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ABSTRACT

In this thesis, | present a new method to model heterogeneity and flow channeling in petroleum
reservoirs—specially reservoirs containing interconnected microfractures. The method is applicable both
to conventional and unconventional reservoirs where the interconnected microfractures form the major
flow path. The flow equations, which could include flow contributions from matrix blocks of various size,
permeability and porosities, are solved by the Laplace transform analytical solutions and finite-difference
numerical solutions. The accuracy of flow from and into nano-Darcy matrix blocks is of great interest to
those dealing with unconventional reservoirs. Thus, matrix flow equations are solved using both pseudo-

steady-state (PSS) and unsteady-state (USS) formulations.

The matrix blocks can be of different size and properties within the representative elementary
volume (REV) in the analytical solutions and within each control volume (CV) in the numerical solutions.
While the analytical solutions were developed for slightly compressible linear systems, the numerical

solutions are general and can be used for non-linear multi-phase, multi-component flow problems.

The mathematical solutions were used to analyze the long-term performance of a gas well and
two oil wells in two separate unconventional reservoirs. Finally, the formulations were used to assess
enhanced oil recovery potential from a typical nano-Darcy matrix block. It is concluded that matrix
contribution to flow is very slow in a typical low-permeability unconventional reservoir and much of the

enhanced production is from the fluids contained in the microfractures than in the matrix.

In addition to field applications, the mathematical formulations and solution methods are
presented in a transparent fashion to allow easy utilization of the techniques for reservoir and engineering

applications.
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CHAPTER 1
INTRODUCTION

Fractures in a petroleum reservoir are created by natural forces, by man-made interventions, or
combination of the two. The natural fractures are created by folding, faulting, and subsidence of geologic
structures over a long period of time. The giant carbonate oilfields in the Middle East are good examples
of naturally fractured reservoirs. Fig. 1.1 shows an outcrop of a fractured basement rock from Alcova
reservoir in Wyoming overlain by Madison formation.

Figure 1.1: An outcrop of fractured basement rock from Alcova Reservoir, Wyoming (Courtesy: H.
Kazemi, CSM)

In addition to the natural fractures, engineering activities, such as water injection and hydraulic
fracture stimulation also cause creation of fractures in a petroleum reservoir. In the last decade, there has
been a great interest in enhanced oil and gas recovery in unconventional shale reservoirs. To make shale
reservoirs productive, multistage hydraulic fracturing has been used to break the tight shale matrix into
smaller pieces to create larger surface areas of contact (microfractures). Multistage hydraulic fracturing
creates a dual-porosity environment in the vicinity of the hydraulic fracture. An idealized schematic of a
multi-stage hydraulic fracturing in an unconventional reservoir is shown in Fig. 1.2. The near wellbore
region includes a high density of microfractures which are created by stress changes resulting from
hydraulic fracture stimulation.



Figure 1.2: An idealized schematic of multi-stage hydraulic fracturing in unconventional reservoirs

Presence of fractures in petroleum reservoirs requires techniques to characterize flow in fractured
reservoirs. Because of fractures' extreme heterogeneity and anisotropy, characterization of fractured
reservoirs has been a challenging issue. For instance, fractures can negatively affect the success of an
EOR project because of flow channeling of the injected fluids. On the other hand, primary production
from unconventional reservoirs is enhanced because of the presence of fractures. Both in naturally
fractured reservoirs and hydraulically fractured reservoirs, the matrix blocks are heterogeneous and have
different sizes and shapes. To model fluid flow in a such fractured reservoir, the mathematical

formulations must account for heterogeneity of the matrix blocks.

Mathematical models describing the fluid flow in dual-porosity media began with papers from
Barenblatt et al. (1960) and Warren-Root (1963). These models assume pseudo-steady state (PSS) fluid
transfer from matrix to fracture. Later, a model, which considered unsteady-state (USS) or transient fluid
transfer between matrix and fracture, was reported by Kazemi (1969) and de Swaan-O (1976). The
Barenblatt and Warren-Root models ignore spatial distribution of pressure and transient flow in the matrix
block. Each matrix block is assigned an average pressure; that is it is assumed that pressure is uniform in

the matrix block.

In this work, | focus on the modeling of fluid flow in naturally fractured conventional and
unconventional reservoirs. A multiple-matrix model is presented to account for the flow contributions of
various matrix blocks having different geometric shapes and different properties. The most common flow

hierarchy in a fractured petroleum reservoir is: matrix to fracture to wellbore (if it is a naturally fractured



reservoir) or matrix to natural fractures to hydraulic fracture to wellbore (if it is a hydraulically
fractured reservoir). In this study, | consider the 1D flow from matrix to natural fractures to a hydraulic
fracture which is also the wellbore. | mainly focus on the developments of analytical solutions for
multiple-matrix model. However, the multiple-matrix model presented in this study can be used for 3D
numerical modeling of single and multi-phase flow. Furthermore, it can also be used in compositional

modeling of petroleum reservoirs to capture PVT phase behavior variability in the matrix blocks.

The organization of this thesis is as follows: First, | give the formulation for single phase flow in
a dual-porosity reservoir supported by a uniform set of matrix blocks (single-matrix case). Then this
formulation is extended to multiple-matrix model where a non-uniform set of matrix blocks support flow
into the fractures. Next, | present the relevant pseudo-steady state and unsteady state transfer functions.
Then, | develop the Laplace domain analytical solutions for both the single- and multiple-matrix models.
In addition, I provide the closed form solutions for pressure transient test applications. The theoretical
development is followed by examples to show applications to field problems. In these field problems, |
show the effects of heterogeneity variation of matrix blocks on well performance. Finally, | present a
discussion on the work done and give the conclusion of the work.



CHAPTER 2
SINGLE-MATRIX AND MULTIPLE-MATRIX MODELS

The concept of dual-porosity modeling includes a continuum of interconnected fractures and a set
of matrix blocks (cubes, spheres and slabs) imbedded in the fractures. However, in nature, the matrix
block size and properties vary; which is the focus of this thesis. In this chapter, | first give the diffusivity
equation for 1D fluid flow in dual-porosity reservoirs. Next, | present the basic definitions and equations
used in the multiple-matrix model.

2.1 Homogeneous Single-Matrix Model

Naturally fractured dual-porosity reservoirs are usually idealized as a set of uniform matrix
blocks with the geometric shapes of cube, sphere and slab (Fig. 2.1).

VUGS MATRIX FRACTURE MATRIX FRACTURES

ACTUAL RESERVOIR MODEL RESERVOIR

Figure 2.1: Idealization of the heterogeneous dual-porosity medium with uniform cubic matrix blocks
(Warren and Root, 1963)

To couple the fluid flow between the matrix and the fracture with uniform matrix block
idealization of fractured reservoirs, a transfer function is added to the continuity equation. The continuity
equation for the single phase, slightly compressible, 1D flow in a dual-porosity media with uniform size,
homogeneous and isotropic matrix is given by:

O°Ap; (X,1) _ OAp; (X,1)

2 kf,eff _
0.006328 p v r=(g0), —5— [2.1]

Where:



AP¢ =P — Pus [2.2]
2.2 Multiple-Matrix Model

In reality, the matrix blocks are not uniform and equally sized. In the dual-porosity reservoir of

this research, each matrix block has its own size, permeability, and porosity, as illustrated in Fig. 2.2:

Matrix Block-1 (7)):

km,l’ 01’ ¢m.l’ rm.l

Matrix Block-3 (7;):

z "
Am,S’ 63’ ¢m_.3’ ’m,S

Matrix Block-2 (7, ):

- "
]‘m,'_” 0-27 ¢mr27 ’m,l

Figure 2.2: Schematic of a fractured dual-porosity medium with non-uniform matrix blocks

If statistically we have N, different matrix blocks in a representative elementary volume, we

arrive at the following diffusivity equation for 1D linear flow:

O°Ap; (x,1) ~ OAp; (x,t)

k €
(0.006328 fﬂ“j v flrl—fzrz—...—berNb:(¢Ct)fT [2.3]

Where fy, f,, ..., fup are volume fraction contributions for each matrix block in the representative
elementary volume (REV) used in the analytical solutions or in the control volume (CV) of numerical

solutions. The summation of these volume fractions must be 1, as shown by Eq. 2.4.
Ny
Zfi =1; (i=12...,N,) [2.4]
i=1
Although I only presented the single-phase, 1D fluid flow equation for multiple-matrix setting, it

can be applied for multi-phase, multi-component flow problems with the higher heterogeneity of the

matrix blocks such as assigning different PVT data sets for each matrix blocks.



