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ABSTRACT

Production of MoS; inorganic fullerenes using femtosecond pulsed laser deposition
(PLD) is demonstrated. This approach shows promise as a means of creating a large
mass fraction of octahedral MoSs fullerenes. To date, exploration of this nanoparti-
cle’s properties has been limited due to difficulties in producing significant amounts
of material. This work demonstrates a new pathway to efficient particle production,
producing suitable amounts of material enabling new studies with these structures.
We also demonstrate that after depositing these nanoparticles on a glass substrate

a collective response can be seen using both second and third harmonic generation

microscopy.
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1 INTRODUCTION

The demand for nanoparticles is quickly rising as new applications continue to be
discovered. Exploration into optical [1], biomedical 2|, magnetic [3], catalytic [4],
and storage [5] properties of these structures continue to drive the growing interest
in this field. The strong correlation between size and shape of a particular particle
and its optical properties has drawn the attention of the optical industry interested in
precise tuning of both the linear and nonlinear response in gain media among other
things [6]. The biomedical community has made advances in the use of nanoparticles
for targeted drug delivery, in effect delivering a nanocapsule of medicine to a particular
type of cell [7]. Meanwhile the energy sector is interested in the hydrogen catalysis
and storage properties that certain particles demonstrate [4,5].

However, the bottleneck in the development, characterization, and production of
new particles has been the process used to create them. Many methods are available to
create nanoparticles, including gas-phase (8], template [9], sonochemical [10], electron
irradiation [11], and laser ablation [8,12-15]. Although laser ablation was used in the
discovery of Cgp fullerene and MoS, inorganic fullerenes it appeared to have a very
low yield like many of the other fabrication methods [13,16]. However, research in
the field of femtosecond (fs) laser ablation has recently shown that these lasers can
be used to produce nanoparticles in much higher yield than conventional long pulse
systems [17].

At the Photonics and Ultrafast Laser SciencE (PULSE) Laboratory of the Col-
orado School of Mines we have used this state-of-the-art pulsed laser ablation tech-
nique to create nanoparticles of MoSs. The particles were sent to our collaborators at
the Colorado State University for analysis including transmission electron microscopy

(TEM) imaging, which revealed both structural and size information. We also used



our home-built second harmonic generation (SHG) and third harmonic generation
(THG) microscope to demonstrate the possibility of imaging the structures through
optical means. These techniques could be used to create a continuous, in-process
imaging system that will allow the creation and real-time monitoring of these MoS 5

nanoparticles.



2 BACKGROUND

2.1 Nanoparticles

There are two primary ways to understand nanoparticles depending on the properties
in which one is interested. When examining optical properties it is common to explore
the quantum confinement of the electrons in the particle and study how this affects
the energy bands within the particle. On the other hand, chemical properties are
often best understood by exploring the difference between the surface to volume
ratio and number of edges of the nanoparticle and the corresponding bulk material.
The properties of an individual nanoparticle are strongly dependent on the size and
shape of the particle. Thus, for this introductory exploration into the properties of
nanoparticles, the particle in a box example will be used. The more complicated
octahedral structure of MoSs is well beyond the scope of thils paper and will only be
inferred through an examination of the particle in a box.

Using the particle in a box approach, we can demonstrate that as the size of the
box decreases the energy level spacing increases. The energy levels are obtained by

solving the three dimensional Schridinger equation

2

V29 (F) + V (F)n(7) = Enton(7), (2.1)

T 2m*
where m* is the effective mass of the electron, V(7) is the interaction potential, 1, (7)
is the n'* wave function, and E,, is the n" energy level of the confined particle. The
simplest solution of this equation requires that the interaction potential V() be zero
and that the confinement potential be infinite, forcing the wave function to go to
zero at the boundaries of the box. With these constraints the Schrédinger equation

yields energy levels of the form Eqn.(2.2), where L, . are the dimensions of the box



and n,m, and [ are the quantum numbers corresponding to the energy levels in each

dimension.

h2n? h?m? RE2

4.2
8m* L, i 8m*L, o 8m*L., 22}

En:m!l =

It can be seen from the form of this equation that as the dimensions of the box de-
crease the energy level spacing will increase. Optical absorption and emission are
controlled by the energy difference between the conduction and valence bands for
semiconductors unless there is a defect to alter the structure of the bands. In many
cases, nanoparticles are added to semiconductors (known as doping) to provide avail-
able energy levels for absorption and emission between the conduction and valence
band, thus altering the optical properties of a given material [18].

