of Dundurs parameters is outside the scope of this thesis, but they can

be considered as measures of the degree of elastic mismatch in bimaterials.

As stated, in general, there is an infinite number of eigenvalues that solve equation (2.26)
and they can be real or complex in nature. Also, the solution of equation (2.26) is an
even function of A, as seen in Figure 2.2, where the determinant values are plotted along

the vertical-axis and the lambda values are plotted along the horizontal-axis.

Determinant Equation

Real Determinant Value
=

07

-4 -2 0 2 4
Eigenvalue
Figure 2.2: Even Determinant Plot

Of particular interest is when the determinant is equal to zero. The corresponding A’s are

called the eigenvalues. Most notably, the first positive root between zero and one is the

16



singular power eigenvalue, which determines the strength of the singularity. This can
clearly be seen in equations (2.8)-(2.10) where the radial exponent is negative for A<1.
Furthermore, we reject eigenvalues A < 0 as they lead to unbounded displacements at the

origin. Although the leading eigenvalue determines the strength of singular solution, six
eigenvalues are obtained in order to develop the higher order expressions needed for
analysis of the singularity dominated zone. To find the six eigenvalues accurately is not
trivial. The first two roots are real and the subsequent roots are complex. Since the
determinant equation for 4 is transcendental, a numerical solution must be implemented
to find the first two real solutions. However, our software used in this study,
Mathematica 4.2, was unable to directly solve this type of equation. Therefore, a 40-term
Taylor series expansion of the sine term in equation (2.26) was implemented to find the
complex:roots. A plot of the expansion series verses the actual determinant can be seen
in Figure 2.2 above. The thick dashed line is the Taylor series and the thin, solid inside
line is the actual determinant equation (2.26). It is clear that a 40-term Taylor expansion

of the determinant is a reasonably accurate approximation for small roots.

For increased accuracy, an iterative routine is implemented to find the complex
eigenvalues. After the first positive 4 was found, 1 = 4, the determinant is divided by (1-
A1). After the second real root is found, A = A,, the determinant was divided by (1- 4;) (1-
A2). The complex roots obtained from this iterative process, using the Taylor series
determinant, are then put into the original determinant equation from Martin to check the

accuracy of this method. The results are shown below in Table 2.1.

17



Table 2.1: First Six Positive Eigenvalues

Eigenvalue Determinant

T 0.995 6.66x 107°
1.000 0.00

1.974 +/- 1551 2.80x 107°

2.942 +/- 3261 5.04x 107

3.925 +/- 493 1 : 235x107°

4.920 +/- 6311 1.18 x 1077

The results from this process are excellent for the first six positive roots. An eigenvalue
of zero exists for this determinant; however, it is not permissible in the solution because a
A of zero results in unbounded strain energy computed on a closed contour around the tip
of the wedge (1). Since the first positive root determines the strength of the singularity in
the analytical model, it is of particular importance. The singular stress equation has the

formo,; = phl g,(0); thus, a ) between zero and one will cause the stress to approach

infinity as the radius approaches zero. The value of this A determines the intensity of the
stress. For the problem of interest, the first root is A1=0.995. Comparing this to
Williams crack problem; where the first root was determined to be A; = 0.500, it is clear
that our problem will not have a very strong singularity. This relationship is shown in
Figure 2.3 on a log-log plot. The plot is a comparison of our copper-tungsten bimaterial

singularity to Williams crack problem singularity.

18




—— 1stroot=.5

4 —— 1stroot = .82
S\A‘H\A\l —x— 1st root = .995
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¥ 3

rA(A-1)
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Figure 2.3: Comparison Of Singular Powers.

Finally, it is important to note that the complex A’s occur as conjugate pairs. This must
be the case in order to obtain real stresses and displacements as the eigenvalues are

summed in the series expansion for higher order terms. The conjugate nature of the

complex roots is discussed later in this thesis.

2.4 Analytical Solution

The stress and displacement equations are found by summing each model together for
different values of A. The formulation of stresses and displacements were shown in the
previous section. However, that was for a general A assumption. Now that we have
obtained specific A’s, we must recompute the stresses and displacements according to the
steps taken in section 2.2.1. Starting with the Airy Stress function, we solve f (§) for the

different eigenvalue forms. There are three unique A forms: A real and not equal to one, 1
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equal to one, and A complex. When all these stress cases are summed, a full field solution

is obtained. When using only the first 4 case, the region of validity is the SDZ.

2.4.1 Real Eigenvalue (Not Equal To One)

The first case of 4 is nearly identical to the formulation shown the previous section and
will not be entirely repeated in this section. . However, it is important to note several

points. For the analytical solution, the assumed Airy stress function is

g=r""" f(¥) (2.28)

where

f(w)=A4sin(A+1)y)+ Beos (A+1D)y) + Csin((A -1)w) + Dcos (A-Dy) (2.2?)

and v is defined as w = @— /2. This definition makes applying boundary conditions on
the free edge simple because y is equal to zero; and the sine terms in our stress equations

drop out.
We solve the stresses using equations (2.5)-(2.7) and making the appropriate substitution
of . Then, we apply the boundary conditions, which must always be satisfied for the

problem to make physical sense. Because of a traction free surface on the free-edge,

when v is set to zero, the shear and hoop stress must also be zero,
Gop(r,0)=r*[B(A+DA +D(A+1)A]=0 (2.30)

0,,(0)=r*[A(-A-DA +C(-A+1A]=0 (2.31)
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It is clear that there must be a relationship between the constants to ensure the boundary

conditions are satisfied. This relationship is

D=-B (2.32)
-4 Eji B (2.33)

After the boundary conditions are satisfied, the equilibrihm and constitutive relationships
are checked according to the description at the end of section 3.2. The result for the

analytical solutions of 1 being a real number, not equal to one is shown below:

24r*71
(o
rr 1_1
B(A-1)*sin(A(8 - /2)) —cos (6 — 7/ 2)(2B(A —T)cos (A(6 — 7/ 2)) +

A(A +Dsin(A(0 - 7/2))] (2.34)

[sin(@—7/2)(~AQ2 = A+ A*)cos(A(0—x/2))+

_ 24t

Ogg = 1 [AAcos(AO -/ 2))$in(9 —7m/2)—(Acos(@—7/2)+

B(A -1)sin(@ - 7 /2))sin(A(0 — 7 / 2))] (2.35)

0,y =247 [BACOS(A(0 - m/2))Sin(0 — /2) + (BCos(0 — m/2) +
A(A-1)sin(8 — 7/ 2))sin(A(6 — 7/ 2))] (2.36)

y = rr+v)
E(-1+2)
A+ A)(B(=1+A)cos(1+A)O-7/2))+
2A((-2+2v+ A)cos (A0 —z / 2))sin(6 — 7/ 2) +

(B(=1+ A)(=3 +4v + A)cos (=1 + 1)@ — 7 /2)) -
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(1—2v)cos (6 — 7/ 2)sin(A(0 — 7 /2))) (2.37)

1 A
V= m(Ar (1 +V)I((-1+A)1+ A)cos (1 + A)E -7 /2)) +
A+ A)@B-4v+A)cos(A-1)O@-7m/2))+
_E—'(—:TJV)(ZBM A+v)(1+A)(-2-2v+ A)cos (MO -7x/2)) *
sin(@ — 7 /2)+(1-2v)cos (6 — 7/ 2)sin(A(0 -7 /2) (2.38)

2.4.2 Eigenvalue Equal To One-

When 4 is equal one, solving the biharmonic equation yields a different solution than
shown previously. The double root of 1 = 0 in the differential equation yields a stress
function of

fw)=AsinQy)+ BcosQy)+Cw + D (2.39)
where y is defined as 0 - 7/2 and the Cy + D portion in f (¥) is the result of the double

root. In this case, applying the boundary conditions, at ¥ equal to zero, the hoop stress

and shear stress are
0 (r0)=24+C=0 (2.40)
0,,r0)=D+B=0 (2.41)

Clearly, the resulting constant reduction relationship is
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C=-24 (2.42)
D=-B (2.43)

This A equals one case has some noteworthy attributes. The stresses are only a function
of theta, independent of a radial component. This has the same form as the ‘T-stress’ in
the crack problem (1). In the crack problem, the ‘T-stress’ is a uniform stress, parallel to
the crack plane. For the bimaterial, the resulting stresses and displacements are shown

below.

o, =—2(B+2A4(0—7/2)+ Bcos(2(0 —z/2))+ Asin(2(8 — 7 /2))) (2.44)
Oy =2(—-B-24(6-7/2) +Bcos (0 —n/2)+ Asin(2(0 — z/2))) (2.45)
. 0,5 =4Bsin(0 — /2)(Bcos (6 — w/2) + Asin(0 — 7/ 2)) (2.46)

u= 2r(1+v)((-1+2v)(B+24(6—7/2)) ;Bcos (2(6 — 7 /2)) — Asin(2(6 — 7/ 2))) (2.47)
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pol 2r(1+v)(Acos(2(6 — z/2))— Bsin(2(6 - =/ 2)))
E

+g,(r) (2.48)

Note that in the 1 equals one case, g,(r) is included in the displacement equation and is

not equal to zero. When checking equilibrium, following the process described in section

2.2, the shear strain (2.10) and (2.13) equilibrium is not satisfied. In this case, one

function of integration, g, (r), in the displacement calculation is not zero. Detailed

calculations of the displacements can be found in the appendix, the result for g,(r) is
8B
g,(r)=r (? log(r)+ L) (2.49)

where L is a constant of integration. This equation is bounded and tends to zero as the
radius approaches zero. The stress and displacement results from this case are unique

and play important role in our problem that will be evident in the remaining chapters.

