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SUMMARY

The understanding of quantum many-body systems is at the core of various quantum technologies that could

revolutionize our society, including quantum computing and quantum simulation in particular. This thesis focuses on

practical applications of machine learning to the simulation, control, and understanding of quantum manybody

systems. First, variational learning using artificial neural networks is leveraged to achieve efficient classical

simulation of quantum many-body systems and is further developed to allow GPU accelerated computing. Second, a

machine learning based quantum optimal control algorithm is developed to design speed-optimized quantum gates

for a superconducting qubit based quantum computer. Its advantage over conventional algorithms is demonstrated

both theoretically and experimentally. Third, unsupervised machine learning is applied to identify complex quantum

phase transitions. A specific method known as diffusion map is shown to be capable of learning a wide range of

non-trivial quantum phases and is applicable to state-of-art quantum simulation experiments. Finally, a new quantum

state tomography protocol based on supervised machine learning is developed, which outperforms many existing

protocols especially for states generated by one-dimensional noisy quantum computers. Each of these achievements

is integral to the development of quantum technologies in realistic settings.
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ABSTRACT

The understanding of quantum many-body systems is at the core of various quantum technologies that could

revolutionize our society, including quantum computing and quantum simulation in particular. Machine learning

promises to be a versatile tool for tackling challenges slowing the development of such quantum many-body

applications. In particular, this thesis focuses on practical applications of machine learning to the simulation, control,

and understanding of quantum many-body systems.

The exponential scaling for solving the time-independent Schrödinger equation motivates the use of efficient and

approximate state solvers as generic exact classical solutions are intractable. Approximate ground-states are found by

sequentially following the energy gradient of the approximation until the lowest possible energy and best

approximation is found. In particular, a machine learning inspired approach that approximates the quantum state as

an artificial neural network is focused on. These flexible models are shown to excel at representing states on 2D

frustrated quantum lattices. While flexible, the approach relies on sampling the approximate state. The originally

utilized Metropolis-Hastings sampling technique is slow, sequential, and exhibits auto-correlation between samples.

The speed and accuracy of the sampling step is significantly improved by recasting the wavefunction to a conditional

form. This enables the use of the fully parallel autoregressive sampling technique which is shown to run 100x faster

on a GPU as compared to a CPU. Such GPU accelerated efficient simulation of quantum many-body systems with

artificial neural networks is a flexible and fast tool that will undoubtedly prove useful for modeling and understanding

novel quantum many-body systems.

The following section of the thesis focuses on a machine learning based quantum optimal control algorithm

developed to design speed-optimized quantum gates for a superconducting qubit based quantum computer. Quantum

gates perform logic operations on qubits necessary for quantum computation. The quicker such gates can be

implemented before quantum states are washed away by decoherence, the more complex computations can be

performed. Therefore, the development of fast gates is pivotal to increasing quantum computational capabilities and

the theoretical speed limit of select gates is investigated experimentally on superconducting qubits. The

superconducting qubits are subject to both a static interaction Hamiltonian and drive Hamiltonian wherein

electromagnetic pulses are applied. Our optimal control algorithm finds the optimal pulses for the drive Hamiltonian

such that the effect of the target gate is recreated. The optimized pulses are shown to be useful in the experimental

realization of fast as possible two-qubit gates. Furthermore, our optimal control algorithm’s advantage over

conventional algorithms is demonstrated both theoretically and experimentally.

Next, unsupervised machine learning is applied to identify complex quantum phase transitions. When the

classical modeling of a system fails, quantum simulation is the last resort. But as the measurements of such quantum
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simulators must be repeated many times and exist in a large dimensional state space, it can be challenging to interpret

the data and extract relevant physical features without any a-priori understanding. In such instances, unsupervised

learning is a vital tool as it is capable of reducing the dimensions of the data for better visualization as well as

automatic separation, feature extraction, and clustering of the data. We begin our investigation with the highly

interpretable linear unsupervised algorithm, principal component analysis, which we show can be used for significant

dimensionality reduction and phase transition estimation of frustrated 2D quantum lattices. The samples for the 2D

lattices are generated with the aforementioned artificial neural network approximations. Then, with exact sampling, a

specific nonlinear unsupervised method known as diffusion map is shown to be capable of learning a wide range of

non-trivial quantum phases and is applicable to state-of-art quantum simulation experiments.

Finally, we develop a new quantum state tomography protocol based on supervised machine learning, which

outperforms many existing protocols especially for states generated by one-dimensional noisy quantum computers.

Brute force quantum state tomography requires a number of repeated measurements that scales exponentially with

the system size. Fortunately, this cost can be circumvented by postulating a functional form for the quantum state

reconstruction that restricts the search space and enables efficient quantum state tomography. There are many

functional forms for the reconstruction, each of which excels at reconstructing states with a particular structure and

may struggle otherwise. Our investigations focus on realistically structured mixed-states, in particular states

generated by near term noisy 1D quantum computers. The matrix product operator form is highlighted as exceptional

for this use case and is used to reconstruct such realistic quantum states. Our quantum state tomography protocol

starts by initializing the matrix product operator using a compressed sensing inspired reconstruction algorithm called

tensor-train cross approximation. The number of measurement bases required by the reconstruction scales linearly

with system size - significantly reducing the exponential bases cost of tomography. Moreover, we show that the

reconstruction can be improved with a subsequent supervised learning step that leverages the full statistics of the

measurements used in the initialization. Importantly, this adds no experimental measurement cost. The full protocol

therefore reconstructs realistic quantum states of 1D quantum systems with high fidelity requiring a number of basis

measurements that scales only linearly with system size.

Classical approaches that can efficiently model and reconstruct quantum systems without an experimental or

computational cost that scaling exponentially with system size are necessary to characterize, understand, and

precisely control near term quantum devices. Where and when such methods fail, we must rely on quantum

simulators and what can be learned from them. Machine learning - with a suite of optimization protocols as well as

flexible, compact, and noise resilient models and powerful nonlinear feature extraction and dimensionality reduction

techniques - is well poised to assist in both these endeavours. The development of such machine learning tools is

integral to the advancement of quantum technologies in realistic settings and is the overarching focus of this thesis.
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CHAPTER 1

INTRODUCTION

The computational cost of simulating a quantum many-body system on a classical computer grows exponentially

with the size of the quantum system, while a quantum simulator or quantum computer simulating such a system does

not have an exponential resource cost. The reason for this is that superposition and entanglement in many-body

quantum systems can be utilized for quantum parallelism, which states that a combination ofN qubits can

simultaneously pursue2N classical paths [1]. For example, a bit based classical algorithm can sequentially

investigate if00 is the best solution, then01, 10, and11, while a qubit based quantum algorithm can simultaneously

investigate allf 00; 01; 10; 11g solution paths. In this way a quantum computer can explore all possible solutions

simultaneously. This computational parallelism can be leveraged to solve problems with superpolynomial speedups

over classical algorithms. This is commonly known as quantum supremacy [2]. Experimentally demonstrated in [3],

quantum supremacy shows that in certain scenarios quantum devices can outperform the most powerful classical

supercomputer in the world with a mere size of around 50 qubits. While a remarkable achievement, the

demonstration of quantum supremacy does not imply practically useful quantum computers yet, as running quantum

algorithms that solve real-world problems would require large, fault-tolerant quantum computers that are still in the

remote future. At the moment, we are in the era of noisy intermediate-scale quantum (NISQ) technologies [4], where

one can experimentally manipulate on the order of 100 qubits with single and two qubit gate error rates below one

percent [3]. In order to advance quantum technologies in the NISQ era, it is important to be able to model NISQ

devices classically to quantify noise and error, be able to simulate and control complex systems ef�ciently, and to be

able to effectively identify quantum states and relevant physical features in the huge experimental data sets generated

by NISQ devices. All of these objectives are challenging. My research seeks to address these challenges by utilizing

methodologies developed in the �eld of machine learning. Widely used in many different areas of science and

technology, machine learning has been shown to solve highly complex problems and is particularly useful for

performing dimensionality reduction of big and high dimensional data. Since quantum many-body states exhibit big,

high-dimensional data, it is natural to expect that machine learning can be very helpful for modeling the behavior of

quantum many-body systems.

This thesis is structured as follows. Chapter 1 introduces key concepts in machine learning (section 1.1) and

quantum mechanics (section 1.2) that are necessary as context for this thesis. The next two chapters focus on

applying variational learning to the simulation of quantum many-body ground-states (Chapter 2) and experimental

quantum optimal control (Chapter 3). Chapter 4 focuses on unsupervised machine learning of quantum phase

transitions. Chapter 5 then highlights the development of new quantum state tomography protocols based on
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supervised machine learning.

In more detail, Chapter 2 focuses on approximating the ground state of a quantum many-body system using

arti�cial neural networks [5, 6]. As mentioned, a quantum many-body state exists in a state space that scales

exponentially with the number of qubits. It is therefore generally impractical for a classical computer to store or

calculate the exact state when the system size is big, thus some form of dimensionality reduction method is necessary.

In the past, physicists invented methods such as density matrix renormalization group, tensor networks, variational

Monte Carlo, and density functional theory for such dimensionality reduction. These methods are usually built upon

physical considerations of the systems they are modeling. For example, states from systems with local interactions

often obey entanglement area law [7], and in one dimension a type of ansatz called matrix product states can

approximately represent the full many-body wavefunction using a much smaller number of parameters. However,

there are systems where none of the existing methods work well, such as most quantum states in two and three

dimensions, or after long-time dynamics of interacting quantum systems. In such scenarios, arti�cial neural networks

can be a promising candidate for achieving compact representations of the many-body wavefunction [8], similar to

how they can compactly represent important features of large data sets in classical computer science. Variational

learning using such arti�cial neural networks can then be used to obtain either ground states or dynamical states of a

quantum many-body system.

In Chapter 3, variational learning is again used, but in this case the objective is learning a set of electromagnetic

pulse amplitudes such that they can be used to achieve a target two-qubit gate in a shortest possible amount of time.

The motivation of this object is to increase the speed of two-qubit gates that form the bottleneck for the clock speed

of most current quantum computers. With �nite coherence time shared by NISQ devices, boosting the two-qubit gate

speed is also crucial for increasing the circuit depth of noisy quantum computers vital to the solution of many

practical problems. Conventional quantum optimal control methods cannot �nd the pulse amplitudes that lead to a

two-qubit gate at its theoretical limit. A machine learning based algorithm is developed in this chapter that

signi�cantly outperforms existing methods and is able to �nd the globally optimal solution, thus reaching the

theoretical speed limit. This algorithm is used experimentally and leads to the �rst experimental demonstration of

quantum speed limits for a variety of commonly used two-qubits gate in a superconducting qubit based platform [9].

Chapter 4 focuses on unsupervised learning of quantum phase transitions from the large measurement data sets

obtained in quantum simulation measurements. Measuring a generic quantum many-body state usually yields

samples from an exponentially large set of outcomes, and unless one knows the underlying features of the state

beforehand (e.g. an order parameter), it is dif�cult to know the physical properties of the underlying state. This

challenge is however a natural target for unsupervised learning, which can automatically reveal features of large data

sets. We �nd that with nothing more than just measurement samples in one measurement basis, unsupervised

learning techniques can elucidate important properties of the measured system, such as the underlying symmetry that
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is spontaneously broken, the quantum phase transition point, and an estimate of the order parameter. The �rst half of

this chapter uses linear dimensionality reduction techniques to estimate quantum phase transitions based on

measurement samples of the ground-state of a 2D frustrated spin model. These samples are generated using the

variational learning method introduced in Chapter 2. The second half of the chapter leverages a nonlinear

dimensionality reduction method known as the diffusion map to discover complex quantum phase transitions with

nonlinear order parameters. This method can be applied to systems where existing theoretical understanding is

lacking, such as for systems with topological order and many-body localization, thus facilitating new discoveries in

quantum simulation experiments.

Chapter 5 focuses on the challenging goal of developing an ef�cient quantum state tomography protocol for

generic experimental quantum states. For NISQ devices, most experimental quantum states are mixed states that may

not be even close to pure states. Quantum state tomography for mixed states is particularly challenging as one

typically needs to perform a prohibitively large number of measurements. An overview of the extensive literature on

the subject is �rst provided, followed by newly developed protocols in this thesis that involve supervised machine

learning. These protocols mainly focus on states generated by one-dimensional noisy quantum computers, which

have been recently shown to exhibit a particular structure that allows ef�cient representations using matrix product

operators (also known as tensor trains outside the physics community) [10, 11]. The most successful approach found

in this thesis to tomograph such states is to use a combination of supervised learning and a recently developed

method in signal processing known as tensor-train cross approximation. Such a combination method outperforms any

other tomography method that does not take advantage of the underlying structure of the target state studied.

The synergies between quantum technologies and machine learning have only begun to be explored in recent

years. This thesis focuses particularly on how machine learning can assist near-future quantum computing and

quantum simulation experiments, but the reverse - how quantum computing/simulation can assist machine learning -

is also a fascinating topic with immense interest and great applications. For example, could deep learning using

quantum computers outperform that performed on the best classical computers? We live at an extraordinarily exciting

time where the development of machine learning and quantum technologies are at amazing speeds and they are both

capable of changing our world deeply. Exploring the connections between these two fascinating �elds will probably

be a very fruitful research direction for years to come.

1.1 Machine Learning

Machine learning is a sub�eld of computer science and arti�cial intelligence. Machine learning involves creating

statistical models of datasets, but without explicitly programming the model to �t the dataset [12]. This means the

same machine learning algorithm can be used to model wholly different phenomena. For example, a machine

learning algorithm called a transformer can learn to translate English to French or German if fed sentence pairs, or it
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could learn to detect objects in images if fed images with segmented objects [13, 14]. This versatility of machine

learning algorithms in adapting to different datasets without explicit reprogramming attests to the widespread use of

machine learning in commercial and research domains. This thesis applies machine learning algorithms speci�cally

chosen to learn from datasets of quantum many-body systems.

Machine learning can be subdivided by the type of learning (section [12]). If for every piece of data in a dataset

the prediction outcome that the model is meant to learn is known, the learning is called supervised (section 1.1.1). It

is called supervised since a human agent is supervising the learning by de�ning the data `labels' the model learns

how to predict. Conversely, unsupervised learning involves machine learning algorithms that learn features of a

dataset without any direct supervision or labels (section 1.1.3). Reinforcement and variational learning involves

sequentially learning a policy or representation that maximizes a user-de�ned reward for the model (section 1.1.2). In

this thesis, each type of learning is used to accomplish different tasks on quantum many-body data.

1.1.1 Supervised Machine Learning

In supervised machine learning, the objective is to train a model to predict the correct label,yi , associated with a

data instance with features described by the feature vectorx i = ( x (1)
i ; :::; x ( f )

i ) [12]. For example, if the task is to

correctly label fruits, then labely0 could be apples andy1 oranges. Useful data features for such a task would be

color x (1)
i , weightx (2)

i , and texturex (3)
i . For they0 example, these features could be red, 100 grams, and smooth.

The supervised algorithm attempts to learn fromNs labeled examples,f (x i ; yi )g
N s
i =1 , such that it will correctly

predictyj from unseendatax j wheref j g 62 fig. Predicting the labels of unseen data is calledgeneralizationand

how accurately the model predicts unseen labels is an important measure of model performance. Typically a dataset

and labels will be split into a subset that used to train the model and a subset that is used to test the generalization of

the model. In this thesis, the labels are either the probability of a state or expectation values of an observable and are

generated numerically from ef�cient representations of quantum states that a model is trained to accurately

reconstruct (Chapter 5).

1.1.2 Reinforcement and Variational Learning

Reinforcement and variational learning both involve sequentially updating a machine learning model based upon

a user-de�ned objective. In this way these classes of learning algorithms are not wholly unsupervised, yet do not

require extensive labeling as supervised learning does. For reinforcement learning, the machine learning model will

take the state of the environment as input and execute `actions' in the environment that trigger a user-de�ned reward.

The algorithm attempts to learn a policy function that will choose optimal actions to maximize a user-de�ned reward

given the state of the environment [12]. Variational learning is closely related to reinforcement learning, but has some

important distinctions. Namely, a variational model does not act in an environment and update an action policy, but
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rather updates its own state in order to minimize the user de�ned objective. In other words, a variational model will

vary its own parameters such that it reduces the objective, and it will iteratively update itself until it reaches a

minimum for that objective. In the context of this thesis, the objective is the energy (Chapter 2) or average gate

�delity (Chapter 3) and �nding a variational model that minimizes these corresponds to �nding the ground-state of

the model or the optimal gate reproducing pulse parameters.