As one might expect, the chemical properties of a bulk material strongly depend
on the surface atoms. The energy required to remove a bound electron from an atom,
know as the ionization potential, is a way to quantify the reactivity of a material. It
has been show that nanoparticles demonstrate significant fluctuations in their ioniza-
tion potential as a function of their size [18]. At the nanoscale, quantum-mechanical
effects begin to play a role and even intrinsic material properties are not intuitively
predictable. As a result, ratios are often used in an attempt to predict the scales over
which properties will begin to exhibit unexpected behavior. One such frequently used
ratio is known as the surface area to volume ratio.

The surface to volume ratio is not the only contributing factor to the chemical
reactivity; on the nanoscale even the crystalline structure of the material can change.
The most notable example of this is Cgy, a fullerene, whose closed cage soccer ball
like structure is radically different from the planar layered structure of graphite [16].

This difference drove researchers to explore other inorganic graphite-like molecules,



such as the transition metal dichalcogenides, to look for similar behavior. This led to
the discovery of the first inorganic fullerene MoS, [12].

Unfortunately, the yields using PLD were extremely low. It was suspected by Dr.
Parkinson and Dr. Squier that the higher intensities produced through femtosecond
PLD could produce much higher yields of MoS, nanoparticles. Therefore, we used a

femtosecond Ti:Sapphire chirped pulse amplification system to test this hypothesis.

2.2 Plume Dynamics Following Ablation

Femtosecond PLD involves many nonlinear processes. The predominant process is
multi-photon absorption leading to avalanche ionization, but there are many sec-
ondary processes as well. Immediately after the initial ionization, free-electron ab-
sorption and reflection can significantly affect the ablation characteristics depending
on the initial pulse energy [19]. However, for our purposes we are not interested the
initial ablation process as much as the dynamics of the ionized plume ejected from
the surface following ablation.

We will start with plume dynamics in vacuum because it is significantly simpler
than the plume expansion with back pressure of a particular gas. The coordinate
system will be Cartesian, with the expanding surface defined by X (t), Y (), and Z(t)
where Z(t) is perpendicular to the target surface and parallel to the optical axis.
Generally the plume is ellipsoidal in shape, so we will define the expanding surface

52

to be Xl'(’:)z + },1{’:)2 + zar = C where C' is a constant. We will assume the relative

position of the ejection surface governs the instantaneous velocity of the particles in

the plume, allowing much of the complex hydrodynamics of individual particle motion

to be ignored [19].



The initial conditions will be

X(0) = Xo, Y(0) = Yo, Z(0) = Zo, (2.3)
and

dX dY dz

—(0) =0, —=(0) =0. =(0) =0, (2.4)

where t = 0 immediately follows the trailing edge of the laser pulse. The assumption
in Eqn.(2.4) is that the initial thermal energy of the plume is much higher than its
kinetic energy, hence the initial velocity is zero. We will start with the equations of

motion for gas dynamics

ap , '
o o r(pt) = 2:5
v + div(pv) 0 (2.5)
o + (7-V)o+ EVp = (2.6)
aS
95 (5.V\§ = 2.7
5+ (v-V)S 0 (2.7)

where p, p, U and S represent the density, pressure, velocity. and entropy respectively.
We now assume an adiabatic expansion of the plume using equations for an ideal
gas with an adiabatic constant given by v = 51- Now we can write the density and

pressure profiles for the plume expansion as

M, 22 Y g2 H=T)
z) = T g e e e 2
&390 = Txv 7 ( X2 Y? 2) (L&)
and
E Xo¥Zi N T a2 g2 22\
P(z,y,2) = b m | (L . S . 9.
=v.2)= L oxvzZ ( XYZ X2y 22 - 29



where E), is the initial energy, and M, is the plume mass. The constants I;(y) and