2.4.3 Complex Eigenvalue

The complex case of 4 is involved. It is important to remember that the stresses will be
summed together. Since the complex eigenvalues come in conjugates of each other, the
summation of these complex conjugate cases yield real stresses and displacements.
Therefore, each stress and displacement formed from an eigenvalue must be a summation

of one complex eigenvalue and its conjugate, defined as
A=¢ +in (2.50)

T=C—ig @2.51)
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Now, the Airy stress function takes the form

where the f(y)is defined as equation 2.29 and f (i) is defined as

p=r*"' f)+r* f(w)

(2.52)

Fw)=Asin(A+1)w)+ Bcos((A+Dy) + Csin(A-D)w) + Dcos(A-Dw) (2.53)

The expression 7**', with a complex A defined as equation 2.50, is equal to ¢ #'".

Furthermore, the complex portion of this term has oscillatory behavior, as shown in

equation 2.54 below.

r'T =e'%") = cos (nlog(r)) + isin(n log(r))

(2.54)

The f(w) and f () are also a function of complex terms, as shown in the redefinition of

the unknown parameters below.
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The complex constants 4, B, C, and D, and their conjugate pairs, are related as equation
(2.32) and (2.33). Namely,

C=-4¥* (2.56)

Thus, the stress function is now in its complex form, where ¢, = r**' f(y) and

@, =r**! f(¥) each contain imaginary components. However, for a given complex

pair, the summation of the stress functions ¢ and ¢, results in a real stress function,

$=¢l+¢2= —21——2-(4r‘ " (cosh[ny 1((4,(Bn+a@® +(§ -DE) +
n°+(¢ -1

A, (an = B’ +(& ~DEN)eos [CyIsinly ] (4 (Bn +a(S ~DE)) +

A4, (B +an - BO))cos[y]+(Ba ~ B, A)(* + (¢ —1)*)sinly Dsin[Cy ]+
(4, (Bn+a(g D)~ 4(B+an - pc))cos[y]cos[Cy]+

sinly 1(B,a + B, )" +(¢ ~1)*)cos[Sy 1+ (4,(Bn +a(n® +(§ ~DE)) +

A (—an+ pn* + (& -DENsinlSy D)sinhlny 1) (2.57)

Further details of this derivation can be found in the appendix. For the stress function
and the definitions above, the resulting stresses and displacements from the complex

eigenvalues are as follows:
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1 *
Gy

(4r7** (cosh[ny (cos[y 1(2(n” + (—=1+ &) cos[£y ] *

((Bzr, - Bl;)cos[ﬂlog[r]] + (qu + Bzg)Sin[Ulog[r]]) +

sin[Ey J(An (-1 - 25+ =AM+ E) +E(-1+EN)*
cos[nlogrl] + (4n(-1+7n* -2& + &) +

A (2+ &) + §(=1+ £*))sin[rlog[r]]) +
sin[y 1((77° + (=1+ £)*)sin[Ey (B, (7~ 208) = B (* + £ - 7)) *
cos[rlog[r]]+ (B,(n — 2n&) + B,(n* + & — £"))sin[nlog[r]]) +
cos[Ey W(2An(+ & +n*E —28% + &) +

A +7*(3-28)+ £(=2+ & +2&7 = &)))cos[nlog[r]] +
QAN +&+n°E =28+ &)~ 4,(n" +7°(3-2&) +
E(=2+¢+2£7 - &))sin[nlog[rID)) +
(cosly }(=2(n* + (=1+&)*)sin[Sy W(B + B,&)cos[nlog[r]] +
(=8B,n + B,&)vlnlog[r]]) +
cos[EW I(An(—1+77 =2 + %) + 4, (77 (2+ &) + E(-1+ £ *
cos[rlog[r]] + (—4n(-1+7" =25 + &%) +

4, (*(2+ &)+ &(=1+&%)))sin[rlog[r]] +

sinfy (n* +(=1+&)*)cos[§y I(B,(n — 218) + By (n* + & - &) *
cos[nlog[r]] + (B,7(~1+2&) + B,(1* + & — &*))sin[nlog[r]]) +
sin[Ey J(-24m(1+&+7n°8 =28 + &)+ 4, *

(" +7*(3-28) + §(=2+ & +2&* - &¥)))cos[nlog[r]] +
QA2+ E+*E =282 + E+ Al(n* +*(3-28) +

§(=2+¢& +2&7 - &*)sin[nlog[r1D))sinh[7y 1)) (2.58)
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0-00—

1 %
7+ (&)

(4r7"** (cosh[ny |(cos[ £y Isin[y (4 (7" —n' +4n*E = £ + &) -

24, (7 (1+ &) + &(-1- & + £2))cos[plog[r]] +

(Ay (77" + & =&~ (1+48) - 24n(n* 1+ &) + E(-1-

&+ E)sinfrloglr]]) +sin[Ep1(-n* — (-1+ £)*) *

sin{y 1(—B, (7 —2n&) + By(-* + &+ & 2))008[7710:‘;[?]] -

(B, (n+2n&) + By(—* + & + £*))sin[rlog[r]]) +

cos[y J(An(-1+7" =2£ + E) = A4 (7" 2+ &) + E(-1+ E) *
cosrlog[r]]+ (4n(-1+7n" -2 + &) +

A,(17 2+ &) + E(-1+ E)))sinfrloglr1]) +
(cos[ylcos[EW1(An(—1+7" —2E + &) +

4,7 2+ &) + E(=1+ E2)))cos[rloglr]] +

(—Adn(-1+7" =26+ &)+ A (1 (2+ &)+ E(-1+ £ *
sin[rlog[r]]) - sin[y }((—7" — (—1+&)*)cos[£y]*
((B,(n+2n&) = B,(—1" + & + E))cos[nlog[r]] +

(=B, (17 +2n&) + B/(—1" + & + £*))sin[nLog[r]]) - sin[ £y ] *
(A0 =0 +4’E =& + EY+ 24n(" 1+ &) + E(-1-

&+ Ecoslrlogr]l+ 4 (7" —n' +4nE - & + &) - 247 *

(7 (1+ &) + E(-1- & + )))sin[loglrT))sinh[7y 1)
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0,5 = (4™ (cosh[ny](cos[Ey Jsin[yJ(2B, (7 - £*))cos[loglr]] +
2Biné + B, (n* + £*))sinfnloglr]]) +
sin[&y Jeos[y 1((B,77 — B,&)coslloglr]] + (B + B,&)sin[nlog[r]]) +
sinfy (4, (7 +208) + 4, — EQL+ E))eos[nloglr]] +
(A4, +20&) + Ay (—p* + 2& + E¥))sin[rlog[r1]))) +
(cosly Teos[Ew 1((B,ny + B, &)eos[rloglr]] + (B, + B,E)sinfrlog[r1]) +
(sinfy Isin[Ep 1((B,n” — 2B,n& — B, )cos[nloglr]] +
(Bn* ~2B,né — B,&Y)sin[rlog[r]] +
cos[EW (4, (1 +20&) + Ay (—* +2& + £ Y)cos[nloglr]] +

(=4, (n+2n8) + 4,(=n* +2& + & )sin[nloglr11))sinh{7y 1) (2.60)
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U=

1

-1+¢£
E@? +(C1+ &) @ den?

(cosh[ny1(cos[w }(2(—1+v)(7* + (—1_ +&)*)cos[Ey (Bicos[nlog[r]] -
B,sin[rlog[r]]) + (—1+2v)sin[Ep [(242n + A (-1 + 7" + E2)) *

cos[rlog[r]]) + (247 — 4, (=1+7" + E*))sin[rlog[r]])) —
sin[y1((7° + (=1+ &)*)sin[Ey [((Byy — BI(-1+2v + &) *
cos[nlog[r]]+ (B + B,(-1+2v + &))sin[nlog[r]])) +

cos[EY1(~An(B—4v+1" =26+ &)+ 42+ (=1+17") ~

282 + & 4 2v(—1+ 1% + £2)))cos[nlog[r]] -
(AnGB-4v+1m’ =2E+E) + 4,2+ (-1+7°)¢ -

282 + & +2v(=1+7" + £*)))sin[rlog[r]]))) -

cosly J(2(=1+v)(77* +(=1+ &) )sin[Ey]*
(B,cos[nlog[r]]+ Bsin[nlog[r]]))) + (-1 +2v)*

cos[Ew (247 — A, (=1+71" + &))cos[nlog[r]])) +
QA1+ A(-1+7" + & )sinfrlog[rI))) +

sinfy 1((7° + (=1+&)*)eos[Ey 1(By - B,(-1+2v+E) *
cos[nlog[r]]+ (—B,n + B,(—1+2v + &))sin[nlog[r]] +
sin[Ep (473 —4v+7’ —2£ + &)+ A2+ (-1+7°)¢ -
282 + &+ 2v(=1+7" + &%)))cos[rlog[r1])) +
(—AnG-4v+12 =28 +E)+ A Q+(-1+7)E-28% +

&* +2v(-1+7n* + £*))sinfnlog[r11)))sinh[7y 1)
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1

r'f *
EN@R +(-1+&)) @rid+v)

- (cosh[ny](cos[y1(1 - 2v)(n* + (~1+&)")sin[gy1(B,cos[rlog[r]] -
Bsin[[nlog[r]]) +2(~1+v)cos[Sy 1(2 47 + A4 (-1 +7° + &) *
cos[rloglr1]) + (24 - 4,(-1+n’ + &))sinfnloglr1]) +
sinfy 1((7” + (~1+&)*)eos[Sy 1(Byr ~ B (=2 +20 - &) *

cos[rlog[r]]+ (B + B,(2 —2v + &))sin[rlog[r]])) +

sinfEy 1(A4n(-3+4v+7” =28 + &)+ A1+ E)(A+ &) -

7((3+ &)+ 2v(=1+77° + £2)))eoslrfloglr]] +
(A7(-3+4v+ 77 =28+ E) + A (~1+ A+ E) +
73+ &) = 2v(=1+ 17 + £ )sinfrloglr]))) +
cos[y)(=1+2v)(i” + (=1+ &)")eos[Ep ] *
(B,cos[rlog[r]] + B;sin[nlog[r]]))) + 2(-1+v) *
sin[&y (=247~ 4,(-1+ 7" + £*))cos[rlog[r]] +
Q4+ A(=1+17" +&)sin[rlog[r1]))) -

sin[y (77 +(=1+ &)*)sin[Ew1(By + B,2 = 2v + &) *
cos[nlog[r1]1+ (=B,n + B,(2 —2v + &))sin[nlog[r]]) +
cos[Ey1(An(-3+4v+n’ 25+ &%) +

A1+ A+ +7° B+ ) —2v(-1+7° + £ *
cosfrlog[r]}— (An(-3+4v+n° =2+ E¥)+
A=A+ =B+ E) +2v(=1+7* + &) *

sin[rlog[r]])))sinh[7¢]))
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where y is defined as 8 - /2. The determination of g,(#) and g, (r) has been omitted
due to irrelevancy. The displacement equations are not used in this thesis for
determination of the singularity dominated zone. Furthermore, after the stress intensity
factor is determined from the stresses, if displacements were to be examined inside the
SDZ, only the first two real displacement cases would be necessary to describe the

behavior.