1.1.3 Unsupervised Machine Learning

Unsupervised machine learning attempts to transform the unlabeled datasetf (x i )g
N s
i =1 into another vector of

features or categorize the inputs based on the model output [12]. The former is known as feature learning and if the

learned feature vector has a smaller dimension than the input, then it is known as dimensionality reduction.

Alternatively, the unsupervised model can attempt to categorize the input data by identifying outliers in the date or by

grouping data instances together in a process known as clustering. In this thesis, clustering of raw spin samples or

transformations thereof is used to identify quantum phases and their transitions (Chapter 4).

1.2 Quantum Many-body Systems

This section introduces concepts and postulates integral to the quantum many-body studies performed in this

thesis such as the qubit, composite qubit systems, quantum measurement, quantum phase transitions, open versus

closed quantum systems, mixed versus pure quantum states, and quantum state recovery or tomography.

1.2.1 Qubits, Qubit States, and Composite Qubit Systems

The impressive difference in computational power between quantum and classical computing is due to the

properties of the building blocks of classical computing, the bit, and quantum computing, the qubit. Bit refers to the

most basic unit of information consisting of only two states: e.g. yes or no, True or False, 0 or 1. Although both the

bit and qubit are composed of two states, the bit must take on discrete values of 0 or 1, while the qubit can take on all

possible linear combinations of statesj0i or j1i (ji is used to denote quantum states). Explicitly, a qubitj i can be

written in terms of the up and down states as:

j i = � j0i + � j1i ; �; � 2 C ; j� j2 + j� j2 = 1 (1.1)

Note that the linear superposition terms� and� are complex valued and the conditionj� j2 + j� j2 = 1 states that

the total probability of both possible outcomes occurring is 1. Physically, a qubit is a particle with spin-1=2. Spin is

an intrinsic quantum property of all elementary particles and can be thought of like a spinning top that has an

associated spin direction and angular momentum. Thej0i , j1i states are the up and down orientations of that angular

momentum in thêZ direction. A helpful illustration is the Bloch Sphere - Figure 1.1. In general, a qubit state is a unit

vector in the Bloch Sphere where� = cos �=2 and� = ei� sin �=2. For a bit, either� = 1 and� = 0 or � = 0 and
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� = 1 , i.e. there is no mixture between states 0 and 1. Not only do single qubits have more information content than

bits, but ensembles of qubits exhibit information content that scales exponentially with the number of qubits while

the information content of ensembles of bits scales linearly. To see how composite systems are formed and how they

scale, it is a convenient heuristic to �rst start with a composite system of twoseparablequbits: qubit

jAi = a j0i A + bj1i A and qubitjB i = cj0i B + d j1i B . Their composite systemjAi j B i can then be written as:

jAi j B i = ( a j0i A + bj1i A )(c j0i B + d j1i B ) = acj0i A j0i B + adj0i A j1i B + bcj1i A j0i B + bdj1i A j1i B (1.2)

For simplicity, the qubit corresponding to a given state can be omitted and the qubit inferred from its position in

the list, i.e.j0i A j0i B can be written asj00i where the states of qubits A and B (or 0 and 1) correspond to their order

in the list. This example shows the exponential scaling necessary to describe a composite quantum system.

Mathematically, combining two or more qubits like the example above corresponds to a tensor product between the

constituent particles and their respective state spaces -jAB i = jAi 
 j B i . Furthermore, these states and operations

on them can be conveniently written in matrix form:

jAi = a j0i + bj1i =

2

6
4

a j0i

bj1i

3

7
5

jAB i =
�
a j0i
bj1i

�



�
c j0i
d j1i

�
=

�
acj00i adj01i
bcj10i bdj11i

�
(1.3)

As for the list of states above, the state termsj00i and which coef�cients correspond to them can be inferred from

their position in the matrix and will henceforth be omitted. The tensor product description of composite quantum

systems can be considered a postulate of quantum mechanics [15], and it results in the exponential scaling in

dimension for quantum systems. For example, withN combined qubits the number of possible spin con�gurations,

js1; s2; :::; sN i , or state space scales as2N . This is sometimes referred to as the curse of dimensionality, but it is also

the source of the impressive speedup that quantum parallelism and computing can offer. That said, quantum speedup

is achievable only in the case when a tensor product description of the composite state is needed. When this is the

case, the constituent qubits are calledentangled. Quantum entanglement is simply a statement that two (or more)

quantum objects form a single entity which cannot be decomposed into or accurately described as independent

quantum objects [1]. In other words, bringing two qubits together and letting them interact can result in a quantum

state that cannot be described by just the states of each qubit. Hence the necessity to describe them in a larger tensor

product state space. Conversely, if a quantum state isseparableit means the constituent qubits are not entangled and

such a system can be decomposed into each respective qubit. Theseseparablestates can also be referred to as

product states - which is a nomenclature that will be used throughout this thesis. The above Eq. (1.1) is an example of

such a state. Note how the composite state is simply aproductof the constituent states and that only the local qubit
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coef�cients - a,b,c,d - are necessary to fully describe the composite state. The scaling in number of coef�cients

necessary to describe a qubit product state only goes as2N , i.e. 2 coef�cients for each qubit. Therefore, the

information content of such a state is only polynomial, whereas the exponential increase in information is only

exhibited by entangled states. Below is an example of an entangled state:

j i =
1

p
2

(j00i + j11i ) (1.4)

Note how this state cannot be decomposed into a tensor product of independent qubit states, i.e.jAi 
 j B i . To

clearly illustrate this, compare this state to the previous example in Eq. (1.2) and notice that to decompose this state

requires solving the self-contradictory set of equations:ac = 1p
2
; bc= 0; cd = 0; bd= 1p

2
;. The second

equation impliesb = 0 or c = 0 , but both the �rst and last equations contradict either solution. Therefore, this

entangled state must be described in the combined spaces of A and B.

This discussion of entanglement also points to how and when classical algorithms (machine learning included)

can succeed at modeling a quantum system. Explicitly, classical algorithms cannot model highly entangled quantum

systems. Conversely, classical algorithms have a much better chance of modeling a quantum system if the constituent

qubits are separable product states (or approximately so) and if the entanglement does not scale with the size of the

state space.

Figure 1.1 Illustration of the Bloch Sphere representing a qubit state. Creative Commons.

1.2.2 Qubit Measurements - The Fundamental Input

Whether the quantum system consists of highly entangled qubits or not, the output generated from a qubit based

quantum computer or simulator comes in the same fundamental form. That form is a bit stringj0; 1; :::1i which
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corresponds to the observed states of the constituent qubits. It is important to note here that while qubit states can be

an arbitrary superposition of the spin statesj0i andj1i , observing or measuring a qubit always returns a discrete value

of eitherj0i or j1i . In quantum mechanics, these observations correspond to the measurement results of physical

quantities called observables (the spin angular momentum in this case). For qubit systems, observables are matrix

objects. Physically, a measurement of a qubit's spin is typically performed by applying an electromagnetic pulse that

interacts with the qubit and the re�ected or transmitted signal is used to deduce the qubit's state. It is helpful to

introduce the Pauli matrices which model the interaction of the electromagnetic �eld pointing inx, y, or z with the

spin of a particle and which represent the spin observable in that direction:

�̂ x =
�
0 1
1 0

�
�̂ y =

�
0 � i
i 0

�
�̂ z =

�
1 0
0 � 1

�
(1.5)

HereX̂ refers to an operator which is a matrix (for qubit systems). To relate this back to the qubit Bloch Sphere,

we must solve the eigen-equations (equations of the formH ~ = � ~ ) of the above Pauli matrices. All of the matrices

in Eq. (1.5) have eigenvalues,� , of 1 and -1 corresponding to the up,j0i , and down,j1i , directions of the qubit in

respect to the Pauli matrix direction. Their eigenvectors, denoted byj x + i andj x � i for eigenvalues 1 and -1 of̂� x

respectively, are as follows:

j x + i =
1

p
2

2

6
4

1

1

3

7
5 ; j x � i =

1
p

2

2

6
4

1

� 1

3

7
5

j y+ i =
1

p
2

�
1
i

�
; j y � i =

1
p

2

�
1

� i

�
(1.6)

j z+ i =

2

6
4

1

0

3

7
5 = j0i ; j z� i =

2

6
4

0

1

3

7
5 = j1i

Note the simplicity of thez eigenvectors or eigenstates, this is because the Bloch sphere in Figure 1.1 is de�ned

such that z is the so called computational basis. The eigenstates of the other directions are then parameterized in

terms of the computational basis statesj0i andj1i . Importantly, each of these eigenstates are orthogonal to their

counterpart so there is no possibility of measuring bothj0i andj1i simultaneously, which is the discretized behavior

required. This orthogonality condition is a key component of projective or von Neumann measurements, which is a

mathematical formalism used to describe quantum measurements [15]. Explicitly, a projective measurement

observable,M , has a real eigenvalue decomposition of measurement outcomesm and their associated eigenstates

M m :

M =
X

m

mM y
m M m =

X

m

mPm (1.7)
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Where the `projector' is de�ned asPm = M y
m M m . The real eigenvalue condition means observablesM must be

Hermitian, and this is a condition because observed quantities must be real. HereM y
m means the Hermitian conjugate

of M m , which can also be written ashM m j. As a concrete example of Eq. (1.7) in the context of the Pauli matrices, if

one observes the spin in the z direction thenM 1 = j0i andM � 1 = j1i , and the observable is

M = 1 j0i h0j � 1 j1i h1j � �̂ z . These projectors in addition to being orthogonal (M m M m 0 = � m;m 0M m ), must also

satisfy the completeness relation,
P

m M m M m 0 = I . Both conditions are satis�ed by the construction of eachM m

as normalized and orthogonal eigenstates of the Hermitian observableM . Orthogonality states that each

con�guration associated with a measurement outcomem is uniquely identi�able. The completeness relation is a

statement that the projector must include every spin con�guration necessary to determine the value of the observable

M , or in linear algebra terms the projectors must span the space of the observable. Finally, to perform projective

measurements on a quantum system requires the introduction of another postulate of quantum mechanics called the

Born Rule. This postulate states that the probability of measuring a given eigenvaluem and its corresponding

eigenstate can be calculated with the projectorPm as:

P(m) = h j Pm j i = jhM m j ij 2 (1.8)

For example, takingj i from Eq. (1.4) and usingP11 = j00i h00j:

P(11) = h j00i h00j i =
1

p
2

(h00j + h11j) j00i h00j (j00i + j11i )
1

p
2

=
1
2

(h00j00i + h11j00i )(h00j00i + h00j11i ) = (1 + 0)(1 + 0)
1
2

=
1
2

The orthogonality condition was used to easily computeh11j00i = 0 andh00j00i = 1 . This result means there is

a50%chance of measuring qubit A and B to be in the up statej0i with eigenvalue 1. In practice though, the true state

j i is unknown and the probability of a given state has to be experimentally determined. Preparing and observing the

above state many times, approximately half the states will bej00i and the other halfj11i . Thus the probabilities of

the true state are recovered, though not exactly. Importantly, if the state is identically prepared and observedNs

times, the observed probabilityPo(m) will typically fall within a normal distribution with a mean of the true

probabilityP(m) and a standard deviation upper bounded by1=
p

Ns (the exact standard deviation is� m=
p

Ns

where� m is the standard deviation of a single measurement which is strictly less than 1). This latter term is referred

to as thesampling noise. Another important feature of quantum measurement is that it does not recover the complex

coef�cientscm of the state (for example in Eq. (1.2),c1 = � , c� 1 = � ), but rather the real and positive probabilities

jcm j2. This is a consequence of the Born rule whereP(m) = h jmi hmj i = jcm hmjmij 2 = jcm j2. Therefore,cm

can have an unknown, arbitrary phase since
�
�cm ei�

�
�2

= jcm j2.
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Furthermore, projectors can be used to measure individual or select subgroups of qubits. For example to �nd the

probability of observing just qubit B to have an eigenvalue ofm = 1 , create a projector that leaves qubit A

unchanged and observes them = 1 state on qubit B. Such a projector is formed byPm = I A 
 j 1i h1j. The projector

acts on each qubit subsystem separately, for example:

h01j Pm j01i = h0j I j0i 
 h 1j1i h1j1i = h0j0i h1j1i = 1

In this thesis, unless otherwise speci�ed, every `spin sample' measurement is the result of a computational basis

observableM =
P

~̂� z P~̂� z where:

P~̂� z =
�
�
�~̂� z

E D
~̂� z

�
�
� = j�̂ z

1 ; �̂ z
2 ; :::; �̂ z

N i h�̂ z
1 ; �̂ z

2 ; :::; �̂ z
N j (1.9)

The observations of which result in sets of the eigenvalues of~̂� z , denoted as~s = ( s1; s2; :::; sN ) where

si 2 [� 1; 1]. These spin samples,~s, are a fundamental input for all of the projects in this thesis. In the quantum phase

discovery project described in Chapter 4, spin samples are simply stacked to form a large data matrixX upon which

unsupervised machine learning techniques are applied. In the supervised quantum state tomography project described

in Chapter 5, sets of spin samples generated from a target state are used to estimate the probability of the spin states,

which are then used to train a model that ef�ciently reconstructs the target state. In the variational learning of

ground-states project described in Chapter 2, spin samples are used to estimate the expectation value of the energy

which is used to direct the approximation towards the minimum energy state. Explicitly, the expectation value of an

observablê� x acting on statej i can be calculated as:

h j �̂ x j i =
X

m

mP (m) (1.10)

The expectation value is a weighted sum of the eigenvalues of the observable,m, times the likelihood of that

eigenstate being observed,P(m).

This discussion of quantum measurement is integral to understanding how the inputs utilized by methods

throughout this thesis are generated from quantum systems. That said, it may not yet be clear how the statesj i are

generated, manipulated, or theoretically determined. This requires the introduction of another set of quantum

postulates which are the subject of the next chapter.

1.2.3 The Time-Independent Schr̈odinger Equation

Closedquantum systems are described by unitary dynamics. Closed means that the quantum system is isolated

and does not interact with external objects. Unitary dynamics necessitates that all transformations of the quantum

state can be described by unitary operators or matrices. Unitary operators/matrices have the important properties (i )

that their hermitian conjugate is also its inverse and (ii ) they preserve inner products (i.e. products of the formh j i ):

10



(i ) UyU = I

(ii ) h 1j 2i = h 1j I j 2i = h 1j UyU j 2i = ( j 1i U)yU j 2i = h 0
1j 0

2i

wherej 0
i i = U j i i . Recalling that the probability of a state is an inner product, Eq. (1.8), the second property of

unitary operators ensures that the probability of the closed system is conserved and always sums to 1. If a quantum

system is not completely closed it is `dissipative', which describes the fact that the outside will interact with the

quantum system, decohering and randomizing the internal quantum state. Closed quantum systems obey the

Schr̈odinger Equation and their steady states can be found by solving the time-independent Schrödinger Equation:

Ĥ j	 i = E j	 i (1.11)

whereĤ = T̂ + V̂ is the Hamiltonian operator which models the kineticT̂ and potential̂V energy terms of the

system.j	 i is the eigenstate of̂H with energyE. Solving for this eigen-equation results in a set of eigen-energies

En and their corresponding eigenstates or modesj i . A generic statej	 i , can be in a superposition of these energy

eigenstatesj n i :

j	 i =
X

n

cn j n i (1.12)

For qubit systems, these eigenstates can be represented by a weighted superposition of the spin con�gurations

jSi �
�
�
�~̂� z

E
, like in Eq. (1.1):

j n i =
X

S

cS jSi (1.13)

Normally the Hamiltonian of the quantum system being modeled is known. In this thesis quantum spin lattice

Hamiltonians are used. By quantum spin lattices, we refer to systems in which a qubits are con�ned to a lattice

geometry and qubit spin is the only degree of freedom (this means the Hamiltonian has no kinetic energy term). Such

Hamiltonians can be expressed as a set of spin operators that act on the qubit states. For example, one of the simplest

spin lattice Hamiltonians is a set of non-interacting spins in a uniform magnetic �eld,B , whereĤ = B
P N

i =1 ŝz
i .

This form comes from the potential energy of a magnetic dipole moment~� � ~B where hereB is in theẑ direction.

This Hamiltonian matrix is formed by a sum of tensor products:

Ĥ = B (ŝ1 
 Î 2 
 :::Î N + Î 1 
 ŝ2 
 :::Î N + ::: + Î 1 
 Î 2 
 :::ŝN ). Again the tensor products result in exponential

2N scaling of the Hamiltonian and state space. Although there are often more ef�cient ways to construct the

Hamiltonian via selection rules, this is the most general method. Quantum spin lattice Hamiltonians are typically

sparse if formed fromlocal spin operators (as matrix products ofŝi 
 Î consist primarily of 0's).