I5(y) can be calculated using Euler’s integrals of the second kind

AT (25) T (3)

Liy) = F(%ﬁ%) , (2.10)
and
B = — (Fa+ 1) rla) (2.11)
(v=1r (5 +8) |

where I'(z) is the gamma function [20, 21].
Using Eqns.(2.8) and (2.9) and the velocity we are able to write the differential

equation that governs plume expansion

(2.12)

d*X &Y _ o8z, (J\q,}fo.z;])“f—1 _ (E)’H’

Xt) gz =YW g = 2(t) 55 XYZ v

where A = Wn;;wﬂ In most cases, v is practically constant, which means that 4 can
be treated as a constant allowing us to analyze the e(iuation more easily. We can see
that the acceleration (%ﬁ-ﬁ? %, %‘_’ﬁ) of the plume depends inversely on its position
(X (¢),Y(t), Z(t)) and that the expansion is driven by the pressure gradients of the
plume.

If we consider the expansion of a plume in the presence of a background oxygen
atmosphere Fig.(2.1), we see that the initial expansion of the 30 Pa set is quite similar
to the vacuum case, 0.3 Pa. This is expected because even with background pressure
the driving pressure of the initial vapor plume is much higher than the pressure of

the background gas. However, unlike the vacuum case, as the plume expands a shock

wave begins to build on the leading edge.
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Figure 2.1: Temporal evolution of expansion plume after laser ablation at different
oxygen background pressures. A 20 ns excimer laser pulse at 351 nm and 1.5 J/cm?
fluence was used to generate the plumes. The plume can be seen through fluorescence
and recombination during expansion of excited atoms [22].

This shock wave is an interaction between the plume and background gas. Also
the number of atoms that can penetrate the background gas as a freely expanding
cloud is inversely proportional to its pressure. The decrease in the freely expanding
atoms leads to an effect know as plume splitting where a single pulse splits into two

components, a fast moving pulse and a slower shock wave pulse. The velocity of the
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fast moving plume is approximately equal to the vacuum expansion velocity while the
slower shock wave pulse can be approximated using a point blast wave [19].

The plume produced by a femtosecond pulse requires a modified point blast model
to approximate the dynamics, which we will explore in brief here. This model splits
the expanding shock wave into two parts as shown in Fig.(2.2). It treats the expanding
plume as a piston pushing and compressing the ambient gas, which causes the ambient
gas to exert pressure on the plume and develop a shock wave where the two masses
meet.

We will use conservation laws derived from the gas dynamic equations to describe
the functional form of the plume dynamics as it expands. The actual equations that
these functions represent are extremely complicated and a detailed description can
be found in Arnold et al. [23]. It should be mentioned that the point blast model
requires that the energy released be both instantaneous and originating at a point,
both of which are reasonable approximations of energy deposition via femtosecond

pulses [24].

Background gas

~ External SW ~ x5
Internal SW

.-

Contact front

~

Plume

Figure 2.2: Schematic diagram for plume expansion in the point blast model. Ry is
the initial radius, R; is the radius of the internal shock wave, Rgy is the radius of
the external shock wave, and R¢ is the radius of contact between the external and
internal shock waves.