2.4.4. Analytical Solution Conclusion

Based on the stress and displacement equations above in section 2.4.1 through 2.4.3, we
have 10 analytical models, each with an increasing number of eigenvalues and constants
implemented (two models for each complex A value and one model for each real A value).
As the parameiers in the model increase, the stress field in which the model is valid also
increases. These models are collocated with boundary element data to estimate the
parameters. Then, the estimation of the first two parameters will be used in a singular

model to determine to singularity dominated zone.
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CHAPTER 3

NUMERICAL ANAYLSIS FOR STRESSES, DISPLACEMENTS, AND THE
SINGULARITY DOMINATED ZONE

3.1. Introduction To Determining The Stress Intensity Factor

Several techniques for determining the stress intensity factor have been implemented
over the years. If a solution to the stress intensity problem cannot be found in a
handbook or accurately approximated, then one of three techniques are typically
implemented: exact solutions, experimental solutions, numerical solutions. Each method

is discussed briefly.

There are several noteworthy exact solution methods. For example, the alternating
method has been used to extract a solution when there are two or more similar problems
which have an exact solution known. In this case, the known solutions have the same
geometry of stress raisers, but different loading conditions. They are super-positioned in
a strategic way to provide a solution to a different problem. This has been useful for

three-dimensional problems as well (19).

In 1974, Cartwright and Rooke proposed a similar method called the compounding
method (20). This method involves the summation of different known stress raiser
problems. In essence, the loading is fixed, but the geometry different for each summed
solution. Other, more complex, proposed solutions are the transformation methods of
Sneddon and Lowengrub (21) and the Laurent series expansions (22). However, for most
problems, an exact solution is not possible; therefore numerical methods and

experimental methods are widely used.
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Experimental methods are extensively used in research to find the stress intensity factor.
The main approaches are photoelasticity, moiré, caustics, and strain gage methods.
Except for the strain gage method, all the previously mentioned techniques use optics.
Photoelasticity is the most widely used full-field method, and essentially began when
Irwin (23) observed that isochromatic fringes near a crack tip formed closed loops and
were tilted away from the vertical (due to the 64y, or T-stress (24)). These fringes are
contours of maximum in plane shearing stress. When used in conjunction with a
collocation scheme, the stress intensity factor may be determined, as shown by Sanford
and Chona (25), and Etheridge and Dally (26). For a review of early photoelasticy
research, the reader is referred to Dally (27).

The method of caustics uses the deflection of light rays from high stress-field gradient
near the crack tip and was first propbsed by Mannog in 1964 (28). Since then, many
others have contributed to this approach, such as Philips and Sanford, and Kalthoff (29,
30). The moiré method uses fringes to measure the displacements, to which Barker,
Sanford, and Chona have obtained expeﬁmental results (31). Finally, strain gages work
by changing resistance when a strain is applied to it. While this method is widely used in
many applications, it drew early criticisms in fracture mechanics due to the high stress
gradients near a crack tip. However, this can easily be overcome by moving the strains
gages outside of the SDZ and using a few higher order terms to describe the behavior.
Furthermore, by using a pair of symmetrically placed gages, mixed mode stress

intensities can be found (32, 33).

The three main numerical approaches to determining stress intensity factors are the
boundary collocation method, the finite element method, and the boundary element
method. Boundary collocation involves the application of remote boundary conditions

being discretely satisfied. This gives known stresses along the boundary that a fitting
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function can be performed on. To reduce error, Hulbert showed that a large number of
data points must be taken along the boundary (34). Further discussion into the

collocation schemes will be given in section 3.3.

The finite element method splits the problem into many small parts, defined by nodes. It
then assumes a shape and stress distribution between the nodes. Around the crack tip,
many nodes must be taken at the expense of computational time (36). Much work has
gone into optimizing this technique (37, 38, 39, 12). Finally, the boundary element
method has gained recent interest in fracture mechanics. It is described in detail in

section 3.2.

3.2 Boundary Element Method

Boundary element solutions reduce a two-dimensional problem to a one dimensional
problem. The boundary element formulation is based on Green’s function for an
anisotropic bimaterial is used (40). The boundary element solution is superior to finite
element near the interface due to the inherent singularity near the interface. Furthermore,
in the boundary element used in this thesis (18), the interface continuity conditions are
satisfied analytically and do not need to be discretized. The displacement boundary

integral equation is

u,(p) = [U,(p.Q)t,(Q)d - [T, (p,Q)u,(Q)dl 3.1)
r r

where p is the source point. U(p, Q) and T(p, Q) are the two point displacement and
traction Green’s functions, respectively, and Q is the field point on the boundary.
t(Q)and u(Q) are the tractions and displacements, respectively, at the boundary point Q.
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Similar to Martin’s formulation, the stresses are derived from the displacements (whereas
the our analytical stresses, chapter 3, are formed form the Airy Stress function and the
displacements were derived from the constitutive relationship and the stresses). The

formulation of the stresses for the boundary element solution is

y(P) = [Du (PO Q)L = [S 4 (P, Qu, (Q)dT (3.2)

where indices i and j are the faces and direction, respectively, of a differential stress
element of the source point p. D(p, Q) and S(p,Q) are the two point displacement and
traction Green’s functions, respectively, of p and Q. They are third rank tensors from the
derivatives of the traction and displacement kernels from equation 3.2. #(Q) and u(Q)and

Q are described above. Further details can be seen in Kane (41).

The integrals are discretized along the boundary. Therefore, similar to the finite element
method, there exists an optimization problem of balancing computational time versus
resolution. For our boundary element method analysis, a specimen of dimensions 100 by
200 (in arbitrary units) for each material is chosen as shown in Figure 3.1. The interface
is along the x direction at y equals zero. The internal points are shown to be taken at the

interface free edge. Also, no boundary element data points exist along the interface.
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Figure 3.1: Schematic Of Boundary Element Model.

As part of the boundary element solution, stress and displacement are computed at
internal points shown as the rectangle of points near the interface corner in Figure 3.1.
The internal boundary element method stresses and displacements are fitted to the
analytical stresses and displacements shown in section 3.4 and the stress intensity

estimated.

3.3 Local Collocation

In order to solve for the unknown parameters in the analytical model described in section
3.4, a fit to data must be performed. The local collocation scheme is widely accepted as
an accurate technique of determining the stress intensity (42). In addition, a convergence

plot of the leading term verses the number of parameters in the model is used as the
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criterion for the solution, similar to Sanford’s example of a to a boundary collocation
problem of a single-edge notched geometry loaded in uniform tension (1). His converged
value matched those of Tada, Paris, and Irwin’s empirical result (43). Furthermore, a

root mean square relative error equation is used to validate the model’s fit as

d
g;

N d _ __m
error = 10 \/Z(O-i % )? (-3)
N Vi
where o/ is the boundary element data, o" is the model, and N is the number of data

points.

The general form of our local collocation scheme is an overdetermined set of linear

equations,

N
=
1
Sl

(3.4

where x and b are vectors, while A4 is a matrix. For the problem, b is the column of
known internal displacements obtained from the boundary element points, which takes

the form

u; ("1’91)'
U; (r,,6,)
u; (73,6;)
_ M
U (Fy-15On-1) |
uj-(rN’aN)

o~
]

(3.5)
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where 7; and 6; are the locations of the data.. For this analysis, the displacement data is

taken very close to the interface free-edge intersection.

In equation (3.4), x is a column vector of the unknown coefficients in the series

expansions of the stresses,

C
G
G,

—

=
il

(3.6)
Cira
CM

where C are unknown parameters and M is the total number of unknown parameters in
the model. Finally, the 4 matrix is filled with the results of the analytical models from
section 2.4 at specific points, excluding the unknown coefficients. The analytical stress

=C,h

models take the formo,,

M (r,6,)

m(r,,6,)

h(r3,6;)
M

B h(ry,6y)

h,(r,6,)

hy(7;,6,)

hy(ry,6;)
M

hy(ry,6y)

m- - "m

hy(r,6,)

hy(r;,0,)

hy(r;,65)
M

hy(ry,6y)

K

K

K
M

h(ryasOy) hy(ryy,60yy) h(ry,.0y,) K

K

(r,,06,); therefore, the matrix is

hpra(r1,6,)
Py (r,6;)
Pag (75, 65)
M
Ppg oy (rysOn-)
Pag (ry Oy)

hy (r1,6;)
Py (73,6,)
hy (r3,65)
M
Pog (P15 6n-1)
Py (ry0y) |

3.7)

Because the system of equations is overdetermined, a simple inverse solution is not

possible for this type of problem; therefore, several routines have been used to solve this
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set of equations. One approach to solving the linear least squares problem is by using the
normal equations (44). The normal equations yield a least squares solution to equation

(3.4) as
x=(4"4)" 4" b (3.9)

However, the normal equations lead to a very ill conditioned system and large errors will
~occur in solving (3.9) if the order of the model is large. In this case, several other

approaches can be used.