CHAPTER 3
MATRIX-FRACTURE TRANSFER FUNCTIONS

In this chapter, | present the pseudo-steady state and unsteady state matrix-fracture transfer
functions for both uniform matrix blocks and the matrix blocks having different geometric shapes and
properties. | start with the derivation of pseudo-steady state transfer function for single phase flow. Then,
I present the unsteady-state transfer functions for sphere, slab and cuboid matrix blocks. Here | show the
basic steps of the derivation, however, full derivation of unsteady-state transfer functions can be found in
Appendix A. The transfer functions presented in this chapter are going to be used in both the analytical

and numerical solutions in the next chapters.
3.1 Pseudo-Steady State Transfer Functions

The dual porosity diffusivity equation considers the conservation of mass in the fracture. The
transfer function in Eqg. 2.1, reflects the volume of fluid transferred from matrix to the fracture per unit
rock volume per unit time. If | consider the conservation of mass principle in the matrix system, | can

write:
p,
r=(gc ) — 3.1
(90), [3.1]
The relationship between the conservation of mass principle and fluid flow between matrix and

fracture can be obtained from the Darcy's law. The transfer function representing the fluid transfer

between fracture and the surrounding rock matrix for single-phase flow is:

K
— m _ 3.2
T (0' L J(pf pm) [3.2]

If we combine Egs. 3.1 and 3.2, we get:

km _ _ apm
(o5 )(p, - p)=(0). 2 83

Where the shape factor, o, for a cuboid matrix block with dimensions L,, L, and L, is:

1 1 1
L TRE



The definition of the pseudo-steady state transfer function is independent from the shape of the
matrix blocks, however, the shape factor has different definitions for the matrix blocks having different

geometry.
3.2 Unsteady State Transfer Functions

As stated before, the fluid transfer from shale matrix blocks to the fractures takes a long time to
reach pseudo-steady state regime because of the extremely tight nature of the matrix blocks. Thus, I first
focused on formulating the transfer function to model the transient fluid flow between fracture and
matrix. My derivation of unsteady state (USS) transfer functions, for different geometric shapes, followed

the formulation provided by de Swaan-O in 1976 (shown below):

2 [ OAp, (Xt)
I

T(X!t) = A“Wf ) 65 Qum

(t—¢)d& [3.5]
Figure 3.1 compares the pressure drops of PSS and USS transfer function models for an example
problem. As shown in the figure, the early time and the late time responses don't match each other. This is
because of an error in deSwaan's USS transfer function formulation. The USS transfer function must
represent the flow rate of fluid transfer between matrix and fracture per unit total rock volume containing
fracture and matrix. However, de Swaan-O's USS transfer function definition reflects the flow rate of

fluid transfer per unit fracture volume.

100

=== Analytical PSS
10 -} |===deSwaan's USS

Ap, psi

5 deSwaan's
0.0001 uUss

1E-005 - R B WAL WAL R AL AL R B B UL R R
1E-012 1E-009 1E-006 0.001 1
Time, days

Figure 3.1: Comparison of pressure responses of PSS and de Swaan-O's USS models



The new unsteady-state (USS) transfer function, = which represents the flow rate of fluid

transfer between fracture and matrix per unit rock volume, is given below:

1 LoAp(xt)
CORIvE j o Gn(t-8)d [3.6]

Where, q, ,, is the flow rate caused by a unit pressure drop at the matrix surface. For a spherical

matrix, g, ,, is given by the following equation:

k OAp,, (1.t;X)

0y (1) = —0.0063287mAn ~ [3.7]

r=r,

I begin to illustrate the use of Eq. 3.6 by assuming that the matrix blocks are spheres and
surrounded by fractures. The pressure change at any point, r, in such a sphere, when the surface pressure

p,, issuddenly decreased by 1 unit of pressure, is given below (adopted from the heat conduction

problem by Carslaw and Jaeger, 1959):

Ap,, (r,t;x) = 1+(2rj Z(_l)n exp(_nm:;”ztjsin(n:zrj [3.8]

7 )rig n - i

Where:
0.006328k,,
My == [3.9]
(¢/1Ct )m
AP, =Py — Py [3.10]
Ap, (r=r,)=1psi [3.11]
Thus, for the spherical matrix block, the transient transfer function becomes:
L OAp; (X,1)
7(x,1) _0.00632851 - % j p’ {Zexp( 5))}0@ [3.12]
uoTy

Where o is the shape factor for a spherical matrix block as shown:

a:?f%z [3.13]



I also consider slab and cuboid (cuboid means rectangular cuboid in this thesis) for the shape of

Appendix A). For a slab matrix block, the transfer function is:

k 8 [ OAp; xt
7(x,t) = 0.006328 —Z.EG—QE{ZeXp( 7 (2n+1) o (t 5))}d§

—_m
H T n=0

Where o is the shape factor for a slab matrix block, given below:

0:72%2

And for a cuboid matrix block the transfer function takes the following form:

(2+1)°

;;mz;)z(; (21 +1)*(2m 4:1)2 (2n+1)’

OAp, (Xt
7(x,t) = 0006328k—% M
u oty 0

exp| —n, 7w

Where o is the shape factor for a cuboid matrix block:

{1 1 1}
O=T —2+—2+—2
ERNTANT

X

the matrix blocks and present the unsteady-state transfer functions for these shapes (for derivations see

[3.14]

[3.15]

dg

[3.16]

[3.17]



CHAPTER 4
LAPLACE DOMAIN ANALYTICAL SOLUTIONS FOR PSS AND USS TRANSFER FUNCTIONS

In this chapter, | present the Laplace domain analytical solutions for constant terminal rate and
constant terminal pressure, both for single and multiple matrices using both the pseudo-steady state and
unsteady state transfer functions. | evaluated these solutions in the Laplace domain and then numerically
inverted the results into real time domain using numerical inverse of the Laplace transform (Stehfest,
1970).

4.1 Laplace Domain Solutions for Pseudo-Steady State Transfer Functions

| first present the analytical solutions for pseudo-steady state fluid transfer model. To develop the

solutions, | used the transfer function presented in Section 3.1.
4.1.1  Solutions for Single-matrix Problem

The diffusivity equation for single-phase, slightly compressible, linear flow in a dual-porosity

medium with uniform matrix block distribution is:

k O*Ap, (Xt OAp, (X,t

0.006328— pfz( )—T=(¢Ct) 24P () [4.1]
Y7, OX f ot

Where the transfer function is:

r=2(Ap, - Ap,) [4.2]

And

OAp,,

5 [4.3]

A(Ap, -4p, )= (1-o)

Here, A is inter porosity flow parameter and  is fracture storativity ratio. The mathematical

definitions of A and w are:

i=c kkm 12 [4.4]
(),
=0, +(4%), 4]

10



The dimensionless form of the diffusivity equation is:

OPps
o,

_i(pr - po)Za’

(0.006328)k, , t
[(¢Ct ), +(c), }/”LZ

_ kf,effh
141.2qBu

Por (tD) [p? — Py (t)]

Taking the Laplace transform of Eqgs. 4.3 and 4.6, and combining them, | have:

d AP (X5) _
%‘ g (S)Apr (XD) =0
D

And the g(s) function is:

A+(1-w)ws
(1-w)s+2

g(s)=s

The wellbore pressure solution for this 1D, single-phase flow problem is:

4.1.2  Solutions for Multiple-matrix Problem

[4.6]

[4.7]

[4.8]

[4.9]

[4.10]

[4.11]

[4.12]

The pseudo steady state transfer function representing the flow rate of fluid transfer from each

matrix block in a multiple-matrix model is:

m,i

7 :giT(pf = Ppi)i 1=12,.,N,

11

[4.13]



And

kmi apmi H
o, ,u (P = Pi ) =(20),., e i=12,...,N, [4.14]

The wellbore pressure solution in the Laplace domain for this problem is as single-matrix

solution, as shown below:

o (5)= —2— [4.15]
5\9(s)

However, the g(s) function has a modified form to capture the flow contributions from non-

uniform matrix blocks, Eq. 4.16:

g(s)z{fl(w}t f (MJ+...+ f\ (Mﬂ [4.16]

(1-w)s+4, (1-w)s+4, (1—a))S+/INh

4.2 Laplace Domain Solutions for Unsteady State Transfer Functions

This section presents the Laplace domain analytical solutions for unsteady state transfer functions
presented from Eq. 3.11 to 3.15. | developed the solutions for only spherical matrix blocks, however,
similar solutions can be derived for cuboid and slab matrix blocks by following the similar procedures.

4.2.1  Solutions for Single-matrix Problem

The 1D dual-porosity pressure solution at the any point x, for constant terminal rate, in the

Laplace domain, is (for full derivation, see appendix B):

qBu
AP - 4.17
P (x:5) s / ) 0.006328k; p( g(s)x) [4.17]

And for x=0, the pressure solution at the wellbore intersected by an axial vertical fracture is:

AP, (0,5) aBu [4.18]

s / ) 0.006328K, .,

Where, the g(s) function in the Laplace domain for uniform spherical matrix blocks is:

12



g(s)=s

[ (puc,),

6 00
Ky 58 4.19
0.006328K, 1 Ky . ZZ S+o7.N } [4.19]

Similarly, flow rate vs. time solutions for the constant terminal pressure case can be obtained.

For instance the bottom-hole flow rate solution in the Laplace-domain is:

k S
gB =0.006328—="hL Ap 9(s) [4.20]
/’l f x=0 S

After inverting Eq. 4.18 for the USS fluid transfer model, | compared the results with the
numerical and analytical pseudo-steady-state (PSS) dual-porosity models. For analytical PSS model, |
used the Laplace domain solution and calculated the pressure response in the Laplace domain. Then, |
used numerical Laplace inversion to get the real time domain solutions. The numerical PSS results were
generated by using the finite-difference numerical solution method. Fig. 4.1 is a comparison of the USS
analytical pressure solution with the numerical and analytical PSS pressure solutions. The USS dual-
porosity model presented in this thesis generates the same pressure drops as the analytical and numerical
PSS dual-porosity models for early and late time periods. The solution difference in the intermediate
times is because of the difference in the formulation of USS and PSS models. | emphasize that the USS
formulation is physically a more realistic model.