Requiring mass conservation within the plume yields
My (R, B) - Mi(Re; Biy R) = Mg, (2.13)

where M, is the plume mass, M is the internal shock wave mass, and M, is the

total ablated mass. Conserving mass in the external shock wave gives

ﬁ:{sw (RC1 st: pSW(RSW)) e A'Iambient (RSW',\ Pg), (214)

where R. and Ry, can be found in the diagram Fig.(2.2), Rs refer to the radial
velocity of the shock wave, pg, and p, refers to the density of the shock wave and
ambient gas respectively, and My, and M, pien: refer to the mass of the shock wave and
ambient gas. Eqn.(2.14) assumes no diffusion between the ablated material and the
background gas and requires that the mass of ambient gas replaced by the expanding
plume be equal to the mass in the external shock wave, between R, and Ra.
Energy must also be conserved, meaning that the energy deposited in the plume
(the energy of the laser pulse minus the losses due to optical reflection, thermal
diffusion, and plasma radiation) equals the total kinetic and thermal energies within
the plasma. The first subscript refers to the position and the second refers to the

energy i.e. kinetic or thermal

Eio.= E,x(Ri,R R)+E,; + Ex(R;, R, R,R.) + E;+(R;, Re, pc)
+ Esw,k(Rc: st» RC': st) + Esw,t(Rm strpc)-

(2.15)

This equation is essentially a differential equation for R.. It also states that p., the
pressure at the contact surface, controls the energies E; and Eg: assuming that the

pressure is spatially homogeneous within the shock wave. Using Newtonian mechanics

10



to balance the forces for the external shock wave we can obtain an equation for p,

d

E |:Psw(Rc; RSW‘J Rc: st)] = 4m (Rzpc - Rp,gwpambient) (2‘16)

where P, is the momentum of the shock wave. Given the appropriate specific equa-
tions for these general functional forms we can numerically solve for the behavior of
the expansion at different stages. Unfortunately, these equations do not take electro-
static energy into account, which should be significant for a plasma. Also, it is not
unreasonable to aséume that there are magnetic interactions as well sense the charged
particles are moving at high velocities, even if it is only for a short period time.

The difficulty is that we are not simply interested in the dynamics of the plume
as it expands but in the formation of nanoparticles with the expanding plume. This
means that we need a model that does not average out the internal dynamics of the
plume but accounts for particle interactions within it. Obviously, we cannot explore
the mechanisms for nanoparticle production without a model that explicitly allows
particle interactions. Plus the formation of nanoparticles, in significant quantities,
could also change the thermodynamics of the plume expansion on a macroscopic scale.

It is known that femtosecond PLD often leads to the formation of nanoparticles
within the ejection plume; however, the processes by which this occurs are not clear.
Liquid phase ejection and fragmentation, homogeneous nucleation and decomposi-
tion, and spinodal decomposition have all been proposed as possible contributors to
nanoparticle formation [19]. It is generally accepted that the violent conditions within
the expanding plasma plume, with initial temperatures of 10* to 10° K and quenching
rates on the order of 10'* K/s, are responsible for the creation of exotic particles [25].
However, the optimum conditions for the creation of nanoparticles in general and

MoSs inorganic fullerenes in particular are not known. Thus we will explore the

14



background gas pressure (which strongly affects the quenching rate of the plasma)
and the laser fluence (which controls the initial plasma temperature) necessary to

optimize particle formation.

2.3 Second-Harmonic Generation

Second-harmonic generation (SHG) is a fundamentally nonlinear process that requires
three primary conditions to be met before the effect can be observed. We will explore
its origins here because it has been shown to be a useful tool for imaging nanos-
tructures and we will demonstrate a possible application in the imaging of MoS,
nanostructures specifically [26]. In order to see SHG, there are constraints on the
symmetry of the material, which correspond to symmetry in the second order suscep-
tibility tensor of the material. Assuming this condition is met, the efficiency of this
process is governed predominantly by the phase matching between the fundamental
and doubled frequencies in the particular material. Finally, the process is paramet-
ric, which means that it can only be observed if there are extremely high intensities
within the nonlinear medium |[27].