Some other methods for solving linear least squares problems are the pseudoinverse (44),
QR Decomposition (35, 45), and Linear Regress Fit (44, 46). All methods were used in
the thesis and yielded identical results.

The Pseudoinverse works by minimizing the sum of the squares (3.10) in the expression
[4].[4]™-I, where I is the identity matrix. The QR Decomposition was investigated by
Sanford and Berger (35), who found it to be more beneficial for certain problems in
boundary collocation. It is based on an orthogonalization process of writing 4 as a

product of "R, where Q is an orthonormal matrix and R is a triangular matrix.

For linear parameter relationships éuch asours (Af(r, A, )+ Bf(r, 4, )+ Cf(r, 4 6)
+...), a linear fit can be performed. The Linear Regress least square fit routine in this
thesis is a Mathematica formulated fitting function. It is based off a simple linear least
squares fit with additional features, such as automatic output of the variance table, mean
squared variance, and options of adjusting the confidence level and tolerance. Linear
least squares works by having the program estimate the unknown coefficients by

minimizing the residual sum of squares defined as
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N
R* =Y (o o) (3.10)
i=1

where 0',.‘1 is the boundary element data, ;" is the model, and N is the number of data

points.

While, local collocation is most often used to determine a stress intensity factor, the h-
integral is a recent approach that has gained support. Based on a Green’s function, it
works with finite-element and boundary element data requiring fewer computations than
typical local collocation schemes. Labossiere and Dunn have shown its validity for

certain cbnﬁgurations (13, 47). The h-integral is defined as

H=I_(0'yu,.‘—0',.ju,.)nj ds=0 (311)

where o and u; are the actual stresses and displacements. In our case, these are

analogous to the boundary element data. Also, u; and 0',.; are defined as the

complementary fields that satisfy the boundary conditions, equilibrium equations, and
constitutive relationships. In our case, these are analogous to the analytical solutions.
Furthermore, n; is the outward unit normal to the counter-clockwise contour 7. When the
contour encloses a region just outside the singularity, H is equal to zero. As the enclosed
region is shifted toward the discontinuity, the value of H can be scaled to equal the stress

intensity.

For our problem, the only means of evaluating the h-integral results would be to compare
it to the boundary element data for accuracy. To confidently show the stress intensity for

our problem, given our small singularity, an extremely fine mesh would have to be
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implemented, beyond the feasibility of this study. In contrast, the local collocation
approach can accurately determine the stress intensity from the convergence criterion.
Furthermore, another diéadvantage of the h-integral is that to determine the singularity
dominated zone, a divergence from the actual boundary element data must be used, again
requiring a very fine mesh to describe our singularity. The superiority of the local

collocation, using higher order terms to determine the SDZ is discussed in chapter 4.

3.4 Singularity Dominated Zone

The singularity dominated zone is a very small region around a crack tip or other stress
singularity where the stresses are adequately described by a single parameter, the stress
intensity factor. As one moves outside the SDZ, higher-order terms in the series

expansions are needed to accurately describe the region, as shown in Figure 3.2.

HIGHER ORDER REGION

Figure 3.2: The Singularity Dominated Zone (SDZ) Surrounding A Crack Tip.
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This concept was first introduced by Irwin (48). In this region, the stress gradients are
often very large and singular in nature, with the strength of singularity determined by the
stress intensity factor. Furthermore, the SDZ is dependent on the relative crack size, as
shown by Chona, Irwin, and Sanford (49) for modified compact tension and cantilever
beam specimens. The critical stress state criteria of failure, as previously stated, says that
if the stress inside the SDZ is greater than the material’s critical value of resistance, a

crack will propagate. Therefore, the SDZ is an important aspect of fracture mechanics.

To compute the SDZ for our bimaterial problem, we will use a 20-parameter model as
our full field solution, then estimate the SDZ based on a 2% difference between the
singular stress and the full-field stress. Knowing that the SDZ is very small, only data
near the interface free-edge is collocated. Figure 3.3 shows an example of data taken in a
small region of the sample shown in Figure 3.1, where the origin is the interface free-
edge corner. A solution based off this small set,of data is assumed to be the full field

solution, whereas the SDZ will be a minute portion of this field.
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Figure 3.3: Internal Data Points In A Small Region.
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CHAPTER 4

RESULTS AND DISCUSSION

4.1 Collocation

A collocation method was used to determine the coefficients in the series expansions for

stresses as discussed in the previous chapter.

Knowing the singularity dominated zone is a very ﬁmall region near the interface free-
edge corner in boundary element data, a small radius in the upper material was
collocated. Research from other papers was used to aid in an initial estimate of what
values to use. Akisanya and Meng investigated the interface free-edge of two materials
bonded by an adhesive. They found that the singular elastic field, based on a 2 percent
difference between the asymptotic solution and the finite element solution, to be a radius
of between 0.02 and 0.15 times the adhesive layer thickness (15). Ding, Meekisho, and
Kumosa analyzed a similar problem with the finite element iterative method and
determined the singularity dominated zone for various configurations. Using a stress-
based criterion, the SDZ was shown to be between .04 and .17 times the adhesive layer
thickness (12, 50). Furthermore, Chona, Irwin, and Sanford (49) found the minimum
SDZ for a common fracture test specimen to be approximately .01 times the specimen’s

width minus crack length.

The boundary element data for our problem was obtained by assuming dimensions for the
upper and lower material of a height equal to 200 and a width of 100. Figure 3.1 shows
the schematic of the épecimen. External tractions of 1000 are applied on the upper and

lower boundary at these points in accordance with the problem shown in Figure 2.1.
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Also, the left interface free-edge has a fixed displacement. The units are arbitrary, since
all calculations were normalized. Stress data was obtained in a region of radius 4.5
(approximately .02 times the height of the upper material) to use in the collocation

analysis.

For collocation of our analytical model to our boundary element data, the radius in the
analytical model was normalized. Chona, Irwin, and Sanford used this normalization in
their study of the SDZ with respect to specimen size and shape (50). Labossiere and
Dunn also used a normalized variable w in their calculations of mixed-mode stress
intensities in a glass-silicon interface (13, 47). For convenience, the parameter w is often
defined as the width of the specimen, but this is not required. For our problem, w was

selected to be 10°.

The local collocation scheme leads to an overdetermined system, where the number of
data points must be greater than the number of unknown parameters. For boundary
collocation, a redundancy of between 2 and 5 is sufficient to obtain quality results (1).
For local collocation, Chona, Irwin, and Sanford used a redundancy of 20 for their

calculations (50). Thus, a redundancy of 19 was selected for our problem.

4.1.1 Convergence Results

The convergence plot for the first two terms in the stress expansions is shown in Figure
4.1. The convergence is clearly shown and both coefficients are related in magnitude by
aratio of 1 to 1.5. The convergences of the 3 and 4™ terms are also plotted in Figure
4.2. The magnitudes of the all the first four terms are close to each other relative to the
remaining values. Figure 4.3 shows the convergence of the first four terms plotted

together.
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Figure 4.1: Convergence Of The First Two Leading Terms, C1 And C2.
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Figure 4.2: Convergence Of The Third And Fourth Terms, C3 And C4.
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Figure 4.3: Convergence Plot For C1 Through C4.

The previous Figures show that convergence is reached for the first four terms with a 14-

parameter model. The terms for C5 and higher may not have convergence. Table 4.1

shows these results. The dimensions are in terms of stress times the square root of a

length (typically, psi (in)"? or MPa (m)"2.
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Table 4.1: Local Collocation Values Of The Normalized Coefficients.

Terms 1-10 Value Terms 10-20 Value
Cl -55341.2 C11 2.1x 10"
2 844518 Ci2 T1x 107
a3 896971 Ci3 8.4 x 107
C4  58982.4 C14 8.8x 10°
C5 3.4x10° Cl15 4.8 x 10°
C6 9.6x 10’ Cl16 -63x10°
C7 -3.1x 107 C17 -18074.8
C$ 7.3 x 10’ C18 -18453.8
C9 2.9x 10" C19 -8461.0

C10 2.1x10"% C20 8346.9

4.1.2. Accuracy Of Result_s

A relative error plot was made to determine the accuracy of the various order models to
the boundary element data. The relative error is defined by equation (3.3). Figure 4.4
illustrates that the more parameters used in the stress model, the greater the accuracy of
the model. Our 20-parameter model falls within 4 percent of the boundary element data
that was collocated. At 6-parameters, a quick drop in error exists. Looking at Figure 4.3,
it shows that convergence is not reached until between 12 and 14 terms are used in a
model. Therefore, any oscillations that occur in the relative error for models smaller than
14-terms are due to the fitting routine used. In our case, it is interesting to note that the
drop in relative error for the 6-parameter model corresponds to the first inclusion of a
complex eigenvalue. There is a definite correlation between the relative error settling at

the 12-parameter model, and the convergence in Figure 4.3 reached between the 12 and
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14 parameter. This relationship, and the oscillations in the error function, matches those

shown by Sanford for a single-edge notched boundary collocation problem (1).

Relative Percent Error

S

o w—.

wle N\ [\
[\

2 \
o\

T T T T T T T T 1

2 4 6 8 10 12 14 16 18 20.
Number of Parameters

" Percent Error

Figure 4.4: Relative Error Vs. Number Of Parameters.