100

é @ Numeric_PS$S

1 |[— Analytic_PSS

10 5 === Analytic_USS
. 1 ?
] 3
2 .
) ]
0.1 E
0.01

0.001 TTYTWW ITTUTF[ TUTUH] IHUW T”HWI TITTIWW ITTTIITIT THITWI IHWTII TTHFW] TTIm
1E-008 1E-006 0.0001 0.01 1 100
t, hours

Figure 4.1: Comparison of dual-porosity model pressure responses
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Fig. 4.2 presents a comparison of pressure derivative for USS and PSS models. Both the
analytical and numerical pseudo-steady state (PSS) models show the V-shape characteristic of pseudo-

steady state model. However, the unsteady-state model doesn't have the V-shape character.

The pressure transient studies presented in this thesis indicate that the classical pseudo-steady-
state (PSS) V-shape characteristic of the pressure derivative plot for dual-porosity reservoirs is unrealistic,

especially for unconventional reservoirs.

100 —
; = Numeric_PSS
41 |— Analytic_PSS
10 o |===Analytic_USS
.(7) :
Q
s 13
£ ]
§ ]
T 01+
2 e
= 3
0.01 5
0.001 : mr - -
1E-008 1E-006 0.0001 0.01 1 100
t, hours

Figure 4.2: Comparison of dual-porosity model pressure-derivative responses

4.2.2  Solutions for Multiple-matrix Problems

The analytical solutions of the dual-porosity problems are based on the assumption that the matrix
blocks are uniform throughout the reservoir. However, in this thesis, | deal with non-uniformity and
heterogeneity of matrix blocks. In my formulation, the Laplace domain analytical solutions for the
multiple-matrix model are same as the solutions for the uniform matrix block case but the g(s) function is
different.

For Ny non-uniform spherical matrix blocks, the g(s) function has the following form:
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g(s)=s (¢,Uct)f N 1 Ky et =t O 11N Kiw 713 S+0,1,,N 21)
0.006328k ¢ Ko, ii 1 .
h f eff " 71-2 n=1 S+O—Nb77m anz

The matrix volumetric average pressures in each matrix blocks can be calculated using the
following equation in the Laplace-domain:

0.006328k , ; e
B T — AP, (X,8)) —————

[4.22]
(¢Ct)myi/u 72- nls+o—77m|

APy, (%,8)=

To show the flow contributions of different matrix blocks, I ran the multiple-matrix model for
two cases with three different matrix blocks. Table 4.1 shows the input data for the first example
problem. | considered three different matrix permeabilities: 1x10° md, 5x10° md and 1x10® md. The
matrix blocks were spheres and the radii were also different: 0.5 ft, 1.0 ft and 5.0 ft. The volume fractions
were 0.10, 0.10 and 0.80. Fig. 4.3 shows the pressure drops in the fracture and each matrix block. The
time required for matrix block-1 to reach the pseudo-steady state regime is about 0.4 day, while for
second and third matrix blocks is 2 and 100 days, respectively. This clearly shows that increasing matrix

block size and decreasing matrix permeability decreases the matrix contribution to flow.

TABLE 4.1 - INPUT DATA FOR TRIPLE-MATRIX EXAMPLE-1

Reservoir, Well, Fluid Properties Matrix Block-1 ~ Matrix Block-2  Matrix Block-3
u  (cp) 0.02 km (md) 1x10° 5x10° 1x10°
B  (RCF/SCF) 1 Om 0.15 0.20 0.10
Cem  (1/psi) 1.5x10™ o (Uft) 39.47 9.87 0.395
¢ (UUpsi) 5x10™ rm (ft) 0.5 1 5
h  (ft) 30 f (fraction) 0.1 0.1 0.8
L (ft) 5000
o 3.94x10°
K terr (md) 8.3x10™
q (SCF/D) 1000
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Figure 4.3: Pressure drops in fracture and each matrix block for triple-matrix Example 1

In the second example (Table 4.2), | used a fixed matrix porosity, 0.10, to see the effects of
matrix size and permeability on the pressure drop in each matrix block. In this example, the matrix blocks
were again spheres and the radii were 1.0 ft, 3.0 ft and 5.0 ft. | used the same matrix permeabilities: 1x10°
md, 5x10° md and 1x10°® md. The volume fraction of the first matrix block is 0.8, and the second and

third matrix blocks have 0.1 for volume fractions.

TABLE 4.2 - INPUT DATA FOR TRIPLE-MATRIX EXAMPLE-2

Reservoir, Well, Fluid Properties Matrix Block-1 ~ Matrix Block-2  Matrix Block-3
u  (cp) 0.02 km (md) 1x10° 5x10° 1x10°®
B  (RCF/SCF) 1 Om 0.10 0.10 0.10
Cem  (1/psi) 1.5x10™ o (Uft) 9.87 1.096 0.395
¢ (UUpsi) 5x10™ rm (ft) 1 3 5
h  (ft) 30 f (fraction) 0.8 0.1 0.1
L (f) 5000
o 2x10™
K terr (Md) 8.3x10"
q (SCF/D) 1000

Fig. 4.4 shows the resulting pressure drops in the fracture and in each matrix block. Similar to the

previous example, the matrix block, which has the lowest permeability and largest diameter, requires
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longer time to reach the pseudo-steady state flow regime. This clearly indicates that the property of one

matrix block in a multiple-matrix system affects the pressure responses of other matrix blocks.
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Figure 4.4: Pressure drops in fracture and each matrix block for triple-matrix Example 2
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CHAPTER 5
EXTENSION OF SINGLE-PHASE THEORY TO WATER-OIL FLOW

The equations for the multi-phase, multi-component flow problems are highly non-linear, thus the
analytical solutions for these non-linear systems are not present. However, for an approximation, | show
the application of multiple-matrix model to the Buckley-Leverett (B-L) displacement, a quasi-linear form
of multi-phase flow in dual-porosity reservoirs. The linearized B-L displacement in the fracture for a
dual-porosity system with unsteady state transfer function was first presented by de Swaan-O (1978):

oS, (x,t 0S,; (Xt
—u, u ( _)_i:—m( ) [5.1]
OX &, ot
Here 7 is the unsteady state (USS) transfer function for water entering the matrix (or,

equivalently, oil leaving the matrix):

(s O (xt)

5 dé [5.2]

t
T= /inIe

0
Laboratory experiments indicate that, the cumulative oil recovery by water imbibition and/or

gravity drainage from matrix can be approximated by the following exponential curve (Kazemi, et al.,
1992):

R=R, (1— e*it) [5.3]

Where, R, is the maximum oil volume recovered per unit rock volume at infinite time and R is

the oil volume recovered per unit rock volume at any time t. The exponential decline parameter, A , can
be calculated by matching experimental data using Eq. 1.3. The calculated exponential decline parameter
includes the combined effects of viscous, capillary and gravity forces for the specific rock sample. The

Laplace domain solution of the water saturation at any point (x, t) in the fracture space for a single-matrix

S (x,s):lexp[—i(/ﬂqw#ﬂ}x} [5.4]

If we have multiple-matrices in each representative elementary volume (REV), the water-oil

displacement equation, Eq. 5.1, becomes:

18



aswf(x’t)_fli_ L ¢ TNb_aSWf—(X’t) [5.5]

_u - —_— =
"X é " g, ot

The unsteady-state transfer function for each matrix block is:

z :AN,iRwyi.tfe‘j"(“‘:) as“”—(x’t)dg; (i=12,...,N,) [5.6]

1 aé
In this multiple-matrix setting, each matrix block may have its own mass transfer coefficient (,)
and ultimate recovery per unit rock volume (R, ;). The water saturation in the fracture for multiple-matrix

model in the Laplace-domain is:

S, (x,s)=%exp -— - X [5.7]

The solution of Eq. 5.7 is reserved for the extension of this thesis to a PhD research plan.
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CHAPTER 6
CLOSED FORM SOLUTIONS FOR PRESSURE TRANSIENT TEST ANALYSIS WITH USS
TRANSFER FUNCTION

To derive the closed form solutions for both single- and multiple-matrix model for interpretation
of the pressure transient test data, | present the formulation in terms of dimensionless parameters. The

dimensionless diffusivity equation in the Laplace-domain is:

2 —
0" Por

2
OXp

:g(s)ﬁDf [6.1]

6.1 Closed-Form Solutions for Single-Matrix Model

The diffusivity equation for single phase, slightly compressible linear fluid flow in a dual porosity

medium with uniform matrix block distribution is:

oAp,
—r=(¢0), 7'0 [6.2]

K, o« O°Ap
(0.006328)—" ——

I need to define the dimensionless parameters to write the diffusivity equation (Eq 6.2) in

dimensionless form:
[6.3]

0.006328)k
t, = ( it [6.4]

[(¢Ct )f +(gc, )m ]“Lz

f eff
Por (to) mquﬂ[ Py (1)] [6.5]

By using these dimensionless variables, | obtain the dimensionless diffusivity equation as

following (for full derivation, see Appendix B):

o’p A(1- _

#: CO+§ (—a))coth T 1_0)5 _%i SﬁDf [66]
() T S A oS

Where:
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g(s)zs{aﬂrE Mcoth(ﬂ 1_7605}—1&} [6.7]

ps s 7S

The wellbore pressure solution in the Laplace domain for this problem is given as following:

Por (8)= [6.8]

6.1.1 Early Time Closed-Form Solution

In early times, because the time is very small, the Laplace transform variable s becomes very

large. Thus the g(s) function reduces to:
g(s)=sw [6.9]
The wellbore pressure solution in the Laplace domain becomes:

2

Por (S) =m [6.10]
Inverting into the real time domain, | obtain:
T
Por (1) =4,/=15 [6.11]
w
In dimensional form, the early time pressure solution for a two-sided reservoir model is:
12
8.1289B 1
Ap, (1) =222 N [6.12]
kf,eff hL (¢lucl)f

Please note that, in the above solution, the flow rate is in STB/D and the time is in hours.
6.1.2 Intermediate Time Closed-Form Solution

The intermediate time flow regime follows the early time fracture flow and matrix starts to feed
the reservoir in this flow period. Thus, to obtain the closed-form solution for intermediate flow regime,
fracture storativity can be ignored. For intermediate times, g(s) function can be approximated (for x>3.6,
coth(x)=1) :
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g(s)zs[%’@] [6.13]

The wellbore pressure solution in the Laplace domain becomes:

Por (5)= 2 [6.14]

S A(1-w)

T

Inverting into the real time domain yields:

t 2
Por (1o ) =—72 z [6.15]

(%) 2 el

Under this assumption, | arrive at the closed-form pressure solution for intermediate-time (the

flow rate is in STB/D and the time is in hour):

4
Ap; (1) = (63.82)qB L ¥4 [6.16]
kf,eff hL ka (¢ILICl )m

And the effective permeability can be estimated from the slope of Ap;, (t) vs t¥* plot, as

following:

2 12
Ky e =((63'82)qB”J [ : J [6.17]
' m hL ) | ok, (duc,),

intermediate

6.1.3 Late Time Closed-Form Solution

In the late times, the reservoir acts like a single-porosity media. Thus, for late times, the g(s)

function can be used as:
g(s)=s [6.18]
The wellbore pressure solution in the Laplace domain becomes:

_ 2
Por (8) =2 [6.19]
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The real time domain inversion of the wellbore pressure solution is:

Por (tp) =47ty [6.20]

The closed-form solution for late time flow regime becomes:

12
8.1280Bu 1
Ap, (t)= Jt 6.21

pf( ) kf,eﬁ hL [(¢‘uct)f+m} [ ]

The slope of Ap, (t) vs t¥? plot can be used to estimate the effective permeability from linear

flow period:

2
» :(8.128unJ 1 (6.22]
mlineath (¢fuct )f+m

As an example, Fig. 6.1 shows the single-matrix USS pressure and pressure derivative
(logarithmic derivative) profiles for flow through a 5000-ft horizontal well in a naturally fractured
reservoir. The data used for the example problem are given in Table 6.1. Looking at the transition zone
between the two linear flow periods, one can observe the absence of the V-shape feature of the classical
pseudo-steady-state, dual-porosity model. The lack of such a V-shape feature is supported by field

observations.

TABLE 6.1 — INPUT DATA FOR FLOW THROUGH A 5000-FT HORIZONTAL WELL
Reservoir, Well, Fluid Properties

u  (cp) 0.02 km (md) 1x10°

B (RB/STB) 1 Kerr (Md) 2.8x10™

cm (1/psi) 5x10™ o (Uit 41

cr (1psi) 1.5x10™ rm (f) 1.55

h  (ft) 100 o 2x10°

L (ft) 5000 on 0.05

q (STB/D) 356.2
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Figure 6.1: Pressure and logarithmic derivative of pressure for horizontal well example

| estimated the effective permebilities as 2.34x10™ md and 2.82x10™ md from the intermediate

and late time flow solutions (Egs. 6.17 and 6.22), respectively.
6.2 Closed-Form Solutions for Multiple-Matrix Model

The diffusivity equation for single phase, slightly compressible linear fluid flow in a dual porosity

medium with non-uniform matrix block distribution is:

2Ap; OAp;

K O
(0.006328)% = —fir, - f,r,=(¢0,), - [6.23]
And the unsteady-state transfer functions are for each matrix block are:
1 (0Ap; (x.1) .
(xt)=—|———2q,,.,(t-&)dé& (i=12,..,N 6.24
7 ( )vm,il sz Gomi(t=6)dE ) [6.24]
The new definitions of dimensionless variables for MM setting are:
0.006328)k; .t
( Ko [6.25]

tD =
[(90), + 1(96) 0, + T (80 ), oo Ty, (96),,, 417
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(¢c,),

=

[(89), + :(46),, + To(90),, +oot Ty, (92),,,, |

[6.26]

[6.27]

By using these dimensionless variables, | obtain the dimensionless diffusivity equation for

multiple-matrix model as following (for full derivation, see Appendix B):

521

Early Time Closed-Form Solution

o+ 1, 3 MCO'[h 7|25 |- 1
7\ \ ks AF 1S
3 Lo f 1) 1
0 Py +f{—( —COth(ﬂ' s}— H
= 7\ \| Fs F r.,S
aXIZD . 2 ﬂ? 2 2
A
+fy 3 W coth| 7 |—2—s |- L
NEARIaTE iNbFNb Mo, S
Where:
¢C :
Fi:( t)f, (i=12,.,N,)
(¢Ct)m|
o+ f, 3 Mcoth x |-Zs b
7|\ Es AF r1S
+1, 3 Mcoth 7|25 |- !
g(s)=s 4 25 ,F, Fn 25
+1‘NE % oth| 7 |—2 s |- L
| N, S \I/INbFNb Mo, S

|

[6.28]

[6.29]

[6.30]

Because the early time flow is dominated by the fracture flow, | have the same early time solution

with the single-matrix setting. The early time wellbore pressure solution is:
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2
a, (t)=8'128q5“[( 1)] t [6.31]

K¢ o DL | (BC, ),

6.2.2 Intermediate Time Closed-Form Solution

Similarly to the single-matrix solution, for intermediate times, the g(s) function can be
approximated as:

T
3
o(s)=s| " {; 5} [6.32]

[6.33]
\/ 311\/ \/ +..+ fy 3 \/
T AF, ’ )“N FNb

Inverting into real time domain gives:

t’/“
Por (tD ) = [6.34]
J 3% L f
Np
And the closed-form pressure solution for intermediate-time in multiple-matrix setting is:
12
63.82)qB
Ap, (t)= (63.82)qB ! e [6.35]

Ky e L \/f 1K1 ¢,UC \/f opL ¢/UC)
+.. +\jf oy, K (¢,u Do,
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And the effective permeability for the multiple-matrix setting can be estimated from the slope of

Ap, (t) vs t¥* plot, as shown in the following equation:

SR, 1 650
he mbilineath \/f Gl mi ¢,UC \/f 62 m,2 ¢,uC)

+.. +\/f oy, Kk ¢,uC)mN

6.2.3 Late Time Closed-Form Solution

For multiple-matrix setting, | have the same late time approximation with single matrix setting, as

shown by the following equation:
g(s)=s [6.37]

And the wellbore pressure solution in the real time domain is:

Por (1) =4[ty [6.38]

Because the definition of dimensionless time is different, | have a slightly different late time

closed-form solution for multiple-matrix setting:

12

8.128qB 1 1
Ap, (t)= t 6.39
Pr(1) K e L /u[((ﬁct)f + £(46 ), + fo(4€),, + Ty, (¢Ct)m,NJ " 16:391

The slope of Ap, (t) vs t¥? plot can be used to estimate the effective permeability from linear

flow period:

2
- :(8 1280Bu 1 (6.40]

My ML ] H(9), + (96),, + T (08,0, ot Ty, (66,00, |

I used the data set in Table 4.1 to generate the synthetic data for the triple-matrix example and

then | plot Ap, (t) vs t¥* for the bilinear flow regime period (Fig. 6.2), | calculated the effective

permeability as 7.77x10™ md which originally was 8.3x10™ md.
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Figure 6.2: Pressure drop as a function of t* for bilinear flow analysis
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CHAPTER 7
PRESSURE DISTRIBUTION IN A NANO-DARCY MATRIX BLOCK

The pressure distribution inside each matrix block can also be estimated by using the MINC
(Multiple Interacting Continua) approach (Pruess and Narasimham, 1985). To estimate the pressure
distribution, I divide the spherical matrix block into 3 segments having same volumes as shown in Fig.
7.1

Figure 7.1: Schematic of equal volume rings inside a spherical matrix block

When | write the mass conservation equation between the transfer function and the three rings, |
have three equations with three unknowns which are the pressure drops in each segment.

k Ap 1_Ap 2 aAp 1
—(0.006328) ™ 4z7r?, —™ M2 4V r=(gc,) V. ,—= 7.1
( Sy A et = (8), Ve [7.1]
A —-A
~(0.006328)Xn 47r?_, 2Pnz ~APna
u "2 A oD, ,
=(gc,) Vy,—= [7.2]
k 2 Apml_Apmz ot
+(0.006328) 4712, ———"=
oA
k Ap, ., —Ap OAp
0.006328)—"4zr?,, —22 M3 — (4 ) V m3 7.3
( ) ﬂ T m’% Arz (¢ t)m m,3 at [ ]
Taking the Laplace transform of mass conservation equations, respectively, yields:
Koy APy, — AD, - -
—(0.006328)747rrr:% 1A—r12 +V, T =(¢¢,) Vy1SAB,,, [7.4]
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AP, —AD
—(0.006328)k—m47rrr§5 APnz = APng
g ™2 A