The term parametric, in the field of nonlinear optics, has come to mean that the
quantum state of the system is unchanged by an event [27]. The quantum state
can only remain unchanged if the electron is excited to a virtual state, as seen in
Figure 2.3, where each dashed line represents a virtual energy state that is directly
proportional to the frequency of the incident photon. This type of excitation never
places the electrons in a physical excited state, which implies that the lifetime of this
excitation is governed by the uncertainty principle. The lifetime of this excitation is
on the order of i/§E, where dE is the energy difference between the excited state and
the nearest lower physical energy level [27]. Thus the process is only a high intensity

effect because the probability of a second absorption within the lifetime of the first

12



excitation must be high to observe appreciable SHG. This is why it is considered to

be an instantaneous process.

— |2w

[

Figure 2.3: Second-harmonic generation energy level diagram. The dashed lines
indicate virtual energy levels.

In order to more fully understand the symmetry and phase matching constraints
necessary to achieve SHG, we must first explore the mathematical framework that

describes SHG, starting with Maxwell’s equations [27].

V- D = 4mp, (2.17)
V-B=0, (2.18)
VxE= —%%f (2.19)
VxH= %%‘? %ﬁf (2.20)

We will start by simplifying these equations as much as possible. As usual, we
assume that there are no free charges and no free currents, and also that the material

1s nonmagnetic leaving us with the following three assumptions.

p=0,J=0 B=H, . (2.21)



The nonlinear nature of the process enters Maxwell’s equations through the general

polarization vector, which relates the D and E fields according to the equation
D =E+4xP, (2.22)

where P represents the general polarization vector and depends on the local electric
field strength within the material.

We then follow the standard prescription for converting the curl of the electric and
magnetic fields, Eqns.(2.20) and (2.19), into a differential wave equation. We start by
taking the curl of both sides of Eqn.(2.19) and simplify by applying vector calculus
along with our assumptions (2.21). After reordering the space and time derivatives
we obtain the following equation

8_21;7»: _47’1’(9215

s 1
P — i
=y o

(2.23)
where the nonlinear polarization P enters after substituting Eqn.(2.22) for D in
Eqn.(2.20).

It is worth noting that the curl of the curl of E technically yields
VxVxE=V(V-E)-V2E, (2.24)

and we must assume that V - E = 0 in order to get Eqn.(2.23). Although this is
true in linear optics, it is not generally true for its nonlinear counterpart. However,
for most cases the divergence of the electric field can be shown to be small especially
when using the slowly-varving amplitude approximation, a common approximation

in nonlinear optics, thus allowing us to safely neglect it.

14



The true usefulness of this form of the wave equation (2.23) can be seen with a
few more changes. First we will split the polarization and the displacement field into

their linear and nonlinear components

P = PW 4 pNL, (2.25)

—

D= D" 4 pNE, (2.26)

where the linear component DW represents
DO = E 4 4z PO, (2.27)

If we solve for E (2.27) and substitute Eqns.(2.25) and (2.27) into Eqn.(2.23) we
obtain
4 §2 PNL

v+ 12 pw_ (2.28)
c2 ot? 2 o9 '

Now we can assume a lossless, dispersonless, and isotropic medium, which allows us
to represent DY) in terms of a frequency-independent dielectric scalar €X) and the

electric field
DW= OE, (2.29)

As long as we assume that every frequency component of e!) satisfies the driven wave

equation, we can we can write the Eqn.(2.28) in the following form

_v2p . Owy) @y __4m PPV
¢z Ot? 2 ot

(2.30)

where e!) (w;) clarifies the possibility of a frequency dependent dielectric scalar ).