Exact diagonalization (ED) is the straightforward and exact method for �nding the set of eigen-energies and

eigenstates. The computational complexity of doing ED isO(23N ), and one has to store the Hamiltonian as a full,

non-sparse matrix. Even with high performance computing resources, one is typically limited to a maximum size of
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the system equivalent to 20 spin-1/2s. If one is only interested in the low energy eigenstates of the system, one can

use the Lanczos algorithm which takes advantage of sparse matrix representation of the Hamiltonian to more

ef�ciently �nd the lowest few eigenvalues and eigenstates. A maximum system size of 30 spin-1/2s is then reachable.

Nevertheless, the exponential increase of memory and running time cost is inevitable for exact numerical methods.

With these quantum many-body eigen-energies and eigenstates, system features and dynamics can be understood.

One feature of import is the phase that the quantum system is in.

1.2.4 Quantum Phases and Phase Transitions

The discovery of materials in various quantum phases such as super-�uidity, high temperature superconductivity,

and topological insulators can lead to major technological advances. The ongoing development of quantum materials

relies crucially on the understanding of quantum phases and the phase transitions between them, known as quantum

phase transitions (QPTs). Classical phase transitions are de�ned by a discontinuity in the derivative of the

thermodynamic free energy in respect to a thermodynamic variable. Such transitions can often be identi�ed by

drastic changes in the symmetry or order of the material. An order parameter is a quantity that can be de�ned such

that it is sensitive to differences in the material's state and can therefore indicate the presence of a phase transition.

QPTs differ from classical phase transitions in that the transition occurs by varying a physical parameter which is not

temperature, the transition is driven by quantum �uctuations instead of thermal �uctuations (a consequence of

Heisenberg's uncertainty principle), and the transition occurs at or very near absolute zero (T = 0K ) [16, 17]. Most

of the QPTs studied in this thesis are second order QPTs which occur when the energy of the �rst excited state

becomes equal to that of the ground state in the in�nite lattice limit. Explicitly, the in�nite lattice limit energy gap

� � E1 � E0 of second-order QPTs behaves as [16]:

� � J jg � gcjz� (1.14)

whereg is the phase parameter,gc its critical value,J the system energy scale, and�; z are the critical and dynamical

critical exponents, respectively. The crossing of energies at the critical pointgc means that the minimum energy

ground state switches to a very different con�guration across the QPT. This means that certain quantities measured in

the ground state can change abruptly over the QPT. A important quantity that changes abruptly over a QPT is the

correlation between local operators. The correlation length, the length scale at which correlations between operators

decay, will diverge at QPTs. A paradigmatic example is the ferromagnetic-paramagnetic QPT of the Transverse Field

Ising Model (TFIM):

HT F IM = � J
NX

i =1

�̂ z
i �̂ z

i +1 + h
NX

i =1

�̂ x
i (1.15)
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In the ferromagnetic phase (whereJ > 0 and h
J < 1), the spins of the ground-state are all aligned in the+ z or

� z direction, each with equal energy and probability. The ferromagnetic ground-states have a spin correlation length

in z proportional to the system size. However ath
J = 1 , the system undergoes a quantum phase transition. Ifh

J > 1

the system is in the paramagnetic phase where the ground-state consists of spins aligned in the+ x direction. In this

phase thez correlation length goes to zero as the spins are now randomly aligned in thez direction. For this example,

an order parameter that can indicate the QPT would thus behsz
i sz

i + r i wherer � 1 andh� � � i indicates an expectation

value.

While quantum phases are traditionally discovered by physicists using their theoretical understanding of different

systems, it has become increasingly challenging to discover new, interesting quantum phases as the associated

complexity of systems is ever increasing. As motivated by the Materials Genome Project, new computational

methods that can automatically sift through large data sets of measurements and discover interesting features

indicative of novel phases are in great need. In this context, machine learning techniques and particularly

unsupervised ones are promising methods. Speci�cally, one may use them to understand quantum phases and QPTs

when theoretical understanding is lacking.

1.2.5 Ensembles of Quantum States and the Density Operator

The previous discussions focus on a special case of quantum states calledpurestates, but in general quantum

states can exist inmixedstates.Mixedstates refer to quantum systems for which the state is a mixture of multiple

pure states and also systems that are entangled with another system whereby the state cannot be described as a pure

state. The formalism for describing mixed states relies on thedensity operatoror density matrix, which for an

ensemble of pure statesj i i each withpi probability of being observed is de�ned as:

� �
X

i

pi j i i h i j (1.16)

A valid density operator must satisfy two conditions which correspond to the requirements that probability must

be conserved,
P

i pi = 1 , and is positive,pi � 0:

tr(� ) =
X

i

h i j (pi j i i h i j) j i i =
X

i

pi = 1 (1.17)

h� j � j� i =
X

i

pi h� j i i h i j� i =
X

i

pi jh i j� ij 2 � 0 (1.18)

wherej� i is an arbitrary state in the state space and tr() denotes the trace operation which is simply the sum along

the diagonal of a matrix or equivalently, tr(� ) =
P

i h i j � j i i . The density matrix of apurestate satis�es

tr(� 2) = 1 , while that of amixedstate satis�es tr(� 2) < 1. Eq. (1.18) is also a statement that the density matrix is
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positive semi-de�niteor PSD. PSD matrices always allow the spectral decomposition:

� =
X

i

� i ji i hi j (1.19)

where� i must be real, non-negative eigenvalues (PSD condition) that sum to 1 and the vectorsji i are orthogonal.

The setf � i ; ji ig also serves as a valid ensemble of states for the density matrix. This illustrates the non-uniqueness of

density matrices, namely if the setj i i generates� , then any unitary transformation ofj i i also generates� . This

means there are in�nitely many equivalent ensembles that generate a given density matrix. As these ensembles are

equivalent up to a unitary transformation, any ensemble that generates a density matrix is a valid description of the

quantum state. This begs the question, how does one recover the density matrix from measurements of the system?

This requires a protocol called quantum state tomography.

1.2.6 Quantum State Tomography

Quantum state tomography involves measuring a set of observables for state� that can be used to uniquely

reconstruct� . The expectation value of an observableO for a state described by density operator� is:

hOi = tr(�O ) (1.20)

In practice, as also discussed in section 1.2.2, the measurement outcome for a given observable results in a

discrete set of eigenvalues for the observable,~o= ( o1; :::; oN ). For example, in the computational basis with

observable~̂� z this is the familiar~s = ( s1; :::; sN ). Then to estimateh~̂� z i requires measuring the observable many

times, obtainingNs outcome sets(s1; :::sN ), and averaging these outcomes ash~̂� z i �
P

i si =Ns. This average

differs from the exact expectation value with a standard deviation again proportional to1=
p

Ns. Furthermore, each

measurement on the state� irreversibly alters the state, so to generate the above measurement outcomes generally

requiresNs identical preparations of� . Essentially this involves identically repeating whatever experiment resulted

in the state� . For a quantum simulator or computer, if a set of qubit operations applied to the initially prepared state

� 0 results in� , the same set of operations can be applied to� 0 Ns times to obtainNs copies of� . This protocol

generates an estimate of a single observableO, but generally� cannot be fully described by the basis spanned by a

single observableO. Therefore, recreating� in general requires choosing a set of observables that span the full

Hilbert Space of the system. A convenient and commonly used choice of observables is the set of Pauli observables

f � 
 i g where
 i 2 (0; 1; 2; 3) and� 0;1;2;3 = I ; � x ; � y ; � z . An arbitraryN qubit density matrix can be expanded as:

� =
1

2N

X

~


tr(� 
 1 
 � 
 2 
 ::: 
 � 
 N � )� 
 1 
 � 
 2 
 ::: 
 � 
 N (1.21)

The combinations
P

~
 � 
 1 
 � 
 2 
 ::: 
 � 
 N where~
 = ( 
 1; :::; 
 N ) span the full state space on which the

density matrix is de�ned. The expectation value of each con�guration tr(� 
 1 
 � 
 2 
 ::: 
 � 
 N � ) is estimated via

repeated measurements as outlined above. There are4N combinations of observables~
 = ( 
 1; :::; 
 N ) for which

14



expectation values must be estimated in order to reconstruct� . The
 0 terms correspond to the identity which leaves

the qubit state unchanged and can be estimated by setting all
 0 measurement terms to 1, thereby reducing the

number of unique measurements necessary to reconstruct� to 3N . This demonstrates the computational cost of direct

quantum state tomography, namely the expectation values for all3N combinations of the observables must be

estimated by repeated measurements where the estimates differ from their true values with standard deviation

bounded by1=
p

Ns. Therefore using this direct tomography scheme, a whopping3N � Ns copies of� must be

generated and measured to recreate� with element-wise reconstruction inaccuracy proportional to1=
p

Ns! This

quickly becomes untenable as the system sizeN is increased.

Fortunately, this is not the only way to reconstruct the density matrix� from quantum measurements. There are

many proposed quantum state tomography schemes that do not require a number of measurements that scales

exponentially with the system size [18–26]. Some of these approaches can only be applied to pure states or 1D

systems, and many tend to succeed only if the state is or is close to a pure state (or in other words if the density matrix

is low-rank). In Chapter 5, we demonstrate a mixed quantum state tomography scheme that initializes a tensor-train

approximation to the state from measurement results and further �ne-tunes the tensor-train approximation with

supervised learning using gradient descent. The approach scales very favorably in the number of unique measurement

bases, though it does suffer from an exponential accumulation of measurement errors as the system size is increased.

A good metric for determining the equivalence of two density matrices (typically one being an approximation) is

the quantum �delity:

F (�; ~� ) = tr
q p

� ~�
p

� (1.22)

The �delity will approach 1 as the similarity between the density matrices increases. It should also be mentioned

that another convention for Fidelity isF 2.

1.3 Sampling

To get sample data for the machine learning methods requires sampling methods that generate spin states

S = js1; s2; :::sL i from the many-body wavefunctionj	 i . In the context of quantum spin systems Eq. (1.8) implies

that the probability of observing stateS is:

P(S) = h	 j	 i �
X

S;S 0

hSj  � (S) (S0) jS0i =
X

S

j (S)j2 (1.23)

As usual, the total probability must be normalized to 1. For small systems which were solved with ED, samples

can be directly generated from the probability distribution de�ned by the exact wavefunctions (S). To sample from

 (S), a uniform random number0 < a < 1 is generated and if this value falls between
P

Si <S k
j (Si )j

2 and
P

Si <S k +1
j (Si )j

2, whereSk is the1 throughD linear index of an arbitrary state, then the stateSk = js1; s2; :::sL i

is sampled.

15



Given the exponential scaling of the state space, we cannot in general simply calculate (S) for every state and

then pull samples from the probabilities as above. Therefore for large systems, ef�cient approximate sampling

methods are needed. Two such sampling methods are introduced in the next two subsections. There is the broadly

applicable but sequential Metropolis-Hastings sampling method introduced in section 1.3.1, and the highly parallel

autoregressive sampling method that can only be applied to models that exhibit an autoregressive conditional

probability form introduced in section 1.3.2.

1.3.1 Metropolis-Hastings Sampling

Metropolis Hastings (MH) sampling is a type of Monte Carlo sampling that starts with and evolves an initial

random stateS0 [27]. For spin models, this technique involves a local rotation of a random site. Given a starting state

con�gurationS0 = js1:::sN i and a random rotationS0 = js1::s0
k ::sN i , theS0 state is accepted as the next stateSk+1

with probability:

A(Sk ; S0) = min (1;

�
�
�
�
 g(S0)
 g(Sk )

�
�
�
�

2

) (1.24)

If random numbera � A(Sk ; S0), then the next sample in the iteration is chosen to be the alternative

con�guration,Sk+1 = S0. Otherwise the next sample is set to the previous one,Sk+1 = Sk . This method is iterated

K times and the spins recorded to generate a Markov chain,X =
�

Sk
	

; k = 1 ; :::; K . It is important to note

however that this sampling method suffers from severe auto-correlation due to its iterative nature and the sampling

can become localized. The latter can occur when starting at an initial stateS0 for which states differing fromS0 by a

spin �ip have a vanishingly small probability. Furthermore, ifS0 is separated from con�gurations that have a

signi�cant probability according to the true distribution by a barren region wherej (S)j2 = 0 , then those

con�gurations will never be sampled. Speci�cally, the MH sampling method may exhibit these issues for probability

distributions that are not continuous or ergodic and may fail altogether at accurately modeling such distributions [28].

Lastly, MH sampling is very slow as it is sequential, generating just one sample on each iteration (and we typically

want many samples).

To alleviate the localization issue, we use many random initial statesf S0
0 ; :::; SX

0 g and run a MH sampling

routine on each initial state. The Markov chains generated from each initial condition are then combined to improve

the accuracy of the sampling. This adds diversity to the sampled Markov chains such that it is less likely that the

sampling will be completely localized. Furthermore, if each unique MH sampling routine is run in parallel and the

Markov chains of each (with sizeNs=X ) are combined, the full Markov chain (sizeNs) can be generatedX times

faster. Lastly, we also implement a methodology called burn-ins whereby for each of the initial random states we run

the MH sampling and discard some of the �rst samples generated. This extra step reduces the randomness of the

sampling as random initial states - which could have a vanishingly small probability of occurring according to the
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distribution - are evolved for a period to reach the longer term `transient' states where the probability is �nite.

Despite these improvements to the MH sampling algorithm, it can still be quite inaccurate and slow, especially in

comparison to autoregressive sampling for which sampling is inherently parallel and exact.

1.3.2 Autoregressive Sampling

Given the correlation and speed issues of Metropolis Hastings sampling, a more ef�cient and accurate approach is

to use autoregressive sampling which utilizes probability distributions with a conditional form:

P(s1; :::; sN ) =
NY

i =1

pi (si jsi � 1; :::s1) (1.25)

Importantly, the conditional probability ofsi only depends upon the previous spinssj<i . This dependence on

only previous values is a necessity for autoregressive sampling and is the meaning of autoregressive. As long as the

probability can be written as an autoregressive conditional probability like Eq. (1.25), all of theNs samples ofsi can

be generated at once! This parallel sampling leads to huge speedups. Given thatpi (si ) is parameterized by some

functionF (sj<i ) which only depends upon the previously sampled states andsk
i 2 f 0; 1g with indexk

corresponding to thekth sample, then the sampling is performed as follows:

S = zeros(N � Ns) = sk
i ; i 2 (1; N ); k 2 (1; Ns)

P(sk
1 ; :::; sk

N ) = 1

For i = 1 ; :::; N :

pi (si = 0) = F (sj<i )

Normalize: pi (si ) =
pi (si )P

si =0 ;1 pi (si )

~a = rand(Ns) = f a0; :::; aN s g; 0 � ak � 1 (1.26)

Where pi (si = 0) � ak ; sample sk
i = 0 ; else sk

i = 1

Update Conditionals: P(sk
1 ; :::; sk

N ) = pi (sk
i ) � P(sk

1 ; :::; sk
N )

End For

This algorithm simultaneously generatesNs probabilitiesP(sk
1 ; :::; sk

N ), where each probability is the likelihood

of observing samplesk
1 ; :::; sk

N , and the accompanying sample setS = sk
i . The inherently parallel sampling

performed in the second to last step comparesNs uniformly random variables between 0 and 1 with the conditional

probabilitypi (si ) and samples allNs bits for si at once. That said, the algorithm is sequential in the number of

qubits,N , and must loop over each qubit. Therefore in contrast to the MH sampling method which sequentially

cycles over the number of samplesNs and samples all qubit statesi = 1 ; :::; N at once, this sampling methodology

sequentially cycles over the qubits, but generates allk = 1 ; :::; Ns states of qubiti at once. This key difference in the

sampling methodologies demonstrates that the speedup offered by autoregressive sampling is contingent upon the

number of samples being larger than the number of qubitsNs > N . This is unanimously the case in this thesis.
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Furthermore, the localization issue of MH sampling is not exhibited by autoregressive sampling because each sample

sk
i has a unique random evolution governed by theak which are independent of each other and randomly generated

each for loop step.