_ _|=(4c,), Vy2SAP,, (751
+(0.006328)k—m47zr2 APy = APn Hm e
u "2 A
AD., —AD
(0006328)%477’-'}5’% % = (¢Ct )m Vm,3SAﬁm,3 [76]
2

To solve the above equation set, | form the following matrix-vector system:

k 4zr?
— m—m% km47fl"23
P08 AT, 0.006328——_ "% 0
LAY
_5(¢cl)mvmyl
km47rl’r§y
-0.006328 ———22
1A,
kndrt? kndrt? s, i, | [2ns] [
0.006328 — 72 0.006328——__"% A s il
/'IAG_ /UArZ IUArZ Aﬁ , 0
_S(¢Ct )meYZ m,3
k Axzr?
k 4rr? w47l
0 0.00GSZSM —0.00632874
HAT, >
L -5(¢¢,) Vs _
[7.7]

These matrix-vector system can be solved in the Laplace domain to get the pressure drops. A
theoretical example case is presented below. The matrix blocks in this example were equally sized
spheres. Fig. 7.2 shows the average pressure drop in the spherical matrix block and the pressure drops in

each region. The data used to construct Fig. 7.2 are tabulated below.
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TABLE 7.1 — INPUT DATA FOR PRESSURE DISTRIBUTION IN A MATRIX BLOCK EXAMPLE
Reservoir, Well, Fluid Properties

u  (cp) 0.02 on 0.15

B  (RCF/SCF) 1 o (Ui 39.47
cm (1/psi) 1.5x10™ rm (f) 0.5
cr (1/psi) 5x10™ f 0.1

h  (ft) 30 o 3.94x10°
L (f) 5000 o1 (f) 0.5

g (SCF/D) 1000 ma  (f) 0.437
km (md) 1x10° rma  (ft) 0.347

1000

@

Q

S 0.001
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t, days

Figure 7.2: Average pressure drop in the spherical matrix and the pressure drops in each region

As shown in Fig. 7.2, the pressure drop in region 1, which is the outer and thinner region, follows
the average pressure drop profile of whole matrix block. However, the second and third regions require
longer times to follow the same line. For example, it requires about 30 days for the third region to reach

the matrix average pressure drop.
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CHAPTER 8
FIELD APPLICATIONS

In addition to the theoretical examples, in this thesis, | analyzed four field examples from
unconventional reservoirs. These four field examples include three long-term production data from one
gas and two separate oil wells, and a pressure build-up example from an oil well. The flowing pressure

histories for the oil wells were estimated from surface pressure measurements.
8.1 Example 1: Long-Term Production Data From a Horizontal Well in Bakken in Field 1

The first example is a 8794-ft horizontal well in the Middle Bakken formation with open hole
completion and single-stage hydraulic fracture in Field 1. The well has been producing for four years. To

analyze the long-term production data, | used rate normalized pressure (Ap/q, ) vs square-root of time

(t“?) plot. The linear flow equation for uniform matrix blocks (Eq. 6.21) can be written in the following

form:
12
Ap, (1) _ (8.128)v24Bu[ 1 N [5.1]
q kf,eff hL (¢luct)f+m
And the effective permeability is:
2
8.128Bu 24
K et = [8.2]
e ( mlineath J (¢fuct )f+m

Fig. 8.1 shows the rate normalized pressure data as a function of square-root of time. It is clear
that linear flow regime dominates the long term production from the horizontal well in Field 1. The fluid
properties are estimated from the PVT analysis and given in Table 8.1. | used the typical values of the
matrix and fracture compressibilities in Bakken formation. Firstly, we analyzed the linear flow period by
assuming the matrix blocks are uniform. Then, we extended our analysis for a triple-matrix example to

show the effect of heterogeneity of matrix blocks on the effective permeability estimation.

Production data analyses show that a typical horizontal well in Bakken has an effective producing
length which is about 20% of the total length (Kurtoglu, et al., 2012a). Thus, | used the effective
producing length as 1760 ft to estimate the effective permeability. From the linear flow analysis for

uniform matrix blocks, the effective permeability was estimated as 3.66x10> md. This calculated
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permeability value is relatively high compared to the core measured permeability, which is about 10 md.
This enhancement is because of the existent natural fractures.

TABLE 8.1 - DATA FOR BAKKEN FIELD EXAMPLE-1
Reservoir, Well, Fluid Properties
u  (cp) 0.4543 h  (f) 45
B (RB/STB) 1.3669 L (ft) 1760
cm (1/psi) 1x10°® o 2x107°
o (Upsi) 1x10° O 0.04
400 Fit Results 4
Equation Y = 9.879599029 * X - 109.7240881 o ™
300
fa ]
Q
7]
°: 200 —
g |
<
100 —
0 T I T I T ‘ T

0 10 20 30 40
t"2, day'?

Figure 8.1: Long term production data from a single-stage hydraulically fractured horizontal well in the
Bakken in Field 1

Secondly, we estimated the effective formation permeability by assuming the representative

elementary volume of this example includes three different matrix blocks. The properties of each matrix
block is tabulated below (Table 8.2).

TABLE 8.2 - TRIPLE-MATRIX PROPERTIES FOR FIELD EXAMPLE-1

Matrix Block-1 Matrix Block-2  Matrix Block-3

o 0.04 0.08 0.12
Cm  (1psi) 10° 10° 10°
f 0.3 0.4 0.3
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In this case, the compressibilities of the matrix blocks were identical, however, the porosities
were different. We used the closed-form solution of linear flow in multiple-matrix setting, Eq. 6.40, and

estimated the effective permeability as 2.19x10? md which is 40% less than the uniform matrix case.
8.2 Example 2: Long-Term Production Data From a Horizontal Well in Bakken in Field 2

Example 2 is another horizontal well in the Middle Bakken formation in a different field, Field 2.
It is a 20-stage hydraulically fractured horizontal well. When we plot the normalized pressure vs. square-

root of time, we again see that linear flow regime dominates long-term production performance (Fig. 8.2).
The fluid and well data are given in Table 8.3.

TABLE 8.3 - DATA FOR BAKKEN FIELD EXAMPLE-2
Reservoir, Well, Fluid Properties
u o (cp) 0.3917 h  (ft) 52
B (RB/STB) 1.6147 L (f) 1920
¢ (1psi) 2x10° o 2x107
cr (1/psi) 1x10° om 0.05
40

Fit Results
Equation Y = 1.135773741 * X + 0.4047800489

0 5 10 15 20 25
t'2, day"?

Figure 8.2: Long term production data from a 20-stage hydraulically fractured horizontal well in the
Bakken in Field 2
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I calculated the effective permeability as 1.049 md, using the uniform matrix solution, Eq. 8.2.
Because it is a multi-stage hydraulically fractured horizontal well, the calculated effective permeability is

higher than the permeability estimated from the first example.

Similar to the field example-1, | generated a theoretical REV containing three different matrix
blocks (see Table 8.4). In this example, I used a uniform matrix porosity as 0.05. On the other hand, the
compressibilities of each matrix block were different: 2x107° psi™, 1x10°® psi™, 5x107 psi™. The calculated

effective permeability for this case was 1.799 md.

TABLE 8.4 - TRIPLE-MATRIX PROPERTIES FOR FIELD EXAMPLE-2

Matrix Block-1 Matrix Block-2  Matrix Block-3

Om 0.05 0.05 0.05
cm  (Upsi) 2x10°® 1x10° 5x107
f 0.2 0.4 0.4

8.3 Example 3: Long-Term Shale Gas Production Data From a Horizontal Well in Field 3

In addition to two oil well production performance, in this example, | present a long-term gas
well production data (Fig. 8.3). This production history was obtained from the paper by Nobakht and
Mattar (2010). Because the fluid and well data were not provided, | used the data given in Table 8.5. To

analyze the long-term gas production data, | modified our formulation for the gas flow, as shown below.

EqQ. 6.21 can be written in the following form:

12

Ap; (t) (8.128)v24B, 1
- t 8.3
Ay 44 K o L (¢Ct)f+mfug J_ 3l

The gas formation volume factor is:

P T
Bg = Z?T— [84]

sC

The normalized pressure equation for gas flow becomes:

qg’ug 5.6146 \/kf,eff hL (¢Ct)f+m 'ug

, , 7 psc TJ 1/2
P! - Pk 2(8.128)\24 ( T 1 } N [8.5]
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TABLE 8.5 - DATA FOR SHALE GAS FIELD EXAMPLE
Reservoir, Well, Fluid Properties
u (cp) 0.02 h  (ft) 55
z  (fraction) 1 L (ft) 4000
cm (Upsi) 2x10™ o 1x10°
cr (1/psi) 1x10* o 0.08
2000

m__ =65.279 ((10°psi/cP)/MMscfd)/day'?

nnnnnn

1600

Ap/Aq,u) , (10°psi?/cP)/MMscfd

0 4 8 12 16
t'2, day?

Figure 8.3: A typical long-term shale gas production data (Nobakht and Mattar, 2010)

The effective formation permeability is estimated 9.33x10™* md, which shows the tight nature of
shale formations.