In Figures 4.5a through 4.5d, the different order models are shown plotted against the
actual boundary element data points along the interface. The plots are sequential
snapshots zooming toward the corner of the specimen. The horizontal axis is the
normalized radius. The vertical axis is the radial stress. The dark line is the model
utilizing 2 terms. The light line is the 20-parameter model. The points are the boundary
element data points. In Figures 4.5¢ and 4.5d, the singular model is shown with a dark
horizontal line. The plot range is listed below the Figuré number. The plots graphically
show the superiority of the'higher parameter model to the singular model far away from

“the corner. Furthermore, the singular natures of the models are clearly visible close to the
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- corner. The singularity of the singular model is at a very small radius; and therefore, it
appears horizontal in the comparison plots. Figure 4.6 is a snapshot that shows the full

behavior of the singular model.

T T T
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o ; Boundary element data —=

°
/ o 20-parameter model

-1000 /

-500

Radial Stress Along Interface (force f area”2)

17107 27107 3107 4107

Normalized Radius (r / w)

Figure 4.5a: Model Comparisons For o, 0 < r/w < 4x10™.
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Figure 4.5b: Model Comparisons For o, 0 < r/w < 1x10°%.
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Figure 4.5¢ Model Comparisons For oy, 0 <r/w < 5x107.
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Figure 4.5d: Model Comparisons For o, 0 <r/w < 1x107.
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4.1.3. Stress Intensity Factor

In determining the stress intensity factor of this problem, several principles were

considered. The convergence values found were based on a normalized radius.

Therefore, the actual converged constants, C; and C22 , are defined as
C =whC, 4.1)
C: =wh'C, 4.2)

where w is the normalization factor (10° for our problem) and /; is the first singular

eigenvalue (.995 for our problem). Based on this, C| equals 51,647 and C? equals
78,815. Similarly, C; equals —89,697 and C; equals 58,982. Again, these dimensions

are stress times the square root of a length. Now that the converged constants are

determined, the stress intensity factor can be found.

In general, the stress intensity factor is a function of the appliéd stress and geometry. For

example, in an infinite plate under tension with a central crack, the stress intensity factor

is defined as K =o .7 a , where ¢ is the applied stress and a is half the crack length.

For a bimaterial, however, the stress intensity is ultimately a function of applied stress,
geometry, and Dundurs parameters. The Dundurs parameters are variables in the
determination of the stress intensity because the ratio of material properties affects the
behavior of the specimen. The eigenvalues reflect the dependence on the material
properties, as shown in chapter 2. For a detailed study on this, the reader is directed to

Ding and Kumosa (12), who also defined the general stress and displacement state as
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o, =Kr*™ £,(6) 4.3)

u, = Krh g, 4.4

where X is the stress intensity, 4, is the singular eigenvalue, and fand g are the
trigonometric components of the stress, egs. (2.8)-(2.10); and displacement, eqs. (2.20)
and (2.21), respectively. For our problem, the stress intensity is related to the first two

converged constants by the relationship -

K=yc’+c? (4.5)

where C| andC? are the converged coefficients. K is equal to 94,230, with the same

dimensions as the constants listed in Table 5.1. In the normalized form,

K = 101o,w*™ (4.6)

where G is remote stress and w is the normalizing parameter, and A, is the first singular
eigenvalue. For the crack problem,C; and C? separate into functions of sine and cosine

respectively, as follows

1
o, =%(5 cosg ~cos z’zg) + % c,,(1+cos(20)) +
2
G (-5 sing +3sin —3:26—') +HOT 4.7

4-fr
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where r is the radius, o, is the T-stress and H.O.T. are the higher order terms. The

cosine portion relates to the opening mode fracture and the sine portion relates to the
forward shear mode fracture (6, 1). Our problem, however, does not break up into the
fracture modes as neatly as equation (4.7). Therefore, the approach of Diﬁg and Kumosa
must be taken (12). This relationship, described by equations (4.3) and (4.5), simplifies
the stress equations (2.8)-(2.10) into the stress intensity and corresponding geometric
function. Because of the form of equations (2.8)-(2.10), mixed mode fracture is assumed.
For further investigation on mixed mode fracture in bimaterials, the reader is referred to
Labossiere, P., Dunn, M., and 'Cunningham (13). Since the focus of this thesis is on the
singularity dominated zone, a mixed mode fracture study is omitted, only the stress

intensity is defined.

4.2. Singularity Dominated Zone

The SDZ is the small region where the stresses, strains, and displacements are dominated
by the singular term in stress. In a perfectly bonded material without defects, fracture
will initiate at the free-edge interface in this region. Disregarding'piasticity, the stresses
and displacements are completely described by equations 4.3 and 4.4 above. Therefore,
it is imperative to know the size of the region of validity of these equations. The
boundary of the SDZ is taken to be when the radial component of equation 4.3 deviates

from the 20-parameter radial stress model by 2 percent.

In studying a homogenous crack problem, Chona, Irwin, and Sanford showed the small
singularity dominated zone of a one-parameter model and noted the importance of
including the constant-stress terms in the crack-tip stress field. Also, they showed that as

the crack grows and approaches the boundary, the constant stress relaxes and the SDZ
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increases in size (49). Furthermore, the influence of the constant-stress term affects
plasticity, as shown by Larsson and Carlsson (51). For further studies into the constant-

stress behavior, the reader is directed to references (52, 53, 54).

Because of the strong influence of the constant stress case, the 2-term expansion, which
includes the singular model and the constant stress model, was determined to be most
important and practical for study. Because of precision limitations; the size of the
singularity dominated zone is too small for Mathematica software to determine it. For
example, along the interface, where the constant stress term is the most influential, the 5
percent deviation was below 107-400 in normalized radius. Therefore, calculations were
performed using the first two roots, summing together the singular model and the
constant-stress model. For the remainder of this thesis, it will be referred to as the 2-term

expansion.

Figure 4.7 through 4.9 show the region of 2-percent deviation and the region of 5-percent
deviation. The origin is the corner of the interface free-edge. The SDZ shown below was
determined from the normalized analytical equations. Thérefore, the 2 percent two-term
model boundary ranged from about 2.0 x 10”® to 4.5 x 10™® units of length (approximately
2.0x 10 t0 4.5 x 10°° times the specimen width, about 1.0 x 10” to 2.2 x 10" times the
specimen height). This is three orders of magnitude smaller than SDZ stu('iies’ of
adhesive interfaces and cracks. The 2 percent and 5 percent shapes are linear with
respect to the normalized radius, which is the same observation that Sanford found to be

true in his study of the SDZ for a crack (49).
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When units are imialemented into these results, practical conclusions can be made. As an
example, consider a specimen with a height of 2mm and a width of 8mm in the upper and
lower materials. Under an external traction of 1000Pa, the 2-parameter zone size would
be between .00033mm and .00088mm. This is found by scaling the 2-parameter zone for
the dimensions in our problem to the dimensions of the example. If the applied stress
were varied, the stress intensity would similarly vary. Thus, if a material toughness were
known, valuable failure information could be stated. However, the 2-parameter zone
would not linearly scale if the applied stress were varied, and a new calculation would

have to be performed.
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4.3, Discussion and Future Research

Several important comments can be made on the above results. First of all, Figures 4.5a
through 4.5d reveal a scarcity of boundary element data in the two-parameter model and

~ no boundary element data for singular portion of the singular model. This is one
important difference of determining the SDZ using a divergence from higher order term
model verses using a singular model divergence from raw data. Ding and Kumosa
determined the SDZ with a divergence from finite element data, which required an
extremely fine mesh to be implemented near the corner (12). For our problem, the 20-
parameter model fit the boundary element data to 4-percent and was used as the standard. -
One interesting study would be to repeat our procedure usihg other published problems.
This could provide a good comparison of finite element, boundary element, experimental

data and methods detemiMng the stress intensity and the SDZ.

Another observation that is valuable to point out is the size of the SDZ in relation to other
work. In a bimaterial, as the material mismatch increases, the singularity increases. As
the singularity increa;es, the SDZ increases also. Thus, since our interface materials are
more similar in composition than that of Ding and Akisanya’s adhesive bimaterial
problems, it is expected that our SDZ, and 2-term expansion, be smaller. Future research
could include a more complete comparison of SDZ sizes for different material

combinations.

It is important to be reminded that this thesis is a determination of the stress intensity and
SDZ using boundary element data only. Experimental results would be beneficial to
obtain, particularly in looking at the effect of the constant-stress and plasticity. Given
current manufacturing techniques, it is difficult to create such a specimen. One big

obstacle is to grade the specimen without inducing defects on the free-edge. Given the
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small scale of data we are interested in, another inherent difficulty is to analyze the

experimental results. Currently, only Moiré methods could give an accurate result.

Finally, for future research, it would be beneficial to examine the SDZ and stress
intensity based on a collocation of other stress components and displacements. Of
particular interest would be the displacement equation that includes the A equals one case.
To get a complete picture of the problem, it-would be helpful to analyze the bottom

material of the bimaterial in addition to the upper material.
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CHAPTER 5
CONCLUSION

Several important conclusions can be made from these studies. First, and most apparent,
the singularity dominated zone for a copper-tungsten interface problem is very small
‘compared to other geometry and materials that have been studied in fracture mechanics.
For practical applications, the singularity is essentially non-existent mostly due to the
similarity in material properties of the bimaterial. Therefore, when a crack is near the
interface of a perfectly bonded copper-tungsten bimaterial with of our properties (Dunduf
parameters of 3 equal to -.003395 and a equal to .070825), the interface singularity will

practically have no effect on the crack propagation.

Next, the second real root is a constant-stress term, analogous to the ‘T-stress’ in a crack
problem. It had significant effects on the problem. Since the singularity is very close to
_unity, the stress intensity and the constant-stress terms are of similar values; therefore, the
constant-stress must be included to accurately analyze the results in a region of practical
size. The angular displacement equations from this unity root case are a function of

radius in both a linear and logarithmic fashion, as g,(7) is a logarithmic function.