In this thesis, the autoregressive sampling method in Eq. (1.26) is used to greatly accelerate and improve the

accuracy of spin samples generated by Tensor Networks (Chapter 5) and, in combination with GPUs, masked neural

networks (Chapter 2).
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CHAPTER 2

VARIATIONAL LEARNING OF QUANTUM MANY-BODY STATES

In quantum mechanics, the ground-state is the lowest energy con�guration possible and any state that reaches this

lowest possible energy is a valid ground-state. This result, detailed in section 2.1, implies that any function mapping

the state con�guration to a set of complex coef�cients approximates the quantum wavefunction - this is called an

ansatz wavefunction. The ground-state energy then acts as both a �gure of merit and hard optimization limit for the

ansatz. Roughly speaking, the lower the ansatz energy, the better the ansatz approximates the ground-state. This

chapter focuses on applying the universal function approximation capacity of neural networks [5, 6] to the task of

approximating the ground-state wavefunction, a procedure outlined in section 2.2. Neural networks are promising

ansatzes not only because of their �exible representations, but also because they are capable of modeling high

entanglement states [29, 30] and high dimensional quantum systems - areas where many state-of-the-art ansatzes

struggle. Matrix product states are one such ansatz which is still state-of-the-art in 1D (introduced in section 2.4) and

it is used to benchmark neural network ansatz performance on 1D models in section 2.5. In section 2.2.1 a speci�c

neural network ansatz, the restricted Boltzmann machine, is discussed. In section 2.2.2, the procedure for converting

any neural network into a conditional neural network via masking is demonstrated. The conditional form allows

embarrassingly parallel autoregressive sampling (section 1.3.2) on a GPU which increases sampling accuracy and

speeds up the variational ansatz training by a hundred-fold (section 2.3).

2.1 The Variational Method

Although quantum many-body problems are burdened with the “curse of dimensionality”, one can develop

approximation methods that signi�cantly alleviate the exponential increase of the parameter space. A particularly

successful approximation method is the so-called variational method that uses an ansatz (trial) state to variationally

�nd the ground state or dynamical state of a quantum many-body system. For simplicity I will focus on the ground

state search as a similar method can be applied to search for dynamical states. For the study of quantum phases and

quantum phase transitions, one typically only needs to know the ground state of the system.

Let me now explain how the variational ground state search method works. For all quantum spin models, it is

straightforward to prove that there always exists an energy minimum given by the lowest energy eigenvalueE0 (for

simplicity of discussion we ignore cases where there are degenerate ground states). Using the eigenstate

decomposition Eq. (1.12), the energy of a statej	 i is given by:
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h	 j Ĥ j	 i =
X

n;m

cn cm h n j Ĥ j m i =
X

n;m

cn cm Em h n j m i =
X

n

jcn j2En = jc0j2E0 +
X

n> 0

jcn j2En

Probability normalization,
P

n jcn j2 = 1 , impliesjc0j2 = 1 �
P

n> 0 jcn j2, substituting this in:

E = E0(1 �
X

n> 0

jcn j2) +
X

n> 0

jcn j2En = E0 +
X

n> 0

jcn j2(En � E0) � E0 (2.1)

By de�nition En> 0 > E 0 and asjcn j2 > 0, if there are any non-zerocn> 0 then the energy is necessarily higher

than the ground-state energyE0. Furthermore, ifE = E0, thenjc0j2 = h 0j 0i = 1 and the ansatz statej	 i must be

equal to the ground statej 0i . As a result variationally minimizing the energy of an ansatz statej	 i obtains the

ground-state wavefunction of the system if and only if the global minimum of the energy is reached.

In the context of machine learning, the variational method conveniently provides a sequential objective or reward

for the variational ansatz, namely minimizing the energy. The protocol then is to vary the parameters of the ansatz

statej	 i such that it reduces the expectation value of energy. The gradient of the energy in respect to the ansatz state

parameters provides the parameter update that will optimally reduce the energy. In the next section, we will introduce

a speci�c type of ansatz states known as quantum neural network states, which can provide a very good

approximation of ground states in a variety of quantum lattice models in arbitrary spatial dimensions. We will also

brie�y mention another type of ansatz states called matrix product states that are known to be the best performing

ansatz states for 1D quantum systems.

2.2 Neural Quantum State Ansatze

The idea of quantum neural network states is to represent a quantum many-body statej	 i using an arti�cial

neural network (ANN) as shown in Figure 2.1. Speci�cally, the coef�cient ofj	 i for a speci�c spin basis state

jSi = js1; s2; :::sN i is determined by the output of a neural network parameterized by
 = f W ; bg with

S = ( s1; s2; :::sN ) as input:

j	 i =
X

S

 
 (S) jSi (2.2)

 
 (S) = gk (W k gk � 1(:::g0(W 0 jSi + b0)) + bk (2.3)

whereWi , bi , andgi are the weights, bias, and activation function of thei th layer of the feedforward neural

network, respectively. Eq. (2.2) applies to any type of neural network that performs the mapping fromS to a complex

number 
 (S). Importantly, the number of free parameters in these models scales polynomially with the system size,

thus ensuring computational tractability of the representation. Also, the sequential application of weights, biases, and

activation functions in each layer generally results in a nonlinear mapping from the input to the output. The ability of
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neural networks to learn nonlinear mappings is integral to their expressibility and enables the network to model

complex entanglement correlations between qubits in the system. The fact that the neural network outputs a complex

number is one of the main differences between the neural networks used in typical machine learning and here. This

means that the parameters of the neural network used here should also be allowed to have complex values [31]. This

lead to technical dif�culty in using well optimized machine learning libraries such as Tensor�ow and Pytorch as they

were initially not capable of dealing with complex values and gradients. One option is to write independent codes

that accommodate complex valued neural network, as was done in my own code and the NetKet code library [32]).

Another option is to use two real valued neural networks to respectively represent the real and imaginary parts of the

wavefunction, allowing the use of existing machine learning libraries, which was the direction pursued in my object

oriented PytorchQuantumStates repository on Github.

Figure 2.1 Schematic of a feedforward neural network quantum state architecture. The network must have a number
of inputs equal to the size of the systemN and must output a single complex coef�cient 
 (S).

To perform a variational ground state search, �rst take the gradient of the expectation value of the Hamiltonian as

a function of the neural network parameters
 [8, 33]:

r 
 E = r 
 (
h	 j Ĥ j	 i

h	 j	 i
) u E S2j  
 (S) j2 [2Re((E �

loc (S) � E � )
@ln  
 (S)

@

)] (2.4)

Here the argument was reformulated as a statistical average indicated byES2j  
 j2 (terms formulated analogously

to Eq. (2.5)). Consequently, the energy argument and its gradient can be estimated from spin samplesS of the

variational ansatzj 
 (S)j2. The statistical average ensures computational tractability as any expectation value can

instead be calculated as a statistical average using sampling methods instead of an exact expectation value which

requires summing over the exponentially scaling basis. The statistical error of these estimates is proportional to1p
N s

.

For most physical HamiltonianŝH , the sparsity isO(N ) to O(N 2) meaning a single calculation ofH loc (S) is of

similar order. The effective computational order can be further reduced if the system is translationally invariant, in

which case the parameters
 go from� O(N ) (note this assumption greatly depends on which neural network is
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used) to� O(1). An arbitrary operator,̂O = OS;S 0, can be estimated from spin samples of the ansatz state as:

ES2j  
 j2 [Ô] =
X

S0

OS;S 0j 
 (S0)j2

j 
 (S)j2
(2.5)

In Eq. (2.4), the termE is the estimated energy whereE =
P

S2j  
 (S) j2 E loc (S) and:

E loc (S) �
X

S0

ES;S 0
 
 (S0)
 
 (S)

(2.6)

This is the so called local energy term and its sum over the sampled spin statesS is the energy estimateE which

can be tracked throughout the variational optimization as a measure of performance. Eq. (2.4) de�nes the optimal

parameter update for any spin con�gurationS for any ansatz of the form in Eq. 2.2. Each parameter of the ansatz can

then be updated according to:


 t +1 ! 
 t � � r 
 t E (2.7)

This simple but highly utilized parameter update rule is called gradient descent and� is called the learning rate.

The update rule can also be achieved by more robust and complex `optimizers' such as ADAM, Adagrad, stochastic

gradient descent with momentum, among others (see Pytorch Optimizers). Optimizers modulate the learning rate�

depending on the history or current state of the optimization, but the direction of the parameter change is still

determined by the gradient or a modi�ed gradient method speci�cally designed for quantum systems called

stochastic recon�guration [8, 34, 35].

Although an ef�cient approximation method has been identi�ed, the exponential complexity of the wavefunction

must still be roughly representable by the chosen arbitrary wavefunction 
 in order for minimization to be possible

[36]. Among the myriad of neural network architectures, for this application we seek a network that re�ects physical

properties, can represent many quantum states, and is ef�cient to compute. The so called Restricted Boltzmann

Machine (RBM) ful�lls these requirements.

2.2.1 Restricted Boltzmann Machine

This variational ansatz pioneered by Carleo and Troyer as well as Melko and Torlai postulates a RBM neural

network as the ansatz wavefunction [8] [37]. The RBM is a type of arti�cial neural network that learns to reproduce

the input probability distribution in a process known as reconstruction. The RBM consists of one hidden layer and

one visible layer; the visible layer acts as both the input and output layer. It is called restricted because it is a bipartite

graph as there are no connections between neurons in the same layer (see Figure 2.2).

The RBM architecture is akin to the classical partition function of a gas ofN visible unitsjSi interacting withM

hidden unitsjhi . This familiar statistical physics form encourages its applicability to physics problems with the hope

that it well re�ects the underlying physics. In most NQS work,M is typically an integer multiple ofN i.e.

22



M = 
 � N with 
 2 Z+ .

 (S; 
) =
X

h j =( � S;S )M

e
P N

k ak sz
k +

P M
j bj h j +

P N
k

P M
j sz

k wkj h j (2.8)

Figure 2.2 RBM architecture. [38]

This expression is the unnormalized RBM `probability', whereak andbj are the visible and hidden unit biases,

respectively, and the weightswkj are matrix elements relating the visible unitssk to the hidden unitshj . Here the

parameters are again complex valued as the quantum wavefunction must be complex -j	 i 2 C. Also as spin systems

are being modeled, the units of the RBMhj andsk can each take on the values� S;1 � S; :::S � 1; S. The bipartite

nature of the RBM means it is easily factorized as the hidden units are independent of a given state of the visible units

(and vise versa). The expression can therefore be rewritten as:

 (S; 
) = e
P N

k ak sz
k

X

h j =( � S;S )M

e
P M

j bj h j +
P N

k

P M
j sz

k wkj h j

= e
P N

k ak sz
k

MY

j

2 cosh

 

bj +
NX

k

sz
k wkj

!

= e
P N

k ak sz
k

MY

j

2 cosh(� j ) (2.9)

With � j = bj +
P N

k sz
k wkj . The derivatives@
 ln  
 (S) = @
  
 (S)

 
 (S) necessary to compute Eq. 2.4 are then:

@a l  
 (S)
 
 (S)

= @a l e
P N

k ak sk

MY

j

2 cosh(� j )= 
 (S) = sl

@bl  
 (S)
 
 (S)

= e
P N

k ak sz
k

MY

j 6= l

2 cosh(� j )@bl 2 cosh(� l )= 
 (S) =
2 sinh(� l )
2 cosh(� l )

= tanh(� l )

@w lm  
 (S)
 
 (S)

= tanh(� l ) @w lm � l = sz
m tanh(� l ) 
 (S)
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In summary:

@a l ln  
 (S) = sz
l @bl ln  
 (S) = tanh(� l ) @W lm ln  
 (S) = sm tanh(� l ) (2.10)

Note that these expressions are true for both the imaginary and real components of the parameters. With eq 2.4

now well de�ned for the RBM, all that is left is to optimize the parameters. It is found that the stochastic

recon�guration optimization method tends to be more robust in this scenario as opposed to basic gradient descent. In

this method, parameters are updated as:


 t +1 ! 
 t � � C � 1(t) r 
 t E(t) (2.11)

whereC is the covariance matrix:

C
 0;
 (S) = h@
 ln  
 (S) � @
 0 ln  
 0(S)i � h @
 ln  
 (S) � ih@
 0 ln  
 0(S)i + c:c:

wherehi is shorthand for statistical averages calculated according toES2j  
 j2 . The optimization can be made

more robust by regularizing the above asCreg

 0;
 = C
 0;
 + � reg (t)� 
 0;
 C
 0;
 [8, 34].

We originally tested the above variational algorithm using a code I wrote from scratch. Once the open-source

code library NetKet came out in mid 2019 [32], we started using NetKet for most of the calculations as we �nd it

better optimized for performance and stability since it was developed by a large team. We detail below in section 2.5

the performance of the RBM based variational ground-state learning, as well as the problems we encountered.

2.2.2 Quantum Neural Autoregressive Density Estimator

The sampled estimates of the energy and its gradient in Eq. (2.4) exhibit statistical error with the number of

measurements as1=
p

Ns. Additionally, the generic sampling approach for NQS ansatzes is the MH sampling

technique which exhibits autocorrelation and localization issues that result in inaccurate modeling of the probability

distribution (see section 1.3.1 for more details). Furthermore, the computational cost of MH sampling scales

proportionally to the number of samplesNs. Therefore, doubling the number of MH samples to increase the

estimation accuracy of Eq. (2.4) by a factor of just1=
p

2 incurs double the computational costeachvariational

iteration. Thus, to simultaneously increase the accuracy of the variational optimization and reduce its computational

cost, the autoregressive sampling method (described in section 1.3.2) is used. This requires reformulating the

probability of a given spin state to be in the autoregressive conditional probability form like Eq. (1.25). Conditional

probability models offer an exact estimation of the target probability and samples drawn from conditional

probabilities are independent of each other - resulting in a greater diversity of sampled con�gurations. As quantum

states are described by complex wavefunction coef�cients and not real probabilities, the ansatz is instead formulated
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as an autoregressive conditional wavefunction [33]:

 
 (s1; :::; sN ) =
i =1Y

N

 i (si jsi � 1; :::; s1) (2.12)

The conditional wavefunctions i (si ) can be parameterized by any FFNN with a suitable number of output

neurons. Speci�cally, each unique spin conditional i (si ) can be mapped to an output neuron requiring an output

layer of size2 � N (2 if qubit, D � N if qudit). Conversely, the conditional for each spin value can be parameterized

by the same pair of neurons for every qubit conditional i , as shown in Figure 2.3. This architecture is used in this

thesis. As a slight modi�cation to Eq. (1.26), the conditional probabilities are normalized according to:

 i (si ) =
 i (si )

P
si

p
j i (si )j2

(2.13)

Figure 2.3 Feed Forward Neural Network parameterizing a Quantum Neural Autoregressive Density Estimator
(QNADE). The output layer must be of size2 or 2N , and masking of the input layer is used to enforce the
autoregressive property (as represented bymi ).

Lastly, to utilize autoregressive sampling, the FFNN must obey the autoregressive property. The autoregressive

property requires that the conditional wavefunction of neuroni must only depend on previous neuronsj < i . To

ensure this property, thesj>i input neurons of the neural network can be masked such that the output i (S) only

depends upon previously sampled spins in the chainsj<i . In practice, a binary mask~m = ( m1; :::; mN ) with

mi 2 (0; 1) masks the input,S0 � S � ~m = ( s1m1; :::; sN mN ). This mask is initially set to be all 0s. Then, asi is

increased in the autoregressive sampling and probability generation algorithm (Eq. (1.26)), the mask is updated such

thatmj<i = 1 , thereby enforcingS0 = ( s1; :::; sj ; 0; :::; 0) and i (S0) =  i (sj<i ). This masking protocol can

enforce the autoregressive property on any neural network!
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Autoregressive ansatzes greatly improve the accuracy and speed of the sampling step necessary to calculate both

the energy and energy gradient. Speci�cally, autoregressive sampling does not suffer from localization issues like

MH sampling and the time required to generate samples does not scale with the number of samples. Therefore, not

only is each autoregressive sample more representative of the true probability distribution, but it is more tractable to

generate orders of magnitudes more samples per variational iteration in order to maximize accuracy. Looking

forward, the improvements to the variational ground-search algorithm that autoregressive ansatzes enable can be

further improved by utilizing GPUs as shown next in section 2.3.

2.3 GPU Accelerated Training

Autoregressive sampling is further accelerated by distributing batches of samples among multiple computer

processors. Graphics processing units or GPUs are specialized electronic devices originally designed for fast parallel

transformations of and rendering of polygons which represent 2D or 3D objects in computer graphics [39]. GPUs

contain up to hundreds of streaming multiprocessors each of which consist of many arithmetic units (or CUDA cores

if using an NVIDIA GPU) speci�cally designed to perform mathematical operations quickly. For example, the

NVIDIA Ampere A100 GPU used to generate the results in this section contains 128 streaming multiprocessors each

with 64 CUDA cores resulting in a total of 8192 CUDA cores to perform parallel computations.

GPUs are particularly useful for tasks and algorithms that are so called “embarrassingly parallel”. Tasks are

embarrassingly parallelizable if there is little effort in splitting the task into multiple tasks where each task is

independent of each other [40]. The combined sampling and conditional wavefunction generation algorithm (eq.