8.4 Example 4: Pressure Transient Test Example From a Horizontal Well in Bakken in Field 3

Example-4 is a pressure build-up example from an un-stimulated horizontal well in the Middle
Bakken formation with open hole completion in Field 4. Ten days initial production was followed by
three day shut in period. Fig. 8.4 presents the pressure and pressure derivative profiles on a log-log plot.
As seen in the figure, early time period is masked by the wellbore storage and it is followed by a quarter
slope which reflects the bilinear flow regime.
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Figure 8.4: Pressure and pressure derivative for field Example 4

To analyze the bilinear flow period, | used the Ap,, Vs t¥* plot (see Fig. 8.5) and Eq. 6.17. The

bilinear flow solution requires extra parameters such as matrix permeability and the shape factor. In this
analysis, core measured permeability was used as uniform matrix permeability and the typical natural
fracture spacing of un-stimulated wells in Bakken was used to calculate the shape factor. Because it is an
un-stimulated horizontal well, 1 used the total length of the well to estimate the effective permeability.
The effective permeability is calculated as 1.28x10™ md, based on the data given in Table 8.6. When we
compare this effective permeability value with the values calculated from Example 1 and Example 2, the
bilinear flow permeability of Fig. 8.4 is the smallest effective permeability, because this test was

conducted in an un-stimulated horizontal well.

TABLE 8.6 - DATA FOR BILINEAR FLOW ANALYSIS
Reservoir, Well, Fluid Properties

u  (cp) 0.4883 km (md) 3x10°

B (RB/STB) 1.364 Oawg (STB/D) 69

¢ (Upsi) 1x10° o (UfY) 0.2

cr (1/psi) 1x10° o 2x107°

h  (f) 38 om 0.04

L (f) 9097
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Figure 8.5: Bilinear flow analysis plot

Similar to the linear flow analysis, the permeability can be estimated from the bilinear flow
period by considering the heterogeneity of the matrix blocks. In this case, three different matrix blocks
having different permeabilities were used. The properties of the matrix blocks and their statistical
distribution in the REV are tabulated below. The effective permeability for this case was calculated as
3.94x10™ md.

TABLE 8.7 - TRIPLE-MATRIX PROPERTIES FOR FIELD EXAMPLE-4

Matrix Block-1  Matrix Block-2  Matrix Block-3

km (md) 3x10° 3x10° 1x10°
Cm  (Upsi) 10° 10° 10°
Om 0.04 0.04 0.04
o (Uf) 0.2 0.2 0.2
f 0.2 0.4 0.4
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CHAPTER 9
DISCUSSION, CONCLUSIONS AND RECOMMENDATIONS

In this thesis, | have presented a mathematical formulation to more accurately capture the flow
contributions from matrix blocks of various size, permeability, and porosity in dual-porosity fractured
reservoirs -- specially in unconventional reservoirs. | chose both the pseudo-steady state and the unsteady
state (USS) fluid transfer models, and obtained solutions for the unsteady state transfer functions for
matrix blocks having different shapes and properties. Also, | reported closed-form solutions for single-
and multiple-matrix problems (linear and bilinear flow regimes) to be used in pressure transient test
analysis of conventional and unconventional reservoirs. In addition to the single-phase flow solutions, a
known water-oil flow transfer function was used for matching experimental oil recovery results and as a

basis for modeling the counter-current flow from the matrix in field operations.

The multiple-matrix model presented in this thesis captures the effect of matrix size and
heterogeneity of the matrix blocks. Heterogeneity includes permeability, porosity, geometry, and shape
factor.

The closed-form solutions for multiple-matrix model presented in Chapter 5 can be used in the

pressure and rate transient analyses of linear and bilinear flow regimes in fractured reservoirs.

The USS transfer function solution used in pressure transient analysis indicates that the classical
pseudo-steady-state (PSS) V-shape characteristic of the pressure derivative plot for dual-porosity
reservoirs is unrealistic, especially for unconventional reservoirs. This conclusion is consistent with
observations and results from well tests in the field. The only situation that leads the VV-shape character in
the derivative plot is large permeability contrast between two communicating layers (Al-Ajmi, et al.,
2008).

The most notable simulation result is that the matrix contribution to flow is very slow in typical
unconventional reservoirs. The matrix permeability and the matrix size are the key factors in determining

the contribution of matrix block to the overall production.

Finally, because of the difficulties in measuring the relative permeability in unconventional tight
matrix, the water-oil formulation presented in this study can be used as a substitute to predict matrix
drainage and reservoir performance. A comprehensive presentation of this topic is postponed to a future
PhD thesis.
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The multiple-matrix formulation presented in this thesis can be extended to multi-phase, multi-
component flow problems. For instance, in addition to size and shape heterogeneities, different relative
permeability and capillary pressure data can be assigned to different matrix blocks for multi-phase flow
problems. Also, multiple-matrix model can be used to capture the heterogeneity based on pore-size
distribution and PVT data of the matrix. For example, each matrix block can have a different average pore
size. Accordingly, different phase behavior can be assigned to each matrix block to reflect the confined
pore space heterogeneity.
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LIST OF SYMBOLS

An : surface area of matrix block, L? (ftz)

B : formation volume factor, L3/L3 (RB/STB or RCF/SCF)

B, . gas formation volume factor, L3/L® (RCF/SCF)

Ctm - total matrix compressibility, L2F~1 (1/psi)

Cit . total fracture compressibility, L2F~* (1/psi)

f : volume fraction of each matrix block in REV, fraction

h : formation thickness, L (ft)

Kief - effective fracture permeability (fracture porosity x fracture permeability), L2 (md)

K : matrix permeability, L2 (md)

L : horizontal well length, L (ft)

L, : thickness of a slab matrix block, L (ft)

Ly, - dimensions of a cuboid matrix block, L (ft)

Mintermediate. slope of bilinear flow, FL=2T~1/* (psi/hr'*)

Mae slope of linear flow, FL™2T~1/2 (psi/hr?)

Np : number of matrix block in REV or CV

1 : oil viscosity, W /LT (cp)

Hg : gas viscosity, W /LT (cp)

Pm : matrix porosity, %

ot : fracture porosity, %

q : oil production rate, 3T~ (ft/D for Eq. 16 through 19, BBL/D for Eq. 30 through 54)

g : gas production rate, L3T~1 (SCF/D)

O : matrix counter-current flow rate, L3T~1 (RCF/D)

Qum : flowrate caused by a unitary pressure loss at the matrix surface, L*F~1T~1 (ft°psi’D™)

Gum flowrate caused by a unitary pressure loss at the matrix surface by unit rock volume,
L*F7'T1 (psi*D™)

Pot : dimensionless pressure drop in the fracture

pi : initial reservoir pressure, FL™2 (psi)
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Pm
Pm
Psc
Put

—

sC

Ui

Xp

oy

Hm
Ap'

matrix initial pressure, FL™2 (psi)

matrix pressure at any time t, FL™2 (psi)

standard condition pressure, FL™2 (psi)

well flowing pressure, FL™2 (psi)

oil volume recovery per unit rock volume at any time, t, L3 /L3
maximum oil volume recovery per unit rock volume at infinity time, L3 /L3
Spherical r-coordinate, L (ft)

radius of spherical matrix block, L (ft)

matrix control volume, L3 (ft%)

The Laplace transform variable

water saturation in the fracture, fraction

water saturation in the matrix, fraction

irreducible oil saturation in the matrix, fraction

irreducible water saturation in the matrix, fraction

time, T (day for Eq. 1 through 21 and Eq. 40 through 58, hour for Eq. 30 through 39)
reservoir temperature, (°R)

standard condition temperature, (°R)

water injection velocity, L/T (ft/day)

Cartesian x-coordinate perpendicular to the horizontal well, L (ft)
dimensionless distance to the production well in Cartesian x-coordinate
gas deviation factor

shape factor, 1/L% (1/ft)

storativity ratio of fracture to the total system

interporosity flow parameter

exponential decline parameter, T (1/D)
unsteady-state transfer function, T* (1/D)
matrix diffusivity coefficient, L2/T (ft*/day)

pressure logarithmic derivative, FL™2 (psi)
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Apm unitary step pressure change in a matrix block, FL™2 (psi)

Aps : pressure change in fracture, FL™2 (psi)
Apw well flowing pressure change, FL™2 (psi)
APws - well static pressure change, FL™2 (psi)
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APPENDIX A
DERIVATION OF UNSTEADY-STATE TRANSFER FUNCTIONS

The USS transfer function for a spherical matrix block is presented by Egs. 3.5, 3.6 and 3.7. |

differentiate Eq. 3.7 to get the pressure gradient at surface of the spherical matrix block for use in Eqg. 3.6.