Having developed Eqn.(2.30), we can now explore the mathematical description
of SHG generation as show in Fig.(2.3). We start by expressing the electric field in
the nonlinear medium to be a sum of fields containing the fundamental and doubled

frequency components, assuming no propagation in the transverse direction,

E(z,t) = Ei(z,t)e”™¢ + ce., (2.31)

where

E; = Ai(z)e™, (2.32)

c.c. denotes the complex conjugate of the first term, and 7 = 1, 2 represents the funda-
mental component and doubled frequency components respectively. A;(z) represents
a slowly-varying amplitude over the length scale of the optical wavelength as the wave
propagates through the material-we will take advantage of this fact later. As usual,

the wave number and refractive index are given by

Pl
by = -JTJ. n; = 1/eM(w;). (2.33)

In the same way that we broke the electric field into it’s fundamental and doubled
frequency components we will break the nonlinear polarization, again assuming that

it only has axial propagation,

PYE(z,t) = Py(z,t)e ™ 4 ce.. (2.34)

16



We now must define P;(z,t), which will require a slight detour into the origin of

SHG polarization. First, in the most general case for SHG

PP (2u) Zkuk 2w, w) Ej(w) By (w), (2.35)

where ;\1(322 is the susceptibility tensor representing the response of the material to
an electric field. The indices i, j, k represent the Cartesian coordinates z = 1,y =
2,z = 3. With this equation (2.35), we can use the intensity of the electric field
in a material, F, and its response to that field, ng,z, to determine the nonlinear
polarization, P*, which is the driving term in the wave equation (2.30). We can then
simplify things further by reducing the susceptibility tensor into a single scalar, d.;,

provided the propagation and polarization directions are fixed. Thus the polarization

can be written as
Pi(2) = 4des 1 Bs B} = AdeppAsAteiF2=1)z (2.36)

and

Po(z) = 2def s BT = 2dopA2e¥12 (2.37)

The different degeneracy factors appearing in Eqns.(2.36) and (2.37) are a result
of the different types of mixing for P; and P,. Now we will enter Eqns.(2.31) and
(2.34) into Eqn.(2.30) yielding two coupled differential equations. After simplifying
using the slowly-varying amplitude approximation, where we assume the amplitude
varies over a distance much longer than the wave length, and dropping the complex

conjugate terms we obtain

dA; 8mw1 d

eff * -i:/_\kz c
— T A e (2.38)
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and

dAy _ Amiwdders 1o ik
e Are=, (2.39)

where Ak = 2k, — ko and is referred to as the phase mismatch between the funda-
mental and doubled frequencies.

This brings us to the original question, how does phase matching effect efficiency.
It would seem that perfect phase matching Ak = 0 is desirable for efficient SHG.
However, as shown in Fig.(2.4) positive Ak will also allow SHG because of the inherent
angular spread of wavevectors in Gaussian, or pseudo Gaussian beams. We can also
demonstrate the the strong dependence of SHG conversion efficiency on wavevector

mismatch with a few more steps in the derivation of Eqns.(2.38) and (2.39).

Figure 2.4: Wavevector diagram for SHG demonstrating (a) perfect phase matching -
Ak = 0 and (b) positive phase mismatch.

First, we know that the intensity of each wave is given by the time average pointing

vector

ns;c
1= 2|4 (2.40)

27

Now if we integrate Eqn.(2.39) over the z coordinate from zj to 2’ it becomes

eiAkz’ iAkzg

Aoy 55 47Tiw§deffA2 =€

9
- koc? il 1Ak ) )
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giving the amplitude as a function of the axial position. Inserting Eqn.(2.40) for
both A; and A,, and using Eqn.(2.33) to simplify, allows us to find the intensity as a

function of axial position

_ 32miwidly; AkL

g =

Ly (2.42)

e I2L2sinc®(
where L = 2" — 2, the length of the nonlinear medium. The second-harmonic inten-
sity depends on the square of the fundamental intensity, this give us a mathematical
reason for the strong intensity dependence of SHG. Also, the SHG conversion effi-
ciency depends on the phase mismatch through the square of the sinc function. This
means that a poorly tuned nonlinear medium can easily destroy the desired conversion
efficiency.