1.26) is embarrassingly parallel as each generated samplesi and corresponding conditional i evolves independently,

meaning the generation of the full sample setS and conditionals can be easily split into independent batches. The

network and its parameters are held in the GPU node's shared memory while batches of autoregressive sampling

paths can be assigned to separate streaming multiprocessors and evolved simultaneously. We leverage the highly

optimized CUDA GPU API which adapts the Pytorch based QNADE sampling and probability algorithm to ef�cient

parallel machine instructions [41]. Speci�cally, the algorithm is run for 100 training epochs on the free Google Colab

K80 and the Ampere A100 GPU on a GPU node of the Colorado School of Mines Wendian HPC and the speedup

results are shown in Figure 2.4 and Figure 2.5, respectively. Both of the GPUs are compared to the time it takes to run

the same 100 training epochs on a Colab CPU runtime. Thank you to Lincoln Carr, Eliot Kapit, and Zhexuan Gong

for access to Wendian and the GPU nodes therein. I would also like to acknowledge Caleb Sanders and Ignacio

Varela who helped complete and test the GPU algorithm as their senior design project.
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(a) Autoregressive optimization routine speedup on an K80 GPU as a
function of the number of qubits.

(b) Autoregressive optimization routine speedup on an K80 GPU as a
function of the number of samples.

Figure 2.4 QNADE autoregressive sampling and conditional wavefunction optimization routine speedups with 100
training epochs run on a free Google Colab notebook. Shown are the computational wall times of the algorithm run
on the CPU divided by the wall time when run on the GPU. This speedup ratio is calculated for a constant sample
size of 10000 (a) and a constant system size of 10 qubits (b) while varying the system and sample sizes, respectively.

As can be seen in Figure 2.4(b), the speedup provided by the K80 GPUs saturates and the slope of the speedup

decreases as the sample size approaches the memory limit of 12GB (> 200; 000samples). This can be circumvented

to a large extent by having more RAM for the simulation and by running the algorithm on faster more modern GPUs

such as the Ampere A100. As shown in Figure 2.5(b), the speedup is not only more drastic, but there is no noticeable

saturation in the speedup as the sample size is increased. That said, the Ampere A100 can theoretically perform 5x

more FLOPs operations than the K80, but the speedup afforded by the A100 is at most 2x and not 5x that of the K80.

The reason for this is not entirely clear. One potential avenue for increasing the speedup to the theoretically

achievable with the A100 would be to port the algorithm to CUDA and optimize the routine there.

The speedups shown in Figure 2.4 and Figure 2.5 demonstrate the GPU versus CPU autoregressive algorithm

speedup when either the samples or number of qubits is held �xed. The speedup when increasing both the number of

qubits and number of samples will stack as long as the GPU node's memory limit is not reached. As mentioned

before since sampling error is proportional to1=
p

Ns, the signi�cant GPU speedup allows the use of much larger

sample sizes in the variational NQS algorithm which in turn leads to more accurate and smoother convergence,

bene�ting variational ground-state algorithms.
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(a) Autoregressive optimization routine speedup on an Ampere A100
GPU as a function of the number of qubits.

(b) Autoregressive optimization routine speedup on an Ampere A100
GPU as a function of the number of samples.

Figure 2.5 QNADE autoregressive sampling and conditional wavefunction optimization routine speedup using an
Ampere A100 GPU versus an Intel i9-9880hk CPU with a boosted clock speed of 5GHz. Again, this speedup ratio is
calculated for a constant sample size of 10000 (a) and a constant system size of 10 qubits (b) while varying the
system and sample sizes, respectively.

2.4 Matrix Product States

The matrix product state (MPS) is a powerful ansatz for �nding the ground and dynamical states of 1D quantum

systems variationally [42]. While not designed for machine learning tasks initially, there have been recent studies

showing that the MPS (and its 2D generalization tensor networks) shares similarities with ANNs such that they can

even be used for image recognition [43]. A MPS can be explicitly expressed as a product of matrices:

j	 MPS i =
X

S

Tr ( As1 : : : AsN ) jSi (2.14)

Comparing with (2.2), the MPS can be regarded as a special type of quantum neural networks' state where the

network is parameterized by the matricesAs1 = � 1; � � � ; AsN = � 1, where each matrix is uniquely de�ned for each

qubit spin state. The details of the ground state search algorithm using MPS can be found in Ref. [42]. We did not

develop our own code for MPS methods. Instead, we rely on the well-established Open Source MPS (OSMPS)

library developed by Prof. Lincoln Carr's group [44]. Given the impressive accuracy of the OSMPS library in

simulating 1D quantum systems with at most area law entanglement scaling, it is periodically used throughout this

thesis to generate MPS representations that serve as the ground truth states of suitable quantum systems.

2.5 Simulation Results and Comparison

To show the performance of the variational learning method using quantum neural network states, we will

compare with MPS methods when possible. We start with the 1D nearest-neighbor TFIM introduced in 1.2.4 which is
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a paradigmatic model for quantum phase transitions. It is exactly solvable for arbitrary system sizeN via a

Jordan-Wigner transformation [45]. Recalling Eq. (1.15):

HT F IM = � J
NX

i =1

�̂ z
i �̂ z

i +1 + h
NX

i =1

�̂ x
i

where� x;y;z
i are Pauli matrices andJ; h are the coupling and transverse �eld parameters respectively. We show

the agreement of the aforementioned variational learning method using RBM as ansatz states in Figure 2.6 with MPS

- which is treated as essentially exact in 1D. The relative error between the two methods
�
�
� E RBM � E MP S

E MP S

�
�
� is below

10� 4 for a wide range of transverse �eld strengths across the quantum phase transition point (h = 1 ).

Figure 2.6 The energy (a) and relative error between RBM and MPS methods (b) of the 1D TFIM Eq. (1.15) for
J = 1 . The RBM optimization hyper-parameters used were� reg = 0 :1, � = 0 :03, 2e+5 samples, and 500 iterations.
The MPS hyper-parameters used are a max bond dimension of 50 and an energy variance tolerance of 1e-9.

As additional examples, we also calculate the ground states of the 1D spin-1 XXZ model (Eq. 2.15 below) and

the cluster-state Hamiltonian (Eq. 2.16 below) using RBM based variational learning algorithm and plot the energy of

ground states as a function of the tunable parameter in the Hamiltonians in Figure 2.7 and Figure 2.8 respectively.

HXXZ = J
X

i

(� x
i � x

i +1 + � y
i � y

i +1 +
h
J

� z
i � z

i +1 ) (2.15)

HC = �
NX

i =1

�̂ z
i � 1 �̂ i

x �̂ z
i +1 � h

NX

i =1

�̂ x
i �̂ x

i +1 (2.16)
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Figure 2.7 The energy (a) and error (b) of the 1D XXZS = 1 Hamiltonian withJ = 1 . The RBM optimization
hyper-parameters used were� reg = 0 :1, � = 0 :01; 0:03; 0:1 (all corresponding to different runs), 2e+5 samples, and
2000 iterations. The MPS hyper-parameters used are a max bond dimension of 200 and an energy variance tolerance
of 1e-9.

Figure 2.8 The energy (a) and error (b) of the Cluster Hamiltonian. The RBM optimization hyper-parameters used
were� reg = 0 :1, � = 0 :01, 2e+5 samples, and 1000 iterations. The MPS hyper-parameters used are a max bond
dimension of 200 and an energy variance tolerance of 1e-9.

While good agreement with MPS methods (which again can be treated as more-or-less exact) is achieved, a

nontrivial amount of parameter tuning was needed. In fact, it took hundreds of runs with different sets of optimization

parameters to get the best converged results shown in the above two �gures.

In principle, the accuracy of RBM results can be further improved by increasing the hidden to visible layer nodes

ratio 
 , eventually reaching the same level of accuracy as the MPS methods [8]. However, in practice we �nd that this

approach of improving accuracy does not work reliably, as an RBM with more hidden nodes has greater

representational power. One is more susceptible to local minimum problems with a larger number of parameters to
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optimize. We �nd that often increasing the hidden layer to input layer ratio� leads to larger error of the ground state

energy found.

What we �nd so far is that the variational learning method (at least for the RBM ansatz), although able to beat the

system size tractable by exact diagonalization, is unlikely to surpass the performance of MPS methods for 1D

quantum many-body systems. However, the true strength of this new method lies in its ability to calculate 2D lattice

models [8] which can host a rich family of topological phases [31]. These models are not tractable using MPS

methods and even the tensor network based methods may struggle. Below, we explore the performance of the RBM

based variational method on a once very challenging model - the anti-ferromagnetic TFIM on a triangular lattice [46]

(with an Hamiltonian similar to Eq. (1.15) but with spins on a triangular lattice andJ = 1 ). This model has an

important feature called geometric frustration, where the spins occupying the sites of a triangle cannot all be

anti-aligned to minimize the energy [47]. Finding the ground state of such frustrated 2D systems is an on-going

challenge in condensed matter physics [48]. As shown in Figure 2.9, we �nd that the RBM based method achieves a

good approximation of the ground state when compared to exact diagonalization for a 4x4 lattice. The method is still

tractable when increasing the system size to 9x9 which is way beyond the reach of exact diagonalization. We will

show in sect 4.1 that an unsupervised learning method applied to the samples generated by the ground states found

using RBM can also predict the quantum phase transition of this frustrated model.

Figure 2.9 Convergence of the RBM ansatz to the ground-state energy of the 2D periodic triangular lattice TFIM.
Subplot a) compares the ED to RBM ground-state energies for a4 � 4 lattice, b) shows the energy difference between
the RBM-ED energies - note the order of magnitude of the energy difference is� 10� 3. Subplot c) shows the RBM
ground-state energy for the9 � 9 lattice, at this size there is no exact method we can use to compare to. The RBM
hyper-parameters used here are� reg = 0 :1, � = 0 :01, 2e+5 samples, and 500 iterations.

In conclusion, we have explored the neural network based variational learning method (using RBM as a speci�c

neural network) for a number of 1D and 2D quantum spin lattice models and show that the variational learning

method holds great promise, particularly for 2D models. More importantly, the compact representation of many-body

wavefunctions using RBM or other neural networks allows us to generate measurement samples of ground states

ef�ciently, as the probability for a particular spin con�guration can be computed easily using the converged neural
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network (or MPS). This enables our study of unsupervised learning in 4.
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CHAPTER 3

DESIGNING SPEED-OPTIMIZED TWO-QUBIT QUANTUM GATES

One major issue plaguing physical quantum computers is their �nite decoherence time. Decoherence occurs in

imperfectly isolated quantum systems, which all physical realizations are. Decoherence describes the leaking of

information from the quantum state of interest into the coupled environment and is an example of a non-unitary,

irreversible process. The quantum state is quantum-entangled with the environment as decoherence occurs and the

off-diagonal terms of the quantum subsystem density matrix vanish, becoming more “classical” and losing quantum

information [49]. The lower the decoherence time, the faster quantum information leaks and typically the more

dif�cult it is to use the system for quantum computation. Computation with a quantum system requires qubit gates

which perform logic operations using the qubits and their states. Qubit gates are, ideally unitary, operations on one or

more qubit and take a timeT to be performed with the speed depending on the system and gate drive. A quantum

simulation run is a race against decoherence. The desired gate operations must be performed on the initialized state

before the system has a chance to decohere and ruin the computation. Therefore, for effective quantum computation

it is crucial to have fast gates and slow decoherence times, explicitly the full application of gates must be faster than

the decoherence time to increase the chances of a successful, controlled simulation. To perform arbitrary

computations with a quantum computer requires a “universal” set of quantum gates. A set of quantum gates is

universal ifanyunitary operation can be approximated to arbitrary accuracy by applying gates from the set. As any

n-qubit unitary matrix can be written as a combination of single- and two-qubit gates [50], the simplest universal gate

sets that are foundational for universal quantum computing require single- and at least two-qubit gates (e.g. some

universal sets use single- and three-qubit gates). Single-qubit gates can be performed much faster than decoherence

times and their speed is proportional to the power deliverable to the qubit. Such gates are typically implemented by

driving single-qubit transitions with an electro-magnetic �eld or pulse, increasing the power delivered to the qubit

increases gate speed. As universal gate sets also include at least two-qubit gates, it is pivotal to also optimize

two-qubit (and greater) gate speeds to achieve universal quantum computation. Two-qubit gate speeds depend upon

the interaction strength between the qubits, the form of interaction, and the number of other involved qubits. In [51],

an analytical expression for the speed limit or minimal speed of a two-qubit gate unitary given their coupling

Hamiltonian is derived. This derivation assumes in�nitely fast and arbitrary single-qubit gates, an unrealistic

assumption. To investigate the speed limit of realistic and physical two-qubit gates, my friend and collaborator Joel

Howard created a two-qubit transmon chip [9]. Speci�cally, the goal was to use this chip to experimentally realize the

speed limit for a type of two-qubit gates called entangling gates, which involve acting upon two qubits initially in a

product state such that after the gate the qubits are maximally entangled [52]. I assisted in this endeavour by creating
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a variational based optimal pulse solver which �nds square and Gaussian pulses that optimally recreate the action of

an arbitrary unitary gate within the time-frame of the theoretical gate speed limit.

3.1 Variational Pulse Optimizer

The optimal pulse solver starts with randomly initialized pulse parameters which de�ne the drive Hamiltonian

Eq. (3.2) and serve as the learn-able parameters. The static Hamiltonian of the system Eq. (3.1) de�nes the two-qubit

interactions which in the rotating frame of the two qubit frequencies can be written as (with~ = 1 ):

H0 = g(� z
1 + � z

2 + � z
1� z

2) (3.1)

H1 =
X


 = x;y

X

i =1 ;2


 

i (t)~� 


i (3.2)

whereg is the coupling strength and
 x;y
i (t) denotes the Rabi frequency of the drive resonant with qubiti 's

transition in the X or Y quadrature at timet. The single-qubit drives
 

i (t) consist ofM piece-wise pulses, i.e.


 

i (t) = 
 


i;m for tm 2 [ m � 1
M T; m

M T], whereT is the total evolution time andm = 1 ; 2; � � � ; M . Each pulsem has a

learnable amplitudeAm , these are the parameters optimized via the solver. For square pulses,Am simply modulates

the height of the piece-wise function. For Gaussian pulses, the pulse is given by
 

i;m (t) = Am e� ( t � t m )2 =� 2

where

tm = m T
M is the center of themth pulse and� / T

M is typically set to T
2M . The effect of these pulses on the quantum

state, determined by the combined HamiltonianH = H0 + H1(t), are then integrated via the time-dependent or

time-independent ( Eq. (1.11)) Schrödinger equations for Gaussian (H1(t)) and square (H1) pulses, respectively. In

the square pulse time-independent case, the evolution operatorU can be simply calculated by iteratively applying:

Um+1 = e� i (H 0+ H ( m )
1 )� t=M Um (3.3)

whereU = UM andt = T=M is the pulse duration. When the pulse is Gaussian andH1(t) has time dependence,

the evolution operator is found by numerical integration of the Schrödinger equation:

i~@t 	 = H 	 (3.4)

For a given combined HamiltonianH = H0 + H1(t), the evolution operator is integrated as

U = T e� i
RT

0 [H 0 + H 1 ( t )] dt whereT denotes the time ordered integral andT denotes the total evolution time.

Numerical integration of this differential equation can be performed by ODE solvers and methods such as Runge

Kutta. Importantly, for the pulse parameters to be variationally learned, the ODE solvers must support gradient

tracking. The helpful torchdiffeq library [53–55] was used as the backbone ODE solver with gradient tracking for

numerically integrating the evolution operator with Gaussian pulses. Once the evolution operatorU is integrated, the

average gate �delityF [56] is calculated and serves as the variational target or loss function:

F =
1
5

+
1
20

X

j

Tr
�
UUj UyUUj Uy�

(3.5)
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whereUj 2 f � 
 
 � 
 0
g with � 
 2= f � x ; � y ; � z ; I g andU is the target unitary. Once the �delity is calculated

for a given set of pulse parametersAm , the gradient of the �delity in respect to each parameter is back-propagated.

Once gradients are back-propagated, an optimizer updates the parameters based upon a user-de�ned learning rate and

the gradient values, typically ADAM [57] or SGD with Nestrov momentum [58] is used here. During optimization, a

plateau based learning rate scheduler is also used to change the learning rate based upon the convergence of the loss

function. The cycle of generating the evolution operator fromAm , calculating the �delity, and then applying the

variational gradients toAm is repeated until the �delity reaches a threshold or a maximum number of epochs is

reached. AsF is a highly nonlinear function off 
 

i;m g, to avoid obtaining only a local maximum forF , we repeat

each gradient descent process with a large number (up to 200) of random seeds used for both initialization and SGD,

and then select the global maximum among all repetitions.