Py nmn 't

— | = ex Al
( or j ) p[ J A
Plugging Eq. Al into Eqg. 3.6, and dividing by the volume of the spherical matrix, | get:

w© _ 2_2
G, (X, 1) = o.ooaszs%i{zexp[%”tﬂ [A2]

m m | n=l r-m

For asphere, the surface to volume ratio, A, /V, ,is 3/r, . Thus Eq. A2 can be written in the

following form:
G, (x.t) =0.006328 ”‘(—)—{Ze p( /sl ”tﬂ [A3]
7

The quantity ﬁz/rnf is called the shape factor for a spherical matrix block. Thus, the USS

transfer function, Eq. 3.5, becomes:

L OAp; (X,1)
r(x,t) = 0.006328 51 - % j p’ {Zexp( 5))}0@ [A4]
uoTy
Similarly, the USS transfer function for a slab matrix can be derived, as shown in Eqg. 3.13.
The derivation of the USS transfer function for a cuboid matrix block follows similar steps as in
the spherical case. However, this derivation involves integration over six faces of the cuboid. | start with

the unit step function in a cuboid to derive the USS transfer function for a cuboid matrix block. The unit

step function for a cuboid matrix block is (Carslaw and Jaeger, 1959):
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Where: Ap(x,t,%,

The flow rate from the matrix into the fracture along the y-z plane of the matrix block at X = 5

0y, L. =—0.006328 K
2

L dyd?
M

!—.N‘Nl_
QD I1D
> | O
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|
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The pressure gradient at the y-z plane of the matrix block at X = % is calculated by

differentiating Eq. A5 as shown:

[_Umﬁz[(zl +1) (2m+1)’

L (en+1) H
L

|

(2 -;1)7[]

e (VY [ 1 (@+yr

|Z.; ;(Zm +1)(2n +1){(2| +1) L, (-1) Sln(
0 64 (2m+1)7 (2n+1)72
Ay } L

+

(2n+1)

2
Ly

[ {2I+1 (2m+1)
exp| -1« +

(2I +1)7z
2

The product of (—1)I and sin(
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j is always +1, thus Eqg. A8 can be written as:
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[A6]
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chos{(zmtl)ﬂy}o{(zntl)ﬂz}
ap Z_giii G ’ : [A9]
okl L 7 EisiE(2m+1)(2n+1) o[ (21417 (2m+1)* (2n+1)’
exp| —n, 7 >+ > + > t
L, L, L
Plugging Eq. A9 into the flow rate equation, Eq. A7, gives:
64 (-1 (1)
7r3§m§)n§(2m+l)(2n+l)
b L
2 2m+1)zy | . 3 2n+1)zz ) .
q)?|)2=i :0,006328k_m Li{ I Cos(%deJ‘ Cos(%}dz [A10]
2 M x| Ly y L 7
2 2
21+1)° (2m+1)° (2n+1
expl_nm,r{< L L;) ( Lz)”
And
L
2 L _
fcos (2m+1)7zy 0y = v lsin (2m+1)7 _sin (2m+1)z (AL1]
L L, (2m+1) 2 2
2
i
2 —
Icos M dz = L, sin (2n+1)ﬂ —sin (Zn—ﬂ)” [A12]
L, (2n+1) 7z 2 2

2n+1 —(2n+1
{sin [Mj —sin[uﬂ are always +2, thus the flow rate equation becomes:

2
64 & 1 4\ LL
K 3§§§(Zm+1)2(2n+1) (ﬂj[ L, ]
d;, L. =0.006328-" i ) [A13]
2 )z o[ (21+1)° (2m+1)° (2n+1)
exp| -7, —+ > + > t
L2 B 12

48



I also note that the flow rate from the matrix into the fracture along the surface x=-L, /2

q*|ﬁz_L P is the same as the flow rate from the matrix into the fracture along the surface X=L,/2.
Therefore, the flow rate per unit rock volume along the surface X=L,/2is:
4 64 \ & &>
O ;b K [LiJ( j( 3)2;)2; 2m+1) (2n+1)2
i, L = 2. =0.006328 ™ ) , [A14]
2 LLL H o[ (2141 (2m+1)* (2n+1)
exp| —-n,, 7 —+ > + > t
12 L 12
Then, the total flow rate per unit rock volume along the two surfaces at X = J_r% is:
[ ](mjiii
UL S rors (2m+1) (2n +1)°
[A15]

A

gl

2 2

L, +6,| L. =0006328"

)7

(2n+1)

(2I+1) +(2m+1) . 2
LZ

)

2 2
12 L2

exp[—nmﬂ2 (

The total flow rates along the other four surfaces can be obtained, similarly. Adding all the flow

rates coming from 6 surfaces of a cuboid matrix block, I get:

2 2
(20+2)°" T+ (2n+1)* T+ (2m +1)° ”2
512\ & & L2 L 12
k 7 ZZZ ol 25 205 2
qu,m,total —0.006328 - 1=0 m=0 n=0 ( +1) ( n+1) ( m+1)
/J 2 2 2
(20+17 (2m+1) (2n+1) }
exp| -1, 7’ + + t
[ L LS L

Thus, the USS transfer function for a cuboid matrix block becomes:
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- 2 B k

;;:0; (21 +1)2(2m+1)2(2n +1)2

«OAp; (Xt 2
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H T o L2

)

exp| 1,7

[A17]
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B.1

APPENDIX B

DERIVATION OF THE LAPLACE DOMAIN SOLUTIONS

Laplace Domain Solutions for Uniform Spherical Matrix Blocks

The dual-porosity pressure diffusivity equation for 1-D linear flow is:

k O°Ap, (x,t OAp, (x,t
0.006328 et |TAPND 0y AP 1Y)
7 OX UG
Where:
Ap; = p° - p;

The unsteady-state transfer function for a spherical matrix block is:

L OAp; (X,t) e
o(x,t) =0.006328 2 2 [ 2P 10D pf S exp i Gal N PR
H % n=1 r,

Applying the Laplace transform to the transfer function, Eq. B3, gives:

7(X,8) = 0006328k—o- 6 ~SAD, (XS Z;
/u n lS+G77m

The diffusivity equation, Eq. B1, in the Laplace domain is:

Ko )O°AD _ _
(0.006328 fﬂ“) afx( °) —7=(¢c), AP, (x9)

Upon substitution of Eq. B4 in Eq. B5, one obtains:

O°AD; (X, C »
F;fxgx 2 z{o ogﬁzztezli Tk . %ZH }Apf (xs)
. f eff f eff n=1 onLN

I simplify Eq. B6 by defining the following function:

g(s):S[ (guc,), k

n 6 1
e e
0.006328k; o« K; . 7" T2 S+on,n

Thus, the diffusivity equation in the Laplace domain becomes:
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O*AP; (,s)

o2~ 9(8)aP; (x:5)=0 [B8]

This is a homogeneous differential equation with the following solution:
AP, (x):Aexp(— g(s)x)+ Bexp(+ﬂjg(s) x) [B9]
For an infinitely large reservoir, Ap; is zero when x goes to infinity:

lim AP (x,5) = Almexp(—,f () x)+ Blmexp(+,/g(s) x) -0 [B10]

However,
1@0 exp(—ﬂfg(s) x)=0 [B11]
1@; exp(+ a(s) x) =00 [B12]

Thus, B=0 should satisfy the boundary condition given by Eqg. 22, and, therefore, Eq. 19
becomes:

AP, (x,5)= Aexp(—mx) [B13]

Now, | need another boundary condition to determine coefficient A. By using Darcy's law, | can

write the inner boundary condition as following:

k OA
B =—(0.006328) —-hL s [B14]
'u aX x=0

Or,
OA _

Pl _ aB [B15]

ox |, 0.006328k, , hL

Applying the Laplace transform to the above boundary condition, | get:
OAp _

Pl 1 qBu [B16]

ox |, $0.006328K, ,hL
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Using Eq. B13, | obtain:

aApf (xs) ——A,/ exp( Jo(s ) and aApf—XS ——AA/ [B17]

X=

Now, | can determine the coefficient A from the Eq. B16 and B17:

—qBu qBu
——AJy(s B18
s 0 006328k, . h [B18]

s / ) 0.006328K, 4 h

And, the fracture pressure solution in the Laplace domain for the constant terminal rate case

aApf (x,9)

x=0

becomes:

qBu
AB _ B19
Pr (x.5) s / ) 0.006328k; 4 p( g(s)x) [B19]

And, for x=0, the wellbore pressure solution:

qBu
AP (0,5) = B20
P s/ ) 0.006328K,  hL [B20]
Where:
puc 6 &
g(s)=s (), K oy — [B21]

0.006328k kf TS s+onn’
To get the constant terminal pressure case solution, | should start from the Eq. B13.
AP, (X,5)= Aexp(—,/ (s) x) [B22]

Now, | don't have the constant rate inner boundary condition, the new inner boundary condition is

constant Ap, at x=0. This boundary condition in the Laplace domain can be written as following:

A
_ Pl [823]
S

Ap;

x=0

We can determine the coefficient A from the Eq. B23:
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A

pf x=0 _ Apf x=0 _ Apf x=0
— Aexp(—ﬂf (s)O)_ _— A= [B24]

S

AP (x=0,s)=

And the constant terminal pressure case solution for any x becomes:

A

—pfs X0 exp(—m x) [B25]

The flow rate can be calculated from the following equation:

AP, (X,8) =

OAp;

_ kf,eﬁ
qB =—(0.006328) hL [B26]
Y7, X |,
Taking the Laplace transform of Eq. B26 gives:
k OAp
qB = —(0.006328) 1" hi 21 [B27]
‘u 6X x=0
And
oAy | APi|
_ 0 (_ [o(s B28
e (~J9(s)) [B28]

Thus, the flow rate equation in the Laplace domain, Eq. B27, becomes:

k g(s)
<10,

gB =(0.006328)—“"hL Ap,

I can also determine the matrix volumetric average pressures after calculating the fracture
pressures. To get the matrix volumetric average pressure solution in Laplace domain, | start with the
transfer function equation in Laplace domain, Eq. B4:

= 1

— [B30]
n=1 S+ Gﬁmn

7(x,8) = 0.006328 % o-% SAP; (X,5)
J7 1

I also know the relationship between the transfer function and matrix pressure in real time

domain:
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r(x,t)=(gc,) [B31]

Where Ap,, is the matrix volumetric average pressure drop. Taking the Laplace transform of Eq.
B31, we get:

7(x,5)=(gc,), sAP, (x.5) [B32]

Where AP, is the matrix volumetric average pressure drop in the Laplace domain. Substituting

Eq. B30 into Eqg. B32, we obtain:

k 6 =g _
(0006328)70? SApf (X, S)EW = (¢Ct )m SApm (X, S) [833]

Rearranging gives the pressure drop in the matrix at any location and time in the Laplace domain:

— (0.006328) k, 6 _ i 1
Al S)=———2 " —A , _— B34
pm(x S) (¢Ct)m,u 07[2 Pr (X S)nzzlls+0'77mn2 [ ]

B.2 Laplace Domain Solutions for Non-Uniform Spherical Matrix Blocks

For non-uniform matrix block distribution, such as N, different spherical matrix blocks, | modify
the fracture pressure solution in the Laplace domain. The dual-porosity pressure diffusivity equation for
1-D linear flow for this problem in the Laplace domain is:

0°AP; (%,5)

k
(0.006328 fﬂ“) v — .7, - ,7, =(4c,), SAP, (x,9) [B35]

And the unsteady-state transfer function for each matrix block in the Laplace domain is:

i=12,..,N, [B36]

7

k. 6 N
7 (x,5) = (0.006328) L 5. — sAP, (X,
z.(x,8)=( ) u O P (x S)n;swmm,in

Also, the diffusivity constant and shape factor for each type of spherical matrix block are given as

followings:

k.
Mo =(0.006328)ﬁ; i=12,..,N, [B37]
t/m,i
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=2 i=12,...N, [B38]

If we follow the same procedure as uniform matrix block solution, the fracture pressure solution

for multiple-matrix in the Laplace domain for constant terminal rate case becomes:

B
g ﬂk hI_exp(— g(s)x) [B39]

B 1
A (x:8)=~ Jo(s) (0.006328)k,

Where the new form of g(s) is:

(duc), N K o ii 1
(0.006328)k o Ky 7L S+O, N

Kn 6 & 1
+f2 —m2 o, —22—2

9(s)=5| K A AES+0,M,,N [B40]
kmN 6 - 1
+be ’ On, _ZZ 2
Ky e T S+ Oy My, N

The matrix volumetric average pressures in each matrix blocks can also be calculated by using

the following equation:

— (0.006328) K, 6 _ il 1 .
AP (X, 8)=—— L g — A , — i=12,...,N B41
P (X S) (¢Ct )m,i H “ 7 P (X S)nZ;‘ S +O—i77m,in2 | ’ [ ]
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APPENDIX C
DERIVATION OF NUMERICAL SOLUTION FOR MULTIPLE-MATRIX PSS MODEL

We will start with the multiple-matrix form of the diffusivity equation, Eq. 2.4, and the pseudo-
steady state transfer function (Eq. 4.11 and Eq. 4.12) to derive the numerical solution. The 1D diffusivity

equation for N, different matrix blocks is:

op; (x1)
ot

k op; (x,t
%(0.006328ﬂJ P (X1 - —fr, .- beTNb +G= (¢Ct )f [C1]

y7, OX

The pseudo-steady state transfer functions for each matrix block in a multiple-matrix model:

kmj .
7, =(0.006328) 0 ﬂ (Pr=Pnj)i §=12.0N, [C2]
And:
kmvj apm’j .
(0'006328)0-1' 1 (pf - pm,j):(¢ct )m'j ot v 1=12,..., Nb [C3]

Combining of Eg. C1 and C2 gives:

k
f,(0.006328) 0, ™ p; — py, ) +
i

+
e
Il

k
) Ko 0P, | 1,(0.006328)c, = (p; —p, )+ | . ap,
—| 0.006328 " | =L _ . T c4
6x( 1 Jax # (#): Lc4l

-
f,(0.006328) 7, (Pr =P, )

The numerical discretization of above differential equation using the finite difference method is:
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n+l

k n+_l — i k ﬂ+_l_ n+_1
%!{0.006328 “ﬁ} pf*gl P —[0.006328 f*eﬁ] pf,.A pfll]
Xi /u i+% Xi+% lu if}/ Xi_%

2

k
f, [(0.006328)01 —mlj (P75 —pn)+
y7i

k N [CS]
f,| (0.006328)c, ™= |(pri - pri)+ | g
2(( )7, NJ( r ) +q=(go), BB

fy, | (0.006328) o, (pFi-pn)

Multiplying both sides by the volume of each grid block, (Vi = AxiAyAz) , gives:

k k
(0'006328 wﬂj AAyAZ (i - p?jl)—(o.ooeszs f*eﬂ] AAVAZ (p7i—pit,)-
H i+1 Xi+% H il Xi—%

k
fl((0.006328)01 —”“) (pii—pni)+
7]

[Ce]

k n
f,| (0.006328)c, —= |( pi* - pii) + Vi(ge )t
| o oossze)o, = o) B

fy (0.006328)0-Nh k"‘Nn (p?ﬁl—pn"qﬁli)
L b H ' b |

The matrix-fracture transfer function equations, Eq. C3, for node i (Here i denotes the node

number and j denotes the matrix block number) for N, different matrix block can be written as:

S e
(0.006328)O'j7’ (P ‘pmjvi):(mt)mj,iT? i=12,...N, [C7]

Solving the transfer function equation for matrix pressure, p’™ , gives:

i
mJ,I

” k
(9. {(0.006328)01. m'}
mi = Al P, + - pri [C8]
o, ] (9005, | k] (960, |
(0.006328) 5, ™ | +-— ™ (0.006328) 57, ™ | 4+
M| At Mo At
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And substituting into the diffusivity equation yields:

kf Jeff
0.006328
,U i+%

fl((0.006328)01

f, ((0.006328)02

Vi (¢Ct ):I ( n+l
At i

Qii =

fy, {(0.006328) oy,

AX
i+1

kmlj
“)

Kn, J
7]

mNb

U

- p?,i)

AYyAz (

Pii —

p

|

prL - p?;l)—(o.ooeszs

ki

(6 ),

i)

n+1 At

H Ji—% A

k
{(0.006328)01"‘1} +

oo

{(0.006328)0—1 kmll

oo

n

(¢Ct )ml,i
At

n+l

k
[(0.006328)01 } +
)

(4c, )ml,i

n+l At

n pf,l

At

fli

k
{(0.006328)02 e

k
{(0.006328)02 } +
“ )

n

(¢Ct )mz,i
At

k
{(0.006328)0'2 mz} +—

oo

n+l At

AyAz (
X y

n
prnl,i

n

pmz,i

pf,i -

n

[(0.006328)%[)

{(0.006328)0,%

U

kmNb :l (¢Ct )mNb i
+

kmNb
M

k
{(o.ooaszs)ah,b i } -
M
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n+l

Pei —Pria

[C9]



Or:

k k
(0.006328 ”“j AAyAZ(p?il—p??)—[o.ooeszs ”“J AAyAZ(p?ﬁl—p?ﬁll
By By # iy My
(¢Ct)nmj,|
o Akt T Pn,.i
{(0.006328)01. ”"} o
Ny K., 7 At
V| > | (0.006328) 0, |
= H i k
{(0.006328)01. m’}
,Ll i n+l
= oy P
{(0.006328)01. } T
Iz At
Vi(¢ct):.i n+ n
Qs ZT(pf,il_ pf,i)
After rearranging, we obtain:
vo |(0006328K; oy | AyAz | . |(0.006328k;. ) AyAz |
i A Pt r AX
yz i—% i—% i+% i+%
'_(o.ooeszskf,eﬁJ AyAz _[0-006328kf,eﬁj AyAz
H -y Axi—% H i} AX‘*%
i1 f | (0.006328)° 62 o
pf,i V (¢C )n Ny k i ( . ) Gj #2
22V v S | (0.006328) 0~ N
At j=t i m (¢Cl )m i
(0.006328) 0, - | + -
M) At
m ¢C :I i
n f,| (0.006328)c, "] F)n,
Vi (¢Ct)f,i n . H) A n
=——P; G _Viz n P, i
At [ m (9¢)y |
(0.006328) 5, - | + -
M) At

[C10]

[C11]

We define the coefficient of the three-banded solution matrix and the right hand side vector as

following:
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i n+1 n+l R
i

Di Pt t Ei Pii + F. Ptin=

Where:

D _[0.006328kf'eﬁ] AyAz
H I—% AXL}é

e _[o.ooesszakm ] AyAZ

# i+% AX”%
_ ] |
f, (0.006328)0-1_7 -
et > K2
Al R '(¢t)f'+vi f,|(0.006328)" o2
At 2 )
I(m. ¢C :1-i
[(0.006328)gj ] 090
M), At
ko ) (¢,
| t [ (0.006328)0, | P3)m
Vi(¢Ct)fvi n Ny H i At n
R 7 |Pm,.i
At i k ) (4c), .
(0.006328) - |+~
“), At

61

[C12]

[C13]

[C14]

[C15]

[C16]