Finally, this study verifies the applicability of determining the singularity dominated zone
and stress intensity factor without the use of extremely fine discrete data point meshes.
By deriving the complex higher order stresses and eigenvalues analytically, only a
limited number of boundary element data points are needed to accurately describe the

behavior of the specimen.
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EIGENVALUES.nb

MATHEMATICA PROGRAM FOR DETERMINING EIGENVAL-
UES IN A BIMATERIAL

1. Defining properties, material constants and angles:

v2 = .286;
vl=.330;
E12 = 190+1049;
Ell = 160%1049;
T (k1-1) - (k2-1)
T r(klel) + (k2+1)
kl=3-4*»vl;
k2 =3-4xv2;
E12 % (1 +v1)
Elis (L+v2)
T (k1+1) - (k2+1)
I (kl1+1) + (k2+1)

2. Defining a and B with same nomenclature as Martin's paper:

H2 = E12 (1 +v1);
ul =Ell (1 +v2);

(L-vl) »u2- (1 -v2) »ul
(1-vl) »u2 + (1 -v2) *ul;
(L-2%vl) #pu2-(1-2+%«v2) »pul
2% (1-v1) #u2+2+% (1-v2) *ul;

fm =

3. Determinate in Martin's paper:

Clear[determin];
S=-8in[.5% (w*m)];

determinfw_] = (fm® - 1) 8*+ (1 +2 w? (om- fm) Am) 8% + w? (w? (om - Bm)? - am?) ;

4. Do a 40-term Taylor series expansion of Sin, then define this expansion as tayS and sub into
determinate equation:

Series[Sin[Pi/2w], {w, 0, 40}];
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Clear[tayS];

nTw 73 w3 75 ws 7! w? 7° w? il it
tays[w_] D — - + - + - +
48 3840 645120 185794560 81749606400
i3 i3 715 15 7017 y17?
- + -
51011754393600 42849873690624000 46620662575398912000
"19 wlS "21 0)21
+ - -
63777066403145711616000 107145471557284795514880000
33 33 7135 35
+ -
216862434431944426122117120000 520469842636666622693081088000000
7‘,2'7 w27
+
1461479318123759876522171695104000000
739 39
4746884825265972078944013665697792000000 i
3t (031.

+
17658411549989416133671730836395786240000000
733 33

74589130387155293748629391052935801077760000000_
5035 35

+
355044260642859198243475901411974413130137600000000
737 (037

1891675820705153808241239602722999673157373132800000000 B
739 @39

112;3854265140151775254068364941942062476907931238400000000'
Clear[determ];
determ[w_] =
(Am?® - 1) tayS[w]l®+ (1+2w? (am-Bm) Bm) tays[w]? + w? («* (cm - Bm)? - am?®) ;

5. Find first eigenvalue:

FindRoot [determin[w] = 0, {@, .7, 0, 1}]

{w->0.995592}
6. Find higher order roots using Taylor series expansion:

taysol = Solve[determ[w] == b, w];

L = Length[taysol];

roots = Table[w /. taysol[[i]], (i, 1, L}]:

determRoots = Table[Abs[determ[w /. taysol([([i]]]], {i, 1, L}]:

Filter out roots with an accuracy of less than 107 2:
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P = Position[Round[Table[104 12 determRoots[[i]], (i, 1, L}]], 0];
n = Length([p];

Table{determRoots[[p[[1]]]], {i, 1, n});
Display all accurate roots:

Table[roots[[p[[1]]]], {1, 1, n}];
Display all position roots:

q = Table[roots[[p[[i]]]], {i, n-n/2, n}];

7. Check roots found from Taylor series expansion determinate equation with the determinate
equation from Martin's paper:

Table[Abs[det';ermin[q[[i]]]], {1, 1, Length[ql}]:

8. Iterative process for greater accuracy of higher order roots: ‘

NOTE: Define wl as the leading eigenvalue. Redefine the variable 'determ’ with 'determl’
on first iteration. Then, define w2 as the sccond eigenvalue and redefine 'determ1' with 'determ2'
on second interation, as so on.

1st iteration:

wl =0.9955950186885631";

determ|w]
determl|w_} = —m8 —

w-wl
2nd iteration:
w2 = 1;

determl{w]

determ2(w_] =
(w - w2)
3rd iteration:

w3 =1.973961228645531" - 0.15460532188869777" 1i;
determ2 [w]

determ3[w_] =
(w - w3)

4th iteration:
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MATHEMATICA PROGRAM FOR DETERMINING STRESS AND
DISPLACEMENT EQUATIONS IN A BIMATERIAL

1. Solution for real roots:

Stress equations:

Constant relationships are found from boundary conditions. To determine these, run the Stress
equation subset of commands, with out constant relationships, then set ¢ equal to zero.

Clear([Clr, C2r, C3r, C4r, ¥, £, ¢, A];

-C4r = -C2r;
(A+1)

C3r = -Clr H
(x-1)

=P 4 £;
£=Clr*«Sin[(A+1) » ¥] +
C2rxCos[(A+1) * Y] +C3r*Sin[(A-1) w¥] +CdrxCos[(A-1) *y¥];

066 = D¢, {r, 2}];

1 ’ 1

orr = —-;*D[¢r {v, 2}]+ —+D[¢, x]:
r r
1 1

UI'Q=——;*(D[¢I ¥]) - — « (Dld, r, ¥]):
xr r

Strain equations (plane strain assumption):

v
vl = H
1-v
El1l
El = H
1-v2

€rr =1/El ( orr - vl * 066);
€660 = 1/ El ( 066 - vl xorr);

Displacement equations:

url = ferr dr;

ubl = f(r * €66 - url) dy;

Checking displacements:

ARTHUR LAKES LIBRARY

COLORADO SCHOOL GF KinNES

GOLDEN, CO 80401
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wd =2.942086864910637" - 0.32555258660879016" i;
determ3 [w]

determd [w_] =
(w - wd)

Sth iteration:

w5 =3.924701634098341" - 0.4933398652658574" i;
determd [w]

determS[w_] =
(w - w5)
6th iteration:

w6 = 4.9200942759197055° - 0.631068635356104" 1i;

determ5 [w]

determb [w_] = —mM8
N (w ~ w6)

9. Display results:

Display roots:

{wl, w2, w3, wd, w5, w6} -

{0.995595, 1, 1.97396-0.1546051,

2.94209 - 0.325553 i, 3.9247-0.493341i, 4.92009-0.631069 1}

Display accuracy of roots:

{Abs[determin[wl]], Abs[determin(w2]], Abs[determin[w3]],
Abs [determin[wd]], Abs[determin[w5]], Abs[determin[w6]]}

{6.66134x107%%, 0., 2.79821x107%6,
9.03656x10716, 2.35514x107%%, 1.17839x107%%}
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El
2 (1+v1)
1 ubél
¥r6l =D[ubl, r] + — *D[url, ¥] - —;
r r
(1 +v1)
YX62 = 2 ¥ ———— % 0X6;
El

Simplify{frel - y¥re2};

lam=u*2v/(1-2ir);

1 url
orr2 = (lam+ 2 u) *»D[url, r] + lam« (— D[uel, ¥] +
r

1 url
0602 = lam*D[url, r] + (lam+ 2 u) » (—-— D[uel, ¥] +
r
1 ' uei
oré2 = ux* (— D[url, ¥] +D[u6l, ] - —);
r xr

1 orr2 - 0662
Simplify[D[orrZ, r] + — «D[or62, ¥] + —8
r

]:

ore2

1
Simpl:i.fy[-— *D[0662, Y] +D[0oxr62, r] +2*
r

2, Solution for roots equal to one:

Stress equations:

Constant relationships are found from boundary conditions, determined as described in ‘Solution
for real roots' above.

Clear([Clr, C2r, C3r, Cdr, ¥, £, ¢, A];

Cdr = -C2r;
C3r = -Clr -Clr« A;

A=1;

¢ =r(k01) *£;
f=Clr«Sin[(A+1) » §] + C2rxCos8[(A+ 1) * ] +C3r*y + Cdrx;

066 = D¢, {x, 2}];

orr = —1—*D[¢, {¢, 2}] + —1-*D[qb, r];
2 r

1 1 ‘
crO:—z*(D[¢: W])'_*(D[¢_’ X, lll]),'
r r

Checking the biharmonic egn:
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1 1 '
$2 =D[¢, {r, 2}] + T *D[¢, x] + P (ofe, (¥, 2}]):

1 1
¢4 =D[¢2, {x, 2}’] + -;-*D[¢2, r] + ;-;— * (D[¢2, (¥, 2}]):

q = Simplify[¢4]

0

Strain equations (plane strain assumption):

v
vl = }
l-v
Ell
El = H
1-wv2

exrr =1/ El ( orr - vl « 066) ;
€60 = 1/ El ( 066 - vl » oxI) ;

Displacement equations:

url = ferr dr +gl[y]:

ur2 = jerr dr;

ubl = j(r*eee -ur2) dy +g2(r] + ng[lﬁ] dy;

Checking displacements:

El
2 (1+v1)

1 uel
yxrOl =D[uw6l, r] + — *D[url, ¥] - —;
r r

I

(1+vl)
YXrO02 = 2 % ~——————— % 0Y0;
El

Simplify[yrel - yre2]

-8Clrr+8Clrrv?-Ellg2[r] -Ell fgl[d/] dy +E11gl’'[¢]) +E1l1 r g2’ (r]
Ellr

lam=pu*x2v/ (1-2v);
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1 url
orr2 = (lam+ 2 u) *D[url, r] + lamx« (—- D[ubl, ¥] + );
r r

~)

~

1 ur
060062 = lam*D[url, r] + (lam+ 2 u) * [— D[u6l, ¥] +
r
1 uéli
oxré2 = U * (-—- D{url, ¥] +D[u6l, r] - —-—);
x xr

1 orr2 - 0662
simplify[D[arrz, r] + — «D[oxre2, ¥] + ————]
r r

]

oxr62

1 .
Simplify[ — »D[0662, y] +D[0or62, T] + 2%
r

(1 -2v) gl”[¥])
2v)