3.2 Experimental Setup

Our experimental platform consists of strongly-coupled �xed-frequency superconducting transmon qubits with

static capacitive couplings in a hanger readout geometry [59]. An intrinsic silicon substrate is used on which

aluminum oxide tunnel junctions are fabricated via an overlap technique [60]. The remaining circuit components are

made of niobium. The full chip design and corresponding circuit model is shown in Figure 3.1. The two transmon

qubits' transition frequencies are5:10; 5:26MHz, anharmonicities are270; 320MHz, T1 decay times are40; 21 � s

andT �
2 decay times are12; 10 � s, respectively. The static Hamiltonian in Eq. (3.1) approximates the interaction

between the two qubits whereg � 2� � 1:75MHz represents a �xed Ising coupling strength between the qubits. To

interact with the qubits, we deliver two microwave drives – resonant with each qubit's transition frequency –

simultaneously through the feedline. Each of the drive �elds contain two adjustable quadratures (X or Y), and can be

described by the drive Hamiltonian in Eq. (3.2). For perfect single-qubit drives~� 

i = � 


i . However, due to the strong

Ising coupling between the two qubits inH0, the drive strength on one qubit is dependent on the other qubit's state,

resulting in~� 

1 = � 
 
 (j0ih0j + r 2 j1ih1j) and~� 


2 = ( j0ih0j + r 1 j1ih1j) 
 � 
 , with r 1 � 1:1 andr 2 � 0:7 for our

current chip. We note that with a weaker coupling strength or with a tunable coupler [61, 62], bothr 1 andr 2 can be

made closer to or equal to 1.
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Figure 3.1 (a) Optical micrograph of the experimental chip including qubits, readout resonators, test Josephson
junctions, and test resonators. (b) Zoomed-in view of the two �oating qubits. Each qubit consists of two identical
pads (red for the left qubit and blue for the right qubit) and a Josephson junction connecting the two pads. Each qubit
is coupled to its own readout resonator (green). (c) Grounded circuit model of the capacitively coupled qubits.

3.3 Optimization Results and Benchmarking

To benchmark the numerical optimization method, we choose the target gate to be the CNOT gate and �nd the

above-mentioned numerical speed limitTF for F = 99% as a function of
 max. We setM = 16, which allows the

calculation to be done within a few hours on a small HPC cluster. Further increasingM does not lead to noticeable

improvements. As shown in Figure 3.2, we clearly see that as
 max=g increases,TF approaches the analytical speed

limit Tmin, indicating that the optimization succeeded in reaching the theoretical speed limit. Importantly, the

maximum single-qubit drive strength
 max does not need to be signi�cantly larger than the interaction strengthg to

get close to the analytical speed limit. For example, setting
 max = 3g already gives us a minimum gate time of

1:05Tmin with F > 99%. We also note from Figure 3.2 that our method signi�cantly outperforms the standard

GRAPE algorithm in the widely used QuTiP software [63].

36



Figure 3.2 The minimum timeTF (in units ofTmin) it takes to achieve a CNOT gate ofF > 99% as a function of

 max (in units of g) using either our optimization algorithm (blue curve) or the GRAPE algorithm in QuTiP (red
curve). Both algorithms useM = 16 segments of the drive pulses and200random restarts. The GRAPE algorithm in
QuTiP can only reachF > 99%for a small range of
 max values, and even for such values the minimum gate time
achieved is noticeably longer than that from our algorithm.

To demonstrate the utility of our optimization algorithm, it is imperative to introduce the analytical speed limit.

As described in [52], any two-qubit unitaryU can be decomposed as:

U = ( U1 
 U2)Ud(V1 
 V2); Ud = e� i
P


 = x;y;z � 
 � 
 
 � 

(3.6)

whereU1; V1 (U2; V2) are single-qubit gates acting on the �rst (second) qubit, and theU dependent� 
 satisfy

� x;y;z 2 [� �
4 ; �

4 ]. Assuming the single-qubit gates can be implemented arbitrarily fast, the constraining factor for the

time it takes to perform the two-qubit gate is then the minimum time required to implementUd, which is:

Tmin =
� x + � y + j� z j

g
=

8
><

>:

�= (4g) CNOT
3�= (4g) SWAP
3�= (8g)

p
SWAP

(3.7)

The analytical speed limit for a two-qubit gateU in Eq. (3.7) is used to derive the minimum implementation time

for the CNOT, SWAP, and
p

SWAP gates, also shown in Eq. (3.7). In Figure 3.3 below, we compare the performance

of the optimization algorithm and the experimental realization of theH1 for each of the aforementioned gates. Each

plot shows the �delity during the real implementation timeT normalized by the speed limit of the corresponding gate

Tmin . The experimental and numerical gate �delities rise quickly and reach almost unit �delity atT = Tmin for most

gates. Surprisingly, the optimizer can actually beatTmin for the SWAP gate, a result that is being investigated for

future research.
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(a) (b) (c)

Figure 3.3 Experimental measurements of the average gate �delityF using optimized 4-segment drive pulses , with
the target gate being (a) CNOT, (b) SWAP, and (c)

p
SWAP. The red curves represent experimental measurements

while the blue curves represent the exact numerical calculation ofF without considering any experimental error.

 max = 6MHz for the CNOT gate and
 max = 5MHz for SWAP and

p
SWAP gate. The error bars on the red curves

represent a bound on the statistical error of the mean for 500 repeated measurements at each point.

3.4 Error Analysis

One error source shared among all our data points is the statistical error. To quantify this error, we simulate

additional measurements by adding a Gaussian distributed random noise with zero mean and unity standard deviation

on each Pauli operator measured during our QPT. This allows us to set an upper bound on the statistical error of the

mean that would be obtained on re-performing the full experiment with all other error sources held �xed. As shown

in Figure 3.3, this statistical error on the measuredF is less than1%in all cases.

To better quantify and understand the experimental errors in Figure 3.3, we calculated the average gate �delityF

between the experimental quantum process and the corresponding exact unitary generated by the engineered

Hamiltonian with optimized pulse shapes for each value of gate timeT and each target gate demonstrated. As shown

by the blue curves in Figure 3.4, the in�delity due to experimental error sources are in general within5%, and we

observe a general trend of increasing error as we increaseT. To �nd out potential error sources, we �rst performed

quantum process tomography for the dark evolution of the system (i.e. only under the static HamiltonianH0) for

varying evolution T and calculate the average gate �delity of such process with regard to the exact evolution operator

e� iH 0 T . We �nd that such �delity also decreases asT increases (see red curves in Figure 3.4), from about99%at

T = 0 to about95%at the longest gate time (1:2TSWAP
min ) we explored. We attribute the error sources due to the dark

evolution to state relaxation (due to �niteT1 andT2 times), imperfect calibration or �uctuations of the coupling

strengthg in H0, and the fact thatH0 is only an approximation of the actual superconducting circuit [64].
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(a) (b) (c)

Figure 3.4 Average gate �delityF (blue curves) between the experimental quantum process and the corresponding
exact time evolution operator generated by the optimized pulse shapes for a gate timeT, with the target gate being
CNOT (a), SWAP (b), and

p
SWAP (c). The horizontal axis is normalized by the corresponding analytical speed limit

for each target gate Eq. (3.7). The red curves (identical among the subplots but with different time ranges) reveal the
average gate �delity between a dark evolution quantum process over timeT and the corresponding exact time
evolution operator without error and dissipation.

To explain why the �delity in Figure 3.4 is noticeably lower when driving the qubits, we numerically simulate the

effects of imperfect calibration or noises on the optimized pulse shapes (either for amplitudes or phases) by adding

random perturbations to each optimized pulse parameter
 

i;m . We expect such perturbations to be present in our

experimental setup with magnitudes of a few percent of
 max. The simulated average gate �delityF is shown in

Figure 3.5, where all other parameters are identical to the exactF curves in Figure 3.3. We see that our optimization

method is robust to small amount (1%) of noises on the pulse shapes, but for larger noises (5%), we can lose a few

percent of �delity compared to the exact cases, and the �delity lost is larger whenF approaches unity, consistent with

the behavior of the experimentally measuredF in Figure 3.3. We suspect that the combined effects of the error

sources in the dark evolution and the engineered pulse shapes, as well as errors caused by leakage to non-qubit states,

account for the majority of experimental errors we observe.

(a) (b) (c)

Figure 3.5 Average gate �delityF calculated using the optimized pulse shapes in Figure 3.3, but with random
Gaussian noise added to each pulse shape parameter
 


i;m with the target gate being CNOT (a), SWAP (b), and
p

SWAP (c). The blue (red) curves correspond to a standard deviation of the Gaussian noise at0:01
 max (0:05
 max).
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3.5 Conclusion

In summary, we have demonstrated speed limits for various two-qubit gates experimentally using optimized

pulses found via a variational learning optimization method. The speed limits are determined by the limited

two-qubit interaction strength and single-qubit drive strength in a physical platform. Importantly, the two-qubit gates

we implemented based on this method are much faster than those implemented using a combination of single qubit

gates and the controlled-Z gate, even outperforming the SWIPHT protocol that is a specially optimized protocol for

achieving CNOT gates for our hardware. In conclusion, we believe our method is useful for designing

speed-optimized two-qubit gates in a variety of quantum computing platforms, especially those with non-negligible

single-qubit gate times and always on interactions.
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CHAPTER 4

UNSUPERVISED LEARNING OF QUANTUM PHASE TRANSITIONS

Chapter 2 focused on �nding ground states of large, many-body quantum systems. Now suppose we have these

states at hand (either numerically or experimentally) and can perform measurements on them. What physical

properties can we learn from the states without a-priori knowledge? In particular, we would like to know what

quantum phases and symmetry classes the states belong to, and if there is a quantum phase transition when a

parameter is changed. The concept of quantum phase transitions is introduced in section 1.2.4. In this chapter, we

will address these questions using unsupervised learning.

Recent research applying both supervised and unsupervised algorithms to quantum phase transitions

identi�cation have demonstrated that machine learning is an effective tool for identifying features relevant to phase

transitions [65–68] - even explicitly identifying the order parameters in some cases [69, 70]. Supervised learning of

phase transitions requires previous knowledge of where the phase transition occurs, the phases of the system in

extreme limits, or the phases of a similar system to that under study [69]. Therefore, supervised learning lacks

general applicability in that it cannot discover novel phase transitions in poorly understood or exotic materials. For

this reason, we focus on the more generally applicable unsupervised learning techniques for this task. In addition,

inspired by the success of recent techniques involving von Neumann entropy networks in detecting QPTs [71, 72], we

also explore the idea of using network complexity measures of the quantum neural network states to predict QPTs

(Appendix A).

Whether the sample data be generated from direct sampling of the exact diagonalized wavefunction, MH or

autoregressive sampling of variational states, or measurement results from experiment, the subsequent analysis

presented here is very generalizable. For sample sizeK , lattice sizeL , and parameter array lengthV , we organize the

K � V � L matrix in blocks of samples for each parameter by the lattice size. Then dimensionality reduction

techniques are applied to these samples - in particular principal component analysis (PCA), autoencoders, and

diffusion maps [73–76] - and a subsequent clustering of the data in the reduced feature space may also be applied.

This chapter �rst explores the use of a linear unsupervised algorithm known as PCA along with k-means clustering to

estimate phase transition points of frustrated quantum lattices in section 4.1. Then in section 4.2 a non-linear

unsupervised clustering algorithm known as diffusion maps is shown to discover complex phase transitions which the

contrasted machine learning algorithms struggle to identify.
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4.1 Principal Component Analysis

For unsupervised learning, we will start our exploration with the simplest linear dimensionality reduction

technique known as principle component analysis (PCA), which can predict the order parameter of many quantum

phase transitions. However, the order parameters predicted by PCA must be linear functions of the measurement data

and for more complex quantum phases of interest - such as many-body localized (MBL), topological, and

valence-bond phases - the order parameters are non-linear. Therefore, we will also study non-linear dimensionality

reduction techniques such as the diffusion map method (section 4.2).

The process of projecting some data or a function that exists in larger dimensional space onto a smaller

dimensional space is aptly called dimensionality reduction or compression. The lower dimensional representation of

the higher dimensional object can at best reproduce the higher dimensional object (called loss-less compression), but

more often has some loss of information (called lossy compression). The goal of any worthwhile dimensionality

reduction algorithm is to reduce the higher dimensional object in such a way that a maximal amount of information

of the object is retained in the lower dimensional space. There are many compression and dimensionality reduction

techniques in use today, in particular we focus on automatic clustering algorithms like K-means and projective

algorithms like principal component analysis (PCA), autoencoders, and diffusion maps.

For a given data setX , PCA involves solving the eigenvalue equation: [73]

X T XE = ~� E (4.1)

This equation is just the eigen-decomposition of the covariance matrix of the data. Therefore, the eigenvectors~ei

(E = f ~ei g; i = 1 :::N ) of the largest eigenvalues� i (or principal components) point in the direction of the dataX 's

highest variance. After solving eq. 4.1, projecting the dataX onto the plane of the �rstk eigenvectors,X � E 1:::k ,

reduces the data's dimension tok such that the maximum linear variance of the data ink dimensions is retained [74].

As a proof of concept, we begin with the TFIM Eq. (1.15). This model exhibits a 1st order QPT ath
J = 1 with the

total magnetization,
P

i � z
i , as an order parameter for the (anti-) ferromagnetic case (J > 0) and the sublattice

magnetization,
P

i (� 1)i � z
i , for the anti-ferromagnetic case (J < 0) [16]. PCA has been shown to explicitly discover

these order parameters for the classical phase transition atTc=J = 2 :269[70], here we con�rm that the QPT can also

be detected (see Figure 4.1 and Figure 4.2).
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Figure 4.1 Top plot: the eigenvalue spectrum of PCA (eq. 4.1) applied to the non-periodic 1D TFIM (Eq. (1.15)). The
2nd and 3rd lowest plots show the eigenvectors of the �rst and second eigenvalues, respectively. Note how the �rst
eigenvector is nearly constant over the lattice sites, this corresponds to site magnetization the average of which is the
order parameter of the TFIM as mentioned above. The second eigenvector resembles a Fourier mode with period one
over the lattice agreeing with predictions of [77].

Figure 4.2 The average of the data setX projected onto the �rst eigenvector~e1. The 1st eigenvector clearly acts as
the order parameter for this data set and accurately predicts a sharp change in order nearh

J = 1 indicating a QPT.
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The reason PCA detects phase transitions is because it searches for the highest variance vectors in the data in

respect to the varied parameter(s); this is the same role that the order parameter plays in phase transition prediction.

Some results also suggest that the eigenvectors are Fourier modes of the system [77] which agrees with Figure 4.1.

Therefore, this method not only predicts the QPT, but it also provides the �rst eigenvector~ei as a prediction of the

phase transition order parameter and can even predict other order changes in the system via the other eigenvectors.

This can be seen in the PCA results of the frustrated 2D TFIM on a triangular lattice in Figure 4.3. In this �gure, two

competing triangular unit cell orders(� 1; � 1
2 ; � 1

2 ) and(� 1; 0; 1) are identi�ed by PCA [78]. In Figure 4.4(a), we

see the two prominent orders identi�ed in the eigenvalue spectrum and the eigenvectors plotted against lattice site.

The two eigenvectors retain a fairly large portion of the variance in the data (= 12:24%) as the variance retained for a

given eigenvector is proportional to its respective eigenvalueV retained
i = � iP

i � i
. But this leads to an opportunity to

distinguish between competing orders. If PCA can better explain the variance of the data with another set of

eigenvectors then this implies that these eigenvectors are a better set of order parameters than the previous. We �nd

this to be the case for a run withL = 81, where PCA results and lattice imposed �rst eigenvector are shown in

Figure 4.4(b) and Figure 4.5, respectively. The variance retained by just the �rst eigenvector in this case is22%,

which is the equivalent compression achieved by the algorithm when compressing theD = 81 representation space

to justD = 1 ! This, along with Figure 4.6, demonstrates the impressive power of PCA when the changes in order

between phases are linear. In Figure 4.6 we show an image of the data compression. Here the data is projected onto

the �rst two eigenvectors and plotted. This projection shows a clear separation between low (h < 1:25) and high

(h > 1:75) transverse �eld strengths as well as an intermixed region with intermediate values. In Figure 4.7, we plot

the average of the data projection on the �rst eigenvector similarly to Figure 4.2.