We have answered, mathematically, two of the three original questions - phase
matching and high intensity requirements. The final requirement, a lack of inversion
symmetry, can be understood through the use of the susceptibility tensor. If we as-

sume that the material’s polarization instantaneously responds to the applied electric
Pl

field, for simplicity, we have the following simple equation
P(t) = P E2(¢). (2.43)

Now if we change the sign of the electric field the sign of the polarization must also

change

—

—B(t) = x?(—E)(t). (2.44)

Assuming inversion symmetry of the nonlinear medium for the sake of argument, the

susceptibility tensor cannot change sign. We see from Eqns.(2.43) and (2.44) that
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P(t) must equal —P(t), which can only be true if y® = 0. Thus there can be no
SHG from a centrosymmetric material.

Finally, on the subject of imaging nanostructures, there are a few differences
between the nonlinear response of nanostructures and SHG in a bulk material. It has
been shown that ideally centrosymmetric nanodots show strong SHG signal and that
the signal is strongly polarization dependent [26]. It is believed that small symmetry
breaking features within the nanodots are responsible for the strong SHG signal.
This suggests that SHG can probe internal defects within nanoparticles and that it
is sensitive to features smaller than the wavelength of the fundamental laser beam.
However, it is still uncertain whether higher order multiples also play a significant

role, especially when imaging nanostructures.

2.4 Third-Harmonic Generation

Third-harmonic generation (THG) is much like SHG in most respects. It is a para-
metric process requiring high intensity within the focal volume. It is also subject to
phase matching constraints and the nonlinear susceptibility teusor for a given ma-
terial. However, as the name implies, THG requires the destruction of three input
photons to create one frequency tripled photon see Fig.(2.5). Also unlike SHG, the
THG nonlinear susceptibility tensor x* is much larger and more complicated as are

the phase matching conditions.



w 3w

Figure 2.5: Third-harmonic generation energy level diagram. Again the dashed lines
indicate virtual energy levels.

Instead of repeating our derivation of nonlinear intensity and phasematching argu-
ments from section 2.3, we will explore another useful way of understanding harmonic
generation. This time we will consider the beams to be Gaussian rather than the sim-
ple plane wave propagation. First we assume that Eqn.(2.30) must hold and that all
frequency components must obey 1t However, now we will allow the complex ampli-
tudes A;(z) and P;(z,t), see Eqns.(2.32) and (2.34), to. spatially vary using a standard
Gaussian profile. It will be convenient to rewrite the laplacian as V2 = aa—;—l-V% where

the transverse laplacian is given by VZ = 1.2,

‘—T‘C)T'

6‘7‘ + 4 =i ¢£ in cylindrical coordinates.
Again we make the slowly—vary'ing amplitude approximation; and, after inserting the

new amplitudes and laplacian, Eqn.(2.30) becomes

VTA;; = 22]63 aAg = _471'(4-?3 As zAkz (245)
0z c?

where the subscripts refer to the fundamental, 1, and the third harmonic, 3, and the

phase mismatch is given by Ak = 3k; — k.
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We will use a more elegant but less intuitive description for the fundamental

Gaussian beam, where ¢ will represent a dimensionless longitudinal coordinate

¢ =2z/b, (2.46)

where b is know as the confocal parameter. This somewhat arbitrary length scale
is defined to be b = 27wi/A = kwg, where wq is the Gaussian beam waist, not to
be confused with angular frequency. The parameter, b, represents the longitudinal
distance between the 2v/2wy points in the beam as it propagates and is a way to

quantify the length of the focal region. Now we can write the equations for the two

amplitudes
A —r /W 1 =
Ai(r,z) = ﬁe P gt (2.47)
and
Aj(r,z) = ;4—1(—%63’"2/“’3(1+i‘;), (2.48)

where Eqn.(2.48) is a guess towards the solution of Eqn.(2.45), but because we know
the driving beam is a Gaussian it is safe to assume the generated TH beam will also
be Gaussian. When we insert our guess into Eqn.(2.45) we see that it is good as long

as Aj obeys the following equation

dz ne X L1 +ig)3-v (2:45)

It is possible to solve this equation using direct integration, so it is common to write

J3(Ak, 20,2) = [ (Tj%wf/f;;-:, thus gathering all » dependence and a potentially
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