_ M ((-5+6v)gliy] +
r2 (-1+

1
EllrZ (-1+2v)

(u (16C1rr—32Clrrv-16C1rrv2+32C1rrv3+ (E11 -2Ell1v) g2(r] +

(E11-2Ellv) ng[w] dy-5El1gl’ [¢) + 6 ELlvgl (y] -

Ellrg2'[r] +2Ellrvg2’ [r] -E1l1 r?g2”[r] +2Ell1rtvg2’(r] ))

Looking closer at g2[r]:
Using instead of ¢ in calculations below.

orr = -2 (C2r+2Clr6+C2rcCos[20] +CilrsSin{206]);
068 =2 (-C2r -2Clr 6 +C2rCos{26] +Clrsin([20]);
or6 = 4 8in[6] (C2r Ccos[6] +Clr Sin{0]);

Clear([Clxr, C2r, C3r, C4r, ¥, £, ¢, A, 6, L, g2, gl1];
1

€rrS = Simplify[ ey * (orr - v « 066) ] ;
e

ur = ferrs dr +gl(6];

€668 = exrS; {

ué = J-(r*eees-ur) dée +g2([r];
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el
— }
2 (1+v)

; 1
Yré8 = — % 0reé;
G
1 ue
¥r6éD =D[ud, r] + — »D[ur, 6] - —;
r r
zerol = Simplify[yr6s - yreD]

-8Clrr-elg2(r] +el [gl(6] dO+elgl’ (O] +elr g2 [r]
elr

Isolate r-dependence terms:

zero2 = -8Clrr - el g2(r] +el rg2’'[r]

-8Clrr-elg2(r]) +elr g2 [r]

Solve differential equation with constant of integration:

int = Exp[J-_;{ dr];

8 Cl
gZ[x_]:(f 1 *intdlr+L)/int
e

3. Solution for complex roots:

Stress equations: .
Constant relationships are found from boundary conditions, determined of these and formulation

of stress function is found in appendix title "MATHEMATICA PROGRAM FOR DETERMINING THE
STRESS FUNCTION FOR COMPLEX ROOTS"

1 .
n?+ (-1+§)32
(4 x**€ (Coshny¥] ((Al (Bn+a (n®+ (-1+€) £)) +A2 (an-B (n*+ (-1+ &) £)))
Cos[Ey] Sin[y] - ((AL (Bn+a (-1+§)) +A2 (B+an-BE)) Cos[y] +
(Bla-B2B8) (n*+ (-1+§)%) sin[¥]) sin[£y]) +
((A2 (Bn+a (-1+€)) -AL (B+an-BE)) Cos[y] Cos[£ Y] +8in[y)
((B2a+B1B) (n*+ (-1+6)?) Cos[£¥] + (A2 (Bn+a (n*+ (-1+§) §)) +
Al (-an+B (N + (-1+ &) £))) 8in[£¢])) Sinh(ny]));

¢C =

a=Cos[n+Log(x]];
B =8in[n+*Log[r]];
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066C =D[¢C, {xr, 2}]:

1

orrC = — xD[¢C, (Y, 2}] + —1— *D[¢C, T];
x32 r
1 1

oxeéC = — » (D[¢C, ¥]) - — » (D[¢C, ¥, ¥]);
r r

Strain equations (plane strain assumption):

v

vl = ;
l-v
El1l

El = ;
1-v3

errC=1/El ( orrC - vl x 066C) ;
€66C = 1 /E1l ( 066C - v1 x oxxC) ;

Displacement equations:
urC = Simplify[jerrc dlr] :

uec = simplify[f(r * €66C - ur) dy];
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MATHEMATICA PROGRAM FOR DETERMINING THE STRESS
FUNCTION FOR COMPLEX ROOTS

Define constants in terms of complex parts:

Clear(y¥]

n

Ac = (Al +1%A2);

Bc = (Bl +14%B2);
Cc= (Cl+ixC2);
Dc = (D1+1%#%D2);

Acbar = (Al -4 +#A2);
Bcbarx = (Bl -1 +B2);
Ccbar = (C1 -4 +C2);
Dcbar = (D1 - & »D2);

Apply known boundary conditions from real case:

Dc = -Bc;
A+l

’

Cc = -Ac»

Dcbar = -Bcbar;
Abar + 1

Ccbar = -Acbar » ;
Abar -1

Define stress function in terms of complex constants and eigenvalue:

@1 =M« (
AcxSin[(A+1) »y] +
BexCos[(A+1) xy] +
CcxSin[(A-1) xy] +
Dc*xCos[(A-1) x¢]

)i

$2 =91 /. X-> (E+iwn);
3 =x x (a+ixp) *
((—Bl-iBz) Cos[(-1+in+§ﬂ Y]+ (Bl+4iB2)Cos[(L+in+§) ¢] +.

(-Al - 1 A2) ‘(1+1'1n+§) Sin[(-1+14n+ &) ¥)
-1+4an+§ *

(Al+ 1 A2) Sin[(1+4n+ &) ¢¥]];

¢4 = Expand([¢3];
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Define stress function in terms of complex conjugate constants and eigenvalue:

¢lc = PPbar+l
Acbar *» Sin[ (Abar + 1) » y] +
Bcbar » Cos [ (Abar + 1) = ¢] +
Ccbar » Sin[ (Abar - 1) *¥] +
Dcbar * Cos [ (Abar - 1) » ¥]
)i

¢2c =¢plc /. Abar -> (§-1%n);
¢3c= (a-dxB) xxf*ts
((—Bl+i82) Cos[(-1~-an+&) ¢yl + (B1-iB2) Cos[(1-in+&) ¢] +

(-A1+4A2) (L-an+&)sin[(-1-4n+¢&) y¥]
+
~1-in+¢&

(Al -1 A2) Sin[(1-4in+¢§) llf]);
¢4c = Expand[¢3c];
Define stress function as a sum of the complex conjugate stress functions:
dtotl = ¢4 + ¢pdc;
¢tot2 = Simplify[¢totl];
Check biharmonic equation:
Clear[y]

¢ = ¢C;

1 1
¢2ch = D¢, {xr, 2}] + «;— *D[¢, r] + -;—2-* (Do, (¥, 2}]):

¢d4ch = D[¢d2ch, {r, 2}] + -}-/*,-D[¢2ch, r] + -Ji- * (D{¢2ch, (¥, 2}]);
r r

q = Simplify[¢dch]

0
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MATHEMATICA PROGRAM FOR DETERMINING THE STRESS
INTENSITY FACTOR AND SINGULARITY DOMINATED ZONE

1. Set directory, read in file, and define normalization constant:
NOTE: Must first have text file with raw data

Clear[r, 0]

<< Graphics Graphics’
w=10%x1045;

Directoxry(]:
SetDirectory["C:\\folder name"];

xposf = ReadList["xl.txt"];

ypos = ReadList["yl.txt"] /w;

oxdat = ReadList["x stress.txt"];
oydat = ReadList["y stress.txt"];
txydat = ReadList["xy stress.txt"];

L = Length{xposf];
Adjust x displacement:
xpos = (xposf +50) /w;

2. Convert cartesian data to polar coordinates:
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rdat = Table[ (xpos[[L1]])2 +ypos[[i]1]?) '5, {i, 1, L}]i
édat = Table[ArcTan([xpos[[1i]], ypos[[i]1]], {i, 1, L}]);

ordat = Table[Sin(6dat[{i]]] »
(txydat[{i]] xCos[o6dat[[i]]] + oydat[[i]] »Sin[6dat[[i]]]) +
Cos[6dat[[i]]] » (oxdat[[1]] »Cos[6dat([[i]]] +
txydat{[i]] » sin[6dat[[1]]]), (i, 1, L}];

tr6dat = Table[Cos[O6dat[[i]]] *
(txydat[[i]] »Cos[6dat[[i]]] + oydat[[i]] *Sih[edat[[i]]]) -
sin{edat[[i]]] » (oxdat[[i]] *Cos[odat[[1i]]] +
txydat[[i]] » sin[6dat[[1]]])., (i, 1, L}];

tOrdat = Table[Cos[0dat[[i]]] »
(txydat[[i]] *Cos[6dat[[1]]] - oxdat[[1i]] »Sin[6dat[[i]]]) +
gin[edat[[i]]] » (oydat[[i]] »Cos[edat[[i]]] -
txydat[[i]] » Sin[edat[[i]]]), {1, 1, L}];

o6dat = Table[-Sin[6dat[[i]]] »
(txydat[[i]] »Cos[6dat[[1]]] - oxdat[[L1]] »Sin[edat([[1]]]) +
Cos[6dat[[i]]] » (oydat[[1]] »Cos[edat[[1]]] -
txydat[[i]] » Sin[edat[[1]]]), {1, 1, L}];

NOTE: fand ¢ are measured in radians
3. Isolate data in a specified region:

User defined number of terms in model to collocate and desired redundancy (if variable 'int' is less than
one, user must increase either variable 'NumTerm' or 'red’)

NumTezm = 20;
red = 19.;
rl=4.5/w;
‘ptsdes = red » NumTerm;
zonela = {};
zonel = {}; ..
Chop['rable[I{[rdac[[i]] < rl, AppendTo{zonela, 1]}, {1, 1,'L}]];
Lla = Length[zbnela] ;
Lla

int =
ptsdes

intl = Ceiling(int]; )
zonel = Table[zonela[ [Ceiling[int *1] -intl+1])], (i, 1, ptsdes});
Ll = Length[zonel];
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Isolate stress and locations in desired region:

rldat = rdat[[zonell];
©ldat = 6dat [ [zonel]];

xlpos = xpos | [zonel]];
ylpos = ypos{ [zonel]];
orldat = ordat|[[zonel]];

linel = Table[{x1pos[[i]], ylpos[[i]]}, {i, 1, Length{zonel]}};
Plot specified region
ListPlot[linel, PlotStyle -> PointSize[.01], PlotRange - All];