Figure 4.3 The values - designated by the color bar - of the �rst (a) and second (b) eigenvectors corresponding to the
two largest eigenvalues plotted on theL = 64 triangular lattice. Each eigenvector corresponds to a different order
present in the frustrated triangular lattice TFIM . The `largest' eigenvector (a) corresponds to the(� 1; � 1

2 ; � 1
2 ) order

while the second largest eigenvector (b) corresponds to the(� 1; 0; 1) order where the values(a; b; c) are the values of
the vertices of each triangular unit cell [78].
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(a) (b)

Figure 4.4 (a) Top plot: the eigenvalue spectrum of PCA (eq. 4.1) applied to theL = 64 2D frustrated triangular
lattice TFIM. The 2nd and 3rd plots show the eigenvectors of the �rst and second eigenvalues, respectively. (b) Same,
but applied to theL = 81 2D frustrated triangular lattice TFIM.

Figure 4.5 The values - designated by the color bar - of the �rst eigenvector corresponding to the largest eigenvalue
interposed on theL = 81 triangular lattice. This eigenvector seems to correspond best to the(� 1; 0; 1) order, but is a
non-trivial deviation from it. If this is indeed the best order parameter for the QPT in this system, it shows how such
dimensionality reduction methods can potentially help guide and improve theoretical understanding.
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Figure 4.6 Projection of theL = 81 frustrated triangular lattice TFIM sample data onto the �rst two eigenvectors i.e.
X ~e1 vsX ~e2. The colors indicate the transverse �eld strengthh.

Figure 4.7 The average of the data setX projected onto the �rst eigenvector~e1 for theL = 81 2D triangular lattice
TFIM. This methodology for interpreting the PCA results fails to give a clear prediction of the QPT.
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Unfortunately, for this more complex model such an analysis does not directly indicate the QPT predicted to be at

h
J = 1 :65 [78]. PCA does distinguish the phases as can be qualitatively seen in Figure 4.6 by the separation between

low and high transverse �elds in the projection. To truly utilize the potential of PCA and other such dimensionality

reduction methods we further process the results with an automatic clustering method called k-means clustering (eq.

4.2). K-means- The k-means algorithm automatically assigns labels to data, distinguishing labeled 'clusters' by their

distance from each other in the data space. It begins by �rst assigning random initial data points as 'centroids'. The

set of points nearest a centroid are then assigned to the centroid. Each centroid then moves to the mean of its

respective assigned data set. This iterative algorithm performs best when the number of clusters can be speci�ed

initially, but it is not always known how many distinct orders or clusters should be searched for in a respective data

set. Overall, the algorithm assigns labels to the projected data pointsx i such that the following objective function is

minimized:

J =
KX

j =1

X

i 2 U j

kx i � � j k2 (4.2)

whereK is the number of clusters,Uj is the subset of data points assigned to clusterj , and� j is the mean of the

subset. In Figure 4.8(a), we show a circularly symmetric k-means clustering algorithm applied to theL = 81 2D

triangular TFIM PCA data projection as in Figure 4.6. The sharp decision boundary between cluster one and cluster

two can be seen clearly and is also plotted in Figure 4.8(b) versus the transverse �eld. The clusters two and one

indicate a frustrated ferromagnetic and paramagnetic order respectively, and the transition between the two roughly

agrees with thehJ = 1 :65QPT point.

(a) (b)

Figure 4.8 (a) Result of applying the k-means clustering algorithm eq. 4.2 to theL = 81 2D triangular TFIM data
projected on the �rst two PCA eigenvectors Figure 4.6. Here, the data is transformed asy1 = ( X ~e1)2 and
y2 = ( X ~e2)2 such that the clusters utilize the circular symmetry. (b) We average the cluster labels assigned to each
set of data points corresponding to each transverse �eld strengthh.
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We also mention in passing that Autoencoders, a non-linear generalization of PCA, were also used on these

models and those yet to be mentioned, but this method offers little to no improvement over PCA and often just

mimicked its linear order parameters and predictions. Autoencoders typically consist of two sections: an encoder that

transforms the input data into a lower dimensional latent space, and a decoder which transforms the latent space

representation back to the input data space [75]. The autoencoder is trained so that the mean squared error of the

decoded data minus the encoded data is minimized. This dimensionality reduction technique is non-linear due to the

non-linear activation functions that modulate the network transformed inputs - in this work both the encoder and

decoder use the sigmoid activation function. Despite the non-linearity of the method, it generally failed to elucidate

non-linear order parameters or accurately predict QPTs any better than PCA. Therefore, to �nd a more generalizable

dimensionality reduction technique that can effectively help predict QPTs with complex and non-linear order

parameters we use the diffusion map method which recently was shown to detect distinct topological sectors of

symmetry class AIII [79]. In Figure 4.9, Figure 4.10, and Figure 4.11 we apply similar processing as in the PCA

results above to the autoencoder trained on the sameL = 81 2D triangular TFIM data. As can be seen, the projection

separation is not as clear as in PCA (Figure 4.9) and k-means on a naiively circular symmetry transformed data set

(Figure 4.10) doesn't give much more than noise (Figure 4.11).

Figure 4.9 Projection of theL = 81 frustrated triangular lattice TFIM sample data onto the �rst two autoencoder
latent space eigenvectors. The colors indicate the transverse �eld strengthh.
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Figure 4.10 Result of applying the k-means clustering algorithm eq. 4.2 to theL = 81 2D triangular TFIM data
projected on the �rst two autoencoder latent space eigenvectors, Figure 4.9. Here, the data is transformed as
y1 = ( X ~e1)2 andy2 = ( X ~e2)2 such that the clusters utilize the circular symmetry.

Figure 4.11 For the autoencoder data to 2D latent space projection, we average the cluster labels assigned to each set
of data points corresponding to each transverse �eld strengthh.
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4.2 Nonlinear Dimensionality Reduction: Unsupervised machine learning of quantum phase transitions
using diffusion maps

The material in the remainder of this chapter is modi�ed from an article published inPhysical Review Letters.

Reprinted with permission from Lidiak, A. and Gong, Z.,Physical Review Lettersvol. 125, no. 22, p. 225701,

(2020). See Appendix B for more details. DOI: http://dx.doi.org/10.1103/PhysRevLett.125.225701. Authors:

Alexander Lidiak and Zhexuan Gong.

4.2.1 Introduction

With the recent demonstration of quantum supremacy [80], the need for understanding well-controlled

experimental quantum systems that cannot be simulated ef�ciently on a classical computer is growing rapidly.

However, experimental data sets generated by measurements on post quantum-supremacy devices can be too large

and complex for traditional data analysis tools to extract useful features from. This in particular poses a major

challenge in using quantum simulators to make new discoveries at the frontier of quantum many-body physics, where

existing theoretical understanding is often lacking [81]. A promising method to address this challenge is

unsupervised machine learning, which can extract important features from data with little to no a priori understanding

of the data [31, 37, 65, 69, 70, 82–88].

While machine learning has become a standard toolbox for data analysis in many areas of physics, including

high-energy, astrophysics [31], and condensed-matter physics [89], the use of unsupervised machine learning in

experimental quantum simulators, in particular for studying quantum phases and phase transitions, is so far lacking.

For example, the standard approach to demonstrate a quantum phase transition in quantum simulation is to extract

some feature from the measurement data related to an “order parameter” [90–92]. However, for the discovery of a

new quantum phase or phase transition, it is often unclear what feature or order parameter one should extract from

the data. For a simple symmetry breaking phase transition, one can usually �nd an order parameter that is linear in

the measured observables. In such a scenario, a common unsupervised machine learning method known as principal

component analysis (PCA) can be applied [67, 70, 93], which performs a linear projection of the sample data onto a

lower dimensional subspace for feature extraction. But for quantum systems with phases whose order parameters are

complex, nonlinear functions of local observables [31], where machine learning could be particularly useful in

discovering new physics, PCA will fail. Example systems include valence-bond solids [94], quantum spin liquids

[95], topologically ordered matter [96], and many-body localized (MBL) systems [97]. A number of nonlinear

dimensionality reduction methods in machine learning can be applied for these systems, such as kernel PCA [98],

auto-encoders [67], self-organizing maps [99], and diffusion maps [79]. The success so far is however limited, with a

notable exception that the diffusion map method has recently been used to identify certain topological phases

unsupervised [79], which has long been regarded as challenging.
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In this work, we show that the diffusion map is in fact a rather versatile method that can identify a variety of

complex quantum phases. It is also computationally ef�cient and works for data easily obtained by quantum

simulation experiments, such as the measurement of all spins in a single direction [100]. This is in contrast to many

machine learning approaches [69, 82, 101–104] that require the entanglement spectrum of quantum states, which is

dif�cult to obtain experimentally.

The main idea of the diffusion map is to reveal the structure of the measurement samples in con�guration space

and perform automatic clustering of the samples with a tunable cluster radius [76]. Major changes in the

con�gurations of quantum states can be revealed as a result, suggesting the onset of a phase transition. As examples,

we will show how diffusion maps can correctly identify incommensurate phases, valence-bond solid phases, and

many-body localized phases, all of which are dif�cult to learn using traditional data analysis on expectation values,

variances, and two-point correlations of local observables, or simple unsupervised machine learning methods such as

PCA and k-means clustering (see Figure 4.15 and Figure 4.19). Note that our primary goal is to learn phases of

quantum matter from experimental data with minimal theoretical understanding. For precisely locating phase

transition points, supervised learning methods can be applied afterwards [69, 82, 101, 102].

We will �rst introduce the diffusion map method and describe a general picture of how it can identify different

quantum phases. In the following, the diffusion map is always applied to a collection of measurement samples.

Without loss of generality, we assume each sample is from a measurement ofN quantum spins in some direction.

Each measurement sample thus containsN numbers, denoted by anN -dimensional vectorX i (i = 1 ; 2; � � � ; M ).

We obtainM such samples by preparing and measuring the same stateM times, a routine practice in quantum

simulation experiments [100]. One can also obtain these measurement samples computationally using either direct

sampling if exact diagonalization is used or Monte Carlo sampling if a variational ansatz is used [105–108]. For exact

diagonalization, we can obtain the ground or dynamical state asj i =
P

Sk
 (Sk )jSk i , wherejSk i is a basis state for

the particular measurement andk is a linearized index. We then pick a random number0 < x < 1 and if it falls in the

window between
P

i<k j (Si )j
2 and

P
i<k +1 j (Si )j

2 for some value ofk, then the basis statejSk i will be sampled.

The diffusion map sets a �ctitious diffusion process among the samples based on their distances. First, a distance

metric needs to be de�ned. Here, we use the normalized Euclidean distance between two samplesi andj , de�ned as

d2
ij � 1

N

P N
k=1 (X ik � X jk )2, whereX ik is thekth element of the sample vectorX i , andN � N is a normalization

constant that ensuresdij 2 [0; 1]. Next, a kernel function is used to associate a transition probability between samples

based on their distances. A common choice is the Gaussian kernel:K ij = e� d2
ij =(2 � ) , where the hyperparameter�

controls how fast the transition probability decays with distance. Finally we introducePij = K ij =(
P

k K ik ) as the

normalized probability of the diffusion process from samplesi to j .

Since the transition probability between any two samples is nonzero for a �nite� , the above-mentioned diffusion

process is ergodic in the long time limit. This means the largest eigenvalue of theP matrix is always exactly1
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[76, 79]. If there are clusters of samples in which the samples have at mostr spins in different con�gurations, then up

to a time scale� = er=N� , the diffusion process will be largely restricted within each cluster. The number of such

clusters will correspond to eigenvalues ofP that are larger than1 � � where� � 1=� [76]. Thus by choosing

� � r=(N ln � ), we can �nd the number of clusters of a particular size. For the examples we shall discuss, we keep

the diffusion time� �xed by choosing� = 10 � 2:5 (the exact value does not matter).

Schematically shown in Figure 4.12, when� . 1=(N ln � ), each different sample will be identi�ed as one cluster,

and the number of clusters in this regime is simply given by the number of unique measurement samples. For a

generic quantum many-body state that contains non-negligible weights of exponentially many basis states, almost all

measurement samples are different from each other. However, for a many-body localized quantum system, the

number of unique samples can be signi�cantly smaller than the number of samples. Thus a diffusion map with such a

small� should be able to distinguish an ergodic many-body state from a localized many-body state. On the other

hand, when� � 1=ln � , only samples with� N spins in different con�gurations will belong to different clusters. If

multiple clusters of samples are identi�ed in this regime, one can expect a discrete spontaneous symmetry breaking in

the measurement direction of the spins, with the order of the symmetry group equal to the number of clusters.

Between the small and large� regimes, we can tune� to reveal the number of clusters with variable sizes (note that

changing� requires no additional experimental data). As shown below, the intermediate� regime

(1=(N ln � ) . � . 1=ln � ) is the key to learning a variety of complex quantum phases that cannot be identi�ed using

linear dimensionality reduction methods such as PCA. We emphasize that the diffusion map is computationally

ef�cient for the number of samples (102 � 103) in a typical quantum simulation experiment [100], and we can

compute diffusion maps with different system parameters or hyper-parameters in parallel.
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Figure 4.12 Schematic of how the diffusion map reveals the number of clusters formed by the measurement samples
in con�guration space. The hyperparameter� determines the size of the clusters by controlling the width of the
Gaussian envelope in the kernel function. The qualitative pictures for the small (� . 1=(N ln � )), intermediate, and
large (� � 1=ln � ) � regimes are shown. For suf�ciently large� , the number of clusters becomes one.

4.2.2 Learning Symmetry Breaking Phases

To demonstrate the power of diffusion maps with a tunable� in learning complex quantum phases, we start with a

Zn transverse-�eld Ising model (TFIM) (also known as the chiral clock model [109]) withn = 3 . This model can be

simulated using Rydberg atoms experimentally [110, 111] and has a nontrivial incommensurate phase between the

usual ferromagnetic and paramagnetic phases of the TFIM. The Hamiltonian of the model reads

H1 = � f
P N

j =1 � j ei� � (1 � f )
P N � 1

j =1 � j � y
j +1 ei� + h:c:, where� =

�
1 0 0
0 ei 2 �= 3 0
0 0 e� i 2 �= 3

�
and� =

�
0 0 1
1 0 0
0 1 0

�
are the

Z3 spin operators. Without chirality (� = 0 ), the ground state ofH1 undergoes a simple ferromagnetic (FM) to

paramagnetic (PM) phase transition when increasingf from 0 to 1. For � > 0, an incommensurate (IC) phase

appears for intermediate values off , where spin correlationsh� i � j i decay as a power law. The ferromagnetic phase

can be easily identi�ed using the average offh� j ig which is nonzero in the FM phase. However, such an order

parameter cannot tell the PM phase from the IC phase, as both phases have vanishing FM order. Therefore we �nd

that PCA (as well as two-point correlations) cannot identify the IC phase and its boundary (see Figure 4.15).

The incommensurate phase and its boundary can be numerically identi�ed using entanglement entropy

[112, 113], a quantity hard to measure in large experimental systems [114]. Here we show that using just the
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measurement samples of the spin operatorsf � j g, the diffusion map is able to produce a phase diagram in an

unsupervised manner that well matches the one obtained using entanglement entropy. Using an intermediate value of

� , the number of clusters identi�ed by the diffusion map identi�es all three phases of theZ3 TFIM, as shown in

Figure 4.13(a). This result can be understood as follows: (1) Deep in the PM phase the measurement samples are

approximately drawn from a uniform probability distribution of every possible spin con�guration. As a result, two

different samples will have on averageN=2 spins in different con�gurations. Since in practice the number of samples

is often much smaller than the number of spin con�gurations, each sample will be treated as a separate cluster if

� � 1=ln � . The number of clusters will thus be close to the number of samples. (2) Deep in the FM phase, the

ground state undergoes spontaneous symmetry breaking, resulting in one of the 3 FM states, each being ordered in a

different direction. The samples drawn from each of the 3 FM ordered states should have small distances between

each other while the samples drawn from different FM ordered states have very large distances. With

1=(N ln � ) � � � 1=ln � , the number of clusters identi�ed will be close to 3. (3) The samples drawn from the IC

phase should have a rather diverse set of distances and the number of clusters identi�ed by the diffusion map should

vary strongly depending on the parameters of the Hamiltonian. Note that no �ne tuning of� is needed to learn the

incommensurate phase. In addition, we have shown in Figure 4.16 that one can identify all three phases equally well

if the samples are drawn from measurements of the� operators instead.

Figure 4.13 The ground-state phase diagram of the chiralZ3 TFIM found by the diffusion map method. The
measurement samples are obtained from the ground-state found using exact diagonalization withN = 12 spins. 500
samples are used for each value off and� . (a) � = 0 :015, an intermediate value that reveals all three phases and their
boundaries (see Figure 4.16 and [113] for similar phase diagrams obtained using entanglement entropy). (b)
� = 0 :075, a large value that causes both the samples in the PM and IC phases to be grouped into one cluster, while in
the FM phase three clusters are always identi�ed.

The diffusion map also allows unsupervised learning of the order of the discrete symmetry group underlying a

symmetry breaking phase transition. For a large enough� (� 1=ln � ), samples in the PM and IC phases will be
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identi�ed as a single cluster while samples in the FM phase are cleanly sorted into 3 clusters as a result of theZ3

spontaneous symmetry breaking [see Figure 4.13(b)]. Contrast this to the k-means clustering algorithm used

frequently in unsupervised machine learning [115], where the number of clusters has to be guessed or predicted using

a priori knowledge of the data.

Now we will show that traditional data analysis methods in quantum simulation that focus on the expectation

value, variance, or two-point correlations of local observables will not identify the incommensurate phase associated

with H1. As seen from Figure 4.14, expectation values and variances of the� operators (averaged spatially) do not

identify any phases. This is because the samples are obtained from the exact ground state ofH1 at a �nite system

size, thus spontaneous symmetry breaking does not happen. The two-point correlations of the� operators between

the edge spin and the central spin is capable of revealing the ferromagnetic phase, but does not distinguish the

incommensurate phase and the paramagnetic phase clearly.

Figure 4.14 The expectation value of
P

i � i =N from H1 (a), the variance of the same quantity (b), and the correlation
between the middle and the end spinsh� 1� N= 2i (c) as a function off and� . Same as Figure 4.16,N = 24 and500
samples are used for each value off and� .

Next, we show that principle component analysis (PCA) together with k-means clustering is also unable to learn

the incommensurate phase and its boundary. We perform PCA on the same collection of measurement samples used

for the diffusion map in Figure 4.13 and extract the projection of the sample set onto the �rst two principle

components. We then apply a k-means clustering algorithm to associate each sampleX i with an index

L i = 1 ; 2; � � � ; k. In an attempt to identify all three phases within the samples, we manually set the number of

clusters tok = 3 (note that the diffusion map does not require such a priori knowledge of the number of distinct

phases in the data). We then averageL i for samples belonging to a particular set of Hamiltonian parameters (f , � ),

and obtain a phase diagram using this averaged index [see Figure 4.15(a)]. While we can identify the ferromagnetic

phase and its boundary, there is no clear identi�cation of the paramagnetic or incommensurate phases, similar to the

scenario with two-point correlations discussed above.
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Figure 4.15 Phase diagrams generated by PCA (a) and auto-encoder (b) applied on the same measurement samples
used in Figure 4.16. The color represents the index attached by ak = 3 k-means clustering algorithm on the
projected/compressed measurement sample data, averaged over all measurement samples of the ground state of a
particular Hamiltonian.

We have also used an auto-encoder included in MATLAB to perform nonlinear dimensionality reduction of the

measurement data in substitution of PCA. The auto-encoder trains an arti�cial neural network to retain as much

information of the sample data as possible with two latent variables onto which we then encode each measurement

sample (similar to projecting onto the �rst two principle components obtained via PCA). Applying the same k-means

clustering algorithm withk = 3 leads to the phase diagram shown in Figure 4.15(b), which again is unable to identify

the incommensurate phase. This is because the incommensurate phase cannot be identi�ed using a single linear or

nonlinear function of the measured observables, as the spin con�gurations in this phase vary strongly with the system

parameters (� andf ). The diffusion map method instead detects the change in the distribution of the measurement

samples in con�guration space which is often linked to a phase transition.

The diffusion map method can also be applied to measurement samples of the� operators inH1. As shown in

Figure 4.16(a), we see that the number of clusters identi�ed by the diffusion map can also reveal all three phases and

their boundaries. This is because if we obtain samples for the� operator, then the paramagnetic phase will have the

least number of clusters (approaching 1 deep in the paramagnetic phase), the ferromagnetic phase will have the most

number of clusters and the incommensurate phase will have an intermediate number of clusters (as it is quasi

long-ranged in the� operator). The phase diagram is thus nearly identical to Figure 4.16(a) with the color map

�ipped, the main difference being that the discreteZ3 symmetry is identi�ed in Figure 4.16, which is expected as the

symmetry applies to the� operators only.

Finally, we show in Figure 4.16(b) a phase diagram ofH1 obtained using the half-chain entanglement entropy for

the same system size and parameter range studied (similar to Ref. [113]). One can see that the location and sharpness
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of the phase boundaries learned by the diffusion map method is comparable to that using the entanglement entropy.

Figure 4.16 (a) Ground-state phase diagram ofH1 obtained by (a) performing diffusion maps with� = 0 :025,
� = 10 � 2:5 on 500 measurement samples of the� operators, and (b) calculating the half-system entanglement
entropy.

With the success of the diffusion map method in detecting discrete symmetries, we next investigate its ef�cacy in

detecting other symmetries. Explicitly, we next explore the continuous symmetry breaking (CSB) in the long range

XXZ model:

H =
X

i>j

1
ji � j j �

[� Sx
i Sx

j � Sy
i Sy

j + JzSz
i Sz

j ] (4.3)

For spin one-half, this system exhibits four distinct phases [116]. In Figure 4.17, we plot the log difference between

the �rst (always= 1 ) and second largest eigenvalue of the diffusion map versus the measurement angles� and�

(where� is in the X-Y plane and� is in the X-Z) deep in the CSB phase -Jz = 0 and� = 1 :5. Figure 4.17 shows a

U(1) symmetry in� and the second eigenvalue becomes approximately degenerate near� = �
2 indicating that there is

symmetry in the X-Y plane. This is indeed the de�ning characteristic of the CSB phase of the long range XXZ

model. Indicating that with just sample inputs, diffusion maps are able to elucidate regions of continuous symmetry

and thereby also symmetry breaking QPTs.

For continuous symmetry, it is surprising how sensitive the diffusion map method is to variation in the

measurement axis. In principle the reasons diffusion maps succeed in detecting the CSB are the same as those

mentioned for the discrete symmetry case above, in that the inter-sample distances are maximal in the XY phase, but

by adding measurements in arbitrary directions diffusion maps can discover the continuous symmetry.
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Figure 4.17 Diffusion map of CSB in the long-range XXZ model - grayscale intensity indicates the valueln(1 � � 1)
and we plot versus axis measurement angles� , � . The invariance of� 1 on � indicates rotational U(1) symmetry.
When the diffusion map becomes degenerate (� 1 u 1) at � = �

2 it indicates a system degeneracy in the sampled
direction - in this case the X-Y plane. This data was generated with ED on a L=20 chain with 10000 diffusion map
samples and� = 1 .

4.2.3 Learning Valence-bond Solid Phase Transitions

Valence-bond solids (VBS) are important in condensed matter physics and quantum information as they are

closely related to quantum spin liquids [95], symmetry protected topological order [117, 118], tensor network states

[106], and cluster states for quantum computing [119]. Because VBS cannot be identi�ed using an order parameter

linear in spin operators, this is another scenario where unsupervised learning methods such as PCA will fail while

diffusion maps are useful. As a speci�c example, we consider a spin-1/2 chain with nearest-neighbor and

next-nearest-neighbor antiferromagnetic Heisenberg interactions [120], commonly known as theJ1-J2 model, with

the HamiltonianH2 =
P N

j =1 (J1S j � S j +1 + J2S j � S j +2 ). For simplicity we setJ1 = 1 below. This is a

paradigmatic model exhibiting VBS order, where the ground state atJ2 = 0 :5 is exactly solvable and made of two

degenerate VBS (dimer) states, corresponding to two different ways of pairing neighboring spins into spin-1/2

singlets (one withS i + S i +1 = 0 for oddi and the other for eveni ). At aroundJ2 � 0:3 [121], the system is

expected to undergo a phase transition from the Luttinger liquid to the VBS phase.

As expected, we �nd no signatures of the VBS phase transition and no special behavior atJ2 = 0 :5 using PCA

and k-means clustering (see Figure 4.19). With diffusion maps, as shown in Figure 4.18(a), we can easily identify the

exactly solvable point ofJ2 = 0 :5, where the ground state has spontaneous translational symmetry breaking even for

a �nite system size. To better see the phase transition atJ2 � 0:3, we add a small symmetry breaking perturbation of

the formH 0 = g
P N

j =1 [1 � (� 1)j ]S j S j +1 that breaks theZ2 translational symmetry ofH2 for the small system size

our calculation is limited to. As shown in Figure 4.18(b), we see a large dip in the number of clusters starting around
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J2 � 0:3 for an intermediate� value. This is because when the VBS phase transition occurs, symmetry breaking in

the ground states picks one of the dimer con�gurations, while away from the phase transition point, both dimer

con�gurations coexist. The probabilities of �nding two samples with a small distance from each other is much lower

if the two samples are from different dimer con�gurations than from a single dimer con�guration. Thus the number

of clusters identi�ed by the diffusion map drops when translational symmetry breaking takes place. This argument

can be made mathematically precise for the exact degeneracy point ofJ2 = 0 :5, where �nite-size effects are

irrelevant (see??). We expect a similar picture for general VBS phase transitions.

Figure 4.18 (a) The number of clusters found by diffusion maps when applied to the measurement samples of the
J1-J2 model (seeH2) as a function of� . 1000 samples are used for each value ofJ2 (J1 = 1 ), obtained from exact
diagonalization ofH2 with N = 24 spins. (b) An intermediate� (� = 0 :02) is chosen to show that the number of
clusters drops at the onset of the valence-bond phase transition with or without a symmetry breaking perturbation.
The error bar shows the standard error of the mean from90 repeated sampling processes.

Next we will show that for theJ1-J2 model discussed (H2), PCA and k-means clustering cannot detect the

formation of valence-bond solids (VBS) or the spontaneous symmetry breaking atJ2 = 0 :5. We �rst perform PCA

on the same measurement samples used in Figure 4.18. As shown in Figure 4.19(a), the ef�cacy of dimensionality

reduction is poor in this case, with many principle components contributing signi�cantly to the variance of the data.

Moreover, the �rst principle component only identi�es an anti-ferromagnetic order, which is irrelevant for the VBS

phase transition [Figure 4.19(b)]. Keeping the �rst two principle components, we apply a k-means clustering

algorithm withk = 2 and plot the average index as a function ofJ2 [Figure 4.19(c)]. There is no clear signature of a

phase transition happening atJ2 � 0:3 and no indication of the spontaneous translational symmetry breaking at

J2 = 0 :5. We have also used an auto-encoder in place of PCA and �nd it performs no better.

On the other hand, we show in Figure 4.19(d) that the VBS phase transition can be identi�ed using a complex

order parameter known as the dimer correlation (see Eq. (4.4) and Ref. [122]). For the �nite system size (N = 24)
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studied here, the dimer correlation cannot locate the phase transition point exactly, and we �nd that the sharpness of

the phase transition indicated by the dimer correlation is comparable to that obtained by the diffusion map method

(see Figure 4.18(b)).

Cx
dim (r ) =

1
S4 hSx

l 0 � r
2
Sx

l 0 � r
2 +1 (Sx

l 0 + r
2
Sx

l 0 + r
2 +1 � Sx

l 0 + r
2 +1 Sx

l 0 + r
2 +2 )i (4.4)

Figure 4.19 (a) Principle values of PCA applied to the same measurement data used in Figure 4.18. (b) Coef�cients
of the �rst principle component as a linear combination of each spin's magnetization, which indicates that the �rst
principle component is an anti-ferromagnetic order parameter. (c) The average index assigned by k-means clustering
with k = 2 to the measurement samples projected onto the �rst two principle components, as a function ofJ2. (d)
The dimer correlationCx

dim (r ) given by Eq. (4.4) as a function ofJ2 calculated using the exact ground state ofH2.
Here we setl0 = 13 andr = 11, consistent with the choice in Ref. [122].

Next, we will explain in detail the sharp drop in the number of clusters atJ2 = 0 :5 identi�ed by the diffusion map

with an intermediate value of� . First, we point out that atJ2 = 0 :5, we only obtain one of the two degenerate dimer

states (one withS i + S i +1 = 0 for all oddi and the other for all eveni ) as the ground state numerically, which is

also expected in an actual experiment due to spontaneous symmetry breaking. A small deviation fromJ2 = 0 :5 will

lift the degeneracy of the two dimer states and the ground state becomes approximately a superposition of the two

dimer states, which we will call the `combined dimer state' below. Thus to see why the number of clusters identi�ed

by diffusion maps suddenly drops atJ2 = 0 :5, we can compare the results of the diffusion map on a single dimer

state with that of the combined dimer state. This comparison is shown in??and is very similar to how theJ2 = 0 :5
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curve compares to theJ2 close to0:5 curves in Figure 4.18(a).

To understand why the number of clusters for the single dimer state decreases much more rapidly than the

combined dimer state, let us start from the following analysis: if we get two random measurement samples from the

combined dimer state, then there is1=2 probability that both samples are drawn from either one of the single dimer

states (Case I), and1=2 probability that the two samples are drawn from two different single dimer states (Case II).

The intuition is that the probability of �nding two samples that are close to each other is much smaller in Case II than

in Case I. For example, in Case I, for a given �rst sample, the chance of getting the second sample that has zero

distance (i.e. identical) to the �rst sample is always1=2N= 2. But in Case II, the chance of getting a identical sample is

2=2N because there are two identical samples that can be obtained from both the even and odd dimer states (which

are the two perfect antiferromagnetic states), and each only appears with a probability of1=2N . As a result, we can

largely ignore the probability of �nding two samples close to each other in case II. As we will show below, in the

thermodynamic limit (N ! 1 ), case II can be completely ignored except when we are considering two samples with

exactly half of the spins in different directions. After ignoring case II, the probability of �nding two samples withk

spins different for the combined dimer state, denoted byPc(k), is only half that of the single dimer state, denoted by

Ps(k), in the largeN limit.

The above analysis can be made precise mathematically. We �nd thatPs(k) =
� N

2
k
2

�
=2

N
2 and

Pc(k) = [2
N
2 � 1

� N
2
k
2

�
+

� N
k

�
]=2N . We have plotted the ratioPs(k)=Pc(k) in ??(b) for N = 24 andN = 1000. In the

N ! 1 limit, one can show analytically thatPs(k)=Pc(k) = 2 for k 6= N=2 and

Ps(k)=Pc(k) = 2 =(1 +
p

2) � 0:83 for k = N=2. Note that bothPs(k) andPc(k) are symmetric aroundk = N=2.

Because the probability of �nding samples for most distances in the single dimer state is two (or close to two for

�nite N ) times larger than that in the combined dimer state, the number of clusters for the single dimer state will

decrease with the cluster radius (proportional to� ) at twice the rate of that for the combined dimer state. This twice as

fast decay is what we observe in Figure 4.20(a) as well as Figure 4.18 which exhibits similar physics.
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(a) (b)

Figure 4.20 (a) The number of clusters identi�ed by the diffusion map as a function of� used on samples drawn from
the single dimer state versus the combined dimer state withN = 24. (b) The ratioPs(k)=Pc(k) of the probability of
�nding two samples with a difference ofk spins in the single dimer state to that in the combined dimer state.

4.2.4 Learning Many-body Localization

A 1D quantum system with tunable disorder can exhibit a dynamical phase transition from a thermal, ergodic

phase to a many-body localized (MBL) phase [97]. There is no simple order parameter to detect the MBL phase

transition. Theoretically, one can use the inverse participation ratio, level statistics, or entanglement entropy to detect

a MBL phase transition [123]. However, these quantities are dif�cult to obtain experimentally. A more practical way

to detect MBL is to use quench dynamics. For example, one can measure local observables after a long-time

evolution from some initial, simple-to-prepare product state. Here we show that the diffusion map method can learn

the thermal-to-MBL phase transition using the measurement samples obtained in quench dynamics experiments

unsupervised. This is different from existing machine learning studies of MBL that require supervised learning

[101, 102].

As an example, we study a paradigmatic model exhibiting the thermal-MBL phase transition, i.e. the spin-1/2

Heisenberg model with a random �eld [101, 123], with the HamiltonianH3 =
P N

i =1 J S i � S i +1 + hi Sz
i . Here

hi 2 (� h; h) is a random number drawn from a uniform distribution andh denotes the disorder strength. It has been

found numerically that the thermal-MBL phase transition takes place at the critical disorder strengthhc u 3:5 � 1:0

with J = 1 . We perform quench dynamics using an initial state withhSz
i i = ( � 1) i

2 and measure allSz
i

(i = 1 ; 2; � � � ; N ) after a long time (t = 104=J). As mentioned before, since the number of unique samples decreases

with increasing disorder strength, we see that the diffusion map with a small� can already indicate the onset of MBL

[Figure 4.21(a)]. But we can learn more about where the thermal-MBL phase transition occurs by using an
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