4. Define radial stress equation:

Set eigenvalues and constants:

A={0.9955950186885631", 1, 1.973961228645531" - 0.15460532188869777" i,
1.973961228645531° + 0.15460532188869777" i,
2.942086864910637" - 0.32555258660879016" i,
2.942086864910637" + 0.32555258660879016" 1,
3.924701634098341° - 0.4933398652658574" 1,
3.924701634098341" + 0.4933398652658574"° i,
4.9200942759197055° - 0.631068635356104" i,
4.9200942759197055" + 0.631068635356104" 1) ;

1 = Length[A] - 4;

NOTE: The sub i is the A number, so C3Cyis the fourth A, the C means its complex, the C3 refers to Bl
from the original stress function.

n=Table[Im[A[[1+2-2]]], {1, 3, 1}]
5r = Table[Re[A[[1]]], {i, 1, 1}]

€ = Table[Re[A[[i%2-2]]], {i, 3, 1}]
Clr = Table[Cl1R;, {i, 1, 1}];

C2r = Table[C2R;, {i, 1, 1}];

Clo = Table[C1lRy, {i, 2, 2}];

C20 = Table[C2R;) (i, 2, 2}];

Al = Table[C1C;, {i, 3, 1}]

A2 = Table[C2C;, {i, 3, 1}]

Bl = Table[C3C;, {i, 3, 1}]

B2 = Table[C4C;, {i, 3, 1}]
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Real root stress (rrrreal):

Clear[r, 6, trébasic, t66basic, trésum, t6Osum, ]

1
-1+ 6r .
(2 r~3*%7 5r (8in[¥] (-Clr (-2 - 6 + 6x3) Cos[6r ¢] +C2r (-1 + &6x)? Sin[sr y])) -

Cos[y¥] (2C2r (-1 + 6r) Cos{br ] +Clr (1 +6x) 8in(ér ¥l))):
Collect[trrreal, {ClR;, C2R;}];: ‘

trrreal =

Unity root stress (rrrreal):

trrreall = -2 (C20+2Clo ¢ + C20Cos8[2 ¥] +Clo Sin{2 y]);

Complex root stress (rrrcomplex):

1
n?+ (-1+§)°
(4 x7**¢ (Cosh[n ¥] (Cos[¥] (2 (n*+ (-1+€)?) Cos[E¥] ((B2n-B1E)
Cos[nLog(r]] + (B1n+B2¢§) Sin(nLog[r]]) +
Sin[EyY] ((A2n (-1+n2 =2E+E%) -AL (n? (2+ &) + £ (-1+&%)))
Cos[nLog{r]}+ (Aln (-1+n* -2E+ &%) +
A2 (n® (2+ &) +£(-1+&%))) sin[nLog[r]])) +
sin[y] ((n*+ (-1+€)?) 8in[EY] ((B2 (n-2n§) -Bl (n* + £~ %))
‘Cos[nLog{r]] + (Bl (n-2n¢) +B2 (n*+£-£%))
sin[nLog[r]]) +Cos[E¥] ((2A2n (L+E+n* E-282+8%) +
AL (n*+n® (3-28)+£(-2+6+28-£%)))
Cos[nLogir]] + (2A1n (1+E+n -2+ €% -A2
(M+n* (3-28)+£(-2+6+28-¢%))) Ssin[nLog(r]]))) +
(Cos[¥] (-2 (n*+ (-1+ &)%) sin[E¥] ((B1n+B2§) Cos[nLog(r]] +
(-B2n +B1¢) Sin[n Logir]]) +
Cos[EY] ((AL1n (-1+n*-2E+&%) +RA2 (N (2+ &) + £ (-1+€2)))
Cos[nLog[r]] + (-A2n (~1+n®-2&E+&%) +
Al (n® (2+ &) + £ (-1+€%))) sin[nLog[r]])) +
Sin[y] ((n*+ (-1+€£)?) Cos[E¥] ((BL(n-2n&) +B2 (n*+§-€%))
Cos[nLog[r]] + (B2n (-1+2§) +Bl (n* +£-£))
sin[n Log(r]]) +8in[f¥] ((-2A1n (1+§+r;2 -2 §3 +§3) +
VA2 (n*+n? (3-26)+E(-2+E+28°-6%))) Cos[nLog(x]] +
(2827 (L+E+n2 E-2E2+€) +AL (' +1? (3-2§) +
E(-2+£+282-¢%)) sin[nLog[r]]))) Sinh[n¥]));

trrcomplex =

trrcomplexl = Sum{trrcomplex[[L]], (i, 1, 4}]1;

Sum stress cases for full parameter model:
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trrsuml = trrreal[[1]] + trrreall[[1]] + trrcomplexl;

Trrsum=trrsuml /. y+6-n1/2;

5. Collocate data with stress equation:

NOTE: To find stress intensity, several iterations must be run. First input model data into
step 3. Then, collocate different the appropriate list, noting the 1st two leading terms. Repeat for
all the different parameter models.

Set up local collocation scheme (nonlinear fit will give a warning when convergence of a coefficient is
reached):

<< Statistics NonlinearFit®
<< Statistics Common' PopulationsCommon'

Define variable ‘data’ as the data in the specified region:

data = Table[{rldat[{i]], ©1dat[[i]}], orldat[[4]])}, {4, 1, L1}];

rhs = trrsum;
List comands are for convience to input into fitting function:

list2 = {C1R;, C2R;};
list4 = {C1R;, C2R;, C1R;, C2R3,};
list8 = {C1R;, C2R;, C1R;, C2Rz, C1C;, C2Cy, C3C;3, C4C3};
listl2 =
{C1R;, C2R;, C1R;, C2R;, C1C;3, C2C3, C3Cy, C4C3, C1Cq, C2C¢, C3C, C4C4};
l1ist16 = {C1lR;, C2R;, C1R;, C2R,;, C1C;, C2C;3, C3C;3, C4C;,
ClCy, C2Cy, €30y, CdCy, C1Cs, C2C5, C3Cs, C4Cs);
1list20 = {C1R;, C2R;, C1R,;, C2R;, C1C;, C2C,, C3C3, C4Cy, ClC,, C2C,,
C3C,, C4C4, C1Cs, C2Cs, C3C5, C4Cs, C1C¢, C2C¢, C3Cq, C4C);

sol = NonlinearRegress[data, rhs, {r, 6}, 1list20];

par = BestFitParameters /. sol[[1]]

6. Calculation of relative error:

1 1
T (Sum[(m (orldat[[i]] -rhsl6 /. {r- data[[i]][[1]],

@ - dataf[i]][[2]])} /. parl6) |42, {4, 1, 1.1}])4\.5*100,-

7. Graphical comparison of fitted functit;n:
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Define angular orientation comparision, comparision will take place along a radial line for a given ¢
value, default set to &= 0 (w is the width in which data can be taken to capture more data points):

6ch = ArcTan[xpos([30]] /ypos[[600]]];

6ch = 0;

w=0.00;

zonel = {};

6chl = 6ch +w;

6ch2 = 6¢ch - w;

Chop([Table[If[6dat[[i]] s 6chl && Odat[[i]] 2 6ch2 && rdat[([i]] <zl,
AppendTo[zonel, i]], (i, 1, L}]]:

rdat0 = rdat [ [zonel]]:

xpos0 = xpos [ [zonel]];

ypos0 = ypos[[zone(]];

ordat0 = ordat[[zonel]}};

6dat0 = 6dat[[zone0]];

Plot data points

pts = Table[{xposO0[[i]], ypos0[[1]]}, {i, 1, Length[zZonel0]}]:
ListPlot[pts, PlotStyle -» PointSize[.02], PlotRange- {{0, rl}, {0, rl}}]

Plot discretize model into data points:

discmod = Table|[

rhs /. {r-» rdat0[[i]], @ »6dat0[[i]]} /. par, {i, 1, Length[zone0]}]:
dmod = Table[{rdat0[[i]], discmed[[i]]}, {i, 1, Length[zone0]}];
modpts = ListPlot [dmod,

PlotStyle - PointSize[.02], PlotRange - ({0, rl}, {-1000, 800}}];

Plot model along given angular orientation:

ormod0 = rhs /. par;
6 = 6¢ch;
mod = Plot [ormod0, {xr, 0, rl}, PlotRange - {{0, rl}, {-1000, 800}}];

line0 = Table{{rdat0([i]], oxrdat0[[i]]}, {i, 1, Length[zone0]}];
points = ListPlot[line0,

PlotStyle %\Pointsize[ .02], PlotRange -» { {0, rl}, {-1000, 800}}]
Show plots together for graphical comparison:

Show[ {(modptsl6, modlé6}];

Show| {poinﬁs, .modl6}, Frame - Trﬁe, GridLines - Automatic];
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Clear(y, n, 6, r, x, w]

8. Determination of Singularity Dominated Zone

NOTE: To find SDZ, several iteration must be run. First input a value for 6 from 0 to x/2.
Then, check accuracy of solution with variable 'zerol’ equal to zero. If not equal to zero adjust
'FindRoot' parameters. When equal to zero, note the value and continue process for different 6
values.

Clear(r, 6]
6=0*xrw/12;

ormodl = trrreal[[1]} /. (¥ »6-7/2,
Cl1lR; - "enter converged value", C2R; -+ "enter converged value"};

ormod20 = ormod0 = rhs /. par;

(ormod20 - oxrmodl)

relE = Abs | ] * 200;

ormod20
qw = FindRoot [relE == 5, {r, {xr1/10000, r1/100}})
zerol = relE /., qw[[1]] ‘

Plot of relative error:

Plot[relE, {r, -rl/5000, x1/500},
Frame - True, GridLines -~ Automatic, FrameLabel -
{Radius (r - W), Relative Error (percent), Relative Error Plot, ""}]

2
-.\:
CJo
o
o)
(@]



